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Preface to the Second Edition

On general grounds I deprecate prefaces.'
— Winston Churchill

In this edition we have added the following new material: In Chapt. 1 we have added
a section on linear equations, which allows us to present some of the material in the
book in the simpler linear setting. In Chapt. 2 we have made some changes in the
presentation of Kruzkov’s fundamental doubling of variables method. In Chapt. 3
on finite difference methods the focus has been changed to finite volume methods.
A section on higher-order schemes has been added. The section on measure-valued
solutions has been rewritten. The main existence theorem in Chapt. 4, Theorem 4.3,
now resembles the one-dimensional case. The presentation of the solution of the
Riemann problem for systems in Chapt. 5 has been supplemented by the complete
solution of the Riemann problem for the 3 x 3 Euler equations of gas dynamics.
The solution of the Cauchy problem for systems in Chapt. 6 has been rewritten
and simplified. We have added a new chapter, Chapt. 8, on one-dimensional scalar
conservation laws where the flux function depends explicitly on space in a discon-
tinuous manner.

In addition, we have corrected mistakes that we have discovered. Further-
more, we have polished the presentation in several places, and new exercises have
been added. We are grateful to those who have given us feedback, in particu-
lar G.M. Coclite, U. Skre Fjordholm, F. Gossler, K. Grunert, H. Hanche-Olsen,
Espen R. Jakobsen, Qifan Li, S. May, A. Nordli, X. Raynaud, M. Rejske, O. Sete,
K. Varholm, and F. Weber. The extensive help from Olivier Buffet in setting up the
flip cartoons is much appreciated. We are very grateful to David Kramer for careful
copyediting.

Vin The Story of the Malakand Field Force: An Episode of Frontier War (1898).
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Preface to the First Edition

Bce cuacmausvie cemvu noxostcu dpye Ha opyeaa,
Ka#COaA HECHACTNAUCAA CEMbA HECHACTIAUCA NO-CEOEMY.”
— Jlee Toacmoti, Anna Kapernuna (1875)

While it is not strictly speaking true that all linear partial differential equations are
the same, the theory that encompasses these equations can be considered well devel-
oped (and these are the happy families). Large classes of linear partial differential
equations can be studied using linear functional analysis, which was developed in
part as a tool to investigate important linear differential equations.

In contrast to the well-understood (and well-studied) classes of linear partial dif-
ferential equations, each nonlinear equation presents its own particular difficulties.
Nevertheless, over the last forty years some rather general classes of nonlinear par-
tial differential equations have been studied and at least partly understood. These
include the theory of viscosity solutions for Hamilton—Jacobi equations, the theory
of Korteweg—de Vries equations, as well as the theory of hyperbolic conservation
laws.

The purpose of this book is to present the modern theory of hyperbolic conser-
vation laws in a largely self-contained manner. In contrast to the modern theory of
linear partial differential equations, the mathematician interested in nonlinear hy-
perbolic conservation laws does not have to cover a large body of general theory
to understand the results. Therefore, to follow the presentation in this book (with
some minor exceptions), the reader does not have to be familiar with many compli-
cated function spaces, nor does he or she have to know much theory of linear partial
differential equations.

The methods used in this book are almost exclusively constructive, and largely
based on the front-tracking construction. We feel that this gives the reader an intu-
itive feeling for the nonlinear phenomena that are described by conservation laws.
In addition, front tracking is a viable numerical tool, and our book is also suitable
for practical scientists interested in computations.

We focus on scalar conservation laws in several space dimensions and systems
of hyperbolic conservation laws in one space dimension. In the scalar case we first
discuss the one-dimensional case before we consider its multidimensional gen-
eralization. Multidimensional systems will not be treated. For multidimensional

2 All happy families resemble one another, but every unhappy family is unhappy in its own way

(Leo Tolstoy, Anna Karenina). .
ix



X Preface to the First Edition

equations we combine front tracking with the method of dimensional splitting. We
have included a chapter on standard difference methods that provides a brief intro-
duction to the fundamentals of difference methods for conservation laws.

This book has grown out of courses we have given over some years: full-semester
courses at the Norwegian University of Science and Technology, the University of
Oslo, and Eidgenossische Technische Hochschule Ziirich (ETH), as well as shorter
courses at Universitit Kaiserslautern, S.I.S.S.A., Trieste, and Helsinki University of
Technology.

We have taught this material for graduate and advanced undergraduate students.
A solid background in real analysis and integration theory is an advantage, but key
results concerning compactness and functions of bounded variation are proved in
Appendix A.

Our main audience consists of students and researchers interested in analytical
properties as well as numerical techniques for hyperbolic conservation laws.

We have benefited from the kind advice and careful proofreading of various ver-
sions of this manuscript by several friends and colleagues, among them Petter I.
Gustafson, Runar Holdahl, Helge Kristian Jenssen, Kenneth H. Karlsen, Odd Kol-
bjgrnsen, Kjetil Magnus Larsen, Knut-Andreas Lie, Achim Schroll. Special thanks
are due to Harald Hanche-Olsen, who has helped us on several occasions with both
mathematical and TgX-nical issues.

Our research has been supported in part by the BeMatA program of the Research
Council of Norway.

A list of corrections can be found at

http://www.math.ntnu.no/~holden/FrontBook/

Whenever you find an error, please send us an email about it.

The logical interdependence of the material in this book is depicted in the dia-
gram below. The main line, Chapts. 1, 2, 5-7, has most of the emphasis on the
theory for systems of conservation laws in one space dimension. Another pos-
sible track is Chapts. 1-4, with emphasis on numerical methods and theory for
scalar equations in one and several space dimensions. Chapt. 8, on the theory for
one-dimensional scalar conservation laws with spatially depending flux function,
requires only Chapts. 1 and 2.

Chapter 1

Chapter 8 Chapter2 ——  Chapter 3 Chapter 4

Chapter5 |———| Chapter6

Chapter 7

Dependencies among the chapters


http://www.math.ntnu.no/~holden/FrontBook/

Flip Cartoons®

Well, the silent pictures were the purest form of cinema.
— Alfred Hitchcock

We have included four flip cartoons in the book: At the bottom of the odd-numbered
pages (starting from the back) you see the solution of the equation

1
u; + g(us)x =0, u|;=0 = cos(mx),

using a second-order finite difference method, more specifically, the Lax—Wendroff
method with minmod limiter; see (3.43). On the bottom of the even-numbered pages
(starting from the front) you see the fronts in the (x, ¢)-plane for the same problem;
see (2.44).

At at top of the odd-numbered pages (starting from the back) you see the solution
of the Euler equations (5.150) with y = 1.4. The initial data are

3 for|x| <0.5, 2.5 for|x| <0.25,
x| p(.0) — x|

1 otherwise, 1 otherwise,

p(x,0) = v(x,0) =0,

and the data are extended periodically outside the interval (—1, 1). The pressure p
is displayed for ¢ € [0, 1], and the solution is obtained using the Godunov method
with a Roe approximate Riemann solver. We use Ax = 1/250. On the bottom of the
even-numbered pages (starting from the front) you see the fronts in the (x, )-plane
for the same problem; see (6.9).

We do not want now and we shall never want the human voice with our films.
— D.W. Griffiths (1875—1948), movie pioneer

As for readers of the eBook, we refer to Springer’s web site where one can watch
the flip cartoons.

Maybe eBooks are going to take over, one day, but not until those whizzkids in Silicon Valley
invent a way to bend the corners, fold the spine, yellow the pages, add a coffee ring or two
and allow the plastic tablet to fall open at a favorite page.

— R.T. Davies, in foreword to D. Adams’s The Hitchhiker’s Guide to the Galaxy

3 Assistance from Olivier Buffet is much appreciated.
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Chapter 1

Introduction

I have no objection to the use of the term “Burgers’ equation”
for the nonlinear heat equation

(provided it is not written “Burger’s equation”).

— Letter from Burgers to Batchelor (1968)

Hyperbolic conservation laws are partial differential equations of the form

ou
— + V. f(u)=0.
-+ V- fw)
If we write f = (f1,..., fn), x = (x1,X2,...,X,) € R”, and introduce initial

data u at t = 0, the Cauchy problem for hyperbolic conservation laws reads

M+£:if'(u(xt))—0 Ulj—g = U (1.1)
T ‘
In applications, ¢t normally denotes the time variable, while x describes the spatial
variation in m space dimensions. The unknown function u (as well as each f/-) can
be a vector, in which case we say that we have a system of equations, or u and each
J/j can be a scalar. This book covers the theory of scalar conservation laws in several
space dimensions as well as the theory of systems of hyperbolic conservation laws
in one space dimension. In the present chapter we study the one-dimensional scalar
case to highlight some of the fundamental issues in the theory of conservation laws.

We use subscripts to denote partial derivatives, i.e., u,(x,t) = du(x,t)/0t.
Hence we may write (1.1) when m = 1 as
u+ f(u)y =0, ul=0 = uo. (1.2)

If we formally integrate equation (1.2) between two points x; and x,, we obtain
X2 X2
Judx == [ s dx = £ (oo - £ @),
X1 X1

Assuming that u is sufficiently regular to allow us to take the derivative outside the
integral, we get

)
d
E/u(x,t) dx = f(u(x1,t) — f (u(x2,1)). (1.3)
X1
© Springer-Verlag Berlin Heidelberg 2015 1
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2 1 Introduction

This equation expresses conservation of the quantity measured by u in the sense that
the rate of change in the amount of u between x; and x; is given by the difference
in f(u) evaluated at these points.! Therefore, it is natural to interpret f(u) as the
flux density of u. Often, f(u) is referred to as the flux function.

Consider a fluid with density p = p(x,t) and velocity v. Assume that there are
no sources or sinks, so that amount of fluid is conserved. For a given and fixed
bounded domain D C R™, conservation of fluid implies

%/p(x,t) dx = —/(pv) -ndS,, (1.4)
D aD

where 7 is the outward unit normal at the boundary dD of D. If we interchange the
time derivative and the integral on the left-hand side of the equation, and apply the
divergence theorem on the right-hand side, we obtain

/p(x,t)t dx = —/div(pv) dx (1.5)
D D
which we rewrite as
/ (pr + div(pv)) dx = 0. (1.6)
D

Since the domain D was arbitrary, we obtain the hyperbolic conservation law
p: + div(pv) = 0. (1.7)

The above derivation is very fundamental, and only two assumptions are made.
First of all, we make the physical assumption of conservation, and secondly, we as-
sume sufficient smoothness of the functions to perform the necessary mathematical
manipulations. The latter aspect will a recurring theme throughout the book.

As a simple example of a conservation law, consider a one-dimensional medium
consisting of noninteracting particles, or material points, identified by their coordi-
nates y along a line. Let ¢(y,¢) denote the position of material point y at time ¢.
The velocity and the acceleration of y at time ¢ are given by ¢,(y,t) and ¢, (y, ?),
respectively. Assume that for each ¢, ¢ (-, ) is strictly increasing, so that two dis-
tinct material points cannot occupy the same position at the same time. Then the
function ¢ (-, ¢) has an inverse ¥ (-,¢), so that y = ¥ (¢(y,1),t) for all . Hence
x = ¢(y,t) is equivalent to y = ¥ (x,t). Now let u denote the velocity of the
material point occupying position x at time ¢, i.e., u(x,t) = ¢,(¥(x,t),t), or
equivalently, u(¢(y,1),t) = ¢:(y,t). Then the acceleration of material point y at
time 7 1S

¢tt(yvl) = ut(¢(y1t)1t) + ux(d)(yv[)v[)d)t(yvl)
U (x,t) +ue(x,t)u(x, ).

!'In physics one normally describes conservation of a quantity in integral form, that is, one starts
with (1.3). The differential equation (1.2) then follows under additional regularity conditions on u.
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If the material particles are noninteracting, so that they exert no force on each other,
and there is no external force acting on them, then Newton’s second law requires
the acceleration to be zero, giving

u, + (luz) =0. (1.8)
2 X

The last equation, (1.8), is a conservation law; it expresses that u is conserved with
a flux density given by u?/2. This equation is often referred to as the Burgers equa-
tion without viscosity,*> and is in some sense the simplest nonlinear conservation
law.

Burgers’s equation, and indeed any conservation law, is an example of a quasi-
linear equation, meaning that the highest derivatives occur linearly. A general in-
homogeneous quasilinear equation for functions of two variables x and ¢ can be
written

a(x,t,u; +b(x,t,u)u, = c(x,t,u). (1.9

If the coefficients a and b are independent of u, i.e., a = a(x,t), b = b(x,t), we
say that the equation is semilinear, while the equation is linear if, in addition, the
same applies to ¢, i.e., c = c(x, ).

We may consider the solution as the surface S = {(¢,x,u(x,t)) € R?® | (t,x) €
R2} in R3. Let I" be a given curve in R* (which one may think of as the initial
data if ¢ is constant) parameterized by (¢(y),x(y),z(y)) for y in some interval.
We want to construct the surface S C R? parameterized by (¢, x, u(x, ¢)) such that
u = u(x,t) satisfies (1.9) and I" C S. It turns out to be advantageous to consider
the surface S parameterized by new variables (s, y), thus t = 1(s, y), x = x(s,y),
z = z(s, y), in such a way that u(x,t) = z(s, y). We solve the system of ordinary
differential equations

ot ox 0z
S=a o=bh =c (1.10)
with
1(s0,y) = t(y), x(s0,y) = x(¥), z(s0,y) = z(y). (L.11)

In this way we obtain the parameterized surface S = {(¢(s, y), x(s, ), z(s,y) |
(s, y) € R%}. Assume that we can invert the relations x = x(s, y), t = £(s, y) and
write s = s(x,1), y = y(x,t). Then

u(x,1) = z(s(x,1), y(x,1)) (1.12)
satisfies both (1.9) and the condition I" C S. Namely, we have

dz Jdudx  OJu ot
C_g_ag+ag_uxb+uta. (1.13)

2 Henceforth we will adhere to common practice and call it the inviscid Burgers equation.




4 1 Introduction

However, there are many pitfalls in the above construction: the solution (1.10) may
only be local, and we may not be able to invert the solution of the differential equa-
tion to express (s, y) as functions of (x, ¢). These problems are intrinsic to equations
of this type and will be discussed at length.

Equation (1.10) is called the characteristic equation, and its solutions are called
characteristics. This can sometimes be used to find explicit solutions of conserva-
tion laws. In the homogeneous case, that is, when ¢ = 0, the solution u is constant
along characteristics, namely,

d
d—u(x(s,y),t(s,y)) = U Xy + Uty = ub +ua =0. (1.14)
s

<> Example 1.1
Consider the (quasi)linear equation

u; — xu, = —2u, u(x,0)=x,
with associated characteristic equations

ot 1 0x 0z 5
—=1, —=-x, —=-2z
as as as

The general solution of the characteristic equations reads

t=to+s, x=uxpe°, z=zpe >,

Parameterizing the initial data fors = 0bys = 0, x = y, and z = y, we obtain

t=s, x=ye”’, z=ye ¥,

which can be inverted to yield
u=u(x,1)=1z(s,y)=xe". &

<> Example 1.2
Consider the (quasi)linear equation

xu,—t*uy = 0. (1.15)
Its associated characteristic equation is

Jat _ dax )

R

This has solutions given implicitly by x2/2 + ¢*/3 equals a constant, since after
all, (x%/2 + t3/3)/ds = 0, so the solution of (1.15) is any function ¢ of x2/2 +
t3/3,ie, u(x,t) = @(x*/2 + t3/3). For example, if we wish to solve the initial
value problem (1.15) with u(x,0) = sin|x/|, then u(x,0) = @(x2/2) = sin|x|.
Consequently, ¢(¢) = sin 4/2¢ with { > 0, and the solution u is given by

u(x,t) = sin /x2 +2¢3/3, t>0. &
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<> Example 1.3 (Burgers’s equation)
If we apply this technique to Burgers’s equation(1.8) with initial data u(x,0) =
up(x), we get that

dt 8x_ d 82_0
s 9 MY % T

with initial conditions #(0, y) = 0, x(0, y) = y, and z(0, y) = u(y). We cannot
solve these equations without knowing more about u, but since u (or z) is constant
along characteristics, cf. (1.14), we see that the characteristics are straight lines. In
other words, the value of z is transported along characteristics, so that

(s.y) =5, x(s,y)=y+sz=y+sug(m, z(s.y) =uo(y).

We may write this as
x =y +uo(yt. (1.16)

If we solve this equation in terms of y = y(x,?), we can use y to obtain u(x,t) =
z(s,y) = up(y(x,1)), yielding the implicit relation

u(x,t) = uolx —u(x,1)t). (1.17)

Given a point (x, ), one can in principle determine the solution u = u(x, t) from
equation (1.17). By differentiating equation (1.16) we find that

8_x =14 tuy(y). (1.18)
dy

Thus a solution certainly exists for all ¥ > 0if u;, > 0, since x is a strictly increasing
function of 7 in that case. On the other hand, if u,(X¥) < 0 for some X, then a solution
cannot be found for r > t* = —1/uy(X). For example, if uo(x) = — arctan(x),
there is no smooth solution for # > 1.

What actually happens when a smooth solution cannot be defined? From (1.18)
we see that for 1 > ¢*, there are several y that satisfy (1.16) for each x, since x
is no longer a strictly increasing function of y. In some sense, we can say that the
solution u is multivalued at such points. To illustrate this, consider the surface in
(¢, x,u)-space parameterized by s and y,

(s, y + suo(y), uo(n)) .

Let us assume that the initial data are given by ug(x) = —arctan(x) and z, = 0.
For each fixed #, the curve traced out by the surface is the graph of a (multivalued)
function of x. In Fig. 1.1 we see how the multivaluedness starts at t = 1 when the
surface “folds over,” and that for # > 1 there are some x that have three associated
u values. To continue the solution beyond t = 1 we have to choose among these
three u values. In any case, it is impossible to continue the solution and at the same
time keep it continuous. <&

Now we have seen that no matter how smooth the initial function is, we cannot
expect to be able to define classical solutions of nonlinear conservation laws for
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Fig. 1.1 A multivalued solu-
tion

"¢ “‘, il
“\“W{"'l"fatl'
RS

all time. In this case we have to extend the concept of solution in order to allow
discontinuities.

The standard way of extending the admissible set of solutions to partial differen-
tial equations is to look for weak solutions rather than so-called classical solutions,
by introducing distribution theory. Classical solutions are sufficiently differentiable
functions such that the differential equation is satisfied for all values of the inde-
pendent arguments. However, there is no unique definition of weak solutions. In the
context of hyperbolic conservation laws we do not need the full machinery of dis-
tribution theory, and our solutions will be functions that may be nondifferentiable.

In this book we use the following standard notation: C’(U) is the set of i times
continuously differentiable functions on a set U € R”, and Coi (U) denotes the set
of such functions that have compact support in U. Then C*(U) = (2, C'(U),
and similarly for C5°. Where there is no ambiguity, we sometimes omit the set U
and write only C°, etc.

If we have a classical solution to (1.2), we can multiply the equation by a function
¢ =p(x,t) € C*(R x [0, 00)), called a test function, and integrate by parts to get

)
Il
c"\g

[ g+ farsg) dxd
R

—//(ugo, + fu)ey) dxdt—/u(x,O)qo(x,O)dx.
0

R R

Observe that the boundary terms at # = oo and at x = oo vanish, since ¢ has
compact support, and that the final expression incorporates the initial data. Now we
define a weak solution of (1.2) to be a measurable function u(x, ¢) such that

//(u(p, + f(u)py) dxdt —|—/u0go(x,0) dx =0 (1.19)
0 R

R

holds for all ¢ € C5°(R x [0, 00)). We see that the weak solution u is no longer
required to be differentiable, and that a classical solution is also a weak solution.
We will spend considerable time in understanding the constraints that the equation
(1.19) puts on u.
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We employ the usual notation that for p € [0, co), L?(U) denotes the set of all
measurable functions F': U — R such that the integral

/|F|”dx
U

is finite. The set L?(U) is equipped with the norm

1/p

IEl, = NFr = NF o) = /IFI"dx
U

If p = oo, L°°(U) denotes the set of all measurable functions F such that
esssupy | F|

is finite. The space L°°(U) has the norm || F||,, = esssupy, | F|. As is well-known,
the spaces L”(U) are Banach spaces for p € [1, 00], and L?(U) is a Hilbert space.
In addition, we will frequently use the spaces

LY (U)={f:U—R| f e L?(K) for every compact set K C U}.

So what kind of discontinuities are compatible with (1.19)? If we assume that u is
constant outside some finite interval, the remarks below (1.2) imply that

% / u(x,t)dx = 0.

Hence, the total amount of u is independent of time, or equivalently, the area below
the graph of u(-, 1) is constant.

< Example 1.4 (Burgers’s equation (cont’d.))
We now wish to determine a discontinuous function such that the graph of the func-
tion lies on the surface given earlier with u(x,0) = — arctan x. Furthermore, the
area under the graph of the function should be equal to the area between the x-axis
and the surface. In Fig. 1.2 we see a section of the surface making up the solution for
t = 3. The curve is parameterized by x,, and explicitly given by u = — arctan (x),
x = xo — 3arctan (x).

The function u is shown by a thick line, and the surface is shown by a dotted
line. A function u(x) that has the correct integral, [udx = [ugdx, is easily

Fig. 1.2 Different solutions with u conserved
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Fig. 1.3 An isolated discon-
tinuity

t z(t)

found by making any cut from the upper fold to the middle fold at some negative
x. with x. > —+/2, and then making a cut from the middle part to the lower part
at —x.. We see that in all cases, the area below the thick line is the same as the
area bounded by the curve (x (xg) , u (x¢)). Consequently, conservation of u is not
sufficient to determine a unique weak solution. <&

Let us examine what kind of discontinuities are compatible with (1.19) in the
general case. Assume that we have an isolated discontinuity that moves along
a smooth curve I':x = x(t). The discontinuity being isolated means that the
function u(x, ) is differentiable in a sufficiently small neighborhood of x(¢) and
satisfies equation (1.2) classically on each side of x(z). We also assume that u is
uniformly bounded in a neighborhood of the discontinuity.

Now we choose a neighborhood D around the point (x(¢), t) and a test function
¢(x,t) whose support lies entirely inside the neighborhood. The situation is as
depicted in Fig. 1.3. The neighborhood consists of two parts D; and D,, and is
chosen so small that u is differentiable everywhere inside D except on x (¢). Let D
denote the set of points

Df = {(x.1) € D; | dist((x,1), (x(2).1)) > &}.

The function u is bounded, and hence

0= / (uy + f()y) dx di = lim / (s + fa)dy) dxdr.  (1.20)
D D{UDS

Since u is a classical solution inside each D;, we can use Green’s theorem and
obtain

/ (s + F)py) dx di = / (s + fG0bs + (s + [ ))$) dx di

Df Df
- / (i), + (fa)P),) dx di
DE

- / @,.9,) - (f). ud) dx dt

= /¢(f(u),u) “n; ds. (1.21)

D¢
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Here n; is the outward unit normal at dD?. But ¢ is zero everywhere on dD; except
in the vicinity of x (). Let I';® denote this part of dD;. Then

gg/¢uwmymw=/¢kwﬂ0+mdf
Iy !

—— [#uxo+ 1) ar
1

for some suitable time interval /. Here u; denotes the limit of u(x,7) as x — x(¢)—,
and u, the limit as x approaches x (¢) from the right, i.e., u, = limy_ )+ u(x,1).
Similarly, f; = f(u;) and f, = f(u,). The reason for the difference in sign is that
according to Green’s theorem, we must integrate along the boundary counterclock-
wise. Therefore, the positive sign holds fori = 1, and the negative fori = 2. Using
(1.20) we obtain (slightly abusing notation by writing u(¢) = u(x(t),t), etc.)

/¢>[— (i (1) = u, (1)) X' (1) + (fi() = £r(@)] dt = 0.
1

Since this is to hold for all test functions ¢, we must have

s, —u)) = f, — f, (1.22)
where s = x'(¢). This equality is called the Rankine—Hugoniot condition or the
Jjump condition, and it expresses conservation of u across jump discontinuities. It is
common in the theory of conservation laws to introduce a notation for the jump in
a quantity. Write

[a] = a, — a (1.23)

for the jump in any quantity a. With this notation the Rankine—Hugoniot relation
takes the form

s[u] =[/]. (1.24)

<> Example 1.5 (Burgers’s equation (cont’d.))
For Burgers’s equation we see that the shock speed must satisfy

D _ i)
[u] 2w, —uy) 2

(u; + ur) .

Consequently, the left shock in parts a and b in Fig. 1.2 above will have greater
speed than the right shock, and will, eventually, collide. Therefore, solutions of
type a or b cannot be isolated discontinuities moving along two trajectories starting
att = 1. Type c yields a stationary shock. &
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< Example 1.6 (Traffic flow)

I am ill at these numbers.
— W. Shakespeare, Hamlet (1603)

Rather than continue to develop the theory, we shall now consider an example of
a conservation law in some detail. We will try to motivate how a conservation law
can model the flow of cars on a crowded highway.

Consider a road consisting of a single lane, with traffic in one direction only.
The road is parameterized by a single coordinate x, and we assume that the traffic
moves in the direction of increasing x.

Suppose we position ourselves at a point x on the road and observe the number
of cars N = N(x,t,h) in the interval [x,x 4 &]. If some car is located at the
boundary of this interval, we account for that by allowing N to take any real value.
If the traffic is dense, and if 4 is large compared with the average length of a car,
but at the same time small compared with the length of our road, we can introduce
the density given by

N(x,t.h)
—

1) =1li
p(x,1) lim

Then N(x,2,h) = [ p(y,1)dy.

Let now the position of some vehicle be given by r(¢), and its velocity by
v(r(t),t). Considering the interval [a, b], we wish to determine how the number
of cars changes in this interval. Since we have assumed that there are no entries
or exits on our road, this number can change only as cars are entering the interval
from the left endpoint, or leaving the interval at the right endpoint. The rate of cars

passing a point x at some time ¢ is given by

v(x,t)p(x,t).
Consequently,

b

d
— . 0)pb.1) —v(a.t)pla,1)) = E/p(y,t) dy.

a

Comparing this with (1.3) and (1.2), we see that the density satisfies the conserva-
tion law

pr + (pv), = 0. (1.25)

In the simplest case we assume that the velocity v is given as a function of the
density p only. This may be a good approximation if the road is uniform and does
not contain any sharp bends or similar obstacles that force the cars to slow down. It
is also reasonable to assume that there is some maximal speed vy, that any car can
attain. When traffic is light, a car will drive at this maximum speed, and as the road
gets more crowded, the cars will have to slow down, until they come to a complete
standstill as the traffic stands bumper to bumper. Hence, we assume that the velocity
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v is a monotone decreasing function of p such that v(0) = v, and v (Pmax) = O. W
The simplest such function is a linear function, resulting in a flux function given by —

f(p)zvpzpvmax(l— P ) (1.26)

pmax

For convenience we normalize by introducing ¥ = p/pmax and X = vyaxx. The
resulting normalized conservation law reads

u, + (u(l —u)), =0. (1.27)

Setting u = % — u, we recover Burgers’s equation, but this time with a new inter-
pretation of the solution.
Let us solve an initial value problem explicitly by the method of characteristics

described earlier. We wish to solve (1.27), with initial function u((x) given by

forx < —a,
up(x) = u(x,0) = —x/(4a) for—a <x <a,

fora < x.

Bl= = AW

The characteristics satisfy #'(§) = 1 and x'(§) = 1 — 2u(x(§),¢(£)). The solution
of these equations is given by x = x(¢), where

xXo—1/2 for xg < —a,
x(t) = {xo + xot/(2a) for—a < xy < a,
Xo+1t/2 fora < xy.

Inserting this into the solution u(x, ) = ug (xo(x, 1)), we find that

forx <—a-—t/2,
—x/(4a+2t) for—a—t/2<x<a+1t/2,
fora +1/2 < x.

u(x,t) =

Bl= NI= B

This solution models a situation in which the traffic density initially is small for
positive x, and high for negative x. If we let a tend to zero, the solution reads

% forx < —t/2,
u(x,t) = {1 —x/@2t) for—1/2<x<1t/2,
i forz/2 < x.

As the reader may check directly, this is also a classical solution everywhere except
at x = £ /2. It takes discontinuous initial values:

forx <O,

u(x,0) = (1.28)

PN

otherwise.
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This initial function may model the situation when a traffic light turns green at
t = 0. The density of cars facing the traffic light is high, while on the other side of
the light there is a small constant density.

Initial value problems of the kind (1.28), where the initial function consists of
two constant values, are called Riemann problems. We will discuss Riemann prob-
lems at great length in this book.

If we simply insert u; = % and u, = % in the Rankine—Hugoniot condition
(1.22), we find another weak solution to this initial value problem. These left and
right values give s = 0, so the solution found here is simply u,(x,7) = ug(x).
A priori, this solution is no better or worse than the solution computed earlier. But
when we examine the situation the equation is supposed to model, the second so-
lution u, is unsatisfactory, since it describes a situation in which the traffic light is
green, but the density of cars facing the traffic light does not decrease!

In the first solution the density decreased. Examining the model a little more
closely, we find, perhaps from experience of traffic jams, that the allowable dis-
continuities are those in which the density is increasing. This corresponds to the
situation in which there is a traffic jam ahead, and we suddenly have to slow down
when we approach it.

When we emerge from a traffic jam, we experience a gradual decrease in the
density of cars around us, not a sudden jump from a bumper to bumper situation to
a relatively empty road.

We have now formulated a condition, in addition to the Rankine—Hugoniot con-
dition, that allows us to reduce the number of weak solutions to our conservation
law. This condition says that every weak solution u has to increase across dis-
continuities. Such conditions are often called entropy conditions. This terminology
comes from gas dynamics, where similar conditions state that the physical entropy
has to increase across any discontinuity.

Let us consider the opposite initial value problem, namely,

forx <0,
up(x) =

ENTSSENNH

for x > 0.

Now the characteristics starting at negative x¢ are given by x (¢) = xo+1/2, and the
characteristics starting on the positive half-line are given by x(¢) = xo — /2. We
see that these characteristics immediately will run into each other, and therefore the
solution is multivalued for every positive time ¢. Thus there is no hope of finding
a continuous solution to this initial value problem for any time interval (0, §), no
matter how small § is. When inserting the initial values u; = i and u, = % into
the Rankine—Hugoniot condition, we see that the initial function is already a weak
solution. This time, the solution increases across the discontinuity, and therefore
satisfies our entropy condition. Thus, an admissible solution is given by u(x,t) =
uo(x )

Now we shall attempt to solve a more complicated problem in some detail. As-
sume that we have a road with a uniform density of cars initially. At ¢# = 0 a traffic
light placed at x = 0 changes from green to red. It remains red for some time inter-
val At, then turns green again and stays green thereafter. We assume that the initial
uniform density is given by u = %, and we wish to determine the traffic density for
t>0.
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When the traffic light initially turns red, the situation for the cars to the left of
the traffic light is the same as when the cars stand bumper to bumper to the right of
the traffic light. So in order to determine the situation for ¢ in the interval [0, At),
we must solve the Riemann problem with the initial function

1o 0
ub(ry =12 rF = (1.29)
1 forx > 0.

For the cars to the right of the traffic light, the situation is similar to the situation in
which the traffic abruptly stopped at # = 0 behind the car located at x = 0. There-
fore, to determine the density for x > 0 we have to solve the Riemann problem
given by

f
up(x) = %? orx <0, (1.30)

3 for x > 0.

Returning to (1.29), here u is increasing over the initial discontinuity, so we can try
to insert this into the Rankine—Hugoniot condition. This gives

fr— 11

§ = —

4"
up—u; -1 2

Therefore, an admissible solution for x < 0 and ¢ in the interval [0, At) is given by

1

5t < —t/2,
PP | or x /

1 forx > —t/2.

This is indeed close to what we experience when we encounter a traffic light. We
see the discontinuity approaching as the brake lights come on in front of us, and the
discontinuity has passed us when we have come to a halt. Note that although each
car moves only in the positive direction, the discontinuity moves to the left.

In general, we have to deal with three different speeds when we study conser-
vation laws: the particle speed, in our case the speed of each car; the characteristic
speed; and the speed of a discontinuity. These three speeds are not equal if the con-
servation law is nonlinear. In our case, the speed of each car is nonnegative, but both
the characteristic speed and the speed of a discontinuity may take both positive and
negative values. Note that the speed of an admissible discontinuity is less than the
characteristic speed to the left of the discontinuity, and larger than the characteristic
speed to the right. This is a general feature of admissible discontinuities.

It remains to determine the density for positive x. The initial function given by
(1.30) also has a positive jump discontinuity, so we obtain an admissible solution
if we insert it into the Rankine—Hugoniot condition. Then we obtain s = %, so the
solution for positive x is

0 forx <t/2,

% forx >1/2.

u (x,t) =
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Piecing together u’ and u”, we find that the density u in the time interval [0, At)
reads

% for x < —t/2,
(x.0) 1 for—t/2<x <0, [ € 0. A1)
u(x,t) = , .
0 for0<x <t/2,
1 fort/2 <x,

What happens for # > At? To find out, we have to solve the Riemann problem

1 forx <0,

u(x, At) =
0 forx > 0.
Now the initial discontinuity is not acceptable according to our entropy condition,
so we have to look for some other solution. We can try to mimic the example above
in which we started with a nonincreasing initial function that was linear on some
small interval (—a, a). Therefore, let v(x, t) be the solution of the initial value prob-
lem

v, + (U(l - v))x O’

forx < —a,

v(x,0) = vy(x) = —x/Qa) for—a <x <a,

S NI= =

fora < x.

As in the above example, we find that the characteristics are not overlapping, and
they fill out the positive half-plane exactly. The solution is given by v(x,t) =

vo (x0(x,1)):

forx < —a —t,
—x/QRa+2t) for—a—t<x<a-+t,

fora +1t < x.

v(x,t) =

S wl= =

Letting @ — 0, we obtain the solution to the Riemann problem with a left value 1
and a right value 0. For simplicity we also denote this function by v(x, ).

This type of solution can be depicted as a “fan” of characteristics emanating
from the origin, and it is called a centered rarefaction wave, or sometimes just
a rarefaction wave. The origin of this terminology lies in gas dynamics.

We see that the rarefaction wave, which is centered at (0, Az), does not imme-
diately influence the solution away from the origin. The leftmost part of the wave
moves with a speed —1, and the front of the wave moves with speed 1. So for some
time after At, the density is obtained by piecing together three solutions, u’(x, ),
v(x,t — At),and u” (x,1).

The rarefaction wave will of course catch up with the discontinuities in the so-
lutions u’ and u”. Since the speeds of the discontinuities are T %, and the speeds of
the rear and the front of the rarefaction wave are F1, and the rarefaction wave starts
at (0, At), we conclude that this will happen at (FA¢,2A¢).
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Fig. 1.4 A traffic light on a single road. 7o the left we show the solution in (x, ¢), and fo the right
the solution u(x, t) at three different times ¢

It remains to compute the solution for # > 2Atz. Let us start with examining
what happens for positive x. Since the u values that are transported along the char-
acteristics in the rarefaction wave are less than %, we can construct an admissible
discontinuity using the Rankine—Hugoniot condition (1.22). Define a function that
has a discontinuity moving along a path x(¢). The value to the right of the disconti-
nuity is %, and the value to the left is determined by v(x, # — At). Inserting this into

(1.22), we get

1 1 1 ¢
i~ (E + 2(zfm)) (E - 2(;3Az)) X

1 1 5 T 20— AN
2 (E - 2([—’CAI)> ( )

xX'(@t)y=s=

Since x (2At) = At, this differential equation has solution

xi () = VALt — At).

The situation is similar for negative x. Here, we use the fact that the u values in
the left part of the rarefaction fan are larger than % This gives a discontinuity with
a left value % and right values taken from the rarefaction wave. The path of this
discontinuity is found to be x_(¢) = —x ().

Now we have indeed found a solution that is valid for all positive time. This
function has the property that it is a classical solution at all points x and ¢ where
it is differentiable, and it satisfies both the Rankine—Hugoniot condition and the

entropy condition at points of discontinuity. We show this weak solution in Fig. 1.4,
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both in the (x, t)-plane, where we show characteristics and discontinuities, and u
as a function of x for various times. The characteristics are shown as gray lines,
and the discontinuities as thicker black lines. This concludes our example. Note
that we have been able to find the solution to a complicated initial value problem
by piecing together solutions from Riemann problems. This is indeed the main idea
behind front tracking, and a theme to which we shall give considerable attention in
this book. &

1.1 Linear Equations

I don’t make unconventional stories;
I don’t make nonlinear stories.

1 like linear storytelling a lot.

— Steven Spielberg

We now make a pause in the exposition of nonlinear hyperbolic conservation laws
and take a brief look at linear transport equations. Many of the methods and con-
cepts introduced later in the book are much simpler if the equations are linear.

Let v € R be an unknown scalar function of x € R and ¢ € [0, 0o) satisfying
the Cauchy problem

u, +au, =0, xeR, r>0,
u(x,0) = up(x),

(1.31)

where a is a given (positive) constant, and u is a known function. Recall the theory
of characteristics. Since this case is particularly simple, we can use ¢ as a parameter,
and we will here use (¢, x) rather than (s, y) as parameters. Thus the characteristics
x = &(t; x¢) are defined as

d
—&(t;x0) = a, £(0;x0) = xo,
dt
with solution
£(t; x9) = at + xg.

We know that %u (E(t;x0),t) = 0, and thus u(£(t; x0), ) = u(£(0;xp),0) =
u(xg,0) = up(xp). We can use the solution of & to write

u(at + xo,t) = up(xp).
If we set x = at + x, i.e., xo = x — at, we get the solution formula
u(x,t) = up(x —at).

Thus (1.31) expresses that the initial function u is transported with a constant ve-
locity a.
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The same reasoning works if now a = a(x,t), where the map x — a(x,t)
is Lipschitz continuous for all z. In this case let u = u(x,?) satisfy the Cauchy
problem

u;+alx,Hu, =0, xR, t>0,

(1.32)
u(x,0) = up(x).

First we observe that this equation is not conservative, and the interpretation of
a(x,t)u is not the flux of u across a point. Now let £(z; xo) denote the unique
solution of the ordinary differential equation

d
Eé(ﬁxo) =a(§(t:x0). 1), §(0;x0) = xo. (1.33)
By the chain rule we also now find that

ou Jdu d

%M Ex0).0) = o= + -8 x0) = ui§.1) +a.Du.(E.1) = 0.

Therefore u(£(¢; xo),t) = uo(xp). In order to get a solution formula, we must solve
x = £(t; xo) in terms of xy, or equivalently, find a function £(z; x) that solves the
backward characteristic equation,

%Z(t;x) =—a(l(t;x),t —1), ¢(0;x)=x. (1.34)
Then
d
EU(C(T,X)J -1) =0,

which means that u(x, 1) = u(£(0; x), 1) = u((t; x),0) = up(¢(z; x)).

< Example 1.7
Let us study the simple example with a(x,¢) = x. Thus

u; + xu, =0, u(x,0) = up(x).

Then the characteristic equation is

Te=t t0)=x.
with solution
E(t:x0) = xoe'.
Solving &(t; x9) = x in terms of x, gives xo = xe™’, and thus

u(x, 1) = ug (xe™). <&
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0.6

0.4

0.2

Fig. 1.5 Characteristics in the (x, ¢)-plane for (1.35)

<> Example 1.8
Let us look at another example:

0 x<0,
a(x) =3x 0<x<I, (1.35)
1 1<x.
In this case the characteristics are straight lines £(¢;x9) = x¢ if xo < 0, and

£(t;x0) = xo + t if xo > 1. Finally, whenever 0 < xo < 1, the characteristics
are given by

! t<-—1 ,
E(ixg) = =it
14+ ¢+ 1In(xg) ¢ > —In(xp).

See Fig. 1.5 for a picture of this. In this case a is increasing in x, and therefore
the characteristics are no closer than they were initially. Since u is constant along
characteristics, this means that

max |uy(x, )| < max [uy(x)].
X X

If a is decreasing, such a bound cannot be found, as the next example shows. &
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Fig. 1.6 The characteristics for (1.36)

< Example 1.9
Let now
1 x <0,
alx)=491—-x 0<x<lI, (1.36)
0 1 < x.

In this case the characteristics are given by

Xo + 1, r < —Xy,
(t+x0) Yo < O’
1—e™ t > —Xxo,
£(t;x0) =
1—(1—xp)e™ 0<x<1,
X0 1 < xo.

See Fig. 1.6 for an illustration of these characteristics. Let now x( be in the interval
(0, 1), and assume that u is continuously differentiable. Since u is constant along
characteristics, u( -, ¢) is also continuously differentiable for all # > 0. Thus

ad &

ug(xo) = ——u(§(t:x0), 1) = ux(§(t3x0), 1) =,

aX() aX()
which, when xo € (0, 1), implies that u,(x, 1) = uy(xo)e’ for x = £(¢; x¢). From
this we see that the only bound on the derivative that we can hope for is of the type

max |u,(x,7)| < e’ max |ug(x)]. &
X X
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Numerics (I)

If we (pretend that we) do not have the characteristics, and still want to know the
solution, we can try to approximate it by some numerical method.
To this end we introduce approximations to the first spatial derivative

u(x) —u(x — Ax)

D_u(x) = Ax ,
Dou(x) = u(x + AAx)z - u(x)’ and
Dou(x) = u(x + Ax;A—xu(x - Ax)’

where Ax is a small positive number. When we deal with numerical approxi-
mations, we shall always use the notation u;(¢) to indicate an approximation to
u(j Ax,t) for some integer j. We also use the notation

. 1 Ax
Xj = JAX, Xjr1p = (J =+ E)Ax =x; £ -

Now consider the case in which a is a positive constant. As a semidiscrete numer-
ical scheme for (1.31) we propose to let u; solve the (infinite) system of ordinary
differential equations

ui(t) +aD_u;(t) =0, u;(0) = up(x;). (1.37)

We need to define an approximation to u(x, ) for every x and ¢, and we do this by
linear interpolation:

uay(x,1) = u;(t) + (x —x;) D_uji1(r), forx € [x;,x)41). (1.38)

We want to show that (a) u, converges to some function # as Ax — 0, and (b) the
limit u solves the equation.

If ug is continuously differentiable, we know that a solution to (1.31) exists (and
we can find it by the method of characteristics). Since the equation is linear, we
can easily study the error ea(x,?) = u(x,t) — ua,(x,t). In the calculation that
follows, we use the following properties:

Diu;j—D_u;j =AxDyD_ujand D_u; ; = D u;.

Inserting the error term e, into the equation, we obtain for x € (x;, x;41),

—eax t+ i = —gu - iu
9t Ax a axeAx - 9t Ax —da 9x Ax
= —E [Mj(t) + (X —X/') D_Uj+1(t)] —CZD_M/'_H(t)

= —u (1) = (x — x;) D, (1) —aDyu;(r)
=aD_u;(t)—aD,u;(t) +a(x —x;) D_D_u;4(t)
=—aAxD.D_u;(t) +a(x—x;) D:D_u; (1)

=a ((x - xj) - Ax) D D_u;(t).
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Next let fa, be defined by
fax(x,1) =a((x —x;) — Ax) Dy D_u;(t) forx € [x;,x;41),
so that
(eax); +a(eax)y = fax- (1.39)

Using the method of characteristics on this equation gives (see Exercise 1.3)
t
ear(r) = eax(v —at0) + [ fu(x—alt=)9)ds. (140
0

(Here we tacitly assume uniqueness of the solution.) Hence we get the bound

leax(x, 1) < supleax(x, 0)| + 7 || faxll oo ®xos) - (1.41)

In trying to bound fa, note first that
| fax(x.0)] < Axa |D_Du;(1)|,
so fax tends to zero with Ax if D_D_u; is bounded. Writing w; = D_D_u; and
applying D_D to (1.37), we get
wi (1) +aD_ (w;) =0, w;(0) = D_D up(x).

Now it is time to use the fact that a > 0. To bound w;, observe that if w; < w;_j,
then D_w; < 0. Hence, if w;(t) < w;_;(¢), then

d
ij(t) =—aD_w;(t) = 0.

Similarly, if for some ¢, w; () > w;_(¢), then w} (#) < 0. This means that

infug(x) < irlng_DJruk(O) < w;(t) < sup D_D u;(0) < supug(x).
x k X

Thus w; is bounded if u; is Lipschitz continuous. Note that it is the choice of
the difference scheme (1.37) (choosing D_ instead of D or D) that allows us to
conclude that we have a bounded approximation. It remains to study ea, (x, 0). For
X € [x;,xj4+1),

— X
Ax

<2Ax max |uy(x)].
X€[xj,xj41]

leax(x,0)] = ‘Mo(x) —up(x;) — al (uo(xj41) — “O(XJ))‘

Then we have proved the bound

[uax(x, 1) —u(x,1)] < Ax (2 ol ey + 1@ ”ug“LOO(R)) ; (1.42)

for all x and ¢ > 0.

Strictly speaking, in order for this argument to be valid, we have implicitly as-
sumed in (1.40) that equation (1.39) has only the solution (1.40). This brings us to
another topic.




22 1 Introduction
Entropy Solutions (I)

You should call it entropy ... [since] ... no one knows what entropy really is,
so in a debate you will always have the advantage.’
— John von Neumann

Without much extra effort, we can generalize slightly, and we want to ensure that
the equation

u; +alx,Hu, = f(x,t) (1.43)

has only one differentiable solution. If we let the characteristic curves be defined by
(1.33), a solution is given by (see Exercise 1.3)

u (§(7:x0), 1) = uo(xo) +/f(%'(s;xo),S) ds.
0

In terms of the inverse characteristic ¢ defined by (1.34) this formula reads (see
Exercise 1.3)

u(xa1) = o (£(6:3)) + / F@@x.i—) d.
0

If uy is differentiable and f is bounded, this formula gives a differentiable function
u(x,t).

Now we can turn to the uniqueness question. Since (1.43) is linear, to prove
uniqueness means to show that the equation with f = 0 and uy = 0 has only the
zero solution. Therefore, we consider

u; +a(x,t)u, =0.

Now let n(u) be a differentiable function, and multiply the above by 7' (u) to get

0 ad
0= =) +az-n(u) = 1) + (@) - axn).
X

Assume that 7(0) = 0 and n(u) > 0 for u # 0, and that |a,(x,t)| < C for all x
and 7. If n(u(-,t)) is integrable, then we can integrate this to get

d
E/n(u(x,t)) dx = /ax(x,t)n(u(x,t)) dx < C/n(u(x,t)) dx.
R

R R

By Gronwall’s inequality (see Exercise 1.10),

/ Mu(x. 1)) dx < o€ / 1o () dx.

R R

3In a discussion with Claude Shannon about Shannon’s new concept called “entropy.”
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If ug = 0, then n(up) = 0, and we must have u(x,t) = 0 as well. We have shown
that if n(uy) is integrable for some differentiable function n with 7(0) = 0 and
n(u) > 0 for u # 0, and a, is bounded, then (1.43) has only one differentiable
solution.

Frequently, the model (1.43) (with f identically zero) is obtained by the limit of
a physically more realistic model,

u; +alx, t)ul, = eul, (1.44)
as ¢ becomes small. You can think of #° as the temperature in a long rod moving
with speed a. In this case ¢ is proportional to the heat conductivity of the rod.
Equation (1.44) has more regular solutions than the initial data u (see Appendix B).
If we multiply this equation by 7'(u¢), where n € C2(R) is a convex function, we
get

N, +an @), = @)ul), —en’ @) @)’

The function 7 is often called an entropy. The term with (ui)2 is problematic when
e — 0, since the derivative will not be square integrable in this limit. For linear
equations the integrability of this term depends on the integrability of this term
initially. However, for nonlinear equations, we have seen that jumps can form inde-
pendently of the smoothness of the initial data, and the limit of u¢ will in general
not be square integrable.

The key to circumventing this problem is to use the convexity of 7, that is,
n”(u) > 0, and hence en” (u®) (ufc)2 is nonnegative, to replace this term by the
appropriate inequality. Thus we get that

0 (), + (an @), —axn ) < e (' @)uy), . (1.45)
Now the right-hand side of (1.45) converges to zero weakly.* We define an entropy

solution to be the limit ¥ = lim,_,o #° of solutions to (1.44) as ¢ — 0. Formally, an
entropy solution to (1.43) should satisfy (reintroducing the function f)

n(u), + (an(u)) —axn(u) < n'(u) f(x,1), (1.46)

for all convex functions n € C2?(R). We shall see later that this is sufficient to
establish uniqueness even if ¥ is not assumed to be differentiable.

Numerics (II)

Let us for the moment return to the transport equation

u;, +a(x,t)u, =0. (1.47)

4 That is, & [fRxo.0) Px1 (W*)us dx dt — 0 as e — 0 for any test function ¢.
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We want to construct a fully discrete scheme for this equation, and the simplest such
scheme is the explicit Euler scheme,

Dfru;? +ajD_u} =0, n>0, (1.48)
and u? = uo(x;). Here D} denotes the discrete forward time difference

u(t + At) —u(t)

Dlu(t) =
4u(0) At

and u;’ is an approximation of u(x;,1,), with t, = nAt, n > 0. Furthermore, a}’
denotes some approximation of a(x;,?,), to be determined later. We can rewrite
(1.48) as

where A = At/Ax.?

Let us first return to the case that a is constant. We can then use von Neumann
stability analysis. Assume that the scheme produces approximations that converge
to a bounded solution for almost all x and ¢; in particular, assume that u;? is bounded
independently of Ax and At. Consider the periodic case. We make the ansatz that
uj = a"el 2 with i = /=1 (the equation is linear, so we might as well expand

the solution in a Fourier series). Inserting this into the equation for u;’H, we get
oLl Y — oneiidx _ g (aneiij _ anei(j—l)Ax)
="V (1 — da(l — e '2Y)),
so that
a =1—2Aa(l —cos(Ax) + i sin(Ax)).

If || < 1, then the sup-norm estimate will hold also for the solution generated by
the scheme. In this case the scheme is called von Neumann stable.
We calculate

> =1+22%2—2Xa(l + (1 — Aa) cos(Ax))

=1—-2aA (1 —ak) (1 —cos(Ax)).

|ov

This is less than or equal to 1 if and only if aA(1 —aA) > 0. Thus we require
0<ia =1 (1.49)

This relationship between the spatial and temporal discretization (as measured by 1)
and the wave speed given by a is the simplest example of the celebrated CFL con-
dition, named after Courant—Friedrichs—Lewy. We will return to the CFL condition
repeatedly throughout the book.

3 Unless otherwise is stated, you can safely assume that this is the definition of A.
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Returning to the scheme for the transport equation with variable and nonnegative W
speed, we say that the scheme will be von Neumann stable if —

)kr(na;)ga(x,t) <1. (1.50)
Xt

Consider now the scheme (1.48) with

In+1

a;?:E/a(xj,t)dt.

tll
We wish to establish the convergence of u;’. To this end, set
e}’ =u(xj,t,) — u;?,
where u is the unique solution to (1.47). Inserting this into the scheme, we find that

Die} +ajD_ef = Diu(x;,t,) +ajD_u(x;,t,)

thy1 Xj
1 a}’
= A—t/Mt(xjat)dl-i-A—X/Mx(x,tn)dx
Iy Y
1 Iyl Xj
- AxAt/ /(”’(xf’t)+“(xj»l)ux(x,tn))dxdz
In Xj—1
1 Xj Ing1
~ AxAr / /a(x/’t) (ux(x, 1) —uy(x;, 1)) dr dx
Xj—1 th
Xj In41 X '
-5 //( t)(/ (z.ta)d f (x7,5)ds)did
T AxAt atxj. Uxx(Z,1Ip)az Uy (Xj,S5)dsS X
Xt n Xj tn
=: R".

J

Assuming now that u,, and u,, are bounded, which they will be if we consider a fi-
nite time interval [0, 7], choose M such that max{ ||y || oo, [|Usx || Lo, @] o} < M.
Then we get the bound

Xj o thy

M ((xj =x)+ (t —t,))dtdx

Ax At

Xj—1 In

IA

g

M2

Therefore the error will satisfy the inequality

M2
¢! < ¢ (1-2a}) + Aaje)y + At (Ax + A0).

J

T
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If ||a||z~ A < 1 (recall the CFL condition), then 7" is a convex combination of

j— J 5
over j, first on the right, and then on the left, we get

e; and e;_;, which is less than or equal to max {e’-’, e’.’_l}. Taking the supremum

s?p {e}’“} < s;lp {e}’} + AZMTZ (Ax + Ar).

We also have that

2

M
et = ¢ (1-2a}) + Aajej_ — Ar=(Ax + A1)

-1

T
which implies that
2

i?f{e}’“} > inf {e;?} - AtMT (Ax + Ar).

With " = sup;

e}’ , the above means that

M2
et <" 4 AtT (Ax + At).
Inductively, we then find that
2

M? M
e’ Sé0+tn7(AX+Af) =I,1T(AX+At),

since ej(-) = 0 by definition. Hence, the approximation defined by (1.48) converges
to the unique solution if u is twice differentiable with bounded second derivatives.
We have seen that if x — a(x, t) is decreasing on some interval, the best bounds
for u,, and u,, are likely to be of the form C ¢€!, which means that the “constant”
M is likely to be large if we want to study the solution for large (or even moderate)
times.
Similarly, if a(x,t) < 0, the scheme

t..n n n __
Diuj +a;Diu; =0

will give a convergent sequence.

Entropy Solutions (1)

Consider the Cauchy problem

u; +alx,Hu, =0, xeR, t>0,
u(x,0) = up(x),

(1.51)
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where a is a continuously differentiable function (in this section not assumed to be
nonnegative). Recall that an entropy solution is defined as the limit of the singularly
perturbed equation (1.44). For every positive ¢, u® satisfies (1.45), implying that the
limit ¥ = lim,_o u® should satisfy (1.46) with f identically zero. Multiplying the
inequality (1.46) by a nonnegative test function v, and integrating by parts, we find
that

/ / (NGO + an()¥s +asnGuv) dx di + / Do)V (x,0)dx >0 (1.52)
0R

R

should hold for all nonnegative test functions ¥ € C*(R x [0, 00)), and for all
convex 7. If u(x, 1) is a functionin L] (R x [0, 00)) that satisfies (1.52) for all con-
vex entropies 7, then u is called a weak entropy solution to (1.51). The point of this
is that we no longer require u to be differentiable, or even continuous. Therefore,
showing that approximations converge to an entropy solution should be much easier
than showing that the limit is a classical solution.

We are going to show that there is only one entropy solution. Again, since the
equation is linear, it suffices to show that 1y = 0 (in L'(R)) implies u(-,¢) = 0
(in L'(R)).

To do this, we specify a particular test function. Let w be a C* function such
that

1
0<w(o) =<1, suppwC[-1,1], w(-0)=w(o), /a)(o) do=1.

-1

Now define
1
0,(0) = - (3) (1.53)
I3 £
Let x; < x,, and introduce
xo—Lt
Pe(x,1) = / we(x — y) dy,
x1+Lt

where L is a constant such that L > [la||; (g and £2 = R x [0,00). We fixa T

such that T < (x; — x1)/(2L), and consider ¢ < T. Observe that ¢ (-,?) is an

approximation to the characteristic function for the interval (x| + Lt,x, — Lt).
Next introduce

t

he(t) = 1—/ws(s —T)ds.

0

This is an approximation to the characteristic function of the interval (—oo, T].
Finally, we choose the test function

Ye(x.1) = he(D)@s(x, 1) € C5~(£2).
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Inserting this into the entropy inequality (1.52), we get

J[ nweckiwaxar
2
d 0
+ [ e (oo +aten o) dsde sy
2
+ axn(u)h.p. dxdt + | n(ug)e.(x,0)dx > 0.
o,

We treat the second integral first, and calculate
0
5(/35()(, t) =—L (O)S(X — X2 + Lt) + a)s(x —X] — Lt)) N

aigag(x, t) = —w.(x —xp + Lt) + w.(x — x; — Lt).
x

Therefore,

d d
E‘ps +a g% =(—L +a)w,(x —x2 + Lt) + (=L — a)ws(x — x; — Lt)
< (la| = L) (we(x — x2 + Lt) + w(x —x; — L1)) <0,

since L is chosen to be larger than |a|. Hence, if n(u) > 0, then the second integral
in (1.54) is nonpositive. Thus we have

// n(W)e:h, (t) dx dt + / / a,n(u)h,p, dx dt
2 2

+ / n(ug)ps(x,0) dx > 0.
R

(1.55)

Let us for the moment proceed formally. The function 4, approximates the charac-
teristic function y (. 7], Which has derivative —67, a negative Dirac delta function
at T'. Similarly, ¢, approximates the characteristic function X (x,+r¢x,—Lr), With
derivative L(8y,+1; — 8x,—1:). From (1.54) we formally obtain by sending ¢ — 0,
that

xo—LT T xy—Lt X2

— nu(x,T))dx + ac(x,H)n(u(x,t))dxdt + [n(u(x,0))dx >0,
xl-f-/LT O/.Kl-ét )[
(1.56)

and this is what we intend to prove next.
The first integral in (1.54) reads

- // 10@s (x. Dt — T dx di = — / fiOwe(t — T) d,
2 0
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where

£i(0) = / 0o (e, ) (u(x. 1)) dox.

R
Keeping ¢ fixed, we obtain

xo—Lt

fe(t) — / n(u(x,t))dx = fo(t) ase—0,

x1+Lt

the limit being uniform in ¢ for ¢ € [0, T]. If ¢ — u(-,¢) is continuous as a map
from [0, oo) with values in L!(R), then £, and f; are continuous in ¢. In that case,

o0

/fe(t)we(t—T)dt =/(.fs(l)—fo(l))we(l—T)dt+/fo(t)we(t—T)dl
0 0 0
— fo(T) ase—0,

since

oo

/ (o)) — fo®) st — T)dt| < | fu — follin / w0t — T)dr
0

0
= [Ife = follL= — 0.

In order to ensure that # — u(-, ) is continuous as a map from [0, oco) to L' (R),
we define an entropy solution to have this property; see Definition 1.10 below. We
have that

hs(t)¢s(x’t) - XHT(xat) inLl(‘QT)’

where [Ty = {(x,1) |0 <t <T, x;+ Lt <x <xp— Lt}and 27 =R x[0,T].
By sending ¢ — 0 in (1.54), we then find that (cf. (1.56))

X2 T xy—Lt xo—LT
/r](u(x,O)) dx +/ / a(x,)nu(x,t))dx dt > / n(u(x,T))dx,
X1 0 x1+Lt x1+LT

(1.57)

which implies that

T

Jo(T) < o(0) + lax 1o / o) d,

0

assuming that 7 is positive.
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Gronwall’s inequality then implies
Jo(T) < fo(@el*lixant,

or, writing it out explicitly,

Xz—LT X2
/ nu(x,T))dx < /U(MO(X)) dx el l=@nT
xX1+LT X1

for every nonnegative convex function 7. Observe that this proves the finite speed
of propagation.
Choosing n(u) = |u|” for 1 < p < oo, assuming 7(u) to be integrable, and
sending x; to —oo and Xx; to oo, we get
e Tl oy < lollry €' @07 1< p<oo. (158
Next, we can let p — oo, assuming 7(u) to be integrable for all 1 < p < oo, to get

(- Tl Loor) = ol o) - (1.59)

In order to formalize the preceding argument, we introduce the following definition.

Definition 1.10 A function ¥ = u(x,?) in C([0, 00); L'(R)) is called a weak en-
tropy solution to the problem

u, +alx,Hu, =0, t >0, x € R,
u(x,0) = up(x),

if for all nonnegative and convex functions n(u) and all nonnegative test functions
@ € C5°(£2), the inequality

/ / (n)er + a nw)gs + axn(u)p) dx di + / 1010(x))p(x. 0) dx = 0
0 R R

holds.

Theorem 1.11 Assume that a = a(x,t) is such that a, is bounded. Then the prob-
lem (1.32) has at most one entropy solution u = u(x,t), and the bounds (1.58) and
(1.59) hold.

Remark 1.12 From the proof of this theorem (applying (1.58) for p = 1), we
see that if we define an entropy solution to satisfy the entropy condition only for
n(u) = |ul, then we get uniqueness in C ([0, 00), L' (R)).
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Numerics (I1I) W

We now reconsider the transport equation

u; +alx,Hu, =0, >0,
u(x,0) = uo(x),

(1.60)

and the corresponding difference scheme
Dj_u;’ +a}D_uj =0,

with

tng Xj+1/2

a’ = — a(x;,t)dt, U = — uo(x) dx,
1= [ atn — [ wo
In Xj—1/2
where as before, we assume that a(x,¢) > 0. In order to have an approximation
defined for all x and ¢, we define

uAX(xat) = u;'l fOr (X,t) € Ijn—l/2 = [xj—laxj) X [tn,tn-H),

where f, = nAt. We wish to show that u, converges to an entropy solution (the
only one!) of (1.60). Now we do not use the linearity, and first prove that {#ax}2,~0
has a convergent subsequence.

First we recall that the scheme can be written

n+1 __ _n n ny,,n
uj —(1 aj)k>uj—|—aj)tuj_1.

We aim to use Theorem A.11 to prove compactness. First we show that the approx-
imation is uniformly bounded. This is easy, since u;”’l is a convex combination of
u;? and u;’_ |» SO Nnew maxima or minima are not introduced. Thus

luax(- Ol ey < luollpom, -

Therefore, the first condition of Theorem A.11 is satisfied.
To show that the second condition holds, recall, or consult Appendix A, that the
total variation of a function u: R — R is defined as

T.V. (u) = sup Z [u (i) —ulxiz1)l,

i}

where the supremum is taken over all finite partitions {x; } such that x; < x;;. This
is a seminorm, and we also write |u|, := T.V. (u).
We have to estimate the total variation of u . Fort € [t,,1,.1) this is given by

uax (-, D)lgy =)

J

n n
uj uj_l‘.

We also have that

n+1 n+1 __ n n n n n n n n
ult —u (I —ajMuj +ajru_ — (1 —aj_ M —aj_Auj_,

J j=1 =
= (1 —aj ) —uf_y) +aj_A(ufj_, —uj_,).
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By the CFL condition 0 < a}’k < 1 forall n and j, we infer

+1 +1
uim — i ‘ < —ajk)

n n n

n n
uj_l_uj'_z).
Therefore
n+1 n+1 n n n n
E uj ”171)— E (1 —ajA) ju] uj_l)-l— E Adi_
J J J
=Yl —ut | =) Adl -t > al
= uj uj_l‘ Aaj uf uj_1‘+ Adj
J J J
_ no__,n
=S |-
J

n n
Mj_l - uj_z‘

n n
uj uj_l)

Hence

[uax(+,D)lgy < [uax(-,0)|gy < |uolpy -

This shows that the second condition of Theorem A.11 is satisfied; see Re-
mark A.12.

To show that the third condition holds, i.e., the continuity of the L !_norm in time,
we assume that s € [t,,f,41), and that ¢ is such that t — s < At. Then

uj

n+l _ n
Uuj

[ st — sl dx < ax Y
R J
= Ax Za}’)&
J

At Nl Y [1h = )|
J

< At |lall e () 4ol gy -

n n
uj uj_l‘

IA

Ifs € [t,,t,41) and t € [t, 4k, tyrks1), We have

/|qu(x,t) —upy(x,8)| dx = Ax E u}“k —uf
R J
n+k—1
< E E mtl g m
< Ax ‘ul uj
m=n J
n+k—1
— m m __ .m
= E AxE ajk)uj uj_l‘
m=n j
n+k—1
=

> At el 3 fuf |
m=n J

< kAt ||all e g) [uolgy

<t —s+ A lall o) [uolpy -
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Hence, also the third condition of Theorem A.11 is fulfilled, and we have the con- W
vergence (of a subsequence) ua, — u as Ax — 0. It remains to prove that u is the S
entropy solution.

To do this, start by observing that

n (u}’“) =7 ((1 —aj Ml + a;’ku;’_l)

(1—a"A)n (u;) +a"An (u;?_1> ,

IA

since 7 is assumed to be a convex function. This can be rearranged as
t.n n n
D+nj + aj D_r]/- <0,

where 7 = n(u}), and as
Dini+D- (a}’n;?) —n_D_a} <0. (1.61)

The operators D_, D, and D} satisfy the following “summation by parts” formu-
las:

ZajD_bj = —ijD+aj, ifaioo = OOI‘bioo = 0,
J J

00 1 00
nDtbnz__ ObO_ ant nifa® =0 h>® = 0.
;a + Ata ; a’ 1ra or

Let ¢ be a nonnegative test function in C;°(£2) and set

1
o = TZ // o(x,t)dx dt.
|j_1/2|1”

j=1/2

We multiply (1.61) by AtAx ¢} and sum overn > 0 and j € Z, using the summa-
tion by parts formulas above, to get

o0

AxAt Z Z n(uj) D! g7

n=1 j

o0
+ AxAt Z Z (a}’n(u}’)Dgp}’ + n(u;’_l)D_a;%pj’-’) + Ax Z n(u?)q)j(-) > 0.
n=0 j J

Call the left-hand side of the above inequality B, and set

Ass = [ (1esps + antusp, +anag) dxde + [ npe.0)dx.
2 R
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Then we have
AAx = BAx + (AAx - BAX) > AAx - BAx-
We find that

Apx — Bax = ZZ // m; ((pt - Dﬁ(pj’»’) dx dt (1.62a)

n=1 j
1/[1/2

+y f/ ), dx dt (1.62b)
J

0
Ii1p2

+y // n'a (<px—D+(pj'.’> dxdt (1.62¢)

j—1/2
+3 // 7 D.g! (a —ay) dxdr (1.62d)
j’n 1;71/2
+2 // (n}?—n;?_l)axwdxdt (1.62¢)
j.n 1;171/2
+3 // an_, ((p - <p;’) dx dt (1.62f)
j’n 1;71/2
+y // s (ax — D_a;’) ¢! dx dt (1.62g)
j.n 1/n71/2
+> / (n(uo) —~ njo-) o(x,0)dx (1.62h)
J Ii_1)2
+y / 7’ (w(x,O) —¢f) dx. (1.62i)
J Ii_1)2

Here I;_1/» = [xj_1,x;). To show that the limit u is an entropy solution, we must
show that all the terms (1.62a)—(1.62i) vanish when A x becomes small. A small but
useful device is contained in the following remark.

Remark 1.13 For a continuously differentiable function ¢p we have

1
d
lp(x, 1) = o(y,5)| = /%w(a(x,t)Jr(l—G)(y,S))dG

0
1

= /V(p(a(x,t) +(0=-0)y,8) - (x—y,t —s)do
0

IA

X =yl @l + 16 = 8] lgell o -
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We start with the last term (1.62i). Now W
[ (cp(x 0)~?) dx

lio12
B AxAt / f/ ¢(x,0) —(y, 1) dy dt dx
1/21 —1/2
- AxAt / // /9")‘(2 O)d2+/¢z(y S)dS) dydtdx.
1/710/ y
Therefore,

[(1.62D)] < [In(uo)ll .1 (w) (||(/’x||Loo(.Q) AX + (@]l oo () AZ) ,

where we used the convexity of 7. Next, we consider the term (1.62h): Since 7 is
convex, we have

In(b) —n(a)| < max{[n'(@)], |7 ®)}|b—al.
Furthermore, if both x and y are in I;_; /5, then
[uo(x) —uo(y)| < |MO|BV(1,,1/2) .

Using this and choosing C = ||/ (uo)|| .~ yields

[ (oamnop)es e

Ii 12

< Cllolir [ fuato) —uf] ax

Ii 12
1

= Cllellie(e) Ax [uo(x) —uo(y)| dx dy
Ii 12 Ii 12

= Cllellpe Ax |u0|BV(1,,1/2) .

Therefore,

|(1.620)] < C [|@ll (e Dx Y Iuolgys, )
J
= C @l Ax [uolgy -

Next, we consider (1.62g). First observe that

Iny1

" 1
D_a! _D_(At /a(x,,t)dt Y // ax(x,1)dxdt.
—1/2

tn
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Therefore,

', //ax(x, £)— D_adxdi = n;?_l(//ax(x, f)dx di — Axma;)

1"

1,[1/2 j—1/2

=0,

and (1.62g) = 0. We continue with the term (1.62f), namely

// lax|mj_, )(p -]

&
1
< llax|lp~(g) n;l_l—AxAt // // lo(x,t) —@(y,s)| dy dsdxdt

j—1/2
n n
1/ 1/

dx dt

< laxll (@) Mj_1 Ax At (Ax loxll (o) + ALl o)) -

Recall that the test function ¢ has compact support, contained in {t < T'}. Further-
more, using the scheme for 77;?, cf. (1.61), it is straightforward to show that

Ax Y < e axy nl < e Ino)l i,
J J

where C is a bound on D_a}’. Therefore,

)Z // axn;_ ((p —<pj’?) dx dt‘ < CTAxZn;?At(Ax + Ar)
jn

Jj.n
",

< CrAx Y ndAr(Ax + Ar)
n.j

< CrT [In(o) |1 w) (Ax + A1),

since the sum in 7 is only over those n such that#, = nAt < T. Regarding (1.62e),
and setting M > |uo|| L~ ), We have that

‘Z // (’77 - ’7}?-1) acpdx dt’
e

i=1/2

< 17 e atmny Naall ooy @l ooy Ax ALY
j.n
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Next, we turn to (1.62d): W

[(1.62d)| < ||<px||Lw(Q)Zn7 / ’a(x,t) —a(xj,t)| dxdt

j.n
1;’71/2

< Nxllioqe) laxll iy Ax D niAxAt
jn
< Nl@xllio(e) laxll @) CrT Ax (o)l 11w, -

We can use the same type of argument to estimate (1.62c):

|(1.620)] < flallz (@) (Ax 19l (o) + AL l@ullimie) D mj AxAt
n.j

< llall (g (AX [|@xll (o) + At ||<sz||L°°(:2)) CrT Ino)ll i w, -
Similarly, we show that
[(1.62b)| < Car At (o)l 1wy 9l oo(e2) -

Now the end is in sight. We estimate the right-hand side of (1.62a). This will be less

than
Z m // ¢ — Do} | dxdt
jn>1
Jn= I,
< (Ax @l + Al llinie) Y mf AxAL

jnzl

= (Ax ||<th||L°0(s2) + At ||</’n||L°0(52)) CrT ||77(u0)||L1(R)-

To sum up, what we have shown is that for every test function ¢(x, ),

/f ()i +an()ps + axn(u)) dx di + / 1010)p (x., 0) dx
2 R
- Aliglo Anx

> AlychEO (AAx - BAx) =0,

if a, is (locally) continuous and uy € BV(R). Hence the scheme (1.60) produces
a subsequence that converges to the unique weak solution. Since the limit is the
unique entropy solution, every subsequence will produce a further subsequence that
converges to the same limit, and thus the whole sequence converges!

If uj is bounded, we have seen that the scheme (1.60) converges at a rate O (Ax)
to the entropy solution. The significance of the above computations is that we have
the convergence to the unique entropy solution even if u is assumed to be only in
L'(R) N BV(R). However, in this case we have not shown any convergence rate.
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Systems of Equations

I have a different way of thinking. I think synergistically.
I’'m not linear in thinking, I'm not very logical.
— Imelda Marcos

Now we generalize, and let u: R x [0, 0c0) — R” be a solution of the linear system

u, + Au, =0, xeR, t>0,
u(x,0) = up(x),

(1.63)

where A is an n x n matrix with real and distinct eigenvalues {A;};_,. We order
these such that

A <Ay < o< Ay

If this holds, then the system is said to be strictly hyperbolic. The matrix A will also

have n linearly independent right eigenvectors ry, . .., r, such that
Ar; = A

Similarly, it has n independent left eigenvectors /1, . . ., [, such that
LA = Al

We assume r; to be column vectors and /; to be row vectors. However, we will not
enforce this strictly, and will write, e.g., [; - . For k # m, [}, and r,, are orthogonal,
since

)Lmrm -lk = Arm -lk =Ty -lkA = )Lkrm -lk.

Let

L=[:]. R=(n - ).

Normalize the eigenvectors so that [ - r; = 8;,i.e., L = R™!,or LR = I. Then

Al 0
LAR = .
0 An
We can multiply (1.63) by L from the left to get

Lu; + LAu, =0,
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and defining w by u = Rw, we find that W

Al 0
w, + w, = 0. (1.64)
0 An
This is n decoupled equations, one for each component of w = (wy, ..., w,),
aw,- aw,-
+A— =0, fori=1,...,n.
at ax
The initial data transforms into
Wy = LMO = (11 ~u0,...,l,, -M()),

and hence we obtain the solution
wi(x,t) =1; ~ug(x — A;t).

Transforming back into the original variables, we obtain
n n
u(x,t) = Zwi(x,t)ri = Z [li -uo(x — A;t)]r;. (1.65)
i=1 i=1

<> Example 1.14 (The linear wave equation)
Now consider the linear wave equation; o: R x (0, 00) — R is a solution of

{an - Czax); =0, xeR, t >0,
a(-xso) = a()(x), at(xvo) = /30()6),

where c is a positive constant. Defining

=)= ()

implies that
8u1 28142 0
o ax 0 —c
=0
8u2 8u1 _ o Ut (—1 0 )ux
ot ax

The matrix
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has eigenvalues and eigenvectors

Thus

Hence we find that

wi _L Uy + cup
Wy 2¢c \—uy +cur )’

Writing the solution in terms of ¢, and «,, we find that

o (x,1) 4 coe(x,1) = Bo(x + ct) + coy(x + ct),
—a,(x,1) 4 cay(x, 1) = —Bo(x — ct) + cay(x — ct).

Therefore,
o (x,1) = % (ap(x + ct) + ap(x —ct)) + % (Bo(x + ct) — Bo(x —ct)),
a;(x,1) = % (Bo(x +ct) + Bo(x —ct)) + % (ap(x + ct) —af(x —ct)).

To find &, we can integrate the last equation in ¢,

x+ct

a(r.0) = 3 @ +en) +anr =) + - [ fur)dy,

x—ct

after a change of variables in the integral involving B¢. This is the famous
d’ Alembert formula for the solution of the linear wave equation in one dimen-
sion. &

Next, we discuss the notion of entropy solutions. The meaning of an entropy
solution to an equation written in characteristic variables is that for some convex
function 7j(u), the entropy solution should satisfy

) +qu), <0,

in the weak sense. Here the entropy flux ¢ should satisfy
g an
q9 _ A; n

Vwq) = Vi) A, ie.,
aui 8”1‘

fori =1,...,n.
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An entropy solution to (1.63) is the limit (if such a limit exists) of the parabolic W
reqularization —

&
XX

uf + Auf = eu

as ¢ — 0. To check whether we have a convex entropy n: R” — R, we take the
inner product of the above with Vn(u?) to get

n W), + V) - Auf <e(Vn@)-uf)_,

by the convexity of 1. Observe that the convexity is used to get rid of a term con-
taining (ui)z, which may not be wellbehaved (for nonlinear equations) in the limit
& — 0, and we obtain an inequality rather than an equality. We want to write the
second term on the left as the x derivative of some function g (u*). Using

q W), = Vq u)-uf,
we see that if this is so, then

dq

9
N ay~ forj=1.....n. (1.66)
8Mj ; au,-

This is n equations in the two unknowns 7 and ¢g. Thus we cannot expect any solu-
tion if n > 2. The right-hand side of (1.66) is given, and hence we are looking for
a potential ¢ with a given gradient. This problem has a solution if
P’q g
Qupdu;  Ou;duy’

or

8%y 8%y
iy —— = ajj—— forl < j k <n.
Xl: kauiauj 2,: T du; duy, =/
If we wish to find an entropy flux for the entropy n(u) = |u |2 /2, note that

0’n _s
Ou;duy ik

Thus we can find an entropy flux if a;; = ax; for 1 < j, k < n; in other words, A
must be symmetric. In this case the entropy flux g reads

1
q(u) = Zaijuiu/ D) Zaiiuiz.
ij i

Hence, an entropy (using the entropy 1(u) = |u|* /2) solution satisfies
|u|f + g(u), <0 weakly.
This means that
e Dl 2wy = ol 2w, -

and thus there is at most one entropy solution to (1.63) if A is symmetric.
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The Riemann Problem for Linear Systems

Returning to the general case, recall that the solution u = u(x, t) to (1.63) is given
by (1.65), namely

u(x,t) = Z [l; -up(x — A;jt)] r;. (1.67)

i=1

Now we shall look at a type of initial value problem where u is given by two
constant values, namely

Uerg X <0,

Uup(x) = { (1.68)

Uright X = 0,

where ujer; and uigp; are two constant vectors. This type of initial value problem is
called a Riemann problem, (cf. (1.28)) which will a problem of considerable interest
throughout the book.

For a single equation (n = 1), the weak solution to this Riemann problem reads

u X < Ait,
u(x,t) = ug(x — Ayr) = { " !
Urighy X = Ail.

Note that u is not continuous. Nevertheless, it is the unique entropy solution in the
sense of Definition 1.10 to (1.63) with initial data (1.68) (see Exercise 1.4).
For two equations (n = 2), we write

2

2
Uleft = Z (i - s 7i s Uright = Z [li 'uright] T

i=1 i=1
We can find the solution of each component separately. Namely, using (1.67) for
initial data (1.68), we obtain

I - e X < At b - uge X < Aot,
[l - u(x, 0)] = 1 Uleft 1 - u(x,0)] = 2 " Uleft 2

| Usghe X = Ayt 2 Uright X > Aat.
Combining these we see that

u(x,t) = [L-ulx, )]y + [ -u(x, )]

[ - urer] 71+ [l2 - iere] 72 X < Aqt,

= [0 gn] 114 [ wed 2 1A < x < 1Ay,
[11 - signe | 1 + [ trigne | 12 x = Ay,

Uleft X < Ait,

= YUmiadle A1 <X <ty

Uright X = Altv
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a b
u
Uleft 2
Umiddle
t T2
Umiddle
Uy
1
Uleft Uright
Uright

X

Fig. 1.7 The solution of the Riemann problem. a In (x, 7)-space. b In phase space

with Upiaqe = [l 1 -uright] r1 + [l2 - U] 2. Observe the structure of the different
states:

Ut = [I1 - wiege] 11 + [I2 - Urert] 72,
Umiddle = [11 * Urighe| 71 + [12 - ief] 72,

Uright = [11 'uright] r+ [lz . uright] ).

We can also view the solution in phase space, that is, in the (11, u,)-plane. We see
that for every wier, and Uyigy, we have the solution u(x, 1) = wuier for x < A,¢ and
u(X,1) = Usigh; for x > Ast. In the middle, u(x,?) = Umigae for A1z < x < A,t.
The middle value upigqe i on the intersection of the line through u s parallel to
ri and the line through ugy, parallel to r,. See Fig. 1.7. In the general, nonlinear,
case, the straight lines connecting ujef;, U;,, and uen, Will be replaced by arcs, not
necessarily straight. However, the same structure prevails, at least locally.
Now we can find the solution to the Riemann problem for any n, namely

Uerr X < Apl,
u(x,t) = qu; Ait <x <Aigqt, i=1,...,.n—1,

Uright X = Antv

where

u; = Z[l/ 'urighl] rp+ Z [l/ 'uleﬂ] Tj-

j=1 j=i+1

Observe that this solution can also be viewed in phase space as the path from uy =
Uiefi TO Uy = Ugighe Obtained by going from u;_; to u; on a line parallel to r; fori =
1,...,n. This viewpoint will be important when we consider nonlinear equations,
where the straight lines will be replaced by arcs. Locally, the structure will remain
unaltered.
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Numerics for Linear Systems with Constant Coefficients

If A; > 0, then we know that the scheme
Diw; + A D_w]; =0

will produce a sequence of functions {w; .} that converges to the unique entropy
solution of

8w1~ awi

2o,
TR

Similarly, if A; < 0, the scheme
Diw!; + A Dyw/"; =0

will give a convergent sequence. Both of these schemes will be convergent only if
At < Ax |A;|, which is the CFL condition. In eigenvector coordinates, with

wq
w=|":|. w'xw(Ax,mAt),

Wy

the resulting scheme for w reads

Diw!" + Ay D_wi' + A_D,w} =0, (1.69)
where
A A0 0 A VO 0
A= and A+ = P
0 A AO 0 A, VO

and we have introduced the notation
aVvb=max{a,b} anda A b = min{a, b}.
Observe that A = A, + A_. If the CFL condition

At At
A—xmiaxM,-| = A—xmax{lkll Al =1

holds, then the scheme (1.69) will produce a convergent sequence, and the limit w
will be the unique entropy solution to

w; + Aw, = 0. (1.70)

By defining ¥ = Rw, we obtain a solution of (1.63).
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We can also make the same transformation on the discrete level. Multiplying
(1.69) by L from the left and using that ¥ = Rw yields

D_’Fu}" + A+D_u}" + A_D+u;” =0, (1.71)
where
Ay = RALL,

and this finite difference scheme will converge directly to u.

1.2 Notes

Never any knowledge was delivered in the same order it was invented.®
— Sir Francis Bacon (1561-1626)

The simplest nontrivial conservation law, the inviscid Burgers equation, has been
extensively analyzed. Burgers introduced the “nonlinear diffusion equation”

1
U, + 5(1/[2)); = Uxx, (172)

which is currently called (the viscous) Burgers’s equation, in 1940 [37] (see also
[38]) as a model of turbulence. Burgers’s equation is linearized, and thereby solved,
by the Cole-Hopf transformation [46, 98]. Both the equation and the Cole—Hopf
transformation were, however, known already in 1906; see Forsyth [66, p. 100]. See
also Bateman [14]. The early history of hyperbolic conservation laws is presented
in [56, pp. XV-XXX]. A source of some of the early papers is [104].

The most common elementary example of application of scalar conservation
laws is the model of traffic flow called “traffic hydrodynamics” that was introduced
independently by Lighthill and Whitham [134] and Richards [155]. A modern treat-
ment can be found in Haberman [81]. Example 1.6 presents some of the fundamen-
tals, and serves as a nontechnical introduction to the lack of uniqueness for weak
solutions. Extensions to traffic flow on networks exist; see [94] and [68].

The jump condition, or the Rankine-Hugoniot condition, was derived heuristi-
cally from the conservation principle independently by Rankine in 1870 [152] and
Hugoniot in 1886 [101-103]. Our presentation of the Rankine—Hugoniot condition
is taken from Smoller [169].

The notion of “Riemann problem” is fundamental in the theory of conservation
laws. It was introduced by Riemann in 1859 [156, 157] in the context of gas dynam-
ics. He studied the situation in which one initially has two gases with different (con-
stant) pressures and densities separated by a thin membrane in a one-dimensional
cylindrical tube. See [97] and [56, pp. XV-XXX] for a historical discussion.

The final section of this chapter contains a detailed description of the one-
dimensional linear case, both in the scalar case and in the case of systems. This
allows us to introduce some of the methods in a simpler case. Here existence of

Sin Valerius Terminus: Of the Interpretation of Nature, c. 1603.
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solutions is shown using appropriate finite difference schemes, in contrast to the
front-tracking method used in the text proper.

There are by now several books on various aspects of hyperbolic conservation
laws, starting with the classical book by Courant and Friedrichs [51]. Nice treat-
ments with emphasis on the mathematical theory can be found in books by Lax
[126, 127], Chorin and Marsden [42], Rozdestvenskii and Janenko [164], Smoller
[169], Rhee, Aris, and Amundson [153, 154], Malek et al. [141], Héormander [99],
Liu [137], Serre [167, 168], Benzoni-Gavage and Serre [15], Bressan [24, 27],
Dafermos [56], Lu [139], LeFloch [129], Perthame [150], Zheng [192]. The books
by Bouchut [19], Godlewski and Raviart [78, 79], LeVeque [130, 131], Kroner
[116], Toro [180], Thomas [179], and Trangenstein [183] focus more on the numer-
ical theory.

1.3 Exercises

1.1 Determine characteristics for the following quasilinear equations:
u; + sin(x)u, = u,
sin(¢)u, + cos(x)u, =0,
u; + sin(u)u, = u,
sin(u)u, + cos(u)u, = 0.
1.2 Use characteristics to solve the following initial value problems:

(@) uuy + xuy, =0,u(0,s) = 2sfors > 0.

(b) e’uy +uu, + u?> = 0,u(x,0) = 1/x forx > 0.

() xuy—yu, =u,u(x,0) = h(x) forx > 0.

(@ (x4 D%y + (y — D*uy = (x + y)u, u(x,0) = —1 — x.
() uy+2xuy,=x+xu,u(l,y)=e’"—-1.

(0 uy +2xuy, = x + xu, u(0,y) = y*— 1.

(g) xuuy+u, =2y,u(x,0) = x.

1.3 (a) Use characteristics to show that
u, +auy, = f(x,1), ul=o = uo,

with a a constant, has solution
t
u(x,t) = up(x —at) + / f(x —a(t —s),s)ds.
0
(b) Show that

u (£t x0). 1) = wo(xo) + / FE(six0).5) ds
0
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holds if u is the solution of W

u; +alx,Hu, = f(x,t), ul;=o = uo, (1.73)

where £ satisfies

Dt = atex0.0). £00x0) = x0

(c) Show that

t
u(e.) = €G0) + [ f @G- de
0
holds if u is the solution of (1.73) and

d
d—é“(r;x} =—a({(t;x),t — 1), ¢(0;x) = x.
T

1.4 Show that

u x < at,
u(x,t) — % left

Uright X = at,

is the entropy solution in the sense of Definition 1.10 for the equation u, +
au, = 0 (where a is constant) and u|;—o(X) = Uief X x<0 + Uright X x>0-

1.5 Find the shock condition (i.e., the Rankine—Hugoniot condition) for one-
dimensional systems, i.e., the unknown u is a vector u = (uy,...,u,) for
some n > 1,and also f(u) = (fi(u),..., fr(u)).

1.6  Consider a scalar conservation law in two space dimensions,

f(u) | 9gm) _
" ox * y

0,

where the flux functions f and g are continuously differentiable. Now the
unknown u is a function of x, y, and ¢. Determine the Rankine—Hugoniot
condition across a jump discontinuity in u, assuming that ¥ jumps across
a regular surface in (x, y, t). Try to generalize your answer to a conservation
law in n space dimensions.

1.7 We shall consider a linearization of Burgers’s equation. Let

1 forx < —1,
up(x) =4—x for—1<x<1,
—1 forl < x.

(a) First determine the maximum time that the solution of the initial value
problem

1
i+ 5 (?), =0, u(x.0)=u(x).

will remain continuous. Find the solution for ¢ less than this time.
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1.8

(b)

(©)

(d)

(b)

(©)

1 Introduction
Then find the solution v of the linearized problem
v+ ug(x)ve =0, v(x,0) = uo(x).
Determine the solution also in the case v(x,0) = ug(ax), where o is
nonnegative.
Next, we shall determine a procedure for finding u by solving a sequence

of linearized equations. Fix n € N. For ¢ in the interval (m/n, (m+1)/n]
and m > 0, let v, solve

(vn)t + Up (x,m/n) (vn)x =0,

and set v, (x,0) = uo(x). Then show that

m
Un (-x7 ;) = Uop (am.nx)

and find a recurrence relation (in m) satisfied by ,, ,.
Assume that

lim «,,, = a(?),
n—oo

for some continuously differentiable &(z), where t = m/n < 1. Show
that @(t) = 1/(1 —t), and thus v, (x) — u(x) fort < 1. What happens
fort > 1?

Solve the initial value problem for Burgers’s equation

1 0 f 0,
w+ = (W) =0, u(x.0) = orr = (1.74)
2 * 1 forx > 0.

Then find the solution where the initial data are

1 forx <O,
0 forx > 0.

u(x,0) = {

If we multiply Burgers’s equation by u, we formally find that u satisfies
(?), + z (), =0, u(x,0) = up(x). (1.75)

Are the solutions to (1.74) you found in parts a and b weak solutions
to (1.75)? If not, then find the corresponding weak solutions to (1.75).
Warning: This shows that manipulations valid for smooth solutions are
not necessarily so for weak solutions.
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1.9 ([169, p. 250]) Show that

1 forx < (1 —a)t/2,
—a for(1—a)t/2<x <0,
o for0 < x < (a¢—1)t/2,
—1 forx > (¢ —1)t/2

is a weak solution of

1 1 f <0,
u; + (—uz) =0, u(x,0) = oy =
2/, —1 forx >0,

for all @ > 1. Warning: Thus we see that weak solutions are not necessarily
unique.
1.10 We outline a proof of some Gronwall inequalities.

(a) Assume that u satisfies

u'(t) < yu(r).

Show that u(¢) < e”'u(0).
(b) Assume now that u satisfies

u'(t) < C(1 +u(t)).

Show that u(t) < e/ (1 + u(0)) — 1.
(c) Assume that u satisfies

u'(t) < c(u(t) +d(1),

for0 <t < T, where c(t) and d(¢) are in L'([0, T]). Show that

t t

u(t) §u(0)+/d(s)exp(/c(§)d§) ds

0 s

fort <T.
(d) Assume that u is in L'([0, T]) and that for ¢ € [0, T],

t

u) <Cy | u(s)ds + C,.
/

Show that

u(r) < Cre“.
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1.11

1.12

1.13

1 Introduction

Consider the semidiscrete difference scheme (1.37). The goal of this exercise
is to prove that a unique solution exists for all # > 0.

(a) Let n(u) be a smooth function. Show that

, Ax 2
D_n(u;) =n'(u;)D_u; — — 1 Wj-12) (D-u;)",

where u;_;/, is some value between u; and u;_;.
(b) Assume now that n” > 0. Show that

d
mn > n(uj) < sup|Dya;| Y nw;).
j / j

Note that in particular, this holds for n(u) = u?.

(c) Show that for fixed Ax, and u € [, the function F : [, — [, defined by
Fj(u) = aD_u; is Lipschitz continuous.
If we view u(t); = u;(t), then the difference scheme (1.37) reads u’ =
— F(u). Since we know that the solution is bounded in /5, we cannot have
a blowup, and the solution exists for all time.

Consider the fully discrete scheme (1.48). Show that

Z 77(“7+1) < Z n(u}) + At Z nw})D.aj.

J J J
Use this to show that

Ax Yy @) < e [InGuo) | g) -
J

where C is a bound on a,.
The linear variational wave equation reads

oy + c(x) (c(x)ay), =0, t >0, x €R,

(1.76)
C((x, O) = C{Q(x), (07} (xa 0) = IBO('X),
where c is a positive Lipschitz continuous function, and & and B are suitable
initial data.

(a) Setu = oy + coy and v = o, — ca,. Find the equations satisfied by u
and v.

(b) Find the solutions of these equations in terms of the characteristics.

(c) Formulate a difference scheme to approximate u(x,?) and v(x,t), and
give suitable conditions on your scheme and the initial data (here you
have a large choice) that guarantee the convergence of the scheme.

(d) Test your scheme with ¢(x) = /1 + sin’(x), ao(x) = max {0, 1 — | x|},

Bo = 0, and periodic boundary conditions in [—, 7].
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1.14 Consider the transport equation

u; +alx,Hu, =0, t >0, x R,
u(x,0) = up(x).

We know that the (unique) solution can be written in terms of the backward
characteristics, u(x, 1) = u(¢(z; x)), where ¢ solves

d
d—i(t;x) =—a(l(r;x),t — 1), {(0;x) = x.
T

We want to use this numerically. Write a routine that given ¢, u,, and a, cal-
culates an approximation to u(x, ) using a numerical method to find ¢(¢; x).
Test the routine for the initial function u(x) = sin(x), and for a given by
(1.35) and (1.36), as well as for the example a(x,t) = x2sin(?).




Chapter 2

Scalar Conservation Laws

It is a capital mistake to theorise before one has data.
Insensibly one begins to twist facts to suit theories,
instead of theories to suit facts.

— Sherlock Holmes, A Scandal in Bohemia (1891)

In this chapter we consider the Cauchy problem for a scalar conservation law. Our
goal is to show that subject to certain conditions, there exists a unique solution to the
general initial value problem. Our method will be completely constructive, and we
shall exhibit a procedure by which this solution can be constructed. This procedure
is, of course, front tracking. The basic ingredient in the front-tracking algorithm is
the solution of the Riemann problem.

Already in the example on traffic flow, we observed that conservation laws may
have several weak solutions, and that some principle is needed to pick out the cor-
rect ones. The problem of lack of uniqueness for weak solutions is intrinsic in the
theory of conservation laws. There are by now several different approaches to this
problem, and they are commonly referred to as “entropy conditions.”

Thus the solution of Riemann problems requires some mechanism to choose one
of possibly several weak solutions. Therefore, before we turn to front tracking, we
will discuss entropy conditions.

2.1 Entropy Conditions

We study the conservation law!
u+ fu)e =0, (2.1

whose solutions u = u(x, ) are to be understood in the distributional sense; see
(1.19). We will not state any continuity properties of f, but tacitly assume that f is
sufficiently smooth for all subsequent formulas to make sense.

One of the most common entropy conditions is so-called viscous regularization,
where the scalar conservation law u,+ f (1), = Oisreplaced by u,;+ f(u), = €u,,
with € positive. The idea is that the physical problem has some diffusion, and that
the conservation law represents a limit model when the diffusion is small. Based

! The analysis up to and including (2.7) could have been carried out for systems on the line as well.
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on this, one is looking for solutions of the conservation law that are limits of the
regularized equation when € — 0.

Therefore, we are interested in the viscous regularization of the conservation law
(2.1),

u; + f W), = eut,, (2.2)

as ¢ — 0. In order for this equation to be well posed, ¢ must be nonnegative.
Equations such as (2.2) are called viscous, because the right-hand side u¢, models
the effect of viscosity or diffusion. We then demand that the distributional solutions
of (2.1) be limits of solutions of the more fundamental equation (2.2) as the viscous
term disappears.

This has some interesting consequences. Assume that (2.1) has a solution con-
sisting of constant states on each side of a discontinuity moving with a speed s,
ie.,

(x.0) u; forx < st, 2.3)
u(x,t) = .
u, forx > st.

We say that u(x,t) satisfies a traveling wave entropy condition if u(x,t) is the
pointwise limit almost everywhere of some u®(x,t) = U((x — st)/¢) as ¢ — 0,
where u® solves (2.2) in the classical sense.

Inserting U((x — st)/¢) into (2.2), we obtain

df U) _

U+ 22 = 0. 2.4)

Here U = U(§), £ = (x — st)/¢, and U denotes the derivative of U with respect
to &. This equation can be integrated once, yielding

U=—sU+ f(U)+ 4, (2.5)
where A is a constant of integration. We see that as ¢ — 0, £ tends to plus or minus

infinity, depending on whether x — s¢ is positive or negative.
If u should be the limit of u®, we must have that

u; forx < sl,} _ §limg_>_oo U(§),

limu® =1limU(§) =
£—0 £—0 u, forx > st, limg_, 400 U(E).

From the differential equation (2.5) we see that limg_, 1 U (£) exists and equals
—su;+ f(u;,)+A. We get a contradiction unless this limit vanishes, and therefore,

lim U(§) = 0.
S U®
Inserting this into (2.5), we obtain (recall that f, = f(u,), etc.)

A =su;— fi = su, — f,, (2.6)
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which again gives us the Rankine—Hugoniot condition

sy —u) = fr = fi-

Summing up, the traveling wave U must satisfy the following boundary value prob-
lem:

U=—sU-u)+(fU)—f). Ulxoo)={"" @.7)
uj.

Using the Rankine—Hugoniot condition, we see that both u; and u, are fixed points
for this equation. What we want is an orbit of (2.7) going from u; to u,. If the triplet
(s, u;,u,) has such an orbit, we say that the discontinuous solution (2.3) satisfies
a traveling wave entropy condition, or that the discontinuity has a viscous profile.
(For the analysis so far in this section we were not restricted to the scalar case, and
could as well have worked with the case of systems in which u is a vector in R” and
f(u) is some function R” — R".)

From now on we say that an isolated discontinuity satisfies the traveling wave
entropy condition if (2.7) holds locally across the discontinuity.

Let us examine this in more detail. First we assume that #; < u,. Observe that
U can never be zero. Assuming otherwise, namely that U (£,) = 0 for some &,
would result in the constant U (&) being the unique solution, which contradicts that
U(—00) = u; < u, = U(co). Thus U (§) > 0 for all £, and hence

fi+su—u) < f(u), (2.8)

for all u € (u;,u,). Recall that according to the Rankine—Hugoniot conditions,
s = (fi — f;) /(u; — u,), which means that the graph of f(u) has to lie above the
straight line segment joining the points (u;, f;) and (u,, f,). On the other hand, if
the graph of f(u) is above the straight line, then (2.8) is satisfied, and we can find
a solution of (2.7). Similarly, if u; > u,, U must be negative in the whole interval
(u,,u;). Consequently, the graph of f(u) must be below the straight line.

By combining the two cases we conclude that the viscous profile or traveling
wave entropy condition is equivalent to

s |k —u| < sign(k —up) (f(k) = f (u)), (2.9)

for all k strictly between u; and u, when the Rankine-Hugoniot condition s [u] =
[/] holds. Note that an identical inequality holds with u; replaced by u,. This is
equivalent to the Oleinik entropy condition

k) — f k) —
S ~f SR~ i 010,
k—u, k —u,;
to be valid for all k strictly between u; and u,.
Furthermore, we claim that the traveling wave entropy condition is equivalent to
the condition that

s[lu—k|] = [sign(—k) (f) = f(k)] (2.11)




56 2 Scalar Conservation Laws

(recall that [a] = a, — a; for every quantity a) is satisfied for all k. To show this,
we first assume that (2.11) holds. Consider first the case u#; < u,, and choose k to
be between u; and u,. We obtain from (2.11) that

sy = k) + (ur = k) = (fy = f(k)) + (fi = f(K)).

or
flk) > f—s@—k). (2.12)

Here, f denotes (f; + f,)/2, and similarly, # = (u; + u,)/2. The right-hand
side is a straight line connecting (u;, f;) and (u,, f,) (here we have to use the
Rankine-Hugoniot condition). Thus, the graph of f(x) must lie above the straight
line segment between (u;, f;) and (u,, f,). Similarly, if u, < u;, we find that the
graph has to lie below the line segment. Hence (2.11) implies (2.9).

Assume next that (2.9) holds across an isolated discontinuity, with limits u; and
u, that are such that the Rankine—Hugoniot equality holds. Then

s [|lu—kl] = [sign @ —k) (f) = fk)] (2.13)

for every constant k not between u; and u,. For constants k between u; and u,, we

have seen that if f(k) > f —s(it — k) foru; < u,, i.e., the viscous profile entropy
condition holds, then

s[lu—k|] = [sign(u—k) (f(u) = f(k))]. (2.14)

In the same way one can show that (2.14) holds whenever u; > u,. Thus we con-
clude that (2.11) will be satisfied.

The inequality (2.9) motivates another entropy condition, the Kruzkov entropy
condition. This condition is often more convenient to work with, since it combines
the definition of a weak solution with that of the entropy condition.

Choose a smooth convex function 7 = n(u) and a nonnegative test function ¢
in Cg°(R x (0, 00)). (Such a test function will be supported away from the x-axis,
and thus we get no contribution from the initial data.) Then we obtain

0= /[ (uf + f(u) —eul,) n' () dx dt

= // n(u®), ¢ dx dt —i—// q' Wi dx dt

e [f (4w — ") (u)?) b dix it

= —// n(u®)ep, dxdl—//q(us)zi)x dx dt

—8// n(u)g. dx dt +€// ' u®)(ut)?p dx dt

Z —// (n(w)p: + qu)p. + en(u)p.y) dx dt, (2.15)
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where we first introduced ¢ such that

q'(w) = f'(u)n'(u) (2.16)

and subsequently used the convexity of 7, i.e., " > 0, to remove the term
e [ 0" (u®)(ut)*p dx dt. This term is problematic, since (u%)? in general will
not be integrable in the limit as & — 0. If this is to hold as ¢ — 0, we need

/ / (n(w)p: + q(u)py) dx dt > 0, (2.17)

and we say that the KruZkov entropy condition holds if (2.17) is valid for all convex
functions 1 and all nonnegative test functions ¢p. However, we will soon see that we
can simplify this further.

Consider now the case with

n) = (u—k)?+6)", 50,
for some constant k. By taking § — 0 we can extend the analysis to the case
nu) = u—kj. (2.18)
In this case, we find that
q(u) = sign (u — k) (f(u) — f(k)).

Remark 2.1 Consider a fixed bounded weak solution u and a nonnegative test func-
tion ¢, and define the linear functional

An) = // (nG)d: + qQ0)dy) dx dr. (2.19)

(The function g depends linearly on 7; cf. (2.16).) Assume that the KruZkov entropy
condition holds, that is, A(n) > 0 with 1 convex. Introduce

ni() =o;lu—kil, ki €R, e =0.

Clearly,

A(Z’h) > 0.

i
Since u is a weak solution, we have
Aleu + ) =0, «,BeR,

and hence the convex piecewise linear function

nw) =au+ B+ ni(u) (2.20)

satisfies A(n) > 0. On the other hand, any convex piecewise linear function 1 can
be written in the form (2.20). This can be proved by induction on the number of
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breakpoints for 1, where by breakpoints we mean those points where 1’ is discon-
tinuous. The induction step goes as follows. Consider a breakpoint for n, which we
without loss of generality can assume is at the origin. Near the origin we may write
n as

oiu foru <0,
n(u) =
oou foru >0,

for |u| small. Since 7 is convex, 07 < 0. Then the function

1 1
n(u) = '7(“)—5(02—01)|u|—§(01 + oo)u (2.21)

is a convex piecewise linear function with one breakpoint fewer than n for which
one can use the induction hypothesis. Hence we infer that A(n) > 0 for all convex,
piecewise linear functions 7. Consider now any convex function 7. By sampling
points, we can approximate 1 with convex, piecewise linear functions 7; such that
n; — nin L*. Thus we find that

A(n) = 0.

We conclude that if A(n) > 0 for the Kruzkov function n(u) = |u — k| for all
k € R, then this inequality holds for all convex functions.

We say that a function is a KruZkov entropy solution to (2.1) if the inequality

// (e — K| s + sign (u — k) (f@) — fH) d) dxdr =0 (222)

holds for all constants k € R and all nonnegative test functions ¢ in C® (R x (0, 00)).

