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10 all those teachers pursuing a mathematical mindset journey with us.



Introduction

I still remember the moment when Youcubed, the Stanford center I direct, was
conceived. I was at the Denver NCSM and NCTM conferences in 2013, and I had
arranged to meet Cathy Williams, the director of mathematics for Vista Unified
School District. Cathy and I had been working together for the past year improv-
ing mathematics teaching in her district. We had witnessed amazing changes taking
place, and a filmmaker had documented some of the work. I had recently released
my online teacher course, called How to Learn Math, and been overwhelmed by
requests from tens of thousands of teachers to provide them with more of the same
ideas. Cathy and I decided to create a website and use it to continue sharing the ideas
we had used in her district and that I had shared in my online class. Soon after we
started sharing ideas on the Youcubed website, we were invited to become a Stanford
University center, and Cathy became the codirector of the center with me.

In the months that followed, with the help of one of my undergraduates,
Montse Cordero, our first version of youcubed.org was launched. By January 2015,
we had managed to raise some money and hire engineers, and we launched a revised
version of the site that is close to the site you may know today. We were very excited
that in the first month of that relaunch, we had five thousand visits to the site. At
the time of writing this, we are now getting three million visits to the site each
month. Teachers are excited to learn about the new research and to take the tools,
videos, and activities that translate research ideas into practice and use them in their

teaching.
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Low-Floor, High-Ceiling Tasks

One of the most popular articles on our website is called “Fluency without Fear” I
wrote this with Cathy when I heard from many teachers that they were being made
to use timed tests in the elementary grades. At the same time, new brain science

was emerging showing that when people feel stressed—as students do when facing
a timed test—part of their brain, the working memory, is restricted. The working
memory is exactly the area of the brain that comes into play when students need to
calculate with math facts, and this is the exact area that is impeded when students are
stressed. We have evidence now that suggests strongly that timed math tests in the
carly grades are responsible for the early onset of math anxiety for many students. I
teach an undergraduate class at Stanford, and many of the undergraduates are math
traumatized. When I ask them what happened to cause this, almost all of them will
recall, with startling clarity, the time in elementary school when they were given
timed tests. We are really pleased that “Fluency without Fear” has now been used
across the United States to pull timed tests out of school districts. It has been down-
loaded many thousands of times and used in state and national hearings.

One of the reasons for the amazing success of the paper is that it does not just
share the brain science on the damage of timed tests but also offers an alternative
to timed tests: activities that teach math facts conceptually and through activities
that students and teachers enjoy. One of the activities—a game called How Close to
100—became so popular that thousands of teachers tweeted photos of their stu-
dents playing the game. There was so much attention on Twitter and other media
that Stanford noticed and decided to write a news story on the damage of speed to
mathematics learning. This was picked up by news outlets across the United States,
including US News & World Report, which is part of the reason the white paper has
now had so many downloads and so much impact. Teachers themselves caused this
mini revolution by spreading news of the activities and research.

How Close to 100 is just one of many tasks we have on youcubed.org that are
extremely popular with teachers and students. All our tasks have the feature of being
“low floor and high ceiling,” which I consider to be an extremely important quality
for engaging all students in a class. If you are teaching only one student, then a math-
ematics task can be fairly narrow in terms of its content and difficulty. But whenever
you have a group of students, there will be differences in their needs, and they will be
challenged by different ideas. A low-floor, high-ceiling task is one in which everyone

can engage, no matter what his or her prior understanding or knowledge, but also
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one that is open enough to extend to high levels, so that all students can be deeply
challenged. In the last two years, we have launched an introductory week of mathe-
matics lessons on our site that are open, visual, and low floor, high ceiling. These have
been extremely popular with teachers; they have had approximately four million
downloads and are used in 20% of schools across the United States.

In our extensive work with teachers around the United States, we are continu-
ally asked for more tasks that are like those on our website. Most textbook publishers
seem to ignore or be unaware of research on mathematics learning, and most text-
book questions are narrow and insufficiently engaging for students. It is imperative
that the new knowledge of the ways our brains learn mathematics is incorporated
into the lessons students are given in classrooms. It is for this reason that we chose to
write a series of books that are organized around a principle of active student engage-
ment, that reflect the latest brain science on learning, and that include activities that

are low floor and high ceiling.

Youcubed Summer Camp

We recently brought 81 students onto the Stanford campus for a Youcubed summer
math camp, to teach them in the ways that are encouraged in this book. We used
open, creative, and visual math tasks. After only 18 lessons with us, the students im-
proved their test score performance by an average of 50%, the equivalent of 1.6 years
of school. More important, they changed their relationship with mathematics and
started believing in their own potential. They did this, in part, because we talked to

them about the brain science showing that

o  There is no such thing as a math person—anyone can learn mathematics to
high levels.

e Mistakes, struggle, and challenge are critical for brain growth.

e Speed is unimportant in mathematics.

e Mathematics is a visual and beautiful subject, and our brains want to think

visually about mathematics.

All of these messages were key to the students’ changed mathematics relation-
ship, but just as critical were the tasks we worked on in class. The tasks and the
messages about the brain were perfect complements to each other, as we told stu-

dents they could learn anything, and we showed them a mathematics that was open,
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creative, and engaging. This approach helped them see that they could learn math-
ematics and actually do so. This book shares the kinds of tasks that we used in our
summer camp, that make up our week of inspirational mathematics (WIM) lessons,
and that we post on our site.

Before I outline and introduce the different sections of the book and the ways
we are choosing to engage students, I will share some important ideas about how

students learn mathematics.

Memorization versus Conceptual Engagement

Many students get the wrong idea about mathematics—exactly the wrong idea.
Through years of mathematics classes, many students come to believe that their role
in mathematics learning is to memorize methods and facts, and that mathematics
success comes from memorization. I say this is exactly the wrong idea because there
is actually very little to remember in mathematics. The subject is made up of a few
big, linked ideas, and students who are successful in mathematics are those who
see the subject as a set of ideas that they need to think deeply about. The Program
for International Student Assessment (PISA) tests are international assessments of
mathematics, reading, and science that are given every three years. In 2012, PISA not
only assessed mathematics achievement but also collected data on students” approach
to mathematics. I worked with the PISA team in Paris at the Organisation for Eco-
nomic Co-operation and Development (OECD) to analyze students’ mathematics
approaches and their relationship to achievement. One clear result emerged from
this analysis. Students approached mathematics in three distinct ways. One group
approached mathematics by attempting to memorize the methods they had met; an-
other group took a “relational” approach, relating new concepts to those they already
knew; and a third group took a self-monitoring approach, thinking about what they
knew and needed to know.

In every country, the memorizers were the lowest-achieving students, and
countries with high numbers of memorizers were all lower achieving. In no coun-
try were memorizers in the highest-achieving group, and in some high-achieving
countries such as Japan, students who combined self-monitoring and relational
strategies outscored memorizing students by more than a year’s worth of school-
ing. More detail on this finding is given in this Scientific American Mind article that
I coauthored with a PISA analyst: https://www.scientificamerican.com/article/
why-math-education-in-the-u-s-doesn-t-add-up/.

4 Mindset Mathematics, Grade 5


https://www.scientifi camerican.com/article/why-math-education-in-the-u-s-doesn-t-add-up/
https://www.scientifi camerican.com/article/why-math-education-in-the-u-s-doesn-t-add-up/

Mathematics is a conceptual subject, and it is important for students to be
thinking slowly, deeply, and conceptually about mathematical ideas, not racing
through methods that they try to memorize. One reason that students need to think
conceptually has to do with the ways the brain processes mathematics. When we
learn new mathematical ideas, they take up a large space in our brain as the brain
works out where they fit and what they connect with. But with time, as we move on
with our understanding, the knowledge becomes compressed in the brain, taking up
avery small space. For first graders, the idea of addition takes up a large space in their
brains as they think about how it works and what it means, but for adults the idea of
addition is compressed, and it takes up a small space. When adults are asked to add
2 and 3, for example, they can quickly and easily extract the compressed knowledge.
William Thurston (1990), a mathematician who won the Field’s Medal—the highest

honor in mathematics—explains compression like this:

Mathematics is amazingly compressible: you may struggle a long time, step by
step, to work through the same process or idea from several approaches. But once
you really understand it and have the mental perspective to see it as a whole, there
is often a tremendous mental compression. You can file it away, recall it quickly
and completely when you need it, and use it as just one step in some other men-
tal process. The insight that goes with this compression is one of the real joys of

mathematics.

You will probably agree with me that not many students think of mathematics
as a “real joy,” and part of the reason is that they are not compressing mathematical
ideas in their brain. This is because the brain only compresses concepts, not methods.
So if students are thinking that mathematics is a set of methods to memorize, they
are on the wrong pathway, and it is critical that we change that. It is very important
that students think deeply and conceptually about ideas. We provide the activities in
this book that will allow students to think deeply and conceptually, and an essential
role of the teacher is to give the students time to do so.

Mathematical Thinking, Reasoning, and Convincing

When we worked with our Youcubed camp students, we gave each of them journals
to record their mathematical thinking. I am a big fan of journaling—for myself and
my students. For mathematics students, it helps show them that mathematics is a

subject for which we should record ideas and pictures. We can use journaling to

Introduction 5



encourage students to keep organized records, which is another important part of
mathematics, and help them understand that mathematical thinking can be a long
and slow process. Journals also give students free space—where they can be creative,
share ideas, and feel ownership of their work. We did not write in the students’
journals, as we wanted them to think of the journals as their space, not something
that teachers wrote on. We gave students feedback on sticky notes that we stuck onto
their work. The images in Figure I.1 show some of the mathematical records the
camp students kept in their journals.

Another resource I always share with learners is the act of color coding—that
is, students using colors to highlight different ideas. For example, when working on
an algebraic task, they may show the x in the same color in an expression, in a graph,
and in a picture, as shown in Figure I.2. When adding numbers, color coding may
help show the addends (Figure 1.3).

Color coding highlights connections, which are a really critical part of
mathematics.
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Another important part of mathematics is the act of reasoning—explaining
why methods are chosen and how steps are linked, and using logic to connect ideas.
Reasoning is at the heart of mathematics. Scientists prove ideas by finding more
cases that fit a theory, or countercases that contradict a theory, but mathematicians
prove their work by reasoning. If students are not reasoning, then they are not really
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doing mathematics. In the activities of these books, we suggest a framework that
encourages students to be convincing when they reason. We tell them that there are
three levels of being convincing. The first, or easiest, level is to convince yourself of
something. A higher level is to convince a friend. And the highest level of all is to
convince a skeptic. We also share with students that they should be skeptics with one
another, asking one another why methods were chosen and how they work. We have
found this framework to be very powerful with students; they enjoy being skeptics,
pushing each other to deeper levels of reasoning, and it encourages students to rea-
son clearly, which is important for their learning.

We start each book in our series with an activity that invites students to reason
about mathematics and be convincing. I first met an activity like this when reading
Mark Driscoll’s teaching ideas in his book Fostering Algebraic Thinking. 1 thought
it was a perfect activity for introducing the skeptics framework that I had learned
from a wonderful teacher, Cathy Humphreys. She had learned about and adapted
the framework from two of my inspirational teachers from England: mathemati-
cian John Mason and mathematics educator Leone Burton. As well as encouraging
students to be convincing, in a number of activities we ask students to prove an idea.
Some people think of proof as a formal set of steps that they learned in geometry
class. But the act of proving is really about connecting ideas, and as students en-
ter the learning journey of proving, it is worthwhile celebrating their steps toward
formal proof. Mathematician Paul Lockhart (2012) rejects the idea that proving is
about following a set of formal steps, instead proposing that proving is “abstract art,
pure and simple. And art is always a struggle. There is no systematic way of creat-
ing beautiful and meaningful paintings or sculptures, and there is also no method
for producing beautiful and meaningful mathematical arguments” (p. 8). Instead of
suggesting that students follow formal steps, we invite them to think deeply about
mathematical concepts and make connections. Students will be given many ways
to be creative when they prove and justify, and for reasons I discuss later, we always
encourage and celebrate visual as well as numerical and algebraic justifications. Ide-
ally, students will create visual, numerical, and algebraic representations and con-
nect their ideas through color coding and through verbal explanations. Students are
excited to experience mathematics in these ways, and they benefit from the opportu-
nity to bring their individual ideas and creativity to the problem-solving and learning
space. As students develop in their mathematical understanding, we can encourage
them to extend and generalize their ideas through reasoning, justifying, and proving.
This process deepens their understanding and helps them compress their learning.
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Big Ideas

The books in the Mindset Mathematics Series are all organized around mathemati-
cal “bigideas.” Mathematics is not a set of methods; it is a set of connected ideas that
need to be understood. When students understand the big ideas in mathematics, the
methods and rules fall into place. One of the reasons any set of curriculum standards is
flawed is that standards take the beautiful subject of mathematics and its many con-
nections, and divide it into small pieces that make the connections disappear. Instead
of starting with the small pieces, we have started with the bigideas and important
connections, and have listed the relevant Common Core curriculum standards within
the activities. Our activities invite students to engage in the mathematical acts that are
listed in the imperative Common Core practice standards, and they also teach many of
the Common Core content standards, which emerge from the rich activities. Student
activity pages are noted with a ® and teacher activity pages are noted with a @
Although we have chapters for each big idea, as though they are separate from
cach other, they are all intrinsically linked. Figure .4 shows some of the connections
between the ideas, and you may be able to see others. It is very important to share
with students that mathematics is a subject of connections and to highlight the con-
nections as students work. You may want to print the color visual of the different
connections for students to see as they work. To see the maps of big ideas for all of the

grades K through 8, find our paper “What Is Mathematical Beauty?” at youcubed.org.

Understanding fraction multiplication visually

Estimating with fractions
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Figure 1.4
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Structure of the Book

Visualize. Play. Investigate. These three words provide the structure for each book in
the series. They also pave the way for open student thinking, for powerful brain con-
nections, for engagement, and for deep understanding. How do they do that? And

why is this book so different from other mathematics curriculum books?

Visualize @

For the past few years, I have been working with a neuroscience group at Stanford,
under the direction of Vinod Menon, which specializes in mathematics learning. We
have been working together to think about the ways that findings from brain science
can be used to help learners of mathematics. One of the exciting discoveries that has
been emerging over the last few years is the importance of visualizing for the brain and
our learning of mathematics. Brain scientists now know that when we work on math-
ematics, even when we perform a bare number calculation, five areas of the brain are
involved, as shown in Figure L.5.

Two of the five brain pathways—the dorsal and ventral pathways—are visual. The

dorsal visual pathway is the main brain region for representing quantity. This may seem
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surprising, as so many of us have sat through hundreds of hours of mathematics classes
working with numbers, while barely ever engaging visually with mathematics. Now
brain scientists know that our brains “see” fingers when we calculate, and knowing
fingers well—what they call finger perception—is critical for the development of an
understanding of number. If you would like to read more about the importance

of finger work in mathematics, look at the visual mathematics section of youcubed.org.
Number lines are really helpful, as they provide the brain with a visual representation
of number order. In one study, a mere four 15-minute sessions of students playing with
anumber line completely eradicated the differences between students from low-income
and middle-income backgrounds coming into school (Siegler & Ramani, 2008).

Our brain wants to think visually about mathematics, yet few curriculum materials
engage students in visual thinking. Some mathematics books show pictures, but they
rarely ever invite students to do their own visualizing and drawing. The neuroscientists’
research shows the importance not only of visual thinking but also of students’ connect-
ing different areas of their brains as they work on mathematics. The scientists now know
that as children learn and develop, they increase the connections between different parts
of the brain, and they particularly develop connections between symbolic and visual
representations of numbers. Increased mathematics achievement comes about when
students are developing those connections. For so long, our emphasis in mathematics
education has been on symbolic representations of numbers, with students developing
one area of the brain that is concerned with symbolic number representation. A more
productive and engaging approach is to develop all areas of the brain that are involved
in mathematical thinking, and visual connections are critical to this development.

In addition to the brain development that occurs when students think visually,
we have found that visual activities are really engaging for students. Even students
who think they are “not visual learners” (an incorrect idea) become fascinated and
think deeply about mathematics that is shown visually—such as the visual represen-

tations of the calculation 18 X 5 shown in Figure 1.6.
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Figure 1.6
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In our Youcubed teaching of summer school to sixth- and seventh-grade
students and in our trialing of Youcubed’s WIM materials, we have found
that students are inspired by the creativity that is possible when mathematics is
visual. When we were trialing the materials in a local middle school one day, a
parent stopped me and asked what we had been doing. She said that her daughter
had always said she hated and couldn’t do math, but after working on our tasks, she
came home saying she could see a future for herself in mathematics. We had been
working on the number visuals that we use throughout these teaching materials,
shown in Figure 1.7.

The parent reported that when her daughter had seen the creativity possible
in mathematics, everything had changed for her. I strongly believe that we can give
these insights and inspirations to many more learners with the sort of creative, open
mathematics tasks that fill this book.

We have also found that when we present visual activities to students, the status
differences that often get in the way of good mathematics teaching disappear. I was
visiting a first-grade classroom recently, and the teacher had set up four different
stations around the room. In all of them, the students were working on arithmetic.

In one, the teacher engaged students in a mini number talk; in another, a teaching
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assistant worked on an activity with coins; in the third, the students played a board
game; and in the fourth, they worked on a number worksheet. In each of the first
three stations, the students collaborated and worked really well, but as soon as stu-
dents went to the worksheet station, conversations changed, and in every group I
heard statements like “This is easy,” “ I've finished,” “I can’t do this,” and “Haven’t you
finished yet?” These status comments are unfortunate and off-putting for many stu-
dents. I now try to present mathematical tasks without numbers as often as possible,
or | take out the calculation part of a task, as it is the numerical and calculational
aspects that often cause students to feel less sure of themselves. This doesn’t mean
that students cannot have a wonderful and productive relationship with numbers, as
we hope to promote in this book, but sometimes the key mathematical idea can be
arrived at without any numbers at all.

Almost all the tasks in our book invite students to think visually about math-
ematics and to connect visual and numerical representations. This encourages impor-

tant brain connections as well as deep student engagement.

Play :%3

The key to reducing status differences in mathematics classrooms, in my view, comes
from opening mathematics. When we teach students that we can see or approach
any mathematical idea in different ways, they start to respect the different thinking
of all students. Opening mathematics involves inviting students to see ideas differ-
ently, explore with ideas, and ask their own questions. Students can gain access to
the same mathematical ideas and methods through creativity and exploration that
they can by being taught methods that they practice. As well as reducing or remov-
ing status differences, open mathematics is more engaging for students. This is why
we are inviting students, through these mathematics materials, to play with math-
ematics. Albert Einstein famously once said that “play is the highest form of re-
search.” This is because play is an opportunity for ideas to be used and developed in
the service of something enjoyable. In the Play activities of our materials, students
are invited to work with an important idea in a free space where they can enjoy the
freedom of mathematical play. This does not mean that the activities do not teach
essential mathematical content and practices—they do, as they invite students to
work with the ideas. We have designed the Play activities to downplay competi-
tion and instead invite students to work with each other, building understanding

together.
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Investigate Q

Our Investigate activities add something very important: they give students oppor-
tunities to take ideas to the sky. They also have a playful element, but the difference
is that they pose questions that students can explore and take to very high levels. As
I mentioned earlier, all of our tasks are designed to be as low floor and high ceiling
as possible, as these provide the best conditions for engaging all students, whatever
their prior knowledge. Any student can access them, and students can take the ideas
to high levels. We should always be open to being surprised by what our learners can
do, and always provide all students with opportunities to take work to high levels
and to be challenged.

A crucial finding from neuroscience is the importance of students struggling
and making mistakes—these are the times when brains grow the most. In one of my
meetings with a leading neuroscientist, he stated it very clearly: if students are not
struggling, they are not learning. We want to put students into situations where they
feel that work is hard, but within their reach. Do not worry if students ask questions
that you don’t know the answer to; that is a good thing. One of the damaging ideas
that teachers and students share in education is that teachers of mathematics know
everything. This gives students the idea that mathematics people are those who know
alot and never make mistakes, which is an incorrect and harmful message. It is good
to say to your students, “That is a great question that we can all think about” or “I
have never thought about that idea; let’s investigate it together.” It is even good to
make mistakes in front of students, as it shows them that mistakes are an important
part of mathematical work. As they investigate, they should be going to places you
have never thought about—taking ideas in new directions and exploring uncharted
territory. Model for students what it means to be a curious mathematics learner,

always open to learning new ideas and being challenged yourself.

x ok %

We have designed activities to take at least a class period, but some of them
could go longer, especially if students ask deep questions or start an investigation
into a cool idea. If you can be flexible about students’ time on activities, that is ideal,
or you may wish to suggest that students continue activities at home. In our teach-
ing of these activities, we have found that students are so excited by the ideas that
they take them home to their families and continue working on them, which is
wonderful. At all times, celebrate deep thinking over speed, as that is the nature of

real mathematical thought. Ask students to come up with creative representations of
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their ideas; celebrate their drawing, modeling, and any form of creativity. Invite your
students into a journey of mathematical curiosity and take that journey with them,
walking by their side as they experience the wonder of open, mindset mathematics.
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Activities for Building Norms

Encouraging Good Group Work

We always use this activity before students work on math together, as it helps im-
prove group interactions. Teachers who have tried this activity have been pleased by
students’ thoughtful responses and found the students’ thoughts and words help-
ful in creating a positive and supportive environment. The first thing to do is to

ask students, in groups, to reflect on things they don’t like people to say or do in a
group when they are working on math together. Students come up with quite a few
important ideas, such as not liking people to give away the answer, to rush through
the work, or to ignore other people’s ideas. When students have had enough time
in groups brainstorming, collect the ideas. We usually do this by making a What
We Don’t Like list or poster and asking each group to contribute one idea, moving
around the room until a few good ideas have been shared (usually about 10). Then
we do the same for the What We Do Like list or poster. It can be good to present
the final posters to the class as the agreed-on classroom norms that you and they
can reflect back on over the year. If any student shares a negative comment, such

as “I don’t like waiting for slow people,” do not put it on the poster; instead use it
as a chance to discuss the issue. This rarely happens, and students are usually very

thoughtful and respectful in the ideas they share.
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Activity

Time

Description/Prompt

Materials

Launch

5 min

Explain to students that working in
groups is an important part of what
mathematicians do. Mathematicians
discuss their ideas and work together to
solve challenging problem:s. It's impor-
tant to work together, and we need to
discuss what helps us work well together.

Explore

10 min

Assign a group facilitator to make sure
that all students get to share their
thoughts on points 1 and 2. Groups
should record every group member’s
ideas and then decide which they will
share during the whole-class discussion.

In your groups . . .

1. Reflect on the things you do not
like people to say or do when you
are working on math together in a
group.

2. Reflect on the things you do like peo-
ple to say or do when you are work-
ing on math together in a group.

e Paper
e Pencil or pen

Discuss

10 min

Ask each group to share their findings.
Condense their responses and make

a poster so that the student ideas are
visible and you can refer to them during
the class.

Two to four pieces
of large poster
paper to collect
the students’
ideas

18
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Paper Folding: Learning to Reason, Convince,
and Be Skeptical

Connection to CCSS
5.G.3
5.G4

One of the most important topics in mathematics is reasoning. Whereas scien-
tists prove or disprove ideas by finding cases, mathematicians prove their ideas by rea-
soning—making logical connections between ideas. This activity gives students an op-
portunity to learn to reason well by having to convince others who are being skeptical.

Before beginning the activity, explain to students that their role is to be convinc-
ing. The easiest person to convince is yourself. A higher level of being convincing
is to convince a friend, and the highest level of all is to convince a skeptic. In this
activity, the students learn to reason to the extent that they can convince a skeptic.
Students should work in pairs and take turns to be the one convincing and the one
being a skeptic.

Give each student a square piece of paper. If you already have 8.5 X 11 paper,
you can ask them to make the square first.

The first challenge is for one of the students to fold the paper to make a scalene tri-
angle that does not include any of the edges of the paper. She should convince her partner
that it is a scalene triangle, using what she knows about triangles to be convincing. The
skeptic partner should ask lots of skeptical questions, such as “How do you know that all
sides are a different length?” and not accept that they are because it looks like they are.

The partners should then switch roles, and the other student folds the paper
into a trapezoid that does not include any of the edges of the paper. His partner
should be skeptical and push for high levels of reasoning.

The partners should then switch again, and the challenge is to fold the paper to
make a rhombus, again not using the edges of the paper.

The fourth challenge is to make a different rhombus. For each challenge, partners
must reason and be skeptical.

When the task is complete, facilitate a whole-class discussion in which students

discuss the following questions:

e  Which was the most challenging task? Why?
e  What was hard about reasoning and being convincing?

e What was hard about being a skeptic?

Activities for Building Norms 19



Activity

Time

Description/Prompt

Materials

Launch

5 min

Tell students that their role for the day

is to be convincing and to be a skeptic.
Ask students to fold a piece of paper into
a square. Choose a student and model
being a skeptic.

Explore

10 min

Show students the task and explain that
in each round, they are to solve the fold-
ing problem. In pairs, students alternate
folding and reasoning and being the
skeptic. After students convince them-
selves they have solved each problem,
they switch roles and fold the next
challenge.

Give students square paper or ask them
to start by making a square. The convinc-
ing challenges are as follows:

1. Fold your paper into a scalene trian-
gle that does not include any edges
of the paper.

2. Fold your paper into a trapezoid that
does not include any edges of the
paper.

3. Fold your paper into an rhombus
that does not include any edges of
the paper.

4. Fold your paper into a different
rhombus that does not include any
edges of the paper.

One piece of
8.5”" X 11"
paper per
student

Paper Folding
worksheet for
each student

Discuss

10 min

Discuss the activity as a class. Make sure
to discuss the roles of convincer and
skeptic.

20
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Paper Folding: Learning to Reason, Convince,
and Be a Skeptic

1.

Fold your paper into a scalene triangle that does not include any edges of the paper.
Convince a skeptic that it is a triangle.
Reflection:

Switch roles

Fold your paper into a trapezoid that does not include any edges of the paper. Convince a
skeptic that it is a trapezoid.
Reflection:

Switch roles

Fold your paper into a rhombus that does not include any edges of the paper. Convince a
skeptic that it is a rhombus.
Reflection:

Switch roles

Fold your paper into a different rhombus that does not include any edges of the paper.
Convince a skeptic that it is a rhombus.
Reflection:

Mindset Mathematics, Grade 5, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.

Reproduced by permission of John Wiley & Sons, Inc.
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BIG IDEA

Thinking in Cubes

The new brain science shows that five different pathways are involved when people
think about mathematical ideas, and two of these are visual. When we make math-
ematics visual for students, we help them learn and hold ideas in powerful ways in
their brains, as the introduction to this book explains. Similarly, we now know that
movement really helps with mathematical ideas and is important for brain develop-
ment. When students move with mathematics, it means that the mathematical ideas
are held in the sensory-motor portions of the brain, which helps students understand
the ideas powerfully. We see evidence of people holding mathematical ideas in these
parts of their brains when they gesture to illustrate an idea; when people talk about
circles, for example, they often draw a circle in the air. This big idea gives students op-
portunities to touch and feel mathematical ideas, and that is meaningful to students
of any age.

In our Visualize activity, students will build with cubes and develop connections
between two- and three-dimensional representations of solids. They will be asked to
think about the outside and inside of cubes, which is important geometric thinking.
As they physically model and also draw, they will build significant brain connections.

In the Play activity, students will construct cities of cubes that match views that
we give them, again using brain pathways that will develop mathematical thinking.
Students also will build their own cities, which will be engaging and exciting for
them, enhancing the learning potential of the activities. As students think visually
and also bring in numerical thinking, their brains will develop pathways between the
areas that are used for these different types of thinking.

23
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In our Investigate activity, students will again have the opportunity to feel cubes
and consider their size physically and with numbers, encouraging brain connections.
They also get to work with some constraints that will guide their thinking and learn-
ing. Students will be asked to investigate the volume of rectangular solids by packing
little boxes into larger boxes of their own design. Any time that students are asked to
bring their own ideas into mathematics, such as when they make their own designs,
they are working with agency, which will help them enjoy mathematics and also see
it as an active subject that they should think deeply about. When students work
with agency, their work is closer to that of a mathematician, and inviting students to
combine their own ideas with formal mathematical ideas is a really worthwhile goal.
The activities that make up this big idea provide plenty of opportunities for students

to combine their own thinking with major mathematical ideas and principles.
Jo Boaler
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Solids, Inside and Out

(=]

Snapshot 5

o

Students build connections between two- and =

three-dimensional representations of solids by using :

views of a rectangular solid to construct a model with I

. . . . . z

cubes. Students investigate what the inside looks like =

=

and compare results. [}

Z

N

%

Connection to CCSS m
5.MD.3
5.MD.4

Agenda
Activity Time Description/Prompt Materials
Launch 5 min Show students the two-dimension- Rectangular Solids Sheet, to
al views of a rectangular solid con- display for the class

structed out of 60 cubes. Challenge
students to build this solid.

Explore | 30 min Partnerships try to build a rectan- e Rectangular Solids
gular solid from 60 cubes so that Sheets, one per
it matches the views provided. partnership
Students then consider what the e Snap or multilink cubes
inside looks like and figure out for each partnership:
how to construct and draw a 15 each of red, green,
model of the cubes that cannot be yellow, and blue
seen. e Drawing Solids Sheet,

one per partnership

Discuss | 20 min Students compare their results and
discuss how they used the views
to construct the solid. Students
discuss the differences between
their models of the inside.

(Continued)
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Activity Time Description/Prompt Materials

Extend 30-60 min | Partnerships construct their own e Drawing Solids Sheet,
rectangular solid puzzles and swap at least one per
with other groups to solve. partnership
e Cubes
e Colors

e Baskets, trays, or bags
for students’ puzzles

To the Teacher
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Students often struggle when moving between two-dimensional representations of

solids objects, like the ones shown in Figure 1.1, and three-dimensional representa-
tions. Two-dimensional drawings of solids force us to imagine the parts we cannot
see, and students need experiences with mentally rotating and imagining these invis-
ible parts. Similarly, we often encounter multiple views of three-dimensional objects
aimed at helping us see what one view does not show. These offer a different chal-
lenge: constructing the three-dimensional whole from parts. In this visual activity,
students are asked to move repeatedly between two-dimensional and three-dimen-

sional representations to build connections and a deeper sense of what it means to

be solid.
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View 1 View 2

Figure 1.1 Four Views as Shown on the Rectangular Solids Sheet

The extension activity pushes these connections even further by asking students
to create and draw their own solids and then try to build solids designed by others.
This extension could easily take another full day or more, depending on how excited
students are. They may want to construct multiple puzzles and solve many as well.
We encourage you to follow students’ interests and allow as much time as students
want for constructing puzzles. The repeated engagement with building, drawing, and
mentally manipulating the solids will help develop important ways of thinking about
solids and volume for future work.
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Activity

Launch

Launch this lesson by telling students that we are going to be exploring ways to
fill space. In the past, they have likely spent a lot of time thinking about how to
cover two-dimensional shapes with squares to find the area, but now we are going
to think about how to fill three-dimensional solids with cubes. Show students the
views provided on the Rectangular Solid Sheet shown in Figure 1.1. Tell students
that all of these images are of the same rectangular solid, and each image is called
a view. Tell students that the solid is made of 60 blocks: 15 are red, 15 are green,
15 are yellow, and 15 are blue. Their challenge today is to build this solid. Partners
will each get a copy of the views and enough blocks to construct the solid. If you
are not able to copy the Rectangular Solid Sheet in color for students, we sug-
gest you display the images in color using a projector and provide students with
the blank version, which they can color in themselves. Coloring in the individual
cubes may also help students attend their arrangement on each face and support
students with building the solid.

Explore

Have students work in partnerships. Provide each partnership with 15 red, 15 green,
15 yellow, and 15 blue snap or multilink cubes, and a copy of the Rectangular Solid
Sheet. Partnerships use the views to try to construct the rectangular solid so that it
matches the views.

After students have built the solid and both partners agree that it matches the
views and uses all 60 cubes, then challenge students to figure out what cubes are on
the inside. Ask, What cubes are we not able see? Can you make a model of what is
inside your solid? Provide partners with additional cubes and a copy of the Drawing
Solids Sheet. Ask them to draw an image of what is inside their solid once they have
built their model.

Discuss

Bring students together with their models of the rectangular solid, models of the

inside, and drawings of the inside. Pair partnerships up to share their two models
and drawings, as in a turn and talk. Then bring all students together to discuss the
following questions:
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e  How did you figure out how to build your solid? What did you have to think
about?

e  How did you use the images to help you?

e What was hard about building the rectangular solid so that it matched the
views you were given?

e What did you notice when you compared your models to those others made?

Then discuss the models of the inside of the solid:

e What was inside your solid? How did you figure it out?
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e How are the insides of our solids similar? Different? Why?

Extend

Invite students to create their own rectangular solid puzzle for another partner-
ship to solve. Provide students with additional copies of the Drawing Solids Sheet,
colors, and a container for their puzzle. Students should first use any number of their
cubes to build a rectangular solid. They then use their solid to construct multiple
views of it on a copy of the Drawing Solids Sheet. Push students to think carefully
about which views they will show so that it is challenging but possible to build the
solid with the views they provide. Once they are confident that their views are ac-
curate, ask students to deconstruct their solid and place their views and cubes into a
container (basket, tray, or bag). You may want to ask students to name their puzzle
or put their names on it. Then students can trade puzzles with another group and
try to build their solid. After students have spent some time exploring one another’s
puzzles, you may want to bring them back together to discuss questions like these:

e What makes a good puzzle?

e What made solving a rectangular solid puzzle easier or harder?

e What strategies for solving these puzzles have you and your partner come up
with?

Look-Fors

e Are students creating a solid? Students may be tempted to construct only
what they see in the images and presume that there is nothing inside the
solid at all. Challenge students who have leftover cubes by asking: Is your
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solid constructed with 60 cubes? Why not? Does it match the views you
were given? How can you make your solid meet all of the constraints of the
problem?

e How are students mentally rotating the images? Students may struggle to
mentally manipulate the images provided to figure out how the pieces fit to-
gether. Often students don’t realize that rotating the paper can help them see
the images differently. Some students may be overwhelmed by the images and
not know how to get started. Consider prompting students by asking: Is there
one image that makes sense to you? How could you get started with that one
image and then see how it fits with the others? What could you do with your

w
L
[aa]
>
v
=
O
=
4
=
I
-
-
<
7]
=
-
[aa]

paper to help you see how the pieces fit together?

e  How are students interpreting the images? Drawing a three-dimensional
object on two-dimensional paper is a challenge. If students have not yet had
experience with isometric dot paper (see appendix), you may want to ask
them to try drawing a single cube first, just to explore how the dot paper
works. You might also ask them to think about the views they were provided

and how they could use those as models.

Reflect

What surprised you about building rectangular solids from cubes and views?
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@ Rectangular Solids Sheet

Use 15 yellow, 15 red, 15 blue, and 15 green cubes to build
the rectangular solid.

¢4

Back

&

Top

View 1 View 2

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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City of Cubes

Snapshot

Students use multiple views of block towers to con-

struct cities of cubes that match those views. Students

learn that the number of cubes used to build the city is

its volume, and develop their own City of Cubes puz-

zles, which support students in learning how to record

complex three-dimensional figures on paper and interpret those representations.

Connection to CCSS
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5.MD.3

5.MD.4,

5.MD.5c
Agenda

Activity Time Description/Prompt Materials

Launch 5-10 min | Show students examples of architec- e Architectural Drawing
tural images and discuss what they sheets
communicate. Show students similar e Views from the first
views from a City of Cubes puzzle City of Cubes Puzzle
and make sure students understand sheet
what is shown.

Play 30+ min Students work in partners to try to e All three City of Cubes
build the City of Cube puzzles from Puzzle sheets, copied
different sets of views. Students for partners to choose
explore whether more than one city e Snap, multilink, or uni-
is possible and how many cubes it fix cubes in multiple
would take to build those cities. colors, for all partner-

ships
e |sometric dot and grid
paper (see appendix)

Discuss 15 min Discuss the strategies students used e Student-built City of
for solving the puzzles and the Cubes puzzles
multiple possible solutions they
developed.

Big Idea 1: Thinking in Cubes

(Continued)
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Activity Time Description/Prompt Materials

Play 30+ min Partners work together to design e Snap, multilink, or uni-
their own City of Cubes puzzles. fix cubes in multiple
Then partnerships swap puzzles, colors, for all partner-
solve each other’s, share solutions, ships
and offer feedback for improving e [sometric dot and grid
the puzzles. paper (see appendix)

e Colors

Discuss 15 min Discuss the challenges of creating
these puzzles and what students
learned from the cycles of solving,
sharing, and giving and receiving
feedback.

