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V 

FOREWORD TO THE FIRST EDITION 

This text is based on a course that I taught at Western Michigan 

University in 1971. The material is suitable for presentation at the 

graduate or advanced undergraduate level, and assumes only an intro- 

ductory knowledge of group theory and of point-set topology. One of 

the features of the subject matter is that many results of the 

general theory can be readily visualized, or modeled, so that the 

student is constantly reassured that what he is doing has meaning, 

is more than a formal manipulation of symbols. 

The focus of attention is an interaction amoung graphs, groups, 

and surfaces (see Figure 0-1). After a brief introduction to the 

theory of graphs, the relationship between graphs and groups will be 

explored. For every graph there is an associated group, called the 

automorphism group of the graph. Conversely, for every group presen- 

tation, there is an associated graph, called a Cayley color graph of 

the group. Both associations will be studied, with emphasis on the 

latter. An excursion into combinatorial topology will follow; 

Euler's generalized polyhedral formula and the classification theorem 

for closed 2-manifolds will be discussed. Imbedding problems in 

graph theory will be examined at some length (here a graph and a 

surface come together, often with the aid of a group); it will be 

seen that the famous four-color conjecture can be stated in this con- 

text. The five-color theorem will be established. The Heawood map- 

coloring theorem will then be studied in detail. (This theorem 

determines a chromatic number for every closed 2-manifold except the 

sphere -- a truly astounding result!) The theory of quotient graphs 

and quotient manifolds (and quotient groups) is at the heart of the 

proof of this theorem (as well as many others) and will be presented; 

this theory relies upon each of the concepts mentioned in this para- 

graph and serves as the unifying feature of this text. 



v i  Foreword t o  t h e  F i r s t  E d i t i o n  

S e v e r a l  p e r i p h e r a l  ( b u t  s i g n i f i c a n t )  r e s u l t s  a r e  s t a t e d  wi thou t  

p roof .  An e f f o r t  has  been made t o  p r o v i d e  t h o s e  p r o o f s  of theorems 

which a r e  most i n d i c a t i v e  of  t h e  charm and beau ty  of  t h e  s u b j e c t  and 

which i l l u s t r a t e  t h e  t e c h n i q u e s  employed. P r o o f s  mis s ing  i n  t h e  

t e x t  can be s u p p l i e d  by t h e  r e a d e r ,  a s  p a r t  of  t h e  problem sets  

(problems marked l o * "  a r e  d i f f i c u l t ;  t h o s e  marked " * * ' I  are a s  y e t  un- 

s o l v e d ) ,  o r  can  be found i n  t h e  r e f e r e n c e s .  A b i b l i o g r a p h y  is  pro-  

v i d e d ,  f o r  f u r t h e r  r ead ing :  items (c )  o r  ( j )  , ( g )  , and ( h )  r e s p e c t -  

i v e l y  are p a r t i c u l a r l y  s u i t a b l e  f o r  more e x t e n s i v e  t r e a t m e n t s  of t h e  

t h e o r i e s  of  g r a p h s ,  g roups ,  and s u r f a c e s ,  which are  seen  i n t e r a c t i n g  

i n  t h i s  t e x t .  

A.T.W. 



vii 

FOREWORD TO THE SECOND EDITION 

The field of topological graph theory has greatly expanded in 

the ten years since the first edition of this book appeared, with 

many able mathematicians contributing to this expansion. As with 

the first edition, I have tried to focus on those aspects of the 

subject germane to the interaction of the structures listed in the 

title. I apologize in advance, for any omissions of relevant mate- 

rial. 

The nine chapters of the first edition have been revised and up- 

dated. Thirty-two new problems have been distributed among these 

chapters. 

Six new chapters have been added, dealing with: voltage graphs 

(extending the work of Jacques even further), non-orientable imbed- 

dings (emphasizing parallels to the orientable theory and results), 

block designs associated with graph imbeddings (tying topological 

graph theory securely to more traditional combinatorics) , hypergraph 
imbeddings (as generalizing graph imbeddings and as depicting block 

designs), map automorphism groups (groups acting (primarily) on 

graphs of groups on surfaces), and change ringing (finding how to 

ring church bells by picturing the right graph of the right group on 

the right surface.) 

Several new problems have been given for each new chapter, so 

that there are now 181 problems in all; 22 of these have been desig- 

nated as "difficult" ( * )  and 9 as "unsolved" ( * * ) .  Three of the four 

unsolved problems from the first edition have been solved during the 

ten years between editions; they are now marked as "difficult." 

I wish to thank everyone who read the first edition, particular- 

ly those who sent me comments and corrections, and especially 

Jonathan Gross. I also owe thanks (but delegate no responsibility) 

to many, including the following, for their contributions to my 



viii F o r e w o r d  t o  t h e  S e c o n d  E d i t i o n  

u n d e r s t a n d i n g  of tlic mate r i a l  in t h e  new c h a p t e r s  as i n d i c a t e d :  

Thomas T u c k e r  ( l o ) ,  S a u l  Stahl (11) a n d  (13), S e t h  A l p e r t  (12), 

D e r e k  Waller ( 1 3 )  a n d  ( 1 4 )  , Norman B i g g s  ( 1 4 )  , a n d  Sabra A n d e r s o n ,  

J o a n  H u t c h i n s o n ,  a n d  T. J e f f e r s o n  Smith (15). F i n a l l y ,  1 t h a n k  

Margo J o h n s o n  f o r  t y p i n g  t h e  m a n u s c r i p t ,  a n d  P a u l  H i m c l w r i g h t  €or 

d r a w i n g  t h e  f i g u r e s .  

A.T.W. 
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1 

CHAPTER r 

HISTORICAL SETTING 

In coloring the regions of a map, one must take care to color 

differently any two countries sharing a common boundary line, so that 

the two countries can be distinguished. One would think that an 

economy-minded map-maker would wish to minimize the number of colors 

to be used for a given map, although there appears to be no histori- 

cal evidence of any such effort. Nevertheless a conjecture was made, 

over thirteen decades ago, to the effect that four colorswould always 

suffice for a map drawn on the sphere, the regions of which were all 

connected. The first reported mention of this problem (see [ B C L l ]  

and [Ol]) was by Francis Guthrie, through his brother Frederick and 

Augustus de Morgan, in 1852. The first written references were by 

Cayley, in 1878 and 1879. Incorrect "proofs" of the Four Color Con- 

jecture were published soon after by Kempe and Tait. The error in 

Kempe's "proof" was found by Heawood [ H 3 ]  in 1890; this error has 

reappeared in various guises in subsequent years. Ore and Stemple 

[Osl] showedthat any counterexample to the conjecture must involve a 

map of at least 72 regions. The conjecture continued to provide 

one of the most famous unsolved problems in mathematics, until Appel 

and Haken affirmed it in 1976 [ A H l ] .  

It is an astonishing fact that several related, seemingly much 

more difficult, map-coloring problems have been completely solved. 

Chief among these is the Heawood Map-coloring Conjecture, which gives 

the chromatic number for every closed 2 -manifold other than the 

spere; we state the orientable case: 

where k is the genus of the closed orientable 2 -manifold Sk. 

Heawood showed in 1980 [ H 3 ]  that x(sk) 5 f (k) , and in 1891 Heffter 

[H4] showed the reverse inequality for a possibly infinite set of 

natural numbers k ;  almost eight decades passed before it was shown 

that x(Sk) 1. f (k) , for all k > 0 . In 1965 this problemwasgiven 

the place of honor on the dust jacket for Tietze's Famous Problems 



2 Historical Setting Chapt. 1 

of Mathematics [T2]. An outline of the major portion of the solu- 

tion now follows. 

The dual of a map drawn on Sk 
is a pseudograph imbedded in 

Sk , and it can be shown (see Section 8-4) that x(Sk) 2 f (k) , 
for k > 0 ,  provided the complete graph Kn has qenus given by 

Heawood established ( * )  for n = 7 in 1890, and Heffter for 

8 5 n 5 12 in 1891; Ringel handled n = 13 in 1952. The first 

major breakthrough occurred in 1954, when Ringel showed ( * )  for 

n : 5 (mod 12). During 1961-1965, Ringel treated the residue cases 

7 , 10 , and 3 (mod 12) , while independently Gustin settled the 

cases 3 ,  4 , and 7 . Gustin's method involved the powerful and 

beautiful idea of quotient graph and quotient manifold, and relies 

upon the fact that 

a group presentation; thus graph theory, group theory, and surface 

topology are combining to solve this famous problem of mathematics. 

Kn 
can be regarded as a Cayley color graph for 

In 1965, Terry, Welch, and Youngs announced their solution to 

case 0. Gustin, Ringel, and Youngs finished the remaining residue 

cases (mod 12) , except for the isolated values n 1 8 ,  2 0 ,  and 

2 3 ;  their work was announced in 1968 [RYl]. In 1969, Jean Mayer 

(a Professor of French Literature) [M4] eliminated the last three 

obstinate graphs by ad hoc techniques. 

Much of the work of Ringel, Terry, Welch, and Youngs was made 

possible by Gustin's theory of quotient graphs andquotientmanifolds; 

this theory was developed and modified by Youngs, who also intro- 

duced the theory of vortices [ Y 3 ] .  The theory is considerably more 

general than was needed to prove the Heawood Map-coloring Theorem, 

and has been unified and developed in more generality by Jacques 

[JZ], in 1969. Jacques' results will be presented in Chapter 9, 

together with many applications to other imbedding problems in 

graph theory. This will be a focal point of the text, and it 

illustrates vividly the fruitful interaction among graphs, groups, 

and surfaces. 

We continue this development through the theory of voltage 

qraphs and by extending to nonorientable imbeddings. We consider 

the related structures of block designs and hypergraph imbeddings. 

In map automorphism groups we study groups acting on graphs ofgroups 

on surfaces. Finally, in studying change ringing, we use graphs of 
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groups on surfaces to compose pieces of music. 

The conjunctions of graph theory, group theory, and surface 

topology described above are foreshadowed, in this text, by several 

pairwise interactions among these three disciplines. The Heawood 

Map-coloring Theorem is proved by finding, for each suface, a graph 

of largest chromatic number that can be drawn on that surface. 

Equivalently (as it turns out) we find, for each complete graph, the 

surface of smallest genus in which it can be drawn. The extension of 

this latter problem to arbitrary graphs is natural; the solution is 

particularly elegant for graphs which are the Cayley color graphs of 

a group. We are led in turn to the problem of finding, for a given 

group, a surface of minimum genus which represents the group in some 

way. 

Dyck [D5] (see also Burnside [B18], Chapters 18 and 19) consid- 

ered maps, on surfaces, that are transformed into themselves in 

accordance with the fixed group r , acting transitively on the 

regions of the map. Any such map gives an upper bound for the para- 

meter y ( T )  discussed in Chapter 7 of this text, as a "dual" formed 

in terms of Burnside's white regions gives a Cayley color graph for 

r . (Cayley [C4] defined his color graphs as complete symmetric 

digraphs, corresponding to the choice r less the identity element 

as a generating set for r ; it is sensible to extendhisdefinition 

to any generating set for the group in question.) Brahana [B15] 

studied groups represented by regular maps on surfaces; these maps 

correspond to presentations on two generators, one of which is of 

order two. In this context the group acts transitively on the edges 

of the map, and again an upper bound for y ( T )  is obta.ined. In 

Chapter 7, we regard r as acting transitively on the vertices of 

the map induced by imbedding a Cayley color graph CA(r) for r in 

a surface; in Chapter 4 ,  we show that the automorphism group of 

CA(T) is isomorphic to r , independent of the generating set A 

selected for r , so that in this sense C A ( r )  provides a "picture" 

of r . But more: many properties of r , such as commutivity, 

normality of certain subgroups, the entire multiplication table, can 

be "seen" from the picture provided by Thus it is natural 

to seek the simplest surface on which to draw this picture; this is 

given by the parameter y ( r )  . 

CA(T) . 

This point of view may give a surface of lower genus for a 

given group than the other two approaches listed above; for example, 

the group r = Z x Z 4  is toroidal for Dyck (or Burnside) and for 
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Brahana, yet y ( Z 2  x 2,) = 0 . 

riot discuss in this text: to every surface Sk there corresponds a 

unique group, i l ( S k )  , called the fundamental qroup of the surface; 

the groups Q ( S k )  have been coniplrtely determined -- they are yivcn 
by Lk generators a1 , bl , . . . , a k ,  bk arid thc single defining 

-1 -1 
relation albla;lb;'. . . a b a bk = e (see, for example, l S 6 1  . )  

Each of the other five correspondences illustrated in Figure 0-1 

(where the inner triangle commutes, for proper choice of A )  is 

germdne, as outlined above, to the conjunction of qraph theory, 

group theory, and surface topology described in this introduction 

and which we now begin to develop. 

There is one correspondence depicted in Figure 0-1 which we do 
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CHAPTER 2 

A BRIEF INTRODUCTION TO GRAPH THEORY 

In this chapter we introduce basic terminology from the theory 

of graphs that will be used in this text. We will give several 

binary operations on graphs; these will enable us to construct more 

complicated graphs, and hence to build up our store of examples of 

frequently encountered graphs. 

We emphasize that the material introduced here is primarily for 

the purpose of later use in this text; for a considerably more thor- 

ough introduction to graph theory, see [BCLl] or [H2]. 

2-1. Definition of a Graph 

Def. 2-1. A graph G consists of a finite non-empty set V(G) of 

vertices together with a set E(G) of unordered pairs of 

distinct vertices, called edges. If x = [u , v] E E(G) , 
for u , v  E V(G) , we say that u and v are adjacent 

vertices, and that vertex u and edge x are incident 

with each other, as are v and x .  We also say that 

the edges [ u  , v] and [u , w] , w # v , are adjacent. 

The degree, d(v) , of a vertex v is the number of 

edges with which v is incident. (Equivalently, d(v) 

is the number of vertices to which v is adjacent; i.e., 

If the vertices of G are labeled, G is said to be a 

labeled graph. 

As a matter of notation, we usually write uv for [u ,v] ; 

p = Iv(G) I ; q = IE(G) 1 . The order of G is given by p .  The 

size of G is given by q .  
~ 



Chap t .  2 6 A B r i e f  I n t r o d u c t i o n  t o  Graph Theory 

Example: L e t  G be d e f i n e d  b y :  

t h e n  G may be r e p r e s e n t e d  by e i t h e r  F i g u r e  2- la  o r  2 - lb ,  

where t h e  l a t t e r  r e p r e s e n t a t i o n  i s  more a c c u r a t e ,  i n  a 

s e n s e  w e  w i l l  d e s c r i b e  i n  C h a p t e r  6 .  

F i g u r e  2-1. 

Note : A g r a p h  may be  more b r i e f l y  d e f i n e d  as J. f i n i t e  onc- - 
d i m e n s i o n a l  s i m p l i c i a 1  complex. 

P r o o f :  I n  summing t h e  d e g r e e s ,  e a c h  e d g e  i s  c o u n t e d  

e x a c t l y  twice.  

Cor. 2-3.  I n  any g raph  G ,  t h e  number of v e r t i c e s  of odd d e g r e e  

i s  even .  

2 - 2 .  V a r i a t i o n s  of Graphs 

Dcf. 2 - 4 .  A loop i s  an  edge  of t h e  form vv . A m u l t i p l e  edge i s  

an  edge  t h a t  a p p e a r s  more t h a n  once  i n  E ( G )  . Adirec ted  

edye i s  a n  o r d e r e d  p a i r  of d i s t i n c t  v e r t i c e s .  A m u l t i -  

g raph  allows m u l t i p l e  e d g e s .  A p seudograph  a l l o w s  loops 

and m u l t i p l e  e d g e s .  A d i r e c t e d  g r a p h  ( d i g r a p h )  h a s  e v e r y  

edge  d i r e c t e d .  The c o r r e s p o n d i n g  g r a p h  ( w i t h  a l l  e d g e  

d i r e c t i o n s  d e l e t e d )  i s  c a l l e d  t h e  u n d e r l y i n g  g r a p h .  An 

i n f i n i t e  - graph  h a s  i n f i n i t e  v e r t e x  se t .  

F o r  example ,  see F i g u r e  2 . 2 .  
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loop multiple edge directed edge 

a directed pseudograph 

Figure 2-2. 

The term "graph," unless qualified appropriately, disallows any 

and all of the above variations. 

2-3. Additional Definitions 

Def. 2-5. A graph H is said to be a subgraph of a graph G if 

V(H) g V(G) and E(H) c E(G) . If V(H) = V(G) , H is 

called a spanning subgraph. For any $I # S G V(G) I the 

induced subgraph (S) is the maximal subgraph of G 

with vertex set S . 

Notation: For v E V(G) , G - v denotes (V(G) - v) . F o r  

x E E(G) I V(G-x) = V(G) , and E(G -x) = E(G) - x .  

Certain subgraphs are given special names. We indicate these 

by a series of definitions. 

Def. 2-6. A of a graph G is an alternating sequence of ver- 

tices and edges 

briefly: 

with vertices, in which each edge is incident with the 

two vertices immediately preceding and following it; n 

is the length of the walk. If vo = vn I the walk is 

said to be closed; it is said to be open otherwise. The 

vo ,xl ,vl I . . . l ~ n - l , ~ n  l v n  (or, 

vo ,vl I . . . l ~ n - l , ~ n )  beginning and ending 
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walk is called a trail if all its edges are distinct, and 

a path if all the vertices are distinct. A gycle_ is a 
closed walk with n 3 3 distinct vertices (i.e., 

but otherwise the vi are distinct). n' vo = v 

Two famous problems in graph theory may be described in terms 

of the above definitions. A graph is said to be eulerian if the 

graph itself can be expressed as a closed trail. (This corresponds 

to the "highway inspector" problem; eulerian graphs have been 

completely and simply characterized: see Harary IH21, p .  64-65 . )  

A graph is said to be hamiltonian if it has a spanning cycle. (This 

corresponds to the "traveling salesman" problem; hamiltonian graphs 

have not been completely characterized. See Harary, p. 65-69, for 

some partial results.) 

Def. 2-7. A graph G is connected if u , v  E V ( G )  implies there 

exists a path in G joining u to v . A component 

of G i s  a maximal connected subgraph of G .  

Def. 2-8. The distance, d(u,v) , between two vertices u and v 

of G is the length of a shortest path joining them if 

such exists; if not, d(u,v) = m .  

Thm. 2-9. A connected graph may be regarded as a (finite) metric 

space. 

Proof: See Problem 2 - 7 .  # 

For a partial converse to the above theorem, see Chartrand and 

Kay LCKl]. By Theorem 2-9, every connected graph may be regarded as 

a topological space. (Actually, since the metric induces the dis- 

crete topology, we knew this already.) In Chapter 6 we will see 

that this is true in another sense also: that is every graph may be 

regarded as a subspace of 

straight lines. If we consider G as a topological space in this 

latter sense, then G is connected as a graph if and only if it is 

connected as a topological space (see Problem 2-8). The term 

"component" is easily seen to mean the same in both contexts. 

Furthermore, a graph (as a subspace of R3) 

if it is path connected; (see Problem 2.9.) 

R 3 ,  with all edges represented as 

is connected if and only 
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Def. 2-10. 

Note : ___ 

Notation: 

Def. 2-11. 

Thm. 2-12. 
~~ 

Cor. 2-13. 

Cor. 2-14. 

Two graphs G1 and G2 are said to be isomorphic 

(G ;G2 , or G1 = G2) if there exists a one-to-one, 

onto map 0 : V(G1) + V(G2) preserving adjacency; that 

is, uv t E(G1) if and only if O(u)B(v) E E(G2) . 

1 

Isomorphism is an equivalence relation on the set of a l l  

graphs. 

6(G) = minId(v) lv E V(G) 1 . 
A(G) = max{d(v) /v E V(G) 1 . 

If 6(G) = A(G) = r , we say that G is regular of 

degree r . (If r = 3 , G is said to be cubic.) 

Let @ : V(G1) + V(G2) give GI 2 G2 ; then 

d(@(v)) = d(v) , for all v E V(G1) . 

Proof: See Problem 2-10. # 

If G1 is regular of degree r and G1 G 2 ,  then 

G2 is regular of degree r .  

Let the vertices of a graph G1 have degrees 

dl 5 d2 5 . . .  - < dn , 
have degrees c1 5 c2 5 . . . - cn . If di # ci , for 

some 1 5 i 5 n , then G1 and G2 are not isomorphic. 

and the vertices of a graph G2 

The inverse of the above corollary need not be true; see 

Problem 2-3. 

- 
Def. 2-15. The complement G of a graph G has V ( G )  = V(G) and 

E(G) = {uvlu # v and uv ,d E(G)} . 

2-4. Operations on Graphs 

We now define several binary operations on graphs. In what 

follows, we assume that V(G1) n V(G2) = @ . 
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Notation: 2G = G U G 

nG = (n-l)G U G, n F 3. 

2 . )  The joill G = G + G2 has: 

E(G) = E(G~) u E ( G ~ )  u {v1v2/vi c v(G~), i = 1 , 2 1 .  

V(C) = V(G1) U V(G2) 

3.) The Cartesian product G = G x G2 has: 

V(G) = V(G1) X V(G2) 

E(G) = ~[(ul,u2),(vl,v2)l~ul = v1 and u2v2E E(G2) 

or u2 = v2 and ulvl E E(G1)  1 .  

4.) The composition (or lexicoqraphic product) 

G = G1[G2] has: 

V(G) = V(Gl) x V(G2) 

E(G) = { t (ul,u2), (vlfv2) 1 \ u l v l  E E(G]) or 

(u, = v1 and u2v2 E E(G2) 1 3 .  

For additional products, see Harary and Wilcox [HWI]. 

We are now in a position to conveniently define several infi- 

nite families of graphs. 

D e f .  2 - 1 7 .  a.) Pn denotes the path  of length n-1 ( i . e .  of 

order n . )  
b.) Cn denotes the cycle of length n. 

c.) Kn denotes the complete graph on n vertices; 

that is a l l  (;) possible edges are present. 

d.) Kn denotes the totally disconnected graph on n 

vertices; that is, 

Km,n 

E(En) = 9. 
denotes a complete bipartite graph: 

- 
KmIn = Km + En. 

(Equivalently , K is defined by: 
m,n 
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f.) K denotes a complete n-partite 
'n P1'P2 I * . -  

graph: 

an iterated join. In the special case where 

- pn ( = m, say), we get a regular p1 = p2 = * . -  - 
complete n-partite graph: 

as a shorter notation 
Kn (m) 

We introduce 

for this graph. 

g.) Q, denotes the n-cube and is defined recursively: 

The complete bipartite graphs are a subclass of an extremely 

important class of graphs -- the bipartite graphs. 

Def. 2-18. 

Thm. 2-19. 

A bipartite graph G is a graph whose vertex set V(G) 

can be partitioned into two non-empty subsets V' and 

V" so that every edge of G has one vertex in V' 

and the other in V". 

A nontrivial graph G is bipartite if and only if all 

its cycles are even. 

Proof: (i). Let v1v2..-vnv1 be a cycle in a bipar- 

tite graph G, and assume, without loss of generality, 

that v1 E V ' ;  then vn E V", and n must be even. 

(ii). We may assume that G is connected, with 

only even cycles, since the argument in general follows 

directly from this special case. Consider a fixed vo 

t V(G). Let vi = {u t V(G) ld(u,vo) = i>, i = 0,1, 

. . . ,  n. Then n is finite, since G is connected, and 
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Vo , V1 , . . . , Vn 

no t w o  v e r t i c e s  i n  V1 are a d j a c e n t ,  s i n c e  G c o n t a i n s  

no 3 -cyc le s .  A l s o ,  no two v e r t i c e s  i n  V2 a r e  a d j a -  

c e n t ,  or G would c o n t a i n  e i t h e r  a 3 - c y c l e  o r  a 5- 

c y c l e .  I n  f a c t ,  e v e r y  edge  i n  G i s  of t h e  form uv, 

where u 6 Vi , v  E Vi+l , f o r  some i = 0,l , . . . , n - 1 .  

L e t t i n g  V '  be t h e  u n i o n  of t h e  Vi f o r  i odd,  and 

V" be  t h e  un ion  o f  t h e  Vi f o r  i e v e n ,  w e  see t h a t  

p r o v i d e s  a p a r t i t i o n  of V ( G )  . NOW,  

G i s  b i p a r t i t e .  # 

T h i s  c o m p l e t e s  o u r  b r i e f  i n t r o d u c t i o n ;  o t h e r  t e r m s  w i l l  be  de- 

f i n e d ,  and theorems d e v e l o p e d ,  as needed .  

2 . 5 .  Problems 

2 - 1 . )  

2 - 2 .  ) 

2-3. ) 

2 - 4 . )  

2-5. ) 

2 - 6 . )  

2 -7 . )  

2-8.)  

2-9. ) 

- 
Prove t h a t  i f  G is  n o t  c o n n e c t e d ,  t h e n  G i s  c o n n e c t e d .  

Given an  example t o  show t h a t  t h e  c o n v e r s e  need  n o t  h o l d .  

A graph  i s  s a i d  t o  be p e r f e c t  i f  no t w o  v e r t i c e s  have  t h e  

same d e g r e e .  Prove  t h a t  no g r a p h  i s  p e r f e c t ,  e x c e p t  G = K 

Show t h a t ,  even  though K 3 , 3  and K 2  x K3 are b o t h  r e g u l a r  

of o r d e r  6 and d e g r e e  3 ,  t h e y  are not i somorph ic .  

Prove t h a t  GI  x G 2  i s  b i p a r t i t e  i f  and o n l y  i f  b o t h  G1 

and G2 are b i p a r t i t e .  Give a n  example t o  show t h a t  a 

s imi la r  r e s u l t  need  n o t  h o l d  f o r  t h e  l e x i c o g r a p h i c  p r o d u c t .  

Show t h a t  -1 = G1[c21, 
Show t h a t  

Prove  Theorem 2-9. 

Cons ide r  t h e  g raph  G as  a s u b s p a c e  o f  R . Show t h a t  G 

i s  connec ted  as a t o p o l o g i c a l  s p a c e  i f  and  o n l y  i f  it i s  con- 

n e c t e d  as a g raph .  

Show t h a t  t h e  f i r s t  o c c u r e n c e  of "connected" i n  Problem 2-8 

may be r e p l a c e d  w i t h  "pa th-connec ted . ' '  (Recall  t h a t  a p a t h -  

connec ted  t o p o l o g i c a l  s p a c e  must  be c o n n e c t e d ,  b u t  t h a t  t h e  

c o n v e r s e  does n o t  a lways  h o l d .  However, a c o n n e c t e d  s p a c e  

f o r  which e v e r y  p o i n t  h a s  a p a t h  c o n n e c t e d  ne ighborhood  must 
be pa th -connec ted . )  

1' 

- 
G1 -+ G2 = G1 U c2. 

3 
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2-10.) Prove Theorem 2-12. 

2-11.) Show that the set of all graphs, under the operation of 

Cartesian product, forms a commutative semigroup with unity 

(i.e. a commutative monoid). 

2-12.) Let G and H both be hamiltonian. Show that G[H] and 

G x H are hamiltonian also. Show that Qn is hamiltonian, 

for n 2 2. 

V ( H )  = E(G), E ( H )  = {efle and f are adjacent, 

e,f E E(G)}. Show that L(Km,n) = K x Kn. (This result 

appears in Palmer [P21 . )  

2-13.) The line graph H = L(G) of a graph G is defined by 
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CHAPTER 3 

THE AUTOMORPHISM GROUP OF A GRAPH 

In this chapter we show that there is associated, with each 

graph, a group, known as the automorphism group of the graph. We 

introduce various binary operations on permutation groups to aid in 

computing automorphism groups of graphs. Several powerful results 

relating graph and group products are stated, sometimes without 

proof (see [ ~ 2 ]  for a further discussion); these results will not be 

used in the sequel. Indeed, the concept of automorphism group of a 

graph is, in the main, peripheral to the present course; it is in- 

troduced here primarily as one example of an interaction between 

graphs and groups. (In Section 2 of Chapter 4 we find a more direct 

bearing on subsequent material.) 

3-1. Definitions 

Def. 3-1. A one-to-one mapping from a finite set onto itself is 

called a permutation. A permutation group is a group 

whose elements are all permutations acting on the same 

finite set, called the object set. (The group operation 

is composition of mappings.) If X is the object set 

and A the permutation group, then / A \  is the order of 

the group, and 1x1 is the degree. 

A permutation P partitions its object set by the 
k 

equivalence relation x G y if and only if P (x) = y 

for some integer k. The equivalence classes are called 

the orbits of X I  under the action of P. If there is 

just one orbit in the action of A on X, then A is 

said to be transitive on X. If / A \  = 1x1, and if 

A is transitive on X, then A is said to be a regular 

permutation group. 

Def. 3-2. Two permutation groups A and B are said to be isomor- 

phic (A B) if there exists a one-to-one onto map - 
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0 :  A + B such that O(alaZ) = b(al)u(a,) , for all 

al ,a2 E A. 

Def. 3 - 3 .  Two permutation groups A and B (acting on object sets 

X and Y respectively) are said to be identical (or 

equivalent) (A 5 B )  if: 

(i) A B (given by 0 :  A -f B )  

(ii) there exists a one-to-one, onto map f: X -f Y 

such that f(ax) = o(a)f(x), for all x t X 

and a t A. 

For a general treatment of permutation groups acting on combina- 

torial structures, see Biggs and White [BWl]. Here, we consider only 

the graph automorphism case. 

Def. 3-4. An automorphism of a graph G is an isomorphism of G 

with itself. (The set of all automorphisms of G forms 

a permutation group, G ( G ) ,  acting on the object set 

V ( G )  . )  G ( G )  is called the automorphism group of G .  

Remark. An automorphism of G, which is a permutation of V ( G ) ,  

also induces a permutation of E ( G ) ,  in the obvious manner. 

Def. 3-5. An identity is a graph G having trivial automor- 

phism group: that is, the identity permutation on V(G) 

is the only automorphism of G. 

It is easy to see that the graph pictured in Figure 3-1 is an 

identity graph. That there is no identity graph of smaller order 

(other than K1) is established in Problem 3-1. 

Figure 3-1 
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Thm. 3-6 .  G ( G )  5 G ( G ) .  

proof:  L e t  0 :  G ( G )  + G ( G )  and f :  V ( G )  + V ( G )  b o t h  be  

i d e n t i t y  maps, and  o b s e r v e  t h a t  a d j a c e n c y  i s  p r e s e r v e d  i n  

a g r a p h  i f  and o n l y  i f  non-ad jacency  i s  p r e s e r v e d .  # 

3-2. O p e r a t i o n s  on P e r m u t a t i o n  Groups 

From a theo rem due  t o  Cay ley ,  w e  r e c a l l  t h a t  any  f i n i t e  g r o u p  

i s  a b s t r a c t l y  i somorph ic  ( a s  opposed  t o  n e c e s s a r i l y  b e i n g  i d e n t i c a l )  

w i t h  a p e r m u t a t i o n  g roup ;  i n  f a c t ,  i f  t h e  g roup  G h a s  order n , 
t h e n  G is  i somorph ic  t o  a subgroup  o f  Sn. I n  t h i s  l i g h t ,  t h e  

o p e r a t i o n s  soon  t o  be  d e f i n e d  c o u l d  be  r e g a r d e d  as  a p p l y i n g  t o  

g r o u p s  i n  g e n e r a l ;  however, t h e  d e f i n i t i o n s  w i l l  be g i v e n  i n  t e r m s  

of a c t i o n  upon a s p e c i f i e d  object set. 

L e t  A and B be  p e r m u t a t i o n  g r o u p s  a c t i n g  on  object sets 

X and Y r e s p e c t i v e l y .  W e  d e f i n e  t h r e e  b i n a r y  o p e r a t i o n s  on  t h e s e  

p e r m u t a t i o n  g r o u p s  as f o l l o w s :  

Def. 3-7. 1.) 

2 . )  

3 . )  

The sum, A + B , (o r  d i r e c t  p r o d u c t )  a c t s  on  t h e  

d i s j o i n t  u n i o n  X U Y ;  A + B = { a  + b l a  E A , b E B I ,  

and 

r a z ,  i f  z E X 

( a + b )  ( 2 )  = { 
b z ,  i f  z E Y . 

The p r o d u c t ,  A x B , (or  C a r t e s i a n  p r o d u c t )  ac t s  on 

X X Y ;  A X B = { a  x b l a  E A , b  E B}, and 

( a  x b)  ( x  , yl = ( a x  , b y ) .  

The c o m p o s i t i o n ,  A[B] , (o r  w r e a t h  p r o d u c t )  ac t s  on 

X Y as f o l l o w s :  f o r  e a c h  a E A and any  se- 

quence  b l  tb2 r . . .  , b d  (where  d = 1x1) i n  B , 
t h e r e  i s  a un ique  p e r m u t a t i o n  i n  A[B] , w r i t t e n  

( a ; b l  , b 2  , ... , b d )  , and 

( a ; b l  , b2  , . . . , bd)  (x i  , y j )  = (axi , b . y . ) ,  
1 3  

N o t e :  The o r d e r  of A [ B ]  i s  ( A 1  (Bid. 
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Thm. 3-8. A + B A x B. 

Proof:  Let O:A + B -f A x B be given by O(a+b) = ( a x b ) .  

# 

Note that, in general, we cannot claim A + B ~ A B.  

3-3. Computing Automorphism Groups of Graphs 

The following theorems indicate some connections between the 

graphical operations defined in Section 2-4 and the group operations 

defined above. The groups Sn , An , Zn , Dn are respectively the 

symmetric and alternating groups of degree n , the cyclic group of 

order n , and the dihedral group of order 2n. The first theorem 

is due to Frucht [ F 5 ] .  

Thm. 3-9. If G is a connected graph, then G(nG) Sn[G(G)I, 

Thm. 3-10. If no component of G1 is isomorphic with a component 

of G2 , then G(G1 Li G2) = Ci(G1) + G(G2). 

Proof: See Problem 3-2. # 

Thm. 3-11. Let G = n G u n2G2 U ... u nrGr , where n is the 1 1  i 
number of components of G isomorphic to Gi. Then 

Proof: Apply Theorems 3-9 and 3-10, using induction. # 

Note: Any graph G may be written as in Theorem 3-11, but if 

r = n = 1 , the theorem gives no information. r 

- 
Thm. 3-12. If no component of G1 is isomorphic with a component 

Of G2 I then G(G1 + G 2 )  f G(G1) + G(G2). 
- 

Proof: Apply Theorems 3-6 and 3-10, together with 

problem 2-6. # 
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The following two theorems are due to Sabidussi ( [ S 2 1  and [ S 2 1  

respectively). 

Def. 3-13. 

Thm. 3-14. 

Def. 3-15. 

Thm. 3-16. 

A non-trivial graph G is said to be prime if 

G = G1 x G2 implies that either G1 or G2 must be 

trivial (1.e. = K1). If G is not prime, G is 

composite. Two graphs G1 and G2 are relatively 

prime if GI = G3 G4 and G2 = G3 x G5 i m p l y  

G3 = K1. 

b(G1 x G 2 )  ? G(G1) x G(G2) if and only if G1 and G2 

are relatively prime. 

The neighborhood of a vertex u is given by: 

N(u) = {v t V(G) [ uv E(G) J . The closed neighborhood 

is “ u ]  = N(u) U {ul. 

If G1 is not totally disconnected, then G(G~[G~]) Z 

G(G1) [ f i ( G 2 ) l  , if and only if: 

(i) if there are two vertices in G1 with the 

same neighborhood, then G2 is connected. 

(ii) if there are two vertices in G1 with the 

and 

- 
same closed neighborhood, then G2 is con- 

nected. 

We are now able to list the automorphism groups for several 

common families of graphs. 
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3-4. Graphs with a Given Automorphism Group 

Thm. 3-18. Every finite group is the automorphism group of some 

graph. 

For a proof of this theorem, due to Frucht [ F 4 ] ,  see 

Section 4-2. 

3-5. Other Groups of a Graph 

Def. 3-19. 

Thm. 3-20. 

Def. 3-21. 

Two rjraphs G and H (with non-empty edge sets) are 

said to he edge-isomorphic if there exists a one-to-one, 

onto map $ :  E ( G )  + E(EI)  preserving adjacency; that is 

x , y  share a vertex in G if and only if @(x) , $ ( y )  

share a vertex in H. 4 is called an edge-isomorphism. 

If G and €1 are isomorphic (with non-empty edge sets), 

then they are edge-isomorphic. 

Proof: See Problem 3 - 6 .  

An induced edge-isomorphism is an edge isomorphism 

$ :  E(G) + E(H) determined by $ ( u v )  = OuOv , where 

$J: V ( C )  * V(1I )  is an isomorphism. An edge-automorphism 

of a non-empty graph G is an edge-automorphism of G 

with itself. (The set of all edge-automorphisms of G 

forms a permutation group, Gl(G), acting on the object 

set E(G) . )  G1(G) is called the edqe-automorphism 

group of G. Similarly, the induced 9-automorphism 

group of G , G * ( G )  , is the set of all induced edge- 

automorphisms of G under composition. 

We note that G * ( G )  is a (possibly proper; see Problem 3-8) 

subgroup of G1(G). However, in almost every case, the three groups 

introduced in this chapter are isomorphic (see, for example, [ B C L L I ) ;  

let K l f 3  + x 
K1,3: 

denote the graph obtained by adding one edge to 
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Thm. 3-22. 

Thm. 3-23. 

Thm. 3-24 .  

For G # K1 , C ( G )  G * ( G )  if and only if G contains 

neither K2 as a component nor two or more isolated 

vertices. 

Let E ( G )  # 0; then G 1 ( G )  G * ( G )  if and only if: 

(1) not both C3 and K are components of G , and 

(2) none of K + x , K 4  - x , K4 is a component 

1r3 

lI3 
of G .  

Let G be a connected graph of order p 2 3; then 

G ( G )  G1(G) 2 G * ( G )  if and only if 

G # K1,3 + X r K4 - X r K4. 

Thus it is customary to focus attention on the automorphism 

group, G(G). 

3-6. Problems 

3-1.) Does there exist an identity graph (other than K1) of 

order five or less? (Hint: Check to see that every graph in 

Appendix 1, Harary [H2], with p 5 5, has at least one non- 

trivial automorphism.) 

3-2.) Prove Theorem 3-10. 

3-3.) Prove Theorem 3-17. 

3-4.) Let G = K - find G ( G ) .  

3-5.) G(K4) z S4, yet K 4  is the 1-skeleton of the tetrahedron, 

and the symmetry group of the tetrahedron is A4. Explain! 

3-6.) Prove Theorem 3-20. 

3-7.) Show that the converse of Theorem 3-20 is false. 

3-8.) Show that not all edge-automorphisms are induced. 

P,q,r' 
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CHAPTER 4 

THE CAYLEY COLOR GRAPH 
OF A GROUP PRESENTATION 

I n  t h i s  c h a p t e r  w e  see t h a t  any  g r o u p  may be d e f i n e d  i n  terms 

o f  g e n e r a t o r s  and r e l a t i o n s  and t h a t  c o r r e s p o n d i n g  t o  such  a p r e s e n -  

t a t i o n  t h e r e  i s  a un ique  g r a p h ,  c a l l e d  t h e  Cayley  co lor  g r a p h  of t h e  

p r e s e n t a t i o n .  A "drawing"  o f  t h i s  g r a p h  g i v e s  a " p i c t u r e "  o f  t h e  

g r o u p ,  from which may be  d e t e r m i n e d  c e r t a i n  p r o p e r t i e s  o f  t h e  g roup .  

W e  w i l l  e s t a b l i s h  some b a s i c  r e s u l t s  a b o u t  Cayley  color  g r a p h s ,  i n -  

c l u d i n g  a r a t h e r  n a t u r a l  c o r r e s p o n d e n c e  be tween d i r e c t  p r o d u c t s  o f  

g r o u p s  and C a r t e s i a n  p r o d u c t s  o f  a s s o c i a t e d  Cay ley  c o l o r  g r a p h s .  I n  

C h a p t e r  7 w e  w i l l  a s k  which g r o u p s  have  Cayley  c o l o r  g r a p h s  t h a t  c a n  

be  r e p r e s e n t e d  p r o p e r l y  i n  t h e  p l a n e ,  and  a s s o c i a t e d  q u e s t i o n s .  I n  

C h a p t e r  9 a p p r o p r i a t e  answers  w i l l  solve t h e  Heawood map-co lo r ing  

problem,  as w e l l  as many o t h e r s .  The v o l t a g e  g r a p h  t h e o r y  o f  Chap- 

t e r  1 0 ,  t h e  b l o c k  d e s i g n  c o n n e c t i o n  of C h a p t e r  1 2 ,  and t h e  map 

automorphisms o f  Chpa te r  1 4  w i l l  be  e s p e c i a l l y  n a t u r a l  i n  t h e  con- 

t e x t  o f  Cayley  g r a p h s .  And, e a c h  c h a n g e - r i n g i n g  g r a p h  o f  C h a p t e r  

1 5  w i l l  be a Cay ley  color g raph .  

4 - 1 .  D e f i n i t i o n s  

Def. 4 - 1 .  L e t  r be  a g r o u p ,  w i t h  {g1,g2,g3,...) a s u b s e t  of t h e  

e l e m e n t  set  o f  G .  A w o r d  W i n  g1 , g 2  , g 3  , . . .  i s  a 

f i n i t e  p r o d u c t  f l f 2 - .  . f n  , where e a c h  f i  i s  i n  t h e  

se t  t g l  , g 2  , g 3  I ... , g1 , g 2  , g 3  , ... 1 . If  e v e r y  
-1 -1 -1 

e l e m e n t  o f  

. . . , are s a i d  t o  be  g e n e r a t o r s  

f o r  r .  A r e l a t i o n  i s  an  e q u a l i t y  be tween t w o  words  i n  

r c a n  be  e x p r e s s e d  as a word i n  g 1 ' 4 2  ' 4 3  I 

t h e n  g1 , g2 I g3 I . .  . 

91 ' 4 2  I 4 3  I . . .  - 

Thm. 4 - 2 .  Given an  a r b i t r a r y  s e t  o f  symbols  and an  a r b i t r a r i l y  p r e -  

s c r i b e d  set  ( p o s s i b l y  empty)  of r e l a t i o n s  i n  t h e s e  sym- 

b o l s ,  t h e r e  i s  a un ique  ( u p  t o  i somorphism)  g r o u p  w i t h  t h e  
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symbols a s  g e n e r a t o r s  and w i t h  s t r u c t u r e  d e t e r m i n e d  by 

t h e  p r e s c r i b e d  r e l a t i o n s .  

( F o r  a p r o o f ,  see [MKSl] . )  # 

Dcf.  4 . 3 .  I f  i' i s  g e n e r a t e d  by g1 , g 2  I y j  , . . .  and i f  e v e r y  ~- 

r e l a t i o n  i n  G can  be  deduced  from t h e  r e l a t i o n s  P = 

PI , Q = Q' , R R' , . . . , t h e n  w e  w r i t e  I '  = ( g1 , g 2  , 
g3 , . . .  1 P = P' , Q  = Q '  , R = R' ... } ,  and t h e  r i g h t  

hand s i d e  o f  t h e  e q u a t i o n  i s  said t o  be a p r e s e n t a t i o n  

of I '  . A p r e s e n t a t i o n  i s  sa id  t o  b e  a f i n i t e l y  g e n e r -  

a t e d  ( f i n i t e l y  r e l a t e d )  i f  t h e  number of g e n e r a t o r s  (de -  

f i n i n g  r e l a t i o n s )  i s  f i n i t e .  A f i n i t e  p r e s e n t a t i o n  i s  

boLh f i n i t e l y  y e n c r a t e d  and f i n i t e l y  r e l a t e d .  

Thm. 4 - 4 .  E v e r y  f i n i t e  g roup  h a s  a f i n i t e  p r e s e n t a t i o n .  

P r o o f :  Take ' i t s e l f  as t h e  se t  of g e n e r a t o r s ,  w i t h  all 

r e l a t i o n s  o f  t h e  form gig, = qk , 
group  o p e r a t i o n .  (1.e.  t h e  m u l t i p l i c a t i o n  t a b l e  s e r v e s  

a s  d e t e r m i n e d  by t h e  

a s  a f i n i t e  p r e s e n t a t i o n . )  # 

p e f .  4 - 5 .  For  e v e r y  g roup  p r e s e n t a t i o n  t h e r e  i s  a s s o c i a t e d  a Cay ley  

.- c o l o r  graph: t h e  v e r t i c e s  c o r r e s p o n d  t o  t h e  e l e m e n t s  of 

t h e  group; n e x t ,  imacjine t h e  g e n e r a t o r s  o f  t h e  g r o u p  t o  

be a s s o c i a t e d  w i t h  d i s t i n c t  colors .  I f  v e r t i c e s  v1 and 

v2 c o r r e s p o n d  t o  g roup  e l e m e n t s  q1 and g 2  r e s p e c -  

t i v c l y ,  t h e n  t h e r e  i s  a d i r e c t e d  edge  ( o f  t h e  co lor  ( o r  

l a b e l )  o f  g e n e r a t o r  h) from vl t o  v 2  i f  and o n l y  i f  

glh = g 2 ;  see F i g u r e  4 - 1 .  

F i g u r e  4-1. 
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Let P be a presentation for the qroup ; we denote the 

Cayley color graph of P for r by C p  ( r )  , or (when convenient) 

by C?(;') , where A denotes the generating set. (Since a group 

may have more than one generating set, the Cayley color graph de- 

pends on A , as well as 1'). Then CA( r )  is a labeled, direc- 

ted graph, with a color (or label) assigned to each edge. We 

observe that the following correspondences occur: 

Group 

element 

generator 

inverse of a generator 

word 

multiplication of elements 

identity word 

solvability of rx = s 

Cayley Color Graph ____-- 
vertex 

a set of directed edges of 

the same color 

the same set of edges (now 

directed against the arrow) 

walk 

succession of walks 

closed walk 

(weakly) connected di-graph 

~ Note: A characterization is given in [MKSl] of those graphs G 

which can be oriented and colored so as to form Cayley color 

graphs. 

Historical note: Max Dehn (in 1911) formulated three fundamental de- 

cision problems concerning group presentations. 

One of these is: "determine in a finite number 

of steps, fo r  two arbitrary words W and W' in 

the generators, whether W = W' or not." Equiv- 

alently: "construct the Cayley color graph for a 

given group presentation." 

The term "Connected" may have a "stronger" meaning for directed 

graphs than for graphs in general, since we may be allowed to travel 

only in the direction of the arrow along a given directed edge. 

Def. 4-6. A directed graph D is said to be strongly connected if, 

for every pair u ,v of distinct vertices, there is a 

directed path from u to v. D is said to be unilat- 

erally connected if, for every pair of distinct vertices, 

one is joined to the other by a directed path. D is 
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c a l l e d  weakly  c o n n e c t e d  i f  t h e  ( u n d i r e c t e d )  p seudograph  

u n d e r l y i n g  D i s  c o n n e c t e d .  

For  example ,  see F i g u r e  4-2, where D i s  s t r o n g l y  c o n n e c t e d ,  

D '  i s  u n i l a t e r a l l y  c o n n e c t e d  ( b u t  n o t  s t r o n g l y  c o n n e c t e d )  and  D "  

i s  weakly  c o n n e c t e d  ( b u t  n o t  u n i l a t e r a l l y  c o n n e c t e d ) .  

D: A - D': - D": 
F i g u r e  4-2.  

4-2. Autornorphisrns 

W e  have  p r e v i o u s l y  d e f i n e d  a n  automorphisrn of a g r a p h  G ( a s  a 

p e r m u t a t i o n  of V(G) p r e s e r v i n g  a d j a c e n c y ) .  An au tomorphism of a 

d i r e c t e d  g r a p h  must  p r e s e r v e  d i r e c t e d  a d j a c e n c y ;  and  a n  autornorphisrn 

of a Cayley  c o l o r  g r a p h  must  a l s o  p r e s e r v e  t h e  color c o r r e s p o n d i n g  

t o  e a c h  a d j a c e n c y .  We summarize i n :  

Def.  4 - 7 .  An automorphism of a Cay ley  c o l o r  g r a p h  C A ( T )  i s  a p e r -  

m u t a t i o n  ti of V ( C A ( I ' ) )  s u c h  t h a t ,  f o r  e a c h  g1 , g 2  

i n  T and h i n  A ,  g lh  = g 2  i f  and  o n l y  i f  

0 ( g l ) h  = 8 ( G 2 ) .  

E q u i v a l e n t l y  (see Problem 4 - l ) ,  8 i s  a n  autornorphism of 

C , ( i ' )  i f  and o n l y  i f :  f o r  e a c h  g i n  r and  g e n e r a t o r  h i n  A ,  

B(gh) = B ( g ) h ;  i . e .  t h e  d i ag ram i n  F i g u r e  4-3 commutes. 

I 
0 t  

0 (g 4-%= 
F i g u r e  4-3 
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A s  expec ted ,  t h e  c o l l e c t i o n  of  a l l  automorphisms of C A ( T )  

forms a group,  c a l l e d  t h e  automorphism group of C A ( r ' )  , and de- 

noted by G ( C b ( I ' )  ) . The n e x t  r e s u l t  i s  pe rhaps  n o t  expec ted .  

Thm. 4 -8 .  L e t  C , ( I ' )  be any Cayley color graph f o r  t h e  f i n i t e  

group r : t hen  t i ( C A ( l ' ) )  2 r ( i ndependen t  of t h e  p re -  

s e n t a t i o n  s e l e c t e d  f o r  G . )  

where 
9 '  

Proof:  Define i i :  r + G ( C A ( l ' ) )  by rz(g)  = 8 

u . v ( C A ( I ' ) )  + V ( C A ( r ) )  i s  g iven  by 0 ( g i )  = ggi.  

F i r s t  w e  show t h a t  e E G ( C A ( T ) ) .  C l e a r l y  0 i s  one- 

to-one and o n t o  (and hence permutes V(CA(T))). Also ,  

0 (g.h) = g ( g . h )  = ( g g i ) h  = tI ( g i ) h ,  so t h a t  a i s  

w e l l - d e f i n e d .  

4' 9 

4 9 

4 1  9 

Now, u p r e s e r v e s  p r o d u c t s :  a ( g g * )  = 8 * de- 
gg 

f i n e d  by 0 *(gi) = gg*g.  = 0 (g*gi) = 8 ( 6  *(gi)) = 

( 0  0 * )  (gi) ; t h a t  i s  (r(gg*)  = a ( g )  tx(g*).  

k e r  N = { e l .  

99 1 g  9 9  

g q  
I t  i s  c l e a r  t h a t  u is  one-to-one, s i n c e  

It remains t o  show t h a t  a i s  o n t o .  L e t  

0 t G ( C A ( r ) ) .  L e t  U(e) = g ,  where e i s  t h e  iden-  

t i t y  of  r. Now any g* i n  r can be  w r i t t e n  a s  a word 

i n  t h e  g e n e r a t o r s  f o r  r' ; i . e .  g* = h l h  hm , 
where h, i s  a g e n e r a t o r  f o r  r and a: = ?- 1. Then 

a a  a 

1 2  
m 

so t h a t  a i s  o n t o .  Th i s  comple t e s  t h e  
4 '  

e = o  
p r o o f .  # 

From t h e  above theorem (and i t s  p r o o f )  it i s  e v i d e n t  t h a t  any 

v e r t e x  of C A ( r )  can be  l a b e l e d  w i t h  t h e  i d e n t i t y  e of  r , and 

t h a t  once t h i s  h a s  been done ( f o r  f i x e d  assignment  of  c o l o r s  t o  t h e  

g e n e r a t o r s )  a l l  o t h e r  v e r t e x  l a b e l i n g s  a r e  de t e rmined ;  t h a t  i s ,  

C,(r) i s  v e r t e x  t r a n s i t i v e .  Moreover, G ( C A ( T ) )  i s  a r e g u l a r  

pe rmuta t ion  group,  on V (C, (I') ) . 
W e  a r e  now a b l e  t o  p rov ide  a proof  of F r u c h t ' s  Theorem, Theorem 

3-18: Every f i n i t e  group is  t h e  automorphism group of some graph.  
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P roof :  L e t  I '  be  a f i n i t e  g r o u p ,  and l e t  A be  a g e n e r a t i n q  

s e t  f o r  1' . Form t h e  Cayley  c o l o r  g raph  C, ( l ' )  : by Theorem 

4-8 ,  w e  know t h a t  G(CA ( 1 ' )  ) 1' . I t  o n l y  r ema ins  t o  c o n v e r t  

C n ( l ' )  t o  a g raph  G hav ing  t h e  same automorphism g r o u p ,  1 ' .  

by a p a t h :  Replace  e a c h  edge  (g i  , 9 . 1  , where 

vi , u i j  , u i j  , v . .  A t  v e r t e x  u i j  ( u .  . w e  a t t a c h  a new p a t h  

P .  . ( P .  . ' )  of l e n g t h  2k - 1 ( 2 k )  (1 5 k 5 n )  ; see F i g u r e  4-4 ,  

f o r  t h e  case k = 2 .  I n  t h i s  way t h e  " n o n - g r a p h i c a l "  f e a t u r e s  

of d i r e c t i o n  and l a b e l ,  p r e s e n t  i n  C , ( I ' )  , a r e  i n c o r p o r a t e d  

T h i s  i s  done as f o l l o w s :  l e t  A = {A, , A 2  , . . . , A n } .  

gj - - gidk , 
3 

3 11 

11 1 3  

i n t o  t h e  g r a p h  G.  I t  i s  c l e a r  t h a t  G ( G )  G ( C A ( I ' ) )  1'. # 

? 

j 
V .  u . .  u v 

17 i j  

F i g u r e  4-4 

4 - 3  P r o p e r t i e s  

I t  i s  c l ea r  t h a t  e v e r y  Cayley  c o l o r  g r a p h  i s  b o t h  r e g u l a r  and 

c o n n e c t e d  (as a g r a p h ) ;  t h e  c o n v e r s e  i s  not t r u e  (see Problem 4 - 1 0 ) .  

Fo r  t w o  c h a r a c t e r i z a t i o n s  of g r a p h s  which  may be  r e g a r d e d  as Cayley  

c o l o r  g r a p h s ,  see [ J 2 ]  and [MKSl]. 

W e  may s t u d y  a d d i t i o n a l  p r o p e r t i e s  f o r  r ( a p a r t  from t h e  

m u l t i p l i c a t i o n  t ab l e  so c o n v e n i e n t l y  summarized i n  C n ( l ' ) )  f rom 

cA(T) a s  f o l l o w s :  

Thm. 4-9 .  r is  commutative i f  and o n l y  i f ,  f o r  e v e r y  p a i r  of gene- 
~. 

-1 -1 hi and h .  the  walk h . h . h i  h is closed. 
3 '  1 3  j 

ra tors  

P r o o f :  See  Problem 4 - 2 .  # 
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Def. 4-10. An e l e m e n t  of a g e n e r a t i n g  s e t  f o r  a g r o u p  r i s  s a i d  

t o  b e  r edundan t  i f  it c a n  be w r i t t e n  as  a word i n  t h e  

r ema in ing  g e n e r a t o r s .  A g e n e r a t i n g  se t  i s  sa id  t o  b e  

minimal  i f  i t  c o n t a i n s  no  r e d u n d a n t  g e n e r a t o r s .  

2 3  Example: {x , x i i s  a minimal g e n e r a t i n g  s e t  f o r  2 = ( x 1 x 6  = e ) ,  
6 

even though {x } i s  a g e n e r a t i n g  s e t  w i t h  f ewer  e l e m e n t s .  

Thm. 4-11. L e t  r be  a f i n i t e  ( i n f i n i t e )  g roup .  A g e n e r a t o r  h 

i s  r edundan t  i f  and o n l y  i f  t h e  d e l e t i o n  o f  a l l  e d g e s  

c o l o r e d  h i n  C a ( T )  l e a v e s  a s t r o n g l y  (weak ly )  con-  

n e c t e d  d i r e c t e d  g raph .  

P r o o f :  See  Problem 4-3. # 

Thm. 4 - 1 2 .  I f  H i s  n o t  r e d u n d a n t ,  t h e  removal  of a l l  e d g e s  col- 

ored h l e a v e s  a c o l l e c t i o n  o f  i s o m o r p h i c  d i s j o i n t  

s u b g r a p h s ,  e a c h  r e p r e s e n t i n g  t h e  subgroup  o f  r gene -  

r a t e d  by t h e  g e n e r a t i n g  s e t  o f  r' minus  h. 

P r o o f :  See  Problem 4 - 4 .  # 

Thm. 4-13. L e t  T b e  a f i n i t e  g roup  w i t h  minimal g e n e r a t i n g  s e t  

{ h l  , h 2  , ... , h r l  , and R a ( n e c e s s a r i l y  p r o p e r )  sub-  

g roup  w i t h  g e n e r a t i n g  se t  { h 2  , h3 , . . . h r ] .  L e t  

C1 , C 2  , . . . , Ck be  t h e  weak components o f  t h e  d i r e c t e d  

, o b t a i n e d  from CA(T) by d e l e t i n g  t h e  
graph c h l ( r )  
edges  c o l o r e d  h l .  Then R i s  normal  i n  r i f  and  

o n l y  if t h e  d e l e t e d  d i r e c t e d  e d g e s  from any  g i v e n  com- 

ponen t  Ci a l l  l e a d  t o  a s i n g l e  o t h e r  component C 
j' 

P r o o f :  ( i )  Assume t h e  c o n d i t i o n  h o l d s .  L e t  C1 = R 

be t h e  component c o n t a i n i n g  e , l e t  g E C1 and 

r f T. W e  mus t  show t h a t  r g r  E C1. W e  w r i t e  r = 

where ai i s  a g e n e r a t o r  of r and 

-1 

bm 
m r  bl b2 ... a al a 2  

b .  = t 1. I f  hl  o c c u r s  i n  r e x a c t l y  w t i m e s  w i t h  

b .  = +1 and v t i m e s  w i t h  b .  = -1 , t h e n  t h e  walk  

c o r r e s p o n d i n g  t o  r l e a d s  from e ( i n  C1) t h r o u g h  

w - v  components,  e n d i n g  i n  

1 

The walk cl+w-v' 
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now l e a d s  t o  a n o t h e r  
-b -b 

2 1  
-b 

m 

cl+w-v c o r r e s p o n d i n g  t o  q i n  

"2 "1 ' v e r t e x  i n  ClSw-" , and t h e  w a l k  a ... 
c o r r e s p o n d i n s  t o  r , r e t u r n s  u s  t o  cl. -1 

(ii) Suppose t h a t  e d g e s  c o l o r e d  hl l e a d  from 

Ci  t o  C1 and C .  1 # j. (Ariain a s s u m e  c F Cl.) 
-1 so 

3 ,  
hl qhl U .  

3 '  
Then t h e r e  e x i s t s  9 E Cl such  t h a t  

t h a t  0 is  n o t  normal  i n  !~ . # 

I t  now follows t h a t ,  f o r  6 2  (as  above)  normal  i n  r ,  t h e  cle- 

ments  of t h e  f a c t o r  g roup  T/i2 ( i . e .  t h e  r i g h t  c o s e t s )  a r e  t h e  

components of ( G ) .  By s h r i n k i n g  t h e s e  components ,  e a c h  t o  a 

s i n g l e  v e r t e x ,  and r e s t o r i n g  t h e  e d g e s  c o l o r e d  hl ( t h i s  c a n  be  

done unambiguously,  by Theorem 4 -13) ,  a Cayley  color g r a p h  o f  I,/\) 

- i s  o b t a i n e d .  ( T h i s  " s h r i n k i n g "  may be d e s c r i b e d  by a d j o i n i n g ,  t o  

t h e  d e f i n i n g  r e l a t i o n s  f o r  G , t h e  a d d i t i o n a l  r e l a t i o n s  h2 = h j  = 

... = h = e.) r 
I n  g e n e r a l ,  g i v e n  a Cayley  c o l o r  g r a p h  C A ( r )  , w h e t h e r  a sub- 

g r o u p  i? of I '  i s  normal  o r  n o t ,  w e  o b t a i n  a S c h r e i e r  ( r i g h t )  

coset g raph  as  f o l l o w s :  t h e  v e r t i c e s  are  t h e  r i g h t  cosets o f  !I i n  

r , and t h e r e  is  an edge  d i r e c t e d  from Qg t o  i2g' , l a b e l e d  w i t h  

6 E A , i f  and o n l y  i f  Qg6 = S2g' ( i . e .  i f  and  only i f  

6 F 9-1S29'.) Tha t  Rgd is a r i g h t  cosct f o l l o w s  from t h e  f a c t  t h a t  

t h e  r i g h t  cosets of R i n  I '  p a r t i t i o n  r . N o t e  t h a t  a S c h r e i e r  

c o s e t  g raph  may a c t u a l l y  be a pseudograph ,  as  l o o p s  and /o r  m u l t i p l e  

e d g e s  may r e s u l t  from t h i s  p r o c e s s .  F o r  t h e  s p e c i a l  c a s e  R = { e l ,  

t h e  S c h r e i e r  coset g r a p h  is j u s t  t h e  Cayley  color g r a p h  

-_I 

CA(r). 

S e v e r a l  of t h e  i d e a s  d i s c u s s e d  above  are i l l u s t r a t e d  i n  F i g u r e  

4 - 5 .  N o t e  t h a t  R = Z 3  i s  normal  i n  S3 , b u t  n o t  i n  A4. 

A s  a f u r t h e r  example ,  c o n t r a s t  t h e  g r o u p s  Z 2  x Z 4  and D4 , as  

i n  F i g u r e  4 - 6 .  Note t h a t  t h e  subgroup  of o r d e r  2 g e n e r a t e d  by r 

i s  normal i n  Z 2  Z 4  , b u t  n o t  i n  D4. T h i s  comment e x t e n d s  i n  an  

obv ious  way t o  t h e  g roups  Z 2  x Z n  and  Dn , n 2 3 .  For  example ,  

see S 3  = D 3  ( i n  F i g u r e  4 - 5 ) ;  t h e  subgroup  g e n e r a t e d  by r i s  n o t  

normal h e r e ,  e i t h e r .  Fo r  a g e n e r a t o r  6 of order 2 , we a d o p t  

t h e  s t a n d a r d  c o n v e n t i o n  of  r e p r e s e n t i n g  t h e  t w o  d i r e c t e d  e d g e s  

( g  , g 6 )  and ( 9 6  , g )  i n  C c \ ( T )  by a s i n g l e  u n d i r e c t e d  edge  

[g  ,461 * 
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r = ( 1 2 )  * 

13)  

s3’z3 A4 

1 
rs rs 

F i g u r e  4-5. 

3 

r = ( 1 3 )  

s = (1234) 

rs sr 
rs2 

z2 x z4: r2  = s4 = rsrs-l = e D ~ :  r2  = s4 = ( r s ) 2  = e 

F i g u r e  4-6 

I n  F i g u r e  4-7 w e  g i v e  t h e  S c h r e i e r  c o s e t  g r a p h  f o r  i2 = { e , r } ,  

i n  ! ’  = D4 ( s e e  F i g u r e  4 - 6 ) .  

F i g u r e  4-7. 
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W e  close t h i s  s e c t i o n  w i t h  a theo rem due  t o  G r o s s  [G4].  

Thm. 4 - 1 4 .  Every  c o n n e c t e d  r e g u l a r  g r a p h  o f  even  d e g r e e  u n d e r l i e s  a 

S c h r e i e r  c o s e t  g raph .  

4 - 4 .  P r o d u c t s .  

W e  now d e v e l o p  a r e l a t i o n s h i p  be tween t h e  d i r e c t  p r o d u c t  f o r  

g r o u p s  and t h e  C a r t e s i a n  p r o d u c t  f o r  g r a p h s .  Reca l l  t h e  f o l l o w i n g  

from g roup  t h e o r y :  

D e f .  4-15. L e t  rl and r 2  b o t h  b e  subgroups  o f  t h e  same g r o u p  

1 w i t h  I l  r i  I 2  = { e l  and gh = hg f o r  a l l  g F l 1  , 
h E 1 2 .  Then I l  x I 2  = { q h l g  c l l  , h 6 i i s  a l s o  

d subgroup  o f  I ,  c a l l ed  t h e  d i r e c t  p r o d u c t  o f  i l  and 

r2. 

I f  l 1  = (kl , , . .  ,kmlwl = . - -  = w = e ) and 

T2 = ( km+l , . . . , k n l ~ r + l  - - - * - = w e ! ,  r + s  

rl r = (kl , ... ,kn lwl  = * . .  = w = k . k . k _ l k T 1  = e , 
2 r f s  I J 1 J 

t h e n  

f o r  a l l  1 - -  c i m j 5 n> 

i s  a p r e s e n t a t i o n  f o r  II x , c a l l e d  t h e  s t a n d a r d  p r e s e n t a t i o n  

f o r  i Y 1  !' 

T h i s  b i n a r y  o p e r a t i o n  may be  e x t e n d e d  t o  t h e  c lass  of a l l  

g r o u p s ,  by n o t i n g  t h a t  r l  r i  = {(g , e 2 )  lg E r l  , e 2  i s  t h e  iden -  

t i t y  of r2'i , T2 r; = { ( e , , h )  Ih E , e l  i s  t h e  i d e n t i t y  of rl}, 
and d e f i n i n g  l V 1  = {(q , h )  lq E r l  , h  E I,,) w i t h  

(ql , h l )  ( g 2  , h 2 )  = (q1g2 , hlh2)  

2 '  

g i v i n g  t h e  g r o u p  o p e r a t i o n .  

A l s o  r e c a l l  t h e  f o l l o w i n g  (see,  f o r  example  [BMl, P. 3 4 8 1 ) :  

Thm.  4-16 .  (The Fundamenta l  Theorem of F i n i t e  A b e l i a n  G r o u p s ) :  

L e t  I '  be a f i n i t e  a b e l i a n  g r o u p  of o r d e r  n ;  t h e n  

I = Z  where  m d i v i d e s  m 'm 1 i i-1 r 'm . * .  
1 2 

m 

i = 2 , ... , r  and i r  m .  = n ; f u r t h e r m o r e ,  t h i s  
i=l 

d e c o m p o s i t i o n  i s  u n i q u e .  
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( W e  assume rn > 1 , u n l e s s  n = 1 , i n  which  c a s e  

rn = r = 1.) 

Def. 4 - 1 7 .  The number r o f  Theorem 4-15 i s  c a l l e d  t h e  o f  

t h e  a b e l i a n  g r o u p  1 ' .  

Theorem 4 - 1 6  c o m p l e t e l y  s p e c i f i e s  t h e  s t r u c t u r e  o f  f i n i t e  abe-  

l i a n  g r o u p s .  The n e x t  t heo rem s p e c i f i e s ,  as a c o r o l l a r y ,  a Cay ley  

c o l o r  g r a p h  f o r  e v e r y  f i n i t e  a b e l i a n  g r o u p .  W e  f i r s t  e x t e n d  t h e  de -  

f i n i t i o n  o f  C a r t e s i a n  p r o d u c t  f o r  g r a p h s  t o  Cay ley  color g r a p h s ,  i n  

t h e  n a t u r a l  way. 

o f  t w o  Def. 4-18. The C a r t e s i a n  p r o d u c t ,  CA ( r l )  X C A 2 ( r , )  , -- 
1 

c n 2 ( r 2 ) )  = 
Cayley  color g r a p h s  i s  g i v e n  by:  V ( C ,  (rl) 

v(C, (rl)) x V ( C  ( r 2 ) ) ;  and (9, , g 2 )  i s  j o i n e d  t o  

(9; ,g;) by a n  edge  c o l o r e d  h i f  and  o n l y  i f  e i t h e r :  

(i) g1 = g; and g 2 h  = gi , f o r  h a g e n e r a t o r  

1 

1 A2 

i n  A 2  

or  

(ii) g2 = gi and g lh  = g; , f o r  h a g e n e r a t o r  

i n  Al. 

F i g u r e  4-8 shows C A 1 ( z 3 )  x c A 2 ( z 2 )  I where  Z 3  = ( x l x 3  = e! 

Z2 = ( y l y 2  = e ) .  and 

Figure 4-8 
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Thrn. 4 - 1 9 .  L e t  C ( I ' i )  be t h e  Cay ley  c o l o r  g r a p h  a s s o c i a t e d  w i t h  
'i 

p r e s e n t a t i o n  PI f o r  g r o u p  r1 , 1 = 1 , 2  , .  L e t  P 

be t h e  s t a n d a r d  p r e s e n a t l o n  f o r  l 1  I *.  T h e n  

Proof  F i r s t  w e  n o t e  t h a t  V ( C ,  ( I l )  A C P 2 ( l 2 ) )  = 
1 

v ( c p  1 1 ) )  ' v ( c  ( 2 ) )  = v ( c P ( l l  1 2 ) ) .  We now show 

t h a t  t h e  edge  se t s  of t h e  two Cay ley  c o l o r  g r a p h s  c o i n -  

c i d e  ( i n  c o l o r e d  d i r e c t e d  a d j a c e n c y . )  

1 p 2  

(1) L e t  (gl , q 2 )  h e  301ned to  (gi ,<ji) by an  

f o r  
1 '  

edqe  c o l o r e d  h i n  C p ( l l  1 2 ) .  Then h = k 

some 1 i 5 n .  I f  1 I_ i 2 m , t h e n  h 1s  a 

generator of r l  , and 

so t h a t  gi = ylh and gi = g 2 ;  i . e .  t h i s  d i r e c t e d ,  

c o l o r e d  edge  in D P ( ! ' l  y, r 2 )  i s  a l . so  i n  
c p l ( " l )  '< 

( I ' 2 ) .  A s i m i l a r  a rgument  a p p l i e s  f o r  m < i - < n , 
cp2 
so i h n t  

(ii) The argument  i s  r e v e r s i b l e ,  t o  show t h a t  

This c o m p l e t e s  t h e  p r o o f .  # 

S i n c e  t h c  c y c l i c  g r o u p  Z n  w i t h  p r e s e n t a t i o n  P:  Zn - - 

( x l x "  = e / ,  

C p ( Z n )  = C' (where  C h  d e n o t e s  t h e  d i r e c t e d  c y c l e  of l e n g t h  n ) ,  n 
i t  i s  a simple m a t t e r  t o  c o n s t r u c t ,  u s i n g  Theorems 4 -16  and  4 - 1 7 ,  a 

Cayley  c o l o r  g r a p h  f o r  a x  f i n i t e  a b c l i a n  y roup .  

h a s  t h e  r e a d i l y  c o n s t r u c t e d  Cay ley  color g r a p h  
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Thm. 4-20. Let be a finite abelian group; then c; x C' x 

l m  2 
i s  a C a y l e y  color graph for T, where 

. * *  \ '4 
'mr * 

I = Z  u z  x . . .  n 

1 "  2 m 

The class of groups for which we can construct Cayley color 

graphs -- using Theorem 4-19 -- can be enlarged as follows: 

Def. 4-21. A non-abelian group r is said to be hamiltonian if 

every subgroup of r is normal in r .  

Clearly all abelian groups have this normality property for 

subgroups. That non-abelian groups may also have all subgroups nor- 

mal is illustrated by Q , the quaternions (one of the two non- 

abelian groups of order eight). But more the finite hamiltonian 

groups are characterized (see Coxeter and Moser [CMl], p. 8) : 

Thm. 4-22. 1' is a finite hamiltonian group if and only if 

I ' =  Q x  A1 x A 2 ,  where A1 is a finite abelian group 

of odd order, and A2 is a group for which a2 = e, 

for every a t A 2 .  

Since elementary group theory s h o w s  that A2 must be abelian, 

we can apply Theorem 4-19 to find a Cayley color graph for l', pro- 

viding we know a Cayley color graph for Q. This latter Cayley 

color graph will be produced in Chapter 7; it turns out to be the 

Cayley color graph of minimum order which cannot be drawn properly 

in the plane (among those on minimal generating sets.) 

4-5. Cayley Graphs 

Let A be a generating set for the group r subject to the 

following conditions: 

(i) e d A 

(ii) If fi E A, 0-l z A (unless fi2 = e). 

Also, we adopt the following convention: 
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( iii) I f  E A ,  h 2  = e ,  e a c h  p a i r  (g ,g6) and ( g h  , g )  of 

d i r e c t e d  edges  a r e  c o a l e s c e d  i n t o  a s i n g l e  u n d i r e c t e d  

edge  [GI , 9 6 1 .  

Then t h e  pseudograph  o b t a i n e d  from t h e  Cay ley  color g r a p h  

s u p p r e s s i n g  a l l  edge  d i r e c t i o n s  and a l l  edge  l a b e l s  ( c o l o r s )  h a s  no 

l o o p s  (by  ( i ) )  and no m u l t i p l e  e d g e s  (by  (ii) and ( i i i ) ) ;  it  i s  i n  

f a c t  a g raph .  

C, ! ( I ' )  by 

Def. 4-23. I f  A s a t i s f i e s  ( i ) ,  ( i i ) ,  and (iii) above ,  t h e n  t h e  

g r a p h  u n d e r l y i n g  t h e  Cay ley  c o l o r  g r a p h  C l j ( I ' )  i s  

c a l l e d  a Cayley  g raph  and i s  d e n o t e d  by GA(r). 

I t  i s  c l e a r  t h a t ,  i n  p a s s i n g  from C , ( l ' )  t o  G n (  I ) , o n l y  

s t r u c t u r a l  p r o p e r t i e s  are l o s t .  Thus i n  t h e  t o p o l o g i c a l  c o n s i d e r a -  

t i o n s  t o  f o l l o w  i n  t h e  res t  of t h e  book, it w i l l  be w i t h o u t  loss  

t h a t  w e  r e s t r i c t  o u r  a t t e n t i o n  t o  G A (  1 ) . 

4-6 .  Problems 

4 - 1 . )  Show t h a t  t i  is an automorphism o f  C A ( r )  i f  and o n l y  i f :  

4 - 2 .  ) Prove Theorem 4-9 .  

4 -3 . )  Prove Theorem 4 - 1 1 .  Give an  example o f  a n  i n f i n i t e  g r o u p  

f o r  each  g i n  I '  and  h i n  A ,  i J (gh)  = O ( g ) h .  

w i t h  a r edundan t  g e n e r a t o r  whose d e l e t i o n  d o e s  n o t  l e a v e  a 

s t r o n g l y  connec ted  d i g r a p h .  

4 - 4 . )  Prove Theorem 4 - 1 2 .  

4 -5 . )  How many i somorph ic  d i s j o i n t  s u b g r a p h s  are t h e r e ,  as  i n  t h e  

s t a t e m e n t  of Theorem 4-12? 

4 - 6 . )  Give a g r a p h - t h e o r e t i c  p roof  of t h e  f a c t  t h a t  a subgroup  o f  

i ndex  2 must  be normal .  

4 - 7 . )  L e t  r be an a b e l i a n  g roup  of o r d e r  pq , where p and q 

a r e  d i s t i n c t  p r imes .  By one  o f  t h e  Sylow theo rems ,  r h a s  

Z a s  a subgroup.  Give a g r a p h - t h e o r e t i c  p roof  t h a t  2 
P P 

is normal ,  f i r s t  f i n d i n g  C,(Zp x Z q ) .  Then modify t h i s  

Cayley c o l o r  g r a p h ,  t o  o b t a i n  a Cayley  c o l o r  g r a p h  of T / Z p .  
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4-8.) 

4 - 9 . )  

4-10.) 

4-11. ) 

4 - 1 2 . )  

4 -13 . )  

4-14. ) 

4-15. ) 

4 - 1 6 .  ) 

Compile an append ix  o f  Cay ley  color g r a p h s  f o r  a l l  g r o u p s  

of o r d e r  5 1 2 .  ( T h i s  append ix  s h o u l d  b e  u s e f u l  f o r  r e f e r -  

e n c e ,  b o t h  i n  t h i s  c o u r s e  and  i n  l a t e r  l i f e .  You migh t  want 

t o  s a v e  some work by d o i n g  Z n  , Z 2  x Z n  , and Dn i n  

g e n e r a l ,  r a t h e r  t h a n  i n  e a c h  case where a p p r o p r i a t e .  A l s o ,  

you w i l l  f i n d  t h a t  some o f  your  g r a p h s  c a n n o t  b e  p r o p e r l y  

r e p r e s e n t e d  i n  t h e  p l a n e :  t h e s e  s h o u l d  b e  re -drawn,  fo l low-  

i n g  C h a p t e r  7 . )  

Show t h a t ,  i f  I '  i s  f i n i t e ,  t h e n  C , ( I ' )  i s  a lways  s t r o n g l y  

c o n n e c t e d .  Give a n  example t o  show t h a t  t h i s  need  n o t  be  

t r u e ,  i f  i' i s  i n f i n i t e .  

Show t h a t  t h e  P e t e r s e n  g raph  (see F i g u r e  8-9) c a n n o t  be  

c o l o r e d  and l a b e l e d  so  a s  t o  be  a Cay ley  color g r a p h .  

F ind  A so t h a t  C 3  x C3 = G A ( Z 3  x Z3). Show t h a t  t h e r e  i s  

- no A such  t h a t  C 3  x C3 = G A ( Z 9 ) .  

A c u t - v e r t e x  ( b r i d g e )  f o r  a c o n n e c t e d  g r a p h  G i s  a v e r t e x  

v E V(G) ( edge  e E E ( G ) )  s u c h  t h a t  G - v(G - e )  i s  

d i s c o n n e c t e d .  Show t h a t  t h e  Cay ley  g r a p h  G Q ( I ' )  h a s  no 

c u t - v e r t i c e s ,  and hence  no b r i d g e s ,  f o r  l r l  2 3. 

