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Foreword

This book is a tribute to Alexei Pokrovskii (1948-2010) who introduced the Russian
and Irish coauthors and who generously promoted and made important contributions
to our understanding of singular perturbations from an applied and geometric
perspective.

The three authors continue and explain many recent results on the asymptotics
of slow integral (or invariant) manifolds and their stability. They do so by cleverly
describing a series of illustrative examples of increasing complexity and reality.
Many applications in chemical kinetics are particularly impressive, as is their
ultimate study of two-dimensional canards and higher-dimensional black swans.

Readers of this clear and well-motivated monograph will be prepared to advance
to the even more sophisticated research literature that takes a dynamical systems
approach to multi scale systems. The authors are to be congratulated on completing
a tough job, very well done. They’ve certainly earned our appreciation and that of
future students.

Seattle, WA Robert O’Malley
December 2013
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Preface

The idea of using a small parameter to set up a perturbation series has been with
us since at least the work of Stokes in 1847 on the investigation of water waves.
The use of integral manifolds, with a small parameter, is of more recent vintage.
It can be found in [45,72,75,92, 114, 170, 197,217, 218]. Over the past 50 years
there have been many books devoted to regular and singular perturbations, but there
are few books in which singular perturbations are combined with integral manifolds.
Moreover, many of these were published only in Russian. The purpose of the present
book is to fill this gap.

We deal with a system of first order ODEs some of which are singularly
perturbed, i.e., when the small parameter is set to zero the ability to satisfy all
initial conditions is lost. We introduce a method for the qualitative analysis of these
singularly perturbed ODEs. The method relies on the theory of integral manifolds,
which essentially replaces the original system by another system on an integral
manifold of lower dimension. The lowering of the dimension occurs due to the
decomposition of the original system in the vicinity of the integral surface into
the independent “slow” subsystem and the “fast” subsystem. If the slow integral
manifold is attracting, then the analysis of the original system can be replaced by
the analysis of the slow subsystem. In the language of perturbation theory a slow
integral manifold is associated with the outer (slow) solution and a fast integral
manifold is associated with boundary layer (fast) corrections.

The book proceeds with the interplay of theory and illustrative examples, in
many cases taken from physical problems. There are many such examples in
Chap. 3, where the reader is introduced at an easy pace to the use of the theory.
As the chapters progress, the theory and corresponding examples become more
sophisticated. In Chaps. 7 and 8 we deal with systems where the usual hypotheses
in integral manifold theory are violated. The method of solution is then illustrated

'G.G. Stokes, On the theory of oscillatory waves. Camb Trans 8:441-473.

ix



X Preface

by a series of examples on gyroscopic motion, control problems, and a model of
thermal explosion. These problems can be quite difficult, so much of the detailed
calculation is given. In Chap. 8 the concepts of canard and black swan are introduced
and illustrated by examples on the van der Pol oscillator, a fast phages—slow bacteria
model, and some laser and chemical models. There is also a detailed discussion of
two classical combustion models, including the calculation of the critical value of
the parameter that separates explosive from non-explosive regimes. In Chap. 9 the
proofs of certain theorems are given that have been signalled earlier in the book.
These require a more mature reader.

The authors are grateful to Robert O’Malley who was there at the beginning and
gave much valuable advice, as well as Grigory Barenblatt, Eric Benoit and Jean
Mawhin for helpful discussions. This work is supported in part by the Russian
Foundation for Basic Research (grants 12-08-00069, 13-01-97002, 14-01-97018,
14-08-91373), TUBITAK (grant 113E595), Division on the EMMCP of Russian
Academy of Sciences, Program for basic research no. 14, project 1.12, and the
Ministry of Education and Science of the Russian Federation in the framework
of the implementation of Program of increasing the competitiveness of SSAU for
2013-2020 years.

Cork, Ireland Michael P. Mortell
Samara, Russia Elena Shchepakina
Samara, Russia Vladimir Sobolev

January 2014



Contents

1 Introduction ... 1
1.1 Regular and Singular Perturbations ..., 1
1.1.1 Algebraic EQUations .............cceiiiiiiiiiiiiiiiiiiieenn. 1
1.1.2  Asymptotic EXpansions ...........c.c.ccooviiiiieiiiiiiiieeenn. 3
1.1.3 Second Order Differential Equation ........................... 4
1.2 Method of Multiple Scales..........ccoovviiiiiiiiiiiiiiiiiiiiiee... 7
1.2.1 Second Order Differential Equation ........................... 8
1.2.2  Second Order Differential System ..................oocoeenan. 10
1.2.3 A Note on the Initial Conditions ..................oovieiinan 11
1.2.4 A Note on the Meaning of “Small” .....................o... 12
1.3 Singularly Perturbed Differential Systems...............cc.ooooee... 12
1.3.1 Slow Surfaces and Slow Integral Manifolds................... 12

1.3.2 Integral Manifolds and Asymptotic Expansions
of SOlUtions .......oooiiiiii 19
2 Slow Integral Manifolds ................................LL 25
2.1 INtroduCtion ........c.c.eiiiiiiiiiiiii i 25
2.2 Stability of Slow Integral Manifolds ..., 27
2.3 Asymptotic Representation of Integral Manifolds..................... 32
2.4 Two Mathematical Examples...........oooiiiiiiiiiiiiiiiiiiiiee... 34
2.5 Systems That Are Linear with Respect to the Fast Variables ......... 40
3 TheBookof Numbers ... 43
B O o 43
TN e 49
3.2.1 Theoretical Background................ooooiiiiiiiiiiiiiii, 49
3.2.2 Michaelis—Menten Kinetics ............c.c.oooviiiiiiiiin... 52
TG T e L 56
3.3.1 Theoretical Background...............ooooiiiiiiiiiiiiii. 56
3.3.2 Bimolecular Reaction System............cccoviiiiiiiiiinin. 58

xi



xii

Contents

B4 L 60
3.4.1 Theoretical Background...............oooooiiiiiiiiiiiiiii. 60

3.4.2 Cooperative Phenomenon ...............ocevviiiiiiiiiiiinnn. 63

3.4.3 Cooperative Phenomenon: Another Approach................ 68

3 2 69
3.5.1 Theoretical Background..............coooeiiiiiiiiiiiiiini, 69

3.5.2 Enzyme—Substrate-Inhibitor System.................cooiuuiee 72

3.5.3 Enzyme—Substrate-Exhibitor: The Another Approach........ 79
Representations of Slow Integral Manifolds ............................. 81
4.1 Explicit and Implicit Slow Integral Manifolds......................... 81
4.2 Parametric Representation of Integral Manifolds...................... 88
Singular Singularly Perturbed Systems .................................. 93
5.1 INtroduction .......coouiiiiiiii i 93
5.2 Construction of Slow Integral Manifold .......................oooo. .. 95
5.3 TImplicit Slow Integral Manifolds..............ccoooiiiiiiiiii... 98
5.4 Parametric Representation of Integral Manifolds...................... 100
5.5 High-Gain Control .........oovuuiiiiiiiiii e 102
5.6 Reaction Kinetics of Organometallic Compounds .................... 108
Reduction Methods for Chemical Systems ............................... 111
6.1 Method of Intrinsic Manifolds...................ooL L, 111
6.2 Tterative Method..........oooiiiiiiii i 115
6.3 Extending the Iterative Method.....................oooL. 116
Specific Cases ..........coooiiiiiiiii i 119
7.1  Weakly Attractive Integral Manifolds........................e. 119
7.1.1  GyroScopic SYStEMS .....ovvuuuiiiieieiiiiee e 119
7.1.2  Precessional MOtIONS .....ovvviiiiiiiiiiiiiieeeeeens 120

7.1.3  Vertical Gyro with Radial Corrections......................... 121
7.1.4 Heavy GYTOSCOPE ....eeieiinniiiee e eeeaiiieeeenn. 123

7.1.5 Control of a One Rigid-Link Flexible-Joint Manipulator..... 125

7.2 Unstable Manifolds ... 129
7.3 Conditionally Stable Manifolds ..., 134
Canards and Black Swans ... 141
8.1 INtrodUCHON ...\ 141
8.2  Singular Perturbations and Canards ......................ooooei. 142
8.2.1 Examplesof Canards .............ccooiiiiiiiiiiiiiiiiii i 145
8.2.2 Canards of Three-Dimensional Systems....................... 148

8.3 Canard CasCades ... .....uuuu e 150
8.3.1 Simplest Canard Cascades .............cccevviiiiiiiieenninnnn. 151

8.3.2 Canard Cascade for the van der Pol Model.................... 152

8.3.3 Canard Cascades in Biological Models........................ 156

8.4 Black SWans ..ot 158



Contents xiii

8.5 Laser and Chemical ModelsS ............coeiiiiiiiiiiiiiiiiiiiienn. 159
8.5.1 Lang—Kobayashi Equations ..............cccooiiiiiiiiiiii. 160
8.5.2 The Simple Laser .......oouuiiiiiiiiiiiiiiiiiiiiiic e 162
8.5.3 The Classical Combustion Model.................ccoooiiiiiie. 162

8.5.4 Canards and Black Swan in a Model of a 3-D
AUtocatalator .. .....oiie e 167
8.5.5 Gas Combustion in a Dust-Laden Medium.................... 174
9 Appendix: Proofs .......... ... 183
9.1 The Existence and Properties of Bounded Solutions.................. 183
9.1.1 Scalar Linear Equation ............cccooiiiiiiiiiiiiiiiieenn. 183
9.1.2  Scalar Nonlinear Equation ..............oooceeiiiiiiiiieannn. 185
9.2 The Existence and Properties of Slow Integral Manifolds ............ 188
9.3 Justification of Asymptotic Representation...................coeeee... 197
Bibliographical Remarks.....................oo i 199
References. ...........oooiiiiiii i 201



Chapter 1
Introduction

Abstract Chapter 1 provides an easy introduction to perturbation methods. It
begins with an algebraic equation and proceeds to a second order ODE. The
concept of an initial or boundary layer is introduced. This motivates the method of
multiple scales. The idea of slow surfaces and slow integral manifolds is introduced
and illustrative examples are given. Then a statement of Tikhonov’s theorem is
given which answers the question about the permissibility of the application of a
“degenerate” system (¢ = 0) as a zero-approximation to the full system.

1.1 Regular and Singular Perturbations
1.1.1 Algebraic Equations

In this subsection we introduce the basic ideas of perturbation theory as applied to
the problem of finding roots of polynomials.
By way of illustration, we consider two quadratic equations

W +bu+ea =0, (1.1)
with roots 1, i, given by
—b + Vb% —4¢a —b — /b2 — 4¢a
p=pi(e) = ——————, 2= ale) = ————, (1.2)
2 2
and
A2+ bL+a =0, (1.3)
with roots A1, A, given by
—b + Vb? — 4ea —b — /b2 — 4¢ea
M=MlEe)=———— LHh=le)=—————. 1.4
2¢ 2¢e
© Springer International Publishing Switzerland 2014 1
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2 1 Introduction

Here a and b are given constants, and ¢ > 0 is a small parameter. For the sake of
definiteness we suppose b positive and a nonnegative.

We say that (1.1) is regularly perturbed, and (1.3) is singularly perturbed when
& — 0. To clarify these ideas, we begin by setting ¢ = 0 in (1.1) and (1.3). Thus we
get

W +bu =0,
with roots fi; = 0 and fi, = —b, and
bA+a=0,

with the single root A; = —a/b.
It is easy to see that as ¢ — O in (1.1)

pi(e) = ji1 =0, and py(e) — jia = —b.
However, although
Ai(e) = Ay = —a/b as & — 0,

the root corresponding to A;(g) is lost. This loss of a root follows from the fact
that when we set ¢ = 0 in (1.3), the resulting equation is reduced in order from a
quadratic to a linear equation. From (1.2) and (1.4) it follows that 1 (g), u2(g) are
continuous at ¢ = 0, but A,(¢) is not.

Thus, the distinguishing features of singular perturbations are the reduction in
order of the original equation and the loss of continuity for some solution(s) at
e=0.

We note that the change of variable A = u/e reduces the singular equation (1.3)
to the regular equation (1.1). Changes of variables of this type are typical of
perturbation theory, and it is standard practice to seek such transformations.

Taylor expansions for the roots u;, A;, i = 1,2, given by (1.2) and (1.4) yield
the result, for small ¢,

wi(e) = —ea/b—e*a®/b> + ..., (1.5)

and
pa(e) = —b + sa/b + %a’/b> + ..., (1.6)

with

A1a(e) = nia(e)/e. (1.7)
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The question we now wish to address is whether we can recover the expan-
sions (1.5)—(1.7) directly from the original equations (1.1) and (1.3) without
recourse to the exact solutions (1.2) and (1.4). To this end, the notion of an
asymptotic expansion is introduced.

1.1.2 Asymptotic Expansions

The search for the roots of polynomial equations is probably the simplest problem
in the theory of perturbations, and we use Eqs. (1.1) and (1.3) to illustrate the idea of
an asymptotic expansion. We use the usual order symbols O and o that are defined
as follows. Let ¢ (¢) and v (&) be given functions with

$(e)
v (e)

<C <o

Then we write

¢(e) = O(Y(e)) as ¢ = 0.
If
P(e)

— —>0as ¢ —~>0,

v(e)
we write
¢(e) = o(Y(e)) as € > 0.

To find an asymptotic expansion to approximate the roots of (1.1), we write the
formal series, called a regular perturbation expansion,

wu(e) = ap + say + 2y + 0(e%). (1.8)

On substituting (1.8) into (1.1) and equating to zero the coefficients of the various
powers of ¢, we find the sequence of equations for o, 1, @3, . . .

Olg + bagy = 0,
2bay + b)ay +a =0,
(2bag + b)ar + (1)* = 0,

Then

oyg =0 or g = —b.
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Foray =0,0; = —a/band ap = —az/b3, and (1.5) is recovered.

For ag = —b, ay = a/b and oy = a®/b>, and (1.6) is recovered.

Thus, the expansions (1.5) and (1.6) for w;(¢) and p,(e) are found unless we
have the intuition, or a procedure to tell us, that the asymptotic expansion for the
roots A;(g), A»(e) of (1.3) takes the form

(&) = yo/e+y1 +eya + O(eD),

that yields yo = 0 or Yo = —b on substitution into (1.3). However, recognising that
the transformation A = /e reduces (1.3) to (1.1), the expansions for A; (&) can
again be found by a regular perturbation.

We now write the asymptotic expansion for j1 2(¢) as

wi(e) = —ea/b —e*a®/b* + O(&?),
pa(e) = —b + ea/b + *a®/b* + O(&%),

and for Ay »(e) as

A(e) = —a/b —ea®/b> + O(?),
Aa(e) = —b/e +a/b + ea’/b> + O(&?).

1.1.3 Second Order Differential Equation

As the next introductory example, we consider the second order ordinary differential
equation

eX+bx +ax=0; x(0)=x, x(0)=yo, (1.9)

where the dot refers to differentiation with respect to time ¢. Equation (1.9) describes
the motion of a damped spring with “small” mass ¢, 0 < ¢ < 1,ifb > 0anda > 0
and both are constants of O(1). The initial extension of the spring is x¢ and the
initial velocity of the mass is yg, both of which are given.

This is a linear homogeneous ordinary differential equation with constant
coefficients, and is solved by seeking solution of the form x = e*'. Then A satisfies

eA>+ bk +a=0,
with solutions A} (&) given by (1.4). The solution to the problem (1.9) then is

x(1) = CeM©" 4 Cret2 @) (1.10)



1.1 Regular and Singular Perturbations 5

where the constants C| and C, are determined by the initial conditions to be

_Aaxo— Yo

-1
Ci = C, = Yo 1X0

, =, 1.11
e pr—y (1D

From the form of A, (g), we note that if b> > 4ae the motion of the spring is
critically damped, i.e., there are no oscillations. It is seen from (1.4) that

a b
Ai(e) = 5 4+ O(¢), and A,(e) = - + 0(1),
and the dominant terms in the solution x (¢, €) are

a b
x(t,8) = Cre”GHOON 4 Cpe=(c+OMN,

Since 0 < ¢ < 1, there is a “fast” decay associated with the C, term as compared
with the slow decay of the C; term. Thus the term C,e*2®)" is of significance only
near the initial point r = 0.

This observation motivates the introduction of an “initial layer” or “boundary
layer”, where the natural independent variable is the “stretched” variable T = ¢ /e.
The independent variable ¢ is then associated with the “outer region” at a remove
from ¢t = 0. We will construct an asymptotic expansion for the solution x(z, €)
involving the variables ¢ and 7.

Following [127] or [205], an outer expansion

Xouter(r, &) = fo(t) + &fi(1) + O(e?), (1.12)
and an initial layer expansion
Mayer(7:€) = g0(v) + £81(7) + O(e?) (1.13)
are assumed, where t = f/¢. The condition
Xlayer(7.€) = 0, as T — 400 (1.14)
is also imposed.

On substitution the outer expansion (1.12) into the Eq. (1.9) and equating powers
of ¢, the equations for fy(¢) and f1(¢) are

dfo(1) _
b 0 +afo(t) =0,

dfi (@) 0]
b o7 +af1(t)—— 2
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Then

folt) = ere™
and

—at/b

2
a
Fi(t) = cre™ P —t—cre™ P,

b3

where the constants ¢, ¢, remain to be determined. Then
a2
Xouter(t.€) = cre™ " + ¢ |:Cze_“[/b — tl;cle_“’/b} + 0(?).

On using the variable T = /¢, Eq. (1.9) becomes

e d
d—;+bd—i+8ax=0. (1.15)

Substituting the expansion (1.13) into Eq. (1.15), equating powers of ¢ and noting
the condition (1.14), yields

d*go dg
b—— =0, =0,

102 + pE go(00)

d’g, | dg

P + bz = —agy, &i(00) =0.
Then,

g0 = dle—bt

and

g1 = e — Zrdie ",
b
where the constants d;, d, remain to be determined. Then
a
Xayer(T: &) = die™"" + ¢ [dze_}” — Erdle_}”] + 0(&Y).
We now assume that the solution x (¢, ¢) of (1.9) is of the form

x(t, 8) = xouter(f’ 5) + xlayer(fv 5)'
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The initial conditions associated with Eq. (1.9), with the definitions (1.12)
and (1.13), imply

0(0) + g0(0) = xo, g((0) =0,

and

f100) +81(0) =0, £7(0) + £1(0) = o,
on recalling that % = %%, f’, g refer to differentiation with respect to ¢ and t
respectively. Then d; = 0 and ¢; = xo, while d, = —¢c; and ¢; = %(yo + $X0).

The asymptotic expansion is

2
ax a
x(t.8) = xoe " + ¢ [(% + b—zo) - z—xo} eai/b

Yo | AXo\ _pe 2
¢ (? + ?) e 4 O(eY). (1.16)

On examining the exact solution (1.10) and (1.11), it is clear, on noting the
asymptotic forms of A »(g), that

Axxo — Yo o

Xouter(t, &) = A — A

and

—Aix

Xayer (7. €) = %ew,

and the validity of the expansion (1.16) is easily checked. It should be noted that
the expansion (1.16) satisfies the displacement condition to O(e) and the velocity
condition to O(1). Furthermore, the initial conditions are applied to the full solution
x(t, £) and not just to X,yer (7, ), as would be in the case for the method of matched
asymptotic expansions. "the consequence is that the “matching” of the outer to the
layer solution to determine the arbitrary constants is obviated.

1.2 Method of Multiple Scales

We have noted that the solution (1.10) and (1.11) of Eq. (1.9) has a “fast’ time scale
7 =t/e and a ‘slow’ time scale ¢. This observation can be exploited as follows.
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1.2.1 Second Order Differential Equation

Equation (1.9) is rewritten as in (1.15), and we assume the solution of (1.15) in the
form

x(t;e) = F(z,t;8), t = er, (1.17)

and regard 7, T as independent variables. In these variables, the initial conditions
become

x(0;8) = xg = F(0,0;¢) (1.18)
and
si—):(o; g) = ey = 8 (O 0;¢) —i—ea (0,0;¢). (1.19)
The asymptotic expansion for x(7; &) is assumed to be
F(t,t;6) = Fo(r,t) + eFi(1,1) + 2 Fo(n,t) + ... . (1.20)

On substituting (1.20) into (1.15), equating powers of ¢, and using the initial
conditions (1.18) and (1.19), we get the following sequence of problems.

&l
P2F,  OF,
20 pT0
012 + ot
JF,
Fy(0,0) = x9, ——(0,0) = 0;
0t
gl
82F1 8F1 aZFO 3FO
- = _gF,—2—"_p—"
g Ty = a2 —h s
3 JF,
F1(0,0) =0, —1(0,0) = yp — —(0,0);
0T ot
g2
02F, an 02 F, oF, 03%*F,
= _qF, —— _p "
oz TP e o PR PRl Fea
an aFl

F>(0.0) = 0. —=(0.0) = —=-2(0.0).
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Then
Fo(z.1) = Ao(t)e™"" + Bo(1).
where, using the initial conditions,
Ap(0) =0, By(0) = xo.
The right hand side at &' is
—[(ado(t) — bAY(t)) e + aBy(t) + bB)(1)].

In order to avoid any growth (secular terms) in the fast variable t in Fi(z,1?), the
r.h.s. is set to zero.

Thus

Aj(0) = S 40(1) = 0. A4o(0) = 0.

Bi(0) + 7 Bo(t) = 0. By(0) = xa.
and then

Ao(1) =0, By(t) = xpe .
This gives
Fo(t. 1) = xpe ™ b

and

Fi(z.1) = A\()e ™™ + B, (1).

The right hand side at &2 is

2
(bA| —ady) ehr — (bB} + aB;) — xoa—e_%f.

b2
Again we avoid secular terms in t by setting

Ag—%Alzo

and

2
a a’> _.
B] 4+ —B; = —xg—e b,
1 b 1 0b2



10

where the initial conditions at this order yield

BI(0) = ~A1(0) = 5 (0 + 5x0)

Then
Bi(r) = %(Yo + %xo)e_%t - xOZ—jte_%t
and
A1) = _l(YO + Zxg)et.
b b
Finally,

x(t:e) = Fo(t.1) + eFi(t,t) + O(c%)
2

= xpe b + i(yo + gxo)e_%’ — sxoa—te_%’
b b b3
8 a
700+ Zx0)e e 4+ 0(6?).

—bt —bt

We note that the term e 5’ e
for T > 0, since

can be replaced by e

—b ——e%)
9

a
ette™ =e

and (1.21) agrees with (1.16).

1.2.2 Second Order Differential System

1

Introduction

(1.21)

due to the dominance of e =27

The second order differential equation discussed above can be rewritten as the planar

differential system
x =y, x(0) = xo;
ey = —ax—by, y(0) = yo.
The solution to (1.22) can be represented in the form
x = xouter(?, &) + Xlayer(T, g)

¥ = Youter(?. &) + ylayer(T’ g)

(1.22)

(1.23)
(1.24)
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where Xgoyuter and Xlayer Were defined above after (1.16), and

AzXo — Yo
Youter(Z, &) = Alﬂem = MiXouter(?, &), (1.25)
Yo—A1Xo 5,

Ylayer(T.€) = A = AaXlayer (. €), (1.26)

> —
from the first of (1.22). It should be emphasized that
X = Xouter» Y = Youter>
and
X = Xayer» ¥ = Ylayer
are exact solutions of the system of differential equations in (1.22), but do not satisfy

the initial conditions.
We will use this system to illustrate some ideas in the next Section.

1.2.3 A Note on the Initial Conditions

Recall, that

A2Xo — Yo oM

Xouter(t, &) = A — A

Thus, xguter (¢, €) satisfies the initial condition

A2Xo — Yo
0,6) = ——F7—,
Xouter(0, €) A — Ay
which can be rewritten as follows
Axxo — Yo A1Xo — Yo Yo — A1Xo
Xouter(0, &) = xo A — A Xo = Xo T — A Xo + ¢ m

This means that the initial value of xguter(Z, €) is different from x( by the amount

Yo — A1xo
P

——— = 0(¢).
Vb? —4sa ©)
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1.2.4 A Note on the Meaning of ‘“Small”

The equation for a mass (m), spring (k), dash-pot (v) system is

d*x dx
— — 4+ kx =0,
mdt2 +Udt+ X

where x(¢) is the displacement of the mass from its equilibrium point x = 0. By
comparing terms in the equation, the dimensions of v are mT~!, and of k are mT >
where T is a measure of time. If we introduce a length scale x( and a time scale 7y,
the dimensionless displacement and time are X = x/xo, f = ¢/ Tp, and the original
equations becomes

m d’x v d)_c+a5c—0
kT3 di* kT, di o

where k = ak and @ is a number.
We write the equation as

edz}2 + bd)_c +ax =0
—_— s ax = Vv,
dr? dt

where ¢, a, b are dimensionless parameters. The meaning of a “small” mass then

is defined by 0 < ¢ < 1, where ¢ = —isa dimensionless constant.
kT,
An essential task before using a perturbation scheme is to nondimensionalise the
equations, and identify the small (large) parameter.
Note that prerequisites are an introductory course in perturbation methods e.g.

parts of [6,9,17,25,28,41,62,69,76,77,80,85-88,95,121,122,127,153,169,203].

1.3 Singularly Perturbed Differential Systems

1.3.1 Slow Surfaces and Slow Integral Manifolds

Consider the system of ordinary differential equations

dx
Z = f(x,y,t,e),
(1.27)

d
£ % =g(x,y,t,¢),
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withx e R, y e R", ¢ € R, and ¢ is a small positive parameter. Such systems
are called singularly perturbed systems, since when ¢ = 0 the ability to specify an
arbitrary initial condition for y(¢) is lost. The usual approach to the qualitative study
of (1.27) is to consider first the degenerate system (¢ = 0)

dx
-V = X, at90)9
dt Sy (1.28)

0=g(x,y,t0),

and then to draw conclusions about the qualitative behavior of the full system (1.27)
for sufficiently small ¢.

In order to recall a basic result of the theory of singularly perturbed systems we
introduce the following terminology and assumptions.
The system of equations

@ = f(x,y,t,¢€) (1.29)

d
is called the slow subsystem of (1.27), x is called the slow variable and the system
of equations

dy
e = g(x,y,t,¢) (1.30)
is called the fast subsystem of (1.27). Here x e R”, y e R", t € R.

In this book we introduce a method for the qualitative asymptotic analysis of
singularly perturbed ordinary differential equations. The method relies on the theory
of integral manifolds, which essentially replaces the original system by another
system on an integral manifold whose dimension is equal to that of the slow
subsystem.

Definition 1. A smooth surface S in R x R” x R” is called an integral manifold
of the system (1.27) if any integral curve of the system that has at least one point in
common with S lies entirely on S.