To the Teacher

The City of Cubes views we have provided use multiple colors to support students
in making sense of the images. Each tower uses a single color of cubes. You may not
have the same color cubes as indicated in our drawings. Provide students with what-
ever colors you have available and tell students that they can represent the towers in
whatever colors they choose. Changing the colors, though, will likely make moving
between the views and their own work a bit more difficult. You may want to encour-
age students to jot down on the views which colors they are using for each tower to
help them track their own work.

In the second half of this lesson, we give students the opportunity to create their
own puzzles. Recording a three-dimensional figure on paper is quite different from
interpreting a set of drawings to build a figure. Students need opportunities to en-
gage with both activities, and each will challenge students in different ways. Remind
students how important it is to feel challenged and to work on mathematical ideas
that allow them to struggle. We anticipate that this lesson will take more than one
day. After the lesson, you may also want to incorporate students’ puzzles into stations

or gamecs fOl‘ indoor recess.
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Activity

Launch

Launch the lesson by showing students some images of architectural drawings that
architects produce to communicate what the buildings they design might look like
(Figure 1.2). They often create floor plans that show what each floor looks like from
above, and they make views of the outside so that you can see how buildings look in
relationship to each other.
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Front and Side View

Source: Shutterstock.com/paparoma

Aerial View

Source: Shutterstock.com/bioraven

Figure 1.2 Architectural Drawings
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Tell students that today they are going to use some images of cube cities to try
to build what is shown. Show students an example of the views from the first City
of Cubes puzzle. Show students the acrial view and be sure they understand it as
how the city might look from a helicopter looking straight down. Show students
side views and be sure they understand these as what they would see standing on the
outside looking at the city. You may want to give students a moment to turn and talk
to a partner about what they notice in these images, then collect some observations.

Ask, Can you build this city using these views?

Play

Invite partners to choose one of the three City of Cubes puzzles to try to build first.
Students should have access to colored cubes to build each city. For each city they
build, students try to figure out the following:

e How many cubes could it take to build this city?

e Is there more than one way to build a city that matches the views given?

e If there is more than one way, what is the fewest number of cubes it could take
to build it? What is the greatest number of cubes you could use to build it?

Students should document their findings, cither by saving the models they
construct (if you have enough cubes) or by devising a way of recording on paper the
possibilities they create. Provide isometric dot paper or grid paper (see appendix) for
those who would like these tools.

Discuss

When students have had a chance to fully explore at least one of these puzzles, gather
students together with their evidence (models or drawings) to discuss the following

questions:

e How did you tackle building the cities? What strategies were useful? How did
you use the colors?

e  How many cubes did it take to build each city? How do you know?

e Which cities can be built in more than one way? What is the fewest number
of cubes it could take to build the city? What is the greatest? How do you
know?
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During this discussion, name the number of cubes needed to construct the city
as its volume. At the close of the discussion, challenge students to create their own
City of Cubes puzzles.

Play

Partners work to create their own City of Cubes puzzle(s). Encourage students to
build their cities and then use their buildings to create images on grid and/or dot
paper (see appendix) that they could give to others as a puzzle. Remind students
how colors help them make sense of the images, and ask students to use color in their
puzzle drawings. Students should consider what views they want to provide and
whether they want their puzzle to have multiple solutions.

When partnerships have finished creating a puzzle, they can swap with other
partners and try their puzzles. For each puzzle students try, ask them to consider the
following:

e  What could the volume be?
e Are there multiple possible cities that match the views you were given?
e Do you have suggestions for the puzzle creators for how to make the puzzle

clearer or more interesting?

After students swap, they can return the puzzle to its creators, share solutions, and
provide some feedback on how to make the puzzle clearer or more interesting. Swapping,
solving, and sharing rounds can be repeated as long as students are engaged.

Discuss

After the class has had a chance to create, swap, and share results from their puzzles,
gather students together for one final discussion:

e What was challenging about making your own? What was challenging about
creating the drawings? How did you address these challenges?

e What makes a city hard to build? What images make it easier to build?

e What strategies did you use?

e How did you figure out the volume of the city?

e What feedback did you receive that was most useful for improving your
puzzle? Why was it helpful?

Big Idea 1: Thinking in Cubes 37
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Look-Fors

e How are students interpreting the two-dimensional representations of
three-dimensional space? Students may struggle with perceiving the depth
in the images and interpreting different towers as in front or behind one
another. Some students may struggle with the aerial views. Remind them how
important struggle is for brain growth. You may want to prompt students to
put their model on the floor and hover over it to understand the aerial view
and compare their work to the puzzle. For students struggling with the side
views, you may want to compare these to the architectural drawings and help
students notice what they can and cannot see, and how their minds fill in the
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towers hidden behind. Then have them move back to the puzzle drawings and

try to interpret these with the same thinking.

e  How are students recording their work? For students who are consider-
ing how to record the various cities they built to match a puzzle, ask them
what makes their cities different. The differences will likely center on how
many cubes are in each tower and the positions of the towers. You might ask:
How could you capture these differences? Which view(s) could help you
show what makes them different? How could labels help? For students creat-
ing their own puzzles, guide them to use the view provided in the puzzles as
models for how they might record their own cities. Ask, How did these views
show the city? What views would help another person build your city? Stu-
dents might also benefit from encouragement to focus on a single view and
talk about what they see before they try to draw. Finally, you might also en-
courage students to go see how other partnerships are recording their think-
ing and learn from each other.

e Are students seeing more than one way to construct the city? Students
might see the first way they construct as the only way the puzzle could work.
Once they have built one way that they can prove matches the views they were
given, encourage students to ask themselves, What could we change about
this city and still have it match the views? Encourage students to try altering
the city and checking it against the views to figure out what kinds of changes
work.

Reflect

What is volume?
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@ Architectural Drawing—Front and Side View

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc. Source: Shutterstock.com/paparoma
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@ Architectural Drawing—Aerial View

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc. Source: Shutterstock.com/bioraven
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@ City of Cubes Puzzle

Front Aerial View

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.

Back
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@ City of Cubes Puzzle

Front Left Back

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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@ City of Cubes Puzzle

Each color represents a building.
Builds of the same color are the same height.

Aerial View Front

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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A Box of Boxes
Snapshot

Students investigate the volume of rectangular solids by
packing little boxes into larger boxes of their own design,

while trying to minimize the volume of empty space.

Connection to CCSS
5.MD.3
5.MD.4
5.MD.5

Agenda

Activity Description/Prompt

Launch 10 min Show students some small boxes
and discuss what happens when
you pack them into a larger box
to mail. Show students images of
four small boxes and challenge
them to design a box to hold
them all.

Materials

e Examples of boxes for
packing

e Little Boxes sheet, to
show class

Explore 30 min Partners work to design boxes to
hold a set of small boxes that they
can construct from cubes: 3 X 1 X
1,2X2X2,3X2xX2,and3 X

2 X 1. Partners try to create a box
with the smallest volume of empty

e Snap or multilink cubes,
30 per partnership

e Little Boxes sheet, for
each partnership

e [sometric dot or grid
paper (see appendix), for

discovered and how to minimize
empty space. Record students’
solutions in a table to focus atten-
tion on dimensions and volume.

space. partners to record (See
Play lesson)
e Optional: colors
Discuss 15 min Discuss the solutions students Chart and markers
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Activity Time Description/Prompt Materials

Explore 30+ min | Partners investigate minimizing e Snap or multilink cubes,
empty space by changing the at least 30 per partner-
parameter of the problem. They ship
can remove a little box, add a new | e Little Boxes sheet, for
little box, or create an entirely each partnership
new set of little boxes. They try to e Box of Boxes Recording
design packing boxes for their sets Sheet, at least one per
that minimize empty space. Some partnership

students may investigate the op-
posite: what set of boxes requires
a lot of empty space.

Discuss 15+ min | Students share their findings from Students’ work
their various investigations, and

the class discusses how thinking

about volume helps in designing
boxes.

To the Teacher

The idea of packing boxes inside of a larger box may be familiar to some students, but
it can be difficult to discuss with clarity. We encourage you to launch the lesson by
showing some smaller boxes, and perhaps a larger packing box, so that students can
clearly see the idea. You may want to ask students when they have seen this before—
such as getting a package in the mail or packing a lunchbox—to help them make
connections. You may want to show students what happens when a box is too large
for its contents to help motivate them to create a box with the smallest volume of
empty space.

The second half of the activity includes four avenues for investigation: removing
alittle box, adding a new little box, creating a set of boxes with no empty space, and
creating a set of boxes that requires a lot of empty space. Given the range of choices,
the class may find that this investigation stretches across multiple days. Students may
want to spend one day exploring one of these questions and then try a new question
the following day. The longer that students investigate, the more connections and
patterns they will discover that support them in reasoning about volume and lead

them toward multiplicative thinking.
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Activity

Launch

Launch the investigation by showing the class a collection of boxes. You might use
some boxes from around your classroom or school, such as boxes for tissues, paper
clips, games, snacks, file folders, pencils, or markers. Make sure your collection in-
cludes boxes of different sizes. Ask students to imagine that you need to pack these
different boxes into a larger box to send in the mail. When you mail a package, you
want to make sure there is as little empty space as possible, to prevent the objects
inside from rattling around, to conserve paper, and to protect the box from getting
squashed. How would you choose the right size box? What is the smallest box you
could fit all of these little boxes into?

Tell students that for today’s investigation, they will be trying to find the small-
est box that can hold a collection of smaller boxes. Show students the images of the
four boxes they will be trying to fit together into a larger box: 3 X 1 X 1,2 X 2 X 2,
3 X2 X2,and 3 X 2 X 1. Tell students that we name rectangular solids like these
by their dimensions and that we say that a box measures “3 by 2 by 17 cubes. Point
out these dimensions in the drawings and be sure students understand the language
used.

The goal is for students to design a box that will hold all four and have the least
amount of empty space when packed. The box must be a rectangular solid, as typical
packing boxes are.

Explore

Provide students with snap or multilink cubes, a copy of the Little Boxes sheet, and
isometric dot or grid paper (see appendix) to record their thinking. You may also
want to provide colors for students to color-code the different little boxes in their
drawings. Students work in partnerships to design a box that can hold the follow-
ing smaller boxes: 3 X 1 X 1,2 X2 X 2,3 X2 X 2,and 3 X 2 X 1. The large box
must be a rectangular solid. As students work, they should investigate the following

questions:
e What is the smallest box you can make that will hold all of these boxes?

e What are the dimensions of your box? What is its volume? How much empty
space will be left in your box?

46 Mindset Mathematics, Grade 5



Partners record their different solutions on isometric dot or grid paper (see
appendix) as they try to find the smallest box with the least amount of empty space.
For each solution, students record the dimensions of the packing box, the volume,
and the empty space. This will help them compare their different solutions.

Discuss

When students have had a chance to investigate and come up with some pos-
sible solutions, gather them together to discuss the questions here. Record
students’ solutions on a chart showing the dimensions of each box, its volume,
and the empty space remaining (Figure 1.3).

e What boxes did you create?
e How did you find the volume of the boxes you created?
e  How did you figure out the amount of empty space in each of your packing

boxes? What box leaves the least amount of empty space?

,mension of Volume of Volume %
Df-.ol'-?ay Box Pocking Beox 5'"/2’7 Space
Y x3x & 36 caablocks 1 co. blecks

'-iS Cw, Uou\'.s lb Co- um-\'.\ L

Figure 1.3 Two Pieces of Student Work Entered into a Table for Classroom Display

Big Idea 1: Thinking in Cubes 47



e What strategies did you come up with for minimizing the empty space?
e How can we be sure that we, as a class, have found the smallest packing box

possible?

Ask students to look at the chart you have created out of the class’s solutions.
Ask, What patterns do you notice in the chart? Take advantage of connections
students make between the dimensions of the packing box and its volume and the
relationship between the packing box volume and the empty space volume (that is,
the bigger the box, the more empty space it leaves).

Explore
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After the discussion, challenge students to investigate what happens to the smallest

packing box when they change the parameters of the problem. Students can choose
to explore one or more of the following questions. For each question partners explore,
they record the dimensions of the little boxes they are working with, the dimensions
of the packing box, its volume, and the volume of empty space. A recording sheet is
provided, though students may want to devise their own recording method.

e What happens if you remove one of the four small boxes? Now what is the
smallest box you can make to hold the three remaining boxes?

e What happens if you add a new box? What size box would you want to add?
Now what is the smallest box you can make to hold all five boxes?

e Canyou find a set of boxes that leaves no empty space?

e Canyou find a set of boxes that must leave a lot of empty space?

Discuss

Students will have investigated different constraints for packing boxes: packing
fewer boxes, packing more boxes, packing with no empty space, and packing with
lots of empty space. You'll want to discuss all of these pathways for investigation, but
if one of them was more intriguing for students, be sure to give it extra time in your
discussion. You may want to have students share their recording sheets on a docu-
ment camera to show their solutions and how they refined their ideas through mul-
tiple trials.

e What interesting things did you discover when trying to pack boxes?
e  What kinds of small boxes are challenging to pack? Why?
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e What happens to the box you can make when you change what’s inside?

e How did you refine your strategies for finding the smallest box?

e Did anyone find a set of boxes that leaves no empty space? Why does that
work for these boxes?

e Did anyone find a set of boxes that you think must leave a lot of empty space?
Why do you think this set requires a lot of empty space?

e How does thinking about volume help you design a packing box?

Look-Fors

e  Are students constructing an outer box of cubes around their little boxes?
Students might try to use the cubes to build a box around the smaller cubes,
encasing them in additional cubes. This will create misleading solutions,
because the cubes themselves have volume—they are actually little boxes. You
may want to bring students back to the example cardboard boxes you shared
in the launch to notice that packing boxes are thin. They might benefit from
actually making the walls of the larger box out of paper (rather than cubes) to
see that the box can be measured in cubes based on what is inside.

e  How are students finding the volume of empty space? Some students may
be able to imagine the missing cubes from the packing box they construct, but
other students will need to see them. You might encourage students to fill in
the missing space with a different color of cubes to help them see. They can
then remove them to count the cubes representing empty space.

e  How are students finding the volume of the packing box? Encourage stu-
dents to build with cubes and count if that helps them. But you'll also want
to push students to notice patterns that help them count faster and ultimately
see volume as multiplicative. For instance, if students count the cubes on the
bottom of their box (or in any layer), you might ask, Is there a way you could
use that information so that you don’t have to count all of the cubes? Pushing

students to develop new ways will encourage brain growth.

Reflect

How do you find the volume of a rectangular solid?
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@ Little Boxes

You have four shapes as shown below. What is the smallest
size box that will fit these four shapes inside it?

The box must be a rectangular prism with length, width,
and height. Is there more than one way to pack these
shapes?

3X1X1 3X2X2

2 2 1
2X2X?2 2X1X3

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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@ Box of Boxes Recording Sheet

Dimensions of Little Boxes

Dimensions of Packing Box

Volume of Packing Box

Volume of Empty Space

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.

Reproduced by permission of John Wiley & Sons, Inc.
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Estimating with Fractions

Many years ago in England, a government committee was commissioned to find out
the mathematics most used by people in their lives and work. In 1982, Mathematics
Counts was published, dubbed the “Cockcroft Report” after the chair of the
committee—it was the first study of its kind. (www.educationengland.org.uk/
documents/cockeroft/cockeroft1982.heml#00). The panel highlighted a number of
areas of mathematics that were used in people’s jobs and lives. Many of them, such as
arithmetic, were expected, and already take up a central role in mathematics teach-
ing. But one area of mathematics the committee highlighted plays a minimal role in
students’ mathematical preparation. They addressed the vast importance of estima-
tion, saying that industry and commerce rely “extensively” on the ability to estimate.
The committee highlighted two aspects of estimation: first, being able and willing to
judge whether the result of a calculation or measurement is reasonable; second, be-
ing able to make “subjective judgments” about measures—that is, giving a rough idea
for a result, rather than working it out precisely. In my experience in many different
classrooms over decades of work in mathematics education, I have found students

to be unwilling, even afraid, to estimate results of calculations. Often when they are
asked to estimate, students will work out the answer precisely and then round the
numbers to make them seem like estimates! This reluctance to estimate often comes
because students do not see estimating as being mathematical. They have spent so
long calculating precisely, the idea of giving a rough estimate is alien to them. Yet
this, it turns out, is critical to life and work.
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Estimation is also a valuable activity because it helps with the development of
number sense. If students are not calculating, they need to consider the approximate
size of numbers or measures, and that will help develop critical areas of mathemat-
ics: number sense. In the set of three activities that make up this big idea, we ask
students to estimate with fractions. This is ideal, as students often learn fractions
as a set of procedures. When students are asked to estimate with fractions it helps
them to move them away from the damaging idea that fractions are just a set of rules.
Instead they will be asked to think more broadly about fraction sizes—about what
they mean and how big they are, and how they relate to real objects. As with most of
our activities, this will also encourage brain connections, as the mathematics is both
numerical and visual.

In our Visualize activity, we invite students to make snowflakes, which will be
engaging and will offer opportunities for deep thinking. As students work with their
snowflakes, they will also think about fractions and sizes, estimating the fractions of
papers they use. They will also be asked to think carefully about their estimates and
whether they are close to the actual numbers, and how they would know.

In our Play activity, students will extend their work with snowflakes to develop
strategies for cutting away specific fractions of paper, making a snowflake display for
the room. The completed display creates a good discussion possibility wherein stu-
dents can talk together about fraction estimation strategies and patterns. It is likely
that as students work to cut away specific fractional parts, they will make mistakes—
which gives you a wonderful opportunity to talk about the value of mistakes and
to remind students that when they are struggling and finding things difficult, their
brains are getting a really good workout with a lot of brain growth.

In our Investigate activity, students will use photographs to pose fraction esti-
mation questions and will take their own photographs to create fraction estimation
challenges. Students will be excited about being given the chance to take their own
photographs of objects and to make their own mathematics questions. This is an
important time for students to act with agency and to be creative, both of which are

really critical in mathematics work.

Jo Boaler

54 Mindset Mathematics, Grade 5



Making Snowflakes
Snapshot

Students begin to think about estimating with fractions
by making paper snowflakes and developing strategies

for estimating the portion of paper they have cut away.

Connection to CCSS

5.NF.2
Agenda
Activity Time Description/Prompt Materials
Launch 10 min Show students how you might cut e Sheet of square white
out a snowflake from a piece of paper

square paper. Discuss as a class the e Scissors

question, About how much of the e Sheet of colored paper
paper has been cut away? Intro-
duce the idea of estimating with

fractions.

Explore 30+ min | Partners cut out their own paper e Square paper, multiple
snowflakes and develop ways to sheets per partnership
estimate the portion of paper that e Scissors, one per partner-
has been cut away for each. ship

e Colored construction
paper, multiple sheets per
partnership

e Tape

e Chart paper and markers

Discuss 15 min Discuss the strategies students de- Students’ charts

veloped for estimating the fraction
of paper missing from their snow-
flakes. Discuss the challenges of
estimating with fractions and what
students might do to increase their
precision.
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To the Teacher

We've called this activity Making Snowflakes because many students will have had
prior experience with folding paper, cutting out portions, and opening the paper

up to discover what they’ve made. These figures do not need to be snowflakes, and
some students might be more interested in simply creating patterns. Folding and
cutting produces repetition, which can be used to estimate the portion of paper cut
away, and we encourage you to make this a central part of the task, regardless of what
students make.

Some students may struggle with the notion that we can estimate with frac-
tions. When students typically work with fractions, precision is often emphasized.
We want to make sure that each portion is exactly equal, and we use this precision to
compare close fractions, such as % and % But fractions are numbers and can be used
to estimate, which deepens students’ understanding of these values. In this lesson,
encourage students to use benchmark fractions to reason about the fraction of paper
they have cut away, and to use their knowledge of comparing fractions to identify

. o . 1
fractions between benchmarks. If students say that their estimate is between - and

1 , e 11
5 you might ask them whether they think it is closer to 4 or 5, and then what frac-
tion it might be. Estimating encourages us to reason because an exact answer is not

possible; all answers require a clear justification.
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Activity

Launch

Launch the lesson by showing students how you might fold paper to make a snow-
flake. Fold a square piece of paper into equal-size pieces radiating from a central
point. You could fold it into sixths as snowflakes actually are, but eighths are fine,
too. Then cut some portions out. Hold up the paper before you unfold it, and ask
students to look at what you've cut away and the paper that is still in your hand.
Then unfold the paper and tape it to a colored piece of paper to make the holes more
visible, as shown in Figure 2.1.

Ask students, About how much of the paper did I cut away? Have them turn
and talk to a partner about their estimate. Ask students to share some thoughts with
the class about this question. Highlight ideas that use fractions to consider the por-
tion that has been cut away. If students do not use fractions at all, but instead use
descriptive language (for example, “some” or “a little bit”), push them to think about
how they could make their description more precise. Students may say something
like, “less than half;” and you might ask students what fraction it could be if it is less
than one half.

Ask students, Why are fractions a useful way of talking about how much paper
I cut away? Discuss briefly how fractions let us name the part of the whole, compar-

ing the part removed from the piece of paper we started with. Make explicit that

a. A red snowflake pattern glued to a yellow background piece. b. A blue snowflake glued to a sheet of orange paper. The remaining
blue squares are glued to another sheet of orange paper.

Figure 2.1
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the fraction(s) students came up with are estimates, not measurements, and that in
today’s work we are going to explore how we can estimate with fractions. Introduce
students to the task and make your own snowflake available if students want to look
at how it was created.

Explore

Students should have access to square paper, colored construction paper, scissors,
and tape. Ask students to work with a partner to fold a square piece of paper and cut
out portions to create a paper snowflake, as shown in Figure 2.2. These paper cutouts
may look like snowflakes, but they certainly don’t need to. Any cutout creation will
work for this exploration. Students may want to tape their snowflakes to colored
construction paper, as you did, to make it easier to see the missing portion.

For each snowflake students make, they should come up with a way to estimate
the fraction of the paper they have cut away. Ask students to make a display on chart
paper showing their snowflakes and how they estimated the fraction of missing paper.
They may want to annotate the snowflake or the cut-away portions to help make their
process or argument clear, as shown in Figure 2.3.

If there is time, ask students to make multiple snowflakes and see whether their
strategies for estimating are effective for different snowflakes or whether they need

new methods.

a. The red paper was folded in half three times. b. One cut was made from the folded red paper.

Figure 2.2
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Figure 2.3 The Progression of Work That Results in an Estimate

Discuss

Have students post their charts where the class can see them. Discuss the following

uestions, referring to students’ work whenever possible:
q g p

e What strategies did you come up with for estimating the fraction of paper

that was missing?
e What did you use to help you? (Encourage students to think about what ideas

or patterns they used to help them estimate. Some may use the holes in the
snowflake; others might use the cut-away bits to think about the fraction of

paper that is missing.)
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e  What was hard about making an estimate?
e How close do you think your estimates are? Why? Do you think your
estimates are over or under the actual fraction that is missing?

e How could you check your estimate or make it more precise?

Look-Fors

e  How are students getting started with their estimates? Students might
cut out a snowflake and simply not know how to begin estimating. It may
be helpful to make all the components of the problem visible by laying out
the snowflake, the cut-out parts, and an uncut sheet of paper. You could ask
students how they might use these to help them think about the part that has
been cut away. You might ask students to start describing it with words, such
as “some,” “a little,” or “most,” and then connect those words to the benchmark
fraction 5 by asking, “When you say ‘some; is that more or less than
5-?” Once students have an entry point, you might ask them to think about
how close to 5- it is or what other benchmarks they could use to help them get
closer to an estimate.

e Are students trying to be exact, instead of estimating? Some students
might engage in measurement or strategic cutting to try to find an exact
answer. Encourage students to take the risk to be less precise because the goal
is to develop ways of estimating with fractions. For students who try to make
lots of measurements or to calculate area, you may want to point out that,
although precise, these are time-consuming methods when an estimate is all
that is needed.

e  How are students using benchmark fractions to estimate? Some students
might categorize all snowflakes as having 1, 5, or - of the paper cut away.
Support students in thinking in more nuanced ways by asking them to reason
about the missing paper’s relationship to the benchmark. Is it more or less
than the benchmark? A little or a lot more/less? What fraction values are in
that neighborhood? These questions can help students develop better esti-

mates and reason about fractions in relationship to one another.

Reflect

What do you think was the most effective (or interesting) strategy for estimating the
fraction of paper that was cut away? Why?
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Fraction Blizzard
Snapshot

Students extend their work with snowflakes to develop
strategies for cutting away a specific fraction of the
paper: %, %,%, %, %, or % The class creates a snowflake
display they can use to discuss fraction estimation strat-

egies and patterns.

Connection to CCSS
5.NF.2

Agenda

Description/Prompt

Materials

Activity Time

Launch 10 min Remind students of the strategies
they developed for estimating the
fraction of paper cut away from
their snowflakes in the Visualize
activity. Challenge students to create
snowflakes that target particular

fractions.

Charts or examples of
student work from the
Visualize activity
Display area set up
with labels for the
different snowflakes

Play 30+ min Partners work together to create

snowflakes that have %, %, %, %
%, or % of the paper cut away. They
develop strategies for targeting
particular fractions and refine their
strategies for estimating. Students
post their snowflakes on a class

display.

Square paper, multiple
sheets per partnership
Scissors, one per
partnership
Construction paper,
multiple sheets per
partnership

Tape or glue

Tools for posting the
snowflakes: tape,
pushpins, or stapler

Big Idea 2: Estimating with Fractions

(Continued)
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Activity Time Description/Prompt Materials

Discuss | 15-20 min | Discuss the strategies students devel- | Students’ work on the
oped for targeting a specific fraction | class display

and any patterns they noticed as
they worked. Use the class display to
determine whether the snowflakes
make sense, and discuss any that
don’t seem to fit.

Extend 20+ min Partners choose their own challeng- e Square paper, multiple
ing fraction to target (for instance, sheets per partnership
%, ;— or %) and test the strategies e Scissors, one per part-
they have developed on these nership
fractions. e Construction paper,

multiple sheets per
partnership
e Tape or glue

To the Teacher

Just as in the Visualize activity, we have framed this lesson as creating snowflakes, but
students can create any kind of cut-out pattern by folding and cutting paper. The use
of folding with cutting creates repetition, which is useful for estimating the fraction
of paper that will be cut away.

Before the lesson, we encourage you to set up a display area for the snowflakes
students create. You might use a wall, bulletin board, or whiteboard. Label an area
for each target fraction of paper cut away: 1, ¢ 4 3> 3 and - of the paper missing.
Students will use this space to post the snowflakes for each target fraction, so make
sure the space is large enough to accommodate the number of snowflakes your class

will create. See Figure 2.4 for an example.
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Figure 2.4 Five pieces of student work are already posted!
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Activity

Launch

Launch the lesson by reminding students of the work they did in the Visualize activ-
ity to cut out snowflakes and estimate the fraction of the paper they cut away. You
may want to refer to students’ posters and name some of the strategies they devel-
oped, because these strategies will likely be useful in today’s work. Tell students that
today they will be trying to create snowflakes with different fractions of paper cut
away. Show students the display area and the labels you have created for their snow-
flakes. Ask, How could you create a snowflake that cuts away about  of the paper?
How could you create a snowflake that cuts away about ¢ of the paper? 42 32 52
Can you create a snowflake that cuts away about - of the paper? Remind students
that they are still estimating—not measuring—but that their strategies and reason-
ing matter. Partners work together to come up with ways to target a specific fraction
and justify their reasoning.

Play

Provide students with square paper, construction paper, scissors, and tools for post-
ing their snowflakes on the wall. Students work in partners to develop methods for
creating snowflakes with about %, %, %, %, %, and % of the paper removed.

Partners first choose a fraction of paper they will try to cut away. They will likely
need to try several different times, and will need access to lots of paper. Encourage
this experimentation and students’ willingness to make mistakes in trying to solve
these puzzles. When partners think their snowflake matches the chosen fraction, ask
them to mount it on a piece of construction paper. Then partners should show how
they made their estimate of paper removed. Students might diagram the snowflake
and use labels, arrows, words, and numbers to show their evidence for the approxi-
mate fraction of paper cut away. Then students post their snowflake with written evi-
dence on the class display under the fraction label that matches their target fraction.

Encourage students to try several fractions as they develop methods for getting

close toa target fraction.

Discuss

Once students have had a chance to make several snowflakes, make lots of mistakes,
and revise, bring them together to discuss the following questions. Be sure to refer to

the snowflakes on the display whenever possible.
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What strategies did you come up with for making a snowflake with a target
fraction of paper removed?

What did you use to help you? (Encourage kids to think about what ideas or
patterns they used to help them estimate.)

Which fractions were harder or easier? Why?

What was hard about targeting an estimate?

Looking at the wall, do the snowflakes under each fraction make sense? For
example, do all the snowflakes under % look like they have about the same
amount of paper removed? (If the class notices any that seem different, you
may want to talk about them as a class.)

Are there other fractions you would like to try? What might make other frac-
tions interesting or challenging?

Extend

If students are engaged in snowflake making and want to try more, you could ask

them to select their own target fractions and create new snowflakes to match. You

might encourage them to select fractions they think will be challenging in some

way, perhaps because they are not unit fractions (such as ), are large (such as %), or

are less friendly (such as ). This will encourage students to build their estimation

capacities to include a broader group of fractions.

Look-Fors

Are students cutting strategically? Although we encourage students to
make lots of mistakes, students will learn the most from their mistakes if they
are working strategically. If students appear to be working at random, you
might ask them to tell you about their plan or what they are trying. You could
also have them look back at their earlier attempts and reflect on why those
didn’t meet their target fraction. Did they cut away too much or not enough
paper? How could they adjust what they did in a previous snowflake to get
closer to their goal?

How are students estimating? Estimating the fraction of paper removed
can be challenging, and you may encounter students who create snowflakes
and are struggling to determine whether they match their target fraction.
Revisit strategies used in the Visualize activity and ask students which of
those strategies makes the most sense to them. Support students in trying out

their strategies with a snowflake they have already made.
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How are students explaining their estimates? Students might have an esti-
mate that was developed intentionally, but struggle to explain their process.
Often it helps to use the snowflake itself or the cut-out pieces to support them
in explaining their reasoning. Ask students to show you how they are think-
ing about the estimate, to help you visualize what they can see in their own
minds. If students are stuck, you can also ask them to name or write down
what they know about their snowflake and then bring this to the class in the

discussion so that other students can help construct an explanation.

Reflect

What makes a fraction easier or harder to estimate?
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Wondering with Fractions
Snapshot
Students pose fraction estimation questions using

photographs of collections and aerial images. Partners

investigate their questions and develop strategies for

fraction estimation.

Connection to CCSS

5.NF.2
Agenda
Activity Time Description/Prompt Materials
Launch 10 min Remind students of their earlier e One Fraction Estima-
work with fraction estimation with tion Image sheet to
snowflakes. Show students one show the class
of the fraction estimation photos e Chart and markers

and ask students to generate

their own questions that they are
curious about. Encourage them to
ask questions that involve fraction

estimation.
Explore 30+ min | Partners choose a photo and gener- e Fraction Estimation
ate fraction estimation questions. Image sheets, multiple
Then partners develop strategies for copies of each sheet
answering their questions, recording per partnership
their methods on charts to share. e Tape
e Charts and marker, for
each partnership
Discuss 15 min Do a gallery walk of students’ chart- e Partners’ charts posted
ed photos, questions, and strategies around the room
for fraction estimation. Discuss the e Dot stickers in two col-
questions and strategies students ors, a few per student

developed, and the connections
between them.

(Continued)
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Activity Time Description/Prompt Materials

Extend 45+ min | Partners construct their own fraction | ¢ Tablets or cameras for

estimation photos. Then they pose taking photos

and solve fraction estimation ques- e Access to objects

tions about their pictures. Partners around the classroom

can then swap photos with other for staging photos

groups to explore. e \Ways to view photos:
tablets, computers, or
printouts

To the Teacher

In students’ previous work with snowflakes, they were reasoning about area when
estimating the fraction of paper cut away. Area is a useful place to start when learn-
ing to estimate with fractions, because when a part looks bigger, it is also a bigger
fraction of the whole. However, there are many situations involving estimating

with fractions where the parts are not of equal size, and being larger may not be
relevant. In fact, being larger can be misleading. In this lesson, we ask students to ask
their own fraction questions using photographs as inspiration. Students will natural-
ly ask fraction questions that involve both area and quantity. For instance, they may
ask, What fraction of the beach has litter? This question is asking about the fraction
of the area of the beach. They might also ask, What fraction of the buttons are blue?
This question is asking about the fraction of the quantity of buttons. The difference
between estimating as part of a whole and estimating as part of a set will make for a
great discussion.

In the extension, students can create their own photos to use for fraction esti-
mation. Students will be excited about this challenge, and we encourage you to give
students access to a variety of objects, supplies, materials, and places with which to
design and take their photos. Students might use collections you already have, such
as a jumbled bin of markers, or create orderly arrays of objects. Students may need to
create these displays on the floor so that they can stand over them to get the best aer-
ial shots of their arrangements. Alternatively, students may want to take advantage of
natural displays, such as books in the library, supplies ordered in a closet, collections
of sports equipment, or students in the cafeteria. The key element is that partners are
intrigued by the image they capture and want to use it to pose and answer their own
fraction estimation question. We see this as part of developing the disposition to see
the world—and to wonder—mathematically.
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Activity

Launch

Launch the lesson by reminding students of the work they have done with estimating
the fraction of paper removed from their snowflakes. Tell students that today we’re
going to estimate with fractions in a different way, starting by asking some fraction
estimation questions.

Show students one of the fraction estimation photos, such as those shown in
Figure 2.5. Ask them to turn and talk to a partner about what they notice in the
photo. For this turn and talk, you just want students to make sense of the complex
image and notice some of the parts. Ask students to share what they’ve noticed.

Then ask students what fraction estimation questions they could pose of this
picture. You may want to tell students that fraction estimation questions might
sound like, “About what fraction . ..?” Give students another opportunity to turn
and talk to a partner to generate some questions. Ask students to share questions
about the picture, and record students’ ideas on a chart.

Tell students that they will be generating their own fraction questions, like these,
and working to develop strategies for estimating the answers. Remind students that

precision is not needed here, just a reasoned estimate.

Explore

Make available copies of the Fraction Estimation Image sheets, tape, charts, and
markers. Partners choose a photo they would like to start with and use it to generate
some fraction estimation questions that they might ask of the picture. Some students
may want to start with the photo you shared with the class, and the class’s questions.

Source: Shutterstock.com/Viktor Gladkov Source: Shutterstock.com/wponpai

Figure 2.5 Fraction Estimation Images
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Then partners work together to develop strategies for answering some of their
questions. Students should be sure to document their process on a chart. They may
want to attach the photo to the chart, and record their questions, too. Partners
should be ready to explain and justify their methods.

Students may want to explore multiple photos, generating new questions
for each. Partners can try the methods they have developed on these photos, and
develop new methods, too. For each photo students explore, they should create a
new chart to document their questions and solutions.

Discuss

Have partners post their charts around the classroom. You may want to group
together those charts that explore the same photo. Give students dot stickers in
two colors, such as yellow and blue. Ask partners to do a gallery walk around the
classroom to examine the posters everyone created. While they walk, students use
their two colors of dots to mark (1) the most interesting questions groups asked and
(2) methods they would like to discuss or see explained.

Gather students together to discuss the results of the gallery walk and their
reflections on their own work. Discuss the following:

o What interesting fraction estimation questions did groups ask? (You may
want to point out the questions that students placed their dots near and ask
why they found these questions to be interesting. Celebrate the range of ques-
tions students posed.)

e What strategies did you invent? What strategies would you like to hear more
about? (Students may want to share their own strategies, or you may want to
use the dot vote to select specific strategies for students to share.)

e What connections do you notice between the different strategies that we
used?

e Did you find yourself using different strategies for different questions? When
were different strategies useful?

o How were these strategies similar to or different from the strategies we used
with snowflakes?

Extend

Partners work together to create their own fraction estimation photos using things

in their classroom or school environment. You may want to ask students to look back
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at the photos provided in this lesson and notice what made them good images for
fraction estimation. For instance, these images contain a lot of individual objects or
living things, too many to reasonably count. The images also include some variation
across those individual things, such as different colors, shapes, sizes, quantities, or
types. The kinds of features make the photos particularly well suited for asking frac-
tion estimation questions.

Provide partners with a camera or tablet. Challenge students to design,
stage, and capture a photo about which they would be interested in asking frac-
tion estimation questions. Give students access to materials around the class-
room, such as manipulatives, books, and office supplies, with which they might
construct interesting photos. Students may want to take photos around the
school, such as of rows of books on the library shelves or tiles in the hallway.
Encourage creativity and variety. Make sure students are excited about the
images they create.

Once partners have captured their photo, they will need a way to view it at a
reasonable size. This could be on a tablet or computer screen or printed out on paper.
Ask students to generate questions about their photo and try to answer them. You
may want to make students’ photos available to other partnerships to explore, asking
and trying to answer their own question.