An n - f a c t o r  of a g r a p h  G i s  a s p a n n i n g  n - r e g u l a r  subgraph  

o f  G .  P e t e r s e n ' s  Theorem is :  a b r i d g e l e s s  c u b i c  g r a p h  i s  

t h e  edge  d i s j o i n t  un ion  o f  a 1 - f a c t o r  and  a 2 - f a c t o r .  

I l l u s t r a t e  t h i s  theorem,  f o r  Cay ley  g r a p h s  GA(T), where Q 

c o n s i s t s  o f  t w o  g e n e r a t o r s ,  e x a c t l y  one  of which h a s  o r d e r  

t w o .  

Show t h a t  e v e r y  Cay ley  g r a p h  G A ( I ' )  c a n  be  e x p r e s s e d  as  

an edge  d i s j o i n t  u n i o n  o f  m 1 - f a c t o r s  and  n 2 - f a c t o r s ,  

Fo r  some m and n such  t h a t  m + n = IAl. 

A g r a p h  G i s  n - f a c t o r a b l e  i f  i t  c a n  be e x p r e s s e d  as an  

edge  d i s j o i n t  un ion  o f  n - f a c t o r s  ( c f  Problem 4 -13) .  F ind  a 

n o n - t r i v i a l  s u f f i c i e n t  c o n d i t i o n  f o r  a Cay ley  g r a p h  

t o  be :  

G A ( T )  

( i )  1 - f a c t o r a b l e  

(ii) 2 - f a c t o r a b l e  

(iii) 3 - f a c t o r a b l e  

( i v )  e u l e r i a n  

Show t h a t  t h e  n-cube Qn i s  m - f a c t o r a b l e  i f  and o n l y  i f  m 

d i v i d e s  n. ( I n  p a r t i c u l a r ,  Qn is 1 - f a c t o r a b l e ,  f o r  a l l  

n . )  
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* z  
4 - 1 7 . )  B a b a i  [ B 2 ]  c o n j e c t u r e d  t h a t ,  f o r  / '  ~ 2 3 , G .  ( ) i s  

a l w a y s  h a m i l t o n i a n .  P r o v c  o r  d i s p r o v e !  
* 
4 - 1 8 . )  Show t h a t  i f  : i s  a f i n i t e  a b c l i a n  g r o u p  of o r d e r  at 

l e a s t  t h r e e  and  i f  p, i s  a m i n i m a l  g e n e r a t i n c j  sei for 1 ,  

then G .  ( 1  ) i s  h a m i l t o n i a n .  (Klerlein [K2] showed that, 

i n  f a c t ,  C , ( l  ) i s  h a r n i l t o n i a n . )  

4 - 1 9 . )  Let P d e n o t e  a p r o p e r t y  ( i n  a d j e c t i v a l  f o r m )  t h a t  a cjraph 

m i g h t  p o s s e s s  ( s u c h  a s  " e u l e r i a n "  o r  " h a n i i ~ t o n i a n " ,  ) and 

l e t  I '  denote a f i n i t e  yroup. W e  s a y  t h a t  , 1 s  I-' 

P )  i f  t h e r e  e x i s t s  a /I, f o r  P (for all /i 

f o r  P )  G.(!) i s  P. D i s c u s s :  

( i )  I f  !' i s  a b e L i a n ,  1 1 ' 1  1 3 ,  t h e n  I '  i s  h a m i l t o n i a n  

a n d  u n i v e r s a l l y  h a m i l t o n i a n .  

(ii) I f  I' is  h a m i l t o n i a n  ( i n  t h e  sense of D e f i n i t i o n  

4 - 2 1 ) ,  then T '  i s  h a m i l t o n i a n  ( c f  P r o b l e m  2 - 1 2  a n d  

'llheorern 4 - 2 2 )  and ( * * )  u n i v e r s a l l y  h a m i l t o n i n n .  

( K l e r l e i n  a n d  S t a r l i n g  [KSl] showed t h a t ,  i n  f a c t ,  

C, ( * ' )  i s  h a m i l t o n i a n ,  f o r  y '  h a m i l t o n i a n  a n d  15 

m i n i m a l . )  

( i i i)  I f  1 1 ' 1  < 3 , t h e n  I '  i s  h a m i l t o n i a n .  

( i v )  I f  1 1 ' 1  i s  o d d ,  t h e n  I '  i s  u n i v e r s a l l y  e u l e r i a n .  

( v )  I f  I '  i s  a b e l i a n ,  1 1 ' 1  ~. :, 3 ,  t h e n  1 i s  e u l e r i a n .  

( v i )  T h e  a b e l i a n  g r o u p  I '  i s  u n i v e r s a l l y  culcrian i f  

a n d  only i f  1 1 . 1  is  o d d .  

( v i i )  What o t h e r  p r o p e r t i e s  P m i g h t  be s t u d i e d ?  * 
4 - 2 0 . )  Is Theorem 4-13 t r u e  f o r  I '  i n f i n i t e ?  

4 - 2 1 . )  I,ct I hc a f i n i t e  q r o u p ,  w i t h  i '  = I ' l  IJ r2. P r o v e  t h a t  i f  

d o e s  n o t  g e n e r a t e  T', t h e n  docs. ( f l i n t :  u s e  

Problem 2 - 1 .  
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CHAPTER 5 

AN INTRODUCTION TO SURFACE TOPOLOGY 

In this chapter we present an introduction to surface topology, 

including the statement and a brief discussion of the classification 

theorem for closed 2-manifolds and a complete development of the 

euler formula for the orientable case. One motivation for this 

material is that it gives us alternatives to the plane for drawing 

graphs in (for example, no Cayley color graph for the quaternions 

can be drawn properly in the plane); these alternatives are com- 

pletely classified, and the euler formula gives us important infor- 

mation about them. We give a topological proof that there are 

exactly five regular polyhedra, and conclude the chapter with a 

brief discussion of pseudosurfaces. 

5-1. Definitions 

In this text, a surface will be a closed, orientable 2-manifold. 

Any such figure may be considered as a topological subspace of 

euclidean 3-space, R . We consider the subspace topology to be 

that induced by the standard distance-measuring metric in R . To 

pin down this idea of "surface", we must define the terms used in 

the first sentence of this paragraph. First, we specify that by the 

open unit disk we mean 

3 

3 

2 2  
= { (x , y) c R Ix + y 2  < 1 1 .  --- 

Def. 5-1. A 2-manifold is a connected topological space in which 

every point has a neighborhood homeomorphic to the open 

unit disk. 

Note: In Definition 5-1, b may be replaced by R2, since these 

two spaces are themselves homeomorphic. 

Example: Only one of the conical spaces (the third) in Figure 5-1 

is a 2-manifold. 
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Figure 5-1 

Definition 5-1 may be extended as follows: an n-manifold is a 

connected topological space in which every point has a neighborhood 

homeomorphic to 

we are only concerned here with the case n = 2. 

Bn - - t (xl , x2 , . . . E R n l  , f  xf 11. IIowever, 
1=1 'n 

D e f .  5-2. A subspace M of R3 is bounded if there exists a 

natural number n such that M B(O : n) = 

~ ( x  ,y ,z) lx2 + y2 + z2 < n}. 

Def. 5-3. Let M G R3 be a 2-manifold. M is said to be closed 

if it is bounded and the boundary of M coincides with M. 

For example, M of Figure 5 - 2  is closed, while M' and M" 

are not. 

# - - - -  8 
M = S L  

0 
Figure 5-2 

Note that the term "closed" does not mean quite the same thing 

to a surface topologist as it does to a point-set topologist. What 

a surface topologist calls a "closed 2-manifold", a point-set topol- 

ogist calls a "compact 2-manifold.'' (Recall that M R3 is com- 

pact if and only if M is closed (point-set sense) and bounded.) 
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Dcf. 5-4. Let M be a 2-manifold; M is said to be orientable if, 

for every simple closed curve C on M ,  a clockwise 

sense of rotation is preserved by traveling once around 

C. Otherwise, M is nonorientable. 

It can be shown that a 2-manifold M is orientable if and only 

if it is two-sided. For example, a cylinder open at both ends is 

orientable, whereas a Mobius strip (imbedded in in the usual 

way) is not. 

R3 

We offer an equivalent defintion of orientability. 

Def. 5-4'. M is orientable if it admits a 2-cell decomposition 

with coherent orientation (1.e. the boundary of each 

2-cell is given an orientation so that a 1-cell 

portion of the boundary incident with two adjacent 

2-cells is oppositely oriented within those two 2-cells.) 

5-2. Surfaces and Other 2-manifolds 

We finally know what a surface is (abstractly); now, exactly 

which subspaces of R3 are surfaces? 

Let us begin to answer this question by representing certain 

familiar 2-manifolds as polygons with appropriate edges identified. 

See Figure 5-3 for the sphere, open cylinder, torus, projective 

plane, mobius strip, and klein bottle, respectively. The top three 

2-manifolds are orientable, the bottom three non-orientable. Only 

the cylinder and mobius strip are not closed. 

0 -----.. 31-1 b 

plane s t r i p  - - -_--  
a b 

Figure 5-3 
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It turns out that every closed 2-manifold (whether orientable 

or not) can be represented in this manner. In fact (see Frgchet 

and Fan, [FFL] p. 63) we have the following theorem: 

Thm. 5-5. Every closed 2-manifold is elementarily associated with a 

polygon whose symbolic representation is of one of the 

following forms: 

-1 (i) aa 
-1 -1 -1 -1 

(11) 

(iii) 

alblal bl a2b2a;'b; l... a b a b 

a 1 a 1 2  a a 2--.aqaq r q  = 1 , 2 , 3 ,  

p = 1,2,3 ,... 
P P P  P '  

The form (i) corresponds to the sphere: (ii) to the sphere with 

p handles (a torus is a sphere with one handle) and (iii) to the 

sphere with q cross-caps (a projective plane is a sphere with one 

cross-cap; a klein bottle is a sphere with two cross-caps.) Only 

the forms (iii) correspond to non-orientable closed 2-manifolds. 

(None of these can be realized in R 3 .  ) 

As a byproduct of the development in Frgchet and Fan, an in- 

variant called the characteristic is determined for each closed 2- 

manifold. Then it is shown that: 

Thm. 5-6. (The Classification Theorem) Two closed 2-manifolds are 

homeomorphic if and only if they have the same charac- 

teristic and are both orientable or both non-orientable. 

It follows that a closed orientable 2-manifold (i.e. a surface) 

M is a sphere with k handles, where k is a non-negative integer; 

k is said to be the genus of M ,  and we write Y ( M )  = k and 

M = Sk. A closed nonorientable 2-manifold M is a sphere with k 

crosscaps, where k is a positive integer; k is said to be the 

(nonorientable) genus of M, and we write T ( M )  = k and M = N k' 

5-3. The Characteristic of a Surface 

We now give an independent determination of the characteristic 

of a surface, using the notion of a pseudograph. The proof will be 

by induction on k, the genus of the surface. We first need a few 
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definitions, and one preliminary theorem. The first definition is 

intuitive: it will be made more precise in Chapter 6. 

Def. 5-7. A pseudograph is said to be imbedded in a surface M if 

it is "drawn" in M so that edges intersect only at 

their common vertices. 

For example, Figure 5-4 shows two drawings of K 4  

but only the second is an imbedding. 

K 4:pq 
Figure 5-4 

b 

KA 
Def. 5-8. A tree is a connected graph having no cycles 

For example, Figure 5-5 shows three graphs, but on 

tree. 

in the plane, 

y G j  is a 

Figure 5-5 

Thm. 5 - 9 .  Let G be a tree, with p vertices and q edges; then 

p = q + l .  

Proof (by induction on p ) :  The result is clearly true 

for p = 1, for then q = 0. Now assume the result holds 

for all trees with fewer than p vertices, and let G 

be a tree with p vertices and q edges. Since G has 

no cycles and is finite, we can find v E V ( G )  such that 

d(v) = 1. Then G - v is a tree with p - 1 vertices 

and q - 1 edges, so that (p-1) = (q-1) + 1; i.e. 

p = q + l .  # 
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Def. 5-10. Let a pseudograph G be imbedded in a surface M; the 

components of M - G are called regions (or faces) of 

the imbeddiny . 

For example, the imbeddinq of K4 in Figure 5-4 has four 

The followinq theorem is attributed to both Descdrtes and 

Euler, independently; we perhaps indicate our preference by calling 

it the euler polyhedral idcntlty: 

regions. 

Thm. 5-11. Let G be a connected graph imbedded in the sphere, S o .  

Let G have p vertices and q edges, with r the 

number of regions of the imbedding. Then p - y + r = 2. 

Proof (by induction on q): The result is clearly true 

for q = 1, for then p = 2 and r = 1. Now assume 

the result holds for all connected graphs with €ewer 

than q edqcs, and let G be a connected graph with 

q edges, p vertices, and r regions for an imbedding 

in So. We have two cases to consider: 

___  

(i) If G is a tree, then p = q + 1 by Theorem 

5-9, and r = 1 (since there are no cycles), so that 

p - q + r = 2. 

(ii) If G is not a tree, then (since G is con- 

nected) G contains a cycle; let x be any edge of 

this cycle. Then G - x has p vertices, q - 1 
edges, is still connected, and is imbedded in So with 

r - 1 regions. Hence p - (q-1) + (r-1) = 2; i.e. 

p - q + r = 2 .  

s o  ' Cor. 5-12, Let G be a connectcd pseudoqraph imbedded in 

with p vertices, q edges, and r regions; then 

p - q f r = 2. 

Proof See Problem 5-3 
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W e  o b s e r v e  h e r e  t h a t  imbedding a g r a p h  i n  t h e  s p h e r e  i s  e q u i v -  

a l e n t  t o  imbedding it i n  t h e  p l a n e .  T o  see t h i s ,  pe r fo rm a stereo- 

g r a p h i c  p r o j e c t i o n  (see F i g u r e  5 -6 )  w i t h  t h e  n o r t h  p o l e  of t h e  

s p h e r e  any  p o i n t  i n  t h e  i n t e r i o r  of some r e g i o n  o f  t h e  imbedding. 

For  e a c h  p o i n t  o f  t h e  s p h e r e ,  t h e r e  c o r r e s p o n d s  a u n i q u e  p o i n t  of 

t h e  p l a n e :  t h e  i n t e r s e c t i o n  o f  t h e  l i n e  L t h r o u g h  (0 ,0 ,2 )  and 

( x , y , z )  w i t h  t h e  p l a n e .  The mapping i s  g i v e n  e x p l i c i t l y  by  

f :  s2 - P t R2 , where 

3 S 2  = C ( x , y , z )  6 R 

P = ( 0 , 0 , 2 )  , 

3 R2 = { ( x , y , z )  € R 

2 2 + ( z - 1 ) 2  = 1 1 ,  x + Y  

z = 0 1 ,  

and 

f ( x , y , z )  = ( X ' r Y ' ,  O ) ,  

w i t h  

2x x '  = - 

Y '  = (see Problem 5 -4 ) .  

2 - z #  

2 - 2  

( 0 . 0 , 2 )  
N.P. 

F i g u r e  5-6 

The image of t h e  g raph  G from S2 i s  a n  imbedding of G i n  R2 , 
w i t h  t h e  unbounded r e g i o n  c o r r e s p o n d i n g  t o  t h e  r e g i o n  i n  S 2  from 

t h e  i n t e r i o r  of which t h e  n o r t h  p o l e  w a s  s e l e c t e d .  C l e a r l y ,  t h i s  

p r o c e s s  i s  r e v e r s i b l e .  I n  f a c t ,  t h e  map f g i v e s  a homeomorphism 

between S 2  - P and R2 , where P is  any  p o i n t  o f  S . Note 
2 
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that neither space is closed from the point of view of surface 

topology, yet R2 (and not S2 - P )  is closed -- in the point-set 
sense -- as a subspace of R3. 

Def. 5-13. A region of an imbedding of a graph G in a surface M 

is said to be a 2-cell if it is homeomorphic to the open 

unit disk. If every region for an imbedding is a 2-cell, 

the imbedding is said to be a 2-cell imbedding. 

Thm. 5 - 1 4 .  Let G be a connected pseudograph, with a 2-cell im- 

bedding in Sk , with the usual paramters p, q, and 

r. Then 

p - q + r = 2 - 2k. 

Proof (by induction on k); The case k = 0 has been 

settled by Corollary 5-12. Now assume the theorem is 

true for fewer than k handles (k j l), and let G 

be as in the statement of the theorem. Without loss of 

generality, we assume a l l  the vertices of G to be on 

the "sphere" portion of Sk: and since the imbedding 

is 2-cell, each handle has at least one edge of G 

running over it. Select one handle, and draw two dis- 

joint simple closed curves C1 and C 2  around this 

handle. Suppose edges x1 ,x2 I ... , x n  run over the 

handle, where n 1. 1. Then Ci meets x .  in a point 

of Sk which we designate by u . .  i = 1 ,2; 

j = 1 , 2  , ... ,n. Consider the points u. to be 

vertices of a new pseudograph, with edges determined in 

the natural manner. Now remove the portion of the handle 

between C1 and C2 and "fill in" the two resulting 

holes (bounded by C1 and C2 respectively) with two 

disks (this is called a capping operation). The result 

is a 2-cell imbedding of a connected pseudograph in 

'k-1 

- 

3 

11 ' 
11 

with parameters p' ,q' , and r' (say) .  But 

p' = p + 2n 
q '  = q + 3n 
r' = r + n + 2. 
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Thus, by the inductive assumption, 

Cor. 5-15. Let G be a connected graph, with a 2-cell imbedding 

in Sk , with the parameters p, q ,  and r; then 

p - q + r  = 2 - 2k. 

Proof: The result is immediate, since any graph is also 

a pseudograph. # 

We 

for any 

p - q +  

2 - 2k, 
It then 

m = n. 

p - q +  
Fr6chet 

'k ' have shown that the number p - q + r is invariant for 

2-cell imbedding of any connected pseudograph; 

r = 2 - 2k, depending only on k. This invariant number, 

is called the euler characteristic for the surface Sk. 
follows that Sn and Sm are homeomorphic if and only if 

In the nonorientable case, the characteristic is given by 

r = 2 - k, where k is the number of cross-caps (see 

and Fan.) In notation, x ( S k )  = 2 - 2k; x (Nk) = 2 - k. 

5 - 4 .  Two Applications 

The ramifications of Theorem 5-14  are enormous. In the re- 

mainder of this section, we give only two of these, bothpertaining 

to the case k = 0. 

Def. 5-16. A graph is said to be planar if it can be imbedded in 

the plane (or, equivalently, in S o ) .  A graph imbedded 

in So is called a plane graph. 

'k' Notation: Suppose a graph G is 2-cell imbedded in a surface 

Let vi be the number of vertices of degree i, and let 

r designate the number of regions having i sides (i.e. 

the number of regions having as boundary a closed walk of 
i 
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l e n g t h  1; i i s  a l s o  c a l l e d  t h e  l e n g t h  of t h e  r e g i o n ) .  

W e  assume t h a t  as  w e  f o c u s  on p o l y -  

h e d r a l  g r a p h s  i n  t h i s  s e c t i o n :  moreover ,  s i n c e  G i s  a 

g r a p h ,  

vo  = v1 = v 2  = 0 , 

ro = r l  = r2 = 0.  

Lemma 5-17.  ( i )  p = 2: v i  

i 23  

( i i )  r = r .  

i 2 3  

(iii) 2 q  = 1 i v .  
i > 3  - 

( i v )  2 q  = 1 i r i  

i > 3  - 

Proof s :  ( i) and ( i i )  are o b v i o u s ;  (iii) is 

Theorem 2 - 2 ,  and ( i v )  f o l l o w s  i n  l i k e  manner t o  (iii); 

i n  summing t h e  number of s i d e s  i n  t h e  r e g i o n s ,  e a c h  edge  

i s  c o u n t e d  e x a c t l y  t w i c e .  # 

Thm. 5-18. The g r a p h  K5 i s  n o t  p l a n a r .  

P r o o f :  Suppose t h a t  t h e  c o n n e c t e d  g r a p h  K 5  w e r e  i m -  

bedded i n  t h e  p l a n e ;  t h e n  2 q  = 2 0  = 1 i r .  > 3 1 r 

= 3r, and by Theorem 5-11. 

2 = p - q + r  

i > r  i - i > 3  ’ - 
- 

2 0  5 < 5 - 1 0 + -  = -  - 3 3 ’  

a c o n t r a d i c t i o n !  Hence, K5 is n o t  p l a n a r .  # 

Lemma 5-19. L e t  t h e  p l a n a r  connec ted  g r a p h  G ( 6 ( G )  2 3)  be  imbe2- 

ded  i n  t h e  p l a n e ;  t h e n  

(1) G has a v e r t e x  of d e g r e e  5 o r  less; and 
(ii) G h a s  a r e g i o n  w i t h  5 or less s ides .  

P r o o f :  (i) Suppose ,  t o  the  c o n t r a r y ,  t h a t  v. = 0 ,  

i = 0 ,  1, 2, 3 ,  4 ,  5;  t h e n  
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2y = 'i_ ivi 2 6 1 v. = 6p. As before, 2q = 
i>3 i>3 

7 ir. > 3 1 r. = 3r. Then, by Theorem 5-11, 
i;3 - i>3 ' - - 

p - q + r = 2; i.e. 

q = p + r - 2  

- q/3 + 2 q / 3  - 2 = q - 2 ,  

a contradiction. 

(ii) This follows by duality (soon to be explain- 

ed); it also follows from Problem 5-6. # 

We are now prepared to give a topological proof of what the 

Greeks knew, geometrically, over two thousand years ago: there are 

exactly five regular polyhedra. A polyhedron is a finite, connected 

collection of at least four polygons, fit together in. 

(i) each side of each polygon coincides exactly with one side of one 

other polygon, and (ii) around each vertex there is one circuit of 

polygons; together with the region of 

gons. These two conditions rule out the anomalies depicted in 

Figure 5-7. 

R3 so that: 

R3 bounded by these poly- 

Figure  5-7 

A regular polyhedron is a convex polyhedron for which: (i) the 

polygons are congruent regular polygons, and (ii) the same number of 

polygons surround each vertex. 
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Thm. 5 -20 .  The re  a r e  e x a c t l y  f i v e  r e q u l a r  p o l y h e d r a  

P r o o f :  L e t  P b e  a r e g u l a r  po lyhedron .  A s s o c i a t e d  

w i t h  p i s  a r e g u l a r  p l a n a r  g r a p h  G ( t o  p i c t u r e  t h i s ,  

f i r s t  bound P w i t h  a s p h e r e ,  t h e n  p l a c e  a l i g h t  s o u r c e  

i n s i d e  t h e  po lyhedron  -- t h e  shadow of t h e  v e r t i c e s  and 

e d g e s  of P g i v e s  a g r a p h  imbedded i n  t h e  s p h e r e ;  

f i n a l l y ,  pe r fo rm a s t e r e o g r a p h i c  p r o j e c t i o n . )  T h i s  p l a -  

n a r  g raph  G h a s  vo  = v = v2 = 0 , and i n  f a c t :  

p = v k ,  r = r  , f o r  k , h  { 3 , 4 , 5 1 ,  by Lemma 5-19.  

Next by Theorem 5-11 ,  p - q + r = 2 ;  w e  re-write t h i s  

a s  f o l l o w s :  

8 = 4p + 4 r  - 2q  - 2y 

= ): ( 4 - i )  ( r i  + v i )  
i > 3  - 

= ( 4 - h ) r h  + ( 4 - k ) v k .  

But  a l s o ,  h r h  = kvk , s i n c e  b o t h  = 2 q ,  by Lemma 5-17.  

O f  t h e  n i n e  p o s s i b i l i t i e s  f o r  ( h  ,k) i n  p o s i t i v e  

i n t e q e r s ,  o n l y  t h e  f o l l o w i n g  s a t i s f y  b o t h  of t h e  above 

e q u a t i o n s  i n  rh and vk: ( h  , k )  = 

(i)  ( 3  , 3 ) ;  r 3  = v3 = 4 ( t h e  t e t r a h e d r o n )  

(ii) ( 3  ,4): r = 8 , v = 6 ( t h e  o c t a h e d r o n )  

(iii) ( 3  , 5 ) ;  r3  = 20,  v5 = 1 2  ( t h e  i c o s a h e d r o n )  

3 4 

( i v )  ( 4  , 3 ) :  r4  = 6 ,  v3 = 8 ( t h e  hexahedron ;  i . e  

t h e  cube )  

( v )  ( 5  , 3 )  ; r5  = 1 2 ,  v3 = 2 0  ( t h e  dodecahedron)  

T h i s  comple t e  t h e  p r o o f .  # 
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A 
K4 

( t e t r a h e d r o n  ) 

( s e 1 f- dua 1 ) 

Two Applications 

M Q 3  2a1\A K 2,2,2 

(hexahedron) (oc t ahedron)  

(dodecahedron) 

( d u a l s )  

5 1  

F i g u r e  5-8 
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The r e a d e r  may have  n o t i c e d  a c e r t a i n  i n t e r c h a n g a b i l i t y  between 

t h e  roles of v e r t i c e s  and r e g i o n s  (compare (ii) and ( i v )  above ,  ( i i i )  

slid ( v )  above;  see Lemmas 5-17 and 5-19, and  Theorem 5 -14) .  T h i s  i s  

no a c c i d e n t .  

Def. 5-21. L e t  a c o n n e c t e d  pseudograph  G be 2-ce l l  imbedded i n  

Sk. The dual pseudograph  of G , D I ( G )  ( r e l a t i v e  t o  

t h i s  imbedding I ) ,  i s  g i v e n  by: t h e  v e r t i c e s  o f  

D I ( G )  are t h e  r e q i o n s  of G i n  Sk , and t w o  such  

v e r t i c e s  a r e  a d j a c e n t  i f  and o n l y  i f  t h e i r  c o r r e s p o n d i n g  

r e g i o n s  s h a r e  a common edge  i n  t h e i r  b o u n d a r i e s .  (Each 

edge  of G is  assoc ia ted  w i t h  e x a c t l y  one  edge  of 

D I ( G )  , which  t h e r e f o r e  may have  l o o p s  and m u l t i p l e  

edges .  ) 

For  example ,  F i g u r e  5-8 n o t  o n l y  g i v e s  t h e  r e g u l a r  p o l y h e d r a l  

g r a p h s ,  b u t  a l s o  i n d i c a t e s  d u a l i t y  r e l a t i o n s h i p s .  Ficjure 5-9 shows, 

f o r  i n s t a n c e ,  t h a t  t h e  t e t r a h e d r o n  is s e l f - d u a l .  Thus,  haviriq e s t a b -  

l i s h e d  Lemma 5-19 (i), w e  e s t a b l i s h  p a r t  ( i i)  by a p p l y i n q  ( i )  t o  t h e  

d u a l .  S i m i l a r i l y ,  hav ing  found t h e  hexahedron ,  w e  d i s c o v e r  t h e  

oc t ahedron  a s  i t s  d u a l ;  and so f o r t h .  

t 
\ 
I 
I 
I 

I A ‘  I 

F i g u r e  5 - 9  

Althouqh t h e r e  a r e  o n l y  f i v e  r ec ju l a r  po lyhedra  ( a l s o  c a l l c d  thc 

P l a t o n i c  ____ S o l i d s )  ~~ , t h e r e  a r e  i n f i n i t e l y  many convex polyh<’ t l ra ,  a s  the 

c l a s s e s  of a l l  p r i sms  and a n t i p r i s m s  show. The t h i r t c c n  Archirncdeaii 

Solids a r e  a l s o  a l l  convex po lyhedra .  There  a r e  many ~ i o n - c o ~ i v c x  

p o l y h e d r a ,  some of which a r e  uni form w i t h  r e g a r d  t o  f a c e  s t r u c t u r e  

and v e r t i c e s ,  which have p l a n a r  g r a p h s  a s  1 - s k e l e t o n s ;  see, Lor 

, 
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example, [W4]. For a splendid study of orientable polyhedra (of 

possibly positive genus) with regular faces, consult B. M. Stewart's 

Adventures Among the Toroids [ s 1 6 ] .  

Def. 5-22. A graph G is said to be 3-polytopal if it is the 

1-skeleton (the graph induced by the vertices and edges) 

of a convex polyhedron. 

Def. 5-23. A graph G is said to be n-connected (n 1)  if the 

removal of fewer than n vertices from G neither 

disconnects G nor reduces G to the trivial graph 

Kl' 

Graphs which are 3-polytopal have been characterized by 

Steinitz [S15]. 

Thm 5-24. A graph G is 3-polytopal if and only if it is planar 

and 3-connected. 

One readily verifies that the five planar graphs of Figure 5-8 

are also 3-connected. The following theorem of Weinberg [W3] gives 

information about the automorphism groups of 3-polytopal graphs: 

Thm 5-25. Let G be 3-polytopal, with q edges. Then 

I C L ( G ) /  5 4q, with equality holding if and only if G 

is the 1-skeleton of a Platonic Solid. 

In the next chapter we consider imbedding graphs (and graphs 

of groups!) in surfaces of positive genus. 

5-5. Pseudosurfaces 

We now consider topological spaces akin to surfaces, but which 

fail to be 2-manifolds at a finite number of points; these spaces 

form additional candidates for the imbedding of graphs, and were 

studied extensively by Petroelje [ P 4 1 .  
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t 

Def. 5-26. Let A denote a set of ) n.m. > 0 distinct points of 
1 1 -  

i=l 

with 1 < ml m2 < c mt. Partition A into ’k ’ 
n. sets of m. points each, i = 1 , 2 , ... , t. For 

each set of the partition, identify all the points of 

that set. The resulting topological space is called a 

pseudosurface, and is designated by S(k ;nl(ml) , 
n2 (m,) , . . . , nt(mt) ) . 
identification of m. points of Sk is called a 

singular point. If a graph G is imbedded in a pseudo- 

surface, we assume that each singular point is occupied 

by a vertex of C ; such a vertex is called a singular 

vertex. A generalized pseudosurface results when 

finitely many identifications, of finitely many points 

each, are made on a topological space of finitely many 

components, each of which is a pseudosurface, with a 

connected topological space resulting. 

Each point resulting from an 

Thm. 5-27. Let G be a graph having a 2-cell imbedding in 

S ( k  ;nl(ml) ,n,(m2) , ... ,n (m 1 ) ;  then p - q + r = t t  
t 

1 ni(mi-l). 2 - 2k - 
i=l 

t 

The number 2- 2k - 7’ ni(mi-l) is said to 

i=l 

istic for the pseudosurf and is a topologica 

as 2 - 2k is for the surface Sk. 

--- 

5-6. Problems 

be the character- 

invariant, just 

5-1.) A forest is a graph for which every component is a tree. 

Show that, if G is a forest with p vertices, q edges, 

and k components, then p = q + f ( k ) ,  where f(k) must be 

determined. 



Sect. 5-6 Problems 55 

5-2. ) 

5-3.) 

5-4. 

5-5. ) 

5-6. ) 

5-7. ) 

5-8.) 

5-9. ) 

5-10.) 

5-11. ) 

* 
5-12. ) 

5-13.) 

5-14. ) 

Let C, , a graph with P vertices, q edges, and k 

components, be imbedded in the sphere, with r regions. 

Show that p - q f r = g(k), where g ( k )  must be determin- 

ed. Illustrate, for G = 2K4. For what value of k will 

the imbedding be 2-cell? 

Prove Corollary 5-12. 

Verify that f (x , y , z )  = (2x/(2-z) , 2y/(2-z) , 0 )  gives the 

stereographic projection. 

Show that K 

Prove Lemma 5-19 (ii), without using duality. 

Where might the proof of Theorem 5-14 break down, for graphs 

(instead of pseudographs) ? 

Consider the 2-manifolds in Figure 5-3. Determine in which 

of these K5 can be imbedded. For each 2-manifold, compute 

the characteristic. Note that the characteristics agree for 

the torus and the klein bottle; are these two homeomorphic? 

Why? The characteristics also agree for the mobius strip 

and the projective plane; are they homeomorphic? How about 

the sphere and the cylinder? 

Show that the two symbolic representations ab-lab (as in 

Figure 5.3) and alala2a2 (as in Theorem 5-5 (iii)) both 

give the klein bottle. (Hint: cut along an appropriate 

diagonal of the rectangle alala2a2 and then make an 

appropriate identification to obtain the rectangle 

For G the 1-skeleton of a Platonic Solid, show that 

I (XG) 1 = 4q. 

The wheel graph Wm is defined as the join (see Def. 2-10) 

K1 + Cm-l , m 2 4. Show that 1 G(Wm) I 5 4q, with equality 

holding iff m = 4. Is this consistent with Thm. 5-25? 

Give an example to show that two pseudosurfaces with the 

same characteristic can be non-homeomorphic (compare the 

situation for surfaces). Find a formula that gives, for 

n - > -2, the number of non-homeomorphic pseudosurfaces with 

characteristic -n. 

Extend Theorem 5-27 to generalized pseudosurfaces. 

Into how many regions is the plane R 2  divided, by n 

lines in general position (i.e. no two lines parallel, no 

three lines concurrent)? The answer can be conjectured 

is not planar. 
3 , 3  

ab-lab. ) 
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inductively and then proved using mathematical induction, 

but try to o b t a i n  it directly by using the euler identity 

and stercographic projection. 



57 

CHAPTER 6 

IMBEDDING PROBLEMS IN GRAPH THEORY 

Recall from Defin 

matical system. It is 

realization of a graph 

bedding problems arise 

tion 2-1 that a graph is an abstract mathe- 

when we concern ourselves with the geometric 

as a finite one-dimensional complex that im- 

There are practical applications for this 

view of graphs. For instance, we will see in Chapter 8 that one of 

the truly famous problems in mathematics can be stated in terms of 

imbedded graphs. As another example, imagine the task of printing 

an electronic circuit on a circuit board. Associated with the 

circuit (in an obvious manner) is a graph, and the circuit can be 

printed without shorts if and only if the associated graph can be 

imbedded in the plane. What to do if the graph is not planar will 

be studied in this chapter. 

What do we mean by "the geometric realization" of a graph? In 

this section, we will normally mean a configuration in 

the vertices of the graph are represented by distinct points, and 

the edges of the graph by lines; two lines intersect only at a point 

representing common end vertices of the two corresponding edges. A 

natural question is: "In what subspaces of R3 w i l l  a given graph 

imbed in this manner?" We will confine our attention to the fol- 

lowing subspaces: 

R3,  where 

R3 itself 

R2 

n-books (see definition below) 

surfaces 

pseudosurfaces. 

generalized pseudosurfaces 

Def. 6-1. An n-book is the Cartesian product of the unit interval 

with the geometric realization of the graph 

That is, an n-book consists of n rectangles (the pages) 

joined along a common edge (the spine). 

Kl,n* 
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6 - 1 .  Answers  t o  Some I m b e d d i n g  Q u e s t i o n s  

The i m b e d d i n g  q u e s t i o n  h a s  b e e n  c o m p l e t e l y  a n s w e r e d  for (1) , 
(ii ) ,  and ( i i i ) ,  a s  t h e  n e x t  t h r e e  t h e o r c m s  i n d i c a t e .  We w l l l  also 

n e e d  some d e f i n i t i o n s .  I n  t h e  s e q u e l ,  t h e  t e r m  " g r a p h "  w i l l  b e  u s e d  

i n t e r c h a n q e a b l y ,  to r e p r e s e n t  ei t h e r  t h e  a b s t r a c t  m a t h e m a t i c a l  

s y s t e m ,  o r  a r e a l i z a t i o n  of  t h i s  s y s t e m  in R . T h e  c o n t e x t  s h o u l d  

make it c l e a r  w h i c h  use i s  i n t e n d e d .  

3 

Thm. 6 - 2 .  I f  K is a c o u n t a b l e  a n d  l o c a l l y  f i n i t e  s i m p l i c i a 1  com- 

p l e x ,  w i t h  d i m  K 5 n ,  t h e n  K h a s  a r e a l i z a t i o n  ( i . c .  

a l i n e a r  i m b e d d i n g )  a s  a closed s u b s e t  i n  R2n+1. 

( S e e  S p a n i c r  [ S 6 ]  f o r  a d i s c u s s i o n  of Chis t h e o r e m . )  

____ Cor. 6-3.  Any f i n i t e  one-complex  i s  i m b c d d a b l e  i n  R ~ .  

Note t h a t  C o r o l l a r y  6-3 i n d l c a t e s  that a n y  g r a p h  may b e  i n b c d -  
3 d e d  i n  R , a n d  i n  s u c h  a way t h a t  e v e r y  e d g e  i s  r e p r e s e n t e d  as  a 

s t r a i g h t  g. 

R3 d e t e r m i n e d  by  t h e  p a r a m e t r i c  e q u a t i o n s  x = t ,  y = t , z = t 

( t  0 ) .  S e l e c t  p d i s t i n c t  p o i n t s  a l o n g  C t o  r e p r e s e n t  t h e  

v e r t i c e s  of G and rcpresenC t h e  q e d g e s  of G as s t r a L g h t  l i n e s  

j o i n i n g  t h e s e  p o i n t s  a p p r o p r i a t e l y .  S i n c e  n o  f o u r  p o i n t s  on C are 

c o p l a n a r  ( s e e  P r o b l e m  6 - 2 )  C meets a n y  p l a n e  i n  R 3  a t  m o s t  

C h r w  t i m e s ,  a n d  n o  two e d g e s  of G i n t e r s e c t  e x t r a n e o u s l y .  

A n o t h e r  way t o  see this i s  a s  follows. L e t  C b e  t h e  curve i n  
2 3 

D e f .  6-4.  

Def .  6 -5 .  

An e l e m e n t a r y  s u b d i v i s i o n  of a n  e d g e  uv  of a g r a p h  is 

t h e  d e l e t i o n  o f  e d g e  uv,  t h e  a d d i t i o n  of a n e w  v e r t e x  

w ,  a n d  t h e  a d d i t i o n  of t w o  new e d y e s ,  uw a n d  wv. 

A g r a p h  G i s  s a i d  t o  b e  homeomorphic  from a g r a p h  H 

i f  G c a n  b e  o b t a i n e d  f r o m  I1 by  a ( f i n i t e )  s e q u e n c e  of 

e l c m c n t a r y  s u b d i v i s i o n s .  (We s a y  t h a t  C, i s  a s u b d i v i -  

s i o n  o f  11.) G1 a n d  G2 are s a i d  t o  be homeomorphic  

common g r a p h  11. 

__ 
e a c h  o t h e r  i f  t h e y  a r e  b o t h  homeomorphic  f r o m  a 
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Note t h a t  GI i s  homeomorphic w i t h  G2 i n  t h e  g r a p h - t h e o r e t -  

R3 a r e  homeomorphic i n  t h e  t o p o l o g i c a l  s e n s e  (see Problem 

i c a l  s e n s e  d e f i n e d  above i f  and o n l y  i f  t h e  r e a l i z a t i o n s  o f  

G2  i n  

G1 and 

6 - 1 . )  

The n e x t  theorem i s  one  o f  t h e  m o s t  i m p o r t a n t  i n  a l l  of g r a p h  

t h e o r y :  it is d u e  t o  Kura towski  [ K 4 ] .  

Thm. 6-6.  A g r a p h  G i s  p l a n a r  i f  and o n l y  i f  it c o n t a i n s  no  sub-  

K 3 , 3 '  
g raph  homeomorphic w i t h  e i t h e r  K5 o r  

I t  i s  c l e a r  t h a t  any g r a p h  w i t h  q e d g e s  c a n  be  imbedded i n  a 

q-book: p l a c e  a l l  t h e  v e r t i c e s  a l o n g  t h e  s p i n e ,  and u s e  one  page 

f o r  e a c h  edge .  However, w e  c a n  d o  much bet ter :  the f o l l o w i n g  t h e o -  

r e m ,  due  t o  Atneosen  [ A S ] ,  i s  r a t h e r  s u r p r i s i n g .  

Thm. 6-7.  Any g r a p h  G c a n  be  imbedded i n  a 3-book. 

Note t h a t  by  Theorem 6 - 6 ,  w e  have  a c r i t e r i o n  f o r  a s c e r t a i n i n g  

i f  t h e  t h i r d  page  i s  needed f o r  a p a r t i c u l a r  g r a p h .  Theorem 6-7  i s  

proved  a s  f o l l o w s :  as shown i n  Massey [ M 3 ] ,  any  c l o s e d  2 -man i fo ld  

w i t h  non-void boundary  can  be r e p r e s e n t e d  as a d i s k  w i t h  s t r i p s  

a t t a c h e d  i n  a c e r t a i n  way. C l e a r l y  any  g r a p h  G c a n  b e  imbedded i n  

a c l o s e d  2-mani fo ld  w i t h  non-void  boundary  ( s i m p l y  remove an open 

d i s k  from t h e  i n t e r i o r  of some r e g i o n ,  f o r  any  Sk i n  which  G can  

be  imbedded; t a k e  k = q ,  f o r  e x a m p l e ) .  Atneosen  showed, v e r y  

n e a t l y ,  t h a t  any  d i s k  w i t h  s t r i p s  a t t a c h e d  as d e s c r i b e d  by  Massey 

can  b e  imbedded i n  a 3-book. (An a l t e r n a t e  p roof  h a s  been  g i v e n  by 

Babai  [Bl]: D r a w  G i n  t h e  p l a n e  so t h a t  a l l  i n t e r s e c t i o n s  l i e  on 

a s t r a i g h t  l i n e  and n o  t h r e e  l i n e s  have  a common i n t e r s e c t i o n  

( e x c e p t  a t  common end  v e r t i c e s . )  L e t  t h i s  l i n e  b e  t h e  s p i n e  o f  t h e  

book, and l e t  t h e  p l a n e  b e  t h e  un ion  of t w o  pages .  Then t h e  t h i r d  

page can  be  r e a d i l y  employed t o  a v o i d  e a c h  i n t e r s e c t i o n .  

S O ,  i t  i s  o n l y  f o r  t h e  s u b s p a c e s  ( i v ) ,  ( v ) ,  and  ( v i )  of o u r  

l i s t  above - - tha t  i s ,  t h e  s u r f a c e s ,  p s e u d o s u r f a c e s ,  and g e n e r a l i z e d  

pseudosur faces - -  t h a t  t h e  imbedding problem is ,  i n  g e n e r a l ,  u n s o l v e d ,  

f o r  non-p lana r  g r a p h s .  C l e a r l y ,  any g r a p h  w i l l  imbed on Sk ,  f o r  

k l a r g e  enough ( f o r  example ,  t a k e  k = q and u s e  one  h a n d l e  f o r  

e a c h  e d g e ) ;  b u t  t h i s  does  n o t  c h a r a c t e r i z e  which  g r a p h s  imbed on 

Sk ,  f o r  k f i x e d .  The m o s t  n a t u r a l  p roblem h e r e  m i g h t  be :  f o r  a 
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g i v e n  g r a p h ,  f i n d  t h e  s u r f a c e  of mlnimum genus  i n  which  t h e  g r a p h  

can be imbedded. I f  t h e  g r a p h  i s  a s s o c i a t e d  w i t h  an e l e c t r o n i c  

c i r c u i t ,  t h e  c o r r e s p o n d i n g  problem is:  f i n d  t h e  f e w e s t  number of 

h o l e s  t h a t  must b e  punched i n  t h e  c i r c u i t  b o a r d  so  t h a t  t h e  b o a r d  

can  accommodate t h e  c i r c u i t .  Fo r  Cayley  c o l o r  g r a p h s ,  t h e  problem 

becomes: f i n d  t h e  s i m p l e s t  l o c a l l y  2 -d imens iona l  "drawing  b o a r d "  

in  which t o  " p a i n t "  a p i c t u r e  of a g i v e n  g roup .  We w i l l  a l s o  see, 

i n  Chap te r  8 ,  t h a t  imbedding c e r t a i n  g r a p h s  i n  a p p r o p r i a t e  s u r f a c e s  

w i l l  t e l l  u s  a good d e a l  a b o u t  map-color ing  problems.  

6-2 .  D e f i n i t i o n  o f  "Imbedding" 

L e t  u s  now g i v e  two v e r y  c a r e f u l  d e f i n i t i o n s  of " imbeddinq"  

( t h e y  are e a s i l y  seen  t o  b e  e q u i v a l e n t ) ,  and t h e n  p r o c e e d  t o  s t u d y  

t h i s  p r o c e s s  i n  some d e t a i l .  

Def. 6-8.  L e t  G b e  a g r a p h ,  w i t h  V(G) = {v, , v 2  , ... , v n }  and 

E ( G )  = {xl ,x2 , ... , x m l .  L e t  M be a 2-mani fo ld .  An 

imbedding of G - i n  M i s  a subspace  G ( M )  of M s u c h  

t h a t  

where 

(i) 

( i i )  

(iii) 

( v i )  

n m 

vl(M) , . . . , v , (M)  are d i s t i n c t  p o i n t s  of M 

xl(M) , ... , x,(M) are m m u t u a l l y  d i s j o i n t  

open a r c s  i n  M 

x . (M)  n v .  ( M )  = @ ,  i = 1, ..., n ;  j = l , . . . , m .  

i f  x .  = ( v j l , v j 2 )  , t h e n  t h e  open arc x j (M)  

h a s  vjl(M) and v ( M )  as end  p o i n t s :  

j = 1 ,... , m .  

1 

1 

1 2  

In t h e  above d e f i n i t i o n ,  an arc i n  M i s  a homeomorphic image 

of [ 0 , 1 ] ;  an open a rc  i s  an arc  less i t s  t w o  e n d  p o i n t s ,  t h e  

images o f  0 and 1. 

E q u i v a l e n t l y  ( and  much more b r i e f l y )  w e  have :  
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Def. 6 - 8 ' .  The g raph  G can  b e  imbedded i n  t h e  2-mani fo ld  M i f  

t h e  g e o m e t r i c  r e a l i z a t i o n  o f  G as  a one -d imens iona l  

s i m p l i c i a 1  complex i s  homeomorphic t o  a s u b s p a c e  o f  M. 

6-3.  The Genus o f  a Graph 

Imbedding q u e s t i o n  ( i v )  i n  t h i s  c h a p t e r  l e a d s  d i r e c t l y  t o :  

Def. 6-9.  The g e n u s ,  y ( G ) ,  of a g raph  G is t h e  minimum genus  

among a l l  s u r f a c e s  i n  which  G can  b e  imbedded. 

For  example ,  i f  G i s  p l a n a r  t h e n  w e  w r i t e  y ( G )  = 0 .  I f  

y ( G )  = k ,  k > 0 ,  t h e n  G h a s  an imbedding i n  Sk , b u t  n o t  i n  

Sh, f o r  h c k.  Moreover,  G imbeds i n  Sm , f o r  a l l  m k 

( m e r e l y  add m - k h a n d l e s  t o  an imbedding o f  G i n  S k ) .  

L e t  G have q e d g e s ;  t h e n  p l a c e  t h e  v e r t i c e s  o f  G on t h e  s p h e r e ,  

and add  one  h a n d l e  f o r  each  edge .  Thus y ( G )  5 q. 

A s  ment ioned  above ,  i t  i s  c lear  t h a t  e v e r y  g r a p h  h a s  a g e n u s .  

Def. 6-10.  An imbedding o f  a g raph  G i n  a s u r f a c e  Sk i s  s a i d  t o  

b e  a minimal  imbedding i f  y ( G )  = k .  

The n e x t  r e s u l t  i s  e x t r e m e l y  u s e f u l ,  as i t  t e l l s  us  t h a t  t h e  

e u l e r  fo rmula  a p p l i e s  f o r  a n y  minimal imbedding  o f  a c o n n e c t e d  

g raph .  Fo r  a comple t e  p r o o f ,  see [Yl] . 

Thm. 6-11.  I f  a c o n n e c t e d  g r a p h  G i s  min ima l ly  imbedded i n  a 

s u f a c e ,  t h e n  t h e  imbedding i s  a 2-cell imbedding. 

H e u r i s t i c  Argument: W e  assume ( w i t h o u t  loss of  g e n e r a l -  

i t y )  t h a t  e v e r y  v e r t e x  o f  G l i e s  on t h e  s p h e r e .  Hence 

o n l y  e d g e s  can b e  imbedded on t h e  h a n d l e s .  Suppose t h a t  

R i s  a non- 2-cell  r e g i o n .  Then t h e r e  i s  a s i m p l e  

c l o s e d  c u r v e  C i n  R which  c a n n o t  be c o n t i n u o u s l y  

deformed,  i n  R ,  t o  a p o i n t .  I f  y ( G )  = 0 C d i v i d e s  

So i n t o  two p a r t s  ( b y  t h e  J o r d a n  c u r v e  t h e o r e m ) ,  e a c h  

o f  which must  c o n t a i n  a v e r t e x  o f  G. But  t h e n  G 

would b e  d i s c o n n e c t e d .  €ience y ( G )  1. W e  c o n s i d e r  

t h r e e  cases: 
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Case ( i )  . I f  C l i e s  e n t i r e l y  on one  h a n d l e ,  w e  c u t  

t h e  s u r f a c e  a l o n g  C ,  c a p  t h e  two r e s u l t i n g  h o l e s ,  

and o b t a i n  an imbedding of  G i n  S y ( G )  -1' a con- 
t r a d i c t i o n .  

Case ( i i ) .  If C l i e s  e n t i r e l y  on t h e  s p h e r e ,  w e  re- 

g a r d  t h e  " s p h e r e "  p o r t i o n  of t h e  s u r f a c e  a s  a h a n d l e ,  

and a p p l y  case ( i )  . 

Case ( i i i)  . I f  C l i e s  p a r t i a l l y  on some h a n d l e  H 

- H ,  w e  redraw t h e  e d g e s  of G and p a r t i a l l y  on 

f o r m e r l y  c a r r i e d  by tl a l o n g  t h a t  p o r t i o n  of C l y i n g  

i n  S 

s u r f a c e  w i t h o u t  u s i n g  h a n d l e  H, t h e  f i n a l  c o n t r a d i c -  

t i o n .  # 

sY ( G )  

- 11; w e  o b t a i n  an imbedding of C on t h e  
Y ( G )  

The c o r o l l a r y  below follows d i r e c t l y  from Theorems 5 - 1 4  and 

6 - 1 1 .  

'k' Cor. 6 - 1 2 .  I f  a c o n n e c t e d  g r a p h  G h a s  a minimal  imbedding i n  

w i t h  p v e r t i c e s ,  q e d g e s ,  and r r e g i o n s ,  t h e n  

p - q + r = 2 - 2k. 

The n e x t  t w o  coro l la r ies  a re  o f t e n  h e l p f u l  i n  comput ing  t h e  

genus  of a g r a p h .  W e  r e q u i r e  t w o  new terms. 

Def. 6-13. A 2 -ce l l  imbedding i s  s a i d  t o  b e  a t r i a n g u l a r  ( q u a d r i -  

l a t e r a l )  imbedding i f  r = r ( r  r4). 3 .___ 

C o r .  6 - 1 4 .  I f  G i s  c o n n e c t e d ,  w i t h  p 2 3 ,  t h e n ,  y(G), 8- $- + 1, 
Fur the rmore ,  e q u a l i t y  h o l d s  i f  and  o n l y  i f  a t r i a n g u l a r  

imbedding can b e  found f o r  G.  

so t h a t  
Y(G) ' Proof:  L e t  G b e  imbedded i n  S 

p - q + r = 2 - 2 y ( G ) .  S i n c e  2 q  3r, w i t h  e q u a l i t y  

i f  and  only i f  r = r3 (see Lemma 5 - 1 7 ) ,  t h e  r e s u l t  i s  

immediate.  # 
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Cor.  6 - 1 5 .  I f  G i s  c o n n e c t e d ,  w i t h  p 2 3 ,  and  h a s  no  t r i a n g l e s ,  

t han  y(G) ;. - p + 1. F u r t h e r m o r e ,  e q u a l i t y  h o l d s  i f  

and o n l y  i f  a q u a d r i l a t e r a l  imbedding can  b e  found  f o r  

G. 

--4 2 

(The proof  i s  e n t i r e l y  a n a l o g o u s  t o  t h a t  of Cor.  6 - 1 4 )  . #  

The n e x t  c o r o l l a r y  w i l l  be  h e a v i l y  used  i n  t h e  r ema inde r  of 

t h i s  c h a p t e r .  

Cor. 6 - 1 6 .  I f  G i s  a c o n n e c t e d  b i p a r t i t e  g raph  h a v i n g  a q u a d r i -  

l a t e r a l  imbedding ,  t h e n  y ( G )  = - p + 1. 4 2  

P r o o f :  Apply Theorem 2 - 1 9  and C o r o l l a r y  6-15. # 

W e  have shown (among o t h e r  t h i n g s )  t h a t ,  f o r  c o n n e c t e d  g r a p h s ,  

min imal  imbeddings  are 2 - c e l l  imbeddings .  Two q u e s t i o n s  a r i s e :  

( i )  what  a b o u t  minimal imbeddings  o f  d i s c o n n e c t e d  g r a p h s ?  (ii) A r e  

t h e r e  2 -ce l l  imbeddings  which are n o t  minimal?  W e  d i s c u s s  t h e s e  t w o  

que s t  i o n s  b r i e f l y  . 

D e f .  6 -17 .  Given a connec ted  g r a p h  G ,  a c u t - v e r t e x  i s  a v e r t e x  v 

such  t h a t  G - v i s  d i s c o n n e c t e d .  A b l o c k  i s  a maximal 

c o n n e c t e d  subgraph  of G h a v i n g  no  c u t - v e r t i c e s .  

For  example ,  t h e  g r a p h  i n  F i g u r e  6 - 1  h a s  two b l o c k s ,  b o t h  iso- 

morphic  t o  K 4 ;  v i s  a c u t - v e r t e x  f o r  t h i s  g r a p h .  Note t h a t  a 

b l o c k  i s  e i t h e r  K 2  or i s  2-connected .  

F i g u r e  6-1. 
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The n e x t  theorem and its c o r o l l a r y  a r e  due t o  B a t t l e ,  Hara ry ,  

Kodama, and Youngs [ B I I K Y l ]  , and are p r e s e n t e d  w i t h o u t  proof. 

Thm. 6-18. The genus  of a g r a p h  i s  t h e  sum of t h e  g e n e r a  of i t s  

b l o c k s .  

Cor. 6 -19 .  'I'he qenus  of  a g r a p h  i s  t h e  sum of t h e  g e n e r a  of  Its 

n 

1=1 
components. ( i . e . ,  l e t  G = 'J C l ;  t h e n  i ( G )  = 

i= 1 

6 - 4 .  The Maximum Genus o f  a G r a p h  

Tha t  t h e r e  e x i s t  2-cell imbeddings  which a r e  n o t  minimal  i s  

e v i d e n t  from F i g u r e  6 - 2 ,  which shows K4 i n  S , .  Note t h a t  t h e  

e u l c r  iormula s t i l l  a p p l i e s  h e r e  ( 4  - G + 2 = 0 ) .  I t  1s c l e a r  

t h a t  no imbeddLng of a d i s c o n n e c t e d  g r a p h  can be a 2-cel l  imbedding .  

To d e s c r i b e  a l l  2-cell imbeddings  of a g i v e n  c o n n e c t e d  g r a p h ,  w e  

i n t r o d u c e  t h e  f o l l o w i n g  c o n c e p t :  

F i g u r e  6-2 

U e f .  6 - 2 0 .  'The maximum g e n u s ,  y M ( G ) ,  of a c o n n e c t e d  g r a p h  G i s  

t h e  maximum genus  among t h e  g e n e r a  of a l l  s u r f a c e s  i n  

which G h a s  a 2-ce l l  imbedding. 

Duke [ D 4 ]  h a s  shown the f o l l o w i n g :  

Thm. 6-21. I f  a g raph  G h a s  2-cell imbeddings  i n  Sm and Sn, ____ 
t h e n  G h a s  a 2 -ce l l  imbedding i n  S k ,  f o r  e a c h  

k , m . . k ( n .  - -  
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Cor.  6 - 2 2 .  A c o n n e c t e d  g r a p h  G h a s  a 2-cell imbedding  i n  Sk i f  

and o n l y  i f  y ( G )  5 k 5 y M ( G ) .  

A n  upper  bound f o r  ) M ( G )  i s  n o t  d i f f i c u l t  t o  d e t e r m i n e .  

Def. 6-23. The B e t t i  number B ( G ) ,  of a g r a p h  G h a v i n g  p ______ 
v e r t i c e s ,  q e d g e s ,  and k components ,  i s  g i v e n  by: 

U ( G )  = q - p + k. 

B ( G )  i s  sometimes c a l l e d  t h e  c y c l e  r ank  of G ;  i t  g i v e s  t h e  

number of independen t  c y c l e s  i n  a c y c l e  b a s i s  f o r  G ;  see H a r a r y  

[ H 2 ,  pp. 37-401. 

R e c a l l  t h a t  [ X I  d e n o t e s  t h e  g r e a t e s t  i n t e g e r  less t h a n  o r  

e q u a l  t o  x;  { x i  g i v e s  t h e  l eas t  i n t e g e r  g r e a t e r  t h a n  o r  e q u a l  t o  

x .  Both symbols w i l l  b e  used  f r e q u e n t l y  i n  t h e  r ema inde r  of t h i s  

c h a p t e r .  

Th. 6-24. L e t  G b e  c o n n e c t e d ;  t h e n  y M ( G )  5 [w 3.  
e q u a l i t y  h o l d s  i f  and o n l y  i f  r = 1 o r  2 ,  a c c o r d i n g  

a s  B ( G )  i s  even  or odd ,  r e s p e c t i v e l y .  

Moreover,  

P r o o f :  L e t  G be  c o n n e c t e d ,  w i t h  a 2 -ce l l  imbedding i n  

Sk; t h e n  r 1, and B ( G )  = q - p + 1; a l s o  

p - q + r = 2 - 2k; t h u s  

and t h e  r e s u l t  f o l l o w s .  

Nordhaus,  S t e w a r t ,  and  White [ N S W L ]  have  shown t h a t  e q u a l i t y  

h o l d s  i n  Theorem 6-24 f o r  t h e  c o m p l e t e  g r a p h  K n ;  R i n g e i s e n  [R7] 

h a s  shown t h a t  e q u a l i t y  h o l d s  for  t h e  comple t e  b i p a r t i t e  g r a p h  

Km,n; 
Qn ( i f  y M ( G )  = [q 1 ,  G i s  s a i d  t o  b e  uppe r  imbeddab le . )  

and Zaks [ Z l ]  h a s  shown t h a t  e q u a l i t y  h o l d s  f o r  t h e  n-cube 

- I *  
Thm. 6-25. y ( K  ) = [ (n- l )  ( n - 2 ) - '  

M n  4 

r (m-1)  (n -1)  l 
Thm. 6-26. y n ( K m , n )  = 2 J -  
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Thm. 6-27.  y M ( Q n )  = ( r 1 - 2 ) 2 " - ~ ,  f o r  n - 2 

M o r e o v e r ,  Kronk,  R i n g e i s e n ,  and  W h i t e  [ K R W l ]  e s t a b l i s h e d :  

Thm. 6-28.  A l l  c o m p l e t e  n - p a r t i t e  g r a p h s  a re  u p p e r  i m b e d d a h l e .  

A l s o ,  R i n g e i s c n  [ R 6 1  h a s  f o u n d  y,(C) f o r  s e v e r a l  c l a s ses  of 

p l a n a r  g r a p h s  G ,  i n c l u d i n g  t h c  w h e e l  y r d p h s  a n d  t h e  r e g u l a r  p o l y -  

h e d r a l  g r a p h s .  

Norclhaus, K i n g e i s e n ,  S t c w a r t ,  a n d  W h i t e  h a v e  combined  [NRSWl] 

t o  e s t a b l i s h  t h e  f o l l o w i n g  a n a l o g  t o  K u r a t o w s k i '  s Theorem (Theorem 

6 - 6 ) :  ( t h e  g r a p h s  11 a n d  Q a re  g i v e n  in I ' i g u r e  6 - 3 . )  

Thm. 6-29.  

D c f .  6-30.  

Def. 6-31. 

The c o n n e c t e d  q r a p h  G h a s  maximum rjenus z e r o  i f  a n d  

o n l y  i f  i t  h a s  n o  s u b g r a p h  homeomorphic  w i t h  > i t h e r  Fi 

o r  0. ( F u r t h e r m o r e ,  y ( C )  = * , M ( G )  i f  and  o n l y  i f  

y,(C) - 0 i f  and  only i f  G is a c a c t u s  w i t h  v e r t c x -  

d i s j o i n t  c y c l e s . )  

A c a c t u s  i s  a c o n n e c t e d  ( p l a n a r )  q r a p h  i n  w h i c h  e v e r y  

b l o c k  i s  d c y c l e  o r  a n  c d g e .  
___ 

A s p l i t t i n q  tree o f  a c o n n e c t e d  g r a p h  G i s  a s p d n n i n g  

t rec  T Tor G s u c h  t h a t  a t  most o n e  component  of 

G - C ( T )  h a s  o d d  s i z e .  

?'he f o l l o w i n y  c h a r a c t e r i z a t i o n  i s  d u e ,  i n d e p e n d e n t l y ,  t o  

Junqerman [ J 7 1  and  Xuong [X2]. 

Thm. 6-32. A g r a p h  G is  u p p e r  imbeddable i f  a n d  o n l y  i f  G has 

a s p l i t t i n g  t r e e ,  

T h u s ,  f o r  e x a m p l e ,  w e  g e t  a n  i m m e d i a t e  p r o o f  of Theorem 6-25 

m e r e l y  b y  t a k i n q  T = K 
1 , n - 1 .  

Ncbesky "11 h a s  q i v e n  a s u f f i c i e n t  c o n d i t i o n  f o r  u p p e r  

i r n b e d d a b i l i t y .  F i r s t ,  w e  n e e d  

____ Def. 6-33.  A g r a p h  G i s  s a i d  t o  b e  l o c a l l y  c o n n e c t e d  i f ,  f o r  

e v e r y  v E V ( G ) ,  t h e  sc t  N G ( v )  of ver t ices  
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a d j a c e n t  t o  v i s  non-empty and t h e  subgraph  o f  G 

i n d u c e d  by  NG(v)  i s  c o n n e c t e d .  

Thm. 6-34. I f  G is c o n n e c t e d  and  l o c a l l y  c o n n e c t e d ,  t h e n  G i s  

uppe r  imbeddable .  

Al though n o  workab le  fo rmula  i s  known f o r  t h e  genus  of an 

a r b i t r a r y  g r a p h ,  Xuong [ X l l  d e v e l o p e d  t h e  f o l l o w i n g  r e s u l t  f o r  

maximum genus .  L e t  C O ( H )  d e n o t e  t h e  number of components  of 

g r a p h  H o f  odd  s i z e ,  and f o r  G c o n n e c t e d  s e t  

< ( G )  = min f ,o ( G  - E ( T ) ) ,  

t h e  minimum b e i n g  t a k e n  o v e r  a l l  s p a n n i n g  trees T o f  G. Then: 

Thm. 6-35.  The maximum g e n u s  of t h e  c o n n e c t e d  g r a p h  G i s  g i v e n  

by 

H: Q :  0 
F i g u r e  6-3 

6-5. Genus Formulae  f o r  Graphs  

P r i o r  t o  t h e  work of Jungerman and  Xuong, Theorems 6-25, 

6-26, 6-27, and 6-28 and  t h e  work of R i n g e i s e n  [ R 6 ]  r e f e r r e d  t o  

above gave  t h e  o n l y  known n o n - t r i v i a l  f o r m u l a s  for maximum g e n u s .  
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N o t  v e r y  many more f o r m u l a s  a re  known f o r  t h e  g e n u s  p a r a m e t e r ;  w e  

l i s t  some of t h e s e  below. For m o s t  of w h a t  else was known u p  t o  

1 9 7 8 ,  see T a b l e  1 of S t a h l  [S91 .  

Thm. 6 -36 .  

Thm. 6 -37 .  

Thm. 6 -38 .  

Thm. 6 -39 .  

Th.  6 -40 .  

Thm. 6 -41 .  

Thm. 6-42.  

Thm. 6-43_. 

Thm. 6 -44 .  

Thm. 6 -45 .  

( R i n g e l  [RlO] ; B e i n e k e  a n d  H a r a r y  [ B H l ] )  

y(Qn) = 1 + ~ " - ~ ( n - 4 ) ,  n 1 2 .  

( R i n q e l  and Younqs  [ R Y l ] )  

(White [W51; see a l s o  [ R Y S ] ,  f o r  t h e  case m = 1) 

( S t a h l  a n d  White [SWlJ) 

2 
, f o r  n e v e n ,  n 2 2 .  ( n - 2 )  

Y ( K n , n , n - 2 )  = - 2 

(St-ah1 a n d  White [ S W l l )  

, n 1.1. ( 3 n - 2 )  ( n - 1 )  
~ ( ~ 2 n , 2 n , n )  = 2 

( J u n g e r m a n  [ J 5 ] ;  see a l s o  Garman [Gl]) 

Y ( K ~ ( ~ )  ) = ( m - 1 ) 2 ,  m # 3 .  

( J u n y e r m a n  a n d  R i n q e l  [ J K 4 ] ;  see also Gross and A l p e r t  

[GA11) 

, for n ,z' 2 (mod 3 ) .  ( n - 3 )  (n-1) 
Y ( K n ( 2 ) )  = 3 

( R i n g e l  [ R 1 6 ] )  

For 2 5 n J 5 , 9  (mod 1 2 ) ,  y ( K 2  x Kn) = J I - ( n - 2 )  (n-3)) 
6 1 '  

(White [W71) L e t  G have p v e r t i c e s  of p o s i t i v e  de- 

g r e e ,  q edges,  k n o n - t r i v i a l  c o m p o n e n t s ,  and n o  3- 

c y c l e s .  L e t  H have 2n ( n  2 1) vert ices  a n d  maximum 

d e c j r e e  less t h a n  t w o .  T h e n  y ( G  [ I11  ) = k + n(ny - p) . 
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Cor. 6-46. L e t  G have n o  3 -cyc le s .  Then y ( G [ K 2 ] )  = y ( G [ K 2 ] )  

= 6 ( G ) .  

The s p e c i a l  c a s e  of Theorem 6-45 when G is b i p a r t i t e ,  p 2 3, 

and H = i? h a s  been  g e n e r a l i z e d  t o  i n c l u d e  m odd ,  by  Abu-Sbeih 

and P a r s o n s  [APl]. 
m 

F o r  a v e r y  r e a d a b l e  p roof  of Theorem 6-36, see Behzad, 

C h a r t r a n d  and L e s n i a k - F o s t e r  [ B C L l ] .  Theorems 6-37 and 6-39 are 

proved  u s i n g  schemes i d e n t i c a l  or s i m i l a r  t o  t h a t  d i s c u s s e d  i n  t h e  

n e x t  s e c t i o n .  Theorem 6-38  w i l l  b e  d i s c u s s e d  a t  l e n g t h  i n  C h a p t e r  9 .  

Theorems 6 - 4 0  and 6 - 4 1  a r e  o b t a i n e d  b y  means o f  v o l t a g e  g r a p h  con- 

s t r u c t i o n s  (see Chap te r  1 0 ) .  Theorems 6-42 and 6-44 are e s t a b l i s h e d  

u s i n g  c u r r e n t  g r a p h  c o n s t r u c t i o n s  (see C h a p t e r  9 )  , as  i s  Theorem 

6-43 - a l t h o u g h  t h e  l a t t e r  i s  i n  t h e  c o n t e x t  o f  b r a n c h e d  c o v e r i n g  

s p a c e s  (see C h a p t e r  1 0 . )  

Fo r  an o u t l i n e  o f  t h e  s u r g i c a l  p r o o f  o f  Theorem 6-45, w e  o f f e r  

t h e  f o l l o w i n g :  f i r s t  w e  n o t e  t h a t  w e  may assume G t o  b e  connec ted  

( t h e  g e n e r a l  r e s u l t  w i l l  t h e n  f o l l o w  f rom t h e  B a t t l e ,  H a r a r y ,  Kodama, 

and Youngs Theorem) .  W e  t h e n  show t h a t  G[H] c a n  have  a t  m o s t  

2pGqH t r i a n g u l a r  r e g i o n s  i n  any  imbedding (where  G h a s  o r d e r  pG 

and H h a s  qH e d g e s ) ,  and p roceed  t o  c o n s t r u c t  an imbedding of 

G [ H ]  w i t h  r3 = 2pGqA and r 4 = r -  r3.  The e u l e r  f o r m u l a  shows 

t h a t  t h i s  imbedding w i l l  b e  minimal ,  and  g i v e s  t h e  desired f o r m u l a  

f o r  t h e  genus .  T o  c o n s t r u c t  t h e  imbedding ,  w e  b e g i n  w i t h  qG 

2 as c o p i e s  of K 2 n , 2 n ,  e a c h  q u a d r i l a t e r a l l y  imbedded i n  S 
(n-1)  

d e s c r i b e d  by R i n g e l  (see Theorem 6 -37) .  By making s u i t a b l e  v e r t e x  

i d e n t i f i c a t i o n s  ( and  t h i s  i s  t h e  h e a r t  of t h e  p r o o f :  see [W7]) ,  w e  

o b t a i n  t h e  g r a p h  G [ K Z ] ,  q u a d r i l a t e r a l l y  imbedded i n  t h e  d e s i r e d  

s u r f a c e .  The c o n s t r u c t i o n  t h u s  f a r  a l lows t h e  qH e d g e s  of e a c h  

copy o f  H t o  be added;  e a c h  such  edge  c o n v e r t s  o n e  q u a d r i l a t e r a l  

r e g i o n  of t h e  imbedding of G [ x ]  i n t o  t w o  t r i a n g u l a r  r e g i o n s .  

T h i s  g i v e s  t h e  r e s u l t .  

F o r  t h e  above  c o n s t r u c t i o n ,  one  c a n  compute t h e  g e n u s  o f  t h e  

r e s u l t i n g  s u r f a c e  d i r e c t l y ,  w i t h o u t  r e c o u r s e  t o  any  e u l e r - t y p e  

fo rmula .  The c o n t r i b u t i o n s  o t  t h e  genus  are of t h r e e  t y p e s :  

( i )  q G ( n - l )  ', r e p r e s e n t i n g  t h e  c o l l e c t i v e  g e n e r a  of t h e  qG 

2 -man i fo lds  w i t h  which w e  began  o u r  c o n s t r u c t i o n :  

(ii) cor re spondong  t o  e v e r y  v e r t e x  v of G ,  w e  make (degGv- l )  

sets of 2n v e r t e x  i d e n t i f i c a t i o n s  e a c h ,  e a c h  se t  
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r e q u i r m q  a "bund le"  of n t u b e s  joi i i l i ig  two 2 -man i fo lds ;  

t h i s  c o n t r i b u t e s  (2qG - p,) (n  - 1) t o  Lhe g e n u s ;  

pG + 1, r e p r e s e n t i n g  t h e  c o n t r i b u t i o n  of t h e  

tubes t a k e n  c o l l e c t i v e l y .  

W e  mention t h a t  Bouchet [I3131 h a s  s t u d i e d  y ( K n  ( m ) )  , us in r j  

" g e n e r a t i v e  m-va lua t ions .  " He c o n s i d e r e d  t h e  r e s i d u e  c l a s s e s  of 

n(mod 1 2 )  and m (mod 6 )  and d e t e r m i n e d  y ( K n ( m ) )  f o r  32 of 

t h e s e  7 2  c a s e s ,  by c o n s t r u c t i n g  t r i a n g u l a r  imbeddings .  

P a r s o n s ,  P i s a n s k i ,  and Jackson  ( [PPJI]) and [ J F P I ] )  employed 

"wrapped q u a s i - c o v e r i n g s "  t o  e s t a b l i s h :  

Thm. 6 -46a .  L e t  G have a t r i a n g u l a r  imbedding i n  S o ;  t h e n  t h e r e  

a r e  i n f i n i t e l y  many n F N such  t h a t  G(Fn) has a 

t r i a n g u l a r  imbedding. 

F i n a l l y ,  w e  comment t h a t  J ackson  [Jl] h a s  c o n s t r u c t e d  t r i -  

a n g u l a r  imbeddinqs ,  a s  b ranched  c o v e r i n g  s p a c e s  (see S e c t i o n  lo), for 

some comple te  n - p a r t i t e  g r a p h s  o f  t h e  form K (  (n-Z)m,m,.  . . ,m) . 

6-6.  Edmonds' Pe rmuta t ion  Technique  

Before  l e a v i n g  t h e  t h e o r y  o f  g r a p h  imbeddings  and  c o n s i d e r i n g  

s p e c i f i c  imbedding p rob lems ,  w e  p r e s e n t  a power fu l  t oo l  f o r  s o l v i n g  

such  problems:  t h e  Edmonds' p e r m u t a t i o n  t e c h n i q u e  ( [ E l l ;  see a l s o  

Youngs [ Y l ] . )  T h i s  amounts t o  an a l q e b r a i c  d e s c r i p t i o n ,  f o r  any  2- 

c e l l  imbedding of a g r a p h  G.  I t  i s  u s e d ,  i n  one  form or a n o t h e r ,  

i n  t h e  p r o o f s  of many O f  t h e  theo rems  l i s t e d  above .  

Denote t h e  v e r t e x  s e t  of a c o n n e c t e d  g r a p h  G by  V ( G )  = 

11,2 ,..., n l .  F o r  e a c h  i E V ( G ) ,  l e t  V ( i )  = {k € V ( G )  1 [ i , k l  E E ( G ) } .  

L e t  pi: V ( i )  -> V ( i )  b e  a c y c l i c  p e r m u t a t i o n  on V ( i )  , of l e n g t h  

n .  = I V ( i )  1 . Then t h e r e  i s  a one- to-one  c o r r e s p o n d e n c e  be tween 
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2 - c e l l  imbeddings  of G and  c h o i c e s  of t h e  pi , g i v e n  by: 

Thm. 6 - 4 7 .  Each c h o i c e  (p, , . . .  , p n )  d e t e r m i n e s  a 2-ce l l  imbedding 

G(M) of  G i n  a s u r f a c e  M ,  such  t h a t  t h e r e  i s  an  

o r i e n t a t i o n  on M which i n d u c e s  a c y c l i c  o r d e r i n g  o f  

t h e  e d g e s  [ i , k l  a t  i i n  which  t h e  immedia te  suc-  

c e s s o r  t o  [ i , k ]  i s  [ i , p i ( k )  j ,  i = 1 , . . .  , n .  I n  

f a c t ,  g i v e n  (p ,  ,... , p n ) ,  t h e r e  i s  an a l g o r i t h m  

which p roduces  t h e  d e t e r m i n e d  imbedding .  C o n v e r s e l y ,  

g i v e n  a 2-cel l  imbedding G ( M )  i n  a s u r f a c e  M w i t h  

a g i v e n  o r i e n t a t i o n ,  t h e r e  i s  a c o r r e s p o n d i n g  

(p ,  , . . . , pn) d e t e r m i n i n g  t h a t  imbedding .  

____ P r o o f :  L e t  D* = { ( a , b )  1 [ a , b l  E E ( G )  1 ,  and d e f i n e  

P*: D* -f D* by :  P * ( a , b )  = ( b , p b ( a ) ) .  Then P* i s  a 

p e r m u t a t i o n  on t h e  set  D* of d i r e c t e d  e d g e s  of G 

(where  each  edge  o f  G i s  a s s o c i a t e d  w i t h  two oppo- 

s i t e l y - d i r e c t e d  d i r e c t e d  e d g e s )  I and t h e  o r b i t s  unde r  

P* d e t e r m i n e  t h e  (2 -ce l l )  r e g i o n s  of t h e  c o r r e s p o n d i n g  

imbedding. These  r e g i o n s  may t h e n  b e  " p a s t e d "  t o g e t h e r  

-- w i t h  ( a , b )  matched w i t h  ( b , a )  as i n  F i g u r e  6-4 -- 
t o  form a s u r f a c e  M i n  which G i s  2-cel l  imbedded. 

( S i n c e  e v e r y  edge  ( a , b )  i n  t h e  boundary  of a g i v e n  re- 

g i o n  i s  matched w i t h  an edge  -- (b ,a)  -- i n  t h e  

boundary  of a n o t h e r  ( o r  p o s s i b l y  t h e  same) r e g i o n ,  M 

i s  c l o s e d .  S i n c e  ( a , b )  i s  matched w i t h  ( b , a )  -- and 

n o t  w i t h  ( a , b )  -- M i s  o r i e n t a b l e .  S i n c e  e a c h  

i s  a c y c l i c  p e r m u t a t i o n ,  M i s  a 2 - m a n i f o l d . )  The 

genus  o f .  M may now b e  d e t e r m i n e d  by t h e  e u l e r  f o r m u l a ,  

w i t h  r g i v e n  b y  t h e  number of o r b i t s  under  P. The 

c o n v e r s e  f o l l o w s  from s i m i l a r  c o n s i d e r a t i o n s .  # 

P i  

A s  an example ,  c o n s i d e r  t h e  imbedding o f  K3,3 i n  S1 de- 

p i c t e d  i n  F i g u r e  6-5. L e t  V ( K J I 3 )  = { 1 , 2 , 3 , 4 , 5 , 6 1 ,  w i t h  

v ( 1 )  = v ( 2 )  = V ( 3 )  = { 4 , 5 , 6 1 ;  V ( 4 )  = V ( 5 )  = V(6)  = { 1 , 2 , 3 1 .  Then 
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F i g u r e  6-4 

d e s c r i b e  t h i s  imb 

(1) 

( 2 )  

( 3 )  

F i g u r e  6-5 

3 

(Note t h a t  P * ( 4 , 1 )  = (1,s); P*(3,5) = ( 5 , l ) ;  P * ( 4 , 2 )  = (2,5).) 