If we instead consider solutions on a time interval [0, 7'], and thus use nonneg-
ative test functions ¢ € C5°(R x [0, T']), we find that the appropriate definition is
that u is a Kruzkov entropy solution on R x [0, 7] if

T
// [ — k| ¢, + sign (u — k) (F(u) — £(K)) 5] dx dt
o (2.23)

—/|u(x,T)—k|¢(x,T)dx+/|u0(x)—k|¢(x,0)dx >0

holds for all k € R and for all nonnegative test functions ¢ in C°(R x [0, T]).
Next, let us analyze the consequences of definition (2.22). If we assume that u is
bounded, and set k < —|Ju|| ., (2.22) gives

0 S/ (= Kk)pr + (f(u) = f(K) ¢) dx dt = / (u¢y + f(u)gx) dx dr.
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Similarly, setting k > ||u||, gives

0> // (us + £y dx dr.

These two inequalities now imply that

/ (ue; + fu)gpy) dxdt =0 (2.24)

for all nonnegative ¢. By considering test functions ¢ in Cg° (R x (0, c0)) of the
form ¢ — ¢_, with ¢ € C5°(R x (0, 00)) nonnegative, which are dense C;°,
equation (2.24) implies the usual definition (1.19) of a weak solution. Thus, we
find that a KruZzkov entropy solution is also a weak solution. In particular, jump
discontinuities satisfy the Rankine—Hugoniot condition.

We will now study the relationship between the Kruzkov entropy condition and
the traveling wave condition. First assume that u is a classical solution away from
isolated jump discontinuities along piecewise smooth curves, and that it satisfies the
KruZkov entropy condition (2.22). By applying to (2.22) the argument (cf. (1.21))
used to derive the Rankine—Hugoniot condition in a neighborhood of a jump discon-
tinuity, we obtain precisely the inequality (2.11). Thus the traveling wave entropy
condition holds.

On the other hand, consider the situation in which we have a smooth solution
except for jump discontinuities on isolated curves where the traveling wave condi-
tion (2.11) holds. For smooth solutions we have directly that n(u), + g(u), = 0.
For simplicity we assume that there is exactly one curve I" where u has a jump
discontinuity. We write R x (0,00) = D_ U I" U D, where DL are on either side
of the curve I'. Thus (cf. (1.20)-(1.22))

0= (//+//)(n(u)z +q(u).)¢ dx dt
D_
f/ f/ (1)) + (qu)¢).) dx dt
D_
// // (n()¢: + qw)¢s) dx dt

/+/ ¢(Q(u),n(u)).nds—/[ (1), + qu)dy) dx di

aD_ Dy

— /qb(— Tq] + s [n] )ds—// (n(u)¢; + q(u)py) dx dt

> // (nG)b: + qQ0),) dx di

using (2.11). Here ¢ € C5°(R x (0, 00)) is the usual nonnegative test function. Thus
the Kruzkov entropy condition is satisfied.
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Hence, for sufficiently regular solutions, these two entropy conditions are equiva-
lent. We shall later see that Kruzkov’s entropy condition implies that for sufficiently
regular initial data, the solution indeed posseses the necessary regularity; conse-
quently, these two entropy conditions “pick” the same solutions. We will therefore
in the following use whichever entropy condition is more convenient to work with.

2.2 The Riemann Problem

With my two algorithms one can solve all problems—without error, if God will!
— Al-Khwarizmi (c. 780—c. 850)

For conservation laws, the Riemann problem is the initial value problem

u; forx <0,

u; + f(u)y =0, u(x,0) = (2.25)

u, forx >0.

Assume temporarily that f € C? with finitely many inflection points. We have
seen examples of Riemann problems and their solutions in the previous chapter, in
the context of traffic flow. Since both the equation and the initial data are invariant
under the transformation x — kx and ¢ — k¢, it is reasonable to look for solutions
of the form u = u(x,t) = w(x/t). We set z = x/t and insert this into (2.25) to
obtain

—%w/ + ;f/(w)w/ =0, orz = f'(w). (2.26)
If f7 is strictly monotone, we can simply invert this relation to obtain the solution
w = (f')7!(z). In the general case we have to replace f’ by a monotone function
on the interval between u; and u,. In the example of traffic flow, we saw that it was
important whether u; < u, or vice versa. Assume first that #; < u,. Now we claim
that the solution of (2.26) is given by

u; forx < fZ(up)t,
u(x.t) = w(z) =1 ()" (/1) for fLu)t <x < fL(u)r,  (227)
Uy for x > f/ (u,)t,

foru; < u,.Here f_ denotes the lower convex envelope of f in the interval [u;, u,],
and (( fv)/)_1 , or, to be less pedantic, ( /)™, denotes the inverse of its derivative.
The lower convex envelope is defined to be the largest convex function that is less
than or equal to f in the interval [u;, u,], i.e.,

f_(u) =sup{g(u)| g < f and g convex on [u;, u,] }. (2.28)

To picture the envelope of f, we can imagine the graph of f cut out from a board
so that the lower boundary of the board has the shape of the graph. An elastic rubber
band stretched from (u;, f (u;)) to (u,, f (u,)) will then follow the graph of f_.
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u

Fig. 2.1 In a series of figures we will illustrate the solution of an explicit Riemann problem. We
start by giving the flux function f, two states u; and u, (with u; < u,), and the convex envelope
of f relative to the interval [u;, u,]

Note that f_ depends on the interval [u;, u,], and thus is a highly nonlocal function
of f.

Since f” > 0, we have that f’ is nondecreasing, and hence we can form its
inverse, denoted by (7 )~!, permitting jump discontinuities where f” is constant.
Hence formula (2.27) at least makes sense. In Fig. 2.1 we see a flux function and
the envelope between two points u; and u,.

If f € C? with finitely many inflection points, there will be a finite num-
ber of intervals with endpoints ¥; = u; < u, < -+ < u, = u, such that
f_ = f on every other interval. That is, if f_(u) = f(u) foru € [u;,u;+1],
then f_(u) < f(u) foru € (uj41,u;42) U (4;_1,u;). In this case the solution
u(-,t) consists of finitely many intervals where u is a regular solution given by
u(x,t) = (f")~"(x/t) separated by jump discontinuities at points x such that
X = fiupt = t(f ) = f0))/ (1 — 1) = f (1)t that clearly satisfy
the Rankine—Hugoniot relation. Furthermore, we see that the traveling wave en-
tropy condition (2.9) is satisfied as the graph of f is above the segment connecting
the left and right states. In Fig. 2.1 we have three intervals, where f_ < f on the
middle interval.

To show that (2.27) defines a Kruzkov entropy solution, we shall need some

notation. Fori = 1,...,n seto; = f/ (u;) and define 6y = —00, 6,11 = 00. By
discarding identical o;’s and relabeling if necessary, we can and will assume that
09 < 0] <-+-<0,41. Thenfori = 2,...,n define (see Fig. 2.2)

=0

vi(x,1) = (fi)_1 (iﬁ), Oi-1 =

X
t

and set vy (x,?7) = u; for x < oyt and v, (x,t) = u, for x > o,t. Let £2; denote
the set

Qi ={(x,1)|0<t<T, oi_it<x<ot}
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a b
0.10 0.63 137 2.10
1.40 1 A 1 1 2.10
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-0.47 4 - . L 0.63
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Fig. 2.2 The function f’ (a) and its inverse (b)

fori =1,...,n + 1. Using this notation, u defined by (2.27) can be written

n+1
u(x,1) =) fa (x.0v;(x.1). (2.29)
i=1
where yp, denotes the characteristic function of the set §£2;. Fori = 1,...,n we
then define
u; = lim wu(x,t) and u; = lim wu(x,t).
X—>0it— X—0;t+

The values u; and u; are the left and right limits of the discontinuities of u.

With this notation at hand, we show that u defined by (2.29) is a KruZkov entropy
solution of the initial value problem (2.25) in the sense of (2.23). Observe that each
shock by construction satisfies the traveling wave entropy condition as given by
(2.8). Note that u is continuously differentiable in each £2;. First we use Green’s
theorem (similarly as in proving the Rankine—Hugoniot relation (1.21)) on each £2;
to show that

T
// (n¢: + qoy) dx dt =
0
n+1

= mie), + (qip), ) dx dt
> // ( )

n+1

Z// (ni@r + qipy) dx dt
i=l1 2

n+1
=Z/<ﬂ(—7hdx+%‘df)

=150

- / (e, T)p(x. T) — n(x.0)p(x. 0)) dx

+ Xn:/<p (01.1) I:Ui(ﬁi —n,) = (@ _‘_Ii)] dt.

i=1 0
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Here

n=n.k)=u—kl,

ni =n(i(x.0).k), 0 =n@i.k). n =n.k),

q = q(u.k) = sign(u —k) (f(u) — f(k)),

qi = qi(x,0).k), g =q©;.k), and g =q(v;. k).

By construction, the traveling wave entropy condition (2.9) is satisfied. We have
shown in Sect. 2.1 that this implies that (2.11) holds. Thus

o —n,) = (G —4q,) 20,

-1

for all constants k. Hence

T
// (ne: + qox) dx dt + / (n(x,0)¢(x,0) — n(x. T)e(x, T)) dx = 0, (2.30)
0

i.e., u satisfies (2.23). Now we have found a Kruzkov entropy-satisfying solution to
the Riemann problem if u; < u,.

If u; > u,, we can transform the problem to the case discussed above by sending
x — —x. Then we obtain the Riemann problem

f 0,
u, — fu), =0, u(x,O):{ur or x <

u; forx > 0.
In order to solve this, we have to take the lower convex envelope of — f from u, to

u;. But this envelope is exactly the negative of the upper concave envelope from u;
to u,. The upper concave envelope is defined to be

f(u) = inf{g(u) ) g > f and g concave on [u,,u;]}. (2.31)

In this case the weak solution is given by

u; for x < f! (u))t,
u(x.0) =w(@) = ()" (2) for fL(u)t < x < f(upt, (2.32)
Uy for x > f’ (u,)t,

for u; > u,, where z = x/t.

This construction of the solution is valid as long as the envelope consists of
a finite number of intervals where f_ . # f, alternating with intervals where the
envelope and the function coincide. We will later extend the solution to the case in
which f is a piecewise, twice continuously differentiable function.

We have now proved a theorem about the solution of the Riemann problem for
scalar conservation laws.
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Theorem 2.2 The initial value problem
u; forx <0,

u; + f(u), =0, u(x,0) =
u, forx >0,

with a flux function f(u) suchthat f_ - # f onfinitely many intervals, alternating
with intervals where they coincide, has a weak solution given by equation (2.27)
ifuy < u,, or by (2.32) if u, < uy. This solution satisfies the KruZkov entropy
condition (2.23).

The solution u(x, t) given by (2.27) and (2.32) consists of a finite number of
discontinuities separated by “wedges” (i.e., intervals (z;, z;;1)) inside which u is
a classical solution. A discontinuity that satisfies the entropy condition is called
a shock wave or simply a shock, and the continuous parts of the solution of the
Riemann problem are called rarefaction waves. This terminology, as well as the
term “entropy condition,” comes from gas dynamics. Thus we may say that the
solution of a Riemann problem consists of a finite sequence of rarefaction waves
alternating with shocks.

<> Example 2.3 (Traffic flow (cont’d.))
In the conservation law model of traffic flow, we saw in Example 1.6 that the flux
function was given as

fu)=u(l —u).

This is a concave function. Consequently, every upper envelope will be the function
f itself, whereas a lower envelope will be the straight line segment between its
endpoints. Every Riemann problem with u; > u, will be solved by a rarefaction
wave, and if u; < u,, the solution will consist of a single shock. This is, of course,
in accordance with our earlier results, and perhaps also with our experience. &

The solution of a Riemann problem is frequently depicted in (x,?)-space as
a collection of rays emanating from the origin. The slope of these rays is the recip-
rocal of f”(u) for rarefaction waves, and if the ray illustrates a shock, the reciprocal
of [ f]/ [#]. In Fig. 2.3 we illustrate the solution of the previous Riemann problem
in this way; broken lines indicate rarefaction waves, and the solid line the shock.
Note that Theorem 2.2 does not require the flux function f to be differentiable.
Assume now that the flux function is a polygon, i.e., that f is continuous and piece-
wise linear on a finite number of intervals. Thus f’ will then be a step function
taking a finite number of values. The discontinuity points of f’ will hereinafter be
referred to as breakpoints.

Making this approximation is reasonable in many applications, since the precise
form of the flux function is often the result of some measurements. These measure-
ments are taken for a discrete set of u values, and a piecewise linear flux function is
the result of a linear interpolation between these values.

Both upper concave and lower convex envelopes will also be piecewise linear
functions with a finite number of breakpoints. This means that f’ and f’ will
be step functions, as will their inverses. Furthermore, the inverses of the derivatives
will take their values among the breakpoints of f_ (or f), and therefore also of f.
If the initial states in a Riemann problem are breakpoints, then the entire solution
will take values in the set of breakpoints.
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-1.0 -0.33 0.33 1.0 o0

— ~ 0.67

— ~ 0.33

Fig. 2.3 The solution of a Riemann problem, shown in (x, ¢)-space

If we assume that u; < u,, and label the breakpoints u; = ug < u; < -+ <
u, = u,, then f_ will have breakpoints in some subset of this, say u; < u; <
- < u;, < u,. The solution will be a step function in z = x/¢, monotonically
nondecreasing between u; and u,. The discontinuities will be located at z; , given

by
_ f (uik—l) -f (uik).

Ui — Uiy

Thus the following corollary of Theorem 2.2 holds.

Corollary 2.4 Assume that f is a continuous piecewise linear function f
[-K, K] — R for some constant K. Denote the breakpoints of f by —K =
Uy < U <+ <Uy_1 <Uu, = K. Then the Riemann problem

u; forx <0,

u; + f(u), =0, u(x,0) = (2.33)

Uy forx >0,

has a piecewise constant (in z = x/t) solution. If u; < uy, letu; =v; < --- <
Uy = Uy denote the breakpoints of f_, and if u; > uy, letuy =v,, <--- < vy =
u; denote the breakpoints of f~. The weak solution of the Riemann problem is then
given by

vy forx < sit,

vy, forsit < Xx < st,

w(x,f) =1 (2.34)
v, forsi_it <x <t

VU for Syt < X.
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Here, the speeds s; are computed from the derivative of the envelope, that is,

fiv)—f (Ui).

Vigl — V;

P =

For a fixed time t, the solution is monotone in the x variable. Furthermore,
-, 1) —uollr < 21l fllip | — il - (2.35)

Proof It remains to prove (2.35). With the given notation,

[l (- 1) = w0l

Z(Uj-H —v;)(=s;)t + Z(Uj-H —v;)s;t

S/'fo S/'>0

< max|sj| [V — 1] ¢
J

<t flluip [u; — x| - O

Note that this solution is an admissible solution in the sense that it satisfies
the Kruzkov entropy condition. The viscous profile entropy condition is somewhat
degenerate in this case. Across discontinuities over which f(u) differs from the en-
velope, it is satisfied. But across those discontinuities over which the envelope and
the flux function coincide, the right-hand side of the defining ordinary differential
equation (2.7) collapses to zero. The conservation law is called linearly degenerate
in each such interval (v;, v;y1). Nevertheless, these discontinuities are also limits
of the viscous regularization, as can be seen by changing to Lagrangian coordinates
X > x — s;t; see Exercise 2.4.

With this we conclude our discussion of the Riemann problem, and in the next
section we shall see how the solutions of Riemann problems may be used as a build-
ing block to solve more general initial value problems.

2.3 Front Tracking

This algorithm is admittedly complicated,
but no simpler mechanism seems to do nearly as much.
— D.E. Knuth, The TgXbook (1984)

We begin this section with an example that illustrates the ideas of front tracking for
scalar conservation laws, as well as some of the properties of solutions.

< Example 2.5

In this example we shall study a piecewise linear approximation of Burgers’s equa-
tion, u; + (u?/2), = 0. This means that we study a conservation law with a flux
function that is piecewise linear and agrees with u?/2 at its breakpoints. To be spe-
cific, we choose intervals of unit length. We shall be interested in the flux function
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only in the interval [—1, 2], where we define it to be

—u/2 foru € [-1,0],
f)=3u/2 foru € [0, 1], (2.36)
3u/2—1 foru €[l,2].

This flux function has two breakpoints, and is convex.
We wish to solve the initial value problem

2 for x < xq,
u+ fu)y =0, up(x) = {—1 forx; <x < xs, (2.37)

1 for x, < x,

with f given by (2.36). Initially, the solution must consist of the solutions of the
two Riemann problems located at x; and x,. This is so, since the waves from these
solutions move with a finite speed and will not interact until some positive time.

This feature, sometimes called finite speed of propagation, characterizes hyper-
bolic, as opposed to elliptic or parabolic, partial differential equations. It implies
that if we change the initial condition locally around some point, it will not imme-
diately influence the solution “far away.” Recalling the almost universally accepted
assumption that nothing moves faster than the speed of light, one can say that hy-
perbolic equations are more fundamental than the other types of partial differential
equations.

Returning to our example, we must then solve the two initial Riemann problems.
We commence with the one at x;. Since f is convex, and u; = 2 > —1 = u,,
the solution will consist of a single shock wave with speed s; = % given from the
Rankine—Hugoniot condition of this Riemann problem. For small # and x near x;
the solution reads

w(x.t) = 2 for x < 81t + X, (2.38)
’ —1 forx > sit + xy. '

The other Riemann problem has u; = —1 and 4, = 1, so we must use the lower
convex envelope, which in this case coincides with the flux function f. The flux
function has two linear segments and one breakpoint ¥ = 0 in the interval (—1, 1).
Hence, the solution will consist of two discontinuities moving apart. The speeds
of the discontinuities are computed from f’(u), or equivalently from the Rankine—
Hugoniot condition, since f is linearly degenerate over each discontinuity. This
gives s, = —% and s3 = % The solution equals

—1 for x < 5ot + x»,
u(x,1) =30 for st + xp, < x < 831 + X3, (2.39)

1 for s5t + x, < x,

for small ¢ and x near x,.
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It remains to connect the two solutions (2.38) and (2.39). This is easily done for
sufficiently small #:

2 for x < x| + s1¢t,

—1 for st <x < $ot,
u(x, 1) = MhSE= Y =0t (2.40)
0 for x5 + $9f < x < x5 + 83,

1 for x, + s3t < x.

The problem now is that the shock wave located at x;(#) = x; + ¢/2 will collide
with the discontinuity x,(t) = x, — ¢/2. Then equation (2.40) is no longer valid,
since the middle interval has collapsed. This will happen at time ¢ = #; = (x; —Xx1)
and position x = x4 = (x1 + x2)/2.

To continue the solution, we must solve the interaction between the shock and
the discontinuity. Again, using finite speed of propagation, we have that the solution
away from (x4, t;) will not be directly influenced by the behavior here. Consider
now the solution at time #; and in a vicinity of x4. Here u takes two constant values,
2 for x < x4 and O for x > x4. Therefore, the interaction of the shock wave x1(t)
and the discontinuity x,(¢) is determined by solving the Riemann problem with
u; =2andu, = 0.

Again, this Riemann problem is solved by a single shock, since the flux function
is convex and u; > u,. The speed of this shock is s4 = 1. Thus, for ¢ larger than
X3 — X1, the solution consists of a shock located at x4(¢) and a discontinuity located
at x3(¢). The locations are given by

K4(0) = 3 (o) 1= (=) = 4 5 (B — ).
x3(t) = xp + %t.
We can then write the solution u(x, t) as
u(x,1) =2+ [u (s H (x = x4(0)) + [u (3] H (x = x3()) . (2.41)

where H is the Heaviside function.
Indeed, every function u(x, ¢) that is piecewise constant in x with discontinuities
located at x; () can be written in the form

u(x,t) =u; + Z [u (x;@)] H (x —x;0)) . (2.42)
J

where u; now denotes the value of u to the left of the leftmost discontinuity.

Since the speed of x4(¢) is greater than the speed of x3(¢), these two discon-
tinuities will collide. This will happen at t = 1, = 3(x; —x;) and x = x5 =
(5x2 — 3x1)/2. In order to resolve the interaction of these two discontinuities, we
have to solve the Riemann problem with #; = 2 and u, = 1.

In the interval [1, 2], f(u) is linear, and hence the solution of the Riemann prob-
lem will consist of a single discontinuity moving with speed s5 = % Therefore, for
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X Xy Xo s x

Fig. 2.4 The solution of (2.37) with the piecewise linear continuous flux function (2.36)

t > t, the solution is defined as

2 forx < 3t/2 + 3x; — 2x,,

u(x,t) =
1 forx > 3¢/2 + 3x; — 2x5.

(2.43)

Since the solution now consists of a single moving discontinuity, there will be no
further interactions, and we have found the solution for all positive ¢. Figure 2.4
depicts this solution in the (x, t)-plane; the discontinuities are shown as solid lines.
We call the method that we have used to obtain the solution front tracking. Front
tracking consists in tracking all discontinuities in the solution, whether they rep-
resent shocks or not. Hereinafter, if the flux function is continuous and piecewise
linear, all discontinuities in the solution will be referred to as fronts.

Notice that if the flux function is continuous and piecewise linear, the Rankine—
Hugoniot condition can be used to calculate the speed of any front. So from a com-
putational point of view, all discontinuities are equivalent. <&

With this example in mind we can define a general front-tracking algorithm for
scalar conservation laws. Loosely speaking, front tracking consists in making a step-
function approximation to the initial data, and a piecewise linear approximation to
the flux function. The approximate initial function will define a series of Riemann
problems, one at each step. One can solve each Riemann problem, and since the
solutions have finite speed of propagation, they will be independent of each other




70 2 Scalar Conservation Laws

until waves from neighboring solutions interact. Front tracking should then resolve
this interaction in order to propagate the solution to larger times.

By considering flux functions that are continuous and piecewise linear, we are
providing a method for resolving interactions.

Front tracking in a box (scalar case)
(i) We are given a scalar one-dimensional conservation law

u+ fx =0, uli—o = uo. (2.44)

(ii) Approximate f by a continuous piecewise linear flux function f°.
(iii) Approximate initial data 1o by a piecewise constant function u.

(iv) Solve the initial value problem
ur+ fOu)e =0, ulimo=1u

exactly. Denote the solution by us ;.
(v) As f?and ug approach f and u, respectively, the approximate solution
us, will converge to u, the solution of (2.44).

We have seen that the solution of a Riemann problem always is a monotone
function taking values between u; and u,. Another way of stating this is to say that
the solution of a Riemann problem obeys a maximum principle. This means that if
we solve a collection of Riemann problems, the solutions (all of them) will remain
between the minimum and the maximum of the left and right states.

Therefore, fix a large positive number M and let u; = i6, for—-M < i§ < M.
In this section we shall assume, unless otherwise stated, that the flux function f(u)
is continuous and piecewise linear, with breakpoints u;.

We assume that u is some piecewise constant function taking values in the set
{u;} with a finite number of discontinuities, and we wish to solve the initial value
problem

u; + f(u), =0, u(x,0) = up(x). (2.45)

As remarked above, the solution will initially consist of a number of noninteracting
solutions of Riemann problems. Each solution will be a piecewise constant function
with discontinuities traveling at constant speed. Hence, at some later time #; > 0,
two discontinuities from neighboring Riemann problems will interact.

Att = t; we can proceed by considering the initial value problem with solution
v(x,1):

Ut+f(v)X=05 U(x’tl)zu(x’tl)'

Since the solutions of the initial Riemann problems will take values among the
breakpoints of £, i.e., {u;}, the initial data u(x, #;) is the same type of function as
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uo(x). Consequently, we can proceed as we did initially, by solving the Riemann
problems at the discontinuities of u(x, ¢;). However, except for the Riemann prob-
lem at the interaction point, these Riemann problems have all been solved initially,
and their solution merely consists in continuing the discontinuities at their present
speed. The Riemann problem at the interaction point has to be solved, giving a new
fan of discontinuities. In this fashion the solution can be calculated up to the next in-
teraction at #,, say. Note that what we calculate in this way is not an approximation
to the entropy weak solution of (2.45), but the exact solution.

It is clear that we can continue this process for any number of interactions oc-
curring at times f,, where 0 < t; <, <3 < .-+ < t, < ---. However, we
cannot a priori be sure that lim#, = oo, or in other words, that we can calculate
the solution up to any predetermined time. One might envisage that the number of
discontinuities grows for each interaction, and that this number increases without
bound at some finite time. The next lemma assures us that this does not happen.

Lemma 2.6 For each fixed §, and for each piecewise constant function ug taking
values in the set {u;}, there is only a finite number of interactions between discon-
tinuities of the weak solution to (2.45) for t in the interval [0, 00).

Remark 2.7 In particular, this means that we can calculate the solution by front
tracking up to infinite time using only a finite number of operations. In connection
with front tracking used as a numerical method, this property is called hyperfast. In
the rest of this book we call a discontinuity in a front-tracking solution a front. Thus
a front can represent either a shock or a discontinuity over which the flux function
is linearly degenerate.

Proof (of Lemma 2.6) Let N(t) denote the total number of fronts in the front-
tracking solution u(x, ¢) at time ¢.

If a front represents a jump from u; to u,, we say that the front contains / linear
segments if the flux function has / — 1 breakpoints between u; and u,. We use the
notation [u] to denote the jump in u across a front. In this notation, / = |[u]]| /3.

Let L(¢) be the total number of linear segments present in all fronts of u(x, ¢) at
time ¢. Thus, if we number the fronts from left to right, and the i th front contains /;
linear segments, then

1
L(t) = Zlf = gZ|[[uﬂi|.

Let Q denote the number of linear segments in the piecewise linear flux function
f(u) for u in the interval [-M, M]. Now we claim that the functional

T(t)=QL(t)+ N()

is strictly decreasing for each collision of fronts. Since 7 (¢) takes only integer val-
ues, this means that we can have at most 7°(0) collisions.

It remains to prove that 7'(¢) is strictly decreasing for each collision. Assume that
a front separating values u; and u,, collides from the left with a front separating u,,
and u,. We will first show that 7" is decreasing if u,, is between u; and u,.
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Fig. 2.5 An interaction of fronts where u; < u,, < u,

We assume that u; < u,, < u,.Ifu, < u, < uy, the situation is analogous,
and the statement can be proved with the same arguments. The situation is as de-
picted in Fig. 2.5. Since a single front connects u; with u,,, the graph of the flux
function cannot cross the straight line segment connecting the points (u;, f (u;))
and (U, f (4,)). The entropy condition also implies that the graph of the flux
function must be above this segment. The same holds for the front on the right sep-
arating u,, and u,. As the two fronts are colliding, the speed of the left front must
be larger than the speed of the right front. This means that the slope of the segment
from (u;, f (u;)) to (U, f (u,)) is greater than the slope of the segment from
Um, f (Um)) to (U, f (u,)). Therefore, the lower convex envelope from u; to u,
consists of the line from (u;, f (u;)) to (u,, f (#,)). Accordingly, the solution of
the Riemann problem consists of a single front separating u; and u,. See Fig. 2.5.
Consequently, L does not change at the interaction, and N decreases by one. Thus,
when u,, is between u, and u;, T decreases.

It remains to show that T also decreases if u,, is not between u; and u,. We will
do this for the case u,, < u; < u,. The other cases are similar, and can be proved
by analogous arguments.

Since the Riemann problem with a left state u; and right state u,, is solved by
a single discontinuity, the graph of the flux function cannot lie above the straight line
segment connecting the points (u;, f (1)) and (u,,, f (4,,)). Similarly, the graph
of the flux function must lie entirely above the straight line segment connecting
(U, [ (Uyy)) and (u,, f (u,)). Also, the slope of the latter segment must be smaller
than that of the former, since the fronts are colliding. This means that the Riemann
problem with left state u; and right state u, defined at the collision of the fronts will
have a solution consisting of fronts with speed smaller than or equal to the speed of
the right colliding front. See Fig. 2.6.

The maximal number of fronts resulting from the collision is |u; — u,| /§. This
is strictly less than Q. Hence N increases by at most Q — 1. At the same time,
L decreases by at least one. Consequently, 7 must decrease by at least one. This
concludes the proof of Lemma 2.6. |

As a corollary of Lemma 2.6, we infer that for a piecewise constant initial func-
tion with a finite number of discontinuities, and for a continuous and piecewise
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Um

Fig. 2.6 An interaction of fronts where u,, < u; < u,

linear flux function with a finite number of breakpoints, the initial value problem
has a weak solution satisfying the Kruzkov entropy condition (2.22), as well as the
viscous entropy condition for every discontinuity. Before we state the precise result,
it is convenient to introduce the notion of fotal variation. For a piecewise constant
function u = u(x) with finitely many jumps, its total variation is the sum of the
absolute values of its jumps, that is,

T.V.(u) = Z |Tul; |-

This notation can and will be generalized to arbitrary functions; see Appendix A. It
is not difficult to prove the following slight generalization of what we have already
shown:

Corollary 2.8 Let f(u) be a continuous and piecewise linear function with a finite
number of breakpoints for u in the interval [—M, M, where M is some constant.
Assume that u is a piecewise constant function with a finite number of discontinu-
ities, ug: R — [—M, M. Then the initial value problem

u + fu)y =0, ul—o = uo, (2.46)

has a weak solution u = u(x,t). The function u = u(x,t) is a piecewise con-
stant function of x for each t, and u(x,t) takes values in the finite set {uy(x)} U
{the breakpoints of f}. Furthermore, there is only a finite number of interactions
between the fronts of u. The function u also satisfies the KruZkov entropy condition
(2.23). In addition,

T.V.(u(-,t)) <T.V.(up). (2.47)
Finally, we have
lu(- ) —uollp <t fllLipT-V. (uo), (2.48)
and, more generally,

(- 0) =u(- )l < [1F LipT- V- (uo) [t — 5] (2.49)
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Proof For the proof that the solution satisfies the Kruzkov entropy condition, see
Exercise 2.21. It remains to prove (2.47), (2.48), and (2.49). Regarding (2.47), recall
that at each time two or more fronts interact, the solution of the resulting Riemann
problem is always monotone, and hence no new extrema are introduced. Thus the
total variation cannot increase, which proves (2.47).

To prove (2.48), we observe that Corollary 2.4 yields (cf. (2.35)) that

lu (- 1) —uollr < 211 fllLipT-V. (o)

for all ¢ < ty, the first collision time. We use the same argument for all ¢ € (¢, 1),
where 1, is the second collision time, to conclude that

flu(-.1) —uollpr < lu(-,t) —u- el + u(-, 1) — uoll
S =N flupT-Vo (-, 0) + ol fllLipT-V. (uo)
<t || flipT.V. (uo) .

Repeating this argument for all collision times, we conclude that (2.48) holds. The
estimate (2.49) follows by considering the previous result with initial data u(-,s)
when s < t. O

This is all well and good, but we could wish for more. For instance, is this so-
lution the only one? And piecewise linear flux functions and piecewise constant
initial functions seem more like an approximation than what we would expect to
see in “real life.” So what happens when the piecewise constant initial function and
the piecewise linear flux function converge to general initial data and flux functions,
respectively?

It turns out that these two questions are connected and can be answered by ele-
gant, but indirect, analysis starting from the Kruzkov formulation (2.22).

2.4 Existence and Uniqueness

Det var en ustyrtelig meengde lag!
Kommer ikke keernen snart for en dag?*
— Henrik Ibsen, Peer Gynt (1867)

By a clever choice of the test function ¢, we shall use the Kruzkov formulation to
show stability with respect to the initial value function, and thereby uniqueness.
The approach used in this section is also very useful in estimating the error in
numerical methods. We shall return to this in a later chapter.
Let therefore u = u(x,t) and v = v(x, t) be two weak solutions to

u + f(u), =0,
with initial data

Ulr=0 = Uo, V=0 = vo,

2 So many layers I"ve peeled and peeled! Will the kernel never be revealed?
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respectively, satisfying the Kruzkov entropy condition. Equivalently,

// (I — k| + sign (u — k) (fu) — F(K))y) dx di
+ / luo — k[ Pli=odx =0 (2.50)

for every nonnegative test function ¢ with compact support (and similarly for the
function v). Throughout the calculations we will assume that both u and v are
bounded and integrable, thus

u,v e L' N L®R x (0, 00)). (2.51)

We assume that f is Lipschitz continuous, that is, that there is a constant L such
that

<L, (2.52)

If lLip := sup

uF#v

Jw) — f(v)
v —

v

and we denote by || f||Lip the Lipschitz constant, or seminorm,’ of f.
If ¢ is compactly supported in ¢t > 0, then (2.50) reads

[ (=19, +sien =0 (100 - hng0) dxdr =0 253
For simplicity we shall in this section use the notation

q(u. k) = sign (u — k) (f (u) — f(k)).
For functions of two variables we define the Lipschitz constant by

lg(u1,v1) — g(uz, v2)]
llgllLip = sup .
)£ U1 —Ua| + V1 — V2]

Since ¢, (u, k) = sign(u —k) f'(u) and gx (u, k) = —sign (u — k) f'(k), it fol-
lows that if || f'[|Lip < L, then also ||q]|ip < L.

Now we introduce the famous Kruzkov doubling of variables method. To that
end, let ¢ = ¢(x,t,y,s) be a nonnegative test function in both (x,¢) and (y,s)
with compact support in # > 0 and s > 0. Using that both u and v satisfy (2.53),
we can set k = v(y, s) in the equation for u, and set k = u(x, ¢) in the equation for
v = v(y,s). We integrate the equation for u(x, ¢) with respect to y and s, and the
equation for v(y, s) with respect to x and ¢, and add the two resulting equations.
We then obtain

//// (luCe.1) = v(. )] (b1 + by) + au. V) bx + $,)) dx dt dy ds > 0.
(2.54)

3|1 f lLip is not a norm; after all, constants & have ||k ||Li, = 0.
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Now we temporarily leave the topic of conservation laws in order to establish some
facts about “approximate § distributions,” or mollifiers. This is a sequence of smooth
functions w, such that the corresponding distributions tend to the §, distribution, i.e.,
w, — 8y as & — 0. There are several ways of defining these distributions. Recall
the following (cf. (1.53)): Let w(o’) be a C* function such that

1
0<w(o)=<1, suppw C[-1,1], w(-0)=w(o), /a)(a) do=1.

-1
Now define

o

w.(0) = éa) (—) . (2.55)

&

It is not hard to verify that w, has the necessary properties such that as a distribution,
lim8_>0 W, = 80.
We will need the following result:

Lemma 2.9 Let F:R? — R be locally Lipschitz continuous and let W € Cy° (R?).
Assume that u,v € L' N L®(R x (0, 00)). Then

////F(u(x, 1), v(y,s))llf(%(x + ), %(t + s))a)s(x — V), (t —s)dxdtdyds
£.6040

— // Fu(x,t),v(x,t))¥(x,t)dx dt. (2.56)

Proof To ease the notation, we drop the time variation and want to show that

J] Favone (564 »)outs -y axay .
= / Fu(x), ()% (x) dx. e
Observe first that
[ Fato.venw e ax = [ Fuw.vewwo.e -y dxdy.
Next we obtain
[ Faooe (56 + o -y dxay
- [[ Fat vyt -y axay
— [ (Fau 001 = Fuw). o) w56+ )t -y dx dy

+ // F(u(x), v(x))(llf(%(x +y) - W(x))a)s(x —y)dxdy.
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We estimate the two terms separately. We obtain W

[ (o0 = Faw . o) (5 + ot -y dxay

< ||W||LwC//|v<x>—v(y>|ws(x—y>dx dy
< ||wnm0/ (y + 2) — v()] w(z) dz dy

< @[~ € sup o(- +2) — vl /we(n dz

lz|<e

= [|¥llz € sup [[v(- +2) = vl|.1,

|z|]<e

using that u is bounded and the Lipschitz continuity of F. Since the L'-norm is
continuous with respect to translations (see Exercise 2.20), we conclude that this
term vanishes as ¢ |, 0. As for the second term, we use a similar approach:

[ Faaen (w0 + 9) = wo)ots - ) dxas|

<Pl [[ [#(32 +5) - 9 + 0| ardzay

1
< ||F(u,v)| ; sup lI/( . +—Z> 4 /wa(z)dz
lzl<e 2 L
1
= ||F(u,v)|; sup ||¥| - +=2z)— ¥ ,
17 s 0l sup @+ +52) = #]
which again vanishes as ¢ | 0. O

Returning now to conservation laws and (2.54), we must make a smart choice of
a test function ¢ (x, ¢, y, s). Let ¥ (x, t) be a test function that has support in ¢ > 0,
and define

X+y t+s
2 72

¢>(x,t,y,s) ZW( )wrso(l_s)a)e(x_y)s

where &( and ¢ are (small) positive numbers. In this case,*

o+ =V (";y,t;s)ww(r—s)ws(x—y)

and’

ad
O+ ¢y = f( ) ’t;s)wao(t_s)ws(x_y)~

9
4 Beware! Here w (Y;‘ “55

and this derlvatlve is evaluated at (

) means the partial derivative of 1 with respect to the second variable,
x+y t+s )
2

5 As in the previous equation, M’ (XJ;} L J;S) means the partial derivative of v with respect to the
first variable, and this derlvatlve is evaluated at (X2, ).
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Observe that the derivatives of w,, and w,, the approximate § distributions, cancel.
Now apply Lemma 2.9 to F(u,v) = |u —v|, ¥ = 0y/dt, and F(u,v) = q(u, v),
¥ = 90y /0dx, respectively. Then, as &y and ¢ tend to zero, (2.54) and Lemma 2.9
give

// (e, 1) = v(x. )] Y1 + qGu,v)¥) di dx = 0 (2.58)

for any two weak solutions # and v and any nonnegative test function ¥ with sup-
portint > €.

If we considered (2.23) in the strip ¢ € [0, T'] and test functions whose support
included 0 and 7', the Kruzkov formulation would imply

//// (. 0) = v(3, )] (B + ¢) + 9. ) (¢ + ¢y)) dx di dy ds
~ [[f wee. ) = v 9l g Ty ax dy ds
~ | v = w0 Bty Ty dx dy d (2.59)
+ [ oo = w051 90,5 dxdy s

+/[ [u(x,t) —vo(y)| ¢(x,t,y,0)dx dydt > 0.

We can make the same choice of test function as before. Since we are integrating
over only half the support of the test functions, we get a factor % in front of each of
the boundary terms for t = 0 and t = T'. Thus we end up with

/ (Ju(x, 1) —v(x,t)| ¥, + q(u,v)¥y) dt dx

—/|u(x,T)—v(x,T)|1//(x,T)dx+/|u0(x)—v0(x)|w(x,0)dx > 0.
(2.60)

In order to exploit (2.60), we define ¥ as

V(X 1) = (XMt LiteM—Li—g] * @) (X), (2.61)

fort € [0, T]. Here L denotes the Lipschitz constant of f, x4 the characteristic
function of the interval [a, D], and * the convolution product. We make the constant
M solargethat M — Lt —e > —M + Lt 4 3¢ fort < T. In order to make ¥ an
admissible test function, we modify it to go smoothly to zero for¢ > T.

We can compute fort < T,

d M—Lt—e
=5 [ et-na .62
—M+Lt+e

=—-L(w,(x—M+Lt+&)+w: (x+M-—Lt —¢)) <0
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nd U

Yy =—(we(x—M + Lt + &) —w: (x + M — Lt —¢)). (2.63)

With our choice of M, the two functions on the right-hand side of (2.63) have
nonoverlapping support. Therefore,

q(u,v)

O0=19,+ L|Ys| =¥ + Y,
u — vl
and hence®
lu—v| ¥ + q(u,v)Y. < 0.
Using this in (2.60) and letting & go to zero, we find that
M~—Lt M
/ [u(x,t) —v(x,t)] dx < / [up(x) — vo(x)| dx. (2.64)
—M+Lt -M
By letting M — oo, we find that
. 0) =v(-. D)l < lluo = voll 1 (2.65)

in this case. Thus we have proved the following result.

Proposition 2.10 Assume that f is Lipschitz continuous, and let u,v € L' N
L*(R x (0, 00)) be weak solutions of the initial value problems

u,+ fu)y =0, ul—o = uo,
v+ f(0)y =0, v|;=0 = vy,

respectively, satisfying the KruZkov entropy condition. Then
(- 1) —v(-. Ol = o — voll1- (2.66)
In particular, if uy = vo, then u = v.

In other words, we have shown, starting from the KruZkov formulation of the en-
tropy condition, that the initial value problem is stable in L', assuming the existence
of solutions.

The idea is now to obtain the existence of solutions using front tracking; for
Riemann initial data and continuous piecewise linear flux functions, we already
have existence from Corollary 2.8. For given initial data and flux function, we show
that the solution can be obtained by approximating with front-tracking solutions.

Now that we have shown stability with respect to the initial data, we proceed
to study how the solution varies with the flux function. We start by studying two

6 Recall that we had the same property in the linear case; see (1.54).
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Riemann problems with the same initial data, but with different flux functions. Let
u and v be the weak solutions of

ur+ fu)y =0, v, +gW),=0 (2.67)
with common initial data

f <0,
u(x,0) = v(x,0) = 41 Y
u, forx > 0.

We assume that both f and g are continuous and piecewise linear with the same
breakpoints. The solutions u and v of (2.67) will be piecewise constant functions of
x/t that are equal outside a finite interval in x /¢. More concretely, we have that

u(x,t) =v(x,t) =u;if x <opt,and u(x,t) = v(x,t) = u, if x > oyt.
We have to estimate the difference in L! between the two solutions.

Lemma 2.11 The following inequality holds:

lu(-,0) =v( Ol <t f — glluip [ur —u, |, (2.68)
where the Lipschitz seminorm is taken over over all u between u; and u,.

Proof Assume that u; < u,; the case u; > u, is similar. Consider first the case in
which f and g both are convex. Without loss of generality we may assume that f
and g have common breakpoints ¥; = w; < w, < -+ < W, = U,, and let the
speeds be denoted by

f/|(wj,wj+l) =8 and g/|(szwj+1) =3s;.

Then
ur n—1
[ 150 = gl du=3"|s; = 5| 0y~ wp).
uj j=l
Let 0; be an ordering, that is, 0; < 04, of all the speeds {s;, 5;}. Then we may

write

M(X, t)|X€(th.Uj+1t) = uj+la

U(.x, t)|x€((7jt,(7j+1t) - vj+17

where both u;,; and v;,; are from the set of all possible breakpoints, namely
{wi,wa,...,wy},and u; <u;4qand v; < vj4. Thus

m
ety = v Ol =1 [ujpr = vja| (041 — 0y).
j=1



2.4 Existence and Uniqueness 81

However, we see that W

n—1

D 1y =5 i —wy)

j=1
n—-1 m
= Z Z(Uk“ — 0x) (W) 41 — W;) [0k 41, 0% between s; and ]
/ :11 k=l (2.69)
= Z (Ok 41— 01) (W) 11 — wj)[w) 41, w; between U1 and v 1]
j=1k=1
=Y |us1 = vt | (Oks1 — 00,
k=1
where we have introduced the Iverson bracket notation
1 if P is true,
[P] = if P is true (2.70)
0 if P is false.

Remark 2.12 The equality (2.69) simply says that

/ |F(u) — G(u)| du = the area between F and G
uj

&
- / |F(&) — G (6)] dt.
&

where F, G: [u1,u,] — [£1, &] are two nondecreasing functions such that F(u;) =
G(u;) = §&; for j = 1,2. In the present case, the functions I and G are piecewise
constant with finitely many jumps. Thus, a certain amount of care is needed in
defining the inverse functions.

Thus we see that

(. t) = v(- D)l = r/ ) — g'o)| du .

=t ”f _g||Lip|ul _Mrl .

The case in which f and g are not necessarily convex is more involved. We will
show that

/ 7 0) — g )] du < / /) — /)| du @.72)

when the convex envelopes are taken on the interval [u;, u,], which together with
(2.71) implies the lemma. To this end, we use the following general lemma:
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Lemma 2.13 (Crandall-Tartar) Let D be a subset of L' (£2), where 2 is some
measure space. Assume that if ¢ and W are in D, then also ¢ V ¥ = max{¢p, ¥} is
in D. Assume furthermore that there is a map T: D — L'(82) such that

/T(¢)=Qf¢, beD.

2

Then the following statements, valid for all ¢, € D, are equivalent:

() If$p <y, then T(¢p) < T (V).
(i) [o(T(@)—TWN" < [, (p—v)", where p™ = ¢ Vv 0.
(iii) [, |T(@)—TW)| < [yl —vl

Proof (of Lemma 2.13) For completeness we include a proof of this lemma. As-
sume (i). Then T(¢ Vv ) — T(¢) > 0, which trivially implies T(¢) — T () <
T(p V) —T),and thus (T(¢p) — T(¥))*T < T(¢ Vv ) — T (). Furthermore,

/ (T@) - TW)" < / TGV Y)—T()) = /<¢ V) = /(¢ — 9y,
2 2 2 2
proving (ii). Assume now (ii). Then

/ T(@) — T(W)| = / (T(@#) —~TW)" + / (T~ T@)*

2 2 2
sﬂ/(aﬁ—ww!(w—zp)*
=Q/|¢—w|

which is (iii). It remains to prove that (iii) implies (ii). Let ¢ < y. For real numbers
we have x* = (|x| + x)/2. This implies

[a@-ran =3 [Ir@-rwi+ 5 [ @@ -1

2

2 2
1 1
=5 [w-vi+s [@-n—o 0
Q Q
We use this lemma to prove (2.72), that is,
/Ifi(u) —g_(w)| du < / |f(u) — g'(u)| dx. (2.73)
uy uy

In our context, we let D be the set of all piecewise constant functions on [u;, u,].
For any piecewise linear and continuous function f, its derivative f’is in D, and
we define

T(f) =),
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where the convex envelope is taken on the full interval [u;, u,]. Then

Uy

/nfMuzfuJWMuzﬂw»—ﬁw»

uy

= f(u,)— fQu) =/f’(u)du.

To prove (2.73), it suffices to prove that (i) holds, that is,

[’ < g implies T(f') < T(g')

83

for another piecewise linear and continuous flux function g. Assume otherwise, i.e.,
[ (u) > g'_(u) for some u € (u;,u,). Recall that both f’ and g’_ are piecewise

constant, and thus we set

up =inf f2(u) > g__(u) and up = sup f (u) > g_(u).
u u

We have that f/ (u1—) < f/(ui+) > g’_(u;+), and since u; is the smallest
such value, we must have that f’ (u;—) < f (u;+). Therefore f(u1) = f_(u;).

Similarly we deduce that g_(u;) = g(u5). Using this yields

uz

/fwwufféwwu=ﬂm%@w0

ui

< g-(u2) —g_(uy), since g_(u) < g(u),

uz

:/g;(u)du<ffi(u)du

Ui

= f () — S ()
Sﬂm%ﬁwo=/fwww

which is a contradiction. Thus (2.73) follows. Hence, from (2.71) we get

[hmmo—vuﬁndxfr/iﬂw)—gwndu

R
<t|f — glluip lur — ]

|

Next we consider an arbitrary piecewise constant function uo(x) with a finite
number of discontinuities, and let # and v be the solutions of the initial value prob-
lem (2.67), but u(x,0) = v(x,0) = up(x). By Lemma 2.11 applied at each of the
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jumps in the initial data, the following inequality holds for all ¢ until the first front
collision:

@) = vl <t 1f = gllLipT-V. (uo) - (2.74)

This estimate holds until the first interaction of fronts for either u or v. Let ¢, be this
first collision time, and let w be the weak solution constructed by front tracking of

w;—i—f(w)x =0, w(x,tl):v(x,tl).

Then for t; < t < 1, with £, denoting the next time two fronts of either v or u
interact,

@) = vl = u@) —w@®lp + w@) =o)L

< u@)—w@)lp + =) If —gllip T-V. (v (1)) .
(2.75)

However,

l[u (1) —w @)l = flu (@) —v @)l <t | f = gllLipT-V.- (uo) . (2.76)

Recall from Corollary 2.8 that front-tracking solutions have the property that the
total variation is nonincreasing. When this and (2.76) are used in (2.75), we obtain

(@) =v@ <t 11f = &gllLipT-V. (o) - 2.77)

This now holds for #; < t < t,, but we can repeat the above argument inductively
for every collision time #;. Consequently, (2.77) holds for all positive ¢.

Now we are ready to prove the convergence of the front-tracking approxima-
tions as the piecewise linear flux function and the piecewise constant initial data

converge.
Let u, be a bounded function in L!(R) N BV (R) such that u(x) € [-M, M] for
some positive constant M. Set §, = M /2", and u;, = jo, for j = =2",...,2".

Let f be a piecewise twice continuously differentiable function and define the
piecewise linear interpolation

1
fn(u) = f(uj,n) + 8_ (u - uj.n) (.f(uj+1,n) - f(uj,n)) s foru € (uj,ns uj+1.n]'
(2.78)

We assume that the possible points where f is not a twice continuously differen-
tiable function are contained in the set of points u;, for all sufficiently large n.’
Define the approximate initial data u, to be a piecewise constant function taking

. o
values in the set {uj.n}jz_zn such that |ug, — uol|;1 — 0 asn — oo. Now let u,

be the front-tracking solution to

(un)t + fn(un)x =0, un(xvo) = MO.n(x)~

7 Otherwise, we would have to replace the regular discretization by an irregular one containing the
points where the second derivative does not exist.
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We shall prove that the sequence {u,(-,¢)} is a Cauchy sequence in L'(R). Let
n, > ny, and let w solve

wy + fng(w)x =0, w(x,0)= unl.O(x)~
Then
”unz("t) _unl("t)”Ll(R)

< My (1) =w( Dl gy + w0 =, LD 1wy
=< [[u0.n, — Uon, ”LI(R) + t TV (uo) | fuy — Jis ”Lip(_M,M) .

We have the following estimate:

”fnl - fn2||]_ip(_M,M) = C8n1 ”f””Loo(_M.M)

for some constant C (see Exercise 2.13).

Using this, we see that {u,(-,7)},-, is a Cauchy sequence, and thus strongly
convergent to some u(-,¢) in L'(R). Furthermore, recall from Corollary 2.8 that
fors <t,

un(ot) —un(- ) iwy < N1 fullLipT-V. (o) (2 — 5).

Since

I fullip < Ifw = fnllLip + I fonllLip < S 1/ " zoe + 1 fin I Lip-

we see that the limit u is in C ([0, o0); L'(R)).

It remains to show that u is an entropy solution. To this end, let 5 be a convex en-
tropy and ¢, = | “ £/ du, the corresponding entropy flux. Since u,, is the unique
entropy solution taking the initial value u, o, we have

/ / (N s + i)y dx di + / 11t 0)p(x. 0) dx > 0.
0 R

R

Since u,, — u, and ¢,(u) — gq(u) in C(—M, M), we have that n(u,) — n(u),
qn(uy) — q(u), and n(u, o) to n(ug) in L'. Thus the limit u is the unique entropy
solution.

If v, is the front-tracking solution to

(Wn): + &n(vn)x = 0, v,(x,0) = v, 0(x),
where g, is a piecewise linear interpolation to the twice differentiable function g,

we can compare the difference between u,, and v, as follows: Let w be the solution
of the initial value problem

w; + fn(w)x = 07 w(x,O) = vn.O(x)'
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Then we obtain

lun(-.0) —va (- Dl wy < Nlun(-,0) —w( Dl + [[w(-, 1) — v (-, )|
< lluon —voullpr + £l fo — &nllLipT-V. (vo)

by combining Proposition 2.10 and (2.77). By interchanging the roles of flux func-
tions f and g and the initial data u, and v, in the definition of w, we infer

un (-, 0) = va (-, Ol 1wy
=< llwon — vou 1wy + 2 | fo = &nllLip min{T.V. (o) , T.V. (vo)}. (2.79)
Thus we have proved the following theorem.

Theorem 2.14 Let uq be a function of bounded variation that is also in L', and
let f(u) be a piecewise twice continuously differentiable function. Then there exists
a unique weak solution u = u(x, t) to the initial value problem

ur+ f)y =0, u(x.0) = up(x),

which also satisfies the KruZkov entropy condition (2.50). Furthermore, if vy is an-
other functionin BV N L'(R), g(v) is a piecewise twice continuously differentiable
function, and v is the unique weak Kruzkov entropy solution to

v+ gy =0, v(x,0) = vo(x),
then
luC-.0) —v( Dl w) < w0 —voll1 )
+tmin{T.V. (uo) , T.V. (o)} || f — gllip- (2.80)

We end this section by summarizing some of the fundamental properties of so-
lutions of scalar conservation laws in one dimension.

Theorem 2.15 Let uy be an integrable function of bounded variation, and let f(u)
be a piecewise twice continuously differentiable function. Then the unique weak
entropy solution u = u(x, t) to the initial value problem

u; + fu),y =0, u(x,0) = up(x), (2.81)

satisfies the following properties for all t € [0, 00):

(i) Maximum principle:
[, Ol = Nutoll o
(i) Total variation diminishing (TVD):

T.V. (u(-,1)) < T.V.(u) .
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(iii) L'-contractive: If vy is a function in BV N L'(R) and v = v(x,t) denotes
the entropy solution with v as initial data, then

[uC-.0) =v(-. Dl w) = o = volliw)-
(iv) Monotonicity preservation:
uy monotone implies u( -, t) monotone.

(V) Monotonicity: Let vy be a function in BV N L'(R), and let v = v(x, t) denote
the entropy solution with v as initial data. Then

uy < vy implies u(-,t) < v(-,t).
(vi) Lipschitz continuity in time:

luC-. ) —uC )@y = I lluip T-V. (uo) [t — 5],
forall s, t € [0,00).

Proof The maximum principle and the monotonicity preservation properties are all
easily seen to be true for the front-tracking approximation by checking the solution
of isolated Riemann problems, and the properties carry over in the limit.

Monotonicity holds by the Crandall-Tartar lemma, Lemma 2.13, applied with
the solution operator u, + u(x,t) as the operator T and with the L' contraction
property.

The fact that the total variation is nonincreasing follows using Theorem 2.14
(with g = f and vy = uo(- + h)) and

T.V. u(-,1)) = m%/m(x T+ ht) —u(x, )| dx

1
< %irr(l) Z/ [up(x + h) —uo(x)| dx = T.V. (uyp) .

The L'-contractivity is a special case of (2.80). Finally, to prove the Lipschitz con-
tinuity in time of the spatial L'-norm, we first observe that by translation invariance
in time it suffices to prove the result for s = 0. Thus

(- 0) =uollpr = 2] fllLip T-V- (w0 ,

for all ¢ € [0, 0o). Consider a step-function approximation v, to uy and a polygo-
nal approximation f, to f. From Corollary 2.8 we see that

lun(- ) —uonllpn <t fulluip T-V. (Mo,) (2.82)

for all t € [0, 00). From Theorem 2.14 we know that u,,(¢) converges to u(t), the
solution of (2.81). By taking the limit in (2.82), the result follows. For an alternative
argument, see Theorem 7.10. |
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2.5 Notes

Ofte er det jo sadan, at nar man kigger det nye efter
i spmmene, sder det bare spmmene, der er nye.8
— Kaj Munk, En Digters Vej og andre Artikler (1948)

The “viscous regularization” as well as the weak formulation of the scalar conser-
vation law were studied in detail by Hopf [98] in the case of Burgers’s equation
where f(u) = u?/2. Hopf’s paper initiated the rigorous analysis of conservation
laws. Oleinik, [145], [146] gave a systematic analysis of the scalar case, proving
existence and uniqueness of solutions using finite differences. See also the survey
by Gel’fand [69].

Kruzkov’s approach, which combines the notion of weak solution and unique-
ness into one equation, (2.22), was introduced in [118], in which he studied general
scalar conservation laws in many dimensions with explicit time and space depen-
dence in flux functions and a source term.

The solution of the Riemann problem when the flux function f has one or more
inflection points was given by Gel’fand [69], Cho-Chun [41], and Ballou [11].

It is quite natural to approximate a flux function by a continuous and piecewise
linear function. This method is frequently referred to as “Dafermos’s method” [55].
Dafermos used it to derive existence of solutions of scalar conservation laws. Prior
to that, a similar approach was studied numerically by Barker [13]. Further numeri-
cal work based on Dafermos’s paper can be found in Hedstrom [86, 87] and Swartz
and Wendroff [172]. Applications of front tracking to hyperbolic conservation laws
on a half-line appeared in [175].

Unaware of this earlier development, Holden, Holden, and Hgegh-Krohn redis-
covered the method [90], [89] and proved Ll-stability, the extension to nonconvex
flux functions, and that the method in fact can be used as a numerical method. We
here use the name “front-tracking method” as a common name for this approach
and an analogous method that works for systems of hyperbolic conservation laws.
We combine the front-tracking method with Kruzkov’s ingenious method of “dou-
bling the variables”; Kruzkov’s method shows stability (and thereby uniqueness) of
the solution, and we use front tracking to construct the solution.

The original argument in [89] followed a direct but more cumbersome analysis.
An alternative approach to show convergence of the front-tracking approximation is
first to establish boundedness of the approximation in both L°° and total variation,
and then to use Helly’s theorem to deduce convergence. Subsequently one has to
show that the limit is a KruZkov entropy solution, and finally, invoke Kuznetsov’s
theory to conclude stability in the sense of Theorem 2.14. We will use this argument
in Chapts. 3 and 4.

Lemma 2.13 is due to Crandall and Tartar; see [54] and [52].

The L'-contractivity of solutions of scalar conservation laws is due to Volpert
[186]; see also Keyfitz [84, 151]. We simplify the presentation by assuming solu-
tions of bounded variation.

The uniqueness result, Theorem 2.14, was first proved by Lucier [140], using
an approach due to Kutznetsov [120]. Our presentation here is different in that we

81t is said that to tell if a cloth is new, you should examine the seams; yet what you thought you
knew, may not be what it seems, for it might be the seams that are all that is new.
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avoid Kutznetsov’s theory; see Sect. 3.3. For an alternative proof of (2.65) we refer
to Malek et al. [141, pp. 92 ff].

The term “front tracking” is also used to denote other approaches to hyper-
bolic conservation laws. Glimm and coworkers [73-76] have used a front-tracking
method as a computational tool. In their approach, the discontinuities, or shocks, are
introduced as independent computational objects and moved separately according
to their own dynamics. Away from the shocks, traditional numerical methods can be
employed. This method yields sharp fronts. The name “front tracking” is also used
in connection with level set methods, in particular in connection with Hamilton—
Jacobi equations; see, e.g., [149]. Here one considers the dynamics of interfaces or
fronts. These methods are distinct from those treated in this book.

A different approach to hyperbolic conservation laws is based on the so-called
kinetic formulation. The approach allows for a complete existence theory in the
scalar case for initial data that are only assumed to be integrable. See Perthame
[150] for an extensive presentation of this theory.

2.6 Exercises

Our problems are manmade;, therefore they may be solved by man.
— John F. Kennedy (1963)

2.1 Let

Cut 4 (1—u)?

Find the solution of the Riemann problem for the scalar conservation law
u; + f(u), = 0, where u; = 0 and u, = 1. This equation is an example
of the so-called Buckley—Leverett equation and represents a simple model of
two-phase fluid flow in a porous medium. In this case u is a number between
0 and 1 and denotes the saturation of one of the phases.

2.2 In Example 1.6 one uses a linear velocity model, i.e., the velocity depends
linearly on the density. Other models have been analyzed [68, Sect. 3.1.2]
(Y0, Umax, and pmax are constants):

v(p) = v ln (%) (the Greenberg model),

p ) (the Underwood model),

max

V(0) = Umax €XP (—

n
v(p) = vmax(l — ( p ) ) n € N, (the Greenshield model),
pmax
1 e
v(p) = vo(— — ) (the California model).
p max

Solve the Riemann problem with these velocity functions.
2.3 Consider the following initial value problem for Burgers’s equation:

—1 forx <O,

1 for x > 0.

u, + % (”2)x =0, u(x,0)=up(x)= §
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(a) Show that u(x,?) = u(x,0) is a weak solution.

(b) Let
-1 forx < —e,
ug(x) = yx/e for—s <x <e,
1 fore < x.

Find the solution u®(x, ) of Burgers’s equation if u(x, 0) = ug(x).
(c) Findu(x,t) = lim, o u®(x,1).
(d) Since u(x,0) = uo(x), why do we not have u = u?

For ¢ > 0, consider the linear viscous regularization
u;, forx <0,

u; +aul = eut, u®(x,0) = up(x) =
u,, forx >0,

where a is a constant. Show that

. u;, forx < at,

limu®(x,t) = !

&l0 u,, forx > at,

and thus that u® — uo(x —at) in L'(R x [0, T]).

This exercise outlines another way to prove monotonicity. If # and v are en-
tropy solutions, then we have

J[ 1= vy + (0 = ronwt dxar = [a-ow |} ax =o.

Set @(0) = |o| + o, and use (2.60) to conclude that

//((D(u — )Y + W, v)¥,) dx di — / DU — V)Y |0T dx >0 (2.83)

for a Lipschitz continuous ¥. Choose a suitable test function ¥ to show that
(2.83) implies the monotonicity property.

Let ¢(x) be a continuous and locally bounded function. Consider the conser-
vation law with “coefficient” ¢,

U, +c(x) fu), =0, u(x,0)=up(x). (2.84)

(a) Define the characteristics for (2.84).
(b) What is the Rankine—Hugoniot condition in this case?
(c) Set f(u) =u?/2,c(x) =1+ x?, and

—1 forx <O,

up(x) =
1 for x > 0.

Find the solution of (2.84) in this case.
(d) Formulate a front-tracking algorithm for the general case of (2.84).
(e) What is the entropy condition for (2.84)?
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2.7

2.8

29

2.10

2.11

Consider the conservation law where the x dependency is “inside the deriva-
tion,”
u; + (c(x) f(u), = 0. (2.85)

The coefficient ¢ is assumed to be continuously differentiable.

(a) Define the characteristics for (2.85).

(b) What is the entropy condition for this problem?

(c) Modify the proof of Proposition 2.10 to show that if ¥ and v are entropy
solutions of (2.85) with initial data u, and vy, respectively, then

luC. ) = v Dl = 1o = voll ) -

Let n and g be an entropy/entropy flux pair as in (2.17). Assume that u is
a piecewise continuous solution (in the distributional sense) of

n@); +qu), <0.

Show that across any discontinuity u satisfies

o(m—n)—(q—q) =0,

where o is the speed of the discontinuity, and ¢; , and 7;, are the values to
the left and right of the discontinuity.
Consider the initial value problem for (the inviscid) Burgers’s equation

1
Uy + 5 (uz)x = 0’ u(x70) = uo(x),
and assume that the entropy solution is bounded. Set n = %uz, and find the
corresponding entropy flux ¢ (u). Then choose a test function ¥ (x, t) to show
that

uC- Oll2w) = lluoll2w) -

If v is another bounded entropy solution of Burgers’s equation with initial
data vg, do we have [u — v||;2r) = [0 — voll;2®)?

Define the positive and negative part of a number x € R by x* = %(|x| + x).
Show that

|0y =v(0)F ], < [ o —vo)*|

1’

where u and v are weak entropy solutions of the equation u, + f(u), = 0
with initial data u( and vy, respectively.
Consider the scalar conservation law with a zeroth-order term

u; + f(u), = gu), (2.86)
where g(u) is a locally bounded and Lipschitz continuous function.

(a) Determine the Rankine—Hugoniot relation for (2.86).
(b) Find the entropy condition for (2.86).
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2.12

2.13

2.14

2 Scalar Conservation Laws

The initial value problem
v+ H (ve) =0, v(x,0) = vo(x), (2.87)

is called a Hamilton—Jacobi equation. One is interested in solving (2.87) for
t > 0, and the initial function vy is assumed to be bounded and uniformly
continuous. Since the differentiation is inside the nonlinearity, we cannot de-
fine solutions in the distributional sense as for conservation laws. A viscosity
solution of (2.87) is a bounded and uniformly continuous function v such that
for all test functions ¢, the following hold:

if v — ¢ has a local maximum at (x, ¢), then

subsolution {
o(x,t), + H (p(x,1),) <0,

if v — ¢ has a local minimum at (x, ¢), then

supsolution {
@(x.0); + H (p(x.1)x) = 0.

If we set p = vy, then formally p satisfies the conservation law
pe+ H(p)y =0, p(x,0) = drv(x). (2.88)
Assume that

x forx <0,
vo(x) = v(0) + {7 =

prx forx >0,
where p; and p, are constants. Let p be an entropy solution of (2.88) and set
v(x,t) = vo(0) + xp(x,t) —tH(p(x,1)).

Show that v defined in this way is a viscosity solution of (2.87).
Let f be piecewise C2. Show that if we define the continuous, piecewise
linear interpolation f; by f5(j8) = f(j§), then we have

If = SsllLip < Cr8 1L/ ll oo

where C| is a constant that equals one plus the number of points where f is
not twice continuously differentiable. Use this to show that

||fn1 - fnz”Lip(_M,M) = 2C15n1 ”f””LOO(—M,M) ’

where f,, is defined by (2.78).
(a) Let f be a continuous function on [, b]. Show that

fo) = "), uela.b]

where f** = (f*)*, and f* denotes the Legendre transform

f*(u) = max (uv— f(v)), u€la.b].

vela,b]
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(b) Letu(§) = (f.)~'(&). Show that W

d
u(§) = d—éf*(é)'

This provides an alternative formula for the solution of the Riemann
problem in Sect. 2.2.
2.15 Find the unique weak entropy solution of the initial value problem (cf. Exer-

cise 2.11)
1,
u, + (Eu )X = —u,

1 for x < -1
uli=o = {—2x for—1 <x <0,
0 forx > 0.

2.16 Find the weak entropy solution of the initial value problem

2 forx <0,

u, + (), =0, ux,0)=
0 forx > 0.

2.17 Find the weak entropy solution of the initial value problem

u[ + (7/[3))C = 0

with initial data

1 f <2
(2) u(x,0) = orr =<

0 forx > 2,

0 f <2,
® u@o=] "

1 forx > 2.

2.18 Find the weak entropy solution of the initial value problem
L5
e+ 5 W), =0

with initial data

(3. 0) = %1 for0 < x < 1,

0 otherwise.

2.19 Redo Example 2.5 with the same flux function but initial data

—1 forx < x,
up(x) = 1 forx; <x < xy,

—1 forx > x».
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2.20 Show that the L' norm is continuous with respect to translations, that is,

lo(- +x)—dlpw — O,

|x|]—0

forevery ¢ € L'(R). (The same result is true if L' (R) is replaced by L” (M)
for any Lebesgue measurable set M C R and p € [1, 00).)

2.21 Show that the solution constructed in Corollary 2.8 satisfies the Kruzkov en-
tropy condition.



Chapter 3

A Short Course in Difference Methods

Computation will cure what ails you.
— Clifford Truesdell, The Computer, Ruin of Science and Threat
to Mankind, 1980/1982

Although front tracking can be thought of as a numerical method, and has indeed
been shown to be excellent for one-dimensional conservation laws, it is not part of
the standard repertoire of numerical methods for conservation laws. Traditionally,
difference methods have been central to the development of the theory of conserva-
tion laws, and the study of such methods is very important in applications.

This chapter is intended to give a brief introduction to difference methods for
conservation laws. The emphasis throughout will be on methods and general results
rather than on particular examples. Although difference methods and the concepts
we discuss can be formulated for systems, we will exclusively concentrate on scalar
equations. This is partly because we want to keep this chapter introductory, and
partly due to the lack of general results for difference methods applied to systems
of conservation laws.

3.1 Conservative Methods

We are interested in numerical methods for the scalar conservation law in one
dimension. (We will study multidimensional problems in Chapter 4.) Thus we con-
sider

u, + fu)y =0, Uli—o = Uo. 3.D

A difference method is created by replacing the derivatives by finite differences,
e.g.,

Au  Af(u)
At Ax

0. (3.2)
Here At and Ax are small positive numbers. We shall use the notation

n . . n o__ n n n
ujwu(]Ax,nAt) and u —<u_K,...,uj,...,uK),

© Springer-Verlag Berlin Heidelberg 2015 95
H. Holden, N.H. Risebro, Front Tracking for Hyperbolic Conservation Laws,
Applied Mathematical Sciences, DOI 10.1007/978-3-662-47507-2_3




96 3 A Short Course in Difference Methods

where u’} now is our numerical approximation to the solution u of (3.1) at the point
(jAx,nAt). Normally, since we are interested in the initial value problem (3.1),
we know the initial approximation

u), —K<j<K,

and we want to use (3.2) to calculate u” for n € N. We will not say much about
boundary conditions in this book. Often one assumes that the initial data is periodic,
ie.,

0 _ .0 :
U_gy; =Ugy;, for0=<j <2K,

which gives u” ;. ; = uj ;. Another commonly used device is to assume that
d, f(u) = 0 at the boundary of the computational domain. For a numerical scheme
this means that

f (u"_K_j) = f(u"gx) and f (u}ﬂ-) = f (ug) forj>0.
For nonlinear equations, explicit methods are most common. These can be written
't =G ", u") 3.3)

for some function G. We see that u"*! can depend on the previous [ + 1 ap-
proximations u”", ..., u™!. The simplest methods are those with / = 0, where
u"t! = G(u"), and we shall restrict ourselves to such methods in this presenta-
tion.

< Example 3.1 (A nonconservative method)
Consider Burgers’s equation written in nonconservative form (writing uu, instead
of (%))

u; +uu, =0.

" > (0, a natural discretization of this

Based on the linear transport equation, if u

would be
+1 _ n n n n
u;’ = uj — Auj (u/-—uj_1>, (3.4)

with A = At¢/Ax. Since it is based on the nonconservative formulation, we do not
automatically have conservation of u. Indeed,

AxZu?“ = Ax Zu;’ - )LAXZU; (u;’ - u;?_l),
J J J
=AY w3 () = () + (- ))
J J
= Ax Zu;’ - %)LAx Z (u;’ - u;_l)z.
J J
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Fig. 3.1 a The entropy solution; b the scheme (3.4); ¢ the scheme (3.5)

This in itself might not seem so bad, since it may happen that Ax y (u;? — u;’_l)2
vanishes as Ax — 0. However, let us examine what happens in a specific case. Let
the initial data be given by

1 0<x<1,
Mo(x)=§ -7

0 otherwise.

The entropy solution to Burgers’s equation consists of a rarefaction wave, centered
at x = 0, and a shock with left value ¥ = 1 and right value u = 0, starting from
x = 1 and moving to the right with speed 1/2. At t = 2 the rarefaction wave will
catch up with the shock. Thus at # = 2 the entropy solution reads

2 0<x<2,
24()6,2):{2 =Y=

0 otherwise.

We use u? = uo(j Ax) as initial data for the scheme. Then we have that for every

j such that j Ax > 1, u;? = Qforalln > 0. So if NAt = 2, then ujN = 0, and
clearly uj.v % u(jAx,2) for 1 < jAx < 2. This method simply fails to “detect”
the moving shock.

We might think that the situation would be better if we used a (second-order)
approximation to u, instead, resulting in the scheme

1 A
1 n n n n n
ujt = ) (“j+1 + ”/—1) oW (“j+1 - “j—l) : (3-5)

In practice, this scheme computes something that moves to the right, but the rar-
efaction part of the solution is not well approximated. In Fig. 3.1 we show how
these two nonconservative schemes work on this example. Henceforth, we will not
discuss nonconservative schemes. &

We call a difference method conservative if it can be written in the form

Wt =t A (F () = F (). GO)

where
At

Ax’
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The function F is referred to as the numerical flux. For brevity, we shall often use
the notation

Gi(u)=G (“J’—l—pv“-v”jJrq)’
Fiiipu) = F (”j—pv“"“jw)’

so that (3.6) reads

M;’H =G;W") = uj — A (Fj120") — Fj_y0(u™)) . 3.7

The above equation has a nice formal explanation. Set x; = jAx and x; 1, =
X; + Ax/2for j € Z. Likewise, set t, = nAt forn € Ny = {0} U N. Define the
interval /; = [x;_1/2, Xj+1/2) and the cell Ij?’ = I; x [ty, t,+1). If we integrate the
conservation law

u; + f(u)x =0

over the cell 1 j", we obtain

/u(x,t,H_l)dx = /u(x,l,,)dx
L 1

Iny1 Iny1

+</ f(u(x/+1/2’t))dt_/f(u(xj_l/g,t))dt),

tn tn

Now defining u;? as the average of u(x,t,) in 1;, i.e.,

1
u;? = A—x/u(x,t,,) dx,
I

we obtain the exact expression

In+t1 Int1

1
u;”rl:u;?—)t(A—t/f(u(xj+1/2,t))dt—Ait/f(u(xj_l/z,l))dt).

ty Iy

Comparing this with (3.7), we see that it is reasonable that the numerical flux F; 1/,
approximates the average flux through the line segment x;_ 1/ X [t,,, #,41]. Thus

In41
1
Fij1p") ~ A7 / Ju(xjqip2,1))dt.
I
With this interpretation of F' , , = Fji ,2(u"), equation (3.7) states that the

change in the amount of u inside the “volume” /; equals (approximately) the influx
minus the outflux. Methods that can be written on the form (3.7) are often called
finite volume methods.

If u(x,t,) is the piecewise constant function

u(x,t,) = uj forx € I,
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we can solve the conservation law exactly for 0 < ¢t — ¢, < Ax/(2max, | f'(u)]).
This is true because the initial data is a series of Riemann problems, whose solu-
tions will not interact in this short time interval. We also see that f(u(x;11/2,1)) is
independent of t,. and depends only on u} and u; ;. So if we set v = w(x/1) to be
the entropy solution to

n
. 0,
vt Sy =0, v(x.0) =TT

u;?H x>0,

then

F}n+1/2 = f(w(0)). (3.8)

This method is called the Godunov method. In general, it is well defined (see Exer-
cise 3.5) for

At max | f'(u)| < Ax. (3.9

This last condition is called the Courant-Friedrichs—Lewy (CFL) condition.
If f'(u) = 0 for all u, then v(0) = u/, and the Godunov method simplifies to

Wt =t = (fe) - fa_y). (3.10)

This is called the upwind method.
Conservative methods have the property that [ u dx is conserved, since

© K
Z u;ﬂrle - Z uiAx — At (F1?+1/2 - FfK—1/2> :
j== /=

If we set u? equal to the average of u over the jth grid cell, i.e.,

1
0 _
Mj = A—X/M()(X)dx,
Ij

and for the moment assume that FfK_l/z = FI’}H/Z, then

/u”(x) dx = /uo(x) dx. (3.11)
A conservative method is said to be consistent if

F(c,...,c) = f(c), (3.12)

and in addition, we demand that F be Lipschitz continuous in all its variables, that
is,

q
|F(Clj_[,,...,6lj+q) — F(bj_[,,...,qu_q)i f L Z iaj-i-i _bj+i . (313)

i=—p

for some constant L.
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< Example 3.2 (Some conservative methods)
We have already seen that the Godunov method (and in particular the upwind
method) is an example of a conservative finite volume method.

Another prominent examples is the Lax—Friedrichs scheme, usually written

n+l 1

7 =5 (e ) = (1 () =7 () G

This can be written in conservative form by defining

Fap =53 (4 =) 5 (4 () + £ (4.0)).

Some methods, so-called rwo-step methods, use iterates of the flux function. One
such method is the Richtmyer two-step Lax—Wendroff scheme:

o= f (% (u7+1 + u;?) - % (f (u;?H) _f (u/») . (3.15)

Another two-step method is the MacCormack scheme:

- %< Pt =2 () 1 () + 1 (u;)). 616

The Lax—Friedrichs and Godunov schemes are both of first order in the sense that
the local truncation error is of order one. (We shall return to this concept below.)
On the other hand, both the Lax—Wendroff and MacCormack methods are of sec-
ond order. In general, higher-order methods are good for smooth solutions, but they
also produce solutions that oscillate in the vicinity of discontinuities. See Sect. 3.2.
Lower-order methods have “enough diffusion” to prevent oscillations. Therefore,
one often uses hybrid methods. These methods usually consist of a linear combina-
tion of a lower- and a higher-order method. The numerical flux is then given by

an+1/2 = 9j+1/2(“n)FLn,j+1/z + (1 - 9j+1/2(“n)) anl.j+1/2s (3.17)

where Fy denotes a lower-order numerical flux, and Fy a higher-order numerical
flux. The function 6; 1/, is close to zero where u" is smooth, and close to one
near discontinuities. Needless to say, choosing appropriate 6’s is a discipline in
its own right. We have implemented a method (called flux/im in Fig. 3.2) that is
a combination of the (second-order) MacCormack method and the (first-order) Lax—
Friedrichs scheme, and this scheme is compared with the “pure” methods in this
figure. We somewhat arbitrarily used

1

Orip=1—-——F7"—
1+ ‘D+D_u7

)

where D are the forward and backward divided differences,

Uj1 —Uj
Ax

)

Diuj =+
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so that D, D_ is an approximation to the second derivative of u with respect to x,
namely

Uji1 —2uj +uj

D+D_uj = Ax2

Another approach is to try to generalize Godunov’s method by replacing the piece-
wise constant data u” by a smoother function. The simplest such replacement is
by a piecewise linear function. To obtain a proper generalization, one should then
solve a generalized “Riemann problem” with linear initial data to the left and right.
While this is difficult to do exactly, one can use approximations instead. One such
approximation leads to the following method:

n

1 1
Fj+1/2 = E (gj +gj+1) — ﬁA“‘j'

Here Aju} = :l:(u;’jEl — u;’) = Ax D}, and

1
_ +1/2 -
8j —f(u;'l )+ﬁuj,
where
i; = minmod (A_u;-’, A+u;) ,
n A .
wy =~ A (“7) i,
and

minmod(a, b) := % (sign (@) + sign (b)) min{|a|, |b|}.

This method is labeled slopelim in the figures. Now we show how these methods
perform on two test examples. In both examples the flux function is given by (see
Exercise 2.1)
= —_——. 3.18
u? 4+ (1 —u)? ©-15)
The example is motivated by applications in oil recovery, where one often encoun-
ters flux functions that have a shape similar to that of f, that is, f* > 0 and
f”(u) = 0 at a single point u. The model is called the Buckley—Leverett equation.
The first example uses initial data

1 forx <0,
Uup(x) = - (3.19)
0 {0 for x > 0.

In Fig. 3.2 we show the computed solution at time ¢ = 1 for all methods, using 30
grid points in the interval [-0.1, 1.6],and Ax = 1.7/29, At = 0.5Ax. The second
example uses initial data

1 forx e|0,1],

0 otherwise,

uo(x) = % (3.20)
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Lax—Friedrichs method Upwind method

u(z,1) u(z,1)

0 02 04 06 08 1 12 14 16 0 02 04 06 08 1 12 1.4 16

Lax—Wendroff method MacCormack method

09 u(w,1) 1 oo o - u(x,1)
0sf

07k

061

0 02 04 06 08 1 12 14 16 0 02 04 06 08 1 12 14 16

Fluxlim method Slopelim method

0 02 04 06 08 1 12 14 16 0 02 04 06 08 1 12 14 16

Fig. 3.2 Computed solutions at time ¢ = 1 for flux function (3.18) and initial data (3.19)

and 30 grid points in the interval [—0.1,2.6], Ax = 2.7/29, At = 0.5Ax. In
Fig. 3.3 we also show a reference solution computed by the upwind method using
500 grid points. The most notable feature of the plots in Fig. 3.3 is the solutions
computed by the second-order methods. We shall show that if a sequence of so-
Iutions produced by a consistent conservative method converges, then the limit is
a weak solution. The exact solution to both these problems can be calculated by the
method of characteristics. &
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Lax—Friedrichs method Upwind method

u(z,1)

Lax—Wendroff method MacCormack method

sk uw(z,1) | sl u(x,1)
o7t 1 ot

06F 4 06

Fig. 3.3 Computed solutions at time ¢ = 1 for flux function (3.18) and initial data (3.20)

The local truncation error of a numerical method L ; is defined as
1
La(x) = A (S(ADu — Sy (At)u) (x), (3.21)

where S(¢) is the solution operator associated with (3.1), that is, u = S(¢)u, de-
notes the solution at time ¢, and Sy (¢) is the solution operator associated with the
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numerical method, i.e.,

Sn(ADu(x) = u(x) = A (Fj1/2(u) — Fj_12(u)) .

Assuming that we have a smooth solution of the conservation law, allowing us to
expand all relevant quantities in Taylor series, we say that the method is of kth order
if

|Lai(x)] = O (AL¥)

as At — 0. To compute L A, (x) one uses a Taylor expansion of the exact solution
u(x,t) near x. We know that ¥ may have discontinuities, so it does not necessar-
ily have a Taylor expansion. Therefore, the concept of truncation error is formal.
However, if u(x, t) is smooth near (x, t), then one would expect that a higher-order
method would approximate u better than a lower-order method near (x, ¢).

<> Example 3.3 (Local truncation error)
Consider the upwind method. Then

Sn(Anu(x) = u(x) - ﬁ—; (f(u(x)) = fu(x — Ax))).

We verify that the upwind method is of first order:

Lar) = o (vt + A0 = (. 0) 4+ L (£ (1) = fux = Ax. 1))
2

1( + At +(A +
= —|u u u cee—U
At ! &

25000 — F) — (A0 flw) — 3 (AD ) +-+-))

1 (At)2 AtAx
—ut+f(u)x+E( ) Uy — )
Ax

= 5 Qun = f)e) + 0 ((Ar)).

f)e+ )

Since u is a smooth solution of (3.1), we find that

2
Uy = ((f,(“)) ux)xs
and inserting this into the previous equation, we obtain

At 9

LA[ = ﬁa(

Flu) (Af () — 1 uy) + 0 ((Ar)?). (3.22)
Hence, the upwind method is of first order. This means that Godunov’s scheme
is also of first order. Similarly, computations based on the Lax—Friedrichs scheme
yield

At 9

Lo = 7355

ASf'w)* = 1) uy) + 0 (Ar). (3.23)
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Consequently, the Lax—Friedrichs scheme is indeed of first order. From the above
computations it also emerges that the Lax—Friedrichs scheme is second-order accu-
rate when applied to the equation (see Exercise 3.6)

At

U + f(u)x = 212

(1= Af'))*)uy), - (3.24)
This is called the model equation for the Lax—Friedrichs scheme. In order for this
to be well posed, the coefficient of u,, on the right-hand side must be nonnegative,
that is,

[Af ()] < 1. (3.25)

This is a stability restriction on A, and it is the Courant—Friedrichs-Lewy (CFL)
condition that we encountered in (3.9); see also (1.50).
The model equation for the upwind method is

i+ S0 = 51 (7100 (1= A7 () ), (3.26)

In order for this equation to be well posed, we must have f'(¥) > 0 and
Af'(u) < 1. <&

From the above examples, we see that first-order methods have model equations
with a diffusive term. Similarly, one finds that second-order methods have model
equations with a dispersive right-hand side. Therefore, the oscillations observed in
the computations were to be expected.

From now on we let the function u o, be defined by

upa(x,t) = u;?, for (x,t) € ij’. (3.27)
Observe that
/MA,(x,t)dx = AxZu;’, fort, <t <tyy1.
R J

We briefly mentioned in Example 3.2 the fact that if u, converges, then the limit
is a weak solution. Precisely, we have the well-known Lax—Wendroff theorem.

Theorem 3.4 (Lax—Wendroff theorem) Ler ua; be computed from a conserva-
tive and consistent method. Assume that T.V., (ua;) is uniformly bounded in At.
Consider a subsequence u p;, such that Aty — 0, and assume that u »;, converges
in LllOC as Aty — 0. Then the limit is a weak solution to (3.1).

Proof The proof uses summation by parts. Let ¢(x, ¢) be a test function. For sim-
plicity we write ¢ = ¢(x;.1,). By the definition of u}’“,

At N oo
> Z ¢ (”7“ —“7) =—3 Z a (F/"H/f F,»”_1/2),
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where we choose T = N At such that ¢ = 0 for ¢+ > T. After a summation by
parts we get

A N o)
_;Z > (¢7—1‘<"7)FJ+1/2 0.

oo

A J 01— ¢}
sary 3 (P50 )y 3 (B2 s
n=0j=—o00

o]

= —Ax Z @ (Xj,O) M?. (328)

Jj=—00
This almost looks like a Riemann sum for the weak formulation of (3.1). Thus

[e¢]

Ax Z o (x;.0) uj —>/<p(x,0)u0(x)dx
0

j=—00

as Ax — 0, and

T oo

n—1
AtAxZ Z ((p/ Y )u —>//g0,(x Hu(x,t)dx dt

n=1 j=—o00 0 —oo

as Ax, At — 0.
Since

AfAXZ Z ((p’ - g[)’)f(u")—>//<px(x D f(u(x.0)dxdr (3.29)

n=0j=—o00 0 —oo

as Ax, At — 0, it remains to show that
AtAx Z Z |Fls = 10| (3.30)
n=0j=—o0

tends to zero as At — 0 in order to conclude that the limit is a weak solution. Using
consistency, (3.12), we find that (3.30) equals

AtAxZ Z )F( Uj_pre-- J+q) F(u;’,...,u;)

n=0j=—o0

9
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which by the Lipschitz continuity of F is less than

N 00 q
AAXLY 3 Dt~

n=0j=—0c0k=—p

IA

N 00
%(q(q + 1)+ p(p+ 1))AIAXLY Y ‘u;?ﬂ - u;?)

n=0j=—o0

IA

(q2 + pz)Ax LT.V.(upa) T,

where L is the Lipschitz constant of F. Using the uniform boundedness of the total
variation of u  ,, we infer that (3.30) is small for small Ax, and the limit is a weak
solution. O

We proved in Theorem 2.15 that the solution of a scalar conservation law in one
dimension possesses several properties. The corresponding properties for conserva-
tive and consistent numerical schemes read as follows:

Definition 3.5 Let u, be computed from a conservative and consistent method.

(i) A method is said to be fotal variation bounded (TVB), or total variation sta-
ble," if the total variation of u" is uniformly bounded, independently of Ax
and At.

(i) Assume that u( has finite total variation. We say that a numerical method is
total variation diminishing (TVD) if T.V. (u”“) <T.V.(u") forall n € N.

(iii) A method is called monotonicity preserving if the initial data being monotone
implies that 4" is monotone for all n € N.

(iv) Assume that uy € L'(R). Let va, be another solution with initial data vy €
L'(R). A numerical method is called L'-contractive if

[ac (@) = var @l = [ar(0) = var O)

for all + > 0. Alternatively, we can of course write this as
n+l _ n+l
Dot = ‘ <>
J J

(v) A method is said to be monotone if for initial data u° and v°, we have

ut — v

i ik n € Np.

<Y,

G JEL = vt <!

J ]’

j€Z,neN.

The above notions are strongly interrelated, as the next theorem shows.

Theorem 3.6 For conservative and consistent methods the following hold:

(1) Assume initial data to be integrable. In that case, every monotone method is
L'-contractive.

(i) Every L'-contractive method is TVD.

(iii) Every TVD method is monotonicity preserving.

! This definition is slightly different from the standard definition of T.V. stable methods.
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Proof (i) We apply the Crandall-Tartar lemma, Lemma 2.13, with 2 = R, and
D equal to the set of all functions in L' that are piecewise constant on the grid I;,

j € Z, and we define T (u°) = u”". Since the method is conservative (cf. (3.11)),
we have that

Zu;? = Zu?, or /T(uo)dx =/u”dx =/u0dx.
J J
Lemma 2.13 immediately implies that (for ¢ € [t,, #,+1))

< AxZ)ujo-—vjo.)
J

= [luar(0) —var(0)|l:-

n n
Vi — Y

”uAt(l) — 'UA[(Z)”LI = AXx Z
J

(i) Assume now that the method is L'-contractive, i.e.,
ntl _

> =2
J J -

J J

u't — vt

u J J

Let v" be the numerical solution with initial data

0_,0
v = U

Then by the translation invariance induced by (3.6), we have v!' = u! | for all n.

i+1
Furthermore,
n+1\ __
T.V. (uj ) = Z
J
<>
J

W v’7+1‘

J J

n+1 n+1
Ul —u; )— E
J

=TV (u]).

n n
Uiy —v;

(>iii) Consider now a TVD method, and assume that we have monotone initial data.
Since T.V. (u°) is finite by assumption, the limits

u; = lim u? and ug = lim u?
j——00 j—o00
exist. Then T.V. (u®) = |ug —uy|. If u' were not monotone, then T.V. (u') >
lug —ur| = T.V. (u°), which is a contradiction. a

‘We can summarize the above theorem as follows:
monotone = L'-contractive = TVD = monotonicity preserving.

Monotonicity is relatively easy to check for explicit methods, e.g., by calculating
the partial derivatives dG/du’ in (3.3).
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<> Example 3.7 (Lax-Friedrichs scheme) W
Recall from Example 3.2 that the Lax—Friedrichs scheme is given by —

=3 () =3 (7 () = (1))

Computing partial derivatives, we obtain, assuming the flux function f to be con-
tinuously differentiable,

(I=Af'(up))/2 fork =j+1,
= YA+ Af"(up)/2 fork=j—1,
0 otherwise,

n+1
Buj

n
ouj,

and hence we see that the Lax—Friedrichs scheme is monotone as long as the CFL
condition

Alffw] =1
is fulfilled. See also Exercise 3.7. &
Theorem 3.8 Fix T > 0. Assume that f is Lipschitz continuous. Let ug € L'(R)

have bounded variation. Assume that u a, is computed with a method that is con-
servative, consistent, total variation bounded, and uniformly bounded, that is,

T.V.(ua:) <M and up|loo <M

where M is independent of Ax and At.
Then {ua;(t)} has a subsequence that converges for all t € [0,T] to a weak
solution u(t) in L} (R). Furthermore, the limit is in C ([0, T]; L] .(R)).

loc
Proof We intend to apply Theorem A.11. It remains to show that

b
/|um(x,t) —Up(x,8)] dx <Clt —s| +v(At), as At -0, s,t€]0,T],

a

for some nonnegative continuous function v with v(0) = 0.
The Lipschitz continuity of the flux function implies, for fixed Az,

WH_“nZA‘ﬁHm_Eﬂm‘
= A |FQE o) = FQO_ i)
SAL(MJP uj_ pl)"’ +‘1+q_u7+‘1—1‘>’
from which we conclude that
ltar (b)) —ar (o)l = Y [ —ul | Ax

J
<L(p+q+ DT.V.(u") At
<L(p+q+1)MAz,
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where L is the Lipschitz constant of F'. More generally,

luar(tm) —uac(- )l < L(p+ g+ )M |n —m| At
:L(p+Q+1)M|tn_tm|~

Now let 71, 7, € [0, T], and choose 71,7, € {nAt | 0 < n < T/At} such that
Ofrj—fj < Atforj =1,2.
By construction ua;(7;) = ua; (fj), and hence

luarCotp) —ua(-, )
< JluarGor) —uar (i) 0+ JJuac-0) —ua(- 0|
+ Juar(- ) —up (- w) |
<(p+q+1DLM|iH—0)|
<(P4+qg+DLM|t;—n| + O(Ar).

Observe that this estimate is uniform in 7y, 7, € [0, T']. We conclude that
up, — uin C([0,TJ; Ll([a,b]))

for a sequence At — 0. The Lax—Wendroff theorem then says that this limit is
a weak solution. O

At this point, the reader should review the concept of a Kruzkov entropy condi-
tion; see Sect. 2.1. A function u is a Kruzkov entropy solution of

ur+ fu),y =0
if it satisfies
nw); +q) <0 (3.31)
in the sense of distributions, where
n(w) = [u—k|, qu)=sign@u—k)(f@) - f(k)),

forall k € R.

The analogue of the KruZzkov entropy pair for difference schemes reads as fol-
lows. We still employ n(u) = |u — k|. Write

aVvb=max{a,b} and a Ab = min{a,b},

and observe the trivial identity

la—bl=avb—aAnb.
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Then we define the numerical entropy flux Q by

Qjt12() = Fji1p vV k) = Fip1pu Ak), (3.32)
or more explicitly,
Q(uj_p,...,uj+q) = F(u/-_p \/k,...,u/-+q \/k) —F(uj_pAk,...,uj+q /\k)
Note that Q is consistent with the KruZkov entropy flux, i.e.,

Q(c,....c) =sign(c —k) (f(c) = f(k)).

Returning to monotone difference schemes, we have the following result.

Theorem 3.9 Fix T > 0. Assume that f is Lipschitz continuous. Let uy € L'(R)
have bounded variation. Assume that u a; is computed with a method that is con-
servative, consistent, and monotone.

For every sequence At — 0, the family {Mmk (l)} converges in LIIOC(R) to

the KruzZkov entropy solution u(t) for all t € [0, T). Furthermore, the limit is in
C ([0, T]; Lj (R)).
Proof Consider a sequence Af; — 0. Theorem 3.8 allows us to conclude that
U, has a subsequence that converges in C([0, T']; L'([a, b])) to a weak solution.
It remains to show that the limit satisfies a discrete Kruzkov form. First we find,
using (3.7) and (3.32), that

Gu" vk)y—Gu" Ak) = |u" — k| — A( et~ }’_1/2).
Using that M;’H = G;(u"), cf. (3.3), and the consistency of the scheme, see (3.12),
which implies k = G(k,...,k) = G(k), we conclude from the monotonicity of

the scheme that

G, v k) =GV Gk)=G;u") vk,
—G; (" AK) = —(G;(u") A G(K)) = — (G, (") A K).

Therefore,

u;”’l —k’ —

uj — k‘ +MQf 12— Q1) 0. (3.33)

Applying the technique used in proving the Lax—Wendroff theorem to (3.33) shows
that the limit u satisfies

// (I — K| g +sign (u — k) (£) — () x) dixdit

—i—/|u0—k|(p(x,0)dx—/(|u—k|(p)|,=7dx >0,
R R

for every nonnegative test function ¢ € Cj°(R x [0, T']) and for every k € R.
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Suppose there is another subsequence for which u s, does not converge to the
entropy solution. Then by the above argument, this subsequence has another sub-
sequence for which the limit is the unique entropy solution. The uniqueness of the
limit gives a contradiction, and we conclude that for all sequences Az, — 0, the
sequence {u a;, (t)} converges to the unique entropy solution u(z). O

Note that the above theorem offers a constructive proof of the existence of weak
entropy solutions to scalar conservation laws. The fact that monotone schemes con-
verge to the entropy solution provides an alternative to the front-tracking method
discussed in Chapt. 2.

Now we shall examine the local truncation error of a general conservative, con-
sistent, and monotone method. Since this can be written

n+l _ o~ 0y — n n
u;t = Giu)=¢G (uj_p_l,...,uj+q>
=u" — " no)— " "
=uj )L(F (uj_p,...,u/+q) F(uj_p_l,...,u/+q_l)>,
we write

G =G(ag,...,0p1q41) and F = F(ay,...,0Qpq4+1)-

We assume that F', and hence G, is three times continuously differentiable with
respect to all arguments, and write the derivatives with respect to the ith argument
as

0;G(ag, ..., 0prg+1) and  0; F(oq, ..., Qp1g41).
We set 9; F = 0if i = 0. Throughout this calculation, we assume that the j th slot
of G contains u}, so that G(a, ..., %p+g+1) = u; — A(--+). By consistency we
have that

Gu,...,u)y=u and Fu,...,u) = f(u).

Using this, we find that

p+q+1
> 0iF(u.....u) = f'(u). (3.34)
i=1
0,G=20,; —A(0;1F—0,F), (3.35)
and
B,6 = A (021, F — B, F). (3.36)
Therefore,
pt+q+1 ptq+1

Y Gu....u)y= Y ;=1 (3.37)
i=0 i=0
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Furthermore,
p+q+1 p+q+1
Y= NG .w)y= " [(— ),
i=0 i=0
—AG =)@t F(u,....u) —0; F(u,...,u))]
pHq+1
==A Y ((G+1D=i)0iFu.....u)
i=0
= —Af"(u). (3.38)
We also find that
p+q+1
> =k, G ... )
i,k=0
p+q+1
=AY =k (0 Flu.....u) =07 Flu.....u))
i,k=0
ptq+l
=2 (G+D—=(+1) =G —k)?) 0} Fu.....u)
i,k=0
—0. (3.39)

Having established this, we now let ¥ = u(x,?) be a smooth solution of the con-
servation law (3.1). We are interested in applying G to u(x, t), i.e., in calculating

Gulx—(p+ DAx,t)...,u(x,t),....u(x + gAx,t)).

Setu; =u(x+ (i —(p+1))Ax,t)fori =0,..., p + ¢ + 1. Then we find that

G(u(),...,up+q+1)
pt+q+1
= G(u/-,. ..,uj) + Z 8,‘G(uj', .. .,M/') (ui —uj)
i=0
1 pt+q+1
+5 > 076 uy) (i —up) (ue —uj) + O (AXY)
ik=0
p+q+1
=u(x.0) +u (x.)Ax Y (i — )G, ... u))
i=0
1 pHq+1
+ Euxx(x,t)sz Z @ —j)zaiG(u/-,...,uj)
i=0
1 pt+q+1
+ Eui(x,z)sz 3=k =) Gy. .. up) + O (Ax?)
ik=0
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p+q+1
[NY X7 | =u(x,t) +u,(x,t)Ax Z (i —7)0iGuj, ... uj)
i=0
1 p+q+1
+5Ax2 ; G — ) [0:Guy. ... upur(x,0)],
1 ptq+l1
—Eszuﬁ(x,t) DG =)= = k=) 07,Guy.....uj)
ik
+ 0 (Ax?).

Next we observe, since 8f’kG = 07 ;G and using (3.39), that

0= (i —k)2G =D (i — j)— (k- j))*G
ik ik

=Y (G —j) =26 = )k = jNFG + Y (k—j) oG

ik ik

=2) (=)~ ~ Dk~ j)F,GC.
ik

Consequently, the penultimate term in the Taylor expansion of G above is zero, and
we have that

Gulx—(p+ DAx,1t),...,u(x +qgAx,t)) =u(x,t) — At f(u(x,t))y

2
+ ATX Xi:(i — ) 0:Gu(x, 1), ..., u(x.))uyl, + O (Ax) . (3.40)

Since u is a smooth solution of (3.1), we have already established that

At? , 2 3
U+ AL = ulrn) = At f () + = [(f (u)) u] +0(ar).

Hence, we compute the local truncation error as

A ptq+1
Lai=-25 [( > = )0G....) —xz(f’(u»z) ux]

i=1
At

= -7 Bau,], + O (AF%). (3.41)

Thus if B > 0, then the method is of first order. What we have done so far is valid
for every conservative and consistent method where the numerical flux function is
three times continuously differentiable. Next, we use that ;G > 0, so that /9;G
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is well defined. This means that

ptq+1

ALl = | Y = )G, u)
i=0
pH+q+1

= Y li—jlIVoiGu.... . w)VoGu, ... u).
i=0

Using the Cauchy—Schwarz inequality and (3.37), we find that

ptq+l p+q+l

3 -G u) Y G ... u)
i=0 i=0

p+q+1

> = j)%G ... u).

i=0

22 (1 w)

IA

Thus, B(u) > 0. Furthermore, the inequality is strict if more than one term in the
sum on the right-hand side is different from zero. If 9;G(u, . ..,u) = 0 except for
i = k for some k, then G(uo, ..., Upyq+1) = Uy by (3.37). Hence the scheme is
a linear translation, and by consistency, f(u) = cu, where ¢ = (j —k)A. Therefore,
monotone methods for nonlinear conservation laws are at most first-order accurate.
This is indeed their main drawback. To recapitulate, we have proved the following
theorem:

Theorem 3.10 Assume that the numerical flux F is three times continuously dif-
ferentiable, and that the corresponding scheme is monotone. Then the method is at
most first-order accurate.

3.2 Higher-Order Schemes

We want to derive a second-order difference approximation to the solution of a con-
servation law

u; + f(u)x =0.

In order to derive scheme that is second-order accurate, the local truncation error
must be third-order accurate. For a smooth solution we have

2
u(x,t + At) = u(x,t) + Atu,(x,t) + ATtu,,(x, )+ 0 (At3)
2
= (1)~ AL fu(e D)~ S fute D) + 0 (A7)
2

—u— AL f(u), + AT’ (f') f)x), + O (AF).
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For a difference scheme we have Ax = O (At), so if the resulting scheme is of
second order, the difference approximation to f(u), must be second-order accu-
rate, and the approximation to (f’ f;)x can be first-order accurate. We can use the
following (where we write Dy(g(x)) = (g(x + Ax) — g(x — Ax))/(2Ax)) rela-
tions:

J@x, 1) = Do f(u(x,1) + O (Ax?)
+ Ax, 1)) — — Ax,t
_ flulx +Ax );Axf(u(x x.1)) Lo (axY),

1)) f (. 1)) = Aix(f/@(ﬁﬁ,,)) S+ Ax, 1)~ fu(x.1))

2 Ax
, Ax fu(x,t))— f(u(x—Ax,1))
=1 (ulx=51)) A
+ 0 (Ax?),
, Ax Fu(x £ Ax, 1)) — f(u(x,t)) )
+ —t = O(A .
y (u(x 2 )) u(x = Ax,t) —u(x,t) + ( " )
This leads to the scheme
A A2
n+1 n n n n n
it =uj = ( a1~ fj—l) iy (”/2+1/2A+”j - "f—l/zA—”;’) - (342
where
At " " AL f]
A=—, fI'=fW), Arvi=F@ie1—v), Vg2 = !

.
Ax A+ u g

The scheme (3.42) is called the Lax—Wendroff scheme, and by construction it is
of second order. We can see that it is conservative with a two-point numerical flux
function given by Fj 1/, = F(u;,u;4), where

F(u,v) = % (f) + fu) = 2>, v)(v—u)), v(u,v)= W
< Example 3.11
We test this second-order scheme on the equation
Uy +u, =0
with two sets of periodic initial data
1 x€[0.3,0.7],

1 — a2 2 =
u (x,0) =sin“(rx), u-(x,0) 0 xe [0, 1] \ [0'37 0_7]’

and u? extended periodically. By periodicity, we know that u’(x, k) = u'(x, 0) for
k € N.In Fig. 3.4 we have plotted the numerical solution at # = 3 with initial data
u' and u? and Ax = 1/30. Note that for the smooth solution the method gives very
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Fig. 3.4 a The numerical solution with initial values u'. b The numerical solution with initial
value u%. We use Ax = 1/30

accurate results, and the errors are indeed of second order. For the discontinuous
solution, the errors seem large, and we also see the prominent oscillations trailing
the discontinuity. <&

For simplicity we will for the moment assume that f’ > 0, so that the upwind
method is monotone (and hence TVD). If f is not monotone, then the upwind flux
below should be replaced by a numerical flux giving a monotone method.

