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Preface

Tensors are needed in Physics to describe anisotropies and orientational behavior.
While every physics student knows what a vector is, there is often an uneasiness
about the notion fensor. In lectures, I used to tell students: “you can be a good
physicist without knowing much about tensors, but when you learn how to handle
tensors and what they are good for, you will have a considerable advantage. And
here is your chance to learn about tensors as a mathematical tool and to get familiar
with their applications to physics.”
This book is, up to Chap. 14, largely based on the two books:

Siegfried Hess, Vektor- und Tensor-Rechnung, which, in turn, was based on
lectures for first-year physics students, and

Siegfried Hess and Walter Kohler, Formeln zur Tensor-Rechnung, a collection
of computational rules and formulas needed in more advanced theory.

Both books were published by Palm and Enke, Erlangen, Germany in 1980,
reprinted in 1982, but are out of print since many years.

Here, the emphasis is on Cartesian tensors in 3D. The applications of tensors to
be presented are strongly influenced by my presentations of the standard four
courses in Theoretical Physics: Mechanics, Quantum Mechanics, Electrodynamics
and Optics, Thermodynamics and Statistical Physics, and by my research experi-
ence in the kinetic theory of gases of particles with spin and of rotating molecules,
in transport, orientational and optical phenomena of molecular fluids, liquid crystals
and colloidal dispersions, in hydrodynamics and rheology, as well as in the elastic
and plastic properties of solids. The original publications cited, in particular in the
second part of the book, show a wide range of applications of tensors. An outlook
to 4D is provided in Chap. 18, where the Maxwell equations of electrodynamics are
formulated in the appropriate four-dimensional form.

While learning the mathematics, first- and second-year students may skip the
applications involving physics they are not yet familiar with, however, brief
introductions to basic physics are given at many places in the book. Exercises are
found throughout the book, answers and solutions are given at the end.


http://dx.doi.org/10.1007/978-3-319-12787-3_14
http://dx.doi.org/10.1007/978-3-319-12787-3_18

vi Preface

Here, I wish to express my gratitude to Prof. Ludwig Waldmann (1913-1980),
who introduced me to Cartesian Tensors, quite some time ago, when I was a
student. I thank my master- and PhD-students, postdocs, co-workers, and col-
leagues for fruitful cooperation on research projects, where tensors played a key
role. I am grateful to Springer for publishing this Tensor book in the series
Undergraduate Lecture Notes in Physics, and 1 thank Adelheid Duhm, Project
Coordinator at Production Physics Books of Springer in Heidelberg for her diligent
editorial work.

Berlin Siegfried Hess
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Part I
A Primer on Vectors and Tensors



Chapter 1
Introduction

Abstract In this chapter, preliminary remarks are made on vectors and tensors.
The axioms of a vector space and the norm of a vector are introduced, the role of
vectors for classical physics and for Special Relativity is discussed. The scope of the
book as well as a brief overview of the history and literature devoted to vectors and
tensors are presented. Before tensors and their properties are introduced here, it is
appropriate to discuss the question: what is a vector? As we shall see, mathematicians
and physicists give somewhat different answers.

1.1 Preliminary Remarks on Vectors

Some physical quantities like the mass, energy or temperature are quantified by a
single numerical value. Such a quantity is referred to as scalar. For other physical
quantities, like the velocity or the force not only their magnitude but also their direc-
tion has to be specified. Such a quantity is a vector. In the three-dimensional space
we live in, three numerical values are needed to quantify a vector. These numbers
are, e.g. the three components in a rectangular, Cartesian coordinate system.

In general terms, a vector is an element of a vector space. The axioms obeyed by
these elements are patterned after the rules for the addition of arrows and for their
multiplication by real numbers.

1.1.1 Vector Space

Consider special vectors, represented by arrows, which have a length and a direction.
The rules for computations with vectors can be visualized by manipulations with
arrows. Multiplication of a vector by a number means: the length of the arrow is
multiplied by this number. The relation most typical for vectors is the addition of
two vectors a and b as indicated in Fig. 1.1.

The operation a + b means: attach the tail of b to the arrowhead of a. The sum is
the arrow pointing from the tail of a to the arrowhead of b. The sum b + a, indicated
by dashed arrows, yields the same result, thus

© Springer International Publishing Switzerland 2015 3
S. Hess, Tensors for Physics, Undergraduate Lecture Notes in Physics,
DOI 10.1007/978-3-319-12787-3_1



4 1 Introduction

Fig. 1.1 Vector addition

a+b=>b+a. (1.1)

As a side remark, one may ask: how was the rule for the vector addition conceived?
A vector a can be associated with the displacement or shift along a straight line of
an object, from point 0 to point A. This is the origin for the word vector: it carries
an object over a straight and directed distance. The vector b corresponds to a shift
from O to point B. The vector addition a + b means: make first the shift from O to
point A and then the additional shift corresponding to vector b, which has to start
from point A. For this reason, the tail of the second vector is attached to the head of
the first vector in the vector addition operation.

When three vectors a, b and ¢ are added, it makes no difference when first the
vector sum of a and b is computed and then the vector ¢ is added or when a is added
to the sum of b and ¢:

(a+b)+c=a+ (b+c). (1.2)

The vector sum is also used to define the difference between two vectors according to
a+x=b — x=b-a. (1.3)
When the vector b in (1.3) is equal to zero, then one has
X = —a. (1.4)
This vector has the same length as a but the opposite direction, i.e. arrowhead and
tail are exchanged.

For real numbers k and ¢, the following rules hold true for any vector a:

(k+ ¢)a = ka + (a,
k(ta) = (kf)a, (1.5)
la = a.
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Furthermore, for any real number k and two vectors a and b one has:
k(a+b) = ka + kb. (1.6)

Mathematical objects which obey the rules or axioms (1.1)—(1.6) are elements of a
vector space. For mathematician, the answer to the question “what is a vector?” is:
“it is an element of a vector space”. In addition to the arrows we discussed, there are
many other types of vector spaces. Examples are,

real numbers or complex numbers,

polynomials of order n,

quadratic matrices,

ordered n-tuples (ai, az, .. ., ay) with real numbers ai, a> to ay.

el L.

In physics, the notion vector is used in a more special sense. Before this is discussed,
a brief remark on the norm of a vector is in order.

1.1.2 Norm and Distance

It is obvious that an arrow has a length. For an element a of an abstract vector space
the norm ||a|| > 0 corresponding to the length of a vector has to be defined by rules.
Computation of the norm requires a metric. Without going into details, the general
properties of a norm are listed here.

1. When the norm of a vector equals zero, the vector must be the zero-vector. Like-
wise, the norm of the zero-vector is equal to zero, thus,
[la]] =0 <« a=0. (1.7)
2. For any real number r with the absolute magnitude |r|, one has:

llrall = |r|[lall. (1.8)

3. The norm of the sum of two vectors a and b cannot be larger than the sum of the
norm of the two vectors:
lla+bl| < [lal[ + |[b]l. (1.9)

The relation (1.9) is obvious for the addition of he arrows as shown in Fig. 1.1.
The distance d(a, b) between two vectors a and b is defined as the norm of the
difference vector a — b:
d(a,b) :=||]a—Db||. (1.10)

For vectors represented as arrows with their tails located at the same point, this
corresponds to the length of the vector joining the arrowheads.
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The distance is translationally invariant. This means: addition of the same vector
x to both a and b does not change their distance:

d@a+x,b+x) =d(a,b). (1.11)

Furthermore, the distance is homogeneous. This means: multiplication of both vec-
tors a and b by the same real number k implies the multiplication of the distance by
the absolute value |k|:

d(ka,kb) = |k|d(a,b). (1.12)

As stressed before, in many applications in physics, the notion vector refers to a more
special mathematical object. Before details are discussed in the following section,
here a short answer is given to the question: what is special about vectors in physics?
Vectors in two and three dimensions, as used in classical physics, have to be distin-
guished from the four-dimensional vectors of special relativity theory.

1.1 Exercise: Complex Numbers as 2D Vectors

Convince yourself that the complex numbers z = x 4 iy are elements of a vector
space, i.e. that they obey the rules (1.1)—(1.6). Make a sketch to demonstrate that
71+ 220 =20 + 71, with z; = 3 4+ 4i and zo = 4 + 3i, in accord with the vector
addition in 2D.

1.1.3 Vectors for Classical Physics

The position of a physical object is represented by an arrow pointing from the origin
of a coordinate system to the center of mass of this object. This position vector
is specified by the coordinates of the arrowhead. This ordered set of two or three
numbers, in two-dimensional (2D) or three-dimensional (3D) space R3, is referred
to as the components of the position vector. It is convenient to use a Cartesian
coordinate system which has rectangular axes. Then the length (norm or magnitude)
of a vector is just the square root of the sum of the components squared.

In a coordinate system rotated with respect to the original one, the same position
vector has different components. There are well defined rules to compute the com-
ponents in the rotated system from the original components. This is referred to as
transformation of the components upon rotation of the coordinate system.

Now we are in the position to state what is special about vectors in physics:

A vector is a quantity with two or three components which transform like those of
the position vector, upon a rotation of the coordinate system.

The vectors used in classical physics like the velocity or the force are elements
of a vector space, do have a norm, and they possess an additional property, viz. a
specific transformation behavior of their components.

A scalar is a quantity which does not change upon a rotation of the coordinate
system. Examples for scalars are the mass or the length of the position vector.
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1.1.4 Vectors for Special Relativity

Vectors with four components are used in special relativity theory. The basic vector is
composed of the three components of the position vector; the fourth one is the time,
multiplied by the speed of light. The components of this 4-vector change according
to the Lorentz transformation when the original coordinate system is replaced by a
coordinate system moving with constant velocity with respect to the original one. The
time is also changed in this transformation. Physical quantities with four components,
which transform with the same rule, are referred to as Lorentz vectors. Properties
of Lorentz vectors and their application in physics, in particular in electrodynamics,
are discussed in the last chapter of this book.

1.2 Preliminary Remarks on Tensors

For the first time, students hear about tensors in connection with the moment of inertia
tensor linking the rotational angular momentum with the rotational velocity of a
rotating solid body. In such a linear relation, two vectors are not just parallel to each
other. Tensors also describe certain orientational dependencies in anisotropic media.
Examples are electric and magnetic susceptibility tensors, mobility and diffusion
tensors. To be more precise, these are tensors of rank 2. Vectors are also referred to
as tenors of rank 1. There are second rank tensors which are physical variables of
their own, like the stress tensor and the strain tensor. The linear relation between two
second rank tensors is described by a tensor of rank 4. An example is the elasticity
tensor linking the stress tensor with the strain tensor. Tensors of different ranks are
used to characterize orientational distributions.

Definitions, properties and applications of tensors represented by their compo-
nents in a 3D coordinate system are discussed in detail in the following sections.
Here just a brief, preliminary answer is given to the question: What is a tensor?

The rule which links the components of the position vector in a rotated coordinate
system with the components of the original one involves a transformation matrix,
referred to as rotation matrix. The product of £ components of the position vector
needs the product of ¢ rotation matrices for their interrelation between the rotated
system and the original one.

A tensor of rank £ is a quantity whose components are transformed upon a rotation
of the coordinate system with the ¢-fold product of the rotation matrix.

In this sense, scalars and vectors are tensors of rank £ = 0 and ¢ = 1. Often,
tensors of rank ¢ = 2 are just referred to as tensors. Properties and applications of
second rank tensors, as well as of higher rank tensors, are discussed in the following
sections.
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1.3 Remarks on History and Literature

Cartesian fensors, as they are used here for the description of material properties in
anisotropic media, were first introduced by the German physicist Woldemar Voigt
around 1890. This is documented in his books on the physics of crystals [1]. In his
lectures on theoretical physics, published around 1895, Voigt worked with tensors,
without using the word. In the books on crystal physics, the term vector is used as
if everybody is familiar with it. Tensors, in particular of rank two, are discussed in
detail. Tensors of rank three and four are applied for the description of the relevant
physical phenomena. Voigt refers to Pierre Curie [2] as having very similar ideas
about tensors and symmetries.

In connection with differential geometry, the notion fensor, however, not the
word, was already invented by Carl Friedrich Gauss, who had lived and worked in
Gottingen, more than half a century before Voigt. At about the same time as Voigt, the
Italian mathematicians Tullio Levi-Civita and Gregorio Ricci Curbastro formulated
tensor calculus, as it is used since then in connection with differential geometry [3].
Their work provided the mathematical foundation for Einstein’s General Relativity
Theory [4]. This topic, however, is not treated here. The necessary mathematical tool
for General Relativity are found in the text books devoted to this subject, e.g. in
[5-T7].

As stated before, the emphasis of this book is on Cartesian tensors in three dimen-
sions and applications to physics, in particular for the description of anisotropic
properties of matter. Classic books on the subject were published between 1930 and
1960, by Jeffrey [8], Brillouin [9], Dusschek and Hochrainer [10], and Temple [11].
In the Kinetic Theory of gases, tensors and the importance of the use of irreducible
tensors was stressed in the book of Chapman and Cowling [12] and in the Handbuch
article by Waldmann [13]. I was introduced to Cartesian tensors in lectures on elec-
trodynamics by Ludwig Waldmann in 1963. Applications to the kinetic theory of
molecular gases, in the presence of external fields, as well as to optics and transport
properties of liquid crystals required efficient use of tensor algebra and tensor calcu-
lus. This strongly influenced a book for an introductory course to vectors and tensors
[14], for first year students of physics, and led to a collection of computational rules
and formulas needed in more advanced theory [15]. For the application of tensors in
the kinetic theory of molecular gases, see also [16, 17].

In the following, no references will be given to the physics which is standard in
undergraduate and graduate courses, the reader may consult her favorite text book or
internet source. In the second part of the book, devoted to more specialized subjects,
references to original articles will be presented. The particular choice of these topics
largely reflects my own research experience.

A remark on vectors is in order. The notion of vector, i.e. that some physical
quantities, like velocity and force, have both a magnitude or strength and a direction
and that the combined effect of two vectors follow a rule which we call the addition
of vectors, was known long before the word vector was used. Among others, Isaac
Newton was well aware, how vectorial quantities should be handled. Gauss and others
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used a geometric representation of complex numbers in a way which was essentially
equivalent to dealing with two-dimensional vectors. William Rowan Hamilton tried
to extend this concept to three dimensions. He did not succeed but, in 1843, he
invented the four-dimensional guaternions. James Clark Maxwell did not encourage
the application of quaternions to the theory of electrodynamics, but rather favored a
vectorial description. Vector analysis, as it is used nowadays, was strongly promoted,
around 1880, by Willard Gibbs [18].

1.4 Scope of the Book

The first part of the book, Chaps.2-38, is a primer on vectors and tensors, it provides
definitions, rules for calculations and applications every student of physics should
become familiar with at an undergraduate level. The symmetry of second rank tensors,
viz. their decomposition into isotropic, antisymmetric and symmetric traceless parts,
the connection of the antisymmetric part with a dual vector, in 3D, as well as the
differentiation and integration of vector and tensor fields, including generalizations
of the laws of Stokes and Gauss play a central role.

Part II, Chaps.9-18, deals with more advanced topics. In particular, Chaps.
9-11 are devoted to irreducible tensors of rank ¢, multipole potentials and multipole
moments, isotropic tensors. Integral formulae and distribution functions, spin oper-
ators and the active rotation of tensors are presented in Chaps. 12—14. The properties
of liquid crystals intimately linked with tensors, constitutive relations for elasticity,
viscosity and flow birefringence, as well as the dynamics of tensors obeying nonlin-
ear differential equations are treated in Chaps. 15—17. Whereas this book is mostly
devoted to tensors in 3D, Chap. 18 provides an outlook to the 4D formulation of
electrodynamics. Answers and solutions to the exercises are given at the end of the
book.

The examples presented are meant to show the applications of tensors in a variety
of physical properties and phenomena, occurring in different branches of physics.
The examples are far from exhaustive. They are closely linked with the author’s expe-
rience in teaching and research. Applications to Mechanics and to Electrodynamics
and Optics are, e.g., found in Chaps. 2-10 and in Chaps. 7-14, as well as in Chap. 18.
Applications to Quantum Mechanics and properties of Atoms and Molecules are dis-
cussed in Chaps. 5, 7, and 10-13. Elasticity, Hydrodynamics and Rheology are treated
in Chaps. 7-10 and 16. Problems of Statistical Physics, of the Physics of Condensed
Matter and Material Properties are addressed in Chaps. 12—16. Applications to Non-
equilibrium Phenomena like Transport and Relaxation Processes and Irreversible
Thermodynamics are presented in Chaps. 12, 14, 16, and 17. The physics underlying
the various applications of tensors is discussed to an extend considered appropriate,
without the intention to replace any textbook or monograph on the topics considered.
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Chapter 2
Basics

Abstract This chapter is devoted to the basic features needed for Cartesian tensors:
the components of a position vector with respect to a coordinate system, the scalar
product of two vectors, the transformation of the components upon a change of
the coordinate system. Special emphasis is put on the orthogonal transformation
associated with a rotation of the coordinate system. Then tensors of rank £ > 0 are
defined via the transformation behavior of their components upon a rotation of the
coordinate system, scalars and vectors correspond to the special cases £ = 0 and
£ = 1. The importance of tensors of rank £ > 2 for physics is pointed out. The parity
and time reversal behavior of vectors and tensors are discussed. The differentiation
of vectors and tensors with respect to a parameter, in particular the time, is treated.

2.1 Coordinate System and Position Vector

2.1.1 Cartesian Components

Given the origin of a coordinate system, the position of a particle or the center of mass
of an extended object is specified by the position vector r, as indicated in Fig.2.1.
In the three-dimensional space we live in, this vector has three components, often
referred to as the x-, y- and z-components. We use a (space-fixed) right-handed rec-
tangular coordinate system, also called Cartesian coordinate system. It is convenient
to label the axes by 1, 2 and 3 and to denote the components of the position vector
by r1, r2, and r3. Sometimes, the vector is written as an ordered triple of the form
(r1, r2, r3).

For these Cartesian components of the position vector the notation r, is preferred,
where it is understood that w, or any other Greek letter used for the subscript, also
called indices, can have the value 1, 2 or 3. Of course, the mathematical content is
unaffected, when Latin letters are used as subscripts instead of the Greek ones. Here,
Latin letters are reserved for the components of two- and four-dimensional vectors
or for components in a coordinate system with axes which are not orthogonal.

The components of the sum S = r + s of two vectors r and s, with the Cartesian
components r1, 3, 3 and s1, $2, 53, are given by r1 +s1, 72 + 52, 3 +53. This standard
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Fig. 2.1 Position vector in a

Cartesian coordinate system. A
The dashed lines are guides 34— — +
for the eye vl /
(_( ’ |
! : 7 il ;
! j//. ' '
| +—> 2
| i I ; 1
I
7y v
1
rule for the addition of two vectors can also be written as
Sy =rp+ sy, 2.1

with 4 = 1, 2, 3. The multiplication of the vector r with a real number k, i.e. R = kr
means, that each component is multiplied by this number, viz.,

Ry =kry,. (2.2)

We are still dealing with the same vectors when other Greek letters, like v, A, ... or
o, B, ...are used as subscripts.

2.1.2 Length of the Position Vector, Unit Vector

For the rectangular coordinate system, the length r of the vector r is given by the
Euclidian norm:
r2:r~r:r12+r22+r32::r#rﬂ. (2.3)

Thus one has

r=.\/rury. 2.4)

The length of the vector is also referred to as its magnitude or its norm.

Here and in the following, the summation convention is used: Greek subscripts
which occur twice are summed over. This implies that on one side of an equation,
each Greek letter can only show up once or twice as a Cartesian index. Einstein
introduced such a summation convention for the components of four-dimensional
vectors. For this reason, also the term Einstein summation convention, is used.
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The vector r, divided by its length r, is the dimensionless unit vector T:

T=r"lr, (2.5)
or, in component notation:
Tu=r""r,. (2.6)
The unit vector has magnitude 1:
Tty =1 2.7

2.1.3 Scalar Product

The scalar product of two position vectors r and s with components 7, and s, is
r-S=riS|+rysp+r3s3:=ry,s,. (2.8)

Clearly, the length squared (2.3) of the vector r is its scalar product with itself. Just
as in (2.3), the center dot “.” is essential to indicate the scalar product, when the
vectors are written with bold face symbols. The summation convention is used for
the component notation. Notice that the “name” of the summation index does not
matter, i.€. rys, = rys, = rysy. What really matters is: a Greek letter occurs twice
(and only twice) in a product.

The scalar product has a simple geometric interpretation. In general, the two
vectors r and s span a plane. We choose the coordinate system such that r is parallel
to the 1-axis and s is in the 1-2-plane, see Fig.2.2. Then the components of r are
(r1, 0, 0) and those of s are (s1, s2, 0). The scalar product yields r - s = rys1. The

lengths of the two vectors are given by r = rj and s = ,/ s12 + s%. The angle between
r and s is denoted by ¢, see Fig.2.2. One has s; = r cos ¢, and

r-S=rs cosg 2.9
Fig. 2.2 For the geometric
interpretation of the scalar A
product IL




14 2 Basics

holds true. Or in words: the scalar product of two vectors is equal to the product of
their lengths times the cosine of the angle between them. The scalar product of s
with the unit vector T is equal to s cos ¢. The vector s cos gf = (s - T)T is called the
the projection of s onto the direction of r.

The value of the scalar product reaches its maximum and (negative) minimum
when the vectors are parallel (¢ = 0) and anti-parallel (¢ = 7). The scalar product
vanishes for two vectors which are perpendicular to each other, i.e. for ¢ = w /2.
Such vectors are also referred to as orthogonal vectors.

2.1 Exercise: Compute Scalar Product for Given Vectors
Compute the length, the scalar products and the angles between the vectors a, b, ¢
which have the components {1, 0, 0}, {1, 1, 0}, and {1, 1, 1}.

2.1.4 Spherical Polar Coordinates

As stated before, the position vector r has a length, specified by its magnitude r =
/T - 1, and a direction, determined by the unit vectorT, cf. (2.5) and (2.6). These parts
of the vector are often referred to as radial part and angular part. Indeed, the unit
vector and thus the direction of r can be specified by the two polar angles ¥ and .
Conventionally, a particular coordinate system is chosen, the Cartesian coordinates
{r1, r2, r3} are denoted by {x, y, z} which, in turn, are related to the spherical polar
coordinates r, ¥, ¢ by

x=rsindcosgp, y=rsindsing, z=r cosd. (2.10)

Notice, the three numbers for r, ¥, ¢ are not components of a vector.

The information given by the Cartesian components of a unit vector corresponds
to a point on the unit sphere, identified by the two angles, similar to positions on earth.
Notice, however, that the standard choice made for the angle ¢ would correspond to
associate ¥ = 0 and ¥ = 180° with the North Pole and the South Pole, respectively,
whereas the equator would be at ¥ = 90°. For positions on earth, one starts counting
¥ from zero on the equator and has to distinguish between North and South, or plus
and minus. In any case, the angle spans an interval of 180°, or just r, whereas that
of ¢ is 360°, or 2.

2.2 Vector as Linear Combination of Basis Vectors

2.2.1 Orthogonal Basis

Examples of orthogonal vectors are the unit vectors e, i = 1, 2, 3, which are
parallel to the axes 1, 2, 3 of the Cartesian coordinate system. These vectors have
the properties e(!) . eV =1, e(1) . ¢® =0, .., in more general terms,
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e . el =g (2.11)

Here &j; is the Kronecker symbol, i.e. §;j = 1 fori = j and 6;; = O fori # j.
The position vector r can be written as a linear combination of these unit vectors
e® according to
r=rie +re?® +r3e?. (2.12)

Since the basis vectors are not only orthogonal, but also normalized to 1, the Cartesian
components are equal to the scalar product of r with the basis vectors, e.g.r; = e'!.r.

2.2.2 Non-orthogonal Basis

Three vectors a, with i = 1, 2, 3, which are not within one plane, can be used as
basis vectors. Then the vector r can be represented by the linear combination

r=¢&lal) 4 £2a@ 4 £3a@), (2.13)

with the coefficients £'. Scalar multiplication of (2.13) with the basis vectors a®

yields
3

f=a".r= Zgij gl (2.14)

=1

The coefficient matrix _ '
gij=a¥ a0 =g, (2.15)

is determined by the scalar products of the basis vectors. The coefficients £! and &;
are referred to as contra- and co-variant components of the vector in a coordinate
system with axes specified by the basis vectors a®V.

In this basis, the square of the length or of the magnitude of the vector is given by

ror=> Y &da®.a0 = S e =S Es (216)
LI i i

The coefficient matrix gj; characterizes the connection between the co- and the contra-
variant components and it is essential for the calculation of the norm. Thus it deter-
mines the metric of the coordinate system.

The geometric meaning of the two different types of components is demonstrated
in Fig.2.3 for the 2-dimensional case.

The intersection of the dashed line parallel to the 2-axis with the 1-axis marks the
component &, similarly &2 is found at the intersection of the 2-axis with the dashed
line parallel to the 1-axis. The component & and &, are found at the intersections
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Fig. 2.3 Components of the
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of the dashed lines perpendicular to the axes. It is understood that the basis vectors
along the axes, not shown in Fig. 2.3, are unit vectors.

For basis vectors which are mutually perpendicular and normalized to 1, the matrix
gij reduces to unit matrix &;;. Consequently co- and the contra-variant components
are equal. This is also obvious from Fig.2.3. The two types of components coin-
cide when the basis vectors are orthogonal. We do not have to distinguish between
co- and the contra-variant components when we use the Cartesian coordinate system.

2.3 Linear Transformations of the Coordinate System

The laws of physics do not depend on the choice of a coordinate system. However, in
many applications, a specific choice is made. Then it is important to know, how com-
ponents have to be transformed such that the physics is not changed, when another
coordinate system is chosen. Here, we are concerned with linear transformations
where the coordinates in the new system are linked with those of the original coordi-
nate system by a linear relation. The two types of linear transformations, translations
and affine transformations, also referred to as linear maps, are discussed separately.
The rotation of a coordinate system is a special case of an affine transformations.
Due to its importance, an extra section is devoted to rotations.

2.3.1 Translation

Consider a new coordinate system, that is shifted with respect to the original one by
a constant vector a. Such a shift is referred to as translation of the coordinate system.
In Fig. 2.4, a translation within the 1,2-plane is depicted.
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Fig. 2.4 Components of the ¥
position vector r in shifted £ N
coordinate system

The position vector r’ with respect the origin of the shifted coordinate system is
related to the original r by
r =r—a, (2.17)

or in component notation,
rl; =ry,—a. (2.18)

The inverse transformation, which brings the shifted coordinate system back to the
original one, corresponds to a shift by the vector —a.

Notice: the translation of the coordinate system is a passive transformation, which
has to be distinguished from the active translation of the position of a particle or of
an object fromr tor + a.

2.3.2 Affine Transformation

For an affine transformation, the components r{ R ré, ré of the position vector r’ in
the new coordinate system are linear combinations of the components ry, o, r3 in
the original system. When the components of the vectors are written in columns, the
linear mapping can be expressed in the form

r Ty T2 Ths r
ry | = Ta1 T2 Tas . (2.19)
rs T31 T3 Ts3 r3

The elements T41, T2, ... of the matrix T characterize the affine transformation.

The determinant of T must not be zero, such that the reciprocal matrix T ! exists.
Standard matrix multiplication is assumed in (2.19). This means, e.g.
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ri=Tiri+Tirn+ Ti3rs. (2.20)
More general, for u = 1, 2, 3, one has
rp=Tuar + T+ Tuars, 2.21)
or, with the help of the summation convention
=T 1. (2.22)

Notice: in (2.22), u is a free index which can have any value 1, 2 or 3. The subscript
v, on the other hand, is a summation index, for which any other Greek letter, except
W, could be chosen here.

Sometimes, the relations (2.19) or equivalently (2.22) are expressed in the form

r=T-r, (2.23)

where the matrix-character of T is indicated by the bold face sans serif letter and
the center dot “-” implies the summation of products of components.

Notice: in such a notation, the order of factors matters, in contradistinction to the
component notation. The equation r' = r - T corresponds to r;L =rTy = Toury
which is different from (2.22), unless the transformation matrix T is symmetric, i.e.
unless T, = T}, holds true.

The inverse transformation, also called back-transformation, links the compo-
nents of r with those of r’, according to

r=T"'.7, (2.24)

with the inverse transformation matrix T~!. Insertion of (2.23) into (2.24) leads to
r=T"!.v'=T'.T.r which implies

T!.T=5, (2.25)

or in component notation,
-1
T T = 8. (2.26)

Notice: here © and v are free indices, A is the summation index. The symbol §
indicates the unit matrix, viz.:

100
=010}, (2.27)
001

or equivalently, §,, = 1 for u = v, and §,,, = 0 for pu # v.
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Similarly, insertion of (2.24) into (2.23) leads to
T T !=35, (2.28)

or in component notation
—1
T T,, =du. (2.29)

For the affine transformation, the left-inverse and the right-inverse matrices are equal.

2.4 Rotation of the Coordinate System

2.4.1 Orthogonal Transformation

Affine transformations, which conserve the rule for the computation of the length or
the norm of the position vector, and likewise the scalar product of two vectors, are of
special importance. Coordinate transformations with this property are called orthog-
onal transformations. Proper rotations and rotations combined with a mirroring of
the coordinate system are special cases to be discussed in detail.

The orthogonal transformations are defined by the requirement that

Pt =T s (2.30)

where it is understood, that a relation of the form (2.23) holds true. This then is a
condition on the properties of the transformation matrix T. Here and in the following,
the symbol U is used for the norm-conserving orthogonal transformation matrices.
The letter “U” is reminiscent of “unitarian”.

The property of the orthogonal matrix is inferred as follows. Use of r; = Uy,ry
and r; = Uy,r, yields r;r; = U;, Uyyr,r,. On the other hand (2.30) requires this
expression to be equal to 7,7, = 8,7, 7,. Thus one has

UnUsy = 800 (2.31)

Notice: here the summation index A is the front index for both matrices U. Reversal
of the order of the subscripts yields the corresponding component of the transposed
matrix, labelled with the superscript “T”. Thus one has Uy, = U/I)»’ and (2.31) is
equivalent to

Ul Uno = 800 (2.32)

This orthogonality relation for the transformation matrix is equivalent to

ut.u=1, (2.33)
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where it is understood that the 1 on the right hand side stands for the unit matrix.
Comparison of (2.32) and (2.33) with (2.26) and (2.25) reveals: the inverse U'of
the orthogonal matrix U is just its transposed U™

u'l=uU", (2.34)

or
U = U (2.35)

Use of the inverse transformation in considerations similar to those which lead to
(2.31) and of (2.35) yield the orthogonality relation with the summation index at the
back,

U;/.)L Uy = 8;1,11» (236)
or, equivalently,
u-u=1. (2.37)
Summary
The coordinate transformation
ry=Uwry, (2.38)

where the matrix U, has the property
Up,A Uy, = UML Uy = (S;w (2.39)

guarantees that the scalar product of two vectors (2.8) and consequently, the expres-
sion (2.4) for the length of a vector are invariant under this transformation. Further-
more, the relation (2.39) means that the reciprocal U 'ofUis equal to the transposed
matrix UT which, in turn is defined by UEU =Uyu.

Simple Examples

The simplest examples for transformation matrices which obey (2.39) are Uy, = 8,
and Uy, = —§,y, or in matrix notation:

100 10 0
U=6:=(010), U=-8:=| 0 -1 0 |, (2.40)
001 0 0 —1

which, respectively, induce the identity transformation and a reversal of the directions
of the coordinate axes. The latter case means a transformation to the ‘mirrored’
coordinate system.
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Fig. 2.5 The components of
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2.4.2 Proper Rotation

In general, an orthogonal transformation is either a proper rotation or a rotation
combined with mirrored axes. The relation (2.39) implies (det U)2 = 1,thusdet U =
+1. In the case of a proper rotation, the determinant “det” of the transformation
matrix is equal to 1. Check the sign of the determinant for the simple matrices shown
in (2.40).

An instructive nontrivial special case is the rotation of the coordinate system about
one of its axes, e.g. the 3-axis as in Fig. 2.5 by an angle «. Let r be a vector located
in the 1-2-plane, the angle between r and the 1-axis is denoted by ¢. Then one has
r1 =rcosg,ry = rcosg,rz = 0, where r is the length of the vector. From the figure
one infers: 7| = r cos(¢ —a) = r(cos ¢ cos a+sin g sina) = ry cosa+rz sina and
ré =rsin(¢p —a) = r(sin g cos o —cos ¢ sina) = —rq sin o +r, cos «; furthermore
ry = 0. Thus the rotation matrix Uy, = Uy, (3| @), also denoted by U(3| ), reads:

cosa sina 0
U=UQGB|a):=| —sina cosx 0 | . (2.41)
0 0 1

A glance at (2.41) shows UQ3| — a) = UT(3| «). This is expected on account of
(2.39) equivalent to U~! = U7, since the rotation by the angle —« corresponds to
the inverse transformation.

By analogy to (2.41), the transformation matrix for a rotation by the angle 8 about
the 2-axis is

cosB 0 —sinp
U=UQ|B) = 01 0 . (2.42)
sin 0 cospf

The two rotation matrices U(3| «) and U(2| 8) do not commute, i.e. one has

UBla)uw U Q2| Biv # U Q2| B)ur UGBl ).
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This is explained as follows. When first a rotation U(3|«) about the 3-axis is
performed, the subsequent rotation induced by U(2| 8) is about the new coordi-
nate axis 2’. On the other hand, the rotation U(3| ), performed after the 2’ rotation,
is about the new 3’-axis.

A general rotation about an arbitrary axis can be expressed by three successive
rotations of the type (2.41) by 3 Euler angles about the 3-axis, the new 2-axis, and
the new 3-axis, viz.: Uy, = U Bl y)Une 2| B)U v (Bl @).

In most applications, it is not necessary to compute or to perform rotations explic-
itly. However, the behavior of the components of the position vector is essential for
the definition of a vector and of a tensor, as used in physics.

2.5 Definitions of Vectors and Tensors in Physics

2.5.1 Vectors

A quantity a with Cartesian components a,, 4 = 1, 2, 3 is called a vector when,
upon a rotation of the coordinate system, its components are transformed just like the
components of the position vector, cf. (2.38). This means, the components a/,, in the
rotated coordinate system, are linked with the components in the original system by

al/L = Uy ay. (2.43)
Here Uy, are the elements of a transformation matrix for a proper rotation of the
coordinate system.

Differentiation with respect to time ¢ does not affect the vector character of a
physical quantity. Thus the velocity v, = dr,(¢)/d¢ and the acceleration dv,, (¢)/d¢
are vectors. The linear momentum p, being equal to the mass of a particle times
its velocity, and the force F are vectors. This guarantees that Newton’s equation of
motion dp/ds = F, or in components

dpy

prale Fy, (2.44)

is form-invariant against a rotation of the coordinate system.

Warning

A rotated coordinate system must not be confused with a rotating coordinate system.
A rotating coordinate system is an accelerated system where additional forces, like
the Coriolis force and a centrifugal force, have to be taken into account in the equation
of motion.
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2.5.2 What is a Tensor?

Tensors are important “tools” for the characterization of anisotropies; but what is
meant by the notion fensor? Here mainly Cartesian tensors of rank £, £ =0, 1,2, . ..
are treated. These are quantities with £ indices which change in a specific way, when
the coordinate system is rotated. More specifically: a Cartesian tensor of rank £ is a
quantity with ¢ indices, e.g. Ay, ..., » Whose Cartesian components A}, ., ina
rotated coordinate system are obtained from the original ones by the application of

£ rotation matrices U to each one of the indices, viz.:

A;“M“_M =UpynUpavs « - Upgry Avyvg..vg- (2.45)

In this sense, scalars and vectors are tensors of rank £ = 0 and £ = 1. Examples for
vectors are the position vector r of a particle, its velocity v, its linear momentum p,
as already mentioned before, but also its orbital angular momentum L, its spin s, as
well as an electric field E and a magnetic field B.

Tensors of rank £ = 2 are frequently referred to as tensors without indicating their
rank. Examples are the moment of inertia tensor, the pressure tensor or the stress
tensor. Applications will be discussed later.

A second rank tensor can also be written as a matrix. However, it is distinguished
from an arbitrary 3 x 3-matrix by the transformation properties of its components,
just as not any 3-tuple is a vector in the sense described above. Of course, the matrix
notation does not work for tensors of rank 3 or of higher rank.

2.5.3 Multiplication by Numbers and Addition of Tensors

The multiplication of a tensor by real number & means the multiplication of all its
elements by this number, which is almost trivial in component notation:

k (A)/ummw =k A (2.46)

The addition of two tensors of the same rank implies that the corresponding compo-
nents are added. When a tensor C is said to be the sum of the tensors A and B, this
means:

Crrpape = Apipague + Buypo.pue- (2.47)

The addition of two tensors makes sense only when both have the same rank ¢. Of
course, the rank of the resulting sum is also £.

Notice, though it may sound somewhat confusing, tensors of a fixed rank £ (with
£=0,1,2,...)are elements of a vector space.
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2.5.4 Remarks on Notation

The Cartesian components of tensors are unambiguously specified by Greek sub-
scripts, e.g. a, and a,,,,. As practiced already above, it is sometimes more convenient
to use boldface and boldface sans serif letters, e.g. a and a to indicate that a quantity
is a vector or (second rank) tensor. An alternative “invariant” notation for tensors of
rank £ (which is preferred in hand writing) is to underline a letter £ times, e.g. a and
a for a vector and a tensor of rank 2. When Cartesian components are not written
explicitly, a center dot - must be used to indicate a “contraction”, i.e. a summation
over indices. The scalar producta-b = a,b,, has to be distinguished from the dyadic
product a b, equivalent to a,,b,, which is a second rank tensor. The scalar product
of a second rank tensor with a vector, e.g. C - b, equivalent to C wby, is a vector
whose components are computed by analogy to the multiplication of a matrix with
a “column vector”. The quantity C b, on the other hand, stands for the third rank
tensor Cy,b;..

The invariant notation appears to be “simpler” than the component notation. Here
both notations are used. The components of Cartesian tensors are specified explicitly
when new relations are introduced and when ambiguities in the order of subscripts
could arise as, e.g., in the products a,,b,;, and a,,b,, of two tensors a and b.
The invariant notation is preferred only when it can be translated uniquely into the
component form.

2.5.5 Why the Emphasis on Tensors?

The physical content of equations must be invariant under a rotation of the coordinate
system. For the linear relation
by = Cpyay, (2.48)

between two vectors a and b, this implies that the components of the coefficient
matrix C have to transform under a rotation like the components of a tensor of rank
2. In short, C is a second rank tensor. The proof is as follows. We assume that a and
b are vectors. This means, in the rotated coordinate system, the components of b are
related to the original ones by b; = Upaby. Use of (2.48) leads to

’
bM = Upx Co .

The components of a are related to those of a’ by a, = U_'al, = U,,a,. In the last
equality it has been used that the inverse and the transposed of the transformation
matrix U, cf. (2.35), are equal. Insertion into the previous equation leads to b;L =
Ui CucUya;,, which is equivalent to

b, =C,d, (2.49)
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with the quantity C’ linked with C by
C;/w = UunUpi Cik. (2.50)

The relation (2.50) proves: C is a second rank tensor.

Examples for linear relations like (2.48) are those between the angular momentum
and the angular velocity of a solid body, where the moment of inertia tensor occurs,
and between the electric polarization and the electric field in a “linear medium”.
Here, the susceptibility tensor plays the role of C.

Similarly, the linear relation by, = Cp ;a5 between two second rank tensors
a and b implies that, in this case, C is a tensor of rank 4. The elasticity and the
viscosity tensors linking the stress tensor or the pressure tensor with the gradient of
the displacement and of the velocity field, respectively, are of this type.

The generalization of (2.48) is a linear relation between a tensor b of rank £ with
tensor a of rank k of the form

buypa.cpe = Cripa.qug viva..vg Guyvy..vy - (2.51)

Here C is a tensor of rank £ + k.

In physics, examples for linear relations linking tensors of rank 1 with tensors of
rank 1, 2, 3 and of tensors of 2 with tensors of rank 1, 2, 3 of tensors, and so on, were
already discussed over hundred years ago in the book Lehrbuch der Kristallphysik
where Woldemar Voigt introduced the notion tensor.

The relation (2.51) is a linear mapping of a on b. Nevertheless, the physical
content may describe non-linear effects, when the tensor a stands for a product of
tensors. Examples occur in non-linear optics. For strong electric fields, the induced
electric polarization contains not only the standard term linear in the field, but also
contributions bilinear and of third order in the electric field. The material coefficient
characterizing these effects, called higher order susceptibilities, are tensors of rank
3 and 4.

2.6 Parity

2.6.1 Parity Operation

In addition to their rank, tensors are classified by their parity. The parity is either equal
to 1 or —1 when the physical quantity considered is an eigenfunction of the parity
operator &. The parity operation is an active transformation where the position
vector r is replaced by —r, cf. Fig. 2.6. This active ‘mirroring’ should not be confused
with the mirroring of the coordinate system as described by the transformation matrix
U = —8,0.
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Fig. 2.6 Parity operation: >~ 4
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The parity operator &2, when applied on any function f(r), yields f(—r):
P f(r) = f(-r). (2.52)
Clearly, one has & f (—r) = f(r) and consequently
P =1, (2.53)
or (Z — 1)(Z + 1) = 0. Thus the eigenvalues of the parity operator are
P =4l. (2.54)

Usually eigenfunctions are referred to as having positive or negative parity, when
P = 1and P = —1, respectively, applies.

2.6.2 Parity of Vectors and Tensors

In most applications tensors, and this includes vectors, are eigenfunction of the parity
operator. Tensors of rank £ with

P = (-1 (2.55)
are called proper tensors, those with
P =—(—t = (=Dt (2.56)

are referred to as pseudo tensors.

For vectors (£ = 1), also the terms polar vector and axial vector are used to
distinguish between proper and pseudo vectors. Examples for polar vectors are the
linear momentum p of a particle and the electric field, whereas the angular momentum
and the magnetic field are axial vectors, as will be discussed later.
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2.6.3 Consequences for Linear Relations

The electromagnetic interaction underlying all relevant interactions encountered in
every days life, i.e. in gases, liquids and solids, is invariant under the parity operation.
The equations governing physical properties and phenomena must not violate this
parity invariance. This means, for example, when the vector b in the relation b, =
Cwa, has the parity —1 (polar vector), the vector a and the tensor C must have the
parities —1 and 1 (polar vector and proper tensor) or 1 and —1 (axial vector and
pseudo tensor). More general, let Py, Py, Pc the values of the parities of the tensors
a, b, C in the linear relation (2.51). Parity invariance requires

Py, = Pc P,. (2.57)

Likewise, when the parities of @ and b are given by their physical meaning, the
coefficient tensor C must have the parity

Pc = P, Py, (2.58)

in order that the linear relation (2.51) does not violate parity.

2.6.4 Application: Linear and Nonlinear Susceptibility Tensors

The electric field E, the electric displacement field D and the electric polarization P
used in electrodynamics are polar vectors. They are linked by the general relation

D=¢E+P,

where g is the electric permeability coefficient of the vacuum. In a material, called
linear medium, the electric polarization is linearly related to the electric field, accord-
ing to

Py = €0 xuv Ev,

where x,,, is the linear susceptibility tensor. In the special case of a linear medium,
one has

Du =&0&pv E,, Euy = €0 (8;/.1) + X,uv)’

with the dimensionless dielectric tensor ¢,,. In general, in particular for strong
electric fields as, e.g. encountered in a (focussed) laser beam, terms nonlinear in the
electric field give significant contributions to the electric polarization. Up to third
order in the electric field, the electric polarization is given by
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2 3
Pu=e0 (XY Ev + X s EvEsr + X\ s EvErEc +...). (2.59)

Here x ,(le) = Xuv 1s the linear susceptibility tensor. The third and fourth rank tensors
X L(sz)/\ and x ;(i)xx characterize the second and third order susceptibilities. In optics,
these terms are responsible for the second and third harmonics generation, where a
part of the incident light with frequency w is converted into light with the frequencies
2w and 3w, respectively.

Both the electric field and the electric polarization have negative parity. Conser-
vation of parity enforces that the linear and the third order susceptibility tensors
must have positive parity, i.e. they are proper tensors of rank 2 and 4, respectively.

In the simple case of an isotropic medium, these tensors reduce to X;(le) =¥ ISW and

X ;(131;)“ = X35;w5m<, with (proper) scalar coefficients x ! and x3. The second order
susceptibility, underlying the second harmonic generation (and also the generation
of a zero frequency field), must have negative parity. This can be provided by a polar
vector d in the medium, such as dipole moment or internal electric field, or even by
the vector normal to a surface. Then the second order susceptibility tensor x ;(sz)x will
contain contributions proportional to d, 8, and to 8, d,..

Notice: as far as the tensor algebra is concerned, the terms nonlinear in the electric
field in (2.59) still are “linear relations” between P, and the tensors E,E, and
E, E, E,, which are of second and third order in the components of the electric field
vector.

2.7 Differentiation of Vectors and Tensors with Respect
to a Parameter

2.7.1 Time Derivatives

Just like scalars, vectors and tensors can dependent on parameters. In most appli-
cations in physics, one deals with functions of the time ¢. The time derivative of a
tensor A is a tensor again. It is defined as the time derivatives of all its components,
viz.,

d . d
“A) =R = —Au. 2.
(dt )MU._ ( )u dr % ( 60)

It is recalled that the tensor character of a quantity is intimately linked with the
transformation behavior of its components under a rotation of the coordinate system,
cf. (2.45). Since the transformation matrix U is “timeless”, the differentiation with
respect to time and the rotation of the coordinate system commute. Thus the time
derivative of a tensor of rank £ obeys the same transformation rules, it is also a tensor
of rank £.
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The parity operation is also timeless. Thus it commutes with the differentiation
with respect to time. Consequently, the time derivative A of a tensor has the same
parity as the original tensor A.

In short: neither the property of a physical quantity being a tensor, nor its parity
behavior are affected by differentiating it with respect to time.

2.7.2 Trajectory and Velocity

The trajectory of a mass point or of the center of mass of any solid object is described
by the time dependence of its position vector r = r(¢), or equivalently, r,, = r,(¢),
u =1,2,3. The velocity v is defined by

d
Vy = —Fy = Fy. 2.61
P Iz (2.61)
The velocity is a polar vector, just as the position vector.
The unit vector
T =v v, = (i) V2, (2.62)
points in the direction of the tangent of the curve describing the trajectory. It is
referred to as tangential vector.
Two simple types of motion are considered next.

1. Motion along a straight line. The trajectory is determined by
ru(t) = r2 + f(@) ey,

where r2 and the unit vector e, are constant. The differentiable function f(z) is

assumed to be equal to zero for t = 0, then r, (0) = rﬂ. For rg = 0, the line runs
through the origin. The resulting velocity is

d
v, () = d—{ e.
Here, one has v,, = ¢, = const. and v = f . For a straight uniform motion, not
only the direction of the velocity, but also the speed v is constant. Then f(z) = vt
hold true.
2. Motion on a circle. The motion on a circle with the radius R and the angular
velocity w is described by

ri = Rcos(wt), rp = Rsin(wt), r3 =0,

where, obviously, the circle lies in the 1-2-plane. The origin of the coordinate
system is the center of the circle. At time ¢ = 0, the position vector points in the
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1-direction. For w > 0, the motion runs counterclockwise, i.e. in the mathemat-
ically positive sense. Assuming R = const. and w = const., the components of
the velocity are

v; = —Rw sin(wt), vy = Rw cos(wt), w3 =0.

In this case, the velocity is perpendicular to the position vector, it is purely tan-
gential.

2.7.3 Radial and Azimuthal Components of the Velocity

The position vector r,(t) can be written as a product of its magnitude r = (r,r,) 1/2

and the unit vector 7, (¢), according to r, = r7,,. Then one has

%ru = 3_1;?# + r%?ﬂ. (2.63)
The radial component of the velocity is the first term on the right hand side of (2.63),
which is parallel to the position vector r. It describes the change of the length of r. The
second term, associated with the change of the direction of r, is called the azimuthal
component, sometimes also the tangential component of the velocity, because it is
perpendicular to r. This can be seen quickly as follows. Notice that 7,7, = 1. The
time derivative of this equation yields 27, %?V = 0, which implies that the derivative
of the radial unit vector T is perpendicular toT. Alternatively, the definition of the unit

vector, Vviz., ?u =ry rl = Ty (rvry) 172 and the chain rule can be used to obtain
d__ 1 d _3 d _1 N
d_tr“ =r d_tr“ —r7ryry arv =1 (8 —Tury) vy, (2.64)

The projection tensor 8,,, — 7,7, guarantees that %?# is perpendicular to 7,

Notice that the word fangential is used with two slightly different meanings,
which only coincide for the motion on a circle. In one case it refers to the tangent
of a trajectory which points in the direction of the velocity. In the second case,
just discussed here, where the word “azimuthal” is more appropriate, it means the
direction perpendicular to the position vector.

2.8 Time Reversal

The trajectory of a particle or of the center of mass of an extended object is described
by the time dependence of the position vector r = r(¢). One may ask the question:
does the trajectory r(—t) also describe a physically possible motion? In other words,
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does physics allow the backward motion just as well as the forward motion. If the
answer to this question is “yes”, the motion is called reversible, otherwise it is
referred to as irreversible. In movies and in computer simulations, one can let the
time run backwards. In real physics, just as in real life, this is not possible. On the
other hand, physics deals both with reversible processes, like the celestial motion of a
planet around the sun and with irreversible processes, like an earthly motion, damped
by friction. It is desirable to know, whether the equations governing the dynamics,
describe a reversible or an irreversible behavior, even before these equations are
solved. This can be found out by inspecting the time reversal behavior of all terms
in the relevant equations.

The time reversal behavior of a physical quantity is called even or odd, or also
denoted by plus + or minus —, depending on whether the time reversal operator,
applied on this quantity, leaves it unchanged or changes its sign. The time reversal
operator does not change the position vector r. Application to the velocity v = d%r
yields —v. More generally, the first derivative of a physical variable has a time

reversible behavior, which is just opposite to that of the original variable. Clearly,
d d

the accelerationa = v = d—ér is even under time reversal.

The idea behind these considerations is as follows: observe a process, e.g. the
trajectory of a particle, from time ¢ = 0 to the time 74ps, then change the sign of the
velocity and of all relevant variables, which are odd under the time reversal operation
and let the time run forward till 27,,s. When the process comes back to the original
state, e.g. a particle runs back to its initial position, the process is called reversible.
If the process does not return to its original state, it is called irreversible. When
all physical variables in an equation governing the dynamics of a process have the
same time reversal behavior, time reversal invariance is obeyed, otherwise the time
reversal invariance is violated. A simple example is Newton’s equation of motion
for a single particle. Mass times acceleration is even under time reversal. When the
force is just a function of the position vector, it is also even and, as a consequence,
the equation describes a reversible dynamics. When, on the other hand, the force has
a frictional contribution proportional to the velocity, the equation of motion involves
terms with different time reversal behavior, the motion is irreversible. The motion is
damped provided that the friction coefficient has the correct sign.

To distinguish in the theoretical description between reversible and irreversible
phenomena, it is important to know the time reversal behavior of vectors and tensors
used in physics. As already mentioned, the position vector r is not affected by the time
reversal operator, the velocity v = %r, however, changes sign, when ¢ is replaced by
—t. Likewise, the linear momentum p = mv, and also the orbital angular momentum,
as discussed later, are odd under time reversal. The acceleration, being the second
derivative of r with respect to time, is even under time reversal.

In Table 2.1, parity and the time reversible behavior of some vectors are indicated
by plus or minus. The parity of all these vectors is uniquely determined. This is
also true for the time reversal behavior of r, v, p and of the acceleration a, of the
angular velocity w, and of the orbital angular momentum L. As will be discussed
later, this also applies for the electric and magnetic fields E and B. When the time
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Table 2.1 The parity and time-reversal behavior of some vectors

Physical quantity r v p a F w L T E B
Parity - - - - - + + + - +
Time reversal + - - + =+ = — + + -

reversal behavior of the force F and of the torque T are positive, the dynamics is
reversible. Forces and torques, however, contain terms with the other time reversal
behavior, when friction plays a role. Then the dynamics is irreversible. The time
reversal behavior of tensors occurring in applications will be discussed later.



Chapter 3
Symmetry of Second Rank Tensors,
Cross Product

Abstract This chapter deals with the symmetry of second rank tensors and the
definition of the cross product of two vectors. In general, a second rank tensor con-
tains a part which is symmetric and a part which is antisymmetric with respect to
the interchange of its indices. For 3D, there exists a dual relation between the an-
tisymmetric part of the second rank tensor and a vector. The symmetric part of the
tensor is further decomposed into its isotropic part involving the trace of the tensor
and the symmetric traceless part. Fourth rank projection tensors are defined which,
when applied on an arbitrary second rank tensor, project onto its isotropic, antisym-
metric and symmetric traceless parts. The properties of dyadics, viz. second rank
tensors composed of the components of two vectors, are discussed. The dual relation
between its antisymmetric part and a vector corresponds to the definition of the cross
product or vector product, various physical applications are presented.

3.1 Symmetry

3.1.1 Symmetric and Antisymmetric Parts

An arbitrary tensor A of rank 2 can be decomposed into its symmetric and antisym-
metric parts A¥Y™ and A*Y according to

1 1
ARy = 5 (Apw + Ay) s A = 5 (A — Avy) - 3.1

Clearly, the interchange of subscripts implies
AR =AY, AL = —A. (3.2)
In three dimensions, A®™ and A®Y have 6 and 3 independent components.
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3.1.2 Isotropic, Antisymmetric and Symmetric Traceless Parts

The symmetric part of a second rank tensor A can be decomposed further into an
isotropic part proportional to the product of the isotropic tensor § and the trace

tr A = A, and a symmetric traceless part A defined by

1
Ap == (Apy + Ayy) — 3 A B (3.3)

N =

Thus the tensor A is decomposed into its isotropic, antisymmetric and symmetric
traceless parts according to

1 asy
A;w = g A)L)L S,uv + A/w + A,uv . (34)

This decomposition is invariant under a rotation of the coordinate system.

The symbol ~- used to indicate the symmetric traceless part of a tensor, was
introduced by Ludwig Waldmann around 1960. Compared with the double arrow
<—, which also occurs in printing, the ~-- has the advantage that it can be drawn
in one stroke. For second rank tensors, ~-. first appeared in print in [20], and in
[21], it was applied for irreducible tensors of any rank. Alternative notations used in
the literature for symmetric traceless tensors are mentioned in Sect.3.1.7.

3.1.3 Trace of a Tensor

The isotropic part involves the trace of the tensor
tr(A) = Ajx = A + A + Aszs. (3.5)

It is a scalar (tensor of rank £ = 0), i.e., it is invariant under a rotation of the
coordinate system. The proof is: the tensor property A;w = U, Uy Ag;, implies
A;W = U UurAxy, and due to the orthogonality (2.31) of the transformation
matrix, one has A;w =8 Ay = A

The term isotropic is used since the unit tensor §,,, has no directional properties,
it is not affected by a rotation of the coordinate system. Here the other orthogonality
(2.36) is used for the proof: (Sl’w = UucUpidicr. = UpUypy. = 8.
Notice: the antisymmetric part of the tensor does not contribute to the trace:

tr(A) = Ay = AP = w(AY™). (3.6)

The trace of a second rank tensor is also given by the total contraction of this tensor
with the unit tensor:

tr(A) = 8,0 Ay = Spv Avy = Ay (3.7)
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Again, notice that summation indices can have different names, as long as no index
appears more than twice.
The trace of the unit tensor is equal to the dimension D, here D = 3. Thus

Sy = 3. (3.8)

This is the reason why the fraction % occurs in (3.3) and (3.4).

3.1.4 Multiplication and Total Contraction of Tensors, Norm

The multiplication of a tensor A, with a tensor By, yields a fourth rank tensor. The
contraction with v = A, corresponding to a “dot-product” A - B, gives a second rank
tensor. The total contraction or “double dot-product”

A:B=A,B, (3.9)

is a scalar. The order of the indices is such that it corresponds to the trace of the
matrix product of A with B.

In such a total contraction, the symmetry of one tensor is imposed on the other
one. This means, e.g. when A is symmetric, the symmetric part of B only contributes
in the product A, B,,,. Likewise, when A is antisymmetric, the antisymmetric part
of B only contributes in the product A,,, B, .. Furthermore, when A is isotropic, i.e.
proportional to the unit tensor, then the trace of B only contributes to the product.
When A is symmetric traceless, then only the symmetric traceless part of B gives a
contribution. With both tensors decomposed according to (3.4), one obtains

AuBo = Ay Bee + ASYBEY + A B, (3.10)
nvBvp 3 KK v Doy LV m
Notice that one has A, B,,, = A, B, only when at least one of the two tensors is
symmetric.
The square of the norm or magnitude |A| of a second rank tensor is determined
by the total contraction of A with its transposed AT, viz.:

AP = A Al = ApAu. (3.11)

Of course, the order of the subscript does not matter when A is symmetric.
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3.1.5 Fourth Rank Projections Tensors

The decomposition (3.4) of a second rank tensor A into its isotropic (i = 0), its
antisymmetric (i = 1), and its symmetric traceless (i = 2) parts A can also
be accomplished by appl.ication of fourth rank projection tensors Plilg Wy on the
components A,y according to

Al = p;gﬂ,u, Ay (3.12)

Here pairs of subscripts are used like one index. Furthermore, notice that A'}) = A%Y

and A,(fg = A, . The projection tensors are defined by

1 1
©0) . [CO R
L 3 Buvdurvrs Py = 2 Bpupu B = 808, (3.13)
and
@ = = ! Spuw vy + 8,8 18 ) 14
PMVM/V’ = A;w,p/v’ . E( p/ Ovy’ vl vp/) - 5 puvopu’y’. (3.14)

In the applications presented later, the symbol A__ is preferred over P%.
The projection tensors have the properties

) Q) _ <ijp®
Puvaﬂ Paﬂu’v/ =34 P/wu’v/’

(3.15)
where 81 is the Kronecker symbol, being equal to 1, when i = j and 0 when i # j,
and they obey the ‘sum rule’ or ‘completeness relation’

©) (1) @ _
PO+ Py + P = BB (3.16)

The contraction v = v of the projectors yields

o _1 m @
P;w,u’v - g 8##” P;w,u’v - 8##” P;wu’u

5
= Ay = §5uu’- (3.17)
The subsequent complete contraction, corresponding to ' = u, gives the numbers of
the independent components of the isotropic, antisymmetric and symmetric traceless
parts of second rank tensor in 3D, viz.:

PO =1 PY. =3 P2 =Auum=5 (3.18)

Generalized Delta-tensors of rank 2¢ which, when applied to tensors of rank ¢,
project out the symmetric traceless part of that tensor, will be introduced later.
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3.1.6 Preliminary Remarks on “Antisymmetric Part
and Vector”

The three independent components of the antisymmetric part, in 3D, can be linked
with a vector (tensor of rank ¢ = 1). This property is specific for 3D, whereas most
relations formulated here, apply also to Cartesian components in 2, 4 and higher
dimensions. This is seen as follows. In n dimensions, the number of elements of a
second rank tensor is n2. There are n elements in the diagonal, consequently one has
n® — n off-diagonal elements. The number of independent elements of the symmetric

part is
sym __ l — —l
N =n++ 2n(n 1) = 2n(n + 1), (3.19)

that of the antisymmetric part is
as 1
N* = En(n —1). (3.20)

The number of elements of a vector is n. For n > 0, the relation n = N2 has just
the solution n = 3.

3.1.7 Preliminary Remarks on the Symmetric Traceless Part

The symmetric traceless part cannot be expressed in terms of lower rank tensors. For
this reason, it is also referred to as the irreducible part of the tensor. In 3D, it has 5
independent components.

The symbol "..." is also used for tensors of rank ¢ > 2 in order to indicate the
symmetric traceless (irreducible) part which, in general, has 2¢ + 1 independent
components, details later.

Different notations for the symmetric traceless part of tensor are found in the
literature. Sometimes the double arrow <7, in same cases the brackets [...]o or
double brackets [[...]]o, where the subscript 0 indicates that the trace is zero, are
used instead of - - - .

3.2 Dyadics

3.2.1 Definition of a Dyadic Tensor

A second rank tensor constructed from the components of two vectors, e.g. a and b
is called a dyadic tensor, sometimes also just dyadic or dyad. The quantity
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a1b1 albz a1b3
ab = | axb| axby arb; 3.21)
aszby azby azbs

is a tensor. [t must not be confused with the scalar producta-b = a;by +axbr +azbs.
With A, = a,b,, the decomposition (3.4) reads:

1

1 1
aub, = 3 a,byuy + 3 (aﬂbv — aubu) + aub, . (3.22)

The symmetric traceless part, in accord with (3.3), given by

—

1 1
aub, = 2 (auby +avby) — 3 ab;8,y. (3.23)

The trace of the dyadic a b is the scalar product a - b. In 3D, the antisymmetric part
of the dyadic is linked with the cross product a x b, details later.

The product of dyadic tensors, with total contraction, can be inferred from (3.10).
The case where both dyadics are symmetric traceless is discussed in Sect.3.2.2.

3.1 Exercise:

Symmetric and Antisymmetric Parts of a Dyadic in Matrix Notation

Write the symmetric traceless and the antisymmetric parts of the dyadic tensor A, =
ayb, inmatrix form for the vectorsa : {1, 0, 0} andb : {0, 1, 0}. Compute the norm of
the symmetric and the antisymmetric parts and compare with A, A, and A, A, .

3.2.2 Products of Symmetric Traceless Dyadics

Consider two dyadics, formed by the pairs of vectors a, b and ¢, d, respectively. As
discussed above for the tensor multiplication with contraction, the expression ab - cd
stands for the dyadic ad, multiplied by the scalar product b-¢. The double dot product
then yieldsa-db - c.

Of particular interest is the case, where the symmetric traceless parts of these
dyadics are multiplied. Here one has

(E . a)m} = aﬂbk C)Ld,,

1
= 7 (b-ca,d, +b-da,c, +a-cb,d, +a-db,c,)
1 1
—gc -d(ayb, +ayb,) — ga b (cudy + cvdy)

1
+§a‘bc-d5,w. (3.24)
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The further contraction & = v leads to
ab : cd = aub; cd, = z(a-cb-d—%—a-db-c)—ga-bc~d. (3.25)

For the special case a = b and ¢ = d, relation (3.25) reduces to

[ [ — 1
aa : cc = auay ccy =(a~c)2—§a c
2.2 ~ 2 1 2.2 2 1
=a“c" |(@a-¢c ~3 =a“c” | cos gp—g , (3.26)

where @ and C are unit vectors, and ¢ is the angle between the vectors a and c.
Clearly, for a = ¢, corresponding to ¢ = 0, one finds

aa : aa = aua), aa, = ga . (3.27)

Notice, the double dot product of two symmetric traceless dyadic tensors constructed
from orthogonal vectors is not zero. For ¢ perpendicular to a, corresponding to
¢ = 90°, relation (3.26) implies

122

aLc:E:E:auaA c,\cuz—gac. (3.28)

On the other hand, the two dyadic tensors aa and ‘cc are “orthogonal”, in the
sense that their double dot product vanishes, when the angle between the two vectors
is given by the “magic angle” ¢ = arccos(1/+/3) &~ 54.7°. Applications of these
relations for the double dot product of dyadics are discussed later.

3.2 Exercise: Symmetric Traceless Dyadics in Matrix Notation

Write the symmetric traceless parts of the dyadic tensor Cy,,, = Cp (@) = 2a,b, in
matrix form for the vectors a = a(«x) : {¢, —s,0} and b = b(«) : {s, ¢, 0}, where
c and s are the abbreviations ¢ = cosa and s = sin«. Discuss the special cases
a = 0 and a = /4. Compute the product By, (a) = TM (O)TM (o), determine
the trace and the symmetric traceless part of this product. Determine the angle «, for
which one has By, = 0.
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3.3 Antisymmetric Part, Vector Product

3.3.1 Dual Relation

As already mentioned before, the antisymmetric part (1/2)(A,, — A,,,) of a second
rank tensor A, in three dimensions, can be linked with the three components of a
vector a. This link, referred to as dual relation, is:

ai = Axz — Az = 2457,

ay = Az — Az = 2457,

az = App — Ay = 2475 (3.29)
Clearly, the order of the subscript 1, 2, 3 in the second line is a cyclic permutation
of that one in the first line, and so on.

The relation (3.29) can be inverted in the sense that, in matrix notation, the anti-
symmetric tensor is given by

0 §a3 —Edz
X R S (3.30)
2 2
1 1
Eaz —Ea] 0

The ‘proof” that a, defined by (3.29) indeed transforms like a vector, when A is a
tensor, is presented next. This is not self-evident since a vector is transformed with
one rotation matrix, whereas the second rank tensor is transformed with a product
of two transformation matrices.

The tensor property of A implies, that the first component of a, in the rotated
system, is given by

aﬂ = A/23 - A%z = U UsyAyy — Uz Usy Ay = Up Usy (A — Ayy). (3.31)
Note: in the last term before the last equality sign, the summation indices ., v, have
been interchanged. When a/, given by this relation is the component of a vector, the

quantity b, defined by
by = U, a} = Uy,aj, (3.32)

must be equal to a,,. The first component of (3.32) reads

b = Ullai + U21a§ + U3la§. (3.33)
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Use of (3.31) for @} and of the corresponding expressions for a3, a5 (obtained by the
cyclic permutations of 1, 2, 3) leads to

by = (UnUxuUsy + Up Uz Upy + Uz Uy Uny) (Apy — App). (3.34)

Now we consider the special case a; = A3 — A3 # 0anday = A3 — A3 =0,
az = A1y — Az = 0. Then (3.34) yields, with the summation over double indices
written explicitly

b1 = (U11(UnUs3z — UxzUs2) + Uz1 (Us2U1z — UzzUyp2)
+ U31(U12U23 — UiaUn))a; = det(U)ay, (3.35)

where det(U) is the determinant of the transformation matrix. For a proper rotation
det(U) = 1 holds true, and consequently by = aj. The proof for the equality
of the other components b and a requires just the cyclic permutation of 1, 2, 3.
This then completes the proof that the three-component quantity a linked with the
antisymmetric part of a tensor by the duality relation (3.29) is a vector in the sense
used here.

3.3.2 Vector Product

In the case of a dyadic A = ab and with a, in (3.29), replaced by ¢, the relation
(3.29) corresponds to the usual cross product or vector product ¢ = a x b of the two
vectors a and b. More specifically one has

c1 = (a x b); = axb3 — azbs,
c2 = (a x b)y = aszby —a1bs,
c3=(@xb)s=aby —arb;. (3.36)

By analogy to (3.30), an antisymmetric tensor is linked with the cross product. In
particular, one has for the 12-component:

2(ab)}y :=aiby — axby = (a x b)s. (3.37)

The other components are obtained by a cyclic interchange of 1, 2, 3.

The antisymmetric part of the dyadic a b, as well as the cross productc =a x b
vanish, when the vectors a and b are parallel to each other.

As an alternative to (3.36), the components of the cross product can be expressed
with the help of a determinant according to

S1u a1 by S1u B2 O34
Cy = 82#« an bz =\|ay ay az |. (3.38)
I3, a3 b3 by by b3



42 3 Symmetry of Second Rank Tensors, Cross Product

To verify this expression, e.g. use u = 1 and note that §;; = 1, 821 = §31 = 0. Then
one obtains the first line of (3.36). Similarly, the second and third line are recovered
with u =2 and u = 3.

The cross product of the two vectors is antisymmetric with respect their exchange:

(bxa)=—(axb). (3.39)

When the two vectors are parallel, i.e. when one has b = ka with some numerical
factor k, the cross product is equal to zero, thus

axb=0«=a|b. (3.40)

These properties follow from the definition of the vector product. Likewise, with the
help of (3.38), the scalar product of a vector d with the vector ¢ which, in turn, is the
vector product of vectors a and b is given by the spate product:

di a1 b di dr d3
d-c=d-(axb)=|dab|=|a aa3z]|. (3.41)
dsz a3z b3 by by b3

Two vectors d and ¢ are orthogonal, when the scalar product d - ¢ vanishes. From
(3.41) follows that the spate products a - (a x b) and b - (a x b) are zero, since a
determinant with two equal columns or rows is zero. Thus the vector product a x b of
two vectors a and b is perpendicular to both a and b. Of course, a and b are assumed
not to be parallel to each other.

In summary, the vector product of two vectors which span a plane is defined such
that a x b is perpendicular to this plane. The direction of this vector is parallel to the
middle finger of the right hand when a points along the thumb and b is parallel to
the pointing finger. The magnitude of the vector product is given by the magnitude
of a times the magnitude of b times the magnitude of the sine of the angle ¢ between
aandb, viz.:

|a x b| = |a| [b||sin¢]|. (3.42)

For the proof of (3.42), see Fig.3.1. The coordinate system is chosen such that a is
parallel to the 1-axis and b is in the 1-2-plane, their components then are (ap, 0, 0)
and (b1, by, 0), witha; = a,b; =bcosp, by = bsing,a = |a] and b = |b|.

Due to (3.36), the components of ¢ = a x b are (0, 0, c3), with ¢3 = a1by =
ab sin ¢. The magnitude of c3 then is given by (3.42). The magnitude of the vector
product assumes it maximum value when the two vectors are orthogonal.
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Fig. 3.1 Vector product

3.4 Applications of the Vector Product

3.4.1 Orbital Angular Momentum

The orbital angular momentum L of a mass point at the position r with the linear

momentum p is defined by
L=rxp. (3.43)

When the linear momentum is just mass m times the velocity v, (3.43) is equivalent
toL =mr xv.

Notice: the orbital angular momentum depends on the choice of the origin of the
coordinate system where r = 0. Furthermore, L is non-zero even for a motion along
a straight line, as long as the line does not go through the point r = 0. For constant
speed v, the magnitude L of L is determined by r*mv where r° is the shortest
distance of the line from r = 0, cf. Fig. 3.2. The angular momentum is perpendicular
to the plane, pointing downward.

3.3 Exercise: Angular Momentum in Terms of Spherical Components
Compute the z-component of the angular momentum in terms of the spherical com-
ponents (2.10).

3.4.2 Torque

According to Newton, the time change of the linear momentum a particle, subjected
to a force F, is determined by
dp

=p=F. 3.44
o =P (3.44)
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Fig. 3.2 Motion on
a straight line -

The time change of the orbital angular momentum L is L=rx p +r x p. Notice
that r = v. When one has p = m v, the term I x p is zero. Then the time change of
the orbital angular momentum is given by
dL . .
— =L=rxp=rxF. (3.45)
dr
The quantity r x F is called rorque.
Notice: there are two cases where L. = 0 and where, as a consequence, the angular
momentum L is constant:

1. no force is acting, F = 0,
2. the force F is parallel to the position vector r.

A force with this property is called central force.

Furthermore, notice: the orbital angular momentum and the torque are axial vec-
tors. These quantities do not change sign upon the parity operation. This follows from
the fact that they are bilinear functions of polar vectors. By definition, the angular
momentum changes sign under time reversal, its time derivative does not change
sign. Thus (3.45) describes a reversible dynamics provided that the torque r x F
does not change sign under time reversal. This, in turn, is the case when there is no
rotational friction proportional to the rotational velocity.

3.4 Exercise: Torque Acting on an Anisotropic Harmonic Oscillator
Determine the torque for the force

F=—-kr-ee—(r—er-e),

where the parameter k and unit vector e are constant. Which component of the angular
momentum is constant, even for k # 1?

3.4.3 Motion on a Circle

The velocity v of a mass point on a circular orbit can be expressed as

V=WXTr, (3.46)
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where w is an axial vector which is perpendicular to the plane of motion. The
magnitude of this vector is the angular velocity w. The point r = 0 is located on the
axis of rotation. For a circle with radius R, the magnitude of the velocity is v = R w.

3.4.4 Lorentz Force

The force F acting on a particle with charge e, moving with velocity v, in the presence
of an electric field E and a magnetic field (flux density) B is

F=¢E+ev xB. (3.47)

This expression is called Lorentz force. Notice that F, E and v are polar vectors,
with negative parity, whereas B is an axial vector with positive parity. Thus parity is
conserved in (3.47).

What about time reversal invariance? The electric field E is even under time
reversal, the B-field and the velocity are odd, i.e. they do change sign under time
reversal. Thus both terms on the right hand side of (3.47) do not change sign and the
same is true for the resulting force. Consequently, the Lorentz force conserves parity
and is time reversal invariant.

3.4.5 Screw Curve

The position vector s = s(«) describing a screw-like curve, as function of the angle
o (Fig.3.3), is given by

s=p(e cosa—}—usina)—f—xziexu. (3.48)
4

Fig. 3.3 A screw curve for
p = 1land x = 1/3. The unit
vectors u and v are pointing
in the x- and y-directions.
The vertical line indicates
the axis of the screw
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Here e and u, with e - u = 0, are orthogonal unit vectors. The parameter p is the
radius of the screw, projected into the in the e—u-plane. The sign of the chirality
parameter

x =s2m) - (e xu) (3.49)

determines, whether the curve describes a right-handed or a left-handed screw. The
magnitude of x is the pitch of the screw. The chirality, being the spate product of
three polar vectors, is a pseudo vector, which changes sign under the parity operation.

3.5 Exercise: Velocity of a Particle Moving on a Screw Curve

Hint: Use @« = wt for the parameter occurring in the screw curve (3.48), w is a
frequency.



Chapter 4
Epsilon-Tensor

Abstract The third rank epsilon-tensor is used to formulate the dual relation between
an antisymmetric second rank tensor and a vector or vice versa, in three-dimensional
space. In this chapter, the properties of this isotropic tensor are presented. From the
rules for the multiplication of two of these tensors follow relations for the scalar
product of two vector products and the double vector product. Some applications
are presented, involving the orbital angular momentum, the torque, the motion on
a circle and on a screw curve, as well as the Lorentz force. The dual relation in
two-dimensional space is discussed.

4.1 Definition, Properties

4.1.1 Link with Determinants

The dual relation between an antisymmetric second rank tensor and a vector, as well
as the properties of the vector product can be formulated more efficiently with the
help of the third rank epsilon-tensor, which is also called Levi-Civita tensor. It is
defined by

81 S1v 1
Epvi 1= |82 b2p 82 | 4.1
83, 030 03
This implies
I, uvA=123,231,312
guvn = —1, pv i =213,132,321
0, wv A = else, “4.2)
or, equivalently, €123 = €231 = €312 = 1, €213 = €132 = €321 = —1,and ¢ = 0 for

all other combinations of subscripts.
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The epsilon-tensor is totally antisymmetric, i.e. it changes sign, when two indices
are interchanged. It is equal to zero, when two indices are equal. Furthermore, the
tensor &,,,; is isotropic. This means, just like the unit tensor §,,,, it is form-invariant
upon a rotation of the coordinate system.

The dual relation between a vector and the antisymmetric part of a tensor, as given
by (3.29), is equivalent to

Ay = Epvi AVA. (4.3)

To verify this relation, consider the 1-component. Then one has a; = €1, Ay, =
€123A23 + €132A32 = A3 — A3p. Notice that the positions of the summation indices
matter, not their names. The double contraction of the epsilon-tensor with a second
rank tensor, as in (4.3), projects out the antisymmetric part of the tensor, i.e.

pvr Avi = e ALY (4.4)

This can be seen as follows. Trivially, since 1 = % + % one has gy, Ay =
%eMMAM + %SMMA,,;L. The renaming v, A — Av of the summation indices in
the second term on the right hand side, leads to £, A,y = %SW;LAV;\ + %SMUAM.
Next, e450 = —&uva is used. Then g, A, = %%M(AW\ — A,,) is obtained,
which corresponds to (4.4).
By analogy to (4.3), the vector product of two vectors a and b, defined by (3.38),
can be written as
Cp = Eyvi Avby. 4.5)

The properties of the vector product discussed above follow from the properties of
the epsilon-tensor.

The spate product d - (a x b) corresponds to &,,,d,a,b;.. A cyclic renaming of
the summation indices and the use of €., = &y = &3y implies

8;w)ﬂp,bvd)» = 8uvkbudvaks (4.6)

or, equivalently
d-(axb)=a-(bxd)=Db-(d x a). 4.7)

Of course, the symmetry of the spate product can also be inferred from the symmetry
properties of the determinant shown in (3.41).

4.1.2 Product of Two Epsilon-Tensors

The product of two epsilon-tensors is a tensor of rank 6 which can be expressed in
terms of triple products of the unit second rank tensor, in particular
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S B S
Epvr Epv/y = 51}/[ Svvr Bpy |- (4.8)
Sa v O

The rows and columns in the determinant can be interchanged and one has
Epva Evia = EpvrEpvi. Written explicitly, (4.8) is equivalent to

Epvr Ep/v' = 8;1./1’5111/51)\’ + S;M/BVNSA;L’ + Sﬂk’svu/aku/
- Suu/svk/a)\v’ - 8//.\/81)/1.’8)0\/ - 5/1)»’81)\)’8)\/4/' 4.9)

The relation (4.8) can be inferred from (4.1) as follows. First, notice that the deter-
minant of the product of two matrices is equal to the product of the determinants
of these matrices. Furthermore, in the defining relation (4.1) for £,/,/,, the rows
and columns are interchanged in the determinant. Then &,,,73/€,05 is equal to the
determinant of the matrix product

S1p Sopr 83 S1u 610 012
S1v G2 83y 82y 820 021
Sia S 3w 03, 03 03

Matrix multiplication, row times column, yields 81,81, + 82,782y + 83,03, =
Scwbepn = Oy = Oy for the 1l-element. Similarly, the other elements are
obtained, as they appear in the determinant (4.8).

In many applications, a contracted version of the product of two epsilon-tensors
is needed where two subscripts are equal and summed over. In particular, for A = 1/,
(4.8) and (4.9) reduce to

S, 00
Euvr € = | = 80800 — S (4.10)

/

81)/1/ Suv

Notice that e,p18,/v3 = €,05.€5,/7- Formulae known for the product of two vector
products follow from (4.10).
The further contraction of (4.10), with v = v/, yields

Euvi Eprvn = 28,0 (4.11)

The total contraction of two epsilon-tensors is equal to 6, viz.:
Euva Epva = 0. 4.12)
This value is equal to the number of non-zero elements of the epsilon-tensor in 3D.
Side remark: by analogy, a totally antisymmetric isotropic tensor can be defined in

D dimensions. Then the total contraction of this tensor with itself, corresponding to
(4.12) is D!. Clearly, this value is 6 for D = 3.
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4.1.3 Antisymmetric Tensor Linked with a Vector

With the help of the epsilon-tensor and its properties, the dual relation (4.3) which
links a vector with an antisymmetric second rank tensor can be inverted. This is
seen as follows. First, by renaming indices, (4.3) is rewritten as a, = &;,// Ay
Multiplication of this expression by &, and use of (4.10) leads to

v @x = (8,800 — 8,0 ) Ay = Ay — Apy = 2 Al (4.13)
or 1
Ay = 3 B @ (4.14)

4.2 Multiple Vector Products

4.2.1 Scalar Product of Two Vector Products

Let a, b, ¢, d be four vectors. The scalar product of two vector product formed with
these vectors can be expressed in terms of products of scalar products:

(axb)-(ecxdy=a-cb-d—a-db-c. (4.15)
For the proof, notice that the left hand side of (4.15) is equivalent to
Epuvapby &3 cppdy.
Use of the symmetry properties of the epsilon-tensor and of (4.10) allows one to
rewrite this expression as (8,78, =8,/ 8y )ayubycdy = aycubyvdy,—ayd,bycy,

which corresponds to the right hand side of (4.15).
Now the special case ¢ = a, d = b is considered. Then (4.15) implies

laxb|? = a*h? — (a-b)? = ab> (1 - (5-6)2) — a2b*(1 —cos? ¢) = a2b? sin® ¢.

(4.16)
Here @ and b are unit vectors and @ is the angle between the vectors a and b. The
last equality is equivalent to (3.42).

4.2.2 Double Vector Products

Let a, b, ¢ be three vectors. The double vector product a x (b x ¢) is a vector with
contributions parallel to b and ¢, in particular
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ax(bxc)=a-cb—a-bc. “4.17)
Notice that the position of the parenthesis (. . .) is essential in this case. The expression
a x b x ¢ is not well defined since a x (b x ¢) # (a x b) x ¢, in general. The latter
double cross product yields a vector with component parallel to a and b.
The proof of (4.17), is also based on the relation (4.10). In component notation,
one has
[a x (bx )], =egupnav(b X €y = g8 avbyrcy.
Now use of (4.10), together with the symmetry properties of the epsilon-tensor yields

[ax (b xc¢)l, =by,ac, —cyaby, (4.18)

which is equivalent to (4.17).
For the special case a = ¢ = e, where e is a unit vector, (4.17) reduces to

ex(bxe)=b—e-be=b—bl:=bt. (4.19)

Here bl := e - be and b' are the parts of b which are parallel and perpendicular,
respectively, to e. Clearly, one has bl + bt =b.

4.3 Applications

4.3.1 Angular Momentum for the Motion on a Circle

The linear momentum p = mv of a particle with mass m and velocity v, moving on
a circle, with the angular velocity w, cf. (3.46), is given by

p=mWwXT.

Here r = 0 is a point on the axis of rotation which is parallel to w. With the help of
(4.18), the resulting orbital angular momentum L = r x p is found to be

L =mr x (wxr) =m(r2w—r~wr). (4.20)

In component notation, this equation linking the angular momentum with the angular
velocity, is equivalent to

L,=m (rzwu — Wy Ty) =m (r2 Suv — Fury) wy. “4.21)
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When the center of the circle is chosen as the origin r = 0, the position vector r
is perpendicular to w, thus r - w = 0 and L = mr’>w = mR*w, where R is the
radius of the circle. For a single particle, such a special choice of the origin, where r
has only components perpendicular to the rotation axis, can always be made. This,
however, is not possible for a rotating solid body which is composed of many mass
points.

4.3.2 Moment of Inertia Tensor

A solid body is composed of N mass points, i.e. atoms, molecules or small parts
of the body, with masses m 1, ms, ..., my located at positions r(D, r® . . r®,
The total massis M = ZI]\; | mj. Solid means: the distances between the constituent
parts of the body do not change, the body moves as a whole. In the case of a rotation
with the angular velocity w, each mass point has the velocity v®) = w x r®, the
linear momentum p(i) = miv(i), and the angular momentum L® = y® x p(i), for
i =1,2,..., N. Again, the origin of the position vectors is a point on the rotation
axis, w is parallel to this axis. By analogy to (4.21), the total angular momentum is

found to be
N

Ly=Y LY =6,,w, (4.22)

i=1

with the moment of inertia tensor ©,, given by

N
O = D milrD) 8y —rPrV1. (4.23)

i=1

By definition, the moment of inertia tensor is symmetric: @, = ©,,,.

The equation (4.22) is an example for a linear relation between two vectors gov-
erned by a second rank tensor. Here both vectors w and L have positive parity, i.e.
they are axial or pseudo vectors. The moment of inertia tensor has also positive parity,
i.e. it is a proper tensor of rank 2.

The moment of inertia for a rotation about a fixed axis is defined via the linear
relation between the component of the angular momentum parallel to this axis and
the magnitude w of the angular velocity. Scalar multiplication of (4.22) with the unit
vector w,, = wy,/w leads to

wuLly, =w,0,,w, =0 w,

with the moment of inertia

N
A\ 2
O = WOty = > m; (rf) . (4.24)
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Here

A\ 2 S\ 2 A\ 2
() =) - Gt)

is the square of the shortest distance of mass point i from the rotation axis.

The moment of inertia tensor and the inertia moment, as defined by (4.23) and
(4.24) depend on the choice of the origin. As mentioned before, the origin for the
position vectors has to be on the axis of rotation. When the axis of rotation goes
through the center of mass of the body, it is convenient to choose the center of mass
as the origin. In this case one has Zil mir® = 0.

Due to its definition, the moment of inertia tensor does not change its sign both
under the parity operation nor under time reversal.

When one talks about the moment of inertia tensor or the moment of inertia of a
solid body, one means quantities, which are characteristic for the shape of the body:
they are computed via (4.23) and (4.24) with r) = 0 corresponding to the center
of mass of the solid body. Furthermore, expressions analogous to (4.23) and (4.24)
are presented later for continuous mass distributions, where the sum over discrete
masses is replaced by an integral over space.

Examples for the moment of inertia tensor are discussed in Sects. 5.3.1, 8.3.3 and
computed in the Exercises 5.1 and 8.4.

4.4 Dual Relation and Epsilon-Tensor in 2D

4.4.1 Definitions and Matrix Notation

Let a; and b;, i = 1,2, be the Cartesian components of two vectors in 2D. The
antisymmetric part of the dyadic constructed from these components is related to a
scalar ¢ according to

Cc = a1b2 — azbl. (4.25)
This dual relation can be written as
¢ = gjja;bj, (4.26)

where the summation convention is used for the Latin subscripts. By analogy to the
3D case, ¢&jj is defined by

81i 8ij

. 4.27
82i 8oj (4.27)

&jj 1=
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This 2D e-tensor can also be expressed in matrix notation:

&jj = (_01 (1)) . (4.28)

In 3D, a corresponding notation requires a three dimensional ‘3 x 3 x 3-matrix’.

4.1 Exercise: 2D Dual Relation in Complex Number Notation

Let the two 2D vectors (x1, y1) and (x2, y2) be expressed in terms of the complex
numbers z1 = x1 + iy; and zo = xp + iy2. Write the dual relation corresponding to
(4.25) in terms of the complex numbers z; and z>. How about the scalar product of
these 2D vectors?

Hint: the complex conjugate of z = x + iy is z* = x — iy.



Chapter 5
Symmetric Second Rank Tensors

Abstract This chapter deals with properties and applications of symmetric second
rank tensors which are composed of isotropic and symmetric traceless parts. A prin-
ciple axes representation is considered and the cases of isotropic, uniaxial and biaxial
tensors are discussed. Applications comprise the moment of inertia tensor, the radius
of gyration tensor, the molecular polarizability tensor, the dielectric tensor and bire-
fringence, electric and magnetic torques. Geometric interpretations of symmetric
tensors are possible via bilinear forms or via a linear mapping. The scalar invari-
ants are discussed. The consequences of a Hamilton-Cayley theorem for triple and
quadruple products of symmetric traceless tensors are presented. A volume conserv-
ing affine mapping of a sphere onto an ellipsoid is considered.

5.1 Isotropic and Symmetric Traceless Parts

Here the properties of symmetric tensors are discussed. For a tensor S this means
S;w = SV/L'

As mentioned before, cf. (3.3) and (3.4), such a tensor is equal to the sum of its
isotropic part, involving its trace Sy, and its symmetric traceless part:

1 [ —
S/w = 5 S)L)\ 8;).1} + S,uv s (5'1)
with {
S = Spv — 3 Sy O 5.2)

This decomposition is invariant under a rotation of the coordinate system. Notice that

TW = 0, that is why this part of the tensor is called symmetric traceless. Frequently,
it is also referred to as irreducible part, because it can not be associated with a lower
rank tensor. Here, it is also called anisotropic part, because the symmetric traceless
part of tensors used in applications characterizes the anisotropy of physical properties.
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In solid state mechanics, the symmetric traceless part is commonly referred to

deviatoric part, because it indicates a deviation from isotropy. Notice, not only various
names are used for the same item, also different notations are found in the literature.

5.2 Principal Values

5.2.1 Principal Axes Representation

A symmetric tensor S can be brought into a diagonal form with the help of an
appropriate rotation of the coordinate system. Then, in this principal axes system, it
is presented as

s 0 0
S=| 0 5@ 0o |, (5.3)
0 0 O
with real principal values, also called eigenvalues SO i = 1,2,3. The axes of

the particular coordinate system in which the tensor is diagonal are referred to as
principal axes. Unit vectors parallel to these axes are denoted by e®, i = 1, 2, 3.
The order 1, 2, 3 can be chosen conveniently. With the help of the dyadics e®e(®
the symmetric tensor S can be written in the eigen-representation:

3
§=> sVeled. (5.4)
i=1
The validity of the standard eigenvalue equation
S. e = M ed (5.5)

follows from (5.4) and the orthogonality e - e®) = §@ of the eigen vectors eV,

Notice that a symmetric second rank tensor in 3D has 6 independent components.
How come there are only 3 numbers specified by the 3 eigenvalues? The answer is:
3 additional numbers, e.g. Eulerian angles, are needed to determine the directions of
the principal axis in relation to an arbitrary, space fixed, coordinate system.

5.2.2 Isotropic Tensors

In the special case where all three principal values are equal,

s — ¢@ _ ¢B® _ S,
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the tensor S is isotropic, i.e. it is proportional to the unit tensor:
Suv = Séu. (5.6)

This follows from (5.4), due to the completeness relation for the orthogonal unit
vectors e, viz.,

3
D elel) =6, (5.7)
i=1

By definition, an isotropic tensor has no anisotropic part. Whenever the three
eigenvalues are not equal to each other, the symmetric tensor possesses a non-zero
traceless part, sometimes also called anisotropic part. Two cases can be distin-
guished: (i) two eigenvalues are equal, but different from the third one, and (ii)
three different eigenvalues. These cases are referred to with the labels uniaxial and
biaxial.