A s  a m a t t e r  of n o t a t i o n ,  from t h i s  p o i n t  o n ,  w e  w i l l  a b b r e v i a t e  

an o r b i t  such a s  (1) above by :  1-5-2-6-3-4; it i s  i m p l i c i t  t h a t  

p 4 ( 3 )  = 1, and p1(4) = 5. 

hence ,  by C o r o l l a r y  6-19, of any g r a p h )  can  be computed, b y  selec- 

t i n g ,  from among t h e  T ( n i - l )  ! p o s s i b l e  p e r m u t a t i o n s  P*, one  

which g i v e s  t h e  maximum number o f  o r b i t s ,  and  hence  determines t h e  

genus  of t h e  g r a p h  (component ) .  ( S i n c e ,  b y  Theorem 6-11, a minimal 

imbedding must b e  a 2-cell  imbedding ,  it c o r r e s p o n d s  t o  some P * ;  

by C o r o l l a r y  5-15, r w i l l  b e  minimal f o r  t h i s  imbedding . )  The 

I t  now f o l l o w s  t h a t  t h e  genus  of any  c o n n e c t e d  g r a p h  ( and  

n 

i=l 
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o b v i o u s  d i f f i c u l t y  i n  a p p l y i n g  t h i s  p r o c e d u r e  is  t h a t  of s e l e c t i n g  

a s u i t a b l e  P* from t h e  ( u s u a l l y )  v a s t  number of p o s s i b l e  o r d e r e d  

n - t u p l e s  o f  l o c a l  v e r t e x  p e r m u t a t i o n s  pi .  
Each pi i s  c a l l e d  a r o t a t i o n ,  and P = ( p L , p  *,... , p n )  i s  

S t a h l  h a s  s t u d i e d  " p e r m u t a t i o n  p a i r s "  as a p u r e l y  c o m b i n a t o r i a l  

c a l l e d  a r o t a t i o n  scheme f o r  G .  

g e n e r a l i z a t i o n  o f  g r a p h  imbeddings ,  and  h i s  power fu l  approach  

s u f f i c e s  t o  e s t a b l i s h  many of t h e  c l a s s i c a l  r e s u l t s  (Theorems 6 -18  

and 6 - 2 1 ,  f o r  example)  as w e l l  a s  t o  o b t a i n  new i n f o r m a t i o n  a b o u t  

t h e  genus  o f  t h e  amalgamat ion  of g r a p h s ;  see [ S l O ] ,  [ S 1 2 ] ,  [ S l 3 ] ,  

and [S141. 

6 - 1 .  Imbedding Graphs on P s e u d o s u r f a c e s  

I n  S e c t i o n  5-5 w e  i n t r o d u c e d  t h e  p s e u d o s u r f a c e s  S ( k ; n  ( m  ) ,  
1 1  

..., n t ( m t ) ) .  R e c a l l  t h a t  f o r  any  imbedding of a g r a p h  G i n  a 

p s e u d o s u r f a c e  S ' ,  w e  assume t h a t  e a c h  s i n g u l a r  p o i n t  o f  S' is  

o c c u p i e d  by a ( s i n c j u l a r )  v e r t e x  of G. The number 2 - 2k - 
t 
1 n i (mi - l )  g i v e s  t h e  c h a r a c t e r i s t i c  o f  S ' ,  d e n o t e d  by  X I  ( s l ) .  

i=l 

Def. 6-48 .  The p s e u d o c h a r a c t e r i s t i c ,  x' ( G )  , of a g r a p h  G i s  t h e  

l a rges t  i n t e g e r  x'(S') f o r  a l l  p s e u d o s u r f a c e s  S '  i n  

which  G c a n  be imbedded. The g e n e r a l i z e d  pseudocha r -  

a c t e r i s t i c ,  x " ( G ) ,  i s  t h e  l a r g e s t  i n t e g e r  x ( S " )  s u c h  

t h a t  G imbeds i n  t h e  g e n e r a l i z e d  p s e u d o s u r f a c e  S " .  

A s u r f a c e  c a n  b e  c o n s i d e r e d  as a ( d e g e n e r a t e )  p s e u d o s u r f a c e ,  

and a p s e u d o s u r f a c e  as a ( d e g e n e r a t e )  g e n e r a l i z e d  p s e u d o s u r f a c e .  

Hence w e  have 

The second i n e q u a l i t y  may be s t r i c t  ( i . e .  p s e u d o s u r f a c e s  may be m o r e  

e f f i c i e n t ,  from t h e  p o i n t  o f  view of maximiz ing  c h a r a c t e r i s t i c ,  f o r  

imbedding g r a p h s  i n t o )  : f o r  example  x' (K5) = 1, as F i g u r e  6-6 

shows. ( N o w ,  see Problem 6 - 1 0 . )  
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Figure 6-6 

P e t r o e l j e  [ P 4 ]  h a s  found t h a t  many of t h e  b a s i c  theorems f o r  

imbedding g raphs  i n  s u r f a c e s  car ry  o v e r  for p s e u d o s u r f a c e s .  Fo r  

example : 

Thm. 6 - 4 9 .  

Thm. 6-50. 

L e t  G b e  a connec ted  g raph  min ima l ly  imbedded i n  t h e  

p s e u d o s u r f a c e s  S ' ;  t h e n  t h e  imbedding  must be 2 - c e l l .  

I f  G ( p , q )  i s  c o n n e c t e d ,  t h e n  x ' ( G )  5 p-q/3; e q u a l i t y  

h o l d s  i f  and o n l y  i f  G h a s  a t r i a n g u l a r  imbedding  i n  

some pseudosur f  ace. 

Pe t roe l  je also deve loped  a n  a n a l o g u e  of Edmonds p e r m u t a t i o n  

t e c h n i q u e  f o r  p s e u d o s u r f a c e s  , and found  t h e  f o l l o w i n g  fo rmulae  

(among o t h e r s )  : 

Thm. 6-51. x ' ( K n  ) = 2 n ( 2 - n ) .  
, n , n , n  

( T h i s  i s  c o n s i s t e n t  w i t h  Theorem 6-42  t h a t ,  f o r  n # 3 ,  
2 ) = (n-1)  , w i t h  r = r3: see a l s o  Problem 9 - 1 0 . )  Y (Kn , n , n , n 

Thm. 6-52. x ' ( K ~ ~ , ~ ~ , ~ )  = Z(m+n-mn) - r ( m - l ) ,  where 2 m 2 2 n  )r 21. 

Ringe i sen  and  White [ R W l ]  showed: 
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In  t h e  cases where m and n a r e  b o t h  even o r  e i t h e r  m or  

n 2 (mod 4 ) ,  t h e  p s e u d o c h a r a c t e r i s t i c  a g r e e s  w i t h  t h e  c h a r a c t e r -  

i s t i c  o f  Theorem 6-37; i n  a l l  o t h e r  c a s e s ,  x ' ( K , , ~ )  = x ( K  ) = 1. 

Tha t  i s ,  i n  t e r m s  o f  p s e u d o c h a r a c t e r i s t i c  t h e s e  imbeddings  are  more 

e f f i c i e n t  t h a n  t h o s e  f o r  t h e  genus case. 

m ,  n 

n-2 
Thm. 6-54. x ' ( Q n  + K r )  = r - ( n + r - 4 ) 2  , f o r  0 5 r 5 n ,  n 2 2 .  

G e n e r a l i z e d  p s e u d o s u r f a c e  imbeddings  w i l l  have  r e l e v a n c e  i n  

C h a p t e r  1 2 .  

6-8. O t h e r  T o p o l o g i c a l  P a r a m e t e r s  f o r  Graphs  

W e  have  s e e n  t h a t ,  i f  a graph  i s  n o t  p l a n a r ,  w e  can  s t i l l  make 

a " p r o p e r "  d rawing  o f  t h e  g raph  i n  some s u r f a c e  a n d / o r  pseudo- 

s u r f a c e .  Two common t o p o l o g i c a l  p a r a m e t e r s  ( o t h e r  t h a n  g e n u s )  which 

a r i s e  i f  m o d i f i e d  d rawings  are a l l o w e d  are t h e  t h i c k n e s s  and  c r o s s -  

i n g  number. 

Def. 6-55 .  The t h i c k n e s s  O ( G )  of a g raph  G i s  t h e  minimum 

number o f  p l a n a r  subgraphs  whose un ion  i s  G.  (The  

u n i o n  i s  u s u a l l y  t a k e n  o v e r  s p a n n i n g  s u b g r a p h s )  . 

For  sample  fo rmulae  w e  have :  

Thm. 6-56. (Be ineke  and Hara ry  [BH2]  ; A l e k s e e v  and  Gonchakov [ A G l ] ;  _____ 
Vasak [ V l l )  

n+7 1 
O ( K n )  = 6, , e x c e p t  t h a t  

Thm. 6-57. (Be ineke  -__ 

r n+5 
B ( K n , n )  = L T ~  - 

Thm. 6-58. ( K l e i n e r t  [ K l ] )  -___ 
n + l  

O ( Q n )  = - 
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Some t h i c k n e s s  r e s u l t s  have  been  o b t a i n e d  f o r  s u r f a c e s  o f  

p o s i t i v e  genus .  

Def. 6-59. The - t h i c k n e s s  i j n ( G )  o f  a g raph  G i s  t h e  minimum 

number of s u b g r a p h s ,  e a c h  imbeddable  on S n ,  whose 

union  i s  G. 

Thus 8 ( G )  = i i O ( G ) .  The n o n o r i e n t a b l e  t h i c k n e s s  O n ( G )  ( n  0 )  

i s  d e f i n e d  s i m i l a r l y ,  f o r  N n .  

Thm. 6-62. (Anderson  [A31, [ A 4 ] ,  [A51) 

I n+2-\ 
I 

~- 

LTJ (i) i l l ( K n  - Cn) = 

n- 1 (ii) “ 1 ( K 3 ( n ) )  = - , for n an  odd p r ime .  

1- n + l  
(iii) 0 1 (K 4 ( n )  = tT] 

E m .  6-63. The c r o s s i n g  number v (G)  of a g r a p h  G i s  t h e  minimum 

number o f  p a i r w i s e  i n t e r s e c t i o n s  of i t s  ( o p e n )  e d g e s ,  

among a l l  d rawings  o f  G i n  t h e  p l a n e .  

One miqht  s a y  t h a t  t h e  c r o s s i n g  number t e l l s  u s ,  i f  w e  i n s i s t  

upon drawing  G on S o ,  j u s t  how b a d  t h i s  d rawing  m u s t  be.  F o r  
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t h i s  p a r a m e t e r ,  e x a c t  v a l u e s  a r e  scarce: w e  men t ion  t h e  f o l l o w i n g  

bounds  (see [ G g ]  ) : 

n 1 0 .  - 

m 6 .  - 

A s  an i n d i c a t i o n  of  t h e  k i n d  of t e c h n i q u e s  t h a t  m i g h t  b e  em-  

p l o y e d ,  w e  p r o v e  t h e  f o l l o w i n g :  

Thm. 6 -66 .  v ( K ~ , ~ , ~ )  = 2 -__ 

P r o o f :  Suppose  v ( K ~ , ~ , ~ )  = 

Problem 6 - 3 ) .  Thus x 2 1. 

i n  S o ;  d r a w i n g  o f  K 

g r a p h  G ,  w i t h  p = 7 + x, 

g r a p h  o f  K 3 , 2 , 2 '  y ( K 3  , 2 , 2  ) 

3,212 

i s  a sub- 
3 1 3  

x. S i n c e  K 

> 1 ( b y  t h e  h i n t  f o r  

C o n s i d e r  s u c h  a n  o p t i m a l  

t h i s  g i v e s  r ise  t o  a p l a n e  

q = 16 + 2 x ,  and r # r3.  

- 

( I f  r = r3 t h e  c o n f i g u r a t i o n  i n  F i g u r e  6-7a ,  wh ich  

must  e x i s t  s i n c e  x 1. 1, must c o r r e s p o n d  t o  t h e  con- 

f i g u r a t i o n  i n  F i g u r e  6-7b, which c a n n o t  o c c u r  i n  any 

c o m p l e t e  t r i p a r t i t e  g r a p h . )  Hence 2q  = 32 + 4x 

x 
Figure  6-7 

4 + 3 ( r - 1 )  = 3 r  + 1, and 9 + x = q - p = r - 2 1. 

- 31 + - 2 = - + - X ,  Thus - < - x, so t h a t  x 2 2 .  2 5  4 2 1  
3 3  3 3  3 - 3  
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F i g u r e  6-8 shows t h a t  x 2 2 ,  t o  c o m p l e t e  t h e  p r o o f .  # 

F i g u r e  6-8 

A n a t u r a l  e x t e n s i o n  of the c o n s t r u c t i o n  i n  F i g u r e  6-8 g i v e s  

t h e  f o l l o w  i n 9  : 

Thm. 6 - 6 7 .  V ( K m , n , r  ) - .: f ( m , n )  + f ( m , r )  + f ( n , r ) ,  where  f ( x , y )  = -- 

3 2 
Thm. 6 - 6 8 .  V ( K n , n , n  ) 5 a ( n - 2 )  (n -1 )  ( n + 2 ) ;  e q u a l i t y  h o l d s  f o r  __ 

n = 1,2. 

The e x a c t  results below are due  t o  Ucineke  and  R i n g e i s e n  

( [ H R l ]  and [ R B l ] ) :  

Thm. 6 -68a .  The f o l l o w i n g  C a r t e s i a n  p r o d u c t s  h a v e  c r o s s i n g  numbers  

as i n d i c a t e d :  

(i) v ( C 3  x C n )  = n ,  f o r  n 2 3 ;  

( i i )  v ( C 4  C n )  = 2n ,  f o r  n - 4 ;  

( i i i )  V ( K 4  1 C n )  = 3n, fo r  n - 3 .  

Other  e x a c t  r e s u l t s  h a v e  been  found  f o r  c r o s s i n g  numbers  on 

s u r f a c e s  of p o s i t i v e  genus .  

Def. 6 - 6 9 .  The c r o s s i n g  number vn (G)  of a g r a p h  G i s  t h e  __- 
minimum number of p a i r w i s e  i n t e r s e c t i o n s  of i t s  ( o p e n )  

edges, among all d r a w i n g s  of G i n  'n' 
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Thus v ( G )  = vo ( G )  . The n o n o r i e n t a b l e  c r o s s i n g  number 

Nn * 
vn(G) ( n  > 0 )  is d e f i n e d  s i m i l a r l y ,  f o r  

Thm. 6 - 7 0 .  (Guy and J e n k i n s  [ G J l ] )  

Thm. 6 - 7 1 .  (Gross [G5])  

, where  n 1 (mod 4 )  is a Let = (n-1)  (n-4)  
4 

p r ime power; t h e n  

are 
4 1 4  

W e  deduce f rom Theorem 4 - 2 2  t h a t  t h e  g r a p h s  Q n x  K 

Cayley  g r a p h s  f o r  a l l  f i n i t e  Hami l ton ian  p-groups ( i n  f a c t ,  as w e  

w i l l  see i n  C h a p t e r  7 ,  t h e s e  g r a p h s  are o f  minimum genus  f o r  t h e s e  

g r o u p s . )  From Problem 6 - 1 1  w e  see t h a t  y ( Q n  x K ) = 1 + n2", 

and from Problem 11-8 w e  w i l l  l e a r n  t h a t  t h e  c o r r e s p o n d i n g  non- 

o r i e n t a b l e  genus  i s  T ( Q n  x K ) = 2 + n2 . 

4 8 4  

n + l  
4 1 4  

Thm. 6-72. (Kainen  and  White [KWl]) 

L e t  h = y ( Q n  x K 4 , 4 )  - m ,  and  k = T ( Q n  x K 4 , 4 )  - 2m, 

w i t h  n 2 0 ;  t h e n  

6-9. A p p l i c a t i o n s  

For  a p p l i c a t i o n s  of t h e  f o u r  b a s i c  t o p o l o g i c a l  p a r a m e t e r s  d i s -  

c u s s e d  i n  t h i s  c h a p t e r ,  c o n s i d e r  t h e  problem o f  p r i n t i n g  an e l e c t r o n -  

i c  c i r c u i t  on a c i r c u i t  boa rd .  I f  t h e  associated g raph  G i s  

p l a n a r ,  one  b o a r d  w i l l  s u f f i c e ,  w i t h o u t  m o d i f i c a t i o n .  I f  G i s  n o t  

p l a n a r ,  a t  l e a s t  f o u r  a l t e r n a t i v e s  are  avai lable  t o  a v o i d  s h o r t  cir-  

c u i t s  ( t h e  c h o i c e  depend ing  upon r e l e v a n t  c o n s i d e r a t i o n s  o f  an 

e n g i n e e r i n g  and/or  economic n a t u r e )  : 1.) t h e  c i r c u i t  can b e  accom- 

modated by d r i l l i n g  h o l e s  t h r o u g h  t h e  boa rd :  y ( G )  g i v e s  t h e  min- 

imun number o f  h o l e s ;  2 . )  some o f  t h e  v e r t i c e s  c a n  be p r i n t e d  on 

b o t h  s i d e s  o f  the  b o a r d ,  w i t h  c o n n e c t i o n s  made t h r o u g h  t h e  b o a r d  
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Figure 6-9 
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b e t w e e n  c o r r e s p o n d i n g  i m a g e s  o f  t h e  s a m e  v e r t e x ;  h e r e  we s e e k  t h e  

minimum n s u c h  t h a t  G c a n  b e  imbedded i n  t h e  p s e u d o s u r f a c e  

S ( 0 ;  n ( 2 ) ) ;  h o w e v e r ,  i t  may o c c u r  t h a t  n o  s u c h  n e x i s t s  ( s e e  

P r o b l e m  6-9.) I f  a g i v e n  v e r t e x  c a n  a p p e a r  a r b i t r a r i l y  o f t e n ,  i ; i th  

c o n n e c t i o n s  made t h r o u g h  t h e  b o a r d  among c o r r e s p o n d i n g  i m a g e s  o f  

t h e  same v e r t e x ,  

t h e n  w e  s e e k  t h e  v a l u e  o f  t h e  p a r a m e t e r  \ '  (G) , f o r  maximum 

e f f i c i e n c y ;  3 . )  I f  s e v e r a l  c i r c u i t  b o a r d s  a re  u s e d ,  e a c h  con-  

t a i n i n g  a p l a n a r  p o r t i o n  o f  t h e  c i r c u i t ,  a n d  j u m p e r s  a r e  run  b e t i i e e n  

s u c c e s s i v e  b o a r d s  t o  c o n n e c t  c o r r e s p o n d i n g  i m a g e s  of  t h e  same j u n c -  

t i o n ,  t h e n  w e  are  s t u d y i n g  t h e  p a r a m e t e r  '.'(G); 4 . )  I f  t h e  c i r c u i t  

i s  s t a m p e d  on o n e  s i d e  o f  o n e  c i r c u i t  b o a r d  ( w i t h  no holes l ' e t  

d r i l l e d )  a n d  i f  w h e r e v e r  t w o  c o n n e c t i o n s  cross e x t r a n e o u s l y  tt,.o 

h o l e s  a re  now d r i l l e d  t o  a l l o w  o n e  c o n n e c t i o n  t o  t e m p o r a r i l : .  pass t o  

t h e  o t h e r  s i d e  of t h e  b o a r d ,  e n a b l i n g  i t  t o  "cross"  t h e  s e c o n d  con- 

n e c t i o n  w h i l e  a v o i d i n g  a s h o r t  c i r c u i t ,  i t  i s  t h e  p a r a m e t e r  v(G) 

t h a t  d i c t a t e s  economy o f  e f f o r t  h e r e .  

and  if i n  a d d i t i o n  h o l e s  c a n  b e  d r i l l e d  as i n  I.), 

A s  a n  e x a m p l e ,  c o n s i d e r  t h e  m o d i f i e d  w h e a t s t o n e  b r i d y o  c i i - c u i t  

o f  F i g u r e  6-9 ( a )  ; t h e  a s s o c i a t e d  q r a p h  i s  G = K F i i l u l - e s  6-3 (b) - 
3,3' 

( e )  c o r r e s p o n d  r e s p e c t i v e l y  to: \ ( K 3 ,  3 )  = 1, , ' ( i i 3  j) = 1, 

I ' ( K 3 , 3 )  = 2 ,  and  v ( K ~ , ~ )  = 1. 

G-1. ) Show t h a t  t w o  i j rapl is  arc hoineoi i ior \~hic  i n  tlic. t ~ r a t ' h -  t h e o r e t -  

ical s e n s e  i f  and only i f  t h c i r  r e a l i z a t i o n s  i n  

honiconiorphic i n  t h c  tolmlo<ii c a l  scnse. 

6-2.) Show t h a t  no f o u r  [ j o i n t s  on C = i ( s , y , z )  C R3 1s = t ,  

I<' a r e  

2 3 y = t , z = t ; t - 0 :  arc\ c o 1 ) l a n a r .  

6-3.) P r o v e  C o r o l l a r y  6-15. 

6-4.) P r o v e  thc e a s y  h a l t  o f  K u r d t o w s k i ' s  'I'hcorc.ni: i f  C; c o n t d i n s  

a K u r a t o w s k i  subcjr ; iph,  t h c i i  G is fiofi-f)lAzi~3r. ( I l i f i t :  show 

t h a t  i f  is cl suL,cjrLii)h of c;, t h c n  I ( 1 1 )  .. - , (C;) . )  

6 - 5 . )  Show t h a t  t h e  I ' e t c r s c n  c l rc i i i l i  ( see  I.'ii{urc 8 - 9 )  i s  non- \ i lL lna r .  

What is i t s  t ] c 7 n i i s 3  

6-6.) Show t h a t  C o r o l l a r y  G-19 fo l lows  f rom Theorem 6 - 1 8 .  
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6 - 7 . )  

6-8.) 

6-9 .  ) 

6-10. ) 

6 - 1 1 . )  

6-12.)  

4 '  d e s c r i b e  a 2-ce l l  imbedding of K 4 , 4  i n  S1, w i t h  r = r 

Why i s  x'(G) d e f i n e d  as a maximum c h a r a c t e r i s t i c ,  i n s t e a d  

of a minimum genus?  

Show t h a t  G = K n > 1 3 ,  imbeds on n o  p s e u d o s u r f a c e  

S ( 0 ;  k ( 2 ) ) .  

Can t h e  f i r s t  i n e q u a l i t y  f o l l o w i n g  D e f i n i t i o n  6-48 be 

s t r i c t  a l s o ?  

Show t h a t  y(Q,  K = 1 + n 2 n r  n 2 1. 

L e t  G b e  a c o n n e c t e d  g raph  of o r d e r  p 1. 2 ;  show t h a t  

G 2 ( V ( G 2 )  = V(G) , E ( G  

i s  uppe r  imbeddable ,  yM(G ) 

bound i s  s h a r p .  

n '  - 

4 1 4  

2 
= { U V I U , V  E V ( G ) ,  1 5 d ( u , v )  5 2 ) )  

p-2 , and t h e  lower  
2 
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CHAPTER 7 

THE GENUS OF A GROUP 

To g e t  an a c c u r a t e  and e f f i c i e n t  " p i c t u r e "  o f  a g r o u p ,  w e  s e e k  

a s u r f a c e  o f  minimum genus  on which w e  c a n  imbed a Cay ley  c o l o r  

g raph  o f  some p r e s e n t a t i o n  of t h e  g roup .  T h i s  s u g g e s t s  t h e  f o l -  

lowing  d e f i n i t i o n ;  L e t  y ( C A ( l ' ) )  d e n o t e  t h e  genus  o f  t h e  unde r -  

l y i n g  g r a p h  G h ( l )  ( c a l l e d  t h e  Cayley  g r a p h )  d e t e r m i n e d  from 

C A ( T )  

t h a t ,  by c o n v e n t i o n  C A ( T )  h a s  no l o o p s  o r  m u l t i p l e  e d g e s ) .  Then: 

-~ 
by removing a l l  arrows and colors  from t h e  e d g e s  ( r e c a l l  

Def. 7-1.  

D e i .  7 -2 .  

The genus  of a g roup  T i s  g i v e n  by: __-  

y ( r )  = m i n I y ( c , ( r ) )  I ,  

where t h e  minimum i s  t a k e n  o v e r  a l l  g e n e r a t i n g  sets  A 

f o r  r .  

A g r o u p  r i s  s a i d  t o  be  p l a n a r  i f  y ( T )  = 0 .  

7-1.  Imbeddings o f  Cayley  Color Graphs  

F i n i t e  p l a n a r  g r o u p s  have  been  c a t a l o g e d  by Maschke [M2] (see 

a l s o  Anderson [As]). The f i n i t e  p l a n a r  g r o u p s  on one  g e n e r a t o r  are 

e x a c t l y  t h e  c y c l i c  g r o u p s  Z n ;  on two g e n e r a t o r s ,  t h e y  i n c l u d e  t h e  

d i h e d r a l  g r o u p s  Dn , g r o u p s  o f  t h e  form Z 2  x Z n  , S 4  , A4 , and 

A5 
p o l y h e d r a ) ,  and Z 2  x A 4 ;  on t h r e e  g e n e r a t o r s  ( e a c h  must  be of 

o r d e r  2 )  f i n i t e  p l a n a r  g r o u p s  i n c l u d e  Z 2  x Dn , Z2 x S4 , and 

Z2 x ' A 5 .  I n  summary: 

( t h e  l a s t  t h r e e  g r o u p s  a r e  t h e  symmetry g r o u p s  o f  t h e  r e g u l a r  
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Thm. 7-3. The finite group G is planar if and only if G G1x G2, 

where G1 = Z1 or Z2 and G2 = Zn , Dn ,S4 , A 4  , or 

A5 - 

We consider infinite groups temporarily, preparatory to estab- 

lishing a startling result, due to Levinson [Ll]. In this chapter, 

an infinite graph is given by: 

Def. 7-4. An infinite graph is a graph with denumerable vertex set. 

There are two natural (but non-equivalent!) definitions of 

planarity, for infinite graphs. 

Def. 7-5. An infinite graph is said to be planar if it can be im- 

bedded in the plane. 

Def. 7 - 5 ' .  An infinite graph is said to be planar if it can be im- 

bedded in the plane so that the vertex set has no limit 

points. 

We adopt Definition 7-5, for reasons soon to be obvious. 

Thm. 1 - 6 .  An infinite graph is planar if and only if it contains 

K3,3. no subgraph homeomorphic with K5 or 

For a proof of this extension of Kuratowski's theorem, see 

Dirac and Schuster [DSl]. 

for Definition 7.5', consider the graph of Figure 7-1, where an 

infinite path is attached at each vertex of 

To see that this extension does not hold 

K4. 

Figure 1-1 
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Def. 7 - 7 .  

Lemma 7-8. 

An i n f i n i t e  g raph  G h a s  i n f i n i t e  g e n u s  ( y ( G )  = u), 

i f ,  f o r  e v e r y  n a t u r a l  number n ,  t h e r e  e x i s t s  a f i n i t e  

subgraph  Gn o f  G such  t h a t  y ( G n )  n .  

L e t  G b e  t h e  g raph  o f  a p r e s e n t a t i o n  o f  an  i n f i n i t e  

g roup  r .  L e t  € I  b e  an  induced  f i n i t e  subqraph  of G .  

Then t h e r e  e x i s t  t w o  d i s j o i n t ,  i s o m o r p h i c  c o p i e s  of H 

i n  G .  

P r o o f :  The v e r t e x  s e t o f  H c o r r e s p o n d s  t o  a f i n i t e  set 

t q y . .  . l g n l  o f  e l e m e n t s  o f  r .  Form t h e  ( f i n i t e )  s e t :  

P ick  x E r - S .  Form H * ,  t h e  subqraph  of G i nduced  

by { x g i l i  = I, . . . ,  n]; t h e n  H* i s  i s o m o r p h i c  t o  H ,  

s i n c e  g . h  = q .  i f  and o n l y  i f  x g . h  = xq  Now, sup-  

pose  t h a t  v E V ( G )  n V ( H * ) ;  t h e n  t h e r e  e x i s t  i and 

j such  t h a t  x q j  = gi ,  s o  t h a t  x = g . g .  E S ,  a 

c o n t r a d  c t i o n .  # 

I 1' 

-1 
1 7  

W e  now p r e s e n t  

Thm. 7-9.  L e t  r 

Levinson  I s r e s u l t .  

b e  an i n f i n i t e  g r o u p ,  w i t h  G the  g raph  o f  a 

p r e s e n t a t i o n  f o r  r. Then e i t h e r  y ( G )  = 0 ,  o r  y ( ~ )  =a. 

Proof :  Suppose  G i s  n o t  p l a n a r ;  t h e n ,  by  Theorem 7-6 ,  

G c o n t a i n s  K ,  a Kura towski  ( a n d  h e n c e  f i n i t e )  s u b q r a p h  

Thus y ( G )  5 1. L e t  n b e  a n  a r b i t r a r y  n a t u r a l  number. 

Bu t  b y  Lemma 7-8,  w e  can  f i n d  a s e c o n d ,  d i s j o i n t  copy o f  

K i n  G ,  so t h a t  y ( G )  y(2K) = 2 by  C o r o l l a r y  6-19.  

N o w  a p p l y  t h e  l e m m a  a g a i n ,  w i t h  H = 2 K ,  t o  obta in  t w o  

d i s j o i n t  c o p i e s  o f  2K i n  G I  so t h a t  y ( G )  2 4 .  Con- 

t i n u i n g  i n  t h i s  f a s h i o n ,  w e  e v e n t u a l l y  f i n d  t w o  d i s j o i n t  

c o p i e s  o f  z n - l  K i n  G I  so t h a t  y ( G )  2 2n > n ;  t h e n  

y ( G )  = m ,  s i n c e  n w a s  a r b i t r a r y .  # 

For example ,  y ( G )  = m .  F o r  t h e  s t a n d a r d  p r e s e n t a t i o n  f o r  

r = Z x Z x 2 ;  see Problem 7-9.  
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Figure 7-2 
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Cor. 7 -10 .  L e t  i b e  an i n f i n i t e  g roup ;  t h e n  e i t h e r  y ( r )  = 0 ,  

o r  3 ( i  ) = L ~ J .  

I n  F i g u r e  7 - 2 ,  p o r t i o n s  o f  p l a n a r  Cayley  co lor  g r a p h s  f o r  p re -  

s e n t a t i o n s  o f  t h r e e  i n f i n i t e  g roups  are g i v e n .  The second  g r o u p  (b )  

i s  c a l l e d  t h e  i n f i n i t e  d i h e d r a l  g roup:  t h e  t h i r d  g r o u p  ( c )  i s  t h e  

f r e e  g roup  on two g e n e r a t o r s .  For an i n f i n i t e  g r o u p  h a v i n g  i n f i n i t e  

yenus ,  see Problem 7 - 1 0 .  
____  

R e t u r n i n g  o u r  a t t e n t i o n  t o  f i n i t e  g r o u p s ,  w e  p roduce  examples  

of g r o u p s  o f  p o s i t i v e  genus .  The f o l l o w i n g  lemma w i l l  b e  u s e f u l .  

Note t h a t  i f  P g i v e s  \i ( 1 ' )  , t h e n  P may b e  assumed t o  h a v e  no  

r e d u n d a n t  g e n e r a t o r s ;  i . e .  P i s  minimal .  W e  a l so  n o t e  t h a t ,  i n  

any imbedding o f  a Cayley  Co lo r  g r a p h ,  e v e r y  r e g i o n  boundary  corres- 

ponds t o  an i d e n t i t y  word. 

Lemma 7 - 1 1 .  L e t  T b e  a f i n i t e  g roup ,  w i t h  3 1 \ r \ ;  l e t  A b e  ~ _ _  
a minimal g e n e r a t i n g  se t  f o r  I '  . Then C n ( I ~ )  c o n t a i n s  

n o  t r i a n g l e s .  

P r o o f :  Suppose  C , ( " )  c o n t a i n s  a t r i a n g l e ;  t h e n  w e  

f i n d  a c l o s e d  walk  h h h 3  = e i n  C n ( T )  , where  h l  

i s  a g e n e r a t o r  i n  P,  and  a = + 1. I f  any  t w o  o f  i -  
t h e  h i  are d i s t i n c t ,  t h e n  one  o f  t h e s e  t w o  i s  redun-  

d a n t .  I f ,  on t h e  o t h e r  hand ,  hl  = h 2  = h 3 ,  t h e n  t h e  

a .  a l l  have  t h e  s a m e  s i g n  (or  else  a l l  t h r e e  = e). 

# But  t h e n  hl = e ,  and  31 I r / ,  a c o n t r a d i c t i o n .  

al a2a3 
1 2  

3 

Now c o n s i d e r  Q ,  t h e  g roup  o f  t h e  q u a t e r n i o n s .  L e t  P be a 

p r e s e n t a t i o n  f o r  Q ,  such  t h a t  y ( Q )  = y ( C n ( Q ) ) ;  t h e n  P i s  

minimal .  By Lemma 7 - 1 1 ,  C , ( Q )  h a s  n o  t r i a n g l e s ,  s i n c e  IQ( = 8. 

I t  i s  n o t  d i f f i c u l t  t o  see t h a t  A h a s  a t  l e a s t  two g e n e r a t o r s  and 

t h a t  i f  A h a s  e x a c t l y  two g e n e r a t o r s ,  n e i t h e r  can  b e  of o r d e r  2 ;  

f u r t h e r m o r e ,  A c a n n o t  have  t h r e e  g e n e r a t o r s  o f  o r d e r  2 (see Pro- 

blem 7 - 1 ) .  Thus C A ( Q )  is  r e g u l a r  of d e g r e e  a t  l e a s t  f o u r .  Then 

2q 2 4p = 32; i . e .  q 2 1 6 .  Now,  by C o r o l l a r y  6-15,  

y ( Q )  3 - 5 + 1 2 1. 

Then y ( Q )  = 1 i s  shown by F i g u r e  7-3, where Q = ( x,y x2 = y 2  = 
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F i g u r e  7-3 

7 - 2 .  Genus FOrmulde f o r  Groups 

We now f i n d  a n o n - t r i v i a l  genus  fo rmula  f o r  an  i n f i n i t e  c lass  

of q r o u p s :  t h o s e  q r o u p s  ( n e c e s s a r i l y  a b e l i a n )  i n  which e v e r y  e l e m e n t  
n 

i s  of  o r d e r  2 .  L e t  r n  d e n o t e  t h i s  rjroup; t h c n  ; = ( Z 2 )  , and 

1 1 ;  = 2 " .  

P r o o f :  I may be e x p r e s s e d  as f o l l o w s :  = Z 2 ;  rn = 
n 

' n - 1 '  z 2  7 for n 2 .  W r i t i n g  r n  a s  an  i t e r a t e d  

d i r e c t  p r o d u c t  i n  t h i s  w a y ,  w e  see t h a t  any  P fo r  I n  

must have  at l e a s t  n g e n e r a t o r s ;  hence  2 q  2 np = n2"; 

thus by Lemma 7-11 and C o r o l l a r y  6 - 1 5 ,  

B u t  now l e t  P be d e t e r m i n e d  by r e p e a t e d  a p p l i c a t i o n  of  

Theorem 4-18: t h e n  Gp, ( i ' , )  = Qn,  t h e  n-cube, and  
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by Theorem 6-36. This completes the proof. 

Let us extend this result somewhat. We will need the following 

genus formula, involving (n+l) parameters. Define the graph Hn as 

follows: let 111 = CZm., the cycle on 2ml vertices, and recur- 
1 

X C  , - 

Hn - Hn-l 2mn 
sively define 

Let M ( ~ )  = n m.. 
n 

i=l '- 

Thm. 7-13. ~(€1,) = 1 + 2n-2 (n-2  

for n 1 2 ,  where each m. > 2. 
1 -  

Proof: By Theorem 2 19, Problem 2-4, and a trivial in- 

duction argument, Hn is a bipartite graph. We produce 

a quadrilateral imbedding for Hn, and compute y(Gq) 

using Corollary 6-15. For Eln, let p (n) and ,(n) 

denote the number of vertices and edges respectively. 

Then p(") = 2"M'"); and since Hn is regular of de- 

gree 2n, it is a simple matter to compute q(n) = 

2nnM(n' . 

of Hn for which r = r4 = n2 n-lM(n), including two 

disjoint sets of 2n-2M(n) mutually vertex-dis joint 

quadrilateral regions each, both sets containing all 

2"~'~) vertices of 

for all n 1. 2, 
cal induction. 

Let the statement S(n) be: there is an imbedding 

We claim that S(n) is true 
Hn' 

and we verify this claim by mathemati- 

That S ( 2 )  is true is apparent from Figure 7-4 

(which shows an imbedding of C4 x C6 in S1), with 

the regions designated by (1) making up one set, and 

those designated by (2) making up the other. We now 

assume S(n) to be true and establish S(n+l) , for 

n 2 2. 
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( 2 )  - 

Figure 7-4 

For the graph lIn+l, we start with LmIl+l copics 

of t in ,  minimally imbedded as described by S(n). We 

parti tion the corresponding surfaccs irito m 

of one orientation, and m n+l copies of the reverse 

orientation, corresponding to the vertex set partition 

of the bipartite graph C2m . rrom each copy, two 

joins of p 

of opposite orientation, in order to construct 

From the statement S(n), it is clear thaC these two 

joins can be made, each one over 2"-'M(") tubes carry- 

n+l 

n+l 

edges each must be made, both to copies (n) 

I1n+l. 

iny four edges each. (Attach one end of a tube in the 

intcrior 01 each region designated by (1) for one join; 

u s e  the recjions designated by (2) for the second join.) 

Each new region formed by this process is a quadrilateral. 

In this fashion the required 2m,+l joins can be made to 

imbed H n + l ,  with r = r4. Now form one set of regions 

by selecting opposite quadrilaterals from each tube added 

in alternate joins in this construction. Form the second 

set by selecting the remaining quadrilaterals on the same 

tubes. It is clear that the two sets oL regions thus 

selected are disjoint, and that each contains ( 2 ) .  

(mn+l) (2n-2M(n)) = 2 n-l M fn+l) mutually vertex-dis joint 

quadrilaterals; both sets contain all 2n+lM(n+l) 

(n+l) ~ 2m (n) 
n+lr 

tubes per  join, and 

vertices of Hn+l. Furthermore, r 

+ Or, where Ar = ( 2 m n + l )  (2n-2M(n)) ( 2 ) ,  where 2m n+l 
joins have been made, with 2n-2 M ( n )  

a net increase in r of 2 per tube. Hence, 
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and w e  have  e s t a b l i s h e d  t h a t  S ( n + l )  f o l l o w s  f rom S ( n ) .  

T h e r e f o r e ,  S ( n )  h o l d s ,  f o r  a l l  n 2 2.  

W e  c an  now compute: 

# 

For t h e  s p e c i a l  c a s e  where  m .  = m, i = 1 , . . .  ,n , w e  have  
n 

M ( n )  = m , and:  

C o r .  7 - 1 4 .  The genus  of H(") i s  q i v e n  by: n 

F u r t h e r m o r e ,  i f  m = 2 i n  t h e  above  f o r m u l a ,  s i n c e  C4 = 

K 2  K2r Hn ( 2 )  i s  t h e  2n-cube, and  w e  o b t a i n  t h e  r e s u l t  (compare  

w i t h  Theorem 6-36 : 

2n-2 
C o r .  7-15. y ( Q 2 n )  = 1 + 2 (n-2)  

For  f u r t h e r  r e s u l t s  c o n c e r n i n g  t h e  genus  of r e p e a t e d  C a r t e s i a n  

N o w ,  l e t  1';) 

p r o d u c t s  of b i p a r t i t e  g r a p h s ,  see [W61, and a l s o  P i s a n s k i ,  [P5]. 

be  t h e  a b e l i a n  g r o u p  w i t h  min ima l  C a y l e y  color 

( m )  
g r a p h  H ( ~ ) ,  m 2 2 ;  i . e .  Z 2 m ,  and rAm) = '2m 'n-1' 

f o r  n 2 .  Then w e  have: 

n 
Cor .  7-16. y ( r L m ) )  = 1 + 2n-2(n-2)m . 

The r e a d e r  may wish  t o  combine Theorems 4 - 1 6 ,  4-19, and  7-13 t o  

o b t a i n  genus  f o r m u l a e  f o r  a d d i t i o n a l  a b e l i a n  g r o u p s .  Fo r  example ,  

u s i n g  t h e  n o t a t i o n  of Theorem 4 - 1 6 ,  c o n s i d e r  where  mr  i s  e v e n .  

Us ing  c u r r e n t  g r a p h  c o n s t r u c t i o n s ,  r a t h e r  t h a n  t h e  s u r g e r y  t e c h n i q u e s  

of Theorem 7 - 1 3 ,  Jungerman and  Whi te  [JWl] found  t h e  g e n u s  o f  

"most"  o f  t h e  r ema in ing  f i n i t e  a b e l i a n  g roups :  t h e  n e x t  t heo rem 

summar izes  t o  i n c l u d e  p r e v i o u s  r e s u l t s  as w e l l .  
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Thm. 7-17. Let r = Z x zm x . . . ~  Z , where f o r  2 5 i 2 r 
ml 2 "r 

m. divides mi-l (and mr > 1, unless 11'1 = 1.) Let 

N ( T )  = 1 - (r-2) lrl/4: then 

(i) If r = 1, then y ( T )  = 0, 

(ii) If r = 2 and mr = 2 ,  then y ( r )  = 0. 

(iii) If N ( T )  is an integer, m > 3, r 1, and r 
either mr even or r # 3, then y ( r )  = N ( l  ) . 

(iv) If N ( T )  is an integer, mr = 3 ,  and 1 c r # 3 ,  

then y ( T )  5 N ( 1 ' ) .  

The argument of Theorem 7-12 can be modified to assist in the 

computation of the genus for certain hamiltonian groups; the follow- 

ing results are due to Himelwright [ H 7 ]  : 

n Thm. 7-18. y ( Q  x (Z,) ) = n 2" + 1. 

n n Thm. 7-19. y ( Q  x Zm x (Z2) ) = mn2 + 1, for m odd. 

8 Cor. 7-20. The groups Q xZm x ( Z 2 )  , for m odd, have genus 

asymptotic to the order. 

By Theorems 4-16 and 4-22, if G is a hamiltonian group, then 

G = Q x Zm x ... x Zm x ( z ~ ) ~ ,  where the mi are odd (i = 1, 

... , r) and m. Im (i = 2, ... , r). Himelwright has also shown: 

1 r 

L i-1 

Thm. 7-21. The genus of the hamiltonian group Q x Z x ... x 
m, 
I 

zm x ( z , ) n  is asymptotic to 2n(r + n - 1) E mi, if 
r i=l 

1 (r (n + 1. 

There are many open questions in this area. If a generalization 

of Theorem 1-13 for products of arbitrary (not necessarily even) 

cycles could be found, then the genus of any abelian (and also of 

any hamiltonian) group could be easily computed. What is y(Sn)? 

y(An)? 

genera. 

The following theorem produces upper bounds for these group 
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Thm. 7 - 2 2 .  If i s  f i n i t e  and i s  m i n i m a l l y  g e n e r a t e d  by 

{q, , . . .  , g n }  and s a t i s f i e s  a t  l e a s t  t h e  r e l a t i o n s  

-1 -1 
P r o o f :  S e l e c t  P = (gq l ,qq l  r g g 2 r g g 2  , . . . , sgngg, l )  I 

f o r  all g E G .  Then, u s ingEdmond ' s  a l g o r i t h m  (see 

Theorem 6 - 4 2 ) ,  w e  compute o r b i t s  as f o l l o w s :  

( i )  An o r b i t  c o n t a i n i n g  t h e  d i r e c t e d  edge  ( a , a q i  ) 

4 

-1 

c o n t i n u e s  w i t h  p - l ( a )  = agy2: hence  t h i s  o r b i t  
a g  i 

A m. 
c o r r e s p o n d s  t o  t h e  r e l a t i o n  gil = e and h a s  

l e n g t h  m . .  (If mi = 2, w e  draw e d g e s  f o r  b o t h  

qqi = q' and g ' g i  = g ,  o b t a i n i n g  2 - s i d e d  

r e g i o n s :  f o r  e a c h  s u c h  r e g i o n ,  t h e  t w o  s i d e s  may be  

i d e n t i f i e d  and t h e  arrows removed, so t h a t  t h e  re- 

g i o n  i s  d e s t r o y e d  b u t  t h e  genus  i s  u n a f f e c t e d . )  

( i i)  An o r b i t  c o n t a i n i n g  t h e  directed edge  (a,ag.) con- 

t i n u e s  w i t h  P ( a )  = agigi+l;  hence  t h i s  o r b i t  
ag i  

n 
c o r r e s p o n d s  t o  t h e  r e l a t i o n  ( IT g , ) k  = e and 

j = 1  J 

h a s  l e n g t h  nk. A s  t h e r e  are no o t h e r  o r b i t s ,  w e  

f i n d :  

n 

nk r =  1 rm + I  
i=l i 

t h e  e u l e r  fo rmula  now g i v e s  t h e  genus  y o f  t h e  

theorem f o r  t h i s  imbedding of C A ( T ) ,  f o r  t h i s  

p r e s e n t a t i o n  P f o r  r .  Hence ~ ( 1 ' )  5 
y ( c A ( r ) )  5 Y. # 
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W e  n o t e  t h a t  an e q u i v a l e n t  formula  w a s  obtained by B u r n s i d e  

[BIG, p.  3981 i n  a d i f f e r e n t  c o n t e x t .  Theorem 7 - 2 2  g i v e s  ) ( G I  

e x a c t l y ,  f o r  I = 2 , A4 , S4 , A5 , or  Z j  Z 3 .  We a l s o  obtain 

t h e  f o l l o w i n y  t w o  c o r o l l a r i c s :  

C o r .  7-23. y ( s n )  2 1 + ___ (ni2) ‘ ( n 2 - 5 n + 2 ) ,  n - .> 2 .  

P r o o f :  Take s = (1 2 3 ... n )  and t = ( 1  2 )  a s  gen- 

e ra tors  f o r  Sn;  t h e n  s = t2  = ( s t )  = e .  # 
n n-1 

C o r .  7 - 2 4 .  
+ (n-1) ( n - 3 ) !  2 (n -6n+4), n odd i 8 

P r o o f :  For  n odd ,  s = (1 2 ... n-2) and t = 

and sn-2 - - t  = ( s t )n  = e. (1 n-1) ( 2  n )  g e n e r a t e  

For  n e v e n ,  s = (1 2 . .. n-1) ( 2  n )  and t = (I 2 )  ( 3  n )  

g e n e r a t e  An ,  w i t h  s n-l = t 2  = (st)”-l = c (see [ 9 1 ) .  

# 

An‘ 

The two f o r m u l a s  g i v e n  above f o r  Sn and An r e s p e c t i v e l y  were 

a l s o  found by Brahana [ B 1 5 ] ,  u s i n g  a d i f f e r e n t  method and i n  a 

s l i g h t l y  d i f f e r e n t  c o n t e x t .  Fo r  r e l a t e d  r e s u l t s ,  see [WE]. 

There  h a s  been  much a c t i v i t y  i n  t h e  s t u d y  of t h e  genus  p a r a m e t e r  

f o r  g r o u p s ,  i n  r e c e n t  yea r s ,  p e r h a p s  a t  l ea s t  i n  p a r t  m o t i v a t e d  by 

Chap te r  7 of t h e  f i r s t  e d i t i o n  of t h i s  book. W e  have  a l r e a d y  p r e -  

s e n t e d  Theorem 7-16. Here is a c o n t i n u e d  sample  of t h i s  r e s e a r c h .  

Thm. 7-25. ( P r o u l x  [ P 9 ] )  

y(~,) 5 1 + $, f o r  n e v e n ,  n 2 4 .  

T h i s  improves  on C o r o l l a r y  7-23, f o r  n e v e n .  F o r  n odd ,  

a s h a r p e r  bound t h a n  t h a t  of C o r o l l a r y  7-23 w a s  deve loped  i n  [WSl: 

b u t  t h e  n e x t  r e s u l t s  d e t r a c t  from t h e  i n t e r e s t  t h a t  migh t  a c c r u e  t o  

t h e  improvement of bounds f o r  y ( S n )  : 
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Thm. 7 - 2 6 .  

Thm. 7 - 2 7 .  

Thm. 7-28. 

( P r o u l x  [PSI  ) 

Y ( S 5 )  = 4 .  

(The p r o o f  i s  n o t  e a s y ! )  

(Tucke r  [ T 4 ]  ) 

Y(Sn)  = 1 + & , f o r  n 2 1 6 8 .  

We a l s o  f i n d  

(Tucke r  [ T 4 ]  ) 

y ( A n )  c 1 + 5 3 3 6  , for n 168 

Dur ing  t h e  p e r i o d  1972-77, Gross [ G 6 ] ,  Gross and  Lomonaco [ G L l ] ,  

and White [W81 showed t h a t  c e r t a i n  m e t a c y c l i c  and  d i c y c l i c  g r o u p s  

a r e  t o r o i d a l .  Then i n  1977 P r o u l x  [PSI comple t ed  work begun by 

Baker i n  1931  [ B 3 ] ,  t o  c l a s s i f y  all t o r o i d a l  g r o u p s  i n  a major e f f o r t .  

The c l a s s i f i c a t i o n  c o n s i s t s  o f  n i n e t e e n  p r e s e n t a t i o n s  on  t w o  g e n e r a -  

t o r s ,  t e n  p r e s e n t a t i o n s  on t h r e e  g e n e r a t o r s ,  and  o n e  p r e s e n t a t i o n  on 

f o u r  g e n e r a t o r s .  

7-3. R e l a t e d  R e s u l t s  

I n  1 9 7 7  B a b a i  [B2] s o l v e d  a p rob lem posed  i n  t h e  f i r s t  e d i t i o n  

o f  t h i s  book, when he  e s t a b l i s h e d :  

Thm. 7-29. I f  I ' l  i s  a subqroup  of r2, t h e n  y (rl) 5 y ( T 2 ) .  

S i n c e  Sn i s  i s o m o r p h i c  t o  a subgroup  of An+*,  w e  o b t a i n  

For  example ,  w e  l e a r n  from Theorem 7-25 t h a t  

D e s p i t e  t h e  f a c t  t h a t  t h e r e  are  i n f i n i t e l y  many p l a n a r  g r o u p s  

y ( A 7 )  ->- 4 .  

(Maschke ' s  Theorem) and i n f i n i t e l y  many t o r o i d a l  g r o u p s  ( P r o u l x ' s  

c l a s s i f i c a t i o n )  Tucker  [ T 3 ]  showed, i n  1978: 
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Thm. 7-3L. For  e a c h  4 - 2 ,  t h e r e  a r e  a t  mos t  f i n i t e l y  many q r o u p s  

1 s u c h  t h a t  { ( r )  = g .  

The fo l lowinc j  1 9 8 1  r e s u l t ,  also due  t o  Tucke r  [ T 5 ] ,  is even  

more s u r p r i s i n g :  

Thrn. 7-32. There is e x a c t l y  one  g r o u p  o f  cjenus t w o .  I t  h a s  o r d e r  
9 6  and p r e s e n t a t i o n  ( x , y , z ~ x  2 2  = y = z 2 = ( x y )  2 =  

( y z ) 3  = ( x z ) 8  = y ( x z )  y ( x z )  = e >  . 4 4 

The ( u n i q u e )  g r o u p  of yenus  t w o  i s  t h e  au tomorphism g r o u p  of 

t h e  g e n e r a l i z e d  P e t e r s e n  g r a p h  G ( 8 ,  3 ) ;  see F r u c h t ,  G r a v e r ,  and  

Watkins  [FGWl] . 
We ment ion  t h a t  o t h e r  d e f i n i t i o n s  of t h e  "qenus  of a q r o u p "  

a p p e a r  i n  t h e  l i t e r a t u r e ,  due  t o  Lev inson  [ L 2 ]  , Machlachlan  [Ml] , 
and Burns ide  lBl8J. For  I a f i n i t e  g r o u p ,  w e  d e n o t e  t h e s e  p a r a -  

meters by yL(7), y,(i'), and y B ( ! ' )  r e s p e c t i v e l y .  The Lev inson  

pctrameter,  l i k e  t h e  p a r a m e t e r  y ( l ' )  a d v o c a t e d  i n  t h i s  c h a p t e r ,  re- 

q a r d s  r as  b e i n g  d e p i c t e d b y  a Cay ley  g r a p h  GA(I') m i n i m a l l y  i m -  

bedded on a s u r f a c e  Sk ;  b u t  Sk is  a lways  an  II'I-fold ( p o s s i b l y  

b ranched)  cover of  some Sn (1.e.  t h e  imbedding  i s  i n d e x  o n e . )  The 

Machlachlan  and B u r n s i d e  p a r a m e t e r s  a l s o  r e g a r d  Sk as an  1 r 1 -  
fo ld  ( p o s s i b l y  b r a n c h e d )  c o v e r  of some S b u t  r e p r e s e n t  t h e  g r o u p  

r v i a  i t s  a c t i o n  on the Riemann s u r f a c e  Sk;  f o r  t h e  B u r n s i d e  pa ra -  

meler, i L  i s  a lways  t h e  case t h a t  n = 0. The f o u r  p a r a m e t e r s  are 

r e l a t e d  a s  f o l l o w s ,  where t h e  e q u a l i t y  h o l d s  e x c e p t  f o r  c e r t a i n  

smal l  I ' :  

n '  

zhm. 7-33. For 1 a f i n i t e  g r o u p ,  ~ ( 1 ' )  5 y L ( l ' )  = yM(r) 5 yB(r); 
all a r e  bounded above  by t h e  bound of Theorem 7-22 .  

Thus t h e  most e f f i c i e n t  g c n u s ,  among a11 t h e s e ,  i s  t h a t  g i v e n  

by y ( r ) .  We remark t h a t  b o t h  t h e  i n e q u a l i t i e s  of Theorem 7-33 c a n  

be  s t r i c t ,  a s  t h e  g r o u p s  T = ( Z Z n )  , f o r  n 2 i n d i c a t e :  4 

Thm. 7-34-. L e t  I '  ( Z 2 n ) 4 ,  n 2 2 ;  t h e n  

4 
(i) y ( T )  = 1 + 8n 

( i i )  v , ( I ' )  = yM(T) = 1 t 16n 

( i i i )  y , ( l ' )  1 + 4n (611-5) 

4 

3 
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7-4. The Characteristic of a Group 

If we allow nonorientable surfaces also, as our "drawing boards" 

for"picturing"groups, then we are led naturally to the parameter of 

this section. Recall from Section 5-3 that the characteristic of a 

surface S is i( (S) = 2 - 2 k ,  if S = Sk; x ( S )  = 2 - k ,  if 

S = N  k' 

Def. 7-35. The characteristic of a graph G, denoted by x ( G ) ,  is 

the maximum surface characteristic X ( S )  such that G 

imbeds in S. 

For example, a graph has characteristic two if and only if it 

is planar: K 5  and K6 have characteristic one: K 7  has character- 

istic zero: and so forth. 

Def. 7-36. The characteristic of a group r is given by: --____ 

x ( r )  = max{X (GA(T)) I ,  

where the maximum is taken over all generating sets A 

for r .  

Thus a group has characteristic two if and only if it appears 

in Maschke's list (Theorem 7-3.) 

Here are some less obvious sample results. 

Thm. 7-37. (White [WlO]) 

Let r be finite and abelian: then 

x ( r )  0, otherwise. 
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'Thm. 7-38.  _____ 

Thm. 7-39.  

Thm. 7-40. 

Thm. ~~ 7-41. 

7 - 1 . )  

7 -2 .  ) 

7 - 3 . )  

7-4. ) 

* 
7 - 1 . )  

- 1 - 6 .  ) 

(White [WlO]) 

L e t  ( 1 ' 1 ,  G) = I, w i t h  n o t  c y c l i c .  Then ( ) = 0 

lf and or i ly  if ' h a s  a p r e s e n t a t i o n  ok t h e  torin 

2 k + l  b 2 n + l  = = - . . .  = e )  , - ( a r b  la 

-1 
w h e r e  w i s  e i t h e r  aba-lb-l u r  abab . 

( T u c k e r  [T4] ) 

T h e r e  i s  n o  q r o u p  hnvl i i<]  ( 1  ) = -1.  

( T u c k e r  11'4 1 ) 
For n I 168, (A ) = 2 

1 

n 168 * 

( T u c k e r  [T41 ) 

F o r  n ' 168, (S ) - A . -n' 
n 8 4  - 

Wc o b s e r v e  t h a t ,  for n 1 G 8 ,  \, (S )/,(A ) = ISn:  A l l ] .  n n 

7-5 .  P r o h l e i n s  

Show: that a n y  p r e s e n t a t i o n  P f o r  Q ,  t h e  q u a t e r n i o n s ,  has 

a t  l c a s t  t w o  c j e n e r a t o r s ;  t h a t  ? f  P h a s  e x a c t l y  t w o  c jencra-  

t o r s ,  n e i t h e r  c o n  l x  of ordcr  2 ;  a n d  t h a L  P c a n  n o t  h d V C  

e x a c i l y  t h r e e  g c n e r a t o r s ,  e a c h  of o r d e r  2 .  (Hence  

1 (C (Q)) 4) 

F i n d  dn  exainp 

s u c h  t h a t  ( 

e of a cjroup 1 a n d  a p r e s e n t a t i o n  P f o r  ? 

C . ( I ) )  = ' .  

Show t h a t  t h e  o n l y  f i n i t e  planar abelian cjroups a r e  

An , z 2  ' z2,, , alld x2 ' Z Z 2  , w h e r e  n 1. 

l J s c  t h e  ~ m b a d t l i n ~ ~  u f  P r o b l c m  G-7 t o  f i n d  y ( Q  ' Q )  . 

Firid a nun-normdl  subqroll[> I n  0 0. ( T h u s  t h e  krroduct uf  

h d i i i i l t o i i i a n  ( j r o u p s  n e e d  not bc hdml I t o n i n n .  ) 
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* 
7-7. ) 

7 - 8 . )  

7 -9 .  ) 

7-10. ) 

* *  
7-11.) 

7-12. ) 

Show t h a t  t h e  d i c y c l i c  g r o u p  Gn = (x, y x 2 n  = xny-2 = 

y-lxyx = c )  h a s  g e n u s  1, f o r  a l l  n 1. ( G 2  = Q; G 3  

i s  t h e  " l e a s t  f a m i l i a r  g r o u p  of o r d e r  121')  

F i n d  an  i n f i n i t e  g r o u p  w i t h  a p r e s e n t a t i o n  of t h e  f o r m  g i v e n  

i n  Theorem 7-22.  

Show t h a t  y ( Z  x 2 x 2) = a . N o w  l e t  I'1 = Z ,  a n d  

I '  = Z x rn - l ,  n 2 ;  f i n d  y ( r n ) ,  for a l l  n a t u r a l  

numbers  n .  
n 

The smallest  o r d e r  g r o u p  whose  g e n u s  i s  unknown i s  t h e  a b e l i a n  

Z 3  y Z 3  x Z 3 .  

reso lve  t h e  i s s u e !  

I t  i s  known t h a t  5 5 y ( Z 3  x Z 3  x Z 3 )  5 10; 

V e r i f y  Theorem 7 - 3 4 .  
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CHAPTER 8 

MAP-COLORING PROBLEMS 

In this chapter we will see that the famous four-color conjec- 

ture (now the four-color theorem) can be formulated -- and studied-- 
in graph-theoretical terms. Graph theory will be used to establish 

the five-color theorem. The Heawood =-coloring theorem will be in- 

troduced: this powerful theorem, whose proof was completed in 1968, 

answers the coloring question -- which was still unanswered for the 
sphere -- for every other closed 2-manifold. The easy half of the 

proof -- found by Heawood in 1890 -- is presented in this section. 
The difficult half of the proof -- developed primarily by Ringel and 
Youngs -- will be discussed in Chapter 9. 

- 

Consider any map of the world. Suppose we desire to color the 

countries of the world (or the states of a particular country, or the 

counties of a particular state, etc.) so that the distinct countries 

are distinguishable. This means that if two countries share a border 

at other than isolated points, then they must be colored differently. 

We make only one assumption as to the countries themselves: each 

country must be connected (this rules out Pakistan of the last decade, 

and the United States, for example.) Note that a country need not be 

a 2-cell: that is, it may entirely surround some collection of other 

countries (such is the case for a certain region in France: see 

Frechet and Fan [FFl], p. 3 ) .  

We mention in passing that several generalizations of this map- 

coloring problem are possible. One of the most appealing is the 

following: allow disconnected countries, with each country having 

at most k components. (It is not hard to see that, without this 

restriction involving k, arbitrarily many colors may be needed.) 

Then it can be shown (see Problem 8-6 for the case k = 2) that 6k 

colors will always suffice. Ringel ([RE]; p. 26 (see also Heawood 

[H3])) displays a map, for the case k = 2, requiring 12 colors, so 

that this case is completely solved. 

Returning now to the case of classical interest (k = I), we 

pose the question thusly: what is the smallest number of colors need- 

ed to color any map on the sphere (or, equivalently, on the plane)? 
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Tha t  f o u r  c o l o r s  may be  needed  i s  i n d i c a t e d  by t h e  map i n d u c e d  b y  

t h e  t e t r a h e d r o n .  Tha t  f i v e  c o l o r s  s u f f i c e  f o r  t h e  s p h e r e  w i l l  be 

d e m o n s t r a t e d  s h o r t l y .  Whether o r  n o t  f i v e  c o l o r s  arc  e v e r  n e c c s s a r y  

h a s  p r o b a b l y  s t i m u l a t e d  a s  much w o r k  i n  mathemat i .cs  as  my o t h e r  

s i n g l e  m a t h e m a t i c a l  q u e s t i o n ;  and t h e  answer  i s  f i n a l l y  known. The 

f o u r - c o l o r  theorem says t h a t  f i v e  c o l o r s  a r e  n e v e r  n e c e s s a r y ;  

f o u r  c o l o r s  w i l l  s u f f i c e  t o  c o l o r  any mar> on t h e  s p h e r c .  Marly 

" p r o o f s "  o f  t h e  f o u r  c o l o r  t heo rem havc  been  p r e s e n t e d  t o  t h e  

m a t h e m a t i c a l  community, b u t  o n l y  one h a s  y e t  s u r v i v e d  close s c r u t i n y  

The i n t e r e s t e d  r e a d e r  migh t  w i sh  t o  r e a d  t h r o u g h  o n e  o f  t h e  f a l s e  

" p r o o f s " ,  g i v e n  by Kempe i n  1879 (see [BCLl], f o r  e x a m p l e ) ,  and t r y  

t o  s p o t  t h e  e r r o r  i n  t h e  " p r o o f . "  

-- ~ -- 

.~ -- __ ____ - __ __ _- - __ ___ 

Graph t h e o r y  e n t e r s  t h e  p i c t u r e  i n  t h e  f o l l o w i n g  way. Form t h e  

d u a l  of  t h e  m d r j  i n  q u e s t i o n .  T h i s  p r o d u c e s  a pscudoqraph .  ALtcmpt 

t o  color t h e  v e r t i c e s  of t h e  pseudograph  so  t h a t  no two a d a j c e n t  

v e r t i c e s  have t h e  same c o l o r .  The pseudograph  h a s  no  l o o p s ,  as no 

s e l f - r e s p e c t i n g  c o u n t r y  e v e r  s h a r e s  a b o r d e r  w i t h  i t s e l f .  In f a c t ,  

w e  may a s  w e l l  d r o p  any  m u l t i p l e  e d g e s ,  s i n c e  t h e y  ( t h e  " e x t r a "  

e d g e s )  have no b e a r i n g  on t h e  c o l o r i n g  q u e s t i o n .  Then t h e  c o l o r i n g  

numbers,  o r  c h r o m a t i c  numbers ,  of t h e  r e s u l t i n g  g r a p h  and  t h e  map 

w i l l  be i d e n t i c a l .  T h i s  l e a d s  t o  t h e  f o l l o w i n q  d e f i n i t i o n s .  

8-1. D e f i n i t i o n s  

Def. 8-1.  

Def. 8 - 2 .  

The c h r o m a t i c  number,  / ( G ) ,  of a graph C IS t h e  

s m a l l e s t  number of c o l o r s  f o r  V ( G )  so t h a t  a d j a c e n t  

v e r t i c e s  a re  c o l o r c d  d i f f e r c n t l y .  

The c h r o m a t i c  number , ( Sk) , of a_ s u r f a c e  % i s  t h e  

l a r q e s t  / ( G )  such  t h a t  G can  be imbedded i n  Sk. 

8 - 2 ,  The F o u r - c o l o r  C o n j e c t u r e  

I n  t h i s  t e r m i n o l o g y ,  t h e  f o u r - c o l o r  c o n j e c t u r e  becomes: 

C o n j e c t u r e  8 - 3 .  / ( Sd) = 4 . 
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There  a r e  many o t h e r  e q u i v a l e n t  f o r m u l a t i o n s  of  t h e  f o u r - c o l o r  

c o n j e c t u r e  ( s e e ,  f o r  example ,  O r e ' s  book: The Four  C o l o r  Problem 

[Ol] , o r  [BCLl] . W e  c o n s i d e r  two of t h e s e .  

T'hm. 8-4.  The f o u r - c o l o r  c o n j e c t u r e  i s  t r u e  i f  and  o n l y  i f  e v e r y  

c u b i c  p l a n e  b l o c k  i s  4 - r e g i o n  c o l o r a b l e .  

P r o o f :  C l e a r l y  i f  e v e r y  p l a n e  g r a p h  i s  4 - r e g i o n  c o l o r -  

a b l e ,  so i s  e v e r y  c u b i c  p l a n e  b l o c k .  Fo r  t h e  c o n v e r s e ,  

assume e v e r y  c u b i c  p l a n e  b l o c k  i s  4 - r e g i o n  c o l o r a b l e ,  and  

l e t  G be  a p l a n e  b l o c k .  W e  o b t a i n  a c u b i c  p l a n e  b l o c k  

G' from G ,  by r e p e a t e d  o p e r a t i o n s  of t h e  form (a) -- 
f o r  v e r t i c e s  of d e g r e e  2 -- and ( b )  -- f o r  v e r t i c e s  o f  

d e g r e e  3 o r  more -- as d e p i c t e d  i n  F i g u r e  8-1 .  Thus 

G' i s  4 - r e g i o n  c o l o r a b l e  (by  h y p o t h e s i s ) ,  and  any  

(b) 

F i g u r e  8-1 

4-recjion c o l o r i n g  of G' i n d u c e s  a $ - r e g i o n  c o l o r i n g  f o r  

G .  S i n c e  it i s  a p p a r e n t  t h a t  t h e  r e g i o n  c o l o r i n g  number 

of a n  a r b i t r a r y  p l a n e  g r a p h  i s  t h e  maximum of t h e  cor- 

r e s p o n d i n g  numbers f o r  i t s  b l o c k s ,  t h e  p r o o f  i s  c o m p l e t e .  

# 
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Def. 8-5. A g r a p h  G 

b e  a s s i g n e d  

d i f f e r e n t l y  

Thm. 8-6.  The Four-Co 

c u b i c  p l a n e  

is  s a i d  t o  be n-edge c o l o r a b l e  i f  colors c a n  

t o  E ( G )  so  t h a t  a d j a c e n t  e d g e s  are c o l o r e d  

o r  C o n j e c t u r e  i s  t r u e  i f  and  o n l y  i f  e v e r y  

b lock  i s  3-edge c o l o r a b l e .  

P r o o f :  By Theorem 8-4,  it s u f f i c e s  t o  show t h a t  a c u b i c  

p l a n e  b lock  G i s  4 - reg ion  c o l o r a b l e  i f  and o n l y  i f  i t  

i s  3-edge colorable.  

Suppose G i s  4 - reg ion  c o l o r a b l e ,  and l e t  t h e  

c o l o r s  be t a k e n  from t h e  g r o u p  r = Z Z2. S i n c e  G 

i s  a b l o c k ,  e a c h  edge  x of G a p p e a r s  i n  t h e  boundary 

of two d i s t i n c t  ( b u t  a d j a c e n t )  r e g i o n s ,  Rx and Rx. 

D e f i n e  t h e  color of x by c (x) = c ( R  ) t c ( R  ) ,  a d d i -  

t i o n  t a k i n g  p l a c e  i n  I' . S i n c e  c ( R x )  # c ( R x ) ,  c (x) # c ,  

t h e  i d e n t i t y  o f  T ( e v e r y  e l e m e n t  i s  i ts  own i n v e r s e ,  i n  

I , . )  L e t  x ,  y ,  and  z be a d j a c e n t  e d g e s  i n  G ;  see 

F i g u r e  8 -2 .  W e  c la im t h a t  x , y ,  and z are  c o l o r e d  

1 2 

1 2 
X X 
1 2 

Figure 8-2 

d i s t i n c t l y .  Suppose t o  t h e  c o n t r a r y  t h a t ,  s a y ,  c(x) = 

1 2 c(R). But  t h e n  c(R ) = c ( R X ) ,  a c o n t r a d i c t i o n .  Thus 
Y 

G i s  3-edge colorable ( t h e  c o l o r s  b e i n g  t a k e n  f r o m  

c( y) : t h a t  i s  c( Rx) 1 + c(R:) = c( R$ + c ( R y  2 = c( R$ + 

r - Ie I .)  
N o w  assume t h a t  G i s  3-edge c o l o r e d ,  w i t h  t h e  ele- 

ments  of r - { e  1. L e t  R be any  r e g i o n  of G ,  and  s e t  

c(R! = e.  L e t  S be  any  o t h e r  r e g i o n  o f  G ;  we 
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d e t e r m i n e  c ( S )  a s  f o l l o w s .  L e t  C' be  an arc  j o i n i n g  

a p o i n t  i n  R w i t h  a p o i n t  i n  S ,  w i t h  C '  5 V(G) = @. 
Suppose C '  crosses edcjes x l ,  x 2 ,  ... , x ( r e p e t i t i o n  

a l l o w e d . )  S e t  c ( S )  = 1 c ( x i ) .  T o  show t h a t  c ( S )  i s  

w e l l - d e f i n e d ,  w e  must show t h a t  t h i s  e l e m e n t  of r i s  i n -  

dependen t  o f  t h e  p a r t i c u l a r  arc  C '  s e l e c t e d .  Equiva-  

l e n t l y ,  w e  show t h a t  i f  C i s  a s i m p l e  c l o s e d  c u r v e  

n n 

i=l 

c r o s s i n g  e d g e s  y l ,  y 2 1  .. . , ym, w i t h  c n V(G) = Q . 
m 

t h e n  , I  c ( y i )  = e.  L e t  C be s u c h  a c u r v e .  I f  
1=1 

V(G) I n t  C = q3 , t h e n  e a c h  edge  c r o s s e d  by C is  

m 
c r o s s e d  an  even  number of t i m e s ;  hence  1 c ( y i )  = e l  i n  

i= 1 

t h i s  case. I f  V ( G )  n I n t  C # Q , w e  assume ( w i t h o u t  

loss of g e n e r a l i t y )  t h a t  e a c h  edge  c r o s s e d  by C i s  

c r o s s e d  e x a c t l y  once .  L e t  yi I n t  C ,  i = m + 1, ..., r 
By h y p o t h e s i s ,  t h e  sum o f  t h e  colors o n  t h r e e  e d g e s  i n c i -  

d e n t  w i t h  any  v e r t e x  i s  e;  hence  t h e  t o t a l  o f  s u c h  sums 

f o r  t h e  set  V(G) n I n t  C i s  a l s o  e;  b u t  t h i s  sum i s  

a l so  g i v e n  by 

m r m 

1 d Y i )  + 2 1 C ( Y i )  = 1 C ( Y i ) .  

i = l  i=m+l i-1 

m 

i=l 
T h e r e f o r e  1 c ( y i )  = e i n  t h i s  case a l s o ,  and  c ( S )  

i s  w e l l - d e f i n e d .  
1 2 

N o w  c o n s i d e r  two a d j a c e n t  r e g i o n s ,  Rx and Rx. W e  

have a s s i g n e d  colors t o  t h e  r e g i o n s  o f  G so t h a t  

c ( R x )  - c ( R x )  = c ( x )  # e ;  i . e .  c ( R x )  # c ( R x ) .  Thus G 
2 1 2 1 

i s  4 - r eg ion  c o l o r e d .  # 

I n  1 9 7 6 ,  Appel ahd Haken [AH11  announced t h e i r  r e s o l u t i o n  o f  

t h i s  i s s u e ,  i n  t h e  f o u r - c o l o r  theorem;  see Woodall  and Wilson  [ W V U ] ,  

f o r  one  d i s c u s s i o n  O f  t h e  p r o o f .  

Thm. 8-7. x ( S o )  = 4 .  



106 Map-color ing  Problems Chapt .  8 

8-3. The F ive -Co lo r  Theorem 

The proof  below i s  found i n  [ B C L ~ ] .  

Thm. 8-8. F i v e  colors w i l l  s u f f i c e  t o  color any  map o n  t h e  s p h e r e ;  

i . e .  x ( S o )  <- 5. 

P r o o f :  W e  u s e  i n d u c t i o n  on p ,  t h e  o r d e r  of t h e  g r a p h  

G, t o  show t h a t  i f  , (G) = 0 ,  t h e n  A ( G )  5 5 .  The 

anchor  a t  p = 1 i s  o b v i o u s .  N o w  assume t h a t  a l l  p l a n a r  

g r a p h s  w i t h  p-1 v e r t i c e s  ( p  > l) a r e  5 - c o l o r a b l e .  

L e t  G be  p l a n a r ,  w i t h  p v e r t i c e s .  By Lemma 5 - 1 9 ,  G 

c o n t a i n s  a v e r t e x  v o f  d c g r c c  5 o r  less. By t h e  i n -  

d u c t i o n  h y p o t h e s i s ,  ~ ( G - V )  ~ < 5 ;  d e n o t e  t h e  c o l o r s  i n  a 

5 - c o l o r i n g  of G-v by 1,2,3,4,5. I f  n o t  a l l  f i v e  

c o l o r s  a r e  used  f o r  t h e  v e r t i c e s  a d j a c e n t  t o  v i n  G ,  

w e  can  c o l o r  v w i t h  one  o f  t h e  c o l o r s  n o t  so u s e d ,  t o  

g i v e  x ( G )  1 5 .  O t h e r w i s e ,  d ( v )  = 5 ,  and a l l  f i v e  

c o l o r s  a r e  used  f o r  v e r t i c e s  a d j a c e n t  t o  v .  W e  c a n  a s -  

sume t h a t  t h e  s i t u a t i o n  a round  v i s  a s  i n  F i g u r e  8-3 ,  

and t h a t  vi  is  c o l o r e d  w i t h  c o l o r  i .  Cons ide r  now 

F i g u r e  8 - 3 .  

i’ 
any two colors  a s s i g n e d  t o  non-consecu t ive  v e r t i c e s  v 

s a y  1 and 3 ,  and l e t  H be t h e  subgraph  of c, - v 

induced  by a l l  t h o s e  ver t ices  c o l o r e d  1 or  3 .  I f  

v1 and  v3  b e l o n g  t o  d i f f e r e n t  components of €1, t h e n  

by i n t e r c h a n g i n g  t h e  c o l o r s  i n  t h e  component of II con-  

t a i n i n q  vl, s a y ,  a 5 - c o l o r i n g  of G - v i s  p roduced  i n  

which no v e r t e x  a d j a c e n t  w i t h  v i s  a s s i g n e d  t h e  c o l o r  1 ,  
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1 
and w e  can  use  1 f o r  v .  I f ,  on t h e  o t h e r  hand ,  v 

and v3  a r e  j o i n e d  by a p a t h  i n  H ,  t h e  above argument  

g u a r a n t e e s  t h a t  w e  can  r e c o l o r  v2  w i t h  4 ,  and u s e  2 

f o r  v. T h i s  c o m p l e t e s  t h e  p r o o f .  # 

8-4.  O the r  Map-color ing  P r o b l e m s :  

The IIeawood Map-coloring Theorem 

Now l e t  us  c o n s i d e r  o t h e r  s u b s p a c e s  o f  R3 i n  which  t o  pose  

map-color ing  q u e s t i o n s  such  a s  t h a t  above ,  f o r  t h e  s p h e r e  ( a n d  

p l a n e )  . S t r a n q e l y  enough, i f  w e  a l l o w  3 -d imens iona l  countries,  

a r b i t r a r i l y  many c o l o r s  may b e  needed  t o  c o l o r  t h e  map. T h i s  i s  i n -  

d i c a t e d  by F i g u r e  8 - 4 ,  i n  which t h e  c o u n t r i e s  a r e  numbered; i t  i s  

seen  t h a t  e a c h  c o u n t r y  meets e a c h  o f  t h e  o t h e r  c o u n t r i e s .  ( I n  

g e n e r a l ,  n r e c t a n g u l a r  p a r a l l e l o p i p e d s  a r e  l a i d  across n o t h e r  

s u c h  s o l i d s . )  

F i g u r e  8-4 

P e r h a p s  it seems n a t u r a l ,  s i n c e  t h e  c o l o r i n g  p rob lem i s  ap- 

p a r e n t l y  e x t r a o r d i n a r i l y  d i f f i c u l t  f o r  t h e  s p h e r e ,  and a d m i t s  n o  

f i n i t e  answer  i n  R , t o  c o n s i d e r  n e x t  t h e  s u r f a c e s  Sk a s  c a n d i -  

d a t e s  f o r  maps a n d  t h e  c o r r e s p o n d i n g  map-co lo r ing  q u e s t i o n s .  

