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Preface

Writing projects was always an agony for me ... I always
tried to live up to Leo Szilard’s commandment, ‘don’t lie if
you don’t have to do’. I had to. I filled up pages with words
and plans I knew I would not follow. When I go home from
my laboratory in the next afternoon, I often do not know
what I am going to do the next day. I expect to think that up
during the night. How could I tell then, what I would do a
year hence?

—Albert Szent-Gyorgi (1893-1986), Nobel Laureate, quoted
on pg. 382 of Discovering by Robert S. Root-Bernstein [1]

This book is literature, not journalism.

Although it is unusual to apply labels like “literature” and “journalism” in
science and mathematics, it is nevertheless true that oceanographic observations
and contour plots of supercomputer flow are as ephemeral as yesterday’s newsprint.
The lonely oceanographic research vessels of the twentieth century, laboriously
deploying an instrumented mooring here, a tide guage there, painfully struggling
with leaking batteries, failed anchor releases, storms and heavy seas, were crewed
by heroes. Their data, though, has already been forgotten. Who in his right mind
will consult a field experiment in which the whole of the tropical ocean was inferred
from a diamond of five moorings when thousands of data points are available from
the Argos drifters?

In contrast, good theory is literature. To replace awe with understanding, we
must walk the theory road through increasingly complicated approximations. The
stepping stones remain unchanged even as the road is extended. In this sense, most
of the analysis presented here will be as long-lived as Shakespeare, though without
the swordfights and iambic pentameter.

This book reflects my biases. First, most oceanographers flock to oceanographic
conferences, exchange the latest oceanographic gossip, and follow each hint of new
trends and programs from ONR and NSF with the zeal of the Enigma codebreakers,
and talk only to other “water people”. They are connoisseurs of five hundred coastal
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viii Preface

currents, refer to vortices as “Ring Bob” and “TIV Samantha”, and nod sagely at
every wiggle in a CTD sounding. Even the theorists share war stories, with rogue
waves and forty-degree rolls replacing artillery and charges up the hill, earned by
many months at sea. Their job, as they see it, was expressed eloquently by a student
whose response was the title of Dallas Murphy’s book [2]: To “Follow the Water”.

Yes, but a physical and mathematical science is healthy only if some of its
citizens follow mathematics and physics, too.

Second, although I have published 69 papers that employ some form of singular
perturbation theory, I also have written two long books on Chebyshev, Hermite,
and Fourier numerical methods and nearly two hundred articles that employed
them. As visualized in Fig. 1, analysis and perturbation expansions (“‘chirugery”)
and spectral methods and other numerical algorithms (“arithmurgy”) are not sep-
arate worlds, but rather the view from the left eye and the right eye fused into a
single scene.

This book also bears the scars of its long and difficult genesis. The text began as
a graduate course I first taught in the early 1980s. Unfortunately, the audience for
my advanced classes dried up, our undergraduate oceanography major went away,
and finally my department changed its name to entirely eliminate “oceanic”. I told
myself that I would return to the book when I was older. My father died at 97,
active and independent for almost all of a very long life. Plenty of time, I thought.

Chirugery

Steepest
Descent Ocean

Qfmmmd@@(

Multiple Scales Sea

Taylor Series .
S Arithmurgy

Fig. 1 The Unity of Chirugery and Arithmurgy
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Unfortunately, Parkinson’s disease intervened. My arms and legs are always sore
(“cogwheel rigidity”’). My handwriting trails off into tiny random squiggles; three
tries and 30 seconds to write a single word that I might perhaps read tomorrow but
not in a week (“micrographia”). I limp due to a semi-permanent cramp in my left
foot (“dystonia”). Double-clicking usually takes several tries because nothing
happens at first (“freezing” or “festination”). I freeze when walking, too. I often
move with tiny, shuffling steps with my left arm motionless, though I can some-
times walk almost normally if I consciously take long steps and swing my bad arm.
My soft voice is even softer now (“hypophonia”) and a little slurred; my wife is
urging speech therapy. My typing is slow and error-prone, three or four typos per
sentence (“bradykinesia”). With heavy use of dictation software and a student
scribe hired by my department, I manage. I have twice reviewed the final manu-
script of this book, line by line, for typos, but my typing is so compromised that the
errors were twice as numerous as the stars in our galaxy. I ask the reader’s for-
giveness for the mistakes that remain.

There are some consolations. An incurable, steadily progressive disease is a
great foe for procrastination, and otherwise perhaps this book would never have
been finished.

Illness has released me from grant-chasing, and that, too, is a blessing.

My department, with few students and great dollops of NASA space money,
always expected every faculty member to provide academic year salary support.
This became rather awkward after OCE changed its policy to reject such support for
tenure track faculty. For 30 years, my proposals had huge budgets for page charges
and sundries, but I published only in “free” journals and diverted the funds to pay
the department chair’s tax.

After many years of failure, I finally got a grant from the Math Directorate! It all
went in tax, and I never spent a dime.

My project descriptions were even more fantastic than my budgets, alas. Three
years of milestones and detailed plans, focused on a single project, dummied-down
to what a graduate student can do. Actually, I averaged 20 to 30 journal articles
every 3 years, and hardly ever did I know that I was going to do a problem 6
months in advance of submitting the paper solving same. Year after year, reviewers
and program managers scolded me: One project per proposal! Three years! Work
plans! Deliverables!

In my other life, I have published twenty science fiction and fantasy short stories.
(A list can be found on the Internet Speculative Fiction Database at www.isfdb.org)
It is wonderful that my future fantasies will all be literary!

Still, I mourn the terrible waste of time spent preparing and reviewing proposals.
Only one of my last fourteen proposals was funded before I was finally cut off by
NSF physical oceanography after nearly 40 years. “Not really an oceanographer”
was said at the review panels. “Not enough face time at oceanography meetings”.
A real oceanographer must “follow the water”, apparently, even if the water is
Powerpoint fakery at a giant conference center in the Rose City. If I still had a face,
instead of a Parkinsonian mask, I would even so wish to be judged on what I had
written instead of my skill in networking.


http://www.isfdb.org
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An oceanography cutoff from mathematics, insular, is ill-prepared for
parallel-in-time reduced basis models. As visualized in Fig. 2, the future of
oceanography is as much in geometry as in the connoisseurship of currents.

My 8-year-old laptop can run the LINPACK benchmark four hundred million
times faster (50 floating operations per second versus 20 gigaflops) than the HP
personal computer I used as a grad student and has a million times more memory
(eight kilobytes versus eight gigabytes), but oceanographers do not have a million
times more insight. Rather, number-crunching is bound by the following:

First Law of Arithmurgy:

Insight grows no faster than logarithmically with resolution
—IJ.P. Boyd [3]

Supercomputers shall not accelerate us into a wiser future unless numerical
algorithms and oceanographic theory push and push and jump in the bobsled to
descend the turns together.

Of course, deans and department chairs were indifferent to such philosophy-of-
science issues but just as frowny as the civil servants.

The horror! I program.

The horror! I expand, derive and integrate.

The horror! Didn’t I know I was supposed to leave all that to the graduate
students? Science is quantized and the quanta are [grad] student triennia.

Where were my big grants? A sausage factory is supposed to turn out sausage in
bulk, and where was all my fine doctoral bratwurst? And awards? Surely in a time
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when departments and professional societies spend enormous energy on self-
congratulation, why was I not a fellow of AGU and AMS? (I was nominated but not
elected AMS fellow three years running.) In my own reckoning, to be blessed with
the time and opportunity to write four books and 250 journal articles and mentor
more than twenty graduate students is prize enough. And I am not yet done.

STEM education is focused entirely on inspiring the young with the joy of
science, but many students see professors as Not-Scientists. Faculty at a teaching
institution have such heavy teaching loads that they have no time to do science, as
opposed to merely sharing the classics. Professors at a research university are
managers, a hundred parsecs from the lab bench or computer simulation, and are
Not-Scientists, too. I suffered for being a Not-Not-Scientist and don’t know what to
say to students who see no real career in science except an endless succession of
postdocs, moving as often as military families, always working on someone’s else
agenda to impress a review panel, scientific ronin.

It is doubtless a great relief in Arlington that the agencies are no longer tortured
by someone who consistently Colored Outside the Lines. My chair no longer needs
fret about my academic year tax. Our research administrators are happy that one
who paid little attention to budgets and balances has been replaced by junior faculty
who have been drilled since candidacy in the importance of good management.

I was an awful manager, accountant, and pitchman, but mostly by ignoring those
roles entirely, I was mostly, honestly, a scientist, and had a lot of fun. And through
blatant dereliction of duty, as defined by deans and federal agencies, I had time to
write this book.

I thank Dennis Moore for his review. Thanks also to Peter Gent, James Luyten,
Julian P. McCreary, Jr., Mark Cane, and Edward Sarachik for permission to
reproduce figures and for helpful comments.

I also express appreciation for permission to reproduce figures to the American
Meteorological Society, the Royal Society of London, and the Journal of Marine
Research.

I thank Kristina Neal, Temitope Akinlua, Miesha Williamson, and Ninad
Ramachandra Naik for help with illustrations.

I thank Leah Lindsey, my scribe, for her assistance, especially with the innu-
merable corrections.

I acknowledge a little support for more than 35 years from the physical
oceanography section of the NSF and also small, non-renewed grants from NASA
and the Department of Energy. For many years, my one and only little grant was
split-funded between physical oceanography, atmospheric sciences, and computa-
tional mathematics, but the latter two dropped out and then physical oceanography
refused repeated renewal proposals a few years later.

In view of the huge amount of time lost in reviewing, review panels, and
proposal writing, whether the agencies helped or hindered my research is known
but to God.

The funds did support some of my students. I was blessed to be chair or co-chair
for seventeen doctoral students and two master’s students, collaborated on papers
with four other students though not an official advisor and mentored three doctoral
students who visited from China. I dedicate this book to them.
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I am fond of funny words like “arithmurgy”, “chirugery”, and “hydroarithmo-
mancy” [etymologies in the glossary] not only because I studied Latin and classical
Greek and never recovered, but also, I have thought that the spirit of St. Theresa of
Avila’s advice to her novices was sound for science, too: “God deliver me from
frowning saints”. It is possible to combine conviction with humility and humor, and
I do not apologize for trying my best to do so.

Future work will likely find some of my most charming insights are wrong and
some wrong-headed. AIDS was caused only by homosexual contact until it was
caused also by heterosexual contact, drug needles, blood transfusions, and mother’s
milk. All cholesterol was bad until some of it was good. And 30 years of string
theory has yield zero testable propositions. Error is not merely a broken formula;
sometimes an entire field can chase the ether.

But true scientific understanding is not a drawer of index cards, but rather a
structured network which is fault-tolerant to cracks and corrections. And it is also
good, both for science and for reading, to reach beyond facts and formulas to a
poetic sensibility where number-crunching is arithmurgy and “all of loneliness and
grief” is “an empty doorway and a falling leaf”.!

The poet sees the world on many levels simultaneously, and so must we.
Remember, as you read, that John Keats was multiscaled and fractal long before
Benoit Mandelbrot.