Formally, if (ty, x (%), y(tp)) € S, then the integral curve (¢, x (¢, €), y(¢, €)) lies
entirely on S. The only integral manifolds of system (1.27) discussed here are those
of dimension m (the dimension of the slow variable x) that can be represented as
graphs of vector-valued functions

y = h(x,t,¢).
Here it is assumed that 4 (x, ¢, €) is a sufficiently smooth function of e. Such integral

manifolds are called manifolds of slow motions — the origin of this term lies in
nonlinear mechanics.
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Definition 2. The surface described by the equation

g(x,y,t,00=0

is called a slow surface. When the dimension of this surface is equal to one, it is
called a slow curve.

So % = f(x,y,t,¢) is the slow subsystem, while g(x, y,¢,0) = 0 is the slow
surface. We also stipulate that i(x,7,0) = ¢(x,t), where ¢(x,?) is a function
whose graph is a sheet of the slow surface

g(x,y,t,0) =0,

i.e. the slow surface can be considered as a zero-order approximation of the slow
integral manifold.

To explain the sense of this term (slow surface), it is enough to notice that the
derivative of a fast variable y along a slow surface has small values; that is, the fast
variable near to this surface changes slowly like the slow variable x:

Q — g(x’y’t78)

dt e :gS(x7y7t50)+ 0(8)7

since g(x, y,t,0) = 0 on the slow surface.
It is also assumed that the equation g(x, y,¢,0) = 0 has an isolated root ¢ (x, t):

g(x,¢(x,1),t,0) = 0.

Before we pursue the idea of integral manifolds of a differential equation we first
consider several examples of the notation of sheets (or branches) of a surface.

As a first example, let x and y be scalar variables and g = y? + x. Then the
equation

g=y"+x=0
givestworoots y = ¢(x) = —/—x and y = ¢(x) = /—x, x <0, corresponding
to two branches of a parabola (see Fig. 1.1). Each branch plays the role of a sheet.
For a second example, let x be a two-dimensional vector x = (x;,x;) and y a
scalar.
In the case g = y% + (x] + x2), the equation
g=y"+(xi+x)=0

gives two roots

Yy =¢(x1,x2) = —y/=x1 —x2 and y = ¢(x1,x2) = /—X1 — X2, X1 +x2 <0,
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Fig. 1.1 Slow curve with F1.5
two branches: y >0, y <0 Yy
rl
ro.5
Xz
2 15 -1 05 0
r-0.5
-1
F—1.5
Fig. 1.2 Slow surface with 2
two sheets: y = ]
:|:4/—XI—XZ, xl—l—xst l’:
Y o

corresponding to two sheets of the slow surface (see Fig. 1.2).
As a third example, we take the case g = y* — y(x? + x3) — y, and obtain three

roots
y=¢(x1,x) =0 and y = ¢(x1,x2) = £y/x} +x + 1

of the equation g = y® — y(x? + x3) — y = 0 ( see Fig. 1.3).

For the final example, we take g = y> 4+ x;y + x, and obtain three sheets of
the slow surface y* 4+ x1y + x, = 0, corresponding to the three roots of this cubic
equation in y (see Fig. 1.4).

We now return to integral manifolds of a differential equation. The motion along
an integral manifold of the system (1.27) is governed by the equation

X = f(x,h(x,t,e),t,¢e), (1.31)

where y = h(x,1,¢) is a slow integral manifold. If x (¢, ¢) is a solution of (1.31),
then the pair (x(t, e), y(t, s)), where y(t,e) = h(x(t,¢€),t,¢), is a solution of the
original system (1.27), since it defines a trajectory on the integral manifold.
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Fig. 1.3 Slow surface with
three sheets 2]

N A
) :
) 02
Ty 1 i 0

2 2 x

Fig. 1.4 Continuous slow 2
surface with three sheets ]

In an autonomous system

dx
E:f(xuy’g)’
(1.32)
e@— (x,y,8)
dt _g 7y7 )

i.e., where f and g do not have an explicit dependence on ¢, an integral manifold
has the form S} x (—o0, 00), where S is a surface in the phase space R™ x R”, i.e.,
the x — y space, and the integral manifolds will be graphs of functions

y = h(x,e).

In the case of an autonomous system the term “invariant manifold” is normally
used instead of “integral manifold”. More exactly
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Definition 3. A smooth surface S in R” x R” is called an invariant manifold of the
system (1.32) if any trajectory of the system that has at least one point in common
with S lies entirely on S.

Tikhonov has proved the following theorem [199], which answers the question
about the permissibility of the application of the degenerate system (1.28) as a
“zero approximation” to (1.27). The basic assumption of the theorem requires the
asymptotic stability of the function y = ¢(x,¢) (recall that y = ¢(x,¢) is a
solution of g(x, y,t,0) = 0) as a steady state solution of the so-called associated
(or adjoined, or boundary layer) system

d
D g(x,,1,0) (1.33)
dt

for all fixed x and ¢ [formally, we set the variable t = /¢, independent of

the parameter ¢ in (1.33)]: i.e., y = ¢(x,¢) is the asymptotically stable solution
to (1.33) as t — oo. Equation (1.33) is sometimes called the layer equation.

We will formulate the statement of Tikhonov’s theorem in a very simple form.
We consider the system (1.27) with initial conditions x (¢, &) = xo, y(f,&) = Yo
for the scalar variable y. In order to quote a much-simplified version of Tikhonov’s
theorem the following conditions have to be satisfied:

(i) The functions f and g are uniformly continuous and bounded, together with
their partial derivatives with respect to all variables in some open domain of
space (x,y),t € [ty,t1] and ¢ € [0, &].

(i) The boundary layer equation (1.33) has a solution for a given initial value.

(iii) For every fixed x and ¢, y = ¢(x,¢) is an isolated root of g(x,y,t,0) = 0
ie., g(x,¢(x,1),t,0) = 0, and there exists a positive number § > 0 such that
the conditions ||y — ¢ (x,?)|| < 6 and y # ¢(x,¢) imply g(x,y) # 0.
This does not mean that the equation g(x, y,¢,0) = 0 has no other roots
except ¢ (x, ).
(iv) The equation

X = f(x,¢(x,1),t,0)

with a given initial condition has a solution x = X(¢) ont € [to, #1].
(v) There exists y > 0 such that g, (x, ¢ (x,2),2,0) < —y.
This implies that ¢ (x, ) is an asymptotically stable equilibrium solution
to (1.33).
(vi) The point yo belongs to the basin of attraction of the steady state solution
y = ¢(xo, o).

Assumption (vi) identifies the initial points for which one can be sure that the
solution to (1.27) converges to corresponding solution of (1.28). To understand its
meaning, recall that the steady state of a nonlinear system does not necessarily
attract all other solutions. If the steady state attracts all other solutions it is
called globally asymptotically stable. Most often, only solutions originating from
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a neighborhood of a steady state converges to it as ¢ — oo. Such a neighborhood
is called a basin of attraction of steady state. Now, if we take an initial value x,
then the steady state of the layer equation (1.33) is ¢ (xo, fo). To make sure that
Tikhonov’s theorem will work, we must take y, from the basin of attraction of
¢ (xo0, t0).

It should be noted that the stability condition (v) is slightly stronger than the one
given in [199]. Moreover, (v) guarantees that (vi) holds for all y, with sufficiently
small yg — ¢ (xo, tp).

Then, the following result holds:

Theorem 1 (Tikhonov’s Theorem). If assumptions (i)—(vi) are valid then the
solution (x(t,¢€), y(t,¢)) of the initial value problem (1.27) exists in [ty, t1] and
the following conditions hold

lir%x(t,s) =x@), ty<t<t; (1.34)
lin(l)y(t,S) =¢(x(),1), to<t =t (1.35)

The convergence in (1.34) and (1.35) is uniform in the interval ty < t < t| for
x(t,¢) and in any interval ty < v <t <t for y(t, ).

This mean that, under the conditions of Tikhonov’s theorem, the solution travels
to the slow surface and is the limit of the exact solution as ¢ — 0.

Tikhonov’s theorem permits different interpretations. It is possible to consider his
result as the first step in constructing the asymptotic expansion of the initial value
problem. Now we can consider it as the first step in order reduction.

The foregoing is illustrated by the autonomous system (1.22). Setting ¢ = 0, we
obtain the degenerate problem:

x =y, x(0) = xo,
(1.36)
0 = —ax — by,

which cannot satisfy the initial condition y(0) = yy.
In this case the role of the slow surface is played by the slow curve which is
described by the equation

0 = —ax—by.

In the case b > 0 the root y = —ax/b = A;(0)x of this equation is the
asymptotically stable steady state solution as T — o0 to the corresponding boundary
layer equation

dy

— = —ax — by.

I ax — by
Even though the initial condition y(0) = y, is not satisfied, the approximation
y = —ax/b is yet the stable steady state solution of the second equation in (1.22)
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as t — oo. This follows from the fact that y, belongs to the basin of attraction of
the steady state solution. Here 1;(0) = A;(¢) = is given by (1.5) and (1.7). This

means that Tikhonov’s theorem is applicable to the system (1.22), and the solution
of (1.22) tends to the solution of (1.36) as ¢ — 0. Of course, the identical conclusion
can be derived from the exact solution of (1.22) under ¢ — 0.

There are many applied problems where the use of the degenerate equations,
obtained by setting ¢ = 0, instead of the full equations give acceptable results, but
in some cases the approximation (1.28) is too crude. Readers who have an interest
in such problems are referred to Chap. 7 in [117].

There are at least two means of proceeding from Eq. (1.28) as an approximation
to (1.27). In the first the validity of proceeding to the limit

x(t,e) = xo(t), y(t,e) = yo(t) ase = 0

is examined, where x = x(t,¢), y = y(t,¢) are solutions to the Eq. (1.27), and
xo(t), yo(t) are solutions to the degenerate problem, i.e. xo(#) is a solution of the
equation

fl—f = f(x.¢(x,1),1,0), (1.37)

and yo(t) = ¢(xo(t),t) is a solution of 0 = g(xo(?), y,¢,0). If the approximation
x = xo(t), ¥y = yo(t) is too crude, it is reasonable to construct more exact
approximations for the functions x(#,¢), y(t,&) with the help of asymptotic
methods, e.g. the boundary layer method [127,130,204,205,211], the multiple-scale
method [121], the regularization method [99], the averaging method [14].

The second method considers the degenerate equation (1.28) as the zero approx-
imation of the decomposition of the system (1.27) , where the slow variable x
is constructed from the independent equation (1.37), and the fast variable y is
determined either from the algebraic relation y = ¢(x, ), or from the associated
(or boundary layer) equation (1.33). From this point of view the more exact the
decomposition of the system is, the more precise is the result. This means that
the independent equation (1.31) for the slow variable x is designed to have greater
accuracy, and the fast variable is determined from a more precise algebraic relation
of the form y = h(x,t,¢), or from some differential equation of the dimension
n = dim y, whose coefficients may depend on the slow variable. This second means
of proceeding is the basis for the approach developed in this book.

1.3.2 Integral Manifolds and Asymptotic Expansions
of Solutions

Returning to the system (1.22), we see that an important role is played by two
trajectories, viz., the straight lines y = A;(¢)x and y = A,(¢)x. The line y =
A1(g)x can be considered to be a slow integral manifold, because if we choose an
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initial point (xg, yo) on this line, i.e. yo = A;x¢ or C; = 0 in (1.10), than the whole
trajectory of the corresponding solution
_ 22X Y0 b

Axxg — Yo i
Ay — A

=
A — Ay *

=xpe, y=Xx=X4

lies on this straight line. The behavior of solutions x = x(¢, €) on the slow integral
manifold is then described by the first order differential equation

X = )klx .
Using the asymptotic representations

A = —a/b—zea’/b® + O(e?),
A 6‘_1[—b +ea/b+ 0(82)]

it is easy to see that the invariant line y = A;(¢)x is attractive when b > 0 and
repulsive when b < 0 for any a. This is also readily seen from the exact solution
given above or from (1.10) and (1.11). Note that the solution of the degenerate
problem (1.36) can be considered to be a limiting solution (as ¢ — 0) with respect
to the solution of the original problem (1.22) when b > 0, see Tikhonov’s theorem
above.

Any trajectory of (1.22) can be represented as a trajectory on the attractive slow
integral manifold plus an asymptotically negligible term corresponding to A;(e)
when b > 0 (see Fig. 1.5 which demonstrates that trajectories go through the slow
curve and approach the slow integral manifold).

In a similar manner, we to say that line y = A,(g)x is the fast invariant manifold
[170]. The trajectory y = A,(¢)x corresponds to the initial condition yo = A,(&)xo,
or C; = 0in (1.10).

As a note of warning, the formal use of an asymptotic expansion can lead to
an incorrect representation of the solution, or to a representation with restricted

Fig. 1.5 Four trajectories, N
corresponding to different 14
initial conditions, (solid lines) T

going through the slow curve . l

y = A1(0)x (dashed line) T
and approach the slow , I . .
invariant manifold -2 1 0 1 2
y = A1(e)x (dotted straight -
line)(a=>b=1, e=0.1), T A
where the arrows indicate —14 NS
increasing time
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application. By way of example, consider the second order linear differential
equation with constant coefficients

ei+(1+e)i+ex =0 x(0)=uxp X(0)=yo.
It is a straightforward exercise to check that the exact solution of this equation is
X = Xouter(?, &) + xlayer(f, €),

where

(eyo + x0) _
Xouter(t. §) = ————e~ '

1 — g2 ’
e(yo +ex0) _, /e
xlayer(@g) = —nge ‘e,

The outer solution is an exponentially decreasing function, whereas the asymp-
totic expansion of this solution in terms of powers of ¢

Xouter(t. &) = xo + &(yo — xot) + €7 (xot* /2 — yot + x0) + O(’1°)

has a polynomial behaviour, and any order asymptotic approximation of the outer
solution tends to infinity (plus or minus) as ¢ — -+oo. The powers of 7 in
the expansion of xgyuter(Z, €) are called “secular” terms and the expansion is not
uniformly valid in #. This indicates a different form of asymptotic expansion
is required, e.g., multiple scales. Such difficulties emerge because asymptotic
expansions of this kind are adequate only for a finite range of 7, i.e., t = o(¢™!). A
multiple scale approach would normally avoid this difficulty, as is shown shortly.

If we consider this second order equation in the form of a planar differential
system

X =y,
ey = —(1 + ¥y —ex,
then the solution is

(eyo + x0) _ e(yo + exo) _
X = Xouter +xlayer — We et ve l‘/s’

(eyo + x0) oot 4 20 + £X0 /e
1 —¢2 1 —¢?

Y = Youter T Yayer = —¢
It is clear from xgyter and youter that the straight line

y = —ex
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plays the role of an attractive slow invariant manifold, the motion on which is
described by the equation

X = —&x.

(eyo+x0) +X 0)
1—

The solution of this equation, with the initial condition x = ast = 0,1is

precisely

(&0 + X0) s

X=X
outer = — 5

In the context of this approach, based on the integral manifold method, the
essence is to study the behaviour of solutions on the slow integral manifold.

Note that the method of multiple scales is able to give an acceptable result in this
case. Introduce T = t /¢, then the equation becomes

d?x

d2+(1+£2) +8ax—0

2

Let x(z,e) = F(z,s,¢), where s = et = ¢°7, and assume the expansion

F(t.t;6) = Foy(t,5) + 2Fi (1, 8) + * B (1, 8) + ... .

On substituting this expansion into the last differential equation and equating
powers of ¢ we get the sequence of problems.

g%

PF, OF OF
S0 20— 0, Fy(0.0) = xo. =2(0,0) = 0.
972 9t 0T

Thus
Fo(z,s) = Aog(s)e™ ™ + By(s),
where the initial conditions imply

Ao(0) =0, Ao(0) + Bo(0) = xo.

32F1+@ B 232F0 IF, R
912 9t dtds 0t ds

Then the r.h.s. is Aj(s)e™" — (B} (s) + Bo(s)).
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To avoid secular terms in 7, require
Ay(s) =0, and B{(s) + Bo(s) = 0.

So Ap(s) = 0 and By(s) = xpe* on using the initial conditions.
Then

x(t,8) = Fo(t,s) + O(e) = xpe™ % + O(e),

i.e. the slow component of the solution is given by y = X = —e&x, as before.

The application of integral manifolds in the investigation of singularly perturbed
systems aims to replace the analysis of the full system by the analysis of a system of
lower dimension. The lowering of the dimension occurs due to the decomposition
of the initial system in the vicinity of the integral surface into the independent slow
subsystem of the form (1.31) and the fast subsystem. If the slow integral manifold
is attracting, then the analysis of the system under consideration can be replaced by
the analysis of the slow subsystem.

Note in conclusion that a slow integral manifold is associated with outer (slow)
solutions, and a fast integral manifold is associated with boundary layer (fast)
corrections.



Chapter 2
Slow Integral Manifolds

Abstract In the present chapter we use a method for the qualitative asymptotic
analysis of singularly perturbed differential equations by reducing the order of
the differential system under consideration. The method relies on the theory of
integral manifolds. It essentially replaces the original system by another system
on an integral manifold with a lower dimension that is equal to that of the slow
subsystem. The emphasis in this chapter is on the study of autonomous systems.

2.1 Introduction

The non-autonomous system is

dx
E = f(-xvyvtss)s
(2.1)

e @ =g(x,y,t,¢)

dt BEARRA

and the autonomous system is

X = f(x,y.8),

] (2.2)
ey = gx,y,8).

Definition 4. A smooth surface S in R” x R” is called an invariant manifold of the
system (2.2) if any trajectory of the system that has at least one point in common
with S lies entirely on S.

This means that any trajectory x = x(t,¢&), y = y(¢,¢) of the system (2.2)
that has at least one point x = X9, y = Yy in common with the invariant surface
y = h(x,¢),i.e. yo = h(xp, ¢), then it lies entirely on the invariant surface, i.e. on
y(t,e) = h(x(t,¢e),¢).

The motion along an invariant manifold of the autonomous system (2.2) is
governed by the equation

X = f(x,h(x,e),e). 2.3)
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If x(z,¢e) is a solution of this equation, then the pair (x(t,s), y(l,e)), where
y(t,e) = h(x(t,¢),¢), is a solution of the original system (2.2), since it defines
a trajectory on the invariant manifold.

Note that the formal substitution of the function h(x,e) instead y into the
autonomous system (2.2) gives the first order PDE, the so called invariance
equation,

s%f(x,h(x,e),e) =g(x,h,¢e) 2.4)

oh
for h(x(t), €), since ey = 83—)%.
x

In the case of a non-autonomous system, if any integral curve (t, x(t,¢8), y(t, 8))

of the solution x = x(t,&), y = y(t,¢) to the system (2.1) has at least one
point x = X9, ¥y = Yo in common with the integral surface y = h(x,¢,¢), i.e.
Yo = h(xo, to, €), then it lies entirely in this surface, i.e. y(¢, &) = h(x(t, ¢),1t, €).

The motion along an integral manifold of the non-autonomous system (2.1) is
governed by the equation

X = f(x,h(x,t,¢),t,¢).
In the non-autonomous case the invariance equation for y = h(x, ¢, ¢) is

e e het e 6 = g(x, B e). @.5)
Jt 0x

Consider now the the boundary layer subsystem of (2.2), that is,

B g0, T =1/

dt
treating x as a vector parameter. We shall assume that some of the steady states
y? = y%(x) of this subsystem, defined g(x,y,0) = 0, are asymptotically stable
and that a trajectory starting at any point of the basin of attraction approaches one of
these states as closely as desired as T — oo. This assumption will hold, for example,
if the matrix

91 O

o dyr " dyn

B(x,t) = (0g/9y)(x,y"(x,),00= [ ... ... ...
agn 0gn

IWyr  0yn / y=yoc)

is stable for some of the stationary states and the basin of attraction can be
represented as the union of the basins of attraction of the asymptotically stable
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steady states. We recall that a matrix is stable if its spectrum is located in the left
open complex halfplane, i.e. all eigenvalues of this matrix have negative real parts.
Notwithstanding the fact that we are interested primarily in autonomous systems,
all statements will be formulated in the more general case of non-autonomous
systems.
It is assumed that

(I) The functions f, g and ¢ are uniformly continuous and bounded, together with
their partial derivatives with respect to all variables up to the (k + 2)—order
(k = 0) for y in some open domain of space R", x € R™, ¢ € [—00, 00| and
e €0, &).

(IT) The eigenvalues A;(x,£)(i = 1,...,n) of the matrix B(x,t) =
gy(x,¢(x,1),1,0) satisty the inequality

Reli(x,t) <=2y <0, (2.6)

for some y > 0.
Recall ¢ (x, t) is a root of the equation g(x, ¢(x,?),¢,0) = 0.
Then the following result holds (see e.g. [92, 170, 195]):

Proposition 1. Under the assumptions (1) and (11) there is a sufficiently small
positive g1, &1 < &, such that, fore € I} := {e¢ € R: 0 < ¢ < &1}, the system (2.1)
has a smooth integral manifold ., with the representation

My = {(x,y,1) e R"T Ly = h(x,t,¢), (x,1) € G xR},

for some domain G € R™.

Proposition 1 guarantees that the invariance equation (2.5) can yield y =
h(x,t, &) which is the slow integral manifold.

Remark 2.1. The global boundedness assumption in (I) with respect to (x, y) can
be relaxed by modifying f and g outside some bounded region of R" x R™.

We will present the proof of this Proposition in the Appendix in Chap. 9 (see
Theorem 4).

2.2 Stability of Slow Integral Manifolds

In applications it is often assumed that the spectrum of the Jacobian matrix

gy(x, ¢(x,1),1,0)

is located in the left half plane, where ¢(x,?) is the root of the equation
g(x,¢,t,0) = 0. Under this additional hypothesis the manifold .#, is exponentially
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attracting for ¢ € I,. This means: the solution x = x(¢,¢), y = y(t,¢) of the
original system (2.1) that satisfied the initial condition x (9, &) = x°, y(ty, &) = y°
can be represented as

)C(Z, 8) = V(l, 5) + £Qy (ts 8),

2.7
V(&) = §(t.€) + ga(t. 8. 2D

The fact that there is ¢ before ¢ in the first equation and no ¢ before ¢, in the second
one is in agreement with the statement of Tikhonov’s theorem (see Sect. 1.3.1). It
is possible to prove that there exists a point v* which is the initial value for the
motion along an integral manifold which is a solution v(¢, €) of the equation v =
f(v,h(v,t,€),t,¢). The functions ¢;(z, €), @a2(t, &) are corrections that determine
the degree to which trajectories passing near the manifold .#, tend asymptotically
to the corresponding trajectories on the manifold as 7 increases. They satisfy the
following inequalities:

@i (2, 8)] < N|y® = h(x’ 10, &) expl—y (t —t0) /¢], i = 1,2, (2.8)

and |y® — h(x°, #9, )| < p for some positive p and ¢t > #, . An application of this
result to a problem on high-gain control is given in Sect. 5.5. As an illustration of
the above we consider the following example.

Example 1. Consider the third order linear differential equation

(L L A =0 (2.9)
_ ) — X = s .
a’  dr dt

with constant coefficients and initial conditions
x(0) = xo, X(0) = X, X(0) = Xo. (2.10)

This equation is rewritten in the form of the differential system

X1 = xa, (2.11)
X2 =y, (2.12)
ey = —y 4+ 2x; —4(1 + 2¢)xy, (2.13)

where x; = x, with initial conditions
Xl(O) = Xy, )Cz(O) = fC(), y(O) = X() (214)
The slow surface for this system (¢ = 0) takes the form

y = —4x1 + 2x2,
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and the slow invariant manifold may be written in the same form. To check this fact
it is necessary to write down the invariance equation (2.4) for y = h(x;,x2) =
—4x1 + 2x3:

e[—4xy + 2(—4x; 4+ 2x3)] = 4x1 — 2x5 + 2x; — 4(1 4 2¢8)xy,

() =)

X2 y

g=—-y+ 2x2 - 4(1 + 28))(,'1 and % = (—4’2)
Introducing the new variable z by the formula

which is an identity. Here

z=y +4x; — 2x>,, (2.15)
we obtain the initial value problem for z:
ez =—(1 4+ 2e)z, z(0) = z0 = y(0) + 4x1(0) — 2x,(0) = Xo + 4x0 — 2o,

the solution to which is

I +2¢
z=1z(t,e) = zpexp (— . t) . (2.16)
Now we obtain the following differential system for x; and x;:
X1 =X, Xp = —4x1 4+ 2x2 + z(t,¢).

It is a straightforward exercise to check that
&2
x; = x1(t,e) = |:(xo — ?zo) cos(«/gt)

+\/L3 ()'co — X0 + @zo) sin(«/gt):| e’

&2 1+ 2¢
+_Z0 eXp - t )
4 &

Xy = xo(t,€) = |:()'c0 + @m) COS(\/gl‘)
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+\/L§ (Xo —4x0 + @Zo) Sin(\/gl)i| e’

e(1 + 2¢) 14 2e
_Tzoexp — . t],

where
t=1C(s) =14 6e+ 122

It follows from (2.15) that

y=y(te =2 [(Xo —2x0 + @Zo) COS(«/gt)

—% ()'co + 2x0 + gzo) sin(\/gt)i| e

(1 + 2¢)? 14 2¢
+Tzoexp E— t].

Thus, we obtain the representation (2.7) for (2.11)—(2.13) in the form

-xl(tvg) = Vl(l,S) + 82(/’11([78)7
xa(t,8) = va(t, €) + ep1a(t, &),
y(t,e) = y(t,e) + ¢a(t, 8).

vi(t,€) = [(xo - ?m) cos(+v/31) + % (xo — X0+ @ZO) sin(ﬁz)] ¢!
valt, ) = [(onr ‘9(115 ‘9)ZO) cos(v/31)

+% (xo PG ; ZO) sm(«/—t)]
y(t,e) =2 [(xo —2x0 + e _g te )zo) cos(v/31)

—% ()‘co + 2x0 + gzo) sin(\/gt)] e’
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and

1 1+ 2¢
on(t,e) = —zoexp | — t],
e £

1+ 2¢ 1+ 2¢
ot e) = —%ZO exp (— . l‘),

1+ 2¢)? 1+ 2¢
L )

Note that the solutions
x1 =x1(t,8), x2=x(t,8), y=y(t,e),
which satisfy the initial conditions
x1(0,8) = xo, x2(0,¢) = %o, y(0,¢8) = yo,
are exponentially attracted to the corresponding solutions
xi =vi(t,e), x2 =wl(t,¢), y=y(te)

on the slow invariant manifolds as t — oo (see Fig. 2.1). Further, note that the initial
conditions for v; and v, are

& . e(1+ 2¢
vi(0,8) = v] = xo— —z0, 2(0,8) =) = %o + ( ¢ )'Zo.