You may want to discuss with students after this extension what the most inter-

esting photos and questions were, and how they went about solving them.
gp q Y g

Look-Fors

e Are students estimating quantity or size? After the snowflake activities,
students will have lots of experience estimating by thinking about area or size.
Some of the questions students may ask about these pictures will focus on area
(such as, What fraction of the space in the photo is taken up by an object),
and some will focus on quantity (such as, What fraction of the objects have
a particular property). Estimating with area and estimating with quantity in-
volve different ways of thinking and necessitate different strategies. Students
may make area-based assumptions about quantity, such as assuming that there
are the same number of large objects and small objects because half the space
is taken up by each.

e How are students estimating? Students may estimate by thinking across the
entire image or by using a portion of the image. For images that are uniform,

sampling makes a lot of sense. It would be easier to find a fraction of a corner
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of the image and assume that this fraction applied across the whole picture.
But if the image is not uniform, students will need to develop other ways of

accounting for variation.

Reflect

What fraction questions are you wondering about now ? What kinds of questions
would you want to investigate if you could ask questions outside your school?
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BIG IDEA

Using Fraction Equivalence

Fraction equivalence is at the heart of any work with fractions. Once students know
how to make fractions equivalent, they can add them and subtract them, multiply
and divide them more easily. More important perhaps, when students work to make
fractions equivalent, they are working with the main idea inside fractions: that of a
relationship. Students often become very confused by fractions, which is not surpris-
ing, as there are different rules for adding, subtracting, multiplying, and dividing. A

common error that students often make when adding fractions is to add the numera-
3
14’
errors like this when they have learned fractions as a set of rules instead of as big

. 1, 2 .
tor and the denominator: =+&= for example. Students are prone to making

ideas. One of the most important ideas that students need to understand when they
meet fractions is that a fraction represents one number, not two, and that the single
number comes from a relationship between the numerator and the denominator.
We never know whether a fraction is big or small from the size of the numerator; we

have to know how the numerator relates to the denominator. A fraction with 50 as a

i ) ) ) 50 . )
numerator is small if the denominator is 1,000 ( 7000 ) but large if the denominator

is 60 (Z—g). Students have often learned to deal with fractions as though they are two
%. But if they are think-
ing about % as a relationship and % as a relationship, they may notice that together

. 1.2
separate numbers, so it makes sense to add = to % and get
the two fractions are almost one half and nowhere near % This is why the idea of a

relationship is so key to fraction understanding yet often missed in the teaching of
fractions.
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EQUIVALENCE

When students are thinking about fractions as a relationship, they can more
casily think about fraction equivalence, which is the big idea encapsulated in this set
of activities. In the Visualize activity, we give students a set of paintings and accom-
panying puzzles. Similar questions could be used with other paintings and diagrams.
The main idea of the activity is to give students an intuitive experience of thinking
about denominators and to see some of the many connections between mathematics
and art.

In the Play activity, students take on a detective role, looking for patterns in
different paintings, exploring which ones might be genuine and which ones fakes by
considering fractional representations. This gives students an interesting (we hope!)
reason to use their developing understanding of fractions. Encourage students to be
flexible in their use of fractions and to always value the times when they are strug-
gling and making mistakes, as those are the most important times for their brain
development.

In the Investigate activity, students are given the open question of dividing
squares into different colored areas to show fraction differences. It is really good if
they are encouraged to try many different ways of finding solutions. This helps give
students the knowledge that any mathematics question can be solved with different
methods and that this is part of the beauty of mathematics. Students are also using
color, which helps makes mathematical ideas visual and interesting. We encourage
you to make a class display of the solutions, as it should be very interesting and color-
ful, and is a good vehicle for revisiting the ideas over the school year.

Jo Boaler
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Picking Paintings Apart
Snapshot

Exploring the colors used in geometric art, students
build on their understanding of fraction equivalence

to visualize the need for common denominators when

adding and subtracting fractions.

Connection to CCSS

5.NF.1
5.NF.2
Agenda
-
Activity Time Description/Prompt Materials e
o
Launch 10 min Introduce students to geometric e Examples of geometric m ;
artwork and some paintings that art from books or online 8 5
we've created, inspired by artists’ e Three inspired paintings: < &
work. Stacks, Nests, and Patches >
; Q
Explore 20-30 Partners develop ways of finding Stacks, Nests, and Patches g
min the fraction of the area of a paint- handouts, one each per part- M
ing covered by two or more colors. | nership o
o
Discuss 15 min Discuss the methods students Chart and markers 2
developed for joining the frac-
tions represented by the different
colors. Name the reason for using
the same size pieces (a common
denominator) when joining.
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EQUIVALENCE

To the Teacher

This lesson begins with looking at examples of geometric artwork that you might
find on museum websites or in art books in your school’s library. You can find com-
pelling examples among the works of Piet Mondrian, Frank Stella, and Ellsworth
Kelly, whose work has inspired the images in this lesson. If your students have never
seen this kind of artwork, you may want to spend some additional time looking at
examples and talking about what students notice about the use of shapes, colors, and
lines. It is worth the time to encourage students to notice the work mathematically
and make connections between art and math.

The central mathematical idea in this lesson is the need to use units of the same
size when joining two groups. In the case of fractions, the unit is the unit fraction or
denominator. Students will use the paintings as places to decide what the unit size is
and to explore why having units of the same size for the different colors is important
for joining them together. Some students may join the colors together first and then
determine a unit; others may think about each color separately and then try to join
them. In either case, students will discover that finding a shared unit is critical for
adding fractions. Students may not have language to name what it is that they are
doing—indeed, “finding a common denominator” sounds like a mechanical en-
deavor. This activity is designed to give students an intuitive experience that they can
draw on to understand that “finding a common denominator” is really about finding
a unit size that can be used to build both fractions, something they can literally see in
the paintings. Naming this concept mathematically is something we encourage you

to do in the discussion, after students have seen the need to use equal-size pieces.
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Activity

Launch

Launch the lesson by introducing students to some examples of geometric painting,
such as the work of Mondrian, Stella, or Kelly. These artists use shape and color to
express different feelings and create balance. Tell students that in today’s activity,
we’re going to look at some examples of paintings that were inspired by these artists.
Show students the three paintings for this task: Stacks, Nests, and Patches. For each
of these paintings, we want to figure out what fraction of the painting is taken up by
two or more of the colors together. Tell students that on the handouts, each paint-
ing has a question written underneath it. Read each of the questions to students and
be sure they understand that they are looking for the fraction of the painting that is
taken up by the two (or three) colors together. If you are working with the grayscale
images, the questions have been adapted.

Explore

Students work in partners and choose a painting to start with. Each painting has its
own puzzle:

o  For Stacks: What fraction of the painting is yellow and orange together?

e For Nests: What fraction of the painting is purple and green together?

e  For Patches: What fraction of the painting is color (red, blue, and yellow
together)?

Provide students with copies of the painting they choose. Students should
record their thinking so that they can share and justify their answers. Encourage
students to use number sentences to label the work they have done. Encourage part-
ners to solve as many of the puzzles as they can and to think about multiple ways to
explain the answers they come up with so that the class will be convinced of their

findings.
Discuss

Gather students together, along with their written work, and discuss the questions

here. Be sure to record students’ strategies on a chart or on the paintings themselves
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using a document camera. Having a shared record of the strategies and how we can
label them with fractions will be useful for future work.

e  How did you approach solving these problems? What strategies did you
develop?

e  How did you name the fraction for each color so you could join them? How
did equivalent fractions help you?

e How did you label your work with number sentences? Are there any other
number sentences that could be used to represent your strategy?

e What did you have to do in order to solve these problems?

In this discussion, be sure that the idea of using a common denominator or mak-
ing the pieces the same size becomes clear. Labeling students’ work with fractions,
equivalent fractions, and number sentences serves to formalize this idea. If students
have not labeled their own work, be sure to ask the class how it could be labeled.

Look-Fors

e  How are students labeling their work? Students may subdivide the paint-
ings and count pieces, then label their final answer, without writing a number

EQUIVALENCE

sentence to label what they have done. Encourage students to return to their
work and come up with a number sentence that could accurately represent

2
=
-
(9
<
o
L
O
=
(%]
2
M
<
w
=
=
[aa]

what they did to join the two colors. Some students may think of these as sub-
traction problems—taking away the area of the other colors from the whole—

while others may think of them as joining the colors together. In either case, a
number sentence will help students name what they have done and formalize
the relationships between different fractions they were using.

e  How are students dealing with fractions with different denominators?
Students may name the fractions involved in the task using different denomi-
nators and then not know how to proceed. For instance, in the Nests paint-
ing, some students might observe that the two squares that contain the green
and purple represent 5 of the painting, and all they need to do is subtract the

two red squares, which are each —L_ With these different denominators, this

100"
useful observation would leave students stuck. Encourage students to go back
to the painting and think about ways they could use the image to help them.

For instance, in the Nests example, you might ask, How can you take these

86 Mindset Mathematics, Grade 5



little red pieces away from this larger part of the painting? If you know that

1

each red is 75, how can you use that to help you figure out what is left? Or

what the green and purple are? Are there other fraction names you could use
for these parts that would help you subtract?

Reflect

Why does the denominator matter when adding or subtracting fractions?
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@ Stacks

Inspired by Red, Yellow, Blue, by Ellsworth Kelly, 1963.

What fraction of the painting is yellow and orange?

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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@ Stacks

Inspired Red, Yellow, Blue, by Ellsworth Kelly, 1963.

What fraction of the painting is white (1) and light gray (2)?

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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@ Nests

Inspired by Double Concentric: Scramble, by Frank Stella, 1971.

What fraction of the painting is purple and green?

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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@ Nests

Inspired by Double Concentric: Scramble, by Frank Stella, 1971.

What fraction of the painting is white (1) and dark gray (2)?

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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@ Patches

Inspired by Composition Il in Red, Blue, and Yellow, by Piet
Mondrian, 1921.

What fraction of the painting is red, blue, and yellow?

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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@ Patches

Inspired by Composition Il in Red, Blue, and Yellow, by Piet
Mondrian, 1921.

What fraction of the painting is dark gray (1), medium gray (2),
and light gray (3)?

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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Make a Fake
Snapshot

Building on students’ work with adding and subtracting

fractions in geometric art, students create “good” and

“close” fake Mondrian paintings. The class does detec-

tive work to find the close fakes, which are more than %

color.

Connection to CCSS

5.NF.1
5.NF.2
Agenda
2
=
E) Activity Description/Prompt Materials
Ll

m ‘é’ Launch 10 min Show students some examples of Examples of Mondrian’s
g w Mondrian’s geometric paintings paintings from books
7 <>t from the 1940s and ask students to or online
? = consider how they are similar to and Patches handout
m o different from Patches, a fake Mon-
Iw drian used in the Visualize activity.
a Challenge students to make a better
) fake.
(+a]

Explore | 30 min Partners work together to either Patches handout, one
modify Patches or create their own per partnership
fake so that it includes white, black, Dot paper (see appen-
red, yellow, and blue, and so that dix), multiple sheets
color makes up no more than % per partnership
of the painting—a “good fake.” Colors
Students also work to create a “close Analyzing Our Fake
fake”—a painting with a little more sheet, two per partner-
than % color. Students analyze their ship
paintings.

Discuss 20+ min | In a gallery walk, students do de- Students’ paintings
tective work on the paintings the posted around the
class has created, trying to find the room
“"good” and “close"” fakes. Discuss Optional: sticky notes
their findings and what they had to
consider in constructing their fakes.
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To the Teacher

At the heart of this lesson are the geometric paintings of Piet Mondrian, particularly
those using rectangular regions of white, black, red, yellow, and blue. We encourage
you to find some examples of these paintings to share with students at the start of
this lesson, either on museum websites or in art books from your school’s library. We
suggest works from the 1940s such as Broadway Boogie-Waogie (1942), Composition
London (1940-42), New York City I (1942), and Composition No. 10 (1942).

The challenging mathematical work in this activity is in justifying why the three
colors together are less than or a little more than 3 of the painting. Push students to
build on their understanding of the underlying grid provided by the dot paper (see
appendix), then to name the fraction each color represents and how those fractions
combine to something more or less than 1. Students may need reminders to think
about and use equivalent fractions to justify the sums of numbers that do not have a
common denominator. Wherever possible, make connections to the work students

did in the Visualize activity to support their thinking in this task.
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EQUIVALENCE

Activity

Launch

Launch the lesson, if possible, by showing students some examples of Mondrian’s
paintings from the 1940s. You might ask them to turn and talk to a partner about
what they notice about these paintings. Take some observations from students,
who might notice the colors and shapes used. Then show students the example
they worked with in the Visualize activity that is modeled on Mondrian’s work,
Patches. Tell them that this is not a real Mondrian painting. It is meant to look
like his paintings, but it was not made by him, so today we’re going to think of it as
a fake.

Ask students to again turn and talk to a partner about what they notice the fake
and the real paintings have in common and how they are different. Have students
share ideas. They might notice the color palettes’ being similar. Be sure they notice
that Mondrian’s real paintings often contain a lot of white space and that the fake we
looked at does not. This makes it a bad fake. Someone who knows Piet Mondrian’s
work well would be able to detect that it is not real. Tell students that their job today
is to make a good fake.

Explore

Students work in partners to create a convincing fake Mondrian painting. Students
can decide to modify the fake painting provided or to start over and design from
scratch. Mondrian’s paintings are typically no more than - color. The remainder is
usually white and black. To make a good fake, students need to make a painting that
uses blue, yellow, and red so that these colors are no more than 5 of the painting,
After students have created their fake, have them answer the following questions on
their Analyzing Our Fake sheet:

e What fraction of the painting is each color?
e  How do you know that the three colors together are less that 5 of the paint-
ing? Prove your results both visually and with numbers.

After students have made one good fake and analyzed it, ask students to make a

fake that is close but not accurate—where the colors are just a little more than %—and
analyze it on a second sheet.

9% Mindset Mathematics, Grade 5



Discuss

Before the whole-class discussion, ask students to post their different paintings
around the room, both the good fakes and any close fakes students may have created.
Make sure that the good fakes and close fakes are mixed together. Have partnerships
go around the room together, as in a gallery walk, and verify several paintings to see
whether they meet our constraints. Is it a good fake? Ask, Can you spot the close
fakes? Students need to be ready to prove their findings. You might want to provide
sticky notes for students to post their evidence—and their determination, good fake
or close fake—next to each painting.

Once students have had a chance to do some detective work, bring them togeth-
er for a discussion of which paintings are good fakes and which fakes just don’t work,
and how they know. If there are any disagreements, make time to discuss evidence
from both sides.

Then discuss how students went about making their paintings:

e  What did you have to think about when you were making your fakes—either
the good one or the close one?

e How did you use fractions to help you as you planned and created your
paintings?

In all of these discussions, be sure to highlight ideas about fraction equivalence
that help students add and subtract.

Look-Fors

e  Are students thinking in fractions, or in squares? Students may use the
unit of the square on the dot paper (see appendix) or original fake painting,
find how many there are, and then simply think about how many squares
to use or leave white. Although this strategy will work, it may then be dif-
ficult for students to complete their painting analysis in which they need to
justify why the three color fractions sum to less than 5. Challenge students
to reframe their thinking about their painting in terms of fractions to help
them justify what they have created—rather than starting over. Knowing
how many squares there are is just a step away from thinking about what the
unit fraction is, which will in turn help students name the fraction of any
region.
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EQUIVALENCE

How are students writing number sentences to represent and prove their
work? This is an important part of the learning in this lesson, in which stu-
dents connect their visual work to more abstract fraction representations. Stu-
dents may encounter difficulty in adding together their fractions if they are
named with different denominators, such as W’ 1—0, and . Remind students
of the work they did in the Visualize activity by referring back to the charts
they created in that lesson. You might ask students: How could equivalent
fractions help you add? What equivalent fractions would be useful?

How are students justifying whether a fraction is more or less than 5-?
Many students struggle to estimate the approximate value of fractions us-
ing benchmarks, even those as well-known as % If they see a fraction such

as —Z-, students many struggle to understand its relationship to 3, and they

100°
may struggle even more if the denominator is odd, such as -= Ask students:
What fraction would be color if it were exactly 32 How can knowmg that
help you think about whether your fraction is more or less than 5-? Some
students, particularly those working with an odd denominator, might benefit
from drawing a picture that is the same size as the one they have created and

marking out - clearly so that they can see what it looks like and compare.

Reflect

If you were given two fractions to add, such as % and % , what would you have to

think about in order to find their sum?
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@ @ Patches

Inspired by Composition Il in Red, Blue, and Yellow, by Piet
Mondrian, 1921.

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
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@ Analyzing Our Fake

What fraction of the painting is each color?

How do you know that the three colors together are less than
(or a little more than) 2 of the painting? Prove your results both
visually and with numbers.

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
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Squares with a Difference

Snapshot

Students bring together their understanding of fraction
equivalence and fraction addition and subtraction to in-

Vestigatc partitioning squares and comparing the rcgions

inside.

Connection to CCSS

5.NF.1
5.NF.2
Agenda
Activity  Time Description/Prompt
Launch 10 min Introduce students to partitioning by ask-

ing them to examine a 2 X 2 square that
has been divided into smaller regions.
Use this square to describe the investiga-
tion today.

Materials

2 X 2 Square
sheet, to display
Chart and markers

Explore 30+ min | Partners investigate how to partition
squares of different sizes (2 X 2, 3 X 3,
... 10 X 10) into rectangles and color
them so that the difference between the
blue and yellow regions is %. Students try
to find as many solutions as possible and
identify what size squares have solutions
and which do not.

Square Grids
sheets, multiple
copies per partner-
ship

Square tiles in
yellow, blue, and
other colors

Colors

Grid paper (see ap-
pendix), as needed

Discuss 15+ min | Discuss students’ findings, including their
strategies, their solutions, and which size
squares had no solutions. Look for pat-
terns that can help students understand
what works and why.

Chart and markers

Big Idea 3: Using Fraction Equivalence

(Continued)
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EQUIVALENCE

Activity  Time Description/Prompt Materials

Explore | 30+ min | Partners return to the investigation, now e Square Grids

exploring creating a difference between sheets, multiple
the yellow and blue regions that is % . copies per partner-
What size squares have solutions now? ship

What size squares have no solutions and e Square tilesin
why? Students continue their investiga- yellow, blue, and
tion by looking at other unit fraction other colors
differences of their choosing. e Colors

e Grid paper (see ap-
pendix), as needed

Discuss 20+ min | Create a class display of the different Class-created display
solutions for all square sizes and the frac- | of solutions

tion differences of % %, and any oth-
ers that students investigated. Use this
display to discuss patterns and determine

why some sizes work for a given fraction.

To the Teacher

In this investigation, students will be exploring partitioning squares into rectangular
regions and coloring them so that there is a given difference between two regions, the
blue and the yellow. We begin with a difference of 4 and then proceed to investigate
other unit fraction differences. Student look at squares of different sizes, beginning
with a2 X 2 square and continuing through a 10 X 10. This investigation involves lots
of thinking about fraction equivalence and fraction difference, as well as factors and
multiples. Launching this investigation with clarity is critical, as it involves thinking
about fractions and area models differently than students are likely to have done in the
past. Be sure that students see that they are looking to create a difference of 4, which is
to say that one region is % greater (or less) than the other. Students won’t be able to see
-+ on the grid in the way they may anticipate, because it is the difference between two
regions, not the regions themselves. It may help students if you point to the example

in the launch and ask, Where is the - difference? Students will need to see it as the
part of the blue region that is greater than the yellow. One additional parameter that
needs to be clear is that students must partition the squares along the grid lines, which
is to say that the regions must have whole-number side lengths. All square sizes work if
students ignore the grid lines; by using the grid lines, we explore fraction equivalence

and its utility in depth.
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This investigation will take at least two days, and we encourage you not to rush.
Students will work at different paces and will need time to collect enough evidence
to begin to see patterns. Some students may have their own ideas for extending the
investigation, such as exploring larger squares (say, 11 X 11 or 12 X 12). If students
have gathered sufficient evidence to identify some patterns they want to explore, we
encourage you to let them extend their investigation. The longer students investigate,
and the larger their squares become, the more paper resources students will need.

IDN3ITVAIND3

=
o
o
m
>
S
c
2
=
o
il
X
>
N
=
o
z

Big Idea 3: Using Fraction Equivalence 103



=
=
-
(9]
<
o
(T8
O
=
wv
>
)
<
w
=
2
(+a]
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Activity

Launch

Tell students that mathematicians have been studying how to partition areas and
what patterns they can make in partitioned shapes for a long time. Partitioning is
cutting a shape into smaller parts. Today we’re going to investigate partitioning, too.
We're going to look at how to partition squares so that there is a particular difference
between two of the areas inside of it. Let’s look at an example of a2 X 2 square that
has been partitioned into rectang]es.

Ask students, What is the difference between the fraction of area that is blue
and the fraction of area that is yellow ? Give students a moment to turn and talk
to a partner. Be sure students are thinking in fractions of the whole, rather than in
squares (that is, % — % instead of 2 — 1).

Show students the empty square below it on the 2 X 2 Square sheet. Ask, Is there
a different way we could partition this square so that the difference between the blue
and yellow areas is still %? Tell students that this is a2 X 2 square and that for today’s
work, we must partition along whole numbers of units. Give students a moment to
turn and talk to a partner, then ask for ideas. Chart any contributions students may
have. It is important to use this example as a place for students to brainstorm and see
other possibilities before they go off to work on the investigation. Students might see
that they can split up the blue portion into two smaller squares and the difference be-
tween the yellow and blue would remain the same, or that they can swap which color
is the larger region (that is, yellow could take up % of the square and blue could be %)

Tell students that in today’s investigation, they will be partitioning squares of
lots of different sizes into rectangular areas and deciding how to color them in so
that the difference between the fraction that is blue and the fraction that is yellow is
still % Ask, What different ways can we do this? How many solutions can we find?

Can we find solutions for any size square?
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Explore

Provide students with square tiles (blue and yellow and at least one other color),
Square Grids sheets, grid paper (see appendix), and colors. Students work with a
partner to investigate the question, How can you partition squares of different sizes
into rectangles and color them so that the difference between the yellow and blue

.1 N
arcas 1s .«

e What are the different ways you can find to solve this problem?
e What size squares work?
o  What size squares do not work? Why?

Encourage students to label their different solutions with number sentences to
help them remember what they were thinking. They will work with many squares, and
labels will support students in organizing, remembering, and reporting their work.

Discuss

Gather students together to discuss the different solutions they found for a differ-

1 . . .
ence of 7. Chart solutions, observations, patterns, and questions that students gener-
ated during this first part of the investigation.

IDN3TVAINO3

e  How did you have to think about the fractions to find a difference of 42
e What different ways did you find to partition squares?
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e What patterns were you using to help you? What patterns did you notice?
e What size squares did we find solutions for? Which sizes did we not find solu-

tions for? Why do you think that is?

Then ask students: What do you think will happen if, instead, you were trying
to make a difference of 3, or some other unit fraction? Do you think the same size
squares would have solutions? Give students a moment to turn and talk to make a
prediction, then introduce the next part of the investigation.

Explore

Ask student partnerships to investigate what solutions they can find for partition-
ing squares of different sizes into rectangles and coloring them so that the difference
between the blue and yellow regions is 3-
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e What are the different ways you can find to solve this problem?

e What size squares work?

e What size squares do not work? Why?

e How are your solutions similar to those you found for 42 How are they differ-
ent? Why?

Students can investigate other unit fractions, such as % or % , to look for pat-
terns in their solutions. Ask, Can you predict what size squares will work for a frac-
tion before you begin? For each unit fraction students investigate, ask them to record
their findings on a separate Square Grids sheet or piece of grid paper (see appendix)
to help them organize their solutions for sharing. See Figures 3.1 and 3.2 for exam-
ples of student work. Our Square Grids sheet ends with 10 X 10 squares, but stu-
dents might also want to extend their investigation beyond this size, which they can

do by making their own squares on grid paper (see appendix).

Discuss

Gather students together with their solutions. Because students will have investigat-

ed different fraction differences, you'll need a way to pool all the solutions students

Square Grids Square Grids

Investigating ways to make a difference of '[j between yellow and blue. | Investigating ways to make a difference of & between yellow and blue.

Figure 3.1 Student Work in Progress Finding a Difference of 1—
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Square Grids Square Grids

Investigating ways to make a difference of ‘/3 between yellow and blue. Investigating ways to make a difference o '{, between yellow and blue.

Figure 3.2 Student Work in Progress Finding a Difference of ;—

found so that the class can look for patterns across them. We suggest that you ask
students how the class could organize their findings to see patterns about what size
squares work and what size squares don’t work for the fraction differences they inves-
tigated. Support students in developing a class organizational system. You might find
that a table on a bulletin board or wall is useful, similar to the one in Figure 3.3.

Once you have your organizing system in place, use it to collect students’ solu-
tions and figure out why some square sizes work for some differences and others
don’t. You may want students to reproduce their solutions on cut-out pieces of grid
paper (see appendix) so that they can be posted for all to see, which you can also use
to honor the many different solutions students may have come up with for a given
fraction and square size. This can also serve as a source for additional inquiry: Why
do some of the square sizes with solutions have many solutions while others have
few ? If students are not yet confident or need more data, send them back to gather
more information through additional investigation.
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Look-

Figure 3.3 Sample Table for Recording Student Data

Fors

Are students clear about what the fraction in this problem represents?
Critical to this investigation is the idea of a fraction difference. Some students
may struggle with this idea because when they look at an area model, they
may expect to be able to see % shaded in somewhere; this is how we typically
use area models when teaching fractions. But in this investigation, we sug-
gest that % is the difference between two areas, not a region that students can
touch. It may support some students to think about this as one region being
% more than another, or that if they subtracted the smaller region from the
larger one, then they would see % remaining. Start these conversations simply
by asking, What does it mean that there is a difference of % between the blue
and the yellow ? This question will help you uncover the confusion, if it exists,
and then you can clarify the parameters of the task.

How are students getting started ? Some students may dcsign a parti-

tioned square and then struggle to determine how to get started coloring
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and adjusting the regions so that the difference between the blue and yel-
low regions is % (or whatever fraction was their goal). Encourage students
to partition their square in some way, start testing ideas, and recording
the results using number sentences. This record will support students in
beginning to see patterns that enable them to think ahead about the frac-
tions that might make sense. Once students start secing patterns, they will
likely start in different places when thinking about solving these puzzles.
For instance, some students will start by thinking about the larger region
first and then thinking about taking away = to see what is left. Other
students will think about =, find an equivalent fraction for the square
size (say, % = 116 for a4 X 4 square), and then use that to generate frac-
tion pairs that are 4 apart. These strategies only emerge through students’
trying lots of squares first and using the recorded number sentences and
diagrams to look for patterns in what works, what gets close, and what
doesn’t work.

How are students using their trials to get closer? Some students may try
partitioning and coloring on a grid, find that their trial doesn’t work, and get
frustrated having to start over each time. Especially at the beginning of this
investigation, when students will be making lots of mistakes and may still

be trying to figure out what this investigation requires, students may benefit
from using square tiles instead of the grids. The square tiles enable students to
swap one square out for a different color easily so that adjustments feel fluid.
Ask students to record the solutions they find and any trials that don’t work
that they think might be useful evidence for a square being impossible. As
students gain confidence, they may move to using the grids on their own.
Are students getting stuck on a single square (perhaps without a solu-
tion)? Are students dismissing squares as impossible too quickly? Some
students may get stuck searching and searching for a solution to a square that
doesn’t have one; others may make one effort on a square that does not work
and then dismiss that square as impossible. The key questions here are: How
do you know when a square will never work? Why is it that some sizes do not
work for some fraction differences? For some students, thinking about these
questions will help them see that there is a real mathematical barrier to find-
ing a solution and enable them to move on. For other students, you might
want to push them to stick with the square until they gather enough evidence
to be certain.
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e  How are students keeping track of their work? Students will be working
across many different square sizes and looking for differences of 4 and 3-and
perhaps others. This investigation will generate a lot of squares to keep track
of, and some students may begin to get confused about what they have tried,
what worked and didn’t, how they know, and what squares were meant to ex-
plore the different fractions. Labels are hugely helpful in organizing the work
and, ultimately, seeing patterns. Encourage students to label their work with
the fraction difference they are investigating and to label each square with
a number sentence. Students need to develop some way of indicating trials
that don’t work and those that are successful solutions. Students should keep
records even of the trials that do not work, because these can be evidence for
squares that are impossible, and they can be useful when comparing their own
thinking to that of others.

Reflect

Where can you see equivalent fractions in this investigation? How might they
help you think about the squares that do and do not work for a particular fraction
difference?
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@ Square Grids

Investigating ways to make a difference of between yel-
low and blue.
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@ Square Grids

Investigating ways to make a difference of between yel-
low and blue.
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BIG IDEA

Exploring the Coordinate Plane

Coordinate planes enable us to do something that is really mathematically interest-
ing and cool: record, with one small point, two different dimensions of an object.
But, as with all mathematical ideas, when the concept is taught as a set of rules about
ways to record accurately, the coolness can disappear for students. A really nice way
to introduce coordinate graphs to students is to have them use the main idea without
recording numbers. The activity that we share in our Visualize activity is one that we
introduced to students in our Youcubed summer camp. Part of the three-minute film
that demonstrates the impact of the camp shows the students working on this activ-
ity on whiteboards: www.youcubed.org/resources/solving-math-problem/

We asked students to look at a graph and then to make one of their own. We asked
them to choose the topic of their graph and what they would measure on their axes. This
was a really interesting and engaging activity for students and one that focused them on
the meaning of coordinate graphs, not the technical details that would come later.

Many mathematical ideas can be shared on a coordinate plane. Our
Youcubed video of mathematical connections www.youcubed.org/resources/tour-
mathematical-connections/ shows the ways fractions can be illustrated on a coor-
dinate plane to reveal their relationships. In our investigation, we invited students
to plot the patterns they saw in the multiplication table on a coordinate plane.
When we were investigating the multiplication table ourselves and we saw the
arcs that are revealed when we color in the same number that appears in different
places (Figure 4.1), we were enthralled, and we thought students would be too.
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COORDINATE PLANE

Multiplication Table

X 1 2 3 4 5 6 8 9 |10 | 1 |12 (13|14 |15 16

1|1l 2|3]4als]|e o 2| 314|156
2 4|6 |8 |1fB 16 |18 |20 | 22| 242 [28]30] 3
3 (3|60 5 | 18 57 | 30 | 33 | 36| 39 | 42 | a5 |4

=5 | 45 | 48|

7
7
14
21
8716 20 24/43, 40 | 44 L4m 52 | 56 | 60 | 64
%

4| 4
5|5 19/ 15 | 20 z;//so (a0 | a5 Ls6T ss | 60 | es | 70 | 75 | 80
6| 6
7|7

2 | 18 Zy 304/!6, 42 ,y 54 | 60 | 66 | 72 | 78 | 84 [ 90 | %6
4% |2 A8 }{ 42 y/ 56 [ 63 | 70 | 77 | 84 | 91 | 98 [ 105 | 112

4
8 8l | 16 2/ Sy 40 4}/ 56 | 64 | 72 | 80 | 88 | 96 [104 | 112 | 120 | 128

9 9 18 /27 ‘/6 45//54 63 | 72 | 8 [ 90 | 99 | 108 [ 117 | 126 | 135 | 144

10 | 1 20 4 30 [ 40 60 | 70 | 80 | 90 | 100 [ 110 | 120 | 130 | 140 | 150 | 160

n 1 22[ 33[ 44/ 55 (66 | 77 | 88 [ 99 | 110 | 121 | 132 | 143 | 154 | 165 | 176

% 60 | 72 | 84 | 96 | 108 | 120 | 132 | 144 | 156 | 168 | 180 | 192

1B | 13|26 |39 /52 65 [ 78 | 91 | 104 | 117 | 130 | 143 | 156 [ 169 | 182 | 195 | 208

56 | 70 | 84 | 98 | M2 | 126 [ 140 | 154 | 168 [ 182 | 196 | 210 | 224

42
15 [ 15 | 30 4SI 60 | 75 [ 90 | 105 | 120 | 135 | 150 | 165 [ 180 | 195 | 210 | 225 | 240

16 | 16 | 32 48, 64 | 80 | 96 | 112 | 128 | 144 [ 160 | 176 | 192 | 208 | 224 | 240 | 256

For the lesson in this book, we have combined the activity of looking for pat-
terns in the table with the task of plotting them on a coordinate graph. The activi-
ties that make up this big idea all invite students to think about what is being repre-
sented by the coordinate plane, not just plot points with no meaning, and to engage
with coordinate planes through interesting activities that they will need to think
about deeply.

In our Visualize activity, we share a graph with points plotted without numbers
so that the students can think about what they mean. We first got this idea from a
graph of fruit that Randall Munroe developed and Dan Meyer shared and then put
onto Desmos. It is a really nice way to introduce students to coordinate planes. After
sharing an example with students, we ask them to come up with their own ideas and
to make their own four-quadrant graph.

In our Play activity, students are invited to play a game similar to Battleship, in
which they need to think about particular points on the graph. This fun and engag-
ing activity is a nice way to introduce students to the precise location of points on a
graph. The game also offers students a chance to be strategic in their game play and
for you to highlight the value of strategic choices that are based on feedback.

In our Investigate activity, we invite students to do something that is always
mathematically worthwhile: explore patterns in the multiplication table. The arcs
shown in the earlier graphic are just one type of interesting pattern that students
may discover and explore. We also give them the opportunity to consider the ways
that the multiplication table is similar to or different from the coordinate plane. This
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will give them a chance to see that the coordinate plane communicates information
through points that are located at the intersection of the different grid lines. As with
all of our Investigate activities, we hope that students will feel free to explore, pursu-
ing mathematical patterns and ideas that are interesting to them.
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Getting around the Plane
Snapshot

Students explore the meaning of the coordinate plane
by interpreting and creating four-quadrant graphs, using

qualitative comparisons instead of values on the axes.

Connection to CCSS

5.G.1
5.G.2
Agenda
L
I
o Activity Time Description/Prompt Materials
0=
E g Launch | 15 min The class examines a four-quadrant * Four-Quadrant Trans-
o graph showing modes of transporta- portation Graph to
~ - tion, where one axis represents speed show students
5 ‘Zt (fast vs. slow) and the other repre- e Optional: copies of
40 sents enjoyment (fun vs. not fun). the Four-Quadrant
< g Students discuss their interpretations Transportation Graph
a o of the graph. for partners, chart,
o = and markers
o
Explore | 30 min Groups create their own four- Chart and markers for
quadrant graph on a poster, compar- each group

ing two dimensions of a topic they
choose. Groups must agree on where
to place the data points on their

graph.

Discuss 15-20 min | Groups swap graphs and discuss e Posters from each
interpretations of another group’s group
graph. Students mark with sticky e Sticky notes

notes any points that raise questions
or spark disagreement. Groups then
present the graph they explored
and any questions it raised. Discuss
what the graphs enable students to
communicate and see.
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To the Teacher

This activity engages students in thinking about the relationships the coordinate
plane can communicate. Whereas fifth graders are typically asked only to work with
the first quadrant, and later zoom out to think about all four quadrants, we think

it makes more sense to first give students an experience with the whole coordinate
plane. To ensure that students focus on relationships—not integers—this lesson
centers on dimensions without measures. In the example graph used in the launch,
one dimension, speed, could be quantified, but we choose simply to express it quali-
tatively as fast or slow. The other dimension, enjoyment, cannot be measured and is
subjective. The qualitative and subjective nature of these measurements can generate
productive disagreement and debate about the placement of individual data points.
Students may well dispute where on the plane we have placed, for instance, the sub-
way, depending on how rare or typical, exciting or ordinary riding the subway is for
them. We think this is a great opportunity for students to engage with the meanings
in a coordinate plane, rather than simply plotting points.
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COORDINATE PLANE

Activity

Launch

Launch this activity by showing students the Four-Quadrant Transportation Graph
on a projector. You may want to hand out copies for students to examine with a
partner. Without explaining what the graph shows, ask students to make some
observations, generate interpretations, and ask questions. Ask: What do you notice?
What does the graph show ? What do the individual points mean? What does the
graph make you wonder? Give students some time to turn and talk to a partner, as
needed, to think aloud about what the graph shows. As you discuss the meanings in
the graph, record students’ thinking on a chart or by annotating the graph itself. Be
sure to engage students in thinking about the relationships the graph communicates,
that each point shows both how fast and how fun the mode of transportation is to
the person who created the graph.

After students have begun to form interpretations of the graph, ask whether
there are any points on the graph that students disagree with. Invite discussion and
debate. You may want to revise the graph to reflect where your class thinks the points
should be placed. If there is a form of transportation used by students (or one they
can imagine) that is not shown, you might ask them to discuss where it should be
placed and then add that data point to the graph.

