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Chapter 1
Introduction

Abstract In this chapter, the basic tenets of fracture mechanics are described. The
first term of the asymptotic expression for the stress and displacement fields in the
neighborhood of a crack tip is presented for a homogeneous, isotropic, linear elastic
material. The concept of fracture modes and stress intensity factors are discussed.
The energy approach through the Griffith energy is delineated. A presentation of the
J-integral and its relationship to the Griffith energy and the stress intensity factors is
given. A description of a fracture criterion through the fracture toughness is presented.

Keywords Energy release rate - Fracture mechanics - Fracture modes + Fracture
toughness - Griffith energy - J-integral - Square-root singularity - Stress intensity
factor

The earliest work on fracture mechanics begins with Griffith’s publications in the
1920s [3, 4] in which an energy based fracture criterion was presented. The investi-
gation was based on an earlier solution of an elliptical hole in an infinite sheet [9].
Griffith carried out tests on glass to substantiate the finding that defects decrease
the fracture strength of a structure. Orowan [15] confirmed Griffith’s theory in the
case of a crystalline material. Westergaard [24] derived a complex variable stress
function for the distribution of the stress in an infinite body resulting from a finite
length crack. For the first time, the stresses were seen to be square-root singular. The
first term of the asymptotic expansion of the stress components in the neighborhood
of a two-dimensional and a penny-shaped crack was presented by Sneedon [21].
These investigations form an early basis of fracture mechanics. Later, Irwin who was
working for the Naval Research Laboratory in the US, became interested in fracture
as aresult of the failure of Liberty ships which fractured in two while in calm waters.
He wrote several reports and presented fracture studies at scientific meetings in the
late 1940s [10, 23].

In 1957, both Irwin and Williams in the same journal [11, 25] developed the
asymptotic expansion for the stress components in the neighborhood of a crack tip
for linear elastic, homogeneous and isotropic materials. Irwin [11] determined the
in-plane normal stresses oy, and o, for mode I deformation and defined the ampli-
tude of the square-root stress singularity in terms of the energy release rate G.
Williams [25] presented the first two terms of the series which were found by means

© The Author(s) 2018 1
L. Banks-Sills, Interface Fracture and Delaminations in Composite Materials,
SpringerBriefs in Structural Mechanics, DOI 10.1007/978-3-319-60327-8_1
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Fig. 1.1 Three modes of fracture

of a stress function. In addition, Irwin related the stress intensity factor to the energy
release rate through the crack closure integral for all three modes [12]. By this time,
the stress intensity factor concept had been in use for two years [23]. In [12], the first
term of the asymptotic expansion of the stress and displacement fields for all three
modes was presented.

For this type of material, there are three deformation modes of fracture as shown
in Fig. 1.1. Mode I is the opening mode in which the crack faces open; mode II is the
in-plane sliding mode in which the crack faces slide within the plane; and mode III
is the tearing or out-of-plane sliding mode in which the crack faces move out-of-the
plane in opposite directions. The first term of the stress and displacement fields for
mode I is given by

.0 . 30
1 — sin — sin 7
o K; ol 07 30 0
12 = COS — Sin — COS — .
o 27 2 2 0 239
1 4+ sin — sin —
2 2

0 ., 0
cos— | x—1+2sin“ =
w | _ K fr 2 2 (1.2)
ur | T 2puVom | 0 , 0 ‘
smz k+1—2cos 7

where K is the mode I stress intensity factor, r and € are the crack tip polar coordi-
nates as shown in Fig. 1.2,

_ 3 —4v plane strain (1.3)

h= (3 —-v)/(1 +v) generalized plane stress ’
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Fig. 1.2 Crack tip geometry

v is Poisson’s ratio and p is the shear modulus. The subscripts i = 1, 2, 3 represent
Cartesian coordinates.

For mode II deformation, the first term of the stress and displacement fields is
given by

.0 0 30
—sin = {2+ cos = cos —
2 2 2
o1l
K 0 0 30
Z;i = Tlér cos 5 (1 — sin 2 sin 7) (1.4)
. 30
COs — sin — cos —
2 2 2
0 0
sin — (m + 14 2cos? —)
Ui _ K” L 2 2 (1 5)
un ’

S 2u V2 0 6
H T —cos=(r—1—2sin®> =
2 2

where K/; is the mode II stress intensity factor.
For mode III deformation, the first term of the asymptotic expansion for the stress
and displacement fields is

0

’UB] - «K/—m o (1.6)

’ .

5 2mr COS —
2
K i

uy =220 [ in 2 (1.7)
w V2T 2

where K;; is the mode III stress intensity factor.

Equations (1.1)—(1.7) represent a universal solution for the stress and displacement
components in the neighborhood of a crack tip. For each mode, the field quantities
have the same r and 6 dependence. Moreover, from Egs. (1.1), (1.4) and (1.6), it is
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possible to observe that the stresses are square-root singular in the neighborhood of
the crack tip. This means that the stresses are becoming infinite as r — 0. Physically,
the stresses cannot become infinite. There must be some mechanism which will
mitigate these high stresses. For metals it is plasticity; for polymers, crazing; for
rocks; micro-cracks. The stress intensity factor is the amplitude of the singularity.
This quantity determines the severity of the stresses at the crack tip. As an example,
for a crack of length 2a in an infinite body, subjected to a tensile stress o far from
the crack and perpendicular to it, the stress intensity factor may be found as

K; =o/ma . (1.8)

This is known as a Griffith crack. Note that the units of K are F/L3? where F
represents force and L, length. There are handbooks containing stress intensity factor
solutions [14, 19, 20, 22].

In [3], a fracture criterion was proposed in which the energy necessary to create
a new surface -y is balanced by the decrease in the potential energy IT of the system
for a unit increase in crack length. That is,

oIl
G=-5- (1.9)

One can then postulate that a crack will propagate when
G =2y (1.10)

where G is Griffith’s energy, the energy release rate or the crack driving force. The
factor 2 appears in Eq. (1.10) since there are two fracture surfaces as the crack
expands. The expression in Eq. (1.10) is for very brittle materials such as single
crystal materials. For others, there will be dissipative energy, so that one may write

G=0G. (1.11)

where G, is the critical energy release rate. Many authors write I" = G,.
Using the crack closure integral of Irwin [12], a relation between the energy
release rate G and the stress intensity factors may be found as

1
v (K7 + k7)) + Ty ——Kj,; plane strain
=1 E E (1.12)

(K +K7) generalized plane stress

where E is Young’s modulus.
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Another important concept in fracture mechanics is that of the path independent
J-integral. In 1968, Rice [17], in a ground breaking investigation, presented the

J-integral given as
ﬁui
J=/ Wny —T;— ) ds (1.13)
r Oxy

where I is a curve beginning on the lower crack face and ending on the upper crack
face (see Fig.1.2), W is the strain energy density, 7| is the component of the outer
normal n to the curve I in the x;-direction, 7; and u; are, respectively, the traction
and displacement vectors on I" with i = 1, 2, x; is the coordinate shown in Fig. 1.2
and ds is the differential arc length along I". It was shown in [18] that

J=G. (1.14)

Hence, the relation between G and the stress intensity factors in Eq. (1.12) holds
for J. An interesting proof of Eq. (1.14) may be found in [13].

Knowing the stress field in the neighborhood of a crack tip is not sufficient to
predict fracture. To that end, a fracture criterion is required. This may be in the form
of Eq. (1.11) in which crack propagation is predicted when the energy release rate
reaches a critical value. This critical value depends on material and environment. By
considering Eq. (1.12) and mode I deformation only,

1

G = EK} (1.15)
where
1 —12 .
1 z plane strain
7= . (1.16)
E generalized plane stress .

Hence, the criterion in Eq. (1.11) is equivalent to
K; =K (1.17)

where K/, is the plane strain fracture toughness, which is dependent on material
and environment. See [1] for details concerning fracture toughness testing. Early
development of the test method may be found in [2]. Compendia of papers in which
the fracture toughness and Paris Law [16] parameters for various materials may be
found in [5-8].
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Chapter 2
Fundamentals of Interface Fracture
Mechanics

Abstract In this chapter, the basic principles of interface fracture mechanics are
presented. After a brief description of the development of interface fracture, the
first term of the asymptotic expression for the stress and displacement fields in the
neighborhood of an interface crack tip between two homogeneous, isotropic, linear
elastic materials is presented. The energy release rate for this crack type, as well as
the J-integral are described. Both deterministic and statistically obtained fracture
criteria are discussed.

Keywords Complex stress intensity factor - Interface - Interface energy release
rate - Interface fracture toughness - Oscillatory parameter - Oscillatory singularity *
Phase angles

The first paper published on interface fracture mechanics appeared in 1959 [33]. The
problem of a crack along a perfectly bonded interface between two linear elastic,
homogeneous and isotropic materials was considered. It was shown that the stresses
possess two singularities: a square-root singularity and an oscillatory, square-root
singularity. As a result of the oscillatory singularity, the stresses oscillate ever faster
as the crack tip is approached. In [29], the problem of an interface crack in a slab
subjected to bending was considered. The same singularities were found as in [33] and
the stress distribution in polar coordinates surrounding the crack tip was determined.
Despite the unrealistic oscillatory stresses and interface interpenetration, a series
of papers were written in which stress intensity factors for interface cracks were
determined [8, 15, 16, 27].

As a result of this behavior, researchers ceased publishing papers on this subject
until 1977. Apparently the unrealistic oscillatory stresses and the interpenetration
of the crack faces near the crack tip caused this hiatus. A series of papers appeared
in the late 1970s [9-11, 14] in which a physically sound assumption was made. It
was assumed that a contact zone of unknown length existed behind the crack tip
and along the interface. For an infinite bimaterial body composed of two isotropic
materials with a finite length crack along the interface subjected to far-field tension
perpendicular to the crack faces, it was found that the normalized length of the
contact zone s /a, where 2a is the crack length, was O0(107%) to 0(1077) depending
upon material properties [9]. For pure in-plane shear applied to the same body, one

© The Author(s) 2018 9
L. Banks-Sills, Interface Fracture and Delaminations in Composite Materials,
SpringerBriefs in Structural Mechanics, DOI 10.1007/978-3-319-60327-8_2



10 2 Fundamentals of Interface Fracture Mechanics

normalized contact zone length is O (10~7) and the other is about one third [10]; this
occurred for Dundurs’ parameter § = 0.5 [13]. For smaller values of [, the contact
zone sizes will decrease. Obtaining these solutions is rather complicated.

Since the contact zones in many loading cases will be small, investigators returned
to the original approach in which an oscillating singularity and crack face interpene-
tration were found with the assumption that the contact or interpenetration zone was
small [18-20, 26, 28]. With publication of these investigations, experimental studies
involving prediction of crack propagation between two dissimilar materials began to
appear. Some of these studies will be discussed in Chap. 4.

2.1 Stress and Displacement Field in the Neighborhood
of an Interface Crack Tip

An interface crack between two dissimilar linear elastic, homogeneous and isotropic
materials is considered in this chapter (see Fig.2.1). The first term of the asymptotic
expansion of the oscillatory, square-root stress field in polar coordinates was first
presented in [28]. In Cartesian coordinates, the first term of the asymptotic expansion
of the in-plane stress field is given by

1
Oap =
¢ N 2mr

where o, 8 = 1, 2,k = 1, 2 denotes the upper and lower materials, respectively, and
the crack tip polar coordinates r and 6 shown in Fig.2.1 are given in all x;x; planes
normal to the crack front. It may be pointed out that only straight crack fronts are
considered here. In Eq. (2.1), the symbols i and I denote the real and imaginary
parts of the quantity in parentheses, respectively, and i = /—1. The complex stress
intensity factor in Eq. (2.1) is given by

(9t (Kr) 5500 + 3 (Kr) 1 58)0) ] 2.1)

af

K=K +ikK; 2.2)

Fig. 2.1 Interface crack tip
geometry

material (1)

material (2)
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where K| and K, are real and, respectively, the modes 1 and 2 stress intensity
factors. They are not associated with tension and in-plane shear stresses as they are
for homogeneous bodies; hence, they are denoted with Arabic subscripts [26]. The
oscillatory parameter ¢ is given by

1
c= —1In (M) 2.3)
2 Kopil + p2
where
_ 3 — 4y plane strain
k= [ (3 —1,)/(1 + 1) generalized plane stress 24

Wi (k =1, 2) are the shear moduli of the upper and lower materials, respectively,

and vy are the Poisson’s ratios. In Eq. (2.1), the functions 4 Z‘Ll; (0) and kEfj/,) (6) may
be found in [28] in polar coordinates and in [12] in Cartesian coordinates; they are
presented in Appendix A. The out-of-plane stress components are given by

K

(o} =
k@a3 \/ﬁ

The mode III stress intensity factor K, is associated with out-of-plane deformation;
the functions kE(%H)(Q) may be found in [12] and Appendix A. Note that in three
dimensions, the x3-axis is normal to the in-plane axes in Fig.2.1.

The first term of the asymptotic expression for the in-plane displacement compo-
nents may be written as

280 @) . (2.5)

(o = /2i [0t (Kr®) LU 0) + 3 (Kr) (UL )] (2.6)
71'

with o = 1, 2; whereas, the out-of-plane displacement is given by

.
wuz = [ ==Ky U5 (0) . 2.7)
2w

In Egs. (2.6) and (2.7), the functions ; U’ (9), U (0) and UL (§) may be found
in [12] and are presented in Appendix A. It may be noted that they have units of
L?/F where L is a length unit and F is force. Again, the expressions in Egs. (2.1),
(2.5)—(2.7) represent a universal solution for the stresses and displacements in the
neighborhood of the crack tip.

As an example of a complex stress intensity, for a finite length crack 2a along
the interface of two dissimilar isotropic, homogeneous materials, in an infinite body,
subjected to a tensile stress o normal to the crack faces and an in-plane shear stress
7 both remote from the crack, it is found as

Ki+iK, = (0 +it)J/ma(l + 2ie)(2a) = . 2.8)
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Note that the units of K are FL~'°/L%? where F represents force and L, length. It
should be noted that for all material combinations |¢| < 0.175. Moreover, the stress
intensity factor may be normalized as

K=KL* (2.9)

where K has the usual units of stress intensity factors, namely F/L*? and L is an
arbitrary reference length.

2.2 Interface Energy Release Rate

Next, consider the interface energy release rate G; where the subscript i represents
interface. By means of Irwin’s crack closure integral [21], it may be shown that the
energy release rate of an interface crack is given in the form

1 1
G = i (K7 + K3) + EK},, (2.10)
where
Lo (1 + 1) (2.11)
H,  2cosh? e E, E, .
1—1(1+1) (2.12)
Hy 4\  m) )
and
1— u,f

plane strain
= B{k (2.13)

E generalized plane stress
k

1
Ej

The two-dimensional version of Eq. (2.10) was first presented in [24].
Two phase angles v and ¢ may be defined as

S (kL) o
Yp=tan”' | ——L | =tan”! (—) (2.14)
9N (KL"E) 022/ lgmo,=i
and
H K H
p=tan~' | [SL M| gt [ [l OB (2.15)
H \ Ki + K3 H V 03y + 03, ) 10=0r=L
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In Eq. (2.14), the units of the term K L are MPa./m, the ordinary units of stress
intensity factors. From Eq. (2.14), at the interface (¢ = 0 in Fig.2.1), ¥ is a measure
of the ratio between the in-plane shear and the normal stress components along the
interface at a distance L from the crack tip. From Eq. (2.15), ¢ is a measure of the
ratio between the out-of-plane shear stress and the in-plane stresses. It may also be

noted that
oIl

="

(2.16)

It may be shown in two dimensions that the J-integral is given by [1]

2
J= Z/ (,(Wn1 —kﬂ%) ds 2.17)
1

where k = 1,2 denotes the upper and lower material, respectively, I is a curve
beginning on the lower crack face and ending at the interface, I} continues from the
interface and ends on the upper crack face (see Fig.2.1), the strain energy density

1
kWZ EkO',‘j k€ij (218)
and ¢;; are the strain components in the upper and lower materials. In Eq. (2.17), n;
is the component of the outer normal #n to the curves I in the x;-direction, ;7; and
xu; are, respectively, the traction and displacement vectors on [}, x| is the coordinate
shown in Fig.2.1 and ds is the differential arc length along I';. It may be shown that

J =G . (2.19)
Hence, the relation between G; and the stress intensity factors in Eq. (2.10) holds

for J.

2.3 Fracture Criterion

Fracture will occur when

Gi = Gic (2.20)

where G, is the interface fracture toughness or the critical interface energy release
rate. It is possible to rewrite Eq. (2.10) as

| 1
G = A (Kl2 + Kzz) + EKIZ” (2.21)

where the normalized complex stress intensity factor K is defined in Eq. (2.9). Equa-
tion (2.21) may be manipulated as
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G =G (1 +tan”¢) (1 + tan ¢) (2.22)
where )
G = I:I—f : (2.23)
When
G =G (2.24)

where G| is the mode 1 critical energy release rate, the interface crack will propagate.
From Egs. (2.20), (2.22) and (2.24), the fracture criterion is given by

Gic = Gic (1 + tan® ¢) (1 + tan® ¢) (2.25)

where G . is the average mode 1 critical energy release rate. When carrying out tests,
the value of K 1 is calculated for each test. Its value is substituted into Eq. (2.23)
and an average value of G, ?16, is found and used in Eq. (2.25). This criterion was
presented for two dimensions in [4] and in three dimensions in [7]. In two dimensions,
¢ =0 in Eq. (2.25). It may be noted that Eq. (2.25) implies that the toughness is
symmetric with respect to the phase angles ¢ and ¢. There are other investigations
in the literature where a lack of symmetry about the phase angle v was considered
[22, 30, 31].

In two dimensions, a typical failure curve, Eq. (2.25) with ¢ = 0, is illustrated
in Fig.2.2. To employ the curve for a particular delamination in a structure with the
same interface, an analysis of the structure is carried out to determine the values of
the interface energy release rate G; and the phase angle v for the value of L used
to plot the curve. If for the calculated value of v, G; is below the curve, it may be
assumed that the structure will not fail. If it is above, it may be assumed that failure
will occur. Note that ¢ is a function of L as may be seen in Eq. (2.14). A change in
L translates the abscissa in Fig.2.2.

Fig. 2.2 Typical
two-dimensional failure Zic
curve from Eq. (2.25) with
¢=0

failure
curve

failure

safe %f %ic

V(D)
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When testing a group of specimens, it has been observed that there is scatter about
this curve [5, 6]. Hence, a probability analysis was proposed in [2, 3]. To this end,
it is possible to ask the question: what is the chance that 10% of delaminations for a
particular interface will unexpectedly fail with a value below the failure curve? One
may propose that the average mode 1 energy release rate is decreased by a factor
proportional to its standard deviation s. To this end, one may write that

Gi.=Gi.—Ks (2.26)

where G is the average value of G, and K is a statistical factor. The reduced failure
curve in two dimensions is given by

Gr.=Gf. (1+tan’y) ; (2.27)
the three-dimensional reduced failure surface is given by
Gr=Gr (1 +tan’*v) (1 +tan® ¢) . (2.28)

In order to utilize the probabilistic failure curves, a statistical model is required. Two
models were employed: one makes use of a ¢-distribution for statistical intervals
[23, 32] and the other uses the standard variate to determine a probability and con-
fidence interval [25].

For the statistical intervals, a one sided z-statistic was chosen with a 10% proba-
bility of unexpected failure. Thus,

/ 1
K = 10.1,N—1 1+ ﬁ (2.29)

where 0.1 represents the 10% probability, N is the number of samples tested, N — 1
is the number of degrees of freedom and the term 1/N in the square-root accounts
for the variability of G,.. The value of 7 is tabulated for different probabilities (in
this case 0.1) for N — 1 degrees of freedom (see for example [17] p. 367). This is
equivalent to a 90% probability that each successive observation of the pair (G;, 1)
will be less than the indicated value of (G, ) and not fail.

In the second method,

K~————— (2.30)
a
where
Z%’ 2 Z%’
— d b=z, ——. 2.31
“ n—-1 " TN 2.31)

In Egs. (2.30) and (2.31), zp is the standard variate with a probability P and v
is the confidence. If we chose P = 0.1 and v = 0.95, then there will only be a
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10% probability that a value of G;, will be obtained below the failure curve with a
confidence of 95%.

In Chap.4, test results will be presented and use will be made of the criteria in
Eq. (2.25) with ¢ = 0 and Eq. (2.27).
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Chapter 3
Calculation of Stress Intensity
Factors — An Interface Crack

Abstract In this chapter, aspects of the finite element method for obtaining the
displacement field of a body containing an interface crack are described. Square-
root singular, quarter-point elements in two and three dimensions will be presented.
Once the displacement field is found three methods are suggested for computing
stress intensity factors; they include the displacement extrapolation (DE) method,
the conservative interaction energy integral or M-integral, and the Virtual Crack
Closure Technique (VCCT). The stress intensity factors are then employed to obtain
the interface energy release rate and two phase angles.

Keywords Displacement extrapolation method - Finite element method - M-
integral + Quarter-point element + Shape functions - Thermal residual stresses *
Virtual crack closure technique

In order to predict catastrophic failure of an interface crack, knowledge of the stress
intensity factors is required. The J-integral in Eq. (2.17) may be computed numeri-
cally; but its result is related to the sum of the squares of the stress intensity factors by
means of Eqs. (2.19) and (2.10). Hence, methods are required to calculate the stress
intensity factors independently. Moreover, in this book, the finite element method is
suggested for determining the displacement field. Use of the finite element method
for interface cracks will be presented in Sect. 3.1. With this field, three methods will
be described for obtaining stress intensity factors; they are the DE method which
is discussed in Sect. 3.2; the M-integral which is discussed in Sect.3.3; and VCCT
which is discussed in Sect. 3.4.