The Lax—Wendroff numerical flux function can be rearranged to read

. o )
Flyip = F@) = 3o (Avjgrp = 1) Ay

= upwind 4 second-order correction.

We would like to modify the Lax—Wendroff method so that it is locally of second or-
der where the solution is smooth, and first order and monotone near discontinuities.
Hence, we would like to turn off the second-order correction near discontinuities.
One way of doing this is to observe that the oscillations occur near discontinuities
(this is the Gibbs phenomenon), and use oscillations as an indicator of when the
second-order term should be turned off. As an important side effect, this is likely to
make the resulting method TVD.

To this end let r; (whose exact form will be specified later) be some “indicator
of oscillations” near x;. We assume that if there are oscillations, then r; < 0. Let
¢(r) be a continuous function that is zero if r < 0.

Now we modify the numerical flux for the Lax—Wendroff method to read

n n 1 n
Fiip =1 = 300)vj+1 (Avjpija—1) Ayl (3.43)
If we set

1
Q12 = Evj+1/2(1 —Avjt1)2), (3.44)
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the modified scheme reads
Wit =l —AA_fI = AA- ((p(rj)oej+1/2A+u;?>
= M;-l — )ij_l/zA_u;’ —AA_ ((p(rj)aj+1/2A+u;’)

. A (<P(rj)0€j+1/2A+M?> .,
:u/- —A,(Uj_l/z-i-k A_u;? )A_uj

n n
= u/- —Aj_l/zA_u/-,

where we have defined

4 AA_ (<P(Vj)aj+1/zA+“f)
j-1/2 =Vj-12 + A -
At this point the following lemma is convenient.
Lemma 3.12 (Harten’s lemma) Let v; be given by

v =up = AjipAouj + BjvpAiuy,

where Aiuj = :I:(ujil — Mj).

(i) If Aj+1y2 and Bj )5 are nonnegative for all j, and Aj 15 + Bj 10 < 1 for
all j, then

T.V.(v) <T.V.(u).

(ii) If Aj11/2 and Bj ) are nonnegative for all j, and Aj_i;» + Bj11/2
all j, then

IA

1 for

n}cinuk <v; <maxui, jE€Z.
k
Proof (i) We have

Ayvy =ujp —u; — AjnpAqu; + BispAiu;g
+ Ajo1pA-uj = BjipAiu;
= (1= Aj12= Bj1p) Ayuj + Aj1p Aty + BjyspAiuj s,

Hence

DolAvu =Y (1= Ajern = Bisip) [Agu]
j J

DA [Acug| + Y Brisa [Agujsp

J J
= |8
J
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(i) We may write

v = Aj_ipuj_ip+ (1= Aj_10— Bjr12u; + Bjyiauj41,
from which the statement follows. O

Returning to the scheme (3.43), we introduce

1
%j+1/2 = FVj+1/2 (1= Avj412).

Hence, we get the scheme

W =g =2 (S - A)
- l(ﬁﬂ(rj)“jJrl/zAwL“; - €0(’j—1)“j—1/2A—”?>
= u;? — )wj_l/zA_u;’ —AA_ ((p(rj)aj+1/2A+u7)

) A (otpapa)]
= uj -2 Vi—1/2 + A_u;’ A_uj

— g _ 9. n
—Mj Aj_l/zA_u/-.

We want to choose ¢ and r such that we can use the above lemma, with B; {/, = 0,
to conclude that the scheme is TVD. Note that A max, f'(u) < 1 by the CFL
condition and thus ;11> > 0 and Aetj 12 < 1.

We define

onA_u;
r = =122l (3.45)
ajr1/281u;

To see that this can be used as an “indicator of oscillations,” note that since we have
assumed that /' > 0, we have vj41/2 = 0 for all j, and by the CFL condition,
Avjiip < 1forall j. Hence i1/ = Svj11/2(1 — Avj11/2) > 0 for all j. We
say that “oscillations” are present at x; if #; is a local maximum or minimum. If so,
then sign (A_u;) # sign (A+u;), and consequently, r; < 0. We also calculate

A (‘P(’j)“j+1/2A+“f)

n
A_uj

1
= A (‘/’(Vj)aj+1/zA+M? _¢(rj—1)aj—1/2A—u7>
-]

=aj_i) (wirj) - €0(rj—1)) )

J

Hence

o(rj+1)
Ajq12= A(Vj+1/z + Olj+1/2( IR <P(Vj)>)-
Tj+1
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Let us assume that

max ;@, <p(r)} <2, or 0 < ¢(r) < max{0, min{2r,2}}. (3.46)

If this assumption holds, then

< 2 forall r and s.

‘@—w(ﬂ
j

This means that

Ajria <A (vip1y2 +20511)
=2 (vir12 Vi (1= Avi0))
=4 (2Vj+1/2 - )sz-f-l/Z)

=1—(1—=Avj1p)’
<1

For the other bound,

Ajia = A (Vg2 = 205 4102)
= A (vis12 = Vir12(1 = Avj11)2))
2
= (Avj41/2)” 2 0.

Summing up, we have proved the following result.

Lemma 3.13 Assume f' > 0. Let r; be defined by (3.45), and assume A > 0
is such that the CFL condition A max,, f'(u) < 1 holds. Assume further that the
function ¢ is such that ¢(r) vanishes for r < 0 and satisfies (3.46). Then the finite
volume scheme with numerical flux function (3.43) is TVD.

If we choose ¢(r) = r, we get another scheme, called the Beam—Warming (BW)
scheme. The Beam—Warming scheme is also of second order, but not TVD. The
Lax—Wendroff (LW) scheme is obtained by choosing ¢(r) = 1.

If (for the moment) we do not care about TVD, we can define a family of second-
order schemes by linear interpolation between the Beam—Warming and the Lax—
Wendroff schemes. This interpolation can be done locally, meaning that we choose
@ as

@(r) = (1 —0(r)eLw(r) + 0(r)gsw(r).
The scheme reads

with = uf = AN [+ AA_@(r))ey 112 A (3.47)
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If now u;’ = u(x;,t,) is the exact solution, then we can calculate

Wit =u; = AASf; + AA(((1 = 0(r) 4 00r)ry) &) 41728 4 uy)
= (1=00)) (uj = AA_f; + AA_ (@) 412841;))
+0(ry) () — AA_fj + 2D (rj041284u)))
+ Aaj_i)2 (r/-_l — 1) A_u;A_0(r;).

This means that

ulxj.t + At) = ”;H = (1—-6(rj)) (“LW truncation error”)
+ 6(r;) (“BW truncation error”)
+Aaj iz (rio—1) Au; A_6(ry).

1

If I = O (Ar?), then the combination of the LW and the BW schemes is of second
order. By the CFL condition, 0 < Ac;_;/, < 1. Furthermore, since u is an exact
smooth solution, oj 1 12A u ~ Ax f'(u)(1 — Af’(u))u,, or more precisely

Ay
Ajt+1/2 A

Y= (= AL ) |

X

+0 (Ax?).

X=Xj+1/2
Recall the definition of r;, equation (3.45), and set h(x) = f'(u(x,7))(1 —
Af (u(x,t)))uy,(x,t). With this notation we get
@12 (rjr = DA | = [A (@10 A4u)|
= Ax }h(xj_l/z) —h(xj_32) + O (Ax2)|
< Ax? max |h'(x)| + O (Ax?).
X,t

Therefore, to show that I = O (Ar?), it suffices to show that A_f;, = O (At).
Since 6 is a smooth function with values in [0, 1], we get

|A_O(r))| = |6(r)) — O(rj-1)|

< Clrj —rj]

< |YmpAuy  #3pAu
T lepBiuy oAl
_ | B2+ O(AX) Bz + 0 (AXY)

hivi2+ O (Ax?)  hj_is+ O (AX?)

1y = hjsiahjsn + O (Ax?)
hjti2hj_12+ O (Ax2)

-c Axmaxy) [h'(x)| + O (Ax?)

a hjs1p2hj—ay2 + O (Ax?)

— 0 (A1).
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Fig. 3.5 The graph of the A i S o
limiter must lie in both the R—
TVD region and the second-
order region. The graph 2
shown is a possible limiter

o(r)

1
1 7

Thus we have shown that if 6 is a Lipschitz continuous function, the resulting
scheme is of second order.

Returning to ¢, we have shown that the scheme (3.47) is of second order if ¢ is
Lipschitz continuous and

min{l,r} < ¢(r) < max{l,r}. (3.48)

If ¢ satisfies both (3.46) and (3.48), then the resulting scheme (3.47) is TVD, and
second-order accurate away from local extrema. The scheme also produces a con-
vergent sequence of approximations, and the limit is a weak solution (prove this!).

The function ¢ is called a limiter; a list of popular limiters follows. It is clear
that the graph of a limiter must lie in the shaded region in Fig. 3.5.

@(r) = max {0, min {r, 1}}, minmod

¢(r) = max {0, min {2r, 1} ,min {r,2}}, superbee,

o(r) = |’1”|-:‘r’”’ van Leer
2
o(r) = ;+—4;r2, van Albada

¢(r) = max {0, min{r, B}}, 1 < B <2, Chakarvarthy & Osher

In Fig. 3.6 we show the approximate solutions to

1 xel0,3, 0.7,

U +u, =0, u(x,0) =
0 xe][0,1]\]0,3,0.7],

and for x ¢ [0, 1] we extend u(x, Q) periodically. The figure shows approximate
solutions at = 0 as well as the exact solution. To the left we see that both the Lax—
Wendroff and the Beam—Warming schemes have pronounced oscillations, but the
linear combination of the two schemes, in this case using the van Leer limiter, does
not. This solution is also superior to the solution found by the upwind method. Since
these methods limit the contribution of the higher-order numerical flux function,
they are often called flux-limiter methods.
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a Upwind b Lax-Wendroff

Cc Beam-Warming d
: ———e— — : :

Fig. 3.6 The approximate solutions found by the upwind method (a), the Lax—Wendroff method
(b), the Beam—Warming method (c), and the TVD method using the van Leer limiter (d). All
computations used Ax = 1/30

Semidiscrete Higher-Order Methods

Let us now consider semidiscrete higher-order methods, where we do not (initially)
discretize time, only space. Based on the finite volume approach, such methods can
be written

, 1
wj (1) = = (Fjs12— Fi—1)2) . (3.49)

where u; (7) is some approximation to the average of u in the cell (x;_i/2, X;j41/2].
If the right-hand side of the above is a second-order approximation to — f(u), for
smooth functions u(x), then the method is said to be second-order accurate. To get
second-order accuracy in time as well, one could use a second-order Runge—Kutta
method to integrate (3.49) numerically. One such example is Heun’s method:

W} =u = A (Fjrip—Fjo1p),

A - A
’ uj == (Fj412= Fjo12) = ) (Fps1/2 = Fjo1a)
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The simplest way of achieving second-order accuracy is by choosing

Ujypl + U
Fiap=f (%) (3.50)

This, however, gives a nonviable method if we combine it with a first-order Euler
method in time. This combination is not stable?. To see this, set f(u) = u. With
the Euler method it gives

A
u;?"'l — u;? — E (uj+1 —uj_l).

Making the ansarz u} = ju,e” 2~ (here i = +/—1) yields
MKn+1 = HUn (1 +iAsin(Ax)).

Therefore, |in+1] = |ftn] v/ 1 + A2sin?(Ax), or
lital = [0l (1 + A% sin*(Ax))""?.

This is unconditionally unstable. Also using the second-order Heun’s method with
(3.50) gives an unstable method (see Exercise 3.8). Thus the choice (3.50) is of
second order, but useless.

In order to overcome this, we define values to the left and right of a cell edge
uf,,,anduf ) by

L
Ujiip =Uj+ EA—MJ"
1

R frd + —— .
Uiy = U, 2A+uj.

(3.51)

Then we can use any two-point monotone first-order numerical flux F(u, v) to de-
fine a second-order approximation

fux)), = i (F (”fﬂ/z’ ”f+1/2) —-F (”,’L—l/z’ ”f—l/z» +0 (sz)-
(3.52)

Even if we use Heun’s method for time integration, the extrapolation values (3.51)
do not give a TVD method. This is to be expected, since the method is for-
mally second-order accurate. We illustrate this in Fig. 3.7 for the linear equation
u; + u, = 0 with smooth and discontinuous initial values. We used the upwind
first-order numerical flux F(u,v) = f(u) = u. From Fig. 3.7 we see that for
smooth initial data, the approximation is “reasonably close” to the correct function,
whereas for discontinuous initial data, the approximation bears little relation to the
exact solution.

2 Often called von Neumann stability.
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—6— second order —6— second order
- — -exact - — - exact

u(z,1)

Fig. 3.7 Using the extrapolation (3.51). a u(x, 1) with smooth initial data. b u(x, 1) with discon-
tinuous intitial data

These results suggest that the method will be improved if we use some kind of
limiter to define the extrapolated values u jLJ'rRl /2 To this end, set ¢; = ¢(r;), where
r;j is to be defined, and redefine the extrapolations as

L 1
Ui i =Uj + E%'A—“jf

1
R
Uj_1jp = Uj — 5‘!’/‘A+uj~

(3.53)

For simplicity, we now assume that f’ > 0, and that the numerical flux function is
the upwind flux, i.e., F (4, v) = f(u). In this case the resulting scheme is

u;?“ =uj -2 (f(u,'L+1/2) - f(“jL—l/Z)) :

We aim to define r; and find conditions on ¢ such that the above scheme is TVD but
retains the formal second order away from oscillations. In order to use Lemma 3.12,
we rewrite the scheme as

L
nl oy m )LMA_M’?

uj J A_u" J’

where we have used a first-order Euler method for the integration in time. This will
of course destroy the formal second-order accuracy, but it is convenient for analysis.

With .
A_fuyy )
Aj_1p = PR Vi
A_u"
J
the scheme will be TVD if 0 < A4;_;,» < 1. Dropping the superscript n, we calcu-
late

Cui e Ay —u = e A u;
Ajry = Af (i) LT 2B 0N Aju. 29 J
=%

) (= 1 1 A_M'_l
=21 () ((1 + 5%') - i‘ﬂf—lﬁ) ’
—J
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where 1; is some value between ujL_l/2 and ujL+1/2. If we now choose

A+Mj
rp=-——",
A_uj

this can be rewritten as

j—1

We now demand that the scheme satisfy the CFL condition
, 1
Amax f'(u) < 7

Inthiscase 0 < A;_j/» < 1if

1 .
0< (1 ~5 (% —<p(r,-))) <2,

which can be rewritten

This is the case if
0 < ¢(r) <min{2r,2},

which gives the same TVD-region as for the flux-limiter schemes; see Fig. 3.5.

The scheme with ¢(r) = 1 is not TVD, but of second order, and the choice
¢(r) = r gives the (useless) second-order scheme with numerical flux (3.50). It
follows as before that every smooth (in ) convex combination of these two schemes
will also be of second order. Therefore, we get the same second-order region as in
Fig. 3.5. Hence we have the same choice of limiter functions as before. Each choice
will give a formally second-order scheme away from local extrema. This method is
called MUSCL (monotone upstream centered scheme for conservation laws).

If Fig. 3.8 we show how the above schemes perform on the model equation
U, + u, = 0 with smooth and discontinuous initial data. The MUSCL method does
not perform as well as the flux limiter method, but a clear difference can be seen
between the first-order upstream method and the high-resolution methods (MUSCL
and flux limiter). For both the high-resolution methods, the computations in Fig. 3.8
use the van Leer limiter. The perceptive reader may have noticed that the flux-limiter
method is further from the exact solution than the methods shown in Fig. 3.6. This
is because we choose to use the same timestep for all the methods, this being limited
by the MUSCL method. Thus, the upwind and flux limiter methods will also have
atime step Az < AAx, with A = 0.49.
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a Smooth initial data b , Discontinuous initial data
/;4:\ - © -MUSCL | P | ~ 6 - MUSCL
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Fig. 3.8 A comparison of the first-order monotone upstream method and high-resolution methods
for smooth (a) and discontinuous initial data (b)

3.3 Error Estimates

Let others bring order to chaos. I would bring chaos to order instead.
— Kurt Vonnegut, Breakfast of Champions (1973)

The concept of local error estimates is based on formal computations, and such
estimates indicate how the method performs in regions where the solution is smooth.
Since the convergence of the methods discussed was in L', it is reasonable to ask
how far the approximated solution is from the true solution in this space.

In this section we will consider functions u that are maps ¢ — u(¢) from [0, co)
to L} .N BV (R) such that the one-sided limits u(¢+) exist in L] , and for definite-
ness we assume that this map is right continuous. Furthermore, we assume that

[e@lloo = 14(O0)]lo.  T.V.(u(r)) = T.V. (u(0)).

We denote this class of functions by K. From Theorem 2.15 we know that solutions
of scalar conservation laws are in the class XK.
It is convenient to introduce moduli of continuity in time (see Appendix A)

vi(u,0) = sup ||u(t + 1) —u@)||, o>0,

rl= (3.54)
v(u,0) = sup v;(u,0).
0<t<T
From Theorem 2.15 we have that
v(u,0) < o] |l fllLipT.V. (uo) (3.55)

for weak solutions of conservation laws.
Now let u(x, ) be any function in K, not necessarily a solution of (3.1). In order
to measure how far u is from being a solution of (3.1) we insert u in the Kruzkov
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form (cf. (2.23))

T
A, k) = //au “ Ky + qQu.K)py) dx ds (3.56)
0

—/|u(x,T)—k|¢(x,T)dx+/|u0(x)—k|¢(x,0)dx.

If u is a solution, then A7 > O for all constants k and all nonnegative test functions
¢. We shall now use the special test function

R(x,x",5,8") = wgy (s — 5 )we (x — X),

where

w.(x) = éa) (f)

&

and w(x) is an even C *° function satisfying
0<w=<1, wkx)=0 forl|x|>1, /a)(x)dx =1.

Let v(x’, s") be the unique weak solution of (3.1), and define

T
Agey(u,0) = //AT (u.2(-.x', .5, v(x', ")) dx'ds’.
0

The comparison result reads as follows.

Theorem 3.14 (Kuznetsov’s lemma) Let u(-,t) be a function in X, and v a so-
lution of (3.1). If0 < &9 < T and e > 0, then

lu(-. T=) = v(-. Ty < o = volliw) + T-V. (o) (2 + &0l f [ILip)
+v(u, &) — A, (U, v), (3.57)

where uy = u(-,0) and vy = v(-,0).
Proof We use special properties of the test function §2, namely that

(@x,x',5,8) =2, x,5,5) = 2(x,x',s',s) = 2(x',x,5,5) (3.58)
and

2, =-Qv, and 2, =—2,. (3.59)
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Using (3.58) and (3.59), we find that

T
Agey(U,0) = —Ag gy (v, 1) — 0, x" s, T)(Ju(x.T) —v(x',s)|
i

+ (", T) —u(x,s)|) dx dx'ds

T
+ // 2(x,x',5,0)(|vo(x") — u(x,s)]
0
+ Juo(x) — v(x', )| ) dx dx"ds
=—Ag,(v,u) — A + B.
Since v is a weak solution, A, ., (v, u) > 0, and hence
A<B—A(u,v).

Therefore, we would like to obtain a lower bound on A and an upper bound on
B, the lower bound on A involving ||u(T) — v(T)||;: and the upper bound on B
involving ||uo — vgl|,:1. We start with the lower bound on A.

Let p. be defined by
0:(u,v) = // we(x — x') Ju(x) —v(x")| dx dx’. (3.60)
Then
T

A= /a)e()(T =) (pe(u(T), v(s)) + pe(u(s). v(T))) ds.

0

Now by a use of the triangle inequality,

u(x, T) —v(x', s)|| + [u(x,s) —v(x', T)]
> u(x, T) —v(x, T)| + [u(x, T) —v(x,T)|
—wx, T)— v, T)| —|ulx,T) —u(x,s)|
— &, T) —v', )| —|vx,T)—v(x',T)|.

Hence

Pe((T), v(5)) + pe(u(s), v(T)) = 2Mu(T) = v(T)ll L1 = 2p:(v(T), v(T))
= u(T) =u@)lzr = [v(T) = v($)]11-

Regarding the upper estimate on B, we similarly have that

T
B = / 00y (5) [P a0 0(s)) + pa(u(s). v0)] ds.
0
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and we also obtain
(o, v(5)) + pe(u(s), vo) < 2|[ug — voll 11 + 2p: (v, vo)
+ luo —u(s)l|r + lvo — v(s) |-

Since v is a solution, it satisfies the TVD property, and hence

P (o(T), v(T)) = / / () [0(x + 2.T) — v(x.T)| dz dx

< /a)e(z) sup (/ lv(x +2z,T) —v(x,T)| dx) dz

|z]<e
—&

= |8|/a)8(z)T.V. (v(T)) dz < |g| T.V. (vp),

using (A.10). By the properties of w,
T T
/a)g(T —s)ds = /ws(s) ds = %
0 0
Applying (3.55), we obtain (recall that &g < T')
T
[ 0um = u@) = o)l ds

0
T

< / (T — 5) (T — )| f 1L T-V. (1) ds

0
1
< 580||f”LipT-V- (vo)
and
; 1
[ w000 = vl ds = Se0l £ TV o).
0
Similarly,
; 1
/a)go(T —)|u(T) —u(s)|| ds < Ev (u, &)
0
and

T

1
/weo(s)ﬂuo —u(s)||pds < Ev (u, ).
0

If we collect all the above bounds, we should obtain the statement of the theorem.
O
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Observe that in the special case that u is a solution of the conservation law (3.1),
we know that A, (u,v) > 0, and hence we obtain, as &,g9 — 0, the familiar
stability result

(-, T) = vC, Tl < lluo = voll -

We shall now show in three cases how Kuznetsov’s lemma can be used to give
estimates on how fast a method converges to the entropy solution of (3.1).

<> Example 3.15 (The smoothing method)

While not a proper numerical method, the smoothing method provides an ex-
ample of how the result of Kuznetsov may be used. The smoothing method is
a (semi)numerical method approximating the solution of (3.1) as follows: Let
ws(x) be a standard mollifier with support in [—§,4], and let 7, = nAt. Set
u® = ug * wg. For 0 < ¢ < At define u' to be the solution of (3.1) with
initial data u®. If Az is small enough, u' remains differentiable for 1 < At.
In the interval [(n — 1)At,nAt), we define u” to be the solution of (3.1), with
u" (x,(n — 1)At) = u"~'(-,t,—) * ws. The advantage of doing this is that u" will
remain differentiable in x for all times, and the solution in the strips [¢,,#,,1) can
be found by, e.g., the method of characteristics. To show that u” is differentiable,
we calculate

e (x ta1)| = '/Mﬁ_l(y,tn_l)wa(x —y)dy

< T.V. (uo) .

1
< gT.V. (" (ty—1)) 5

Let u(¢) = max, |uy(x,?)|. Using that u is a classical solution of (3.1), we find by
differentiating (3.1) with respect to x that

uxt + f,(u)uxx + f”(u)ui = 0'
Write
p(t) = uy(xo(2),1),

where x((¢) is the location of the maximum of |u,|. Then

/’L/([) = uxx(x()([)v [)x(/)([) + uxt(XO(t)f t)
< (0(1), 1) = = f" () (ux (x0(1), 1))
<cu(t)?,

since Uy, = 0 at an extremum of u,.. Thus

W) < (@), 3.61)
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where ¢ = || f”|| - The idea is now that (3.61) has a blowup at some finite time, and
we choose At less than this time. We shall be needing a precise relation between
At and § and must therefore investigate (3.61) further. Solving (3.61) we obtain

I (tn) T.V. (MO)
M(t) - 1— cu (tn) (l — ln) = §—cT.V. (1/[()) At '
So if
At < 0 (3.62)
cT.V. (up)’ .

the method is well defined. Choosing At = §/(2¢T.V. (ug)) will do.
Since u is an exact solution in the strips [¢,,#,+1), we have

Int1

/ (I — k| 0 + g, K)py) dx di

In

[ () = K9 0) = . 12) = K| 9 x.41)) d = 0

Summing these inequalities and setting k = v(y, s), where v is an exact solution of
(3.1), we obtain

N-1
Ar( 20050 2 = Y [ @) (o) = 00725)
n=0
— [u(x, ;=) = v(r.5)| ) dx,

where we use the test function §2(x, y,t,5) = w,,(f —s)w.(x — ). Integrating this
over y and s, and letting &, tend to zero, we get

N—-1
hslgl—l{)lf Ag,e(] (u7 U) = — Xz:o (pe(u(ln +)v U(ln)) - pa(u(tn _)s v(tn))) .

Using this in Kuznetsov’s lemma, and letting ¢9 — 0, we obtain

lu(T) —v(T)l, < [Juo —u||, + 28 T.V. (uo) (3.63)

N-1

+ D (Pety4), v(tn) — pe(ty=), V(1))

n=0

where we have used that lim,,_,o v; (1, &9) = 0, which holds because u is a solution
of the conservation law in each strip [¢,, ,,+1)-
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To obtain a more explicit bound on the difference of ¥ and v, we investigate
Pe(ws * u,v) — p(u, v), where p, is defined by (3.60),

ptu s 0n0) =) = [[f 016 = o) (1utx 452~ 000

|zt

—Jux) = ()| ) dx dy dz

_ %// (@e(x = ) — 0 (x + 82 — ) 0(2)

lz|=1

X (Ju(x +6z) —v(y)| — |u(x) —v(y)]) dxdydz,

which follows after writing [f/ = 1 [/ +3 /J/ and making the substitution x +>
Xx — 8z, z > —z in one of these integrals. Therefore,

1
o w3, 0) = i) < 5 // 0u(y + 82) — w.(7)|

lz|=1

X w(z)|u(x 4+ 8z) —u(x)| dxdydz
< %T.V. (we) T.V. (u) 82

52
< T.V. (ll) ;,

by the triangle inequality and a further substitution y — x — y. Since N = T/At¢,
the last term in (3.63) is less than

2
NT.V. (uo)% < (T.V. (up))* 2ch,

using (3.62). Furthermore, we have that
Huo — ”0”1 < 8T.V. (uyp) .

Letting K = T.V. (up) ¢, we find that
KTs
lu(T) —v(T)|l; <2T.V.(uo) |6+ ¢+ — |’
using (3.63). Minimizing with respect to &, we find that

[u(T) = v(T)||, < 2T.V. (o) (§ + 2K T$). (3.64)

So, we have shown that the smoothing method is of order % in the smoothing coef-
ficient §. <&
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< Example 3.16 (The method of vanishing viscosity)
Another (semi)numerical method for (3.1) is the method of vanishing viscosity.
Here we approximate the solution of (3.1) by the solution of

u + f (), =0uy, >0, (3.65)
using the same initial data. Let u® denote the solution of (3.65). Due to the dissi-
pative term on the right-hand side, the solution of (3.65) remains a classical (twice
differentiable) solution for all # > 0. Furthermore, the solution operator for (3.65)
is TVD. Hence a numerical method for (3.65) will (presumably) not experience the
same difficulties as a numerical method for (3.1). If (1, ¢) is a convex entropy pair,

we have, using the differentiability of the solution, that

() + q)x = 81 W = 8 (N)x — 1" 7).

Multiplying by a nonnegative test function ¢ and integrating by parts, we get

[ e + e axar =5 [ no.g.axa,

where we have used the convexity of 1. Applying this with n = |u5 - u| andg =
F(u®,u), we can bound lim,, o A, ., (4%, u) as follows:

T
- O ul(x,t) —u(y,t
~lim AE’SO(MS,M)SS/// do(x = y) | Aple.t) ZuG O] 4o
£0—0 ox ox
0

T
580///‘3%(5;—”‘

<2T.V. (%) Tg

§
Ju 8(;"”' dx dy dt

8
<2TT.V. (uo) -.
I

Now letting &9 — 0 in (3.57), we obtain

2738

HuS(T) —u(T) ||1 < msin (28 + T) T.V. (ug) = 2T.V. (uyp) JTS.

So the method of vanishing viscosity also has order % <&

<> Example 3.17 (Monotone schemes)
We will here show that monotone schemes converge in L' to the solution of (3.1)
at a rate of (At)'/2. In particular, this applies to the Lax—Friedrichs scheme.

Let ua,; be defined by (3.27), where u}’ is defined by (3.6), that is,

n+1 n n n
Wit =y — A <Fj+1/z - Fj—1/2> ; (3.66)
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where Fj+1/2 =F (u ooul ,>, for a scheme that is assumed to be mono-

j—p’ jt+pr
tone; cf. Definition 3.5. In the following we use the notation

7

nj =

n
ujk

: qyzf(u;vk)—f(u;Ak).
We find that

N—1 N+1/21n41

—Ar(uar. ¢ k) = ZZ[ / (1 h:(x.) + g b (x,5)) ds dx

~1/2 In
Xj+1/2 Xjy1/2
—Z / n?¢(x,0)dx+z / nY ¢(x.T)dx
I xili x5l
N_1 Vit
=—Z[Z / B, tr11) = $(x.1,)) dx
j n=0 S
Xj+1/2 Xj41/2
+ / 70 (x,0) dx — / Y p(x, T) dx
Xj-1/2 Xj-1/2
N—1 Tt
+ /q;(¢(xj+1/275)—¢(Xj—1/2,s)) ds:|
n=0 tn
N— Xj+1/2
=ZZ( - / $(x. ty 1) dx
j n=0
—-1/2

Ing1

+ (47 —4q;-1) / d(xj-1/2,5) ds)

tn
by a summation by parts. Recall that we define the numerical entropy flux by

Ol 1= Fl_, Nk, ool V) — FUul_, Ak, AK).

Monotonicity of the scheme implies, cf. (3.33), that
'77“ M+ MQj 1, — Q1) 0.

For a nonnegative test function ¢ we obtain

N—1 Xj+1/2
Al 6.0 = 303 (M@ p= ) [ bt d
J n=0 .
Xj—1/2

Iny1

+(q] —4qj-1) f P(x;.5) ds)

In
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N— Xj+1/2
= Z Z[ (( j+l/2) - (97—1 - Q}’-1/2>> / d(x,tyy1) dx
jon=0 Xj-1/2
Int1 Xj+1/2
+ @ - [owmp9ds=1 [ oenx)]
In Xj—1/2
Xj+3/2 Xj+1/2
—}jii(gﬁm a) /¢@aﬂm»—/¢@aHMx
Xj+1/2 —1/2
Int1 Xj+1/2
+ (4}1 - ‘1}1_1) (/ d(xj_1/2.8)ds — A / G (X, ty1) dx)}
In Xj—1/2
N— Xj+1/2
2:2:[(Qhﬂz—ﬂ)(/ﬂwx+Am%+o—¢u¢Hon
Jo =0 Xj-1/2
Int1 Xj+1/2
+ (an _qf—l)(/ d)(xj—l/Zss)ds_A / ¢(xstn+l)dx)i|-
In Xj—1/2
We also have that
p/
97 = 00| <1 flip D [a =
m=—p
and
4 =] = 1 M o =
which implies that
N-1 V4
—Aruand k) < [ fllp Y Z[( W — u;?))
j n=0 m=—p
Xj+1/2
[ 10+ Ax ) — gt dx
Xj—1/2
+ |uj — u;?_l)
Int1 Xj+1

<| [ #tsapoas=i [ pena |
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Next, we subtract ¢ (x;_1/2, t,+1) from the integrand in each of the latter two inte-
grals. Since At = AAx, the extra terms cancel, and we obtain

—ArQuard. k) < 11 f i Z%}[( i s =) (3.67)
i n=0

m=—p

Xj+1/2
[ 66+ Ax ) = 9t dx
Xj-1/2
In41
+ |u;_u;‘l—l\(/|¢(xj—1/Zst)_¢(xj—1/21tn+1)| dt

In
Xj+1/2

+4 / | (x, tus1) — P (xj—1/2, Lus1)| dx):|.
Xj—1/2

Let v = v(y,s) denote the unique entropy solution of (3.1), and let k = v(y, s).
Then

T
_Aao.a(u’v) = - AT (u’v(y’s)’a)é‘o(' _S)a)é‘(' —X)) dy ds.
/]

Thus to estimate —A,, (1, v) we must integrate the terms on the right-hand side of
(3.67) in (y, s). To this end,

T Xj+1/2
// / ey (a1 — ) 065 + Ax — y) — wp(x — )| dx dy ds
0 R Xxj_iy2
Xj+1/2
- / / j0:(x + Ax — ) — @, (x — y)| dx dy
R xj_12

< Ax? lwe| gy
2Ax?

=
e

Recalling that A = At/Ax, we get

r N—1 V4
[ [171 EX[( 5 it
0 R j n=0 m=—p
Xj+1/2
x A / [p(x + Ax,tyy1) — P (x, ty1)| dx dy ds
Xj—1/2
N-1 )
1 / / n n 2AXx
= ||f||Lip§(P(P —-D+p(p'-1) ZZ uf —uj_l) ; A
n=0 j
A
= CTTX- (3.68)
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‘We also have that

In+1

T
/ / / 0e(Xj172 = ) |0 — ) — ey (tns1 —9)| di dy ds
0 R &

T thy1
=//|a)€0(t—s)—w80(tn+1—s)| dt ds

0 I

i1 lny1 T
< /’a)go(r—s)| dsdrdt

ot 0

C At?
< .

€0

Therefore,

T N1
O/R/ufnupjzg

Ing1

M? — u;’_l‘ / M)(Xj_l/z,l) — ¢(Xj_1/2,ln+1)| dt dy ds

tn

N-1 2
CAt
< i 2 [ = 30
j n=0
At
<CT—. (3.69)
€0
Similarly,
T Int1
// /a),go(t,,ﬂ—s)\ws(x—y)—a)e(xj_l/z—y)| dxdyds
0 R 1
i1 X
<[ [ [lwic-nidvazax
Iy Xj—1/2 R
CAxAt
< bl
.
and therefore
N—1 T Xj+1/2
XX [ [ =i [ o6t =605 0] dxavs
Jon=0p g Xj—1/2
e C AxAt
= 1 lhip 20 D g =l |2 .
j n=0
At
<CT—. (3.70)

€0
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Collecting the estimates (3.68)—(3.70), we obtain

Ax At) ’ 3.71)

_Aé‘(].é‘(us v) E CT (_ + -
& &0

where the constant C depends only on f, F, and |ug|z,. Regarding the term
v(u, &), we have that ¢ > u,(x, -) is “almost” L' Lipschitz continuous, so

v(Uuas, &0) < C (max {g9, At} + At).

The entropy solution v is of uniformly bounded variation in x for each 7. Therefore,
we conclude that

luarC-, T) = v Tl < fluac(-,0) = vol;

At A
+CT(max{80,At}+gO+g+__|__x).
€0 &

Choosing

Xj+1/2

Ui = A vo(y) dy,

Xj—1/2

(=]

we have that ||ua,(-,0) — vol|; < Ax |vg|gy. Then we can choose ¢ = +/ Ax and
g9 = ~/ At to find that

lua: (-, T)—v(-, T, < C~VAL, (3.72)
where C depends on 7', |vg|gy, f,and F. &

If one uses Kuznetsov’s lemma to estimate the error of a scheme, one must
estimate the modulus of continuity v, (4, g9) and the term A,,, (u,v). In other
words, one must obtain regularity estimates on the approximation u. Therefore,
this approach gives a posteriori error estimates, and perhaps the proper use for this
approach should be in adaptive methods, in which it would provide error control
and govern mesh refinement. However, despite this weakness, Kuznetsov’s theory
is still actively used.

3.4 A Priori Error Estimates

We shall now describe an application of a variation of Kuznetsov’s approach in
which we obtain an error estimate for the method of vanishing viscosity without
using the regularity properties of the viscous approximation. Of course, this appli-
cation only motivates the approach, since regularity of the solutions of parabolic
equations is not difficult to obtain elsewhere. Nevertheless, it is interesting in its
own right, since many difference methods have (3.73) as their model equation. We
first state the result.
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Theorem 3.18 Let v(x,t) be a solution of (3.1) with initial value vy, and let u
solve the equation

u, + f(u)x = (S(M)ux)x ’ M(X,O) = uo()C), (373)

in the classical sense, with §(u) > 0. Then

[u(T) = (D)l ry = 2ll10 = voll1wy + 4T-V. (v0) v8T|S]],,.

where
I8, = sup 8 (w(x—.1), v(x+.1))
tel0,7T]
xeR
and

b
§(a,b) = ﬁ/&(c) de.

This result is not surprising, and in some sense is weaker than the correspond-
ing result found using Kuznetsov’s lemma. The new element here is that the proof
does not rely on any smoothness properties of the function u, and is therefore also
considerably more complicated than the proof using Kuznetsov’s lemma.

Proof The proof consists in choosing new A’s, and using a special form of the test
function ¢. Let @™ be defined as

1
5 for|x| <1,
w®(x) =42 el =

0 otherwise.

We will consider a family of smooth functions @ such that o — @*°. To keep the

notation simple we will not add another parameter to the functions w, but rather
write @ — »® when we approach the limit. Let

<p(x,y,t,s) = a)e(x - y)wso(t _S)
with w, (x) = (1/a) w(x /@) as usual. In this notation,

1/(2e) for|x| <e,

w”(x) =
¢ 0 otherwise.

In the following we will use the entropy pair

n(.k) =[u—k| and g(u k) =sign(@u —k)(f(u)— f(k))
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and except where explicitly stated, we always let u = u(y, s) and v = v(x,¢). Let
ne(u, k) and g, (u, k) be smooth approximations to 1 and ¢ such that

Te() = 1(s) as0 >0, go(u.k) = / 0z —K)(f(2) — f(K)) dz.

For a test function ¢ define

T
A%, k) = / / W, = k) (g + ), = (o), ) @ dy ds
0

(which is clearly zero because of (3.73)) and

T
AL, (u,v) = //A‘}(u,v(x,t))dxdt.
0

Note that since u satisfies (3.73), A7 = 0 for every v. We now split A7, into two
parts. Writing (cf. (2.15))

(us+ S ()x — (BQuy), ), (u — k)
= n(u —k)s + (S @) — f(k)n, (u — k)uy — ($)uy)ym, (u — k)
= 1o (U — k)5 + qo (u, k) uty — (8(u)uy), 1), (u — k)
= 0o (U — )y + qo (u, k), — S0 (u — K)y)y + 1 (u — k)S(u) ()
= 0o (u — k)y + (qo (u. k) = )15 (u — k)y)y + 0" (u — k)8 () (uy),

we may introduce

AS(u,v) = /T//T/n;;(u—v)a’(u) (u,)’ ¢ dy ds dx dt,
0 0

T T
A36.0) = [ [ [ [ (mte =)+ (@0 0) = s60m e =), ) o v ds dx
0 0

such that AZ, = A] + Af. Note that if §(x) > 0, we always have A] > 0, and

£,80
hence A§ < 0. Then we have that

Ay :=limsup AJ < 0.

o—0
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To estimate A,, we integrate by parts:

T T
Ax(u.v) = (=110t = V)5 — qQu.V)py + V(. v)gy,) dy ds dx di
fjif

+/T// nw(T) —v)g|s=r dy dx dt —/T// Nt — v)pls—o dy dx dt
0 0

B /T//T/ (1 = V)i + Fu,v)gx = V(u, v)gyy) dy ds dx di
0" 0

A T
+0/// ﬂ(u(T)—v)<P|s=Tdydxdt—0/// n(ug — v)@|s—o dy dx dt,

V(u,v) = /S(S)n’(s —v)ds.

where

Now define (the “dual of A,”)

AS = —/T//T/ (n(u —v)@, + q(u, v)gx — V(u,v)¢y,) dy ds dx dt
0" 0

—/T// nu—v(T))e )ZZ dxdyds.
0

Then we can write

Ao =45+ /T | ) =)l dy axar
0

o
- /T // (o — V)¢)ls—o dy dx di
: ;
+/T// (n(u—v(T))ga)hZT dxdyds
: ;
- /T // (1t — v0)@)le—o dx dy dis
:
s

= —A; + .
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We will need later that

D= A+ A, < AL (3.74)
Let
t
§2:,(t) = /a)go(s) ds
0
and

) = ) = vl = [ ntutr.n) = vix.) d.
To continue estimating, we need the following proposition.

Proposition 3.19
T T

P = $2,(T)e(T) — $25,(T)e(0) + /wso(T —n)e(r) dt —/wso(t)e(t)dt
0 0
- 4‘980(T) (80||f||Lip + 8) T.V. (vo) .

Proof (of Proposition 3.19) We start by estimating @;. First note that

nu(y,T)—v(x, 1) = u(y,T) —v(x,1)]
> u(y, T)—v(y,T)|
— . T)—v(y,0)| = [v(y,1) —v(x,1)]
nu(y,T)—v(y,T))
— . T)—v(y,0)| —[v(y,1) —v(x,1)|.

Thus

® > /T | 101y = v Tl dy ax s
0

—/T//|v<y,r>—v(y,r>|<p|sﬂ dy dx di
0

—/T//|v(y,l)—v(x,t)|(p|s=7dydxdl
0

> §2¢,(T)e(T) — 2¢,(T) (g0l f llLip + &) T.V. (vo) .

Here we have used that v is an exact solution. The estimate for @, is similar, yield-
ing

@y > —£2:,(T)e(0) — 2:(T) (eoll f llip + &) T.V. (vo) -
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To estimate @3 we proceed in the same manner:

nw(y,s) —v(x, T)) = nu(y,s) —v(y,s)) — [v(y.s) —v(x,s)]
—|v(x,s) —v(x,T)|.

This gives

T

Py > / ey (T = 1)e(t) dt — 22y (T) (eoll flip + &) T-V. (v0)
0

while by the same reasoning, the estimate for @, reads

T

Dy > — / we, (e (t) dt — 2.,(T) (Il f lipgo + €) T.V. (vo) .
0

The proof of Proposition 3.19 is complete. a
To proceed further, we shall need the following Gronwall-type lemma:

Lemma 3.20 Let 0 be a nonnegative function that satisfies

T T

22(0)6() +/ *(x —1)0(1) di < C 22(x) +/w§;(;)9(z)dz, (3.75)

0 0

forall t € [0, T] and some constant C. Then
0(r) <2C.
Proof (of Lemma 3.20) 1f T < &g, then for ¢ € [0,7], o (1) = o (v —1) =

1/(2¢&¢). In this case (3.75) immediately simplifies to 6(¢) < < C.
For t > ¢y, we can write (3.75) as

f(r)y<C + 5 / () — o (t —1)) 0(1)dt.

()

Fort € [0, &9] we have 0(¢) < C, and this implies

R m()/ w(1) ~ o (@~ 1) dr | <2C.

This concludes the proof of the lemma. O
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Now we can continue the estimate of e(7').

Proposition 3.21 We have that

AX(u,v
e(T) <2e(0) + 8 (s + &l fllLip) T-V. (vo) + 2 lim wp—lg—l
=0 o] $2e50 (1)

Proof (of Proposition 3.21) Starting with the inequality (3.74), using the estimate
for @ from Proposition 3.19, we have, after passing to the limit @ — @, that

L T
25 (Te(T) + /w;’g’(T—t)e(t)dt < 22°(1)e(0) + /w;’g’(t)e(t)dt
0 0
+4822(1) (e + &0l £ llLip) T-V. (vo)

. A3 (u,v)
+ 22(T) lim  sup —2—>.
00 Tese® o) $25(1)

We apply Lemma 3.20 with

. A3 (u, v)
C =4(s+eoll fllLip) T.V. (vo) + lim_ sup —=——= 4 ¢(0)
W= epo.7) $25°(F)
to complete the proof. a
To finish the proof of the theorem, it remains only to estimate
. A3 (u,v)
im  sup ———.
=0 o) $2(1)
We will use the following inequality:
vt
V(u,vt) =V (u,v- 1
( ) ( ) < / 8(s) ds. (3.76)
vt —v~ vt —v=J

v

Since v is an entropy solution to (3.1), we have that

T T
Aj < —//// V(u,v)py, dy ds dx dt. (3.77)
00

Since v is of bounded variation, it suffices to study the case that v is differentiable
except on a countable number of curves x = x(¢). We shall bound A3 in the case
that we have one such curve; the generalization to more than one is straightforward.
Integrating (3.77) by parts, we obtain

T
MS//W&ﬂ@w, (3.78)
0
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where ¥ is given by

T x()
Y(y,s) = ( V(u,v)y vypy dx
[
V o0
+ % [v] @y lx=x() +/ V(u,v), vy dx) dr.

x(1)

As before, [a] denotes the jump in a, i.e., [a] = a(x(¢)+,t) — a(x(¢)—, ). Using
(3.76), we obtain

T x(t)

wol =h8ll [ ([ oo dx
0

—00

(3.79)

+ |[[U]“ i(/]y|x=x(t)| +/ |Ux| |(/7yi dx) dt.
x(1)

Let D be given by

T

D(x,t) =//’g0y’ dy ds.

0

A simple calculation shows that

&

T T
.=+ [oyt-9ds [0l dy =2 [o,6-5ds
0 0

Consequently,

T | T T
/supD(x,t)dt < E//wao(t—s)dsdt
o 0 0

T

2
=2 [ = ne.0d
0

_rem
&

Inserting this in (3.79), and the result in (3.78), we find that

2
A, v.T) < ST TV (o) 8], 2(T).
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Summing up, we have now shown that

4
e(T) < 2e(0) + 8 (¢ + &oll f lLip) T.V. (vo) + JTTV. (vo) 181,
We can set g to zero, and minimize over &, obtaining

[e(T) = v(T) |1 = 2[luo = vollpr + 4T.V. (vo) v8T[|5]l,,.
The theorem is proved. |

The main idea behind this approach to getting a priori error estimates is to choose
the “Kuznetsov-type” form A, ., such that

Agey(u,v) =0

for every function v, and then write A, ., as the sum of a nonnegative and a nonpos-
itive part. Given a numerical scheme, the task is then to prove a discrete analogue
of the previous theorem.

3.5 Measure-Valued Solutions

You try so hard, but you don’t understand . . .
— Bob Dylan, Ballad of a Thin Man (1965)

Monotone methods are at most first-order accurate. Consequently, one must work
harder to show that higher-order methods converge to the entropy solution. While
this is possible in one space dimension, i.e., in the above setting, it is much more dif-
ficult in several space dimensions. One useful tool to aid the analysis of higher-order
methods is the concept of measure-valued solutions. This is a rather complicated
concept, which requires a solid background in analysis beyond this book. There-
fore, the presentation in this section is brief, and is intended to give the reader a first
flavor, and an idea of what this method can accomplish.

The Young Measure

Consider a sequence {u,}, that is uniformly bounded in L*°(R x [0, 00)). This
is typically the result of a numerical method, where one has L*> bounds, but no
uniform bounds on the total variation. Passing to a subsequence, we can still infer
that the weak-star limit

Uy — U,

exists, which means that for all ¢ € L'(R x [0, 00)),

//u,,godxdt —>//u<pdxdt,
2 2
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with 2 = R X [0, 00). In order to show that the limit u is a weak solution to the
conservation law, we must study

// (unpr + f(un)py) dx dt.
Q

The first term in this equation has a limit ff u@; dx dt, but the second term is more
complicated, as the next example shows.

<> Example 3.22
Let u, = sin(nx) and f(u) = u?, and ¢ a smooth function in L'(R). Then

C
< — —>0asn — oo.
n

‘/sin(nx)fp(x) dx

< % '/cos(nx)go’(x) dx

On the other hand, f(u,) = sin*(nx) = (1 — cos(2nx))/2, and hence a similar
estimate shows that

=

C
— —>0asn — 0.
n

[ = Soeras

Thus we conclude that
* * 1
wy 0. flu) > 5 #0= /(). o

The Young measure is one method for studying the weak limits of nonlinear
functions of a weak-star convergent sequence.
In order to define it, we first define the function
1 0<A<u,
xAu)=q-1 u<1<0, (3.80)

0 otherwise.

It is easily verified that for every differentiable function f,

[ rrooxanar= s~ 10, (3381)
Furthermore, let g(14) be a function such that
u=[enar  sene@) = lgl <1 (3:82)
R
Define m(A) by
A

m(i) = / (1(6.u) — g(£)) dE.

—00
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Then lim)_, _, m(A) = 0, and

Jim m(}) = /x(s,w—g@)ds:u—u ~ 0.

Furthermore, by (3.82), we have that m is nondecreasing in the interval (—oo, u)
and nonincreasing in the interval (u, c0). Hence m(A) is nonnegative. For every
twice differentiable convex function S(A) we have

/ S'(0) (zeu) — g(A) di = — / S"(Mm(3) di <0.
R R

Thus, for a strictly convex function S, the function y (-, ) is the unique minimizer
of the problem: Find g € L'(R) such that (3.82) holds and

/ S'Mgh)da is minimized. (3.83)
R

If {un},ey C L*°(82) is uniformly bounded, then {y(-,u,)},cny C LR x £2)
is also uniformly bounded. Thus it has (modulo subsequences) a weak-star limit,
which we call f(A, x,t). The next lemma gives some properties of this limit.

Lemma 3.23 Let f(A, x,t) denote the weak-star limit of y(A,u,). Then f is in
L*®(R x £2) and satisfies

ff(k,x,t)dk = u(x,1) (3.84)
R
for almost all (x,t). Furthermore,
|f(A,x,t)| =sign(A) f(A,x,1), (3.85)
a
g/ x. 1) =8() —van (). (3.86)

where §(A) is the Dirac measure, and vy ;)(A) is a nonnegative measure in (A, x,t)
such that

/V(X,,)(A) dAr =1 (3.87)

R

for almost all (x,t).

Remark 3.24 The derivative in (3.86) is to be interpreted in the distributional sense,
i.e., (3.86) means that

d
—/f(k,x,t)go/()t)d)t:/ﬁf(k,x,t)w(k)dk
R R

= / (60 = v () (1) dA,

R
for all ¢ € Cj°(R).
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Proof The first equality, (3.84) follows from the observation

un(x,l):/)((k,un(x,t))dk.

R

To prove (3.85) we choose a test function of the form ¢(x, #)1 (1), where the ¥ has
support in (0, co) and ¢ > 0. By definition of the weak-star limit,

///f(A,x,t)lﬁ()L)<p(x,t)d)tdxdt
2 R
= lim XA u, (e, NV V)e(x,t)dArdx dt = 0.
I

Thus f > 0 for A > 0, and one similarly shows that f <0if A <0.
To prove (3.86), by Remark 3.24 we have that for all test functions ¢ (A, x, t),

///%X(A,u,,)go(k,x,l)dkdxdt
2 R

:—///X(k,un)%go(l,x,l)dldxdt
2 R

:// (0(0,x,1) — p(uy, x,1)) dx dt
2

:///(8(A)<p(k,x,t)—5un(k)g0(k,x,l)) d)dx dt,
2 R

where §,,, is the Dirac mass centered at u,,. Thus we define

l)n,(x.t)(k) = Sun (A),

so that

0
X Aun(x. 1)) = 8() = v ey (A).

The measure v, (. ;) is a probability measure in the first variable, in the sense that it
is nonnegative and has unit total mass. Thus we have that there exists a nonnegative
measure v, ;) such that

/ ety DY (R) dA - / V) van (A dA,
R

R

for all continuous functions ¥ . In order to conclude, we must prove (3.87). Choose
a test function of the form v (1)@(x, 1), where ¥ has compact support and ¥ = 1
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for [A| < ||un| - Then

0=—///)(()L,u,,)W’(A)¢(x,t)dAdxdt
2 R

_ é/(1 —R/u,,,(x,,)(x)dx)w(x,t) dx d1
ﬁé/(l—R/v(x,t)()t)d)t)go(x,t)dx dt asn — oo.

Thus (3.87) holds. O

* .
If now u,, — u in L*°, then we have

u,,(x,t):/)(()t,u,,(x,t))d)t—>/f()k,x,t)d)k = u(x,1).
R

R

Similarly, for every function S(u) with S’ bounded and S(0) = 0,

S(uy) = / S W) (st d2. = / SV en(A) dA.

R R

Therefore, if S(x, r) denotes the weak-star limit of S (u,), then

S(x,t) = / S'A) f,x,t)dA = / S )ven(A) dA. (3.88)

R R

The limit measure v(y ;) is called the Young measure associated with the sequence
{u,}. If S is strictly convex, then using (3.83), we obtain

S(x,1) = /S’(x)f(x,x,z)dx < /S’(A)X(A,u)dk = S(u),

R R

with equality if and only if f(A,x,7) = y(A,u(x,?)). Hence, u,, — u strongly, if
and only if v ) (A) = 8, (R).
We have proved the following theorem:

Theorem 3.25 (Young’s theorem) Let {u,} be a sequence of functions from §2 =
R x [0, 00) with values in [—K, K]. Then there exists a family of probability mea-
sures {v(x.t)()t)} (r)e2 depending weak-star measurably on (x,t), such that for
every continuously differentiable function S:[—K, K] — R with S’ bounded and
S(0) = 0, we have

S(uy) L Sin L>®(2) asn — oo,
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where
S(x,t) = / S(A)dvi () fora.e. (x,t) € L2,
R

and where the exceptional set possibly depends on S. Furthermore,
supp vy C [—K, K] fora.e. (x,t) € £2.

We also have that u, — u strongly in L] (2) if and only if vy (X)) = Sueny(A).

loc

< Example 3.26
Let us compute the Young measure associated with the sequence {sin(nx)}. In this
case the weak limit of y (A, sin(nx)) will be independent of x. If A > 0, then

b

/)(()k, sin(nx))dx =

a

meas {x € [a,b] | sin(nx) > A}
b—a ’

and similarly, if A < 0, then

b

/)(()k, sin(nx))dx =

a

_ meas {x € [a,b]|sin(nx) < A}
b—a ’

We have y (A, sin(nx)) A f (1), where

2(Z—sin"'(d))  0<A<I,
) =5-1-2G +sin”'(}) -1=2=0,

0 otherwise.

This can be rewritten |

1

709 = 1 (gsien ) = 1sin” ')
b/

Thus from (3.86),

1
'(A) =8(A) —ve(A) = 8() — x1.(V) ——.
f () =8(R) —ve(A) ()X[l,l]()nm

and we see that

X1y (*)
() = A
B e ¢

Theorem 3.25 is indeed the main reason why measure-valued solutions are easier
to obtain than weak solutions, since for every bounded sequence of approximations
to a solution of a conservation law we can associate (at least) one probability mea-
sure v, ;) representing the weak-star limits of the sequence. Thus we avoid having
to show that the method is TVD stable and use Helly’s theorem to be able to work
with the limit of the sequence. The measures associated with weakly convergent
sequences are frequently called Young measures.
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Intuitively, when we are in the situation that we have no knowledge of eventual
oscillations in u, as ¢ — 0, the Young measure v, ;)(E) can be thought of as the
probability that the “limit” at the point (x, ¢) takes a value in the set E. To be a bit
more precise, define

(A t)(E) meas{(y s) | [x=y|,lt—s]| <r and wu.(y,s)e E}

Then for small r, v(r 9 (E) is the probability that u® takes values in E near x. It can
be shown that

o =l

see [10].

Measure-Valued Solutions

Now we can define measure-valued solutions. We use the notation
G- 8) = [ 8 ).
R

A probability measure v, ;) is a measure-valued solution to (3.1) if

(V(x.t)’ld)t + (V(x,t)’ f))b =0

in the distributional sense, where Id is the identity map, Id(1) = A. As with weak
solutions, we call a measure-valued solution compatible with the entropy pair (7, ¢)
(recall that ¢’ = ' f7) if

(v m), + {ven.q), <0 (3.89)

in the distributional sense. If (3.89) holds for all convex 7, we call v(, ;) a measure-
valued entropy solution. Clearly, weak entropy solutions are also measure-valued
solutions, as we can see by setting

Vix,p) = Su(x.t)

for a weak entropy solution u. But measure-valued solutions are more general than
weak solutions, since for every two measure-valued solutions vy ;) and pi( s and
6 € [0, 1], the convex combination

OV + (1 =) (3.90)

is also a measure-valued solution. It is not clear, however, what are the initial
data satisfied by the measure-valued solution defined by (3.90). We would like our
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measure-valued solutions initially to be Dirac masses, i.€., V(x0) = 8uy(x). Con-
cretely, we shall assume the following:

T 4

1

1T1r¢r01T / / (v, [1d —ug(x)|) dx dt = 0 3.91)
0 -4

for every A. For every Young measure v, ;) we have the following lemma.

Lemma 3.27 Let v(, ;) be a Young measure with supp v(, ;) C [—K, K], and let w,
be a standard mollifier in x and t. Then:

(i) there exists a Young measure vfx.t) defined by
<v(€x,t)’ g> = (V(x.t), g) * W

(3.92)
= // we(x — Y)we(t — 5) (V5. &) dy ds.

(i) Forall (x,t) € R x [0, T] there exist bounded measures 0, "'fx.z) and 0; vfxit),
defined by ' '

(0:9csy-8) = 01 (v 8).

(8); V(EXJ)y g> == ax <V(8XJ)7 g> .

Proof Clearly, the right-hand side of (3.92) is a bounded linear functional on
Co(R), the set of compactly supported continuous functions, and hence the
Riesz representation theorem guarantees the existence of v¢ . To show that
||V(£x,z)||M(R) = 1, where M(R) is the set of all Radon measures, we let {V,}
be a sequence of test functions such that

(3.93)

(viery. ¥u) > 1, asn — oo.
Then for all 1 > « > 0 we can find an N such that

(V(x,t)v wn) > 1 — K,

for n > N. Thus, for such n,
<V(EX’[)7 ¢n> Z 1 —K,

and therefore [[v(, | m®) > 1. The opposite inequality is immediate, since

(600 ¥)] = [0 v)

for all test functions . Therefore, v(gx.t) is a probability measure. Similarly, the
existence of axug” ) and d ,vfxqt) follows by the Riesz representation theorem. Since
V(x,ry is bounded, the boundedness of 3«%”(8,”) and 8,1)(6)(’[) follows for each fixed
e> 0. O

Now that we have established the existence of the “smooth approximation” to
a Young measure, we can use this to prove the following lemma.
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Lemma 3.28 Assume that f is a Lipschitz continuous function and that vy ;(A)
and o(x 1 (0) are measure-valued solutions with support in [—K, K|. Then

3 (Vi) ® 0y [A — i) 4 35 (Vi) ® 0y g (A, 1)) <0, (3.94)
in the distributional sense, where
q(A, ) =sign(A — ) (f(A) = f(n).
and v(x 1y ® 0(x 1) denotes the product measure dvy ndo( ; on R x R.

Proof If v(sm) and o, are defined by (3.92), and ¢ € Cs°(R x [0,T7]), then we

have that

/[ (Vs 8) 3y (¢ % @,) dx dt = // <v(€”), g> 3, dx dt

Rx[0,T] Rx[0,7]

=— // <8tv(£x.t), g>g0 dxdt,

Rx[0.T]
and similarly,
[ bengocwronavac=— [ (i, 6)paxar
Rx[0,7] Rx[0,T]

and analogous identities also hold for oy, ;). Therefore,

(0006000012 = pl) + (.05, 4 O ) < 0 (3.95)

(00007012 = ul) + (820000 p) < 0. (396)

Next, we observe that for every continuous function g,

9 <v(£-x.t) ® (,(qut),g()t,,u)> B /8; (ﬂ!g(ku)dv(gx.t)(k) Ao (1)
R

+ / 9, (m/g(l,u) do( (1) | dvi,,(A)

R
= <8tvfx,t)’ g()h M)> do—(ax.t)(l‘l“)
R
+/<at‘7(€x.t)’g()"ﬂ)> dviy (4),

R
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and an analogous equality holds for

0 <v(€x,t) ® 01 84, M)> ’

Therefore, we find that

// [{vir) @02 1= l) e + (vl ) @02, 000 ) @(.1) | dx e

Rx[0,T]
__ // ( / (0052012 — l) + (02 g1 ) do (1)) dix di
Rx[0.7] R
_ // ( / (0,02 12 = 1l) + (0202, a3 ) AVl (3)) @ dx dt
) Oﬂjax[o,r] R

for every nonnegative test function ¢. Now we would like to conclude the proof by
sending &) and ¢, to zero. Consider the second term:

JE62 — // <V(E;,z) ®O-(£)?.t)’q(k’ﬂ)>¢"(x’l) dx dt
Rx[0,T]

e

Rx[0,T]
X W, (X — y)we, (t —$)px(x,t)dy dsdx dt.

Since

/ // <o§;,,), q(r, u)) V() @e, (X — V), (t — )@ (x, 1) dy ds
= [ (oG] vt < o0

for almost all (x,¢) as &g — 0, we can use the Lebesgue dominated convergence
theorem to conclude that

lim 759% = // (wx.t) ® afﬁ,mq(k,u))%(x,t) dxdt.

&1—>0
Rx[0,7T]

We can apply this argument once more for ¢,, obtaining

lim lim /%% = // (Vi) ® 0y, (A, ) px(x. 1) dx dt. (3.97)

e—>0e1—0
Rx[0,T]
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Similarly, we obtain

lim lim // <v(8)‘c’t) ® 0 |A = /L|>(p,(x, t)dx dt

g—>0¢e;—0
Rx[0,7]
(3.98)
= // (U(x.t)®U(XJ),M—/L|)(/),()€,Z)dxdl.
Rx[0,7]
This concludes the proof of the lemma. O

Let {u.} and {v,} be the sequences associated with v(, ; and oy, ), respectively,
and assume that for ¢t < T, the support of u.(-,?) and v.(-,?) is contained in
a finite interval /. Then both u,(-,#) and v, (-, ) are in L' (R) uniformly in &. This
means that both

(Voo [A]) and (o, [A])

are in L'(R) for almost all ¢. Using this observation and the preceding lemma,
Lemma 3.28, we can continue. Define a smooth approximation to the characteristic
function of [, £;] by

t

¢:(1) = / (w:(s — 1) — we(s — 1)) ds,

0

where 1, > t; > 0 and w, is the usual mollifier. Also define

1 for |x| < n,
¥a(x) = §2(1—x/(@2n)) forn < |x| < 2n,
0 otherwise,

and set ¥, = ¥, * w:(x). Hence

o(x,1) = Pe(D)Yen(x)

is an admissible test function. Furthermore, \1//;"| < 1/n, and ¢.(¢) tends to the
characteristic function of the interval [¢1, #;] as ¢ — 0. Therefore,

—lim // [(v(x,;) ® O(x.1) A — M|)‘Pt

e—0
Rx[0,T]

+ (V) ® 0(x). g (A, M))%—] dxdt <0.

Set

A1) = [ (V) ® Oey | — ) Y () v,
R
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: § ;t jé Z : Using this definition, we find that

15}
Ap(ty) — Ap(ty) < //(V(X,t) ® O(xa). |A — pl) 1W,, (x)| dx dt. (3.99)

The right-hand side of this is bounded by

1 i (e P sy + Nt b)) = O

as n — 00. Since v, ;) and o(, ;) are probability measures, for almost all 7, the set

X | (v 1) # 1and o). 1) # 1

has zero Lebesgue measure. Therefore, for almost all ¢,

An(0) < / (Vey ® Ogeare |2 — wo(¥)] + 1t — ()]} dx

R
= [ G 2= o)l i + [ (ot 11 = wa(])
R R

Integrating (3.99) with respect to #; from O to T, then dividing by 7" and sending T
to 0, using (3.91), and finally sending n — oo, we find that

// A —p| dveyydony =0, for(x,t) ¢ E, (3.100)
RxR

where the Lebesgue measure of the (exceptional) set E is zero. Suppose now that
for (x,1) ¢ E thereis a A in the support of v(, ;) and a ji in the support of o, ;) and
A # ji. Then we can find positive functions g and 4 such that

0<g=<I1, 0=<h<l,

and
A € supp(g), v € supp(h), supp(g) Nsupp(h) = 9.
Furthermore,
(vien). &) >0 and (oG, h) > 0.
Thus

0< ff gh() dvess) does,

RxR
A
g( ) (“)‘//M ] dvies doisy = 0.

RxR

< sup

This contradiction shows that both v(, ;) and o, are unit point measures with
support at a common point. Precisely, we have proved the following theorem:
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Theorem 3.29 Let uy € L'(R) N L®(R).

(i) Suppose that vy ;) is a measure-valued entropy solution to the conservation
law

u,+ f(u)y =0
such that v, satisfies the initial condition (3.91), and that (v ;. |A|) is in
L>([0, T); L'(R)). Then there exists a function u € L°([0,T]; L'(R)) N
L*®(R x [0, T]) such that

Vx.r) = Ou(x), Sfor almost all (x,1).

(ii) Assume that o(y ) is (another) measure-valued entropy solution satisfying the
same regularity assumptions as vy ;). Then

Vixs) = O(cs) = Su(xp), Jfor almostall (x,t).
In order to avoid checking (3.91) directly, we can use the following lemma.

Lemma 3.30 Let v(, ;) be a probability measure, and assume that for all test func-
tions ¢(x) we have

lim l//(1)(“),Id)<p(x) dxdt = /uo(x)q)(x) dx, (3.101)
0

=0t T

and that for all nonnegative ¢(x) and for at least one strictly convex continuous
function n,

=0+ T

1 T
lim sup — (viery. m)@(x) dxdt < | n(uo(x)) p(x) dx. (3.102)
i /

Then (3.91) holds.

Proof We shall prove

A
lim l//(v(m),(Id—uo(x))+)dxdt:0, (3.103)

from which the desired result will follow from (3.101) and the identity

A —uo(x)| = 2(A — uo(x)) " — (A — up(x)),

where a™ = max{a, 0} denotes the positive part of a. To get started, we write 7/,
for the right-hand derivative of 7. It exists by virtue of the convexity of 1; moreover,

nA) = n) + 1. (A —y)
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for all A. Whenever ¢ > 0, write

)= 10 +&) —nly)

{(y.e =7 (y).

Since 7 is strictly convex, {(y, €) > 0, and this quantity is an increasing function of
. In particular, if A > y 4+ ¢, then {(y,A — y) > {(y,¢), or

nA) > () + 1. (MA =) + &y, e)(A —y).

In every case, then,

n() > 1(y) + 0L (MA = y) + (. (A - " —e). (3.104)

On the other hand, whenever y < A < y + ¢, then {(y,A — y) > &(y,¢), so

nA) <n(y) +n.(MA —y) +ei(y.e) (y=A<y+o. (3.105)

Let us now assume that ¢ > 0 is such that
e(x) £0=y <up(x) <y-+e. (3.106)

We use (3.104) on the left-hand side and (3.105) on the right-hand side of (3.102),
and get

1 T
limsup — / / (Ve [n() + 7 (»)Ad —y)
0 R

=0+ T
+ ¢ e)(Ad—y)" —¢)])e(x) dx dt
< / [00) + 1, () ((xo) — ) + ££(7. £)]p(x) dix.

R

Here, thanks to (3.101) and the fact that v(, ;) is a probability measure, all the terms
not involving ¢(y, €) cancel, and then we can divide by ¢(y, ¢) # 0 to arrive at

lim sup l//(v(x,,),(Id—y)Jr)fp(x) dxdt < 28/<p(x) dx.
0 R

=0+ T
R

Now, remembering (3.106), we see that whenever ¢(x) # 0 we have (A — y)* <
(A —ug(x))™ + &, so the above implies

. 1 .
limsup — (s (Id=uo(x)) Ne(x)dx dt <3e | ¢(x)dx
0/11!. /

=0+ T
R

whenever (3.106) holds.
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It remains only to divide up the common support [—M, M] of all the measures
V(x,), Writing y; = —M +iefori =0,1,...,N — 1, where ¢ = 2M/N . Let ¢;
be the characteristic function of [—A4, A] N ug Y([vi.yi + ¢€)), and add together the
above inequalities, one for each 7, to arrive at

T A A
1
limsup — / /(v(”), (I1d —uo(x))+)<p(x) dxdt < 3€/<p(x) dx.
T—> T
o 0 -4 —A
Since ¢ can be made arbitrarily small, (3.103) follows, and the proof is complete.
O
Remark 3.31 We cannot conclude that?
1
111(1)1Jr ?//O)(x,t)s [1d —uo(x)|) dx dt =0 (3.107)
0 R

from the present assumptions. Here is an example to show this.

Let v(x ) = My(xs), Where g = %(8_,3 +8p) and y is a continuous, nonnegative
function with y(x,0) = 0. Let ug(x) = 0 and n(y) = y>.

Then (3.101) holds trivially, and (3.102) becomes

1 T
lim sup —//)/(x,t)zfp(x)dxdt =0,
0 R

=0+ T

which is also true due to the stated assumptions on y.
The desired conclusion (3.107), however, is now

=0+ T

1 T
lim sup —//)/(x,t)dxdt =0.
0 R
But the simple choice

y(x,1) = te" @’

yields

1
lim sup —//y(x,t) dxdt = Jr.
=04+ T
0 R
We shall now describe a framework that allows one to prove convergence of
a sequence of approximations without proving that the method is TV stable. Un-
fortunately, the application of this method to concrete examples, while not very

3 Where the integral over the compact interval [—A, A] in (3.91) has been replaced by an integral
over the entire real line.




162 3 A Short Course in Difference Methods

difficult, involves quite large calculations, and will be omitted here. Readers are
encouraged to try their hands at it themselves.

We give one application of these concepts. The setting is as follows. Let u” be
computed from a conservative and consistent scheme, and assume uniform bound-
edness of u”. Young’s theorem states that there exists a family of probability mea-

sures V(v such that g(u") A (v(x.r), &) for Lipschitz continuous functions g. We
assume that the CFL condition, A sup,, | f/(#)| < 1, is satisfied. The next theorem
states conditions, strictly weaker than TVD, for which we prove that the limit mea-
sure V(y ) is a measure-valued solution of the scalar conservation law.

Theorem 3.32 Let uy € L'(R) N L®(R). Assume that the sequence {u"} is the
result of a conservative, consistent method, and define u ; as in (3.27). Assume that
U, is uniformly bounded in L*°(R x[0, T]), T = nAt. Let At, — 0 be a sequence
such that uay, X u, and let v(y ;) be the Young measure associated with u,,, and
assume that uj'? satisfies the estimate

N
B3 Y )u;?H — u;" At < C(T), (3.108)

n=0 j

for some B € [0,1) and some constant C(T'). Then vy ) is a measure-valued solu-
tion to (3.1).

Furthermore, let (1, q) be a strictly convex entropy pair, and let Q be a numer-
ical entropy flux consistent with q. Write 1} = n(u}’) and Q7+1/2 = Q)41
Assume that

1 1
Ar (’7/‘+ - ’77) T Ay (Q7+1/2 - Q7_1/2> < R} (3.109)

foralln and j, where R} satisfies,

N
Al}%;;% RIAXAL =0 (3.110)

for all nonnegative ¢ € CO1 where ¢} = ©(j Ax,nAt). Then v,y is a measure-
valued solution compatible with (1, q), and the initial data is assumed in the sense
of (3.101), (3.102). If (3.109) and (3.110) hold for all entropy pairs (1, q), then
V(x,1) is a measure-valued entropy solution to (3.1).

Remark 3.33 For B = 0, (3.108) is the standard TV estimate, while for 8 > 0,
(3.108) is genuinely weaker than a TV estimate.

Proof We start by proving the first statement in the theorem, assuming (3.108).
As before, we obtain (3.28) by rearranging. For simplicity, we now write Fj" g =
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F(u"); 1172, f]' = f(u}), and observe that F/', ) = f7 +( " f,n)’getting

[ (esinie) + rusypgp) dxa

3.111)
—ZD+¢1< Tep— 1) A1 Ax.

Here we use the notation

uae =uj for (x,1) € [[Ax,(j + DAX) x [nAt,(n + 1) A1),

and

1
t _ +1 n
Dioj =+ (w," wj),

D.gj = Alx (¢,+1 <p}’)-

The first term on the left-hand side in (3.111) reads

/[uA,Di¢;7 dxdt = //(v(x,,),ld)q), dxdt+// (uar — (vxa). 1d)) @ dx dt

The third term on the right-hand side of (3.112) clearly tends to zero as At goes to
zero. Furthermore, by definition of the Young measure v, ;), the second term tends
to zero as well. Thus the left-hand side of (3.112) approaches [[ (v(x ), Id)g, dx dt.

One can use a similar argument for the second term on the left-hand side of
(3.111) to show that the (whole) left-hand side of (3.111) tends to

// (v 1) @r + (vicsy, f)ex) dx dt (3.113)

as At — 0. We now study the right-hand side of (3.111). Mimicking the proof of
the Lax—Wendroff theorem, we have

n n n n
‘F/H/z—f/ ‘— ”/+k—“j‘~

Therefore,

ZD+% (Flro— f7) ArAx

N
= Cllglip(p + 4+ DD D |uhy —u)| Arax
n=0 j

< Cllollup(p + g + 1(AX)'F, (3.114)
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using the assumption (3.108). Thus the right-hand side of (3.114), and hence also
of (3.111), tends to zero. Since the left-hand side of (3.111) tends to (3.113), we
conclude that v(, ;) is a measure-valued solution. Using similar calculations, and
(3.110), one shows that v, ;) is also an entropy measure-valued solution.

It remains to show consistency with the initial condition, i.e., (3.101) and (3.102).
Let ¢(x) be a test function, and we use the notation ¢(j Ax) = ¢;. From the
definition of u;“, after a summation by parts, we have that

> g (Wt —ut) Ax = ArY D FLL pD g Ax £ 0 (1) A,
J J
since u’; is bounded. Recall that ¢ = o(x), we get
prj (u7 — u?) Ax
J

Lett#; = n At and f, = nyAt. Then (3.115) yields

1 2
(12 + 1 —ny) At 2.2 (“7 _”?) AxAl

n=nj j

<0 (Q)nAt. (3.115)

<0 (),

which implies that the Young measure v, ;) satisfies

/(p(x)(v(x,,),ld) dx dt —/(p(x)uo(x) dx

31

<O (). (3.116)
h—1

We let t{ — 0 and set £, = 7 in (3.116), obtaining

1 T
;//go(x) (Ve 1d) dx dt—/(p(x)uo(x) dx| <0(1)r, (3.117)
0

which proves (3.101). Now for (3.102). We have that there exists a strictly convex
entropy 71 for which (3.109) holds. Now let ¢(x) be a nonnegative test function.
Using (3.109), and proceeding as before, we obtain

> (n}? - n})) 9 Ax

n
<OMnAt+Y Y Rig;AtAx.
J I=0 j

Using this estimate and the assumption on R;, (3.110), we can use the same argu-
ments as in proving (3.117) to prove (3.102). The proof of the theorem is complete.
O

A trivial application of this approach is found by considering monotone schemes.
Here we have seen that (3.108) holds for 8 = 0, and (3.109) for R}’ = 0. The the-
orem then gives the convergence of these schemes without using Helly’s theorem.
However, in this case the application does not give the existence of a solution, since
we must have this in order to use DiPerna’s theorem. The main usefulness of the
method is for schemes in several space dimensions, where TV bounds are more
difficult to obtain.
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3.6 Notes

The Lax-Friedrichs scheme was introduced by Lax in 1954; see [124]. Godunov
discussed what has later become the Godunov scheme in 1959 as a method to study
gas dynamics; see [80]. The CFL condition was introduced in the seminal paper
[50]; see also [57].

The Lax—Wendroff theorem, Theorem 3.4, was first proved in [128]. Theo-
rem 3.8 was proved by Oleinik in her fundamental paper [145]; see also [169].
Several of the key results concerning monotone schemes are due to Crandall and
Majda [53], [52]. Theorem 3.10 is due to Harten, Hyman, and Lax; see [84].
Harten’s lemma, Lemma 3.12, can be found in [83]. See also [148].

The error analysis is based on the fundamental analysis by Kuznetsov, [119],
where one also can find a short discussion of the examples we have analyzed,
namely the smoothing method, the method of vanishing viscosity, as well as mono-
tone schemes. Our presentation of the a priori estimates follows the approach due
to Cockburn and Gremaud; see [44] and [45], where also applications to numerical
methods are given.

The concept of measure-valued solutions is due to DiPerna, and the key results
can be found in [62], while Lemma 3.30 is to be found in [61]. Our presentation
of the Young measure follows the exposition of Perthame, [150]. For further infor-
mation regarding the functional-analytic framework, see, e.g., [34] and references
therein. The proof of Lemma 3.30 and Remark 3.31 are due to H. Hanche-Olsen.
Our presentation of the uniqueness of measure-valued solutions, Theorem 3.29, is
taken mainly from Szepessy, [173]. Theorem 3.32 is due to Coquel and LeFloch,
[48]; see also [49], where several extensions are discussed. For numerical schemes
that satisfy the criteria in Theorem 3.32, see [49] and [65].

3.7 Exercises

3.1 Consider the difference scheme (3.4). Show that if u° is given by

10 — 0 forj <O,
/ 1 forj >0,

then " = u® for all n, thus indicating the solution u(x,#) = x[0.0). Deter-
mine the weak entropy solution.

3.2 Show that the Lax—Wendroff and the MacCormack methods are of second
order.

3.3 The Engquist-Osher (or generalized upwind) method, see [63], is a conserva-
tive difference scheme with a numerical flux defined as follows:

Fiipu) = £ (uj,uj41).  where

FEOwu,v) = /max{f/(s),O} ds +/min{f/(s),0} ds + £(0).
0 0
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3.5

3.6
3.7

3.8
39

3.10

3 A Short Course in Difference Methods

(a) Show that this method is consistent and monotone.
(b) Find the order of the scheme.
(c) Show that the Engquist-Osher flux fE© can be written

7o) = 3 | S0+ 0= [ 176 ds

(d) If f(u) = u?/2, show that the numerical flux can be written
1
O, v) = 3 (max{u, 0}* + min{v, 0}%).

Generalize this simple expression to the case that f”(u) # 0 and
limpy|—oo | f(1)] = o0.

Why does the method

== o7 (f () = £ (1))

not give a viable difference scheme?

In the derivation of the Godunov scheme it is assumed that A max,, | f/(u)| <
%Ax, yet it is stated that the method is well defined if the CFL condition
Armax, | f'(u)| < Ax is satisfied; see (3.9). Please explain.

Show that (3.24) is the model equation for the Lax—Friedrichs scheme.

Show that the Lax—Friedrichs scheme is monotone also in the case that the
flux function is assumed only to be Lipschitz continuous.

Show that Heun’s method is unstable.

We study a nonconservative method for Burgers’s equation. Assume that u? €
[0, 1] for all j. Then the characteristic speed is nonnegative, and we define

W =t = (u; _ u7_1) . n>0, (3.118)

where A = Af/Ax.

(a) Show that this yields a monotone method, provided that a CFL condition
holds.
(b) Show that this method is consistent and determine the truncation error.

Assume that f’(u) > 0 and that f” (1) > 2¢ > 0 for all u in the range of uy.
We use the upwind method to generate approximate solutions to

ur+ fu)y =0, u(x,0) =up(x); (3.119)
i.e., we set
wt == A (f) = fag).
Set
L
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(a) Show that
v}’*l — (1 - Af/(u;?_l)) vl + AL W )v)

At

2

where 71> is between u; and u;_,.

(b) Next, assume inductively that

1
v <

. forall j,
I =t 2ear

and set 0" = max{max; vy, 0}. Then show that
An+1 An AnN2
" <" —cAr (")

(c) Use this to show that

ﬁO

ﬁn < —
14+ 0%nAt
(d) Show that this implies that

50

u' —ul < Ax(i — j)—,
! ;= ( J)l—l—f)oant

fori > j.
(e) Let u be the entropy solution of (3.119), and assume that

0 < maxuy(x) = M < oco.
X

Show that for almost every x, y, and ¢ we have that

u(x,t) —uy,0n _ M
x—y T 1+ cMt’

167

(7 ()" + 77 (1)),

(3.120)

This is the Oleinik entropy condition for convex scalar conservation laws.

3.11 Assume that f is as in the previous exercise, and that u, is periodic with

period p.

(a) Use uniqueness of the entropy solution to (3.119) to show that the entropy

solution u(x, t) is also periodic in x with period p.

(b) Then use the Oleinik entropy condition (3.120) to deduce that

Mp
supu(x,t) —infu(x,t) < ———.
upu(, f) —infulx. 1) = {==4m

Thus lim;_, o u(x, ) = u for some constant .
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3.12

3.13

3 A Short Course in Difference Methods

(¢) Use conservation to show that
P
_ 1
u=— | up(x)dx.
b 0

Let u,:[0,1) — [—1, 1] be defined as

w2 )1 X ERK/20. Gk 2m),
=1 x e[k + 1)/2n, 2k +2)/2n),

fork =0,...,n—1,

for n € N. Find the weak limit of u,, as n — oo, and the associated Young
measure.

We shall consider a scalar conservation law with a “fractal” function as the
initial data. Define the set of piecewise linear functions

D ={¢p(x) =Ax + B | x € [a,b], A, B € R},

and the map

2D(x —a) + ¢(a) forx €la,a+ L/3],
F(¢) ={—-D(x —a) +¢(a) forx €la+ L/3,a+2L/3],
2D(x —b) + ¢(b) forx ela+2L/3,b],
for¢p € D, where L = b —a and D = (¢(b) — ¢(a))/L. For a nonnegative
integer k introduce y;x as the characteristic function of the interval [;; =

[j/3%, (j+1)/3],j =0,...,3" —1. We define functions {v; } recursively
as follows. Let

0 forx <0,

X for0 <x <1,
vo(x) = 11 forl <x <2,

3—x for2<x<3,

0 for3 < x.

Assume that v; x is linear on [ ; and let

3k—1
Ve =Y Vjkkjk- (3.121)

j==3

and define the next function vy, by

3k+1_y 3k+2_1
Vet = Y Fu)Xik = Y Viks1Xjkt1- (3.122)
j=0 j=0

In the left part of Fig. 3.9 we show the effect of the map F, and on the right
we show vs(x) (which is piecewise linear on 3¢ = 729 segments).
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Fig. 3.9 a The construction of F(¢) from ¢. b vs(x)

(@)

(b)
(©)

(d)

Show that the sequence {vx };., is a Cauchy sequence in the supremum
norm, and hence we can define a continuous function v by setting

v(x) = lim v (x).
k—o0
Show that v is not of bounded variation, and determine the total variation

of vy.
Show that

v(j/3%) = ve(j/35),
for all integers j = 0,...,3**!, k e N.

Assume that f is a C! function on [0, 1] with 0 < f’(u) < 1. We are
interested in solving the conservation law

ur+ fu)e =0, up(x) = v(x).

To this end we shall use the upwind scheme defined by (3.10), with At =
Ax = 1/3% and

u? = v(j Ax).

Show that u s, (x, ¢) converges to an entropy solution of the conservation
law above.




Chapter 4

Multidimensional Scalar Conservation Laws

Just send me the theorems, then I shall find the proofs.
— Chrysippus told Cleanthes, 3rd century BC

Our analysis has so far been confined to scalar conservation laws in one dimen-
sion. Clearly, the multidimensional case is considerably more important. Luckily
enough, the analysis in one dimension can be carried over to higher dimensions by
essentially treating each dimension separately. This technique is called dimensional
splitting. The final results are very much the natural generalizations one would ex-
pect.

The same splitting techniques of dividing complicated differential equations into
several simpler parts can in fact be used to handle other problems. These methods
are generally called operator splitting methods or fractional steps methods.

4.1 Dimensional Splitting Methods

We will show in this section how one can analyze scalar multidimensional conser-
vation laws by dimensional splitting, which amounts to solving one space direction
at a time. To be more concrete, let us consider the two-dimensional conservation
law

u, + fu) + g, =0, u(x,y,0) =up(x, y). 4.1
If we let S,f’xuo denote the solution of
v+ S0 =0, v(x,y,0) =up(x,y)
(where y is a passive parameter), and similarly let S¥”u denote the solution of
w; +gw)y =0, wlx,y,0) =ue(x,y)

(x is a parameter), then the idea of dimensional splitting is to approximate the solu-
tion of (4.1) as follows:

ulx,y,nAt) ~ [Si’ty o Si‘f]n up. (4.2)

! Lucky guy! Paraphrased from Diogenes Laertius, Lives of Eminent Philosophers, c. A.D. 200.
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< Example 4.1 (A single discontinuity)
We first show how this works on a concrete example. Let

f) = glu) = 3o
and

u; forx <y,
M()(X, y) =
u, forx >y,

with u, > u;. The solution in the x-direction for fixed y gives a rarefaction wave,
the left and right parts moving with speeds u; and u,, respectively. With a quadratic
flux, the rarefaction wave is a linear interpolation between the left and right states.
Thus

U forx <y 4u;At,
u'? = Sg’,xuoz (x—y)/At fory +u At <x <y+u,At,
U, forx >y + u,At.

The solution in the y-direction for fixed x with initial state u'/? will exhibit a fo-
cusing of characteristics. The left state, which now equals u,, will move with speed
given by the derivative of the flux function, in this case u,, and hence overtake the
right state, given by u;, which moves with smaller speed, namely u;. The charac-
teristics interact at a time ¢ given by

Ut +x —u,At =ut +x —u;At,

ort = At. At that time we are back to the original Riemann problem between states
u; and u, at the point x = y. Thus

u' == S5Vu'? =y
Another application of S gtx will of course give
3/2 . Sfix 1 _ . 1/2
u’c =S u =u’t.
So we have that u" = u for all n € N. When we introduce coordinates

1 1

S=ﬁ(x+y), n=ﬁ(x—y),

the equation transforms into

u; forn <0,

1 2)
u + —Uu :01 M(E9n90):
' («/5 £ u, forn>0.
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We see that u(x, y,t) = uo(x, y), and consequently limp,_,o 4" = uy (Where we
keep nAt = ¢ fixed). Thus the dimensional splitting procedure produces approxi-
mate solutions converging to the right solution in this case. &

We will state all results for the general case of arbitrary dimension, while proofs
will be carried out in two dimensions only, to keep the notation simple. We first
need to define precisely what is meant by a weak entropy solution of the initial
value problem

u, +div fu) =0, ul,—o = uo, 4.3)

where f = (fi,..., fu),and the spatial variables are denoted by (x1, ..., x,,) € R™.
Here we adopt the Kruzkov entropy condition from Chapt. 2, and say that u is
a (weak) Kruzkov entropy solution of (4.3) for time [0, T'] if u is a bounded func-
tion that satisfies’

T m
//(|u—k|<pt+sign(u—k)Z(fj(u)—fj(k))goxl.)dxl---dxmdt
j=1

0 Rm™

+ [ (ololio =1 = (=Kl 9li=r) i - dx, =0, (4.4)
Rm

for all constants k € R and all nonnegative test functions ¢ € CS°(R™ x [0, T]). It
certainly follows as in the one-dimensional case that u is a weak solution, i.e.,

/oo/ (u(p, + f(u)-Vw) dxi---dx,dt

0 Rm

+ / @li—ouodxy -+ dx,, =0, 4.5)
]Rm

for all test functions ¢ € C§°(R™ x [0, 00)).

Our analysis aims at two different goals. We first show that the dimensional
splitting indeed produces a sequence of functions that converges to a solution of
the multidimensional equation (4.3). Our discussion will here be based on the more
or less standard argument using Kolmogorov’s compactness theorem. The argu-
ment is fairly short. In order to obtain stability in the multidimensional case in the
sense of Theorem 2.14, we show that dimensional splitting preserves this stability.
Furthermore, we show how one can use front tracking as our solution operator in
one dimension in combination with dimensional splitting. Finally, we determine
the appropriate convergence rate of this procedure. This analysis strongly uses
Kuznetsov’s theory from Sect. 3.3, but matters are more complicated and techni-
cal than in one dimension.

We shall now show that dimensional splitting produces a sequence that con-
verges to the entropy solution u of (4.3); that is, the limit u should satisfy (4.4).

2 If we want a solution for all time, we disregard the last term in (4.4) and integrate ¢ over [0, 00).
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As promised, our analysis will be carried out in the two-dimensional case only, i.e.,
for equation (4.1). Assume that u, is a function in L'(R?) N L>®°(R?) N BV (R?)
(consult Definition A.2 for a definition of BV (R?); see also (A.11)). Let t, = nAt
and t, 412 = (n + %)At. Define

w0 =ug, W=l = S w2, (4.6)

for n € Ny. We shall also be needing an approximate solution for ¢ # #,. We want
the approximation to be an exact solution to a one-dimensional conservation law
in each interval [t;,1;11/2], j = k/2, and k € Ny. The way to do this is to make
“time go twice as fast” in each such interval; i.e., let u 5, be defined by3

fix
Uar (. 1) = S2(t—t”)“n fort, <t < tiy1)2, @
e o 8.y +1/2 .
2(z—t,,+1/2)”" /2 for tiv12 =t <ty

We will use Theorem A.11, that is, we show that the sequence {u,,} is compact.
Since neither the operator S/* nor S&” increases the L> norm, u, will be uni-
formly bounded, i.e.,

e aell @2y = ol w2 (4.8)

independent of At.
Next we study the total variation. We start by considering

' 1
/T.V.y (SL’W") dx = / lim E/ "2 (x,y + h) —u" T2 (x, y)| dy dx

h—0

1
= lim Z// "2 (x, y + by —u" T2 (x, y)| dx dy

h—0
: 1 n n
flgngfm (roy +h) — " (x. )| dx dy
: 1 n n
=/}yg55/|u (o3 + ) — " (x. )| dy dx
- [ T.V, (") dx, 4.9)

where we used Lemma A.1 and the Ll—contractivity; cf. Theorem 2.15 (vi). The
interchange of integrals and limits is justified using Lebesgue’s dominated conver-
gence theorem.

For the solution constructed from dimensional splitting we have

T.V.,, (W"?) = [ T.V.. (S dy + / TV, (S5 u") dx

< /T.V.X ") dy + /T.V.y (u") dx
=T.V.., "), (4.10)

3 We will keep the ratio A = A¢/Ax fixed, and thus we index only with At.
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using the TVD property of S/* and (4.9). Similarly,

TV, @) < TV, "3,
and thus

TV, ") <T.V.., (uo)
follows by induction. This extends to
TV, (ua) STV, (uo). 4.11)

We now want to establish Lipschitz continuity in time of the L'-norm, i.e.,

luar@) —uai($)lpirey = C It = s (4.12)
for some constant C. By repeated use of the triangle inequality it suffices to estimate

luar(tusr) — MAz(ln)HLI(RZ) = ||un+1 —u"t2 ”1 + H“Hl/z —u" HLI(RZ)

= ”Sg’txu” —u"

L'(R2)
+ ||S§,tyun+l/2_un+1/2”Ll(R2). (413)

Using Theorem 2.15 (vi), we conclude that the first term in (4.13) is bounded by
| fllLipAt T. V., (u"). For the second term. we obtain, using in addition (4.9), the
bound ||g|lLipAt T.V. , (u"). This proves

s 1) = uar (@)l = At max{]] £ [ip, € llLip} T-V ..y (u0) - (4.14)

Using interpolation, we obtain the estimate

luar(@) —ua()Ily < luar(®) —ua @)l
+ lluar(tn) —uar(@n)lly + luac(s) —uar (@)l
< (Itw = tm] + 2A17) max{]| fl|Lip. 1€ lILip} T-Vox.y (u0)

= ( |t - S| + 4At) maX{”f”Lip’ “g”Lip}T-V-x,y (uo) s
(4.15)

where t € [t,,t,41) and s € [t,, tyy1)-

Using Theorem A.11, we conclude the existence of a convergent subsequence,
also labeled {u,}, and set u = lima,_,o u ;. Next we have to prove that the limit
u is a weak entropy solution.

Let ¢ = ¢(x, y,t) be a nonnegative test function, and define ¢ by ¢(x, y,t) =
o(x,y, %l +t,). By defining t = 2(t —nAt), we have that for each y, the function
u a; is a weak solution in x on the strip ¢ € [t,, #,41/2] satisfying the inequality

At
[ [ s =100 +7 s o) axas
0 (4.16)

2/}un+l/2—k|<ﬂ|z=mdx-/|u"—k|(p|t=0dx,
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for all constants k. Here ¢/ (u, k) = sign (u — k) (f(u) — f(k)). Changing back to
the ¢ variable, we find that

t11+1/2 1
2 / /(5 luar — k| ¢ —|—qf(um,k)¢x) dxdt
I
z/|u"+1/2—k|¢>|t=wz dx—/|u”—k|¢|,=,n dx. (4.17)
Similarly,
In41 1
2 [ [ (3= K16+ a2a g, ) aya
Tnt1/2
> / |u"+1 _k|¢>|t=tn+1 dy—/ }u"+1/2—k|¢|,:,”+1/2 dy. (4.18)

Here g% is defined similarly to ¢/, using g instead of f. Integrating (4.17) over y
and (4.18) over x and adding the two results and summing over 7, we obtain

T
1
2/ //(5 luar — k| ¢ + Z)(an(um,k)q&x
0 n
+ 3 Fug® (. k>¢>y) dx dy dt

> //(lum — K| $)li—r dx dy —/ o — k| (0) dx dy.

where y, and j, denote the characteristic functions of the strips 7, < ¢ < f,41,2
and 1, 41/2 <t =< t,41, respectively. As At tends to zero, it follows that

* 1 ~ * 1
ZX"_\E’ ZXn_\E
n n

Specifically, for continuous functions ¥ we see that

tn+l/2

T
Yo wvdr=3" | v
=[x
NG
= YA

T
1
—>§/wdtasAt—>O
0
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(where ¢ is in [t,, t,41/2]), by definition of the Riemann integral. The general case
follows by approximation.
Letting At — 0, we thus obtain

T
///(hl —k|p + ¢/ (u, k)py +61g(u,k)¢y) dx dy di
0

[ 1o kighodxdr = [[ u ki @)r dxar

which proves that u(x, y,t) is a solution to (4.1) satisfying the Kruzkov entropy
condition.

Next, we want to prove uniqueness of solutions of multidimensional conserva-
tion laws. Let u and v be two Kruzkov entropy solutions of the conservation law

ur+ fu)e +gu), =0 (4.19)

with initial data u, and vy, respectively. The argument in Sect. 2.4 leads, with
no fundamental changes in the multidimensional case, to the same result (2.65),
namely,

u@) — v ®2) < lluo — vollL1(w2), (4.20)

thereby proving uniqueness. Using the fact that if every subsequence of a sequence
has a further subsequence converging to the same limit, the whole sequence con-
verges to that (unique) limit, we find that the whole sequence {u,} converges, not
just a subsequence. We have proved the following result.

Theorem 4.2 Let f; be piecewise twice continuously differentiable functions, and
furthermore, let uy be an integrable and bounded function in BV (R™). Define the
sequence of functions {u"} by u® = uy and

u'tim — S'Af"t'x"u"*'(j_l)/’", j=1,....m, neN,.
Introduce the function (where t, = r At for a rational number r)

Sf}uxj- un+(j—1)/m’

UA (XL, X 1) = Mt =ty (j—1)/m)

fort € [tyyi—1y/m>tatjim)- Fix T > 0. Then for every sequence {At} such that
At — 0, forallt € [0,T] the function ua,(t) converges to the unique weak so-
lution u(t) of (4.3) satisfying the Kruzkov entropy condition (4.4). The limit is in
C([0. T): LE (R™)).

To prove stability of the solution with respect to flux functions, we will show that
the one-dimensional stability result (2.80) in Sect. 2.4 remains valid with obvious
modifications in several dimensions. Let ¥ and v denote the unique solutions of

u; + f(u)x + g(u)y =0, M|t=0 = Uy,
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and
v+ f) + @), =0, vl= = vy,

respectively, that satisfy the KruZkov entropy condition. We want to estimate the
L'-norm of the difference between the two solutions. To this end, we first consider

||un+1/2 _ vn+1/2”L1(RZ) — // |un+1/2 _ vn+1/2’ dx dy

5/(/|u”—v"|dx

+ Armin{TV . @), TV 0 = i) dy
= |lu" - Un”Ll(]RZ)

+ At]f = Flluip / min{T.V., ("), T.V., (")} dy.
Next we employ the trivial, but useful, inequality
arnb+crnd<(a+c)nb+d), a,b,c,deR.

Thus

“un+1 _ vn+1”Ll(R2) = / |un+1 _ vn+1’ dx dy

S/(/|un+1/2_vn+1/2’ dy

+ Armin {T.V., (") TV, (")} g — §||Lip) dx

< ||un+1/2 _ vn+1/2 ”LI(RZ)

+ Atllg — &lluip / min {T.V., (u""/?)  T.V., (v"*"/2)} dx
< " = 0"y + At max {ILf = Flupe g = Elun)
x (mm{ / T.V., (") dy, / T.V. (") dy|
+min{/T.v.y ™) dx,/T.V.y ") dx})

< " =" 1 (w2
+ Atmax{|| f — flluip, |1 — &llLip}

STV ") dy + [T.V., (u") dx,§

YTV, ) dy + [TV, (07) dx

= [lu" — Un||L1(R2)

+ Armax{]| £ = fllp. g = Zlip} min {T.V. "), T.V. ") |,
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which implies

" = V"l 1 @2y = N0 — voll 1 g2
+ nAtmax{| f — fllip, [Ig — &llLip} min{T.V. (o) , T.V. (vo)}.  (4.21)

Consider next t € [f,,#,41/2). Then the continuous interpolants defined by (4.7)
satisfy

e (0) = e Ol 1 ey = [ S5, 0" = 3570

5/[/|u"—v"|dx

200 = ) min{T.V.y @) TV WS = Fllp | dy
= ||u" —v" ”LI(]RZ) (4.22)
+20t —t)f = Flluip / min{T.V., ("), T.V., (v")} dy
< fluo — voll1(r2)
+ tymax{|| f = fllLip. |g — &llLip} min{T.V. (o) , T.V. (vo)}
+2(t — t,) min{T.V. (o) , T.V. (vo)} max{|| f — £ llip: [l — &lLip}

< lluo — voll.1(r2)
+ (¢ + At) min{T.V. (uo) , T.V. (vo)} max{[| f — f|luip, & — &llLip}-

L1(R2)

Observe that the above argument also holds mutatis mutandis in the general case
of a scalar conservation law in any dimension. We summarize our results in the
following theorem.

Theorem 4.3 Let uy be in L'(R™) N L¥(R™) N BV (R™), and let J; be piece-

wise twice continuously differentiable functions for j = 1,...,m, and set f =
(fi, ..., fm)- Then there exists a unique solution u = u(xy, ..., X;,t) of the initial
value problem

u; +div f(u) =0, ul;—o = uo, (4.23)

that satisfies the Kruzkov entropy condition (4.4). The solution satisfies

@)l oo @y < [0l 0o @y »
T.V. (u(t)) < T.V.(uo), (4.24)
(@) = w1 @my < |t — s mjax{ | fi llLip }T-V. (o) -

Furthermore, if vy and g share the same properties as uy and f, respectively, then
the unique weak KruZkov entropy solution of

v, +divg(v) =0, v|,—9 = vo, (4.25)
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satisfies

l[u(®) = vl 1@y = [0 = voll 1w (4.26)
+ 1 min{T.V. (u) , T.V. (vo) } m/?lX{ /i — & lluip }-

Ifug <vgand f = g, then alsou < v on all of R™ x [0, 00).

Proof The proof of the Lipschitz continuity in time follows from (4.15). The mono-
tonicity statement at the end follows using the L'-contractivity (the special case of
(4.26) with f = g) as in the one-dimensional case by employing the Crandall-
Tartar lemma. |

(See also Exercise 4.1.)

4.2 Dimensional Splitting and Front Tracking

It doesn’t matter if the cat is black or white. As long as it catches rats, it’s a good cat.
— Deng Xiaoping (1904—1997)

In this section we will study the case in which we use front tracking to solve the
one-dimensional conservation laws. More precisely, we replace the flux functions
f and g (in the two-dimensional case) by piecewise linear continuous interpola-
tions fs and g5, with the interpolation points spaced a distance § apart. The aim is
to determine the convergence rate toward the solution of the full two-dimensional
conservation law as § — 0 and At — 0.

With the front-tracking approximation, the one-dimensional solutions will be
piecewise constant if the initial condition is piecewise constant. In order to prevent
the number of discontinuities from growing without bound, we will project the one-
dimensional solution S/*u onto a fixed grid in the (x, y)-plane before applying
the operator S8,

To be more concrete, let the grid spacing in the x- and y- directions be given by
Ax and Ay, respectively, and let ;; denote the grid cell

Lij = [xi, i) X [y;, yj41)-

The projection operator 7 is defined by

1
au(x,y) = m//udxdy for (x,y) € I;j.

Let the approximate solution at the discrete times #; be defined as

W2 = 7o SP U and wt! = oSSV,
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sk*
u™(0) u™(At)
x
T | n—-n+1 ™
S&
w2 (AL) ut2(0)
T
Fig. 4.1 Front tracking and dimensional splitting on a 3 x 3 grid
forn = 0,1,2,..., with u® = muy. We collect the discretization parameters in
n = (8, Ax, Ay, At). In analogy to (4.7), we define u, as
Ssz{ftn)“" forty <1t < tyi1/2
ut1/2 fort = t,.1/2,
w) (1) =14 Y (4.27)
857 u" 2 fort <t<t
2(t—tyt1/2) n+1/2 = n+1s
ynt! fort = t,41.

InFig. 4.1 we illustrate how this works. Starting in the upper left corner, the operator
S ft’x takes us to the upper right corner; then we apply = and move to the lower right
corner. Next, S iﬁ’y takes us to the lower left corner, and finally & takes us back to
the upper left corner, this time with » incremented by 1.

To prove that u, converges to the unique solution u as n — 0, we essentially

mimic the approach we just used to prove Theorem 4.2. First of all we observe that
0
"uﬂ(t)|‘Loo(R2) S Hu HLOO(RZ)’ (428)

since S/*, §%7 and 7 all obey a maximum principle. On each rectangle I; ; the
function u,, is constant for 1 = Af. In a desperate attempt to simplify the notation,
we write

uy; = uy(x, y,nAr) for (x, y) € I;.
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Next we go carefully through one full time step in this construction, starting with
uj;. At each step we define a shorthand notation that we will use in the estimates.
‘When we consider u;’j as a function of x only, we write

ul(0) = uli = uy(-. jAy. nAt).