5.2.3 Uniaxial Tensors

When only two the principal values are equal but different from the third one, say
S = §@ £ §3 the tensor is called uniaxial. It possesses a symmetry axis which
is parallel to e® in the special case considered. It is convenient to use the notation
e® = e for the unit vector parallel to the symmetry axis and to denote the eigenvalues
associated with the directions parallel and perpendicular to this direction by S and
S , respectively. This means:

SO =sP =g, §@=gy.
Thus the uniaxial tensor can be written as
S;w = SH ey ey + S1 (S,uv - euev)a (5-8)

and |
S;Lv = g(S” +25)) 8//.\) + (SH -5 €ufy . (5.9

In matrix notation, this expression is equivalent to

{ 100\ -100
S:= 3 +25) (010 )+ (S =S| 0 -1o]|. (5.10)
001 0 01

The factor % in the symmetric traceless part stems from ey e, e, e, = %
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5.2.4 Biaxial Tensors

The general symmetric second rank tensor with three different principal values is
referred to as biaxial tensor. With the abbreviations

_ 1 1 1
— —_ (¢ (2) (3) —¢® _ Z (<D 2 (gD 2
3_3(5 +5P+59), s=5 2(5 +5?), q= 2(5 _5 )
(5.11)
the decomposition of the tensor according to (5.1), can be written as
Spv =S8, +5 e,(f)eﬁ” +q(e,(})e§“ - e,(f)e?) ) (5.12)

To check the validity of this relation, notice that S O = e,(j) S Ve(l) and e(l) eg)e,(}) e,(})
is equal to 2/3, for i = j and equal to —1/3, fori # j, cf. (3 27) and (3 28). Both,

i and j, can be equal to 1, 2 or 3. The result is

_ 1 _
s =g 3s—|—q, S(2)=S—§s—q, §O =5+ (5.13)

WIN

Furthermore, notice that e(l) (1) ,ﬁz)e?) = e,(j)eﬁl) — e,(f)e(z) Alternatively, to

obtain (5.12), one may start from (5.4) and decompose the tensor into its isotropic
and anisotropic parts according to

Z sDs,, + Z s e(‘)ei‘) .

Since
SV eDelD | 5@ (2),0)
is equal to
% (S(1)~I—S(2)) ('e,()’ei” + yeff)e.(,z)) + % (S(l)—S(z)) (e,())egl) — 61(12)652)')
and

e(Ll)e(]) + e,(})ef,z) — —6;(3)61(;3) ’

equation (5.12) is recovered.
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In matrix notation, (5.12) is equivalent to

_[100\ , /=300 100
Sw=8[010}+<s| 0 —30]+¢g{0-10]. (5.14)
001 0 01 000

For a symmetric traceless tensor one has S 4 5@ 4 56 = 0,ie. S = 0. The
anisotropic part of the tensor is characterized by the linear combinations s and g of
its principal values. For ¢ = 0 and s # 0, the uniaxial case, discussed above, is
recovered. In the other special case s = 0, but g # 0, the symmetric traceless part
of the tensor is referred to as being planar biaxial. In general, a symmetric tensor,
in principle axis representation, is characterized by its three principal values or by
its trace and two parameters specifying its symmetric traceless part, as introduced
in (5.11). In principle, the labeling 1, 2, 3 of the principle axes can be interchanged.
Preferentially, the 3-axis is associated either with the largest or the smallest eigen-
value.

5.2.5 Symmetric Dyadic Tensors

In general, the principal directions and values of a symmetric tensor can be found
by the methods used in Linear Algebra for the diagonalization of matrices. In many
problems of physics, the principal directions are obvious by symmetry considera-
tions, and then the principal values can be inferred from the eigenvalue equation. As
an example, the special case of a symmetric dyadic tensor constructed from two unit
vectors u and v is considered. Thus we have

1
Sy = > (uy vy +uyvy). (5.15)

Let h be a vector parallel to a principal direction. Then the eigenvalue equation
Suvhy = Sh,, implies that the principal value § is determined by £, S,,,h, = Sh,h,
and consequently

S =hyuyvyhy/hihy. (5.16)

First, the case v parallel to u is considered. Then one principal direction is parallel to
u and the directions of the two other ones are not uniquely determined, but they lie
in the plane perpendicular to u. The principal values are S = 1, for h = u, and two
principal values are 0, for two orthogonal directions which are perpendicular to u. In
short, the principal values are {1, 0, 0}. Clearly, the tensor is uniaxial. The symmetry
direction can be identified with any one of the coordinate axes, frequently either the
1- or the 3-axis is chosen.
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Now the case is considered, where v is not parallel to u. By symmetry, one of the
principal directions is parallel to the vector product u x v. The pertaining principal
eigenvalue is 0. The two other principal directions are parallel to the bisectors between
the vectors u and v, i.e. they are parallel tou+v. Withh = u£v,onehash-u = 1 +c,
h-v=c=x1l,andh-h =21 £c¢), withc = u-v = cos ¥}, where ¢ is the angle
between the vectors u and v. Thus the two other principal values are found to be
(c £ 1)/2. In summary, the principle values are

! 1 ! 1), 0
§(C+ )7 z(c_ )’ ]

Clearly, for ¢ = 0, corresponding to u = v, one has ¢ = 1, and the uniaxial case
is recovered. For u L v, ¢ = 0 applies and the principal values are {1/2, —1/2, 0}.
This corresponds to a symmetric traceless planar biaxial tensor.

The trace of the tensor given by (5.15) is the scalar product ¢ = u - v. Thus the

principal values of the symmetric traceless tensor u,v, are
——ct,c=u-v=cosd. 5.17)

Comparison with (5.14) shows that the coefficients s and ¢, introduced in Sect. 5.2.4,
are here given by s = —c/2 and ¢ = 1/2.

5.3 Applications

5.3.1 Moment of Inertia Tensor of Molecules

The moment of inertia tensor &,,,, as defined in (4.23), is symmetric. When the
origin of the position vectors of the constituent parts of a solid body coincides with
the center of mass of the body, the moment of inertia tensor reflects and characterizes
the shape and symmetry of the body. Molecules in their vibrational ground state can
be looked upon as “solid bodies”. Some simple examples are considered next.

(i) Linear Molecules

A linear molecule is composed of two atoms, with masses m and m,, separated by
the distance d. The unit vector parallel to the axis joining the nuclei of the two atoms
is denoted by u. Their position vectors, with respect to the center of mass of the
molecule, are r'V) = dju and r® = —d,u, with the distances d; and d, determined
bydi+dy = 0and md; = mad,. Use of (4.23) leads to the moment of inertia tensor

O = (1 df +mad3) (B = i) = © (80 — ) (5.18)
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with the moment of inertia
_ 2 2 _ 2
@—mld1 +m2d2 =mprd”. (5.19)

Here m1> = mymy/(m1 + my) is the reduced mass.

Notice that the tensor §,,, — u,,u,, when multiplied with a angular velocity vector
wy, projects onto the directions perpendicular to u. Thus the angular momentum
L, = ©,,w, is perpendicular to u, and L - u = 0. The rotational motion of a linear
molecule, in 3D, has just 2 and not 3 degrees of freedom. This also holds true, when
the rotational motion is treated quantum mechanically.

Examples for linear molecules are the homo-nuclear molecules (m| = m>) of hy-
drogen and nitrogen, viz.: Hy and Nj. Hetero-nuclear molecules (m| # m») are, e.g.
hydrogen-deuterium HD and hydrogen chloride HCI. Also some tri-atomic mole-
cules are linear, e.g. carbon-dioxide CO;. In this case, the center of mass coincides
with the central C-atom and the moment of inertia is determined by the masses and
distances of the O-atoms.

(ii) Symmetric Top Molecules

The moment of inertia tensor of molecules with a symmetry axis parallel to the unit
vector u is of the form

Ouy = O uyuy + Oy (S — uyuy), (5.20)

where @ and @ are the moments of inertia for the angular velocity parallel and
perpendicular to u, respectively. Examples for symmetric top molecules are CH3Cl
and CHCI3, or C¢Hg. For prolate, i.e. elongated, particles, one has @) > ©.
Particles with & < © are referred to as oblate or disc-like.

The linear molecules discussed above correspond to @) = 0.

(iii) Spherical Top Molecules

The special case & = @ applies to spherical top molecules which have an isotropic
moment of inertia tensor
Oy = O, (5.21)

with the moment of inertia ®@. The regular tetrahedral molecules, CH4 and CFy, as
well as the regular octahedral molecules CFg and SFg, are spherical top molecules.

Notice that physical properties described by a second rank tensor, like the moment
of inertia tensor, are isotropic not only for spheres, but also for regular tetrahedra,
cubes and regular octahedra. Physical properties associated with higher rank tensors
are needed to distinguish between the different symmetries.

(iv) Asymmetric Top Molecules

In general, the moment of inertia tensor is characterized by three different principal
values ©D, ©@ and ©P, By definition, one has O >0fori =1,2,3.
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A molecule with three different moments of inertia is referred to as asymmetric
top molecule. On the level of the second rank tensor, it has the same symmetry as a
brick stone.

5.1 Exercise: Show that the Moment of Inertia Tensors for Regular Tetrahedra
and Octahedra are Isotropic

Hint: Use the coordinates (1,1, 1), (-1, —1,1), (1, =1, —1), (-1, 1, —1) for the
four corners of the tetrahedron and (1, 0, 0), (—1, 0, 0), (0, 1, 0), (0, —1, 0), (0, 0, 1),
(0, 0, —1), for the six corners of the octahedron.

5.3.2 Radius of Gyration Tensor

Consider a cloud of N particles or N monomers of a polymer molecule located at
positions rD r@ . r™ The geometric center shall correspond to r = 0, thus
ZN r® = 0. The radius of gyration tensor is defined by

i=1
N . .
Guy =D rird. (5.22)
i=1

The trace of this tensor is the square of the average radius R of the group of particles

considered:
N

R =Gu = rr, (5.23)

i=1

where R is a measure for the size of the group of particles. The full tensor
1 L—
G/w = §GA«)\. ‘Suv + G;/.v s

characterizes the size and the shape of the group of particles under consideration. The
symmetric traceless part, in particular, is a measure for the deviation from a spherical
symmetry. When all particles considered have the same mass m, the moment of inertia
tensor @, is related to G, by

@p.v =m (GAA ‘Suv - G;w) . (5.24)

In applications, the average of the right hand side of (5.22) is referred to as radius of

gyration tensor, viz. G,y = (3N rr).
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5.3.3 Molecular Polarizability Tensor

An electric field E causes a slight average shift of the electrons in an atom or a
molecule. The center of charge of the electrons is displaced with respect to the center
of charge of the nuclei. Thus the electric field induces an electric dipole moment
p™d. It has to be distinguished from a permanent dipole moment pP*™ which some
molecules posses. The molecular polarizability tensor «,,, characterizes the size and
direction of the induced dipole moment according to

Pt = g0y By, (5.25)
where g is the dielectric permeability of the vacuum.

For molecules with a symmetry axis parallel to the unit vector u, the molecular
polarizability tensor is of the form

Oy = o) Uylly + oy (5;41; — uﬂuv) , (5.26)

where o and | are the polarizability for an electric field parallel and perpendicular
to u, respectively. The standard decomposition of the polarizability tensor into its
isotropic and symmetric traceless parts is

oy = a8y + (o —aL) uuuy (5.27)

with the average polarizability & = (o + 2az1 )/3. The polarizability has the dimen-
sion of a volume. For atoms and molecules, it is of the order of a molecular volume.
For a metallic sphere of radius R, it is 47R3, cf. Sect. 10.4.1.

5.3.4 Dielectric Tensor, Birefringence

In an anisotropic linear medium the electric displacement field D is linked with the
electric field E via the linear relation

Dy = e0 e By =20 (8 By + e Ey) (5.28)

where &g is the dielectric permeability of the vacuum, and € = ¢, /3. The connec-
tion between the dielectric tensor and the molecular polarizability is discussed in
Sects. 12.2.3 and 13.6.5.

The symmetric dielectric tensor &, depends on the frequency w of the elec-
tric field. Its symmetric traceless part m characterizes the dielectric or optical
anisotropy of the medium. Double refraction, which is also called birefringence,
occurs only when m is not zero for optical frequencies. Notice that D, as given by
(5.28), is not parallel to E, unless the electric field is parallel to one of the principal
directions.
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The index of refraction v for linearly polarized light with the electric field
vector parallel to a principal direction e, is linked with the principal value ¢® of
the dielectric tensor by the Maxwell relation

v = Ve, =12 3. (5.29)

Birefringence occurs, whenever, at least two of the principal indices of refraction
are different. The differences §viy = v — 1@ or Sviz = v — v® quantify the
size of the birefringence for light propagating in the 3-direction or in the 2-direction,
respectively.

One way to detect birefringence is to measure the transmission of light through
a medium, between crossed polarizer and analyzer. The effect is largest, when the
incident light is linearly polarized with the electric field vector oriented under 45°
between two principal directions, say between e(!) and e®. The vector obviously
has components to both these principal directions for which the speed of light is
different, because the indices of refraction are different. After a propagation over
the distance L through the birefringent medium, the two components have a phase
shift §¢ = %8 V13, where A is the wave length of the light. As a consequence of this
phase shift, the light is elliptically polarized and has a component perpendicular to
the direction of the incident linear polarization. The intensity / of the light which
passes through an analyzer oriented parallel to e(!) — e® | is proportional to

I ~ sin*(8¢) = sin’ (% 51)13) . (5.30)

Clearly, this intensity of the light passing through the crossed analyzer can be used
to measure the difference §vi3 between the indices of refraction which, in turn, is
caused by the symmetric traceless part of the dielectric tensor. Its microscopic origin,
described by an average of the molecular polarizability tensor and the alignment of
optically anisotropic molecules, as well as a non-isotropic arrangement of atoms,
will be discussed later.

5.3.5 Electric and Magnetic Torques

An electric field E exerts a torque on an electric dipole moment p°l. Similarly, a
magnetic field B causes a torque on a magnetic dipole moment m. These torques,
denoted by T and T™22, are given by

TS = e pr Eve Ti® = £400 my By, (5.31)
In general, the electric dipole moment is the sum of a permanent and an induced part,
viz. p¢! = pPe™ 4 p™d cf. Sect. 5.3.3. The computation of the permanent moment for
a given charge distribution is presented in Sect. 10.3. As discussed above, the induced
dipole moment is proportional to the electric field, when the field strength is small
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enough, such that terms nonlinear in the applied electric field can be disregarded.
In this linear regime, one has pmd = goy E, cf. (5.25). Here «,, is the molecular
polarizability tensor and & is the dielectric permeability of the vacuum. The a-tensor
is symmetric, it can be decomposed into its isotropic and symmetric traceless parts:
Oy = %a,,éw + oy L Itis only the anisotropic, i.e. irreducible part of the «-tensor,
which contributes to the torque

T = gg 6,5 U Ex Ey. (5.32)

This equation can also be written as
T = 5 (o« - E) x E.

An expression analogous to (5.32) applies for the induced magnetic dipole moment.
Again, only the anisotropic part of the magnetic polarizability tensor gives rise to
the torque.

Similar relations follow from the angular momentum balance of the Maxwell
equations, see Sect.7.5. In particular, the torque density associated with the electro-
magnetic fieldsis Ex D+ H x B.Dueto D = ¢gE + P and B = po(H + M),
the torque density is also equal to E x P 4+ uoH x M. Here ¢ is the magnetic
permeability, also called magnetic induction constant, of the vacuum. In SI-units, it
is given by 1o = 471077 As/Vm, where A s/V m stands for “Ampere seconds/Volt
meter”. On the other hand, the torque density exerted by the fields on the matter is
P x E+M x B, which involves the electric polarization P and the magnetization M.

For the induced part, one has, in the linear regime,

P =gy xS Ee, MM = pgt x0€ By, (5.33)

where Xf,l( and x ﬂag are the electric and magnetic susceptibility tensors. By analogy
to (5.32), the torque density is determined by

Epv (80 xS EcEy +pg! ng B¢ B ) (5.34)

where just the anisotropic parts of the susceptibility tensors contribute to the torque.

5.4 Geometric Interpretation of Symmetric Tensors

5.4.1 Bilinear Form

Symmetric second rank tensors can be visualized through geometric interpretations.
In one, the tensor is used as the coefficient matrix of a bilinear form, e.g.

XS Xy = X2, (5.35)
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with some positive number X. In many applications, all principal values are posi-
tive, S@ > 0. Then (5.35) represents an ellipsoid in “x-space” with the semi-axes
X/ V/$@_ In the uniaxial case it is an ellipsoid of revolution. It reduces to a sphere
with radius X, when all principal values are equal.

In many applications in physics, bilinear forms are encountered, where the prin-
cipal values of the second rank tensor cannot be negative. An example is the kinetic
energy T of a solid body rotating with angular velocity w:

1
T = 3 WOy wy > 0. (5.36)
This inequality has to hold true for any direction of the angular velocity, in particular
for w parallel to any one of the principal axes. All principal values must not be
negative. Thus the equation (5.36), with T = const. > 0, describes an ellipsoid in
w-space.

5.4.2 Linear Mapping

A second geometric interpretation of a symmetric tensor is based on the linear

mapping
Y = Spv Xy (5.37)

from x-space into y-space.

Firstly, notice that the vector y as related to x via (5.37), in general, is not parallel
to x, unless x is parallel to one of the principal directions. Thus the cross product
X Xy is not zero, provided that the symmetric traceless part of the tensor S is not
isotropic. More specifically, one has

(X X ¥ = €pva XvYn = Epvn XvSuc Xic = Epvi Xv Suc Xic- (5.38)

In the uniaxial case, cf. (5.8), with the symmetry axis parallel to the unit vector e,
this relation reduces to

(XXY)p = Epva XpYi = (S| —S1) &va Xvey. evxe = (S —SL) x-e(xxe),. (5.39)

Clearly, this expression vanishes when the principal values S and S| are equal to
each other. Furthermore, (5.39) gives zero both for x parallel and perpendicular to e,
and it assumes extremal values, when x encloses an angle of 45° with the symmetry
axis.

Secondly, when the end point of the vector X scans a unit sphere, the end point
of the vector y will be on an ellipsoid provided that all principal values are positive.
In this case the semi-axes are equal to S®. Again biaxial and uniaxial ellipsoids are
generated by biaxial and uniaxial tensors, and the ellipsoid degenerates to a sphere
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Fig. 5.1 Perspective view of
uniaxial (/eft) and biaxial
(right) ellipsoids generated
by linear mappings with

S =5@ =028,

S® =14and SO = 1.4,
5@ =0.6,8% =1,
respectively

when the tensor is isotropic. In Fig. 5.1, uniaxial (left) and biaxial (right) ellipsoids
are presented in a perspective view. The principal axes of the ellipsoids are parallel
to the edges of the boxes, their lengths are proportional to the semiaxes.

In the uniaxial case where SV = §@ =£ §® the ellipsoids generated by the
linear mapping are cigar-like when §®® > S holds true, and disk-like when one
has S@ < SM_ They are referred to as prolate and oblate ellipsoids, respectively.

Now a geometric interpretation can be given to the decomposition of the sym-
metric tensor S according to (3.4) into an isotropic part and the symmetric traceless

(anisotropic) part g In the mapping (5.37), the isotropic part of tensor S yields a
sphere with its radius equal to the mean value %(S M 4 5@ 4 §3) of the principal

—

values. The symmetric traceless part S characterizes the deviation of the ellipsoid
generated by S from that sphere.

For the uniaxial case depicted on the left hand side in Fig.5.1, the cross section
of the ellipsoid in the 1-3-plane and of the pertaining sphere are shown on the left
side of Fig.5.2 as thick and dashed curves. The area between them is a measure for
the anisotropic (symmetric traceless) part of the tensor S. The cross section of the
ellipsoid in the 2—3-plane has the same appearance as in the 1-3-plane whereas it is
a circle in the 1-2-plane.

The cross sections of the biaxial ellipsoid on the right hand side of Fig.5.1 are
ellipses in all three planes containing two of the coordinate axes. On the right hand
side of Fig.5.2, the cross sections of the ellipsoid (and the sphere pertaining to the
isotropic part of S) are shown for the 1-3-plane (thick curve) and the 2-3-plane
(thin curve) in the upper diagram. The lower diagram is for the 1-2-plane. Again,
the area between the ellipses and the dashed circles is a measure for the deviation of
the tensor S from being isotropic.

5.4.3 Volume and Surface of an Ellipsoid

The volume V and the surface area A of the y-ellipsoid generated by the linear
mapping of a unit sphere in x-space according to (5.37), as discussed above for
tensors with non-negative principal values, are given by
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Fig. 5.2 Cross section of uniaxial (left) and biaxial (right) ellipsoids generated by linear mappings
with S0 = §@ = 0.8, §® = 1.4and SO = 1.4, §@ = 0.6, @ = 1, respectively. The upper
diagrams show the cross sections in the 1-3- and 2-3-planes, the lower ones are for the 1-2-plane.
The dashed circle corresponds to the cross sections with the sphere generated by the isotropic part
of the tensor

4 2
V= 37 det(S), A= 37 (S Sov = Suv Sup) - (5.40)

The expression for A is equivalent to A = 37(SMS® 4 §@5G) 4 §@ gy,
Insertion of the decomposition (3.4) of S into isotropic and anisotropic parts, i.e. of

Suv =S80 + Syv with § = 18, yields

— — 4 — —

2 L -
AA= =27 Sp Spy. AV =1 Sp Sw Sy + 5 AA (5.41)

for the differences AA and AV between the area and the volume of the ellipsoid
and the pertaining sphere with the radius S generated by the linear mapping with the
isotropic part of S.
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5.5 Scalar Invariants of a Symmetric Tensor

5.5.1 Definitions

The trace S, the square of the magnitude (norm) S, S,,, and the determinant

1 1
det(S) = 3 Sy Sui Siu + & (S Svw = 3 Suw Sup) S (5.42)

of the symmetric tensor S are not affected by a rotation of the coordinate system
and are therefore called scalar invariants. More specifically, they are called scalar
invariants of first, second and third order, and denoted by 11, I», I3, respectively. In
terms of the principal values, one has

2 2 2
S =SV + 8P+ 5O 5,8, =857+ 5@7 4 O,

and
det(S) = sV §@ g3 (5.43)

To check the validity of (5.42), denote the principal values of the tensor by a, b, ¢
for simplicity. Then det(S) reads

1 1
3 (a3+b3+c3) +2 ((a+b+c)2—3(a2+b2+c2)) @+b+o
which is equal to abc, the result obtained directly from the determinant.

For symmetric traceless tensors, the symbols /> and /3 are used in the following,
for the norm and for the determinant, multiplied by 3:

L= Su Sy, Is=3det ( s) = Su S S (5.44)

A derivation of (5.42) and (5.44), based on the Hamilton-Cayley theorem, is presented
in Sect.5.6.

The third order invariant can be used to decide whether a tensor is uniaxial or
biaxial without diagonalizing the tensor. A measure for biaxiality is introduced next.

5.5.2 Biaxiality of a Symmetric Traceless Tensor

As discussed above, a biaxial symmetric traceless tensor can be decomposed into a
uniaxial part and a planar biaxial part, cf. (5.12), characterized by coefficients s and
q. More specifically, the principal values are —%s +4q, —%s —gq,and %s, cf. (5.13).
Thus one has, according to (5.44),
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2 — 1
h=3s2+24" I3=3det(S)=2s (§52—q2). (5.45)

The special planar biaxial case considered in (5.14) means s = 0, then one has
I3 = 0. On the other hand, I3 is also zero for g = :t% s. In this case the tensor is
also planar biaxial, but the roles of the principal axes 1, 2, 3 are interchanged. For
a uniaxial tensor corresponding to ¢ = 0, the ratio 132 / 123 is equal to 1/6. Thus a
biaxiality parameter b can be defined by

P =1-613/15. (5.46)

Clearly, one has b*> = 1 for the planar biaxial case corresponding to s = 0 and
b* = 0 for a uniaxial tensor with g = 0.

For the dyadic tensor 2 m constructed from the components of two unit vectors
u and v, as considered in Sect.5.2.5, one has s = —cand g = 1, withc :=u-v =
cos ¥, where ¥ is the angle between the two vectors. Then b is equal to

1-3¢2 (1 — c2/9)2 (02/3 + 1)_3 .

In Fig. 5.3, the biaxiality parameter b is plotted as function of o = sin> 9 = 1 — ¢2,
as given by

5 _3 1/2
b=[1-(-0)8+02@-07]". (5.47)
This curve does not deviate strongly from the dashed straight line b = . As expected,

the biaxiality parameter is zero for o = 0 corresponding to ¢ = 0. It assumes its
maximum value 1 for o = 1 which pertains to ¥ = £ /2.

Fig. 5.3 The biaxiality 1
parameter b as function of J
o = sin? ¥, where 9 is the 0.8 -
g e
angle between the vectors u 7
and v, which form the 06 e
symmetric traceless dyadic. ' Phd
The dashed line corresponds b e
tob=o 0.4 Phd
e
-
e
0.2 -
e
7
<

0.2 04 0.6 0.8 1
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5.6 Hamilton-Cayley Theorem and Consequences

5.6.1 Hamilton-Cayley Theorem

Any symmetric second rank tensor S,,,, with principal values § M 5@ 53 obeys
the equation

(S,w - S(I)SW) (S,,A - S(Z)SM) (SM - S<3)8AK) —0, (5.48)

which is essentially the Hamilton-Cayley theorem. In linear algebra, this theorem is
applied to square matrices. To prove (5.48), notice firstly, that any vector a, in 3D,
can be written as linear combination of the three unit vectors e, e e® which are
parallel to the principal directions: a, = a(l)e,((l) +a® e,(cz) + a(3)e,((3). Multiplication
of the left hand side of (5.48) with a, yields zero. This can be checked, term by
term, using the eigenvalue relation S,wel(,l) = e,(}), fori = 1,2, 3. In particular, one
has immediately (Sy, — S(3)8M)e,((3) = 0. The multiplication (S, — S(z)SU,\)(SM —
S(S)(SM)e,(CZ) = (Spr —SP8,,) (8P — S(3))e§2) = 0 again yields zero. Similarly, one
finds (S — SD8,0) (Su1. — SP8.,) (S — SPp)er” = (Suv — SV (SD -
Sy — §3)eD — 0. Since this result is valid for all vectors, the tensorial
relation (5.48) must hold true.
Explicit multiplication of the terms in (5.48) leads to

Sy Sua S — (S“> 15?4 S<3>) Sy Sic
+ (SV5D 4 5D5@ 4 5O5D) 5, — SOSD5D 5, =0,
Since SWS@ P = det(S), due to SV + §@ + §& = §,, and PSP 4

S@gB3 4 §G g — %((S(l) 4+ 8@ 4 5(3))2 _ ((S(l))Z + (5(2))2 + (5(3))2)) —
%(SW Sgg — SapSpa), the Hamilton-Cayley theorem is equivalent to

1
det(S) SW( = SHVSU)\.S)\.K - va SMASAK + E(va SAA - SUASAV) S;u(' (549)

In the case of a symmetric traceless tensor g this relation reduces to
[ [ B e Y E— 1 | U e N E—
det{ S ) e = Suv Svr Se — 3 Sor Siw S - (5.50)

Consequences of the Hamilton-Cayley relations (5.49) and (5.50) are presented next.
The contraction with © = « in the Hamilton-Cayley theorem (5.49) leads to the
previously presented equation (5.42) for the calculation of the determinant in terms
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of products of the tensor. Likewise, the expression for the invariant /3 of a symmetric
traceless tensor, as given in (5.45), follows from (5.50) with u = k. The symmetric
traceless part of equation (5.50) leads to

—

L B e B B 1 L— L—
S;w Svn Sue = 5 Sva Sov S;uc s (551)

which is a remarkable relation for the triple product of an irreducible second rank
tensor. In matrix notation, this can be checked by writing the tensor in its principal
axes coordinate system.

5.2 Exercise:
Verify the Relation (5.51) for the Triple Product of a Symmetric Traceless Tensor

Hint: use the matrix notation

a00
060},
00c

with ¢ = —(a + b), for the symmetric traceless tensor in its principal axes system.
Compute the expressions on both sides of (5.51) and compare.

5.6.2 Quadruple Products of Tensors
Multiplication of (5.50) or (5.51) with S, implies

T 1 [ B e Y —
Skp, S;w Suk SAK = E Suk Skv SK;,L S}.LK' (552)

This relation says: the trace of the four fold product of a symmetric traceless sec-
ond rank tensor is equal to one half of the square of its norm squared. Similarly,
multiplication of (5.49) with S, yields an expression for the fourth order product
SicuSuvSva S in terms of the trace, of two fold and three fold products of the tensor.

Notice that the equations presented in Sects. 5.5 and 5.6 are specific for symmetric
second rank tensors in three dimensional space. This is obvious in the formulation of
the Hamilton-Cayley theorem (5.50), there are just three principal values in 3D. For
second rank tensors in 2D or in 4D, analogous, but different relations apply, which
give rise to different consequences.
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5.7 Volume Conserving Affine Transformation

5.7.1 Mapping of a Sphere onto an Ellipsoid

Let r and r® be the coordinates in the original and in an affine transformed space.
The components are linked by

1/2
v

A = ruApre, = AR, (5.53)

When the tensor A, has positive eigenvalues, the relations (5.53) describe a mapping

of a sphere r® - r* = const. onto an ellipsoid in r-space. The affine transformation

matrix, as considered in Sect.2.3.2,is A ,1/1,2. The volume of the ellipsoid is equal to

that of the sphere provided that the product of the eigenvalues Aj,i =1,2,30f A;,
are equal to 1, viz.,
A1 Ay A3 =1. (5.54)

For a uniaxial ellipsoid two of the eigenvalues are equal, e.g. A» = Asz.

5.7.2 Uniaxial Ellipsoid

Let u be a unit vector parallel to the symmetry axis of a uniaxial ellipsoid. In this case,

one can make the ansatz A, ~ 8, + A u,u, where the non-sphericity parameter
A is bounded according to —3/2 < A < 3. The volume conserving condition (5.54)

implies
~1/3
1 \? 2 —
Ay = [(1 -3 A) (1 +3 A)] (5,w + A upu, ) . (5.55)

The equation (5.54) with rﬁrﬁ‘ = r/i = const. describes an ellipsoid with the semi-
axesa = [(1 — 2A)(1+3A)7""3rpand b = ¢ = [(1 + FA)(1 — $A)7']V0rs.
Thus the axes ratio is

a 1 2 -
Q=E=|:(l—§A)<l+§A) } , (5.56)

and A is related to Q by
A=3————. (5.57)
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The dependence of A, and its inverse on Q are

A= 0% [8+ (07 = 1) wan |, Az = 072 [80+ (02 = 1) wns ]
(5.58)

Prolate and oblate ellipsoids correspond to Q > 1 and Q < 1, respectively. Appli-
cations of the volume conserving affine transformation to the interaction potential
between perfectly oriented ellipsoidal particles and to the anisotropy of the viscosity,
are presented in Sect. 16.4.2.
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Chapter 6
Summary: Decomposition of Second
Rank Tensors

Abstract This chapter provides a summary of formulae for the decomposition of a
Cartesian second rank tensor into its isotropic, antisymmetric and symmetric traceless
parts.

Any second rank tensor A, can be decomposed into its isotropic part, associated
with a scalar, its antisymmetric part, linked a vector, and its irreducible, symmetric
traceless part:

1 1
A,uv = 5 A 8;“1 + 5 Epvaca + A;w . (6.1)

The dual vector ¢ is linked with the antisymmetric part of the tensor by
1
Cr = ExorAor = €0t B (Agr — Arg). (6.2)

The symmetric traceless second rank tensor, as defined previously, is

A;w = E (A;w + Av#) - 5 AAA 6;},1}- (63)

Similarly, for a dyadic tensor composed of the components of the two vectors a and
b, the relations above give

—

1 1
aub, = 3 (@a-b)d, + 7 EuvaCy + aub, . (6.4)

The isotropic part involves the scalar product (a - b) of the two vectors. The anti-
symmetric part is linked with the cross product of the two vectors, here one has

Cr = Exrordobr = (a X b);. (6.5)

The symmetric traceless part of the dyadic tensor is

aub, = 3 (auby +ayby) — 3 ayby Suy. (6.6)
© Springer International Publishing Switzerland 2015 75

S. Hess, Tensors for Physics, Undergraduate Lecture Notes in Physics,
DOI 10.1007/978-3-319-12787-3_6



Chapter 7
Fields, Spatial Differential Operators

Abstract This chapter is devoted to the spatial differentiation of fields which are
tensors of various ranks and to the properties of spatial differential operators. Firstly,
scalar fields like potential functions are considered. The nabla operator is intro-
duced and applications of gradient fields are discussed, e.g. force fields in Newton’s
equation of motion. Secondly, the differential change of vector fields is analyzed,
the divergence and the curl or rotation of vector fields are defined. Special types
of vector fields are studied: vorticity-free fields as derivatives of scalar potentials
and divergence-free fields as derivatives of vector potentials. The Laplace operator,
the Laplace and Poisson equations are introduced. The conventional classification of
vector fields is listed. Thirdly, tensor fields are considered. A graphical representation
of symmetric second rank tensors is given. Spatial derivatives of tensor fields are dis-
cussed. An application involves the pressure tensor in the local conservation law for
linear momentum. Further applications are the Maxwell equations of electrodynam-
ics in differential form. This chapter is concluded by rules for the nabla and Laplace
operators, their decomposition into radial and angular parts, with applications to the
orbital angular momentum and kinetic energy operators of Wave Mechanics.

A function f = f(r) which determines a number at any space point r is called
a field. In three dimensional space (3D), f is a function of the three components
r1, r2, r3 of the position vector. Such a function, in turn, can be a scalar, a component
of a vector or of a tensor. Depending on the rank of the tensor, one talks of

1. Scalar fields, examples are:

the potential energy @ = @ (r) or the electrostatic potential ¢ = ¢ (r).
2. Vector fields, like

the force F = F(r), the electric field E = E(r), or

the flow field v = v(r) of hydrodynamics.
3. Tensor fields, an example for a second rank tensor field is

the pressure tensor or the stress tensor.
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7.1 Scalar Fields, Gradient

In physics, potential functions are important examples for scalar fields. The math-
ematical considerations presented in the following for potentials apply just as well
for other scalar fields, such as the number density, the mass density and the charge
density, or concentration and temperature fields.

7.1.1 Graphical Representation of Potentials

In the case of a two-dimensional space, the value of a potential field can be plotted
into the third dimension, i.e. as the height above a plane. It can be visualized just
like a panoramic map of a landscape, or in a 3D graphics plot. Alternatively, the
information about the potential can be shown in equipotential lines, just like the
lines of equal height in maps used for hiking.

The panoramic view of a potential function depending on a three-dimensional
vector requires a four-dimensional space, which is beyond our visual experience.
The surfaces of equal potential energy, also called equal potential surfaces can be
visualized in 3D graphics. The surface where the value of the potential is equal to c,
is determined by

@(ri,r2,r3) =c.
The solution of this equation for r3 yields
r3y =z(ri, r2, ¢,

where ¢ is a curve parameter. In this way, equipotential surfaces of 3D fields can be
represented geometrically with the same tools used for 2D potential functions.

Three simple special cases associated with planar, cylindrical and spherical geom-
etry are discussed next.

1. Planar Geometry. Let a preferential direction be specified by the constant unit
vector e, and a special potential depending on r in the form @ = @ (e-r) = D (x),
where x = e - r. In this case the equipotential surfaces are planes perpendicular
to e. The information in the variation of the potential is contained in the one-
dimensional function @ (x).

2. Cylindrical Geometry. Let the direction of a preferential axis be parallel to the
constant unit vector e. Now the case is considered, where the potential depends
just on the components of r perpendicular to e. Then one has ® = ®(rl),
with rt = r — e - re. Or, in other words, one has @ = ®(x,y), where the
components of r1 are denoted by x and y. When, even more special, the potential
just depends on distance p = ~/rt -rL = /x2 + y2 of a point from the axis,
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the equipotential surfaces are coaxial cylinders. In this case, the values of the
potential are determined by a function of a single variable, viz.: p.

3. Spherical Geometry. Of special importance are potential functions which depend
on the position vector r just via its magnitude, i.e. via the distance r = |r| = /T - T
of the point r from the center r = 0. The equipotential surfaces of such a spherical
potential ® = @ (r) are concentric spheres. In this special case, again, a function
depending on one variable only, suffices to quantify the value of the potential.

7.1.2 Differential Change of a Potential, Nabla Operator

The change d® of the value of a potential function @, when one goes from the
position r to an adjacent position r’ = r + dr is given by the difference @ (r +dr) —
@ (r). Taking into account that one is dealing with a function depending on the three
components of the position vector, one has explicitly

d® = & (ry +dry,rp +dry, r3 +dr3) — @(rq, 12, 13).

It is assumed that the potential function can be expanded in a power series with
respect to the increment dr. Differential change implies that the magnitude of dr is
small enough, such that terms nonlinear in dr can be disregarded. Then

D @
d® = —dry + —dr, + —drz3 = —dr, (7.1)

is obtained. In 3D, the quantity 3745 has three components and it is a vector, since the
"

scalar product with the vector dr, yields the scalar d®.
The partial differentiation with respect to the Cartesian components of the position
vector is frequently denoted by the nabla operator

0
vV, = —. 7.2
’ ary (7:2)
Also the symbol 9, is used for the spatial partial derivative. Here the nabla operator
is preferred. Nabla applied on a scalar field is also referred to as the gradient field,
and sometimes denoted by grad®.

7.1.3 Gradient Field, Force

A geometric interpretation of the gradient field V,, @ (r) is obtained as follows. Con-
sider the case, where the differential change dr is tangential to an equipotential
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surface. Then one has d® = 0, and consequently, in this case V,, ®dr, = 0. This
means: the gradient field

V@ (r) is perpendicular to the equipotential surface running through r.

It is recalled that a two-dimensional potential function can be visualized by analogy
to a map showing the height of hills and dales. The gradient points in the direction of
the steepest ascent. Hikers know, when the lines of equal height are close together, the
ascent is very steep. The interrelation between the force and the potential is defined
such that the force is determined by the negative gradient. In the landscape analogy,
the force points into the direction of the steepest descent, just as water flows.

In mechanics, there are forces which can be derived from a potential and others,
for which no potential function exists. Examples will be discussed later. When the
force F acting on a single particle can indeed be derived from a potential, then it is
determined by

F, = F,(r)= -V, ®(r). (7.3)

Similarly, in electrostatics, the electric field E = E(r) is the negative gradient of the
electrostatic potential ¢ = ¢ (r):

E,=E,(r)=-V,¢(). (7.4)

The electric field is everywhere perpendicular to the surfaces of equal electrostatic
potential. The field lines indicate these directions normal to the potential surfaces.
The electric field, at a specific point, is parallel to the tangent vector of the electric
field running through this point.

7.1.4 Newton’s Equation of Motion, One and More Particles

In Newton’s equation of motion the position r = r(¢) of a particle is a function of
the time 7. For a constant mass m and with the velocity v(¢) = dr/dt, the equation
of motion now reads

d d?
mt — S
dr dr?

=F,=-V,®(). (7.5)

So far, the dynamics of a single particle, subjected to an “external” force, was con-
sidered. The description of the dynamics of N = 2, 3, ... particles with position
vectors ! and masses m; wherei = 1,2,..., N, is based on equations of motion
for each one of these particles:

doi d?r
m;—% = K
dr

_WETZ@' (7.6)
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[7531)

Clearly, v' is the velocity of particle “i”. When the force can be derived from a
potential, this many-particle potential @ is a function of the coordinates of all particles

involved, viz.: @ = <1§(r1, r2, ..., rN). The force F! acting on particle “i” is given
by the negative partial derivative of the potential with respect to the vector r':
0

F;L = _3V}L¢ = —VL@. (7.7)

An important special case are two interacting particles, N = 2. When their dynam-
ics can be treated as if they were isolated from the rest of the world, the rele-
vant interaction potential depends on their positions only via the relative vector
r'2 = r! — r?. Then one has 8@/8;’}1 = 8@/8512 and 8@/8;’3 = —8@D/8r;2. This
implies F ;1 =—-F 5, which corresponds to Newton’s actio equal reactio. As a con-
sequence, the motion of the center of mass of the two particles is “force free”, and
the total linear momentum P = mv! + m,v? is constant. The interesting motion is
that one described by the relative vector r'? and the relative velocity v!? = v! — v2,
The governing equation of this motion is
dv/? d*r)? | 3D (r'2)

— = —=F, =——, 7.8
T2Tg T K’ arl? 75

with the reduced mass m1y = mmy/(m1 + m3). Thus the two-particle dynamics is
reduced to the force-free motion of its center of mass and an effective one-particle
dynamics of the relative motion. With the replacements m 1, — m, r'2 > r,F! - F,
&(r'?) - @ (r)and (9/ 8rllf) — V,, the equation of motion (7.8) is mathematically
equivalent to (7.5). In this sense, some of the special potential and force functions to
be mentioned below pertain to an effective one-particle problem rather than to a true
one particle dynamics.

7.1.5 Special Force Fields

The application of the nabla operator to the vector r yields
Vury = 8. (7.9
The contraction with © = v implies
Vur, =3, (7.10)
in 3D. The fact that the scalar product of the nabla operator with the vector r yields

a number, which is certainly a scalar, proves that the nabla operator is also a vector.
The relation (7.9) is essential for the calculation of the force from a given potential
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function. Some examples for the special forms of potential functions discussed in
Sect.7.1, are presented next.

(i) Planar Geometry

Let the potential depend onr viax = e -r = e,r,, where e is a constant unit vector.
Then the chain rule, with the help of (7.9), leads to,

do

aeﬂ. (711)

do

V@ (x) = o Vyeyry =
Clearly, one has F,, ~ e, the direction of the force is constant. In this very special
case, where the potential is linear in x, also the force strength is constant. Such a
force field is referred to as a homogeneous field. The gravitational field above a flat
surface on earth is of this type, as long as the height over ground, corresponding to the
variable x, is very small compared with the diameter of the earth. Another example
of an approximately homogeneous field is the electric field between the charged flat
plates of an electric capacitor.

(ii) Cylindrical Geometry

Let @ be a function of the distance p = /r;-r;- of point r from an axis parallel the
the constant unit vector e. Here rlf- = ry, — eye,r; is the projection of r onto a plane
perpendicular to e. Use of the chain rule yields

do
Vu®(p) = O Vup.

Furthermore, one obtains

1 _
Vup = VyuJrirk = 3P 'v, (rﬂ‘rlf‘)

-1 .1 1 —1 1.1
=p ry Vury =p

rvl By —epey) =p~ Ty
Thus the gradient of the potential function is found to be

do dd —~
V,P(p) = — p trt=—— L 7.12
WP (p) i J a5 ri (7.12)

where rlf is the radial unit vector pointing outward from the cylinder axis.

Notice: both the planar and the cylindrical geometry as considered here have
cylindrical symmetry since there is a preferential direction parallel to the constant
vector e. In both cases, the torque 7, = &,,31v Fx = —&,p17, V3 @ is proportional
to euvarves. Thus only the component of the orbital angular momentum L which is
parallel to e is conserved. The other two components of L, which are perpendicular

to the preferential direction, do change in time.
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(iii) Spherical Symmetry
Now the case is considered where the potential depends on r via the magnitude
r = /ryry, thus @ = @(r). Then one has
do
VM¢(7') = E VMI".

Use of the definition of r leads to

1
-1 -1 -1 -1
Vur =V /riry, = Er Vulrry) =r  ryVury =1 rnyy =r" ry.

The rule
Vur=r"'r, =7, (7.13)

is important for many applications. It can be remembered by observing that the direc-
tion of V,,r must be parallel to the y-direction since r does not contain any directional
information, and by dimensional considerations, the result of the application of the
nabla operator on » must be a dimensionless unit vector.

Thus the gradient of a spherical potential function is

v, () do _,; do _ (7.14)
ry=—r r,=—",. .
H dr " dr "
The resulting force F, = -V, ®(r) is
do
F,=-d'r,, & =—. 7.15
© n dr ( )

Such a force, which is parallel to r, is referred to as central force. The attractive
gravitational force between two masses, like the sun and the earth, is of this type.
The same applies to the electrostatic Coulomb force between two charges. Here the
force is repulsive or attractive, when the signs of both charges are equal or opposite,
respectively. The pertaining potential functions, both for gravitation and Coulomb,
are proportional to r~!. Notice that the interaction between two spherical particles
is described by potential functions which have a dependence on r, in general. For
example, the potential function of two electrically neutral atoms, e.g. Argon atoms,
are of the type (ro/ 1z (ro/ r)6, where rq is an effective diameter of the atom. The
first term is responsible for the repulsion at short distances, the second one for the
attraction at larger distances.

The torque r x F vanishes for a central force. This implies that the orbital angular
momentum L is constant. It is recalled that L is both perpendicular to r and to the
velocity. Thus the constant direction of L implies that the motion takes place in a
plane. Such a motion is essentially two-dimensional although it takes place in 3D.

The interaction between two particles or extended objects can be described
by a spherical potential function just depending on the inter-particle separation
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r = |r; — r»| only, when these particles are effectively round and do not posses any
internal directional properties, like electric dipole or quadrupole moments, which
influence their interaction.

7.2 Vector Fields, Divergence and Curl or Rotation

Let v(r) be a vector field with Cartesian components v, (r). Here the symbol v can be
associated with “vector”, in general, or with the flow velocity field of hydrodynamics.
The vector field might also be associated with the displacement induced by a deforma-
tion of an elastic solid. The mathematical considerations to be presented are invariant
with respect to different interpretations in physics.

Vector fields can be visualized as a field of arrows. At each point r, an arrow can
be drawn, whose length and direction is determined by v(r). Firstly, some examples
are considered.

7.2.1 Examples for Vector Fields

(i) Homogeneous Field

As previously mentioned, a vector field of the type v = const., where the vector
everywhere has constant length and direction, is referred to as a homogeneous field.
Let the direction be specified by the constant unit vector e. Then one has, apart from
a numerical factor,

vy, = e, = const.

This field is the gradient of the simple potential function @ = r, e, = x (Fig.7.1).
Fig. 7.1 Homogeneous and

linearly increasing vector Ve
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(ii) Linearly Increasing Field
Let v(r) be given by

vy =egery =Xxey. (7.16)

In this case, the direction of the vector is still parallel to a constant unit vector, viz.
to e. This field can be derived from the potential function

® = (1/2) (eyry)* = (1/2) X%, (7.17)
which is that of an one-dimensional harmonic oscillator.

(iii) Radial and Cylindrical Fields

The vector field
vy =1y (7.18)

has radial symmetry. It is the gradient of @ = (1/2)r,r, = (1 /2)r2, which has the
functional form of the potential of an isotropic harmonic oscillator, in 3D.
The 2D version of a radial vector field is given by

_ 1
v =r

=T — ey ey, (7.19)

where the constant unit vector is perpendicular to the plane, in which the vector
arrows lie. In this case the potential function

@ =(1/2)rir = 1/2) 2 +y% (7.20)

is of the type of a 2D isotropic harmonic oscillator. Here the components of the
position vector in the plane perpendicular to e have been denoted by x and y (Fig.7.2).
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Fig. 7.2 Cylindrical vector field
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(iv) Uniaxial Squeeze-stretch Field
The vector field

v, =3ey ey — 1y =3ze, — 1y, (7.21)
with z = e, r, can be used to describe a stretching in the direction parallel to the unit

vector e and a squeezing in both directions perpendicular to e. This vector field is
the gradient of the potential function

3 2 1 2 1 2 2 2
=S (eur)? =57 =§(2z —x —y), (7.22)

where the components of r perpendicular to e are denoted by x and y (Fig.7.3).
(v) Planar Squeeze-stretch Field

Let e and u be two orthogonal unit vectors, e - u = 0. The vector field
Vy = ey Uupry + Uy ey =ye, + Xy, (7.23)

with x = eyr, and y = u,r,, is of the form needed to describe the deformation
of an elastic solid with stretching and squeezing, within the x—y-plane, under 45°
and 135° with respect to the x-axis, cf. Fig. 7.4. There is no deformation in the third
direction.

Again, the vector field can be obtained as the gradient of a potential function, in
this case one has

D =eur Uty =XxYy. (7.24)

When the coordinate axis are rotated by 45°, the potential reads

& = (1/2) ((evr)? = (wr)?) = (17267 =y, (7.25)
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Fig. 7.4 Planar
squeeze-stretch field 7p

In this case, the gradient field is
U =eyeply — Uy Uyly =X ey, — Y. (7.26)

So far, all vector fields presented can be derived from a scalar potential function.
However, there exist also vector fields for which this is not the case. A simple example
is discussed next.

(vi) Solid-like Rotation or Vorticity Field

A circular flow with a constant angular velocity w is described by
Uy = EpvaWyly. (727)

This flow field is called solid-like since it corresponds to the motion of the points on
a solid disc, rotating about an axis normal to the disc and running through the point
r = 0. The axial vector w is parallel to the rotation axis. The field v has a non-zero
vorticity V x v. For this reason it is also referred to as vorticity flow field or just
vorticity field. This kind of vector field cannot be represented as the gradient of a
scalar potential function! (Fig7.5).

(vii) Simple Shear Flow

Let e and u again be two orthogonal unit vectors, e - u = 0. The simple vector field
Uy = ey Uyry =yey, (7.28)

with x = e,r, and y = u,r,, is called a simple shear field. When the vector v
is associated with the displacement of a part of a solid, the field describes a shear
deformation. In fluids, such a flow field can be realized in a plane Couette geometry,
where a fluid is confined between parallel flat plates, normal to u, and one plate
moves parallel to e. Such a flow is also called simple shear flow. The vector field
(7.28) is essentially a linear combination of the planar squeeze-stretch field (7.23)
and the circular field (7.27). The simple vector field (7.28) cannot be obtained as the
gradient of a scalar field (Fig.7.6).
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Fig. 7.5 Solid-like rotation
field Y A

Fig. 7.6 Simple shear field
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7.2.2 Differential Change of a Vector Fields

The difference dv,, = v, (r+dr)—v, (r) of the vector field v, between the positions
r + dr and r can be expanded with respect to the small, differential change dr. Up
to linear terms, one has

9
L dry = (Vy vy)dry. (7.29)
ory

dv, =

The quantity Vv, which is sometimes called gradient of v, is a second rank tensor.
It can be decomposed into its symmetric and antisymmetric parts or its isotropic,
symmetric traceless and antisymmetric parts, just like any dyadic tensor, cf. (6.4).
These decompositions are
1 1
Vv, = E(VU v+ Vv, + E(Vv v — Vi), (7.30)

and

1 — 1
Voo, = 5 (Vyvn) $pw + Vyu, + 3 Evur(V X V), (7.31)
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The scalar V, v, = V - v := divv is called the divergence of the vector v. The cross
product (V x v) of the nabla operator and a vector v is also denoted by curl v or rot v,
pronounced as curl or rotation. In component notation it is given by

(VX V) =é&ror Volr. (7.32)

When v stands for the flow velocity of a streaming fluid, the quantity (1/2)(V x v)
is referred to as the vorticity of the flow field. A sphere suspended in a plane Couette
flow picks up an angular velocity equal to the vorticity, provided it is allowed to
rotate freely.

The symmetric traceless part, also called deviatoric part of the gradient of the
vector field, is given by

1 l

Vyv, = E(VV v+ Vi) — % (Vav) 8un. (7.33)
Vector fields with V - v # 0, examples (ii) and (iii), have field lines with sources
and sinks. Fields with V - v = 0, all other cases above, are called source free vector
fields. Vector fields with V x v = 0, examples (i)—(v), are called vortex-free. Vectors
of this kind can be derived from a scalar potential field. Frequently, vector fields are
classified according to whether their divergence and their rotation are zero or not
equal to zero, more details later.

The divergence, the rotation and Vv can be calculated for the special vector
fields treated above in Sect.7.2.1. The cases (i)—(iii) and (vii) are considered next,
the calculations for the vector fields (iv)—(vi) are transferred to the following exercise.

Divergence, Rotation and Symmetric Traceless Part of the Gradient Tensor for
the vector fields (i)—(iii) and (vii) of Sect.7.2.1:

(i) Homogeneous Field

v, = ey, = const.

Obviously, one finds V, v, = 0, consequently V- v =0,V x v =0, and TV =0.
(ii) Linearly Increasing Field

Uy =ep el =Xxey.

Due to V,r, = 8y, one obtains here, V, v, = e, e,, and consequently

—

Vev=1, Vxv=0, V,u, = epe,.

(iii) Radial and Cylindrical Fields

vy =Ty
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For the three-dimensional radial field, one finds

V.v=3, Vxv=0, V,y, =0.
The 2D version of a radial vector field is

1
v =r

L =Tu —euery,

with the unit vector e, perpendicular to the plane, in which the radial vector lies. Here
one obtains

1
—

V.ov=2 Vxv=0, Vyu, =—ee,.

(vii) Simple Shear Flow

Uy = €y Uyty,
where e and u are two orthogonal unit vectors, e - u = 0. In this case, one finds
Vyv, = uyey, and

—

V-v=0, (VxV)i=¢guultvey, Vv, = uye,.

The calculations here and in the following exercise show: the symmetric traceless
part Vv is zero for the flow fields (i), the 3D radial field of (iii) and for (vi). The
tensor W is uniaxial for the examples (ii), the 2D radial field of (iii), and for (iv),

it is planar biaxial for (v) and (vii).

7.1 Exercise: Compute the Spatial Derivatives of Special Vector Fields
Compute the divergence V - v, the curl or rotation V x v and the symmetric traceless

part V,v, of the gradient tensor V, v, for the vector fields (iv)—(vi) of Sect.7.2.1.

7.3 Special Types of Vector Fields

7.3.1 Vorticity Free Vector Fields, Scalar Potential

Let v be a vector field, which can be represented as the gradient of a scalar potential:
v = V@(r), then the rotation V x v of the vector is zero, thus

V), =Voi® = (VX V), =0 Vivx =0V Vy @ =0. (7.34)

Of course, it is assumed, that the scalar function @ can be differentiated twice and
that V,V, @ = V, V, ®.
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The arguments just presented here, can be reverted. When V x v = 0 holds true for
a vector field v, then it can be derived from a scalar potential @, such thatv = V®.
The condition of a vanishing curl or rotation of the vector field is equivalent to the
integrability condition V v, = Vv, or

dvy _ v (7.35)
or,  Ory ’

When the integrability condition holds true for a vector field, it does posses an
“integral”, viz.: a scalar potential function. Since nabla applied to a constant yields
zero, the potential is only determined by its gradient up to an additive constant.

7.3.2 Poisson Equation, Laplace Operator
Let the divergence V - v of the vector field be equal to a given “density” function
p = p(r)

Vv, = p(r). (7.36)

The function p(r) is the “source” for the vector field. When v = V& holds true,
(7.36) implies, that the potential @ obeys the Poisson equation

ViV, @ ;= A® = p(r). (7.37)

The symbol A stands for the Laplace operator. This second spatial derivative is
defined by

82
- ar,or,

A:=V,V, (7.38)

By definition, the Laplace operator is a scalar, i.e. invariant under a rotation of the
coordinate system.

7.3.3 Divergence Free Vector Fields, Vector Potential

A vector field v is called divergence-free or source-free when V - v = 0, or equiva-
lently,

Vv, =0
holds true. Such a field can be derived from a vector potential A according to

v = (VXA =¢e,mVy Ay (7.39)



92 7 Fields, Spatial Differential Operators

Clearly, due to Vv, = €,,, V, Vy A, = 0, the divergence of a vector field given by
(7.39) vanishes, when the symmetry V,V, = V,,V,, applies for the second spatial
derivatives of the vector potential A.

The vector potential A is not unique, in the sense that also the vector potential
A’ = A+ Vo(r), with a scalar function ¢(r), used (7.39), yields the same vector field
v. The reason is that V x Ve(r) = 0. The freedom for the choice of a vector potential
is by far greater than that of a scalar potential, which is determined except for an
additive constant. In some applications, a source-free vector potential is required,
i.e. the extra condition V - A = 0 is imposed.

Some Examples for Vector Potentials

(i) Homogeneous Vector Field

A homogeneous vector field v = const. is obtained as the rotation of a vector potential
A, which should be linear in the position vector r. Furthermore, A must contain the
information on the constant v. A plausible ansatz is A = c¢v x r, with a coefficient
¢, which has to be determined. To this purpose, one computes, with the help of the
properties of the epsilon-tensor, cf. Sect.4.1.2,

Uy = (Vx A)p. = Epva Vi € erorVols = Cguuks)»ar(svrvcr

CEpvrbrovle = €285V =2cCvy
and consequently, ¢ = 1/2. Thus the constant vector field v is represented as the

rotation of the vector potential

1
Ay = 3 Euva Vo7 (7.40)

Notice that the constant vector field can be derived both from a scalar potential and
from a vector potential. A scalar potential does not exist for the next example.

(ii) Solid-like Rotational Flow
The solid-like rotational flow is described by the vector field
Uy = EpvaWuly,

with the constant angular velocity w. The pertaining vector potential must be linear
in w and of second order in r. A guess is A, = c1r’w) + carirewe, with two
coefficients ¢y and ¢, which have to be determined such that ,,,, V,A; = v,. The
direct computation gives

Epn Vo Ax = 00,2 c1 1y + €2 8uaTicWie + €2 Faduewie) = (=2¢1 + €2) Evawvtia.
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Thus the yet undetermined coefficients must obey the relation c; —2¢y = 1. Clearly,
there is no unique solution. With ¢ as open parameter, the vector potential can be
written as

A, = (r2 Wi + 213 reWie) + FpreWy.

The first term, multiplied by c1, is the gradient V, ¢(r) of the scalar function ¢ (r) =
r2wyre. Since V x Vo(r) = 0, the term proportional to c; does not contribute in the
calculation of v viav = V x A. Thus one may chose ¢; = 0, or c; = —1/2. In the

latter case, one has

Ay = —Er Wy (7.41)
When one requires that the divergence of the vector potential vanishes, i.e. that
V. A, = 0holds true, the coefficients ¢y and ¢, are determined uniquely: ¢y = —2/5
and ¢y = 1/5. Then the vector potential reads

2, 1
Ay = —3 rewy + 3 FulicW. (7.42)

Application in Electrodynamics

One of the Maxwell equations of electrodynamics is V, B, = 0. Thus the magnetic
flux density B, in general, can be represented by a vector potential according to
B, = &,1, VA, For the special case of a constant B-field, Ay = (1/2)&)5¢Bs7+
is the pertaining vector potential.

7.3.4 Vorticity Free and Divergence Free Vector Fields,
Laplace Fields

When a vector field v is vorticity free, V x v = 0, there exists a potential function
@. When furthermore, the vector field is divergence free, or “source free”, V-v = 0,
the potential obeys the Laplace equation

V.-Vo=V,V,0=A0 =0. (7.43)

Scalar fields of this kind are called Laplace fields.

For the examples of vector fields with potentials, listed in Sect.7.2.1, one finds
A® = 0 for the cases (i), (iv) and (v), pertaining to the homogeneous field, the
uniaxial and planar biaxial squeeze-stretch fields. The Laplace operator applied on
@ yields nonzero constant values for the cases (ii) and (iii).
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Application in Electrostatics

For static electric fields E, the curl vanishes: V x E = 0. The E-field is the negative
gradient of electrostatic potential ¢ (r), which obeys the Laplace equation:

E,=-V,¢ = Ap=0. (7.44)

Usually, in applications to specific problems, the electrostatic potential has to obey
certain boundary conditions, e.g. ¢ must be constant on an electrically conducting
(metal) surface.

7.3.5 Conventional Classification of Vector Fields

Based on the previous discussions, vector fields can be classified, as shown in the
Table7.1.
This conventional classification scheme does not include the information on the

symmetric traceless part Vv of the gradient of the vector field. There are, however,

many applications in physics, where TV matters. Examples shall be presented later.

7.3.6 Second Spatial Derivatives of Spherically Symmetric
Scalar Fields

From the examples presented in Sect.7.2.2, on might assume, that ?V 1S nonzero
only when the pertaining potential function involves special directions, e.g. specified
by constant unit vectors in the examples (ii), the 2D version of (iii), in (iv) and (v).
However, also the general spherical potential, which depends on the position vector r

only viaits magnitude r = /77, leads to non-vanishing values for Vv . Of course,
as discussed before, the antisymmetric part of Vv, associated with the vorticity, is
zero when a scalar potential exists.

Table 7.1 The conventional classification of vector fields

Vxv=0 Vxv#0

V.v=0 vorticity and source free source free vorticity field
Laplace field with vector potential A
v=V®, AP =0 v=V x A

V-v#0 vorticity free Poisson field general vector field
with source density p
v=VP, AD =p v=V®d+VxA
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Let v, be given by v, = V,, @, with @ = @(r). Then

do do _,
vy, = Vyr=—

_ —1lg/
O Mr_drr ru=r_"@Dry,

cf. (7.13). The prime indicates the derivative with respect to r. Nabla applied to the
vector field yields

Vv, =V, V,@(r) = rMVv(r_ch/)—i—r_]@/Sw = r_l(r_lcb’)/rvru—i—r_lq)’Sw.
(7.45)
The special case @ = (1/2)r2, treated previously, yields V, V@ = §,y, and con-

sequently, V,v;, = 0. On the other hand, for @ = r~1, one finds

VoVur ™ =3r S rry —r 8, =317 iy, (7.46)

with the unit vectorT = r~!'r. In this case, Vv is “automatically” symmetric traceless.
In general, V,v, = V,V,®(r) has an isotropic part, proportional to §,, and a

symmetric traceless part, proportional to 7,7, . Relation (7.45) implies

Vou, = VWV, &) =r(r @Y 7 . (7.47)
On the other hand, setting & = v in (7.45), one finds
V, V() = AD(r) =r(r~ @Y +3r7 '@ =" + 277/, (7.48)

for the Laplace operator applied to a function, which depends on r via r = |r| only.

7.4 Tensor Fields

7.4.1 Graphical Representations of Symmetric Second Rank
Tensor Fields

Examples for second rank tensor fields are the pressure or the stress tensor, as well
as the alignment tensor of molecular fluids or liquid crystals, which describes the
the orientation of molecules or of non-spherical particles. Sometimes, it is desirable
to have a graphical representation of such a tensor field. In the case of a tensor
with uniaxial symmetry, this can be accomplished by displaying the direction of the
principal axis of the tensor, which is associated with the tensor’s symmetry axis, i.e.
with its largest or its smallest principal value. Such a representation then looks like
that of a vector field, but here the directions are indicated by lines without arrowheads.
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Fig. 7.7 Uniaxial tensor
fields for the director in a
nematic liquid crystal

Fig. 7.8 Bricks indicating =
the alignment tensor of a g g g g % =
nematic liquid crystal g & & o = ==
H 0 0 0o o = = =
0 0 © < @ =5 s
B @ N
DN S

Examples are shown in Fig. 7.7, adapted from [23]. The ‘defect’ structure in the lower
left corner of the right figure is typical for a nematic substance, cf. Chap. 15.

In the general biaxial case, ellipsoids associated the tensor, as discussed in
Sect. 5.4, could be used to to visualize a second rank tensor field. However, “bricks”
with their sides proportional to the principal semi-axes can more easily convey the
information about the different principal values of the tensor at different space points.
As an example, the alignment tensor in the vicinity of a “defect” in a nematic liquid
crystal is shown in Fig. 7.8, adapted from [24, 83].

7.4.2 Spatial Derivatives of Tensor Fields

Let T,,(r) be a tensor field. Application of the nabla operator V), yields the third
rank tensor V; 7,,. By analogy to (7.31), the tensor of rank three can be decomposed
into parts associated with a vector, with a second rank tensor, and with the pertaining
irreducible symmetric traceless third rank tensor. The first one of these parts involves
the tensor divergence

Vi Thw,

which is a vector. Notice that this expression has to be distinguished from V, T),,
when one has T, # Ty

An application of the tensor divergence used for the pressure tensor, occurs in the
local conservation equation for the linear momentum.


http://dx.doi.org/10.1007/978-3-319-12787-3_15
http://dx.doi.org/10.1007/978-3-319-12787-3_5
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7.4.3 Local Mass and Momentum Conservation,
Pressure Tensor

Let p = p(r) and v = v(r) be the mass density and the local velocity field of a fluid.
The conservation of mass implies the continuity equation

dp

Y + Vi(pvy) =0. (7.49)

With the help of the substantial time derivative

d 0

— = — Vo, 7.50

ar ar + vV, ( )
the continuity equation is equivalent to

d

d—f 4 p Vv, =0. (7.51)

The local conservation equation for the linear momentum density pv,,, in the absence
of external forces, can be cast into the form

dv
o d—t“ + Vypuu = 0. (7.52)

Here p,, is the pressure tensor. It characterizes the transport of momentum, which is
not of convective type. The convective transport is described by the term pv, Vyv,,
which occurs in connection with the substantial derivative. The gradient V, p,,, = k;,
describes an internal force density.

In thermal equilibrium, the pressure tensor of a fluid reduces to the isotropic
tensor P§,,, where P is the hydrostatic pressure. In general, the pressure tensor can
be decomposed into its isotropic, its symmetric traceless and its antisymmetric parts,
cf. Chap. 6. Thus

~ — 1
Pvp = (P + p) 8/1,1) + P + Egvukp)\- (7.53)

In thermal equilibrium, the part p of the scalar pressure is zero, just as m and the
axial vector py = €y4p pap Which is associated with the antisymmetric part of the
pressure tensor.

The time change of the orbital angular momentum £; = &y, ", v, can be inferred
from the momentum conservation equation. More specifically, multiplication of
(7.52) by epcpric and use of e Vypyy = Vi (re pup) — pop Vol leads to

de;,

& + e Vo (e Pop) = Ervp Py (7.54)

0


http://dx.doi.org/10.1007/978-3-319-12787-3_6
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A fluid composed of particles with an internal rotational degree of freedom, in gen-
eral, also possesses an internal angular momentum or spin density. The balance
equation for this quantity contains the axial vector p; = &, Py in such a way, that
it cancels in the sum of the equations of change for the orbital and the internal angular
momenta. This is due to the conservation of the total angular momentum. As a con-
sequence, the antisymmetric part of the pressure tensor is identical to zero for fluids
composed of particles which have no rotational degree of freedom, like gaseous or
liquid Argon. In the hydrodynamic description of flow processes in molecular fluids,
and this includes water, the antisymmetric part of the pressure tensor relaxes to zero
on a time scale fast compared with typical hydrodynamical time changes, such that
the pressure tensor can be treated as being symmetric. Then constitutive laws are

needed for p and p,,, only. In hydrodynamics, the relations

13 = —Nv V)\U)\, Pvu = —277 V,)UM s (755)

are used. The non-negative coefficients n and ny are the shear viscosity and the
volume viscosity, respectively. A justification of these constitutive laws and gener-
alizations thereof are treated in Sects. 16.3, 16.4, 17.3, and 17.4. Insertion of (7.55)
into the momentum balance yields a closed equation for the flow velocity v. For
ny = 0, this corresponds to the Navier-Stokes equations.

7.5 Maxwell Equations in Differential Form

7.5.1 Four-Field Formulation

The full Maxwell equations, in differential form, and in the conventional four-field

formulation, are
0

VuDy=p, eurVoHy=j,+ EDM’ (7.56)

and

d
euvt VoEr = == Bu. Vi By =0. (1.57)

The first pair of equations, referred to as the inhomogeneous Maxwell equations,
involve the density p of electric charges and the electric current density j. The second
pair are the homogeneous Maxwell equations. Here E is the electric field, D is the
electric displacement field. Frequently, both H and the magnetic induction B are
called magnetic field. For charges and currents in vacuum, one hasD = ggE and B =
woH, where gg and g are the dielectric permeability and the magnetic susceptibility
of the vacuum. When all charges and currents are represented by p and j, the two
fields E and B would suffice for electrodynamics, and one could use ¢g = 1, o = 1,


http://dx.doi.org/10.1007/978-3-319-12787-3_16
http://dx.doi.org/10.1007/978-3-319-12787-3_16
http://dx.doi.org/10.1007/978-3-319-12787-3_17
http://dx.doi.org/10.1007/978-3-319-12787-3_17
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as in the Gaussian cgs-system of physical units. Such a description is inconvenient
for electrodynamics applied to macroscopic matter. There, p and j stand for the
density of free charges and free currents, whereas bound charges, internal currents
and magnetic moments associated with the spin of particles are incorporated into
the electric polarization P and the magnetization M, respectively. These quantities
occur in the relations

D, =¢e0Ey+ Py, By = o (Hy + M,). (7.58)

Vacuum corresponds to P = 0 and M = 0. In matter, constitutive relations are
needed for P and M in order to obtain a closed set of equations. These constitutive
relations are specific for the materials considered.

Remarks on Parity and Time Reversal The E- and D-fields are polar vectors, B and
H are axial vectors. Since p is a true scalar, and V as well as j are polar vectors, the
Maxwell equations (7.56) and (7.57) conserve parity. The constitutive relations for P
and M, however, have to obey certain restrictions, when parity conservation should
not be violated.

Furthermore, p and the fields E, as well as D, do not change sign under the time
reversal operation, whereas j and the fields B, as well as H, do change sign. Thus the
Maxwell equations (7.56) and (7.57) are invariant under time reversal. Time reversal
invariance, however, can be broken by constitutive relations. An example is Ohm’s
law, in differential form, j = o E. The non-negative coefficient o is the electrical
conductivity.

Parity (P) and time reversal (T) invariance hold true for charges, currents and fields
in vacuum, where the relations D = ¢oE and B = poH apply. Parity conservation
implies: when

E(,r),D(t, 1), B(t, 1), H(z, 1)
are solutions of the Maxwell equations for given charge density and current density
p(t,r), j@,r),
then
—E(t, —r), =D(t, —r), B(¢, —r), H(t, —1)

are solutions for given
,O(t, _r)a _j(t, _r)'

Similarly, from T-invariance follows:

E(—t,r),D(—t,r), —B(—t,1r), —H(—1,T)
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are solutions for
p(—=t,r), —j(=1,1).
As a consequence of the combined PT-invariance
—E(—t, —r), —=D(—t, —1), —=B(—t, —1), —H(—¢, —1)

are solutions for

p(_ta _r)’ j(_ta _r)'

7.5.2 Special Cases

Application of V,, to the second equation of (7.56) and use of the first of these
equations and of V,e,,,VyH,, = 0 yields the continuity equation for the time
change of the charge density:

0 .
570+ Vi in =0, (7.59)

Without Maxwell’s current density %Du in the second inhomogeneous equation of
(7.56), one would just have V,, j,, = 0, which is true for stationary processes, but
not in general. More important, the existence of electromagnetic waves hinges on
the term %D# in (7.56), see the next section.

Special cases, for a stationary situation, where the time derivatives vanish in
the Maxwell equations, are the equations of electrostatics, magnetostatics, and the
equations determining the magnetic field caused a steady current. For electrostatics,
one has

Vﬂ Dﬂ =P, Epvr VUE)L =0.

The first of these equations is referred to as the Gauss law.

The equations for magnetostatics, applicable to fields of permanent magnets, are
mathematically equivalent to those of electrostatics with D and E replaced by B and
H, respectively, and p = 0, because there are no magnetic monopoles and conse-
quently there is no magnetic charge density. In the equations ruling electrostatics and
magnetostatics, there is no coupling between electric and magnetic fields, unless the
constitutive relations for the electric polarization and the magnetization contain such
terms.

The equations for the magnetic field caused by a stationary electric current are
associated with the names Oersted and Ampere, who discovered and studied an effect
which reveals a coupling between electric and magnetic phenomena. The relevant
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equations, the first one of which is referred to as Oersted law, are
Euva V,,I‘I)L Zle, Vﬂ BM =0.

Applications of the stationary equations are given in Sects. 8.2.7 and 8.3.5.
The first of the homogeneous Maxwell equations (7.57), viz.

ad
Epva VVEy = _EBM,

isreferred to as Faraday law. It underlies the coupling between electric and magnetic
fields discovered by Faraday: atime-dependent B-field induces an electric field E. For
the application of this differential equation to the Faraday induction see Sect.8.2.8.

7.5.3 Electromagnetic Waves in Vacuum

In vacuum, where D = goE and B = poH, and for p = 0, j, = 0, application of
eqpu Vg on the first equation of (7.57), use of (4.10) for the double cross product,
and of V), E, = 0, yields —AE, = —puyo %&xlgu H,,. The second equation of (7.56)
links the curl of the H field with the time derivative of ggE. This then leads to the
wave equation

OE = AE 182E—o (7.60)
B N '

with the speed of light, in vacuum, determined by
2 _ —1
¢ = (o o). (7.61)

The magnetic field H obeys the same type of wave equation. The symbol

1 92
O=A—-—= — 7.62
c? 3t? (7.62)

is the d’Alembert operator. A solution of (7.60) is
E,=ED f&)., &=kr —ct, (7.63)

where £ ,(LO) is a constant vector characterizing the polarization of the field, ky, is a
unit vector parallel to the wave vector, pointing in the direction of propagation of
the radiation, and f is any function which can be differentiated twice. Notice that
IZ,E ‘(,0) = 0, i.e. the electromagnetic radiation, in vacuum, is a fransverse wave.


http://dx.doi.org/10.1007/978-3-319-12787-3_8
http://dx.doi.org/10.1007/978-3-319-12787-3_8
http://dx.doi.org/10.1007/978-3-319-12787-3_8
http://dx.doi.org/10.1007/978-3-319-12787-3_4
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The plane wave is a special case of (7.63). In complex notation, this solution of
the wave equation reads

E,=EY explik,r, —iwt]. (7.64)
The wave vector k,, and the circular frequency w are linked by the dispersion relation
kyk, = w?/c? or

w=ke, (7.65)

where k is the magnitude of the wave vector.

7.2 Exercise: Test Solutions of the Wave Equation

Proof that both the ansatz (7.63) and the plane wave (7.64) obey the wave equation.
Furthermore, show that the E-field is perpendicular to the wave vector, and that the
B-field is perpendicular to both.

7.5.4 Scalar and Vector Potentials

The electric field E and the B-field can be expressed as derivatives of the electroscalar
potential ¢ and a magnetic vector potential A according to

d
Ep==Vuh =5 Au Bu= Vol (7.66)

With the ansatz (7.66), the homogeneous Maxwell equations (7.57) are fulfilled
automatically.

The electromagnetic potential functions, however, are not unique. More specifi-
cally, the same fields E and B follow from (7.66), when ¢ and A are replaced by

]
¢/=¢_Efv Al:A)\+V)\,f’

where f = f(t,r) is a scalar function. This allows, e.g. to require ¢ = O or
V,A, =0.

For charges and currents in vacuum, where D = ¢gE and B = poH, insertion of
(7.66) into the inhomogeneous Maxwell equations (7.56) and use of the scaling

0
E ¢+ V53 A, =0, (7.67)

leads to

1 92 1 92 1

DAV:AAU_C._zﬁAV:/’LOJIN D¢:A¢_c_2m¢:5p' (7.68)
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The current density and the charge density are the sources for the vector potential
and the scalar potential. Electromagnetic radiation is caused by accelerated charges,
then the time derivatives in (7.68) are essential. For a stationary situation, on the
other hand, the time derivatives vanish and the second of these equations reduces
to the Poisson equation, cf. Sect.7.3.2. The first of the equations (7.68), linking the
vector potential with the current density is mathematically equivalent to the Poisson
equation, when a stationary situation is considered. It determines the magnetic field
generated by a steady current, as formulated in the Biot-Savart relation.

7.5.5 Magnetic Field Tensors

In 3D, there exists a dual relation between an antisymmetric second rank tensor and
a vector, cf. Sects. 3.3 and 4.1.3. This allows to replace the magnetic field vectors B
and H by antisymmetric tensors. To see what this means, consider the homogeneous
Maxwell equation €, Vo E; = — %BA. Multiplication of this equation by &,,,3 and
use of £,)18).01 = 8j08vr — 8,rdvo yields

0
VWE, —VyE, = _ESMM B;.
Both sides of this equation, which is equivalent to the first of the Maxwell equations

(7.57), are antisymmetric tensors. The right hand side can be expressed in terms of
the magnetic field tensor B, which is related to the vector field By, by

B/w = Epva B;.. (7.69)

In matrix notation, this relation is equivalent to

0 By —B»
By =|-B3 0 B . (7.70)
B, —B; O

The reciprocal relation between the vector and the antisymmetric tensor is

1
B)L = 5 Eppy B,uv- (771)

The field tensor is linked with the vector potential A via
B, =V, A, =V, A, (7.72)
The Lorentz Force F, viz.

F,=eE, +e& By,


http://dx.doi.org/10.1007/978-3-319-12787-3_3
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acting on a particle with charge e, moving with velocity v, in the presence of an
electric field E and a magnetic field B, cf. Sect. 3.4.6, is equivalent to

F,=¢E,+ev, By, (1.73)

The antisymmetric field tensor H,,, pertaining to the magnetic field H is defined by
analogy to (7.69). Using the magnetic field tensors, the Maxwell equations read

. 0
VuDy=p, =VyHy, =j.+ EDM’ (7.74)
and 2
VuWE, —V,E, = _EBMW ViBy3 + VB3 + V3B = 0. (7.75)

Notice that the last equation stems from
8Auvvk Buv =0,

and B,, = — By, was used.

Why should one bother to look at the alternative version of the Maxwell equations,
rather than stick to the vector equations (7.56) and (7.57)? There are two answers to
this question.

First, in the 4D formulation of electrodynamics, which reflects the Lorentz invari-
ance of the Maxwell equations, the 3 x 3 field tensor (7.70) is enlarged to a the
4 x 4 field tensor, which also comprises the 3 components of the electric field. In 4D,
an antisymmetric second rank tensor has 6 independent components, just like the
two vectors B and E combined. The 3D tensorial notation of the Maxwell equations
makes it easier to see their connection with the 4D version, discussed in Chap. 18.
Notice, the non-euklidian metric of special relativity is used for that 4D-space.

A second, more mathematical reason is: the first three of the equations (7.74) and
(7.75) can be adapted to any D-dimensional space with Euklidian metric, and D > 2.
Thus it is possible to answer the question: do electromagnetic waves exist for 2D?

7.3 Exercise: Electromagnetic Waves in Flatland?

In flatland, one has just 2 dimensions. Cartesian components are denoted by Latin
letters i, j,...; i = 1,2; j = 1, 2. The summation convention is used. In vacuum,
and for zero charges and currents, the adapted Maxwell equations are

a a
ViEi =0, —ViHj=¢ EEJ‘ ViEj — VjE; = —o EHij.

Derive a wave equation for the electric field to proof that one can have electromagnetic
waves in 2D. How about 1D?


http://dx.doi.org/10.1007/978-3-319-12787-3_3
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7.6 Rules for Nabla and Laplace Operators

7.6.1 Nabla

The application of the nabla operator V, to a field, which is a tensor of rank ¢, yields

a tensor of rank £ + 1. The appropriate decomposition shall be discussed latter. Here

the obvious product and chain rules are listed, which have already been used above.
Let f and g be components of tensors, which depend on r. Then one has

Vu(f8)=8¢Vuf+rVug. (7.76)

Now, let f be the component of a tensor, which is a function of the scalar g, which
in turn, depends on r. Then the chain rule applies:

0
Viu(f(8) = é Vg (1.77)

The position vector r is equal to the product of its magnitude » and of the unit vector
T, viz.: r,, = ri,, with 7, = r~'r,,. In some applications, it may be convenient and
useful to decompose the spatial derivative into differentiations with respect to » and
with respect to 7. This is accomplished by observing

0 Jar 0 or, 0
V'u == o
ory ory or  0ry 0r,
Due to
or . 0r 1 N
@Zruv E:r (Suv_r,uru),

the radial and the angular parts of the spatial derivative are

. a _1 0
V=74 a LA T rﬂru)a—r,\v. (7.78)
Multiplication of (7.78) by r,, leads to
0
ruVy=r 3 (7.79)

With the help of the anti-hermitian operator

0
fﬂ = Epvr v VAZS;LVAVU — (780)
a}")\
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the equation (7.78) can be written as
V=i — —r e i L. (7.81)

Notice: the differential operator £ = r x V only acts on the angular part of a
function depending on the vector r. In particular, one has .2 f (r) = 0 when f is
only a function of r = |r|.

The Cartesian components of the differential operator do not commute. More
specifically, one finds the commutation relation

Lyl — L Ly = = Do (7.82)

or equivalently,

Erpy o?u L =4 (7.83)

The differential operator . is closely related to the quantum mechanical angular
momentum operator, cf. Sect.7.6.2.

7.4 Exercise: Radial and Angular Parts of the Nabla Operator, Compare
Equation (7.81) with (7.78)

7.5 Exercise: Prove the Relations (7.82) and (7.83) for the Angular Nabla
Operator

Hint: use (4.10) and observe that the names of summation indices can be changed
conveniently, as long as none appears more than twice.

7.6.2 Application: Orbital Angular Momentum Operator

The quantum mechanical angular momentum operator L°P, in spatial representation,
is given by

h h
LY = - L= ~ S Ty V. (7.84)

Here £ is the Planck constant £, divided by 2, and i is the imaginary unit, with the
property i> = —1. The expression (7.84) follows the definition r x p for the orbital
angular momentum, cf. Sect.3.4.1, when the linear momentum p is replaced by the
operator

h
pP ==V, (7.85)
l

in spatial representation.
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Side Remark:
Where Does the Expression for the Linear Momentum Operator Come From?

A plane wave ¥ with the wave vector k and the (circular) frequency w is proportional
to exp(ik - r — iwt). Application of the nabla operator yields Vi = ik, which is
just a mathematical identity. By analogy to the Einstein relation E = hw between
the energy E and the frequency, de Broglie suggested that the linear momentum p of
a particle should be associated with a wave vector according to p = /k. Schrodinger
took up this idea and invented wave mechanics. Later it became clear that the wave
function ¥ is a probability amplitude, its absolute square characterizes the probability
to find a particle in a volume element at a specific position r. For a free particle
with linear momentum p, the i -function is proportional to exp(ip - r/h), hence
Vi = %plﬂ. This corresponds to (7.85). The expression for the linear momentum
operator derived for the special case of a plane wave holds true in general, in spatial
representation.

Dimensionless Angular Momentum Operator

It is convenient to introduce angular momentum operators in units of /2 and to denote
them by the same symbol L as the usual angular momentum, as long as no danger
of confusion exists. Then one has

1
Ly=~<Z=—ieunry Vi (7.86)

1

Thanks to the imaginary unit i which is introduced in the definitions (7.84) and (7.86),
the angular momentum operator is a hermitian operator with real eigenvalues.

The commutation relations (7.82) for the components of the differential operator
% now lead to the angular momentum commutation relations

L,L,—L,L,=1iégyuL;. (7.87)
Similarly, relation (7.83) implies

Sy Ly Ly =1L;. (7.88)
The commutation relations for the orbital angular momentum hold true in general,

not only in the space representation which was used here to derive them.

Notice that (7.88) is equivalent to

LxL=iL. (7.89)
This reflects the fact that the components of the quantum mechanical angular momen-

tum do not commute, in contradistinction to the components of the classical angular
momentum for which the corresponding cross product vanishes.
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7.6.3 Radial and Angular Parts of the Laplace Operator

The Laplace operator can be decomposed into a radial and angular parts, by analogy
to the decomposition (7.81) of the nabla operator. With the help of the angular
differential operator .Z, one has

A=A+ L% (7.90)

The radial part A, is given by

3 3 82 92 3
A = -2 2 2 )= = 2 -1 —_ 91
rET o (r 8r) T T2 tar or (7.9

To prove the relation (7.90) with (7.91), one can compute .%),.%Z),, starting from the
definition (7.80). One finds

gﬂfﬂ = v Epap v Vata Vg = €pvi Epap (e Vi, Vg + 1y Sra Vﬁ).

Nowuseof €308 = Svabi8—08ug0ra,ct. Sect.4.1.2,leads to .£,.%), = r2V, Vv, —

2 9%

T r% — 3r%. Thus one obtains

r

Ll =1 A—a—2—2r71i
p=me ar?2 or )’

For r > 0, this relation is equivalent to (7.90).
Notice that Ar~! = 0, for r # 0. This result applies just for 3D, the three-

dimensional space we live in. In D dimensions one has Ar2=D) — 0, see the next
exercise.

7.6 Exercise: Determine the Radial Part of the Laplace Operator in
D Dimensions, Prove Ar?—P) =(

Hint: Compute V,,V,, f = V,(V,, f), where the function f = f(r) has no angular
dependence, and use V,r, = D.

Furthermore, make the ansatz f = r" and determine for which exponent n the
equation Ar™ = 0 holds true.

7.6.4 Application: Kinetic Energy Operator

in Wave Mechanics

The kinetic energy of a particle with mass m and with linear momentum p is
p - p/(2m). In Schrodinger’s wave mechanics, in spatial representation, the linear
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momentum corresponds to the operator p°P? = l—.hV, cf. (7.85). Hence the Hamilton
operator for the kinetic energy of a single particle is

I? 1>
op
Hg = 5 VuV, = ~5m A. (7.92)
In accord with the decomposition (7.90) of the Laplace operator into a radial part and
an azimuthal or angular part involving the .Z operator, the kinetic energy operator
is the sum a radial part and a part containing the dimensionless angular momentum
operator L, as defined in (7.86). Thus one has
HP = _h—z A+ h—2r_2L Ly,. (7.93)
kin om r 2m H= R

For the radial part A, of the Laplace operator see (7.91).



Chapter 8
Integration of Fields

Abstract The integration of fields is treated in this chapter. Firstly, line integrals are
considered and the computation of potential functions from vector fields is discussed.
Secondly, surface integrals are introduced and the generalized Stokes law is derived.
Applications are the magnetic field around an electric wire and the Faraday induction.
Thirdly, volume integrals are treated and a generalized Gauss theorem is stated. The
moment of inertia tensor is defined and computed for some examples. Applications of
volume integrals in electrodynamics comprise the Gauss law and the Coulomb force,
the formulation of balance equations for energy, linear and angular momentum and
the definition of the Maxwell stress tensor. Further applications concern the continuity
equation and the flow through a pipe, the momentum balance and the force on a solid
body, the derivation of the Archimedes principle and the computation of the torque
on a rotating solid body.

The differentiation of a field provides a local information about the changes of
a function caused by small changes of the position considered. Integrals contain
a more global information since the behavior of a function over a larger region of
space is involved. These regions can be lines, surfaces or volumes, in 3D. All three
types of integrals are needed for applications in physics. They are referred to as line
integrals, surface integrals, and volume integrals.

8.1 Line Integrals

8.1.1 Definition, Parameter Representation

Let f = f(r) be a well defined, smooth function within a region B of the 3D space.
Furthermore, let C be a continuous, piecewise smooth curve within the region B
with start point r; and end point ry. The line integral of f(r) along the curve C is
defined by

I, =/Cf(r)dru. (8.1)
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Here dr,, is the Cartesian component of the differential change dr along the curve
C. The line integral is also called curve integral or path integral.
When the curve is determined by a parameter representation

r[,l.:r/,b(p)v p1<p<p29

the line integral (8.1) can be expressed as the ordinary Riemann integral
P2 dr
Au= [ s Teap. (82)
P1 dp

The parameter values pp and p» correspond to the start and end points of the curve
C,ie.r(p)=rji=1,2.

Remark: in some applications, it may be convenient to use piecewise different
parameter representations for the curve C. A simple example is a curve depicted
in the Fig. 8.3.

The sign of a line integral changes, when the integration is performed backwards
along the curve considered. This is obvious in the parameter representation since

P2 p1
/ ...dp:—/ ...dp.
pI p2

Notice: the line integral is a vector, provided that f is a scalar. When the function
f is the component of a tensor of rank ¢, e.g. f = gy,...,,, the resulting line integral
v, 1 a component of a tensor of rank £ 4 1. Some examples are considered in
Sect.8.1.3.

Remark: in the literature, the term “line integral” is also used for an integral with
the scalar integration element ds where s is the arc length of the curve. In that case,
the integral is a tensor of the same rank as that of the integrand f. Such integrals are
not considered here.

8.1.2 Closed Line Integrals

The symbol ¢ is used when the line integration is performed along a closed curve C:

I, = fc f@)dr,. (8.3)

This type of line integral is also called loop integral or contour integral.

Next two curves C| and C, are considered, which have common start and end
points, see Fig.8.1. In general, one has fCl f@ydr, # sz f(@)dr, and conse-
quently
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Fig. 8.1 Two curves C; and
C; starting and ending at the

same points \
C’/

/ f)dry, —/ f)dr, =f f@)dr, #0.
Ci C C

Here C = C1 — C; is a closed curve.
On the other hand, when fC1 fmdr, = sz f(r)dr, holds true, in a special case,
for arbitrary curves Ci and C, within the region B, then one has

% f@®dr, =0.

C

This then applies to any closed curve within B, provided that B is a simply connected
region, i.e. when there are no “holes” in B.

8.1.3 Line Integrals for Scalar and Vector Fields

(i) Scalar Fields

As mentioned before, the line integral (8.1) is a vector, when the field function f is
a scalar.
A simple example is f = 1. Then one obtains

P2
S, = / ru(P)Ap = ru(p2) — ru(p1),
P1

which is the vector pointing from r to ry, cf. Fig. 8.2.
The line integral, for f = 1, should not be confused with the arc length s, which

is given by
P2 /dr, d 172
s=/|dr|=/ (ﬂﬂ) dp.
c p \dp dp

The quantity s is a scalar.
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Fig. 8.2 Line integral yields
a relative position vector

(ii) Vector Fields

Now let f be the component v, of a vector field v = v(r). Then the line integral

v =/ vy (r)dry, (8.4)
C

is a second rank tensor. In general, it can be decomposed into an isotropic part which
is proportional to its trace times the unit tensor §,,,, an antisymmetric part, and a
symmetric traceless part, cf. Chap. 6.

In some applications, the trace

I =T = /C v (r)dr, (8.5)

is needed. The scalar quantity .# is referred to as the curve integral of a vector field.

8.1.4 Potential of a Vector Field

Now consider the special case where a vector field v is given by the gradient of a
scalar potential field ® = & (r),

v, =V, .