3.1 Finite Element Method

As seen in Chap. 1, the stresses in the neighborhood of a crack tip or crack front in
a homogeneous isotropic material are square-root singular. There have been many
special elements developed to model this behavior. These were described in [2].
Quarter-point square and brick elements for two and three-dimensional geometries,
respectively, have been found to produce excellent results. A review of these elements
is also presented in [2, 3].
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Fig. 3.1 Eight noded a parent element in the 7 plane and b quarter-point element in the xy plane.
¢ Quarter-point collapsed triangular element

For the h-version of finite elements that is considered here, an isoparametric
element is employed in which both displacement and coordinate vectors u and X,
respectively, are expressed in terms of the same shape functions N;, namely

u= i Nilli X = i Nl‘Xi . (31)
i=1 i=1

In Eq. (3.1), the displacement vector and coordinate vector in the physical space
are either two or three-dimensional vectors; in two dimensions, u’ = [u, v] and
x! = [x, y]; in three dimensions, u’ = [u, v, w] and x” = [x, y, z]. The number
of nodal points in an element is m. In two dimensions, the shape functions N; for an
eight noded element (m = 8) are given by

Niem = [0+ €6t — (1 =€) At~ +eeo (1-7) | a?
w5 (=) atm (1-8) 45 aveen (1-7) (1 -7) & G2
where (£, n) are the coordinates in the parent element as shown in Fig.3.1a and
(&, m;) are the coordinates of the ith nodal point. If the nodes closest to the crack tip
in the physical element are moved to the quarter-point as illustrated in Fig. 3.1b, it has
been proven that the strains are square-root singular along all rays emanating from
the crack tip [4, 24]. It may be noted that the singularity is in a small region of the
element near the crack tip, extending along the entire length of the element sides. For
either a quarter-point, collapsed triangular element illustrated in Fig. 3.1c which uses
the shape functions in Eq. (3.2) or a natural triangle, it was shown that the singularity
extends along the diagonal ray emanating from the crack tip [11, 12]. The proof
may be easily extended to include all rays emanating from the crack tip. Hence, the
triangular element has a distinct advantage over the square or quadrilateral, quarter-
point element. Since at that time, meshing and remeshing was more difficult than it is
today, in [2] only quadrilateral, quarter-point elements were considered. Moreover,
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Fig. 3.2 Twenty noded a parent element in the £7¢ space and b quarter-point element in the xyz
space. ¢ Quarter-point collapsed prismatic element

square elements at the crack tip are preferred, since quadrilateral elements have been
shown to disturb the singular region.

For three-dimensional, 20-noded brick elements, the shape functions are given
by

1
Ni(&,1, Q) = < (1+E6) (L 4mm) (1 +CG) (€& +mmi + CG — 2) 2122

8
1
+ (1=€) A tm) (146 (1= &)
1
+7 (1+€8) (1= A+¢6) (1 —n7)
1
+7 A+ A+m) (1-¢) (1-¢) (3.3)

where (£, n, () are the coordinates in the parent element as shown in Fig.3.2a,
(&, mi, ;) are the coordinates of the ith node in the parent element. Equation (3.1)
may be employed in three-dimensions with the displacement vector u’ = [u, v, w]
and the coordinate x =[x, y, z]. For a twenty noded element, m = 20.

It has been shown that the behavior of the strains within a twenty-noded brick
quarter-point element shown in Fig.3.2b are square-root singular within each xy-
plane orthogonal to the crack front in a manner similar to that of the quadrilateral
element. It is emphasized that the sides of the elements must be parallel to each
other and orthogonal to the crack front to obtain this behavior. Moreover, although
there are no nodal points within the element, the strains are square-root singular not
only on the outer surfaces of the elements but also within each plane orthogonal to
the crack front! For further details, see [7]. Finally, collapsed wedge elements using
the same shape functions in Eq. (3.3) and shown in Fig.3.2c may be considered.
The analogous proof for the two-dimensional element was used in [12] to show that
there is square-root singular behavior along the diagonal ray on the two outer xy-
surfaces of the element. It may be shown that this occurs for all rays emanating from
the crack front within all orthogonal xy-planes within the element (see Fig.3.2c¢).
Hence, in this case, the quarter-point, collapsed, prismatic elements appear to have
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an advantage over the quarter-point, brick elements. It may be noted that meshes
should be designed such that the elements are normal to the crack front and crack
faces.

Although the stress components for an interface crack possess an oscillatory,
square-root singularity, the elements presented here for homogeneous material are
recommended for an interface crack. The dominant part of the singularity is square-
root and these elements have been found to produce excellent results.

3.2 Displacement Extrapolation Method

The displacement extrapolation method was first presented in [15] for isotropic bod-
ies subjected to modes I and II deformation. Because of its simplicity, it has been
used widely in the literature. With mixed modes and homogeneous material, mode
decoupling is immediate. For all material types, use is made of the crack opening
displacements, namely

Au;(r) = u;i(r,0 =7) —ou;(r,0 = —m) . 3.4

In Eq. 3.4), u; (i = 1,2,3) are the displacement components in the x;-directions
and the left subscripts 1 and 2 denote, for an interface crack, the upper and lower
materials, respectively.

For an interface crack between two dissimilar linear elastic, isotropic, homoge-
neous materials, using Eq. (3.4), as well as the first term of the asymptotic expansion
of the displacement field in Egs. (2.6) and (2.7) and the expressions in Egs. (A.9)—
(A.13), one may write that

Aty(r) + i Ay () 8 cosh e e Aus(r) 8 |r %

ur(r LA\r) = ——, — r-, usz\r) = —,./ — .

2 ! Hi(1+2ie)V 27 } N\ 2n M
(3.5)

where €, H| and H, are given, respectively, in Egs. (2.3), (2.11) and (2.12). Solving
for the complex stress intensity factor in Eq. (3.5); and the mode III stress intensity
factor in Eq. (3.5),, one obtains

V2m(1 + 4¢e? A A
K{(r)= %Hl {cosx Lj;r) — sin x '37(7)] (3.6)
V2m(1 + 4e? A A
Ki(r) = % H, [sinx :‘j;(r) +cosy i‘}rfr)] 3.7)
V2T Hy A
Ky (r) = Tmoh (3.8)

8
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where the starred quantities are local stress intensity factors depending on distance
from the crack tip along the crack faces. In Egs. (3.6) and (3.7),

x=tan"'2c —¢clnr. 3.9

The displacement jumps Au;(r), Au,(r) and Aus(r) are taken from the finite ele-
ment results along rays orthogonal to the crack front along the crack faces in the
x;-directions, respectively.

In [18], the full series for the stress and displacement fields of an interface crack
between two isotropic materials was presented. Focusing on the displacements, for
the oscillatory, square-root singularity and the square-root singularity, terms of the
typer",wheren = 1,2, 3 ... were found. For these terms, the displacement vanishes
along the crack faces. Therefore, along the crack faces, the displacement jumps are
found to behave as

Auy +1i Auy = Ayr'PHE 4 AP 4 0 (P/71F) (3.10)
Ausz = Bir'? + Byr’? + 0 (%) (3.11)

where A and A, are complex constants, and B; and B, are real constants. The terms
r@n+D/2+ie in Bq. (3.10) and r@*+D/2 in Eq. (3.11) are obtained from the general
solution of the crack eigenvalue problem. Dividing Egs. (3.10) and (3.11) by r!/2*i¢
and r!/2, respectively, leads to linear behavior of the local stress intensity factors
for a range of r in the neighborhood of the crack tip. To proceed with the method,
the local stress intensity factors given in Egs. (3.6)—(3.8) are plotted along the crack
faces as shown in Fig.3.3 for K, for increasing values of the r-coordinate. These
values are extrapolated to zero, so that

Ki=lmKi, Ky=lmK;, Ky =limKj, . (3.12)

With the values of K i (m = 1, 2, I11) along the crack front, linear regression may be
employed to determine a ‘best’ straight line. Nonetheless, judgement must be used
in choosing the K value.

Fig. 3.3 Illustration of the
displacement extrapolation
method; local stress intensity
factor K{ as a function of the
normalized distance from the
crack tip
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3.3 M-Integral

The two-dimensional conservative J-integral for an interface crack is given in
Eq. (2.17). As a result of the relation between J and G; in Eq. (2.19) and the stress
intensity factors in Eq. (2.10), it is not possible to obtain the values of each stress
intensity factor separately with knowledge of J. However, the conservative interac-
tion energy or M-integral developed in [16] and implemented in [40] for a crack in
a homogeneous, isotropic material allows determination of the stress intensity fac-
tors. This method was extended to interface cracks in [39]. First the two-dimensional
version of this integral is presented and then the three-dimensional version. Both
mechanical and thermal integrals will be described.

3.3.1 Two Dimensions

To obtain the stress intensity factors, two solutions which satisfy equilibrium in the
cracked body are superposed, namely,

Oij =0'l-(})+0';]?) (313)
G =€) +e (3.14)
wp = ul +u® (3.15)

Solution (1) is the sought after solution which is obtained numerically by means
of the finite element method. Solution (2) is an auxiliary solution which is given
by the first term of the asymptotic expansion of the field quantities related to the
material under consideration. These solutions will be described in the sequel. Since
superposition is employed in Egs. (3.13)—(3.15) only linear elastic material may be
considered. The in-plane stress intensity factors are given by

Ki=K"+Kk? (3.16)
Ky=K" +K? . (3.17)

The stress intensity factors related to solution (1) are those to be determined from the
M -integral. Those related to solution (2) are chosen judiciously as will be described.
First, the J-integral in Eq. (2.17) may be converted into an area integral as [27]

2
Ot 0q1
J= Z/A [kg,»ja—xl —kWnl(sl,} E dA . (3.18)
k=1 k

J

InEq. (3.18), k = 1, 2 represents the upper and lower materials respectively, indicial
notation is used for the indices i and j but not k, i, j = 1,2, A is the annular
region shown in Fig. 3.4, g, is continuously differentiable within Ay, is unity on ;C
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Fig. 3.4 Areas Aj and A,
for calculating the
mechanical M-integral for an
interface crack. Additional
areas Ao and Aqp for
calculating the thermal

M -integral

material (1)

material (2)

and vanishes on ;C,. For a finite element analysis, A, is chosen as a single ring of
elements and

8
q = Z Ni(€,m) qui (3.19)

i=1

where the eight noded, isoparametric element in Fig. 3.1a is employed in two dimen-
sions. In Eq. (3.19), N; (€, n) are the shape functions and £ and 7 are the coordinates
in the parent element. The vector gy; is chosen to fulfill the requirements already
defined for ¢; with the additional restriction that the nodal points of the element are
mapped in such a way that mid-point nodes remain in their respective positions in
the mapped configuration as described in [8]. If integration takes place through the
quarter-point elements, then g;; is chosen so that the quarter-point nodes remain in
that position in the mapped configuration. The last restrictions increase accuracy. It
may be noted that Afq, is actually a mapping of the physical element, where A¢ is
a virtual crack extension; so that ¢; is a normalized virtual crack extension.

By substituting Egs. (3.13)—(3.15) into the area J-integral in Eq. (3.18), it is
possible to derive the M -integral as [9]

2

12 _ 1) Oui” o) Ouuy” w5 | O

M = ;/Ak |:kaij 91 + k0 o, W 51] axj dA .

(3.20)

It may be pointed out that earlier Yau et al. [40] used the line J-integral to derive

a line M-integral. Since it was shown in [2] that the area J-integral has superior

path independence than that of the line integral, the M-integral will be presented

here only as an area integral. In Eq. (3.20), indicial notation is employed and § is

the Kronecker delta. The mutual strain energy density ; W2 of the two solutions
is given by

O @ _

2 1
ke = ol ke (3.21)

12 _
WS = o i k€ij

On the other hand, if one substitutes the expressions for the stress intensity factors
in Egs. (3.16) and (3.17) into (2.10) with K;;; = 0, it is possible to show that

2
M _ i [K{‘>K{2)+K§”K§2>] . (3.22)
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In Eq. (3.22), H; is defined in Eq. (2.11).

Two auxiliary solutions are required in order to determine both K 1(1) and K 51) for
this problem. These are denoted as solutions (2a) and (2b). For auxiliary solution
(2a), choose

K =1 K$=0. (3.23)

These may be substituted into the first term of the asymptotic solution for the dis-
placement components of a crack along the interface between two dissimilar linearly
elastic, homogeneous and isotropic materials given in Eq. (2.6). Recall that the func-
tions UV (0) and (UP () are given in Appendix A in Egs. (A.9)~(A.12). For
solution (2b)

K =0 K =1. (3.24)
For solution (2a),
2 (2a) (H
O Ot Jqi
M(I,Za) — / (1) i + l(?a) i W(I,Za) 51 ALaa
; w |00 Ton TR o T V| ox
(3.25)

In Eq. (3.25), the displacement derivatives, strain and stress components for solution
(1) are obtained by means of a finite element formulation using the displacement
components determined at the nodal points of a finite element formulation. The dis-
placement derivatives, strain and stress components for solution (2a) are obtained
by means of a finite element formulation using the displacement components deter-
mined at the nodal points from Egs. (2.6) and (3.23). With these values, the integral
in Eq. (3.25) is evaluated. Substituting Eq. (3.23) into (3.22) leads to

M20 i KDY
H !

(3.26)

The stress intensity factor K f Y is determined by equating Egs. (3.25) and (3.26).
In a similar manner, the mode 2 stress intensity factor K él) may be found. Specif-
ically,

2 2b) (1)

81(14» 3ku' 6q1

M20) / M i (2b) i w2 5o | 22 g4
Z " kTj; 0x +k01] o k 1j axj
k=1
(3.27)
and substitution of Eq. (3.24) into (3.22) yields
2 _ 2 0
M = E K," . (3.28)

The integral in Eq. (3.27) is carried out and Egs. (3.27) and (3.28) are equated.
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Fig. 3.5 Mesh and integration paths about the crack tip for a square elements and b triangular
elements about the crack tip

The integrals in Eqgs. (3.25) and (3.27) are calculated element by element within a
ring of elements as shown in Fig. 3.5. In Fig. 3.5a, five rings are shown for square ele-
ments; whereas, in Fig. 3.5b, five rings are shown with triangular elements surround-
ing the crack tip. For solution (1), a finite element calculation yields the displacement
vector at the nodal points. The necessary displacements, stresses and strains are com-
puted at the integration points by means of a finite element scheme. For solution (2),
the analytical solution for the displacement field is calculated at the nodal points.
These are also used to obtain the field quantities at the integration points by means
of a finite element scheme. After calculating the integrals in Egs. (3.25) and (3.27),
Kl(l) and Kél) are found by equating (3.26) to (3.25), and (3.28) to (3.27). Note that
only the displacement field is required.

Next, the thermal M -integral is presented. It has been used to obtain stress intensity
factors resulting from thermal stresses and may be used for general thermal problems.
Note that the stresses in the neighborhood of a crack tip have the same singularity
as that for mechanical loading. A thermal J-integral was presented in [38]. To this
end, a strain energy density must be chosen. In [5] it was chosen as

1 1
Wr = 5 k01 k€ij ~ 5 Uy ﬂ,{(j kEij (3.29)
where ;Wr is the strain energy density in [21], x¢;; is the total strain of the upper and
lower materials, respectively, comprising the mechanical and thermal strain compo-
nents, v is the temperature change in material k and may be a function of position,

B = Bidyj (3.30)

and
Eray

~ T2 plane strain
B = E_k ak”k (3.31)
generalized plane stress .

l—Vk
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In Eq. (3.31), oy is the coefficient of thermal expansion (CTE) of the upper and lower
materials. Since

oWp
ij = ) 3.32
Oij aeij ( )
it may be shown that the stress/strain relation is given by
kOij = 20 k€ij + Ak k€ssO, ij ﬁkﬁk ij (3.33)

where p; and )\ are the Lamé constants of the upper and lower materials.
The thermal M -integral may be written as [5]

2 M
aku 9y Okl 12 oq1
M2 — / o0 4@ paas JA
1§~ Ak ol Ox K% Oxy T ) o Xj

) (1)

2
379
k (2
+kE:1ﬁij/ k€ q1dA + E [3 / k€ 8x1 dA . (3.34)

The areas A; and Ay are shown in Fig. 3.4. The interaction strain energy density is
given by

1,2 1 2 2 1 k q(1 2
kW,(v ) U,(])k l(j) 01(1) l(]) ﬁ,jﬁ() 2 (3.35)

where the auxiliary solution for the temperature change 19,(62) is taken to be zero.
Hence, the auxiliary solution remains the same as for that of the mechanical solution.
In addition to Eq. (3.34), Eq. (3.22) is also used in the calculation. As described for
the mechanical M-integral, the stress intensity factors are obtained by means of
Egs. (3.26) and (3.28). If 19,((1) is not a function of x;, the thermal M -integral takes
the form of the mechanical M-integral with W2 replaced with kapl’z) and the
constitutive law in Eq. (3.33) prevailing. Finally, it may be noted that if 19,9) = 0,
then Egs. (3.34) and (3.35) revert to the mechanical M -integral with the constitutive
relation in Eq. (3.33) becoming that for an isothermal problem.

3.3.2 Three Dimensions

In [27, 29, 34], the mechanical M-integral was extended to three dimensions; it was
implemented in [20, 22] for interface cracks. In [10, 34], the thermal M -integral was
extended to three dimensions.

In both cases, to the superposition conditions in Eqgs. (3.13)—(3.17) is added

K=K +K4 . (3.36)
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Table 3.1 Stress intensity factors for the auxiliary solutions

2a K K3 K3
2a 1 0 0
2b 0 1 0
2c 0 0 1

Fig. 3.6 Virtual crack
extension along the crack | |
front denoted on the finite i '
element mesh crack plane Al
N LA ) 6 %exs)
v r X1
crack |
front X3
n
—>

Since there are three unknown stress intensity factors K 1(1), Kz(l) and K;}}, there
are three auxiliary solutions. The latter are determined from the first term of the
asymptotic displacement components in Eqs. (2.6) and (2.7). The values of the stress
intensity factors for the three auxiliary solutions (2a), (2b) and (2c¢) are defined in
Table3.1.

For a straight crack front as in Fig. 3.6, the M-integral may be written as [20]

2 a) (1
120 _ 1 M Okt e kit~ aws | 94
My~ = Ay ;/‘;k |:k0ij Ox1 T ij Ox1 W 61']:| Ox;j av,
(3.37)
where M z(vl 29 i the average value of the M -integral along the crack front in element
N (see Fig.3.6),a =a, b, c,i, j = 1, 2, 3. The area ahead of the crack front created
by the virtual crack extension shown in Fig. 3.6 is given by

Ly
A = / €V (x3) dxs (3.38)
0

where z§N> (x3) is the length of the virtual crack extension as shown in Fig.3.6 and
Ly is the length of element N along the crack front. The normalized virtual crack
extension is now given by

20
qQ = Z Ni(€, 1,0 qui (3.39)
im1
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where N; are the shape functions in Eq. (3.3) and ¢,; are chosen appropriately as
described in [20]. On the other hand, substitution of Egs. (3.16), (3.17) and (3.36)
into (2.10) leads to

, 2 : 2

Mg = = (KVKPY + KORPY) + KK (3.40)
H1 HZ

where H| and H, are given, respectively, in Egs. (2.11) and (2.12).

Substituting the stress intensity factors of the auxiliary solutions in Table 3.1 into
Eq. (3.40) and equating Egs. (3.37) and (3.40) results in

2 (2a) 1)
Hl 1 aku- 2 akLL 691
K(l) — / 4(.) i '('a) i W(1,2a)5 =4V
Y I o A A . | ox;
(341
2 (2b) (eV]
H, D Okt by OkU; dq1
KV = / o) T o e — WPy | dV
2 2A1 ; Ve k9jj axl k9jj axl k 1j axj
(3.42)

and

2 (2¢) (1)
H, 1) Oku; 20) Okt Iq:
kM _ / GO eoOki L azeg av .
111 2A1 kz v k9jj 3)61 k95 3)61 k 1j ax]

(3.43)

A two-dimensional view of the integration domains is illustrated in Fig.3.7. The
thickness of each domain is equal to the thickness of the element along the crack
front that participates in the integration. It should be noted that in contrast to the

(a)

rerack g 2 T 3 0 B 4 1 H 5 H

Fig. 3.7 Cross-sectional view of integration domains in the xjx;-plane for quarter-point a brick
and b prismatic elements adjacent to the crack front. The numbers represent the integration volumes
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two-dimensional analyses, topologically it is not possible to carry out the integration
in rings surrounding the crack front. Rather, each integration volume includes the
layer of elements in the previous volume. Hence, all integration volumes include the
singular elements. In Fig.3.7a, a cross-section of the integration volumes for brick
elements are shown for 5 different domains; in Fig.3.7b, these volumes include the
prismatic, collapsed elements surrounding the crack front.

A three-dimensional thermal M-integral may be derived similarly to that in two
dimensions. One may write that

2 Q) (M
1 O, Orut; Iq1
yt20 _ L / (1) Okl e Ok~ ) ews | 941
N A, ; v kTjj Ox + k0 Ox kOps” k€rs 01 Ox;
R
+ B e ] dv (3.44)
X

where o = a, b and ¢ in succession, i, j, r, s = 1, 2, 3, there is no summation on k
and ;€@ is the mechanical strain of the first term of the asymptotic expansion. If
the temperature change ;9" is a constant, then the M-integral in Eq. (3.44) agrees
with the mechanical M-integral in Eq. (3.37). The only difference relates to the
constitutive relation. For the thermal problem, the constitutive relation is given in
Eq. (3.33); for the mechanical problem, Bk is zero in Eq. (3.33). The remainder of
the procedure is the same as for the three-dimensional mechanical M -integral.