¢

Fig. 2.1 Example 1: the slow invariant manifold (shaded plane), two trajectories (the thin solid
lines) on the slow invariant manifold and one trajectory outside it (the thick solid line) approaching
the trajectory on slow invariant manifold with corresponding initial point; ¢ = 0.1. The arrows
indicate increasing time
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Then there are the initial values v(l) and vg, rather than xy and Xy, that provide the
initial state for the solutions v (¢, ¢) and v, (¢, €) on the slow invariant manifold.

From (2.7) and (2.8) we obtain the following Lyapunov Reduction Principle for
a stable integral manifold defined by a function y = h(x,?,¢). A solution x =
x(t,e), y = h(x(t,¢),t,¢) of the original non-autonomous system (2.1) is stable
(asymptotically stable, unstable) if and only if the corresponding solution of the
system of equations

v=F(,t,e)= fv,h(v,t,8),t,¢)

on the integral manifold is stable (asymptotically stable, unstable) [170]. The
Lyapunov Reduction Principle was extended to ordinary differential systems with
Lipschitz right-hand sides by Pliss [138], and to singularly perturbed systems in
[170, 197]. Thanks to the reduction principle and the representation (2.7), the
qualitative behavior of trajectories of the original system near the integral manifold
may be investigated by analyzing the equations on the manifold.

The Reduction Principle and the representation (2.7) can be found in [170].

2.3 Asymptotic Representation of Integral Manifolds

When the method of integral manifolds is being used to solve a specific problem,
then a central question is the calculation of the function h(x,?,¢) in terms of
the manifold described. An exact calculation is generally impossible, and various
approximations are necessary. One possibility is the asymptotic expansion of
h(x,t,¢) in integer powers of the small parameter &:

h(x,t,e) = ¢p(x.1) +ehi(x,1) + -+ hp(x, 1) + ... . (2.17)

Here h(x,t,0) = ¢(x,t), i.e. the slow surface ¢(x, ) can be considered as a
zero-order approximations of the slow integral manifold.
Substituting this formal expansion into the invariance equation (2.5) i.e.,

8% + S%f(x,h(x,t,e),t,e) = g(x,h,¢), (2.18)
ot ox

we obtain the relationship

T e T ) = S e @19

k>0 k>0 k>0
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We use the formal asymptotic representations

f(x, Zskhk,t,e) = Zskfk(x,qﬁ,hl, vl )

k>0 k=0
= fo(x,p,t) +efi(x,d,hy,t) + ...
+ef o b )+ (2.20)

and

g(x. > e hi.t.e) = Bx.1) Y el + ) e gi(x.p i i)

k>0 k>1 k>1
= B(x.t)(ehy 4+ &*hy + -+ "l +..) (2.21)
+egi(x, ¢, 1) + g2 (x, ¢, 1, 1)
+ot g (b bk )+

where the matrix B(x,t) = (dg/dy)(x, ¢,t,0), and where

g(x,¢(x,1),t,0) = 0.

Substituting these formal expansions into (2.19)

3¢ ,om o Oy
T PR P
9 oh I
b (22 g 2O e (folx,¢.1) + efi(x, . h1.1)
0x 0x 0x

+o iy hit) 4+ ..) = B(x,t)(ehy + €y + -+ 5y +..)
+egi(x,¢.1) + g (x, b by t) + -+ X gr(x. ... hi—1. 1) + ...,

and equating powers of ¢, we obtain

d¢
ot
oh,  0¢ ohy

o T T e

9
+ 22 foe .0y = B + g1,
X
Jo = Bhy + g2,

Oy oh,
— fk—1—p = Bh , k=2,3,....
+ ) oy Sk k+ &k

ot
0=<p=<k—1
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By virtue of (2.6), B is invertible and then

0
hy = B! [a—‘f + —fo(x ¢.1) — } (2.22)
oh 0 oh

hy = B! —1+—¢f lfo—gz (2.23)

ot ox

In general

_ | 0hg— oh
hy =B | —— L e, — h=2,3,... (224
k y +0<§_1 o Je—1—p — 8k (2.24)

We recall that ¢(x,t) is determined by g(x,¢(x,?),t,0) = 0. Now we can
calculate an approximation to /(x, ¢, &) from (2.17).

Asymptotic expansions of slow integral manifolds were used in [186, 195, 196].
These papers address questions in gyroscopic systems, rotating bodies and orienta-
tion of satellites.

The justification of the asymptotic formulae will be given in the Appendix, see
Chap. 9.

2.4 Two Mathematical Examples

We give two examples, for which exact solutions may be constructed, to illustrate
slow invariant manifolds.

Example 2. The autonomous system of the two nonlinear scalar equations
. . 2
X=x, gy=—-y—x",
with the initial value conditions

x(0) = x0, y(0) = yo,

has the exact solution

2
X0
[s = tv Zv = T, A
K0 = v (1) = S g4

Je™!

The first term in y(¢, &) is the outer solution, and the next term is the inner, or
boundary layer, the part of solution.

This system possesses the attractive slow invariant manifold (see Definitions 1
and 3 in Sect. 1.3.1)
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x2

YT T T2

because the trajectory on this manifold can be represented in the form
x(t,€) = xpe', y(t,e) = —x(t,€)?/(1 + 2¢),

if we neglect terms of order O(e~"/¢), i.e. the boundary layer terms are neglected.

If we use the formal procedure described above we have f = x, g = —y — x2.

Then the equation for the slow curve ¢ (x, t) (see Definition 2 in Sect. 1.3.1) is

0=—y—x?
which has unique root y = —x2. This root is stable because
0
—(—y —x?) =-1<0.
By y=—x2

The invariance equation (2.4) for i(x, €) is

e—x = —h — x?,
dax

and it is a straightforward exercise to check that the asymptotic expansion
h(x,e) = ¢(x) + ehi(x) + -+ hp(x) + ...

yields ¢(x) = —x?, hi(x) = 2x2, hy(x) = —4x?, etc and coincides with the
corresponding asymptotic expansion for the function —x2/(1 + 2¢).

The exact slow invariant manifold 2 = —x?/(1 + 2¢) and its zero order, ¢ (x) =
—x2, and first order, ¢(x) + eh;(x) = —x? + £2x?, approximations are shown in
Figs. 2.2, 2.3 and 2.4. This shows how the approximations improve as ¢ — 0.

Example 3. We consider the autonomous second order, nonlinear system

x=y, ey=-y—)y,
with the initial conditions
x(0) = xo, y(0) = yo.

Since the y equation may be written as

(1+ 1 )d— dt
y 1+y v= e
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Fig. 2.2 Example 2: the exact slow invariant manifold / (the dotted line), the slow curve ¢ (the
dashed line) and the first-order approximation to the slow invariant manifold (the dashed-dotted
line); (a) e = 0.2, (b) e = 0.1, (¢) ¢ = 0.01

Fig. 2.3 Example 2: the slow invariant manifold (the dotted line), the slow curve (the dashed line)
and the trajectories (the solid lines) with various initial points and ¢ = 0.1. The arrows indicate
increasing time. The reader should note that even though the initial point is not on the slow invariant
manifold, the solution eventually lies very close to the manifold
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Fig. 2.4 Example 2: the y-component of the solution with xo = 0.8, yo = 1.0 (the solid line), the
y-component of the solution on the slow invariant manifold (the dashed line), and its first-order
approximation (the dotted line); (a) ¢ = 0.1, (b) ¢ = 0.01. This shows that the solution on the
slow invariant manifold deviates significantly from the exact solution only in the initial layer

we have the exact solution in the form
—t/e
Yoe
y(te) = o,
1+ yo — yoe™'/¢

x(t,e) =xo+eln(l + y9) +eln (1 — Le"f/s)
1+ yo

= xo +eln (1 + yo — yoe /%), (2.25)

when yo > —1 and, therefore, the argument of In is nonnegative. It is clear that the
y-component of the solution tends to the trajectory y = 0 as ¢t — oo. This means
that the trajectory y = 0 can be considered as an attractive slow invariant manifold,
see Fig. 2.5. In this case the flow on the attractive slow invariant manifold is then
described by the equation

x =0,
i.e. x(t,&) = const, and this constant is the limit of the x-component of the exact
solution x(t,&) — xo + e€In(1 + y), which is the corresponding component of
the solution on the attractive slow invariant manifold, as t — oo, see (2.25) and
Fig. 2.6.
If yo = —1, the exact solution becomes

x=xp—1t, y=-—I,

and this means that y = —1 is also a slow invariant manifold.
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Fig. 2.5 Example 3: the slow invariant manifolds (the dotted lines) and the trajectories (the solid
lines); (a) ¢ = 0.1, the initial points: x(0) = 0.58 and y(0) = 1.9, x(0) = 0.8 and y(0) = —0.9,

x(0) = 0.8 and y(0) = —1.1; (b) ¢ = 0.01, the initial points: x(0) = 0.78 and y(0) = 1.9,
x(0) = 0.8 and y(0) = —0.9, x(0) = 0.8 and y(0) = —1.1. The arrows indicate increasing
time. So y = 0 is attractive and y = —1 is repulsive
0807 209 g
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Fig. 2.6 Example 3: the x- and y-components of the exact solution as functions of ¢ with xo =
0.78, yo = 1.9 and ¢ = 0.01

Consider the case yo < 0. Note that values —1 < yo, < 0 fit in both cases
(yo > —1 and y¢ < 0) with equal facility. On writing the y equation as

(1Jr 1 )d_dt
y l+y Y=

the exact solution can be represented as

1
x(t,e) =xo—t+eln(—yo) +¢ln (1 — ﬁe”s)
Yo
=xo—1t +eln((1+ yo)e'* — ),
1 + yo)e'/®
Yte) = —1+ (1+ yo)

(14 yo)e'/s —yo'
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Fig. 2.7 Example 3: the x- and y-components of the exact solution as functions of ¢ with xo =
0.8, yo = —0.9 and ¢ = 0.01. For both sets of initial conditions the exact solution, with ¢ = 0.01,
tends rapidly to the solution y(t) = 0
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Fig. 2.8 Example 3: the x- and y-components of the solution as functions of ¢ with xo = 0.8,
yo = —1.1 and ¢ = 0.01

If —1 < yp < 0, than the y-component of the solution tends to y = 0 as t — oo,
see Fig. 2.7. If yo < —1, than this component tends to —oo as ¢ changes from 0
tot = ¢ln %’ where (1 + yg)e!/* — yo = 0, see Fig. 2.8. Hence the trajectory
y = —1 is a repulsive slow invariant manifold. The flow on this repulsive slow
invariant manifold is described by the equation

X =-1.

Thus, the system under consideration possesses the attractive slow invariant
manifold y = 0 and repulsive slow invariant manifold y = —1, see Fig. 2.5.
This example illustrates the possibility of the coexistence of several slow integral
manifolds.

If we use the formal procedure described, we begin from the equation for the
slow curve

0=—y—y%,
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which has two roots y = 0 and y = —1. The first root is stable because
0
—(y—y)| =-1<0,
dy
and the second one is unstable, because

d
Sy-y|  =1>0
Yy

y=-1

Note, that for the system under consideration the exact expressions (y = 0 and
y = —1) for the slow invariant manifolds coincide with their zero approximations,
since here f = y, g = —y — y? and the invariance equation (2.4) for 4 is

h
ehd— =—h(l + h).
dx

Taking into account that the left hand side of the invariance equation is identically
equal to zero for & = constant, we obtain that 7 = 0 and &7 = —1 are exact
solutions of this equation and, therefore, formulae 7 = 0 and 7 = —1 give the exact
expressions for slow invariant manifolds.

2.5 Systems That Are Linear with Respect to the Fast
Variables

Now we turn to systems that are linear with respect to the fast variable y, and
consider the following equations

x =1C0(x,t,e)+ F(x,t,¢8)y,
(2.26)
ey =§&(x,1,8) + G(x,1,8)y,

where the righthand sides are linear with respect to the fast variable y. Such systems
are typical of enzyme kinetics [44].

We assume that the eigenvalues A, (x, ¢) of the matrix G(x, ¢, 0) have the property
Reld;(x,t) < =2y <0,int € R, x € R", and that the matrix- and vector-functions
£,€, F and G are continuous and bounded as well as their partial derivatives with
respect to the arguments 1 € R, x € R, ¢ € [0, g&9]. When these assumptions hold,
the system (2.26) has a slow integral manifold

y=h(xt,e) =¢(x,t) +ehi(x,t)+....
On noting that

dy oh o
dy _ O Oy,
" Tt
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or using the first of (2.26), the functions /; can be derived from the second of (2.26)

oh oh
e—+e—(+Fh) =&+ Gh.
ot ox
k .
Assume ¢ = Y &'¢i(x,t) + O(¢"T!) and a similar representation holds for &, F

i=0
and G. Then the following recurrent relations hold:

¢=-Gy'&%, h = Gol[ +—<;o+Fo¢) £ — Gl

hy = G, [%+—(§1+F0h1 +F1¢)+—(§0+F0¢) & — Gy — G hy],

i—1 i—j—1

1. 0h;— oh;
hi = Gy o -+ Za_xj[zi—j—l + Y Fhijoi]
j=0

s=0

=Y Gjhij} i =3.....k. (2.27)

In many applications the o(e) order terms may be neglected, and we may then
restrict ourselves to the first order approximation of the function i = ¢(x,?) +

ehi(x,t).

Example 4. As an example we consider the motion of a pendulum in a viscous
medium. The motion is described by Newton’s second law with the following
autonomous system of equations

X =y,
(2.28)
gy = —y —sinx.

Clearly the system is linear in the fast variable y but nonlinear in x. We construct
the slow invariant manifold of the pendulum equation (2.28).

The invariant manifold of slow motions y = h(x, €) for this system is given in
the following form:

y = h(x,8) = ¢(x) + ehi(x) + &ha(x) + o(e?),
where h(x, €) satisfies

dh
h=" = —h —sinx.
& dx sSin x
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Fig. 2.9 Example 4: the slow curve y = ¢(x) = —sinx (the dashed line), the first-order y =
¢(x) + ehy(x) (the dotted line) and the second-order y = ¢(x) + eh;(x) + £2h,(x) (the solid
line) approximations of the slow invariant manifold with ¢ = 0.2
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—0.51

—0.64
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Fig. 2.10 Example 4: the trajectory (the solid line) of the solution with x(0) = 7 /4, y(0) = 0
(there is a boundary layer at the initial point (7z/4, 0)), the zero-order y = ¢ (x) (the dashed line)
and the first-order y = ¢(x) + eh;(x) (the dotted line) approximations of the slow invariant

manifold; (a) ¢ = 0.1, (b) ¢ = 0.01

Then

¢

1
—sinx, h; = —3 sin2x, h, = —sinx(coszx + cos 2x).

The motions on this manifolds are described by the scalar equation

1
X =h(x,e) = —sinx — &3 sin 2x — &” sin x (cos” x + cos 2x) 4+ O(&?).

Figures 2.9 and 2.10 demonstrate the results of the calculations.



Chapter 3
The Book of Numbers

Abstract In this chapter the first number in the title of a section denotes the
dimension of the slow variable, the second one denotes the dimension of the fast
variable. A series of examples, of increasing complexity, are given to illustrate
the theoretical concepts. The main examples come from applications in enzyme
kinetics. These examples illustrate the effectiveness of the order reduction method.

31 0+1

A number of examples involving scalar equations are given in this section to
illustrate the concepts introduced in Chap. 2.
Consider the non-autonomous differential equation

dy
e— = N 3.1
i At (3.1
with scalar variable y, sufficiently smooth function g, positive small parameter ¢
and an initial condition

y =y at t =1I.

Equation (3.1) is of (0+1)-type, since the slow variable x is absent, so its dimension
is equal to zero and the fast variable y is scalar, i.e. its dimension is equal to unity.
Let y = y(t, ) be the solution of this initial value problem. Also let y = ¢ (¢) be the
solution (for simplicity we suppose that this solution is unique) of the corresponding
degenerate equation 0 = g(y, t), obtained by setting ¢ = 0 in (3.1).

The question now arises of whether there is a relationship between y(z, ¢) and
o). If y(t,e) = ¢(t) ase — 0, ¢p(¢) is stable (or attractive); if y(t, €) moves away
rapidly from ¢ (¢) as € — 0, ¢ (¢) is unstable (or repulsive). In order to compare the
functions y (¢, €) and ¢ (¢) for small values of ¢, consider the function

9g(. _ g (v,
B(t):% on y=¢(@), ie. B(Z)Z%’ywm'
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Sufficient conditions for the stability (instability) of ¢ (¢) are [111]

o If B(¢) < 0 then the solution of the degenerate equation, y = ¢(¢), is stable;
o If B(¢) > 0 then the solution of the degenerate equation, y = ¢(¢), is unstable.

The proof of this fact for a special case can be found in Chap. 9 (see Sect. 9.1).
To find an approximate solution, playing the role of the slow integral manifold
of (3.1), we use the form

y=ot.e)=¢0) +epr + e+ ... (3.2)
which indicates that we are still ignoring terms of order O(&?); the cutoff could
be taken at any power of ¢, but the more terms that are retained the longer the

calculations become. The first step is to substitute (3.2) into (3.1), obtaining

e(Pp(t) + e1 + &% +...) = g(B(t) + epr + 20r + ..., 1). (3.3)

The next step is to expand the r.h.s. of this equality in powers of ¢ by a Taylor series.
If we are still reasoning formally, there is no need to pause over the justification of
this step. It is convenient to have a name for the r.h.s. of (3.3) regarded as a function
of &, so we set p(e) = g(¢(t) + ep1 + 29 + ..., t). Expanding in powers of &,
ignoring terms at O(&%), and noting p(0) = g(¢(¢)) = 0, leads to

P(0) +ep/(0) + 365" (0)
= 6,90 001 + 37 (80 B (1).09] + 28, $ (). ¢2)
= B (1 +e92) + 388,00, 6.
Thus, we obtain from (3.3)
S0 + i + 9+ ) = eBO1 +o92) + 382800, 0,
and ¢1, > must satisfy
$(1) = B(1)g1,
i1 = B + 5809006

As a result, the functions ¢y, ¢, are given by

o1 = ¢(1)/B(1),
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o2 = 91~ 380 (0. 0611/ B,

and ¢ (¢) is defined by g(¢(¢),7) = 0.

Thus, the slow motion of (3.1) is described by the formula (3.2) for y = ¢(t, ¢),
where ¢, ¢1, ¢, are given above.

If the degenerate equation has several solutions y = ¢;(¢), i = 1,2....,kitis
necessary to verify the stability of each solution. Then the behaviour of the solution
y = y(t,¢€), as ¢ — 0, depends on initial point (¢, yo).

Example 5. Consider a scalar equation

ey = —(32 + 1)(y + sin(> + 1)) (3.4)

with the initial condition y (¢y) = yo.
The degenerate equation is

gy, 1) =—@B2+ 1)(y +sin(t* +1) =0

a
and has a stable solution ¢ (t) = —sin(¢> + 1), since B(t) = a—g

y iy=¢(r> =
1) <O.

The approximate stable slow integral manifold of the above equation is given by
the perturbation expansion

—(312 +

y(t,e) =¢(t) +epr + 2+ ...,
where

(1) = —sin(t® + 1),
@1 = (t)/B(t) = cos(t® + 1),

.1 .
¢ = (41— Egyy(qﬁ(l),t)@f)/l?(t) = sin(t* +1).
The approximate slow integral manifold is therefore
d(t) + e+ 2pr +0(e%) = —sin(t® +1) +ecos(t® +1) + & sin(t® +1) +o(e?).

The exact solution of the original equation (3.4) is easily found using the change of
variable n = ¢3 + ¢, and the result is

1 3
y(t,e) = |:y0 + m(sin(l&’ + 1) —¢ cos(tg’ + to))} oo tHo—17=)/¢

1
i [sin(t3 +1) —ecos(t® + t)].
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Fig. 3.1 Example 5: the slow _
integral manifold (the dotted r‘ IP\ 1.07 Y
line), the slow curve I g |

y = ¢(t) (the dashed line) |
and two trajectories (the solid |
lines) corresponding to I
different initial conditions [
and approaching the slow _’b

f

™~

integral manifold; ¢ = 0.1.
The arrows indicate
increasing time

Equation (3.4) has the exact slow integral manifold

1
y(t.e) = T (scos(t® + 1) —sin(r® + 1))

which is attractive as t — oo, and this agrees with the results of the perturbation
scheme with an error o(g?).

The exact solution contains the effect of the initial condition at ¢t = ¢y, and
this decays rapidly for ¢ > ¢ to leave only the attractive slow integral manifold.
The latter does not contain the initial condition: in some sense the “initial layer”
is missing and doesn’t affect the steady state solution. This is the essence of
Tikhonov’s theorem, see (1.34), (1.35).

In Fig.3.1 we show the slow integral manifold, the slow curve y = ¢(¢) =
—sin(#? + ¢) and some trajectories with & = 0.1.

Example 6. Consider a non-autonomous scalar equation
ey = (3t> + 1)(y + sin(t® + 1))

with the initial condition y(¢y) = yo.
The degenerate equation

GBt2+ D)y +sin(® +1)) =0
has an unstable solution ¢ () = —sin(¢t* + ) due to B(t) = 3t> + 1 > 0.

The approximate unstable slow integral manifold of this equation is given by the
perturbation expansion

y(t,e) =) +epr + 2+ ...,
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where

(1) = —sin(t® + 1),
@1 = (t)/B(t) = —cos(t + 1),

02 = (91— 380 (B(). 061/ BW) = sin@* + 1),

The exact solution is

1 ; ;
y(t.e) = {yo+ i [e cos(ty + to) + sin(zg + 10)] e Fi—tg—t0)/e

1
T2 (scos(t® + 1) + sin(t® + 1)) .
B

The equation under consideration thus possesses the exact repulsive slow integral
manifold

1
3 L3
t,e) = —— = (ecos(t” +1t)+sin(t” +1)),
$.8) = =15 (ecos(t® + 1) 4 sin(* +1)
and again the perturbation procedure gives the approximate result with an error at
0(82) for t > ty, but does not contain the effect of the initial condition at t = #,.

Figure 3.2 shows the slow integral manifold, the slow curve and two trajectories
corresponding to different initial conditions, with ¢ = 0.1.

Example 7. Consider the nonlinear autonomous initial value problem

ey =y(*=1). y(0) = yo. (3.5)

The degenerate equation g(y) = y(y*—1) = 0 has three solutions: ¢ (t) = —1,
¢o2(t) = 0 and ¢3(¢) = +1. Then

B() = B_g

Ay ly=¢)

Fig. 3.2 Example 6: the slow
integral manifold (the dotted
line), the slow curve (the

|

|
|

1 g
I
R
—i T

dashed line) and two _"Z 1 ;

B

l‘l

v

trajectories leaving the
repulsive slow integral
manifold (the solid lines);

¢ = 0.1. The arrows indicate
increasing time




48 3 The Book of Numbers

yields

B = (= D],yyy =3-1=2>0. BO) = (3’ 1<

=Dlyepr =

Therefore, ¢,(t) is stable, ¢;(¢) and ¢5(¢) are unstable for all 7.
The exact solution of (3.5) can be found by separation of variables, and the
solution is found by solving

di dy (1 1 1
/Z‘/wﬁ—n‘/(y+ﬂw4ﬁd@+n)”

for y. This gives
t 21\
—=ln(|y 5 l) +C
€ y

with the integration constant C. Taking into account the initial conditions we obtain
the solution in the form

- o —1/2
y(0) = yoe F (1= yg + yge /F) .
Then

y(t) —> 0ast — 4o0, if y§< 1,
e, Y .

y(t) = +ooast — t*,t* = ~In———, if yo>1,
2 y5— 1

and

y(t) - —ococast —t*, if yg<1.

Thus the solution y(¢) = 0 is the stable slow integral manifold, y(¢) = —1 and
y(t) = +1 are unstable slow integral manifolds, see Fig. 3.3.

Example 8. Consider the non-autonomous scalar equation
ey =1y (3.6)
with initial condition
y=Yyo at t =1y.

In this case, g(y,t) = ty so that ¢(¢) = 0 and B(¢t) = t. Hence, ¢ (¢) is stable for
t < 0 and unstable for # > 0. The solution of the initial value problem for (3.6) is
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Fig. 3.3 Example 7: the
solutions of (3.5) with
different initial values and

& = 0.1. The arrows indicate
increasing time

06 08 1.0

Fig. 3.4 Example 8: the
solutions of (3.6) with 1.0 y
different initial values and

& = 0.1. The arrows indicate
increasing time

i 0.5-; T

3 2 -1 0 1 2 3
T 05 l
1.0
Y(t) = yoe T, (3.7)

Note that the solution y(z) = 0, corresponding to yo = 0, plays the role of the slow
integral manifold, which is attractive for ¢ < 0 and repulsive for > 0, see Fig. 3.4.

32 1+1

3.2.1 Theoretical Background

Moving to the next level of the complexity, we consider a system of two ordinary
autonomous differential equations
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dx

-, Zf(x,y,f;‘),

d (3.8)
SQ =g(x,y,¢)

dl _g 5ya £

with scalar variables x, y, as “slow” and “fast” respectively, both with dimension
one, sufficiently smooth functions f and g, and a small positive parameter .
It should be pointed out that (3.1) may be represented in the form (3.8):

dt dy

-5 = 17 - = 7t s

7 e =801

and conversely it is possible to represent (3.8) in the form (3.1). Division of the
second equation in (3.8) by the first one gives

dy _ g(x,y.¢)

dx  f(x,y.€)

This form of (3.8) leads to a phase-plane (y — x) analysis.
Returning to (3.8) we consider the degenerate system

dx

-\ = 3 303
” Sf(x,».0)
0=g(x,y,0).

The second equation of this system g(x, y,0) = 0 describes a slow curve. Suppose
that this equation has an unique solution y = ¢ (x). Introduce the function

ag(x,y,0) . dg(x, y,0)

B(x) = % on y=¢(x), ie. B(x)= T’FMX)'

Sufficient conditions for the stability (instability) of ¢ (x) are identical to those
for (3.1)

o If B(x) < 0 then the solution of the degenerate equation, y = ¢ (x), is stable;
¢ If B(x) > 0 then the solution of the degenerate equation, y = ¢ (x), is unstable.

If the degenerate equation has several solutions y = ¢;(x), i = 1,2... .k itis
necessary to check each solution for stability. Then the behavior of the solution

x =x(t,e), x(tp,e) =x9, vy =y(t, ), y(to,€) = yo

as ¢ — 0 depends on initial point (xg, o), i.e., does it or does it not lie within the
domain of attraction of a stable slow curve y = ¢(x).
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3.2.1.1 Asymptotic Expansions

To obtain the asymptotic expansion for a one-dimensional slow invariant manifold
y =h(x,e) =p(x) +eh(x) + -+ he(x) + ...,

we substitute this formal expansion into the equation

By 8lry.e)
dx  f(x,y,¢)’

or, in more convenient form, into the invariance equation (2.4)
dh
sd—f(x, h(x,e),e) = g(x,h,e).
x

We could use the general formulas from Sect. 2.3, but instead we will calculate the
asymptotic expansion in the form

h(x,e) = ¢(x) + ehi(x) + O(e?).