The scalar line integral (8.5) of such a vector field is computed according to

P2 3 dr P2 4
S =/ vy (r)dr =/ ——dp =/ —dp = @(r(p2)) — P(r(p1)),
C g g p Orp dp p dp 1(8 6
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or
I = d(r2) — D(r)). (8.7)

For the case of a vector field obtained as a gradient of a potential, the line integral is
given by the difference of the potential between the end and the start points of the
curve, irrespective of its path in between these points. As consequence, the integral
along a closed curve vanishes:

jf v (K)dry, = 0. (8.8)
C

For (8.8) to be valid, the region in which the curve C lies, has to be compact, it should
not have any holes.

8.1.5 Computation of the Potential for a Vector Field

For a vector field v which obeys the integrability condition (7.35), or equivalently
V x v = 0, the pertaining potential function can be computed with the help of a
line integral. A convenient integration path can be chosen, starting from an arbitrary
point r; and ending at the variable position r. Then the path integral .# is a function
of r. More specifically, one has
r
S = I(r) =/ vdry, = @(r) — @(ry), (8.9)

ry

or equivalently

r
D(r) = / v, dry, + const. (8.10)
r

1

Obviously, the potential function @ is only determined up to a constant const.

A Simple Example: Homogeneous Vector Field

As a simple special case the constant homogeneous vector field v = const. is
considered. Then one has

r
A (r) =vﬂ/ dry=v-(r—ry),
r

1

and consequently

d(r) =v-r+ const.


http://dx.doi.org/10.1007/978-3-319-12787-3_7
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Remark: in physics, forces F associated with a potential are given by the negative
gradient of the potential function. Thus the mechanical potential @ is computed as

r
D(r) = —/ F,dr;, + const. (8.11)
r

1

8.1 Exercise: Compute Path Integrals along a Closed Curve
Consider a special closed path composed of the curve C; with r given by

{x7090}9 _pf-xspv
and the curve C; with r determined by
{x,y,0}, x=pcosp, y=psing, 0<¢ <m.

The curve Cj is a straight line, C; is a semi-circle with the constant radius p, cf.
Fig.8.3. The differential dr needed for the integration is equal to dx{1, 0, 0} and
pde{—sin ¢, cos ¢, 0} for the curves C; and C», respectively. Compute the loop
integral .& = fc v, dr;, along the closed curve defined here for the following three
vector fields:

(i) homogeneous field, where v = e = const., with e parallel to the x-axis;

(ii) radial field, where v =r;

(iii) solid-like rotation field, where v = w x r, with the constant axial vector w
parallel to the z-axis.

Hint: guess whether .# = 0 or .# # 0 is expected for these vector fields, before
you begin with the explicit calculation. Denote the line integrals along the curves
Ci and C; by .#] and .%;. The desired integral .# along the closed curve is the sum
A+ S,

Fig. 8.3 Closed curve
composed of a semi-circle
and a straight line
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8.2 Surface Integrals, Stokes

8.2.1 Parameter Representation of Surfaces

Surfaces in 3D space can e.g. be described by a relation of the form z = z(x, y),
where the components of the position vector on the surface are denoted by x, y, z.
Implicitly, the surface can also be determined by @ = @ (x, y, z) = const., where
@ is a scalar function, by analogy to potentials, cf. Sect.7.1.1. Sometimes, it is
advantageous to use a parameter presentation of the form

'w =1u(p,q), (8.12)

for the Cartesian components of the position vector r located on the surface, with
the two parameters p and g.

For a constant g, e.g. ¢ = qo, the relation r,, = r,(p, qo) describes a curve
with the curve parameter p. Likewise, for p = po, the relation r,, = r,(po, q)
is a curve with the curve parameter g. Different values p = po, p1, p2, ... and
q = q0, 41,92, - . yield a (p, g)-mesh of curves on the surface, cf. Fig.8.4.

Provided that the tangential vectors

p  Ory q Ory
= =

, (8.13)
p dq

in the p- and g-directions are not parallel to each other, the curves r = r(p,q =
const.) andr = r(p = const., g) cover the surface. Subject to this condition, a vector
normal to the surface is inferred from

ar, or
P .q o v
Exuvltuty =&y — — 0. (8.14)
pv tu by yny 3p 8q 7’é
Fig. 8.4 Schematic view of
a surface generated by a p=ps
mesh of curves P . \" g=c
= St \\. PR ! Z
/ \
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8.2.2 Examples for Parameter Representations of Surfaces

(i) Plane

Let e and u be two orthogonal unit vectors. Then
r = pe-+gqu

represents the plane spanned by the vectors e and u. With the x- and y-axes of a
coordinate system chosen parallel to e and u, the plane is represented by x = p,
y = ¢q, z = 0. The vector normal to the plane is parallel to the z-direction. The
(p, q)-mesh covering the plane are orthogonal straight lines parallel to the x- and
y-axes.

Alternatively, the planar polar coordinates p and ¢ can be used as parameters to
represent the plane. Here the position vector within the x—y-plane is expressed as
r = {pcos g, psing, 0}, and consequently

or ) or .
— ={cos¢,sing,0} =e°, — ={—psing,pcosp,0} =pe?. (8.15)
ap ap

Unit vectors in p- and ¢-directions are denoted by e” and e?, see Fig.8.5. These
vectors are orthogonal. The plane is covered by a mesh of straight lines starting at
the origin and concentric circles, corresponding to ¢ = const. and p = const.

(ii) Cylinder Mantle

For a circular cylinder with constant radius p, its mantle surface is described by

r={pcosg, psing, z}, (8.16)

Fig. 8.5 Planar polar
coordinates with the vectors
e” and e¥
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Fig. 8.6 Cylinder
coordinates with the vectors Z
e¥, e” and e” S =

with the two parameters ¢ and z. The tangential vectors are

0 0
o _ {—p sing, p cosp, 0} = pe?, ax_ {0,0, 1} = e”. (8.17)
ap 9z

The unit vectors e? and e* = e are orthogonal, cf. Fig.8.6. Their cross product
e? x e” is parallel to the outer normal n of the cylinder mantle.

(iii) Surface of a Sphere

The surface of a sphere with constant radius R parameterized with the ansatz
r = {R cos¢ sinf, R sing sin6, R cos6}. (8.18)
Here the parameters are the polar angles 6 and ¢. Now the tangential vectors are

ar

30 = {—R sing sin@, R cos¢ sinf,0} = R sind e?, (8.19)
@
and

or . . 0

30 ={R cos¢g cosf, R sing cosf, —R sinf} = Re’, (8.20)

The cross product of these tangential vectors yields

o O R2sine® x e = R? sin? 67, (8.21)

00 d¢
with the unit vector 7 pointing in radial direction. The mesh on the surface consists
of circles around the polar axis with radius R sin 6, for & = const., and grand semi-
circles running from the North to the South pole, for ¢ = const.. The unit vectors
¢’, ¥ and 7" are mutually orthogonal, see Fig. 8.7.
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Fig. 8.7 Spherical polar
coordinates with the vectors
e’, e’ and e’

8.2.3 Surface Integrals as Integrals Over Two Parameters

Consider a finite surface A which has a rim and which is simply connected, i.e. A is
without any holes. Furthermore, the surface should everywhere have a well oriented
normal direction. A counter example is the Moebius strip.

The surface A is described by a parameter representation r = r(p, ¢) where the
parameters p and g vary between the values pi, ps and g1, ¢g2. Thus the rim of the
surface in R corresponds to the rim of a rectangle in the p—g-plane, cf. Fig.8.8.

Now let f = f(r) be a function of r which depends on the parameters g and g
viar = r(p, q). The surface integral of this function over the surface A is defined by

I = / fr)ds,,. (8.22)
A

The surface element ds,, is the cross product of the tangential vectors (8.13), see
also (8.14). The axial vector ds,, is perpendicular to the surface. More specifically,
one has

8I‘V 37}L

dpdg = d 8.23
apaqpq Su(p, @)d%s. (8.23)

dSM = Epva

HereSis a unit vector orthogonal to the surface, and ds is the magnitude of the surface
element. It quantifies the change of r with the change of p and ¢. The exponent 2 in the
symbol “d’s” used here indicates that the surface integration is “two dimensional”.
It is clearly distinguished from the arc length element ds occurring sometimes in
“one dimensional” line integrals. Notice that the surface element ds, being defined
in (8.23) as the cross product of two tangential vectors, is an axial vector. The same
applies to the unit vectors.

Due to (8.23), the surface integral (8.22) can be computed as a double integral
over p and ¢:

ar v ar A

P2
R =/ dp/ dg £ (X)e,p L2 (8.24)
e e "op aq
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C/J‘f/\ 74

Fig. 8.8 Surface in real space and in the p—g parameter plane

Often the symbol ¢ is used to indicate that the integral is extended over a closed
surface which is topologically equivalent to the surface of a sphere. Notice that the
area in the parameter space has a well defined rim or border line even when the closed
surface has none in the 3D space. This is obvious for the parameter representation of
the surface of a sphere. There the polar angles 6 and ¢ are within the intervals [0, ]
and [0, 27 ].

Surface integrals are discussed next for the examples of parameter presentations
of surfaces shown in Sect. 8.2.2.

8.2.4 Examples for Surface Integrals

(i) Plane

Firstly, consider as area A over which the surface integral shall be evaluated a
rectangle in the x—y-plane where the variables are within the intervals [x1, x2] and
[v1, ¥2]. The vector normal to the plane is parallel to the z-direction. The unit vector
in this direction is denoted by e”. The surface element is ds;, = ej;dxdy. Thus the
surface integral of a function f = f(r) withr = {x, y, 0}, located within the plane,
is evaluated according to

X

2 y2
S = elzl/Af(r(x, y))dxdy = elZL/ dx/ dy f(r(x, y)). (8.25)
X Y1

1

The representation by the planar polar coordinates p, ¢ is appropriate for an area A
whose border lines are parts of two circular arcs and two radial lines, see Fig.8.9.
Here the position vector within the plane is given by r = {p cos ¢, p sin ¢, 0}.

The variables are within the intervals [p1, p2] and [¢1, ¢2]. Now the surface
element is ds;, = e}, pdpde and the surface integral is to be evaluated according to

P2 »2
Sy = /A (o, ) pdpdp = & / odp / dg f(r(p. ). (826)
P ¢

1 1
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Fig. 8.9 Planar polar
coordinates for a segment
of a planar ring

For the simple case f = 1 and an integration over the full disc with the constant
radius R, the integration over ¢ yields 2, that over p gives (1/ 2)R2. Then (8.26)
leads to .7, = elZLRzrr. As expected, in this case the surface integral gives the area

R?7 of the circular disc.

Inboth examples considered so far, the unit vector normal to the surface is constant.
As a consequence, it could be put outside the integral, just as a factor. This is no longer
the case when the integration is to be taken over curved surfaces.

(ii) Cylinder Mantle

For a circular cylinder with constant radius p = R, its mantle surface is described
by r = {Rcosg, Rsing, z}. The two parameters are ¢ and z. Here the surface
element is

ds;, = Rn,(p)dedz, (8.27)

where vector normal to the cylinder mantle is given by n = {cos ¢, sin ¢, 0}. The
surface integral over a region A located on the cylinder mantle is

=R /A f@(p, 2))n,(p)dedz. (8.28)

(iii) Surface of a Sphere

The surface of a sphere with constant radius R is described by
r = {R cos¢ sinf, R sing sinf, R cos O},

with the polar angles 6 and ¢ as parameters. The unit vector normal to the surface is
the radial unit vector ¥ = R~ 'r. Here the surface element is

ds, = R27,,(60, ¢) sin0dodg. (8.29)
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The surface integral over a region A on the surface of the sphere is

S = R2/ f@@, )70, ¢) sinfdbde. (8.30)
A
In the following, the abbreviation
d’7 = sin6dode (8.31)
is used for the scalar part of the surface element pertaining to the surface of a sphere

with radius R = 1. This sphere is referred to as unit sphere.
The symbol

/d2?. . (8.32)

without any indication of a specific area, is used for integrals over the whole unit
sphere.

8.2.5 Flux of a Vector Field

The surface integral ., = f A S (r)ds,, defined in (8.22) with (8.23), is a tensor of
rank £ + 1 when f stands for the components of a tensor of rank £. In particular, for
f = v, where v = v(r) is a vector field, the corresponding integral over a surface
A is the second rank tensor

g :/ vydsy,. (8.33)
A

The isotropic part of this tensor, cf. Chap. 6, involves its trace . = YM w- This scalar
quantity, viz.
S = / v,ds, = / v-ds (8.34)
A A

is referred to as the flux of the vector field v through the surface A.

A simple example demonstrates the meaning of the term “flux”. Let A be a plane
surface with a fixed normal vector n and v = const. a homogeneous vector field.
With ds;, = n,,ds one obtains

y:vunﬂ/ds=vﬂnﬂﬂ,

where 7 stands for the area of the surface. With v, = vﬁ;, this result can be
written as


http://dx.doi.org/10.1007/978-3-319-12787-3_6
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Fig. 8.10 Flux through an

area A and side view of an A Ao
effective area Acfr P |
A~ \
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ST
S = v .

Here v is the magnitude of the homogeneous vector field. The effective area
Gefe = Uy Ny A

is the actual area of the surface, reduced by the cosine of the angle between v and
the normal to the plane, see Fig. 8.10.

8.2 Exercise: Surface Integrals over a Hemisphere

Consider a hemisphere with radius R, with the center at the origin. The unit vector
pointing from its center to the North pole is denoted by u.

Compute the surface integrals .#},, = [ v,ds,,, over the hemisphere and the pertain-
ing flux ¥ = .}, for

(i) the homogeneous vector field v, = vv, = const. and
(i1) the radial field v, = ry,.

Hint: use the symmetry arguments .%,,, ~ u,, 0, (case i) and ., ~ u,u, (case ii),
to simplify the calculations. Put the base of the hemisphere onto the x—y-plane, for
the explicit integration.

8.2.6 Generalized Stokes Law

The Stokes law provides a relation between surface integrals of a certain type with a
line integral along the closed rim of the surface. Thus the “dimension” of the integral
is reduced from 2 to 1. This applies when the integrand of the surface integral is a
spatial derivative of a function f = f(r), which then occurs as integrand in the line
integral. To be more specific, the generalized Stokes law reads:

/8;”,“ V, f(r)ds; =% fr)dr,. (8.35)
A C
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It is understood that the closed curve C = 9 A is the rim, or the contour line, of the
surface A.

The standard Stokes law follows from (8.35) when the function f is identified
with the Cartesian component v, of a vector field v. Due to

Exvu Vy Vy = (V x V),

the Stokes law can be cast into the form

/(va)~ds=% v -dr. (8.36)
A dA

The line integral on the right hand side of (8.36) is referred to as the circulation of
the vector field v.

A remark on parity is in order. The nabla-operator V and the line element dr
occurring in (8.35) and (8.36) are polar vectors. Parity is conserved, i.e. both sides
of the equation in the generalized Stokes law have the same parity behavior since the
surface element ds is an axial vector.

Furthermore, when the integration in (8.35) and (8.36) is extended over a closed
surface, there is no contour line and thus these integrals are equal to zero. Notice,
however, that the generalized Stokes law applies to simply connected surfaces which
have no holes. On the other hand, the circulation, i.e. the line integral, as it occurs on
the right hand side of (8.36), can be non-zero, when the integration is around a hole
in a surface, even when V x v, occurring on the left hand side of (8.36), is zero.

A proof of (8.35), which includes the proof for the conventional Stokes law (8.36),
is presented next. The surface is parameterized by r = r(p, ¢g). The area over which
the integration is extended is assumed to be given by a rectangle in the p—g-parameter
plane, see Fig.8.11.

According to (8.23), the surface element can be written as

d 3}”a 8r/3 d
Sy = &) —_—
ap ap 9 pdq
Fig. 8.11 Area and rim 2 A -]
curve in p—q-plane for the Cf ]ﬂ
proof of the Stokes law gt -——-- "
[74
My )Ny
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Insertion of this expression into .%;,, = f A Eavp Vo f(r)ds;, which is the left hand
side of (8.35), leads to

P2 Q@ ar, or ory ory
% _—/ Ervp Vo f(r)ds;, _—/ dp/ dg (V RER el RN VA el —)
S /N p1 al " op dq " 0p 9q

Here €vp€i08 = Svadup — Supdua, which corresponds to (4.10), has been used.
Thanks to the chain rule, one has

ar e) ar 0
va_v:_fv vf_v:_f-
op  dp dg  9q

Due to

of dry_ 3( ﬂ)_fa% of dry_ 3( ﬂ)_fa%

ap g  ap \' aq apdg” dq ap  aq \ op dqop’

the integrand of the surface integral considered reduces to

0 ar a ar
—r=L)-—1(r=£).
aIp \" 9q dg \" p
The first term can immediately be integrated over p, the second one over ¢g. This
then yields

2 P ,
yﬂ =/ (f(P2 q)M 1, q) M)
ai dq dq

Pz 0 ,
_/ (f(p q2) M f(p,q1) M) (8.37)
P ap ap

The two terms in the upper line of (8.37) are the line integrals fg + f;v along
the segments II and IV, those in the lower line are f;ﬂ + ﬂli which pertain to the
segments IIT and I. The four terms in (8.37), viz.: .7, = j;i + JIP + JIPI + JJLV

make up the line integral
Iy = ‘7{ fdry
aA

around the closed rim d A of the surface A, thus .7}, = .#,. This completes the proof
of the generalized Stokes law (8.35).


http://dx.doi.org/10.1007/978-3-319-12787-3_4
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8.3 Exercise: Verify the Stokes Law for a Vorticity Field

Compute the integrals on both sides of the Stokes law (8.36) for the vorticity vector
field v = w x r, with a constant angular velocity w. The surface integral should be
evaluated for a circular disc with radius R. The disc is perpendicular to w.

Hint: choose a coordinate system with its z-axis parallel to w.

8.2.7 Application: Magnetic Field Around an Electric Wire

The Stokes law can be used to evaluate the strength of the magnetic field H outside a
straight wire. The electric current density j, inside the wire, is assumed to be steady,
i.e. it does not change with time. In this stationary situation, one of the Maxwell
equations reduces to

VxH=]j (8.38)

This equation underlies the findings of Oersted and Ampere on the coupling between
electricity and magnetism.

Next (8.38) is integrated over a circular surface, perpendicular to the wire. The
radius R of the circle is larger than the diameter of the wire, cf. Fig. 8.12. The resulting
“integral form” of (8.38) is

/(VxH)-ds:/j-dSEl. (8.39)

Here [ is the electric current, notice that j = 0, outside the wire. On the other hand,
the Stokes law implies

/(VxH)~ds=]{H~dr. (8.40)

Fig. 8.12 The magnetic field £

H around a long straight wire d ”T\ A
carrying the electric current 4
1, due to the electric flux j



128 8 Integration of Fields
The line integral is over the circle with radius R. For symmetry reasons, the H-field

is tangential, i.e. parallel to dr, and the magnitude H of the field is constant around
the circle. Thus one has

2
]{H-drzHR/ do =27RH.
0

Consequently, the strength of the magnetic field, at the distance r from the center of
the wire, with the previous R now called r, is

1
H = .
2mwr

(8.41)

Clearly, outside of the wire, the field strength H decreases with increasing distance
r like 1/r. The situation is different inside the wire. There the integral over a circular
disc with radius r increases like its area, viz. like 2, provided that the electric current
density is homogeneous. The constant electric current /, in (8.41) is replaced by a
term proportional to 2. As a consequence, H increases linearly with R. Notice,
however, that the charge density within a metal wire is not homogeneous, but rather
confined to a surface layer.

Furthermore, the present considerations apply to long wires, end-effects are not
taken into account.

8.2.8 Application: Faraday Induction

Consider an almost closed ring-like electrically conducting wire, placed into a mag-
netic B field, cf. Fig.8.13.
Integration of the Faraday law

0
Epva VVE) = _EBM,

Fig. 8.13 Schematic view of
the Faraday induction
experiment
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over the area A, bounded by the wire and application of the Stokes law (8.36) yields
the equation governing the Faraday induction, viz.

d d
.%Em=—/ﬂaz—%, (8.42)
9A dr A dr

where @ = fA B - ds is the flux of B through the area A, cf. Sect.8.2.5. The left
hand side of (8.42) quantifies the electric tension or the voltage V = 553 AE-dr
generated by the change of the magnetic flux, underlying the Faraday induc-
tion. Notice, the time change of the magnetic flux @ can be brought about by
a time change of the field B or by a change of the area A, e.g. by a change
of the surface normal of the area with respect to the direction of the magnetic field.

8.3 Volume Integrals, Gauss

8.3.1 Volume Integrals in R3

The integral of a function f = f(r) over a region V in R> is denoted by
Vz/fmfn (8.43)
v

where the scalar d>r is the volume element. For f = 1, the volume integral yields the
content or the size of the volume, which is also referred to as “volume” and denoted
by V:

Vz/ﬁn (8.44)
v

When the Cartesian components x, y, z are used for the integration, the volume
integral is just the threefold integral

%:/fmmw&. (8.45)
\'

Often it is advantageous to express the vector r in terms of three parameters
P1, p2, p3, Viz.:

r =r(pi1, p2, P3),

and to use those as general coordinates for the integration. Then the prescription for
the evaluation of the volume integral is

V= /v [ @(p1. p2. p3) | 7 (p1. p2. p3)| dpidpadps. (8.46)
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Here / is the Jacobi determinant, also called functional determinant, which can be
computed according to

dry 0r, 0r

= &uvpn — —. (8.47)
S = e dp1 dp2 9p3
Notice that _#dp1dp,dps3 can also be written as
ory
S dpidpadps = dsy %dm, (8.48)

where ds,, is the surface element of a surface parameterized by p», p3, with p; =
const., cf. Sect. 8.2.3.

Two examples for general coordinates are discussed next.
(i) Cylinder Coordinates

Consider a circular cylinder whose axis coincides with the z-axis. The presentation
r = {pcosg, psing, z} is used, where p, ¢, z are the parameters, see also (8.16).
Now the volume integral is

”//=/Vf(r(p,<p, z)) pdpdedz. (8.49)

When the region in space to be integrated over is a cylinder with radius R and length
L, and furthermore the integrand is independent of the angle ¢, the relation (8.49)
reduces to

R L
V4 =2n/ ,od,o/ dz f(r(p, 2)). (8.50)
0 0

The factor 27 stems from the integration over ¢. For f = 1, one obtains the volume
V = nR’L of the circular cylinder.

(ii) Spherical Coordinates

The standard parametrization with the spherical coordinates r, 6, ¢ corresponds to
r = {rcosgsin@, rsin ¢ sin @, r cos 6}. The volume integral is given by

7/:/ F(x(r, 6, 9) rXdr sin9d9d<p=/ fx(r, 6,9) r’drd’r.  (8.51)
A\ Y

Here, as in (8.31), the symbol d?7 = sin 0dOde stands for the scalar surface element
of the unit sphere. Sometimes it is advantageous to use { = cos# as integration
variable instead of 6. Then one has

d*F = —dedeg. (8.52)
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As a more specific example, a half-sphere with radius R, located above the x—y-

plane, is chosen. When, furthermore, the function f does not depend on the angle ¢,
the volume integral reduces to

R 1
7/=2n/ rzdr/ d¢ f(r(r, 0)). (8.53)
0 0

The minus sign occurring in (8.52) is taken care of by an exchange of the integration
limits, # = 0 and 7r/2 correspond to { = 1 and ¢ = 0.
For f = 1 the volume V = (2/3)7 R> of the half-sphere is obtained.

8.3.2 Application: Mass Density, Center of Mass

The macroscopic description of matter, be it a gas, a liquid, or a solid, is based on
the mass density p = p(r). Its microscopic interpretation, for a substance composed
of N particles with the mass m, is provided by

o(r)d*r = mdN(r), (8.54)
where dN (r) is the number of particles found within a small volume element d3r,
located at the position r. Alternatively, and even more general, the mass density

of a substance composed of particles with masses m;, located at positions r', with
i=1,2,...,N,is given by

N
o(r) = Zmi Sr—rh). (8.55)
i=1
Here §(r) is the three dimensional delta-distribution function § (r), with the property

/ S(r—s)f(r)dr = f(s), (8.56)

which applies when the function f is single valued at the position s. The integrals of
both expressions for p, over a volume V, yield the mass My of the substance within
this volume,

My = / o(r) d>r. (8.57)
Y
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For (8.54) one finds My = m Ny, for (8.55) the result is

Ny
My = Zmi,

i=1

Ny is the number of particles located within the volume V.

In applications, where the atomistic structure of matter is not relevant, e.g. in
hydrodynamics, the mass density p = p(r) is treated as a continuous field function.
For the dynamic phenomena discussed in Sects.8.4.1 and 8.4.2, the density should
also be a differentiable function. Differentiability plays no role for the global prop-
erties, which are obtained via volume integrals. The position of the center of mass
and the moment of inertia tensor are of this type.

The position vector R of the center of mass of a substance characterized by the
mass density p, and confined within the volume V, is determined by

MR, = / ru p(0dr, (8.58)
Vv

where M = fV ,o(r)d3r is the total mass.

An example, instructive for the computation of volume integrals, is a homoge-
neous density, confined by a spherical cap. Its cross section is shown in Fig. 8.14.

The cap has uniaxial symmetry, characterized by the unit vector u which is parallel
to the vector pointing from the geometric center to the North pole of the cap. In the
figure, the geometric center is put at the origin of the coordinate system and the
direction of the z-axis is chosen parallel to u. The inner and outer radii are denoted
by a; and ay, respectively. As conventional, the angle 6 is counted from the z-axis,
its maximum is Opax. With p = pg = const. within the cap and p = 0 outside, the

Fig. 8.14 Cross section of a

M
spherical cap 4
— 0,2'.-
P 9 a;|
/ :
/
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integrals to be evaluated are of the form

a Omax ap 1
/...d3r=2n/ r2dr/ sin9d9...=2n/ r2dr/ dc..., (8.59)
\% ay 0 aj Cmin

where the integrand . . . is assumed to be independent of the polar angle ¢. Further-
more, { = cos 6 and {yin = COS Omax are used.

First, the volume is computed with the help of (8.59), with the integrand 1. The
result is

2w 4 3
V= 3 (a5 — ay)(1 — Lmin). (8.60)

The volume of a sphere with radius a is recovered from this expression with a, = a,
a; = 0 and &yjp = cosm = —1. The mass of the cap is M = poV.

Due to the uniaxial symmetry, the vector R is parallel (or anti-parallel) to the unit
vector u. The calculation of the center of mass is simplified with the help of this
argument. The ansatz

R, =cuy, (8.61)

is made. The coefficient c is inferred from the scalar multiplication of this equation
with u,, thus Mc = Mu, R,. The vector u is constant, so it can be put inside the
integral (8.58) used for MR,,. Then the integrand is u,r, = r cos @ = r¢. With the
help of (8.59),

21
Ve =" (a3 = ap(1 = i) (8.62)
is obtained. Clearly, for Omax = 7, corresponding to {min = —1, the coefficient ¢

is zero. As expected, in this case, the center of mass coincides with the geometric
center. For a half-sphere, with radius a = a, a; = 0, and ¢min = 0, on the other
hand, the center of mass

R=-aqau (8.63)

is shifted “upwards”.

The case a; = a, a» = a + da, with 0 < da < a corresponds to thin shell
structure with thickness §a. Then the factors (ag — a13) and (ag — af), occurring in
(8.60) and (8.62), reduce to 3a28a and 4asa, respectively. As a consequence,

R = 54 u (8.64)

is found for the hollow hemisphere.
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8.3.3 Application: Moment of Inertia Tensor

The moment of inertia tensor @,,,, introduced in Sect.4.3.2, can also be expressed
as a volume integral over the mass density p of a solid body, viz.:

Ouy = / o) (% 8,0 — ryry)dr. (8.65)
\%

The moment of inertia tensor, evaluated either as a sum over discrete masses or
a volume integral, depends on the choice of the origin. When one talks about the
moment of inertia tensor of a mass distribution, it is understood that r = 0, in (8.65),
corresponds to its center of mass. In the general case, the effective moment of inertia
tensor, entering the linear relation between the angular momentum and the angular
velocity, is

O = M(R? 8, — RuR)) + O, (8.66)
where M is the total mass, R is the position of the center of mass, and it is understood
that @fjf} is for a rotation around the center of mass. Relation (8.66) is referred to
as Steiner’s law. Tt can be derived from (8.65) with r = R + r’. For the proof, use
fv pr'd3r’ = 0. When there is no danger of confusion ©}, will be denoted by 6,
in the following.

As also pointed out in Sect.4.3.2, the moment of inertia for a rotation about a
fixed axis is defined via the linear relation between the component of the angular
momentum parallel to this axis and the magnitude w of the angular velocity. With
the unit vector WM, parallel to the axis of rotation, the moment of inertia is ® =
WO uuWy, and consequently

6= / p(r) rd’r, (8.67)
A

where

2 2 -~ -~ 2 = 2
ri=r°-—=wury,wyry, =r"-— (W-r)

is the square of the shortest distance of a mass element at r, from the rotation axis.
The origin of the position vector is a point on the rotation axis. With the z-axis chosen
parallel to the rotation axis, rf_ is just 72 — z2 = x% + y2.

By definition, the moment of inertia tensor is symmetric and positive definite.
In general, it has three eigenvalues OWD, ©D and ®P, which are the moments of
inertia for rotations about the three principal axes. An object with three different
principal moments of inertia is referred to as asymmetric top. A symmetric top has
two equal eigenvalues, e.g. @' = ©@ =% O for the spherical top, all three are
equal. These different types of symmetry of the moment of inertia tensor result from
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Fig. 8.15 Brick stone with
sides a, b, c¢. The coordinate
axes coincide with the
principal axes of the moment
of inertia tensor

a biaxial, uniaxial and spherical symmetry, respectively, of the mass density. For a
constant density inside a solid body, its shape determines the symmetry.

As a simple example, a brick stone with constant mass density pg and with edges
a, b, c, is considered, cf. Fig. 8.15. The center of mass is in the middle, the principal
axes go through it and they are perpendicular to the side planes of the brick. The
volume element is dx dy dz, the integration goes over the intervals [—a/2, a/2],
[—b/2,b/2], [—c/2, ¢/2]. The mass is M = poabc. The moment of inertia @ is
associated with the rotation about the z-axis. Then the square of the distance from

the axis is rjz_ = x? +y?. The integral (8.67) leads to

1 1
0® = p E(a3b+ab3)c = EM(az+192),

which is the mass times the square of the length of the diagonal of the side perpen-
dicular to the principal axis. The two other principal moments are

1 1
O = — M@+, 0% =_— M@ +).
M@+, 5 M@+

In general, a brick stone is an asymmetric top. For, e.g. a = b, itbecomes a symmetric
top. Then the moment of inertia tensor is, as in (5.20),

Ouy = Opuyuy + Oy (S — uyy), (8.68)
with @) = 03,0, =0 = ©@ and uis a unit vector parallel to the symmetry
axis.

A cube corresponds to a = b = ¢ which implies three equal moments of inertia.
So the cube is a spherical top with an isotropic moment of inertia tensor

1
Oy =08, O= gMaz.
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For a sphere with radius a/2, the tensor has the same form, just with ® = ll—OM a?.
Obviously, on the level of second rank tensors, cubic symmetry cannot be distin-
guished from spherical symmetry. This is different for tensors of rank four, as they
occur, e.g. in elasticity.

The trace ®,,,, = 30, where O is the mean moment of inertia, is given by

30 =2 / o(r) r2d’r. (8.69)
Vv

In the case of uniaxial symmetry, 30 is equal to O) + 20, see (8.68). In some
applications, it is preferable to compute ® and 3@ and to infer @, from (30 —
o) /2.

8.4 Exercise: Moment of Inertia Tensor of a Half-Sphere

Compute the moment of inertia tensor of a half-sphere with radius a and constant
mass density pg. The orientation is specified by the unit vector u, pointing from the
center of the sphere to the center of mass of the half-sphere.

Hint: make use of the symmetry. First calculate the moments of inertia with respect
to the center of the sphere, then use the Steiner law (8.66) to find the moments of
inertia with respect to the center of mass of the half-sphere, see also Sect. 8.3.2.

8.3.4 Generalized Gauss Theorem

When the integrand of a volume integral is the spatial derivative of a function, the
integral over the volume V can be transformed into a surface integral over the bound-
ing surface A = dV. Thus the “three dimensional” integration is reduced to a “two
dimensional” one. Here, a generalized version of the Gauss theorem is stated first
and the standard Gauss theorem is obtained as a special case.

Let f = f(r) be adifferentiable function, V a volume with a well defined surface
dV in R3. The generalized Gauss theorem reads

Y E/ V. fdr :j{ fn, d%s, (8.70)
A\ A%

where n is the outer normal of V, cf. Fig. 8.16 at its bounding surface dV and d?s is
the scalar surface element.

When f occurring in (8.70) is the component of a tensor of rank ¢ the integrals
on both sides of the equation are tensors of rank £ + 1. In particular, for f being the
component v, of a vector field v, the quantities occurring on both sides of (8.70) are
second rank tensors:

m E/ Vv, dr :7{ vy n,d2s. (8.71)
\Y Vv
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Fig. 8.16 The potato of

Prof. Muschik as integration
volume, n is the outer .
normal vector, perpendicular /] e N ”)
to its peel G ; N lp !

The isotropic part of the tensor equation involves the trace

Yu E/ VMde3r :]{ n nﬂdzs. (8.72)
\% EY%

This equation can also be written as

/v-vd3r =7§ v - nd’s, (8.73)
Vv A%

which is the standard Gauss theorem.

Again aremark on parity is in order. The nabla-operator V and the outer normal n
both are polar vectors. Thus parity is “conserved” in the generalized Gauss theorem
(8.70) and its special cases, e.g. in (8.73). Notice that the surface element nd2s
occurring in connection with the Gauss theorem is a polar vector, whereas the surface
element ds occurring in the Stokes law (8.35) is a pseudo vector.

A proof for the Gauss theorem is not given here, however, its validity shall be
verified next with a simple example. A sphere with radius R is chosen as integration
volume. The origin of the coordination system coincides with the center of the sphere.
The radial vector field v = r is inserted in (8.71). Due to V,r, = §,,,, the left hand
side of this equation yields the isotropic unit tensor times the volume of the sphere:

4
Yy E/ V,ryd3r = a,w/ & = 8, — RS
v v 3

Since n =T for the sphere, the surface integral standing on the right hand side of the
Gauss theorem is equal to

j[ r Py 207 = B / 7,
A

The sphere does not possess any preferential direction. Thus the integral | T d?r
over the unit sphere must be of the form ¢§,,, due to symmetry arguments. The
proportionality coefficient ¢ is obtained from the trace relation f ?M?Mdz? =4 =
3c, notice that §,,, = 3. Thus
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P
/ rurvdz = ? SN-V

is obtained. The expressions just computed for the volume and surface integrals are
in accord with the Gauss theorem.

On the other hand, the Gauss theorem can be applied for the determination of
a more complicated surface integral when the evaluation of the pertaining volume
integral is easier, or vice versa. An example: the relation

/ Vuryd’r = 5,w/ &r =8,V
\% v

holds true for a well bounded volume V with any shape, not just for a sphere, as
considered above. The Gauss theorem (8.71) now implies the remarkable result

j'{ rondis = 8,,V, (8.74)
A"

irrespective of the shape of the surface dV, as long as the outer normal n is well
defined everywhere on the surface of the volume. The trace part of this relation, viz.:

7{ r-nd’s =3V, (8.75)
EAY

shows that the volume V can also be computed with the help of a surface integral.

8.3.5 Application: Gauss Theorem in Electrodynamics,
Coulomb Force

In electrodynamics, the symbol p is used for the charge density. Then the integral
over the volume V

/ od?r = Ov, (8.76)
A

is equal to the electric charge contained in this volume. One of the Maxwell equations
links the divergence of the electric displacement field D with the charge density, viz.:

V.D, =p. (8.77)
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The relation (8.77) is referred to as the differential form of the Gauss law. The integral
of (8.77) over a volume V and use of the Gauss theorem, with d2sﬂ =n Mdzs, yields:

f D,d%s, :/ od3r = Ov. (8.78)
A% Y

This is the Gauss law of electrodynamics. It means that the flux of the D-field through
the closed surface dV is equal to the charge contained within the volume V. The
Coulomb law for the force between two charges, located in vacuum, follows from
the Gauss law (8.78). This is seen as follows.

In general, one has D = g9 E 4 P, where ¢ is the dielectric permeability of the
vacuum. Its numerical value depends on the choice of the basic physical units for
length, time, mass and charge. In the system of physical units originally introduced
by Gauss, where no independent basic unit for the charge occurs, gg is equal to 1.
The vector field P is the electric polarization. In vacuum, P = 0 applies. Thus in
vacuum, the electric field E is related to the charge density via

2 1 3 1
E, d%s, = — pd’r = — Qv. (8.79)
v &0 Jv &0

Now let p be a charge density with spherical symmetry, centered around r = O.
Then the electric field is parallel (or anti-parallel) to r,, thus it can be written as
E, = E7,.

Now the volume integration is performed over a sphere with radius r, then one has
7,d%s, = ds, and E is constant on the surface of the sphere. The surface integral
of (8.79) yields E times the surface 4772 of the sphere. Assuming that the charge
density is completely contained within this sphere and denoting the total charge by
Q, one obtains 4nrlE = % Q, and

0 1
ppme LI (8.80)

¢ 1

E, =
™ dmey r2

Ty =

This is the electric field E, (r) at the position r, located in vacuum, caused by the
charge Q atr = 0. A “test” charge ¢, placed at r, experiences the force F = gE(r).
Thus the force between these charges is the Coulomb force

qQ 1
F= —T. 8.81
47‘[80 r3r ( )

The strength of the Coulomb force decreases with increasing distance r between the
charges like 1/r2, just like the gravitational force. Gravitation is always attractive.
The Coulomb force is repulsive or attractive, depending on whether the charges have
equal or opposite sign.
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8.3.6 Integration by Parts

Let f = f(r)and g = g(r) be two field functions. Due to the productrule V, (gf) =
gVuf + Vg, and with the help of the generalized Gauss theorem, the volume
integral [, gV, f is equal to

/ gV, fdr= _/ fV,edr +/ fen, d’s. (8.82)
\ \' A%

In many applications, the surface integral | gy fgn Mdzs is taken over a surface, where
at least one of the two functions f and g vanishes. Then, the integration by parts is
equivalent to

/ gV fdr = —/ fVugdir. (8.83)
\'% \'%
With f = -V, gand A =V, V,, the relation (8.83) implies

- /V gAgddr = /V (V,.8)(V,2)d3r > 0. (8.84)

Thus, subject to the condition that the contribution of the surface integral, occurring
in connection with the integration by parts, is zero, the negative Laplace operator
— A is a positive definite operator. This point is of importance for the kinetic energy
operator in wave mechanics, cf. Sect.7.6.4.

8.4 Further Applications of Volume Integrals

8.4.1 Continuity Equation, Flow Through a Pipe

The mass density and the local velocity field of a fluid are denoted by p = p(r)
and v = v(r), as in Sect.7.4.3. The vector field j(r) = pv is the flux density. The
continuity equation, cf. (7.49),

9
8—‘; + Vs =0, (8.85)

expresses the local conservation of mass. The integral of p over a volume V yields
the mass My = fv pd3r contained within V. Upon integration of the continuity
equation over a volume V which does not change with time, the first term of the
equation is the time change of the mass My. The second term can be expressed as a
surface integral over 0V, due to the Gauss theorem. Thus (8.85) leads to
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d

D+ / nyjyd®s =0, (8.86)
dr PV

where n is the outer normal vector on the surface of the volume V. This equation
says: the mass contained in the volume changes with time according to the flux of
mass which goes in and out of the volume, through the surface. There is no creation
or annihilation of mass.

As an example, consider a fluid confined by a pipe, with spatially varying cross
section and open ends. The normal vectors of the open parts of the volume V are
denoted by nj and ny, the pertaining areas are Aj and A;. For this geometryn; = —np
applies. Since the side walls are assumed to be impenetrable for the fluid, the time
change of the mass is

dMvy
— =1 + I 5
” 1+
where I} = — fBA|n1 .jd®sand I, = — faAznz - jd?s are the fluxes into and out of

V, respectively. One has I1 > 0 and /> < 0 when n; and n; are anti-parallel and
parallel to j.
With the help of the substantial time derivative (7.50), viz.

d_9 v
a o Ty

the continuity equation can also be written as

dp

” + o Vv, =0.

The quantity 7 = p~! is the volume per mass, also called specific volume. The

continuity equation is equivalent to

d
37 =V, (8.87)

This shows: the specific volume and hence the density does not change with time
when the divergence of the velocity vanishes. A flow with V - v = 0 is referred to as
incompressible flow.

In electrodynamics, the symbols p and j are used for the charge density and the
electric flux density. The integral of p over a volume is the charge Q contained in
this volume. The continuity equation has the same form as (8.85), provided that no

charges are created or annihilated. Then the continuity equation describes the local
charge conservation.
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8.4.2 Momentum Balance, Force on a Solid Body

The local conservation equation for the linear momentum density pv,,, in the absence
of external forces, cf. (7.52), reads

dv,
p——+Vypyu =0. (8.88)
dr
The pressure tensor p,, characterizes the part of the momentum transport, which is
not of convective type. The gradient V,, p,,, = k, is an internal force density.
The total momentum associated with a fluid in a volume V is

Py = / p v dir. (8.89)
Y

Integration of the local conservation equation (8.88) over this volume and application
of the Gauss theorem leads to

d
aPHV =— /a ) nf p,.d2s, (8.90)

where n' is the outer normal of the volume containing the fluid. The term on the
right hand side of this equation is the force F acting on the fluid. Due to actio equal
reactio, the force F*® exerted by the fluid on a solid wall or on a solid body immersed
in the fluid has the same magnitude, but with opposite sign: F = —F. When the
normal vector n'! is replaced by n* = —nf!, which points from the solid into the fluid,
the expression for F'$ has the same form as that one in (8.90),

Fy = —/ ny popd’s. (8.91)
A%

Consider now a plane wall with the surface area A and the normal vector n = n®.
Assuming that the pressure tensor of the fluid is constant at the wall, the force FV
acting on the plane wall is

F/‘j’ = —ny pou A. (8.92)
In thermal equilibrium, the pressure tensor of a fluid is just the isotropic tensor P§,,,
with the hydrostatic pressure P, cf. (7.53). Then (8.92) reduces to F = —nPA. The
minus sign means that the fluid pushes against the wall, provided that P > 0, as
valid in thermal equilibrium. In equilibrium, there is only a normal force, i.e. a force
perpendicular to the wall.

In general, the force (8.92) has both normal and tangential components

F;:orm = —ny (ny prany) A, Fptcang = =1y (Pop = v e Pcrna) A, (8.93)
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Fig. 8.17 The tangential A b 4
force density due to : rf X
non-diagonal elements of the = RS )

pressure tensor. The force f
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When the x—z-plane of a coordinate system is on the wall with the y-axis antiparallel
to n, the normal component of the force is Fy = — pyy A. The tangential components
are Fx = —pyxA and F, = —py,A.

For a cube placed in the fluid, with its sides parallel to the coordinate axes, the
tangential part of the vector n, p,, occurring in (8.92), has directions indicated in
Fig.8.17, for the x—y-plane. Notice, when pyx # pxy, i.e. when the pressure tensor
has a non-zero antisymmetric part, the cube experiences a torque, caused by the fluid.

By analogy to (8.91), the total force of the fluid, exerted on a stiff solid body is

Fy=-— f ny puud?s. (8.94)
A%

Here 9V is the closed surface of the solid body, n is its outer normal.

A remark on Fig. 8.17 is in order. The force exerted by the fluid on the solid cube,
evaluated with (8.94), has tangential components in the directions indicated by the
arrows, provided that pyyx and pyy are negative. This happens, indeed, for a plane
Couette flow with the geometry chosen as in Fig.7.6.

8.4.3 The Archimedes Principle

The principle of Archimedes states: an impenetrable solid body immersed in a liquid
experiences a lift force, against the direction of gravity. The magnitude of this buoy-
ancy force is equal to the weight of the liquid in a volume, which is as large as that
one occupied by the solid. Why is that so? Why does it apply to solid bodies of any
shape, as long as the liquid does not penetrate into the solid?

Consider the local momentum conservation equation (8.88). In the presence of an
external force, an extra force density has to be taken into account on the right hand
side of the balance equation. In the case of the gravity on earth, this force density
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is pg, where p is the mass density of the liquid, and g is the gravity acceleration,
pointing downward, towards the center of the earth. Thus the force balance reads

dv,
p ar + Vopuuy = p 8u- (8.95)
In a stationary situation, the time derivative of the velocity vanishes. Then one has
VyPvu = p&u- On the other hand, the force on the solid body, which is assumed to
be totally surrounded by the liquid, is given by (8.91). Replacing the surface integral
by the pertaining volume integral, with the help of the Gauss theorem, and making
use of the momentum balance, one obtains for the buoyancy force

Fp =~ / pgud’r, (8.96)
\'%

where the integral is to be extended over the volume of the solid. When p and g are
constant, the integral yields the volume V of the solid, irrespective of its shape, and
pV = My is the mass of the fluid, contained in such a volume. Thus one has

F' = —My g, (8.97)

which is just the Archimedes principle. Due to the minus sign in (8.97), this force acts
against gravity. The weight “felt” by the body with the mass M, immersed inside
the liquid is (My — Mp)g.

How about the proof for the Archimedes principle for a floating body, that is only
partially immersed in the liquid, say in water? Imagine the floating body is cut at the
water level and a mass equal to that of the part cut off is placed at the center of gravity
of the part remaining under water. The force balance is still the same. Assuming that
a very thin layer of water is above the body, the considerations given above now

apply.

8.4.4 Torque on a Rotating Solid Body

The force F,, per surface element, exerted by a fluid on the surface of a solid body is
proportional to —n, py, cf. (8.94). The torque T}, exerted by a fluid on a stiff solid
body is

T, = —€un ]{ Iyl p,wdzs. (8.98)
F)%

As before, dV indicates the closed surface of the solid body, n is its outer normal. It
is understood, that r = 0 coincides with the center of gravity of the body.

Examples for the computation of forces and torques are presented in Sects. 10.5.2
and 10.3
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8.5 Further Applications in Electrodynamics

8.5.1 Energy and Energy Density in Electrostatics

The Coulomb energy U of charges g; and gj, located in vacuum, is

94 qi gj
47T8() Z;erl_r” 47T80 2 Zzh'l—l']l. (8.99)

The last expression is equivalent to

T &0 [rt — 1J|

1 . . .
T2 > ash, o) = 7 P - (8.100)
i j

where ¢ is the electrostatic potential. With the continuous charge density
p(r) = gidr—r),
i
the Coulomb energy reads

U= % /p(r)¢>(r)d3r. (8.101)

Notice, the condition i # j occurring in (8.99), is ignored in (8.100) and lost in
(8.101).

Now use of the Gauss law p = V, D, cf. (7.56), of the relation ¢V, D, =
Vu(Dy¢) — D,V,¢ and E, = —V, ¢, and the application of the Gauss theorem
leads to

1 1
= §/¢(r)Vvad3r = E/Evad% +j{nva pd%s. (8.102)

The last term vanishes, when the integral ¢ ... d?s is performed over a far away
surface where, at least ¢ = 0, or n, D,, = 0, holds true. Then the energy is given by

1 1
U= E/u(r)d3r, U= EDy, (8.103)

where u(r) is the energy density. So far charges in vacuum were considered, thus
one has D, = ¢oE, and consequently u = %SoE vE,. The relations still apply to a
linear medium characterized by the dielectric tensor &, according to

D, = ¢ [ E;u
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cf. Sects.2.6.4 and 5.3.4. Then the energy density is equal to
1
u=—-E,D, = 5 €0 un EL E,. (8.104)

Clearly, the symmetric part of ¢,,, only contributes to the energy density.
The energy density for the more general case of a nonlinear relation between the
D and E fields is treated in Sect. 8.5.3.

8.5.2 Force and Maxwell Stress in Electrostatics

The force F), acting on charges gj, in vacuum, in the presence of a given electric
field £, is

Fu= ¢ E,(),
i
or, in terms of the charge density p, by

Fy = / p(r) Ey(r)d’r = / ke, (8.105)

With the help of the Gauss law p = V,,D,,, cf. (7.56), the electrostatic force density
kil“at can be rewritten as

kilstat =E,V,D, =V,(D, E,) — D, V,E,,. (8.106)

In electrostatics, one has V x E = 0, and consequently V, E,, = V, E,,. Thus the last
term of (8.106) is equal to D, V, E, . Provided that the interrelation between D and E
is linear, this term can also be written as the total spatial derivative (1/2)V,, (E, D,).
Thus in vacuum, and the same applies for any linear medium, the force density is
given by

1 1
kzlstat = Vv(DuEu) - EVM(EADA) = Vv(DvEu) - EVM(EADA(S,LLV) = VvTvellftat.

(8.107)
The electrostatic stress tensor for a linear medium is defined by
elstat 1
T, " =DyE, — EEAD'\ Suv- (8.108)

This tensor is symmetric, i.e. Tf}f‘at = T,fl‘fta‘, in vacuum and for an isotropic linear
medium, where D,, = geo E,, applies, with a scalar dielectric coefficient ¢. In general
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however, and also in an anisotropic linear medium with ¢,, # 0, the Maxwell
stress tensor contains an antisymmetric part, which is associated with a torque. For
a discussion of this point see Sect. 8.5.5.

8.5.3 Energy Balance for the Electromagnetic Field

Point of departure of the formulation of the energy balance for the electromagnetic
field is the expression

JuEp

for the power, i.e. for the time change of the energy, delivered by the electric field E
on the electric current density j.
Side remark: A plausible argument for the power being given by j, E,,.

In mechanics, the time change of the kinetic energy % %m VU = Uy (;i—tmv wof a
particle moving with velocity v in a force field F is given by v, F),. For one type of
carriers with the electric charge e, the current density is equal to j,, = nev,,, where
n is the number density of the charges and v their average velocity. Then the relation
stated above follows due to F), = eE|,.

Now, multiplication of the inhomogeneous Maxwell equation involving the cur-
rent density, cf. (7.56), by E, leads to

aD
Mat 2

eun EyVoHy, = juE, + E
The term on the left hand side can be rewritten as

Euvi Eu VvH, =V, (8uvA Ep_ H,) — H, Epvi VVE;L~

Due to the homogeneous Maxwell equation referred to as Faraday law, cf. (7.57),
the last term of the equation above is equal to

ad
—H; g0, VoE, = Hy &, VyE,, = —H,, EB}“
Thus the energy balance equation reads
. a 0
JwEp+ Ep 22Dy + Hy == By + Vi Sy = 0, (8.109)

with the energy flux density, also called Poynting vector,

Sy = euvn Ey H,y. (8.110)
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Notice, no specific form of an interrelation between E and D or between B and H
has been used. So the energy balance (8.109) holds true in general.

Integration of the local balance equation over a volume V and use of the Gauss
theorem yields

d d
/ JuEudr +/ Ey—Dy, + H,—B, | d&r +% nuSud®s =0. (8.111)
\V4 \V4 at at P\

The first term is the power which the current extracts from the electromagnetic field
and the second term stands for the power which the field takes from the current, both
within the volume V. The last term describes the power given to the surroundings,
e.g. by radiation.

The field energy can be defined for a nonlinear, hysteresis-free medium, where
the E and H fields are uniquely determined by the D and B fields according to

E=Er,D), H=H(r,B). (8.112)

The electric and magnetic energy densities are defined by
D B
u (D) = / E,(D)dD), u™®B)= / H,(B)dB,. (8.113)
0 0

The time derivatives of these energy densities are

0

0 ad ad
el ma,
Jat L T 8tu i T ( )

Thus, for the hysteresis-free medium, the local energy balance (8.109) is equivalent to
O 4 ™) £V, + juEp =0 8.115
E(H + u ) + s + ]/’L n =Y. ( . )

The definition (8.113) implies that E and H are derivatives of the electric and of the
magnetic energy density with respect to D and B, respectively:

9 el mag
o w =uf D), Hy=
3D}L aBk

= . u™e — Mg (B). (8.116)

For a linear medium characterized by the relative dielectric tensor ¢, and the mag-
netic permeability tensor (), according to

D;. = ¢eoénc E,  Ba = po e Hy, (8.117)
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one has
Ey=¢,"¢e.'De, Hy=pug'u;!B
r=2&y & P> A= Mg My, Dis
and consequently

el 1 —1 -1 1
u 2580 DAE)\,( DKZED)»E)»

mag _

1 _ 1
u EI’LOIB)»MAKI Be =5 BiH;. (8.118)

For the special case of an isotropic linear medium, where ), = &8, and puy, =

U8, with the scalar coefficients € and p hold true, the equations for the electric and
magnetic energy density reduce to

1 1
uel = 3 (e0)” ' D%, u™e = 5 (1o w ™! B2 (8.119)

8.5.4 Momentum Balance for the Electromagnetic Field,
Maxwell Stress Tensor

The Lorentz force (3.47) describes the force, i.e. the time change of the linear momen-
tum, experienced by a charge in the presence of E and B fields. When the “matter”
is characterized by the charge density p and the current density j,, the force density
exerted by the fields on the matter is

k//. = IOE,u + SI,LU)»jU B;.

With the help of the inhomogeneous Maxwell equations (7.56), this expression is
equal to

. d
Y Eu + Euva Jv B = Ep, Vy Dy + Epva Ever (Vie Hy) By, — Epva (EDV) B;..

The term involving the time derivative can be rewritten as

d d d
—Epva (EDU) B, = —Epva E(DU B;) + E[LU)\.DUEB)L'

Due to the Faraday law, i.e. the homogeneous Maxwell equation (7.57) involving the
time derivative of the B field, the last term is equal to

0
Epvi D, EB)» = _Sulevg)ucr Ve E:.
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Putting terms together, one arrives at
. d
Y Eu + &pva Jv B; + Epvi E(Dv B;)
= E[L Vy, D, — E[LU)\DVE)\,KTVK E; + Epvi evier (Vi Hy) By,

The right hand side of this equation can be written as a total spatial derivative. First
notice that, due to €, &ucr = Sucdvr — 8z duic,

—euvaDvérer Ve Er = =D,V Ey + D)V Ey.
With
-D,V,E, = -V, (D,E,)+ E,V,D,
and
D,V,E, =V,(D,E,) — E,V,D,,
one obtains
—epvaDvet Ve Er + E VyDy =V (DyEy — Dy Ey $10) + EvV Dy

The last term on the right hand side is the gradient of the electric energy density u°!.
By analogy to (8.114), one has

E,V,D, =V, u,

provided that the medium is hysteresis-free. Then the terms involving the electric
fields are equal to

—&u03. Dyeice Ve Ex + E VyDy = V, TS,
where

Tl)e[],l, =DyE, — (DcE( — Mel) Suv (8.120)

is the electric part of the Maxwell stress tensor. By analogy, the term in the momentum
balance involving the magnetic fields is equal to

epvi vkt (Ve Hy) By =V, Tﬁag,
with the magnetic part

T, = ByH, — (B He — u™%®) 68, (8.121)
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of the Maxwell stress tensor. The total stress tensor is
1 ma,
Top =Ty, + Tys. (8.122)

Finally, the momentum balance is found to be

0 .
VT, = E(S,U.VADVBA) + pE, + guvajvBa. (8.123)

The term on the left hand side is the divergence of the momentum flux density,
the first term on the right side is the time change of the momentum density of the
electromagnetic field. The other terms on the right hand side describe the time change
of the momentum density of matter.

Integration of (8.123) over a volume V and application of the Gauss theorem
yields

d
f{ nyTyud®s = —/ EWADUB,\dSr—i—/(,oEu—i-ew,\ijk)dSr. (8.124)
av dr Jy v

The balance equations (8.123) and (8.124) show that
DxB (8.125)

is the density of the linear momentum of the electromagnetic field. For fields in
vacuum, this quantity is proportional to the energy flux density S, cf. (8.110), viz.

1

1
DxB=—5ExH=—S§, (8.126)
c c

where c is the speed of light in vacuum.

8.5.5 Angular Momentum in Electrodynamics

Multiplication of the momentum balance equation (8.123) by &, #; and use of
Extplt Vy Tvp_ =V, (SKT/,Lr‘L’ Tvu) — &kt Tvu Vure,

together with V,r; = §,, leads to the angular momentum balance equation

0 .
Vy (SKT,ur‘[ Tvu) = SKU/LTU/L + Exrpult (E(guvk D, By) +p Eu + Epvn Jv B)L)-

(8.127)
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Notice that
EcvpTou = vy Dy Ey + vy By Hy = (D X E)e + (B x H),. (8.128)

Thus integration of the local balance equation over a volume V leads to
d
& / rx (DxB)d*r = — / (DxE+B ><H)d3r—/ rx (pE+jxB)d’r, (8.129)
v \Y \%

provided that the surface integral vanishes. The term on the left hand side is the
time change of the angular momentum of the electromagnetic field, compensated by
torques exerted by matter. So the torque of the field on the matter is equal to the right
hand side, just with the opposite sign.

For electrically neutral matter with p = 0 and j = 0, the torque acting on matter is

/(DxE+BxH)d3r.
Vv

Due to
D=¢gE+P, B=pu H+M),

andDxE =PxE,aswellasBxH = oM xH = M x B, the corresponding torque
T acting on matter characterized by the electric polarization P and the magnetization
M is the sum of the electric and magnetic torques T¢' and T™¢ determined by

T=T"+1m¢ T°= / P x Ed’r, T™2 =/ M x Bd’r. (8.130)
\% Vv

For a spatially constant electric field, the integration of P over the volume yields
the electric dipole moment p®', cf. Sect. 10.4.2. Similarly, for a constant magnetic
field, the integration of M gives the magnetic moment m. The relation (8.130) then
reduces to the expressions (5.31) for the electric and magnetic torques.

The pertaining torque density t acting on the electric polarization P and the mag-
netization M is

t=PxE+M xB. (8.131)
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Chapter 9
Irreducible Tensors

Abstract At the begin of the more advanced part of the book, irreducible, i.e.
symmetric traceless tensors of any rank are treated in this chapter. Products of
irreducible tensors and contractions, a relation to Legendre polynomials as well as
spherical components of tensors are pointed out. Cubic tensors and cubic harmonics
associated with cubic symmetry are presented.

9.1 Definition and Examples

An arbitrary tensor A, ,... ., Of Tank £ can be reduced to a tensor of rank £ — 1
with the help of the epsilon-tensor:

Epupo_rpe Apipa.qre—pee- ©.1)

Similarly, the contraction

Appa.pueapp = Sppy e Apipaepie—i e 9.2)

yields a tensor of rank ¢ — 2. A reduction of the rank of a tensor is not possible, when
the tensor is symmetric with respect to the interchange of any pair of subscripts and
when its partial trace vanishes, i.e. whenever two of its indices are equal and summed
over. Such a tensor, which cannot be reduced to a lower-rank tensor is an irreducible
tensor, sometimes it is also referred to as symmetric traceless. Just as in the case
of second rank tensors, cf. (3.3), the symbol = indicates the irreducible part of a
tensor, of rank £:

Apipa e - 9.3)

Scalars and vectors, tensors of rank £ = 0 and £ = 1, are irreducible tensors, per se.
The irreducible part of a second rank tensor A, is

Ap,v = E (Auv + Avp,) - 5 Akk 8,uv»
© Springer International Publishing Switzerland 2015 155
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see Sects. 3.1.2 and Chap. 6. The number of independent components of an irreducible
tensor is of rank £ is

24+ 1.

This can be verified easily for the cases £ = 0, 1, 2, treated so far. In general, an
irreducible Cartesian tensor A i, .10, 1, Of Tank £, is isomorphic to a corresponding
spherical tensor with components Ag,,. The integer m, with —¢ < m < £, has 2¢ + 1
possible values. The connection between Cartesian and spherical components is
discussed later, in Sect.9.4. Some examples for irreducible tensors of rank 3 and 4
are presented next.

Let a, be a vector and Ay, = A, an irreducible second rank tensor. The

irreducible third rank tensor a, A, is explicitly given by

1 2
auAvA = g (auAvA+avAuA+aAAuv)_§ ak((Sp,UAAK+5;LAAVK+8UAAMK)- 9.4

The third rank irreducible tensor constructed from the components of the vector a, is
auaya), = a,a,a; — 3 a“(a,dvy + avdyy + ard,n), 9.5)

with a?> = a,a, = a - a. Similarly, the explicit expression for the irreducible tensor
of rank four, constructed from the components of the vector, is

—_—
Ayt = Ayaya;dy

1
- ?az(aﬂav(s)\/( +ap,ak8vk +aua/c8U)L +ava18uk +aval<8uk +aka/(8;w)

1
+ ga“@wm+5M<Sw+sm8m. (9.6)

Notice: the symbol -7 is defined such that the factor in front of the term a;,, ay, . . .

ay, in the irreducible tensor ay, ay, ...ay, is 1.
Let Ay, be an irreducible tensor. The irreducible fourth rank tensor constructed
from the product of the second rank tensor is

— 1
A/LVAAK = g(A;wA}« + A;LAAW + A//,KAM))
2
- a(AurAtvfs)« +AMTAIA5\1K +AurArK5uA+AvrArk8/uc +AvrArK5;M+AMAtK5/w)

2
+ EAIUA'L’U (auva)« +5;LA5UK +5uK5vk)~ (9-7)
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In many cases, the explicit form of the symmetric traceless higher rank tensors are
not needed. It is one of the advantages of tensor calculus that general properties of
tensors often suffice in applications.

A remark on notation is appropriate. As mentioned before in Sect. 3.1.2, alternative
ways to write and display irreducible tensors are found in the literature. In additions
to the double arrow, the symbols [...]o or [[...]]o, as well as {...}o were used to
indicate the symmetric traceless part of a tensor.

9.2 Products of Irreducible Tensors

Let A, and By, be irreducible tensors. Multiplication of the irreducible fourth rank
tensor constructed from the product of the second rank tensor A, cf. (9.7), by By,
yields

A/LUA)\.K By = §A/LU(AAKBAK) + RBMU(AM(AAK)

2 ]
+§ AMABAKAKV - ﬁ B;LAAAKAKV- (98)

For the special case B = A, (9.8), reduces to

13 20— 18
A;wAAK Ane = g AMU(AAKAAK) + 7 AMAAAKAKV = g A/,LU(AA.KA)\.K)'
9.9

The last equality follows from A, Ay Ay = %AMUA;LKAM, cf. (5.51).

9.1 Exercise: Verify the Required Properties of the Third and Fourth Rank
Irreducible Tensors (9.5) and (9.6)

First, verify by inspection, that the tensors explicitly given by (9.5) and (9.6) are
symmetric against the interchange of indices, within any pair of components. Then
put A = v, in (9.5) to show a,a,a, = 0. Likewise, use x = A in (9.6) to verify
agayayay = 0.

9.3 Contractions, Legendre Polynomials

The multiplication of two tensors of rank ¢ constructed from the components of
two vectors a and b and their subsequent total contraction yields a scalar which is
proportional to the Legendre polynomial Py, depending on the cosine of the angle
between these two vectors. More specifically:

Py, b) = aau, ... ay, by by, ... by, =a‘bt Ny Py@-b), (9.10)
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with 2! 1-2-3 L—1)-¢
Ny = N 23—l . 9.11)
20—D!  1-3-5---(2¢—=3)-(2¢—1)
For a proof of this relation see Sect.10.3.5. The special case a = b leads to
Py(a, a) = a** Ny, since Py(1) = 1.
Examples for £ = 1, 2, 3, 4 are listed explicitly:
Pi(a,b) =abPi@-b), P(x)=x, 9.12)
2 ~ 3 1
Ph(a,b) = §a2 > P,@-b), Pr(x)= 3 (x2 — 5), (9.13)
P3a.b) = za* b P@-b), Py =5 (7~ x ) (9.14)
8 o~ 35 6 3
Py(a,b) = §a4 b* Py@-b), Pi(x) = T (x4 — 5x2 + g) . (9.15)

Some general properties of Legendre polynomials, in particular the prescription for
their evaluation via a generating function, are presented in Sect. 10.3.5.

9.4 Cartesian and Spherical Tensors

9.4.1 Spherical Components of a Vector

Let e®, e, e® be unit vectors parallel to the coordinate axes. A vector a is given
by the linear combination a = axe® —i—aye(x) +a,e® . The ay, ay, a, are the standard
Cartesian components. The spherical unit vectors

1
0) _ (@ D) X) — ;7 o)
e =e”, e _:F—(e Fie ) (9.16)
V2
which have the properties
k k ’
(e<m>) = (—1)metm), (e<m>) ™ 5 mm =—1,0,1, (9.17)

can as well be used as basis vectors. Then the vector a is represented by

1
a=aPe® £ g@e® L D= - Z qm™ e(m)7 (9.18)

m=—1
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with the spherical components

a™ =a.(M)*=(=)ma.e™, 9.19)
Explicitly, the relation between the spherical and Cartesian components is

1
a® =a, a*V =F— (axLiay). (9.20)

V2

The unit vector ¥ = r~! r is represented in terms of the spherical polar angles ©

and ¢ according to {cos ¢ sin ¥, sin ¢ sin ¢}, cos ¥'}. Then the spherical components
of the position vector r are

1
0 _— (D _ i i
rv’ =rcost, r =F r sin ¥ exp(%i ¢). (9.21)
\/E P

Apart from the numerical factor /47 /3, the spherical components of T = r~'r are

equal to the first order spherical harmonics Y™ (r). Similarly, for any vectora = a a,

one has
4
a™ =g/ ?” YM@). (9.22)

The generalization of the interrelation between Cartesian and spherical components
to tensors of rank ¢ > 1 is discussed next.

9.4.2 Spherical Components of Tensors

Let Sy, uy.-.u, be a symmetric traceless tensor of rank £, given by its Cartesian com-
ponents. By analogy to (9.19) the pertaining spherical components S ém) are obtained

by the scalar multiplication with £-fold product of the Cartesian components of the
vectors eM* viz,

1 1
s™M= > ...> "

my=—1 my=-—1

X Spepe €y ™M) GO (m o my +ma 4.+ me). (9.23)

Here, the notation 8 (m, m1 +ma +. .. +my) is used for the Kronecker delta symbol,
ie.8(---) = 1, formi+ma+...+mpy = m,and§(- - -) = 0, otherwise. By definition,
the possible values for m are the integer numbers m = —¢, —€ +1,...,0,..., € —
1, £. Clearly, the irreducible tensor of rank ¢ has 2¢ + 1 spherical components.
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The isomorphic Cartesian tensor has the same number of independent components,
though it is not obvious from its notation.

The expression (9.23) can also be applied to the irreducible tensor a,,ay, - - - ay,
constructed from the components of the vector a. The resulting spherical components
a\™ are related to the £-th order spherical harmonic Y™ (@) by

| 4m !
(m) (m)
a, = Cl m Yf (ﬁ) (924)

The scalar product, i.e. the total contraction of the two tensors in (9.10) can also be
expressed in terms of the pertaining spherical components, where the sum over m
corresponds to a scalar product, viz.

l
— *
Gl -y Dby by = > a™ (bf“)) 9.25)

m=—/{

1
4 0! LIPS
L (m) (m)
=ab —(2E DI m_E_Z Y, @) (Ye ) (b).

Comparison of this equation with the right hand side of (9.10) yields the relation

P D) = s +1) Z vma@ (v™) @), 9.26)

which expresses the Legendre polynomial with a scalar product of spherical harmon-
ics.

For ease of reference, the first few spherical harmonics, for £ = 0, 1, 2, are
listed here, where the Cartesian components of r are denoted by {x, y, z}, and the

coefficients c(y) = +/(2€ + 1)!!/47 are used:
Yéo) = C0) = 1/\/4JT,

-1

Yl(o) =Ccnr Z =¢C() €OS 19,

1
v ED = Uy rl(xtiy) = sin® exp(i @),  (9.27)

1
jFC(l)ji

3 1 3 1
Yz(O) — 0(2)\/7— r*2 (12 — §r2) = C(z)g (COS2 v — g) ,

1 _ . I .
Yz(il) = :FC(Z)E r2z xxiy)= :FC(2)7§ sin ¥ cos ¥ exp(=xi ¢),
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v = e L 2 Gtiy?= c(z)L sin® 9 exp(£2i ¢).  (9.28)
272 22
For all ¢ one has
Ye(m) ~exp(mi ¢). (9.29)

Furthermore, the Y[(O), which do not depend on ¢, are proportional to the Legendre
polynomials Py (cos ), viz. YE(O) = /(2¢ + 1) /4m P,. The spherical harmonics YE(O),
as well as Ye(m) +7Y ém)* and i (Y Z(m) - Y[(m)*) are real functions.

Notice: the name spherical harmonics does not indicate the symmetry of these func-
tions, but rather their dependence on the polar angles of spherical coordinates. As
far as symmetry is concerned, a preferential axis, usually chosen as the z-axis, is
linked with the spherical harmonics. In Quantum Mechanics, this reference axis is
also referred to as quantization axis.

9.5 Cubic Harmonics

9.5.1 Cubic Tensors

Irreducible Cartesian tensors, which reflect the symmetry of cubic crystals are tensors
ofranks £ = 4, 6, .... Lete®, with i = 1, 2, 3 be unit vectors parallel to the axes of
a cubic crystal. The first of these tensors with full cubic symmetry, as used in [25],
are

3 —m8m 3

" N IR |

Hliv))w = Z e;(j)e,(,l)eil)e,((l) zzel(il)el()l)eil)e’((l)_g(guvs)« + CS;MCSVK + 8,c800)
i=1 i=1

(9.30)

" ) 3
6 D 1) 2 2 (3) @3 j i
B = V@ Pe@e® . HO =3 . @)
i=1

These tensors are invariant against the exchange of the cubic axes.

9.5.2 Cubic Harmonics with Full Cubic Symmetry

Multiplication of Hﬁ)}\ with the irreducible fourth rank tensor 7,777 , con-

structed from the components of the unit vector ¥ = r~'r, yields

K
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Hi= B, TRRR = x4t et 9.32)
Here x, y, z stand for the components of the unit vector T with respect to the cubic
axes eV eg x = f;LeLl). The function Hy is proportional to the fourth order cubic
harmonic K4 with the full cubic symmetry. Cubic harmonics were introduced in [26],
and also used in [27, 28]. These real functions can be expressed in terms of linear
combinations of spherical harmonics, e.g.

5 7 51 _
Ky= V21 Hy = Vi [,/ Y+ fg 5 (1 + 4))} SENCXS)

The other 8 cubic harmonics of order 4 can be found in [26-28]. Similarly, of the 13
and 17 cubic harmonics of order 6 and 8, only those are presented here, which are
obtained by analogy to (9.32), from the tensors H_@ and H_@ :

231 1 1
K¢ = _V 6 He, Hg = x? y Z - E + —H4, (9.34)
1 28 210
KE—\/561H, Hg = — - — — Hg — — H. 9.35
8 16 8 8 x® +y + 28 3 5 6 13 4. ( )

The numerical factors occurring in the relations between the K, and Hy, for £ =
4,6, 8, are chosen such that the orientational averages of KL? are equal to 1. The
function Ky is proportional to a linear combination of Yéo) and Y6(4) + Yé74). For
Ks,itis Yo, ve¥ + v and ¥ + vi ¥, of. [28].

The values of the functions Hs, Hg, and Hg, taken at the positions of the first
and second coordination shell of simple cubic (sc), body centered cubic (bee), and
face centered cubic (fece) crystals, are characteristic for these different types of cubic
crystals. The coordinates {x, y, z} of arepresentative nearest neighbor are {1, 0, 0} for
the sc, {1/+/3, 1/+/3, 1/+/3} for the bec, and {1/+/2, 1/+/2, 0} for the fcc crystal.
Then Hy4, He, Hg are equal to 2/5, 2/231, 2/65, respectively, for sc, the simple
cubic crystal. The corresponding values for bcc, the body centered cubic crystal, are
—4/15, 32/2079, 16/1755. For fcc, the face centered cubic structure, these values
are —1/10, —13/924, 9/520.



Chapter 10
Multipole Potentials

Abstract In this chapter descending and ascending multipole potentials are
introduced, their properties are discussed and the dipole, quadrupole and octupole
potentials are considered in more detail. An application is the multipole expansion
of electrostatics, the multipole moments, like electric dipole, quadrupole, octupole
moments are defined. Further applications in electrodynamics are the calculation of
the induced dipole moment of a metal sphere, the electric polarization expressed as
dipole density, the determination of the energy of multipole moments in an external
field, as well as the multipole-multipole interaction. An application of the multipole
expansion for the pressure and velocity in hydrodynamics yields the Stokes force
acting on sphere.

Multipole potentials are tensorial solutions of the Laplace equation A¢ = 0.
Depending on their behavior for r — oo and at r = 0, descending and ascend-
ing multipole potentials are distinguished. More specifically,

descending multipole potentials approach 0 for r — oo, and diverge for r — 0,
ascending multipole potentials are 0 at r = 0 and diverge for » — oo.

10.1 Descending Multipoles

10.1.1 Definition of the Multipole Potential Functions
As noticed before, cf. Sect.7.6.3, the spherical symmetric solution of the Laplace
equation, which vanishes for r — oo, is

Xo=r"" (10.1)

It is understood that r > 0. The spatial derivative V,,r ! = -%~r~!is also a solution
of the Laplace equation. This follows from

d 32 a d
Al —r = —r =—Ar  =0.
ory, 0ry0r;, \ory, ory
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The same applies for a ¢-fold spatial differentiation of »~!. In this spirit, Cartesian
tensors of rank ¢ are defined by

8@

—1 4 —1
B ="V, V, -V . (10.2
01y 0ry, -+ - 01y, ’ D" ViuVie el ( )

— )4
XM1M2~~M = (=D

The tensorial functions X approach O for r — oo. By definition, these tensors are
symmetric. Whenever two subscripts are equal and summed over, these two spatial
derivatives are equivalent to A and consequently O is obtained. Thus the spatial
differentiation (10.2) yields irreducible tensors of rank ¢. These are the descending
multipole potentials. Due to the definition (10.2), the ¢-th multipole potential is
related to the ¢ — 1 function by

0
Xﬂmz---w—mz = _ar_ XMI,UZ'“MZ—I = —VW Xuluz-"w—l- (10.3)
e

10.1.2 Dipole, Quadrupole and Octupole Potentials

Examples for multipole potential tensors of rank £ = 1, 2, 3 are the

dipole potential
Xy =r3r,=r77,, (10.4)
the quadrupole potential
-5 1 2 5 — 3
Xy =3r Fuly — 3 re 8y ) =3r"" rury =3r"" Ty, (10.5)
and the octupole potential
Xpor = 1577y = 1574 PR (10.6)

The reason for the names dipole, quadrupole and octupole potential is seen in
Sect. 10.3.

10.1.3 Source Term for the Quadrupole Potential

The formulas presented here and in the following for the multipole potential tensors
are valid for r > 0. When a source term is included at r = 0, the second rank
multipole tensor obeys the relation
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1 4
VuVyr— =X,,() — TSWS(I‘), (10.7)

where X, (r) is given by (10.5).
To verify (10.7), integrate it over a sphere with a finite radius R, centered atr = 0.
More specifically, use the Gauss theorem for [ V#(er_l)d3 r to obtain

/v,t v, r ldr = R2/fﬂ (VU r—l) Rde = —/ Fufyd®t = — (47/3) 8,0
=

Notice that d37 = r2drd?#, that the integral of the symmetric traceless tensor X v

over the sphere vanishes since f Fuly d?# = 0, and that the §-function has the
property [ $(r)d*r = 1.
The trace of (10.7) yields

Ar~l = —47 8(r). (10.8)

The Poisson equation of electrostatics or the electric potential ¢ ~ r~! in vacuum,

caused by a point charge g located at r = 0, viz. egA¢ = —4mgd(r), is mathemat-
ically equivalent to (10.8). The Poisson equation, in turn, is a consequence of the
Gauss law of electrodynamics, cf. Sect.7.5.

10.1.4 General Properties of Multipole Potentials

In general, the £-th multipole potential can be written as
Xpgpigy = Q€= DUr= D S o, (10.9)

or equivalently

Xpurpizepe ®) = 1™ DY, (), (10.10)
with the tensors
Yooy ®) = € — DN T Ty Ty - (10.11)

The irreducible tensors Y. depend on the direction of r only. With the unit vector
I expressed in terms of the polar angles, the components of the £-th rank Cartesian
tensor are isomorphic to the spherical harmonics Y;".

Clearly, cf. (10.10), the ¢-th rank multipole potential is proportional to

r—(€+1).
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Multiplication of X ..., by the components of r yields a tensor of rank £ + 1.
The contraction with the position vector, on the other hand, gives a tensor of rank
¢ — 1, which is proportional to a multipole potential, viz.

Fue Xppopmo-ime = € Xpipopuey - (10.12)

The proof is as follows. On account of (10.3) and ’"uz% = r%, the left hand
Ly

side of (10.12) is equal to —r%X,L1 t2-1ue— - The multipole potential of rank £ — 1 is
proportional to 7 ~¢, cf. (10.10). Thus the differentiation with respect to the magnitude
r yields the result (10.12).

Let g = g(r) be a function which depends on r only via the magnitude » = |r|.
Then the Laplace operator applied on the product of g(r) and the multipole potential
of rank £ is equal to

/
A (M) X pypa) = (8” -2 g,) Xprpigope ®) = 12" (’_”g/) Xprpz-ope (F)
£>1, (10.13)

where the prime ’ indicates the derivative with respect to r. When the case £ = 0 is
associated with the monopole function !, then (10.13) also applies for £ = 0. The
proof of (10.13) is transferred to the following exercise.

10.1 Exercise: Prove the Product Rule (10.13) for the Laplace Operator
Hint: use A(fg) = fAg 4+ 2(Vi f)(Veg) + gAf, for any two functions f and g.

10.2 Exercise: Multipole Potentials in D Dimensional Space

In D dimensions, r ®~P) is the radially symmetric solution of the Laplace equation, cf.
Exercise 7.6, for D > 3. By analogy with (10.2), D dimensional multipole potential
tensors are defined by

82

xP = (—1)‘Z R ———
Ory 0ry, -+ - 01y,

iz PO = (D) Vi Vi e V17,

(10.14)

where now V is the in D dimensional nabla operator. For D = 2, r®~D) is replaced
by —Inr. Compute the first and second multipole potentials, for D > 3 and for
D =2.

10.2 Ascending Multipoles

The factor (g” — 2¢r~'g") = r?¢(r—2‘g’)’ in (10.13) is equal to zero not only for
g = 1, but also for g = r?*1_ This implies: the tensors

o Qe+

— ¢
Xprpyope =T pizepe =1 Yoo (10.15)
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are also solutions of the Laplace equation. These are the ascending multipole
potentials. They are proportional to ¢ and thus 0 for » = 0. Apart from the fac-
tor (2 € — 1)!!, the ascending multipoles are just the irreducible tensors constructed
from the components of r, viz.

Xupoopme = Q=D rp by -+ ¥y (10.16)
Examples for £ =0, 1, 2, 3 are X = 1, }N(M =r, and

Xuw =37y =3r,r — 1?8, (10.17)

X =15 rpryr;, =3 (5 Tty — r? (rus,, +rvs,, + rkﬁu,,)) . (10.18)

By analogy to (10.12), the multiplication of the symmetric traceless tensor of rank £,
constructed from the components of the vector r, by a component of this vector and
subsequent contraction, yields a corresponding tensor of rank £ — 1. In particular,
(10.12) implies

£
r Y_ ZT—‘
Frg TpgFpg = Te_y T _ZZ—IF Ty Ty = Fug—y - (10.19)

Similarly, from Vi, X0, 51— n, = 0 and (10.9) follows

‘ ‘ 20+1
Vi TuyFus = Fre T :eu——l Ty Tpg =Ty - (10.20)

For £ = 1, the relations r,r;, = r2 and V.1, = 3 are recovered. The nontrivial case
£ = 2 can be used to verify the factors occurring on the right hand side of (10.19)
and (10.20).

10.3 Multipole Expansion and Multipole Moments
in Electrostatics

10.3.1 Coulomb Force and Electrostatic Potential

The Coulomb force exerted on a charge ¢ at the position r, by a charge Q, located
at the position r’ = 0, is
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cf. (8.81). This force can be written as the negative gradientof g ¢, viz. F, = -V, g,
where
0 1
=7 =,
TEY T

is the electrostatic potential. For N charges g;, located at positions r' the correspond-
ing expression is
N

1 qi
= —. 10.21
¢ 47 e ; [r —r? ( )

The generalization to a continuous charge density o (r’) is the electrostatic potential
¢ (r) given by the integral

r/
= pr) .
4meg r —r/|

¢(r) (10.22)

By analogy to the mass density, cf. Sect. 8.3.2, the charge density can also be written
as p(r') = >, ¢i8(r" —r'). Insertion of this expression for the charge density into
(10.22) yields (10.21).

10.3.2 Expansion of the Electrostatic Potential

In the following, it is understood that the charge distribution is centered aroundr’ = 0
and that r is a point further away from this center than any of the charges generating
the electrostatic potential, cf. Fig. 10.1.

So it makes sense to expand |r — r’ -1, occurring in (10.22), around r' = 0.
Due to

0

r—r/|7' = —8—|r—r’|—1,
r
23

/
8ru

the Taylor series expansion of [r — r/|~! reads
Fig. 10.1 Charge cloud

centered around r’ = 0. The
point r is outside of the cloud
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]

_ 1 (_1)[ aZ 1
I'—I‘/ 1: -/ / .../. 1023
| | ZO 1l Br,“arﬂz ce ar#e "ui"ha m ( )

The spatial derivatives of r~1 are the descending multipole potential tensors. Since

the tensors rmrM2 . M e in (10.23), are contracted with irreducible tensors X,
the irreducible part rﬂ ' m = ";/L , only contributes in the product. Thus (10.23) is
equivalent to
1 .
-1
Ir—r|” = Z 7! Xpuipiz-pae (1) rm Mz ’ r;/ie ‘ (10.24)
£=0

Insertion of this expansion into (10.22) leads to

JR— 1
~4rne Z 2120 — D! X puzoopae (0 Qpuypaopue - (10.25)

=0

Here

Oz =/p(r’)(2z— DWW rp 7l eeer), dF =/,0(1‘))~(,Lm2“.md3r,
(10.26)

is the 2¢-pole moment of the charge distribution. The quantity Xy, is the
ascending multipole defined in (10.16).
Due to (10.9), the expansion (10.25) is equivalent to

0]

1 1 -+~
?= imeo 2 5 Y e Qs e (10.27)
=0

With the integration variable denoted by r instead of 1/, the first four of these multipole
moments are the

total charge or monopole moment

0= / p(r)d’r,

the dipole moment
Q.= = / p(r) r,d’r, (10.28)

the quadrupole moment

Ouw = /,o(r)3 rury dr, (10.29)
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and the octupole moment

Qi = /p(r) 15 rrpry dr. (10.30)

Up to ¢ = 3, the expansion (10.27) of the electrostatic potential reads

¢

6

1 —
1 _3 _5
= 5 (r Q+r7ryQu~+ zr>rury Quv +

1
B
—r~ vty Quua + ... ).

(10.31)

The next higher moment, pertaining to £ = 4, is the hexadecapole moment. The
parts of the potential associated with the monopole, dipole, quadrupole, octupole
and hexadecapole moments are proportional to r ', r=2, =3, r~* and r =, respec-
tively. Thus at large distances from the charges, the contribution of the lowest order
multipole moment will be most important for the electrostatic potential.

Just the lowest non-vanishing multipole moment is independent of the choice of
the origin chosen in the integral (10.26) for the evaluation of the multipole moments.
Notice, all multipole moments with £ > 1 vanish, when the charge density has
spherical symmetry. Furthermore, when the charge density is an even function of r,
i.e. when p(—r) = p(r), all odd multipoles with £ = 1, 3, ... are zero. Similarly,
for an odd charge density where p(—r) = —p(r), all even multipoles with £ =
0,2,4,...vanish.

10.3.3 Electric Field of Multipole Moments

The electric field E,,, caused by the electrostatic potential ¢, is determined by E,, =
—V,¢. Due to (10.3), the expansion (10.27) yields

o]

1
0@l — D Xy papne (0) Qpuypig-oopa - (10.32)
o ¢! i

1
E, =
47 e =
Notice, that in this sum, the multipole potential tensor of rank £ 4 1 is multiplied
with the £-th multipole moment.
The first few terms in the expansion (10.32) for the electric field are

1
T dxe

— — [— 5 — 1
E, (r 3rﬂQ+3r5rﬂrv Qv+§r7rururk qu-l—..-).

(10.33)

The parts of the electric field associated with the monopole, dipole and quadrupole
moments are determined by the dipole, quadrupole and octupole potential tensors,
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and are proportional to r—2, r =3 and r~*, respectively. At large distances from the
field-generating charges, the contribution of the lowest order multipole moment will
be most important for the electric field.

10.3.4 Multipole Moments for Discrete Charge Distributions

The multipole expansion can also be applied to the electrostatic potential (10.21) of
N charges ¢j, located at positions r'. The formula for the evaluation of the multipole
moment tensors, corresponding to (10.26), is

N
Quipiyy (0 = D qi Q=D rly vk ool (10.34)
i=1

Obviously, a single charge can just have a monopole. Two charges with opposite
sign possess a dipole moment. For example, consider two charges separated by the
distance a, the unit vector parallel the vector joining them is denoted by u, viz.
g1 =¢,q = —q and r' = (a/2)u, r* = —(a/2)u. Clearly one has O = 0 and
all other even multipole moments vanish due to the dipolar symmetry. The dipole
moment is equal to

el el
Q/LZPM =qauy=p Uy,

where p® = ga is the magnitude of the electric dipole moment. All higher order odd
multipole moments, with £ = 3, 5, . . ., are also non-zero. In particular, the octupole
moment is

Qv = qa3§ Uylylty = a’ pd? Uyt .

At the distance r from the center of the charge distribution, the contribution from the
octupole moment in the electrostatic potential has an extra factor (a/r)?, compared
with that from the dipole moment. In most applications this factor is exceedingly
small. Hence, in this case, the octupole and higher moments can be disregarded.

Four charges, two positive and two negative ones, can be arranged such that they
constitute a quadrupole. For example g1 = ¢, ¢2 = ¢, g3 = —¢q, g4 = —q and
r' =r2 =0,r = (a/2)u, r* = —(a/2)u. In this case, one has Q = 0 and the
dipole moment as well as all other odd multipole moments are zero. The quadrupole
moment is

_3 —
Ouv = Tqa2 Uyly .
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The hexadecapole moment, corresponding to £ = 4, and the higher even moments
are also non-zero. However, due to extra factors (a/ )2, (a / N they can be dis-
regarded in the electrostatic potential, when a/r < 1. On the other hand, there exist
charge distributions where the hexadecapole is the lowest non-vanishing multipole
moment. Examples are charges on the corners of a cube or of a regular octahedron,
compensated by an appropriate opposite charge in the center.

10.3.5 Connection with Legendre Polynomials
The reciprocal distance |r — r'|~! occurring in (10.24), is equal to
/-1 -1 / ro2]7V?
r—r| ' =r [I—Z(r/r) cos@+(r/r)] , (10.35)

with cos @ = £ - . Clearly, the angle between r and r’ is denoted by #. Assuming
r > r’, the expression [...]~'/2 in (10.35) is the generating function of the Legendre
polynomials P; = Py(cos#). The resulting expansion of [r — r’|~! with respect to
Legendre polynomials reads

oo
r/

¢
r—r | ' =7} Z (—) Pe(cos®), r>r'. (10.36)
=0

r

Due t0 X,y = (26— D= CHD S ey, see also (10.10) and (10.11),
comparison with (10.24) yields

-~

1 o~
Py(cosf) = EYMM‘"W TiaThs Ty g TmTie T FiaThs iy s
(10.37)
which is equivalent to (9.10) with (9.11).

10.4 Further Applications in Electrodynamics

10.4.1 Induced Dipole Moment of a Metal Sphere

Consider a piece of metal placed into an electric field. The conduction electrons
inside the metal feel the force caused by the electric field. When the piece of metal
is electrically isolated, the ‘free’ charges are displaced just within the metal, such
that an electric dipole is induced. This dipole modifies the surrounding electric field.
For the special case of a metallic sphere with radius R, the induced electric dipole
moment p™™ is computed as follows.
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The center of the sphere is put at r = 0. The electric field, far from the sphere,
i.e. for r — o0 is the imposed field E*°. The electric potential ¢» obeys the Laplace
equation A¢ = 0. The boundary condition is ¢ = const., on the surface of a
conductor. Here ¢ = 0 is chosen for » = R. The electrostatic potential is a scalar,
and it should be linear in the imposed vectorial field E*. For r > R, the ansatz

p)=ary EZO + br_3rﬂ Ezo
is made. It obeys the required symmetry and it is a solution of the Laplace equation
because it involves the ascending and descending vectorial multipole potential func-
tions. The coefficients a and b are determined by the boundary conditions. First,
notice that the electric field is given by

Ey=-V,¢(@)=—aEY+3br>rur, EX.
Now, the condition E — E*, for r — oo, impliesa = —1. Then, ¢ = 0 forr = R,
leads to b = R>. Thus the solution for the present potential problem is

R3
¢0)=—ryE + 5 E =-r,EF +

= ) r3 T pind, (10.38)

1
4eg ®

The second term of the computed potential has the form typical for a dipole potential.
The induced dipole moment is introduced by

PRl =4n R e EY = asEY. (10.39)
The coefficient

@ =47 R =3 Vi, (10.40)

is the polarizability, cf. Sect. 5.3.3. Itis proportional to the volume Viph = (47/ 3)R?
of the sphere.