3 

The Aeawood Map C o l o r i n g  Theorem ( f o r m e r l y  t h e  Heawood Map- 

C o l o r i n g  C o n j e c t u r e )  h a s  a p a r t i c u l a r l y  c o l o r f u l  background ,  as o u t -  

l i n e d  i n  Chap te r  1; a l s o  see J .  W .  T. Youngs [ Y 2 ] .  W e  s t a t e  t h e  

theorem f i r s t  f o r  t h e  o r i e n t a b l e  case: 
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Thm. 8-9.  
7 + J i - r a E  : , , f o r  k > 0 .  X(Sk) = 1 2 

Note what happens i f  w e  r e p l a c e  k w i t h  0 i n  t h i s  f o r m u l a .  

T h i s  l e d  many m a t h e m a t i c i a n s  t o  f e e l  t h a t  t h e  f o u r  co lor  c o n j e c t u r e  

was p r o b a b l y  t r u e ,  and t h e y  were v i n d i c a t e d !  T h u s  w e  can  now t a k e  

k 0 i n  Theorem 8-9. - 
The c o r r e s p o n d i n g  map-color ing  q u e s t i o n  can  a l s o  b e  a sked  for 

t h e  c l o s e d  n o n - o r i e n t a b l e  s u r f a c e s  Nk ( s p h e r e s  w i t h  k cross- 

c a p s ) .  R inge l  [R8] showed t h e  f o l l o w i n g  ( t h e  case k = 2 w a s  

s o l v e d  by F r a n k l i n  [ F 3 ] )  : 

' 7  + dl + 2 4 k :  , , fo r  k = 1 and k 3;  2 Thm. 8-10. x ( N k )  = 1 

For  example ,  t h e  fo rmula  g i v e s  x(N1) = 6 ( f o r  t h e  p r o j e c t i v e  

p l a n e ) .  F i g u r e  8-5 shows K6 imbedded i n  N1, i n d i c a t i n g  t h a t  

x ! N l )  x(K6) = 6 .  

g i v e n  by n = 2 - 2k and n 2 - k r e s p e c t i v e l y ,  w e  can  combine 

Theorems 8-8,  8-9, and 8-10 as f o l l o w s :  

R e c a l l i n g  t h a t  t h e  e u l e r  c h a r a c t e r i s t i c s  f o r  Sk and Nk are 

b c  

c b  

F i g u r e  8-5 

Thm. 8-11. L e t  Mn be  a closed 2 -man i fo ld ,  o t h e r  t h a n  the k l e i n  

b o t t l e ,  o f  c h a r a c t e r i s t i c  n ;  t h e n  

7 + 4 9  - 24n 'b 

x ( M , )  = [ J 
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7 + 449 - 24n 
2 We will For e a s e  of n o t a t i o n ,  w e  l e t  f ( n )  = 

now e s t a b l i s h  what  Meawood knew i n  1890: 

W e  p roceed  by a se r ies  o f  s t e p s ,  f o l l o w i n g  t h e  t r a n s l a t o r ' s  n o t e s  

i n  F r e c h e t  and Fan [ F F l ] .  

Lemma 8-12. L e t  a g r a p h  G ,  w i t h  p 3 ,  be 2-cell imbedded i n  

M n ,  w i t h  a d e n o t i n g  t h e  a v e r a g e  d e g r e e  o f  t h e  

v e r t i c e s  o f  G .  Then a 5 6 ( 1  - n/p)  . 

P r o o f :  Note t h a t  a = 2q/p. Now 3 r  - < 2 q  = ap .  A l s o ,  

p - q + r = n .  Hence 

so t h a t  

a = 2q/p 5 6 ( 1  - n / p ) .  # 

Thm. 8-13. x(N1) 5 6 .  _ _ ~  

P r o o f :  W e  u s e  i n d u c t i o n  on p ,  t h e  order of a g r a p h  i m -  

bedded  i n  N1. W e  need  o n l y  c o n s i d e r  g r a p h s  h a v i n g  2 -  

c e l l  imbeddings  i n  N1, f o r  o t h e r w i s e  (see Youngs [Yl]), 

y ( G )  = 0 ,  and  x ( G )  5 5 .  The r e s u l t  i s  c l e a r l y  t r u e  

f o r  p 5 6 .  Assume x ( G )  6 f o r  a l l  g r a p h s  i n  N1 

w i t h  p - 1 v e r t i c e s ,  p 2 7 ;  l e t  G b e  a g r a p h  i m -  

bedded  i n  N1, w i t h  p v e r t i c e s .  By Lemma 8-12, 

a < 6 ,  so t h a t  G h a s  a v e r t e x  v such '  t h a t  d ( v )  5 5. 

Then G - v is  imbedded i n  N1, and x ( G  - v) -5 6 ,  

by t h e  i n d u c t i o n  h y p o t h e s i s .  S i n c e  t h e r e  are v e r t i c e s  

o f  a t  most  f i v e  colors a d j a c e n t  t o  v ,  t h e  s i x t h  color 

can  be used  f o r  v ,  and x ( G )  5 6 .  # 

Note t h a t  Theorem 8-13, t o g e t h e r  w i t h  F i g u r e  8-5,  show t h a t  

x ( N 1 )  = 6 .  
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P r o o f :  Thanks t o  Theorem 8 - 1 3 ,  w e  may assume t h a t  

n < 0 .  We u s e  i n d u c t i o n  on p ,  t o  show t h a t  x ( G )  5 
[ f ( n )  1 ,  i f  G i s  imbedded i n  M n .  ( W e  n a y  assume G 

t o  be c o n n e c t e d ,  as t h e  c h r o m a t i c  number o f  a g r a p h  i s  

t h e  l a r g e s t  c h r o m a t i c  number f o r  i t s  components . )  I t  i s  

c l e a r  t h a t  x ( G )  5 [ f ( n ) l  i f  p 5 [ f ( n ) l .  N o w  assume 

t h a t  x ( G )  5 [ f ( n ) ]  f o r  all g r a p h s  w i t h  f ewer  t h a n  p 

v e r t i c e s  and imbeddable  i n  M n .  Now, from t h e  d e f i n i -  

t i o n  of f ( n ) ,  w e  see t h a t  f ( n )  - 7 f ( n )  + 6 n  = 0 ;  

i . e .  6 ( 1  - n / f ( n ) )  = f ( n )  - 1. I f  t h e  imbedding of G 

i n  Mn i s  2 -ce l l ,  t h e n  Lemma 8-12  a p p l i e s ,  and 

- 

2 

a - I' 6 (1-n /p)  

- ' 6 (1-n / f  ( n )  ) 

= f ( n )  - 1. 

I f  t h e  imbeddinq i s  n o t  2 -ce l l ,  t h e n  it i s  n o t  minimal 

( s e e  a g a i n  Youngs [Yl]) , and w e  can  f i n d  a 2 - c e l l  i m -  

bedd ing  i n  Mm , where m j n.  We t h e n  a p p l y  Lemma 

8-12 as above ,  t o  g e t  a 5 f(m) - 1 2 f ( n )  - 1. Thus 

i n  e i t h e r  c a s e  a f ( n )  - 1, and w e  can  f i n d  a v e r t e x  

v of G h a v i n g  d ( v )  1. [ f ( n ) ]  - 1, so t h a t ,  ( u s i n g  

~ ( G - v )  5 [ f ( n ) ] ) ,  x ( G )  ; [ f ( n ) ] .  T h i s  c o m p l e t e s  t h e  

- 

p r o o f .  # 

The t a s k  remains  t o  show t h a t  x(M,) 2 [ f  ( n )  I ,  f o r  Mn f N 2 ,  

t h e  k l e i n  b o t t l e .  T h i s  i s  done by f i n d i n g  a g r a p h  G imbeddable  i n  

Mn and hav ing  , i ( G )  = [ f  ( n )  1 .  For  M 2  = S o ,  K 4  is s u c h  a g raph ;  

f o r  M1 = N1, t a k e  G = K6 (as  i n  F i g u r e  8-5) ; f o r  Mo = S1, p i c k  

l e t  G K 8 .  I n  f a c t ,  f o r  Mn # N Z ,  [ f ( n ) ]  is  a t t a i n e d  b y  t h e  

l a r y e s t  comple t e  g raph  imbeddable  i n  

t i o n  t o  t h e  o r i e n t a b l e  case and  e x p l o r e  t h i s  c l a i m  i n  some d e t a i l .  

G = K7 (see F i q u r e  8-6 f o r  t h e  d u a l  of K7  i n  S1); f o r  M-2 ~ - S2, 

M n .  
W c  now c o n f i n e  o u r  a t t e n -  
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F i g u r e  8-6 

L e t  u s  assume t h e  t r u t h  of t h e  c o m p l e t e  g r a p h  theo rem (which  

w i l l  be  d i s c u s s e d  i n  d e t a i l  i n  C h a p t e r  9 ) :  

y ( I c m )  = { ( m - 3 )  ( m - 4 )  j ,  f o r  m 2 3. 12  

From t h i s  it w i l l  f o l l o w  t h a t  x ( M , )  2 [ f ( n ) l  

case ; t h e  n o n - o r i e n t a b l e  case i s  h a n d l e d  s i m i l a r l y )  . 
( i n  t h e  o r i e n t a b l e  

7 + 1 +  48k' 
Thm. 8-15. x(Sk) - > Lf(2-2k)l = [ '2 A *  

P r o o f :  Cons ide r  S7.. D e f i n e  m = [ f  (2-2k) 1 ,  and  now 

Note t h a t  y ( K m )  5 k ,  s o  t h a t  

C l e a r l y  
'Y ( K m )  * 

Km imbeds i n  

1 ,  so t h a t  x ( S k )  2 [ f  2-2k)l.# 

Theorems 8-14 and 8-15 combine t o  p r o v e  Theorem 8-9 ,  w i t h  t h e  

u n d e r s t a n d i n g  t h a t  it rema ins  t o  e s t a b l i s h  t h e  f o r m u l a  f o r  t h e  genus  

of Km. 

w e  p a u s e  f o r  t w o  r e l a t e d  r e s u l t s .  

Be fo re  i n d i c a t i n g  how t h i s  i s  done ( i n  t h e  n e x t  c h a p t e r )  , 

8-5. A R e l a t e d  Problem 

W e  have  s e e n  t h a t ,  f o r  any closed 2 -man i fo ld  e x c e p t  t h e  s p h e r e ,  

t h e  maximum c h r o m a t i c  number o f  an imbedded g r a p h  i s  t a k e n  on  b y  a 
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comple t e  g raph .  We now show t h a t  t h e  comple t e  g r a p h s  p l a y  t h e  same 

r o l e  w i t h  r e s p e c t  t o  maximiz ing  t h e  minimum d e g r e e  of an imbedded 

g raph .  

Thm. 8-16.  L e t  Mn be a c l o s e d  2-mani fo ld  of c h a r a c t e r i s t i c  n ,  

and G a g r a p h .  I f  G h a s  an imbedding i n  M n ,  t h e n  

S ( G )  - g ( n ) ,  where 

g ( n )  = i 5 ,  i f  n = 2 .  

Fur the rmore ,  t h e r e  e x i s t s  a g r a p h  G ,  imbeddable  i n  

M n ,  such  t h a t  6 ( G )  = g ( n ) .  

Proof: The theo rem is known t o  be t r u e  f o r  n = 2 ,  as 

Lemma 5-18 and t h e  i c o s a h e d r a l  g r a p h  show. Suppose  now 

t h a t  G i s  a g r a p h  h a v i n g  p v e r t i c e s  and q e d g e s ,  

w i t h  6 ( G )  > g ( n )  , and a 2-cell  imbedding  i n  M n ( #  S o ) .  

By s t a n d a r d  a rgumen t s ,  2 q  2 3r, and a l s o  2 q  1. 
p ( g ( n )  + 1). W e  may assume t h a t  G i s  c o n n e c t e d ,  s i n c e  

i f  t h e  theorem is  t r u e  f o r  e v e r y  component of G I  it i s  

a lso t r u e  f o r  G.  The euler fo rmula  a p p l i e s ,  so t h a t  

n = p - q + r  

W e  may assume t h a t  n 5 0 ,  as t h e  above  i n e q u a l i t y  i s  

c l e a r l y  i m p o s s i b l e  f o r  n = 1. But for n 5 0 ,  g ( n )  1. 6 ,  

so t h a t  
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We note that 

113 

(g(n)+2) ( g ( n ) - 5 )  = [' + 4 

(7 + "'49-2411) -7 + J49-24n) 
2 2 / 

= -6n. 

~, -3n (g (n) +1) 
g ( n )  -5 

i 9, 

a contradiction. Hence 6 ( G )  5 g(n) . 
Now suppose that G has a non 2-cell imbedding in 

Mn. By a result of Youngs [Yl], G has a 2-cell im- 

bedding in some Mnrr where n < n' . From what we 

have shown above, b ( G )  2 g(n') 2 g(n). 

Ringel and Youngs have shown [RYl] (also, see 

is 
[g (2-2k) 1 +I 

Chapter 9) that the complete graph K 

imbeddable in S k I  for k 2 1. Ringel [ R 8 ]  has shown 

is imbeddable in that the complete graph 

Nk, for all positive k except k = 2. It remains 

to find a graph G imbeddable in N2 and having 

6 ( G )  = 6. We begin by considering two projective 

planes , p1 and P2, each with a complete graph 

imbedded as indicated in Figures 8-7. Cut open disks 

D1 and D2 from the interiors of the five-sided 

regions of P1 and P2, respectively. Let T be a 

cylinder disjoint from P1 and P2, with simple 

closed boundary curves C1 and C2. Identify 

with the boundary of D1 and C2 with the boundary 

of D2. The result, (P1-D1) U T IJ (P2 - D2), is a 

klein bottle (see Problem 8 - 7 ) .  The graph G is then 

' [g (2-k) 1 +1 

Kg 
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constructed by adding the edges (i , i ) , (i , i '+1) , 
i = 1,2,3,4,5, (where the vertex 6' is the same as 

the vertex ll). This completes the proof. # 

d c b  

Figure 8-7 

We thus make the following observation. The sphere is the only 

closed orientable 2-manifold for which the maximum minimum degree is 

not attained by a complete graph. Incontrast, we have seen that 

for every closed 2-manifold (whether orientable or non-orientable), 

including the sphere, the maximum chromatic number is attained by a 

complete graph. 

8-6. A Four-Color Theorem fo r  the Torus 

Thus far in this chapter we have been discussing, for a given 

closed 2-manifold M, the chromatic number of arbitrary graphs that 

can be imbedded in El. In this section we impose a restriction on 

the girth of the graphs we are considering. 

Def. 8-17. The girth g ( G )  of a graph G is the length of a 

shortest cycle (if any) in G .  

Thus a graph G with cycles but no triangles has g ( G )  L 4 :  if 

G is a forest, we write g ( G )  = . The following theorem was 

shown by Grotzsch [ G 7 ] :  

Thm. 8-18. If y ( G )  = 0 and g ( G )  2 4 ,  then x ( G )  2 3 .  



S e c t .  8-6. A Four-Color  Theorem f o r  t h e  Torus  1 1 5  

The y r a p h  G = C5 shows t h a t  e q u a l i t y  c a n  h o l d  i n  Theorem 8-18. 

I n  t h i s  s e c t i o n  we IKW21 f i n d  an upper  bound f o r  t h e  c h r o m a t i c  

number o f  t o r o i d a l  g r a p h s  hav ing  no t r i a n g l e s ,  and show t h a t  t h i s  

bound i s  b e s t  p o s s i b l e .  W e  a l s o  c o n s i d e r  t o r o i d a l  g r a p h s  o f  a r b i -  

t r a r y  g i r t h .  

Def. 8 -19 .  A c o n n e c t e d g r a p h  G i s  s a i d  t o  be n - e d g e - c r i t i c a l  

(n - 2 )  i f  , ( G )  = n b u t ,  f o r  any edge  x of G I  

(G-x) = n - 1. 

The n e x t  t heo rem i s  due  t o  D i r a c  [D3] .  

Thm. 8-20. I f  G i s  n - e d g e - c r i t i c a l ,  n - 4 ,  and  i f  G # K n ,  

t h e n  2 q  - ( n - l ) p  + n - 3. 

W e  a r e  now a b l e  t o  f i n d  t h e  a n a l o g u e  of G r z t z s c h ’ s  Theorem, 

f o r  t h e  t o r u s .  

P roof :  L e t  q ( G )  = n - 5.  W e  f i r s t  assume t h a t  G i s  

n - e d g e - c r i t i c a l ,  and hence  c o n n e c t e d .  S i n c e  g ( G )  - 4 ,  

G # K n .  By Theorem 8 - 2 0 ,  

Now i f  ’y ( G )  = 1, t h e n  by C o r o l l a r y  6 - 1 5 ,  

4p - 2q - ( n - 1 ) ~  t n-3; 

t h u s  n 5 4 .  I f  y ( G )  = 0 ,  t h e n  n 2 3 ,  by Theorem 

8-18. I n  e i t h e r  case w e  have  a c o n t r a d i c t i o n ,  so  t h a t  

n 4 .  

N o w  suppose  t h a t  G i s  n o t  n - e d g e - c r i t i c a l .  Then 

G c o n t a i n s  an  n - e d g e - c r i t i c a l  subgraph  11, and t h e  

arqument above  shows t h a t  u ( G )  = x ( H )  = n 2 4 .  # 

The g r a p h  of F i g u r e  8-8, c o n s t r u c t e d  by Myc ie l sky  [ M 5 ]  a s  an  

example of a g r a p h  hav ing  no t r i a n g l e s  and c h r o m a t i c  number f o u r ,  
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a l s o  h a s  genus  o n e ,  so t h a t  t h e  bound of Theorem 8-21 c a n n o t  be 

improved. 

F i g u r e  8-8 

The s i t u a t i o n  f o r  t h e  torus i s  ( a l m o s t )  c o m p l e t e l y  a n a l y z e d  i n :  

Thm. 8-22. I f  y ( G )  2 1 and g ( G )  = m ,  t h e n  

7 ,  i f  m = 3 

4 ,  i f  m = 4 or 5 c 3, i f  m - :. 6. 

x ( G )  5 

Moreover,  a l l  t h e  bounds are s h a r p ,  e x c e p t  p o s s i b l y  for 

m = 5. 

P r o o f :  I f  rn 2 6 ,  t h e n  each  r e g i o n  i n  an  imbedding f o r  

G h a s  a t  l eas t  s i x  e d g e s  i n  i t s  boundary ,  so t h a t  

2 q  6 r .  As i n  t h e  p r o o f  of Theorem 8-21, w e  may assume 

t h a t  y ( G )  = 1 and t h a t  G is n - e d g e - c r i t i c a l ,  where 

n = x ( G ) .  I f  n 2 4 ,  t h e n  2q 2 3p + 1, by Theorem 

8-20. Then, by C o r o l l a r y  5-14. 

O = p - q + r  

an o b v i o u s  c o n t r a d i c t i o n .  Hence f o r  y ( G )  5 1 and 

g ( G )  6 ,  w e  must have  x ( G )  5 3 .  T h i s  bound i s  best  
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possible, as an appropriate subdivision G of the 

Petersen graph ( shown  imbedded in S1 in Figure 8-9) 

can always be found, having g(G) = mfm - ’ 5), ) (G) = 1, 

and (G) = 3 .  

Figure 8-9 

For m = 4 or 5, it follows from Theorem 8-21 that 

x(G) 5 4. (Now, see Problem 8-9.) Figure 8-8 shows 

that equality can hold for m = 4. For m =  3, we 

refer to the Heawood Map-Coloring Theorem. # 

8-1. A Nine-Color Theorem for the Torus and Klein Bottle 

The material in this section is due to Ringel [ R 1 7 ] .  

Def. 8-23. 

Def. 8-24. 

Thm. 8-25. 

A graph G is said to be 1-imbeddable in a surface S 

if G can be represented on S so that each edge is 

crossed over by at most one other edge. 

The 1-chromatic number xl(S) is the largest x ( G )  

such that G is 1-imbeddable in S. 

The 1-chromatic numbers xl(Sk) and xl(Nh) are 

bounded above as shown: 

for k 1 J J  

, for h 1. 
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'i'hm. 8-26. The following holds: 

The result (111) above wds obtained using d modified current 

qraph (see Chapter 9, for a discussion of the theory of current 

graphs. ) 

8-8. k-degenerate Graphs 

Before getting to the focal p o i n t  of this text, In the next 

chapter, we digress briefly. The generalization below of Theorem 

8-11 may be of interest. 

A coloring number for graphs closely related to the chromatic 

number is the vcrtex-arboricity (see [CKWll.) 

Def. 8-27. The vertex arboricity, a ( G ) ,  of 2 yraph G is the 

minimum number of subsets that V ( G )  can be partitioncd 

into so that each subset induces an acyclic graph. 

Def.  8-28. The vertex arboricity of 5 surface Sk is the maximum 

vertex-arboricty among all graphs which can be imbedded 

in Sk. 

In 1969, Kronk [ K 3 ]  showed that the vertex arboricity of Sk, 

piTar+rand and Kronk [CK2], also in 

1969, proved that the vertex-arboricity of the sphere is three. 

Thc similarity of Kronk's result to those of Ringel and of Ringel 

and Younqs f o r  the chromatic number suggested the generalization 

mentioned below. 

Dell. 8-29. A graph G is said to be k-degenerate if every induced 

subgraph I1 of G satisfies the inequality ,i(H) 1 k. 
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D e f .  8-30. The  vertex partition number, , k(G), a graph G is 

the minimum number of subsets into which V(G) can be 

partitioned so that each subset induces a k-degenerate 

subqraph of G. 

The parameters ,(C) and l ( G )  are the chromatic number and 

vertex arboricity of G, respectively (sea Problem 8-4). A general 

study of k-degenerate graphs has been begun in [LWl], where many of 

the well-known results for the chromatic number and the vertex- 

arboricity of a graph have been extended to the parameters 

for all non-negative integers k. 

.k(G), 

Def. 8-31. The vertex partition number of the closed 2-manifold 

Mn, denoted by Lk(Mn), is the maximum vertex partition 

number ijk(G) of all graphs G which can be imbedded 

in Pqn. 

The following theorem (for a complete proof, see [LW2j) almost 

completely generalizes the results of Kronk, Ringel, Ringel and 

Youngs, and Appel and Haken mentioned above. 

Thm. 8-32. The vertex partition numbers for a closed 2-manifold Mn 

are given by the formula: 

I (2k+7) + 1'49-24n- 
2k + 2 A '  I ' ~  (Mn) = L 

where k 

for the 

(i) in 

I j  

(ii) in 

"1 

= 0,1 ,2 ,  ...; and n = 2,l,0,-lf-2, ..., except 

ollowing cases: 

the orientable case, k ) l  ( S o )  = 3 ,  

S o )  = c4(So) = 2; and 

the non-orientable case, p o  (N2) = 6, 

N2) = 3 or 4, 1l2(N2) = 2 or 3. 

We make the following comments about the proof of Theorem 8-28. 

' (2k+7) + m1 

L 
The proof is divided into three 2 k + 2  A .  Set f(k,n) = I  

parts. 
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(i) 

(ii) 

(iii) 

8-9 .  

i j k ( M n )  - f ( k , n ) ,  f o r  Mn # So  ( t h e  p roof  b r e a k s  

down f o r  t h e  s p h e r e ,  r emind ing  u s  how o b s t i n a t e  

t h e  f o u r  c o l o r  p rob lem was . )  

, , , ( M n )  - f ( k , n ) ,  f o r  Mn # N2 ( t h e  prooE f a i l s  

f o r  t h e  k l e i n  b o t t l e ) .  

t h e  e x c e p t i o n a l  cases are  t r e a t e d  s e p a r a t e l y :  

f o r  Mn = S o ,  l ( S o )  = 3 a p p e a r s  i n  t h e  

l i t e r a t u r e :  f o r  l k ( S 0 )  = 2 ,  k = 2 , 3 , 4 ,  

see Problem 8-5; f i n a l l y ,  l k ( S o )  = 1 f o r  

k - 5 ,  s i n c e  any p l a n a r  g r a p h  i s  5-degener -  

a t e ,  by Lemma 5-18. 

Fo r  Mn = NZ, a d d i t i o n a l  ad hoc a rgumen t s  

are  d e v i s e d .  For exam;>le, t h e  g r a p h  con- 

s t r u c t e d  i n  F i q u r e  8-7 shows t h a t  

from (1) w e  see t h a t  5 ( N 2 )  2 ;  t h u s  

5(N2) -2; 

5 ( N Z )  = 2. 

C o l o r i n g  Graphs o n  P s e u d o s u r f a c e s  

The p s e u d o s u r f a c e s  S ( k ;  n ( m  ) , . . , , n t  (m,) ) have been  d e f i n e d  

in S e c t i o n  5-15 and r e - e n c o u n t e r e d  i n  S e c t i o n s  6-7 and 6-8. Dewdney 

[Dll h a s  s t u d i e d  a s u b c l a s s  o f  t h e s e  p s e u d o s u r f a c e s ,  namely t h o s e  o f  

t h e  form S ( O , n ( 2 ) ) :  

1 1  

Def. 8 - 3 3 .  The c h r o m a t i c  number, , ( S ( O ; n ( z ) ) ) ,  of t h e  pseudo- - -- __I_ 

s u r f a c e  S ( O ; n ( 2 ) )  is t h e  l a r g e s t  c h r o m a t i c  number 

i ( G )  of any cjrapL ? t h a t  c a n  be  imbedded i n  

S ( O ; n ( 2 ) ) .  

‘rhrn, 8-34. , ( S ( O ; n ( 2 ) ) )  - n + 4 ,  f o r  n 0 ;  e q u a l i t y  holds for 

n = 1, 2 ,  3,  4 .  + 
Tor example ,  F i g u r e  6-6 shows K 5  imbedded i n  S ( 0 ; 1 ( 2 ) ) ,  

showing t h a t  / ( S ( 0 ; 1 ( 2 ) )  - 5. S i m i l a r l y ,  K6 imbeds i n  

S ( 0 ; 2 ( 2 ) ) ,  to q i v e  e q u a l i t y  f o r  t h e  c a s e  n = 2 .  Note t h a t  w e  

s t a t e  t h i s  c o l o r i n g  problem f o r  g r a p h s  r a t h e r  t h a n  f o r  maps; t h e  

d u a l  of  G in S ( O ; n ( 2 ) )  is not a 2 - c e l l  imbedding ,  so t h a t  t h e r e  
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is not the natural correspondence we find for surfaces, ( + The 
cases n = 3 and 4 were established by Mark O'Bryan and James 

Williamson respectively.) 

Then in 1974, Eorodin and Melnikov [BM2] solved this particular 

problem completely, except for the case n = 0 now covered by the 

four-color theorem; we state the complete solution: 

Thm. 8-35. 

n + 4 ,  O(n(4, 

8, n = 5, 

Thus we have the map-coloring number for the sphere, where n 

countries have two components, and that twelve is the largest of 

all these numbers (see Problem 8-6). Heawood [H3] generalized to 

ask for the map-coloring number x ( S , c )  for a surface S (orient- 

able or nonorientable) of characteristic n, where each country 

has at most c components, and showed - for every case but the 
sphere for c = 1 - that this number is bounded above by: 

Thm. 8-36. 

Note that the case c = 1 is the one of primary interest (the 

Heawood map coloring theorems), and that the bound does hold for 
c = 1 and n = 2 as well (the four-color Theorem.) Moreover, we 

have seen that x ( S o , 2 )  = 12. 

8-36, for certain other cases: 

Recently it has been shown that equality also holds in Theorem 

Thrn. 8-37. (Jackson and Ringel [JR2] 

k ( S o  c )  = 6c, for c 2 2. 
t 
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Thm. 8-38. 

Thm. 8-39. 

Thm. 8-40. 

Map-coloring Problems 

(Jackson and Ringel [ J R 1  ] ) 

1 ( N ~ , ~ )  = 6c, for c - 1 

(Taylor [TI] ) 

(sltC) = Gc + 1, for c - 1. 

(Jackson and Ringel l J R 3 1  ) 

[ Gc+l + 1/(6~+1)~-24n- . 
Let g(c,n) = 2 A '  

then i(s,c) = g(c,n), if: 

Chapt. 8 

(i) S = Nk and g(c,n) ~ 1 , 4 , 7  (mod 1 2 ) ,  un 

(ii) s = Sk, c is even, and g(c,n) 1 (mod 

k = 2 and c = 1 or 2. 

ess 

12) 

(iii) S = Sk, c is odd, and g(c,n) 1 4 , 7  (mod 12). 

It remains to construct the "verification figures" (i.e. the 

appropriate pseudosurface imbeddings) for the cases not covered 

above. (see Problem 8-17.) 

8-10. The Cochromatic Number of Surfaces 

The material in this section is taken from Straight ( [ S 1 8 ]  and 

[ S 1 9 1 . )  

Def. 8-41. The cochromatic number, z ( G ) ,  of a graph G is the 

minimum number of subsets into which V ( G )  can be 

partitioned so that each subset induces either an empty 

or a complete subgraph of G .  

Def. 8-42. The cochromatic number, z ( S ) ,  of a surface S, is 

the maximum z ( G )  such that G imbeds in S. 

'rhm. 8 - 4 3 .  z(Sn) L y(Sn), with equality if and only if n = 0. 

For example, z(C5 U K4) = 4, so that z ( s o )  = 4. 
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-___ Thm. 8-44. For n - 4, z(Nn) (Nn), 

T h m .  8-4 5.  (i) z ( S o )  = 4 

(ii) z(Nl) = 5 

(iii) z(N2) = 6 

(iv) z(N3) = 6 

(v) z(N4) = 7 .  

Straight conjectures that, in general, z ( S )  is the maximum 

n 

i=l 
n such that U Ki imbeds in S. 

8- 11. Problems 

8-1.) Let G # q; show that y ( G )  = 2 if and only if G is 

8-2.) Find x(Cn) , for all cycles Cn. 

8-3.) Find an imbedding of K 7  on Sl. Form the dual of this 

imbedding, and explain why this shows that x(S1)  2 7. 
8-4.) Show that n o ( G )  = x ( G )  and that ( J ~ ( G )  = a ( G ) .  

8-5.) Show that l ' k ( S O )  = 2, for k = 2,3,4. (Hint: for each k ,  

Then consider graphs 

bipartite. 

use induction to show that 

of certain regular polyhedra.) 

r k ( S 0 )  5 2. 

* 
8-6.) Show (as Ringel and Heawood did) that any map on the surface 

of the sphere, in which each country has at most two compo- 

nents, can be colored with 12 colors. (Hint: it may be 

helpful to show that if a graph G is n-critical, then 

A ( G )  2 n - 1; i.e. if x ( G )  = n, but ~(G-v) = n - 1, for 

all vertices v in G. Then form two "dual" graphs for an 

arbitrary map, one where the vertices represent countries, 

the other with vertices representing regions of land. Use 

also the fact that q 5 3p - 6, for planar connected graphs.) 

Interpret this result for pseudo-surfaces. Compare Problem 

6-9. 



124 Map-coloring Problems Chapt. 8 

8 . 7 . )  

8 . 8 . )  
* *  
8-9.)  

* 
8-10 . )  

* *  
8-11 . )  

8-12.)  

* 
8-13 . )  

* *  
8 - 1 4 .  ) 

8-15.)  

8-16.)  

* *  
8-17 . )  

* *  
8-18. ) 

Show that the connected sum of two projective planes (as in 

the proof of Theorem 8 - 1 6 )  is a klein bottle. (Hint: find 

the characteristic of the resulting closed 2-manifoldf using 

the graph G constructed in the same proof.) 

Show that x(G) = 4, for the graph G of Figure 8-8. 

Does there exist a toroidal graph G having g(G) = 5 and 

x(G) = 4 ?  

Prove or disprove: K g  imbeds in S (0; 5 ( 2 )  ) (and hence 

x(S(0;5(2)) = 9.)  Is x(S(O;n(2))) = n + 4 for all n? 

Compare Problems 6-9 and 8-6. Does K10 imbed in 

S ( 0 ; 7 ( 2 ) ) ?  

Note that, in Theorem 8-32,  there are exactly six cases not 

known to comply with the general formula, including four 

which are known not to comply. The known non-orientable 

value ( p O ( N 2 )  = 6 )  is one less than that predicted by the 

formula. The three known orientable values 

((>1 ( S o )  , p 3  ( S o )  , p 4  ( S o )  ) 

would give. What guess do you make, for p1(N2) and 

p 2  (N2) ? 

Define the chromatic number of a group to be: 

x ( I - )  = min (GA(T)) (cf Babai [Bl]). Find X ( T ) ,  for 

are each one more than the formula 

A 

r = zn, z2  x zn, (z21n, D ~ ,  z2x D ~ ,  sn. show x ( r )  5 3 ,  

n' for I' finite abelian or r = A 

If r has a normal subgroup I'l, show that 

x(T) 2 x ( I ' / r l ) .  Thus if r is solvable (note that this 

includes all odd order groups) , then x ( r )  5 3 .  If I- 

has a subgroup of index 2 ,  then x ( r )  5 2 .  

IS x ( T )  5 3 f o r  all groups r ?  
Is x ( r l )  5 x ( r 2 ) ,  if .rl r2? 

Extend the definition of X U )  to pk(r), for arbitrary 

vertex partition numbers. Study this family of parameters. 

Find the imbeddings called for at the conclusion of Section 

8-9. 

Study the conjecture given at the conclusion of Section 8-10, 
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CHAPTER 9 

QUOTIENT GRAPHS AND QUOTIENT MANIFOLDS 

(and Quotient Groups!) 

In this chapter we present the beautiful theory of quotient 

graphs and quotient manifolds, This theory was introduced by Gustin 

[ C S ] ,  developed by Youngs (see, for example, [Y21, [Y3], and [Y61), 

and used by Ringel and Youngs to find the genus of Kn and thus 

solve the Heawood map-coloring problem, as explained in the pre- 

vious chapter. 

falls into 12 cases, depending upon the residue modulo 12 of n. 

The theory applies directly, for n ~ 0, 3, 4, 7 (mod 12), as 

will be seen shortly. For the remaining eight cases, the theory is 

modified (by the theory of vortices) to complete the solution. We 

will treat the case n E 7 (mod 12) completely, and discuss the 

case n 5 10 (mod 12); this will give an indication of the power 

and beauty of the theory. The remaining ten cases are treated 

similarly, although many complicating details must be handled pro- 

perly. (Perhaps one should expect a complicated solution, to a 

complicated problem!) 

The application of the theory to the graphs Kn 

We will then see how the theory (designed to produce triangular 

imbeddings for Kn) 

beddings for Cayley graphs in general, and then to handle regular 

imbeddings (r = r n 2 3 )  in general, for Cayley graphs. This 

is the scope of the theory, as announced by Gustin. But Youngs' 

theory of vortices [ Y 3 ]  hints at an even more general theory: we 

present this general theory, as unified by Jacques [JZ]. We con- 

clude the 

theory. 

may be extended to handle first triangular im- 

n' 

chapter with a sampling of applications of this powerful 

9-1. The Genus of Kn 

Let us now turn our attention to the complete graphs Kn. 
Recall that if we can show that 
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the IIeawood map-coloring theorem will be established. We see the 

origin of the number on the right-hand side 01 the above equality 

in the following: 

Thm. 9-1. Let Kn be minimally imbedded in a surface k. Then 

(K,) = y ( M )  = (n-3) (n-4) + 7 1 (i-3)ri. 1 2  
i :. 4 - 

Proof: From Corollary 6-14, we know that 

Y(Kn) 1. - n(n-1) - - n (n-3) (n-4) 
12 2 + 1 =  12 I 

with equality if and only if 

ding. But we can be more specific than this; we can get 

some information about the non-triangular regions (if 

any!) If Kn is minimally imbedded in MI then 

clearly Y (K,) = y ( M ) ,  and the imbedding is 2-cell, by 

Theorem 6-11. Thus the euler formula applies, and 

Kn has a trianyular imbed- 

r + 5 -  - 
2 y ( M )  = 1 - 

, 1 - J 2 + 9 + + - 2  6 2 

n n(n-1) 1 1 
2 

= I - - + -  12 + ,I iri - 1 3ri 
123 i13 

We now see that if Kn has a triangular imbedding (ri = 0, 

i 2 4), then 

# 

(n-3) (n-4) 
Y(KJ = 1 2  I 
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and (n-3) (n-4) 0 (mod 12); i.e. n 0, 3 ,  4, 7 (mod 12). More- 

] , if we can show that (n-3) (n-4) 
12 over, in general, , (Xn) = I 

1 (i-3)ri 2, 5. It is now perhaps apparent why there are twelve 
i-4 

cases for the determination of 

admit triangular imbeddings. Let us consider these four cases now. 

~, (K,), 

What is needed is a method of constructing triangular imbed- 

and why only four of them 

dings. The naive trial-and-error method easily handles n = 3, 4, 

and 7; it becomes a bit sticky at n = 12. We turn away from the 

drawing board and employ the algebraic description of 2-cell im- 

beddings given us by Edmonds' permutation technique. Now we seek a 

means of selecting judiciously the local vertex permutations 

(p1,p2 , ... ,pn); 
and quotient manifolds is all about! 

this is what the method of quotient graphs 

9-2. The Theory of Quotient Graphs and 

Kn Quotient Manifolds, as Applied to 

we introduce this theory by means of the example K7. Let K7 

be imbedded in S1; 

angulation. Select a group I' for which K., is a Cayley color 

graph; in this case, we can only pick 

pick x, x2, x3 as generators for I' . Label the vertices of K 7  

with the elements of I (one should also think of the edges as 

being directed and colored appropriately.) Now take the dual of 

this imbedding; assume this is as pictured in Figure 8-6. Each 

region in the dual (formerly a vertex of K7) is now labeled with 

a distinct group element: 0, 1, 2, 3, 4, 5, or 6. We proceed 

to label the boundary edges of each region of the dual, as in- 

dicated in Figure 9-1. (Note that (g-'h)-' = h-lg.) We observe 

that the seven regions of the dual have identical boundaries: 

1, 3, 2, 6 ,  4, 5. 

by Theorem 9-1, this imbedding must be a tri- 

'' = Z7 = (x1x7= e), but we 
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or 

Piqure 9-1 

We summarize this information in a map having one region, as shown 

in Figure 9-2. Rut 1-1 = 6, 2 = 5, and 3 - l  = 4; thus the six 
-1 

a 

C 0 2 b  

Figure 9-2 

edges have a natural identification, in three pairs; we make this 

identification, to form a closed orientable 2-manifold, as in Figure 

9-3. The result (in this case, S1) is the quotient manifold; the 

corresponding graph (actually, in this case, it is a pseudograph) is 

the quotient graph.  The subgroup of I' consisting of all vertices 

Figure 9-3 
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of 

edges in their boundaries as did e = 0 (in this case, Z7 itself) 

gives rise to the quotient group (in this case, the trivial group). 

The index of this subgroup in 1 (in this case, 1) is the index 

of the imbeddinp. The point is this: all the information needed to 

describe a triangular imbedding of 
quotient graph, imbedded in its quotient manifold (which, after all, 

was obtained by (modding out" the subgroup Z7). 

boundary of the single region in the quotient manifold: 

K7 whose regions in the dual had the same ordering of directed 

_ -  
is contained in the s1 - K 7  

To see this, let the permutation at vertex 0 be given by the 

0 :  1 ,  3 ,  2 ,  6 ,  4 ,  5 .  

The remaining local vertex permutations may be obtained by succes- 

sively adding 1 to every entry in this row (remember, we are in 

the group Z 7 ! )  : 

0: 1, 3 ,  2 ,  6 ,  4 ,  5 

1: 2 ,  4 ,  3 ,  0 ,  5 ,  6 

2 :  3 ,  5 ,  4 ,  1, 6 ,  0 

3: 4 ,  6 ,  5 ,  2 ,  0 ,  1 

4 :  5 ,  0 ,  6 ,  3 ,  1, 2 

5: 6 ,  1, 0 ,  4 ,  2 ,  3 

6 :  0 ,  2 ,  1, 5 ,  3 ,  4 .  

NOW, compute orbits (corresponding to regions in a 2-cell imbedding 

of K,): 

0-1-5 1-2-6  3-5-6 

0-2-3 1-3-4  3-6-4 

0-3-1 1-4-2 

0-4-6 1-6-5 

0-5-4 2-4-5 

0-6-2 2-5-3.  

We see that we have an imbedding of 

that is -- a triangular imbedding. This is no accident; it is 

quaranteed by the theory of quotient graphs and quotient manifolds! 

K 7  
for which r = r3 = 14; 
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W e  now examine t h i s  t h e o r y  more c l o s e l y .  ( A t  f i r s t  w e  c o n s i d e r  

o n l y  t r i a n g u l a r  imbeddings  f o r  K n ;  

g e n e r a l i z e . )  R e c a l l  t h a t ,  f o r  a q r a p h  K ,  D* = r ( u , v )  ' [ u , v l  F E(K) 1; 
i n  t h i s  c h a p t e r ,  w e  s e t  D* = K*. 

i n  s e c t i o n s  9 - 4  - 9 - 7 ,  w e  

D c f .  9 - 2 .  A c u r r e n t  g r a p h  is a t r i p l e  ( K ,  , ) ,  whcre K i s  a 

: K* r - e i s  a map s u c h  t h a t  ( (a)) = ( a - ' ) ,  

pseudograph  , i s  a f i n i t e  g r o u p  w i t h  i d e n t i t y  e l  and 
-1 

€ o r  dll a C K*. 

Note t h a t  a Cayley  c o l o r  g r a p h  i s  a c u r r e n t  g r a p h .  

Dcf.  9-3.  T,et K he  a 2-cell imbedded i n  d s u r f a c e  M, w i t h  

v E V ( K )  . We s a y  t h a t  K i r c h o f f ' s  C u r r e n t  Law (KCL)  h o l d s  

a t  v i f  t h e  p r o d u c t  of  t h e  c u r r e n t s  d i r c c t c d  away from 

v ,  ta!;en i n  t h e  o r d e r  g i v e n  by pv ,  i s  t h e  i d e n t i t y ,  

e. 

- 

Dcf. 9-4 .  Given a g roup  of o r d e r  n and a subgroup  of 

o r d e r  nil il g u o t i e n t  m a n i f o l d  M ( T /  ) i s  a c l o s e d  

2-mani fo ld  h a v i n g  t h e  f o l l o w i n g  p r o p e r t i e s :  

1.) M( / ' )  i s  o r i e n t e d  and  has a 2 - c e l l  d e c o m p o s i t i o n ,  

g i v e n  by a pscudoyraph  K. 

2 . )  The 2 - c e l l s  o f  t h e  d e c o m p o s i t i o n  a r e  N = n/m i n  

number, a r e  named [XI, X E I / , and e a c h  i s  an 

(n-1) -gon .  N i s  c a l l e d  t h e  i n d e x  o f  M ( I  / ) .  

3 . )  The o r i e n t e d  e d g e s  i n  K c a r r y  c u r r e n t s  f rom 

- c .  

4 . )  K i s  a c u r r e n t  g r a p h .  

5 . )  For X E / , e a c h  e l e m e n t  o f  I - e a p p e a r s  

e x a c t l y  o n c e  a s  a c u r r e n t  on some edge  o f  [ X I * ,  

t h c  o r i e n t e d  boundary  o f  [XI ( w i t h  o r i e n t a t i o n  i n -  

h e r i t e d  from M ( I /  ) . )  

whose c u r r e n t s  are i n  t h e  se t  X-lY, and nowhere 

e lse .  

6. [ X I  meets [ Y ]  # [XI a l o n g  t h o s e  c d g e s  o f  [XI* 

7 .  [ X I  meets i t s e l f  a l o n g  t h o s e  e d g e s  of [ X I *  whose 
-1 c u r r e n t s  are  i n  t h e  set  (X X) - e l  and nowhere 

c lsc .  Moreover,  t h e  m e e t i n g  is a l o n g  a s i n g u l a r  
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edge (a loop), if and only if the current is of 

order 2. 

8.) Each vertex of K is of degree 1 or 3. 

9.) The current going into each vertex of degree 1 is 

of order 3 .  

10.) The KCL holds at each vertex of degree 3. 

Thm. 9-5. If Kn is triangularly imbedded in a surface M, then 

for any group I of order n and 1-1, onto map 

A: V(Kn) t , there exists a subgroup \ and a quotient 

manifold M( / ) .  

It is clear that ' = {el will always satisfy Theorem 9-5; 

b u t  this gives no progress for the imbedding problem, since 

M(,/Ce!) = M. Economy of effort here is inversely proportional to 

the index of the imbedding. 

The graph K of Definition 9-4 is called a quotient graph; it 

is denoted also by S ( I  / ' I ) .  Note that S ( I ' / ' ? )  is not the graph 

alone, but the graph together with a collection of local vertex 

permutations that gives rise to an imbedding of the graph in a 

quotient manifold. 

For additional examples of quotient graphs and quotient mani- 

folds, refer to [Y21 or to subsequent sections of this chapter. 

9-3. The Genus of Kn (again) 

It is the next theorem which is basic to determining y(Kn). 

Thm. 9-6. If S ( I  / I , )  is a quotient graph, where I' has order n, 

then there exists a triangular imbedding of Kn. 

Thus if we can find an appropriate quotient graph (and this may 

be a considerably easier task, if is of low enough index), we 

have found a combinatorial equivalent of a triangular imbedding. 

The justification for the above theory is given very nicely by 

Youngs. We prove here only the special case of an index one imbed- 

ding, with 1 = 2 n' 
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Thm. 9-7 .  If K = S(Zn/Zn) is a quotient graph such that 

(i) K is cubic 

(ii) l :  K* + Zn - 0 is 1-1 and onto, 

then Xn has a triangular imbedding. 

Proof: Since = , K is of index one. Hence there 

is exactly one region in the cellular decomposition of 

the quotient manifold M(Zn/Zn). T h i s  region must con- 

onto, for every g 6 Zn - 0, there is an edge I F K *  

such that I ( < )  = q .  Since \ is 1-1, there is no 

edge 1 # X. such that 1 (I ) = g. Thus the succession of 

currents on the boundary of the region 1s a cyclic per- 

mutation of Zn - 0 of length (n-1); we take this 

permutation as p o  (where we label the vertices of Kn 

by: V(Kn) = {Of1,2,...,n-l1.) Suppose po 15 given by: 

tain every edge ri F K* in its boundary. Since is 

then the remaining pi are given by: 

pi: (al + if a2 t if ... , a + i), n-1 

i = 1, 2, ... , n-1; all arithmetic is done in I' = Z . n 
Note that ak+i # i, fo r  otherwise, ak = 0. Hence the 

collection (po,pl,...,pn-l) determines a 2-cell imbed- 

ding of Kn. It remains to show that r = r3 for this 

imbedding. 

Now suppose that p o ( a )  = b, and let cx,C 6 K * ,  

with A ( ( & )  = a, A ( i 3 )  = b. The situation, by property 

(i) of the hypothesis, must be as depicted in Figure 9-4. 

(The arrow gives the orientation at the vertices: by 

Edmond's algorithm, the region boundaries have the re- 

verse orientation.) 
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Figure  9-4 

But ,  f o r m  t h e  K C L ,  -a + b + x = 0, or x = a - b. 
NOW, a l s o ,  po(-b) = x = a - b. T h e r e f o r e ,  p b ( 0 )  = 

x + b = a. Now l e t  ( u , v )  be any d i r e c t e d  edge i n  K n .  

We w i l l  show t h a t  ( u , v )  is  i n  t h e  boundary of a t r i -  

a n g u l a r  r e g i o n ,  t o  complete  t h e  p r o o f .  Compute t h e  o r b i t ,  

beg inn ing  

u-v- 

L e t  p v ( u )  = w; t hen  w e  have 

u-v-w- . 
But s i n c e  p v ( u )  = w ,  p,(u-v) = w - v. L e t t i n g  

u - v = a and w - v = b i n  t h e  above d i s c u s s i o n ,  w e  

see t h a t  

hence p w ( v )  = u,  and w e  have 

u-v-w-u- 

Next,  l e t  v - w = a and u - w = b;  t h e n  ( s i n c e  

p w ( v )  = u, p,(v-w) = u-w) 

and pu(w) = v.  Thus 
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u-~-w-u--v 

c o n s t i t u t e s  an o r b i t  unde r  P f o r  K n ,  of l e n g t h  3. 

T h i s  comple t e s  t h e  p r o o f .  # 

W e  n e x t  p rove  t h a t  , (K,) i s  a s  p r e d i c t e d ,  f o r  n 7 (mod 1 2 ) .  

By Theorem 9 - 7 ,  we nccd o n l y  f i n d  a c u b i c  q u o t i e n t  g r a p h ,  K = 

S ( Z n / Z n ) ,  w i t h  a 1-1 o n t o  ds s ignmcn t  : K* Z n  - 0 .  r r  o 

simplify t h e  p r e s e n t a t i o n  of K ,  i n s t e a d  of  showing K imbedded 

i n  M ( Z n / Z n )  , w e  draw K i n  t h e  p l a n e  w l t h  t h e  f o l l o w i n g  d e v i c e  

d e s c r i b i n g  t h e  l o c a l  v e r t e x  p e r m u t a t i o n s :  a s o l i d  v e r t e x  h a s  i t s  

i n c i d e n t  edges  ordered c l o c k w i s e ;  a ho l low v e r t e x ,  c o u n t e r c l o c k w i s e .  

For example,  F i g u r e  9-3 and 9-5 d e p i c t  e x a c t l y  t h e  same 

K = S(Z / Z 7 ) .  
7 

Fi.gure 9-5 

h a s  a t r i a n g u l a r  imbedding. 
K12s+7 Thm. 9-8. 

We have  a l r e a d y  t r e a t e d  t h e  = '12s+7' P r o o f :  L e t  

c a s e  s = 0 .  The cases s = 1 and s = 2 a r e  shown i n  

F i g u r e s  9-6 and  9-7 r e s p e c t i v e l y .  The g e n e r a l i z a t i o n  t o  

all s is a s  i n  F i g u r e  9-8, w i t h  t h e  v e r t i c a l  e d g e s  

A 

6 

F i y u r e  9-6 
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14 1 2  15 

A A 

9 7 10 

F i g u r e  9-7  

d i r e c t e d  a l t e r n a t e l y  and c a r r y i n g  t h e  c u r r e n t s  1, 2 ,  

... , 2s c o n s e c u t i v e l y .  All o t h e r  c u r r e n t s  are  deter-  

mined by t h e  KCL. I t  

K h a s  6 s  + 3 e d g e s ,  

5s+4 

A< 2 s + l 3 *  

- 
3s+3 

i s  s t r a i g h t f o r w a r d  t o  check  t h a t  

or  1 2 s  + 6 d i r e c t e d  e d g e s ,  

. . .  

6s+3 

F i g u r e  9-8 

c a r r y i n g  a l l  t h e  c u r r e n t s  f rom 212s+7 - 0 .  The s i n g l e  

r e g i o n  i n  M(Z12s+7’Z12s+7) is: 

( 2 s + l )  - ( 5 ~ + 3 ) - ( 5 ~ + 4 )  -. . . - (  6 ~ + 3 )  - ( 4 ~ + 3 ) - ( 2 ~ + 2 ) -  
(-2s) - (-6s-3) - ( - 2 s + l )  - (2S+3) -. . .-(-l) - (3S+2) - 
(-2s-1)-(-4s-3)-(2s)-(4s+2)-(2s-1)-(-4s-4)-.. .- 
(1)-(-5~-3)-(-3~-2)-(-3~-3)-. . .-(-4S-2)-(-2~-2). 

Thus K i s  a q u o t i e n t  g r a p h  (imbedded i n  Ss+,), sa t i s -  

h a s  a f y i n g  t h e  p r o p e r t i e s  o f  Theorem 9-7,  and  

t r i a n g u l a r  imbedding ,  f o r  a l l  non-nega t ive  i n t e g e r s  s. 
K12s+7 

# 

C o r .  9-9, Y ( K ~ ~ ~ + ~  ) = (3s+l) (4s+l) , s 2 0. 
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The theory of current graphs with vortices is employed to find 

y(Kn) , for n : 10 (mod 12). The group Z12s+7 is used to find a 

triangular imbedding for the current graph in this 

case has three vertices of degree one; otherwise it is essentially 

the K of Figure 9-8. (See [Y3].) This is called the regular part 

of the problem. Next, the surface in which K12s+10 - K 3  is tri- 

angularly imbedded is modified -- by the addition of one well-chosen 
handle (See [Wl2])-- so as to accommodate the three edges removed in 

K3. 
The final result is a (non-triangular) imbedding of K12s+10 in a 

surface of the appropriate genus. 

K12s+10 - K 3 ;  

This is called the additional adjacency part of the problem. 

The remaining ten cases for Y(K, )  are handled similarly, with 

varying degrees of complexity; see [Y4], [RY2], [Y5], [TWY2] , [RY3], 
[RY4], [TWYl], and [M4]. A constructive proof is given for each case 

but n G 0 (mod 12); for this case the theory of finite fields sup- 

plements the theory of quotient graphs in establishing the existence 

of a triangular imbedding (see [TWYl]). We now turn our attention 

to graphs other than Kn. 

9-4. Extending the Theory 

Slight modifications of the above theory allow us to attack 

other Cayley color graphs for which triangular imbeddings are pos- 

sible. In fact, there is also a theory for quadrilateral imbeddings 

of Cayley color graphs. Rather than discuss the modifications of 

the theory in this section, we will examine three examples: an even 

more general theory will be given in the next section. 

2 , 2 , 2 '  
Example 1: Let u s  try to find a triangular inbedding for K 

Since K 

work with: We try them both. 

is of order six, there are two possible groups to 
2,2,2 

2,212 
>, we see that K 

Taking z ~ 6  ~ n ~ x , ~ ~ ~ 6  = y3 = e = xyx - l y 4  

is a Cayley color graph for Z6. (Here, x = 1 and y = 2, with 

e = 0; y is clearly redundant, but its presence as a generator 

enables us to picture Z 6  with K 2 , 2 , 2 . )  We try for an index one 

imbedding. This requires a quotient graph K having four directed 

edges (corresponding to 1,5,2,4) and one region in its quotient 

manifold. But then K has two edges; no such K is possible. 

Next we try for an index two imbedding. This requires a quotient 

manifold having two quadrilateral regions, and hence a 
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quotient graph with four undirected, and eight directed, edges. 

The quotient graph is shown in Figure 9-9, imbedded in its quotient 

manifold, the sphere. 

R 1  

Figure 9-9 

Then : 0: 1, 5 ,  4, 2 

2 :  3 ,  1, 0 ,  4 

4 :  5 ,  3,  2, 0 

1: 2 ,  3 ,  5 ,  0 

3 :  4 ,  5 ,  1, 2 

5:  0 ,  1, 3 ,  4 

gives a triangular imbedding of K 2 , 2 , 2 '  
The orbits are: 0-1-2 1-3-2  

0-2-4 1-5-3 

0-4-5  2-3-4 

0-5-1 3-5-4.  

(the octahedral graph) 
2 , 2 1 2  

Figure 9-10 shows this imbedding of K 

in So. 

Figure 9-10  
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Suppose now t h a t  w e  t a k e  I = S = ((23), (12), (132) j; then 

is a g a i n  a Cayley  color g r a p h .  An i n d e x  one imbedding 2 
3 

2,212 
K 

p o s s i b l e ,  i n  t h i s  c a s e ,  as shown by F i g u r e  9 - 1 1 ,  whcrc t h e  

F i g u r e  9-11. 

q u o t i e n t  g raph  i s  g i v e n .  Note t h a t  t h e  v e r t e x  of d e g r e e  one h a s  a 

c u r r e n t  of o r d e r  t h r e e  g o i n g  i n t o  it; t h e  two s i n g u l a r  e d g e s  c a r r y  

c u r r e n t s  of o r d e r  t w o ,  and t h e  v e r t e x  of d e g r e e  t h r e e  s a t i s f i e s  t h e  

KCL: (23) (12) (132) = (1) (2) (3) = e. 

There  i s  one  coset,  = S3. W e  have: 

e :  

(12) : 

(23) : e , (123) , (13) , (12) 

(13) : 

(123) : 

(132) : 

(23) , (12) , (132) , (123) 
(132) r e ,  (23) , (13) 

(123) , (132) , (12) I (23) 
(13) , (23) ,e l  (132) 

(12) , (13) , (123) ,e .  

The o r b i t s  are:  

e-(23)-(123) (12) - (13)- (23) 
e- (12)- (23) (12)- (132)-(13) 

e- (132)- (12) (23)- (13)- (123) 

e- (123)-(132) (13) -(132)- (123) 

F i g u r e  9-12 shows t h i s  imbedding ,  which a g r e e s  w i t h  F i g u r e  

9 - 1 0 ,  e x c e p t  f o r  l a b e l i n g .  
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Figure 9-12 

(for the 
414 

Example 2: Consider the quadrilateral imbedding of K 

quaternions) given in Figure 7-3. We find the quotient graph for 

this imbedding and choice of groups. Looking at the dual, we find 

that e l  yI x , and x y have the same boundary: x, x y ,  x , y. 
Furthermore , = {eryIx ,x y] is a subgroup of Q ,  since x = y 

and x y = y , with y4 = e. Also, "x = {x,x y,x ,xy} is a 

coset of Q with respect to .I , and each of these regions (in 
2 3 the dual) has boundary: x yrxIy1x . Hence this imbedding of 

K 

out" regions (in the dual) with identical boundaries, and form the 

quotient graph, in its quotient manifold S1 , 
Figure 9-13. To make the appropriate identification, we use the 

general relationship: 

2 2 2 3  

2 2  2 2  

2 3 3 3  

(for Q) is of index two ((Q:f i ]  = / Q ( / I ?  = 2.) We "mod 
414 

as indicated in 

to match the edge g in the boundary of the region for coset X. 

The computations for this situation are: 

-1 3 (",x) = ( 1x,x ) 

( i  I X  Y) = (\)lY) 
2 -1 

((Q,x3)-1 = (\Qx,x) 

-1 2 
(iiX,Y) = (Rx,x y). 
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2 
X Y  

xL-lx3 C 

Y 

2 
X Y  

x3[;{ X 

Y 

F i g u r e  9-13 



Sect. 9-4 Extending the Theory 141 

Example 3: Finally, we find a quadrilateral imbedding of K Z 1  in 

S43 (with r = r4 = 105). It is an easy exercise to check that 

this imbedding is compatible with the euler formula. Let us hope 

for the best, and try for an index one imbedding with 1 = Z 

Then we seek a quotient manifold with r = r = 1. This requires 

a quotient graph K with 20 directed, or 10 undirected, edges. 

For a quadrilateral imbedding, we would like K to be regular, of 

degree 4. A likely candidate is K = K5.  Now we must make an as- 

signment ' * :  K* + Z21 - 0, satisfying the KCL: then we must 

make a selection (pl,p2,...,p5) inducing a single orbit, of length 

20, for K5. We find the assignment, using the fact that K5 is 

eulerian; the selection is made, using the fact that 

(i.e. S 3  will be the quotient manifold), with r = r20 = 1; see 

Figure 9-14. 

- 

21' 

2 0  

y M ( K 5 )  = 3 

a 

e b 

C 

Figure 9-14 

The local vertex permutations are: 

a: (b,c,d,e) 

b: (a,c,d,e) 

c: (a,b,d,e) 

d: (a,b,c,e) 

e :  (a,c,d,b) 

The single orbit is: 
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a-b-c-d-e-b-a-c-b-d-c-e-d-a-e-c-a-d-be, 

giving rise to: 

0 :  1,2,3,4,5,10,19,7,18,9,17,6,16,8,20,15,14,13,12,11 

1: 2,3,4,5,6,11,20,8,19~10,18,7,17,9,0,16,15,14,13,12 

which in turn gives r = r4 = 105, for K21 on S 4 3 1  using 

Edmonds' permutation technique. 

Although this imbedding may be of little general interest, it 

does give further indication of the economy of effort possible by 

seeking quotient graphs in quotient manifolds, rather than graphs 

in manifolds. Moreover, minimal imbeddings have been found by first 

finding non-minimal imbeddings of related graphs. For example, 

Youngs [Y4] imbeds K12s+7 on S i to find KIZs+10 
12s +13s+3 

on S 
12s +13s+4 

9-5. The General Theory 

As we have seen, the standard proof-technique for establishing 

a genus or maximum genus formula is to first use the Euler formula 

p - q + r  = 2 - 2 k ,  

describing a 2-cell imbedding of the graph G in the surface Skl 

to find a bound for the parameter under the study. For y ( G ) ,  we get 

a lower bound (see, for example, Corollaries 6-14 and 6-15); for 

y M ( G )  we get an upper bound (Theorem 6-24). The second step is to 

construct an imbedding of G attaining the bound obtained. Induc- 

tive constructions are particularly useful for graphs which can be 

defined as repeated Cartesian products (as in the proofs of Theorems 

6-36 and 7-13). A local vertex permutation scheme, such as that 

discussed in Section 6-6, is frequently helpful (as in the proofs of 
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Theorems 6-25, 6-37, and 6-39). Ad hoc techniques have occasionally 

been successful (see the proof of Theorem 6-45). 

But the most powerful and efficient technique (when it applies, 

and this is reasonably often!) is the method of quotient graphs 

and quotient manifolds. In the preceding sections of this chapter, 

we have discussed this theory, as introduced by Gustin and developed 

by Youngs, and its application to triangular imbeddings of complete 

graphs. We have also hinted at a generalization of this theory, and 

to this we now devote out attention. 

The material in this section is based on work by Jacques [J2]. 

Given a finite group I with a set h of generators for r , 
recall that the Cayley color graph C,(l) has vertex set I', with 

( g , g ' )  a directed edge -- labeled with 
only if g '  = gc<l. We assume that, if 

has order 2. In this latter case, 

(g,q 1) and ( g  l , g )  are represented 

[ g , g  labeled with The graph 

labels and arrows (directions) from the 

(in Deflnltlon 4-23) the Cayley graph, 

edges of the form [g,g'll, for g E 

generator h .  -- if and 

t , .  E L ? ,  6 .  f! A, unless 

the two directed edges 

as a single undirected edge 

obtained by deleting all 

edges of CA(T) we called 

G A  ( T ' )  . 
T and bi C A. 

-1 

This graph has all 

As examples of graphs which are Cayley graphs, we have Qn for 
n 

the elementary 2-group (2,) , K4,4~Qn (where "x" denotes the 

Cartesian product of two graphs) for the hamiltonian group 

(where Q denotes the quaternions and here "x" indicates the 

direct product of two groups), Kn for the Cyclic group Zn, 

[J2] for the symmetric group Sn. The genus is known for each of 

the above families of graphs, and in each case the computation is 

facilitated by a knowledge of the theory we are about to present. 

Consider a Cayley graph GA(T'), 2-cell imbedded in a closed 

Q x ( Z ~ ) ~  

for Z3nl and the graph IIn of Jacques 
n,n,n K2nt2n for Z4,,t X 

orientable 2-manifold M. We study the imbedding of the Cayley 

color graph, C!,(r) , thus determined. Let A = {Ai I A i  6 A] 

and form A* = A. U A-'. The elements of A* are called currents. 

The imbedding is characterized (see Section 6-6) by giving, at each 

g E I ,  the cyclic permutation (1 of g A *  determined by the 

orientation. For example, see Figure 9-15. Let A? be a subgroup 

of I' such that if Rg = \ ; g ' ,  then u* = u* where of is 

the cyclic permutation of A *  induced by the action of uh on 

hA*; such a subgroup always exists, since we can take R = {el, 

-1 -1 

9 

9 g ' ,  
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Figure 9-15 

where e is the identity of I". It is to our advantage, however, 

to choose R as large as possible. In the terminology of Jacques, 

r and R determine a guotient constellation C '  for the constel- 

lation C = ( C A ( T )  in M). The quotient constellation is an imbed- 

ding of the Schreier coset graph (see Section 4 - 3 )  for \? in I' , 
the imbedding being determined by the collection {5;1 , taken 

over any set {h} of right coset representatives of G in r .  The 

reduced constellation ( C ' ) *  is the dual of the quotient constel- 

lation. This is a 2-cell imbedding of a pseudograph K (with each 

edge directed and labeled with the current of its dual edge; see 

Figure 9-16) in a closed orientable 2-manifold, called by Youngs 

[Y3] the guotient graph and quotient manifold respectively, for 

C A ( r )  and R . Youngs, as we have seen in Section 9-2, obtains 

this structure by a different process: he first takes the dual of 

CA('?) in M, and then "mods out" faces with identically labeled 

boundaries in accordance with the subgroup ( 2  . Jacques' approach 

is consistent with that of Gustin [ G 8 ]  and has the advantage of 

applying a l so  to irregular imbeddings (i.e. r # rk, for each k). 

Figure 9-16 
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Define (after Jacques) a (or m) to be an ordered pair 
(c, , * ) ,  where c is a vertex in C, C '  or ( C ' ) * ,  and 6* E A * .  

Then we have: 

Thm. 9-10, The reduced constellation (quotient graph in its quo- 

tinet manifold, or M ( r / \ - ) )  satisfies the following 

five properties: 

1) each side carries a current from A*. 

2) two opposing sides x = (c,fi*) and x = 
-1 

(c' , :*-I) (see Figure 9-17 )  carry inverse currents 

(if x = x , the current must be of order 2; in 

this case the side appears as in Figure 9 - 1 8 ) .  

-1 

0 - 9 considered as 

C C ' c % c' 
X 

Figure 9-17 

considered as 

C 

Figure 9-18  

I' C 

3) the regions are in one-to-one correspondence with 

the right cosets of R in r . (The index of s1 

in r is called the index of the imbedding.) 

4 )  the currents appearing in a region boundary are in 

one-to-one correspondence with A *  . 
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5 )  i f  a s i d e  x a p p e a r s  i n  t h e  boundary  of a r e g i o n  
-1 a s s o c i a t e d  w i t h  g and i t s  o p p o s i t e  s i d e  x 1 I1 

t h e  boundary o f  a r e g i o n  a s s o c i a t e d  w i t h  q t 1  

t h e n  t h e  c u r r e n t  c a r r i e d  by x i s  t h e  s e t  g g ' .  -1 

P r o o f :  The p r o p e r t i e s  f o l l o w  d i r e c t l y  from t h e  d e f i n i -  

t i o n s  and t h e  c o n s t r u c t i o n  o f  ( c ' )  *. # 

What i s  i m p o r t a n t  f o r  imbedding probleiiis i s  t h e  c o n v e r s e :  

Thm. 9-11 .  A reduced  c o n s t e l  l a t i o n  M(, / ) f o r  C ,  ( I  ) arid 

( i . e .  a pseudograph  2-cell imbedded, w i t h  e d g e s  and 

r e g i o n s  l a b e l e d  w i t h  e l e m e n t s  o f  * and r i g h t  cosets 

o f  i n  r e s p e c t i v e 1  y) s a t i s f y i n g  t h e  f i v e  p ro -  

p c r t i c s  above d e t e r m i n e s  a 2 - c e l l  imbedding C of 

C ( I )  i n  M such  t h a t  ( C ' ) *  = M( / ) .  

P r o o f :  Fo r  e a c h  g t l l  d e f i n e  = (9  1/9 21. . . , cJ  s ) ,  
9 

where 1 I 2 I * . -  I i s  t h e  o r i e n t e d  boundary  of 

t h e  r e g i o n  q '  i n  M ( r /  ) I  and g E g ' .  By pro-  

Per tY 3) I i s  w e l l - d e f i n e d ;  by p r o p e r t i e s  1) and 

4 )  I J g  i s  a p e r m u t a t i o n  of g L * .  By Edrnonds' a l g o -  

r i th rn  (Theorem 6 - 4 7 ) ,  t h e  c o l l e c t i o n  ) i d e t e r -  

mines  a 2-ce l l  imbedding C of C ( I )  i n  M.  More- 

o v e r ,  by p r o p e r t i e s  2 )  and 5 )  I t h e  d u a l  of  M( / ) 

i s  a S c h r e i e r  coset g r a p h  C '  for C ,  so t h a t  

( C ' ) *  = M( / ) .  # 

g 

I 

I n  s h o r t ,  t h e  r e g i o n  b o u n d d r i e s  f o r  M ( T / d )  d e t e r m i n e  t h e  

Edmonds' p e r m u t a t i o n  scheme f o r  t h e  S c h r e i e r  c o s e t  q r a p h  imbedded 

i n  t h e  q u o t i e n t  c o n s t e l l a t i o n ,  and hence  f o r  C A ( l )  ( and  t h u s  

G y ( l ) )  111 M .  

f o l l o w i n g :  

Rut we c a n  l e a r n  much more from M ( 1 /  . ) .  F i r s t  we make t h e  

Def.  9 -12 .  L e t  be a v e r t e x  of M ( I / f / ) l  w i t h  ir t h e  p r o d u c t  

o f  c u r r e n t s  ( f rom C,*) d i r e c t e d  away from [ i n  t h e  

o r d e r  g i v e n  by t h e  o r i e n t a t i o n .  The o r d e r  o f  TT i n  r 
i s  c a l l e d  t h c  v a l e n c e  o f  
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Proof: Let p, q ,  r and p', q', r' apply to C 

and (C')* respectively. Since vertex v of (C')* 

determines --L regions o f  length k v in C, 

1: i 1 p ' ,  we have 

' I  
V 1 1  

so that q = 1 lq'. Also p = l-lrl and 

P' 
1 

r = 1 . Moreover, h = 1 + 2(q'-p'-r'), and 
V. 

k = 1 + $(q-p-r) 
P' M (q'-r'- 1 - 1 ) = 1 +  

V V i i=l i 

Note that for 1 ,  I = 1, C' = C and, since all region bounda- 

ries in C correspond to identity words, each v. = 1 in ( C ' ) * ,  

so that k = h, as expected. (Note also the similarity to 

Theorem 7-22.) The following corollaries are immediate: 

1 

Cor. 9-15. If the KCL holds at each vertex of ( C ' ) * ,  then 

k = 1 : .  I (h-1) + 1. 

( T h i s  is also Corollary 3 on page 208 of Cairns [CI], f o r  a 

covering of Sh by Sk;  see Corollary 10-3.) 
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Remark. If " is non-abelian, I I  may not be uniquely determined; 

nevertheless, if n and m' are two products at vertex 

r ,  then TT and T T '  are conjugate elements of r and 

thus have the same order, so that the valence of F, - is 

well-defined. 

We now state: 

Thm. 9-13. A vertex of degree k and valence v in M(r/Sl) de- 

termines regions of length kw in the imbedding 

of CA(r) in M. 

Proof: Let C~ be a vertex in M ( T / i l )  = ( C ' ) * ,  of 

degree k and valence v . Thus, in C ' ,  5 corres- 

ponds to a region of length k for which the product 

n = tlCz...i,k 

(from, say, coset 12 g to coset ( 2  g )  is of order v . 
In C, the walk determined by TI is a portion of a re- 

gion boundary, from g' to g", where g' and g" 

are both in Qg. This region boundary continues with 

another walk determined by TI (since o *  = o*',) and 

only concludes (using 4 )  of Theorem 9-10) at g', for 

for n v = e .  Thus this region in C is of length kv. 

In this region boundary we find exactly v sides of 

the form (h,dl), with h E \2g; hence determines 

# 

of currents in the oriented boundary 

9 '  9 

% regions of length kv in C = ( C A ( r )  in M). 

Thus imbeddings can be studied in terms of possibly much 

simpler combinatorial structures: the reduced constellations of 

Jacques or, equivalently, the quotient graphs and quotient manifolds 

of Youngs. We get the genus of C directly from ( C ' ) * ,  as 

follows. 

Thm. 9-14. Let C in Sk be represented by ( C ' ) *  = M(T/R) in 

Sh, with v1 I v2 I 0 . .  I VP' the valences of the 

vertices of ( C ' ) * .  Then 
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Cor. 9-16. 

Applications to Known Imbeddings 

If ( C ' ) *  is planar, then 

P' 

k = l - l  ~ +q 1 ( 1 - 7 ) .  1 
i=l 1 

1 4 9  

(This is essentially the formula on p. 255 of Fox [F2] for 

branched coverings of S o  by Sk;  see Section 10-1.) 

9-6.  Applications to Known Imbeddings 

To illustrate the power and beauty of the theory, we present 

four examples, each giving a proof of a genus formula appearing 

in the literature. We then give a fifth example, illustrating what 

Youngs called the theory of vortices. 

Application 1: Take r = Z 8 ,  $? = Z 2  = { 0 , 4 ) ,  and A = { 1 , 3 } .  

Then M(Z8/Z2) in Figure 9-19 determines an imbed- 

ding of K4,4 = G A ( Z 8 )  in S1 , with r = r = 

4 u = 8 .  This is an index four imbedding. The 

4 

generalization to K2n,2n is fairly easy to obtain, 

with I '  = Zgn and i )  = Zn; M(Zqn/Zn) is a multi- 

graph of order 2n (with edges appropriately 

directed and labeled) in Sn-l, giving K2n, 2n 
quadrilaterally imbedded in S 2. (This 

(n-1) 

appears in Ringel [~11].) 

Figure 9-19 
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= Z 3  = ~ 0 , 3 , 6 } ,  and ! = t 1 , 2,4 L 
- 9’ 

Application 2: Take r = 2 

- 
3 t 3 r 3  

Then M(Z9/Z3) in Figure 9-20 gives K 

G,:(Z9) in S1 , with r = r = ‘v = 18. This is 

an index three imbedding. The generalization to 

with T = Z K2m+1 2 m + 1  , 2m+1 
has Sm as quotient manifold, and produces a tri- 

angular imbedding of K2m+1,2m+1,2m+l in 

this imbedding appears in [ W 5 1 .  

3 

2rn+l t  
and . = 

6m+3 

’m(2rn-1) ; 

Figure 9-20 

‘m 1 

and a = {s,ta), where Q is generated by s and 

t, and Zm is generated by a. Then 

M ( Q  x Z r n / Z 4  x Zm) 

in Sl , with r = r4 = 2 = 8m. (This index 

two imbedding was first found by Hirnelwright [ H 7 ] ;  

it shows that the hamiltonian group Q x Z, is 

toroidal . ) 

Application 3 :  Take r = Q y Z m ,  where m is odd, 1 = Z 4  x 

in Figure 9-21 gives GA(Q x Z m )  

Figure 9-21 



S e c t .  9-6.  A p p l i c a t i o n s  t o  Known Imbeddings  151  

A p p l i c a t i o n  4 :  C o n s i d e r  i = = Sn ( n  > 3 ) ,  and A = { s , t } ,  

w i t h  s = ( 1 2 ... n )  and t = (1 2 ) .  Then 

M(Sn/Sn) i n  F i g u r e  9-22 g i v e s  GA(Sn)  i n  Sk , 

where 

( n - l ) !  and r2n-2 n-1 

n !  k = 1 + - ("i2)! ( n 2  - 5 n + 2 ) ,  w i t h  r n n  = - = 

n! 
The s i d e  c a r r y i n g  c u r r e n t  - - -  

t r e p r e s e n t s  a loop .  ( T h i s  i n d e x  one  imbedding 

a p p e a r s  i n  [W8], and g i v e s  an  uppe r  bound f o r  t h e  

g e n u s  of t h e  symmetr ic  g r o u p  Sn , f o r  n e v e n . )  

F i g u r e  9-22  

A p p l i c a t i o n  5: Take r = " t  = Z 7 ,  and A = {1,2,3}. Then 

M ( Z 7 / Z 7 )  i n  F i g u r e  9-23 g i v e s  G n ( Z 7 )  = K 7  i n  S 3 ,  

F i g u r e  9-23 

w i t h  r3  = 7 and r = 3. ( T h i s  i n d e x  one  imbed- 

d i n g  solves t h e  r e g u l a r  p a r t  of t h e  problem,  f o r  

f i n d i n g  y ( K l 0 ) ;  see S e c t i o n  9-3. 

I 
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9-7. New Applications 

Further connections between the theory and imbedding problems 

can be explored. For example: 

Thm. 9-17. If K is a quotient graph for an imbedding of a graph 

' P ( K )  -8 

G o€ index one or two, then y M ( K )  = L F ~  . 

Proof: This is a direct consequence of Theorem 6-24. # 

Every Cayley graph has an index one imbedding; in fact G d ( l ' )  

has ( I d ? *  1-1) ! index one imbeddings. When are these minimal? A 

partial answer is provided in: 

Thm. 9-18. Let the finite group T be generated by A = 

I ... I An}, where each tSi is of order n 3 

n 
and IT 6 .  = e. Then G A ( T )  has an index one imbed- 

i=1 ' 
ding, with r = r = 21rI , on Sk where k = 1 t n 

(n-3). If n = 3 , or if n = 4 and no proper 

subset 

I ( G *  ( r  

Cor. 9-19. Let 

n-1 
( 71 c 
i=l 

in the 

of A contains a redundant generator, then 

) = k. 