(The argument “0” on the left-hand side indicates the start of the time variable
before we advance time an interval At using S ft’x.) Advancing the solution in time
by At by applying front tracking in the x-variable produces

W (Af) = (sgé;xu;) (x).

(The x-dependence is suppressed in the notation on the left-hand side.) We now
apply the projection 7, which yields

u;-’j+1/2 = mu} (A1)

After this sweep in the x-variable, it is time to do the y-direction. Considering

n+1/2 . .
u;; / as a function of y, we write

n n . 1
ui+1/2(0) — u[j+1/2 — MTI(l Ax7 ., (n —+ E)AZ)’
to which we apply the front-tracking solution operator in the y-direction
n+1/2 s,y n+1/2
W V(AL = (Sgb,}uﬁ / )(y).

(The y-dependence is suppressed in the notation on the left-hand side.) One full
time step is completed by a final projection

+1 _ n+1/2
u;; =y, (At).

Using this notation, we first want to prove that the total variation is bounded in
the sense that

T.V. ") < T.V. (up) . (4.29)
‘We will show that
T.V. u"™?) < T.V.(u"); (4.30)

an analogous argument gives T.V. (u"“) < T.V. (u”+1/2), from which we con-
clude that

T.V. (") < T.V. ("),

and (4.29) follows by induction. By definition,

TV (@) =3 (

n+1/2 _ n+1/2

i1, T Ui ‘A)"i‘

u i

ul T2~ u;’jm) Ax) ., (431
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while
T.V.(u") = Z ( Uiy — u;”j) Ay +uj 4 — u;”j) Ax) . (4.32)
i.j
We first consider
o[l =] = TV (i can)

| <TV., (u (An) = V. (w0))
(433)

+11 tj’

where we first used that T.V., (w¢) < T.V., (¢) for step functions ¢. This fol-
lows from the following argument: Let ¢. be a continuous function equal to ¢
except close to each jump, where we use a linear interpolation. Then T.V., (¢) =
T.V.x (¢.) = T.V., (m¢), since m¢ is just a particular partition of ¢.; cf. (A.1).
Subsequently we used that T.V. (v) < T.V. (vy) for solutions v of one-dimensional
conservation laws with initial data vg. For the second term in the definition of
T.V. (u"*/2) we obtain (cf. (4.10))

3 u?,-}—-lf-/lz_ "H/Z)AxAy _ Z/

n+1/2_ n+1/2‘dxdy

i,j+1
i,] 11/
—Z/‘ W (Af) — " (Ar))) dx dy
L] I;j
< Z/ W, (Ar) — u;?(m))) dx dy
L I;j
W (AL — ! (Ar)) dx dy
ij I;j
(i+1)Ax
=Y ay W, (Ar) — u;-’(At)‘ dx
i.J iAx

= ZAy/ )”7+1(X,At)—u;(x,At)‘ dx
J R
ul,y(x.,0) - u;?(x,())) dx

<> Ay
J R

:Zu
i.j

L=l Axay. (434)
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The first inequality follows from |r¢| < 7 |¢|; thereafter, we use flij TP = fli,- 9,

and finally we use the L'-contractivity, ||v — W) = [vo— woll 1(w), of solu-
tions of one-dimensional conservation laws. Multiplying (4.33) by Ay, summing
over j, dividing (4.34) by Ax, and finally adding the results gives (4.30).

Finally, we want to show the analogue of Lipschitz continuity in time of the
spatial L'-norm as expressed in (4.12). We want to prove the following result:

“uﬂ(tm)_un(tn)”Ll R2) = E uji —u; | AxAy
(R2)
i,j

< (maxt | flluip, g Iuip AT +2(Ax + Ap))
x T.V. (u°) [m —n|. (4.35)

To prove (4.35), it suffices to show that

2

i.j

n+1 _

uzj

AxAy < (max{ || fslluips lgsllip }AL + 2(Ax + Ap))T.V. (u°).

(4.36)
We start by writing

n+l _ .n

ij Ui =

u ij

it = an] +

12 .
u?j+ / —uj(At))

_|_

u;-H'l/z(At) — u?H/z(O)‘ +

W (Af) — u;?(O)‘
_ ‘nu;'“/z(m) - u;’“/z(m)‘ n ‘nu}'(AZ) . u;?(m))

+

a0~ o))+

WAL — U (0)‘ .
Integrating this inequality over R? gives

%

n+l
ij

u

uj;| AxAy < // )nu;’“/z(At) —u;’H/z(At)) dx dy
—+ // mu’i (Ar) —u;?(At)) dxdy

+[/ u?+l/2(At)—u?+l/2(O)) dx dy

(4.37)

+ [/ ' (At) —u;?(O)‘ dxdy.

We see that two terms involve the projection operator . For these terms we prove
the estimate

/ |ty — | dxdy < (Ax + Ay)T.V.(¥). (4.38)
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We will prove (4.38) in the one-dimensional case only (See Exercise 4.3). Consider
(where I,’ = [X,', X,’+1))

[ Y — yldx = Z[ TP () — ()] dx

1 Ii

=3 [|a: [rora-ve
YL I;

dx

- éz/'/(w(w—wm)dy dx
LA A
< iz//wy)—wwydx
LA A
1
- EZ/ [I V(x4 €) — Y| dE dx
| Ax
sA—xZ//W(Hs)—w(dede
L —Ax

Ax
o [ [wero-veiaxas

—-Ax R

Ax
1
S / EIT.V. (¥) dt

—Ax
= AxT.V.(¥). (4.39)

For the two remaining terms in (4.37) we obtain, using the Lipschitz continuity in
time in the L! norm in the x-variable (see Theorem 2.15), that
[ a0 - o] axay < sty [ T3 (150)
< At || fslluipT-V. (u"). (4.40)

Combining this result with (4.29), (4.38), we conclude that (4.36), and hence also
(4.35), holds.
So far we have obtained the following estimates:

(i) Uniform boundedness,

””n(’)HLoo(RZ) = ””0 ”Loo(RZ)'
(i) Uniform bound on the total variation,
T.V.(u") < T.V.(up).
(iii) Lipschitz continuity in time,
Ax + Ay

) =000 |1 gy = (maxt ol Dl } +2=2=) 40

x T.V. (uo) |t — ta] .
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From Theorem A.11 we conclude that the sequence {u,} has a convergent subse-
quence as 11 — 0, provided that the ratio max{Ax, Ay}/At remains bounded. We
let u denote its limit. Furthermore, this sequence converges in C([0, T]; L] .(R?))
for every positive T'.

It remains to prove that the limit is indeed an entropy solution of the full
two-dimensional conservation law. We first use that uj(x, ) (suppressing the y-
dependence) is a solution of the one-dimensional conservation law in the time
interval [t,, ,41/2]. Hence we know that

Tnt1/2

[ ]G

R

i (x.1) — k‘ b + g7 (u(x.1). k)¢>x) dt dx
1 n
=5 [ et = k| 9t
R

+5 [
2

R

WX, 1) — k‘ b(x,1,) dx > 0.

Similarly, we obtain for the y-direction

Int1
1 n ¢ n
[ ] Gl on—ke+am0r o0, ) drdy
R tht1/2

-3 / w0 t12) = k| @) dy
R
1

5

R

w01 — k| @ty dy 2 0.

Integrating the first inequality over y and the second over x and adding the results
as well as adding over n gives, where T = N At,

T
1 X
I Glu=kl6:+ X g+ 3 a9y ) dx v s
Rz 0 n n

1
— 5(// |u,,(x,y, T) —k| ¢(x,y,T)dxdy

R2
—/ |u,7(x,y,0) — k| o(x,y,0)dx dy)
RZ

|2

> —3 Z /(|un(x’y’tn/2+) — k| = up(x. y,tajp—) — k|)¢(x’y7tn/2) dxdy
n=1 R2

| 2N

= _5 In,
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and as before, y, and jy, denote the characteristic functions on {(x,y,t) | t €
[0, tas1/2]} and {(x, y, 1) | t € [tas1/2.tas1]}, respectively. Observe that we have
obtained the right-hand side by using a projection at each time step. As n — 00

and Ar — 0 while keeping T fixed, we have that >, x, A % To estimate the
right-hand side we first observe that

y(x, Y, taj2t) =k = 7 (uy(x, . tuj2=) — k).
and since the absolute value function is convex, Jensen’s inequality implies that
luy(x, v, taja+) — k| = Juy(x, y,1ap—) —k| < 0. (4.42)

Thus we obtain

In = _//(|un(x’y’tn/2+) _k| - |un(x’y’tn/2_) _k|)¢(x7y7tn/2) dx dy

R2
= _Z//(|uﬂ(x’y’tn/2+) _k| - |un(x’y’tn/2—) —k|)¢(xi,yj,tn/2) dx dy
i
- (X, Y tujp+) — k| = |up(x, y, tujp—) — k
;[j/(\unxyl/z—i- } |u,,xyt/2 })

X (¢(x, y.tn2) — d(xi. yj.1n2)) dx dy
= =3 [ (e .oty = Kl = . 3.12) = K]
i
X (¢(x. y.tn2) — @(xi. ¥y 1j2)) dx dy
= in,

using (4.42). This implies

|in’ = Z// ’M,’(X, y’tn/2+)_un(x’y’tn/2_)i
N
X M)(xs ystn/Z) _¢(xis yjstn/Z)i dXdy
< (Ax + Ay) VIl L w2

X Z// \un(x,y,t,,/z—i-) - u,,(x,y,t,,/z—)| dxdy

1,] 1,‘1!'

< (Ax+ A)’)/ VIl r2)
RZ
2

< (Ax + Ay) IVl Loy T-V. (u0) .

Uy (X, Y. bajp—) — Uy(X, ¥, 1aja—)| dx dy
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since

1
16Ce. ) — G| < [ —x0y — 3| / Vo (r(x—xi.y — )| dr
0

< (Ax 4+ AY) VOl ewy,  (x,) € L,

where we have used (4.38). Thus

2N
~ Ax + Ay)?

Z ’I"| = % ”V¢||L°°(R2) T.V. (uo) . 4.43)

n=1

In order to conclude that u is an entropy solution, we need the right-hand side of
(4.43) to vanish as Ax, Ay, At — 0; that is, we need to assume that

Ax + Ay

remains bounded
At

as 7 — 0. Under this assumption,

T
/// (lu —k|¢e + q” (. k)px + g% (u. k)¢,) dt dx dy
R2 O
_/ lu(x,y,T)—k|¢p(x,y, T)dxdy
RZ
+/ lu(x,y,0) —k|¢(x,y,0)dxdy >0,
RZ
which shows that u indeed satisfies the KruZzkov entropy condition. We summarize

the result.

Theorem 4.4 Let uy be an integrable and bounded function in L*°(R™) N
BV(R™), and let f; be piecewise twice continuously differentiable functions

Sfor j = 1,...,m. Construct an approximate solution u, using front tracking by
defining
u = nuy, WM =gxo Si’;‘s’xju”Jr(j_l)/m, j=1,....,m, neN,
and
s W'tV for t € [tyg(j-1y/ms tatj/m)
u,,(x,t) _ M=ty (j—1y/m) s n+(Jj mstn+j/m)s
i Jort = tuyj/m,

where X = (X1, ..., Xp).

For every sequence {n}, withn = (Axy, ..., Ax,, At,8), where n — 0 and

max {ij} /At remains bounded,
J
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we have that {u,} converges to the unique solution u = u(x,t) of the initial value
problem

Ur + Z Ji)y, =0, u(x,0) =ug(x), (4.44)

j=1

which satisfies the Kruzkov entropy condition.

4.3 Convergence Rates

Now I think I'm wrong on account of those damn partial integrations.
1 oscillate between right and wrong.
— Letter from Feynman to Welton (1936)

In this section we show how fast front tracking plus dimensional splitting converges
to the exact solution. The analysis is based on Kuznetsov’s lemma.

We start by generalizing Kuznetsov’s lemma, Theorem 3.14, to the present mul-
tidimensional setting. Although the argument carries over, we will present the rele-
vant definitions in arbitrary dimension.

Let the class K consist of maps u: [0, 00) — L'(R™) N BV (R™) N L*(R™)
such that:

(1) The limits u(z %) exist.

(ii) The function u is right continuous, i.e., u(t+) = u(z).
(i) Ju (@)l ooy = 114 (O)[| oo @omy-

(iv) T.V.(u(t)) < T.V.(u(0)).

Recall the following definition of moduli of continuity in time (cf. (3.54)):

v (u,0) = sup [lu(t + ) —u(@)ll 1 ®mny, o >0,

[t|<o

v(u,o) = sup v,(u,o0).
0<t<T

The estimate (3.55) is replaced by
v, 0) = || TV. (uo) maxt|l fj lluip }-

for a solution u of (4.23).
In several space dimensions, the Kruzkov form reads

sy = [ (=kig+ gl ko) dxdr,
J

R"x[0,T]

- [t ) kg Ty dxdr aas)
Rm

+ / [uo(x) — k| ¢p(x,0)dx;---dx,y,.
Rm
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In this case, we use the test function

Q(x,x',5,8") = we, (s — " )we(x1 — X))+ @ (X — X)), (4.46)

X=X, X)), X' =(],...,x).
Here w, is the standard mollifier defined by

w(x;) = éw(x—j)

e
with
1
0<w=<1 suppw C[-1,1], w(—x;)=w(x;), /w(z) dz = 1.
—1

When v is the unique solution of the conservation law (4.25), we introduce

T
Aggy(u,v) = / / Ar (u, 2(-,x', 5", v(x',s") dx'ds’.
0 Rm

Kuznetsov’s lemma can be formulated as follows.

Theorem 4.5 Let u be a function in K, and let v be an entropy solution of (4.25).
If0 < gy < T and e > 0, then

u(-.T=) =v(, Dl wmy = lluo = voll 1 wem)
TV (o) (26 + somaxt 1 un )
+ v(u, 80) — Aggy (U, ), (4.47)
where uy = u(-,0) and vy = v(-,0).

The proof of Theorem 3.14 carries over to this setting verbatim.

<> Example 4.6

Let us first apply this theorem to the case that u is the dimensional splitting ap-
proximation, defined with exact solution operators S{~ and S%; cf. (4.6). We have
established that v(ua,, &9) < Ceo, where the constant C depends on the total vari-
ation of u and the Lipschitz norm of the flux. The inequalities (4.17) and (4.18)
imply

T
LT(uA,,k,go)sz luar —k| o
0 R2

+ 2)(”([)(]/ (uAts k)q)x + 2)?)1 (t)qg(uAtv k)(py dx dy dt

—[/ s —Klo| dxdy+//|um—k|<p | dxdy

R2 R2
> 0.
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Set
Lgye = /// Lruar,v(x',y",8), 0:(- —xNo(- —y)wg, (- —s)dx"dy" ds > 0.

In the following we always have that ux; = ua;(x,y,7) and v = v(x’,y’,s),
although we sometimes do not indicate that, or indicate only those variables to
which we would like to draw the reader’s attention. Then

_Ae(].e(uAts 1)) =< _Ae(],s(uAtv U) + Le(],s

T T
=//////(1"+Iy)dxdydtdx’dy’ds,
R2

0 R2 0
where

1Y = Qxu(t) = 1) g7 (uar, V)0l (x — X )we(y — Y)we ( —5),
I’ = (2)?n(t) - l)qg(uAts V)we(x — x’)a)g(y - y/)wso(t —5).

We shall estimate f I*; the estimate for /7 is identical. First observe that

24o) 1 = {1 by <1<ty

=1ty St <tugr.

Therefore, if NAt = T, then

T N—1 fnt1/2
[enw-nvwd=3 [ wo-ve+sy)a.
0 n=0 th

for every function . Thus

T T
//////dexdydtdx/dy/ds
R2

0 R2 O
N—1 Int1/2 T

:,; / /////(qf(”m(f)’v)wso(t—s)

ty 0 R2 R2
—qf(uA,(t + At/2), v)w, (t + At/2—s)>
x w,(x —xw.(y — y')dx dydx'dy' ds dt
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192
n+1/2 T
/ /// // iyt = ) = 04, (t + AL/2=5))
t 0 R2 R2
x g7 (up, (), V)0l (x — x" Y0 (y — y') dx dy dx' dy' ds dt
N—1 12 T
+> / /// //w%(z + AL/2—5)
n=0 5 0 R2 R2
x (g7 (uar(t + A1), v) — g7 (s (0), v))
X w,(x —xw(y —y')dx dy dx'dy' ds dt
=A + B.
Regarding A4,
N—l Lny1/2 At/2 T
|A] < Z / /|um( X, )|gy dy / /’wso(t s+1)| dsdrdt
CTAt
S /luAt('ax’t)lBV dy
)
R
Also
N—1 [n+1/2
1Bl <) / Weo(t — 5 + AL/2)
n=0 In
X L/[ [uar(t + At/2) —upa(2)| dx dy |w.(x —x")| dx'ds dt
< v(uA,,At/Z)g
&
CAt
< .
¢
Hence

o

C At C At
[ i, )y dy + S
We have a similar estimate for the integral of /”; thus we end up with the estimate

C At
[uolgywe) + ——

_AE(),E(uAls v) E
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Since we have v(0) = ua,(0) = ug, Kuznetsov’s lemma yields

At At
luar(-.T) =v(-. Dllpgey = € (80 tet o T)

which on setting g = & = +/At, yields
luar (-, T) = v(-, Tl w2y < CVAL (4.48)

Since this estimate was obtained using the exact solution operator in each direc-
tion, there is no hope of obtaining a better estimate using numerical approximations
instead of S/ &

Next, we use Kuznetsov’s lemma to estimate the rate of convergence for the front
tracking approximation. This entails using a first-order (in §) approximation to the
exact solution operators, so from the previous example, the best we can hope for is
that the error is bounded by O(8 + /Ar).

We want to estimate

” S(T)M() — Uy ”Ll(R’”) = ||S(T)U0 - SS(T)uOHLl(]R’") + || S8 (T)uO — Uy ||L1(R’")’
(4.49)

where u = S(T)ugy and Ss(T)uo denote the exact solutions of the multidimen-
sional conservation law with flux functions f replaced by their piecewise linear
and continuous approximations fs. The first term can be estimated by

IS(Tuo — Ss(T)uoll L1 my < ijax{ 15 = fislupy T-V. (o), (4.50)

while we apply Kuznetsov’s lemma, Theorem 4.5, for the second term. For the
function u we choose u,;, the approximate solution using front tracking along each
dimension and dimensional splitting, while for v we use the exact solution with
piecewise linear continuous flux functions f; and gs, and u as initial data, that is,
v = v = Ss5(T)uy. Thus we find, using (4.41), that

v(uy. &) < & (C +0 (Ait max {ij})) T.V. (uo) .

J

Kuznetsov’s lemma then reads
|1S5(Tyuo — ”ﬂ”Ll(Rm) < fuo— “OHLI(RM) + |:28 + max {1 fslluin} €0

(e so(™ahy
— Age, Uy, V), 4.51)

and the name of the game is to estimate A, .

To make the estimates more transparent, we start by rewriting Ar(uy, ¢, k).
Since all the complications of several space dimensions are present in two dimen-
sions, we present the argument in two dimensions only, that is, with m = 2, and
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denote the spatial variables by (x, y). All arguments carry over to arbitrary dimen-
sions without any change. By definition we have (in obvious notation, ¢/ (1) =

sign (u — k) (fs(u) — fs(k)) and similarly for ¢#5)
T
Ary 90 = [ [ (=] 90+ a7 08, + 0%y ) e dxdy
0

# [ ey =l $lmoaxay = [y~ k| $l=r-ax dy

Int1/2

ST T Y

In Int1/2

+q5 (. k) + % (s k)qby) dt dx dy

[ ey Kl 1m0 vy — [ s~ k| gli=r-axay

N-1 nit1/2
B Z // / (Joty = k| @0 + 2% (uy. k).) dit dx dy
n=0

In

Tn+1

+ Z// / (’”n _k|¢t + 2¢% (uy, k)py) dt dx dy

n
Int1/2

thy1 Int1/2

+§//( / - / )qﬁ(un,k)%dtdxdy

tiy1/2 In

Int1/2 Int1

+§//( / - / )C]g‘s(un,k)ti)ydtdxdy

In Int1/2

+//iun—ki¢|t=0+dxdy—//|un_k|¢|t:T_dxdy.

We now use that u,, is an exact solution in the x-direction and the y-direction on
each strip [f,, t,41/2] and [t,41/2, tn+1], respectively. Thus we can invoke inequali-
ties (4.17) and (4.18), and we conclude that

N-1
Aruy .02 Y [[ (0=l bttr117
n=0
— g = K[ li=i, 4 (2) ) dx dy

- |“n - k\ |t=t,1+1/2+¢(tn+1/2)) dx dy
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th+1 Int1/2

+§//( / - / )qfs(un,k)ti)xdtdxdy

n=0
tn+l/2

Int1/2 Iy

+§//( / - / )qg‘*(un,k)dwydtdxdy

n=0
In tn+1/2

+ [ s =kl oloraxay = [[ ey = K| plrdxay

Int1/2

=-2)" / g5 (uy, k), dt dx dy
n=0 I
T
—I—///qﬁ”(u,,,k)zi)x dt dx dy
0

Tn+1

N—-1
—22// / q% (uy, k), dt dx dy
n=0

In+1/2

+///qu3(un,k)¢y dt dx dy
0
+§//(|“n_ki

[=lyt1/2—

_ iun _k| t=tn+1/2+)¢(t"+l/2) dx dy
N—-1
+Z//(|Mn_ki e _|un_k|)_ +)¢(t,,)dxdy
n=1 n— t=ty
= =11 (uy, k) — L(uy, k) — I3(uy, k) — 1a(uyy, k). (4.52)

Observe that because we employ the projection operator = between each pair of
consecutive times, we solve a conservation law in one dimension; u”*/2 and u"
are in general discontinuous across #,..1,> and #,, respectively. The terms I and I,
are due to dimensional splitting, while /3 and /4 come from the projections.

Choose now for the constant k the function vs(x’, ', s), and for ¢ we use £2
given by (4.46). Integrating over the new variables, we obtain

T
Agey 1y, v5) = ///Ar(umf?(ux’, Y8, vy s) ds"dx' dy'
0

\

_Ilé‘.ao(un’vs) _ 12&80(”]1708) — 138'80(“7]11)5) - I:'So(ui’lv U8)7
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where /7% are given by

Tnt1/2

= [[ [ [ (S [ oo
0 n=0;

n

T
—/qfis(u,,,vg)szx ds) dxdy ds dx'dy’,

0
= [[ [ [ S [ oo
0

=0, 12
T

- / g% (uy, v5) 82y ds) dxdyds dx'dy’,

0
177 (uy, v5) = g//j//(h‘n_vﬂ ls=t,+

— |ty — 5] |S=tn_)9 dx dy ds' dx' dy’,

— |oy — vs| |S=tn+1/2_)9 dxdyds'dx'dy'.
We will start by estimating I, and 1;".

Lemma 4.7 We have the following estimate:

’Il,s,eo| + ’I;.€<)| < T max {”f”Lip’ ”g”Lip} T.V. (ug)

Ar 1
x (ot S (17T + glhipiar + Ax+ Ay)). @53
Proof We will detail the estimate for |;"*"|. Writing

% (uy (), v5(s")) = ¢ uy(ta41/2), v5(5"))
+ (g7 (), v5(5) = @7y (b 172), 5 (57))

we rewrite 1, as

N-1
175 (uy, vs) = Z |:(J1 (ts tus172) — J1(Tas1/2, tag1))
=0 (4.54)

+ (Laty. tus12) — Jo(tus1/2: ts1)) }
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with

Jl(Tl,Tz)=///T///Izqﬁ(un()f,y,fnﬂ/z),US(XI,J’,’S,))
0 -

x 2.(x,x",y,y,s,8)dsdxdyds dx'dy’,

e = [ /T I / (4% 3,50, 0506 5)
0 Ll

— Py (X, a1 2), v5(x, Y S’)))
x 2.(x,x",y,y.5,8)dsdxdyds dx' dy’.
Here we have written out all the variables explicitly; however, in the following we

will display only the relevant variables. All spatial integrals are over the real line
unless specified otherwise. Rewriting

N

W, (5 — s') = a)eo(ln-i-l/z —s') + / w;oG —s')ds,

tiy1/2
we obtain
T Int1/2
s = [[ [ ff qﬂ(un(znﬂ/z),vs(s’))szﬁ( [ outrnp=sras
0 tn
Int1/2 s
-I—/ /wéo§—s’)d§ds)dxdyds’dx’dy’
In Iny1/2
T
B (At ,
= q7 (uy(tus1/2), v5(s")) 825 Twao(tn-kl/Z_S)
0
Int1/2 s
—|—/ /w;O(E—s/)dEds)dxdyds/dx/dy/,
In tht1)2

where 2° = w.(x — x")w.(y — y’) denotes the spatial part of £2.
If we rewrite Jy(f,+1/2, ta+1) in the same way, we obtain

T
: ’ At i
Nmtied = [[ [ [ a5 o @ (ot =)
0

In41 K
+ / / a)go(§—s’)d§ds) dx'dy' ds' dxdy,

Int1/2 In+1)2
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and hence

Ji(t tug12) = J1(tns1 /20 tag1)

Iny1/2 s

T
= [ [ [[e*utiemnes( [ [ on6-srasas
0 In Iny1/2
Iny1 s
—/ /w;O(E—s’)dids)dxdyds’dx’dy’. (4.55)

Int1/2 tn+1)2

Now using the Lipschitz continuity of ¢/¢, we can replace variation in ¢/ by vari-
ation in u, and obtain, using ff a)go (x —x')dx dx’ = 0, that

‘// qu(un(x’ Vi tng1/2), v,;(s’))a)go (x —x)dxdx'

_ '// ol (x — ') dx dx’

X [qf8 (uﬂ(xa Y, tn+1/2)a UB(S/)) - CI/8 (un(x/5 Y, tn+1/2)a vl;(s/))]

< Uil ff Jor =)
X |un(x, Volngy2) — uy(x', y, fn+1/2)| dxdx’'
= | fslluip // [y (x4 2,y tus1y2) —uy(x', ¥, tag12)| |@), (2)] dx"dz
< ”]%”Lip/é/ |1y (X" + 2,9, tag1/2) = g (X', Y, a1 2)| A
X |za)éo(z)| dz
< |1 fsllipT-V.x (un(fn+1/2))/ |za);0(z)| dz
< 1 fslluipT-Vex (uy(tas1/2))
using that | |zwgo (Z)| dz = 1. We combine this with (4.55) to get

‘Jl(lnv thv172) — J1(tag1/2, ln+1)‘

<1 fillus // Vs (ty(ts1/2)) @un (¥ — ¥)

T ht1/2 s

X (/ / |w;0(§—s’)| ds|dsds'
0t g2
T tht1 K
+[ / '/ |, (G —5")| d5 dsds’)dy’dy.

0 thy1/2 thti1)2
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Inserting the estimate

T
1

/ |0, G =s")| ds' = — / |'(2)] dz < 2/¢o,
&o

0

we obtain

I sllp(A0? -

Jitn tas172) — (g1 /2, tagr)| <
280

N (uy(tas12) . (4.56)

Next we consider the term J,. We first use the Lipschitz continuity of ¢/5, which
yields

t11+1/2

Bltretryo)| = Uil [ /T I ] tater9 =yt
0 In

x |2,| ds dx' dy’ ds' dx dy

tn+1/2
< —||]%8”Lip / / |uy(x.y.8) —up(X, Y. tus1/2)| ds dx dy
n

In+1/2
I /s li
= eLp / |y (x, y,8) =y (X, y, tys1/2-)| ds dx dy
I

Il fsllLipAz
+ 27;// g (6, ysta12=) =y (%, ys taa )| dx dy

DAL
< % (I fsllipAt + Ax) T.V. (uy (tas1/2)) -

Here we integrated to unity in the variables s” and y’, and estimated [|w/(x — x")|dx’
by 2/e. Finally, we used the continuity in time of the L'-norm in the x-direction
and estimated the error due to the projection. A similar bound can be obtained for
Jo(ty41/2, tas1), and hence

oty tasr1y2) — Ja(tny1)2s ln+1))

IA

|2 tns tas12)| + |2 (tns1/2. tas)|

AL
||f||1‘;p I lpAr + Ax + Ay) T.V. (uy(12)),  (4.57)
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where we used that T.V. (1, (ty+1/2)) < T.V. (u,(t,)). Inserting estimates (4.56)
and (4.57) into (4.54) yields

|If’£" (uy, Us)\ < || fsllLipT-V. (,(0))

N—-1
(AZ)2 At
2z 2 AL+ Ax 4+ A
X;( 2¢&o + 28( | fsllLipAt + Ax + Ay)

< Tl fslluipT-V. (u,(0))
At 1
X\ 5=+ —Ql fsllpAt + Ax + Ay) ),

2e0 2¢
where we again used that T.V. (u,,) is nonincreasing. An analogous argument gives
the same estimate for /5. Adding the two inequalities, we conclude that (4.53)
holds. O

It remains to estimate /5" and 1,*°. We aim at the following result.

Lemma 4.8 The following estimate holds:

2
_ T(Ax +Ay)

g 4 Jrge] < XL

T.V. (llo) .

Proof We discuss the term 13 only. Recall that

1550 (u,, v5) = g//j// (|u,,(x,y,t,,)—vs(x’,y/,s’)|

= [uyCx. y 1) = vs(x/,y/,s/)|)

X Qx,x",y,y  ty,s)dx'dy' ds' dx dy.

The function u,(x, y, t,4) is the projection of u, (x, y, #,—), that is,

1 o - -
uy(x, y, t,+) = m// uy(x,y,t,—)dxdy. (4.58)

If we replace [J. by 37, ; [f;, and use (4.58), we obtain

13&80 (uns US)

s fronssrones v

1,‘/' 1,‘/'

— \u,,(x, v, t,—) — vs(x', y’,s’)| }.Q(x,x’, v,y t,,8)dx dy ds' dx'dy'
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s T
= Axdy 2///Q(x,x/,y,y s, 8"
n= 0

x;////(|un(2,)7,tn—)—Us(x/ay/as/)|

Iij 1,‘/'

— |u,,(x,y,l,,—) — vg(x/,y/,s/)| ) dxdydxdyds dx' dy
| N r
= Q bl /1 9 /7ln7 !
2Amy2;/// (e, Xy, ¥ 1y, 8")
n= 0

x;////(\u,,(x,y‘,tn—)—vs(xﬁyﬂs/)l

Lij L

— [y Cx, y 1y =) —vs(x", ', 8| ) dxdydxdyds dx'dy'
| N r
Q _! /7 _1 /1 tn? !
+2AxAynX_;/// (020727 )
= 0

XZ// //(’u,,(x,y,tn—)—Ua’(x,,y,,sl)i

i,
R

- |un(f,)7,ln—)—vs(x/,y/,s')|)dxdy dxdyds dx'dy
1 N-1 T
= 2AxAy 2;/// (Q(X,x’,y,y/,tn,s/)—.Q()_C,x',f,y/,tn,s’))
n= 0

XZ////(\u,,(x,y‘,tn—)—vs(xﬁyﬂs/)l

i,
Tyo1

= |y e,y 1 =) —vs(x". '8 ) dxdydxdyds dx'dy'.

Estimating /5 (u,, vs) using the inverse triangle inequality, we obtain

I;'e(] (un5 vl;)‘

Y A ) [

Lij L

X |20, x", v,y 1,8 — 2, x', 5, 1y, 8)| dx dy dx dy ds' dx' dy’.
(4.59)
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The next step is to bound the test functions in (4.59) from above. To this end we

first consider, for x, x € (i Ax, (i + 1)Ax),

/ |we(x — x") — w. (X — x| dx’ = / lw(z) —w(z + (x —x)/e)| dz

Z+(X—x)/e
=/ / o'(§)dE| dz

V4
z4+(X—x)/e

=[ | weldsa:

V4
Ax/e

</ / | (e + B)| doed,B:ZA—x.

Integrating the time variable to unity, we easily see (really, this is easy!) that

T
///|.Q(x,x’,y,y’,tn,s’)—.Q()'c,x’j,y’,t,,,s’)| ds' dx'dy’
0
T

= /wao(s—s’)ds/

0
x / 0 (x = X)0e(y — ) — 0a(F — X )we(F — y)| dx'dy’

< // 0:x — x) — o — )| sy — ') dX'dy’

+ / 0:(y — ) — 0 — ¥ 0a(E — x') dx'dy’
< / 0 (x — x) — 0 (F — x| dx’ + / 0.y = ¥) — 0. — )] Y’

2
< (Ax + Ay);. (4.60)
Furthermore,

|u,,(5c, Vota—) —uy(x, y, t,,—)| = \u,,(x, Votn—) —up(x, y, t,,—)|

STV Gayg+nay (W (x. . ta)) . (4.61)
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Inserting (4.60) and (4.61) into (4.59) yields

1575 uy, v) |
1 2(Ax + Ay)
— 2AxAy e

XZZ////TVUM(HUA,V)( up(x, -, t,—)) dxdydxdy

n=1 i,j L I

(i+1)Ax
Ax + Ay
S Ay Z AX(AJ’)ZZ / T.V.GayG+0ay (y(x, - 1,-)) dx
eAxAy r
i iAx
(Ax +Ay) =
< === Z (2 (1=
A A
< MA LTV (1,00)). (4.62)
&

where in the final step we used that T.V. (u,(1,—)) < T.V. (u,(0)).
The same analysis provides the following estimate for 7, (vs, uy):

(Ax + Ay)

T
1550 (u,, v5)| < Ax =TV (uy (0)) . (4.63)

Adding (4.62) and (4.63) proves the lemma. O

We now return to the proof of the estimate of A, (u;,vs). Combining
Lemma 4.7 and Lemma 4.8, we obtain

_As.ao(un’v(ﬁ) = |11€’80(un’v8)i + |I;€0(un’ v5)| + |I§’£O(un’v8)i + |I:.€0(un’ v5)|

At 1

2
W}T.V. (o)

=: TT.V. (uy) A(e, &9, 1). (4.64)

X max {”ftg”Lips ||g8||Lip} +

Returning to (4.49), we combine (4.50), (4.51), as well as (4.64), to obtain

IS0 10l
< [IS(T)uo — Ss(T)uol| 112y + || Ss(Tuo — uy(T) ||L1(Rz)
< T max{ || f — fsllLip- € — gsllLip YT-V. (o) + [Juo — u° ||L1(Rz)

{Ax, Ay}
max A)tc y ))

£ T Ae, o, n))T.V. (o) - (4.65)

+ (28 + max{ || fslluip. 185 ILip €0 + €0 (C + 0(
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Next we take the minimum over ¢ and & on the right-hand side of (4.65). This has
the form

&,80

min(ae+ g +cey+ ;) = 2+~ab + 2+ cd.
0

The minimum is obtained for ¢ = y/b/a and &y = /d /c. We obtain

” S(Tuo —uy(T) ||L1(]R2)
< T'max {||f — Jfslluips 1€ — g5||Lip} T.V. (uo) + ||u0 - UOHLl(Rz)

(Ax + Ay)?

+O(((Ax+Ay)+At+ "

172
) )T.V. (o).  (4.66)

We may choose the approximation of the initial data such that Huo - uOH LR =
O (Ax + Ay)T.V. (up). Furthermore, if the flux functions f and g are piecewise
C? and Lipschitz continuous, then

ILf = fsliuip < SILf" Nl oo wy-
We state the final result in the general case.

Theorem 4.9 Let u be a function in L' (R™) N L>®°(R™) with bounded total vari-
ation, and let f; for j = 1,...,m be piecewise C? functions that in addition are
Lipschitz continuous. Then

[u(T) =y (T) | 1 ey < © (8 + (Ax + Ay)'?)
as n — 0 when
Ax = KAy = K At
for constants K| and K.

It is worthwhile to analyze the error terms in the estimate. We are clearly making
four approximations with the front-tracking method combined with dimensional
splitting. First of all, we are approximating the initial data by step functions. That
gives an error of order Ax. Secondly, we are approximating the flux functions by
piecewise linear and continuous functions; in this case the error is of order §. A third
source is the intrinsic error in the dimensional splitting, which is of order (At)l/ 2
and finally, the projection onto the grid gives an error of order (Ax)'/2.

The advantage of this method over difference methods is the fact that the time
step At is not bounded by a CFL condition expressed in terms of Ax and Ay. The
only relation that must be satisfied is (4.27), which allows for taking large time
steps. In practice it is observed that one can choose CFL numbers* as high as 10-15
without loss in accuracy. This makes it a very fast method.

#Tn several dimensions the CFL number is defined as max; (| ﬂ| At/ Ax;).
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4.4 Operator Splitting: Diffusion

The answer, my friend, is blowin’ in the wind, the answer is blowin’ in the wind.
— Bob Dylan, Blowin’ in the Wind (1968)

We show how to use the concept of operator splitting to derive a (weak) solution of
the parabolic problem® on R” x [0, T,

m m
U + Z Jiwy, = p Z Uyjx; s (4.67)
— —
by solving
ur+ fijwy =0, j=1,....m, (4.68)
and
U, = pAu, (4.69)

where we employ the notation Au = ) j Ux;x;- We augment the equation with
initial data u|,—o = uo. Let S; (t)uo and H(t)uo denote the solutions of (4.68) and
(4.69), respectively, with initial data u¢. Introducing the heat kernel, we may write

u(x,1) = (H(t)uo) (x,1)

- [ K(x — 3. 0uo(y) dy
Rm

1 x—y
Rm

Let At be positive and 7, = nAt. Define
u’ =uy, w't' = (H(AD)S,, (AL)---S1 (A1) u”, (4.70)

with the idea that ¥" approximates u(x, ¢,). We will show that u” converges to the
solution of (4.67) as At — 0.

Lemma 4.10 The following estimates hold:

" [l oo @omy < [°] Lo oy 4.71)
T.V.(u") < T.V.(u°), 4.72)

1/(m=+1)

||un1 _ uﬂz”Llloc(R’”) < C(|”l1 — n2| At) 4.73)

3 Although we have used the parabolic regularization to motivate the appropriate entropy condi-
tion, we have constructed the solution of the multidimensional conservation law independtly, and
hence it is logically consistent to use the solution of the conservation law in combination with
operator splitting to derive the solution of the parabolic problem. A different approach, where we
start with a solution of the parabolic equation and subsequently show that in the limit of vanishing
viscosity the solution converges to the solution of the conservation law, is discussed in Appendix B.
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Proof Equation (4.71) is obvious, since both the heat equation and the conservation
law obey the maximum principle.

We know that the solution of the conservation law has the TVD property (4.72);
see (4.24). Thus it remains to show that this property is shared by the solution of
the heat equation. To this end, we have

)H(z)u(x ) — Hu(x)

= /(K(x+h—y,t)u(y)—K(x—y,t)u(y))dy

< / K Ou(x +h— y) — K. ulx — )] dy.
RITI

which implies that
/ ‘H(t)u(x i) — H(t)u(x)‘ dx
Rm

s//|K(y,r>u<x+h—y>—1<(y,r>u(x—y>| dy dx
RITIRITI

=fK(w)/|u(x+h—y>—u<x—y)|dxdy
Rm

Rm

= [ Koy [ juee+ by —uco] ax
R R
:/|u(x+h)—u(x)| dx.
Rm

Dividing by |/| and letting 7 — 0, we conclude that
T.V.(H(t)u) <T.V.(u),

which proves (4.72).

Finally, we consider (4.73). We will first show that the approximate solution
obtained by splitting is weakly Lipschitz continuous in time. More precisely, for
each ball B, = {x | |x| < r}, we will show that

‘ / (" — )

for smooth test functions ¢ = ¢(x), where C, is a constant depending on r. It is
enough to study the case n, = n; + 1, and we set n; = n. Furthermore, we can
write

/(un-H _ un)¢ dx

< Cy Iy — o] At (||¢||oo +maxig, ||oo) L @

<

, (4.75)

/ (H(ADi" — i) dx

+ ‘/(ﬁ" —u")p dx
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where u" = (S,,(At)---S1(At)) u”. This shows that it suffices to prove this prop-
erty for the solutions of the conservation law and the heat equation separately. From
Theorem 4.3 we know that the solution of the one-dimensional conservation law
satisfies the stronger estimate

1S@u — 1y < Clel.
This implies that (for simplicity with m = 2)

[1S2(6)S1(u — ull 1wz < 1S2(0)S1(Ou = S1@Oul ey + 151D —ullL ®e)
<Clt],

and hence we infer that the last term of (4.75) is of order At, that is,

”ﬁ" — u"||L1(]R2) =< C||¢||L°°(R2) |At| :

The first term can be estimated as follows (for simplicity of notation we assume

m = 1). Consider
t t
= ‘//utdtq&dx = |//umdt¢dx
0 0
t
< [ [ ol ara

0
t
= ”¢x||L3°(]R)//|ux| dx dt
0
t

< sl e, / TV, () di =< s gy T.V- (0) 1.
0

‘ / (H (1o — o) dx

(4.76)

Thus we conclude that (4.74) holds.
From the TVD property (4.72), we have that

sup / [u"(x +&,¢)—u"(x,t)] dx < pT.V.u"). 4.77)
[El=p

Using Kruzkov’s interpolation lemma (stated and proved right after this proof) we
can infer, using (4.74) and (4.77), that

|I11 — I’lz| Al)

&

/ [u" (x) —u"(x)| dx < C, (8 +
B,

for all ¢ < p. Choosing ¢ = /|n; — ny| At proves the result. |
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We next state and prove Kruzkov’s interpolation lemma. It will be convenient
to use the multi-index notation. A vector of the form @ = («y,...,a,), where
each component is a nonnegative integer, is called a multi-index of order |a| =
o) + -+ + o,. Given a multi-index o, we define

01y (x)
Du(x) = ————.
() axy! - Ay

Lemma 4.11 (Kruzkov interpolation lemma) Ler u(x,t) be a bounded measur-
able function defined in the cylinder B, 1;x[0,T], 7 > 0. Fort € [0,T] and |p| < F,
assume that u possesses a spatial modulus of continuity

sup / lu (x + & 1) —u(x,t)| dx <v.ri(|p|;u), (4.78)
[&1<lpl
By

where v, 17 does not depend on t. Suppose that for every ¢ € C;°(B,) and t;,t, €
[0.7],

< Const,.; ( > ||D“¢||Lx(ﬂr)) Ity — ],

la|<m

'/(u (x.12) —u (x.01)) p(x) dx
B,
4.79)

where o denotes a multi-index.
Then fort andt + t € [0, T] and for all ¢ € (0, F],

/ [u(x,t + 1) —u(x,t)| dx < Const, (5 +v.ri(e;u) + LL'"') . (4.80)
B,

Proof Let§ € Cg° be a function such that
0<6(x)<1, suppd C By, /S(X)dx =1,

and define

X

b = 3(3).

Furthermore, write f(x) = u(x,t 4 t) —u(x,t) (suppressing the time dependence
in the notation for f),

o(x) = sign (f(x)) for |x| < r — ¢, and O otherwise,

and

0e(x) = (0% &) (x) = /G(X — ¥)8:(y) dy.
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By construction, o, € C§°(R") and supp o, C B,. Furthermore, |o,| < 1 and
J . x—
— Y

<
<
Tem ) |ox; €

<o [ 5, D] o0ran <

0

8)(/'

)| o(y)dy

O¢

<
&

This easily generalizes to

Cc

o
[ D% || oo mmy = Sl

Next we have the elementary but important inequality

[ irenax=| [ 1reon ax

B, B,

- / (£ ()] = 0a(x) F(x) + 0.(x) £(x)) dx
B,

IA

+ /Ug(x)f(x) dx

r

/ (Lf ()] = 0. (6) f(x)) dx
3,

/ 0u(x) f(x) dx

B,

< / /()] — 00(x) ()] dx +
B,

=1L+ I

We estimate /, and I, separately. Starting with I}, we obtain

I = / /GO — 02(x) ()| dx

& &

B,
= [ 7o o [8E2ar - 5[5 200y 10 an
B,

= 8%//5(x_y)|If(x)l—o(y)f(x)|dydx.

€
The integrand is integrated over the domain
) [xl =r [x =yl <&}

We further divide this set into two parts: (i) |y| > r — ¢, and (ii) |y| < r — ¢; see
Fig. 4.2. In case (i) we have

If )=o) f)] = 1],
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Fig. 4.2 The integration y
domain rte
(i)
r—e
()
—r rooa
—r+e )
(1)
—r—c

since g (y) = 0 whenever |y| > r — ¢. In case (ii) we have

£ =) )] = || £0)] =sign (f(1) f()] =21 f(x) = f)I,
using the elementary inequality

||a|—sign(b)a| = ||a|—|b|+sign(b)(b—a)|
< |la| —|b]| + Isign (b) (b — a)|
<2la->b|.

Thus

ne o [ [ - sl ayas

By B¢

il .,
v [ D@l avax

£
By |y|zr—e

< z/ / 5() | f(x) — f(x — £2)] dz dx

B, By

1 _
sy [ 8y ax

By |y|=r—e¢

< 2[5<z) sup/lf(x)—f(x + )] dx dz
B,

[§]<e
By

1 X—y
il [ [ dxay
3r+£\Br—£ By
= 2v(e f) + 1/ [l oo ey VOl (Brte \ Br—s)
=2v(& f) + | fll oo mem)Cre.
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Furthermore,

v(e; f) < 2v(gu).

The second term I, is estimated by the assumptions of the lemma, namely,

Izl
em’

b= [ fwax| < cOnstr,T( ) ||D°’o£||m,)) ol < C

B, lee|<m

Combining the two estimates, we conclude that

T
[t + 0 —ueniax < ¢, (s T vnra(e) + U) -
8m
Br
Next we need to extend the function u” to all times. First, define

Wi/ mED Sjun+(j—1)/(m+l)’ j=1,...,m.

Now let

Si((m+ 1) — tn+(j—1)/(m+1)))un+(j_1)/(m+l)
fort € [tus(j=1)/m+1)s tatj/m+1))

H((m 4 D) = ty gy 0D

forz € [tntm/m+1): tns1)-

Up(x, 1) = (4.81)

The estimates in Lemma 4.10 carry over to the function u,. Fix T > 0. Apply-
ing Theorem A.11, we conclude that there exists a sequence of At — 0 such that
for each t € [0, T], the function u,(¢) converges to a function u(¢), and the con-
vergence is in C([0, T']; Llloc (R™)). It remains to show that u is a weak solution of
(4.67), or

/ / (U + F(u) -V + vuldg) di dx + / woBli—o dx = / W)t dx
R" 0 R R
(4.82)

for all smooth and compactly supported test functions ¢p. We have

Lntj/(m+1)

1
(m——i-lum ¢ + fuar) - V‘f’) dtdx

R™ Tyt (j—1)/(m+1)

At
1 - = tat(G—1)/em+1)
L W=D/ 7 (x, +U_)
m4+ 1 // ( (. ) ¢ m 41
Rm 0

: F—tys(io1)/(m -
+ fUD/ Dy gg (x, M)) dfdx

u ¢
1 At
RrRm

[=ln j/(m+1)

dx, (4.83)

I=ln4(j—1)/(m+1)
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for j = 1,...,m, where we have used that y"+t(=D/(m+1) j5 3 solution of the
conservation law on the strip ¢ € [t,4(j—1)/m+1)s tn+j/m+1))- Similarly, we find for
the solution of the heat equation that

In41
1
/ / ( Uprdr + /‘LMA[Ad)) drdx
m+ 1

R™ tygm/(m+1) (4.84)

1
= m—_H ((MA[¢) |t:t11+m/(m+l) - (MA[¢) |t=t11+1) dx'

Rm

Summing (4.83) for j = 1,...,m, and adding the result to (4.84), we obtain

t

1

/ / ( Unidy + farGuns) -V + uxmﬂumAsb) dt dx
m+1

R" 0 (4.85)

1 1
o [unglicodx = / (a1 dx.
]Rm Rm

where

Jar =G fiseo s Xmfm)

and

Xji =

L fort € Upltar(-ny/om+n)s bt jjom+1)s
0 otherwise.

As At — 0, we have y; S| /(m + 1), which proves (4.82). We summarize the
result as follows.

Theorem 4.12 Let uq be a function in L*(R™)N L' (R™)N BV (R™), and assume
that f; are piecewise twice continuously differentiable functions for j =1,...,m.
Define the family of functions {u,} by (4.70) and (4.81). Fix T > 0. Then there
exists a sequence of At — 0 such that {ua,(t)} converges to a weak solution u of
(4.67). The convergence is in C([0, T]; L1 (R™)).

loc

One can prove that a weak solution of (4.67) is indeed a classical solution; see
[147]. Hence, by uniqueness of classical solutions, the sequence {u,} converges
for every sequence {At} tending to zero.

4.5 Operator Splitting: Source
Experience must be our only guide; Reason may mislead us.

— J. Dickinson, the Constitutional Convention (1787)

We will use operator splitting to study the inhomogeneous conservation law

ue+ Y [y, = g(x.tu),  ul—o = uo. (4.86)
j=1
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where the source term g is assumed to be continuous in (x, ¢) and Lipschitz contin-
uous in u. In this case the Kruzkov entropy condition reads as follows. The bounded
function u is a weak entropy solution on [0, 7] if it satisfies

T m
[ [ (kg +sient =03 (500 = f60) o) dx -+ d d
j=1

0 Rm
+ [ o=l plimadzi o dn = [ (u=kior i d,
]Rm Rm
T
> —/ / sign(u — k) pg(x,t,u)dx;--- dx, dt, (4.87)
0 Rm

for all constants k € R and all nonnegative test functions ¢ € C°(R™ x [0, T]).
To simplify the presentation we consider only the case with m = 1, and where
g = g(u). Thus

ur+ f)e = gu). (4.88)

The case in which g also depends on (x,¢) is treated in Exercise 4.7. Let S(¢)ug
and R(?)u( denote the solutions of

U+ )y =0, ul—o=uo, (4.89)
and
u,=gW), uli=o = uo, (4.90)
respectively. Define the sequence {u"} by (we still use #, = nAt)
u’ =uy, u"t = (S(AH)R(A))u"
for some positive A¢. Furthermore, we need the extension to all times, defined by6

SQ2(t —ty))u" fort € [ty tht1/2)s

(4.91)
R (2 (l — tn+1/2)) w2 fort e [I,H_l/z, I,H_l),

un(x,t) =

with
1
w2 = S(ADW",  tyyipn = (n + §>At.
For this procedure to be welldefined, we must be sure that the ordinary differential

equation (4.90) is welldefined. This is the case if g is uniformly Lipschitz continu-
ousinu, i.e.,

1) —g)| = lIgllip [ — v]. (4.92)

6 Essentially replacing the operator H used in operator splitting with respect to diffusion by R in
the case of a source.
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For convenience, we set y = ||g||Lip- This assumption also implies that the solution
of (4.90) does not “blow up” in finite time, since

lg)] = |gO)] + v |u] = Co(1 + [ul), (4.93)
for some constant C,. Under this assumption on g we have the following lemma.

Lemma 4.13 Assume that ug is a function in Llloc (R), and that uy is of bounded

variation. Then for n At < T, the following estimates hold.:

(i) There is a constant M independent of n and At such that

" | e ) < M. (4.94)
(ii) There is a constant M, independent of n and At such that

T.V.(u") < M,. (4.95)

(iii) There is a constant M3 independent of n and At such that for t| and t,, with
0<t <t, <T, and for each bounded interval B C R,

/ [ua:(x, 1) —ua(x,6)| dx < M3 |t — 1. (4.96)
B

Proof We start by proving (i). The solution operator S; obeys a maximum principle,
so that [|u"*"/2|| < |[u"||,,. Multiplying (4.90) by sign (1), we find that

ul, = sign (u) g(u) < [gu)| = Co(1 + |ul),

where we have used (4.93). By Gronwall’s inequality (see Exercise 1.10), for a so-
lution of (4.90), we have that

(1) < e (1 + Jug|) — 1.
This means that

[ ey = € (1 2 ) — 1

< A (14 Ul my) — 1.
which by induction implies
" ey < € (14 Juoll o)) = 1-
Setting
My = ST (14 fJugll o w) — 1

proves (i).
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Next, we prove (ii). The proof is similar to that of the last case, since S; is TVD,
T.V. (u"*'/2) < T.V.(u"). As before, let u be a solution of (4.90) and let v be
another solution with initial data vy. Then we have (u —v), = g(u) — g(v). Setting
w = u — v, and multiplying by sign (w), we find that

[wl, = sign(w) (g(u) —g(v)) <y |w|.
Then by Gronwall’s inequality,
lw(®)] < e [w(0)].
Hence,
|un+1(x) _ un+1(y)| < o7 |un+1/2(x) _ un+1/2(y)| )
This implies that
T.V. (") < e’ T.V. (u"T/?) < " T.V. (u").
Inductively, we then have that
T.V. ") < e’™T.V. (up),

and setting M, = e?” concludes the proof of (ii).
Regarding (iii), we know that

/ "2 (x) —u" (x)| dx < CAt.
B

We also have that

At
[ (x) —u" T2 (x)| dx = g (upi(x,t —1t,)) dt| dx
/ [

At
f//lg(um(x,t—t,,)n dt dx
B 0

At
§Cg//(1+M1)dxdt
0 B

= |B| C,(1 + My)At,

where | B| denotes the length of B. Setting M3 = C + |B| C4(1 4+ M,) shows that

/ " (x) —u" (x)| < MsAt,
B

which implies (iii). O
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Fix T > 0. Theorem A.11 implies the existence of a sequence At — 0 such that

foreach t € [0, T'], the function u s, (¢) converges in Llloc (R) to a bounded function

of bounded variation u(¢). The convergence is in C([0, T']; Llloc (R™)). It remains to
show that u solves (4.88) in the sense of (4.87).

Using that u 5, is an entropy solution of the conservation law without source term
(4.89) in the interval [t,, #,11/2], we obtain’

t11+1/2

1
2 / /(5 [uar — k| @ + sign (ua, — k) (f(um)_f(k))%) dx dt

t=t,
+ / (luar — k| @) dx > 0. (4.97)

1=ty 11/2
Regarding solutions of (4.90), since k, = 0 for every constant k, we find that
lu —k|, =sign(u—k)(u—k), =sign(u —k) g(u).
Multiplying this by a test function ¢ (¢) and integrating over s € [0, ¢], we find after
a partial integration that

t

/(|u—k|¢s+sign(u—k>g(u>¢)ds+u¢ h=0.

0

Since u a, is a solution of the ordinary differential equation (4.90) on the interval
[ta+1/2, ta+1] (With time running “twice as fast”; see (4.91)), we find that

tiy1/2

1 .
2 / / (5 luar — k| @r + sign (ua; — k) g(uAf)¢) dx dt

I=liy1)2

+/(|um—k|<p) dx = 0.

1=lp+1

Adding this and (4.97), and summing over n, we obtain
r 1
2 [ (5= Ko + gavsien s, =) (s = e,
0

+ Jaesign (up, — k) g(“At)(‘)) dx dt

~ [ (s~ =0,

where ya; and ¥, denote the characteristic functions of the sets U, [t,, #,+1/2) and

Upnltut1/2, tat1), respectively. We have that ya, SN % and ya, A %, and hence we
conclude that (4.87) holds in the limit as At — 0.

7 The constants 2 and % come from the fact that time is running “twice as fast” in the solution
operators S and R in (4.91) (cf. also (4.16)—(4.17)).
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Theorem 4.14 Let f(u) be piecewise twice continuously differentiable, and as-
sume that g = g(u) satisfies the bound (4.92). Let uy be a bounded function of
bounded variation. Then the initial value problem

ur+ fl)y =g),  ulx,0) =uo(x) (4.98)

has a weak entropy solution, which can be constructed as the limit of the sequence
{ua;} defined by (4.91).

4.6 Notes

Dimensional splitting for hyperbolic equations was first introduced by Bagrinovskit
and Godunov [7] in 1957. Crandall and Majda made a comprehensive and sys-
tematic study of dimensional splitting (or the fractional steps method) in [52]. In
[53] they used dimensional splitting to prove convergence of monotone schemes as
well as the Lax—Wendroff scheme and the Glimm scheme, i.e., the random choice
method. A more general introduction to operator splitting can be found in [91].

There are also methods for multidimensional conservation laws that are intrinsi-
cally multidimensional. However, we have here decided to use dimensional splitting
as our technique because it is conceptually simple and allows us to take advantage
of the one-dimensional analysis.

Another natural approach to the study of multidimensional equations based on
the front-tracking concept is first to make the standard front-tracking approxima-
tion: Replace the initial data by a piecewise constant function, and replace flux
functions by piecewise linear and continuous functions. That gives rise to truly
two-dimensional Riemann problems at each grid point (i Ax, jAy). However, that
approach has turned out to be rather cumbersome even for a single Riemann prob-
lem and piecewise linear and continuous flux functions f and g. See Risebro [159].

The one-dimensional front-tracking approach combined with dimensional split-
ting was first introduced in Holden and Risebro [93]. The theorem on the conver-
gence rate of dimensional splitting was proved independently by Teng [178] and
Karlsen [105, 106]. Our presentation here follows Haugse, Lie, and Karlsen [133].
Sect. 4.4, using operator splitting to solve the parabolic regularization, is taken
from Karlsen and Risebro [108]. The KruZzkov interpolation lemma, Lemma 4.11,
is taken from [117]; see also [108].

The presentation in Sect. 4.5 can be found in Holden and Risebro [95], where
also the case with a stochastic source is treated. The convergence rate in the case of
operator splitting applied to a conservation law with a source term is discussed in
Langseth, Tveito, and Winther [123].

4.7 Exercises

4.1 Consider the initial value problem

u + fu)y + g(”)y =0, ul—o = uo,

where f, g are piecewise twice continuously differentiable functions, and u¢
is a bounded integrable function with finite total variation.
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4.2

4.3

4.4

4 Multidimensional Scalar Conservation Laws

(a) Show that the solution u is Lipschitz continuous in time; that is,

e (2) = u(S) 1wy = 16 = 51 (1 lLip V 1€ 1Lip) T.V- (o) -

(b) Let vg be another function with the same properties as (. Show that if
Uy < vy, then also ¥ < v almost everywhere, where v is the solution with
initial data vg.

Consider the initial value problem
ur+ fu)y =0, uli—o = uo, (4.99)

where f is a piecewise twice continuously differentiable function and u is
a bounded, integrable function with finite total variation. Write

f=h+r
and let S; (#)uo denote the solution of
U + fj(")x =0, ul—o=uop.

Prove that operator splitting converges to the solution of (4.99). Determine the
convergence rate.
Prove (4.38), that is, that

/f iy —¥| dxdy < (Ax + Ay)T.V. (§).

for all functions ¥ of bounded variation.
Consider the heat equation in R”,

(o)

" 9%u
uy =Yy = u(x,0) = up(x). (4.100)
i=1 !

Let H! denote the solution operator for the heat equation in the i th direction,
i.e., we write the solution of

*u

= 052’ u(x,0) = up(x),

Uy

as H]ug. Define
u'(x) = [HX’[ o“‘oHit]n (),
un+j/m(x) — Hit OHit_l 0---0 Hitun(X),

forj =1,...,m,andn > 0.

For ¢ in the interval [t, + ((j — 1)/m)At,t, + (j/m)At] define
upr(x,1) = H)iz(t—tnﬂj—l)/m)un+(j_l)/m(x)'

If the initial function uy(x) is bounded and of bounded variation, show that

{u,} converges in C([0, T]; L\ _(R™)) to a weak solution of (4.100).

loc
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4.5 We consider the viscous conservation law in one space dimension,
U+ f)x =uee,  u(x,0) = up(x), (4.101)

where f satisfies the “usual” assumptions and u is in L' N BV . Consider the
following scheme based on operator splitting:

Uﬂ+l/2

P o) -2 (010 - (1)

n+l1 _ ypn+1/2 n+1/2 n+1/2 n+1/2
Uj _Uj -|-,u(UjJrl —2Uj +Uj,1 ),

forn > 0, where A = At/Ax and pu = Al/sz. Set

. (j+1/2)Ax
U= — uo(x)dx.
i = Ax / 0(x)
(j—1/2)Ax

‘We see that we use the Lax—Friedrichs scheme for the conservation law and an
explicit difference scheme for the heat equation. Let

uAt(xv l) = l]jn

for (j —3)Ax <x < (j + )AxandnAr <t < (n + 1)Ar.

(a) Show that this gives a monotone and consistent scheme, provided that
a CFL condition holds.

(b) Show that there is a sequence of At’s such that u,, converges to a weak
solution of (4.101) as At — 0.

(a) Assume thatu, f,and g arein L' ([0, T]), and that g is nonnegative, while
f is strictly positive and nondecreasing. Assume that

t

u(t) < f() —I—/g(s)u(s) ds, te][0,T].

0

Show that
u(t) < f(t)exp(/g(s)ds), t €0,T].
0

4.6 Assume that u and v are entropy solutions of

u; + fu)e = gu), u(x,0) = up(x),
v+ f(v)y = gW), v(x,0) = vo(x),

where u( and vy are in L'(R) N BV (R), and f and g satisfy the assumptions
of Theorem 4.14.
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(a) Use the entropy formulation (4.87) and mimic the arguments used to prove
(2.60) to show that for every nonnegative test function v,

ff (luCe. ) — v(e. D) Y + g )¥) di dx
— / lu(x,T)—v(x,T)|¥(x,T)dx
+ / 00 (6) — vo(x)| ¥ (x. 0) dx

> // sign (u — v) (g(u) — g (W)Y dt dx.
(b) Define ¥ (x,?) by (2.61), and set

h(t) =/|u(x,t)—v(x,t)|1ﬁ(x,t)dx.

Show that
T
h(T) < h(0) +y/h(z)dz,
0

where y denotes the Lipschitz constant of g. Use the previous exercise to
conclude that

h(T) < h(0) (1 + yTe'").
(c) Show that
lu(-,0) —v(-, Dl w) = lluo — voll1(w) (1 + )’feyt) )

and hence that entropy solutions of (4.98) are unique. Note that this im-
plies that {u .} defined by (4.91) converges to the entropy solution for
every sequence {At} such that At — 0.

4.7 We consider the case that the source depends on (x, ). For u, € LlloC N BV,
let u be an entropy solution of

u+ fu)y = g(x,t,u), u(x,0) =uy(x), (4.102)
where g is bounded for each fixed u# and continuous in 7, and satisfies

lg(x,t,u) —g(x.1,0)] <y |u—vl,

where the constant y is independent of x and ¢, for all ¥ and v and for
a bounded function h(t) in L'([0,T]). We let S, be as before, and let
R(x,t,s)uy denote the solution of

M/(l) :g(xstvu)s M(S) = Uy,

fort > s.
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(a) Define an operator splitting approximation u o, using S; and R(x, 1, s).
(b) Show that there is a sequence of Af’s such that u,, converges in
c(o,T]; Llloc (R)) to a function of bounded variation u.

(c) Show that u is an entropy solution of (4.102).

4.8 Show that if the initial data u, of the heat equation u, = Awu is smooth, that is,
uy € CS°, then

lu(t) =gl < Cr.

Compare this result with (4.76).




Chapter 5

The Riemann Problem for Systems

Diese Untersuchung macht nicht darauf Anspruch, der
experimentellen Forschung niitzliche Ergebnisse zu liefern;

der Verfasser wiinscht sie nur als einen Beitrag zur Theorie der
nicht linearen partiellen Differentialgleichungen betrachtet zu
sehen.!

— G. E B. Riemann [156]

We return to the conservation law (1.2), but now study the case of systems, i.e.,
u; + fu)y =0, (5.1

where v = u(x.t) = (uy,....u,) and f = f(u) = (fi.....fy) € C? are
vectors in R”. (We will not distinguish between row and column vectors, and use
whatever is more convenient.) Furthermore, in this chapter we will consider only
systems on the line; i.e., the dimension of the underlying physical space is still one.
In Chapt. 2 we proved existence, uniqueness, and stability of the Cauchy problem
for the scalar conservation law in one space dimension, i.e., well-posedness in the
sense of Hadamard. However, this is a more subtle question in the case of systems
of hyperbolic conservation laws. We will here first discuss the basic concepts for
systems: fundamental properties of shock waves and rarefaction waves. In partic-
ular, we will discuss various entropy conditions to select the right solutions of the
Rankine—Hugoniot relations.

Using these results, we will eventually be able to prove well-posedness of the
Cauchy problem for systems of hyperbolic conservation laws with small variation
in the initial data.

5.1 Hyperbolicity and Some Examples

Before we start to define the basic properties of systems of hyperbolic conserva-
tion laws we discuss some important and interesting examples. The first example
is a model for shallow-water waves and will be used throughout this chapter as
both a motivation and an example in which all the basic quantities will be explicitly
computed.

! The present work does not claim to lead to results in experimental research; the author asks only
that it be considered as a contribution to the theory of nonlinear partial differential equations.

© Springer-Verlag Berlin Heidelberg 2015 223
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Fig. 5.1 A shallow channel h

<> Example 5.1 (Shallow water)

Water shapes its course according to the nature of the ground over which it flows.
— Sun Tzu, The Art of War (6th-5th century BC)

We will now give a brief derivation of the equations governing shallow-water waves
in one space dimension, or, if we want, the long-wave approximation.> Consider
a one-dimensional channel along the x-axis with a perfect, inviscid fluid with con-
stant density p, and assume that the bottom of the channel is horizontal.

In the long-wave or shallow-water approximation we assume that the fluid veloc-
ity v is a function only of time and the position along the channel measured along
the x-axis. Thus we assume that there is no vertical motion in the fluid. The distance
of the surface of the fluid from the bottom is denoted by & = h(x, ¢). The fluid flow
is governed by conservation of mass and conservation of momentum.

Consider first the conservation of mass of the system. Let x; < x, be two points
along the channel. The change of mass of fluid between these points is given by

xp h(x,t) h(xa,t) h(xy.t)

d
E//pdydx=— / pv(xa, 1) dy + / pv(xi,t)dy.
X1 0

0 0

Assuming smoothness of the functions and domains involved, we may rewrite the
right-hand side as an integral of the derivative of pvh. We obtain

J Xy h(x.t) X2 3
E/ / pdydx = —/ PP (pv(x,t)h(x,t)) dx,
X1 0 X1

or
1o 9
[ |5 @ + - ouenhi. o | dx =o.
ot ox
X1
Dividing by (x, — x1)p and letting x, — x; — 0, we obtain the familiar

h; + (vh), = 0. (5.2)

2 A word of warning. There are several different equations that are called the shallow-water equa-
tions. Also the name Saint-Venant equation is used.
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Observe the similarity in the derivations of (5.2) and (1.26). In fact, in the derivation
of (1.26) we started by considering individual cars before we made the continuum
assumption corresponding to high traffic densities, thereby obtaining (1.26), while
in the derivation of (5.2) we simply assumed a priori that the fluid constituted a con-
tinuum, and formulated mass conservation directly in the continuum variables.

For the derivation of the equation describing the conservation of momentum we
have to assume that the fluid is in hydrostatic balance. For that we introduce the
pressure P = P(x, y,t) and consider a small element of the fluid [x, x2] X [y, y +
Ay]. Hydrostatic balance means that the pressure exactly balances the effect of
gravity, or

(P, y +Ay,t) — P(X,y.1)) (x2 — x1) = —(x2 — x1)pgAy

for some X € [xi,x;], where g is the acceleration due to gravity. Dividing by
(x2 — x1)Ay and taking x, x; — x, Ay — 0, we find that

ap
—(X, yst) = —p4.
y

a
Integrating and normalizing the pressure to be zero at the fluid surface, we conclude
that

P(xvyv[) Zpg(h(xv[)_y) (53)

Consider again the fluid between two points x; < x; along the channel. According
to Newton’s second law, the rate of change of momentum of this part of the fluid is
balanced by the net momentum inflow (pv)v = pv? across the boundaries x = x;
and x = x; plus the forces exerted by the pressure at the boundaries. Thus we
obtain

xp h(x,t) h(xa,t) h(xy,t)

0

E//pv(x,t)dydxz— / P(xy,y,t)dy + / P(xy,y,t)dy

x 0 0 0
h(xa.t) h(x1.t)

- / pv(s. 1) dy + / pu(xr, )2 dy.
0 0

In analogy with the derivation of the equation for conservation of mass, we may
rewrite this, using (5.3), as

X2
0 1
3 / pvhdx = —pg (h(xz,l)2 - Eh(xz,l)z)
X1

X2

1 d
+ pg (h(xl,t)2 - Eh(xl,t)z) —/ o (phv?) dx

X1
X2

X2

~ 3 (1, I

= pg/ax(zh)dx /ax(pvh)dx.
X1

X1
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Dividing again by (x, — x1)p and letting x, — x; — 0, scaling g to unity, we obtain

(vh), + (vzh + %hz) =0. (5.4)

To summarize, we have the following system of conservation laws:
1
b @), =0, b+ (%4 517) =0 55
X
where i and v denote the height (depth) and velocity of the fluid, respectively.
Introducing the variable g defined by
q = vh, (5.6)

we may rewrite the shallow-water equations as

(h) + (qz 1 hz) =0, (5.7)
7, \rt3/,

which is the form we will study in detail later on in this chapter. We note in passing
that we can write the equation for v as

v, +vv, +h, =0 (5.8)

by expanding the second equation in (5.5), and then using the first equation in (5.5).

A different derivation is based on the incompressible Navier—Stokes equations.?
Consider gravity waves of an incompressible two-dimensional fluid governed by
the Navier—Stokes equations

Ui+ (V- V) = g — = + VAU,
0.

2 |~

(5.9)
V.9 =

Here p, p, v = (v1, V1), v denote the density, pressure, velocity, and viscosity of
the fluid, respectively. The first equation describes the momentum conservation,
and the second is the incompressibility assumption. We let the y-direction point
upward, and thus the gravity g is a vector with length equal to g, the acceleration
due to gravity, and direction in the negative y-direction. Let L and H denote typical
wavelengths of the surface wave and water depth, respectively. The shallow-water
assumption (or long-wave assumption) is the following

H<<1 (5.10)
E = — . .
L

‘We introduce scaled variables

x=Lx, y=Hy, t=Ti,

_ _ _ (5.1
v=Uv, u=Vuv, p=pgHp.
The following relations are natural:
UT =L, VT =H, U?=gH. (5.12)

3 Thanks to Harald Hanche-Olsen.
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In addition, we introduce the dimensionless Reynolds number Re = UH /v. In the
new variables we obtain

1
v; + vy +uv, = —p + ﬁ(azv” + vy,

e?(vu, + vuv, +uuy) = —1—p, + é(ﬁu” +uy,), (5.13)

uy +v, =0.

For typical waves we have Re > 1, yet eRe > 1.* Hence a reasonable approxima-
tion reads

vy + VUx +Uuvy = —py,
Py =—1, (5.14)
vy +uy, =0.

We assume that the bottom is flat and normalize the pressure to vanish at the surface
of the fluid, given by y = h(x, t). Hence the pressure equation integrates in the y-
direction to yield p = h(x,t) — y.

Next we claim that if the horizontal velocity v is independent of y initially, it
will remain so, and thus v, = 0. Namely, for a given fluid particle we have that

d’x  dv N dx N dy

— = — =V, + V0 — +v,—

dr2 ~ dt T ar T 7 de (5.15)
= v; + VU + UV, = —p,.

Since the right-hand side is independent of y, the claim is proved. We can then write
v; +vvy + h, =0. (5.16)

A fluid particle at the surface satisfies y = h(x, 1), or
u = hyv + h;, whenever y = h(x,t). (5.17)

Consider the fluid contained in a domain R between two fixed points x; and x;. By
applying Green’s theorem on the domain R and on v, + u, = 0, we obtain

O=//(vx+uy)dxdy:/(—udx-l-vdy)
R oR

_ / ((hxv + hy) dx — vhy dx)

X1

(5.18)
+ v(x2, 0)h(x2,1) — v(x1, 1)h(xy, 1)

X2

= / (h: + (vh)y)dx,

X1

or h; + (vh), = 0, where we used that v dy = vh, dx along the curve y = h(x,1).

4In tidal waves, say in the North Sea, we have H ~ 100m, 7 = 6h, v = 107° m?s~!, which
yields £ ~ 2-107* and Re ~ 3 - 10°.




228 5 The Riemann Problem for Systems

From this we conclude that the shallow-water equations read

h, + (vh), =0,

5.19
v, +vv, + h, =0, ( )

in nonconservative form. &

<> Example 5.2 (The wave equation)

Let ¢ = ¢(x,t) denote the transverse position away from equilibrium of a one-
dimensional string. If we assume that the amplitude of the transversal waves is
small, we obtain the wave equation

bu = (PPr)xs (5.20)

where ¢ denotes the wave speed. Introducing new variables u = ¢, and v = ¢,
we find that (5.20) may be written as the system

(") —(f) =0. (5.21)
Ut cux

If ¢ is constant, we recover the classical linear wave equation ¢,;, = c%¢y. See also
Example 1.14. &

< Example 5.3 (The p-system)
The p-system is a classical model of an isentropic gas, where one has conservation
of mass and momentum, but not of energy. In Lagrangian coordinates it is described

by
v I 5.2
(2) (), 52

Here v denotes specific volume, that is, the inverse of the density; u is the velocity;
and p denotes the pressure. &

< Example 5.4 (The Euler equations)

The Euler equations are commonly used to model gas dynamics. They can be writ-
ten in several forms, depending on the physical assumptions used and variables
selected to describe them. Let it suffice here to describe the case in which p denotes
the density, v velocity, p pressure, and E the energy. Conservation of mass and
momentum give p; + (pv), = 0 and (pv); + (pv> + p), = 0, respectively. The
total energy can be written as £ = % pv? + pe, where e denotes the specific internal
energy. Furthermore, we assume that there is a relation between this quantity and
the density and pressure, namely e = e(p, p). Conservation of energy now reads
E: + (v(E + p)), = 0, yielding finally the system

p pu
ov| +| p2+p | =0. (5.23)
EJ, v(E + p)

X

We will return to this system at length in Sect. 5.6. &
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We will have to make assumptions on the (vector-valued) function f so that
many of the properties of the scalar case carry over to the case of systems. In order
to have finite speed of propagation, which characterizes hyperbolic equations, we
have to assume that the Jacobian of f, denoted by df , has n real eigenvalues

dfr;(u) = A;r; (), A eR, j=1,....n. (5.24)

(We will later normalize the eigenvectors r; (#).) Furthermore, we order the eigen-
values

Ar(u) < Ao(u) < -0 < Au(u). (5.25)

A system with a full set of eigenvectors with real eigenvalues is called hyperbolic,
and if all the eigenvalues are distinct, we say that the system is strictly hyperbolic.
Let us look at the shallow-water model to see whether that system is hyperbolic.

<> Example 5.5 (Shallow water (cont’d.))
In the case of the shallow-water equations (5.7) we easily find that

X)) = %— Vh < % + Vi = L), (5.26)

with corresponding eigenvectors

1
ri(u) = (lj (u)) , (5.27)

and thus the shallow-water equations are strictly hyperbolic away from s = 0. <

5.2 Rarefaction Waves

Natura non facit saltus.’
— Carl Linnaeus, Philosophia Botanica (1751)

Let us consider smooth solutions for the initial value problem
u, + f (m), =0, (5.28)
with Riemann initial data

u(x.0) = u; forx <0, (5.29)
' u, forx >0. -

First we observe that since both the initial data and the equation are scale-invariant
or self-similar, i.e., invariant under the map x +— kx and ¢ + k¢, the solution
should also have that property. Let us therefore search for solutions of the form

u(x,t) = wx/1) = wE), £=x/t. (5.30)

3 Nature does not make jumps.
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Inserting this into the differential equation (5.28), we find that

~Si+ ;df(w)u') =0, (5.31)
or
df (b = b, (5.32)

where w denotes the derivative of w with respect to the one variable £. Hence we
observe that 1 is an eigenvector for the Jacobian df(w) with eigenvalue £. From
our assumptions on the flux function we know that df(w) has n eigenvectors given
by ri, ..., ry, with corresponding eigenvalues A, ..., A,. This implies

w(§) =rj(w(@), A;w@) =§, (5.33)
for a value of j. Assume in addition that
wdj () =u;,  wAj(u,)) =u,. (5.34)

Thus for a fixed time ¢, the function w(x/¢) will continuously connect the given
left state u; to the given right state u,. This means that £ is increasing, and hence
Aj(w(x/t)) has to be increasing. If this is the case, we have a solution of the form

u; for x < A;(up)t,
ux,1) = Yw(x/t) fortd;(u) < x <tA;(u,), (5.35)
Uy for x > tA;(u,),

where w(£) satisfies (5.33) and (5.34). We call these solutions rarefaction waves,
a name that comes from applications to gas dynamics. Furthermore, we observe that
the normalization of the eigenvector r; (1) also is determined from (5.33), namely,

V)Lj (M) . rj(u) =1, (536)

which follows by taking the derivative with respect to £. But this also imposes an ex-
tra condition on the eigenvector fields, since we clearly have to have a nonvanishing
scalar product between r;(#) and VA; (1) to be able to normalize the eigenvector
properly. It so happens that in most applications this can be done. However, the
Euler equations of gas dynamics have the property that in one of the eigenvector
families, the eigenvector and the gradient of the corresponding eigenvalue are or-
thogonal. We say that the jth family is genuinely nonlinear if VA;(u) - rj(u) # 0
and linearly degenerate if VA;(u) - rj(u) = 0 for all u under consideration. We
will not discuss mixed cases whereby a wave family is linearly degenerate only in
certain regions in phase space, e.g., along curves or at isolated points.

Before we discuss these two cases separately, we will make a slight but important
change in point of view. Instead of considering given left and right states as in
(5.29), we will assume only that u; is given, and consider those states u, for which
we have a rarefaction wave solution. From (5.33) and (5.35) we see that for each
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point u; in phase space there are 7 curves emanating from u; on which u, can lie
allowing a solution of the form (5.35). Each of these curves is given as integral
curves of the vector fields of eigenvectors of the Jacobian df(u). Thus our phase
space is now the u, space.

We may sum up the above discussion in the genuinely nonlinear case by the
following theorem.

Theorem 5.6 Let D be a domain in R". Consider the strictly hyperbolic equation
u;+ f(u)y = Owithu € D and assume that the equation is genuinely nonlinear in
the jth wave family in D. Let the j th eigenvector r;(u) of df (u) with correspond-
ing eigenvalue A;(u) be normalized so that VA;(u) -rj(u) = 1in D.

Letu; € D. Then there exists a curve R;(u;) in D, emanating from u,, such that
foreachu, € R;(u;) the initial value problem (5.28), (5.29) has weak solution

u; forx < Aj(upt,
u(x,1) = qw(x/t) ford;j(u)t < x < A;(u,)t, (5.37)
U, forx > Aj(u,)t,

where w satisfies Ww(§) = rj(w()), A;(wE) = & wA; () = uy, and
w(ky (4,) =y,

Proof The discussion preceding the theorem gives the key computation and the
necessary motivation behind the following argument. Assume that we have a strictly
hyperbolic, genuinely nonlinear conservation law with appropriately normalized
Jj th eigenvector. Due to the assumptions on f, the system of ordinary differential
equations

w(E) =rjw@). wA;w)) =wu (5.38)

has a solution for all £ € [A;(u;),A;(u;) + n) for some n > 0. For this solution we
have

d
d§
proving the second half of (5.33). We denote the orbit of (5.38) by R; (u;). If we

define u(x, t) by (5.37), a straightforward calculation shows that u indeed satisfies
both the equation and the initial data. |

Aj(w(§) = VA; (w(@)) - w(§) = 1, (5.39)

Observe that we can also solve (5.38) for £ less than A; (4;). However, in that
case A; (1) will be decreasing. We remark that the solution u in (5.37) is continuous,
but not necessarily differentiable, and hence is not necessarily a regular, but rather
a weak, solution.

We will now introduce a different parameterization of the rarefaction curve
R;(u;), which will be convenient in Section 5.5 when we construct the wave
curves for the solution of the Riemann problem. From (5.39) we see that A; (u)
is increasing along R; (u;), and hence we may define the positive parameter € by
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€:=§—§& = A;(u)—A;(u;) > 0. We denote the corresponding u by u; ., that is,
uje =w) =w; ) = w(e + A;(u;)). Clearly,
dl,{j.€

de | _, =rj(up). (5.40)

Assume now that the system is linearly degenerate in the family j, i.e., VA;(u) -
rj(u) = 0. Consider the system of ordinary differential equations

du

de
with solution u = u;, for € € (—n,n) for some n > 0. We denote this orbit by
C;(u;), along which A; (u; ) is constant, since

=rj(u), Ul—g=up 541

d
%Aj (uje) = VA;(uje) -rj(uje) = 0.
Furthermore, the Rankine-Hugoniot condition is satisfied on C;(u;) with speed

Aj(u;), because

d duj. duj.
e =y () = df )= =250 !

= (df (uje) = Aju))rj(u;e)
= (df(uj.e) - )Lj (uj.e))rj (uj,e) =0,

which implies that f(u;¢) — A; (u)uje = fu;) — A (u)u;.
Letu, € C;(u;),i.e., u, = uj, for some . It follows that

u;  forx < A;(upt,

u(x,t) =
u, forx > A;(upt,
is a weak solution of the Riemann problem (5.28), (5.29). We call this solution
a contact discontinuity.
We sum up the above discussion concerning linearly degenerate waves in the
following theorem.

Theorem 5.7 Let D be a domain in R". Consider the strictly hyperbolic equation
u; + f(u)y = 0withu € D. Assume that the equation is linearly degenerate in
the jth wave family in D, ie., VA;j(u)-r;(u) = 0in D, where r;(u) is the jth
eigenvector of df (u) with corresponding eigenvalue A;(u).

Letu; € D. Then there exists a curve C;(u;) in D, passing through u;, such that
foreach u, € C;(u;) the initial value problem (5.28), (5.29) has solution

up  forx < Aj(upt,

u(x,t) =
u, forx > Aj(u)t,

(5.42)

where u, is determined as follows: Consider the function € — u. determined by

Z—Z =r;j(u), ul.—g = u;. Then u, = uc, for some €.
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<> Example 5.8 (Shallow water (cont’d.))
Let us now consider the actual computation of rarefaction waves in the case of
shallow-water waves. Recall that

h q
() o(ets)

with eigenvalues A; = 4 + (—1)/ V/h, and corresponding eigenvectors ri(u) =
( 5 -tu))‘ With this normalization of r;, we obtain
J

3(—1)/
2vh

and hence we see that the shallow-water equations are genuinely nonlinear in both
wave families. From now on we will renormalize the eigenvectors to satisfy (5.36):

V() - rj(u) = (5.43)

2 . 1
ri() = 3(=1)/ Vh (xj (u)) : (5.44)

For the 1-family we have that

h 2 1
(q) =—3 h (% ~ ﬁ) , (5.45)

implying that
dq q
A =2_
==y
which can be integrated to yield
h
q=q(h =qzh—l—2h(~/ﬁ—\/h_z). (5.46)

Since A (u) has to increase along the rarefaction wave, we see from (5.26) (inserting
the expression (5.46) for ¢) that we have to use & < h; in (5.46).
For the second family we again obtain

dg . ¢
==t Vh,
yielding
h
q=q(h) =a; +2h(Nh—hy). (5.47)

In this case we see that we have to use 4 > h;. Observe that (5.46) and (5.47) would
follow for any normalization of the eigenvector r; (1). See Fig. 5.2.
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R) R, q R,

Ry

h h

Fig. 5.2 Rarefaction curves in the (%, v)- and (%, ¢)-planes. We have illustrated the full solution
of (5.38) for the shallow-water equations. Only the part given by (5.48) and (5.49) will be actual
rarefaction curves

Summing up, we obtain the following rarefaction waves expressed in terms of /:

h
Ri: g=Ri(hu):= Ui —2h(Vh =), he (O h] (5.48)

h
Ry: q=Ry(hiw):= qzh—l+2h(ﬁ—\/E), h=h. (5.49)

Alternatively, in the (%, v) variables (with v = ¢/ h) we have the following:

Ri: v=Rhw):=v-2(vh—+h), heh] (5.50)
Ry: v=Ryhu):=v + 2(«/%— \/h_l), h > h. (5.51)

However, if we want to compute the rarefaction curves in terms of the parameter &
or €, we have to use the proper normalization of the eigenvectors given by (5.44).
Consider first the 1-family. We obtain

_ 2 _2(_ 1
h = 3%, q—3( ﬁ+h). (5.52)

Integrating the first equation directly and inserting the result into the second equa-
tion, we obtain

W (€) = (’“) ©) = Ri(E:uy)
q1

=, S +2vh = §)? , (5.53)
7 (0 4+ 2vh + 28) (v + 2V — )

for & € [v; — Vhi. v + 2vhy).
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Similarly, for the second family we obtain

m@zﬁﬁ@=&@w
q>

_ §(=vr 4+ 2R + §)?
C B =2Vl +28)(~v + 2R + §)

for & e [)Lz(u D, oo). Hence the actual solution reads

u; forx < A;(up)t,
u(x,t) = S R;(x/t;u;) for A;(up)t < x < A;(u,)t,
U, for x > A;(u,)t.

In the (h, v) variables (with v = ¢/ h) we obtain

w(€) = 5 (o + 2 +28)
and
0) = 5 (v — 2/l + )

for the first and the second families, respectively.
In terms of the parameter € we may write (5.53) as

_ hl,e _ . (\/h—l_ £)?
Ule = (QLE) - Rl.E(ul) = ((Ul + ZTG)(\/];—I_ %)2)

fore € [0,3v/h; ), and (5.54) as

N AV
2. (qZ,e) Ry (uy) : ((vl+23£)(m+§)2)

for € € [0, 00).
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God lives in the details.
— Johannes Kepler (1571-1630)

235

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

The discussion in Chapt. 1 concerning weak solutions, and in particular the
Rankine—Hugoniot condition (1.27), carries over to the case of systems without
restrictions. However, the concept of entropy is considerably more difficult for
systems and is still an area of research. Our main concern in this section is the
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characterization of solutions of the Rankine—Hugoniot relation. Again, we will take
the point of view introduced in the previous section, assuming the left state u; to

be fixed, and consider possible right states u that satisfy the Rankine—Hugoniot
condition

su—up) = f(u) = f(u), (5.60)
for some speed s. We introduce the jump in a quantity ¢ as
[o] = ¢ —¢1.
and hence (5.60) takes the familiar form
sful = /@]

The solutions of (5.60), for a given left state u;, form a set, which we call the
Hugoniot locus and write H (u;), i.e.,

H(u;) := {u | 3s € R such that s [u] = [f(u)]}. (5.61)
We start by computing the Hugoniot locus for the shallow-water equations.

<> Example 5.9 (Shallow water (cont’d.))
The Rankine—Hugoniot condition reads

sth—h) =q—q,

2 2 2 2

@ h a h (5.62)
S -an = (7*7)‘(7’,*7’)’

where s as usual denotes the shock speed between the left state u; = ( ) and right

hy
q1
state u = (}):

hy
(Z) (c.t) = g(ql) for x < st, (5.63)

(Z) for x > st.

In the context of the shallow-water equations such solutions are called bores. Elim-
inating s in (5.62), we obtain the equation

[n] (Hqﬂ] + % [[hz]]) = [4]*. (5.64)

Introducing the variable v, given by ¢ = vh, equation (5.64) becomes

[4] ([[hvz]] + % [[hz]]) = [vh]?,
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S £
S5 S; 2 St

Fig. 5.3 Shock curves in the (%, v)- and (4, g)-planes. Slow (S}) and fast (S,) shocks indicated,;
see Sect. 5.4

with solution

1
v=u £ E(h —h)\Jh~ '+ Rt (5.65)
or alternatively,
h h | 1

See Fig. 5.3. For later use, we will also obtain formulas for the corresponding shock
speeds. We find that

o [vh] _ v(h —hy) + (v —v))hy

h h—h
! ﬂ[[v]] N ! (5.67)
=v+—h =v+t — /b + k!,
[A] V2
or
[v] [v] h -
= 2 h = h=v £ —/ B+ R 5.68
s v+[[h]]l v;—l—[[v]]—i-[[h]]l vy NG +h (5.68)
When we want to indicate the wave family, we write
o h ~
s; = sj(h;v) = v + (=1)/ «/_Evh_l + h; !
=v+ (—1)1'\17—}2 =+t (5.69)

Thus we see that through a given left state u; there are two curves on which the
Rankine—Hugoniot relation holds, namely,

h
Hy(uy) =
1(u)) {(qlﬁ—%(h_hl)\/m)

h> 0} (5.70)
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and

Hy(u;) := {( lh, . f(h ) \/m) ‘h > 0} (5.7

We call the corresponding shocks slow shocks (or 1-shocks) and fast shocks (or
2-shocks), respectively. The Hugoniot locus now reads

H(u;) = {u | 3s € Rsuchthats [u] = [f(w)] } = Hi(u)) U Ha(u;). <

We will soon see that the basic features of the Hugoniot locus of the shallow-
water equations carry over to the general case of strictly hyperbolic systems at least
for small shocks where u is near u;. The problem to be considered is to solve im-
plicitly the system of n equations

H(sousup) == s —u) — (f(u) — f(u)) =0 (5.72)

for the n + 1 unknowns uy,...,u, and s for u close to the given u;. The major
problem comes from the fact that we have one equation fewer than the number of
unknowns, and that H (s, u;; u;) = 0 for all values of s. Hence the implicit function
theorem cannot be used without first removing the singularity at u = u;.

Let us first state the relevant version of the implicit function theorem that we will
use.

Theorem 5.10 (Implicit function theorem) Let the function
= (P,...,P,) : R xR” - R? (5.73)

be C' in a neighborhood of a point (xo, yo), xo € R4, yo € R? with ®(xo, yo) = 0.
Assume that the p X p matrix

oy oy
9@ dyr Ty
— =] .o (5.74)
WoNw

B 5

is nonsingular at the point (xg, o).
Then there exist a neighborhood N of xy and a unique differentiable function
¢: N — R? such that

P(x.¢(x)) = 0. ¢p(x0) = yo. (5.75)

We will rewrite equation (5.72) into an eigenvalue problem that we can study
locally around each eigenvalue A; (u;). This removes the singularity, and hence we
can apply the implicit function theorem.

Theorem 5.11 Let D be a domain in R". Consider the strictly hyperbolic equation
u, + f(u)y =0withu € D. Letu; € D.

Then there exist n smooth curves H\(u;),..., H,(u;) locally through u; on
which the Rankine—Hugoniot relation is satisfied.
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Proof Writing

1
70 = ) = [ 25 = e + ) de
0

1 (5.76)
= /df((l —o)u; +ou)(u —up) da
0
= M(u,u;)(u —u),
where M (u, u;) is the averaged Jacobian
1
M(u,u;) = /df((l —a)u; + au) da,
0
we see that (5.72) takes the form
Hs,u,uy) = (s — M@u,u;))(u —u;) = 0. (5.77)

Here u — u; is an eigenvector of the matrix M with eigenvalue s. The matrix
M(u;,u;) = df(u;) has n distinct eigenvalues Aq(u;), ..., A,(u;), and hence we
know that there exists an open set N such that the matrix M (u,u;) has twice-
differentiable eigenvectors and distinct eigenvalues, namely,

(1 uoup) — M(u,up)) vy (u,ug) = 0, (5.78)

for all u,u; € N.° Let w ;(u,u;) denote the corresponding left eigenvectors nor-
malized so that

wy (u,up) - v; (U, u;) = 8. (5.79)

In this terminology u and u; satisfy the Rankine—Hugoniot relation with speed s if
and only if there exists a j such that

wi(u,uy) - (u—u;) =0forallk # j, s =p;(u,u), (5.80)
and w; (4, u;) - (u — u;) is nonzero. We define functions F; : R” x R — R” by
Fi(u,€) = (wi(u,up) - (u—up) — €8y, .. wy(uup) - (u —uy) — €8,). (5.81)

The Rankine—Hugoniot relation is satisfied if and only if F; (u, €) = 0 for some €
and j . Furthermore, F; (u;,0) = 0. A straightforward computation shows that

l
oF, 1(uy)
8—(141,0) = ;
u
ln(ul)

% The properties of the eigenvalues follow from the implicit function theorem used on the
determinant of u/ — M (u, u;), and for the eigenvectors by considering the one-dimensional eigen-
projections [ (M (u,u;) — w) " dp integrated around a small curve enclosing each eigenvalue

k,-(u[).
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which is nonsingular. Hence the implicit function theorem implies the existence of
a unique solution u; (¢) of

Fi(uj(e),e) =0 (5.82)
for € small. O
Occasionally, in particular in Chapt. 7, we will use the notation
Hi(e)u; = uj(e).

We will have the opportunity later to study in detail properties of the parameter-
ization of the Hugoniot locus. Let it suffice here to observe that by differentiating
each component of Fj (1 (€),e) = 0 ate = 0, we find that

le(up) - uj(0) = 8k (5.83)
forallk = 1,...,n, showing that indeed
u;(0) = rj(up). (5.84)

From the definition of M we see that M (u,u;) = M(u;,u), and this symmetry
implies that

wiu,up) = pi(up,u), g (ug,ug) = A (uy),
vi(u,u) = v (ug,u),  vi(u,up) =ri(ug), (5.85)

wj(u,uy) = wi(u,u), wi(u,u) =1w).

Let Vih(uy, u,) denote the gradient of a function #: R” x R” — R with respect to
the kth variable u; € R”, k = 1,2. Then the symmetries (5.85) imply that

Vi (u,up) = Vo (u,up). (5.86)
Hence
VA () = Vi, up) + Vo (up,up) = 2V (ug, up). (5.87)

For a vector-valued function ¢ (u) = (¢;(u), ..., ¢, (1)) we let Vo (u) denote the
Jacobian matrix,

Vi
Vo (u) = - (5.88)
Véu
Now the symmetries (5.85) imply that
Vlk(uz) = 2V1wk(u1,u1) (5.89)

in obvious notation.



5.4 The Entropy Condition 241

5.4 The Entropy Condition

... and now remains

That we find out the cause of this effect,
Or rather say, the cause of this defect . ..
— W. Shakespeare, Hamlet (1603)

Having derived the Hugoniot loci for a general class of conservation laws in the pre-
vious section, we will have to select the parts of these curves that give admissible
shocks, i.e., satisfy an entropy condition. This will be considerably more compli-
cated in the case of systems than in the scalar case. To guide our intuition we will
return to the example of shallow-water waves.

< Example 5.12 (Shallow water (cont’d.))

Let us first study the points on H;(u;); a similar analysis will apply to H,(u;). We
will work with the variables /, v rather than %, g. Consider the Riemann problem
where we have a high-water bank at rest to the left of the origin and a lower-water
bank to the right of the origin, with a positive velocity; or in other words, the fluid
from the lower-water bank moves away from the high-water bank. More precisely,
for h; > h, we let

(5
(ﬁ) (x,0) = 0 h

b - - forx >0,
T‘/hf + I

where we have chosen initial data so that the right state is on H;(u;), i.e., the
Rankine—Hugoniot is already satisfied for a certain speed s. This implies that

forx <0,

for x < st,

(s
h 0
(et

h—h, = - for x > st,
T,NI, + I

for h; > h,, where the negative shock speed s given by

hoJh" + !

V2

s =—

is a perfectly legitimate weak solution of the initial value problem. However, we see
that this is not at all a reasonable solution, since the solution predicts a high-water
bank being pushed by a lower one! See Fig. 5.4.

If we change the initial conditions so that the right state is on the other branch of
Hi(uy), i.e., we consider a high-water bank moving into a lower-water bank at rest,
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Fig. 5.4 Unphysical solution
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Fig. 5.5 Reasonable solution
or
h
! for x <0,
h 0
(x.0) =
v h,

i -, - for x > 0,
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for h; < h,, we see that the weak solution

for x < st,

(1)
h 0
(o=t

b - - for x > st,
T‘/hr + h;

for h; < h, and with speed s = —h,/h;! + hl_l/«/i is reasonable physically,
since the high-water bank now is pushing the lower one. See Fig. 5.5

If you are worried about the fact that the shock is preserved, i.e., that there is no
deformation of the shock profile, this is due to the fact that the right state is carefully
selected. In general we will have both a shock wave and a rarefaction wave in the
solution. This will be clear when we solve the full Riemann problem.

Let us also consider the above examples with energy conservation in mind. In our
derivation of the shallow-water equations we used conservation of mass and mo-
mentum only. For smooth solutions of these equations, conservation of mechanical
energy will follow. Indeed, the kinetic energy of a vertical section of the shallow-
water system at a point x is given by /(x, t)v(x,t)?/2 in dimensionless variables,
and the potential energy of the same section is given by & (x, ¢)?/2, and hence the to-
tal mechanical energy reads (h(x,t)v(x,)* + h(x,t)?)/2. Consider now a section
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of the channel between points x| < x, and assume that we have a smooth (classical)
solution of the shallow-water equations. The rate of change of mechanical energy is
given by the net energy flow across x| and x», i.e., 2(hv? + h*)v = $(hv® + h?v),
plus the work done by the pressure. Energy conservation yields

X2 X2
d (1, 1, 9 (1, 5 1,

1 X1

h(x2.1) h(xy.1)

+ / P(xs. v, (s 1) dy — / P(xr.y.0v(xi.1) dy

0 0

X2 X2
d (1, 1, (1, 5 1,
_dt/(Zhv +2h)dx+/ax(2hv +2hv dx
X1

X
Fa /1
o (1.5
+/ax(2hv)dx

X1
£ /1 1 £ /1
= —(=h®>+=h*)d /— —hv® + h?v | dx,
/at(2v+2)x+ 8x(2v+ v ) dx
X1 X1

where we have used that P(x, y,t) = h(x,t)—y in dimensionless variables. Hence

we conclude that
1 1 1
—hv? + —h? —hv’ +h*v | =0.
(2v+2 ),+(2v+ vx
This equation follows easily directly from (5.5) for smooth solutions.
However, for weak solutions, mechanical energy will in general not be con-
served. Due to dissipation we expect an energy loss across a bore. Let us compute

this change in energy A E across the bore in the two examples above, for a time ¢
such that x; < st < x,. We obtain

X2
d 1 1 1
AE =& o2, 1o 103 2
dt/(2hv +2h)dx+(2hv +h v)
X1

1 1 1
=—s thvz + —hz]] + thlﬁ + hzv]]

X2

X1
2
= %h,S([[h]]z 82h, + 12 — h?) + (= [h]’ 83h, — 2 [h] 8h?)
1
= [h]? s, (5.90)

where we have introduced

5o Vit 4 Ry _ (hr +h1)1/2.

/2 2hh;

(5.91)
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(Recall that v; = 0and v, = [v] = — [A] § from the Rankine-Hugoniot condition.)
Here we have used that we have a smooth solution with energy conservation on
each interval [xy, s¢] and [st, x,]. In the first case, where we had a low-water bank
pushing a high-water bank with &, < h;, we find indeed that AE > 0, while in the
other case we obtain the more reasonable AE < 0.

From these two simple examples we get a hint that only one branch of H;(u;)
is physically acceptable. We will now translate this into conditions on existence of
viscous profiles and conditions on the eigenvalues of df (u) atu = u; and u = u,,
conditions we will use in cases where our intuition will be more blurred.

In Chapt. 2 we discussed the notion of traveling waves. Recall from (2.7) that
a shock between two fixed states u; and u, with speed s,

u; for x < st,
u(x,t) = (5.92)
u, forx > st,

admits a viscous profile if u(x,7) is the limit as ¢ — 0 of u¢(x,7) = U((x —
st)/e) = U(E) with § = (x — st) /€, which satisfies

us + f(u), = eus,.
Integrating this equation, using lim._,o U(§) = u; if § < 0, we obtain
U =A(h.q) := f(U) ~ f(u) =s(U —up), (5.93)

where the differentiation is with respect to £. We will see that it is possible to con-
nect the left state with a viscous profile to a right state only for the branch with
h, > h; of H{(u;), i.e., the physically correct solution.

Computationally it will be simpler to work with viscous profiles in the (%, v)
variables rather than (%, g). Using ¢ = vh + vh and (5.93), we find that there is
a viscous profile in (%, ¢) if and only if (&, v) satisfies

@):way=< M—wm—mw—%ha. (5.94)

=)V — )i + =

Consider now a slow shock with s = v; — h,.§, cf. (5.69). We can write

vh — U]/’l] — S(h — h[)
B(h,v) = ( s s (5.95)
('U - U]) h 8 + 2h
We will analyze the vector field B(h, v) carefully. The Jacobian of B reads
dB(h,v) vee h (5.96)
, V) = | 242 . .
T 0w s

At the left state 1; we obtain

— h hd h
dB(h;,v)) = (”11 s hg) = ( ‘ h’s), (5.97)
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using the value of the shock speed s, equation (5.68). The eigenvalues of d B(h;, v;)
are h,8 £ +/h;, both of which are easily seen to be positive when &, > h;; thus
(hy, vy) is a source. Similarly, we obtain

dB(h,,v,) = (hi‘g :15) , (5.98)

with eigenvalues /;8 & +/h,. In this case, one eigenvalue is positive and one nega-
tive, and thus (k,, v,) is a saddle point. However, we still have to establish an orbit
connecting the two states. To this end we construct a region K with (h;,v;) and
(h,,v,) at the boundary of K such that a connecting orbit has to connect the two
points within K. The region K will have two curves as boundaries where the first
and second components of B vanish, respectively. The first curve, denoted by Cj,
is defined by the first component being zero,

vh —vhy —sth—h) =0, helh,h]
which can be simplified to yield
hy
v=uv; —(h— h;)ﬁ& h € [h;, h,]. (5.99)

For the second curve, C,, we have

(v —v) (v, —s)% + hzz_hhlz =0, helh.h)
which can be rewritten as
2 72
v=u — 2h1h,81 . helh,h). (5.100)

Let us now study the behavior of the second component of B along the curve Cj,
where the first component vanishes, i.e.,

)
h + 2 h Ch

h h+h,
= _2_}112(h’ —h)(h—h)(1 +

[(v - vz)hlhr - hlz]

(5.101)

) < 0.