10.4.2 Electric Polarization as Dipole Density

The total charge density of a material is the sum of the density p of the free charges
and the density p' of the bound internal charges, i.e. of the atomic nuclei and the
electrons bound in atoms and molecules. When all charges are counted, the Gauss
law is

eoVuE,=p+ pi,
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cf. Sect.7.5. Thus the electric polarization P = D — goE, cf. (7.58) of dielectric
material is determined by

ol=—-V,P,. (10.41)

The volume integral over p' vanishes. Multiplication of p' by r, and subsequent
integration over a volume V which totally encloses the internal charges, yields the
macroscopic electric dipole moment pf} of this charge distribution, see (10.28). From
(10.41) follows

Py =/ o) r,d’r = —/ ru Vo Pyd3r. (10.42)
\4 |4

Due to
r/j.vupvZvv(rupu)_vavr,uZvv(r;LPv)_P;u

and the application of the Gauss theorem, one finds

pil = —/ nvPverzs—I—/ Pﬂd3r.
A% \%4

The surface integral, taken over a surface outside the internal charge distribution,
yields zero. Thus the macroscopic electric dipole moment is the volume integral
over the electric polarization:

Pl = / P, dr. (10.43)

This means, the electric polarization P is the density of electric dipole moments.
These dipole moments can be permanent dipoles of molecules or dipoles induced by
an electric field.

10.4.3 Energy of Multipole Moments in an External Field

The electrostatic energy of a cloud of particles with charges gj located at the positions
r + r’, in the presence of an electrostatic potential ¢ is W = Zj gj¢(r + r)).
It is assumed that the position r is in the center of the charge cloud and that ¢ is
generated by other charges, which are far away. Alternatively, when the charges are
characterized by a charge density p, the energy is

W= / P p(x +1). (10.44)


http://dx.doi.org/10.1007/978-3-319-12787-3_7
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An expansion of the potential in powers of r’ yields
1
dp(r+r)=¢@ + r/; Vo) + > r;Lr"} ViV +...,
or, equivalently
/ / 1 !’
dp(r+r)=¢(@) — 'y E, (r) — Erurv Vo Eu(r) —. ...

Notice that 8,,,V, V,¢(r) = —8,,V, E,, = 0, for electrostatic fields, r& 7, in these
equations can be replaced by r;,r}, — (1/3)r7,.6,,,. Thus, the expansion of the energy
(10.44) reads

W =g / P& — E, / ry, p()d*r’

1 1
-5 VvE, / (r/;rl’, - gr,’(r; 8,“,) p()d3 ' — ...

The integrals over the charge density can be expressed in terms of the multipole
moments. This leads to

1
W=0¢w - p Ep— g QuVoEy—.... (10.45)
where Q is recalled as the total charge, pzl is the electric dipole moment, and Q,,

is the quadrupole moment tensor.

10.4.4 Force and Torque on Multipole Moments in an
External Field

The force on a cloud of particles with charges gj located at the positions r + v, in
the presence of an external electric field E is F,, = — Zj g;E, (r + 1), or, in terms
of the charge density

F,=— / p(¢) E, (r +v)dr. (10.46)
A power series expansion with respect to r’ yields, by analogy to (10.45),

1
F,=QE,[x) +p'V, E, + < Ove Vi VyE, — ... (10.47)
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As expected, this force is also obtained as a spatial derivative of the energy W, as
given by (10.45), viz.

F, = -V, W(r). (10.48)

Notice, there is no force acting on an electric dipole moment subjected to a homo-
geneous electric field with V, E, = 0.

A torque, however is exerted on an electric dipole in a spatially constant electric
field. For discrete charges, the torque is T, = £, Zj rE; (r ~|—rj). The correspond-
ing expression for a continuous charge density is

Ty = &, / rLE(r +1)d*r. (10.49)

The torque can be expanded by analogy to (10.47). The leading term is

Ty = v P2 Ei(r). (10.50)

10.4.5 Multipole—Multipole Interaction

The multipole—multipole interaction of a cloud 1 of charges, located around the
position r, in a potential and electric field generated by a group of charges 2, centered
around the position r = 0, can be inferred from (10.31) with (10.33) and (10.45). The
corresponding total charges are by Q1, Q2. The electric dipole moments and electric
quadrupole moment tensors are denoted by p,(}), p,(l2 ), and Q,(jg, ffg, respectively.

The pole—pole, the pole—dipole and the pole—quadrupole interaction energies are

1

Wpolefpole — 01 rfl 0>,
41 e
o 1 _
ypole—dip P Q1 Xy P;(AZ) = 47 &0 Orr 3”#17/(3)’ (10.51)
o 1 1 1 1 5 ——
wpole—quad Ineo 6 Q1 X, 0F) = Amen D Q17 rury Q). (10.52)

Just as the pole—quadrupole interaction, the dipole—dipole interaction is governed by
the second multipole potential tensor, which decreases, with increasing distance r,
like r—3,

1 1 1 3 _5

W = C4n €0 Ep‘(‘l)x’“’ p‘(}) R &0 Er_ pl(il) Tulv p](jz). (10.53)
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The interaction between two magnetic dipoles has the same functional form, the
factor — 4 T80 however is replaced by } 20 The dipole—quadrupole and the quadrupole—
quadrupole interactions involve the third and the fourth multipole potentials, which
are proportional to »~# and r—, respectively,

- 11 2 L P——e
Wdlp quad _ _47[ o 6 (1) lw)v Q( ) _ = m 5 r- pl(}) Furvr, QI(;)L)
(10.54)
i _ ; 1 2 1 3 — L — 2
W auad—quad _ A7 60 36 Q(l) Xk Q( ) — = dnes 12 o ’ Q(l) Fulvrarc quc)
(10.55)

These multipole-multipole interactions are of importance for the anisotropy of the
long range interaction between two molecules, labelled by 1 and 2. The multipole
moments depend on the orientation of the molecules. For electrically neutral linear
molecules, without permanent dipole moments, the quadrupole-quadrupole interac-
tion is the lowest order contribution. The induced dipole-dipole interaction, referred
to as van der Waals interaction, as well as the repulsive interaction, associated with
the shape of the molecules, in general, possess anisotropic parts. The van der Waals

interaction is proportional to a(l) Xy ﬁ) Xy, where a(l) and a(z) are the molecular
polarizability tensors of partlcles 1 and 2.

10.5 Applications in Hydrodynamics

10.5.1 Stationary and Creeping Flow Equations

In a stationary situation, the local momentum conservation equation (7.52), for an
isotropic fluid with the spatially constant shear viscosity 7, cf. (7.55), is

Py Vyu, +Vup=nAu,. (10.56)
Here p is the constant mass density, p is the hydrostatic pressure which may depend

on the position r. The right hand side of (10.56) is obtained from (7.52) with the
Newton ansatz (7.55) for the friction pressure tensor

Pvp = —2n Vv, = —n(Vyv, +Vyuy), Vav, = 0.
Due the incompressibility condition Vv, = 0, application of V, to (10.56) implies
p Vv, Vyu, +Ap =0. (10.57)

The solutions of these equations, for specific hydrodynamic applications, have to
obey the relevant boundary conditions.
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In the creeping flow approximation, applicable for slow velocities, the nonlinear
terms involving v, V, v, are disregarded in (10.56) and (10.57). Applications thereof
are the calculation of the Stokes force acting on a solid body moving in a viscous fluid
or the torque acting on a rotating body. The special case of a sphere is considered
next.

10.5.2 Stokes Force on a Sphere

The friction force F acting on sphere with radius R, which undergoes a slow
translational motion, with velocity V in a viscous fluid, is

F, = —6mnRV,. (10.58)

The expression for the force, first derived by Stokes and referred to as Stokes force,
is remarkable since is not proportional to the cross section 7 R? of the sphere, but
rather linear in R. This is an effect typical for hydrodynamics. The minus sign in
(10.58) means that the force is damping the motion.

The derivation of the Stokes force starts from the creeping motion version of
(10.56). For convenience, the dimensionless position vector r* = R~ Ir is used.
When no danger of confusion exists, r* is written as r and it is understood that
V stands for the derivative with respect to the dimensionless position vector. The
differential equations then read

Vup=nR"Av,, Ap=0. (10.59)

The equation is linear in the velocity. The situation of a sphere moving with the
velocity —V and the fluid at rest, far away from the sphere, is equivalent to the
sphere at rest, with its center corresponding to r = 0, and the fluid flowing with
the constant velocity V, far away, i.e. for r — oo. Furthermore p — const. for
r — oo should hold true. In the following p is associated with the deviation of the
pressure from its constant value at r — oo. In addition to these boundary conditions,
the behavior of the velocity at the surface of the sphere has to be prescribed for the
solution of (10.59). The Stokes force (10.58) pertains to the stick or no slip boundary
condition v, = 0 at the surface of the sphere, corresponding to r = 1. Of course,
for the sphere to stay fixed in the streaming fluid, it has to be held by a force which
has to balance the Stokes force.

Solutions of (10.59) must be linear in V. Symmetry and parity considerations
suggest the ansatz

p=AM) Xy Vs, vy=a@)V,+br) X, Vy, (10.60)

where the X... are multipole potential functions and the coefficients A, a, b have yet
to be determined. The equation Ap = 0 implies A = const. The spatial derivatives
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of the functions p and v are
Vup=-AX,, V,,
and
Vuvy =ad'mVy + b X Vi — bX .
The divergence of this expression for the velocity field is
Vv, =d iV, + b XuVi =@ +2r 36V, =0.
Thus a’ + 2r =3’ = 0 has to hold true. Due to
Avy = AaV, + @ — 47D X Vo,
cf. (10.13), the creeping flow equation (10.59) implies
d"+2r7'd' =0, —A=ynR7'® — 4.
The boundary conditions impose
r—o00:r?A—0, a(c)=1, r?b—0, (10.61)
and

a(l) =0, b(1)=0. (10.62)

The solution of the differential equations (10.59), which obey the boundary
conditions, are determined by
3l -1 1 2
A=—-nR, a=1—-r"", b=-(1-r%). (10.63)
2 4
To verify that (10.60), with (10.63) are solutions of the creeping flow equation, make
use of (10.13). The presence of the fixed sphere in the streaming fluid has far reaching
consequences. There are parts of the distortion of the velocity field which decrease
with increasing distance from the sphere, both upstream and downstream, only like
r~1. This is an effect typical for hydrodynamics.
The part of the velocity difference V,, — v, proportional to r~lis ! (b +
%r3Xw)Vv. The tensor r ! (8 + }‘r3X,w) = %r’] (8v + 7u1y) is proportional to
the Oseen tensor

Sanr) ™ S + i),

which determines the hydrodynamic interaction between colloidal particles [29-33].
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Accordingto (8.91), the force acting on a solid body is given by the surface integral
— fav ny pwdzs. For the case of the sphere, the outer normal n is equal to ¥, and
d%s = R2d%f. As used before, cf. (7.55), the pressure tensor p,, is the sum of the

isotropic part pd,,, and the symmetric traceless part p,, = —nR~Y(V, v, +V,u,).
The part of the force associated with the distorted pressure field is

4
FyP = ]{ AX,V, 7, R*d* = TNRZA Vy=21RnV,. (10.64)

Here § 7/ iyd?F = %”8,“, was used.
The contribution of the force associated with v requires the computation of

AVy v, + 1y Vo,

The first of these two terms is

A Vyv, = Ba_r vy =d V,+ @ =3r7b)X,, V.
On the other hand, one has

Vyvy =d'mVy + 0'rp X Vi — bX o,

and

P Vv, =d i Vo + b R2r 3 BV — b X .
Due to the compressibility condition Vv, = 0, one has and a +r73p =0, and

Py Vv, = =bip X pon.

The term involving f,]X wvr. ~ Xy, however, vanishes in the integration over the

surface of the sphere.
Thus the additional force is

Fi"=nR! ?{ AV v, R**F =47 n RV, (10.65)

The term involving X, gives no contribution to the integral over the surface of the
sphere.

Notice, in the calculation, the sphere was at rest and the fluid, far away from
the sphere, moved with the velocity V. As mentioned before, this corresponds to a
situation, where the sphere moves with the velocity —V and the fluid is at rest, far
away from the obstacle. This explains the opposite sign in the expression for the
friction force.


http://dx.doi.org/10.1007/978-3-319-12787-3_8
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With the help of the multipoles in D dimensions, expressions analogous to
the Stokes force and the torque acting on a rotating body can be computed for the
D-dimensional case [38]. This is of particular interest for the case D = 2, cf. [39].

10.3 Exercise: Compute the Torque on a Rotating Sphere
A sphere rotating with the angular velocity §2 experiences a friction torque

T, = -8ty R>2,.

Derive this result from the creeping flow equation by considerations similar to those
used for the Stokes force.



Chapter 11
Isotropic Tensors

Abstract This chapter deals with isotropic Cartesian tensors. Firstly, the isotropic
Delta-tensors of rank 2¢ are introduced which, when applied on a tensor of rank
£, project onto the symmetric traceless part of that tensor. The A-tensors can be
expressed in terms of £ fold products of the second rank isotropic delta-tensor. Sec-
ondly, a generalized cross product between a vector and symmetric traceless tensor
of rank ¢ is defined via the [J-tensors. These isotropic tensors of rank 2¢ + 1 can
be expressed in terms of the product of epsilon-tensors and £ — 1-fold products of
delta-tensors. They describe the action of the orbital angular momentum operator
on tensors. Furthermore, isotropic tensors are defined in connection with the cou-
pling of vectors and second rank tensors with tensors of rank ¢. Scalar product of
three irreducible tensors and their relevance for the interaction potential of uniaxial
particles are discussed.

11.1 General Remarks on Isotropic Tensors

A tensor which does not change its form when the Cartesian coordinate system is
replaced by a rotated one, is referred to as isotropic tensor. A scalar is isotropic, per
definition. Except for the zero-vector, no isotropic tensor of rank 1 exists. Isotropic
tensors of rank 2 and 3 are the delta- and epsilon-tensors &, and &, discussed
before.

Isotropic tensors of rank £ > 4 can be constructed as products of §-tensors and
the e-tensor. Notice, the product of two e-tensors can be expressed by §-tensors, cf.
Sect.4.1.2. Thus isotropic tensors of odd rank £ = 5,7, ... can be expressed by one
e-tensor and products of §-tensors. Isotropic tensors of even rank ¢ = 4,6, ... are
expressed by products of £/2 second rank §-tensors. The projection tensors discussed
in Sect. 3.1.5 are isotropic tensors of rank 4.

© Springer International Publishing Switzerland 2015 183
S. Hess, Tensors for Physics, Undergraduate Lecture Notes in Physics,
DOI 10.1007/978-3-319-12787-3_11


http://dx.doi.org/10.1007/978-3-319-12787-3_4
http://dx.doi.org/10.1007/978-3-319-12787-3_3

184 11 Isotropic Tensors

11.2 A-Tensors

11.2.1 Definition and Examples

Of special interest among the tensors of rank 2¢ are those, which project onto the

symmetric traceless, i.e. irreducible part A of a tensor A of rank £. By analogy to
the 8-tensor, these tensors are denoted as A(“)-tensors. They are defined by

0)
A A = Ausiroe - 11.1
B i ey I M2 e (11.1)

Examples for this type of isotropic tensors are
AV =1, AW =5,

and

A®

1 1
oy = Ao = by (B By + 817 8upr) — 3 vy (11.2)

11.2.2 General Properties of A-Tensors

The A©-tensors are symmetric against the exchange of any fore pair or hind pair of
subscript, as well as against the exchange of all fore against all hind indices, viz.

a® L, =a49 . (11.3)
TR e I iy I Iyl 2 e

The A®-tensors obey the product rule

PR VIV Ve g eeevg iy oy~ L2 g Y

which is the relation typical for a projection tensor. On the other hand, the following
contraction of a A¥-tensor with a A“~D_tensor yields zero, more specifically:

A© AD =0. (11.5)

LI g VIV Ve S vy vy gy vt oty

The A -tensors are traceless in the sense that they vanish, whenever any pair of hind
indices or any pair of fore indices are equal and summed over. On the other hand,
when one fore subscript is equal to one hind subscript, and the standard summation
convention is used, a Delta-tensor with £ — 1 is obtained:
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© Z 2l pen (11.6)
B2 o=t Ay oy A T D g 1T g i1 ey :
The total contraction of the fore with the hind subscripts yields
AW =20+1, (11.7)

L2 [l oL A2 g

which is the number of the independent components of an irreducible tensor of rank £.
In the following product of two A©-tensors, fore and hind subscripts are mixed:

A A® __ 1 e
KR =1V g VIV Ve L 0 v v gy i ph - 1 02 —1) WL g Wy
(11.8)
The special case £ = 2 of this equation corresponds to
1
A/,L)L,UK A),K,/,L/v/ = g Ay.v,y./v" (1 19)
The total contraction {1z - - - e} = {5 - - - py} in (11.8) yields
20+1
() () —
AMI#Z"'#@—IVvll«lVlUZ"'VK—l VULV Vg g m (11.10)
The contraction u% = ¢, renamed as u, in (11.8) and use of (11.6), yields
© @ _ 2+l e
WL = LV V2 Ve L 0 v vV | Uy (o flg—1 020 — 1)2 R g1 W) sy
(11.11)
The special case £ = 2 of (11.11) corresponds to
5
Ay Apse o = 8 S (11.12)
The next contraction u’' = u gives
5
A vie Aseop = 5 (11.13)

The relations (11.12) and (11.13) can also be inferred from (11.9). For comparison,
it is recalled that A, v Aveap = Aparap =5, cf. (11.7). The order of subscripts
matters!

11.1 Exercise: Contraction Rules for Delta-Tensors
Verify (11.6) for £ = 2.
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11.2.3 A-Tensors as Derivatives of Multipole Potentials

The ¢-fold spatial derivative of the ¢-th rank irreducible tensor constructed from
the components of r is proportional to the isotropic A©-tensor. More specifically,
one has

L | K
Vir Vi =+ Vg FugFug ot = LAY iy (11.14)
Notice, the tensor - with the v-indices imposes its property of being traceless onto
the p-indices. As an exercise, verify (11.14), for £ = 1 and £ = 2. Due to

-1 1
2D x

r,ulrl‘fZ e rﬂl = (Zz _ 1)” LA S

see (10.9), and with the multipole potential given by (10.2), (11.14) leads to

K12 g, V1V2 Vg

02— HI(—1)ta® =V ViV, (r(”“)vv, Y, - Vwr_1> .
(11.15)

It is remarkable that the differentiation, with unrestricted subscripts, on the right
hand side of (11.15), yields an expression, on the left hand side, which is traceless
with respect to any pair of either p- or v-subscripts.

‘. ; ©)
11.2 Exercise: Determine A /. .,
3

Hint: compute A ', /55

£ =3.

in terms of triple products of §-tensors, from (11.15) for

11.3 Generalized Cross Product, [1-Tensors

11.3.1 Cross Product via the U)-Tensor

The isotropic tensor of rank 2¢ + 1, defined by
() - 2O (
Dmuzww,k,/t’lu’z'-w = Auipaepevive-ve_ive Evehvy AV(/{VIU2"‘V£—1ali/1ﬂ/2“'lii/’

(11.16)

allows to link a vector with the symmetric traceless part of a tensor of rank ¢ such
that the result is a symmetric traceless, i.e. irreducible tensor of rank ¢. Here and in
the following, it is understood that £ > 1.
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Let w be a vector and A a tensor of rank £. The generalized cross product is
given by

()

, 11.17
LD g Ao ) 0 ( )

WX A) e = Wa A#/IM/Z"'”’,Z.

For a symmetric traceless tensor S, the generalized cross product can also be writ-
ten as

© wy S, = ‘8 w;, S '
L My Wy gty R DR Gy T Sy WA Ovpg g -

(11.18)

(w x S)sz...w =

For £ = 1, one has

(D
Du,k,v = S,u)»v-
Thus, in this case, (11.17) and (11.18) correspond to the standard vector product,
cf. Sects.3.3 and 4. For £ = 2, the U-tensor is explicitly expressed by a linear
combination of products of epsilon- and delta-tensors, viz.

0@

1
o h v = v v = Z(guw’fsmﬂ + &S + Evapw S + Evnv8p)-

(11.19)
The properties [, 5. /v = Oand [, . 7, = Ofollow from the explicit expression

given above, due to the antisymmetry of the epsilon-tensor, e.g. &,5,0 = —&,vov/-
The contraction i’ = w, in (11.19), yields

U a v = 7 fvns (11.20)

The cross product of a vector w with a symmetric traceless second rank tensor S is,
in accord with (11.18), given by

[ —

1
(w x S);w = D;Au,k,p,/v’wksu’v/ = 3uAKwASKU = E(S/MKWASKV + Svkkwksku)-

(11.21)

As an alternative to (11.16), the O®-tensor can also be defined in terms of the
epsilon-tensor and one A-tensor of rank £ + 1, more specifically:

© _ LRI

= Epup'a- 11.22
R R AV S 0 2043 mupae e i ey TR ( )
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11.3.2 Properties of [I-Tensors

The U-tensors are antisymmetric against the exchange of the fore and hind subscripts,
viz.
D(l) ’or ) = _D(E/) ’ ’ 5 (1123)
I g Ay U] [y e oy My g Ay LT ]2+ g
furthermore, they vanish whenever the middle index is equal to one of the fore or
hind indices, e.g.
o® =0 (11.24)
L2 g s Jlg s oy ey ===y

For ¢ = 2, in particular, one has
v, por = 0.

Due to the product properties of epsilon-tensor, cf. Sect.4, the multiplication of a
O-tensor with an epsilon-tensor or the product of two [-tensors, yields A-tensors
which, in turn, are products of §-tensors. For example, one has

) _ Z + 1 2@ + 1 ((2S))
Eer, DM]/‘LZ"'”’fv)‘*l’L/lM/Z"'M/[ =0 w_1 AMIMZ'“M—I’ME%-"M},I’ (11.25)
and
© 0 _ T e
DILIHZ"'MLLVIUZ'“W VIV Vg A iy ) AMIM'“W,M&M’T"/LQ' (11.26)
The special case £ = 1 of this relation corresponds to &, v€pi = —28,,v, cf.
Sect.4.1.2.

Some additional relations are listed for the case £ = 2, which follow from the
explicit form of the [l-tensor (11.18):

5
DAK,U,JTDJT,A,MK = Zguv, (11.27)
and
1
Opvior Ouv o = g (98,800 — 68,08,05 — 8,5.82)- (11.28)

The relation (11.27) is recovered from (11.28) with the contraction & = A/, the use
of (11.23) and the appropriate renaming of indices.
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11.3.3 Action of the Differential Operator
% on Irreducible Tensors

Application of the differential operator %5, = ¢,y Vi, cf. (7.80), on the components
of the position vector r yields

Liry =€y

Likewise, the action of . on the symmetric traceless tensors of rank ¢, constructed
from the components of r, can be expressed with the help of the [-tensors:

—¢0O® o (11.29)

-
Ly v, T r,r,
A Tt e WMy ey R R I

Application of the second derivative .Z3.Z) on the ¢-th rank tensor yields

2O ) S
LD Py Ty = ¥4 DMIMZ"'M(vAaVIVZ"'UK DUIVI“W{JMH«,]H/Z'“MZ P Ty rM/Z .
(11.30)
Use of (11.26) leads to
LD P Ty = =L@+ 1) rp Py Ty - (11.31)

Thus the tensors 7,7, ---r,, are eigenfunctions of the operator .#> with the
eigenvalues —£(¢ 4 1). The same applies to the corresponding tensors constructed
from the components of the unit vector T, as well as to the multipole tensors X, iy »
cf. Sect. 10.1, since the differential operator . acts just on the angular part of r, but
not on its magnitude.

The result (11.31) can be derived via an alternative route. The irreducible tensors
Ty Tus -+ T, are solutions of the Laplace equation, cf. Sect.10.2. On the other
hand, the Laplace operator A can be split into its radial part A, and the angular part
involving .Z - .Z, cf. (7.90) with (7.91). Thus one has

Ar+ 12 L) Ty 1 =0,

Due to

A, :r_zi rzi ,
ar ar

and 7y Tyt ™~ rt, the application of the radial part of the Laplace operator
on the tensor yields
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- 72 L |
Ar rpglpg =Ty =LE+ D" rpy - rpy

and consequently theresult (11.31)isrecovered. This, incidentally, proves the validity
of the ¢-dependent factors in (11.26) and (11.29).

11.3.4 Consequences for the Orbital Angular Momentum
Operator

In spatial representation, the orbital angular momentum operator L, in units of 7, is
related to the differential operator . by

LI“ - T"gﬂ’

1

cf. (7.86). The action of the operator L on irreducible tensors 7,7, -7y, 1is
immediately inferred from (11.29). Thanks to the imaginary unit i occurring here,

application of L - L = Ly L) on 7,7y, - - -1y, yields
LyLy vty -ty =LC@+1) 1y Tuy o Fug - (11.32)

Thus the irreducible tensors of rank £, constructed from the components of r or of its
unit vector T, as well as the multipole potential tensors X, ,,,....., are eigenfunctions
of the square of the angular momentum with the eigenvalues ¢(¢ + 1). Since ¢ is the
rank of a tensor, the possible values for £ are non-negative, integer numbers. This
underlies the quantization of the magnitude of the orbital angular momentum.
Spherical components of irreducible tensors, cf. Sect.9.4.2, which involve the
components of the position vector r, like 7,7y, - - -7y, , the multipole potentials

X..., or the spherical harmonics Yz(m), are eigenfunctions of the z-component L, of
the orbital angular momentum operator L. For £ = 1, with the components of r
denoted by {x, y, z}, this is inferred from %, (x 4+ iy) = +ix — y, which implies
L,(x£iy) = £(x £iy),and L,z = 0 = 0- z. Obviously, the eigenvalues occurring
here are m = £1 and m = 0. For general ¢, the eigenvalue equation is

Ly™ =my™. (11.33)

Due to L, = (1/i)d/d¢, this relation follows from Ye(m) ~ exp(mig), cf. (9.29).
Since the operator L does not affect the magnitude r of r, but only the angles, the
spherical components of r,,r,, ---r,, and of the multipole potentials X... intro-
duced in Sect. 10.1.1, also obey the eigenvalue equation (11.33).
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11.4 Isotropic Coupling Tensors

11.4.1 Definition of A“%Y-Tensors

Isotropic tensors A.(.ti%i.liz,’.?.‘) can be constructed from é-tensors and zero or one &-
tensor, such that they generate an irreducible tensor of rank ¢3 from the product of
irreducible tensors of ranks £ and £;. These tensors are also referred to as Clebsch-
Gordan tensors, [16, 17]. ©

Special cases of coupling tensors, discussed so far, are the A7 ... -tensors of

and {3 = £1 = ¢, {» = 1, respectively. The next and only other case to be considered
here corresponds to £3 = €1 = ¢, £, = 2. These tensors are defined by

(¢,2,0) _ A A(2) A(Z)
LA M U ety T2 g VIV2 V=10 T T T vy vy gy, W

(11.34)

Let S and A be irreducible tensors of rank 2 and £. The tensor A2 accomplishes
their multiplicative coupling of these tensors to a tensor of rank £. This can be
expressed as

_ _A02,0)
(S-Adipzpe = SuirAnpne = [ g ey S Au’lu’2'~u;~
(11.35)
For ¢ = 1, the expression (11.34) reduces to
12 _ 4@
Au,)u(,u - A;w,)u( = A,uv,)uc~
Of particular interest is the case £ = 2. Here one has
22,2
Aiw,)\/(?aﬂ = A;w,)uc,otﬂ = Ap,v,p/v’ A;U)J,)uc Au/k/,aﬂ- (11.36)

This tensor is symmetric against the interchange of any pair of subscripts, e.g.

AMV,)»K,Dtﬁ = A/,H),O[ﬁ,),l{ = A)\,K,Mv,aﬂ~ (11.37)
Further properties are:

35

—, 11.38
2 ( )

A/LV,)\K,KU = E A/LV,)»O'? A[,LV,)\,K,)\,K = O, AMU,VK,K;/. =
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A,uv,)uc,crr A//,’v’,)uc,ﬂ/t’ = E (A;w,;ﬂv/ A(T‘[,(T/‘[/ + A/w,a’r/ AO"L’,[L/U/)
1
_ﬁ A;w,ar Au’v’,a’r’- (1139)

The double contraction {o7} = {6'7'}, in the last equation, yields

7

A,LLV,)»K,O"L’ Ap/v’,)uc,or = E Auv,u’v’a (1140)
and consequently
35
A[,Lv,)»l(,d‘[ A/AV,)LK,O"[ = Ea

which implies Ay a0t Apv .ot = Apv,vi,icps See the last equation of (11.38).
The following contraction of four isotropic tensors yields the same numerical value,

VI1Z.
35
A/j,v,;‘}y,;ﬂv/ A;ﬂv’,ay,crr Drrr,)»,/w EBra = E (11.41)

Furthermore, by analogy to (11.22), the tensor defined by (11.36) can also be
expressed by

5.6
Auv,)«,aﬁ = z Azzg’aﬁf A)u(,af- (11.42)

11.4.2 Tensor Product of Second Rank Tensors

For irreducible second rank tensors S and A, the expression (11.35) reduces to

(S-A );w = S;MAAU = A;,w,)u(,;,c’v’ S Ap.’v’- (11.43)

Products of the coupling tensor A, ;.o With symmetric traceless dyadic tensors
constructed from the components of two vectors a and b are listed next:

auap byb, = A;w,)u(,dt ayax beby
. 1 —
=a-bab, -2 (b2 auay, +a* byub, ) : (11.44)
ap.bk ab, = A;w,)uc,crt abe asb;

- ?a-b aub, + 3 (b2 aua, +a* byb, ) (11.45)
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— —
aubk aa, = A;w,)u(,ar aybe asar
1

L 1 [ —
= ga2 aub, + ga-b auay . (11.46)

Putting b = a, in these equations yields

1

_ 2
aua, aay = Apyikor e oy = ga auay . (11.47)

Multiplication of the last equation by a,a, leads to

2
T 10T 1T 1 T 10 1T 1 6
apay ayay aa, = Apyjeor Quly )0 doly = §a . (11.48)

11.5 Coupling of a Vector with Irreducible Tensors

The product of a vector b with an irreducible tensor A of rank £ yields a tensor of
rank £ + 1 which can be decomposed into an irreducible tensor of rank ¢ + 1 and
terms involving irreducible tensors of ranks £ and £ — 1. With the help of isotropic
A-tensors and the [J-tensor, this decomposition reads:

_ AU+
bll AMIILZ“'IM - Aﬂulﬂz-nug,vulvzu-p@ bv Aulvzn-w

T I
6(26 + 1) — l A2 g s L, VI V2 Vg
Q- 1)

+ TR Afffm,,,%uUlvz,,%l (b -A)yyyy,- (11.49)

(b X A)vlvzva

The first term on the right hand side of (11.49) corresponds to

by A g - (11.50)

The cross product and the dot product occurring in the second and third term are
given by

(b X A)pyvsevy = €y br A vyeny (11.51)
and
(b : A)v1v2~'\)g_| = bA Akvlvz-'-w_l . (1152)

For £ = 1, i.e. when A is a vector, these relations reduce to the expressions given in
Chap. 6 for the decomposition of dyadics.


http://dx.doi.org/10.1007/978-3-319-12787-3_6
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Now, let A be the traceless tensor constructed from the components of the vector

b, viz. Ay, vy.0p = by by, -+ - by, . Then, the second term on the right hand side of
(11.49), involving the cross product, vanishes. Due to

L

= Gr=n? bmbu - bu

by bbby, by,

cf. (10.19), the relation (11.49), with (11.50) and (11.52), reduces to

by buybpy by = bpbuby, by, (11.53)
¢ 2 A(0)
T arrn D Auimnenvyvi Dnbr e buey

For £ = 1, this relation reduces to b, b, = b, b, + %(Suv- The case ¢ = 2 yields

L— L 2
by byb; = bbby + gbZAUWK be. (11.54)
Multiplication of (11.53) by the components a,ay, - - - a,, of the vector a, use of
Au Qpay, ap, - ay, | = £/(20 — Da*aya,, ---au, , , cf. (10.19), and of the

abbreviation, cf. (9.10), Zy(a,b) = ay,au, ...au, by by, ...b,, yields

12 12

242
toirp e p ¢t Ye@b. A1)

a-bP(ab) =Pp1(ab)

Due to Z(a, b) = a’ b* Ny Py(x), withx = a-band N, = £1/(2¢ — )11, cf. (9.11),
the (11.55) is equivalent to the recursion relation for the Legendre polynomials

£+ 1
xPy(x) = +

P
W1 e+1(x) +

Py . 11.56
AR 1(x) ( )

11.6 Coupling of Second Rank Tensors with Irreducible
Tensors

The product of second rank tensor with an irreducible tensor of rank ¢ can be decom-
posed by analogy to (11.49), where now irreducible tensors of ranks £ + 2, £ + 1, £,
€ — 1, £ — 2 occur. Here, the special case is considered where both the second rank
tensor and the £-th rank tensor are constructed from the components of the vector b.
Then the tensors of ranks ¢ &+ 1 vanish and the desired result can be obtained by a
twofold application of (11.53). Thus one finds


http://dx.doi.org/10.1007/978-3-319-12787-3_10
http://dx.doi.org/10.1007/978-3-319-12787-3_10
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byby, by by, -+ -by, = bybyby, by, -+ by,

20 5 (2.0
303 Y At e, Db b (11.57)
(-1 4,0
2t+1H2e-1 b AMIMZ"'MLV)»VIVZ”'W—Z bybvy -+ by, -

For ¢ = 1, the (11.54) is recovered. Of special interest is the case ¢ = 2. Here (11.57)
is equivalent to

r 1T 1 r 1 4 1 2
buby bybe = bubybyb, + 5b2A,w,Mm boby + Eb“AMMK. (11.58)

Multiplication of this equation with symmetric tensors a,,, and ¢, yields

— 4 — 2
Ay buby Cie bibe = ayycix bububibe + - bayy buby ¢y + — braumcp.

(11.59)
Applications of these relations involving the products of irreducible tensors are found
in the following sections.

11.7 Scalar Product of Three Irreducible Tensors

11.7.1 Scalar Invariants

Consider three symmetric irreducible tensors @, b, €, viz. au;uy.ug,» vjvy-v,, and
Cicyip-io - Provided that £ = €1 + £, their product and total contraction yields the
scalar

Ay pia ey by, v2-ve, Cpuipua-- ey viva--ve, -

However, using in the product of the tensors a, b two subscripts which are equal
and summed over, one also obtains a scalar, when £ = ¢; 4+ > — 2 applies and the
appropriate contractions are performed. In this case one has

Apay-pugy -1 by, Voy— 15 CRIM2 gy —1VI V2V —1 -

Obviously, this can be generalized to form scalars from the product of three tensors
of ranks ¢, £» and £ with

=01+, L1 +E6r—2,...,181 —{].
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All these triple products of three tensors are invariant under a rotation of the coordi-
nate system.

Now let the tensors a, b, ¢ be constructed from the components of unit vectors a,
b and c, viz.

L —
Auipo-pey = AuiGuy = Augy s
1

bl)]l)z-v[Z = bvlbvl o 'bvgz B

Crika-kp = Ci1Cip " Ciy -
Then the scalar quantity
P2 0B@ be), =040, 6+ —2,..., |6 — L), (11.60)

constructed in the manner just described, defines a generalized Legendre polynomial,
apart from a numerical factor. For £1 = ¢, £» = 0, one has 200 ~ P, where Py
is a Legendre polynomial, cf. Sect.9.3. For the cases £1 = 0,4, = €, and €] = {»,
£ = 0, the generalization also reduces to ordinary Legendre polynomials. An explicit
example for £ = €1 + €5 is

(£1,€2,€1+£2) —
P (a,b,c) = Apuy..pre, bvl..vlz Curpee vi-vey

-/
= ApyApy, by by, CpyeCpy oy, o (11.61)

The special case £1 = €, =€ = 21is

—

[ — [
auay byby, cyey .

The interaction potential between non-spherical particles, see e.g. [34], involves
scalar invariants of the kind discussed here.

11.7.2 Interaction Potential for Uniaxial Particles

Consider two uniaxial non-spherical particles whose symmetry axes are specified
by the unit vectors u; and u,. These particles can be rod-like or disc-like. In many
cases, weakly biaxial particles can be treated as effectively uniaxial. The centers of
mass of the two particles are at the positions r; and rp, r = r; — r3 is their relative
position vector. The interaction potential ® between the particles depends on their
orientations, viz. on uj and up, and on r = r T. The angle dependence of ® can be
described by the functions 22(¢1-¢2:9 defined above. Thus the potential function is
expressed as the expansion


http://dx.doi.org/10.1007/978-3-319-12787-3_9
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O =0, w.r)=>">" ¢u.000) 200 0. (11.62)
14

b b

The prime in the summation over £ indicates that only the “allowed” values are used,
as indicated in (11.60), viz. £ = €1 + €2, €1+ €2 — 2, ..., L1 — £3].

The scalar functions ¢ (¢, ¢,,¢) () characterize the radial dependence of the differ-
ent angular contributions. The function ¢ 0,0y is the spherical symmetric part, also
referred to as isotropic part of the potential. The dipole-dipole, dipole-quadrupole
and quadrupole-quadrupole interactions considered in Sect. 10.4.5 are examples for
the cases (¢1, €2, ¢) equal to (1, 1, 2), (1,2, 3) and (2, 2,4). The anisotropic part
of the interaction between Janus spheres, these are spherical particles with two dif-
ferent ‘faces’, can be modeled, cf. [35], with three terms proportional to uj - up, to
U -r—uy-randtou; -rup -r — %ul - up. These correspond to (€1, £, £) equal
to (1,1,0), (1,0,1) — (0,1, 1) and (1, 1, 2). A non-spherical interaction poten-
tial for nematic liquid crystals, introduced in [36], involves the anisotropic terms

wu; : wuy and (wju; + wuy) : r, corresponding to (€1, £3, £) equal to
(2,2,0) and (2, 0,2) 4 (0, 2, 2). This potential is simpler than the commonly used
Gay-Berne potential, cf. [37].


http://dx.doi.org/10.1007/978-3-319-12787-3_10

Chapter 12
Integral Formulae and Distribution
Functions

Abstract This chapter is devoted to integral formulae and distribution functions.
Firstly, integrals over the unit sphere are considered, in particular, results are pre-
sented for integrals of the product of two and more irreducible tensors. Then the
orientational distribution function needed for orientational averages and the expan-
sion of the distribution with respect to irreducible tensors are introduced, Applica-
tions to the anisotropic dielectric tensor, field-induced orientation of non-spherical
particles, Kerr effect, Cotton-Mouton effect, non-linear susceptibility, the orienta-
tional entropy and the Fokker-Planck equation governing the orientational dynamics,
are discussed. Secondly, averages over velocity distributions are treated, expansions
about a global or a local Maxwell distribution are analyzed and applied for kinetic
equations. Thirdly, anisotropic pair correlation functions and static structure factors
are considered. Examples for two-particle averages are the potential contributions to
the energy and to the pressure tensor of a liquid. The shear-flow induced distortion of
the pair-correlation is discussed, in particular for a plane Couette flow. The pair cor-
relation for a system with cubic symmetry is described. The chapter is concluded by
a derivation of the quantum-mechanical selection rules for electromagnetic radiation
using the expansion of wave functions with respect to irreducible Cartesian tensors.

12.1 Integrals Over Unit Sphere

Here, an integral over the unit sphere means a surface integral, as discussed in
Sect.8.2.4. As in (8.31), d?7 stands for the surface element of the unit sphere which
is equal to sin 6dfd¢, when spherical polar coordinates are used. The surface of
the unit sphere is recalled: [ d?7 = 4. Many integrals of interest can be evaluated
effectively, without any explicit integration over angles, by taking the isotropy of
the sphere and the symmetry properties of the integrands into account, and by using
properties of isotropic tensors.
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12.1.1 Integrals of Products of Two Irreducible Tensors

1

Integrals |...d?7 of products of irreducible tensors ‘?m/r\uz' : ?M‘ and ‘?Vl’r\vz- T,
over the surface of the unit sphere must be proportional to an isotropic tensor, since
a sphere possesses no preferential direction. Furthermore, the particular isotropic
tensor must have the same subscripts with the same symmetry properties as the
integrands. There is no isotropic tensor which is symmetric traceless in both sets
of subscripts, unless £/ = £ holds true. So the integral must be proportional to the
Kronecker delta 8¢ and to the A©-tensor. Thus the ansatz

= = =~ = = ~ 2~ 105
/ s =T ToiToy =Ty A7 = Co e Ayl oy vyvyeony -

The coefficient Cy is determined via the total contraction {{¢1p2- - e} ={viv2- - -ve}.

T T+ -’r\W' =2£!/((2¢— 1N, cf. Sect.9.3, fdz?: 47 and
A,(fl)m...w,mm.‘.w = 2{+1, one obtains Cy = 47 £!/((2¢ + 1)!!, and consequently

,
With 7 7, - Ty

1 ‘ -

PPN ~ N~ ~ 2~ )
_471 Fun s Ty rvlr\,z~-~rv5/d r = Sppr A

T2 g, VI V2V "

(12.1)

(2¢ + 1!

Notice, the integral % [... d?7is an orientational average. The orientational average

of corresponding tensors constructed from the vector r rather than the unit vector T
is given by the right hand side of (12.1), multiplied by r*¢.
Some special cases of (12.1) are

/ 0% = / N / R FdF =0, (12.2)
and
1 |
P ruhdT = 3 8w (12.3)
1 el row 2
E rury e = E A e - (12.4)

The numerical factor occurring here can be checked immediately by observing that
Sup =3, Tury Tury =2/3,and Ay, 4 = 5.
In terms of the Y...-tensors defined in Sect. 10.1.4, equation (12.1) is equivalent to

1
4

1
2 {4
/ Viszeoe Yoru oy &7 = €2 € = DS 5 A gy
(12.5)
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The orientational average of the corresponding multipole potential tensors X... rather
than the Y...-tensors is given by the right hand side of (12.5), multiplied by r~2(+1),

12.1.2 Multiple Products of Irreducible Tensors

Integrals involving products of more than two irreducible tensors can also be evalu-
ated with the help of symmetry considerations and the contraction of tensors.

For instance, the orientational average of the fourfold product 7,7, 7,7, of com-
ponents of the unit vector must be proportional to the isotropic fourth rank tensor
with the appropriate symmetry, viz. ,,,0,c + 8,10vc + 8,0y. By analogy to the
consideration given above, one finds

1

O
o Pt dF = s (Buvdike + 8380k + 8uicBin)- (12.6)

To check the numerical factor on the right hand side, put A equal to x and compare
with (12.3).
The integral of three irreducible second tensors

o~ o~

'ulrv Tr\re Ttolr ,

over the unit sphere must be proportional to the sixth rank isotropic tensor Ay k.07
defined by (11.36). The resulting equation is

1 bl owali-eali i
P rury Tt Tolt d%F = 105 Apv,ot- (12.7)

The numerical factor 8/105 can be verified in the following exercise.
The integral of four irreducible second tensors

1 1 1 1

Tty Tualvy TusTuy TugTo,
can be found in the same spirit. Here, the result must be proportional to an isotropic
tensor of rank 8 with the required symmetry properties. There are two expressions
of this type, viz.

Amw,)« Auzvz,/m Amvs,or A/mw,rk >

which is a generalization of the A(Z*Z'Z)-tensor, cf. Sect. 11.4, and

Aum,um Au3v3,u4v4 + Amw,mw Auzvz,mw + AMWLMM AMsz,mw ’

which is constructed by analogy to the fourth rank tensor occurring on the right hand
side of (12.6). Multiplication of these isotropic tensors with Sy, 1,851,833 gva»
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where S is symmetric traceless second rank tensor, yields a product of the form
S,vSvaSikSicp» in the first case and 3(SWSW)2, in the second case. Both terms are
proportional to each other, see (5.52). Thus also the two isotropic tensors of rank 8
are equivalent, apart from a numerical factor. More specifically, one has

AH«IV],)»K Auzl}z,xo Auws,or Amw,ﬁ»

1
= E(AMIVIJQVZAMSVLIMM + AMlVl,M3V3AM2V2,M4V4 + Aulvl,u4v4AM2VZ,u3V3) :

(12.8)

Thus it suffices to consider one of these isotropic tensor, e.g. the second one. Then
the desired integral is

| erali~arealieel el I
. FuyTvy TupTvy TusTuvy Tyt d*7
4 1
= Eg(AHIVIsHZVZAll«}V&/M\% + AMIUI,M3U3AM2VLM4V4 + AMIVI»M4V4AM2U2>M3V3) .
(12.9)
Multiplication of this equation with S, 1,851,533 840, implies
1 ——\* . 4 )
= (S,w rﬂrv) &F = o= Sy Sun)’. (12.10)

12.1 Exercise: Verify the Numerical Factor in (12.7) for the Integral over
a Triple Product of Tensors
Hint: Put v = A, k = 0, T = w and use the relevant formulae given in Sect. 11.4.

12.2 Orientational Distribution Function

12.2.1 Orientational Averages

The orientation of a single molecule or particle with uniaxial symmetry can be
specified by a unit vector u. When needed, the vector u can be expressed in terms of
the spherical polar angles 6 and @, just as the unit vector T.

The orientation of many of those molecules in a molecular liquid or a nematic
liquid crystal or of rod-like particles in a colloidal solution, is characterized by an
orientational distribution function f = f(u). With the normalization

/f(u)dzu =1, (12.11)
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where d?u is the surface element on the unit sphere, the average () of an angle
dependent quantity ¥ = v (u), is given by

(¥) = / Y () f(wdu. (12.12)

In an isotropic state, where no preferential direction exists, the orientational distrib-
ution function fy does not depend on u. Due to the normalization condition one has
fo = (4m)~ L. Averages over this isotropic distribution are denoted by (- - - ), viz.

1
(¥)o = E/l/f(ﬂ)dZM. (12.13)

12.2.2 Expansion with Respect to Irreducible Tensors

In general, the orientational distribution function f(u) can be expanded in terms of
irreducible tensors constructed from the components of u. It is convenient to use the

tensors
[+ D!
Puipz-pe = —a Up Upiy ==~ Upy - (12.14)

The basis functions ¢__ are orthogonal and normalized according to

1 2 14
E/qsuluzmmqﬁvwzmv@/d u= <¢u1u2~»w¢vwz-~-w/>0 = sﬁﬁ’Aimiwzmw,vlvzmwg’
(12.15)
cf. (12.1). Then the expansion reads

f@)=f0+®), fo=6m", &= auuubupn-  (12.16)
(=1

Clearly, @ is the deviation of f from the isotropic distribution fy. The expansion
coefficients a__ are the moments of the distribution function, viz.

Auipa-pe = /¢muz--~wf(“)d2“ = (Dpipape)- (12.17)

These quantities are referred to as alignment tensors or order parameter tensors. In
general, they may depend on the time ¢ and the position r in space.
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The expansion tenors pertaining to £ = 1,2, 3 and £ = 4 are

15 —— 1 —
(bu = \/guu s ¢,u,v = 7 uylty , ¢;wk = 5 V70 Uty

3 1
Duvac = 1 V10 wyuyuy e

The first few terms of f(u) = é(l +audy + ayvduy + .. .) of the expansion can
also be written as

15—
). (12.18)

f = % (1 + 3y )uy + 7(14“14‘, ) Uplty + ...

The second rank alignment tensor a,, ~ (uyu, ) has the same symmetry as the

quadrupole moment tensor, cf. (10.29). For this reason the tensor { u,u, ) is also
denoted by Q,,, and referred to as Q-tensor, in the liquid crystal literature, [67].

12.2.3 Anisotropic Dielectric Tensor

The anisotropy of the dielectric tensor gives rise to birefringence, cf. Sect.5.3.4. In
fluids of optically anisotropic, uniaxial particles, the symmetric traceless part of the
dielectric tensor is proportional to the alignment tensor:

Euy = Eqdpy- (12.19)
The proportionality coefficient ¢, depends on the density n of the system and on the
difference o) — oy of the molecular polarizabilities parallel and perpendicular to u,
cf. Sect.5.3.3.

The electric polarization P is the average of the induced dipole moment, which is
proportional to the electric field ‘felt’ by the particle. In dilute systems, this is equal
to the applied field E. Then one has

P, =c¢eonlauy) Ey
and consequently

[— | —
epy =n(ay —ap)(uyuy ).

In dense systems, the particles ‘feel’ a local field E!°°, modified by the surrounding
particles. The Lorentz field approximation

EIOC:ELorEE_i_LP’
RN
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leads to

Ewp =1 (%) (aupv)+...,

where ¢€i5, 1s the orientationally averaged dielectric coefficient. This result is equiv-
alent to (12.19) with

Eiso + 2 2 1
Eqg=n 3 (Ol” —oy) & s (12.20)

where § =,/ % is the normalization factor occurring in the definition of the align-
ment tensor.

12.2.4 Field-Induced Orientation

In the presence of electric or magnetic fields, the energy H of a particle with per-
manent or induced electric or magnetic dipole moments depends on its orientation
relative to the direction of the applied field. For a uniaxial particle, one has H = H (u).
In thermal equilibrium, the orientational distribution function f = feq is proportional
to exp[—H /kgT] = exp[—BH]:

feq=Z ' exp[-BHW)], Z = /exp[—ﬁH]dzu, B = kLT (12.21)
B

It is assumed that (H)og = 0 where (. ..)o = (47)~! f ... d%u indicates the unbiased
orientational average in an isotropic state. Then the high temperature expansion for
the state function Z reads

1 1 1
Z = (4m) (1 +3 BH(H?) — c B (H?)o + ﬁﬂ“m“)o F.. ) :

First, the interaction of an electric or magnetic dipole moment is considered, which
is parallel to u and subjected to an electric or magnetic field, which is denoted by F.
Then H is equal to

H=HVD =HY" = _dF,u,,
where d stands for the magnitude of the relevant dipole moment. In this case, —SH

is written as 81 F ¢, with ¢, = ﬁuu and 81 = Bd/+/3, and Z, in lowest order in
B1, reduces to

Z=(4n)(1+%ﬂ12FﬂFﬂ+...).
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Likewise, up to second order in 81, the distribution function is equal to

3
foq = (4m)7! (1 + B1 Fudy + \/%/S%Fﬂms,w +.. ) (12.22)

In this high temperature approximation, the first two moments are given by

3 3 —
ay = (pu) = B1Fu, ap = (Pu) = \/%,312 FuF, = \/%auau . (12.23)

These relations imply

—

(upuy'y = @M () (uy) (12.24)

The numerical factor ¢(2]11) is equal to 3/5 in the high temperature approximation.
For a very strong orienting field which induces a practically perfect orientation,
c@I) = @D (g, F) approaches 1.

In the case of a dipolar orientation, the distribution and consequently all its
moments have uniaxial symmetry. Let e be a unit vector parallel to the field F,
viz. F,, = Fe,, where F is the strength of the field. Then the energy can be writ-
ten as HYP = —dFe,u, = —dFx, where x = e,u,, is the cosine of the angle
between u and the direction of the field. Furthermore, one has e, ¢, = ~/3x and
—HYP /g T = /381 Fx. The average (x") is evaluated according to

1 1
(") = —Z*I/ x" exp [\/gﬁl Fx] dx ,
2 -1

with the state function Z given by

Z=L (ﬁﬁl F) . L) = Ziz (explz] —exp[—z]) = 1 +22/6 4+ /120 + ... .
(12.25)

Let Ly be the k-derivative of L(z) with respect to z, viz. Ly = d*L/dz¥. The average
(xX) is then determined by Ly (z)/L(z), with z = /381 F = BdF. The results for the
lowest moments are

) = 1+ z+exp[2z](z — 1) S YT N (12.26)
zexp[2z] — z

11 21z—1) 1
_ L+ ztexpll ) L s —atjons o 1207)
3 zexp[2z] — z 3

For z — 00, both (x) and (x?) approach 1.
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The coefficient ¢!V defined in (12.24) is given by

3 1
D = (Pa)/(P1(0)* = 5 (<x2> - 5) /{x)?. (12.28)
The high-temperature approximation is
cCM) = 3/5 4 422/175 + 424 /2625 + . .., (12.29)

for z — 0o one has ¢V — 1.
Next the case is considered where the orientational energy involves the scalar
product of the symmetric traceless tensor field F,,, and the tensor ¢, = /15/2

| .
Uyl , Viz.

H=H% ~—F,,uyu, , —H® /kgT = B2 Fp1y ppv. (12.30)

Interactions of this type occur for linear molecules with anisotropic polarizability in
the presence of an electric field E, cf. Sect.5.3.3, and for particles with an electric
quadrupole moment in the presence of an electric field gradient VE. In the first case,

the field tensor F,, = E,E, is uniaxial, in the second case, where F,, = V/E,
applies, the field tensor is biaxial, unless the gradient is parallel to the E-field.
The distribution function pertaining to (12.30) is

feq = Z " explB2 Fpuv dpuv]

_ 1
=7 1(1+,32F,uv¢;w+5,322FMVFAK¢;LV¢AK+---) )
with
1
Z = (4m)~! (1 + zﬁzzF,wF,w + 73 4@ +) .

The third and fourth order terms are

3 _ 1,3
Z = 8IBZF/L\)F)»KFUT<¢[U)¢)\K¢GT)05

1
Z(4) = ﬁ ﬂgF;wFAKFUTFaﬂ (¢uu¢kx¢ar¢aﬁ>0 .

The relation (12.7) implies

2
F[,LUF)\.KFO‘T (d’uvd’)\xd’or)O =V 305 F/LVFUKFK/L


http://dx.doi.org/10.1007/978-3-319-12787-3_5

208 12 Integral Formulae and Distribution Functions

and similarly, from (12.10) follows

15
F}LVF)LKFO'T 73 (¢MU¢AK¢UT¢0¢3>O = 7 (F;LUFMU)Z .

Thus up to terms of fourth order in the field tensor, the partition function Z is

_ 1 1 5
Z = (@4m)"! (1 + 5ﬂ§FwF,w + E~/30ﬁ§FWFWFW + %ﬁé(mm)z +.. ) .

(12.31)

For H given by (12.30), the equilibrium average a,,, = (¢,.) can also be evaluated
according to

| 9z ,9InZ
=55 ,
OF 1, OF 1,

aw =By 'Z" (12.32)

With the help of (11.59) and ¢ = %«/ 70 g uyupuy , the second order term in
the expression for feq is rewritten as

15 3 -1 4 [15
FuvFe bpvdue = 5 o 2V 70 dpvac + 7 TF;,LAF)LV(pMU + FuFuy .

Thus in high temperature approximation, up to second order in 8, the second and
fourth rank alignment tensors are given by

Ayy = B2 Fp.v + ? N 30,322 F/MFM y  Auvik = EV 7 ,322 F/LVF)\K . (12.33)

A relation similar to (12.24) links the fourth rank alignment tensor with the product
of two second rank alignment tensors, Viz. a,pic ~ duvdye and

(e ) = ¢ Cupu, ) (upu) . (12.34)

The coefficient ¢*??) depends on the field strength. The high temperature approxi-
mation is ¢#??) = 5/7.

12.2.5 Kerr Effect, Cotton-Mouton Effect, Non-linear
Susceptibility

The birefringence induced by an applied electric field or by a magnetic field are
called Kerr effect, named after J. Kerr, and Cotton-Mouton effect, named after A.
Cotton and H. Mouton, who discovered these effects in 1875 and 1907, respectively.
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Phenomenologically, the electro-optic Kerr effect is described by

ey =2K ELE, , (12.35)

where the Kerr coefficient K quantifies this effect. Due to (12.35), the difference
8v = v — vy of the indices of refraction of the optical electric field parallel and
perpendicular to the applied electric field E is determined by vi — v] = 2KE* =
(v + v1)8v. Thus, with average index of refraction v = (v + v1)/2, one has

Doy =KE?.

In the corresponding relations for the Cotton-Mouton effect, the applied electric field
E and K are replaced by the magnetic field and another characteristic coefficient.
Sometimes, K/v? is referred to as Kerr coefficient. The term ‘electro-optic Kerr
effect’ is used in order to distinguish this effect from another one associated with
Kerr, viz. the magneto-optic Kerr effect.

Several mechanisms contribute to these effects. Firstly, strong fields influence
the electronic structure and change the ‘shape’ of atoms and molecules. Secondly,
the field-induced orientation of optically anisotropic particles, in fluids, gives rise
to birefringence. While the first contribution is independent of the temperature 7,
the second one, in general, contains contribution proportional to T-!'and 772, in
the low-field and high-temperature limit. The key is the relation (12.19) between the
symmetric traceless part of the dielectric tensor and the alignment tensor, viz. a =
£alyy, for = g, see (12.20). In the high temperature approximation, permanent
dipole moments yield a contribution proportional to 772, cf. (12.23). Induced dipole
moments linked with an anisotropic polarizability lead to a contribution to K which
is proportional to 7~!, as given by the first term on the right hand side of (12.33).

In (12.35) it is understood, that E is an applied electric field which is to be
distinguished from the electric field Ei€" of the light. When the optical electric field
E'ight is strong enough and denoted by E, the Kerr effect gives rise to a nonlinear
susceptibility, cf. (2.59), where the third order contribution to the electric polarization

isP® = g, X S))AKEVE,\EK with the susceptibility tensor x SV)M =2KA ).

12.2.6 Orientational Entropy

The entropy of a system in an ordered state is lower than that in an isotropic state.
The entropy, per particle, associated with the orientation, characterized by the orien-
tational distribution function f(u), is determined by the Boltzmann like expression
—kp f f In fd?u. This should be compared with the corresponding expression for the
isotropic distribution fy, viz. s) = —kp [foInfod’u = —kg [f Infyd®u. The sec-
ond equality follows from the fact that Inf; is a constant and that the normalization
imposes [f d%u = i fod?u = 1. Thus the difference between the entropy, per particle,
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in the ordered and the isotropic state is

A / FIn(f/fo)du = —kg (In(F /o)) (12.36)

Use of f = fo(1 4+ @), cf. (12.16) yields
sa = —kp((1 + @) In(1 + @))o. (12.37)

With the help of the power series expansion

- n 1 n
(1+x)1n(1+x)=x+n§(—1) TR

and due to (@)¢ = 0, the entropy (12.37) is equivalent to
- 1
=—k D' — (D). 12.38
Sa BHZ;,( = (@M (12.38)

The first few terms in this series are

(I T 1,
so=—ks (5 (@70 — (@ + (@£ ). (12.39)

Inlowest order in @, the orthogonality and the normalization (12.15) of the expansion
tensors imply

1 o0
s = —kB (E Ay g e Ay gy T oo ) (12.40)
(=1

The dots stand for terms associated with third and higher powers in @. Examples for
the role of higher order terms are discussed in the Exercise 15.1.

12.2.7 Fokker-Planck Equation for the Orientational
Distribution

In the absence of any orientating torque and for a spatially homogeneous system, the
distribution function for the orientation of (effectively) uniaxial particles immersed
in a fluid obeys the dynamic equation, frequently called orientational Fokker-Planck
equation,

of ()

S~ WLy fw) =0. (12.41)
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Here .%),.%,,, with

Ly = ety —
" " 314)t ’

is the Laplace operator on the unit sphere. The properties of . as used here are
equivalent to those discussed in Sect.7.6 where the unit vector T parallel to the
position vector r occurred instead of the unit vector u which is parallel to the figure
axis of a non-spherical particle. The relaxation frequency coefficient vop > 0 has
the dimension one over time. The (12.41) essentially describes a diffusional motion
on the unit sphere. For this reason, the coefficient vy is referred to as orientational
diffusion coefficient.

By analogy to (11.31), the irreducible tensors ¢, 4,....., defined by (12.14), are
eigenfunctions of the orientational Laplace operator with the eigenvalues —£(£ + 1),
Viz.

L., Puipzpe = L+ 1y Prut pa-eopue - (12.42)

Multiplication of the dynamic equation (12.41) by ¢, 11,1, » Subsequent integration
over d?u, use of the expansion (12.16) for the distribution function and of the ortho-
normalization (12.1) yields the relaxation equations

day iy

s + Ve Qe =0, £>1, (12.43)

for the tensorial moments a, 4,...,. The relaxation coefficients vy are given by
ve = £(L+ 1) vp. (12.44)
Equation (12.43) implies an exponential relaxation
Ay pnpe () = exp(—1/7¢) apypyepny 0), >0,

with the relaxation time 7, = v[l. Clearly, higher moments pertaining to larger
values of ¢ relax faster. In the long time limit all moments approach zero and the
distribution is isotropic, corresponding to the equilibrium state of an isotropic fluid.

Some Historical Remarks

A dynamic equation for an orientational distribution function as discussed here was
first introduced by Adriaan Fokker in his thesis in 1913 and published 1914 [43].
So the (12.41) should actually be called Fokker equation. How got Planck involved?
In 1917, Max Planck was asked by colleagues to explain the work of Fokker. So
at a meeting of the Prussian Academy of Science, in 1917, he presented what he
was inspired to, viz. a dynamic equation for the velocity distribution function of a
Brownian particle immersed in a liquid [44]. So his equation might be called Planck
equation. However, it is common practice to refer to both types of these equations
and generalizations thereof as Fokker-Planck equation.


http://dx.doi.org/10.1007/978-3-319-12787-3_7
http://dx.doi.org/10.1007/978-3-319-12787-3_11

212 12 Integral Formulae and Distribution Functions

In the presence of an external torque T, which can be derived from a potential
function H = H (u) according to

T, = —%H), (12.45)

the orientational Fokker-Planck equation contains an additional term. More specifi-
cally, the kinetic equation now reads

of (w)
ot

1
—v Ly (Luf) + Bfw) L HW) =0, B= Pl (12.46)

In this case, the stationary solution of the Fokker-Planck equation is the equilib-
rium distribution f = feq which is proportional to exp[—BH] = exp[—H /kgT], cf.
Sect. 12.2.4.

Multiplication of the (12.46) by a function ¥ = i (u), integration over d%u
and integrations by part leads to the moment equation for the time change of the

average (V):

%W) —vo ((ZuZu¥) — BULuY) (LuH))) = 0. (12.47)
Examples for such moment equations, however for the case H = 0, are the relaxation
(12.43). For H # 0, the relaxation equation for the £th rank tensor ay, ..., 18
coupled with tensors of different ranks, in general. In particular, when H (u) involves
the first and second rank tensors u,, and wu,u, , as considered in Sect.12.2.4, the
tenor of rank £ is coupled with tensors of ranks £ + 1 and £ £ 2, respectively, quite in
analogy to the quantum mechanical selection rules for electric dipole and quadrupole
radiation, cf. Sect. 12.5. Applications of a generalized Fokker-Planck equation to the
dynamics of liquid crystals is discussed in Sect. 16.4.4.

12.2 Exercise: Prove that the Fokker-Planck Equation Implies an Increase of
the Orientational Entropy with Increasing Time

Hint: The time change of an orientational average is d(y)/dt = [d(yf)/ atd’u,
use the expression (12.36) for the orientational entropy.

12.3 Averages Over Velocity Distributions

Atoms and molecules never sit still. In equilibrium, they move in all directions with
equal probability and their average speed is higher, at higher temperatures. In non-
equilibrium situations, preferential direction can be favored. The velocity distribution
function characterizes this behavior. The distribution is isotropic in equilibrium and,
in general, anisotropic in non-equilibrium. Here the relevant tools needed in the
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Kinetic Theory of Gases are presented. Physical phenomena associated with the

velocity distribution, both for an equilibrium situation and for non-equilibrium, in
particular for transport processes, are e.g. discussed in [40], see also [13].

12.3.1 Integrals Over the Maxwell Distribution

Let v be the velocity of an atom or molecule in a gas or liquid. The distribution
of the different velocities is characterized by the velocity distribution function, also
denoted by f = f(v), which is conventionally normalized such that

/f(v)d3v =n. (12.48)

Here n is the number density. The average () of a function ¥ (v) is given by

1
<w=;/¢wvwﬁu (12.49)

In thermal equilibrium, at temperatures and densities, where quantum effects play
no role, f is equal to the Maxwell distribution f

3/2 2
m mv
= — , 12.50
fo(v) = no (ZJTkB To ) exp ( 2kg Ty ) ( )

where m is the mass of a particle. The constant density ng = N/ V, of the N particles
confined to the volume V and the constant temperature T characterize the absolute
equilibrium state. The Boltzmann constant is denoted by kg. It is convenient to
introduce a dimensionless velocity variable V via

2
s MU
=—, 12.51
2kgTo ( )
which implies
v=+2cyV, co=ksgTo/m, (12.52)

and to use the velocity distribution F' = F(V), linked with f(v), such that
fWdPv = F(V)d’v .

Instead of (12.49), averages are then evaluated according to

<w=1/wWWWWV (12.53)
n
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In thermal equilibrium, F is equal to the absolute Maxwellian F(, which is the
Gaussian function

Fo(V) = ngm /% exp(—=V?). (12.54)

Averages evaluated with this Maxwell velocity distribution function are denoted by
(..., viz.

Wo En—”/w(V) exp(—V3Hd3V = ni/w(V)FO(V)d3v. (12.55)
0

The equilibrium average of powers of the magnitude V of the dimensionless velocity
V are

3
(VMo =222 (%) , (12.56)

where n is a positive integer number and I"(x) is the gamma-function, with the
property I"(n+ 1) = n!. For the first few even powers, (12.56) implies (1)o = 1, and

945

3
(V3o = > (Vho = T (Voo =—, (V&)= e (12.57)

Clearly, the Maxwell distribution is isotropic. Thus equilibrium averages of the irre-

ducible tensors Vi, V, - -V, vanish:

(Vi Vg - Vg o = 0. (12.58)

This is not the case for products of irreducible tensors of the same rank. In particular,
from (12.1) and (12.56), with 2 =172 (2553) = CEEDY follows

2
, 1 , Y @
( Vﬂl Vltz e Vll«/z Vi Vi - V‘)z’ o= ? Seer Aﬂ]ﬂz--#a,vlvz-uw' (12.59)
The special cases £ = £’ = 1, 2 correspond to
l [ B E— | l
(VMVU>O = 5 8;1,11 » A Vp,vv ViVie Yo = E A,uv,)u@ (1260)

12.3.2 Expansion About an Absolute Maxwell Distribution

Clearly, the Maxwell distribution is isotropic. In a non-equilibrium situation, how-
ever, this is not the case. In general, the velocity distribution is anisotropic. The
directional properties of the velocity distribution can be characterized by irreducible
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tensors constructed from the components of the velocity variable V. However, addi-
tional scalar polynomial functions, depending on V2, are needed the characterize the
full dependence of f on the magnitude and direction of the velocity. These scalar
functions are the Sonine polynomials [12, 13], which are closely related to the asso-
ciated Laguerre polynomials. The orthogonal expansion functions are, cf. [13, 41],

Bt~ (CDSISEL (V) Vi Vi Vi (12.61)

where the label s characterizes the different Sonine polynomials. The Sonine poly-
nomials are defined by

S

SE @ = (s~ 387 (1 -2 explzx/(z — D], z— 0. (12.62)

The first few of these polynomials are S = 1 and
SE@ =k+1=x, S0 = 1/ 0+ Dk+2) = k+2)x+(1/2) 5. (12.63)
The functions (12.61) are orthogonal and normalized according to

@O o ) Vo =8y Sep AY (12.64)

Hip2 g Foivp-vy K2 g, VIV Vg

The velocity distribution is written as
F(V) =Fo(V) (1 + @), (12.65)

where @ (¢, r, V) characterizes the deviation of F' from the Maxwellian F. The
expansion of @ reads

o o0
()
® = z Za IOV RY usmz-~w' (12.66)

(=0 s=1
The expansion coefficients

(s) (s)

pizne = Puipaope) (12.67)

a

are the moments of the velocity distribution.

Just the first few terms of the expansion are of importance in most applications, so
only the first few expansion functions are listed here. The first three scalar expansion
functions are,

oM =1, @<2>=\/§ y2_2), cl>(3>=,/i vi_svr g D).
3 2 15 4

(12.68)
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These functions are orthogonal and normalized according to (®® @) = 8. The
first two vectorial expansion functions are

2 5
05131) = \/EVM, q)l(}) = ﬁ (V2 - E) Vi (12.69)

Here the normalization corresponds to (CD,(f )CD,SS ))0 = 85 8,v. The first second rank
tensorial expansion functions are

— 2 N ——
o) =V2V,V,, o) = 7 (V2 - 5) A (12.70)

For comparison with [13] notice that s — 1 corresponds to the label r used by
Waldmann, which is the number of zero-values of the Sonine polynomials involved.

The first two scalar and first vectorial moments are essentially the relative deviation
of the number density n from the constant density ng, the relative deviation of the
temperature T from T, and the average flow velocity (v), viz.

3 _
aV =n/ng -1, am:\/;(T/To—l% ay) =g ), co = (knTo/m)'/.
(12.71)

In pure gases, these are associated with conserved quantities. The number density,
thus ‘!, is the only conserved quantity for colloidal particles in liquids. The moments
a,(f) and a,(},z are proportional to the parts of the heat flux and of the friction pressure
tensor which are associated with the translational motion. The specific relations are
stated in Sect. 12.3.4.

12.3.3 Kinetic Equations, Flow Term

The time change df /9t of the velocity distribution f = f (¢, r, v) contains a contribu-
tion due to the translational motion of the particles, viz. vy V,f which is referred to as
flow term. The corresponding expression in the kinetic equation for the dimensionless
distribution function F = F(t,r, V) is

3 SF
5 F+ V2¢co ViV, F — 5 ) =° (12.72)

Here (%—f),_ stands either for the collision term (%)Cou of the Boltzmann equation

or for the damping term (%)Fp of Planck’s version of the Fokker-Planck equation.
In any case, these terms guarantee the approach to equilibrium. The Fokker-Planck
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expression, used for the dynamics of colloidal Brownian particles, is

SF 1 0 0
— (_) = Fpm Q2pp(®) = —=1p (FM cp) . (12.73)
5t Jgp 2 70V Vi

Here vy > 0 is the translational relaxation frequency. For particles with a radius R
larger than the molecules of the surrounding liquid, the hydrodynamic result for the
Stokes friction force (10.58) applies. Then one has vg = m~'67nR. The quantity
rp (@), defined by (12.73), is referred to as the Fokker-Planck relaxation operator.
The expansion tensors used here are eigenfunctions of this operator.

The implications of the flow term for the moment equations apply to both the
Boltzmann and the Fokker-Planck equations. After an insertion of the expansion
(12.66) into the flow term of (12.72), the multiplication of the expansion tensors of

rank ¢, e.g. ¢5§’;g“v v with the vector V; yields irreducible tensors of ranks £’ — 1 and

¢ +1, see Sect. 11.5. Multiplication of (12.72) by the function ¢;(le)uz-»-m» subsequent
integration over d°V and the use of the relevant orthogonality relations leads to

0 ,
9 (s 1 (s")
EYSAICRT: + Zc(ﬁslﬁ 1) Vi
S/

+ > sl 1) Vidl ey +-o =0 (12.74)

S

The terms which stem from the collision term or from the damping term of the
Fokker-Planck equation are indicated by the dots. Due to

<¢(S) Vi ¢(S/) Yo ~ AD

K12 e VivaeVe—] Q2 g, RVIV2 V-1

and (11.7), the flow term coefficients c(. . .) are determined by
c(lsle — 15"y = v2co 2 + 1)~ (p® Vi, ) )0. (12.75)

L2 g M2 hg—1

The coefficient c(£s|€ + 1s") can be inferred from c¢(¢ — 15'|€s) = c(€s|€ — 1s’) and
subsequent replacement £ — ¢ + 1 and the interchange of s and s’. The first few of
the coefficients c(...) are

7 7 2 A
cO1|1s") = cpdy,¢, c(11|0s") =co b1,y + 3 cobry, c(11]2s) = ﬁco O1.¢ -
For the Fokker-Planck case, the first two of the moment equations are
b
(1) ) _
Ea +co Vyu a,” =0,

9 2
S +eoVua + \/;co Via® +v2¢ v, al)) +vial’ =0, (12.76)
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with the relaxation frequency v; = vg. Clearly, the flow term couples the moment

a,(}), which is essentially the average velocity of the Brownian particles, with the

scalar a® and the second rank tensor af}v). When these terms can be disregarded, the
(12.76) and (12.77) are equivalent to the following equations for the number density

n and the flux density j = n(v) of the colloidal particles:

ol
E’H—V“j“ =0, 12.77)
0
w’,ﬁcg Vun+vij, =0. (12.78)
For time changes which are slow compared with the relaxation time 71 = v ! the
second of these equations reduces to j, = —DV,n with the diffusion coefficient
ksT ksT
D=cir=—— =2 (12.79)
mv;  6mnR

The third equality is based on the Stokes friction law (10.58).

12.3.4 Expansion About a Local Maxwell Distribution

The expansion of the velocity distribution function about an absolute Maxwellian, as
used in [13] and [21] is appropriate for small deviations from equilibrium. In general,
it is more advantageous, cf. [41], to expand the velocity distribution of gases about
a local Maxwellian, as treated next.

The difference between the velocity of a particle, at position r, and the local
average flow velocity (v,) = (v,)(r, 1), viz.

=y — (V) (12.80)
isreferred to as the peculiar velocity of the particle. The local temperature T = T'(r, t)
is linked with the average peculiar kinetic energy via (m/2)(c?) = (3/2)kgT.

The distribution of the peculiar velocities is also denoted by f. It is normalized
according to

/.f(c)d3c =n, (12.81)

The average () of a function v (c) is given by

1
W)= /w(of(c)d%. (12.82)


http://dx.doi.org/10.1007/978-3-319-12787-3_10

12.3  Averages Over Velocity Distributions 219

In local thermal equilibrium, at temperatures and densities, where quantum effects
play no role, f is equal to the local Maxwell distribution fy

m 3/2 mc?
= — 12.83
Sm(e) n(anBT) eXP( ZkBT)’ ( )

where m is the mass of a particle.
It is convenient to introduce a dimensionless velocity variable V, cf. (12.51),

now via
[ m m
Vi=|—c,=.|—— - , 12.84
H 2kgT “u 2kgT (W = (V) ( )

,  mc?

= 2UpT’

which implies
(12.85)

and to use the velocity distribution F' = F(V), linked with f(c), such that
fe)d*c = F(V)d*V .

Averages are now evaluated according to

(y) = % / v (V)F(V)d>V, (12.86)

which is mathematically identical to (12.53).
In thermal equilibrium, F is equal to the local Maxwellian Fy

Fm(V) = nn 3% exp(=V?). (12.87)

Averages evaluated with this Maxwell velocity distribution function are denoted by
( . .)M, viz.

()M En—3/2/w(V) exp(—VHdV = %/w(V) FuWAVv.  (12.88)

The results given above for (.. .)o, in particular (12.56)—(12.60), apply also to the
averages (. . .)M, evaluated with the local Maxwell distribution function.
Similar to (12.65), the full distribution function is now written as

F(V) = Fu(V) (1 + @), (12.89)

where @ (¢, r, V) characterizes the deviation of F from the local Maxwellian F);.
The expansion of @ is formally similar to (12.66), with one fundamental difference:
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now @ has to be orthogonal to the moments associated with the conserved quantities,
with the number density, the kinetic energy and the velocity. This means, the first and
second scalar, viz. 1 and V2 —3 /2, as well as the first vectorial expansion function V,
must not be included in the expansion. Instead of (12.66), the expansion now reads

(s) +(s) (s) 4(s) (s) ()
® = Za‘¢‘+2a‘¢‘+22a;]m e O g (12.90)

=2 s=1
As before, the expansion coefficients
(s) — (H®
ausluz-"uz - (¢us1uz~-w> (12.91)

are the moments of the velocity distribution.

Notice, the variable V depends on the time ¢ and on the position r via the temper-
ature and the average velocity. This is a second fundamental point which has to be
observed in applications, e.g. see [41].

In many applications, the most relevant terms of the expansion (12.90) involve

n kin

the translational or kinetic parts qk1 and p,, of the heat flux vector and of the
symmetric traceless friction pressure tensor. These quantities are given by

qiim _ <(”_1C2 _ EkBT) C[L> = nkBT(kBT/m)l/Z\/E<(V2 — g) Vu>,

2 2
(12.92)
or, equivalently,
i 5
q\" = nkgT (kg T /m)'/* \/;%% (12.93)
and
,ﬁ: nm('c e, ) = nkgT2( V, V) = nkgT ~/2(¢0) (12.94)
nv n=v nYv wv /- .
The relevant vectorial and tensorial expansion functions occurring here are
— 42 2 2 3 — o =2
=09, = 7 Ve — 5 Vi, Guv =0, =vV2 V, V. (12.95)

In the approximation where only these two expansion functions and the correspond-
ing moments characterize the deviation @ from the local equilibrium, one has

D = ($u) b + (Puv) P

— (nkgT) ™" |:(kBT/m)_1/2\/§ q5" oy + 72 kin ¢>,w] . (12.96)
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The thirteen moments approximation of Kinetic gas theory [45] employs just these 3
plus 5 moments describing the heat flux and the friction pressure tensor, in addition
to the 5 variables associated with the conserved quantities, viz. the number density
n, the temperature 7' and average flow velocity v.

In addition to the heat conductivity and the viscosity, also a contribution to the
symmetric traceless part of the pressure tensor which is proportional to the gradient of
the heat flux q and thus proportional to the second spatial derivative of the temperature
T is described by the thirteen moments approximation. This phenomenon, where one
has

—

Puwv ~ —Vuqy ~ V,V, T,

was already predicted by Maxwell, it is referred to as Maxwell’s thermal pressure.
An experimental manifestation of this effect is provided by light-induced velocity
selective heating or cooling in gases, cf. [46]. For some applications, however, more
than thirteen moments have to be included for the solution of the Boltzmann equation
[41, 47].

A side remark: in dilute gases and in the hydrodynamic regime, the heat flux
and the viscous friction pressure tensor are independent of the density n. The factor
(nkgT)~" in (12.96) implies that the deviation @ from the Maxwell velocity distri-
bution is proportional to n~!, thus it is the larger the smaller the density 7 is. At a
lower density, fewer particles have to ‘work’ harder to transport the energy and the
linear momentum. Maxwell’s thermal pressure is also proportional to n~!.

12.3 Exercise: Second Order Contributions of the Kinetic Heat Flux and
Friction Pressure Tensor to the Entropy

The ‘non-equilibrium’ entropy, per particle, associated with the velocity distribution
functionf = fm(1+P),is givenby s = —kg{In(f /fm)) = —kg{((1+@) In(1+D))M,
where fy1 is the local Maxwell distribution and @ is the deviation of f from fy.
By analogy with (12.39), the contribution up to second order in the deviation is
s = —kp3(@*)m.

Determine the second order contributions to the entropy associated with heat flux
and the symmetric traceless pressure tensor.

12.4 Anisotropic Pair Correlation Function
and Static Structure Factor

The particles surrounding any given reference particle in a dense fluid, in a liquids
or a colloidal solution, possess a short ranged order which is also referred to as the
structure of a liquid. This property is characterized by the pair correlation function
or by the static structure factor. For fluids composed of spherical particles, these
functions are isotropic, in thermal equilibrium. In non-equilibrium situations, these
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quantities become anisotropic. The basics and examples for the use of tensors needed
to characterize the anisotropic properties are presented here. For more information
on the physics of liquids e.g. consult [48-52].

12.4.1 Two-Particle Density, Two-Particle Averages

Consider a fluid of N spherical particles with positions ri,i =1,2,...N, contained
within a volume V. The two-particle probability density to find one particle at position
r? and another one at r° is the rwo-particle density n® (r?, ¥°). It is given by

n® @, rP) = <Z ZS(ra —rhysab - rj)>, (12.97)
T j#i

where the bracket (...) indicates a N-particle average. It can e.g. be a canonical

average or a time-average, but it need not to be specified here. The integral of n®

over both r? and r? yields the number of pairs {i, j} viz. N(N — 1).
Consider a quantity

=2y,

I j#i

where v is a function which depends on the position vectors of two particles. Then
its average is given by

(W) = / Y(ry, 1) n® (), r)d*rid’r, (12.98)

where now the integration variables are denoted by ry, r» rather than r?, r®. When
the function ¥ depends on the difference between two position vectors only, just like
the binary interaction potential, the average (¥) can be written as

N2
(W) = v /W(r)g(r)d3r- (12.99)
Here the pair-correlation function g = g(r) is defined by
v 2 3
g(r) = N |n (r2+r,r2)d’r. (12.100)

The vector

r=ri;—1mrm
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is not an ordinary position vector but it is the difference vector in the {r, r} pair-
space. Due to (12.97), g is also given by the N-particle average

%g(r) = ]lv<225(r—rij)>, r=rl -, (12.101)

I

Clearly, rl is the difference vector between the position vectors of particles i and j.

Notice that g as given by (12.100) does not depend on the absolute positions of
two particles within the volume V, but rather on their relative position vector. The
definition (12.100) and consequently (12.101) also apply to spatially inhomogeneous
systems. For a spatially homogeneous case, where the two-particle density n® =
n® (ry, ry) depends on the difference r = r; — r» only, g(r) can also be defined by

N 2
n?(r) = (7) g(r) = n?g(r), (12.102)

where it is understood that n = N/ V is the spatially constant number density. For
a ‘pure system’, i.e. a substance composed of one type of particles, the interchange
of the labels 1, 2 of two particles, which implies the replacement of r by —r, should
not make any difference for g. Thus g is an even function of r:

g(r) = g(—r). (12.103)

For particles which cannot penetrate each other due to their short range repulsion one
has g(0) = 0. On the other hand, particles in isotropic media without long-ranged
correlations are uncorrelated when they are separated by distances r large compared
with their size. Then g — 1 holds true for »r — oo. Typically, the orientationally
averaged part of g has a maximum at a value » which corresponds to the first neighbor
distance. In dense systems there are several additional maxima at larger distances,
with smaller height, however.

Examples for averages which can be evaluated as integrals over g(r) are the
potential contributions to the energy and to the pressure tensor as well as the static
structure factor.

12.4.2 Potential Contributions to the Energy
and to the Pressure Tensor

Assuming that the total potential energy of the particles is given by the sum of the
binary interaction potential ¢ = ¢ (r) = ¢ (—r), the total potential energy is

D = % Z; (' —r). (12.104)
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The factor % stems from the fact that the interaction between two particles i and j has
to be counted only once whereas the summation over i and j contains the equivalent
pairs {i, j} and {j, i}. The average potential energy per particle is uP*' = (®)/N. The
corresponding integral over the pair correlation function is

uPot = %n/d)(r) g(md’r, (12.105)

where n = N/ V is the average number density.
The force associated with the binary interaction ¢ is

0
F,=F,(r)=——¢().
nw=Fur) o, ¢(r)
The potential contribution to the pressure tensor p,g(,lt then is given by the integral

1
P = Enz/ru Fu(r) g(m)d’r. (12.106)

For a substance composed of spherical particles, the force F is parallel to r, thus the
pressure tensor (12.106) is symmetric. It can be decomposed into its isotropic part
pd,,v and its symmetric irreducible (traceless) part 1),7 , cf. Chap.6

[ —
pot ot pot
Pvu =pP Suv + Puv s

with

1 1 —
PPt — g,ﬂ/m Fm)gmd®r, phy = gnz/ ry Fu(r) god®r. (12.107)

The pressure tensor is the sum of its kinetic and potential contributions.

12.4.3 Static Structure Factor

The static structure factor S = S(k) can be measured in experiments where electro-
magnetic radiation or particles, like neutrons, are scattered. The scattered intensity
is determined by the form factor, which reflects the shape of the scatters, and by the
static structure factor, which contains the information on the correlations between the
positions of the particles. The scattering wave vector k = Ky — Kjj, is the difference
between the wave vectors kg and K, of the detected scattered and the incident beam,
see Fig. 12.1.


http://dx.doi.org/10.1007/978-3-319-12787-3_6
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Fig. 12.1 Schematic Ziaed
scattering geometry with %
wave vectors K, and k. for ) « 4
the incoming and the Ree /)

scattered beams (//

The scattering is elastic, i.e. one has kfc = kizn. The quantity S(k) — 1 is essentially

the spatial Fourier transform of g(r) — 1, viz.
Sk) =1 +n/exp[—ik -T](g(r) — Dd3r. (12.108)

Due to g(r) = g(—r), the exponential function in (12.108) can be replaced by
cos(k-r). At first glance, curves of the isotropic part of S as function of k look similar
to those of g as function of r. Typically, there is a first maximum at k & 27 /ryy,
where ryy is the nearest neighbor distance associated with the first maximum of g.
The behavior of S for k approaching zero is fundamentally different from that of
2(0) = 0. More specifically, one has S(0) = ((8.4°)?)/N, where .4 is the number
of scatters in the open scattering volume and §.4" = A4 — (_#') is its fluctuation.
The mean square fluctuation of the number of particles is related to the isothermal
compressibility k7 = n~!(dn/dp)7. More specifically, one has S(0) = nkg T«t. This
quantity is small, but finite, in dense liquids. Close to the critical point, however, S(0)
becomes very large, this underlies the critical opalescence.

12.4.4 Expansion of g(r)

In thermal equilibrium, the pair correlation function of a fluid composed of spherical
particles is isotropic, i.e. it depends on r of the vector r, but not on its direction
specified by the unit vector F. In general, however, in particular in non-equilibrium
situations, g is a function of both r and . The angular dependence, also called
directional dependence, of g can be taken into account explicitly by an expansion
with respect to irreducible tensors of rank ¢ constructed from the components of the
unit vector r. Since g is an even function of r, only even values £ = 0,2, 4, ... occur
in the expansion. The first terms are

g(r) = &s + g,uv ?M/r\u + guy)h;( ?M?V?)L?K + ... ) (12109)
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where it is understood, that the “spherical” part g¢ of the pair correlation function, as
well as the expansion tensors g... are function of the inter-particle distance r. They
depend also on the time ¢ when the pair correlation function applies to a general
non-equilibrium situation.

Due to the orthogonality relation (12.5), the quantities g... are tensorial moments
of g(r), more specifically, one has

1 = = - L
ar / FunTpg = T g(r)dzr = m Suipa-pue- (12.110)

For ¢ = 2 and ¢ = 4 this relation implies, see also (12.1),

15 — _
g =5 1~ / 77 g(r)d’7, (12.111)
and
315 1 e P
Suvik = ? E Tyt g(r)d-r. (12.112)

Insertion of the expansion (12.109) into (12.107) leads to expressions which involve
just the integration over r, but no longer over the angles. These relations are

2 4
PPt = Tn n? / . Fy gs(r) r2dr, p/pﬁ,t = % n® / 1 Fy g (r) r2dr. (12.113)
Notice that r, F, = —r¢’. Here the prime indicates the differentiation with respect

tor.

For a fluid composed of spherical particles, all moments with £ > 2 vanish
in thermal equilibrium. This, however, is no longer the case in non-equilibrium
situations. In particular, certain components of g, are non-zero for a viscous flow.
This is already the case in the limit of small shear rates. At higher shear rates, also
higher moments, e.g. with £ = 4, cf. Sect. 12.4.5 and Exercise 12.4.

The expansion (12.109) is equivalent to an expansion with respect to spherical
harmonics Yém) = Yém)('f), cf. Sect.9.4.2. The first few terms corresponding to
(12.109) are

2 4
g =g+ > &M+ > gy (12.114)

m=-2 m=—4

where the expansion coefficients are functions of r. The Yém) obey the ortho-
normalization | Yém)(Yé,m/))*dz’r‘z 8008y thus

¢™(r) = / ™ @®* g(r)d’7. (12.115)


http://dx.doi.org/10.1007/978-3-319-12787-3_9
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It depends on the geometry of applications whether an expansion with respect to
spherical or to Cartesian tensors is preferred. In the case of the distortion of the pair
correlation function caused by a simple shear flow pertaining to the plane Couette
geometry, cf. Fig.7.6, the Cartesian version (12.109) is more appropriate.

12.4.5 Shear-Flow Induced Distortion of the Pair Correlation

The time change of the pair density n? (ry, r») involves the flow term

9
oryy,

[vum) B U (r2) ] n® (1),
oriy

When n® = n?g, with constant number density n, depends on the difference
variable r = r| — rj only, this expression reduces to

0
(v (1) — v, (r2)) @fﬁg(r).

Consider a linear flow profile, cf. Sect.7.2.2,

v (r) = ry (Vyvu) = ry(Epps. i + Vo). (12.116)
The vorticity w), and the deformation rate or shear rate tensor y,,, are given by

1
w) = 5 Euct VicVr s Vv = Vo . (12.117)

Here V,v, = 0, i.e. a divergence-free flow is assumed.

The flow term in the kinetic equation for g can be split into two contributions
involving w;, and y,,, which induce a local rotation and deformation, respectively,
in pair-space. This equation reads

9
5g+wxfxg+yuv$wg+@(g)=0 (12.118)

with the differential operators

9 —
L= encitig = L = g - (12.119)
T

The vector operator %3, cf. (7.80), is the generator of the infinitesimal rotation. The
symmetric traceless second rank tensor operator .Z),, is associated with an infin-
itesimal volume conserving deformation. The damping term Z(g) guarantees the


http://dx.doi.org/10.1007/978-3-319-12787-3_7
http://dx.doi.org/10.1007/978-3-319-12787-3_7
http://dx.doi.org/10.1007/978-3-319-12787-3_7
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approach of g to its equilibrium value geq = geq(r) when the flow is switched off.
A specific expression for & was proposed by Kirkwood [53], which is analogous to
what Smoluchowski had used for the diffusion in the presence of an external poten-
tial. For this reason, the kinetic equation is referred to as Kirkwood-Smoluchowski
equation. The potential used by Kirkwood is an effective potential ¢efr determined
by the equilibrium pair correlation function geq according to ¢eff = —kpT In gegq.
A generalization and applications are discussed in [54]. The simple relaxation time
approximation

2(8) = 1" (g — geq) »

suffices to analyze the essential features associated with the shear flow induced
distortion of g. Here 7 is a structural relaxation time, sometimes also called Maxwell
relaxation time. With ¢ = geq + 8¢ and 2 geq = 0, the kinetic equation (12.118)
reduces to

) _
558 +w), L. 88 + Yuv f;w sg+1 ! 38 = —Yuv gpw (geq — 1), (12.120)

where %), geq = L0 (geq — 1) was used.
Next, a stationary situation is considered, where the time derivative of g vanishes.
Furthermore, g is written as

g:geq+8g(1)+8g(2)+ y

where g(k) is of the order k in the shear rate. In first order, the kinetic equation
(12.120) yields

(-

g —T Yuv Lyuv 8eq = —T Vv Tulv Vﬁlgéq, (12.121)

where the prime denotes the differentiation with respect to r. Comparison with
(12.109) shows that

8uv = —T Vv T8eq> (12.122)

in this approximation.
The contribution of second order in the shear rate is given by

Sga) =—1 (0 4 + Yuv Z;w) (Sg(l) = ,[2 (w3, L + Yuv g,uv) Yeo ZLio 8eq -
Due to (12.121), the term involving the vorticity yields

2 -1 7
2T7 Epie). WA Yiev Fulv ¥ 8eq -
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The term involving the product .Z},,. %, gives contributions to the isotropic part
of g and to its second and fourth rank irreducible parts. More specifically, the term
YiwLywVico Lio 8eq 18 rewritten and computed as

-1,/ -1/ —1,.—1_ v
Yuv gu.v VioTkTa ' 8eq = 2Vuvyf(v Tehp geq"_y/w Yoyl I (r geq) .