C o r .  9-20. Let r 

n- 1 = (zn) I n 2 3, with 3 = { E ~  , ... I t n - l ,  

)-I , where E~ is the (n-1)-tuple having 1 

ith position and 0 elsewhere. Then 

n- 1 
. 1 + "  (11-31 , . equality holds for n = 3 , 4 .  - 

= (3,3 13'3) in the notation of Coxeter and 

Moser [CMl] (i.e. r is the non-abelian group of order 

2 7 ,  generated by s,t and subject to the relations 
2 

s 3  = t3 = (st)3 =(s-'t13 = el; let A = {s,t, (st) 1; 
then y ( G 3  ( r )  ) = 1. Moreover, r is a toroidal group. 
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Cor. 9 - 2 1 .  Let 7 = A , the alternating group of degree four, 

with ~ = I ( 1  2 3 ) ,  ( 3  2 4 ) , ( 1  3 4 )  1 ;  then 

, (G (A4)) = 1. (However, A4 is not toroidal, as 

there exist planar Cayley graphs for A 4 . )  

In Section 7 - 2  we saw that we could find the genus of any 

x ... x Zm , where m i s  even r 2 zm “1 r 
abelian group ,’ = Z 

(assuming mi divides m. i = 2 , ... , r.) The argument used 1-1 
the fact that Cm x Cm . .. x Cm = GA(T) , for the standard 

1 2 r 

presentation for r , and Theorem 7-13. The techniques employed 

fail if even one order m is odd. The theory of quotient graphs 

and quotient m a n i f o l d s  provides a new approach to the genus problem 

for general cycles, and hence to the genus of an arbitrary finite 

abelian group. (See also Theorem 7 - 1 7 ) .  

i 

For example, M((Z3 y Zln >: Z2m)/(Z3 x Zn x Zzm)) in Figure 

9 - 2 4 ,  where Z 3  , Z2n , and Z 2 m  are generated by r , s , and 

t respectively, shows that 

we conjecture equality for this formula. A l s o ,  M (  (Z3)n/(Z3)n) in 

Figure 9-25, where 2 .  is a generator for the ith copy of Z 3 ,  

shows that 

Figure 9-24. 
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Figure 9-25  

b a f d 

b 
C 

e 

d 

b a f 

Figure 9-26 

9-8. Problems 

*9-1 . )  Show that seven "different" minimal imbeddings of K 5  are 

(For example, compatible with the formula of Theorem 9-1. 

r3 = 4, r8 = 1: r4 = 5 give two "different" imbeddings 

of K~ on s1 , since the regions are distributed 

differently). 

(Hint: not all seven exist!) 

Find the quotient manifold and the quotient graph f o r  the 

quadrilateral imbedding of K 

Figure 9-26. 

How many of the seven can you actually find? 

9-2.)  

given (for r = z 8 )  in 
4 , 4  

*9-3. )  There are twelve different quotient graphs S(r / f i )  for 

in s1 with Q # {el; i.e. twelve different 
2,2,2,2 

K 

ordered pairs ( r , Q )  for K 

ordered pairs and then obtaln an M ( r / i I )  for each non- 

trivial index. 

Find these twelve 
2! 2 r 2 I 2 '  
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9-4.) Use the theory of quotient graphs and quotient manifolds 

to find a quadrilateral imbedding of K5. 
9-5.) Use the theory of quotient graphs and quotient manifolds to 

find a hexagonal imbedding (r = r6) for K 3 , 3 .  

imbcddings of 

this an infinite class of graphs? (In fact, only the parity 

of 4n+l is required.) 

* 
4n 9-6.) Generalize Example 3 of Section 9-4, to find r = r 

where 4n+l is prime. Is 
K4n ( 4 n + l )  + I  ' 

9-7.) Prove Theorem 9-15. 

9-8.) Find , (Q,) in three ways: (1) by a construction, such 

as that employed in the proof of Theorem 7-13; (2) by 

selecting an appropriate (p, , p2 , .. . , p ) and using 

Edmonds' algorithm (see Theorem 6-47) to show that every 

orbit has length 4; (3) by finding an appropriate M ( T / \ ' ) .  

2" 

9-9.) We see from Theorem 6-25 that K5 has a 2-cell imbedding 

in S 3  . 
aid in find this imbedding. 

Show that the theory of this chapter is of no 

* 
9-10.) Find a triangular imbedding for K in a suitable 

n,n,n,n 
surface (n # 3 . )  
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CHAPTER 10 

VOLTAGE GRAPHS 

In t h e  p r e c c c d i n g  c h a p t e r ,  f o l l o w i n g  t h e  h i s t o r i c a l  deve lopmen t  

of G u s t i n ,  Youngs, R i n g e l ,  J a c q u e s ,  e t  a l ,  w e  g e n e r a t e d  g r a p h  i m -  

b e d d i n g s  by means o f  c o n s t r u c t i n g  ( s i m p l e r )  c u r r e n t  g r a p h  imbeddings .  

These l a t t e r  were v a r i o u s l y  c a l l e d  " q u o t i e n t  g r a p h  i n  q u o t i e n t  Inani- 

f o l d "  and " reduced  c o n s t e l l a t i o n .  " Each approach  h a s  t h e  a d v a n t a g e  

of economy of c o n s t r u c t i o n ;  e a c h  a p p r o a c h  h a s  t h e  d i s a d v a n t a g e  o f  

g e n e r a t i n g  r e g i o n s  by  v e r t i c e s  and v e r t i c e s  by  r e g i o n s .  Moreover ,  

t h e  mode of " g e n e r a t i o n "  i s  n o t  made e x p l i c i t ,  i n  a way t o  g i v e  

maximum a i d  t o  i n t u i t i o n .  

These d e f e c t s  a r e  c o r r e c t e d  b y  t h e  v o l t a g e  g r a p h  t h e o r y  i n i t i -  

a t e d  by Gross  [G3] i n  1 9 7 4  and by i t s  i n t e r p r e t a t i o n  i n  t h e  c o n t e x t  

of b ranched  c o v e r i n g  s p a c e s  (see p a p e r s  by Gross and  A l p e r t :  [GAl] , 
[ G A 2 ] ,  and [AG2] . )  

In  t h i s  c h a p t e r  w e  p r e s e n t  j u s t  enough c o v e r i n g  s p a c e  t h e o r y  

f o r  t h e  immedia te  c o n t e x t  ( f o r  more d e t a i l s ,  see [ M 3 ] )  and t h e n  i n -  

t r o d u c e  v o l t a g e  g r a p h s ,  w i t h  examples .  W e  t h e n  r e v i s i t  t h e  Heawood 

Map-coloring Theorem from t h i s  advan tageous  v i e w p o i n t .  F i n a l l y ,  w e  

d e s c r i b e  t h e  s t r o n g  t e n s o r  p r o d u c t  c o n s t r u c t i o n  f o r  g r a p h s ;  t h i s  i s  

an i t e r a t i v e  p r o c e s s  t h a t  o f t e n  p r o d u c e s  an i n f i n i t e  tower of g r a p h  

imbeddings  from one  v o l t a g e  g r a p h  imbedding a t  t h e  base. 

10-1. Cover ing  Spaces  

- 
Def. 10-1. A f u n c t i o n  0 :X -f- X from one  t o p o l o g i c a l  s p a c e  t o  

a n o t h e r  i s  c a l l e d  a c o v e r i n g  p r o j e c t i o n  i f  e v e r y  p o i n t  

x C X h a s  a ne ighborhood  Ux which  i s  e v e n l y  c o v e r e d ;  

i . e .  p maps e a c h  component of p ( U x )  homeomorphi- 

c a l l y  o n t o  U x .  I f  Y E X and ? c 2 i s  such  t h a t  p 

maps $ homeomorphica l ly  o n t o  Y ,  w e  s a y  t h a t  Y l i f t s  

t o  Y .  W e  c a l l  x a c o v e r i n g  s p a c e  f o r  X. 

-1 

- 
x 
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A s t a n d a r d  r e s u l t  i n  t h e  t h e o r y  of c o v e r i n g  s p a c e s  i s  t h d t  

I p - l ( x )  ~ i s  independen t  of t h e  c h o i c e  of x E X .  I f  Ip-'(x) 1 
= n ,  t h e n  p 1s c a l l e d  an n - f o l d  c o v e r i n g  p r o j e c t i o n .  Here a re  

some s t a n d a r d  examples  of c o v e r i n g  s p a c e s  and c o v e r i n g  p r o j e c t i o n s :  

0: R S l ,  where b i ( t )  = ( c o s  t ,  s i n  t ) .  Then p "wra 

r e a l  l i n e  K around t h e  u n i t  c i r c l e  S1 i n f i n i t e l y  many 

w i t h  e a c h  ha l f -open  i n t e r v a l  [ r ,  r + 277) " c o v e r i n g "  S1 

= { ( x , y )  
-1 

once .  I f  w e  p i c k  (1,O) E S1 and ( s a y )  U 

i s  e v e n l y  c o v e r e d  - a s  (! 
1 1 

2 then " ( L O )  
- -  2 < y ' - l ,  

s" t h e  

times, 

e x a c t l y  

E s1 1 

u ( l . o )  = 

Q ( 2 n i  - ii/6, 211i + 11/6) and e a c h  open i n t e r v a l  
i€ I 

( 2 n i  - n:6, 2 7 1 i  + 71/61 i s  c l e a r l y  homeomorphic t o  U 
(1,O). 

The c o v e r i n g  p r o j e c t i o n  o f  t h e  p r e c e e d i n q  example f a i l s  t o  b e  

n - f o l d ,  f o r  c a c h  n N.  However, €or c v c r y  n F N i t  i s  a s i m p l e  

m a t t e r  t o  c o n s t r u c t  an n - f o l d  c o v e r i n g  p r o j e c t i o n .  

n Example 2 :  De f ine  p : S1 + S1 by ip(z)  = z , where z S1 is 

r e g a r d e d  a s  a complex number. (Reca l l  Cha t ,  i f  z = cis8 = 

( c o s o ,  s i n O ) ,  t h e n  z = c i s  nB = ( c o s  n 6 ,  s i n  n t i ) . )  Thus p 

wraps  S1 n t i m e s  a round i t s e l f ,  and  - f o r  example - (I (1,O) con- 

s i s t s  p r e c i s e l y  of t h e  nth r o o t s  of u n i t y .  

n 

-1 

The above example i s  s i g n i f i c a n t  f o r  t h e  s e q u e l ,  as it d e s c r i b e s  

how r e g i o n  b o u n d a r i e s  o f  a d e s i r e d  g r a p h  imbeddinq w i l l  p r o j e c t  t o  

t h o s c  of a v o l t a g e  g r a p h  imbedding ,  i n  t h e  s i m p l e s t  o f  cases ( c o r -  

r e spond ing  t o  t h e  KCL - see S e c t i o n  9-2 - h o l d i n g . )  

Example 3 :  R e c a l l  t h a t  So i s  t h e  s p h e r e  ( i n  R3), and t h a t  N1 

is t h e  p r o j e c t i v e  p l a n e  ( n o n o r i e n t a b l e  s u r f a c e  of genus  o n e ,  or 

s p h e r e  w i t h  o n e  c r o s s c a p . )  Def ine  p : So + N1 by a n t i p o d a l  

i d e n t i f i c a t i o n ;  i . e .  o ( x , y , z )  = ( - x , - y , - z ) ;  t h e n  (1 is  a 2 - f o l d  

c o v e r i n g  p r o j e c t i o n .  I n t u i t i v e l y ,  w e  c o u l d  r e g a r d  ti a s  f i x i n g  t h e  

bo t tom hemisphere  and d e p r e s s i n g  t h e  t o p  hemisphe re  i n  " r e v e r s e  

o v e r l a p p i n g  " f a s h i o n ;  t h e  a n t i p o d a l  i d e n t i f i c a t i o n  a l o n g  t h e  e q u a t o r  

t h e n  "sews on" t h e  c r o s s c a p .  ( T h i s  t a k e s  p l a c e  i n  R 4 ,  n o t  R . )  3 
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The f o l l o w i n g  r e s u l t  i s  w e l l  known ( b y  t h e  Riemann-Hurwitz 

Theorem.) 

- 
Thm. 1 0 - 2 .  I f  S - S i s  an n - f o l d  c o v e r i n g  p r o j e c t i o n  f o r  -___ 

s u r f a c e s ,  t h e n  t h e  s u r f a c e  c h a r a c t e r i s t i c s  are r e l a t e d  

by: x ( S )  = n u ( S ) .  

T h i s  r e l a t i o n s h i p  i s  q u i t e  n a t u r a l :  i f  G is  2-ce l l  imbedded 
-1 

i n  S ,  w i t h  p - q + r = , y ( S ) ,  t h e n  p ( G )  i s  2 - c e l l  imbedded i n  

5 w i t h  n p  v e r t i c e s ,  n q  e d g e s ,  and n r  r e g i o n s ,  so t h a t  

x ( S )  = np - nq + n r  = n ( p  - q + r )  = n X ( s ) .  
. 

Thus, f o r  example ,  o n l y  t h e  t o r u s  c a n  cover t h e  t o r u s  ( s i n c e  

h = 1 f o r c e s  k = 1.) 

An i m p o r t a n t  g e n e r a l i z a t i o n  of t h e  c o n c e p t  o f  c o v e r i n g  s p a c e  i s  

r e q u i r e d ,  t o  c o v e r  t h e  c a s e  where t h e  KCL d o e s  n o t  h o l d .  (See  a l so  

Theorem 9 - 1 4  and i t s  t w o  c o r o l l a r i e s . )  

- 
Def. 1 0 - 4 .  A f u n c t i o n  p : X a X from one t o p o l o g i c a l  s p a c e  t o  
-_I_ 

a n o t h e r  i s  cal led a b ranched  c o v e r i n g  p r o j e c t i o n  ( and  

X i s  a b ranched  c o v e r i n g  s p a c e  of X) i f  t h e r e  e x i s t s  

a f i n i t e  se t  B X such  t h a t  t h e  r e s t r i c t e d  f u n c t i o n  

p :  2 - p - l ( B )  -f X - B 

p o i n t s  of B are c a l l e d  b r a n c h  p o i n t s .  For b E B 

and Ub a s u f f i c i e n t l y  small ne ighborhood  of b ,  t h e  

restricted f u n c t i o n  i s  n - f o l d ,  f o r  

some c a r d i n a l  number n - c a l l e d  t h e  m u l t i p l i c i t y  of 

b r a n c h i n g  a t  b - where Ub i s  a component of 

p ( U b  - Ib})  i n  X. ( I f  n = 1, t h e n  t h e r e  i s  no 

b r a n c h i n g . )  

- 

i s  a c o v e r i n g  p r o j e c t i o n .  The 

-. 
p: U b  + Ub - { b ]  

- . 
-1 

S t a n d a r d  examples  h e r e  are : 

Example 4 :  t h e  u n i t  d i s k ,  and 

g i v e  P :  D + D b y  p ( z )  = zn where ,  as b e f o r e ,  z i s  r e g a r d e d  as 

a complex number, Then p “wraps“  D a round  i t s e l f  n t i m e s ,  

e x c e p t  t h a t  t h e  o r i g i n  i s  f i x e d  ( a n d  t h u s  i s  a b r a n c h  p o i n t  o f  

m u l t i p l i c i t y  n .  ) 

L e t  D = { ( x , y )  E R2 I x2 + y2 - < 1 1 ,  
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-- Example 5 :  Def ine  p :  So + So ,  i n  s p h e r i c a l  c o o r d i n a t e s ,  by  

p ( l , O , @ )  = ( l , n " , $ ) .  Then p "wraps"  So a round  i t s e l f  n t i m e s ,  

e x c e p t  t h a t  t h e  n o r t h  and s o u t h  p o l e s  are b o t h  f i x e d ;  e a c h  i s  t h u s  a 

b r a n c h  p o i n t  of m u l t i p l i c i t y  n .  

Both of t h e  examples  above are i m p o r t a n t  f o r  what  i s  t o  f o l l o w ,  

a s  t h e  fo rmer  g i v e s  t h e  p r o t o t y p e  d e s c r i p t i o n  of t h e  p r o j e c t i o n  o f  

r e g i o n s  i n  ( p o s s i b l y  b ranched)  c o v e r i n g s  of one  g r a p h  imbedding by 

a n o t h e r  - t h e  l o c a l  p i c t u r e  - w h i l e  t h e  l a t t e r  i s  one  i n s t a n c e  of 

t h e  p r o j e c t i o n  between t h e  c o r r e s p o n d i n q  ambien t  s u r f a c e s  - t h e  

q l o b a l  p i c t u r e .  

1 0 - 2 .  V o l t a g e  Graphs 

L e t  K be a pseudograph .  With e a c h  edge  uv E E ( K )  , w e  

associate two o r i e n t e d  edges  e = ( u , v )  and e = ( v , u )  , and  w e  

se t  K* = { ( u , ~ )  J u v  E E ( K )  1.  

-1 

Dcf. 19-5 .  A v o l t a g e  g r a p h  i s  a t r i p l e  ( K I T , @ ) ,  where K i s  a __- 
p s e u d o g r a p h ,  i s  a g r o u p ,  and  (I: K* r s a t i s f i e s  

~ ( e - l )  = ( @ ( e ) ) - '  f o r  a l l  e E K*. 

W e  remark t h a t  t h e  pseudograph  K i s  c l o s e l y  re la ted t o  t h e  

q u o t i e n t  g r a p h  S(l'/S?) of S e c t i o n  9-3.  

Def. 1 0 - 6 .  The c o v e r i n g  g r a p h  Kx r f o r  (K, l ' , ' $ )  h a s  ve r t ex  set  
4, 

V(K)x r and  e a c h  e d g e  e = uv of K d e t e r m i n e s  t h e  

edges  ( u , g )  ( v , g ( I ( e ) )  of Kx$r , f o r  a l l  g r . 

For pseudographs  r e g a r d e d  as t o p o l o g i c a l  s p a c e s ,  t h e n  Kx r @ 
i s  an I r l  - f o l d  c o v e r i n g  s p a c e  o f  K ;  i n  f a c t ,  e v e r y  r e g u l a r  

c o v e r i n g  s p a c e  o f  K can  b e  o b t a i n e d  i n  t h i s  manner (see [ G T Z ]  ) . 
( F o r  a d d i t i o n a l  i n f o r m a t i o n  on c o v e r i n g  p r o j e c t i o n s  of g r a p h s ,  see 

Walker [Wl],  Farzan  and  Waller [FWl] , C l a r k e ,  Thomas, and Waller 

[CTWL] , S i t  [S5] , and B iggs  [Bll] . )  

( K .  r , b ) ,  w e  se t  

For  any  walk w:  el , e2 , . . . , e m  b e g i n n i n g  a t  v E V ( K )  i n  
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m 

and d e f i n e  t h e  l o c a l  group a t  v by:  

T v  = { $ ( w )  I w i s  a c l o s e d  walk a t  v}.  

Then rV i s  a subgroup of and moreover Tu and T v  are con- 

j u g a t e  subgroups of r i f  u and v a r e  i n  t h e  same component of 

K ;  t h u s  [ r :  !'v] i s  independent  of v ,  i f  K i s  connec ted .  

Thm. 1 0 - 7 .  For a connec ted  v o l t a g e  g r a p h  ( K , r , $ ) ,  t h e  number of 

components of t h e  c o v e r i n g  g r a p h  K x  I '  i s  g i v e n  by 

[T: I v l  , f o r  any v E V ( K ) .  
@ 

NOW l e t  ( K , r , @ )  be 2-cell  imbedded i n  an o r i e n t a b l e  s u r f a c e  

S, as d e s c r i b e d  a l g e b r a i c a l l y  by t h e  r o t a t i o n  scheme P = 

W e  d e f i n e  t h e  lift of P t o  K x  r as 
4) (P, I P2 I ... , P P L  

f o l l o w s :  i f  p v ( v l u )  = ( v , w ) ,  t h e n  

f o r  e a c h  g E l'. (See F i g u r e  1 0 - 1 . )  Then 

Thus P d e t e r m i n e s  a 2-cell  imbedding o f  e a c h  component of 

K x  r . The power o f  v o l t a g e  g raph  t h e o r y  i s  t h a t  t h e  s i m p l e r  i m -  

bedding of K below g i v e s  much i n f o r m a t i o n  abou t  t h e  more compli-  

c a t e d  imbedding of Kx r above. To see t h i s ,  l e t  R b e  a r e g i o n  

of t h e  imbedding o f  K on S induced by P I  and l e t  lRl@ b e  

t h e  o r d e r  of @(w) i n  r where w = el e2 , . . . , e i s  a c l o s e d  

walk i n  K c o n s i s t i n g  of t h e  o r d e r e d  boundary of R. ( S i n c e  @ ( w )  

is unique up t o  i n v e r s e s  and con jugacy ,  / R /  i s  independen t  of 

t h e  o r i e n t a t i o n  of R and o f  t h e  i n i t i a l  v e r t e x  of w . )  W e  t h e n  

have t h e  f o l l o w i n g  c e n t r a l  r e s u l t ,  due t o  Gross and  A l p e r t  [GAl]: 

@ 

$ 

m 
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V 

( i n  K )  

F i g u r e  10-1 

Thm. 10-8.  L e t  ( K r T , g )  be  a v o l t a g e  g raph  w i t h  r o t a t i o n  scheme P ___- 
I 

and P t h e  l i f t  of P t o  Kx I .  L e t  P and P 

d e t e r m i n e  2-cel l  imbeddings  of K and  KX I on t h e  

o r i e n t a b l e  s u r f a c e s  S and  S r e s p e c t i v e l y .  Then 

t h e r e  e x i s t s  a ( p o s s i b l y  b ranched)  c o v e r i n g  p r o j e c t i o n  

p :  S S such  t h a t :  

Q, 
- $- 

-1 
(1) p (K) = Kx 1' ;  

@ 
(ii) i f  b i s  a b r a n c h  p o i n t  of m u l t i p l i c i t y  n ,  

t h e n  b i s  i n  t h e  i n t e r i o r  of a r e g i o n  R such  

t h a t  / R / *  = n ;  

(iii) i f  R is a r e g i o n  of t h e  imbedding  of K which 
-1 i s  a k-yon, t h e n  p (R) h a s  I r l / \ R l $ -  com- 

p o n e n t s ,  e a c h  o f  which  is a 

of t h e  c o v e r i n g  imbedding of Kx r .  
k(R(@ - yon r e g i o n  

Q, 

-1 

n 
W e  remark t h a t ,  f o r  / R I Q ,  = n ,  e a c h  component of p (R) i s  

mapped by p o n t o  R ,  e s s e n t i a l l y  by  p :  D + D, p ( z )  = z , as 

d e s c r i b e d  i n  Example 4 o f  S e c t i o n  1 0 - 1 .  

Note t h a t  Theorem 1 0 - 8  (iii) i s  j u s t  t h e  v o l t a g e  g r a p h  a n a l o g  

of Theorem 9-13 for  c u r r e n t  g raphs .  Now compare D e f i n i t i o n  9-3 w i t h  

t h e  f o l l o w i n g :  
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Def. 1 0 - 9 .  I f  : ) ( w )  = e i n  r f o r  t h e  c l o s e d  walk w bounding  

r e g i o n  R i n  t h e  v o l t a g e  g r a p h  imbedding ,  so t h a t  

lRi,$ = 1, w e  s a y  t h a t  R s a t i s f i e s  t h e  K i r c h o f f  

Vo l t age  Law ( K V L ) ;  i f  t h e  KVL h o l d s  f o r  a l l  r e g i o n s  

R of K on S, w e  s a y  t h a t  t h e  imbedding of ( K , T , O )  

s a t i s f i e s  t h e  KVL. 

Cor.  1 0 - 1 0 .  I f  t h e  imbedding of (K , I ' , $ )  s a t i s f i e s  t h e  KVL. t h e n  

i i :  S + S i s  a c o v e r i n g  p r o j e c t i o n  ( i . e .  t h e r e  i s  n o  

b r a n c h i n g . )  

In  e i t h e r  c a s e  ( b r a n c h i n g  or n o t ) ,  i f  K h a s  o r d e r  m ,  t h e n  

t h e  v o l t a g e  g r a p h  ( K , T , @ )  i s  s a i d  t o  have i n d e x  m ,  and  t h e  i m -  

bedd ing  of Kx r i s  an i n d e x  m imbedding (compare  Theorem 9-10 9 
( 3 )  . )  

Vol tage  g r a p h  t h e o r y  i s  even  more g e n e r a l  t h a n  t h e  " g e n e r a l  

t h e o r y "  o f  S e c t i o n  9 - 5 ,  i n  t h a t  t h e  c o v e r i n g  g r a p h  Kx I '  n e e d  n o t  

be a Cayley  g r a p h .  I n  t h i s  book,  however ,  w e  are p r i m a r i l y  con-  

c e r n e d  w i t h  t h e  Cayley  g r a p h  c a s e ;  t h i s  w i l l  arise f o r  R a sub- 

g roup  of r and v o l t a g e  g r a p h  ( K , Q , $ )  - where $: K* + 1' - a 

S c h r e i e r  c o s e t  g raph  f o r  9 i n  1' . Then Kx@R = C A ( T ) ,  where 

D = { @ ( k )  1 k K*} ( r e d u c e d  a s  i n  S e c t i o n  9 - 5 . )  O r ,  w e  c o u l d  u s e  

v o l t a g e  g raph  (X,T,@); t h e n  Kx r would c o n s i s t  o f  l r l / l Q l  d i s -  

j o i n t  c o p i e s  of 

0. 

@ 
C, ( 1 ' )  . 

I n  t h e  s i m p l e s t  c a s e  - i n d e x  1 - K h a s  one  v e r t e x ,  r = R ,  t h e  

two a p p r o a c h e s  c o i n c i d e ,  and t h e  c o n s t r u c t i o n  i s  q u i t e  c lear :  f o r  

e a c h  g C T, w e  i d e n t i f y  ( v , g )  w i t h  g (where  V ( K )  = { v } ) ,  and  

t h e n  V ( K X  r )  = V ( K ) X  r 2 r 
e = ( u , v )  E K*} .  

and E(Kx@T) 5 I [ g , g @ ( e ) ]  1 g E r ,  

F i n a l l y ,  w e  remark t h a t  even v o l t a g e  g r a p h  t h e o r y  h a s  been  

q e n e r a l i z e d ;  see Gross and Tucker  [ G T 2 ] .  Also, see Bouchet  [B141  

f o r  g r a p h  imbeddings  as c o v e r i n g  s p a c e s  w i t h  f o l d s  ( a  f o l d  i s  a 1- 

d i raens iona l  a n a l o g  o f  t h e  0 -d imens iona l  b r a n c h i n g . )  And, see 

P a r s o n s ,  P i s a n s k i ,  and Jackson  ([PPL:l]  and [ J P P l ] )  f o r  g r a p h  imbed- 

d i n g s  a s  b r a n c h e d  c o v e r i n g  s p a c e s ,  where t h e  r e s t r i c t i o n s  o f  t h e  

b ranched  c o v e r i n g s  t o  t h e  imbedded g r a p h s  are "wrapped q u a s i - c o v e r -  

i n g s .  " 
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10-3. Examples 

Example 1: Consider  t h e  index  one v o l t a g e  graph (a "bouyuet"  of two 

c i rc les )  of F igu re  1 0 - 2 ,  shown imbedded on t h e  t o r u s  S1. W e  t a k e  

I< 
-Ic 

Figure  10-2  

A = { a , b }  f o r  r = Sl a b e l i a n  ( I r I  2 5 ) ,  so t h a t  t h e  KVL 

h o l d s ;  t h u s ,  by C o r o l l a r y  1 0 - 1 0 ,  t h e r e  i s  no b ranch ing .  Then, by 

C o r o l l a r y  1 0 - 3 ,  w e  see t h a t  

t o r u s  a s  w e l l .  By Theorem 1 0 - 8 ,  t h i s  imbedding w i l l  have r = r = 

I r l .  Thus F igu re  10-2  completely d e t e r m i n e s  an i n f i n i t e  f a m i l y  of 

q u a d r i l a t e r a l  imbeddings on t h e  t o r u s .  We mention t h r e e  s p e c i a l  

c a s e s  be low. 

CA(T) = Kx r w i l l  b e  imbedded on t h e  
@ 

4 

a )  L e t  a = 1 and b = 2 i n  r = Z5 ;  t hen  GA(I') = K5.  T h i s  i m -  

bedding i s  s e l f - d u a l  and i s  t h e  ground case f o r  s e v e r a l  i n f i n i t e  

f a m i l i e s  of imbeddings appea r ing  i n  t h e  l i t e r a t u r e  : 

- 
n (4n-3) (see h a s  a s e l f - d u a l  imbedding i n  S = S 

( i )  K4n+l 
[WS]); h e r e  t h e  v o l t a g e  graph imbedding i s  j u s t  t h e  

normal form r e p r e s e n t a t i o n  f o r  S = S (see Theorem 5-5 

( i i ) . )  The cove r ing  p r o j e c t i o n  i s  ( 4 n + l )  - f o l d ,  and 

indeed  x ( S )  = 2 - 2n(4n-3)  = ( 4 n + l )  (2-211) = ( 4 n + l ) x ( S ) .  

( ii) The imbedding of K 5  on S1 can b e  augmented t o  an i m -  

n 

- 

on S1 a t t a i n i n g  t h e  t o r o i d a l  c r o s s i n g  
Kg ( 2 )  

mersion of 

number v ~ ( K ~ ( ~ ) )  = 10. S i m i l a r l y ,  v ~ ( K ~ ( ~ ) )  = p ( p - 1 ) / 2 ,  

f o r  k = (p-1) (p-4) /4  and p a prime power 3 1 (mod 4 ) ;  

see Theorem 6-71. 
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(iii) T h e  imbedding of K5 on S1 can  also be mod i f i ed  t o  

o b t a i n  a genus imbedding f o r  

t h i s  e x t e n d s  t o  show 

be u s e f u l  i n  Chap te r  13. 

G5 = K less a 1 - f a c t o r ;  
5 , 5  1 

y (G,) = i (n -1 )  (n-4)  / 4  I, which w i l l  

We obse rve  t h a t  t h e  r o t a t i o n  scheme f o r  K5 i n  S1 can be 

r e a d i l y  o b t a i n e d  from F igure  1 0 - 2 .  F i r s t ,  w e  f i n d  

A s  i s  customary f o r  i ndex  one imbeddings,  w e  i d e n t i f y  ( v , g )  

w i t h  g i n  t h e  c o v e r i n g  graph.  Next ,  as K5 h a s  no  l o o p s  o r  

n e i g h b o r s  of  g r a t h e r  t han  t h e  e d g e s  a t  g. F i n a l l y ,  t a k i n g  

a = 1 and b = 2 ,  w e  g e t :  

as permuting t h e  m u l t i p l e  e d g e s ,  w e  r e g a r d  each  - 
P ( v , g )  - 69 

( I n  p r a c t i c e ,  t h e  above i s  w r i t t e n  down d i r e c t l y  from t h e  f i g u r e . )  

The c o v e r i n g  p r o j e c t i o n  i s  5- fo ld :  t h e  s i n g l e  v e r t e x ,  two e d g e s ,  

and one 4-gon fo r  K i n  S1 l i f t  r e s p e c t i v e l y  t o  f i v e  v e r t i c e s ,  

t e n  edges ,  and f i v e  4-gon r e g i o n s  f o r  Kx r = K5 ( a l so  i n  S1.) 4 

b )  Now l e t  a = (1,O) and b = (0,l) f o r  r = Z x Z n ;  t h e n  

GA(T) = Cm x Cn and f i n d s  a s e l f - d u a l ,  q u a d r i l a t e r a l ,  t o r o i d a l  

imbedding. The case m = n = 3 i s  i l l u s t r a t e d  i n  F i g u r e  10-3. 

The c o v e r i n g  space n a t u r e  of t h i s  imbedding i s  r e a d i l y  a p p a r e n t :  

t h e  s i n g l e  v e r t e x ,  two e d g e s ,  and one 4-gon now l i f t ,  r e s p e c t i v e -  

l y ,  t o  n i n e  v e r t i c e s ,  e i g h t e e n  e d g e s ,  and n i n e  4-gons, unde r  

t h i s  n i n e - f o l d  p r o j e c t i o n  p .  
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F i g u r e  1 0 - 3  

-lb4 c)  Now l e t  I'  = II(S,) = ( a , b  1 a b a  = e ) = 2 x 2 ,  t h e  funda-  

men ta l  g roup  o f  t h e  t o r u s .  In  t h i s  case GA( l ' )  h a s  an  imbed- 

d i n g  on ( i f  w e  a l l o w  t h e  v e r t e x  set  t o  have  l i m i t  p o i n t s ) ,  

b u t  it is  more n a t u r a l  t o  c o n s i d e r  G n ( I ' )  a s  b e i n g  imbedded 

i n  R , as  one  of t h e  t h r e e  r e g u l a r  t e s s e l l a t i o n s  of the 

p l a n e .  (Recall t h a t  R2 is  t h e  u n i v e r s a l  c o v e r i n g  s p a c e  f o r  

S1, i n  t h e  s e n s e  t h a t  R2 c o v e r s  any s p a c e  which  c o v e r s  SI;  

t h u s  G A ( T )  i n  R2 a l so  covers e a c h  CA(Zm Z n )  imbedding 

of b) above ,  i n  a n a t u r a l  way. 

So 

2 

W e  ment ion  t h a t  n(Sl) i s  also t h e  g r o u p  of one  of t h e  

seven teen  w a l l p a p e r  d e s i g n s  (i .  e. a p l a n a r  c r y s t a l l o g r a p h i c  

g r o u p . )  The v o l t a g e  g raph  t h e o r y  i s  a p p l i c a b l e  t o  e a c h  of t h e  

seven teen  p l a n a r  i n f i n i t e  w a l l p a p e r  g r o u p s  ( a s  p r e s e n t e d ,  f o r  

example ,  i n  [ B 1 7 ] )  ; of t h e s e  imbeddings  i n  

one  b ranched  c o v e r s  o f  S o ,  

of So, one  i s  an i n d e x  two unbranched  c o v e r  of So, t h r e e  are 

i n d e x  t w o  unbranched  c o v e r s  of S1, and t h e  p a t t e r r !  d e s c r i b e d  

R 2 ,  s i x  a r e  index  

s i x  are i n d e x  t w o  b r a n c h e d  covers 
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sl' by ! I  (S1) i s  an i n d e x  one  unbranched  c o v e r  o f  

Example 2 :  Now modify F i g u r e  10-2  s l i g h t l y ,  t o  o b t a i n  F i g u r e  1 0 - 4 .  ____-_ 

V b V 

-6 

F i g u r e  1 0 - 4  

W e  s t i l l  r e q u i r e  r t o  b e  a b e l i a n ,  b u t  now t a k e  A = { a , b , a + b }  

w i t h  1 1 ' 1  2 7 .  Then G l z (  I ' )  i s  r e g u l a r  o f  d e g r e e  s i x  and h a s  an  

index  one  r = r3  imbedding i n  S1; a g a i n  i n f i n i t e l y  many s u c h  

imbeddings  a r e  d e t e r m i n e d ,  one  f o r  e a c h  c h o i c e  of I '  . Moreover ,  

e a c h  of t h e s e  h a s  b i c h r o m a t i c  dual ( t h e  g e o m e t r i c  d u a l  G* h a s  

c h r o m a t i c  number t w o ,  where G = G ( r ) )  ; t h e  i n d i c a t e d  2 - c o l o r i n g  

o f  t h e  r e g i o n s  of F i g u r e  1 0 - 4  l i f t s  t o  a 2 - c o l o r i n g  of t h e  r e g i o n s  

f o r  G A ( T ) .  ( T h i s  w i l l  b e  u s e f u l  i n  C h a p t e r  1 2 . )  

Ll 

a )  F o r  a = 1 and b = 2 i n  T = Z 7 ,  G n ( I ' )  = K 7 ;  t h i s  i s  t h e  

s a m e  famous t o r o i d a l  imbedding o b t a i n e d  by  t h e  d u a l  F i g u r e  9-3 

(see a l s o  F i g u r e  9-5 . )  

( i )  

( i i )  

A f a i r l y  n a t u r a l  e x t e n s i o n  of t h  

o r i e n t a b l e  t r i a n g u l a r  imbeddings  

s 6 N. (The d u a l  i s  b i c h r o m a t i c  

By t a k i n g  f i r s t  a = 1 and b = 

s v o l t a g e  g r a p h  g i v e s  

f o r  K12s+7 ,  f o r  a l l  

o n l y  f o r  s = 0 . )  

3 and t h e n  a = 2 and 

b = 5 i n  r =  Z13, t o r o i d a l  imbeddings  are o b t a i n e d  f o r  

t w o  complementary g r a p h s  i n  K13; t h i s  shows t h a t  

N ( 1 , l )  = 1 4 ,  where N ( y , y ' )  i s  t h e  least  i n t e g e r  such  
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t h a t  e v e r y  g raph  G of o r d e r  a t  l e a s t  N ( y , y ' )  i s  n o t  

( v , y ' )  b i - imbeddab le  (G irnbeddable i n  Sy , G i n  S . 
(See  [ A w l ] ;  see a l s o  [A21 and  [ A C l ] . )  I t  a l so  shows 

t h a t  t h e  t o r o i d a l  t h i c k n e s s  of K13 is two ( f j 1 ( K 1 3 )  = 

2 ;  see Beineke  [ B 6 ]  and R i n g e l  [ R 1 3 ] ;  see a l s o  Theorem 

6-60 ( i i ) . )  

- 

4 

b) I f  a = 1 and b = 2 f o r  I '  = Z w e  o b t a i n  a genus  imbed- 
8 '  

K4 ( 2 )  * d i n g  f o r  

c )  I f  a = (1,O) and b = (0,l) f o r  r = Z 3  % Z 3 ,  a genus  i m -  

bedd ing  f o r  K3 ( 3 )  r e s u l t s .  

Vo l t age  g r a p h  c o n s t r u c t i o n s  are b y  n o  means un ique  f o r  a g i v e n  

g r a p h  imbedding. For  example ,  t h e  d u a l  of F i g u r e  10-4 s e r v e s  as an 

i n d e x  two v o l t a g e  g r a p h  ( u s i n g  I '  = Z ) f o r  an imbedding of K 

on S1 hav ing  r = r = 3; t h e  d u a l  of  t h i s  imbeddinq t h e n  s e r v e s  

a s  a n  i n d e x  t h r e e  v o l t a g e  g r a p h  ( a g a i n  u s i n g  ! = Z3) t o  t r i a n g u -  

l a r l y  imbed K 3 ( 3 )  on S1 a g a i n .  T h i s  i s  t h e  ground case o f  

Theorem 4.2  i n  [KRWI]. 

3 1 3  3 

6 

W e  a l s o  ment ion  t h a t  t a k i n g  a = 1 and b = 2 i n  F i g u r e  1 0 - 4 ,  

b u t  r e p l a c i n g  a + b w i t h  5 i n  r = Z g ,  g i v e s  an r = rZ7 = 2 

imbedding f o r  K 3 ( 3 )  ( a s  s een  from Theorem 10-8 (iii)); t h i s  g i v e s  

t h e  maximum genus  of K 3 ( 3 )  a s  = 9 ,  and i s  o u r  f i r s t  

example of a b ranched  c o v e r i n g  i n  t h i s  s e c t i o n :  e a c h  27-gon above  

wraps  a round a t r i a n q l e  R below 9 t i m e s ,  s i n c e  / R I i b  = 9 .  

d )  We keep  a = ( 1 , O )  and b = (O,l), b u t  now i n  r = :i4 x Z 4 ;  

t h e  r e s u l t i n g  t r i a n g u l a r  imbedding of Ga(r) w j . 1 1  b e  of 

i n t e r e s t  -in S e c t i o n  1 2 - 7 .  

e )  I n  [ S 2 0 1  t h e  f o l l o w i n g  c o n j e c t u r e  i s  a t t r i b u t e d  t o  Grunbaum: i f  

a g r a p h  G h a s  an o r i e n t a b l e  t r i a n g u l a r  imbedding ,  t h e n  t h e  

d u a l  g r a p h  G* h a s  a T a i t  c o l o r i n g  ( t h a t  is,  h a s  edge  c h r o m a t i c  

number A , ( G * )  = 3 . )  We remark t h a t  G c a n n o t  b e  allowed l o o p s  

( c o n s i d e r  t h e  G* of F i g u r e  8 . 2  i n  [ B C L l ] )  o r  m u l t i p l e  e d g e s  

( c o n s i d e r  G* = P ,  t h e  P e t e r s e n  g r a p h ,  i n  S1) and t h a t  t h e  

c o n j e c t u r e  i s  f a l s e  a l s o  f o r  n o n o r i e n t a b l e  t r i a n g u l a r  imbeddings  

( c o n s i d e r  G = K 6  i n  N1, where G* = P . )  However t h e  



S e c t .  1 0 - 3  Ex amp1 es 1 6 9  

c o n j e c t u r e  i s  t r u e ,  as f o r m u l a t e d ,  f o r  3 - d e g e n e r a t e  g r a p h s  G ,  

as an e a s y  i n d u c t i o n  argument shows. I t  i s  a l s o  t r u e  i f  

y ( G * )  = 2 :  i f  G* i s  c u b i c  and b i p a r t i t e ,  t h e n  G* i s  1- 

f a c t o r a b l e  (see,  f o r  example ,  Theorem 8-7 i n  [ B C L l ] )  , so  t h a t  

x,(G*) = 3. Moreover,  any  GA(T) t r i a n g u l a t i n g  S1 as a 

c o v e r i n g  s p a c e  o f  F i g u r e  1 0 - 4  h a s  an edge  c o l o r i n g  i n d u c e d  by 

t h e  l a b e l s  a ,  b ,  and a + b ;  now color t h e  d u a l  e d g e s  ( i n  G*) 

t o  a g r e e  w i t h  t h e  c o l o r s  on t h e  e d g e s  of G t h e y  cross. Thus 

t h e  v o l t a g e  g r a p h  of  F i g u r e  10-4  a l s o  p r o v i d e s  an  e a s y  a l g o r i t h m  

f o r  GrGnbaum's c o n j e c t u r e ,  f o r  i n f i n i t e l y  many toroidal  tri- 

a n g u l a t i o n  s , 

2 
Example 3: The g r a p h s  K 4 ( n )  have  genus  Y ( K ~ ( ~ ) )  = (n-1)  , f o r  
n # 3 ,  as e s t a b l i s h e d  by Jungerman [ J S ]  and i n d e p e n d e n t l y  ( f o r  n 

even)  by  Garman [ G l l .  ( S e e  Theorem 6 - 4 2 . )  Jungerman d i d  n o t  

announce  Y ( K ~ ( ~ ) ) ,  a l t h o u g h  he  d i d  r e p o r t  t h a t  Y ( K 4 ( 3 ) )  > 4 .  

The i n d e x  t h r e e  ( t h i s  i s  n o t  a Cayley  g r a p h  c o n s t r u c t i o n )  t o r o i d a l  

v o l t a g e  g r a p h  o f  F i g u r e  1 0 - 5 ,  u s i n g  r = Z 3 ,  shows t h a t  

= 5, by f i r s t  imbedding 
v ( K 4  ( 3 )  ) 

i n  S5 w i t h  r3 = 6 and rg = 4 .  
K3 ( 3 )  

( i i i ) :  t h e r e  a r e  f o u r  b r a n c h  p o i n t s  - (Refer  t o  Theorem 10-8 

0 

a 

F i g u r e  10-5 

i n d i c a t e d  by  d o t s  i n s i d e  r e g i o n s  - e a c h  of m u l t i p l i c i t y  t h r e e  and 

d e t e r m i n i n g  one  9-gon; t h e  t w o  r e g i o n s  h a v i n g  n o  b r a n c h  p o i n t  e a c h  

l i f t  t o  t h r e e  t r i a n g l e s . )  I t  i s  e a s i l y  v e r i f i e d  t h a t  e a c h  9-gon i s  

bounded by  a h a m i l t o n i a n  c y c l e  i n  ( F o r  example ,  t h e  c l o c k -  

w i s e  boundary  o f  t h e  l i f t  of t h e  shaded  r e g i o n  R i s :  
K 3 ( 3 ) .  
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(bO, aO, c O , b l , a l , c l , b 2 , a 2 , ~ 2 )  - where ,  f o r  e a s e  of  n o t a t i o n ,  w e  wr i t e  

( v , g )  a s  vg; t h e  f a c t  t h a t  [ R [ +  = 3 a s s u r e s  t h a t  t h e  l i f t  of R 

wraps  a round R t h r e e  times under  b ranched  p r o j e c t i o n  b y  b j . )  Now 

add a new v e r t e x  i n  t h e  i n t e r i o r  o f  e a c n  of t h e  f o u r  9-cjons, and 

join each  new v e r t e x  t o  dll n i n e  boundary  v e r t i c e s ,  € o r  t h e  regLon 

c o n t a i n i n q  t h a t  v e r t e x .  The r e s u l t  i s  an imbeddinrj of K In 
4 ( 3 )  

w i t h  r3 = 33 and rg = 1. Note t h a t  t h c  c o n s t r u c t i o n  i s  

r e a d i l y  augmented t o  g i v e  a t r i a n g u l a r  ( a n d  hence  genus )  imbedding 

for t h e  comple t e  4 - p a r t i t e  g raph  K 

s5 

4 , 3 , 3 , 3 '  

Example 4 :  For G a q raph  and n a n a t u r a l  number,  by n - f o l d  G 

w e  mean t h a t  m u l t i g r a p h  which r e s u l t s  when e a c h  edqe  uv of G i s  

r e p l a c e d  b y  11 edges  uv. The c o n s t r u c t l o n  of k i g u r e  1 0 - 4  s u g g e s t s  

t h e  e x t e n s i o n  q iven  below (where  S = S 2 ) .  We t a k e  A = i a , b , a + b ] -  

a g a i n  - f o r  T a b e l i a n  ( n  = 1 1 - 7 )  and K a bouquet of n i n e  

a+b  

F i g u r e  1 0 - 6  

c i r c l e s  i n  S2,  w i t h  r = r3 ,  KVL, and b i c h r o m a t i c  d u a l .  The 

c o v e r i n g  s p a c e  i s  an imbedding of t h e  1 8 - r e g u l a r  3 - fo ld  

G i , ( i ' )  on Sn+l ,  h a v i n g  b i c h r o m a t i c  d u a l .  The ground c a s e  ( n  = 7 )  

( j i v e s  a n  o r i e n t a b l e  t r i a n g u l a r  imbeddinq €or 3 - f o l d  K, ( u s i n g  

a = 1, b = 2 ) .  Junqerman [JSI h a s  found  genus  imbeddings  ( n o  d i y o n s  

a l l o w e d )  for m-fold K,, f o r  a l l  m and n ( i n  b o t h  t h e  o r i e n t a b l e  

and t h e  n o n o r i c n t a b l e  c a s e s .  ) 

r = r3 
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Example 5 :  The s p h e r i c a l  index two v o l t d g e  graph of  F i g u r e  1 0 - 7  

a l s o  appea r s  i n  [ S W l ] ;  it u s e s  I = 2 t o  imbed K = K i n  
n n , n  2 ( n )  

n- 1 

F igure  10-7 

Sk ( a s  a branched cove r ing  s p a c e ) ,  where k = n ( n - 1 ) / 2 ,  w i t h  

r = r  2 n  = n ( e a c h  l R l $  = n ;  now a p p l y  Theorem 1 0 - 8  (iii) . )  More- 

o v e r ,  each r e g i o n  boundary i s  a h a m i l t o n i a n  c y c l e .  (Fo r  example,  

t h e  r e g i o n  c o v e r i n g  t h e  shaded digon h a s  c lockwise  boundary ( a O , b l ,  

a l , b 2 , a 2 ,  . . . , a ( n - 1 )  ,bO).) Thus t h i s  imbedding i s  r e a d i l y  

augmented t o  g i v e  an r = r3 imbedding f o r  K 3 ( n )  ( w e  d i s c u s s e d  

t h e  c a s e  n = 3 i n  Example 2 c )  a b o v e ) ,  so t h a t  

t h i s  proof i s  f a r  s h o r t e r  ( and  more e l e g a n t )  t han  t h o s e  of e i t h e r  

[ R Y 5 ]  o r  [ W 5 1 .  I t  i s  e a s y  (see Problem 1 0 - 1 )  t o  show t h a t  e v e r y  

has  b i c n r o m a t i c  d u a l ;  t h i s  w i l l  be  r = r3 imbedding f o r  

impor t an t  i n  S e c t i o n  12-1 .  Moreover, t h e s e  imbeddings t h u s  a l l  

s a t i s f y  t h e  Grllnbaum c o n j e c t u r e .  ( I n  f a c t ,  t h e  t h r e e  t y p e s  of edges  

i n  t h e  complete t r i p a r t i t e  graph G = K 

edge c o l o r i n g  f o r  t h e  d u a l  G*.) 

Y ( K 3  ( n l  1 = n (n-1) / 2 ;  

K3 ( n )  

d e t e r m i n e  a n a t u r a l  3- 
3 ( n )  

1 0 - 4 .  The Heawood Map-coloring Theorem ( a g a i n )  

W e  r e c o n s i d e r  t h e  c r u x  of t h e  proof of t h e  Heawood map-coloring 

theorem: t h e  c o n s t r u c t i o n  of genus imbeddings of  comple t e  g r a p h s  by 

t h e  u s e  of c u r r e n t  g raphs ;  o u r  c o n t e x t  now w i l l  be t h a t  of b ranched  

cove r ing  s p a c e s ,  and w e  u se  t h e  v o l t a g e  graph c o n s t r u c t i o n .  T h i s  

v i ewpo in t  t r e a t s  o n l y  t h e  r e g u l a r  p a r t  of each  case; t h e  a d d i t i o n a l  
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a d j a c e n c y  p a r t s  c o n t i n u e  t o  b e  h a n d l e d  a s  b e f o r e  (see S e c t i o n  9-3,  

[ G T l ]  , [W12 1 , and [ R 1 4  I .  ) 
Recall  t h e  c u r r e n t  g raph  of F i g u r e  9-3 ,  f o r  imbedding K, on 

t h e  t o r u s .  The d u a l  of F i g u r e  10-4 ( i n  p a r t i c u l a r ,  see Example 2 a )  

i s  t h e  c o r r e s p o n d i n q  v o l t a g e  g r a p h .  From e i t h e r  t h e  s i n g l e  r e g i o n  

of F i g u r e  9-3 or t h e  s i n g l e  v e r t e x  o f  F i g u r e  10 -4 ,  we r e a d  t h e  r o t a -  

t i o n  po: ( 1 , 3 , 2 , 6 , 4 , 5 ) ;  t h i s  g e n e r a t e s  t h e  e n t i r e  r o t a t i o n  

scheme P = (p, , p l  , . . . , p,) 

(Note t h a t  t h e  KCL/KVL h o l d s . )  

and i n  t u r n  t h e  t r i a n g u l a r  imbedding .  

I n  g e n e r a l ,  t h e  c u r r e n t  g raph  K ( s )  f o r  K12s+7 ( a s  g i v e n  i n  

w i t h  S e c t i o n  9-3) h a s  as i t s  d u a l  a v o l t a g e  g r a p h  f o r  I '  = 2 

p = 1, q = 6s  + 3 ,  and r = r3 = 4 s  + 2 ;  t h e  v o l t a g e  g r a p h ,  as was 

t h e  c u r r e n t  g r a p h ,  i s  imbedded i n  Ss+l. The c o v e r i n g  i s  unbranched  

( s i n c e  t h e  KVL h o l d s )  and i s  ( 1 2 s  + 7 ) - f o l d ,  g i v i n g  an imbedding  

1 2 s + 7 '  

as b e f o r e ,  w i t h  p = 1 2 s  + 7 ,  o f  K12s+7 i n  S 2 
1 2 s  +2s+l 

q = ( 1 2 s + 7 ) ( 6 s + 3 )  , and r = r3  = ( 1 2 s + 7 )  ( 4 s + 2 ) .  

w i t h  I '  = Z 7  (see,  f o r  example ,  [W12]) t o  imbed K7 i n  S 3  w i t h  

r3 = 7 and r7  = 3 ( d e t e r m i n e d  by  t h e  v o r t i c e s  x ,  y ,  and  z . )  

T h i s  i s  r e a d i l y  augmented t o  a t r i a n g u l a t i o n  of S3 by K7 + F3 = 

K10 - { x y , x z , y z } ;  

s t r u c t i o n  adds  t h e  t h r e e  m i s s i n g  e d g e s  over one  e x t r a  h a n d l e .  

The c o r r e s p o n d i n g  v o l t a g e  g r a p h  i s  g iven  i n  F i g u r e  10-d.  

The c u r r e n t  g r a p h  for K10 a p p e a r s  i n  F i g u r e  9-23;  it is  u s e d ,  

t h e n  t h e  a d d i t i o n a l  a d j a c e n c y  p a r t  o f  t h e  con- 

F i g u r e  1 0 - 8  

The r o t a t i o n  po = ( 1 , 6 , 4 , 3 , 2 , 5 )  

The o u t e r  r e g i o n  o f  F i g u r e  10 -8  s a t i s f i e s  t h e  K V L  

is e a s i l y  read from e i t h e r  f i g u r e .  
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(1 + 4 + 2 = 0 ,  i n  Z 7 ) ,  so  by  Theorem 10-8 (iii) it l i f t s ,  w i t h -  

o u t  b r a n c h i n g ,  t o  seven  t r i a n g l e s  i n  t h e  c o v e r i n g  imbedding of  

Each o f  t h e  t h r e e  monogons, however,  h a s  v o l t a g e  sum o f  o r d e r  

1R/$ = 7 ,  
s i d e d  r e g i o n  ( a  h e p t a g o n . )  Thus K, is  imbedded i n  S3 a s  a 

b ranched  c o v e r i n g  s p a c e  o v e r  So .  Moreover,  s i n c e  e a c h  v o l t a g e  

g e n e r a t e s  Z 7 ,  e a c h  h e p t a g o n a l  r e g i o n  boundary  i s  a h a m i l t o n i a n  

c y c l e  f o r  K7. Thus ,  i f  one  v e r t e x  i s  added i n  t h e  i n t e r i o r  of e a c h  

h e p t a g o n ,  a t r i a n g u l a r  imbedding of K, + E, r e s u l t s .  The a d d i t i o n -  

a l  a d j a c e n c y  c o n s t r u c t i o n  i s  as b e f o r e .  

The t h r e e  v o r t i c e s  f o r  e a c h  c u r r e n t  g raph  i n  case 1 0  (see [ R 1 4 ] )  

K 7 .  

so  t h a t  e a c h  i s  c o v e r e d ,  w i t h  b r a n c h i n g ,  by o n e  seven-  

become monogons i n  t h e  v o l t a g e  g r a p h  imbedding ,  w i t h  t h e  s i n g l e  

boundary  e d g e s  a lways  c a r r y i n g  a v o l t a g e  which  g e n e r a t e s  

Thus e a c h  monogon i s  b ranch-cove red  by  a s i n g l e  ( 1 2 s + 7 )  -gon, bounded 

by a h a m i l t o n i a n  c y c l e  for K12s+7, and  t h e  c o n s t r u c t i o n  p r o c e e d s  

as f o r  t h e  c a s e  s = 0 .  

'12 s+7' 

For  a d i s c u s s i o n  of a l l  twe lve  c a s e s  i n  t h i s  v o l t a g e  g r a p h /  

b ranched  c o v e r i n g  s p a c e  s e t t i n g ,  see Gross and Tucke r  [ G T l ] .  

10-5 .  S t r o n g  Tensor  P r o d u c t s  

I n  [ G R W l ]  t h e  f o l l o w i n g  p r o d u c t  o p e r a t i o n  f o r  g r a p h s  w a s  i n t r o -  

duced:  

Def. 10-11. For  two g r a p h s  G1 and G 2 ,  t h e  s t r o n g  t e n s o r  

p r o d u c t  G1 G 2  h a s  v e r t e x  se t  V(G1) x V ( G 2 )  and 

edge  s e t  { ( u ,  ,u2) (v, , v 2 )  1 (ul = v1 and 

u2vz E ( G 2 ) )  o r  (u1V1 E(G1)  and u2v2 E E(G2))1. 

Thus  GI  3 G 2  c o n s i s t s  of 1 V(G1)  I d i s j o i n t  c o p i e s  o f  G2 , 
t o g e t h e r  w i t h  a l l  t h e  t e n s o r  p r o d u c t  e d g e s .  The f o l l o w i n g  t w o  pro-  

p e r t i e s  of t h e  s t r o n g  t e n s o r  p r o d u c t  f o l l o w  f rom the  d e f i n i t i o n :  

Thm. 10-13 .  G1 G2 i s  a subgraph  o f  t h e  l e x i c o g r a p h i c  p r o d u c t  

G2 [ G 1 ] ,  w i t h  e q u a l i t y  i f  and  o n l y  i f  G1 i s  c o m p l e t e .  
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The theorem below f rom [ G R W l ]  i s  e s p c c i a l l y  germane i n  t h e  

p r e s e n t  work : 

Thm. 10-14. L e t  G2 have  a t r i a n g u l a r  imbedding i n  an o r i e n t a b l e  

s u r f a c e ,  w i t h  b i c h r o m a t i c  d u a l ;  l e t  G 2  he  c o n n e c t e d  

and b i c h r o m a t i c ,  w i t h  maximum d e g r e e  a t  most two. 

Then G1 '5' G 2  

able s u r f a c e ,  w i t h  b i c h r o m a t i c  d u a l .  

h a s  a t r i a n g u l a r  imbedding  i n  an o r i e n t -  

I n  C h a p t e r  1 2  w e  w i l l  f i n d  t h a t  o r i e n t a b l e  t r i a n g u l a t i o n s  of 

s t r o n g l y  r e g u l a r  g r a p h s  w i t h  b i c h r o m a t i c  d u a l s  c a n  b e  p a r t i c u l a r l y  

u s e f u l .  We s h a l l  see t h a t  each  K n ( m )  i s  s t r o n g l y  r e g u l a r ;  t h u s  i f  

w e  t a k e  G1 = K2, Theorems 10-12 a n d  10-14 w i l l  combine t o  p r e s e r v e  

t h i s  u s e f u l n e s s  unde r  t h e  s t r o n g  t e n s o r  p r o d u c t  o p e r a t i o n .  

For  t h e  p r e s e n t ,  w e  o b s e r v e  t h a t  e a c h  c o v e r i n g  imbedding of 

F i g u r e  1 0 - 4  ( w i t h  G A ( I ' )  = G 2 )  g i v e s  r ise t o  an i n f i n i t e  c o l l e c t i o n  

of b i c h r o m a t i c  d u a l  t r i a n g u l a t i o n s ,  v i a  r e p e a t e d  a p p l i c a t i o n  o f  

Theorem 1 0 - 1 4  - f o r  e a c h  g raph  
G1 

as i n  t h a t  theorem.  

I n  p a r t i c u l a r ,  w e  can  t a k e  G1 = K 2  and e x t e n d  Examples 2a, 

2b, and 2 c  r e s p e c t i v e l y  t o  o b t a i n ,  f o r  e a c h  n o n n e g a t i v e  i n t e g e r  k ,  

k ' K 4  ( 2 k + l )  ' o r i e n t a b l e  b i c h r o m a t i c  d u a l  t r i a n g u l a t i o n s  f o r  K 
7 ( 2  ) and K 1- . 

3 ( 3. 2 K )  

F i n a l l y ,  w e  remark t h a t  Theorem 10-13 combines  w i t h  Theorem 

6-45 t o  y i e l d  t h e  s u r p r i s i n g l y  g e n e r a l  fo rmula  o f :  

Thrn. 10 -15 .  L e t  G have  p v e r t i c e s  of  p o s i t i v e  d e g r e e ,  q e d g e s ,  

k n o n t r i v i a l  components ,  and no  3 -cyc le s .  Then 

Y ( K ~ ~ ! ? ?  G )  = k + n ( n q - p ) .  

10-6. Problems 

10-1 . )  Show t h a t  t h e  i d e n t i t y  map i: X -f X i s  a lways  a c o v e r i n g  

p r o j e c t i o n .  - 
10-2 . )  Show t h a t  i f  p :  X + X and q:  Y + Y are c o v e r i n g  p ro -  

j e c t i o n s ,  t h e n  so i s  pxq: X x Y -+ X x Y ,  where 

5 

. -  

(pxq)  ( X , Y )  = ( p x , q y ) .  

10-3 . )  Regard t h e  t o r u s  as S1 = C x C ,  where C i s  t h e  u n i t  

c i rc le  i n  R2, Show t h a t  R2 = R x R ,  R x C ,  and 
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S1 = C x C all c o v e r  S1. T r y  t o  v i s u a l i z e  p , i n  e a c h  

c a s e .  

3 ( n )  1 0 - 4 . )  Show t h a t  e v e r y  o r i e n t a b l e  t r i a n g u l a r  imbedding  f o r  K 

h a s  b i ch romat  i c  d u a l .  

1 0 - 5 . )  F ind  t h e  v o l t a g e  g r a p h  c o r r e s p o n d i n g  t o  F i g u r e  9-11.  

10-6.) Find t h e  v o l t a g e  g r a p h  c o r r e s p o n d i n g  t o  F i g u r e  9-13. 

1 0 - 7 . )  What imbedding ( and  of what  g r a p h )  c o v e r s  t h e  v o l t a g e  g r a p h  

imbedding  of F i g u r e  10-9  (r' = Z 8 ) ?  Is t h e r e  b r a n c h i n g ?  

Where, and  of what m u l t i p l i c i t y ?  

3 

F i g u r e  10-9 

* 
10-8 . )  Answer t h e  q u e s t i o n s  o f  Problem 1 0 - 7 ,  b u t  now f o r  F i g u r e  

6 , 6 , 3 )  = 7 .  1 0 - 1 0 ,  w i t h  r = Z 12. Then show t h a t  y ( K  

F i g u r e  10-10  
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* 
1 0 - 9 . )  Extend t h c  c o n s t r u c t i o n  of Problem 10-8 ,  t o  show t h a t  

2 ) = 2 ( n - 1 )  , f o r  n 1 , 2  (mod 3 ) .  ( S c c  Y ( K 2 n ,  2n ,  2n-2 
a l s o  [ S W l ] . )  

10-10.) Show t h a t  i f  w e  b e g i n  w i t h  an a r b i t r a r y  2-cell imbedding o f  

a Cayley  c o l o r  g raph  C t ! ( I )  as a v o l t a g e  q raph  imbedding ,  

and u s e  v o l t a g e  g roup  I , t h e  c o v e r i n g  s p a c e  c o n s i s t s  of 

I ; ' \  d i s j o i n t  c o p i e s  of t h e  b a s e  c o n f i g u r a t i o n .  

10-11.) A g raph  G o f  s i z e  q i s  s a i d  t o  be  c o n s e r v a t i v e  (see 

- 

Bange, Ba rkauskas ,  and S l a t e r  [BBSl]) i f  t h e  e d g e s  can  b e  

o r i e n t e d  and d i s t i n c t l y  l a b e l e d  w i t h  1 , 2 , . . . , q so t h a t  

a t  each  v e r t e x  t h e  sum of t h e  numbers on t h e  i n w a r d l y  

d i r e c t e d  e d g e s  e q u a l s  t h a t  on t h e  o u t w a r d l y  d i r e c t e d  e d g e s .  

Show t h a t  i f  such  a g r a p h  h a s  a 2 -ce l l  imbedding w i t h  

r = 1,  t h e n  it s e r v e s  as an  i n d e x  one a u r r e n t  g r a p h ,  w i t h  

c u r r e n t s  from r = Z n ,  n - :> 2 y  + 1. S tudy  t h e  imbedding 

of Gi,( : )  d e t e r m i n e d ,  f o r  i: = {1 , 2 , . . . , y } .  Cons ide r  

t h e  s p e c i a l  c a s e s  n = 2 q  + 1, n = 2y + 2 .  Use t h e  f a c t  

t h a t ,  f o r  n - :I 4 ,  Kn i s  c o n s e r v a t i v e  (see [BBSl]) t o  f i n d  

r = r  imbeddings  f o r  K , n L 1 , 2  (mod 4 ) .  I f  
n -n+ l  

G i s  cubic, show t h a t ,  i n  g e n e r a l ,  t h e  c o v e r i n g  imbedding 

i s  minimal f o r  G L  ( 1 ' ) .  

n-1  

1 0 - 1 2 .  ) Prove Theorem 10-12. 

10 -13 .  ) Prove Theorem 1 0 - 1 3 .  
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NONORIENTABLE GRAPH IMBEDDINGS 

W e  r e i t e r a t e  t h a t  ou r  p r imary  m o t i v a t i o n  f o r  t h i s  e n t i r e  work 

i s  t o  d e p i c t  g r a p h s  - and i n  p a r t i c u l a r  q r a p h s  o f  g r o u p s  - on s u r -  

f a c e s  ( l o c a l l y  2 -d imens iona l  drawing  b o a r d s ) ,  u s u a l l y  as e f f i c i e n t l y  

as p o s s i b l e .  I n  k e e p i n g  w i t h  our d e s i r e  t o  s t u d y  s t r u c t u r e s  t h a t  

e x i s t  i n  t h r e e - d i m e n s i o n a l  s p a c e ,  w e  have  c o n c e n t r a t e d  on t h e  o r i e n t -  

a b l e  s u r f a c e s  

o r i e n t a b l e  s u r f a c e s  Nh ( h  2 1 ) .  

an a n a l o g  i n  t h e  n o n o r i e n t a b l e  c o n t e x t ,  and it is  t o  t h e s e  a n a l o g s  

t h a t  w e  now t u r n  o u r  a t t e n t i o n .  

Sk ( k  < 0 )  - t o  t h e  a l m o s t  t o t a l  e x c l u s i o n  o f  t h e  non- 

Bu t  much o f  what  w e  have  done  h a s  

11-1. Genera l  Theory  

Def. 11-1. The n o n o r i e n t a b l e  g e n u s ,  ( G )  , o f  a g r a p h  G i s  t h e  

minimum h such  t h a t  G c a n  b e  imbedded i n  t h e  non- 

o r i e n t a b l e  s u r f a c e  N h .  Such an imbedding i s  s a i d  t o  b e  

n o n o r i e n t a b l y  minimal f o r  G .  

For  c o m p l e t e n e s s ,  w e  e x t e n d  D e f i n i t i o n  11-1 so t h a t  T ( G )  = 0 ,  

i f  G i s  p l a n a r .  S i n c e  h can  b e  r e g a r d e d  as t h e  number of cross- 

c a p s  a t t a c h e d  t o  t h e  s p h e r e  So t o  form Nh , y ( G )  i s  a l s o  c a l l e d  

t h e  c r o s s c a p  number of G. Thus a p l a n a r  g raph  h a s  c r o s s c a p  number 

z e r o .  

The genus  and  n o n o r i e n t a b l e  genus  are r e l a t e d  by :  

and t h e n  a t t a c h  one  c r o s s -  
y ( G )  

P r o o f :  Imbed G i n  S 

c a p  t o  S y ( G ) ,  

G i s  imbedded i n  t h i s  new s u r f a c e ,  which  i s  homeomorphic 

t o  N 2 y ( G ) + 1 '  

w i t h i n  one  r e g i o n  of t h e  imbedding. Then 

# 
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Aus lande r ,  Brown, and Youngs [ A B Y L ]  have c o n s t r u c t e d  g r a p h s  of 

a r b i t r a r i l y  l a r g e  genus  which  a l l  imbed i n  t h e  p r o j e c t i v e  p l a n e  
N1; 

t h u s  t h e r e  i s  no  m o d i f i c a t i o n  of  Theorem 11-2  which  r e v e r s e s  t h e  i n -  

e q u a l i t y .  

For  a p roof  o f  t h e  f o l l o w i n g  a n a l o g  t o  Theorem 5 - 1 4 ,  see 

Massey [ M 3 ] .  

Thm. 11-3.  L e t  G b e  a connec ted  pseudograph ,  w i t h  a 2 -ce l l  i m -  

bedd ing  i n  N h  , w i t h  t h e  u s u a l  p a r a m e t e r s  p , q , and 

r .  Then p - q + r = 2 - h.  

The number 2 - h i s  t h e  c h a r a c t e r i s t i c  of Nh ( X ( N h )  = h)  r 

as i t  i s  independen t  o f  G .  Note t h a t  i n  comput ing  t h e  c h a r a c t e r i s -  

t i c  of a s u r f a c e ,  one  h a n d l e  h a s  t h e  same we igh t  as  t w o  c r o s s c a p s .  

U n f o r t u n a t e l y ,  t h e  n o n o r i e n t a b l e  a n a l o g  of Theorem 6 - 1 1  i s  

f a l s e .  A s  i s  i m p l i c i t  i n  Theorem 6 - 1 0 , K 7  d o e s  n o t  imbed i n  N 2 ;  

b u t  s i n c e  K 7  does imbed i n  S1 , i t  h a s  an imbedding i n  N 3  ( add  

one  c r o s s c a p  i n  t h e  i n t e r i o r  of a r e y i o n  o f  t h e  imbedding i n  

S1) which i s  n o t  2 -ce l l .  T h i s  imbedding must b e  n o n o r i e n t a b l y  

minimal f o r  K 7 .  

of a connec ted  g raph  s a t i s f i e s  t h e  v e r y  u s e f u l  e u l e r  e q u a t i o n  o f  

Theorem 11-3. Youngs [Yl] overcame t h i s  o b s t a c l e  by  t w o  d e f i n i t i o n s  

and one theorem:  

K 7  

Thus w e  canno t  be a s s u r e d  t h a t  a n o n o r i e n t a b l y  minimal imbedding 

Def. 1 1 - 4 .  An imbedding of a c o n n e c t e d  g r a p h  G i n t o  a s u r f a c e  S 

( o r i e n t a b l e  o r  n o n o r i e n t a b l e )  i s  s i m p l e s t  i f  t h e r e  i s  n o  

imbedding o f  G i n t o  any  S '  s a t i s f y i n g  x ( S ' )  x ( S ) .  

Def. 11-5. An imbedding of a c o n n e c t e d  g r a p h  G i n t o  a s u r f a c e  S 

( o r i e n t a b l e  or  n o n o r i e n t a b l e )  i s  maximal i f  t h e r e  i s  n o  

imbedding of G i n t o  any  S '  h a v i n g  more r e g i o n s .  

( T h a t  i s ,  S a l l o w s  t h e  maximum v a l u e  o f  r . )  

Thm. 11-6 .  A n  imbedding o f  a c o n n e c t e d  g raph  G i n t o  a s u r f a c e  S 

( o r i e n t a b l e  or n o n o r i e n t a b l e )  is  s i m p l e s t  i f  and o n l y  i f  

it i s  b o t h  2-cell and maximal. 

Thus t h e  imbedding of K 7  i n t o  Nj c o n s t r u c t e d  above i s  

n e i t h e r  s i m p l e s t  n o r  2-cell  ( n o r  maximal.)  I n  g e n e r a l ,  i f  a 
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connec ted  g raph  G h a s  a n o n o r i e n t a b l e  2 -ce l l  imbedding  which  

maximizes r ,  t h e n  t h a t  imbedding is s i m p l e s t  ( b y  Theorem 1 1 - 6 )  

and h e n c e  n o n o r i e n t a b l y  m i n i m a l ,  so t h a t  7 ( G )  h a s  been  de te rmined .  

Then w e  have t h e  f o l l o w i n g  a n a l o g s  t o  C o r o l l a r y  6 - 1 4 ,  C o r o l l a r y  6-15, 

and  Theorem 9 - 1 :  

Cor. 1 1 - 7 .  I f  G i s  c o n n e c t e d ,  w i t h  p 2 3 ,  t h e n  T ( G )  > - 
q/3  - p + 2 ;  e q u a l i t y  h o l d s  i f  and o n l y  if a non- 

o r i e n t a b l e  t r i a n g u l a r  imbedding  can b e  found  f o r  G. 

P r o o f :  L e t  G be imbedded i n  N ? ( G )  * I f  t h e  imbedding  

i s  2-ce l l ,  t h e n  p - q + r = 2 - T ( G )  by Theorem 1 1 - 3 .  

A s  i n  t h e  o r i e n t a b l e  case, 2q - > 3 r  - w i t h  e q u a l i t y  i f  

and o n l y  i f  r = r Thus T ( G )  = q - p - r + 2 > 3 '  - 

q/3  - p + 2 .  I f ,  on t h e  o t h e r  hand ,  t h e  imbedding  i s  

n o t  2-cel l ,  t h e n  it i s  n o t  s i m p l e s t ,  by  Theorem 11-6. 

Thus G h a s  a s i m p l e s t  ( a n d  hence  2 -ce l l )  imbedding on 

s u r f a c e  S ,  where X ( N T ( G ) )  = 2 - ? ( G )  < x ( S )  = 

p - q + r 5 p - q /3  ( u s i n g  2q - > 3 r  a g a i n ) ;  h e n c e  

y ( G )  > q /3  - p + 2 ,  i n  t h i s  case. # 

Cor. 11-8 .  I f  G i s  c o n n e c t e d ,  w i t h  p 2 3 ,  and h a s  n o  t r i a n g l e s ,  

t h e n  T ( G )  2 q/2 - p + 2 ;  e q u a l i t y  h o l d s  i f  and o n l y  

i f  a n o n o r i e n t a b l e  q u a d r i l a t e r a l  imbedding  can b e  found  

f o r  G. 

(The p r o o f  i s  e n t i r e l y  a n a l o g o u s  t o  t h a t  o f  C o r o l l a r y  

11-7 . )  

Cor. 11-9. L e t  Kn b e  n o n o r i e n t a b l y ,  m i n i m a l l y ,  2-cell  imbedded i n  

(The p roof  is a n a l o g o u s  t o  t h a t  o f  Theorem 9-1 . )  

T h e  n o n o r i e n t a b l e  a n a l o g s  t o  Theorem 6-18 and C o r o l l a r y  6-19 

are a l s o  f a l s e ,  a s  G = 2 K 7  shows: s i n c e ,  by  C o r o l l a r y  6-19, 

y ( 2 K 7 )  = 2 y ( K  = 2 ,  Y ( 2 K 7 )  - < 5 ,  b y  Theorem 11-2. B u t ,  as w e  have  

s e e n ,  Y ( K 7 )  = 3 ,  so t h a t  Y ( 2 K 7 )  # 2 ? ( K 7 ) .  What i s  t r u e  f o l l o w s  

i n  t w o  d e f i n i t i o n s  and one  theo rem,  due t o  S t a h l  and Beineke  [SBl]: 

7 
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Def. 1 1 - 1 0 .  The inani Io ld  number of a g r a p h  G IS  p ( G )  = ____- 
max{2-2.( (G) , 2-; (G) 1 .  

Def. 11-11. A g raph  G is o r i e n t a b l y  s i inp le  i f  1 1 f G )  # 2 - , i ( G )  : 

t h a t  i s ,  i f  ’ ( ( G )  :, 2 y ( G ) .  

Thm. 1 1 - 1 2 .  L e t  G be  a g r a p h  w i t h  b l o c k s  ( o r  components) 

G1 , G2 , . , , , Gk. I f  G i s  o r i e n t a b l y  s i m p l e ,  t h e n  

11 - 2 .  N o n o r i e n t a b l e  Cover ing  S p a c e s  

R e c a l l  from Example 3 o f  S e c t i o n  1 0 - 1  t h a t  t h e  s p h e r e  

2 - f o l d  c o v e r i n g  s p a c e  of t h e  p r o j e c t i v e  p l a n e .  In  g e n e r a l  (see 

Stahl [ S S ] ,  f o r  cxamplej , t h e r e  i s  a 2- fo ld  c o v e r i n q  p r o j e c t i o n  

p: Sk + N k + l ,  f o r  e v e r y  n o n n e g a t i v e  i n t e g e r  k. Thus e v e r y  non- 

o r i e n t a b l e  s u r f a c e  h a s  an o r i e n t a b l e  c o v e r i n g  s u r f a c e .  T r i v i a l l y ,  

e a c h  n o n o r i e n t a b l e  s u r f a c e  h a s  a t  l e a s t  one  n o n o r i e n t a b l e  c o v e r i n g  

s u r f a c e ,  namely i t s e l €  (see Problem 10-1.) In  S e c t i o n  11-4 w e  s h a l l  

see an example of a n o n o r i e n t a b l e  s u r f a c e  (N3)  w i t h  i n f i n i t e l y  

many n o n o r i e n t a b l e  c o v e r i n g  s u r f a c e s  

So i s  a 

“n+2, n -- 7 ) .  
I n  c o n t r a s t ,  i f  t h e  b a s e  s p a c e  i s  an o r i e n t a b l e  s u r f a c e ,  t h e n  

e v e r y  c o v e r i n g  s u r f a c e  must  b e  o r i e n t a b l e  a l s o .  Thus i n  C h a p t e r  1 0  

- where e a c h  base s p a c e  i s  o r i e n t a b l e  - e a c h  c o v e r i n g  s p a c e  i s  

o r i e n t a b l e  and hence  unambiguously d e t e r m i n e d  by i t s  c h a r a c t e r i s t i c .  

In  t h i s  c h a p t e r ,  however,  s i n c e  t h e  b a s e  s p a c e  w i l l  a lways  b e  non- 

o r i e n t a b l e ,  i f  t h e  c o v e r i n g  s u r f a c e  h a s  even c h a r a c t e r i s t i c ,  t h e n  

i t s  o r i e n t a b i l i t y  c h a r a c t e r  needs  t o  b e  a s c e r t a i n e d  t o  s p e c i f y  t h e  

s u r f a c e  u n i q u e l y .  

I n  t h e  n e x t  s e c t i o n  w e  s h a l l  see how t o  do t h i s ,  i n  t h e  c o n t e x t  

of n o n o r i e n t a b l e  g raph  imbeddings .  