Ann Arbor, USA John P. Boyd
May 2017
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Chapter 1
An Observational Overview of the Equatorial
Ocean

Abstract Latitudinal variations of the Coriolis force refract planetary waves to cre-
ate a waveguide that confines important wave motions to a narrow belt around the
equator. Jets parallel to, rather than perpendicular to, the mean wind arise at low
latitudes. Surface jets in opposite directions alternate in latitude. Vertically, jets of
alternating signs are stacked one atop the other in the abyssal equatorial ocean like
a stack of pancakes. The equatorial oceans have their own waves, their own jets and
an ornery indifference to the rules and balances of extratropical dynamics. Some of
the key observational phenomena are reviewed in this introductory chapter to lay a
foundation for what follows. The alternating surface jets, deep internal jets, seasonal
reversals of the Somali Current with the monsoons, upwelling in the Gulf of Guinea
and the coupled hemispheric and oceanic oscillation of huge climatic impact, ENSO,
are all briefly surveyed.

There is danger that computation becomes a substitute for a nonexistent theory.
Peter Lax, in an address at ICTAMS7.

1.1 The Thermocline: The Tropical Ocean as a Two-Layer
Model

As a first approximation, the ocean may be divided into two layers: a warm, well-
mixed surface layer and a deeper layer of cold water. The boundary between the
two is known as the “thermocline”. The thermocline can be loosely defined as the
middle of the thin layer in which the temperature varies sharply with height from very
warm above to very cold below. Figure 1.1 shows a vertical sounding of temperature
at the equator. Although almost absent in the polar water, the thermocline is well-
defined both in the middle latitudes and in the tropics, particularly the latter. Since
the density of sea water is a function of temperature, one can approximate the density
of the ocean in a similar idealized way: a layer of uniform density (light!) above the
thermocline and a heavier layer of uniform density below.

© Springer-Verlag GmbH Germany 2018 1
J.P. Boyd, Dynamics of the Equatorial Ocean,
https://doi.org/10.1007/978-3-662-55476-0_1
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These observational facts explain why two-layer models have been a traditional
first approximation in oceanography. Experimentally, it is easy to create a two-layer
configuration simply by pouring ordinary cooking oil on top of water. [Try it!] This
can be done in your own kitchen. It is quite easy to make internal gravity waves on
the interface between the two fluids, i.e., on the “thermocline”. Analytically, two-
layer models give equations for baroclinic instability, etc., which are very similar—in
some cases identical—to the two-level models so popular among meteorologists.

In reality, there is some density stratification within the deep ocean and internal
waves are possible below and above the thermocline, not merely along the thermo-
cline. However, when the flow is decomposed into vertical modes, most energy goes
into the “barotropic mode”, which we can identify with wave motions along the
air-sea interface, and the “first baroclinic mode”, which we can identify with waves
along the warm water-cold water interface, i.e., along the thermocline. Furthermore,
the linearized equations for each vertical mode are identical except that the depth
parameter must be replaced by a different “equivalent depth” for each different ver-
tical mode. Consequently, much theoretical work on the equatorial sea and much
numerical modeling, too, has concentrated upon two-layer models, and upon the
motion of the thermocline in particular.

The thermocline has a mean depth of about 75-100m along the equator, but
this mean is not very meaningful because the time-averaged depth in the Pacific
varies from perhaps 200 m in the west to only about 50 m in the east. (The Atlantic
thermocline slopes from about 120 m down off Brazil to only about 20 m in the Gulf
of Guinea.) The trade winds piles up water in the west, thus creating a sea surface
that slopes from highest in the west to lowest in the east; hydrostatic balance forces
the thermocline to tilt in the opposite direction so that it is deepest where the surface
of the sea is highest. (The opposite slopes of the sea surface and thermocline are
necessary so that the horizontal pressure gradient in the abyss is zero.)
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1.2 Equatorial Currents

Figure 1.2 shows a simplified picture of the surface currents. The North and South
Equatorial Currents (NEC, SEC) are forced directly by the wind stress exerted on the
sea by the trade winds. One can create exactly the same sort of wind-driven currents
by blowing a fan over the water. The North Equatorial Counter-Current (NECC) is
a return flow towards the east sandwiched between the other two. A major part of
the return flow, however, is also carried by the major subsurface current, which is
known as the Equatorial Undercurrent (EUC) or as the “Cromwell Current”.

The EUC/Cromwell jet is approximately centered on the equator as one would
expect, but the system of three surface currents is badly skewed so that the center jet,
the North Equatorial Counter-Current (NECC), is a maximum around 6-7° N. The
South Equatorial Current, in defiance of its name, is roughly centered on the equator
and is, if anything, a little stronger in the northern hemisphere. The North Equatorial
Current (NEC) is a puny little weakling in comparison to the other currents, barely
attaining peak velocities of 15 cm/s.

The reason for all these asymmetries is the hemispheric asymmetry of the trade
wind/Hadley cell circulation that drives it all: the mean location of the Intertrop-
ical Convergence Zone (ITCZ), which is the boundary between the southerly and
northerly components of the trade winds, the confluence zone where these branches
converge and then ascend, is around 7° N., too. (In the mean; the latitude of the ITCZ
varies with the season.) Thus, the middle surface jet, the NECC, is located directly at
the dynamical equator of the winds, not at the geographical equator. In contrast, the
major subsurface flow, the Equatorial Undercurrent, is centered on the geographical

Fig. 1.2 A schematic of the 30°N.
surface equatorial currents
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equator: it, too, is ultimately an offspring of the wind, but at a further remove so
that where the Coriolis parameter vanishes is more significant to it than where the
meridional wind does.

The North and South Equatorial Currents thus are directly underneath the North-
east and Southeast Trade winds so that the direction of these ocean currents is roughly
parallel to the wind stress of the Trade Winds. This is rather odd in comparison with
the middle latitudes where the turning of the currents by the Coriolis force tends to
create currents (wind-driven Ekman layers) in which the vertically-averaged ocean
transport is perpendicular to the wind stress. The NEC and SEC serve as reminders
that it is dangerous to blindly apply mid-latitude intuition in the vicinity of the equa-
tor. The NEC and SEC are also the westward flowing jets of the great anticyclonic
gyres that occupy the major ocean basins. The NEC in the Atlantic is the southern
side of the Atlantic gyre whose western side is the Gulf Stream.

In addition, Subsurface Countercurrents (SSCC’s), also known as the “Tsuchiya
Jets”[1], occur on the flanks of the thermostad. The thermostad is a 150 m-thick
layer of water of very uniform temperature (about 13° C.) and salinity (34.9 parts per
thousand), which is found in the western Pacific between 150 m and 300 m underneath
the surface in the band between 5° N. and S. [2-5]. Their speed is O(20 cm/s) and the
transport is 0(5—10 sverdrups). The velocity and transport are weak compared to the

Indian Ocean Atlantic Ocean
Surface
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Fig. 1.3 Meridional cross-sections of the zonal currents in cm/s for the three major oceans
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Fig. 1.4 Typical Pacific Surface
Ocean velocity contours
(dashed) superimposed on
temperature contours (solid)
from the same section
100 m

200 m
3 degrees S. Equator 3 degrees N.

0(1 m/s) flow and 20-50 sverdrup transports of the EUC.! Even so, the SSCC’s are
stable and well-defined flows and currents similar to them have also been identified
in the Atlantic.

Since the surface currents are directly driven by the wind, the major theoretical
challenge has been explaining the Equatorial Undercurrent. We will review and
classify the rather bewildering variety of theories later on. In the meantime, Fig. 1.3
shows meridional sections of the zonal current for three different oceans. Because of
the monsoon, the Undercurrent in present only part of the year in the Indian Ocean,
but when it is, it can still attain peak velocities of 75 cm/s — very fast for the sea. In
the Pacific, the EUC can achieve velocities as high as 150 cm/s (Fig. 1.4).

1.3 The Somali Current and the Monsoon

The idealized picture of the equatorial currents given in the preceding section must
be modified in the Indian Ocean. Because of the monsoon, the winds over the Indian
Ocean blow predominantly north-south rather than east-west. During the Northeast
(NE) Monsoon from November to March, the winds blow from the north and east —
like the usual NE trades but with a much stronger northerly component than over
the other oceans. From May to September, however, the Southwest (SW) Monsoon
sends southerly winds over the ocean. (Fig. 1.5).

There is always a South Equatorial Current (SEC), but it is more to the south than
in the other oceans, usually coming no closer to the equator than 5° S. latitude. It is
stronger during the SW Monsoon than during the NE Monsoon, but even at its time
of maximum strength, it is not very conspicuous in Fig. 1.5. because the drawing
extends only to 10° S.

In contrast, a westward-flowing surface current north of the equator is present
only during the NE Monsoon—in the summer months, it reverses, and the area of the
NEC and NECC becomes a single broad current flowing towards the east. Different
references use different terminology about this. Knauss [6] describes this as a merging

I'A sverdrup is one million cubic meters/second.
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Fig. 1.5 Monsoon surface winds. (Top) Northwest Monsoon (February). (Bottom) Southwest Mon-
soon (August)

of the NEC with the Equatorial Countercurrent. Neumann and Pierson (1966) [7] state
that the NEC and ECC exist only during the N. Hemisphere winter, and disappear in
the summer to replaced by an eastward flowing Monsoon Current. Diiing (1978) [8]
replaces the NEC throughout the year by a Northeast Monsoon Current (winter) and
a Southwest Monsoon Current (summer) but retains an Equatorial Countercurrent
(ECC) during the winter months only. We shall generally follow Diiing’s terminology
in these notes. It is worth noting that the NECC is simply the ECC in the Indian Ocean;
because the wind patterns are shaped so strongly by the monsoon, the Equatorial
Current is strongest on—or even a little to the south—of the equator instead of being
confined to the Northern Hemisphere as it is in the other two oceans.

Along the coast of Somaliland flows an intense, seasonally-reversing jet known
as the Somali Current. It always flows with the monsoon winds—towards the south
in winter and towards the north in summer. Like the Gulf Stream, it is a very intense
boundary current because of beta-induced “western intensification”. Again like the
Gulf Stream, the Somali current separates from the coast and can form meanders and
throw off gyres, especially when it separates off Cape Gardafui near the inlet to the
Red Sea at about 12° north. However, the Somali Current is more complex than the
Gulf Stream because it straddles the equator and reverses with the seasons.

The major theoretical problems have been to (i) generalize Gulf Stream theory
to low latitudes (ii) understand coastal separation and formation of gyres and (iii)
comprehend the timing of the seasonal reversal. The latter question turns out to
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Fig. 1.6 Monsoon-driven surface currents.The top panel is at the time of the maximum of the NE
Monsoon; the bottom during the SW Monsoon

be more complicated than at first sight because the great escarpment of East Africa
creates an intense, low-level boundary jet in the atmosphere, too. There is still debate
as to whether local wind forcing, i.e., the atmospheric jet, or remote wind forcing,
i.e., the changes in wind stress occurring less violently over the whole basin of the
Indian Ocean, are more important in making the flow reverse (Fig. 1.6).