Ask students to notice how the graph is set up. Take some observations. Stu-
dents should notice that the two axes each have opposites indicated at the far ends.
Introduce today’s task to the class. Be sure to talk with students about the need for a
topic and two dimensions, one for each axis, where two different qualities exist (such
as fun vs. not fun, fast vs. slow). Before sending them to their groups to begin work,
you may want to offer students an opportunity to turn and talk with a partner to

brainstorm the kinds of topics that could be graphed.

Explore

Students work in small groups to create their own four-quadrant graph using
different axis labels and a different topic from the one used in the launch.
Students should brainstorm several ideas before settling on a topic, and they
should consider what the dimensions being compared on the graph could be. The
group must agree on both the topic and the dimensions of comparison before
constructing their graph.
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Each group will construct a graph on chart paper, clearly labeling the topic and
axes. Ask students to come up with several points to place on the graph (for example,
subway, car, bike). Students must agree on the placement of each point. Students can
use symbols, as in the transportation graph, or labeled points for their data.

Discuss

Each group swaps graphs with another group. As they swap, ask groups not to share
any details except what is on the graph. Ask students to look at the graph they re-
ceive and discuss within their group how they interpret the graph. Provide students
with sticky notes for recording their interpretations of the graph, questions they
have, and any points they disagree with and why.

Have each group present the poster they just explored (rather than the one they
made). The presenting group would also share its questions about the graph. Let the
group who made the graph offer any clarification at the end.

As a class, discuss the following questions:

e What does a four-quadrant graph enable you to communicate? What can you
learn from this kind of graph?
e What made placing your data points challenging for your group? What dis-

agreements came up?

Look-Fors

e Are students choosing dimensions with two clear distinctions to give their
axes meaning? Because the graphs students are creating in this activity do not
have numerical values for the axes, the dimensions they choose to compare
must have two distinct qualities. We have shown fast vs. slow and fun vs. not
fun, but many other possibilities exist. Students might use dimensions such as
delicious vs. not delicious, easy vs. hard, common vs. rare, or awesome vs. not
awesome.

e  Are students considering both the relationship between the axes and the
relationship between the points when placing their data? Placing a data
point on the graph is first a matter of considering each dimension: left or
right, up or down, extreme or close to the center. But as students accumu-
late points on the graph, they must also consider how each new point fits
compared to the other points already on the graph. For instance, if students
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COORDINATE PLANE

122

were placing roller skating on the transportation graph, they would need to
consider not just whether it is fast, but also how much faster or slower it is
than biking. Looking at the graphs students construct, ask probing questions
about the placement and inquire about the relationship between the points to
encourage students to think about those relationships and to revise as needed.
Are students noticing relationships when interpreting graphs? These four-
quadrant graphs communicate a web of relationships, between the two axes
and between the various points on the graph. When students are looking at
graphs made by others, encourage them to think about the points individually
and in relationship to one another. These relationships may well spark ques-
tions and disagreement, which are both useful ways to engage with the ideas

in the graph.

Reflect

What other topics would you like to see graphed on a four-quadrant graph? What
would the axes be? What would you be interested to learn from this graph?
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@ Four-Quadrant Transportation Graph

Fast

Not fun ' o Fun

Slow

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc. Source: Shutterstock.com/Macrovector
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COORDINATE PLANE

Ship Shape
Snapshot

Students play with describing and locating points—and

the shapes they make—in the first quadrant of the coor-

dinate plane in a game called Ship Shape.

Connection to CCSS

P

5.G.1
5.G.2
Agenda

Activity Time Description/Prompt Materials

Launch 15 min Students look at a rectangle on a co- | Where Is the Rectangle?
ordinate plane and develop ways to graph, to display
describe its location. The class agrees
on clear and precise descriptions.

Name the convention of describing
points at (x, y). Describe the direc-
tions for playing Ship Shape.

Play 30 min Partners play Ship Shape, in which e Ship Shape Game
they each hide a group of shapes on Sheets, two per player
their own coordinate plane and then for each round
take turns trying to guess where e File folders, one per
those same shapes are hidden on player
their partner’s plane.

Discuss 10-15 min | Discuss strategies students devel-
oped for locating shapes and record-
ing the results of the guesses on
their coordinate planes.

Extend 30+ min Partners design and test their own e Make Your Own Ship
Ship Shape Game Sheets, with the Shape Game Sheets,
goal of creating a set of shapes that multiple copies per
is more interesting or challenging to player
play with. e File folders, one per

player
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To the Teacher

In today’s game, we move from developing a holistic sense of the relationships repre-
sented in all four quadrants of the coordinate plane in the Visualize lesson to taking
a close and precise look at the first quadrant. In this lesson, we use locating shapes on
the coordinate plane as a way of introducing and practicing with the conventions we
have for describing the location of points on the coordinate plane. Students also get
some experience with attending to the sides and angles of a group of polygons and
trying some transformational geometry as they plot, slide, and rotate the shapes.

We have provided two different game sheets for this game, one with four shapes
and one with six. We recommend starting with the board with four shapes, and
students can move to the board with six for later rounds. We have also provided a
blank game sheet for the extension, in which partners create and test their own game
boards. If students develop a set of shapes that they think works well as an interest-
ing game sheet, you might photocopy their boards to make it easier for others to try
them out or play repeatedly.
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COORDINATE PLANE

Activity

Launch

Launch this activity by showing students the Where Is the Rectangle? graph on a
projector. Ask students, How could we describe where this rectangle is to some-
one who couldn’t see the graph? Ask students to turn and talk to a partner about
this question. Then take student descriptions and scribe them on a chart or board.
Pay attention to when students use the numbers on the axes to locate or when
they attend to the vertices. When students use the axis labels, ask why they chose
this as a clear way of describing the location of the rectangle or its vertices. You
may also want to ask why the vertices are features of the rectangle that help locate
it on the graph. These two ideas, that the vertices describe the shape and that the
axis labels can locate points, are critical to this lesson and using the coordinate
plane.

You might ask the class to look at all the contributions for how to describe the
rectangle’s location and ask, Which of these descriptions do we think is the clear-
est? The most efficient? Name for students the convention for locating points on the
coordinate plane: (x, y). Try using this language together by giving students three
points: (2, 3), (6, 3), and (6, 5). Ask students to discuss with a partner what kind of
triangle is made by these points and where it would be on the graph. You may want
to invite students to come up and place these points on the graph and see the right
triangle created.

Tell students that today they will be playing a game with a partner using
this way of locating points and shapes on the coordinate plane. Introduce
the game Ship Shape by showing students the materials and describing the

directions.

Play
Ship Shape is played in pairs. Each student will need two copies of Ship Shape Game

Sheet 1 and a file folder. Partners will need to position themselves across from one
another with file folders standing up to keep their game sheets private.

Game Directions

o  Each partner gets two sheets, one to record their hunt for their partner’s
shapes and the other to hide their own shapes. Partners each use a file folder
to separate their planes from each other.
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e  Before play begins, each partner must hide all of the shapes shown on the right
side of the game sheet on their own coordinate plane by drawing. Players may
rotate the shapes when they place them, but not change their size or shape.
Players mark the shapes clearly on the plane.

e  DPartners then begin play by taking turns guessing points on the coordinate
plane, with the goal of finding a vertex of one of the shapes. Players should use
the (x, y) convention in naming points.

e Ifavertexis found, the partner says, “Nailed it!”

e Ifapointon aside or inside the shape is found, the partner says, “Ping!”

e  Ifthe point is outside of any shapes, the partner says, “Missed!”

e When all the vertices of a shape have been found, the partner says, “You
found my triangle [square, trapezoid, and so on].”

e  DPlayers should develop ways to record the results of their guesses on their
sheets.

o  The first person to find all their partner’s shapes wins.

Students may play multiple rounds, and will need new game sheets for each
round. After students have played with the game board with four shapes, they may
want to try the board with six shapes.

Discuss
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After students have had a chance to play at least one full round, gather them together

to discuss the following questions:

e What strategies did you come up with to help you find shapes?

e What was challenging about finding the shapes on the coordinate plane?

e  How did you record the results of your guesses to keep track of where shapes
might or might not be?

Extend

Partners can make their own shape set using the blank Make Your Own Ship Shape
Game Sheet. Ask students, What kinds of shapes can you make that will make it
more challenging or interesting to play? Students may want to create and test a va-
riety of game sheets to develop an interesting or challenging game that others could
play. You may want to photocopy students’ final designs so that they can swap with
other groups and play.
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Look-Fors

e Are students using the (x, y) convention to name points on the coordinate
plane? Listen in as students name points, and watch them mark the feed-
back on their boards. The use of (x; y) in that order is simply a mathematical
convention, and students are not expected to be fluent with this convention
immediately. They may well flip the order, which you will be able to see if they
call a value (x, y) and then mark it on their plane as (3, x). This is an instance
where it makes sense simply to remind students of the convention by referring
to the charts you created during the launch.

e Are students changing the shapes when they place them on the coordinate
plane? The game is far more interesting if students rotate or flip the shapes
when placing them on the coordinate plane before the game begins. This can
be challenging work, as it requires attending to the relationships between the
vertices and transforming them as they transform the shape. Students may
make mistakes that change the angles or side lengths as they try to plot the
shapes. Encourage students to compare their placed shape to the original and
ask how they know the two are congruent.

e  Are students thinking strategically about the feedback they get from
their guesses? Encourage students to move from random guesses—which
they must use in the beginning of each game—to thinking strategically about
their next guess. Each guess should give the student some feedback, and any

COORDINATE PLANE

guess that gets a “Ping!” for being on a side or inside the shape should lead to
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nearby guesses next. As students locate vertices, they should be able to hy-
pothesize about which shape they may have found and where the other verti-

ces may be. You may want to slow students’ game down and ask them to think
aloud about what they know and what the best guesses will be. This is a game
in which revealing your strategy or pondering it aloud does not compromise
your chance of winning, because the shapes are already placed and cannot be
moved.

Reflect

How can you imagine people using or seeing a coordinate plane in real life?
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@ Where Is the Rectangle?
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@ @ Ship Shape Game Sheet 1

Found a vertex? Say, “Nailed it!”
Landed on the perimeter or inside? Say, “Ping!”

Landed on the empty plane? Say, “Missed!”
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Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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@ Ship Shape Game Sheet 2

Found a vertex? Say, “Nailed it!”
Landed on the perimeter or inside? Say, “Ping!”

Landed on the empty plane? Say, “Missed!”
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Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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@ Make Your Own Ship Shape Game Sheet

Found a vertex? Say, “Nailed it!”
Landed on the perimeter or inside? Say, “Ping!”

Landed on the empty plane? Say, “Missed!”

12

11

10

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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Table Patterns
Snapshot
Students explore patterns in the multiplication table and

then investigate what happens when they graph those pat-

terns on the coordinate plane.

Connection to CCSS

5.G.1
5.G.2
Agenda
Activity Description/Prompt Materials
w
Launch 5-10 min Show students a partially complete Multiplication Table )
multiplication table and ask them sheet, to display 8 o
what patterns they notice. Collect of
student observations and point out 3 B
that several values appear repeat- = ;
edly, whereas others appear only l’, )
once or twice. Tell students they will : o
investigate the repeating values. ; =
2
. . N Z 6
Explore | 20 min Partners color-code repeating values e Multiplication Table m_
in the multiplication table, extend- sheet, one per student ﬁ

ing the table to explore the patterns e Colors
they create on the table.

Discuss 154+ min Discuss the patterns students found e Students’ color-coded
in the repeating values on the multi- Multiplication Table
plication table and their conjectures sheets
about these patterns. Compare the e Multiplication Table
multiplication table to the coordi- sheet, to display
nate plane. e Coordinate Plane

sheet, to display

Explore | 20-30 min | Partners investigate how to show on e Students’ work on

the coordinate plane the patterns the Multiplication
they found on the multiplication Table sheets
table. Partners test the class’s conjec- | ¢ Coordinate Plane
tures by looking beyond what they sheet, one per student
found in the multiplication table. e Colors
(Continued)
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COORDINATE PLANE

Activity Time Description/Prompt Materials

Discuss 15 min Discuss how students represented the
multiplication table patterns on the
coordinate plane and what this repre-
sentation enables them to see. Discuss
the conjectures tested and how points,
products, and area are related.

To the Teacher

In this investigation, we draw connections between the multiplication table students
have seen for years and the coordinate plane. Numbers we consider to be flexible ap-
pear often on the multiplication table: 12, 24, 36, and so on. Other numbers appear
only once (such as 25) or twice (such as 7). In this investigation, we ask students to
explore the repeating values and how they are arranged physically on the multiplica-
tion table, and later on the coordinate plane. The arcs these repeating values make,
like the ones shown in Figure 4.1, are related to the factor pairs and will always end
near both axes where we would find 1 times the number itself.

Students may not see these arcs at first, and they are probably not accustomed
to drawing lines across the multiplication table. Encourage them to think about
the shape they make, once they have color-coded repeating values. Students may be
more apt to think about shape when they move to the coordinate plane, which is one

advantage of the plane and something you can discuss as a class.

Multiplication Table

8 9 |10 | 1 |12 (13|14 |15 16

O

——
16 | 18 | 20 | 22 | 24 | 26 | 28 | 30 | 32
L=
27 |30 | 33 | 36 39| 42| 45 | 48

7
I
14
21
4| 4 8/16 20 2443 40 | 44 L4 52 | 56 | 60 | 64
uA% | 2 -
| 2<"] Ls6 55 |60 [ es |70 | 75 | 80
/.
6 s/{z 18 2y30/3{429/ 60 | 66 | 72 | 78 [ 84 | 90 | 96
7|7/ 4 21A8/7{42y/56 63 (70 | 77 | 84 | 91 | 98 | 105 | M2
4

8 8| 16 2/ 3;/ 40 | 4 56 | 64 | 72 | 80 | 88 | 96 [104 | 12 | 120 | 128

9 E 18 /27 6 45//54 63 | 72 | 8 [ 90 | 99 | 108 [ 117 | 126 | 135 | 144

10 |1 20 4 30 [ 40 ﬁ 60 [ 70 | 80 | 90 | 100 | 110 | 120 [ 130 [ 140 | 150 | 160

4
mn| 22[ 33[ 44/ 55 [ 66 | 77 | 88 [ 99 | 110 | 121 | 132 | 143 | 154 | 165 | 176

12 'I2K 24' 36' % 60 | 72 | 84 | 96 | 108 | 120 [ 132 | 144 | 156 | 168 | 180 | 192

1B | 13|26 |39 /52 65 | 78 | 91 (104 | 117 | 130 | 143 | 156 | 169 | 182 | 195 | 208

14 | 14 | 28 56 | 70 | 84 | 98 | M2 | 126 [ 140 | 154 | 168 | 182 | 196 | 210 | 224

42
15 [ 15 | 30 45’ 60 | 75 | 90 | 105 | 120 | 135 [ 150 | 165 | 180 | 195 | 210 | 225 | 240

16 | 16 | 32 48' 64 | 80 | 96 | 112 | 128 | 144 [ 160 | 176 | 192 | 208 | 224 | 240 | 256

Figure 4.1 Arcs in the Multiplication Table
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Activity

Launch

Launch the lesson by showing students the partially completed Multiplication Table
sheet. Ask students, What patterns do you notice in the table? Give them a moment
to turn and talk to a partner, then take some student observations of patterns. They
may notice the counting sequence in the first column and row, or the symmetry of
the table. They may notice the square numbers along the central diagonal. Take all
observations and give students the opportunity to come up and point to where the
patterns they see are found in the table so that others can see them, too. You may
want to mark or color-code the table to show the patterns students point out.

Tell students that one of the patterns in the table is that some numbers show
up several times, whereas others appear in the table only once or twice. Tell students
that today we are going to explore the numbers that seem to repeat and investigate
the patterns they make in the table.

Explore

Students work in partners to color-code numbers that appear frequently in the mul-
tiplication table. Each student will need their own Multiplication Table sheet and
colors. Students investigate the following questions:
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o What values appear frequently in the table? Color-code the repeating values.
e Will these numbers continue to repeat? Extend the table as far as you'd like to
investigate what happens beyond 8 X 8.

e How are repeating numbers arranged on the table?
e What conjectures can you make about what this pattern is showing and how
you think the pattern might continue?

Discuss

Gather students together with their color-coded tables. Discuss the following questions:

e What values did you find repeated frequently in the table as you extended it?

e What did you notice about the patterns these values make on the table?

e What conjectures did you make about what the pattern is showing or how the
pattern might continue?
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COORDINATE PLANE

After students have had the opportunity to share and perhaps notice the arcs
made by repeating values in the multiplication table, display a fresh copy of the
Multiplication Table sheet and a copy of the Coordinate Plane sheet. Ask students:
How is the multiplication table like a coordinate plane? How are they different?
Give students a few moments to turn and talk to a partner about the similarities and
differences. Invite students to share their observations. You may want to mark what
they notice on the two sheets, making connections between what is shared and high-
lighting differences.

One key difference we want students to see is that the numbers on the multipli-
cation table align with the spaces—the blanks where we record the products—but in
the coordinate plane, the values align with the grid lines. This means that on a coor-
dinate plane, the numbers 3 and 6, for example, come together not inside a box but
at the intersection of the two grid lines. If students do not point this out, you may
want to ask them how the axis labels on the table and the plane are similar or differ-
ent from each other to encourage them to attend to these features.

Ask students how they could show the patterns of repeating numbers they
found in the multiplication table on the coordinate plane. You may want to give stu-
dents a moment to turn and talk to their partner before giving them directions and
sending them off to work.

Explore

Students work with their partner to investigate how to represent the patterns of
repeating values in the multiplication table on the coordinate plane. Students will
need their work from the first exploration, copies of the Coordinate Plane sheet, and
colors. As students figure out how to place repeating values, such as 24, on the plane,
ask students to think about how the coordinate plane shows 24. Ask, When you put
this point on the graph, where is the 24?

Students may want to extend their graphs to include values and patterns they did
not explore on the multiplication table, or to test the conjectures offered in the previous

discussion. Encourage students to investigate, ask their own questions, and test ideas.

Discuss

Gather students with their graphs to discuss the following questions:

e What ways did you come up with for showing the multiplication patterns on
the coordinate plane?
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e What does the coordinate plane enable us to see? What do you notice that
you hadn’t before?

e What other repeating values did you locate? How were their patterns similar
to or different from the ones we had already seen?

e Look at one set of similar values, say 24. How and where does the graph show
the 24?2 How are the points (x, y) connected to the product? (You may want
to highlight the observations students make, as in Figure 4.2.)

e Did anyone test one of the class conjectures? What did you find? Did the pat-
tern continue as we expected? If not, what changed? Why?
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Figure 4.2 Coordinate Plane Showing the Rectangles of 24

Big Idea 4: Exploring the Coordinate Plane 137



Look-Fors

138

How are students completing the multiplication table? Some students may
just decide to fill in all the values at the beginning so that they can look across
the whole table for repeating values. Other students may fill in the table in
patches, with the idea that there may be a repeating value in a particular area.
Ask questions about how these students are predicting where repeating values
may appear. These hunches are the beginnings of conjectures.

Are students seeing the physical arrangement of repeating values on the
multiplication table? Students may be accustomed to seeing the multipli-
cation table as rows and columns of skip counting, and are less experienced
looking across the table. Students are often familiar with looking across the
hundreds chart, where moving left and right, up and down, has concrete,
countable meaning. Encourage students to approach looking at the multipli-
cation table in a similar way. How do you move on the table from one 24 to
another? Is it always the same? Why or why not? Is the pattern of 24s across
the table the same as the pattern of 36s? Why or why not? Support students
in getting curious about the arrangement of these values and what meaning
underpins the pattern.

Are students locating points on the graph at the intersections of the
lines? The location of products is different on the multiplication table and
the coordinate plane, moving from the box to the intersection of lines. Sup-
port students in noticing how the axes are labeled differently and what that
means for locating points on the graph. You may want to remind students
of work they did in the Play activity with naming the location of points, and
ask students how they can use those ideas to map out repeating values on
the plane.

Do students see a connection between the point, its product, and the area
of the rectangle formed? Each point on the coordinate plane is labeled with
(x, ), and in the multiplication table we simply label the intersection with the
product of x X y. That product is the number of squares in the rectangle made
by the origin and the point (x, y). For instance, the point (9, 4) makes a rect-
angle 9 X 4 that starts in the origin and has an area of 36 squares. Encourage
students to make connections between these different forms when they move
to the coordinate plane. Asking students to label their points may support

students in noticing connections.
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Reflect

What other patterns in the multiplication table would you be interested to explore
on the coordinate plane? What do you think they might look like?
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@ @ Multiplication Table

x 2 3 4 5 6 7 8 10 | 11 12 13 14 15 16
1 2 3 4 5 6 7 8
2 4 6 8 10 12 14 16
3 6 9 12 15 18 | 21 24
4 8 12 16 | 20 | 24 | 28 | 32
5 10 15 1 20 | 25 | 30 | 35 | 40
6 12 18 | 24 | 30 | 36 | 42 | 48
7 14 | 21 28 | 35 | 42 | 49 | 56
8 16 | 24 | 32 | 40 | 48 | 56 | 64
9

10

1"

12

13

14

15

16
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BIG IDEA

Seeing and Connecting
Patterns across
Representations

One of the most beautiful and amazing aspects of mathematics is the many differ-
ent ways people can see mathematical ideas. When we value the multiple ways of
seeing mathematical ideas, students are able to see mathematics as a creative and

cool subject. One of my frustrations as a professor of mathematics education is the
way students are introduced to algebra as a meaningless set of symbols, solving for x
when they do not care or understand what x means. A much better way to introduce
students to algebra is to give them patterns and encourage students to explore the
different ways they see growth, using color, words, and, at some point, symbols. In
this big idea, we have chosen to introduce students to the important mathematical
idea of generalization, and to do so through having them visualize the growth of pat-
terns. Students are often introduced to patterns in algebra classes, but instead of be-
ing asked to see the patterns in different ways, they are encouraged to count squares
and then stare at tables of numbers to see whether they can work out generalizations.
In our work with students, we give them patterns and ask them how they see growth;
usually, rich conversations begin, with students sharing the different ways they visu-
alize the growth. Giving students opportunity to color and represent the growth for
others to see is powerful.
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PATTERNS ACROSS REPRESENTATIONS

When students see growth visually and they are able to use words to describe it,
they are connecting different pathways in the brain. When they use numbers, words,
and visuals, more connections are made. The activities comprised in this big idea all
give students opportunities to start generalizing, which is extremely valuable, and to
express pattern growth in different ways and to connect across them.

In our Visualize activity, we ask students to study two patterns and to consider
how they are growing. It is a good idea to ask them to find as many ways as they can,
as this will encourage creativity. As they think about how patterns are growing, they
are engaging in arguably the most central idea in algebra: generalizing. As they de-
scribe the growth using colors and words, different brain pathways will be activated,
which is really good for their learning and understanding.

In our Play activity, students will be asked to create their own growing patterns
using shapes and to analyze their patterns, making an activity for others to explore.
When students are asked to create something for other students to work on, they are
often excited and more interested, which deepens their learning. In this activity, the
class will make a pattern carnival together and develop appreciation for mathemati-
cal patterns. They will be asked which patterns surprised or interested them, and this
is an effective way of piquing their interest in and appreciation of mathematical pat-
terns, which is an important goal in its own right.

In our Investigate activity, students will learn how to show a visual growing pat-
tern in a table and on a coordinate graph. They will be encouraged to use different
representations, such as a table, words, a graph, and a picture, and to connect be-
tween the different representations of the same idea, thus encouraging brain connec-

tions and conceptual understanding.

Jo Boaler
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Two-Pattern Tango
Snapshot

Students explore two similar visual growing patterns and

develop ways of seeing and describing their growth. They

compare the patterns and extend them to see how they

diverge.

Connection to CCSS
5.0A.3

Agenda

Activity Description/Prompt Materials

Launch 10 min Introduce students to the two pat- Two Patterns sheet, to
terns and ask them to describe to a display on projector
partner how they see growth across
the patterns.
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Explore 30+ min | Partners explore each pattern to e Pattern A sheet and
find multiple ways to color-code Pattern B sheet, one or
and describe growth. Partners use more per student
their color-coding to compare the e  Grid paper (see appendix)
two patterns. Then students use e Colors
their ideas to extend each pattern e Chart and markers, for
and find out what the 10th or 20th each partnership
case would look like. Partners cre- e Tape

ate a chart to show their findings.

Discuss 15+ min | Partners share their charts. Discuss Students’ charts
the different ways students found
to see and describe the growth of
the two patterns, and discuss how
the patterns compare. Examine
how students have extended the

patterns.

Extend 20+ min | Students develop ways to de- Make available: students’
scribe, for each pattern, how many charts, additional pattern
squares will be in any case. sheets, grid paper (see

appendix), and colors
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PATTERNS ACROSS REPRESENTATIONS

To the Teacher

Patterns are often presented numerically or symbolically to students, but we think
visual patterns offer an important entry point to thinking abstractly about pattern-
ing. Students will be able to see the pattern before they are able to describe it. Push-
ing students to find multiple ways to describe the patterns through color coding and
words helps them find interesting and productive ways to articulate what is happen-
ing in the pattern. They use these ways to springboard toward more abstract repre-
sentations of patterns.

We have provided two patterns that look similar, but one is a linear pattern and
the other is not. This central difference does not appear very significant in the early
cases of the patterns, but quickly becomes quite large as students extend the pattern
to the 10th case and beyond. We have not emphasized the use of numbers in this ac-
tivity, focusing more on seeing and describing, but students will likely count squares
and use the counts to help them think about the patterns. Moving between these
representations—pictures, words, and numbers—is critical to making connections

about patterning.
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Activity

Launch

Launch the activity by showing students the Two Patterns sheet, as shown in
Figure 5.1, on a projector. Tell students that each series, moving horizontally across
the page, is a pattern. You might point out case 1, case 2, case 3, and case 4.

Ask students to look at the two patterns, one at a time. Ask, How do you see
the pattern growing? Give students a few minutes to look and to turn and talk to a
partner about how they see the growth of first one pattern and then the other. Often,
at this point in a lesson, we ask students to share ideas, but in this lesson, we want to
keep creativity open by not sharing yet. Tell students that the goal is to find diverse
ways to describe and compare the growth of the two patterns. They will use their
descriptions of the patterns to extend them.

Explore

Students work in partners, each with copies of the Pattern A and Pattern B sheets.
Make available colors and grid paper (see appendix). Each student should keep their
own record of their thinking on the pattern sheets, because students will see the pat-
terns differently, and these differences will help them.

Students first work to figure out how to describe, using words and colors, how
cach pattern grows. The pattern sheets have several copies of each pattern on them
so that students can push themselves to see in multiple ways how the pattern grows.
Then students compare the two patterns: How are they growing differently? How
are they growing similarly? Students use their colors, words, and numbers to support
the comparison.

n I I |

Figure 5.1 The Two Patterns
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PATTERNS ACROSS REPRESENTATIONS

Challenge students to find ways to extend these patterns and find the 10th or
20th case of each pattern. Ask, How different will they be? Students may want to use
grid paper (see appendix) as they extend the patterns.

Partners make a chart of what they’ve discovered, showing all the ways they have
generated to see and describe the differences in the patterns as they continue to grow.
Students may want to tape their pattern sheets to their charts and add labels and pat-
tern extensions to show their thinking.

Discuss

Begin this discussion by having the different partnerships share the charts they have
created to represent their thinking. You may want to have pairs take turns presenting
their findings, or hold a gallery walk with all charts posted and students walking at
their own pace from chart to chart.

As a class, discuss the following questions:

e What are the different ways we can see the growth of each pattern?

e What are the different ways we can describe the growth of each pattern?
e How do numbers help us compare? How do the visuals help us compare?
e What happens to each pattern as you extend it to the 10th or 20th case?

Extend

Challenge students to develop ways to use visuals, words, and numbers to describe,
for each pattern, how many squares will be in any case. Students may need their
charts, additional copies of the pattern sheets, grid paper (see appendix), and colors
to tackle this extension.

Look-Fors

e Are students finding multiple ways to see and describe each pattern?
We hope that working in partners, each student may see the pattern differ-
ently, which will help them generate even more ways to see the pattern. But if
both partners see it the same way, they could become stuck seeing the pat-
tern in the first way that came to them. You may want to ask the students to
turn their paper to literally see the pattern from a different point of view, to
help them find a new way of seeing. You might prompt them to examine the

pattern from a different direction. For instance, if students see the staircase
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pattern as growing a new column to the left each time, you might ask them,
What is happening to the bottom? Or along the stairs?

e  Are students counting? Counting the squares will help students see and
predict growth. It will also help them compare the two patterns. We have not
directly asked students to count the squares, because we want to emphasize
the visual and descriptive qualities of these patterns, but do notice when and
how students are choosing to count. You may want to ask questions about
how this will help them see their patterns and how they want to record their
counts so that they don’t forget what they have found.

e How are students extending the patterns? Students might extend the pat-
terns by making each case. This will certainly work. However, encourage stu-
dents to ask themselves, Do I need to make every case to know what the 10th
or 20th will look like? Help students use their observations of the patterns
to help them predict what those distant cases will look like. As they work to
articulate what they know, they will be moving toward generalizing the pat-
terns. Some students may skip directly to these distant cases, knowing exactly
what they will look like. For these students, ask probing questions about how
they know what to draw to support them in articulating the patterns they

have in their minds.

Reflect

What were the most useful ways to see and describe the growth of the patterns? Why?
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Pattern Carnival ' !
Snapshot

Students create a pair of growing patterns using shapes,
analyze their patterns, and then use them to create an
activity for others to explore. Students’ patterns become

stations for a class pattern carnival.

Connection to CCSS

5.0A3
Agenda
Activity Description/Prompt Materials
Launch 10 min Revisit how students saw and de- Examples of charts from
scribed pattern growth in the Visual- | the Visualize activity

ize activity. Tell students that they
will create two patterns of their
own today, which they will put on a
chart for a pattern carnival.

Explore 40+ min | Partners create two similar patterns e Chart and markers, for
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using shapes. They create a pattern each partnership

record showing how the patterns e Make available: pattern
grow, and analyze their similarities blocks, square tiles, grid
and differences through the 10th paper (see appendix),
case. Then partners turn their pat- and isometric dot paper
terns into charts with the first four (see appendix)

cases of each pattern shown and
some questions for others. These
charts will be used in the pattern
carnival.

Launch 10 min Discuss how the pattern carnival will
work and the two roles students will
play: station host and visitor.

(Continued)
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Activity Time Description/Prompt Materials

Play 30 min Stage the pattern carnival, with one e Partners’ pattern charts
partner hosting each pattern station | ¢ Materials for the carni-
and the other partners serving as val stations, as needed:
visitors. Switch host and visitor roles pattern blocks, square
halfway through the carnival. Hosts tiles, grid paper (see
jot down interesting observations appendix), isometric
made by visitors, and visitors tackle dot paper (see appen-
the questions about the patterns at dix), and colors
each station. e Optional: sticky notes

Discuss 15 min Discuss what students learned, as
both hosts and visitors, about the
patterns. Discuss interesting obser-
vations, comparisons, or questions.

To the Teacher

This lesson builds directly on students’ experiences in the Visualize activity. En-
courage students to refer back to their work in that activity for ways to color-code,
describe, and analyze patterns. In the first half of this lesson, students are asked to
create and analyze a pair of patterns to create a pattern record. This can be done in
a notebook or on a combination of grid, isometric dot (see appendix), and blank
paper. Students can keep their pattern record with them during the carnival, if they
want, to compare their own work to what others are doing with their patterns.

The pattern carnival is intended to extend across two or more days. The experi-
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PATTERNS ACROSS REPRESENTATIONS

ence will be most interesting for all if students have adequate time to design, explore,
analyze, and document their patterns. This may take one or more full class periods.
Hosting the carnival could be on a separate day, and you may want to invite others,

such as students from another class, to participate.
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Activity

Launch

Launch by reminding students of the posters they made in the Visualize activity and
how they described the growth of the two different patterns. Emphasize the ways
they used colors, words, and numbers. Tell students that today they are going to
create their own pair of patterns that are in some way similar to each other and in
some way different. You may want to refer to the L-shaped pattern and the staircase
pattern from the Visualize activity as an example of two patterns that are similar in
some ways but also different. Figure 5.2 also shows two patterns that are similar but
different. Tell students that they will analyze their patterns to describe how they
grow, and create the patterns through the 10th case. They can use squares or other
shapes to build their patterns.

Partners will create a chart that shows images of the first four cases of each pat-
tern for a pattern carnival. Tell students that they will each get to host a station with
their patterns, and everyone will get a chance to look at and investigate one another’s

1@:.&5.}1?‘:,
-

Figure 5.2 Two Different but Similar Growing Patterns Made with Shapes

patterns.
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PATTERNS ACROSS REPRESENTATIONS

Explore

Students work with a partner to design two similar but different growing patterns
using shapes. Make available for students a variety of resources for creating and re-
cording shape patterns, such as pattern blocks, square tiles, grid paper (see appendix),
and isometric dot paper (see appendix). Each partnership will also need a chart and
markers to construct their final carnival station.

Partners start by using materials to explore and design patterns. When they
have two ideas they want to pursue, partners should create a pattern record to docu-
ment how they see the two patterns. In the pattern record, students record the two
patterns on grid or dot paper (see appendix), showing the patterns through at least
the 10th case. Using words, numbers, and/or colors on their record of the patterns
they’ve created, students also document how they see the patterns growing. Students
should answer these questions: How do you see the similarities between the two pat-
terns? How do you see the differences?

Once students have completed their pattern record, they turn their patterns
into a chart for their carnival station. The chart should show just the first four cases
of each pattern, as we did in the Visualize activity. Patterns should be clearly re-
corded so that others can look at them and think about how they see growth. Ask
students to then add some questions for their classmates to consider as they look at

the patterns, such as:

e How do you see the patterns growing?

e How are they similar? Different?

e What do you think the 10th [or 20th] case will look like?

e How many shapes will it take to build the 10th [or 20th] case of each pattern?

Students may want to stock their station with paper, colors, and/or manipula-

tives for visitors to use to explore the questions they’ve posed.

Launch

Gather students together to discuss the pattern carnival. Divide the partnerships in
half so that one partner will host their group’s station and the other will circulate to
look at patterns. Midway through your carnival, these groups can swap roles so that
all students get to host a station and visit stations. Discuss how to play each role in
the carnival:
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o Tell students that when they are hosting, they will display their chart with the
first four cases of their two patterns. They will need to give visitors whatever
tools they might need to investigate the patterns (for instance, grid or dot
paper [see appendix], the right shapes). When students come to their station,
hosts should invite them to investigate the patterns using the questions in the
chart. Hosts jot down any ways that visitors see their patterns that are differ-
ent, new, or interesting. You may want to give students sticky notes for this.

o  Tell students that when they are visiting a station, they should be ready to
investigate the patterns the hosts have made and try to answer the questions
they have written. Encourage visitors to think about what makes the patterns

interesting.

Have students set up their stations around the classroom.

Play

Run the carnival in two shifts so that everyone has a chance to host and visit. You
will likely want to give students at least 15 minutes to serve in each role. Be sure to
encourage station hosts to jot down notes about what their visitors do with their pat-
terns that is different from how they themselves saw or thought about the patterns.

Discuss

Gather the students together to discuss the carnival. Ask the following questions:

e When people visited your station, did anyone see your patterns in a new way?
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What did they notice that you hadn’t yet?

e When you were visiting stations, what did you see that interested or surprised
you?

e What patterns prompted you to make interesting comparisons?

e What are you wondering about the patterns you made or saw?

Look-Fors

e  Are students creating patterns that they can continue predictably? Stu-
dents may construct designs, often with pattern blocks, that radiate from a
central point or grow across a plane. They may be able to keep building these
designs outward, but without a predictable pattern. Patterns have a structure
to them, and students should be able to articulate the rule they are using to
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PATTERNS ACROSS REPRESENTATIONS

build their patterns from case to case. These rules need not be formally stated.
They can simply be, for example, “I add one to each arm,” or “I put a new layer
on the outside.” This kind of rule is the difference between a pattern and a
design. Encourage students to talk about the rule and explain how they know
what the next case will be. If they are working with a design instead of a pat-
tern, encourage them to go back to the kernel of the design they started with
and develop a rule they can use to build it out as a pattern.

Are students creating patterns that they themselves can analyze? Students
may make patterns so complex that they cannot yet articulate what is hap-
pening. This may simply be a matter of creating more cases, color-coding the
pattern, and looking for ways to describe it, as we did in the Visualize activity.
However, if students are stumped by their own patterns, others visiting their
stations are likely to be, too. This may work well for a station; students could
present their pattern as a genuine puzzle. You may also want to encourage
students to create at least one pattern that they understand well to give them

experience creating and analyzing visual patterns.