3.4 Virtual Crack Closure Technique

The Virtual Crack Closure Technique (VCCT) was first presented in [33] for a linear
elastic, homogeneous and isotropic material. It is based on the crack closure integral
of Irwin [25] given by

Aa

G = lim — [o22(Aa — r)uy(r) + 021 (Aa — r)u(r)
Aa—0 Aa J

+ o023(Aa — rus(r)]dr . (3.45)

In Eq. (3.45), Aa is the virtual crack extension; oy; are the traction components
ahead of the crack of length a, j = 1,2, 3, with 09, shown in Fig.3.8a; u; are the
crack face displacements of a crack of length a + Aa and r is the radial coordinate
along the crack faces as shown in Fig.3.8b. The first, second and third integrals in
Eq. (3.45) are, respectively, the modes I, II and III energy release rates, G;, G;; and
G-

To calculate the energy release rates for a particular problem by means of the finite
element method, it would seem that two finite element analyses should be carried
out. Considering, for example, mode I deformation and a four noded element, the
energy release rate may be written as
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Fig. 3.8 a Crack of length a and b crack of length a + Aa

(a) (b)

1
— L B Auy, 3.46
gr T Aq FamAn2 (3.46)

where Aa is the length of the virtual crack extension which is usually taken as the
length of the elements surrounding the crack tip, F,,, is the nodal force in the x,-
direction at nodal point m (at the crack tip) for a crack of length a in Fig.3.8a and
Auy, is the crack opening displacement at nodal point m at the point behind the
crack tip for a crack of length a + Aa in Fig. 3.8b. Similar equations may be written
for an element containing eight nodal points.

In [33], one finite element analysis was carried out with a crack of length a + Aa
and four noded elements. The nodal force was taken from the crack tip. This will be
larger than that for a crack of length a. The displacement was taken from the nodal
point for r = Aa in Fig. 3.8b. Two problems were solved with a relative virtual crack
extension Aa/a = 0.1. Stress intensity factors differed by less than 0.5% with those
obtained by means of the line J-integral. It may be noted that the line J-integral has
an error, as well.

The method was extended in [31] where again only one finite element mesh was
analyzed for a crack of length a. The elements surrounding the crack tip were of
length Aa. The force from the node at the crack tip was taken to be F>,,. The crack
opening displacement was taken from the nodes behind the crack tip with r = Aa.
This displacement will be smaller than the actual displacement for the case when the
crack is extended by Aa. In addition to four noded elements, higher order elements
were considered including quadratic, regular and quarter-point, as well as cubic,
regular and singular elements. For all element types, a central cracked finite body
with a/b = 0.8, where a is the half-crack length and b is the half-width of the body,
produced energy release rate values within 3% agreement with a reference solution.
The relative virtual crack extension of Aa/a = 0.0625 was used.

A summary of investigations carried out for interface cracks was presented in
[6]. There were many studies which showed that the energy release rates G; and
Gy simply oscillate as Aa is varied and do not converge as Aa — 0 [17, 23,
26, 28, 32, 35, 37]. Although the in-plane energy release rates oscillate, the stress
intensity factors which are derived from them do not depend on Aa. Various equations
were developed to obtain the stress intensity factors [14, 36, 37] producing multiple
solutions from four to eight pair. In [1], various expressions for the stress intensity
factors were compared and shown to be equivalent. Incorrect criteria were proposed
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for eliminating extraneous solutions. In [6], two pairs of stress intensity factors were
determined. The criterion for determining the valid pair stipulated that the crack is
open as will be described.

In [6], the stress intensity factors were found as

K] = :|:\/ ngi COS’(/) K2 = Kl tal’l’(ﬂ (347)

where H, is given in Eq. (2.11) and v is the mode mixity given by

_ (K
1) = tan (Kl) (3.48)

or in Eq. (2.14) with L=11In Eq. (3.47), the interface energy release rate is given
by
G =6G+6n (3.49)

where G; and G;; are found by means of a finite element analysis with eight noded
elements and the expressions

G =74 Z Fa At (3.50)

m=1

G =— Z Fip Aty . (3.51)

In Egs. (3.50) and (3.51), F},, and F,,, are the nodal point forces in the x; and x,-
directions, respectively, at node m; Auy,, and Au,,, are the displacement jumps in
the x; and x,-directions, respectively, at node m’ (see Fig.3.9); and N is the total
number of nodes which participate in the calculation. The virtual crack extension
Aa = N{/2 where ¢ is the length of each element included in the calculation. For
example, if one element on each side of the crack tip participates in the calculation,
then N = 2 and Aa = ¢ as shown in Fig.3.9a. The displacement jumps are taken
from the element behind the crack tip and the nodal point forces from the element
ahead of the crack tip. Four elements involved in the calculation are illustrated in

@IS 5] Wy 0 ! ¢
i g ks [ioj ks
—Aa— —— Aa —>

Fig. 3.9 Illustration of nodal points participating in energy release rate calculation for a one element
and b two elements on each side of the crack tip. The length of each element participating in the
calculation is £; Aa is the virtual crack extension
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Fig.3.9b with N = 4 and Aa = 2¢. The number of elements in the calculation may
be increased in a similar manner. A discussion of this approach will be presented
later.

The mode mixity v in Eq. (3.47) is not calculated from Eq. (3.48) since it depends
on the complex stress intensity K which is unknown but rather from

1 11— 1 P
¥ = —cos™! 9= tan' (=L ) —eln Aa . (3.52)
2 Cl+g 2 Pr

In Eq. (3.52),

(3.53)

Gn
g G,

F(% —i—is)l"(% —l—ia)

= F@+%Q

(3.54)

where I" is a special function and ¢ is given in Eq. (2.3) and P and P; are, respec-
tively, the real and imaginary parts of P given in Eq. (3.54). In Eq. (3.52),

cosh e
C = P2 + P? 3.55
—— PR+ Pj (3.55)

and Aa is the virtual crack extension.

Once ¢ in Eq. (3.52) is known, two pairs of stress intensity factors in Eq. (3.47) are
obtained. In order to determine the valid pair of stress intensity factors, it is assumed
that the crack is open i.e. Au, > 0. Then, from Eq. (3.5);, one may require that

K
_ T et (22) —tan ' 2e +elnr < © (3.56)
2 K, 2

where » may be chosen to be about a/100. The valid pair K; and K, satisfies
Eq. (3.56).

In most studies, the virtual crack extension Aa consisted of one element as shown
in Fig. 3.9a. One of the important contributions of [30] consists of the suggestion to
use many very small elements as part of the virtual crack extension Aa. It may be
noted that in [13], the idea of using more than one element in the calculation of the
energy release rates was also made. In [6], many elements were used as part of the
virtual crack extension. In fact, a sequence of values for Aa were used. Hence, many
pairs of stress intensity values were obtained. In order to choose a ‘best’ solution, a
criterion was proposed. In carrying out the analysis to obtain the relationship between
the energy release rates G; and G, and the stress intensity factors K; and K;, two
additional integrals were found to be equal and given by


http://dx.doi.org/10.1007/978-3-319-60327-8_2

3.4 Virtual Crack Closure Technique 35

Aa Aa

Aa ; on(x1)Aui(Aa — x1)dx; = Aa A 021(x1) Auz(Aa — x1)dx; .
(3.57)

The left and right hand sides of Eq. (3.57) are defined as Z; and Z;;, respectively.
From the finite element analysis, these integrals may be written as

N
1
I = — Fom Aty 3.58
1= mzz; om Aty (3.58)
1 N
I” = E Z FlmAI/tQm/ . (359)

In calculating Z; and Z;; by means of Egs. (3.58) and (3.59), it was observed that
they are not equal as they should be analytically. The ‘best’ solution was chosen for

. I =1y
percent difference = —7 100 (3.60)
1

being a minimum. In the case studied in [6], this was seen to be a good criterion.
Finite element analyses were presented in [6] for an interface crack between two
dissimilar isotropic materials in a two-dimensional body. Very fine meshes were
used. A further study for a crack between two dissimilar transversely isotropic mate-
rials examined use of coarser meshes [19]. It was found that if the stress intensity
factors are similar in magnitude, it is possible to use one element as the virtual crack
extension. If there is a difference between them by an order of magnitude or more,
fine meshes and many elements as part of the virtual crack extension are required.
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Chapter 4
Testing—Interface Crack Between Two
Isotropic Materials

Abstract In this chapter, an interface crack between two dissimilar linear elastic,
homogeneous and isotropic materials is considered. Methods of testing, as well as
some test results are presented.

Keywords Brazilian disk specimen - Confidence - Failure curve - Interface fracture
toughness * Probability

Experimental studies of a crack between two adherends joined by a thin layer of
material such as epoxy, copper or nickel have been published [3, 9, 12-16]. Various
specimens were tested. In general, it was found that the critical interface energy
release rate G;. is a function of the phase angle or mode mixity v given in Eq. (2.14).
In addition, investigations were presented in which there were only two materials
which were joined [5, 6, 10, 11, 17]. In [10, 17], the interface between aluminum
and epoxy was studied; in [5, 11], the interface between glass and epoxy was studied;
whereas, in [6], two ceramic clays were joined. In [10, 17], an empirical fracture
criterion was used. In [5, 6, 11], the critical interface energy release rate G;. was
seen to be a function of the phase angle .

Tests carried out on an interface crack between glass and epoxy [5], as well as a
pair of ceramic clays [6] are described. A Brazilian disk specimen shown in Fig. 4.1
was employed. The Brazilian disk specimen was originally designed to test the tensile
strength of concrete [8]. In Fig.4.1a, a glass/epoxy specimen is shown with a 1 mm
thick aluminum (AA 2024-T851) ring surrounding the epoxy. The ring was added
to induce compressive stresses at the specimen edges along the interface to prevent
separation. In Fig. 4.1b, two ceramic clays, K-142 and K-144, (Vingerling, Holland)
were bonded together. In each case, there is a central crack of length 2a along the
interface. The radius and thickness of the specimens are R and B, respectively.
Various mixed mode combinations are attained by rotating the specimen within the
loading frame [5, 6], that is, by changing the angle w. The properties of the materials
are presented in Table4.1, where E is Young’s modulus, v is Poisson’s ratio and «
is the coefficient of thermal expansion.

Twenty-five glass/epoxy specimens were tested with results reported in [5]. The
nominal radius of the specimens was R = 20 mm. The natural crack lengths ranged
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(b) P

aluminum

Fig. 4.1 Brazilian disk specimen composed of a glass and epoxy and b two ceramic clays

Table 4.1 Material

) ° . Material E (GPa) v o (/°C)
properties of the bi-material, —
isotropic Brazilian disk Glass 73.0 0.22 8.00 x10
specimens Epoxy 2.9 0.29 73.0 x107°

Aluminium | 70.0 0.33 23.5 x1076
K-142 19.5 0.29 6.01 x1076
K-144 23.3 0.20 5.38 x107°

between 18.02 mm < 2a < 22.64 mm, the thickness ranged between 7.79 mm <
B < 7.92 mm and the loading angle ranged between —10° < @ < 13°. For the
glass/epoxy pair, the oscillatory parameter was found from Eq. (2.3) to be ¢ =
—0.0881. It may be pointed out that the specimens were cured in an oven at 25 °C.
The temperature change ¢ was obtained from the difference between the curing
temperature and the room temperature during the test.

Two-dimensional analyses were carried out to obtain the stress intensity factors
resulting from applied loading and residual curing stresses [5]. The finite element
method and the interaction energy or M-integral in Eqgs. (3.25)—(3.28) [2] were used
to obtain the K l(f ) and Kz(f ) values for applied loading. A weight function [1, 4] was
used to obtain the values of K l(r) and Kér) arising from the residual stresses. The
values from the two contributions were superposed. In [7], two-dimensional finite
element analyses were carried out again for both the applied loading and residual
stresses. The thermal M-integral in Eq. (3.34) was used for the latter. For both cases,
the stress intensity factors were obtained by means of the interaction energy integral.
It was found that the results obtained for applied loading differed by less than 0.9%
except for very small values of K l(f ) obtained for the loading angle v = 13°. Since the
meshes were finer in [7], the results obtained there are presented here. Moreover, for
the K™ values, differences of up to 2.6% were obtained. In [5], the weight function
together with the finite element method were employed to obtain the results. It is
thought that the M-integral used in [7] produced more accurate results.
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40+
@ Test Data
?ic (N/m) — Failure Curve
—— Failure Curve - 10% t-test
= Failure Curve - 10% failure prob.,
30+ 95% confidence

Y (rad)

Fig. 4.2 Failure curves and test points for the glass/epoxy material pair (G = 5.1 N/m, G}, =
2.7 N/m using the ¢-statistic, gf‘c = 1.8 N/m using the z-variate model and L=11 mm)

By means of superposition of the K -values for applied load and residual thermal
stresses, the values of K fT) and K éT), where T represents total, were obtained. The
energy release rate G; may be calculated from Eq. (2.10) and the phase angle
from Eq. (2.14) with the total K-values. It may be noted that only a two-dimensional
analysis is considered here so that K, is omitted. In the process of determining the
length L,an arbitrarily small value is used to plot the (G;., ¥) points obtained for
each specimen. A second L value is chosen to center the points about ¥ = 0. In
Fig.4.2, the points are plotted with L = 1.1 mm. For two-dimensions, the failure
curve in Eq. (2.25) is found by taking ¢ = 0 and given by

Gie = Gic (1 +tan®y) . 4.1)

The value of G;. = 5.1 N/m was found by taking the average of the values in
Eq. (2.23) for all tests with H; = 6.56 GPa as defined in Eq. (2.11). The standard
error of G, is 0.36 N/m. Equation (4.1) is plotted as the black curve in Fig.4.2. As
mentioned previously, the value of L may be adjusted so that the test points and the
failure curve give a better fit. This was not necessary here with L=1.1mm.

This curve is the deterministic failure curve. To use this curve for predicting failure,
consider a crack along an interface between these two materials in a structure. The
values of G; and  for I = 1.1 mm are calculated. If the point lies below the failure
curve, then crack propagation is not anticipated. However, it may be observed that
there are test data below the curve. This is part of the scatter in the data. As described in
Sect. 2.3, it is possible to obtain a failure probability curve by employing Eq. (2.26).
In this study, use is made of the ¢-statistic for a 10% probability of unexpected
failure, as well as the z-variate for a 10% probability of unexpected failure with a
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95% confidence. Thus, below the adjusted failure curves, only statistical outliers may
be found. To this end, use is made of Egs. (2.26), (2.27) and (2.29) for the 7-statistic.
This curve is shown in Fig. 4.2 in red. The value of G is found from Eq. (2.26) with
the standard deviation s = 1.81 N/m and the value of #p 1 24 = 1.32, sothat K = 1.34
and G, = 2.7 N/m. For the curve in red in Fig.4.2, there is a 10% probability that
the next data point will be below this curve and the specimen will fail unexpectedly.
Indeed, there is one data point from the test data below the curve. On the other hand
using the z-variate, for a 10% failure curve with a 95% confidence, the expressions in
Egs. (2.30) and (2.31) are used. The value of zg; = —1.28 and zp95s = 1.64 leading
to a value of K = 1.83 and G}, = 1.8 N/m. Plotting Eq. (2.27) with this value of G7.
leads to the blue curve in Fig.4.2. Again, one test point is below the curve.

Next, consider thirty-one bimaterial ceramic clay specimens which were tested
[6]. The normalized crack length ranged between 0.27 < a/R < 0.32, the thickness
ranged between 9.23 mm < B < 10.71 mm and the loading angles ranged between
—15° < w < 15°. It may be noted that the crack was actually a thin notch which
was created by a strip of Teflon which was about 10 wm thick. The oscillatory
parameter, found from Eq. (2.3) was ¢ = —0.00563. The specimens were dried and
sintered, reaching a maximum temperature of 1,040 °C. The temperature change
¥ was obtained from the difference between the curing temperature and the room
temperature during the test.

Using the values of the total stress intensity factors K I(T) and KéT), the energy
release rate G; was calculated from Eq. (2.10) and the phase angle ¥ from Eq. (2.14);
note that K;;; was taken to be zero. An appropriate value of the length parameter
is L = 100 pm. The data points for this case are plotted in Fig.4.3. The value
of Gi. = 3.9 N/m is found by taking the average of the values in Eq. (2.23) with

25 T
?ic (N/m) ® Test Data
° — Failure Curve
—— Failure Curve - 10% t-test
20 T— Failure Curve - 10% failure prob.,

95% confidence

Y (rad)

Fig. 4.3 Failure curves and test points for the ceramic clay material pair (G = 3.9 N/m, G}, =
1.6 N/m using the -statistic, G}, = 0.9 N/m using the z-variate model and L =100 wm)
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H, = 22.7 GPa as defined in Eq. (2.11). The standard error of G is 0.30 N/m.
Equation (4.1) is plotted as the black curve in Fig. 4.3. This is the deterministic failure
curve. It may be noted that there are many test points below this curve. To obtain
a curve which predicts a 10% probability of unexpected failure with the #-statistic,
the parameter G7. is found from Eqgs. (2.26) and (2.29) with the standard deviation
s = 1.68 N/m, the value of 730 = 1.30 so that K = 1.32. Recall that N = 31.
The curve in Eq. (2.27) with G}, = 1.6 N/m is plotted in red in Fig. 4.3. There is one
point below this curve. For the second approach where the probability of unexpected
failure is P = 10% and the confidence is y = 95%, use of Eqgs. (2.30) and (2.31)
leads to K = 1.76, so that from Eq. (2.26), G, = 0.9 N/m. In this case, there are no
points below the failure curve.

In [7], three-dimensional analyses were carried out on each of the test specimens
described in this chapter. Using these analyses, a three-dimensional failure surface
was attained with a small range of values of the phase angle ¢ in Eq. (2.15). It
was concluded that for a body containing an interface crack between two dissim-
ilar isotropic materials subjected to in-plane loads, a two-dimensional analysis is
sufficient for predicting failure.
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Part 11
Delaminations in Composites



Chapter 5
Mathematical Treatment of Delaminations

Abstract In this chapter, a delamination in a multi-directional (MD) fiber rein-
forced laminate composite is considered. This problem is treated as an interface crack
between two dissimilar anisotropic materials with both a square-root stress singular-
ity and an oscillating, square-root singularity at the crack tip. The mechanical and
thermal properties of the composite plies are obtained by means of homogenization.
Several interfaces are considered including 0°//90°, 445°// — 45°, 30°// — 60°
and —30°//60°, as well as an interface between two woven plies of an MD lami-
nate. The double slash represents the position of the delamination relative to the ply
directions. The first term of the asymptotic expansion of the stress and displacement
fields will be presented together with the interface energy release rate, phase angles
and the J-integral.

Keywords Delamination - Interface energy release rate + Laminate + Lekhnitskii
formalism - Multi-directional laminate - Oscillatory singularity - Phase angles -
Stroh formalism - Woven composite

Delaminations are the most prevalent damage in composite laminates. In this chapter,
long fiber reinforced composite plies, as well as woven fabric plies are considered.
The material is inhomogeneous and anisotropic. The High Fidelity Generalized
Method of Cells (HFGMC) [1] was used to obtain homogenized mechanical and
thermal properties making the material effectively homogeneous and anisotropic. A
delamination occurring between two plies with fibers in different directions is treated
as an interface crack between two anisotropic materials (see Fig.2.1).

To obtain the first term of the asymptotic expansion of the stress and displacement
fields for any pair of dissimilar anisotropic materials, the Stroh [13] and Lekhnitskii
[10] formalisms are used. For an interface crack or delamination between two dissim-
ilar materials, there exists two singularities: an oscillatory, square-root singularity in
the form of —% =+ ie and a square-root singularity —%. The oscillatory parameter €

is found following [14] as
1 1473
=—h|{—— 5.1
T n(1 —6) ©-1)
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where
1 y 1/2
8= [—5 tr(Sz)] . (5.2)
The 3 x 3 matrix S is given by 5
S=D"'W (5.3)
where
D=L;"+L;' (5.4)
and
W=S L' -SL;". (5.5)

The subscripts 1 and 2 in Egs. (5.4) and (5.5) represent, respectively, the upper and
lower material. Since the Barnett—Lothe tensors Sy and L, are real [14] (pp. 146-147)
and

- AB =S L Lt (5.6)

knowledge of the left hand side of Eq. (5.6) is sufficient to determine Eqgs. (5.4)
and (5.5). In Eq. (5.6), there is no summation on k. Since the matrices D, W and S
involve basic arithmetic operations of matrices applied to the Barnett—Lothe tensors,
which are real, the tensors D, W and S are real, as well. Furthermore, D and D~! are
symmetric positive definite tensors and W is a skew symmetric tensor [14] (pp. 344,
426).

The general expressions for the matrices Ay, B, and Bk_1 which may be found in
[14] (pp. 170-172) are presented in Appendix B. The specific matrices for the upper
and lower materials for each interface considered are also presented in Appendix B.
It is observed that the notation employed here for ¢ in Eq. (5.1) differs from that of
Rice [11] and Hutchinson [8] in which the fraction is inverted. The notation here is
in keeping with Dundurs [6]. However, it is immaterial if one is consistent.

The relations

oj1=—¢;2 (5.7
i = ¢j1 (5.8)

are useful for obtaining the stress components where ¢; (j = 1.2.3) is a stress func-
tion. The general expressions for the displacement vector u and the stress function
vector ¢ are presented in Appendix C.

In Sect.5.1, a laminate containing plies reinforced with long fibers in a multi-
directional layup is considered. The fibers in the upper ply are in the 0°-direction
and those in the lower ply are in the 90°-direction. Making reference to Fig.2.1,
the 0°-direction coincides with the x;-axis and fibers in the 90°-direction coincide
with the x3-direction. An interface delamination is located between these two plies.
Next, in Sect.5.2, an interface delamination between plies with fibers in the +45°
and —45°-directions is considered. Another two layups are presented in Sect.5.3.
One has an interface between two plies with fibers in the 4-30°-direction in the upper
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ply and fibers in the —60° in the lower ply. For the second case, the upper ply has
fibers in the —30°-direction; in the lower ply, they are in the 4-60°-direction. Finally
in Sect. 5.4, two woven plies are considered with tows in different directions.