Thus, we obtain the relationship

s‘;—ff(x,¢(x),0) + 0(e?) = g(x,¢(x) + ehi(x) + O(e?), e).
We use the formal asymptotic representations
g(x, d(x) + ehi(x) + O(e?),8) = B(x)(eh; + O(£?)) + egi(x,¢) + O(&?),
on taking into account
g(x,¢(x).0) =0,
where the function B(x) = (3g/dy)(x, ¢ (x),0), and
g1(x,¢) = (0g/0e)(x, $(x).0).

Substituting these formal representations into the invariance equation and equat-
ing powers of &, we obtain

I = [fl—‘bfo—gl} /B.

X

where fo = f(x, ¢(x),0).
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The slow motions of (3.8) are now described by the equations

% = f(x,9p(x) + ehi(x)+...,¢),
y =h(x,e) = ¢(x) +ehi(x) + ...,

where h;(x) is given above.

3.2.2 Michaelis—Menten Kinetics

We use the dimensionless 2D model of Michaelis—Menten kinetics of enzyme
action, (see [118]), to illustrate the (1 + 1)-case (i.e. dimx = 1,dimy = 1).
The Michaelis—Menten mechanism is written

ky
E+S = ESBE+P (3.9)

In the scheme (3.9), E represents an enzyme, S a substrate, ES an enzyme—substrate
complex, and P a product. We write C = ES for the intermediate complex. Also,
concentrations are indicated by lower case letters, i.e., x is a concentration of X, and
the time derivative dx/dt by X. In this notation the system of differential equations
for the scheme (3.9) is

é = —kies + k_ic + ks, (3.10)
§ = —kies + k_ic, (3.11)
¢ =kies—k_1c —kye, (3.12)
b = kae. (3.13)

The relevant initial conditions for (3.10)—(3.13) are that the concentrations of the
substrate s and the enzyme e are given and non-zero and those of the complex ¢ and
product p are zero, that is,

s(0)=50#0, e(0)=¢e#0, c(0)=p(0)=0. (3.14)

The ultimate purpose is to find the steady state form of the substrate S and the
concentration of the intermediate complex ES.

This system immediately yields two constants of the motion: “total enzyme” and
“total substrate.” Adding Eqgs. (3.10) and (3.12) gives

d(e+c)/dt =0,
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so that
e+ c = e, (3.15)

the total enzyme concentration, since ¢(0) = 0. Adding Egs.(3.11), (3.12)
and (3.13) gives

d(s+c+ p)/dt=0,
so integration gives
S+C+p:S0 (316)

the total substrate concentration, since ¢(0) = p(0) = 0. Using Eq. (3.15), e may be
eliminated from Eqs. (3.11) and (3.12), to give the closed, coupled pair of equations

§ = —ki(eg —c)s + k_qc, (3.17)
¢ =ki(eg—c)s —k_1c —kyc. (3.18)

We introduce the nondimensional quantities

T = kleot’ A = &7 K = w
k1S0 k1S0
© ® (3.19)
st C e
X(0)==2, yO)=—, £=—,
S () S0

where e and sy are the initial enzyme and substrate concentrations in (3.14). All of
X, Y, T, A, k and g in (3.19) are dimensionless variables and parameters independent
of the system of units used. Substituting (3.19) into the system (3.17), (3.18) with
the initial conditions from (3.14) they become the following nondimensional system
for x(7) and y(7):

d
& —x+(x+c—=21)y, (3.20)
dt
d
s—y =x—(x+«)y, (3.2
dt
with initial conditions
x(0) =1, y@)=0. (3.22)

In most biological situations the ratio of the initial enzyme to the initial substrate
is small, that is ¢ = eg/so < 1, and so (3.20)—(3.22) is a singular perturbation
problem.
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The degenerate system is

d.
—x=—x+(x+K—)L)y,
dt

0=x—(x+«)y.
The last equation has the solution

X

y=¢(x) =

X+ K

3 The Book of Numbers

To find the slow invariant manifold of (3.20), (3.21) in the form of an asymptotic

expansion

y =h(x,e) = ¢(x) +ehi(x) +...

(3.23)

we substitute (3.23) into (3.21) and use (3.20) to get the invariance equation

dh(x,¢€)
dx

&

Then

[—x + (x +k —M)h(x,e)] = x — (x + k)h(x,¢).

e (@' (x)+ehj(x) 4+ ... )[—x+ (x + k£ = A)(P(x) + ehi(x) +...)]

=x — (x + 1) (P(x) + eh1(x) + *ha(x) + ... ).

(3.24)

Equating the coefficients of the first power of ¢ in (3.24), and noting that

x—(x+1)p(x) =0 or ¢p(x) =

we obtain

x4+«

¢ ()[=x + (x + & = N)P(xX)] = —(x + K)h1 (x).

From this and

K
’ _
P(x) = (x +x)?
we calculate
Akx
h = —
) = o

Thus, the slow invariant manifold is
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by n Akx
€
X +k (x + x)*

)= + 0, (3.25)

and the flow on it is described by

dx  —Ax Akx(x +k—A)

- 2
i T + O(&). (3.26)

This slow invariant manifold is attractive since

a_g = i(x—(x+lc)y)=—(x+lc) <0,

dy 0y

and thus there is the unique stable equilibrium x = 0 to Eq. (3.26) on this invariant
manifold.

In Fig.3.5 we can see that the trajectory of (3.20)—(3.22) approaches the slow
invariant manifold very rapidly from the initial point x(0) = 1, y(0) = 0, and then
tends to the origin which is the equilibrium of (3.20)—(3.22) along the manifold as
t — o0.

The zero approximation

dx AX
“ — )y = —
dt ¥+ +e—A)y x4+«

(3.27)

y=¢(x) =

x4+«

when put in dimensional variables, gives the well-known Michaelis—Menten kinetic
law:

ds —ko s s ki +k
R , K="t (3.28)
dt K+s K+s kq
a b
1Yy | Y r
047 0.4
0.3 034
0.2 0.2—-
0.11 ! 0.1 T
4 :'U 4 l»
0 T T T T T 0 T T T T
0 02 04 06 08 10 0 02 04 06 08 10

Fig. 3.5 The trajectory (the solid line) of (3.20)—(3.22) and the slow curve (the dashed line) for
k = 1,12 =0.5,and (a) e = 0.1, (b) ¢ = 0.01. The arrows indicate increasing time
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The first order approximation (3.25), (3.26) is as follows in dimensional terms

ds —sz 2 (k]S +k_1)Kk2S
— =e e ,
d "K+s " k(K +s)*

s , Kkys
C = €

These relationships may be called the generalized Michaelis—Menten kinetic law.

Since the slow invariant manifold is attractive and 0 < ¢ < 1, the trajectory
lands on the manifold very quickly after the initial instant and then flows to the
origin. Thus an “initial layer” perturbation scheme is of little interest to the long-
term state. However, the reader may wish to do a matched asymptotic expansion
to find a uniformly valid solution for # > 0, see [119] for a detailed discussion of
this problem. R.S. Johnson [80, p. 263], uses a multiple-scale expansion to solve the
problem.

Note that Eq. (3.27) may be solved exactly:

x@)+klnx@)=1-At

on using x(0) = 1.

33 241

We now consider the case where the slow variable has dimension 2, while the fast
variable has dimension 1.

3.3.1 Theoretical Background

Consider the autonomous differential system with two slow variables x;, x, and
one fast variable y

d.

% = filx1,x2,,¢),

dx

—2 = falx1.x2. 3.9, (3.29)
dt

d

y
e — = g(x1,x2,7,8),
d g(x1,x2,y,€)
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where ¢ is a small positive parameter. The corresponding degenerate system is

dx1
- = ) ) 70 )
o Si(x1,x2,y,0)
de
- = ) ) 70 )
o Sr(x1,x2,y,0)

0 = g(x1,x2,y,0).

The last equation describes the two-dimensional slow surface in implicit form.
Let this equation have the solution (i.e., the slow surface has the form)

Y =¢(x1,x2).
The slow surface y = ¢ (x1, x7) is stable, if

dg(x1,x2,,0)

B(xi,x2) = dy |y=¢(x1.,x2)

is negative, and is unstable if B(x;, x;) > 0.
To obtain the asymptotic expansion for the two-dimensional slow invariant
manifold

y = h(x1,x2,8) = ¢p(x1,x2) + ehi(x1,x2) + ...,
we substitute this formal expansion into the invariance equation for (3.29):

Oh(xy, xa, oh(x1, x2,
SMfl(xl,xz,h(xl,xz,S),S) + EM
dx; 0x2

= g(x1,x2, h(x1, x2,€),8),

So(xr, x2, h(x1, x2,€), €)

and obtain the relationship, on noting that g(x;, x2, ¢ (x1, x2),0) = 0,

8¢(;€;,X2)fl(xl X2, ¢ (x1,%2),0) + ¢ ¢( X1, Z)fz(xl,xz,f,‘b(m %).0) + O(e)

= B(x1,x2)(eh(x1,x2) +...) + aa—i(xl,m,(ﬁ(xl,xz), 0) + O(£?).
This implies, in particular, that

09 (x1, x2) 99 (x1, x2)

hi(x1,x2) = |: o, Ji(x1, X2, ¢(x1, X2),0) + —f2(x17x27¢'(x1yx2) 0)

0
—a—i(xl,xz,¢(x1,x2),0)}8—‘(x1,xz).
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Thus, we can construct the slow invariant manifold

Y =h(x1,x2,8) = ¢p(x1,x2) + ehi(x1,x2) + ...,

where h1(x1, x3) is given above. The motion of the system (3.29) on the slow
invariant manifold is described by

dx
7; = f‘l(XI,xZ,h(xlaXZ’S)vS)’
dx
th = fz(xl,xz, h(-xls-xbs)ss)’

and may be approximated by using the asymptotic expansion for i (x1, X3, €).

3.3.2 Bimolecular Reaction System

As an example of the above we consider the bimolecular reaction system [148]

S — X,

ki
—_
~

k— (3.30)

X+z8yv+2z2
Y - P.

Here S and P denote substances with constant concentrations; ki, k_1, k, are
positive parameters, k_; is assumed to be “large”. Under the assumptions of
spatial homogeneity and mass—action kinetics and introducing the small parameter
e = 1/k_y, the dynamic behavior is described by the differential equations in
dimensionless form

dx
—r = l-kxy = fn.zy). (3.31)
dz 2
& i —2ek1z” + 2y + e(kox1y —z) = g1(x1,2. ¥, ¢), (3.32)
dy _ 2 _
&E—whz—y—gxmzywl (3.33)

Setting ¢ = 0 we obtain: 2y = 0, y = 0 from (3.32) and (3.33) and the
corresponding Jacobian matrix
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dg1 dg1

_ | oz oy _ (02
o R = (o2
dz 0Jy e=0.y=0

is degenerate; i.e., det B = 0. This means that the method of invariant manifolds
cannot be applied directly to the system (3.31)—(3.33), see (2.6) in the assumption
(II). However, introducing the new variable x; by

Xy =2z+2y
leads to the system with nondegenerate matrix B

dx 1

E =1 —kley = fl(xl,xz,y,s), (334)
de

—- =kaiy —x2 42y = fo(x1, 2,5, 8), (3.35)
dy _ -

e =Tyt gki(x2 —2y)" = g(x1, X2, . 8), (3.36)

which is appropriate to the approach under consideration.
Now setting ¢ = 0 we obtain: y = 0, and the corresponding Jacobian matrix

ad
is %(xl,xz,0,0) = B(x1,x3) = (—1) since g(x1,x2,y,0) = —y. Thus, the
y

system (3.34)—(3.36) has an attractive slow invariant manifold y = h(xy, x2, €),
where h(x1, x2,0) = ¢ (x1, x2) = 0. Therefore, the asymptotic expansion is

y = h(x1,x2,8) = ehi(x1,X2) + e2ha(x1, X2) + ... . (3.37)

The flow on this manifold is described by the following differential system

d

% = 1—cekyx1(hi(x1,x2) + €ha(x1,X%2) + ... ), (3.38)
d)C2

5 = + &2 + kaxp)(hi(x1, x2) + eha(x1, x2) + ... ), (3.39)

and the invariance equation for s (xy, xz, €) is

&2 (%—F...)[l—skle(hl—i-...)]
8x1
Nz
+e& (a_)Cz +.. ) [—x2 + 2 + kox1)(hy +...)] (3.40)

= —¢h; —82h2—"-+8k1(x2—£2h1 —...)2.
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Equating powers of ¢ we obtain:
1

el
hy = kix3;
g2
g—f: -1+ 2—2(—)@) = —hy — 4k x2h;,
i.e.,

hz = 2k1x§(1 — 2k1X2).

Now we can write the second order approximation to the slow motion of (3.31)-
(3.33)

d
% =1- 8k1k2x1x§ + 822k1k2x1x§(1 —2k1x7) + 0(83), (3.41)
d
% = —X> + 8(2 + kle)kle + 82(2 + k2x1)2k1x§(1 — 2k1)€2)
+0(&), (3.42)
y = ekix3 + 22k1x3(1 — 2kix2) + O(&%), (3.43)
7= Xx3—2y. (3.44)

The slow invariant manifold is given by Eqs. (3.43), (3.44), and the flow on this
manifold is described by Eqgs. (3.41), (3.42). The trajectory of the system (3.34)—
(3.36) approaches the corresponding trajectory on the slow invariant manifold as
t — oo. We will return to this model at the end of Sect. 5.2.

34 142

3.4.1 Theoretical Background

Consider the autonomous differential system with one slow variable x and two fast
variables y;, y»

d
d—: = f(x.y1,02.8),
d
& % = gl(x,yl,yz,s), (345)

dy,
& — = B ) ,€)s
i g2(x, y1.¥2,€)
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with a small positive parameter €. The corresponding degenerate system is

dx

- = ) 3 909
0 S(x,y1,¥2,0)

0= gi(x, y1,¥2,0),
0 = g2(x, y1,2,0).

The last two equations give a description of a one-dimensional slow manifold (slow
curve). Suppose that these equations can be solved for y; and y», i.e.,

N =9 2= 4.
Consider the Jacobian matrix
o o
ne| B B
dy1 dy2

along the slow curve i.e.,

081 Og1
- — | 9 9y
BEBO= | i i
v 0y2 /1y =), ya=). =0
If both two roots of the characteristic polynomial

det(B(x) — AI) =0,

where I is the identity matrix, have negative real parts, then the slow curve is stable.
Let

hulx) = %&’; M=6(x), 2= (x), e=0’ hi=12
then
tr B(x) = byi(x) + bxna(x),
and

det B(x) = b11(x)baa(x) — b12(x)ba1(x),
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where tr B(x) is the trace and det B(x) is the determinant of B(x). The condition
for the stability of the slow curve is the positivity of the coefficients of the quadratic
characteristic polynomial, which are —tr B(x) and det B(x). This fact can be
checked directly as follows.

Using the representation of the roots of the quadratic polynomial

1
A= (trB(x) + V(B(x))? — 4det B(x) )
it is easy to see that both roots (or their real parts) have the same sign (sign of

trB(x)) if and only if det B(x) > 0.
To calculate an approximation to the one-dimensional slow invariant manifold

yi=h(x,8), y»=h(x,¢)
from the invariance equations

Bh (x g)

f(x, h(x,e), h(x g), ) = g1(x, h(x,e), h(x €),¢),

gahéf; D ). . 6).0) = g2(x,x,0). (. ). ),

we substitute the formal expansions

h(x.€) = ¢(x) + ehi(x) + O(”)
and

h(x,e) = (x) + el (x) + O(e?)
into these equations to obtain

¢>()

= Sbll(X)hl(x) + Sblz(x)hl(x))

+ s%(x,é(x),q?(xw) + 0.
(3.46)
d¢>(x>

S ). $(x),0) = £bay (x)y (x) + ebn(x)ny ()

n 8%(x,¢_>(x),q§(x),0) + 0.

It is a straightforward calculation now to obtain the following expressions
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a1 (x)bxn(x) —ax(x)b2(x)

M) = det B(x) ’
Z (x) = a2(x)b11(x) — ai(x)bai (x)
e det B(x) ’
where
_dg(x)
ai(x) = —f(x $(x). $(x),0) - —()C $(x). $(x),0),
and
a - =
s = 229 10 50, 500,00 - 223,300, 3010

Thus, we construct the slow invariant manifold

I
S

yi = h(x,e) = ¢(x) + ehy(x) + O(£2),

Il
Byl

) = hx.£) = $(x) + ehy (x) + O(),

NS

and the motion of system (3.45) on the slow invariant manifold is described by

dx - N
= = /(0 h(x.e) hix, o). e).

3.4.2 Cooperative Phenomenon

Consider now an example of a 1 4 2 system: the so called cooperative phenomenon
[119]. J.D. Murray [119] describes the situation as follows. A model consists of an
enzyme molecule E which binds a substrate molecule S to form a single bound
substrate-enzyme complex C;. This complex C; not only breaks down to form a
product P and enzyme E again, it also combines with another substrate molecule
to form a dual bound substrate-enzyme complex C,. This C, complex breaks down
to form a product P and the single bound complex C;. A reaction mechanism for
this model is

ki

S+E‘_C1—>E+P (3.47)

k3

S+Ci =G 8+ P (3.48)

where k’s are the rate constants as indicated.
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With lower case letters denoting concentrations, the mass action law applied
to (3.47), (3.48) gives the differential equations in dimensional form

d

d—j = —kise+ (k—1 — k3s)c1 + k_3¢3, (3.49)
d
% = kise— (k-1 + ks + kss)er + (k-s + ka)ca, (3.50)
dC2
E =k3sc) — (k_3 + k4)62 (3.51)
de

E =—kise+ (k-1 + ky)cy, (3.52)
d,

?I; =kyci + ks (3.53)

Appropriate initial conditions are
5(0) =50, €(0) =eo, c1(0) =2(0) = p(0) =0, (3.54)
i.e., the initial concentrations of the substrate S and enzyme E are specified to be

non-zero. The conservation of the enzyme is obtained by adding the 2nd, 3rd, and
4th equations in (3.49)—(3.53) and using the initial conditions; it is

d
d—t(C1+Cz+€)=0:>Cl+C2+€=€0. (3.55)

Equation (3.53) for the product p(¢) is uncoupled and given by integration, once
¢ and ¢; have been found. Thus, by using (3.55), the resulting system is

d

Ej — —kiseo+ (koi + ks — kss)er + (ks + k_s)ca, (3.56)
d
% = kiseo— (kot + ko + kis + kss)er + (kes + ka — k18)e2,  (3.57)
dCz
E =kysc) — (k_3 + k4)C2. (3.58)

We nondimensionalize the system by introducing the dimensionless variables

x(t) = % (o) = ? ya() = 027(0”

the dimensionless time

t=kieot,
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and the dimensionless parameters

¢ €o k_ k» k3 k_3 ky
=—, a1=—, @)= —, a3 =—, A4 = ——, a5 = —.
S0 ! k1S0 2 k1S0 3 k1 4 k1S0 > k1S0
Then (3.56)—(3.58) become
dx
o =x+ (x —asx +a)yr + (as + x)y2 = f(x,y1,2), (3.59)
dy, _ _
£ = X— (x +azx +a;+ax)yr + (as +as—x)ys = gi1(x, y1,y2),  (3.60)
dy, _ _
£ = Ay (as + as)y2 = ga2(x, y1, y2), (3.61)

with initial conditions
x(0) =1, y1(0) = y2(0) =0. (3.62)

This problem, as with the Michaelis—Menten problem, is singularly perturbed
for 0 < & « 1. Note, that the origin x = y; = y, = 0 is the unique
equilibrium of (3.59)—(3.61) with nonnegative x, y; and y,. Another equilibrium
has the coordinates

_az(as +as) xs(as + as) x2

X=Xy = Y = e, Py =
‘ asas N ) 2 d(as + as)

where § = (a4 + as)(x; + a1 + az) + a3x?2. Since x; < 0 this equilibrium doesn’t
correspond to a physical situation.

Now we use the results of the previous section to calculate the approximation of
the one-dimensional slow invariant manifold and the equation which describes the

flow on this manifold.
The corresponding degenerate system is

dx
dt
0=x—(x+ax+a +a)y + (as + as — x)y2,

=—x+ (x—azx +a)y + (as + x)y2,

0 = aszxy; — (as + as)y,.

The last two equations give the unique solution

yi=¢(x)=x/A,
2 = ¢(x) = asa’/A.
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Here A/a is the determinant of the Jacobian matrix

0g1 9g1

B:(gy‘ gyz z(—x—a3x—a1—a2 a4+a5—x)
22 082 )
o8 82 asx —as—a
ayr 9y2 3 4 5

where A = x +a; + a» + azax? and a = (as + as)~'. The slow curve is stable
since the —tr B(x) and det B(x) are positive.
To calculate the approximation to the one-dimensional slow invariant manifold

Vi l_z(x,s) =¢(x) + sl_zl(x) + 0(82),

(x.8) = ¢(x) + el (x) + O(&?).

Il
Byl

Y2

we rewrite the invariance equations (3.46) for the system (3.59)—(3.61):

8d¢:l)(cX) [—x + (x —asx + a)(P(x) + ehi(x) +&*...)
+(as + x)(q:S(x) + shzl(x) +e>..)]
= x — (x +a3x +a) + a2)(P(x) + ehi(x) +€...)
Has + as — x)(@(x) + ehy(x) + £2..).
sdqu(cx) [—x + (x —asx +a)(p(x) + ehi(x) + &%)

+(aq + x)(q:S(x) + ehzl(x) +&2..)]
= az;x(¢p(x) + eh (x) +2..))
—(ag + as)(@(x) + ey (x) + €2...).

Using the formulae

900 _ () 1 a4y — asa®)/ 22
dx

d¢x) = aa3x[2(a; + ay) + x]/ A%,
dx

we solve for /1 (x), }il (x) to get
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(az + asasax)ax

ﬁl(x) = i [a3ax3 — (a1 + az)(aq + as + 2azx — 2a3ax2)],
El(x) = —Mﬂ[—awﬁ —(a; + az)a3x(1 + 2a(a; + az)

+3+ 2a3)ax)].

The flow on the stable slow invariant manifold
X (ay + azasax)ax
[ 8—
A A4
+0(e?),

azax? (az + azasax)ax
—¢
A A4

V= [a3ax3 — (a1 + az)(as + as + 2a3x — 2a3ax2)]

Y2 =
x[—a;,ax3 —(a; + az)ag,x(l + 2a(a; +az) + 3+ 2a3)ax)] + 0(&)

is given by

% = —x + (x —asx +a) @) + ek (1) + (@5 + )G ) + ehi (x)

+0(%)
or

% = —M +e[(x — asx + a)hy (x) + (as + ) (0)] + 0.

This last equation implies that the origin is an asymptotically stable equilibrium
. a . .
because the coefficient —— is negative.

On Fig. 3.6 we can see that the trajectory approaches the slow invariant manifold
very quickly and then follows along it to the origin, as t — oo.

Fig. 3.6 The slow invariant
manifold and the trajectory
of (3.59)—(3.61) with initial
conditions (3.62) fora; = 1,
ap; = 1,a3 = 1,(14 = 1,

as =2,and ¢ = 0.01. The
arrows indicate increasing
time
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If we return to dimensional variables, we obtain the generalization of the
Michaelis—Menten law for the case of the two enzyme—substrate complexes, see
[119].

3.4.3 Cooperative Phenomenon: Another Approach

We take Egs.(3.59)-(3.61) and apply the approach developed in Sect.2.5 to
construct an approximation to the slow invariant manifold and the flow on it.
We refer back to Eq. (2.26) viz.,

X =C(x,t,e) + F(x,t,8)y,
ey = E(x,t,e) + G(x,t,8)y.
Then

(=208 =—x; F=F0=(x—a3x+a1,a4+x);

§=6 = (x); G =G,= (_x_“3X—al—a2 a4+a5—x).

asx —dy4 — ds

Note that {; =0, F; =0, § =0,and G; = 0.
The inverse matrix is

G_l—i —dy4 — as X —a4 —as
0 A —azx —X—azx —a;—az )’

where a = (ag +as)™', A = x +a; + a, + aszax®. We obtain the zero order
approximation ¢ (x) to the slow invariant manifold

= h(x,e) = fZ(x,g) — <i§(x)+5}21(x)+0(52)
T h(x,e) ] \@(x) + el (x) + O(e?)

viz.,

_ ¢:>(x) _ -l _l X
¢_<43(x))_ @ é°‘A(awx2)'

The zero order approximation to the flow on this slow invariant manifold is
described by the equation X = {y + Fo¢, where

x(ay + azasax)

lo+ Fogp = — A
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Taking into account

d_¢_i ay + ar — azax?
dx A2 \aaz(a; + a2)2x + aazx? )’

we obtain the first order correction to the slow invariant manifold

_ }ZI(X) _ —1d_

_ _lar + azasax)ax azax® — (a; + az)(as + as + 2a3x — 2azax*)
A4 —azax® — (a; + az)a3x(1 +2a(a; +ax) + 3+ 2a3)ax)

and the first order correction to r.h.s. of the equation for the flow on this manifold
viz.,

Fohy = (x — asx + a1y (x) + (as + )k (x).

We have thus obtained the same representation for the first order approximation
of the slow invariant manifold and the flow on it.

3.5 242

3.5.1 Theoretical Background

We now consider the autonomous differential system with two slow variables x;, x;
and two fast variables y;, y»

dxl
E — fi(xlaXZvylayz)a
dx
d_: == fz(-xls-stylsyz)s
(3.63)
d
& % = g1(x1, X2, y1, »2).
dy,
e = go(x1, X2, y1, ¥2),

and with a small positive parameter ¢. For simplicity we consider the case when the
functions on the r.h.s. of (3.63) do not depend on ¢. The corresponding degenerate
system is
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dx1
o Ji(x1, x2, y1, y2),
d)CQ
o So(x1,x2, y1, ¥2),

0 = g1(x1,x2, 1, ¥2),
0 = ga(x1, x2, y1, ¥2)-

The last two equations describe a two-dimensional slow surface. Suppose that these
equations are solved for yy, y,, i.e.,

Vi =¢(x1,x2), y2 = (x1,x2).
As previously, we consider the Jacobian matrix along the slow surface, i.e.,

I 0

B = B(x1,x2) = gg gg;

Iy dy» M=), 2= (x1.x2)

If both two roots of the characteristic polynomial
det(B(x1,x2) — A =0,

where I is the identity matrix, have negative real parts, then the slow surface is
stable. Let

a .
bij(x1,x2) = o8 . 0 j =12,

ayj VI=¢(x1.%2), y2=¢(x1.x2)
tr B(x1,x2) = bi1(x1, x2) + ban(x1, x2),

det B(x1,x2) = bi1(x1, X2)bn(x1, X2) — bia(x1, X2)b21(x1, X2),

where tr B(xy, x3) is the trace and det B(xy, x3) is the determinant of B(xi, x»).
As before the condition for stability of the slow surface is the positivity of the
coefficients of the quadratic characteristic polynomial, which are —tr B(x1, x,) and
det B(xy, x2).