1.4 Deep Internal Jets

In 1976, Luyten and Swallow discovered that beneath the well-known upper level
jets of the Indian Ocean were a series of weaker but still pronounced alternating
jets extending from just beneath the thermocline to nearly the ocean bottom [9].
Although commonly described by the somewhat vague term of “deep internal jet”,
they are not necessarily axisymmetric, longitude-independent currents like the Equa-
torial Undercurrent and the surface jets, but may in fact be merely the eddy velocities
produced by waves with vertical wavelengths on the order of 300 m. Although their
nature is still subject to some argument, later work has shown that these alternating
deep jets are a ubiquitous feature of the equatorial ocean. The principle tool in these
early observations is the acoustic dropsonde, in which the currents are inferred from
the trajectory of a freely falling probe. CTD (Conductivity-Temperature-Depth) pro-
filers have also provided useful information even though the associated temperature
perturbation is very small (on the order of a few hundredths of a degree C.). These
can be combined with the acoustic dropsonde in the composite instrument called
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the Whitehorse, which was developed by Luyten and others at Woods Hole, and the
TOPS dropsonde, which is used in Hayes and Milburn (1980) [10].

The work of Luyten and Swallow (1976) [9], Hayes and Milburn (1980) [10],
Leetmaa and Spain (1981) [11], Muench, Kunze, and Firing (1994) [12], and Eriksen
(1981) [13], and Firing (1987) [14], [9-11, 13] has revealed a number of character-
istics of the deep jets including the following:

1. The deep flow is predominantly zonal and has a very different structure (and
usually much greater coherence) than the meridional velocity, if the latter is large
enough to be accurately measured.

2. The amplitude of the zonal velocity is 0(5-20) cm/s with the larger figure applying
just below the thermocline and the smaller figure close to the ocean bottom. In
some profiles, the amplitude decreases only slightly as one goes towards the
bottom so that O(10 cm/s) near the bottom is not unheard of.

3. The vertical wavelength is on the order of a few hundred meters; the equivalent
depth of such a wavelength is on the order of 0.1 cm.

4. There is usually great zonal coherence, or in other words, the jets seem to have
horizontal wavelengths on the order of 1000 km or more.

5. The jets are very highly geostrophic, even to within a fraction of a degree of the
equator.

6. Inertial instability of deep currents is now considered a likely suspect for creating
the alternating stacked jets.

7. Surface-forced waves (“vertical beams”) play a role also.

8. Similar stacked jets in the middle atmosphere, which erupt during periods of
intense cross-equatorial latitudinal shear, are known as “pancake instabilities”.

9. Similar deep jets are found in the Atlantic, too [15, 16].

1.5 The El Niino/Southern Oscillation (ENSO)

The Southern Oscillation in the atmosphere was discovered by Sir Gilbert Walker
in the 1920s. El Nifio, the episodic replacement of the nutrient-rich cold, upwelled
water off the coast of Peru by a layer of very warm, nutrient-poor water, has been
known to Central and South American fishermen for many centuries. It was not until
the late 60’s, however, that Jacob Bjerknes, already a legend for his contributions as
much as forty years earlier, pointed out that the two were merely the atmospheric and
the oceanic manifestations of a single, coupled oscillation of both wind and water, a
view that is now universally accepted.

The name “Southern Oscillation” is rather unfortunate because it seems to con-
vey the impression of a phenomenon of the Southern Hemisphere whereas in reality
the SO is centered on the equator. Walker used the name to distinguish this equa-
torial oscillation from another cycle he found involving the Icelandic High and the
Aleutian High. It must be admitted that the equator is far to the south of Iceland.
Although ENSO is a very complex phenomenon, Walker discovered that it could
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be characterized by a rather simple “Southern Oscillation Index”. The SO Index is
simply the monthly mean pressure difference between Port Darwin (15° S., 130° E.)
on the northern coast of Australia and another station many thousands of kilometers
to the east, usually either Tahiti (15° S., 150° W.) or Santiago, Chile (33° S., 70° W.).
Since Darwin and Santiago are roughly 15,000 km apart, almost on opposite sides
of the globe, the SO Index is mute testimony to the global scale of ENSO.

A low value of the Tahiti-Darwin difference is accompanied by warm water off
Peru (El Nifio), little SST (sea surface temperature) difference between the western
and eastern Pacific, a deep ocean thermocline (60-120 m) throughout the Pacific,
westerly wind anomalies in the western Pacific, heavy rain both on the Line Islands
(equatorial, at 160° W.) and in Ecuador, and sinking flow in the western Pacific
accompanied by compensating rising motion in the eastern Pacific. This side-to-
side sloshing of air — perpendicular to the predominantly north-south, axisymmetric
Hadley flow — is known as the Walker circulation. ENSO has been a hot topic for
a couple of decades: a monster El Nifio occurred in the middle of 1982, and the
following winter was mild in the Midwest but terrible in California and the Rockies.
Australia endured the “Great Dry”, the worst drought that country has known in a
generation. The water in the eastern Pacific became so warm over so large an area
that it wreaked havoc with global circulation patterns. The relationship between the
ENSO and the changes in the position of the mid-latitude jet stream, for example, are
not well understood, but this is precisely why a deeper understanding of the ENSO
has become an urgent priority. Major El Nifio episodes occur at intervals of five years
or so, but the phenomenon is highly irregular and intermittent.

In spite of its great importance, the discussion of ENSO here and in the rest of
the book will be somewhat limited. The reason is that these topics are covered by
excellent monographs by Clarke (2008) [17], Sarachik and Cane (2010) [18] and
Philander (1990) [19].

1.6 Upwelling in the Gulf of Guinea

Upwelling, i.e., a positive vertical velocity in the upper layer of the sea, occurs in
the Gulf of Guinea only between June and October even though the local winds are
favorable for upwelling (i.e., tend to drive upwelling by creating a surface Ekman
layer) throughout the whole year and have no seasonal variability. The French have
long maintained an oceanographic research station at Abidjan in the Republic of
the Ivory Coast, right on the Gulf of Guinea, so this seasonal dependence of the
upwelling and the invariability of the winds are both well-documented. Although
this phenomenon is not in and of itself profoundly important, it is interesting that it
was one of the earliest physical events to be explained in terms of equatorial waves
in the note of Moore et al.(1978) [20]. The theory of these eight authors is based on
the fact that while the winds are steady in the eastern Atlantic in the Gulf of Guinea,
there is a sudden seasonal onset of winds in the western part of the ocean off the
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coast of Brazil. This in turn will excite a Kelvin wave which will propagate from
west to east to create conditions favorable for upwelling.

There are dissenting views in the literature; see, for example, Philander (1979)
[21]. However, Verstraete’s lengthy (1992) review concludes that remote forcing is
important [22].

The Gulf of Guinea upwelling is a simple and clear-cut example of how remote
events can drastically alter local dynamics through the propagation of planetary
waves across the ocean.

1.7 Seasonal Variations of the Thermocline

The reversal of the Somali Current and the upwelling in the Gulf of Guinea are but
two examples of many seasonal events that are important in the ocean. Another is the
complex pivoting of the thermocline in the Atlantic with the seasons. The thermocline
normally is tilted to be deeper in the west in consequence of the wind stress of the
trade winds. Merle (1983) [23] shows that the thermocline simultaneously pivots
about two perpendicular axes.

One pivot is a see-saw in an east-west direction with a fulcrum at about 25°
west longitude. Most of the variation occurs in the eastern half of the ocean, so the
pivoting is not symmetric about the midpoint of the ocean. It seems to be a fairly
straightforward response of the thermocline to the seasonal changes in the strength
of the trade winds. The other pivot is about a fulcrum located somewhere between
3 and 8° north latitude, which through no coincidence whatsoever is roughly the
mean location of the Intertropical Convergence Zone (ITCZ). It is well-known that
the thin line of clouds which is the ITCZ moves north and south with the seasons
with a mean position several degrees into the northern hemisphere. The north-south
wind stresses created by flow converging into the ITCZ are necessarily affected by
the ITCZ’s cyclic north-south movements.

The numerical models of Cane and Sarachik (1981) [24] and Busalacchi and
Picaut (1983) [25] have been remarkably successful in explaining this double pivot
of the thermocline. In turn, these observations of seasonal motion have been the
impetus for a rather large number of both theoretical and numerical efforts focused
on a common goal: How does the equatorial ocean respond to periodic variations in
the applied wind stress, especially the annual cycle?

1.8 Summary

The observed phenomenon described above have been deliberately sketched in rather
limited detail because we will return to them, and to the theories and models that
attempt to explain them, in later chapters. The purpose of this once-over-lightly
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Table 1.1 Selected reviews on equatorial dynamics

Reference

Notes

Moore and Philander (1977) [26]

Both observations and theory

McCreary (1980) [27]

Systematic exposition of 3D separable models

Philander (1980) [28]

Equatorial Undercurrent

Leetmaa, McCreary and Moore (1981) [29]

Brief treatment of both observations and theory

McCreary (1985) [30]

Modeling

McPhaden and Ripa(1990) [31]

Wave mean flow interactions

Verstraete (1992) [22]

Seasonal upwellings in the Gulf of Guinea

Neelin, Latif and Jin (1994) [32]

Coupled ocean-atmosphere models

Battisti and Sarachik (1995) [33]

ENSO: Description and prediction

Hamilton (1998) [34]

Equatorial middle atmosphere; quasibiennial
oscillation

McPhaden et al. (1998) [35]

TOGA observing system

Dijkstra and Burgers (2002) [36]

El Nifio

Chelton, Schlax and Lyman (2003) [37]

Equatorial Rossby in latitudinal mean shear

Philander and Fedorov (2003) [38]

El Nifio

Kessler (2006) [39]

Eastern tropical Pacific

Zeitlin (2007) [40]

Nonlinear waves and numerical geostrophic
adjustment

Fedorov and Brown (2009) [41]

Encyclopedia article

Khoulder, Majda and Stechmann (2013) [42]

Climate in the tropics, PDE theory, mostly
atmosphere

is to give a feel for the diversity of phenomenon in the equatorial ocean. Further
background can be found in the review articles collected in Table 1.1.
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Chapter 2
Basic Equations and Normal Modes

Abstract This chapter presents a systematic linearization of the equations of motion
about a state of rest, followed by additional approximations, each carefully analyzed
for estimated error, culminating in a full four-dimensional separation of variables.
The general solution to these approximate equations is a superposition of normal
modes. Each mode is the product of four one-dimensional factors. The latitudinal
structure of the modes is a Hermite function or the sum of a pair of Hermite functions.
The vertical structure functions are the eigenmodes of the vertical structure equation.
The normal mode is the product of a factor of latitude multiplied by a function of
depth z only and lastly multiplied by exp(ik(x — ct)).

A traveler who refuses to pass over a bridge until he has personally tested the soundness of
every part of it is not likely to go far; something must be risked, even in mathematics.