Similarly, for the first component of B along C,, we obtain

[Uh — l)[]’l[ — S(h — hl)] in

h—h (5.102)
= hé (hy(hi + hy) —h(h + hy)) > 0,

which is illustrated in Fig. 5.6. The flow of the vector field is leaving the region K
along the curves Cj, and C,. Locally, around (%,, v,) there has to be an orbit entering
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Fig. 5.6 The vector field B,
the curves C, and Cj, as well
as the orbit connecting the
left and the right states

~

K as £ decreases from co. This curve cannot escape K and has to connect to a curve
coming from (A, v;). Consequently, we have proved existence of a viscous profile.

We saw that the relative values of the shock speed and the eigenvalues of the
Jacobian of B, and hence of A, at the left and right states were crucial for this
analysis to hold. Let us now translate these assumptions into assumptions on the
eigenvalues of d A. The Jacobian of A reads

—s 1
dA(h,q) = (h £ % —s) .
7

T

Hence the eigenvalues are —s + % + vh = —s + A(u). At the left state both
eigenvalues are positive, and thus u; is a source, while at u, one is positive and one
negative, and hence u, is a saddle. We may write this as

M) <s < A(uy), s<Ar(uy). (5.103)

We call these the Lax inequalities, and say that a shock satisfying these inequalities
is a Lax I-shock or a slow Lax shock. We have proved that for the shallow-water
equations with 4, > h; there exists a viscous profile, and that the Lax shock condi-
tions are satisfied.

Let us now return to the unphysical shock “solution.” In this case we had u, €
Hi(u;) with h, < h; with the eigenvalues at the left state (4, v;) of different signs.
Thus (h;, v;) is a saddle. However, for the right state (%,, v,) both eigenvalues are
positive, and hence that point is a source. Accordingly, there cannot be any orbit
connecting the left state with the right state.

A similar analysis can be performed for H,(u;), giving that there exists a vis-
cous profile for a shock satisfying the Rankine—Hugoniot relation if and only if the
following Lax entropy conditions are satisfied:

A(uy) <s < Ar(up), s> Ai(uy). (5.104)

In that case we have a fast Lax shock, or Lax 2-shock.

We may sum up the above argument as follows. A shock has a viscous profile if
and only if the Lax shock conditions are satisfied. We call such shocks admissible
and denote the part of the Hugoniot locus where the Lax j conditions are satisfied
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by §;. In the case of shallow-water equations we obtain

h
Si1(uy) = ) h>h,, (5.105)
1( l) {(ql]i_l_%(h_hl) h_l+hl_1> l§
So(uy) . O<h<h (5.106)
uy) = ) _ <n=<nj;. .
2 G+ L5 — )y [h !

(These curves are depicted in Sect. 5.3.) We may also want to parameterize the
admissible shocks differently. For the slow Lax shocks let

2
hiei=h — 5\/h_]e, €<0. (5.107)

This gives

Qe = q (1 - 32—jh_,) + g\/ylz (6\/h_1— 2e) (3/}7,— 26) (5.108)

such that

A (el Z . (5.109)
de q1.e =0

where ry(u;) is given by (5.44). Similarly, for the fast Lax shocks let
2
hy = h1+§\/h—le, €<0. (5.110)

Then

G2 = q (1 . ) + g\/2h1 (6\/E+2e) (3\/E+2e), (5.111)

3Vh
such that
d
4 P = r(uy), (5.112)
de q2.¢ =0
where r,(u;) is given by (5.44). &

In the above example we have seen the equivalence between the existence of
a viscous profile and the Lax entropy conditions for the shallow-water equations.
This analysis has yet to be carried out for general systems. We will use the above
example as a motivation for the following definition, stated for general systems.
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Definition 5.13 We say that a shock

w(x.t) = u; forx < st, (5.113)
7 u, forx > st, .

is a Lax j-shock if the shock speed s satisfies the Rankine—Hugoniot condition

s [u] = [f] and
)Lj_l(ul) <s < )L/‘(M[), )L/'(Mr) <s < )Lj+1(u,). (5114)
(Here Ag = —oco and 4,11 = 00.)

Observe that for strictly hyperbolic systems, for which the eigenvalues are dis-
tinct, it suffices to check the inequalities A;(u,) < s < A;(u;) for small Lax
Jj -shocks if the eigenvalues are continuous in u.

The following result follows from Theorem 5.11.

Theorem 5.14 Consider the strictly hyperbolic equation u, + f(u), = 0 in a do-
main D in R". Assume that VA; -r; = 1. Let u; € D. A state u;. € H;(u;) is
a Lax j-shock near u; if |€| is sufficiently small and € negative. If € is positive, the
shock is not a Lax j-shock.

Proof Using the € parameterization of the Hugoniot locus, we see that the shock is
a Lax j-shock if and only if

Ai—1(0) <s(e) <A;(0), Aj(e) <s(e) <Ajyi(e), (5.115)

where for simplicity we write u(€) = u;, s(€) = s, and Ax(€) = Ax(u;¢). The
observation following the definition of Lax shocks shows that it suffices to check
the inequalities

Aj(e) < s(e) < A;(0). (5.116)

Assume first that u(e) € H; (4;) and that € is negative. We know from the implicit
function theorem that s(¢) tends to A;(0) as € tends to zero. From the fact that also
Aj(e) = A;(0) as e — 0, and

2 (e)
de e=0

=VA;0)-rj(u) =1,

it suffices to prove that 0 < s'(0) < 1. We will in fact prove that s’ (0) = % Recall
from (5.80) that s is an eigenvalue of the matrix M (u, u;),i.e., s(€) = p;(u(e), u;).
Then

, 1 1
s'(0) = Vi (ur, up) -u'(0) = EV% () -rj(u) = > (5.117)
using the symmetry (5.87) and the normalization of the right eigenvalue.

If € > 0, we immediately see that s(¢) > s(0) = A;(0), and in this case we
cannot have a Lax j -shock. O
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5.5 The Solution of the Riemann Problem

Wie fiir die Integration der linearen partiellen Differentialgleichungen die fruchtbarsten
Methoden nicht durch Entwicklung des allgemeinen Begriffs dieser Aufgabe gefun-
den worden, sondern vielmehr aus der Behandlung specieller physikalischer Probleme
hervorgegangen sind, so scheint auch die Theorie der nichtlinearen partiellen Differ-
entialgleichungen durch eine eingehende, alle Nebenbedingungen beriicksichtigende,
Behandlung specieller physikalischer Probleme am meisten gefordert zu werden, und in
der That hat die Losung der ganz speciellen Aufgabe, welche den Gegenstand dieser Ab-
handlung bildet, neue Methoden und Auffassungen erfordert, und zu Ergebnissen gefiihrt,
welche wahrscheinlich auch bei allgemeineren Aufgaben eine Rolle spielen werden.”

— G. E B. Riemann [156]

In this section we will combine the properties of the rarefaction waves and shock
waves from the previous sections to derive the unique solution of the Riemann prob-
lem for small initial data. Our approach will be the following. Assume that the left
state u; is given, and consider the space of all right states u,. For each right state we
want to describe the solution of the corresponding Riemann problem. (We could,
of course, reverse the picture and consider the right state as fixed and construct the
solution for all possible left states.)

To this end we start by defining wave curves. If the j th wave family is genuinely
nonlinear, we define

Wi(up) == R;(up) U S;(uy), (5.118)
and if the j th family is linearly degenerate, we let
Wi(up) :== Cj(uy). (5.119)

Recall that we have parameterized the shock and rarefaction curves separately with
a parameter € such that € positive (negative) corresponds to a rarefaction (shock)
wave solution in the case of a genuinely nonlinear wave family. The important fact
about the wave curves is that they almost form a local coordinate system around
u;, and this will make it possible to prove existence of solutions of the Riemann
problem for u, close to u;.

We will commence from the left state u; and connect it to a nearby intermediate
state u,,, = Uy, € Wi(u;) using either a rarefaction wave solution (¢; > 0)
or a shock wave solution (¢, < 0) if the first family is genuinely nonlinear. If
the first family is linearly degenerate, we use a contact discontinuity for all €.
From this state we find another intermediate state u,,, = Uz, € Wa(u,,). We
continue in this way until we have reached an intermediate state u,,, , such that
Ur = Uy, € W,(uy, ). The problem is to show existence of a unique n-tuple of
(€1, ..., €,) such that we “hit” u, starting from u; using this construction.

As usual, we will start by illustrating the above discussion for the shallow-water
equations. This example will contain the fundamental description of the solution,
which in principle will carry over to the general case.

7 The theory of nonlinear equations can, it seems, achieve the most success if our attention is
directed to special problems of physical content with thoroughness and with a consideration of all
auxiliary conditions. In fact, the solution of the very special problem that is the topic of the current
paper requires new methods and concepts and leads to results which probably will also play a role
in more general problems.
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< Example 5.15 (Shallow water (cont’d.))

Fix u;. For each right state u, we have to determine one middle state u,, on the first-
wave curve through u; such that u, is on the second-wave curve with left state u,,,
ie., U, € Wi(u;) and u, € Ws(u,,). (In the special case that u, € Wy (u;) U Wy (u;)
no middle state u,, is required.) For 2 x 2 systems of conservation laws it is easier
to consider the “backward” second-wave curve W, (u,) consisting of states u,, that
can be connected to u, on the right with a fast wave. The Riemann problem with left
state u; and right state u, has a unique solution if and only if W;(u;) and W, (u,)
have a unique intersection. In that case, clearly the intersection will be the middle
state u,,. The curve W (u;) is given by

_ (f_ \/—) for h € [0, hy],
o (5.120)
(h) v — = h,\/m forh > hy,

and we easily see that W) (u;) is strictly decreasing, unbounded, and starting at
v, + 2+/h;. Using (5.49) and (5.106), we find that W, (u,) reads

v + 2(Vh — ) for h € [0, h,],
v, ””r,/h1+h1 forh > h,,

which is strictly increasing, unbounded, with minimum v, — 24/k,. Thus we con-
clude that the Riemann problem for shallow water has a unique solution in the
region where

=v(h) = (5.121)

v+ 2vh > v, —2v/h,. (5.122)

To obtain explicit equations for the middle state u,, we have to make case distinc-
tions, depending on the type of wave curves that intersect, i.e., rarefaction waves or
shock curves. This gives rise to four regions, denoted by I, . . ., IV. See Fig. 5.7. For
completeness we give the equations for the middle state u,, in all cases.

Assume first that ¥, € 1. We will determine a unique intermediate state u,, €
S1(u;) such that u, € R,(u,,). These requirements give the following equations to
be solved for A,,, v, such that u,, = (h,,, ;) = (M, hpvp):

1 1 1
i N s v = v+ 2(Vhe = Vi ).

Summing these equations, we obtain the equation

«/—[[v]]_zf(\/_ /_) =) iﬂ% M (5.123)

to determine h,,. Consider next the case with u, € III. Here u,, € R;(u;) and
u, € S(u,), and in this case we obtain

V2[v] = (b, _h’")‘/hi + hi —2«/5(%— \/IT,) )  (5.124)
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Fig. 5.7 The partition of the
(h, v)-plane; see (5.127) and A
(5.146) v

while in the case u, € IV, we obtain (here u,, € S;(u;) and u, € S(u,,))

R !
ﬁ[[v]]=(hr—hm),/h—+h——(hm—h1),/h—+h—l. V)  (5.125)

The case u, € Il is special. Here u,,, € R;(u;) and u, € Ry(u,,). The intermediate
state u,, is given by

vm=v1—2<\/ﬁ—m>, vr=vm+2(\/E—\/E),

which can easily be solved for £, to yield

_Z(x/E—i-x/E)—[[vﬂ

Vi = Z . (D (5.126)

This equation is solvable only for right states such that the right-hand side of (5.126)
is nonnegative. Observe that this is consistent with what we found above in (5.122).
Thus we find that for

", € {u € (0,00) xR |2(VI + V) = [[v]]} (5.127)

the Riemann problem has a unique solution consisting of a slow wave fol-
lowed by a fast wave. Let us summarize the solution of the Riemann problem
for the shallow-water equations. First of all, we were not able to solve the
problem globally, but only locally around the left state. Secondly, the general
solution consists of a composition of elementary waves. More precisely, let

u, € {u € (0,00) xR | 2(vh + Iy) > [[vﬂ} Let w;(x/t;hy, h;) denote the
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Fig. 5.8 The solution of the Riemann problem in phase space (a) and in (x, 7)-space (b)

solution of the Riemann problem for u,, € Wj(ul); here, as in most of our cal-
culations on the shallow-water equations, we use A rather than € as the parameter.
We will introduce the notation oji for the slowest and fastest wave speeds in each
family to simplify the description of the full solution. Thus we have that for j = 1
(j = 2)and h, < h; (h, > h;), w; is a rarefaction-wave solution with slowest
speed 0;" = A;(u;) and fastest speed a/-+ =Aiu,)Ifj=1( =2)and h, > h
(h, < hy), then w; is a shock-wave solution with speed o = 0/.*’ = sj(hy, hy).
The solution of the Riemann problem reads (see Fig. 5.8)

Uy forx <oyt,
wi (x/ Uy, uy) foroyt <x <ot
u(x, 1) = qu, foro't <x <o5t, (5.128)

wy(X/ ;U uy) forogt <x <o,t,

U, for x > o, 1.

We will show later in this chapter how to solve the Riemann problem globally for
the shallow-water equations. &

Before we turn to the existence and uniqueness theorem for solutions of the
Riemann problem, we will need a certain property of the wave curves that we can
explicitly verify for the shallow-water equations.

Recall from (5.84) and (5.40) that d”f) 0 = rj(up); thus Wj(u;) is at least
€

de
differentiable at u;. In fact, one can prove that W;(u;) has a continuous second
derivative across u;.
We introduce the following notation for the directional derivative of a quantity
h(u) in the direction r (not necessarily normalized) at the point u, which is defined
as

Doh(u) = li_r)lg)é(h(u +er)—h@) = (Vh-r)). (5.129)

(When /4 is a vector, V& denotes the Jacobian.)
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Theorem 5.16 The wave curve W;(u;) has a continuous second derivative across
u;. In particular,

1
Uje=u +e€rj(u) + EEZD,/. ri(u)) + O (63) .

Proof In our proof of the admissibility of parts of the Hugoniot loci, Theorem 5.14,
we derived most of the ingredients required for the proof of this theorem. The
rarefaction curve R;(u;) is the integral curve of the right eigenvector r; (1) pass-
ing through u;, and thus we have (when for simplicity we have suppressed the
Jj -dependence in the notation for u, and write u(€) = u;, etc.)

uO0+) =u;, w'0+) =rj(u;), u"(0+) = Vri(u)r;(u;). (5.130)

(Here Vr;(u;)rj(u;) denotes the product of the n x n matrix Vr;(u;), cf. (5.88),
and the (column) vector r;(u;).) Recall that the Hugoniot locus is determined by
the relation (5.82), i.e.,

wi(u(e),uy) - (u(e) —u;) =€bjx, k=1,....n. (5.131)

We know already from (5.84) that u’(0—) = r;(u;). To find the second derivative
of u(e) at € = 0, we have to compute the second derivative of (5.131). Here we find
that®

2r/- (u,)Vlwk(u,, Mz)rj (Mz) + wk(ul, M[) . u”(O—) =0, k=1,...,n. (5.132)

(A careful differentiation of each component may be helpful here; at least we
thought so.) In the first term, the matrix Vi wy (u;, #;) is multiplied from the right
by the (column) vector r;(;) and by the (row) vector r;(u;) from the left. Using
(5.89), i.e., Viwg (us, u;) = VI (u;), we find that

ri(up) - Vi up)ry(up) + Le(ug) - u”(0—-) = 0. (5.133)

The orthogonality of the left and the right eigenvectors, [y (u;) - ; (4;) = 8,1, shows
that
i) Vi) = =l (u) Vrj(u). (5.134)

Inserting this into (5.133), we obtain
Le(up) - u"(0—) = L (u)Vrj(u)rj(u) forallk =1,....n.

From this we conclude that also u”(0—) = Vr;(u;)r;(u;), thereby proving the
theorem. O

We will now turn to the proof of the classical Lax theorem about existence of
a unique entropy solution of the Riemann problem for small initial data. The as-
sumption of strict hyperbolicity of the system implies the existence of a full set
of linearly independent eigenvectors. Furthermore, we have proved that the wave
curves are C2, and hence intersect transversally at the left state. This shows, in

8 Lo and behold; the second derivative of wy (u(¢), ;) is immaterial, since it is multiplied by
u(e) —uyate = 0.
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a heuristic way, that it is possible to solve the Riemann problem locally. Indeed,
we saw that we could write the solution of the corresponding problem for the
shallow-water equations as a composition of individual elementary waves that do
not interact, in the sense that the fastest wave of one family is slower than the
slowest wave of the next family. This will enable us to write the solution in the
same form in the general case. In order to do this, we introduce some notation. Let
Uje; = Uje (X/1;ur,u;) denote the unique solution of the Riemann problem with
left state u; and right state u, that consists of a single elementary wave (i.e., shock
wave, rarefaction wave, or contact discontinuity) of family j with strength ¢;. Fur-
thermore, we need to define notation for speeds corresponding to the fastest and
slowest waves of a fixed family. Let

gj+ = Uj_ = Sj.ej- if € < O,
0] = Ajjore_) = Aj(Um;_,)s| (5.135)
f ife; >0,
O'j = )Lj(uj.(j) = Aj(umj)
if the jth wave family is genuinely nonlinear, and
0'/.+ = O'j_ = A’j(ujfj) = )Lj(um,‘) (5136)

if the jth wave family is linearly degenerate. With these definitions we are ready to
write the solution of the Riemann problem as

u; forx < o;t,

1
Uy (X/ 15U, Up) forot < x <o/,
U, foro't <x <oyt,

U e, (X) Uy Uy, ) foroyt < x <ojt,
u(e,t) =14 °° e 2 (5.137)

U, foro)t < x < o051,

Upe,(X/:Up Uy, ) foro t <x<o,t,

u, forx > o,t.

Theorem 5.17 (Lax’s theorem) Assume that f; € C*R"), j=1,...,n. Let D
be a domain in R" and consider the strictly hyperbolic equation u; + f(u), = 0
withu € D. Assume that each wave family is either genuinely nonlinear or linearly
degenerate.

Then for u; € D there exists a neighborhood DcD of u; such that for all
u, € D the Riemann problem

u; forx <0,

u, forx >0,

u(x,0) = (5.138)

has a unique solution in D consisting of up to n elementary waves, i.e., rarefaction
waves, shock solutions satisfying the Lax entropy condition, or contact discontinu-
ities. The solution is given by (5.137).
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Proof Consider the map W, .:u — u;. € W;(u). We may then write the solution M

of the Riemann problem using the composition

Weer,en) = Wae, 00 Wig (5.139)

as
Wit = Uy, (5.140)
and we want to prove the existence of a unique vector (ey, . .., €,) (near the origin)

such that (5.140) is satisfied for |u; — u,| small. In our proof we will need the two
leading terms, i.e., up to the linear term, in the Taylor expansion for W. For later
use we expand to the quadratic term in the next lemma.

Lemma 5.18 We have
n 1 n
Wieromwen () = 1ty + Y €iri () + - Zl € Dyyri (u1)

i=1

n (5.141)
+ Z eiejD,,.rj (7/[]) + 0O <|E|3> .
ij=1
j<i
Proof (of Lemma 5.18) We shall show that fork = 1,...,n,
k 1 &
Wit e 0,00 0) =+ €17 (ur) + 3 > €Dy (ur)
i=1 i=1
k (5.142)
+ Y e Dyry () + O (|ef*)
ij=1
Jj<i

by induction on k. It is clearly true for k = 1; cf. Theorem 5.16. Assume (5.142).
Now,

VV(e] AAAAA €x+1.0,...,0) (M[) = Wk+1.ek+1 (W(el,m.ek)(ul))

k k
1
=u + Y r(u)+ 3 > € Dyri (u)
i=1

i=1

k
+ Y €€ Dyt (u) + ekrries (W 000 (1))
=
lj/<i
1
+ 561%+1Drk+lrk+1 (VI/(E] ..... €0,y 0)(”1)) +0 (|6|3>
k+1 |
2
=u; + ;Eiri (uy) + 5 ;Q D, ri (u;)
k+1
+ ) €€ Dyri () + O (|€|3>
ij=1
j<i

by Theorem 5.16. |
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Let u; € D and define the map

Lleg,....eq,u) = Wi,,..enUl — U. (5.143)

This map £ satisfies
L£(0,....0,u;) =0, V.LO,....0,u;) = (ri(up),....ra(ur)),

where the matrix V£ has the right eigenvectors r; evaluated at u; as columns. This
matrix is nonsingular by the strict hyperbolicity assumption.
The implicit function theorem then implies the existence of a neighborhood N

around u; and a unique differentiable function (e1,...,€,) = (€1 (u),...,€,(u))
such that L(€y,...,€,,u) = 0. If u, € N, then there exists unique (€g,...,€,)
with W, . e, )41 = u,, which proves the theorem. O
Observe that we could rephrase the Lax theorem as saying that we may use

(e1,...,€,) to measure distances in phase space, and that we indeed have

n
Al —w| <Y || < B luy —ul (5.144)
j=1

for constants A and B.
Let us now return to the shallow-water equations and prove the existence of
a global solution of the Riemann problem.

< Example 5.19 (Shallow water (cont’d.))

We will construct a global solution of the Riemann problem for the shallow-water
equations for all left and right states in D = {(h,v) | h € [0,00),v € R}. Of
course, we will maintain the same solution in the region where we already have
constructed a solution, so it remains to construct a solution in the region

u,ev:z{u,emz(\/EJrM)<ﬂvﬂ}u{h=0}. (5.145)

We will work in the (4, v) variables rather than (4, q). Assume first that u, =
(h,,v,) in V with h, positive. We first connect u;, using a slow rarefaction wave,
with a state u,, on the “vacuum line” 2 = 0. This state is given by

vm = v + 2V, (5.146)

using (5.50). From this state we jump to the unique point v* on 2 = 0 such that
the fast rarefaction starting at 2* = 0 and v* hits u,. Thus we see from (5.51) that
v* = v, — 2/h,, which gives the following solution (see Fig. 5.9):

(1) for x < Ay (u;)t.
Ry(x/t;up) for A1 (u))t < x < 2/h; + v))t.
u(x.0) =1 (00 for (2v/h; + v))t < x < v*t, (5.147)

Ro(x/t;(0,v*)) forv*t < x < A (u,)t,
(") for x > A, (u,)t.

Uy
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- F 0.68

B F 0.32

Fig. 5.9 The solution of the dam-breaking problem in (x, ¢)-space (a), and the #-component (b)

Physically, it does not make sense to give a value of the speed v of the water when
there is no water, i.e., 1 = 0, and mathematically we see that any v will satisfy the
equations when 2 = 0. Thus we do not have to associate any value with v(x, t).

If u, is on the vacuum line 4 = 0, we still connect to a state u,, on & = 0 using
a slow rarefaction, and subsequently we connect to u, along the vacuum line. By
considering a nearby state i, with iz > 0, we see that with this construction we have
continuity in the data.

Finally, we have to solve the Riemann problem with the left state on the vacuum
line 2 = 0. Now let u; = (0,v;), and let u, = (h,,v,) with h, > 0. We now
connect ¥, to an intermediate state u,, on the vacuum line given by v,, = v, —2h,
and continue with a fast rarefaction to the right state u,. &

We will apply the above theory to one old and two ancient problems:

<> Example 5.20 (Dam breaking)
For this problem we consider Riemann initial data of the form (in (%, v) variables)

u(x,0) = h(x.0)) _
v(x,0)
From the above discussion we know that the solution consists of a slow rarefaction
(see Fig. 5.10); thus

(’B’) for x <0,

(8) for x > 0.

(}6’) for x < —/Nyt,
_ [hGx ) $/h-%y
u(x ) = (v(m)) - ( e ) for —v/Rit < x < 2vFit, O
(8) for x > 2./t

We shall call the two ancient problems Moses’s first and second problems.




258 5 The Riemann Problem for Systems

1.03

0.67

B F 068

0.33 B 032

0.00

r r -0.03
-3.97 132 1.32 397 437 146 146 437

Fig. 5.10 The solution of Moses’s first problem in (x, 7)-space (a), and the s-component (b)

< Example 5.21 (Moses’s first problem)

And Moses stretched out his hand over the sea; and the Lord caused the sea to go back by
a strong east wind all that night, and made the sea dry land, and the waters were divided.
And the children of Israel went into the midst of the sea upon the dry ground: and the waters
were a wall unto them on their right hand, and on their left.

— Exodus (14:21-22)

For the first problem we consider initial data of the form (in (%, v) variables)

ho
u(x,0) = (_”0
' (h") for x > 0,
Vo -

) forx <O,

for a positive speed vy. By applying the above analysis, we find that in this case we
connect to an intermediate state ©; on the vacuum line using a slow rarefaction. This
state is connected to another state u, also on the vacuum line, which subsequently
is connected to the right state using a fast rarefaction wave. More precisely, the
state u; is determined by v; = v(x1,t;), where h(x,1) = (= vo + 2v/ho — %)2
along the slow rarefaction wave (cf. (5.53)) and A(x,#) = 0. We find that x; =
(2+/ho — vo)t; and thus v; = 2+/hg — vo. The second intermediate state u, is
such that a fast rarefaction wave with left state u, hits u,. This implies that vy =
vy + 2k from (5.51), or v, = vy — 2+/hg. In order for this construction to be
feasible, we will have to assume that v, > v; or vy > 2+/hy. If this condition does
not hold, we will not get a region without water, and thus the original problem of
Moses will not be solved. Combining the above waves in one solution, we obtain

ho for x < —(vo + v/ho )1,
%(—vo—l—Z«/h_—’t—‘)2 for —(vo + vho )t < x < (23/ho — vo)t,
h(x,t) =40 for (2+/ho — vo)t < x < (vo — 2+/ho )1,

%(v0—2\/h_—§)2 for (vo — 24/ho )t < x < (vo + Vo )2,
ho for x > (vo + ~/ho )1,
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3.00

2.00 o

1.00 o

0.00

-3.9 -1.3 13 3.9

Fig. 5.11 The solution of Moses’s second problem in (x, 7)-space (a), and the #-component (b)

—vp for x < —(vo + vho )1,
%(—v0+2\/%+2’t—‘) for—(v0+\/%)t<x<(2\/%—vo)t,
v(x,t) =30 for (25/ho — vo)t < x < (vo — 2/ho )1,

(vo —2+/ho + 2%) for (vo — 2v/ho )t < x < (vo + vho )2,
Vo for x > (vo + +/ho ).

<> Example 5.22 (Moses’s second problem)

And Moses stretched forth his hand over the sea, and the sea returned to his strength when
the morning appeared; and the Egyptians fled against it; and the Lord overthrew the Egyp-
tians in the midst of the sea.

— Exodus (14:27)

Here we study the multiple Riemann problem given by (in (%, v) variables)

(hoo) for x <0,

u(x,0) = (8) for0 <x < L,

(") forx > L.
For small times ¢, the solution of this problem is found by patching together the
solution of two dam-breaking problems. The left problem is solved by a fast rar-
efaction wave, and the right by a slow rarefaction. At some positive time, these
rarefactions will interact, and thereafter explicit computations become harder.

In place of explicit computation we therefore present the numerical solution con-
structed by front tracking. This method is a generalization of the front-tracking
method presented in Chapt. 2, and will be the subject of the next chapter.

In the left part of Fig. 5.11 we see the fronts in (x, #)-space. These fronts are
similar to the fronts for the scalar front tracking, and the approximate solution is
discontinuous across the lines shown in the figure. Looking at the figure, it is not
hard to see why explicit computations become difficult as the two rarefaction waves
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interact. The right part of the figure shows the water level as it engulfs the Egyptians.
The lower figure shows the water level before the two rarefaction waves interact,
and the two upper ones show that two shock waves result from the interaction of the
two rarefaction waves. &

5.6 The Riemann Problem for the Euler Equations

The Euler equations are often used as a simplification of the Navier—Stokes equa-
tions as a model of the flow of a gas. In one space dimension these represent the
conservation of mass, momentum, and energy, and read

P pu
ov| +| p2+p | =0. (5.148)
EJ, v(E+p)/ .

Here p denotes the density of the gas, v the velocity, p the pressure, and E the
energy. To close this system, i.e., to reduce the number of unknowns to the number
of equations, one can add a constitutive “law” relating these. Such laws are often
called equations of state and are deduced from thermodynamics. For a so-called
ideal polytropic gas the equation of state takes the form
P L
E=—+ —-pv°,
y—1 1 2°

where y > 1 is a constant spesific to the gas. For air, y ~ 1.4. Solving for p, we
get

—1 -1 2
p=(y—1)E—y2 pv2=(y—1)E—VT%, (5.149)

where the momentum g equals pv. Inserting this in the Euler equations yields

P , P
ov| +| 5P+ —-DE| =o.
EJ, v (VE - V—;lpvz)

In the conserved variables p, g, and E, this system of conservation laws reads

P v\ 4 !
q| + (T THO-DE| =o. (5.150)
E -1\ ¢*
o\ re2)E
Set
q
p o\ o2
u=\gq and  f(u) = (STV L+ -DE
E
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Then the Jacobian df (1) reads M

0 1 0
_ 2

df ) = (15%) & B-nt  y-l

By (L E_30-Dg g

vz tr=D0%5 i Vo

Introducing the enthalpy as

E E -1\ ¢* 1
H = +p=y—_(y_)q_2=Z(L)+_v2’
p p 2 Jp ply-—1 2

the Jacobian can be rewritten as

To find its eigenvalues, we compute the determinant
det (A —df () = A[(A = B = y)v) A —yv) + (r = D) ((r = ) v* = H)]
3— -1
+ Tyvz A=yv)+@y-1 (vH — VTU3)
=1 [)Lz —30A 4+ yB -’ 4+ (y - D2+ (y — HH]

3— 1
+ Tyvzk — E(y + v+ (y — )Hv

:A[Az—3vk+2v2+%(y+ l)vz—(y—l)H}
- %(y + Do* + (y — vH

- A[(A —u)(A—20) + %(y + = (y — 1)H]
— %(y + Do + (y — )vH

=(A-v) _A(A—Zv) + %(V + )’ —(y — 1)H:|

=A-v) _()L —v)? — (v2 — %(y + Do’ +(y — 1)H):|

— - |- - (”T_l(zﬂ - vz)):| .

This can be simplified further by introducing the sound speed c, by

2_YP
o

Cc
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‘We then calculate

E E 2F
2H—v2=2y——(y—1)v2—v2=2y——yv2=y(——vZ)
P P P
Y o _ Y 2p
==-QRE—-pv)=-——.
p( ) py—1
Therefore

det(A] —df(w)) = (A —v) [(A —v)* = ?].
Thus the eigenvalues of the Jacobian are

M) =v—c, ) =v, A3(u) =v+c. (5.151)
As for the corresponding eigenvectors, we write these as r; = (1, y;, z,-),9 and we
see that y; = A;, and

1 , 1 2
zi=—— A —z(y =3 " + Ay —-3)v]).
y—1 2

Fori = 1 we find that

1 1
7 = (v2 ——(y =32+ vy — 3)v)
y—1 2
1 2
—2cv—(y-3
+ — (c cv —(y = 3)cv)
1 2
= v’ + ‘ —cv
2 y—1
2 yp )
== cv
(2 ply —1)
=H—-cv
Fori = 3 we similarly calculate
z3 = H + cv,

and for i = 2 it is straightforward to see that z, = v?/2. Summing up, we have the
following eigenvalues and eigenvectors:

AMu)=v—c, nuwy=1[| v-c |,

Aa(u) = v, nw=v |. (5.152)

Au)=v+c, =1 v+c

9 Recall that this is in (p, ¢, E) coordinates.
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It is important to observe that the second family is linearly degenerate, since
Vlz(u) ~r2(u) =0, (5153)

and hence the solution of the Riemann problem in this family will consist of a con-
tact discontinuity. The first and the third families are both genuinely nonlinear, and
we encounter the familiar shock and rarefaction waves.

At this point it is convenient to introduce the concept of an i -Riemann invariant.
(See Exercise 5.8.) An i-Riemann invariant is a function R = R(p, ¢, E) such that
R is constant along the integral curves of r;. In other words, an i-Riemann invariant
satisfies

VR®u)-r; = 0.

The usefulness of this is that if we can find for each of the three eigenvectors, two
Riemann invariants R(u) and R(u), then we can possibly solve the equations

R(,O,C],E):R(,O],QZ,E]), Ié(qusE):Ié(Phq},El)

to obtain a formula for the rarefaction waves. This is equivalent to finding an im-
plicit solution of the ordinary differential equation 1 = r (1) defining the rarefaction
curves.

It turns out that we have the following Riemann invariants (see Exercise 5.12):

i =1, Riemann invariants:

i =2, Riemann invariants: %v, (5.154)
p5

2.
U—Tﬁl,

i = 3, Riemann invariants: {
Y

where we have introduced the entropy S by

S:—log(p). (5.155)

o

Now we can try to obtain solution formulas for the rarefaction curves. For i = 1,
this curve is given by

Y 2¢ y—1/2
p=pz(£), V= 1—(£) .
o1 y—1 o1
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This curve is parameterized by p. We must check which half of the curve to use.
This will be the part where A; = v — ¢ is increasing. On the curve we have

2¢ (v=1/2 1/2
(o) —c(p) = v + —— (1 - (ﬁ) - (M)
y—1 pi P
- 2¢; . (ﬁ)(y—l)ﬂ B (m)lﬂ (ﬁ)(y—l)ﬂ
y—1 P pi pi
2 (y=1/2 (y-1/2
5 ()
y—1 pi o
2¢ 1 (y=1/2
= + ! 1-— v+ (ﬁ) .
y—1 2 \p

Since y > 1, we see that v(p) — c(p) is decreasing in p, and for the 1-rarefaction
wave we must use p < p;. Since p(p) is increasing in p, this also means that we
use the part where p < p;. Therefore we can use p as a parameter in the curve for
v and write the 1-rarefaction curve as

2¢ (r=1)/2y)
vi(p) = v + Li-(L£ . P =l
y—1 Di

The general theory tells us that (at least for p close to p;) this curve can be continued
smoothly as a 1-shock curve.

To find the rarefaction curve of the third family, we adopt the viewpoint that u,
is fixed, and we wish to find u as a function of u, (cf. the solution of the Riemann
problem for the shallow-water equations). In the same way as for v; this leads to

the formula
2¢ (y=1/Q2y)
v(p) = v, + — (1—(£) s P=Dpr
y—1 Pr

To find how the density varies along the rarefaction curves, we can use that the
entropy S is constant, leading to

1
o _ ( )l ) v
o pi
Now we turn to the computation of the Hugoniot loci. We view the left state u;

as fixed, and try to find the right state u; recall the notation [u] = u — u;. The
Rankine—Hugoniot relations for (5.148) are

s [o] = [pv].
s[pv] = [pv* + p] . (5.156)
s [E] = [v(E + p)].
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where s denotes the speed of the discontinuity. Now we introduce new variables by
w=v—s and m = pw.

Then the first equation in (5.156) reads
Sp — Sp1 = pw + Sp — prw; — Spy,
which implies that [m] = 0. Similarly, the second equation reads
spw + s2p — spw; — s> pr = p(w + $)> — pr (w; + 9)> + [p] .
or
s[m] + s [p] = pw® + 2pw + s7p — pyw — 2prw; — *pr + [p] .
and subsequently
s> [ol = [pw* + p] + 5 [o] -
Hence [mw + p] = 0. Finally, the third equation in (5.156) reads
SE —sE; = Ew+ Es+ pw+ ps — Eyw; — Ejs — pyw; — pys,

which implies

LI P
(E E; 4P Pl)
=|———+=—=|m—sm[uw]
Pi
E+p ﬂ
=m —sw
o

2

|
3

1
-1 +§(w+s)2—swﬂ

[ ¢? 1
m + w
ly—1
Hence the Rankine—Hugoniot conditions are equivalent to

[m] =0,
[mw + p] =0,

c? 1
m _1+w =0.

We immediately find one solution by setting m = 0, which implies [p] = 0 and
[v] = 0. This is the contact discontinuity. Hence we assume that m # 0 to find the
other Hugoniot loci.

(5.157)
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Now we introduce auxiliary parameters

p

n=-— and z = —.
pi P1
Using these, we have that
2
1
=T and 2= (5.158)
Cl z wy z

Then the third equation in (5.157) reads

2 2
¢ 12_c1n

y—1+§wl_

which can be rearranged as

so that

2
(ﬂ) - = 2 e=m) (5.159)

C] -1 1-2z2
Next recall that p = pc?/y. Using this, the second equation in (5.157) reads

pc?

—+/ow2
14

2
pic
=—L+ p;w,z,
14
or

2 2
C C
z(—+w2)=—’+w,2,
Y Y

which again can be rearranged as

i 1 c?
z(l——l-wlz—z) = —l—l—wlz.
vz z Y

Dividing by clz, we can solve for (w; /c;)*:

2
(ﬂ) _lz=z-1 (5.160)
C y z—1

Equating (5.160) and (5.159) and solving for z yields

B +1
z= ,
7+ B

(5.161)
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where

1
B = —)y/ J_r T (5.162)

Using this expression for z in (5.159), we get

(wy_ 2 P (B - )
- 2
2 (B + (1 —-7x%
y—1 (@ =D(1-p5%)
2 ap+1
YT

Note that y > 1 implies 8 > 1, so that this is always well defined. Since w; = v;—s,
we can use this to get an expression for the shock speed,

2 Br+1
= —_——, 5.163
s vl:Fc",y—lﬂZ—l ( )

where we use the minus sign for the first family and the plus sign for the third.
Next, using (5.158), we get

v—ys 1

v — S z

which can be used to express v as a function of 7:

EN (R N7 ) R N Rl (YRS N7 2

N ——

1 -1
V2y(y = 1) (2B + nHi2

where we take the minus sign for the first family and the plus sign for the third. To
see how the density varies along the Hugoniot loci, we use that p = p;z, or

=v; F2¢

7B+ 1
T+ B’

P =pi (5.164)

which holds for both the first and third families.
Next we have to verify the Lax entropy condition, Definition 5.13. Consider the
Lax 1-shock condition

s < Ar(uy), A(u) <s < A(u).
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Since the shock speed s = s(u) given by (5.163) satisfies

s(ui) = v —c = A(u)
and is a decreasing function in &, we infer that s < A;(u;) holds when p > py,

that is, # > 1. As for the inequality involving the right state, it is advantageous to
rewrite the shock speed (5.163) in terms of the right state (see Exercise 5.13); thus

s=vFe,— 22T (5.165)

2 B/m+1
Vy=1p-1 ="

thereby proving A;(#) < s < A,(u). This shows that the part of the Hugoniot locus
with p > p; satisfies the Lax 1-shock condition. A similar argument applies to the
third family.

This means that the whole solution curve for waves of the first family is given by

1 NEET
il (R (E) ; P = pi,

Since & > 1, we see that

vi(p) = v + 2¢ 1 _12 (5.166)
N S _ L2 L
V2ro—1) (1 pz)(l-'_ﬂpz) s Pzpn
To find the density along this solution curve, we have the formula
1y
(%) s D =D,
p1(p) = pi gt (5.167)

In terms of the parameter & = p/ p;, the wave curve of the first family reads

(1) gnl/y, T <1,
PITT) = PL Y 148
P T2 L

(5.168)
L (1 - 7-[(1/—1)/(21/)) ,

y—1
1 -1/2
——(1—n)(1 + Bx , w=>1.
(=) (14 )
Similar formulas can also be computed for the variables g and E.

Since the second family is linearly degenerate, we can use the whole integral
curve of r,. Using the Riemann invariants, this is given simply as

vi(m) = v +2¢

v=v, p=p, (5.169)
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and thus only the density p varies. The contact discontinuity is often called a slip
line.

For the third family, we take the same point of view as for the shallow-water
equations; we keep u, fixed and look for states u such that the Riemann problem

07
u(x,O)z{u X <

u, x>0,

is solved by a wave (shock or rarefaction) of the third family. By much the same
calculations as for the first family we end up with

! » (r=1/@2y)
=1 1- (;) , P =Dr

-1/2
_ 1  (1-=2 P
V2r(y=1) (1 Pr) (1 + ﬂpr) s D Z Drs

where the rarefaction part is for p < p, and the shock part for p > p,. Regarding
the density along this curve, it will change according to

1/y
(1) . DD

v3(p) = v, — 2¢, (5.170)

Pr

PP =P s (5.171)
L) D = Pr.
In terms of the parameter 7, = p/ p,, the wave curve of the third family reads
) Vv, @, <1,
pP3(7Tr) = Pr
lﬂ—’:f;’ 7Tr 2 15
(5.172)
ﬁ (1- nr)(y—l)/(Zy) ) 7 <1,
U3(7Tr) =v, —2¢ 1/2 7 > 1.

S (=) (L4 )™ w2

Now for every py, the curve v;(p) is a strictly decreasing function of p (or ) for
nonnegative density p taking values in the set (—oo, v; + 2¢;/(y — 1)]. Similarly,
for every p,, we have that v3(p) is a strictly increasing function of p (or 7,) taking
values in the set [v, —2¢,/(y — 1), 00). It follows that these curves will intersect in
one point (p,,, vp,) if

or
1
5()’ -] <c+e.

In this case we obtain a unique solution of the Riemann problem as the pressure
jumps from the value to the left of the slip line to the value on the right-hand side,
while the pressure p and velocity v remain unchanged and equal to p,, and v,,,
respectively, across the slip line. If this does not hold, then v, does not intersect vs,
and we have a solution with vacuum.
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Fig. 5.12 The solution of the Riemann problem (5.173)

< Example 5.23 (Sod’s shock tube problem)

We consider an initial value problem similar to the dam-breaking problem for shal-
low water. The initial velocity is everywhere zero, but the pressure to the left is
higher than the pressure on the right. Specifically, we set

12 0,
p(x,0) = = v(x,0) = 0, p(x,0) =2.  (5.173)
1 x>0,

We have used y = 1.4.

In Fig. 5.12 we show the solution to this Riemann problem in the (p, v)-plane
and in the (x, 7)-plane. We see that the solution consists of a leftward-moving rar-
efaction wave of the first family, followed by a contact discontinuity and a shock
wave of the third family. In Fig. 5.13 we show the pressure, velocity, density, and
the Mach number as functions of x /. The Mach number is defined to be |v|/c, so
that if this is larger than 1, the flow is called supersonic. The solution found here is
actually supersonic between the contact discontinuity and the shock wave. <&

The Euler Equations and Entropy

We shall show that the physical entropy is in fact also a mathematical entropy for
the Euler equations, in the sense that

(pS), + (vpS), <0, (5.174)

weakly for every weak solution u = (p, ¢, E) that is the limit of solutions to the
viscous approximation.
To this end, it is convenient to introduce the internal specific energy, defined by

o (2-3)
e=—(E—=-pv°].
P 2
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Fig. 5.13 Pressure, velocity, density, and the Mach number for the solution of (5.173)

Then the Euler equations read
e+ (pv), =0,

(lov)t + (pv2 + p)x = O’ (5175)

1, L,
ple+ v + | zpv° +pev+pv| =0.
2 t 2 X

For classical solutions, this is equivalent to the nonconservative form (see Exer-
cise 5.12)
pr + vpx + pvy =0,
1
vy +vvy + —py =0,
' 0 (5.176)

e; +vex+£vx =0.
P

s=va(3)
(y —De
- (55°)

= (y — Dlog(p) —log(e) —log(y — 1). (5.177)

We have that
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Thus we see that

—1 1
S, = "">0and S, =—- <o0.
0 e

These inequalities are general, and thermodynamic mumbo jumbo implies that they
hold for every equation of state, not only for polytropic gases.
For classical solutions we can compute

S; = Sppt + See;

-1 1
=Y o+ pv) + - (vex + Bvx)
o e o

——(o-0=L)u-(0-02 %)

= —vS,.

Therefore
St + 'USX = O

for smooth solutions to the Euler equations. This states that the entropy of a “par-
ticle” of the gas remains constant as the particle is transported with velocity v.
Furthermore,

(0S), = p:S + pS;
= —(pv)xS — pv Sy
= - (va)x .

Thus for smooth solutions the specific entropy n(u) = pS(u) is conserved:
(pS), + (pvS), = 0. (5.178)

The existence of such an entropy/entropy flux pair is rather exceptional for a system
of three hyperbolic conservation laws; see Exercise 5.10. Of course, combining this
with (5.175) and viewing the entropy as an independent unknown, we have four
equations for three unknowns, so we cannot automatically expect to have a solu-
tion. Sometimes one considers models in which the energy is not conserved but the
entropy is, so-called isentropic flow. In models of isentropic flow the third equation
in (5.175) is replaced by the conservation of entropy (5.178).
To show that (5.174) holds for viscous limits, we first show that the map

u = n(u) = pS(p,e(u))

is convex. We have that 7 is convex if its Hessian d?7 is a positive definite matrix.
For the moment we use the convention that all vectors are column vectors, and for
avector a, a’ denotes its transpose. We first obtain

Vn=SVp+ pVS
= SVp+ p(S,Vp + S.Ve)
= (S +pS,)Vp+ pS.Ve.
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Trivially we have that Vp = (1,0,0)” . Furthermore,

E 142
e(u) = ——5-,
p 2p
so we have
2 T r
q q 1 1 2
Ve: (—_+_7__7_) = _(_e+_v 3 vsl)
2 3 p2 0 P 2

Next we compute

d’n=d’>(pS(p.e))
=Vp(VS) + VS (Vp) + pd®S
=Vp(S,Vp+S.Ve) +(S,Vp+ S.Ve) (Vp)T + pd’S
=2S,Vo(Vp)" + S.(Vp(Ve)" + Ve(Vp)") + pd?S.

To compute the Hessian of S we first compute its gradient:

VS(p,e) =S,Vp+ S.Ve.

Thus!®

d’S(p.e) = V(S,Vp) + V(S Ve)
= Vp(VS,)" + Ve(VS,)" + S.d’e
= Vp(S,,Vp+ S, Ve) + Ve(S,Vp+ S, Ve) + S.d?e
=S, Vp(VP)" + S, (Vo(Ve) + Ve(Vp)") + S..Ve(Ve)" + S.d’e

If we use this in the previous equation, we end up with

d*n(u) = (pSpp +2S,) Vo (Vp)"
+pSpe (Vo (Ve) + Ve (Vo)) + pSecVe (Vo) = S.C,

where C is given by
C=- (pdze +Vp(Ve) + Ve (vp)T) .

The Hessian of e is given by
1
2

b 1
0 |=5

2
0 p

101n our notation we have V(f(u)V (1)) = Vu)(V )" + f(u)VV(u), where f is a scalar-
valued function and V' is (column) vector-valued. The result V(f V) is a matrix.
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Next,
| 1
Vo(Ve)' +Ve(Vp)" == [0 (e + 102, —v, 1)
P \o
—e + 102
+ - —v (1 0 0
P 1
) —2e+v? —v 1
= - —v 0 0
P 1 0 0
Then
{ 2e =202 2v —1 { —2e+1? —v 1
C=— 2v -1 0 |—- —v 0 0
P\ 0 o) ° 1 0 0
v2 —v 0
=—|l-v 1 0
PXo 0 o
Now introduce the matrix D by
1 v fv+e
D=0 p pv
0 0 o

We have that D is invertible, and thus d’7 is positive definite if and only if
Dd?*nDT is positive definite. Then

Dd*n(u)D" = (pS,p +2S,) DVp(DVp)"
+ S5 (DVP (DY) + DVe (DVp))

+ pS,.DVe (DVe)l —S,DCD”.

We compute
1 0 0 0 0
DVp=1|o0]. DVe=|o|. DcD"=]0 1 0.
0 1 0 0 0
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and using this,

1 00 00 1
Dd*nu)D" = (pS,, +25,) |0 0 0] +pS,|0 0 0
000 1 00

000 000

+pSee [0 0 O] =S.{0 1 0

0 0 1 0 00

= 0 -S. 0
Spe 0 Se
=0 0
P
=10 1 o0
0 0 =%

Hence Dd?n(u)DT has three positive eigenvalues and is positive definite. There-
fore, also d>7 is positive definite, and 7 is convex. From the general identity

W) e = ) d?nuy + (V) tee,  u =u(x) = (uy,....u,), (5.179)
we get from the convexity of d?7 that
N e = (V) . (5.180)
Consider now a smooth solution of the regularized Euler equations
ui + f(u), = eul,. (5.181)
We multiply from the left by (Vn)T, which yields'!
0 = (V) + (V)T df s, — e(Tn(u) i,
= 0 + (VO ) uf — (V@) ug,
= (), + (V@) — (V) us,
> ), + (v ), —enu) .
By assuming that u® — u as € — 0, we see that
ne+ (vn)y <0
holds in the weak sense (cf. (2.15)). Hence we conclude that (5.174), that is,
(pS), + (vpS), <0, (5.182)

holds weakly.

" A word of caution: To show that (Vn(u))" df (u) = (V(vn(u)))” is strenuous. It is better done
in nonconservative coordinates; see Exercise 5.12.
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Fig. 5.14 The entropy and specific entropy for the solution of the Riemann problem (5.173)

In Fig. 5.14 we show the entropy and the specific entropy for the solution of
Riemann problem (5.173). The entropy decreases as the shock and the contact dis-
continuity pass, while it is constant across the rarefaction wave.

Analogously to the shallow-water equations, we can also check whether (5.174)
holds for the solution of the Riemann problem. We know that this will hold if and
only if

—s [pS] + [pvS] = 0.
Using the expression giving the shock speed, (5.163), we calculate
=5 [pS] + [pvS] = S (=s [p] + [pv]) + p1 (=5 [S] + v [S])
2 Br+1
— 7 IS],
y—1p-1
where we use the plus sign for the first family and the minus sign for the second.
Hence the entropy will decrease if and only if [S] < 0 for the first family, and
[S] > 0 for the third family.
Note in passing that for the contact discontinuity, s = v, and thus
=s [pS] + [pvS] = —v [pS] + v [pS] = 0.

Therefore, as expected, entropy is conserved across a contact discontinuity.
We consider shocks of the first family, and view [S] as a function of 1 = p/p;.
Recall that for these shocks, we have = > 1. Thus

=t (f7) e ()
=log| — —log | —
1Y )41

= y log(z) — log(m)
— yiog (B0 ) ~togn)

+p
=: h(n).

= Epic
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To check whether h(xr) < 0 = (1), we differentiate, using (5.162):

B—1 1
Ve +BBr+1) 7

y(B> = Dr — (x + B)(Br + 1))

() =

1
w(z + B)(Br+1) (

T n(n +,3)1(,37r +1) (ét:w — D — (@ + (B + 1))
_ i o,

Y e

o B .

S TAG T BT D=0

Thus S is monotonically decreasing along the Hugoniot locus of the first family.
We see also that (5.174) holds only if p > p; for waves of the first family.

For shocks of the third family, an identical computation shows that (5.174) holds
only if p < p;.

5.7 Notes

The fundamentals of the Riemann problem for systems of conservation laws were
presented in the seminal paper by Lax [125], where also the Lax entropy condition
was introduced. We refer to Smoller [169] as a general reference for this chapter.
Our proof of Theorem 5.11 follows Schatzman [165]. This also simplifies the proof
of the classical result that s'(0) = % in Theorem 5.14. The parameterization of the
Hugoniot locus introduced in Theorem 5.11 makes the proof of the smoothness of
the wave curves, Theorem 5.16, quite simple.

We have used shallow-water equations as our prime example in this chapter. This
model can be found in many sources; a good presentation is in Kevorkian [112]. Our
treatment of the vacuum for these equations can be found in Liu and Smoller [138].

There is extensive literature on the Euler equations; see, e.g., [51], [169], [167],
and [42]. The computations on the Euler equations and entropy are taken from [85].

Our version of the implicit function theorem, Theorem 5.10, was taken from
Cheney [40]. See Exercise 5.11 for a proof.

5.8 Exercises

5.1 In this exercise we consider the shallow-water equations in the case of a vari-
able bottom. Make the same assumptions regarding the fluid as in Example
5.1 except that the bottom is given by the function y = b(x, ). Assume that
the characteristic depth of the water is given by H and the characteristic depth
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of the bottom is A. Let § = A/H . Show that the shallow-water equations read

h, + (vh)y =0,

1 (5.183)
(h); + (v*h + 5hz + 8hb), = 0.

What assumption on p is necessary for the p-system to be hyperbolic?
Solve the Riemann problem for the p-system in the case p(v) = 1/v. For
what left and right states does this Riemann problem have a solution?
Repeat Exercise 5.3 in the general case where p = p(v) is such that p’ is
negative and p” is positive.

Solve the following Riemann problem for the shallow-water equations:

h(x,0) (") forx <0,
,0) = =
u(x.0) (U(X»O)) {(hor) for x > 0,

with i; > h, > 0.
Let w = (u, v) and let ¢(w) be a smooth scalar function. Consider the system
of conservation laws

w, + (p(w)w), = 0. (5.184)

(a) Find the characteristic speeds A; and A, and the associated eigenvectors
r1 and r; for the system (5.184).

(b) Letp(w) = |w|2 /2. Then find the solution of the Riemann problem for
(5.184).

(c) Now let

1

w(w)=—1+u+v,

and assume that ¥ and v are positive. Find the solution of the Riemann
problem of (5.184) in this case.

Let us consider the Lax—Friedrichs scheme for systems of conservation laws.
As in Chapt. 3 we write this as

n+l _

1 n n A’ n n
= ) <A () 1 ()
where A = A¢/Ax, and we assume that the CFL condition

A< m]?x|)tk|

holds. Let v} (x,1) denote the solution of the Riemann problem with initial
data

u;'_l for x < jAx,

un

i forx = jAx.
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Show that

1 (+DAx
u;H—IZK / v (x, At)dx.
X
(j—1Ax

5.8 A smooth function w : R” — R is called a k-Riemann invariant if

5.9

Vw(u) - re(u) =0,

where 7y is the kth right eigenvector of the Jacobian matrix df, which is
assumed to be strictly hyperbolic.

(a)
(b)

()

(d)

Show that locally there exist precisely (n — 1) k-Riemann invariants
whose gradients are linearly independent.

Let Ry (u;) denote the kth rarefaction curve through a point u;. Then
show that all (» — 1) k-Riemann invariants are constant on Ry (u;). This
gives an alternative definition of the rarefaction curves.

We say that we have a coordinate system of Riemann invariants if there
exist n scalar-valued functions wy, ..., w, such that w; is a k-Riemann
invariant for j,k =1,...,n, j # k, and

Vw; (u) - rie(u) = y; (u)d; 1, (5.185)

for some nonzero function g;. Why cannot we expect to find such a co-
ordinate system if n > 2?
Find the Riemann invariants for the shallow-water system, and verify
parts b and c in this case.

We study the p-system with p(v) = 1/v as in Exercise 5.3.

(a)
(b)

(©
(d)

(e

Find the two Riemann invariants w; and w, in this case.
Introduce coordinates

p=wi(v,u) and T =ws(v,u),

and find the wave curves in (i, t) coordinates.

Find the solution of the Riemann problem in (i, t) coordinates.

Show that the wave curves W) and W, are stiff in the sense that if a point
(i, ©) is on a wave curve through (u;, 7;), then the point (u + Ap, v +
Art) is on a wave curve through (u; + Au, 77 + At). Hence the solution
of the Riemann problem can be said to be translation-invariant in (u, t)
coordinates.

Show that the 2-shock curve through a point (y;, ;) is the reflection
about the line 4 — u; = t — 77 of the 1-shock curve through (u;, 7).

5.10 As for scalar equations, we define an entropy/entropy flux pair (7, ¢) as scalar
functions of u such that for smooth solutions,

u;+ fu)y=0 = n +q.=0,

and 7 is supposed to be a convex function.
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(a) Show that  and ¢ are related by
V.q = Vundyf. (5.186)

(b) Why cannot we expect to find entropy/entropy flux pairs if n > 2?
(¢) Find an entropy/entropy flux pair for the p-system if p(v) = 1/v.
(d) Find an entropy/entropy flux pair for the shallow-water equations.

This exercise outlines a proof of the implicit function theorem, Theorem 5.10.

(a) Define T to be a mapping R?” — R? such that for y; and y,,
|T(y1) —T(y2)| <c|y1 — y2|. forsome constant ¢ < 1.

Such mappings are called contractions. Show that there exists a unique y
such that T(y) = y.

(b) Letu : R? — RP”, and assume that u is C' in some neighborhood of
a point yy, and that du(y,) is nonsingular. We are interested in solving
the equation

u(y) = u(yo) +v (5.187)

for some v where |v| is sufficiently small. Define

T(y) =y —du(yo)™ (y) —u(yo) —v).

Show that T is a contraction in a neighborhood of y,, and consequently
that (5.187) has a unique solution x = ¢(v) for small v, and that ¢(0) =

Yo-
(¢) Now let @(x, y) be as in Theorem 5.10. Show that for x close to xy we
can find ¢(x, v) such that

D(x,9(x,v)) = P(x, yo) + v

for small v.
(d) Choose a suitable v = v(x) to conclude the proof of the theorem.

Many calculations for the Euler equations become simpler in nonconservative
variables. Introduce w = (p, v, €), where

o (5-3)
e=—|E—=pv
P 2

is the internal specific energy.

(a) Show that in these variables we have
p=@—Dep. =y(y—De (5.188)
(b) Show that w satisfies an equation of the form
w; + A(w)w, =0, (5.189)

and determine A.
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()

(d)
(e)

Compute the eigenvalues and eigenvectors for A and determine whether
the wave families are linearly degenerate or genuinely nonlinear.

Compute the Riemann invariants in these variables.
Show that
apS\T dpvS\T
() = (2. e

where S denotes the entropy and is given by (5.155) or (5.177). Here

YN o fo fo)
(8w

for any scalar function f.

5.13 Prove (5.165).




Chapter 6

Existence of Solutions of the Cauchy Problem

Faith is an island in the setting sun. But proof;, yes.
Proof is the bottom line for everyone.
— Paul Simon, Proof (1990)

In this chapter we study the generalization of the front-tracking algorithm to sys-
tems of conservation laws, and how this generalization generates a convergent se-
quence of approximate weak solutions. We shall then proceed to show that the limit
is a weak solution. Thus we shall study the initial value problem

U+ f(u)e =0, uli—o = uo, 6.1)

where f:R" — R” and u, is a function in L' (R).

In doing this, we are in the setting of Lax’s theorem (Theorem 5.17); we have
a system of strictly hyperbolic conservation laws, where each characteristic field
is either genuinely nonlinear or linearly degenerate, and the initial data are close
to a constant. This restriction is necessary, since the Riemann problem may fail to
have a solution for initial states far apart, which is analogous to the appearance of
a “vacuum” in the solution of the shallow-water equations.

The convergence part of the argument follows the traditional method of proving
compactness in the context of conservation laws, namely, via Kolmogorov’s com-
pactness theorem or Helly’s theorem.

Again, the basic ingredient in front tracking is the solution of Riemann problems,
or in this case, the approximate solution of Riemann problems. Therefore, we start
by defining these approximations.

6.1 Front Tracking for Systems

Nisi credideritis, non intelligetis.l
— Saint Augustine, De Libero Arbitrio (387/9)

In order for us to define front tracking in the scalar case, the solution of the Riemann
problem had to be a piecewise constant function. For systems, this is possible only
if all waves are shock waves or contact discontinuities. Consequently, we need to
approximate the continuous parts of the solution, the rarefaction waves, by functions
that are piecewise continuous in x/z.

I Soft on Latin? It says, “If you don’t believe it, you won’t understand it.”

© Springer-Verlag Berlin Heidelberg 2015 283
H. Holden, N.H. Risebro, Front Tracking for Hyperbolic Conservation Laws,
Applied Mathematical Sciences, DOI 10.1007/978-3-662-47507-2_6
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There are, of course, several ways to make this approximation. We use the fol-
lowing: Let § be a small parameter. For the rest of this chapter, § will always denote
a parameter that controls the accuracy of the approximation. We start with the sys-
tem of conservation laws (6.1), and the Riemann problem

u; forx <0,
u(x,0) = (6.2)
u, forx >0.

We have seen (Theorem 5.17) that the solution of this Riemann problem consists
of at most n + 1 constant states, separated by either shock waves, contact disconti-
nuities, or rarefaction waves. We wish to approximate this solution by a piecewise
constant function in (x/1).

When the solution has shocks or contact discontinuities, it is already a step func-
tion for some range of (x/t), and we set the approximation equal to the exact
solution u for such x and 7.

Thus, if the jth wave is a shock or a contact discontinuity, we let

uf&j (X, 1) = uje (x,1), tojf <x <toj,y,
where the right-hand side is given by (5.137).

A rarefaction wave is a smooth transition between two constant states, and we
will replace this by a step function whose “steps” are no farther apart than § and lie
on the correct rarefaction curve R;. The discontinuity between two steps is defined
to move with a speed equal to the characteristic speed of the left state.

More precisely, let the solution to (6.2) be given by (5.137). Assume that the jth
wave is a rarefaction wave; that is, the solutions u and u,, ; lie on the j th rarefaction
curve R; (umH) through Upm;_y, OF

u(x. 1) = uj (x.1: umj,umjfl), forto; <x < taj+.

Let k = rnd (¢; /8) for the moment, where rnd (z) denotes the integer closest” to z,
and let § = €;/ k. The step values of the approximation are now defined as

wig =R (18w, ). forl =0,....k (6.3)

We have that u; o = Um;_, and u;; = uy ;- We set the speed of the steps equal to
the characteristic speed to the left, and hence the piecewise constant approximation
we make is the following:

k
"?.e, (X, t) =Ujo =+ Z (qu[ - M/'J_l) H (X - Aj (M/‘J_l) t) s (6.4)
=1

where H now denotes the Heaviside function. Equation (6.4) is to hold for taj+ <
x < 0; 1. Loosely speaking, we step along the rarefaction curve with steps of size
at most §. Observe that the discontinuities that occur as a result of the approximation
of the rarefaction wave will not satisfy the Rankine—-Hugoniot condition, and hence
the function will not be a weak solution. However, we will prove that u® converges
to a weak solution as § — 0. Fig. 6.1 illustrates this in phase space and in (x,t)-
space.

?Such that z — § <nd(z) <z + 1.
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Fig. 6.1 An approximated
rarefaction wave in phase

space and in (x, t)-space il

wj-1 uj

The approximate solution to the Riemann problem is then found by inserting
a superscript § at the appropriate places in (5.137), resulting in

uj forx <oyt,

§ . _ +
Ui, (x/t;up,, up) foroyt < x <ojt,

+ —
U, foro"t <x <o,t,

8 . — +
u (x/t,um,um) foro;t <x <o,t,
uB(x,l) = 2€ : ! 2 (6.5)

Um

+ -
) foro,t <x <o;t,

§ . _ "
un.e”(x/tvurvumnfl) fOI'O'nlfoU t,

u, forx > o,"t.

It is clear that u® converges pointwise to the exact solution given by (5.137). Indeed,
[’ (x, 1) —u(x, )] = O (8).

Therefore, we also have that HuS(Z) —u(t) ”Ll = O (8), since u® and u are equal
outside a finite interval in x.

Now we are ready to define the front-tracking procedure to (approximately) solve
the initial value problem (6.1).

Our first step is to approximate the initial function uy by a piecewise constant
function ug (we let § denote this approximation parameter as well) such that

lim [lug — o]l 1 = 0. (6.6)

We then generate approximations, given by (6.5), to the solutions of the Riemann
problems defined by the discontinuities of ug. Already here we see one reason why
we must assume T.V. (1) to be small: The initial Riemann problems must be solv-
able. Therefore, we assume our initial data u, as well as the approximation ug, to
be in some small neighborhood D of a constant u. Without loss of generality, u can
be chosen to be zero.

Since the initial discontinuities interact at some later time, we can solve the
Riemann problems defined by the states immediately to the left and right of the
collisions. These solutions are then replaced by approximations, and we may con-
tinue to propagate the front-tracking construction until the next interaction.
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However, as in the scalar case, it is not obvious that this procedure will take us
up to any predetermined time. A priori, it is not even clear whether the number
of discontinuities will blow up at some finite time, that is, that the collision times
will converge to some finite time. This problem is much more severe in the case
of a system of conservation laws than in the scalar case, since a collision of two
discontinuities generically will result in at least n — 2 new discontinuities. So for
n > 2, the number of discontinuities seems to be growing without bound as 7
increases. As in the scalar case, the key to the solution of these problems lies in
the study of interactions of discontinuities. To keep the number of waves finite, we
shall eliminate small waves emanating from Riemann problems. However, there is
a trade-off: The more waves we eliminate, the easier it is to prove convergence, but
the less likely it is that the limit is a solution of the differential equation.

The method we shall use to eliminate discontinuities is taken from [9]. Let v > 0
be some small number whose precise value will be determined later, cf. (6.36).
Henceforth, we shall call all discontinuities in the approximate Riemann solution
fronts. The family of a front separating states u; and uy is the unique number j
such that

ug € Wi(ug),

where, as in Chapt. 5, W; () denotes the j th wave curve through the point u. These
are parameterized as in Theorem 5.16. (Observe that we still have this relation for
fronts approximating a rarefaction wave.) The strength of a front is €, where we
have

UR = Wj,euL.

Note that the total strength of a rarefaction wave remains unchanged in the front-
tracking approximation.

If a front of strength ¢; collides from the left with a front from the right of
strength €,, and |€;€,| < v, then we shall not use the approximate Riemann solver
given by (6.5), but the following construction.

Let / denote the family of the front ¢; and 7 the family of ¢,. Let the state to the
left of the collision be #; and the state to the right be u,. Observe that since we have
a collision, ! >r. If [ > 7, define the states u/, and u/, by

w, = Wqu, u, =W _u, 6.7)

r le "m*
Ifl = 7, then we define
U, = Wiyt ©68)

The piecewise constant approximation to the Riemann problem defined by the col-
lision of a left front ¢; and right front €, consists of two fronts if [ > 7 and of one
front if / = 7. We define the front-tracking approximation to this problem to be the
piecewise constant approximation to the Riemann problem defined by u; and u;.,
followed by a discontinuity traveling at a fixed speed A > max, |4, (u)| separating
u,. and u,. This front we call a ghost front. Other fronts we call physical fronts.
Regarding ghost fronts, we label these €,, and define the strength of a ghost front
€, tobe €, = |u), —u,|. If N physical fronts, y1, ..., yy, interact at the same point,
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ghost front

~+

Fig. 6.2 a A collision producing a ghost front. b Collision between a ghost front and a physical
front

then we use an analogous construction if

Z’%‘Jﬂ <v,
i.J

i<j

so that the result of this interaction will not be more than N physical fronts of the
same families as the incoming fronts, followed by a ghost front. More specifically,
we use the following construction. First observe that since the fronts are colliding,
their families are nonincreasing from left to right. We sum the strengths of fronts
belonging to the same family, i.e., , = Zj,j:k y; fork = 1,...,n. If the kth
family is absent, the corresponding y; vanishes. Next we construct the new states
after the collision, starting from the left. We define u;, = W, ju;. Next we let
Uy, = Waj,u, ,and soonuntilu, =u, = W,;u, . Thestrength of the ghost
front will be g, = |u, —u,|.

Two ghost fronts will never interact, since they travel at the same speed. In order
to complete our description of the front-tracking algorithm, we must define how
a collision between a ghost front and a physical front is resolved. If a ghost front
separating states u; and u; collides with a physical front €, separating u; and u,,
we define

u, = Wi uj.

Then the solution consists of a physical front of family 7 and strength ¢,, followed
by a ghost front separating u/. and u,, traveling at speed A. In particular, note that
the strength of a physical front is not changed if it collides with a ghost front. See
Fig. 6.2.

If a ghost front interacts with several physical fronts, y;, ..., yy at some point
(xc,t.), wedefine u), = Wy 5 0---0 W,,J;”u},3 where is . is as above. Then we solve
the Riemann problem with left state ) and right state u, by the general procedure.
If 3., |yivj| > v, we use the full solution of the Riemann problem to define
the fronts. If Zif j |yi yj| < v, we should solve the Riemann problem using the
middle states u/mk = Wesu, fork = 1,...,n, with u/mo = u, followed by

M1
a ghost front separating u, and u,. Note that this solution equals the one we would

3 Observe that the order of families is reversed.
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a b

Fig. 6.3 a A collision between a ghost front and several physical fronts. b How this collision is
resolved by considering a sequence of collisions

have obtained if we had let the ghost front first interact with the leftmost of the
interacting fronts, yy, then let the resulting ghost front interact with yy_; and so
on, until the interaction between a ghost front and the rightmost front y,, and after
this, resolve the collision between yy, ..., y;. Thus, a collision between a ghost
front and several physical fronts can be viewed as a succession of collisions, first
between the ghost front and each physical front, and then between the physical
fronts. For an illustration of this, see Fig. 6.3. This perspective will be useful when
we obtain interaction estimates, cf. (6.25).

Since ghost fronts have a speed larger than that of other fronts, we define them
to be of family n + 1.

Front tracking in a box (systems)

(i) Given a one-dimensional strictly hyperbolic system of conservation

laws,
U+ f(u) =0, ul—o=uop, (6.9)

where u has small total variation.

(i) Approximate the initial data u( by a piecewise constant function ug.

(iii)) Approximate the solution of each Riemann problem by a piecewise con-
stant function by sampling points at distance § apart on the rarefaction
curve and using the exact shocks and contact discontinuities.

(iv) Track fronts (discontinuities).

(v) Solve new Riemann problems as in (iii), or if |€;€,| < v or one of the
colliding fronts is a ghost front, use (6.7)—(6.8).

(vi) Continue to solve Riemann problems approximately as in (v). Denote

(vii) The function u

an approximate solution by u?.
8 is well defined, and as § — 0, the approximate solution
u® will converge to u, the solution of (6.9).*
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Fig. 6.4 A collision of N By By, e Bn
physical fronts

YN IN—1 e Y2 M

We wish to estimate the strengths of the fronts resulting from a collision in terms
of the strengths of the colliding fronts. With some abuse of notation we shall refer
to both the front itself and its strength by ;.

Consider therefore once more N physical fronts yy, . .., y; interacting at a single
point as in Fig. 6.4. We will have to keep track of the associated family of each front.
As before, we denote by z: the family of wave y;. Thus if yy, ..., y4 all come from
the first family, we have 1 = --- = 4 = 1. Since the speed of y; is greater than
the speed of y; for j > i, we have j > 7. We label the waves resulting from the
collision Sy, ..., B,.

Let 8 denote the vector of waves in solution of the Riemann problem, defined by
the collision of yy,...,yy,i.e., B = (B1,...,B,), and let

04:(2%‘, Z)/i’ Z%‘)'
i=1 i=2 i=n

For simplicity, also set y = (yi,...,yn). Note that 8 is a function of y, that is,
B = B(y).Fori < j we define
0’p
Bij (0.7) 1= 87,97, (J/h...,)/i_l,a)/i,O,...,O,ij,O,...,O).
Then
11
%‘J/j//ﬂi,j(o, 1)dodt (6.10)
00

=B(.....7.0....,0,;.0,...,0) + B(y1.....¥-1.0.....0)
_/3(]/17-~-7yi701~-~10)_IB(yls~-~1yi—1701~-~701yj701~-~10)~

Furthermore,

B(O,....0,%.0,....0) = (0,....0,7.0,...,0), 6.11)

4Proved in Sect. 6.2.
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where y; on the right is at the kth place, since in this case we have no collision.
Summing (6.10) for all i < j, we obtain

N 11
Z)’i )’j//ﬁi,j(o'vf)dadf
00

i<j

N
=B0cyn) =Y _B0.....0.%.0,....0) = —a. (6.12)

i=1

By the solution of the general Riemann problem, see Lax’s theorem 5.17, we have
that B; ; is bounded; hence

N
B-—al <0 Y |nvl. (6.13)
i<
or
N
B=a+00)Y |yl (6.14)
LJ
i<j

Note that if the incoming fronts y; are small, then the fronts resulting from the
collision will be very small for those families that are not among the incoming
fronts.

If we have a collision between a ghost front €, separating states u; and u;, and
a physical front with strength € of family j separating states u, and u,, the result
will be a physical front of strength € separating states u; and u,., and a ghost front
€, separating u, and u,; see the right part of Fig. 6.2. Since u;, = W;.u; and
U, = Wjeug,

! !
u —u, = W u; — W u

€

/ a /
=u —u;+ / % (W) gur — W euy) dé
0

ow; aw;
w—+ [ (S - S ) ae
0

=u —u;+ O (1) fe] [ur —uy|.

Therefore

€p| < |eg| + K lel |eg| - (6.15)

<> Example 6.1 (Higher-order estimates)
The estimate (6.13) is enough for our purposes, but we can extract some more in-
formation from (6.12) by considering higher-order terms. Firstly, note that

ﬂ=05+Z)/i7j,3i.j(0’0)+0(1)Z|7i7/"|V|~ (6.16)

i<j i<j
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Therefore, we evaluate B; ; (0, 0). To do this, observe that M

U, = Rﬂ(y) u, = R)’N oR O+++0 Ryl uy, (6.17)

YN-1

where Rg is defined as in (5.141), and u; and u, are the states to the left and right
of the collision, respectively. If we define

_®

By, = 3y,

(6.11) implies

,8),/.(0,...,0) = ej,
where ¢, denotes the kth standard basis vector in R”. Also note that

0
—R = VgRg - By,.
i B) BB Py,

Furthermore, from Lemma 5.18 and (5.141), we have that
VgRg=|....rc + Z‘BJ Drmin(/_k)rmax(jvk)’ .14+ 0 <|‘3|2> .
j=l1
Here the first term on the right-hand side is the n x n matrix with the kth column

equal to ry + Z}’zl B Drmin(,ak) Tmax(jk)- Consequently,’

0
a—VVﬁR(o ..... o = (Dyrj, Drzrj,---,Drjrj,Dr]er,...,Drjrn)
j

evaluated at u;. Differentiating (6.17) with respect to y;, we obtain
(VoRp - By,) |y:(0,m,0.yj,0m.0) (ur) = ri (Ry,uy)

for j > i. Differentiating this with respect to y;, we obtain

d
(Tyvﬂﬂﬁ) ly=q...00¢; + VgR,.0Bi;(0,0) = Dy;ri (uy) .
j

Inserting this in (6.16), we finally obtain

N
-1
B=a+> vy (VsRg) (Dryri = Dpry) + O |yivs|Ivl.  (6.18)
i<j i<j
3 The right-hand side denotes the 7 x n matrix whose first j columns equal Dyrik=1,..., 7

and the remaining (n — j) columns equal Dy 7y, k = j + 1,....n.
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R

M

Fig. 6.5 An interaction in (x, f)-space and in phase space

which we call the interaction estimate. One can also use (6.12) to obtain estimates
of higher order.

In passing, we note that if the integral curves of the eigenvectors form a coordi-
nate system near M, then

(D,jr,- — D,,.rj) =0

for all i and j, and we obtain a third-order estimate. The estimate (6.13) will prove
to be the key ingredient in our analysis of front tracking.

For the reader with knowledge of differential geometry, the estimate (6.18) is no
surprise. Assume that only two fronts collide, ¢; and €,, separating states uy, uyy,
and u g. Let the families of the two fronts be / and r, respectively. The states u,
Uy, and u g are almost connected by the integral curves of r; and r,, respectively.
If we follow the integral curve of r; a (parameter) distance —¢; from u g, and then
follow the integral curve of r, a distance —e,, we end up with, up to third order in
€; and €., half the Lie bracket of ¢;r; and €,r, away from u;. This Lie bracket is
given by

leir1,€,17] := €€, (Dr,rr - Dr,rl) .

This means that if we start from u; and follow r, a distance ¢,, and then r; a dis-
tance ¢;, we finish a distance O ([¢;7, €,r,]) away from ug. Consequently, up to
O ([e;r1,€-1/]), the solution of the Riemann problem with right state ug and left
state uy, is given by a wave of family r of strength €,, followed by a wave of family
[ of strength €;. While not a formal proof, these remarks illuminate the mechanism
behind the calculation leading up to (6.18). See Fig. 6.5. &

Before we proceed further, we introduce some notation. Front tracking will pro-
duce a piecewise constant function labeled us(x, t) that has, at least initially, some
finite number N of fronts. These fronts have strengths ¢;,7 = 1,..., N. We will
refer to the ith front by its strength ¢;, and label the left and right states u;, and
u,,, respectively. The position of ¢; is denoted by x;(¢), and with a slight abuse of
notation we have that

Xi(l) = X; =+ Si (l — l,’) s (619)
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where s; is the speed of the front, and (x;, #;) is the position and time it originated.
In this notation, #® can be written

N
W) =uy, + Yy, —up) H (x = x; (1)) . (6.20)
i=1

The interaction estimate (6.13) shows that the “amount of change” produced by
a collision is proportional to the product of the strengths of the colliding fronts.
Therefore, in order to obtain some estimate of what will happen as fronts collide,
we define the interaction potential Q. The idea is that Q should (over)estimate the
amount of change in u® caused by all future collisions. Hence by (6.13), Q should
involve terms of type |€;€,|. We say that two fronts are approaching if the front to
the left has a larger family than the front to the right, or if both fronts are of the
same family and at least one of the fronts is a shock wave. Note that this means that
a ghost front is approaching all physical fronts to its right. We collect all pairs of
approaching fronts in the approaching set A, that is,

A := {(€;. €;) such that ¢; and €; are approaching} . (6.21)

The set A will, of course, depend on time. All future collisions will now involve
two fronts from A due to the hyperbolicity of the equation. Observe that two ap-
proximate rarefaction waves of the same family never collide unless there is another
front between, all colliding at the same point (x, t). Therefore, we define Q as

0:=) e (6.22)
A

For scalar equations we saw that the total variation of the solution of the conserva-
tion law was not greater than the total variation of the initial data. From the solution
of the Riemann problem, we know that this is not true for systems. Nevertheless, we
shall see that if the initial total variation is small enough, the total variation of the
solution is bounded. To measure the total variation we use another time-dependent
functional T defined by

N
T:=) lel. (6.23)
i=1

where N is the number of fronts. Lax’s theorem (Theorem 5.17) implies that T is
equivalent to the total variation as long as the total variation is small.

Let #; denote the first time two fronts collide. At this time we will have another
Riemann problem, which can be solved up to the next collision time #,, etc. In this
way we obtain an increasing sequence of collision times #;, i € N. To show that
front tracking is well defined, we need to show that the sequence {¢;} is finite, or if
infinite, not convergent. In the scalar case we saw that indeed this sequence is finite.

We will analyze more closely the changes in Q and T when fronts collide.
Clearly, they change only at collisions. Let 7. be some fixed collision time.

Assume then that the situation is as in Fig. 6.6: N fronts €1, ..., €y are colliding
at some point (x,, ), giving N’ fronts €], . . ., €),. Observe that if one of the collid-
ing fronts is a ghost front, then it must be the leftmost one, €. Furthermore, if € is
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Fig. 6.6 A collision of N
fronts

69\//

t
e T

a ghost front, then this collision can be viewed as a sequence of collisions between
the ghost front and each physical front ey _y, . .., €], followed by the interaction of
€N—_1,...,€ as depicted in Fig. 6.3. Thus for interaction estimates, we can assume
that if ey is a ghost front, then there are only two fronts colliding; €, (the ghost
front) and €; (the physical front).

Let 7 be a small interval containing x., and let J be the complement of 7. Then
we may write @ = Q) + Q(J) + Q(I,J), where Q(I) and Q(J) indicate
that the summation is restricted to those pairs of fronts that both lie in / and that
both lie in J, respectively. Similarly, Q(/, J) means that the summation is over
those pairs where one front is in / and the other in J. Let 71 < ¢, < 1, be two
times, chosen such that no other collisions occur in the interval [y, 7,], and such
that no fronts other than €y, ..., €y are crossing the interval I at time 77, and only
waves emanating from the collision at 7., i.e., waves denoted by €/, ..., €, cross /
at time 7,. Let Q; and T; denote the values of Q and T at time t;. By construction,
0,(I) =0and Q,(J) = Q(J), and hence

0>—01=0:(1,J)— 0., J) = 0:1(]). (6.24)

We now want to bound the increase in Q (7, J) from time 7| to 7. More precisely,
we want to prove that

0>(1.J) = 01(1.J) + 0 () (DT (J). (6.25)

Let |ee;| be aterm in Q»(/, J), i.e., (¢,€;) € A attime 7,. This means that €; < 0
or € < 0. With a slight abuse of notation we denote the family of €/ by i. Let 7; be
the set of indices of the colliding fronts in / at time 7, with family 7, i.e.,

L ={jlj=i j=1,...,N}.

Now the interaction estimate (6.14) reads

&=y & +00)0i).

J€%Li
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To prove (6.25) we study different cases. First we consider the three possibilities
that can occur if neither €/ nor € is a ghost front:

(a) The family of € is not i. In this case, (¢j,€) € A at time 7; for all j € 7;.
Therefore

lejel < Y el + 0 (1) Qi) el (6.26)

(ej,€)€A

(b) The family of € is i, and € < 0. In this case, since (¢;,€) € A at time 1,, also
(¢j,€) € A attime 1y for all j € 7;. Hence (6.26) holds.

(c) The family of € is i, and € > 0. Since (¢, €) € A, we infer that €, < 0. Let
7, =1k €7; | & <0}. Then

il =22 leil = 22 lail+ 001D

J€Li~ VISTAV/

Also, for j € 7;, (¢j,€) € Aif and only if j € 7; _. Hence (6.26) holds also in
this case.

Next we consider the situation when either ¢; or € is a ghost front.

(d) € is a ghost front. In this case € must be to the left of / since (¢;, €) € A. Thus
(€j,€) € Aforall j € K and (6.26) holds.

(e) € is a ghost front. Then € must be to the right of / for (€], €) to be in A. This
situation is depicted in Fig. 6.2. In the right case, ¢; is a ghost front, and in the
left case, €, = O (1) Q1(/) and there were no ghost fronts in / at 7;. In the
latter case, clearly (6.26) holds. If €; is a ghost front, then there are only two
fronts colliding in 7. By (6.15), |¢/| < || + © (1) ;| T1(I) and (¢;, €) € A.
Thus (6.26) holds.

Therefore, for all pairs (elf, €r) € A with € in J, (6.26) holds. Summing over i and
k gives (6.25).

Inserting (6.25) into (6.24), using the constant K to replace the order symbol,
we obtain

0> 01 = KQUDT, = 01(1) = Q) (KTy= ) = —30i()  (627)

if 77 is smaller than 1/(2K). By the estimate (6.15), (6.27) holds also for collisions
involving a ghost front. We summarize the above discussion in the following lemma.

Lemma 6.2 Assume that Ty < 1/(2K). Then

1
0,— 01 = _EQl(I)
for every § and v.

We will use this lemma to deduce that the total variation remains bounded if it
initially is sufficiently small, or in other words, if the initial data are sufficiently
close to a constant state.
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Lemma 6.3 If T is sufficiently small att = 0, then there is some constant ¢ inde-
pendent of § such that

G=T+cO0

is nonincreasing. We call G the Glimm functional. Consequently, T and T.V. (us)
are bounded independently of § and v.

Proof Let T,, and Q, denote the values of T and Q, respectively, before the nth
collision of fronts at #,, with 0 < #; < #, < ---. Using the interaction estimate
(6.13), we first infer that

T = Z

J

/
€

=T, + K0.(I). (6.28)

Letc > 2K and assume that 77 +cT? < 1/(2K). Assume furthermore that 7 +c¢ Q
is nonincreasing for all ¢ less than ¢, and that 7,, < 1/(2K). Lemma 6.2 and (6.28)
imply that

Tyt +¢ Onsr < Ty + KOW(I) + ¢ O — %Qn(l)

=Ty +cOp+ (K— %) 0, (I
<T,+cQ,

since K — % < 0. Consequently,

T <Tipi+¢Qup < <Ti+¢ Qi <Ti +cT{ < 1/2K),
which by induction proves the result. O

We still have not shown that the front-tracking approximation can be continued
up to any desired time. Now, however, this is clear. Since only collisions between
physical fronts that have strengths €; and €, such that |¢;€,| > v will produce new
fronts, and Q decreases by at least |¢;¢,| /2 in such a collision, there can be at most
20Q(0)/v collisions producing new nonghost fronts. Since fronts of each family
will travel in a wedge in the (x, ¢)-plane, eventually all physical fronts of different
families will have interacted. After this time, two rarefaction fronts (fronts approx-
imating rarefaction waves) of the same family will not collide, and the collision of
two shock fronts of the same family will produce a single shock front of the same
family and a ghost front. Thus in such collisions the number of physical fronts de-
creases by at least one. Therefore, there can be only a finite number of this type of
collision. Since ghost fronts all have the same speed, they will not interact among
themselves. Therefore, for fixed § and v, there will be only a finite number of inter-
actions for all # > 0. Hence the front-tracking approximation is well defined, and
we can calculate the approximation u®(x,¢) for all # > 0 using a finite number of
steps. Thus front tracking for systems is also a hyperfast method.

Summing up our results so far, we have proved the following result.
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Theorem 6.4 Let f; € C*(R"), j = 1,...,n. Let D be a domain in R" and
consider the strictly hyperbolic equation u, + f(u), = 0 in D. Assume that f
is such that each wave family is either genuinely nonlinear or linearly degenerate.
Assume also that the function uo(x) has sufficiently small total variation.

Then the front-tracking approximation u®(x,t), defined by (6.5), (6.6) and con-
structed by the front-tracking procedure described above, is well defined. Further-
more, the method is hyperfast, i.e., it requires only a finite number of computations
to define u®(x, t) for all t. The total variation of u® is uniformly bounded, and there
is a constant C such that

T.V. (’(-,1)) < C,

forallt > 0andall § > 0 and all v > 0.

6.2 Convergence

The Devil is in the details.
— English proverb

At this point we could proceed, as in the scalar case, by showing that front tracking
is stable with respect to L' perturbations of the initial data. This would then imply
that the sequence of approximations {u‘3 } has a unique limit as § — 0. For systems,
however, this analysis is rather complicated. In this section we shall instead prove
that the sequence {u‘s} is compact and that every (there is really only one) limit is
a weak solution. The reader willing to accept this, or primarily interested in front
tracking, may skip ahead to the next chapter.

To show that a subsequence of the sequence {u%}s- convergesin L] (R x [0, T]),

we use Theorem A.11 from Appendix A. We have already shown that u®(x, ) is
bounded, and we have that

/ [’ (x + p.t) —ul(x.1)| dx < pT.V. (W’ (-.1)) < Cp.
R

for some C independent of §. Hence, by Theorem A.11, to conclude that a subse-
quence of {u’} converges, we must show that

R

/ [ul(x,1) —ul(x.s)| dx < C(t — ),

—R
where t > s > 0, for every R > 0 and for some C independent of §. Since ul is
bounded, we have that A (the speed of the ghost fronts) is bounded, and (recall that
Al <---<A,)

A > max ’|{|)tn(u)|,|kl(u)|}~

Ju] <sup|ut
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Let #; and ;| be two consecutive collision times. For ¢ € (¢, ;1] we write u® in
the form

N;i
w(x,t) = u, + Z (uf —uf_y) H (x — x}.(1)), (6.29)
k=1
where x/ (1) denotes the position of the kth front from the left, and H the Heaviside

function. Here u®(x,1) = ul for x between x} and xj_ . Assume now that €
[ti,tix1] and s € [t;,¢;41], where j <i ands < t. Then

/|u8(x,z)—u5 (x.1;)| dx
R
:R/)[ %us(x,r)dr)dx

<[ [ i

R 1 K=1

x,i’(z)) |H' (x — xi.(v))| d dx

tNl_

5A/ZMH—MH/|H/(x—x;;(r))| dxdt
ik=1 2

<A@ =) TV (u'(-. 1))
<AC(t—-t),

since |x,’!’ < A. Similarly, we show that

/ |u8 (.X,ti) - MS (X,tj+1)| dx < AC (ti —tj+1) ifj+1<i,
R

and

/ [u® (x,t41) —u’ (x,5)] dx < AC (tj41— ).
R

Therefore,
”us("t) _uS("S)”LI = C |t _Sl ’

for some constant C independent of ¢ and §. Hence, we can use Theorem A.11 to
conclude that there exist a function u(x, t) and a subsequence {5 j} C {8} such that
ub —u(x,t)in L} as j — oo.

As in the scalar case, it is by no means obvious that the limit function u(x, t) is
a weak solution of the original initial value problem (6.1). For a single conservation
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law, this was not difficult to show, using that the approximations were weak solu-
tions of approximate problems. This is not so in the case of systems, so we must
analyze how close the approximations are to being weak solutions.

There are three sources of error in the front-tracking approximation. Firstly, the
initial data are approximated by a step function. Secondly, there is the approxima-
tion of rarefaction waves by step functions, and finally, ghost fronts are not weak
solutions locally.

In the following, the next lemma will be useful.

Lemma 6.5 Let the sequence {a;}; | be defined by

m—1
a =1, am:Zam_jaj, m=2,3,.... (6.30)
j=1
Then
., 2m=3)!

m =

= =0 1)4"m "
m!(m —2)! (1) 4%m

Proof We use the notation

1/2Y _ 3-G-D--G—m+1)
)= :

m!

Define the function

y(x) = Z apx™.
m=1

Then, using (6.30),

00 m—1

2 m

y :E E am—jdj | X° =Y —X,
m=2 \ j=1

and we infer that (recall that y(0) = 0)
1 —_— > 1/2
m=1 m
which implies

ay = (_1)m+1 (1/2> 22m—1'
m

We may rewrite this as

., (2m=3)!
" T m(m = 2)
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To estimate a,, as m — oo, we apply Stirling’s formula [188, p. 253]

1 0
': —— —_— —
n! = /2w exp ((n 2)ln(n-l—l) n+1)+ 12(n—|—1)>’
for 0 < 6 < 1. We obtain
2m —3)! 12
m=2—"— =0 (1)4"m™ /2. O
¢ m!(m —2)! M

We begin the error analysis by estimating how much we “throw away” by the
ghost fronts. To do this, it is useful to introduce the concept of the generation of
a front. We say that each initial front starting at # = 0 belongs to the first generation.
Consider two first-generation fronts of families / and r, respectively, that collide.
The resulting fronts of families / and r will still belong to the first generation,
while all the remaining fronts resulting from this collision will be called second-
generation fronts. More generally, if a front of family / and generation m interacts
with a front of family » and generation n, the resulting fronts of families / and r are
still assigned generations m and n, respectively, while the remaining fronts resultmg
from this collision are given generation n + m. If k fronts, of generations I....k
and families 1, ...,k collide, then the resulting fronts of family 7 have generatlon
i, while resultmg fronts of families not in the set {i . IQ} will have generation
min, ; {{ 4+ j}. The motivation behind this concept is that fronts of high generations
will have small strength.

For fixed § and v, there will be only a finite number of fronts in u%(x, 7). We
can use Lemma 6.5 to estimate the number of fronts of generation m. If we let G,
denote this number, we have that

T
Gps1 < (n —2)—2(;,,,+1 G m=1, Gi=N<=0()5. (63D
j=1
This holds since there will be at most (n — 2) waves of new generations at each
collision, each of which can consist of at most 7'/§ rarefaction fronts.
Set C = (n—2)T/§ and
G
Cm—l :

ay, =

Then a,, satisfies

Gm+1
Am+1 ol

1
Cm—l Z Gm+1—j G
j=1

1 m
— W § am+1_jajcm+l—j—1K/—l
Jj=1

m
= E Amy1—;4;.
j=1

IA
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We can use Lemma 6.5 and conclude that

m—1
Gn < 0(1) (%) 4Ny m

4m (n _ 2)m—1 T2m—1
§2m—1,1/2

<o) (6.32)

We also need to estimate the total variation of the fronts belonging to a given gen-
eration. Let G,, denote the set of all fronts of generation m, and let T, denote the
sum of the strengths of fronts of generation m. Thus

T(t) = Z le;
G/'Egm

Since there are no fronts of generation more than N (see the discussion of Theo-
rem 6.4),

N
T(t) =Y Tu(t).

m=1
Lemma 6.6 We have that
Tn(t) < CAKT()"

for some constant C.

Proof Using the interaction estimate, we obtain

Tapi=p . . Y 0dalle)

J=1 €€Gm+1-j €r€G;

Kf > laller

J=1€1€Gpt1-j €-€G;

= KZTW!-FI—/{I}
j=1

IA

By introducing T,,(¢) = T, (t)/(T ()" K™~"), we see that T, (t) satisfies
~ " ~ ~
Toe1(®) <Y T (DT} (1),
j=l

with 71(t) < 1. Now we can use Lemma 6.5 to conclude that

T, <C4™"m™'/2,

and thus LK T
Tm < Cu’
N

and the lemma follows. O

(6.33)




302 6 Existence of Solutions of the Cauchy Problem

Next we must estimate the change in the strength of a ghost front as it collides
with other fronts. We denote the strength of the ghost front after colliding with m
other fronts by €,,. First we claim that

leo| < Kv. (6.34)

To see this, assume that a front ¢; of family [ and a front €, of family 7 collide and
produce a ghost front; see Fig. 6.2. Ifi > 7, then (6.7) holds, and ifl = 7, (6.8)
holds. If we solve the Riemann problem exactly, obtaining n waves of strengths
€]....,¢€,, we have that

s €y

up=Wyg oWy o Wieuy,
as well as the interaction estimate

€ =6 €1+ 8irer + O(1) e, |.
With a slight abuse of notation, write

Wi(er, €, ... €)u = Wye, 0 Wy_i,_, 0o Wiu,
so that
u, = W€l €y, ..., €)u
and
u, =w(Q,...,0,¢,0,...,0,¢,0,...,0)u.

The function W has bounded derivatives with respect to all its arguments, whence

n
leol = ) —u, | < K Y

i=1

< K|ee€| < Kv,

/
€ — Sijeg —8; ;€

and (6.34) holds. The proof of (6.34) if several fronts interact to produce a ghost
front is analogous.

To estimate how the strength of a ghost front evolves as it collides with physical
fronts, we use the interaction estimate (6.15),

lemp1] = (1 + Ker]) |ém],

after the next collision with a front €,. Using this repeatedly, after collisions with
€r 1y, €rm,ylelds

lem| = (14 Kleri]) -+ (1 + K |€rml) |€ol

= feolexp(K Y lers]).
k=1
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Assume that the ghost front started at (xo, ), and let Y (x) be the curve coinciding
with the trajectory of the ghost front for ¢ > #; and 7, otherwise, i.e.,

1/ X =< Xo,
() =1{" =

lo—i-XA_A—xO X > Xp.

Then we have that

” 1
. <T) < G(ty) < T(0) +cT(0)* < —.,
> el < v = Gl00) STO) +eT (0 = 5
k=1
since Y (x) is “spacelike.” Hence, for all ghost fronts,
le] < Kve'/?, (6.35)

since their initial strength is by definition bounded by Kv.

Now we can finally determine v. Let G denote the set of all ghost fronts. We
want to choose v such that the variation of u® across the ghost fronts vanishes as §
becomes small. Let Ty, denote this variation. We have that

Ty = Z |€g’
g€g
k(]—l

= Z_l|6g|+2|6g|

&>ko
k()—l
<Ke 3 G+ ) CUKT),
k=1 k>ko

where Gy, is the total number of fronts of generation k, and T is the total variation
over all fronts. Now we assume that 7°(0) is so small that

4KT(t) <k < 1.
By (6.32),

G < C(C /8%,
Using this, we have that

ko—1

T, <Cv Z(%)%_l + O —.

ko

Now we first choose k¢ such that
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and then choose v such that
k()—l
C\2%-1 §
C — < - 6.36

Thus T, < &, and the total strength of the ghost fronts is small.

Now we can estimate how far u® is from being a weak solution. Recall that
shock fronts are local weak solutions, while we are making errors across fronts
approximating rarefaction waves and across ghost fronts.

To bound the error coming from a ghost front, we use

[ fQur) = f(ur) — Ay —u,)| < Clup —u,. (6.37)

This follows from the Lipschitz continuity of f.
To bound the error coming from a rarefaction front separating u; and u,, we note
that u, = W, cu; for some € < §, and we shall need to estimate

$(e) = fur) — flur) — A (up)(ur —up)
= f (Wiewr) = fur) = AQup) (W eur —up) .
We have that ¢ (0) = 0 and that
¢'(0) = df (ui)r;(ur) — A; (up)r(u) = 0.
Hence, ¢(€) = O (€?), or
| fGur) = f ) = Ay i)y —up)| < C8, (6.38)

if u; and u, are the left and right states of a rarefaction front.
By construction, if ¥; and u, are the states to the left and right of a shock front
traveling with a speed o, then

flur) = fur) —o(ur —up) = 0.

For a fixed time, we have that 1% is piecewise constant in x, and that the disconti-
nuities of u? are located at x; and move with speed o; fori = 1,..., N. This holds
for all times 7 that are not collision times. Using this, we can write

ub(x,t) = up + ZH (x = xi (1)) [ul; ,
f (u‘s) = f(uy)+ ZH (x —x; @) [SW)]; »

where H denotes the Heaviside function and [u], = u, — u; if u, is the state to
the right of the discontinuity, and u; the state to the left. Thus in the distributional
sense,

uf(x,t) = —Z@ [ul; 8y (x),

(6.39)
W),

1] 8y (x),

where 8y, ;) denotes the Dirac delta distribution located at x; (¢).
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We can use this to estimate how far u® is from a being a weak solution. Recall
that u is a weak solution of (6.1) if

// (up: + fwey) dx dt +/u(x,0)<p(x,0) dx = 0.
0 R

R

Since u = limg_, u?, we need to show that

R

0 = li (o + fWps)dxdt + [ u(x,0)p(x,0)dx),  (6.40)
81_1)1(1)(()/]1&/14(,0 u’)e X /ux @(x x)

for all test functions ¢. We have constructed the initial data u®(x, 0) such that the
last integral in the limit approaches [uo¢(x,0) dx. Regarding the double integral,
using the representation of u® as a sum of Heaviside functions and (6.39), we have

//(usq), + f)p,) dx dt
0 R

T
_/Z (07 [u]; = [f@)];) @(xi (). 1) dt
' T
== /(Ui [u]; = [f@)];) e(xi (). 1) dt
ieS
0T
/(Uz [u];, = [/ 0)];) @(xi (1), 1) dt
ieR 0
T
=Y [ o, - L) et .00,
ieG 0

where S denotes the set of shock fronts, R the set of rarefaction fronts, and G the
set of ghost fronts. Here, T is chosen so that ¢ is zero for > 0. We have that

T

Z/ (07 [u]; = [f@)];) e(x;i(t), 1) dt =0,

ieS 0

)Z/ o; [ul; = [f@],) ¢(xi (), t)dt‘<CZ|[[u]]’ <Cs.

1eR0 ieR

)Z/ o; [ul; = [f@],) ¢(xi (), t)dt‘ <C > |[u],| < C8.

ieGg 0 i€g

Thus the limit is a weak solution.
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We can actually extract some more information about the limit ¥ by examining
the approximate solutions u%. More precisely, we would like to show that isolated
jump discontinuities of u satisfy the Lax entropy condition

Am (M[) >0 = Am (ur) (641)
for some m between 1 and n, where o is the speed of the discontinuity, and

u; = lim u(y,t) and u, = lim u(y,?).
y—>x— y—>x+

To show this, we assume that u has an isolated discontinuity at (x, ¢), with left and
right limits ©; and u,. We can enclose (x, t) by a trapezoid Es with corners defined
as follows. Start by finding points

xf{l —x—, xf, —>x+, it #lt,

for k = 1,2 as § — 0. We let Es denote the trapezoid with corners (xj,.2}),
(x3,.15), (x},.13), (x7,.17). Recall that convergence in L} implies pointwise con-

vergence almost everywhere, so we choose these points such that

us(x(;l, 1)
ud(x}, . 17)

us(x(%,r’ tél)

— u; and
1 ub(x},. 1)

— u,

as § — 0. We can also choose points such that the diagonals of Es have slopes not
too different from o; precisely,

| 2 | 2
x! —x x! —x
H —o| <e(8) and H —o| <¢(8), (6.42)
s — 1 s — 1

where ¢(§) — 0as § — 0. Next fork = 1,2, set

Mk _ Z |6i|
S Tk k
Xsr — X5

where the sum is over all rarefaction fronts in the interval [x§ B x(’{ r]. It M 8" is
unbounded as § — 0, then u contains a centered rarefaction wave at (x, 1), i.e.,
a rarefaction wave starting at (x, ¢). In this case the discontinuity will not be iso-
lated, and hence M Bk remains bounded as § — 0. Next observe that

Sk 4k Sk 4k
ut(xs o 1) —us (x5, 15) <C > |rarefaction fronts| + ) [shock fronts|

3 3 3 3
Xsr — Xsu Xsr — X1
. k > |shock fronts|
=CM; +C -
sr X5

Here the sums are over fronts crossing the interval [xgC I xéﬁr]. Since the fraction on
the left is unbounded as § — 0, there must be shock fronts crossing the top and



6.2 Convergence 307

bottom of E for all § > 0. Furthermore, since the discontinuity is isolated, the total
strength of all fronts crossing the left and right sides of Es must tend to zero as
§—0.

Next we define a shock line as a sequence of shock fronts of the same family in
u®. Assume that a shock line has been defined for ¢ < t,, where t,, is a collision time,
and in the interval [f,_1,1,) consists of the shock front €. In the interval [¢,, ,11),
this shock line continues as the front € if € does not collide at ¢,,. If € collides at 7,,,
and the approximate solution of the Riemann problem determined by this collision
contains an approximate shock front of the same family as ¢, then the shock line
continues as this front. Otherwise, it stops at #,. Note that we can associate a unique
family to each shock line.