11-3. N o n o r i e n t a b l e  Vo l t age  Graph Imbeddings 

‘To e x t e n d  t h e  v o l t a g e  g raph  t h e o r y  t o  n o n o r i e n t a b l e  imbedd ings ,  

w e  augment t h e  r o t a t i o n  scheme P o f  S e c t i o n  10-2 t o  a p a i r  ( P I X )  
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c a l l e d  an imbedding scheme: ' : K* Z 2  g i v e s  a v o l t a g e  g r a p h  

( K ,  Z 2 ,  ) . The r e g i o n  b o u n d a r i e s  a r e  computed almost as i n  t h e  
-1 

i s  used  i n s t e a d  of P v ( v , u ) ;  see [S8] and [SWl] f o r  d e t a i l s .  Now 

l e t  (K, I ,  1 )  be a v o l t a g e  graph  w i t h  imbedding scheme ( P  , A )  

and l e t  P b e  t h e  l i f t  of P t o  Kxi,l ; d e f i n e  A :  (Kx r ) *  -f Z 2  

by:  l ( e )  = ( c ) ,  f o r  e a c h  l i f t  e of e E E ( K ) .  De f ine  ( P ,  A )  

t o  be  t h e  l i f t  of ( P  , I )  t o  Kx I .  Then t h e  c o n c l u s i o n s  of Theorem 

1 0 - 8  and C o r o l l a r y  10-10  c a n  be  shown to  f o l l o w  v e r b a t i m .  

o r i e n t a b l e  c a s e  (see S e c t i o n  6-6), e x c e p t  t h a t  s o m e t i m e s  Pv ( v , u )  

- 
9 

9 

Thm. 11-13. L e t  (K, i ' ,  (li) be  a v o l t a g e  g raph  w i t h  imbedding  

scheme ( P  , A )  and ( 6  , i f  t h e  l i f t  o f  (P , A) t o  

Kx 1 ' .  L e t  (P , A )  and ( P  , i) d e t e r m i n e  2-cell  i m -  

b e d d i n g s  of  K and Kx i '  on t h e  s u r f a c e s  S and  S 

r e s p e c t i v e l y .  Then t h e r e  e x i s t s  a ( p o s s i b l y  b r a n c h e d )  

c o v e r i n g  p r o j e c t i o n  61: S + S s u c h  t h a t :  

9 

Q 

( i i )  i f  b is a b r a n c h  p o i n t  of m u l t i p l i c i t y  n, t h e n  

b i s  i n  t h e  i n t e r i o r  of a r e g i o n  R such  t h a t  

1 ~ 1 ~  = n .  

(iii) i f  R i s  a r e g i o n  of t h e  imbedding  of K which  
-1 

i s  a k-gon, t h e n  p (R) h a s  1 T 1 / / R I ( l i  c o m -  

p o n e n t s ,  e a c h  of which i s  a k 1 RI -gon r e g i o n  o f  

t h e  c o v e r i n g  imbedding of Kx@l'. 
9 

Cor. 1 1 - 1 4 .  I f  t h e  imbedding o f  ( K ,  f ,  q3) s a t i s f i e s  t h e  KVL, t h e n  

p :  S f S i s  a c o v e r i n g  p r o j e c t i o n  ( i . e .  t h e r e  i s  no 

b r a n c h i n g .  ) 

Of c o u r s e ,  t h e  imbedding scheme ( P  , A )  i s  used  i n  p r a c t i c e  

only when S i s  n o n o r i e n t a b l e ;  i f  S i s  o r i e n t a b l e ,  t h e  r o t a t i o n  

scheme P a l o n e  s u f f i c e s ,  and  S i s  n e c e s s a r i l y  o r i e n t a b l e  a l so ,  

as o b s e r v e d  above. I f  S i s  n o n o r i e n t a b l e ,  w e  mus t  d e t e r m i n e  t h e  

o r i e n t a b i l i t y  c h a r a c t e r  of S ;  t o  t h i s  e n d  w e  g i v e  : 
- 

Def. 11-15. For  a v o l t a g e  g raph  ( K ,  T ,  n), a c l o s e d  walk  c i n  

K is s a i d  t o  b e  1 1 - t r i v i a l  i f  q ( c )  = e i n  I .  
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Thm. 11-16 .  Under t h e  h y p o t h e s i s  of Theorem 11-13 ,  t h e  d e r i v e d  - 
s u r f a c e  S i s  o r i e n t a b l e  i f  and o n l y  i f  e v e r y  

@ - t r i v i a l  c l o s e d  walk i n  K is a l s o  A - t r i v i a l .  

We mention t h a t  Garman [ G l ]  h a s  f u r t h e r  ex tended  t h e  t h e o r y  of 

v o l t a g e  g raphs ,  a s  o u t l i n e d  i n  t h e  p r e v i o u s  and p r e s e n t  c h a p t e r s ,  t o  

pseudosurface imbeddings. In p a r t i c u l a r ,  Theorems 1 0 - 7 ,  1 0 - 8 ,  11-13 ,  

and 11-16 ,  and C o r o l l a r i e s  1 0 - 1 0  and 1 1 - 1 4  a l s o  app ly  f o r  S a 

pseudosurface;  i n  t h i s  c a s e ,  S i s  n e c e s s a r i l y  also a pseudosur face  

( o r  a g e n e r a l i z e d  pseudosur face ;  see D e f i n i t i o n  5-26 . )  

1 1 - 4 .  Examples 

Example 1: L e t  m : 2 (mod 4 ) .  F i g u r e  11-1 p r e s e n t s  a p r o j e c t i v e  

p l a n e  imbedding of a pseudograph K w i t h  one v e r t e x  and m/2  

l oops :  X ( e )  = 1 f o r  each loop e .  L e t  I' = Zn ( n  even)  , and 

$ ( e )  = 1 a s  i n d i c a t e d .  Then Kxb Z n  i s  a graph w i t h  v e r t e x  set  

F i g u r e  11-1 

{ ( v , i )  I 0 - -  < i < n-11 i n  which ( v , i )  and ( v ,  i + 1) a r e  j o i n e d  

by m/2 edges  f o r  each i. For  each  r eg ion  R of K imbedded 

below, I R I +  = n / 2 ,  so  t h a t  t h e  r e g i o n s  of Kx$ Z n  imbedded above 
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a r e  a l l  n-gons; i n  f a c t  e a c h  i s  a h a m i l t o n i a n  c y c l e .  The re  a r e  

( m / 2 ) 2  = m such  r e g i o n s  i n  a l l  ( a b o v e . )  Thus i f  w e  p l a c e  a new 

v e r t e x  i n  t h e  i n t e r i o r  of e a c h  such  r e g i o n ,  j o i n  i t  by n o n - i n t e r -  

s e c t i n g  e d g e s  t o  a l l  t h e  v e r t i c e s  on i t s  boundary ,  and t h e n  d e l e t e  

a l l  t h e  o r i g i n a l  e d g e s  of 

Km, n 
i s  a l s o  A - t r i v i a l ,  so  t h a t  t h e  c o v e r i n g  imbedding  i s  o r i e n t a b l e ,  

by  Theorem 1 1 - 1 6 ;  i t  i s  i n t o  Sk ,  where k = ( m - 2 )  ( n - 2 ) / 4 .  T h i s  

g i v e s  a p a r t i a l  p roo f  o f  Theorem 6-37; t h e  approach  a p p e a r s  i n  

[SWlI. 

Kx Z n ,  9 a q u a d r i l a t e r a l  imbedding of 

r e s u l t s .  I t  i s  c lear  t h a t  e v e r y  $ - t r i v i a l  c l o s e d  walk i n  K 

Example 2 .  I n  F i g u r e  11-2  w e  t a k e  A = { a , b , a + b }  f o r  r a b e l i a n  

( ~ Y 1 = n - ). 7) and K a s  a bouque t  o f  t h r e e  c i rc les  imbedded i n  

N 3 .  The s i n g l e  v e r t e x  h a s  been  g i v e n  an o r i e n t a t i o n  as i n d i c a t e d .  

a 

b 

F i g u r e  11-2  

Then t h o s e  edges  which  are c o h e r e n t l y  o r i e n t e d ,  as induced  by  t h e  

v e r t e x  o r i e n t a t i o n ,  are a s s i g n e d  A = 0 ( t h e r e  are n o n e ) ;  a l l  o t h e r  

e d g e s  - i n  t h i s  case t h e  t h r e e  e d g e s  bounding  t h e  hexagon - are 

a s s i g n e d  X = 1. Then t h e  c l o s e d  walk a + b - ( a + b )  i s  @ - t r i v i a l  

b u t  n o t  A - t r i v i a l ;  t h u s  t h e  c o v e r i n g  s u r f a c e  S i s  n o n o r i e n t a b l e ,  

n+2 by  Theorem 11-16. Moreover,  x ( S )  = n x ( S )  = -n,  so t h a t  S = N 

The s p e c i a l  c a s e  n = 7 produces  a s e l f - d u a l  imbedding  o f  K7 on 

- 

N9' 
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Example 3 .  Now modify F i g u r e  1 1 - 2  s l i g h t l y ,  t o  g i v e  F i g u r e  11-3.  

a 

b 

F i g u r e  11-3 

The c o v e r i n g  imbedding, s t i l l  on 

t h e  1 2 - r e g u l a r  2 - f o l d  G A ( T ' ) .  F i n a l l y ,  change 9 ( i . e .  r e l a b e l  t h e  

e d g e s  of K on N 3 ;  see Problem 1 1 - 4 1  t o  g i v e  1 - f o l d  t r i a n g u l a t i o n s  

of G A ( I ' )  of c h a r a c t e r i s t i c  -2n;  f o r  example ,  c o n s i d e r  G A ( Z 2 n ) ,  

where A = { 1 , 2 , 3 , n - 3 , n - 2 , n - l }  ancl s t i l l  n 7.  The c a s e  n = 7 

q i v e s  K 

N n + 2 ,  i s  now t r i a n g u l a r  and of 

7 ( 2 )  On N16. 

11-5. The Heawood Map-color ing  Theorem, 

N o n o r i e n t a b l e  Ver s ion  

I f  w e  a p p l y  C o r o l l a r y  1 1 - 7  t o  t h e  g r a p h s  G = K , w e  o b t a i n :  
m 

Lemma 11-17.  Y(Km) 1. {(m-3k(m-4) j ,  f o r  m 2 3 .  

W e  have n o t e d  t h a t  e q u a l i t y  does n o t  h o l d  f o r  m = 7 and t h a t  

However, e q u a l i t y  d o e s  ho ld  i n  e v e r y  o t h e r  case: Y ( K , )  = 3 .  

Thm. 11-18  

T h i s  Km s ,  of c o u r s e ,  e s t a b l i s h e d  by f i n d i n g  an imbedding of 

h = ((m-3) (m-4) ). 
o u t  t h e  b e n e f i t  of  c u r r e n t  g raphs .  

g raph  t h e o r y  ( i n  p a r t i c u l a r ,  t h e  t h e o r y  of c a s c a d e s ) ,  and a g a i n  s p l i t  

n a t u r a l l y  i n t o  t h e  r e s i d u e  cases of m modulo 1 2  (see [ R 1 4 ] ,  [LYl ] ,  

The f i r s t  p roo f  w a s  b y  R i n g e l  l R 8 1 ,  w i th -  on Nht 

L a t e r  p r o o f s  do employ c u r r e n t  
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[J41 . )  Lemma 1 1 - 1 7  and Theorem 1 1 - 1 8  combine t o  form t h e  n o n o r i e n t -  

a b l e  v e r s i o n  of t h e  comple te  g raph  theorem:  

( m - 3 )  ( m - 4 )  
Thm. 11-19 .  , ( K m )  = *  1, for m ; 3 and  m # 7 ;  

1 --I_ 

i(K7) = 3 -  

Now w e  l e t  Mn = Nh i n  Theorem 8-13, r e c a l l i n g  t h a t  f ( n )  = 

( 7  + v/49-24n)‘/2; h e r e  n = 2-h: 

To comple t e  t h e  p roof  o f  t h e  Heawood Map-color ing  Theorem, non- 

o r i e n t a b l e  v e r s i o n ,  w e  need  t h e  f o l l o w i n g :  

Lemma 1 1 - 2 1 .  ) ; ( N h )  [ f ( 2 - h ) ]  = i ( 7  + J1+24h) /2I t  h # 2 .  

P r o o f ;  Cons ide r  N h ,  h # 2 .  D e f i n e  m = [ f ( 2 - h ) ] ,  

and now c o n s i d e r  also N -  Note  t h a t  T ( K m )  5 h ,  
Y(K,)  * 

so  t h a t  X ( N ? ( ~ , ) )  2 y ( N h ) .  Now Km imbeds i n  

N. (K,) * ) m = [ f ( 2 - h ) ] ,  so t h a t  

j ( ( N h )  2 I f ( 2 - h )  I .  

S i n c e  F r a n k l i n  [F3] showed t h a t  x ( N 2 )  = 6 ,  we can  now combine 

L e m m a s  11-20 and 1 1 - 2 1  t o  restate Theorem 8-10. 

Thm. 1 1 - 2 2 .  j ( ( N h )  = [ ( 7  + -h)/21, f o r  h # 2 ;  x ( N 2 )  = 6 .  

1 1 - 6 .  O the r  R e s u l t s  

W e  g i v e  a few of  the a n a l o g s  t o  t h e  o r i e n t a b l e  r e s u l t s  of 

Chap te r  6 .  F o r  most  of t h e  o t h e r  n o n o r i e n t a b l e  g e n u s  r e s u l t s  known 

by 1 9 7 8 ,  see T a b l e  2 o f  S t a h l  [ S 9 ] .  

Thm. 11-23. ( R i n g e l  [ R 1 2 ] )  
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Thm. 1 1 - 2 4 .  

Thm. 1 1 - 2 5 .  

Thm. 11-26. 

Thm. 1 1 - 2 7 .  

(Jungcrrnan [J6] ) 

? ( Q n )  = 2 + 2 n - 2 ( n - 4 ) ,  n - 2 ,  

and i (Q,)  11. 

e x c e p t  t h a t  T(Q,) = 3 

( S t a h l  and  White [SWl]) 

F o r  n - ;' 4 and e v e n ,  Y (Kn , n  , n - 4 )  = (n-2)  (n -3 )  

Bouchet [B13] h a s  a l s o  used  h i s  " g e n e r a t i v e  m - v a l u a t i o n s "  (see 

S e c t i o n  6 - 5 )  t o  s t u d y  7 ( K n  ( m )  ) . He c o n s i d e r e d  t h e  r e s i d u e  c l a s s e s  

of m and n (mod 6 )  and c o n s t r u c t e d  t r i a n g u l a r  imbeddings  f o r  1 8  

o f  t h e s e  3 6  c a s e s ,  t h u s  d e t e r m i n i n g  Y ( K , ( ~ ) )  f o r  t h o s e  1 8  

c a s e s .  

We now t u r n  o u r  a t t e n t i o n  t o  t h e  maximum n o n o r i e n t a b l e  genus  

pa rame te r .  

Def. 11-28. The maximum n o n o r i e n t a b l e  g e n u s ,  y M ( G )  , of a c o n n e c t e d  

g r a p h  G i s  t h e  maximum h f o r  which  G h a s  a 2-cell 

imbedding i n  N h .  

I n  c o n t r a s t  t o  t h e  o r i e n t a b l e  case, t h e  v a l u e  of t h i s  p a r a m e t e r  

i s  r e a d i l y  c a l c u l a t e d  f o r  e a c h  c o n n e c t e d  g r a p h  G (see R i n g e l  [R15] 

and S t a h l  [ S 8 ] )  ; recal l  t h a t  t h e  B e t t i  number B ( G )  = q - p + 1. 

T h i s  means t h a t  e v e r y  connec ted  g raph  h a s  a n o n o r i e n t a b l e  2 - c e l l  

imbedding w i t h  r = 1. 

The f o l l o w i n g  theo rem,  a l s o  due t o  S t a h l ,  g i v e s  an a n a l o g  t o  

Duke's Theorem ( 6 - 2 1 )  and t o  C o r o l l a r y  6 - 2 2 .  

______ Thm. 1 1 - 3 0 .  A connec ted  g raph  G h a s  a 2-cell imbedding i n  N h  i f  

and o n l y  i f  T ( G )  5 h - i U ( G ) .  
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We give a nonorientable analog to the famous Kuratowski Theorem 

(6-6); this result is due to Glover, Huneke, and Wang [GHWl] and to 

Archdeacon [A7]. 

Thm. 11-31. A graph G imbeds in the projective plane N1 if and 

only if, for each graph H in a prescribed list of 103 

graphs, G contains no subgraph homeomorphic with H. 

It has long been conjectured that there is a finite number of 

graphs obstructing imbedding into each surface, whether orientable 

nonorientable (by Theorem 6-6 there are two for S o ;  by Theorem 

11-31 there are 103 for N1.) Recently Seymour [S4a] has affirmed 

this conjecture: 

or 

Thm. 11-32. For each closed 2-manifold M I  there is a finite set 

SM of graphs such that a graph G imbeds in M if 

and only if G contains no subgraph homeomorphic from 

at least one member of sMM' 

Finally, we mention that Pisanski [P6] has expanded the surgery 

techniques he used to generalize work of [W6] (see Theorem 7-13, 

for exam2le) in the orientable case, to apply to the nonorientable 

case as well. 

11-7. Problems 

11-1.) Prove Corollary 11-8. 

11-2.) Prove Corollary 11-9. 

11-3.) Describe the 2-fold 1 ) :  Sk -+ Nk+l of Section 11-2, for 

11-4.) Relabel the edges of K in Figure 11-3, to yield the 

k 1 1. 

GI)  ( Z2n) 
imbedding suggested in Example 3. 

11-5.) What imbedding, and of what graph, covers the voltage graph 

imbedding of Figure 11-4 ( 1  = Z 9 ) ?  Is there branching? 

Where, and of what multiplicity? 
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1 

Figure 11-4 

11-6,) Answer the questions of Problem 11-5, but now for = Zl0. 

11-7.) Try to prove Theorem 11-19 by the use of nonorlentable 

11-8.) Show that v(Qn x K ) = 2 + n2 I n ; 1. 

11-9.) 

* *  

voltage graphs. 
n+l 

4 1 4  
- Show that the 2-metacyclic group 

(a,blam = b2n = abab-l = e ?, for n odd and 1, is 

toroidal. (Hint: use Theorem 7-3 and the voltage graph 

imbedding that results when the right side arrow is re- 

versed in Figure 10-2.) 

r = 2 n '  D m -  

11-10.) What other toroidal groups can you find, using the hint of 

Problem 1 1 - 9 ?  
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CHAPTER 12 

BLOCK DESIGNS 

Block d e s i g n s  a r e  c o m b i n a t o r i a l  s t r u c t u r e s  o f  i n t e r e s t  i n  t h e i r  

own r i g h t ,  w i t h  a p p l i c a t i o n s  t o  e x p e r i m e n t a l  d e s i g n  and  t o  s c h e d u l -  

i n g  problems.  I i e f f t e r  [I151 w a s  t h e  f i r s t  t o  o b s e r v e  t h a t  c e r t a i n  

imbeddings  of comple t e  g r a p h s  d e t e r m i n e  B I B D s  w i t h  k x 3 and 

3 = 2 ( and  somet imes  ) = 1.) A l p e r t  [All e s t a b l i s h e d  a one- to-one  

co r re spondence  between BIBDs w i t h  k = 3 and X = 2 and t r i a n g u l a -  

t i o n  sys t ems  f o r  comple t e  q r a p h s .  I n  [Wll] t h i s  c o r r e s p o n d e n c e  i s  

e x t e n d e d  t o  P B I B D s  on two a s s o c i a t i o n  c l a s s e s  w i t h  k = 3 ,  X1 = 0 

and i 2  = 2 ( and  sometimes , A 2  = 1) and t r i a n g u l a t i o n  s y s t e m s  f o r  

s t r o n g l y  r e g u l a r  g r a p h s .  The g r o u p - d i v i s i b l e  d e s i g n s  of Hanani [ I l l ]  

a r e  used  t o  c o n s t r u c t  t r i a n g u l a r  imbeddings  ( i n  g e n e r a l i z e d  pseudo- 

s u r f a c e s )  f o r  t h e  g roups  K n ( m ) ,  i n  e a c h  case p e r m i t t e d  by  t h e  

e u l e r  e q u a t i o n .  C o n v e r s e l y ,  t r i a n g u l a r  imbeddings  o f  K are 

c o n s t r u c t e d  (by  o t h e r  means) which  l e a d  t o  new g r o u p - d i v i s i b l e  

d e s i g n s .  A p r o c e s s ,  u s i n q  t h e  s t r o n y  t e n s o r  p r o d u c t  o p e r a t i o n  f o r  

g r a p h s ,  i s  deve loped  f o r  " d o u b l i n g "  a cjiven P B I B D  o f  an a p p r o p r i a t e  

form. 

n (m) 

1 2 - 1 .  Ba lanced  Incomple t e  Block Des igns  

Def. 1 2 - 1 .  A ( v ,  b ,  r ,  k ,  A) -ba lanced  i n c o m p l e t e  b l o c k  d e s i g n  

( B I B D )  i s  a s e t  of v o b j e c t s  and  a c o l l e c t i o n  of b 

s u b s e t s  of t h e  o b j e c t  s e t ,  e a c h  s u b s e t  b e i n g  c a l l e d  a 

b l o c k ,  s a t i s f y i n g :  

(i) e a c h  o b j e c t  a p p e a r s  i n  e x a c t l y  r b l o c k s :  

( i i)  e a c h  b l o c k  c o n t a i n s  e x a c t l y  k ( k  v )  o b j e c t s ;  

(iii) e a c h  p a i r  of d i s t i n c t  o b j e c t s  a p p e a r s  t o g e t h e r  i n  

e x a c t l y  X b l o c k s .  
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I f  k = v ,  t h e  d e s i g n  would b e  comple t e ;  c o m p l e t e  d e s i g n s  a r c  

t r i v i a l  t o  c o n s t r u c t ,  b u t  have  l i t t l e  a p p l i c a t i o n .  Hence f o r  k a: v, 

t h e  d e s i g n  i s  " i n c o m p l e t e .  I' The " b a l a n c e "  comes from t h e  t h r e e  un i -  

f o r m i t y  c o n d i t i o n s  on r ,  k ,  and A r e s p e c t i v e l y .  

A t r i v i a l  example  of a E I E D ,  f o r  e a c h  v > 1 and 0 ': k < v ,  

i s  o b t a i n e d  by t a k i n g  t h e  b l o c k s  t o  b e  a l l  t h e  k - s u b s e t s  of t h e  

v- 2 
v - s e t ;  t h e n  b = [z]  , r = \;I:] , and X = ik-2]  . 

I n  g e n e r a l ,  e l e m e n t a r y  c o u n t i n g  a rgumen t s  ( s e e  Problems 1 2 - 1  

and 1 2 - 2 )  e s t a b l i s h  t h e  f o l l o w i n g  well-known r e s u l t :  

Thm. 1 2 - 2 .  I f  a ( v ,  b ,  r ,  k ,  X ) - B I B D  e x i s t s ,  t h e n :  

( i )  v r  = bk;  

(ii) X(v-1) = r ( k - 1 ) .  

These n e c e s s a r y  c o n d i t i o n s  have  a lso been  shown t o  b e  s u f f i c i e n t ,  

f o r  k = 3 , 4 , 5  ( a n d  f o r  some o f  t h e  cases k = 6 , 7 )  by Hanani  [ H l ] ,  

and f o r  f i x e d  k and 1, w i t h  v l a r g e  enough, by Wilson  [W151. 

1 2 - 2 .  B I B D s  and Graph Imbeddings 

What H e f f t e r  and A l p e r t  obse rved  i s  t h a t  a t r i a n g u l a r  imbedding  

i n  an a p p r o p r i a t e  s u r f a c e  ( t h i s  i s  p o s s i b l e  e x a c t l y  when of Kn 

n E 0,l (mod 3 ) ,  n > 1; see S e c t i o n s  9-1 and 1 1 - 5 ) ,  w i t h  t h e  

r e g i o n s  d e t e r m i n i n g  t h e  b l o c k s  i n  t h e  n a t u r a l  f a s h i o n ,  s e r v e s  as an 

( n ,  n ( n - 1 ) / 3 ,  n-1, 3 ,  2 ) - B I B D ,  s i n c e :  (i) e v e r y  v e r t e x  i s  a d j a c e n t  

t o  e x a c t l y  n - 1 o t h e r  v e r t i c e s  and h e n c e  i s  i n  e x a c t l y  n - 1 

r e g i o n s :  ( ii) e a c h  r e g i o n  c o n t a i n s  e x a c t l y  t h r e e  v e r t i c e s ,  b y  

a s sumpt ion ;  and (iii) e a c h  p a i r  o f  d i s t i n c t  v e r t i c e s  c o n s t i t u t e s  an  

edge ( s i n c e  t h e  graph  i s  comple t e )  and  hence  b e l o n g s  t o  e x a c t l y  t w o  

b l o c k s  ( t h e  two r e g i o n s  c o n t a i n i n g  t h a t  edge  i n  t h e i r  boundary . )  

Conver se ly ,  a B I B D  on v o b j e c t s  w i t h  k = 3 and X = 2 ( a  

2 - f o l d  t r i p l e  sys t em)  d e t e r m i n e s  a t r i a n g u l a r  imbedding  o f  KV i n  

a g e n e r a l i z e d  p s e u d o s u r f a c e ,  as f o l l o w s .  Each b l o c k  becomes a 3 -  

s i d e d  2-ce l l  r e g i o n ,  w i t h  ver t ices  l a b e l l e d  by  t h e  o b j e c t s  of t h e  

b l o c k .  S i n c e  X = 2 ,  e ach  p a i r  o f  ver t ices  a p p e a r s  e x a c t l y  twice - 
s o  t h a t  a 2-mani fo ld  ( p o s s i b l y  w i t h  s e v e r a l  components) r e s u l t s  f rom 

t h e  s t a n d a r d  i d e n t i f i c a t i o n  p r o c e s s  of c o m b i n a t o r i a l  t o p o l o g y .  
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Then identify identically labelled vertices, to form a generalized 

pscudosurface triangular imbedding for K\,. We summarize, in: 

Thm. 12-3. The 2-fold triple systems on v objects are in one-to-one 

correspondence with triangular imbeddings of Kv in 

generalized pseudosurfaces. 

If the triangular imbedding of Kv has bichromatic dual, then 

the 2-fold triple system splits naturally into two 1-fold triple 

systems (Steiner triple systems, having k = 3 and h = 1): 

Thm. 12-4. Steiner triple systems on v objects are in two-to-one 

correspondence with triangular imbeddings of Kv in 

generalized pseudosurfaces having bichromatic dual. 

Letting k = 3 and I, = 1 or 2 in Theorem 12-2, and invoking 

the work of iianani (or others) mentioned following that Theorem, we 

obtain: 

Thm. 12-5. (1) Steiner triple systems on v objects exist if and 

only if v = 2, 3 (mod 6 ) ;  

(ii) 2-fold tri2le systems on v objects exist if and 

only if v 0, 1 (mod 3 ) .  

For independent verification of (ii) above, we follow Apert in 

observing that triangular imbeddings of Kv (see Sections 9-3 and 

11-5) give 2-fold triple systems on v objects for all v ~ 0, 1 

(mod 3 ) ,  v # 1. Moreover, in [GRWl] it is observed that the orient- 

able genus imbeddings for Kn, n 3 (mod 12), a l l  have bichromatic 

dual; thus Steiner triple systems are independently produced for 

these values of n. 

12-3. Examples 

Example 1: Refer to Example la of Section 10-3; the quadrilateral im- 

bedding of K5 in S1 obtained there yeilds a (5,5,4,4,3)-BIBD. 

This is atypical in that k > 3 and X > 2, but it does indicate 

that the scope of the connection between BIBDs and graph imbeddings 

is even wider than indicated in Section 12-2. This imbedding is a 

geometric realization of the "all 4-subsets of a 5-set" abstract 

design. 
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Example 2 :  R e f e r  t o  Example 2a of  S e c t i o n  1 0 - 3 ; t h e  t r i a n g u l a r  im- 

bedd ing  o f  K7 i n  S1 o b t a i n e d  t h e r e  y i e l d s  a ( 7 ,  1 4 ,  6 ,  3 ,  2)- 

BIBD and ,  s i n c e  t h e  d u a l  is b i c h r o m a t i c ,  t w o  ( 7 ,  7 ,  3 ,  3 ,  l ) - U I U D s .  

One of t h e s e  l a t t e r  is g i v e n  a b s t r a c t l y  i n  Tab le  1 2 - 1 ;  

-- ___ 

0 1 3  

1 2 4  

2 3 5  

3 4 6  

4 5 0  

5 6 1  

G O 2  

T’able 1 2 - 1  

t h e  b l o c k s  may b e  r e a d  o f f  from t h e  s e v e n  r e g i o n s  c o v e r i n g  t h e  un- 

shaded  r e g i o n  i n  F i g u r e  10-4 ( n o t e  t h a t  t h e y  are a l s o  h a l f  of t h e  

“ b l o c k s “  l i s t e d  i n  S e c t i o n  9 - 2 . )  The b l o c k s  may a l s o  b e  r e g a r d e d  as 

t h e  l i n e s  of t h e  Fano P l a n e  ( t h e  f i n i t e  p r o j e c t i v e  p l a n e  of o r d e r  

t w o . )  The d e s i g n  c o u l d  b e  employed t o  s c h e d u l e  f i r e m e n  ( s a y )  i n  a 

weekly s c h e d u l e  ( t h r e e  men p e r  d a y ,  c t c . )  The e x t e n s i o n  o f  t h e  

v o l t a g e  graph  of F i g u r e  1 0 - 4  t o  K12+7 g i v e s  a (12s+7, ( 1 2 s + 7 ) .  

( 4 s + 2 ) ,  12s+6 ,  3 ,  2 ) - B I B D ,  which is not of b i c h r o m a t i c  d u a l  f o r  

s > 0 ;  hence  w e  o b t a i n  n o  a d d i t i o n a l  S t e i n e r  t r i p l e  s y s t e m s  from 

t h i s  f i g u r e .  

~- Example 3: R e f e r  t o  Example 3 o f  S e c t i o n  11-4: t h e  t r i a n g u l a t i o n  of 

2 - f o l d  K 7  i n  N9 o b t a i n e d  t h e r e  g i v e s  a ( 7 ,  28 ,  1 2 ,  3 ,  4)-BIBD. 

Example 4: R e f e r  t o  E x a m p l e  4 of S e c t i o n  10-3; t h e  t r i a n g u l a t i o n  of 

3 - f o l d  K 7  i n  S 8  o b t a i n e d  t h e r e  g i v e s  one  ( 7 ,  4 2 ,  1 8 ,  3 ,  6)-BIBD 

a n d ,  s i n c e  t h e  d u a l  i s  b i c h r o m a t i c ,  t w o  ( 7 ,  2 1 ,  9 ,  3 ,  3,)-BIBDs. 

1 2 - 4 .  S t r o n g l y  Regu la r  Graphs 

For  v a l u e s  of v ,  b ,  r ,  k ,  X n o t  m e e t i n g  t h e  c o n d i t i o n s  of 

Theorem 1 2 - 2  ( and  p e r h a p s  even f o r  t h o s e  t h a t  d o ) ,  it is n a t u r a l  t o  

a t t e m p t  a c o n s t r u c t i o n  o f  a r e l a t e d  d e s i g n .  F o r  t h i s  r e a s o n ,  p a r t i -  

a l l y  b a l a n c e d  i i i comple t e  block d e s i g n s  were i n t r o d u c e d  by Bose and 
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Na i r  [ B N l ] .  The p a r t i a l  b a l a n c e  o c c u r s  i n  t h a t  t h e r e  a r e  t 1 

lambda v a l u e s ,  one  f o r  e a c h  " a s s o c i a t i o n  c l a s s ; "  w e  r e s t r i c t  o u r  

a t t e n t i o n  p r i m a r i l y  t o  t h e  c a s e  ? = 2 .  

A s  t h e  a s s o c i a t i o n  classes ( f o r  t h e  c a s e  P = 2 )  are de te rmin -  

ed by a d j a c e n c i e s  w i t h i n  a " s t r o n g l y  r e g u l a r  g r a p h "  - t o  e n s u r e  an 

a p p r o p r i a t e  b a l a n c e  w i t h i n  each  c l a s s  - w e  f i r s t  d e f i n e  t h i s  l a t t e r  

c o n c e p t .  L e t  x and y b e  d i s t i n c t  v e r t i c e s  i n  a g raph  G ,  
h e i t h e r  n o n - a d j a c e n t  ( h  = 1) o r  a d j a c e n t  ( h  = 2 ) .  L e t  p .  . ( x , y )  
1 7  

b e  t h e  numher of v e r t i c e s  which a r e  n o n - a d j a c e n t  t o  b o t h  x and 

y ( i  = j = l), a d j a c e n t  t o  x b u t  n o t  t o  y ( i  = 2 ,  j = l), 

a d j a c e n t  t o  y b u t  n o t  t o  x ( i  = 1, j = 2 ) ,  or  a d j a c e n t  t o  b o t h  x 

and y ( i  = j = 2 ) .  

_____ Def. 1 2 - 6 .  I f  a g raph  G i s  r e g u l a r  o f  d e g r e e  n 2  and i s  o f  o r d e r  
h 
11 

v ,  y e t  G # Kv or K v ,  and  i f  p .  . ( x , y )  i s  indepen-  

d e n t  of t h e  c h o i c e  o f  x and  y ,  f o r  h ,  i ,  j = 

1, 2 ,  t h e n  G is  s a i d  t o  b e  a s t r o n g l y  r e g u l a r  g raph .  

I t  i s  w e l l  known t h a t  t h e  e i g h t  c o n d i t i o n s  i n v o l v i n g  x and 

y can  be  r e p l a c e d  by two o f  them (see Problem 1 2 - 4 ) :  

_____ Thm. 1 2 - 7 .  I f  G i s  a r e g u l a r  g raph  which i s  n e i t h e r  c o m p l e t e  n o r  

f o r  

t h a t  

f o r  

s a i d  

empty, t h e n  G i s  s t r o n g l y  r e g u l a r  i f  and o n l y  i f  

~ ~ ~ ( x , y )  i s  independen t  of x and y ,  f o r  h = 1 , 2 .  
h 

h 
P i  j 

For  s t r o n q l y  r e g u l a r  g r a p h s ,  i t  i s  c o n v e n i e n t  t o  w r i t e  

p .  . ( x , y )  , a s  t h e  c h o i c e  o f  x and  y i s  i m m a t e r i a l  ( e x c e p t  

t h e y  must b e  a d j a c e n t  i n  G ,  f o r  h = 2 ,  and  a d j a c e n t  i n  G ,  

h = 1.) Two v e r t i c e s  ( o b j e c t s )  of a s t r o n g l y  r e g u l a r  g r a p h  are 

t o  b e  f i r s t  a s s o c i a t e s  i f  t h e y  are n o n - a d j a c e n t  and s e c o n d  

h 

11 - 

a s s o c i a t e s  i f  t h e y  a r e  a d j a c e n t .  Thus each  v e r t e x  has  e x a c t l y  n .  

i t h  a s s o c i a t e s  ( i  = 1, 2 ) ,  and n1 + n 2  = v - 1. 

g i v e  : 

A s  a major  c l a s s  o f  examples  o f  s t r o n g l y  r e g u l a r  g r a p h s ,  w e  

Thm. 1 2 - 8 .  The r e g u l a r  comple t e  n - p a r t i t e  g r a p h s  G = K a r c  
n ( m )  

a l l  s t r o n g l y  r e g u l a r ,  f o r  m, n 2 2 .  

P roof :  C l e a r l y  G i s  r e g u l a r ,  o f  d e g r e e  n 2  = m ( n - 1 ) .  

S i n c e  m > 1, G i s  n o t  c o m p l e t e ;  s i n c e  n1 > 1, G 
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i s  n o t  empty. F i n a l l y ,  w e  o b s e r v e  t h a t  p i ,  = m ( n - 1 )  

arid p22  = m(n-2 ) .  # 
2 

For  t h e  exdmples of S e c t i o n  1 2 - 8 ,  t h e  f o l l o w i n g  o b s e r v a t i o n  

w i l l  b e  c r u c i a l .  I f  w e  s t a r t  w i t h  Gl - K r  and t h e  s t r o n g l y  r e q u l d r  

r e q u l a r  a l s o ,  by Theorems 10-12 and 1 2 - 8 .  

- 
t h e n  t h e  s t r o n g  t e n s o r  p r o d u c t  G1 & G 2  is  s t r o n g l y  G2 = Kn(m) 

Othe r  s t a n d a r d  examples  of s t r o n g l y  r c g u l a r  g r a p h s  i n c l u d e  

G = L ( K n )  and G = I , ( K 2 ( m ) ) ,  where L ( I 1 )  denotes  t h e  l i n e  q raph  

of g raph  i l .  (We mention in p a s s i n q  t h a t  L ( K 2 ( m ) )  = Km 

s e e  Problem 2 - 1 3 . )  

1 2 - 5 .  P a r t i a l l y  Balanced  I n c o m p l e t e  Block  Desicjns 

Def. 1 2 - 9 .  A ( v ,  b ,  r ,  k ;  1, X 2 ) - p a r t i a l l y  b a l a n c e d  i n c o m p l e t e  -- 
b l o c k  d e s i g n  ( P B I B D )  i s  a s e t  of v o b l e c t s ,  p a i r w i s e  

a s s o c i a t e d  i n t o  two a s s o c i a t i o n  c l a s s e s  ( a s  d e t e r m i n e d  

by a s t r o n g l y  r e g u l a r  g raph  G of o r d e r  v)  and a 

c o l l e c t i o n  of b s u b s e t s  of t h e  o b j e c t  s e t ,  each  sub-  

s e t  b e i n g  c a l l e d  a b l o c k ,  s a t i s f y i n g :  

( i )  e a c h  o b j e c t  a p p e a r s  i n  e x a c t l y  r b l o c k s ;  

( i i )  each  b l o c k  c o n t a i n s  e x a c t l y  k (k c: v) o b j e c t s ;  

( i i i )  e a c h  p a i r  of i t h  a s s o c i a t e s  a p p e a r  t o g e t h e r  i n  

e x a c t l y  T i  b l o c k s  ( k  = 1, 2 ) .  

Again, t h e  r e q u i r e m e n t  k v c o r r e s p o n d s  t o  t h e  incomple t e -  
- 

n c s s  of t h e  d e s i g n ;  t h e  r e q u i r e m e n t  G # K v  o r  Kv  e n s u r e s  that 

n1n2 _I 0 ,  so  t h a t  t h e  PBIBD does  n o t  c o l l a p s e  t o  a EIBD - u n l e s s  

d t t e m p t  t o  r e s t o r e  some of t h e  b a l a n c e  t o  t h e  e x p e r i m e n t  t h a t  w a s  

lost whcn one  X c o u l d  n o t  b e  found f o r  d l l  p a i r s  x , y .  

= 1 2 ,  and t h e  r e q u i r e m e n t  t h a t  G b e  s t r o n g l y  r e g u l a r  i s  an  

We now g i v e  a d d i t i o n a l  t e r m i n o l o g y ,  some of which a p p l i e s  t o  

b o t h  D I B D s  and P B I U D s .  

Def.  1 2 - 1 0 .  A P B l B D  i s  s a i d  t o  b e  g r o u p - d i v i s i b l e  i f  t h e  s t r o n g l y  

r e g u l a r  g raph  G upon which t h e  d e s i g n  i s  b a s e d  h a s  a 

p a r t i t i o n  of i t s  v e r t e x  s e t  i n t o  n yroups  of m 
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C l e a r  

Def. 1 2 - 1 1  

v e r t i c e s  e a c h  so t h a t  t w o  v e r t i c e s  are f i r s t  associates 

i f  and on ly  i f  t h e y  are  i n  t h e  s a m e  g roup .  

n(m)  
y t h i s  i s  p o s s i b l e  i f  and  o n l y  i f  G = K 

A g r o u p - d i v i s i b l e  P B I B D  i s  a t r a n s v e r s a l  d e s i g n  i f  e a c h  

b l o c k  c o n t a i n s  e x a c t l y  one  v e r t e x  from e a c h  g roup .  

C l e a r l y  t h i s  r e q u i r e s  k = n .  

Def. 1 2 - 1 2 .  A d e s i g n  ( B I B D  o r  P B I B D )  i s  s a i d  t o  b e  r e s o l v a b l e  i f  

t h e  se t  of b b l o c k s  c a n  be p a r t i t i o n e d  i n t o  r sub- 

se t s ,  of v/k b l o c k s  e a c h ,  e a c h  s u b s e t  c o n t a i n i n g  each  

ob j e c t  e x a c t l y  once .  

F o r  example ,  i f  w e  t a k e  t h e  e d g e s  of a s t r o n g l y  r e g u l a r  g raph  

G a s  b l o c k s  ( k  = 2 ) ,  t h e  r e s u l t i n g  PBIBD i s  r e s o l v a b l e  i f  and o n l y  

i f  G i s  1 - f a c t o r a b l e .  I n  p a r t i c u l a r ,  G = K 

( m n ,  m2n(n -1 ) /2 ,  m(n-1) , 2 ;  0 ,  l ) - P B I B D ,  which i s  r e s o l v a b l e  (see 

Hime lwr igh t  and Wil l iamson I H W 2 1 )  i f  and o n l y  i f  mn i s  even  ( f o r  

= K n  i s  r e s o l v a b l e  i f  and o n l y  i f  n m = 1, t h e  B I B D  on G = K 

i s  even)  and i n  f a c t  i s  a t r a n s v e r s a l  d e s i g n  i f  and o n l y  i f  n = 2 .  

The t r a n s v e r s a l  d e s i g n  on K 2 ( 2 w + l ) ,  f o r  example ,  is u s e d  i n  d u p l i -  

c a t e  b r i d g e  s c h e d u l i n g  t o  e n s u r e  t h a t ,  i n  2 w t l  r o u n d s ,  e a c h  n o r t h -  

s o u t h  c o u p l e  p l a y s  e x a c t l y  one round a g a i n s t  each  east-west c o u p l e .  

g i v e s  an  
n ( m )  

n ( 1 )  

Def. 12-13. A d e s i g n  ( B I B D  or P B I B D )  i s  s a i d  t o  b e  z - r e s o l v a b l e  

i f  t h e  b l o c k  s e t  can  be p a r t i t i o n e d  so  t h a t  e a c h  s e t  i n  

t h e  p a r t i t i o n  c o n t a i n s  e a c h  v e r t e x  e x a c t l y  z t i m e s .  

Thus,  a 1 - r e s o l v a b l e  d e s i g n  i s  r e s o l v a b l e .  

Def. 1 2 - 1 4 .  Two b l o c k  d e s i g n s  D1 and  D2 a r e  s a i d  t o  b e  iso-  

morphic  i f  t h e r e  e x i s t s  a one- to-one  c o r r e s p o n d e n c e  

0 :  O1 + O2 between t h e i r  o b j e c t  s e t s  s u c h  t h a t  

Ix,, x 2 ,  ... , xk} i s  a b l o c k  i n  D1 i f  and  o n l y  i f  

{ t ) ( x l )  , t i ( x 2 ) ,  . . . , O(xk) } i s  a b l o c k  i n  D 2 .  

- _____ 

C l e a r l y  i f  D1 and D 2  are i s o m o r p h i c ,  t h e i r  p a r a m e t e r s  

v ,  b ,  r ,  k ,  A ( o r  X1 and X2) must a g r e e ;  t h e  c o n v e r s e  i s  n o t  
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t r u e ,  as  w e  s h a l l  see i n  S e c t i o n  12-6.  

F o r  a n  e x a m p l e  of a l l  t h e s e  d e f i n i t i o n s ,  c o n s i d e r  t h e  d e s i g n s  

of  T a b l e s  1 2 - 2  a n d  1 2 - 3 ;  c l e a r l y  t h e s e  a r c  i s o m o r p h i c ,  u n d e r  t h e  

map '-I s e n d i n g  i t o  t h e  i t h  l e t t e r  o f  t h e  a l p h a b e t ,  1 - <: i < .- 6 .  

The ( 6 ,  8 ,  4 ,  3 ;  0 ,  2 ) - P B I H D  i s  b a s e d  upon t h e  s t r o n g l y  r e g u l a r  

g r a p h  G = K 

v e r s a 1  d e s i g n  a n d  i s  r e s o l v a b l e  ( t h e  r e s o l u t i o n  is g i v e n  by t h e  

h o r i z o n t a l  p a i r i n g  of t h c  b l o c k s . )  

and  h e n c e  i s  g r o u p - d i v i s i b l e ;  i t  i s  a l s o  a t r a n s -  
3 ( 2 )  

T h i s  d e s i g n  c o u l d  b e  u s e d  t o  compare  s i x  w i n e s  ( v  = 6 )  as 

f o l l o w s :  c o m p a n i e s  A ,  R ,  a n d  C make w i n e s  1 a n d  4 ,  2 and  

5 ,  3 a n d  6 r e s p e c t i v e l y .  W e  w a n t  t o  t e s t  t h e  w i n e s  of t h e  

d i E f e r e n t  c o m p a n i e s  a g a i n s t  e a c h  o t h e r  ( s a y  t w i c e  e a c h :  

b u t  do not w a n t  t o  compare  t w o  w i n e s  made by t h e  same company 

( x l  = 0 . )  Each t i s t e r  tas tes  e x a c t l y  3 w i n e s  ( k  = 3 ) ,  a f t e r  

w h i c h  h i s  j u d g e m e n t  becomes i m p a i r e d .  W e  h a v e  e i g h t  t a s t e r s  ( b  = 8)  

i 2  = 2 ) ,  

i n  a l l ,  and  each w i n e  is t a s t e d  f o u r  

F i n a l l y  w e  r e m a r k  

T a b l e  1 2 - 2  

T a b l e  12-2 

t i m e s  ( r  = 4 ) .  

t h a t  t h e  a b o v e  d e s i g n  w a s  t a k e n  d i r e c t l y  

i n  S o  d e p i c t e d  i n  F i g u r e  f r o m  t h e  t r i a n q u l a r  i m b e d d i n g  o f  K 

9-10 ( w r i t i n g  " 6 "  f o r  " 0 "  a n d  r e a r r a n g i n g  t h e  o r b i t s  t o  d i s p l a y  

t h e  r e s o l v a b i . l i t y . )  T h i s  f o r e s h a d o w s  t h e  c o r r e s p o n d e n c e  of t h e  n e x t  

s e c t i o n .  

3 ( 2 )  
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1 2 - 6 .  P B I B D s  and Graph Imbeddings 

For  t r i a n g u l a r  imbeddings  of s t r o n g l y  r e g u l a r  g r a p h s ,  w e  

r e a d i l y  o b t a i n  a n a l o g s  t o  Theorems 12-3  and 1 2 - 4 .  A d e s i g n  i s  s a i d  

t o  be connec ted  i f  i t s  u n d e r l y i n g  g raph  is c o n n e c t e d ;  s i n c e  a 

comple t e  graph  u n d e r l i e s  e a c h  B I B D ,  o n l y  a P B I B D  c o u l d  f a i l  t o  b e  

connec ted .  

Thm. 12-15 .  

Thm. 12-16. 

Connected ( v ,  b ,  r ,  3 ;  0 ,  2 ) - P B I B D s  are i n  one- to-one  

c o r r e s p o n d e n c e  w i t h  t r i a n g u l a r  imbeddings  of s t r o n g l y  

r e g u l a r  g r a p h s  of  o r d e r  v i n  g e n e r a l i z e d  pseudo- 

s u r f a c e s .  

Connected ( v ,  b ,  r ,  3 ;  0 , 1) - P B I B D s  are i n  two-to-one 

c o r r e s p o n d e n c e  w i t h  t r i a n g u l a r  imbeddings  o f  s t r o n g l y  

r e g u l a r  g r a p h s  of o r d e r  v i n  g e n e r a l i z e d  pseudo-  

s u r f a c e s  and h a v i n g  b i c h r o m a t i c  d u a l .  

When a d e s i g n  i s  c o n s t r u c t e d ,  by any method ( h e r e  w e  a r e  

a d v o c a t i n g  g raph  imbeddings ,  b u t  o t h e r  too ls  o f  c o n s t r u c t i o n  i n -  

c l u d e  L a t i n  s q u a r e s ,  f i n i t e  p r o j e c t i v e  g e o m e t r i e s ,  f i n i t e  e u c l i d e a n  

g e o m e t r i e s ,  d i f f e r e n c e  s e t s ) ,  t h e  n a t u r a l  q u e s t i o n  i s :  Is i t  new? 

C l e a r l y  t h e  d e s i g n  new, i f  no  d e s i g n  e x i s t e d  p r e v i o u s l y  on t h e  

same p a r a m e t e r  s e t .  I t  i s  new a l s o  i f  no p r e v i o u s l y  c o n s t r u c t e d  

d e s i g n  on t h e  same p a r a m e t e r s  i s  i s o m o r p h i c  t o  t h e  g i v e n  d e s i g n .  

The c o n t e x t  of t o p o l o g i c a l  g raph  t h e o r y  i s  o f t e n  v e r y  c o n v e n i e n t  

f o r  answer ing  t h e  i somorphism q u e s t i o n ,  a s  w e  see i n :  

Thm. 1 2 - 1 7 .  L e t  D1 and D2 b e  t w o  d e s i g n s  ( b o t h  B I B D s  w i t h  

k = 3 and X = 2 ,  o r  b o t h  PBIBDs w i t h  k = 3 and 

x1 = 0 ,  X2 = 2 )  on t h e  same p a r a m e t e r  s e t .  I f  t h e  

g e n e r a l i z e d  p s e u d o s u r f a c e s  t h e y  d e t e r m i n e  a r e  n o t  

homeomorphic as t o p o l o g i c a l  s p a c e s ,  t h e n  D1 and  D2 

are n o t  i s o m o r p h i c  a s  d e s i g n s .  

P r o o f :  The i d e n t i f i c a t i o n  p r o c e d u r e  o f  s u r f a c e  topo logy  

is  w e l l - d e f i n e d ,  so  t h a t  i s o m o r p h i c  d e s i g n s  would y i e l d  

homeomorphic g e n e r a l i z e d  p s e u d o s u r f a c e s .  # 
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The c o n v e r s e  of t h i s  theorem is  f a l s e .  For example ,  K19 t r i -  

a n g u l a t e s  S20, b o t h  w i t h  and  w i t h o u t  b i c h r o m a t i c  d u a l .  Thus i n  

one  case t h e  2 - f o l d  t r i p l e  sys t em s p l i t s  i n t o  two S t e i n e r  t r i p l e  

sys t ems  and i n  t h e  o t h e r  c a s c  it does  n o t ,  so  t h a t  t h e  two ( 1 9 ,  1 1 4 ,  

1 8 ,  3 ,  2 ) - B I B D s  a r e  LO-? i somorph ic .  

1 2 - 7 .  Examples 

Example 1: R e f e r  t o  Example l b  of S e c t i o n  1 0 - 3 ;  t h e  s e l f - d u a l  

q u a d r i l a t e r a l  imbedding  of C3 C 3  i n  S1 y i e l d s  a ( 9 , 9 , 4 , 4 ; 1 , 2 ) -  

P B I B D .  The g raph  C3 A C 3  is s t r o n g l y  r e g u l a r ,  w i t h  p22 = 2 and 

C 3  .: C 3  = L ( K j r 3 ) .  ( S e e  Problem 2 - 1 3 . )  T h i s  p22  = 0 ;  i n  f a c t ,  

" t o p o l o g i c a l "  d e s i g n  i s  a t y p i c a l  i n  t h a t  k ,' 3 and ?1 # 0 and 

t h u s  i n d i c a t e s  t h a t  t h e  s c o p e  of t h e  c o n n e c t i o n  i s  even  w i d e r  t h a n  

a s  i n d i c a t e d  i n  S e c t i o n  1 2 - 6 .  T h i s  d e s i g n  w i l l  be t h e  ground c a s e  

of a n  i n f i n i t e  c o l l e c t i o n  of i n t e r e s t i n g  d e s i g n s  c o n s t r u c t e d  i n  

S e c t i o n  14-8. 

1 

2 

Example 2 :  R e f e r  t o  Example 2b of S e c t i o n  10-3;  t h e  b i .chromat ic -  

d u a l ,  t r i a n y u l a r  imbedding of K 4 ( 2 )  i n  S1 o b t a i n e d  t h e r e  cjives 

one  ( 8 , 1 6 , 6 , 3 ;  0 , Z )  -PBIBD and  two ( 8 , 8 , 3 , 3 ; 0 , 1 )  - P B I B D s  ( w i t h  

b l o c k s  y e n e r a t e d  by ( 0 , 1 , 3 )  arid { 0 , 3 , 2 )  - i n  Z8 - r e s p e c t i v e l y . )  

A l l  t h r e e  of t h e s e  d e s i g n s  are on p a r a m e t e r s  f o r  which no  B I B D  e x i s t s .  

Then Example 2 c  o f  S e c t i o n  10-3 g i v e s  a b i c h r o m a t i c - d u a l  t r i a n g u l a -  

t i o n  of S1 also, b u t  t h i s  t i m e  by  K 3 ( 3 )  and q i v i n g  one  

( 9 , 1 8 , 6 , 3 ; 0 , 2 )  -PBIBD and t w o  ( 9 , 9 , 3 , 3 : 0 , l ) - P B I B D s  ( g e n e r a t e d  by 

{00,10,01} and i 0 0 , 1 1 , 0 1 1  - i n  Z 3  A Z 3  - r e s p e c t i v e l y . )  F i n a l l y ,  

Example 2d o f  S e c t i o n  1 0 - 3  g i v e s  a b i c h r o m a t i c - d u a l  t r i a n g u l a t i o n  of 

S1 once a g a i n ,  now by  t h e  s t r o n g l y  r e g u l a r  GA ( 1 ' )  , I' = Z 

(not i n  t h e  c lass  K n ( m ) )  and y i e l d i n g  one  ( 1 6 , 3 2 , 6 , 3 ; 0 , 2 ) - P B I B D  

and two ( 1 6 ,  1 6 ,  3 ,  3 ;  0 ,  1) -PBIBDS.  'The l a t t e r  t w o  d e s i g n s  are 

on p a r a m e t e r s  f o r  which no BIBD e x i s t s .  

4 'd  z4 

Example 3 :  Refe r  t o  ~ x a m p l ~  5 o f  S e c t i o n  1 0 - 3 ;  t h e  b i c h r o m a t i c -  

d u a l  ( s e e  Problem 1 0 - 4 )  t r i a n g u l a t i o n  of 

o b t a i n e d  t h e r e  g i v e s  one  

( 3n ,n2  , n ,  3 ;  0,l) - P B I B D s .  

d e s i g n s .  In  [P4] P e t r o e l  j e  c o n s t r u c t e d  o r i e n t a b l e  t r i a n g u l a t i o n s  

f o r  K 

K 
'n (n-1)  / 2  by 3 ( n )  

(3n ,2n2 ,2n ,3 ;0 ,2 ) -PBIBD and t w o  

These  a r e  a l l  g r o u p - d i v i s i b l e ,  t r a n s v e r s a l  

for  which t h e  r e s u l t i n g  X2 = 2 P B I B D s  a r e  a l s o  
3 ( n )  
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r e s o l v a b l e .  H e  t hen  used  t h e s e  t o  o b t a i n  p s e u d o s u r f a c e  t r i a n g u l a r  

and t h e  c o r r e s p o n d i n g  irnbeddinys f o r  

PBIBDs. I n  [Gl] Garman c o n s t r u c t e d  b i c h r o m a t i c - d u a l  o r i e n t a b l e  

s u r f a c e  t r i a n g u l a t i o n s  f o r  K 4 ( n ) ,  n even  ( n o  imbedding  of K 

can have  b i c h r o m a t i c  d u a l  f o r  n odd ,  s i n c e  e a c h  v e r t e x  t h e n  h a s  

odd d e g r e e  3 n ) ,  s o  t h a t  d i f f e r e n t  (by  Theorem 12-7) 

( 4 n , 4 n  ,3nr3;0,2)-PB1BDs, and  a l s o  p a i r s  of 

P B I B D s ,  are o b t a i n e d  f o r  t h e s e  v a l u e s  o f  n .  F i n a l l y ,  i n  [A51 

Anderson c o n s t r u c t e d  g e n e r a l i z e d  p s e u d o s u r f a c e  t r i a n g u l a t i o n s  f o r  

K 4 ( n ) ,  f o r  all n ,  g i v i n g  y e t  a n o t h e r  r e a l i z a t i o n  o f  t h e s e  t r i p l e s  

o f  d e s i g n s .  

( 4 n ,  4n2 ,  3n ,  3 ; 0 , 2 )  - 
K 4  ( n )  

4 ( n )  

2 ( 4 n , 2 n 2 , 3 n / 2 , 3 ; 0 , 1 ) -  

Example 4 :  We o b s e r v e  t h a t  any (n ,b ,n - l , k ,X) -BIBD d e t e r m i n e d  

from an r = rk imbedding o f  Kn ( k  - > 3 )  d e t e r m i n e s  i n  t u r n  an 

(n2,2nb,2n-2,k;O,X)-PBIBD as f o l l o w s .  The l i n e  g r a p h  L ( K 2 ( n ) )  

p r o d u c t  Kn x Kn 

a t e l y  among 2n d i s j o i n t  c o p i e s  of K n .  ( L e t  V1 = 

{ ( i , j )  11 5 j 5 n j ,  

1' -. < j '  >- n ' ,  b e  t h e  2n d i s j o i n t  v e r t e x  sets,  e a c h  V1 a n d  e a c h  

V .  i n d u c i n g  a K n ;  t h e n  i d e n t i f y  (i,j) w i t h  (i',]'), 

1 5 i ,  j 5 n . )  Then pe r fo rming  t h e s e  v e r t e x  i d e n t i f i c a t i o n  on 2n 

d i s j o i n t  i n i t i a l  imbeddicgs  o f  Kn as g i v e n  y i e l d s  a g e n e r a l i z e d  

p s e u d o s u r f a c e  imbeddiil.3 o f  and  a PBIBD on t h e  p a r a m e t e r  

se t  as c l a imed .  

- - Kn x Kn (see Problem 2 - 1 3 )  i s  s t r o n g l y  r e g u l a r ,  and  t h e  C a r t e s i a n  

can b e  o b t a i n e d  by i d e n t i f y i n g  v e r t i c e s  a p p r o p r i -  

1 < i 5 n ,  and V .  = { ( i ' , j ' )  1 1' -. < i' - < n ' l ,  
1 - 

3 

Kn x Kn 

For i n s t a n c e ,  t a k e  k = 3 ,  X = 2 ,  n E 0 , l  (mod 3 ) .  O r ,  con- 

s i d e r  t h e  comple t e  d e s i g n  g i v e n  by K 4  i n  N1 (see Problem 1 2 - 6 ) ;  

t h i s  (4 ,3 ,3 ,4 ,3 ) -BIBD g i v e s  a (16 ,24 ,6 ,4 :0 ,3) -PBIBD by t h i s  method. 

F i n a l l y ,  c o n s i d e r  t h e  v o l t a g e  g raph  f o r  r = Z g  

oc tagon  w i t h  e d g e s  l a b e l l e d ,  i n  order,  1, 2 ,  3 ,  - 4 ,  -3 ,  -1, - 2 ,  4 

( a  bouque t  o f  f o u r  c i r c l e s  i n  

boundary  e d g e s  o f  t h e  o c t a g o n )  ; t h e  ( 9  , 9,8 ,8 ,7 )  - B I B D  a r i s i n g  f rom 

t h e  c o v e r i n g  imbedding o f  K 7 ,  a l t h o u g h  a t r i v i a l  d e s i g n ,  g i v e s  a 

n o n - t r i v i a l  (81,162,16 , 8; 0 , 7 )  -PBIBD. These  d e s i g n s  on K n  x Kn are 

c a l l e d  L a t i n  s q u a r e  d e s i g n s ;  t h e i r  c o n s t r u c t i o n  c o u l d  have  been  

c a r r i e d  o u t  p u r e l y  c o m b i n a t o r i a l l y ,  b u t  t h e i r  t o p o l o g i c a l  r e a l i z a -  

t i o n  i s  c o n v e n i e n t  f o r  t h e  a p p l i c a t i o n  of Theorem 12-17 .  

c o n s i s t i n g  o f  an 

S 2 ,  a f t e r  i d e n t i f i c a t i o n  o f  t h e  
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~ Example .____ 5:  I n  a l l  of  t h e  p r e c c e d i n g  examples  - i n c l u d i n q  t h o s e  i n  

S e c t i o n  1 2 - 3  - w e  have  used  g raph  imbeddings  t o  o b t a i n  b l o c k  d e s i g n s .  

N o w  w e  r e v e r s e  t h i s  p o i n t  of view. 

More a t t e n t i o n  h a s  been  p a i d  toward  t h e  imbedding o f  g r a p h s  i n  

than i n  any o t h e r  c l a s s ;  see f o r  example 13131 I [ R 8 1 r  
Kn im) 

t h e  c l a s s  

[ R Y l J ,  [ R Y 5 ] ,  [Cl], and [ J 5 j ;  f o r  a s u r v e y  of r e s u l t s  i n  the o r i e n t -  

a b l e  c a s e ,  see [ G R W ~ ]  and [ K R W L ] .  Excep t  f o r  n = 2 (where  n o  t r i -  

a n g l e s  a r e  p o s s i b l e ) ,  t h e  known r e s u l t s  are o b t a i n e d  by c o n s t r u c t i n g  

t r i a n g u l a r  imbeddings .  F o r  t h e  g e n e r a l i z e d  p s e u d o c h a r a c t e r i s t i c  

X " ( K , ( ~ ) )  - see D e f i n i t i o n  6-48 - t h e  upper  bound i s  g i v e n  by  t h e  

e u l e r  c h a r a c t e r i s t i c  f o r  a t r i a n g u l a t i o n :  

W e  o b s e r v e  t h a t  t h e  bound is  an i n t e g e r  i f  and  o n l y  i ~ f  3 

d i v i d e s  mn(n -1 ) .  F o r  m = 1, G = K - it is now well-known t h a t  

K n  h a s  ( i n  f a c t  s u r f a c e )  t r i a n g u l a r  i n b c d d i n y s  i f  and o n l y  i f  

n 0,l (mod 3 ) .  F o r  m ; 1 and n ). 2 g e n e r a l i z e d  p s e u d o s u r f a c e  

t r i a n g u l a r  imbeddings of  Kn (m) a r e ,  by  Theorem 1 2 - 1 5  and t h e  

o b s e r v a t i o n  f o l l o w i n g  D e f i n i t i o n  12-10 I e x a c t l y  g r o u p - d i v i s i b l e  

PBIRDs w i t h  k = 3 ,  X 1  = 0 ,  and k 2  = 2 ,  The f o l l o w i n g  is T'heorem 

6 .2  of Hanani [Hl], r e s t a t e d  i n  t h e  p r e s e n t  c o n t e x t :  

n '  

Thm. 1 2 - 1 9 .  A g r o u p - d i v i s i b l e  D B I B D  wiLh t h e  o b j e c t  s e t  par t i i r io : i -  

e d  i n t o  n g roups  of m o b j e c t s  each  ( m  > 1, n ; 2 )  

and k = 3 ,  A l  = 0 ,  X 2  = 2 e x i s t s  i f  and o n l y  i f  3 

d i v i d e s  mn (n-1)  . 

T h u s  a l l  t h e  t r i a n g u l a r  imbeddings upon which t h e  es t imate  o f  

Theorem 12-18 i s  b a s e d  a c t u a l l y  e x i s t ,  and w e  s t a t e :  

Thm. 12-20. For n ;. 2 ,  X " ( K ~ ( ~ ) )  = m n ( 6 + m - m )  i f  and o n l y  i f  -___ 
3 d i v i d e s  mn(n -1 ) .  

Hence fIanani ' s  r e s u l t  f o r  b l o c k  d e s i g n s  s e r e n d i p i t o u s l y  computes 

i n  7/9 of t h e  
Kn(m) I 

t h e  g e n e r a l i z e d  p s e u d o c h a r a c t e r i s t i c  of 

p o s s i b l e  c a s e s .  
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12-8. Doubling a PBIBD 

with 
Kn (m) 

Given an orientable triangular imbedding of 

bichromatic dual, we have seen that one (vf2b,2r,3;0,2)-PBIBD, as 

well as two (v,b,r,3;0,1)-PBIBDs, correspond to this imbedding. 

Then by Theorem 10-12 (with r = 2) and Theorem 10-14 (with G1 = 

K2) , 
orientable triangular imbedding with bichromatic dual, so that one 

(2v,8bI4r,3;0,2)-PBIBD and two (2~,4b,2r,3:0,1)-PBIBDs result; in 

a sense, each original PBIBD has been doubled. Clearly this process 

can be iterated indefinitely, 

has an - 
K2 ' Kn(m) - Kn(2m) the strong tensor product 

Moreover, the construction given in [GRWl] for Theorem 10-14 

provides a prescription for listing the blocks in the doubled designs 

in terms of those in the initial designs. Thus if the 2b initial 

b b 
blocks are U :ail,ai2,a., 1 I1 J {b~l,b~2,bi31 

i=l 13 i=l 

b b 
U {bilfb12,b131 u ibil,bi2,b! 13 1 

i=l i= 1 
and 

b h 
Ibilfb12,bi31 U Ib. 11 ,bi2,bli3i 

i= 1 i=l 

(again grouped by color class.) 

Theorem 10-14 always gives a triangular imbedding for K2 !? G, 

for G as in the theorem: yet if K 2  G is not strongly regular, 

then no block designs are provided. K 2  g G 
- is strongly regular if and only if G is strongly regular with 

It is easily seen that 

1 p22 = n2 or complete, and that G is strongly regular and connected, 

with p22 = n2, or complete, if and only if G = K 

m - 1, n - 2. Thus the doubling process of this section is applic- 

able exactly to triangular imbeddings of K 

dual (there is a nonorientable analog to Theorem 10-14; see [ G l ] . )  

However, every time such an imbedding is found, it determines an 

infinite tower of triples of P B I B D s ,  as explained above, Moreover, 

if the initial imbedding is on a pseudosurface, than all imbeddings 

derived from it are also pseudosurface imbeddings; thus the 

for some 1 
n (mi 

with bichromatic 
n (m) 
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a s s o c i a t e d  d e s i g n s ,  by Theorem 1 2 - 1 7 ,  d i f f e r  from t h o s e  of l lanani  

(see Example 5 i n  S e c t i o n  12-7.) 

4 (2) 
K 3 ( 3 )  q i v e n  as c o v e r i n g  s p a c e s  of F i g u r e  1 0 - 4  (Example 2 i n  

F o r  example ,  c o n s i d e r  t h e  t o r o i d a l  imbeddings  of K 7 i  K 

and 

S e c t i o n  1 0 - 3 ) ;  e a c h  i s  t h e  b a s e  f o r  s u c h  an i n f i n i t e  tower of 

d e s i g n s .  The  g r a p h s  f o r  K 7 ,  € o r  i n s t a n c e ,  a r e  t h e  f a m i l y  

K , k = 0,1 ,2 ,  ... - f o r  which t h e  genus  i s  a l s o  t h e r e b y  

de te rmined .  

7 (2k) 

A s  a second example ,  co : i s ide r  t h e  v o l t a g e  g r a p h  of F i g u r e  12-1 ,  

f o r  i- - - Z 3 5 ;  t h i s  d e t e r m i n e s  a n o n o r i e n t a b l e  p s e u d o s u r f a c e  

F i g u r e  12-1 

w i t h  b i c h r o m a t i c  d u a l ,  Hence 
7 ( 5 )  

t r i a n g u l a r '  imbedding for  K 

a n o t h e r  i n f i n i t e  tower  of imbeddings  - f o r  K - and of t h e  

c o r r e s p o n d i n g  b l o c k  designs i s  anchored .  ( I n  t h i s  case, t h e  pseudo-  

7 ( 5 ~ 2 ~ )  

c h a r a c t e r i s t i c  x ' ( K  ) i s  a l s o  d e t e r m i n e d . )  The x 2  = 1 
7 ( 5 . 2  ) 
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d e s i g n s ,  f o r  a l l  k, and t h e  X2 = 2 d e s i g n s ,  f o r  k e v e n ,  have  

no  B I B D  c o u n t e r p a r t s .  

12-9. Problems 

1 2 -  1.) 

1 2 -  2 . )  

1 2 -  3 . )  

1 2 -  4 . )  

1 2 -  5 . )  
* 

1 2 -  6 . )  

1 2 -  7 . )  

1 2 -  8 . )  

1 2 -  9 . )  

12-10. ) 

Prove  Theorem 1 2 - 2  ( i ) .  

Prove Theorem 1 2 - 2  (11). 

F ind  ( a n d  p r o v e )  an a n a l o g  t o  Theorem 12-2  f o r  P B I B D s .  

Prove Theorem 1 2 - 7 .  

Prove  o r  d i s p r o v e  t h e  f o l l o w i n g  s t r e n g t h e n i n g  of F r u c h t ’ s  

Theorem ( 3 - 1 8 )  : Every f i n i t e  g roup  i s  t h e  au tomorphism 

g roup  o f  some s t r o n g l y  r e g u l a r  g raph .  

Show t h a t  t h e  complement of a s t r o n g l y  r e g u l a r  g raph  is  

s t r o n g l y  r e g u l a r .  

L e t  a 

u l a r  g raph  G .  Show t h a t  w e  may u s e  e x a c t l y  t h e  same ob- 

j ec t s  and  b l o c k s ,  t o  o b t a i n  a c o r r e s p o n d i n g  

P B I B D ,  b a s e d  upon G .  (Thus w e  may assume,  w i t h o u t  loss  o f  

(v,b,r ,k;X1,X2)-PBIBD be b a s e d  upon t h e  s t r o n g l y  r e g -  

( v , b ,  r ,  k ;  h 2 ,  X1) - 
- 

g e n e r a l i t y  , t h a t  XI < X 2 . )  

C o n s t r u c t  an imbedding o f  K4 i n  N1 t o  g i v e  a 

Imbed t h e  P e t e r s e n  graph  i n  s o  as t o  g i v e  a 

( 4 , 3 , 3 , 4  , 3 )  -PBIBD.  

N1 
( 1 0 , 6 , 3 , 5  ; 1 , 2 )  -PBIBD. 

What d e s i g n  r e s u l t s  f rom t h e  v o l t a g e  g r a p h  imbedding of 

F i g u r e  1 2 - 2 ,  u s i n g  r = zl0? 

1 

3 

F i g u r e  1 2 - 2  
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1 2 - 1 1 . )  What d e s i g n s  r e s u l t  from t h e  v o l t a g e  g r a p h  imbedding o f  

F i g u r e  1 2 - 3 ,  u s i n g  = Z l l ?  

d e s i g n  o f  P r o b l e m  1 2 - 1 0  i s  4 - r e s o l v a b l e ,  and t h e  d e s i g n  of 

Problem 1 2 - 1 1  i s  5 - r e s o l v a b l e .  

1 2 - 1 2 . )  Show t h a t  t h e  d e s i g n  of F i g u r e  1 2 - 1  i s  3 - r e s o l v a b l c ,  the  

12-13 . )  P B I B D s  on t h r e e  o r  more a s s o c i a t i o n  classes may a l s o  be 

found from g raph  imbeddings .  F o r  example,  t a k e  A = 

t ( l , O , O ) ,  (0,1,0) , ( O , O , l ) l  f o r  1~ = z 2  x z 2  x Z 2  and 

show t h a t  Q3 = Gn(I ' )  i n  So g i v e s  a n  ( 8 , 6 , 3 , 4 ; 0 , 1 , 2 ) -  

P B I B D ( J ) ,  where v1 and V2  a r e  f i r s t  associates  if 

v2 = v1 + ( l , l , l ) ,  second  a s s o c i a t e s  i f  n o n - a d j a c e n t  b u t  

n o t  f i r s t  associates ,  and t h i r d  a s s o c i a t e s  i f  a d j a c e n t .  

F i g u r e  1 2 - 3  
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CHAPTER 13 

HYPERGRAPH IMBEDDINGS 

A q raph  i s  j u s t  a s p e c i a l  c a s e  o f  a h y p e r g r a p h ;  b u t  a l t h o u g h  a 

g r e a t  d e a l  o f  a t t e n t i o n  h a s  been  p a i d ,  a s  w e  have  s e e n ,  t o  t h e  geo- 

metr ic  r e a l i z a t i o n s  of g r a p h s ,  t h e r e  h a s  been  l i t t l e  e f f o r t  made t o  

e x t e n d  t h e s e  c o n c r e t e  r e p r e s e n t a t i o n s  t o  t h e  g e n e r a l  s e t t i n g .  I n  

[ JSWl]  an a t t e m p t  w a s  made t o  remedy t h i s  s i t u a t i o n ,  as w e  i n d i c a t e  

i n  t h e  p r e s e n t  c h a p t e r  a l s o .  
I 

Our a i m  i s  t o  f i n d  a g e o m e t r i c  r e a l i z a t i o n  f o r  h y p e r g r a p h s  

s a t i s f y i n g :  

(1) The method s h o u l d  n o t  b e  unduly  cumbersome. 

( 2 )  I t  s h o u l d  i n c l u d e  t h e  s t a n d a r d  g e o m e t r i c  r e a l i z a t i o n  o f  

g r a p h s  (as  p o i n t s  and a r c s  i n  a p p r o p r i a t e  2 -man i fo lds )  as 

a s p e c i a l  case. 

13-1. Hypergraphs  

Def. 13-1.  A hype rg raph  H c o n s i s t s  Of a f i n i t e  non-empty se t  V ( H )  

of v e r t i c e s  t o g e t h e r  w i t h  a se t  E ( H ) ,  e ach  of whose 

e l e m e n t s  i s  a subset o f  V ( H )  and i s  c a l l e d  an edge. I f  

e 6 E ( H )  ( e  i V ( H ) )  and  i f  u , v  t e ( u , v  E V ( H ) ) ,  w e  

s a y  t h a t  u and  v are a d j a c e n t  v e r t i c e s ,  and t h a t  t h e  

v e r t e x  u and edge  e are i n c i d e n t  w i t h  e a c h  o t h e r ,  as 

are v and e. Two d i s t i n c t  edges  el and e2 are 

s a i d  t o  be a d j a c e n t  i f  el n e2 # 9. The d e g r e e ,  d ( v ) ,  

o f  v E V ( H )  i s  t h e  number o f  e d g e s  w i t h  which  v i s  

i n c i d e n t .  I f  = r ( r  2 0 )  f o r  a l l  e E E ( I I ) ,  t h e n  

I I  i s  s a i d  t o  b e  an  r -un i fo rm h y p e r g r a p h .  

Thus a g raph  i s  j u s t  a 2-uniform h y p e r g r a p h .  

W e  w r i t e  pII = I V ( H )  1 and qH = ( E ( H )  1 .  L e t  ni = l e i / ,  f o r  

1 5 i 5 qH and E ( H )  = ie l ,e2 , .  .. , e  1 .  Then a s  a 
q H  
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g e n e r a l i z a t i o n  of Theorern 2 - 2 ,  w e  have :  

PH qH 
Thm. 13-2. F o r  any hype rg raph  H, d ( v i )  = 7 11.. 

i= 1 i=l 

Proof :  Merely c o u n t  t o t a l  i n c i d e n c e s ,  i n  t h e  two 

p o s s i b l e  ways. # 

N o t e  t h a t  f o r  a g raph  each  n .  = 2 ,  and w e  r e g a i n  Theorem 2 - 2  

I n  f a c t :  

PH 

Cor. 13-3.  F o r  an r -un i fo rm hype rg raph  11, 1 d ( v i )  = r q H .  ____ 
i= 1 

For an example ,  c o n s i d e r  t h e  3-uni form hype rq raph  H d e f i n e d  

by: 

t h e n  C o r o l l a r y  13-3 o b s e r v e s  t h a t  4 .3  = 3 - 4 .  One c o n v e n t i o n  (see 

Berge ( B 7 1 )  f o r  r e p r e s e n t i n g  h y p e r g r a p h s  would d e p j c t  H as i n  

F i g u r e  13-1; t h i s  method does  n o t  a p p e a r  t o  m e e t  e i t h e r  c r i t e r i o n  

(I) o r  ( 2 ) ,  as g i v e n  i n  t h e  i n t r o d u c t i o n  t o  t h i s  c h a p t e r .  Thus ,  w e  

s e e k  a n o t h e r  method. 

F i g u r e  13 -1  

W e  o b s e r v e  t h a t  D e f i n i t i o n s  2-6 and  2-7 c a r r y  o v e r  v e r b a t i m ,  so 

t h a t  t: connec ted  hype rg raph  i s  e x a c t l y  w h a t o n e  would e x p e c t  i t  t o  be. 
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13-2 .  A s s o c i a t e d  B i p a r t i t e  Graphs 

W e  u s e  a b i j e c t i o n  be tween connec ted  h y p e r g r a p h s  H and con- 

n e c t e d  b i p a r t i t e  g r a p h s  G ( H )  g i v e n  by Walsh [ W 2 ] .  I n  t h e  p r e s e n t  

c o n t e x t ,  w e  a r e  p r i m a r i l y  conce rned  w i t h  t h e  c o n s t r u c t i o n  o f  G ( H )  

from H :  

v ( G ( H ) )  = V ( H )  u E ( H )  , t h e  b i p a r t i t i o n :  

W e  n e x t  f i n d  a 2 -ce l l  imbedding of G ( H )  i n t o  s o m e  c l o s e d  

o r i e n t a b l e  2-mani fo ld  Sk (k O ) ,  and d e n o t e  t h i s  2-cell  imbedding  

by G ( H )  Sk. 