Due to rery = rery + %rzé,w and with the help of relation (11.59), the second
order distortion 8g® can be decomposed into the parts & gf) , associated with tensors
of ranks £ = 0, 2, 4. The term involving the vorticity contributes to (Sgéz) only. Thus
one has

g=8eq+0¢0 +5¢®+..., 5¢®=5gP +54P +58¢7,  (12.123)

with
2 2
2 _
88(()) = szu)/,w (§ géq + Er3(’" lgéq)/) s

2 — . - 4 -
Sgg) = 2r28,uc,\a)ww rury ¥ lg/eq + Tzl/;uc)/w A (2r lgéq + 7r(r lgéq)/) ’

2
SgE¥ )

VYo Trulicrs 1 ghg) (12.124)

Consequences of corresponding relations for a plane Couette flow are presented
in [55], see also the Exercise 12.4. Symmetry considerations for this simple flow
geometry are discussed next.

The shear-induced distortion of the structure of a liquid or of a colloidal disper-
sion can be detected in scattering experiments where the static structure factor, cf.
Sect. 12.4.8 is analyzed. Direct observations of the distorted pair correlation func-
tion is possible in confocal microscopy experiments [56] and, in particular in Non-
Equilibrium Molecular Dynamics (NEMD) computer simulations [57, 58].

12.4.6 Plane Couette Flow Symmetry
A plane Couette flow geometry is considered with the velocity v = v(r) in the
x-direction and its gradient in the y-direction, cf. (7.28), thus

v =€y e =ye,, (12.125)


http://dx.doi.org/10.1007/978-3-319-12787-3_11
http://dx.doi.org/10.1007/978-3-319-12787-3_7
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withx = eJr, and y = & r,, where e* and eV are unit vectors parallel to the x-axis
and y-axis, respectively. The unit vector parallel to the z-axis is e*. The constant shear

rate is

_8vx
Y= dy

(12.126)

The vorticity and the shear rate tensor, cf. are

—

1 1
W = —3 ver, Yw=Y ely)eﬁ =3 y (e{ez + e,yLe’;). (12.127)

Here, the first order expression (12.121) implies

M _

8¢V =—tyxyrlgl,.

and one has

1

roy
Buv = —T Y Igeq €v€),
in this approximation. The more general ansatz

1

v = 8+ ely)ez + g,i(e’ljez —evel) + 8o ever, (12.128)

contains all terms which obey the plane Couette symmetry, viz. which are invariant
when both e* and e¥ are replaced by —e* and —eY. The remaining two terms of the 5
components of the irreducible second rank tensor which, however, do not have this

1

y
3 Z X VA
symmetry, are proportional to efej and ejey, .

The quantities g4, g— and go are functions of r. In first order in the shear rate y,
one has g4 = —ryr_lg’eq and g = go = 0. In second order, g_ = y1g4+, g0 # 0
is found. The calculation is deferred to the next exercise.

12.4 Exercise: Pair Correlation Distorted by a Couette Flow
Compute the functions g4, g and gg in first and second order in the shear rate y, in
steady state, from the plane Couette version of the kinetic equation (12.120)

d | a
—4 T8 =YY —8eq-
Yyo. g+t 08 VYo 8
Hint: use y> = (x>4+y?)/2— (x> —y?)/2 and x*+y? = r? —z2 = 2r? /3—(z>—r?/3),
furthermore decompose x?y? = eze’;eie,y{rﬂrvrm into its parts associated with
tensors of ranks £ = 0, 2, 4 with the help of (9.6). Compare g_ with g.


http://dx.doi.org/10.1007/978-3-319-12787-3_9
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12.4.7 Cubic Symmetry

When a crystal melts, its highly anisotropic structure relaxes to an isotropic state
typical for a liquid in equilibrium. For an initial state with cubic symmetry, cubic
harmonics are appropriate to characterize the anisotropic pair correlation, as e.g.
studied in [25]. The pair correlation function is expanded with respect to the cubic
harmonics with full cubic symmetry, cf. Sect.9.5.2, viz.

g = g0 + ga(r) Ku(®) + g6(r) K6 (®) + gs(r) Ks@®) +....  (12.129)

The functions K4, K¢, Kg are defined in (9.33)— (9.35). In general, the radially sym-
metric part g© as well as the partial correlation functions g4, g¢, g8 characterizing
the anisotropy of g(r) are functions of the time ¢. Examples, from [25], are shown
in Figs. 12.2, 12.3 and 12.4. The ‘data’ stem from a molecular dynamics computer
simulation. Initially the particles are put on body centered cubic (bcc) lattice sites at
a temperature and density where the system is fluid. Thus g® approaches a pair cor-
relation function typical for a dense liquid, the functions g4, ge, . . . associated with
the anisotropy decay to zero. The simulation [25] was performed for 1024 particles
interacting with a 12 potential cut off appropriately, which is also referred to as
‘soft sphere’ potential. Periodic boundary conditions and a ‘thermostat’ were used.

The decay of the cubic anisotropy, in the first coordination shell, is relatively
slow compared with the approach of the thermodynamic variables, like the pressure
and the energy, to their equilibrium values in the liquid state. This slowing down
of the relaxation becomes more pronounced when the initial state is closer to the
thermodynamic state where the solid phase is stable.

GO

Fig. 12.2 Perspective view of the isotropic part of the pair correlation function. The variable 12
runs right-upward, the time ¢ runs left. The initial state shows the positions of the first, second, . ..
coordination shells in the bce solid


http://dx.doi.org/10.1007/978-3-319-12787-3_9
http://dx.doi.org/10.1007/978-3-319-12787-3_9
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Fig. 12.3 The cubic pair correlation function g4, variables 2 and ¢ are as in Fig. 12.2. The sign
changes from one coordination shell to next
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Fig. 12.4 The cubic pair correlation function ge, variables r2 and ¢ are as in Fig. 12.2

12.4.8 Anisotropic Structure Factor

By analogy to (12.109), the static structure factor S = S(k) can be expanded with
respect to the unit vector k specifying the direction of the scattering wave vector k:

SK) = Ss + Suv kuky + Spvie kukvkike + ..., (12.130)

where it is understood, that the isotropic or spherical part S5 of S, as well as the
expansion tensors S... are function of k, viz. of the magnitude of the vector k. In
general, they depend also on the time ¢.

On account of the orthogonality relation (12.5), the quantities S... are tensorial
moments of S(Kk), thus

1

o Tk -+ -k S(R)A% =

o S (213D
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For ¢ = 2 this relation implies, see also (12.1),

151 [== —
S =5 3= | kuks SAOEE, (12.132)

the case ¢ = 4 is analogous to (12.112).

The static structure factor and the pair correlation function are related to each other
by a spatial Fourier transformation, see (12.108), so there exist also interrelations
between the tensors Sy uy...., and gy us-ue- The key for this connection is the
Rayleigh expansion

o0 1

. N . ~ . T \2
expl—ik-xl = 3D O+ itk PP jutkr) = (5) Jery ten.
(12.133)
where the J are Bessel functions and the j, are referred to as spherical Bessel
functions, [66], sometimes also called Sommerfeld’s Bessel functions. The Legendre
polynomial Py is the scalar product of the £th rank irreducible tensors constructed
from the components of the unit vectors % and 7, cf. Sect.9.3. The integral relation

analogous to (12.1) leads to

1 == = ~ o~ == =
i | Rk Ry Po® P =800 QU )T R Ty - B (12134)

As a consequence, insertion of (12.108) into (12.131), use of the relations just stated
and of [...d% = [...d*drd*7 leads to

Spipnpe (k) = (—i) /jg(kr) &uipa-ue (1) r2dr, (12.135)

for £ > 1. The interrelation between the spherical parts, corresponding to the case
£ =0,is

Ss(k) — 1= /jo(kr) (gs(r) — ) ridr.

The first few of the spherical Bessel functions are

Jox) = x! sinx, ji(x) = x_l()c_l sinx — cos x)
1

J2(x) = 3x_2(x_ sinx — x/3 —cosx).

The spherical Bessel functions obey the recursion relation

1) = S — Ly = —xt Lty
]1z+1x—xJ£ dx]e— dex Je) -
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The shear flow induced distortion of the pair correlation function implies a corre-
sponding anisotropy of the static structure factor. This anisotropy has been observed
in computer simulations [59], in light scattering [60] and in neutron scattering exper-
iments [61].

12.5 Selection Rules for Electromagnetic Radiation

12.5.1 Expansion of the Wave Function

Let ¥ = W (¢, r) be the wave function, in spatial representation, which obeys the
Schrodinger equation for a quantum mechanical single particle problem, e.g. the
electron bound by the proton, in the hydrogen atom. The pertaining Hamilton operator
is the sum of the operator for the kinetic energy, viz.

h? n? h?
HE&Z—EA:—EAr—EV 2‘,?”,%”,
cf. Sect.7.6.4, and the potential energy V = V(r). For the radial part A, of
the Laplace operator see (7.91). The angular part of the Laplacian involves the
differential operator .Z), = &,,3,71.9/9r,, cf. (7.80).

To describe the angle dependence of the wave function ¥ (¢, r) an expansion can
be made with respect to spherical harmonics, as found in text books on Quantum
Mechanics, or with respect to Cartesian basis tensors, as presented here. With the
help of the normalized basis functions, see also (12.14),

QL+ DI ——
T ‘/T Py g s (12.136)

the expansion is written as

Y1) =D oy (1. 7) iy (F). (12.137)

£=0

In general, the moment tensors ¢ ....,,, depend on the time ¢ and on r = |r|. There
is no explicit time dependence when ¥ is a solution of the stationary Schrédinger
equation. Being symmetric traceless, the £th rank tensor ¢, ..., has 2¢ + 1 inde-
pendent components, in accord with the same number of m-values of the spherical
components.


http://dx.doi.org/10.1007/978-3-319-12787-3_7
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The normalization condition f |@|?d3r = 1 implies

o0
DlleeP =1, lel* =4x /cjl,,_wZ Copoopy 12 (12.138)
=0

In the following, it is assumed that the part

Ve = Cpyoopg Purope

of the wave function associated with orbital angular momentum ¢ is a solution of the
stationary Schrédinger equation s, = EW, with a radially symmetric potential
V. The function c_ then obeys the equation

1 B,
[_ﬁ Ar+ L+ 1) T V(”):| Cprope = ECpyoopy s

and the appropriate boundary and integrability conditions. For a radially symmetric
interaction potential, the tensor functions ¢ are the product of a scalar radial wave
function R¢(r) and a tensor C,...,,,, Which is complex, in general., viz.

e = Re(r) Cppopy -

The radial functions R (r) are characterized by additional quantum numbers, like
the main quantum number of the H-atom. Explicit expressions are not needed for the
discussion of the selection rules. Assuming C:fl'--vz Cy,..., = 1, the normalization
condition (12.138) implies

o0
Z 47t /|R@(r)|2r2dr =1
=0

The orientational properties of a state described by a wave function is determined by
its angle dependent part ¢b¢ (). Assuming that both the radial and the angular parts
are appropriately normalized, the expectation value of an operator & = &'(L)), which
is a function of the angular momentum operator L, is given by

(ﬁ(L))=(4n)_l/q)Z OL) Dd*F, @y = Cpyopy by (12.139)

The tensors C . are complex, in general. Examples for & are the vector polarization

(L,) and the tensor polarization ( L, L, ). Exercise 12.5 deals with an application.
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12.5.2 Electric Dipole Transitions

Electromagnetic waves, induce transitions between an ‘initial’ stationary state 1
and a ‘final’ state 2 with the energies E; and E», provided that the radiation has
the right frequency w = (E» — E1)/h. Furthermore, for weak fields, the transition
has to be ‘allowed’ by the selection rules. These rules follow from expressions for
the transition rate which, in turn, is proportional to the absolute square of a ‘matrix
element’ (Wnal |HP™ | Winitial), where HP™ stands for the time independent part of the
‘perturbation Hamiltonian’ which characterizes the interaction between the atom and
the electromagnetic field. In spatial representation, the matrix element is computed
as an integral over space.

The electric dipole transitions are associated with the perturbation Hamiltonian
HPet = H9iP = _pe . E with the electric dipole moment p® = gr, where g is the
electric charge. The unit vector parallel to the electric field E is denoted by e. Now
Yy, i.e. a state with a well defined magnitude of the angular momentum is chosen as
initial state. Then HYP|Wi ;1) is proportional to

e)\/f)x¢v1mvgcv1mvg
L+1 [ L ¢
= ( ﬁd’ulmw,\ + 2g+1A$}1)~-vzzJ»K1"-Ke1¢""""ll)ekc"l"'”l . (12.140)

Here the (11.53) was used: the product of a vector with an irreducible tensor of rank
£ constructed from this vector yield an irreducible tensor of rank £ + 1 and another
one of rank £ — 1. This is already the essence of the selection rule for the electric
dipole transitions. Multiplication of the expression (12.140) by ¥/; and subsequent
integration over d°r yields non-zero contributions only for

=041,

The resulting dipole transition matrix elements are

~
+

(477)_1/4/;—}3-11 € ’"qufd3r = 2043 € /’"C}\il...wﬁ.l Cul---wrzd”,

14

[\®]
~
+
[

—1 3 2
(4m) /IIIZ‘_l e, ¥ d’r = ew/rcjlnwil Copepp Fdr

The selection rule determines which angular momentum state can be reached in an
‘allowed’ transition. The strength of the transition rate is determined by the remaining
‘overlap integral’ [ ---dr. The Cartesian indices characterize properties, e.g. the
direction of the electric field and the orientational sub-states of the initial and final
state.

The electric-field-induced transition from an £ = 0 to a £ = 1 state prepares
an orientationally well defined state, depending on the polarization of the incident
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radiation. According to (12.140) the angle dependent part of the £ = 1 wave function
is &1 () = Cp¢y, with C, = ¢, = E7'E,,, thus

@ = D(r) =3e, 7. (12.141)

Clearly, e is the unit vector parallel to the field. For linearly polarized light, propagat-
ing in z-direction, e = e* can be chosen. The field orientation of circular polarized
light is described by e = 271/2(e* + jeY). Notice that the wave function is complex,
in this case. The vector and tensor polarizations in this exited state are

—

<Lu> =O, (L;,LL\) > = eze‘)i 5 (12142)
for the linearly polarized light. For circular polarization, one obtains

—

(Lu)=ef, (LuLy)=—eel. (12.143)

The computations leading to these results are deferred to the Exercise 12.5.

12.5 Exercise: Compute the Vector and Tensor Polarization for a ¢ = 1 State
Hint: use the wave function (12.141) with ¢, = ez and e, = (eﬁ + iei)/ﬁ for
the linear and circular polarized cases. For the angular momentum operator and its
properties see Sect.7.6.2.

12.5.3 Electric Quadrupole Transitions

The Hamiltonian H92 inducing electric quadrupole transitions is proportional to
rreke E), where kK = KK is the wave vector of the incident electric field E = Ee.
From (11.57) follows, that the application of H9"4¢ on the wave function ¥; yields
three contributions ¥, with

0=t 0+2.

More specifically, one has

- o~ e~
exkic TaTic Ppuyepie Cuyeepue

_ (t+2)¢+1) o i 2t 22,0 o
- (20 + 5)(20 + 3) TR T DTS S g Ak v vg v PV
| =1 ) n
" 2+ DH2e-1 Aprpa-ppevh vy Pvives | €xkic Cuypg (12.144)


http://dx.doi.org/10.1007/978-3-319-12787-3_7
http://dx.doi.org/10.1007/978-3-319-12787-3_11

238 12 Integral Formulae and Distribution Functions
Multiplication of (12.144) by ¥,; and subsequent integration over d’r yields non-

zero contributions only for ¢’ — ¢ = 0, +2. The resulting quadrupole transition matrix
elements are

4 ~ 3 [ +2)(€+1) =~
(4m) /‘Pe*ﬂexkx nre Yed’r = 152 13) vy 1kvep

2 % 2
x/r Copeevgs1vepa CVi-veh dr,

—1 T e 3 n 2 2
(4m) /lpe*ekkK HTe Yod’r = ek, /r cﬁvzu_wckw...wr dr,

20+ 3

we+
(20 + )20 — 1) S

2 % 2
x/r Cypvy_p Cvpeng A

(4m)~! / W ek Pt Wedr =

The selection rule determines which angular momentum state can be reached in an
allowed transition. The strength of the transition rate is determined by the remaining
overlap integral [ ---dr.

The relevant perturbation Hamiltonian for two-quantum absorption processes is
proportional to r,rEE), thus of second order in the radiation field E. Here the
quadrupole selection rules ¢ — £ = 0, £2 apply as well.



Chapter 13
Spin Operators

Abstract Spin operators are introduced in this chapter. The spin 1/2 and 1 are
looked upon explicitly. Projectors into magnetic sub-states and irreducible spin ten-
sors are defined. Spin traces of multiple products of these tensors and their role for
the expansion of density operators and the evaluation of averages are elucidated.
The last section deals with the rotational angular momenta of linear molecules, in
particular with tensor operators. One application is the anisotropic dielectric tensor
of a gas of rotating molecules.

The orbital angular momentum of particles is linked with their linear momentum.
Most elementary particles, like electrons, protons, neutrons, neutrinos posses an
intrinsic angular momentum, conventionally called ‘spin’, which is not caused by
their translational motion. Here properties of spin operators are discussed and rules
are presented for tensors constructed from the Cartesian components of the spin
operators. Furthermore, tensor operators associated with the rotational motion of
linear molecules are treated.

13.1 Spin Commutation Relations

13.1.1 Spin Operators and Spin Matrices

The spin operator of a particle with spin s, in units of 7, is denoted by s. The
components of this operator can be represented by hermitian (2s + 1) x (25 + 1)

matrices. For s = % e.g. these are the two-by-two Pauli matrices. The quantity s is

a positive integer or halve-integer number, viz. s = %, ors =1,ors = %, or etc.

The Cartesian components of the spin operator obey the angular momentum com-
mutation relations, analogous to those of the dimensionless orbital angular momen-
tum, cf. Sect.7.6.2. The spin commutation relations

S Sy — Sy Sy =[S, Sl =1 .05 81 (13.1)
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Here, [.., ..]— indicates the commutator. Much as (7.87) implies the relation (7.88),
the spin commutation relation is equivalent to

Enpy Sy Sy = 1 83, (13.2)
or

SXS§=1Is. (13.3)
Clearly, the components of the quantum mechanical angular momentum do not com-
mute, in contradistinction to the components of the classical angular momentum for

which the corresponding cross product vanishes.

The scalar product of two spin s vector operators is

S-s=s,5,=s@E+D1L (13.4)
Here 1 stands for the unit operator in the spin space. In matrix representation, this

is just the (2s 4+ 1) x (25 + 1) unit matrix. This unit operator is omitted frequently,
when no danger of confusion exists.

13.1.2 Spin 1/2 and Spin 1 Matrices

The spin matrices for s = 1/2, the spin matrices sx, sy, s, are

1 /01 i (0—-1 110
2(10) 2(79) 2(65): 123
Apart from the factor 1/2, these are the Pauli matrices ox, oy, ;.
For s = 1, the spin matrices s, sy, s, are

1 010 ; 0-10 100
— (1101}, —(10 —1], 00 0 |. (13.6)
V2 010 V2 01 0 00-1

13.1 Exercise: Verify the Normalization for the Spin 1 Matrices

Compute explicitly sf + s}% + szz for the spin matrices (13.6) in order to check the
normalization relation (13.4).


http://dx.doi.org/10.1007/978-3-319-12787-3_7
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13.2 Magnetic Sub-states

13.2.1 Magnetic Quantum Numbers and Hamilton Cayley

The spin operator possesses sub-states, which are eigenstates of one of its Cartesian
components. Let this preferential direction be parallel to the unit vector h. The
symbol h alludes to the direction of a magnetic field H. Frequently, the z-direction
of a coordinate system is chosen parallel to h. The eigenvalues are referred to as
magnetic quantum numbers since they determine the strength of the interaction of
a magnetic moment, which is parallel or anti-parallel to the spin operator s, in the
presence of a magnetic field. More specifically, the energy of a magnetic moment m
in the presence of a magnetic field B = Bh is —m - B. With the magnetic moment
given by m = y ks, where y is the gyromagnetic ratio, the corresponding Hamilton
operator is H™*€ = —fiy Bh - s.

The eigenvalues of h - s are denoted by m. These magnetic quantum numbers
m are of relevance, even when no magnetic field is applied. Due to the Richtungs-
Quantelung, the allowed values for m are

—s, —s+1,...,5s—1,s,

for a spin s. The m are integer or halve-integer numbers, depending on whether s is
an integer or a halve-integer number. Altogether, there are 25 + 1 magnetic quantum
numbers and magnetic sub-states. Clearly, the smallest non-zero s is s = %

The Hamilton-Cayley relation for the magnetic sub-states is

S

[T ®-s—m=o0. (13.7)

m=-—s

This is a polynomial of degree 2s + 1, in h - s. Thus (h - s)?*1 is equal to a linear
combination of lower powers of h - s. The same applies for (h - s)P, when the power
p is larger than 25 + 1. The Hamilton-Cayley relation also implies, that symmetric
traceless tensors of rank ¢, constructed from the Cartesian components of the spin
operator, are non-zero only up to rank £ = 2s, see the following section.

13.2.2 Projection Operators into Magnetic Sub-states

The projection operator P into the sub-state with the eigenvalue m is defined via

PMh.s=mP™, (13.8)
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These projectors have the properties

S
P P™M) = g P, D" PM =1, (13.9)

m=-—s

Thus they are orthogonal, idempotent as any projector, and they form a complete set.
The projectors can be expressed in terms of powers h-s, analogous to the Hamilton-
Cayley relation. In particular, one has

P — T th-s—m) (13.10)

m—m’
m’#m

Clearly, in the product, the magnetic quantum numbers run over all allowed values,
except m. The highest power of h - s occurring in (13.10) is 2s.
For spin s = %, the projection operators are

1 1
pa/2 = 5 +hes, pEl/2) = 5~ hes. (13.11)

It is understood, that additive numbers, like the % here, have to be multiplied by the
appropriate unit matrix, when the spin operators are represented by matrices.
For s = 1, the projection operators are

1
pEED =§h~s(1 +h-s), PO=1—-h-s)(1+h-s). (13.12)

13.3 Irreducible Spin Tensors

13.3.1 Defintions and Examples

The ¢-rank irreducible tensor constructed from the components of the spin operator
s is the symmetric traceless tensor

e ¢
SpiSpuy *Spe = A;(,Ll)uz---ﬂg,vlvzmw SvpSvy c e Sy (1313)
Here the symmetrization matters. This is in contradistinction to tensors constructed
from vectors whose components commute.
The second rank irreducible tensor is explicitly given by

1 1
Susy = 3 (Susy + 5u80) — 3 s(s+1)8u0. (13.14)
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As stated before, for a spin s, the irreducible tensors of ranks £ > 2s + 1 vanish. For
£ = 2s + 1, the proof is indicated as follows. Multiplication of the left-hand side

1

of the Hamilton-Cayley relation (13.7) by the irreducible tensor h il R
and subsequent integration over d>h picks out the highest order term

2s+1) _
(h-s) = hy Sy Ry Sy, - hv2s+1sv(2s+1)

in the product, because terms of lower order in h give no contribution in the integral.
The only non-vanishing term is equivalent to

1

‘ 2
/ By hps -+ hpgggyy Bogho, - hV(zs+1>d hosy sy, - “Svastny

By analogy to (12.1), the integral is equal to the isotropic tensor @+ , apart from

)

numerical factors. Multiplication of this tensor with the product of the Cartesian
components of s, cf. (13.13) yields the irreducible spin tensor of rank 2s + 1. Thus
the Hamilton-Cayley relation implies

—

Sy Suy * Spasery = 0 (13.15)

For particles with spin s, the existing irreducible spin-tensors are of ranks 2s or
smaller.

13.2 Exercise: Verify a Relation Peculiar for Spin 1/2

For spin s = 1/2, the peculiar relation

Susy = > Epva S+ ZSW

holds true. To prove it, start from s,s, = 0, fors = 1/2, and use the commutation
relation.

13.3.2 Commutation Relation for Spin Tensors

The angular momentum commutation relation (13.1) for spin vectors leads to a
generalization for irreducible spin tensors, which reads

[Spr Sy - Spg 2] =i €00 (13.16)

1
[t fa-ee g hy vy Vo SVISV2 T S

For ¢ = 1, this relation is identical to (13.1). The case £ = 2 corresponds to

[susy,sal- =2i0a.08 SaSs - (13.17)
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In the Heisenberg picture, the time dependence of an operator & is governed by the
commutator with the relevant Hamilton operator .57

do i
— =7, 0]-. 13.18
i h[ ] ( )

For particles with a magnetic moment sy, in the presence of a magnetic field B) =
Bh;,, where h is unit vector, one has .77 = —uBh,.s;,.. Then the commutation relation
(13.16) for the €-th rank spin tensor implies

dr—\

3 w5y, = —Lwsh o® (13.19)

p g 2 vivgeeevg SV1SV2 T Swg

with the precession frequency wg = uB/h.
The commutation relation for two second rank spin tensors is

—

[susy, Sesalo =1 {Dw,x,aﬁ(sk SaSp + SaSp Si)

+ Douveap (52 Sasp + Sasp sk)} . (13.20)

Commutators of this type occur in applications, when the Hamilton operator involves
the second rank spin tensor, as in the case of a nucleus with an electric quadrupole
moment, e.g. the deuteron, in the presence of an electric field.

13.3.3 Scalar Products

The scalar product or total contraction of two irreducible spin tensors of rank £ is
given by

: ¥ ‘ 2!
SuiSua =t Spe SuiSpa  Spe = WS(% St Sty (13.21)

The factor Ny = ﬁ occurs in the corresponding expression for the contraction
of irreducible tensors constructed from vectors with commuting components, cf.
(9.10) and (9.11). The factors

) k (k
Si=s6+h-5(5+1). (13.22)

reflect quantum mechanical features of the spin. Notice, one has Sﬁ =0 fork =
2s, and the norm of the irreducible spin tensor of rank 2s + 1 is zero, in accord

with (13.15). On the other hand, for s > 1 and ¢ < s, the product S357 --- S7 |

approaches its ‘classical’ value s2¢.
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For ¢ = 2, (13.21) corresponds to

2 3
Susv’ s’ = 3 SESt, Si=s(Gs+1), Sf=S5— 7 (13.23)

Clearly, one has Sf =0fors =1/2.
Some relations, where the contraction is just over one subscript, also follow from
the properties of the spin operator, viz.

[a— 2
$3.5u80 = (S5 — Disu, 83 580 = susi s, = 3 ST 5 (13.24)
Sp SpsSv Sp = (S(% -3) SpSv (13.25)
SusSy Spsy = 3 So — 3 Susy + ESUM SpSy S + §Sl EpvicSk + §SOS1 Suv-

(13.26)

13.4 Spin Traces

13.4.1 Traces of Products of Spin Tensors

In the following, spin traces are denoted by the symbol tr. When spin operators are
represented by matrices, the tr-operation corresponds to the standard summation over
diagonal elements. For a spin s, the trace of the relevant unit matrix is 2s + 1, i.e. it
is equal to the number of magnetic sub-states. The expression

1
2s + 1

tr{...}

is equivalent to an orientational average. For classical variables, as discussed in
Chap. 12, e.g. in connection with the integration over the unit sphere, cf. Sect. 12.1,
or over the directions of the velocity, cf. Sect. 12.3.1, a continuum of directions is
possible. In contradistinction, the spin allows a discrete set of directions only. As
demonstrated above, results of classical orientational averages are obtained without
performing explicit integrations over angle variables, when symmetry properties are
employed. In the same spirit, the traces of products of spin operators are found, in the
following, without using an explicit matrix representation. The trace operation is a
rotationally invariant process. Consequently, isotropic tensors come into play again.
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By analogy to symmetry arguments which lead to (12.1), the trace of the product
of two irreducible spin tensors is given by

1 , . ‘
2S—_|_1 r{ Spy Sy - Spp SupSwy *Svy }
¢! 2
WSOS Sl 18[( AH«IH«Z g VLV g (1327)
For SE see (13.22). As a consequence, one has
tr{ sy, Suy S, 1 =0, (13.28)
for¢ > 1.
Special cases of (13.27) are, for £ = £/ =1,
1 2
o tr{s, sy} = 3 So Suvs (13.29)
and for ¢ = ¢/ = 2,
1 tr{s,sy Spse } = 5 So ST Ay e (13.30)

13.4.2 Triple Products of Spin Tensors

No classical analogue exists for the trace of the product of the spin vector components
and two irreducible spin tensors of rank ¢. Due to symmetry considerations, the trace
must be proportional to the [J©-tensor. The result is

tr{ SpySpy - Spp Sh SvySuy S )

25 + 1
¢ 2 2
TR TR TR A AP (13.31)

Special cases of this expression for £ = 1 and £ = 2 are

)
1 tris, ) sv} = 3 S0 Epnvs (13.32)
and
5 tr{’s,s0 S3 SeSo } = 3 SOSZDWM(,. (13.33)
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13.4.3 Multiple Products of Spin Tensors

The trace of the fourfold product of the spin is similar to the classical expression
(12.6). Yet it differs due to the non-commutativity of the spin components:

2

1 S
5o s = % [2 28,580 + (23 + 1) (80085 + 5“5”)] .
(13.34)

To check the numerical factor on the right hand side, put A equal to ¥ and compare
with (13.29).
The trace of the triple product of second rank spin tensors, analogous to (12.7), is

L B e B E— | 8
tr{su50 SaSk Sot ) = —= SESIST Apvikor- (13.35)

2s + 1 105

Two trace formulas are listed which involve fourfold products of second rank spin
tensors, contracted such that the results are scalars:

: . ' ' ‘ 4 13
tr{s,80 SaSc SuSy SiSk } = S%Sl2 (7 + ) g — ?Sg) ,  (13.36)

1
2s +1

T {5 [538c » S 1 53¢ } = S282 (453 - 7) . (13.37)

13.5 Density Operator

13.5.1 Spin Averages

The orientation of the spins, in an ensemble, is described by the spin density operator
p.Justas the spin operator of a particle with spin s, it can be represented by a hermitian
(2s + 1) x (25 + 1) matrix. For this reason, the p is also called spin density matrix.
In many applications, there is no need for an explicit matrix notation. Alternatively,
p = p(s) is considered as a function of the spin operator and its algebraic properties,
as given above, are used. In the following, p is normalized to 1, viz. it obeys the
condition tr{p} = 1.

The average (¥) of a function ¥ = ¥ (s), assumed to be a polynomial of the spin
operator s, is determined by

(W) =tr{@(s) p(s)}, tr{p(®)} =1. (13.38)


http://dx.doi.org/10.1007/978-3-319-12787-3_12
http://dx.doi.org/10.1007/978-3-319-12787-3_12

248 13 Spin Operators

The density operator can be expressed as a linear combination of the projection
operators P(™ introduced in Sect. 13.2.2, viz.

N

S
p= D cmP™, cn=FP™), > cn=1 (13.39)

m=-—s m=—s

Notice that tr{P™} = 1. The coefficients ¢, determine the relative weight of the
magnetic sub-state . For a system of N particles, where N™ particles are in the
sub-state m, one has

S

N () @)
om =" N = Z N, (13.40)

m=—s§

The (13.39) is analogous to the representation of a vector as a linear combination of
basis vectors. The projectors P(™ play the role of the basis vectors, the coefficients
cm are the relevant components.

An ensemble of spins is said to be unpolarized, when all magnetic sub-states
occur equally, i.e. when ¢, = 1/(2s + 1), for all m. This means p does not depend
on s, it is just proportional to the unit operator 1. Due to the normalization condition,
the density operator pgp for an unpolarized state is

1
= 1
2s + 1

00 (13.41)

Averages in the unpolarized state are denoted by (. . .)¢. The trace formulas presented
above are such averages. Averages in a partially polarized state are discussed in the
next section.

13.5.2 Expansion of the Spin Density Operator

The deviation of the quantum mechanical spin density operator p from its isotropic
or unpolarized state can be expanded with respect to irreducible spin tensors. This is
similar to the description of the deviation from isotropy of the orientational distrib-
ution function f(u) of Sect.12.2. There, the expansion is with respect to irreducible
tensors of rank £, constructed from the components of the classical vector u. In the
classical case, in principle, tensors of all ranks, from £ = 1 up to £ = oo are needed
for a complete characterization, cf. (12.6). For spin s, on the other hand, irreducible
tensors of ranks ¢ > {£y,x = 2s vanish. Thus in the spin case, the expansion runs
from £ = 1 up to £ = 2s. Here the expansion is formulated as


http://dx.doi.org/10.1007/978-3-319-12787-3_12
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2s
P& =po(1+®), po=Qs+ D" &= buyurue SurSr s -
=1
(13.42)

Clearly, @ is the deviation of p from the isotropic density operator pg. The expansion
coefficients b are the moments of the density. Computation of the average of the
£-th rank spin tensor with p given by (13.42) and use of the trace formula (13.27)
yields

(SprSpn = Spe ) = {8 Sy - Sy P} = SOS S buy o

(ZE + 1)
(13.43)

The tensor polarization P, ,...., of rank £ is defined by
Pooss =5 S0y s, ), €= 1 (13.44)

In terms of these tensor polarizations, the expansion (13.42) is equivalent to

2s st

z (2¢+ 1! —

PE = po |: * £ 5252 .52 Puypape SpaSpa w - S j| : (13.45)
-1

For ¢ = 1, the vector P, occurring here is called vector polarization. It is the only
type of polarization possible for particles with spin s = 1/2. Of course, particles
with a larger spin may also have a vector polarization. Frequently, the term tensor
polarization is used for P,,, the case corresponding to £ = 2. Particles with spin
s = 1, or with a higher spin, can have this type of tensor polarization. The special
cases s = 1/2 and s = 1 are discussed next.

13.5.3 Density Operator for Spin 1/2 and Spin 1

Electrons, protons and neutrons have spin 1/2, For them, the spin density operator
reads

1
p(s) = 3 [I+2P,su] (13.46)

It is understood, that additive numbers, like the % here, have to be multiplied by the
appropriate unit matrix, when the spin operators are represented by matrices.

Let N1/2 and N(—1/2) be the number of particles in the magnetic substates m =
+1/2, N =N 1/2) 4 N=1/2) ig the total number of particles. The relative numbers
ci1p = NEVD /N are determined by the averages (P*!1/2)) of the projection
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operators given in (13.11). Thus the relative difference of the occupation numbers is
a measure for the degree of polarization of spin 1/2 particles. It is determined by

N/ _ N=172)

C1/2 — C_1/2 = m = (Zhvsv> = hpLP;L~ (1347)

To obtain the last equality, the spin density (13.46) and the trace formula (13.29) are
used. By definition, the coefficients ¢y, are positive and bounded by 1. Thus one has
—1 < h-P < 1. A state with h - P = =1, associated with ¢c12 = 1,c_12 =0
and c12 = 0, c_12 = 1, respectively, is completely polarized, with respect to the
preferential direction h. The cases in between the complete polarizations correspond
to a partially polarized state.

For spin s = 1, the expression (13.45) reduces to

1 3 —
p(s) = 3 [1 + 3 Py sy +3 Py susy i| . (13.48)

To link the vector polarization P, and the tensor polarization P,, with the rela-
tive occupation numbers c1, cp, c—1, spin s = 1 projection operators (13.12) are
employed. Notice that P —pPD = p.g, furthermore PV + P-1D = (h-s)2, and
P©® —= 1 — (h-s)2. Thus one obtains

N _ NED
cl—c_1 = —~ = hy (sv) = h, Py, (13.49)
and
NO L NED o yO — —
ci1+c_1—2¢co= N =3 hyhy (susy) =3 hyhy Pyy.
(13.50)

13.3 Exercise: Compute the Tensor Polarization for Spin 1

Compute explicitly the relation (13.50) between relative occupation numbers and the
tensor polarization, for spin s = 1.

13.6 Rotational Angular Momentum of Linear Molecules,
Tensor Operators

13.6.1 Basics and Notation

Within reasonable approximation, the rotation of a linear molecule like Hy, N> or
CO,, can be treated as the rotational motion of a stiff linear rotator. The unit vector
parallel to the axis of the rotor is denoted by u. The rotational angular momentum
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is perpendicular to u. This also applies to the rotational momentum operator 7],
thus one has J - u = 0. The eigenvalues of J - J are j(j 4+ 1) where j can have the
integer values 0, 1, 2, 3, ... for hetero-nuclear molecules like HD or CO. For homo-
nuclear molecules, j must be even or odd, depending on the nuclear spins, e.g. one
has j = 0,2, 4, ... for para-hydrogen, where the total spin of the two protons is
zero, and j = 1,3, ... for ortho-hydrogen the total nuclear spin is 1, in units of £.
Magnetic quantum numbers m, again in units of /2, assume the values —j, —j + 1,
... j — 1, j. When the z-axis is identified with the quantization direction, one has,
in ‘bra-ket’ notation,

Joljm)y =m|{jm), J-Jljm) = j(G +1)1jm).

Here | jm) indicates the quantum mechanical state vector. Despite of this name, the
quantity | jm) is not a vector in the sense of being a tensor of rank 1, as defined in
Sect.2.5 . The components of J obey the angular momentum commutation relations

Judy = Jo Jy =, Bl =i epm Ji. (13.51)

In contradistinction to the spin operators s, cf. 13.1, the magnitude of the rotational
angular momentum is not fixed and it cannot have half-integer eigenvalues.

13.6.2 Projection into Rotational Eigenstates, Traces

A state with a fixed eigenvalue j is obtained with the help of the projection operator

j
Pi — Z |jm)(jm]|. (13.52)

m=—j

Applications may require the projection of an observable & = ¢'(u) depending on
u, into rotational eigenstates. This means, expressions of the form

o =Pl o) P, (13.53)

are needed. The cases j = j' and j # j' are often called ‘diagonal’ and ‘non-
diagonal’, without mentioning that these terms just refer to the rotational quantum
numbers and not to the magnetic quantum numbers. Examples for O are: the electric
dipole moment parallel to u, the electric quadrupole moment or the anisotropic part
of a molecular polarizability tensor, proportional to wu . The pertaining applications
are dipole and quadrupole radiation, birefringence and light scattering.
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The diagonal part of '(u) can be expressed as a function of the angular momentum
operator, viz.

S PlowP’ =00). (13.54)
j

Examples are presented next, the case j # j’ is treated in Sect. 13.6.6.

The trace operation Tr involves the summation over the magnetic quantum num-
bers, just like the trace operation tr for a spin, and an additional summation over the
rotational quantum numbers of the diagonal elements of an operator &,

j
Te(0) =D D (jm|O]jm) =D w{ol). (13.55)
j j

m=—j

Anunbiased orientational average of an operator corresponds to (2 +1)~! tr{..}. The
formulas for the traces tr of spins s also apply for the rotational angular momentum J.

13.6.3 Diagonal Operators

Observables ¢'(u) which are even functions of u possess a part ¢'(u) which is diag-

onal in j. As an instructive example, the second rank irreducible tensor u,u, is
considered. By symmetry, it should be proportional to the symmetric traceless ten-
sor constructed from the components of J. Thus the ansatz

(upu, YW =cPl J,J,

is made. To determine the proportionality coefficient ¢, multiply this equation by
JJy and use J - u = 0. The left hand side of the equation yields

R 1 .
Ju v P uyu, PP = —gj(j +1) P

The right hand side is found to be

| — . 2 . . .
Judy Jydy P = 513 jiP,

by analogy to (13.23). One obtains ¢ = —% J1 2. The abbreviations

) . i ) 3
E=JG+D, 112=J§—Z
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are used. Thus the diagonal part (', u, )%2€ of u pUy 1s given by

Cupy )98 = -3 ( 2_ Z) Judy - (13.56)

The anisotropic part of the molecular polarizability tensor ¢, is proportional to

uyuy , cf. Sect.5.3.3 . The average of the diagonal part of this tensor is closely
related to the birefringence and the depolarized Rayleigh light scattering in gases of
rotating molecules, [22].

13.6.4 Diagonal Density Operator, Averages

The part of the density operator of a gas of rotating linear molecules, which is diagonal
with respect to the rotational quantum numbers, can be considered as a distribution
function p = p(J) depending on the operator J. The average (¥) of a function
¥ = ¥(J) is computed according to

(W) =Tr(w D) pA)} = D_w{Pwd) p)}, (13.57)
J

where it is understood that p is normalized, viz. Tr{p(J)} = 1.

In thermal equilibrium, and in the absence of orienting fields, the molecules
of a gas have a random orientation of their rotational angular momenta J. The
square of the angular momentum J? is distributed with the canonical weight factor
exp[—4¢/ kg T]. The Hamiltonian of a linear rotator with the moment of inertia 6 is

1
H = — h*J>.
20

The equilibrium distribution operator is

| | h2 J2
Peq =2 expl—C/kpT] = Z""exp |:_20kBT:| , (13.58)
with the ‘state sum’ Z given by
. RjG+1
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Notice that
(P} =2 +1.

The summation over j has to be taken with the allowed values, which may be all
integers, all even or all odd integers, depending on the symmetry and the nuclear
spin of the molecules.

By analogy to (12.65) and (13.42), the density operator is written as

e = Peq (1 + @), (13.60)

where the quantity @ = @(t, J)) specifies the deviation from the equilibrium. Anal-
ogous to the expansion of the orientational and the velocity distribution functions, as
well as the spin density operator, it is possible to expand @ with respect to orthog-
onal basis tensors which here depend on J. The first term of the expansion, and the
most relevant one in some applications, involves the second rank tensor polarization

proportional to ( J, J, ). More specifically, the tensor operator

T 15 1 2 2 2 3 -2
¢MV = 7 Ca C(] ) [J (J - Z)} J'u.ly ) (1361)

is introduced, where the superscript 7' stands for Tensor. It is normalized according to

<¢uv ¢M’v’>eq = Ap.v,p.’v“

Here

(. eq = Trl... peg) (13.62)

indicates the average evaluated with the isotropic equilibrium density operator pegq.
The weight function ¢(J?) can be chosen appropriately. The normalization requires
that c(z) = (cz)eq. The average

ay, = (¢ (13.63)
is referred to as tensor polarization. The choice ¢ = 1 in (13.61) means that the
basis tensor is essentially constructed from a unit vector parallel to J. The case
c(J?) = [J*(J? - %)]1/ 2 implies an expansion tensor operator which is similar

to the expansion function V.V, used for the velocity distribution, just with the
classical velocity V replaced by the angular momentum operator J.


http://dx.doi.org/10.1007/978-3-319-12787-3_12
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13.6.5 Anisotropic Dielectric Tensor of a Gas
of Rotating Molecules

The anisotropic part m of the dielectric tensor, cf. Sect.5.3.4, of a gas of rotating
linear molecules is related to the average of the anisotropic part of the molecular
polarizability tensor, cf. Sect.5.3.3, by

' _ —\diagy __ 1 2 3 -
eyy =n (o) —oy) {((uyuy ) )——zn(a”—ou_) J 1 Judy ).

Here o and o are the polarizability for an electric field parallel and perpendicular
to u, respectively, and # is the number density of the gas. The relation (13.56) was
used to obtain the second equality in (13.64).

The density operator needed for the evaluation of the averages is given by

pzpeq(l—i_ag:v(pgu_‘_.“)a

where the dots stand for terms involving higher rank tensors, for al{v and 4’/{11 see
(13.61) and (13.63). The resulting average needed for the dielectric tensor is

eur = Ay g = (e —an)y /=

JZ
§T=<C(J2)2)e—ql<c(.]2) 17 3> : (13.65)
-3 o

For ¢ = 1 and rotational states j = 4 and higher, the factor é1 approaches 1.

The interrelation (13.65) between the anisotropic part of the dielectric tensor and
the tensor polarization a’ plays a key role in the kinetic theory for the depolarized
Rayleigh scattering and the flow birefringence of molecular gases [17, 22, 62-64].

13.6.6 Non-diagonal Tensor Operators

Spherical tensor operators are defined by

T = 3 S G mem) L"), (13.66)
m/ m//
where the symbol (.., ..|..) indicates a Clebsch-Gordan coefficient These coefficients

govern the coupling of two angular momentum states | jim) and | jpm») to a state
| jm) according to, cf. [65],
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DD Lim) Ljama) Gima, jamal jm) = | jm).

mp m2

The nondiagonal elements of the spherical harmonic Y((m) (u) are related to the spher-
ical tensor operators by

(j0, €01 0) TV . (13.67)

i’ . y 2j+1
(W]’ =Py wp = 2
T

By analogy to (13.67), the operator form of the Cartesian tensor u,, - - - uy, is

—i_ |2 . , ,
(it - upy W = m,/zjﬂ(]o,eou/ow,ﬂ - (13.68)

The tensor operators have the properties:
(i) The hermitian adjoint of 73 .., is

Ty ot =i T (13.69)
(ii) Orthogonality and normalization

{7,y (T3]0, )T} = 800 A (13.70)

1 g,V vet

The theoretical description of the rotational Raman scattering involves the elements
of the anisotropic molecular polarizability tensor which are non-diagonal with respect
to the rotational quantum number, cf. (13.53). The relevant operators are

| i i
P ujuy, PP = Cupu, )Y,

with j* = j & 2. In particular, one has

y 2 .
(i, W2 = ‘/E V2 +1(j0,20]j £20) TH2 (13.71)

The Clesch-Gordan coefficients are

G+D(G+2)
(70,2007 +20) = \/>\/(21 DRI +3)

(G-
0.20[j — 20 f J
(70,207 —20) = / @i+ D2 1)
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Both coefficients approach %\/g for large values of j.
The diagonal tensor operator T/J}I ..., 18 essentially the hermitian tensor operator

PO
Py, - Ty, viz.

ij i 12 -2 . —1/2,. . . 1
T/]LJl“‘M =P JN-I "'Jw ((2£ T 1)”) 2j+1 / (o Jj1--+je-1)™ .
(13.72)
The quantities jix are analogousl to the Sk, defined in (13.22), i.e.
2=jG+n-5 (54
Jk =JU 2 \3 .
The second rank tensor is
. 15 1/2 " Lo
TY, = (7) Qj+ D72 Go ) Py (13.73)

Apart from the factor (2j + 1)~1/2, the tensor operator Y}jtj,, is equal to Pj¢£v, as
defined in (13.61), with ¢ = 1.



Chapter 14
Rotation of Tensors

Abstract This chapter is concerned with the active rotation of tensors. Firstly,
infinitesimal and finite rotations of vectors are described by second rank rotation
tensors, the connection with spherical components is pointed out. Secondly, the rota-
tion of second rank tensors is treated with the help of fourth rank projection tensors.
The fourth rank rotation tensor is a linear combination of these projectors. The scheme
is generalized to the rotation of tensors of rank £ > 2. Thirdly, the projection tensors
are applied to the solution of tensor equations. An example deals with the effect of
a magnetic field on the electrical conductivity.

The active rotation of a tensor, to be considered here, has to be distinguished from the
rotation of the coordinate system, see Sect. 2.4. The passive rotation of the coordinate
system must not affect the physics. The rotation of a tensor, on the other hand,
describes physical changes. The rotation of vectors is discussed before second and
higher rank tensors are treated. This section follows and generalizes the material
given in the appendix of [42].

14.1 Rotation of Vectors

14.1.1 Infinitesimal and Finite Rotation

The rotation of a vector a by the infinitesimal angle 6 about an axis, which is parallel
to the axial unit vector h, generates a vector a’, whose components are given by

a;L =ay + 8¢ e hyay = ay + 8¢ Hyvay = Sy + 8¢ Hyy) ay. (14.1)

The antisymmetric second rank tensor H is defined by

Hyy = g0 hy. (14.2)
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The rotation by an finite angle ¢ = nd¢ is given by (1 + SpH)". With ¢ = ¢/n,
the limit n — oo leads to

a,/l = (exple H]);w ay = R,uv((p) ay. (14.3)
In principal, the rotation tensor R can be expressed in terms of the power series
1,
Ryv(@) =8, + 9 Hyy + 3¢ HycHey + . ... (14.4)

Due to the special properties of H, to be discussed next, R can be represented in a
more compact form.

14.1.2 Hamilton Cayley and Projection Tensors

Due to Hy Hcy = hyhy — 8,y and hy Hy,, = 0, the tensor H obeys the relation
H>+H=0. (14.5)

This corresponds to a Hamilton-Cayley equation for H with the eigenvalues i m,
where m = 0, 1. Second rank projection tensors P™ are defined by

H—im'1
P™ = T ﬁ m,m' =0, +l. (14.6)
m’#m

In (14.6), the symbol 1 stands for the second rank unit tensor, viz. for §,,,. These
projectors are explicitly given by

1
PO =hyh,, PGV = 5 G =yl F i e 12). (14.7)

The projection tensors possess the following properties:

PP = by P, (149
(Pl%‘))* =P = Pv(gl), (14.9)
1

> = =1 (410

m=—1

The eigenvalue equation

PMHy, = Hye PO =im P, (14.11)
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reflects that the Plir,?) are ‘eigen-tensors’ of the tensor H,,,. On the other hand, H,,,
can be represented as a linear combination of the projection tensors, viz.

1
Hyy= > im P, (14.12)

m=-—1

Some additional formulas involving second rank projection operators are:

— (2 1 (.
hy hua, = (gp,gg) + QP;EIU) + EP;WD) a, (14.13)

— 3 8 8
hohi hybye = (gp,g? + EPSJ + EP,ﬁv”) Bo . (14.14)

where a, and b, are a vector and a second rank tensor.

14.1.3 Rotation Tensor for Vectors

With the help of the projection tensors, the rotation tensor for vectors can now be
expressed as

1 1
Ruw(@) = D PW(explpHDw = > explimg] P, (14.15)

m=—1 m=—1
Decomposition into real and imaginary parts leads to
Rv(p) = P/i?)) + cosgp (P/it) + PIE;D) +singi (Plilv) — Plﬁgl)) . (14.16)
Notice that
PO = iy = Bl B0+ B = b= P (1417

correspond to the projection tensors onto the direction parallel and perpendicular to
h, denoted by Pl and P+, respectively. Furthermore, one has

i (p,glg - P;;U) = Hy. (14.18)
Thus the rotation tensor also reads

Ry (@) = hyhy +sing ey by +coso (80 — hyhy). (14.19)
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In hindsight, this result is not unexpected for the rotation of a vector. However, the
formal considerations presented here are suitable for a generalization to the rotation
of tensors.

The orthogonal transformation matrix U for the rotation of the coordinate system,
as introduced in Sect.2.4.2, is related to R by Uy, (¢) = Ry (—¢). To compare with
(2.41), choose h parallel to the 3-axis, also referred to as to the z-axis.

14.1 Exercise: Scalar Product of two Rotated Vectors

Leta, = R, (¢p)a, and Eu = Ry« (¢)ay be the Cartesian components of the vectors
a and b which have been rotated by the same angle ¢ about the same axis. Prove that
the scalar products a - b is equal to a - b.

14.1.4 Connection with Spherical Components

The complex basis vectors e™), introduced by (9.16) and employed with the defini-
tion of spherical components, cf. (9.18) and (9.19), are eigenvectors of the projection
tensors, provided that h is chosen parallel to the unit vector e, more specifically:

P ™) = 8 e™, mom' =~1,0, 1. (14.20)
Thus, due to (9.18), application the projector on a vector a yields

P™a, =a™ ™, (14.21)

where a™ is a spherical component of this vector. Furthermore, the projection tensor
can be expressed by

*
P = (eLm)) ™, (14.22)

when one chooses h = e®,

14.2 Rotation of Second Rank Tensors

14.2.1 Infinitesimal Rotation

Let A, = aya, be a second rank tensor composed of the components of the vector
a. The infinitesimal rotation by the angle §¢ about an axis parallel to h, as described
by (14.1) with (14.2) implies that the rotated tensor A;w is

A;w = A/J.v + 890 (H/L,u/ Svv + Hyy (S,u;ﬂ)A,u/v’ = A/Lv + 5§0 %v,//u’ A/l./l)/'
(14.23)


http://dx.doi.org/10.1007/978-3-319-12787-3_2
http://dx.doi.org/10.1007/978-3-319-12787-3_2
http://dx.doi.org/10.1007/978-3-319-12787-3_9
http://dx.doi.org/10.1007/978-3-319-12787-3_9
http://dx.doi.org/10.1007/978-3-319-12787-3_9
http://dx.doi.org/10.1007/978-3-319-12787-3_9

14.2 Rotation of Second Rank Tensors 263
The fourth rank tensor 7 is defined by
Fw, v = € M. Svv F v Mo 8y = Hyy Sy + Hyyr 8,00 (14.24)
The infinitesimal rotation of a symmetric tensor S is also described by .77, viz.
Sl’w =S+ 8@ v S (14.25)

In the following, it is assumed that S is also traceless, i.e. it is an irreducible second

rank tensor: S, = Sy, . The rotated tensor S;w is also irreducible. Then one has

%U’M/v/ SH/V, = %U’M/v/ W' s

and JZ is equivalent to
vy = 20 Oy i prvrs (14.26)

for 1 see (11.19).

14.2.2 Fourth Rank Projection Tensors

Fourth rank projection tensors &2(M:™M2) are defined via products of the second rank
projectors (14.7):
(mp,mp) _ p(mp) p(my)
& =P, P (14.27)

v, /v’ v’
The fourth rank projectors have the property

(my,mp) pmp.my) _ (my,my)
‘@;w,)uc ‘@)u(,u/v’ - ‘@MV’M’V’ 8(m1m’1)5(m2m§)'

(14.28)
The relation
1 1
Aoy S = D, > i (my+my) IS,
my=—1my=—1

follows the definition of 7#” and the properties of H. Insertion of & into this equation
and use of (14.28) leads to

A PN =i (my +my) P (14.29)
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Notice that m + m, assumes the five values m = —2, —1, 0, 1, 2. The fourth rank
tensor obeys the eigenvalue equation

2
H (A —iml) =0, (14.30)

m=-—2

with these five eigenvalues for m. The corresponding eigen-tensors are

1 1
Pron = 2 2, Pt P s(m.my - mo). (14.31)

mi=—1mp=—1

where the §(m, m; + my) = 1 form = m| + my, and §(m, my + mp) = 0, for
m % m| 4+ my. In terms of these projectors, the spectral decomposition of .77 reads

Ay i = sz,@(’,, (14.32)

v, u'v
m=-—2

14.2.3 Fourth Rank Rotation Tensor

By analogy to the rotation of a vector, cf. (14.3), the rotation of a second rank tensor
by the finite angle ¢ is given by

= (eXP[<P <%]);w,p/v’ Au’v’ = %;w,u’v’ (‘P) A,u’v’v (1433)

with the fourth rank rotation tensor

Py (9) = Z explim] 2, . (14.34)

m=-—2

Decomposition into real and imaginary parts yields, by analogy to (14.16)

2
0
Ry, v (@) = ngw) v z [cos(mgo) (@LT)M  + {@/(Lv?v )

(m) (=m)
+ sin(me)i (gzw o — P w)] . (14.35)
The comparison of the formulas for the rotation of second rank tensor with those for
the rotation of a vector indicates how the general case of a rotation of a tensor of
rank ¢ can be treated.
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14.3 Rotation of Tensors of Rank ¢

The obvious generalization of the generator for the infinitesimal rotation of second
rank tensors, viz. (14.24), to tensors of rank ¢, is the 2¢th rank tensor .7#°©) defined by

(0)
%1#2"'#([),‘)11)2'“1)( (14.36)
= Epgiv hk‘suzm to SMW +..F 5#1‘)1 o '(Sﬂl—lvlflgﬂé)hvlh}h

= HM1V18M2\12 o 'Sww + 8#11/1 Hﬂm e 8#@\)& +...+ 5#11)1 o 'SMIZ—IW—IHMIZVZ'
The infinitesimal rotation of a symmetric tensor S is also described by 77, viz.

/ _ (]
Sulﬂz"-ue - SMIM“'W +d¢ %1#2“'#(@)&1!}2'“% S”l"Z“'W' (14.37)
In the following, it is assumed that S is also traceless, i.e. it is an irreducible tensor.
The rotated tensor S’ is also irreducible. Then one has

HO 8= #Y0pS,

where the symbol ® indicates the £-fold contraction as occurring in the equations
above, and 57® is equivalent to

(0 — (9]
%mzmlt(zpwvzmve =Lh D/Alltz'“me)s)»»vlV2-~wz’ (14.38)
for L1 see (11.16).
Projection tensors 2™ wherem = —{, —¢+1,...,0,...,£—1, ¢, are defined
by analogy to (14.31). These projectors are eigen-tensors of 7#¢), viz.

O 2™ = 2 o O = imp™, (14.39)

In terms of these projectors, the spectral decomposition of .7#©) reads

)4
2O - Z im @™ (14.40)

12 H(e),V1V2 Vg HIR2 H(e), VIV Ve
m=—/{

The obvious generalizations of equations (14.34) and (14.35) describing the rotation
of second rank tensors to those of £th rank tensors is

¢
) (9) = D explim] 27) (1441)

JATI2 - [h(g), V1 V2"V L2 (), V1 V2 Ve
m=—¢{
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V4
209y =20+ | costme) (2. + 7))
m=1

+ sin(mg)i (920“ - 9’(—‘“))] . (14.42)

)

The projection operators also allow the solution of tensor equations, as discussed
next.

14.4 Solution of Tensor Equations

14.4.1 Inversion of Linear Equations

Let ay,.,, and by, ., be irreducible tensors of rank ¢ which obey the rotation-like
linear relation

) _
Apy iy T @ %1#2“'#([) L vivp v Qupvaeg = €O buuipg-pe » (14.43)

where ¢ is a given coefficient. With the properties of the projectors 2™ given
above, this equation is inverted for a,,,.,, according to

4
Auypg- g = Z ™ '@[Sr?/)lzm,u(g),vll)z-“vz by pags (14.44)

m=—¢{

with
™ =co(l+mip)". (14.45)

When a more general linear relation between two tensors is cast into the form

¢
Z ™ ﬂ;(ﬁ,);zmﬂ([),uluzmw Apipipe = bpapoopes (14.46)

m=—/{

with given coefficients ¢ the inversion of this equation reads

Ja
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m=—¢



14.4 Solution of Tensor Equations 267

A simple application, for £ = 1, is the computation of the electrical conductivity
in the presence of a magnetic field, as discussed next. The case of the fourth rank
viscosity tensor of a fluid in the presence of a magnetic field, is treated in Sect. 16.3.2.

14.4.2 Effect of a Magnetic Field on the Electrical
Conductivity

In a stationary situation, the linear relation between the electric flux density j and an
applied electric field E is described by

Ju=0ouw Ey, (14.48)

where 0, is the electrical conductivity tensor. For the isotropic case, where o, ~
Suv, this corresponds to the local formulation of Ohm’s law. The influence of a
magnetic field B = Bh, with h - h = 1, on the conductivity is analyzed next for a
simple model. Consider the case of single carriers with mass m, charge e, number
density n and an average velocity v, then the flux density is j = nev. The velocity is
assumed to obey the damped equation of motion

m\V:e(E—i—va)—mt*lv,

where 7 is a relaxation time. For a stationary situation, the time derivative v vanishes
and the equation above for v reduces to an expression of the type (14.43), just for
{ =1, viz.

vy +oHy vy =co Ey, (14.49)

with ¢ = e B 7/m and cg = e 7/m. The solution of this equation for v, cf. (14.44), is

1
et L
vy = > (L+ikg) ' PY E,. (14.50)
k=-1

Thus the dc-conductivity tensor is

1 -1
ne<t eBt
O = — 2 (1+ik7) P (14.51)

This result is equivalent to

oy =0l hyhy + 0t (8 — hyhy) + 0™ g5 by, (14.52)
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with the longitudinal, perpendicular and transverse conductivity coefficients
determined by

ol =oo=ne’t/m, ot =00(1+¢>)7", o™ =550 (1+¢>)~'. (14.53)

The magnetic field is an axial vector, the same applies for h. The constitutive law
(14.48), with the conductivity tensor given here conserves parity. Notice that the
conductivity tensor has the symmetry property

ouv(h) = 0,,(—h). (14.54)

Since 7 > 0,onehas o > 0and o > 0. The relation of the associated longitudinal
and perpendicular parts of the current density with the electric field violate time-
reversal invariance, typical for an irreversible process. The transverse coefficient
which underlies the Hall-effect, is of reversible character, the coefficient o may
have either sign.

14.5 Additional Formulas Involving Projectors

The application of the fourth rank projection tensor on the symmetric traceless tensor
a,y is explicitly given by

1

3
2O =3 huhy by, (14.55)
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1
P Ay = 5 bty + holteaen) = hyhy @y hyhy

i
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1 , S ‘
@;ﬂ; v = 5 apy — hyhiaey + 3 huhy hyhyagy (14.56)

i
:FZ (Hufarv - hp, Hycarchie + Hvraru —hy HM‘L’a‘L’K hie).
Multiplication of the expressions above by the symmetric traceless tensor b,,,, leads to

3
bwﬂlﬂm, apy = 3 (yubywhy) (). (14.57)
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1 1
b/w '@;(1,:5,2;3/\)’ ayy = 5 buva;w - hubuvawch/( + Z (hub;whv) (hu’a,u/v’hv/)
i
:FE (byuvHyrary — hybyy Hyragchy]. (14.58)

Now let the tensor a be constructed from the components of the unit vectors e, viz.
a,w = eye, . Then the real and imaginary parts of (14.55) and (14.56) are

— 30— 1
‘@;(4(:;),#/1/ ey = ) hyhy |:(h : e)2 - 5] , (14.59)
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i (ﬁfw)’ﬂ,v, - @fw#}v,) ey =I[hu(hxe), +hy(hxe),lh-e),
1

. 2 -2 —

i (‘@l(w),u’v’ — ‘@l(w,li’v’) epey = 3 [(h x e) e, + (h xe)e,]

- % [h, (h x e), 4+ h,(h x e),] (h-e). (14.60)

The cross product (h x e) stems from H,.;e; = (h x e),. For e = h, all terms
on the right hand side of (14.60) and in the second and third equations of (14.59)
vanish. This is obvious since a rotation about an axis parallel to e does not change the
direction of e. For e perpendicular to h, the equations involving ,@fil) yield zero,
the remaining equations reduce to

— ] —
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Next, the special case a,, = e u, is considered, where the unit vectors are per-
pendicular to each other. Then (14.55) and (14.56) lead to

3
:@gﬁ#,v, ewity: = 5 hyhy (h-e)(h-w), (14.62)
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1 LE—
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+ [hyth xw)y, +hy(h xu),]th- e)}.

Direct application of the equation (14.31) defining the fourth rank projectors in terms
of the second rank tensors and use of symbolic notation, leads to

1
PED - (eu + ue) = 3 [elu’ + ulel + utel +etul] (14.64)

:Fi [el\utr + ul\etr + utrell + etrul\]
2 9

1
PF . (eu + ue) = 2 [etul +utel —ue” — efu'] (14.65)

i
:FZ [eLutr + uLetr + utrel + etruL].

Here e and u are two arbitrary unit vectors which, in special cases, may be parallel or
perpendicular to each other. The parts of a vector e which are parallel, perpendicular
and transverse with respect to h, are defined by

el =pl.e, el=Pl.e, e"=H-e=hxe.

Due to ﬂﬁﬁ,v,éww = (0, the expressions (eu + ue) in the equations above may

be replaced by 2'eu’. Furthermore, the resulting dyadics in (14.64) and (14.65)
are automatically traceless. This is not the case for the corresponding expression
involving the projector 2 = pO p© 4 pMp=h 1 p(=D pM) Here one has

325? w O = P;E?)) + P,ﬁ;) + P&;l) = 8,v. Thus one obtains
'92;(&),#/\;/ 2 epuy = eJL ul +el ul'L (14.66)
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. PP : trotr _ 1| Il 1.1 _
This expression is also traceless, notice thateju,, = e, u; and eyuy +e,;u; = e-u.

The application of the fourth rank projectors onto a symmetric traceless tensor yields
a symmetric traceless tensor. By symmetry,

2 2 eyuy =c hyh,

wv, v’
is expected, with a proportionality factor c. Multiplication of this equation by 4,4,
and use of (14.66) yields ¢ = 3[2h - eh - u — Ze - u]. This is in accord with

3r—w

0) —
yiw,u’u/ - E hyhy hl/-/h‘/ ’

as already implied by (14.55).

Application of the fourth rank projector 2™ on hyhi acy, where a,, is an
irreducible second rank tensor, yields

(m) (m)
’@uv,u’v’ hﬂ/l’l,( Ay = (§ — ?) ‘@MV’M/‘/ ay'y' . (1467)
Furthermore,
) _ (1) (=D
h,u2 AR hMZ %1#2"'#(£)s"1”2"'vea”1VZ"'W =1 (1)’““/l - PHIM&) A””l’ (1468)
with
AM/I :hlﬂz hl% a“/lﬂ/z"'/‘:z’ (14.69)
where a,/ /..

/ is an irreducible £th rank tensor.
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Chapter 15
Liquid Crystals and Other
Anisotropic Fluids

Abstract This chapter deals with equilibrium properties of liquid crystals and other
anisotropic fluids. After some remarks on nematic, cholesteric and smectic liquid
crystals and blue phases, the second rank alignment tensor is introduced as the rele-
vant order parameter for the nematic state. Theories for the phase transition isotropic-
nematic are presented. The orientational elastic behavior of nematics and cholesterics
is firstly described by the director elasticity involving the Frank coefficients and then
by the alignment tensor elasticity theory. Systems with cubic and with tetrahedral
symmetry, referred to as cubatics and tetradics, are characterized by fourth and third
rank order parameter tensors. Some examples for the energetic coupling of order
parameter tensors of equal and of different ranks are considered.

Crystalline solids are anisotropic. Fluids in thermal equilibrium, on the other hand,
are commonly looked upon as isotropic substances. However, fluids can also become
anisotropic, be it through the application of external fields or by a spontaneous phase
transition into an state with orientational order. Liguid crystals are the most prominent
anisotropic fluids. Here the emphasis is on nematic liquid crystals. Properties of
some other anisotropic fluids are discussed briefly. In any case, tensors are the tools
needed to characterize the anisotropy of these substances. This section is devoted
to equilibrium properties. Non-equilibrium phenomena are treated in Sect. 16.4 and
Chap. 17.

A standard publication for the physics of liquid crystals is the classic book of de
Gennes from 1973, a revised and extended second edition appeared in 1993 [67].
A good introduction is [68], for phase types and structures see also [69]. An extensive
survey of the literature up to 1980 is given in [70]. Concepts and experiments are
discussed in [71]. Classic papers on liquid crystals are reproduced and commented in
[72]. Optical experiments and their theoretical foundation are treated in [73] for equi-
librium and non-equilibrium properties of complex fluids, in particular for polymers
and liquid crystals.
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15.1 Remarks on Nomenclature and Notations

Liquid crystals are substances which can flow, and thus are liquid-like and, at the same
time, exhibit anisotropic properties which are typical for crystalline solids. Around
1880, Otto Lehmann coined the words “flowing crystal” and “liquid crystal” to refer
to same types of anisotropic fluids. Some contemporary scientists opposed to his
ideas that fluid and crystalline properties can occur in a homogeneous substance and
that various liquid-crystalline states are phases in the sense of thermodynamics, just
as gas, isotropic liquid and crystalline solid. Nowadays the notion liquid crystal is
well accepted, in particular “LCD”, i.e. “Liquid Crystal Display” became a household
word.

Liquid crystals are composed of non-spherical particles which have an orienta-
tional degree of freedom. Prototypes for effectively axisymmetric or uniaxial parti-
cles have a rod-like or a disc-like shape. They are referred to as prolate and oblate
particles.

The main types of liquid crystals are called nematic, cholesteric and smectic liquid
crystals.

The terms thermotropic liquid crystal and lyotropic liquid crystal are used to
indicate that the change of the temperature or of the concentration in a solution
drives the phase transition from an isotropic liquid to a liquid crystalline state.

15.1.1 Nematic and Cholesteric Phases, Blue Phases

In nematics, the main axis of the particles have along range preferential order whereas
the positions of their centers of mass have no long range order. Usually, it is under-
stood that nematics are composed of prolate particles, otherwise the notion “discotic
nematic” is used for fluids composed of oblate particles. Symmetry considerations,
however, apply to both types of nematics: they are characterized by an order para-
meter which is a symmetric traceless second rank tensor.

In ordinary nematics, the phase has uniaxial symmetry, even when its constituents
are biaxial particles. Fluids with an overall biaxial symmetry, but without any long
ranged positional order are referred to as biaxial nematics. One has to distinguish
between the symmetry of the particles and the symmetry of the phase. In principle,
it is possible to have a biaxial phase composed of uniaxial particles and a uniaxial
phase composed of biaxial particles. Typically, however, the rare biaxial nematic
phase is found for substances composed of biaxial particles.

A cartoon of the orientation of ‘particles’ in the nematic phase is shown in
Fig.15.1. Although ‘up and down’ or ‘head and tail’ can be distinguished for each
particle, the average orientation has head-tail symmetry.

A cholesteric liquid crystal is essentially a nematic, where the preferential direc-
tion of the phase is twisted in space, with a twist axis pointing in a certain direction.
Cholesterics possess a spontaneously formed helix, which is geometrically similar
to the steps of a spiral staircase. The twist axis is also called helical axis.
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Fig. 15.1 Cartoon of the
orientation of molecules in

the nematic phase, as shown
in [74]

gy o P

€

Fig. 15.2 Schematic
double-twist configuration

When the local helical axis points in the radial directions perpendicular to another
fixed axis, the director configuration is referred to as double twist structure, cf.
Fig. 15.2. There the short lines indicate the director, the thin horizontal lines mark
the directions of two of the helical axes which are orthogonal to the cylinder axis. The
molecular arrangement in a double-twist cylinder with a diameter determined such
that the twist from the center of the cylinder axis is about 45°, can be more stable
than the single-twist configuration of an ordinary cholesteric state. In larger volumes
3D supra-molecular structures are spontaneously formed in the blue phases. These
structures contain defects where three orthogonal double-twist cylinders touch each
other. The 3D arrangement of the defects determines the symmetry of the blue phase.
The phases referred to as ‘BP1 and BP2 have cubic symmetry of fcc and bec type.
Blue phases with icosahedral symmetry and with an irregular structure also exist.

The blue phases are found in chiral substances between the ‘ordinary’ cholesteric
and the isotropic liquid phase. The name comes from the blue shine observed in
cholesteryl benzoate, as first reported by Reinitzer in 1888. He sent this substance to
Lehmann who studied the spontaneous birefringence as function of the temperature.
Lehman noticed that the ‘blue phase’ is optically isotropic, in contradistinction to the
optically anisotropic cholesteric phase which Lehmann then called ‘liquid crystal’,
a name he had previously used for substances now called superionic conductors.
Decades later it was recognized that there is not one blue phase but several types of
blue phases which occur in a very narrow temperature intervals. For over hundred
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years, the research dealing with blue phases was considered as a rather exotic topic.
This changed in 2005 when substances with a wide temperature range of blue-phase
liquid crystalline state were found [75]. In the meantime, a blue phase LC display
has been developed.

Colloidal particles are localized at the defects of liquid crystals and they may form
periodic structures [76]. Colloidal particles immersed in a blue phase liquid crystal
stabilize the blue phase [77]. The resulting 3D periodic structure has the optical
properties of ordinary colloidal crystals [78] but is mechanically more stable.

15.1.2 Smectic Phases

Smectic liquid crystals possess a partial positional ordering, in addition to an ori-
entational order. The different phases are labelled by the letters A, B, C, ... in
the order they were originally identified as distinct thermodynamic phases, before
the underlying microscopic structure was identified. The most prominent cases
are the smectic A and smectic C phases, where the centers of mass of the mole-
cules are preferentially located in planes.

In the A-phase, the director specifying the average direction of the long axes of
the molecules is perpendicular to the planes, in the C-phase, it is tilted with respect to
the planes. A cartoon of the orientation of ‘particles’ in the smectic A and C phases
is shown in Fig. 15.3. The tilt angle ¥ which distinguishes the C from the A phase
can be used as an order parameter, e.g. see [67]. Alternatively, cf. [79], the transition
A — C can be looked upon as a spontaneous shear displacement u(r) of the centers
of mass of the molecules where u and its gradient are parallel and perpendicular,
respectively, to the director n. With u in x-direction and its gradient in y-direction,
the deformation dux/dy is equal to tan . In the ferro-electric smectic C* liquid
crystals, the electric polarization is proportional to the axial vector associated with
the antisymmetric part of the deformation tensor V,u,, [79].

The smectic B phase is similar to the A-phase but with an additional hexago-
nal short range order of neighbor molecules within a plane. The smectic D phase
has a 3D cubic order, rather than the layered structure typical for smectics. For
chiral and ferro-electric smectics, as well as columnar phases, and banana phases
see, e.g. [67-69].

Fig. 15.3 Cartoon of the
orientation of molecules in
the smectic A (left) and
smectic C (right) phases, as
shown in [74]
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15.2 Isotropic < Nematic Phase Transition

15.2.1 Order Parameter Tensor

The existence of a non-zero second rank alignment tensor in thermal equilibrium,
distinguishes the nematic phase of a liquid crystal from its isotropic liquid state. The
order parameter tensor can be introduced phenomenologically via the anisotropic, i.e.
symmetric traceless part of the electric or magnetic susceptibility tensor or, and this
is preferred here, microscopically as an average over the orientational distribution
function. As in Sect. 12.2.2, particles with a symmetry axis parallel to the unit vector
u are considered. In most nematics, the orientational distribution f = f(u) does
not depend on the sign of u, even when the particles do have a polar character. The
property f(u) = f(—u) is referred to as head-tail symmetry. The lowest moment
which distinguishes an anisotropic distribution from an isotropic one is the second
rank alignment tensor, cf. (12.14) and (12.17),

15

ayy = (¢;w)» ¢;w =0 uyuy, L= 7 (I5.1)

The bracket indicates the average over the orientational distribution, viz.

(... =/...f(u)d2u.

The quadrupole moment tensor, cf. (10.29) has the same symmetry as the second
rank alignment tensor a,,, ~ (W ). Therefore, the tensor (m) is also denoted
by Q. and called Q-tensor, [67].

The general properties of symmetric second rank tensors discussed in Chap.5
apply to the traceless tensor a,,, defined in (15.1). In particular, in a principal axes
frame with the principal axes parallel to the mutually perpendicular unit vectors e,
i = 1,2, 3, the tensor is expressed as,

3 V2
Ay = \/;ao el(f)el(?) + - ai (eLl)egl) - el(f)e,(})) . (15.2)

The factors in front of the quantities ap and a; have been chosen such that the
magnitude of the alignment tensor, viz. the second scalar invariant I, = a,,a,, is
equal to ag + alz. For a comparison with the relations given in Sect.5.2.4, notice

that the quantities corresponding to S, s and g of (5.11) are 0, %ao and a;/+/2. By

analogy to (5.13), the principal values a®, i = 1,2, 3 of the alignment tensor are

al = —Lao + Lal a® = —Lao - Lal a® = \/gao. (15.3)
Ve V2 Ve V2 3
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The alignment tensor is uniaxial for a; = 0, with its symmetry axis parallel to e®®.
The tensor is planar biaxial for ¢y = 0. For this reason, ag and a; are referred to
as uniaxial order parameter and biaxial order parameter. Notice, however, that the
alignment tensor is also uniaxial when a; = :I:«/gao holds true. In these cases, the
symmetry axis is parallel to e® and e(1), respectively.

In terms of ag and ay, the third scalar invariant /3 ~ @, @y a;, which is essen-
tially the determinant, cf. (5.44), is determined by

Iy = V6auancac, = ap (a3 —3a}). (15.4)

The factor «/6, which was not included in (5.44), is inserted here for convenience.
The biaxiality parameter b, cf. Sect.5.5.2, is now given by

P =1-13/15. (15.5)
With
apg =acosw, aj =asina, (15.6)

where a determines the magnitude of the alignment and the angle « is a measure for
the biaxiality, the scalar invariants and the biaxiality parameter are given by

2

Izzag—i-a%:a, L =ad

cos (cos.2 o — 3 sin® o) = a’ cos 3, b =sin3a.
(15.7)

The argument 3« reflect the fact that the roles of the three principal axes can be
interchanged without changing the physics described.

Ordinary nematic liquid crystals are uniaxial in thermal equilibrium and when no
distortions are imposed. Then one has ¢« = 0, a; = 0 and ap = a. Furthermore,
the unit vector parallel to the space-fixed symmetry direction is denoted by n, rather
than e, and called director. The alignment tensor is written as

3 |

ayy = Ea nyhy . (15.8)

Due to

2
NNyl = 3 a,

and (15.1), the order parameter a is determined by

a= \/gé'z (upuy, Y nny, =582, S, = (Py(u-n)), (15.9)
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where P>(x) = %(x2 — %) is the second Legendre polynomial. Frequently, the
quantity S» is denoted by S and referred to as Maier-Saupe order parameter.

Theoretical approaches to the phase transition isotropic <> nematic are discussed
next.

15.2.2 Landau-de Gennes Theory

The Landau-de Gennes theory for the phase transition isotropic <> nematic is based
on finding the minimum of a free energy .#, associated with the alignment. This free

energy is written as
Fa=NkgT @, (15.10)

where N is the number of particles, kg is the Boltzmann constant, T is the tempera-
ture and @ is a dimensionless thermodynamic potential function which depends on
the scalar invariants I, I3 of the alignment tensor. In the Landau de Gennes theory
the ansatz

¢_¢LdG:lA1_131 _|_1C12 A=A 1—T—>k Ao, B,C >0
= =pah T3P th, A=A T’O”>’
(15.11)
or explicitly,
1 1 1
PLIG _ 5Aalwaw _ 53 \/gawawaw + ZC (aw’“vu)2, (15.12)

is made. The phenomenological coefficients Ay, B, C > 0 are assumed to be practi-
cally constant in the vicinity of the phase transition, and 7* is a pseudo-critical tem-
perature, which is somewhat below the isotropic-nematic transition temperature 7y;.

The equilibrium value of the alignment is inferred from the minimum of the free
energy, which in turn, is obtained by putting the first derivative of the potential @
with respect to the alignment tensor equal to zero. To compute the derivative 0@ /0a,
replace a in @ (a) by a + da where 4a is a small distortion. Then find the factor in
the term of §&@ = & (a + éa) — @ (a) which is linear in §a. For the present case,
use of

0P d0I 0P J913
=\ + — ‘sa;w,
0l dayy I3 day,

with

dlr
da,y
013

—8(1,“; = 3\/gav1<a/cu.aalw = 3\/6 Ay e Sa/wv
da,y

dayy = 2ay,0ayy,
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or direct computation from (15.11) leads to

LdG
PLIG — P
ny =

=Aayu — B NG Aty + Cayy Al (15.13)

dayy

Before the equilibrium condition @b‘SG = 0 is discussed further, the Landau de
Gennes potential (15.11) is expressed in terms of the variables a and « as introduced
in the previous Sect. 15.2.1. The result is

1 1 1
@LdG — EAQZ — §Ba3 cos 3a + ZCaA'. (15.14)

The conditions for an extremum of this function are

3(pLdG
oo

= Ba’sin3a = 0,

and

P ¢LdG

=aA — Ba®cos3a + Ca’> = 0.
da

The first of these conditions implies that the biaxiality parameter » = sin 3« vanishes.
Thus the equilibrium state is uniaxial and @ = 0 is used. Then the second condition is

a(A— Ba+ Ca*) =0. (15.15)

The solutions are a = 0 and, provided that B2 > AC, also

B 1
a=ayp= — + —+/B2 —4AC.

2C 2C

The case a = 0 corresponds to an isotropic state. In an uniaxially ordered state
one has a # 0. Notice that A = A(T) is a function of the temperature 7. At the
isotropic-nematic coexistence temperature Ty, the potential has a minimum at the
value of @ where @0 (@) = 0 holds true. With Ay = A(Ty) = Ao(1 — T*/ Tpy),

one has 1 { 1
5 Ani = 5Ba + chﬁ =0. (15.16)

Since

Ani—Ba+Ca2 =0,
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has to be obeyed at equilibrium, these relations imply

_ 2B 1 2B?

= f’ Api = Ao(1 — T*/Tni) = §Bani = 9_C (15.17)

a = dypj

Typical thermotropic nematic liquid crystals have an order parameter S> of about
0.4, at the transition temperature. This corresponds to a,; = 0.9 ~ 1. The relative
difference between the transition temperature 7Tp; and 7%, viz.

8ni = (Tni — T)/ Tni = 2B%/(9A0C) = a%C/(2By), (15.18)

is of the order 102, The Exercise 15.1 provides a derivation of the potential function
(15.12) and it yields specific values for the coefficients Ag, B, C. In the literature,
variables referring to the nematic-isotropic phase transition are also labelled with the
letter “K”, rather than “ni”, like Tk or ak instead of Ty; and ay;. The letter “K” stems
from “Klédrpunkt”, meaning “clearing point”. The reason is: polycrystalline liquid
crystals are turbid and they become clear in the isotropic phase.

It is convenient to introduce the scaled alignment tensor ¢, a reduced potential

I
@* and a reduced relative temperature ¥ via
auy = ani @, = ag Ay O*, (15.19)

O =AM)/Awi =1 =T"/T)/(1 =T/ Tni) = (Toi/ T)(T = T*)/(Toi — T7).

(15.20)
Then the resulting expressions for the scaled Landau de Gennes potential
1 1
(@MY = v al, —Voay,al ap, + 5 (@)a,)?, (15.21)

is universal in the sense that the original coefficients Ao, B, C no longer show up
explicitly. With a = apja™, the scaled expression corresponding to (15.14) is

(@G = %19 (@)?* - (a*)* + % (@)™, (15.22)

The transition temperature Tp,; and the temperature 7* correspond to ¥ = 1 and
¥ = 0, respectively. The relation corresponding to (15.15) is

a*(® — 3a* +2@*)*) = 0.

The resulting equilibrium value of the order parameter in the nematic phase is

9-8¢, ¥ < (15.23)

oo | \O
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Clearly, a;, = 1 for 9 = 1. The nematic state is metastable in the range 1 < & < %
of the reduced temperature. The isotropic state corresponding to a = 0 is metastable
for0 <o < 1.

The scaled variables can be denoted by the original symbols without the star, when
no confusion arises. Notice that the scaled potential function (15.21) corresponds to
(15.12) with A = ¢ and the universal coefficients B = 3, C = 2.

By definition, the Maier-Saupe order parameter Sp = (P») lies within the range
—% < 82 < 1. Consequently the order parameter a = V58, is bounded by
—+/5/2 &~ 1.12 and v/5 ~ 2.24. The bounds for the corresponding scaled vari-
able a* = a/ay; involve the factor 1/ap;. For typical thermotropic nematics,

—1.25<a* <25.

is the range of the scaled order parameter. The Landau-de Gennes free energy is
well suited to study the isotropic state and the nematic phase in the vicinity of the
transition temperature. The bounds on the order parameter just discussed, however,
are not taken care of. An amended version of a Landau-de Gennes type potential
function which implies an upper bound of the magnitude of the order parameter was
considered in [86].

15.1 Exercise: Derivation of the Landau-de Gennes Potential

In general, the free energy F is related to the internal energy U and the entropy S by
F = U — TS. Thus the contributions to these thermodynamic functions which are
associated with the alignment obey the relation

Fa=Uy— T Sy

Assume that the relevant internal energy is equal to
Uy = —N Eeawaw,

where ¢ > 0 is a characteristic energy, per particle, associated with the alignment.
It is related to the temperature T* by kgT* = ¢/ Aq. Furthermore, approximate the
entropy by the single particle contribution

“a = =N kg (In(f/f0))o,

cf. Sect.12.2.6, where the entropy per particle s, was considered. Notice that
S = Nsu. Use f = fo(1 + auvéuy) and (12.39) to compute the entropy and
consequently the free energy up to fourth order in the alignment tensor. Compare
with the expression (15.12) to infer Ag, B, C. Finally, use these values to calculate
api and § = (Tp; — T*)/ Thi, cf. (15.17) and (15.18).
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15.2.3 Maier-Saupe Mean Field Theory

Although Maier and Saupe [80] followed a different line of reasoning, the essence
of their theory for the isotropic-nematic phase transition is based on a mean field
approach. More specifically, it is assumed that a molecule feels an orienting internal
field caused by the orientation of its neighbors which, in turn, is proportional to the
second rank alignment tensor. By analogy with (12.30), the Hamilton function for
the orientational interaction is determined by

H = H(MS) ~ —dpy Uty _H(Ms)/kBT = Bms Apy ¢uw Bms = T*/T-
(15.24)

The equilibrium distribution function is proportional to exp[Bmsauv®,v]. Thus
auy = (¢,v) evaluated with this distribution leads to a nonlinear equation for the
alignment tensor, from which the phase transition behavior can be inferred.

For a uniaxial alignment, and this is the case treated by Maier and Saupe, one has
apy = mm with ayya,, = a? and a = +/5(P>(n - n)). Then the Hamilton
function reduces to

HMS — _\/5kgT*a P,(n-u) = —5kgT* S P,(n-u), S = (Pr(n-u)). (15.25)

The self-consistency relation determining the equilibrium values of the order para-
meter is

1
a= g, /(a):Z(a)_lx/g/ Py(x) exp[(T*/T) /5 a Pr(x)]dx,
0
1
Z(a):/ expl(T*/T)v/5a P>(x)]dx. (15.26)
0

In terms of @ = (T*/T)a and F(a) = _# ((T/T*)a), the relation (15.26) is
equivalent to

T . -

T=4= F(a),
where now F(a) is a function which does not depend on 7. The intersection of
the straight lines, cf. Fig. 15.4, with the curve yields the self-consistent value for
a=(T*/T)a.

The equilibrium value for the order parameter a can be plotted as function of T/ T*
by a parametric plot of F(x)/x via F (x), with x instead of a, in the appropriate range,
see Fig. 15.5. The pertaining Gibbs free energy has a minimum with the value O at
T =T, = 1.099T* ~ 1.1 T*. The order parameter, at the coexistence temperature
is api = 0.98 = 1, corresponding to the value 0.44 for the Maier-Saupe order
parameter S at the phase transition temperature 7y;. The right end of the curve in
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Fig. 15.4 The Maier-Saupe graphical solution for the order parameter. The three straight lines are
for the temperatures 7/T* = 1.5, 1.0, and 0.75, from left to right

Fig. 15.5 The order 2
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Fig. 15.5 lies at the slightly higher temperature 7., = 1.114 T*. For this temperature,
the straight line in Fig. 15.4 just touches the curve rather than intersecting it. At this
point, the order parameter a is equal to 0.724 corresponding to S ~ 0.33.

15.3 Elastic Behavior of Nematics

The elastic behavior of nematic liquid crystals and their great sensitivity to an applied
electric field play an essential role for the operation of liquid crystal displays (LCD).
The speed of switching a LCD is influenced by viscous properties, which are dis-
cussed in Sect. 16.4.1.


http://dx.doi.org/10.1007/978-3-319-12787-3_16
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15.3.1 Director Elasticity, Frank Coefficients

Standard nematic liquid crystals, in thermal equilibrium, are uniaxial, cf. (15.8),
(15.9), and their order parameter S = S5 is constant. The local director n, however,
depends on the spatial position r. The spatial variation, in general, is influenced
by boundary conditions and by orienting magnetic or electric fields. The functional
dependence n = n(r) of the director field is governed by an equation, which follows
from a variational principle for the relevant free energy density felasi- The pertaining
free energy Felast = f felastd3r is the spatial integral of the energy density. The
“elasticity” of the director field discussed here is of a different character as compared
with the elastic behavior of solids under deformations, cf. Sect. 16.2. The standard
ansatz for the free energy density associated with the ‘elasticity’ of the director field is

1 2 2 2
felast=5[1<1<v.n> +Km (Vxn?+ K mx Vxn?],  (1527)

with the Frank elasticity coefficients K1, K2, K3. The distortions of the director field
described by the divergence V - n, by a rotation parallel to the director n - (V x n),
and by a rotation perpendicular to n, viz. n X V X n), are referred to as splay, twist,
and bend deformations, as indicated in the sketch Fig. 15.6.

The undistorted, spatially homogeneous state has the lower free energy, provided
that K; > 0,7 = 1,2, 3 holds true. Expressions like (15.27) were first introduced
by Oseen and Zocher, later refined by Frank [82]. In the literature, the coefficient K;
are called Frank-Oseen elasticity, or mostly, Frank-elasticity coefficients.

The director n = n(r) is a unit vector, thus n - n = 1, and consequently one has

ny, Vyn, =0. (15.28)

In Cartesian component notation, the free energy density (15.27) reads

1
Selast = EKI (Vunu) (Vyny) (15.29)
1
+§K2 [(anu)(vvnu) - (Vunw)(Vuny) —ny, (Vyny) nu(vunk)]

1
+§K3 ny (Vyn;) n, (Vyny).