From the above reasoning it follows that for all § there must be shock lines
entering Ejs through the bottom that do not exit Ej through the sides; hence such
shock lines must exit Eg through the top. Assume that the leftmost of these shock
lines enters Es at yél.l and leaves Ejs at yéz.l. Similarly, the rightmost of the shock

lines enters Ej at y;  and leaves Ej at y; . Set

vie =’ (viy—15) and v, =’ (5, +.5)

Between yé‘. ; and xé‘. ;» the function u® varies over rarefaction fronts or over shock
lines that must enter or leave E through the left or right side. Since the discontinuity
is isolated, the total strength of such waves must tend to zero as § — 0. Because
ud(xf,.1f) — u; as § — 0, we have that v§, — u; as § — 0. Similarly, v§, — u,.
Since ¢ (§) — 0, by strict hyperbolicity, the family of all shock lines not crossing
the left or right side of Es must be the same, say m. The speed of an approximate
m-shock front with speed ¢ and left state vé‘. ; satisfies

Aot (v5,) <6 4+ 0 (8) < A (v])) - (6.43)
Similarly, an approximate m-shock front with right state vg‘.r and speed ¢ satisfies

Am (v§,) <6+ O 8) < Amyr (v5,). (6.44)
Then (6.41) follows by noting that & and & both tend to o as § — 0, and then letting
§ — 0in (6.43) and (6.44).

To summarize the results of this chapter we have the following theorem:

Theorem 6.7 Consider the strictly hyperbolic system of equations

u; + f(u), =0, u(x,0) = up(x),
and assume that f € C? is such that each characteristic wave family is either
linearly degenerate or genuinely nonlinear. If T.V. (uy) is sufficiently small, there
exists a global weak solution u(x, t) to this initial value problem. This solution may
be constructed by the front-tracking algorithm described in Sect. 6.1. Furthermore,

if u has an isolated jump discontinuity at a point (x,t), then the Lax entropy con-
dition (6.41) holds for some m between 1 and n.
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We have seen that for each § > 0 there is only a finite number of collisions
between the fronts in u? for all # > 0. Hence there exists a finite time Ty such
that for ¢+ > Tj, the fronts in ¥® will move apart, and not interact. This has some
similarity to the solution of the Riemann problem. One can intuitively make the
change of variables ¢ + t/e, x +— x/e without changing the equation, but the
initial data is changed to uy(x/¢). Sending ¢ — 0, or alternatively t — oo, we see
that u solves the Riemann problem

u; forx <O,

u; + f(u), =0, u(x,0) = (6.45)

ur forx >0,

where u; = limy_,_o up(x) and ugr = limy_ o uo(x). Thus in some sense, for
very large times, u should solve this Riemann problem. Next, we shall show that
this (very imprecise statement) is true, but first we need some more information
about u°.

For t > Ty, the function u® will consist of a finite number of constant states, say
uf, fori =0,.... M. If uf_ | is connected with uf by a wave of a different family
from the one connecting u?¢ to u? 41» We call u? a real state, and we let {ii;})\_, be
the set of real states of u°. Since the discontinuities of u® are moving apart, we must
have

N <n, (6.46)

by strict hyperbolicity. Furthermore, to each pair (i;_1, %;) we can associate a fam-
ily k; such that 1 < k; < k;41 < n, and we define kg = 0 and ky,; = n.
We write the solution of the Riemann problem with left and right data u, and u y,
respectively, as u, and define €;, j = 1,...,n, by

uy = Wy(e)Wy—i1(€a—1) - Wi(er)uo.
and define the intermediate states
ug=1uo and u; = Wi(eu;—y forj=1,...,n.
Now we claim that
luj —u;| <0 @), forkiy <j <ki. (6.47)

If N = 1, this clearly holds, since in this case u® consists of two states for t > Tj,
and by construction of u®, the pair (ifg, 1) is the solution of the same Riemann
problem as u is, but possibly with waves of a high generation ignored.

Now assume that (6.47) holds for some N > 1. We shall show that it holds for
N + 1 as well. Let v be the solution of the Riemann problem with initial data given

by

(x.0) uyg forx <0,
v _)C7 =
uy forx >0,
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and let w be the solution of the Riemann problem with initial data

w(x.0) = Uy forx <O,
, UN+1 for x > 0.

We denote the waves in v and w by €; and €}”, respectively. Then by the induction
hypothesis,

G-el=0®). |ava-d,,|=00.
Y Jg1=0@). and Y €] 0).
i¢lky,..., kn} i#kN#»l

where €; denotes the strength of the wave separating u;_; and ;. Notice now that
u can be viewed as the interaction of v and w; hence by the interaction estimate,

dle—€1<0@) for i<ky. and |e,, —€, | <OO).

1

Thus (6.47) holds for N + 1 real states, and therefore for every N < n. Now we
can conclude that for u = lims_,o u® the following result holds.

Theorem 6.8 Assume that u; = limy_,_o, up(x) and ug = limy_, o, up(x) exist.
Then ast — oo, u will consist of a finite number of states {ui}fvzo, where N < n.
These states are the intermediate states in the solution of the Riemann problem
(6.45), and they will be separated by the same waves as the corresponding states in
the solution of the Riemann problem.

Proof By the calculations preceding the lemma, for t > T we can define a func-
tion us that consists of a number of constant states separated by elementary waves,
shocks, rarefactions, or contact discontinuities such that these constant states
are the intermediate states in the solution of the Riemann problem defined by
lim,_, _, u®(x,¢) and lim,_ ., u®(x, ¢), and such that for every bounded interval I,

|as(- 1) —u8(-,t)||L1(1) —0 asd§—0.
Then for ¢t > Tg,

(. 0) =5 (- O iy < Jul-.0) —us(-,t)HLl(,)
+ ||a8("t)_ué('at)”LI(I)'
Sett = Ts + 1, and let § — 0. Then both terms on the right tend to zero, and

uo — uy and uy — ug. Hence the lemma holds. Note, however, that u does not
necessarily equal some 4 in finite time. O
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Remark 6.9 Here is another way to interpret heuristically the asymptotic result for
large times. Consider the set

l(x,1) | x eR}

in phase space. There is a certain ordering of that set given by the ordering of x. As
§ — 0, this set will approach some set

{u(x,t) | x e R}.

Theorem 6.8 states that as ¢ — oo this set approaches the set that consists of the
states in the solution of the Riemann problem (6.45) with the same order. No state-
ments are made as to how fast this limit is obtained. In particular, if u; = ug =0,
then u(x, ) — 0 for almost all x as t — oo.

6.3 Notes

The fundamental result concerning existence of solutions of the general Cauchy
problem is due to Glimm [72], where the fundamental approach was given, and
where all the basic estimates can be found. Glimm’s result for small initial data
uses the random choice method. The random element is not really essential to the
random choice method, as was shown by Liu in [135]. The existence result has been
extended for some 2 x 2 systems, allowing for initial data with large total variation;
see [144, 170]. These systems have the rather special property that the solution of
the Riemann problem is translation-invariant in phase space.

Our proof of the interaction estimate (6.13) is a modified version of Yong’s ar-
gument [190].

Front tracking for systems was first used by DiPerna in [60]. In this work a front-
tracking process was presented for 2 x 2 systems, and shown to be well defined
and to converge to a weak solution. Although DiPerna states that “the method is
adaptable for numerical calculation,” numerical examples of front tracking were
first presented by Swartz and Wendroff in [172], in which front tracking was used
as a component in a numerical code for solving problems of gas dynamics.

The front tracking presented here contains elements from the front-tracking
methods of Bressan [21] and, in particular, of Risebro [160]. In [160] the genera-
tion concept was not used. Instead, one “looked ahead” to see whether a buildup of
collision times was about to occur. In [9] Baiti and Jenssen showed that one does
not really need to use the generation concept or look ahead in order to decide which
fronts to ignore.

The large-time behavior of u was shown to hold for the limit of the Glimm
scheme by Liu in [136].

The front-tracking method presented in [160] has been used as a numerical
method; see Risebro and Tveito [162, 163] and Langseth [121, 122] for examples
of problems in one space dimension. In several space dimensions, front tracking
has also been used in conjunction with dimensional splitting with some success for
systems; see [92] and [132].
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6.4 Exercises

6.1 Assume that f:R" — R” is three-times differentiable, with bounded deriva-
tives. We study the solution of the system of ordinary differential equations

dx

I S(x),  x(0) = xo.

We write the unique solution as x () = exp(zf)xo.
(a) Show that

2
exp(e 130 = o + ef (o) + Sdf (x0) f (¥0) + O (&)

(b) If g is another vector field with the same properties as f, show that

exp(eg) exp(ef)xo = xo + & (f (xo0) + g (x0))
2

+ %(df (x0) f (x0) + dg (x0) g (xO))
+6%dg (xo) f (xo) + O (%) .

(¢c) The Lie bracket of f and g is defined as

[/ gl(x) = dg(x) f(x) —df(x)g(x).
Show that
.1
[/. 8] (x0) = lim = (eXp(sg) exp(ef)xo — exp(ef) eXp(sg)xO).
(d) Indicate how this can be used to give an alternative proof of the interaction

estimate (6.13).

6.2 We study the p system with p(u;) as in Exercise 5.3, and we use the re-
sults of Exercise 5.9. Define a front-tracking scheme by introducing a grid in
the (u, T)-plane. We approximate rarefaction waves by choosing intermediate
states that are not farther apart than § in (u, 7). If € is a front with left state
(i1, 77) and right state (u,, t,), define

T(e) = [Ie]l = ITz]]  if € is a 1-wave,
[[=]1 = [[p]| if € is a 2-wave,

and define T additively for a sequence of fronts.

(a) Define a front-tracking algorithm based on this, and show that
Tn+1 S Tn )

where T, denotes the 7" value of the front-tracking approximation between
collision times #, and #,, 4.
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6.3

6 Existence of Solutions of the Cauchy Problem

(b) Find a suitable condition on the initial data so that the front-tracking algo-
rithm produces a convergent subsequence.
(c) Show that the limit is a weak solution.

Assume that the flux function f(u) admits an entropy/entropy flux pair (7, ¢),
that is, 1 and ¢ are functions from R” to R such that

Vun(u) = Vy,qu)df(u).

Assume also that for the solution of the Riemann problem

u, x <0,
w + f)y =0, u(x.00=1{"
u, x>0,

we have that

n(u), + q(u), = 0 if the solution is a rarefaction wave
or contact discontinuity,

n(u); + q(u), < 0 in the distributional sense if the solution is a shock.
Let now u = lim u®, where u® is the front-tracking approximation. Show that

nw), +q), <0,

in the distributional sense.



Chapter 7

Well-Posedness of the Cauchy Problem

Ma per seguir virtute e conoscenza.'
— Dante Alighieri (1265-1321), La Divina Commedia

The goal of this chapter is to show that the limit found by front tracking, that is, the
weak solution of the initial value problem

ur+ f)x =0, u(x,0) = up(x), (7.1)

is stable in L' with respect to perturbations in the initial data. In other words, if
v = v(x, t) is another solution found by front tracking, then

(-, 1) =v(-, Ol = Clluo = ol

for some constant C. Furthermore, we shall show that under some mild extra en-
tropy conditions, every weak solution coincides with the solution constructed by
front tracking.

< Example 7.1 (A special system)
As an example for this chapter we shall consider the special 2 x 2 system

u, + (vuz)x =0,

7.2
v, + (uvz)x =0. (7.2)

For simplicity assume that ¥ > 0 and v > 0. The Jacobian matrix reads

2uv  u?
<v2 2uv>’ (7.3)

with eigenvalues and eigenvectors

Al = uv, r = (—u/v)’
1
Ay =3uv, = (”{”) . (7.4)

' Hard to comprehend? Tt means “[but to] pursue virtue and knowledge.”
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Fig. 7.1 The curves W in (u, v) coordinates (a) and (7, ) coordinates (b)

The system is clearly strictly hyperbolic. Observe that
V)Ll = 0,

and hence the first family is linearly degenerate. The corresponding wave curve
Wi(uy,v;) = Ci(uy, vy) is given by (cf. Theorem 5.7)

j_l::_%v u(vl):uls

or (see Fig. 7.1)
Wi(u,v) = Ci(ug,v) = {(u,v) | uv = uv;}.

The corresponding eigenvalue A, is constant along each hyperbola.
With the chosen normalization of r, we find that

sz sy = 6M,

and hence the second-wave family is genuinely nonlinear. The rarefaction curves of
the second family are solutions of

du u
dv v
and thus
u U
vooov

We see that these are straight lines emanating from the origin, and A, increases as
u increases. Consequently, R, consists of the ray
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The rarefaction speed is given by

v
Ao (s up,v)) = 3L,
uj

To find the shocks in the second family, we use the Rankine—Hugoniot relation
s (u—up) =vu®— vlulz,
s(v—uv) =viu— vlzul,

which implies

121(1+ﬂi(3_g)) _fu/.
U 2 \vy v vV v/v;.
(Observe that the solution with u/u; = v;/v coincides with the wave curve of the
linearly degenerate first family.) The shock part of this curve S, consists of the line

Satur,v) = {@,v) [v =u=t, 0 <u=wf.
uj

The shock speed is given by
2 2\ Ui
s =y (uiup,vp) = (u + uu; + ul) u_
!

Hence the Hugoniot locus and rarefaction curves coincide for this system. Systems
with this property are called Temple class systems after Temple [177]. Furthermore,
the system is linearly degenerate in the first family and genuinely nonlinear in the
second. Summing up, the solution of the Riemann problem for (7.2) is as follows:
First the middle state is given by

vy [22]
Up = (JUU,—, Uy = [V, —.
v, U,

If u;/v; < u,/v,, the second wave is a rarefaction wave, and the solution can be

written as
L forx/t <wuyvy,
vy
Um
( ) for u;v; < x/t < 3u,v,,
Um
(“) (x.1) = (7.5)
v
[ (um{vm> for 3u, v, < X/t < 3u,v,,
(u,) for 3u,v, < x/t.
vy
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In the shock case, that is, when u; /v; > u,/v,, the solution reads

i for x/t <uyvy,
V]
u U
( ) (x,1) = ) forujvy < x/t < po (Uri U, V), (7.6)
v U

u
r) for po (Uy; Up, V) < X/1.
vy

If we set

and thus

u= /5. v=n/k

the solution of the Riemann problem will be especially simple in (7, £) coordinates.
See Fig. 7.1. Given left and right states (1;, &), (1,, &), the middle state is given
by (1, ). Consequently, measured in (7, £) coordinates, the total variation of the
solution of the Riemann problem equals the total variation of the initial data. This
means that we do not need the Glimm functional to show that a front-tracking ap-
proximation to the solution of (7.2) has bounded total variation. With this in mind
it is easy to show (using the methods of the previous chapters) that there exists
a weak solution to the initial value problem for (7.2) whenever the total variation of
the initial data is bounded.
We may use these variables to parameterize the wave curves as follows:

(”) = (ul v/ 7]) (first family),

v n

(u) = (um/v;) (second family).
v n

For future use we note that the rarefaction and shock speeds are as follows:

A(n) = wi(n) =1,
Aa(m)=3n, and o (m,ny) = (m+ mnr +n,) . &

As a reminder we now summarize some properties of the front-tracking approx-
imation for a fixed 4.

1. For all positive times ¢, u%(x, ¢) has finitely many discontinuities, each having
position x; (¢). These discontinuities can be of two types: shock fronts or approx-
imate rarefaction fronts. Furthermore, only finitely many interactions between
discontinuities occur for ¢ > 0.
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2. Along each shock front, the left and right states
uy =’ (i F.1) (7.7)
are related by
ur = Sp(e)u +e,

where ¢; is the strength of the shock and 7 is the family of the shock. The “er-
ror” e; is a vector of small magnitude. Furthermore, the speed of the shock, x,
satisfies

|% — i (up,u,)] <O (1) 86, (7.8)

where 1; (47, u,) is the 7th eigenvalue of the averaged matrix

1
M (uruy) = / df (1 — any +aw,) da:
0

cf. (5.76)—(5.77).
3. Along each rarefaction front, the values u; and u, are related by

u, = R; () u; + e;. (7.9
Also,
| = A (u)|=O(1)8 and [x —A; (u)| = O(1)8, (7.10)

where A; (1) is the Ith eigenvalue of df (u).
4. The total magnitude of all errors is small:

> el <. (7.11)

Also, recall that for a suitable constant Cy the Glimm functional
GW(-,0) =T @u(.0)+Co0 ('(-,1))

is nonincreasing for each collision of fronts, where 7 and Q are defined by (6.23)
and (6.22), respectively, and that the interaction potential

Q (uS(' s t))

is strictly decreasing for each collision of fronts.
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7.1 Stability

Details are always vulgar.
— Oscar Wilde, The Picture of Dorian Gray (1891)

Now let v be another front-tracking solution with initial condition vy. To compare
u and v¥ in the L'-norm, i.e., to estimate ||u8 — 9t we introduce the vector

q=q(x,t) =(q1,-..,492) by

1°

0(x.1) = Hy (¢n) Hyo (gn-1) -+ Hy (g u’(x.1) (7.12)
and the intermediate states w;,
wy = us(x,t), w; = H; (g;))w;_;, forl <i <n, (7.13)
with velocities

wi = pi(wi—, w;). (7.14)

As in Chapt. 5, Hj (¢)u denotes the kth Hugoniot curve through u, parameterized
such that

%Hk (¢) ”L:o = ri(u).
Note that in the definition of ¢ we use both parts of this curve, not only the part
where € < 0. The vector g represents a “solution” of the Riemann problem with
left state % and right state v® using only shocks. (For € > 0 these will be weak
solutions; that is, they satisfy the Rankine—Hugoniot condition. However, they will
not be Lax shocks.)

Later in this section we shall use the fact that genuine nonlinearity implies that
i (u, Hy(e)u) will be increasing in ¢, i.e.,

i,uk (u, He(e)u) = ¢ > 0,
de
for some constant ¢ depending only on f.

As our model problem showed, the L! distance is more difficult to control than
the “g-distance.” However, it turns out that even the g-distance is not quite enough,
and we need to introduce a weighted form. We let D (u°) and D (v?) denote the sets
of all discontinuities in u and v, respectively, and define the functional @ (us, v8)
as

o' o) = Y [ lguol Wi dx. 1.15)
k=1_

Here the weights Wy are defined as

Wi =1+ K14k + 12 (Q (u®) + 0 (v%)). (7.16)
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where Q (u®) and Q (v°) are the interaction potentials of u® and v%, respectively;
cf. (6.22). The quantity Ay is the total strength of all waves in u® or v® that approach
the k-wave qi (x). More precisely, if the kth field is linearly degenerate, then

Ar(x) = E lei| + E lei] - (7.17)
i,x;<Xx 1,X>X;
>k i<k

The summation is over all discontinuities x; € D (u®) U D(v%). If the kth field is
genuinely nonlinear, we must also account for waves of the same family approach-
ing each other, and define

A = D lal+ Y el

i,x;<Xx 1,X>X;
>k i<k
doodal+ D el ifgr(x) <0,
ieDwb) ieDOY)
i=k,xi<x i=k,x<x;
+ (7.18)
doodal+ D el ifge(x) > 0.
ieD%) ieDd)
i=k,xi<x i=k,x<x;

In plain words, a g; shock is approached by k-waves in u® from the left, and k-
waves in v® from the right. Similarly, a g, rarefaction wave is approached by k-
waves in v® from the left and k-waves in u® from the right.

Once the values of the constants k; and k, are determined, we will assume that
the total variations of u® and v® are so small that

1 < Wi(x) <2. (7.19)

In this case we see that @ is equivalent to the L' norm; i.e., there exists a finite
constant C; such that

N T R YR et M B (7.20)
1

We can also define, with obvious modifications, @ (1% (¢), v%2(¢)) with two dif-
ferent parameters 6; and §,. Our first goal will be to show that

@ (¥ (1), v2(1)) — @ (1’ (5), v (5)) < Cat —5)(81 V 62), (7.21)

forall 0 <t < s. Once this inequality is in place, we can show that the sequence of
front-tracking approximations is a Cauchy sequence in L' for
[u' @) —u®@)|, < C1@ (" (1), u™ (1))
< C1@ (u"(0), u™(0)) + C1Ct (81 V 6)
< CE|[u® (0) —u™(0)||, + C1Cat (8 v 62).
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Letting &; and 8, tend to zero, we have the convergence of the whole sequence, and
not only a subsequence.

The first step in order to prove (7.21) is to choose k;, so large that the weights
Wi do not increase when fronts in ut or v%2 collide. This is possible, since the
total variations of both #® and v® are uniformly small; hence the terms k| Ay are
uniformly bounded, and by the interaction estimate, Q decreases for all collisions.
This ensures the inequalities (7.19).

Then we must examine how @ changes between collisions. Observe that @ () is
piecewise linear and continuous in 7. Let

D =D (u)UD(v?).

We differentiate @ and find that

%@ (uS‘,USZ) = Z 2”: Har (i =) Wi (xi=) = lgx (xi )| Wi (x;+)} i
ieD k=1
- ) o )
=y Xn: Ei. (7.22)
€D k=1

where

et = e (), () = g (o1 (), 0k (x))
gt =qi (k). and WF =W (xi£).

The second equality in (7.22) is obtained by adding terms

i,— i— i— i—1 i—1 i—1
q: )Wk' s )q< >+‘W( >+M( I+,
and observing that there is only a finite number of terms in the sum in (7.22).

< Example 7.2 (Example 7.1 (cont’d.))
Let us check how this works for our special system. The two front-tracking approxi-
mations are denoted by v and v, and for simplicity we omit the superscript §. These
are made by approximating a rarefaction wave between 1; = né and 1, = mé,
m > n, by a series of discontinuities with speed 3j8, j = n,...,m — 1. In other
words, we use the characteristic speed to the left of the discontinuity. The functions
u and v are well defined by standard techniques.

Since we managed this far without the interaction potential, we define the
weights also without these (they are needed only to bound the weights, anyway).
Hence for the example we use

Wi(x) =1 + kAr(x). (7.23)
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Now we Shall estimate
It ’ i l,l L, . N

To this end we consider a fixed discontinuity at x (to simplify the notation we
do not use a subscript on this discontinuity) in one of the functions, say v. This
discontinuity gives a contribution to the right-hand side of (7.24), denoted by E; +
E,, where

£y =07 () o ). =1

For this 2 x 2 system we have

A= Y el

Xi<x,1=2
Ax)= Y el
xi>x,i=1
D> lal+ Z lei|  ifgy <O,
1=2,x;<x 1=2,x;>x
x;i €D(u) xi€D(v)
+
Z lei| + Z |€; | if g, > 0.
=2, x;<x =2, x;>x
xi€D(v) x;i €D(u)

To estimate E| + E, we study several cases.

Case 1 Assume first that the jump at x is a contact discontinuity, that is, of the first
family, in which case

Al = Ay,
and consequently,
wit=w . (7.25)
Furthermore,
g =qy +€ and pf =p;=x-gq;.
Then

Er =W g | (ui — %) = W lgy | (7 — %)
=W {lar + €l —la7 1} (—43)
W lgs | el . (7.26)

A
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For the weights of the second family we find that
Ay = Ay —lel. W' =Wy —«lel. ¢ =q5. 1y =p3.

To estimate (1, — X we exploit that u; is a discontinuity of the second family, while
X is a contact discontinuity of the first family. Thus we can estimate from below
their difference by the smallest difference in speeds between waves in the first- and
second-wave families. We find that u; — X > ¢ = min,, {n} > 0. Hence

Ey =Wy |5 | (ud — %) = Wy las | (13 — %)
= Ig5 | (k2 — %) (=« [e])
< —kclgy|lel . (7.27)

Then
E\+ Ey=|g|le|] (W —«kc) <0 (7.28)

if k¢ > sup, Wj(x). (Throughout this argument we will choose larger and larger «.)
This inequality (7.28) is the desired estimate when x is a contact discontinuity.

Case 2 The case that x is a genuinely nonlinear wave, that is, belongs to the second
family, is more complicated. There are two distinct cases, that of an (approximate)

rarefaction wave and that of a shock wave. First we treat the term E;, which is
common to the two cases. Here

AT = A7 +lel, W =W +«lel. qf =47,

I’Li’» = /"l’l_’ and /J,I — .X < —C.
Consequently,
Er =W g | (i = %) = W lgy | (k7 — %)

= i le| gy | (u7 — %)
< —kclgy|lel <0. (7.29)

We split the estimate for E, into several cases.

Case 2a (rarefaction wave) First we consider the case that x is an approximate
rarefaction wave. By the construction of v we have

€e=8§>0 and ¢ =¢q, +e

The speeds appearing in E, are given by

1y =2m +q5 + €+ (nu +q5 +e).
wy =2+ g5 + (e +45).

& =3(m+4)-
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Fig.7.2 g, >0 4 =q; +e
E VO v
\\\
vT=(n",§")
o =q
u = (7711,7 fu)

We define the auxiliary speed

ﬁ:lLZ(v_’v+)=27lu+2q;+€+\/(r)u +CI2_)(7714 +C]2_+€)-
It is easily seen that
0<e<pi—x<2e

We have several subcases. First we assume that g, > 0, in which case q2+ > 0 as
well; see Fig. 7.2.
In this case A; = A5 + |e|. Hence

Ey = Wy' gy | (3 — %) — (W5 —xclel) lax | (n7 — %)
=W," {(g7 +€) (13 — 1) — a5 (15 — 1)}
+ W, (g —q) (B = %) + kel lg5 | (ny = %).

We need to estimate the term {(¢; + €) (3 — 1) — g5 (17 — i) }. This estimate
is contained in Lemma 7.4 in the general case, and it is verified directly for this
model right after the proof of Lemma 7.4. We obtain

(a5 +€) (3 — i) — g5 (k5 — )| <0 ) el gz ] (195 |+ l€l) .
and thus

Ey <0 () el gy | (la5 |+ lel) + WaT le] |z — %]+ |e| 145 ] (3 — %)
< 0 lellgz | (laz | + lel) +2W," lel” + & le] gz | (3 — %)

We estimate u;, — X < —¢q, < 0, and hence
Ey < |ellg; P (@ (1) =) + O () [e]* g5 | + O (1) |e]* < M |¢]$,

for some constant M if we choose k big enough. We have used that W;r is bounded.
Therefore,

E1+E2§M|6|5
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Now for the case ¢; < 0. Here we have two further subcases, ¢, < 0 and g, > 0.
First we assume that ¢, < 0, and thus both ¢, and ¢, are negative. Note that

lg5 | =1a51—el.0 < —g5 < p; —% <—2q;, and A = A; —|e].
Thus

E2=(W2 —K|6| |‘] i( -wy |‘I2|( —)'c)
=Wy {(a; —€) (13 _:“)_qz (w3 — )}

— Wy el (i — %) — kel g5 | (13 — %)

O () el g5 | (|g5| + lel) + O (1) [e]> —k |e] |g5 |

< lellg; P (© (1) = 1) + O (1) |¢]?
< M| 8,

IA

where we have used Lemma 7.4 (with ¢ = ¢, &' = ¢, +) and chosen « sufficiently
large. Thus we conclude that E; + E» < M |€| § in this case as well.

Now for the last case in which € > 0, namely ¢, < 0 < g5". Since ¢ = ¢; +¢,
we have

la5| <8, gz <.

Furthermore, A7 = A5, and thus W," = W,~. We see that

+

0<-q;, <p; —x <-2¢q,, wi—x <2—gq;,

and hence

Ex =W {gf (uf — %) + 145 | (u5 — %)}

< W, {qz (2|€| +‘]2)+|‘]2| 2 |‘]2|}
= M |els,

for some constant M .

Case 2b (shock wave) When x is a shock front, we have € < 0. In this case,

F= = o (vo0) = 2+ 25 et (o az) (e +ap + o).
We first consider the case g; < 0. Then
4y =¢; +€<0. |gf|=lgz|+le|. and A = A7 —|e|,
and we obtain
= Wy —«lel) a5 | (3 — %) = W5 laz | (13 — %)
=W, ((g; +(uy — %) —q; (15 — X))
— el (Ig5 | + leD(ny — %)

<O lellgy (g2 | + lel) = le (g5 | + [€]) gz |
< lellgz [ (lgz | + le[) (O (1) = k) =< 0.
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Lemma 7.4 (with ¢’ = €, & = g5 ) implies

(97 +€) (13 —%) —q5 (u7 —%)| <O el g5 | (Ig7 ] + lel) -
Furthermore,

py—% =—=q5 + /m(nu + g5 +¢)

—\/(nu+q2‘)(nu+q;+e)

N
Vi a3

>—q;, =gz 1.

=—q, |1+

If g; > 0, then there are two further cases to be considered, depending on the sign
of g . We first consider the case g5~ < 0, and thus ¢ < 0 < g5. Now A = A7.
Furthermore,

By —X = —=2q, =0,

N -
<—lg;|.
V’]u"'\/r’u +CI;—

py—x=-q; |1+

Thus
My <X <p.
and we easily obtain
Ey =Wy {|q] | (n3 — %) = la5 | (13 — %)} < 0.

This leaves the final case g5 > 0. In this case we have that A} = A5 + |e|. We still
have

NI

Vi + e+ 45

E _q; < 01

and thus
X — sl =g
Furthermore, by Lemma 7.4, we have that

(72 +€) (13 — %) — a3 (n3 —%)| <O ) |a5 ]| lel (Ja5| + le]) -
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Then we calculate
E, = WzJr |Q2+| (M;r —)'c) - (WzJr —K |6|) 95 | (ME —)'c)
=W, ((g7 + Oy — %) —q5 (u3 — X)) + « le] lg5 | (15 — %)
< Wi lqF (13 —x) — g5 (15 — x)| = lel |1z — %] lg3 |
<0 M) ellgy | (lgz |+ el) = lel g5 |95 |
<0 () [el’ + el lgz > (O (1) = k)
<Mle|$§

if « is sufficiently large. This is the last case.
Now we have shown that in all cases,

E1+E2§M|6|8

Summing over all discontinuities in ¥ and v we conclude that
d
—®du,v) <C’S,
T 0(.v) <

for some finite constant C’ independent of 6.
We shall now show that

D Eix <0 e (61 V) +0 (1) e, (7.30)
k=1

and this estimate is easily seen to imply (7.21). To prove (7.30) we shall need some
preliminary results:

Lemma 7.3 Assume that the vectors € = (€1, ...,€,), € = (6{, . e;), and €’ =

(¢7.....€)) satisfy
H(e)u=H (¢")H (¢')u
for some vector u, where

H(e) = H, (ey) Hy— (€p—1) -+~ Hy (e1) .

Then
Z lex — €, — €] = O (1) (Z €€l ( €|+ |€f ) + Z €€ ) (7.31)
k=1 j k.l
k£l
If the scalar € and the vector € = (6{, o 6;) satisfy

Ri(e)u=H () u,

where R; denotes the lth rarefaction curve, then

=il + LIl =0 el (il (el +16i) + T lel). @32
k£l k£l



7.1 Stability 327

Proof The proof of this lemma is a straightforward modification of the proof of the
interaction estimate (6.18). O

Lemma 7.4 Let @ € 2 be sufficiently small, and let ¢ and &' be real numbers.
Define

w = Hk(S)(Z), n = Ui (CZ),C()) s
o' = Hi (¢) o, o= (0,0,
" =H(e+¢)a, W= (@,0").

Then one has
(e + &)W — ') —e(u — )| < O) |e€| (e] + |€']) - (7.33)

Proof The proof of this is again in the spirit of the proof of the interaction estimate,
equation (6.13). Let the function ¥ be defined as

V)= (e+e&)u" —en—epu'

Then ¥ is at least twice differentiable, and satisfies

¥ (e,0) =¥ (0,6)=0 azlI/(OO)—O
£ - E) - ) 8888, ) - .
Consequently,
e ¢ le] 1€’}
, *w
V(e &) = (r,s)dsdr = O(1) (Ir] + |s]) drds.
dede’
0 0 0 0

From this the lemma follows. O

< Example 7.5 (Lemma 7.4 for Example 7.1)
If k = 2, let @, o', and @” denote the n-coordinate, since only this will influence
the speeds. Then a straightforward calculation yields

(e + )" — ') — e(u — )|
= lel [¢'] (le] + l'])
5 Vo + Vo' + Vo
6 (Vo' + V') + o (Vi + Vo) + o (Va + Vo) + 2Va0'e”
_ lelle'ldel + 1D
T min{o,0, 0"}’

verifying the lemma in this case. &
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If the kth characteristic field is genuinely nonlinear, then the characteristic speed
Ax (Hi(€)w) is increasing in €, and we can even choose the parameterization such
that

Ak (Hi(6)w) — Ar (@) = €,

for all sufficiently small € and w. This also implies that pu; (@, Hy(€)w) is strictly
increasing in €. However, the Hugoniot locus through the point @ does not in gen-
eral coincide with the Hugoniot locus through the point Hy (q)w. Therefore, it is
not so straightforward comparing speeds defined on different Hugoniot loci. When
proving (7.30) we shall need to do this, and we repeatedly use the following lemma:

Lemma 7.6 For some state w define

V(q) = pr (Hi(q)w, Hi(€) Hi(q)w) — pi (@, Hi (€ + q)w) .

Then W is at least twice differentiable for all k = 1, ..., n. Furthermore, if the kth
characteristic field is genuinely nonlinear, then for sufficiently small |q| and |€|,

v'(g) >c >0, (7.34)
where ¢ depends only on f for all sufficiently small |w|.

Proof Let the vector € be defined by H (€)oo = H(e)Hi(q)w. Then by
Lemma 7.3,

ek — (@ + O+ Y _le/l <0 (1) |ge] (el + Ig])-
i#k

Consequently,
Hi (e + q)o = Hi(e)Hi(q)w + O (1) |g€] (] + |q]) -

Using this we find that

Hi(e)Hi(q)w — Hi(€)w ‘ _ |Hi(e + @)oo — Hi(e)w

+ O (1) le] (le] + g -
q q

Therefore,
LA O M@0} |,_= L (Hol + 0P, (135
dq{ké Ko | = - tHi(eow} + el :
Hence, we compute
v'(0) = Viu (@, Hi(e)w) - i (w)

d d
— Vo (@, H(€)w) - (% {Hi(e)w} — dq {Hi(e)Hi(q)w} lqzo)

= Vi (0, He(€)w) - re(w) + O (1) |e]*
> >0,
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Fig. 7.3 The setting in the €
proof of (7.30)

for sufficiently small |e|. The value of the constant ¢’ (and its existence) depends on
the genuine nonlinearity of the system and hence on f. Since ¥’ is continuous for
small |g|, the lemma follows. |

We shall prove (7.30) in the case that the front at x; is a front in v%; the case in
which it is a front in #°! is completely analogous. We therefore fix i, and study the
relation between ¢, and q,j. Since the front is going to be fixed from now on, we
drop the subscript i. For simplicity we write § = §,. Assume the the family of the
front x is / and the front has strength €. The situation is as in Fig. 7.3.

A key observation is that we can regard the waves q,j as the result of an inter-
action between the waves ¢, and ¢; similarly, the waves —q, are the result of an
interaction between € and —q,j .

Regarding the weights, from (7.16) and (7.18) we find that

Wk+ W= K1 |€] ifk <1, (7.36)
—k1 le| ifk >1,

while for k = [ we obtain

cilelifmin{gr.q) >0,
W =W =~k le] ifmax{q;,q} <0, (7.37)
o) ifgq <o.
The proof of (7.30) is a study of cases. We split the estimate into two subgroups,
depending on whether the front at x is an approximate rarefaction wave or a shock.
Within each subgroup we discuss three subcases depending on the signs of qli. In

all cases we discuss the terms Ej (kK # [) and E; separately. For k # [ we write
Ej. (recall that we dropped the subscript i) as

Ex = (lgf | = la ) W (uf — x)
g L (W = W) (i = %) + lai | Wi (i — i) - (7.38)
By the strict hyperbolicity of the system, we have that

pLZ—Xf—c<O, fork <1,

pi—x>c¢>0, fork>I,
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where ¢ is some fixed constant depending on the system. Thus we always have that
(W =Wo) (= %) < —cxile]. k #L (7.39)

We begin with the case that the front at x is an approximate rarefaction wave
(€ > 0). In this case,

Ri(eW ™ +e=H(qg")u" = H (¢") H(—¢g") v = H (§) v*~

for some vector g. Hence
H(—¢") v~ = H (~¢") H @) v*", (7.40)
R (e)v*™ +e = H (§)v*~. (7.41)

From (7.31) and (7.40) we obtain

Solai —ai —ad o (X latael (g | +1ac) + Y laias]). 742
k k kl;.éjj
and from (7.32) and (7.41) we obtain

G — el + Y 1akl = 0 (1) lel (1211 (@] + lel) + Y ldxl ) + © (D el .
k#l k#l

This implies that

|G —€el =0 )[e] +O(1)]e],
Y ldel = 0 (1) fe] + O (1) el (7.43)
k£l

Furthermore, since € is an approximate rarefaction, 0 < € < §. Therefore, we can
replace ¢; with € and g, (k # [) with zero on the right-hand side of (7.42), making
an error of O (1) §. Indeed,

" —ar —e| + > lai —ai |
k£l
<D lad =g —e| +1a—el+ D1l
k k#l
<o (z 7] (a7 + 1) + Y \q:ajs)
¢ o
+0(1)e (|qv| Uil +leh + 3 |c7k|) + 0.
k#l
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Using (7.43) and the fact that € < §, we conclude that

g —a — €| + D lad —ax|

k#l
7 (7.44)
— 0l (s lar| (gt | + 1el) + Z|q,:|) o).
k£l
Similarly,
af —ar —e|+ ) lai —ai|
k£l
(7.45)
— o)l (5 gl (a7 +1el) + 3 |q;|) o).
k£l

Since in this case 0 < € < §, and the total variation is small, we can assume that
the right-hand sides of (7.44)—(7.45) are smaller than € + O (1) |e|. Also, the error
e is small; cf. (7.11). Then

0<q—q; <2e+0)|e] <254+ 0O(1)]e|. (7.46)
We can also use the estimates (7.44) and (7.45) to make a simplifying assumption
throughout the rest of our calculations. Since the total variation of ¥ —v is uniformly

bounded, we can assume that the right-hand sides of (7.44) and (7.45) are bounded
by

1
= o .
Slel+O M) e]

In particular, we then find that

=3l =0 el < g7 a7 <+ 5 Il + O M),

Hence if € > 0, from the left inequality we find that

4 > q;
or

lel = O (1) ]e],

and if € < 0, from the right inequality above,

a <4,
or

le] = O (1) ]e].
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Ife >0andg, > g, ore <0andgq; > gq;, then || < O (1) |e|. In this case we
find fork # [, ork = [ and ¢; ¢ > 0, that

E = {lai | (W = W) + W (lax | — | ]}«
<{lailxilel + W (el /2+ 0 (1) e} | %]
<O(1)le|. (7.47)

Ifk =1 and q[q,f < 0, then for € > 0 we have that qzr —-q;, 20 (1) le], so if
qz < ¢, , we must have that

laf | =0)le] and g7 <O(1)]e].
Similarly, if € < 0 and ¢, > ¢, we obtain
g <O()lel and |g;|<O(1)]e].
Then we find that
Er={q; | W =g/ | WHx <0)]e|. (7.48)
These observations imply that if |¢] = O (1) |e|, we have that

Y Ec=0()e,
k

which is what we want to show. Thus in the following we can assume that either
e>0 and ¢ >gq;.

or
€ <0 and qzr <qy. (7.49)

Now follows a discussion of several different cases, depending on whether the front
is an approximate rarefaction wave or a shock wave, and on the signs of g, and qzr.

CaseRl 0<gq; <g;",e>0.
For k # [ we recall (7.38) that

Ee = (g | = lac ) W (i — %)
+ g | (W = W) (e = %) + la | W (e = 1850) - (7.50)

The second term in (7.50) is less than or equal to (cf. (7.39))

—ckr |q; | €]
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Fig. 7.4 The situation for
0<gq; <gq e>0and
k=1

Furthermore, by (7.45),

¢ |~ lag1 < 0 ) el (5-+ a7 (a1 + le) + X i 1) + O 1) el
k£l

By the continuity of py,

W = il = 0.(1) (le| + Jel).

Hence from (7.38), we find that

Bc =01l (8+1a71 a7 1+16) + 3 o) + 0 ) kel = exr g e

k#l
<o) (8 +Z\qg\) + Ol
k#l
—ckrlellgi |+ O (D) el lgr | (lg; | + lel) - (7.51)

For k = [ the situation is more complicated. We define states and speeds

o= Hi (g +€) oy fie= (o, d),

. _ X o (7.52)
w; = H(€) oy, 1 = i (o, of);

see Fig. 7.4.
Recall that

Wt = (0 1 07).

Now by Lemma 7.4, withw = w;_,, e = q;,and &" = q; + ¢,

(a7 +€) (e —ni) —a; (ur — i) =0 W) lg; | lel (g7 | + lel) . (7.53)
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We also find that (cf. (7.10) and the fact that p; (v, u) = A;(u))

i =51 < i (0 0F) = vV 0%7) [+ 0(1) 8
= | (o] . Hi(e)o] ) — i (0, 0;) | + O (1) 8
< | (o . Hi(©)op ) — pi(o; . op)|
+ [ o) = i(or o)
+ i@ o) = (o, 0| + -+
+ iy 07) — oy o) + 0 (1)
=0 (lel+]of —ory |+ + o, .0, ) +0 (1)
=0 (181 +lai |+ Y lai 1)- (7.54)

k>1
Furthermore,

ui = | = | (o Hr (aF) o)) = i (01 Hi (a7 + €) o)

< |wi (o Hi (af) o)) = i (Hi (¢f) o 04)|
+ | (Hi (q) o 021) = i (0 H (g7 + €) o)

<O (|of ) —or |+ |[H () o, — Hi (a7 +€) or4|)

<o) (|of — o]+ [H (¢f) oty — Hi (g7 +€) o]
+|Hy (g7 +e) o = Hi (47 +€) o)

<o) (|ofy —or |+ ¢ —ar —¢])

=0 (g —aiia| ++ laf —ar |+ |af —a7 —€])

=(9(1)6(8+|q[|(|q[|+|e|)+2|qk_|)+(9(1)|e|. (7.55)

k#l

Since the /th field is genuinely nonlinear, then by Lemma 7.6,
e rEarn (7.56)
for some constant ¢ > 0 depending only on the system. Recall that in this case,
W, =W, + ki el
Moreover, €, q[, and g, are positive. Using the above inequalities, we compute

Er =W q) (nf —%) =W ap (kg — %)

= (W +rlel) qf (nf —x) = Wiqp (ug — %)

= kieq) (g — %) + W {a) (mf —%) — a7 (ng — %)}

= ke {(q7 +e) (e —pp) +aqf (0 — %) = (a7 +€) (e — i)}
+ W el (wf = %) —ag (ng — %)}

= i€ (g7 +e) (e —nf)
+rre{(qr +e) (uf —% = (e— i) + (¢ —ar —€) (uf — %)}
+ WA (1f = %) —ag (g — %)}
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< ki€ (qp +€) (fie — ui) +rre (g7 +€) (g — fre| + |pj = %1)
el —ap —el | —x|+ W el (W — %) —ap (ng — %)}
< —ciiqpe(q; +¢€)

+ k1€ (q; + €) (0(1)6(5 +q; (g7 +€) + Z|‘Iz_|)

k#l
+5+0(1)Zlqﬂ+0(1)lel)

k>1

e (lmeZ(s fa @)+ Y |q,:|) o)
Py

+ W g (nf — %) — a7 (g — %)}

< —cxi1q;€(q; +€)+ 0 (1)K16(3 tay (ar +e)+ > |q;|)+0 (1) el
k£l

+W[%I(qz+€) (e — i) —ap (me — )| + laf —ar —e| [nf — %]
elut =51+ (o + ) uf — ]

<~ el (a71 + Ie) + © ) el (34 b (a7 + 1e) + X lac1)
k#l
+0(1) el
<O lel (8+ Y 1ai 1) + 0 (1) lel + lel la7 | (la | + lel) (© (1) = ex)
k£l
(7.57)

Adding (7.57) and (7.51), we obtain
Z Er = E; + Z Ey
k k£l
<OMes+0M) el +€) g (O (1) —ckr)
k£l
+elar| (g + €) (0 (1) —cky)
<O(M)es+0(1)]el, (7.58)

which holds for sufficiently large «;. This implies (7.30) in Case R1.
CaseR2 ¢, <gq' <0,¢>0.

Writing Ej as in (7.38), and using (7.44) (instead of (7.45) as in the previous
case), we find for k # [ that

B <0 (5-+ a7 i |+ 1e) + X [ag]) + 0 el =t |1l
k#l
(7.59)
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Fig. 7.5 The situation for
q; <gq;” <0,e > 0,and
k=1

For k = [ the situation is similar to the previous case. We define auxiliary states
and speeds

@ = H (¢ —€) oy o= (0 .0r).

‘ ‘ ’ (7.60)
w; = H (&) o], 1y = (o of);
see Fig. 7.5.
Recall that
o =H (¢ ) o, and puf = (0. o).
In this case we use (7.33) with ® = o/, ¢ = ¢/, and ¢’ = —e. This gives

(@ =€) (e = 1) —a/ (1 = i) = 0 g lel (ja/ | + lel). (76D
As in (7.54), we find that
i — x| < | (of .of) = (007 05|+ 0(1)8

= | (o Hi(—e)o;") — i (0" %) + 0 (1) 8
<O0Ms+00) (o —of|+¢)

SOMs+oMY g (7.62)
kI

We also obtain the analogue of (7.55), namely,
Iy — fuel = |H1 (“’l_—l’ H, (q[) W) = M (wltl’ H, (‘11+ - 6) wlt1)|
=0 () (lo - — o+ |gf —ar =€)

=0 (8+|af | (lgF | +1el) + Y laf| ) + 0 lel. (7.63)
k£l

By genuine nonlinearity, using Lemma 7.6, we find that

fie =i > clgf |, (7.64)
for some constant ¢c. Now

W, =W, +ki|el.
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Using the above estimates (7.61)—(7.64), we compute M

Er =Wt lal | (nd = %) = (W +xa€) lag | (g — %)
= —ielgr | (ng — %) =W g (0 — %) —ap (ne — %))
< —kie(|gf | +€) (e — wp) + ke (Ja | + €) (Iug — el + 1% — pf])
+rie g —qp —e|lug — %= W gl () — %) — a7 (ng — %)}
< —cexy g/ [ (|g]| +¢)

r 0 (a7 | +6) (a7 (o |+ + lat |+ kel
k1

— Wi al (W —%) — a7 (17 — %)}
< —cewr g/ | (/] +¢)

+0 (ke (g + ) (5 +la/ | (g [ +¢) + D lad |+ |e|)
Py

WAt e = 2) = (g |+ €) (e = 7)|

+laf = ai = el lug =51+ € lug = &1 + (g | + €) I — fel}

< —cexs o (] +9) + 0 (5l ot | + )+ Xl |

k#l
+0(1)]e]
< 0(1)6(5 +> |q,j|) + O el +e€lgf| (g ] +€) @1)—cky).
k#l
(7.65)
Finally,

ZEk = FE; + ZEk
k k£l

<OWes+OM)e|+e) g (O 1) —cxr)

k#l
+elgf | (Jaf | +€) (O (1) —cxr)
<O es+0()]e| (7.66)

by choosing k larger if necessary. Hence (7.30) holds in this case as well.

CaseR3 ¢, <0<g;",e>0.
Since the front at x is a rarefaction front, both estimates (7.51) and (7.59) hold.
Moreover, we have that

af —ay = |a/ |+ la;| <2e < 26.
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Then from AD + BC < (A+ B)(D + C) for positive A, B, C, and D, we obtain
Ep =W/ |qf | (ki = %) = W lag | (kg — %)
=0 (lg/ | +lazl) (Jug — %[ + g — ¥1)
<O e(|puf — [+ |ug — 1)
= 0 W (| (@ 1.0) = s (0. 0))

+ | (0 0p) = (', v‘g’_)|)

_ 0<1>e(5 ]+ gl + X e + Z|q,:|)

k>1 k<l

=0 (1)6(8 NHEDD |q,;|). (7.67)

k>1 k<l

Using (7.51) for k < [ and (7.59) for k > I, and choosing «; sufficiently large, we
obtain (7.30).

Now we shall study the cases in which the front at x is a shock front. Also, here
we prove (7.30) in three cases depending on ¢, and qz. If the front at x is a shock
front, then by the construction of the front-tracking approximation, we have

Hi(e)v*™ = v5F 4 e,
or
Hi(e)H (¢ ) u® = H (¢7) u’ +e,

where ¢* = (¢it,....¢;), and e is the error of the front at x. Then we can use
(7.31) and continuity of the mapping H to find that

" —ar —e|+ Y |a —ai|

k#l
(7.68)
— o) (|q7| (a71+ 1) + X lai1) +0 () el
k£l
‘We also have that
uh = H (—¢%) vt = H (—¢™) (H, ()’ + e),
or
H (=¢7)v"" = H (—q") Hi(e)v"~ + 0 (1) e],
by the continuity of H. From this we obtain
af —ar —e| +>_ laf —ai|
k#l
(7.69)

— o) (|q,+; (laF] + 1e) +Z|q,:|) o).
k#l
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Fig. 7.6 The situation for
0<gq/ <gq;,e <0, and
k=1

CaseS1 0<gq,/ <q;,e<0.
If k # [, then we can write E} as (7.38) and use the arguments leading to (7.51)
and the estimate (7.69) to obtain

Ee <0 (1)]el (|q,+| (g [ +1el) + D2 )qg)) +0.(1) lel = ek [gf | el
k#l
(7.70)

For k = [ we define the auxiliary states and speeds as in (7.60); see Fig. 7.6.
Then the estimate (7.61) holds. Also, using (7.69) we find that

i — el = 0 (1) (lo — oy | + g —ar —€])

— o)l (}qzi (lat|+1e) + 3 |qk+|) Lo, @)
Py

Moreover,

g =51 = | (@ o) = (07 0))
< | (o Hi(—e)o)) — p (v*F, Hy (=) v* )|+ O (1) e
=0 (lof =) +01)e]

=0(1) (Z g | + |e|). (7.72)

k>1

By Lemma 7.6, we have
Wy — e > cq; . (7.73)
In this case
W, =W +kilel. (7.74)
and

e<0<gq/ <gq;.




340 7 Well-Posedness of the Cauchy Problem

We estimate

Er=Wrq (nf —%) = (W' —kilel) g7 (ng —%)
= ki1 lelqp (g —X) + W g (uf — %) —q; (7 — X))
= k1 lel {(q/ + lel) (ng — 17) +ai (ne — %) = (@ + lel) (g — 17)}
+ W e (mf — %) —ap (kg — %)}
=iy le| (g + lel) (e — 17)
+ ki lel {(a; + lel) (kg = %) = (fe — 1))
+ (a7 —a; — lel) (ng — %)}
+ W el (g — %) —ag (ng — %)}
< lel (qi + lel) (/e — n7)
+ el (g + lel) (g = fel + |1 = %1)
+ulel|gf — a7 —e€| lng — %l
+ W e (i — %) —ap (kg — %)}
< —cki (g + l€l) lel g

+ 0 (1)« |e)? (qz (aF + 1)+ > Iq,;*l) +0(1) el
k#1

+ O (1) e (Z Iq,;*l) +0(1) el

k>1

+ W lad (1w = i) = (aF =) (e —w7)]
+ o — a7 — el Iz = £1+lel I = £+ (@ + lel) lug — el

< —cky (g +lel) el g + O (1) |e] (q; (aF +le)+ Y !q:!)

k#l
+0®)e|
oMY g+ lel |af | (@ + 1)) @) —crr) + O (D) ]e].  (7.75)
k1

As before, setting « sufficiently large, (7.75) and (7.70) imply
Y Ex=Ei+) Ec<0()lel. (7.76)
k k#l
which is (7.30).
CaseS2 ¢/ <q; <0,e <0.

In this case we proceed as in Case S1, but using (7.68) instead of (7.69). For
k # I this gives the estimate

£e <0 el (la71 (a7 1+ e + X [az]) + 00 kel e lgg el .77
k#l
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Fig. 7.7 The situation for
q) <q; <0,e <0,and
k=1

We now define the intermediate states @y, w; and the speeds i, and p; as in (7.52);
see Fig. 7.7.
Then the estimate (7.53) holds. As in Case R1, we compute

wi =il =0 () (jor, —of | + | — a7 —€|)

= oW el (laz | (1971 + lel) + Y laz1) + O (Dlel  (7.78)
k#l

and
i = %1 < | (7 Hi@wp) = (v, Hy(€)v*™)| + 0 (1) fe]
<05+ 0 1) | — 5| +0(1)e]

SO lel+0 1)) gl (1.79)
k<l

In this case, genuine nonlinearity and Lemma 7.6 imply that
i =i > clarl. (7.80)
with ¢ > 0. Moreover, now
W =W~k e
Now we can use the (by now) familiar technique of estimating E;:
Ep= (W7 =k lel) a7 | (i — %) = W lag | (u7 — %)
< w1 lel (lgg | + lel) (fe — p7)
+ o lel (Igr |+ lel) (|f — fe + ug — x1)
+urlel|gf —ap —ef | — |
+ W lal | (1w = %) = lag | (ne = %))
< —cki |qy | el (g | + lel)
+ 00 lel g1+ eD) (1071 a1+ 1) + i)
k#l
+ Wi lar (7 = i) = (a7 + ) (e = p7)|
+ a7 —ag —ef[uf — 3|
+ lel 1 = %1+ (197 | + lel) [1f = iel} + O (1) Je]
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< —exr g7 el (g7 | + el) + 0 (1) (|q;| (i1 + 1) + 3 |q,:|)

k#l
+0@1)le|
<0 lag |+ lellgr] (Ig7 ] + 1€l) (© (1) —cxr) + O (1) e] . (7.81)
k#l

Combining (7.81) and (7.77), we obtain

D Ec=E+)Y E<0()e. (7.82)
k k1

which is (7.30).

CaseS3 ¢/ <0<gq;,e<0.

For k # [, the estimate (7.77) remains valid.

Next we consider the case k = [. The O (1) that multiplies || in (7.69) (or
(7.69)) is proportional to the total variation of the initial data. Hence we can assume
that this is arbitrarily small by choosing T.V. (1) sufficiently small. Since all terms
qf are bounded, we can and will assume that

_ 1
a7 —q; —€| < 3 le] + O (1) ]e|. (7.83)

Without loss of generality we may assume that |‘11+| > \ql_|. This implies that

af —dai —€| = |ay —q | —lel = a7 —q +e=2q] +e. (7.84)
Thus
_ 1
2q, +6§§|6|+0(1)|3|y (7.85)
or
_ 1
4 +e=—,lef+0) el (7.86)

which can be rewritten as
_ 1
g7 +e=OMel| = el (7.87)
From this we conclude that
_ 1
lg; + €| > Z|6|—(9(1) le| . (7.88)

We define the auxiliary states @, w; and the speeds ji, and pu} as in (7.52); see
Fig. 7.8. Then estimates (7.78) and (7.79) hold.
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Fig. 7.8 The situation for
q; <0 <g;,e <0,and
k=1

By Lemma 7.6 we have that

fe — i <0, (7.89)
ne —ui=clg +el, (7.90)

for a positive constant ¢. Recalling that W,~ > 1, and using (7.89), (7.90), and the
estimates (7.78) and (7.79) (which remain valid in this case), we compute

Er =W g | (uf = %) = W g | (ng — %)
W g | (e — 18) = W lag | (me — 17)
+ W gl | (i = fe| + g = x1) + W lay | |wg — %1

IA

<—lg;lclg; +el+0)]e (q; (g7 +lel) + > )‘?ED +O(1) el
k#l
< _TC 4 | el + O (1) |e] (qz (a7 + lel) +Z)q;)) +o)e. (791

k#l

Now (7.77) and (7.91) are used to balance the terms containing the factor - ’q,: ’
The remaining term,

i1l (~5e + 0 ) (a7 + 1)),

can be made negative by choosing T.V. (1) (and hence O (1)) sufficiently small.
Hence also in this case (7.30) holds.
Finally, if g, or qzr is zero, (7.30) can easily be shown to be a limit of one of the
previous cases.
Summing up, we have proved the following theorem:

Theorem 7.7 Let u®' and v* be front-tracking approximations, with accuracies
defined by 61, 85,

G ') <M, and G(v2(1)) <M,  fort>0. (7.92)

For sufficiently small M there exist constants ki, ik, and C, such that the func-
tional @ defined by (7.15) and (7.16) satisfies (7.21). Furthermore, there exists
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a constant C (independent of 81 and 8,) such that
[u (@) — v (@) ||, = C|lu® () = v ()|, + Ct (81 v &). (7.93)

To state the next theorem we need the following definition. Let the domain D be
defined as the L' closure of the set

Dy = {u e L'(R;R") | u is piecewise constant and G (1) < M} ; (7.94)

that is, D = D,. Since the total variation is small, we will assume that all possible
values of u are in a (small) neighborhood £2 C R".

Theorem 7.8 Let f; € C*(R"), j = 1,...,n. Consider the strictly hyperbolic
equation u; + f(u), = 0. Assume that each wave family is either genuinely
nonlinear or linearly degenerate. For all initial data uy in D, defined by (7.94),
every sequence of front-tracking approximations u® converges to a unique limit u
as § — 0. Furthermore, let u and v denote solutions

u; + f(u)x =0,

with initial data uy and v, respectively, obtained as a limit of a front-tracking
approximation. Then

@) = v, = Clluo = voll;. (7.95)

Proof First we use (7.93) to conclude that every front-tracking approximation 1’

has a unique limit u as §6 — 0. Then we take the limit § — 0 in (7.93) to conclude
that (7.95) holds. O

Note that this also gives an error estimate for front tracking for systems. If we
denote the limit of the sequence {u®} by u and v® = u?, then by letting §, — 0 in
(7.93)

||L¢8(-,t)—14(-,t)||1 <C (||u(8)—uo”1 +81) =0(1)8

for some finite constant C. Hence front tracking for systems is a first-order method.

7.2 Uniqueness

Let S; denote the map that maps initial data u into the solution u of
u, + fu)y =0, ul=o=uo

at time ¢, that is, u = S,u . In Chapt. 6 we showed the existence of the semigroup
S:, and in the previous section its stability for initial data in the class D as limits of
approximate solutions obtained by front tracking. Thus we know that it satisfies

Sou = u, S:Ssu = S;45u,
[Siu — Ssvlly < L (|t —s|+ [lu—vl)

forallz,s > 0and u, vin D.
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In this section we prove uniqueness of solutions that have initial data in D.

We want to demonstrate that every other solution u coincides with this semi-
group. To do this we will basically need three assumptions. The first is that u is
a weak solution, the second is that it satisfies Lax’s entropy conditions across dis-
continuities, and the third is that it has locally bounded variation on a certain family
of curves. Concretely, we define an entropy solution of

U+ fu)y =0, uli=o = uo,
to be a bounded measurable function u = u(x, t) of bounded total variation satis-
fying the following conditions:

A The function u = u(x,t) is a weak solution of the Cauchy problem (7.1) taking
values in D, i.e.,

T
//(ugo, + fw)ey)dxdt + /ga(x,O)uo(x) dx =0 (7.96)
0 R R

for all test functions ¢ whose support is contained in the strip [0, T').
B Assume that u has a jump discontinuity at some point (x, t), i.e., there exist states
u;, € §2 and speed o such that if we let

Uly.s) = u; fory <x+o(s—1t), (7.97)
’ u, fory>x-+o(s—t), -

then
! t+px+p
lim — / / |lu(y,s) —U(y,s)| dyds = 0. (7.98)
p—0 0o

t—p x—p
Furthermore, there exists k£ such that
A (up) >0 > A (u,). (7.99)

C There exists a & > 0 such that for all Lipschitz functions y with Lipschitz con-
stant not exceeding 6, the total variation of u(x, y(x)) is locally bounded.

Remark 7.9 One can prove, see Exercise 7.1, that the front-tracking solution con-
structed in the previous chapter is an entropy solution of the conservation law.

There is a direct argument showing that any weak solution, whether it is a limit of
a front-tracking approximation or not, satisfies a Lipshitz continuity in time of the
spatial L'-norm, as long as the solution has a uniform bound on the total variation.
We present that argument here.

Theorem 7.10 Let ug € D, and let u denote any weak solution of (7.1) such that
T.V.(u(?)) < C. Then

uC.0) =u(-. )l < Cll fllup e = 5[, 5,0 =0. (7.100)
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Proof Let0 < s <t < T, and let o, be a smooth approximation to the character-
istic function of the interval [s, 7], so that

lim oy, = .
=0 X [-YJ ]
Furthermore, define

o (¥, 1) = ap(n)(y),

where ¢ is any smooth function with compact support. If we insert this into the
weak formulation

T
//(u(ph,t + f(u)enx)dxdt +/<ph(x,0)u(x,0) dx =0, (7.101)
0 R R

and let i — 0, we obtain

1

/¢(y) (u(y, 1) —u(y,s)) dy +//¢yf(u)dy ds = 0.

N

From this we obtain

leC-.0) —u( ), = sup /¢(y> (1) —u(y.s)) dy
lpl=1

=—|Zl|1§//¢(y)yf(u)dy ds

N
t

< /T.V. (f(u)) ds

s

< C | fllLip(t =),

which proves the claim. Here we first used Exercise A.l1, Theorem A.4, subse-
quently the definition (A.1) for T.V.(f), and finally the Lipschitz continuity of
f and the bound on the total variation on u. |

Remark 7.11 This argument provides an alternative to the proof of the Lipschitz
continuity in Theorem 2.15 in the scalar case.

Before we can compare an arbitrary entropy solution to the semigroup solution,
we need some preliminary results. Firstly, Theorem 7.10 says that every function
u( -, t) taking values in D and satisfying A is L' Lipschitz continuous:

uC-0) —u(-, )l < Lt =),

fort > s.



7.2 Uniqueness 347
Furthermore, by the structure theorem for functions of bounded variation [193, M

Theorem 5.9.6], u is continuous almost everywhere. For the sake of definiteness, we
shall assume that all functions in D are right continuous. Also, there exists a set N’
of zero Lebesgue measure in the interval [0, 7] such that for ¢ € [0, T]\N, the func-
tion u( -, ¢) either is continuous at x or has a jump discontinuity there. Intuitively,
the set N can be thought of as the set of times when collisions of discontinuities
occur.

Lemma 7.12 [f (7.96)—(7.98) hold, then
u; = lim u(y,t), u, = lim u(y,t),
y—ox— y—ox+
and o (up—uy) = f () — f (u).
Proof Let P, denote the parallelogram
Pr={0.s) [t =s| <A ly—x—o(s =0 <A}
Integrating the conservation law over P,, we obtain

x+A+Ao xX+A—Ao

u(y,t +A)dy — / u(y,t — A1) dy)
x—A+Ao X—A—Ao
t+A
+ / (fu) —ou)(x+A+o0(s—1),s)ds
t—A
)

- /(f(u)—cm)(x—)t+o(s—t),s)ds =0.
t—X

If we furthermore integrate this with respect to A from A = 0 to A = p, and divide
by p?, we obtain

P x+A+Ao P x+A-Ao

% / / u(y,t+)t)dyd)t—/ / u(y,t —A)dydA
0 x—A+io 0 x—A-Ao
p t+A
+ %(/ /(f(u)—(m)(x+)t+c7(s—t),s)dsd)t
0 1—A
p t+o

_/ /(f(u)—ou)(x—)t+a(s—t),s)dsd)t) —0.

0 t—o
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Now let p — 0. Then

| p x+A+Ao )
—2/ / u(y,t + A)dydi — —(u; + u,),
o 2
0 x—A+Ao
| P x+A-Ao |
S| woe=wdyans S,
p 2
0 x—A-Ao
. P 14A
—2/ /(f(u)—au)(x+)L+a(s—t),s)dsd)t — f(u,)—ou,,
P 0 =2
| p i+A
—2/ /(f(u)—au)(x—)k +o(s—1t),s)dsdr — f (u;) —ou;.
P 01—
Hence
1 1
E(ul +uy) — E(ul +uy) + (f () —ou,) = (f (u) —ouy) = 0.
This concludes the proof of the lemma. O

The next lemma states that if u satisfies C, then the discontinuities cannot cluster
too tightly together.

Lemma 7.13 Assume that u: [0, T] — D satisfies C. Let t € [0,T] and ¢ > 0.
Then the set

B, = {x eR| limsup [u(x,r) —u(y,s)| > e} (7.102)

S—>t+,y—>x

has no limit points.

Proof Assume that B, . has a limit point, denoted by xy. Then there is a monotone
sequence {x;};-, in B, . converging to x. Without loss of generality we assume that
the sequence is decreasing. Since u(x, ) is right continuous, we can find a point z;
in (x;, x;_1) such that

£
|u (zi,t) —u (x;,1)| < 3
Now choose s; > t and y; € (z;41,z;) such that

[ (yi,si) —u(x;,0)| > e, |si —t] < Omax{|y; —z;| , |yi — zip1l}-

We define a curve y(x) for x € [xg, x1] passing through all the points (z;,¢) and
(vi. i) by

t for x = xgor x > zy,

)/(X) =98 — (X — yz) zj’—_;, for x € [yi,Zi], (7103)

I+ (x —ziq1) y,.'vi;il for x € [z 41, yi].
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Then y is Lipschitz continuous with Lipschitz constant 6, and we have that M

P
[u (yi,si) —u(z;,0)| = 3

for all i € N. This means that the total variation of u(x, y(x)) is infinite, violat-
ing C, concluding the proof of the lemma. |

In the following, we let o* be a number strictly larger than the absolute value
of every characteristic speed, and we also demand that c* > 1/6, where 0 is the
constant in C. The next lemma says that if u satisfies C, then discontinuities cannot
propagate faster than o *. Precisely, we have the following result.

Lemma 7.14 Assume that u: [0, T] — D satisfies C. Then for (x,t) € (0,T) xR,

lim u(y,s) = u(x=,t). (7.104)
s—tt, y—>x+
[x=y|>o*(s—1)

Proof We assume that the lemma does not hold. Then, for some (xg, ¢) there exist
decreasing sequences s; — ¢ and y; — xo such that

|y = x| Z 0™ (sj =1) . u (o 87) =2 (xo.0)] Z &
for some ¢ > 0 and j € N. Now let

s1—1
9 bl

Zo=Yy1 +

where as before 6 is defined by C. Now we define a subsequence of {(y s sj)} as
follows. Set j; = 1 and for i > 1 define

_ 8j;—t
Zi = Vi — T

Jisr =min{k | s <16 —z)}.

Then
yj, € (Zig1.z) and s, — | < @max {|y; —zi| . |y — zi+1]}

for all i. Let y be the curve defined in (7.103). Since we have that z; — x,, we have
that

it = (x0.1)] = 5
for sufficiently large i . Consequently,
€
|u (zi 1) —u (yji’sji)’ z 5’

and the total variation of u(x, y(x)) is infinite, contradicting C. |
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The next lemma concerns properties of the semigroup S,. We assume that u is
a continuous function u: [0, T] — D, and wish to estimate S7u(0) — u(T). Let h
be a small number such that N4 = T. Then we can calculate

N

[S7u(0) —u(T)|, < Z |S7—-vnu((i = D) = Sr_ypu(ih) |,
i=1

N

<L)

i=1

%(u(ih) — Spu((i — Dh))| h.

1
Letting 4 tend to zero, we obtain the following lemma:

Lemma 7.15 Assume that u: [0, T] — D is Lipschitz continuous in the L'-norm.
Then for every interval [a, b], we have

[S7u(0) — u(T) || 11wt 7.h—0+1]: RY)

T
.1
<0 (1)/{1}252fﬁ [ Spu(r) —u( + h)”L1([a+o*(t+h),b—o*(t+h)]:]R”)}dt'
0

Proof For ease of notation we set

=1 et (aror hy o i) : R)-

Observe that by finite speed of propagation, we can define u(x, 0) to be zero outside
of [a, b], and the Lipschitz continuity of the semigroup will look identical written
in the norm || - || to how it looked before. Let

1
¢(t) = liminf — |lu(t + h) — Spu(@)|| -
h—0+ h
Note that ¢ is measurable, and for all 4 > 0, the function
1
(1) = ;A u(@ + h) — Spu@)|

is continuous. Hence we have that

@) = lim inf ¢ (),

&e—>0+ heQnN[0,¢]
and therefore ¢ is Borel measurable. Define functions

Y(t) = [|Sr—u(t) — S7u(0),

V() = ¥(t) — L/qS(S) ds. (7.105)
0
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The function ¥ is a Lipschitz function, and hence
T
¥v(T) = /w/(s) ds. (7.106)
0

Furthermore, Rademacher’s theorem? implies that there exists a null set N] C
[0, T] such that ¥ and ¥ are differentiable outside /N;. Furthermore, using that
Lebesgue measurable functions are approximately continuous almost everywhere
(see [64, p. 47]), we conclude that there exists another null set N, such that ¢ is
continuous outside N,. Let N' = N U N>. Outside N° we have

1
Vv'(t) = %in(l) E(tp(z +h)—W(@)) — Ly (). (7.107)
Using properties of the semigroup we infer

V(@ +h) =) = [Sr——pu +h) — S7u0)|| — [[Sr—u(@) — Sru(0)|
< N Sr—r—nu(t + h) — Sr—u(@)|
= |ST—r—nu(t + h) — St Spu(®) ||
< Lju(t +h) = Spu@)|,

which implies

1 1
%111(1) Z(llf(t +h)—W()) < Lliirl)iglfﬁ lu(t + h) — Spu()| = Lp(t).

Thus ¥' < 0 almost everywhere, and we conclude that
v(T) <0, (7.108)
which proves the lemma. |

The next two lemmas are technical results valid for functions satisfying (7.97)
and (7.98).

Lemma 7.16 Assume that u: [0, T| — D is Lipschitz continuous, and that for some
(x,t) equations (7.97) and (7.98) hold. Then for all positive a we have

lim sup / lu(x + Ah + py,t + h) —u,| dy =0, (7.109)
=0 e
0
lim sup/|u(x+)th+py,t+h)—u;| dy =0. (7.110)
P=0F |h|<p
—o

2 Rademacher’s theorem states that a Lipschitz function is differentiable almost everywhere; see
[64, p. 81].
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Proof We assume that the limit in (7.109) is not zero. Then there exist sequences
pi — 0and |h;| < p; and a § > O such that

o

/lu(x+khi+piy,t+hi)—ur|dy>8 (7.111)
0

for all i. Without loss of generality we assume that i; > 0, and let
v(iz,h) =u(x +Ah+z,t +h).

Then the map & +— v(-,h) is Lipschitz continuous with respect to the L' norm,
since

(- B — (-0l =/|u(z,r+h>—u(x<n—h>+z,r+n>| d-
§/|u(z,t+h)—u(z,t+n)| dz

—l—/|u(z,t+n)—u(A(n—h)+z,t+n)| dz

< Mh—n|+Aln—hlT.V. @t + 1))
<Mln—h|.

From (7.111) we obtain
ap;

/lu(x-i—)th-l—z,t-l—h)—url dz

0
ap;

2/|u(x+)thi+z,t+hi)—ur|dz
0

ap;

—/|u(x+)th,~+z,t+hi)—u(X+)Lh+Z,t+h)| dz
0

25Pi—ﬁ|hi—h|~

We can (safely) assume that § /ﬁ < 1 (if this is not so, then (7.111) will hold
for smaller & as well). We integrate the last inequality with respect to £, for A in
[—pi. pi]. Since [h; — p;i8/M . h;] C [—pi. p;], we obtain

pi op; h;
/|u(x—|—)th+z,t+h)—u,|dzdhz / (Spi—ﬁ(hi—h))dh
—pi 0 hi—pi8/M
= (8%0))/(2M).

Comparing this with (7.97) and (7.98) yields a contradiction. The limit (7.111) is
proved similarly. a
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For the next lemma, recall that a (signed) Radon measure is a (signed) regular
Borel measure? that is finite on compact sets.

Lemma 7.17 Assume that w is in L' ((a, b) ; R") such that for some Radon mea-
sure |1, we have that

X2

/w(x) dx| < u([x1,x3]) foralla <x; <x;<b. (7.112)
Then
b
[ 1wl dx < @by, (7.113)

Proof First observe that the assumptions of the lemma also hold if the closed in-
terval on the right-hand side of (7.112) is replaced by an open interval. We have
that

X2 X2—¢€
/w(x)dx = lin(l) / w(x)dx
X1 1+&

< lim ([x1 + & x2—¢]) = pn((x1,x2)) .

Secondly, since w is in L', it can be approximated by piecewise constant functions.
Let v be a piecewise constant function with discontinuities located at a = xy <
Xy <---<xy=>hb,and

b
/ lw(x) —v(x)| dx <e.

Then we have

b b b
/|w(x)| dx §/|w(x)—v(x)| +/|v(x)| dx

§e+2/ lv(x)| dx
i Xi—1

=€+Z /v(x)dx

i—1

3 A Borel measure p is regular if it is outer regular on all Borel sets (i.e., it(B) = inf{u(A) |
A D B, A open} for all Borel sets B) and inner regular on all open sets (i.e., u(U) = sup{u(K) |
K C U, K compact} for all open sets U).
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Xi

<e+ >y /(v(x)—w(x)) dx|+ ) /w(x)dx

b
§g+/|v(x)—w(x)| dX‘l‘Zl'L((xi—lvxi))
<2e+pn((a.b)).

Since ¢ can be made arbitrarily small, this proves the lemma. O

Next we need two results that state how well the semigroup is approximated
firstly by the solution of a Riemann problem with states that are close to the initial
state for the semigroup, and secondly by the solution of the linearized equation. To
define this precisely, let @y be a function in D, fix a point x on the real line (which
will remain fixed throughout the next lemma and its proof), and let w(y, t) be the
solution of the Riemann problem

wo(x—) fory <0,

o+ flw)y =0, o0 =
t ’ wo(x+) fory > 0.

(If wy is continuous at x, then w(y,f) = wy(x) is constant.) Define A =
df(wo(x+)), and let % be the solution of the linearized equation

i, + Aii, =0,  @(y,0) = wo(y). (7.114)

Furthermore, define #(y, t) by

~ —X,t fi - <o’t,
iy.1y = (P00 forly=x[ <0 (7.115)
wo(y) otherwise.

Then we can state the following lemma.
Lemma 7.18 Let wy € D. Then we have

| x+p—ho*

E / |(Sha)0) (y) — ﬁ(y, h)| dy =0 (1) T-V-(,!c—p,,!c)U(x,,!c+p) (a)o) s (7.116)

x—p+ho*
x+p—ho*

1
v [ S0 0) =0l dy = 0 (1) (T @) 117)

x—p+ho*

for all x and all positive h and p such that x — p + ho* < x + p— ho*.
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Proof We first prove (7.117). In the proof of this we shall need the following gen- M

eral result:
Let v be the solution of v; + f(v), = 0 with Riemann initial data

_ u; fory <0,
v(y,0) =
u, fory >0,

for some states u;, € £2. We have that this Riemann problem is solved by waves
separating constant states ¥; = v, vy, ..., U, = U,. Let u¢ be a constant in §2 and
set A = df(u¢). Assume that u; and u, satisfy

A (up —uy) = Ap (up —u,);

i.e., A is the kth eigenvalue and u; — u, is the kth eigenvector of A°. Let ¥ be
defined by

- u; fory < Aét,
O(y.1) = { ¢

u, fory > At

(v solves u; + A°u, = 0 with a single jump at y = 0 from u; to u, as initial data).
We wish to estimate

o*t
1 _ -
=1 [ 0.0 -30.00 d.
—o*t

Note that since v and v are equal outside the range of integration, the limits in the
integral can be replaced by Foo.
Due to the hyperbolicity of the system, the vectors {r; (u)};?: , form a basis in

R”, and hence we can find unique numbers éjfr such that

n 1
wp—up =Y &k (u) =Y & (uy). (7.118)
j=1

j=n

From u, —u; = &°r; (u¢) for some &€ it follows that

B o=LiGu)- Y & riu)
j=1
=li(u) - (uy —uy)
= (i) = L)) - (up —up) + L) - (u; —u,)
= (i) — L)) - (up —up) + L) - re(u)
= (i) = L)) - (up—u,), i#k.

Thus we conclude (using an identical argument for the right state) that

& = € lur =l Juy —w|. i £ k.

7.119
|§;|§C [u; —u,| lu, —u|, i#k. ( )
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Let ¢; denote the strength of the ith wave in v. Then, by construction of the solution
of the Riemann problem, for i < k we have that

les —&l| <C (lvi—l —wu ]’ + |v; —uzlz) <Clu—ul,

while for i > k we find that
ar 2
lei — &7 < C lug —u,|”,
for some constant C. Assume that the k-wave in v moves with speed in the inter-
val [A,, AX]; i.e., if the k-wave is a shock, then A, = A% = p; (vi_1,vr), and

if the wave is a rarefaction wave, then Ay = Ag(vk—1) and e = Ak (vg). Set
s =min(4;, Ar) and § = max(Ax, Ar). Then we can write  as

1 i _
1= ([ -0l a

+ [0 —au01ay+ [ e —0.0) dy)

=L+ 5L+ 1.

Next we note that the first integral above can be estimated as

k—1 k—1 k—1
L=CY oi—w|<CY e < C(Z|é§; + Iur—u1|2),
i=1 i=1 i=1

and similarly,

I3 EC( Y L+ qu—urlz)-

i=k+1
Using (7.119), we obtain

L+ 1 <Clu—u,| (u —u| + |u, —u| + |u; — u,))
< Clu; —u,| (Ju; —u| + |u, —uc|), (7.120)

for some constant C. It remains to estimate /,. We first assume that the k-wave in
v is a shock wave and that Ay > i (vi—1. v). Then

Iy = (A — pk (Vk—1. Vi) Jug — vl
< C lup — ve| (Ju® — v [ + [u® — vi])
< Clup —up| (up —u| + |uy —u| + v —up| + v —ugl),
< Cluy—up| (Juy —u| + [, —u| + C |uy — vy | (Juy —u| + Ju, —u)))
< Clup —u,| (up —u| + Ju, —u|) (7.121)
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by the above estimates for |vy — u,| and |vg_; — uy|. If A < py (ve—1, vg) or the
k-wave is a rarefaction wave, we similarly establish (7.121). Combining this with
(7.120), we find that

I <Clu;—u,| (Juy —u| + |u, —u|). (7.122)

Having established this preliminary estimate, we turn to the proof of (7.117). Let
@ be a piecewise constant approximation to wy such that

X+p
Bo(rt) = wo(x-t), / B0(y) — wo(y)] dy <e.
xX—p
T.V.(X_p,x_w) (wp) < T.V.(x_p,x_,_p) (wo) . (7.123)

Furthermore, let v be the solution of the linear hyperbolic problem
v+ Av, =0, v(,0) = @ (),

where again A = df (wo (x+)). Let the eigenvalues and the right and left eigenvec-

tors of A be denoted by Ay, i, and [, respectively, for k = 1,...,n, normalized
so that
~ ~ 0 forj #k,
‘lk) =1, [-7 = or j # (7.124)
1 forj =k.
Then it is not too difficult to verify (see Sect. 1.1) that v(y, t) is given by
v(.0) =D (I @o(y — Aet))Fi. (7.125)

k

We can also construct v by front tracking. Since the eigenvalues are constant and
the initial data piecewise constant, front tracking will give the exact solution. Hence
v will be piecewise constant with a finite number of jumps occurring at x; (¢), where

we have that J
Lty = e
dtx() k

(A=K I) i )+, 1) = v(x; ()=, 1)) =0,
for all ¥ where we do not have a collision of fronts, that is, for all but a finite number
of #’s. Now we apply the estimate (7.122) to each individual front x;. Then we
obtain, introducing v = v(x; (1)+,1),
x+p—o*e
[ 1oy 0) = o0+ ol dy
X—p+o*e
<e0(1) Z o = v | (Jv) = wo(x+)| + |vj — wo(x+)])
i

<eO (D) TV pusp) (@0) Y |07 = o7 |

1

<0 (1) (TV.q_prip (@)’ (7.126)
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Recall that A = d f (wo(x+)) and that # was defined by (7.114), that is,
i, + Aii, =0,  @(y,0) = wy(y). (7.127)

In analogy to formula (7.125) we have that # satisfies

i(y.t) =Y (I - 0oy — Ait)) . (7.128)
k

Regarding the difference between i and v, we find that

X+p—c*h
[ wom =i dy (7.129)
x—p+o*h
x+p—c*h
= [ |Z (G- - Fa) |y
x—p+o*h k
X+p
=00 [ I -l dy
x—p
<O)e. (7.130)
By the Lipschitz continuity of the semigroup we have that
x+p—c*h xX+p
[ 181000 = sl dy <2 [ 16n) ~ o0l dy < Le. 13D
x—p+o*h X—p

Furthermore, by Lemma 7.15 witha = x — p,b = x + p, T = h,andt = 0, and
using (7.126), we obtain

x+p—c*h
[ sa 0 - vl @
xX—p+o*h
o h ! X+p—o*e
SL/Iiminf— / [(Sev (+,7)) (¥) —v(y, T +¢)| dydr
h e—>0+ &
0 x—p+o*e
<O (1) (T.V.eprip (@) (7.132)

Consequently, using (7.132), (7.131), and (7.130), we find that

| x+p—ho*
w [ Ise0 01— v
x—p+ho*
» Le €
< () (1) (T'V~(x—p.x+p) (600)) + 7 + 0 (1) Z

Since € is arbitrary, this proves (7.117).
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Now we turn to the proof of (7.116). First we define z to be the function

u; fory < At,
z(y,1) = {

u, fory > At,

where |A| < o*. Recall that (y, t) denotes the solution of v; + f(v), = 0 with
Riemann initial data

_ u; fory <0,
u(y,0) =
u, fory>0.
Then trivially we have that
o*t
[ o0 =500 dy <0 -l (7.133)
—o*t

Let @y be as (7.123) but replacing the TV bound by
T~V-(x—p.x)U(x.x+p) (Q_)O) = T-V-(x—p.x)u(x.x+p) ((1)0) .

Recall that #(y, t) was defined in (7.115) by

R w(y —x,t) for|ly—x| <o*t,
u(y.1) = { | |

wo(y) otherwise.
Let J;, be the set
Jp={y | ho* <|y—x| <p—ho*},

and let ¥ be the function defined by

. u(y,t) for|x—y| <o*t,
U(y,t) =1 _ _
@y(y) otherwise.
Then we have that
X+p—0c*h
[ vom—iomidy < [la0)-amldy e @30
xX—p+o*h Jn

Note that the bound (7.131) remains valid. We need a replacement for (7.126). In
this case we wish to estimate

x+p—oc*e

1=‘[|@mew—mw+mw.

x—p+o*e
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For |x — y| > o*t, the function v(y,t) is discontinuous across lines located at
x;. In addition, it may be discontinuous across the lines |[x — y| = o*¢. Inside the
region |[x — y| < o*t, v is an exact entropy solution, coinciding with the semigroup
solution. Using this and (7.133), we find that

x—o*t X+p—o*e
I = ( [+ ) [(Se42@0) () — Go(y)| dy
x—p+o*e xX+o*t
x+4o*t
+ [ ISt o) =i+ o) dy
X—0*T
=e0() ( > Jdo (xi+) — @y (Xi—)|)
|xi—x|<o*t
X x+20*t
ci [ mm-mas [0 -l )
x—20*t X
<e0O (1) T-V-(,!c—p,,!c)U(x,,!c+p) (a)o) . (7.135)
Now using Lemma 7.15, we find that
1 x+p—0*h
i [ s ;=i o
x—p+o*h
h X+p—o*e
[OX ¢! 1
<28 [impt [ (s0C.0)0) =007 + 0l dvdr
h e—>0+ &
0 x—p+o*e
<0 (1) T.V.(x_p,x)u(x,x_,_p) (a)o) . (7.136)
As before, since € is arbitrary, (7.131), (7.134), and (7.136) imply (7.116). O

Remark 7.19 Note that if o is continuous at x, then Lemma 7.18 and (7.117) say
that the linearized equation gives a good local approximation of the action of the
semigroup. If wy has a discontinuity at x, then

T.V.x—pxtp) (wo)

does not become small as p tends to zero; hence we must resort to (7.116) in this
case. Since the total variation of every function in D is small, (7.117) is a much
stronger estimate than (7.116).

Now that the preliminary technicalities are out of the way, we can set about
proving that an entropy solution coincides with the semigroup.

Let u be an entropy solution. To prove that u(-,7) = S;uy, it suffices to show,
applying Lemma 7.15, that

1
hiﬂléleuShu(',t) - u(-,t + h)”Ll([a,b]) = O, (7137)

foralla < b,and forall t € [0, T] \ N
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Assume therefore that ¢ . Then by the structure theorem, see [193, Theo-
rem 5.9.6], there exists a null set ' C [0, T'] such that outside that set, u either is
continuous or has a jump discontinuity (as a function of x). Therefore, we split the
argument into two cases, one in which u has a jump discontinuity, and one in which
u is continuous or has a small jump in the sense that it is not in the set B; .

Consider first a point (x,¢) where u has jump discontinuity.* By condition B
there exist u;, € §2 and o such that the limit (7.98) holds when U is defined by
(7.97). Using a change of variables, we find that

| x+o0*h
lim — / [u(y,t +h)—=U(y,t +h)| dy
h—0+ h
x—o*h

0
=1ima*[ / lu(x +Ah+o*hy,t +h) —uy| dy

h—0t
—1-A/0*
1-A/o*
+ / [u(x +Ah 4+ 0*hy,t +h) —u,]| dy} =0,

0

by Lemma 7.16. Hence for small positive /2, we have that

x+o*h
1
7 / lu(y,t +h) = U(y,t +h)| dy <&, (7.138)
x—o*h

for some small £ to be determined later. By Lemma 7.14 we have U(y, s) = 1(y, s—
t), where u is defined by (7.115) with wo(y) = u(y,t), and U is defined by (7.97),
in some forward neighborhood of (x, ¢). Then using (7.138) and (7.116), we obtain

| x+o*h
7 |(Shu(-. 1)) (v) —u(y.t + 1)| dy
x—o*h
| x+o0*h
<E+y |(Shu(-.0)) (v) =U(y.t + h)| dy
x—o*h
=< £+ 0 (1) T~V-(x—2t7"h,x)U(x,x+2(7"h) (u( ) l))
< 2g, (7.139)

for all & sufficiently small, since we compute the total variation on a shrinking
interval excluding the jump in u at x.

Now we consider points (x, #) where u either is continuous or has a small jump
discontinuity. Hence we can choose an interval (c, d) centered at x such that B, . N

4 The following argument is valid for every jump discontinuity, but will be applied only to jumps
in B, .
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(c,d) = @. Recall that B, , defined in (7.102), is the set of points where u(-,?)
has a jump larger than . Let the family of trapezoids I}, be defined by

hi={.9)seltt+hl. yec+o(s—1.d=0"(s=n)}.
Now we claim that for / sufficiently small, we have that for all (y, s) € I},
lu(y,s) —u(x,t)| <2+ T.V.cq) u(-,1)). (7.140)

To prove this, we argue as follows: By Lemma 7.14, discontinuities in ¥ cannot
propagate faster than o *; hence u( -, t) is continuous in the lower corners of I}, and
the estimate surely holds for (y, s) located there. We must prove (7.140) for (y, s)
inaregion [c + /', d —h'] x[t,t 4+ h], where I’ is given and we can be free to choose
h small. Now also [c + h',d —h'] N B, = @; hence foreach y € [c + h',d — ']
we can find £, &, such that the estimate (7.140) is valid for

(y.5) € (v — &y + &) x[t.t +hy].

Now we can cover the compact interval [c 4+ &', d — h’] with a finite number of
intervals of the form (y; —&,,, yi + §,,), and choose

h = minh,, .
Then we obtain (7.140) for (y,s) in[c + /', d —h'] x [t,t + h].

Now we must compare u and # near (x, ¢). The eigenvectors of A=d f(u(x,1))
are normalized according to (7.124). Observe that trivially

”:Xk:(ik'u);k'

Then
d—oc*h
[u(y.t +h) —u(y,t +h)| dy
c+o*h
o (7.141)
< Z / ‘ik (u(y — Ah,t) —u(y.t +h))‘ dy.
k ct+o*h

To aid us here we use Lemma 7.17. Let x; < x; be in the interval (¢c+0*h, d —c*h).
Then we shall estimate

X2

E; = /ik (uy,t +h) —u(y — Agh,1)) dy.

X1

If we integrate the conservation law over the region

{(r,8) |y €lxi— (s —(t + h)Ae, x2 + (s — (¢ + )], s € [t.1 + h]},
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we find that
X2 xo4Agh t+h
/ u(y.t +hydy - / u(r.0)dy + [(F@0) = L) (xa + (s — (¢ + W)Ag.5)ds
x| xXi—Agh 4
t+h

- / (f () = ) s — (5 — (¢ + B ) ds = O.

Taking the inner product with I, k,» We obtain
t+h
Br= [ (70 =R+ = ¢+ )Aees) ds

t
t+h

- / B - (F0) = Ay — (5 — (¢ + h)g.s) ds
o

- / e (f(u2) = £Gu) — Ap(uts — 1)) ds. (7.142)

where we have defined
up =u(x;—(s— @+ h))ik,s), ur =u(x+ (s —(t + h))ik,s).

Let A* denote the matrix
1

A :/df(suz—i-(l—s)ul)ds—/f.
0
Then

B (fuz) = fur) = A(uz — ur)) = D - (A" (uz — uy)
+ Az —ur) — i (2 —uy))
=1l A*(uy — uy). (7.143)
Since
[A*] < O ) (Jur —ulx, )] + |[uz —u(x,1)]),
(7.142) and (7.143) yield
t+h
£ =00) [ (= e, + uz = w0 b2 =] ds

t

<O(1) sup [u(y,s)—u(x,?)]
(y.s)ely,

t+h

x / TV~ o+ -z @ 5)) ds.
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Therefore,

/(u(y,r LR iyt +h)) dy

X1
<Y |E
!

=0(1) sup |u(y,s)—u(x,1)]
(y.s)ely,

t+h
x / DTV oy oy 1 9)) ds. (7.144)
k
t

Returning to (7.141) and using Lemma 7.17, we find that

d—o*h
/ ’u(y,t +h)—u(y,t + h)| dy
c+o*h
<O(1) sup |u(y,s)—u(x,1)] (7.145)
(y.s)ely,
t+h

X / T'V'[C+U"(S—t),d—(T"(S—t)] (u( ’ S)) ds.
t

Now we use (7.117), (7.145), and (7.140) to obtain

d—o*h
/ (Sn(-.0) () — u(yt + )] dy
c+o*h
d—o*h
< / (I(Shu(-.0) () — it + W) + @t + By —u(yt + b)) dy
c+o*h

<O(l)h (T.V.(C,d) (u(-, t)))z
+0(1) (28 + T.V.ea (u(-, l)))
t+h

X / T~V-[c+a*(x—t).d—(7*(.v—t)] (u( s S)) ds. (7146)

t

By Lemma 7.13, the set B, contains only a finite number of points; x; < x; <

- < Xy, where u(-,7) has a discontinuity larger than &. We can cover the set
[@,b] \ U; {x;} by a finite number of open intervals (c;,d;), j = 1,..., M, such
that:

(a) X ¢ Uj(Cj,dj) =@ fori = 1,...,N.
() T.V.¢;q) W (-,1)) <2eforj=1,...,. M.
(¢) Every x € [a, b] is contained in at most two distinct intervals (c;, d;).
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We have established that for sufficiently small £, w

xi+o*h

[(Snue(-, 1)) () —u(y,t + )| < %

S| =

xi—o0*h
by (7.139) choosing &€ = ¢/(2N). Also,

dj—o*h
|(Spu(-,0)) () —u(y,t +h)| dy
cj+a*h
t+h
<0()e / T.V.(¢; +o* (s—1).dj—0* (s—1)) (-, 5)) ds
t

+ O (1) heT.V.(¢; ;) (u(-,1))

forall 7, j, and ¢ > 0. Combining this, we find that

b
3 [ 10y 0) —utvs + )y

Xj+0o*h
1
=Y 5 [ S0~ h)dy
! xi—o*h
dj—o*h
+ 3 [ st 0) - utrs + ] dy
J Cj+(7"h
t+h
&
§8+0(1)Z/T.V.(u(-,s)) ds + eT.V.(u(-,1))

<0O0()e.

Since ¢ can be arbitrarily small, (7.137) holds, and we have proved the following
theorem:

Theorem 7.20 Let f; € C*(R"), j = 1,...,n. Consider the strictly hyperbolic
equation u; + f(u), = 0. Assume that each wave family is either genuinely non-
linear or linearly degenerate. For every ugy € D, defined by (7.94), the initial value
problem

ur+ f)y =0, u(x.0) = up(x),

has a unique weak entropy solution satisfying conditions A-C, see Sect. 7.2. Fur-
thermore, this solution can be found by the front-tracking construction.
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7.3 Notes

The material in Sect. 7.1 is taken almost entirely from the fundamental result of
Bressan, Liu, and Yang [33]; there is really only an O (|e|) difference.

Stability of front-tracking approximations to systems of conservation laws was
first proved by Bressan and Colombo in [28], in which they used a pseudopolygon
technique to “differentiate” the front-tracking approximation with respect to the
initial location of the fronts. This approach was later used to prove stability for
many special systems; see [47], [8], [3], [4].

The same results as those in Sect. 7.1 of this chapter have also been obtained by
Bressan, Crasta, and Piccoli, using a variant of the pseudopolygon approach [29].
This leads to many technicalities, and [29] is heavy reading indeed!

The material in Sect. 7.2 is taken from the works of Bressan [23-26] and cowork-
ers, notably Lewicka [32], Goatin [30], and LeFloch [31].

There are few earlier results on uniqueness of solutions to systems of conserva-
tion laws; most notable are those by Bressan [20], where uniqueness and stability
are obtained for Temple class systems where every characteristic field is linearly
degenerate, and in [22] for more general Temple class systems.

Continuity in L' with respect to the initial data was also proved by Hu and
LeFloch [100] using a variant of Holmgren’s technique. See also [77].

Stability for some non-strictly hyperbolic systems of conservation laws (these
are really only “quasisystems”) has been proved by Winther and Tveito [185] and
Klingenberg and Risebro [114].

We end this chapter with a suitable quotation:

This is really easy:
|what you have| < |what you want| + |what you have — what you want|

— Rinaldo Colombo, private communication

7.4 Exercises

7.1 Show that the solution of the Cauchy problem obtained by the front-tracking
construction of Chapt. 6 is an entropy solution in the sense of conditions A—C
in Sect. 7.2.

7.2 The proof of Theorem 7.8 was carried out in detail only in the genuinely non-
linear case. Do the necessary estimates in the case of a linearly degenerate
wave family.



Chapter 8

Conservation Laws with Discontinuous Flux
Functions

Of course it is happening inside your head, Harry,
but why on earth should that mean it is not real?
— Albus Dumbledore, in Harry Potter and the Deathly Hallows

The aim of this chapter is to give a brief introduction to scalar conservation laws
with a space-dependent flux function, where the spatial dependence of the flux can
have discontinuities. We shall restrict ourselves to one spatial dimension, both for
reasons of simplicity and because the theory is more complete in one dimension.

In one spatial dimension, a conservation law with a space-dependent flux can be
written

u; + f(x,u), =0, xeR, t>0. 8.1)

Since the interpretation of f is the flux of u at the point x, there are many applica-
tions where the flux depends on the location. We give some simple examples that
are modeled by such conservation laws.

<> Example 8.1

Traffic flow is a simple model in whcih conservation laws with space-dependent co-
efficients arise naturally. We refer to Example 1.6, and repeat the necessary notation
here.

Let p denote the density of cars on a long “one way” road. We normalize units,
so that p = 1 if the cars are packed bumper to bumper. Assume that the speed of
the cars is a decreasing function of the density v = v(p). The speed of the cars
on an empty road (p = 0) is governed by the road conditions and the speed limits,
so that v(0) = y, where y is a function of the position on the road. Furthermore,
it is reasonable to assume that v(1) = 0. For simplicity we can then define v as
v(p) = y(1 — p). If the road conditions, and thereby y, vary with the position x,
then we end up with the conservation law

pr + (y(x)p(1 —p)), =0, (8.2)

which is an example of a conservation law with an x-dependent flux function. On
the scale of continuum traffic, where the natural lengths are many times that of
a single car, the road conditions often vary discontinuously. &
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< Example 8.2

When extracting oil from an oil reservoir, one often injects water in order to main-
tain the pressure, and thereby to force out more oil. Assuming that we have two
phases, oil and water, present, the mass conservation of oil and water reads,

¢s; +u, =0 and ¢(1—s5), —v, =0,

where (the unknown) s denotes the saturation, i.e., the fraction of the available
pore space occupied by oil, and u and v are the Darcy velocities of oil and water
respectively. The factor ¢ denotes the fraction of the void space in the material,
commonly called the porosity. One often assumes that Darcy’s law holds,

u = —ko Po/il —8gpoit and v = _k)twaleer/vater — &Pwater

where k denotes the absolute permeability of the medium, g the gravitational con-
stant, Appase the mobility, Pphase the pressure, and ppnase the density. Here the sub-
script “phase” denotes either water or oil. If we assume that the two pressures are
the same, and that the total velocity ¢ = u + v is constant (incompressibilty), we
can add the two conservation equations to obtain

Aoil(5) B
s + (lou(S) o) (g — k(x)g)twater(s)Ap))x =0, (8.3)

where Ap = Pyater — Poil- The absolute permeability of the rock is often modeled as
a piecewise constant function of x, and therefore this is another example of a con-
servation law in which the flux function varies discontinuously. &

< Example 8.3

Since oil is much more viscous than water, water injection can lead to the formation
of thin “fingers” of water. In order to prevent this, one sometimes injects a mixture
of polymer and water instead of water only. This polymer is passively transported
with the water. In a “one-dimensional” homogeneous oil reservoir, conservation of
water and polymer is expressed through the system of conservation laws

s¢ 4+ f(s,¢)x =0,
(s¢)i + (cf(5.¢))x =0,
where ¢ denotes the concentration of the polymer in the water, and the flux function

f(s,c) is a known function of the type in (8.3), where A, is now a function of
both s and c. Introducing new coordinates (y, t) by

(8.4)

ay ay at at
a9, ., = — ) 5 = 07 d - = 17
e A e

G) - (f(ss’ C))y =0 (8.5)

c; = 0.

the system (8.4) reads
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This change of independent variables is valid only for differentiable (classical) so-
lutions, whereas we know that we cannot expect solutions of conservation laws to
be even continuous. Therefore, we must interpret solutions in the weak sense. Nev-
ertheless, by [187, Thm. 2] there is a one-to-one correspondence between weak
solutions of (8.4) and weak solutions of (8.5). Hence if the initial polymer concen-
tration is discontinuous, (8.5) is another example of a conservation law with a flux
function depending discontinuously on the spatial location. &

We can always view an x-dependent flux as a flux function depending on a pa-
rameter y that in turn depends on x. In this way we write (8.1) as a system

u; + f(y,u)y =0, y, =0. (8.6)

This is a hyperbolic system with a Jacobian matrix
i  of
Bu By
0 O

_u
Cu’

which has the eigenvalues

)Ll )Lz =0.

So if % = 0 for some values of y and u, the system is not strictly hyperbolic. This
is the cause of many difficulties when one is working with conservation laws with
x-dependent fluxes. In [176], Temple exhibited a simple example of a sequence of
approximate solutions without any uniform bound on the variation. This means that
when studying conservation laws of the type (8.6), one must use more powerful (and
complicated) tools. The “z-transform” used in this chapter is perhaps the simplest
(and least powerful) example of such a tool. Recently, compensated compactness
and variants of the “div-curl” lemma have taken the place of the “z-transform” in
proving convergence of approximations; see [107] for a recent example.

We emphasize that this chapter is meant to be an introduction to this topic and
does not contain the most general results.

8.1 The Riemann Problem

In this section we shall study the Riemann problem, that is, the initial value problem
in which the initial values consist of two constants separated by a jump discontinu-
ity. More precisely, this is the problem

u, + f (yi,u), =0, u(x,0)=u;, forx <0,

8.7
u, + f(yrou), =0, u(x,0)=u,, forx>0, @7

where y;, y,, u;, and u, are constants. Riemann problems for conservation laws
have the simplest solutions that are not constant. Furthermore, by studying the
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solution of Riemann problems, we gain insight into the local behavior of typical
solutions. It turns out that solutions of Riemann problems can be used as a building
block in many numerical methods, in particular front tracking.

By a solution of (8.7) we mean a weak solution in the usual sense, i.e., u €
Llloc (R x (0, 00)) is called a weak solution if for every test function ¢ € C°(R x
[0. 00)).

[e9) 0 [e9)

/(/ (uei + f (vi.u) @x) dx-l-/ (upr + f (yrou) ox) dx) dt
0 e 0 (8.8)
+ /u(x,0)<p(x,0) dx = 0.

R

Now we shall first show that under reasonable assumptions on f, weak solutions
exist, and that if we require that weak solutions satisfy an additional entropy condi-
tion, then there exists only one weak solution.

Existence of a Solution

To show the existence of a solution, we start by observing that for x negative, u(x, t)
must be the solution of a scalar conservation law

Uy + f (J/l, v)x = O’ (89)
with v(x, 0) given by
f
p(x.0) = u; forx <0,
u; forx =0,

where u} is a value to be determined. Similarly, for x positive, ¥ must be the solution
of the scalar initial value problem

/

u. forx =0,

r (8.10)

wt+f(yr7w)x:07 U)(X,O):
u, forx >0,

where v/, is to be determined. Setting

v(x,t) forx <O,

u(x,t) = % (8.11)

w(x,t) forx >0,

provided that v(0—, t) and w(0+, ¢) satisfy some extra condition, we find that this
will give a weak solution, since both v and w are weak solutions. Therefore, to find
a weak solution, we must find solutions of scalar Riemann problems v and w such
that this construction is possible.
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Now recall, or reread Sect. 2.2, that the solution to the scalar Riemann problem

v, x <0,
v+ g =0, v(x,0)=1"
v, x>0,

is found by constructing the lower convex (if v; < v,) or upper concave (if v; > v,)
envelope of g between v; and v,; cf. Sect. 2.2. To make the notation less cumber-
some we introduce

5 g~(wiv,v,) ifv, <uwy,
g = 15 ) . (8.12)
g_(v;v,v,) ify <v,.