1 - f a c t o r ;  t h a t  i s ,  G ( H )  = Q3. I t  i s  c o n v e n i e n t  t o  t a k e  Q3 a S o ,  

as u s u a l .  

less a 
4 , 4  

For  t h e  example H of S e c t i o n  13-1,  G ( H )  i s  K 

I n  t h e  n e x t  s e c t i o n ,  w e  s h a l l  see how t o  modify t h e  imbedding  

of G ( H )  43 Sk so as t o  o b t a i n  an " imbedding"  of H i n t o  

Sk ( H  .{ S k ) .  

13-3. Imbedding Theory f o r  Hyperg raphs  

Given a 2-cel l  imbedding of  t h e  associated b i p a r t i t e  g r a p h  

G ( H )  < Sk , 
hyperg raph  H i n t o  S k l  where in  c e r t a i n  o f  t h e  r e g i o n s  o f  t h e  

m o d i f i e d  imbedding  ( G ( H )  < Sk) r e p r e s e n t  edges  o f  H: t h e  re- 

ma in ing  r e g i o n s  of t h e  m o d i f i e d  imbedding ( G ( H )  < Sk) become 

r e g i o n s  f o r  t h e  imbedding  of H i n t o  Sk .  Fo r  H c o n n e c t e d ,  G ( H )  

w i l l  b e  c o n n e c t e d  a l s o ,  and  t h u s  w e  can f i n d  a 2-cell  imbedding  

G ( H )  (3 Sk. The m o d i f i c a t i o n  w e  pe r fo rm p r e s e r v e s  t he  2-ce l l  a s p e c t  

of t h e  imbedding ,  so  t h a t  t h e  r e g i o n s  f o r  H i n  Sk are a l l  2 - c e l l  

also.  Hence t h e  n o t a t i o n  H < Sk i s  j u s t i f i e d .  

W e  i l l u s t r a t e  t h e  m o d i f i c a t i o n  p r o c e s s  i n  F i g u r e  13-2 .  I n  

p a r t  ( a )  o f  t h a t  f i g u r e ,  w e  see - i n  t h e  imbedding  o f  G ( H )  - t h e  

v e r t i c e s  r e p r e s e n t i n g  edge  e = {v 1,v2 I . .  . , V k l  of H and  e a c h  

v e r t e x  i n  e. I n  p a r t  ( b )  o f  t h e  f i g u r e  w e  b e g i n  mod i fy ing  t h e  

imbedding by a d d i n g  edge  Ivi ,v i+ l} l  w i t h i n  t h e  r e g i o n  c o n t a i n i n g  

w e  modify t h i s  imbedding  t o  o b t a i n  an  imbedding  o f  t h e  
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4 

F i g u r e  13-2 

vi , vi+l , and e ,  f o r  1 i k ,  (mod k). Then t h e  e d g e s  

{ e  , v i l  , 1 5 i 5 k ,  and  t h e  v e r t e x  e ,  a r e  d e l e t e d ,  s o  t h a t  i n  

p a r t  ( c )  of t h e  f i g u r e  t h e  edge e a p p e a r s  a s  a r e g i o n  i n  t h e  modi- 

f i e d  imbedding. (More p r e c i s e l y ,  t h e  se t  o f  v e r t i c e s  from t h e  

boundary of  r e g i o n  (e)  i s  e x a c t l y  t h e  edge  e . )  

- -  

I n  F i g u r e  13-3 w e  i l l u s t r a t e  t h e  e n t i r e  p r o c e s s  fo r  t h e  hype r -  

graph  H of S e c t i o n  13-1.  I n  p a r t  ( a )  o f  t h i s  f i g u r e  w e  see an i m -  

bedd ing  G ( H )  = Q, < S o ,  and t h e  b e g i n n i n q  of  t h e  m o d i f i c a t i o n .  I n  

p a r t  ( b )  o f  t h e  f i g u r e  w e  see t h e  c o r r e s p o n d i n g  imbedding 

w i t h  t h e  r e g i o n s  of t h i s  imbedding b e i n g  shaded ;  t h e  unshaded  

" r e g i o n s "  d e p i c t  t h e  e d g e s  of  H. The former  ( i . e .  t h e  h o n a f i d e  

r e g i o n s  of t h e  hype rg raph  imbedding)  are a l l  d i y o n s  here, as  each  

r e g i o n  for  t h e  imbedding of G ( N )  w a s  a q u a d r i l a t e r a l .  ( I n  g e n e r a l ,  

a k-gonal  r e g i o n  r e s u l t s  f o r  

H < So,  

H d  Sk from a 2k-gonal  r e g i o n  o f  t h e  
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F i g u r e  13-3 

b i p a r t i t e  G ( H )  4 Sk.) 

t h a t  V ( H )  and E ( H )  are r e a d i l y  d i s c e r n i b l e .  (Compare F i g u r e  13-1, 

f o r  t h e  same hype rg raph  H . )  ( 2 )  I f  H i s  i n  f a c t  a g r a p h ,  t h e n  

each  edge  o f  H becomes a d i g o n  f o r  t h e  mod i f i ed  imbedding  

G ( H ) d  Sk, 

bedd ing  H 4 S k .  This i s  i l l u s t r a t e d  for H = K 4 ,  i n  F i g u r e  1 3 - 4 .  

Imbedding problems f o r  h y p e r g r a p h s  now t r a n s l a t e  d i r e c t l y  i n t o  

t h e  g r a p h i c a l  c o n t e x t ,  and many s t a n d a r d  r e s u l t s  f o r  g r a p h s  have  

r eady  g e n e r a l i z a t i o n s  to h y p e r g r a p h s .  ( T h i s  approach  w a s  n o t e d ,  

i n d e p e n d e n t l y ,  f o r  t h e  s p h e r e  o n l y ,  by J o n e s  [J3].) F o r  example ,  

h e r e  i s  t h e  g e n e r a l i z a t i o n  of Theorem 5-14.  ( W e  l e t  rH d e n o t e  t h e  

number o f  b o n a f i d e  r e g i o n s  - i . e .  - n o t  i n c l u d i n g  t h o s e  r e g i o n s  de- 

pitting e d g e s  - i n  a 2-cell imbedding of hype rg raph  H . )  

W e  remark t h a t :  (1) t h i s  r e p r e s e n t a t i o n  i s  n o t  cumbersome, i n  

and t h e  c o l l a p s i n g  of e a c h  d i g o n  g i v e s  a t r a d i t i o n a l  i m -  
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F i g u r e  1 3 - 4  

Thm. 13-4 .  L e t  t h e  c o n n e c t e d  hype rg raph  H h a v e  a 2-cell  imbedding 

i n  S k I  w i t h  t h e  usual p a r a m e t e r s  pHl q H t  and rH. 
Then 

48 

p H + q H -  1 n i + r  = 2 - 2 k .  H 
i=l 

P r o o f :  Fo r  t h e  2-cell imbedding G ( H ) q  Sk which  gave 

r i se  t o  H -< Sk I w e  h a v e  

p - g i r = 2 - 2 k 1  

by Theorem 5-14,  where  

H '  and r = r 

The r e s u l t  now f o l l o w s ,  by  s u b s t i t u t i o n .  # 
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H '  
W e  n o t e  t h a t ,  f o r  H a graph  - so t h a t  n = 2 ,  1 - -  < i < q 

i 

q H  
t h e n  1 ni = 2qFI and w e  have  t h e  f a m i l i a r  pH - qH + rH = 2 - 2k.  

i= 1 

1 3 - 4 .  The Genus of a Hypergraph 

Once w e  a c c e p t  as w o r t h w h i l e  t h e  t a s k  o f  r e a l i z i n g  a h y p e r g r a p h  

g e o m e t r i c a l l y ,  t h e n  i t  is  m o s t  n a t u r a l  t o  w i s h  t o  d o  t h i s  as  e f f i -  

c i e n t l y  as p o s s i b l e .  T h i s  m o t i v a t e s  

D e f .  13-5.  The g e n u s ,  y ( H ) ,  o f  a hype rg raph  H is t h e  genus  o f  

i t s  a s s o c i a t e d  b i p a r t i t e  g r a p h :  1.e.  y ( H )  = y ( G ( H ) ) .  

S i n c e  t h e  genus  pa rame te r  f o r  g r a p h s  is a d d i t i v e  o v e r  c o n n e c t e d  

components ( C o r o l l a r y  6 - 1 9 )  , w e  o b t a i n  immedia t e ly  

zhm. 13-6.  The g e n u s  of a hype rg raph  is t h e  sum o f  t h e  g e n e r a  of i t s  

components.  

n 

i=l 
P r o o f :  L e t  H = Hi be t h e  d e c o m p o s i t i o n  of H i n t o  

i t s  c o n n e c t e d  components ,  w i t h  G ( H i )  t h e  b i p a r t i t e  

g raph  a s s o c i a t e d  w i t h  component Hi. Then ~ ( 1 % )  = 

n n n 

i= 1 i= 1 i=l 
y ( G ( H ) )  = y( c1 G ( H i ) )  = 1 ( G ( H i ) )  = 7 Y ( H i ) .  # 

Thus it i s  w i t h o u t  l o s s  o f  g e n e r a l i t y  t h a t  w e  c o n t i n u e  t o  re- 

s t r i c t  o u r  a t t e n t i o n  t o  connec ted  h y p e r g r a p h s .  

Def. 13-7. The maximum genus  yM(H), of a c o n n e c t e d  h y p e r g r a p h  H 

i s  g i v e n  by: yM(H) = y M ( G ( H ) ) .  

W e  have  t h e  n a t u r a l  g e n e r a l i z a t i o n  of C o r o l l a r y  6 -22 :  

Thm. 13-8. A connec ted  hype rg raph  H h a s  a 2-cell  imbedding  i n  Sk 

i f  and o n l y  if y ( H )  5 k 5 y M ( H ) .  
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W e  now g i v e  a lower bound f o r  t h e  genus  p a r a m e t e r ,  r e m i n i s c e n t  

of C o r o l l a r y  6-15 ( b u t  n o t  i n  g e n e r a l i z a t i o n  of t h a t  c o r o l l a r y ,  

s i n c e  i f  H is a g r a p h ,  t h e n  G ( H J  w i l l  have  g i r t h  a t  l e a s t  s i x . )  

Thm. 13-9.  I f  H i s  a c o n n e c t e d  h y p e r q r a p h ,  t h e n  

YH 
y ( H )  _. 1 + 4 ( ,  ' z n .  - 2PH - 2qJ * 

1=1 

P r o o f :  L e t  H < Sk, where  k = y(H) = y ( G ( I 1 ) ) .  S i n c e  

H i s  c o n n e c t e d ,  so  i s  G ( H ) ;  t h u s  t h e  minimal  imbedding  

G ( H )  ,q Sk i s  2-ce11, as i s  H 4 S k .  S i n c e  G ( I 1 )  is b i -  

p a r t i t e ,  4 r  5 2 q .  Thus 

and u s i n g  t h i s  i n  t h e  e u l e r  e y u a t i o n  f o r  h y p e r g r a p h s  

(Theorem 1 3 - 4 ) ,  w e  g e t  t h e  d e s i r e d  bound. # 

W e  c l o s e  t h i s  s e c t i o n  w i t h  an  u p p e r  bound f o r  t h e  maximum genus  

p a r a m e t e r ,  i n  a n a l o g y  w i t h  Theorem 6-24. 

Thm. 1 3 - 1 0 .  L e t  H b e  c o n n e c t e d :  t h e n  

q H  
1 - pH - qH + 7 ni 

i=l 
- f M ( H )  - < 

2 

Moreover ,  e q u a l i t y  h o l d s  i f  and  o n l y  i f  rH = 1 or 2 ,  

a c c o r d i n g  as t h e  numera to r  i s  even  o r  o d d ,  r e s p e c t i v e l y .  

13-5.  The Hcawood Map-color ing  Theorem, f o r  Hyperg raphs  

Def.  13 -11 .  The c h r o m a t i c  number, i ( ( H )  , of a hype rg raph  H is t h e  

minimum n a t u r a l  number k f o r  which  t h e r e  is a p a r t i -  

t i o n  V(II) = LJ V i ( H )  s u c h  t h a t ,  f o r  e a c h  edge  

e E E ( H )  , t h e r e  i s  no i w i t h  e i V i ( H ) .  

k 

i= 1 
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T h a t  i s ,  x ( H )  i s  t h e  s m a l l e s t  number o f  colors  f o r  V ( H )  so  

t h a t  no  e d g e  of H i s  u n i f o r m l y  c o l o r e d .  N o t e  t h a t  t h i s  is t h e  

“weak“ d e f i n i t i o n  o f  c h r o m a t i c  number f o r  h y p e r g r a p h s ,  as w e  a re  n o t  

r e q u i r i n g  t h a t  a l l  v e r t i c e s  i n  an  a r b i t r a r y  edge  b e  c o l o r e d  d i f f e r -  

e n t l y  ( j u s t  t h a t  t h e y  n o t  a l l  be  c o l o r e d  a l i k e . )  C l e a r l y  t h e  weak 

and t h e  “ s t r o n g “  d e f i n i t i o n s  a g r e e ,  i f  H i s  a g r a p h .  

Def.  13-12. The hype rg raph  c h r o m a t i c  number o f  t h e  s u r f a c e  Sk i s  

d e f i n e d  by:  xH(Sk)  = t h e  maximum x ( H )  s u c h  t h a t  

H < S k .  

Thm. 13-13. x H ( S k )  = [’ + + 48k  2 , k 2 0 ,  
2 

- - 7  + 4 1  + 48k 
J .  Proof:  S e t  f ( k )  = 1 

(1) L e t  H 4 S k ,  and  l e t  G*(H) d e n o t e  t h e  corre- 

s p o n d i n g  m o d i f i c a t i o n  of  G ( H ) .  S i n c e  G * ( H )  4 Sk , 
x ( G * ( I I ) )  5 f ( k )  , by t h e  Heawood Map-Coloring Theorem 

(or t h e  Four-Color  Theorem, i f  k = 0 )  f o r  g r a p h s .  

L e t  G*(H) b e  f ( k ) - c o l o r e d .  Now c o n s i d e r  an  a r b i t r a r y  

edge  e of H and any t w o  c o n s e c u t i v e  v e r t i c e s  i n  t h e  

c o r r e s p o n d i n g  r e g i o n  of G * ( H )  ; s i n c e  t h e y  form a n  

edge  o f  G * ( H )  , t h e s e  two v e r t i c e s  are c o l o r e d  d i f f e r -  

e n t l y .  Thus e i s  = u n i f o r m l y  c o l o r e d ,  and 

x ( H )  5 f ( k ) .  S i n c e  H was a r b i t r a r y  f o r  S k ,  x H ( S k )  5 
f ( k f .  

( 3 )  Thus x H ( S k )  = f ( k )  . 

13-6. The Genus of  a B lock  Des ign  

Every  b l o c k  d e s i g n  i s  a k -un i fo rm h y p e r g r a p h  - w i t h  o b j e c t s  as 

v e r t i c e s  and  b l o c k s  as e d g e s  - so t h a t  any r e a l i z a t i o n  o f  a hype r -  

g raph  a s s o c i a t e d  w i t h  a b l o c k  d e s i g n  i s  s i m u l t a n e o u s l y  a r e a l i z a t i o n  

o f  t h a t  d e s i g n .  F o r  example ,  t h e  S t e i n e r  t r i p l e  s y s t e m  H o f  
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o r d e r  7 ,  a r i s i n g  ( f o r  example) from t h e  p r o j e c t i v e  p l a n e  of o r d e r  2 ,  

i s  d e p i c t e d  i n  F i g u r e  13-5 ,  where  G ( H )  would be t h e  "Heawood Graph" 

(see F i g u r e  8-6)  , t h e  d u a l  of K7 Q S1. I n  this c a s e ,  G * ( H )  

K 7 ,  and o u r  r e a l i z a t i o n  of c o i n c i d e s  w i t h  t h a t  of Example 2 ,  

S e c t i o n  12-3. (The  b l o c k s  o f  Tab le  1 2 - 1  a p p e a r  as t h e  unshaded  

r e g i o n s  i n  F i g u r e  13-5.)  

H 

F i g u r e  13-5 

I t  w i l l  be no  s u r p r i s e  t h a t ,  once  w e  a g r e e  t o  d e p i c t  b l o c k  

d e s i g n s  r e a l i s t i c a l l y ,  w e  s h o u l d  d e s i r e  t o  do t h i s  as e f f i c i e n t l y  

a s  p o s s i b l e .  

Def. 13 -14 .  The genus  o f  a b l o c k  d e s i g n  D ,  y ( D ) ,  i s  t h e  genus  o f  

t h e  a s s o c i a t e d  hype rg raph  H ;  i . e .  y ( D )  = y ( H )  = 

y ( G ( H ) ) ,  where  G(H) is t h e  b i p a r t i t e  g r a p h  f o r  H.  

Thus y ( D )  g i v e s  t h e  m o s t  e f f i c i e n t  o r i e n t a b l e  s u r f a c e  f o r  t he  

r e p r e s e n t a t i o n  o f  D. 

For  example, i f  D is t h e  f a m i l i a r  (7 ,7 ,3 ,3 ,1 ) -BIBD ( S t e i n e r  

t r i p l e  sys t em)  , t h e n  F i g u r e  13-5 shows t h a t  y ( D )  2 1; b u t  one  

r e a d i l y  f i n d s  a homeomorph of K 

t h a t  y ( D )  2 1. Thus y(D) = 1, and o u r  d e p i c t i o n  o f  F i g u r e  13-5 

i s  o p t i m a l .  

i n  G(H) f o r  F i g u r e  13-5,  so 
3 1 3  
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Rahn [Rl] h a s  c h a r a c t e r i z e d  p l a n a r  ( i . e .  y ( D )  = 0 )  B I B D s ;  

Thm. 13-15 .  A ( v , b , r , k , h ) - B I B D  i s  p l a n a r  i f  and  o n l y  i f :  

( i )  k = 1; 

(ii) k = 2 and  v = 2 , 3 ,  o r  4 ;  

(iii) k = 3 and  ( v , b , r , k , h )  = ( 3 , 1 , 1 , 3  ,l), 

( 3 , 2 , 2 , 3 , 2 )  or  ( 4 , 4 , 3 , 3 , 2 1 .  

W e  n o t e  t h a t  t h e  case ( 4 , 4 , 3 , 3 , 2 )  i s  d i s p l a y e d  i n  F i g u r e  13-3. 

13-7. An Example 

A s  an  a d d i t i o n a l  example o f  many of t h e  c o n c e p t s  of t h i s  c h a p t e r ,  

Dn ( f o r  n > 2 )  whose w e  c o n s i d e r  t h e  ( n , n , n - l , n - l , n - 2 )  -BIBD - 

o b j e c t  s e t  i s  { 1 , 2 ,  . . . , n}  and whose b l o c k s  are t h e  complements 

o f  s i n g l e t o n s  ( i . e .  a l l  ( n - 1 ) - s u b s e t s  o f  an n - s e t . )  T h i s  immedia t e ly  

d e t e r m i n e s  a hype rg raph  H h a v i n g  t h e  same d e s c r i p t i o n :  V ( H n )  = 

{ 1 , 2 ,  . .. , n j  , E ( H n )  = { S  V ( H n )  1 I S /  = n-11. Then G ( H n )  is 

K less a 1 - f a c t o r  ( e a c h  v e r t e x  i is a d j a c e n t  t o  e v e r y  edge  

e x c e p t  i t s  complement,  so  t h a t  t h e  1 - f a c t o r  is composed of p a i r s  

{i ,  V ( H , )  - { i l l ,  1 5  i 5 n . )  For  n = 2 ,  3 ,  4 r e s p e c t i v e l y ,  w e  

have G ( H n )  = 2 K 2 ,  C 6 ,  Q 3 ;  see F i g u r e  13-3 f o r  t h e  case n = 4 and  

t h e  p l a n a r  imbedding  of  H 4 .  

n , n  

(n-1) (n-4)  Thm. 1 3 - 1 6 .  y ( D n )  = {  j , f o r  n 2 2 .  

P r o o f :  From t h e  l o w e r  bound o f  Theorem 13-9, w e  f i n d  

t h a t  

T o  c o m p l e t e  t h e  p r o o f ,  w e  show t h e  r e v e r s e  i n e q u a l i t y ,  

by c o n s t r u c t i o n .  T h i s  c o n s t r u c t i o n  s p l i t s  i n t o  four 

cases, depend ing  upon t h e  r e s i d u e  of n modulo 4 ;  

h e r e  w e  p r o v i d e  t h e  d e t a i l s  o n l y  f o r  t h e  case n E 1 

(mod 4 ) .  ( S e e  Problem 13-2 for t h e  r e m a i n i n g  - h a r d e r  - 
cases.)  The method u s e s  an i n d e x  t w o  c u r r e n t  g raph  (see 

F i g u r e  13-6 f o r  t h e  c a s e s  n = 5 and 9 ,  which  have  
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n = 5  

n = 9  

obv ious  g e n e r a l i z a t i o n :  t h e  v e r t e x  r o t a t i o n s  are i n -  

d i c a t e d  s c h e m a t i c a l l y ,  t o  y i e l d  a c u r r e n t  g r a p h  imbed- 

d i n g  i n  S h l  where h = (n-1) /4  and t h e  g r o u p  I' = 

z~~~ g e n e r a t e d  by A = { 1 , 3 , 5 ,  ... , n-21 . S i n c e  

t h e  I<CL h o l d s  a t  each  v e r t e x  of t h e  c u r r e n t  g r a p h ,  

t h e  Cay ley  g raph  ( G n (  T) = G(IIn) )  imbedding which  

c o v e r s  t h e  d u a l  of  t h e  c u r r e n t  graph imbedding  i s  

q u a d r i l a t e r a l ,  and hence  - s i n c e  i t  is  b i p a r t i t e  - 

min ima l ly  imbedded i n  S k ,  k = (n-1)  (n-4)  / 4 .  Thus 

i n  t h i s  case. 

b aab a 

3 

a b 

F i g u r e  13-6.  
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13-8. N o n o r i e n t a b l e  Analogs 

W e  c o n c l u d e  w i t h  a b r i e f  d i s c u s s i o n  of t h e  n o n o r i e n t a b l e  imbed- 

d i n g  o f  h y p e r g r a p h s .  The d e f i n i t i o n  of a 2-cel l  imbedding  of  a 

hype rg raph  H ( v i a  a 2-ce l l  imbedding of t h e  a s s o c i a t e d  b i p a r t i t e  

g raph  G ( H ) )  on t h e  n o n o r i e n t a b l e  s u r f a c e  Nh (H . q N h )  c a r r i e s  

o v e r  v e r b a t i m  from t h e  o r i e n t a b l e  case, a s  d o  a l l  r e l a t e d  c o n c e p t s .  

W e  h a v e  t h e  f o l l o w i n g  r e s u l t s :  

Thm. 13-17. I f  H < N h ,  t h e n  pH + qH - 1 ni + rH = 2 - h .  

i=l 

Thm. 13-18. I f  T ( H )  d e n o t e s  t h e  n o n o r i e n t a b l e  genus  o f  hype rg raph  

H I  t h e n  
q H  

Thrn. 13-19. The connec ted  hype rg raph  H h a s  a 2-cell  imbedding on 

N h  i f  and o n l y  i f  

q H  

F i n a l l y ,  w e  g i v e  t h e  n o n o r i e n t a b l e  Heawood Map-Coloring T h e o r e m  

f o r  h y p e r g r a p h s  : 

Thm. 13-20. x H ( N h )  = [' + i l +  24h 1 f o r  h # 2 ;  J 1  

x H ( N 2 )  = 6 .  

13-9. Problems 

13-1.)  Prove  Theorem 13-10. 

i 3 - 2 . )  Show t h a t  K n , n  less a 1 - f a c t o r  imbeds on Sk, k =  

{ (n-1) (n -4 ) /4}  I f o r  n f 0 ,  2 ,  3 ,  (mod 4 ) .  

13-3 . )  Prove  Theorem 13-17. 

13-4 . )  Prove Theorem 13-18. 
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1 3 - 5 .  ) Prove Theorem 13-19 

1 3 - 6 . )  Prove Theorem 13-20 

C h a p t .  13 
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CHRPTER I 4  

MAP AUTOMORPHISM GROUPS 

Our f o c u s  i n  t h i s  book h a s  been  on t h e  v a r i o u s  i n t e r a c t i o n s  

among g r a p h s ,  g r o u p s ,  and s u r f a c e s  and - i n  p a r t i c u l a r  - on t h e  

s u r f a c e  imbeddings  of g raphs  d e p i c t i n g  g r o u p s .  I n  t h i s  c h a p t e r  w e  go 

one s t e p  f u r t h e r ,  by c o n s i d e r i n g  t h e  automorphism g r o u p  of t h e  con- 

f i g u r a t i o n  c o n s i s t i n g  o f  a g raph  imbedded i n  a s u r f a c e .  An i m p o r t a n t  

s p e c i a l  c a s e  w i l l  o c c u r  when t h e  graph  i s  a Cayley  g raph  f o r  some 

g roup .  The development  h e r e  i s  e s s e n t i a l l y  t h a t  o f  [ B W l ] ;  see a l s o  

Biggs  ( [ B 8 ] ,  [ B 9 1 ,  and [BlOl) , [W9], and [W13]. 

R e c a l l  C o r o l l a r y  6 - 2 2 :  a c o n n e c t e d  g r a p h  G h a s  a 2-cell  i m -  

bedd ing  i n  Sk i f  and o n l y  i f  y ( G )  5 k 5 y M ( G ) .  So f a r ,  i n  t h i s  

book,  w e  have  c o n c e n t r a t e d  on t h e  two e x t r e m e s  o f  t h i s  imbedding  

r a n g e ,  i n  c a l c u l a t i n g  v a r i o u s  v a l u e s  o f  t h e  genus  and t h e  maximum 

genus p a r a m e t e r s .  I n  t h i s  c h a p t e r  w e  c o n s i d e r  t w o  a d d i t i o n a l  s p e c i a l  

t y p e s  of imbeddings ,  g e n e r a l l y  i n  t h e  i n t e r i o r  of t h e  imbedding  

r ange :  t h o s e  which are  s y m m e t r i c a l ,  and  t h o s e  which  are s e l f - d u a l .  

F i n a l l y ,  w e  combine t h e s e  t w o  c o n c e p t s  ( a n d  o t h e r s  as w e l l )  i n  o u r  

s t u d y  of "Pa ley  maps." 

For  a t h e o r y  o f  maps f o r  o r i e n t a b l e  s u r f a c e s  u n i f y i n g  t h e  two 

s t a n d a r d  approaches  ( t h a t  o f  geomete r s ,  s t u d y i n g  symmetry p r o p e r t i e s ,  

and t h a t  o f  c o m b i n a t o r i a l i s t s ,  s t u d y i n g  g raph  imbeddings  and  map 

c o l o r i n g s ) ,  see J o n e s  and Singerman [ J S l ] .  

1 4 - 1 .  Map Automorphisms 

R e c a l l  t h a t  a r o t a t i o n  scheme f o r  a c o n n e c t e d  g raph  G o f  

o r d e r  n i s  an o r d e r e d  n - t u p l e  P = (p ,  , p2 , .. . , pn)  , where  pi 

i s  t h e  r o t a t i o n  a t  v e r t e x  i ,  1 5 i 5 n. Then P d e t e r m i n e s  a 

2-cell imbedding i n  a c l o s e d  o r i e n t a b l e  2-mani fo ld  S k ,  where k i s  

u n i q u e l y  s p e c i f i e d  by t h e  e u l e r  e q u a t i o n  and  t h e  number of o r b i t s  of 

t h e  p e r m u t a t i o n  P* on t h e  s e t  D* (see S e c t i o n  6 - 6 . )  Here i t  w i l l  

b e  c o n v e n i e n t  t o  l e t  p, d e n o t e  t h e  r o t a t i o n  a t  v e r t e x  v and  
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d e n o t e  P r) = ( P " ) V  E V(G) 

Def .  1 4 - 1 .  A m a p  i s  a p a i r  ( G ,  I ) ) ,  w h e r e  G i s  a c o n n e c t e d  g r a p h  

a n d  L) i s  a r o t a t i o n  scheme f o r  G .  

Thus a map may b e  r e g a r d e d  as a c o n f i g u r a t i o n  c o n s i s t i n y  of  a 

r e p r e s e n t a t i o n  o f  a c o n n e c t e d  g r a p h  b y  i t s  i m b e d d i n g  i n  a p a r t i c u l a r  

c losed  o r i e n t a b l e  2 - m a n i f o l d .  T h i s  d e f i n i t i o n  c a n  b e  e x t e n d e d  t o  

i n c l u d e  n o n o r i e n t a b l e  s u r f a c e s  as w e l l ,  a s  i n  S e c t i o n  1 1 - 3 ;  b u t  w e  

c o n c e n t r a t e  on o r i e n t a b l e  maps h e r e .  

We now d e f i n e  a n  a u t o m o r p h i s m  o f  a map (G, 1 ) )  t o  b e  an a u t o -  

morphism o f  t h e  g r a p h  G w h i c h  a l s o  p r e s e r v e s  t h e  r o t a t i o n  , . 
S p e c i f i c a l l y ,  w e  c o n s t r u c t  a n  a c t i o n  of t h e  a u t o m o r p h i s m  g r o u p  (i  ( G )  

on t h e  s e t  R ( G )  of  a l l  r o t a t i o n s  of G. ( W e  o b s e r v e  t h a t  

l R ( G )  1 = II ( n . - l ) !  , w h e r e  n .  = d ( v i ) ,  1 - -  C i < n ;  see P r o b l e m  

1 4 - 1 . )  I f  a C G ( G )  a n d  I> R ( G ) ,  w e  d e f i n e  a ( p )  6 R ( G )  by :  

n 

i=l 

t h a t  i s ,  i f  p, t a k e s  x t o  y ,  t h e n  (a(p))a(v) t a k e s  a ( x )  

t o  a ( y )  (see F i g u r e  14-1). 

F i g u r e  1 4 - 1  
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Def. 1 4 - 2 .  Two r o t a t i o n s  13 and a i n  R(G) are s a i d  t o  b e  

e q u i v a l e n t  i f  t h e r e  i s  an a E G ( G )  s u c h  t h a t  (I = a (  p )  . 

Lemma 1 4 - 3 .  I f  I: and u are e q u i v a l e n t  r o t a t i o n s  on G ,  w i t h  

u = a ( [ ) )  and ( x  , y  , z , . . . , w )  a r e g i o n  o f  map ( G , p )  , 
, a ( z )  , . . . , a ( w )  ) i s  a r e g i o n  o f  map 

, y , z , . . . , w )  i s  a r e g i o n  o f  ( G  , p )  , 
i . e .  p ( x )  = z .  Thus 

Y 

So ,  p u t t i n g  u = a ( [ ) )  , w e  have  

a a 

(I* 

Hence , 
( G  , u )  . 

( a ( x )  , a ( y )  , a ( z )  , .. . , a ( w ) )  i s  a r e g i o n  of 

# 

I t  f o l l o w s  t i i a t ,  i f  p and (I are e q u i v a l e n t  r o t a t i o n s ,  t h e n  

t h e r e  i s  a one-to-one co r re spondence  be tween t h e  r e g i o n  sets  of t h e  

maps ( G  , p )  and ( G  , a ) .  Hence t h e  t w o  maps are i n  t h e  same 

s u r f a c e ;  t h a t  i s ,  t h e y  have  t h e  same genus .  

Def.  14-4. An autornorphism o f  a map M = ( G  , p )  is a g raph  a u t o -  

morphism a € G(G)  such  t h a t  a ( p )  = p; i .e.  

’ a ( v )  
e q u i v a l e n t  w i t h  i t s e l f ,  u n d e r  t h e  a c t i o n  o f  a . )  

-1 
f o r  a l l  v E V ( G ) .  ( T h a t  i s ,  p i s  - - apva , 

The f o l l o w i n g  e q u i v a l e n t  f o r m u l a t i o n  (see F i g u r e  1 4 - 1  and  

Problem 1 4 - 2 )  r e a d i l y  d i s p l a y s  t h e  graph-automorphism n a t u r e  o f  each  

map automorphism. W e  d e n o t e  t h e  au tomorphism g roup  o f  a map 

M = ( G  , p )  by d P 4 )  . 

Thm. 1 4 - 5 .  Fo r  a p e r m u t a t i o n  a: V ( G )  * V ( G )  , a E G ( M )  i f  and o n l y  

i f :  ( x , y , z  , . . . , w )  a r e g i o n  of  M i m p l i e s  

( a ( x )  , a ( y )  , a ( z )  ,. . . , a ( w ) )  i s  a r e g i o n  o f  M .  
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Thus g raph  au tomorphisms p r e s e r v e  e d g e s ,  w h i l e  map au tomorphisms 

p r e s e r v e  o r i e n t e d  r e g i o n  b o u n d a r i e s .  

W e  need t w o  s t a n d a r d  r e s u l t s  from t h e  t h e o r y  of p e r m u t a t i o n  

g roups  (see [ B W l ]  , f o r  example . )  L e t  ( r  ,X) b e  a p e r m u t a t i o n  

g roup  , so t h a t  e a c h  y E I i s  a p e r m u t a t i o n  of o b j e c t  s e t  X.  The 

o r b i t  o f  x E X i s  d e f i n e d  by: rx = [ y ( x )  / y  E TI: t h e n  rx i s  a 

s u b s e t  o f  X. The s t a b i l i z e r  o f  x is d e f i n e d  a s :  rx  - 
{y 6 l- 1 y ( x )  = x ) ; t h e n  rx is  a subgroup  o f  r. Moreover ,  

w e  have  : 

- 

F i n a l l y ,  fo r  y E T, t h e  se t  of  f i x e d  p o i n t s  f o r  y i s  d e n o t e d  

by :  F ( y )  = cx 6 X(y(x) = X I .  Then w e  have  t h e  f o l l o w i n g  theo rem of 

F r o b e n i u s ,  o f t e n  c a l l e d  " B u r n s i d e ' s  L e m m a "  : 

. ~ _ _  Thm. 1 4 - 7 .  The number, t ,  of o r b i t s  o f  ( r  , X )  i s  g i v e n  by:  

Now w e  p u t  t h e  two above  r e s u l t s  t o  work. 

Thm. 14-8. 

Thm. 14-9. 

L e t  G b e  a c o n n e c t e d  g r a p h  and p a r o t a t i o n  on G; 

t h e n  t h e  number o f  r o t a t i o n s  e q u i v a l e n t  t o  p i s  e q u a l  

t o  t h e  i n d e x  I G ( G )  : G ( G , p )  1 .  

P r o o f :  By d e f i n i t i o n ,  G ( G , p )  = G , ( G ) ~ ,  t h e  s t a b i l i z e r  

of p i n  t h e  a c t i o n  of G ( G )  on R ( G ) .  The number o f  

r o t a t i o n s  e q u i v a l e n t  t o  p i s  just t h e  o r b i t  G ( G )  p. 

Now a p p l y  Theorem 1 4 - 6 .  # 

The number of e q u i v a l e n c e  classes of  maps w i t h  under -  

l y i n g  g raph  G i s :  
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Proof: Apply Theorem 14-7 to the action of G ( G )  on 

R ( G ) .  # 

We illustrate with G = K4; then I R ( G )  1 = Z4 = 1 6 .  Consider 

. = ((234) , (143) , (124) , (132)) as shown in Figure 14-2. For this 14, 

4 A 
Figure 14-2 

G ( M )  = A4 (see Problem 1 4 - 3 . )  From Theorem 14-8, using G[K4) = 

S4 
sixteen rotations in R(K4) equivalent to the given one (the other 

is the "mirror image" ((243) , (134) , (142) , ( 1 2 3 ) ) )  ; both have genus 

zero. To classify all 1 6  rotations of K4, we note that lF(y)l 

is a class function: it is constant on each conjugacy class of 

elements of S4; we obtain Table 14-1. 

(see Theorem 3-17 (1)) , we deduce that there are just two of the 

Class representative (a) e (12) (123) (12) (34) (1234) 

Fumber in class 1 6  8 3 6 

/F(a) I 16 0 4 4 2 

Table 14-1 

Thus, by Theorem 14-7, the number of  equivalence classes is 

( 1 6  + 32 + 12 + 12)/24 = 3. One of these classes is represented by 

Figure 14-2, and w e  have just seen that this class contains 

exactly two rotations. The other two classes are both toroidal 

(genus one); they are represented in Figure 14-3. The map 
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automorphism g r o u p s  are Z 4  and Z 3 ,  so t h a t  t h e  c l a s s e s  c o n t a i n  

(by Theorem 1 4 - 8 )  s i x  and e i g h t  r o t a t i o n s  r e s p e c t i v e l y .  I n  e a c h  

case,  t h e  r o t a t i o n s  p a i r  o f f  by t h e  "mirror image" r e l a t i o n s h i ? :  

F i g u r e  1 4 - 3  

D e f .  1 4 - 1 0 .  T h e  m i r r o r  image o f  a map M = (G,I)) i s  g i v e n  by - 
t h e n  -1 

-1 
M = ( G , p  ) ,  where  i f  1) = { L  1 v v t V ( G ) '  
1J-l = { O v  1" t "(,-.) - 
- - 

Clearly M a lways  e x i s t s  f o r  a g i v e n  map M, and M = M i f  

and  o n l y  i f  G i s  a c y c l e  ( s i n c e  i' = i f  and  o n l y  i f  

d ( v )  = 2 . )  

Def.  1 4 - 1 1 .  A map M = ( G , P  

i f  t h e r e  e x i s t s  

i s  a r e g i o n  fo r  

i s  s a i d  t o  be  r e f l e x i b l e  i f  and  o n l y  

n a n  (x E G(G) s u c h  t h a t  (v1 ,v2 ,  ... v 

M i f  and  o n l y  i f  ( I Y V ~ , . . . , ~ V ~ , ' Y V ~ )  

i s  a r e g i o n  f o r  M ;  (Y i s  c a l l e d  a r e f l e c t i o n .  

Thus M i s  r e f l e x i b l e  i f  and  o n l y  i f  M and t h e  m i r r o r  image 

11 a r e  e q u i v a l e n t  (P rob lem 1 4 - 4 . )  For example ,  e v e r y  r o t a t i o n  f o r  

K4 
g i v e s  r ise t o  a r e f l e x i b l e  map. 

Def.  1 4 - 1 2 .  The e x t e n d e d  map automorphism group, G * ( M ) ,  of a 

map M c o n s i s t s  of G(M) t o g e t h e r  w i t h  a l l  r e f l e c t i o n s  

f o r  M. 
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Thm. 14-13. L e t  D be a [ v , b , r f 3 , 2 ) - B I B D  ( a  2 - f o l d  S t e i n e r  

t r i p l e  s y s t e m ) ,  l e t  C i ( D )  be  t h e  d e s i g n  automorphism 

g r o u p ,  and l e t  P; be t h e  c o r r e s p o n d i n g  map (Theorem 

12-3); t h e n  CL*(M) C ( D ) .  

We have  seen t h a t  t h e  s i x t e e n  r o t a t i o n s  f o r  K4 s p l i t  i n t o  

t h r e e  e q u i v a l e n c e  c l a s s e s  of maps; w e  remark  t h a t  K 5  and K 6  have  

c o r r e s p o n d i n g  numbers a s  i n d i c a t e d  by T a b l e  1 4 - 2 .  

n 2 3 4 5 6 

number o f  r o t a t i o n s  1 1 1 6  7 , 7 7 6  191 ,102 ,976  

number of classes 1 1 3 78 265,764 

T a b l e  1 4 - 2  

1 4 - 2 .  Symmetr ica l  Maps 

W e  now s t u d y  G ( M ) ,  c o n s i d e r e d  a s  a p e r m u t a t i o n  g roup  a c t i n g  

on  V ( G )  - where M = ( G , ; ) .  

Lemma 1 4 - 1 4 .  L e t  a t G ( M ) ,  where M = ( G , y )  , and l e t  { u , v }  E E ( G )  

w i t h  a ( u )  = u and a ( v )  = v ;  t h e n  a = e .  

-1 P r o o f :  S i n c e  a E d M ) ,  I a ( v )  = acva  . Thus 

a ( , v ( u )  1 = a i v a  

f i x e s  p V ( u )  a l s o .  B u t  s i n c e  pv i s  c y c l i c  on N ( v )  

( t h e  se t  of v e r t i c e s  a d l a c e n t  t o  v ) ,  t h e  a rgument  

r e p e a t s  and w e  see t h a t  a f i x e s  e a c h  v e r t e x  i n  

N ( v J .  S i m i l a r l y ,  a f i x e s  e a c h  v e r t e x  i n  N ( u ) ,  

e a c h  v e r t e x  i n  N ( u V ( ~ ) )  , and so  on; s i n c e  G i s  

c o n n e c t e d ,  w e  see t h a t  a f i x e s  e a c h  w E V ( G )  , so 

t h a t  a = e .  

-1 
( u )  = I a ( v )  ( u )  = ~ ~ ( u ) ;  t h a t  i s ,  a 

Thm. 14-15. L e t  G = G ( N ) ,  f o r  M = ( G , p )  , w i t h  v V ( G ) .  The 

s t a b i l i z e r  Gv i s  i somorph ic  t o  a subgroup  of t h e  

c y c l i c  q roup  (p,) g e n e r a t e d  by t i v r  and hence  i s  a 

c y c l i c  g roup  whose o r d e r  d i v i d e s  d ( v ) .  
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50 that - - -1 Proof: We have a va - 
a = bva. Let w t N(v); then a ( w )  t N ( v )  a l s o ,  

and since 1 "  is cyclic on N ( v )  we have a(w) 

= I ; (w) , for some 1. Let x C N(v) , say x = 

a(v) vr 

[ ,(w), 7 Then a ( x )  = aiJJ (w) = I 'a(w) = '"(w) = 

restriction of a to N(v), and 4 :  Gv ' < l v ,  \ , 

V V V 
- - 

~ $ 1  :(w) = l):(x). Thus a = where a is the 

L ( a )  - a, is a homomorphism and if al = a2, then 

ala2 = e by Lemma 14-14; thus is a mono- 

morphism, # 

V' 

- - - 
-1 

If G is transitive on V ( G ) ,  then all vertex stabilizers are 

conjugate in G, so that IGI = p/GvI, where p = I V ( G )  I .  Thus 

/GI = pti, where :i divides d, the common vertex degree of G. 

For example, the rotation CI for K7 given in Section 9-2 gives a 

vertex-transitive map M (consider (0 ,1 ,2 ,3 ,4 ,5 ,6 )  E G(M)). More- 

over, p,, - ( 1 , 3 , 2 , 6 , 4 , 5 )  Go, so that ]GI = 7 . 6  = 4 2 .  A l l  

the K 4  maps are vertex-transitive, except those in the third of 

the three classes. 

Now consider = G(M) to act on D* = (u,v) 1 {u,v? E E ( G )  1 ,  
by a(u,v) = (a(u) ,a(v)). Let x = (u,v): then G, = e, by Lemma 

14-14. Thus, by Theorem 14-6, /GxI = l G : G x /  = / G I ,  independent 

of x. This gives: 

Thm. 14-16. 1 G(PI)  I divides 2 I E ( G )  1 .  

Proof: By the preceeding remarks, each orbit of D* 

has length 1 G ( M )  I . # 

Def. 14-17. If I G ( I I )  1 = 2 1 E ( G )  1 ,  then M is said to be a 

symmetrical map. 

Thus symmetrical maps display the maximum amount of symmetry. 

If M is symmetrical, then G ( M )  is a regular permutation group on 

the object set D*; symmetrical maps are also called regular maps, 

Thm. 14-18. If M is symmetrical, then G ( M )  is transitive on 

the vertices, on the edges, and on the regions of M. 
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P r o o f :  L e t  G = G(M) a c t  on  D * ,  w i t h  / G ( M ) I  = 

ID*]. L e t  x = ( u , v )  E D* and a l ,  a2 E G(M); i f  

a x = a x, t h e n  a l  = a 2  by Lemma 1 4 - 1 4 ;  t h u s  

I G x  1 = ID* 1 ,  and G i s  t r a n s i t i v e  on D*; hence  

G i s  t r a n s i t i v e  on  E ( G ) .  N o w  l e t  u,w E V ( G )  , w i t h  

( u , v ) ,  ( w , z )  E D * .  S i n c e  G i s  t r a n s i t i v e  on  D*, w e  

f i n d  a E G so t h a t  ( a ( u ) , a ( v ) )  = a ( u , v )  = ( w , z ) ;  

t h u s  a ( u )  = w ,  and G i s  t r a n s i t i v e  on  V ( G ) .  

1 2 

F i n a l l y ,  l e t  r l  = (v ,w,  ... ) and r2  = ( x , Y ,  ... ) 
be  two r e g i o n s  o f  M I  w i t h  a E G(M) s u c h  t h a t  

- a ( v )  = x and a ( w )  = y .  Then, s i n c e  at: a-' = - 
W - a c w ( v )  = 9 a ( v )  = p a ( v )  = p (x) , so t h a t  t h e  

n e x t  v e r t e x  of r l  

r 2  by a ;  t h i s  p r o c e s s  c o n t i n u e s ,  t o  show t h a t  Ci i s  

' Y '  a ( w )  Y Y 
i s  carr ied t o  t h e  n e x t  v e r t e x  of 

t r a n s i t i v e  on t h e  r e g i o n  s e t  as w e l l .  # 

Thus a s y m m e t r i c a l  map M h a s  a s s o c i a t e d  w i t h  it t w o  i m p o r t a n t  

c o n s t a n t s :  t h e  c o n s t a n t  v e r t e x  d e g r e e  d and  t h e  c o n s t a n t  number k 

o f  ver t ices  i n  e a c h  r e g i o n  boundary .  

Thm. 1 4 - 1 9 .  L e t  M be  a s y m m e t r i c a l  map of g e n u s  y , w i t h  p 

v e r t i c e s  ( a l l  o f  d e g r e e  d ) ,  q e d g e s ,  and r r e g i o n s  

( a l l  hav ing  l e n g t h  k ) ;  t h e n :  

( i )  d p  = k r  = 2 q ;  

P r o o f :  We u s e  Lemma 5-17 (iii) and ( i v )  and Theorem 

5-14. # 

For  d = 2 ,  p = q = k ,  r = 2 ,  and y = 0 ;  M c o n s i s t s  of 

P 
I f  y = 0 ,  t h e n  (d-2)  ( k - 2 ) <  4 and ( d , k )  = ( 3 , 3 ) ,  ( 3 , 4 ) ,  

G = C o n  S o .  Hence w e  assume d 3 (and  k 2 3 ) .  

( 3 , 5 ) ,  ( 4 , 3 ) ,  or  ( 5 , 3 ) .  Each p a i r  d e t e r m i n e s  p ,  q, and r 

u n i q u e l y ;  see S e c t i o n  5-4. Thus w e  have :  

Thm. 14-20. A map M ( G , L ? )  i s  s y m m e t r i c a l  of g e n u s  z e r o  i f  and o n l y  

i f  G = C ( p  2 )  or t h e  1 - s k e l e t o n  of a P l a t o n i c  

s o l i d .  
P 
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If y 1, then (d-2) (k-2) = 4 and ( d , k )  = (3,6) ,(4,4), or 

(6,3). For each case, we find infinitely many toroidal maps covered 

by the corresponding regular tessellation of the pldnc ( s e e  Figures 

8-6, 7-3, and 1 3 - 5  for one map of each respective type.) 

If y - 2, then again each pair (d,k), f o r  fixed ,, deter- 

mines p, q ,  and r uniquely. Moreover, the number of symmetrical 

maps of genus y is finite: 

Proof 

is a symmetrical map of genus , - 2, then 

.. 8 4 0 - 1 ) ;  equality holds if and only if - 
= (3,7) or (7,3). 

Using I G(M) I = 2q and both parts of Theorem 

14-19, we obtain 

Since d - 3 and k - 3 ,  the coefficient of - 1 

has a maximum value of 84, occurring precisely when 

(d,k) = ( 3 , 7 )  or (7r3). # 

For any map M I  whether orientable or nonorientable, the order 

( G *  (MI I of the extended map automorphism group f i * ( M )  divides 

4/E(G) 1 ,  where G is the graph of the map. (See Problem 14-8.) 

We get I G *  (€4) 1 = 4 l E ( G )  I I in the orientable case, if M is 

symmetrical and reflexible. In the nonorientable case we lose our 

sense of order-preservation, so that “map automorphisms” are in- 

distinguishable from “reflections;” a nonorientable map M is thus 

said to be symmetrical if 1 G*(M) I = 41E(G) I .  We mention just one 

result about such maps, due to Wilson [W16]; note the connection 

with the covering projection of Section 11-2. 

Thm. 14-22. If N is a nonorientable symmetrical map, then there 

is a unique orientable map M ,  both symmetrical and 

reflexible, which is a 2-fold covering space of N. 

For two examples, we give the graph of the dodecahedron on S o  

N1 covering, by antipodal identification, the Petersen graph on 

and the dual configurations: the icosahedral graph on S o  project- 

ing to K6 on Nl. 
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Wilson shows that the uniqueness of Theorem 1 4 - 2 2  is not re- 

versible, by giving one PI covering two distinct maps N. 

14-3. Cayley Maps 

Now let M = (G, ) be a map, where G = G , ( I )  is a Cayley 

graph for group , as generated by c subject to the usual 

restrictions (e & ; if E \ f' , then A = e); recall that 
-1 * = U . In this situation, the vertex rotations I v  

( v  E V ( G )  = ) can be regarded as permutations not only of N ( v )  , 
but also of *; thus two rotations can be more readily compared. 

Of special interest is the case where the induced permutations of 

* are a l l  the same. 

Def. 14-23. A Cayley map M ( i  ,L,r) is the map M ( G , d ) ,  where 

G = G A ( I  ) and r: A *  + 3* is a cyclic permutation 

so that, for g E and h E N(g) , 

Thus the group structure determines the vertex rotations, as in 

Figure 1 4 - 4  - where r = ('1 , b 2  , ... , f i k ) :  the edge i!g,gS,} 

is determined by c1  E A*, so that the image of gAl under ;3 

is determined by r ( P  ) = ( A 2  E A*. 
4 

1 

Figure 1 4 - 4  
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s1 For a specific example, we consider the map of K 7  on 

given in Sections 9-2 and 14-2; it is a Cayley map 

with r = (1,3,2,6,4,5). Then ( 1 .  (g) = i + r(q-i), 0 - i 2 6; 

that is, 'pi = (l+i,3+i,2+i,6+i,4+if5+i). In contrast, the graph 

Q3 shown in Figure 5-8 is a Cayley graph G;;(Z2 Z2 Z 2 ) ,  with 

A = (1,0,0) , (O,l,O) , ( 0 , 0 , 1 )  1 :  but the map shown on S o  is not a 
Cayley map, since no suitable r exists. 

M ( Z 7 ,  Z7-[0j,r), 

Next we give a strengthening of Theorem 4-8; every automorphism 

of Cn(l') is also an automorphism of M(I',A,r). We remark that the 

Cayley graph G A ( I ' )  may well have additional automorphisms. 

Thm. 14-24. The Cayley map M = M(IIA,r) is vertex-transitive; in 

fact G ( H )  contains a regular subgroup isomorphic 

to i' . 

Proof: The isomorphism a: I -f G (Cn  ( 1 ' )  ) I a ( g )  = 

ti v(CA(r)) + V(Cn(T')), R (4.) = gg. given in the 

proof of Theorem 4-8 works here as well; it only re- 

mains to show that 0 € YM); that is, that 

9: g 1  

9 

= t i p i 1  for each h E V(CA(I')) = 1 ' .  
'Hg(h) g h g ' 
But let f E N (Og (h) ) : then 

# 

We observe that the map of K4 in S1 depicted in Figure 

14-3(a) is a Cayley map M(Z4,Z4-(01,r), where r = (1,2,3), and 

has only the automorphisms guaranteed by Theorem 14-24; it is not 

symmetrical. This situation generalizes: 

Thm. 14-25. Let M = M(r,A,r) be a Cayley map which is not 

symmetrical, and let 1 A *  1 be prime; then G (M) r .  
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Proof :  Let G = G ( M )  and v E V(C, ( 1 ' ) ) .  By Theorem 

1 4 - 1 5 ,  I Gv! divides I A* I ,  which is prime; hence 

icvl = 1 or I , ' \ * \ .  By Theorem 1 4 - 2 4 ,  M is vertex- 

transitive, so that by Theorem 14-6 lGl = 1 1 '  l G v l .  

But since M is not symmetrical, lGv[ = [ A *  ; thus 

l G v l  = 1, = I i ' [ ,  and G 2 1'. # 

On the other hand, G ( M )  may be strictly larger than r , for 

M a Cayley map M(!',4,r). Recall that (1: 1' -f r is an auto- 
and morphism of group i '  if 11 is one-to-one and onto, 

Thm. 14-26. Let M = M ( i  rilrr) be a Cayley map 

be a group automorphism such that 

some I ,  1 -  k I A * / .  Then a E 

t is a map automorphism, fixing e 

Proof: Since 3 E G ( l ) ,  ~u(e) = e. Let (u,vl E 

E ( G A ( I  ) ) ,  so that u-lv E A*; then n(u-'v) = 

IY ( u  ) a ( v )  E A * ,  {LY ( u )  , (Y (v) 1 E E ( G A ( ! ' ) ) ,  and 

Y E G ( G A ( J ) ) .  To show that (y E G ( M ) ,  we verify that, 

9 

-1 

-1 = t r p  (Y : let h E N(ix(g)); 

-1 -1 
g (x (h) E A*, and 

# 

In the special case V. = 1 of the above theorem, G ( M )  is as 

large as possible: 

Thm. 1 4 - 2 7 .  Let M = M(r',A,r) be a Cayley map, with (Y E G ( I ' )  

such that C Y /  *= r. Then M is a symmetrical map. n 
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-I_ Proof: By Theorem 1 4 - 2 6 ,  E (Cj(fi1) )e. By Theorem 

14-15, 1 ( G ( M ) ) e l  divides But * = r, a 

, *I-cycLe, so tliat I ( C ( M ) ) ~ ~  = 1 * I .  (In fact, 

(G(M)Ie is generated by . I  Now, by Theorem 1 4 - 2 4 ,  

G ( f 1 )  i s  transitive on = V(G ( 1 ) , so t h a t  Theorem 

14-6 gives: 

and M is symmetrical. 

We now calculate the genus of an arbitrary Cayley map 

M ( i  ,:.,r), We first observe that M(:',!s,,r) is just the covering 

space of the imbedded index o n e  voltage graph K of Figure 14-5 

(the ambient orientable surface for K is immaterial here; it is 

determined uniyuely by the rotation at the single vertex.) T h e  

region boundaries for K are clearly determined by the (not 

. .  .. 

Figure 1 4 - 5  

# 

- - 
necessarily cyclic) permutation r: Y *  -t A*, given by r(0) = 

r( -I), So, let r have t cycles A 1  r A2 I i in its 

action on l*, with m. the order of t c i l ~ $ i 2  . - - h  i n  I I 

- 

lkl 
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) ,  1 2 1 - t .  These  t numbers 
I k l  

, = (  1 1 '  1 2  ' * * .  
where 

rn are  c a l l e d  t h e  p e r i o d s  o f  M. 

Thm. 1 4 - 2 8 .  L e t  ml , m 2  , . , . , mt be t h e  p e r i o d s  o f  t h e  Cay ley  map 

M( , ' , r ) ;  t h e n  t h e  genus  y of M i s  g i v e n  by: 

P r o o f :  By Theorem 10-8  ( i i i ) ,  t h e  c y c l e  A i ( 1  5 i 5 t )  

i s  c o v e r e d  by ~ i' ~ /m. r eg ion ' s ,  e a c h  o f  l e n g t h  miki. 

Thus , i s  d e t e r m i n e d  by t h e  e u l e r  e q u a t i o n  (Theorem 

5 - 1 4 ) ,  u s i n g  p = 1 1  1 ,  q = 1 1 ' 1  / S * [ / 2 ,  and r = 

T o  i l l u s t r a t e  t h e s e  i d e a s ,  c o n s i d e r  once  a g a i n  M = 

M ( Z 7 ,  Z7 - { O } ,  ( 1 , 3 , 2 , 6 , 4 , 5 ) ) .  I t  i s  immedia te  t h a t  G A ( r )  = K 7 ,  

and w e  compute r = ( 1 , 4 , 2 )  ( 3 , 5 , 6 ) ;  t h u s  t = 2 ,  m = m2 = 1. Using 

Theorem 1 4 - 2 6 ,  w e  c o n f i r m  t h a t  y = 1. Next ,  w e  n o t e  t h a t  (1 = 

( 0 )  ( 1 , 3 , 2 , 6 , 4 , 5 )  E G ( Z 7 ) ,  so t h a t  Theorem 1 4 - 2 7  a p p l i e s  t o  show 

t h a t  M i s  s y m m e t r i c a l .  

- 

A s  a second example ,  c o n s i d e r  n o w t h e m a p  M = M ( A 5 , A , r )  a s  

s p e c i f i e d  by r = ( ( 1 , 2 , 3 , 4 , 5 ) ,  ( 5 , 4 , 3 , 2 , 1 ) ,  ( 1 2 )  ( 3 4 ) ) .  Then G A ( l )  

i s  t h e  o n e - s k e l e t o n  of t h e  f a m i l i a r  soccer b a l l  d e s i g n .  W e  f i n d  

r = ( ( 1 , 2 , 3 , 4 , 5 ) ,  ( 1 2 )  ( 3 4 ) ) ,  ( ( 5 , 4 , 3 , 2 , 1 ) ) ,  so t h a t  t = 2 ,  ml = 3,  

and m 2  = 5.  W e  a g a i n  u s e  Theorem 14-28, t o  compute y = 0 ( t h i s  

i s  t r u l y  f o r t u n a t e ,  f o r  t h e  game of s o c c e r ! ) ,  n o t i n g  t h a t  r6  = 2 0  

( t h e  w h i t e  p a n e l s  of t h e  soccer b a l l )  and r5  = 1 2  ( t h e  b l a c k  

p a n e l s . )  C l e a r l y  M i s  n o t  r e g i o n - t r a n s i t i v e  and  hence ,  by 

Theorem 14-18, M i s  n o t  s y m m e t r i c a l .  F i n a l l y ,  w e  o b s e r v e  t h a t  r 

does  not e x t e n d  t o  an automorphism o f  A5 ( s i n c e  r d o e s  n o t  p r e -  

s e r v e  o r d e r ) ,  a s  r e q u i r e d  by Theorem 14-27. 

- 

1 4 - 4 .  Complete Maps 

Def. 1 4 - 2 9 .  A complete map i s  a map M ( G , $ ) ,  where G i s  a 

comple t e  g r a p h  K n .  
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Of course, we have been studying complete maps throughout this 

book, primarily with the aim of minimizing or maximizing the genus 

f of M. Now it is the symmetry of M that we wish to maximize. 

Lemma 14-30. If o t G,(Kn,t)) fixes more than one vertex, then 

i x  = e . 

Proof: Any two distinct vertices of Kn are adjacent, 

so Lemma 14-14 applies. # 

Def. 14-31. The transitive permutation qroup ( T , X )  is said to be 

a Frobenius group if only e E i has more than one 

fixed point in X. 

Thus the automorphism group of a vertex-transitive complete map 

is necessarily Frobenius, By Lemma 14-30. The study of Frobenius 

groups leads to a classification of vertex-transitive complete maps. 

We only outline this development here; for full details, see [ B 9 ]  

or [ B W l ]  . 

Thm. 14-32. Let (I,X) be a Frobenius group, with N* the set of 

fixed-point-free elements of 1 and N = N* u { e l .  

Then : 

(ii) If I x  i.s abelian, then N is a regular 

normal subgroup of ( l ' , X )  . 

The following result appears in Burnside [ B 1 8 ;  p. 1721: 

Thm. 14-33. If ( T , X )  is a Frobenius group of degree n = 

1x1 - 6 and order n(n-1) = I I ' ,  then n is a 

prime power. 

NOW let be any group of order n, with A* = I - {el; 

then G , ( I )  = K and if r is any cyclic permutation of 

' - i e ) ,  then the Cayley map ( I  ,A*,r) is complete and, by 

Theorem 14-24, vertex-transitive. Theorem 14-32 is used to pro- 

vide a converse to this result, so that we have: 

n' 
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Thm. 14-34. Let M = M(Kn,,') be a complete map; then G(M) acts 

transitively on the vertices of PI if and only if M 

is a Cayley map. 

Proof: The sufficiency was established in Theorem 

14-24. For the necessity, apply Lemma 14-30 to see 

that G ( M )  is a Frobenius group. Now (G ( M )  )x is 

cyclic, by Theorem 14-15, and hence Theorem 14-32 (ii) 

guarantees a regular normal subgroup N of G ( M ) .  

Now take " = Zn and define a bijection 

,:: V ( G A ( l ' ) )  = ;' + N by .-(i) = !<i, where d .  (0) = i; 

then calculations show that ,.' is given (homeo- 

morphically) by r: N - {el + N - {el, r(P.) = 

i # 0 .  # ' (i)' 
'e 

Thus, for example, an imbedding of a complete graph covering a 

voltage graph of index hiqher than one (and not projecting to an 

index one voltage graph) cannot be symmetrical. 

Finally, Biggs [ B 9 ]  established: 

Thm. 14-35. There is a rotation ; I  for Kn so that (Kn,v) is 

symmetrical if and only if n is a prime power. 

Proof: (1) If P I =  (Kn,o) is symmetrical, then 

/ G ( I I )  I = 21E(Kn) I = n(n-1); moreover, G(M) is 

Frobenius, by Theorem 14-18 and Lemma 14-30. Thus 

Theorem 14-33 applies, t o  show that n is a prime 

power . 

and m 6 N, then take 1 = (Z )*' - the additive 
group in GF(n) - and let x E I generate the multi- 

plicative group. Take I* = I - { O } ,  and r: 'I* + A *  

by r ( ' )  = xA; then r extends (by setting i ~ ( 0 )  = 0) 

to 1 E G ( I )  and, by Theorem 14-27, the Cayley map 

m (11) Conversely, if n = p where p is prime 

P 

M ( I  ,*,r) is symaetrical. # 

FJe close this section by summarizing our knowledge of 6 = 

c ? ( M ) ,  for M = M(Kn,o) a symmetrical complete map: 
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I G . ~  = n ( n - 1 ) .  

G i s  t r a n s i t i v e  on t h e  v e r t i c e s ,  e d g e s ,  and r e g i o n s  

o f  M I  and r e g u l a r  on t h e  d i r e c t e d  e d g e s .  

I; i s  a P r o b e n i u s  g r o u p ,  

For each  

G h a s  a r e g u l a r  normal subgroup ,  i somorph ic  t o  

where n = p : i n  f a c t  Ci i s  t h e  semi-direct  p r o d u c t  

v E V ( K n )  , Gv - - Z n - l .  

( Z p ) m  - 
m 

m 
of (Zp) and Z n - l .  

14-5. O t h e r  Symmet r i ca l  Maps 

I n  c o n t r a s t  t o  t h e  s i t u a t i o n  f o r  K n ,  where symmetr 

e x i s t  o n l y  f o r  pr ime powers of n ,  w e  have t h e  f o l l o w i n g  

s u l t s  (see Problems 1 4 - 1 1  and 14-12:  for h i n t s ,  see [BWl] 

c a l  maps 

t w o  re- 

Thm. 14-36. The g r a p h  K n , n  h a s  a s y m m e t r i c a l  map, f o r  a l l  n .  

Thm. 14-37. The g r a p h  Qn h a s  a s y m m e t r i c a l m a p ,  f o r  a l l  n .  

We n o t e  t h a t  t h e  symmet r i ca l  maps f o r  Qn c a n  be t a k e n  t o  be 

o f  genus  Y ( O n )  o r  of g e n u s  Y ( Q n + l ) .  

g a r d i n g  symmet r i ca l  maps: w e  l i s t  t h r e e  o f  t h e s e ,  so a s  t o  r e f l e c t  

t h e  t h r u s t  of t h i s  book: 

There  a r e  s e v e r a l  classes of q u e s t i o n s  t h a t  c a n  be  a s k e d  re- 

(i) F o r  a g i v e n  g r a p h  G ,  what are t h e  s y m m e t r i c a l  maps 

M ( G I  P )  ? 

(ii) For  a g i v e n  g r o u p  I' , what  a r e  t h e  s y m m e t r i c a l  Cay ley  

maps M ( I  ,A,r)? 

(iii) For a g i v e n  s u r f a c e  what are t h e  symmet r i ca l  maps 

o f  genus  k ?  

Theorem 14-35, 14-36, and 14-37  speak  t o  q u e s t i o n  ( i ) .  The 

d i s c u s s i o n  f o l l o w i n g  Theorem 1 4 - 1 9  a d d r e s s e s  q u e s t i o n  (iii).  And 

t h e  f o l l o w i n q  t w o  r e s u l t s  (see Problems 14-13 and 1 4 - 1 4 :  f o r  h i n t s ,  

see [ B W l l )  r e spond  t o  q u e s t i o n  ( i i) :  
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Thin. 14-38. The group Sn h a s  a symmetrical Cayley map, for all 

n - 2. 

Thm. 14-39. The group An has a symmetrical Cayley map, f o r  n 

odd, n - 3. 

Wecould  a l s o  ask: 

(iv) For a given group ! , what are the symmetrical maps 

M = M(G,I I )  so that G ( M )  2 l ’ ?  

Thm. 14-40. (Brahana [B16]) The symmetric groups Sn (n 3) and 

the alternating groups An (n 1 4) each occur as the 

automorphism group of a symmetrical map. 

14-6. Self-complementary Graphs 

Def. 14-41, 

Def. 14-42. 

A graph G is said to be self-complementary if it is 

isomorphic to its complement: G = c. 

An anti-automorphism of a graph G is a permutation 

t: V ( G )  + V ( G )  exchanging edges and “non-edges; ” 

that is, uv E E ( G )  if and only if EuGv $? E (G) ; 

u # v. We denote the set of all anti-automorphisms of 

G by G(G). 
- 

It follows that G is self-complementary if and only if 

G(G) # @ ;  in this case G ( G )  U (i(G) is a group containing G(G) 

as a (necessarily normal) subgroup of index two. 

- 

Self-complementary graphs have been studied in some detail, as 

the sample results below demonstrate. (See also Sachs [S3], and 

Gibbs [ G 2 ]  .)  

Thm. 14-43. (Ringel [R9]) There exists a self-complementary graph 

G of order p if and only if p : 0 or 1 (mod 4). 

(The necessity is apparent, as the s i z e  of G must be 

p(p-1)/4.) 
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Thm. 14-44. (Rinrjel [Kg]) If p 1 ( m o d  4) and is an anti- 

automorphism for a self-complementary graph G of 

order p, then has exactly one fixed point and 

every other orbit for the action of on V ( C )  has 

length a m u l t i p l e  of t o u r .  

For example, if ' = (1  for = Z 5 ,  then G .  ( I )  = C5 is 

self-complementary, as shown (say) by L = (0) (1,2,4,3); fi ( C 5 )  = D 5 ,  

and c (C,) = D5. 
- 

Thm. 14-45. 

Thm. 14-46. 

Def. 14-47. 

'rhm. 14-48. 

Thm. 14-49. 

Recall 

(Read [K51) There are 36 self-complementary graphs 

of order p = 9; 5,600 of order 13; and 11,220,000 

of order 1 7 .  

(Rao [R3]) If C; is a self-complementary graph of 

order p - 8 and having minimum degree - n/4 , then 
G h a s  a 2-factor (a spanning 2-regular subgraph.) 

A graph G is a graphical regular representation of a 

group I' if ( G ( G ) ,  V ( G )  ) is a regular permutation 

group and G (G) 2 1 ' .  

(Lim [L3]) If G is a graphical regular representation 

of '. , then C, is not self-complementary. 

(Chao and Whitehead [CWl] ) If G is self-comple- 

mentary, then I V ( G )  1 L ( x ( G ) )  . 2 

- 
from Problem 2-1 that at least one of G and G is 

connected; we get immediately: 

Thm. 14-50. If G is self-complementary, then G is connected. 

- 
Mebesky [B2] has shown that at least one of G and G is 

upper-imbeddablc; thus: 

Thm. 14-51. If G is self-complementary, then > o , ( G )  = [[3(G)/2]. 

The next result could be useful in seeking a genus imbedding 

for a self-complementary graph: 
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Thm. 14-52, 

Self-dual Maps 

(Clapham [C51) The number of triangles in a self- 

complementary graph of order p is at least 

p(p-2) ( p - 4 ) / 4 8 ,  if p 0 (mod 4), and at least 

p(p-1) (p-5) /48, if p 1 (mod 4). These minimum 

numbers are attained. 
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Finally, we comment that self-complementary graphs determined by 

the quadratic residues of a finite field have been used to give lower 

bounds for the Ramsey numbers r(k,k); see Greenwood and Gleason 

[GG1] and Burling and Reyner BR21. See also Clapham [C61 , for a 
more general construction; he finds a self-complementary graph of 

order 113 containing no K7, giving the improved bound r(7,7) 2 114. 

14-7. Self-dual Maps 

The “self-complementary‘‘ property for a graph depends only upon 

the abstract structure of the graph itself. To obtain an analog in 

terms of a geometric realization f o r  the graph, we first imbed the 

graph on a surface, form the dual graph for this imbedding, and then 

compare the original graph with its dual. (In a sense, duality is a 

higher-dimensional analog of complementation: in taking a dual, we 

fix 1-dimensional subsets, while interchanging 2- and 0-dimensional 

subsets; in taking a complement, we fix 0-dimensional subsets, while 

interchanging 1-dimensional subsets and “(-1)-dimensional“ subsets - 
the “non-edges. ” )  

Def. 14-53. Let inap PI = M ( G , p )  have dual map M* = M(G*,p*); 

then M is said to be self-dual if G G * .  

For example, the maps of Figures 5-4 ( b ) ,  7-4, and 10-3, and 

the map of Example la in Section 10-3 are all self-dual. 

The first and last of those are special cases of: 

Thm. 14-54. (Heffter [H6], Biggs, [ E 9 1 ,  White [W9], Pengelley [P3], 

Stahl, [ S 7 ]  , and Bouchet [ B l Z ] )  The complete graph Kn 

has a self-dual imbedding if and only if n E 0 or 

1 (mod 4). 

(Compare with Theorem 14-43.) 
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We now o u t l i n e  t h e  deve lopment  of [W9]. L e t  t h e  f i n i t e  a b e l l d n  

g roup  

where no g e n e r a t o r  h a s  o r d e r  2 .  Take as t h e  r e d u c e d  c o n s t e l l a t i o n  

( C ' ) *  (see S e c t i o n  9 - 5 )  t h e  normal form f o r  Sh ( h  - 1) ( a s  g i v e n  

i n  Theorem 5 - 5 ) :  a r e g u l a r  po lygon of 4h s i d e s ,  w i t h  c l o c k w i s e  

boundary 

KCL - s i n c e  e a c h  c u r r e n t  a p p e a r s  e x a c t l y  o n c e ,  on a l o o p ,  and  i s  

be  g e n e r a t e d  by = fa1 , bl , a2 , b2 , . . .  , a h  , b h l  , 

a l ,  bl, a l  -1 , bl -1 , . .  . , a h ,  b h ,  ah -1 , bh -1 . ' rhen ( C ' ) *  

h a s  one v e r t e x ,  2h e d g e s ,  and one  r e g i o n  on Sh and s a t i s f i e s  t h e  

a b e l i a n .  A l s o ,  ( C ' ) *  i s  an i n d e x  one  q u o t i e n t  man i fo ld ;  see 

F i g u r e  1 4 - 6 ,  f o r  t h e  c a s e  h = 2 .  (The c o n d i t i o n  t h a i  no g e n e r a t o r  

have o r d e r  two e n s u r e s  t h a t  p r o p e r t y  4 (Theorem 9-10)  h o l d s ;  t h e  

o t h e r  f o u r  p r o p e r t i e s  h o l d  t r i v i a l l y  h e r e . )  Then, by Theorems 9 -11  

and 9-13, and some r o u t i n e  c a l c u l a t i o n ,  ( C ' ) *  d e t e r m i n e s  a n  i m -  

bedd ing  of  C ,  ( ) on S , ,  , ( h - l ) + l ,  which i s  a j 1-fo ld  c o v e r i n g  

s p a c e  - w i t h  no b r a n c h i n g  - o v e r  Sh .  Moreover,  t h e  c o v e r i n g  im- 

bedding  h a s  r = r4h  = 1 1 ;  and ,  i n  € a c t :  

V V 

F i g u r e  1 4 - 6  

Thm. 14-55.  'rhe map M ( G r s  ( I ' ) ,  i,) c o n s t r u c t e d  above i s  s e l f - d u a l .  
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Thus for each h - 1, the normal form for Sh determines a 

variety of self-dual imbeddinas of Cayley graphs (see Problem 14-18.) 

This has many ramifications. 

Thm. 14-56. 

Cor. 14-57. 

Thm. 14-58. 

Cor. 14-59. 

Thm. 14-60 .  

For h - 1, there is a self-dual imbedding of some 

graph G of order p on Sp(h-l)+l if and only 

if p - 4h+l. 

Proof: (1) ror the necessity, we let G be self- 

dual imbedded on Sp (h-l) +l; the euler equation 

(Theorem 5-14) gives q = 2ph - p(p-1)/2 and p 2 
4h+l. 

(11) ror the sufficiency, choose .. = Z and 
P 

\ =  11, 2, ... , 2h1; that is, al = 2 1 - 1 ,  bl = 21, 

1: 1 1  h. Now apply the construction of Theorem 14-55. 

There is a self-dual imbedding of some graph G of 

order p on the torus if and only if p 2 5. 

The finite abelian group 1 is self-dual (1.e. has a 

self-dual imbedding f o r  some if there exists 

a generating set A for I- of even order with the 

property that if 14 E A ,  then 6 f? A. 

G a  ( 1  ) ) 

-1 

1 = Z (n ~ 1) is se 
n 

If 4 divides m(n-1 

imbedding. 

f-dual if and only if n L 4. 

, then K has a self-dual 
n (m) 

Proof: Take I' = Z with A* consisting of I' 

less all multiples of n; then (since the multiples 

of n induce the graph nKm, the complement of Kn (m) ) , 
G,, ( 1 ' )  = K 

even order; moreover, if mn/2 E T, mn/2 5? A. Thus 

mn' 

Since 4 divides m(n-1) , A has 
n (m) ' 

the construction of Theorem 14-55 applies. # 

Now Theorem 14-54 follows as an immediate corollary. For 

additional corollaries, we have: 
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C o r .  14-61. 

Cor. 14-62. 

Cor. 1 4 - 6 3 .  

Cor. 1 4 - 6 4 .  

K has a se l f -dua l  imbedding, for m 0 (mod 4). 
mrm 

For n r 3 (mod 4) , 
Kn(m) 

if and only if m is even. 

has a self-dual imbedding 

K has a self-dual imbedding if and only if m 
mlmlm 
is even. 

n(2) 
The 1-skeleton of the n-dimensional octahedron, K 

has a self-dual imbedding for n odd. 

In [Sll] Stahl (see also Bouchet [B12]) established the 

following: 

Thm. 14-65. If m-1 = n 0 (mod 4), then K has a self-dual 
n (m) 

imbedding. 

(And, in [all QuittG added: 

Thm. 1 4 - 6 6 .  

Thm. 1 4 - 6 7 .  

Thm. 1 4 - 6 8 .  

Thm. 14-69. 

All of 

Kn (m) 
If n 1 0 (mod 8) and m : 2 , 3  (mod 4 )  I then 

has a self-dual imbedding. ) 

For n 1 (mod 4 ) ,  the complete maps constructed in 

the proof of Theorem 1 4 - 3 5  are self-dual. 

The fundamental group r r ( S k ) ,  k I, has a self-dual 

imbedding in the plane. 

The finitely generated abelian group has a self- 

dual imbedding if and only if T # Z 2  or 
= 3  * 

the self-dual imbeddings considered thus far have been 

into orientable surfaces. Stahl [ S l l l  considered the non-orientable 

case as well: 

n ' 1, has a nonorientable self- 
n (m) ' Thm. 14-70. The graph K 

dual imbeddinq if any one of the following holds: 

(1) m : 0 (mod 4) and n > 2; 
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(ii) m 2 (mod 4) and n $ 2 (mod 4); 

(iii) m = 1 and n 0 (mod 4), n # 4; 

(iv) m 1 (mod 2), n ,Z 2 (mod 4 ) ,  n is not a power 

of 2, and (m,n) # ( 1 , 3 ) ,  ( 1 , 5 ) ,  or ( 3 , 3 ) .  

Thm. 14-71. The fundamental group '(Nh), h 1, has a self-dual 

imbedding in the plane. 

Thm. 14-12. The finitely generated abelian group I has a non- 

orientable self-dual imbedding if and only if 171 2 6. 

14-8. Paley Maps 

The properties for graphs and maps we have been discussing are 

symmetry properties; in the self-complementation or self-duality 

case, the symmetry is external ( G  compares with G or G* 

respectively), while in the context of symmetrical maps, the 

symmetry is internal (M = (G,p) compares with itself.) 

- 

In this section we attempt to tie these three properties 

together. 