Reflect

What patterns did you see in the carnival that were most intriguing? Why?
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Seeing Growth on a Graph
Snapshot
Students investigate how to show a visual growing pattern

in a table and on a coordinate graph. Partners create their

own patterns using pictures, tables, and graphs, and look
p gp grap

for connections between these forms and among their

pattcr ns.

Connection to CCSS

5.G.1
5.G.2
5.0A3
v
Z o
m o
Agenda 3 m
% o
> -
Activity Time Description/Prompt Materials Q E
ol
Launch 5-10 min | Show students the plus-sign pat- e Plus-Sign Pattern sheet, A E
tern and ask them how they see the to display 2>
pattern growing. Ask students how e Colors a 5
they might use a table and a graph Hle)
to show this pattern growing. = CZD
42
Explore 20+ min Partners investigate how to show e Plus-Sign Pattern sheet, 5 5
the plus-sign pattern’s growth on a one per partnership g S
table and a coordinate graph. They e Plus-Sign Table and v o
explore how growth appears in dif- Graph Sheets, one per
ferent ways in these three forms— student
pictures, table, and graph. e Optional: square tiles
Discuss 15 min Discuss the ways students showed
the pattern’s growth visually, on
the table, and on the coordinate
graph, and what these three forms
enable us to see about the pattern.

(Continued)
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PATTERNS ACROSS REPRESENTATIONS

Activity Time Description/Prompt Materials

Explore 30+ min Partners investigate how to create e Square tiles
a growing pattern whose visual is e Grid paper (see
different from the plus-sign pat- appendix)
tern, but has the same table and e Growing Patterns
graph. Partners investigate how to Sheets, at least one per
create a growing pattern with a partnership

different visual, table, and graph.
Partners document both patterns.

Discuss 20 min Display and discuss the visual pat- Students’ patterns and
terns students created that share space to display the two
a table and graph with the plus- kinds of patterns created

sign pattern. Display and discuss
the different patterns students
constructed. Look for similarities,
differences, and connections.

To the Teacher

This investigation gives students the opportunity to take all the thinking they have
been doing about visual patterns and see those patterns in new ways—on tables and
in graphs. We have created a visual pattern for students to explore at the beginning
of this investigation that is linear. The plus-sign pattern grows by four tiles in each
case. This pattern should enable students to construct a table and a graph that show
the growth in clear but different ways. The plus-sign pattern looks nothing like a
line when shown as a group of tiles, and in the table, it appears as steadily increasing
columns of odd numbers; but when plotted on the graph, the points become a crisp,
clear line. These different ways of seeing the same pattern are at the heart of this
investigation.

In the discussion for the first half of this investigation, we encourage you to
introduce the idea of writing rules for patterns, or generalizing. As noted earlier,
generalizing is a central practice in mathematics that students will continue to use
throughout their lives, as they move from thinking about individual cases to identi-
fying and describing the structures of patterns. Generalizing often involves writing
equations to express rules, and the plus-sign pattern we offer here presents an op-
portunity for students to move toward this representation. The rules students write
may involve numbers, operations, words, or even variables. It is not important for
students to use algebra to generalize, but if they are interested in doing so, this is an
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appropriate activity to develop that idea. Critically, students should only move to an
algebraic expression from a visual understanding of growth.

In the second half of the investigation, students are asked to make two kinds of
patterns: one with a different visual but with the same table and graph as the plus-
sign pattern, and one that is completely different. Each of these presents its own
challenge. Reimagining the plus-sign visual means maintaining the numerical pat-
tern while thinking differently about the arrangement of squares. Creating an en-
tirely new pattern may lead students toward nonlinear graphs. The patterns students
create may be challenging to generalize, depending on what they design. Encourage
students to try to generalize in whatever ways make sense to them. Embrace all of
these challenges, and be sure to include in your class discussions what made these

hard and what surprising things students discovered.

SNOILVLNIS3HdIYH SSOUDV SNY3IL1Vd

o
o
o
m
>
b
wn
m
m
=
o
>
=
o
N
o
2
=
m
N
=
=
o

Big Idea 5: Seeing and Connecting Patterns across Representations 161



Activity

Launch

Building on the pattern carnival, launch this lesson by showing students a new pat-
tern, the plus-sign pattern, on a projector. Ask students to turn and talk to a part-
ner about how they see the pattern growing. Take some student ideas and color-
code the pattern to show different ways it grows. You may want to have multiple
copies of the Plus-Sign Pattern sheet available to make your color coding clear.
Tell students that these are all ways that we can see the pattern growing using the
shapes, and that today we are going to investigate new ways of seeing growth. Ask
students, How could we use a table and a graph to help us see the growth in new

ways?

Explore

Students work in partners to investigate how to show the growth of the plus-sign
pattern on a table and on a graph. Provide students with a copy of the Plus-Sign
Pattern sheet and copies of the Plus-Sign Table and Graph Sheet, one per student.
Students may also want square tiles to extend the pattern.

After students have figured out ways to show the pattern on the table and graph,
ask them: How do you see the growth on the table and the graph? How does the
growth of the pattern look different in the picture, table, and graph?

Discuss
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PATTERNS ACROSS REPRESENTATIONS

Gather students together with their Plus-Sign Table and Graph Sheets to discuss the

following questions:

e  How did you show the pattern’s growth on the table? How did you show the
growth on the graph?

e How do you see the growth on the table and the graph?

e How can we use the graph and table to describe the growth?

o How does growth look different in the picture, table, and graph?

e  How do the table and graph change what you see? What might they be useful
for?

Explore

Partners work together to create (at least) two new patterns using squares:
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e One pattern should look different than our plus-sign pattern but have the
same table and graph.
o  (Atleast) one pattern should have a different table and graph.

For each pattern, partners create at least the first six cases of the pattern visually,
using square tiles and grid paper (see appendix) to document the patterns. For each
pattern that has a table and graph different from those of the plus-sign pattern, part-
ners create a table and graph to show their pattern’s growth on a Growing Patterns
Sheet. Ask partners to record, How would you describe the growth of each pattern?

You might encourage students to think about generalizing their patterns, in
whatever ways they can. Keep in mind that some patterns students create may be
nonlinear and difhcult for them to generalize formally at this point. If it surfaces,
this observation—that some patterns are easier than others to generalize—would be

a useful topic to return to in the discussion.

Discuss

Gather students together and display all patterns that have the same table and graph
as the plus-sign pattern. Compare the different patterns by discussing the following

questions:

e What do these patterns have in common?

e Do you think there are others possible?

e What was hard about making these patterns match the graph?
e How did you figure out how to do it?

Display all the patterns that have tables and graphs that are different from those
of the plus-sign pattern.

e What do the different patterns have in common?

e What makes them different?

e How could we group them to show what they have in common?
e What connections do you see?

e What questions do you have about these patterns? What are you wondering?

If students worked on generalizing their patterns, you might ask them to share
the rules they created or the challenges they faced when trying to write a rule.
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Look-Fors

e  How are students moving between the forms of representation? Moving
between pictures, numbers, tables, and graphs is complex—and new—work
for students. Encourage students to slow down and think through the con-
nection between specific pictures, numbers, rows on the table, and points on
the graph. Ask, Are these showing the same information? How are they re-
lated? Students will find different pathways crossing back and forth between
forms. Some will want to complete the table fully, then complete the graph
fully. Others may work best by working across forms for each point. Ask stu-
dents if the way they are working is helping them make sense and keep track
of the different relationships and values.

e Are students creating a pattern that matches the table and graph of the
plus-sign pattern? For this part of the investigation, the challenge to students
is to find a new visual pattern that could have the same table and graph as the
plus-sign pattern. Students will need to think about how each case grows nu-
merically and reimagine a visual pattern that grows in this way. Student may
find an entry point with square tiles, which they can count out for each case
and then rearrange to find new visual patterns, while not changing the num-
ber of tiles used.

e  Are students making connections between the different forms of pattern
representation? As students work to represent patterns in pictures, numbers,
tables, and graphs, it is important to continue to emphasize that these are the
same pattern. Different ways of showing the pattern offer us different ways
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PATTERNS ACROSS REPRESENTATIONS

to understand the pattern and how it grows. You may want to ask students

as they work, or ask the whole class in the discussion, to focus in on parts of
a pattern (such as adding a tile to each arm of the plus sign in each case) and
ask, How do we see this part of the pattern in the picture, the table, and the
graph?

Reflect

What different things can you learn about a pattern by looking at a picture, at a
table, or at a graph? Which do you think gives the most information? Why?
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Plus-Sign Pattern

How do you see the pattern growing?

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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@ @ Plus-Sign Table and Graph Sheet
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@ Growing Patterns Sheet
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BIG IDEA

Understanding Fraction
Multiplication Visually

Tiling with Wholes and Pieces

Many students learn to multiply fractions using a rule or algorithm, but lack any
understanding of how they have arrived at their answer or what their answer repre-
sents. I have encountered a lot of students who have been able to multiply fractions
and get an answer, but have no idea what it means. This lack of awareness makes their
future understanding fragile. Further, if students have learned to multiply fractions
only by multiplying numerators and multiplying denominators, they may get correct
answers, but then go on to make errors when adding and subtracting fractions. It is
very important in all mathematics for students to work with meaning, understand-
ing what they are doing and what is happening. In 2009, the question in Figure 6.1
was offered on the NAEP tests.

The correct answer is A, but only 55% of fourth graders chose this response.
This suggests that many students had not learned to see fraction equivalence. In the
activities that make up this big idea, we give students many opportunities to think
about fraction multiplication visually. The advantage of this approach is that stu-
dents actually see what takes place when two fractions are multiplied, which en-
ables them to understand what is happening to the size of the fractions when they
multiply them together. In the different activities of this big idea, we give students
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QUESTION: 1/5

Which picture shows that 3 is the same as 3?
(From 2009 NAEP Assessment for 4th Graders)

O A

O B

O

O c.

(O D.

Figure 6.1 Fraction Equivalence Question

opportunities to multiply fractions by fractions, and fractions by whole numbers
visually. As they see visuals and numbers they will again be creating opportunities for
important brain connections.

In our Visualize activity, we ask students to work with a visual of a pan of
brownies and think about how much is left if a fraction of a fraction is eaten. It is
intentional that we ask students to produce visual proofs for one another, so even if
they work out an answer numerically, they need to show a visual proof. The goal of
the activity is for students to develop area models for fraction multiplication. This
is not something you need to show the students, and in fact it is better to let them
come up with their own visuals, as this will give you insights into the students’ un-

derstanding and give them more opportunities to build brain connections. We also
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ask students to construct tables of results, which will help them connect the numbers
with the visual proofs.

In our Play activity, students will use the sheet of number visuals that we in-
troduced on youcubed.org a few years ago. This incredibly generative sheet shows
numbers drawn as factors, and if students have not encountered it before, it is best
to ask students to write the numbers that go with each visual and spend time looking
for patterns in the sheet. They will start to see many different patterns and develop
a greater appreciation for the ways numbers are constructed. In our activity, we ask
students to find numbers where % % and % of the number result in a whole-number
answer. This should be puzzling for students and may create opportunities for you
to tell them how important struggle is for the brain, and that when they are making
mistakes and struggling, these are the best times for brain growth.

In our Investigate activity, students are given another puzzle:

I have four different numbers. When I take % of one number, % of another num-
ber, % of another, and % of the last number and add them together, I get a sum of 20.
What could my four numbers be?

It is important in this activity that students record their thinking carefully, in
pictures, numbers, and/or words. The students will be working with four numbers
simultancously, so a system of recording will really help their thinking. This activ-
ity could be a good opportunity to show the students what can be gained by careful
recording. As is the case when teaching any ideas, students often learn them more
effectively if they come up in the context of a problem they are working with, rather
than being told the ideas before they start.

Jo Boaler
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Fractions in a Pan
Snapshot

Students begin to explore fraction multiplication using

area models of a brownie pan. Students look for pat-

terns in their solutions and connect these patterns to

multiplication.

Connection to CCSS

5.NF4
5.NF.6
Agenda

Activity Description/Prompt Materials

Launch 10 min Tell students that you (or someone Optional: individual white-
else) made a pan of brownies and boards and markers for
ate % of the pan, leaving % left over. | partners
Pose the question, If someone eats }T
of the leftovers, what fraction of the
whole pan will that person eat?

Explore 20+ min | Partners work to construct visual Make available: copies of
proofs of the brownie pan problem the Brownie Pan Template,
that they can use to solve and to blank paper, brown con-
convince others of their solution. struction paper, scissors,

and colors

Discuss 15+ min | Discuss and chart the different visual | Charts and markers
proofs students have created to Optional: tape
solve this problem. Compare the dif-
ferent proofs. Start a second chart
with a table for recording students’
solutions for this problem and the
next. Introduce the second activity.

Explore 20+ min | Partners again work to construct e Brownie Pan Template
convincing visual proofs. Given a pan | ¢ Make available: blank
of brownies with % of the brownies paper, brown construc-
left over, students choose a fraction tion paper, scissors, and
of the leftovers someone could eat. colors
They then figure out what fraction
of the whole pan would be eaten.

172
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Discuss 15+ min | Students share the different frac- Chart with table, and mark-
tions they selected, the model they ers

created, and the solutions they
found. Record these different frac-
tions and solutions in the class table.
Discuss the patterns students notice

and connect these to multiplication.

To the Teacher

We have selected pans of brownies as the context for this task to encourage students
to develop area models for the multiplication of fractions. Just as arrays can support
students in thinking visually about decomposing whole numbers for multiplica-
tion, rectangular area models can be used for fraction multiplication. These fraction
multiplication area models can emerge from opportunities to cut wholes, such as a
pan of brownies, vertically and horizontally, shading the fractions created by these
cuts. The model in Figure 6.2 is an example of making the cuts in this activity. In the
figure, you can see first cutting the pan into thirds and shading the % that remain.
Then by cutting the pan again, this time into fourths, and shading the - that will be
caten, the entire pan is portioned into equal-size pieces, and the portion eaten—the
product of 5 and f—can be seen easily as 13-

(@) (b) (©)
a. % of the pan is shaded purple. b. }T of the pan is shaded teal. C % of the pan is shaded both purple

and teal.

Figure 6.2 Area Model Fraction Multiplication
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The goal of this activity is for students to develop area models, like the one
shown, for fraction multiplication. You do not need to model this method; instead
we want students to create it themselves. In the discussion, highlight the models

) .2
students invent that support seeing 45 clearly.
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Activity

Launch

Tell students that you (or someone else) made a pan of brownies for dessert and
that your (or their) family (or friends) ate a third of the pan, so there is % of the pan
left over. Ask students to turn and talk to a partner about this question: What do
you imagine the pan of brownies looks like now ? If students have individual white-
boards, you could ask them to draw what they imagine. Ask students to share what
they think the brownie pan could look like now. Use this as an opportunity to as-
sess student understanding and clarify ways to represent the brownie pan that make
sense. You might record on the board or on a chart some examples students came up
with. For instance, students might cut the pan vertically or horizontally into three
equal parts. Be sure students are constructing rectangular models by clarifying that
your brownie pan is a rectangle, if necessary. Some students might ask whether the
brownies are precut into individual pieces. Tell students that what remains in the pan
is just one large, uncut brownie.

When the class has clarity about what the pan might look like, tell students
that tonight for dessert someone is going to eat 4 of what is left over. Ask, What
fraction of the pan will that person be eating? Emphasize that the pan is the unit, or
the whole, and be sure students understand that the person will be eating % of what
remains in the pan, but that you want to know what fraction of the whole pan this

will be.

Explore

Partners work to answer these questions: What fraction of the pan will the person be
cating? How will you show or draw this situation? Students can use whatever materi-
als they choose to model to find solutions and make visual proofs. They might want
to use the Brownie Pan Template, draw their own rectangles, or fold paper. Some
students may find brown construction paper particularly useful for modeling the
brownie pan. Encourage students to create a model that they can explain so others

will be convinced of their solution.

Discuss

Gather students to share strategies and their visual proofs. Make a chart to show
the different ways that students have solved this problem. You may want to tape
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students’ work to the chart to show their different models. Discuss the following

questions:

e What fraction of the pan will the person get to cat?
e How can we tell using your visual proof 2
e What do the different models have in common?

In your discussion, be sure that students come to consensus on a solution and
the models that make sense. You might ask students which of the visual proofs they
find the most convincing or which makes the most sense to them right now, and
have them explain why.

Start a second chart that contains a table with the column headings illustrated.
Fill in the table for this first problem, using whatever fractions students came up
with for the solution:

Fraction of the Pan Left Fraction of the Brownies Fraction of the Pan Eaten

Over Eaten Tonight Tonight

2
12

w
5=

Then introduce the second part of this activity. Draw another brownie pan on
the board or on a chart, showing 5 of the brownies left over, just as at the start of
the first problem. Then pose the task, reminding students that they are in charge of
choosing, with their partner, what fraction of the pan someone might eat. It could
be alot or very little.

Explore

Students return to their partnerships to explore this task. Given a brownie pan with
% of the brownies left over, what fraction of the leftover brownies could someone
cat? What fraction of the whole pan would that person be eating? Students get to
choose the fractions they want to work with and create visual proofs for the frac-
tions eaten. Students can use the same kind of visual proof they constructed in the
first task, or try a different way, perhaps something they saw another pair share in
the discussion. Encourage students to try several different fractions and to make

clear proofs for each.
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Discuss

Gather students together to share the different fractions they chose and the frac-
tion of the brownie pan that would be eaten. Fill in these findings on the table and
ask students to share their visual proofs. Be sure students are presenting convine-
ing proofs, and be sure to ask the class whether they are convinced by the evidence
shared.

After several pairs have had a chance to share, ask the class to look at the table
you've made together. Ask students, What patterns do you see? You may want to
have students turn and talk to a partner to give them time to notice and think. In
your discussion of patterns, support students in looking across the rows and attend-
ing to the relationship between the fractions in each way of cutting the brownies.
Students may notice that the answer is the product of the numerators over the prod-
uct of the denominators. So that this doesn’t simply become a trick, ask students why
this pattern makes sense with the models they have constructed. Ask, Where is the

multiplication? If students readily see these patterns, take this opportunity to name
1 _ 2

that what they were doing was multiplying the two fractions, so that 5 X 4 = 13-

Look-Fors

o  Arestudents clear about what each fraction represents? Multiplication of
fractions can be confusing because the unit changes within the problem. For
instance, % is the fraction of the pan, + is the fraction of the lefiovers (or of %),
and the solution —5-. is the fraction of #he pan. Support students in talking
clearly about what each fraction represents, using the units, to maintain sense
making.

o  Are students cutting the pan into equal-size pieces? Some students may
draw lines on their models—cut—only the portion of the brownies that
remain. This leads to regions in the pan that are different sizes, making it hard
to see the fraction of the pan that is being eaten. Point out that their regions
are different sizes and ask whether there is a way to cut so that there will be
equal-size pieces. Some students may find this easier to do with paper folding
than with drawing.

e Are students noticing the multiplicative relationship between the frac-
tions? One goal of this lesson is to support students in connecting the visual
models to multiplication. When you have students examine patterns in the
class table, students may see this relationship. And when they do, you should
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name what students have been doing as multiplication and show a number
sentence that could be used to represent the problems. However, if students
do not yet see this pattern, you may want to give them more time to work on
generating examples for the table, or send them back to work with their part-
ner to look for patterns, before telling students that this is multiplication.

Reflect

How are the brownie pans connected to multiplication? Use an example or draw a

picture to make your thinking clear.
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@ Brownie Pan Template

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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Pieces and Parts

Snapshot

In this activity, we open the door to thinking about
multiplying a fraction by a whole number using the

number visuals to support students in solving a fraction

puzzle.

Connection to CCSS
5.NF.4

Agenda

Activity Description/Prompt

Launch 10-15 min | Show students the Number Visuals
Sheet and talk about the numbers
represented and the patterns students
notice. Introduce using the visuals

to think about fractions by asking
students to look for numbers they can
see % of. Pose today’s task and clarify
the constraints.

Materials

Number Visuals
Sheet, for display
Colors

Optional: Number
Visuals Sheet, one
per student or pair

Play 30+ min Partners use the Number Visuals Sheet
to identify numbers where % % and
l— of the number results in a whole-
number answer. Students might also
look for a number not shown on the
Number Visuals Sheet that meets
these constraints.

Number Visuals
Sheet, multiple
copies per pair
Colors

Discuss 15-20 min | Discuss the strategies students devel-
oped for finding numbers that meet
the constraints. Look for patterns in
the solutions students identified, and
consider how those patterns help stu-
dents think about other numbers that
might satisfy the constraints.

Chart and markers
Number Visuals
Sheets, to show
and mark up
Colors

Extend 30+ min Choose two or three new unit frac-
tions to serve as constraints, and use
the Number Visuals Sheets to find
solutions for these fractions.

Number Visuals
Sheet, multiple
copies per pair
Colors
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To the Teacher

The goal of this activity is to give students a visual experience of multiplying a frac-
tion by a whole number before we name this as fraction multiplication. Here stu-
dents just think about finding a fraction ofa whole number. Later we can substitute
a multiplication symbol for the word of; and students will then have two equivalent
and useful ways of thinking about multiplication: 3 X 18 is the same as 5 of 18. We
encourage you to take advantage of the many connections students are likely to make
as they use the Number Visuals Sheet to explore the puzzle. Students may implicitly
move between thinking of finding, say, 5 of 20 and dividing 20 by 4 to get 5. Stu-
dents may think about finding numbers that work with % by counting by 3s or nam-
ing the multiples of 3 (thatis, 3, 6,9, 12, 15, 18, . ..). Students might say that all the
even numbers work with . In each of these cases, students are making connections
between finding a fraction of a whole number, factors, multiples, properties of num-
bers, multiplication, and division. These are useful connections that can make stu-
dents’ thinking more flexible and grounded in sense making, rather than procedures.
We encourage you to notice these aloud for students as they occur and ask whether
these connections are always, or only sometimes, true. For instance, you might ask:

Are you saying that can you find 3 of 4// the multiples of 32 Why?
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Activity

Launch

Launch the lesson by showing the Number Visuals Sheet on a projector. If students
have never seen the number visuals, give them a few minutes to look for patterns.
Have students turn and talk to a partner about what they notice. You may want to
hand out a copy so that students can see them up close as they talk to a partner. If
students are familiar with the number visuals, you might ask them what they remem-
ber about these numbers or how they have used this representation in the past.

Ask students to share the patterns they notice or remember. If no one points
out what numbers are represented, ask students what numbers each picture shows.
Record the number for each visual representation on your class sheet so that students
can see the structure. Record any other patterns students notice. We encourage you
to use different colors to show the different patterns students see.

Tell students that these representations can be used to explore whole numbers,
as they may have in the past, but today they are going to use them to explore frac-
tions. Ask students to look at the number visuals again, and ask, If we want a whole-
number answer, which numbers on this page can you find 4 of ? Give students a
minute to turn and talk, then take some suggestions, along with students’ reasoning.
Be sure to draw students’ attention to the ways they can use the number visuals as
evidence, and mark up the Number Visuals Sheet to show how students saw .

Pose the puzzle. Be sure to make clear that students are looking for numbers
where they can find 5 of the number, % of the number, and % of the number and get

a whole-number answer each time.

Play

Students work in partners with copies of the Number Visuals Sheet to mark up with
colors, if they choose. Partners explore the following puzzles:

e  Can you find a number represented on this page where 5, %, and & of the
number results in a whole number? Which numbers can you find that satisty
these conditions?

e What numbers not pictured on this page satisty these conditions? How
might you draw them? How could you use your visuals to prove that they
satisfy the conditions?
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Students may want to play with each fraction separately at first, using a Number
Visuals Sheet to identify numbers that they can find 3 of, then a separate sheet to
identify numbers they can find % of, and so forth. Students could then look across
their different sheets to see what numbers the sheets have in common. Alternatively,
students might decide to search number by number. For instance, they might start
with the number 1 and ask themselves: Can I find 5 of it? Can I find % ofit? Can I
find - of it? This strategy enables students to eliminate numbers or find solutions,
one by one. These are just two approaches students might use, and there are certainly
others. Encourage students to develop their own process and to think about how to
be systematic.

Discuss

Gather students together, with their Number Visuals Sheets, and discuss the follow-

ing questions:

e  What strategies did you use to find a number where 3, 3, and 4 of it is a
whole number?

e How could we use the visuals to prove that these numbers satisty these
conditions?

e What patterns do you notice in the numbers that satisfy the conditions?

e What numbers not pictured could also satisty these conditions? How do you
know ? How do the patterns in our solutions help us predict larger number

solutions? How could they be drawn?

Use blank copies of the Number Visuals Sheet and chart paper to record stu-
dents’ strategies for identifying solutions and eliminating numbers that do not work.
As students are sharing their thinking, ask students to say not just which numbers
have a whole-number solution but what that solution is. For instance, students might
say that you can find 5 of 14. Follow up by asking, What is 5- of 142 Record this on
your chart or Number Visuals Sheet as part of the evidence: 5 of 14 is 7. Recording
in this way will support students in seeing number patterns and connecting those to
the visual patterns on the sheet.

Extend

Choose a different set of two or three unit fractions and see what numbers students
can find that satisfy these conditions. You could have students select the two or three
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unit fractions with a partner, have the class choose them together, or you might
choose them yourself. Keep in mind that some combinations of unit fractions, such
as %, % and % will lead to no solutions on the Number Visuals Sheet. This could be
interesting itself, leading to the question, Does this mean there are no numbers that
satisfy these conditions? For some students, however, this might be quite frustrating.

. . . 1 1
Some interesting combinations could be: % % and 1—10, or5 and =

Look-Fors

e Are students connecting fractions and factors? The numbers students
can find % of are also numbers that have 2 as a factor, and are even numbers.
Connecting these mathematical ideas is a key outcome. It also makes sense to
think of multiplying by - as the same as dividing by 2. As students play with
the number visuals, highlight places where students are moving across these
different ideas and making connections between fractions, multiplication,
division, factors, multiples, and number properties. You might want to bring
these observations to the class discussion and have students debate whether
they are always true. For instance, you might say that one partnership had the
idea that all the numbers that you could find - of were even numbers, and ask
whether students agree or disagree with this and why. You might chart these
different connection and observations and ask students to see whether they
can find any counterexamples.

e  Are students thinking systematically? Some students might start with a
hunch and explore it first. For instance, a partnership might think that 12 is
a flexible number and that maybe it will be a solution. This is fine as a start-
ing place. But as students move into playing with the different fractions and
number visuals, they will need a system if they hope to find all the numbers
that satisfy the conditions of the problem. Ask students how they will know
which numbers work and which ones don’t. You also might probe the hunch-
es that they started with, as they might be built on some useful assumptions.
For instance, the notion that 12 is flexible is useful, and it is flexible because of
its many factors. If students can articulate this, then that could lead to quickly
testing and eliminating many other numbers, such as the primes.

o  How are students organizing their work to see useful patterns? Juggling
three fractions and 35 number visuals on multiple pieces of paper can be an

organizational challenge. Support students in thinking about how they will

BIG IDEA 6: UNDERSTANDING
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for solutions. You could ask: Will color help? What labels could be useful?
What is the job of each piece of paper? How are you recording what works
and what doesn’t?

Reflect

What does it mean to find < (or - or %) of a number? Use examples or drawings to

help you explain.
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The Sum of the Parts

Snapshot

We extend students’ work with finding a fraction of a
whole number to investigate and create visual proofs for

fraction puzzles. We name finding a fraction ofa whole

number as multiplication.

Connection to CCSS

5.NF4
5.0A.1
Agenda
Activity Description/Prompt Materials
Launch 5-10 min | Remind students of their previous frac- Number Visuals Sheet
tion work with the Number Visuals (from Play activity), to
Sheet. Pose the puzzle and make sure show on projector
the constraints are clear. Ask students to
solve and present evidence of their solu-
tions in as many ways as possible.
Explore 30+ min Partners work to solve the puzzle: e Make available:
I have four different numbers. When | m_ultlple AR 9G]
1 1 Visuals Sheets per
take 5 of one number, 5- of another ! hi
number, % of another, and % of the parthersnip
e Multiple Number
last number and add them together, | get .
Visual Card decks
a sum of 20. What could my four num- r partnershi
bers be? ber partnership
e Scissors
Students record evidence of their solutions | ¢ Colors =
using pictures, numbers, and/or words. ,J: o
_| —
=0
Discuss 20+ min Discuss students’ solutions and their evi- e Chart and markers g 5
dence. Name their work as multiplication | ¢ Optional: other = ;
and model ways of rewriting solutions tools for organiz- € o
with number sentences. Determine a way ing solutions, such = C
to organize the solutions and look for as paper and bul- E 2
patterns. letin board ; =
=
7
Extend 30+ min Modify the task to build on areas of stu- Make available: Num- CZD N
dent interest, by changing the sum or the | ber Visuals Sheet and < g
number of values or by asking students colors w3
to write their own puzzles. Sa
E
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To the Teacher

This investigation names one big idea—multiplication of a fraction by a whole
number—and introduces a second, the use of grouping symbols. Although students
will have already played with the notion of finding a fraction of a whole number,

in this lesson we formalize this operation as multiplication and share with students
conventional ways of recording this work. If students do not yet have experience
with grouping symbols, you do not need to explain all the details of their use. It is
enough to show how these symbols group together the different parts of the prob-
lem and make it easier to see the components of the solution. Often the introduction
of new symbols leads to students’ trying them out in lots of situations, sometimes
conventionally and sometimes not. This lesson is a good opportunity for students to
try out parentheses without yet needing to fully and accurately reflect the order of
operations.

As students investigate, they may look for ways to solve the problem more ef-
ficiently. Students might systematically search for all the numbers that they can find
- of, or 7 of, and so on. They may record these possibilities in a table, list, or stack
of Number Visual Cards. In this way, students may be creating a menu of options
they can use to find multiple solutions. This kind of searching for patterns should be
embraced. In order to keep students making sense, they still need to find visual proof
for each solution, which confirms what they found using numbers.
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Activity

Launch

Launch this lesson by reminding students of the number visuals they used in the Play
activity by displaying the Number Visuals Sheet on a projector. You may want to re-
visit the charts you created finding fractions of the visuals, reminding students of the
patterns or connections they noticed. Tell students that today we are going to con-
tinue to think about finding a fraction of'a whole number. Then pose the puzzle for
this investigation. Make sure the constraints of the problem are clear before you send
students off to work. Tell students that you'd like them to find as many different ways
to solve the problem as they can, and for each solution, they need to record evidence.

Their evidence might include a combination of pictures, numbers, and words.

Explore

Students work in partners to investigate the following problem:

e [ have four different numbers. When I take % of one number, % of another
number, % of another, and % of the last number and add them together, I get
a sum of 20. What could my four numbers be?

e  Find as many different ways as you can to solve this problem. For each solu-

tion you find, show a visual proof, with labels, on the Number Visuals Sheet.

Make available to students Number Visuals Sheets, decks of Number Visual
Cards, scissors, and colors to support their thinking. Some students may want to
use the card decks to create a stack of numbers they can find % of, % of, % of, or %
of. Alternatively, students may use them as a bridge to writing expressions, by laying
out the parts of their solution visually. They are free to use numbers not shown on
the Number Visuals Sheet, but they should draw any larger numbers as part of their

evidence. See Figure 6.3 for an example.

Discuss

Gather students together with their evidence to discuss the following questions.

Chart students’ thinking and examples of their evidence:

e What solutions did you find?

e How did you use what you found to help you find new solutions?
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Figure 6.3 An Example of Student Work Showing a Solution

Show students how to turn their findings into number sentences by naming
what they have been doing as multiplication. For instance, tell them that “% of 20 is
4” the same thingas % X 20 = 4. Ask students to help you rewrite some of the parts
of a solution as multiplication number sentences. You may want to combine these
individual number sentences into a single equation using parentheses to show the
entire solution, such as (% X 10) + (% X 24) + (% X 12) + (% X 20) = 20.

Then ask students to look back over all the solutions they have come up with as
a class. Ask students, Is there a way to organize these solutions to look for patterns?
Give students a moment to turn and talk to a partner about ideas. Discuss ideas for
how to organize solutions. Students may suggest some kind of table or rewriting all
of the solutions using equations. Students might suggest writing each solution on a

piece of paper or index card and organizing them on a bulletin board in some way.
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Come to agreement about some way to organize and display all the solutions so that
you can look for patterns, then implement your plan. Looking at your organized

solutions, discuss the following questions:

e What do you notice about our solutions?
e Which numbers did we all use the most often? Why?
e What numbers did not get used? Why?

e  How would you use these patterns to search for other solutions?

If students are interested, you might ask them to go back and search for addi-

tional solutions using their observations from the discussion.

Extend

Modify the task to build on areas of student interest. Ask that students work to write
their solutions in number sentences. You might ask the following:

e What set of four numbers satisfy the conditions if the sum is 30 [or another
number students select]?

e  What if you have five numbers and you extend the task to include ¢ of a num-
ber, and the sum of the five numbers remains 20?

e Choose your own list of four unit fractions. What solutions can you find us-
ing these four unit fractions, where the sum of the products is 202

Or ask students to write and try to solve their own puzzles. They might find
problems that have no solution, one solution, or several solutions. All are interesting

to investigate and prove.

Look-Fors

o How are students organizing the components of their solutions to keep
track? This investigation asks students to juggle four fractions of four whole
numbers with a maximum sum. With so many parts, students will need sys-
tems for organizing the pieces they are collecting and using toward a complete
solution. If you notice students with lots of parts getting somewhat lost in
their own work, ask: What parts have you figured out? How can you record

or organize those parts so you can see what you have or what you still have left
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to find? Students may want to use the Number Visuals Sheets, one per solu-
tion, as a way of organizing. Labels often help keep track of the values, such as
recording 5 of 14 as 7.

o Are students using one solution to help them find new ones? Rather than
starting over each time, students can modify one solution repeatedly to gener-
ate new ones. Some students might like to put each component on a sticky
note so that they can rearrange them to make new solutions, such as pulling
out 5 of 14 = 7 and substituting 5- of 10 = 5 for a new solution. This kind of
thinking focuses on patterning and the underlying structure of the problem.

o How are students reasoning about finding a fraction of a whole number?
Students may connect this work to multiplication or division of whole num-
bers, or to the work done in the Play activity. Students may benefit from using
the Number Visuals Sheet again to better see and justify their thinking.

e How are students translating their work into number sentences? At the
end of the lesson, you will give students the opportunity to reframe their
work as multiplication of fractions by a whole number. You may also intro-
duce grouping symbols. Pay attention to how students are connecting the
meaning of these symbols to their own work. The symbols should serve as
a new way to label their existing thinking. Unconventional use of the sym-
bols does not necessarily mean that students did not understand their work
throughout the lesson.

Reflect

When can you imagine needing to find a fraction of a whole number? Write you

own fraction multiplication problem and solve it.

BIG IDEA 6: UNDERSTANDING
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@ Number Visual Cards
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BIG IDEA

What Does It Mean to Divide
Fractions?

“What does it mean to divide fractions?” is the name of this big idea, and it is also
avery good question! Many people—adults as well as children—are confused by
the question, which is not surprising, as dividing by fractions is something we rarely
do in our lives. When posed a problem such as 1 divided by 3, many people will
interpret the problem as 1 X - Liping Ma, in her book Knowing and Teaching
Elementary Mathematics, found this to be true even among elementary teachers.
When US elementary teachers were given questions requiring them to divide by a
fraction, many of them multiplied by the fraction. Ma compared US teachers with
teachers from China and found that the teachers from China were completely differ-
ent. These teachers were able to divide by fractions and didn’t multiply them, as the
education system of China teaches deep, conceptual understanding of what it calls
fundamental mathematics. The teachers in China do not attempt to know, nor are
they pressured to know, as US teachers are, higher-level mathematics. But they have
a rich, connected understanding of elementary mathematics. It is this conceptual
understanding that we hope to encourage in these books, for teachers and students.
One way to divide by fractions is to “flip and multiply,” but new research has
shown that the concepts students need in order to use this algorithm with under-
standing extend beyond those they will have learned by fifth grade (Cordero, 2017).
If students use the algorithm without understanding, they are vulnerable to thinking

of math as a subject of nonsensical rules that they are meant to remember and use
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TO DIVIDE FRACTIONS?

but not understand, which is dangerous thinking. We want students to be engaged
in sense making all the time and to see mathematics as a sense-making subject. In
this big idea, we have worked to create situations and puzzles that will give students
an understanding of what is happening when they divide by a fraction. Students will
visualize the process and see the result. Hard thinking may be required—which is
good, as that will enable synapses and neurons to spark and fire in students’ brains!

In our Visualize activity, students will be thinking about making cards. This sets
up a real situation that involves the division of fractions to be modeled for students.
It also enables students to make choices as they make different cards, which can be
all sorts of shapes. It will be good for students to realize that when they divide by %,
the number gets bigger. Up until this time, they may have only encountered division
making numbers smaller, so it is helpful to point out that when we divide by a num-
ber like %, our answer is a higher number than we started with, and to ask them to
think about that: Why does that happen? That thinking is at the heart of all three of
the activities in this big idea.