Sir Horace Lamb

2.1 Model

The fundamental assumption for studying fluid dynamics at low latitude is the “equa-
torial beta-plane”. In this approximation, the factors of sine and cosine of latitude
are approximated by power series about zero latitude, i.e., the cosine is replaced by
one and the sine is replaced by latitude itself. The rapid increase of the Coriolis force
as one goes away from the equator confines a broad class of waves and jets to very
low latitudes where these geometric approximations are quite good. Typically, the
atmospheric equatorial waves have little amplitude beyond 20° — 1/3 of a radian
— north and south of the equator while the ocean motions are much narrower still.
Since cosd =1 — (1/2)92 +...and sin(f) = 6 — 93/6, we see that the relative error
in retaining only the lowest order terms is no worse than 5% for either function as
longas 0 <=1/3.

By geophysical standards, this is a very small error: more important still, it is a
purely numerical error that does not change the qualitative behavior of the equations
of motion. The great advantage of these trigonometric approximations is that they
permit one to replace spherical coordinates latitude and longitude by Cartesian
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coordinates x and y, which are simply latitude and longitude multiplied by the radius
of the earth.

McCreary (1980) is a very detailed treatment of the assumptions and approxima-
tions made in equatorial fluid mechanics [1]. The equatorial beta-plane is so basic
that he does not even mention it, assuming correctly that his audience will already
be familiar with it! Following his practice of rating assumptions with labels in “all
caps”, we will supply what he omitted for this one approximation.

Assumption 2.1 Equatorial beta-plane

EXCELLENT for all equatorial motions that are truly equatorial, i.e., confined to
low latitudes, provided that the zonal length scale is not too small. '
The equations of motion on the equatorial beta-plane then take the form

u; +uy +vuy, +wu, — fv+(1/p)py = (vu;), 2.1)
Ve +uvy vy +wy, + fu+ (1/p)py, = (vvy), 2.2)
(/p)p. =—¢g (2.3)

P+ up) + (vp)y + (wp);, =0 2.4

Por +upy +vpy +wp; = (Tp2): (2.5)

where subscripts denote differentiation with respect to the subscripted variable and
v is viscosity, 1is the thermal diffusivity and p is pressure. All symbols are defined
in the “Symbols and Notation” section of the frontmatter.

On the equatorial beta-plane, the Coriolis parameter f = 2£2y where £2 is the
angular frequency of the earth’s rotation. Parenthetically, note that (2.1)—(2.2) are also
the proper equations for the “mid-latitude beta-plane” in which the Taylor expansions
of the sine and cosine of latitude are about a middle latitude, usually 45°, rather
than the equator. The separation-of-variables procedure is quite unaffected by the
approximation we use for f.

Even in these equations, simplified further below, there are implicit a number of
additional assumptions including the following:

Assumption 2.2 Neglect of vertical Coriolis force.

These terms are normally extremely small and this assumption is always made
even in numerical models. McCreary rates this as GOOD; I would say EXCELLENT.
This is part of the “traditional approximation” in meteorology [2, 3] and is in
fact necessary for energetic consistency with other simplifications of the “traditional

UIn Sect. 3.12, it is shown that the latitudinal scale is controlled by E + s> where E is the nondimen-
sional parameter known as“Lamb’s parameter” (defined below as 2.34) and s is the integer zonal
wavenumber. The classical equatorial beta-plane must be generalized by keeping some additional
terms in order to capture the zonal wavenumber effect on the north-south width of the waves. For-
tunately, because ¢ ~ O (10%) or larger for ocean baroclinic modes, it is only for wavenumbers
s ~ 0(300), or equivalently for east-west wavelengths of a couple of hundred kilometers or less,
that an “extended equatorial beta-plane” is needed.
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approximation”. For dissenting views, see [4] and the review [5] and also [6—-14, 14].

Assumption 2.3 Horizontal viscosity is neglected.

This would be a bad assumption in a pipe flow, but the horizontal scale of large-
scale motions in both the atmosphere and ocean is very large (25-100 times) the
vertical scale, so the errors in ignoring horizontal viscosity are only O (10~%) of the
vertical viscosity effects even when the horizontal viscosity coefficient is as large as
the vertical viscosity coefficient. McCreary describes this as SENSIBLE; I would
say EXCELLENT. (It should be noted, however, that many numerical models keep
horizontal viscosity for computational stability.)

Assumption 2.4 Hydrostatic approximation.

This is poor for very small scales (wavelengths of a couple of kilometers or less),
but it is a terrific approximation for the large-scale waves of interest here in both
the atmosphere and ocean. Another way of putting it is that the vertical acceleration
dw/dt is important only for motions whose time scales are on the order of 277/ the
Brunt—Vaisala frequency. McCreary rates hydrostaticity as GOOD.?

Assumption 2.5 Incompressibility.

Equation (2.4), which expresses continuity of mass, is almost never used in that
form. By subtracting (2.5), which is the heat equation, from it we obtain

puy + Vy + Wz) = _(-Ipz)z (24*)
We now simplify this by ignoring the right-hand side of (2.4*):
uy +vy +w, =0 (2.4")

Veronis [15] has shown that this is VERY GOOD for a typical ocean wind-driven
circulation.

Animportant note: Veronis shows that the right-hand side of the heat equation (2.5)
generally cannot be neglected. However, some authors do replace (2.5) by an equation
which the temperature rather than the density p is the actual unknown. Semtner and
Holland [16] use the approximate equation of state

p = poll —a(T —Tp)] (2.6)
a = 0.0002/degree 2.7

where pg and T and the thermal expansion coefficient « are constants. Equation (2.6)
ignores salinity, which can be very important in general oceanography, but salinity

2The hydrostatic approximation must fail sufficiently close to breaking for a nonlinear Kelvin wave
as described in Chap. 16.
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differences are largest in northern waters where calving icebergs can overlay the
salty seas with relatively fresh water. Salinity differences seem to be of secondary
importance for the equatorial ocean, so they have been largely ignored up to now,
and we shall do the same. Equations (2.6) and (2.7) make it possible to replace (2.5)
with the alternative (but equivalent) heat equation

T, +ul, +vTy, + wT, = (T p,), (2.5%)

The system of Egs. (2.1)—(2.3), (2.4**) and either (2.5) or (2.5%) are the basic set
of nonlinear equations that has been the basis for multi-level numerical simulations
of the ocean. Atmospheric modellers use an equation of the same form except that (i)
z isreplaced as a vertical coordinate by pressure or log-pressure (ii) vertical viscosity
is usually ignored and (iii) the eddy conductivity term in (2.5*) is normally replaced
by an explicit heating function.

To obtain analytical models of ocean flow, it is necessary to simplify the equa-
tions still further. The first and most important approximation is to drop the nonlinear
terms. There are analytical theories that include nonlinear effects, but these are per-
turbative calculations in which the starting point is the linearized set of equations.
Hence, linearize-and-separate-variables is the fundamental first step in all analytical
calculations up to the present.

Assumption 2.6 Drop all nonlinear terms in the momentum equations.

McCreary rates this QUESTIONABLE; I would add the qualifier NECESSARY
to obtain linear, analytically solvable equations. This assumption will be relaxed in
Chaps. 16 and 17 on instability and nonlinear waves.

Assumption 2.7 Drop all nonlinear terms in the heat equation except for wd Ty /dz
(or wdpy/dz) where Ty(zonly) and po(zonly) represent the mean temperature
/density stratification of the ocean, which is assumed to be a function only of the
vertical coordinate.

This also is QUESTIONABLE but NECESSARY. This one nonlinear term cannot
be neglected, even in a lowest approximation, because this term is buoyancy. If it
is missing, then the linearized equations have no resistance to vertical motions and
cannot respond to thermal driving. In reality, the density stratification of both the
ocean and atmosphere strongly resists vertical motion, which is why the synoptic
high and low pressure systems on a daily weather map are typically a hundred times
larger in the horizontal dimension than the vertical. Thus, we cannot even come close
to the right answer unless density stratification is included.

Fortunately, the mean density/temperature profile is known in both air and sea. It
does vary with altitude and longitude, too, but rather slowly; in particular, the ocean
and atmosphere are stably stratified over the whole globe. Consequently, inserting
a mean temperature or density that is a function only of depth is a satisfactory first
approximation.

It should be noted that the mean buoyancy term must also be inserted into the
fully nonlinear heat equation, (2.5) or (2.5%), since numerical models usually are
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not sufficiently sophisticated and sufficiently high resolution to parameterize the
small-scale convection, radiative transfer, etc. well enough to correctly generate the
observed stratification from first principles. Thus, even for numerical models, the
mean stratification is usually specified rather than internally generated.

Assumption 2.8 Assume special forms for mixing coefficients:

v="T=A/N? (2.8)
where A is a constant and N is the mean Brunt—Vaisala frequency defined by

d
N2 =_ 89~ (2.9)
po dz

and modify the form of the eddy mixing of heat to
(Tp): — ()2 (2.10)

McCreary does not rate this assumption, but I would describe it as CONVENIENT
and AS REASONABLE AS ANYTHING ELSE. The reason that it is convenient
is that these forms for the mixing are the only known forms that permit separation
of variables. Whatever their lack of realism, these approximations give analytical
models with damping, and with a damping that increases with decreasing vertical
scale as is true of almost any physically reasonable dissipation.

In point of fact, we need not feel too guilty about using these approximations. For
laminar laboratory flow, the viscosities are molecular and have known, measured
values, and off-the-wall assumptions are unneeded. In the atmosphere and ocean,
however, the dominant mixing is by small-scale turbulence. Since these are known
only to within an order-of-magnitude anyway — questionable approximation —
(2.8)—(2.10) really are reasonable as any plausible alternative.

The Assumptions (2.8)—(2.10) were first used by Fjelstad and Mork to study
internal waves and by McCreary (1980) to explore equatorial dynamics. When small-
scale turbulence provides the mixing, it is reasonable that heat and momentum will be
mixed with equal efficiency even though the molecular viscosity and diffusivity are
different. The greater the static stability, the larger the Brunt—Vaisala frequency N;
we expect that greater static stability would, by resisting vertical motion, reduce the
vertical eddy mixing, and the forms (2.8) explicitly allow for this. However, there is
no particularly good physical reason to suppose that v and 71 must decrease precisely
as the square of N; the argument merely implies that bigger N will make v and
smaller.
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Assumption 2.9 The pressure is replaced by a new variable ¢ such that

¢ =A/p)px: by = (1/p)py 2.11)

Equation(2.11) is both a definition and an approximation. The definition is the
introduction of the new variable ¢. This is a meteorologist’s notation rather than an
oceanographer’s; the “geopotential” ¢ always replaces the pressure when pressure or
its logarithm is used as the vertical coordinate, and no further approximations to jus-
tify (2.11) are needed in the atmospheric case except the hydrostatic approximation,
which we have already made. In the ocean, taking

¢ =p/om (2.12)

where py; is a constant equal to the vertical average of the basic state density, py(z),
is necessary to obtain a simple relation between p and its replacement, ¢. This
approximation of ignoring density variations in the momentum equations while leav-
ing p untouched in the heat and hydrostatic equations is known as the Boussinesq
approximation. Since (p — pg)/p is O (107?) or smaller in the ocean, the Boussinesq
approximation is VERY GOOD.