5.1 The 0°//90° Interface

Consider that material (1) consists of a material with fibers in the 0°-direction and
material (2) is a material which consists of fibers in the 90°-direction (see Fig.2.1).
The delamination front is along the x3-axis. Thus, the upper and lower materials
are transversely isotropic in this coordinate system and described by five indepen-
dent elastic constants and two coefficients of thermal expansion. For two different
carbon/epoxy composites (AS4/3501-6 and AS4/3502), the mechanical and thermal
properties were obtained by means of a micro-mechanical model from the properties
of the constituents. Use was made of the High Fidelity Generalized Method of Cells
(HFGMC) [1]. The mechanical properties may be found in [2] for AS4/3501-6; the
mechanical properties and coefficients of thermal expansion may be found in [4] for
AS4/3502.

For the 0°//90° interface, the first term of the asymptotic solution for the stress
components is given in Egs. (2.1) and (2.5). The double slash indicates the location
of the delamination. As with two isotropic materials, for this pair of materials,

that is, the oscillatory, square-root singularity is associated with the in-plane defor-
mation. For this interface, there is also a square-root singularity associated with
out-of-plane deformation and Kj;;. To obtain a definition for the complex stress
intensity factor K in Eq. (5.9), consider the stress components which are related
to the stress function vector through Eq. (5.8). The stress function vector ¢! in
Eq. (C.14) is differentiated with respect to x; and evaluated along the interface for
6 = 0 to obtain the stress components jo,; for the oscillatory, square-root singular
part of the solution as

| D )
1021 — D—22 R {(1 + 2i5)r’5d2}

.3 1 )
1922 r? coshe {1 +2ie)r'd>)
1023 | |p—o 0

(5.10)

It may be noted that the vector d in Eq. (C.26) is substituted into Eq. (C.14) and d»
is complex. For the square-root singular part of the solution, Eq. (C.18) is used with
Eq. (C.27) to obtain

1021
1022 =

1 0
r-2 0 d3 (511)
1023 | |o_g 1
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where dj is real. The back subscript 1 denotes the upper material. The total solution
is the sum of the oscillatory, square-root and square-root singular stress components.
By manipulating Eq. (5.10), it seems natural to express the complex stress intensity

factor K as
. D
K = lim~27r r ¢ (022 -] i021)
r—0 D22

The amplitude of the square-root singularity K ;;; is obtained directly from Eq. (5.11)
as

(5.12)

=0

K[[] = lin})\/27rr 023 (513)

=0

The unknown scalars d, and d3 in Eqs. (5.10) and (5.11) are obtained by substitut-
ing the traction components given in Egs. (5.10) and (5.11) into (5.12) and (5.13),
respectively, yielding

g K de— 2K (5.14)
2T 2n (I +2ie)coshme 2w '

Referring again to the expression for the stress components in Eqgs. (2.1) and (2.5),
the functions kZ‘((:,d) 0), kZ‘(f; (6) and kE(%”) (0) are given in Appendix C. The dis-
placement functions UV (9), tU? (9) and ;U D (9) in Eqs. (2.6) and (2.7) are also
given in Appendix C.

For conditions of plane deformation [14], it is possible from Eqs. (5.12) and (5.13)
to write the stress components along the interface ahead of the crack tip as

. | D1 Kri 5.15)
op —Ii.|—o0 = .
- Dy, 2 9=0 A 2mr
and X
0| = 2L (5.16)
9=0 2nr

From Egs. (2.6) and (2.7), with use of Appendix C, the crack face displacement
jumps in the vicinity of the crack tip are found to be

Ny —i | P2 Ay = 2P [T (5.17)
: Dy~ ' (14 2ig)coshmeV 27 ‘
r
AM3 = 2D33 —K”] . (518)
V 2r

It may be noted that in [2], the parameter 3 defined in Eq. (5.2) was chosen
to be negative, so that the oscillatory parameter ¢ in Eq. (5.1) was also negative.

and
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Here, ¢ is chosen to be positive which may be done without loss of generality. In
addition, the form of the complex vector d in Eq. (C.26) was chosen differently in

[2]. Hence, the stress functions kE(ig (0) and kE((ﬁa) (0), as well as the displacement

functions ;U " (0) and U? (0) take a different form. But the values of the stress
and displacement components are the same.

Use is made of the Irwin crack closure integral in Eq. (3.45) with a coordinate
transformation to obtain the in-plane interface energy release rate as

G — i 1 Aa % () — i Dy,
o= lim 28a )y oxn(xy) —1i D22021(x1)
. [ D
X | Aup(Aa — xy) +i D—Aul(Aa —X1) dx;. (5.19)
1

In Eq. (5.19), the subscript o represents oscillatory. The mode III interface energy
release rate may be determined from

Aa

gs 0'23()61)AM3(ACZ —xl)dx1 . (520)

= lim —
Aa—02Aa Jy
In Eq. (5.20), the subscript s represents square-root singular. Substituting Egs. (5.15)
and (5.17) into (5.19) and substituting Egs. (5.16) and (5.18) into (5.20), and carrying
out the integration, leads to an expression for the total interface energy release rate

given as
1 1

Gi = 3 (K7 + K3) + EK},, (5.21)
where
1 Dy,
— = (5.22)
H, 4 cosh” e

1 D
—==3 (5.23)

H, 4

The complex stress intensity factor K in Eq. (2.2) is written in normalized form
in Eq. (2.9), so that . A
K =|K|e", (5.24)

and the phase angle is given as

Y =tan"! —30{2}6) = tan™' &2
N(K Lic) \' D2 022

It may be noted that

(5.25)

9:0,r:l:

K| = K], (5.26)
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Lisan arbitrary length quantity, Aand Dy and D»; are given in Egs. (B.37) and (B.38).
It may be noted that in Chap. 4, L was used to center the test data in the failure space.
A second phase angle may be defined as

H K H
bt | [ K | [P o |
2 K} + K3 2J0%, + D1103,/ Dy, | 16=0.r=L
(5.27)

Equations (5.25); and (5.27); are the same as Eqgs. (2.14); and (2.15);. The difference
is in the expressions for H; and H,. Moreover, the expression for the interface energy
release rate in Egs. (2.10) and (5.21) are identical. The J-integral in Eq. (2.17) and
the relation between J and G; hold for all combinations of anisotropic materials
including those for the 0°//90° interface.

5.2 The +45°// — 45° Interface

In this section, an interface delamination between two plies is considered in which the
upper ply consists of fibers which are rotated by 45° with respect to the x-direction
and those in the lower ply are rotated by —45° with respect to the x;-direction as
shown in Fig.5.1. For the analysis, the geometry considered is shown in Fig.2.1 in
which two half-spaces of these two materials are modeled.

For this material pair, the amplitude of the oscillatory, square-root singularity is

K=K +iK; (5.28)
(a) (b)
x 7
X1 X1
NN\ 77
X3 X3

Fig. 5.1 Fibers shown in a 4-45°-direction and b —45°-direction with respect to the x-axis
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and the amplitude of the square-root singularity is K ;. For the upper material, the
displacement and stress function vectors u" and ¢'" are defined in Eqgs. (C.13) and
(C.14) for the oscillatory, square-root singularity and in Eqgs. (C.17) and (C.18) for
the square-root singularity; for the lower material, they are defined in Egs. (C.15) and
(C.16) for the oscillatory, square-root singularity and in Egs. (C.19) and (C.20) for the
square-root singularity. The components of the matrix Ay are given in Egs. (B.62)—
(B.70); those of By are given in Eqs. (B.83)—(B.91); and those of Bk_' are given in
Egs. (B.96)—(B.104). Recall the relations in Egs. (B.79)—(B.82), (B.92)—-(B.95) and
(B.105)—(B.108).

The complex vector d in Egs. (C.13)—(C.16) is found from Eq. (C.10) and is given

by
d’ = [0, 1, —iw/Dzz/D33] dy (5.29)

where d, is an arbitrary complex scalar. In a similar manner, the real vector d* in
Egs. (C.17)—(C.20) is found as

d*" =1[1,0,0]d;s (5.30)
where dj is a real constant.

Using Eq. (5.29) in (C.14) and (5.8), the tractions along the interface for the
oscillatory, square-root singularity are found as

0
1021 N
1022 — 72 cosh e DSR {1 +2ie)rdy) (5.31)
102 ||,y 2 3{(1 +2ie)ried,)
D33

For the square-root singular part of the solution from Egs. (5.30), (C.18) and (5.8),

1021 1!
1022 = Er_f 0|d;. (5.32)
1023 | |p_p 0

As before for the 0°//90° interface, the total solution is the sum of the oscillatory,
square-root singular and the square-root singular stress components.
By manipulating Eq. (5.31), the complex stress intensity factor in Eq. (5.28) may

be defined as
) | D
K = lim 2nr r ' (022 +1i ﬁ023)
r—0 D22

The amplitude of the square-root singularity K; is obtained from Eq. (5.32) as

(5.33)

0=0

Ky = lim V27 ooy (5.34)

0=0
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The unknown scalars d» and d5 in Egs. (5.31) and (5.32) are obtained by substitut-
ing the traction components given in Eqgs. (5.31) and (5.32) into (5.33) and (5.34),
respectively, yielding

dy = K 4y = 2Kn (5.35)
2T an(+2ic)coshne 0 am '

For conditions of plane deformation, it is possible from Eqgs. (5.33) and (5.34) to
write the stress components along the interface ahead of the crack tip as

L | D33 Krie (5.36)
ag L | —0O = .
- Dy, » 9=0 AN 2mr
and .
s (5.37)
6=0 27r

The crack face displacement jumps in the vicinity of the crack tip are found to be

Ny i | P2 A= P2 [T (5.38)
: Dy~ 0 (1+_2ie)coshmeV 27 ‘

Auy = 2Dy, | —K,y . (5.39)
27

Substituting Eqgs. (C.14) and (C.18) for the upper material and Eqs. (C.16) and
(C.20) for the lower material into Egs. (5.7) and (5.8), the stress components may be
written as

and

I A A K
oy = —— | R (Kr) k2 ) + 3 (k) 1500 | + =50
i ﬂ_w[( ) eZP O+ (Kr) 1200 |+ ==z 0)

(5.40)

where the complex stress intensity factor is defined in Eq. (5.28) and i, j = 1, 2, 3.
In Egs. (C.14), (C.18), (C.16) and (C.20), the expressions in Egs. (B.83)—(B.108) are
used for the upper and lower materials. It may be noted that all stress components
have an oscillatory, square-root singular and square-root singular component. On the
interface, the stress component ;o) is only square-root singular; it does not have
an oscillatory part. The stress components ;o7; and ;0,3 on the interface possess an
oscillatory, square-root singularity and not a pure square-root singularity. This behav-
ior is corroborated by Eqs. (5.31) and (5.32). The behavior of the stress components
for the +45°// — 45° interface differs from that of the 0°//90° interface. Whereas,
for the latter, the in-plane stress components have only an oscillatory, square-root
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singular part, all stress components for the former have this behavior. In addition, for
the latter, only the out-of-plane stress components have a square-root singular part,
for the former, all stress components have this behavior. The functions kZ‘i(jl)(H),
kX (©) and kX" (0) in Eq. (5.40) are presented in [7].

Using Eqs. (C.13) and (C.17) for the upper material and Eqs. (C.15) and (C.19)
for the lower material, the displacement components are found as

r . . r
s = /g [m (Kr%) (UM O) + 3 (Kr) ka”(@)] + =K UM 6) .

(5.41)

In Egs. (C.13), (C.17), (C.15) and (C.19), the expressions in Egs. (B.62)—(B.70) and
(B.96)—(B.108) are used for the upper and lower materials. The functions kUi(l)(G),
LU (0) and U (9) may be found in [7].

Making use of the Irwin crack closure integral in Eq. (3.45) with a coordinate
transformation, the interface energy release rate is found to be

1 1
G = i (K + K3) + EK,Z, (5.42)
where
L__ D» (5.43)
H,; " 4cosh?7e '
1 D]l
—_Zu (5.44)
H, 4

The complex stress intensity factor K in Eq. (5.28) is normalized as in Eq. (5.24)
where the phase angle v is given by

S(K L D
¥ = tan”! |:\s(—;)i| =tan~! ZBon (5.45)
R(K L) \ D2 022 | lg—g,—r
A second phase angle is defined as
H K H
¢ =tan"' /Fl — =" | =tan”! /Fl il .
2 JKi+ K3 2 \/ng + D330%;/ Dy | 10=0r=L

(5.46)
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5.3 The +30°// — 60° and —30°// + 60° Interfaces

In this section, two interfaces are considered. Material (1) in Fig. 2.1 has fibers either
in the +30°-direction or the —30°-direction. For the former direction, the fibers are
rotated clockwise by 30° with respect to the x;-axis similar to that shown in Fig. 5.1a;
for the latter direction, the fibers are rotated counter-clockwise by 30° with respect
to the x;-axis similar to that shown in Fig.5.1b. For material (2) in Fig.2.1, fibers
are either in the —60°-direction as shown schematically in Fig.5.1b or the +60°-
direction as shown schematically in Fig.5.1a. Each pair of materials represents a
cross-ply which is at an angle with respect to the delamination front. Each of the
materials is monoclinic with respect to the delamination coordinates shown in Fig. 2.1
with x, = 0 a symmetry plane for all materials.

In Sect. B.3, some of the basic expressions related to these interfaces are pre-
sented. As with the other interfaces discussed here, there is an oscillatory, square-
root singularity and a square-root singularity. To obtain the first term of the asymp-
totic expressions for the stress and displacement components the vector d used in
Egs. (C.13)—(C.16) must be determined. A relation between the components of the
vector d is obtained by solving Eq. (C.10) with the eigenvalue cot dm. The eigen-
vector d that corresponds to the eigenvalue cot 07 = —i 3, for which the singularity
0= —% + ie, where (3 is given in Eq. (B.140) and ¢ is given in Eq. (5.1), is of the
form

dT =1[i2,1,iAld> , (5.47)

where d, is a complex unknown constant. In Eq. (5.47), §£2 and A are real and given
by
_ D3sWin+ Di3Was

= 5.48
B(D11 D3z — D) (:48)

Di3Wip + D11 Was

= — . 5.49
B(Dy1 D33 — D3y) (5:49)

The constants Dy, D3, Dy3, Wi, W13 and Wp3 are components of the tensors D and
W given in Egs. (B.135) and (B.138). The eigenvector for cot d7 = i3, for which

0= —% — ie, is the complex conjugate of d, namely

d = [-i,1,—iAld,. (5.50)

The eigenvectors d and d correspond to the oscillatory, square-root solution. Note
that a bar over a quantity represents its complex conjugate. The components of these
vectors are used to relate the stress and displacement fields to the stress intensity
factors of this solution. For the square-root singular solution, the eigenvector is
found for cot(é7) = 0, for which § = —%, as
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Was3
al=|1=—=,0,11|d 5.51
[le } ’ 6>

where d3 is areal unknown constant which is used to relate the stress and displacement
fields to the stress intensity factors of this solution.

The vectors d and d* may be related to the stress intensity factors through the
stresses along the interface, namely for § = 0. Along the interface, the expressions
for the stresses are a linear combination of d and d*. For the most general case,
the vectors d and d* each consists of three independent components, leading to
the existence of six stress intensity factors; three associated with the oscillatory,
square-root singularities (6 = —%:I:i €), and three associated with the square-root
singularity (6 = —%). For the monoclinic materials studied in this investigation, d
and d* are given in Egs. (5.47) and (5.51), respectively. Hence, it may be seen that one
stress intensity factor which belongs to the square-root singularity vanishes, which
reduces the number of stress intensity factors to five. In fact, it is possible to reduce
the number of independent stress intensity factors to three. This is a direct result of
the way in which d and d™ are related to the stress intensity factors as shown in the
sequel.

For monoclinic materials with x, = 0 a symmetry plane, at first it may seem
impossible to define the stress intensity factors as has been done previously. How-
ever, closer observation reveals that although there are five stress intensity factors,
only three of them are independent. This allows representation of the stress and
displacement components with only three of the stress intensity factors. The stress
intensity factors related to the oscillatory, square-root singular field are denoted by
K1, K, and K3, whereas the stress intensity factors related to the square-root singular
field will be denoted by K;; and K ;. Relations have been found between K, and
K3, and between K;; and K77, which will be presented in the sequel. Without loss
of generality, further derivations are in terms of the stress intensity factors K, K;
and K 1l -

For the oscillatory, square-root singular solution, the traction components along
the interface may be obtained from Egs. (C.14), (5.8) and (5.47) with § = 0 as

1021 1 -2 3{1 +2ie)r°d,}
102 =r"zcoshme | N{d +2ie)rdy} . (5.52)
1023 | |g—o —A\(\S{(l +2i5)ri5d2}

For the square-root singular part of the solution from Egs. (C.18), (5.8) and (5.51),

o Was
1021 —
1
1022 = EI’_% V‘(/)lz ds . (5.53)
1923 1lp=0 1

By manipulating Eq. (5.52), the complex stress intensity factor in Eq. (5.9) may
be defined as
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K = lim V2 r€ (o — 27 0a1) (5.54)

0=0

The amplitude of the square-root singularity K;; is obtained from Eq. (5.53) as

KIII = lin(l)v27rr J23 (555)

0=0

The unknown scalars d, and d3 in Eqs. (5.52) and (5.53) are obtained by substitut-
ing the traction components given in Egs. (5.52) and (5.53) into (5.54) and (5.55),
respectively, yielding

b — K 2Ky
2T 2n (1 + 2ie)coshme 2w

(5.56)

Another definition for the stress intensity factors, for a bimaterial interface crack
between two general anisotropic materials, may be found in [3, 9].

Recall that for the oscillatory part of the solution, three stress intensity factors
exist. However, the solution is presented with the use of only two of them. A relation
between two of the stress intensity factors will be derived in order to justify this
proposition. It may be seen from the first and third rows of Eq. (5.52) that the shear
stresses of the oscillatory solution along the interface are related by

023|9:0 = 1021 |(,=0 (5.57)

where A DiWiy -+ Dy W
SO 13Wi2 nWs (5.58)
2 D33 Wip + D13 Was

Since the tractions along the interface are directly related to the stress intensity
factors, the relation introduced in Eq. (5.57) implies that a relation between K, and
K3 exists. To this end, Eq. (5.54) may be rewritten as

_ Kt (5.59)
0=0 B A 27'(7' ’ ’

When relating the complex stress intensity factors through the traction components
o2, and 0,1, K may be chosen as given in Eq. (5.9), where the imaginary part of K
is taken as K». The reason for this choice is that K is associated with o,;. However,
Eq. (5.57) implies that Eq. (5.59) may also be written with the use of 0,3 as

(022 — i9710'2l)

Kric
= (5.60)
9=0 2nr

(022 — iA™ 03)
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where K is now taken as defined in Eq. (5.28). The choice of K in this form is a result
of use of 0,3, which is associated with K. Hence, determination of the imaginary
part of K depends on the relation used, which, in general, is arbitrary. As a result of
Eqgs. (5.57), (5.59) and (5.60)

K, =Kj5. (5.61)

The square-root singular part of the solution consists of two stress intensity factors;
however, only one is used in the representation of the solution. A relation between the
stress intensity factors, which will be derived makes this possible. Equation (5.53)
shows that K; vanishes. The remaining stress intensity factors may be defined accord-
ng to

K” = 1iI1’(1)\/27T7‘ 021 (562)
r— 0=0

K][[ = lin})v27rr 023 (563)
r— 6:0

Substitution of the first and third rows in Eq. (5.53) into (5.62) and (5.63), respectively,
and comparison, leads to

Was
Ky=—Ku . (5.64)
Wiz
Hence, it is possible to write that
K
023 = (565)
0=0 A/ 2nr
Was K
021 = — (566)
9=0 Wiz 27r
The crack face displacement jumps in the vicinity of the crack tip are found to be
Aus — i2 (Auy + nAus) 2D [ krie (5.67)
Uy —1 u ) = ———— | — Kr .
2 ETIAN) = i) cosh e V 27

for the oscillatory, square-root singularity and

r W23
Auy=2/— | D — D | K 5.68
uy ' [ 11 (le) + 13] 11 ( )
r 1%
Auz=2)— | D3 (== ) + D33 | K (5.69)
2 W12

for the square-root singularity.
Substituting Egs. (C.14) and (C.18) for the upper material and Eqs. (C.16) and
(C.20) for the lower material into Egs. (5.7) and (5.8), the stress components may be
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written as
= e [ (K) (00 + 3 (K 20| + L, 50 )
kOij = s o r k~ij + 3 r k~ij + 27Trk ij (5 .
.70)

where the complex stress intensity factor is defined in Eq. (5.9) and i, j = 1, 2, 3.
In Egs. (C.14) and (C.18), the expressions for B; and Bl_l are used for the upper
material; for the lower material, the matrices B, and B, Vare required for substitution
into Egs. (C.16) and (C.20). These matrices are found from Egs. (B.11) and (B.12).
It may be noted that all stress components have an oscillatory, square-root singular
and square-root singular component. On the interface, the stress component a%’i) does
not have a square-root singularity. The functions kZ‘i(jl)(H), kEi(;)(G) and kZJi(j” )(6)
in Eq. (5.70) are presented in [12].

Using Eqs. (C.13) and (C.17) for the upper material and Eqs. (C.15) and (C.19)
for the lower material, the displacement components are found as

r

ie ~ ic r
ity = Z[% (Kr) U0+ (Kr') (U 0) | + |5 K U™ 0.
(5.71)

InEqgs. (C.13),(C.17), (C.15) and (C.19), the expressions for the matrices A; and B;l
in Egs. (B.1) and (B.12) are used for the upper and lower materials. The functions
LU0, :UP (6) and (U (6) may be found in [12].