In our Play activity, students will be asked to work with Cuisenaire rods, which
are a wonderful manipulative for mathematics learning at any age. Holding and
moving the rods as students think about fraction division will use different areas of
the brain and deepen understanding. We have asked students to build with the rods
and record their discoveries in tables, which will also encourage brain connections to
develop.

In our Investigate activity, students will be asked to look for patterns that they
can see when they divide numbers. As they think in general terms about when they
get odd numbers as results, they will be gaining a lot of good experience with the
division of fractions and may be able to move beyond specific answers to see pat-
terns. This will really help them stand back and understand the process of dividing
by fractions. We also invite students to make conjectures, thinking ahead to what
will happen with different numbers. This is an opportunity for students to generalize

and to think like mathematicians.
Jo Boaler
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Creating Cards
Snapshot

We begin to explore fraction division by making cards
and cutting paper so that students can develop intuition

about what division with fractions means.

Connection to CCSS
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5.NF.7b,c
Agenda

Activity Time Description/Prompt Materials

Launch 5 min Show students a sheet of fancy One sheet of fancy paper
paper and tell them you have 6
sheets for making cards. How many
cards can you make if it takes ;— of
a sheet to make a card?

Explore | 15 min Partners use paper and drawing to Creating Cards Record-
reason about dividing 6 sheets into ing Sheet, one per
cards of % of a piece of paper each. partnership

Blank paper
Scissors
Discuss | 15 min Discuss the strategies and solutions Chart and markers

students came up with. Reason
about what number sentence(s)
could be used to label what is
happening. Establish this work as
division with fractions and intro-
duce the next exploration.

Explore | 20-30 min | Partners change the size of the
cards, making them smaller or
larger by choosing a different frac-
tion of paper to use for a single

Creating Larger or
Smaller Cards Record-
ing Sheet, one or more
per partnership

card. They then investigate how this Blank paper
new card size changes the number Scissors
of cards that can be made with
6 sheets of paper.
(Continued)
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TO DIVIDE FRACTIONS?

Activity Time Description/Prompt Materials

To the Teacher

This activity centers on making cards and using paper as a model for dividing a whole
number by a unit fraction. Students in your community might have different tradi-
tions for making cards, or you may be teaching this lesson at a time of year when
cards are often exchanged, such as Valentine’s Day. Perhaps there is an event in your
school for which students might make invitations, or a community-based holiday,
or a tradition of recognizing students on their birthdays or as Student of the Week.
We also know that the observance of holidays varies across communities, so we have
refrained from naming a reason for making cards in this activity. We encourage you
to tailor the context for card making in this activity so that it makes sense for your
students.

A critical component to this lesson is developing intuition about fraction divi-
sion, which for so many people defies reason. Students are likely to have learned that
dividing gives a smaller answer or is about making things smaller, which does not
always work with fractions. Algorithms for whole-number division also cannot be
generalized to fraction division. Students often end up learning tricks that they do
not understand, making errors they will not notice. In this lesson, we strive to build
an intuitive sense of what is happening when we ask how many fractions fit inside a
whole number. Students need to be able to cut real paper or draw rectangles to rep-
resent paper to help them reason about and justify their solutions. This context can
serve as an anchor when they think about problems in the future so that they can
imagine what is happening physically with the numbers and use rectangles to help
them model. We encourage you to slow way down on these tasks and push students
to reason about what is happening and how they know it makes sense.
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Activity

Launch

Launch the lesson by showing students a piece of fancy paper. It could be a piece of
construction paper that you have in class or something more elaborate. Tell them you
are getting ready to make cards to give to friends and family. You have 6 sheets of this
fancy paper that you can use, and you know you can make a card with 3 of a piece of
paper. Ask, How many cards can I make with my paper? How do you know ? What
shape could the cards be?
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Explore

Students work in partners to figure out how many cards can be made with 6 sheets

of paper if it takes % of a sheet to make a single card. Provide them with paper (of
any sort) to use to model the task and explore the shapes the cards might take. Ask
students to record evidence of their solution on the Creating Cards Recording Sheet.
Once students have found one solution, encourage them to think about the
different-shaped cards they might make. Ask, Does the shape of the cards change

how many cards you can make?

Discuss

Once students have had a chance to explore this first problem, bring them together
to discuss the following questions. Be sure to record students’ thinking on a chart for

future reference, along with examples of the models they use as evidence.

e  How many cards can we make?

e How do you know? How did you know your answer made sense?

e How did you approach solving this problem?

e  What number sentences can we use to label what we’ve done?

e What shape could the cards be? How do we know that each card is %?

e Does changing the shape of the card change the number of cards that you can
make?

When you discuss how to label students’ thinking with number sentences, be
sure to open up debate, if it exists, about what operation you are engaging in and
how it is recorded. Encourage the class to reason about the operation and whether

students’ suggested number sentences match what is happening. It is important that
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TO DIVIDE FRACTIONS?

during this lesson, students come to see the work they do in this task as dividing a
whole number by a fraction. Students may ask questions about how it is possible that
6 divided by 5 could be a number as large as 18. We encourage you to explore this as
a class and reason about why it makes sense. This challenges much of what students

understand about division.

Explore

Pose the question to students, What if we changed the fraction of a piece of paper
we used to make one card? Students work in partners to explore what happens when
they make their cards larger or smaller. Encourage students to try some different

fractions.

e What fraction of a piece of paper would you use to make a card?
e Ifyoustill have 6 sheets of fancy paper, now how many cards can you make?

e What shape could the cards be?

For each fraction students try, ask students to record their thinking on the Cre-
ating Larger and Smaller Cards Recording Sheets. Ask students to label their results
with number sentences.

Discuss

Once students have had a chance to try several different fractions and to reason
about their results, gather students together with their evidence to discuss the fol-
lowing questions. Make a chart or table for recording students’ solutions for the dif-
ferent fractions they tried, similar to the one shown in Figure 7.1, which the group

can use to search for overarching patterns.

e What fraction did you choose? How many cards could you make?

e What strategies did you use to solve this problem?

e  How did the number of cards you could make change when you changed the
fraction of paper needed to make a card? Why did it change?

e What s left over? Did anyone have leftover paper? How much? How did you

know?

Students may notice the relationship between the size of the fraction and
the number of cards they can make. Students may also begin to reason about the

204 Mindset Mathematics, Grade 5



Fraction Number Leftover Number Sentence
Needed to | of Cards Paper
Make One | Made
Card

Figure 7.1 Making Cards Recording Chart

relationship between the number of sheets of paper, the fraction, and the number of
cards. Be cautious if students only choose to explore unit fractions, because students
might overgeneralize the relationship, thinking that they can simply multiply the
whole number by the denominator (for instance, 6 + % = 18 because 6 X 3 = 18).
Highlight any examples of nonunit fractions to help students reason about those
kinds of situations. If students have not chosen to explore these kinds of fractions,
you might deliberately prompt them to think about what happens when it takes 5
or > or = of a piece of paper to make a card, and send students back to explore these

situations before returning to the discussion.

Extend

Ask students to generate other situations in which they might divide a whole num-
ber by a fraction. Encourage students to brainstorm as many possibilities as they can.
Students might create general situations or write specific problems. In either case,
the goal is for students to move beyond the specific case of making cards to consid-
ering how this kind of fraction division occurs throughout their world. Be sure to
have students share their examples with the class to support all students in making

connections.

Look-Fors

e How are students labeling their work with number sentences? Sometimes
students’ visual models are accurate and demonstrate their reasoning, but
when they return to label their work with a number sentence, they might do
so unconventionally, labeling their work as % ~6=180oreven6 X 3 =18.
Honor the sense that students have made in their work before turning toward
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the conventions. If, as in % + 6 = 18, students have simply inverted the num-

ber sentence, ask them what it means when we say that one number is being
“divided by” another, and then ask whether this matches what they have writ-
ten. Students will often catch the misconception when they are asked to think
aloud. In the case of 6 X 3 = 18, this is very likely what students were think-
ing and it makes sense, but it is not precisely what is happening in this situa-
tion. Point out that 3 isn’t in the situation and ask where it came from. You
might ask what happened to % and whether there is a way to write a number

sentence that uses % The similarity between 6 X 3 and 6 + % is an important

TO DIVIDE FRACTIONS?

one to discuss as a class and then to complicate later by looking at nonunit
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fractions.

e  Are students attempting to use an algorithm? Some students may have had
exposure to fraction algorithms without the opportunity to make sense of
them, and these students might try to solve this problem algorithmically. A
common error in this case is 6 + % = %. Challenge students to draw a pic-
ture to show what is happening in the situation and why their solution makes
sense. You might ask, Does it make sense that I can make % of a card with my
6 sheets of paper? Push students to reason about the numbers using the con-
text of the situation, and then be sure to raise this as something for the class to
think about in the discussion.

e Are students overgeneralizing the division pattern and ignoring the nu-
merator ? The potential challenge of exploring only unit fractions is that
students will come to see 6 + % as equal to 6 X 3 and learn to simply multi-
ply the denominator by the whole number. The most straightforward way to
avoid overgeneralizing this important pattern (for instance, students thinking
that 6 + % = 6 X 4) is simply to make sure that students have the chance to
grapple with nonunit fractions and see what happens. If students do make this
error, support them in using reasoning and models to determine whether it
makes sense. That is, if each card gets bigger and is now % of a piece of paper,
does it make sense that we would be able to make more cards? What would it

look like to cut the paper into cards?

Reflect

Why is it that division with fractions can lead to a larger answer than you
started with?

206 Mindset Mathematics, Grade 5



@ Creating Cards Recording Sheet

Sketch how you divide your paper and then answer these questions:
* What fraction of the paper is needed to make one card?
e How many cards can you make with 6 sheets of paper?

* Didyou use all of your paper? Was there any left over? How much was left over?

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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@ Creating Larger or Smaller Cards Recording Sheet

Sketch how you divide your paper and then answer these questions:
e What fraction of the paper is needed to make one card?
e How many cards can you make with 6 sheets of paper?

e Did you use all of your paper? Was there any left over? How much was left over?

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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Cuisenaire Trains
Snapshot

2
(0]
-0
. . om
Students use Cuisenaire rods to explore the patterns .
-_— N
that emerge when dividing a fraction into equal-size g E
pieces. m §
= =
>
0o
= m
ow
25
. ~ 2
Connection to CCSS m
>
5.NF.7a,c 2
Agenda
Activity Time Description/Prompt Materials
Launch 10 min Show students an image of a e Cuisenaire rods
Cuisenaire train in which the e Cuisenaire Train image
largest rod represents % and ask | ¢ Chartset up as a table, or
students to discuss the values of a copy of the Playing with
the other rods shown. Record Cuisenaire Trains Recording
student thinking in a class table. Sheet
Introduce the exploration. e Markers
Play 30 min Partners choose a starting rod e Cuisenaire rod sets, one per
and assign it a unit fraction partnership
value: %, %, %, %, %, or %. e Playing with Cuisenaire
Then they build Cuisenaire Trains Recording Sheet, one
trains and determine the values per student

of the other, smaller rods in
their trains. As they play with
different values and rods, they
record their findings in a table
and look for patterns.

Discuss 15+ min | Discuss the different values stu- e Class chart and markers
dents found, recording them in e Cuisenaire rods

the class chart, and the strate-
gies students developed. Discuss
the patterns students notice in
their charts and the class chart.
Do these patterns always work?

(Continued)
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TO DIVIDE FRACTIONS?

Activity Time Description/Prompt Materials

Extend 20+ min | Students may want to extend e Cuisenaire rod sets, one per
the puzzle to see whether the partnership
patterns noticed work for all e Playing with Cuisenaire
unit fractions, even less-friendly Trains Recording Sheet, one
fractions such as % per student

To the Teacher

A small note on language in this lesson: When taking the larger Cuisenaire rod, such as
the purple one we designated as 5 in the launch, and lining up smaller, same-size rods
to create the same length, we have used the term partition to describe this action. It

is tempting to say that we are dividing the larger rod into smaller parts, because this is
how we might say it in conversation. However, in mathematics, “dividing into” has the
opposite meaning; think about what we mean when we say, “I divided 4 into 16.” The
order makes a difference, and for the first time, students are working with numbers
that can be divided in either order, each getting a different answer. Students can divide
2 by 5 and find 8, or divide - by 2 and find 4. When students were working only
with whole numbers, only one order made sense, and we all knew what they meant,
even when we slipped with the language. When working with division of fractions,
we encourage you to be careful about the language of division and help students pay
attention to this language, too. This precision will help students build and maintain
models of what is happening and describe it deliberately.
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Activity

Launch

Launch this activity by reminding students of the work they did in the Visualize
activity, using whole sheets of paper and figuring out how many fraction pieces
would fit inside. Tell students that today we are going to explore what happens when
we start with fractional pieces—instead of whole pieces—and look at what is inside
them. Hold up a purple Cuisenaire rod and tell students that you decided this rod
was 5, and then you were wondering what would fit inside it. Show students the
Cuisenaire Train image in Figure 7.2, of one purple, two red, and four white Cui-
senaire rods stacked on top of each other, or you might use a document camera to
show actual rods arranged in this way.

Tell students that you started with a purple rod and you partitioned it into
equal parts in two different ways. If the purple is worth 5, what is the value of the
red rod? What is the value of the white rod? Give students time to turn and talk to
a partner, then lead a brief discussion about the values. Be sure to support students
in reasoning about the values. Some students may want to show what they are
imagining in their minds by drawing, annotating the image, or adding new blocks.

Figure 7.2 Cuisenaire Train
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TO DIVIDE FRACTIONS?

Record students’ thinking in a table that mirrors the Playing with Cuisenaire
Trains Recording Sheet or on a copy of the recording sheet itself, if you can show

it on a document camera.

If Istartwitha___ and | Then | can partition it So, each of these blocks is
assume it's worth ___ ... equally into . . . worth . ..

Purple = ;— 2 reds Red = %

Purple = % 4 whites White = %

What patterns can we find when we partition fractions? Tell students that today
they will get to build Cuisenaire trains like the one in the image and decide what the
value of the starting rod is. Students record their findings on the Playing with Cuise-
naire Trains Recording Sheet to help them hunt for patterns.

Play

Provide partners with a set of Cuisenaire rods and a copy of the Playing with Cui-
senaire Trains Recording Sheet for each student. Students start by choosing a rod
and a unit fraction that it could represent: 3, 5, 7, 5 ¢ or 5 They record this
starting point in the left column of their table. Then students explore the following

questions:

e Ifyou want to partition this rod into equal parts using other Cuisenaire rods,
how many different ways could you do it?

e  How many parts could it be partitioned into?

e What is the value of each of these smaller rods? How do you know?

For each way they find to partition the rod they selected into smaller rods, stu-
dents record their findings on the recording sheet. You may want students to sketch
the trains they make on the back of the recording sheet as a way to remember what
they were thinking or as a tool for figuring out the value of each rod piece.

As students begin to accumulate findings in their charts, encourage them to
look for patterns. Ask, What do you notice? What patterns do you see? How could
you use the Cuisenaire rods to see whether those patterns are always true?
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Discuss

Once students have had a chance to build several Cuisenaire trains, puzzle out the
fraction values of the pieces, and hunt for patterns, gather them together to discuss
the following questions:

e What interesting solutions did you find? (Record these on your shared chart.
You may also want students to model the trains they are talking about with
Cuisenaire rods so that everyone can see what they found.)

e  How did you figure out what each rod was worth? What strategies did you
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develop?
e What patterns did you notice when partitioning the rods? What patterns did

you notice in your (or our) table?

e Which rods had the most solutions? Which rods had the fewest? Why do you
think that is?

e Which fractions were the easiest to start with? Which were hardest? Why?

As you discuss these questions, be sure to dwell on observations of patterns
that go across the rows of the Playing with Cuisenaire Trains Recording Sheet (that
is, the relationship between the starting fraction, the number of smaller rods, and
their value) and relationships students notice between rows (for instance, when you
double the number of smaller rods, you halve their value).

Extend

Some students may wonder, Does this work for all unit fractions? In this lesson, we
focused on unit fractions that are somewhat friendlier. Students may notice that we
did not include =, for instance. Does this mean that these patterns don’t work with
22 Or 52 Or what about o2 If students begin to probe these what-if questions, con-
sider following their inquiry and extending this puzzle to include any unit fraction
students would like to explore. You will likely need more copies of the recording
sheet.

Look-Fors

e  How are students using number sentences to label? Some students may
use number sentences to label the work they are doing, record their think-
ing, or describe a pattern they notice. Students may use a variety of number
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sentences, including multiplication (for instance, % X2 = %), addition

(% + % = %), or division. If students use division, they may invert the num-
ber sentence as they try to figure out how to use symbols to represent what
they have done. Students might, for instance, label our launch problem as
2+ % = %, instead of % =2 = % In either case, use it as a moment to con-
nect the meaning of the symbols back to the model of the Cuisenaire rods.
What is happening with the rods? What does the number sentence say? You
may find using whole numbers as an analogy helps student think through the

TO DIVIDE FRACTIONS?

connection and the meaning of their division number sentence. This is an

important tool that you can make explicit to students: using a simpler case to
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help you think about a more complex case. For instance, if the rod were worth

12 and we fit 2 equal rods inside it, how much would each rod be worth? And
how would we write the division number sentence? How can that help us
think about what is happening with the fractions?

e How are students finding the value of the smaller rods? Some students may
be able to assign a starting value to a rod and build a train, but then struggle
to determine the value of the smaller rods. Ask students how they might
be able to use the rods to see the value more clearly. Many students benefit
from adding onto the train to see a whole, which helps them prove the value
of each rod. You might return to the example train from the launch and ask
students how they might prove that the red is worth 4 to someone who is
not convinced. Students will often elaborate by drawing, adding rods on, or
using some additional reasoning. You can then ask them how these same strat-
egies might help them with the current train. If many students are struggling,
you might pull the class together to hear a few strategies from students who

had some ideas, before sending students back to work.

Reflect

What is happening when we take a fraction and divide it by a whole number? Draw

a picture or use an example to help you describe what is happening.
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@ Playing with Cuisenaire Trains Recording Sheet

If | start witha __ and

| assume it’s worth e

Then | can partition
it equally into . ..

So, each of these blocks
is worth . ..

Purple = %

2 reds

_ 1
Red—T
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Fraction Division Conundrum

Snapshot

Students divide whole numbers by unit fractions to inves-
tigate when the quotients are even and when they are odd.
They develop visual proofs for dividing these numbers

and conjectures for the patterns they notice.

Connection to CCSS

5.NF.7b
5.0A3
Agenda

Activity Description/Prompt Materials

Launch 5 min Show students a visual proof for 3 + % = 12. Note Chart and
that starting with an odd number, we get an even markers
quotient.

Explore | 20+ mins | Partners investigate the following questions: What
even numbers can you get by dividing 3 by a unit
fraction? What patterns do you notice in your
solutions?

Discuss 15 min Discuss what other even numbers students found Chart or
when dividing 3 by a unit fraction. Organize stu- blank paper,
dents’ findings on a chart or on paper and look for and markers
patterns.

Explore | 30+ min Partners divide a whole number from 1 to 9 by a Chart and
unit fraction to investigate when it results in an markers
even or an odd number. Students develop con- for each
jectures, make predictions about dividing larger partnership
numbers, and test them. Partners create a poster to
show their conjecture and the evidence they have
gathered to support or contradict it.

Discuss 20 min Post students’ charts and have them do a gallery Student
walk, looking for shared observations and interest- | charts
ing ideas to pursue. Discuss the patterns students
noticed when dividing whole numbers by unit
fractions and what they are wondering now.
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TO DIVIDE FRACTIONS?

To the Teacher

In this investigation, we connect fraction division, multiplication, and properties of
numbers with patterning, proof, and the development of conjectures. By examining
fraction division from the curious lens that asks, “What happens if . . .?”, students
generate ideas, questions, and evidence that enable them to see the underlying struc-
ture of dividing whole numbers by unit fractions, which we began to uncover in the
Visualize activity. Students may build on the ideas and visual models they developed
in that earlier activity to create visual proofs that show why a division problem, such
as 3 + I, is equivalent to 3 X 4. Then students will draw on and ask questions about
ideas of even and odd that they likely discussed in much earlier grades, but not yet in
the context of operations with fractions.

This investigation can stretch across two days as students generate and solve
their own problems, looking for patterns. Encourage students to document their
findings in ways that are clear, organized, and convincing. If students develop their
own lines of inquiry during the lesson, we encourage you to let students pursue
them. Perhaps they will build on ideas of properties of numbers and ask, Can you
ever get a prime quotient when dividing a whole number by a unit fraction? Or,
Does this work for nonunit fractions? Genuine wonder should be encouraged and
celebrated.
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Activity

Launch

Launch the lesson by showing students that if we divide 3 by %, we get 12. Draw a
visual proof that there are 12 fourths inside of 3, like the one shown in Figure 7.3.
You might remind students of the work they did in the Visualize activity modeling
making cards and the different ways they showed their thinking.

Notice aloud that starting with an odd number, 3, we can get an even quotient,
12. Ask: Will that always happen? What other even numbers could you get by divid-
ing 3 by a unit fraction?

Explore

Students work with a partner to investigate these questions:

e What even numbers can you get by dividing 3 by a unit fraction?
e What patterns do you notice in your solutions?

Partners write and solve their own problems to figure out what is possible. Stu-
dents record their findings using visual proofs so that they can look for patterns and
share with others.

Discuss

Gather students together to discuss what even numbers they were able to generate
by dividing 3 by a unit fraction. Record students’ findings, including the number
sentences and visual proofs. You may want to record these results on a chart, or you
could record them on individual pieces of paper so that they can be sorted, ordered,
or grouped. Looking at students’ findings, ask, What patterns do you notice?

Pose the next part of the investigation by asking students to investigate how we
get even or odd results from dividing whole numbers by unit fractions.

0 1 2 3

Figure 7.3 Visual Proof That 3 Divided by 1— Equals 12
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Explore

Students work with their partners to investigate what numbers they can gener-

ate by dividing a whole number from 1 to 9 by a unit fraction. Encourage students
to develop ways of organizing and recording their results so that they can look for
patterns. Some students may want to use a table to organize their findings. Others
might prefer recording each finding on a sticky note or index card so that they can
group or arrange them in different ways to see patterns. Be sure to support students
in thinking about what ways will work best for them. Ask students to investigate the
following questions:

e When are the results odd?

e When are the results even?

e How can you organize your findings to help you see patterns? What patterns
do you notice?

Ask student to use their findings to make a conjecture about dividing larger
numbers (such as numbers between 10 and 19 or between 20 and 29) by unit frac-
tions. Conjectures are statements that might answer the following questions:

¢  When would you predict an odd quotient?

¢  When would you predict an even quotient?

e Do you think the patterns you've noticed will be the same no matter how
large the whole number or how small the unit fraction? Why or why not?

Ask students to make a poster showing their conjecture and the evidence they
have gathered to support their thinking, including visual representations.

Discuss

Gather students and their evidence together. Have partners post their charts around
the room and then have students do a gallery walk to look for patterns many of them
have noticed and patterns that they want to explore more.

Discuss the following questions as a class:

e What patterns did you discover dividing whole numbers by unit fractions?

What evidence do you have for these patterns? Why do you think these pat-

terns exist?
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e Why are the quotients sometimes even and sometimes odd? How can we
predict what the resule will be?

e What patterns did you see on your classmates’ charts that you think are worth
discussing, either because they are interesting or because you're not sure
whether you agree? (Take some time to discuss these patterns.)

e  What are you wondering now?

If students come up with different-looking charts and different visual represen-
tations, celebrate this. Tell students that this is part of the beauty of mathematics:
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that we can see and represent it in different ways.

Look-Fors

e  Arestudents creating meaningful models of fraction division? Building
on the Visualize activity, students have generated some visual models of frac-
tion division, namely by subdividing rectangular regions. You may see some
students using this as a visual proof. Others may develop other methods for
showing visually the process of division. In either case, notice their models
carefully and ask whether and how they match the division they are intended
to represent. Sometimes students subdivide regions inaccurately, especially
when they do so repetitively, and errors will make conjectures more difficult
to generate.

e Are students connecting fraction division to whole-number multiplica-
tion? The notion that 3 + % can also be thought of 3 X 4 is an important
connection for students to make, grounded in the visual representations that
show why this makes sense. As you look at how students are solving, notice
the language and equivalencies they are using that build the bridge between
3+ % and 3 X 4. In particular, students may see that there are 4 fourths in
each whole, so 3 X 4 is 12, which connects to the idea that % = 3,50
% = % is also 12. When students begin to notice these features, ask questions
about why they make sense and what they mean for the idea of dividing with
fractions.

e How are students reasoning about the even and odd results? Part of find-
ing the pattern in even and odd results is attending to the even and odd
properties of the numbers being divided. Fractions themselves, as nonwhole
numbers, are not even or odd, but their numerators and denominators can

be called even or odd. Students will need to think about these properties and
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ask why such patterns emerge, which may push on knowledge developed in
carlier grades about even and odd. Some students may have been asked to
memorize even and odd only as an alternating pattern in the counting se-
quence, but understanding the patterns here will prompt students to think
more deeply about what makes a number even or odd. You may want to ask
students: What does it mean that a number is even or odd? How could you
show even or odd with a picture or objects? How does that connect with the
operation of division (or multiplication)?

e How are students collecting and organizing their findings? To see patterns,
students will need to develop ways that make sense to them to organize what
they find. They may develop systems for investigation—for example, to pur-
sue a single whole number and try unit fractions in decreasing size from 5- to
% to %, and so forth. They may instead fix on a unit fraction, such as %, and
explore a variety of whole numbers into which it can be divided, from 1 to 2
to 3, and so forth. Some students may decide to compare cases they think will
be meaningful, say by exploring even whole numbers and odd whole numbers
in two groups. However, as they proceed, they will need to record these find-
ings in ways that enable them to see or hunt for patterns. Some students may
prefer to put their results on individual papers or sticky notes so that they can
rearrange and organize them flexibly. Others may prefer a table or other tool
for structuring their findings. Support students in thinking about what they
want to do as they begin to accumulate findings.

Reflect

What patterns would you predict if you divided a unit fraction by a whole num-
ber? Why?

References
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BIG IDEA

Thinking in Powers of 10

Students are fascinated by really big and really small numbers, and as we work to
introduce students to the mathematical ways of recording them, we should aim to
keep their fascination and wonder alive. As I was writing this introduction, I saw a
photograph that a first-grade teacher had posted on Instagram, from a project he
calls “A First Grader’s Guide to the Galaxy.” I love the posters of stars that the young
children made, and it reminded me how much children are enthralled by the galaxy
and that so many stars can be seen. This is a lovely example of a situation with a really
big number, which could be used to introduce this big idea.

Our three activities for this big idea all aim to capture students’ imagination
about really big and small numbers, focusing their learning in situations that they
will wonder about and be curious about, and even want to share with their family
and friends.

In the Visualize activity, we introduce students to the ideas of very bigand small
numbers, introducing a unit of measurement—someone’s height—and then asking
students to find examples that are 10, 100, and 1,000 times bigger and smaller. Stu-
dents can use different ways to record their ideas—words, diagrams, photographs,
and actual models—creating a display for others to see. They may even want to create
a tour for others to walk around the school to see different objects.

In the Play activity, students get further opportunities to extend this thinking,
and we suggest that they are given the chance to make a movie to show what happens
when something becomes much bigger or smaller. They can do this by zooming in

or out, with an iPad or other camera. This will be a really nice activity for students
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IN POWERS OF 10

Source: Matt Sheelen

and will also provide the perfect opportunity for thinking about what happens when
objects become bigger or smaller.

In the Investigate activity, we introduce the naming of “powers of 10” and
ask students to create a Museum of the Very Large and Small for visitors. Encourage
students to find examples that will be interesting and perhaps surprising for visitors.
As students work to make an interesting exhibit, help them see the value and need
for powers of 10 as a way of recording. This should be a deeply engaging activity for
students and one that gives them an opportunity to be proud of the new mathemati-

cal ways of recording that they have learned.
Jo Boaler
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The Unit You
Snapshot

Students explore the relationship between powers of 10
from 1’0% to 1,000 by creating visual references, begin-
ning with a student’s height as the unit. Groups present
their findings using objects, drawings, and photos, and

by marking physical spaces in the classroom and school.

Connection to CCSS
5.NBT.1
5.NBT.2

Agenda

Activity Time Description/Prompt Materials

1
1,000 100" 10" 1, 10, 100, and

1,000, which they have been

first grade, are all connected.
This activity will explore their
relationship by using a student’s
height as the unit.

Launch 10 min Te!l students that the numbers °

working to make friendly since o

Chart or bo?rd wi1th tk11e
numbers W' TO_’ T0° 1,
10, 100, and 1,000 listed
Materials and resources for

the activity to show

select one member’s height to be
the unit. Then students work to
identify objects or distances that
represent 1'0%, ﬁ, 11—0, 1, 10,
100, and 1,000 times that unit.

their findings using drawings,
photos, words, and objects.

Explore | 45+ min | Students work in small groups to o

Students design ways to share o

A variety of materials for
representing, marking, and
recording measurements,
such as masking tape, add-
ing machine tape, chalk,
beads, blocks, and cameras
Measurement tools, such
as rules, yardsticks, and
measuring tape

Tools for sharing findings,
such as computers or charts
and markers

Optional: Unit You Orga-
nizer, one per group

(Continued)
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IN POWERS OF 10

Activity Time Description/Prompt Materials

Discuss 20+ min | Groups share their various find- Class table or display for shar-
ings, their processes, and their ing groups’ findings

thinking about moving between
values. Discuss the relationships
between the values.

To the Teacher

This activity centers on using students’ own heights as a unit to explore powers of
10, particularly with 1,0%’ ﬁ, %, 1, 10, 100, and 1,000. We don’t often get the
chance to see all of these values side by side, which can limit our understanding of
their magnitude. In this activity, by using the same unit to visualize all of the num-
bers, students can better see the relationships and think about how they move from
one to another by multiplying or dividing by 10. Give some thought to the resources
you have available that students can use to represent such large and small numbers.
You may want to have some very small objects on hand, such as dried beans or rice,
beads, or blocks. Students will need tools for measuring and marking, such as rulers,
yardsticks, measuring tape, adding machine tape, masking tape, or chalk. Students
may want to mark a distance in the hallway or on a wall; masking tape can be a good
tool for this. If students want to mark a distance outside, sidewalk chalk can also be
useful. Adding machine tape can be used to create a “unit,” making it easier to iterate
that unit or fold it to find a fraction of it.

Groups will also need some options for how they might present their findings
to the class. Students may want to take photographs and present these printed on
a chart or in a slideshow. Alternatively, students could draw diagrams or use words
to describe the largest distances on a chart. Students may want to show the objects
themselves, particularly for the smaller values. For larger values, students may want
to take a walking tour of spaces marked in the hallway or schoolyard. We have left
these options open for you to decide, knowing that every school context is different.

We offer one final note on choosing students to be the unit in this project. Some
students will be eager to be the focus of so much attention, delighted to have their
group present the distance that is “10 Alexes long,” for instance. But other students
may be uncomfortable being center stage in this way, having their bodies measured
by a classmate. We have deliberately designed this activity to account for these differ-
ent responses to being the unit. We encourage you to support the groups in deciding
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who will serve as the unit, without the requirement that anyone has to be in that
role. If no one in the group feels comfortable, you can simply offer them the height
of a piece of furniture in your classroom or your own height to use. In all likelihood,
many students will be excited to be the unit and imagine what 10 or 100 times their
height looks like, or how tall they would be if shrunk to ﬁ their current height.
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Activity

Launch

Launch by recording the following numbers on a chart or board: Loﬁ, - 165 1,
10, 100, 1,000. Tell students that since first grade, they have been working to make
these numbers friendly. We started with 10, then 100, then 1,000, growing our
friendly numbers larger and larger. Then in fourth grade, students spent time think-
ing about zooming in on parts of numbers, and they worked to make the fractions
5 and 155 friendly. These numbers are all connected, and they have an important
relationship.

Tell students that today we’re going to explore that relationship by starting
with you, the student, as our unit. Students will work in small groups, choosing one
person who is willing to be the unit. This student’s height will be the group’s unit, or
1 whole. Using the materials you make available, the group figures out how to repre-
sent the numbers you've listed on the board (1,0%’ ﬁ, %, 1, 10, 100, and 1,000),
with 1 being the height of one of the group members.

Groups need to create some way to share these findings—poster, photos, slide-
show, diagram, and/or objects. Be sure to tell students what their parameters are for
constructing representations given the resources you have available.

Explore

Students work in small groups of three to four and choose one willing member to
be the unit, or 1 whole. Students should have access to measuring tools, chart paper,
markers, everyday materials around the room, small objects, and spaces outside your
classroom, such as the hallway or schoolyard. You might want to make available side-
walk chalk or masking tape for marking distances on the ground. If possible, make
cameras available for documenting what students find. We encourage you to create
a space where students can access the various materials you've made available for this
activity.

Students will need to measure their unit in some way. Then the group works
together to identify objects or distances that represent 1,0%’ ﬁ, %, 10, 100, and
1,000 times the height of the person serving as the group’s unit:

e What does 1,0% of the unit look like?

e What does ﬁ of the unit look like?
e What does % of the unit look like?
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e  What does 10 times the unit look like?
e  What does 100 times the unit look like?
e  What does 1,000 times the unit look like?

Note that true precision is not possible, and students will need to decide what
examples are close enough. For each value the group finds, students need to fig-
ure out how to represent that value so that they can share it with the class using
photos, drawings, words, markings, or objects. Students might choose a variety of
ways to show the different distances. For instance, for 1,0%’ they may want to hold
up an object; for 10, they may describe the distance in words (such as, “10 Alexes
is the same as the distance from the door to the window in the corner”); and for
1,000, they may mark a distance in chalk on the schoolyard and take a picture.
Multimedia sharing makes sense given the differences in magnitude and can be
great fodder for discussion. Groups may benefit from the Unit You Organizer
provided to help them remember and organize their findings. This organizer is
optional and not meant to replace more visual forms of sharing; rather it can serve

as a note-taking tool.

Discuss

Ask groups to share their findings. Instead of having each group share everything,
have groups all share by number so that comparing is casier. Starting with the unit,
first ask groups to share their representations of something smaller than the unit: T,

5> and 155 Then ask groups to share representations of the distances larger than

their unit: 10, 100, and 1,000 times the length of the unit. You might want to create
a class table of the objects or distances that the groups found to represent each dis-

tance, such as the one here:

Thickness | Unit cube Half a Student | Distance Length of the | Distance
of a grain | from base floor names from football field walking
of rice 10 blocks tile classroom including end | the fence
door to the | zones around

Thickness Bead Marker bathroom the
of a Distance school
magazine | Thickness Height of around the

of a paper- the school school build-

back novel ing
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Then discuss the following questions:

e How did you find your values? What strategies did you develop? How did
you use tools to support your work?

e How are our representations for each value similar and different? Why?

e  How did you think about moving from 7§ to 755 to 1,0% of the unit? What
challenges did you face?

e How did you think about moving from 10 to 100 to 1,000 times the unit?
What challenges did you face?

e What relationships did you notice? What surprised you?

Look-Fors

e How are students thinking about multiplying or dividing the unit? Some
students may get tangled up trying to be very precise, and then get lost in
calculations. Support students in developing ways not to think of their unit
as, say, ‘55 inches,” but as 1 whole. Encourage students to represent their
whole as a physical unit, by taping rulers together or cutting a strip of adding
machine tape or yarn. Having a physical unit will help students think about
how they might iterate this unit to make more, or fold or cut the unit to make
fractions of it.

e Are students thinking about the values they find in relationship to one
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another? How are students testing their ideas about small values? This is a
place to encourage thinking about the relationships between the fractions.
For instance, it is useful to think of % as the height we can stack on top of

each other 10 times to get back to the unit. Once you have 7g, you can think

of 75 of that to help you imagine what objects might be useful references for

—0g- Students can test whether their 155 makes sense by seeing whether 10 of
those objects can be used to create 7g- Ask students probing questions about
how they know their objects or distances work by asking students to use the
relationships between the different objects they have selected.

e How are students documenting their findings? Encourage students to doc-
ument both their process and their findings for sharing with other students.
Support students in determining the most vivid way to present each value.
The key question is, What will help other students really see what this value

looks like? If students use words, encourage them to be as descriptive as
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possible so that others know, for instance, which door or wall they are refer-
ring to when describing a distance as “from the door to the wall.”

Reflect

What surprised you about the values you explored: 1,0%’ ﬁ, %, 1, 10, 100, and
1,000? How are these numbers related?
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@ The Unit You Organizer

Find objects that match the question for the unit value shown in each column and
record them in the box. For each row, you will need to identify who is your unit value:
Who is your 1?