The replacement of p by ¢ is very convenient. McCreary [1] simply drops the
factor of pg and uses p as the symbol for both the pressure and for the pressure
divided by the mean density. It seems less confusing to borrow the meteorologist’s
symbol.

All these simplifications finally give the linearized set of equations

up — fv+¢x = [(A/N)u_]. (2.13a)

vi + fu+ ¢y =[(A/N*)v.], (2.13b)
pmd; = —pg (2.13¢)

pr — (pu/8)N*w = [(A/N?)pl.z (2.13d)
uy +vy,+w, =0 (2.13e)

where we have ignored the distinction between py; and po(z) in the denominator of
N? in obtaining (2.13d).

2.2 Boundary Conditions

The boundary conditions of the separable model are four at the top and four at
the bottom; since the system is eighth order in z (i.e., 8 z-derivatives appear in
these equations), one unknown (¢, or in other words, the pressure) must be left
unconstrained on the boundaries. The imposed conditions are:
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SURFACE: (at z = 0)

vu, =t* (2.14a)
v, =1’ (2.14b)
w=20 (2.14¢)
p =po(z=0) (2.144d)

where t* and t” are the surface wind stresses on the ocean in the x and y directions.

The first two boundary conditions are physically correct and are used even in
nonlinear numerical models. The difficulty is that wind stress is created by turbulent
air-sea interaction which is parameterized by formulas relating wind stress to wind
speed. Once the wind stress has been calculated by some formula/incantation/voodoo,
the boundary conditions are mathematically correct and induce no further error.

Assumption 2.10 Rigid lid.

Taking w = 0 at the top of the ocean is physically equivalent to imposing a rigid
lid at z = 0 and is obviously unrealistic; an ocean voyager sees only an endless
field of waves. However, when we separate variables and analyze the structure of
individual vertical modes, we find that setting w = 0 at z = 0 has a major effect
only on the barotropic mode, that is to say, the mode in which the horizontal currents
are independent of depth. To be sure, all the baroclinic modes have very small but
non-zero vertical velocities at the sea surface. However, setting w = 0 at the top for
the baroclinic modes creates an error of O (Ap/p) where Ap is the variation of the
density with depth. Since this is O (1/250) for the equatorial ocean, we make only a
negligible error for the baroclinic modes by making this approximation.

But what about the barotropic mode? As we shall see below, only the baro-
clinic modes support equatorially trapped motions, so we must largely exclude the
barotropic mode from consideration anyway. McCreary therefore rates this approx-
imation as GOOD.

Assumption 2.11 Density = mean density at surface; equivalently, temperature =
mean temperature at the surface.

This assumption is “UNPLEASANT” in McCreary’s words because it demands
that the atmosphere act as a constant-temperature source of heat, and does not allow
the sea surface to change with time, latitude, or anything else. A coupled ocean-
atmosphere model would never make this assumption because in reality, the situa-
tion is the other way around. The ocean surface temperature does change, and this
provides a constant-temperature source of heat for the atmosphere. Namias’ method
of long-range weather forecasting, for example, is based on looking at sea surface
temperatures and their effect on the atmosphere. A more realistic condition would
be to specify the heat flux at the ocean surface, or better yet, some kind of radia-
tive balance equation involving such complications as evaporation and precipitation,
albedo, and so on.
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Nonetheless, this assumption is essential to separating variables, so for analytical
theory, McCreary rightly labels it as UNFORTUNATE but NECESSARY.

The bottom boundary conditions are

BOTTOM: (at z = —D where D is depth of the ocean, a constant)

vu, =0 (2.15a)

v, =0 (2.15b)
w=20 (2.15¢)
p=po(z=0) (2.15d)

Assumption 2.12 Constant bottom depth D

In reality, the bottom topography of the sea is highly irregular and this can give
rise to all kinds of complicated effects: topographic Rossby waves, jets that follow
the depth contours, topographic scattering of internal waves, etc., etc. However, the
important equatorial motions — at least the sort that have been studied up to now —do
not extend to the bottom of the abyss. The equatorial ocean is sufficiently deep in most
places so that topographic effects are not important; topography is most important
in very shallow seas and along the continental shelves. I rate this assumption as
NECESSARY, but NOT BAD for the class of motions we are interested in. This
assumption of a flat bottom then forces us to impose (2.15¢c); note over sloping
topography, the vertical velocity w does not have to be 0.

Assumption 2.13 No stress at the bottom.

A numerical model would use the normal viscous condition of no horizontal
velocities at the bottom; the condition of no stress filters out a bottom Ekman layer
driven by the geostrophic current just above the bottom. However, for surface trapped
motions, there is no bottom Ekman layer anyway. While Ekman spin-down could in
principle be an important dissipative mechanism, the turbulent eddy viscosities are so
low in the deep ocean in comparison to the surface layer that the bottom Ekman layer
can often be ignored when there are bottom currents. McCreary rates this assumption
as NECESSARY and NOT BAD.

Assumption 2.14 No temperature changes at the sea bottom.

In view of the approximate equation of state (2.6), requiring that the density
equal the mean density at the bottom has multiple implications.It is equivalent to
compelling the bottom temperature to equal the mean temperature. This assumption
also forces the sea-bottom to act as a constant temperature source of heat to the ocean,
i.e., a reservoir of infinite heat capacity and conductivity. This is a little unrealistic,
but the lack of realism is not serious for surface-trapped motions. McCreary rates
this NECESSARY and NOT BAD.

For clarity, the full list of assumptions is collected in Table?2.1.

As noted by McCreary, the single most restrictive assumption implicit in the
boundary conditions is the constant temperature condition at the surface of the sea.
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Table 2.1 The assumptions of the basic model and their ratings

Equatorial beta-plane EXCELLENT
Neglect of vertical Coriolis GOOD

No horizontal viscosity SENSIBLE
Hydrostatic approximation GOOD
Incompressibility (Nondivergence) VERY GOOD
Drop all nonlinear terms in momentum QUESTIONABLE
equation

Drop all nonlinear terms except wd Ty /dz in QUESTIONABLE
heat equation

Assume special forms for mixing coefficients: | NECESSARY
v="T=A/N?

Replace of p by ¢ with Boussinesq VERY GOOD

approximation

Rigid lid upper boundary

GOOD (for baroclinic modes)

Density and temperature equal their mean
values at surface

(UNFORTUNATE but NECESSARY)

Constant bottom depth D

NECESSARY but NOT BAD (for
surface-trapped motion)

No stress at the sea bottom

NECESSARY and NOT BAD

No temperature changes at sea bottom

NECESSARY but NOT BAD

This is a real problem because a coupled ocean-atmosphere model of the Southern
Oscillation/El Nifio phenomenon, for example, must have sea surface temperature
changes to drive the atmospheric changes of the cycle. The other surface conditions
are either correct or very accurate approximations, and we need not worry about them.
None of the bottom boundary conditions, in contrast, is realistic, but equatorial flows
are not sensitive to the bottom boundary conditions.

2.3 Separation of Variables

In a nonlinear, numerical model, all five of (2.13) would be retained with the local
time derivatives in the momentum and heat equations being replaced by total time
derivatives, and perhaps the special, stability-dependent viscosity coefficients with
more realistic forms. In a linearized treatment, however, we can reduce the number
of equations in stages.

The first step is to rewrite the heat equation, using the hydrostatic equation to
replace p by ¢, to give an expression for the vertical velocity:

w=—1/N3[¢ — A(p./N?).]. (2.16a)
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The density is given in terms of ¢ by the hydrostatic equation,

o =—(pm/8)¢: (2.16b)

We are then left with a system of 3 equations in the three other unknowns:

ur— fv+éy = AAu (2.16¢)
Vi + fu+ ¢y, =AAv (2.164d)
—Ady +uy +v, = —AA%P (2.16e)

where A is the linear operator defined by

1

A:azm

9, (2.17)
The key point is that as a result of the careful choice of the form of the viscosity,
conductivity, and boundary conditions, the vertical derivatives in (2.16) appear solely
in the form of the operator A, the resulting spectral equations will uncouple and we
will have separated variables. The eigenfunction problem is

d[ 1 d
— | —=—=—3%m | = —Amdm 2.18
dz |:N2 dz° } 3 (2.18)
with boundary conditions
d
—3m =0 atz=0,-D (2.19)
dz

This is a classic Sturm—Liouville eigenproblem — no singularities, no complica-
tions of any kind since N (z) is positive definite — but a little care isneeded because
different unknowns have different dependence on 3,,. The proper expansions are

u= i U (X, ¥, )3m(2) (2.20a)
m=0
V= ivm(x, Y, )3m(2) (2.20b)
m=0
¢ = i Gm (X, Y, D3m(2) (2.20c)
m=0
p=p@ - %M > gty ‘% (2.20d)

m=0
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o z
w= Zwm (x,y, t)/ 3m(2)dZ (2.20e)
m=0 -D

The three independent variables (u, v, and ¢) which solve the closed set of equa-
tions, (2.16a)—(2.16c¢), thus depend on the vertical eigenfunctions directly, but p and
w are different. That p depends on the derivatives of the eigenfunctions rather than
on the 3, themselves is an obvious consequence of the hydrostatic equation — p is
on one side while the z-derivative of ¢ is on the other — which also gives the sim-
ple relationship of the expansion coefficients of p to those of ¢ which is explicitly
displayed in (2.20d).

The vertical dependence of w can be deduce from the equation of continuity in
its original form

uy +vy+w, =0 2.21)

The vertical differentiation in (2.21) eliminates the integral in (2.20e) so that u, v,
and the z-derivative of w are all proportional to 3,, for a given vertical mode.

The assumed expansions are all consistent with the boundary conditions, too.
One can see why it is necessary to impose somewhat artificial conditions, such as
no stress at the bottom, rather than the more natural no-slip: there are four boundary
conditions at each surface, but only a single vertical structure function j3,,. The sole
boundary condition on j3,, at z = 0 is imposed, like it or not, on all four fields, and
similarly at the bottom boundary.

The mechanics of this consistency are a little tricky. The integrals in (2.20e), for
example, automatically impose the boundary condition w = 0 at the bottom because
the lower limit of integration is the bottom, z = — D. The top boundary condition of
w = 0 at z = 0 can only be satisfied if

0
/ 3m(Z)dz =0 (2.22)
-D

Extra boundary conditions like this cannot be satisfied in general, but (2.22) is
fact a direct consequence of the eigenvalue problem which defines the 3,, as can be
seen by rewriting (2.18) and (2.19) in integral equation form. By integrating both
sides of (2.18) with respect to z, one obtains

Zz
dme = —N2A / sm(2)dZ (2.23)
D

This is valid for all z. Evaluating (2.23) at z = 0 and imposing the boundary condition
(2.19), which makes the L.H.S. of (2.23) equal to 0, then gives (2.22).
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The top boundary conditions on # and v are more complex: the vanishing of the
derivatives of 3, implies that each term in the z-derivative of the sums for u and
v, (2.20a) and (2.20b), must individually vanish at z = 0 — and yet the boundary
conditions there demand that u, and v, be non-zero to balance the wind stress. This
issue is complex enough to deserve further discussion in Appendix B. Here, we will
simply go ahead to derive the equations for each baroclinic mode and then invoke
the integration-by-parts argument of McCreary [1].