The Irwin crack closure integral in Eq. (3.45) with a coordinate transformation is
written for the oscillatory, square-root singular part of the solution as

G, = lim

- Aa—0 2Aa 0

Aa
R { [Uzz(xl) — i:z‘am(xl)} (Auz(Aa —x1)
+i.Q|:Au1(Aa —x1) +nAuz(Aa —xl)])] dx . (5.72)

The interface energy release rate related to the square-root singular part of the solution
may be determined from

) 1 Aa
Gy = lim — o21(x1)Aui(Aa — x1) + 02 (x1)Auz(Aa — x1)
Aa—0 2Aa 0
+o023(x1) Auz(Aa — x1)1|dx1 . (5.73)

Substituting Egs. (5.59) and (5.67) into (5.72), and substituting Egs. (5.65), (5.66),
(5.68) and (5.69) into (5.73), integrating and summing them leads to

1 1
Gi :E(KIZ+K22)+EK12H (5.74)
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where i represents interface, and

L_ D= (5.75)
H,  4cosh®me .
11 W)’ Was
—=—| Dy |{— 2Dz | — D . 5.76
0 4|: “(le) + 13(W12 + D33 (5.76)
The phase angles v and ¢ are defined in this case as
S(KL*
o = tan-1 § SELD (5.77)
R(KL#)

_ Hy K
¢=tan~t | [ZL__BH__ (5.78)
H
2 /K + K3

where H, and H, are given in Egs. (5.75) and (5.76), respectively, and L is an
arbitrary length parameter.

5.4 An Interface Between Two Woven Plies

In this section, a delamination is considered along the interface between two plain,
balanced woven plies of material. A plain weave is one in which the weft alternates
over and under the warp (see Fig.5.2); the weave is balanced when the fiber volume
fraction in the yarn in the weft and warp directions are equal. The upper material k = 1
(see Fig.2.1) has fibers in the 0° and 90°-directions. The lower material is rotated
about the x-axis by 45° so that it has fibers in the +45° and —45°-directions. Both
materials are tetragonal and described by six independent mechanical properties.
The compliance matrix is presented in Sect. B.4.

Many of the equations which describe the material in this section are exactly
those in Appendix C. The precise expressions for Dy, Dy, and Ds3 are taken from
Eq. (B.36) with the appropriate values of the reduced compliance coefficients and

B;k). These expressions are given in Sect. B.4. The displacement and stress function
vectors for the upper material have the same form as those for the 0°//90° inter-
face given in Eqs. (C.13) and (C.14) for the oscillatory, square-root singularity and
Egs. (C.17) and (C.18) for the square-root singularity. The lower material for this
case is not mathematically degenerate. Hence, the equations to use are (C.15) and
(C.16) for the oscillatory, square-root singularity and Egs. (C.19) and (C.20) for the
square-root singularity. Explicit expressions are presented in [5].
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5.5 Afterward

In Sect.5.1, it was mentioned that 5 in Eq. (5.2) was chosen to be negative in [2, 4]
for the 0°//90° interface. It is recommended in [14] to take 3 > O without loss of
generality. It may be pointed out that when exchanging the materials, that is upper is
lower and lower is upper, the sign of 3 does not change as it does for two isotropic
materials. Hence, in Sect. 5.1, (3 was taken to be positive. The effect of these choices
are discussed here.

When 3 > 0,e > 0. Then, the singularities are given in Eq. (C.12). An eigenvector
is paired to each singularity as

1
01 =—§+i5<—>d (5.79)
1 _
62=—§—i5<—>d (5.80)
where d is given in Eq. (C.26) for the 0°//90° interface. If € is chosen to be negative,
namely £ = —|¢|, this choice has no effect on the singularities, which remain
§i= -t yizm jle| =0 (5.81)
1 = 2 1€ = 2 LE] = 02 .
5 L e 1+'|| B (5.82)
= —— — e 1 = . .
2 ) 123 2 3 1

Following [14] (p. 427), the eigenvectors associated with the singularities are paired
as

Fig. 5.2 Plain balanced
weave
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+itod (5.83)
_itod (5.84)
where from Eq. (C.10), d is in the form

d" = [~iy/D/D11, 1,0] s (5.85)

By determining the tractions for the oscillatory, square-root singular solution along
the interface from Eq. (C.14), it is possible to write

n | D1y K:r' (5.86)
o i.|—o0 = .
- Dy 2 9=0 ~2mr

where K: denotes the complex stress intensity factor associated with £. Substitution
of the appropriate tractions into Eq. (5.86) yields

b = Ke
27 27(1 +2i8) coshné

(5.87)

It may be easily seen that the left hand side of Eq. (5.86) is the complex conjugate of
the left hand side of Eq. (5.15). Taking the complex conjugate of Eq. (5.15) where
€ > 0, comparing it to Eq. (5.86) and recalling that £ = —|z|, leads to a relation
between the different definitions for K, which is

K: =K. (5.88)

or explicitly
Ki:=Ki. Ky:=-K;-. (5.89)

Substituting Eq. (5.88) and £ = —|¢| into Eq. (5.87) shows that

n K.
d) = - . (5.90)
27 V2m(1 = 2ilel) cosh e
Comparing Eq. (5.90) to (5.14); shows
d=d. (5.91)

Then from Egs. (C.26), (5.85) and (5.91),

~

d=d. (5.92)
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Thus, the equations governing the displacement and stress function vectors in
Egs. (C.13), (C.14), (C.21) and (C.22) are identical for € positive or negative. How-
ever, the definitions of the stress intensity factors differ as shown in Eq. (5.88).

Next, a different representation is used for the vector d. In this case, d is expressed
in terms of the arbitrary scalar d; rather than d, as

a’ = [1, —i\/D“/Dzz,O] d . (5.93)

The tractions along the interface may be written from Eqgs. (C.14) and (5.8) as

| D2y Li K&rie (5.94)
— =0 io = ) .
Dy, 2 2 o=0  ~27mr
So that J
_'K 1
i (5.95)

dy = .
: V2m(1 4 2ie) cosh e

It may be noted that K in Eq. (5.14); is not the same as Kf‘ in Eq. (5.95).
When a negative value of ¢ is taken, namely £ = —|¢|, d is given by

d" =[1,iy/Dy/Dn, 0] ds (5.96)

as may be found in [2]. In Eq. (5.96), d 1 is an arbitrary complex constant and is found

through
[ D ny Kgdl ri¢ (5.97)
—0 io = . .
D, - 2 9=0 N 2mr

Substitution of the appropriate tractions into Eq. (5.97), leads to

. iK%
13

dy = .
: 2w (1 + 2i€) cosh wé

(5.98)

It may be noted that K: in Eq. (5.87) is not the same as Kg‘ in Eq. (5.98). The
left hand side of Eq. (5.97) may be obtained from the left hand side of Eq. (5.94)
by taking the complex conjugate and multiplying by —1. Doing so, and comparing,
leads to the relation

K% = K" (5.99)

£ €
or explicitly
K =-K{" K} =kKj . (5.100)

1é
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The definition of K, for a certain representation of d, depends upon the sign of
€, which changes the relation between the tractions along the interface and K, as
shown in Eqs. (5.12) and (5.86), and (5.94) and (5.97). In addition, it may be noted
that the definition of K changes also as a result of the representation of d. It may be
seen from Eqgs. (5.15) and (5.94) that

D
d 22 ,d
Koo==\ D, K=o (5.101)

for a positive value of ¢; from Egs. (5.86) and (5.97) that

D
N (5.102)
11

for a negative value of €. It is concluded that investigators should be careful in
comparing numerically obtained stress intensity factor values to account for possible
differences in definitions. In the end, the field quantities and the interface energy
release rates should be the same for the same problem. Recalling that K could also
be defined by use of K; and K3, as shown in Eq. (5.28), similar conclusions could
be obtained. Finally, for the 4-30°/ — 60° and —30°/ 4- 60° interfaces discussed in
Sect.5.3, a similar exposition may be found in [12].

In Chap. 6, methods for calculating stress intensity factors with assistance from
finite element analyses will be described. In addition, failure criteria will be presented
in Chap.7.
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Chapter 6
Methods of Calculating Stress Intensity
Factors—Delaminations

Abstract In this chapter, methods for obtaining the stress intensity factors, interface
energy release rate and phase angles are presented for interface cracks between two
anisotropic materials. These methods include displacement extrapolation, the con-
servative interaction energy or M -integral and the Virtual Crack Closure Technique.
Although these methods have been formulated with the finite element method in
mind, they may be adapted to all numerical techniques which provide field quantities.

Keywords Displacement extrapolation method - Finite element method -
M-integral - Thermal residual stresses -+ Virtual crack closure technique

The materials treated in this part of the book are laminates composed of either long
fiber reinforced plies or woven plies. As mentioned previously, for each case the
mechanical and thermal properties may be found by a homogenization procedure. For
the materials described here, HFGMC [ 1] was used to determine effective properties.
Hence, the materials described here are treated as homogeneous and anisotropic. The
same material pairs considered in Chap. 5 are presented in this chapter. In Sect. 6.1,
the displacement extrapolation method is presented. The M -integral is described in
Sect.6.2. In Sect. 6.3, the Virtual Crack Closure Technique is discussed.

6.1 Displacement Extrapolation

In this section, the displacement extrapolation method is described. If follows closely
the description in Sect.3.2 for a crack along the interface between two isotropic
materials. The crack displacement jumps in Eq. (3.4) are used with § = 7 and —7
with reference to Fig.2.1. For a crack along the 0°//90° interface, the expression for
the in-plane displacement jumps is given in Eq. (5.17) and rewritten here as

D 8 cosh 4
Ay —i |22 Ay = O [T e 6.1)
D11 H1(1+2l6) 2w

which is similar to Eq. (3.5); for two isotropic materials. The difference is the factor
multiplying Au; and H; which is found in Eq. (5.22). In Eq. (6.1) Dy, and D5,
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are found in Egs. (B.37) and (B.38), respectively. The displacement jump in the
x3-direction is given in Eq. (5.18) and rewritten here as

8 r
AM3=— -

K 6.2
m\ 27 K (6.2)

where for this material combination H, is given in Eq. (5.23) and Ds3 is given in
Eq. (B.39). Solving for the in-plane local stress intensity factors from Eq. (6.1) and
the out-of-plane mode III local stress intensity factor from Eq. (6.2), one may write

2) Au2 .
V2w (1 +4e (r) D Auy(r)
TBeoshre TSN T Ty g, S 69

Dy
V2w (1 4 4€2) . Aur(r) D> Auy(r)
- H - [ 6.4
8 cosh e : {smx Jr Dy cosX N 64)

K{(r) =

K3(r) =

\/271' Hz Au3
8

where y is given in Eq. (3.9). Equations (6.3) and (6.4) are similar to Eqgs. (3.6) and
(3.7) differing by a factor of \/D,,/D;; on the second term in the curly brackets.
Equation (6.5) is identical to Eq. (3.8). The difference in the equations is the expres-
sions for H; and H, as noted above. The method delineated in Sect. 3.2 is the same
one to be used here for the 0°//90° interface with Eq. (3.12).

For a crack along the +45°// — 45° interface, the expression for the displacement
jumps in the x, and x3-directions is given in Eq. (5.38) and rewritten here as

D 8 cosh ‘
Ay +i |22 Auy = — O [T e (6.6)
D33 Hi (14 2ie)V 27w

where H; is given in Eq. (5.43) and Dy, and Ds3 are given in Egs. (B.112) and
(B.113), respectively. The displacement jump in the x;-direction given in Eq. (5.39)
is rewritten as

Kiy(r) = (6.5)

A 8 Jrk 6.7)
Uy = —./— .
1 o\ ok

where H, is given in Eq. (5.44) and D is given in Eq. (B.111). Solving for the stress
intensity factors from Eqgs. (6.6) and (6.7), one may write
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Van(i+42) { Ay (r) Dy Am(r)}
Y “Hijcosy - (6.8)
-

Ki(r)=
1) 8 cosh e

Ki(r) =
3 8 cosh e

V271 (1 +4¢€?) . Aur(r) D> Aus(r)
———— " H;{siny + cos x (6.9)
r r

«/271‘ Hz Au1
8

where y is given in Eq. (3.9). Equations (6.8) and (6.9) are similar to Eqs. (6.3) and
(6.4) differing by a factor of /Dy /D33 on the second term in the curly brackets.
Equation (6.10) is similar to Eq. (6.5). The difference in the equations is the expres-
sions for H; and H, as noted above. The method delineated in Sect. 3.2 is the same
one to be used here for the +45°// — 45° interface with Eq. (3.12) replacing K, with
K3 and K;;; with K. Expressions different than those in Eqs. (6.8)—(6.10) may be
found in [5]. They are equivalent.

For a crack along a +30°// — 60° or a —30°// + 60° interface, the expression
for the displacement jumps is given in Eq. (5.67) and rewritten here as

Ky () =

8 cosh e

| r .
AMQ — l.Q(AM] + ’I’]AM:;) = m % Kr'c (611)

where 2 and 7 are given in Egs. (5.48) and (5.58), respectively, and H, is given
in Eq. (5.75). The parameter D,, may be found by following the development in
Sect. B.3. The displacement jump for the square-root singularity may be written
from Egs. (5.68) and (5.69) as

Wzg 8 r
—A Auy = — | —K 6.12
Wi uy + Ausz A 11 ( )

where H, is given in Eq. (5.76) and the parameters Dy, D3, D33, Wi, and W53 may
be found by following the development in Sect. B.3. Solving for the stress intensity
factors from Eqgs. (6.11) and (6.12), the local stress intensity factors become

K () = V2m(1 +4€2)H H Auy(r)
1= TG cosh e o R T
. Auy(r) +nAus(r)
+£2 sin x ( NG )] (6.13)
Ki(r) = V27 (1 —|—4€2)H . Auy(r)
2= Tgcoshme X Jr

_Qcos (A”‘ @) :L/Zm”“(r))} (6.14)
r
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vV 2w Hg W23 Au1 + Au3
8 Wi r = Jr

where x is given in Eq. (3.9). Equations (6.13)—(6.15) are somewhat more compli-
cated in form in comparison to the previous equations for the local stress intensity
factors for the other interfaces considered. But they are implemented in the same
way by extrapolating the local stress intensity factors to zero as in Eq. (3.12).

For the woven MD composite described in Sect. 5.4, the equations describing the
displacement jumps have the same form as those in Sect. 5.1 for the 0°//90° interface,
namely, Egs. (5.17) and (5.18). Hence, Egs. (6.3)—(6.5) may be used to carry out the
extrapolation with the constants D;;, D, and D33 chosen for the current interface.
Other interfaces may easily be treated.

Ky (r) =

(6.15)

6.2 M-Integral

In this section, the M -integral is extended for the interfaces considered here for both
mechanical and thermal loads. Only the three-dimensional version will be considered.

As for an interface crack between two isotropic materials as described in
Sect. 3.3.1, two equilibrium solutions are considered. Solution (1) is the sought after
solution and solution (2) is an auxiliary solution. The stress, strain and displacement
components are given as a superposition of the two solutions in Egs. (3.13)—(3.15).
For the 0°//90°, 430°// — 60°, —30°// + 60° interfaces, as well as the multi-
directional woven composite described in Sect. 5.4, the superposed stress intensity
factors are given in Egs. (3.16), (3.17) and (3.36). The same development presented
for three dimensions in Sect. 3.3.2 is followed here leading to Eqgs. (3.41)—(3.43) for
the three stress intensity factors K 1(1), Kél) and K 1(2

Consider the definitions of each of the parameters in Egs. (3.41)—(3.43). For each
interface, H, and H, are taken from the appropriate equations. For the 0°//90°
interface, H; and H, are defined in Egs. (5.22) and (5.23). In those equations, ¢ is
found in Egs. (5.1) and (B.44). The components of the matrices D and W are given in
Egs. (B.37)-(B.39) and (B.43). For the +-30°// — 60° and —30°// 4 60° interfaces,
H, and H, are defined in Egs. (5.75) and (5.76). The oscillatory parameter ¢ is found
in Egs. (5.1) and (B.140). The matrices D and W, may be found in Egs. (B.135)
and (B.138). The components of the matrices may be calculated from —AkB,:1 by
multiplying the two matrices in Egs. (B.1) and (B.12). By means of Eq. (5.6), it is
possible to determine SkLk_l and L,:l. Then use is made of Egs. (5.4) and (5.5). For
the interface in the MD woven composite, H; and H, are defined in Egs. (5.22) and
(5.23). The expression for the oscillatory parameter ¢ is found in Egs. (5.1) and (B.44).
To obtain the matrices D and W, the matrix AkB,:1 givenin Eq. (B.34) is used with the
appropriate values of the material eigenvalues and reduced compliance components.
The components of the matrices D and W may be obtained from Egs. (B.36) and
(B.42), respectively.
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The parameter A; in Egs. (3.41)—(3.43) is the area shown in Fig. 3.6 between the
delamination front and the curve created by the virtual crack extension. It is given
in Eq. (3.38). The volume V;, consists of a slice of elements along the delamination
front in the location of the virtual crack extension. The parameter k = 1, 2 represents
the upper and lower materials. The cross-section of the volume depends upon which
domain is used in the calculation as shown in Fig. 3.7. Recall that succeeding domains
are used in the calculation by adding a ring of elements about the previous domain.

The field quantities containing a superscript (1), namely ka;}), keg;) and kul(]) are,
respectively, the stress, strain and displacement components of the sought after solu-
tion which is obtained by means of a finite element solution. The back subscript

k = 1, 2 represents the upper and lower materials. The second or auxiliary solu-

tion kol.(f“) , ke;}ga) and (u*® is derived from the singular terms of the asymptotic

expressions. There are three auxiliary solutions with 2ac = 2a, 2b, 2¢. For these
solutions, Table 3.1 is used to define the stress intensity factors of solution (2). As an
example, for the 0°//90° interface, the in-plane displacement components are given
in Eq. (2.6) and the out-of-plane components are found in Eq. (2.7). The displace-
ment functions UV, (U and (U{""" are given in Eqgs. (C.37)~(C.39). The stress
and strain components are found by means of a finite element scheme, namely, the
strain components are obtained by means of the displacements at the nodal points
and the derivatives of the shape functions; the stress components are obtained by
means of the constitutive law from the strains. All values are found at the integration
points. The interaction strain energy density ; W29 in Eqs. (3.41)—(3.43) is given in
Eq. (3.21). In Egs. (3.41)—(3.43), 6, is the Kronecker delta. Finally, the normalized
virtual crack extension is given in Eq. (3.39). For other interfaces, the appropriate
asymptotic expressions for the displacement field are required. As mentioned previ-
ously, for the +-30°// — 60° and —30°// + 60° interfaces, the expressions are found
in [6]; for the MD woven composite laminate, they may be found in [3].

For the +-45°// — 45° interface, the character of the solution changes. The ampli-
tude of the oscillatory, square-root singularity is related to in-plane and out-of-plane
deformations and given in Eq. (5.28); whereas, the amplitude of the square-root
singularity is K;;. Hence, Egs. (3.41)—(3.43) are replaced with

2 (2a) (1)
H1 1 akl/b 2, Bkw 8q1
K(l) _ / UF.)—I + O_}('(l)—l _ W(I,Za)5 | gy
! 24, = Jv ki Ox ki Ox, k H Ox;
(6.16)
2 (2b) QY]
H2 1 8ku. 2 8ku. 8q1
g0 _ M / GO en T o | 04
= 2A = Jv ki) 0x1 k%ij Ox1 k t Ox;
(6.17)
and
H Oru : 0
K3(1) _ / Olg}) KU, ai(j;c) kU; _kW(1.2c)5U ﬂdV.
2A1 Az Ox 0 1 X


http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_3

72 6 Methods of Calculating Stress Intensity Factors—Delaminations

Actually, Eq. (6.16) is the same as Eq. (3.41). Of course, the definitions of some of
the parameters change. As an example, H; and H, may be found in Eqgs. (5.43) and
(5.44). In those equations, ¢ is found in Egs. (5.1) and (B.117). The components of
the matrices D and W are given in Egs. (B.111)—(B.113) and (B.116). The remainder
of the quantities in Egs. (6.16)—(6.18) are defined similarly to the way in which they
were defined for other interfaces (see [5] for further details).

The thermal M-integral for all interfaces is the same as that in Eq. (3.44). The
definitions of the various parameters in the expression for MI(\,I’M) are the same as
for the three-dimensional M -integral for applied force. The difference relates to the
constitutive law and the definition of ﬂlk] The constitutive relation is given by

k0ij = kCijrs k€rs — 5519 (6.19)

where Cjj.s is the stiffness tensor which is the inverse of the compliance tensor
and ﬁfj is defined for isotropic material in Eqgs. (3.30) and (3.31). For anisotropic
material,

ﬁlkj = kCijrs kKOs (620)

where ;o5 are the components of the coefficients of thermal expansion. As an exam-
ple, for the 0°//90° interface using contracted notation,

Ba = Crioq +2Cppar (6.21)
Br = Crpaa + (Cp + Co3)ar (6.22)

where the subscripts A and T refer to quantities in the axial and transverse direction.
These expressions are for both upper and lower materials where axial and transverse
directions are interchanged.