Fig. 15.6 The splay, twist
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For the derivation of this expression from (15.27), the condition (15.28) equations
(4.8), (4.10) for the product of two epsilon-tensors have been used. With help of the
relation

Vu(myVony, —n,Vyny) = (Vyn)(Vny) — (Veng)(Vony),

Equation (15.29) can be cast into the form

1 1
Selast = §K2 (Vyn)(Vyny) + E(Kl — K2) (Vuny) (Vyny) (15.30)
1 1
+5(K3 = K2) ny (Vony)ny, (Vyny) — EKZ Viu(nyVony, —n,Vony).

The last term, being a total spatial derivative, contributes at the surface only, when
the free energy density is integrated over a volume. For typical low molecular weight
nematic liquid crystal, one has K» < K| < K3. Some qualitative features of the
nematic elasticity can be treated theoretically in the “isotropic” approximation K| =
K> = K3 = K. Then (15.30), with the surface term disregarded, reduces to

K (Vyn,)(Von,,). (15.31)

R -

Selast = fé]sg?st =

The Frank elasticity coefficients have the dimension of energy density times length
squared. On the other hand, ordinary elastic coefficients, like the shear modulus, as
treated in Sect. 16.2, have the dimension of an energy density or equivalently, of a
pressure.

In the presence of external electric or magnetic fields, the free energy density con-
tains additional contributions. For substances without permanent dipole moments,

but with anisotropic electric and magnetic susceptibilities lev = X;l nyn, and
X;ng = a2 nyny , cf. (5.34), one has

1 ol 1  mag — 1 —
Sield = _5(80 Xa Eun Ev + Mo Xa B, By) nyn, = _E wy Ny, (15.32)

where x, = x| — x. is the difference between the relevant susceptibilities parallel
and perpendicular to the director n. The symmetric traceless field tensor F),, is
defined by (15.32).

The stationary director field is the solution of a spatial differential equation which
follows from a variational principle, viz. the spatial integral

F:/fd3r:/(felast+fﬁeld)d3r
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has to be a minimum. This implies §F = [ f(n + én)d*r — [ f(m)d*r = 0. The
change én must conserve the length of the director, thus n - {n = 0 has to hold true.
In the expression for fea, an integration by parts removes the spatial derivative
acting on én. For the simple case of the isotropic elastic energy (15.31), the resulting
differential equation is

-KV,Vyn, — Fyyn, =0.

The constraint V,n,, = 1 can be taken care of by a cross product of this equation
with n,
el (K Any + Fyny) = 0. (15.33)

This is essentially a torque balance, cf. (5.34). Of course, the differential equation
has to be supplemented by boundary conditions. An example for the director field
is shown in Fig.7.7. The defect seen in the lower left corner of the right figure with
a ‘half integer winding number’ is typical for a tensor field. The winding number
counts the number of 360° turns of the director when one follows its direction on
a closed path, for 360°, around the defect. The head-tail symmetry of the director
allows half integer winding numbers, viz. the turn of the director for 180° only.
Defects with integer winding number, the only ones allowed for a vector field, are
also possible for a director field.

15.3.2 The Cholesteric Helix

In cholesteric liquid crystals, the director field has a screw-like spatial behavior.
The cholesteric phase is essentially a spontaneously twisted nematic state with a
characteristic pitch P of the helix. For cholesterics, the twist-part of the free energy
density (15.27), involving the elasticity coefficient K>, contains a term linear in the
spatial derivative,

1
fit = S [K1 (V- Kan - (Vx4 o + Ka (nx V xw)?] (15.34)

Conservation of parity requires that the quantity g is a pseudo scalar. It is non-zero
only for substances containing chiral particles or which possess a helical short range
structure.

Let the spatial dependence of n be of the twist type

n=cosae +sinae’, o=az).

Since Vyn, = o'el(—sin ae,’i + cos aei), where o stands for da/dz, one has
ny&nwu Vony, = —a’, and (15.34) reduces to

1
da = 5 K2 = q0)”.
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The free energy density has a minimum when o = ggz. The quantity P = 27/qq
is referred to as the pitch of the helix. Due to the fact that n and —n are physically
equivalent, the periodicity of the cholesteric helix is 7 /qq.

15.3.3 Alignment Tensor Elasticity

The alignment tensor approach used for the description of the phase transition
isotropic <> nematic, cf. Sect. 15.2.2, can be generalized to spatially inhomogeneous
systems. This allows to treat the elastic behavior and to derive expressions for the
Frank elasticity coefficients which are closer to a microscopic interpretation. The
free energy .7, is written as an integral over a free energy density f, associated with
the alignment and its spatial derivatives, viz. %, = [ fad3r with

fa=(p/m)kpT @ + finhom,

Here p/m is the number density, of a fluid with the mass density p, composed of
particles with mass m. As in Sect. 15.2.2, @ stands for the dimensionless free energy
functional depending on the alignment, e.g. the Landau de Gennes expression (15.11),
(15.12) involving the second rank tensor @, which now depends on the position r.
The additional contribution f;“hom characterizes the ‘energy cost’ associated with
spatial derivatives of the alignment.

First, the ansatz (15.12) is used with

. 1 1
;nhom = (p/m)e&o -‘33 |:§ o1(Vvay,) (Vaan,) + B Uz(vlavu)(v)»avﬂ)] » (15.35)

where ¢g and &) are a reference energy and a reference length. The energy scale can
be associated with the transition temperature 7y, viz. &9 = kp7Tp;. The length scale
is of the order of a molecular length and can be linked with the average inter-particle
distance according to 53 = (p/m)~". The dimensionless characteristic coefficients
o1 and o, can be expressed in terms of integrals involving the anisotropic interaction
potential and the pair correlation function [83]. Here, these quantities are treated as
phenomenological coefficients.

In equilibrium, and in the absence of external orienting fields, the order parameter

tensor is uniaxial, cf. (15.8), thus one has a,, = %aeq nyny , where the order

parameter deq = ﬁSeq is essentially the equilibrium value of the Maier-Saupe
order parameter. Assuming that Seq is constant, the free energy (15.35) reduces to
the form (15.34) with the Frank elasticity coefficients given by

1
K1 = K3 =K (5 ki +k2), K> = Ko ka, (15.36)

Ko = (P/m)??oég = kpTy; 50_1, kip = 3aezq01,2 =15 Sezqal.z-
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Clearly, for k; = 0, all three elasticity coefficients are equal, corresponding the
isotropic case (15.31). On the other hand, to obtain the full anisotropy of the elastic
energy with three different values for the Frank coefficients, the ansatz (15.35) has
to be extended. An approach discussed in [83] is the inclusion of the fourth rank
alignment tensor a,,,, in the theoretical description. This means, instead of (15.12),
the potential

V70

P = (pLdG - Da;wa)uca;u))u( + - Ep ApvicApvii s
6 2

is used with two additional coefficients D and Ey. In equilibrium, this implies

V70 D

6 Eo

Apvie = Apv g -
As a side remark, from a lowest order expansion of the entropy associated with the
single particle distribution function follows Ag = Eg = 1, B = \/5/7, C =5/,
see the Exercise 15.1, but also D = 3/7.

Furthermore, additional terms are included in the expression for the free energy
density involving the spatial derivatives of the type

(Vkauv)(vx [an wi)s (Vi aﬂvkl{)(vr Apvit ), (Vrauvkk ) (Vra;w)u{ ).

The mixed term with the product of the spatial derivatives of the second and fourth
rank tensors provides the desired full anisotropy. The experimentally observed tem-
perature dependence of the elasticity coefficients of ten liquid crystals can be fitted
rather well when all terms are included in fi""™  for details see the 1982 article
of [83]. An alternative approach for the computation of the elasticity coefficients is
presented in [84]. There a local perfect order is assumed which can be treated by
an affine transformation model. A microscopic method for calculations of the twist
elasticity coefficient K is derived and tested in [85].

The variational principle applied to a free energy density f = f(ayw, Viauy,
V,.a;,.) leads to the differential equation

af af af

~-v =0. 15.37
da,  OVian, " 9Vian (D=0

In the simple case corresponding to the isotropic elasticity, this equation is
@y — Fuy —E* Aay, = 0. (15.38)

Here @, is the derivative of the potential @, with respect to a, €.g. the Landau
de Gennes expression (15.13), the tensor F),, characterizes the influence of an orient-
ing electric or magnetic field, and the length £ is linked with the quantities occurring
in (15.35) via &2 = ,fB—Ongaz.
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The local orientation of liquid crystals, as observed optically via its birefringence,
i.e. between crossed polarizer and analyzer, may show defects. In the theoretical
description based on the director field, the defects are treated as mathematical singu-
larities. The alignment tensor theory, like (15.38) is closer to the physical reality. It
takes into account, that the defect is not a point, but rather a spatial region, where the
alignment tensor is no longer uniaxial, as assumed by the director theory. Further-
more, the magnitude of the order parameters are spatially dependent and in the core
of a defect, the alignment can even vanish, i.e. locally, within a small volume, the
fluid is isotropic [87]. For a specific example, the comparison between the alignment
tensor theory and the director description is presented in [88]. An example for the
alignment tensor field, in the vicinity of a point, which would be treated as a defect
in a director description, is shown in Fig.7.8. Notice that the sides of the bricks are
the eigenvalues of a second rank tensor which is the sum of the alignment tensor and
a constant isotropic tensor, chosen such that all eigenvalues are positive.

In cholesterics and blue phase liquid crystals an additional term linear in the
spatial derivative of the alignment tensor has to be included in the free energy density
(15.35). The contribution to the free energy density associated with the chirality is

1
fhol — 5 (p/m)eo 00" evi dpuy Vi s (15.39)

where the coefficient oM is a pseudo-scalar. For a uniaxial alignment apy =

v/3/2aeq nyn,, with a spatially constant order parameter deq = V58, the expression
(15.39) reduces to

1 15
f;hOI = 5 (p/m)?S2 g0 &o UChnusvkk Vi iy

Comparison with (15.34) shows that the coefficients go and oM characterizing
the chiral behavior are linked according to 2K>qo = (p/m) l—szzeoéood‘, for K»
see (15.36).

The general structure of the free energy constructed from the spatial derivatives of
the alignment tensor up to second order and of all orders in the second rank alignment
tensor, with special emphasis on chiral terms, was studied in [89].

15.4 Cubatics and Tetradics

Some anisotropic fluids are composed of particles or have a local structures which
cannot be described by a tensor of rank two, but where higher rank tensors, e.g.
tensors of rank three or four are needed. These substances are referred to as tetradics
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and cubatics. Here, as in [92, 93], the term ‘tetradic’ is meant as an abbreviation for
‘tetrahedratic’, indicating a tetrahedral symmetry. Due to the closer resemblance of
the theoretical treatment to that of the second rank case, cubatics are discussed first.

15.4.1 Cubic Order Parameter

Consider a reference particle in a dense liquid or solid and let u be a unit vector
pointing to a nearest neighbor. The fourth rank irreducible tensor

Apvae = ¢ (UMMVMAMK ) (15.40)

is the lowest rank order parameter tensor which distinguishes a state with local cubic
symmetry from an isotropic state. The numerical factor ¢ can be chosen conveniently.
The bracket (...) indicates an average evaluated with an orientational distribution
function f(u), just as in Sect. 12.2.1. To indicate that here u does not specify the
direction of a particle but rather the relative positions of particle neighbors, the term
bond orientational order is used.

When the order parameter tensor has the full cubic symmetry, as in cubic crystals,
and the coordinate axes are chosen parallel to the symmetry axes, the order tensor is
proportional to the fourth rank cubic tensor defined in Sect.9.5.1:

The e®, with i = 1, 2, 3 are unit vectors parallel to the cubic symmetry axes. Notice
that H /it)“ H /it)“ = 6/5 and consequently ayppe@uvic = a?. The order parameter

a is essentially the average of a cubic harmonic, cf. (9.3.2),

5 —_— 3
a= \/;{(Hn, Hy = H;:?M UypUplpUe = u‘lt + u‘z‘ + 1/3‘ -3 (15.42)

The choice ¢ = /6/5 implies a = (Hj). On the other hand, with ¢ = (9!!)/(4!), one
has a = (K4), where K4 = %@H4 has the normalization (471)’1 f dezu =1,
cf. (9.33). In this case, the expansion of the distribution function reads f(u) =
(4m)~Y(14+aKs+...). Thedots ... stand for components of the fourth rank tensor
which do not have the full cubic symmetry and for terms involving tensors of higher
ranks £ = 6,8, ...


http://dx.doi.org/10.1007/978-3-319-12787-3_12
http://dx.doi.org/10.1007/978-3-319-12787-3_9
http://dx.doi.org/10.1007/978-3-319-12787-3_9
http://dx.doi.org/10.1007/978-3-319-12787-3_9

292 15 Liquid Crystals and Other Anisotropic Fluids

15.4.2 Landau Theory for the Isotropic-Cubatic
Phase Transition

A phenomenological theory for the phase transition of an isotropic state to one
with cubic symmetry can be made in analogy to the isotropic-nematic transition, cf.
Sect. 15.2.2. Such an approach was first proposed independently, in [90] and [91]
for cubic crystals. Notice, however, that the long range positional order typical for
crystalline solids is not treated explicitly in this theory which focuses on the bond
orientational order. To stress this point, the ordered state as treated here, is referred to
as “cubatic”, be it an ordered fluid like a smectic D liquid crystal, a fluid containing
oriented cubic particles, or a true cubic crystal.

By analogy with the Landau-de Gennes theory for nematics, cf. Sect.15.2.2,
a dimensionless free energy potential is formulated:

1 1
D = (DL = Aa,uv)\/(a/w)u( - 5 N SOBa/LU)\.Ka)LKO"EaO"[/LV + Zc(a[u))ul(aﬂ,v)ul()za

(15.43)

| =

with
*

A=Ag(1-—F ) A0.C>0. (B <AC.

This ansatz is motivated as follows. The specific entropy is the sum of sg for the
isotropic state and a contribution s, associated with the bond orientational order. It is
assumed that s, is given by s, = ];n—B [...],where[...]isequal to @' as given by (15.43)
but with Ag instead of A = A(T). Similarly, the specific volume p~! = Lo 'y Pa 1
and the specific internal energy u = ug + u, are made up from isotropic parts and
contributions linked with the order. The standard Gibbs relation dsy = 7~} (dug +
Pdpy 1), where P is the hydrostatic pressure, then leads to

kg 0@

ds =T "(du+ Pdp~™H) - = , (15.44)
m 0ay e
with the potential defined by
kg -1 -1
—— D =5, —T "(ua+ Pp, ). (15.45)
m
The plausible assumption that the ordered state has a smaller energy and a smaller
specific volume, characterized by ¢ and vy, respectively, viz. u, = —%wﬂmaw;«
and ,oa_1 = _%Uaauv)u(ap.v)«’ leads to the expression (15.43) with

T*
A=Ap|l-T7! n (e+Puv)|=Ap |1 ——|,
Aokp T

m
Aokp

T =T*(P) = (e + Puvy). (15.46)
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By analogy with the description of the alignment tensor elasticity, cf. Sect. 15.3.3,
the potential function

1
@ =P8+ & (Ve (Vedune), (15.47)
is used for a spatially inhomogeneous situation. The pertaining equilibrium state
obeys the relation @, = aa";’:M = 0, with

1
(p;w)uc = Aa;,w)u( —~30B Auvotlotik

+Cauv)»/( (au’v/A/K/au/v/A/K’) - 53 A Apvik- (15.48)

When the order parameter tensor has the full cubic symmetry as described by (15.41),
the potential function reduces to

o= a2 1B3+1C4+1$2(V )(Voa)
=3 a 3a 4a 50 ~a)(Vya).

The pertaining equilibrium condition is

I
oo =Aa- Ba® + Ca® — & Aa. (15.49)
a

For the spatially homogeneous situation, the equilibrium condition a(A — Ba +
Caz) = 0 is equal to that one discussed for nematics, cf. Sect. 15.2.2. In particular,
the equilibrium transition between the isotropic and cubic phases occurs at the tem-
perature 75, where A(T;) = 2B2 /(9C). There the order parameter is ag = 2B /(3C).
At the temperature 7%, where A(T*) = 0, one has a(T*) = B/C. The sign of the
equilibrium value of the order parameter deq = %BC (1 4+ /1 —4AC/B?), with
T < Ty, is determined by the sign of B. The cubic order parameter for particles in
the first coordination shell of simple cubic crystal is positive, that one of bcc and fec
crystals is negative.

15.2 Exercise: Compute the Cubic Order Parameter (H4) for Systems with
Simple Cubic, bee and fcec Symmetry

Hint: The coordinates of one the nearest neighbors, in the first coordination shells,
are (1,0, 0) for simple cubic, (1, 1, 1)/«/§ for bee and (1, 1, 0)/\/5 for fcc. Use
symmetry arguments!

15.4.3 Order Parameter Tensor for Regular Tetrahedra

Consider a fluid composed of regular tetrahedra or of practically spherical particles
which have first coordination shell with tetrahedral symmetry. Letu',i = 1, 2, 3,4
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Fig. 15.7 Tetrahedron
embedded within a cube.
The lines connecting the
center with the four corners
of the tetrahedron show the
directions of the vectors u'

be four unit vectors pointing from the center to the corners of the tetrahedron. In this
case, the orientational order is specified by a third rank tensor .7, defined by

4 [ —
Tuvi. = 83 <Z uim},ui> ~ < el’iegei > (15.50)

i=1

where ¢3 is a numerical factor which can be chosen conveniently. The corners of the
tetrahedron can be placed on the corners of a cube, cf. Fig. 15.7. The second relation
in (15.50) involves the body fixed unit vectors e*, ¥ and e* which are parallel to the
axes of this cube.

The tetradic third rank order parameter tensor .7 has negative parity, just like a
first rank dipolar order. This is in contradistinction to the second and fourth rank
order parameter tensors, which have positive parity. As first pointed out in [94], the
third rank order parameter is needed for the description of ‘banana phases’ of liquid
crystals which are composed of particles with a bent core.

15.5 Energetic Coupling of Order Parameter Tensors

Sometimes, more than one order parameter tensor is needed to describe the properties
of a substance and the relevant phenomena. In general, the pertaining free energy
contains coupling terms, whose structure depends on the ranks of the tensors involved.
The case of second and fourth rank tensors was already discussed in Sect. 15.3.3.
Three other examples, viz. the coupling of two second rank tensors, of a second rank
tensor with a vector and with a third rank tensor are presented here.

15.5.1 Two Second Rank Tensors

Let a and b be two symmetric traceless second rank tensors which describe the
orientational properties of a substance. Examples are the alignment tensor associated
with side groups and with the backbone of a side-chain polymer, as studied in [95, 96],



15.5 Energetic Coupling of Order Parameter Tensors 295

or the molecular alignment and the anisotropy of the pair-correlation function, in the
first coordination shell. The dimensionless free energy @ = @(a, b) is written as

&=+ %+ 0, 0P =cia,, by, +V6crau awbu,  (1551)

where ®* = ®%(a) and ®® = ®°(b) are e.g. expressions of Landau-de Gennes
type with coefficients A,, By, Cy and Ay, By, Cp and @ = @ (a, b), with the
coefficients cy, c» characterizes the coupling between the two tensors. A term
~ aucbievbyy 1s possible, but disregarded here for simplicity. The derivatives of
the potential with respect to the tensors are

8@ L E—

e = ¢3v + by + 2 26 Aurcbicy
LV

8¢ L

5 = @lt;v +ciap + ¢ NG iy - (15.52)
v

In thermal equilibrium, both expressions are zero. Then it is possible to determine
b as function of a from the second equation of (15.52) and to insert it into the first
equation of (15.52). This yields a derivative of a Landau-de Gennes potential, cf.
(15.13), with renormalized coefficients A, B, C.

For the special case ®° = 1Abbwb,w with Ap = 1 due to an appropriate choice
of the normalization of b, the result is

A=A,—c}, B=B,+3cics, C=A4,-2c3. (15.53)

The derivation is deferred to the following exercise.

The renormalized coefficients A and C are smaller than A, and C,, irrespective
of the sign of ¢ and c¢;. The coefficient B is larger or smaller than B, depending on
whether the coupling coefficients ¢ and ¢, have equal or opposite sign.

The treatment of relaxation processes and other non-equilibrium phenomena of
the kind presented in Chap. 17 is based on differential equations which contain the
derivatives (15.52) of the relevant potential function, e.g. see [96].

15.3 Exercise: Renormalization of Landau-de Gennes Coefficients
Consider the special case where ®° = %Abb,wb,w, for simplicity put A, = 1.
Determine b, from fh—i = 0 with the help of the second equation of (15.52).

Insert this expression into the first equation of (15.52) to obtain a derivative of a
Landau-de Gennes potential with coefficients A, B, C which differ from the original
coefficients A,, B,, C, due to the coupling between the tensors.

. . . 1
Hint: use relation (5.51) for a, viz. aycacpay, = %awaMa;«.
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15.5.2 Second-Rank Tensor and Vector

Letd ~ (e) and @ ~ (uu') > be a polar vector and a symmetric traceless second
rank alignment tensor which describe the orientational properties of a substance.
Here e is a unit vector parallel to a molecular electric dipole moment which need not
be parallel to u. The electric polarization P is proportional to d. The dimensionless
free energy @ = @(d, a) is written as

, ] . 1
@ = ¢! + P + @dd, ol = —c1d, Vyay, + E codydy ay, (15.54)

where ®* = ®?(a) is a Landau-de Gennes potential function, ®¢ = ®d(d) is
a similar expression for the vector d, and ol — (bda(d, a), with the coefficients
c1, ¢ characterizes the coupling between the vector and the tensor. Terms of higher
order are possible, but not included here, for simplicity. A scalar linear in both d
and a must involve an additional vector, here it is the nabla-vector. The coupling
coefficient ¢ is a true scalar when d is a polar vector. The corresponding expression
for an axial vector must contain a coefficient ¢; which is a pseudo-scalar in order to
conserve parity. The coefficient ¢ is a true scalar, in any case.
The derivatives of the potential with respect to the vector and to the tensor are

0D d 0P a — 1
E = (1)# —c1 Vayy + c2dy ayy, % = (Dlw +c1 Vudy + 562 d,d, .
(15.55)

In thermal equilibrium, these derivatives are equal to zero. For the special case where
@ = %dudu applies, one obtains

dy + c2dy ayy =c1 Vyayy. (15.56)
This relation underlies the flexo-electric effect, viz. an electric polarization P caused
by spatial derivatives of the director field n, in nematic liquid crystals. The phenom-
enological description of this effect is [67]
P=¢einV-n+e3(Vxn) xn,
which, due to n,V,n, = 0, is equivalent to

P, =ein,Vyn,+e3n,Vyn,. (15.57)

The phenomenological coefficients e; and e3 characterize the electric polarization
caused by splay and by bend deformations, cf. Sect. 15.3.1. For the uniaxial alignment

Ay = %aeq nyn, with the equilibrium order parameter a.q, an expression of the

form (15.57) is obtained from (15.56) with the help of the relation P, = Prefdﬂ.
Here P™f is a reference value for the electric polarization which is proportional to
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the number density and to the permanent electric dipole moment of the molecules.
The result is derived in the following exercise. Both flexo-electric coefficients are
proportional to P and to ¢y, 3.

The description of non-equilibrium phenomena dealing with the dynamics of
the second rank tensor a, as presented in Chap. 17, can be extended to include the
coupling with an electric dipole moment, cf. [97]. The differential equations contain
the derivatives (15.55) of the potential function. Flexo-electric effects in cholesteric
liquid crystals are treated in [98].

15.4 Exercise: Flexo-electric Coefficients

Start from (15.56) for the vector d,,, use a,, = «/§2aeqm and P, = Prefdu
in order to derive an expression of the form (15.57) and express the flexo-electric
coefficients ey and e3 to ¢y, c2 and @eq = V38, where S is the Maier-Saupe order
parameter. Furthermore, compute the contribution to electric polarization which is
proportional to the spatial derivative of aeq = V58,

Hint: treat the components of P parallel and perpendicular to n separately.

15.5.3 Second- and Third-Rank Tensors

By analogy to the coupling between a second rank tensor with a vector, as treated
in Sect.15.5.2, the dimensionless free energy @ = ®(a, .7) underlying the cou-
pling between the second rank tensor a and third rank tensor .7, cf. Sect. 15.4.3, is
written as

. 5 > > 1
=0 +07 +*7, o*7 = ¢ T Vyav, + 5 e Tuer. Terv s

(15.58)

where @ = @?(a) is a Landau-de Gennes potential function, o7 = o7 (7)) is
a similar expression for the third rank tensor .77, and a7 , with the coefficients
c1, ¢2, characterizes the coupling between the second and third rank tensors. Terms
of higher order are possible, but not included here, for simplicity. A scalar linear
in both a and .7 must involve an additional vector, here it is the nabla-vector. The
coupling coefficient c; is a true scalar when .7 has negative parity. The coefficient
cp is a true scalar, in any case.

The derivatives of the potential with respect to the second and third rank tensors are

1P 1
= ¢2.u + Clv}n‘%»lw + 5 Z/)»K%Kv s
day 2
P w \ ‘ ,
= ¢;ZA —c1 Vypap + 2 %VK ). - (15.59)

B%M
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In thermal equilibrium, these derivatives are equal to zero. In connection with the
treatment of non-equilibrium phenomena, as considered in Chap. 17, the governing
differential equations contain these derivatives of the potential function. The cou-
pling between the friction pressure tensor and the tetrahedral order parameter tensor
as discussed in [93] is described analogous to (15.58). Combined tetrahedral and
nematic order in liquid crystals and the consequences for chirality are discussed
in [99].


http://dx.doi.org/10.1007/978-3-319-12787-3_17

Chapter 16
Constitutive Relations

Abstract In this chapter is devoted to constitutive laws describing equilibrium and
non-equilibrium properties in anisotropic media. Firstly, general principles, viz. the
Curie principle, energy requirements, positive entropy production and Onsager-
Casimir symmetry relations of irreversible thermodynamics are introduced. Sec-
ondly, phenomenological considerations and microscopic expressions are presented
for the elasticity coefficients describing linear elastic deformations of solids, with
emphasis on isotropic and cubic symmetries. Thirdly, the anisotropy of the viscous
behavior and non-equilibrium alignment phenomena are studied for various types of
fluids. The influence of magnetic and electric fields are analyzed for plane Couette and
plane Poiseuille flows. Results of the kinetic theory are presented for the Senftleben-
Beenakker effect of the viscosity. Consequences of angular momentum conservation
are pointed out for the antisymmetric part of the pressure tensor. The flow birefrin-
gence in liquids and in gases of rotating molecules is treated as well as heat-flow
birefringence in gases. The phenomenological description of visco-elasticity and of
non-linear viscous behavior is discussed. Vorticity-free flow geometries are consid-
ered. The fourth part of the chapter deals with the viscosity and alignment in nematic
liquid crystals. Viscosity coefficients are introduced which are needed to characterize
the anisotropy of the viscosity in an oriented liquid crystal as well as in a free flow.
Flow alignment and tumbling are considered. Model computations are presented for
the viscosity coefficients as well as the application of a generalized Fokker-Planck
equation for the non-equilibrium alignment. A unified theory for the isotropic and
nematic phases is introduced and limiting cases are discussed. Equations governing
the dynamics of the alignment in spatially inhomogeneous systems are formulated.

In addition to the general laws of physics, special relations are needed for the treat-
ment of physical phenomena in specific substances. These constitutive relations
involve material coefficients. Examples already encountered are relations between
the electric polarization and the electric field, between the electric current density
and the electric field or between the friction pressure tensor and the velocity gradient.
The constitutive relations have to obey certain rules. These, as well as examples for
and applications of constitutive relations are presented here.

© Springer International Publishing Switzerland 2015 299
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16.1 General Principles

16.1.1 Curie Principle

Constitutive relations are laws of physics where, in general, tensors of rank ¢ are
linked with tensors of rank k via equations like (2.51), viz.

buips.ne = Cuugpaeepie vivavg opva.ve (16.1)

Here C is a tensor of rank £ + k.

At about the same time, when Woldemar Voigt invented the notion ‘tensor’ and
presented many applications in physics, Pierre Curie [2] formulated the principle
which bears his name.

In our words, the Curie Principle says:

the coefficient tensor C has to be in accordance with
the symmetry of the physical system.

The statement can also be reverted: when both the tensors @ and b are known, the
coefficient tensor C reflects or reveals the symmetry of the system. The symmetry
of the underlying physics should not be confused with the symmetry of tensors with
respect to an interchange of indices, although there may be a close interrelation.
When a microscopic physics model exists for the relation under study, the symme-
try properties are usually ‘obvious’. In many applications, however, the quantities
a and b are just phenomenologically defined macroscopic observables. Even when a
microscopic picture of the mechanisms underlying a constitutive relation like (16.1)
are not known, symmetry considerations provide information on the coefficient ten-
sor C. In particular, the number of independent elements needed to quantify the C
tensor is reduced by symmetry considerations.

Symmetry is closely associated with permanent or induced anisotropies. Exam-
ples for the latter are applied electric or magnetic fields, the gradients of these fields,
as well as the normal on a bounding surface which also imposes a preferential direc-
tion. Preferential orientations in liquid crystals and the structure of crystalline solids
are examples for anisotropies which are ‘permanent’ as long they are not partially
destroyed by irreversible processes or by symmetry breaking nonlinear phenomena.

Further information on C is provided by parity and time reversal arguments, cf.
Sects.2.6 and 2.8. As a reminder: let P,, P, and Pc be the parities of the tensors
occurring in (16.1). When one has

P, = Pc Py,

cf. (2.57), the parity is not violated by the relation (16.1). Usually, the parities of a
and b are given by their physical meaning. Since the square of the parity value is
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1, parity invariance of the relation (16.1) requires that the parity of the coefficient
tensor C has to be

Pc = P, Py.

The application of symmetry and parity considerations for the nonlinear electric
susceptibility is treated in Exercise 16.1.

Arguments similar to those used for the parity apply to the time reversal behavior.
Let T,, Ty, and T, with T2 = 1, specify the time reversal behavior of the tensors
involved. When time reversal invariance holds true, one has

Ty = 1c T,.

It is assumed that 7, and Ty, are given by the physical meaning of a and b. For time
reversal invariance to be valid, the condition

Te =T, Ty, (16.2)

has to be fulfilled. When
Tc = -T, Ty, (16.3)

applies, the relation (16.1) breaks the time reversal invariance, a feature typical for
irreversible processes. In some applications, the tensor C may not have a unique
time reversal behavior because it contains contributions which are of reversible and
others which are of irreversible character. Of course, this suffices to violate the time
reversible invariance.

Energy considerations may require that certain elements of the tensor C have
to be positive. The second law of thermodynamics also imposes conditions on the
sign of coefficients describing irreversible processes. Examples are the Ohm law for
electrical conduction, cf. Sect. 14.4.2 and the viscosity treated in Sect. 16.3.

16.1 Exercise: Nonlinear Electric Susceptibility in a Polar Material
In a medium without hysteresis, the electric polarization P can be expanded in powers
of the electric field E, cf. (2.59), thus

Pu=e0 (x0) Ev+ X0 EvEr+ ...

The second rank tensor x /SIJ = xuv characterizes the linear susceptibility. The third

rank tensor x l(fv)k describes the next higher order contributions to P. Consider a
material whose isotropy is broken by a polar unit vector d. Formulate the expressions
for these tensors which are in accord with the symmetry and with parity conservation.
Consider the cases E parallel and perpendicular to d.
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16.1.2 Energy Principle

Consider a constitutive relation (16.1) where ¢ = k applies and where the scalar
product

Dy g Qs g

is proportional to a contribution to the energy, which has to be positive. From

Dy ey oy = Ay ccgrg Cpay i vy ovg vy ovp > 0, (16.4)

follows: the part of the tensor C which is symmetric under the interchange of the
front and back set of £ indices, viz.

cm _ ! C C
Lo [lgV1ee Vg — 5( e vievg T Copig m-..w)

is positive definite. Notice, the part of the tensor C which is antisymmetric under the
interchange is not necessarily zero.

As an example the dielectric tensor &, of a linear medium is considered, where
the relation

D,=¢yeun E,

applies. In this case, the energy density is u® = %DﬂEu, cf. (8.118), and conse-
quently

1 1
us = 5 E enmE, = 1 (epuv +&vu) ELE, = 0.

In general, in particular in the presence of an external or an internal magnetic field,
the dielectric t ti tric part &0 = 1 Th

e dielectric tensor possess an antisymmetric part &, = 5(euv — &vyu). The
condition u®' > 0 poses a condition on the symmetric part of the dielectric tensor,
viz. szy,fn = %(8,“, + &y;,) has to be positive definite.

16.1.3 Irreversible Thermodynamics, Onsager Symmetry
Principle

The density of the entropy production caused by irreversible processes is given by
expressions of the type [108]

oS
- — (e8] (1) ) )
(St)- - (Julu-uz. Fm---uz] + Jm.--uzz Fm--.wz)’ (16.5)
urev
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where the tensors J*” and F*) are referred to as thermodynamic fluxes and ther-
modynamic forces, respectively. Examples for such fluxes are the heat flux and the
friction pressure tensor, the pertaining “forces” are the temperature gradient and
velocity gradient tensor. Also a non-equilibrium alignment and its time derivative
is such a force-flux pair, cf. Sect. 16.4.5. Typically, the pertaining forces and fluxes
have opposite time reversal behavior, i.e. 7 = —Tg. Here two force-flux pairs are
considered. The reduction to just one such pair is obvious. The generalization to
more than two pairs can be formulated along the lines presented here.
In irreversible thermodynamics, the linear ansatz

_ g —_ (D (12) (2)
Jmmwl - Cmmuel Vi..vgy FVIwVfl + Cﬂlmwl V]V, Fv1~~~v22
(¢ —_ 2h (D (22) 2
Jmmmz - Cmmwz Vi..vgy FV1~~.W1 + CIMwMZz V]V FV1~~W32’ (16.6)

is made for the constitutive relations. Positive entropy production requires

1)
(i) >0, (16.7)
8t irrev

and consequently, in symbolic notation,
FO.cUD.FD L F@.c2.F@ LD .12 . FO LF@ .c@).FD S 0. (16.8)

This imposes conditions on the coefficient tensors, in particular, the parts of the
diagonal tensors CD and €, which are symmetric under the exchange of the
front and back indices, have to be positive definite. Furthermore, the magnitude of
the non-diagonal tensors C"? and C?Y is bounded by the diagonal ones.

Now it is assumed that £; = ¢, = ¢ and that both forces F) and F® have the
same behavior under time reversal, in obvious notation 7g; = T2, and both fluxes
JD and J@ have the opposite behavior, viz Ty; = —Tg1, Ty = —Tg2. Then the
Onsager symmetry relation, also called reciprocal relations [109]

c!2 —c@® (16.9)

holds true. This symmetry relation for coefficients governing irreversible macro-
scopic behavior is based on the time reversal invariance of the underlying microscopic
dynamics, For £1 # £ still a symmetry relation like (16.9) applies, but the back and
front indices have to be transposed on one side. Examples for the applications of
Onsager symmetry relation are e.g. given in Sects. 16.3.6 and 16.4.5.

When the two forces have opposite time reversal behavior, i.e. when one has
Tr1 = —Tra, the Onsager-Casimir symmetry relation

c!? = —c@Y (16.10)

applies, instead of (16.9).
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16.2 Elasticity

A property typical for a solid body is its elastic response to a small deformation. Of
course, ‘small’ is relative, and really small for brittle substances. On the other hand,
an elastic stick can be bent to a considerable amount. The elastic behavior is described
by a linear constitutive relation between the stress tensor and the deformation tensor.
The fourth rank elasticity tensor characterizes the elastic properties of specific solids.

16.2.1 Elastic Deformation of a Solid, Stress Tensor

Let r be the position vector to a volume element within a solid body. When this
solid is subjected to a small deformation, this volume element is displaced to the
position r’ = r + u(r). Now consider two neighboring points which are separated
by dr in the undeformed state. After the deformation, the difference vector between
these two points is dr’ = dr + du. The difference in the displacement is du,, =
dr,Vyu, +. .. where the higher order terms, indicated by the dots, can be disregarded
for neighboring points. The distance squared, between these two points is dr?> =
dr,,dr, in the undeformed state and

dr')? = dr/ dr), = (dry + dry Vyu,)(dry + dreVeu,),

in the deformed state. Thus one has

(d,f/)2 = Bpy + 2uyy)drydry,  uy, = % [Vvuu + Vyu, + (Vuu,\)(V,,uA)],
(16.11)
where u,,, = uy, is the deformation tensor. Like any symmetric tensor, u,, can be
diagonalized. With the principal values of the deformation tensor denoted by u®,
i = 1,2, 3, relation (16.11) is equivalent to

@ = (1+2u) 0 + (14242) 0 + (14242 a7,
in the principal axes system. The relative deformation-induced change of the length,

along the principal direction i, is ((dr)] —dri) /dri = v/1 +2u® — 1 ~ 4. Accord-
ingly, the volume dV’ in the deformed state is related to the original volume dV by

V' = V14+200V1+ 20071+ 200V ~ (1+u® +u® +uP) av.
Thus the relative change 6V /dV of the volume

sV/AV = @V —dv)/dV = u®D +u® 4+ u® =y, (16.12)
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is determined by the trace of the deformation tensor. The symmetric traceless part is
associated with volume conserving squeeze, stretch or shear deformations.

In linear approximation to be used in the following, the deformation tensor defined
by (16.11), reduces to

1
oy = 5 (Votty, + V). (16.13)

By definition, the deformation tensor, which is also called strain tensor, is symmetric:
Uy, = Uyy. An antisymmetric part of u,, would induce an infinitesimal rotation but
not a deformation.

A deformation of a solid causes a stress. Apart from the sign, the stress tensor o, is
essentially the deviation of the pressure tensor p,,, from its value in the undeformed
state. The elastic properties of a solid are expressed in terms of the fourth rank
elasticity tensor, which relates the stress tensor to the deformation tensor, viz.

_(p;w - Pay,v) =0 = G;w,)u( Ui - (16.14)

In this linear constitutive relation, which is essentially Hooke’s law, 0, = o,
is presupposed. This assumption is common practice in solid state mechanics. The
symmetry of the stress tensor holds true for substances composed of particles with
a spherical symmetric interaction potential. In general, however, the the pressure
tensor and consequently also the stress tensor can possess an antisymmetric part, cf.
Sect. 16.3.5.

The deformation costs energy, this means

Opv Uy = Upy Gy ue Ui > 0, (16.15)

i.e. the elasticity tensor is positive definite, in a thermodynamically stable state. The
symmetric tensors o, and u,, have 6 independent components, thus the elasticity
tensor has 36 components, some of which can be zero. In accord with the Curie
principle, the number of independent components of the elasticity tensor is consider-
ably smaller, for certain types of the symmetry of the undeformed solid. In fact, just
two coefficients suffice to characterize the linear elastic properties of an isotropic
solid. For cubic symmetry, three different material coefficients are needed. These
cases are discussed in Sect. 16.2.4. Group theoretical methods for the general crystal
symmetries are found in text books devoted to Solid State Physics, in particular to
the Mechanics of Solids.

16.2.2 Voigt Coefficients

A notation introduced by Voigt replaces the information contained in the fourth
rank elasticity tensor G ., by a six by six elasticity coefficient matrix c;j. To this
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purpose, an appropriate Cartesian coordinate system is chosen and the components
of 0, and u,, are related to the components of o; and ur, i = 1, 2, .., 6 according to

01 = Oxx, 02 = Oyy, 03 = Oyg,

04 = Oyz = Ozy, 05 = Oxz = Ozx, 06 = Oxy = Oyx

uj Uxx, U2 = Uyy, U3 = Uz,

U4 = Uy; +Uzy, U5 =Ux, + Uz, U6 = Uxy + Uyx. (16.16)

In this notation, the linear relation (16.14) between the stress and the strain tensors

reads
6

oj = Zcij uj. (16.17)

i=1

The matrix cjj of the Voigt elasticity coefficients is symmetric, ¢jj = cji. The connec-
tion with the fourth rank elasticity tensor follows from (16.16), e.g. ¢i1 = Gxx xx»
C12 = GXnys C44 = 2Gyzyz~

The coordinate axes are chosen such that they match the crystallographic axes.
The choice is obvious for a cubic system. In the case of a hexagonal system, the z-axis
is put parallel to the sixfold symmetry axis. There are crystallographic conventions
for the general case.

16.2.3 Isotropic Systems

The trace of the deformation tensor is essentially the relative volume change §V/V =

uy).. The symmetric traceless part m describes a squeeze or shear deformation.

In an isotropic system, the trace of the stress tensor is linked with the trace of the

strain tensor, o, ~ uy;. Similarly, the symmetric traceless parts of these tensors are

proportional to each other, T,w ~ m Thus two material coefficients only occur

in the linear elastic relation. These are the bulk modulus B and the shear modulus G.
The ansatz for an isotropic elastic solid is

ouv = Buzpuy +2G uy, . (16.18)
In this case, the fourth rank elasticity tensor is given
GMV,)\,K = BSI,LUS)\,K + 2G Aﬂvv)"’(' (16.19)

Mechanical stability requires B > 0 and G > 0. The moduli B and G are related to

the tensor by

1 1
B=-G , G=—
ML, AL 10

9 pr,)m Guv,)«- (1620)
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The Voigt coefficients are

4 2
01126222633=B+§G, C122023=C31=B—§G, C44 = C55 = c6 = G,

other coefficients, like c14 or c45 are equal to zero. In terms of the c-coefficients, the
bulk and shear moduli ate given by

1 1
B = 5(011 +2c21), G= 5(611 —¢21 + 3ca4).

Hooke’s law (15.19) can be inverted to express the deformation in terms of the stress
tensor. The relative volume change is given by

1
U = 35 T
The full strain tensor obeys the relation
1 I —
Upy = 9_B AN 8}“” + % Ouy - (1621)

A simple application is a homogeneous deformation of a body, e.g. the elongation or
compression of a brick-shaped solid by a force F; stretching or squeezing it along
the z-direction. Than one has o,, = F,/A = k,, where A is the area of the face
normal to the z-direction. In this case, all non-diagonal components of the strain
tensor vanish and the diagonal ones are given by

1 1 1 1 1 1 1
uzzzg 3_B+6 kZ:EkZﬂ uxx:uyy:_g E_?)_B k, = —0 Uy.

Here E is the Young elastic modulus and o is the contraction number. These material
properties are related to the bulk and shear moduli by

9BG 3B—-2G

A B Yl (16.22)
3B+ G 3B+G

For a practically incompressible substance, where B >> G applies, these expressions
reduceto E =3G and o = 1/2.

16.2.4 Cubic System

For a system with cubic symmetry, the elastic tensor, cf. the Hooke’s law (16.14), is

Gp.v,)uc = B(S/LUSAK +2G A/w,)uc + 2Gc H(4)

@ (16.23)
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In addition to the bulk and shear moduli B and G, which already occur for isotropic
systems, a third modulus G, specifically associated with the cubic symmetry, is
needed here. The fourth rank tensor, cf. Sect.9.5.1,

3 3
4 o N 1
Hie =D elelelel =3 efleflele) - 5 BB + 8urdue + ducdun),
i=1 i=1

reflects the full cubic symmetry. The unit vectors e are identified with the unit
vectors e*, e¥ and e” parallel to the coordinate axes. Due to H:Lt)“SW(SM =0,

H) A = 0,and H, H) = ¢ multiplication of (16.23) by the cubic

tensor H )

oAk yields

5
Ge= 5 H' o G (16.24)

For the cubic symmetry, the Voigt coefficients are

4 4 2 2 2
ci1 =B+ gG + gGC, cip =B — §G — §G°’ cas =G — gGC. (16.25)
By symmetry, one has c¢11 = 22 = ¢33, 12 = 23 = €31, and caa = ¢55 = cg6. Other
coefficients, like c14 or c45 are equal to zero. The coefficient cgg = ca4 is the shear
modulus for a displacement u in the x-direction with its gradient in the y-direction.
The shear modulus for a deformation in the xy-plane rotated by an angle of 45° from
these directions is

3
&6 = =G + SGe. (16.26)

In contradistinction to B and G, the cubic coefficient may have either sign. In fact, it
is negative for body centered (bcc) and face centered (fcc) cubic crystals, while it is
positive for simple cubic (sc) crystals. Mechanical stability requires that both shear
moduli cq4 and ¢44 be positive. This sets lower and upper bounds on G:

5G G 5G (16.27)
3 < C<2 . .

In terms of the c-coefficients, the bulk and shear moduli are given by

1 1 1
B = 5(011 +2c12), G= 3(011 —c12+3caa), Ge= 5(611 —c12 — 2c44).
(16.28)
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16.2.5 Microscopic Expressions for Elasticity Coefficients

Consider a system of N particles, located at the positions rl,i =1,2,...N within
a volume V. The interaction potential is denoted by @ = o, r?, ..., rN). When
tI}e pot‘enti'al is pairwise additive, one has @ = >, ;¢" = > _;¢(r"), where
r =r'—r,and ¢ = ¢(r) is the binary interaction potential. In thermal equilibrium,
at the temperature T, the configurational part of the free energy FP° is given by

1
BF™ = —1nZpot, Zpot = / exp[—B®1drN, B = T
b

where Zpq is the configurational partition integral, dr™} is the 3N-dimensional
volume element. The difference between the free energy, where the position vectors
are displaced according to r}, — r} + r uy,, and the original free energy, § FP*' =

Vp,w u,y yields the expression

nive v

oo . 9
Vo = (@), P =D 0 = - Er F. 9y=55.  (1629)
i v

for the potential contribution to the pressure tensor. Here F, ‘i is the force acting on
particle i. In the absence of external forces, the total force vanishes: Zi F, =0.The
bracket (- - - ) indicates the configurational canonical average

()= Zpy /...exp[—ﬁcp]drw}

The change of the pressure tensor (16.29) under a deformation ri — ri + rluge,
yields a relation between the potential contribution o, of the stress tensor and
the deformation tensor, and consequently a microscopic expression for the elastic

moduli. Starting from

t,def t,0 t
o = = (PR = p0) = 89 =5 (v (@),

pot,def pot,0

where p),,” and py,," are the pressure tensors in the strained and in the unstrained
states, and using o, = Gy, 3« Uy, ONE Obtains

VG/,LV,)\,K = (¢>/w,)u(>0 + Vppot Sp,v, 5)»1( - ,3 ((¢p.v¢)«)0 - (¢>Mv>0<®)«>0)o
(16.30)
The subscript O in (. . .)¢ indicates the average in the undeformed state. The first term

viz.
¢;w,)u( :ZZrLaL rJ)LaI-](¢ (16.31)
joi
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represents the deformation-induced variation of @,,,,. The second term on the right

hand side of (16.30) stems from the volume change §V, since §V/V = u;,; and

— (D)0 = VPpotduv, Where ppor is the potential contribution to the pressure P.
For pairwise additive interaction, (16.31) reduces to

Py = Z¢EU,)~K’ ¢BV,)»K = uv.k (rij), Guv,puc (X) = 1,0, 730 ().
i<j
) . _ (16.32)
As before, the abbreviation r¥ = r' — r! is used, and ¢ (r) is the pair potential. For
spherical particles where ¢ = ¢ (r), with r = |r|, holds true, one has

buv = rurv¢/» G (t) = (ruricduy + l’urx%x)”fl(ﬁ/ + rurvrkrkril(rilfﬁ/)/-
(16.33)

The prime denotes the differentiation with respect to r.

The Born-Green expression for the elastic modulus tensor [100, 101], corresponds
to the first and second terms of (16.30), when the total interaction potential is the sum
of pair potentials. The remaining terms with the factor B are referred to as fluctuation
contributions. In solids, the fluctuation parts of the elastic properties are small at low
temperatures [102]. They are of crucial importance, however, for the fact that the
low frequency shear modulus of a liquid vanishes whereas it has a finite value for a
solid [103]. This underlies the fundamental difference in the mechanical behavior of
a solid and a liquid.

The Born-Green part of the orientationaly averaged shear modulus is

6> = ﬁ <Z (r3(r_1¢/)/)ij> ~ Ppot = ﬁ <Z (V_z(r4¢/)’)ij> .
0 0

i>j i>]

(16.34)

The shear modulus GBO can be expressed in terms of an integral over the pair
correlation function g according to

1
GBO = % n*kgT / r2(r*¢y g(r)d’r. (16.35)

Heren = N/ V is the number density. The quantity GBS is also called high frequency
shear modulus. It is not only well defined in solid state, but also for liquids, where it
reflects a rigidity, observable on a short time scale only. The pair correlation function
can be written as g(r) = x (r) exp[—B¢ (r)]. The quantity y approaches 1 for small
densities, corresponding to a dilute gas. Notice that GBY is not zero even in this limit.
The total shear modulus G = GBS + Gf¥t on the other hand, vanishes in the liquid
state and the more in a gas. This cancellation of GBY by the fluctuation part Gt is
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remarkable, since the computation of G1U“! involves not only two-particle, but also
three- and four-particle correlations. Let GPY' be the approximation for GBS 4 Gfluet
in a fluid state and for low densities, where three- and four-particle correlations can
be disregarded. This quantity can be expressed as an integral over the pair correlation
function g(r) = x (r) exp[—B¢ (r)] which assumes the form

Gpair—in2k T [ r? x(r) (expl—Bo(r)]) & (16.36)
=30 B x () (exp ¢(r)]) d’r. .

In contradistinction to GBO, the shear modulus GP' vanishes in the small density
limit where x (r)" = 0 applies.
For pairwise additive interaction, the Born-Green contributions to the bulk mod-

ulus B and to the cubic shear modulus G are

5
BBG — 3 GBS + 2ppor, (16.37)

and

5

(16.38)
where H™® is a cubic harmonic of order 4, with full cubic symmetry, cf. Sect.9.5.2.
The fluctuation contributions to the elastic moduli are given by

5 1, ij 3
G =5y <Z (HO@ ') > c HO@ =2t 4yt 2t = ot
0

i>j

VBt =~ (@20 — (@i0)0)?) (16.39)
fluct _ 1 2 2 fluct _ 2 _ 2
VG = gﬁ D)o +2(P)o), VG =—=B((P1)o—(PZ)o).
Here the abbreviations

1 .. -1 " 1 2 2y —1 ij
Piso = 3 i%_j(rc//)”, oy = ;W o) oo =2 ZJL (@ =yHrle)”,
(16.40)
are used. The elastic moduli are the sum of the Born-Green and fluctuation contri-
butions, e.g. G = GBS 4 giuet,

The total shear modulus tensor also contains the kinetic contribution nkg73,,,

8,4 This does not affect the shear moduli, but the total Voigt coefficients ctl"ltal and

c‘loztal are related the coefficients c¢; and ¢ used here, and to the moduli c(l)1 and c?z,

where the pressure P = nkgT + ppo is zero, by

A = ¢y +nkgT = — P, 9 = ¢pp + nkpT =Y, + P.
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For zero pressure and at temperatures, where the fluctuation contributions to the
elasticity coefficients B and G are negligible, (16.37) implies the Cauchy relation

3B = 5G. (16.41)

Upon the assumptions just mentioned, the Cauchy relation holds true for solids
composed of spherical particles interacting with any pairwise additive potential, then
the ratio G/B is equal to 3/5 = 0.6. Experimental values for this ratio are smaller,
e.g.one has G/B =~ 0.5 for the metals copper, nickel, iron, G/ B = 0.3 for silver, and
G/B = 0.2 for gold. The deviations from the Cauchy relation are closely associated
with many particle interactions. An efficient way to include the relevant many particle
interactions is provided by the embedded atom method [104, 105]. The basic idea of
this method is stressed in [106]: the interaction of two particles is influenced by the
density of the other particles within a well defined vicinity involving twenty to fifty
particles. When this local density is too high or too low, compared with a prescribed
density, the two particles under consideration feel an extra repulsion or attraction,
respectively. Use of this method does not increase significantly the time needed in
molecular dynamics computer simulations. A variant of the embedded atom method,
realistic enough to model the elastic properties and simple enough to allow extended
non-equilibrium molecular dynamics simulations of the visco-plastic behavior of
metals, is presented in [107].

16.3 Viscosity and Non-equilibrium Alignment Phenomena

While the elasticity of solids is an equilibrium property, the viscous flow behavior
of fluids is a typical non-equilibrium phenomenon. In both cases, symmetry consid-
erations and the use of tensors play an important role. In this section, the viscosity
in simple and in molecular fluids, the influence of external fields on the viscosity, as
well as flow birefringence, heat-flow birefringence and visco-elasticity are treated.

16.3.1 General Remarks, Simple Fluids

In thermal equilibrium, the pressure tensor of a fluid is isotropic and it is given by
Dvu = P&, where P is the hydrostatic pressure. The part of the pressure tensor
linked with non-equilibrium is decomposed into its irreducible isotropic, symmetric
traceless and antisymmetric parts, cf. (7.53), according to

~ — 1
Pou — Py = pdpv + pop + ESWM Pis
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with p; = &4p pap- The contributions to the entropy production (%)?r‘r’ev associated
with the flow velocity v = v(¢, r) follows from the local Gibbs relation linking
the entropy density with the internal energy density and the time change of the
macroscopic kinetic energy which, in turn, is governed by the local conservation law
of the linear momentum, cf. Sect.7.4.3. The resulting expression is

dv
0 8s
=T (E) = _(Pvu - PSIW)V\,UM,

m irrev
and consequently, after decomposition into the irreducible parts,

£T (B—S) =—(13VAUA+ m TUIL—FCDAP}L), wkzlnguvvv;p
m ot irrev 2

(16.42)
The first and second terms are force-flux pairs involving tensors of ranks ¢ = 0 and
£ = 2. The discussion of the case £ = | associated with the antisymmetric part of
the pressure tensor and the vorticity , is postponed to Sect. 16.3.5.

First, the attention is focussed on the symmetric pressure tensor. This is the case
in simple fluids, where the pressure tensor is symmetric, on account of its symmetric
kinetic and potential constituents, cf. (12.94) and (12.107). It also applies to more
complex molecular fluids when the hydrodynamic processes described by the con-
stitutive relations are slow compared on the time scale over which the antisymmetric
part of the pressure tensor relaxes to zero.

In an isotropic fluid and in the absence of any external fields, the constitutive laws
governing the viscous behavior are, cf. (7.55)

—

ﬁ = —nvy V)LU)L, Pvp = —217 VVU;/. .

This ansatz is in accord with the Curie principle and it obeys the condition of positive
entropy production when both the shear viscosity n and the volume viscosity ny are
non-negative.

The general scheme describing the viscous behavior of a fluid with s symmetric
pressure tensor is

Ppv = _2n;wﬂ/v’ Vv — C,(Lzuo) Viva,
p=-t Vv, —nv Vi (16.43)

Here, 1,/ 1s the fourth rank shear viscosity tensor, 7y is the volume viscosity and
the symmetric traceless coupling tensors {f") obey the Onsager relation

¢ =0, (16.44)


http://dx.doi.org/10.1007/978-3-319-12787-3_7
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Positive entropy production requires that

sym

1
T’IMW/V/ = E(nuuu’v’ + nu’v’uu)

is positive definite, and that nv > 0, as stated before. For the isotropic fluid without
external fields, the shear viscosity tensor is proportional to the isotropic fourth rank
tensor A, v, thus one has

Nuvp/ v =11 A;Lv,p/v’a n >0,
(20) 02) . . . .
and ¢, = ¢uv = 0, in this case. Next, the more specific expressions for the
viscosity tensors are discussed for applied magnetic and electric fields.

16.3.2 Influence of Magnetic and Electric Fields

A magnetic field influences the viscosity via the Lorentz force, when the fluid contains
mobile electric charges, or via the precession of magnetic moments in electrically
neutral fluids. Examples for the latter substances are ferro-fluids, i.e. colloidal solu-
tions containing particles with permanent or induced magnetic moments [110-112],
as well as gases of rotating molecules [17]. The influence of orienting fields on the
viscous behavior of liquid crystals deserves a separate discussion in Sect. 16.4.1.

Application of an electric field E on a fluid containing particles with permanent or
induced electric dipole moments also renders the viscosity anisotropic. The resulting
geometric symmetries are alike. The parity of the B and E fields, however, are
different. This implies that terms of odd power in E violate parity invariance and are
identical to zero, unless one is dealing with chiral substances.

Consider first an isotropic fluid which is subjected to a magnetic field B = Bh,
where h is a constant unit vector. The viscosity coefficients have to be in accord
with this uniaxial symmetry. The obvious ansatz for the coupling tensors occurring
in (16.43) is

¢30 = ¢ = ¢ hyh,, (16.45)
with a scalar phenomenological coefficient { = ¢(B), which is an even function
of B.

There are multiple ways to construct the fourth rank shear viscosity tensors in
accord with symmetry of the physical situation. First, the fourth rank projection
tensors of Sect. 14.2.2 are employed as basis tensors. By analogy to the construction
of the rotation tensors, cf. Sect. 14.2.3, the viscosity tensor is written as, cf. [42],

2
(m)
Nuwrw = > 1™ P . (16.46)

m=-2
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The 5 complex viscosity coefficients n™ have the properties ™ = (5(~™)* and
n© | as well as the real parts of 1) and n*?) are positive.
An alternative, but equivalent representation with real viscosity coefficients is

0
Nupv, v = U(O)yl(,‘l,)’ﬂ/v/ (16.47)
2
+ (m) (—m) ) (m) (=m)
=+ Z I:T](m ) ('gz,uv W' + 'gz,uv M,V/) + r](m (L@MV W' - L@MU w 1)/):I

The coefficients ™) = (™ 4 (™)) /2 and ™) = (™ — (=™ /2; are the
real and imaginary parts of the coefficients ™. The three non-negative coefficients
n©@, n(+) and n@*) are even functions of B. The two coefficients n! =) and n©*~)
may have either sign and they are odd functions of B. The latter two coefficients are
also referred to as transverse viscosity coefficients.
The shear viscosity tensor, as given by (16.46) or (16.47) obeys the symmetry
property
Nuvp'v' (h) = nu’v’uv(_h)- (16.48)

The de Groot-Mazur viscosities ndGM of [108] are related to the coefficients ™ by

n(O) — 77(liGM 1 — dGM+ - dGM @ _ anGM_ dGM ; dGM (16.49)

n n ins”", n nyovi —

For an electric field E acting on an electrically neutral fluid containing particles with
permanent or induced electric dipole moments the ansatz (16.47) can be used with
the axial vector h replaced by a polar unit vector parallel to the electric field, but
the Hall-effect like coefficients 7! and >~ are zero, due to parity conservation.
In fluids containing chiral particles, however, these coefficients can be non-zero. A
pseudo-scalar, characterizing the chirality, occurring as a factor in the Hall-effect
like terms, ensures that the parity is still conserved.

16.3.3 Plane Couette and Plane Poiseuille Flow

To elucidate the meaning of the viscosities introduced in (16.46) and (16.47), a simple
plane Couette flow is considered first. Again, the velocity is in the x-direction and

its gradient in the y-direction. Then the velocity gradient tensor V,v, =y e,(Ly) el(,x)
with the shear rate y = dvyx /0y, is a tensor with the same symmetry as considered in
(14.62) and (14.63). An effective shear viscosity n°"!(h), which depends on the

direction of h, is defined by

pyx — nCouette (h)]/, nCouette (h) 26(}’) (X) r);,u)p,/ , (h)e(y) (X) (1650)
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Its interrelation with the viscosity coefficients occurring in (16.47) can be inferred
with the help of (14.62). The result is

nCoe ) = 30303 0 + [1d 403 — andnd | 00+ [1 4 ndnd - 3 = 03] 0.
(16.51)
The Couette viscosities for h parallel to the flow velocity, to its gradient and its
vorticity, viz. the cases h = e*, e¥, e” are denoted by 51, 12, and 53, respectively.
From (16.51) follows

a+)

Dy =D gy =90, (16.52)

n=n
The effective viscosity for the field parallel to the bisector between the x- and y-

direction, viz. for h2 = h% = 1/2 is denoted by 145, referring to the 45° direction.
Here (16.51) implies

45 = (377(0) + 77(2+))/4-

In the liquid crystal literature, the coefficients 11, 12, n3 are called Miesowicz vis-
cosities and 4 times the difference between the viscosity 745 and one half of the sum
of 1 and 13, viz.

M2 = 445 — 200 +12) = 300 + 0 — 4y, (16.53)

is called Helfrich viscosity. The four effective viscosity coefficients linked with the
Couette flow geometry, 11, 172, n3 and 11, suffice to characterize the anisotropy of
the shear viscosity.

The anisotropic viscosity tensor also gives rise to normal pressure differences,
€.8. Pxx — Pyy, as well as to transverse components like py,. The meaning of these
terms is elucidated for a plane Poiseuille flow.

Consider a plane Poiseuille flow in x-direction between two fixed flat plates which
are perpendicular to the y-direction. The geometry is akin to that of the plane Couette,

| —
dvy

in as much as V,v, = y ¢jel. The shear rate y = 5y s now, however, not

. . 2
constant, but a linear function of y, such that g—; = Bayvz" = const.

For a stationary flow and in the absence of external accelerating forces, the linear
momentum balance (7.52) implies

VopPou = VudP +ky =0, k= V,plc. (16.54)
Here 8 P is the flow-induced change of the hydrodynamic pressure and k is the
force density associated with the friction pressure tensor pffli‘: = pyp +---, where

the dots stand for term involving the scalar part p and the antisymmetric part of the
tensor. When the two latter terms are zero or can be neglected, cf. (7.53), one has


http://dx.doi.org/10.1007/978-3-319-12787-3_14
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VU-SP = _kM = ZVVHI/WM/U, VM_/UV/ . (1655)

For the geometry considered here, this relation is equal to

VHSP = —ku — y/ 31};]?7#\)#'1/ el};/e‘)j/ , (1656)
where dy/dy = y’ is the derivative of the shear rate. The ratio between the lon-
gitudinal pressure gradient e, V, 6P and y’ defines the effective shear viscosity
nFols = nPois(h), is equal to the effective viscosity for the Couette geometry (16.51),
viz.

X /. x Y Yy x __ . Pois __
eMVMSP/)/ =e,e Ny €€ =

Couett
ey = ouette

n
Similarly, the effective normal viscosity and transverse viscosity coefficients n"°™
and 7™ can be defined via the normal pressure gradient e}, V,,8 P and the transverse
pressure gradient —e; V,,6 P. These relations are

1

L VuSP = y'enelnuu €, ey =yn"m, (16.57)

™ = hhy [0© (302 = 1) 4000 (2= 4n2) + 5@ (2 1)

iy [2007002 0 (1= 02) ],

—

L VuSP = y'eseinuy € e = y'n"™, (16.58)
W = e [ 3183 4000 (1= 4n2) 400 (2 1)

th, [n“—) (1 - 2h§) + @) (h§ - 1)]

In contradistinction to the longitudinal viscosity, which is positive, the normal and
transverse effective viscosity coefficients may have either sign. The contributions to
n"™ and 5" which involve the coefficients 7! =), >7), change sign when h is
replaced by —h.

As above, in connection with the effective shear viscosity, the labels 1, 2, 3 are
used for the field parallel to the x-, y- and z-directions. From (16.57) to (16.58)
follows

n?orm =0, 77I210rm — 2)7(1—)’ ngorm — 0’

trans trans norm (1-) 2-)

nmoo =0, =0, n"" =7 -1
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When the field points in the direction of the bisector between the x- and y-axes, viz.
forh = (e* + ey)/\/z as in (16.51), the (16.57) implies

g™ =0 © = ) 4 (2017 = @) V2,

The corresponding expression for the transverse pressure gradient with h parallel to
the bisector between the x- and z-axes, now for h = (e* 4 e%)/+/2, is denoted by

trans

N4 and given by
3 - -
g =2 n© 4 (1 _ @ 4 (n“ )0 )).

Effective viscosities for other directions of the field, e.g. for h = (e* 4 &Y +e*)/ V3
can be inferred from (16.57) to (16.58).

16.3.4 Senftleben-Beenakker Effect of the Viscosity

The influence of a magnetic field on the transport properties of electrically neutral
gases isreferred to as Senftleben-Beenakker effect. This phenomenon was first noticed
around 1930 for the paramagnetic gases O, and NO [113]. About thirty years later,
Beenakker and coworkers [114] demonstrated that the influence of a magnetic field
also occurs in diamagnetic gases like N». In fact, the effect is typical for all gases
composed of rotating molecules [17], which have a rotational magnetic moment of
the order of the nuclear magneton un. The field-induced change of the transport
properties is small, but relative changes can be detected with a high sensitivity.

The Senftleben-Beenakker effect of the viscosity is mainly due to the collisional
coupling between the kinetic part of friction the pressure tensor TM and the tensor
polarization alTw, see Sect. 13.6.4. The equations governing the dynamics of these
tenors can be derived from a kinetic equation referred to as Waldmann-Snider equa-
tion [17, 115]. It is a generalized Boltzmann equation for the distribution function
operator f = f(t,r,p,J), where the the position r and the linear momentum p
are treated as classical variables, the internal angular momentum J is a quantum
mechanical operator, as discussed in Sect. 13.6. Furthermore, the collision processes
are treated quantum mechanically. In the presence of the magnetic field B = Bh, the
kinetic equation contains a commutator of the distribution operator f with the rele-
vant Hamilton operator H B_—_ grotnJ - B, where gy the a gyromagnetic factor
specific for particular molecules. The quantity wp = (grotun B) /R is the frequency
with which the internal angular momentum precesses about the applied field.

Next, for simplicity of notation, T;w = ;kam and a,, = “Zu are used. Fur-
thermore, the ideal pressure of a gas with the number density » and the temperature
T is denoted by po = nkgT . The resulting transport-relaxation equations are


http://dx.doi.org/10.1007/978-3-319-12787-3_13
http://dx.doi.org/10.1007/978-3-319-12787-3_13

16.3 Viscosity and Non-equilibrium Alignment Phenomena 319

d — — —_—
E Puv +2po Vv +Vp Puv + Vpa ‘/EPOGMV =0, (16.59)

a -1 —
Eauv —wp Hyy v apry + (‘/EPO) Vap Puv + Vadpyy = 0.

The fourth rank tensor H,;, ,/,/, defined by (14.26), emerges from the computation of

the commutator 4 [J;, J,/Jyy |- by analogy to (13.17), see also (13.19). The colli-
sion frequencies v can be expressed in terms of collision integrals which involve the
scattering amplitude in a binary way. The non-diagonal coefficients obey the Onsager
symmetry relation vy, = vp, and the inequalities v, > 0, vp > 0, Vavp > vgp.

For a stationary situation and in the absence of the magnetic field, the equations
(16.59) imply

— _ Po Via Vs
Puv = =20 Vyuvy, 0 =1iso (1 = Apa) L o=, Apa = =2,
Vp Vp Va
(16.60)

The viscosity 7 is larger than n;s, which would be the value of the viscosity for an
absolutely isotropic state where a,,, = 0.

For a stationary situation, with a magnetic field present, the solution of the coupled
equations (16.59) with the methods discussed in Sect. 14.4, yields a viscosity tensor
of the form (16.47) with the coefficients given as functions of ¢, = wp /v, by

N ) S S S S S
TR T g T T T A T g
(16.61)
for m = 1, 2. Clearly, here the coefficient n(?) is not affected by the magnetic field.
The even coefficients n{!™) and 1) decrease with increasing field strength from
the zero field value 7 to the value 7;s0. The ratio Ap, of the relaxation frequencies
determines the magnitude of the relative change of the viscosity. The odd coefficients
n=) and n®~) vanish both for weak and for very strong magnetic fields and they
have an extremum at m¢, = 1, i.e., where the precession frequency mwpg is equal
to the collision frequency v, = 7, !, The relaxation time 7, is of the order of the
average time between two collisions, which is the longer, the lower the pressure
po is. Due to v, ~ pg, one has ¢, = wp/vy, ~ B/po. Thus the smaller magnetic
moment of diamagnetic gases, compared with paramagnetic ones, is compensated
by smaller pressures pg, while the coefficients 1 and 7y, are independent of pg, in
gases at moderate pressures, say between 1072 and 10 times the ambient pressure at
room temperature.

Some historical remarks with a personal touch: The occurrence of Hall-effect like
transverse terms 7!~ and > is surprising for a fluid without free electric charges.
In fact, after the publication of the first measurements with paramagnetic gases, Max
von Laue discussed the tensorial behavior of the viscosity, following the symmetry
arguments of W. Voigt for the shear modulus and he claimed that Hall-effect like terms
should not exist in this case. The transverse effects for transport in molecular gases
were first treated theoretically in 1964 in the diploma thesis of the present author, in

(O) = n?

n n
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Erlangen, Germany and, at about the same time independently by F.R. McCourt in
his PhD work in Vancouver, Canada. Both advisers of the young scientists, viz. L.
Waldmann and R.F. Snider approved the results of the calculations but considered
them not worth being published since such effects cannot be measured. However,
less than two years later, experiments were performed successfully.

16.3.5 Angular Momentum Conservation, Antisymmetric
Pressure and Angular Velocity

Consider a fluid composed of particles with a rotational degree of freedom. Let the
fluid have an average rotational velocity w. The pertaining average internal angular
momentum is denoted by J, and J = 6w is assumed, with an effective moment of
inertia 6. In the absence of torques due to external fields, the total angular momentum,
i.e. the sum of the orbital angular momentum £ = meéy,,ryvy, associated with
average flow velocity v and the internal angular momentum obey a local conservation
equation. Here m is the mass of a particle, p/m is the number density. From the local
conservation of the linear momentum, cf. (7.54), follows

de;
(p/m) O + & Vo (e Pop) = EpvpPop = P,

where p, is the axial vector associated with the antisymmetric part of the pressure
tensor. The corresponding equation for the internal angular momentum reads

dJ
PO L, (16.62)
m dt

where the dots on the left hand side indicate gradient terms linked with the flux of
internal angular momentum. The opposite sign of p; in the equations for £, and
J. guarantees the conservation of the total angular momentum. The change of the
rotational energy w-dJ/dt, taken into account in the energy balance, leads to an extra
term wy, p,, in the entropy production (16.42). Thus the part of the entropy production
involving axial vectors is

5 axvec
Pr(2 — —pi(wy — wy). (16.63)
m 8t irrev
The ansatz
Pr = =2 Mot (@5, — wy), Mot > 0, (16.64)

is made where the rotational viscosity no 1s @ phenomenological coefficient. As
a consequence, for a spatially homogeneous system, the average internal angular
momentum obeys the relaxation equation
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? + ot (S —0wp) =0, 715 = 2,0_9 Nrot» (16.65)
with the rotational relaxation time to. In the absence of external torques, the angu-
lar momentum J relaxes to fw, in a time span long compared with 7. Then the
average rotational velocity w matches the vorticity w and the antisymmetric part of
the pressure tensor vanishes.

Side Remarks:
(i) Spin Particles

An equation of the type (16.65) which relates, in a stationary situation, the average
internal angular momentum with the vorticity, also applies for particles with spin,
even for electrons. The Barnett effect, viz. the electron spin polarization and the
ensuing magnetization caused by the rotation of a metal, is an experimental evidence
for this phenomenon [117]. Here the question arises: what is the relevant moment of
inertia € in this case? Heuristic considerations [21] and a derivation from a general-
ized quantum mechanical Boltzmann equation with a nonlocal collision term [116]
show: 6 is determined by the mass of the electron times its thermal de Broglie wave
length squared.

(ii) Polymer Coils

Let m be the mass and ri, i = 1, ... N be the position vectors of the monomers of
a polymer chain molecule. Its angular momentum is L = >, mrt x i, In a liquid,
the polymer molecule forms a coil which is spherical, on average, when the system
is in thermal equilibrium. When the liquid is flowing, the polymer coil is stretched
and it undergoes nonuniform rotations. A remarkable, though approximate, relation
between the average angular velocity w and the shape of the polymer coil was put
forward by Cerf [118]. The shape of the coil is expressed in terms of the radius of
gyration tensor G, cf. Sect.5.3.2. More specifically, the long time average (L) of
the angular momentum is assumed to be equal to m (D r' x v(r)) where v is the
flow velocity field of the liquid. For a plane Couette flow with the velocity in x- and
its gradient in y-direction, this relation corresponds to

(Lz) = —ym (Gyy),

where y is the shear rate. The resulting average rotational velocity w; is obtained by
dividing (L,) by the effective moment of inertia m ((Gxx) + (Gyy)), thus

Wz_yﬂzw(l_w) (16.66)
‘ (Gxx) + (Gyy) ( ' ‘

For a weak flow, where the polymer coil retains its effectively spherical shape, one
has (Gxx) = (Gyy) and consequently w, = —%y = wy, 1.e. the average angular
velocity matches the vorticity. For larger shear rates, the coil is stretched in the flow
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direction such that (Gyx) is larger than (Gyy), then the average rotational velocity is
smaller than the vorticity. Non-Equilibrium Molecular Dynamics (NEMD) computer
simulations presented in [119] show that the relation (16.66) is obeyed rather well.
Simple models for the test of (16.66) are studied in [120, 121].

16.3.6 Flow Birefringence

A fluid composed of non-spherical, i.e. optically anisotropic particles, has optical
isotropic properties in its isotropic phase. A viscous flow, however, causes a partial
orientation of the particles. As a consequence, the symmetric traceless part of the
dielectric tensor becomes non-zero. The resulting double refraction or birefringence
is called flow birefringence or streaming double refraction. This effect was looked
for, first observed and described by Maxwell [122], it is also referred to as Maxwell
effect. The phenomenological ansatz is

euy =2M éeison Vv, = =28 Vv, . (16.67)

Here M is the Maxwell coefficient, gis, and n are the orientationally averaged dielec-
tric coefficient and the viscosity. The flow birefringence coefficient § is related to the
Maxwell coefficient by § = —Me¢json. For a plane Couette flow, with the velocity in
x-direction and its gradient in y-direction, two of the principal axes of the dielectric
tensor are parallel to the unit vectors e(:2) = (eX % e¥)/+/2, the third axis is parallel
to e”.

The relation (16.67) holds true in the absence of additional external fields and for
small shear rates. In general, flow birefringence is described by a fourth rank tensor,
analogous to the shear viscosity tensor (16.43). The constitutive relation for flow
birefringence is

—

guv = —2 ﬂMUI-L,V/ Vﬂ/vv’ . (1668)

The simple case (16.67) corresponds to B, /v = BA v

The symmetric traceless part of the dielectric tensor of molecular liquids and
colloidal dispersions is proportional to the alignment tensor, viz. 8,7 = &aay,y, for
€a see (12.20). Here flow birefringence is due to the shear flow induced alignment
which results from a coupling between the alignment tensor and the friction pressure
tensor. Point of departure for a treatment within the framework of irreversible ther-
modynamics is an expression for the contribution of the alignment to the entropy.
In lowest order, this contribution is proportional to —a,a,., see Sect. 12.2.6. The
time change of this expression is proportional to —a,,, da,, /dt. For the time change
of the alignment tensor the educated guess

dayy B — dayy
-2 = — 16.69
dar Epurc WALy ( st - ( )
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is made. The term involving the vorticity describes the time change due to a rotation
with an average angular velocity equal to the vorticity. This holds true, when the anti-

symmetric part of the pressure tensor vanishes, see the previous section. The operator
. . . o 8 .

(?—t — 2wx is referred to as co-rotational time derivative. The term (%)irrev is the

time change due to irreversible processes which occurs in the entropy production.

The part associated with second rank tensors is now

2)
P 8S — P 6a[/l.l)
—T (—) = - |:p Vv, + —kgTa (—) ] . (16.70)
St s v m - 8t irrev

m irrev

. g S
With a;,, and (ﬁ%kB T) 1 pvu chosen as fluxes, and (%)irrev and /2 Vyv, as
forces, constitutive laws for the second rank tensors are

—a
my St

I
S
—

8 | —
a—") V2 Vv, (1671)
irrev
-1 Sa —
— («/Eﬁ kBT) Do = Tpa (ﬂ) + 1 \/5 Vv .
m irrev

Here the quantities 7 are relaxation time coefficients where the subscripts a and p
refer to “alignment” and “pressure”. The non-diagonal coefficients obey the Onsager
symmetry relation

Tap = Tpa- (16.72)

Positive entropy production is guaranteed by the inequalities

7.>0, 1p>0, 737> 72 (16.73)

ap*
Use of the first of the (16.71) in (16.69) yields the inhomogeneous relaxation equation

da,,
dt

— 2 guwrey + r;l auy = —r;l tap«/z Vv, . (16.74)

The term involving the vorticity gives rise to effects nonlinear in the shear rate. When
these are disregarded, and for the stationary case, where the time derivative vanishes,
(16.74) leads to flow alignment

Ay = —Tap V2 Vv (16.75)

and consequently. The flow birefringence coefficient is given by

(16.76)

Clearly, the coupling coefficient t,p is essential for the flow birefringence.
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To study the effect of the vorticity on the flow birefringence, a plane Couette
geometry is considered, with the flow velocity in x-direction and its gradient in
y-direction, cf. (7.28), Fig.7.6, and Sect. 12.4.6. In this case, the shear rate tensor

and the vorticity are given by y,, = V,v, =y el’jeﬂyl and wy, = —%yei, where
y = dvx/dy is the shear rate and e', i = x, y, z are the unit vectors parallel to the
coordinate axes. Insertion of the symmetry adapted ansatz

y y y
a,, = ai (eyey — eﬁeu)/\/z +ax 2 ele

into the inhomogeneous relaxation equation (16.74) leads to coupled equations for
the coefficients a; and ay. These equations are

a —yay+t, ag =0, (16.77)
a+ya —}—ra_lag = —rapta_l)/.
For a stationary situation, one obtains a; = y 7, and ap = —y1p(1 + yzraz)’l. In

the small shear rate limit where y 7, < 1 applies, this result for a, corresponds to
(16.75), for the geometry considered here. Due to a; = acos2¢, a = asin2g,
where a* = a% + a%, the stationary solutions are equivalent to

1
Y an2¢ = — (16.78)

J1+ 22 YT

For large shear rates, the magnitude a of the alignment saturates at the value |t,p |7, L
The angle ¢, in the present context referred to as flow angle, indicates the directions
of the principal axes of the alignment tensor, within the xy-plane. More specifically,
one of these axes encloses the angle ¢ with the x-direction, the other one the angle
¢ + 90°, the third principal direction is parallel to the z-axis. In the small shear rate
limit, one has ¢ = 45°. At higher shear rates, this principal axis approaches the
flow direction.

The results (16.77) and (16.78) pertain to (16.74) where terms nonlinear in the
shear rate enter only via the co-rotational time derivative. In general, other nonlin-
earities occur in the dynamic equation for the alignment tensor. These are, e.g. an
additional term proportional to ¥, and terms nonlinear in the alignment tensor, as
encountered in connection with the phase transition isotropic-nematic. The relevant
equations and their consequences are discussed in Sects. 16.4.4, 16.4.5, and 17.3.

For gases of rotating molecules, cf. (13.65), one has m = saTaZv, where azv is
the tensor polarization associated with the rotational angular momenta. In this case
not only a theoretical treatment analogous to that one above is possible, but a kinetic
theory approach based on the Waldmann-Snider equation, a generalized quantum
mechanical Boltzmann equation. The resulting inhomogeneous relaxation equations
(16.59) are similar to the ansatz (16.71), just with the role of forces and fluxes

a = |Tap|
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exchanged. This means the relaxation time “matrix” formed by the 7 coefficients is
the reciprocal of the relaxation frequency v, matrix. Here, reciprocal relaxation time
coefficients have a microscopic interpretation since they are expressed in terms of
collision integrals involving the binary scattering amplitude [17, 62, 64]. To be more
specific, consider a stationary situation in the absence of a B field. Then the second
equation of (16.59) implies

-1 —
Auy = — (\/z pO) Vg:l Vap Puv

and, with p,, = —2n V,v,, cf. (16.60), one obtains

—

—1
Ay =21 (ﬁpo) va_l Vap Vy vy .

Thus in this case the flow birefringence coefficient is given by [62]

eT

B = —ﬁ Tap > Tap = —Vap Wpva) " (1 = Apa) ™. (16.79)

Thisrelation s similarto (16.76), but with 8;{ instead of ¢, and the coupling coefficient
Tap 1s expressed in terms of the relaxation frequencies v . Whereas the Maxwell
effect in colloidal dispersions, molecular liquids and polymeric fluids [123] has been
studied experimentally for over a century, the flow birefringence in molecular gases
was first measured by F. Baas in 1971 [124], see also [17, 125].

The flow birefringence is the manifestation of a cross effect: a viscous flow causes
an alignment. There is a reciprocal effect: a non-equilibrium alignment gives rise to

—

an extra contribution pj . to the symmetric traceless pressure tensor [126]. The
alignment, in turn, influences the flow properties. This back-coupling underlies the
influence of a magnetic field on the viscosity in molecular gases as discussed above,
and the nonlinear flow behavior in molecular liquids and colloidal dispersions of
non-spherical particles, as treated in Sect. 16.3.9.

16.2 Exercise: Acoustic Birefringence

Sound waves cause an alignment of non-spherical particles in fluids. The ensuing
birefringence is called acoustic birefringence. Use (16.74) to compute the sound-
induced alignment tensor for the velocity field v = vok~ 'k cos(k - r — wr) where k
and w are the wave vector and the frequency of the sound wave, vy is the amplitude.
Hint: Use the complex notation v, ~ expli(k-r—wt)] and a,, ~ expli(k-r —wt)]
to solve the inhomogeneous relaxation equation, then determine the real and the
imaginary part of .
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16.3.7 Heat-Flow Birefringence

Also a heat flux q can give rise to birefringence. By analogy to the Maxwell effect
(16.67), the constitutive relation for the heat-flow birefringence is

uv = —2Bq Vugy =2PgA V.V, T. (16.80)

Here By is the heat-flow birefringence coefficient. The second equality in (16.80),
involving the second spatial derivative of the temperature field 7 follows from ¢, =
—AV, T where A is the heat conductivity. The existence of the effect (16.80) was
predicted [62] and calculated [127] for rarefied molecular gases. First measurements
were presented in [128], see also [17].

In gases, the flow birefringence, just like the viscosity, does not depend on the
density, whereas the heat-flow birefringence is inversely proportional to the density.
Theoretical considerations [129] predict the existence of heat-flow birefringence also
in dense fluids. Experiments in a nematic glass [130] are a manifestation of this effect.

In mixtures, a preferential alignment can also be caused by the gradient of a diffu-
sion flux j. The resulting birefringence is referred to as diffusio-birefringence [131].

16.3.8 Visco-Elasticity

Elasticity, which is areversible process, is a typical property of solids. The irreversible
viscous flow behavior is typical for fluids. On a short time scale or for shear rates
varying with high frequencies, however, also fluids show elasticity. The Maxwell
model for the symmetric traceless friction pressure tensor T,w, viz.

8 — —
TMEPMV + puv = -2 Vuvv, n==Guu, (16.81)
is a prototype for the description of the visco-elastic behavior. Here tyy is the Maxwell
relaxation time, 1 is the shear viscosity and G is the high frequency shear modulus.

Notice that Vv, = % Uy - Thus for fast varying processes, where ‘L'M|% Puv | >
| v |, (16.81) reduces to % Py = —ZG% Uyy OF — puy = 0yy = 2G uy,y ,
which corresponds to the constitutive law (16.21) for elasticity.

For a periodic velocity gradient proportional to exp[—iwt], the linear equation
(16.81) implies that the friction pressure has the same dependence on the frequency

o and the time 7. In this case (16.81) can be written as p,, = —2n(w) V,v, with
the complex frequency dependent viscosity

nw)=n1—iom) ' =1 () +in (), (16.82)
@) = —— (@)= —2M
T = o2 T T T T (o)
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The pertaining complex shear modulus G (w) is given by

Gw) = —iwmmn(w) =G (w) —iG" (w), (16.83)
reoN (wtpm)? P wTM
R e AN i pray e

For low frequencies where wty < 1, the real part n’ of the viscosity approaches the
viscosity 7, its imaginary part n”, as well as G’ and G” vanish. For high frequencies
where w1y >> 1, the real part G’ of G(w) approaches the “high frequency shear
modulus” G, whereas G”, as well as " and n” become zero.

Maxwell derived the ‘Maxwell model’ equation from the Boltzmann equation for

the velocity distribution function of a gas. In that case, T,w is the kinetic contribution
Py
(16.59) with rl;ll = vp and vp; = 0. Here the Maxwell relaxation time is determined
by a Boltzmann collision integral and one has G = pg = nkgT.

Multiplication of the kinetic equation (12.120) for the pair correlation function
by r,F,, and use of (12.107) yields a Maxwell model equation for the potential
contribution of the pressure tensor. In this case, Ty is equal to the relaxation time
7 introduced in (12.120) and the high frequency shear modulus G is given by the
Born-Green expression (16.35).

The Maxwell model equation can also be derived within the framework of irre-
versible thermodynamics. Taking into account that the entropy density contains a
contribution proportional to G~! T,w T,w, where G is the high frequency shear
modulus. The ensuing entropy production associated with the second rank tensors
is proportional to G~ 'p,,'d'p,y /dt. The Extended Irreversible Thermodynam-
ics, cf. [132, 133], takes into account additional contributions to the entropy and
consequently to the entropy production, which then contains time derivatives of
‘non-conserved’ quantities, like of the friction pressure considered here, or of the
heat flux. An expression for the extended non-equilibrium entropy, valid for gases, is
derived in Exercise 12.3. More general schemes for the treatment of non-equilibrium
phenomena are presented in [134, 135].

In molecular fluids and colloidal dispersions containing non-spherical particles,
the visco-elastic behavior is associated with the dynamics of the alignment as
described by (16.74), cf. [136, 137]. The constitutive equation (16.133) for the fric-
tion pressure tensor is equivalent to

to the symmetric traceless friction pressure tensor, see the first equation of

— ——align ——align 0 T
Pvp = —2 Niso Vivy + pup s> Pop = ‘/EE kBT? apy.  (16.84)
a

Here mahgn is the part of the pressure tensor associated with the alignment. The
viscosity coefficient 7;so, corresponding to a situation, where the alignment vanishes,
is smaller than the Newtonian viscosity = nNew pertaining to the case where the
time derivative of the alignment and effects nonlinear in the shear rate vanish. These
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viscosity coefficients are given by

2

T.

0

Niso = 77New(1 - ), MNew = — kBT Tp. (16.85)
TaTp m

Similarly, the pressure tensor is also given by

Pvp = —27)New Vvvu + Pou > (16.86)
— Gies 1% da —_—
DPvp = _ﬁn_1 kBTfpa (% -2 E i WAy )
The superscript Gies refers to Giesekus [138].

In analogy to (16.82), the real and imaginary parts of the complex viscosity coef-
ficient are now given by

/ 1" WTy
(@) = (MNew — mSO)l—l—(Ta)z + Niso, N (@) = (NNew — Uiso)m,
(16.87)
with

2

Tap
NINew — Tliso = T]New (16.88)

TaTp

Here 1’ (w) approaches the viscosity 7;s, for high frequencies where wt, >> 1 applies.
Depending on the type of fluids, the relative viscosity difference (nNew — Miso)/New
ranges from 1072 to 102, or higher.

The expressions (16.82) and (16.87) show, and this is true in general, a fluid
can reveal its visco-elastic behavior only, when the frequency w is not too small
compared with the reciprocal relaxation time. Depending on the type of fluid and on
the temperature, values for the relaxation time vary over many orders of magnitude.
Similarly, a non-linear flow behavior can be observed when the shear rate is not
too small compared with the reciprocal relaxation time. For this reason, typical
viscoelastic fluids also show nonlinear viscous behavior.

16.3.9 Nonlinear Viscosity

The study of the viscoelastic and nonlinear viscous properties of complex fluids is
called Rheology [139, 140]. The nonlinear effects of the shear rate on the mater-
ial properties which are due to shear-induced distortions of the local structure or
the shear-induced partial orientation of particles, are also referred to as rheological
propetrties.
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This type of nonlinearity is to be distinguished from the nonlinear flow effects, e.g.
the turbulence, resulting from the convective term v - V in the local linear momentum
balance equation (7.52).

Within a phenomenological description, the nonlinear viscous behavior of a plane
Couette flow is characterized by three material coefficients, which depend on the
imposed shear rate y. The first of these coefficients is the non-Newtonian viscosity
n(y) defined via the ratio of the yx-component of the pressure or stress tensor and
the shear rate y = dvy/dy:

oyx = —pyx = n(y) y. (16.89)

It is understood that 7(y) approaches the Newtonian, i.e. shear rate independent,
viscosity 1New in the limit of small shear rates. When nonlinear effects play no role,
it is common practice to use the symbol 7 instead of Pnew-

The appropriate ansatz for the friction pressure tensor adapted to the plane Couette
symmetry is

L— —

Py =2 ele) Iy + (ehel —eney) [T +2 ee? Io. (16.90)
Viscosity coefficients nj, withi = +, —, 0 are defined by

Iy =-nyy, H_=-n_y, IlIy=—noy. (16.91)

The coefficient 74 is the non-Newtonian viscosity 7(y ), the coefficients n_ and g
characterize the normal pressure differences pxx — pyy = 211 and p,; — %( Pxx +
Pyy) = 2I1y. Equivalently, and this is common practice in the rheological literature,
the normal pressure differences pxx — pyy and pyy — p,, are used and referred
to as “first” and “second” normal pressure differences. The corresponding stress
differences, denoted by N and N3, are defined by

Ni = oxx — Oyy = pyy — Pxx = ¥1 J/zv Ny = oyy — 042 = P2z — pyy =¥ )/2.
(16.92)
The viscometric functions ¥ and ¥; are related to the viscosity coefficients n_ and
no according to
Uy =2n-, ¥Yay=-2n0—n-. (16.93)

In contradistinction to 14, which is positive in order to guarantee positive entropy
production, the coefficients 1_, no, and also ¥;, ¥, may have either sign.