1
What doesw
look like?

1
What does 00
look like?

What does 11—0
look like?

Who is 1?

What does 10
look like?

What does 100
look like?

What does 1,000
look like?

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.

232




Filling Small and Large
Snapshot
small everyday objects and comparing the space taken *’

up by 10, 100, 1,000, or more of those objects. They cre-
ate ways of representing these quantities and of thinking

about what % or ﬁ of a small object might look like.

Students play with representing powers of 10 using

The class compares how these values, from ﬁ to 1,000 and beyond, look when the

units are different sizes.

Connection to CCSS

5.NBT.1
5.NBT.2
Agenda
Activity Time Description/Prompt Materials
Launch 10 min Remind students of the work they Small units to show: blocks,
did to represent numbers from tiles, paper clips, cereal, dried
ﬁ to 1,000 in the Visualize beans, toothpicks, and the
activity. Show students some small like

units to choose from and ask them
to estimate the space taken up by

1,000 units.

Explore | 30 min Partners choose a unit and figure e Large quantities of small
out how much space is taken up by units, such as blocks, tiles,
10, 100, 1,000, and a larger power paper clips, cereal, dried
of 10 of this unit. Students imag- beans, or toothpicks
ine what 11—0 or % of the unit e Charts and markers for
would look like. Partners represent each partnership
their findings to share with the e Optional: containers of
class. various sizes

(Continued)
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IN POWERS OF 10

Activity Time Description/Prompt Materials

Discuss 15+ min | Partnerships pair up and share e Students’ findings to
their findings. Create a class share
display of some examples of the e Space to display samples
space needed for quantities of dif- of students’ findings

ferent units. Discuss what students
discovered, how their initial esti-

mates compare with their findings,
and how what they found was dif-
ferent from working with distance.

Extend 30+ min | Small groups make a movie show- e Technology for movie-
ing what happens when you make making, such as tablets
something—quantity, distance, or e Make available: objects
volume—bigger or smaller by 10. (such as those in this

activity), manipulatives,
and measurement tools
as needed

To the Teacher

In this activity, students are returning to the idea of making physical comparisons
between powers of 10, from ﬁ to 1,000 and beyond. In the Visualize activity, stu-
dents used distance as a way of constructing references. Now we move into thinking
about quantity and space (or volume). To set up, you will need units that are small,
inexpensive, and countable, and that you can get in large quantities, such as blocks or
other small manipulatives, toothpicks, dried pasta, rice, dried beans, marshmallows,
cereal, gravel, paper clips, beads, or confetti. We encourage you to be creative with
the objects and to offer some choice to students, if possible. Students will be using
these as their units—a very different unit than the height of a student.

In the launch, we ask students to estimate how much space 1,000 of one of the
available units will take up. We encourage you to use this as valuable formative as-
sessment data. We have found that students often vastly overestimate what a group
of 1,000 small objects looks like. Asking students to use their hands and arms to
indicate how big the space would be will give you a quick visual assessment of how
students are thinking about 1,000 and using the size of the unit to support their
estimates. Estimating first also gives students something with which to compare
their later findings, perhaps discovering that a group of 1,000 beads is not what they
expected.
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Source: Shutterstock.com/Oksana Shufrych

If you are exploring this big idea after learning about volume, you may want to
draw on students’ understanding of filling space using cubic units. The objects you
are likely to use do not have an easy-to-measure volume individually, but as students
move to 100 or more units, they can think about the cubic units filled by the objects.
Alternately, you may have volume manipulatives that students can fill as a different
way to measure the space. There is no need for students to calculate here, but finding
additional references, such as a cube block, or a measuring cup, may make communi-

cating about space clearer.
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Activity

Launch

Launch this activity by reminding students of the work they did in the Visualize
activity, which focused on using the length of a person’s body as a unit and then
finding lengths that were 10, 100, and 1,000 times and <, 15 and &)W as long. If
you still have artifacts from this activity around the room, you might want to refer to
them. Tell students that today we’re going to play with what happens when we think
not about length but about space, and explore what happens when we start with a
much, much smaller unit.

Show students several units that they can choose from to explore. You might
offer some manipulatives, such as blocks or tiles, and some everyday objects, such as
paper clips or dried beans. Introduce the task.

Then ask students to turn and talk to a partner: choose a unit together and
estimate how much space they think 1,000 of that unit will take up. Ask students to
share some ideas and show with their hands the space they think 1,000 will fill. Tell
students that it is now time to test their estimates.

Explore

Students work in partners, choosing a unit to explore. For their unit, partners ex-

plore the following questions:

e How much space or volume would 10 units fill?

e  How much space or volume would 100 units fill?

e  How much space or volume would 1,000 units fill?

e What about an even larger value? Choose a number like 10,000 or 100,000 to
explore.

Students find a way of representing their findings for others to see. This might
include drawings, numbers, and/or using containers as references. Students might
find charts and markers useful, or have other ways they would like to represent what
they have found.

Ask students, How could you represent the space that % or ﬁ of your unit
would fill? Ask students to challenge themselves to find some way of showing what
that space might look like and add this to their representation of larger numbers.
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Students may want to play with a second unit and compare it with the first
unit. For instance, they may want to see how 1,000 marshmallows compare to 1,000
grains of rice. If students try this, be sure to encourage them to document the differ-
ences they discover.

Discuss

Start the discussion by pairing up partnerships so that two pairs who explored dif-
ferent units can share their findings with one another. Ask students to compare their
findings. Ask: How are the similar? How are they different? Why?

Then, as a whole class, discuss what students learned by comparing their models
with others. On a wall, board, or table, show some of the student-created examples
for each number they explored: ﬁ, }—0, 10, 100, 1,000, and anything larger. Be sure
to label each number. We encourage you to leave this display up for reference during
the Investigate activity.

Discuss the following questions:

e What did you discover about these numbers? What surprised you? (Ask part-
ners to share some of their most interesting findings with the class.)

e  How did your estimations at the beginning of the lesson compare with your
findings?

e Which units were the most interesting or challenging to work with? Why?

e All of our units were small, but they weren’t the same size. How did the size of
the unit affect what the values looked like?

e How was exploring space different from exploring with length? How was
exploring with a large unit (a person) different from exploring with a small
unit? How did it change your thinking about these values?

Extend

If students have access to tablets or other technology for making movies, you can
invite them to make a short film showing what happens when we make something
bigger or smaller by 10. You can leave this open to showing quantity, distance (as

in the Visualize activity), or volume (as in this Play activity). Provide students with
access to measurement tools, manipulatives, and the same small objects used in this
lesson. Students may want to focus their movie on many jumps by 10 or just a few,
such as from 1 to 10 to 100. Alternatively, students may want to show getting smaller

by dividing by 10, moving from 1 to 55 to g5~
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Look-Fors

e Are students thinking about multiplying (or dividing) by 10 as they move
from one representation to the next? At the heart of this big idea is the mul-
tiplicative relationship between powers of 10. If students, say, count out 100
beans, they should be thinking about 1,000 beans as 10 groups the same size
as the pile of 100. When trying to imagine i, students should be cutting that
bean (mentally, or a drawing of it) into 10 equal parts. It makes sense for stu-
dents to want to count out the quantities to see precisely how much space is
taken up, but certainly beyond 1,000 they will have to imagine and estimate.

e  How are students expressing space? There are lots of ways students might
document how much space is taken up by different quantities of their units.
Encourage students to think flexibly and critically about what might be the
most useful or clearest representation. Students might describe in words,
draw a picture, or find a container to serve as reference. Pictures might show a
three-dimensional space (such as a box that is about 2 X 2 X 3 inches) or de-
lineate the region covered if the objects are packed in a single layer. Contain-
ers can be useful because it is often easier to imagine 10 containers as students
try to move to the next power of 10.

e Are students drawing comparisons between the different units explored?
Students will get to see several different units in this activity, and they used
their own bodies as units in the Visualize activity. One goal is for students
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to see that the meaning of the numbers we work with depends on the unit.
For instance, a string 1,000 Alexes long may encircle your school campus, but

1,000 paper clips can be held by one person. Seeing how differences in the

unit size multiply into ever greater differences is important.

Reflect

What quantity or representation surprised you the most? Why?
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Museum of the Very Large and Small
Snapshot
In this investigation, we name the numbers we have

been learning about as “powers of 10” and investigate

the meaning of very large and small powers of 10. Small

groups choose a power of 10 and construct a museum
exhibit to make their number’s meaning clear, and the

class stages a Museum of the Very Large and Small for visitors.

Connection to CCSS

100, and 1,000. Name these
as "powers of 10,” created

by multiplying or dividing 1
repeatedly by 10. Watch the
Eames film “Powers of Ten.”
Introduce the task of creating
a museum, which makes even
larger or smaller powers of 10

5.NBT.1
5.NBT.2
w
Agenda =a
- O
om
Activity Time Description/Prompt Materials s :
m
s
Launch 15-20 min | Reuvisit earlier work with Technology to show “Powers @ :':'
the numbers ﬁ, 11—0, 1, 10, of Ten” video from website 2 E
°©=
(q}

familiar.

Explore | 60+ min Small groups choose a very e Materials to construct
large or very small power of 10 exhibits: chart paper,
to represent. Groups investi- cardboard, markers, scis-
gate the question, What does sors, tape, and butcher or
this number represent? Each construction paper
group uses its findings to con- e Manipulatives, such as base
struct a museum exhibit about 10 blocks, cubes, tiles, or
its number that makes the meter sticks
meaning of the number clear e Optional: technology, such
to others. as cameras or tablets

(Continued)
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IN POWERS OF 10

Activity Time Description/Prompt Materials

Present | 30+ min Arrange students’ number e Exhibits displayed for
exhibits for your museum open- visitors
ing. Invite visitors, such as other | o Sticky notes for all visitors
classes or families. All visitors e Space set up for sticky
use sticky notes to record re- notes to be placed in two
sponses to the exhibits and post categories: “I'm sur-
them on a wall or board under prised that . . .” and “I
“I'm surprised that . . ."” and “I wonder . . ."”
wonder . . ."”

Discuss 20 min Discuss in small groups Sticky notes left by visitors

and then as a whole class
what students learned by
constructing their exhibits and
from visiting the exhibits of
others. Examine the comments
left by visitors, and discuss
what visitors learned and
wondered.

Extend 40+ min If visitors left interesting, wor-
thy questions, the class might
choose to pursue investigating
the most compelling ones.

To the Teacher

This investigation requires an investment in materials and time. It will likely take at
least two days to investigate numbers, construct exhibits, and stage the museum. We
have listed a number of materials that you might want to make available to students
to investigate the numbers, make models or displays, and construct exhibits. This
list is intended to support you in thinking about the materials you have available

in your school that you might access for this project. It is not meant to be exhaus-
tive or required. We encourage you to think creatively about materials and space for
constructing the museum. Displays could easily be made on existing bulletin boards
or using recycled cardboard boxes. Students might opt to record on chart paper and
have their displays on desk or table tops. You might consider soliciting recycled ma-
terials from students that could be used for displays, such as empty yogurt containers
that students could fill with small objects.
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We encourage you to make the museum as authentic as possible by inviting an
audience, such as other classes in your school or students’ families. If this activity
takes place during a time in your school year when there are evening family events,
you could open the museum for families then, too. Inviting visitors takes some
advance planning, so you may want to coordinate with other teachers ahead of the

lesson to ensure an audience.
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Activity

Launch

Launch the lesson by reminding students of the work they did in the previous two
activities building models by starting with a unit (a person or small object) and mak-
ing it 10 times bigger or < as big, again and again. Revisit the display you created as
a class in the Play activity showing examples of the space taken up by 155> 15> 1, 10,
100, 1,000, or more units. Tell students that these numbers are called “powers of 10”
and that they are created by starting with 1 and repeatedly multiplying or dividing
by 10, a pattern students may have noticed as they built their models. Tell students
that we use a special notation for this: exponents. Add a new label to your display for
cach number, showing it as a power of 10. For example, show 100 = 10 X 10 = 10*
and 1,000 = 10 X 10 X 10 = 103

Tell students that this pattern of multiplying by 10 again and again can go on
forever, well beyond the display you made as a class. Tell them they are going to
watch a short video that explores how far you could go with this kind of exploration.
Show the Charles and Ray Eames film “Powers of Ten,” a nine-minute documentary
that can be found online at www.camesoftice.com/the-work/powers-of-ten/.

Tell students that for today’s exploration, instead of choosing a unit to start
with, they and their group will choose a number—either very large or very small—to
investigate. Their goal is to find several ways to represent that number so that we can
better understand it. Tell them you are confident that we all understand 10 (or 10*)
and 100 (or 10?), but as numbers get very large or very small, it is harder to make
sense of them. The video gives an idea of our limits—some of the numbers it explores
are so large, they go beyond our solar system, and we are unlikely to ever encounter
them. But other numbers, such as 10,000 (or 10%) or 1,000,000 (or 10¢) or T%)oo’ we
might find in our world. You might ask students when they have heard these num-
bers used, give them a chance to turn and talk, and then share examples. Then tell
students that the question they will work to answer today is, What do very large and
very small numbers look like?

Tell students that the class will be creating a Museum of the Very Large and
Small. Each group will get to choose a power of 10—a number made by multiply-
ing or dividing 1 repeatedly by 10—and construct a museum exhibit to show others
what this number means. Show students the materials they will have access to for the
construction of their exhibit, and tell them who their audience will be.
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Explore

Students work in small groups to choose a power of 10 to explore, either a very large
or very small number. Each group does not need to select a unique number, but a
variety of values across the class will lead to a more interesting museum. Ask students
to find multiple ways to represent what that number means so that they can teach
others.

Students create an exhibit for a class museum that will help others understand
the meaning of this number in the same way we all understand 10 or 100. Provide
students with materials for exploring and constructing their exhibits, such as posters,
bulletin boards, cardboard boxes, tape, scissors, colored paper, and markers. Students
may want to use manipulatives, such as base 10 blocks, unifix cubes, or tiles, to make
models of their number, or measuring tools such as meter sticks, if students would
like to model using distance. Students might draw pictures or diagrams, use words,
or collect objects to help them make their number clear to their audience. Students
might also want access to cameras or other technology to capture their number. For
instance, some students might be inspired by the Eames’s video and want to create
their own video for their exhibit.

Present

Stage your Museum of the Very Large and Small by putting up the student-created
exhibits around your classroom or school hallway. Consider how you want to ar-
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range them in your space. You may want to array them from smallest to largest for
visitors. We encourage you to invite, if possible, other classes, teachers, or families
to your exhibition opening. At least one member of each group should stand by the

group’s exhibit to answer questions and explain.

Provide all visitors (your students included) with sticky notes. Ask visitors to jot
two different kinds of comments on their stickies as they move around the museum:
“I’'m surprised that ...” and “I wonder . ..” Create a chart or spot on a wall for visitors
to post each kind of observation, with one area labeled “I'm surprised that .. .” and
one labeled “I wonder ..

Discuss

After everyone has had the chance to see the exhibits and any classroom visitors have
gone, convene your class to discuss the museum. Mix students into small groups for
table discussion, and ask them to discuss the following questions:
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e  What did you learn from making your exhibit?
e What did you learn from the other exhibits?

Ask some students to share what their tables discussed. Then ask students to
gather near the banks of sticky notes. Discuss the following:

e Look at what people wrote that surprised them. What patterns do you no-
tice? What did our visitors learn?

e  Look at what people were wondering. What kinds of questions were visitors
still thinking about? What are the most intriguing questions? What might be
worth exploring?

Extend

Some of your visitors may have posed interesting questions worthy of further inves-
tigation. Consider spending time as a class pursuing the most compelling of these

questions.

Look-Fors

e  Are students focusing on the meaning of the numbers first ? Before stu-
dents can construct an exhibit, they need to explore the meaning of the num-
ber their group has chosen and to find interesting, creative, and effective ways

IN POWERS OF 10
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to represent it. Encourage students to brainstorm many ways and select the
representations or explanations that they think are the most vivid, surprising,

or useful.

e  Are students being clear about units? The numbers have meaning only
when we define what units we are using. For instance, 1,000,000 looks dif-
ferent when the unit is a person, a minute, a grain of rice, or a centimeter.
Students should use several units to make the meaning of their number clear,
just as we all understand 100 more when we consider 100 people, minutes,
grains of rice, or centimeters. Depending on the size of the number they are
exploring, students may want to make the units they use larger or smaller. For
instance, it is easier to imagine 1,000,000 with grains of rice than with miles;
it is easier to consider T%mo when the unit is the length of the hallway than
when it is a unifix cube.

e  Are students using what they know about more familiar powers of 10 to
build understanding of their larger and small numbers? Students choosing
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10,000, for instance, should be able to think about what they know about
1,000 and make that 10 times larger as an entry point for solving. Support
students in starting with a unit and progressively making it 10 times larger or
% the size, again and again.

e How are students communicating their findings? Students sometimes
struggle to imagine the perspectives of others. In constructing an exhibit,
students will need to think about how to communicate what their number
means to someone who may not have considered it before. Students should
be planning both for what to show—with objects, models, pictures, or dia-
grams—and what to tell—with labels, title, captions, or signs.

Reflect

What did you learn from the museum that you think will be most useful to you in
the future? Why?
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BIG IDEA

Using Numbers and
Symbols Flexibly

One of the most important mindsets any student of mathematics can have is that

of an investigator—someone who is willing to play with ideas and approach math-
ematics as a flexible subject. When I studied two groups of students in England who
went through different school approaches, one that was traditional and one that was
project based (see Boaler, 2002), the students from the project-based school learned
that they could solve any problem, using the flexible tools they had learned. They
approached mathematical situations, as students and later as adults (see Boaler &
Selling, 2017), as problems to be solved, and they were willing to try different ap-
proaches. The students who had learned with the traditional approach thought they
had to remember a set method, and would give up when situations did not look like
the math questions they remembered from class. These different mindsets and ap-
proaches to mathematics gave the students from the two schools different approach-
es to their jobs and lives, and the students who had learned to flexibly use mathemat-
ics went on to greater success in their lives (Boaler & Selling, 2017).

Mathematical flexibility is a wonderful approach to have, and one that we en-
courage in this big idea. We do so by showing students that numbers can exist in
many different forms—as squares in a diagram, in expressions, in a famous triangle,
and through creations they make when they combine numbers.

Steve Strogatz is a mathematician at Cornell whom we feature on youcubed.org

as he teaches mathematics as a creative investigative subject to undergraduates. Steve
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SYMBOLS FLEXIBLY

is the author of many books that show the beauty and creativity in mathematics,

and he, like us, is frustrated that mathematics is so misrepresented in many schools.
Linclude interviews with Steve in my Mathematical Mindsets online class (https://
tinyurl.com/mathematicalmindsetcourse); the following is a quotation from one

of the interviews with Steve: “Rigor is the overemphasized part of math—at the
expense of creativity and ingenuity and intuition. I mean, it’s shocking to me that
people don’t see math as creative, though I understand why not. The way we teach

it, tend to teach it in elementary school, K to 12, and even in college does not tend
to emphasize creativity, to put it mildly. That is, you're taught that you should follow
the rules; you must use precise definitions.”

In Steve’s teaching at Cornell, which you can see at www.youcubed.org/higher-
ed/, he emphasizes the creativity and intuition that are so central to good math-
ematical thinking. In the set of activities for this big idea, we also encourage intuition
and creativity, while at the same time introducing and allowing formal mathematical
representations, to show that mathematics is a blend of the formal and informal.

In our Visualize activity, we would like you to introduce students to a number
pattern using a number talk approach. If you have not used or seen a visual, dot-card
number talk, you can see me teaching sixth graders using that approach here: www
yyoucubed.org/jo-dot-card-number-talk/. The task is for students to work out dif-
ferent ways to represent the image using multiple expressions and grouping symbols
as needed. We recommend that students color-code their solutions to show connec-
tions. Color coding, as I wrote in the introduction to this book, is a really worth-
while activity in mathematics, helping students see the connections that are critical
to mathematics. We ask students to find different ways of representing either the
picture with expressions or the expression with pictures, which will encourage cre-
ativity, and to show the connections through color coding.

In our Play activity, students will be given time to explore a wonderful math-
ematical creation: Pascal’s Triangle. In our work with students, they have been fas-
cinated and enthralled by this famous triangle. We ask students to first explore the
patterns they see in the triangle and then to try different numbers in the triangle to
see what happens. This is another opportunity to ask students to color-code their re-
sults. We also pose some discussion questions and ask students to come up with their
own conjectures and theories about the famous triangle.

In our Investigate activity, we give students a problem that is like the “four 4s
problem” that we share on youcubed.org, except that they work with the numbers 1,
2,4,and 9. As with the four 4s problem, they can use the numbers in any way, with
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any expressions, to try to find all the values from, in this case, 1 to 100. This will cre-
ate a nice opportunity for some specialized notation. Exponents (using one of the
digits), square roots (note that 1, 4, and 9 are squares), and factorial (!) are all needed
if all the numbers are to be found. Factorial is a mathematical operation that is not
usually taught in fifth grade, but it is totally accessible for fifth graders, and we have
found young children to be fascinated by factorial. Students will be more engaged
when you show it to them, and their brains will be more primed to learn it, if they
first encounter a need for the method. Mathematics classrooms typically teach meth-
ods to students before they encounter any need to use them, which causes students
to be bored and to think “When will I ever need this?” A really interesting research
study (Schwartz & Bransford, 1998) showed that students learned more when they
worked, using their intuition, on problems that needed methods, before they learned
the methods. They did not learn the methods until they had encountered a need for
them. This caused the students’ brains to be primed to learn them. In our teaching of
four 4s, we leave students to realize that some numbers are unfound, before we teach
factorial to them. They are then really excited to use it and continue to be excited

about the factorial operation for a long time.

Jo Boaler
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Seeing Expressions
Snapshot

Grouping symbols are introduced in this visual task,
where students learn to represent groups of squares with

expressions. Partners work on creating multiple ways to
match images to expressions and color-code the connec-

tions between them.

Connection to CCSS

5.0A.1
5.0A.2
Agenda
Activity  Time Description/Prompt Materials
Launch 15 min Introduce students to representing e Seeing Expressions
expressions with grouping symbols Number Image, for
through a visual number talk. display (projected,
on a chart, or cop-
ied from the pro-
vided template)
e Colored markers
Explore 30+ min Partners work on representing an im- e Seeing Expressions
age with multiple expressions, using Tasks 1, 2, 3, and
grouping symbols as needed. Then 4, a copy of each
partners choose additional tasks from sheet for each
= a task bank of two images and two partnership
= expressions. Students color-code their e Colors
: solutions to show connections.
o
o > Discuss 15-20 min | Share the expressions and images stu- Space to post solutions
sQ dent created. Discuss when grouping
2 ” symbols were useful and the challenges
e ™ of creating images for expressions.
2 W
g 6' Extend 30+ min Partners create and road-test their own | Paper and colors
¥ g puzzles, starting with either an image
oS or an expression. Then partnerships
5 o can swap with one another and try out
= puzzles created by other groups.
U
0
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To the Teacher

This lesson may be students’ first introduction to grouping symbols in expressions.
The initial number talk is a critical opportunity for you to model how to use these
symbols conventionally as you record students’ thinking in expressions. We encour-
age you to try the number talk task yourself to see how decomposing the image in
different ways changes the expression you might write. This will help you anticipate
what students might say and what expressions you might need to record as they
explain their thinking.

We also think that color coding is a powerful strategy for showing connections,
and have used it throughout this lesson. If students have not had exposure to this
tool for representing thinking, then you will want to make this technique more ex-
plicit in the launch and encourage students to try it out as they work. You may want
to remind students that it is important to exercise different brain pathways, and that
when we see things in different ways—in numbers and images, for example—this

encourages brain crossing.
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SYMBOLS FLEXIBLY

Activity

Launch

Launch this activity by presenting students with the image here of squares grouped
in interesting ways, and, in the style of a number talk, conduct a discussion of how
many there are. If you don’t use visual number talks, or know what they are, you can
see Jo teach one here: www.youcubed.org/jo-dot-card-number-talk/. Ask students to
figure out how many there are without counting them all individually. Ask students
to pay attention to how they see them, and to signal with a thumbs-up when they
are ready. After students have had a minute or two to think about this task and are
signaling that they are ready to talk, ask them how many they saw and how they saw
them.
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As students report how they saw the total number of squares, you'll want to be
careful about how you record what they say. You'll want to do two kinds of record-
ing. First, you'll mark up the picture to indicate the different ways the student de-
composed the picture into groups. We encourage you to color-code the picture to
show the different parts the student used. You may want to have multiple copies of
this cluster of squares so that you can mark each one up for each way students saw
the squares grouped. Here’s an example of marking up the diagram when the student
saw a group that was 5 X 2 with 2 more on top, then saw that there were three of
these groups:
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SYMBOLS FLEXIBLY

Second, you'll record the mathematical thinking the student did to find the
quantities, using an expression that uses grouping symbols in an algebraically ac-
curate way. If possible, we encourage you to color-code this expression using the
same colors you used for grouping the picture. This will enable students to see how
the groups of squares become grouped algebraically. Here is an example of how you
could record the expression for the image, using colors to show how they are related:

(5x2+2)x3

Introduce the activity for the day. Students will have a choice of four tasks.
Two are images like the one the class just did together, and two are expressions like
the ones you wrote for the picture. Ask students to try an image task first and then
choose any one from the remaining three. Challenge students to find multiple ways
of representing either the picture with expressions or the expression with pictures,

color-coding them to show how they connect.

Explore

Ask student partnerships to choose one of the two image tasks to start with. You
will need copies of the tasks so that partners can complete more than one during this
exploration time. For each image task, ask students to first try to describe what it is
they see, putting in words how they see the quantities. Students do this aloud with
their partner, just as they would explain it to the class in a number talk. Then stu-
dents record in words what they see in that column of their sheet. Finally, students
use what they see and their description to create an expression to represent the total
number of squares in the image that matches how they saw it. Challenge students to
group the clusters of squares in different ways to see what expressions they create and
to find as many different ways as they can to represent the image.

For each expression task, students examine the expression and try to imagine
what the expression could be showing. Partners talk about this and then record what
they imagine the image could look like from the expression. Then students try to cre-
ate the image that could match what they see in the expression. Encourage students
to reimagine the expression in as many different ways as they can.

For all tasks, ask students to color-code their work to show the relationship
between the image and the expression.
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Discuss

You may want to debrief each task, one by one, by having students share different expres-

sions or images they created. Alternatively, you might ask partners to share the image

or expression they created that they are most proud of or that they think is the most

creative, interesting solution. In some form, you will want to ask, What did we come up

with? You may also want to discuss what the solutions for each task have in common.
After an opportunity to share solutions, ask some overarching questions to help

students think across the tasks:

e  When were the grouping symbols useful? What ways of decomposing the
figures led to the need for grouping symbols? Which didn’t?

e  How did you tackle moving in the opposite direction—creating pictures for an
expression? What was different about it? How did you have to think differently?

Extend

Ask partners to make their own picture or expression and then find multiple ways

to represent the picture or expression they created. You might challenge students to
come up with a puzzle that would be interesting for someone else to solve, and after
they have had a chance to test it out, have partnerships swap puzzles with each other.
You can post the most interesting puzzles and solutions, and ask students to nomi-

nate puzzles or solutions that are creative or intriguing.

Look-Fors

e Are students using grouping symbols accurately? If this is students’ first ex-
posure to their use, they may under- or overuse them. Provide some guidance
about how to reason through when and where symbols are needed and when
they are redundant.

e  Are students color-coding? If this is a new strategy, students may struggle to
reflect on how to use color to show connections. It may help many students to
do their initial thinking in pencil and then add color.

e  Are students finding multiple ways to represent each task? Students might
see one or two ways easily, but need encouragement to think beyond what
came initially to mind.

Reflect

What are grouping symbols useful for? How do they change the meaning of an
expression?
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@ Seeing Expressions Number Image

How do you see it?

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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@ Seeing Expressions Task 1

How do you see it?

Pattern | see (draw and color it) Imagine (write an expression)

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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@ Seeing Expressions Task 2

How do you see it?

Pattern | see (draw and color it) Imagine (write an expression)
(@] (@] (@]
080 80 [e]e]e} 080
0.0
2 O OOOOO
(e]e] (e]e) [e]e) (e]e]
O (@] (@)
(@] (@]
°85.88° ©8338°
0.0
OOO @] X o
[e]e] (@] (e]e] (e}
(@] (e) @)
(@] O (o) (@]
000 000 [e]e) (e]e]
(e) 5 @] (@] S (e}
(] O (o) @]
(e]e] (e]e] OO0 000
(e} O (@] (e]
@] (] (@] (@]
000 000 [e]e] [e]e)
OOOOO OOOOO
0000 [e]oX(e]e}
OO0 000 [e]e} (e}
O (@) (e) (e)
(@] o (e) @]
000 000 000 000
OoooO Ooooo
0000 0000
000 000 [e]e) (@]
(@]
(@] O
[e]e] [e]e) [e]e] [e]e)
O . (e) o 5 o
@] (@]
000 000 (] [e]e)
(e} (e)
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@ Seeing Expressions Task 3

How do you see it?

Pattern

| see (draw and color it)

Imagine (write an expression)

4% (2+48)x3

4xX(2+4)x3

4% (2+4)Xx3

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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@ Seeing Expressions Task 4

How do you see it?

Pattern

| see (draw and color it)

Imagine (write an expression)

(5+5+2)x5

5+5+2)X%X5

5+5+2)x5

Mindset Mathematics, Grade S, copyright © 2018 by Jo Boaler, Jen Munson, Cathy Williams.
Reproduced by permission of John Wiley & Sons, Inc.
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Inside Pascal’s Triangle
Snapshot

In this activity, we play with the patterns in Pascal’s
Triangle, representing them with expressions. We play
with the starting number of Pascal’s Triangle to see how

it changes the row sums and their expressions.

Connection to CCSS

5.0A.1
5.0A.2
Agenda
Activity Description/Prompt Materials
Launch 5 min Show students Pascal’s Triangle and tell Pascal’s Triangle
them that there is a pattern to how it is sheet, for display
constructed. (on a projector or by

other means)

Explore 20+ min | Students work in partners to try to find e Pascal’s Triangle
the pattern that governs Pascal’s Triangle sheet, multiple
and to use that pattern to find missing copies per student
values. Students then look for additional e Colors

patterns in the triangle, color-coding
what they have found.

Discuss 10 min Discuss the pattern that creates the
triangle and the other patterns students
discovered.

Explore 30+ min | Students investigate patterns in the row Your Pascal’s Triangle
sums of Pascal’s Triangle, writing efficient | sheet, at least two per
expressions for finding the sums. Stu- student

dents investigate whether these patterns
remain the same if the starting number
of the triangle is changed.

Discuss 15 min Discuss how to write efficient expressions
for the row sums. Then discuss the pat-
terns in the row sums for the first Pascal’s
Triangle and for those with new starting
numbers. Does the pattern hold?
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To the Teacher

Pascal’s Triangle is a famous two-dimensional pattern of numbers arrayed in a trian-
g p Yy
gular formation. At the top of the triangle is the number 1. Each number below is

the sum of the two numbers above it.

1 10 | 45 | 120 | 210|252 | 210|120 | 45 | 10 1

There are many patterns inside Pascal’s Triangle—so many, in fact, that math-
ematicians believe that all the patterns have not yet been discovered. Patterns exist
moving across, down, and within the triangle. You might discover interesting things
in the triangle by looking at different kinds of numbers, such as odds or primes.
Some of these patterns become clear only when the triangle is quite large—one
reason that there is more to discover in Pascal’s Triangle. In this puzzle, you'll want to
encourage students to be inquisitive about the triangle, to try a hunch, and to simply
ask, What would happen if . . .2 We encourage you to investigate what patterns you
notice in Pascal’s Triangle by trying this activity yourself or, even better, with a group
of teacher colleagues. We think you'll find this intriguing and even more engaging to
teach if you explore first yourself.

Because of the many avenues for puzzling and exploration in this activity, the
lesson may be spread across multiple days. Follow your students’ curiosity and give
them the time they need.
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Activity

Launch

Start by showing students the image of Pascal’s Triangle provided, which has some
missing numbers. Tell students that this is a famous pattern of numbers called Pas-
cal’s triangle, which has been found to have connections to lots of other math ideas.
The triangle contains many patterns and can grow bigger and bigger following those
patterns. There is a pattern to how to build this particular triangle. Ask, Can you
find the pattern that builds the triangle so that you can fill in the blanks?

Explore

Ask students to work with a partner to find the patterns in Pascal’s triangle that help
them find the missing values. Each person should have their own copy of the triangle
to look at closely. Ask, How can you predict what number should be in each place?
Once students have figured out the pattern that builds Pascal’s Triangle and
they have completed their own, they then look for other patterns in the triangle. Ask
students to color-code or mark up the triangle to show the patterns they’ve found.
If students get stuck, you might prompt them to explore types of numbers, such as
even and odds, or to look for patterns in the arrangement of the numbers, such as
diagonals.

Discuss

First debrief the central pattern in Pascal’s Triangle that enables you to predict what
value will go in each position. You might ask the following:

e What patterns did you find that helped you find the missing values?
e How is Pascal’s Triangle built?

Then ask students to share their findings around other patterns. You will want
some way of showing these patterns on the triangle. You might have students present
their triangles, with their color coding, on a document camera or simply hold them
up for others to see. You might decide to make a display of these different patterns,
grouping them to show relationships. You might also decide to show the patterns by

A191X37d STOAINAS

color-coding your own class triangle on a large piece of chart paper. Determine the
way to share the patterns students found that is most suitable for your context.

X
o)
o
m
>
et
c
2
=
o)
=
c
=
o)
m
x
w
>
=
o

Big Idea 9: Using Numbers and Symbols Flexibly 263



[a]
3
<
(%]
e
Ll
o
=
=)
3
O
2
(%]
D
&
<
L
[)
Y]
)

SYMBOLS FLEXIBLY

Explore

Let’s explore the row sums, or the total value of the numbers in one row of the tri-
angle. What patterns exist in the row sums? Ask students to write expressions for
finding the sum of the values in each row. Although students certainly could simply
write an expression that lists the numbers in order with addition signs, there are
other, more efficient ways to find the row sums. Encourage students to try to find
efficient expressions.

Once students have explored how to write efficient expressions for the row sums
and looked for patterns, ask them whether they think the pattern they found will be
the same if the triangle started with a number different than 1. Give students copies
of Your Pascal’s Triangle and ask them to choose a new single-digit starting number
to see what happens to the row-sum pattern. Again, ask students to write expres-
sions for the row sums as they work. Ask, What changed in your new triangle? What
didn’t? Why?

Students may want to create yet another triangle to see whether the patterns
they’ve observed so far continue with other starting values. Ask, Did your pattern
hold? Or do you want to revise your thinking about the row-sum patterns?

Discuss

Start the discussion by asking students to share what they found in the row sums of
Pascal’s Triangle:

e What expressions did you find to represent row sums?
e What ways did you find to make the expressions efficient?

Then ask students to discuss their various findings from changing the starting
number. Across the class, students probably accumulated lots of evidence that is
more powerful and interesting when put together. Be sure to use the power of many

examples to make students’ pattern ideas and predictions more precise.
p p p p

e  How did the row sums change when the starting number changed? What
didn’t change?

e What theories did you come up with for how they changed and why?

e What do you think would happen if we started Pascal’s Triangle with a
larger number? What evidence is there from our work today to support your
prediction?
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Look-Fors

e Arestudents’ triangles accurate? We have found that students can struggle
to see the pattern in the triangle and to apply it across the missing values. This
is a good time to remind students that struggle is really important, thatitisa
time when our brains are most active and growing. The blanks in the triangle
were placed strategically in locations where some students run into trouble.
Help students think about what rule they have found for the pattern and how
to apply it to all spaces in the triangle. This will become even more challeng-
ing when students create their own triangles from scratch. You might encour-
age students in the partnership to each create their own triangle with the
same starting number so that they can check each other as they go.

e  Are students writing efficient expressions for finding the row sums? Stu-
dents can certainly find the row sum by adding 1 + 3 + 3 + 1, but the sym-
metry of the triangle should help students see that they could write an equiva-
lent expression, such as 2 X (1 + 3). You might prompt students to think
about the first activity in this big idea and draw each value as dots or squares
to help them literally see ways to group that would be useful.

e  Are students struggling to think about patterns across patterns? The pat-
terns we are talking about in the row sums are nested, in that first we look
at the pattern of Pascal’s Triangle, then we sum the rows and look for a new
pattern created out of the triangle, and then finally we look for patterns across
the row sums of different triangles. This can get dizzying for students. Keep-
ing triangles well labeled and posting them side by side during the discussion
can help students think across the triangles. If students in their partner work
are getting lost, you might ask them: How can we organize your thinking
in each part to make it clearer for you? What labels would be helpful? How
could color be helpful?