In this notation the entropy solution v is given by
——1 (X
vix,t) =g (?;vl,v,>, t > 0. (8.13)

Now we turn to the Riemann problem (8.7). The left and right parts of u are v, given
by (8.9), and w, given by (8.10). If we are to form u by gluing together v and w,
then v must equal u; for x > 0, and w must equal u, for x < 0. In other words,
v must contain only waves of nonpositive speed, and w only waves of nonnegative
speed. To utilize these observations, we introduce the notation

Siw) = f(yu) and fr(u) = f (yr,u)

and define f;(u;u;, i) and f, (u; 4, u,) analogously to (8.12).
Since v contains only waves of nonpositive speed, we must choose u; from the
set

H; (u;) = {i | £/ sy, i) <0 for all u between u; and i} (8.14)

Similarly, since w must contain waves of nonnegative speed, we must choose u/.
from the set

H, (u,) = {ii | f/(u;ii,u,) >0 forall u between u, and i} . (8.15)

There is another characterization of the admissible sets H; and H, that will be
useful. Let /; be defined by

h(u) = fi(w), h(u) <0,

m%hw)) o § ifu < u,
e ) = and  h(u;) = fi(u) 8.16)

w%MM‘MMSﬁWL mwsa}ﬁuzw
and  h(u;) = fi(u)
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b

Jr Iy

Sy

u

Fig. 8.1 a h; (solid line) and f; (dotted line). b h, (solid line) and f, (dotted line)

and define &, by

sup i (u) ‘ hw) < i), () 20, ifu<u

h ( ) and  h(u,) = f(u,) - (8.17)
U Uy) = .

inf {h(u) ‘ h = 7y, G =0, ifu >y

and  h(u) = fi(u) T

In these definitions, the function & appearing in the infima and suprema is assumed
to be continuous. In Fig. 8.1 we show an example of /; and A,. Using h; and &,
we can use the following alternative definition of the admissible sets H; and H,,
namely

Hy(up) = {u | hy (usur) = fi(u)}, (8.18)
Hy (u,) = {u | hy (usuy) = fr(u)}. (8.19)

Since the jump in u at x = 0 is a discontinuity with zero speed, the Rankine—
Hugoniot condition says that for every weak solution we must have

f ) = f (yeouy) =2 £ (8.20)

We now have u; € H;(u;) and u, € H,(u,), using (8.18) and (8.19). This can be
restated as

hy (ujour) = hy (ul,u,). 8.21)

Since the mapping u + h;(u;u;) is nonincreasing and u + h,(u;u,) is nonde-
creasing, the above equality, (8.21), will hold for at most one / value. Therefore, if
the graphs of h; and &, intersect, the flux value at x = 0 is determined by the flux
value at this intersection point. We label this flux value f>.

From these observations it also follows that if the graph of 4; does not intersect
the graph of &,, we cannot hope to find a weak solution to the Riemann problem
(8.7). For instance, if

fiw)=e™ and fi(u)=2+e ",
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h;

Fig. 8.2 An example showing how to solve a Riemann problem of the type (8.7)

we cannot find any weak solution. Another important example for which we cannot
find any solution to the Riemann problem is

fiw)=0 and f'(u) <0.

In this case h;(u;u;) = fi(u;) and h, (u;u,) = f.(u,), so unless these happen to
be equal, we cannot find any solution.

Furthermore, even if the flux value at the intersection is uniquely determined,
the actual values ) and u, need not be. This is so since for u ¢ H;(u;) we have
hj(u;u;) = 0, and similarly, if u ¢ H,(u,), then i, (u;u,) = 0. In other words,
h; and h, may both be constant on the interval where their graphs cross. In order to
resolve this nonuniqueness problem, we propose that u; and u,. be chosen such that
the variation of the solution ¥ is minimal, subject to the above restrictions.

To be more concrete, we choose u; to be the unique value such that

|u; — u}| is minimized, provided u) € H;(u;) and h;(u);u;) = f*. (8.22)
Similarly, we choose u/. to be the unique value such that
|u, — u.| is minimized, provided u, € H,(u,) and h;(u,;u,) = f*.  (8.23)

These criteria for choosing u; and u/. are called the minimal jump entropy condition.

It is perhaps instructive to examine this condition in a little more detail. If the
graphs of /; and £, intersect in a single point u™, thenu* € H;(u;) oru™ € H,(u,).
If w* € Hi(u;), then u; = u*, and if u* € H,(u,), then u, = u*. Assuming for
definiteness that u; < u* and u* ¢ H;(u;), then there will be a smallest point
in the interval [u;, u*] such that the interval (i, u*] is not contained in H;(u;), and
u € Hj(u;).Itis clear that according to (8.22) we must choose u) = .

In Fig. 8.2 we show how the Riemann problem from Fig. 8.1 is solved in this
way. Here u* € H;(u;) so u; = u*. Also the point minimizing |u; — u,| is clearly
u,, so that u), = u,. Finally the Riemann problem is solved by a shock of negative
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speed from u; to u}, and then by a discontinuity at x = 0 from u; to u,. There is
some more important information to be extracted from the minimal jump entropy
condition. Since the Riemann problem with u; = u} and u, = u, is solved by
a single stationary discontinuity, in the interval spanned by u; and u,., we must have

hy (wiup) = f* orhy (usu)) = f. (8.24)

If u; < u,since iy (-; u;) is the largest nonincreasing continuous function less than
or equal to f; such that i; (u;u;) = f(u}), then

hy(wup)) = = fiw) > f*foru € (uj,ul)

and
hy (wsuy,) = f* = fr(u) > f*foru € (up.u)),

since h,(-;u)) is the largest continuous nondecreasing function smaller than or
equal to f,. Similarly, if u, < u, then

hy(wup) = = filu) < f*foru € (u),u))
and
hy (wsu)) = < = fulu) < f*foru € (u,,up).

Summing up, we have

/ / Si(u) = fi(u)) forallu e [u;,u,]or 325)
Uy <u, = :
frw) = fr(u,) forallu € [uj,u;],
) ) Siu) < fi(uy) forallu € [u;,u;] or
u, <u; = (8.26)

frlu) < fr(u))

forall u € [u),u)].

Furthermore, the implications (8.25) and (8.26) actually imply that u; and u, are
chosen according to the minimal jump entropy condition.

Lemma 8.4 If the values u) and u, are chosen according to the minimal jump
entropy condition (8.22), (8.23), then for every constant c,
F. (ul.,c) = Fi (uj.c) < |fi(c) = fi(0)], (8.27)

where F; and F, are the KruZkov entropy fluxes. Thus

Fi(u,c) = sign(u —c) (fi(w) — fi(c)),
Fr(u,c) = sign (u —c) (f, () — f:(c)).
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Proof 1f sign (u) — ¢) = sign (u} — c), then the left-hand side of (8.27) equals

sign (u) — ) (fy (uy) = fr(c) = fi (u)) + fi(©)) = sign (u} — ) (fi(c) = fi(c)).

and the inequality clearly holds.
If u; < ¢ < u,, then (8.27) reads

27 = file) = fre) = | fr(©) = fi(O)].

or

2% —max {fi(c), fr(c)} —min{fi(c). f+(c)}
< max {f;(c). fr(c)} —min{f;(c). fr(c)}.

In other words, (8.27) is the same as

S = max{fi (). fr(c)}

and it is immediate that (8.25) implies this.
If u, < c < uj, then (8.27) reads

S zmin{ fi(e). fr(0)}

which is implied by (8.26). |

From the proof of Lemma 8.4 it is also transparent that the condition (8.27) does
not imply the minimal jump entropy condition (8.25) and (8.26). However, define
the pair of “constants” ¢; and ¢, (these numbers depend on u and u},) by requiring

1 () ug) = | B J100 AT S s (8.28)
max argp, .} Siu) ifu; >,

min arg;,, ., u) ifu, <u’,
e (uj,u) = Biuja) /7 01 L (8.29)
max argp,, Sr) ifu; >u.

Using the arguments of the proof of Lemma 8.4, it readily follows that the minimal
jump entropy condition is equivalent to

Fr (uy, ) = Fr (up,e0) < 1 (er) = fi ()] (8.30)
Furthermore, for every c¢ between u; and u,., the inequality
E, (u).c) — i (uf.c) < F, () - i (uf.cr).

holds.
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Remark 8.5 In a special case (8.27) actually implies that the values u; and u,
are chosen according to the minimal jump entropy condition. Assume that there
is a value # such that both f;(u) and f, (#) have a global maximum (minimum) at
i, and that f;, is increasing (decreasing) for # < i and decreasing (increasing) for
u > u. To see this, we recall that (8.27) holds trivially if ¢ is not between u; and
u’.,while if ¢ is between these values, (8.27) reads

£ < maxtfi(o), S0}, ifu) <l
S = max{ fi(x), fr(c)}, ifu)>u.

By assuming that f;(u}) = f,(u,), that the above holds, and that the flux functions
f1.r have a single common maximum, the reader can check that (8.31) implies (8.25)
and (8.26). Actually, this implication holds for more general flux functions as well;
cf. the notorious “crossing condition” in [110].

(8.31)

Although it seemingly has nothing to do with the solution of the Riemann prob-
lem, at this point it is convenient to state and prove the following lemma, which will
play an important role in proving well-posedness in Sect. 8.3.

Lemma 8.6 Assume that the pairs (u),u,) and (v}, v,) are both chosen according
to the minimal jump entropy condition. Then

Q =F, (u,.v.)— F (u},v)) <0. (8.32)
Proof Since fi(v)) = f,(v;)and fj(u)) = f,(u}),if
sign (u) — v;) = sign (u, — v},
then QO = 0. Assume therefore that
sign (u; —v;) =—1 and sign(u, —v)) = 1.
In this case,

Q =[fr () =/ (0))] + [ /i () = i (v])]
= 2(f, (u)) — £, (17)) (833)
=2(/i () = fi (v1)), (8.34)
since f;(v;) = f,(v,) and fi(u)) = f.(u,). Moreover
u; <v, and v, <u,.

Then either u; and u, are both in the interval [v}, v;] (case a), or v; and v are in
the interval [u},u}] (case b), or v, < u; <v; < u; (casec),oru; < v, <u, <v
(case d).

If case a holds, then (8.26) for v; and v, gives that either

fr(w) = fiv) or £ ;) = £ (v)-
It is easy to see that this coupled with either (8.33) or (8.34) will give QO < 0.
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If case b holds, then (8.26) for u gives that either
frwi) = fi(ui) or fi(vy) = /o (7).

So again Q < 0.
Recall that case c is defined to hold if

/ / / / /
;<v; and u; <v, <u,.

Using the first inequality and (8.26) for v, we find that

fiup) = fi(v)) or foluy) < fr(v)).

both of which give the desired conclusion.
Finally, in case d, we have

u; <v. <u

!/ !
r r

Using the first inequality with (8.25) gives
fi(v) = fiw) or fi(v) = £ ().
thereby completing the proof. O

<> Example 8.7
Now we pause to consider two examples. First consider the Riemann problem for
the equation

1
u, + (—u2 + y) =0, (8.35)
2 X
where
f 0, fi 0,
1o(0) = u; forx < and y(x) = y; forx <
u, forx >0, y, forx > 0.

If u; <0, then
Hj (up) = (—=00,0],
and if u; > 0, then
H; (ug) = (o0, —u;] U {uy
Similarly, if u, < 0, then

H, (u,) = {—u,}U[-u,,00),




378 8 Conservation Laws with Discontinuous Flux Functions

and if u, > 0, then
H, (u,) = [0, 00).

Now it is easy to construct the solution for any initial data and any y. Assume that
yy=—1,y, =1,u; =1,and u, = 1. Then

1 2 . .
Ly2 1 ifu < —1, 1 fu<o,
2”1 = and h,(u;1) = =

-1 ifu>—1, w41 ifu>0.

hy (u;—1) =
The graphs of 4; and &, intersect in a single point where the flux equals 1 and u < 0.
Thus we obtain u} as the solution of
hi(uj;—1) =1, uj <0,

and thus u; = —2. Following the general construction, we see that u, = 0. The
complete solution thus consists of the solution of a scalar Riemann problem for the
equation

1 1 f <0,
v, + (—vZ) =0, v(x,0= orx =
2 /. -2 forx >0,

glued together with the solution of the scalar Riemann problem

1 0 fi <0,
w; + (—wz) =0, wx,0)= oL =
2 x 1 forx > 0.

From the general solution procedure for scalar Riemann problems, i.e., taking en-
velopes, we see that

! " ) 0 forx <0,
< —t/2,
v(x,t) = orx <~/ and w(x,7) = {x/t for0<x <t,
-2 forx > —t/2, . ;
ort < Xx.

Finally, we set

u(x.1) = {v(x,t) for x < 0,

w(x,t) forx > 0.

This solution is depicted in Fig. 8.3. To the left we see the solution path in the
(u, f)-plane, and to the right u(x,?). Perhaps the most important lesson to be
learned from this example is that the variation of the solution u is not bounded
by the variation of the initial data u(x, 0). Even though this is so, it is natural to ask
whether the variation of u is bounded by the variation of u plus the variation of y.
From the construction of the solution of the Riemann problem, the total variation of
f(y,u) is bounded by the total variation of f(y, ug). Nevertheless, an explicit ex-
ample shows that it may happen that the total variation of u is finite, yet for a finite
T > 0,wehave T.V. (u(-,T)) = oo; see [1]. We shall return to these observations
in a later section. &
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Fig. 8.3 An example of the solution of a Riemann problem. a The solution path in (u, f) space.
bu(x,t)

< Example 8.8
As a second example we study the traffic flow model
u, + (y(x)du(l —u)), =0, (8.36)
where
u; forx <0, y; forx <O,
u(x,0) = y(x) =
u, forx >0, y, forx >0.

For simplicity, we assume that y; and y, are positive. Now

H (u) = {{ul}u[l_”lﬁoo) ?fuz <1/2,
[1/2.00) ifu; >1/2,
and
H, (uy) = {(—OO, 1/2] ifu, <1/2,
(o0, 1 —u, JUfu,} ifu, = 1/2.

We shall now detail the complete solution of the Riemann problem in this case. This
is instructive, since (8.36) exhibits many of the features of Riemann solutions for
general flux functions.

We describe the solution by listing what happens in various cases, depending on
Vi, ¥r» Ur, and u,. Note first that f(y, u) has a maximum at u = 1/2 for all y and
that f(y,1/2) = y. We start by assuming that

1
<-. 8.37
= 3 (8.37)
In this case the structure of the solution will depend on whether y; < y,. We start by
examining the case y; < y, and f(y;,u;) < f(yr,u,) oru, < 1/2. The situation
is depicted in Fig. 8.4. Here we show the A; and &, functions as dotted lines, and
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Fig. 8.4 The solution of
the Riemann problem if

u < 1/2,y; < yr,and f )
f(ylvul) < f()/rvur) or
u, <1/2

U
Fig. 8.5 The solution of

Uy
u
the Riemann problem if ) Uy
up < 1/2,y; < yr,and /
f(ylvul) < f()/rv u,) or
u, <1/2
........ b
u

the solution path as a gray line. In this case u; = u;, and u,. is the solution of

-

fyrw)=fmow), u, <

In our case, this means that

1
ui:i(l—\/l—%m”(l—u;)).

The solution consists of a stationary discontinuity separating (u}, y;) and (u;, y;),
which we shall call a y-wave, followed by a shock in ¥ moving to the right. This
we call a u-wave. For clarity we also show the solution if ¥, < 1/2 in Fig. 8.5.

Next, we turn to the case that y; < y, and f(y;,u;) > f(yr,u,), depicted in
Fig. 8.6. The solution consists of a u-wave with negative speed followed by a y-
wave separating u} and u,. In other words, we have 1, = u,, and u; is the solution
of

N =

f ()/[,M;) = f(Vr, ur)v u} >

= N =

In the next case we assume that ¥; > 1/2. In this case, if u, < 1/2,or f(y,,u,) >

S(y1,1/2), thenu; = 1/2, and u, solves

N =

f )= f(nu)=n., u, <



8.1 The Riemann Problem

Fig. 8.6 The solution of
the Riemann problem if

u < /2,y < v,
Siow) = f(yr.up), and
u, >1/2

Fig. 8.7 The solution of
the Riemann problem if

up = 1/2’ Vi < Vrs and
G 1/2) < f@rouy) or
u, <1/2

Fig. 8.8 The solution of
the Riemann problem if
u = 1/2’ Vi < Vr»
f(1/2, M/) = f()/r, Uyr),
and u, > 1/2

381

Uy

uy

This is illustrated in Fig. 8.7. Now the solution consists of a u-wave moving to
the left, this u-wave is a rarefaction wave, followed by a y-wave. The last wave is

a u-wave moving to the right; this is a shock wave.

Next, if u; > 1/2,u, > 1/2,and f(y,,u,) < f(y;,1/2), the solution is shown
in Fig. 8.8. In this case u consists of a leftward moving u-wave followed by a y-

wave. This exhausts the case y; < y;.

The case y; > y, is analogous, and we show the four different possibilities in

Fig. 8.9.
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w/ TSN

/

/
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1 1 1 u 1 1 1
Up < 3 fsw) > f (7%-,5) or w > 5 Ur < bR floww) < f (7’” 3 and  u < 3

u

Uy

\

U 1 . 1 u
. Uy > flonw) < flwur)  and w < 5.

Uy >

o -

, fwsw) > f (e uy) o wg >

N =

Fig. 8.9 The different possibilities for a solution of the Riemann problem if u, > 1/2. The
solution path is the gray line

In order to determine a particular solution, follow the gray path from u; to u,. If
the path follows the graph of f; or f,, the wave is a rarefaction wave, and, if not, it
is a shock wave. The horizontal segments joining f; and f, are y-waves. In these
figures, the dotted lines indicate the functions 4; and £,.

From the above diagrams, we observe that if u; and u, are in the interval [0, 1],
then also the solution u(x, ) will take values in [0, 1]. In many applications involv-
ing similar conservation laws, u is interpreted as a density; hence it is natural to
require that u be between 0 and 1.

There is another and much more compact way to depict the solution of the gen-
eral Riemann problem for this conservation law. Let z = z (), u) be defined as

2(y, ) = sign (% - u) [f o) — f (y, %)} (8.38)

1
= ysign (u - 5) Qu — 1)

~ [ [wo| e
172

This mapping takes the rectangle [y, 2] x [0, 1] into the region
{E.y)Insy<spad-y=<z=<y}.
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Fig. 8.10 The solution of the Riemann problem.az; <0.bz; > 0

Furthermore, ¥ + z(y,u) is injective, and strictly increasing. In (z,y) coordi-
nates, y-waves are straight lines of slope —1 if ¥ < 1/2 and slope 1 if u > 1/2,
and u-waves are horizontal lines. In Fig. 8.10 we show how the solution looks
in the various cases in the (z, y)-plane. To read the diagram, start at the point
L = (z(u;,y1),y:1) and follow the arrows to the right location. The dotted lines
mark the boundaries where the solution type is constant. Since we are working with
(z, y) coordinates, we call u-waves z-waves, and the solution types are zy, zyz, and
yz. If a solution type is, e.g., ¥z, this means that the solution consists of a z-wave
(u-wave) followed by a y-wave. This finishes the second example. <&

Actually, our two examples are more similar than it might seem at a first glance.
The inverse of the mapping (8.38) is

1
u=—<1+sign(z) H)
2 Y

fyu) = [z] +y.

and

Inserting this into equation (8.36), we find that

(l (1 + sign (z) H)) + (z| +y), =0.
2 Y ,

Since y is independent of ¢, we can rearrange this as
(sign @) VD) + 237 (2] + 7). = 0.

If we now introduce w = sign(z) 4/|z| and a new time coordinate v such that

9/0t = /2y d/0t, then

(3+7+7)
w,+ | zw +y] =0.
2 X
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Now we return to the discussion of the Riemann problem for the general conser-
vation law; cf. (8.7). We have seen that we cannot always find a weak solution to
this problem, but if the graphs of the functions H;(-;u;) and H,(-;u,) intersect,
we can choose a unique pair (1}, u,), which in turn gives us a unique solution of
the Riemann problem. We call this solution, satisfying the minimal jump entropy
condition, an entropy solution of the Riemann problem.

It seems complicated to give a general criterion for f; and f, to guarantee the
intersection of 4; and 4, but for two important classes of flux functions we always
have an intersection.

Lemma 8.9 Consider the Riemann problem

Uy + f(% u)x = 07 > 07
u; forx <0, vy forx <0, (8.39)
y(x) =

u, forx >0, Y, forx > 0.

u(x,0) =

(1) Let f = f(y,u) be a continuously differentiable function on the set

(v,u) € [y1,y2] X [ur,us] = £2.

Assume that

d d
%(w) _ %(m) o0,

so that f(y,uy) = Cy and f(y,uz) = C, for some constants Cy and C,. Then
the Riemann problem (8.39) has a unique entropy solution for all (y;,u;) and
(vr,u,) in 2. Furthermore, u(x,t) € §2 for all x and t.

(ii) Let f = f(y,u) be alocally Lipschitz continuous function fory € [y, y»2] and
u € R. Assume that

linltl f(y,u) =00 or lirjltl fy,u) = —o0,
for all y € [y1,y>]. Then the Riemann problem (8.39) has a unique entropy
solution for all (y;,u;) and (y,,u,) in [y1, y2] X R.

Our first example is of the second type mentioned in the lemma, and the sec-
ond example is of the first type. This lemma is proved simply by constructing the
functions /; and A, in the two cases.

Vanishing Viscosity and Smoothing

We would like to motivate the minimal jump entropy condition. In our construction
of the solution of the Riemann problem, it emerged naturally as a candidate for
finding a unique solution. In this section we shall give two partial motivations for
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this entropy condition. Both of these motivations are based on the study of equations
that formally have (8.7) as a limit, but whose solutions, or the equations themselves,
possess more regularity than the conservation law with a discontinuous coefficient.
When doing this, we hope that the minimal jump condition will be a consequence
of requiring that the solutions to the perturbed equations tend to the solution of the
Riemann problem as the size of the perturbations tends to zero.

It is common to motivate entropy conditions for conservation laws by requiring
that the solution of Riemann problems be limits of traveling wave solutions to the
singularly perturbed equation

v, + f(v)x = EVxx,

as ¢ | 0. For a scalar equation in which the flux function does not depend on x,
the “lower convex envelope” criterion is indeed a consequence of such an approach.
We also say that the weak solution found by taking envelopes satisfies the vanishing
viscosity entropy condition; see Sects. 2.1 and 2.2.

Let now u® be a traveling wave solution of the initial value problem

y; forx <O,

up + frou')y = euy, y(x) = (8.40)
y, forx >0
(with y; # y,). We hope that
lim u®(x,7) =uj, and lim u®(x,t) = v (8.41)
X—>—00 X—>00

for some values u}, u,.. Since y depends on x, we cannot expect to find a traveling
wave solution, i.e., a solution that depends on (x — st)/e, unless it is stationary,
that is, s = 0. Thus we consider a function that depends on space only, u®(x,t) =
u(x/¢e). Introduce £ = x/e, to obtain

fru) =i,

where f = df/d&. The equation can be integrated once, and if we assume that the
limits (8.41) are reached in a suitable manner, we get

= f.) = f (voup) = fa) = f (veouy).

which also gives us the Rankine—-Hugoniot condition

f(veou)) = 1 (yrou)) = £~ (8.42)

Summing up, we say that the discontinuity separating (y;,u;) and (y,, ) admits
a viscous profile, or that this discontinuity satisfies the viscous profile entropy con-
ditions, if the ordinary differential equation

du ) f (you)—f* if§ <0,

8.43
d§ | f (yrou)— f* ifE >0, (849
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has a (at least one) solution u (&) such that either
Jim u(® =) and w(®) =,
or
u(€) =u. and glggo u€) =u.,

where é_ can be finite or infinite. This means that one of two alternatives must hold:
Either the ordinary differential equation

v=fv) - <00 v(0) =u,

has a solution such that
lim v(§) = uj,
§—>—00

in which case we say that v is a left viscous profile, or the equation
W= ()~ 5 E>0. w0 =u,
has a solution such that
Jim w(E) =],

in which case we call w a right viscous profile.
Hence the discontinuity satisfies the viscous profile entropy condition if there exists
a left or right viscous profile.

If uj < u,, we will have a left viscous profile if and only if

f ou)> f(youy), forallu € (uj,u)).

Similarly, we will have a right viscous profile if and only if

frw) > f(vrouy), forallu € (uj,up).

Also, if u} > u’, we will have a left viscous profile if and only if

f i) < f(youy), forallu € (uj,ul).

Similarly, we will have a right viscous profile if and only if

frou) < f(yeou)), forallu € (uj,u,).

Summing up, the viscous profile entropy condition is equivalent to

, , f(y,u)y> f* forallu e (u;,u;) or .40
uy <u. = )
S rouw) > f* forallu € (u,u}),

oy S (yiou) < f* forallu e (u),u)) or (3.45)
= ul = .
fy,u) < f* forall u € (u),u)).
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This condition implies the minimal jump entropy condition, and thus provides a mo-

tivation.

If the coefficient y is a continuous function of x, then the classical theory of
scalar conservation laws applies, and the initial value problem has a unique weak
solution. If we let y® denote a smooth approximation to

y; forx <0,
y(x) =
y, forx >0,

such that y* — y as ¢ — 0, and let u® denote the weak solution to

u; forx <0,

u; + f (5 uf), =0, u'(x,0)= % (8.46)

u, forx >0,

it is natural to ask whether u® tends to the minimal jump entropy solution as £ — 0.

< Example 8.10
We shall consider this in an example. Define

filw) = 4= (u+ 17
frlu) = 4= @—1)2,
fru) = (=) fiw) + vf, (),

and consider the Riemann problem

—1 forx <O, 0 forx <O,
ur+ fru)y =0, u(x,0) = y(x) =
1 forx > 0, 1 forx > 0.
In this case we find that
4 ifu<-—1,

hy(u;—1) =
1 =1 {4—(144—1)2 ifu > —1,

_ 2
hr(u;1)=§4 (u+1)y" ifu<l,

ifu>1.

Furthermore, the discontinuity separating the u and y values (—1,0) and (1, 1) sat-
isfies the minimal jump entropy condition, and hence u(x,0) is a weak solution
satisfying the minimal jump entropy condition. Now set

0 forx < —g,
yox) = {5 for—e < x <e,
1 fore < x,
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Fig. 8.11 The stationary so- 2
lution of (8.46), ¢ = 1/2, and
the discontinuity at x = 0

-1 4
154 AN 4
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T
and let u® denote the stationary solution to (8.46) with u; = —landu, = 1. We
have that u® satisfies
fru), =0,
and thus
fu®) = f(0,-1)=0.
Solving this for u°, we find that
W) = 1—2°(x) £ /(1 = 22 () + 3.
Since u® = —1 for x < —e and u® = 1 for x > &, we can choose the negative sign

for x close to —e and the positive sign for x close to €. Furthermore, since for every
(fixed) y, f(y,u) is concave in u, we can jump from the negative to the positive
solution if this will give a shock with zero speed (recall that u® is stationary). But
since f(y¢,u®) is constant, we can jump at any value of x! For instance, we can
choose to jump at x = 0, giving

—1 for x < —s,

o= E— =) 43 for—e<x <0,
-2 4 /(1-2) 43 for0<x<e,

1 fore < x.

We show a plot of this solution in Fig. 8.11, and we note that although u® — u, the
variation of the approximate solution is larger than that of u. &

This example readily generalizes to the following case. Assume that the map

u = f(y.u)
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has a single global maximum for all y, and
lim f(y,u) =—oc0 and lim f(y,u) = —ooc.

Let u*(y, y) denote the two solutions of

y=f(r.u"),

such that u™ < u™. As before, let u® denote the stationary solution of (8.46), where
X+ &
Yix)=y+ T()/r_)/l), —e < x<e.

Then it is possible to find a weak solution u® if and only if

w (v f (o)) =up o wt (v f (yrow)) = (847)

Recall that we are always assuming that v} and u/. satisfy the Rankine—Hugoniot
condition, i.e., f(y;,u;) = f(yr,u;) = f*.If both of the conditions in (8.47) hold,
then this solution is given by

u) for x < —e¢,

u” (y(x), f*) for—e <x < xy,

ut(x) = (8.48)

ut (¥ (x), f) forxy <x=e,

u, fore < x,

for every x; € [—e, ]. Since we are jumping from u™~ to u™, this jump is allowed
since u~ < u% and f(y,u) > f* in the interval (u~,u™). If only one of the
conditions in (8.47) holds, then we stay on ™ or u™ throughout the interval [, &].
If

wp =t e ) and =™ (e f ().

we must at some point jump from u™ to u~, and this will give an entropy-violating
weak solution. Looking at the shapes of the graphs of f(y;,u) and f(y,,u), we
see that (8.47) is equivalent to the minimal jump entropy condition in this case.
Hence, if (u},u,) satisfies the minimal jump entropy condition, there exist entropy
solutions u® of (8.46) such that u® tends to the minimal jump entropy condition
when ¢ — 0 (if the flux f has the properties assumed above).

Remark 8.11 The minimal jump entropy condition is not always reasonable. En-
tropy conditions are based on extra information, such as physics or common sense.
To illustrate this, consider the equation

1
U+ (— (u + y)z) =0,
2 X
| forx <0 (8.49)
y(x) = o == u(x,0) = 0.
1 forx > 0,
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In this case,

1 2 :
su—1 fu<l, 0 fu<-1,
mzoy = 207D S ) 2 ifu =
0 ifu>1, Tu+1)? ifu>-—1.
We see that there is a unique crossing value f* = 1/2, and the minimal jump

entropy condition gives the solution u(x, ) = 0.
One can also try to find a solution of (8.49) by making the substitution w =
u + y, which turns (8.49) into

1 —1 f <0,
w; + (—wz) =0, wx,0)= orx
2 x 1 for x > 0.

The entropy solution to this, found by taking the lower convex envelope, reads

-1 forx < —t,
w(x,t) ={x/t for—t <x<t,

1 for x > t.

Since u = w — y, we obtain the alternative solution

for |x| > ¢,

fi(x,1) = %0 (8.50)

M .
+ —sign(x) otherwise.

So which of these solutions shall we choose? We have already seen that the minimal
jump solution, ¥ = 0, is the limit of the viscous approximations u® satisfying

1
ui + (5 (wf + y)z) =cul,. (8.51)

X

We know that w is the limit of the viscous approximation w® satisfying

1
w; + (Ewsz) =swt,.
X

This means that # is the limit of %°, where ¢ and y* satisfy the viscous approxima-
tion for the system (8.6), i.e.,

1
i+ = @ + “) =i,
¢ (2 ( Y9 R (8.52)
Vi = &V
Therefore, it is reasonable to choose u = 0 if (8.49) is an approximation of (8.51)
and u if (8.49) is an approximation of (8.52).
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8.2 The Cauchy Problem

In this section we shall demonstrate the existence of an entropy solution to the
conservation law where the flux function depends on a discontinuous coefficient.
To be concrete, this is the initial value problem

u,+ f(pou)y, =0, xeR, >0,

(8.53)
u(x,0) = up(x),

where y = y(x) is a function of bounded variation. Fix an arbitrary 7 > 0, and
set [Ir = R x [0, T). By a solution of (8.53) we mean a weak solution, that is,
a function u in L! (ITr) N C([0, T); L} (R)) such that

loc loc

// (up: + f(y.w)ey) dt dx + / uo(x)p(x,0)dx = 0, (8.54)
R

R x(0,00)

for all test functions ¢ € COl (I17). In order to demonstrate existence we shall as-
sume that f and y have additional properties; for instance, we must be assured that
the Riemann problem has a solution for all relevant initial data.

To show that a solution exists, we shall construct it as a limit of a sequence of
approximations. This can be done using difference approximations, front-tracking
approximations, or the limits of parabolic regularizations, but we shall use front
tracking.

Front Tracking for the Model Equation

In this section we will restrict ourselves to the model equation with f(y,u) =
4yu(l —u),ie.,

u, + (dyu(l—u)), =0, u(x,0) = up(x). (8.55)

We assume that y: R — R is a function of bounded variation that is continuously
differentiable on a finite set of intervals. In particular, we assume that there exists
a finite number of intervals

I = GEm,bmy1) form=0,....M,

where £y = —o0, £yy41 = 00, such that

/

y \1 is continuous and bounded form =0, ..., M. (8.56)

For the moment, we also assume that the initial function u is of bounded variation
and such that uy(x) € [0, 1] for all x. Now we shall design a front-tracking scheme
to approximate solutions of (8.55).
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In order to prove convergence of the front-tracking approximations in the scalar
case, we used that the variation of {u’} 50 Was uniformly bounded. As Exam-
ple 8.13 will show, such a bound does not exist if y is not constant.

In order to circumvent this obstacle, we shall work with the variable z defined
by (8.38). The reason that this is a good idea is outlined in the remark below.

Remark 8.12 Assume that u® and v® are smooth solutions of the regularized equa-
tions

u; + f (pu), =eus,, v+ f(y,v9), =evy,,

with smooth initial data u§ and v, respectively. Let 7 be a smooth convex function.
We subtract these equations and multiply the result by n’(u® — v®) to obtain

@ —v), = —n' @ —v)[f (r.u’) = f (.0,
+en (@ —v°),, —en’ (U —v) (uf —v°)}
< —[n @ =) (f ) = f (o)),
e —v) 40 @ =), (f (hu’) = f ().

Now we let n = 7, be a continuously differentiable approximation to | - |, explicitly

Ne(u) = /umax (—l,min (%1)) dv.
0

Assuming that u® — v® has compact support in x, we can integrate the above in-
equality over x € R, and get

d
[ e =vrar s [aia =0 (g = £ o) - v, dx
R R
<L [(u® —v%),| dx,
|u5—lll<f<

where L = sup | f,|, since

1
= for |u| <«,
Me(u) = 4% i =
0 otherwise.
By Lemma B.5,
lirr(l) |(u® —v%) .| dx = 0.
[uf —ve| <k

Thus we can send « to zero, and obtain for any two solutions of the regularized
equation

(- 1) = v Dl ey = uG — V5l 1w, - (8.57)
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Now we can set v°(-,t) = u®(-,t + 1) in (8.57), then divide by t and let T — 0,
to deduce that

||”f("f)||L1(R) = ||”f('a0+)||Ll(R) = |f (V, u8)|BV' (8.58)

Without loss of generality we can construct u, so that |f()/ ug) |BV <|f(y,uo)lgy-
This means that the total variation of f(y, u®) is bounded independently of ¢, i.e.,

|f out - 0) gy < 1S (v uo)lpy - (8.59)

If f,(y,u) = ¢ > 0 for all y and u, then this would imply that also u® had uni-
formly bounded variation.! For the flux function in our example, f;(y,1/2) = 0,
so we cannot deduce that u° is of bounded variation. This is precisely where the
z-mapping comes to the rescue. We write (8.38) as

z(y,u) = sign (u - %) (f (rou)—f (% %)) .

Iz u)lgy < |f Gou)lgy + | £l IV5y
= |f (ysuo)lBV + ”fl/ ”Loo |y|BV .

Now

Thus z% = z(y, u®) has uniformly bounded variation, and the mapping u > z(y, u)
is continuous and invertible. The next step in this strategy is to attempt to show that
{28}, is compact in L'(R x [0, 00)), and thus (for a subsequence) z® — Z as
& — 0. Then we define

u=z"'yz2) =limz'(y,z°) = limu®.
=0 e—0

The final step will then be to show that the limit u is a weak solution. See, e.g.,
[114] for an example where this strategy has been carried out.

This remark is meant to indicate how the z-mapping could be used to show
existence via viscous regularizations, and to motivate the use of the z-mapping also
for front-tracking approximations.

As in the case without a coefficient, we start with a discussion of an approximate
solution to the Riemann problem, or rather with the exact solution of the Riemann
problem for an approximate equation. In the simple scalar case, we saw that the
exact solution of the Riemann problem was piecewise constant in x/¢ if the flux
function was piecewise linear. We shall now define an approximate flux function g°
such that g®(y, u) ~ 4yu(1 —u) and the solution of the Riemann problem with flux
g% is piecewise constant.

From Sect. 8.1 we saw that the solution of the Riemann problem consisted of
a sequence of straight lines in the (z, y)-plane, where

z(y,u) = sign (u — %) y (1 =2u)?. (8.60)

! This assumption excludes resonances, i.e., coinciding eigenvalues.
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There were z-waves, over which y is constant, and y-waves, over which y was not
constant. Now fix a (small) positive number 8, and set

yi=i8, i>0, ieN, (8.61)

and for integers j suchthat —i < j <i,z;; = j &, and

1 Zij
U = 77! ()/i,zi,j) = 3 1+ sign (Z,gj) | ji . (8.62)

1

Note that the set {(z; ;. 7;)} defines a grid in the (z, y)-plane. We define g° to be
the linear interpolation to f on this grid, i.e.,

) Jij+1— fij

g (yiu) = Jij + (“ —U;j
Ui j+1 — Ui

, foru e fu;j,u;ji1), (8.63)

where f; ; = f(yi,uij) = 4y;u; (1 —u,; ;). For each fixed i, 2% (i, u) will be
a concave function with a maximum for u = 1/2. Therefore the solution of the
Riemann problem

u +g° (y(x),u), =0,

u; ; forx <0, yi forx <0, (8.64)
u(x,0)=3" y(x) =
Uy, forx >0, Ym forx >0,

can be found from the diagrams in Fig. 8.10. Furthermore, since g° is piecewise
linear in u, this solution will be piecewise constant in x/z. Also, by our choice of
interpolation points in constructing g%, all the intermediate values of u(x, ¢) will be
grid points, i.e.,

z(y(x), u(x,1)) = (zir . yir), wherei’ =iori’ =m.

We label the grid points in the (u, y)-plane, or when there is no danger of misunder-
standing, in the (z, y)-plane U%. Hence, the solution of the Riemann problem takes
pointwise values in U’ if the “initial” states (u(x, 0), y(x)) take values in ‘U°.

Once we have the solution of the approximate Riemann problem (8.64), we can
use this to design a front-tracking scheme. To this end, let {u{},_, and {y°} be
two sequences of piecewise constant functions such that

(u5(x), y*(x)) € U’ for all but a finite number of x-values.
Furthermore, we demand that
lim || ud — =0, 8.65
i [~ l, 65

lim [[y* =y, =0. (8.66)
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We label the discontinuity points of y® by y; < --- < yy. Of course, these depend
on §, but we suppress this dependency in our notation. At each point of discontinuity
of either ug or y%, we have a Riemann problem whose solution will give a sequence
of z-waves and y-waves. We define the front-tracking approximation as in the scalar
case, by following discontinuities, called fronts, and solve the Riemann problems
(using the approximate flux g%) defined by their collisions. We call the resulting
piecewise constant function u®. As in the scalar case, in order to show that we can
define u® (-, 1) for every ¢ > 0, we must study the interaction of fronts.

The front-tracking solution u® has two types of fronts, z-fronts and y-fronts,
where z-fronts are those fronts whose left and right y-values are equal. Regarding
the collision of two or more z-fronts, we have seen that such a collision always
results in one z-front. Hence, the number of fronts in u® decreases when z-fronts
collide.

Moreover, y-fronts have zero speed (recall that these are the discontinuities of
%), and therefore two y-fronts will never collide. It remains to study collisions be-
tween z-fronts and y-fronts. This turns out to be complicated, and simple examples
show that we can have such collisions that result in three outgoing fronts. Further-
more, even if such collisions always result in two outgoing fronts, it is in general not
possible to bound the total variation of u® independently of 8, as the next example
shows.

<> Example 8.13
Assume for the moment that

| 1 forx <0,
up(x) = 5 y(x) =914+ x for0<x <2, (8.67)
2 for 2 < x.

In this case z (y(x), uo(x)) = 0, and we can set

1 forx <0,
P =31+i6 fori<x<@G+18i=0,...2/6—1),
2 for 2 < x.

The z-component of the solution of each of the Riemann problems defined by
(ud,y?) at x = i8 reads

0,1+ (@ —1)§) forx <ié,
(z,7) = (=8, 14+i8) forid <x <ts; +1i6,
0,14+1i6) forié +ts; < x,

where

si = /81 +i3).
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Fig. 8.12 The weights in the
Temple functional, (8.68)

This follows from the diagram in Fig. 8.10. Hence, before any interaction of fronts,
the total variation of u® reads

1/8 1/6
'], = Z 1+z >Z\/> \/> ——>oo as § — 0.

Despite this, since y(x) is Lipschitz continuous, the total variation of the exact
solution to this problem is uniformly bounded for # < T for every finite time 7;
see, e.g., Kruzkov [118] or Karlsen and Risebro [109]. As an indication of things to
come, we observe in passing that

1/8

8|BV Z|5| =1

where z% = z(y®,u%). So the total variation of the transformed variable z is uni-
formly bounded for this example, at least until the first interaction. <&

For reasons outlined in the above example and in Remark 8.12, we shall work
with the z variable instead of u. In the above example, it was trivial to show that the
variation of z was bounded independently of §, but this becomes more cumbersome
in general, so to help us we use the Temple functional.” For a single front, which
we label f, this is defined as

|Az| if f is a z-front,
T(f) = {4|Az| iffisay-frontand z; < z,, (8.68)
2|Az| iffisay-frontand z; > z,,
where z; is the z value to the left of the front, z, the value to the right, and Az =

z, — z;. Fig. 8.12 will perhaps be useful later. The figure shows the weights given
to |Az| in the various cases. Recall also that if  is a y-front, then

|Az] = |Ay],

2 This, or rather a similar functional, was first used in the paper of Temple [176].
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and thus an alternative definition of T is

|Az| iffis az-front,
T(f) = {4|Ay| iffisay-frontandz < z,,
2|Ay| iffisay-frontand z; > z,.

For a sequence of fronts, we define 7" additively, and with a slight abuse of notation
we write

T ()= T(.

feud

With this definition of 7" we have the obvious inequalities

}ZS|BV <T(')<4 (}ZSNBV + |V8|BV)' (8.69)
We also have for every front f € u® that

T (f) = 8.
With a further abuse of notation we shall write 7'(t) = T(u’(-,t)).
Lemma 8.14 [f0 < s < t, then
T(t) <T(s). (8.70)

Hence |ZS(-,t)\BV < T(0+).

Proof The value of T will change only when fronts collide. From the analysis of
collisions of z-fronts, we have established that 7" does not increase at such colli-
sions. To prove the lemma, it therefore remains to study collisions between z-fronts
and y-fronts. We say that a y-front is nonpositive if it connects points in the half-
plane z < 0, and similarly, we say that it is nonnegative if it connects points in the
half-plane z > 0.

We shall study the collision between z-fronts and a y-fronts, and we thus have
three points in the (z, y)-plane, (z;, 1), (Zm, Ym), and (z,, y,), which lie to the left
of, in between, and to the right of the colliding fronts respectively. If we have more
than one z-front colliding with the y-front, we can reduce to the two-front collision
type as follows. If we have several z-fronts colliding with the y-front from the
same side, then we can resolve the collision between the z-fronts first, and then the
collision between the (single) resulting z-front and the y-front.

Therefore, we consider the case that we have two z-fronts colliding with one
y-front. One z-front collides from the left, the other from the right. We label the
states to the left of the left z-front L = (z;, ;), the one to the left of the y-front
M_ = (z_, y;), the state to the left of the right z-front M, = (z, y,), and finally,
the state to the right of this z-front R = (z,, y,). Of course we may have z; = z_ or
z, = z,, in which case we have only two colliding fronts. In order to study how T’
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solution type vz solution type 27y

z

Fig. 8.13 The possible locations of L and R if the y-front is nonpositive and y; > y,

changes by this collision, we study a number of cases. These are distinguished by
whether the y-front lies in the left (it is nonpositive) or the right (it is nonnegative)
half-spaces and by whether y; < y,.

Case 1: The y-front is nonpositive and y; > y,. Consult Fig. 8.13 in what fol-
lows. Now we regard the z-front, and hence M_ and M, as fixed. Since the y-front
is negative, z, < 0, and since y; > ¥, z_ < —§. The z-front between z; and z_
moves with positive speed, and it is the solution of the Riemann problem defined by
these two states with a flux function f(y;, -). Hence z; cannot be larger than “one
breakpoint to the right” of z_. If it were, then the solution would contain more than
one front. Furthermore, u; = z~! (v1,z;) = 0, which is the same as z; > —y;. Thus

21 € [~y z- + 6]

This interval is indicated by the upper left horizontal gray line in Fig. 8.13. Reason-
ing in the same way, we see that the right z-front must have negative speed and thus
that

zr ez U=z + 8,7

This interval is indicated by the lower right horizontal gray line in Fig. 8.13. We
have two alternatives. First if —z; 4+ y; > z, + y,, then the solution of the Riemann
problem defined by (z;,y;) and (z,, y,) is of type yz, and if —z; + y; < z, + y,,
then this Riemann problem has a solution of type zy. This is indicated in Fig. 8.13,
where the dashed line passing through L is the line where |z| + y = —z; + y;.

If z; = z_, i.e., we have a collision between a y-front and a z-front from the
right, then the solution type is always zy. In other words, the wave is transmitted.
Consulting Fig. 8.12, we see thatif z; < z_, then T is unchanged by the collision. If
z; = z_ 4 § (which is the maximum value for z;), and the solution type is zy, then
T decreases by 24. Otherwise, T is unchanged. In the special case thatz, = z_ =0
and z; = z_ + 6, the z-front is reflected. Thus we see that a reflection results in
a decrease of T' by 26. The reader is urged to check these statements.
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v

Fig. 8.14 The possible locations of L and R if the y-front is nonpositive and y; < y,

solution type vz

z

Fig. 8.15 The possible locations of L and R if the y-front is nonnegative and y; > y,

Case 2: The y-front is nonpositive and y; < y,. Consult Fig. 8.14 in what
follows. Since the fronts are colliding, the speed of the left z-front is positive
and that of the right z-front is negative. Hence z; € [—y;,z— + §] and z, €
{z4}U[—z4+ 44, y]. These intervals are indicated in Fig. 8.14 by the lower left and
upper right horizontal lines. If z, + y, < —z; 4 y;, then the solution type is zy, and
if z, +y, > —z; + v, the solution type is yz. In both of these cases T is unchanged.
If z, = z, then the solution type is yz, and if z; = z_, then the solution type is
zy. Thus there are no reflected fronts in this case.

Case 3: The y-front is nonnegative and y; > y,. Consult Fig. 8.15 in what fol-
lows. This case is similar to Case 2 above. By considering the speeds of the colliding
fronts, we find that

Z] € [_Z— - 87_)/]] U {Z—} and Zr € [Z+ - 81 )’r]
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solution type vz

solution type 2y

z

Fig. 8.16 The possible locations of L and R if the y-front is nonnegative and y; < y,

If |z;| + y; < z, + », then the solution is of type yz, and if |z;| + y; = z, + V»,
the solution is of type zy. Note that if z, = z,, then the solution type is yz, while
if z; = z_, the solution type is zy. So also in this case a front cannot be reflected.
Furthermore, T is unchanged.

Case 4: The y-front is nonnegative and y; < y,. Consult Fig. 8.16 in what fol-
lows. This case is similar to Case 1 above. We find that

Z] € [_Z— - 81 _)’l] U {Z—} and Zr € [Z+ - 87 ]/l”]

If |z;| + y1 > z, + », then the solution type is zy, while if |z;| + y; < z, + ¥,
the type is yz. If z, = z, — § and the solution type is yz, then T decreases by 24;
otherwise, it is unchanged. If z, = z,, then the solution type is zy, while if z; = z_
and z, = z, — §, we have a reflection, and in this case T decreases by 26.

This finishes the proof of Lemma 8.14. |

Remark 8.15 Recall that we have used the term “reflection” for a collision between
a z-front and a y-front if the z-front collides from the left and the solution of the
Riemann problem is of type zy, or if the z-front collides from the right and the
solution type is yz. From the proof of the above lemma, it is clear that whenever we

have a reflection, T decreases by 24. Hence, if T(0+) is finite, we can have only

a finite number of reflections in u®.

One immediate consequence of Lemma 8.14 and (8.69) is the following result.

Corollary 8.16 If
Vol < Wlpy and |2 v%)|py < 2o Wlgy.  BTD)
then fort > 0,
|28('at)|BV = |Z(u0’ y)|BV +4 |V|BV ’

and thus |28( -, 1) |BV is bounded independently of § and t.
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Note that this corollary in itself does not imply that the front-tracking construc-
tion u% can be defined up to an arbitrary time ¢. In order to show this, we have to do
some more work. For a z-front f, let AA(f.) be the set of y-fronts f, that approach
f.,1.e.,

x(f2) < x(f,) ands(f.) = Oor

f,eAf) it
’ " lxf) > x(G,) ands() <o,

where x (f) denotes the position of f, and s () its speed. For every z-front f, define

J(E)= Y 15yl (8.72)

fyeA(f:)
where Ay denotes the difference in y over the front.

Lemma 8.17 Assume that (8.71) holds. Then for each fixed 8, the functional

F)y=38Y_JGE)+TOylsy (8.73)
f:

is nonincreasing, and it decreases by at least §*> when a z-front collides with a y-
front.

Proof Let N;(t) denote the number of fronts in u® at time ¢. For each front we have
|Az| > 6, and thus

|ZB|BV
Np = Y

Recall that T is bounded and J (f;) < |y|py. Hence F is bounded by

F(t) <68 |ylgy Ns +2T(0+) lylpy
<4|ylgy (|z(uo, V) |y +4vlzy) - (8.74)

Thus F is bounded independently of § and . We must show that F is decreasing
by at least §2 for collisions between z-fronts and y-fronts, and nonincreasing when
z-fronts collide.

First consider a collision between one (or two) z-front(s) and a y-front. From the
proof of Lemma 8.14 we saw that either (a) a z-front “passes through” the y-front
in the collision, or (b) we have a reflection, and T decreases by 2§. If (a) holds, then
the sum in (8.73) will “lose” at least one term (two terms if one z-front is lost in
the collision) of size |Ay|, and the second term in (8.73), does not increase. Thus
F decreases by at least § |[Ay| > §2. If (b) holds, then T decreases by 2§, and the
sum increases by at most |y| . Hence F decreases by a least § |y|g, > §°.

Next we consider a collision between two (or more) z-fronts. Recall that this
collision will result in one z-front. If more than two fronts collide, we can consider
this as several collisions between two fronts occurring at the same point. Therefore,
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we consider a collision between two z-fronts, f; and {,, separating values z;, z,,
and z,. We label the resulting front f. If z,, is between z;, and z,, then T does not
change by the collision. However, the speed of f is between the speeds of f; and {,.
If the speed of f is different from 0, then A(f) = A(f;) or A(f) = A(f,). Hence
the sum in (8.73) loses one term, and F decreases by at least §2. If the speed of f is
0, then the speed of {; is positive, and the speed of {, negative, whence

A(f) =AGF)UAG).

and thus F is constant.

If z,, is not between z; and z,, then either z, = z,, — 6 or z; = z,, + 8. This is so
because g° is convex. In this case T decreases by §, and the first term in equation
(8.73) increases by at most § |y5 | gy - This concludes the proof of the lemma. O

Note that an immediate consequence of equation (8.74) and Lemma 8.17 is that
for a fixed §, the number of collisions of z-fronts and y-fronts is bounded by

|z(uo, V) gy +41ylpy
52 )

Also, the smallest absolute value of the speed of any z-front having speed different
from zero is bounded below by

4|)’|BV

min (y%) §.

Hence, after some finite time T}, collisions between z-fronts and y-fronts cannot
occur. This means that there must be a time 7, > 7] such that all z-fronts in the
interval (y;, yy) (recall that y° has discontinuities at y;, ..., yy) have zero speed,
that all z-fronts to the left of y; have nonpositive speed and that the z-fronts to the
right of yy have nonnegative speed for all ¢ > T5. Outside the interval [y, yy],
u® is the front-tracking approximation to a scalar conservation law with a constant
coefficient, and there can be only a finite number of collisions between fronts in
u® there. Therefore, there exists a finite time 75 > T such that there will be no
further collisions between fronts in u® for ¢ > T3. Thus, the front-tracking method
is hyperfast.

< Example 8.18

Now we pause for a moment in order to exhibit an example of how front tracking
looks in practice. We wish to find the front-tracking approximation to the initial
value problem

u; + [Ay(u(l —u)], =0, >0,
el for—1 <x <1,
y(x) = {sin(rx?) +2 forl < |x| <2,

8.75
1 otherwise, ( )

1 —|x| _
u(x.0) = 2(1—|—e ) for—1<x<1,
otherwise.
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a b
3.1 1.0 ;
1 ( ) ’LL5 (l‘, 3)
¥ (x
2.4 + = 0.674 r
1.6 r 0.334 L
0.94 T T 0.0 T T
22 0.73 0.73 22 23 0.0 23 46
T X

Fig. 8.17 a y’(x). bu®(x,3) for § = 0.05

ZC 5.0

Fig. 8.18 The fronts in the (x, 7)-plane for Example 8.18

In Fig. 8.17, we show the approximation y°® for § = 0.05, and u’( -, 3). In Fig. 8.18,
we show the fronts in u% in the (x,)-plane. Here z-fronts are marked with solid
lines, and y-fronts with dashed lines. We see that the number of fronts decreases
rapidly, and there do not seem to be many collisions after = 3. <&

Returning now to the more general case, we claim that the sequence {28} 550
satisfies the following bounds:

Ex ||L°°(]R) <y’ ||L°°(]R) =C, (8.76)
Sen|,, =Cc. 1<T (8.77)
|| Lloc
lz(-,0) =z, ) pw) < CE — ), (8.78)




404 8 Conservation Laws with Discontinuous Flux Functions

where the constant C does not depend on ¢ or on §. The first bound (8.76) follows
by the definition of z, (8.60), and the fact that u® takes values in the interval [0, 1].
Regarding (8.77), we have that u° is a weak solution of

up +¢° ('), =0, u'(x.0) = up(x). (8.79)
Thus we can repeat the argument used in the proof of Theorem 7.10, to obtain
||“8(‘7’) - ”8("S)||L1(R) = f‘;f}f,‘] \gs (r° (-, )|y € =)
8. - 8.80
< max 12°C-. D)y (1 —9) (8.80)
=C(r—ys).
for some constant not depending on ¢, s, or §. Setting s = 0, we obtain
||u5("t)||Ll(R) = ””?)”LI(R) +Ct, (8.31)
and thus u%( -, ¢) is in L'(R) for all finite #. Now
|2 ()] = 12 0.7°) + 20 (&, 7)o’
<yl +C ],

for some positive constant C, where £ is in the interval [0, u®]. Since ¥ isin L] ,

equation (8.77) follows. Actually, in our case, since u®(x, ) € [0, 1], we have that

1°

||u8(.,t)||Ll(R) = /u‘g(x,t) dx = /ug(x) dx = |u})]

R R

which is stronger than (8.81).
To prove (8.78) we use the equality

2, t) =20, s) = 2 (U (x, 1), %) — 2 (¥ (x,5), %)
=z, (£,7°) (W’ (x,1) —u’(x,9)).

Since z,, is bounded, by (8.80) the bound (8.78) holds.
Hence, by standard techniques as in the case with constant coefficients, it follows
that there exists a subsequence of {4} (which we also label {6}) and a function

z € Li,,(R x [0,00)) N L*°((0, 00); BV(R)) such that
lim 2=z inLL (R x0,T]). (8.82)

8

Since z3 = z(u®, y?), it also follows that there is a function u € L} (R x [0, T])

such that u® — u, and u = z~'(z, y). Furthermore, for this subsequence also
2 (y®, u®) — f(y.u). Thus

lim // (o + & (v’ ub)py) dx dt

=// (uo: + f(r,w)e,) dx dt,
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and by construction,

;i_l)l(l)/us(x,O)w(x,O) dx = /uo(x)go(x,O) dx.
R R

Since u’

to (8.53).

Furthermore, it is transparent that although we performed the analysis for
f(y,u) = 4yu(l — u), our results could be (slightly) extended to include flux
functions that are similar to f. To be precise, assume that:

A.1 There is an interval [a, b] such that f(y,a) = f(y,b) = C forall y.

A.2 There is a point u*(y) € (a, b) such that f,(y,u) > 0fora <u < u*(y) and
fuly,u) < O0foru*(y) <u <b.

A.3 Themap y — f(y,u) is strictly monotone for all u € (a, b).

A.4 The flux function f belongs to C2(R x [a, b]).

If f satisfies these assumptions, we can define the mapping z as

z(y.u) = sign (u —u*(y)) (f (r.u"(y)) — f(v.u)., (8.83)

and use this to show that the front-tracking approximation is well defined. This anal-
ysis is only a slight modification of the analysis in the case f(y,u) = 4yu(l — u).
Hence, mutatis mutandis, we have proved the following theorem.

is a weak solution to (8.79), it follows from this that u is a weak solution

Theorem 8.19 Let f be a function satisfying A.1-A.4, and assume that uy(x) is
a function in L _ taking values in the interval [a,b], and that y is a function in

loc
BV(R)U LlloC (R). Then there exists a weak solution to the initial value problem

u, + f(y,u)y =0, xeR >0, u(x,0) = up(x).

Furthermore, this solution is the limit of a sequence of front-tracking approxima-
tions.

An Entropy Inequality

Now we shall show that the limit of every front-tracking approximation to the gen-
eral conservation law (8.53) satisfies a Kruzkov-type entropy condition. Thus we
let u® be a weak solution to the approximate problem

uf—i—gs(ys,us)x =0, xeR >0,

(8.84)
ul(x,0) = ug(x), x €R,

where g®(y, -) is a piecewise linear continuous approximation of f(y,u) such that

g% — f as§ — 0. Here y? is a piecewise constant approximation to y, such that

y® — yin L' as § — 0. We assume that u® can be constructed by front tracking,

and that for each fixed T > 0,

u® > uin L'(R x [0, T]) as § — 0. (8.85)
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Furthermore, we let
u
200 = [ 160 do, (8.56)
0

and set z° = z(y%,u®). We shall also assume that for each ¢ the family {25(- , t)}
is a sequence of uniformly bounded variation in x and satisfies the three basic
estimates (8.76), (8.77), and (8.78), so that we have convergence of z8 along a sub-
sequence.

Using that u% is a weak solution to (8.84), it is not hard to show that u is a weak
solution to (8.53) if ug — u as § — 0. We would like to show that the limit
u satisfies a generalization of the Kruzkov entropy condition. Recall that if y is
continuous, then an entropy solution to (8.53) in the strip [Ty = R x [0, T] satisfies

//(Iu—cm + F(y,u,c)gy)dx dt (8.87)

It

— // sign(u —c) 0 f(y,c)pdxdt + / [up(x) —c| p(x,0)dx > 0,
Iy R

for all constants ¢ and all nonnegative test functions ¢ such that ¢(-, T') = 0. Here
F is the Kruzkov entropy flux defined by

F(y.u,c) = sign(u—c) (f(y.u) = f(y.0)). (8.88)

We would like to show that the front-tracking limit u satisfies (8.87) if y is contin-
uous, and if y has discontinuities, find a suitable generalization that is satisfied by
the front-tracking limit. The condition (8.87) does not make sense for discontinuous
y’s, since the second integral is undefined.

We shall assume that y is piecewise continuous on a finite number of intervals,
i.e., that y has a finite number of discontinuities. We call this set of discontinuities
D, = {&....,&n}, and we assume that y(x) is continuously differentiable for
x ¢ D,.Thus y and y’ have left and right limits at each discontinuity point§; € D,,.

Next, we shall require that the approximation y®(x) also have discontinuity
points for all x € D, for all relevant §. In addition to these discontinuities, for
a fixed 8, y® has discontinuities at {y; ; }. These are ordered so that

E = Yio <yi1 <-<Yin <Vin+1 = Eiy1,
fori =0,...,N.Lety 12 denote the value of y% in the interval Yijs Yij+1)s

and set

1 .
Axi,jzi(yi,j+1—y,-.j_1), j=1,...,Ni.

Of course, these quantities all depend on §, but for simplicity we omit this in our
notation. We also assume that
§ §
lim g (Vi.j+1/27c) — & (J/i.j—1/z, C)
§—0 Axl‘!/‘

_0f (y(x),c¢)
- ax ’

X1, (x) (8.89)
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where x, ; denotes the characteristic function of the interval

ja Yij—1+Yij Yij T Vij+1
ij = 2 , > .

This is not unreasonable, since y is continuously differentiable in (&;, &1 1). In what
follows, we let u; and ufj denote the left and right limits of u® at the points £ and

yi,j» respectively. Since u®(- 1) is piecewise constant, these limits exist.
In each interval (y; ;, i j+1) the function u® is an entropy solution of the con-
servation law

ul + (i 1/0,u’) =0,
and hence

T Yij+1

_/ / (|u8_c|(/7t+F8()’i,j+1/217/l8,c)(ﬂx)dxdl
0 yij
T

+ / (F8 (yi.j+l/2’u;j+1’c> @ (yi.j-H’t) ~F® ()/i.j+1/2,u;f,-,c) @ (yi.j’t) )df
0

Yij+1
— / \us(x,O) — c| ¢(x,0)dx <0,
Yi,j
(8.90)
where
Fi(yu.c) =sign(u—c) (g’ (y.u) — g’ (y.0)) .
Summing this for j = 0,..., N;, we find that
T &iq1 &yl
—// (|’ —c|@+ FP (vl c) o) dx dt — / [u®(x,0) — | (x,0) dx
0 & &

+ | (F® (yini1/2uigys ©) 9 t) — FO (viajpoui o) o(Eiga,1)) dt

[FS ()’i,j+1/2’ u;b,c) _FS ()’i,j—l/Zv u;j, c)] e(yij.t)dt
1

J
<0. (8.91)

St— s O Y—

N;
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Regarding the terms in the integrand in the last term in (8.91), we can write
F? (Vi.j+l/2s u:,r,-,6‘> —F° (Vi.j—1/2’ ”Zj"’)

—sign (uf/ — C) [f ()’i,j-i—l/Zsc) - f ()’i,j—l/ZfC)]
+ {sign (u;’j - c) — sign (u,fj - C)} (ff,- -f (Vi,j—1/2)>

= 4 or
—sign (u;j - c) [f ()’i,j-i—l/ZsC) - f ()’i,j—l/ZfC)]
o fon () =i o7, ~ )} (75 1 G0

where £ = f(ijeij2ui) = fijoui;) Msign(uf;—¢) = sign(u;; —c),
the last terms in the above expressions are zero, while if u; ; < ¢ < ujrj, then since

these values are chosen according to the minimal jump entrt)py condition (8.25), we
have that

SWij-1p2.0) = f7 or
FWij+12.0) = f5.

and thus in this case one of the last terms must be nonpositive. If u+. <c<u;
we use (8.26) to conclude that

sign (u;'j - c) — sign (qu - c) =2 and
i.j

. i . _ f(yi.j—l/ZvC) < IX/ or
sign (”i,; — c) — sign (ui.j — c) =2 and
SWij+12.0) = 15,

and again we find that one of the last terms is nonpositive. If the first of these last
terms is nonpositive for ¢ between u; ; and u;’ . wedefinew; ; =u S(yij. 1) = u+/
Otherwise, we define u; ; = u (yl, s t) = Ui ;- Using these observations, we find

that

T §iy1 §it1
—/ (|u® —c|o + F* (y*.’,c) o) dx dt —/ |1’ (x,0) — c| p(x.0) dx
0 & &i
T
+/(F5 (viwi+12:uigy. €)@ Eict) = FO (yiajpouf . c) @ (€1, 1) )dt
0
T .
+/ sign sz [f (Vi.j+1/27c) - f (Vi,j—l/Zvc)](/) (yi.jst) dt
o /=1
<0. (8.92)
Now u; ; = us(yifj, () oru;; = us(y,fj, -); hence if we define #’(x,t) =

w;i j ()11, (x), and set 2° = zJ (1) x1, ;, we have that

2 (yig.t) =2° (vig. 1)
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Now we claim that the sequence {Z°} is compact in L, (R x [0, T]). Trivially we

loc
have that

E <|= <C (8.93)

SHLOO(R) SHLW(R)

and
12(-. 0, = |2°C.0)|,, = C. (8.94)

Furthermore,

||28(',t)_25("t)||L1(R) =/|28(x,t)—25(x,t)| dx
R

Vi j+1/2
=2 / S (yig.1) = (.0 dy
iJ Yij—1/2
Yij+1/2 Vi j
<y / /’zﬁ(x,t)| dxdy
i Yijj-1/2 Y

= max |Axi| |28("t)|BV'
Setting Ax = max; ; Ax; ;, we therefore find that

12°¢.0) _28("S)||L1(R) =3 EEN) _ZS("S)”LI(]R) +248x |2 (. 0)|
<C((t—s)+ Ax).

(8.95)

By the bounds (8.93), (8.94), and (8.95), the sequence {Z°} converges along a sub-
sequence (also labeled §), and

limz% = limz% = z.
§—0 §—0

Therefore, also lims_.o #° = u. Now define

Ag(x,c) = Ax '(f (vij+172.¢) = f (vij—1j2.¢)), forx € I;;.
ij
Using this notation, the inequality (8.92) reads
T &iy1 €it1
—// (|’ —c| o + F* (v ul.c) oy) dx dt — / [u’ (x,0) — ¢| p(x,0) dx
0 & &

(FP (v uf c) o E.t) = FP (v ouiyy.c) @ (i 1)) di

$l+l N;

sign (i1° — ¢) Acg*(v.0) D @ (vij-1) 21, (v) dy dt

& J=1

<0. (8.96)

O\H o\\]
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Now we can add this fori = 0, ..., M to obtain

—//(’u‘3 —clo+ F(y*.u’,¢) gy) dx dt —/’u‘;(x,O)—c|<p(x,O)dx

r R

-

[F (v o) = FP (v oui o) ] @ (. t) d

i=1

o

i+1

N;
sign (it — ¢) Avg’ (v.¢) Y @ (yij.1) x1,, (v) dydt
& J=1

<o. (8.97)

-

Il
=

+

c"\ﬂ O\H

At this point it is convenient to state the following general lemma.

Lemma 8.20 Let 2 € R be a bounded open set, g € L'(R2), and suppose that
2. (x) = g(x) almost everywhere. Then there exists a set ©® C R, which is a most
countable, such that for every c € R\ 6,

sign (g,(x) —c) — sign(g(x) —c) a.e. in $2.
Furthermore, let ¢ € © and define
EF.={xeR]|gkx)=c}.

Then it is possible to define sequences {c,,}_; C R\ @ and {¢,};,_, C R\ ©
such that
¢, 1 ¢ and sign (g(x) — gm) — sign(g(x)—c) aein2\E., (8.98)
Cm L ¢ and sign(g(x)—cy) —sign(g(x)—c) aein2\E, (8.99)

asm — OQ.

Proof Fix ¢ € R and a point x € £2 such that g,(x) — g(x) and g(x) # c.
For sufficiently large n, sign (g,(x) — c¢) = sign (g(x) —¢), i.e., sign (g,(x) —¢)
is constant in n, and therefore converges to the correct limit. Thus for each ¢ € R,
sign (g,(x) —c¢) — sign(g(x) —c) almost everywhere in £2 \ .. It remains to
show that all but countably many of the sets Z. have zero measure. To this end,
define

1
Cr = {c € R | meas(E,) > %}

Since §2 is bounded, C;, contains only a finite number of points. Therefore, the set

{c € R | meas(ZE.) > 0} = U Cr
k>0

is at most countable.
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To prove (8.98), fix ¢ € ©. Since O is at most countable, we can find a sequence

¢, 1 csuchthatc, ¢ ©. For x € 2\ E., we have that g(x) # c, and thus
sign (g(x) — gn) = sign (g(x) — ¢) for n sufficiently large. Thus (8.98) holds. The
existence of {¢,} and (8.99) is proved in the same way. |

Now clearly

Ni

A’ (. 0) Y @ (yigat) xi, (0) = 0 f(¥(3). )p(p.1) as § — 0
j=1

in each interval (§;, & 41). Furthermore, by Lemma 8.20,
sign (i’ — ¢) — sign (u —¢).,

for almost all (x, #) and all but at most a countable set of ¢’s.
Regarding the middle term of (8.97), by Lemma 8.4 each summand is bounded
by

8" (v ) = &" (vi . ¢)

’

since (u;, u;") satisfies the minimal jump entropy condition. Therefore, by sending
6 to 0in (8.97), we find that

—//(|u—c|<pt+F(y,u,c)gox)dxdt+ // sign(u —¢) 0, f(y,c)p dx dt
nr

HT\Dy

I(c)

T
- [ ¥ 1060 - sl et ndi - [ o= cloto dx
0 xeD, R
<0 (8.100)

for all but a countable set of ¢’s and all nonnegative test functions ¢. This can be
rewritten as

I(c) = G(o),

where G is a continuous function of c. Let @ denote the set where the convergence
of sign (#1® — ¢) — sign (u — ¢) does not hold. Fix some ¢ € © and define the two
sequences {c, } and {c,} as in Lemma 8.20. Set

£, = {(x,t) \ u(x,t) = c}.

Since (8.100) holds for ¢, and ¢,, we can write /(c) as

// sign (v —¢,) 0« f(v.u)p dx dt

[Tr%e (8.101)

+ [ sien(u-c) s g dxde < GG,

E\Dy
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where [Ty = ITy \ D,. Since ¢,, < c, the last integral can be rewritten as

/ o f(y,u)p dxdt.

E\Dy

Since f is continuous, by sending 7 to oo, we find that

// sign(u—c)axf(y,u)wdxdt—i-/ dy f(y,u)pdx dt < G(c). (8.102)

ﬁT\TC f"\DV
Similarly, using the sequence {c, }, we arrive at
// sign(u —¢) 9, f(y,w)pdxdt — / d f(y,u)pdx dt < G(c). (8.103)
ﬁT\f(- EA\Dy
Adding (8.102) and (8.103) and dividing by 2, we find that
// sign(u —¢) 0, f(y,u)p dx dt < G(c).
ﬁT\Ic
Since sign (0) = 0, sign (u — ¢) = 0 on Z,, and therefore, we can conclude that
// sign(u —¢) 0 f(y,u)p dxdt < G(c) (8.104)
HT\Dy

for all constants c. We have proved the following theorem.
Theorem 8.21 Assume that the flux function satisfies A.1-A.4, and let u® be a weak

solution of (8.84), constructed by front tracking, such that u® converges to u in
LY(ITy). Then the entropy condition (8.100) holds for all constants c.

8.3 Uniqueness of Entropy Solutions

Now we shall use the KruZkov entropy formulation, (8.100), to show that there
exists at most one entropy solution. For convenience, we restate this condition,

// lu —clo: + F(y,u, c)(px)dldx— // sign(u —c¢) 0, f(y,c)pdt dx

HT\Dy

/Zlf v = 1 (v )|¢(sl,r>dr+/|uo—c|go(x 0)dx = 0,

(8.105)
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for all nonnegative test functions ¢ € C{ (R x [0, 7)) and all real constants ¢, and
where we write y£ = y(& ).

In addition to satisfying this entropy inequality, we demand® that an entropy
solution be a weak solution, i.e., that it satisfy (8.54) and be slightly more regular
in the sense described below.

If w € L*°(I17), by the left and right traces of w(-,¢) at a point x, we under-
stand functions ¢ > w(xo=%,t) € L*(]0, T]) that satisfy a.e.t € [0, T),

ess li'mxlxo |lw(x,t) —w(xe+,1)| =0, (8.106)
esslimyy, |w(x,t) —w(xo—,1)| = 0.
When comparing two entropy solutions, we shall need that they have traces at the
points &;, i.e., if u is an entropy solution, then we assume that the following traces
exist:

ui(t) =u(x;+.1), (8.107)

in the sense of (8.106) for almost all # and fori = 1,..., N.
An entropy solution of (8.53) is a functionin L! (IT7)NC([0,T); L} (R)) such

loc loc

that (8.54), (8.105), and the regularity assumption (8.107) all hold.

We have already shown that an entropy solution exists for our model problem,
since the existence of traces follows by noting that z (-, ) € BV(R), which implies
that z has traces. Since u = z~!(y, z), the same applies to u.

Letnow w = w(x) be any function on R, and fix a point y. We use the following
notation:

| y+e
L-lim, = lim - dx,
im, |, w(x) 61?016/11)()0 X
¥

y

1

L-limypy w(x) = lim — / w(x)dx.
el0 &
y—e
Lemma 8.22 Let w € L*°(I17), and fix a point xo € R. If the left and right traces
t > w(xo=,t) exist in the sense of (8.106), then for a.e. t € [0,t) we have that
L-limy yy, w(x, 1) = w(xo+,1), L-limyye, w(x, 1) = wxo—, ).

Proof We prove the first limit as follows:
Xo+e
! / |lw(x,t) —w(xo+,1)| dx
¢ X0
Xo+e
= - €SS SUP ¢ () xo+e) (W, 1) — w(xo+,7)| dx
X0

= €SSSUP,¢(xyxpte) (W 1) —w(xo+,2)] — 0 ase 0. O

3 This does not follow easily from the entropy condition, which is in contrast to the case in which
the flux function is space-independent.
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As a consequence of this lemma, the following limits exist for every entropy
solution u:

L-limy e f (v(x).u(x. 1) = f (v (&i4) uEi+.1)),
L-limyg, f(v(x),u(x,0) = f (v (=) u(§i—.1)).

and therefore, if v is another entropy solution,

(8.108)

L-limy g, F (y (%), u(x, 1), v(x,0) = F (y §i+) u(Gi+.0), v +.1)

L'limxTEi F ()/(X), M(X, l), v(x, l)) = F ()’ (Sl_) ) M(Si—, l), v(éi_s t)) s
(8.109)

where F is the KruZkov entropy flux (8.88). Before we continue, let us define the
following compactly supported Lipschitz continuous function:

é(s +x) ifx e (—&0],
0e(x) = y1(e—x) ifxe[0.e), (8.110)

0 otherwise.

Lemma 8.23 Let u be an entropy solution. Then for a.e. t € [0,t) and for all
constants c,

f i) = f (iui @),
F(]/l ’ l’ ) F(yi_’ui_) = |f(yi+’c)_f(yi_’c)|’

where F is the KruZkov entropy flux (8.88).
Proof Since u € L*([1r), a density argument shows that
(p(x’ t) = 96 (x - SZ) w(t)a

where ¥ € CO1 ((0, 7)) is an admissible test function that can be used in the weak
formulation (8.54). If ¢ < min; {§; 1 — &}, we get

!/ uf, (x — &) Y'(0) dx di
Eite

T
- [ / FOr 0wy dx — - / FOr0o).u) dx )y (o) d.
0 & g,—s

By sending ¢ | 0 and using Lemma 8.23, we obtain

T
/ (vi"ouf) = f (7 oup)) w(2)dt = 0.
0

Since this holds for every test function v, the integrand must be zero.
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To prove the inequality in the lemma, we choose the same test function, but
restrict ¥ to be nonnegative. By the entropy condition, (8.105), we get

// u—clb (x — &) Y/ (1) dx di
It

Eite &

é/F(y(x),u,c)dx—é / F(y(x),u,c)dx)w(t)dt
& &i—e

T

-/
0

_// sign (1 — ¢) 9 f(y(x). )0, (x — &) ¥ (1) dx dt
Ir

T
+/!f(y,*,c)—f(yf,c)lw(ﬂdr > 0.
0

Again, by sending ¢ | 0,

T T

/\f (vie)=f (vi.o)|v@) de z/(F (v ut.c) = F (y7 . ui.c)) v () dr,

0 0

which implies the inequality. |
This has the following immediate corollary.

Corollary 8.24 Assume that the flux function f satisfies A.1-A.4. If u is an entropy
solution, then the pairs (u; ,u") satisfy the minimal jump entropy condition (8.25)—
(8.26)fori =1,...,N.

For any test function ¢ that has support away from D,,, we can double variables
in the sense of Kruzkov.

Lemma 8.25 For every two entropy solutions u and v and nonnegative test func-
tion ¢ € Cy(ITr \ D,), we have that

~ [ (vt + Py ar s

Ir

5C//|u—v|<pdtdx+/|u0—v0|<p(x,0)dx, (8.111)

Ir R

where the constant C is zero if y is piecewise constant.
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Proof The proof is a classical doubling of variables argument. It uses exactly the
same arguments as in Sect. 2.4, but adapted to our situation.

Let ¢ be a nonnegative test function in CO1 (ITy x II7). We use the notation
u = u(y,s), v = v(x,t). Then using ¢ = u(y,s) as the constant in the entropy
inequality for v and then integrating over (y, s), we get

_////(|u—v|¢,+F(y(x),u,v)¢x)dtdxdsdy

HTXHT
+ //// sign (v —u) f (y(x).u), pdtdxdyds (8.112)
(M7 \Dy)x(Tr\Dy)

f///|Uo—u|¢(x,0,y,s)dxdsdy.
mr R

Similarly, starting with the entropy inequality for u# and integrating over (x,t), we
arrive at

—////(|M—U|¢s + F(y(y). . v)y) ds dy dt dx

HTXHT
v f]] sma-wromo,edsaaa
(M7 \Dy)x(Tr\Dy)

5///|M0—v|¢(x,l,y,0)dydtdx.
nr R

Since y is differentiable outside D,,, for (x,?) € 1t \ D, we have

F (y(x), v, u) gy—sign (v —u) f (y(x),u), ¢
= sign (v —u) (f (y(x),v) = f (¥(¥). u)) px
—sign (v —u) ((f (). u) = f (¥(¥).u) §), .

Using this, we find that

_ [/// (F (y(x). v, u) ¢ —sign (v —u) f (y(x),u), ¢)dt dx dsdy

(nT\Dy)X(nT\Dy)

_ //// sign (v — 1) (f (V(0),v) — f (), 0)) o dt dx ds dy

(ITr\Dy)x(ITr\Dy)

+ f//[ sign (v — 1) (f G ()w) — £ (¢ (3).w)) @) di dx ds dy.

(nT\Q)y)X(nT\Dy)
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We also have a similar equality for u,

- f//f (F (y(y),v,u) ¢y —sign (u —v) f (y(y).v), ¢) ds dy dt dx

(T \Dy)x(IT7\Dy)

_ //// sign (u — v) (f (7(7), 1) —  ((x), v) y ds dy dt dx

(nT\Q)y)X(nT\Dy)

4 ///[ sign (4 — ) (f G 0).v) — f (). ) ), ds dy di dx.

ITr\Dy)x(IIT\Dy)
Now we introduce the notation
Orgs = 0; + 05, Oxqy = 0 + 0.
We use the above result and add (8.113) and (8.112) to obtain

~[[J] (w=ulo.o

HTXHT

+sign (v —u) (f (¥(x),v) — £ (¥(»),u)) ax+y¢) dt dx ds dy

4 / / / / sign (v =) [((/ /(). 0) = £ (7)) 9,

Iy xIp

+((f O)0) = f (/(x).0) #), | dr dx ds dy

5///|U0—u|¢(x,0,y,s)dxdsdy
Ir R

+///|uo—v|¢(x,z,y,o>dy di dx.
mnr R
(8.114)

Now we shall choose a suitable test function. First let o € C$°(R) be a function
such that w(—a) = w(a), w'(a) < 0fora > 0, |w'(a)| <2, w(a) = 0 for |a| > 1,
and [ w(a)da = 1. For positive ¢, set

we(a) = éa) (ﬂ) .

e
Let ¢(x,?) be a test function such that
o(x,t) =0 for|x —§&|<eyi=1,...,N,

for some positive &yg. Then we define

d(x.1,,5) =<p(x42ry,“2”)wg (x;y)wg(tgs), (8.115)




418 8 Conservation Laws with Discontinuous Flux Functions

for & < &. We can easily check that ¢ € C} ((ITr \D,)x (I[Tr\'D,)). Furthermore,
we have the useful identities

xX+y t+s X — t—s
st rt0) = b (5250 o (S50 0 (57

2 2 2 2
X + r+s X — t—s
3x+y¢(x,t,y,S)=3x+y<p( zy, 5 )wa( zy)wa( 5 )

If we use these identities in (8.114), we find that
X—Yy t—s
_/// (Lime (X, 2,5, 8) + Loony(X,2,¥,5)) we ( 3 )wa ( 3 ) dtdx ds dy
HTXHT

5//// (IO 1, 3,8) + 12, (x, 1,9, 8) + I3, (x,1, y,5)) dt dx ds dy

HTXHT

+// |v0—u|¢(x,0,y,s)dxdsdy+// lup —v|p(x,t,v,0)dy dt dx,
HT]R 17T]R

Jinit

(8.116)

where

xX+y t—l—s)

Itime(xat’y’s)z |v_u|at+s§0( B s )

Leonv(x. 1, y,8) = sign(v —u) [f (y(x),v) = f (y(¥).u)]
Xax+y(p (X;ya ! -;S) 5

If}ux('xftvyvs):_Sign(v—u)a)s(%)ws( S)(p('x—l_y +S)

2 2 72
<[V ) () =y ) f,r (). v)]

X — t—s
I3, (x.t,y,5) = —sign (v —u) w, (Ty) W ( 7 )

<o (525 ) e = o))

a0 (555 e - o],

If?ux(x’t’y’s) = [F (y(x),v,u)—F(y(y),v,u)]
X+y t+s r—s xX—y
X(p( R )wa( 7 )ast( 5 )

Introduce new variables
X+Yy X—=y

X= , z= , = , T= ,

2
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which map Iy x 1y into

Qr={(%fz1)eR"|0<i+r<T},

and (I7r \ D,) x (ITr \ D,) into
.QT,J,:{()NC‘,Z‘:,Z,‘[)E.QT |)~C‘:|:Z7é§i,l': 1,,N}

We start by estimating the terms in Jiy;:

///Ivo(x)—u(y s)lw( Rl S) e<x;y>we<%s) dx ds dy

=///|v0()?—I—Z)—u(fc—Z,f—t)|(p()?,r)a)e(z)wg(r)dzdfcdr
0 R —

— %/|v0(x)—u(x,0)|<p(x,0)dx
R

as & — 0. Since ¢ — u(x,t) is L' continuous, we can replace u(x,0) by uy(x).
Similarly, we find that

1
///|u0—v|¢(x,t,y,0)dydldx—>5/|u0—vo|<p(x,0)dx
R

as ¢ — 0, and thus

lim0 Jinit = / [ug — vo| p(x,0)dx. (8.117)

In the transformed variables, we have
Lime(%,7,2,7) = [v(X + 2,7 + 1) —u(X — 2,7 — 7)| 99 (X,7) ,
Leon(X.1,2,7) = sign (v(X 4+ 2,7 + 1) —u(X — 2,7 — 7)) 0z¢ (X.1)
x [f (y(& + 2). v(F + 2.7 + 1))
—f (yEF=2uE—zi-0)),
I (%7, 2,7) =sign (V(E + 2,7 + 1) —u(X — 2,1 — 7)) . (2) 0, (7)
X [V/(F + 2 /0 (F 4+ 2)uE = 2.7 = 1)

Y F =) f,(y(F =) 0 + 2.0+ t))](p (.7).
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L (3.7.2,7)
= sign (V(F + 2.7 + 1) —u(F — 2.7 — 1)) @, (2) w0, (v) Dz (%.7)
< [(JOGE+uE =27 =0) = f(E = 2)u(E - 2.7 1))

+ (fyE+ ) 0E+2.0+ 1) — frE—2).0(F + 2.7 + f)))],

B2, 0) = [F(yE +2), 06 + 2,0+ 0,u(E -2, - 1)
—F(yF—2)vF+ 2.0+ 1) u@ —Z,f—r))]
x g (£.7) 0: (1) 0.0, (2).

It is straightforward to deduce the limits

lin(l)//// Limd %, F, 2, 0w, (2) w, () drdzdidX = //|u —v|@; dt dx,
2 nr

(8.118)

linéf/.//lcom(fc,f,z,t)wg 2w, (t) dvdzdifdx = //F (y(x),u,v) o, dt dx.
Q Ir

(8.119)

Since y is C ! outside D,, we deduce that

lin(l) //// Liw (%.7,2.7) didX dvdz = // Y (X)F, (y(x),u,v) dt dx
QV

HT\Dy

§C//|u—v| dt dx, (8.120)
Ir

where

C =1V ll~@p,) | fur | 1 -

In particular, we observe that C can be chosen as zero if y is a piecewise constant
function.

Next we consider 77 .
Hence y is uniformly C! where Iﬁzux # 0. Therefore,

Since ¢ vanishes near D,, [ 2

fqux also vanishes near D,,.

[T (%.7.2.7)|
< 0:(2),(7) [0x9(%, 1)
<(|f @+ (F-20-1) = f (rF=2)u (=27 =7))]
+f(E+ D F i) - f (PE-2)0(F+2.7+7))))
< 0:(2)ws(0) |00 (. D[ 2| | oo 1Y (F + 2) = y(F = 2))
< 4[5 ey 17 o @\, ) @6 (2)e(2) [9:0(F. D] 2] -
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From this we conclude that
1im)////1§ux (%.7.2.7) did%drdz
e—0
2

&
< lin(l)C / |z| ws(z) dz = 0.
£

(8.121)

Finally, we turn to 13, :

[l (%12, 7)| < @ (%.7) 0e(7) [0:000(2)|
X )F (yE+2)v(E + 2,0+ 1) u(x—=z,7—1))
—F(y(X—2),v(x + 2.7 + 1), u(X —Z,f—‘[))‘
< ¢ (%,1) 2:(0) [0:0:(2)1 21V | o\, 121
X ”f)’“”LOO(R) |U (55 +Z,f+ T) —u (.%—Z,f—f)‘
/ - 8
= nyu HLOQ(R) Iy ”LOO(]R\Dy) % (Xf) wa(f)g)({zllzlfa}
xlv(@E+zi+1)—u(E—zi-1)]|.

Now set

he(X,1) = 2%//|v(fc+z,f—|—t)—u(i—z,f—r)|(p(fc,f)ws(r)dtdz.

—& —¢&

By Lebesgue’s differentiation theorem,
lirr(thg(x, t) = |v(x,t) —u(x,t)| ae.(x,1).

Therefore,

IIII(IJ‘//// i (B 7,27 dtdxdrdz)<th//|u—v|<pdtdx (8.122)
IIr

where the constant C is zero if y is piecewise constant.
Combining (8.118), (8.119), (8.120), (8.121), and (8.122) we get (8.111). |

Equipped with Lemma 8.25, we can continue to prove uniqueness of entropy
solutions. Define

§(£+x) if x € [—e,—¢/2],
if —e/2 <x <¢/f2,
%(8—)6) if x € [e/2,¢],

0 otherwise,

WS(X) =
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and set ¥, (x) = 1 — Z Ve(x — &). Observe that ¥, — 1in L} (R) as & — 0,
and we consider only ¢ such that ¢ < min; {§;,1 — & }. Let ¢ be a nonnegative
test function in COl (I1r). Then ¢ = @V, is an admissible test function, as a den-
sity argument will show. Furthermore, ¢ has support away from D,,. With this test
function, (8.111) takes the form

—//(lu—v|l1/8g0, +F(y,u,v)11/5<px)dtdx—// F(y,u,v)¥odtdx

It IIr
<C//|u—v|lI/5<pdtdx+/|u0—v0|%<p(x 0)dx.
r
Set

1. :// F(y,u,v)¥.odt dx,

and let ¢ |, 0. This yields

_//(|“_v|(/’t+F(J/s“sv)<ﬁx)dfdx

< C// lu —v|ledtdx +/|u0—v0|<p(x 0) dx +hmI .
It
Now we use that (u;,u;") and (v;,v") both satisfy the minimal jump entropy

condition, and thus Lemma 8.6 applies at each discontinuity in y. With this in mind,
we calculate

T Ei+e
18111011—211m ( /F(y(x),u,v)(pdx
! 0 £i+€/2
€i—¢/2
—% / F()/(x),u,v)q)dx)dt
&i—e
N T
=tim 37 [ (F (i) = F (o 00)) 0 6.0)
Lo
<0.

Hence for every nonnegative test function, we have

‘// (Ju = vl @ + F(y.u.v)p,) dr dx

§C// |u—v|(pdtdx+/|u0—v0|(p(x,0)dx. (8.123)
R

I
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This equation is very similar to (2.60), the difference being that F' replaces ¢ and
that F' depends explicitly on x. What follows is therefore analogous to the argu-
ments used after (2.60).

Now let o, (x) be a smooth function taking values in [0, 1] such that

1 if|x|<r,

o, (x) =
0 if|x|>r+1,

and max |o,. (x)| < 2. Then fix sy and s so that 0 < s9 < s < T. For all positive «
and 7 such that so + 7 < s+« < T, let B, . (¢) be a Lipschitz function that is linear
on [Sg, So + «] and on [s, s + 7] and satisfies

0 ift <sgport >s +«k,
ﬂm(l)=§

1 ifs e [so+ 5]

By density arguments, ¢ = «, . is an admissible test function, and using this in
(8.123) gives

S+K So+T

1 1
—//lu—vm,dxdt—— / |u —v|o, dx dt
K T

s R

S0
S+K S+K

§C//|u—v|oe,dxdt+2/ / |F (y,u,v)| Ber dx dt.
so R

S0 r<|x|<r+1

Next, we let so | 0 and use the triangle inequality to get

s+k

1
;//lu—v|oz,dxdtf/luo—vomrdx
s R

R

T

+ %//|v(x,t)—v0(x)|oe,(x)dxdt
0 R

T

1
+ - lu(x,t) —uo(x)| o, (x) dx dt
2

S+K

+C//|u—v|ozrdxdt

so R
S+K

+2/ / |F (y,u,v)| Brr dx dt.

S0 r<|x|<r+1
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We shall now send 7 | 0 and prove later that for every entropy solution u,

1 T
liﬂ]l—//|u(x,t)—u0(x)|a,(x)dxdt =0. (8.124)
T T

0 R

Furthermore, by finite speed of propagation, if ug(x) = vo(x) for |x| large, then
also u(x,t) = v(x,t) for |x| large. Hence F(y(x),u(x,t),v(x,t)) = 0 for |x|
large. Thus

S+K

lim / / |F (y,u,v)| By dx dt = 0.

r—00
S0 r<|x|<r+1

Set

E@) = | |u(x,t) —v(x,t)| dx.
/

By sending t | 0 and then r 1 oo, we obtain

S+K stk
%/f(t)dtff(O)—l—C / E(t)dt. (8.125)
K 0

Let s be a Lebesgue point for the L' function F. Sending « |, 0 yields
N
E(@s) <EWO)+C / E(t)dt.
0

Since the set of Lebesgue points has full measure, we can use Gronwall’s inequality
to conclude that

E(t) < e“'E(0),

for almost every ¢ > 0.
It remains to prove (8.124). To this end, define

(1) = d lr—1n ifo<t=<r,

0 otherwise.
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We then use the test function w,(x — y)B.(t)a,(x) and the constant ¢ = uy(y) in
the entropy formulation (8.105). The result of this is

// e 1) — 1o()] 02 (x — Y)ety ()BL(0) dit dx
I,
4 /[ F (00w 10(3)) (@2 x — y)a (0)), o (0) di dx
I,

- // sign (4 — 10(7)) B f (7). w0 () e (x — Yoty (6B () dt dx

T\D,

+ / S 0 w00) = £ (0 w000) | 0 (& — ) (&) Bt di
0 i

4 / 0 () — 10 ()] o (x — Y)y (x) dx = 0.
R

Since u € Llloc, on sending 7 | 0, all terms in the above expression containing f,
will vanish. Recalling that B.(t) = —1/t for ¢t € (0, ), after an application of the

triangle inequality and an integration over y € R, we find that
1
11?01— [u(x,t) —up(x)| o, (x) dx dt
T T
0 R

<2 / R/ o (x) — w0 (¥)] @, (x — ¥)aty (x) dx dy.

R
Since ug € L1 (R), we can send ¢ |, 0 to prove (8.124).

loc
We have now proved that the initial value problem (8.53) is well posed in L'.

Theorem 8.26 Assume that the flux function f satisfies the assumptions A.1-A.4,
and that the initial value ug is in L'(R) and f(y.uy) € BV(R). Then there exists
a weak entropy solution, in the sense of (8.54) and (8.105), to the initial value
problem (8.53).

If v is another entropy solution with initial data v, then

C
lo(-. ) = uC-. Dl )y < € flvo —uoll 1) -

where the constant C depends on y'(x) for x ¢ D, and is zero if y is piecewise
constant.

8.4 Notes

The presentation here is based on [161]. Over that last twenty years, conservation
laws with spatially discontinuous flux functions have been studied in several papers;
a very incomplete list includes [2, 36, 59, 71, 110, 111, 166, 181, 182] and other
references therein.
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The solution of the Riemann problem presented in this chapter is based on [70].
Regarding the admissibility criteria for solutions of the Riemann problem, as al-
ready hinted at in the text, there exist many criteria for selecting unique solutions;
see, e.g., [2, 59]. It turns out that all these recipes can be used to prove an estimate
similar to (8.123), and thus give a unique solution to the Cauchy problem. How this
is done is explained in [5]. Example 8.8 is taken from [143].

The convergence of the front-tracking algorithm is taken from [113]. In [114] the
convergence of front tracking was shown for the polymer model (8.5). Existence
proofs based on finite volume methods were first presented in [181], see also [182],

and later extended to several dimensions in [107]. For a general overview we refer
to [35].

8.5 Exercises

8.1 Solve the Riemann problem for the linear conservation law with discontinuous
coefficients,

a;, x<O0,
w4+ (@), =0,  ax) ="
a., x=>0.

8.2 Carry out the coordinate change transforming (8.4) into (8.5).



Appendix A
Total Variation, Compactness, Etc.

I hate T.V. I hate it as much as peanuts. But I can’t stop eating peanuts.
— Orson Welles, The New York Herald Tribune (1956)

A key concept in the theory of conservation laws is the notion of total variation,
T.V. (u), of a function u of one variable. We define

T.V. (u) :=sup Y [u (x;) —u (x;1)|. (A.1)

We will also use the notation |u|g,, := T.V.(u). The supremum in (A.1) is taken
over all finite partitions {x;} such that x;_; < x;. The set of all functions with
finite total variation on / we denote by BV (I). Clearly, functions in BV (1) are
bounded. We shall omit explicit mention of the interval / if (we think that) this is
not important, or if it is clear which interval we are referring to.

For any finite partition {x; } we can write

Z lu (xiq1) —u (x;)| = Zmax (u (xi41) —u (x;),0)

- Zmin (v (xi41) —u (x;),0)

1p+n.
Then the total variation of u can be written

T.V.(u) =P + N :=sup p + supn. (A.2)
We call P the positive, and N the negative, variation of u. If for the moment we

consider the finite interval / = [a, x] and partitions witha = x| < --- < x, = X,
we have that

Pa — Ny = u(x) —u(a),
where we write p; and n;, to indicate which interval we are considering. Hence
py <N} +u(x)—u(a).
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Taking the supremum on the left-hand side, we obtain
PY — N <u(x)—u(a).
Similarly, we have that N} — Py < u(a) — u(x), and consequently

u(x) = P — N; +u(a). (A.3)

In other words, every function u(x) in BV can be written as a difference between
two increasing functions,’

u(x) = uq(x) —u_(x), (A4)

where u4(x) = u(a) + P; and u_(x) = N;. Let §; denote the points where u is
discontinuous. Then we have that

Do Ju+) —u(g-)] < TV.(u) < o0,
J

and hence we see that there can be at most a countable set of points where u(§+) #

u(§-).

Observe that functions with finite total variation are bounded, since
[u(x)| < [u(a)] + [u(a) —u(x)| < |u@)] + T.V. (u).

Equation (A.3) has the very useful consequence that if a function u in BV is also
differentiable, then

/ [u'(x)| dx = T.V.(u). (A.5)

This equation holds, since

d d
/|u/(x)| dx = /(510; n %N;‘) dx =P +N =T.V. ().

We can also relate the total variation with the shifted L'-norm. Define
Au,e) = / [u(x + &) —u(x)| dx. (A.6)

If A(u, €) is a (nonnegative) continuous function in & with A(u, 0) = 0, we say that
it is a modulus of continuity for u. More generally, we will use the name modulus
of continuity for every continuous function A(u, &) vanishing at & = 02 such that
Alu,e) = |u(- + &) —ull,, where ||- ||, is the L”-norm. We will need a conve-
nient characterization of total variation (in one variable), which is described in the
following lemma.

! This decomposition is often called the Jordan decomposition of u.
2 This is not an exponent, but a footnote! Clearly, A(u, &) is a modulus of continuity if and only if
Alu,e) =0(1)ase — 0.
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Lemma A.1 Let u be a function in L' (R). If A(u, )/ |e| is bounded as a function
of &, thenu isin BV and

Au,e)
le]

Conversely, if u is in BV, then A(u,¢)/ |e| is bounded, and thus (A.7) holds. In
particular, we shall frequently use

Au,e) < |e| T.V. (u) (A.8)

T.V.() = lim (A7)

ifuisin BV.
Proof Assume first that u is a smooth function. Let {x; } be a partition of the interval
in question. Then

(i) —u ()| = /”(X)dx <11m/ w

Xi—1

Summing this over i, we get

A' )
T.V. (u) < liminf (u, &)
£—>

le]
for differentiable functions u(x). Let u be an arbitrary bounded function in L', and

U a sequence of smooth functions such that vy (x) — u(x) for almost all x, and
llux — ull; — 0. The triangle inequality shows that

A (uic. &) = A (u, &) < 2fug —ullr — 0.

Let {x;} be a partition of the interval. We can now choose uj such that uy (x;) =
u (x;) for all i. Then

Z lu (x;) —u (xi_y)] < hmmf (Tk| 8).
Therefore,
TV, (u) < liminf 204

=0 |
Furthermore, we have

je

[+ —umiax =Y [ ut+e - ue) dx
/(j=De

= Z/ [u(x + je) —u(x + (j — De)| dx
J 0

_ /Z|u(x +je) —u(x + (j — De)| dx
0o J

&

< / T.V. (u)

0
= leg| T.V. (u).
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Thus we have proved the inequalities

Au, g) Au, g) - Au,e)

<T.V.(u) < liminf < lim sup <T.V.(u), (A9)
lel =0 g e—0 el
which imply the lemma. (|
Observe that we trivially have
i(u,s) = sup Au,0) <|g|T.V.(u). (A.10)
lo]=<[el

For functions in L? care has to be taken as to which points are used in the supre-
mum, since these functions in general are not defined pointwise. The right choice
here is to consider only points x; that are points of approximate continuity® of u.
Lemma A.1 remains valid.

We measure the variation in the case of a function u of two variables u = u(x, y)
as follows:

TV, W) = /T.V.X (u) (y)dy + /T.V.y (u) (x)dx. (A.11)

The extension to functions of #n variables is obvious. We include a useful character-
ization of total variation.

Definition A.2 Let £2 C R” be an open subset. We define the set of all functions
with finite total variation with respect to £2 as follows:

BV(2)={uelL] (2)] sup /u(x) divg(x) dx < oo}.
$eC) (2R, ¢l <1 o

For u € BV (§2) we write

|Du| = sup /u(x) divg(x) dx,

$eCi (2R [$lloo=1 )
and foru € BV (£2) N L'(£2) we define
lullgy = lullpi @) + | Dull.

Remark A.3 If u is integrable with weak derivatives that are integrable functions,
we clearly have

| Dull = / V()| dx.

In one space dimension there is a simple relation between || Du/|| and T.V. (u),
as the next theorem shows.

3 A function u is said to be approximately continuous at x if there exists a measurable set A such
thatlim,_¢ |[x —r,x + 7] N A|/ |[x — r,x 4+ r]| = 1 (here | B| denotes the measure of the set B),
and u is continuous at x relative to A. (Every Lebesgue point is a point of approximate continuity.)
The supremum (A.1) is then called the essential variation of the function. However, in the theory
of conservation laws it is customary to use the name total variation in this case, too, and we will
follow this custom here.
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Theorem A.4 Let u be a function in L' (1), where I is an interval. Then
T.V.(u) = || Du]. (A.12)

Proof Assume that u has finite total variation on /. Let w be a nonnegative function
bounded by unity with support in [—1, 1] and unit integral. Define

ws(x) = éa)(f)

&

and
u® = w, * u. (A.13)

Consider points x| < X, < -+ < X, in I. Then

&

E:W%m)—f@FQME/wAmE:WQQ—x}ﬂKm4—xNdx

—&

<T.V. (). (A.14)
Using (A.5) and (A.14), we obtain
/ |(u®) (x)| dx = T.V. (u®)

= sup Z [ (x;) — u®(xim1)]

<T.V.(u).
Let ¢ € C, with |¢| < 1. Then

[wesear == [wy@ewds
= [yl x

<T.V.(u),

which proves the first part of the theorem.
Now let u be such that

|[Dul| := sup /u(x)qﬁx(x) dx < oo.
peC]
lpl=1

First we infer that
- / W) ()P (x) dx = / W () (x) dx
_ / (@0 % w)(0)' (x) dx

:_/u@x%*¢ﬂmdx
< || Dul.




432 Total Variation, Compactness, Etc.

Using that (see Exercise A.1)

1l = sup [ F)P() dox,
peCl (1),
[p|=<1

we conclude that
[ 104°) ()] dx < [ Du]l. (A.15)

Next we show that u € L. Choose a sequence u; € BV N C* such that (see,
e.g., [64,p. 172])

uj — uae., ||uj —u||L1 —0, j — oo, (A.16)

/

and

u}(x)) dx — |Dul|, j — oo (A.17)

For all y, z we have
u;(z) =u;(y) —I—/u}(x) dx.
¥

Averaging over some bounded interval J C I, we obtain

1
wl = 5 [l ar+ [
J

1

u;(x)) dx, (A.18)

which shows that the u; are uniformly bounded, and hence u € L°°. Thus
u®(x) — u(x)

as ¢ — 0 at each point of approximate continuity of u. Using points of approximate
continuity x; < x, < -+ < x,,, we conclude that

DIl —ulxi) = lim Yt (x0) = (xi)|

< limsup/ [(u®) (x)| dx (A.19)
e—0
< [|1Dul]. O

The next result shows that the generalization (A.11) of the total variation to
higher dimension yields a (semi)norm that is equivalent to the one coming from
bounded variation.
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Theorem A.5 Letu € L'(K) with K = [ay,b;] X --+ X [a,, b,] C R". Then
[ Dul < T.V. (u) < n || Duf.
Proof Assume first that v € BV (K) N L'(K), and define the mollifier of u,
u® = w, * u.