To calculate the approximate two-dimensional slow invariant manifold

yi = h(x1,x2,8), y2 = h(xi,x2,¢€)
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from the invariance equations
3h (x1,x2,€)
dx

8h(x1,x2,8)
x>

= g1(x1, X2, h(x1, X2, 8), h(x1, X2, €)), (3.64)

Si(xr, x2, };(Xls X2,€), };(Xls X2,€))

f2(-xlvx27]’;(xls-ng)vl’;(xls-vag))

and

a}i X ax ’8 A 2
XN X28) e %2 8), B, X2, 6))

8x1
Oh(x1. Xy, & ; A
%fz(xl, X2, h(x1, %2, €), h(x1, X2, €))
= g2(x1, X2, h(x1, X2, €), h(x1, X2, €)), (3:65)

we substitute the formal expansions
hx1.x2.€) = $(x1,x2) + el (x1,x2) + O(E?),
h(x1,x2.6) = §(x1,x2) + el (x1,x2) + O(?)

into these equations. The result is

’ =
()d)(xl XZ) ﬁ(XI, 2’ (xlv x2), ¢(xlv xz))
a¢ 9 2
MfZ(xlv xZ,¢(x1,xQ), ¢)(X],~£2)) ( ' )

= eby1 (X1, X2)h1 (X1, X2) + ebia(x1, x2)h1 (x1, x2) + O(£?),
and

Mfl(xls-qu&(-xlvxﬁ $(x1.x2))

8¢(x1, X2)

o, Fr(x1, x2,9(x1, X2), ¢>(x1,x2)) (3.67)

= ebyy (X1, X2)hy (X1, X2) + €b22(x1,x2)h1(x1,x2) + 0(&?).
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It is a straightforward exercise now to obtain the expressions

ai(x1, x2)bxn(x1, x2) — as(x1, x2)b12(x1, x2)

};l(xl’xﬁ - B(x1, x2) ’
gl()“’xz) _ az(xl,XZ)bll(xl,);z()x; ngl,xz)bn(xl,xz),
where
a1 (v 3) = ad’(x““)ﬁ(xl,xz, Bt 02), 3 (31, 12)
Mfz(xl,xz,mxl,xz) F0x1, ),
and
ax(x1, ) = a¢(x"x2)ﬁ(x1,xz Bx1, %), § 1, 1)
8¢(x1 X2)

————"= (%1, X2, px1, X2), ¢(X1,xz))

We have calculated qS(xl,xz), l_zl(xl, X2), q?(xl,xz) and l:zl(xl, X3) and thus have
an approximation to the two-dimensional slow invariant manifold. The flow on this
manifold is now calculated from the first two equations in (3.63), taking into account

yi = h(x1,%2,€) = ¢(x1,x2) + eh1(x1, x2) + O(&?)
and

= h(x1.x2.€) = (X1, X2) + £h (x1. x2) + O(2).

3.5.2 Enzyme-Substrate-Inhibitor System

In this section a enzyme—substrate reaction [118] is considered as an example of
a 2 + 2 system. The reaction consists of an enzyme E with a single reaction site
(many enzymes have several such sites) for which two substrates compete and form
one of two complexes. These break down to give two products and the original
enzyme. When one substrate combines with the enzyme it means, in effect, that it
is inhibiting the other substrate’s reaction with that enzyme. The reactions can be
written schematically as
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ki

— k

S+E - ESS Ps+E, (3.68)
LR

I+E S EI> P +E, (3.69)

where S and [ are the two substrates, which compete for the same enzyme E, and
Pg and P; are the products of two enzyme—substrate reactions.
When two substrates are competing for the same enzyme site, the reaction

system (3.68) and (3.69) is said to be fully competitive. In such reactions one or
other of the substrates can be singled out for its reaction rate e.g., ro = g to
be measured by an experiment (see more details in [118]). The one so singledt(;lgt is
called the substrate and the other the inhibitor. We choose the inhibitor to be / and
its reaction to be (3.69).

Applying the law of mass action to (3.68), (3.69) gives the kinetic equations for
the concentrations of the reactants. Since we shall be interested primarily in the
rates of the reactions of S and I, we do not need the equations for the products;
only the rate constants k, and k4 in (3.68), (3.69) are involved. Thus we need
only consider the kinetic equations for the substrate, inhibitor, and enzyme complex
whose concentrations as functions of time ¢ are denoted by

s(t) =[S, i) = [I], e(t) = [E],
¢s(t) = [ES], ¢ (1) = [EI]. (3.70)

The kinetic equations for the concentrations for the reactions (3.68), (3.69), see
[118], are

d.
Ej = —kise+k_ics, (3.71)
dcg
7 =kise— (k_1 + kz)CS, (3.72)
di
é = —kyie+k_sci, (3.73)
dc; .
E =ksie— (k—3 + k4)c; (3.74)
de .
Z =—kise—kizie+ (k_y + ky)cs + (k—3 + kq)c;. (3.75)

Appropriate initial conditions for Egs. (3.71)—(3.75) are that there are no enzyme
complexes initially but s, i, and e are prescribed, that is

s(0) = s0, i(0) =iy, e(0) =ep, c5(0) =¢;(0) =0. (3.76)
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The conservation equation for the enzyme e is obtained immediately by
adding (3.72), (3.74), (3.75) and using the initial conditions (3.76) to get

d
d—t(cs+ci+e):0:>cs+c,-+e=eo. (3.77)

Eliminating e from (3.71)—(3.75) by using (3.77) gives four equations for s, 7, ¢,
and ¢;. We now introduce nondimensional variables and parameters by

s(t i(t ci(t
xl(r)zﬁ, xQ(r)zg, () = (), »n(r) = —— ()
S0 1o €o €0
€o 1o k3
t=kiet, e=—, f=—, y=—, (3.78)
o o ki
kit ke kst ks I = k> ke
S k1S() ’ T k3i0 ’ s le()7 T k3i0'

Then the four equations for s, i, ¢; and ¢; become the four dimensionless equations

dx
d—fl = —x1 + (x1 + Ky — L)y +x1y2 = fi(x1, x2, y1, ¥2), (3.79)
de
I = YI=x2 + x2y1 + (2 + Ki — Li)ya] = fo(x1, X2, 1, y2),  (3.80)
dy, _ _

£ =X (x1 + Ky — x1y2 = gi1(x1, x2, y1, ¥2), (3.81)
dy, _

£ = = By[xz —x2y1 — (X2 + K;)y2] = g2(x1, %2, y1, ¥2), (3.82)

with initial conditions
x1(0) = x(0) = 1, y1(0) = y2(0) = 0. (3.83)

We use the results of the previous section to calculate the approximate two-
dimensional slow invariant manifold and the equation that describes the flow on
this manifold with the assumption that 0 < ¢ < 1.

The degenerate system is

dx 1

el + (x1 + Ks — Loy + x1)2, (3.84)

de

I y[=x2 + x2y1 + (x2 + K; — L) y2], (3.85)
0=0x;—(x; 4+ Ky)y1 —x1¥2, (3.86)

0 = By[xs —x2y1 — (x2 + Ki)yal, (3.87)
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The last two equations give the unique solution

yi = ¢(x1,x2) = K;x1/ A,
2 = $(x1,x2) = Kyxa/ A

Here ABy is the determinant of the Jacobian matrix

i, 0,
S (K —n
B(-xls-x2)_ @ @ _( _,BJ/-XZ _,3)/(~XZ+K1) ’

3y1 3yz

75

where A = K;x,+ K;x1+ K K;. The slow surface is stable since the —tr B(xy, x,)
and det B(x1, x;) are positive.

To calculate the approximations to the two-dimensional slow invariant manifold,
we assume

and

yi = h(x1,x2,€) = ¢(x1, X2) + ehy(x1, x2) + O(&?),

V2 = h(x1.x2.8) = G(x1.x2) + £hy (x1. %2) + O(e?).

The invariance equations (3.67), (3.68) for the system (3.79)—(3.82) yield

and

aqg(xlsxz)
8—
8x1

Hx1(@ (1. %2) + £h1 (x1. 32) + O()))

+83¢_>(X1,X2)
axz

+(0 + Ki — Li)(é(xl,xz) + Szl(xhxz) + 0(?)])
= x1 — (x1 + K (P(x1, x2) + el (x1, x2) + O(e?))

—x1(P(x1, x2) + Sgl(xlaXZ) + 0(£?)),

(—x1 4 (x1 4+ Ky — L) (p(x1, x2) + &hi (x1, x2) + O(£%))

(Y[=x2 + x2(p(x1. x2) + ehy(x1,x2) + O(e?))

3 (x1. x2)
8—
8x1

1 (p(x1. x2) + shzl(xl, x2) + 0(e%)))

(—x1 4 (x1 4+ Ky — L) (@ (x1, x2) + ehi(x1, x2) + O(e?))
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+88¢(ax—;;m()/[—xz + x2(p(x1, X2) + hy(x1, X2) + O(e?))
00+ K; — L) (@(x1. x2) + ehy(x1, %) + O(e2))])

= Bylxs — x2(p(x1, X2) + el (x1, X2) + O(?))

—(x2 + Ki)(@(x1. x2) + £hy (x1. x2) + O(e2)).

Using the formulae

3¢ (x1.x3) = K:K;(x2 + K;)/ A%,
8x1

a(lg(xlwxz) _ X 2
ax2 = K; Ks( xl)/A s

B(Z(XI,XZ) _ X 2
axl = K; Ks( xZ)/A s

W) _ Ko + Ko/ A,
3)62

we find the expressions for hi(x), h 1(x):

_ KiK

hi(x) = Byad 1 (By (2 + K Pxi — x1x:20),
Iy (x) = §A4( Byxix,P + (x1 + Ko)x20),

where

P = (K;L, — yK,L;)x> + K7L,
Q = —(K;L; — yKLi)x1 + yKIL;.

Consequently, the first order approximation to the flow on the slow invariant

manifold is

‘%_ IZ[ Lx1+/3 As(ﬁy[leJr(K = L) (x2 + Ki)]Pxy

+Lst1X2):| + 0(&),
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(Byxi1x2L; P

8K,'
ByA3

|:—Ll-x2 +

2.8
A

3.5 242
d)CZ _
drv

+[Ksxo + (K — Li)(x; + Ks)]QXZ):| + 0(&?),

where the manifold is given by

ByxixaP + (x1 + K)x20] + O(&%).

[By(x2 + Ki)Px; — x1x20] + O(&?),

[

i
M| M|
@ @
+ o+
= =

KAKA
Il Il

= EN

The first and second differential equations above for x; and x; imply that the origin

x1 =x; =0,
yir=n

KL
Ao

and —y

A

KiLg

is an asymptotically stable equilibrium because the coefficients —

are negative. Here

0, x,=0 = KsKi 7é 0.

Ay = Ay,

Figures 3.7, 3.8, 3.9, and 3.10 show that the trajectory of (3.79)-(3.83)

approaches the slow invariant manifold very quickly and then follows along it

as T — oQ.
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Fig. 3.7 The projections of
the trajectory and slow
invariant manifold

of (3.79)—(3.83) on the plane

x1x); for K; = Ky =1,

L;
B

Ly=1,y=2,
0.1, and ¢ = 0.01
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Fig. 3.8 The projections of the trajectory and slow invariant manifold of (3.79)—(3.83) on the
plane x;x;y, for K; = Ky =1,L;, =Ly =1,y =2, =0.1,and ¢ = 0.01
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0 . . . Y 0 . . . 5
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Fig. 3.9 The y;- and y,-components of the exact solution of (3.79)-(3.82) for K; = K; = 1,
Li=L;=1,y=2,8=0.1and ¢ = 0.01, and initial conditions y; (0) = y,(0) =0
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Fig. 3.10 The x;- and x,-components of the exact solution of (3.79)—(3.82) for K; = K; = 1,
Li=L;=1,y =2,8=0.1, and ¢ = 0.01, and the initial conditions x;(0) = x,(0) =1
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3.5.3 Enzyme-Substrate-Exhibitor: The Another Approach

We consider again the model from Sect.3.5.2 viz., Eqgs. (3.79)—(3.82) and apply
the technique from Sect.2.5 to construct an approximation to the slow invariant
manifold and the flow on it.

In this case we have

—X1 X1 + KS — LS X1 )
(= (—)’xz) ’ ( yX2 y(x2+ Ki — L;)

_e _ [ X1 ). e n 1 =K —X1
S_EO_(,BWQ) G_GO_( —Byx2 —,BV(X2+K1‘))'

The inverse matrix is

G- — L (—By(x+ K)) X1
0 IB)/A IBVX2 — X1 — Ks ’

where
A= KS.XZ + Kl‘)ﬂ + KSKZ‘.
We obtain the zero order approximation ¢ (xi, x;) to the slow invariant manifold

_ 4:5()61,)62) + 5}21()517352) + 0(e?)
d(x1,x2) + eh(x1, x2) + O(e?)

ﬁ(xl, X2, €)

Yy = ]’l()Cl,Xz,S) = (

$(x1,x2) = (q-b(xl’XZ)) =Gy '6 = % (Kixl).

]/E(-xls-xbg))

4_5()61, X2) Kix,

The zero order approximation to the flow on this slow invariant manifold is
described by the equation X = {y + Fo¢, where

oere=(5)

—VX2
N (X1 + Ky — Ly x| ) 1 (Km) _ 1 ( KiLsx )
yx2 y(x2+ Ki —Li) ) A\ Ksxz A\yKLixs)
Taking into account

0 Kixl d Kixl

¢ _| o\ A dx, \ A _ KiKy (x,+ Ki —x;
ax a stz a stz AZ —X3 X1 + KS ’

8x1 A aXQ A
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we obtain the first order correction to the slow invariant manifold

hl — (%1) — Go—lg_j:(é-o_i_Fod)) — KiKS ( ,BV(X2+K1‘)PX1 _XIXZQ ),
1

ByA* \ —Byxix:P + (x1 + K)x20
where
P = (K;L; — yK,L;)x> + K*L;,
and
Q = —(K;Ly — yK,L;)x, + yK*L;.

The first order approximation to the flow on the slow invariant manifold is
described by the equation

(?) = o+ Fop + eFohy + O(£?),
2

_ KiK; ( By[Kixi + (K — Lg)(x2 + K;)|Pxy + Ly Qx1x3 )
By*xix:Li P + y[Kx> + (Ki — Li)(x1 + K)]0x,

Thus, we obtain the same representation for the first order approximation to the
slow invariant manifold and the flow on it just as in Sect. 3.5.2.



Chapter 4
Representations of Slow Integral Manifolds

Abstract In constructing the asymptotic expansions of slow integral manifolds it
is assumed that the degenerate equation (¢ = 0) allows one to find the slow surface
explicitly. In many problems this is not possible due to the fact that the degenerate
equation is either a high degree polynomial or transcendental. In this situation many
authors suggest the use of numerical methods. However, in many problems the slow
surface can be described in parametric form, and then the slow integral manifold can
be found in parametric form as asymptotic expansions. If this is not possible, it is
necessary to use an implicit slow surface and obtain asymptotic representations for
the slow integral manifold in an implicit form. Model examples, as well as examples
borrowed from combustion theory, are treated.

4.1 Explicit and Implicit Slow Integral Manifolds

To describe the slow integral manifold for the system

d
d—;c = f(x,y.t,¢),

4.1)
dy (x,y,t,¢)
& — = s Vol 9
P g,y
we usually obtain the explicit representation y = h(x,t,¢). In this case the

approximationto /(x, ¢, ) may be obtained as an asymptotic expansion in powers of
¢. However, it is generally not possible to find the function y = ¢(x,¢) = h(x,?,0)
exactly from the equation

g(x,y,t,0) =0.

However, in this case the slow integral manifold may be obtained in an implicit form
G(x,y,t,e) =0,

and the flow on this manifold is described by the differential equation

© Springer International Publishing Switzerland 2014 81
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dx

T = f(x,y,t,¢8).

The invariance equation takes the form

Gy(x,y,t,e)g(x,y,t,6) +eGi(x,y.t,6) +eG(x,y,t,€) f(x,y,t,e) =0.
(4.2)

To verify this fact it is necessary to calculate partial derivatives of the function
h(x,t,¢&), which describes the slow integral manifold y = #h(x,¢,¢), from the
identity G(x, h,t,¢&) = 0:

G[ + Gyht = O, Gx + Gyhx = O’

ie h, = —G;IG, and h, = —Gy_lGx. Substituting these expressions into the
invariance equation ¢h; + ¢h, f = g we obtain

—£G,'G —¢G,'G f =¢

which is (4.2) under the condition det G, # 0.
The zero approximation to the flow on the slow integral manifold is governed by
the differential-algebraic system:

X = f(x,y,1,0), (4.3)
0=g(x,y,t0). 4.4)
To obtain the first order approximation, it is necessary to differentiate g(x, y,?, ),

and by virtue of (4.1), the result is

d
£ 8 =88 +eg +egyf

Then we equate the result to zero. As a first order approximation, the flow on the
slow integral manifold is governed by the differential-algebraic system

X = f(x,y,t,e), 4.5)
gyg teg +egf =0, (4.6)

where terms of order o(¢) can be neglected. Equation (4.6) may be written in more
convenient form when detg, # 0

g+eg, g +eg, g f =0. (4.7)

In the case of an autonomous system, where g is independent of 7, Eq. (4.7) takes
the form
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g+eN =0, detg, #0.

where

N = g;lgxf-

This is the first order approximation. We recover (4.4), the zero approximation,
on setting ¢ = 0. To obtain the second order approximation, it iS necessary to
differentiate g(x, y,t,¢) twice, using (4.1), and to equate the result to zero. The
corresponding relationships are very cumbersome. Because of this we consider only
the case of autonomous systems. Then, on differentiating e(g + eN) = 0 with
respect to ¢, and noting g; = 0, N, = 0 the second order approximation takes the
form

d _ _
sd—t(g +eN)=g+eN +eg,'Nyg + &g, 'No f =0
or
g+e [N + gy_lNyg] + szgy_lef =0.
Onusing (I +¢g,'N,)™" =1 —eg;' N, + O(e)* we get the result
g+eN +&g, (Nef —NyN) =0. (4.8)

The second order approximation to the slow invariant manifold is given by (4.8) to
O(g?), and the flow on it by (4.5). In (4.5), (4.8) all terms in the expansions of f
and g that lead to O(&?) terms can be neglected.

To obtain the k-th order approximation, it is necessary to differentiate
g(x,y,t,¢e) k times with respect to ¢ and use (2.20).

To check these formulae it is sufficient to note that in the calculation of the
asymptotic expansions of h(x,t, €)

h=¢+0(), h=¢+eh + 0(?),
h = ¢ +eh + hy + 0(%),
the use of (4.3)—(4.8) gives the same result as those given immediately before (2.24).
It is necessary to use the formulae (2.20), (2.22) and (2.23) to verify this. We use
Eq. (4.6) of the first order approximation in the form
gx.¢ +ehy+¢*....t,e) +eB g (x,¢.1,0)
+eB™ g (x,¢,1,0) f(x,,1,0) + ... =0,
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noting that B(x,t) = g, = g—i. On neglecting terms of order higher than O(e), and
noting that g(x, ¢ + ehy.t,&) = eBh; + egi(x.¢.t,0) + O(g?), we get

Bhy + g1(x.¢.1,0) + B~'g,(x,$.1,0) + B~ g (x.¢.1,0) f(x,$.1,0) = 0,
ie.

hy =B (—gi(x.¢.1,0) — B~ 'g,(x,$,1,0) — B' g\ (x.¢.1.0) f(x,9.,,0)).
(4.9)

Taking into account that the equality g(x, ¢,¢,0) = 0 implies
gy (x.4.1.0) + & (x.$.1,0) =0
and
gy(x.¢.1.0)¢px + gx(x.¢.1,0) =0
we obtain ¢, = —B7lg;(x,$,1,0), ¢ = —B'g.(x,¢,t,0). Thus, the formu-
lae (2.22) and (4.9) are equivalent by virtue of the fact that B = g,(x,¢,1,0),

Jo = f(x,¢,t,0). In the same way we can verify the second order approximation
and obtain from (4.8)

]9 oh
hy = B! —¢f1+—1f0—g2 ,
ax ax
which is equivalent to (2.23) in the autonomous case.
As to the k-th order approximation, it is necessary to use the principle of

mathematical induction. We invite readers to do it for themselves.
To illustrate this approach, consider

Example 9.
Y=y, ey=x>+y’—a,  a>0. (4.10)

Here f = y and g = x> + y? — a. The zero approximation to the slow invariant
manifold is

x> +y?—a=0.
The first approximation to the slow invariant manifold is

g—i—sgy_lgxf:yz—i—xz—a—}—sxzo.
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It is easy to check that the second order approximation is
Y+ (x+e/2’—a+e/4=0

and it is also the exact equation for this manifold, since the function y? + (x +
£/2)? —a + &% /4 is invariant (up to an nonessential nonzero multiplier) with respect
to differentiation by virtue of the differential system under consideration, i.e.

eg(y2 +(x4+¢e/2)—a+e/4) =2y(x*+y>—a) + 2(x +¢/2)y
=2y (0*+ (x +¢&/2)° —a+¢&7/4).

This means that the second order approximation satisfies the invariance equa-
tion (4.2). The stability of the invariant manifold requires g, = 2y < 0. Thus
the manifold for y > 0 is repulsive, and that for y < 0 is attractive, as indicated by
the arrows in Fig. 4.1.

In terms of the formalism in Chap. 2, f =y, g =x>+y?>—aand B = g, =
2y. Then x? + ¢* — a = 0 is the zero order approximation and the second order
approximation h? + (x + &/2)*> —a + &*/4 = 0 is the exact equation for (x, ).

Example 10. The slow curve of the system

dx

— =y,

dt

J 4.11)

Y 2 2
e— =by "+ ax” +«,

dt Y

in the case ab < 0 and @ — £2/4 < 0, is the hyperbola
Y
N S
. 1
y” >
7 1 [
R A\
A ] N oz
= L

Fig. 4.1 Example 9. The ,2:\ —1 0 132
slow curve (dashed line) and 1 /
the exact slow invariant \\ } 14 } 7
manifold (the dotted line) “a ‘)‘7
of (4.10) (a = 3, ¢ = 0.2) i PN IR
where the arrows indicate [ f
increasing time
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Fig. 4.2 Example 10. The

. N Yy 7
slow curve (dashed line) and N, t 24 t //
the exact slow invariant \\ ",.?
manifold (the dotted line) > i
of 41l)(a=—-1b=1, | T |
o = —1, & = 0.2) where the
arrows indicate increasing x
time

-2 —1 0 1 2
.
& >,
R4 »
7 -2 f b
B4 N
7 N

by +a’ +a=0

the lower branch of which is attractive and the upper one is repulsive, since g, < 0
(gy > 0)fory < 0 (y > 0) (see Fig. 4.2). The exact slow invariant manifold
is described by the equation of the second order approximation i.e., g + eN +
e’y (Nx f = Ny,N) =0

2
2 £\2 &a
by a(xt o) fat s =0

since

d( , £ \2 e%a
8E(by +a(x+%) +a+4—b2)

= 2by (by* + ax* + o + eax/b + ’a/2b%) y

£\2 &%a
:2by(by2+a<x+i) +a+4—bz),

since N = ax/b, g, = 2by,and f = y.

Unlike the models of enzyme kinetics, which are linear with respect to the
fast variables, models of combustion processes usually are strongly nonlinear with
respect to the fast variables. Therefore, the use of the implicit representation
fits naturally into the scheme of approximation of slow invariant manifolds in
combustion problems.

Example 11. As an illustration, consider now the following system which is the
classical heat explosion model with reactant consumption [59, 117].
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Fig. 4.3 Example 11. The 0.97 0 -
slow curve (dashed line), the 08 ] -1
first-order (the dotted line) '4 3
and the second-order (the 0.7 4 !
solid line) approximations to 1 /
the slow invariant manifold 0.6 ]
of (4.12) (¢ = 0.01). Note 0.5
that the approximations are 1
not good near the critical 0-4j
point 6 = 1, where gy = 0 03+

0.2

0.1+ n

0 T T T T T

dn p
E _ne ’
(4.12)
8d9 Y 9
i ne’ —ab.

Here 6 is the dimensionless temperature and 7 is the dimensionless concentration,
and 7 is the dimensionless time.
The zero-order approximation to the slow invariant manifold is

g=ne’ —ab =0, (4.13)
i.e., n(0) = afe? which is stable when ne’ — af < 0. Because it is not possible

to explicitly solve Eq. (4.13) for the fast variable 6, we will use the implicit form to
obtain an approximation of the slow invariant manifold. The first approximation is

g+egy,f/ge =0ie.,
ne’ —ab —ene® /gy =0,

where f = —ne’, gg = nexpf — a. The second order approximation g 4+ eN +
e’g; (N, f — NgN) =0is

ne’ —ab —ene® /gy — & (ane™ /gs + n*e*’ (ne’ —2a)/g4) = 0,

since N = g, f/go = —ne*/gg. N, = ae® /g2, Ng = — (n?e® —2am) ¥ / g2,
see Fig. 4.3.

We will return to this physical example in the next section and in Chap. 7.



88 4 Representations of Slow Integral Manifolds
4.2 Parametric Representation of Integral Manifolds

We refer again to Eq. (4.1)

dx

-V = f(‘x’y’tﬂg)v
di (4.14)

dy
— =g(x,y,t,8).
£ g(x,y,t,¢)

The implicit form of integral manifolds has evident disadvantages, but for
numerous problems it is not possible to find a solution of g(x,y,z,0) = 0 in the
explicit form y = ¢(x,?). However, sometimes the solution of g(x,y,7,0) = 0
can be found in parametric form

x =m0, y=g@Wio,
where the parameter v € R, and the following identity holds
grow.1).o(v.1),1,0) =0, €R, veR"
In this case the slow integral manifold may also be found in parametric form
x = y(.te), y =op.t8),

where t € R, v € R™, y(v,£,0) = yo(v,1), o(v,£,0) = @o(v,t). The flow on the
manifold is governed by an equation of the form

b= F(nte), (4.15)

and the function F (v, t, €) will be determined below. The functions y, ¢, F can be
found as asymptotic expansions of the form

A, t.e) = o, t) +exi(vit) + ...+ p(vt) + ...,
e, t,e) = @o(v.t) + (v, 1) + ...+ o (v, t) + ..., (4.16)
F(v,t,e) = Fo(,t) + eFi(v,t) + ... + " F(v,t) + .. ..