The normal pressure differences pxx — pyy and pyy — p,; are zero in the linear flow
regime, however, they are non-zero at higher shear rates. In general, the viscometric
functions depend on the shear rate. When the nonlinearity of the friction pressure
is analytic in y, i.e. when it can be expressed in terms of a power series in y, one
has pxy ~ y and pxx — pyy ~ v2, Pyy — Dz ™~ y2, for y — 0. Consequently,
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the shear viscosity and the viscometric functions approach constant values at small
shear rates.

A generic model for a non-linear viscous behavior is a Maxwell model, cf. (16.81),
with a co-rotational time derivative and an additional deformational contribution, viz.

87—\

o7 Puv — 2 e Pev — 26 Vi D + 1 v = —2G Vv, . (16.94)

The pertaining Newtonian viscosity is nnew = 1 = Gtm. The coefficient « char-
acterizes the influence of the symmetric traceless part of the velocity gradient on
the dynamics of the friction pressure tensor. The case k = 0 is referred to as the
co-rotational Maxwell model or as Jaumann-Maxwell model. For a plane Couette
flow, this special model yields 9 = 0, and 74, n— are given by the expressions
(16.82) for the real and imaginary parts of the complex viscosity coefficient n(w),
with the frequency w replaced by the shear rate y . The resulting decrease of the shear
viscosity with increasing shear rate is termed shear thinning.

Due to g = 0, one has ¥, = —0.5Y1, in this case. For many polymeric liquids,
however, typically ¥, &~ —0.1Y] is observed in the small shear rate limit. As will
be pointed out in Sect. 16.4.6, this behavior follows from k¥ & 0.4. In general, the
parameter « is non-zero, as it can e.g. be inferred from microscopic approaches based
on kinetic equations [41, 141]. The phenomenological Maxwell model equation
(16.94) with ¢ # 0 is also referred to as Johnson-Segalman model [142, 143], the
cases k = =1 are called co-deformational or convected Maxwell model.

By analogy, the nonlinear viscous properties associated with the alignment are
essentially described by (16.87). Assuming that the dynamics of the alignment is
governed by the co-rotational time derivative, n4 and n_ are given by the expressions
for n” and n” with w replaced by the shear rate y, and 9 = 0. Again, the nonlinear
viscosity shows a shear thinning behavior, however, it approaches a finite value, viz.
Niso Which is also called second Newtonian viscosity.

More general cases with k¥ # 0 and where terms nonlinear in the alignment and
in the friction pressure tensor are included in the dynamic equations, are treated in
Sects. 16.4.6 and 17.4.

16.3.10 Vorticity Free Flow

A flow field for which the velocity gradient tensor has no antisymmetric part is
referred to as vorticity free. Two main types are distinguished: uniaxial and planar
biaxial flow fields.

(1) The uniaxial extensional or compressional flow is considered with the special
geometry v, = 2¢z and vx = —ex, vy = —¢y. Here ¢ = %8vz/8z = —0vy/0x =
—dvy/dy is the extension or compression rate. The symmetry of the flow field is that
of the uniaxial squeeze-stretch field as sketched in Fig.7.3. The velocity gradient
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tensor V, v, is symmetric traceless and one has

1

Vo, = [2eZeZ (exeX + eveﬂ)] =3¢ e‘Z)e ) (16.95)

By analogy to (16.90), here the symmetry adapted ansatz for the friction pres-

[
. L . .
sure tensor is py, = ZefLeﬁ ITy. In the linear flow regime, where one has

T,w = —21New Tvﬂ with the Newtonian viscosity nnew- In this case, the viscos-
ity coefficient ng, defined by 1y = —noe, cf. (16.91),1is 9 = 3nNew- This coefficient
is also referred to as extensional viscosity or Trouton viscosity. The nonlinear case,
an equation governing the component I1j of the pressure tensor, follows from the

the Maxwell model (16.94). Due to ‘elﬁei‘ ‘eieﬁ = %‘ezeﬁ‘, the resulting equation
for I is
0
rMEHO =2k et Iy + Iy = —31New €, NNew = GTM. (16.96)
For a stationary situation this leads to
Mo=—noe. 1no=3nNew (I —2kena) ", (16.97)

provided that 2kety; < 1. This inequality plays no role for ke < 0, where the
viscosity is decreasing with an increasing magnitude of the deformation rate. For
ke > 0, (16.97) yields an increasing viscosity and the stationary solution breaks
down at the finite deformation rate &jim = (2¢) L.

(i) The planar biaxial extensional or compressional flow is considered with the
special geometry vx = &x, vy = —¢y, and v, = 0. Here ¢ = dvx/dx = —dvy/dy is
the extension or compression rate. The symmetry of the flow field is that of the biaxial
squeeze-stretch field as sketched in Fig. 7.4. Again, the velocity gradient tensor V, v,
is symmetric traceless and one has

—

Voo, =e(efe, —ene). (16.98)

By analogy to (16.90), here the symmetry adapted ansatz for the friction pressure

tensoris p,, = (el’iel’j —e ez)H +2 eZ e Iy. Viscosity coefficients _ and n are

defined by [T = —n_e and I1yp = —npe. In the linear flow regime, where p,w =
—2nNew Vyvy, applies, with the Newtonian viscosity 7New, one has n— = 2nnew

and no = 0. For the planar biaxial flow, the Maxwell model (16.94), and the use of

’—‘r—w

(e* e)\ — euek)(e — eke,,) = e w ot eueﬂ = — elljeft
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and

' — 1
(ey.ex — eiei) efel, = —g(eiie’,f - e,}ie?j),

lead to two coupled equations for /71_ and [1y:

d 4
‘EMEH_ + §K8‘L'M Iy + - = =2 NNew &, (16.99)
0
TMEHO +rxetmI1- + Iy = 0.
Here the stationary solution is given by I1_ = —n_g, I[1y = —noe, with
4 _1
N— = 2 NNew (1 - g(Ker)z) , 1Mo = —KEMT-, (16.100)

provided that 4(kety)? < 3.

16.4 Viscosity and Alignment in Nematics

16.4.1 Well Aligned Nematic Liquid Crystals and Ferro Fluids

A viscous flow with a moderate shear rate does not affect the magnitude of the order
parameter of a nematic liquid crystal, cf. Sect. 15.2.1. The direction of the director
n, however, is influenced by the flow geometry and by external fields. First, the case
is considered, where a magnetic field is applied, which is strong enough such that it
practically fixes the orientation of the director. On the other hand, it should not be so
strong, that it alters the order parameter. The tensor nn' determines the anisotropy
of the fluid. It is understood that n is parallel or anti-parallel to the direction of the
applied magnetic field B = Bh, the sign of n has no meaning for nematics. The
symmetry considerations used for the viscosity coefficients of well aligned nematic
liquid crystals also apply to ferro-fluids in the presence a of strong magnetic field.
Ferro-fluids are colloidal dispersions containing practically spherical particles with
permanent or induced magnetic dipoles [110].

Point of departure for the set up of the constitutive relations governing the friction
pressure tensor are the expression (16.42) for the entropy production, and the second

rank tensor nn , or equivalently hh specifying the anisotropy of the unperturbed
state. The external field exerts a torque on the system. As a consequence, the antisym-
metric part of the pressure tensor is not zero. Compared with the ansatz (16.43), an
additional constitutive relation is needed and coupling terms between the symmetric
traceless and antisymmetric parts of the pressure tensor occur:
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Puv = —2n Vv, =201 nuny Viv, —203 npn, neny Vive
-2 (— Eprk Wy Ny ) — ¢ nyny Vi, (16.101)
Pu = —Y1 (@y — Ny ny@y) + V2 &y Byle ViU,
p=-nvViv, —¢ nuny Vyu, .

The shear viscosity 7, the rwist viscosity coefficient y; and the bulk viscosity ny are
positive, all other coefficients may have either sign. The coefficient ¢ characterizes
the coupling between the irreducible tensors of rank 0 and 2, the Onsager symmetry
is already taken into account. The coupling between the irreducible tensors of rank
1 and 2 is specified by y» and 7,. These coefficients obey the Onsager relation

27 = 1. (16.102)

The coefficients y; and y» occurring in the equation for the axial vector associ-
ated with the antisymmetric part of the pressure tensor are called Leslie viscosity
coefficients.

The Miesowicz viscosity coefficients n;, i = 1, 2, 3, [144], see also Sect. 16.3.3,
are defined for a plane Couette flow with the velocity in the x-direction and its
gradient in the y-direction, are inferred from

dVx
dy

Pyx = —hi s (16.103)

where the casesi = 1, 2, 3 correspond to the direction of the field and thus n parallel
to the x-, y- and z-axes, respectively. The n; are related to the viscosities defined in
(16.101) by

1. 1. 1 1
771—TI+8771+§772+1V1+17/2,

1. 1. 1 1
772—77+8m—§772+13/1—z)/2,

1.
n3=n- 5771~ (16.104)

Notice that n = (1 + n2 + n3)/3 is the average of the n;. Furthermore, one has

. 1
m-—m=mn+s5v="y. (16.105)
The second equality follows from the Onsager symmetry relation (16.102). The
experimentally observed difference between 1 and 1, is an evidence for the existence
of an antisymmetric part of the pressure tensor.
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The three Miesowicz coefficients do not involve the viscosity coefficient 773. This
is different for n45 corresponding to the case where n points along the bisector in the
xy-plane. The resulting Helfrich viscosity coefficient nyi» = 4nas — 2(n1 — n2), cf.
(16.53), is given by

N2 = 213. (16.106)

In the theoretical approach of Ericksen and Leslie, the local anisotropy of a nematic
liquid crystal is characterized by the director n, which depends on the time ¢ and
may also depend on the position r. A frequently used ansatz for the pressure tensor
of a nematic is

— Doy = oy iy neny Vyue +oony Ny + a3 Nyny, (16.107)

+as Vyu, +asnyn; Vyv, +ag Vo, npng,

where
ony,
w= o Eppv WAy (16.108)

is the co-rotational time derivative of the director. For a constant director field,
(16.107) is equivalent to (16.101) when one has V, v, = 0 and ¢ = 0 applies. The
Leslie viscosity coefficients aj, i = 1,2, .., 6 are related to the viscosities introduced
in (16.101), by

1 1 N 1 . 1 . 1
=St c(@stag), M= sstag), =g ta), 0=,

2 (16.109)
VI =03 —Qz, V2= 06— 05. (16.110)

The symmetry (16.102) corresponds to the Onsager-Parodi relation [145]
oy + a3 =ag — o5, (16.111)

The Miesowicz viscosities of nematic liquid crystals composed of prolate particles
obey the inequalities 72 > 13 > n and consequently y» = n; — 13 is negative. For
nematics composed of discotic particles, the order of the Miesowicz coefficients is
reversed and y» is positive. An affine transformation model considered next gives an
instructive insight into the anisotropy of the viscosity.

The connection between the friction pressure tensor involving the various viscosity
coefficients of nematics and the alignment tensor is elucidated in Sects. 16.4.4 and
16.4.5. Alternative approaches are, e.g. found in [149, 150].

The rotational viscosity coefficient y; has been measured for many nematics. The
full set of viscosity coefficients, viz. y1, y» and 11, 72, 13, n12 has been determined
for a few liquid crystals only, e.g. cf. [151]. For model systems, the anisotropy of the
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viscous behavior of liquid crystals can also be analyzed by computer simulations.
Non-Equilibrium Molecular Dynamics (NEMD) simulations were first performed
for perfectly oriented nematics in [147]. Nematics composed of particles interact-
ing via a Gay-Berne potential were studied both in NEMD simulations, cf. [152],
and in equilibrium Molecular Dynamics (MD) calculations, e.g. see [153]. In MD
simulations, time correlation functions, cf. Sect. 17.1, are determined, the transport
coefficients then are obtained with the help of Green-Kubo relation, viz. as an integral
over the time. Viscosity coefficients were inferred from the dependence of the flow
resistance on the strength of orienting electric or magnetic fields, both in experiments
and in NEMD computer simulations [154]. Results from NEMD computations were
presented in [155] for the viscosity coefficients yi, y» and n1, 12, 3, 712, as func-
tions of the density of the Gay-Berne fluid. For densities approaching the nematic <>
smectic A transition, the smallest of the viscosity coefficient, viz. 11 increases and
it overtakes 13 and ;. The rod-like particles form disc-like clusters in anticipation
of the smectic layers.

16.4.2 Perfectly Oriented Ellipsoidal Particles

With the help of an volume conserving affine transformation, cf. Sect. 5.7, the viscous
behavior of a fluid composed of perfectly oriented ellipsoidal particles can be mapped
onto that of a fluid of spherical particles [146, 147]. The affine transformation model
provides a good qualitative description for the anisotropy of the viscosity [148] of
nematics.

Within the framework of this model, the binary interaction potential @ of the
non-spherical particles are expressed in terms of the interaction potentials @gpp, of a
reference fluid composed of spherical particles according to

B(r) = Q™). it = A1,

The vector r in real space is linked with r® via an affine transformation, as given
by (5.5.3). This means, the equipotential surfaces are ellipsoids. In simple liquids,
the pressure is mainly determined by its potential contribution, see (16.29). For
simplicity, the kinetic contribution to the friction pressure tensor is disregarded here.
The spatial derivative is transformed according to

A —-1/2
Vi =AY,
The transformation of the pressure tensor P, ,,, between the affine and the real space is

1/2 —
Ph = AP ALY
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The friction pressure pﬁl .» in the affine space, obeys the constitutive law
A A A A oA A
=Py =207 I 40y Viivy dpns

which is standard for an isotropic fluid with the shear viscosity 7 and the bulk
viscosity né, cf. Sect.16.3. Notice that vaAA = V,v,. The symmetric traceless
deformation rate tensor Fﬁl in affine space is related to the velocity gradient in real
space by

L _1p —12 1
=3 (AM/ A2 oAl A}/Kz) Vit = 3 Vi .

The friction pressure tensor, in real space, and for V - v = 0,
Pun = =1 (Al Aue Voo + Vo), (16.112)

contains symmetric traceless and antisymmetric parts.

For ellipsoids of revolution, with their symmetry axis parallel to the unit vector
u, which is identical with the director n of the perfectly oriented fluid, the volume
conserving transformation is governed by

Ay = 0% [0+ Q7 = Dmuma |- A5} = 073 [0+ (0 = Dnun |,

cf. (5.58). Here Q = a/b is the axes ratio of an ellipsoid with the semi-axes a and
b=c.

Comparison of the resulting friction pressure in real space with the ansatz for the
anisotropic viscosity made in the previous section leads to

1 1
n= [1 +(0- Qﬂ = (0 - 0 2,
1 1
i = 5<Q—2 - 0Hnt, = -5 - 0~ hH2nh,

and
n=0Q -0 m=?*-0Hnr" (16.113)

The pertaining Miesowicz and the Helfrich viscosity coefficients are
m=0"n m=0" m=nt ma=-@-0""t 6114

The Onsager-Parodi relation n; —n2 = y» is fulfilled. Furthermore, one has ny = né.
Thus all the viscosity coefficients of this perfectly ordered nematic liquid are related
to the shear and volume viscosities of the reference liquid with the same density and
to the axes ratio Q of the ellipsoids. Clearly. for prolate particles with Q > 1, the
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Miesowicz coefficients obey the inequalities 7 > n3 > 11 and y» < 0. For oblate
particles, i.e. for Q < 1, one has 12 < 13 < n1 and y» > 0. An adaption of this
model to partially ordered nematics and comparison with experimental data is found
in [148]. The alternative approach, where the dynamics of the alignment tensor is
taken into account, is discussed in Sects. 16.4.4-16.4.6.

The anisotropy of the heat conductivity and of the diffusion tensor can also be
treated by the affine transformation approach. For diffusion, see the following exer-
cise. An amended affine transformation model which takes the partial alignment
into account and a comparison with molecular dynamics computer simulations is
presented in [156].

16.3 Exercise: Diffusion of Perfectly Oriented Ellipsoids
In the nematic phase, the flux j of diffusing particles with number density p obeys
the equation

Ju=-DuwVyp, Dy, = Dynyn,+ D (8, —nyny),

where D and D are the diffusion coefficients for the flux parallel and perpendicular
to the director n.

Use the volume conserving affine transformation model for uniaxial particles, cf.
Sect.5.7.2, to derive

Dy = 0**Dy, D =Q 3Dy

for perfectly oriented ellipsoidal particles with axes ratio Q. Here Dy is the reference
diffusion coefficient of spherical particles.

Furthermore, determine the anisotropy ratio R = (D — D1)/(Dy + 2D}),
the average diffusion coefficient D = %D” + %D . and the geometric mean D=

D‘ll/3 Diﬂ. Discuss the cases Q > 1 and Q < 1 for prolate and oblate particles.

16.4.3 Free Flow of Nematics, Flow Alignment and Tumbling

The antisymmetric part of the pressure tensor vanishes for a free flow, i.e. when no
orienting external field is applied. This implies

an)L —
Pu = Epvalty |:V1 (? — &t wxnr) + Y2 e Vv, i| =0. (16.115)

For a spatially inhomogeneous situation and in the presence of external fields the
torque associated with (16.115) is not zero but balanced by the elastic and field-
induced torques &3, (KAn) + Fjn,) as described by (15.33).

Provided that |y»| > y; holds true, a stationary plane Couette flow leads to a sta-
tionary flow alignment where the director is in the plane spanned by the flow velocity
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and its gradient. In particular, for the geometry used above, e.g. in Sect. 12.4.6, one
has ny = cos x, ny = sin x, n, = 0, then (16.115) implies

9
v (a—f n 1"/2) +(I'/2) 2 cos2x =0,

where the shear rate 33% has been denoted by I". In a stationary situation, where
33—); = 0, the flow alignment angle x is determined by

cos2y = — 2L, (16.116)

V2

This result is independent of the shear rate. For (16.116) to be applicable, the tumbling

parameter

Y (16.117)

Y1

has to obey the condition |A| > 1. The viscosity for this “free” flow in a flow aligned
state is

1
e = 5 01+ = y) +m2 (L= yP/73). (16.118)

In many nematics, the flow alignment angle is small, typically around 10°, such
that nee s not much larger than the smallest Miesowicz viscosity 11. On the other
hand, close to the isotropic-nematic transition temperature T, the average viscosity
n = (1 + n3 + n3)/3 > Neee in the nematic phase is approximately equal to the
viscosity in the isotropic phase. This explains the surprising result that the viscosity
below the phase transition is smaller than the viscosity above Ty;.

For |A| < 1, no stationary solution of (16.115) is possible, even when the imposed
shear rate is constant. Then the director undergoes a tumbling motion, similar to that
one described by Jeffrey [161] for an ellipsoid in a streaming fluid. More specifically,
the tumbling period is related to the Ericksen-Leslie tumbling parameter A by Py =
47 /(y /1 — A2), for a full rotation of the director.

16.4.4 Fokker-Planck Equation Applied to Flow Alignment

The equation governing the orientational dynamics of liquid crystals, both in the
isotropic and nematic phases, can be derived from a generalized Fokker-Planck equa-
tion [157-159]. To indicate the physics underlying this approach, the Langevin type
equation of a single non-spherical particle, immersed in streaming fluid, is consid-
ered first. Let the orientation of the particle be specified by the unit vector u, its
angular velocity is written as @ + £2, where w is the vorticity %V x v. Then the time
change of u is given by u), = e pvwiuy + €420 8211,, and £2 obeys the equation:
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@ =—v, 2+ 07T oI

Here v, > 0 is a rotational damping coefficient due to a frictional torque, 6 is the
relevant moment of inertia, T' and Tf denote the systematic and the fluctuating
torques acting on a particle. The systematic torque can be derived from a Hamiltonian
function H according to TfySt = — % H(u), cf. (12.45). It is recalled that

L= Epperlhe—.
o

In the following, the dimensionless function # = —pBH is used, where § =
(kgT)~!, and T is the temperature. Then one has S TfySt = L7 (), and the
generalized Fokker-Planck equation pertaining to this Langevin equation reads

B
j;(tu) +w L f() — v L (L f) — f(u) L) =0, (16.119)

The relaxation frequency vy is related to the rotational damping coefficient v, by

kgT

- Ov,

Vo (16.120)

For spherical particles with radius R, one has v, ~ R3, see the Exercise 10.3,
provided that hydrodynamics applies. For non-spherical particles v, depends on the
shape of the particle, but an effective radius R can be defined such that v, ~ RSH,
and vy ~ Re}? . For vanishing vorticity, the kinetic equation (16.119) is similar to
(12.46), where the systematic torque was assumed to be due to external orienting
fields. Here, however, the orienting torques are due to the viscous flow and an internal
field which, in turn, is caused by the alignment of the surrounding particles. Both
torques are of the form TfySt ~ &)Uy Fieyuy such that

H = Fuy buvs v =8 upty, =,/ > (16.121)

The specific expression for the symmetric traceless tensor Fy,), is

Fuy = (6v0) ' Z Vv, + T ' T ayy, ap = (Puv). (16.122)

The first term in (16.122) involving the shape parameter &% describes the orient-
ing effect of the velocity gradient. When hydrodynamics applies, this parameter is
given by

6 0% —1

R=|- =,
502+1

(16.123)
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for uniaxial ellipsoids with the axis ratio Q. Values Q > 1 and Q < 1 pertain to
prolate, i.e. rod-like and oblate, i.e. disc-like particles, respectively. One has Z >
0 and #Z < O for these cases. The quantity & vanishes for spherical particles,
corresponding to Q = 1.

The second term in (16.122) is associated with the internal field proportional to
the alignment tensor. The characteristic temperature 7* is linked with the strength
of the alignment energy, just as in the Maier-Saupe theory, cf. Sect. 15.2.3. In the
absence of a flow, the stationary solution of the kinetic equation (16.119) is

f= feq ~ eXP[TflT* [ ¢Ml)]7

which is essentially the Maier-Saupe distribution function.

Multiplication of the kinetic equation (16.119) by ¢,, = & “uTv and integration
over d?u and use of (16.121) with (16.122) leads to a nonlinear, inhomogeneous
equation for a,,, which is, however, not yet a closed equation for the second rank

alignment tensor. More specifically, the moment equation for a,,,, as inferred from
(16.119), is

a L |
5“#1} -2 Eur WA Ay + V24, — Vo ((gk(ﬁ;w)(g)»qbaﬁ)) Faﬂ =0,

with v» = 6vy, cf. (12.44). Computation of the expression within the bracket (.. .)
of the last term yields

4{22 EpepllicUy Exoallalp Fop = 4;22 (uvu/gFWg — Uply uauﬁFalg) .

Use of uyug = %81,}3 + uqug in the first term on the right hand side and of the
relation

[— 2 1 L — |
uylty uqgugbog = E wv + ; uytte Fiey + uyuyuqug Fog,

cf. (11.58), leads to

1 3, ‘ ‘ ,
(X)ﬂ’uv)(g)ﬂsaﬁ) = 4;22 (g wo 7 Uyl Fev — Uyuyugg Faﬁ)-

The orientational average of this expression involves the fourth rank alignment tensor

3
Auvap = <¢Iw0tﬂ>v (b;waﬂ =104 UyUpUgUB , = —4/70,
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cf. Sect.12.2.2. Thus the moment equation for the second rank alignment tensor
becomes

5‘1;1.11 -2 Eprk Drlicy + V2 apy
—4vy &5 g wv + ?gz auk Fev — &4 apvapFap | = 0.

Use of the explicit expression (16.122) for the tensor F leads to

8 1 — L—
541,” — 2 ity — 2k Vv ay +v2 (Aay, — V6B Apic ey )
+5v2§471T_1T*aWalgaaﬂ =% ( Vv, —5 C;]auvaﬁ Vavg ) ,
(16.124)
with /3
T* 5T
A=1—-—, B=— —, (16.125)
T 7 T
and 5
1 3 —1
K==0X%=— Q . (16.126)
7 7 02+1

The second equality in (16.126) pertains to the hydrodynamic expression (16.123)
the parameter Z. For long, rod-like particles, corresponding to Q >> 1, the quantity
k approaches 3/7 = 0.4.

In the isotropic phase and for small alignment where terms nonlinear in the second
rank alignment tensor and the fourth rank alignment tensor can be disregarded,
(16.124) reduces to an equation similar to (16.74), viz.

8 1

an — 2 &ucwitiey — 26 VU aey + r;lAaW = —r;] ‘cap\/i Vv,

(16.127)
where the relaxation time coefficients are now related to the parameters occurring in
the Fokker-Planck approach by

n=v = 6v)"", V2tu=-Z. (16.128)

The comparison of (16.127) with (16.74) shows two additional features. The first
is the term involving the parameter «, which describes an effect of the deformation
rate on the alignment. The second is the occurrence of the factor A = 1 — T*/T.
This implies the pre-transitional increase of the relaxation time t = A~'r, and
of the flow birefringence ~A~!, when the temperature 7' approaches the transition
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temperature Ty;, from above. Notice that Ty is slightly larger than the pseudo-critical
temperature 7, cf. Sect. 15.2.2.

In general, however, and in particular in the nematic phase, terms nonlinear in the
alignment matter and the fourth rank tensor has to be taken into account. Then an
equation is needed for a,qg, in (16.124). Multiplication of the generalized Fokker-
Planck equation (16.119) by the fourth order expansion function ¢4 and subse-
quent integration leads to an equation for the fourth rank alignment tensor, that is
analogous to that of the second rank tensor. There, however, not only a coupling
with the second rank but also with the sixth rank tensor occurs. Clearly, the game
may be continued leading to a hierarchy of coupled equations for tensors with rank
£ =2,4,6,.... The equation for the second rank tensor is the only one which con-
tains an inhomogeneous term. The tensors of rank £ > 2 relax faster than the second
rank tensor, cf. (12.44). In [157], a closure of the set of equations was achieved by
disregarding the tensors of rank 6 and higher. When furthermore, the co-rotational
tm: derivative of the fourth rank tensor and terms nonlinear in the deformation rate

Vv are disregarded, this approximation amounts to putting a,yeg ~ auvaeg With
a proportionality coefficient analogous to that one occurring for equilibrium align-
ment, cf. Sect. 12.2.4. Use of the relation (12.34) for uniaxial alignment in the high
temperature approximation, which is equivalent to

— 5 P T
8y lauvaﬁ = 7 & 2 Auvaop » (16.129)

leads to the closed equation governing the second rank alignment tensor

a L | —
an — 2 8w @ity — 2k Vv ey + 2Py

=% ( Vivy = 57 @uvdi’ Vavg ) (16.130)

Here
L
D =Aau, — B NG Auctiey + C ayy Ay,

is the derivative of the Landau-de Gennes potential, cf. Sect. (15.2.2), where now the
coefficients A and B are given by (16.125) and C is found to be

12 [T\
c=5l7)- (16.131)

Apart from the last term on the right hand side of (16.130), this equation is equivalent
to (16.127) where now @, appears in the relaxation term instead of Aay,. The
limiting case of a weak alignment in the isotropic phase was already discussed above.
The other limiting case corresponds to a weak flow in the nematic phase where the
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velocity gradient does not alter the uniaxial character of the alignment nor affect the
magnitude of the alignment.

The equation for the alignment tensor which underlies a unified theory valid both
for the isotropic and the nematic phases of a liquid crystal, can also be derived within
the framework of irreversible thermodynamics, see the following section. The flow
alignment and also the viscous properties of nematics are treated by this approach.
Dynamic phenomena, such as a time dependent and even chaotic response of the
alignment to a stationary shear rate are discussed in Sect. 17.3.

Some historical remarks: The application of a Fokker-Planck equation to the flow
birefringence in colloidal dispersions was initiated by A. Peterlin and H.A. Stuart in
1939 and reviewed 1943 [160]. They used the torque caused by the flow as derived
by Jeffery [161]. The inclusion of a torque associated with the alignment, which
allows the treatment of both the isotropic and nematic phases, was first presented
by the author [157]. An independent derivation was given later by Doi [158], who
considered the application to rod-like polymers, see also [162]. In the literature, both
the generalized Fokker-Planck equation and the resulting equation for the second
rank alignment tensor are referred to as Doi-theory or Doi-Hess-theory, see e.g.
[163]. Different assumptions were made for the closure of the hierarchy equations.
A discussion of the dynamic equations and the underlying physics is also presented
in [164-167].

16.4.5 Unified Theory for Isotropic and Nematic Phases

The first unified theory for the flow alignment and the viscous properties of liquid
crystals in the isotropic and nematic phases [168], as well as the study of the influence
of a shear flow on the phase transition [169] was based on a generalized version of
irreversible thermodynamics, where the alignment tensor is treated as an additional
macroscopic variable, as in Sect. 16.3.6. As before, the point of departure for a
treatment within the framework of irreversible thermodynamics is an expression for
the contribution of the alignment to the free energy or the free enthalpy. Now it is
assumed that this contribution is proportional to the Landau-de Gennes potential @,
its time change is proportional to —®,da,,/dt, where @, is the derivative of @
with respect to a,,. When the co-rotational time derivative of the alignment is used
as in (16.69), the resulting entropy production is similar to the expression (16.70),
justwitha,,, ((Sil%)irrev replaced by @, (‘S‘;%)irrev. The ensuing constitutive relations
are similar to (16.133), now a,,, in the first of these equations replaced by @,,. As
a consequence, the inhomogeneous equation for the alignment tensor analogous to
(16.74) contains the nonlinear relaxation term 7, ' ®,,,, instead of 7, 'a,,.
Motivated by the first three terms of (16.124), the more general ansatz

d 1 — 8
Y ) perdey — 2 Vyve ey = [ 22) (16.132)
dr 8t irrev
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is made. Then the entropy production is given by

ss\@®  _ — Sa —
Ly (E) = Pon Vou +%kBT<pW (%) 2k Ve d
irrev

m irrev

_ [pw—f—ZK—kBT <D#Ka,w] Vv + ks T @, (—) .
m m 3t irrev

(16.133)

With @, and («/En%kBT)_l(Pv# + ZK%/CBT Dy ) chosen as fluxes, and

Sauy . o
(’g—’;)imv and v/2 V, v, as forces, as suggested in [171], the constitutive laws for
the second rank tensors now are

5a | —
— D=1 (i) +rap«/§ Vv,

8t irrev
— (ﬁEkBT) (pw +2KZkBT Dy ) = Tpa ( 8';”)‘ +‘Cp\/§ Vv .
rrev

(16.134)

As before, the quantities 7, are relaxation time coefficients where the subscripts a
and p refer to “alignment” and “pressure”. The non-diagonal coefficients obey the
Onsager symmetry relation, cf. (16.72), T,y = tpa. Positive entropy production is
guaranteed by the inequalities 7, > 0, 7, > 0, 7,7 > taz .

Use of the first of the (16.133) in (16.69) yields the inhomogeneous relaxation
equation

day,, P -1

& 2 e =2 Vv de +o @, = 1 epV2 Vyu, . (16.135)

a

Apart from the last term on the right hand side of (16.130), the phenomenological
equation corresponds to the equation derived from the Fokker-Planck equation, when
;! and /27, ' 1y are identified with v, and —%, as in (16.128).

The symmetric traceless part of the pressure tensor, as it follows from the con-
stitutive relations, is given by p,, = —2nis0 Vovu + puu ‘ lgn, with niso =

2

NNew (1 — %), NNew = %kB Ttp, cf. (16.84) and (16.85), where the friction pressure
associated with the alignment is now

— li T, L.
Sl _ %kBT (xfz? @1y — 26 Dty ) . (16.136)
a

A remark on the antisymmetric part of the pressure tensor is in order. Prior to putting
the average angular velocity w,, equal to the vorticity w,,, the entropy production
involving pseudo-vectors is proportional to p, (W, — w,), where p, is the pseudo
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vector associated with the antisymmetric part of the pressure tensor, cf. Sect. 16.3.5.
This contribution vanishes, when the average angular velocity is equal to the vortic-
ity, as already assumed above. In the presence of an external field, which exerts a
torque 7}, the entropy production contains an additional contribution proportional to
Wy (T, + 2k T & yp3.avc Pici)- The entropy production, however, should not depend
explicitly on the vorticity, since w,, # 0 can also be achieved by a solid body like
rotation. This implies that 7;, = —2kgT e, p3avc P,y has to hold true. When fur-
thermore, the relaxation of the internal angular momentum J is fast, compared with
the orientational relaxation, one has effectively dJ/dt = 0 and p, matches the
torque density, viz. p, = (p/m)T,. Thus the pseudo-vector associated with the
antisymmetric part of the pressure is related to the alignment by

P
Pu= =2 kBT epidue P (16.137)

As expected, both the symmetric traceless and the antisymmetric parts of the pressure
tensor associated with the alignment vanish in thermal equilibrium where one has
D, =0.

Multiplication of (16.135) by ta&x.cv @i yields

| — [ ——
Ta My, + €0 Py = —Encvlicp rap«/z Vv, =2k 12 Vs Gy |,

with

v

da —_—
M), = vty ( d’; — 2 '€ uapWapy ) . (16.138)

Then (16.137) is equal to

Py = 2%/@”@ + Z%kBTs)\KUaW (rapﬁ Vs — 26Ty Vit doy

(16.139)

16.4.6 Limiting Cases: Isotropic Phase, Weak Flow
in the Nematic Phase

For a plane Couette flow, a symmetry adapted ansatz for the alignment and for
the pressure tensors can be made in analogy to (16.90). Then each of the tensorial
equations reduces to three coupled equations for the relevant 3 components. In detail,
these can be inferred from the more general case of all 5 components as presented
in Sect. 17.3. Here just some results are stated for the nonlinear viscous behavior in
the isotropic phase, where terms nonlinear in the alignment tensor are disregarded.
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The non-Newtonian viscosity coefficient n4, cf., Sect. 16.3.9, is found to be

2

T
N+ =NNewHy+ (), Hy (') =1+ ap |:
TaTp

1+ 21 +«2/3)
(1+ 21 —«2/3)2

1:| . (16.140)

The dimensionless viscosity coefficient H,(I") is a function of the dimensionless
shear rate I", here defined by

Jvx
dy

F=ty=A""1, (16.141)

2

Notice that —2 — (MNew — 7iso)/MNew < 1, cf. (16.85). For |k]| < 1, (16.140)

TaTp

describes a shear thinning behavior, for 1 < |k| < «/§, shear thickening, i.e. an
increase of the shear viscosity with increasing shear rate results for smaller values of
I', followed by a shear thinning at higher shear rates. In any case, ;s is approached
for I' — oo. Similarly, the viscosity coefficients n_ and ng are given by

-1
Ie = 1D = o) T 10 = =K Giew — 7o) [ 1+ 721 = /3)| T
(16.142)
Both 1_ and g approach O for I" <« 1 and I" >> 1. The normal pressure differences
and the pertaining viscometric functions, as defined in Sect. 16.3.9, can be inferred
from (16.142). In particular, the ratio between the first and the second viscometric
function is found to be

-y _ 1
"2} 2

. [1+F2(1 —K2/3)]_1 <1+F2(1+K2/3)). (16.143)

The special case k = 0, corresponding to a pure co-rotational time derivative of the
alignment tensor, implies 779 = 0 and the small shear rate limit ¥, /¥; = —0.5. The
value k¥ =~ 0.4, suggested by the Fokker-Planck approach, yields ¥, /¥ ~ —0.1,
which is typical for many polymeric liquids.

For a weak flow in the nematic phase, the alignment tensor maintains its uniaxial
formay,, = aff,l, = \/3/_2aeq ”7\“ where the director n, in general, depends on the
time and the position. The equilibrium order parameter deq = V58, where S = S,
is recalled as the Maier-Saupe order parameter, is assumed not to be affected by the
flow. In this case M reduces to

. dn,

3 L
M; = Eagq Enevte Ny, Ny = == = eupeonny’ (16.144)

The vector N is the co-rotational time derivative of the director n, cf. (16.108). For
dn/dr = 0, as considered in (16.136), the pseudo-vector M is proportional to the
component of the vorticity, which is perpendicular to n, viz. M, = —%agq(a)x —
nyn,.w.). In the weak flow limit, (16.139) reduces to
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Pu = Epvalty (VINA + 2 Vaue nK) > (16.145)

P P
= 3n_1 kBTagq Ty, V2= - kgT (Zx/gaeqrap — /cagqra) .

In this expression, the Ericksen-Leslie coefficients y; > 0 and y», already introduced
in Sect. 16.4.1, are related to the equilibrium alignment aeq = V/5S, and to the model
parameters occurring in the dynamic equation for the alignment tensor. Notice that the
Fokker-Planck approach yields 7, < 0 for rod-like particles, cf. (16.126), (16.128),
and consequently y» < 0. For disc-like particles, on the other hand, one has y» > 0.In
general, terms of higher power in the order parameter aeq contribute to the Ericksen-
Leslie coefficients, when higher rank tensors are taken into account in the solution of
the Fokker-Planck equation. The expressions given here contain the leading terms.

In the weak flow approximation, the relation (16.136) for the symmetric traceless
part of the friction pressure tensors leads to an expression for ITw , as presented in
(16.101), now with the viscosity coefficients n, 771, 72, 173 given by

P 1 N P 1
n= n_1kBT (rp + EKZ gezq ra), = - kT K aeq (Zﬁtap + EK Geq ra),

- 0 1 - 1p
2 - kBT K aeq (\/gfap — EK Geq ra), N3 = m kgT K2 aezq Ta (16.146)

The Onsager symmetry relation 27 = y» is obeyed. Notice that x = 0 implies
n1 = 113 = 0. In lowest order in the alignment, one has 71 = —k,. This relation
can be used to obtain an estimate for the size of the parameter « from experimental
data.

16.4.7 Scaled Variables, Model Parameters

The relaxation term of the inhomogeneous equation (16.135) for the second rank
alignment tensor involves the derivative of the Landau-de Gennes potential, which in
turn contains the three parameters A, B, C. When the alignment is expressed in units
of the nematic order parameter ay; = 2B/(3C), cf. Sect. 15.2.2, the coefficients B and
C are replaced by specific numbers. More precisely, the alignment tensor is written as
Apy = aniazv, the derivative of the potential is expressed as @,,,,(2) = Prer <D;;U (a*)
with the reference value @pef = ani2 B2 /(9C) = aniniAp. As in Sect. 15.2.2, the
scaled temperature variable 9 = A(T)/A(Ty) = (1 — T*/T)(1 — T*/Ty) is
used. The time is scaled in units of a reference time equal to the relaxation time, at
coexistence temperature Ty, Viz.

- 9C -
t=Tref 1", Tt = (1l = T%/T) Ay = ta m—5 = Taan @gf . (16.147)

2B2
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Shear rates, in units of rrgfl are now denoted by I”, thus one has I" = y ty¢¢. Further-

more, the tumbling parameter, cf. Sect. 16.4.3, is written as

ani 1 2 Tap -1
heq = AK — + —k, Axk = —=~3 241 16.148
eq K deq + 3 K K 3 T ani ( )

The equilibrium order parameter, in the nematic phase, deq is given by deq/ani =
% + %\/9 — 8,0 < %, see (15.23). Notice that Aeq decreases with increasing order
Geq. For small shear rates, Aeq determines the flow alignment angle x, within the
Ericksen-Leslie theory, cf. Sect. 16.4.3, according to cos(2x) = —y1/y2 = 1/Aeq,
provided that Aeq > 1. For Aeq < 1, no stable flow alignment exists. The actual
dynamics following from the alignment tensor theory, as discussed in Sect. 17.3, is
more complex than the tumbling motion inferred from the Ericksen-Leslie director
approach. The quantity Ax which is the tumbling parameter at the transition temper-
ature, for k = 0, is used as a model parameter in the scaled dynamic equation for
the alignment tensor.

In the following, when no danger of confusion exists, the scaled alignment tensor

a;U is denoted by the original symbol a,,,. Let £2) = @y Trer and I, = v, /0r,

be the dimensionless vorticity and deformation rate tensor. The (16.135) governing
the dynamics of the alignment then is equivalent to

day,
dr

‘ ‘ ‘ ‘ 3
— 2 e ey — 26 Tyettey + Py = \/;/\KFW, (16.149)

where it is understood that @,,,, stands for the scaled derivative of the relevant poten-
tial, viz.
@y =0 ayy — 3V6 e, + 20,0500 (16.150)

This corresponds to the derivative of a Landau-de Gennes potential with A = ¥,
B=3,C=2.

A scaled symmetric traceless stress tensor X!

associated with the alignment is

puv?
introduced via
——align 3p
— P =V2Ga XY, Ga= 2 keT A% 8ni AgaZ, (16.151)

where 8y = 1 — T*/ Ty, and G is a shear modulus linked with the alignment. For
—align

Duv see (16.136). The scaled version of this equation corresponds to
2 4 = - 2k —
i = ﬁ’\xl By, Buy = Py + e NCX (16.152)

The Fokker-Planck equation approach implies 2k /(3Ag) = ~/5 ani /7.
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The model parameters occurring in the scaled equations are the reduced temper-
ature ¥, the dimensionless shear rate I”, the tumbling parameter Ak, and x. Notice
that Ag serves as a measure for the coupling between the alignment and the flow. In
some applications of the equations, as presented in Sect. 17.3, it suffices to treat the
special case k = 0.

16.4.8 Spatially Inhomogeneous Alignment

In a spatially inhomogeneous situation, the equation governing the dynamics of the
alignment tensor contains terms linked with spatial derivatives. There are two sources
for terms of this kind: firstly, the divergence of the flux tensor b;,, ~ (cy uMTU),
where c is the peculiar velocity of a particle, and secondly, the terms characterizing
the elasticity in the free energy and its derivative with respect to the alignment, see
e.g. (15.38). More specifically, the relaxation equation for the alignment tensor is

da,uv
dr

—2 gppewiticy — ...+ Vabyw + ‘L';l (¢>MV _E(%Aa/w) +...=0,

—

where the dots ... indicate the terms involving the deformation rate tensor V, v, ,

as in (16.135). It is understood that a“” stands for the substantial derivative, i.e.

dfi‘t‘” = d” LY+ v, Vyay,. As before, CDW is the derivative of the potential @, with

respect to a,w, e.g. the Landau de Gennes expression (15.13). The term involving
50 Aay,, corresponds to the simple case of an 1sotr0p1c elastlclty The length & is
linked with the quantities occurring in (15.35) via EO = kBTéret 07, Where &ef is
the reference length which, in (15.35), was denoted by &j. Equations for the three
irreducible parts of the tensor b;,,,,, which are tensors of ranks 1, 2, 3, can be derived
by kinetic theory or by irreversible thermodynamics. When the relaxation times for
these three parts are practically equal to a single relaxation time 7y, the approximation

byuy = —DaVy (®;w - g(%Aa;w)a D, = 7fb,

is obtained. With the diffusion length £, defined by E% = D, 1,, the generalization of
(16.135) to a spatially inhomogeneous fluid becomes, [172],

d 1

d—ta,w — 2 &by — 26 VU ey (16.153)
i 1= 2a] (P - 8 Aau) = 7 rpv2 Vo,

Second and fourth order spatial derivatives occur. The second order terms involve
diffusional and elastic contributions proportional to Zg and ég, respectively. In the
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isotropic phase, where @, ~ Aa,, applies, these contributions are additive. In the
nematic phase, and close to equilibrium, one has @, ~ 0 and the relaxation term
reduces to —1,~ 1E§[Aa,w — £§A2a wv]. The fourth order term is proportional to the
product ﬁazég, in any case.

The part of the friction pressure tensor associated with the alignment is also
modified by additional terms involving the spatial derivatives [172]. The solution of
a spatial differential equation requires boundary conditions, those appropriate for the
(16.153) and some applications are discussed in [173, 174].



Chapter 17
Tensor Dynamics

Abstract This chapter presents examples for dynamical phenomena involving ten-
sors. Firstly, linear tensor equations are considered which provide the basis for the
computation of time-correlation functions and of spectral functions describing the
frequency dependence, e.g. of scattered radiation. Secondly, nonlinear relaxation
phenomena involving the second rank alignment tensor are treated. Basis tensors are
introduced which lead to coupled non-linear equations for the relevant components
of the tensor. The stability of stationary solutions is analyzed. Thirdly, the effect of an
imposed shear flow on the alignment tensor is considered. Depending on the model
parameters, stationary as well as periodic and chaotic solutions are obtained. Similar
features are found for a nonlinear Maxwell model governing the shear stress tensor.

17.1 Time-Correlation Functions and Spectral Functions

The dynamics of small fluctuations about an equilibrium state, as well as of small
macroscopic deviations from equilibrium are described by time-correlation func-
tions. Spectral functions are obtained by a time-Fourier transformation.

17.1.1 Definitions

Let v = ¢;(¢) withi = 1,2,... be functions which depend on the time ¢ via
their dependence on dynamic variables like the position, the linear momentum or the
internal angular momentum of a particle. Appropriately defined averages (... )o of
these quantities are assumed to vanish, viz. ()¢9 = 0. In general, the ¥; fluctuate
about their average values, their squares averaged are non-zero: (1//i2)0 > 0. The
average

i) = (Yilto + DY), i=1.2,..., j=12.., (17.1)
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defines time-correlation functions. It is assumed that the distribution underlying the
average is stationary, e.g. pertaining to an equilibrium state. Thus the correlation
function just depends on the time difference, i.e. it is independent of the time #.
Then #p = 0 can be chosen. On the other hand, the choice o = —t yields

(Vi O)y(=0)y = (¥ (=D ¥i(0)),.
which implies the symmetry relation
Gij(t) = Cji(—1). (17.2)

Consequently the diagonal correlation functions pertaining to i = j are even func-
tions of the time. The correlation functions with i = j are referred to as auto-
correlation functions, those with i # j as cross-correlation functions. In the follow-
ing, the notation Cjj(z) is used for the normalized correlation functions which are
defined by

Cij(t) = (¥ilto + DW;(10)}, { (Vi) Vi (1)) (Vi) W10}, ) 2. (17.3)

wherei =1,2,...,j =1,2,...,as before. One has Cj;(0) = 1 for the normalized
auto-correlation functions.

Now a non-equilibrium state is considered where (V) = () () # 0 applies.
When the distortion which caused the deviation from equilibrium, is switched off,
the quantity () (¢) relaxes to O, in the long time limit. The original derivation of
the Onsager symmetry relation was based on the assumption that fluctuations and
small macroscopic deviations from thermal equilibrium decay alike [108]. With this
argument, time-correlation functions can also be defined via a linear relation between
time dependent averages

(i) (@) = Gy (¥ (0), i=1,2,..., j=12,... (17.4)

This allows the calculation of time-correlation functions from linear macroscopic
equations.

The averages () may depend on the position r in space (Vi) = (Vi) (¢, r). The
spatial Fourier transform is

(Ui)(r k) = /GXP[—ik ] (Ya) (@, 0

where k is the relevant wave vector. Applications in spectroscopy and light scattering
involve wave vector dependent time-correlation functions defined by

(i) 1K) = Gy | K)(Y)O 1K), i=1,2,..., j=12,... 17.5)
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The pertaining spectral functions Sj; are the Fourier-Laplace transform of the
time-correlation functions, viz.

o0
Sij(w,k) = 7' Re / explior] Cij(1 | K)dt. (17.6)
0

When the averages () and (i) are components of irreducible tensors of ranks £
and n, the corresponding time-correlation and spectral functions are tensors of rank
£+ n. With () and () replaced by A;,,...,;, and B,,...,, , equation (17.5) becomes

Ao 1K) =CRE (1K) By, (0] K), (17.7)

The pertaining spectral function, evaluated according to (17.6), is denoted by

St (@5 0.
The symmetry, parity and time reversal consideration discussed in connection with
linear constitutive relations, cf. Sect.16.1, apply to these functions as well. The
depolarized Rayleigh scattering, to be discussed in the next section, corresponds to
a case, where one has £ = n = 2.

Examples for the computation of auto- and cross-correlation functions of the
friction pressure tensor and the tensor polarization of a gas of linear molecules, are
found in [175]. These correlation functions are linked with the viscosity and the flow
birefringence. The influence of a magnetic field also studied there is associated with
the Senftleben-Beenakker effect of the viscosity, cf. Sect. 16.3.4.

As originally pointed out by Green and Kubo [101, 176], transport coefficients
can be computed as time-integrals of correlation functions. The relevant equations
are referred to as Green-Kubo- or as Kubo-relations. For details of the method e.g. see
[48-50]. The Green-Kubo relations imply that material coefficients characterizing
non-equilibrium processes can be inferred from fluctuations in an equilibrium state.
Instead of performing a time integral, the material coefficients can also be obtained
from the dependence of the magnitude of the fluctuations on the length of the time
interval, over which the fluctuations are pre-averaged. This has been demonstrated
in [177] for the viscosity and the viscoelasticity of a simple fluid.

17.1.2 Depolarized Rayleigh Scattering

Light scattering is caused by fluctuations of the dielectric tensor &,,,. The Rayleigh
scattering and the Brillouin scattering are associated with the fluctuations of the
isotropic part which, in turn, are mainly caused by density fluctuations. In this case,
the electric field of the scattered light is parallel to that of the incident light, this
is polarized scattering. Fluctuations of the anisotropic part m lead to a scattered
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Fig. 17.1 Depolarized

Rayleigh scattering, VH- and VH HH
HH-geometries. The double
arrows indicate the )
directions of the electric field - W
vectors of the incident and of /

the scattered light == >

light with a weaker intensity, whose electric field, however, has also a component
perpendicular to that of the incident light. For this reason, the term depolarized
scattering is used. The name “Rayleigh” in depolarized Rayleigh scattering indicates,
that the frequency of this contribution to the scattered light is centered about the
frequency of the incident light, just as the ordinary Rayleigh scattering. The rotational
Raman scattering, where the frequency is shifted, also has a depolarized component.
Let ¢’ and e be unit vectors parallel to the electric field vectors of the incident and of
the scattered light. The intensity of the scattered light is proportional to

Lscat = e;ev Spuv e e;‘ek' (17.8)

The spectral function S depends on w = w1 — w7 and k = k; — kj, where wy, ki
and w», k; are the frequencies and the wave vectors of the incident and of the scat-
tered light. Depolarized scattering means: e is perpendicular to €’. Two scattering
geometries, referred to by VH and HH are sketched in Fig. 17.1. The letters V and
H stem from ‘vertical’ and ‘horizontal’, with respect to the scattering plane spanned
by k; and kj. The HH-case is for 90° scattering only.

Orientational fluctuations of molecules cause fluctuations of ‘¢, . Thus the
time-correlation function and consequently the spectral function of the depolarized
Rayleigh scattering can be inferred from relaxation equation of the second rank align-
ment tensor a,, of liquids, cf. (12.19) or of the tensor polarization agv in gases of
linear molecules, cf. (13.64).

In the absence of external fields and when the coupling with the friction pressure
tensor is ignored, the (16.59) and (16.74) describe a simple exponential relaxation
for the alignment tensor:

day,y
ot

1
+17 au =0,

with a relaxation time 7. This equation implies

apy(t) = Cpv i (Ot (0),  Cpvac(@) = Apv e Ct), C(t) = exp[—t/7],
(17.9)
with an isotropic time-correlation tensor. The resulting spectral function has the
Lorentz line shape
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Stor@) = — gl Y (17.10)
o 1+ w?z? w? +v?’
1

The line width is determined by the relaxation frequency v =77 ".
The scattered intensity is proportional to

/ / / /
Iscat = eMeUAMV,AKeAeKSLOI(w) = €6y e'uevSLor(w)

it o) s 17.11
—5( +§(e~e)) Lor(®). (17.11)

The depolarized component, with € - € = 0, is %SLor(w).

The time-correlation function and the spectral function are no longer isotropic, as
in (17.9) when external fields or an ordered structure render the system anisotropic.
An instructive example, as treated in [64], is considered next. Application of a mag-
netic field to a gas of rotating molecules causes a precessional motion of their rota-
tional angular momenta with the frequency wg, cf. Sect. 16.3.4. Ignoring the coupling
with the friction pressure tensor, the second of the (16.59) reduces to

—ta,w —wp Hyy v ayy +vay, =0,

with the relaxation frequency v = v,. With the help of the projection tensors intro-
duced in Chap. 14 in connection with the rotation of tensors, the solution of this
equation is written as

2
auy(t) = Cpp ik (Dan (0), Crv i (1) = exp[—v 1] Z explimwp!] «@;T?AK

m=—2
(17.12)
Now the scattered intensity is proportional to
[ — 2
Iscar = e;iev e;Leu Z Wi SLor(w + m wg),
m=-—2
e e e W = ¢ e, (2™ 4 2 17.13
e ey e ey m_Eeue" uv,)\K+ v ) €.€x (17.13)

According to the relations presented in Sect. 14.5, the weight coefficients Wy, with
the property anz_z Wm = 1, are explicitly given by

Wo=3(-W’@E -’ Wi=W_=[e h +E h’]-2e h*E h?
- %W() - Wi (17.14)

N = N =
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The unit vector h is parallel to the magnetic field. Consider the HH-geometry and
put h perpendicular to both €’ and e. Then one has Wy = Wi = 0 and resulting
spectral line is split by the frequency 4|wg|, provided that the line width v is not
larger than about |wg|. Similarly, for the VH-geometry, Wo = Wi, = 0 is obtained,
when h is parallel to either € or to e. Then the line splitting is 2|wg|.

17.1.3 Collisional and Diffusional Line Broadening

The examples of time-correlation and spectral functions considered so far do not
depend on the wave vector k. For depolarized Rayleigh scattering in gases, this
applies when the density n of the gas is large enough, such that k¢ < 1, where
¢ ~ n~!is the mean free path, i.e. the average distance traveled by a molecule, in free
flight, between two collisions. Under these conditions, the line width is determined
by the collision frequency v which is proportional to the number density. This type
of broadening is called collisional broadening or also pressure broadening, since
the density increases with increasing pressure. In the opposite limiting case, realized
at low densities where k¢ > 1 applies, the line broadening is determined by the
Doppler broadening where the line shape, reflecting the velocity distribution of the
particles, is Gaussian. For intermediate cases, where one has k¢ ~ 1, diffusional
processes contribute to the line width. This diffusional broadening is described by
spatial derivatives in the relevant equations.
For a spatially inhomogeneous system, the alignment tensor obeys the equation

da,y
ot

+ Vibiu + vay, =0, (17.15)

where b, ~ (c m) is the flux of the tensor polarization, ¢ is the velocity
of a molecule. Equations for the three irreducible parts of the tensor b;,,,, which
are tensors of ranks 1,2, 3, can be derived by kinetic theory. When the collision
frequencies for these three parts are practically equal to a single collision frequency
vp and large compared with v, the approximation

b)\;u) = —Da V)\ Ay, Da = Tl)b (1716)
can be made. Due to collisional changes of the rotational angular momenta, the
diffusion coefficient D, is smaller than a self diffusion coefficient. Insertion of the
relation for the flux into the equation for the tensor polarization a,,, leads to

da,n

a7 — DyAay, +vay =0. (17.17)
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In a spatial Fourier transform of this equation, the Laplacian A is replaced by —k?.
The resulting time-correlation function is

C(1K) = exp [—(v + Dk t] ,

and the corresponding spectral function is a Lorentzian with the line width deter-
mined by

V4 Dak?, v~n, Dy~n"l. (17.18)

The density dependence of the line width (17.18) shows a minimum at an interme-
diate density. Such a minimum, referred to as Dicke narrowing, is actually observed
provided that the collisions change the direction of the velocity of a particle more
effectively than its rotational angular momentum. Relation (17.18) does not apply to
lower densities where the Doppler broadening takes over [178, 179].

In general, the diffusional broadening is anisotropic in the sense that the
k-dependent contribution to the line width is different for the VH and HH scat-
tering geometries. The replacement of Dakza,w in the spatial Fourier transformer

equation (17.17) by
D, (k2 aw + B kuk,( Ay ),

leads to such an effect [180, 181]. The parameter f characterizes the anisotropy of
the effective diffusion coefficient.

17.2 Nonlinear Relaxation, Component Notation

In the absence of a flow and of any orienting torque, (16.149) describes a nonlinear
relaxation process which can be significantly different from the exponential relax-
ation following from a linear equation. The symmetric traceless second rank tensor
has 5 independent components. A convenient choice of components is introduced
next, based on appropriately defined basis tensors.

17.2.1 Second-Rank Basis Tensors

The tensor ay,, is decomposed as

4

auy = Zai Ti,. ai=T) au. (17.19)
i=0
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The basis tensors T' are defined by

3 1
T;?v = \/; eney, TJV = 5«/5 (efey — ened),
T2, =v2eiel, T), =v2ele?, \/_eﬂev , (17.20)

where the e*, eY, e” are unit vectors parallel to the coordinate axes. In a principal
axes system, just the first two of these tensors occur, cf. Sect. 15.2.1. The first three
of these tensors have the symmetry of the plane Couette geometry. In general, all 5
components are needed.

In matrix notation, the basis tensors (17.20) read

100 100 010
VeTo=1( 0 —10), v2T'=[0-10]), +vV2T?=[100],
0 02 000 000
001 000
V2T3=(000), +v2T*=(001]). (17.21)
100 010

The basis tensors obey the ortho-normalization relation
T,lw Tuv = Jik. (17.22)

The square of the alignment tensor is equal to the sum of its squared components, viz.

a® = aypa,, = Za (17.23)

Furthermore, as presented in [182], the symmetric traceless part of the product of
two of these tensors is explicitly given by

‘/_TO TOZT;?w ‘/_Tl \/_T;%)\TZ_ T;i)w T/AI)LT)\Z\J:O’
VerdTh = -1} \/_T[jATZ— ~77,. V61’ T3—;T3U,

Vol T =;ij, «/_TIAva \/E‘TQT;‘U— \/_T/fv,
«/ETJAT;‘V———J_T:U, x/gTszfv— fT,j‘U, x/ngfkav— ijU,
JE%— E(TgﬁﬁT/jv), \/_le‘kT“— T, — 3T}, (17.24)
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The scalar constructed from the triple product of these tensors is determined by

VOTL, T) TN, = C. j. k. (17.25)
The coupling coefficient C (i, j, k) is symmetric under the interchange of any two
of the labels i, j, k, e.g. C(i, j,k) = C(i,k,j) = C(k, j,i). From (17.24) and
the orthogonality relation, one infers: apart from interchanges, the only nonzero
coefficients are

1
c0,0,00=1, C(0,1,1)=C(,2,2) =~-1, C(@,3,3)=C(0,4,4) = ok

1 1
C(1,3,3) = C(2,3,4) = E‘@’ C(1,4,4) = —E\/S. (17.26)

17.1 Exercise: Components of a Uniaxial Alignment

Consider a uniaxial alignment given by a,, = +/3/2a m Determine the com-
ponents @i in terms of the polar coordinates ¥ and ¢. Use ny = sinv cosg,
ny = sin ¥ sin g, n, = cos .

Consider the special cases ¥ = 0, 45, 90° and cos” ¢ = 1/3.

17.2.2 Third-Order Scalar Invariant and Biaxiality Parameter

The third-order scalar invariant is defined by I3 = «/Ea,wa,,,(aw, cf. (15.4). Due to
(17.25) with (17.26), Iz = «/Ba,wawaw is expressed in terms of the components
aj by

3 3
I3 =ay |:a(2) — 3»(al2 + a%) + E(ag + ai)il + Eﬁal(ag - ai) + 3\/§a2a3a4.

(17.27)
The square of the biaxiality parameter b, cf. Sect.5.5.2, in particular (15.5), is

PP =1-1}/15.

17.2.3 Component Equations

The relaxation equations for the 5 components, which correspond to (16.149), with
(16.150), in the absence of a flow, are

3
Sait @ =0, &= +2a%a+ Qi i=0,1,2,3,4. (17.28)
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The quantity Q; = —\/ETliwav;\aw is explicitly given by

3

Qo= —3al+3 @ +add) - 3 (a3 +ad), (17.29)
3

Q1 =6apa; — E\/g(ag — ai), Q> = 6apay — 3\/§a3a4,

03 = —3apaz — 3v3 (a1a3 + axas), Q4 = —3apas + 33 (a1a4 — mra3).

The @; occurring in the relaxation equation (17.28) are the derivatives of the potential
function @ with respect to the components aj, viz. ®; = 09 /da|, where

1 1
¢ = Eﬁaz +0+3 @»H? Q=—V6auaa,. (17.30)

Apart from the sign and a numerical factor, Q is the determinant of the alignment
tensor, cf. (5.44). In terms of the g, it is given by

1 1 3
0 =—a}+3ap (a%—i—a% —Za3— —af) - E\/gal (a% —ai) —3V3a a3 as.

2 2
(17.31)
Since Q, obviously, is not a function of a2, the potential @ is highly anisotropic in
the 5-dimensional space of the a; components.

17.2.4 Stability of Stationary Solutions

Let affv be a stationary solution of the inhomogeneous relaxation equation (16.149)
with @,,,, given by (16.150). Insertion of a,,, = a}, + day, into the equation and
disregard of terms nonlinear in the small deviation 8a,,, from the stationary state
yields

9 : ‘ : :
58(1,“, =2 guucsday — 2k Tyday + Py i Saye =0, (17.32)

with the second derivative of the potential, viz.

By = (0 +20>) Apyre T4 apoare —6V6 AR5 ays. (17.33)

®uv,kx = nv,af, ik

e

evaluated at the stationary value for the alignment tensor. For the isotropic coupling
(2,2,2)
tensor A see (11.36).
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In the absence of a flow, one has affv = deq TSV, when the z-direction is put
parallel to the director n. The equilibrium value of the order parameter is aeq =
% + %«/9 — 80,0 < %. The relaxation equation for da,,, then reduces to

d
E(Saw + O +2ag) Sayy +4az, T, Sap — 6v/6 aeq TO, a5, =0. (17.34)

Due to (17.24), the last term in this equation is equivalent to

—6«/6aeq T,?)L(Sa“
= dcq (—6T1,8a0 + 67,1, 8a1 + 672,84 — 3T, 05 — 3T}, 8a4)

The resulting equations for the i components of the distortion can be written as
J o) :
E(Sai +vW8a;i =0, i=0,...,4, (17.35)

with dimensionless relaxation frequencies v = v (aeq). The stationary solution
is stable against these different distortions §a' when v > 0 holds true. The case
v® = 0 pertains to a marginal linear stability. Then terms nonlinear in a; have to
be taken into account.

For a uniaxial distortion where a,,, = T;L)V(Sao applies, one obtains the relaxation
frequency

VO =9 — 6aeq + 6aZ, = 3aeq — 20

The last equality follows from the equilibrium condition © — 3aeq + 2ae2q = 0.
At the phase transition temperature Tp; one has ¢ = 1, aeq = 1 and consequently
v©® = 1. At lower temperatures v*) becomes larger and the exponential relaxation
of a uniaxial distortion is even faster. The highest temperature where a meta-stable
nematic phase exists, corresponds to = 9/8, with aeq = 3/4 and consequently
v© = 0. This is a marginal stability.

The linear stability analysis for biaxial distortions, in particular the determination
of the relaxation frequencies vD = @ and v® = V@ are deferred to the next
exercise.

17.2 Exercise: Stability Against Biaxial Distortions
Compute the relaxation frequencies v and v® for biaxial distortions 8a,, =
Tﬂlv&u and da,, = Tivéag from the relevant relations given in Sect. 17.2.4.

Solve the full nonlinear relaxation equation for a3 with a; = a; = a4 = 0 and
ap = Geq-
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17.3 Alignment Tensor Subjected to a Shear Flow

17.3.1 Dynamic Equations for the Components

In the presence of a shear flow the equation (16.149), viz.

day,
dt

‘ ‘ ‘ ‘ 3
-2 SM)LKQ)LaKV -2 F;ucal(v + (p;w = \/;)\K F/Ll)s

is governing the dynamics of the alignment tensor. For a plane Couette flow with
the velocity in x-direction and its gradient in y-direction and with the imposed shear
rate I, this equation is equivalent to 5 coupled equations for the a;:

d 1
a0+ g\/gld—'az—i-@o =0, (17.36)
d
—ay —Tar + @1 =0,
ot
d 1 1
Eaz-}-]—'al-i-g«/gldwao-i-ﬁpzzzx/g)q(lw,

0 1
—az — =1"(1 P35 =0,
3BT (1 +«x)ag + D3

ad 1
5Q4+EF(1 —Kk)az + P4 =0,

where &; = (¥ + a2)ai + Qi,i =0, ..,4. For Q; see (17.29).

Stationary solutions of these equations correspond to problems discussed in
Sects. 16.3.6 and 16.4.6. Another application is the study of the effect of a shear
flow on the phase transition isotropic-nematic, as first presented in [169] and inde-
pendently treated in [170]. The solutions found for equation (17.36), however, are
much richer, cf. [183].

17.3.2 Types of Dynamic States

For a stationary imposed shear rate, not only stationary solutions exist. Also periodic
and even chaotic behavior is found for the alignment tensor, subjected to a plane
Couette flow. In the following, the name main director is used for the direction of
the principal axis associated with the largest eigenvalue of the tensor. The various
types of dynamic states are

e Symmetry adapted states with az = a4 = O:

A Aligning: stationary in-plane flow alignment with @y < 0. Furthermore, one
may distinguish states A4 and A_ pertaining to positive and negative values
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for the flow alignment angle x . For nematics composed of rod-like particles the
first case occurs for small, the latter one for very large shear rates.

T  Tumbling: in-plane tumbling of the alignment tensor, the main director is in the
flow plane and rotates about the vorticity axis.

W Wagging: in-plane wagging or librational motion of the main director about the
flow direction.

L Log-rolling: stationary alignment with a; = a» = 0 and a¢ > 0. This out-of-
plane solution is instable, in most cases.

e Symmetry breaking states with a3 # 0, aq # 0O:

SB  Stationary symmetry breaking states, which occur in pairs of a3, a4 and —a3,
—dq4.

KT  Kayaking-tumbling: the projection of the main director onto the flow plane
describes a tumbling motion.

KW  Kayaking-wagging: a periodic orbit where the projection of the main director
onto the flow plane describes a wagging motion.

C Complex: complicated motion of the alignment tensor. This includes periodic
orbits composed of sequences of KT and KW motion with multiple periodicity
as well as aperiodic, erratic orbits. The largest Lyapunov exponent for the
latter orbits is positive, i.e., these orbits are chaotic.

For a given choice of parameters, in general, only a subset of these solutions are found
by increasing the shear rate I". The T and W states can be distinguished in a plot of
ay versus a». The point (ay, az) = (0, 0) is included in the cycle for tumbling and
excluded for wagging. Similarly, in a plot of a3 versus a4, the point (a3, as) = (0, 0)
is included in the cycle for the KT orbits and excluded for the KW orbits. ‘Phase
portraits’ of this kind are also useful to recognize more complicated periodic and
also irregular orbits. Examples for orbits pertaining to kayaking tumbling, kayaking
wagging, and chaotic solutions are shown in Figs.17.2, 17.3 and 17.4. All curves
are computed for ¢ = 0, where aeq = 3/2, for Ax = 1.25, and ¥ = 0, the tumbling
parameter is . = 5/6 ~ 0.833. The initial state has small, but finite values ay, .., a4.

1.25

0.75
al s
0.25

-0.25

-0.5-025 0 0.25 0.5 0.75 1
a2 a3

Fig. 17.2 Kayaking tumbling orbits in the 1-2- and 3—4-planes of the alignment
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Fig. 17.3 Kayaking wagging orbits in the 1-2- and 3—4-planes of the alignment
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Fig. 17.4 Chaotic orbits in the 1-2- and 3—4-planes of the alignment

The shear rates for the KT and KW solutions are I” = 2.0 and 1.75, for the chaotic
solution it is 3.75.

The kayaking type of solutions, also referred to as “out of plane solutions”, were
first discussed in [190]. For a discussion of the complex dynamics of polymeric liquid
crystals and of related computer simulation studies see also [165, 191]. Observations
of the complex orientational dynamics in solutions of rod-like viruses are reported
in [192].

The scenarios for the route to chaos in nonlinear dynamics [194, 195], e.g. tran-
sitions via period doubling and via intermittent states do occur for the equations
considered here which govern the dynamics of the alignment tensor in the presence
of a Couette flow, cf. [183—-187]. Equation (17.36) can be supplemented by an equa-
tion for the shear rate in order to control the shear stress, cf. [193]. Then it is possible
to stabilize stationary or periodic solutions for parameters where a constant shear
rate leads to chaotic behavior. For a survey of chaos control in other areas see [196].
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17.3.3 Flow Properties

The type of orientational behavior strongly affects the rheological behavior of the
fluid, due to the coupling between alignment and flow. The expansion with respect
to the basis tensors and the component notation can also be used for the symmetric
traceless part of the pressure tensor or the stress tensor. From (16.151) to (16.152)
one deduces expressions for the (dimensionless) shear stress oyy, and the normal
stress differences N1 = oxx — oyy and Na = oyy — 0, in terms of the dimensionless

. — yal 71 H
tensor components X = X, T . These relations are

oy =Miso I+ 22, Ni=2%1, Na=-v35%—Z. (17.37)

Here 7y, stands for the scaled second Newtonian viscosity and one has

5= g s — 7 V3
2= 7 ¢ — k| aapo + apd — 7(d4¢>3 +azds) )|,
2 i 3
2 = Wi A |1 — R (a1¢o + aop1 — \/7_(&3053 - a4¢4))] , (17.38)
2 i 1
o= Wi A _4>o —K (ao¢o —aj¢) —axpy + §(a3¢>3 + a4¢4))] ,

with £ = 2k /(3Ak).

Examples for the rheological properties like the shear stress, the non-newtonian
viscosity and the normal stress differences as functions of the shear rate for a few
selected values of the temperature and for the other model parameters Ax and «k are
e.g. found in [185-188]. Rheochaos, a term coined by Cates [197], is found for those
parameter ranges, where the dynamics of the alignment tensor is chaotic.

Solutions of the coupled equations for the velocity and the alignment tensor, for
a boundary driven plane Couette flow, show pulsed jets in the velocity field, [189].

The coupled dynamics of the alignment and the electric polarization was studied
in [97]. An extension of the theory to active materials involving swimmers was
introduced in [198], see also [199].

17.4 Nonlinear Maxwell Model

The Maxwell model equation, cf. (16.81) and (16.94), governing the dynamics of the
friction pressure tensor contains a linear relaxation term. The model can be extended
to include damping terms nonlinear in the pressure tensor [200]. Here the notation
follows [201].
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17.4.1 Formulation of the Model

Here, the stress tensor rather than the pressure tensor is used. The symmetric traceless
part oy, of the stress tensor is written as

O = V2Gret Ty + 2000 Do, (17.39)

where Gt is a reference shear modulus, also called Maxwell modulus Gyt or G. The
symmetric traceless tensor 7, is the dimensionless stress tensor, 7 is the second
Newtonian viscosity and

Iy = Vv,

is the symmetric traceless part of the deformation rate tensor. The generalized non-
linear Maxwell model is formulated for the dimensionless stress tensor [200]

a -1 — —

Eﬂuv — 2 €Ty — 26 Ty + Ty l(éu.v - Z(%A”;Lv) = \/zrlwv

b, = P. 17.40
W= ( )

The relevant relaxation time is called tg and £y is a characteristic length. The tensor
®,,, is the derivative of a potential function @ with respect to 7,,. The standard
Maxwell model with the linear relaxation term corresponds to @ = %Anwn/w
and &, = Am,,, with a dimensionless coefficient A > 0. In terms of the scalar
invariants Ip = m,,m,, and I3 = \/gnuvnmnw = 3x/6det(n), cf. Sect.5.5 and
(15.4), the ansatz for the potential, up to the sixth power in 7, is written as

&= tan— Lp +1c12+11)1 I +1EI3+1F12 (17.41)
I e e R L e S '

The dimensionless coefficients A, B, C, D, E, F are model parameters. The deriv-
atives of I and I3 with respect to 7, are 27, and 3+/6 7,,; 7, , respectively.

17.4.2 Special Cases

The most widely studied special caseis D = E = F =0 with A = Ag(1 — To/T)
and Ag, B, C > 0. Then the potential is analogous to the Landau-de Gennes potential
and the generalized nonlinear Maxwell model (17.40) is mathematically equivalent
to the dynamic equation for the alignment tensor. For a spatially homogeneous equi-

. . . . . . L
librium situation, a uniaxial stress tensor 7, = +/3/27 nyn, is found, where the


http://dx.doi.org/10.1007/978-3-319-12787-3_5
http://dx.doi.org/10.1007/978-3-319-12787-3_15

17.4 Nonlinear Maxwell Model 367

scalar stress 77 is 7 = B/(2C) ++/B2/(4C2) — A/C, provided that A < B*/(4C),
otherwise one has m = 0. The case & # 0, in the absence of a flow corresponds to a
solid state with a yield stress. At the transition temperature, here called 7, one has
T=n = %, by analogy to the Landau-de Gennes theory for the isotropic-nematic
phase transition. Scaled variables can be introduced in analogy to the treatment in
Sect. 16.4.7. In particular, 7, is expressed in units of 7r.. For convenience, the
scaled stress tensor is also denoted by 7,,. Then @, occurring in the Maxwell
model equation assumes the form

Gy = A%y, —3 NG T + 2 T T T
2B?

= —. 17.42
oC ( )

A* = AATY, A
Furthermore, just as in Sect.16.4.7, the time is expressed in units of a reference
time, here called 7., the shear rate and the vorticity are made dimensionless by
multiplication with 7. = 1A . A model parameter equivalent to the tumbling
parameter of nematics is Ax = 2/(~/37¢). The nonlinear Maxwell model equation
leads to non-stationary periodic and even chaotic solutions of ‘stick-slip’ type, when
the stick-slip parameter, defined by

! 1
1 =2(V3reme) /3, meq = 7 (3+v0—84%), A" <1125, (1743)

is less than 1. For A > 1, nonlinear flow behavior with shear thinning and shear
thickening are found, even for k = 0.

An example for the non-steady response of the system to an applied steady shear, of
stick-slip type, is presented in Fig. 17.5 for the model parameters 7. = 1.0, k = 0.0,
Noo = 0.1/A*, and for A* = 0.25, 0.35, 0.42, from top to bottom, at the shear rate
3.2. Such a behavior is strikingly similar to that one seen in solid friction processes.
Notice that the friction force is proportional to the shear stress. When the plastic

Fig. 17.5 Shear stress

versus time for stick-slip 1.8
motion
1.6
1.4

shear stress

- i
r

0.6
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flow responsible for the friction occurs in a layer which is approximately constant, a
constant velocity corresponds to a constant velocity gradient. The nonlinear dynamics
observed here is linked with a Shilnikov bifurcation [195].

So far, a plane Couette flow with an imposed the shear rate was considered here.
In general, however, the stress tensor has to be inserted into the momentum balance
equation and the velocity field has to be solved, in accord with boundary conditions.
Calculations for a 3D flow problem show that the generalized nonlinear Maxwell
model yields turbulent flow behavior at low Reynolds numbers [202]. Such a behavior
is typical for ‘elastic turbulence’, [204, 205].

The special case of an ‘isotropic’ potential function which just depends on I, but
noton /3, viz. thecase B=D = F =0 with A = Ao(l — Tp/T) and Ag, E > O,
C < 0, was also treated in [206].



Chapter 18
From 3D to 4D: Lorentz Transformation,
Maxwell Equations

Abstract This chapter provides an outlook onto Special Relativity Theory and the
four-dimensional formulation of the Maxwell equations of electrodynamics. Co-
and contra-variant four-dimensional vectors and tensors are introduced, the Lorentz
transformation is discussed, properties of the four-dimensional epsilon tensor are
stated, some historical remarks are added. The formulation of the homogeneous
Maxwell equations involves the field tensors derived from the four-dimensional elec-
tric potential. The inhomogeneous Maxwell equations, which can also be derived
from a Lagrange density, contain the four-dimensional flux density as a source term.
The transformation behavior of the electromagnetic fields is stated. A discussion of
the four-dimensional force density and the Maxwell stress tensor conclude the final
chapter. The Maxwell equations in four-dimensional form are closely linked with
the Lorentz-invariance of these equations. Similarities and differences between the
3D and 4D formulation are discussed. First the Lorentz transformation as well as
four-dimensional vectors and tensors are introduced.

18.1 Lorentz Transformation

18.1.1 Invariance Condition

The Maxwell equations imply that the speed of light ¢, in vacuum, observed in
a coordinate system which moves with a constant velocity v with respect to the
original coordinate system, is the same as in the original system. And this is in
accord with experiments. Consequently, the rule for the transformation of coordinates
between these two systems must be supplemented by a transformation of the time,
as formulated by the Lorentz transformation.

Let r, ¢ be the position vector and the time in the original coordinate system,
r’, t’ the corresponding variables in the system moving with the constant velocity.
The Maxwell equations enforce an invariance condition, viz. the square of the line
element or “length” s, viz.
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is invariant, for two coordinate systems moving with a constant velocity with respect

to each other. More specifically, the linear relation between the coordinates and the
time

has to be such that s2 = (s")2, i.e.
A2 12 =2 -1, (18.1)
or, with x, y, z instead of r1, o, 3,
= (P 4y + D) =0 - P+ )+, (18.2)

When the coordinate systems are chosen such that the x- and also the x’-direction is
parallel to the constant velocity v, one has y’ = y, 7/ = z and (18.2) reduces to

021‘2 _ x2 — cz(t/)z _ x/2.

The same relation applies for differences dt and dx between times ¢ and positions
x. From

A —dx? =2 @) —dx?> =0
follows

dx  dx’
— = =,
dr dr’
i.e. the speed of light is the same in both coordinate systems.
Four-dimensional vectors, endowed with the appropriate metric, allow to express

c?t> — r? as a 4D scalar product. Then (18.1) becomes analogous to the condition
that the 3D scalar product is invariant under a rotation of the coordinate system.

18.1.2 4-Vectors

Contra- and co-variant 4-vectors x! and xi, with i =1, 2, 3, 4, are introduced by
xi:(rlvr27r3s Ct)a xiz(_rla_r21_r31 Ct)' (18'3)

With the Einstein summation convention for the four Roman indices, the scalar
product of the 4-vectors is
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! Xi = —(rl2 + r22 + r%) + 212 = —r? + 2. (18.4)

The condition (18.1) for the Lorentz invariance is equivalent to
xx = @) (. (18.5)

In this notation, the summation index always occurs as a pair of subscript and super-
script. Just as for the components of a position vector with respect to a non-orthogonal
basis, cf. Sect.2.2.2, the contra- and co-variant components of the 4-vector are linked
with each other by _ _

x=g®x, x = gixS (18.6)

In matrix notation, the metric tensor is given by

10 00
x«k_ . |lo-100
g =gx=| 1o o _10l" (18.7)

0 0 01

Notice that
1000
w0100
g g =10 = 0010 | (18.8)

0001
which is the 4-dimensional unit matrix. Furthermore, one has
xixi = gikxixk = gikxixk. (18.9)

The parity operator & replaces r by —r, the time reversal operator .7 replaces ¢ by
—t, cf. Sects.2.6.1 and 2.8. Clearly, the combined operation & .7 is needed for all
components of the 4-vector to reverse sign at once, viz.

P T x=—xl. (18.10)

Remarks on notation are in order. Sometimes, c? is treated as the first component
and the counting of the four components runs from O to 3, viz. the notation x0 = ¢,
x! = r, i = 1,2,3 is used. Then the metric tensor has the diagonal elements
,—-1,—-1-1.

The notation due to Minkowski, where the fourth component of the vector is ict,
with the imaginary unit i, avoids the use of a metric tensor. In this case, the square
of the pseudo-Euclidian norm of the vector is xxxx = rl2 + r22 + r% — 22,

The formulation of vectors and tensors in 4D-space with a metric tensor is pre-
ferred since it is more apt for the generalization from Special to General Relativity.
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18.1.3 Lorentz Transformation Matrix

Components of the 4-vector in two coordinate systems which move with a constant
velocity v with respect to each other are linearly related via the Lorentz transformation
matrix L, viz. _ _

=Ll X%, ()= L¥x. (18.11)

The condition (18.5) implies _
Ly L{ = &. (18.12)

This relation is analogous to the unitarity condition (2.31) for the 3-dimensional
rotation matrix. In (18.12) the summation is over the fore indices. The corresponding
relation with a summation over the hind indices also holds true:

LY Ll =k (18.13)

As in the case of the orthogonal transformation discussed in Sect. 2.4 1 for arotation in
3D, the reciprocal of the 4D Lorentz transformation matrix L is equal to its transposed

matrix L, thus L=! = L.

18.1.4 A Special Lorentz Transformation

Consider a ‘primed’ coordinate system which moves with the constant velocity v in
the 1- or x-direction. With the abbreviations

1

v
ﬂ~—;, V:ﬁ,

the rule proposed by Lorentz for the interrelation of the components with respect to
these coordinate systems are

(18.14)

X=y@x—vt)y=yx—Bct), Y=y, 7=z ct'=y(t-Bx). (18.15)
Clearly, for 8 < 1 and consequently y & 1, the Lorentz transformation rule (18.15)
reduces to the corresponding Galilei transformation where x’ = x — vt and ¢’ = 1.

A contra-variant Lorentz vector a is transformed according to

@) =y @-pa", @P=d @)P=d, @)=y —pa). (18.16)

The pertaining Lorentz transformation matrix, cf. (18.11), is
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y 008y

i | 010 0

=1 0 01 o |- (18.17)
-By 00 y

18.1.5 General Lorentz Transformations

The product
Ll = L)L)

of two Lorentz transformations L%((l) and LL(Z) is also a Lorentz transformation. A
general Lorentz transformation can be expressed as a (multiple) product of special
Lorentz transformations. Notice that a rotation of the coordinate system, where r2 =
(r')? and t = ¢’ also obeys the invariance condition (18.1). A 4 by 4 matrix where
the first 3 by 3 elements are given by the matrix elements of the orthogonal matrix
U pertaining to the 3D rotation, with furthermore, Lj = 1 and the other elements in
the fourth row and fourth column put equal to zero, is also a Lorentz-transformation.

Thus the general Lorentz-transformation governs the interrelation between the
position and the time of two coordinate systems, one of which is rotated and moving
with a constant velocity with respect to the other coordinate system.

18.2 Lorentz-Vectors and Lorentz-Tensors

18.2.1 Lorentz-Tensors

The 3D scalars, vectors and tensors, as presented in Sect.2.5.2, are defined via their
transformation behavior under a rotation of the coordinate system. By analogy, the 4D
scalars, vectors and tensors needed for special relativity are defined via the behavior
of their components under a Lorentz transformation.

A quantity a with the 4 components a', a2, a®, a* is a Lorentz vector when its
components in the primed coordinate system are related to those in the original
system by the same transformation rule as obeyed by the 4-vector (r, ct), cf. (18.11),
i.e. when

@) =Lid", (@)=LFa (18.18)

holds true. A Lorentz scalar is a quantity which does not change under a Lorentz
transformation. A Lorentz tensor of rank ¢ requires a £-fold product of Lorentz
matrices for the transformation of its 4 times ¢ components. As an example, the
contra-variant components of a second rank tensor T are transformed according to
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(ry* =i Lk om, (18.19)
Equations of physics, properly formulated in terms of Lorentz tensors of ranks
£ =0,1,2,... are Lorentz invariant and consequently are in accord with Special
Relativity.

18.2.2 Proper Time, 4-Velocity and 4-Acceleration

Let 7 be the time in the co-moving coordinate system, i.e. in a system moving with
a particle. It is called proper time (Eigenzeit). Time differences d¢ in a space-fixed
coordinate system are related to the proper time differences dr by

dr
N

This time-dilation explains the prolonged live time of fast moving 7 -mesons observed

in high altitude radiation.
dr = /1 — p2dt (18.21)

The proper time
is a Lorentz scalar, i.e. it is invariant under Lorentz transformations. This is inferred
from

dt = ydr = (18.20)

2 1 1 i
dr* = (1 — V—Z) di* = = (dr* —dr - dr) = — gidx'dx".
Cc C Cc

Here v2 = dv - dv and dr = vdr were used.
The 4-velocity, defined by
dxt
T dt’

i

(18.22)

is a Lorentz vector. Its components are

w=yvi, wr=yv, W =yv, u=yc
Notice that the 3D velocity v is the derivative of the position vector with respect to
t whereas the proper time t occurs in (18.22).

The norm of the 4-velocity is constant, its square is given by

uiui = gik u uk = 2. (18.23)
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Thus the 4-velocity, divided by c, is a 4-dimensional unit vector. As a consequence,
the 4-acceleration defined by

po W& (18.24)
T dr o dr?’ '
obeys the relation . '
u'by = gicu' B* =0, (18.25)

i.e. the 4-acceleration is orthogonal to the 4-velocity.
The 4-momentum p' of a particle with the rest m, is

Pl =mu'. (18.26)
The first three components of p' are equal to

P =mO) vy,
where the effective mass m (v) is defined by
m

J1 =12/

Here, the variable v occurring in y is the magnitude of the velocity v of the moving
particle, as seen from the rest frame. The fourth component of p' is equal to the
energy E of a free particle moving with speed v, divided by c, viz.

(18.27)

m() :=ym =

0 E
p=m@)c=—,
Cc

where

mcz

V1 =022

E:=m®)c* = (18.28)

The pertaining kinetic energy is

1
Ekian—mczzmc2 —_ — 1.
V1 —=v2/c?
2

In the limit v < c, this expression reduces to the non-relativistic limit Eyj, = %mv .
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18.2.3 Differential Operators, Plane Waves

The 4D generalization of the nabla differential operator V is

d d d d 0
8i: _—n= —, T, Ty ——— . (1829)
ox! dry drp dr3 Odct

Clearly, Bixi = 4 is a scalar, thus 0; is a Lorentz-vector.
The second derivative
. 52
ai _
0;0' = —A+ T -0 (18.30)

is a Lorentz scalar. Here A = V,, V,, is the 3D Laplace operator, [1is the d’ Alembert
operator, cf. (7.62).
A plane wave proportional to

exp [—i (=kyry +ot)],
is a solution of the wave equation [J... = 0, cf. (7.64), provided that the wave
vector k, and the circular frequency w obey the dispersion relation k,k, = »*/c?,

or equivalently, w = kc, 'cf. (7.65). Here, k is the magnitude of the wave vector.
The 4-wave vector K' is defined by

i @ e @
K' = ki, k2, k3, =), Ki:=|—ki,—ka, —k3,—). (18.31)
C C

Thus the phase factor occurring in the expression for the plane wave is equal to the
Lorentz scalar

Kixi = Kixi = —ky,r, + ot.
Let the function ¥ = ¥ (r, ) be the plane wave
¥ ~ exp[—i K, x"].

[13%2]
1

Here, the summation index is not used in order to avoid any confusion with the

imaginary unit i. Then one has
¥ =—iK,¥, "¥=—iK"W.
Consequently, the wave equation

00"V =—K, K" =-0O¥ =0


http://dx.doi.org/10.1007/978-3-319-12787-3_7
http://dx.doi.org/10.1007/978-3-319-12787-3_7
http://dx.doi.org/10.1007/978-3-319-12787-3_7

18.2 Lorentz-Vectors and Lorentz-Tensors 377

yields
K, K" = —k2 + a)2/C2 = 0. (18.32)

This 4D version of the dispersion relation is equivalent to (7.65).

18.2.4 Some Historical Remarks

The appropriate rules for the transformations underlying the Maxwell equations were
studied by a number of scientists from about 1890 to 1910. Hendrik Lorentz (1853—
1928) published his findings in 1899 and 1904. The distance r travelled by light with
speed ¢ during the time 7 is determined by r> = ¢?¢2. Then the invariance of the
speed of light implies the invariance condition

r/0? = (' /1), (18.33)

which is a special case of (18.1). Lorentz noticed that the more general rule

X =lyx—v), y=ty 7=tz z’:ey(t—izx), (18.34)
C

with an yet unspecified scale function £ = £(v?) guarantees the validity of (18.33). It
is understood that the velocity has the components vx = v and vy = v, = 0.In 1905,
Henri Poincaré pointed out that the scale function should be ¢ = 1, then (18.34)
reduces to the special transformation (18.15). Poincaré coined the term ‘Lorentz-
transformation’ for this transformation rule. In the same year, Albert Einstein gave
an alternative derivation of the transformation rules and elucidated their meaning. In
particular, he postulated that the transformation rule should also apply for the motion
of particles, not just for the propagation of light. He also introduced a scale function,
similar to £, and presented arguments for £ = 1. In 1905, Einstein did not refer to the
work of Lorentz and Poincaré, later he also used the term Lorentz transformation.

Woldemar Voigt, who introduced in 1898 the word and the notion tensor in the
sense we still use it nowadays, had already noticed in 1887: the Maxwell equations
and the invariance of the speed of light require the invariance condition (18.5). For
the case where the primed coordinate system moves in x-direction, as in Sect. 18.1.4,
Voigt proposed the transformation rule

v
X =x—vt, y=yly, Z=ylz, e’ =ct—-x (18.35)
c

This corresponds to the more general transformation (18.34) with the choice £ = y !

for the scale function. It was by analogy to a volume conserving elastic deformation
of a solid body, which shrinks in two directions, when it is stretched in one, which led
Voigt to assume also a change of the y- and z-components. This is in contradistinction
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to the simpler assumption made by Lorentz and Einstein: the y- and z-components
are not affected when the motion is in x-direction.

The time ¢’ shown by a clock moving with the primed system, as seen from the
original system at the position x = vz,ist’ = £yt(1—v?/c?) = £y ~!. The time delay,
expressed by #//t is £y ! and consequently equal to /1 — v2/c2 for the Lorentz-
transformation (18.15) and 1 — v?/c?, for the Voigt-transformation. Experiments on
time delay confirm the validity of the Poincaré-Einstein choice £ = 1 and thus the
Lorentz-transformation (18.15).

18.1 Exercise: Doppler Effect

Let wo be the circular frequency of the electromagnetic radiation in a system which
moves with velocity v = ve* with respect to the observer, who records the frequency
. Determine the Doppler-shift S = wy — w for the two cases, where the wave
vector of the radiation is parallel (longitudinal effect) and perpendicular (transverse
effect) to the velocity, respectively.