Then u® — u in L'(K) and limsup, || Du®|| < || Du| < oo; see [193, Thm. 5.3.1].
Let u; denote the function all of whose variables but the kth remain fixed, namely
U (X', X) = U(X1, .o X1y X Xy oo o2 X)),
X' = (X1, . Xk—1, Xker ..., Xp) € K.

Then also uj — uy in L'([ax.bx]), which implies, by the lower semicontinuity of
the bounded variation [193, Thm. 5.2.1] and Theorem A .4,

T-V~[ak,bk] (uk) < linlsinfT-V-[ak.bk] (ui) .

Fatou’s lemma and Theorem A.4 then imply

/T~V-[ak.bk] (uk) dx’ < liminf/T.V.[ak.;,k] (ui) dx’
&
K’ K’
= liminf/ |Druf| dx
&
K
< lim sup/ |Druf| dx
ok
< ||Du| < oo.

This implies that
T.V.(u) <n|Dul.

Assume now that [i, T.V. [, 5] (x) dx’ < oo forall k = 1,...,n. From Theo-
rem A.4 we have for ¢ € C}(2;R"), ||§]lo < 1. that

9 |
/ Mo O 5/ TV fay by (i) dx’s
K’ e

from which it follows that || Du| < T.V. (u). O

Total variation is used to obtain compactness. The appropriate compactness
statement is Kolmogorov’s compactness theorem. We say that a subset M of
a complete metric space X is compact if every infinite sequence of points of M
contains a (strongly) convergent sequence. A set is relatively compact if its closure
is compact. A subset of a metric space is called fotally bounded if it is contained in
a finite union of balls of radius ¢ for every ¢ > 0 (we call this finite union an e-net).
Our starting theorem is the following result.
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Theorem A.6 A subset M of a complete metric space X is relatively compact if
and only if it is totally bounded.

Proof Consider first the case in which M is relatively compact. Assume that there
exists an gy for which there is no finite go-net. For every element u; € M there
exists an element u, € M such that ||u; — us| > &o. Since the set {u1, u,} is not
an gp-net, there has to be a u3 € M such that ||u; — usz|| > g¢ and ||uy — usz|| > &o.
Continuing inductively, construct a sequence {u; } such that

lu; —ui| = e0. J #k.

which clearly cannot have a convergent subsequence, which yields a contradiction.
Hence we conclude that there has to exist an e-net for every &.

Assume now that we can find a finite e-net for M for every ¢ > 0, and let M,
be an arbitrary infinite subset of M. Construct an e-net for M, with ¢ = %, say

{ugl), e, ug\l,l)} Now let Ml(j) be the set of those u € M such that ||u —uj(»l)|| < i.

At least one of Ml(l) oM I(N‘) has to be infinite, since M, is infinite. Denote
such a set by M, and the corresponding element by u,. On this set we construct
an e-net with ¢ = i. Continuing inductively, we construct a nested sequence of
subsets M1 C M; for k € N such that M; has an e-net with ¢ = 1/2", say
{ugk), ey u%{k)} For arbitrary elements u, v of M} we have ||u — v|| < |lu — ug| +
|lux — v < 1/2%=1. The sequence {uy} with u; € M; is convergent, since

1
ke rm —ur| < kT
proving that M, contains a convergent sequence. O
A result that simplifies our argument is the following.

Lemma A.7 Let M be a subset of a metric space X. Assume that for each ¢ > 0,
there is a totally bounded set A such that dist(f, A) < e for each f € M. Then M
is totally bounded.

Proof Let A be such that dist(f, A) < ¢ for each f € M. Since A is totally
bounded, there exist points xi, ..., x, in X such that 4 C U;’zl’Bs(xj), where

B(y)={zeX|llz=-yl=el

For every f € M there exists by assumption some @ € A such that |ja — f| < e.

Furthermore, }a —X; || < ¢ for some j. Thus ||f —X; || < 2¢g, which proves
n
M C U BZs(xj)-
j=1
Hence M is totally bounded. O

We can state and prove Kolmogorov’s compactness theorem.
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Theorem A.8 (Kolmogorov’s compactness theorem) Let M be a subset of
LP(82), p € [1,00), for some open set 2 C R". Then M is relatively compact if
and only if the following three conditions are fulfilled:

(1) M is boundedin L?(S2), ie.,

sup [|uf[,, < oo.
ueM

(i) We have
u(- + &) —ull,, = A(le])

for a modulus of continuity A that is independent of u € M (we let u equal
zero outside S2).

(iii)

lim / [u(x)|” dx = O uniformly foru € M.

a—00
{xef|lx|za}

Remark A.9 1In the case that §2 is bounded, condition (i) is clearly superfluous.

Proof We start by proving that conditions (i)—(iii) are sufficient to show that M is
relatively compact. Let ¢ be a nonnegative and continuous function such that ¢ < 1,
@(x) = lon |x| <1, and ¢(x) = 0 whenever |x| > 2. Write ¢.(x) = ¢(x/r).
From condition (iii) we see that | ¢,u — u||;, — 0 as r — oo. Using Lemma A.7,
we see that it suffices to show that M, = {@,u | u € M} is totally bounded.
Furthermore, we see that M, satisfies (i) and (ii). In other words, we need to prove
only that (i) and (ii) together with the existence of some R such that u = 0 whenever
u € M and |x| > R imply that M is totally bounded. Let @, be a mollifier, that is,

1
welC® 0=sw=l, /wdx:l, ws(x)zgw(g).

Then
ot # 0, — ull, =/|u k wp(x) — u(x)|? dx

- | ' [ =) = u)o. )y
Be

p
dx

< / / u(x = y) —u(@)|” dy g}, dx
Be
:Snp/q—p”w”fq//|u(x—y)—u(x)|P dx dy
B

< &P/ |2, /Tnlax)k(|2|) dy
z|<e
Be

= "t w|], |By| max A(|z)).
lz|<e
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where 1/p +1/g = 1 and

B. = B:(0) = {z e R" | |1z]| = &}.
Thus

lu * w, —ull, <& Mol |Bi]"” max A(|z). (A.20)

which together with (ii) proves uniform convergence as ¢ — 0 for u € M. Using
Lemma A.7, we see that it suffices to show that N, = {u * w. | u € M} is totally
bounded for every ¢ > 0.

Holder’s inequality yields

|+ e ()| < [l lleel o

so by (i), functions in N, are uniformly bounded. Another application of Holder’s
inequality implies

¢ 0p(x) — 1 % ()] = ‘/(u(x — D) —uly — () dz
S ul- +x =) —ullpr loell e

which together with (ii) proves that N, is equicontinuous. The Arzela—Ascoli theo-
rem implies that N, is relatively compact, and hence totally bounded in C(Bg,.,).
Since the natural embedding of C(Bg.,) into L?(R") is bounded, it follows that N,
is totally bounded in L”(R") as well. Thus we have proved that conditions (i)—(iii)
imply that M is relatively compact.

To prove the converse, we assume that M is relatively compact. Condition (i)
is clear. Now let ¢ > 0. Since M is relatively compact, we can find functions
Ui, ..., Uy in LP(R") such that

M c | ) B.(u)).
j=1

Furthermore, since Cy(R") is dense in L?(R"), we may as well assume that u; €
Co(R"). Clearly, ||u; (- 4+ y) —u;|,, = 0as y — 0, and so there is some § > 0
such that ||uj(- +y)—uj ||L,, < & whenever |y| < §.Ifu € M and |y| < §, then
pick some j such that Hu —uj HL,, < g, and obtain

(- +2)—ull, < JuC- +2)—u; (- +2)|,,
A LTTG - B Y P D7 ]
=2|uj —uf,, + [u; (- +2)—ui|,,

< 3¢,

proving (ii).
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When r is large enough, yg u; = u; for all j, and then, with the same choice
of j as above, we obtain

lasa=ulle < s, =, + fu—w] < 2Ju =], <2,
which proves (iii). O
Helly’s theorem is a simple corollary of Kolmogorov’s compactness theorem.

Corollary A.10 (Helly’s theorem) Let {h®} be a sequence of functions defined on
an interval [a, b], and assume that this sequence satisfies

TV.(hF°)y <M  and  |h°|_ <M,

where M is some constant independent of 8. Then there exists a subsequence h®
that converges almost everywhere to some function h of bounded variation.

Proof 1t suffices to apply (A.8) (for p = 1) together with the boundedness of the
total variation to show that condition (ii) in Kolmogorov’s compactness theorem is
satisfied. |

We remark that one can prove that the convergence in Helly’s theorem is at every
point, not only almost everywhere; see Exercise A.2.

The application of Kolmogorov’s theorem in the context of conservation laws
relies on the following result.

Theorem A.11 Let u,:R" x [0,00) — R be a family of functions such that for
each positive T,

|u,7(x,t)| <Cr, (x,t)eR"x][0,T],

for a constant Cr independent of 1. Assume in addition that for all compact B C R"
and fort € [0, T],

sup / (x4 £.1) — uy(x.1)| dx < vgr(|p]),
ISISIPIB

for a modulus of continuity vg 1. Furthermore, assume that for s and t in [0, T],

/ ’u,,(x, t) — u,,(x,s)| dx <wgr(t —s|)asn—0,
B

for some modulus of continuity wp 1. Then there exists a sequence n; — 0 such that
foreacht € [0, T] the sequence {u,; (1)} converges to a function u(t) in LlloC (R™).
The convergence is in C([0, T]; L] .(R™)).

Remark A.12 1f the spatial total variation of u, is uniformly bounded, then u, has
a spatial modulus of continuity.
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Proof Kolmogorov’s theorem implies that for each fixed ¢t € [0, T] and for every

sequence 7; — 0 there exists a subsequence (still denoted by 7;) n; — 0 such that
{uy, (1)} converges to a function u(¢) in Ll (R").

loc
Consider now a dense countable subset E of the interval [0, T]. By possibly

taking a further subsequence (which we still denote by {u,, }), we find that

/’u,,j(x,t)—u(x,t)| dx — O0asn; — 0,fort € E.
B

Now let & > 0 be given. Then there exists a positive § such that wB,T(S) < ¢ for all
8§ <4.Fixt € [0,T]. Wecan find a t; € E with |ty —¢| < §. Thus

/ |uﬁ(x,t) - uﬁ(x,tk)| dx <wpr(t —t]) <eforn<n
B

and

/ )”njl (X, 1K) — uy, (x,tk)) dx < eforn;,n, <nand# € E.
B

The triangle inequality yields

/)u,,jl (x,1) —u,,jz(x,t)‘ dx
B
< / )u,,jl (x.1) —uy, (x,tk)) dx —I—/)u,,jl (x, 1K) —uyy, (x, 1) | dx
B B

+/‘unjz(x,tk)—unjz(x,t)) dx
B
< 3e,

proving that for each ¢ € [0,T] we have that u,(t) — u(¢) in LIIOC(R”). The
bounded convergence theorem then shows that

sup / \u,,(x, t) —u(x, t)| dx - 0asn— 0,
te[O,T]B

thereby proving the theorem. |

A.1 Notes

Extensive discussion about total variation can be found, e.g., in [64], [193], and [6].
The proof of Theorem A.6 is taken from Sobolev [171, pp. 28 ff]. An alternative
proof can be found in Yosida [191, p. 13]. The proof of Theorem A.4 is from [64,
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Thm. 1, p. 217]. The proof of Theorem A.5 follows [64, Thm. 2, p. 220] and [193,
Thm. 5.3.5].

Kolmogorov’s compactness theorem, Theorem A.8, was first proved by Kol-
mogorov in 1931 [115] in the case that £2 is bounded, p > 1, and the translation
u(x + &) of u(x) is replaced by the spherical mean of u over a ball of radius ¢ in
condition (ii). It was extended to the unbounded case by Tamarkin [174] in 1932
and finally extended to the case with p = 1 by Tulajkov [184] in 1933. M. Riesz
[158] proved the theorem with translations. See also [67]. For a survey, see [82].

For other proofs of Kolmogorov’s theorem, see, e.g., [171, pp. 28 ff], [39, pp. 69 {1,
[191, pp. 275f], and [189, pp. 201 f].

A.2 Exercises

A.1 Show that for every f € L'(I) we have

1/l = sup / £ dx.
P

A.2 Show that in Helly’s theorem, Corollary A.10, one can find a subsequence 1%
that converges for all x to some function % of bounded variation.




Appendix B
The Method of Vanishing Viscosity

Details are the only things that interest.
— Oscar Wilde, Lord Arthur Savile’s Crime (1891)

In this appendix we will give an alternative proof of existence of solutions of scalar
multidimensional conservation laws based on the viscous regularization

m
a
ui Y oS ) = A, g =y, (B.1)
i—1 J
where as usual Au denotes the Laplacian ) j Ux;x; - Our starting point will be the

following theorem:

Theorem B.1 Let uy € L'(R™) N L®[R™) N C2(R™) with bounded derivatives
and f; € C'(R) with bounded derivative. Then the Cauchy problem (B.1) has
a classical solution, denoted by u", that sattisﬁesl

ut € CH(R™ x (0,00)) N C(R™ x [0, 00)). (B.2)

Furthermore, the solution satisfies the maximum principle
e Ol Lo @y < 1ol Lo @o)- (B.3)
Let v be another solution with initial data v satisfying the same properties as u.

Assume in addition that both u and vy have finite total variation and are integrable.
Then

u(-.0) = v Ol wmy = lluo = voll L1 ey » (B.4)

forallt > 0.

! The existence and regularity result (B.2) is valid for systems of equations in one spatial dimension
as well.

441
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Proof We present the proof in the one-dimensional case only, that is, with m = 1.
Let K denote the heat kernel, that is,

%2

1
K(x,t) = Wexp(— 4—W) (B.5)

Define functions u” recursively as follows: Let u~! = 0, and define u" to be the
solution of

u' + f Yy =, U —g =up, n=0,1,2,.... (B.6)

Then u”" (t) € C*°(R) for ¢ positive. Applying Duhamel’s principle, we obtain

u"(x,1) :/K(x—y,t)uo(y)dy

t
~ [ K=y =91 G, dsay
0
t
=u(x,1) — // %K(x —y.t =) fW"  (y,5))ds dy. (B.7)
0
Define v" = u" — u"~!. Then

) = = [ SR = (08 — S ) ds .
0

Using Lipschitz continuity, we obtain

t
n n ad
Oy = 11 [ 17O | oKt —s)| dxds
||f||L1
P/a 9720 (5) e ) .
Assume that |ug| < M for some constant M. Then we claim that
tn/2
" o0 < n' A 1A .
19 @y = MU Wiy 7y (B.8)

where we have introduced the gamma function defined by

I'(p) = /e‘ssl’ ds.
0
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We shall use the following properties of the gamma function. Let the beta function

B(p, q) be defined as

1

B(p,q) = /sp_l(l —s5)i 1 ds.

0

Then

I'(p)I'(q)

B(p.q) = m

After a change of variables, the last equality implies that I (%) = /7. Equation
(B.8) is clearly correct for n = 0. Assume it to be correct for n. Then

- ntl _ o) 2gn/2
| = MU = (HWF(M) / (1 — )72 ds

= MIlfIi (i(::i)z/z e /(1 —5)7'25"2 ds
NETD I'(%37) o
t(n+1)/2
= M| /I (B.9)

Lip (n+1)/21"(%)'

Hence we conclude that ), v" converges uniformly on every bounded strip ¢ €
[0, T'], and that

u = lim ¥" = lim E v/
n—00 n—o00 4

exists. The convergence is uniform on the strip ¢ € [0, T']. It remains to show that u
is a classical solution of the differential equation. We immediately infer that

: d
u(x,t) = u(x,1) — // aK(x —y,t =) f(u(y,s))dsdy. (B.10)
0

It remains to show that (B.10) implies that u satisfies the differential equation
u; + f(u)x = HUxx, u|t=0 = Up. (B.11)
Next we want to show that u is differentiable. Define

M, (t) = sup max |u’(x,s)|.
xeR 0S5=t
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Clearly,

1 t
0l = 1 / (6 = )72 My 1 (5) ds + Mo0).
0

Choose B such that M° < B/2. Then
M,(t) < Bexp(Ct/p) (B.12)

if C is chosen such that

—_

N =

o0
T / 12 Col g <
0

Ner

Inequality (B.12) follows by induction: It clearly holds for n = 0. Assume that it
holds for n. Then

(s, x0)| < ||f||uw#n_u O/ (=)' M,(s)ds + B)2

1
NZID

< Be“ | flluip

t
1
/s‘l/ze_c“/“ ds + 3
0

< BeCt/r,
Define

N, (t) = sup max |u’ (x,s)].
veR 05551
Choose B > max{2N°, B2 + 1} and C > C such that

oo
- ] .
2B(”f/”L°°+||f”||L°0)_/JT,u/S 1225/ <
0

N =

Then we show inductively that

N, (t) < Be*Ci/n,
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The estimate is valid for n = 0. Assume that it holds for n. Then

[ )] < ud (L 0)]

t

d
+ /(”f//”LOCMn(S)Z + 1 L Na(s)) /)EK(J’J —S)) dyds
0
=N

1 t
O i 1) 0/ (M, (5 + Ny()) (¢ — )2 ds
< No

(VAP TEPS / B0k 4 eC0r) o — 5y ds
0

ﬁ%
=

< B (14 2B (1l + £ ) 2ol ds)

h/
< BeX1/n,

We have now established that " — u uniformly and that u’ and u”, both are
uniformly bounded (in (x, ¢) and n). Lemma B.2 (proved after this theorem) implies
that indeed u is differentiable and that u, equals the uniform limit of u”. Performing
an integration by parts in (B.10), we find that the limit v satisfies

u(x,t) = u(x,1) —/ K(x—y,t —s)f(u(y,s)), dsdy.
0

Applying Lemma B.3, we conclude that u satisfies

Uy + f(u))( = I"Lu-’CX’ u|l‘=0 = Uy,

with the required regularity.”
The proof of (B.3) is nothing but the maximum principle. Consider the auxiliary
function

U(x,t) = u(x,t) — nt + (nx)*/2).

Since U — —o0 as |x| — oo, U obtains a maximum on R x [0, T'], say at the point
(x0, to). We know that

U(xo. to) = u(x, o) — n(to + (1x0)*/2) > uo(0).
Hence

X2 < 2u(xo, o) — 2uo(0) — 20ty < O (1) (B.13)

2 The argument up to this equality is valid for one-dimensional systems as well.
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independently of 7, since u is bounded on R x [0, T'] by construction. Assume that
0 < fp < T. At the maximum point we have

Uy (X9, %) = TISXO, u(x0,t0) =1, and uy (X0, %) < 773,

which implies that

U, (Xo, to) + [ (u(xo, 1)) (Xo, to) — Pty (X0, 1) = 0 — O (1) n** — pup?
>0

if n is sufficiently small. We have used that f’(u) is bounded and (B.13). This
contradicts the assumption that the maximum was attained for ¢ positive. Thus

u(x,t) —n(t + (nx)*/2) < sup U(x,0)
= sup (uo(x) — 17°x*/2)
< supuo(x),

which implies that ¥ < sup u,. By considering 1 negative, we find that ¥ > infu,,
from which we conclude that ||u||; < ||uo]|fcc-

Lemma B.6 implies that every solution u satisfies the property needed for our
uniqueness estimate, namely that if v is in L', then u(-,t) is in L'. This is so,
since we have that

s Ol = luollpr = [lu-, 1) = uollpr < Ct.

Furthermore, since u is of bounded variation (which is the case if u is of bounded
variation), u is in L', and thus limy|_oc ux(x,7) = 0. Hence, if ug isin L' N BV,
then we have that

d
o [uenax == [ (e, + ) ax =o,
Hence
/u(x,t) dx = /uo(x) dx. (B.14)

By the Crandall-Tartar lemma, Lemma 2.13, to prove (B.4) it suffices to show that
if up(x) < vo(x), then u(x,t) < v(x,t). To this end, we first add a constant term
to the viscous equation. More precisely, let u® denote the solution of (for simplicity
of notation we let 4 = 1 in this part of the argument)

ub + fd), =ul 8, ubl—o = uy.

In integral form we may write (cf. (B.10))

wmg:/Ku—»mmw@

_ // %K(x et — ) fG (v, 5)) ds dy — 8t
0
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Furthermore,

‘u‘g(x,t) —u(x,t))

E/]'%K(x—y,t—s)
0

= ”f”Lip/] '%K(x—y,t —5)
0

< I flluip [ [’ ) =u @)
/ .

| S (v, 5)) = fQu(y, )| dsdy + 8|1

[u®(y,s) —u(y.s)| dsdy + |8| t

d

s
Vvt —s)

+ |6 ¢

< / |23 (5) = u(s) | dpa(s) + 18] 1
0

with the new integrable measure du(s) = || f ||Lip/ v/ 7 (¢ — 5). Gronwall’s inequal-
ity yields that

t

Wl @) —u@)],~ <t |5|exp</du(s)) =1|5|exp (2%)’
0

which implies that u® — u in L> as § — 0. Thus it suffices to prove the mono-
tonicity property for u® and v®, where

Vot f00) =00 4+ 8, v)i—o = v (B.15)

Let uy < vo. We want to prove that u® < v®. Assume to the contrary that u®(x, t) >
v3(x, 1) for some (x, ), and define

f = inf{r | u®(x,1) > v’ (x, 1) for some x}.
Pick & such that u’(%,7) = v%(&, 7). At this point we have
PN PN § (a § (o §(e Fs
uy(X,0) = v (%,0), uy (%,0) < vl (%,1), and wuy(%,1) > v)(%,0).
However, this implies the contradiction
=S =ul+ ful —ul, > v} + () — vl > § at the point (£,7)
whenever § is positive.

Hence u(x,t) < wv(x,t) and the solution operator is monotone, and (B.4)
holds. O
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In the above proof we needed the following two results.

Lemma B.2 Let ¢, € C?(I) on the interval I, and assume that ¢, — ¢ uniformly.
If | ¢, ]l and ||@, ||, are bounded, then ¢ is differentiable, and

¢, — ¢’
uniformly as n — oo.
Proof The family {¢,} is clearly equicontinuous and bounded. The Arzela—Ascoli

theorem implies that a subsequence {¢,’1k } converges uniformly to some function .
Then

b, =[x¢;kdx—>/xwdx,

from which we conclude that ¢’ = . We will show that the sequence {¢, } itself
converges to Y. Assume otherwise. Then we have a subsequence {¢,’,j} that does
not converge to . The Arzela—Ascoli theorem implies the existence of a further
subsequence {¢,/,j,} that converges to some element v/, which is different from .
But then we have

X X
/wdx = lim ¢,, = lim ¢,, = /q)dx,
k—o0 jl—oo
which shows that ¥/ = v, which is a contradiction. O
Lemma B.3 Let F(x,t) be a continuous function such that

|F(x,t) — F(y,t)] < M |x — y|

uniformly in x, y,t. Define
t
u(x,t) = / K(x —y,up(y)dy + // K(x—y,t —s)F(y,s)dsdy.
0

Then u is in C*(R™ x (0,00)) N C(R™ x [0, 00)) and satisfies
Uy = Uy + F(x,1), uli=o = uo.

Proof To simplify the presentation we assume that uy = 0. First we observe that

t t

u(x,t) :/F(x,s)ds—l—/ K(x—y,t —s)(F(y,s) — F(x,s)) dsdy.
0 0



The Method of Vanishing Viscosity 449 W
The natural candidate for the time derivative of u is
, I —
d
u,(x,t) = F(x,t) + // &K(x —y.t—5)(F(y,s) — F(x,s))dsdy. (B.16)
0

To show that this is well defined we first observe that

< w[((x —,2(t —%)).

d
—K(x — —
‘az r=y.1=5) t—s

Thus

|F(y,s) — F(x,s)| dsdy

| iK(x—y,t—s)
- ot

Col
=Mo (1) — K =20t =) |y = x| dy ds
=

1
At —S

<MO(1) ds <0(1).
/

Consider now

1
A—t(u(x,t + Af) —u(x, 1)) —u(x, 1)

1 t+At
< 'A_t / F(x,s)ds — F(x,t)

t

1+At
1

+/A_t / K(x_yst+Al—S)|F(y,S)_F(x7S)| dsdy

t

+//'i(l((x—y,t+At—s)—K(x—y,t—s))
0

— %K(x—y,t — )| |F(y,s) — F(x,s)| dyds

t+At

< ‘i / F(x,s)ds — F(x,t)

t

1 t+At
+ME / /K(y,t+At—s)|y|dyds

t

t
+M//‘%K(y,z+9Al—s)—%l<(y,t—s) |y| ds dy,
0
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for some 6 € [0, 1]. We easily see that the first two terms vanish in the limit as
At — 0. The last term can be estimated as follows (where § > 0):

|yl dyds

t
0 a
// '5K(y,t + O0At —s) — EK(y,t —5)
0

|yl dyds

t—68
d d
Kk At —§)— —K(y,1 —
5//'a[ (.1 + A1 —5) ~ S K(p.1 =)
0

t
—i—//(‘%K(%t—i—@At—s}
t—§

=8
a a
5//'EK(y,t+9Al—s)—EK(y,t—s)
0

0
—K =
+‘az (y,t—s)

) v dy ds

|yl dy ds

t 1
t—6

1
K (.20 - s))) vl dy ds.

Choosing § sufficiently small in the second integral, we can make that term less
then a prescribed €. For this fixed § we choose At sufficiently small to make that
integral less than €. We conclude that indeed (B.16) holds. Using estimates

o (1)

ad
'aK(X,t) < 7K(X,2t),

a—K(x,t) < @K(x,%),

2
‘sz

we conclude that the spatial derivatives are given by

t
we(x,1) = // DGyt = 9)F(.5)ds dy,
0

t
2
Urr(x, 1) = // %K(x —y,t —s)F(y,s)dsdy, (B.17)
0

from which we conclude that

U (x, 1) —Uy(x, 1) (B.18)

f/ iz
= F(x,t)+//(EK(x—y,t—s)—ﬁK(x—y,t—s))F(y,s)dsdy
0

= F(x,1). a
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Remark B.4 The lemma is obvious if F is sufficiently differentiable; see, e.g., [142,
Theorem 3, p. 144].

Next, we continue by showing directly that as u — 0, the sequence {u"} con-
verges to the unique entropy solution of the conservation law (B.30). We remark
that this convergence was already established in Chapt. 3 when we considered error
estimates.

In order to establish our estimates we shall need the following technical result.

Lemma B.5 Let v:R"™ — R such that v € C'(R™) and |Vv| € L' (R™). Then

/ [Vv| dx — 0asn— 0.

[v]<n

Proof By the inverse function theorem, the set

{x } v(x) =0, Vu(x) # O}

is a smooth (m — 1)-dimensional manifold of R™. Thus

/|Vv| dx = / |[Vu| dx.

[v]<n 0<v[=n

The integrand (the norm of the gradient times the characteristic function of the
region where |v| is nonzero and less than 7) tends pointwise to zero as n — 0. The
lemma follows using Lebesgue’s dominated convergence theorem. O

The key estimates are contained in the next lemma.

Lemma B.6 Assume that uy € C? (R™) with bounded derivatives and finite total
variation. Let u* denote the solution of equation (B.1). Then the following estimates
hold:

T.V. " (1)) < T.V. (u"(0)), (B.19)
uh@) —u" ()1 gmy < C |t —s]. (B.20)

Proof We set w® = du®/dt and w' = du®/dx; fori = 1,...,m. Then we find
that

ow' " , , 4
Tt () = paw (B:21)
to %
fori = 0,1,...,m. Define the following continuous approximation to the sign
function:
1 for x > 7,
sign,(x) = ¢x/n for |x| <7,

—1 forx <—n.
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Multiply (B.21) by signn(wi) and integrate over R” x [0, T'] for some T positive.

This yields
// sign (w)dtdx+2// f(u“)w) sign, (w')dt dx
R™ 0 J=Igm o !
T
= / / pAw' sign, (w') di dx. (B.22)
]Rm 0

The first term in (B.22) can be written

T T
//%Signn(wi)dtdxz //(wi sign, (w')), dt dx

Rm 0 RrR™ 0

T
—//wi sign;](wi)wi dtdx.
0

Rm
Here we have that

)//w 51gn (w' )w dtdx ) / /wiwidtdx‘

R™ 0 |w i|<nt<T

/ /’wi’dtdx—>0,

[w|<n (=T
using Lemma B.5, which implies

T T
ow' A 9. .
//—;; signn(w’)dtdx—>//§|w’| dt dx

R™ 0 R 0
= |[w' ()], = v O], (B.23)

as 7 — 0. The second term in (B.22) reads

1 —Z// f(u“)w . sign,, (w')dtdx

J= lRm 0
" A w'
= —Z//fj/(u“)w’ signjq(w‘)i dt dx
— 8Xj
J=lgm
1 . .
- / wi 'ty -V di dx,
lwi|<n
t<T
where ' = ( S f,,/l) This can be estimated as follows:
[T] <sup|f (u)| / /le‘\dzdx—w, (B.24)

lwi|<n 1<T
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as 7 — 0. Here the supremum is over |u| < |[u*(0)|| ... Finally,

T T
m / / Aw' signn(wi)dt dx = —/L// |Vwi|zsign;](wi)dl dx <0. (B.25)
R™ 0 R" 0
Using (B.23), (B.24), and (B.25) in (B.22), we obtain, when n — 0,

[w (D), = |w' @], <o. (B.26)
For i = 0 this implies
t
o) o)l = [ | 5 de]
R” |s
t
< //’wo(f)| df dx
Rm s

= [ 10, a7

< |t = sl [w’©] -

Fori > 1 we use (B.26) to prove (B.19). Recalling the results from Appendix A,
we define

M) = [ e e ol dx - and A ) = 3 2sta ).
Rom i=1
Then the inequalities (A.10) hold. We have that
Aie(- ), 1) = / [u® (x + pe;,t) —u(x,t)| dx

Rm
m

:/ /wi(x+oce,~,t)dot dx

R™ 10

S/i}wi(x+aei,t)} do dx

R™ 0

n
= [ 10l de
0

= |ul [w' .0
< lul w0

= |,LL| / T.V.X,. (M()) dx1 .. -dxi_l dx,-+1 dxm
Rm—1
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Thus we find that

A (ue(. s l), ,LL)
|l

which proves (B.19). O

T.V. ®(-,t)) = lim i(I)lf < T.V.(uyp),
n—

From the estimates in Lemma B.6 we may conclude, using Helly’s theorem,
Corollary A.10, and Theorem A.11, that there exists a (sub)sequence of {u*} that
converges uniformly in C([0, T]; L} _(R™)) to a function that we denote by u. It

loc
remains to show that u is an entropy solution of the conservation law.

Let k be in R. Then
W' —k) + V- (fu") = f(k) = pAu" —k). (B.27)

Multiply (B.27) by sign, (u* — k) times a nonnegative test function ¢ and integrate
over [0, T] x R™. We find, when we write U = u* — k, that

0= // (U, sign, (U)¢

+ V- (f ) — £(6)) sign,(U)g — psign, (U)AUS) dx di

= [[ (wsien, @), 4

— (S = f1K) - (sign,(U)V + ¢ sign (U)VU ) ) dx di
+ u// VU -V (sign,(U)¢) dx dt — // U sign)(U)U, ¢ dx dt
—— [ Usien, @), + sign, ) (£ - 1) - V) dix di
[ (W) |, W) |,y )
- / ¢ sign(U) (f(u") — f(k)) - VU dx dt
- // Ug sign, (U)U, dx dt
+u // sign, (U)VU - V¢ dx dt + u// |VU|* sign),(U)¢ dx dt.

The third and the fourth integrals tend to zero as n — 0 (since f is Lipschitz and
X sign (x);] tends weakly to zero), and the last term is nonpositive. Hence

/[(Iu“ — k| ¢y +sign " —k) (f ") — f(k)) - V¢) dx dt
(B.28)

—/(u“(O)—k)qsuzg dx > u// sign (U) VU - V¢ dx dt.
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Taking u — 0, we see that the right-hand side tends to zero, and we conclude that

//(|u — k|, + sign (u — k) (f(u) — f(k)) - V¢) dx di
(B.29)

+ [ =gliadx — [ ) = gl dx = 0
which is the KruZzkov entropy condition. We have proved the following result.

Theorem B.7 Let uy € C2(R™) N L®(R™) with bounded derivatives and finite
total variation, and let f; € C'(R) with bounded derivative. Let u* be the unique
solution of (B.1). Then there exists a convergent subsequence of {u*} that converges
in C([0,T]; LlloC (R™)) to a function u that satisfies the KruZkov entropy condition
(B.29), and hence is the unique solution of

29
U, + Z Ef/(u) = O, ult:O = Uyp. (B3O)
j=1

B.1 Notes

Our proof of Theorem B.1 is taken in part from [99], where a similar result is proved
for an equation of the form

u; + Zlﬂj(?c,l,u)ux, = nAu.
i=1

We are grateful to H. Hanche-Olsen for discussions on the proof of this theorem. We
have also used [43]. Other proofs can be found; see, e.g., [141]. The conditions of
Theorem B.1 can be weakened considerably. Alternative proofs of Theorem B.1 can
be obtained using the dimensional splitting construction in Sect. 4.4. Lemma B.6 is
familiar; see, e.g., [141]. Our presentation of Lemma B.6 and Theorem B.7 follows
in part Bardos et al. [12].

Bianchini and Bressan [16—18] have published results concerning the vanishing
viscosity method for general systems. More precisely, consider the solution u® of
the system

uf + Aw)u = eul u’|;=0 = Uo.

X0

They prove that u® converges to u, the solution of
u; + Aw)u, =0, ul,—o = uy,

as ¢ — 0. Their assumptions are the following: the matrices A(u) are smooth and
strictly hyperbolic in a neighborhood of a compact set K, the initial data u( has
sufficiently small total variation, and lim, _, o, #o(x) € K. The proof uses an inge-
nious decomposition of the function u{ in terms of gradients of viscous traveling
waves selected by a center manifold technique.
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B.2 Exercises

B.1 Consider the system of parabolic equations

U+ f(U)y = gy, uli—o = uo, (B.31)

with up(x) € R".

(@)
(b)

(©

(d)

Show that there exists a solution u* of (B.31) that satisfies the regularity
condition (B.2).
Fix temporarily 4 = 1, and consider the equation

U+ fu)y = Uy —8, ul;—o = uo, (B.32)
with solution u%. Show that ||u5 (t) —u() ||1 — 0, where u solves (B.31)
(with u = 1).
Assume that the flux function f satisfies

S, oo ujout ujg, . u,) =const, u; €R, T #
for some j and some u* € R. Assume that the jth component u ; of u,
satisfies ug ; < u*. Show that the jth component u; of the solution u of
(B.31) satisfies
uj(x,t) <u*

Assume that there are constants u, < u* and j such that

S, i U Uy, .. U,) =const,  u; €R,P#

S, oo ujout ujg, .. u,) =const,  u; €R, T #
and that u, <uo; < u*.Show that
U, <uj(x,t) <u”,
and hence that the region
weR" [u, <u; <u')
is invariant for the solution of (B.31). Systems with this property appear,

e.g., in multiphase flow in porous media and chemical chromatography.
For more on invariant regions, see [96] and [88].



Appendix C
Answers and Hints

HeEALTH WARNING

We accept no liability for these hints and answers. Use them
at your own risk.

THE AUTHORS

The only way to get rid of a temptation is to yield to it.
Resist it, and your soul grows sick with longing

for the things it had forbidden itself.

— Oscar Wilde, The Picture of Dorian Gray (1891)

Chapter 1, Sect. 1.3

1.1 The characteristics are given by

Xx = 2arctan (xoeg), t=§E+1, z=£§&+z,

xoef —1 £
X = 2 arctan (7), t = 2arctan (fpe*), z = zo,
xoet +1
&
x=2/sin(zoe“)da+x0, t=E+1), z=zet,

0
x = cos(z9)€ + xo, t =sin(zp)€ +1y, z = zp.

1.2 a. ulx,y) =y + vy*—x%

b. u(x,y) = ~ cosh(y).

c u(x,y) = h(y/x? + y2) exp (arctan(y/x)).
d. u(x,y) = (x + Dy —1).

e. u(x,y) =exp(y + (1 —-x%/2) - 1.
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1.3

1.4

1.5
1.6

Answers and Hints

f. u(x,y) = (y —x*)?exp (x?/2) — 1.
g. x = (u—y*) exp (uy —2)°/3),

which determines u implicitly in terms of (x, y).
a. The theory of characteristics yields

y
t=s, t=as+y, z=zo+/f(at+y,r)dt,
0

which gives the solution.
b. Observe that

L (e (s x0).9) = f(E(sx0).9)
S

Integrate this froms = 0to s = 7.
c. Observe that

L@ (st =) = 5001 —5).
N

Integrate this froms = 0to s = ¢.
You may use that # equals a constant is clearly a classical solution in the two
domains Dy = {(x,?) | £(x — at) > 0} that satisfies the Rankine—Hugoniot
condition across x = at, since f(u) = au.
This is identical to the scalar case; work with each component f; and u;, etc.
Set x = (x,y) and f = (f, g). The conservation law reads u, + V - f =
0. Let (x,¢) denote a point on the surface of discontinuity, and let B, =
{(z, O |x—zf + @ —1) < rz}. Denote by I the intersection of the sur-
face of discontinuity with B,. Parameterize the surface as t = ¢(x, y) with
normal N = (1, —t,, —t,). The velocity equals o = (7 + 17)~"/2. Choose
a test function ¢ € C$°(B,). Then an application of the divergence theorem
yields

/ oG, y) (] [£].[g]) - N(x. y) dx dy = 0.
L

where [u] as usual denotes the jump in u across I, etc. Since ¢ is arbitrary,
we obtain

(Tl [/1.IgD - N =0,
o [ul = n-[f].

where n = (t,t,)o is the unit normal in the direction of the propagating
discontinuity.
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1.7 Observe that we need only consider the extreme characteristics originating at
x = F1, since before these meet, the solution will be linear between these.
These characteristics have speed +1, and hence the solution will be continuous
until # = 1, and is given by u(x,t) = uo(x/(t — 1)). The solution of the
linearized equation is given by v(x,?) = ug(ae® x). From this we find that

Up (x, (m + 1)/n) = v, (e m/n),

and thus o411, = am,ne“m«"/". Set 1/n = At. Assuming that the limit holds,
we have a(m + 1,n) = a(t + At), and thus

In(a(t + Ar)) —In(a(?))
AL =a(?).

Letting At go to zero, we find that @'(¢) = @>(¢), which gives the conclusion,
since @(0) = 1. For t > 1, o, , diverges to +00, which incidentally gives us
the correct solution.

1.8 The solutions in parts a and b are, respectively,

-1 forx <t,
u(x,t) = {x/t for|x|<t, and u(x,1)=up(x).

1 for x > t,
In the first case we directly verify that u(x,t) also solves (1.75). In the
second case the Rankine—Hugoniot condition, which in this case reads
s = 2[u’] /3 [u?]). is violated. Set v = u?. Then v, + (v¥/?), = 0,
and v(x,0) = u(x,0). Hence the correct solution is a shock with speed 2/3,
which is different from the square of the solution in part b.

1.9 The jumps satisfy the Rankine—Hugoniot condition. That’s all.
1.10 a. We multiply the inequality by e™"" and find that

d —yt
E(e "u(r)) < 0.

Thus
u(t)e™ < u(0).

b. Multiply the inequality by e~ to find that

% (u(t)e ") < Ce™“".

We integrate from O to ¢:

t
u(t)e " —u(0) < /ce-CS ds=1—e"°".
0

After some rearranging, this is what we want.
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¢. Multiplying by exp(— f; c(s)ds) we find that
t
u(r) < u(0)els e 4 / d(s)els cO* g,

which implies the claim.
d. SetU(t) = [, u(t)dt. Then

U'(t) < CiU@) + Cs,

and an application of part ¢ gives that

t

<_2 _ Cit
/u(s)ds_ C(l e,

1
0

Inserting this in the original inequality yields the claim.
e. Introduce w = u/f. Then

t

gw(s)ds <1+ / g w(s) ds.

0

f()

w(t)§1+ f()

Let U be the right-hand side of the above inequality, that is,

t

U=1 +/g(s)w(s) ds.

0

Clearly, U(0) = 1and U'(¢) = g(t)w(t) < g(¢)U(¢). Applying part ¢, we
find that

u(®) =w(n) f() = fFOUQ) = f(2)exp /g(S) dS
0

(If f is differentiable, we see that U(¢) = f(t) + fot g(s)u(s) ds satisfies
U'(t) < f'(t) + g(t)U(z), and hence we could have used part ¢ directly.)
1.11 Taylor’s formula implies that

Ax 2
n'(uj)D_u; = D_n(u;) + 777”(14/'—1/2) (D_uj;)”.
‘We have that

ajD_n(u;) = D_(a;jn(u;)) —n(u;-1)D-a;,



Answers and Hints 461

which gives

d
E’?(uj) + D_(ajn(u;)) < n(u;_1)D_a;.

Summing over j gives the desired result. Regarding the Lipschitz continuity
we have

ally
laD_u —a D_v| < %2 u—v].
X

1.12 The scheme implies the update

n+1

Uj

=u} — a;')t(u;? - u;_l)

with A = At/Ax. Using that 1 is convex, we get (assuming the CFL condition
0< a}’)t <1

n(u)™) = n((l —aj A + a;-’)tu;?_l)
=(1- a}’)&)n(u?) + a}’)&n(u;_l)
= n(u?) - a;’AtD_n(u;’).

Summing over j, using the integration by parts formula

chD—bj:_ijD-i—cjv if cioo:() or bioo:()s
J J

one obtains
D onit) < @) — Aty alD_n(u))
J J J
=D n0u)) + At Y n@)Daj,
J J
which implies
Ax Z Nt < Ax Z n(}) + AtAx Z n(ui)D aj.
J J J
Define
F@) = Ax Y nith.
J

Then

F("™) < F@") + AtAx Y n(!)D.al.
J
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Also
|Dyaj| = lax(§)| = C,
where £ is a suitable intermediate value and C is a bound on a,. Then
F(@"*Y < F(t") + CAtF(t").
By recursion one obtains
n
F("t) < F(°) + Y CALF(1").
v=0

Using a discrete version of Gronwall’s lemma (see below), identifying w, =
F(t"), a, = CAt,and b, = F(¢°), which is nondecreasing, we conclude that

n—1

F(t") < exp (Z cm) F(t%) = exp(C1")F(1°),

v=0

ie.,

Ax Yy n@)) < e Ax Y n).
J J
Now we use that

1
0
u; = — Uo dx.
7 Ax
Ii—1)2

Applying Jensen’s inequality on the interval [x;_;, x;], using that 7 is convex,
we get

Ax
Ii 12 Lz

1 1
nw)) =n| — / ugdx | < — /n(uo)dX-
X

Therefore,

AvYoned < ax Yo [ ) dx
J J

Ii—1)2

- Z / n(uo) dx = [In(uo)llL (w)-

S Lo

Discrete Gronwall: Let (w,)n>0, (@n)n>0, (bn)n>0 be sequences of nonnegative
numbers and wg < by. If

n—1
wnfE a,w, +b,, neN,
v=0
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and (b,),>0 is nondecreasing, then

n—1

w, < exp(Zav>bn, neN.

v=0

1.13 a. We find that
Up = 0y + COy, Uy = Oy + (Cot)y
and
Vp = Oy — COyy, Uy = Oy — (COy ).
Therefore,
Uy — ClUy = Oy + €Oy — Oy — c(cay)x = ay —c(cay)y =0
and
Uy CUy = oy — Cyy iy — c(ctty)y = oty — c(coty)y = 0.
This implies the set of differential equations

u, —cu, =0,

v, +cv, =0,
1
a = E(u +v).
We deduce the initial conditions u( and vy from o and By:

u=oao,+coe, = up(x)=pPo(x)+ coy(x),
v=o,—cay = v(x) = Bo(x) — cay(x).

Therefore,

u(x,0) = ug(x) = Bo(x) + cog(x),
v(x,0) = vo(x) = Bo(x) — cag(x),
a(x,0) = ag(x).

b. We define the backward characteristic equation
d
Joou(@0) = clu(my), L(0ix) = x.

This equation is well defined, since ¢ is Lipschitz. Then u(x,t) =
uo (&, (¢; x)). We also define

L) = (). G0 = x.
T

Then v(x,t) = vo({y(t; X)).
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c. Alternative 1: Use upwind (with the appropriate upwind direction) and Eu-

ler methods for o:

n+l _ yrn
Uit =it

-up).

~V).

n+1 __ n
it =V -

P of + Ar————

+V;
J 2

Alternative 2: Use the Lax—Friedrichs scheme for (u, v) and Euler method
for a:

ur,+Uu; At
an+1= D B R (Uj+1 U )

2 2AXx
V_n+l — I/jn_l + I/}n+1 _ C]nAt (V Vn )
J 2 2Ax \ /!
Vn
+1
aj’.' = oe + AIT
The CFL condition reads
A< B
max; ‘c}"

d. We locate our variables at the cell centers and evaluate c}’ at the cell centers.

See Fig. C.1

1.14 Here is a MATLAB code that will work:

function u=charsolve(a,u0,x,T,6dt)
Solves the equation
ut + alx,t)ux-=0
u(x,0)=u0(x)
by approximate integration
of the backward characteristics.

o° o° o° oP

o°

Solve the backward characteristic
equation
y'(t)=-a(y(t),T-t), y(0)=x,
until t=T by the Euler method.
=ceil (T/dt); dt=T/N; y=x; t=0;
or i=1:N,
y=y-dt*a(y,T-t);
t=t+dt;

Fh 2 o° o° of of of
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0.5 T

0.4

0.3

0.2

0.1

0 Il
-4 -3

Fig. C.1 Solution at time = 1.0 on an N = 800 grid using upwinding

For the initial data in the exercise, it would be invoked as

>> a=@(x,t) max(0,min(x,1));
>> ul0=@(x) sin(x);

>> x=linspace(-2,2,200);

>> u=charsolve(a,u0,x,2,0.05);

Chapter 2, Sect. 2.6

2.1 We find that

2u(l —u)

F0 = G e

and that the graph of f is “S-shaped” in the interval [0, 1] with a single in-
flection point at u = % Hence the solution of the Riemann problem will be
a rarefaction wave followed by a shock. The left limit of the shock, u, will
solve the equation f'(u1) = (1— f(u;))/(1—u,), which gives u; = 1—+/2/2,
and the speed of the shock will be o = (1 4 +/2)/2. For u < u; we must find
the inverse of f’, and after some manipulation this is found to be

(FY () = % (1— \/é(,/4§+1—1)—1).
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Hence the solution will be given by

0 forx <0,
u(x,1) =S (f) " (x/t) for0<x <t(l++2)/2,
1 forx > (1 + +/2)/2.

See Examples 1.6 and 2.3. All velocity models give a concave flux function
f(p) = pv(p). For Riemann initial data

f <0,
u(x.0) = u; forx <
u, forx >0,
the solution reads
u; forx < st,
u(x,t)z% s=1[f1/1[e].
u, forx > st,
whenever u; < u,, and
u; for x < f'(u))t,
u(x,1) = ()" (x/1) for f'u)t < x < f(unt,
U for x > f'(u,)t,

for u; > u,. In the case of the California model, the flux function becomes
linear, f(p) = vo(1 — p/Pmax), and thus the solution reads

.0) u;  forx < —vot/Pmaxs
u(x,t) =
u, forx > —vot/Pmaxs

for all initial data.

To show that the function in part a is a weak solution, we check that
the Rankine-Hugoniot condition holds. In part b we find that u®(x,7) =
ug(xe/(t + €)). Then

-1 forx < —t,
u(x,t) = 3x/t forl|x| <t,

1 forx > t.

The solution found in part a does not satisfy the entropy condition, whereas u
does.
Introduce coordinates (z, y) by T = ¢, y = x —at. Then the resulting problem
reads
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The solution to this is found by convolution with the heat kernel and reads

ut(y,7) = u; + i‘/% 0/ exp(—(y — 2)*/(4emt)) dz.

The result follows from this formula.
2.5 Add (2.83) and (2.60); then choose ¥ as (2.61).
2.6 a. The characteristics are given by

at ax , dz
% =1, % = c(x) f'(2), % =0,

or

(=t %za@f%xzzm.

b. The Rankine—Hugoniot condition reads
s[ul = c[s1.
¢. The characteristics are given by
t =§+1, x=tan(z§+ arctan(x)), =z = z.

Using all values of zy between —1 and 1 for characteristics starting at the
origin, and writing u in terms of (x, ), we obtain

—1 for x < —tant,
u(x,r) = | ¥ for |x| < tant,
1 for x > tant.

d. One possibility is to approximate f by a continuous, piecewise linear flux
function, and keep the function c¢. The characteristics will no longer be
straight lines, and one will have to solve the ordinary differential equations
that come from the jump condition. Another possibility is to approximate
¢ by piecewise constant or piecewise linear functions.

e. The entropy condition reads

lu— k|, + c(sign (u —k) (f () = f(k)x =0

weakly for all k € R.
2.7 a. The characteristics are given by

G SR VN oY)
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b. The entropy condition reads

lu — k|, + (q(u,k)c(x)) + sign (u — k) f(k)c'(x) <0, (€2

in the distributional sense.

. Set n(u,v) = |u —v| and g(u, v) = sign (¥ — v) (f(u) — f(v)). Starting

from the entropy condition (C.2), we get

[ [nts. 00, + a1, = sien @~ k) fErE g dr = o
J[ [0, + a0 00c0)0, = sien 0 = 0 £ () dx i = 0.

We set k = v in the first equation, k = u in the second, and then add and
integrate, obtaining

] [re 036+ 00 + g oc@n + i
—sign (u — ) (f0)¢' () — F)' ()¢ dx di dy ds
+ [ [[ sentw=w [r00 = r0E0) = g,
— ) f @) + ¢ () f )| dx di dy ds = 0.

Now, ¢, = V¥, + Yw,. Therefore, the first term in the last integrand
above can be split into

sign (u —v) [(f () = f()(c(y) —c(x)] oy
+ sign (u —v) [(f(u) = f(v)(c(y) = c(X)] @Vy.

The integral of the last term will vanish as &; — 0, since ¢ is continuous.
What remains is the integral of

Y sign (=) [ (@) = FO)(0) — (),
— W) fo + ) fwo)

‘We have that

3 (€01 = cno),

() = (0w, = @o = —((c(0) —cox + ¢ (¥)o)
() =crno).

(c(y) —c(X)ay + (o =

0
dax
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Thus the troublesome integrand can be written W

ad
wrsign =) (0 (€)= o)

= F0) (e = ) ).

We add and subtract to find that this equals

ad
s (1= 0760 = £0) (5 (€)= e(n)o) )
+sign (- v) £0) [¢0) — ¢ ()] .

Upon integration, the last term will vanish in the limit, since ¢’ is continu-
ous. Thus, after a partial integration we are left with

//// %(W(“’ ”))(C(x) —c(y)wdxdtdyds
= lle'll e //// ‘%(wq(u,v))‘wdxdtdy ds

< conste; (T.V.(v) + T.V.(¥)).

By sending &y and ¢ to zero, we find that

// [ — o] Y+ sign (u — v) () — @)Y dx di = 0.

With this we can continue as in the proof of Proposition 2.10.
2.8 Mimic the proof of the Rankine—Hugoniot condition by applying the compu-
tation (1.21).

2.9 The function ¢ satisfies ¢’ = f'n’. Thus ¢ = u?/3. The entropy condition
reads

T
// (%szlbt + %u3¢«r) dtdx > _% / (u5¢li=0 — (U?$)|,=1) dx.
R 0

R

Choose functions ¢ that approximate the identity function appropriately. Then
/ udx < / ué.
R R

Solutions of conservation laws are not contractive in the L2-norm in general,
as the following counterexample shows. Let

{1 for0 < x < 1, {% for0 < x < 1,
Uy = Vg =
0

0 otherwise, otherwise.
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We find that
1 5
2
r)—v(t = - —1
(@) =v®)l3 = 7 + 5

fort < 2.
2.10 We have that u is a KruZkov entropy solution. Thus (cf. (2.23))

/T/(ﬁfﬁt +Q¢x)dxdt+/n(uo)¢(x,0)dx
0

(C.3)
- [ (@l ax = o
In particular, u is a weak solution, and thus
T
[ [ =0+ r00 = saong) dxar
0 (C.4)
+ [ =00 dx = [ (0= k)l dx =
Adding and subtracting (C.4) to (C.3) we find
T
[ [ @=0%6+ w=0* (a0 - r@ng) axas
0 (C.5)

+ [n—i*ocr.00dx = [ (=0 @)lior dx =0,

By following the Kruzkov doubling of variables method we obtain the ana-
logue of (2.59) with n = |u — v| and ¢ = ¢q(u, v) replaced by

+

= w—v) g ) = =) () — f().

The rest of the argument follows in a similar way.
2.11 a. The Rankine—Hugoniot relation is the same as before,

s [ul = [/].

T
//(l”—k|¢t+q(u,k)¢x)dtdx
R 0O

+/(<|u—k|¢>|t=o—(|u—k|¢>|,:T) dx

R
T
Z—//sign(u—k)g(u)¢dtdx
R 0

for all £ € R and all nonnegative test functions ¢ € C;°(R x [0, T]).
(Recall that g (u, k) = sign(u — k) (f(u) — f(k)).)
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2.12 First we note that the Rankine—Hugoniot condition implies that v is locally
bounded and uniformly continuous. Assume now that v — ¢ has a local max-
imum at (xo, f), where t, > 0. Since p is piecewise differentiable, we can
define the following limits:

pi= lim p(x,f) = @u(x0,%0) = pr = lim p(x,ip).
X—=>X0— X—=>x0+

The inequalities hold, since v — ¢ has a maximum at (xg, fp) and where p is
differentiable,

X . X . X .
vx=p+pr—tH(p)x=p+7p+tpt=p+7p—7p=p-

Thus ¢, = @x(xo, %) is between p; and p,. We also take the upper convex
envelope. Thus

Hl + U((Z]x - ﬁl) > H((ta)»)v
H, +0(¢x — pr) = H((y),

where H;, = H(p;,) ando = (H, — H,)/(p; — p:) if p # pr ando =
H’(p;,) otherwise. We add the two equations to find that

~ N o _ _ 1
OQx = H((px) + E(pl + pr) - E(Hl + Hr) (C6)
Now we find (x, t) close to (xg, fp) such that

fo—t

Since v — ¢ has a local maximum at (X, Zy), we have that

v(xo,10) — v(x,1) - @(x0,20) — ¢(x, 1)
to—1 - th—1t ’
If p is assumed to be left continuous, we can now use this to show that
Uﬁl —H; > (Z)t + O(ﬁx-
Choosing (x, ¢) slightly to the right of the line x = o¢, we can also show that
Uﬁr - Hr > @t + U@xv
and therefore
o _ _ 1 R n
51+ p) = 5 (Hi + Hy) = ¢ + 0.
Using (C.6), we conclude that
¢+ H(gx) <0,

and v is a subsolution. To show that v is also a supsolution, proceed along
similar lines.
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2.13 Assuming f to be twice continuously differentiable, we find that

1f = Al = sup 1S = J%U’l);:c(]{@ — (@)

<sup|f'(p) — f5 (p)|
= sup ‘f’(!’) -
J.P
Je<p=(j+1)é
= sup Lf'(p) = f @] < 8Ilf" |~

lp—ql|=é

S+ D) -G
8

Assume next that f is twice continuously differentiable on closed intervals
1y, I, with I1 N I, = {u}, where # is such that f is not twice differentiable at
u. Then we get for u € I, v € I, that

(f = f5) ) —(f — f)()

U—v
U =5 = (f = @) n |(f = fo)@) = (f — f) ()]
- |lu —v| |lu —v|
N =)W = (f = )] n |(f = fo)@) = (f — f) ()]
- lu — ul [t — v

< Wf = Sslluipay + I1f = Sslivipn)
<SS Npoory + SN e
<28 ||f”||Loo(11u12) .

Thus in the general case, we get
If = fsllipennny < CIF e carny »

where C| is one plus the number of points where the second derivative does
not exist.
Finally, we observe that

e = Salliipnrary = Wi = Flliiparnny + I1F = Foo lcipaay
< 2C18u, | " N zoeeaann)

when n; < n,.
2.14 a. Observe first that

Jo(u) = sup g(u),
geA

where A is the set of all affine function below f, that is,
A={gu)=su+q|s.qeR,sv+q =< f(v), vela,b]}
Consider the subset of A with a fixed slope:

A, ={geAl|g =s}.
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Then /_\_//\\__/—\

Sf—(u) = sup sup g(u),
seR geAy

and there exists g; € A, such that sup,. 4 g(u) = gs(u). Since f is
continuous, there exists u# such that

gs() = f(u),
which implies
q = gs() —su = f(it) —su.
Since g; < f, we infer that ¢ must be minimal. Thus

¢ = min (f(v) —sv) = —vrgl[gx (sv - f(U)) = —f"(s).

vela,b] b]

Finally,
fo(u) = sup g, (u) = sup (su— f*(s)) = [ (u).

seR seR
b. The fact that u(§) = (f”)~"(£) implies that § = £’ (u). We have that

Sl = [0 = max (uw — f*().
The maximum is attained for s = f’ (u), and hence s = &, and we obtain

o) =ué — ().
By differentiation with respect to £ we obtain
d
L)' (§) = u'(§)§ +u(§) — d_gf*@)’
which implies, since we have § = f” (u), that
d *
u(§) = d_gf é).

See [148].
2.15 We first find the characteristics (parameterized using ?)

n+(1—e™) forn<-—3,
x=x(.1)=qnQe" —1) for—1<n<0,
n forn > 0,
t

u=u(n,t) =uo(ne .

Characteristics with n € [ — 1,0] collide at 7 = In2. At that time a shock
forms. The solution reads

e forx <min(}—e 117,

u(x,1) = 25 fory—e” <x <0,
0 for x > max (0, i — %e‘t).
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Fig. C.2 The fronts for Ex-
ercise 2.19
t
L1 772 T
2.16 The solution reads
2 forx < (e — 1),
u(x,t) = { orx ?(62 )
0 forx > 5(e*—1)t.
2.17 a. 1 forx <t +2,
u(x,t) =
0 forx >1t+2.
b. 0 forx <2,
u(x,t) = ("3—:2)1/2 for2 < x <3t +2,

1 for x > 3¢t + 2.
2.18 The solution reads

x/t for0<x<t,
u(x,t) =141  fort <x <1+1¢/2,

0 otherwise,

when ¢ < 2, and

x/t for0 < x < +/2t,

u(x,t) = )
0 otherwise,

when ¢ > 2.

2.19 In Fig. C.2 you can see how the fronts are supposed to move, but you will have
to work out the states yourself.

2.20 See, e.g., [58, p. 255].

221 Let0 =ty < t) <t < -+ <ty < tyy1 = oo denote the collision times. On
each time interval [t;, t; ;1] the solution satisfies the Kruzkov entropy condition
in the sense of (2.23); cf. (2.30). By adding all these inequalities, all boundary
terms will cancel except the term coming from the initial data, which results
in (2.23) with T = oo.
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Chapter 3, Sect. 3.7

3.1 The weak entropy solution reads

forx <0,

u(x,t) = for0 < x <1,

—_— e O

forx >t.

3.2 We do the MacCormack method only; the Lax—Wendroff scheme is similar. It
simplifies the computation to use repeatedly that

¢(u + ae + be* + 0 (&%)

82

=¢u)+ ¢ (u)ae + 5 (¢"(w)a® +2b¢'(w)) + O (&%)

as ¢ — 0. Consider an exact classical (smooth) solution u of u, + f(u), = 0,
and compute (where Sy, is the operator defined by the MacCormack scheme)

La = é(S(At)u — Su(An)

- A%{u(x,t + At) —u(x, 1)

A
+ 5[ () = A(fux + Ax.n) = fu(x.0)
— f (= A1) = AW, 0) = f(ulx = Ax.1))))
+ S 0) = fulx = Ax,0)])
= A+ o

+ %Z[Un =21/ @ — £/ ] AN + 0 (Ax°) |

=0 (sz) ,

where we have used that a smooth solution of u; + f(u), = 0 satisfies u;; —
21" (u) f" ()l — f'(u)uy, = 0 as well.

33 a. Ifu = u;?, v = ”7+1 and w = u;’_l, we have that

uith = g(u. v w)

:u—)k( fis)vods+ | f'(s)A0ds
oo

—/f’(s)vOds—/f'(s>A0ds)
0 0

=u—k(/u|f/(s)| ds+/vf/(s)/\0ds—/wf/(s)\/0ds).
0 0 0
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Computing partial derivatives, we find that

sl il =,
u

9

%8 _Af'w) A0 >0,

av

98 3wy v oo,

Jw

Consistency is easy to show.

b. If f/ > 0, the scheme coincides with the upwind scheme; hence it is of
first order.

¢. For any number a we have

1
|a|=a\/0—a/\0,} aV0=§(a+|a|),

= 1
a=av0+ano, aA0=5(a—|a|)-

Using this the form of the scheme easily follows.
d. We have that

w2
/|u| du = sign(u);.

From this it follows that

2 2

1 (u? 2?2 v u
EO _ 2 e i
P (u,v) = 2(2 + 5 sign (v) 5 + sign (u) 2)

2

2
= % (%(1 + sign (u)) + %(1 — sign (v))) ,

which is what we want to show. If f is convex with a unique minimum at
u, then

fPw.v) = fluvi)+ foni)— f@).
3.4 The scheme is not monotone, since

n+1
8uj

n
3“ji1

t /
= :':Ef (W 41)-

3.5 Assume that waves coming from x;_;/» and x;,/; at time f, interact be-
fore t,41, say at 7,. Integrating the conservation law over the rectangle
[j—1/2, X +1/2] X [£, 1] yields

In—t,
~n _,n 1 n n _n
) = uf = (1= L),
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where the Godunov numerical flux F}',, , is given by (3.8), and u} is the

3.6

3.7

3.8

j+1/
average of the solution at time 7,. If we now integrate the conservation law

over the rectangle [x;_1/2, Xj+1/2) X [y, ty+1], We obtain

—
n+l _ ~n _ ‘n+tl n(rn _ .
u,  =1u; T Ax (Fj+l/2 Fj—1/2)’

the Godunov numerical flux is the same. Adding the two expressions, we get

1
”7+ =uj — )‘(Fﬂl/z - an—l/Z)’

which is the Godunov method.
We calculate

La = A%[u(r + At) — %(u(x + Ax) +u(x — Ax))

+ 22—;( fO+ A0~ fixr = Ax)]

1 At? Ax?
— |:u + Atu, + 5 — U= U+ Atfx:| + O(At?)

At

= S (@), = ) + o)
A

_ 27’2 I:(()Lf/(u))z — 1) ux]x +O(AL).

Consider the function

G, by=a+b—A(f(a)— f(D)).
We have € positive,

G(a+¢€,b)—G(a,b) =€—A(f(a+¢€)— f(a))
ze—Alfla+e)— fla)
>e(1—AL)>0

for AL < 1, and where L is the Lipschitz constant of f. Similar calculations
for the b variable.
For the case f(u) = u, we find that Heun’s method gives

un+1_un_& u" —u" _A_Z u" _2un+un
oo T T M T ) T (M jTUj=2)-

Using the ansatz u} = e . we obtain

2
Mn+1 = Un (1 — % (€iAX — e—iAx) - (% (eiA"C — e_iAX)) )

= wy (1 —iAsin(Ax) + A% sin*(Ax)) .
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Hence

nst] = Il /(1 4+ A2Sin2(Ax)2 + 22 sin2(AX) > |1,

forall A > 0 and Ax > 0, and the method is unconditionally unstable.
3.9 a. We find that

u;”rl =ul /(1 + A} —uf_)).

provided that the denominator is nonzero. Thus

aur_t-H 5
8;’? = )Lu;’/(l + 2] — u;’_l)) ,
j

aun+1

n n n 2
3“1;_1 - (1 —)Lu/-)/(l + A(uj - uj—l)) :

;"H as a function of u},u}_, € [0,1], we

;’H takes on its largest value, namely one, when u;? = u;?_l =1.
Thus u;?“ € [0, 1] for all n and j. The same computation shows that the
scheme is monotone.

b. A constant is mapped into the same constant by this scheme, which there-
fore is consistent. A Taylor expansion around a smooth solution shows that
the truncation error is of first order.

3.10 a. With the obvious notation we have that

Assume A < 1. Considering u
see that u

n n A’ n n n n
vt = (fj — Lt S f,-_l),

7 Ax

and by a Taylor expansion about U/ ,,

/ 1 "
= =) S ) + 5(14? — i )2 " (n-1p2),
1
o= f + Wy —uj_ ) f'wf)) + E(uf—z —ul )" (1j-3p)-

Using this, we get the desired result.
b. Assuming that v}’ > vj’.’_1 > (), we find that

2
Vit <l —cAr (vj”) = g(v]).

The function g has a maximum at 1/(2c¢At). Hence vj is in an interval
where g is increasing. Thus

. 1 1 a4l 1
vt <g = < .
2+ n)cAt (n+2)cAtn+2 (n+3)cAt
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The case v}’_l > v}’ is similar, and the case 0 > v]’-’ \% v}’_l is trivial. Thus

3.11 a.

we have completed the induction. Hence for all n, 0" will be in an interval
where g is increasing, and

VIt < g (8").

Taking the maximum over j and O on the left completes the claim.
Assuming that the claim holds for n = 0, we wish to show that it holds for
every n by induction. Since 9" is in an interval where g is increasing, we
find that

A

A Do 1 — Do
T T 1 4+ enAti 1+ cnAtdy
Vg 1 4+ cAtvg(n —1)
1+ cnAtdy 1+ cAtton

so if

14+ vocAt(n—1) < 1
(1 + docAtn)>  — 14 DocAt(n +1)°

we are ok. Set k = 0ycAt. Since
(1 +kn)> —k*> < (1 + kn)?,

the claim follows.

. Since v}’ < 9", the claim follows by noting that

i
n n __ n
uy —uj = E v

k=j+1

Since {u;’} converges to the entropy solution u for almost every x (and y)

and ¢, we find that the claim holds.

We find that u(- + p,t) is another entropy solution with the same initial
condition; hence u(- + p, -) = u, and u is periodic.

Taking the infimum over y and the supremum over x, we find that this
holds.

Set u, = u * w,. Then u, is differentiable, and satisfies

dute + 0x(f (u) * we) = 0.

Thus

P

d

G [ = (700 <000.0 = (70 x0)(p.0) =0
0
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XK
RS

N\

since also f * w, is periodic with period p. Therefore,

P P
U (x,t)dx = | uge(x)dx.
[ruieoe=]

We know that u, converges to u in L'([0, p]); hence

p P
u(x,t)dx = [ up(x)dx.
[rene=]

Now, since u(x,?) — u as t becomes large,

P
pu = /uo(x) dx.
0

3.12 The limit of y(A,u,(x)) will be independent of x, we have that

1 0<A<1, and x € [2k/2n,(2k + 1)/2n),

Au, =
X (x) §_1 —1<A<0,andx € [(2k + 1)/2n, (2k + 2)/2n).

Therefore
Ioo=asl,
(R @) =~ fA) =11 —1<a<1,
0 otherwise.
Now

0 = 800 — 3 (5100 + 5 ().
Thus v = (6_; + 81)/2.

3.13 a. Observe first that v is constant and equal to one on the interval [1, 2]. From
the definition of F' we see that

1
[F(¢) — ¢l = 316(0) —(a)].

Thus

N\
[Vk1 — ve| = Z \F(Uj,k) - Uj.k| Xik = (5) ;
J
and hence the limit
v(x) = klim v (x)

exists and is continuous.
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b. Observe that T.V. (v ) = (%)k (on [0, 1] and [2, 3]), and that

TV.(F@) = () (@] = 2TV 4.

Thus
T.V. (s1) = Y T.V.(F(v0)) = §ZT.V. (vjx)
J J

_ g@k g.gk 13_02,(. (C.7)

c. We see that
v(j/3%) = v (j/3%)

by construction.
d. Define the upwind scheme by

T =l A = S, w) =u(/3) = w3, (C8)

From the assumptions on the flux function we know that the scheme is
TVD with a CFL number at most one. Thus

1
T.V. (") < T.V. (u°) < T.V. (1) = ?ng'

We apply Theorem 3.32, and consider
(AP >l —u) At <7310 5
x — 2 Ujpr —U; | AL = 37

For this to be less than a constant C(T"), we need 2/3‘3 < l,or 8 >
In2/1In3 & 0.63. For Theorem 3.32 to apply we note that (3.110) is satis-
fied with right-hand side zero.

Chapter 4, Sect. 4.7

4.1 a. Set

t

@) = [ (065 = 1)~ 0,65~ ) ds.

0

Then «, will tend to the characteristic function of the interval [, f;] as
& — 0. Furthermore, set ¥ (x, y, 1) = o.(t)¢(x, y) for some test function
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¢ with |¢(x, y)| < 1. Since u is a weak solution, we find, using ¥ as a test
function and taking ¢ — 0, that

//<P(X’Y)(U(xvyvf1)—u(x,y,tz))dxdy
+ [ [ (reoes + s dxayar=o.

Then we have that
”M(-, 'stl) - M(' , " ’l2)”L1(R2)

— sup // 00 ) u(x, y.11) — u(x. y. 1)) dx dy

lpl=<1
15}

< [ sw [ (Fae. + stw,) dxay ar

lpl=<1

15}

< /(/ TV (fu(-,y,1))) dy + /T.V.y (gu(x, -,1))) dx) dt

|

<t =l (If luip v 1gllLip) T-V. (uo) -

See also Theorem 7.10.

b. Let ua, and v,, denote the dimensional splitting approximations to u
and v, respectively. It is easy to show (using monotonicity for the one-
dimensional solution operators) that if uy < v a.e., then ux; < v, a.e.
Hence

//[um(x,y,t) —vpr(x, y,0)] VOdxdy =0,

and since both 15, and v, converge strongly in L' to u and v, respectively,
it follows that

/[[u(x,y,t) — v(x,y,t)] vO0dxdy =0,

and thusu < v ae.
4.2 Letu = S]uq denote the solution of u, + fj(u), = 0 with initial condition
Ul;=o = ug. Define {u"} by
u’ =uy, w2 =S\ ut = S;u
Interpolate by defining u,, = S21(t—t,,)un ift, <t < ty112 and up, =
u"*t1/2 whenever t,,11/ <t < t,41. (Here t, = nAt.) By mim-

1
2(t—ty+1/2) - =
icking the multidimensional case, one concludes that (i) |ua/]| = < C; (ii)



Answers and Hints 483

T.V. (ua:(t)) < T.V.(ug); and (iii) [ua;(t) —ua:(s)||;1 < C |t — s|. Theo-
rem A.11 shows that u o, has a limit ¥ as At — 0. Write the Kruzkov entropy
condition for u », for each time interval [z,, t,,41/2] (for f1) and [¢,, t,4+1/2] (for
/), add the results, and let D¢ — 0. As in the multidimensional case, the limit
is the Kruzkov entropy condition for u and the original initial value problem
(4.99). The analysis in Sect. 4.3 applies concerning convergence rates.

4.3 Consider first a smooth function . Let

I =1 xI, =ay,b] x[ay, by] C R>.
For x;,y; € I; we have

Y (x1,x2) — ¥ (y1.y2)

Y (x1, x2) — ¥ (x1, y2) + ¥ (x1, y2) =¥ (1, »2)

X1 8w X2 aw
e de+ [ e

1 Y2

By integrating over / we obtain

1
Y(x1,x2) — i I/ Y (yi,y2)dy dy,

< ﬁ[['z—f@v)’z)

by
0
dsdy2+/'%<x1,s>' d.

Thus

[/ v = [ vy dx s,

1
d 0
< |11|//‘£<x,y>' dxdy+|12|//'%(x,y>' dx dy
1 1
smax{w,uzn// VY (. )] dx dy.
1

We can approximate every function v of bounded variation with smooth func-
tions vy such that (see [64, Thm. 2, p. 172])

1V =Yl = 0, IVl = IV Il -

This implies that

// [Yx — | dx dy < max{Ax,Ay}// V| dx dy.

Iij 1,‘/'
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By taking limits we have

[[ 1y =nv1dxdy < maxiax.ayy [[ 1991 axay,

1,'/‘ I;j

and subsequently

J[ 1w =rviaxay =3 [[ 1w -xviaxay

1] 11/

< max{Ax, Ay}Z//wm dx dy

i,j I
= max{Ax, Ay} // V| dx dy.

4.4 For simplicity, we assume that m = 2. Using the heat kernel, we can write

1 ( (x —z2)?
exp( —
am At P 4At

w1 2(x,y) = )u”(z, y)dz

1 O =w’\ i
exp| — 7)14 (x,w)dw
NZY TN 4At

[/ exp ( G 2)24—2? — w)z)u"(z, w)dz dw.

u"t(x,y) =

- 4 At

From this we see that u"*!(x, y) is the exact solution of the heat equation
with initial data u” (x, y) after a time A¢. If we let u(x, y, t) denote the exact
solution of the original heat equation, we therefore see that

u(x, y,ty) = ua(x,y,t,), n=0,1,2,....

We have that u and u 5, are L' continuous in #; hence it follows that u, — u
in L' as At — 0.

If we want a rate of this convergence, we first assume that u(-, -,¢,) is uni-
formly continuous. For ¢ € (,,#,+1/2) we have that

Ua(x,y,t) —u(x,y,t)

! (=2 + (y—wp
T 4n(—1,) [/exP(_ - 24(:5) —)

x [u(z, y,tn) —u(z,w.t,)| dwdz

__ _ -2

B ,/47r(t—z,,)/eXp< 4(t—tn))

g / ;exp(_ M)
Van(t —t,) 4t —1ty)
x [u(z, y. )—u(z w, ;)] dwdz
2
| IER A S CR R P E

,/4n(t —1,) / 4(f tn)
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where 1n(z, w, t) denotes the solution of
N = Nww, NE,w,5)=u"(z,w).
If u"(z, w) is uniformly continuous, then
In(z,y,0) =n(z, y,t,)| < CVAL,
and hence
luai(x, 1) —u(x, y, )| < CVAL

and an identical estimate is available if ¢ € (f,41/2, #,41). Hence if ug(x, y) is
uniformly continuous, then

”uAt('f -,t)—u(-, 'st)”LOO(RZ) < C~VAt.

If ug(x, y) is not assumed to be continuous, but merely of bounded variation,
we must use Kruzkov’s interpolation lemma to conclude that

InGz. - 0) =0 - )1 ®) = CVAL
Using this, we find that
luarC-s - 0) =u-, - 0l @®) < CVAL

4.5 a. The scheme will be monotone if an+1/2 (U") and U} (U"*"/?) are mono-
tone in all arguments. This is the case if

MSfh =1 and p<

N =

b. We see thatif A | f/| < 1, then

. 1/2
minU”" < U"Y? < max U,

andif u < Ly

. 12 1/2
min U" % < Ut < max U2,
e j N

Therefore, the sequence {u,} is uniformly bounded. Now let V" be an-
other solution with initial data Vjo. Set W' = U — V/". Then

W(t+1/2 —

j (1= /" (1)) Wy + l(1+f/ (nj1)) WL,

2

| =
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where 7; is between U} and V. By the CFL condition, the coefficients of

W/, are positive; hence

)Wj"H/Z)S%(l—f(’?/H ‘ j+l‘ %(l—i-f/(’?j—l)))wjn—l)'

Summing over j, we find that

DBLASSED LA
7 J

Similarly, we find that

L O Y A R A i

so that

Z‘anﬂ) SZ)WJ-"“/Z‘ SZ‘W]’ '
J J

Setting Vj” = Uj”_l, we see that T.V. (1) is uniformly bounded, and set-

ting Vj0 = 0, we see that ||ua,||; is also uniformly bounded. To apply The-
orem A.11 we need to use Kruzkov’s interpolation lemma, Lemma 4.11, to
find a temporal modulus of continuity. Now we find that

'/ ¢ (x) (uar(x, nAL) —up, (x,mAt)) dx

Xj+1/2

Z 3 / & (x) dx (Ujk“—Ujk).

kn-HJX ey

If we set ¢; = [/ ¢(x) dx and D¥ = UF —U¥_,, then the sum over

. Xj—1/2
can be written

Sdm (DI =0} + b5 (Df - 1)
J J
+ Z¢j ( 1T —1) .

We do a partial summation in the first sum to find that it equals

_MZDk-H/Z ¢_’/ ).

(C.9)

Now

Xj+1/2  x

|6; — ;1| = / /¢’(y)dydx

Xj_1/2 X—Ax

2
< [l Ax.




Answers and Hints

Since . = At/Ax?, the first sum in (C.9) is bounded by
At[¢/ TV (uar) -
Similarly, the second term is bounded by

;1 Ax
A t%TT.V. (uar) -

Finally, since A = At/Ax, the last term in (C.9) is bounded by

At||pll ATV, (uar) .

Therefore,
'/¢(X) (uas(x, nAL) —up (x,mAt)) dx

< (n—m)Atconst (¢l +1¢'l.1)-

Then by Lemma 4.11 and the bound on the total variation,

luar (- t1) —uai(-, 02)|lp1 < const /|t] — £

487

Hence we can conclude, using Theorem A.11, that a subsequence of {u,}

converges strongly in L.

To show that the limit is a weak solution, we have to do a long and tortuous

calculation. We give only an outline here. Firstly,

/[ (umot + fua)es + uAt(pxx) dx dt

Xj+1/2 In+1

- / / (U/nw’ + fi'ex + an%—x) dx dt.

After a couple of partial summations this equals

Xj+1/2
_ Z / (pn+1(x) dx |:l]jn+l _ U/n:l
(R
Iny1
- Z / ®j+172(1) dt [f," - fj"_l]
n.J th
Iny1
=3 [ eapy @iy
n,j tn
Iny1

_Z/ ((pj/'+1/2(t)_(ﬂj/'_1/z(t)) dt [U;H_I/Z—Uj"].

"t

(C.10)

(C.11)

(C.12)

(C.13)
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4.7 a.
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Now split (C.10) by writing the term in the square brackets as
Dn+1/2 Dn+1/2 1 Dn Dn A n n
“(j — P >+§(;‘_ j—l)_g(fjﬂ_fj—l) :
(C.14)

The trick is now to pair the term in (C.14) with p with (C.12), and the
term with A with (C.11). The limits of the sums of these are zero, as is the
limit of (C.13), and the remaining part of (C.14) also tends to zero as At
approaches zero. If you carry out all of this, you will find that the limit is
a weak solution.

To verify the left-hand side of the inequality, we proceed as before. When
doing this, we have a right-hand side given by

zxy%gnw—WOQUO—g@DWwwmmhdn@d&

Now we can send g and &; to zero and obtain the answer.
By choosing the test function as before, we find that the double integral on
the left-hand side is less than zero. Therefore, we find that

h(0) — h(T) > // sign (u — v) (g(u) — g) ¥ (x, 1) dxdt,

and therefore
T
nT) b+ [ [ 1200 = g v dxd
0

T
<h)+y lu —v|ydxdt.
f

By making M arbitrarily large we obtain the desired inequality.
We set

ua(x,0) = up(x),

S (2 (t - tn)) Up (x), 1 e (lns tn+1/2]7

uAt(x’t) =
R(x,2(t — tyy1/2) + tas tug1/2)Ung12(X), 1 € (tagry2, ).

A bound on |[u /] is obtained as before. To obtain a bound on the total
variation we first note that

T.V. ("% < T.V. (u").
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Let u(x,t) and v(y,t) be two solutions of the ordinary differential equa-
tion in the interval [¢,, 1, ]. Then as before, we find that

[uCx,0) —v(x, 1), < |g(x,t,u(x, 1) —g(x,t,v(y, 1))
+1g(x, t,v(y, 1) — gy, t,v(y, 1))
<y lulx, 1) —v(y, 1)l
+1g(x,t,v(y, 1) — gy, t,v(y, 1))l

Setting w = u — v, we obtain

In+1

(o)) < ey<'-f"+“(|w(o>| + [ et 000) = g0t ) dr).

In

If now u(0) = u"*t/2(x) and v(0) = u"*'/2(y), this reads

Mn+1(X) _ un+1 (y))

< eyAt (|un+l/2(x) _ un+l/2(y)i
Int1
gl

In

r—1,
g(-xstvuAt (ys T + ln+1/2))

t—t,
—g(y,t,um(y, 5 +tn+l/2>)‘dt-

By the assumption on g this implies that

Int1
T.V. (u"™) feVA’(T.V. (u"t/?) + / b(t)dt),

In
and thus
T.V. (ua) < e’" (T.V. (uo) + |1b]]) -

We can now proceed as before to see that

/ [u" 1 (x) —u" (x)| dx < const Ar.
T

Hence we conclude, using Theorem A.11, that a subsequence of {ua,}
converges strongly in L' to a function u of bounded variation.

c. To show that u is an entropy solution, we can use the same argument as
before.
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Write v = u, and differentiate the heat equation u, = ¢Au with respect to ¢.
Thus

v, = eAv.
Let sign, be a smooth sign function, namely,
1 for x > n,

sign, (x) = ¢ x/n for|x| <7,

-1 forx <—n.
If we multiply
v, = eAv

by sign, (v) and integrate over R™ x [0, 7], we obtain

t t
//v, sign, (v) dt dx :e//Av sign, (v) dt dx

Rm 0 R™ 0
t

= —8//|Vv|2 sign; (v) dt dx

R™ 0
<0.

For the left-hand side we obtain

//tvt sign, (v) dt dx://(v sign, (v)), dt dx

R™ 0 R™ 0

t
—//vv, sign, (v) dt dx.

Rm 0

The last term vanishes in the limit 7 — 0; see Lemma B.5. Thus we conclude
that as n — 0,

@ = IO < 0.

From this we obtain

lu(t) —uoll;1 = / ‘/v(f)df
R" 0

dx < / lo@®],. d7 < v, 1.
0
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Chapter 5, Sect. 5.8

5.1 Using the derivation of the shallow-water equations based on the Navier—
Stokes equations, we obtain as before
v, + VUy + UV, = —py,

py = —1.

When we integrate the pressure in the vertical direction, we get
p=36b(x,t)+h(x,t)—y (C.15)

when we as before normalize the pressure to vanish at the surface of the water.
By inserting this in the first equation, we obtain

v, +vv, + (6b + h), = 0.

Apply Green’s theorem to a region R of the fluid confined between x = x;
and x = Xx;:

O={/(vx+uy)dxdy=a[(—udx+vdy)

= / (((Bb + h)yv + (8b + h),) dx — v(8b + h), dx)
- / ((8byv + 8b,) dx — v6b, dx)
+ v(xzs t)h(xzs t) - U(X], l)h(XI, l)

= [ b+ @) dx,

X1

(C.16)

or h; + (vh), = 0, where we used that v dy = v(6b + h), dx along the curve
y = (6b + h)(x,t) and vdy = v8b, dx along the curve y = §b(x,1).

By combining these equations and rewriting in conservative form, we conclude
that

hy + (vh), =0,

1 (C.17)
(vh); + (V*h + Ehz + 8hb), = 0.

5.2 The eigenvalues are A = £./—p’(v). Hence we need that p’ is negative.
5.3 The shock curves are given by

Spu=u + (@—uv)/JSov, v <,
Syu=u; —(v—v;)/ v, v=>u,
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and the rarefaction curves read

Ri:u=u; +In(v/v), v<uy,

Ryu=u;—In(v/v;), v=>v.

We see that for v; > 0 the wave curves extend to infinity. Given a right state
(vy,u,) and a left state (v;, u;), we see that the forward slow curves (i.e., the
S and the R| curves above) intersect the backward fast curves from (v,, u,)
(i.e., the curves of left states that can be connected to the given right state
(vy, u,)) at a unique point (v,,, u,,). Hence the Riemann problem has a unique
solution for all initial data in the half-plane v > 0.

The shock curves are given by

Siu=u — (@ —v)(p)—p®), v
Syu=u—/(v—v)(pv) — p(v)), v

IA

v,

IV

v,

and the rarefaction curves read

v

Rlzu=u1+/\/—p’(y)dy, v >y,

vy

v

Ry:u :ul—/\/—p’(y)dy, v <.

vy

If fvolo v —P'(y) dy < oo, then there are points (v,, u,) for which the Riemann
problem does not have a solution. For further details, see [169, pp. 306 ff].
The solution consists of a slow rarefaction wave connecting the left state
(h;,0) and an intermediate state (h,,, v,,) with

Um = _Z(M_ \/h_l)s

and there is a fast shock connecting (h,,, v,,) and (k,,0), where

1 1 1
m:_hr_hm T 7 -
= g N

The intermediate state is determined by the relation

2V~ Vi) = = B[22

which has a unique solution (the left-hand side is increasing in #,,, ending up

at zero for h;, while the right-hand side is decreasing in #,,, starting at zero
for h,).
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5.6 a. Set f(w) = pw and compute

df = Yyt (2 _ [ Putt QU + ¢ 0 = A+ ¢l
Puv PV + @ Puv Py 0 ¢
Hence an eigenvector of A with eigenvalue u is also an eigenvector of df
with corresponding eigenvalue i + ¢. Using this, we find that

v u
AL=0, r1=(_¢;), Ay =@ + (puu + @yv), r2=(v)-

b. In this case ¢, = u and ¢, = v, and hence

1 v 3 u
A= 5(u2+ V), = (—u)’ Ay = E(u2 +v?), = (v)

We find that the contours of ¢, i.e., circles about the origin, are contact dis-
continuities with associated speed equal to half the radius squared. These
correspond to the eigenvalue A;. The rarefaction curves of the eigenvalue
A, are half-lines starting at (u;, v;) given by

u v

U V]
such that u?+v? > u? +v7. For the shock part of the solution the Rankine—
Hugoniot relation gives
(¢ — @) (vu; —vu) = 0.
If ¢ = ¢;, we are on the contact discontinuity, so we must have
uou

v vy

This is again a straight line through the origin and through u;, v;. What
parts of this line can we use? The shock speed is given by

u? + 0 [ (v v
o= ) v_l + U_l +1
u2 2 2
2& (1)4_(1)4_1
2 U uj
u? + v?

= [uv—i—W—i—u;vﬂ.

2u1v1

Using polar coordinates 7> = 2¢, u = r cos(#), and v = r sin(6), we see

N ORGR

We want (this is an extra condition!) to have o decreasing along the shock
path, so we define the admissible part of the Hugoniot locus to be the line
segment bounded by (u;, v;) and the origin.




494 Answers and Hints

Now the solution of the Riemann problem is found by first using a contact
discontinuity from (u;, v;) to some (u,,, v,,), Where

U U
e, v) = @Upm,vy) and — = —,
U, vy
and (u,,, v,,) is on the same side of the origin as (u,, v, ). Finally, (u,,, v;,)
is connected to (u,, v,) with a 2-wave.
c. In this case |
m e Ut ur o

and therefore :

A= ————
2T (M +u+v)

The calculation regarding the Hugoniot loci remains valid; hence the
curves ¢ = const are contact discontinuities. These are the lines given
by v = ¢ —u and u,v > 0. The rarefaction curves of the second family
remain straight lines through the origin, as are the shocks of the second
family. On a Hugoniot curve of the second family, the speed is found to be

1
o= ,
A+u;,+v)d4+u+v)

and if we want the Lax entropy condition to be satisfied, we must take the
part of the Hugoniot locus pointing away from the origin. In this case both
families of wave curves are straight lines. Such systems are often called
line fields, and this system arises in chromatography. See [153, 154].
Observe that the family denoted by subscript 2 now has the smallest speed.
Hence when we find the solution of the Riemann problem, we first use the
second family, then the contact discontinuity.
5.7 Integrate the exact solution u} over the rectangle [(j — 1)Ax, (j + 1)Ax] x
[nAt, (n + 1)At]. The CFL condition yields that no waves cross the lines
(j £ 1)Ax. Thus

(j+DAx (n+1)At
0= / / (W) + f))y) dx dr

(j=DAx nAt

(j+DAx (n+1)At
(m+har 4 (j+DAx " d
/ nAt J + / ‘(j—l)Axf( f)
(j—DAx nAt
(j+DAx
= / ul(x, Aty dt — Ax(U]',, + UJ"))
(j—DAx
+ At(f(anH) — f(an—l))
(+D)Ax

= / u}(x, At)dt —2AxU T

(j—DAx
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5.8 a. Choose a hypersurface M transverse to r(uo). Then the linear first-order

59

equation Vw(u) - ri (1) with w equal to some regular function wy on M
has a unique solution locally, using, e.g., the method of characteristics. On

M we may choose n — 1 linearly independent functions, say w(l), el w(’)"l.
The corresponding solutions w/, j =1,...,n—1, will have linearly in-

dependent gradients. See [167, p. 117] for more details, and [169, p. 321]
for a different argument.

The kth rarefaction curve is the integral curve of the kth right eigenvector
field, and hence every k-Riemann invariant is constant along that rarefac-
tion curve.

The set of equations (5.185) yields n(n — 1) equations to determine n scalar
functions w; . See [56, pp. 127 {f] for more details.

. For the shallow-water equations we have

w =L 2vh, w,=2 42V
h h
Recall from Exercise 5.3 that the rarefaction curves are given by
In(v/v)) =F wu—uy).
Therefore, the Riemann invariants are given by
w_(v,u) =In() +u, wi(v,u)=In(v)—u.

b.—e. Introducing 4 = w_ and T = w,, we find that

(u+t) m—rt
v = exp > , U= 7

The Hugoniot loci are given by

which in (i, t)-coordinates reads

Sl =)~ (= )

S (M—Mﬂrr—n)_ex (Mz—u+t1—r)
P 4 P 4 '

Using Ap and Art, this relation says that

(C.18)

Ap+ A
Au—Anzmmm(Jtii).

4

Hence the Hugoniot loci are translation-invariant. The rarefaction curves
are coordinate lines, and trivially translation-invariant. To show that H_
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(the part of the Hugoniot locus with the minus sign) is the reflection of
H ., we note that such a reflection maps

Apr— At and At Ap.

Hence a reflection leaves the right-hand side of (C.18) invariant, and
changes the sign of the left-hand side. Thus the claim follows.

Recalling that the “—"" wave corresponds to the eigenvalue +1/u, we must
use the “4” waves first when solving the Riemann problem. Therefore,
we now term the “+” waves 1-waves, and the “—" waves 2-waves. Hence
the lines parallel to the p-axis are the rarefaction curves of the first family.
Then the 1-wave curve is given by

U —u; zln(vi]) for v > vy,
U—u = vi]—,/% foru < uy,

which in (u, 7) coordinates reads

T=1 for u > py,
t=1t(u) foru < u;.

Here, the curve 7(u) is given implicitly by (C.18), and we find that

W 1 —cosh(--+)
T =— =
H 1 + cosh(---)
From this we conclude that
0~ dr . d’t 0
du — 7 dpr 7
and 7(y;) = 7 and lim,,_,_, /(1) = —1. By the reflection property we

can also find the second wave curve in a similar manner.
5.10 a. We obtain (cf. (2.15))

0= / (s + £)2) Van(u) dx di
- /f D) dx di + / A () Vun () dx di

= —// n(u)eo, dxdt—l—// VugW)u,p dx dt

—~ [[ (s, + ) dxar.

b. The right-hand side of (5.186) is the gradient of a vector-valued function ¢
if

d*n(u)df u) = df () d*n(u), (C.19)
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where df (u)' denotes the transpose of df (1), and d>1n(u) denotes the Hes-
sian of 1. The relation (C.19) follows from the fact that mixed derivatives
need to be equal, i.e.,

0%q 0%q

dujdur  Ougdu;’

Equation (C.19) imposes n(n — 1)/2 conditions on the scalar function 7.
c. We obtain

v

1
n(u) = Euz —/p(y) dy, q(u) =up(v).

d. Equation (C.19) reduces in the case of the shallow-water equations to one
hyperbolic equation,

2

q _ q
<ﬂ + h)’qu = Npp + 2h'7hq,
with solution
2 3
g 1., q
=1 4 2 =1 4y
nw) =+ 5 Q) = 55 +hq

(where for obvious reasons we have written the entropy flux with capital
Q rather than q).
5.11 See [40, Sect. 3.4].
5.12 a. The result follows directly from the definitions.
b. Given u; + f(u), = 0, introduce new variables w such that u = g(w)
for some function g. We have u;, = Gw; and u, = Gw,, where G =
dg(w)/dw, which implies

w, + A(w)w, =0,

where A = G~'df(g(w))G. In our case w = (p., v, e), and we obtain by
straightforward computations

1 0 0 | P 0 0
G = v p 0], G'=- —v 1 0

1.2 P\1 2
sv°+e pv 1 v-—e —v 1

Thus
v P 0
A=|(y—De/p v (y—1
0 (y —De v

We can also rewrite this as

v o 0
A=\p/p v pe/p
0 p/p v
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c. Clearly, we obtain the same eigenvalues as for df (1), thatis, v, v £ ¢. The
corresponding eigenvectors read

)tl:v—c, ry = —C s

Ay=v+c, 13

I
o

r/p
Furthermore,
1 1
Vkl-r1=—§(1+y)c, VAQ'I"Q:O, V)L3r3=§(1+y)c

Thus the first and third families are genuinely nonlinear, while the second
family is linearly degenerate.
d. With R =S = (y —1)log(p) — log(e) —log(y — 1), we obtain

R-riy=R-r;=0,
while with R = v + 2¢/(y — 1), we see that
R-r =0.
(It is convenient to use that dc/de = c/(2¢).) If R = p, we obtain
R.-r, =0.

e. We obtain

9pS
(a%)T = (S +(y—1.0.—p/e).
dpvs
( g:i) )T = (vS + (y = Dv, pS,—pv/e).

A straightforward computation yields the result.
5.13 The third equation in (5.157) will give

R Ve S
a(y—1) 2 y—1

and solving for w/c gives

w 2_ 2 T—z €20
(?) oy —1la(1=z% (€.20)
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The second equation in (5.157) now reads
2 2

Chwr= S gt
14 yr

Solving for w/c, we obtain

2 1—
(%) ~ yrdl iTz)‘

Setting the two expressions for (w/c)? equal and solving for z, we get (5.161)!
However, now we insert this into (C.20), and after several lines of computa-
tions, we get

2 2 B
(%) - ﬁn(ﬁj—nn'

This implies (5.157).

Chapter 6, Sect. 6.4

6.1

6.2

a. Up to second order in €, the wave curves are given by
Si(€) = exp(er;).

For an interaction between an i-wave and a j-wave (j < i) we have that
(up to second order)

u, = exp(e;r;) exp(e; u;.
After the interaction,
uy = exp(e,r,) ---exp(€;r;) - --exp(€;r;) - --exp(e}r)u;

up to second order. Comparing these two expressions and using part ¢ and
the fact that {r; } are linearly independent, we find that

e,/{ = 8ij€; + Oi€; + second-order terms.

a. The definition of the front-tracking algorithm follows from the general case
and the grid in the (u, t)-plane. In this case we do not need to remove any
front of high generation. To show that 7,, is nonincreasing in n, we must
study interactions. In this case we have a left wave €; separating states
(g, ) and (W, 7)) colliding with a wave €, separating (i, T,,) and
(ir, 7;). Now, the family of €; must be greater than or equal to the family
of €,. The claim follows by studying each case, and recalling that (consult
Exercise 5.9) 0 > v/(u) > —1.
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b. If the total variation of w( and 7y is finite, then we have enough to show
that front tracking produces a compact sequence. Hence if

T.V.(In(up)) and T.V.(vy)

are finite, then the sequence produced by front tracking is compact. A rea-
sonable condition could then be that ug(x) > ¢ > 0 almost everywhere,
T.V.(up) < M,and T.V. (vg) < M.

c. To show that the limit is a weak solution, we proceed as in the general case.

Chapter 7, Sect. 7.4

7.1

7.2

We have already established A and B in Theorem 6.7. To prove C, let T be
defined by (6.23) and Q by (6.22), and assume that ¢ = y(x) is a curve with
Lipschitz constant L that is smaller than the inverse of the largest characteristic
speed, i.e.,

1

L < ———.
maxyepk |Ar ()]

For such a curve we have that all fronts in us will cross y from below. Let
y:(x) be defined by

yi(x) = min {z, y(x)} .

Since all fronts will cross y, and hence also y;, from below, we can define
T'|,,. Then we have that

Tly, = (T +kO)y, =(T' +kQ)(1) = (T +kQ)(0).

Since y = lim;_., ¥;, it follows that the total variation of us on y is finite,
independent of §. Hence the total variation on y of the limit u is also finite.

In the linearly degenerate case the Hugoniot loci coincide with the rarefaction
curves. If you (meticulously) recapitulate all cases, you will find that some of
the estimates are easier because of this, while others are identical. If you do
this exercise, you have probably mastered the material in Sect. 7.1!

Chapter 8, Sect. 8.5

8.1

If a; and a, are both nonnegative, then the solution reads

uj x <0,
u(x, 1) = qtu; 0 <x <at,

U, X > at.
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A similar description holds if both a; and a, are nonpositive. If a; < 0 < a,,
then the solution reads

u; x <ait,
u(x,t) =10 ait <x <a,t,

U, Xx>a,t.

Ifa; > 0 > a,, we have that H;(u;) = {u;} and H,(u,) = {u,}, so unless
a;u; = a,u,, there is no solution.
8.2 We have that

Using this, we get

st — fsy +sf, =0.

Dividing by s2, we get the first equation in (8.5). Combining this with the
second equation in (8.4) will give ¢, = 0.

Appendix A, Sect. A.2
A.1 Observe first that

' [owr@ax < [ 17 ax

for every function |¢| < 1. Now let @, be a standard mollifier, and define

¢ = w, xsign(f).

Clearly, f¢. — | f| pointwise, and a simple application of dominated conver-
gence implies that indeed,

/ 6.(0) f(x) dx — / )] dx as & — 0.

A.2 Write as usual 2% = v% — w?, where v® and w? both are nondecreasing func-
tions. Both sequences {v°} and {w?} satisfy the conditions of the theorem, and
hence we may pass to a subsequence such that both v® and w? converge in L'.
After possibly taking yet another subsequence, we conclude that we may ob-
tain pointwise convergence almost everywhere. Let v be the limit of v®, which
we may assume to be nondecreasing (by possibly redefining it on a set of mea-
sure zero). Write v(x=+) for the right, respectively left, limits of v at x. Fix
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x € (a,b). Let € > 0 and n > 0 be such that v(y) < v(x+) + € whenever
X <y <x4+nIfvd >v(x+)+ 2€, then

xX+n

[ =], = / W) — v dy > ne.

and so, since || v — v||L1 — 0as § — 0, we must conclude that v%(x) <
v(x+) + 2¢ for § sufficiently small. Similarly, v®(x) > v(x—) — 2¢. In partic-
ular, v®(x) — v(x) whenever v is continuous at x, thus at all but a countable
set of points x. In the same way we show that w®(x) — w(x) for all but at
most a countable set of points x. A diagonal argument shows that we can pass

to a subsequence such that both v® and w? converge pointwise for all x in
la,D].

Appendix B, Sect. B.2

B.1 For more details on this exercise including several applications, as well as how
to extend the result to hyperbolic systems in the 4 — 0 limit, please consult
[96].

a. Just follow the argument in Theorem B.1.
b. Mimic the argument starting with (B.15). (Let § in (B.15) be negative.)
c. Redo the previous point, assuming that ug ; > u,.
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Kolmogorov’s compactness theorem, 435, 439

KruZzkov entropy condition, 56, 64, 66, 73, 213 N

multidimensional, 173
Kruzkov entropy solution, 58, 88
Kruzkov function, 58
Kruzkov’s interpolation lemma, 208, 217
Kuznetsov’s lemma, 128, 190
Kuznetsov’s theory, 88

negative variation, 427
numerical entropy flux, 111
numerical flux, 98

(0]

Oleinik entropy condition, 55, 167
L operator splitting methods, 171
Lagrangian coordinates, 66
Lax entropy condition, 246, 277, 306
Lax inequalities, 246 P
Lax shock p-system, 228, 278

definition of, 247 parabolic regularization, 217

Lax—Friedrichs scheme, 100, 104, 109, 165, physical front, 286

219, 278 positive variation, 427




Index

Q

quasilinear equation, 3, 46

R

Rademacher’s theorem, 351

Radon measure, 353

random choice method, 217, 310

Rankine-Hugoniot condition, 9, 45, 47, 55,
90, 91, 236

rarefaction wave, 14, 64, 230

real state, 308

relatively compact, 433

Richtmyer two-step Lax—Wendroff scheme,
100

Riemann invariants, 263, 279

coordinate system of, 279

Riemann problem, 1214, 16, 42, 45, 60, 63,

93

S
shallow-water equations, 224, 229, 233, 236,
241, 250, 256, 277, 278
bores, 236
conservation of
energy, 242
mass, 224
momentum, 224
hydrostatic balance, 225
pressure, 225
traveling wave, 244
vacuum, 257
variable bottom, 277
shock, 64
admissible, 246
shock line, 307
smoothing method, 131
Sod’s shock tube problem, 270
solution
classical, 6
weak, 6
strictly hyperbolic, 229
structure theorem

) fLmﬂ

for BV functions, 347

T

Temple class systems, 315

test function, 6

total variation, 31, 73, 427, 438

total variation bounded (TVB), 107
total variation diminishing (TVD), 86, 107
total variation stable, 107

totally bounded, 433

traffic flow, 10, 45, 64

traffic hydrodynamics, 45

traveling wave, 55, 244

traveling wave entropy condition, 54, 55
TVD, see total variation diminishing
two-step method, 100

U

upper concave envelope, 63
upwind method, 99

upwind scheme, 100

v

vanishing viscosity method, 134
viscosity solution, 92

viscous profile, 55

viscous regularization, 53, 54, 88
von Neumann stability, 24

w
wave

family of, 230
wave curve, 249
wave equation, 228
weak solution, 6

Y
Young’s theorem, 151




So, for God’s sake, when you’ve finished this book,
don’t seal it away on a shelf. Put it in your pocket.
Fass it round. Spread the word. Leave it on a bus!
And complete the circle — go on, someone, please, read
it out in a school assembly. Because they’ll love it,
those kids, I promise; they will find it makes so much
sense. ... So hand over this lovely paperback, for the
next thirty years.

— R.T. Davies, in foreword to D. Adams’s

The Hitchhiker’s Guide to the Galaxy
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