Since (2.18) and (2.19) constitute a regular Sturm—Liouville problem, the eigen-
functions 3,, are a complete orthogonal set. This justifies the expansions (2.20). It also
implies that we can derive spectral equations to compute the coefficients u,, (x, y, 1),
vin (X, y, t), etc. through the usual procedure of multiplying the equations of motion
by each basis function 3,,(z) to reduce each infinite sum to a single term.

The x-momentum equation is typical. Since none of the terms involve z-
differentiation, the expansion of the L.H.S. of (2.16¢) gives only terms proportional
to 3,, (z) for various m. Multiplication by a particular basis function, 3,,(z), followed
by integration then eliminates all terms in the infinite sum except m = n. The spectral
projection of the R.H.S. of (2.16c) is

0 0
/ 3 Al /N?1odz = Az /NDILp — / AGe/ Nz d (224)
—-D —-D

0
Aul3n: /N1, dz
D

(2.25)

= A3n (/N — AuGre/NDI, + /

by twice integrating-by-parts. To evaluate the integral, use the physical boundary
conditions on du/dz to evaluate the first surface term, the boundary conditions on
3m to evaluate the second, and the expansion of u into eigenfunctions and the orthog-
onality of the eigenfunctions. This gives

0 0
/ 3nAluz/N?1.dz = T°3,(0) — 0 — Ad,u, (x, y, 1) / 32dz (2.26)
—D —D

We see from (2.26) that the convenient normalizations for the vertical eigenfunc-
tions are either

5,(0) =1 [McCreary normalization], (2.27)

which simplifies the first term in (2.26) and is the choice made by McCreary [1], or

0
/ s2dz =1, [orthonormal] (2.28)
D

which simplifies the last term in (2.26). Either way, the spectral equivalent of (2.2)
becomes
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(0 + AXp)u, — an + e = F (2.29a)
0 + AA)Vy — fity + buy = G, (2.29b)
)"(at + A)"n)(ﬁn + Unx + Vny = 0 (2290)

and the two dependent equations

Pn = ¢n (pM/g) (2303)
Wi = A (0: + Adn) P (2.30b)
where
0
F, = t°3,(0)/ / 52dz (2.31a)
-D
0
Gy =1"3.(0)/ / snda (2.31b)
-D

The closed set of three equations, (2.29), is identical in form with the linearized
shallow water wave equations, and will therefore sometimes be referred to as the
“shallow water wave equations”. The two dependent equations, (2.30), will be needed
only rarely.

2.4 Lamb’s Parameter, Equivalent Depths, Kelvin Phase
Speeds and All that

The reason for the rather lengthy section title is that there are several popular con-
ventions for expressing the eigenvalues of the vertical structure equation. One of the
older conventions is based on the analogue between (2.29) and the shallow water
equations: the form is identical provided that we write

1
 (gHey)

[“equivalent depth”] (2.32)

n

where H,, (n) is the so-called “equivalent depth” for the n-th baroclinic mode, which
replaces the actual depth H in the shallow water equations. Because ocean tides were
first studied using the model of a single layer of homogeneous fluid, i.e., the shallow
water equations, this “equivalent depth” convention is popular in both oceanic and
atmospheric tidal theory, among others.

The second convention is based on the fact that (g H)'/? is the speed of a (non-
rotating) gravity wave in the shallow water model. This would seem to have little
relevance to the large-scale motions that are our primary interest here since these
are strongly affected by rotation. However, the equatorial Kelvin wave (and its
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mid-latitude counterpart, the coastal Kelvin wave) are in geostrophic balance in one
direction while having the structure of a non-rotating gravity wave in the other hor-
izontal coordinate and z; its phase speed is always equal to (g H)'/? or to (g Hey)'/?
for the baroclinic Kelvin waves that will be discussed at great length in later chapters.
Because the Kelvin wave is of such physical importance in its own right as well as
providing a convenient scale for other waves—the lowest meridional mode Rossby
wave always travels, for long wavelength, at exactly 1/3 the phase speed of the Kelvin
wave of the same vertical mode, for example — some equatorial dynamicists use the
“Kelvin wave convention””:

= — [“Kelvin convention”] (2.33)

where ¢, is the phase speed of the Kelvin wave for the n-th baroclinic mode. This is
the way of writing the eigenvalue which is used in McCreary [1].

The third convention is to define a quantity, usually called “Lamb’s parameter”, to
be the non-dimensional equivalent of the eigenvalue. Letting a = radius of the earth
and £2 = angular frequency of the earth’s rotation (= 277/86, 400s),

(4%

e = (42° aHn,
gH.,

[“Lamb’s parameter’] (2.34)

Alas, there is no standard symbol for Lamb’s parameter; the famous treatise of
Longuet-Higgins [17] used €. The nonlinear papers of Boyd used E so as to reserve
¢ for the perturbation parameter.

Fortunately, the issue is not of paramount importance because it is conventional
in equatorial oceanography (although there a few diehards) to nondimensionalize the
shallow water equations (2.29) in an e-dependent way so that (nondimensionally)
An = 1. Note that because we have separated variables, we can study each baroclinic
mode in isolation and are free to adopt a different nondimensionalization, i.e., one
that depends on A,,, if this is convenient.

The actual eigenvalues, expressed as equivalent depths, for a set of observations
and for an idealized numerical model are given in Table2.2.
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Table 2.2 Properties of baroclinic modes for a simple analytical 7'(z) [top] and observations

[bottom]

Equivalent Length Time
Vertical Depth Hy (gHo)l/ 2 Scale L Scale T
mode n cm (cms™h (km) (days)
1 100 312 395 1.46
2 22 146 271 2.15

3 9.4 96 219 2.64
4 5.1 71 189 3.09
5 33 57 169 3.44
6 2.3 47 154 3.80
7 1.7 41 143 4.04
8 1.3 36 134 4.31

9 1.1 32 126 4.55
10 0.9 29 120 4.80

H' JeH' L T
(cm) (cm/s) (km) (days)

1 60 240 325 1.5

2 20 140 247 2.0

3 8 88 197 2.6

4 63 165 3.1

5 2 44 139 3.6

(a) Model) T(z) = 4. + 20.¢%/500m (jp degrees C°). Data from Semtner and Holland [16]
(b) (Observed) [Atlantic] E.J. Katz, private communication, [18]

2.5 Vertical Modes and Layer Models

The weak flow below the thermocline in either the layered or continuously stratified
case has led to a further idealization popular in equatorial oceanography: the “one-
and-a-half layer” model. The vertically integrated horizontal velocities are always
zero in the two-layer model. When the lower layer is much deeper than the top, as
is always true in the real ocean — the best two-layer fit to the observed density is a
bottom layer roughly 40 times thicker (4 km vs 100 m) than the upper — the motion
in the lower layer is therefore extremely weak. It is then useful to simplify the model
still further by pretending that the depth of the lower layer is infinite, instead of
merely very large, so that the lower layer is at rest. Symbolically,

1
1§1ayer model = 2 layer model with lower layer of infinite depth and no motion

This “one-and-a-half layer” model distorts the linear dynamics of the baroclinic
mode only a little, but it profoundly alters the nonlinear dynamics by eliminating
the coupling between the baroclinic and barotropic modes. The reason is that when
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1-1/2 Layer Model Shallow Water (1 Layer) Model

=77 =T \/,/:.,,'/..: f.'//,\\ﬂ/:/ = '-.'//,.
5,7 Light, Warm % £

N

Heavy, Cold
u,v=0

Infinitely
Deep

Fig. 2.1 The 1-1/2 layer model (left) is mathematically equivalent to the shallow water equations
(right). Note that a trough in the thermocline, which is the boundary between the warm, dynamically-
active upper layer and the cold, dynamically-passive layer translates into a crest in the shallow water
model. Note also that the mean depth of the shallow water is the equivalent depth (typically half a
meter) rather than the actual depth of the layer above the thermocline, which is O(100) m

a horizontal velocity like u is zero in the lower layer, a nonlinear product like uu,
is also zero in the lower layer. Therefore, the nonlinear terms involving the self-
interaction of a motion in the baroclinic mode project back only onto the depth-
varying baroclinic mode rather than onto the barotropic mode, which is independent
of depth. The special cases of (i) equal depth or (ii) an infinite lower layer depth as
here are the only circumstances in which the nonlinear barotropic mode/baroclinic
mode coupling in the two-layer model is O.

In reality, however, the coupling to the second baroclinic mode — which does not
even exist in the two-layer model — can be as strong as the barotropic mode in the
continuously stratified model. Furthermore, the second baroclinic mode motion is
more interesting than the barotropic mode because only the baroclinic modes are
equatorially trapped. Consequently, it is not possible to do a satisfactory treatment of
nonlinear mode-coupling in the two-layer model even when the depth of the lower
layer is kept finite, so most equatorial oceanographers have been quite shameless in
retreating to the one-and-a-half layer models for nonlinear calculations. (Note that
for purely linear calculations, the baroclinic and barotropic modes are completely
uncoupled, and the difference between the two-layer and one-and-a-half layer models
is irrelevant.)

The virtue of the one-and-a-half layer model is that it is identical in form with
the nonlinear shallow water wave equations except that (i) the actual depth of the
upper layer is a factor of a hundred or more larger than the equivalent depth, which
is (O[0.6 m]) and (ii) the model must be turned upside down (Fig.2.1). What is
meant by this is that the height ¢ is proportional to the total thickness of the layer
that is in motion (Fig.2.1). Since the density difference across the thermocline is
two orders of magnitude smaller than the difference across the air-water interface,
it is the thermocline that moves, and not the sea surface. When the thermocline
moves down, the total thickness of the upper layer increases. Thus, when the shallow
water wave equations are being used to represent the baroclinic mode of the one-
and-a-half layer model, a positive value of ¢ corresponds to downward movement
of the thermocline, an increased thickness of the upper layer, and downwelling at
the thermocline, i.e., negative vertical velocity. The numerical values in the shallow
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water model must be multiplied by the ratio of thermocline depth/equivalent depth
to obtain the actual thermocline changes: ¢ equivalent to a 30 cm displacement in a
shallow water model with an equivalent depth of only 60cm corresponds to a S0 m
change in the thermocline depth.

The one-and-a-half layer model has been described here in some detail because it
has been surprisingly effective in explaining many features of the large-scale ocean
circulation when supplied with realistic boundaries and wind stresses.