On using (4.14) and (4.15), we obtain the invariance equations

dx dy(v,t,e) Iy Oy

- = = = L F = ,Q,1,8), 4.17
dar dar o Tt = /eto) @17
d de(,t, il ad

8_y = gM = 8_(,0 + €_§0F =g(x, @, t,8) (4.18)

dt dt ot av
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and their approximations. Equating coefficients of powers of the small parameter ¢
we obtain equations for the zero order approximation

0 9xo
B_Xt + %Fo = f(xo0,¢0.t,0), g(x0,%0,1,0) =0,

for the first order approximation

ad ad d
A g+ LOR = f(oe 00, 1. 001 + £ (X0, 90, 1. 0)g1 + fi.

dt av av
dgo d¢o
= WFO = gx(x0.90.1.0) x1 + gy (X0, ®0.1,0)¢1 + g1,

where fi = fe(xo0. ¢0.1,0), 81 = g:(X0, ¢o,1,0), and so on.

The two vector equations of the zero order approximation contain three unknown
vector functions yo,¢o and Fp, or, what is the same, m + n scalar equations
contain m + n 4+ m unknown scalar functions. The same is true of the first
order approximation. In general, the relationships (4.17), (4.18) contain unknown
functions y, ¢, F. In a specific problem it is possible on many occasions to consider
one of these functions, or any m scalar components of y,¢ and F, as known
functions, and all others may be found from (4.17), (4.18). Moreover, it is possible at
any step of the calculation of the coefficients in (4.16) to choose any m components
of these coefficients as given functions. In the case that F is a given or known
function, Eqs. (4.17), (4.18) are used to calculate the coefficients in the asymptotic
expansions of y and ¢. If it is possible to predetermine the function y, then these
equations allow the calculation of F and ¢. To clarify this we consider several
examples.

Note that in the case of the explicit form y = h(x, ¢, &), we take

v=x, x=v, o=hte), F=fvhte),te),
since v =x = f. Then (4.18) takes the form

h h
ea— + Sa—f(v,h,t,e) =g, h,t,e), h=nh(,t,ce).
ot av

If dim x = dim y and the role of v is that of y, then ¢ = v and

) ad
%+§F:ﬂmmamdmxw@=ﬂi (4.19)
1%

by (4.15) and the second of (4.14) (see also (4.17)). The equation for y follows
immediately

ad ad
e Lervite) = ef (rov.t.e).
ot v
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Then, under the assumption det(ax") # 0, it is possible to calculate y in an
asymptotic expansion. Note that g(yo,¢o,?,0) = 0 implies that Eq. (4.15) is
regularly perturbed, since the last equation in (4.19) implies, in this case, F = O(1)
ase — 0.

Consider Example 9 given by Eq. (4.10) fora = 1, viz, X = Y, gy =
x2 4+ y2 — 1. In this case the slow curve x> + y> = 1 may be represented in a
parametric form

X =cosv, y = sinv.

Thenx =y = v=—lie., F(v,e) = —1. Itis easy to find the slow invariant
manifold as an asymptotic expansion. In the expansion (4.16), yo = cos v and ¢y =
sin v then the equations of the first order approximation are given by — 3 = ¢ and

—% COSV = Y1COSV — 85(—‘ sinv. With the particular integral y; = —1/2 we obtain

@1 = 0. The second order approximation gives — 3 = ¢y and 0 = 2y,cosv +

2@, sinv + 1/4. These two equalities imply 0 = 2)(2 cosv — smva)(2 + 1/4, and
with the particular integral y, = —(1/8) cosv we obtain ¢, = —(1 / 8) sinv. The
end result then is

1
X =cosv—£/2—82§cosv+...,

1
y:sinv—ezgsinv—f-....

Note that the exact solution is

x=+/1—¢82/4cosv—e/2, y =+/1—¢2/4sinv.

Combustion models in many cases are linear with respect to the slow variables,
and this permits us to use the parametric representation to find slow invariant
manifolds when the fast variables play the role of v. Returning to Example 11,
the combustion problem, consider the degenerate equation ne’ — a«f = 0 and
n = xo(@) = abe™?. The role of variable v here is that of the fast variable 6.
Setting n = y0(0) + ex1(0) + &2x2(0) + ..., we get

0
g% =e(1(0) +ex2(0) +..)e’ =¢F (4.20)

and, due to (4.19),

—ZF =—x(0,¢e)e’.
30 x(0.¢e)e
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Then, on substituting for F from (4.20), we get

dx0 ax , 012
(a_e T T %0

= —(0(0) + ex1(0) + 2 x2(0) +...) €”.

+) (10) + ex2(0) +...) €?

On equating powers of ¢, we find %Xl = —Jo, %){2 + %Xl = —y and % =
. 29—
a(1 —0)e~?, and it is then easy to calculate y; = 7 and y» = ° z(;&_l?.

Thus, we obtain

0 02(0 — 2
n=yx0,e=abe? +¢ 1 2ef 0 -2)

o_1 w61 T O

This representation is correct outside some neighborhood of 8 = 1, and it
gives the approximation of the attractive (repulsive) one-dimensional slow invariant
manifoldif 0 < 0 < 1(1 < 9).

Finally we consider the third order differential equation which has the form of a
differential system with two slow and one fast variable

X1 =Xz, Yo=Yy, ey =—y—e’ —x; —x2.

Note that this system possesses an attractive slow invariant manifold since % (—y—
e’ —x; — x3) = —1 —¢? < 0. The degenerate equation 0 = —y —e? — x] — X
cannot be solved with respect to the fast variable y, but it can be solved with respect
to one of the slow variables x| or x;. Thus, the fast variable y and the slow variable
X, may be chosen as parameters and the slow invariant manifold will be represented

in the form x; = x(x2,y,8) = xo(x2,¥) + e)1(x2,¥) + &2 x1(x2,y) + O(&?),
where yo(x2,y) = —y — e” — x,. The flow on this manifold is described by the
equations

X =y, ey = —p(x,y) —ex(x2.y) + O(E)
and the invariance equation
YVt (y—e—y—x)=x

takes the form

d d d 0
ﬂ—i—sﬁ—i—... y+ ﬂ—i—sﬁ—i—... (—x1—¢ex2—...) = x3.
dxo dxo 3y ay
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Equating the powers of ¢ we obtain

x+y I J4
= ) =|\—5ry+ 14 e’
. 1+eY ( ox ay Xl) /A+e)
after taking into account that o — 1,

dy



Chapter 5
Singular Singularly Perturbed Systems

Abstract In this chapter we consider singularly perturbed differential systems
whose degenerate equations have an isolated but not simple solution. In that case,
the standard theory to establish a slow integral manifold near this solution does not
work. Applying scaling transformations and using the technique of gauge functions
we reduce the original singularly perturbed problem to a regularized one such
that the existence of slow integral manifolds can be established by means of the
standard theory. We illustrate the method by several examples from control theory
and chemical kinetics.

5.1 Introduction

For a better idea of the problems we wish to examine, and to gain some insight
into why the term in the title is used, we initially consider the following differential
system

e21 =221 — 22, &2 = (64 3¢e)z1 — 322,

or, in the vector form

) _ k4| _ 2 -1
8(22)_A(S)(Zz)’WhereA(S)_(6+38 —3)‘

At first glance it would seem that there are two fast variables z; and z; and we
apply the proposed approach to the analysis of this system. Setting ¢ equal to zero
we obtain the linear algebraic system

21 —22 =0, 67132 =0.

Apart from the trivial solution this system possesses an one-parameter family of
solutions z; = 5, zo = 2s, where s is a real parameter. Thus there is no isolated
solution to the degenerate system. The reason is that the matrix is singular, i.e.
det A(0) = 0 and the singularly perturbed system in this case is called a singular
singularly perturbed system. In fact, in this particular system it is possible to extract
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a slow variable and obtain a system with one slow and one fast variable. Taking
into account that the rows of matrix A are proportional for ¢ = 0 (proportionality
constant is equal 3), we introduce a new variable x = 7z, — 3z;, and obtain the
following differential equation for the slow variable X = —x 4 z,. To obtain the full
solution, it is possible to use either of the two equations for z; or z, as a fast equation.
If we choose the equation for z,, then, after taking into account x — z, = —3z;, we
obtain the singularly perturbed equation €2, = —(2 + €)x — (1 — €)z,. As aresult
we obtain the system

X=—x+4+2, ¢=—QL+ex—-(1-982n
which has the form (2.2). It is easy to check by direct substitution into the invariance
equation that this last system possesses the one-dimensional attractive slow invariant
manifold z = kx. On substituting for z, the above equations imply
ek(—14+k)x = -2+ &)x — (1 — e)kx,
and this implies

ek> 4+ (1 =2e)k +24+6=0.

Setting in the last equation k = ko + k; + O(&?) and equating the powers of &, we
obtain kg = —2, k1 = —9. Thus, the invariant manifold has the form

2 =—(24 9%+ 0(*)x = —(2 4 9 + 0(c%))(z2 — 321),
or, in equivalent form
=2+ 3+ 0(?))z1. (5.1
A singularly perturbed differential system can often be written in the form

ez = Z(z,t,¢), zeR"™M  teR, (5.2)

2= (21,225 -+ » Zm+n)s
Z == (leZZs---sZm+n); Zl - Zi(Z,Z,S),

where 0 < ¢ < 1, and the vector-function Z is sufficiently smooth. Suppose that
for ¢ = 0 the limit system Z(z, ¢,0) = 0 has a family of solutions

z=Y,1), veR", teR, (5.3)
with a sufficiently smooth vector-function ¢ . If m > 0 then (5.2) is called as

singular singularly perturbed system [66]. In the example just givenm +n = 2 and
m=1.
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We try to find a slow integral manifold of (5.2)
z=P(v.1,¢), (5.4
with a flow described by an equation of the form

b= QW.t,e). (5.5)

We shall restrict our consideration to smooth integral surfaces situated in the -
neighborhood of the slow surface z = ¥ (v,?), i. e.

P(v,t,0) =¥ (v,1),

and to the motion on the integral surface which is described by differential equations
of form (5.5) with a smooth right hand side. Consider, for example, the linear
homogeneous singularly perturbed differential system

dz
Sdt = Az (5.6)
with a constant (m+n)x(m-+n) matrix A. If A is a nonsingular matrix then the
degenerate equation Ax = 0 has a unique solution x = 0, but in the case of singular
matrix A the degenerate equation Ax = 0 has an m-parameter family of solutions
(m = dim x — rankA) [98, 192]. In this case it is reasonable to call (5.6) a singular
singularly perturbed differential system [66, 83].

5.2 Construction of Slow Integral Manifold

Suppose the following hypotheses hold for the system (5.2):

(i) the rank of the matrix ¥, (v, t) is equal to m;

(ii) the rank of the matrix A(v,t) = Z (¥ (v,t),t,0) is equal to n where Z, =
(%) i, j=1,....n+m);

(iii) the matrix A(v,t) has an m-fold zero eigenvalue and n other eigenvalues
A (v, t) that satisfy the inequality

Redi(v,t) < —2a <0, t R, veR™. (5.7)
Differentiation of Z (v (v, 1), t,0) = 0 with respect to v gives

AW, )Y, (v, t) = 0.
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This means, by (iii) above, that the (m + n) x (m + n)-matrix A(v, t) possesses m
linearly independent eigenvectors, which are columns of v, (v, ¢), corresponding to
multiple zero eigenvalues [98, 192].

We denote by (*)” the transpose of a matrix (). Let DIT be an (m+n)xn-matrix,
the columns of which are n linearly independent eigenvectors corresponding to m
zero eigenvalues and DZT be such an (m + n) x m-matrix so that (D7, D2T ) is anon-
singular (m + n) x (m + n)-matrix, i.e. det(DT, DZT) # 0. Then AT (DT, DZT) =
(0 BT), due to the zero eigenvalues of DT, where B is non-singular. In other words

0 D,
DA = , for D = )
B D,

Thus, the result of multiplying the non-singular matrix D on the right by A provides
the zero m x (m + n)-block and the non-singular n x (m + n)-block B.

The rank of B is equal to n. Consequently, without loss of generality, the
system (5.2) with renumbered variables and equations may be considered to be of
the form (the model of bimolecular reaction as a 3D example is considered below)

ex = fi(x, y2,1,¢), x e R™, (5.8)
eya = falx, ya,1,¢), y2 €R", (5.9)

when the following assumptions hold.

(B1). The equation f>(x, y»,¢,0) = 0 has a smooth isolated root y, = ¢(x, 1)
with x € R™ ¢t € R, and fo(x, ¢(x,1),7,0) = 0.
(B2). The Jacobian matrix

o= ( )
x J2y;

y2=o(x.1),6=0

on the surface y, = ¢(x,¢) has an m-fold zero eigenvalue and m linearly
independent eigenvectors, and the matrix B(x,t) = f5,,(x,¢(x,1),,0) has n
eigenvalues satisfying (5.7) where v = x.

(B3). Inthe domain

Q:{(x,yz,t,€)|X€Rm, ||y2—(/)(X,t)||§p, [ER, 058580}5

the functions fj, f> and the matrix A are continuously differentiable (k + 2) times
(k > 0) for some positive gy and p.

Using the change of variable y, = y; + ¢(x,t) in (5.8), (5.9), we obtain the
following equations for x and y,;

ex = C(x,t)y1 + Fi(x, y1,t) +eX(x, y1,t,¢), (5.10)
ey = B(x,t)y1 + Fa(x, y1,t) + eY(x, y1,t, 8), (5.11)
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where

C(x,1) = fiy,(x,0(x,1),2,0),  B(x,1) = fo,(x,0(x,1),1,0),
Fi(x,y1,y) = filx. y1 + ¢(x,1),1,0) = C(x, 1) y1,
Fa(x, y1,t) = falx, y1 + @(x,1),1,0) — B(x, ) y1,
eX(x,y1.1,8) = filx, y1 + o(x,0).1,8) = filx, y1 + ¢(x,1),,0),
eY(x,y1,t.) = folx, y1 + 9(x,1).1,8) = fo(x, y1 + ¢(x,1),1,0).

Note that the vector-functions F; (i = 1, 2) satisfy the relations || F; (x, y1,)|| =
O(||y1]]%). Thus, "' F; (x, ey, t) are continuous in £2.

If the assumptions (B1)—(B3) are satisfied then there exists €1, 0 < &; < &, such
that for any ¢ € (0, ;) the system (5.10), (5.11) possesses a unique slow integral
manifold y; = ep(x, ¢, ). On this manifold the flow of the system is governed by
the equation

X = Xl(x,t,s),

where X|(x,t,¢) = C(x,0)p(x,t,6) + X(x,ep,t,€) + e ' Fi(x,ep,1), and the
function p(x, ¢, ¢) is k times continuously differentiable with respect to x and .

Note that the change of variable y; = ¢y converts the system (5.10), (5.11) to
the form

x=X(x,y.t.6), xeR" teR, (5.12)
ey =Y (x,y,1,€), y € R, (5.13)
where X(x,y.t,e) = C(x,t)y + ¢ 'Fi(x,ey,1) + X(x,ey,t,¢), and

Y(x,y,t.,e) = B(x,t)y + ¢ 'Fo(x,ey.t) + Y(x,ey.t,¢€), since the vector-
functions F; (i = 1,2) satisfy the relations || F;(x, y1.1)|| = O(||y1]|?), and the
role of the slow variable is now played by x.

We return now to the model of bimolecular reaction (3.31)—(3.33) and multiply
both sides of the first equation by &, to obtain the differential system in the
form (5.2). Setting x| = z;, y = z3, 2 = 2p We get

d

sﬁ = e(1 — koz123) = Z1(21.22. 23), (5.14)
dZ2 2

e = —2¢k1z5 + 223 + e(kazizzs — 22) = Z2(21, 22,23, ), (5.15)
dZS 2

) o= ekiz; —z3 = Z3(21, 22,23, €). (5.16)

For ¢ = 0 the limit system
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0=0, 0=2z, 0=—z3

has the family of solutions z; = v;, z2 = v, z3 = 0. In this case m +n = 3 and
m = 2, and the matrix A for the limit system takes the form

000
A=100 2
00-1

This matrix and the matrix A7 have a double zero eigenvalue and the corresponding
eigenvectors of A7 are

Thus, DT can be chosen in the form

100 100
DT =|010], ie. D=]012
021 001

and the transformation of (5.14)—(5.16), which reduces this system to the
form (3.34)—(3.36) is equivalent to the multiplication of the vector of derivatives
and the vector of the right hand sides of the differential system (3.31)—(3.33) by the
matrix D . As a result we obtain the system

dz,
— =Z1(21,22,23),
e 1(z1,22,23)
dz; dz
e(=2 4222 = Zy(21, 22,33, €) + 2Z5(21, 22, 73, ©),
dt dt
dz
87: = Z3(z1, 22,23, €).

Introducing the new variable x, by x, = z» + 2z3 and setting z; = x1, z3 = y leads
to the system (3.34)—(3.36) . This means that we construct the same transformation
of the differential system under consideration which was used in Sect.3.3.2.

5.3 Implicit Slow Integral Manifolds

In the previous chapter we pointed out that in many cases slow integral manifolds
may be obtained in an implicit form. We use this approach for the system (5.2) in
the case
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ex = X(x,v,8) = Q(x,y) + eq(x, y,¢), (5.17)
ey =Y(x,y,6) = KQ(x,y) +ep(x,y,¢). (5.18)

We require
Y(x,y,0) = KX(x,y,0)

and this equality means that components of Y (x, y, 0) can be represented as a linear
combination of components of X(x, y,0), where the matrix K is formed from the
coefficients of these linear combinations. This situation is typical of a wide class of
chemical kinetics systems [96].

Introducing a new variable v = y — Kx, we obtain the following differential
equation for the slow variable

V= p(x,y,e) _KCI(-xsyss)'
Suppose det(Q + Qyx) # 0. This condition is necessary to satisfy (By) and (By).

To obtain the full solution, it is possible to use either the equation for x or for y as
a fast equation. If we use the equation for x as the slow subsystem we then obtain

v=p(x,v+ Kx,e) — Kqg(x,v + Kx, ¢),
ex = Q(x,v+ Kx) + eq(x,v+ Kx, ¢).
In this case the slow invariant manifold can be obtained in an implicit form. The
zeroth approximation of the slow invariant manifold is given by Q(x,v + Kx) = 0.

To obtain the first order approximation, it is necessary to differentiate Q(x,v +
Kx) + eq(x,v + Kx, &) with respect to ¢

dit (O(x,v+ Kx) + eq(x,v + Kx, ¢))
= % (Q(x,v+ Kx) + eq(x,v+ Kx, ) v

a0
+ P (O(x,v+ Kx) + eq(x,v+ Kx, €)) X,

and use the equations for v and ex above. As a first approximation, the flow on the
slow invariant manifold is governed by the differential-algebraic system

v=px,v+ Kx,e) — Kq(x,v + Kx, &), (5.19)
(Ox+eqx + O,K +¢q,K)(Q +eq) +¢0,(p—Kgq) =0, (5.20)

where terms of order o(¢g) can be neglected. Here Eq. (5.20) describes approximately
the slow invariant manifold.
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Now we will obtain the same approximation directly from the original differen-
tial system by differentiating the function Q 4 eg with respect to ¢ and using the
original system (5.17), (5.18):

(O« +eq:)(Q +eq) + (Qy + sqy)(KQ +¢ep) =0. (5.21)

If we neglect terms of order o(¢), then Eqgs. (5.20), (5.21) take the form

(Qx+ 0yK)Q +e(qx + ¢, K)Q +6(Qxq + Qyp) =0, (5.22)

or

(Qx +¢9:)(Q +¢q) +(Qy +£4,)(KQ + ep) = 0. (5.23)
The last equation is just
X, X+X,Y =0, (5.24)

where X and Y are given in (5.17) and (5.18). This implies that we do not need
to know the matrix K to obtain the first order approximation to the slow invariant
manifold.

As an example, we return to that considered at the beginning of the chapter. We
have X = 2z1 —z, Y = 3(Q2z1 — 22) + 3¢z1,1e. Q =271 — 20, ¢ =0, K =
3, p = 3z;. Then (5.24) takes the form 2z; — z» + €3z; = 0 which is equivalent
to (5.1) with an accuracy O(g?).

5.4 Parametric Representation of Integral Manifolds

As mentioned above, sometimes the slow integral manifold can be found as a
parametric function.

Returning to the system (5.2), ez = Z(z,t, ¢), we use the parametric form to
describe the slow integral manifold and the flow on the manifold, i.e.

z=P(v,t,¢), v=0(O,t,e¢),
see (5.4), (5.5). The functions P and Q will be found as asymptotic expansions
P(v,t,8) = Po(v.t) + ePi(v,t) + ... + &P(v.t) + ...,
O, t,e) = Qo(v.1) +eQ (1) + ... + 5 0r (v, 1) + ...,

where Py(v,t) = v (v,t) by (5.3). Differentiating P with respect to ¢, and
using (5.2), (5.5), gives
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dp aP aP
8E = 85 SEQ =Z(P,t,¢). (5.25)

Write the Taylor series expansion of Z(P, ¢, ¢) about & = 0 as

Z(P,Z,S) = Z(Py,t,0) +8@1(P0,P1,t)
+ .+ QP Py, PeLT)

and represent & (k > 1) in the form
Or(Po, ..., Pr,t) =Zp(Py,t,0)Pr + Ri(Po, Py, ..., Pr_y,t),
where Zp = g—lzy In particular,
O1(Po, P1,t) = Zp(Po,1,0)P1 + Ry,
where Ry = Z.(Py,t,0). Equating powers of &, we obtain from (5.25) with e = 0
Z(Py,t,0) =0.

In keeping with (5.3), let Py(v,t) = ¥ (v,1).
Using the notation A(v,t) = Z,(¥(v,t),t,0) and on using (5.2) and the form
for ®; above, we obtain at order &

d 3
a_lf + _‘”Q0 = AP, + R;. (5.26)

Equation (5.26) contains two unknown functions P; and Qy. Where P is con-
cerned, Eq. (5.26) may be considered as a nonhomogeneous linear algebraic system
with a singular matrix, detA(v,#) = 0, v € R™, t € R. Thus, Q is needed
to ensure the solvability of the system. It is apparent that we have some freedom
in choosing the form of Q¢ and P; . To determine these functions uniquely, we

multiply equation (5.26) on the left by the matrix D, introduced in Sect.5.2, and
obtain the pair of equations

d
Dy 3‘” +0, 50 v " 0y=Di,. (5.27)
since D1A = 0, and
d
0,V 4 D, ov " 00 = BP + DRy, (5.28)

ot

since D, A = B. If it is assumed additionally that the matrix
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Dy = 3y /dv
is invertible, (5.27) gives

Qo = (D1¥,) ' Di(R1 — V),

and this permits us to determine P; uniquely from (5.28): P; = B7'Dy(y, +
¥, Qo — Ry). The determination of the pairs of later coefficients Py, Qk—; is carried
out in the same way.

As a generalization of the example discussed in Sect. 5.3 consider the system of
two scalar equations

ez1 = fla..t.8) +efiz y.1.€),

e = kf(z1,22,1,8) + efa(z1, 22,1, €).
Setting ¢ = 0 we obtain two equivalent equations f(zi,z2,¢,0) = 0 and
kf(z1,22,2,0) = 0.

Introducing a new variable x = z, — kz;, we obtain the following differential
equation for the slow variable

X = oz, 22,1, 8) —kf (21,22, 1, 8).

To obtain the full solution, it is possible to use either of the two equations for z; or
7» as a fast equation.

5.5 High-Gain Control

We consider a nonlinear control system
X = f(x) + B(x)u, x(0) = xo, (5.29)

with, in general, a nonlinear vector function f(x) and matrix function B(x), and
high-gain feedback

u= —éKS(x), (5.30)

where x € R*, u € R", ¢t > 0, K is a constant r X m-matrix and ¢ is a small
positive parameter, see [201,202]. This control problem is of practical significance
in itself and is of theoretical significance in the theory of variable structure control
systems and the equivalent control method [92,201,202]. For linear control systems
this problem was analyzed in [92, 128, 216]. The stabilization of movements of a
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mechanical system along a surface is a known problem [106,202]. It often happens
it is necessary that the working body moves along the given surface. It can be the
movement of an electrode of the welding manipulator along a seam, the movement
of aladle of a dredge along a planned surface of the ground, movement of the cutting
tool of the manufacturing machine along a processed surface, etc.

The vector function f and the matrix function B are taken to be sufficiently
smooth and bounded. The control vector u is to be selected in such a way as to
transfer the vector x from x = X, to a sufficiently small neighborhood of a smooth
m-dimensional surface S(x) = 0.

Suppose that we can choose the matrix K in such a way that the matrix
—N(x,t) = —GBK is stable! and its inverse matrix is bounded, where G(x) =
dS/dx. We introduce the additional variable y = S(x). Substituting for u
from (5.30) into the original Eq. (5.29) and noting that y = S’(x)x, x and y satisfy
the system

ex = ef (x) — B(x)Ky, x(0) = xo,
ey =&G(x)f(x) = N(x)y. y(0)=yo= S(xo).

The reduced (¢ = 0) algebraic problem possesses an n-parameter family of
solutions x = v, y = 0. The role of the matrix A(v, ) in Sect.5.2 is played

by the singular matrix
0 —BK
0-N )’

The singular singularly perturbed differential system above possesses an n-
dimensional slow integral manifold
X =, y =eN'(W)GO) f(v) + O(e?).
The flow on the manifold is governed by
v=[I — BWKN'()GW]f() + O(e).
Introduce the new variables
x=v+BWKN'(Wz  y=z+eNT'(0)GX)[f(x),
Then we obtain the equations

V= ( —BKN"'G)f + O(¢), ez=—(N + 0(e))z

I'A stable matrix is one whose eigenvalues all have strictly negative real parts.
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for v and z. By virtue of the resultin (2.7) and (2.8) it is clear that the representations
x=v+ 0@e"?), y=cpe) + 0",

where ¢ = N™'Gf + O(e), are valid for some v > 0 for all # > 0. Thus, under the

given control law

1
u=——KS(x),
)

the trajectory x (¢) very quickly attains the e-neighborhood of S(x) = 0.
It is easy to see, as suggested in [176], that the modified control

U= —éK [S(x) +eNT'(x)G(x) f(x)],

with the stable matrix —N(x) = —GBK, is preferable, because it guides the
trajectory of x in a time At to the e ™4’ e -neighborhood of S(x) = 0. To verify
this note that under this control for the variable x we obtain the equation

ex =¢ [1 - B(x)K(G(x)B(x)K)_lG(x)] f(x) — B(x)KS(x),
and for the variable y = S(x) using the identity

dse oS
= ar = ax —G(x)x

= G(x)[I — B(x)K(G(x)B(x)K)"'G(x)] f(x) — e 'G(x) B(x)KS(x)

= [6(0 = (G BWEK) GWBE®K) ™ 6] £(x) — 7 G BEKSX)
= e 'G(x)B(X)KS(x) = —e ' N(x)y,
we obtain the equation
ey = —N(x)y.
Then
y = 0<e_”£_1’), V>0, 1>0, &—0.