Reflect

How did writing eflicient expressions make the patterns in the row sums clearer?
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@ @ Pascal’s Triangle

21

28

56

70

36

84

126

126

84

36

10

45

120

210

252

210

120

45

10
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@ Your Pascal’s Triangle
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SYMBOLS FLEXIBLY

The 1492 Problem
Snapshot
Students investigate how they might use the digits in the

number 1492 and mathematical symbols to write expres-

sions for each value from 1 to 100. The class collects ex-

pressions as a group to determine whether or not it is pos-
sible. Students may be introduced to some new notation

they can use as tools in their investigation: exponents, square roots, and factorial.

Connection to CCSS
5.0A.1
5.0A.2

Agenda

Activity Description/Prompt Materials

Launch 10-15 min | Ask students to use all four numbers Class collection chart
1,4, 9, and 2 and any mathematical
symbols to create an expression. What
values can you create? Introduce the
investigation and how students can
record their thinking.

Explore 30-45 min | Students use the numbers 1, 4, 9, and e C(lass collection
(each day) | 2 and mathematical symbols to create chart and markers
expressions for every value from 1 to e The five 1492
100. The class collects expressions on a Problem recording
shared chart or display. sheets, one packet

per student

Discuss 10 min Students discuss the strategies they Class collection chart
have developed, the values found
and still missing, and, possibly, new
notation tools they might use to find
missing values.

Extend Ongoing After the class has whittled the list of Class collection chart or
values down to a few stubborn “Most "Most Wanted” chart
Wanted” values, the chart remains
up so that students can continue to
explore on their own time.
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To the Teacher

This investigation will take at least two days of class time, as well as a more extended
period for students to continue to look for additional solutions. In our experience,
this is an investigation that students linger on, puzzling over the last few elusive val-
ues for days after the class ends its full-time exploration. We suggest that you make a
large class recording space (on butcher paper, a bulletin board, or a series of posters)
and leave it up for as long as students are still engaged in pursuing missing values.

In order for students to find all the values from 1 to 100, they will need to use
the numbers 1,4, 9, and 2 (and no others), operation symbols, grouping symbols,
and three more specialized forms of notation: exponents (using one of the digits),
square roots (note that 1, 4, and 9 are squares), and factorial (!). Factorial is not com-
monly used in elementary school mathematics, but is an operation that we find stu-
dents are excited to use. Placing the factorial symbol after a number indicates that the
number should be multiplied by every counting number smaller than itself. Thus:

41=4X3X2X1
N=9XZXTXEX5X4X3X2X1

Factorial is simply a specialized multiplication operation, which students will
enjoy exploring. We encourage you to look for gopod moments to introduce these
new ideas to students in this investigation based on what they have already had ex-
perience with and where they are in the activity. Often, we find that on the first day
of the investigation, students have plenty to do generating expressions with famil-
iar operations. Indeed, most of the values from 1 to 100 can be made with familiar
operations. As students start to whittle down the list of missing values, you will want
to offer them some symbolic tools to open up their exploration. You might choose
to launch the second (or third) day of the investigation by introducing these to the
whole class, or use the discussion at the end of the first day as a place to offer these
new tools.

Big Idea 9: Using Numbers and Symbols Flexibly 269

A191X37d STOAINAS

X
o)
o
m
>
et
c
2
=
o)
=
c
=
o)
m
x
w
>
=
o




[a]
3
<
(%]
e
Ll
o
=
=)
3
O
2
(%]
D
=)
<
L
[)
Y]
)

SYMBOLS FLEXIBLY

Activity

Launch

Introduce the task by asking what values you can make with the numbers 1, 4, 9, and
2 and any operation by writing an accurate expression. Be sure to record these num-
bers in a shared place for students to see—on a whiteboard, chart, or projector. Tell
them they can use any mathematical symbols they can think of, including operation
and grouping symbols, provided that they use them accurately. Approach the launch
of this task as a number talk. Give students a moment to think privately, then ask
for values and record them. Then ask for a couple of students to defend an answer by
giving their expression. Record the expression, being careful about notation and ask-
ing any clarifying questions necessary. Ask the class whether they agree or disagree
that the offered expression equals the value the student is defending, and have them
explain their reasoning.

After students have defended at least two values accurately and the class agrees that
the expressions match the values, introduce the activity. The goal of this investigation
is to use the numbers 1,4, 9, and 2 and mathematical operations to make every value
from 1 to 100. Is it possible? The class will be working collectively to find all the values;
point out that they have already found two. Ask students to record the expressions they
find in two places: their own recording sheet and a class record chart. They might find
that there is even more than one expression that creates the same value. They should add
these to the class record chart, too, so that they can see a// the ways the class has come up
with during the investigation.

Explore

Can you make every value from 1 to 100 using numbers 1, 4, 9, and 2 and mathemat-
ical symbols? Students are encouraged to talk and work together, but we recommend
that each student get their own sheet with the numbers 1 to 100 printed for them to
record their own expressions. Post a large sheet of butcher paper similarly labeled for
students to contribute to the class solutions. When students find more than one way
to make the same answer, make sure they record those multiple solutions.
As students explore, encourage them to check each other and to ask for oth-

ers to check their work. Students may find that they have a great idea but that they
need to revise the symbols they are using to convey that idea. Having another person

check their expressions is a great way to catch areas for revision. If any students need
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a break from searching for their own expressions, you may want to have them serve
in a checking role for the class collection chart, working each expression to confirm
that it yields the stated value. This is a needed and valuable role for students to play,
giving them experience evaluating expressions, in addition to their work creating
them.

Discuss

When students get stuck or have worked for a full day, pull them together to discuss
what strategies have been useful. Ask, How have you been generating expressions?
Students might offer strategies for taking one expression and moditying it to get
several new ones, or strategies for searching for a particular value.

Look over the class collection chart and ask the class to reflect on what they
have found and not yet found.

e Why do you think that some values were found quickly, while there are others
that no one has found?

e  Are there any values with more than one expression? Why do you think
that is?

e Did you find any expressions that did not work? Or any places you needed to
revise? What helped you catch those mistakes?

To find solutions for all of the answers, students will need some additional forms
of notation: exponents (using 1, 2, 4, or 9), square root, and factorial. You might use
the discussion as an opportunity to introduce one or all of these if students seem
hungry for more tools. Alternatively, you could launch the second (or third) day of
investigation by introducing one or more of these tools. When launching the second
day, be sure to draw students’ attention to the values that the class is still collectively
searching for. Students can choose to focus on those or on finding ones that they
themselves have not yet found.

Extend

After students have had a couple of days to work on generating expressions and the
list of values from 1 to 100 has been whittled down, post a list of the “Most Wanted”
values—those that still have not been found—for kids to continue to look for in

A191X37d STOAINAS

their spare moments (on the bus is a popular time!). Alternatively, you can highlight
or block these values off on your class chart so that they are prominent.
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The class can also discuss lingering questions about what they have found:

e Which answers have the most solutions? Which have only one? Are there any
that have no solution? Why do you think that is?
e How close do you think we are to having found all that are possible? Why?

Look-Fors

e Are students using operations and notation accurately? Perhaps the biggest
stretch in this work is using operations accurately in the language of mathe-
matics. Employing this language requires careful thought and practice, which
this investigation is intended to support. Encourage students to check expres-
sions for each other, and, even more productively, to ask others to check their
work. Prompt students to explain when they disagree and to support each
other in making revisions. It is important that this activity keep a tone of joint
effort, rather than one of competition between students.

e  Are students ready for new forms of notation? When students have found
half or more of the expressions and appear hungry (even frustrated) searching
for more, they may be ready for one or more of the additional forms of nota-
tion used in this problem. It is important that students are eager in the midst
of the investigation, rather than overwhelmed at the beginning. Students are
far more likely to make meaningful (and accurate) use of these symbols if they

are starting to run out of possibilities with the familiar symbols.

Reflect

What operations are most useful and flexible? Why? When are the less common
operations useful? Why?
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@ The 1492 Problem

1 11
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3 13
4 14
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6 16
7 17
8 18
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10 20
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@ The 1492 Problem
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@ The 1492 Problem
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214
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tion multiplication, 169, 177; in
Make a Fake activity, 95, 98; in
Picking Paintings Apart activity,
83, 84, 86
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Equivalence. See Fraction
equivalence

Estimating with Fractions Investigate
activity. See Wondering with
Fractions

Estimating with Fractions Play activ-
ity. See Fraction Blizzard

Estimating with Fractions Visualize
activity. See Making Snowflakes

Estimation: in Filling Small and
Large activity, 233, 234, 236, 237,
238; life importance of, 53; in
Make a Fake activity, 98; Number
sense and, 54; photos, 67, 68, 69,
70. See also Fraction estimation

Exploration: in A Box of Boxes,
44, 45, 46-47, 48; in Creating
Cards, 201, 203, 204, 20S; in
Filling Small and Large, 233,
236-237; in The 1492 Problem,
268, 270-271; of Fraction
Division Conundrum, 217,219,
220; in Fractions in a Pan, 172,
175, 176; in Getting around the
Plane, 118, 120-121; in inside
Pascal’s Triangle, 248, 261, 263,
264; in Make a Fake, 94, 96; in
Making Snowflakes, 55, 58, 59;
in Museum of the Very Large

ity, 33, 34, 38-43; in Filling Small
and Large activity, 238; in Solids,
Inside and Out activity, 23, 25,
26-27,28,30, 31, 32; struggles
with, 26, 30, 34, 38
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68,70,71
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number talks
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Drawing Solids Sheet, 25, 26, 28,
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Driscoll, Mark, 8

E
Eames, Charles, 239, 242, 243
Eames, Ray, 239, 242, 243
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and Small, 239, 243; in Pattern
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Paintings Apart, 83, 85; in Seeing
Expressions, 250, 254; in Seeing
Growth on a Graph, 159, 160,
162-163; in Solids, Inside and
Out, 25, 28; in Squares with a
Difference, 101, 102, 105-106;
in Two-Pattern Tango, 145,
147, 148; in The Unit You, 225,
228-229; in Wondering with
Fractions, 67, 69,70

Exponents, 242, 249, 268, 269, 271
Expressions. See The 1492 Problem;

Inside Pascal’s Triangle; Seeing

Expressions

Extension: of Creating Cards, 202,

205; of Cuisenaire Trains, 210,
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213; of Filling Small and Large,
234, 237; of The 1492 Problem,
268, 271-272; of Fraction
Blizzard, 62, 65; of Museum of
the Very Large and Small, 240,
244; of Pieces and Parts, 180,
183-184; of Seeing Expressions,
250, 255; of Ship Shape, 124,
125, 127, 132; of Solids, Inside
and Out, 25, 27, 29; of Squares
with a Difference, 103, 106; of
The Sum of the Parts, 187, 191;
in Table Patterns, 133, 135, 136;
in Two-Pattern Tango, 145, 146,
147, 148, 149; of Wondering with
Fractions, 68,70-71

F

Factorial, 249, 268, 269, 271

Factors, 171, 181, 184

Field’s medal, S

Filling Small and Large: agenda for,
233-234; comprehension ques-
tions for, 238; discussion in, 234,
237; estimation in, 233, 234, 236,
237, 238; exploration in, 233,
236-237; launching, 233, 234,
236; video making in, 223-224,
234,237; volume in, 234, 235,
236,237

Finger perception, 11

“A First Grader’s Guide to the
Galaxy,” 223

Flexibility. See Number and symbol
flexibility

Flip and multiply, 199

“Fluency without Fear” (Boaler and
Williams), 2

Forgery. See Make a Fake

Forms of notation, 269, 271,272

Fostering Algebraic Thinking
(Driscoll), 8

Four-Quadrant Transportation
Graph, 118,119, 120, 123

The 1492 Problem, 248; agenda
for, 268; comprehension ques-

tions for, 272; discussion in,
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268,269,271, 272; exploration
in, 268, 270-271; factorial in,
249,268,269, 271; language of
mathematics in, 272; launching,
268,269,270, 271; posters in,
269, 270-271; sheets for, 268,
270-271,273-277; visual num-
ber talk in, 270

Fraction Blizzard: agenda for, 61-62;
comprehension questions for,
65-66; discussion in, 54, 62,
64-65, 66; launching, 61, 64;
Play agenda in, 61, 64; posters in,
61,62, 63, 64-65; struggle in, 54,
65, 66

Fraction division, 199-200

Fraction Division Conundrum, 200;
agenda for, 217; comprehension
questions for, 221-222; discus-
sionin, 217,218,219,220-221;
exploration of, 217,219, 220;
language of mathematics in, 221;
launching, 217, 219; number
sentences in, 219; posters in, 217,
220, 221; quotients in, 217, 218,
220, 221; visual proofin, 217,
218,219,221

Fraction division Investigate ac-
tivity. See Fraction Division
Conundrum

Fraction division Play activity. See
Cuisenaire Trains

Fraction division Visualize activity.
See Creating Cards

Fraction equivalence, 81-82; NAEP
question about, 169, 170

Fraction equivalence Investigate
activity. See Squares with a
Difference

Fraction equivalence Play activity.
See Make a Fake

Fraction equivalence Visualize activ-
ity. See Picking Paintings Apart

Fraction estimation, 53-54

Fraction estimation Investigate
activity. See Wondering with

Fractions

Index

Fraction estimation Play activity. See
Fraction Blizzard

Fraction estimation Visualize activ-
ity. See Making Snowflakes

Fraction multiplication, 169-171

Fraction multiplication Investigate
activity. See The Sum of
the Parts

Fraction multiplication Play activity.
See Pieces and Parts

Fraction multiplication Visualize
activity. See Fractions in a Pan

Fractions in a Pan: agenda for,
172-173; Brownie Pan Template
for, 179; comprehension ques-
tions for, 177-178; discussion
in, 172,173, 174, 175-176, 177;
exploration in, 172, 175, 176;
launching, 172, 175; number
sentences in, 178; sheets for, 172,
175; visual proofs in, 170-171,
172,175,176,177

G

Games. See Battleship; How Close to
100; Ship Shape

Generalization, 143, 144, 149,
160-161; Cuisenaire Trains and,
202, 205, 206; Fraction Division
Conundrum and, 200

Generalizing, 160

Geometric art, 83, 84, 85, 94

Getting Around the Plane, 116;
agenda for, 118; comprehension
questions for, 121-122; dimen-
sions in, 118,119, 120, 121-122;
discussion in, 118, 120, 121;
exploration in, 118, 120-121;
launching, 118, 119, 120; posters
in, 118, 120-121; sheets for, 118,
119,120, 123

Graphs: of Four-Quadrant
Transportation Graph, 118, 119,
120, 123; of Plus-Sign Table and
Graph Sheet, 166; of Where Is
the Rectangle?, 129

Group work, 17-18



Growing patterns, 144, 145, 153,
155, 156; sheets for, 160, 163,
167

How Close to 100 (game), 2

How to Learn Math (online teacher

course), 1

H
Humphreys, Cathy, 8

I

Ideas. See Big Ideas, overviews of

Inside Pascal’s Triangle: addition in,
261,262,264, 265; agenda for,
261; color coding in, 248, 261,
263, 265; comprehension ques-
tions for, 265; discussion in, 261,
263,264, 265; exploration in,
248,261, 263, 264; launching,
261, 263; posters in, 265; sheets
for, 261, 262, 263, 264, 265,
266-267; struggle in, 265

Intersections, 116-117, 136, 138

Into, 210

Intuition, 201, 248

Invcstigatc activities: creativity and,
14; for fraction division, 200,
217-222; low-floor, high ceiling
quality of, 14; for Museum of
the Very Large and Small, 224,
239-245

Journaling, 5-6
Justifying, 8; Paper Folding activity
for, 19-21

K
Kelly, Ellsworth, 84, 85, 88, 89
Knowing and Teaching Elementary
Mathematics (Ma), 199

L
Labels, 64, 85-86, 110, 121, 126,
138
Language of mathematics: in A Box

of Boxes activity, 46; division,

partitioning and, 210; in Fraction
Division Conundrum activity,
221; in Making Snowflakes activ-
ity, 57, 60; of, multiplication and,
181, 190; in Picking Paintings
Apart activity, 84; in Seeing
Expressions activity, 272

Launch: of A Box of Boxes, 44, 45,
46; of City of Cubes, 33, 35, 36;
of Creating Cards, 201, 203;
of Cuisenaire Trains, 209, 210,
211, 212; of Filling Small and
Large, 233, 234, 236; of The 1492
Problem, 268, 269, 270, 271;
of Fraction Blizzard, 61, 64; of
Fraction Division Conundrum,
217, 219; of Fractions in a Pan,
172, 175; of Getting around
the Plane, 118, 119, 120; of
Inside Pascal’s Triangle, 261,
263; of Make a Fake, 94, 96; of
Making Snowflakes, 55, 57, 58;
of Museum of the Very Large
and Small, 239, 242; of Pattern
Carnival, 153, 155, 156-157;
of Picking Paintings Apart, 83,
85; of Pieces and Parts, 180,
182; of Seeing Expressions, 250,
252-253; of Seeing Growth on a
Graph, 159, 162; of Ship Shape,
124, 126; of Solids, Inside and
Out, 25, 28; of Squares with a
Difference, 101, 102, 104; of
The Sum of the Parts, 187, 189;
of Table Patterns, 133, 135; of
Two-Pattern Tango, 145, 147;
of The Unit You, 225, 228; of
Wondering with Fractions, 67, 69

Little Boxes, 44-49, 51

Little boxes, sheets for, 44, 45, 46, 50

Location of points, in Table Patterns
activity, 117, 137, 138

Lockhart, Paul, 8

Look-fors. See Comprehension
questions

Low-floor, high-ceiling activities,

2-3; Investigate activities as, 14

Index

M

Ma, Liping, 199

Make a Fake: addition in, 94, 95,
97, 98; agenda for, 94; color in,
94,95, 96,97, 98, 100; common
denominators in, 95; compre-
hension questions for, 97-98;
denominators in, 95, 98; discus-
sion in, 94, 97; estimation in, 98;
exploration in, 94, 96; launching,
94, 96; number sentences in,
98; posters in, 94, 97; sheets for,
94, 96, 99, 100; squares in, 97;
struggle in, 82, 98; subtraction
in, 94

Make Your Own Ship Shape Game
Sheets, 124, 127,132

Making Snowflakes, 54; agenda for,
55; comprehension questions for,
60; exploration in, 55, 58, 59;
language of mathematics in, 57,
60; launching, 55, 57, 58; posters
in, 59; struggle in, 56

Mason, John, 8

Math anxiety, 2

Mathematical ideas, 23, 24, 143, 184

Mathematics. See specific topics

Mathematics Counts (Committee
of Inquiry into the Teaching of
Mathematics in Schools), 53

Memorization, 4-5

Menon, Vinod, 10

Meyer, Dan, 116

Mistakes: with adding fractions, 81,
169; in fraction equivalence, com-
mon, 81; importance of, 14; with
subtracting fractions, 169; value
of, 54

Mondrian, Piet, 94, 96, 99;
Composition IT in Red, Blue,
and Yellow by, 92, 93; in Picking
Paintings Apart activity, 84, 85,
92, 93; suggested works of, 95

Movement with mathematics, 23

Multiplication: of, language of
mathematics and, 181, 190;

visual representations of, 11;
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whole-number, fraction division
and, 221

Multiplication tables: color coding
Coordinate Plane of, 115-116,
133, 134, 135, 137; sheet, 133,
135-136, 140

Multiplying, 177

Munroe, Randall, 116

Museum of the Very Large and
Small, 224; agenda for, 239-240;
class distance table for, 229;
comprehension questions for,
244-245; discussion in, 240,
243-244; exploration in, 239,
243; launching, 239, 242; post-
ers in, 240, 243; struggle in, 245;
video shown in, 239, 242, 243

N

National Assessment of Educational
Progress (NAEP), 169, 170

Nests sheets, 85, 86-87,90-91

Neuroscience, 2, 3,5, 10-11, 14, 23

Norm Building activities: agenda
for, 18, 20; of Encouraging Good
Group Work, 17-18; of Paper
Folding, 19-21

Number and symbol flexibility,
247-249

Number and symbol flexibility
Investigate activity. See The 1492
Problem

Number and symbol flexibility
Play activity. See Inside Pascal’s
Triangle

Number and symbol flexibility
Visualize activity. See Seeing
Expressions

Number sense, 54

Number sentences: in Creating
Cards, 201, 203-204, 205-206;
in Cuisenaire Trains, 213-214; in
Fraction Division Conundrum,
219; in Fractions in a Pan, 178;
in Make a Fake, 98; in Picking
Paintings Apart, 85, 86; in
Squares with a Difference, 105,
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109, 110; in The Sum of the Parts,
187,190, 191, 192

Number talks. See Visual number
talks

Number Visual Cards, 187, 188, 189,
194-197

Number Visuals Sheet, 12; for Pieces
and Parts activity, 180, 181,
182-183, 184, 186; for The Sum
of the Parts activity, 187, 189,
192-197

Numbers: symbolic representations
of, 10, 11, 23; visual representa-
tions of, 10, 11, 12, 23

Numerators: fraction equivalence,
denominators and, 81-82;
in fraction multiplication,

169,177

Q)

OECD. See Organisation for
Economic Co-operation and
Development

0f.181, 189, 190

Of the leftovers, 177

Of the pan, 175, 177

Of the whole pan, 176

Online class, 1, 248

Opening mathematics, 13

Organisation for Economic Co-
operation and Development
(OECD), 4

Organizing, 184-185, 221

P

Packing boxes, 45-49, 51

Paintings, geometric: by Kelly, 84,
85, 88, 89; by Stella, 84, 90, 91.
See also Mondrian, Piet

Paper Folding activity, 19-21

Partition, 210

Partitioning: in Cuisenaire Trains
activity, 210, 211,212,213, 216;
division, language of mathematics
and, 210; in Squares with a
Difference activity, 101, 102, 104,
105, 108-109

Index

Pascal’s Triangle. See Inside Pascal’s
Triangle

Patches sheets, 85, 92-93, 94, 99

Pattern Carnival, 144, 156-158;
agenda for, 153-154; color cod-
ingin, 154, 158; comprehen-
sion questions for, 157-158;
discussion in, 153, 154, 156,
157; exploration in, 153, 156;
launching, 153, 155, 156-157;
Play agenda in, 154, 157; posters
in, 155

Photograph collections, 54; estima-
tion photos in, 67, 68, 69, 70

Picking Paintings Apart, 82; addi-
tion in, 83, 84, 87; agenda for, 83;
color in, 83, 84, 85, 86; common
denominators in, 83, 84, 86; com-
prehension questions for, 86-87;
discussion in, 83, 84, 85-86;
exploration in, 83, 85; language
of mathematics in, 84; launching,
83, 85; number sentences in, 85,
86; sheets for, 85, 86-87, 88-93;
subtraction in, 83, 86, 87

Pieces, tiling wholes with, 169,
170-171

Pieces and Parts: agenda for, 180;
color coding in, 182, 185;
comprehension questions for,
184-185; discussion in, 180, 183,
184; factorsin, 171, 181, 184;
launching, 180, 182; Play agenda
in, 180, 182; sheets for, 180, 181,
182-183, 184, 186; struggle in,
171

PISA. See Program for International
Student Assessment

Play activities: creativity and, 13;
for fraction equivalence, 82,
94-100; for fraction estimation,
54, 61-66; for fraction multipli-
cation, 171, 180-186; for num-
ber and symbol flexibility, 248,
261-267; for pattern growth,
144, 153-158; for powers of 10,
223,224,233-238



Playing: in City of Cubes, 33, 34,

36, 37; in Cuisenaire Trains,
209,212,213, 216; in Fraction
Blizzard, 61, 64; in Pattern
Carnival, 154, 157; in Pieces and
Parts, 180, 182; in Ship Shape,
124,126

Plus-sign pattern, 160, 162-164;

Plus-Sign Table and Graph Sheet,
166; sheets, 159, 162, 165

Posters: The 1492 Problem, 269,

270-271; Fraction Blizzard, 61,
62, 63, 64—65; Fraction Division
Conundrum, 217, 220, 221;
Getting around the Plane, 118,
120-121; Inside Pascal’s Triangle,
265; Make a Fake, 94, 97; Making

R

Reasoning, 7-8; Paper Folding activ-

ity for, 19-21
Rectangular Solids. See A Box of
Boxes
Rectangular Solids Sheet, 25, 28, 31
Red, Yellow, Blue, 88, 89
Relationships, 119, 120, 122, 230
Repeating value, 134-138
Rhombus, 19, 20, 21

Same, 164

Scalene triangle, 19, 20, 21
Scientific American, 4

See, 169

Seeing and Connecting Patterns

Snowflakes, 59; Museum of
the Very Large and Small, 240,
243; Pattern Carnival, 155;
Seeing Expressions, 250, 255;
Squares with a Difference, 107;
Two-Pattern Tango, 147, 155;
Wondering with Fractions,
67,70

Powers of 10, 223-224; “Powers of
Ten” (video), 239, 242, 243

Powers of 10 Investigate activity. See
Museum of the Very Large and
Small

Powers of 10 Play activity. See Filling
Small and Large

Powers of 10 Visualize activity. See
The Unit You

Program for International Student
Assessment (PISA), 4

Puzzles, 27, 29. See also City of
Cubes; Fraction Blizzard;
Inside Pascal’s Triangle; Picking
Paintings Apart; Pieces and Parts;
Sceing Expressions; The Sum of

the Parts

Q
Quadrants, 119, 125

Qualitative comparisons, 118
Quotients, 217, 218, 220, 221

across Representations,

143-144

Seeing and Connecting Patterns

across Representations Investigate
activity. See Seeing Growth on a

Graph

Seeing and Connecting Patterns

across Representations Play activ-

ity. See Pattern Carnival

Seeing and Connecting Patterns

across Representations Visualize

activity. See Two-Pattern Tango

Seeing Expressions: agenda for, 250;

comprehension questions for,
255; discussion in, 250, 252, 255;
exploration in, 250, 254; launch-
ing, 250, 252-253; Number
Image sheet, 250, 252, 253,

256; posters in, 250, 255; sheets
for, 250, 252, 253, 254-255,
256-260; struggle in, 255; Task
sheets, 250, 254-255, 257-260;
visual number talk in, 248, 250,
251,252,254

Seeing Growth on a Graph, 144;

agenda for, 159-160; color cod-
ing in, 162; comprehension ques-
tions for, 164; discussion in, 159,
160, 161, 162, 163, 164; explo-
ration in, 159, 160, 162-163;

Index

launching, 159, 162; sheets for,
159, 160, 162, 163, 165-167

Shapes, 126-127; rectangle, 26,

101, 104, 105, 124, 125, 129,
137,138, 175, 202; squares, 101;
triangles, 19-20. See also City of
Cubes; Inside Pascal’s Triangle;
Pattern Carnival; Ship Shape;

Squares with a Difference

Sheets: for A Box of Boxes, 44, 45,

46, 48; for City of Cubes, 33, 35,
36, 38, 39-43; for Coordinate
Plane, 133, 136; for Creating
Cards Recording, 201, 203, 207;
for Creating Larger or Smaller
Cards Recording, 201, 204, 208;
for Drawing Solids, 25, 26, 28, 29,
32; for The 1492 Problem, 268,
270-271,273-277; for Fractions
in a Pan, 172, 175; for Getting
around the Plane, 118, 119,

120, 123; for Growing Patterns,
160, 163, 167; for Inside Pascal’s
Triangle, 261, 262, 263, 264,
265, 266-267; for Little Boxes,
44,45, 46, 50; for Make a Fake,
94, 96, 99, 100; for Make Your
Own Ship Shape Game, 124, 127,
132; for Multiplication Tables,
133, 135-136, 140; for Nests,
85, 86-87,90-91; for Number
Visuals, 12, 180, 181, 182-183,
184, 186; for Pascal’s Triangle,
261,262,263, 266; for Patches,
85, 92-93, 94, 99; for Pattern A,
145, 147, 151; for Pattern B, 145,
147, 152; for Picking Paintings
Apart, 85, 86-87, 88-93; for
Pieces and Parts, 180, 181,
182183, 184, 186; for Playing
with Cuisenaire Trains, 209, 212,
213, 216; for Plus-Sign, 159, 162,
165, 166; for Rectangular Solids,
25,28, 31; for Seeing Expressions,
250,252,253, 254-255,
256-260; for Seeing Expressions
Number Image, 250, 252, 253,
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256; for Seeing Expressions
Tasks, 250, 254-255, 257-260;
for Seeing Growth on a Graph,
159, 160, 162, 163, 165-167; for

102, 104, 105, 108-109; compre-
hension questions for, 108-110;
discussion in, 101, 102, 105, 106,
107; exploration in, 101, 102,

Summer camp, 3-4, 5-6, 115. See
also Youcubed Summer Camp
Summer school, 12

Symbols: grouping, 188, 192, 250,

Ship Shape, 124, 125, 126-127,
129-132; for Solids, Inside and
Out, 25, 26, 28, 29, 31-32; for
Square Grids, 101, 102, 105,
106-107, 109, 112-113; for
Stacks, 85, 88-89; for The Sum
of the Parts, 187, 188, 189, 192,
193-197; for Table Patterns,
133, 135-136, 140-141; for
Two Patterns, 145, 147, 150; for
2 x 2 Square, 101, 104, 111; for
Two-Pattern Tango, 145, 147,
148, 150~152; for The Unit You,
225,229, 232; for Wondering
with Fractions, 67, 69,70, 71-72,
73-79; for Your Pascal’s Triangle,
261,264, 265,267. See also
Brownie Pan Template; Four-
Quadrant Transportation Graph;
specific sheets

Ship Shape, 116; agenda for, 124;
comprehension questions for,
128; discussion in, 124, 126, 127;
launching, 124, 126; Play agenda
in, 124, 126; sheets for, 124, 125,
126-127, 129-132; Where Is the
Rectangle? graph for, 129

Skepticism, 8; Paper Folding activity
for, 19-21

Snowflakes. See Making Snowflakes

Solids, Inside and Out, 23; agenda
for, 25-26; color coding in, 28;
comprehension questions for,
29-30; discussion in, 25, 28-29;
exploration in, 25, 28; launching,
25, 28; sheets for, 25, 26, 28, 29,
31-32; volume in, 27

Square Grid sheets, 101, 102, 105,
106-107,109, 112-113

Squares, 97

Squares with a Difference, 106-107,
111-113; agenda for, 101-102;

color coding in, 82; color in, 101,
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105-106; launching, 101, 102,
104; number sentences in, 105,
109, 110; partitioning in, 101,
102, 104, 105, 108-109; posters
in, 107; struggle in, 108—109

Stacks sheets, 85, 88-89

Stanford University, 1,2, 3, 10

Status differences, of student,
12,13

Stella, Frank, 84, 90, 91

Strogatz, Steve, 247-248

Struggle, 14; in Cuisenaire Trains

activity, 214; in Fraction Blizzard

activity, 54, 65, 66; in Inside
Pascal’s Triangle, 265; in Make a
Fake activity, 82, 98; in Making
Snowflakes activity, 56; in
Museum of the Very Large and
Small activity, 245; in Pieces and
Parts activity, 171; proofs and,

8; in Seeing Expressions activity,

255; in Squares with a Difference
activity, 108-109; with two- and

three-dimensional representa-

tions, 26, 30, 34, 38

Students: status differences stated by,

12, 13. See also Comprehension
questions

Subjective judgments, 53

Subtraction: fraction equivalence
and, 81; fraction mistakes with,
169; in Make a Fake activity, 94;
in Picking Paintings Apart activ-
ity, 83, 86,87

The Sum of the Parts: addition in,
171,187, 189, 191; agenda for,

187; comprehension questions

for, 191-192; discussion in, 187,

189, 190-191; launching, 187,
189; number sentences in, 187,
190, 191, 192; sheets for, 187,
188,189,192, 193-197; visual
proofs in, 187, 188, 189

Index

251, 254, 255, 269, 270; numbers
represented by, 10, 11. See also
The 1492 Problem; Inside Pascal’s
Triangle; Number and symbol

flexibility; Seeing Expressions

Systematic thinking, 184

T

Table Patterns: agenda for, 133-134;

color coding in, 133, 134, 135,
137; comprehension questions
for, 138—139; discussions in, 133,
134, 135-137; explorations in,
116, 133, 135, 136; launching,
133, 135; location of points in,
117, 137, 138; sheets for, 133,
135-136, 140, 141

Teacher notes: for A Box of Boxes,

45; for City of Cubes, 34;

for Creating Cards, 202; for
Cuisenaire Trains, 210; for Filling
Small and Large, 234-235; for
The 1492 Problem, 269; for
Fraction Blizzard, 62-63; for
Fraction Division Conundrum,
218; for Fractions in a Pan,
173-174; for Getting around
the Plane, 119; for Inside Pascal’s
Triangle, 262; for Make a Fake,
95; for Making Snowflakes,

56; for Museum of the Very
Large and Small, 240-241;

for Pattern Carnival, 154; for
Picking Paintings Apart, 84; for
Pieces and Parts, 181; for Seeing
Expressions, 251; for Seeing
Growth on a Graph, 160-161;
for Ship Shape, 125; for Solids,
Inside and Out, 26-27; for
Squares with a Difference,
102-103; for The Sum of the
Parts, 188; for Table Patterns, 134

10. See Powers of 10



Testing: by NAEP, 169, 170; by
PISA, 4; timed, 2; Youcubed
score improvements for, 3

Three-dimensional figures, 33, 34

Three-dimensional representations of
solids, 23, 25, 28, 30

Thurston, William, 5

Tiling, with wholes and pieces,
169-171

Trapezoid, 19, 20, 21

2 x 2 Square sheet, 101, 104, 111

Two-Dimensional Representations:
of a Solid, 27; of three-dimen-
sional space, 38

Two-Pattern Tango: agenda for, 145;
color coding in, 144, 145, 146,
147; comprehension questions
for, 148—149; discussion in, 145,
148; exploration in, 145, 147,
148; launching, 145, 147; Pattern
A sheet, 145, 147, 151; Pattern
B sheet, 145, 147, 152; posters
in, 147, 155; sheets for, 145, 147,
148, 150-152; teacher notes for,
146

U

Unit, 226

The Unit You: agenda for, 225-226;
comprehension questions for,
230-231; discussion in, 226,
229-230; exploration in, 225,
228-229; launching, 225, 228;
sheets for, 225, 229, 232; teacher
notes for, 226-227

The Unit You Organizer, 225, 229,
232

United Kingdom, 53

US News ¢ World Report, 2

\'%

Videos: of Coordinate Plane, 115; in
Filling Small and Large activity,
223-224, 234, 237; of “Powers of
10 239, 242, 243; of visual num-
ber talk, 252

View, 28

Views. See City of Cubes; Solids,
Inside and Out

Visual number talks: in The 1492
Problem activity, 270; in Seeing
Expressions activity, 248, 250,
251,252, 254; student status
differences and, 12, 13; on
Youcubed, 248, 252

Visual proofs, 7, 8; in Fraction
Division Conundrum, 217, 218,
219, 221; Fractions in a Pan,
170-171, 172,175,176, 177; The
Sum of the Parts, 187, 188, 189.
See also Paper Folding activity

Visual thinking, 11

Visual understanding, of fraction
multiplication, 170-197

Visualization activities: brain science
of, 10~11, 23; for Coordinate
Plane, 116, 118-123; creativity
and, 12; engagement and, 11; for
fraction estimation, 54, S5-60;
number representation and, 10,
11, 12, 23; student status differ-
ences and, 12, 13. See also specific
Visualization activities

Volume: in A Box of Boxes, 24, 44, 45,
46,47, 48,49,51; in City of Cubes,
33, 37; of empty space, 44-49, 51;
in Filling Small and Large, 234,
235,236, 237; of Packing Boxes,
51; in Solids, Inside and Out, 27

Index

w

Wecek of inspirational mathematics
(WIM), 4, 12

What We Don’t Like
list, 17

Where Is the Rectangle?, 129

Wholes, tiling pieces with, 169,
170-171

“Why Math Education in the US.
Doesn’t Add Up” (Boaler and
Zoido), 4

Williams, Cathy, 1; “Fluency without
Fear” by, 2

WIM. See Week of inspirational
mathematics

Wondering with Fractions, 54;
agenda for, 67-68; color coding
in, 67, 70; comprehension ques-
tions for, 71-72; discussion in,
67,68,70,71; exploration in, 67,
69, 70; launching, 67, 69; post-
ers in, 67, 70; sheets for, 67, 69,
70,71-72,73-79; teacher notes
for, 68

Worksheets. See Sheets

Y

Youcubed: conception of, 1; finger
perception on, 11; “four 4s prob-
lem” on, 248-249; low-floor,
high ceiling activities and, 2-3;
Strogatz featured on, 247-248;
summer camp of, 3-4, 5-6, 115;
summer school and, 12; videos
on, 115; visual number talks on,
248,252

Z
Zoido, Pablo, 4
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