Nonetheless, the formalism of continuously stratified models is well understood,
and they are clearly the wave of the future. Figure2.2 compares the first four baro-
clinic modes as calculated by Semtner and Holland [ 16] for the idealized stratification

T(z) = 4 + 207/°%0m °C (2.35)

(the eigenvalues are given in Table2.2) with the lone baroclinic mode of the two-
layer model for a case in which the bottom layer is much deeper than the top layer.
The structure of the first baroclinic mode for the exponential stratification is similar
to that of the baroclinic mode of the two-layer model except for the smearing out
of the step-function jump in the corresponding eigenfunction. However, both first
baroclinic modes have strong flow in the upper ocean and much weaker flow — in the
opposite direction — in the deep ocean. Thus, the layer model gives a reasonable, albeit
crude, approximation to the lowest baroclinic mode of a more realistic, continuously
stratified model. While the baroclinic modes shown in Fig. 2.2 are intended to be
representative only—a more realistic stratification would give less amplitude at the
bottom—it is easy to calculate the vertical modes for any specified stratification.

2.6 Nondimensionalization

Letting a = radius of the earth, £2 = angular frequency of the earth’s rotation, and
&= 4[22a2/gHeqm-m;m, [“Lamb’s parameter”] (2.34bis)

as before, one can eliminate a, §2, and ¢ as explicit parameters by choosing vertical
mode-dependent scalings. Letting asterisks denote the non-dimensional quantities,

x* =¢e*x/a (2.36a)
v =¢e*y/a (2.36b)
= V4 Q2)t (2.36¢)
u* =e'?u/(282a) (2.36d)
v =¢e2v/(20a) (2.36¢)
o* = ep/(2Ra)? (2.36f)

A* =4 AJ[(2R2a)7282] (2.36g)
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will reduce the shallow water equations to a form with no explicit parameters except

the viscosity coefficient, which we shall usually set equal to 0 (Fig.2.2).

Planetary wave theory and middle atmosphere dynamics often uses a nondi-
mensional frequency o = dimensional frequency/(22) and the zonal wavenum-
ber is an integer s. The corresponding nondimensional phase speed is Cpianerary =
phase speed/(252a). These are connected to the nondimensional quantities used in
equatorial oceanography by

(@) o

k= 5 /et
(,L)* — 81/40
* 1/2
c =¢ / Cplanetary

km 2
3_

n=1

T(z)=4°C. + 20°exp(z/500m)

n=3

(b)

Two-Layer
Model

n=4

(2.37)
(2.38)
(2.39)

Fig. 2.2 Baroclinic modes versus depth where 3 is the horizontal axis and depth z is the vertical
axis. The dashed vertical lines are the axis 3 = 0. a First four modes for an exponential variation

of mean temperature with depth. b First (and only) baroclinic mode of a two-layer model
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o’ —[e22n+ 1) +5%c—s=0 < & —[Cn+D+kJo—k=0

The scalings in (2.36) can be summarized by stating that the nondimensional
length scale L, time scale T and velocity scale U are given by

L=¢"* (2.40a)
T =¢'*/282) (2.40b)
U=¢"22Qa (2.40c)

where typically L ~ O (300km), T ~ O (2days) and U is O (2m/s).
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Chapter 3
Kelvin, Yanai, Rossby and Gravity Waves

Abstract The Hough-Hermite functions are the normal modes of the shallow water
equations. Each eigenfunction is a vector with different latitudinal and vertical struc-
ture functions for the three fields (u, v, ¢). Geophysicists commonly classify the
normal modes into different species: Kelvin wave, Rossby waves, gravity waves and
the Yanai wave, also known as the mixed Rossby-gravity mode. In this chapter, we
catalogue the properties of these normal modes. The latitudinal structure functions
are given explicitly as Hermite functions. Derived fields such as the vorticity are also
cataloged. The eigenvalues are the frequencies, which are analyzed both through
explicit approximations and a plethora of graphs. Hough functions also appear when
Lamb’s parameter ¢ is the eigenvalue and the frequency is a parameter as in tidal
theory, and also when the zonal wavenumber £ is the eigenvalue as needed for tides
in a land-bounded basin and certain applications in meteorology.

Eyesight should learn from reason.

Johannes Kepler

3.1 Latitudinal Wave Modes: An Overview

The normal modes of the linearized shallow water wave equations, henceforth the
“Hough-Hermite” functions, play a dual role in equatorial dynamics. First, they are
the idealized solutions of the simplest rational model. Mean flows, transient forcing,
irregular coastlines, and dissipation stretch and distort both the spatial and temporal
structure of the normal modes, but Rossby waves retain many characteristics of the
Rossby Hough-Hermite modes and distorted Kelvin waves are still Kelvin waves.

Second, the Hough-Hermite functions are a complete orthogonal set which can
be used as the basis set in applying the spectral or pseudospectral method, even in
strongly nonlinear or damped problems. It is possible to eliminate some or all of the
gravity wave basis functions to create a restricted basis set that captures the physics
of low frequency motions and allows a long time step.
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In the previous chapter, we derived the three shallow water wave equations for each
vertical mode in the most general possible form for a resting mean state (Eq.2.29a,b
and c). For free oscillations these are simplified by the assumptions that

(i) The wind stresses ¥, 77 = 0.

(i1) The eddy viscosity coefficient A = 0.

With these two assumptions, the shallow water wave equations will be equally
appropriate for either the ocean or the atmosphere. The Hough-Hermite functions
are the vector solutions for the undamped, free oscillations of the equatorial ocean;

In addition, we shall use the vertical mode-dependent nondimensionalization of
the previous chapter, which effectively replaces the vertical eigenvalue A by 1. We
shall also drop the subscripts denoting the vertical mode number for notational sim-
plicity. The equations we must solve are then

U — fv+ ¢ =0 (3.1a)
v+ futd, =0 (3.1b)
¢t+ux +Vy:O (31C)

where

fo [midlatitude f-plane],
f =1 fo+ By [midlatitude beta-plane], . 3.2)
y  [equatorial beta-plane]

where fy and 8 are constants.

We are of course primarily interested in the last case f = y, but it is worth
nothing that the equations are equally valid for the midlatitude f-plane (or, forming
a vorticity equation from the momentum equations in the shallow water trio, the
midlatitude beta-plane) because these simpler equations — whose coefficients are
constants — will often be useful in later sections for understanding (a) the analogy
between coastal and equatorial motions and (b) wind-driven motions in general.

There are two distinct methods for preceding farther. One is to make the usual
assumption that all the waves depend on x and 7 in the form

explik(x — ct)] (3.3)

and then reduce the three shallow water equations down to a single equation for
one of the unknowns to determine the latitudinal structure. It is best to make v the
unknown since this gives the simplest differential equation, the so-called “parabolic
cylinder” equation. This has the great virtue that its eigenfunctions can be written
down in simple closed form as the Hermite functions, which are described fully in
Appendix A — but only if we impose the boundary conditions

u(y = =£00) = v(y = +£00) = ¢(y = £00) =0 (3.4)
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Since the equatorial beta-plane cannot be qualitatively correct at high latitudes, it
is foolish to impose boundary conditions at some finite value of y merely because that
y corresponds to £ /2 radians. The whole justification for the equatorial beta-plane
is that its dynamics is dominated by motions which are equatorially trapped and
decay exponentially fast beyond some finite turning latitude. So long as we choose
the boundaries to be beyond these turning points, it matters little where we place
them. The boundary conditions at 00 have therefore become a canonical part of
the equatorial beta-plane approximation.

One exception is the Gulf of Guinea where the coast of West Africa runs roughly
parallel to the equator for a distance of several hundred kilometers at only 4 °N.
Here the correct eigenfunctions are general parabolic cylinder functions—which
cannot be written down in analytical form except as infinite power series—chosen
to vanish at a finite northern boundary (and an infinite southern boundary). For the
low order modes, i.e., Kelvin and mixed-Rossby gravity waves, which are the ones
of greatest physical importance, the effects of the finite boundary are still negligible.
Consequently, we shall use only infinite boundary conditions and Hermite functions.

The disadvantages of the obvious procedure of obtaining a single equation for v
are that (i) it omits the Kelvin wave, which has v = 0 and (ii) it spuriously gives
three solutions for the zeroth-order Hermite mode when there are in fact only two
such wave modes for the original set of three equations. Obtaining a single equation
in u or ¢ alone is not a useful alternative because these differential equations have
“apparent” singularities and are therefore not standard Sturm-Liouville problems;
further, u and ¢ are sums of rwo Hermite functions, unlike the eigenmodes for v,
whose solutions are proportional to a single Hermite function. The standard textbook
approach in [1], for example, is therefore to reduce the three shallow water equations
down to a single equation for v alone and then treat the two exceptions separately.

The other approach is less obvious — indeed, it would not make sense unless
one already knew the answer — but it has the virtue of neither omitting nor adding
waves. Furthermore, this line of attack has proven very useful in solving the inho-
mogeneous shallow water equations when either wind stresses or lower order terms
in perturbation theory replace the zeros on the right-hand sides of the shallow water
system. This “sum-difference” method is therefore the derivation given here.

The “sum-difference” method uses two ancient tricks. Observe that while # and
¢ are proportional to sums of two Hermite functions, it is possible, since they both
involve the same two Hermite functions, to define new variables which are linear
combinations of u and ¢ that are proportional to a single Hermite function, just as v
is [2]:

S=¢+u [“sum variable”] (3.5a)
D=¢—u [“difference variable”] (3.5b)

The second trick, first applied in quantum mechanics, is that the Hermite functions
have simple “raising” and “lowering” operators that transmute one Hermite function
into another. The beauty of these two tricks is that all the explicit factors of y and
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all the y derivatives can be written in terms of these operators SR and £. For the
normalized Hermite functions

R=(d/dy —y) [“raising operator”] (3.6a)
Ry = —[200 + DI (3.6b)
L=(d/dy+y) [“lowering operator’] (3.7a)

LY = [2n]"9, (3.7b)

The first step is to take the sum and difference of the x-momentum equation and
the height equation so as to obtain replacements that involve only S alone or D alone:

St +Se+@wy—yv)=0 (3.82)
D;— D+ (y +yv)=0 (3.8b)

Note that the terms involving v in (3.8) can both be written in the simple form SRv
or £v by using the “raising” and “lowering” operators. Similarly substituting S, D,
£, and fR into the y-momentum equation gives the set

S+ S +Rv=0 (3.9a)
v, +0.5(ES +MD) =0 (3.9b)
D,—Di+Sv=0 (3.9¢)

The next step is to substitute Hermite expansions into (3.9). (Note that the sums
are now over latitudinal eigenfunctions, unlike the sums over vertical modes of the
previous chapter.) The general solution, of course, is a double summation over both
the vertical and latitudinal modes. The sums are

[o¢]

SCey. 1) =D Su(x, eV H,(y) (3.10a)
n=0
o0

vy, 1) = valx, e VDY Hy(y) (3.10b)
n=0
[o.¢]

D(x.y.1) =Y Dy(x, 00"V H,(y) (3.10¢)
n=0

Substituting these series into (3.9) and exploiting the properties of the raising and
lowering operators, one finds that the Hermite coefficients are determined by

Sor + Sox =0 [“Kelvin singlet”] 3.1
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which completely determines the Kelvin wave, for which v = D = 0, plus the pair
of equations

S+ Sie — 2% =0 [“Yanai doublet”] (3.12a)
vor + 2728, =0 (3.12b)

plus the infinite set of triples of equation, one for each n withn > 1,

Suttr 4 Spsix — [2(n + D]V, =0 (3.13a)
Voo + [0+ 1)/21Y2 8,01 — [n/21'2D,-1 = 0 (3.13b)
Dy — Dy_ix +[2n]?v, =0 (3.13¢)

[“General Triplet”]

Thus, S, is coupled only to v, and D,_; so that the triplet set of Eq. (3.13) may
be solved for a given n independently of all the other triplets.