For the +45°// — 45° interface,

[ 3Ba+Br) 0 =384 —Br)
B = Br 0 (6.23)
| sym 3(Ba+ Br)
[ 5Ba+8r) 0 3(Ba—05r)
B = Br 0 . (6.24)
L sym L(Ba+ Br)

It may be noted that the coefficients of thermal expansion for the two weaves with
yarn in the 0°/90°-directions and the +45°/ — 45°-directions are the same. Hence,
thermal curing stresses are minimal for these plies.
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6.3 Virtual Crack Closure Technique

The virtual crack closure technique was presented in Sect. 3.4 for an interface crack
between two dissimilar isotropic materials. Recently, the VCCT was extended for
the 0°//90° interface [4]. That investigation followed the formulation presented in
[2] in which the oscillatory parameter was chosen to be negative and d; was chosen
as the arbitrary parameter as explained in Sect.5.5, Eq. (5.96). In this section,
is chosen to be positive and d defined in Eq. (C.26). The formulation used in this
section relies on the development presented in Sect. 5.1. Note that the treatment here
is two-dimensional.
The modes I and II energy release rates are given by

Aa

gr = Alilllo T Ag /0 022 (x1) Auz(Aa — xy) dx; (6.25)
Aa

gu = lim azl(xl)Aul(Aa — xl) d)C1 (626)

Aa—0 2A(1 0

where Egs. (6.25) and (6.26) are obtained from Eq. (3.45) by means of a coordinate
transformation as may be seen in Fig.3.8. In the derivation, define two auxiliary
integrals

r = a X 1 a: X Auy(Aa xX1)+i Auq(Aa X dxy .
2A o 22(X] D 21X 2 1 D] 1 1 1 1

6.27)
pr = = [Vt =1 P o0 || Aunaa = x)— .| 22 duy 2 — 2y |
T_ZAa(O 070 (x1 i D2202] X1 up(Aa — xq i bi ui(Aa — xq X1

(6.28)

where D;; and D, are found in Egs. (B.37) and (B.38), respectively. Using
Egs. (6.25)—(6.28), it is possible to show that the energy release rates for modes
I and II are given by

1

G =3 lim [m(AT) + m(DT)] (6.29)
1

G = 5 lim [stcAp) —son)] . (6.30)

Substitution of Egs. (6.29) and (6.30) into (3.49) results in

G = Algizg}om(AT) . (6.31)
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It may be shown that
D2

A = ————
’ 4 cosh? e

(KT +K3) (6.32)
so that

G = Ki + K3) (6.33)

a K

where Hj is given in Eq. (5.22) and G; is given in the first term of Eq. (5.21).
By means of the imaginary components in Eq. (6.27), one may define

D Aa
7" =_— | 022 / o2 (x) Auy (Aa — x)dx (6.34)
11
) D11 Aa
AT 223\ Dy 021(x)Aur(Aa — x)dx . (6.35)

Since Ay isreal, I(A7) = 0; so that by means of Eqs. (6.27), (6.34) and (6.35), it is
possible to show that

70 =1 (6.36)
Calculation of the integral in Eq. (6.28) leads to

D -
Dy = ——2  pPK2AG%< . 6.37)
47 cosh e

One may separate Dy into real and imaginary parts as
1
N(Dr) = F(Kl2 + K2)Ccos (6.38)
1
1
I(Dy) = F(Kl2 + K3) Cssin (6.39)
1

where H, is given in Eq. (5.22), C is defined in Eq. (3.55) and

K P
X = 2tan”! (fz) +tan~! (P_I) + 2eln Aa . (6.40)
1 R

The parameter P = Py + i P; is defined in Eq. (3.54).

Following the development in Sect.3.4 for two isotropic materials, the modes
I and II energy release rates G; and G;; are obtained from Egs. (3.50) and (3.51),
respectively. The sum of these energy release rates provides the interface energy
release rate G; given in Eq. (3.49); the quotient, provides g in Eq. (3.53). The phase
angle ¢ is calculated as in Eq. (3.52), leading to the stress intensity factors K| and K,
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given in Eq. (3.47). Since there are two pairs of stress intensity factors, the criterion
in Eq. (3.56) is used to eliminate one pair. This criterion requires the crack faces to
be open.

For other interfaces, the same analysis presented here may be carried out. All
that is needed are the expressions for the traction along the interface and the crack
face displacement jumps in the neighborhood of the crack tip, meaning equations
analogous to Egs. (5.15) and (5.17). The method can be extended to three dimensions.
But very fine meshes are necessary to obtain accurate results [4].
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Chapter 7
Testing—Delamination Between
Two Dissimilar Plies

Abstract In this chapter, results are presented for the fracture toughness or criti-
cal interface energy release rate under mixed mode conditions. Deterministic and
probabilistic criteria are considered. In addition, beam type specimens which are
recommended in international standards are presented.

Keywords Beam type specimens * Brazilian disk specimen - Confidence + Cross-
ply - Failure curve + Failure surface * Fracture toughness * Probability - R-curve

In this chapter, tests performed on two multi-directional (MD) laminates will be
described. These tests follow those presented in Chap. 4. These results are considered
in Sect.7.1. In Sect. 7.2, testing of beam type specimens is discussed.

7.1 Failure of a Delamination in a Cross-Ply

Composite plies containing long fibers in an epoxy matrix prepreg AS4/3502 were
formed into a cross-ply laminate. A cross-ply laminate is one in which the fibers in
the adjacent plies form an angle of 90°. A plate of this material was fabricated and
composite strips containing a delamination formed from a Teflon film were machined.
The delamination was along the interface between two plies: either 0°//90° [10] or
+45°// —45° [11].

In Fig.7.1a, a Brazilian disk specimen containing a composite strip with three
layers, each about 4 mm wide, is shown. The layers consist of plies with fibers in the
0° and 90°-directions. A delamination is indicated along the interface between plies
whose fibers are in the 0° and 90°-directions. Partial disks of aluminum were glued
to the composite strip to complete the Brazilian disk specimens. Although the load is
applied only to the composite at various angles w, the aluminum partial disks allow
for easier handling of the specimen and accurate placement in the loading frame.
Recall that varying the angle w results in various mode mixities. The radius of the
disk is nominally 20 mm and its nominal thickness is 8 mm. In Fig. 7.1b, a variation of
the specimen in Fig.7.1a is shown. In this specimen, the inner part of the composite
strip consists of three layers with plies in the 0°, 90° and 0°-directions. Each layer
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Fig. 7.1 Brazilian disk specimens. Composite specimens containing a [0°//90°/0°] strip,
b [0°//90°/0°] strip with +45° outer stiffening layers and ¢ [0, —45, 445, 0], strip with +45°
outer stiffening layers

Table 7.1 Some effective material properties of a graphite/epoxy (AS4/3502) fiber reinforced
composite (Vy = 0.62)

E 4 (GPa) Er (GPa) G4 (GPa) VA vr aa/°C ar/°C
138 9.7 4.6 032 | 046 |—05x%x10"° [36.6x 107

is nominally 0.5 mm wide. The Teflon strip forming the delamination is between a
0° and 90° ply. There are outer plies alternating in the +45°-directions to prevent
bending of the composite plate when it was cured. In Fig.7.1c, the second interface
is shown which is between 4+45° and —45° plies. The layup is more complex than the
previous specimens. The composite consists of an inner part [0, —45, 445, 0], with
each layer of nominal width 0.54 mm with outer stiffening layers of £45° which are
about 4.05 mm wide. The 0° plies where inserted in order to prevent buckling of the
specimen.

The effective material parameters for one layer of the material were obtained
by means of the generalized method of cells [32] and are presented in Table7.1;
recall that E4 and E7 are the Young’s moduli in the axial and transverse directions,
respectively; v4 and vy are Poisson’s ratios in the axial and transverse directions,
respectively; G 4 is the axial shear modulus, Gy = E7/2(1 + vr), a4 and o are the
coefficients of thermal expansion in the axial and transverse directions, respectively.
The composite contained a fiber volume fraction, V; = 0.62.

Twenty-four specimens containing a delamination between the 0° and 90° plies
were tested with results reported in [ 10]. The normalized crack length ranged between
0.36 < a/R < 0.43, where R is the specimen radius; the specimen thickness ranged
between 7.82 mm < B < 8.20 mm; and the loading angles ranged between —10° <
w < 10°. Recall that the delamination was actually a thin notch created by a strip of
Teflon film with a thickness of about 25.4 wm. The oscillatory parameter, found from
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Egs. (5.1) and (B.44) was € = —0.03627. The composite layer in the specimens was
cured at 177 °C; so that the temperature change v was taken to be 150 °C.

The problem was treated in two dimensions. Hence, the two-dimensional M-
integral in Egs. (3.25)—(3.28) was used to determine the stress intensity factors K ff )
and K 2(f ) arising from applied loading (see [8]). The thermal curing stresses were also
accounted for following [9] and using Eq. (3.34) to obtain K l(r) and Kz(r). It may be
noted that the equations presented in Sect. 3.3.1 were for a bimaterial crack between
two isotropic materials. The M-integrals take the same form for two anisotropic
materials except that the correct constitutive law and the appropriate values for H;
are required. Employing the superposed stress intensity factors K I(T) and KZ(T), the
interface energy release rate G; and the phase angle v are calculated. The former
is obtained from Eq. (5.21) with K;;; = 0 and H; = 16.35 GPa as calculated from
Eq. (5.22); the latter is obtained from Eq. (5.25) with L =100 pm. It may be noted
that the sign of the oscillatory parameter € was taken to be negative in [10].

The failure curve presented for two isotropic materials and given in Eq. (4.1) may
be used here. The data points for this case are plotted in Fig. 7.2. It may be noted that
the data points from the specimens in Fig.7.1b fall within the scatter of those of the
type in Fig. 7.1a. The value of G;. = 26.2 N/m was found by taking the average of the
values in Eq. (2.23) for all tests with H; obtained from Eq. (5.22). The standard error
of G, is 2.3 N/m. Equation (4.1) is plotted as the black curve in Fig.7.2. The curve
which predicts a 10% probability of unexpected failure using the z-statistic may be
found by making use of Egs. (2.26), (2.27) and (2.29). The value of G}.. is found from
Eq. (2.26) with a standard deviation s = 11.5 N/m and the value of #p; 23 = 1.32,
so that K = 1.35 and G|, = 10.7 N/m. The curve in Eq. (2.27) is plotted in red in
Fig.7.2. For this curve, there is a 10% probability that the next data point will be

e Test Data
= Failure Curve
— Failure Curve - 10% t-test
— Failure Curve - 10% failure prob.,
95% confidence

VY (rad)

Fig.7.2 Failure curves and test points for the 0° //90° delamination in the graphite/epoxy AS4/3502
laminate (G, = 26.2 N/m, QTC = 10.7 N/m using the z-statistic, QTC = 5.1 N/m using the z-variate

model and Z = 100 um)
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below this curve and the specimen or structure will fail unexpectedly. Indeed, there
is one data point from the test data below the curve. For a failure curve with a 10%
probability of unexpected failure and a 95% confidence, the expression in Eq. (2.30)
is used. The value of zp; = —1.28 and 7995 = 1.64 leading to a value of K = 1.84
and G}, = 5.1 N/m. Plotting Eq. (2.27) with this value of 7. leads to the blue curve
in Fig.7.2. This time, there are no test points below the curve.

Next, the specimens with the delamination along the +45°// — 45° interface of
the graphite/epoxy AS4/3502 composite are considered [11]. In this case, the in-
plane and out-of-plane fields are coupled. Hence, three-dimensional finite element
analyses were carried out to obtain the stress intensity factors resulting from the
applied load and thermal stresses. The analyses accounted for delamination eccen-
tricity, varying layer height, specimen thickness and diameter, loading angle, and load
at failure. The three-dimensional mechanical M-integral was used to obtain K ff ),
Kéf ) and K;{) from Eqgs. (6.16)—(6.18) (see [21] for details). The stress intensity
factors resulting from the residual stresses K fr), K 3(r) and K ;r,) were also determined
(see [11]). The composite strip in the specimens was cured at 177 °C; so that the
temperature change ¢} was taken to be 150 °C. Twenty-six specimens containing a
delamination between the +45° and —45° plies were tested with results reported
in [11]. The normalized crack length a/R ~ 0.38, the thickness ranged between
7.94 mm < B < 8.17 mm and the loading angles ranged between 2° < w < 13°. It
may be noted that the crack was actually a thin notch created by a strip of Teflon film
which was about 25.4 wm thick. The oscillatory parameter, found from Egs. (5.1)
and (B.117) was € = 0.000615.

From the total stress intensity factors, values of G;, ¥ and ¢ were calculated by
means of Egs. (5.42), (5.45), and (5.46),, respectively, and plotted in Fig. 7.3a, b. The
values of H| and H, given in Eqgs. (5.43) and (5.44) are 11.46 GPa and 14.48 GPa,

@ - 4.0
2 (KN/m) [ 5,
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1.0

HH 0.5
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Fig. 7.3 Deterministic failure surface and test points for the +45°// — 45° delamination of the
graphite/epoxy AS4/3502 laminate (G = 92.4 N/m and L = 200 pm). a View as a function of ¢
and b view as a function of ¢
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respectively. It should be noted that there are 21 points along the delamination front
for each specimen. Hence, there are 546 data points. The value of G;. = 92.4 N/m
was found by taking the average of the values in Eq. (2.23) with a standard error of
1.25 N/m. It may be noted in passing that in [11], G, was given as 90.3 N/m. In that
case, the average values of K I(T) were used to calculate G .. Equation (2.25) is plotted
as the surface in Fig.7.3a, b. It may be observed that for a given specimen the data
points along the delamination front are nearly a function of ¢ with little change in .
This is a result of the dominant behavior of K| and K;; with secondary behavior for
K3. This may be seen clearly in Fig.7.3a. The failure surface behaves in the same
manner as the failure curve. For points below the surface, from a deterministic point
of view, the structure should be safe. However, failure points below the failure curve
may be observed in Fig.7.3b.

It may be noted that the 546 samples are not all independent. For each specimen,
there are 21 points along the delamination front. For eight of the specimens, points
along the delamination front intersect the failure surface. It was postulated in [11] for
these specimens that some of the points along the crack front have become critical
and drag the rest of the crack front with them as the delamination propagates. For
seven of the specimens, all of the points are above the surface; whereas for 11 of
them, all of the points are below. This behavior is considered as experimental scatter.
The specimens for which the points are all below the failure curve in Fig. 7.3 are the
troublesome ones, since one should assume that there is no failure for those values
of G;, 1 and ¢. Hence, as before, a statistical approach is taken.

First, the ¢-statistic is used which predicts a 10% probability that a G;,. value will
be unexpectedly below the surface. The value of Gy, is found by means of Eqgs. (2.26)
and (2.29) with the standard deviation s = 29.3 N/m and the value of 7y ; 545 = 1.28,
sothat K = 1.28 and G}, = 54.8 N/m. The surface in Eq. (2.28) is plotted in Fig. 7.4.
There is a 10% probability that the next data point will be below this surface; that

Fig. 7.4 Ten percent (10%) |
failure surface obtained with /| %ic (kN/m)

the z-statistic and test points / i 3.0
for the +45°// — 45° /
delamination of the IRR:
graphite/epoxy AS4/3502 || i | “412.0
laminate; (G%, = 54.8 N/m i/

and L = 200 pm) % j | 1.0 I
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is, that it will fail even though it is in the safe region. Some points from two of
the specimens are below this failure surface. Hence, as postulated in [11], all of the
specimens tested would be expected to fail based on the failure surface obtained with
the ¢-statistic. For a 10% failure surface with a 95% confidence, the expression in
Eq. (2.30) is used. The value of zp; = —1.28 and zg9.95 = 1.64 leading to a value of
K =1.38 and Gj, = 51.9 N/m. Plotting Eq. (2.28) with this value of G}, leads to a
surface similar to the one in Fig.7.4. There are still several points below the failure
surface for two specimens. Either failure surface obtained by the statistical approach
is a good choice to predict failure.

The main advantage of Brazilian disk specimens is that with one specimen and
test setup, one is able to obtain a wide range of mode mixities.

7.2 Beam Type Specimens

It is common to carry out quasi-static fracture toughness tests on composite lami-
nates with beam type specimens. These include the double cantilever beam (DCB)
specimen shown in Fig.7.5 for mode I testing; the edge notch flexure (ENF) speci-
men shown in Fig. 7.6 and the calibrated end loaded split (C-ELS) specimen shown
in Fig.7.7a for mode II testing; and the mixed mode bending (MMB) and mixed
mode end loaded split (MMELS) specimen shown in Fig. 7.8 and 7.7b, respectively,
for mixed mode deformation. In these figures aj is the initial delamination length, &
or 2h is the specimen thickness, b is the specimen width, L and / are longitudinal
length measures and c is the lever arm.
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Fig. 7.5 Double cantilever beam specimen with piano hinges
P
a,—m]
i 2h

e e

Fig. 7.6 Edge notch flexure specimen
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Fig. 7.8 Mixed mode bending specimen

For unidirectional (UD) composite material, there are two standards for the DCB
test [5, 26]. There is a standard for ENF specimens also for UD composites [7], as
well as the C-ELS specimen [27]. For mixed mode and UD composites, there is a
standard [6] making use of MMB specimens. Progress is being made to develop a
standard for the MMELS specimen, also for UD composites.

Tests have been performed on DCB specimens fabricated from both UD and MD
composites to determine the mode I energy release rate G, [4, 15-17, 23, 30, 35].In
many cases, graphite/epoxy material was tested. For a 0°//90° interface, a fracture
toughness of G;. = 140 N/m was found in [30] where the delamination propagated
along the interface. For angle ply laminates higher values were obtained because
of the damage that occurred. In [15, 16], it was found that for MD composites the
mode I fracture toughness was independent of ply orientation when the delamination
propagated along the interface. Values as low as 86 N/m were found. In reviewing
the literature, it was found in [4] that mode I initiation toughness was affected mod-
erately by the interface lay-up and delamination growth direction relative to the fiber
direction. For MD specimens it was found in [23] that as specimen width increased
the distribution of G; along the interface became more uniform. The directions of
the plies adjacent to the interface were shown to affect the G;. values.

Fracture tests reported in Sect. 7.1 were conducted with a Brazilian disk specimen
on carbon/epoxy material with 0°//90° and +45°// — 45° interfaces. The minimum
interface energy release rate was found to be 26.5 N/m for the former interface and
92.4 N/m for the latter. For the former, a two-dimensional failure curve was derived;
for the latter a three-dimensional failure surface was obtained.
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There have also been measurements of fracture toughness for woven composites.
As a result of the interlaced yarn, woven composites produce complicated fracture
mechanisms. The fracture toughness of a woven composite depends on the deforma-
tion type, the weave pattern, the fabric geometry and process, the volume fraction of
the fibers and the crack propagation direction. Values of G;. may be obtained by con-
ducting mode I fracture tests, although these may produce small shear components
for MD lay-ups.

Toughness tests on woven composites with all plies in the same directions were
reported in [2, 3, 13, 22, 29, 31]. Both carbon/epoxy and glass/epoxy woven mate-
rials were considered. In addition to mode II and mixed mode tests, DCB specimens
were tested in [2, 3]. For the latter, R-curve behavior was found for SH-satin speci-
mens made with carbon fibers. The behavior was influenced by the direction of the
delamination relative to the warp and weft directions. Two DCB specimen sets con-
sisting of plain weave E-glass/epoxy were tested in [29]. In one set, the fibers were in
the 0°/90° directions, and in the other set, the weave was rotated by 45° in the plane
with respect to the loading direction. Values of G, were less for the rotated laminate.
In [22], SH-satin carbon/epoxy woven DCB specimens were tested. It was found that
higher fiber volume fraction and more transverse tows along the delamination plane
result in higher fracture toughness. DCB specimens were tested in [13] to investigate
the fracture behavior of E-glass woven fabric composites. The weave was unbalanced
with 55% of the fibers in the warp direction and 45% in the weft direction. There
was great variability between the results. Tests were carried out for multi-directional
woven composites in [34]. The material was a crowsfoot satin woven fabric glass rein-
forced epoxy. DCB specimens with different stacking sequences including the fol-
lowing delamination interfaces were tested: between 0° /90° and 6/(6 + 90°) weaves,
and between 6/(0 + 90°) and —6/(—6 + 90°) weaves. It was observed that the G,
values for delamination initiation for the 0°/90° and 6/(6 + 90°) were independent
of 6.

In [12], quasi-static fracture toughness tests were carried out on DCB, MD, woven
composite specimens containing a delamination. The load P is applied through the
piano hinges. Each ply in the specimen is a balanced plain weave of carbon fiber yarn
in an epoxy matrix. For woven composites, a balanced weave is composed of yarn
which has the same fiber volume fraction in the weft and warp directions. The plies
are laid up so that they alternate between a 0°/90° and a +-45°/ — 45° weave. There
are 15 plies with the delamination located between the seventh and eighth plies.
Thus, the interface is between a 0°/90° weave and a +45°/ — 45° weave. Each of
these plies is taken to be effectively anisotropic and hence tetragonal.

The fibers in the composite were carbon T300 which are transversely isotropic;
hence, they are described by five independent elastic constants and two thermal
constants. These include E4 and Ey which are the axial and transverse Young’s
moduli, respectively, 4 and v, the axial and transverse Poisson’s ratios, respectively,
G 4, the axial shear modulus and the transverse shear modulus, Gy = E7/2(1 + vr).
The thermal properties are a4 and o, respectively, the axial and transverse thermal
coefficients of expansion. The epoxy matrix is 913 which is isotropic and described
by two independent elastic constants: Young’s modulus E, Poisson’s ratio v and
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Table 7.2 Mechanical properties for T300 [28]; for epoxy 913 [38]. Thermal properties for T300
and epoxy 913 [14, 37]

Material E4 (GPa) | Ep (GPa) | G4 (GPa) | va | vr | ap (x107%/°C) | ar (x1076/°C)
Graphite T300 | 230 8 273 026 | 030 | —0.41 10.08
Epoxy 913 3.4 0.41 43.92

Table 7.3 Mechanical properties of the woven composite measured by Israel Aerospace Industries
[20]

Ey = E33 (GPa) G13 (GPa) V13
59.6 3.9 0.07

the coefficient of thermal expansion «.. Their mechanical and thermal properties are
presented in Table7.2. There is a range of properties in the literature for carbon
T300. The mechanical properties of the T300 carbon fibers may be found in [28];
those of epoxy were taken from [38]. The axial CTE of the T300 carbon is given
in the Torayka data sheet [37]; its transverse component was taken from [14]. For
the epoxy, the value given for three other epoxies in [14] was taken for the epoxy
913. The fiber volume fraction for this material was not obtained experimentally.
The material was produced by Hexcel with an apparent fiber volume fraction within
the weave of 51% [24].

Each ply in the specimen is a balanced, plain weave; a sketch of the 0°/90° layer
is shown in Fig. 5.2. Mechanical properties measured by Israel Aerospace Industries
(IAI, [20]) are presented in Table7.3. The subscripts on the mechanical properties
are with reference to the coordinate system in Fig.5.2. Note that the x,-coordinate
is perpendicular to the plane of the weave.