To explain the last relationship we use inequalities (2.8) in the case of & = 0. This
relationship is obvious in the simple case of scalar y and constant N > 0 with
v=N.

Additionally we note the following. Since the matrix —N is stable (see the
footnote at the beginning of this section) we can claim that the solution of the
equation
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Fig. 5.1 Example 12. The
parabola and two trajectories
corresponding to high-gain
control law (the dashed line)
and modified control law (the
solid line)

-04-03-02-0.1 0 01 02 03 04 05

ey = =Ny, y(0) = yo
satisfies the inequality
¥ < Nollyolle™"/*,2 >0
for some positive numbers v and Ny. All the details can be found in the Appendix;

see the inequality (9.23) there.
By way of illustration we consider the following control system (Fig. 5.1):

Example 12.

X1 = X2,

Xo = —X1 — X + u,

with S : x} —x; =0.Inthiscasen =2,m = 1,r =1,

f:( X2 ) B:(O), 3S/0x = G = (2x1. — 1),

—X1 — X2 1
and N = GBK = —K, where K is a scalar since GB and S are scalar. Setting

K = —1weobtain N = 1.
If the modified control law

u=ce ' (x] —x2 + &(2x1x2 + X1 + X2))
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is used then, due to X, = —x; — X, +u = —x; —x2 + & ' (x] — x2 + eQx1x2 +
X1 4 x2)) = 2x1x2 + £ (x] — x2) = 2x1x + €' S(x), we obtain the following
system

X1 = X2,

%2 =2x1x0 + &'y,

y=—¢y

with § = y, i.e. the surface S = 0 is described by the equation z = 0. It is clear
that with y = gz the system is

X1 = X2,
Xo = 2X1X2 + 2,
£ = —z,
and it possesses the attractive slow invariant manifold z = 0 since ¢z = g =
—z and dg/dz = —1. It should be noted that, with the modified control law u =
e (x7 — x2 4 &(2x1x2 + x| + x2)) currently selected, the control system
X1 = X2,
Xy = 2x1x2 + s_l(xlz —X3)

has the attractive slow invariant manifold x, = xl2 because this function satisfies the
invariance equation:

ax?
e——Lx? = 2xx?
8x1

2
and —8(X5 ),
X2

Figure 5.2 demonstrates clearly the advantage of the modified control.

Example 13. We consider the control equation
d3x
- =
with
2

S =i+ x2—x2

Setting
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Fig. 5.2 Example 13. The hyperbolic paraboloid and the trajectory corresponding to the modified
control law (the solid line)

X=X, X=x, X=x3
we obtain the following control system
X| =Xz, X2 =X3, X3=u,

with S : x3 — x7 + x5 = 0 (hyperbolic paraboloid). In this case in accordance
with (5.29) and (5.30)

X2 0
f=1x3], B=|0], 95/dx =G = (—2x1, 2x;, 1),
0 1

and N = GBK = K, where K is a scalar. Setting K = 1 we obtain N = 1. The
modified control law is

u= —éK [S(x) + eN7'(x)G(x) f(x)]
= —&7' (x3 4+ x] — x5 + e(=2x1x2 + 2x2x3))
and the corresponding guided system is
X1 = X3, X3 = X3,
EX3 =u=—x3+ x12 — x% + e2x2(x1 — x3).

This last system has the attractive slow invariant manifold x3 = x7 — x7 since this

function satisfies the invariance equation
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3(x1 ) 3(x1 x3)

L S P P PE

d(—x3 +x12—x§) -1

and I

5.6 Reaction Kinetics of Organometallic Compounds

The differential system arising in the study of the kinetics of organometallic
compounds has the form (5.2): ez = Z(z, ¢, €) [187,205]. In particular, we have:

dzy
- bzs, 5.31
e cazy + bz, (5.3D)
d
e _dth = gazy — bzy — 2273 — 2224, (5.32)
dz
— e, 5.33
e — €2273 (5.33)
dzs
o 5.34
£ 2274 (5.34)

The degenerate system Z(z,0) = 0 is
0=">0z, 0=—bzy —c2223 — 222, 0= —c2z3, 0= —224
and it has a three-parameter family of solutions z = ¥ (v)
A=V, 3=V u=v3 22=0.

It is clear that the rank of , is equal to three, and the rank of matrix A =
Z,(, 0) is unity where

0 b 00
A= 0—b—CV2—V300
0 —CcVy 00
0 —v3 00

on noting z; = 0. The unique nonzero eigenvalue of this matrix is —b — cv, — v3.
The system (5.31)—(5.34) may be reduced to the form (5.8), (5.9) by simply
renaming the variables z; = X1, 23 = X2, 24 = X3, 22 = 2!

d d d
£ % = —eax; + by,, ¢ % = —cx2)2, € % = —X3)2, (5.35)
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d
e % = gax; — by, — cxpy2 — X3)2. (5.36)

Setting ¢ = 0 in (5.36) we obtain that the function y, = ¢(x1, X2, x3) is equal
to zero identically. This implies (see Sect.5.2) y» = y; + ¢ = y; and gives the
possibility to use the change of variable y, = y; = ¢y to reduce the system (5.35)
and (5.36) to

dx; dxy dx;
= b , — = — , — = — s 5.37
i axy; + by i cx2y a X3y ( )

d
e j); = ax; — by —cxpy — X3y (5.38)

with three slow variables x1, x,, x3 and one fast variable y. Note that the differential
system (5.37) and (5.38) is linear with respect to the fast variable y, and this
facilitates the construction of the asymptotic expansion for the three-dimensional
attractive slow invariant manifold

y = h(x1, X2, X3,8) = ho(x1, %2, x3) + ehy(x1, X2, x3) + O(&?).

The system (5.37), (5.38) has the form (2.2) and the coefficients of the asymptotic
expansion may be found from the invariance equation (2.4) which becomes

0h(x1,x2, x3,
EW(_WQ + bh(x1, X2, x3,€))
X1

ah k) ’ ’
4 MO E) . 0)
a)C2
4+ R X2, %3, )

o (—X3h(x1,X2, X3, 8))

=ax; — (b + cxp + x3)h(x1, X2, X3, €).
Setting ¢ = 0 in (5.38), we obtain
ho(xl, X2, X3) = axl/(b =+ cxy + X3).

To calculate h; we equate the coefficients with the first power of ¢ in the
invariance equation

9h x5, oh , X2,
W(—Ml + bho(x1, x2, x3)) + W(‘Cﬂhoal* X2,X3))

oho(x1, x2, x
%(—)@,ho@ﬁ,)@,)@)) = —(b + cxp + x3)h1(x1, X2, X3).
3
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This gives
hi(x1, X2, x3) = a@*xq[(cx2 + x3) A — x1x2 — x1x3]/ A,
where A = b + cxp + Xx3.
Returning to the initial variables z;, z2, z3, z4 and taking into account that z; =
X1, 23 = X2, 24 = X3, Zp = &y itis found that the differential system (5.31)—(5.34)
possesses the three-dimensional attractive slow invariant manifold

2 = eazi/ A+ *hi(z1, 23, 2),

where A = b + cz3 + z4, and h1 (21, 23, 24) = a’z1[(cz3 + 24) A — 22123 — 2124] / A
The flow on this manifold is described by equations

d _

% = —az) + baz;/ A + ebhy + O(&?), (5.39)
dz; = 2

E = —cz3(az1 /A + ebhy) + O(g°), (5.40)
dzs = 2

E = —14(a21/A + ebhy) + 0(8 ), (5.41)

It should be noted in conclusion that the original differential system (5.31)—(5.34)
has two first integrals

d d, = _
d_t(ZI +2—-—23—24) =0, d—t(z_o,z4") =0,
or
atn-—n-—u=C, gy =G
with arbitrary C;, C,. This allows us to further reduce the differential system under

consideration. As result, it is possible to reduce the original differential system of
the fourth order to a scalar differential equation without a singular perturbation

dz aCyz8 + azg + aC X
== —14[ 24T "4 ! +£a2(szZ+Z4+C1)
dt A
« ((Z4 + CCzZi)d — CZC2ZZ(Z4 + szi + Cy) — za(z4 + CzZi + Cy)
A4

+ %)] + 0@,

where A = b + cCoz§ + 24,21 + 22 — 23 — 24 = 21(0) + 22(0) — 23(0) — 24(0) =
Ci.7 = 23002, = G



Chapter 6
Reduction Methods for Chemical Systems

Abstract Many systems studied in chemical kinetics can be posed as a high order
nonlinear differential system with slow and fast variables. This has given an impetus
to the development of methods that reduce the order of the differential systems but
retain a desired degree of accuracy. This research has led to a rapidly expanding
volume of papers devoted to reduction methods. All these methods are connected
with the integral manifold method in one way or another. These connections were
clearly given by H. Kaper and T. Kaper in (Physica D 165:66-93,2002), which also
gives a good overview of reduction methods in chemical kinetics. In this chapter we
will use results given previously in parallel with our interpretation of the connection
between the two most often used reduction methods and demonstrate that both
methods may be replaced successfully by regular procedures of approximation of
slow integral manifolds which were described in Chap. 5.

6.1 Method of Intrinsic Manifolds

The method of intrinsic low-dimensional manifolds (ILDM Method) was proposed
by Maas and Pope in [101] and developed in many later papers. This method, as
applied to the system (2.2) in the form

X = f(x.y.e), y=¢e"gx.ye).

is based on a partition of the Jacobian matrix

of  af
J=J(x.y.e) = _Ei)%g _?yag ,
& 5 & 5

into fast and slow components at each point of (x-y)-space and a Schur decomposi-
tion [192] to generate bases for the corresponding fast and slow subspaces. This is a
much more elaborate procedure than is necessary for the simplification of (2.2).
The asymptotic method of slow integral manifolds in implicit form, discussed
above in Sect.4.1, was originally suggested by V. Sobolev several years before

© Springer International Publishing Switzerland 2014 111
E. Shchepakina et al., Singular Perturbations, Lecture Notes in Mathematics 2114,
DOI 10.1007/978-3-319-09570-7_6



112 6 Reduction Methods for Chemical Systems

the publication of [101] (see, for example, [54], or [93]), and is simpler and more
efficient. To illustrate this we restrict our attention to the system with scalar variables
x and y.

Following [84], after calculations based on the Schur decomposition, it is
possible represent the equation defined by the ILDM Method in the form

gyg +egxf —elg =0, (6.1)

where A; is the eigenvalue

As = %(e—lgy + fo) - \/ i(e‘lgy )2 =T gy fu = fy8)

of the (2 x 2)-matrix J. When this result is compared with that of Eq. (4.6) in the
autonomous case, Viz.,

g8 +eg f =0, (6.2)

it is apparent that Eq. (6.1) includes the “unnecessary” term —egA;g. As was shown
in Sect.4.1, Eq. (6.2) permits the calculation of the slow invariant manifold in the
form

y = ¢(x) + ehi(x) + O(?)

with an error of order O(g?). In the paper [84] it is shown that, in general, the
ILDM equation (6.1) gives the same error, and only in the case ¢, (x) = 0 is the
corresponding error O(g®). However, it is more convenient to use the second order
approximation equation in the form prior to (4.8) i.e.,

8y8 +egf +eNyg +52Nxf =0,

on noting
N = g;lgxfs

rather than the ILDM equation. Moreover, Eq. (4.8) gives the error O(&?) in the
general case not only for planar systems but also in the case of vector variables x
and y [84]. Note that the assumption g, < 0 in the scalar case or the negativity of
the real parts of all eigenvalues of the matrix g, in the vector case, guarantees the
manifolds are attractive and the corresponding implicit equations are solvable with
respect to the fast variable by the implicit function theorem [146]. We illustrate the
above with two examples.

Firstly we consider the system of two scalar differential equations which repre-
sent the model for the ignition of metal particles. Assuming an uniform temperature
distribution in a particle, a constant particle size and the constant physical properties
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of both gas and particle, the known dimensionless model of the process has the
following form [165]:

dn _ 6 _

E_(p(n)eXp(l+9,3) = f(n,0), o
do 0 0 '
SE=<p(n)eXP(l+ﬂ9)—;=g(n,0),

with initial conditions
n(0) =0, 0(0)=—0;.
Here 6 is the dimensionless temperature of a metal particle and

_(T'-T)E

6
RT?

’

where T is the temperature of a metal particle and 6; is a given initial temperature,
Ty is the gas temperature, E is the Arrhenius activation energy, R is the universal
gas constant; 7 is the dimensionless related growth of the thickness of the oxide
film and

where § is the oxide film thickness, §;, is the initial thickness of the film; 7 is
dimensionless time; the parameters 8 and ¢ reflect the temperature sensitivity and
the exothermicity of the reaction; « is a modified Semenov number related to
convection heat transfer; ¢(7) is the kinetic function. Usually two forms of oxidation
kinetics: ¢(n) = (n+1)™", n = 1,2, corresponding to the cases of parabolic and
cubic laws, respectively, are considered.

The initial temperature of a metal particle is either lower than the gas temperature
or equal to it. In the first case, corresponding to cold particles, we have 6(0) =
—6; < 0, and in the second, when the metal particles and the gas are heated
simultaneously during a very short time, 8(0) = 0.

The chemically relevant phase space A of the system (6.3) is defined by

A:={0,n)eR>:0>—6;,,1n>0}.

It should be noted that the system (6.3) is similar to the dimensionless model
for the thermal explosion of a gas. But in the thermal explosion theory the kinetic
function is usually ¢(n) = (1 —n)", n = 0,1, 2, and 7 reflects the depth of a gas
conversion, while 7 is the dimensionless concentration of a gas.
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In the case of very small particle size and significant initial thickness of the oxide
film the parameter ¢ is small and, hence, the system (6.3) is singularly perturbed.
Thus, it is possible to apply the implicit form for the construction of the slow
invariant manifold in this case. Using Eq.(6.2) geg + €g,f = 0, where f and
g are given in (6.3), we obtain the first order approximation to the slow invariant
manifold

E(6) 1
( (n )(1 + 86)? ;) ( (mE®) - _) + S‘Pn(n)(ﬂ(ﬂ)E (0) =0,

where E(0) = exp (ﬁ)

For our second example we consider again the model of the enzyme-substrate-
exhibitor system from Sect. 3.5.2 viz., Egs. (3.79)—(3.82), to construct an approxi-
mation to the slow invariant manifold. Here

f= ( —x1 4+ (x1 + Ks— L)y + x1)2 )
YI=x2 + x2y1 + (2 + K; — Ly)]y2

g= ( x1 = (x1 + Ky)yr — x1y2 )
Bylxz — x2y1 — (x2 + K;) 2]

and the first order approximation equation (6.2) gives the implicit equations with
respect to y1 y:

—(x1 + Ky) [x1 = (x1 + Ks) y1 = x1p2] = x1By [x2 — xay1 — (x2 + Ki) y2]
+e(l—=y1 =) [-x1+ (x1 + Ky — Ly) y1 + x1)2] =0,

—Byxa [x1 — (x1 4+ Ko) y1 — x132] — B27” (52 + Ki) [x2 — 3291 — (32 + Ki) 2]
+efy* (1 — y1 — y2) [=x2 + x2y1 + (x2 + Ki — L) y2] = 0.

These give the same representations for the first order approximation of slow
invariant manifold as in Sect. 3.5.2.

It should be noted that the use of implicit equations to describe slow integral
manifolds can entail the occurrence of extraneous solutions. Thus, setting ¢ = 0
in (6.2), we obtain the equation g,g = 0, which gives the extraneous solution
gy = 0 besides the equation of slow curve g = 0. After taking into account
terms with the small parameter in a small neighborhood of the extraneous solution,
the corresponding solution of (6.2) can be found and this solution will be also
extraneous. It is clear that all solutions which do not belong to the ¢ order of the
slow surface should be excluded from consideration.
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6.2 Iterative Method

The iterative method was proposed by Fraser [46], and developed by Fraser and
Roussel [145] for autonomous systems that are linear with respect to the fast
variables in the case of scalar slow and fast variables.

Formally, the essence of the iterative method for the system

x=1C(x,e)+ F(x,e)y,

(6.4)
ey = §(x,8) + G(x, )y,

i.e., (2.26) in the autonomous case with scalar variables, is as follows. It was found
in Sect. 2.5 that for the autonomous system (6.4)

5%@ + Fh) =& + Gh
ox

and then

W= —& + elh,
" G —¢Fh,

This representation is used to organize the iterative process by the algorithm

k—1)
£ —£ + el
PO =p) =-2, o=,
G G —eFo;

k=1,2,3...,

where ¢*) is considered as an approximation to /. It can be shown that
h(x.e) = = O(++),

see [84].
Now we can extend the Fraser and Roussel [ 145] approach to the nonautonomous
systems (2.26) in Sect. 2.5 with vector variables. We solve the equation

oh oh
e— +e—(¢ + Fh) = £ + Gh,
ot ox

for the vector function 4 (x, ¢, €) and obtain
h = (G — eFh,) "' (=& 4 ¢h; + &Chy).
As in the scalar case, this formula is the basis for the iterative procedure

_ — _ k— _
9O =¢(x,1) = —G7'E, 90 = (G —eFe* )= + eV 4 Lok,
(6.5)
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for the vector function ¢*), k = 1,2,3... . Thus, for example,

oV = (G —eFp) 7! (=6 + ey + i),
and the asymptotic relationship
h(x,e) = ®] = O
holds. We consider again the model from Sect.3.5.2 viz., Egs.(3.79)-(3.82) to
construct an approximation to the slow invariant manifold.

On setting £(x,0) + G(x,0)y = 0 in (6.4), we obtain y; = @(x1,x,) and
Y2 = ¢(X1,X2). Then

Oy — o _ [ P(1.22) :l(Kixl)
v (X) ¢ (QZE(.X],XQ)) A\ K;x, ’

where A = K x; + K;x; + K K;, and, consequently,

p 3¢
¢ — @ @ — KiKs ()Cz—‘rKi —X1 )
* ) A2 -x x1+K;)
ax; dx,

Now from (6.5) we obtain, on noting ¢ is independent of 7,

W= (G —eps F) ' (—g + e¢:0)

1 (KiX1) + 8_KiK5 ( By (x2 + Ki)Pxi — x1200 ) + 0(&?)

A Kx; ByA* \ —Byx1xP + (x1 + K3)x2Q

2

where P = (K; Ly — yK,Li)xs + K*L;, Q = —(K; Ly — yK,L;)x; + yK>L;. We
note || (x, &) — V|| = O(&?). And this agrees with the result in Sect. 3.5.2.

6.3 Extending the Iterative Method

Consider the differential system (2.1) and suppose that it possesses a slow integral
manifold that can be found as an asymptotic expansion. Let ¢ be an isolated root
of the degenerate equation g(x, y,7,0) = 0. Using the change of variable y =
7+ ¢(x,t) we obtain the system

X =X(x,z,t,¢), e2= B(x,t)z+ Z(x,z,t,¢), (6.6)
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where

B(x.1) = g—f(x,¢(x,r),r,0), X(r.2.1.8) = [z + $(x.0).1.),

Z(x,z,t,8) = g(x,z+ ¢d(x,1),t,8) — g—i(x,qﬁ(x,t),t,O)z— 8%—?
_€8¢(x,t) X(x,z,t,¢)).
ox

The invariance equation (2.5) for this non-autonomous system takes the form

_ m ~ ~ ~
5% + sg—X(x,h,t,e)) = B(x,t)h + Z(x,h,t,¢). (6.7)
X

Due to the change of variable y = z + ¢(x,t) the functions i and h that

describe the slow integral manifolds for the systems (2.1) and (6.6), respectively,
are connected by the equality 7 = h + ¢(x, t). By solving (6.7) for i

n

_ m ~ ~
B(x, t)_l(e% + sg—xX(x, h,t,e) — Z(x,h,t,¢)),

this equation allows us to organize the iterative procedure in the following way, with
the goal to obtain 1 = ¢®) + O(eF*1),

(,0(0) =0,
dpk=D dp*—=D
R O T e (CX LN
X

—Z(x, %V 1), k=1,2,....

Note, in conclusion, that the representation of the function g(x, y,¢,¢) in the
form

glx,y,t,8) = g(x,y,1,0) + eg1(x, y,1,¢)

can be used to construct the following iterative procedure [84]:

JPp*k—1 g k=1
g(x,qD(k),t,O) =¢ —¢

Py A @* D 1 ) —egi(x, 2%V 1, 6)
X

(6.8)

in the case when the function @ = ¢ can not be found in the explicit form.
However, the use of that procedure is based on numerical differentiation. In such a
situation the use of the slow integral manifold approximation in the implicit form is
preferable, see Sect.4.1.



Chapter 7
Specific Cases

Abstract The next two chapters consist of a contribution to advancing the geomet-
rical approach to the investigation of singularly perturbed systems in cases when
the main hypothesis is violated, i.e., when the real parts of some or all of the
eigenvalues of the matrix of the linearized fast subsystem are no longer strictly
negative. This means that the hypotheses of the Tikhonov’s theorem are violated.
This chapter is organized as follows. The first section is concerned with weakly
attractive slow integral manifolds. The examples are borrowed from the theory of
gyroscopic systems and flexible-joints manipulators. The next section is devoted to
the application of repulsive slow invariant manifolds to thermal explosion problems.
In the last section, the case when the slow integral manifold is conditionally stable
is discussed and an optimal control problem is given as an application.

7.1 Weakly Attractive Integral Manifolds

In this section we consider the system (2.1) when the matrix B = g, (x, ¢ (x,1),¢,0)
has eigenvalues on the imaginary axis with nonvanishing imaginary parts. If the
eigenvalues at ¢ = 0 are pure imaginary but after taking into account the
perturbations of higher order they move to the complex left half-plane, then the
system under consideration has stable slow integral manifolds. Some problems of
the mechanics of gyroscopes and manipulators with high-frequency and weakly
damped transient regimes are now discussed in this context. More results along this
line can be found in [94, 131,132, 134,179, 197,210]

7.1.1 Gyroscopic Systems

The general equations of gyroscopic systems on a fixed base may be represented in
the Thomson-Tait form [12]:

dx
a7
d
sd—t(Ay) =—(G +¢eB)y +eR +¢Q, (7.1)
© Springer International Publishing Switzerland 2014 119
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T

where R = R(x,y,t) = % [%] y is the result of differentiation of the quadratic

forms components of the Routh function with respect to generalized coordinates x
[102]. Here x € R", A(¢,x) is a symmetric positive definite matrix, G(x,?) is a
skew-symmetric matrix of gyroscopic forces, and B(x,t) is a symmetric positive
definite matrix of dissipative forces, Q(x,t) is a vector of generalized forces
and ¢ = H™! is a small positive parameter where H is the gyroscopic angular
momentum. It is the tradition in the theory of gyroscopic and robotic systems to
disregard non-dimensionalization (see, for example, [109, 190]), and we will follow
that practice here.
The precessional equations take the form

dx
(G + sB)Z =¢eQ (7.2)

which is obtained formally from (7.1) by setting A = 0.
Equation (7.2) are obtained from (7.1) by neglecting some of the terms multiplied
by the small parameter ¢. All roots of the characteristic equation

det(G —AI) =0

are situated on the imaginary axis, since the matrix G is skew-symmetric, so that
the inequality (2.6) is violated. To justify the use of the precessional equations we
use the integral manifold method.

7.1.2 Precessional Motions

The gyroscopic system (7.1) has the slow integral manifold y = eh(x,t,¢), the
motion on which is described by the differential system

d.
= = eh(x.1.0). (7.3)

Substituting y = eh(x,t,¢) in (7.1) and taking into account that eR(x, eh,t) =
T
el [B(Ash)] eh = O(¢’) and e 4 (Aeh) = e2 2 Ah + O(e®) we obtain the equation

2 ax
2 0 3
e 5(Ah) =—(G +¢eB)eh+¢Q + 0O(¢’) (7.4)
which allows us to represent (7.3) as

% =c¢h(x,t,6) = (G +¢B)™! (Q - 8%(14}1)) + 0(&). (7.5)
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Let h(x,t,e) = hi(x,t) + eha(x,t) + O(£?). Substituting this representation
into (7.4) and equating powers of ¢ we obtain the relationships 0 = —Gh; + Q and
9 (Ahy) = —Ghy — Bhy which imply

(7.6)

(AR
h =G0, h2=—G_l[Bh1+ ¢ 1)]

ot

In the expressions for A1, &, the matrices A, B, G and the function Q depend on x
and 7. Note that Eq. (7.3) describes slow precessional movements of the gyroscopic
system (7.1).

Returning to the problem of the justification of precessional theory, we see that
the r.h.s. of the precessional equations (7.2) in the form

X =e[G(x,t) + eB(x,1)] ' Q(x.1), (1.7)

coincides with the r.h.s. of (7.4) with an accuracy of order O(¢?) in the case of
a nonautonomous system, and with an accuracy of order O(&?) in the case of an
autonomous one. Taking into account that for the system under consideration fast
nutation oscillations (nutation is a small and relatively rapid oscillation of the axis
superimposed on the larger and much slower oscillation known as precession) are
quenched, it may be inferred that the use of the precession equations is justified.
More precisely, the Lyapunov reduction principle (see Chap.2, formulae (2.7)
and (2.8)) is valid for the slow integral manifold, but it is necessary to use the
following inequalities

lgi(t.€)] < N|y° —eh(x°, 1o, )| exp[—y(t —t0)], i =1,2, (7.8)

instead of the inequalities (2.8) which contain the faster decaying function
exp[—y(t — tp)/¢€]. In this section we present without proof some results from
[12,117] on investigations of integral manifolds in gyroscopic type systems.

7.1.3 Vertical Gyro with Radial Corrections

The equations of small oscillations of a gyroscopic system about the equilibrium
position in dimensional variables have the form

A% + (HG + B)x + Cx = 0,

where A is a symmetric positive-definite matrix of inertia, G is a skew-symmetric
matrix of gyroscopic forces, B is a symmetric positive-definite matrix of dissipative
forces, C is the matrix of potential and nonconservative forces, and H is the
gyroscopic angular momentum. We let ¢ = H ™! be a small positive parameter.
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If G is a non-singular matrix, the characteristic roots of this linear autonomous
system break down into groups of roots of order O(e) and order O(1/¢). In those
cases in which the roots of order O(1/¢) lie in the left half-plane, we can set up a
slow invariant manifold for which the reduction principle is valid, as in Chap. 2. The
equations of motion on this manifold describe only precessional oscillations.