Because the route of reducing the shallow water wave equations down to a single
equation for v was the historical route, it is now a firm convention to define the
latitudinal mode number for equatorial waves to be the degree of the Hermite function
which describes v. It would be natural to use the Hermite degree of the sum variable

S instead; for the Kelvin wave, which has v = 0, it is necessary to define n = —1
in the usual convention. However, the convention is now too firmly entrenched to be
changed.

Since the Egs. (3.11)—(3.13) are constant coefficient, it is trivial to assume the
usual exp[ik(x —ct)] dependence for all the variables and obtain a dispersion relation.
To avoid complex arithmetic, define

Spi1(x, 1) —S cos(kx — wt)
va(x,t) | =1 vsin(kx — wrt) (3.14)
Dy_1(x, 1) —D cos(kx — wt)

Substituting into the general triplet gives the 3 x 3 algebraic eigenvalue problem

k—-—w) —-[Re+DI? 0 S 0
—[(n+ 1)/2]'2 —w (n/21"2 ||| = |0 (3.15)
0 [2n]!/? (—k —w)||D 0

Because this matrix is homogeneous, this system has nontrivial solutions only if its
determinant is zero. This yields the dispersion relation

& —Cn+14+)w—k=0 (3.16)

which is solved in Sect. 3.3.



40 3 Kelvin, Yanai, Rossby and Gravity Waves
Once w is known, the first and third equations show that

S={120+ D1"*/(k — w)} ¥ (3.17)
D={en)"?/k+w)}¥ (3.18)

What follows in the next section is simply an extensive collection of results.

3.2 Latitudinal Wave Modes: Structure and Spatial
Symmetries

The explicit linearized plane wave solutions of (3.13), i.e., the results obtained by
assuming that the wave depends upon x and ¢ only through a factor of exp[ik (x —ct)],
are collected as Tables3.1, 3.2 and 3.3. Somewhat inconsistently, the formulas for
n = 1 and higher are expressed in terms of normalized Hermite functions while
the Kelvin wave and mixed-Rossby gravity wave results are displayed explicitly as
ordinary polynomials (because of their simplicity). Only u, v, ¢, the vorticity ¢, and
the linearized potential vorticity g = { — y¢ are given because the other quantities
of interest are proportional to those listed. For example, the divergence A is given by

A=u,+v, = ikcp (3.19)

for all wave modes; this is an obvious consequence of the continuity equation [¢;
equation] of the linearized shallow water wave set. Similarly,

w = —ikc /z ¢ ()dz (3.20)
-D
T =—ap =lapm/glé: (3.21)

from Eq.2.20.

Note that w, T', and p are the only quantities which depend upon either deriva-
tives or integrals of the vertical structure functions; the other variables are directly
proportional to 3,,(z) itself.

Figures 3.1, 3.2 and 3.3 illustrate the horizontal winds and pressure for the Kelvin
wave (n = —1), the mixed Rossby-gravity or Yanai wave (n = 0, westward-
traveling), and the n = 1 Rossby wave. Several general comments can be made.

First, the height ¢ and zonal flow u are always zonally in phase and have the
same latitudinal symmetry with respect to the equator. The latitudinal current v, in
contrast, is always 90 degree out of east-west phase with u and ¢ and always has the
opposite symmetry with respect to the equator.
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Kelvin, k=1
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Fig. 3.1 Kelvin wave for east-west wavenumber k = 1. Positive isolines of height are solid while
negative-valued contours are dotted. Local maxima and minima of height ¢ are marked with the
letters “H” and “L”, a common meteorological convention. The arrows show the magnitude (vector
length) and direction (arrow orientation) of the horizontal wave velocity vector whose components
are («, v). No numerical values are given because the amplitude of a linear normal mode is arbitrary

Mixed Rossby-gravity, eastward-propagating wave, k=1
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Fig. 3.2 Mixed Rossby-gravity (Yanai) wave for k = 1
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Rossby wave [n=1], k=1
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Fig. 3.3 n = 1 Rossby mode for k =1

Equations (3.19)—(3.21) show that w, T', and the divergence A are all proportional
to ¢ (or its vertical integral or derivative). Thus, all three of these quantities invariably
have the same zonal-latitudinal structure as ¢.

This explains a rather amusing convention; the equatorial symmetry of a given
mode is defined to be the symmetry of u, ¢, w and T. Thus, the n = 1 Rossby mode,
for which all these quantities are symmetric with respect to the equator, is called a
“symmetric” mode. The irony is that the mode is numbered according to the Hermite
degree of v, and this is always opposite in symmetry to the other four fields. One
therefore has to remember that while the Kelvin wave and alln = 1,n = 3,n =
5, ..., modes are symmetric with the equator, the Hermite functions of odd degree
n are antisymmetric with respect to the equator. Table 3.4 summarizes the latitudinal
symmetry of each individual field.

The vorticity ¢ and potential vorticity g share the same latitudinal symmetry as
v; the potential vorticity is in fact proportional to the same Hermite function as v.
However, because of the factor of i in front of v, which is missing from ¢ and ¢, the
two vorticities are always 90 degrees out of phase with v and therefore have maxima
and minima along the same meridians as « and ¢.

Zonally speaking, we have that u, ¢, ¢, and g are in phase while the ridges and
troughs of v and the divergence A are always a quarter wavelength out of phase with
the first four. The zonal phases for w and 7T are a little more complicated because
these depend upon integrals or derivatives of ¢. When the vertical structure functions
represent standing waves, unlike those shown in Fig.3.4, w is zonally out of phase
with ¢ while the temperature is in phase with ¢.
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In the atmospheric case
i) = e (3.22)

which r is the vertical wavenumber. (We have ignored the usual density growth factor
of exp(z/(2H) where H is the scale height of the atmosphere because this factor has
no oceanic counterpart, and is omitted anyway in the Boussinesq approximation.)
Because the atmosphere is semi-infinite rather than bounded, equatorial waves freely
radiate away to space. This implies that free modes are impossible. Instead, one has
only forced modes which propagate upward and do not return. We have therefore
appropriately omitted a subscript mode number from 3(z). When one has to vertically
integrate the complex exponential in (3.22) one obtains a factor of i, and likewise
in differentiating. Therefore, in the atmosphere, the zonal phase relationships of w
and T are changed: w is always in phase with ¢ while T is always zonally a quarter
wavelength behind.

Because w and T always have the same latitudinal structure as ¢ and because the
zonal average of the product of ¢ and w — which is the vertical energy flux — must be
positive for an upward propagating wave, we can make the unambiguous statement
that the vertical velocity is always maximum upwards where ¢ is a maximum while
the strongest downdrafts occur at the troughs of ¢. Similarly, the temperature maxima
always lead the ridges of ¢ by a quarter of a wavelength, regardless of whether the
wave is traveling to the east or the west.

Ocean waves that are excited at the surface and transmit energy downward into
the abyss may exhibit a similar one-way propagation, only turned upside-down, if
there is sufficient damping so that the energy that reflects off the bottom is strongly
attenuated before it reaches the surface again. The different vertical propagation
direction implies that the oceanic structure is

3(z) = exp(—irz) (3.23)
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These zonal phase relationships for a surface-forced, downward-energy-propagating
Kelvin wave are shown in Fig.3.4.

When the vertical wavelength is short in comparison to the mean ocean depth of
4 km, it is therefore reasonable to apply a radiation condition on the eigenfunctions
of the vertical structure equation. Then the atmospheric phase relationships apply to
the ocean, too, except that for downward-propagating waves, maximum downward
velocities coincide with the ridges of ¢, and T now lags the ridges of ¢ instead of
leading them.

For ocean normal modes in which the 3,(z) are real (rather than complex), the
vertical integration/differentiation needed to obtain w and T from ¢ does not intro-
duce a factor of i. In this case, w is out of phase with ¢ while the temperature T
now is in phase with ¢. Thus, the distinction between vertical normal modes and
vertical traveling waves is very important to the zonal phase relations — which in
turn are important in understanding whether observed waves are normal modes, or
surface-generated waves on a one-way trip to the bottom.

In the vertical normal modes case, there is no simple rule as to whether ¢ and T are
of the same or opposite sign at a given point because both are oscillating with z, but
one is proportional to 3, (z) and the other is proportional to its derivative. Similarly, u
and ¢ are always proportional to the same function of depth, but since their latitudinal
structure is different, they may be of the same or opposite sign, depending on the
latitude.

3.3 Dispersion Relations: Exact and Approximate
Frequencies

The dispersion relation for the Kelvin mode is trivial: without approximation
c=1 Vk <~ o=k (3.24)
The Yanai dispersion relation is the quadratic
o —ko—1=0 (3.25)
which has also an algebraic exact solution:

k k2
w = 7 + ) +1 [Yanai Frequency] (3.26)

For the special case k = 0, the frequency simplifies to

w = %1 [Yanai Zero-Wavenumber Frequency] (3.27)
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The frequencies for the three modes whose north-south current is proportional to
¥, (y) are the three roots of the cubic equation

0 —Qn+1+k)o—k=0 (3.28)

Note that because the coefficient of w? is zero, the so-called “Vieta Root Identities”
(Theorem 11.9 on p. 224 of [3]) show that the sum of the roots is exactly zero:

WRossby (M, k) + wpg(n, k) + wowg(n, k) =0 [Vieta Identity] (3.29)

where the three roots are a Rossby wave, an eastward-traveling gravity wave and a
westward-traveling gravity wave as discussed further below.
For the special case k = 0, the roots are

w=0£/2n+1 [Zero Wavenumber Frequencies] (3.30)

The zero frequency modes are geostrophically-balanced with zero north-south veloc-
ity and are often called the “geostrophic modes”, although they are also the smooth
limits of Rossby waves in the limit kK — 0. The frequencies of the other two modes
are similarly the well-behaved limits of the frequencies for eastward-traveling and
westward-traveling gravity waves

The exact roots for general k are given by (Theorem 1.1, p. 199 of [3])

wpG = /4/3 2n + 1 +k*)1? cos(&/3) (3.31)
owe = V4/32n 4+ 14+ k*? cos(5/3 + 27/3) (3.32)
WRossby = v/4/3 2n + 1 +k*)'/? cos(E/3 + 47/3) (3.33)

where the subscripts EG and WG denote the gravity waves propagating towards the
east and towards the west, respectively, and where

33/2
E = arccos (2(2n 1T k) (3.34)

One can show that = differs form 7 /2 by no more than 1/(2n + 1) for all n and

k; the power series approximations to the 