First we recall, from Definition 3-3, that two permutation 

groups ( l ' , X )  and (r',X') are equivalent if there exist a bi- 

jection 6: X -t X '  and a group isomorphism i! : r + r '  such that, 

for each x EX and y E T I  @(y) (ii(x)) = G ( y ( x ) ) ;  that is 

@(y)C = By, so that $(y) = 13yB-l  and Q, is induced by B, 

which may be regarded as a relabelling. For example, ( ( i ( G ) ,  V(G)) 

and ( G ( G ) ,  V(G ) )  are equivalent, with P as the identity 

function, inducing I$ as the identity function also. A s  a less 

trivial example, if If = M ( G , p )  is a map, with dual map M* = 

M(G*,p*) , then ((;(M) , D*) and (G(M*), (D*)*) are equivalent, 

under B:  D* -+ (D*)* assigning, to each s E D*, the unique 

S *  E (D*) * 'crossing' s (recall that D* = { (u,v) Iuv E E ( G )  } ) .  

However, ((;(MI, V(G)) and (G(M*) , V ( G * ) )  need not be equivalent; 

in fact, it is quite possible that / V ( G )  1 # I V ( G * )  I .  
We combine the symmetry properties of self-complementation, 

self-duality, and symmetricality, and proceed with the development 

as in [W131. 
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D e f .  14-73. T h e  map 14 = M ( G , .  ) i s  s a i d  t o  bc s t r o n y l y  symmetr ic  

if: 
- 

( i )  G = G; 

( i i )  (;* = C ;  

( i i  i )  M is  syr iune t r ica l  

( i v )  c ( M )  and f L ( M * )  a r e  e q u i v a l e n t ,  unde r  

an  a n t i - i s o m o r p h i s m  : V(G) V(G*) . 

We need one  p r e l i m i n a r y  r e s u l t ,  beforc  c h a r a c t c r j  z i n g  s t r o n g l y  

symmetr ic  maps a s  t o  o r d e r ;  compare Theorem 1 4 - 3 3 .  

Thm. 1 4 - 7 4 .  ( J o r d a n ;  see B u r n s i d e  [B18, p.  1 7 2 1 )  T f  ( , X )  is a 

F r o b e n i u s  g r o u p  of d e g r e e  n = I X ~  - 6 and o r d e r  

n ( n - 1 )  / 2  = j 1 , t h c n  n i s  a p r ime  power.  

'Yhm. 1 4 - 7 5 .  ?'here e x i s t s  a s t r o n g l y  symmetr ic  map of o r d e r  n i f  

and  o n l y  i f  n i s  a p r i m e  power c o n g r u e n t  t o  1 (mod 8 ) .  

P r o o f :  ( A )  L e t  M = M ( G ,  ) be a s t r o n g l y  symmetr ic  

map, w i t h  n = I V ( G )  1 and e = E ( G )  I .  S i n c e  G i s  
n 

se l f - complemen ta ry ,  e = +(2) = n ( n - 1 ) / 4 ;  t h u s  n 0 

or 1 (mod 4 )  - see a l s o  'Theorem 14-43. But s i n c e  M 

is  s y m m e t r i c a l ,  G i s  v e r t e x - t r a n s i t i v e  ( b y  Theorem 

1 4 - 1 8 )  and hence  r e g u l a r  of d e g r e e  (n-1)/2, so t h a t  

n 1 ( m o d  4 ) .  Now l e t  M imbed C, on Sk,  w i t h  f 

r e g i o n s .  S i n c e  M i s  s e l f - d u a l ,  f = n ,  and  t h e  e u l c r  

e q u a t i o n  (Theorem 5-14)  g i v e s  2n - n ( n - 1 ) / 4  = 2 - 2 k ,  

s o  t h a t  n 1 (mod 8 ) .  S i n c e  M i s  s y m m e t r i c a l ,  

I G ( M )  1 = 2 / C ( G )  1 = n ( n - 1 ) / 2 ,  and G ( M )  is a t r a n s i -  

t i v e  p e r m u t a t i o n  g roup  of o r d e r  n ( n - 1 ) / 2  and  d e g r e e  

n - 9 .  We show t h a t  G ( M )  i s  a F r o b e n i u s  g r o u p  and  

t h c n  a p p l y  Theorem 14-74 ,  t o  see t h a t ,  i n  f a c t ,  n i s  

a pr ime power. 

So, l e t  L E G ( M )  , w i t h  u # v E V ( G )  s u c h  t h a t  

( u )  = u and  , ( v )  = v. If u v  E E(G) , t h e n  i is 

t h e  i d e n t i t y  p e r m u t a t i o n ,  by Lemma 1 4 - 1 4 .  I f  uv f! E ( G )  , 
t h e n  w e  a p p l y  t h e  a n t i - i s o m o r p h i s m  I g i v i n g  G ( M )  

e q u i v a l e n t  t o  C ( M * ) .  Then i n d u c e s  an i somorphism 
-1 between G ( M )  and G ( M * )  , so t h a t  1 ( i )  = I r T  . 
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-1 
Thus ( ( ) )  ( (u)) = ( ( u ) )  = z(U) = ( u ) ;  

s i m i l a r l y ,  ( ) also f i x e d  , ( v ) .  B u t ,  s i n c e  L ,  i s  

an an t i - i somorph i sm and uv f E(G) , , ' ( u )  I ( v )  e E(G*). 

IIence, by Lemma 1 4 - 1 4  a g a i n ,  ( L )  i s  t h e  i d e n t i t y  i n  

CL (M*) ; b u t  s i n c e  i s  a g roup  isomorphism, i i s  t h e  

i d e n t i t y  i n  6 ( M )  and G ( M )  1s a F r o b e n i u s  g roup .  

( B )  For  t h e  c o n v e r s e ,  l e t  n = pr  1 (mod 8 )  , p a 

pr ime and r E N .  We c o n s t r u c t  a Cay ley  g r a p h  

- ( n )  , where = ( Z p ) r  - t h e  a d d i t i v e  g roup  

i n  t h e  G a l o i s  f i e l d  G F ( p r ) .  Take x as a p r i m i t i v e  

e l e m e n t  f o r  G F ( p r ) /  so t h a t  x g e n e r a t e s  t h e  m u l t i -  

p l i c a t i v e  g r o u p ,  and l e t  I *  = {l,x ,x , . . . , x  } ,  t h e  n 
set of  a l l  s q u a r e s  i n  G F ( p r ) .  ( E q u i v a l e n t l y ,  uv C E ( G n )  

i f  and o n l y  i f  v - u i s  a s q u a r e  i n  GF(Pr) . )  The 

Cayley  g raph  Gn i s  c a l l e d  a P a y l e y  g r a p h  (see [ P l l ,  

where t h e  i d e a s  beh ind  t h i s  c o n s t r u c t i o n  w e r e  i n t r o -  

n Gn - G 
n 

2 4  n-3 

d u c e d . )  We r e m a r k  t h a t  P a l e y  

a l l  pr ime powers pr 1 (mod 

c i s e l y  t h e  c a s e s  f o r  which - 
u n d i r e c t e d  e d g e s  a r e  we l l -de f  

pr ~ 1 (mod 8 )  a r e  s e l f - d u a l  

Next w e  d e f i n e  rn:  A *  + 

g r a p h s  are  d e f i n e d  f o r  

4 ) ,  s i n c e  t h e s e  a r e  p r e -  

i s  a s q u a r e  - so t h a t  

ned ;  b u t  o n l y  i n  t h e  case 

imbeddings  p o s s i b l e .  

,I: by r n ( S )  = x I' , so  2 

t h a t  Mn = M ( I  n, jn , rn)  

c a l l  a P a l e y  map; r i n d u c e s  v e r t e x  r o t a t i o n s  n 

i s  a Cayley  map- which w e  now 

i n  a c c o r d a n c e  w i t h  D e f i n i t i o n  14-23; and  t h e  p e r m u t a t i o n  

r : il* + LA:, 
- 

g i v e n  by 
n n  

i n  a c c o r d a n c e  w i t h  t h e  r emarks  p r e c e e d i n g  Theorem 1 4 - 2 8 .  

We o b s e r v e  t h a t  P a l e y  maps are  i n  f a c t  d e f i n e d  f o r  a l l  

n = pr 

c a s e  n = p - 1 (mod 8 ) .  We c l a i m  t h a t ,  f o r  n = 

pr 1 (mod 8 ) ,  t h e  P a l e y  map Mn = M ( l n , . l n , r  n 1 1s 

s t r o n g l y  symmetr ic .  

1 (mod 4 )  , b u t  w e  c o n t i n u e  t o  s p e c i a l i z e  t o  t h e  
r .  
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(i) The permutation 1 , :  (Zp) - +  (ZP)' given by 

[')(v) = xv is an anti-automorphism for Gn - since w = 

u + xZk 
xu + x 2k+1 = [:(u) t x2k+1; note the use of the distri- 

butive law in the field GF(pr) - so that Gn is self- 

complementary. 

2k 
if and only if ~'(w) = xw = x(u + x ) = 

We remark that Paley graphs, being Cayley graphs of 

odd order, not only have a 2-factor (as required by 

Theorem 14-46), but in fact are 2-factorable (the edge 

set partitons into 2-factors): see Problem 4-14. We 

also observe that the anti-automorphism ii has exactly 

one fixed point (the vertex 0) and one orbit of length 

n - 1 : 0 (mod 4) , as required by Theorem 14-44. 

(ii) To show that M(Gn,p) is a self-dual map, 

we study the corresponding imbedding of Gn into Sk, 

where n = p = 8m + 1 and k = 8m -7m, for m = 

1, 2, 3, 5, 6, 9, . . . . This imbedding is an (8m+l) - 
fold covering space (no branching) of a voltage graph 

imbedding which is the following alternative normal form 

for sm: ala2. . . a2ma;1a;1. . .a- (Note that the values 

n = 8 m + l ,  h = m are consistent with Theorem 14-56 

and that Theorem 14-69 is also illustrated by this con- 

struction.) The 2m directed edges bounding this 4m- 

r 2 

2m' 

gon are labelled with generators from An by the 

, 1 c i 2m. This assignment a. 1-f x (1-1) (4m-2) - -  1 
assignment describes each region boundary (and each 

vertex rotation) in the covering space, the map (Gn,p), 

by the voltage graph theory; in particular, the single 

4m-gon below lifts to 8m+l 4m-gons above. 

Figure 10-3 (letting b in Figure 10-2 be 1, 

-a = x ) depicts the entire situation for m = 1, 

using x2 = 2x + 1 in G F ( ~ )  : al I+ 1 = 01, a2\+ x2 = 21; 

x = 10; for just the voltage graph for the case m = 2, 

1, x6, x 12 , x 2 , 

2 

replace the labels in Figure 14-6 with: 

-1, -x , -x , -x . 6 12 2 

We now utilize a method introfiuced by Bouchet [B12] 

for showing self-duality. Each region in the covering 

space imbedding has a unique lift of the directed edge 

al from the normal-form voltage graph in its boundary; 
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this lift is a side (g,g+l) in Gn, where g is 

uniquely determined for that region; label the region 

with g*. It is now routine to check that, for each 

g 6 (Zp) , the region g* (g* E V(Gt) ) has neighbors 

N(g*) = {(g+w(-x  ) ) *  1 0  - k 2 4m-11 in G;, where 

w = (1-x )/(l+x ) .  In fact, the dual is a Cayley map 
2 

M *  = M (In , w ' ~ ,  r;), r*(W ) = -x w&(b E An), 

r* being taken in the sense opposite to that of r . 
Thus if w is a square in GF(p ) , then G* = G . On 

the other hand, if w is a non-square, then G* = G = 

Gn* 

r 

2 k  

2 2 

where 
n n n 

n n 

n n -  

r 

n n 

(iii) Using the distributive law in GF(n) again, 

we readily see that the permutation rn of A; extends 

to a group automorphism of = (Zp) ; thus Theorem 

14-27 applies, to show that Mn(Tn,An,rn) is a sym- 

metrical map. In fact, G(Mn) is a Frobenius group 

with Frobenius kernel the regular normal subgroup 

{ Yg: 'g n 
Frobenius complement the cyclic group stablizing the 

vertex 0, generated by the autonorphism c 0  extending 

rn, cO(h) = x h. (See Theorems 14-32 and 14-15.) The 

other vertex stabilizers are conjugate, with (G(Mn))g 

generated by r, = y < y O f  course, IG(M,) I = 

/ ! ' n l  lAnl = 2/E(Gn) 1 .  Finally; we emphasize that G(Mn) 

contains a subgroup isomorphic with T n ,  as required 

by Theorem 14-24, this subgroup must be proper, in 

0: (G,) , by Theorem 14-48. 

r 

I' n  + I'n, (h) = g+h I g E rn = V(G ) 1 I'n and 

2 

-1 
9 g 0 9 '  

2 2 
(iv) If w = (1-x ) / (l+x ) is a non-square , then 

the anti-isomorphism I;: V(Gn) + V ( G R )  given by 

[~(g) = g* gives an equivalence between G(Mn) and 
-1 

G(M;) , since if u* = I i tu l?  , where N is one of the 

one readily checks that N *  preserves oriented region 

boundaries in Mi. If, however, w E On, then we take 

~;(g) = (xg)*, to again see that G(Mn) and G(MA) are 

generating automorphisms c 0  or yg ( G  E rn) of G(M,) , 

equivalent, under an anti-isomorphism B. # 
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The Paley maps Mn = ( n, n, rn) constructed above have adcli- 

tional properties of interest. We use the following facts & o u t  

Galois fields, taken from Storer [S171. 

Thm. 1 4 - 7 6 .  Let x be il primitive element for G F ( p r ) ,  where 

pr = 2f+l and f is even. L e t  ( i , ] )  denote the 
number of ordered pairs (s,t) such that x 2s+i + 1 = 

.2t+’, 0 L s 

(1) (0 

(ii) (0 

Thm. 1 4 - 7 7 .  For n = 4m+ 

t - i: f-1; then: 

0) = (f-2)/2; 

1) = (1,O) = (1,l) = €/2. 

I the Paley graph Cn is strongly regular, 
1 7 

with parameters p22 = m and p;2 = m-1 

P r o o f :  From n = 4m+l = 2f+l, we find f = 2111. From 

Theorem 1 4 - 7 6  (i) we see that ( 0 , O )  = f-2)/2 = m-1. 
2 ~ + 2 k + ~ 2 k  = Now clearly x2’+l = x2t if and only if x 

X 2t+2k; it follows that p22  = m-1 €or Gn. Similarly, 2 

we use Theorem 1 4 - 7 6  (ii) to deduce that 

(1,l) = f/2 = m.  # 

p22 1 -  - 

This result overlaps with the next: 

Thm. 1 4 - 7 8 ,  If G is self-complementary and has a symmetrical map 

then G is strongly regular. 

Proof: In fact, for any graph G having a symmetrica 

map M, since G(M) is transitive on edges and 

G ( M )  5 G(G), p22 is well-defined. But if G is self- 

complementary, then G ( G )  is transitive on non-edges 

# also, so that p22 is well-defined too. 

2 

1 

Thus the Paley graphs Gnl for n = pr ~ 1 (mod 8 ) ,  are candi- 

dates for determining association classes for PBIBDs, and in fact 

the Paley maps give such designs: 

Thm. 1 4 - 7 9 .  Let x be a primitive element for GF(n) , where n = pr; 

the Paley map Mn, for n = 8 m + l ,  yields an 

( 8 m + 1 , 8 m + 1 , 4 m , 4 m ; X 1 , X 2 ) - P B I B D l  where X1  = 2m and 
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i 
= 2m-1 if x tl is a square In GF(n), while 

= 2m-1 and = 2m if x +1 is a non-square. 2 

Proof: See Problem 14-20. # 

It can be shown that, in a Paley map, either each region boun- 

ary consists of neighbors N(v) , v E (ZP)l, 

consists of neighbors in the complementary graph, so that the designs 

constructed above a l s o  exist in a natural, topology-free, context. 

The topological context, however, does facilitate the next observa- 

tion: these designs are also self-dual, in a very strong sense. The 

- d u a l  of a design has as its objects the blocks of the oriqinal 

design, and a block in the dual design contains all those objects of 

the dual design which represent blocks of the original design to 

which one fixed object of the original design belongs. 

or each region boundary 

Thm. 14-80. Given a Paley map, the dual of the design of the map 

and the design of the dual of the map coincide, and both 

are isomorphic to the design of the Paley map itself. 

Proof: See Problem 14-21. # 

We make several additional comments relevant to Theorem 14-75. 

Firstly, we observe that self-dual imbeddings of self-complementary 

graphs need not be unique for a given order. Moreover, the order 

need not be a prime power, (We are temporarily relinquishing the 

symmetricality condition for strongly symmetric maps.) For the first 

example, take A = ~5;1,6,11,16,211 in i' = Z 2 5 , S O  that G(,(T) 
i s  the composition C5 [C,]. Since C5 = C5 and G [ H ]  = G[H] i n  

- 

general (see Problem 2-51, C 5 [ C 5 1  is self-complementary. A self- 

dual imbedding is constructed by the use of Theorem 14-55. Since 

C,[C,l is not strongly regular, the map M is not symmetrical, by 

Theorem 14-78; thus M differs from the Paley map M25 of the 

same order. In fact, G ( M )  2 I = 225 and i s  equivalent to G(M*) 

(both are Frobenius groups) under the anti-isomorphism CJ (4) = (2g) *. 
(Every map M of a Cayley graph GA(T) covering a normal-form 

voltage graph has r j ' - G(M) ; in this case the fact that there 

are no additional automorphisms follows from the observation that 

each region boundary contains repeated vertices.) We mention that 

Theorem 14-55 also provides a self-dual imbedding, but not a 
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symmetrical map, for the Paley graph G25. 

7,28,-18;11,-21,-191 in - - Z65; ! , ( g )  = 29 gives an anti-auto- 

morphism, so that G , ( i ’ )  is self-complementary. Again a self-dual 

imbedding is constructed by Theorem 14-55, and again the map fails 

to be symmetrical, by Theorem 14-78. Again, G ( M )  and G ( M * )  are 

equivalent under the anti-isomorphism ( ~ ( g )  = (2g)*, and both are 

Frobenius groups isomorphic to I = ZG5. The non-prime-power order 

is possible, because the autonorphism group is not large enough for 

the Jordan theorem (Theorem 14-74) to apply. 

For the second example, we take ?> = { 1 3 : 5 , 2 0 , 1 5 ; 1 , 4 , 1 6 ; 3 , 1 2 , - 1 7 ;  

Next we present another sufficient condition to give prime- 

power order (see Problem 14-22.) 

2 
Thm. 14-81. Let G be strongly regular (with p1 = 2m, p22 = 2m-1), 22 

M = (G,,,) a symmetrical map yielding an 

(Emtl, 8mtl14rn, 4m; 2m-l12m) -PBIBD. ‘Then 1 V (G) 1 = 8m+l 

is a prime power. 

r We remark that, for the Paley graphs Gn(n = p 1 (mod 4 ) ) ,  

QG,) consists not only of the map automorphisms G(Mn) as in (111) 

of the proof of Theorem 14-75, but also of the field automorphisms, 

generated by I : (Zp)r ’ (ZP) , O ( g )  = gp; in fact, G(G,) = 

( G ( M ) ,  >: 

r 

Thm. 14-82. (Carlitz [C3]) The automorphism group of the Paley 

graph Gn is G(G,) = f g  1 - b ~  2kgp +a [ 0 2 k 5 4m-1, 
S 

L 

0 - -  s r-1, a E (Zp) 1 .  

We use this result to study the reflexibility of the Paley maps. 

Def. 14-83. If a map M is symmetric but not reflexible, we say 

that M is chiral. 

Thm. 14-84. The Paley map Mn is reflexible if and only if n = 9; 

thus Mn is chiral i f  and only if n # 9. 

Proof: If Mn is reflexible, with n = prl then we 

must have r = 2s and O s ( g )  = gPs giving a reflection 

Since 0’ fixes both 0 and 1, we must have 
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s 2  2 s -  3 - 2 (x ) = x2Ps = .p (since L j 0  - (1,x ,..., X 
Thus p2’-3 = 2ps, so that p divides 3 ;  hence 

p = 3 and s = 1 (or else 3 divides 1); that is, 

n = 9 .  

Conversely, (g) = g3 is readily seen to be a 

reflection for M9; refer to Figure 10-3. # 

As we have seen, the Paley maps - defined for prime powers con- 
gruent to 1 (mod 8) - have several interesting properties: they 

are regular (symmetrical), self-dual imbeddings of strongly regular, 

self-complementary graphs which produce self-dual block designs, 

for example. Now we see how closely we can approximate these pro- 

perties by similar maps, for all other prime power orders. 

For pr 1 5 (mod 8 )  , the Paley graphs Gn are defined, and are 

both self-complementary and strongly regular, as before. The euler 

equation disallows self-dual surface imbeddings, SO we utilize 

pseudosurfaces. Again we use a normal-form voltage graph but, for 

n = 8m+5, it is a (4m+2)-gon and thus has two vertices; see Figure 

14-7 for the case m = 1. The (8m+5)-fold covering imbedding has 

1 

Figure 14-7. 

16m+10 vertices, each of degree 2m+l. For each g 6 GF(n), we 

identify the two vertices (a,g) and (b,g); the result is a sym- 

metrical, self-dual pseudosurface imbedding of Gn, for m > O .  

(G; = C; 

theory of voltage graphs, see Garman [ G l ]  .) In fact, the map is a 

Cayley map PI(Tn,An,rn), with rn: A: + A;, 

consists of five disjoint loops. For the pseudosurface 

4 r (6) = x , having n 
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4 4 - two c y c l e s .  The d u a l  G* i s  C i f  w = (1-x ) / ( l + x  ) is  a s q u a r e ,  

o r  G i f  w i s  a n o n - s q u a r e .  The au tornorphism g r o u p  i s  F r o b e n i . u s ,  

w i t h  F r o b e n i u s  k e r n e l  2 ( Z  ) r .  The s t a b l i z i e r  o f  v e r t e x  0 i s  

g e n e r a t e d  by CJ-. x g ,  w h i c h  a l t e r n a t c s  b e t w e e n  t h e  t w o  o r b i t s  of 

t h e  v e r t e x  r o t a t i o n  a t  0 .  A n  (8m+5,8m+5,4m+2,4m+2;2m,2m+l)-PBIBD 

r e s u l t s  i f  l + x 4  i s  n o n - s q u a r e ;  o t h e r w i s e ,  t h e  t w o  v a l u e s  i n t e r -  

c h a n g e .  

f i n e d ,  s i n c e  -1 = x 2m+1 ( p r  = 4ni+3) i s  not a s q u a r e .  I n s t e a d ,  we 

d e f i n e  t h e  P a l e y  t o u r n a m e n t  ' rn ,  b y :  ( g 1 , g 2 )  E E ( T n )  if a n d  o n l y  

i f  g2 - g1 i s  a s q u a r e  i n  G F ( n )  ; of c o u r s c ,  w e  s t i l l  t a k e  

~ { ( g l , g 2 ) ,  ( y 2 , g 1 )  i f l  E(T,) I = 1, so t h a t  w e  do h a v e  a t o u r n a m e n t .  

The u n d e r l y i n g  u n d i r e c t e d  q r a p h  i s  t h u s  c o m p l c t e ,  a n d  h e n c e  d e q e n e r -  

a t e l y  " s t r o n g l y  r e g u l a r .  " The Paley t o u r n a m e n t s  a r e  s e l f - c o n v e r s e ,  

u n d e r  t h e  a n t i - a u t o m o r p h i s r n  I: gl-, xg. I n  B i g g s  [B9] w e  f i n d  sym- 

me t r i ca l  i m b e d d i n q s  o f  t h e  assoc ia ted  K 4 m + 3  h a v i n g  8m+6 r e g i o n s ,  

e a c h  of l e n c j t h  2m+1;  t h e s e  a r e  C a y l c y  maps M (  1 '  , - i  0 i ,  r n ) ,  

w h e r e  r n ( g )  = xg.  Thus  t h e  i m b e d d i n g s  c a n n o t  be s e l f - d u a l  d i r e c t l y ,  

a l t h o u g h  t h e  d u a l  i s  b i c h r o m a t i c .  Hence w e  o b t a i n  o n e  

(4m+3,8m+6,41n+2,2m+l,2m) - B I R D  a n d  t w o  (4m+3,4m+3,2m+l , 2 m + l  , m )  - B I R D S .  

('The l a t t e r  are  Iladamard d e s i g n s . )  W e  now m o d i f y  t h i s  map t o  f o r m  a 

s e l f - d u a l  p s e u d o s u r f a c e  imbeddincj  of X4m+3;  E a c h  r e g i o n  c o n t a i n s  

e x a c t l y  o n e  e d g e  c o r r e s p o n d i n g  t o  1 E ( Z p )  , i n  o n e  o f  t h e  t w o  

p o s s i b l e  scnses (clockwise o r  c o u n t e r c l o c k w i s e . )  I n  f a c t ,  t h i s  

d i s t i n c t i o n  d e t e r m i n e s  t h e  2 - c o l o r i n g  of t h c  d u a l .  The r e g i o n  i s  

a s s i g n e d  l a b e l  g* ( g  Cr ( Z  )r) i f  e i t h e r :  ( i )  (g,g+l) b o u n d s  t h e  

r e g i o n  i n  t h e  c l o c k w i s e  s e n s e ,  o r  ( i i )  ( g - a , g - a - 1 )  b o u n d s  t h e  

r e g i o n  i n  t h e  c l o c k w i s e  s e n s e ,  w h e r e  a = 2/ ( ~ ~ ~ - 1 ) .  Thus  e a c h  g 

a p p e a r s  e x a c t l y  t w i c e  as a r e g i o n  label, a n d  i f  t h e s e  n pairs o f  

v e r t i c e s  i n  t h e  d u a l  are i d e n t i f i e d ,  w e  o b t a i n  a s e l f - d u a l  p s e u d o -  

s u r f a c e  imbecldinq of K 4 m + 3 .  M o r e o v e r ,  i f  t h e  edge d i r e c t i o n s  are 

carried. o v e r  i n t o  t h e  d u a l ,  t h e n  w e  h a v e  a s e l f - d u a l  i m b e d d i n g  of 

t h e  s e l f - c o n v e r s e  t o u r n a m e n t  T n ,  w i t h  e a c h  v e r t e x  n e i g h b o r h o o d  

N(g*) p a r t i t i o n e d  i n t o  t w o  se t s  ( c o r r e s p o n d i n g  t o  t h e  q* i d e n t i -  

f i c a t i o n ) :  one  c o n s i s t s  of those v e r t i c e s  d o m i n a t e d  by  g*, t h e  

o t h e r  c o n s i s t s  of t h o s e  d o m i n a t i n g  g*. 

- 

P 2 

F o r  pr 3 (mod 4 ) ,  t h e  P a l e y  g r a p h s  G n  a r e  n o  l o n g e r  de-  

: ( Z P ) l -  a s  o u r  v e r t e x  se t .  Then g1 # g2 g ives  

n ,  n 

P 

F i n a l l y ,  w e  c o n s i d e r  p = 2 ,  so t h a t  p r  = 2r. Here n o t  e v e n  

2 r - 1  1 i s  a s q u a r e  (1 = x ) i n  G F  ( 2 r ) ,  so o u r  p r e v i o u s  
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constructions seem not to apply. However, if we use the planar 

voltage graph of Figure 14-8, with n = 2', we obtain an n-fold 

covering imbedding of a 2-fold Kn, with n (n-1)-gons and 

d i g o n s .  If each digon is closed (by identifying its two edges), a 

syrmnetrical , self-dual imbedding of the "strongly regular" Kn (self-  

complementary i n  the 2-fold Kn) results. (In fact, r*, = r for 

this case.) The concomitant design 1s an (n,n,n-l,n-l,n-2)-BIBD 

which, of course, can a l s o  be constructed by taking complements of 

singletons as blocks. 

/;] 

n 

. . .  

Figure 1 4 - 8  

We close this lengthy section by discussing conditions under 

which the Paley maps are, in some sense, unique. Self-duality, 

strong regularity, and designs do not enter into the characteriza- 

tions given, but as it is Paley maps being characterized, these ad- 

ditional properties persist - except that self-duality fails €or 

n . 5 (mod 8). For proofs of the following two theorems, refer to 

[W13] or to Section 14-9. 

Thm. 14-85. If M = ( G , r i )  is vertex-transitive and if ( G ( M ) ,  V ( G ) )  

is self-equivalent under an anti-automorphism 0 of G, 

then M is isomorphic to a Cayley map M(I',A,r) , where 
) I , )  = / V ( G ) [  , / A * ]  = ( / V ( G )  I -  1 ) / 2 .  

Thm. 14-86. There exists a symmetrical imbedding of a self-comple- 

mentary graph C, of order n, with ( G ( t . l ) ,  V ( G ) )  
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self-equivalent under an anti-automorphism I\ of G, 

if and only if n is a prime power Congruent to 

1 (mod 4). Moreover, if (i2 E ( M )  , the maps are 

essentially unique, with at most six exceptions. 

Cor. 14-87.  For each prime p 1 (mod 4)  , there exists a unique 
symmetrical imbedding of a self-complementary graph 

G of order p having G ( M )  = G(G). 

Proof: The Paley maps give existence. But if G(M) 

= G ( G ) ,  then K 2  and B n R - '  (for each IY. E G ( M )  

and where [i is an anti-automorphism of G )  are both 

i n  G ( M )  , so that Theorem 1 4 - 8 6  (and its proof) show 

that M is a Paley map. # 

The strength of this uniqueness claim is illustrated by 

Theorem 14-45 :  the Paley maps of orders 13 and 17, for example, 

are unique among 5,600 and 11 ,220 ,000  self-complementary graphs 

respectively, with respect to being symmetrical, with G ( M )  = G ( G ) .  

Cor. 14-88 .  If there exists a symmetrical imbedding of a se l f -  

complementary graph G of order n, with G ( M )  = G ( G )  , 
then (with at most six exceptions) n is a prime con- 

gruent to 1 (mod 4 ) .  

Proof :  As in the proof of Corollary 14-67 ,  we find by 

Theorem 1 4 - 8 6  that n is a prime power congruent to 

1 (mod 4); moreover, the maps (with at most s i x  excep- 

tions) are unique and thus are Paley maps. But if 

n = pr with r -' 1, then G ( M )  is a proper subgroup 

of G ( G ) ,  by Theorem 14-82 ;  thus r = 1, and n is 

prime . # 

14 -9 .  Problems 

n 

i=l 
14-1.) Show that I R ( G )  1 = Il (ni-l)! 

14-2 . )  Prove Theorem 14-5. 

14 -3 . )  Show that G ( M )  = A4,  for M as in Figure 14-2 .  
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1 4 - 4 .  ) 

1 4 - 5 . )  

14-6. ) 

1 4 - 7 . )  

1 4 - 8 .  ) 

* 
1 4 - 9 .  ) 

1 4 - 1 0 .  ) 

* 
1 4 - 1 1 . )  

1 4 - 1 2 . )  

1 4 - 1 3 . )  

1 4 - 1 1 . )  

1 4 - 1 5 . )  

* 
1 4 - 1 6 . )  

1 4 - 1 7 .  ) 

T 4 - 1 8 .  ) 

1 4 - 1 9 . )  

* 
1 4 - 2 0 .  ) 

Prove  t h a t  t h e  f o l l o w i n g  are e q u i v a l e n t ,  f o r  a map 

M = (G,, ) :  

(i) M i s  r e f l e x i b l e ;  

( ii) M and i t s  mirror image M a r e  e q u i v a l e n t ;  

(iii) t h e r e  e x i s t s  a n  :i E G(G) such  t h a t ,  f o r  a l l  
-1 -1 

= ( t i 1  CY . 
V E V ( G )  r I ) , ~ ( ~ )  V 

Show t h a t  t h e  map of  F i g u r e  1 0 - 3  i s  r e f l e x i b l e .  

Prove  Theorem 1 4 - 1 3 .  

V e r i f y  t h e  e n t r i e s  i n  T a b l e  1 4 - 2 .  

Show t h a t  /G*(M) 1 d i v i d e s  4 1 E ( G )  1 .  (See  Theorem 5 - 2 5 . )  

Thus a n o n o r i e n t a b l e  map M is  d e f i n e d  t o  be  s y m m e t r i c a l  

i f  I C L * ( M )  1 = 4 j E ( G )  1 .  I f  w e  augment F i g u r e  8 - 7 ( a )  i n  t h e  

o b v i o u s  way t o  imbed K6 i n  N1, i s  t h e  r e s u l t i n g  map 

s y m m e t r i c a l ?  

Prove  o r  d i s p r o v e :  I f  G i s  a s t r o n g l y  r e g u l a r  g r a p h ,  

t h e n  t h e r e  e x i s t s  a r o t a t i o n  0 f o r  G so t h a t  M = ( G , p )  

i s a r e g u l a r  map. ( H i n t :  c o n s i d e r  t h e  P e t e r s e n  g r a p h . )  

L e t  M be  t h e  imbedding o f  K5 on S1 g i v e n  i n  Example 

l a  of S e c t i o n  1 0 - 3 .  Show t h a t  M i s  s y m m e t r i c a l  ( i . e .  

I G ( M )  1 = 2 0 )  I b u t  n o t  r e f l e x i b l e  ( i . e .  M i s  c h i r a l . )  

Show t h a t  t h e  c o r r e s p o n d i n g  d e s i g n  D (Example 1 o f  

S e c t i o n  1 2 - 3 )  h a s  automorphism g roup  G ( D )  2 S 5 .  Does 

t h i s  c o n t r a d i c t  Theorem 1 4 - 1 3 ?  

Prove  Theorem 14-36. 

Prove  Theorem 1 4 - 3 7 .  

Prove  Theorem 1 4 - 3 8 .  

Prove  Theorem 1 4 - 3 9 .  

Show t h a t  M ( Z g r  { 1 , 2 , 4 } ,  ( 1 , 2 , 4 , 8 , 7 , 5 ) )  i s  a s y m m e t r i c a l  

map f o r  K 

F o r  what o t h e r  v a l u e s  o f  n d o e s  K 

map ? 

L e t  map M* = M ( G * , [ i * )  be  d u a l  t o  map M = M ( G , p ) .  F ind  

a d e s c r i p t i o n  o f  IJ*, i n  t e r m s  o f  p and : D* + D*, 

where D* = [ ( u , v )  Iuv € E ( G )  1 and ( u , v )  = ( v , u ) .  (See  

Biggs  [BlO]. 

Prove  Theorem 1 4 - 5 5 .  

Show t h a t  y M ( G n )  = (n-1)  ( n - 4 ) / 8 ,  where Gn i s  t h e  P a l e y  

g r a p h  of o r d e r  n = pr Z 1 (mod 8 . )  

Prove  Theorem 1 4 - 7 9 .  

U s e  t h i s  map t o  show t h a t  ( ' 3 , 3 , 3 , 6  ) = 7 .  3 ( 3 )  ' 
have  a s y m m e t r i c a l  

3 ( n )  
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*14-21.)  Prove T h e o r e m  1 4 - 8 0 .  

1 4 - 2 2 . )  P r o v e  T h e o r e m  1 4 - 8 1 .  

? 4 - 2 3 . )  P r o v e  T h e o r e m  1 4 - 8 5 .  

14-24.) Prove Theorem 1 4 - 8 6 .  
* 

C h a p t .  1 4  
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CHAPTER 15 

CHANGE RINGING 

The ancient and continuing art of change ringing, or campanology 

(how the British ring church bells), is here studied from a mathema- 

tical viewpoint. An "extent" on n bells is regarded as a hamilton- 

ian cycle in a Cayley color graph for the symmetric group 

bedded on an appropriate surface. T'hus - perhaps surprisingly - 
graphs, groups, and surfaces combine to model something musical. 

Sn, im- 

After making this model explicit, we discuss two ringing methods 

for variable n (Plain Bob for all n and Grandsire for n 3 

(mod 4)); and a new method for n odd is introduced. All minimus 

methods (n = 4) and five doubles methods (n = 5) are depicted, 

one of these being the new "No Call" Doubles. 

The material here also appears in IW141. 

15-1. Definitions 

In the science of change ringing (sometimes called campanology), 

the central problem is to ring a full extent on n bells. We de- 

signate the n bells by the natural numbers 1, 2, ... , n, 
arranged in order of descending pitch. 

Def. 15-1. Bell 1 is called the treble, bell n the tenor. Each 

ringing of the n bells, once each in some order, is 

called a change; the special change 1, 2, ... , n is 

called rounds. An extent consists of n! + 1 successive 

changes, satisfying: 

(i) the first and last change are both rounds; 

(ii) no other change is repeated (so that each possible 

change other than rounds is rung exactly once); 

(iii) from one change to the next, no bell moves more 

than one position in its order of ringing (posi- 

tions 1 and n are not adjacent, unless n = 2); 
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no bell rests in the same position for more than 

two successive changes; 

each bell (except perhaps the treble) does the 

same amount of "work" (hunting, plain hunting, 

dodging, etc.); 

the method employed is palindromic, or self-re- 

versing (this will be made more precise in 

Section 15.2.) 

Conditions (iv) and (v) are occasionally relaxed in practice, 

but the other conditions appear to be inviolable. 

1 venture to guess that rule (i) is for musicality, rule (ii) 

for thoroughness, rule (iii) for mechanical considerations (dealing 

with how the bells are hung and rung) , rules (iv) and (v) to keep the 

performance interesting for the ringers, and rule (vi) to ease the 

memory burden for the ringers. 

Typically the number of bells is in the range 3 2 n 5 12, with 

names assigned to the extents as in Table 15-1. The odd-bell names 

reflect the maximum number of pairs of bells that could be exchanged, 

in their order or ringing. 

n name n! + 1 
3 Singles 7 

4 Minimus 25 

5 Doubles 121 

6 Minor 721 

7 Triples 5,041 

8 Major 40  , 321 
9 Caters 362,881 

10 Royal 3,628,801 

11 Cinques 39,916,801 

12 Maximus 479,001,601 

Table 15-1 

As an extent of Major takes approximately eighteen hours to 

ring (the ringers are allowed no visual aids to memory, so this must 

surely rank as one of the "major" physical intellectual feats of 
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mankind), extents on more than eight bells are clearly beyond the 

limits of human endurance; even on eight bells they are extremely 

rare. Much more tractable, an extent of triples requires under three 

hours of concentrated ringing. For this reason peals are often 

attempted, and often succeed; a peal consists of at least 5000 and, 

for 5 1 n 7, exactly 5041 successive changes satisfying rules 

(i) through (vi) above (but not (ii), if n < 7.) For n < 7, a 

peal consists of several extents strung together; for n = 7 a 

peal fi an extent; and for n 3 7, a peal is a partial extent. If 

tower bells are being rung, then each ringer operates one bell (a 

huge amount of practice is required for the beginner to learn to 

ring his or her bell even individually, let alone in rounds with the 

other bells, let alone through all the changes of a peal or an 

extent); if handbells are employed, then each ringer rings two bells. 

There is also a bell-ringing machine (designed and constructed by 

John Carter, a gunsmith and bell-ringer, and currently on loan to 

the Science Museum in London); it mechanically rings twelve hand 

bells suspended in a cabinet, after being "programmed" for method. 

As generally an even number of bells is provided, for the odd 

bell methods a "covering" bell - always the tenor - rings last in 
every change, in forgiven violation of rules (iv) and (v). It might 

even be argued that the stability and regularity thus produced is 

musically pleasinq. 

Change ringing, as described above, began in England in the 

middle of the seventeenth century and remains almost exclusively a 

British art. Today there are over five thousand bell towers in 

Great Britain, about a half dozen in Canada and a dozen in the 

United States, and perhaps twice that in Australia. On July 27 and 

28, 1963, the first extent of Plain Bob Major was successfully rung 

on tower bells at the Loughborough Bell Foundry in England. On 

December 27 and 28, 1977, the same extent was accomplished on hand- 

bells in a private home in Farnham, Surrey, England. 

Change ringing has been popularized, to an extent, by Dorothy 

Sayers in her novel The Nine Tailors [ S 4 ]  and, more recently, as 

part of the festivities at the Royal Wedding of Prince Charles and 

Princess Diana. Only recently have mathematicians begun to study 

change ringing from their vantage point, although curiously the 

early composers of peals and extents were doing coset decomposition 

in symmetric groups a full century before Lagrange. The reader could 
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consult works by Rankin [R2], Fletcher [ F ’ l ]  , Dickinson [D2] , Price 
[P7], Budden [B17], and White [WlO]. For more on the history and 

practice of change ringing, the reader should seek out Wilson [Wl7], 

Camp [CZ] , and the weekly publication “The Ringing World” (published 
in Guildford, Surrey, England.) 

15-2. Notation 

It would be easy to confuse the number of a given bell with the 

number of the position it occupies in a particular change. To avoid 

this confusion we regard each change as a function from the set of 

n positions to the set of n bells, so that domain elements de- 

scribe positions and range elements describe bells. Thus a change 

f, recorded as f (1) , f (2) , . . . , f (n), would indicate that bell 
f ( 1 )  is to be rung first, bell f(2) second, and so on. Rounds 

is given by r(i) = i, 1 - -  c i n. In order to satisfy condition 

(iii) of Section 1, we describe a potential transition from one 

change to the next by a permutation on the set of n positions 

which either fixes a given position or interchanges it with an 

adjacent position. Conversely, each transition satisfying (iii) 

is of this type. Thus each transition is represented by an involu- 

tion (that is, by a product of disjoint transpositions) in the sym- 

metric group Sn. Now let t(n) give the number of possible transi- 

tions for n bells, and let F(n) give the nth Fibonacci number 

(where F ( 0 )  = F ( 1 )  = 1) ; then we have the following well-known 

result: 

Thm. 15-2. For n 1 2 ,  t(n) = F(n) - 1. 

Proof: It is easy to verify that t (2) = 1 and that 

t(3) = 2 ,  so we assume the result for n k and con- 

sider t(k), k - 4 .  Since there are t(k-1) allowable 

transitions fixing position k, t(k-2) allowable transi- 

tions exchanging positions k and k - 1 and at least 

one other pair, and the single transposition (k-1,k) , 
we have: 
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t(k) = t(k - 1) + t(k - 2) + 1 
= F(k - 1) - 1 + F(k - 2) - 1 + 1 

= F(k) - 1 
# 

Now, if dl , d2 , ... , dk represent the first k transitions 

in an extent, then the (k+l)st change is the function rdld2,..dk, 

where - in accordance with the standard notation for function compo- 

sition - we take products in Sn from right to left. Let <I be 

any collection of generating involutions for Sn (if L: does not 

generate Sn, then condition (ii) fails) and form the Cayley color 

graph C,>(Sn); then we have the immediate but absolutely central 

result: 

Thm. 15-3. An "extent" on n bells, satisfying conditions (i)- 

(iii 

rung 

Since each 

edges by convent 

and using transition rules from A , can be 

if and only if C.(Sn) is hamiltonian. 

d E: has order two, CA(Sn) has no directed 

on (see, for example, White [w101): hence 

hamiltonian cycles in C,(Sn) coincide with those in the underlying 

Cayley graph G,j  (Sn). We retain the edge colors of Cii(Sn), how- 

ever, as they are valuable in constructing the extent itself from 

the hamiltonian cycle and in checking the palindromic condition (vi). 

Each method is based upon a principle, which usually (but not always) 

consists of 2n changes. The word in Sn describing the 2n - 1 
juxtaposed transitions of the principle should be a palindrome: 

dld2...dn-1dndn-l...d2dl. 

for the case n = 3, The hamiltonian cycle and the extent it gives 

rise to shown in Table 15-2 describe the interior clockwise region 

boundary of the spherical imbedding of C A ( S 3 )  depicted. The 

extent is called "quick six"; the clockwise boundary of the exterior 

region produces "slow six", the only other extent possible on 3 

bells. (Not surprisingly, "slow six" is just "quick six" in the 

opposite order.) If we let a = (12) (denoted by solid edges) and 

b = (23) (denoted by dashed edges), then "quick six" is completely 

described by the identity word (ab)3 in S 3  and "slow six" by 

(ba) . In the former case the relevant palindrome is ababa; in 

the latter it is babab. 

These ideas are illustrated in Figure 5-1, with A = { (12) , (23)) 

3 
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\ 
\ 
\ 
\ 

Figure 15-1 

Table 15-2 

15-3. General Theory 

In [R4], Rapaport provided an inductive construction, to esta- 

blish the following: 

Thm. 15-4. Let 1) = { (12) (12) (34) (56). . . I  (23) (45) (67). . . 1 f o r  Sn; 

then Ci. (Sn) is hamiltonian. 
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In [wlo] , we required only conditions (i) , (ii) , and (iii) for 
an extent, and gava the following two ramifications of the Rapaport 

construction: 

Thm. 15-5. An extent on n bells exists, for all n. Moreover, 

only three transition rules are required. 

Thm. 15-6. For n odd an extent exists which also satisfies condi- 

tion (iv) at all but position n, where (at the worst) 

no bell rests for more than four successive changes. 

In [WlO] we also displayed an imbedding of C A ( S 4 )  , for 

Rapaport's !i, in the projective plane. (This is essentially 

Figure 15-2 below.) In this imbedding the three left cosets of 

in 

hamiltonian cycle giving the extent, in extension of the idea behind 

Figure 15-1. This suggests the efficacy of picturing extents on 

surfaces, and as we naturally wish to do this as efficiently as 

possible, we make the following definition: 

D 4  

S 4  
bound regions which link together nicely to trace out the 

Def. 15-7. The characteristic of an extent (on n bells, with 

transition rules A ) is the maximum characteristic of 

all surface imbeddings for C A(Sn). 

As certain transition rules (the "calls" - so called because 
the conductor calls them at the appropriate time, while all other 

transitions are trusted to the memory of the ringers - known as 
"bobs" and "singles") are used infrequently in a particular extent 

(a single is perhapsemployed only twice among the n! transitions, 

for example) we take A to include only the other generators for 

Sn; Cn(Sn). 

Thus, in the event that A does not qenerate Sn, a characteristic 

imbedding of an extent may be on a disconnected surface. 

For example, the Rapaport A = {a,b,c} (where a = (12), 

this has the effect of avoiding unnecessary clutter in 

b = (12) (34) (56). .., and c = (23) ( 4 5 )  (67) ... ) for Sn (n 5) 

involves no "call" generators and the relators (ab)*, (ac) , and 

(bc)" bound regions for an imbedding (orientable if and only if 

n 1 3 (mod 4)) of C, (Sn) of characteristic (n-1) ! (3-n) / 6 ,  which 

is thus a lower bound for the characteristic of the extent. Or, the 

single relator 

6- 

(abc) n-l can be taken to bound regions for an 
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o r i e n t a b l e  i m b e d d i n g  of C ,  (Sn)  o f  c h a r a c t e r i s t i c  n ( n - 2 )  ! (3-n)  / 2 ,  

b u t  t h i s  i s  less  e f f i c i e n t .  Note t h a t  .' d o e s  g e n e r a t e  Sn, a s  a 

and  b c  a re  known t o  d o  so ;  see C o x e t e r  and  Moscr J C M 1 ,  p .  631 .  

F o r  n = 4 ,  t h e  i m b e d d i n g  i n  t h e  p r o j e c t i v e  p l a n e  c a n n o t  b e  i m p r o v e d  

( a s  C ,  ( S 4 )  c o n t a i n s  a homeomorph of K 3 , 3 )  , so t l i a t  t l i e  c h a r a c t e r -  

i s t i c  of t h i s  e x t e n t  i s  e x a c t l y  o n e .  

W e  now c o n s i d e r  " = ' b , c , c l ~  , w h e r e  b = ( 1 2 )  ( 3 4 )  ( 5 6 )  ..., 
c = ( 2 3 )  ( 4 5 )  ( 6 7 )  ..., and d = ( 3 4 )  ( 5 6 )  (78) ..., [or the v a r i o u s  

P l a i n  Bob e x t e n t s  o n  n b e l l s .  Here t h e  h u n t i n g  g r o u p  g e n e r a t e d  by 

b a n d  c i s  a l w a y s  Dn ( a s  c a n  b e  s e e n  f r o m  i t s  a c t i o n  o n  a 

r e g u l a r  n-gon w i t h  v e r t i c e s  l a b e l e d ,  i n  o r d e r ,  1 , 2 , 4 , 6 ,  . . .  , 
7 , 5 , 3 ) ,  g i v i n g  a b l o c k  of 2n c h a n g e s .  Thc g e n e r a t o r  d i s  u s e d  

t o  l i n k  n - 1 of t h e s e  b l o c k s  t o g e t h e r ,  t o  g i v e  a " t o u c h "  o f  

2 n ( n - 1 )  c h a n g e s .  F i n a l l y ,  f o r  n - 5 ,  tlie c a l l  g e n e r a t o r s  ( t h e  

bob e = ( 2 3 )  ( 5 6 )  ( 7 8 )  ... a n d ,  f o r  n 2 6 ,  t h e  s i n g l e  f = 

( 5 6 )  ( 7 8 )  .. . )  are  a d d e d  t o  p r o d u c e  t h e  f u l l  n!  + 1 c h a n g e s  of  

bound e x t e n t .  Here t h e  r e l a t o r s  ( b c ) " ,  ( b d )  , a n d  (cd)" - '  

r e g i o n s  f o r  dn  a l w a y s  n o n o r i e n t a b l e  i m b e d d i n g  o f  C, ( S n )  of 

c h a r a c t e r i s t i c  - (n-2)  ! ( n 2  - 5n + 2 )  / 4 ;  t h i s  i s  f o r  n - 4 .  T h i s  

a p p e a r s  t o  b e  t h e  most u s e f u l  i m b e d d i n g  f o r  P l a i n  Bob e x t e n t s ,  as 

t h e  r e l a t o r  (bc ) "  e x a c t l y  p o r t r a y s  t h e  p r i n c i p 1 . e  embodied  i n  t h e  

h u n t i n g  g r o u p ,  a n d  r e p l i c a t e d  i n  t h e  l e f t  cose ts  o f  t h a t  g r o u p ,  

A a a i n  w e  n o t e  t h a t  .' g e n e r a t e s  S n ,  as b c  a n d  bd a r e  known t o  

d o  so .  

-- 

2 

Next  c o n s i d e r  i .  = i b , c , g i ,  w h e r e  b = ( 1 2 )  ( 3 4 )  ( 5 6 ) . . . ,  

c = ( 2 3 )  ( 4 5 )  ( 6 7 )  ..., and g = ( 1 2 )  ( 4 5 )  (67) ... f o r  t h e  v a r i o u s  

G r a n d s i r e  e x t e n t s  o n  n ( o d d )  b e l l s .  Here w e  see t h a t  ( a , c )  = 

D n  and  g i s  u s e d  a s  a l i n k i n g  p e r m u t a t i o n .  The b o b  f o r  G r a n d s i r e  

i s  c o n s t r u c t e d  f r o m  L , b u t  t h e  s i n g l e  i s  t h e  new h = 

( 4 5 )  ( 6 7 )  ( 8 9 )  ... . T o  see t h a t  Cr , (Sn)  i s  c o n n e c t e d  ( f o r  n 3 

(mod 4 ) ) ,  w e  o b s e r v e  t h a t  g c  = ( 1 2 3 )  a n d  t h a t  c o n j u g a t i n g  

a l t e r n a t e l y  by b a n d  g ( a n d  t h e n  t a k i n g  irwerses) p r o d u c e s  

I ( 1 2 k )  13 1 k 1 n i ;  t h i s  i s  known [ C M l ,  p .  661 t o  g e n e r a t e  A n .  

B u t  t h e n  ( A n , q )  = S W e  u s e  t h e  r e l a t o r s  ( g c )  , ( g b )  , a n d  

( c b ) "  ( t h e  l a t t e r  i s  u s e d  i n  t h e  p r i n c i p l e  f o r  G r a n d s i r e )  t o  bound 

r e g i o n s  f o r  a n  i m b e d d i n q  of C c , ( S n )  ( o r i e n t a b l e  f o r  n 3 (mod 4 )  , 
n o n o r i e n t a b l e  a n d  i n  t w o  c o m p o n e n t s  f o r  n 1 (mod 4 ) )  o f  c h a r a c t e r -  

i s t i c  - ( n  - 1) ( n  - 3 )  ! ( n 2  - 5n + 3 )  / 3 .  F o r  n : 1 (mod 4 )  the  

s i n g l e  h i s  odd, so t h a t  (A,,h) = Sn.  

3 n-2 
n '  
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Finally, we endeavor to improve on the Rapaport generating set, 

so as to satisfy condition (iv) universally. Mer construction is 

based upon the following lemma: 

Lemma 15-8: A connected graph regular of degree three has a 

hamiltonian cycle if there is a set P of polygons 

and a set Q of squares, each set partitioning the 

vertex set of the graph and such that no member of P 

contains every vertex of a member of Q. 

For the Rapaport = i a,b,c 1 ,  where a = ( 1 2 ) ,  b = 

(12) (34) (56) ..., and c =  (23) (45) ( 6 7 )  ..., the set P is composed 

of n!/12 12-gons (ac) (or, we could use (n-1)!/2 2n-gons 

(bc)") and the set 0 consists of n ! / 4  squares (ab) . The 

Rapaport construction of a hamiltonian cycle uses b edges to 

combine 12-gons from P (or a edges to combine 2n-gons from 

P); thus the cycle consists of partial words (ac) b(ca) (or 

(bc)ka(cb)h) and we see that condition (iv) is uniformly satis- 

fied, if n is odd. This strengthens Theorem 1 5 - 6 .  

6 

2 

k h 

If we modify :J to , ' , I  = .[d,b,cj as in Plain Bob (so that 

d = (34) (56) (78). . . , instead of (12)), then Lemma 15-8 still 

applies, to show that C!,(Sn) is hamiltonian (it is clear that A' 

generates Sn, since A does.) But now the hamiltonian cycle 

found by Rapaport always involves ... cdc ..., which fixes the bell 

in position one unduly. 

To retain the constant movement of Plain Bob (that is, to avoid 

the "stagnation" of Rapaport's a = (12) , which fixes n - 2 bells) 

but to avoid the dawdling in position one, we now try A "  = {b,c,hl, 

where h = (45) ( 6 7 )  (89) ..., and where n = 2m - 1 is odd. We 

first check that h" generates Sn = (ch, (bc)2m-3 ) (this 

argument fails if n is even.) Lemma 15-8 then applies, with P 

determined by (say) (bc)" and 0 by (ch) . Then we obtain a 

hamiltonian cycle in which b alternates throughout; as b moves 

every position but the last, which is moved by both c and h, we 

see immediately that condition (iv) is satisfied. Moreover, there 

is an efficiency here (over Plain Bob), as only three generators 

are used; there are no bobs or singles. However, conditions (v) 

and (vi) have not been checked, and indeed it appears difficult to 

do so from this inductive construction. The special case n = 5 

will be considered in detail in Section 5. 

2 
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The imbedding of t h e  "no c a l l "  e x t e n t  d e s c r i b e d  above  is non- 
2 

o r i e n t a b l e ,  of c h a r a c t e r i s t i c  - (n-1)  (n-4)  (n-3) ! / 4 .  

Thus t h e  v a r i o u s  e x t e n t  imbeddings  w e  have c o n s t r u c t e d  i n  t h i s  

s e c t i o n  have had c h a r a c t e r i s t i c s  a s y m p t o t i c  t o  n ! / k ,  where 

k E 1 2 , 3 , 4 , 6 ~ .  

15-4.  F o u r - b e l l  E x t e n t s  (Minimus) 

The e l e v e n  minimus e x t e n t s  [SSl]  are a l g e b r a i c a l l y  d e s c r i b e d  

and g r a p h i c a l l y  d e p i c t e d  i n  t h i s  s e c t i o n .  We see from Theorem 15-2 

t h a t  t h e r e  are f o u r  a l l o w a b l e  t r a n s i t i o n  r u l e s  f o r  f o u r  b e l l s ;  t h e y  

are : 

a = ( 1 2 )  (34 )  

b = (23 )  

c = ( 3 4 )  . . . . . . . . 
- - - - - - - - 

d = ( 1 2 )  sfttiftt- 

Each e x t e n t  i s  d e s c r i b e d ,  i n  T a b l e  15-3,  by t h e  i d e n t i t y  word 

g i v i n g  t h e  h a m i l t o n i a n  c y c l e  i n  t h e  Cay ley  c o l o r  g r a p h .  i n  S4  

S i n c e  a l l  Cayley  c o l o r  g r a p h s  are v e r t e x - t r a n s i t i v e ,  t h e  i n i t i a l  

v e r t e x  of t h e  h a m i l t o n i a n  c y c l e  c a n  be a r b i t r a r i l y  selected; t h e  

r ema inde r  of t h e  c y c l e  i s  t h e n  u n i q u e l y  d e t e r m i n e d .  

Minimus E x t e n t  A l g e b r a i c  D e s c r i p t i o n  

P l a i n  Bob 

Reverse  Bob 

Double B o b  

Can te rbury  

Reverse C a n t e r b u r y  

Double Can te rbury  

S i n g l e  Cour t  

Reve r se  Cour t  

Double Cour t  

S t .  N i c h o l a s  

Reverse  S t .  N i c h o l a s  

3 3  
( ( a b )  ac) 

2 3  
( a b a d ( a b )  ) 

3 (abadabac ) 
3 ( abcdcbab)  

( d b  ( a b )  2dc )  

(dbcdcbcd)  

( d b  ( a b )  2db) 

( a b ( c b )  a b )  

(db  (cb)  2db)  

(dbadabdc)  
3 ( abcdcbac )  

2 3  

Table 15-3 
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Obviously, each word uses twenty-four symbols, but it is worth 

noting that only Plain Bob requires as few as four letters to be 

written down in its algebraic description. We observe that none of 

the minimum extents satisfies a l l  six of the conditions given in 

Section 15-1: all fail (v), and only the first three listed satisfy 

(iv) . 
Now follow the graphical pictures of the corresponding Cayley 

cjraphs. Figure 15-2 serves directly for Plain Bob Minimums and 

Reverse Court Minimus; it also applies to Reverse Bob and Single 

Court, with d replacing c. These four extents a l l  have character- 

istic one. Figure 15-3 pictures Double Court and Double Canterbury; 

these two extents have characteristic two. (They are the only 

planar extents.) Figure 15-4 depicts Reverse St. Nicholas, St. 

Nicholas, Reverse Canterbury, Canterbury, and Double Bob; these are 

immersions and not imbeddings, as the redundant generator a is 

allowed to diagonalize six quadrilaterals. In the language of 

topological graph theory, this immersion shows that, for A = 

{a,b,c,d}, the crossing number of C A ( S 4 )  is at most six. 

a 

a 
Figure 15-2 
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F i g u r e  15-3 
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Figure 15-4 
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15-5. Five-bell Extents (Doubles) 

There are sixteen doubles extents given in [ S S l ] ;  there are 

undoubtedly many more. The seven possible transitions (see 

Theorem 15-2) are: 

a = (12) ( 3 4 )  

b = (23) (45) -i-/+k;*t 
c = ( 3 4 )  . . . . . . . . 
d = (23) ++++++++ 
e = (12) 

f = (12) ( 4 5 )  , + > F > , , >  

= ( 4 5 )  . -------- 

We shall not need to represent e for the extents discussed in this 

section, which are: 

4 3  4 3  Plain Bob = (((ab) ac) (ab) ad) 

Grandsire = ( (fb(ab) fb(ab) fb) fb(ab) fb(ab) fg) 4 3 2  4 3 2  

i Stedmdn = (fba(f (bf)2ab(fb)2a)4f (bf)2abfd) 2 

3 3  2 2 5  No-Call = ((ag) (ab) ag(ab) (ag) ab) . 

Figure 15-5 shows C A ( S 5 )  for Plain Bob Doubles ( I? = 

{ a,b,cl) imbedded on the nonorientable surface N 5 ,  of character- 

istic -3. Indeed Plain Bob Doubles & characteristic ,,-3, as 

the graph which results when each decagon is contracted to a vertex 

less a 1-factor, for which the resulting quadrilateral is K 

imbedding is necessarily optimal, and contraction cannot decrease 

characteristic. If we start the hamiltonian cycle at the distinguish- 

ed vertex in Figure 15-5 and call the bob d as indicated by the 

superimposed edges, then the 121 rows of the extent can be readily 

obtained: see Problem 15-2. 

6 1 6  
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F i g u r e  15-5 
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F i g u r e  15-6 shows C (A5), - d , b , €  imbedded o n  the non- 

o r i e n t a b l e  s u r f a c e  N6, of c h a r a c t e r i s t i c  - 4 .  The f i r s t  59 

s y m b o l s  of t h e  i d e n t i t y  word f o r  G r a n d s i r c  D o u b l e s  t r ace  a17 b u t  o n c  

e d g e  o f  a h a m i l t o n i a n  c y c l e  f o r  C ( A 5 )  on N 6 .  The s i n q l e  9 

t h e n  s h u n t s  u s  a c r o s s  t o  a s e c o n d  c o p y  o f  t h e  Lame C ( A 5 )  o n  

a n o t h e r ,  d i s j o i n t ,  s u r f a c e  N 6 .  ( T h u s  C ( S 5 )  h a s  t w o  c o m p o n e n t s ,  

o n e  f o r  e a c h  coset o f  

o n  t h i s  s e c o n d  s u r f a c e ,  a n d  t h e  s i n g l e  g r e t u r n s  u s  t o  t h e  i n L t i a l  

v e r t e x  on  t h e  f i r s t  s u r f a c e .  The r e s u l t  i s  a h a m i l t o n i a n  c y c l e  i n  

CL , , , , ( S 5 ) ,  

c o n n e c t e d  s u r f a c e  whose two homeomorphic  c o m p o n e n t s  dre j o i n e d  by a 

p a i r  of l i n e  s e q m e n t s .  

As.) The samc h a m i l t o n i a n  p a t h  i b  repeated 

d e p i c t e d  o n  a t o p o l o g i c a l  s p a c e  c o n s i s t i n g  o f  d i s -  

F i g u r e  15-6 a l s o  s e r v e s  f o r  Stcdnian D o u b l e s ,  i n  t h e  same 

m a n n e r ,  i f  w e  u s e  d f o r  t h e  s i n g l e  i n s t e a d  o f  g .  'i'hus b o t h  t h e s e  

e x t e n t s  h a v e  c h a r a c t e r i s t i c  a t  l e a s t  - 8 .  

W e  n o t e  t h a t  t h e  same s u r f a c e  ( t w o  c o p i e s  of y 6 )  c a n  b e  u s e d  
2 3 2 f o r  S t .  Simon D o u b l e s  - ( ( a b ( a f )  a b a c )  a b ( a f )  a b a d )  , e x c e p t  t h a t  

c i s  u s e d  n i n e  t i m e s  (of 1 2 0 )  a s  p a r t  of , a n d  Li is u s e d  a s  a 

bob t h r e e  t i m e s ;  t h e  h a m i l t o n i a n  c y c l e ,  d u e  t o  t h e  a c t i o n  o f  c ,  

d o e s  n o t  r e s p e c t  t h e  cose t s  of  

f r o m  o n e  N6 t o  t h e  o t h e r ,  

A5 - t h a t  i s ,  it t r a n s f e r s  f r e q u e n t l y  

15-6 .  A N e w  c o m p o s i t i o n  

F i n a l l y ,  F i g u r e  15-7 shows C (S5) , Ii = i  a,b,g /, imbedded o n  

t h e  n o n o r i e n t a b l e  s u r f a c e  NlO, 2also o f  c h a r a c t e r i s t i c  -8 .  The 

i d e n t i t y  word ( ( a g )  ( a b )  a g ( a b )  ( a g )  a b ) 5  f o r  "No-call ' '  D o u b l e s  
3 3  2 

( so  named by t h e  a u t h o r ,  as n o  b o b s  o r  s i n g l e s  a r e  r e q u i r e d )  traces 

o u t  a h a m i l t o n i a n  c y c l e  in C t ( S 5 ) .  ( I n  f a c t ,  t h e  c y c l e  w a s  f o u n d  

i n  t h i s  f i g u r e  f i r s t ,  a s  s u g g e s t e d  by  t h e  f i v e - f o l d  symmetry ,  a n d  

t h e n  the word w a s  w r i t t e n  down f r o m  the p i c t u r e ;  s t a r t  a t  t h e  i n -  

d i c a t e d  v e r t e r , ,  f o r  e x a m p l e . )  The c o r r e s p o n d i n g  1 2 1  rows o f  t h i s  

e x t e n t  a r e  g i v e n  i n  T a b l e  1 5 - 4 .  
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Figure  1 5 - 7  
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1 2 3 4 5  

2 1 4 3 5  

2 1 4 5 3  

1 2 5 4 3  

1 2 5 3 4  

21354  

2 1 3 4 5  

1 2 4 3 5  

1 4 2 5 3  

4 1 5 2 3  

45132  

5 4 3 1 2  

5 3 4 2 1  

3 5 2 4 1  

3 5 2 1 4  

5 3 1 2 4  

5 1 3 4 2  

1 5 4 3 2  

1 4 5 2 3  

4 1 2 5 3  

4 1 2 3 5  

1 4 3 2 5  

1 4 3 5 2  

4 1 5 3 2  

4 5 1 2 3  

5 4 2 1 3  

5 4 2 3 1  

4 5 3 2 1  

4 5 3 1 2  

5 4 1 3 2  

5 4 1 2 3  

4 5 2 1 3  

4 2 5 3 1  

2 4 3 5 1  

2 3 4 1 5  

3 2 1 4 5  

3 1 2 5 4  

1 3 5 2 4  

1 3 5 4 2  

3 1 4 5 2  

3 4 1 2 5  

4 3 2 1 5  

4 2 3 5 1  

2 4 5 3 1  

2 4 5 1 3  

4 2 1 5 3  

4 2 1 3 5  

2 4 3 1 5  

"No C a l l "  Doubles 

2 3 4 5 1  

3 2 5 4 1  

3 2 5 1 4  

2 3 1 5 4  

2 3 1 4 5  

3 2 4 1 5  

3 2 4 5 1  

2 3 5 4 1  

2 5 3 1 4  

5 2 1 3 4  

5 1 2 4 3  

1 5 4 2 3  

1 4 5 3 2  

4 1 3 5 2  

4 1 3 2 5  

1 4 2 3 5  

1 2 4 5 3  

2 1 5 4 3  

2 5 1 3 4  

5 2 3 1 4  

5 2 3 4 1  

2 5 4 3 1  

2 5 4 1 3  

5 2 1 4 3  

5 1 2 3 4  

1 5 3 2 4  

1 5 3 4 2  

5 1 4 3 2  

5 1 4 2 3  

1 5 2 4 3  

1 5 2 3 4  

5 1 3 2 4  

5 3 1 4 2  

3 5 4 1 2  

3 4 5 2 1  

4 3 2 5 1  

4 2 3 1 5  

2 4 1 3 5  

2 4 1 5 3  

4 2 5 1 3  

4 5 2 3 1  

5 4 3 2 1  

5 3 4 1 2  

3 5 1 4 2  

3 5 1 2 4  

5 3 2 1 4  

5 3 2 4 1  

3 5 4 2 1  

3 4 5 1 2  

4 3 1 5 2  

4 3 1 2 5  

3 4 2 1 5  

3 4 2 5 1  

4 3 5 2 1  

4 3 5 1 2  

3 4 1 5 2  

3 1 4 2 5  

1 3 2 4 5  

1 2 3 5 4  

2 1 5 3 4  

2 5 1 4 3  

5 2 4 1 3  

5 2 4 3 1  

2 5 3 4 1  

2 3 5 1 4  

3 2 1 5 4  

3 1 2 4 5  

1 3 4 2 5  

1 3 4 5 2  

3 1 5 4 2  

3 1 5 2 4  

1 3 2 5 4  

1 2 3 4 5  

Table 15-4 
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From the table it is a simple matter to check not only that 

conditions (i) through (iv) arc satisfied (of coursc, (i)- (iii) 

must hold, by Theorem 15-3, if we designate the first (and last) 

vertex of the hamiltonian cycle as rounds; this is always possible, 

since Cayley graphs are vertex-transitive. Moreover, we get 

immediate algebraic verification of (iv) by analyzing the identity 

word for No-call Doubles: a alternates throughout, moving every 

position but 5, and both b and g move position 5 ) ,  but that 

condition (v) holds as Well: each bell does the same amount of work 

as every other. In particular, the path of bell 1 in column i is 

exactly mimicked by that of bell 4 in column i + 1, bell 2 in 
column i + 2, bell 5 in column i + 3, and bell 3 in column 

i + 4, 1 -5 i 2 5 (arithmetic in Z5,  writing "5" for "O".) 

Unfortunately, condition (vi) just fails, as agagagabababagababagaga 

is not palindromic. There are four pairs of symbols (such as the 

third "g" and the second "b") that could be switched to obtain a 

palindrome, but sadly each such switch destroys the much more crucial 

hamiltonian property. Perhaps the efficiency of "No-call" - in that 
only three transition rules are required (no other doubles extent 

uses this few) - would argue its merit, in spite of the failure of 
the final condition. But our final paragraph indicates that such 

argument is not needed! 

John Elliott , in his article "Doubles Principles" [ E 2 ]  , generat- 
ed by computer eight doubles extents not requiring bobs or singles. 

Each of these is palindromic, and in fact satisfies all conditions 

(i) - (iv): but it appears that none employs fewer than five genera- 
tors. In the June 12, 1981 issue of "The Ringing World," a writer 

identified only as S. J. P. commented that the Central Council of 

Church Bell Ringers relaxes rule (iv) by allowing a bell to rest 

in the same position €or up to four successive changes and abolishes 

rule (vi) - removed "some years ago" - altogether! This latter, 

the writer continues, allows "any old rubbish to qualify as a 

method. " 

1 5 - 7 .  Problems 

15-1 . )  The planar imbedding of Figure 15-3 is a 12-fold branched 

covering space of an index two voltage graph imbedding; 

find this latter configuration. 
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s5  15-2.) Use Figure 15-5 and the corresponding identity word in 

to write the rows for Plain Bob Doubles. 
* *  
* *  
15-3.) Find the characteristic of Plain Bob Minor. 

15-4.) Find the characteristic of Plain Bob Major. 

15-5.) Find F(n), the characteristic of Plain Bob on n bells. 
* *  

(We know that F ( 4 )  = 1, F ( 5 )  = - 3 ,  and in general 

F(n) - -(n-2) L (n2-5n+4)/4. 

15-6.) If the principle for an extent on n bells corresponds to 

a subgroup of Sn 

contracting each coset of the principle to a single vertex 

produces a Schreier coset graph. Discuss the ramifications, 

for the calculation of the characteristic of the extent. 

15-7.) Show that the lead-ins (coset leads) for Plain Bob Minor 

(as is the case for Plain Bob), then 

correspond to a 1-factorization of K 6 .  To what extent 

(i.e. other minor extents, other even values of n) does 

this generalize, and why? 
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incident , 5 
index of an imbedding 129,145 

163 
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induced edge-automorphism 

induced subgraph, 
infinite dihedral group, 
infinite genus, 
infinite graph, 
irregular imbedding, 
isomorphic designs, 
isomorphic graphs, 
isomorphic permutation 

group I 

group I 

20 
7 
87 
85 

6,84 
144 
195 
9 

15 

join , 10 

Kirchoff's Current Law 
(KCL) 130 

Kirchoff Voltage Law 
(KVL) 163 

klein bottle, 41 

labeled graph, 5 
Latin square designs, 199 

length of a walk, 7 
lexicographic product, 10 
lifts, 157 
line graph, 13 
local group, 161 
locally connected graph, 66 
loop I 6 

manifold number of a 
graph, 180 

2-manifold, 39 
closed, 40 
nonorientable, 41 
orientable, 41 
vertex partition 
number of, 119 

n-manifold, 40 
manifold, quotient, 123,130 
map 1 220 

automorphism group of, 221 
automorphism of, 221 
Cayley I 229 
chiral , 250 
complete , 233 
mirror image of, 224 
nonorientable 
symmetrical, 228 , 255 

Paley , 245 
periods of, 233 
reflexible, 224 
self-dual, 239 
strongly symmetric, 244 
symmetrical, 226 

maximal imbedding, 178 

lead-ins , 277 
length of a region, 48 

maximum genus 
of a graph, 64 
of a hypergraph, 211 

maximum nonorientable 
genus , 186 

minimal generating set, 29 
minimal imbedding, 61 
minimums , 266 
mirror image of a map, 224 
mgbius strip, 41 
multigraph, 6 
multiple edge, 6 
multiplicity of branching, 159 

neighborhood of a vertex, 19 

nonorientable genus, 177 
no-call doubles, 272 

nonorientable 2-manifold, 41 
nonorientable symmetrical 

map I 228,255 
nonorientably minimal 

imbedding , 177 

object set, 15 
objects, 189 
octahedron, 50 
open walk, 7 
open unit disk, 39 

order of a graph, 5 
orbits, 15,222 

order of a permutation 
group I 15 

orientable 2-manifold, 41 
orientably simple graph, 180 

Paley graph, 
Paley map, 
Paley tournament, 
palindromic method, 
partially balanced incom- 

plete block design 
(PBIBD) , 

path I 
peal I 
perfect graph, 
periods of a map, 
permutation group, 

degree of, 
equivalence, 
order of, 
regular , 
transitive, 

plain bob, 
planar BIBDs , 
planar extent, 
planar graph, 
planar group, 
planar infinite graph, 
plane graph, 

245 
245 
252 
258 

194 
8 

259 
12 

233 
15 
15 
15 
15 
15 
16 

264 
215 
267 
47 
83 
84 
47 
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Platonic solids, 
point, singular, 
polyhedron, 

reqular , 
3-polytopal graph, 
presentation , 

finite, 
finitely generated, 
finitely related, 
standard , 

prime graph, 
principle, 
product 

car tesian (Cay ley 

Cartesian (graphs) , 
Cartesian (permutation 

direct (groups) , 
direct (permutation 

lexicographic, 
strong tensor , 
wreath , 

projective plane, 
pseudocharacteristic of 

a graph, 
pseudographs, 

imbedded , 
pseudosurface, 

characteristic of, 
chromatic number of, 
generalized, 

color graphs) , 

groups) , 

groups) , 

quadrilateral imbedding, 
quotient constellation, 

5 2  
54 
49 
49 
5 3  
24 
24 
2 4  
24 
32 
1 9  

2 6 1  

3 3  
1 0  

1 7  
3 2  

17  
1 0  

1 7 3  
1 7  
4 1  

7 3  
6 

4 3  
5 4  
5 4  

120 
5 4  
6 2  

1 4 4  
quotient graph, 1 2 8 , 1 3 0  
quotient manifold, 1 2 8 , 1 3 0  

rank of an abelian group, 3 3  
reduced constellation, 1 4 4  

reflection, 224 
reflexible map, 224 

2-cell , 46 
length of, 48 

graph I 11 
regular graph, 9 

regular polyhedron, 49 

redundant generator, 27 

region , 44 

regular complete n-partite 

regular part, 1 3 6  
regular permutation group, 15 

relation , 2 3  
relatively prime graphs, 29 
resolvable design, 1 9 5  
z-resolvable design, 1 9 5  
rotation, 220 

equivalent, 2 2 1  
rotation scheme, 7 3 , 2 1 9  
rounds , 257 

Schreier coset graph, 
second associates, 
self-complementary graph, 
self-dual map, 
side , 
simplest imbedding, 
singular edge, 
singular point, 
singular vertex, 
size of a graph, 
spanning subgraph, 
splitting tree, 
stabilizer, 
standard presentation, 
Steiner triple system, 
stereographic projection, 
strong tensor product, 

313 

30 
1 9 3  
237 
239 
1 4 5  
1 7 6  
1 3 0  

5 4  
54 

5 
7 

66 
222 

32 
1 9 1  

4 5  
1 7 3  

strongly connected digraphs, 2 5  
strongly regular graph, 1 9 3  
strongly symmetric map, 2 4 4  
subdivision, 58 

elementary, 58 
subgraph , 7 

induced , 7 
spanning , 7 

sum, 1 7  
surf ace , 39 

chromatic number of, 1 0 2  
cochromatic number of, 1 2 2  
genus of, 42 
hypergraph chromatic 
number of, 213 

vertex arboricity of, 1 1 8  
symmetrical map, 226 

nonorientable, 228 , 255 

tenor bell, 
tetrahedron, 
thickness, 

toroidal , 
torus , 
toroidal thickness, 
totally disconnected 

tournament, Paley 
trail , 
transitive permutation 

group I 
transversal design, 
treble bell, 
tree , 

splitting, 
triangular imbedding, 
triple system 

Steiner , 
trivial graph, 
q-trivial closed walk, 

graph I 

2-fold, 

257 
50  

7 5 , 7 6  
1 6 8  

4 1  
1 6 8  

10 
252 

8 

1 5  
1 9 5  
257 

43  
66 
6 2  

1 9 0  
1 9 1  

1 9  
181  
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underlying graph, 
r-uniform hypergraph, 
unilaterally connected 

union, 
upper-imbeddable, 

valence , 
vertex , 

digraph, 

neighborhood of, 
singular , 

vertex arboricity 
of a graph, 
of a surface, 

of a graph, 
of a group, 
of a closed 2-manifold, 

voltage graph, 
vortices, theory of, 
walk 

vertex partition number 

closed, 
length of, 
open I 

weakly connected digraph, 
wheel , 
word , 
wreath product, 

6,83 
2 0 5  

2 5  
1 0  
6 5  

1 4 6  
5 

1 9  
5 4  

118 
118 

1 1 9  
1 2 4  
119  
1 6 0  
1 3 6  

7 
7 
7 
7 

26 
5 5  
2 3  
17 