The mechanical and thermal properties were calculated by means of HFGMC
(for details of the method see [1, 18]). To achieve this value, it was assumed that the
fiber volume fraction within the yarn is 63% and the yarn volume fraction within
the weave is 81%. Multiplying these together gives the desired fiber volume fraction
of 51% within the weave. In addition, measurements were made of the geometric
properties of the weave. The parameters are shown in Fig.5.2 where « is the yarn
width, g is the distance between yarns and 4 is the thickness of a ply. They were taken
asa = 1.7mm, g = 0.4 mm and &7 = 0.24 mm. Using the mechanical properties in
Table 7.2 and the geometrical parameters as input into the HFGMC Graphical User
Interface [18] produced the mechanical properties shown in Table 7.4. In Table 7.4,
E = E3;3 are the Young’s moduli in the x| and x3-directions, respectively, that is,
the in-plane elastic moduli (see Fig.5.2); Ey, is the out-of-plane Young’s modulus;
G 13 is the in-plane shear modulus and G,3 = G5 are the out-of-plane shear moduli;
v13 is the in-plane Poisson’s ratio and 1,3 = 15| are the out-of-plane Poisson’s ratios.
Note that
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Table 7.4 Mechanical properties of the plain woven composites (Vy = 0.51)

Ply type Ey1 = E33 (GPa) | Ex (GPa) | Gi3(GPa) | Ga3 = G2 (GPa) | vi3 V3 =12
0°/90° 57.3 7.6 3.9 2.5 0.04 0.07
+45°/ —45° 13.6 7.6 27.6 2.5 0.77 0.07
Effective mater-| 41.2 7.6 15.7 2.5 0.31 0.07
ial
Ui Vi
- (7.1)
Eii  Ejj

where summation is not implied. The ply type which is denoted as 0° /90° is the weave
as shown in Fig. 5.2. It may be observed in Table 7.4 that the material in this direction
is tetragonal, so that there are six independent elastic constants. Comparison may
be made to values which were measured and presented in Table7.3. The in-plane
Young’s moduli differ by less than 4%; the in-plane shear moduli agree; and there
are great differences between the Poisson’s ratios. It may be noted that this is a
very small quantity and difficult to measure. In the specimens, there are also plies
in the +45°/ — 45° direction. By rotating the properties about the x;-axis in Fig.5.2
by 45°, they are obtained as shown in Table 7.4; this ply is also represented by six
independent mechanical properties. In the finite element model, two plies on each
side of the delamination are modeled with these properties. In addition, to save
on computational resources, effective properties of the woven laminate are found
and presented in Table 7.4. This material is quasi-isotropic in the x;—x3 plane. As
expected, the CTEs in the x| and x3-directions are identical. Hence, thermal residual
stresses caused by curing and minimalized.

Eight delamination toughness tests were carried out on DCB specimens. The
specimens were fabricated by IAl The tests were performed in the spirit of the
ASTM standard D5528 [5]. Details may be found in [12]. Further testing of five
DCB specimens was presented in [36] with an updated test protocol. Results for a
Gig-curve from that study are presented in Fig.7.9. The numbers of each specimen
are given in the figure; FT represents fracture toughness, the second number 03
or 04 represents the batch number; the third number represents the number in the
test series. In Fig. 7.9, the results of the five fracture toughness tests are presented
with respect to the delamination growth from the Teflon insert front Aa = a — ay,
showing that the test results for both batches share the same scatter. Furthermore,
a clear R-curve behavior may be observed. According to [5] for UD laminates, as
the delamination grows from the insert, the fracture toughness values will initially
increase monotonically reaching a plateau. However, when examining the results
of mode I fracture toughness tests preformed on specimens with an MD layup, it
appears that this stable phase is not always reached (see [33]). Nonetheless, the
fracture toughness results of the tests presented here exhibit the typical behavior
previously observed for UD composites. It should be noted that Fig. 7.9 is similar to
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Fig. 7.9 Fracture toughness test results and R-curve behavior [36]

Table 7.5 Average fracture toughness values for all specimens shown in Fig.7.9

Phase Aa (mm) Gir (N/m)

Initial 0 508

Monotonic rise 0< Aa <10 586 + 27(Aa)%-0
Stable 10 < Aa 711

the figure given in [19], marking the initiation of the plateau region with 1 standard
deviation boundary lines.

It appears that in the case of the specimens from batch 4, an initial phase was
also present. This initial phase is defined as the fracture toughness obtained for an
artificial delamination formed by the Teflon insert. The G,z values for this phase
were significantly lower than that found for the other phases, as may be observed
in Fig.7.9 for specimens FT04-01 and FT04-02 at Aa = 0. Lower values may be
related to the presence of resin pockets near the insert edge. Note that the Teflon insert
thickness used here was nominally 25.4 wm, while the ASTM D-5528-13 standard
[5] prescribes the insert thickness to be no greater than 13 wm. A summary of the
results for the three phases is presented in Table7.5. The fracture toughness values
for Aa = 0 and Aa > 10 are average values. The fracture toughness values for the
range 0 < Aa < 10 are presented using a power-like law.

The eight mode I fracture toughness tests which were reported in [12] were
carried out on batch 1 of the same material described above. For that batch, the
Gr values were higher. For example, for Aa = 0, G;zx = 670 N/m as compared to
Gir = 508 N/m, for batches 3 and 4. It is known that different batches of the same
material produce different properties. Moreover, the environmental conditions in the
earlier study, were not well controlled.

Fatigue delamination propagation tests were carried out on DCB specimens fab-
ricated from this material. Results may be found in [25, 36].
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Appendix A

Stress and Displacement Functions

for the First Term of the Asymptotic
Expansion of an Interface Crack Between
Two Linear Elastic, Homogeneous

and Isotropic Materials

The stress and displacement functions for the first term of the asymptotic expansion
of an interface crack between two linear elastic, homogeneous and isotropic mate-
rials are presented here. For material (1), the upper material, the stress functions in
Eq. (2.1) are given by [1]

0
0 _ . _ _—(a—0) v
1210, e) = P [[51nh(7r 0)e — e ] cos 5
1 - 36 30
+ Eef(”’% sin 6 [sin 5~ 2¢e cos ?i| ] (A.1)
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22(5) @,¢) =
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For the upper material, the out-of-plane stress functions in Eq. (2.5) are given by
(111) 0
() = —sin — (A7)
2
0
1 28 (@) = cos 5 (A.8)

For material (1), the upper material, the displacement functions in Eq. (2.6) are
given by
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where p) is the shear modulus of the upper material and «; is defined in Eq. (2.4).
For the upper material, the out-of-plane displacement in Eq. (2.7) is given by

2 .0
WU = Zsin > (A.13)

For material (2), the lower material, replace m with —7 in Egs. (A.1)—(A.6) and
(A.9)—-(A.12). In addition, replace y; by u, and k1 by x, in Egs. (A.9)—(A.13).
Reference

1. Deng X (1993) General crack-tip fields for stationary and steadily growing interface cracks in
anisotropic bimaterials. J Appl Mech 60:183-189
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Appendix B

Matrices Ay, B; and B,:l for Different
Anisotropic Material Pairs

In this appendix, the matrices Ay, By and B;l which appear in Eq. (5.6) and are
employed to calculate the oscillating part of the singularity ¢ in Eq. (5.1) are pre-
sented. They are also used to obtain the asymptotic expressions for the stress function
and displacement vectors given in Egs. (C.13)—(C.20). The subscript k represents the
upper and lower materials, 1 and 2, respectively.

Following [5] (pp. 170-171), the complex 3 x 3 matrices A, B and B™! are
presented here for a general anisotropic material. The subscript k has been omitted.
The components in the matrices take on the values of the upper and lower materials
where appropriate. The matrix A is given by

ki&1(p1) k2&1(p2) ksni(p3)
A= | kip'&(p) kopy ' &(p2) kspy ' (pa) |, (B.1)
kipy ' ea(p1) kapy ' a(pa) ksps 'na(ps)

where fora =1,2,4and 5 = 1,2

£a(Pp) = P5Stn — PoSis + Sir + As(Pashs — s54) (B.2)
Na(P3) = A3(P3shy — P3She + Sha) + (P3Shs — Shy) - (B.3)

For a general anisotropic material, there are 21 independent compliance coefficients
which may be written in contracted form as a 6 X 6 matrix s.3, o, 6 = 1, ..., 6.
These coefficients may be written in a reduced form as

Sa3533
/ 323 /
Sag = Sap — = S3q (B.4)

§33

© The Author(s) 2018 93
L. Banks-Sills, Interface Fracture and Delaminations in Composite Materials,
SpringerBriefs in Structural Mechanics, DOI 10.1007/978-3-319-60327-8


http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5

94 Appendix B: Matrices Ay, By and B,:l for Different Anisotropic ...
where s/ ; = s}, = 0. The parameters )\; are given as

U(pp)  La(pp)

= — = — , for g=1,2 (B.5)

£(pp) 43(pp)

£(p3) 43(p3)
3=_2P3 :_3173. (B.6)

43(p3) L4(p3)

The sextic functions ¢;, i = 2, 3, 4, are defined as

O = sksp® — 2s4sp + sy (B.7)
O = s1sp> — (s}, + sh) p* + (shs + $46) P — Shy (B.8)
Oy =7, pt = 2516p” + (2], + st6) P — 25he P + 53y - (B.9)

The eigenvalues p for each material are found as solutions of the sextic equation

£ (p)a(p) — L3(p)s(p) =0. (B.10)

It has been shown that Eq. (B.10) has three complex conjugate solutions. The three
solutions with a positive imaginary part are taken in the expressions presented above.
The normalization factors ky, k, and k3 are not required in the calculations. For each
fiber direction, the matrix A in Eq. (B.1) is obtained by substitution of the various
parameters found for that material direction.

The matrix B is given by

—kip1 —kaps —k3p3 s
B = ki ks k3 (B.11)
—ki\i —kaXy  —k3
and
—k (1= MA3) =k (P2 — MaAsps) —ki ' As(p2 — ps)
B! = % k(1= XMA3) k3 N(pr— Midaps) k3 ' As(pr—p3) | (B12)
k'O =) k3 (Aipa — Xap)) —ki ' (p1— p2)

where
A=pi—pr+ M p2—opr — p3(A = )] . (B.13)

In the following sections, explicit expressions for the matrices are presented for
materials with fibers in different directions. The matrices are related to the mechanical
properties of each material.
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B.1 The 0°/90° Pair

In this section, the matrices are presented for the 0°//90° interface. Each of the
materials is transversely isotropic with respect to the delamination front coordinates
in Fig.2.1. For the upper material with k = 1, the fibers are in the x;-direction. The
compliance matrix is given by

-1 . _
B S R
Ey, Ey Ey
1 —UT
— —— 0 0 O
Er Er
1
N — 0 0 0
s = Er ) ) (B.14)
— 0 0
Gr :
S — 0
ym Ga
1
L Ga |

The mechanical properties E4, Er, G4, G, v4 and vr are the Young’s moduli
in the axial and transverse directions, respectively, the shear moduli in the axial
and transverse directions, respectively, and the axial and transverse Poisson’s ratios.
Since the material is transversely isotropic,

Er

Gr= ——.
"7 200 +vp)

(B.15)

For the lower material, Eq. (B.14) is rotated by 90° about the x,-axis. For the upper
material, the reduced compliance coefficients in Eq. (B.4) are given by

E 1
/(1) 2 LT
S = (1 — VAZ) E—A (B16)
sl = s\ = —(1 4 vp) 2 (B.17)
E,4
2
(1) (1 —vp)
= I B.18
52 Er ( )
, 2(1
g = 204 vn) (B.19)
Er
1
/(1) /(1)
S55° = Sg6 = G_A . (B20)

All other compliance coefficients are zero.
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Regarding the eigenvalues of the compatibility equations p; (j = 1.2.3), it may
be observed that £3(p) = 0 in Eq. (B.8), and solution of Eq. (B.10) leads to

p) =il j=1.2.73 (B.21)

where ﬁ?l) are three positive real quantities. They are given by

/(1 /(1 /(1 /l /(1) /(1
Csif + 540 7 51+ 5302 — i)

1) _
Bir = D (B.22)
11
(B.23)
For the upper material k = 1, the matrix A; in Eq. (B.1) is given by
W 4 ,m2 (1) m f ,m ,m2 FO)
ky (11 1 Siz) ky (11 2 512) 0
ik(ll o) M HH2 lk2 o) M 2
A =— ﬂ_;n(Sﬁz —si By ) 5(2” (séz =512 B, ) 0 . (B.24)
ku) o)
0 0 Z(,)
3

where k;]), Jj = 1,2, 3, are normalization factors for the upper material which are
not necessary in the calculations.
The matrix B, from Eq. (B.11) is given by

—ik}”ﬁ}” _ ké”ﬂ(” 0
B = kD k) 0 |: (B.25)
0 (R

whereas, its inverse from Eq. (B.12) is given by

S .
- 2 0
1
kY kD
1 1 i o
B, — 0 . (B.26)
1 5(1) ﬂ(l) k;l) kél)
0 - g
0 0o -2 L
(1)
L k3 -

For the lower material, the axial direction coincides with the x3-direction. The
mechanical properties E4, E7, G 4, G7,v4 and vy are taken to be the same as for the
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upper material; but they are in different coordinate directions. It turns out that this
material is mathematically degenerate. It has three identical complex eigenvalues

pﬁz) = i where the subscript j = 1, 2, 3, so that

@ _gd _g® 1. (B.27)

To determine the stress and displacement fields, matrices alternative to A, and B,
are required; these are A}, and B). Since

AB ' = A'B!, (B.28)

it is possible to calculate € with the aid of Eq. (5.6). On the other hand, one may
determine A, B, ! without calculating the individual matrices (see [5], p. 173).

Nonetheless, the primed matrices are presented. To obtain them, an orthogonal-
ization procedure was employed; for details see [5], pp. 489—492 and [6]. They are
found to be

@ (. /@) .1 (2) /@) el
ky (511 _512) —iky “(511 _SIZ) 0

A’2 = ik?) (Si? _ Sig)) _k?)“ (Si? _ si(;)) 0 , (B.29)
0 0 ik?sly
iky k"0
B 1<2) 21 .1 @)
b=~k —Liky o |, (B.30)
0 0 —k; |
and
—1 -1 7
2k 2k
|
B ' =| 5 & (B.31)
k'K |
b

The reduced compliance components are given as

@ e 1 » Er
S;p =8, = —(1—-v

Er AEL

1 E
s{(;) = —— (Z/T + Vf\ —T)
Er Ey (B.32)
/@) /@)
Saq = Ss5

A
/) 2(1+vr)

Ky =
66 Er
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and (2) (2)
3511 + 51
=——7 (B.33)
566
Recall that s, = 2(s|; — |5 ). The normalization factors k\” and k{” are again

unnecessary for determining both 3 in Eq. (5.2) and the stress and displacement
fields.
For both materials, using Egs. (B.24), (B.26), (B.29) and (B.31), as well as (B.27),

one may write
Ko *) ) G /)
I8 (/61 52) _(\/Sn $y + 12) 0
— AkB71 = ) ) *) ® b [ % * (B.34)
k 7 o / A .
5182 S, I\ 811 5 (/61 + 5, ) 0

,(A) *)
0 0 S55 P3

where k = 1,2 represents the upper and lower materials, respectively. Equa-
tion (B.34) is in a unified form for both materials.

The matrices A}, B} and B, ™' may be written in a different form as in [1]. But
the expression for AkB,jl in Eq. (B.34) remains the same as in [1] for both the upper
and lower materials although in a different form.

From Eq. (B.34), it is possible by means of Eq. (5.6) to obtain

QR o
~1
L' = 0 S|y sy (ﬂi“ +5§”) o |- (B.35)
(k) (k)
0 0 855 3

Recall that L,:l is real. Substituting Eq. (B.35) into (5.4) leads to

2
Z /(kl (5(1k) ﬁ;k)) 0 0
B 2
D= 0 s 51 s (ﬂj“ + 5(2“) 0 . (B36)
- 2 k) k)
0 0 ;sg‘s N

The individual components of D may be found as

Er (1) +ﬁ(l)
Di=({1- B.37
11 ( AEA) |: L +— ET ( )
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E; ﬁ(l)ﬁ(l)(ﬁ(l) + ﬁ(l)) )
Dy =|(1-12=2 L2 2 = B.38
2 ( vy EA) |: E, + E, ( )
_ 1 (1)
D = &= (1 + ) . (B.39)

Since the matrix D is positive definite [5] (p. 344), it may be shown that
D]l, D22, D33 > 0 . (B40)

These expressions differ in appearance from those in [1]; but are equivalent.
Recalling that Sy is real, from Eqgs. (5.6) and (B.34), it is possible to write

o (i est) 0
-1 _
Sl = (/si?sé‘;‘ﬂig)) ol - (B.41)

0 0 0
Substituting Eq. (B.41) into (5.5) leads to
0 WO
W=| -W; 0 0 (B.42)
0 0 0
where
VA 1 , Er 1 (- 1/%)
Wi =(1 —F+—({l-vr—-2vy— ) ———+——">-. (BA43
12 =( +VT)EA + £ ( vr =20, EA) 3030 Er (B.43)

For the effective mechanical properties of the carbon/epoxy composite considered
in [1], W12 > 0.
From Egs. (5.2)—(5.5), it is possible to show that

Wiz
B= 2 (B.44)
~/D11D2

which is substituted into Eq. (5.1) to obtain the oscillatory parameter €.

B.2 The 4+45°/ — 45° Pair

In this section, the matrices Ay, B; and B,:l which appear in Eq. (5.6) are presented
for the +45°// — 45° interface. Each of the materials is transversely isotropic with


http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
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respect to the material coordinates. With respect to the delamination front coordinates

in Fig. 2.1, the materials are monoclinic with x, = 0 a symmetry plane [3].

In general, there are thirteen independent compliance components. For these mate-
rial directions there are only nine independent properties, although the compliance
matrix has the form of a monoclinic material. To obtain the compliance components,
the matrix in Eq. (B.14) is rotated by 45° about the x,-axis. To this end, the transpose
of the inverse rotation matrix is given by [5] (pp. 54-56)

(k) =

where T denotes transpose

T m2 0 n?2 0 mn

O 1 0 0 o
n2 0 m* 0

0O 0 0 m O

—mn

—2mn 0 2mn 0 m?—n

0O 0 0 n O

m = cos 6

n=sinf .

The compliance matrix may be rotated as

s = (K_I)Ts K'.

—n

20

m

(B.45)

(B.46)
(B.47)

(B.48)

Using Eq. (B.48) with § = 45° leads to the compliance coefficients for the upper

material as

¢ — s(l) _

1 =833 = +

1)

1 _
Si5 =

(1)

Sy =

n _
S5 =

(D
S44

1 1% 1%
()] A T
12 523 2 (E4 ET)

1 _
Si3 =

Er
VA vr
Ex Er

(B.49)

(B.50)

(B.51)

(B.52)

(B.53)

(B.54)

(B.55)
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ool 1
6 T o2\Gr Gy

142 1
Wt

101

(B.56)

(B.57)

Of course, the matrix s, is symmetric and sj4 = S = S24 = Sz = S34 = S36 =
545 = 56 = 0. For the lower material, the compliance matrix in Eq. (B.14) is rotated
by —45° about the x,-axis. The compliance matrix is the same as that of the upper

material except that

2 _ (1)

S1s = 815
S
2= st
N

(B.58)
(B.59)
(B.60)
(B.61)

Next, the matrices Ay, B, and B,:l are presented with omission of the normaliza-
tion factors since they do not appear in the final results. For both materials, using

Egq. (B.1)

Ay = Bi[s506) —s1,] + 51,
A = B[00 — sty ] + 51
i

T 5,008

Az

5

s )
[ﬁ — Basyy | +i03s)s
3

. S, /
Ay =if [512 — % — 515835 Q(ﬁl)i|
i

5

. SI
Ay = lﬁg |:S12 — % — Si5sé5Q(ﬁZ)i|
2

g

s S5
Ay = ——L2 2
5150(83)

Az = _34/16 + Sisde(ﬁl)
Az = _546 + 51554/;4Q(ﬂ2)

i s
A = — |5/ — ¢i|
S [S““ 5150(B3)

S{jﬁ%Q(ﬁ%)

!
+ 855

(B.62)
(B.63)

(B.64)

(B.65)

(B.66)

(B.67)

(B.68)
(B.69)

(B.70)

where the reduced compliance coefficients are found from Eqs. (B.4) and (B.49)—
(B.61). The material eigenvalues for both materials are the same and in the form

p1=1iB,

pr=if, p3=iB

(B.71)
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where f3; is real and positive. They are found from the sextic equation, Eq. (B.10),
where, here,

by = sisp* + s)y (B.72)
€3 = s{5p” + (shs + s4g) P (B.73)
by =51, p* + Q2s], + stg) P+ by (B.74)

Equation (B.10) is a cubic equation in p?. In Egs. (B.62)—~(B.70),

She + s,
5]2 25s15 46
0B) = ———7— . (B.75)
! 355512' — Sy

It may be noted that Q has units of inverse compliance.
As a result of the Eqgs. (B.58)—(B.61),

s1e) = —s15’ (B.76)
5D = —g (B.77)
sie) = —sig) . (B.78)

Equations (B.76)—(B.78) are obtained by means of Eq. (B.4). The remainder of the
reduced compliance coefficients for the upper and lower materials are identical.
Moreover, Q(f;) is the same for the upper and lower materials. In addition,

AG =-al) (B.79)
AR = —A (B.80)
A = —Af) (B.81)
AY) = —AY) (B.82)

where the superscripts (1) and (2), denote the upper and lower materials, respectively.
Other components of A, are identical to those of A;.
The components of the matrix By for both materials are found from Eq. (B.11) as

By = —if (B.83)
Bi = —if (B.84)
1

Bjy— —— B.85

P 5500 (B85
By =1 (B.86)
By =1 (B.87)
Byy= —— (B.88)

515030(53)
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B3 = isi551Q(Bh) (B.89)
B3, = is155,0(53) (B.90)
By =—1. (B.91)
It may be noted that
B® = —BY (B.92)
BS = —BY (B.93)
BY = —B{) (B.94)
BY = —BY) . (B.95)

The components of the matrix Bk_' are found from Eq. (B.12) as

_ 1 [5:0(6)

Byl =— -1 B.96
. [63Q<53> } (B.96)

Bl i52 |:Q(ﬁ2) B 1} B.97
12 A LO(B3) ( )
_ L[ B—05s }

Byl = | ——= B.98
137 A 51550(6s) (B.98)
- L[ 51Q(ﬁ1)}

By'=—— |1~ B.99
T AL BO0B) ( )

g = B [1 - Q(ﬂl)} B.100
2= A LT 00 (B-100)
_ 1 Bs — B }

Byl = — B.101
BT A LsisB0(8s) ( )

By = lsi[ﬁzQ(ﬁz) - 50| (B.102)

By, = s”ﬁ 182 [0B) — 03] (B.103)

By = A—l(ﬁz — 1) (B.104)

where
By ' =B (B.105)
By = —B3 (B.106)
BO1 = _p@- (B.107)

BY ' =—BY! (B.108)
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and

n iB15[Q(B1) — 0(B)] —iBs[B1 QB — B0(B)]

A =i(6 - B) B30(53)

(B.109)

For the upper and lower materials, the 3 x 3 matrices —AkBk_1 may be found
from the expressions in Egs. (B.62)—(B.70), (B.79)—(B.82), and (B.96)—(B.108). By
means of Eq. (5.6), it is possible to determine SkL,:1 and L,:l. From Egs. (5.4) and
(5.5), the two matrices D and W are found. The matrix D is given by

Dy 0 0
D=| 0 D»n 0 (B.110)
0 0 Dsy

where

!’