Hint: use the Lorentz transformation rule (18.16) for the components of the 4-wave
vector K', cf. (18.31). Furthermore, identify o’ with wg and use k| = k.

18.3 The 4D-Epsilon Tensor

18.3.1 Levi-Civita Tensor

In 4D, the totally antisymmetric isotropic tensor, which is analogous to the 3D epsilon
tensor, is a tensor of rank 4. Here ‘isotropic’ means, the tensor is form invariant
under a Lorentz transformation, just as the unit tensor and the metric tensor. The
antisymmetric 4D-epsilon tensor is also called Levi-Civita tensor. By analogy to
(4.1), it is defined according to

S1k O1¢ O1m S1n

kémn _ . |92k 82¢ S2m S2n
€ = —&tmn ‘= 83k 53¢ 83m 83 |- (18.36)

84k 04¢ Sam San

This implies

. 1, k,£,m,n = even permutation of 1234
M = 1, k, ¢, m,n = odd permutation of 1234 (18.37)
0, k, ¢, m,n=-clse,

1234 2134 _ 4

e.g. one has ¢ =lande¢
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18.3.2 Products of Two Epsilon Tensors

Formulas for the product of two 4D epsilon tensors, similar to those presented for
the 3D tensor in Sect.4.1.2, follow from the definition (18.36). The product of two
epsilon-tensors is a tensor of rank 8 which can be expressed in terms of fourfold
products of the unit second rank tensor. Contractions yield tensors of ranks 6, 4, 2, 0,
in analogy the formulas valid for the 3D epsilon tensor, cf. Sect.4.1.2. In particular,
the first contraction of the product is

K s s
ekemn €0 = — | 5K 50 o (18.38)
B B O
In many applications, the two-fold contracted version of the product of two epsilon-
tensors is needed. For m = m’, (18.38) reduces to

K ot
k’¢'mn ) (Sk 8k
5K st
¢ ¢

Ektmn & = = 25K st —sl'sk). (18.39)

The further contraction of (18.39), with £ = ¢’, yields
Exomn £X 0™ = —65X (18.40)
The total contraction of two epsilon tensors is equal to —24, viz.:
Ekemn €M = —24. (18.41)

This numerical value 24 = 4! is equal to the number of non-zero elements of the
epsilon tensor in 4D.

18.3.3 Dual Tensor, Determinant

In 3D, the antisymmetric part of a second rank tensor has 3 independent components
which can be related to a vector. In 4D, the antisymmetric part of a second rank
tensor has 6 independent components. Here a similar duality relation exists, which,
however, links an antisymmetric second rank tensor with another second rank tensor
referred to as its dual tensor. More specifically, let A be an antisymmetric tensor
with Axy = — Ay, then its dual A is defied by

. 1
AXE = 3 ghtmn 4 . (18.42)
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This implies, e.g. A'2 = (Azg — A43)/2 = Asq, A = —(Agyy — Agp)/2 = —Ans,
and A" = —(Ap3 — An)/2 = —An.

As an example, consider a special antisymmetric tensor associated with two vec-
tors a and b according to

0 by —bya
- 0 b
A= 0 . (18.43)

—a; —ay —az 0

The components of the contra-variant tensor have just the opposite sign in the fourth
row and column, viz.
0 b3 —by —ay
—b3 0 b1 —dan
by =by 0 —a3
a a az O

Ak = (18.44)

In the dual tensor the role of the a- and b-components are interchanged, in particular

0 a3 —apy —by
—daj3 0 aq —b2

a —a; 0 —b3

by by by O

Al = (18.45)

The double contracted product of the tensor with its dual is a Lorentz scalar. For the
special case (18.43) and (18.45), the result is

A® Ay = —(arby + azby + azb3) = —a - b. (18.46)
For comparison, the product of the contra-variant tensor with its co-variant version
is, in this special case, '
AKX Ay =2®-b—a-a). (18.47)
The determinant det(A) of the tensor A is equal to
det(A) = (A% A% = (a- b)2. (18.48)
The determinant is also determined by a fourfold product of .7 according to

UM A\ A gy Ay Any = — det(A) exomn, (18.49)

or, equivalently

1 y [N
det(A) = ghtmn (KEmn™ A A vy Ammd Ann - (18.50)
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18.4 Maxwell Equations in 4D-Formulation

18.4.1 Electric Flux Density and Continuity Equation

The 4-flux density J' is defined by
T = (. jos J3 cp). (18.51)

where j is the 3D electric flux density and p is the charge density. The continuity
equation, cf. (7.59),

9 15, i =0
31 wn =Y,

is equivalent to ,
9 J' = 0. (18.52)

The differential operator 0; is a Lorentz vector, thus the 4-flux density is also a Lorentz
vector.
18.4.2 Electric 4-Potential and Lorentz Scaling

In terms of the 3D vector potential A and the scalar potential ¢, the electrodynamic
4-potential is defined by

o= (Al, As, Az, "—5), ;= (—Al, —Ay, —As, ?). (18.53)
C Cc
The Lorentz scaling, cf. (7.67),
9 ¢+ ViA;, =0
a1 ra) =Y,

corresponds to _
9 @' =0. (18.54)

Clearly, the 4-potential is a Lorentz vector.
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18.4.3 Field Tensor Derived from the 4-Potential

In the 3D formulation of electrodynamics, the B-field and the E-field are related to
the vector and scalar potential functions by

0A
B=VxA, E=-V¢ - —.
ot
The first components, e.g. of these equations are
0A3 d0A> 0Dy 0P3 Bl0] 04 0D 0Dy
Bl=——7F=—-—, 1=—— —=c|\———)-
ary ar3 ax3  9x? art ot ax*  ox!

The equations for the other components can be inferred by analogy. All these equa-
tions are combined by introducing the second rank field tensor F:

0D 9Pk
Fi := K an = o D; — 0;Dx. (18.55)

Its contra-variant version is
Fik .= gkol — yigk,
The field tensor is antisymmetric:
Fix = —Fy. (18.56)

In matrix notation, the field tensor is related to the components of the magnetic and
electric fields by
0 B3 —B % E
—B3 0 B % E>

Fy = . 18.57
ik Bz —Bl 0 %E:S ( )

1 1 1

Notice, the top-left 3 x 3 part of this antisymmetric 4 x 4 matrix is just the mag-
netic field tensor introduced in Sect.7.5.5. Thus (18.57) can be regarded as the 4-
dimensional extension of (7.70) made such that the components of E are also incor-
porated. This works because an antisymmetric tensor, in 4D, has 6 components, just
like B and E together.

The matrix for the contra-variant tensor F'¥ is given by an expression analogous
to (18.57) where the terms involving the E-field have the opposite sign.
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18.4.4 The Homogeneous Maxwell Equations

From the definition Fijx = dx ®; — 0;Px, cf. (18.55) follows
On Fik + 0; Fxn + 0k Fni = 0. (18.58)

The left hand side of this equation is identical to zero unless all three indices (n, 7, k)
are different. The case (1,2, 3) corresponds to V, B, = 0, the cases (2,3,4),
(3,1,4), (1,2, 4) are equivalent to the induction law

9B,

Euvi VVE; = _7

)

cf. (7.57). Thus (18.58) is the 4D formulation of the homogeneous Maxwell equa-
tions, which are a consequence of the field tensor being given in terms of the 4-
potential by (18.55).

The dual field tensor, cf. (18.42), is

~- 1 . .
Flk — ngkmn Fon = 81kmn 0 D,y (18.59)
One has
o F& = Mg 9,0, =0,

since dy O, 1s symmetric under the interchange of k and m, while the epsilon-tensor is
antisymmetric. Thus the homogeneous Maxwell equations (18.58) are equivalent to

 FX = 0. (18.60)

18.4.5 The Inhomogeneous Maxwell Equations

By analogy to (18.57), the four-dimensional H -tensor is defined by

0 Hy —H>, ¢D;
—H3 0 Hy c¢Dp
H, —H; 0 c¢Ds3

—cDy —cDy) —cD3; 0O

Hy = (18.61)

The field tensor H'* has the same form as Hiy, just with the opposite sign of the
terms involving D1, D3, Ds3.
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The inhomogeneous Maxwell equations (7.56), viz.

. a
V/L D,u =P, Euvr VvH) = Jp + ED,AL’

are equivalent to . _
wH =J (18.62)

To complete the set of Maxwell equations, constitutive relations are needed which
link the field tensors Hix and Fix. In vacuum, the simple linear relation

1
Hix = — Fik (18.63)
Ho

applies. Here 1o = 47 10~7 As/Vm is the magnetic induction constant of the vacuum,
As/Vm stands for the SI-units Ampere seconds/Volt meter.

18.4.6 Inhomogeneous Wave Equation

For currents and fields in vacuum, where (18.63) applies, the inhomogeneous
Maxwell equations, with (18.55) lead to

. . 1 . . .
Ji=o H* = — o F* = g (05! — 9'p¥).
1o

Due to 3 @* = 0, cf. (18.54) and with the d’ Alembert operator [, cf. (7.62) and
(18.30), the inhomogeneous wave equation reads

¢! = —poJ'. (18.64)

18.4.7 Transformation Behavior of the Electromagnetic Fields

The field tensor F¥ is a Lorentz tensor which transforms according to (18.19).
For the special case where the primed coordinate system moves with the constant
velocity v = v = Bc, with respect to the original coordinate system, the resulting
transformed tensor is

0 F12 +,3F24 F13 4 /3F34 ]/_IF14
(F/)ik - _(F12 4 ,3F24) 0 y71F23 F24 4 ﬂFlz
: _(F13 +ﬁF34) _V7]F23 0 F34 +ﬂFl3

_V71F14 _(F24 +ﬂF12) _(F34 +,3F13) 0
(18.65)
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As before, the abbreviation y = (1 — 2)~1/2 is used. In terms of the pertaining
components of the E- and B-fields, (18.65) corresponds to

E{=E|, Ey=y(Ey—vB3), Ej=y (E3+VvB), (18.66)

and
B, = Bi, B,y=y (Ba+VvEs3/c?), Bi=y (Bs—vEy/c?). (18.67)
The components of the electromagnetic fields perpendicular to the direction of the
relative velocity v are modified and do depend on v. In vector notation, the relations
(18.66) and (18.67) correspond to
E=yE+vxB), B=y®B-vxE/?).

Notice that

E -B=E-B, E-E—-c¢’B-B=E-E—¢B-B. (18.68)

Dueto (18.47) and (18.48), these transformation properties of the fields are associated
with the scalar invariants of the field tensor, viz.

Fy F* =2(B> — E?/c%), det(F*) = (E-B)?/c%. (18.69)

Relations analogous to (18.65) and (18.66), (18.67) apply for the field tensor H ik
and for the field vectors D and H.

18.4.8 Lagrange Density and Variational Principle

The Maxwell equations can be derived from a variational principle involving a
Lagrange density depending on the relevant scalar invariants. For electric charges
and currents in vacuum, where F* = ;10 H'® applies, the Lagrange density .Z is
defined by

i 1 .
L =— (J‘ &+ — FikF‘k) . (18.70)
4o
Its 4D ‘action’ integral is denoted by
% :=/$d4x. (18.71)

The variational principle states: the action integral .% is extremal under a variation
8@ of the 4-potential @ such that
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8.7 = /azd“x =0. (18.72)

It is understood that §@ is zero at the ‘surface’ of the 4D integration range. Use of
the variational principle (18.72) leads to

(7' = o™ o F) 50 =0,

and consequently . '
JU = (uo) "o, FIM. (18.73)

This is the relation (18.62) for the special case where F'*X = o H'* applies, i.e. for
charges, currents and fields in vacuum. The derivation of (18.73) from (18.72) is
deferred to the Exercise (18.2).

The scalars Ji®; and Fy F'K occurring in the Lagrange density (18.70) are invari-
ant under the parity operation &2 and the time reversal .7, despite the fact that the
quantities J', ®; and Fy have a well defined symmetry only under the combined
operation £ ..

The Lagrange density (18.70) leading to the inhomogeneous Maxwell equations
involves just the first one of the scalar invariants associated with the field tensor, cf.
(18.69). Inclusion of the second scalar invariant, as suggested by Born and Infeld
[207], leads to extended Maxwell equations with terms nonlinear in the E and B
fields, even in vacuum. The resulting electrostatic potential of an electron located at
r = 0, no longer diverges for » — 0.

18.2 Exercise: Derivation of the Inhomogeneous Maxwell Equations
Derive the inhomogeneous Maxwell equations for fields in vacuum from the varia-
tional principle (18.72) with the Lagrange density (18.70).

18.5 Force Density and Stress Tensor

18.5.1 4D Force Density

The 4D force density f' or f; is defined by
=0 FN, fi=J"Fa. (18.74)
The first three components of f i correspond to the 3D force density k with
ky = p(Ey + epva vy Br) = p E;p + €pvn jv B,

where p is the charge density and the 3D flux density is j = pv. The fourth component
of f'is the power density associated with k, more specifically
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f=jyEy/c=pvy EyJc = vy ky/c. (18.75)

By analogy to the 3D description, where the force density is expressed as a spatial
derivative of the Maxwell stress tensor 7, according to k, = V,,T),,, cf. Sect.8.5.4,
the force density f! is related to the 4D stress tensor 75 by

=014, (18.76)

18.5.2 Maxwell Stress Tensor

The explicit expression for the stress tensor in terms of the field tensor is obtained
from (18.74) with the help of the Maxwell equations (18.58), (18.62). The derivation
is deferred to the Exercise 18.3. For a linear medium, the result is

. . 1 .
T8 = gy F™ B — i g¢* Fom H™. (18.77)

For a comparison with the 3D tensor 7}, notice that g™, in (18.77) plays the role of
8, in (8.120) and (8.121), furthermore one has

1F H™ = 1(E D-B-H)

4 fm = B .
The top-left 3 by 3 part of the 4D tensor, i.e. elements in the which do not involve the
component 4, are equal to the components of the 3D Maxwell stress tensor (8.122).
The components T4, 724, T34 are linked with the Poynting vector S = E x H, cf.

(8.110), while the components T*', 742, T*3 are proportional to the density of the
linear momentum of the electromagnetic fields, cf. (8.125), viz.

js =D x B. (18.78)

The T* component is essentially the energy density u = %(E -D+B-H). In matrix
notation, one has

Max Max Max 1
Ty ™ Ti37 =5

Max Max Max 1
T3 " Ty™ =%

Max Max Max 1
T31. T32_ T33. -5
—CJs1 —CJs2 —CJs3 —Uu

T = (18.79)

Here the components of the 3D Maxwell tensor are denoted by 7M. For electro-
magnetic fields in vacuum and for linear isotropic media one has 7% = TX. In
general, however, the stress tensor T is not symmetric.
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18.3 Exercise: Derivation of the 4D Stress Tensor

18.4 Exercise: Flatlanders Invent the Third Dimension and Formulate their
Maxwell Equations

The flatlanders of Exercise 7.3 noticed, they can introduce contra- and co-variant
vectors

x'=(r1,r, ct), xi= (=11, —r2, ct).

With the Einstein summation convention for the three Roman indices, the scalar
product of their 3-vectors is

xlx = —(rl2 + r22) + 22 = —r? + 22

They use the differential operator

d 0 ad
a1 = P R R )
ory drp odct

and form the 3-vectors
J'= (1, ja.cp), @' = (A1, Az, $/c)

from their current and charge densities and their vector and scalar potentials.
How are the relations

B =01A — A, Ei=—0i¢p—0A/ot, i=1,2,

which are equivalent to the homogeneous Maxwell equations, cast into the pertaining
three-dimensional form? Introduce a three-by-three field tensor Fj; and formulate
their homogeneous Maxwell equations.

How about the inhomogeneous Maxwell equations in flatland?


http://dx.doi.org/10.1007/978-3-319-12787-3_7

Appendix
Exercises: Answers and Solutions

Exercise Chapter 1

1.1 Complex Numbers as 2D Vectors (p. 6)

Convince yourself that the complex numbers z = x + iy are elements of a vector
space, i.e. that they obey the rules (1.1)—(1.6). Make a sketch to demonstrate that
21+ =20+ 21, withzy = 3+ 4i and 7o = 4 + 3i, in accord with the vector
addition in 2D.

Exercise Chapter 2

2.1 Exercise: Compute Scalar Product for given Vectors (p. 14)
Compute the length, the scalar products and the angles betwen the three vectors a,
b, ¢ which have the components {1, 0, 0}, {1, 1, 0}, and {1, 1, 1}.
Hint: ro visualize the directions of the vectors, make a sketch of a cube and draw
them there!

The scalar products of the vectors with themselves are: a-a = 1, b-b = 2,
¢ - ¢ = 3, and consequently

a=lal=1, b=[b|=+2, c=lc|=+3.
The mutual scalar products are
a-b=1, a-¢c=1, b-¢c=2.

The cosine of the angle ¢ between these vectors are

1 1 2
NIRVERING
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respectively. The corresponding angles are exactly 45° for the angle between a and
b, and ~70.5° and ~35.3°, for the other two angles.

Exercises Chapter 3

3.1 Symmetric and Antisymmetric Parts of a Dyadic in Matrix Notation (p. 38)
Write the symmetric traceless and the antisymmetric parts of the dyadic tensor A, =
aub, in matrix form for the vectors a : {1,0, 0} and b : {0, 1, 0}. Compute the norm
squared of the symmetric and the antisymmetric parts and compare with A,y A,
and Ay Ay,

In matrix notation, the tensor A, is equal to

010
A=|000]). (A1)
000

The trace of this matrix is zero. So its symmetric part coincides with its symmetric
traceless part

— 010
A==-[100]. (A2)
000
The antisymmetric part of this tensor is
010
A =—-1-100 |. (A3)
000
The tensor product AA yields
A Ay ==(010], (A4)
“\ooo
and consequently
Ay Axy = :
uA Arp = 7

Similarly, the product of the antisymmetric part with its transposed, viz.

asy ,asy
A/L)\ Av)\


http://dx.doi.org/10.1007/978-3-319-12787-3_3
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yields the same matrix as in (A.4). Thus one has also

1
asy ,asy __
A AT =

Due to
A;wA;w =1, A[L\)AU/,L =0,

this is in accord with (3.10), viz.

1 ——
A;vau = 5 AAABKK + AZSXBSZ}] + A;w Bvu )

with B, = A,.

3.2 Symmetric Traceless Dyadics in Matrix Notation (p.39)
(i) Write the symmetric traceless parts of the dyadic tensor C,,, = Cpy(a) = 2a,b,
in matrix form for the vectors a = a(«) : {c, —s, 0} and b = b(x) : {s, ¢, 0}, where
c and s are the abbreviations ¢ = cosa and s = sin«. Discuss the special cases
oa=0and o = 7 /4.

The desired tensor is

2¢s 2 0
Cuv = | —5% —2¢s5 0 |, (A.5)
0 0 0

2

and consequently, due to 2¢s = sin 2« 2 — 5% = cos 2o, one obtains

sin2a cos2a 0
Cuy (o) = | cos2a —sin2a 0 |. (A.6)
0 0 0

For o = 0 and @ = 7 /4, this tensor reduces to

010 100
100}, [o-10], (A7)
000 000

respectively. The diagonal expression follows from the first of these tensors when
the Cartesian components of the vectors and tensors are with respect to a coordinate
system rotated by 45°.

(ii) Compute the product By, (o) = Cpy (0) TM (o), determine the trace and the

symmetric traceless part of this product. Determine the angle o, for wich one has
B,,=0
i .
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The result is

cos2a —sin2a 0

B,() = | sin2a cos2a 0 |. (A.8)
0 0 o0
Consequently. one has
1 100
B, (@) = 3 cos2a {01 O |, (A9)
00-2

and B, = 2cos2a. Thus one has B, = 0 for o = 7 /4, or 45°. For this angle,
the two tensors (A.7) are ‘orthogonal’ in the sense that the trace of their product
vanishes.

3.3 Angular Momentum in Terms of Spherical Components (p.43)

Compute the z-component of the angular momentum in terms of the spherical
components.

For a particle with mass m, the z-component of the angular momentum is L, =
m(xy — yx), in cartesian coordinates. In polar coordinates, cf. Sect.2.1.4, one has
x =rsinvcosg,y = rsinv sing, z = r cos . The time change of x and y is

x=rr 'x +drcos®cosg — ¢r sin? sing,
vy =7rr 'y + drcos ¥ sing + ¢rsin ¥ cos g.

In the calculation of L,, the terms involving # and ¢ cancel, the remaining terms add
up to

L, = mrz(/').

3.4 Torque Acting on an Anisotropic Harmonic Oscillator (p.44)
Determine the torque for the force

F=—kr-ee— (r—r-ee),

where the parameter k and unit vector e are constant. Which component of the
angular momentum is constant, even for k # 1?

Thetorqueis T = rxF = —(k—1)(r-e)r x e. Clearly, the torque vanishes for k = 1.
For k # 1, the torque still is zero, whenr x e = 0 or (r - ) = 0 hold true. The first
case corresponds the one-dimensional motion along a line parallel to e which passes
through the origin r = 0. This is a one-dimensional harmonic oscillator. The second
case is a motion in the plane perpendicular to e. This corresponds to an isotropic
two-dimensional harmonic oscillator.
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3.5 Velocity of a Particle Moving on a Screw Curve (p.46)

Hint: Use o = wt for the parameter occurring in the screw curve (3.48), w is a
frequency.

Differentiation with respect to the time ¢ yields the velocity

w
v = pw[—esin(wt) + ucos(wt)] + xz—e X u,
T

where it is assumed that not only the orthogonal unit vectors e and u, but also the
radius p and the pitch parameter x are constant.

Exercise Chapter 4

4.1 2D Dual Relation in Complex Notation (p.54)

Let the two 2D vectors (x1, y1) and (x2, y2) be expressed in terms of the complex
numbers 71 = x1 +iy1 and 7o = x3 + iyy. Write the dual relation corresponding to
(4.25) in terms of the complex numbers z1 and zo. How about the scalar product of
these 2D vectors?

Hint: the complex conjugate of 7 = x + iy is z* = x — iy.

The product z’fzg is x1x2 + y1y2 +i(x1y2 — x2y1), thus the dual scalar is

1 * *
X1y2 — X2)1 = z—i(lez —2123).

Similarly, the scalar product of the two vectors is

1 * *
X1y1 +x2y2 = 5(21 22 +12123).

In other words, the scalar product is the real part and the dual scalar is the imaginary
part of zjz>.

Exercises Chapter 5

5.1 Show that the Moment of Inertia Tensors for Regular Tetrahedra and
Octahedra are Isotropic (p.62)

Hint: Use the coordinates (1,1, 1), (-1, —1, 1), (1, =1, —1), (-1, 1, —1) for the four
corners of the tetrahedron and (1,0, 0), (—1,0,0), (0, 1,0), (0, —1,0), (0,0, 1),
(0, 0, —1), for the six of the octahedron.
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(i) Tetrahedron: the position vectors of the corners are

u =e e +e’, ul=—e"—e +e,

w=e—¢ —e’ u'=—e"+e —e

In the products uhub the mixed terms involving el’;ez, €€y ej,e? have the signs
(+,+.+), (4, =, =), (=, = +), (=, +,—) for i = 1,2,3,4, respectively. The
sum of these mixed terms vanishes and one finds

4

i X X y .y z 2
ZMMMV =4(e e, +epen + e e) =45,,,
i=1

thus the moment of inertia tensor
Oy =8méy
is isotropic.

(ii) Octahedron: here the sum Z?: h ”L”L yields 2(eﬁe’,§ + eﬁez + elZLe]Z)) and conse-
quently

Ouy =4méyy.

5.2 Verify the Relation (5.51) for the Triple Product of a Symmetric Traceless
Tensor (p.72)
Hint: use the matrix notation

a00
0b0 |,
00c¢

with ¢ = —(a + b), for the symmetric traceless tensor in its principal axis system.

Compute the expressions on both sides of (5.51) and compare.
In matrix notation, the left hand side of

— 1
a-a-a=-a(a:a
2( )
is

2a3/3 —b3/3 - 3/3 0 0
( 0 2033 - 3/3-33/3 0 ) . (A.10)

0 0 26373 —d3/3 - 1b%/3
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Duetoc® = —(a’+3a’b+3ab*+b>), the diagonal elements are equal to a> +a’b+
ab? = a(@®+ab+b?), b +a%b+ab?* = b(a* +ab+b?), and —a® — b3 —2a%b —
2ab?. On the other hand, the 11-element of a(a:a) is equal to (a2 +b%+ c2)a =
2a3 + 2b3 + 2a’b = 2a(a® + ab + b?). Similarly, one finds for the 22-element
2b(a” +ab + b*). The 33-element is (a* + b> + c?)c = —2(a +b)(a®> +ab+b*) =
—2(a® + b3 + 2a®b + 2ab?). Comparison of the diagonal matrix elements shows
the validity of the relation (5.51).

Exercises Chapter 7

7.1 Divergence, Rotation and the Symmetric Traceless Part of the Gradient
Tensor for the Vector Fields iv to vi of Sect.7.2.1 (p.90)
(iv) Uniaxial Squeeze-stretch Field

v =3ey ey, —ry.

The gradient is V,v,, = 3e,e, — 8,,. One finds

V-v=0, Vxv=0, Vyv, =3ee,.
(v) Planar Squeeze-stretch Field
Vy = ey Uyl + Uy eyry,

where e and u are two orthogonal unit vectors, e - u = 0. Since here V,v, =
ety +eyly,

V.v=0, Vxv=0, Vyv, =2eyu,,
is found. When the coordinate axes are rotated by 45°, this vector field reads
Vi = ey epry — Uy UyTy.

Now one finds

[—

[ —
V.ov=0, Vxv=0, Vyv, = ee, — uyuy.

(vi) Solid-like Rotation or Vorticity Field. A circular flow with a constant angular
velocity w:

Vu = SMK)LWK}’)\.
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Here one has Vv, = &,,,W, and consequently

—

Veov=0, (VxXV),=e¢euwuuvwe=2w,, Vyv, =0.

7.2 Test Solutions of the Wave Equation (p. 102)

Proof that both the ansatz (7.63) and the plane wave (7.64) obey the wave equation.
Furthermore, show that the E-field is perpendicular to the wave vector, and that the
B-field is perpendicular to both.

(i) Ansatz (7.63). From (7.63), i.e. from

E,=EQfE), &=k, —ct
follows
VoE, = (VE) EL F&) =k EQ (),

where the prime indicates the derivative with respect to £. Clearly, V, E,, = 0 implies
ky E‘(,O) = 0, the E-field is perpendicular to its direction of propagation. The second
spatial derivative of the field yields

VoV Ey = AE, = EQfE)".
Similarly, the time derivative of the ansatz for the the E-field is given by

b 0 , ,
o b= (55) EQfE) =—cEY f(&),

and the second time derivative is
’ 2 (0
S Bu=CEQ [©).
Thus the wave equation

AE 1821«:—0
c2orr 7

cf. (7.60), is obeyed.
For the B-field, the ansatz

By =BV f&), §=kr —ct,
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is made. The Maxwell equation —d B, /0t = &,,,, V), E} leads to
~ 0
cBl(LO) = eunm. ky E)(L ),

Thus the magnetic field is perpendicular to both the wave vector and the electric
field.
(ii) Plane Wave (7.64). From the plane wave ansatz

E, = ELO) explikyry —iwt]
follows, by analogy to the calculations above,
VVE, =ik, E,.

Again V,, E,, = 0, corresponding to k, E, = 0, implies that the E-field is perpendic-
ular to the wave vector k. The second spatial derivative leads to

2
AE, = —K*E,,.

The first and second time derivatives of the field are
2

_ 2
ﬁEu = —w E/L'

d
o En=—iwk,

Thus the wave equation (7.60) imposes the condition
k* = w?/c?,

which proofs the dispersion relation (7.65).
Here —0B,, /0t = &,,,V, E) leads to

a)B# = Epvi k,) E)L.

As expected, also for plane waves, the magnetic field is perpendicular to both the
wave vector and the electric field.

7.3 Electromagnetic Waves in Flatland? (p. 105)

In flatland, one has just 2 dimensions. Cartesian components are denoted by Latin
lettersi, j,...,i = 1,2, j =1, 2, etc. The summation convention is used. In vacuum,
and for zero charges and currents, the adapted Maxwell equations are

0 0
ViEi =0, —ViHj=¢o §Ej ViE; — ViE; = — o EHij.

In 2D, there is no equation corresponding to V, B, = 0. It is not defined and not
needed in 2D. The magnetic field tensors have only one independent component.
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Differentiation of the second of these equations with respect to #, insertion of the
time change of the magnetic field tensor as given by the third equation and use of
the first one leads to the wave equation

32
ViViE; = gouo mEj.

Again, the speed c of the radiation is determined by c2 = (eopo)~". The electric
field is perpendicular to the direction of the propagation, even in 2D.

How about 1D? Obviously, the Maxwell equations loose their meaning in a true
one-dimensional world, thus electromagnetic waves do not exist in 1D. On the other
hand, longitudinal sound waves still can propagate in 1D.

7.4 Radial and Angular Parts of the Nabla Operator, Compare (7.81) with
(7.78) (p. 106)
Due to the definition (7.80), the term 8,U,;Lr';$k in (7.81) is equal to

ad ad d
& o€ Fo— = (Suadvp — 8,88 Fofg— = Fplyv— — —.
uvr v Exapla 3}’,3 ( uaOvB uB va) Tola Brﬁ rulry a7 3ru

Here, the relation (4.10) was used for the product of the two epsilon-tensors. The
last term can be written as % =80 ﬁc and hence
I3 v

PN )
= (rurv _SMV)B_]"AU

~ ~ 0
Epva Ty L= Epva v Exaplta 7=

arg
Now (7.81) is seen to be equal to (7.78).

7.5 Prove the Relations (7.82) and (7.83) for the Angular Nabla Operator
(p- 106)
From the definition (7.80) of the differential operator . follows

g,u.gv = epapraVaevrrc Ve = Sﬂaﬂr()[g\)/(faﬂl(vf + Epapéuiclalc VeV
= Suaﬁgvﬂtrotvr + Euaﬂgwtrozrkvﬂvr-
Due to £ 08€v8r = EpapErvg = Surdva — Suvdar, cf. (4.10), one obtains
Lyl =1V — 8ura Vo + €pap Evir Ta T Vg Ve

The second term on the right hand side is obviously symmetric under the exchange of
w and v. The same applies to the third term. To see this, notice that the simultaneous
interchanges « <> k and B <> t corresponds to an interchange i <> v. Thus one
has

S)L/LVDZLZV = Sk,uvrvvlt =4,
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which is the relation (7.83), and
Ll — Ll =V — V.

The right hand side of the last equation can be written as —&,,,,-25, since one has
—&unr = —Eurrapla Ve = —(r,Vy — 1, V,). This proves the commutation
relation (7.82).

7.6 Determine the Radial Part of the Laplace Operator in D Dimensions (p. 108)
Let f = f(r) a function of the magnitude r = |r|. It does not depend on the
direction of r, it has no angular dependence. Thus only the radial part A, of the
Laplace operator A = V'V, gives a contribution, when A is applied on f(r). Due

0 VuVuf = Vu(Vuf) and Vy, f = $£V,r = 44,71y, one obtains V, V), f =

dr
ruVu (r—! ‘é—’;) + 1 %—{Vﬂrﬂ. Notice that r,V,, is r times the spatial derivative in
radial direction, here equal to r%. On account of V1, = D, for D dimensions, one

finds V,V, f = % +(D - Dr! ‘il—-f. For the case where the Laplace operator is
applied to a function which also depends on the direction of r, the derivative (% with

respect to r is replaced by the partial derivative %, in the previous expression. Thus
the radial part of the Laplace operator is inferred to be

2

9 9 9
A 4y -1r 'L on 2% (r<Dl>_) .

- ar? ar ar ar

Prove Ar>D) =0
Application of the expression given above yields Ar™ = n(D +n —2)r™=2), where
the exponent n is areal number. Apart from the trivial solution n = 0, the requirement
Ar™ = 0 implies n = 2 — D. Thus r~! is a solution of the Laplace equation, for
D = 3. One finds r =2 for D = 4.

The case D = 2 has to be considered separately. Here In(/ ryr) is a solution of the
Laplace equation, please check it. The quantity rr.r is a reference length introduced
such that the argument of the logarithm In is dimensionless.

Exercises Chapter 8

8.1 Compute Path Integrals Along a Closed Curve for Three Vector Fields
(p-116)
The differential dr needed for the integration is recalled to be dx{1, 0, 0}, for the
straight line C1, and pde{— sin ¢, cos ¢, 0} for the semi-circle C. The start and
end points are x = —p and x = p, for Cy. For C; one has ¢ = 0 and ¢ = 7, see
Fig.8.3.
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(i) Homogeneous Field, where v = e = const., with e parallel to the x-axis.

The expectation is ¢ v-dr = .# = 0 since the vector field is the gradient of a scalar
potential. The explicit calculation of the line integrals .#; and .#, along the curves
C1 and C, yields

P
flz/ v~dr:/ dx =2p,
Ci —p

T
fzz/ V'dr:—p/ singdg = pcosgly = —2p.
Cy 0

Thus . = ¥ + % = 0, is found, as expected.

(i1) Radial Field, where v =r.

Again ¢ v-dr = .# = 0is expected since the vector field possesses a scalar potential
function, viz.: ® = (1/2)r2. Here the integration along C; yields

1%
ylz/ r-dr:/ xdx = (1/2)x* |7, =0.
Cy

—p

The integral .#%, performed along C;, also gives zero since one has r - dr = 0
on the semi-circle. Thus again, the explicit calculation confirms the expectation
S =¢v-dr=0.

(iii) Solid-like Rotation or Vorticity Field, where v = w x r, with the constant axial
vector w parallel to the z-axis.

In this case, the curl V x v is not zero and no scalar potential exists. So f V-dr =
& # 0 is expected.

For the explicit calculation of the integrals, the scalar product v - dr is needed.
With w, = w, the vector field v has the components {—w y, w x, 0} and consequently
v - dr = w(—ydx + xdy). For the integral .#| this implies %] = —w ffp ydx =0,
since y = 0 along the line C;. The integration along the semi-circle yields

T T
ﬂzz/ V-dr:w,oz/ (sin2(p+cos2<p)dg0:w,02/ d(p:nwp2.
Cy 0 0

Thus the non-zero result . = % + % = 7'rw,o2 is obtained here for f v - dr.

8.2 Surface Integrals Over a Hemisphere (p. 124)

Consider a hemisphere with radius R and its center at the origin. The unit vector
pointing from the center to the North pole is w. Surface integrals %, = [vydsy
are to be computed over the hemisphere.

(i) Homogeneous Vector Field v, = vv, = const. By symmetry, the integral is
proportional to u,v,. The ansatz

Ly =C1Uy Wy
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is made, with a scalar coefficient ¢;. Multiplication of this equation by u,, v, leads to

Cl=UyVy Sy = v/uudsﬂ.

For the hemisphere, located on the x—y-plane, one has u,,ds,, = RZ cos 6 sin 0dode.
With ¢ = cos 8, where 0 is the angle between u and the vector T, the integral for
cyis

1
cr=v2m R2/ ¢de =vr R
0
The flux .7 = .}, is found to be

y:v-unRz,

which, as expected, is equal to the flux through the circular base of the hemisphere.
(i1) Radial Field v, = r,. Here the ansatz

Sy = C2 Uyl

is made. Multiplication of this equation by u,u, yields an expression for the scalar
coefficient ¢;, viz.

s [ o 2 5
) = uurvuudsﬂzan Cide = 57.[R )
0

The resulting flux is just the area of the hemisphere.

8.3 Verify the Stokes Law for a Vorticity Field (p. 127)

The vector field is given by v.= w x r with w = const. The curl of the field is
V x v =2w, ¢f. Exercise 7.1.

Since the surface element ds is parallel to w, one has

yE/(VXV)~dS:2W/W-dS,
where w is the magnitude of w. Using the planar polar coordinates p and ¢ yields

R 2
Y:Zw/ dp/ dgp =27 R>w.
0 0

The line integral to be compared with is f v - dr. Now v and dr are parallel to each
other and v - dr = RwRd¢. This leads to
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2
/Efwdr:sz/ do =27R>w
0

The equality . = .# is in accord with the Stokes law.

8.4 Moment of Inertia Tensor of a Half-Sphere (p. 136)

A half-sphere with radius a and constant mass density is considered. The orientation
is specified by the unit vector u, pointing from the center of the sphere to the center
of mass of the half-sphere. For the present geometry, the moment of inertia tensor is
uniaxial and of the form

Oyuyuy + O (S — uyuy).

The z-axis is chosen parallel to u, just as in examples discussed in Sects. 8.3.2 and
8.3.3. First, moments of inertia are computed with respect to the geometric center of
the sphere. The pertaining moment of inertia @ITH

. 2
@ﬁff = p027f2/ / ¢rde = —poa =3 = Ma?,

where M = (27/3)poa’ is the mass of the half-sphere. As before, { = cos@
is used. The moment Ofo is inferred from the mean moment of inertia @°, via
o5 = 36" — offh) /2 Equation (8.69) yields

_ 4 6
36°T = 2/ p(r) rd’r = ?”poaS = 2 Md”.
v

This implies ()eff ()eff i.e. the moment of inertia tensor is isotropic, when evalu-
ated with respect to the geometrlc center. According to the law of Steiner (8.66), the
moment of inertia tensor with respect to the center of mass is

2
O = O = O — M(R*S,, — R, R,) = S Ma? 8, MR* (8,0 — uyuy),
with R = %a is the distance between the center of mass and the geometric center,

cf. (8.63). Thus one finds

2] 2M2 O, =6 9M2
D= = Ma~, = a
=3 L=71" 64 128

As expected, @ is smaller than ©).
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Exercise Chapter 9

9.1 Verify the Required Properties of the Third and Fourth Rank Irreducible
Tensors (9.5) and (9.6) (p. 157)
The required symmetry of the third and fourth rank tensors a,a,a; and a,a,a;ay,
as given explicitly by (9.5) and (9.6) is seen by inspection, note that a,a, = a,a,
and 8., = 8y

Setting A = v, in (9.5), leads to

— 1
auaya, = aMa2 —3 az(aM 34+aydu +avdn) =0.

Here §,, = 3 and a,,6,,, = a,, are used.
Likewise, putting « = A in (9.6), yields

auayaa, = aﬂava2
1
— ?az(auav'j + auaydyy + apa vy + ava 8. + aya Sy + azé,w)
1
+ ga“(cw + 8undux + 82801)
1 1 1
2 4 4
= ayaya (1 — 57) — 7@ 8 + 354 8,05 =0,

where, e.g. a;8,,, = a, and §,,,8,, = §,,, have been used.

Exercises Chapter 10

10.1 Prove the Product Rule (10.13) for the Laplace Operator (p. 166)
The proof of (10.13), viz.

AP X i) = (@ = 200718 X oy
starts from the general relation
A(fg) = fAg+2(Vie f) (Veg) + 8 Af,
for any two functions f and g. Now choose for f the £-th descending multipole tensor

X 111101, and assume that the scalar g depends on r = |r| only. Since AX =0,
one obtains

A Xy poopne) = Xpypoopn A + 28/’”71 e VieX g poeeopag -
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Due to 7,V = rd/dr and Xy, ~ ¥~ TV, the second term in the preceding
equation is equal to

—2¢ r N+ X _.

Use of Ag = g” + 2r~!g’ then leads to (10.13). The condition £ > 1 is obvious for
the validity of the present considerations. When the function (=1 stands for X in
the case £ = 0, the value £ = 0 is also included in (10.13).

10.2 Multipole Potentials in D Dimensional Space (p. 166)

In D dimensions, r =) is the radially symmetric solution of the Laplace equation, cf.
exercise 7.6, for D > 3. By analogy with (10.2), D dimensional multipole potential
tensors are defined by

a@

,2-D)
Orp, Ory, -+ - 0ry, ’

xD = (-1)*

(-D) _ ¢
H1p2 g r =DV Vi -V,

e
(A.11)

where now V is the in D dimensional Nabla operator. For D = 2, r?=P) s replaced

by —Inr. Compute the first and second multipole potentials, for D > 3 and for

D =2.

The first descending multipole is the D dimensional vector

XP=0-2r"Pi =D-2r"r,, D=3, XP=r"r=r"n.
: ; : (D) (D) :
The resulting second multipole potential X,,,’ = -V, X, D > 2,is
XB) =@ =2 P (Dryry — 82, D=3, X7 =r*Qrur — 8.

It is understood that §,,, is the D dimensional unit tensor with 8, = D. Thus the
(D)
tensors X, are traceless.

10.3 Compute the Torque on a Rotating Sphere (p. 181)
A sphere rotating with the angular velocity §2 experiences a friction torque

T, =87t nR>%2,.

To derive this result from the creeping flow equation, considerations similar to those
used for the Stokes force, should be made.

The distortion of the pressure and the flow velocity should be linear in £2 and the
respective expressions should have the appropriate parity. The only scalar available
for p is proportional to X, £2,. This term, however has the wrong parity behavior,
thus one has p = 0, in this case. The possible vectors are proportional to £2,,, X, £2,
and €,3,§2; X,. The first two of these expressions have the wrong parity. The only
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polar vector is the ansatz v, = c(r)&,,$2) X, with a coefficient c. For the present
problem, the creeping flow equation reduces to Av, = 0. Thus ¢ = const. is a
solution, which has still to be specified by the boundary conditions.

The fluid is assumed to be at rest, far away from the sphere. This is obeyed by
the ansatz with ¢ = const. A no-slip boundary condition at the surface of the sphere
means v, = Re, 2y, at ¥ = 1. Due to X, = r—3r,, the solution for the flow
velocity is

Ve = R eean 25 Xo. (A.12)

According to (8.98), for the present problem, the torque is given by
T, = —&uaR fra rr prgd T = neEpapR fra re (Vovg + Vv )d-r.
The first term in the integrand involves
7z Vv =R_1iv =—2R"1y
T ViVB 3y P B-
The expression 77 Vgv;, occurring in the second term of the integrand, is equal to

_’{; e 825, Xvﬂ = r_3 f; ETAB 2, = —R_l vg.

Thus one obtains
_ 3 ~~ 2~
T, = —3neapeprr SR ?{rartd .

The surface integral f Fad?r = (41 /3)8q7 leads to
T, = _4”nR3guaﬂ8ﬁAaQA = —87117R3.QM,
which is the expression for the friction torque mentioned above. The minus sign and

n > 01imply that the rotational motion is damped. Time reversal invariance is broken,
as typical for irreversible processes.

Exercises Chapter 11

11.1 Contraction Rules for Delta-Tensors (p. 185)
Verify (11.6) for £ = 2.
The contraction rule for the £-th A¢-tensor is
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L2 o=t A oy h D 1T a1 B ey

For £ = 2, it reduces to Ay ) = %8,“,.
From the definition of the A-tensor follows

1 1 1 5
Au)»,uk = 5(81“16)\)» + 6ﬂkéuk) - §5ukguk = (2 - g) S,uv = g‘sp,u,

as expected.

: 3)
11.2 Determine wa’u/vw (p- 186)
3

Hint: compute A;wk,u’v

{=3.
Use of (11.15) for £ = 3 with (10.6) yields

1,s» i terms of triple products of §-tensors, from (11.15) for

= EVMVVV)L rwrv/r;h/
1 1,
= EVMVUVA Pty ry — gr (ru Sy +rydunr +rvdun) | .

Successive application of the differential operators V,V, V; on the first term after
the second equality sign of the equation above yields
ViV (rwrvr) = VNV (rpry o0 + 1y + vty i)
=V [rbou + rv8up)8
+(r 8y + 1o )8 + (o + rdua) 85 |
= (8, 0vv + 8,8y )85
F (8 Bvar + 8unrSup)nnr + (8100 8vur + 810 8uar )iy -

Likewise, the application of the same differential operators on r>

as factor of §,/,/ yields

1, occurring above

VuVoVa(r?ry) = Vu Vo @rary +r283,0) = 2V, (v + raduu + roduw)
= 2(88v + 8,380 + 8uvSip).
The derivatives of r2r,, and r2r;,, which are factors of 8,5 and 8,75 are given by

analogous expressions where just 1’ is replaced by v” and A’. All terms for A®) put
together, with the numerical factors, leads to
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1
3
Aiuzk,p,’u’)»/ = 8[(8MM/8V‘/ + (Suv/avu’)s)\)»/ + (3,uu’3v)»/ + Suk"sv,u/)a)»v/
+(8uk’8vv’ + 8;“)’81))»’)5)4/]
1
- E[((S"MSMM/ + (Sukavu’ + ‘S;vasku’)(sv’k’

+(3V)L8;,w’ + SIJ.A.SVV/ + 5uv8Av’)5u’k’
+(8vkauk’ + SMAS\))J + 8uv8AA’)8u’v’] . (A-13)

Notice that all §-tensors in the bracket [...] behind the factor % in (A.13) contain
one primed and one unprimed subscript. On the other hand, the triple products of
8-tensors behind the factor % contain one unit tensor with two primed subscripts,
one with two unprimed ones, and one with mixed subscripts.

The contraction A" = A yields AW VA =1 Affg W' This is in accord with (11.6).

Exercises Chapter 12

12.1 Verify the Numerical Factor in (12.7) for the Integral over a Triple Product
of Tensors (p.202)

Hint: Put v = A, k = 0, T = u and use the relevant formulae given in Sect. 11.4.
The recommended contraction, on the left hand side of (12.7) involves

——— 1__ —
ralroal o =

rury Tole Tely = grur,( r,(rM =

)

2
9

. . . . 2
and the subsequent integration still yields 9

On the other hand, due to A,y v, = 12 , cf. (11.38), the right hand side becomes
8 35

051 = %,just as expected.

12.2 Prove that the Fokker-Planck Equation Implies an Increase of the
Orientational Entropy with Increasing Time (p.212)

Hint: The time change of an orientational average is d V) /dt = [0y f)/ ard%u.
The time change of f In(f/fo) isIn(f/fo)df/dt+ ff~'8f/dt. Thus the time change
of the orientational entropy s, = —kp f fIn(f/ fo)dzu is

d
(%sa = —kB/ln(f/fo) Efdzu = —kao/ln(f/fo)fufu fdu,

where [ %fdzu = 0 and (12.41) have been used. Here ., = ewkuva% is the
relevant differential operator. An integration by part leads to the expression

d _
3% = ks vo / UL ) Ly fdu,
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where the integrand is positive, furthermore vy > 0, and thus

d
- > ()
dar?

holds true.

12.3 Second Order Contributions of the Kinetic Heat Flux and Friction
Pressure Tensor to the Entropy (p.221)
The ‘non-equilibrium’ entropy, per particle, associated with the velocity distribution
function [ = fm(1 + @), is given by s = —kg(In(f/fm)) = —kp((1 + @) In(1 +
D))m, where fu is the local Maxwell distribution and ® is the deviation of f from
fm. By analogy with (12.39), the contribution up to second order in rhe deviation is
s = —kp3 (@)

Determine the second order contributions to the entropy associated with heat flux
and the symmetric traceless pressure tensor.
The quantity @ to be used here is, cf. (12.96),

@ = () b + {Puv) v

where ¢, and ¢,,,, are the expansion tensors pertaining to the kinetic contributions
to the heat flux and the friction pressure tensor, see (12.93) and (12.94). Due to
the orthogonality of the expansion tensors, the expression for the entropy becomes
s = —kB%((qu)wu) + (uv){@uv)). The dimensionless moments are related to the

—

heat flux vector qﬁi“ and the pressure tensor p];i“} via (12.93) and (12.94). In terms

of these quantities, the desired contribution to the entropy is

1 H[2 m S 1~
s = _kBE(nkBT) 2 |:§kB_T ql]imqllim + 5 pl]il]? p];‘,'} :| .
Compared with thermal equilibrium, the non-equilibrium state has a smaller entropy
and thus a higher order.

12.4 Pair Correlation Distorted by a Plane Couette Flow (p.230)
Compute the functions gy, g— and go in first and second order in the shear rate y,
in steady state, from the plane Couette version of the kinetic equation (12.120)

d 5 1 d
—dg+t = =YY —&eq-
vy ax g 8 vy axgeq

Hint: Use y2 = ()c2 +y2)/2 — ()c2 — y2)/2 and x? +y2 =r2-72= 2r2/3 — (z2 —
r2/3), furthermore decompose x*y* = e,’ie’jeie%rﬂrvrxrx into its parts associated
with tensors of ranks £ = 0, 2, 4 with the help of (9.6). Compare g_ with g .

The first order result is

M _

58V = —y txyr g,
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where the prime indicates the differentiation with respect to r. This corresponds to

8+ = —VTrgeg

see (12.128).
The second order contribution is given by

@ _

3
= s, 201.2.2 —1,.—1_7 v/ 2 —1_7s
88 —Vryax5g =(y7) [x Yo (rgeg) Hyr geq]~

With the help of (9.6),

X2yt =eleseler rurorare + 7 r? (x4 %) - 35 rt

is obtained, where the first term involves irreducible tensors of rank 4. The resulting
second rank contributions proportional to x> — y? and z> — r2/3, cf. (12.128), are

g =—(y1)’rgy
1

1 _ 1[5
g =—(y1)’ [zrgéq + ol lgqu} = -0’ [Erggq +r2gé;} :

andone has g_ = ytg,.

12.5 Compute the Vector and Tensor Polarization for a ¢ = 1 State (p.237)
Hint: use the wave function (12.141) with e,, = €1X4 and e, = (el’i + ieﬁ)/ﬁfor
the linear and circular polarized cases. For the angular momentum operator and its
properties see Sect.1.6.2. Furthermore, notice, the term polarization is used here with
two distinct, although related meanings. In connection with electric field, “polariza-
tion” indicates the direction of the field. In connection with angular momenta and
spins, this term refers to their average orientation.

Application of the angular momentum operator L, = —i.Z), on the wave function
@ = e, ¢, with ¢, = /37, yields

L,d= —l'é‘umrxa?%ﬂ = —i&uerPie.
T

Multiplication by @ and subsequent integration over d*7 leads to
(Ly) = —i & e,"; e.

Clearly, one has (L, ) = 0 when e} = ¢, as in the case of linear polarization. On the
other hand, for the circular polarization, the unit vectoris givenby e, = (e} +i ei)/ V2
and e} = (e} —iey)/~/2. Thus one has (L,) = —ig ei(—ierel +ielel)/2 =

X,y _ ,z
Epur €€ = €.
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For circular polarized light with its electric field vector parallel to e = e* £ ieY,
the vector polarization is

(L) = +e”.
Application of L, on L, @1 = —ig ey yields L, L, Py = —svaﬂ?\a %EW(,\QSK
ey = —EvapEuprPues = SuuPrex —@ue,. Now multiplication by @f and subsequent

integration over d°7 leads to

(LyLy) =8yueien — e,

1€

Notice that eje;, = 1 and (L,L,) = 2, in accord with £(£ 4 1) for £ = 1. The
symmetric traceless part of (L, L) is the tensor polarization

(LuLy)=—ejey.

Thus for the linear polarization e, = e}, and for the circular polarization one finds

(LyLy)=— el’ie’]f ,
and
[ — l [
(@Lﬂz—-(¢4—+4%>=§%%
Exercises Chapter 13

13.1 Verify the Normalization for the Spin 1 Matrices (p.241)
Compute explicitly s)% + s? + sZ2 for the spin matrices (13.6) in order to check the
normalization relation (13.4), viz.s - s = s(s + 1)1.

Spin 1. Matrix multiplication yields

101 L[ 10-1 100
sox=51020), sysy=2( 020 |, s5s5=(000) (Al4
101 10 1 001
thus
100
sc+sg+s;=2(010], (A.15)
001

in accord with (13.4), for s = 1.
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13.2 Verify a Relation Peculiar for Spin 1/2 (p.243)
For spin s = 1/2, the peculiar relation

i
SyuSy = = Euva Sa + =60
2 2 I3 4[1

holds true. To prove it, start from s,s, =0, for s = 1/2, and use the commutation
relation.

For spin s = 1/2, one has, by definition,
2 spSy =SSy + sps, — 55,“,.

The general commutation relation (13.1) implies 5,5, = 5,5y —i&,51. Then, from
susy = 0, the desired relation for spin 1/2 is obtained.

Exercise Chapter 14

14.1 Scalar Product of two Rotated Vectors (p.262)

Let a, = R, (¢)a, and I;M = Ry« (@)a, be the cartesian components of the vectors
a and b which have been rotated by the same angle ¢ about the same axis. Prove
that the scalar products a - b is equal toa-b.

Application of (14.15) leads to

Z Z expli m ¢] exp[zm §0]P(m)P(m)av by.

m=—1m'=-1

Due to P,ST) = PV(# ™ of. (14.9), and with the help of the orthogonality rela-

tion P,,(;m) Pﬁl,) =6 mm/P(m,) the exponential functions cancel each other. The

completeness relation z Py vics cf. (14.10), then implies auéu = ayb,, as

expected.

Exercises Chapter 15

15.1 Derivation of the Landau-de Gennes Potential (p.282)

In general, the free energy F is related to the internal energy U and the entropy S
by F = U — TS. Thus the contributions to these thermodynamic functions which
are associated with the alignment obey the relation

Fa= Uy — TS,
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Assume that the relevant internal energy is equal to
Uy = —NES Al

where ¢ > 0 is a characteristic energy, per particle, associated with the alignment.
It is related to the temperature T* by kgT* = ¢/Ag. Furthermore, approximate the
entropy by the single particle contribution

“a = —N kg(In(f/fo))o.

cf Sect. 12.2.6 where the entropy per particle s, was considered, Notice that /) =
Nsy. Use f = fo(1+auvdu) and (12.39) to compute the entropy and consequently
the free energy up to fourth order in the alignment tensor. Compare with the expression
(15.12) to infer Ag, B, C. Finally, use these values to calculate ayi and § = (Tyi —
T*)/ Ty, cf (15.17) and (15.18).

Due to (12.39), the alignment entropy per particle is given by

1 1 1
sa = —kp (5<q>2>o - 8@3)0 + E(¢4>0 +, ) ,

where here @ = a;, ¢, is used. The normalization of ¢, implies that the sec-

ond order contribution is %a,wa,w. The third order term involves the triple product

Ay Ay {Puv® v @ o )o. Due to the integral relation (12.7), this expression

becomes %@awaw ;. and the third order contribution is —%«/@awawak we
The fourth order term involves the quadruple product

Ay vy Apag vy gz vy Apgg (Dpuy vy ¢);L2 V) Dp3v3Pruavy )0

Due to the integral relation (12.9) and the use of (12.10), this expression becomes
% (ayvay M)z and the fourth order contribution is % (avay #)2.

As a consequence, the Landau-de Gennes @196 defined via F,.=U,—TS, =
NkgT &6 is given by

1 1 !
@LdG — EAal,Lva/Lv — gﬁBaﬂvaUKaKM + Zc(a/u)auv)z’

with

) C=_

NG 5
7 7

A=A)(1—T*/T), Ag=1, kgT*=¢, B=

These specific values, based on the single particle contribution only for the entropy,
yield for the order parameter a,; = 2B/(3C) at the transition temperature Ty,; the
value %\/5, corresponding to a Maier-Saupe order parameter of % ~ 0.133. The

quantity § = (Tyi — T*)/ Ty, as given in (15.18), assumes the value % ~ 0.032.
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15.2 Compute the Cubic Order Parameter (Hy) for Systems with Simple Cubic,
bee and fee Symmetry (p.294)

Hint: The coordinates of one the nearest neighbors, in first coordination shells,
are (1,0,0) for simple cubic, (1,1, l)/\/gfor bce and (1,1, O)/ﬁforfcc. Use
symmetry arguments!

By definition, one has Hy = u‘f + szL + u‘z‘ — %, where the u; are the Cartesian compo-
nents of one of the nearest neighbors. Due to the symmetry of the first coordination
shell in these cubic systems, all nearest neighbors give the same contribution in the

evaluation of the average (Ha), thus it suffices to consider one of them. The result
then is

2 4 1
5’ 15’ 10°
for simple cubic, bec, and fcc symmetry, respectively.

15.3 Renormalization of Landau-de Gennes Coefficients (p.296)
Consider the special case where ®° = %Abb,wblw, for simplicity put Ay, = 1.
Determine by, from % = 0 with the help of the second equation of (15.52).

Insert this expression into the first equation of (15.52) to obtain a derivative of a
Landau-de Gennes potential with coefficients A, B, C which differ from the original
coefficients A,, By, C, due to the coupling between the tensors.

Hint: use relation (5.51) for @, viz. aycacpay, = %awa;«a;«.

With the assumptions made here, % = 0, used for the second equation of (15.52),
v

implies

by =— (cla,w + cz\/g ey ) .

Insertion into the first equation of (15.52) yields

a¢ “ | — 1
= @;U — (c%aw +3v6cicn Ay + IZC% Ak Qic)lhy )
Y

Due to

) Ary = Ayepdjy — g(skvaaﬁaaﬂa

the triple product of the tensors in the last term is

Aui Qepdyy = AuiedepAry — ga,uvaozﬂaaﬁ

1 1 1
= (E — 5) Apydepdap = gauva)»'(al"‘
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Since (pzv = Aaauv - \/EBa Ay + Caa,uva)d(a)d(’

0P

Py = Aay, — V6B apaayny + Cayyayea
yAY,

is obtained, where
A =Aa—c%, B =B, +3cic;, C =Ca—20%,

in accord with (15.53).

15.4 Flexo-electric Coefficients (p.297)
Start from equation (15.56) for the vector d,, use a,, = %aeq nyn, and P, =

PrefdM in order to derive an expression of the form (15.57) and express the flexo-
electric coefficients ey and e3 to c1, ¢z and aeq = «/gS, where S is the Maier-Saupe
order parameter. Furthermore, compute the contribution to the electric polarization
which is proportional to the spatial derivative of aeq = V5S.

Hint: treat the components of P parallel and perpendicular to n separately.
With the recommended ansatz for a,,,, the right hand side of (15.56) becomes

3 [—
ciVyay, =,/ ECI [aeqnﬂvunv + gy Vony + nyn, Vuaeq] .

Likewise, the left hand side of (15.56) becomes

3 — 2 I 1 1
Suv + 5 C2deq Nyl dy={1+ 3€2deq d,+{1- 6 2% dirs

where d,ll = n,nyd, and dlf =d, — dP”L are the components parallel and perpendic-
ular to the director. The solution of (15.56) for d is

I 2 i > :
dy =1+ 3C20eq 51 deqVorty + §"”V”aeq ’
1 E !
leL_ = (1 — gczaeq) Ecl (aeql’lvV\)n/L - gvlJ‘:aeq) :

The resulting flexo-electric coefficients are

1
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2
e = Pref(l + \/;Czaeq) \/7610eq,
e3 = Pref( \/;cweq) \/jclaeq

For ¢ = 0 one has e¢; = e3.

—

Exercises Chapter 16

16.1 Nonlinear Electric Susceptibility in a Polar Material (p.302)
In a medium without hysteresis, the electric polarization P can be expanded in powers
of the electric field E, cf. (2.59), thus

2
P, =& (x,ﬁ‘JEu + X EEy + .. ) .
I _

The second rank tensor X,v = Xuv characterizes the linear susceptibility. The third

rank tensor X ;. describes the next higher order contributions to P. Consider a
material whose lsotropy is broken by a polar unit vector d. Formulate the expressions
for these tensors which are in accord with the symmetry and with parity conservation.
Treat the cases E parallel and perpendicular to d.

To conserve parity, even rank tensors must contain even powers of d, the third rank
tensor must be an odd function of d. The ansatz which fulfills the required proper-
ties is
X;(le) = X 5 ny +X12 d,udv )
2 1 L ——
X, = x2dudus + x* 5 Guvdi + 8u2dv) + x 2 dudody

with scalar coefficients x !°, ..., x%3. The resulting expression for P = P(D 4 P®
.. s

PO = xE, + %' dudy Eo,

PP = x2d, E* + x* Eudy Ey + x* dududy EVEs.

For E || d one has PV = (x!0 + 2x12)E and P® = (42 + x*' + x> E%d.
Similarly, theresultforE L disP") = (x10—1x2)Eand P@ = (x2°—1y2)E%d.
Here
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1
dyudydy EVE;, = dy(d-E) — [dMEZ +2E,d- E)]

was used, cf. (9.5).

16.2 Acoustic Birefringence (p.326)

Sound waves cause an alignment of non-spherical particles in fluids. The ensuing
birefringence is called acoustic birefringence. Use (16.74) to compute the sound-
induced alignment tensor for the velocity field v = vok 'k cos(k - r — wt) where k
and w are the wave vector and the frequency of the sound wave, vy is the amplitude.
Hint: Use the complex notation v, ~ expli(k - r — ot)] and a,, = a,, expli(k -
r — wt)] to solve the inhomogeneous relaxation equation. Discuss the meaning of
the real and imaginary parts of ayy.

With the recommended ansatz, (16.74) yields

(—iwTy + Dy = =i 2tapvok ™ kyky .

Consequently, the alignment is determined by

Ay = —iN2tapvok kuky o (),

where

1 1 +iwt,

o (@) = - .
@ = T =TT n)?

The real part of .o (w), corresponding to the imaginary part of a,,, describes the part
of the alignment which is in phase with the velocity gradient, i.e. it is proportional to
sin(k - r — wt). The imaginary part of .7 (») is linked with the part of the alignment
which is in phase with the velocity, i.e. it is proportional to cos(k - r — wt).

16.3 Diffusion of Perfectly Oriented Ellipsoids (p.337)
In the nematic phase, the flux j of diffusing particles with number density p obeys
the equation

Ju=-D,wVyp, Dy, = Dynyn, + D,y —nyny),
where D) and D are the diffusion coefficients for the flux parallel and perpendicular
to the director n.
Use the volume conserving affine transformation model for uniaxial particles, cf.
Sect.5.77.2, to derive

Dy = 0*’Dy, DL =0 Dy

for perfectly oriented ellipsoidal particles with axes ratio Q. Here Dy is the reference
diffusion coefficient of spherical particles.
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Furthermore, determine the anisotropy ratio R = (Dy — D)/(Dy + 2Dl)

the average diffusion coefficient D = —D|| + 3 D 1 and the geometric mean D=

D1/3D2/3

I Discuss the cases Q > 1 and Q < 1 for prolate and oblate particles.

The flux j transforms like the position vector, viz. j, = Ay oz A. The spatial
gradient in real space is linked with the nabla operator in afﬁne space according
oV, = AL VA,

From the dlffusion law in the affine space, jf = —Df‘K V{}p, where DkAK is the
diffusion tensor in that space, follows

—1/2

1/2 1/2 _
Jn= AL = —ALPDA VD = —A P DY AL PV,

Comparison with the diffusion law in real space and DfK = Dg &, implies

71/2

Dy = A, "D AL = AL Do.

For uniaxial particles with their symmetry axis parallel to the director, one has
At = 07 8+ (02 = D).

cf. (5.58). Here O = a/b is the axes ratio of an ellipsoid with the semi-axes a and
b = c. Thus the above mentioned result D = 0*3 Dy, D| = Q%3 Dy is obtained.
This implies

= (D) —D1)/(Dy+2D1) = (0* — 1)/(Q* +2),

and

_ 1
D= =D+

2 1
3 D, = §Q_2/3(Q2 +2) Dy,

3

for the ansotropy ratio R and for the average diffusion coefficient D. The geometric
mean diffusion coefficient D = Dl/ 3D2/ - Dy is independent of the axes ratio Q.

As expected intuitively, prolate partlcles with Q > 1 diffuse faster in the direction
parallel to m, since D|| > D |, in this case. For prolate particles, pertaining to Q < 1,
one has D < D, . There the diffusion along n is slower compared with the diffusion
in a direction perpendicular to n. The anisotropy ratio R is positive for prolate and
negative for oblate particles.
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Exercises Chapter 17

17.1 Components of a Uniaxial Alignment (p.359)

Consider a uniaxial alignment given by a,, = /3/2a nyn, . Determine the com-
ponents a;i in terms of the polar coordinates 9 and ¢. Use ny = sinv cosg,
ny = sin¥sing, n, = cos¥. Consider the special cases ¥ = 0,45,90° and
cos? ¥ = 1/3.

By definition, the components are a; = T/iwalw. Thus, due to (17.20), one finds

1

1 1
§)’ a; = Eﬁa sin? ¥ cos(2p), az = E«/ga sin” & sin(2¢),

3( 2.9
ap = a—(Cos -
0= %
1 . 1 . .
az = zﬁa sin2¥) cos @, ag = Eﬁa sin(2%) sin @.

For ¢ = 0, one has ap = a, a; = a» = a3z = a4 = 0, as expected. The result for
9 =90°is ap = —a/2, a1 = 33/3acos(2¢), as = 1v/3asin2p), a3 = as = 0.
For @ = 45°, one has cos?® = sin?® = 1/2, and a9 = a/4, a =
%«/ga cos(2p), ap = 1./3a sin(2¢), az = 1 /3a cos 0, a4 = %«/ga sin ¢.
For the case cos> 1 = 1/3, corresponding to ¥ ~ 55°, the components are ag = 0,
a) = %\/ga cos(2p), ar = lﬁa sin(2¢), az = %\/Ea CoS @, aq = %\/Ga sin ¢.

17.2 Stability against Biaxial Distortions (p.362)
Compute the relaxation frequencies vV and v for biaxial distortions day, =
T;v(Sal and day, = Tiv8a3 from the relevant relations given in Sect. 17.2.4.

Solve the full nonlinear relaxation equation for az with ay = a, = a4 = 0 and
ap = deq.

The expressions given in Sect. 17.2.4 yield
vD =9 4+ 6aeq + 2aezq = 9deq.

For all temperatures ¢ < 9/8, this relaxation frequency is positive and the stationary
nematic state is stable against biaxial distortions of this type described by day, the
same applies for §ay. On the other hand, one finds

v® = — 3aeq + Zagq =0.

The last equality follows from the equilibrium condition. Thus the nematic state has
just marginal stability against biaxial distortions of the type daz and also das. In
this case the nonlinear equation for a3 has to be studied. From (17.28) with (17.29)
follows

das

— + 2a§’ =
dt
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Separation of variables yields a5 2(t) —az 2(to) = 4(t — t9) and, with ty = 0,

a3(0)

V1 + 4a3(0)2

Still, the distortion relaxes to zero, but it is a non-exponential decay with az(t) ~
t=1/2 for long times.

az(t) =

Exercises Chapter 18

18.1 Doppler Effect (p.378)

Let wg be the circular frequency of the electromagnetic radiation in a system which
moves with velocity v = ve* with respect to the observer, who records the frequency
w. Determine the Doppler-shift S = wy— w for the two cases where the wave vector
of the radiation is parallel (longitudinal effect) and perpendicular (transverse effect)
to the velocity, respectively.

The Lorentz transformation rule (18.16) implies
(Nx =y ks — po), Ky =ky, (k') =k;, o' =y(w—vks). (A.16)

When k is parallel or anti-parallel to the velocity, one has kx = *w/c and conse-
quently

w = w1 - B2/(1 T B).

The longitudinal relative Doppler shift is

(@ —wo)Jwy =+/1—B2/AFB) — 1~ LB +..., (A.17)

where ... stands for terms of second and higher order in § = v/c. The % signs
indicate: the frequency is enhanced when the light source is approaching the observer,
when it is moving away, the frequency is lowered.

When the velocity is perpendicular to the direction of observation, one has kx = 0.
Then the transverse relative Doppler shift is

(w—wo)/w():,/l—ﬁm%ﬁ%r..., (A.18)

where now . .. stands for terms of fourth and higher order in .
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18.2 Derivation of the Inhomogeneous Maxwell Equations from the Lagrange

Density (p.386)
Point of departure is the variational principle (18.72), viz.

8.9 = / §.Ld*x =0,

with the Lagrange density (18.70). It is understood that the variation of . is brought
about by a variation §@ of the 4-potential. Thus

8.8 =~ (JiSQﬁi + LF”‘(SFik) :
210
with
SFx = 8P; — 0;6Px,
cf. (18.55). Due to F’* = —FX one has
FR§Fy = 2F %38,

Integration by parts and §&; = 0 at the surface of the 4D integration range, leads to

. 1 .
8. = —/5 (]‘ - —BkF‘k) sdid*x = 0. (A.19)
Ko

The 4D integration volume is arbitrary. Thus the integrand has to vanish and one
obtains (18.73), viz.

Jh= (po) o Fk.
This relation corresponds to the inhomogeneous Maxwell equation (18.62) for fields

in vacuum, where Fik = woH ik holds true.

18.3 Derive the 4D Stress Tensor (p.388)

The force density fi = Ji FX cf. (18.74), can be rewritten with help of the inhomo-
geneous Maxwell equation (18.62). Where necessary, co- and contra-variant com-
ponents are interchanged with the help of the metric tensor. The first few steps of the
calculation are

= 0PN = g 'Y = gitm H™ PN = gy im H™ g™ g™ Fiy.

Due to gk gkk, = §g and with the renaming i — k of the summation indices, one
finds

1= 8" FoxomH"™ = 0 (g™ FucH'™) — g™ H'™ s Firc.
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The second term is related to the derivative of the energy density u. This is seen

as follows. Renaming the summation indices £m — m# and using H‘™ = —H™¢,
Fk = — Fim leads to H™ 8, Fpe = H'™ 3y Fim and consequently

1
H ™ Foc = 2 H'™ (0 Foc + ¢ Fim)-
Due to the homogeneous Maxwell equation (18.58), this expression is equal to
fm 1 fm 1 {m
H" 0o Frx = _EH ok Frne = EH Ok Fom.
For the special case of a linear medium where H‘™ ~ Fy, applies, one has
1
H ™0 Fox = 2 0 ("™ Fem),

and this then leads to the expression (18.77) for the 4D stress tensor.

18.4 Flatlanders Invent the Third Dimension and Formulate their Maxwell
Equations (p.388)

The flatlanders of Exercise 7.3 noticed, they can introduce contra- and contra-variant
vectors

xiz(rlsr2vct)v xi:(_rlv_r2a6t)'

With the Einstein summation convention for the three Roman indices, the scalar
product of their 3-vectors is

xix = —(rl2 + r22) + 2 = -t 4 22

They use the differential operator
a a 9
d=\=—7=7=)
ory drp odct

J'= (1, josep), @' = (A1, Az, p/c)

and form the 3-vectors

from their current and charge densities and their vector and scalar potentials.
How are the relations

B =01A> — A, Ei=—0¢p—0A/0t, i=1,2,
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which are equivalent to the homogeneous Maxwell equations, cast into the pertaining
three-dimensional form? Introduce a three-by-three field tensor Fyj and formulate
their homogeneous Maxwell equations. How about the inhomogeneous Maxwell
equations in flatland?

The antisymmetric field tensor is defined by
Fix :== 0k ®; — 0i®x, i,k=1,2,3.

In matrix notation, it reads

0 B lE
Fiy = —B 0 %Ez
1 1
—<E —2Ey O

From the definition of the field tensor follows
01F23 + 02F31 + 03F12 = 0.
This Jacobi identity corresponds to

0B

0Ey—hE =——,
ot

The two-dimensional D-field and the H-field tensor are combined in the tensor

0 H c¢D;
Hiy = —-H 0 c¢cDp|. (A.20)
—cDy —cDy 0

The inhomogeneous Maxwell equations are equivalent to
aH* = Ji.
The case i = 3 corresponds to
01Dy + 0Dy = p.
The casesi = 1 and i = 2 are
0H=j+0dDy/ot, —01H = jo+03dD>/0t.
Also in flatland, constitutive relations are needed to close the Maxwell equations.

In vacuum and in a linear medium, the linear relation Hjx ~ Fix applies. This
corresponds to D; ~ Ej, i = 1,2 and H ~ B.
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Barnett effect, 321
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Bend deformations, 285
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Biaxial distortions, 361
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Biaxial tensor, 58
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Blue phase liquid crystals, 290
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Boltzmann equation, 318, 327
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Boundary conditions, 177, 368
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Bulk modulus, 306

Bulk viscosity, 333
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Cartesian coordinate system, 11
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Center of mass, 132

Central force, 44, 83
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Cholesteric liquid crystal, 274, 287

Cholesterics, 290

Circular frequency, 102

Clebsch-Gordan tensors, 191

Clesch-Gordan coefficients, 256

Closed curve, 112

Co-rotational Maxwell model, 330

Co-rotational time derivative, 330

Collision frequency, 319

Collision integrals, 319

Collisional broadening, 356

Colloidal dispersions, 332

Commutation relation, 106, 239

Complex viscosity coefficients, 315

Component equations, 359

Component notation, 13

Conductivity coefficients, 268

Conductivity tensor, 267

Configurational canonical average, 309

Configurational partition integral, 309

Confocal microscopy, 229

Conservation of mass, 97, 140

Constitutive laws, 344

Constitutive relations, 299

Continuity equation, 97, 100, 140, 381

Contra- and co-variant components, 15

Contraction, 157

Contraction number, 307

Contraction of tensors, 35

Convected Maxwell model, 330

Convective transport, 97

Conventional classification of vector fields,
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Cotton-Mouton effect, 208

Couette flow, 315

Couette flow geometry, 229

Coulomb energy, 145

Coulomb force, 139

Coupling tensors, 191

Creeping flow approximation, 178

Cross-correlation functions, 352

Cross effect, 325

Cross product, 41

Cubatics, 291

Cubic crystals, 161, 292, 308

Cubic harmonic, 162

Cubic order parameter, 291

Cubic symmetry, 161, 231, 307

Curie Principle, 300

Curl, 89

Curve integral, 112

Curve integral of a vector field, 114

Cylinder coordinates, 130

Index

Cylinder mantle, 118, 122
Cylindrical geometry, 78, 82

D

d’Alembert operator, 101
Decomposition, 75

Deformation, 304

Deformation rate, 227

Deformation tensor, 304, 305
Depolarized Rayleigh light scattering, 253
Depolarized Rayleigh scattering, 354
Depolarized scattering, 354
Descending multipole potentials, 163
Determinant, 47, 380

Deviatoric part, 89

Diagonal operators, 252
Diamagnetic gases, 318

Dicke narrowing, 357

Dielectric permeability, 98

Dielectric tensor, 63, 145, 148, 255, 302
Differential change, 79

Differential operator, 189
Diffusional broadening, 356
Diffusion coefficient, 218

Diffusion length, 349

Diffusion tensor, 337

Dipolar orientation, 206

Dipolar symmetry, 171

Dipole moment, 169, 171

Dipole potential, 164
Dipole—quadrupole interactions, 177
Dipole transition matrix elements, 236
Director elasticity, 285

Disc-like particles, 347

Discotic nematic, 274

Dispersion relation, 102

Divergence, 89

Divergence-free, 91

Doi-Hess-theory, 343

Doi-theory, 343

Doppler broadening, 356

Double refraction, 63

Double twist structure, 275

Dual relation, 40

Dual tensor, 379

Dyad, 37

Dyadic, 37

Dyadic tensor, 37

Dynamic states, 362

Dynamics of the alignment tensor, 362
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E

Effective mass, 375

Effective shear viscosity, 315
Eigenvalues, 56

Einstein summation convention, 370
Elastic behavior, 284

Elastic modulus tensor, 310

Elastic properties, 304

Elastic turbulence, 368

Electric and magnetic torques, 64
Electric dipole transitions, 236
Electric displacement field, 63, 98
Electric field, 63, 98

Electric polarization, 99, 174, 204, 301
Electric quadupole transitions, 237
Electrodynamic 4-potential, 381
Electrodynamics, 98, 99, 138
Electromagnetic potential functions, 102
Electromagnetic waves, 101
Electro-optic Kerr effect, 209
Electroscalar potential, 102
Electrostatic energy, 174
Electrostatic force density, 146
Electrostatic potential, 168, 170
Electrostatics, 94, 145

Electrostatic stress tensor, 146
Ellipsoid, 66

Ellipsoidal particles, 335

Ellipsoids of revolution, 336
Embedded atom method, 312
Energetic coupling, 294

Energy balance, 147

Energy density, 146

Energy flux density, 147, 151
Energy principle, 302

Entropy production, 302, 313, 320, 323, 344
Epsilon-tensor, 47

Equal potential surfaces, 78
Equation of motion, 80

Equilibrium average, 214
Ericksen-Leslie coefficients, 347
Expansion, 225

Expansion coefficients, 203, 220
Expansion functions, 215

Extended irreversiblet thermodynamics, 327
Extensional viscosity, 331

F

Faraday induction, 101, 129
Ferro-fluids, 314, 332
Field, 77

Field tensor, 382
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Field-induced orientation, 205
Flexo-electric effect, 296

Flow alignment, 337, 343

Flow alignment angle, 338

Flow birefringence, 322
Fluctuations, 351

Flux density, 140, 381

Flux of a vector field, 123
Fokker-Planck equation, 210
Fokker-Planck relaxation operator, 217
Force, 79, 175

Force balance, 144

Force density, 143, 386
Four-dimensional vectors, 370
Four-field formulation, 98
Fourier-Laplace transform, 353
Fourth rank projection tensors, 36, 263
Fourth rank rotation tensor, 264
Frank elasticity coefficients, 285
Frank-Oseen elasticity, 285

Free currents, 99

Free energy, 309

Free flow of nematics, 337
Frequency dependent viscosity, 326
Frictional torque, 339

Friction force, 178

Friction pressure tensor, 177, 220

G

Galilei transformation, 372

Gases of rotating molecules, 324
Gauss law, 100, 139

Gauss theorem, 136

Generalized cross product, 187
Generalized Fokker-Planck equation, 338
Generalized Gauss theorem, 136
Generalized Legendre polynomial, 196
Generalized Stokes law, 124
Geometric interpretation, 65

Gibbs relation, 292

Gradient, 79

Graphical representation, 95
Green-Kubo relation, 335
Gyromagnetic factor, 318

H

Hall-effect, 268
Hamilton-Cayley, 241, 260
Hamilton-Cayley theorem, 71
Head-tail symmetry, 274, 277
Hear deformations, 305
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Heat conductivity, 337

Heat flux vector, 220

Heat-flow birefringence, 326
Heisenberg picture, 244

Helfrich viscosity, 316

Helfrich viscosity coefficient, 334
Helical axis, 274

Hermitian operator, 107
Hexadecapole moment, 172

High frequency shear modulus, 310
High temperature approximation, 206
High temperature expansion, 205
Homgeneous field, 84, 89
Homogeneous Maxwell equations, 98, 383
Homogeneous vector field, 92, 115
Hooke’s law, 305

Hydrostatic pressure, 97
Hysteresis-free medium, 148

|

Incompressible flow, 141
Infinitesimal rotation, 262
Inhomogeneous Maxwell equations, 98, 384
Integrability condition, 91
Integration by parts, 140

Interaction potential, 196
Intermittent states, 364

Internal angular momentum, 98, 320
Internal field, 340

Internal force density, 142

Internal rotational degree of freedom, 98
Invariance condition, 369

Inverse transformation, 18
Irreducible, 55

Irreducible tensor, 155, 186
Irreversible processes, 301
Irreversible thermodynamics, 303
Isotropic fluid, 314

Isotropic linear medium, 149
Isotropic part, 34

Isotropic phase transition, 279
Isotropic system, 306

Isotropic tensor, 56, 183

J

Janus spheres, 197
Jaumann-Maxwell model, 330
Johnson-Segalman model, 330

K
Kayaking tumbling, 363

Index

Kayaking wagging, 363

Kerr effect, 208

Kinetic energy, 108, 375

Kinetic energy operator, 108

Kinetic equation, 216, 227
Kirkwood-Smoluchowski equation, 228
Kronecker symbol, 15

L

Lagrange density, 385

Landau-de Gennes potential, 343

Landau-de Gennes theory, 279

Laplace equation, 93, 163

Laplace fields, 93

Legendre polynomial, 157, 172

Leslie viscosity coefficients, 333, 334

Levi-Civita tensor, 47, 378

Line integral, 111, 113

Linear mapping, 25, 66

Linear medium, 146

Linear molecules, 60

Linear momentum density, 97, 142

Linear momentum of the electromagnetic
field, 151

Linear momentum operator, 107

Linear relation, 24, 27

Linear rotator, 250

Linear transformations, 16

Linearly increasing field, 85, 89

Liquid crystals, 273

Local momentum conservation equation,
143

Log-rolling, 363

Lorentz field approximation, 204

Lorentz force, 45, 314

Lorentz invariance, 104, 371

Lorentz invariant, 374

Lorentz scalar, 373

Lorentz scaling, 381

Lorentz tensor, 373

Lorentz transformation, 372

Lorentz vector, 373

Lyotropic liquid crystal, 274

M

Magnetic field, 98, 127
Magnetic field tensors, 103
Magnetic induction, 98
Magnetic moment, 241
Magnetic permeability, 148
Magnetic quantum numbers, 241
Magnetic susceptibility, 98
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Magnetic vector potential, 102
Magnetization, 99

Maier-Saupe distribution function, 340
Maier-Saupe mean field theory, 283
Maier-Saupe order parameter, 279
Main director, 362

Mapping, 73

Material coefficients, 299

Maxwell coefficient, 322

Maxwell distribution, 213

Maxwell effect, 322

Maxwell model, 326

Maxwell relaxation time, 228, 326
Maxwell stress tensor, 387
Maxwell’s thermal pressure, 221
Mean free path, 356

Miesowicz viscosities, 316
Miesowicz viscosity coefficients, 333
Model parameters, 349

Molecular polarizability tensor, 63
Moment equation, 217, 341

Moment of inertia, 52

Moment of inertia tensor, 52, 60, 134
Moments of the distribution function, 203
Momentum balance, 151

Momentum conservation equation, 97
Momentum flux density, 151
Monopole function, 166

Multipole moment tensors, 171
Multipole—multipole interaction, 176
Multipole potential, 163, 165
Multipole potential tensors, 164

N

Nabla operator, 79, 105

Navier-Stokes equations, 98

Nematic, 274

Nematic liquid crystal, 273, 332

Nematic phase transition, 279

Newton, 80

Newtonian viscosity, 331

Non-diagonal tensor operators, 255

Non-equilibrium alignment, 303

Non-Equilibrium  Molecular  Dynamics
(NEMD), 229, 322, 335

Non-Newtonian viscosity, 329

Non-Newtonian viscosity coefficient, 346

Non-orthogonal basis, 15

Non-spherical particles, 327

Nonlinear dynamics, 364

Nonlinear Maxwell model, 365

Nonlinear viscosity, 328
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Normal pressure differences, 316, 329
Normal pressure gradient, 317

(0]

Octahedron, 172

Octupole moment, 170, 171

Octupole potential, 164

Oersted law, 101

Ohm’s law, 267

Onsager relation, 333

Onsager symmetry relation, 303, 323
Onsager-Casimir symmetry relation, 303
Onsager-Parodi relation, 334

Orbital angular momentum, 43, 97
Orbital angular momentum operator, 190
Order parameter tensor, 203, 277
Orientational average, 200
Orientational distribution function, 202
Orientational entropy, 209
Orientational fluctuations, 354
Ortho-normalization relation, 358
Orthogonal basis, 14

Orthogonal matrix, 20

Orthogonal transformation, 19
Orthogonality relation, 19

Out of plane solutions, 364

P

Pair-correlation function, 222
Paramagnetic gases, 318
Parameter representation, 112
Parameter representation of surfaces, 117
Parity, 25, 300

Parity operation, 25

Path integral, 112

Pauli matrices, 239

Peculiar velocity, 218

Period doubling, 364
Permanent dipoles, 174

Phase transition, 343

Planar biaxial, 69

Planar geometry, 78, 82

Planar squeeze-stretch field, 86
Plane, 118, 121

Plane Couette symmetry, 329
Poiseuille flow, 316

Poisson equation, 91, 165
Polar coordinates, 14
Polarizability, 173

Polarized scattering, 353
Pole—dipole interaction energies, 176
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Pole—pole interaction energies, 176
Pole—quadrupole interaction energies, 176
Polymer coils, 321

Polymeric liquids, 346

Position vector, 11

Potential energy, 223

Potential of a vector field, 114
Potentials, 78

Power density, 386

Poynting vector, 147
Pre-transitional increase, 341
Precession frequency, 319
Pressure broadening, 356
Pressure tensor, 97, 142, 224
Principal axes representation, 56
Principal values, 56

Principle of Archimedes, 143
Projection operator, 241
Projection tensor, 36, 260, 268
Proper rotation, 21

Proper time, 374

Q

Quadruple product, 72

Quadrupole moment, 169, 171

Quadrupole potential, 164

Quadrupole—quadrupole interactions, 177

Quantization axis, 161

Quantum mechanical angular momentum
operator, 106

R

Radial and angular parts, 105
Radial and cylindrical fields, 85, 90
Radial component, 30
Radius of gyration tensor, 62
Rayleigh expansion, 233
Rayleigh scattering, 353
Reciprocal effect, 325
Reciprocal relations, 303
Recursion relation, 194
Reduced mass, 81

Regular tetrahedra, 293
Relaxation coefficients, 211
Relaxation time, 211
Relaxation time approximation, 228
Rheochaos, 365

Rheological behavior, 365
Rheological properties, 328
Rheology, 328
Richtungs-Quantelung, 241
Rod-like particles, 347

Index

Rotated coordinate system, 24
Rotation, 89

Rotation axis, 134

Rotation tensor, 260

Rotational damping, 339

Rotational eigenstates, 251

Rotational quantum numbers, 253
Rotational Raman scattering, 256, 354
Rotational velocity, 320

Route to chaos, 364

S

Scalar fields, 78, 113

Scalar invariants, 69, 195

Scalar product, 13

Scaled variables, 347

Scattering wave vector, 224
Schrodinger equation, 234

Screw curve, 45

Second law of thermodynamics, 301
Second rank alignment tensor, 277, 341
Selection rules, 236
Senftleben-Beenakker effect, 318
Shape parameter, 339

Shear flow, 343, 362

Shear-flow induced distortion, 227
Shear modulus, 306

Shear rate tensor, 227

Shear thickening, 346

Shear thinning, 330, 346

Shear viscosity, 98, 177, 333
Shear viscosity tensor, 313
Shilnikov bifurcation, 368
Simple shear field, 87

Simple shear flow, 87, 90
Smectic, 274

Smectic A, 276

Smectic B, 276

Smectic C, 276

Smectic liquid crystals, 276
Solid body, 304

Solid-like rotation, 87

Solid-like rotational flow, 92
Sonine polynomials, 215

Source free, 89

Spatial Fourier transform, 352
Spatially inhomogeneous alignment, 349
Special relativity, 374

Spectral functions, 353

Speed of light, 370

Spherical Bessel functions, 233
Spherical components, 158, 262
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Spherical geometry, 79
Spherical harmonic, 160, 165
Spherical symmetry, 83
Spherical tensor operators, 255
Spherical top molecules, 61
Spherical unit vectors, 158
Spin, 239

Spin averages, 247

Spin density, 98

Spin density matrix, 247

Spin density operator, 247
Spin matrices, 240

Spin operator, 239

Spin particles, 321

Spin tensors, 246

Spin traces, 245

Splay deformations, 285
Spontaneous birefringence, 275
Stability, 360

Static structure factor, 224
Stick-slip parameter, 367
Stokes force, 178

Stokes law, 124

Strain tensor, 305

Streaming double refraction, 322
Stress differences, 329

Stress tensor, 151

Substantial time derivative, 141
Summation convention, 12
Surface area, 67

Surface integrals, 120

Surface of a sphere, 119, 122
Susceptibility tensors, 27

Symmetric and antisymmetric parts, 33

Symmetric dyadic tensor, 59
Symmetric part, 33

Symmetric tensor, 55
Symmetric top molecules, 61
Symmetric traceless, 55
Symmetric traceless part, 34
Symmetric traceless tensor, 155
Symmetry, 300

Symmetry adapted ansatz, 324, 331

Symmetry adapted states, 362
Symmetry breaking, 300
Symmetry breaking states, 363
Symmetry relation, 352

T
Tangential component, 30
Tensor divergence, 96
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Tensor polarization, 249

Tensor polarizations, 237

Tensor product, 192

Tetradics, 290

Tetrahedral symmetry, 291
Thermal equilibrium, 97
Thermodynamic fluxes, 303
Thermodynamic forces, 303
Thermotropic liquid crystal, 274
Third-order scalar invariant, 359
Thirteen moments approximation, 221
Time-correlation functions, 352
Time derivatives, 28

Time reversal, 30

Time reversal behavior, 301
Torque, 43, 176

Torque density, 152

Torque on a rotating solid body, 144
Trace of the tensor, 34

Trajectory, 29

Transformation behavior, 384
Transformation matrix, 22
Translation, 16
Transport-relaxation equations, 318
Transverse pressure gradient, 317
Transverse viscosity, 317
Transverse viscosity coefficients, 315
Transverse wave, 101

Triple product, 72

Trouton viscosity, 331

Tumbling, 363

Tumbling parameter, 338, 348
Turbulence, 329

Twist deformations, 285

Twist viscosity coefficient, 333
Two-particle density, 222

Typical for hydrodynamics, 178

U

Uniaxial ellipsoid, 73

Uniaxial extensional or compressional flow,
330

Uniaxial non-spherical particles, 196

Uniaxial squeeze-stretch field, 86

Uniaxial tensor, 57

Unified theory, 343

Unit vector, 13

A\

Van der Waals interaction, 177
Variational principle, 286, 385
Vector field, 84, 114
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Vector polarization, 249

Vector potential, 91

Vector product, 41

Velocity, 29

Velocity distribution function, 212
Visco-elasticity, 326
Viscometric functions, 329, 346
Viscous behavior, 313

Viscous fluid, 178

Viscous properties, 343

Voigt elasticity coefficients, 306
Volume, 67

Volume integrals, 129

Volume viscosity, 98, 313
Vortex, 89

Vorticity field, 87
Vorticity free flow, 330

W

Wagging, 363
Waldmann-Snider equation, 318
Wave equation, 101, 384

‘Wave mechanics, 107

Wave vector, 102, 352

Y
Yield stress, 367
Young elastic modulus, 307
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