2s
Dy = =1 ’51 + 5+

B152 [ﬁzQ(ﬁﬂ—ﬁlQ(ﬁz)}

A B3(B1 + B2) Q(83)
B |:51Q(51) —ﬂzQ(ﬂz)”
B1— B 0(8)
LB [ﬂ%Q(ﬁz) — B0 | B QB0
A B1— B B3 0(B)
2 _[som —ﬂzQ(ﬂz)]] (B.111)
B — B2
D, = 22 {51 +5 B [Q(m) - Q(ﬂz)]
P an T RG-m L 0B
B 1 BLO(BY) —5§Q(ﬁz)“
516> (5r — o) [ 0(3s) (B.112)
Das — 25_4/14{ 1 [@Q(ﬁl)—ﬁlQ(ﬁz)]
PTTA | BG- B 0(%s)
1 [oB)—0B], 1
- — 113
51—52[ 05 %m] 11
and
1
A=1+ 531 — B2 0 Ba) [ﬂlﬂz[Q(ﬁl) - 0(A)]

—Bs[B0B) — 52Q(62)]] . (B.114)
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The matrix W is given by
0 0 0
W=([0 0 Wy (B.115)
0—-Wy 0
where
2s) 1 - 1
W3 = 255" — ,5)22 L _] : (B.116)
sis A B3 Q(53) 132 B3
From Egs. (5.2)—(5.5), it is possible to show that
| Was|
B= —2 (B.117)
~/ D2 D33

which is substituted into Eq. (5.1) to obtain the oscillatory parameter ¢.

B.3 The 430°/ — 60° Pair and the —30°/ + 60° Pair

In this section, the matrices Ay, By and B,jl which appear in Eq. (5.6) are presented
for the +30°// — 60° and —30°// + 60° interfaces. As with the +45°// — 45° inter-
face, each of the materials described in this section is transversely isotropic with
respect to the material coordinates with the compliance matrix given in Eq. (B.14).
With respect to the delamination front coordinates given in Fig. 2.1, the materials are
monoclinic with x, = 0 a symmetry plane. For each material, there are 13 indepen-
dent compliance coefficients. For the material with fibers in the +30°-direction, the
matrix in Eq. (B.14) is rotated by +30° clockwise about the x,-axis. Using § = 30°
in Egs. (B.45) and (B.48) leads to

1 [33—2v4) 1 3
o)
s = |22 =) © L 2 B.118
U [ E. B GA] .
1 /3v v
1) A T
L (L B.119
12 4 (EA * ET) ( :
1 [3—-10v 3 3
(1 A
_ L o2 B.120
13 = 16 [ E * Er GA:| ( :
S<1>:_‘/_§ 34w, 11 (B.121)
15 8 E, Er Gy
1
S%) _ 5 (B.122)

1 1% 3V
(1) A T
— — 4+ — B.123
Sy = A (EA ET) ( )
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3
5p5 = V3 (VA VT) (B.124)

2 \Ex Er
s“):i ﬂ+3 i+L (B.125)
B T16 | Eg Er Gy '
o V3[1-2v, 3 1
_ v 24 B.126
535 8 [ Ex  Er | Ga (B.126)
sﬂ) = l i + L (B.127)
4\Gr ' Gy
m_V3(1 1
Vo (Lt B.128
4 =g (GT Ga (B.128)
3142y 1 1
(H A
_> - B.129
%55 T g [ Ex B 3GJ (B.129)
=1L + 3 (B.130)
6 7 4\Gr Gg

Of course, the matrix s((ll} is symmetric and 5|, = sfé) =53 = séé) = nglx) = séé) =

(1) (1)
Sy5 =856 = 0.

5For tilﬁe lower material with fibers in the —60°-direction, the compliance matrix
in Eq. (B.14) requires rotation by —60° with respect to the x;-axis. Making use
of Egs. (B.45) and (B.48), the compliance matrices were obtained for § = —60°,
0 = —30° and 6 = 60°.

In order to determine the eigenvalues of the material, Eq. (B.10) is solved with
Lr(p), €3(p) and £4(p) given in Egs. (B.72), (B.73) and (B.74), respectively. The
reduced compliance coefficients may be found by means of Eq. (B.4). For the carbon
fiber reinforced material AS4-3502 used in [4], the eigenvalues take the form given
in Eq. (B.71) for all materials in this section. In fact, the eigenvalues are the same for
the material with fibers in either the 4+6 or —@ directions. The mechanical properties
of this material are given in Table7.1.

The complex 3 x 3 matrix A is given in Eq. (B.1) where Egs. (B.2)—(B.3) have
been replaced by

Ea(Ps) = P3Sty + Sta + AsPasis (B.131)
§4(pp) = —PpSis — AsSyy (B.132)
Na(P3) = A3(P3shy + Sho) + Pasis (B.133)
n4(P3) = —A3P3846 — Sy (B.134)

for v, 3 = 1, 2 and the parameters A; (j = 1, 2, 3) are given in Egs. (B.5) and (B.6).
The functions ¢;, i = 2,3, 4, are given in Eqs. (B.72)—(B.74). The normalization
factors ki, k, and k3 are not required in the calculations. For each fiber direction, the
matrix A in Eq. (B.1) is obtained by substitution of the various parameters found for


http://dx.doi.org/10.1007/978-3-319-60327-8_7
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that material direction. The matrix B for each fiber direction is given in Eq. (B.11)
and its inverse is given in Eq. (B.12).

For the upper and lower materials of each interface, the 3 x 3 matrices —A;(B,:1
may be found by multiplying the two matrices Eqgs. (B.1) and (B.12). By means of
Eq. (5.6), it is possible to determine SkL,:1 and L,:l. From Egs. (5.4) and (5.5), the
two matrices D and W are found. The matrix D is given by

Dy; 0 Dy
D=| 0 Dn O (B.135)
Dz 0 Ds3
and its inverse is
D33z 0 —Dy3
1
p'=—| o £ o (B.136)
0 Dy
-Di3 0 Dy
where
Q0 = Dy Dy; — Di; . (B.137)

Since D! is positive definite, Q > 0. The matrix W is given by

0 Wip 0
W=|-Wyp 0 Wy|. (B.138)
0 —Wy 0

The matrix S is obtained by means of Eq. (5.3), and given as

0 D33Wi + D13 Was 0
$— 1 _OWp

0 OWas | (B.139)
Q Dzz D22

0 —DiWi+DWy3) 0

The parameter 3 may be calculated by substituting Eq. (B.139) into (5.2) to obtain

1
D W2 +2D;3WiaWas + D3 W2 |
52{ nWs+ 13Wi2Wo3 + D33 12] . (B.140)

Dy (D1 D33 — D%3)

In Eq. (B.140), it may be seen that the quantity within the curly brackets is real [5]
(pp- 179-180, 282-283, 344). A real value for 3 is obtained when the numerator and


http://dx.doi.org/10.1007/978-3-319-60327-8_5
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denominator are of the same sign. Since [ is real and the denominator is positive,
the numerator must be positive as well, namely

Dy W3 +2D;3WiaWas + D3 Wi, > 0. (B.141)

The value of [ is substituted into Eq. (5.1) to obtain the oscillatory parameter &.

B.4 Multi-directional Woven Material

In this section, a multi-directional (MD) composite consisting of plies of a plain,
balanced weave are considered. The upper ply has fibers in the 0° and 90°-directions.
The lower ply is obtained by rotating the ply about the x,-axis by 45° so that it has
fibers in the +45° and —45°-directions. For the upper material with k = 1 (see
Fig.2.1), the compliance matrix is given by

S B -
b 14V) V13 0 0 0
Ey En Ep
! 0 0
Ey» Ey
1
o — 0 0 0
s = Ey 1 (B.142)
— 0 0
G )
sym — 0
G
B
L G |

The compliance matrix for the lower material may be found by rotating that in
Eq. (B.142) by 45° about the x;-axis using Egs. (B.45) and (B.48). The components
are given by

@_.o_1l-w 1

= =+ g (B.143)
s? =59 = —%21 (B.144)
s = lz_T:B - 4(1’;13 (B.145)
55 = ! (B.146)

Ex
1
s =5 = o (B.147)
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@  2(1+wvi3)
e

- (B.148)
55 Ell

2

Of course, the matrix s, 3 is symmetric with the same zero entries as in Eq. (B.142).
It may be observed that this material is also tetragonal.

The material eigenvalues may be found from Eq. (B.10) where

€ = sksp* +s), (B.149)
t3=0 (B.150)
by =51, p" + Q2s)y + st) PP+ sy (B.151)

and s/, 5 are the reduced compliance coefficients in Eq. (B.4) for each material. So
that p; are given in Eq. (B.21) for the specific material studied in [2] and described
in Sects. 5.4 and 7.2. The expressions for 3; for both upper and lower materials take
the form given in Eqgs. (B.22) and (B.23).

Matrices Ay, B; and Bk_l may be found in Eqgs. (B.24), (B.25) and (B.26) for both

materials. Then AkBk_1 is given in Eq. (B.34). The components of the matrices D
and W may be obtained from Egs. (B.36) and (B.42), respectively. For the material
studied here, W, > 0. The expression for 3 is given in Eq. (B.44) and the oscillatory
parameter € may be calculated from Eq. (5.1).
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Appendix C

Stress and Displacement Functions for the First
Term of the Asymptotic Expansion of an
Interface Crack Between Two Anisotropic
Materials

The stress and displacement functions for the first term of the asymptotic expansion of
an interface crack between two linear elastic, homogeneous and anisotropic materials
are presented here. For the upper material (k = 1), it may be shown that

a) = {_efidvrA1<Z>(kl)6+l>Blfl+ei67TX1 <Zi1)5+‘>§1_1}g (C.1)

N~ N~

¢(1) — {_e—iﬁﬂBl <Z>(k1) 5+1>B171 + eiéﬂ'ﬁl <zil) (5+1>E1—1} g (CZ)
where ¢ is an unknown eigenvalue and related to the power of the singularities and
Ay, B; and Bl_1 are given in Egs. (B.1), (B.11) and (B.12) for a general anisotropic
material. The diagonal matrix in Eqgs. (C.1) and (C.2) is given by

() = diag 2", 24", 2" | | (©3)

where
Z;l) =x1+ pﬁ»l)xz (C4
and pﬁl) are the eigenvalues of the compatibility equations of the upper material. The
bar over a quantity represents its complex conjugate and g is an arbitrary, complex
valued unknown vector.
For the lower material (k = 2), it may be shown that

u?® = IE {emAz <z§3> 5“)32—1 TR, (Eﬂf) 5+1>§2—1}h (C.5)
@ = % {eidez <z5.<2) 5+1>B51 — —iT, <sz2> 5+1>§2—1}h (C.6)

where A,, B, and B, Uare given in Egs. (B.1), (B.11) and (B.12) for a general
anisotropic material and h is an arbitrary, complex valued unknown vector. The

© The Author(s) 2018 111
L. Banks-Sills, Interface Fracture and Delaminations in Composite Materials,
SpringerBriefs in Structural Mechanics, DOI 10.1007/978-3-319-60327-8



112 Appendix C: Stress and Displacement Functions for the First Term ...

expressions in Egs. (C.1), (C.2), (C.5), and (C.6) were obtained from expressions
given in [3] (p. 341) and by enforcing zero traction on the crack faces.

The two materials are assumed to be perfectly bonded along the interface, so that
for § = 0 (see Fig.2.1) traction and displacement continuity are required. Hence,

¢y = 7o €D
u®f,y =, . (C.8)

The relation in Eq. (C.7) is obtained using Eq. (5.8). Continuity of traction leads to
the relation
g=h=d. (C9

The relations in Egs. (C.1), (C.2), (C.5), and (C.6) are rewritten with d replacing g
and h.

Continuity of displacements along the interface provides an equation for deter-
mining the singularity § given by

S —coténltd=0. (C.10)
{ }

InEq. (C.10),Iisthe 3 x § unit matrix and S is givenin Eq. (5.3). Equation (C.10) is an
eigenvalue equation for S, where cot 67 and d are the eigenvalues and eigenvectors,
respectively. A non-trivial solution is obtained when

det [S — cot 5771] —0 (C.11)

which yields three eigenvalues of the form cot é7 = 0 and cot d7 = +i 3, where (3
is given in Eq. (5.2). Extracting ¢ from the eigenvalues yields

810 = —iie, 63 = — (C.12)

1
2

where ¢ is real, depends upon mechanical properties of the two materials and is given
in Eq. (5.1).

The asymptotic stress and displacement fields are obtained by substituting the
values of § obtained in Eq. (C.12) into (C.1), (C.2), (C.5), and (C.6) and superposing
the three solutions. For the upper material and the oscillatory, square-root singularity

u® = 90 [e Ay (2 V2B + e A (20 V2 4) BT ] (C.13)
¢V = N[ By (27T B A + e By (P 2) B d] (C.14)

For the lower material,
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u(2) =N [e—E‘IrAz (ZiZ) 1/2+i5>B2—1d + eET{‘Az (ZiZ) 1/2—i5)B2—1a] (CIS)
¢(2) B [efiﬂ’Bz (ZiZ) 1/2+i5> Bz_ld + eETrBz <Z§<2) 1/27!’8)B2—la] . (Cl6)

For the square-root singularity and the upper material

u® = 9% [Al <z§>B;1] dar (C.17)
oV =0 [B1 <zf>Bf‘] a; (C.18)

for the lower material,

u® = [A, (2 )B;! ] 0" (C.19)

| S

d® =9 [Bz <z§>B; 1] d; (C.20)

where d* is an arbitrary, real vector.

In particular, the case when the fibers in the upper material are in the 0°-direction
and those in the lower material are in the 90°-direction is considered.

For the upper material, the displacement and the stress function vectors associated
with the oscillatory, square-root singularity are given in Eqs. (C.13) and (C.14). The
oscillatory parameter ¢ is given in Eq. (5.1), § in Eq. (B.44), the matrices A, B
and Bl_1 are given in Egs. (B.24), (B.25) and (B.26), respectively, and d is a 3 x 1
complex vector to be found. The lower material is mathematically degenerate. For
this material, a special procedure is required [1, 3] which yields

u® =9 [eﬂA’ZF(z@bB’z‘ld + eE“A’ZF(z(z))B’z_lc_l] (€21
? =% [e‘”B’ZF(zQ))B’[Id + e”B/zl_?‘(z(z))B’[la] . (C.22)
In Egs. (C.21) and (C.22), the matrix F(z) is given by

f@xf@ O

Fo)=| 0 fk 0 |, (C.23)
0 0 f@
f(2) =z'/#e (C.24)

and ()’ represents differentiation with respect to z. For a transversely isotropic mate-
rial with the axial direction coinciding with the x3-axis, p; = i; hence,

P =z=x+ixs. (C.25)
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For the oscillatory, square-root singular part of the solution, the complex vector
d is determined from Eq. (C.10) and is found to be

T [i,/Dzz/Dn, 1, 0] dy . (C.26)

The complex vector d is arbitrary and was written differently in [1] (see Sect. 5.5 fora
further discussion). Once chosen, the complex scalar d, is determined and presented
in Eq. (5.14);. For the square-root part of the solution, in a similar manner, with the
real vector d denoted as d*

=1[0,0,1]4d5 . (C.27)

The real constant d3 is presented in Eq. (5.14),.

For material (1), the upper material, the in-plane stress functions in Eq. (2.1) are
found by differentiation of the stress function vector in Eq. (C.14) by the in-plane
coordinates x; and x;, and substituted into Egs. (5.7) and (5.8) to obtain

o4 =—16222( 1)*1 Ny1 By 25(1) (IN D+5*“))

s=1 t=1

1z = chZZ( 1" Ny 1 BS 5(1) (1” D —\M;, 5*“))

s=1 t=1

2 2 1
~ —2 ~ (1)
I = - > > N B B (M5 D - )

s=1 t=1

12 = 1c222( DN BB (B ange")

s=1 t=1

_1
0= S R B S(ivi D+ ")

s=1 t=1

125 = —16222( 1 Ny 1By (mD—ma") 28

s=1 t=1

For the lower material, material (2), use is made of Eq. (C.22) to obtain

2
221(}) = 2 z M; (2MT,D - m;‘) — 2565 2112 (22N12D - 2N1|)
=1

221 _2022( 1)' M, (D —N},) +22¢3onn (22N1 D — Ny)

221(;) 26;2(—1), Ml (Nl*zﬁ_ 1) —22C§2n122N125

t=1

2
22(2) 2C§ Z Mt (me — 2Mikt) — 22C§ 2N 2N11D (C29)

t=1

IS
Il
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2
225 = =2 Z M, (2MF,D — m}) + 25¢5 2N11 21y
B
255 = 26 Z (=DM, (D —2Nj,) = 22¢5 2Nz onp

In Egs. (C.28) and (C.29),

- D
D= |22 (C.30)
Dy

where D, and Dy, are elements of the matrix D given explicitly in Egs. (B.37) and
(B.38)and fors =1, 2, 3,

x By = cos? 0 + [%]? sin* 0 (Mg = COS (k;)s)
(C31)

kM2 = sin (%) ks = arg (cos 0 + i 3®) sin 6)
where k = 1, 2 represents the upper and lower materials, respectively. Recall that
D=0 =60 =1 (C.32)
and 651) are given in Egs. (B.22) and (B.23). For s, ¢t = 1, 2,

2[L(1 +4e)]!
(8 4+ (=D¥B51(1 + 4¢2) cosh e’

kCy = Kms = %ln (kBs)

kNs1 = coshe[m + (— 1) 5] ¥ Nyo = sinhe[m + (= 1) 5]

M1 = Mgz + 2 My Mg = Mgy — 26 Mg kM3 = cos(ymy)

. )
My = sin(pmy) kMY, = My Msp M,
30 (30 ) .
nmipp = CosS | — mip =S | — m; = mjymiamny,
2 2
® ® o0 Ak i 2
g =y By pO kNg, = kNs1 kN2 k Ny~ ki = (st il iy,

~ 1 ~
«Ngi = g kNt .k M, ¢ By M; =my, 2Ny oMy sin 0 .

In addition,

/<k; J(k)

(0o =—siy +[BYPs]) 102 =5 — [BOPs])
[10ptlk; =1+ 2/<; Ky = 1 — 2K ¢ =25,01sin0 . (C.34)
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where x depends upon the mechanical properties and is given in Eq. (B.33). Moreover,
the out-of-plane stress functions in Eq. (2.5) may be written as

(I = ﬂ(k)kB3 N3 (C.35)
kES(é”) = kB kN3 (C36)

m~

The stress functions are non-dimensional.

In Egs. (2.6), the functions ;U (0) and U (0), (k = 1, 2), provide the in-
plane displacement components. These functions are obtained from Egs. (C.13) and
(C.21). They depend upon 6 and the mechanical properties of both materials. It may
be noted that the displacement functions have units of L?/F where L is a length unit
and F is force. The in-plane displacement functions for the upper material k = 1 are
given by

(1
1U1 )

D 0. (N5 + ")

s=1 t=1

1cIZZ< 1 N1 Qs (1n%, D + 1M, 3, ")

s=1 t=1

2
1U1()

o
=
=

I

2 2
_ L .
e DD D N OB (1M D+ 8

s=1 t=1

2 2
U = —ief ZZ (=D N1 @526, (D TN rﬁ*(“) €37

s=1 t=1

For the lower material, k = 2, the displacement functions are given as

zUl(l) = ] ZﬂVu (21\’1*,/'615 + K2) — 2"125(21\’125 —2Nn)
=1

2
U = —ac} Z(—l)tler (2n} 51D — 2 My k2) — 2nii€ @NuD — 2 Nio)
r=1
| 2 - — ~
WU = —yct Z(—l)’let (oM},k2D — o0 k1) +2n11€ (N2 D — 2Nyy)
t=1
2U2(2) = CT Zzﬁll (Hzﬁ + zNikt/fl) - ZHIZE(ZNHE - 2N12) : (C.38)

t=1

Finally, the out-of-plane displacement functions in Eq. (2.7),

kUa(Ill) _ 2m’<33 N (C.39)
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