The corresponding precessional equations (setting A = 0), which can be
considered as approximate equations on the integral manifolds, are

(HG+ B)x +Cx=0.
Investigation of a vertical gyroscope with radial corrections leads to the equations
Ji—HBf+da—kB=0, JB+Ha+dpf+ka=0.

In these equations J is the equatorial mass moment of inertia of the gyroscope,
H > 0is its angular momentum, d > 0 is the coefficient of friction. Forces —H f
and H & are gyroscopic, while —kf and k« are nonconservative forces which in the
theory of gyroscopic systems are referred to as forces of radial corrections [109].
The roots of the corresponding characteristic equation, with @ = age*’ and g =

,Boelt,

JA24dh —HA—k| _

det =
YN HALKk TA2+4da

0

Ap=—vEic, dza=-nxiy,

where

p = (d —/(=m+ ﬁ)/z) /20, k = (—H ++/(m + ﬁ)/z) /2J,
n = (d 4+ (=m + ﬁ)/z) /2], y = (H + 4/ (m + ﬁ)/z) /2J,

n=(H?*+d*?+16Jk(Jk — Hd), m = H* —d>.

The orders of magnitude of the parameters in the governing equations give the
following asymptotic representations

d 1
v=ek+0(e), k=—e*kd+O0(c%), n = 7—8k+0(52), y:—J+0(1), e=1/H.
&

The exact solution of the differential system under consideration may be represented
in the form
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a(t) = @) +epi(1), B(t) = B(t) + epa(0),
where
a(r) = e ""(Ecoskt — Esinkt), B(1) = eV (Esinkt + ¢ coskt),
@1(t) = e M (pcosyt +gsinyt), ¢a(t) = e " (=psinyt 4 qcosyt),

and the coefficients £, ¢, p, ¢ are defined by the initial values of «, 8, ¢, ,3

Thus, the solutions of the gyroscopic system are a sum of slowly varying
functions @(t), B(t) (precessional movements), since v = O(g) andx = O(e?), and
high-frequency and weakly damped motions ¢, (¢), £¢(¢) (nutational movements),
sincey = O(1/e¢).

For this system the precessional equations take the form, by removing the second
derivatives terms, (see (7.2))

HB+kB—da =0, Hi + ka+dp = 0.

It is easy to see that, even in the case d = 0, the trivial solution of the precessional
equations is asymptotically stable, whereas the trivial solution of the original
equations is unstable, since 7 < 0 (see the asymptotic formulas above). This means
that in the case d = 0 the use of precessional equations is inappropriate. The
formulan = % — ek + O(g?) shows that the value of the damping factor for which
asymptotic stability will prevail, i.e., n > 0, is

kJ
d > ekl = —.
> & I

We note that the angular momentum H of the gyroscope is large compared to kJ.
Therefore, the lower limit for the damping factor is small, i.e., a small amount of
damping renders the system stable. A more detailed analysis of this gyroscopic
system is given in [109].

7.1.4 Heavy Gyroscope

Using either the general equations of motion or the Lagrange equations, the
differential equations governing the motions of the axis of the heavy gyroscope in
the Cardano suspension may be derived [91] as

AB)i + Hcosp-B + Esin2f-¢-p =—ma,

.. 1 .
Bof — HcosB -a — EEsin2,3~o'z2 = —myf — Plcos B,

where A(B) = (A4 A;)cos? B+ Cysin® B+ Ay, By= A+ B, E =C,—A—A,.
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Introduce the new time variable t by # = Tt and the dimensionless parameters

AB) _ E PIT
aB). w=e ——=v
0 B() BO
mlT sz
—— =b;, — =by, BT/H=¢,
By 1 Bo 2 ol/ €

and note that 7" can be chosen in such a way that a(f8), e, v, b;, b, are parameters

of order O(1),and ¢ < 1. )
Introducing the new dependent variables «; = &7, B; = BT leads to the
dimensionless equations

d d

@ _ ay, ea(,B)ﬂ +cosf-B1 +ceesin2f-ay - f1 = —eboy,

dt dt

d d 1 .

d—'i = B, 8% —cosfB - _856 sm2,3-0512 = —ebyff1 —evcos B.
Then with

_(a (o _f(aB)o
=(5) o=(5) Aawo=("01)
o= (8,7, men=(52).

Q(x.1) = (—vi)os,B)’

and with the new independent variable ¢ we have equations of the form (7.1). Note
that the terms oy 81 and &7 appear in %(Ay) and R respectively in (7.1):

d _d (aB)ar\ _ /(ﬁ)ﬁ1a1+a(ﬁ)d“‘
EV‘”—E( B )—( )

_ (e sin2BBia; + a(B)Lu )
= by

dt

dr

and

=)=l 5] )
(6] G- (2)
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since a’(B) = e sin2p, (see definitions of A(B) and E). We used here the Jacobian

matrix
Kl (fl(x,y)) _ (fm fl,g)
Ix \ fa(x.y) S fop
for fi = a(B)a; and f, = B, sothat fio =0, fig =a’ (B, fru =0, fr5 =0.
From (7.6) we have

— _ 0
hlzGlQ:(g)*hZZ_G lBh1:<_"b‘)’
cos B

since A and /1 do not depend on ¢ and, therefore, a(gf”) =0.

The motion on the slow invariant manifold is now described by the equations

& = ev+ 0(),

R )
cos B
since y = x = eh = eh + £2hy + O(&d).

These relationships show that the motion of a heavy gyroscope is very close
to a regular precession (¢ = const and ,3 = 0) on bounded time intervals, but
over times of order O(1/¢?) the angle B tends to the value —/2, which is to say
that the gyroscopic frames tend to the same plane. To show this, we rewrite the
last differential equation for 8, neglecting the terms of order O(e?), in the form
cos ,3% = —&?vb,. After integration we obtain sin 8 = —?vh 7 + sin By, where
Bo is the initial value of 8 at ¢ = 0. Note that we cannot use the apparatus of slow
invariant manifolds near the point 8 = —x/2 since det G = 0 at this point, but it
is possible to show that § — —m/2 as T —> o0 using the Lyapunov functions
technique, see [112].

7.1.5 Control of a One Rigid-Link Flexible-Joint Manipulator

Consider a simple model of a rigid-link flexible joint manipulator [190], where J,,
is the motor inertia, J is the link inertia, M is the link mass, [ is the link length, ¢ is
the damping coefficient, k is the stiffness. The model is described by the equations:

JiGr + Mglsingy + c(q1 — Gm) + k(g1 — gm) =0,
InGm — c(§1 — Gm) — k(q1 — qm) = u.

Here g is the link angle, g,, is the rotor angle, and u is the torque input which is the
controller.
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The control problem under consideration consists of a tracking problem in which
it is desired that the link coordinate g; follows a time-varying smooth and bounded
desired trajectory g4 (¢) so that |g4(t) — q1(t)] — Oast — oo [190].

If we rewrite the original system in the form

J1Gy + JnGm + Mglsing, = u,

Mgl 1 1 1 1
i 4 MslL annms 0 LN a—a
41— Gm + 7, sing; + (J1+Jm)(611 q)+C(J1+Jm)(C11 Gm)

then the use of the small parameter ¢ = 1/ Vk and new variables

x1 = (g1 + Ingm) /(W1 +In), X2 =X1, i =q1 —qm, Y2=2¢y1, (1.9)

yields the system

‘ ' Mel_ n (x4 —2m . (7.10)
X1 = X2, Xp=— sin | x _— .
e U ARVARLY R A,
. . 11 11
EY] = Y2, &Y = — 7 + 7 Y| —é&c 7 + 7 Y2 (7.11)
_ 2 Mgl i o
3 7, sin (x1 + A yl) 3 7

Note that neglecting all terms of order O(&?) in the r.h.s. of the last equation we
obtain the independent subsystem

£y = y2,
1 n 1 ec 1 n 1
7 7, N1 7 7, Y2,

solutions of which are characterized by high frequency ~ /(1/J; + 1/J,,) /e and
relatively slow decay c(1/J1 + 1/J)/2, since this differential system has the
characteristic polynomial

1 1 1 1
ZAZ - — o -
£ +c 7, + 7. + 7 + 7

which possesses complex zeros

c (1 1 i 1 1 2 (1 1\?
Moo= —+— )+ f[—+—) -2 [—+—]).
12 2(11+Jm) s\/(Jl+Jm) § 4(11+Jm)

ey2
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Since the real part of these numbers is negative, for the analysis of the manipulator
model under consideration it is possible to use the slow invariant manifold noting
that the reducibility principle holds for this manifold (the exact statement may be
found in [117]). The terms of O(g?) of the subsystem (7.11) lead us to conclude
that the slow invariant manifold may be found in the form y; = &2Y + O(&?) and
y2 = O(&?), where

__| M w1
Y = [J sm(xl)—l—J}(Jl—i-J) . (7.12)

Here we used the representation u = ug + £?u; + O(&?). Thus, the flow on this
manifold is described by equations

) . Mgl . s Im ) uo + &%uy 3
X1=Xx2, Xp=————sin| x1+¢ Y|+ +0(g”). (7.13
R A (1 Ji+ I Ji+ I €. (7.13)

It is important to emphasize that due to (7.9) ¢, = x; + Jlinj y1, where y; =

£2Y 4 O(e?), and on the slow invariant manifold we obtain the representation

J,
g = x1 + eZ#Y + 0(&%). (7.14)

This allows us to rewrite the system (7.13) on the slow invariant manifold using the
original variable g, instead x; in the form

. J .. Mgl . ug + €2u1
2 m 3
—& Y =— sin + ——+ 0(&). 7.15

The function ¥ will be calculated below.

Let g, be the desired trajectory, i.e., the goal of the controlled motion is ¢; — ¢q4
as t — oo [190]. Unlike [53, 190] we do not use a fast term added to the control
input to make the fast dynamics asymptotically stable to guarantee the fast decay of
fast variables y; and y,, but we use the slow component of the control function u
which is written as a sum uy = (J; + Jy,)ug + Mglsinq, where ug = g —a;(x; —
qa) — ax(x1 — qq) [190]. The goal of this control law is to obtain an equation with
decaying solutions for the difference between ¢; and ¢g;.

Setting ¢ = 0, using (7.15) and the definitions of uy and u; we obtain, to an
accuracy of order O(&?),

g1 —Ga +ax(qy — qa) +ai(q1 —qa) =0

for the difference g, — ¢4, since g1 = x; + O(g?) on the slow invariant manifold
by (7.14). This differential equation allows us to choose the coefficients a; and a,
in the control function u, in such a way that the corresponding control function u
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gives the possibility of realizing a desired motion. Let, for example [190], M =
I, k=100, I =1, J1 =1, J, =1,g =98 and ¢ = 2. Setting a; = 3,
a, = 4 for the desired trajectory ¢; = sin¢ we obtain the following control law for
the original variables

u= (J1 + Jn)ug + Mglsinx; = (J; + Jn)ug + Mglsing; = 2uy + 9.8sinq,
= 2[—sint — 4(§; — cost) —3(q1 — sint)] + 9.8sing;.

It is illustrated in Fig. 7.1, which contains the response of the controlled single
link manipulator with given values of parameters, that the trajectory of ¢; tends to
the desired trajectory sin ¢ as ¢ increases.

If it is necessary to take into account the terms of order O(£2) we set u; = —J,, ¥
to obtain the same equation ¢, — G4 + a2(q1 — 4a4) + a1(q1 — qq) = 0 from (7.15).
To calculate Y we use (7.12) with uy = (J; + J»)ug + Mglsing,, where uy; =

Ga —ai(x1 —qq) — ax(x1 — qq), and obtain
Y = —Mglsing, — Jiuy.

It is easy now to obtain Y

. dql dud
Y = —Mgl o g2
gteosq dt ! dt
dq, d3qq dqy dqq d*qy  d?qq
= —Mgl oy SPPY ac L R (O NP (el . (A
sreosai=o, 1[ i a T a )T T e
dq, d3qq ) dq, dq,
= —Mgl By A el X - - o Td )|
glcosq r 1|: P +aiax(qy — qa) + (a3 —ar) o ot
1,
q1
0.5
0 1 2 3 4 5 6
-0.5
-1

Fig. 7.1 The graph of ¢, (¢) (thin solid line) and the desired trajectory g; = sint (thick solid line)



7.2 Unstable Manifolds 129

because §; — Gqs = —ai1(q1 — q4) — a2(q1 — 44 ). Similarly we obtain
7 . dq, 2 dq,
Y = Mglsing, o —MglcosqlE

d*qq dq dqy
=Ji [7 —al(a§ —a1)(q1 —4qa) —az(a§ —2ay) (d_tl - 7):| ,

and, finally, with ¢2 = 1/k,

u= (J1 + Jn)ug + Mglsing; — JmY/k.

7.2 Unstable Manifolds

Consider the system (2.1) and suppose that hypothesis (I) holds, but inequality (2.6)
is replaced by

Reh;(x,1) > 2y > 0. (7.16)

If in system (2.1) we use the new ‘“reverse” time ¢ — —t, then we obtain a
system that satisfies hypotheses (I) and (II). Consequently (2.1) has the slow integral
manifold y = h(x,t,¢), and for this manifold all propositions from the previous
section are true, with the exception of stability.

But this manifold is stable (and the Lyapunov Reduction Principle applies, see
Sect. 2.2) with respect to t — —oo. This means that for increasing ¢, the trajectories
of solutions with initial points near the slow integral manifold move away from this
manifold very rapidly.

Now we will demonstrate how the unstable slow integral manifold can be useful
for modelling the critical regime which separates an explosive regime from a non-
explosive one. We use the example of a classical combustion model. Following [107]
it is possible to say that a one-dimensional unstable slow invariant manifold plays
the role of a watershed line in this problem.

Thermal explosion occurs when chemical reactions produce heat too rapidly
for a stable balance between heat production and heat loss. The exothermic
oxidation reaction is usually modelled as a single step reaction obeying an Arrhenius
temperature dependence. The first model for the self-ignition was constructed by
Semenov in 1928 (see, for example [3, 152]). The basic idea of the model was a
competition between heat production in the reactant vessel (due to an exothermic
reaction) and heat losses on the vessel’s surface. Heat losses were assumed
proportional to the temperature excess over the ambient temperature (Newtonian
cooling). The main assumption was that there is no reactant conversion during the
fast highly exothermic reaction. This assumption implies the absence of the energy
conservation law in the model, and gave the possibility of constructing an extremely
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simple and attractive mathematical model. Spatial uniformity of the temperature was
also assumed so that the governing equation was one first-order ordinary differential
equation for the temperature changes:

——) —xS(T' = To),

where

dc E
8 w(C)Aexp(—— ),
a =V eXp( RT)

and ¥ expresses the dependence of reaction rate on reactant concentration. Here Q
is an exothermicity per mole reactant; C and Cj are a reactant concentration and
its initial value; A is constant which is known as a pre-exponential rate factor; c is
specific heat capacity; p is reactant density; x is the heat-transfer coefficient; E is
the Arrhenius activation energy; R is the universal gas constant; V' is the reactant
vessel volume; S is the surface area of the reactant vessel; ¢ is a time variable; T is
absolute temperature; Ty is ambient temperature. The initial temperature is assumed
to be equal to the ambient temperature 7.
Dimensionless variables 7, 1, 6 are introduced by

E E
=1C"'A —— ), n=1=C/Cy, 0 = —(T —Tp),
T o exp( RTO) n /Co RTO( 0)

(n is the order of the chemical reaction) and we obtain the classical model of thermal
explosion with reactant consumption [65,219]:

s% =W¥(n)exp(/ (1 + B6)) —ab, (7.17)
T = wmexp(8/ (1+ 6)) .19

n(0) = no/ (1 + no) = 7o, 6(0) =0.
Here the parameter 7y is a kinetic parameter (the ratio of the initial reaction rate
to an autocatalytic constant), where the small dimensionless parameters
RT p E
:3 = _0 and ¢ = i_z
E 0QC, RT;
characterize the physical properties of the gas mixture, and

xS RT] E (7.19)
o = — €X e .
vocid E O P\RT,

is the dimensionless heat loss parameter.
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The following cases are examined: ¥ (1) = 1 — 1 (no = 0) (first-order reaction)
and ¥ (n) = n(1—n) (autocatalytic reaction). The system (7.17), (7.18) is singularly
perturbed. According to the standard approach to such systems the limiting case
& — 0is examined, and discontinuous solutions of the reduced system are analyzed.
This makes it possible to determine some critical values of initial conditions, which
provide a jump transition from the slow regime to the explosive ones. The study
of transitional regimes requires the application of higher approximations in the
asymptotic analysis of the systems of the type given in Egs.(7.17), (7.18). The
integral manifold technique is applied to the qualitative analysis of critical and
transitional regimes for both types of chemical reaction: the case of the first-
order reaction is considered below and in the Example 11, while the case of the
autocatalytic reaction is examined in Sect. 8.5.3.

For the first-order reaction, when ¥(n) = 1 — 5 and the dimensionless
concentration 7 = 1 — n replaces 1, the system (7.17), (7.18) is

e% =fnexp(0/ (1 4+ B6)) — b, (7.20)
i
2L = —exp(8/ (1 + ). (7.21)
T

The initial conditions are
n0) =1, 6(0) =0. (7.22)

From the expression (7.19) one can see that the parameter o characterizes the initial
physical state of the chemical system. Depending on its value the chemical reaction
either changes to a slow regime with decay of the reaction, or into a regime of self-
acceleration which leads to an explosion. For some value of o (we call it critical)
the reaction is maintained and gives rise to a sharp transition from slow reactions to
explosive ones. The transition region from slow regimes to explosive ones exists due
to the continuous dependence of the system (7.20), (7.21) on the parameter «. To
find the critical value of the parameter o, we may use special asymptotic formulae
given in [111]. The equation

fexp(8/ (1 + BO)) —ab =0 (7.23)

gives the slow curve S of the system (7.20), (7.21). The curve S has two jump points
(A} and A»), see Fig. 7.2, where the slope is zero, given by the equation

d
55 (1exp 6/ (1 4 B9)) — a) =0,
ie.

7(1+ BO) exp(8/ (1 + pH)) —a =0. (7.24)
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a b
il n
1
1 AT A
Sis \\\:\92 S§ ) S‘f/,/ \\\?2 S; )
Ay Ay
0 0} -
0 0
c
n

Fig. 7.2 The slow curve (the dashed line) and the trajectory (the solid line) of the sys-
tem (7.20), (7.21) in the limit case (¢ = 0): (a) in the case of a slow combustion regime, (b)
in the case of the thermal explosion when 6 becomes large and the trajectory does not lie on the
slow integral manifold till S3, (c) in the case of a critical regime

The equation
0 —(1+p0)* =0,

which is implied from (7.23) and (7.24), determines the coordinates 6 of the jump
points. The point A; has the coordinates § = 6, = 1 + 28 +0(B*) and i} = 1, =
a(1 4 B)/e + 0(B?%) from (7.24), while the point A, corresponds to a large value of
the temperature § = O(872) as 8 — 0.

The jump points divide the slow curve into three parts S}, S5, S5 (see Fig.7.2)
which are zeroth order approximations for the corresponding slow integral man-
ifolds S7,, S5, and S3,. Manifolds S}, and S3, are stable and Sy, is unstable.
Each manifold S7,, Sy, and S3, is at the same time part of some trajectory of the
system (7.20), (7.21).

For some values of «, trajectories of equations (7.20)—(7.22) move along the
manifold S7,, sooner or later either falling into an explosive regime (if the
trajectories jump from Sy, toward S3,), or rapidly passing into a slow regime (if
the trajectories jump from Sy, toward Sy,), see Fig.7.2c. The value of @ = aa,
at which the trajectory % of (7.20)—(7.22) contains the unstable manifold Sy, (see
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Fig.7.3), is said to be critical, i.e. this regime is not a slow combustion regime,
since 6 achieves a high value, and is not explosive, as the temperature increases
at the tempo of the slow variable as this is the slow manifold. The value ¢ = «;,
for which the trajectory .77, corresponding to the limit case for all trajectories, as it
passes through A, shown in Fig. 7.2a, being the longest one, contains the manifold
S7, (see Fig.7.4), and is called the slow critical value. The trajectory 73 contains
the stable manifold S;S, see Fig.7.4, and does not determine any critical regime,
since it does not begin from the initial point P. We note that any trajectory of the
system starting at the point 7 = 1, 8 = 0, i.e. the initial point, runs to the left of
J5 because different trajectories cannot intersect, ending up at 7 = 6 = 0. Since
the analysis of the trajectories near the stable slow manifolds is not our goal we will
concentrate our attention on the transition region.

The value of @ = o gives the critical trajectory .77, see Fig.7.4. It separates
the transition region (see Fig.7.5) from slow regimes (see Fig.7.2a) which are
characterized by a slowdown of the reaction with small degrees of conversion and
heating up is limited from above by 6 < 0; at A;.

The region of slow transitional trajectories corresponds to the interval (oy, o).
These trajectories are characterized by a comparatively rapid (but not explosive)
flow of the reaction till the essential degree of conversion takes place and then a
jump slow-down (horizontal line) and a transition to the slow flow of the reaction
to near the origin, see Fig.7.5. For @ ~ «; the slow transitional trajectories of the

Fig. 7.3 The slow curve (the
dashed line) and the
trajectory 7 (the solid line) 0

1 T

Fig. 7.4 The slow curve (the
dashed line) and the T3
trajectories 7] and .75 (the
solid line) 0
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Fig. 7.5 The slow curve and

the trajectories

of (7.20)—(7.22) for ¢ = 0.01,

B =0.1,a’ =2.08039,

a” = 2.0803865,

o’ =2.080386 _
(r <o <a” <o <ay), n
where the arrows indicate

increasing time. When

o > a1 we have the slow

regime and when o < o, we

have the explosion

system are close to the trajectory .7]. For the smaller values of the parameter o the
trajectories of the system remain for a longer time on the unstable slow manifold
S5 . and the trajectory 7, is the longest of these. For & < « the trajectories are
explosive where 0 achieves a high value, see Fig. 7.2b.

The critical value &« = a; corresponding to the trajectory .75 may be obtained by
means of the asymptotic expansion

a =e(l—p) [1 — 202 (1 + ;8) 23 4 g(l + 6,3)81n§:| + 0(s + B2,

where 29 = 2.338107, see [111] for the details.
The crucial result is that the unstable slow manifold may be used to construct the
separating regime between the safe regimes and explosive ones.

7.3 Conditionally Stable Manifolds

A rather complicated situation arises if the system (2.1) satisfies hypothesis (I) but
inequality (2.6) in the hypothesis (II) is replaced by

Redi(x,1) > 2y > 0,i = 1,....n, (7.25)
Redi(x,1) < —=2y» < 0,i =n; + 1,....n. (7.26)

The slow integral manifold y = h(x,t, ¢) is then conditionally stable, i.e. in the
space R xR" there exists an n,-dimensional manifold (n, = n—n;), which has the
following property: all trajectories, with initial points that belong to this manifold,
tend to the slow integral manifold as ¢ — oo. Besides, in R” x R" there exists an
n1-dimensional manifold such that all trajectories, with initial points that belong to
this manifold, tend to the slow integral manifold as # — —oo. Such a situation is
typical of optimal control problems [170].
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As an example consider the problem of the minimization of the functional

1 !
L= / () + 2(0) + u2(1)]dt (7.27)
0
under the restrictions
X1 =x2, x1(0) =x01, &x2=wx1)+u, x2(0) = xp, (7.28)

where u is a control function. A more general situation is considered in the book [92]
where the necessary optimality conditions are derived in detail using the Lagrangian
and Hamiltonian formulations. We formulate a necessary optimality condition using
the Hamiltonian [92]

1
H= 20 +3 + %) + pxy + q(w(x1) + w),

where p and g are the multipliers (costates or adjoint variables) associated with x;
and x; respectively. The Hamiltonian necessary conditions are (see, for example,
[92])

oH . oH . oH oH . oH
—_— = 8_)(:2:—' = —— & = ——

dg’ P ax,’ 1 X,

with boundary value conditions

x1(0) = xo1, x2(0) = xp2, p(1) =0, ¢g(1) =0. (7.29)
Thus, we have for u the condition 33—’: =u+gqg=0,ie,
u=—q (7.30)

and the boundary value problem can be represented as

oH oH
X1 =—=x, e =— =w(x)—q, (7.31)
ap dq
. oH . oH
p=—F7=—X —W/()Cl)q, & = ——— = —p — X2, (732)
axy 0x,

x1(0) = xo1, x2(0) = xp2, p(1) =0, g(1) =0
where w'(x1) = ;’7’”1
Note that this system is linear with respect to the fast variables x, and g.
Setting
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[ x [ x
x_(p)’y_(q)’
and
(0 [ w(x1) (1 0 (0 =1
i=(5) 5= (")) = (o) o= (5 31)

we represent the system (7.31) and (7.32) in the form (2.26) (see Sect. 2.5):
X=C(x)+ F(x)y, ey =E&(x)+ Gy. (7.33)
The eigenvalues of the constant matrix G are 1 and this means that the slow

invariant manifold is conditionally stable. Using the formulas (2.27) we obtain the
first order approximation of this manifold in the form

y=¢+eh1:—G_lé—i—sG_la—(Z—i-Fq&):(_p)—i—s( wp )
ox w

—x1 —ww
(7.34)
on noting
3_¢ ({0 —1
ox  \w 0 )
Then the motion on the slow invariant manifold is described by
X=C(+F¢+eFh + 0(?) = —(l—ew)p L0, (135)
—(x1 + ww)(1 —ew')

The use of new the variable z = y — h(x,¢) in (7.33) leads to the equation
e =6y —edli = £+ Gh+ Gz—e22({ + Fh + Fz) = Gz — e2Fz due to the
invariance equation e%({ + Fh) = £+ Ghand x = { 4+ Fh + Fz. As the result, we
obtain the system

% =0+ Fh+Fz (7.36)

ez2=(G — S%F)Z = (G + 0(¢9))z, (7.37)

where the second equation is approximately independent of x. To exclude z from
Eq.(7.36) we need to use the change of variables x = v + ¢P (v, z, €), where the
function P describes the so called fast invariant manifold [117, 170]. However for
our purposes it is enough to note that the change of variables x = v + eFG 'z
in (7.36) where
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%
v=(l),z=(zl) (7.38)
P1 q1

V=C0) + FO) (@) + ehi(v) + O(?) + O(e|zl]), (7.39)

leads to the equation

on using (7.37) and recalling h = ¢ + ch; + +O(g?). Here ||z|| characterizes
the distance between y and the slow invariant manifold y = h(x,¢) and (7.39)
describes the motion on this manifold. Formally, (7.39) is obtained from (7.35) by
setting x = v (or in scalar form,x; = vy, p = p;). If we neglect terms of order
O(&?), the change of variables y = z + h(x, &) written in scalar form is

xo=zu-—p+ewx)p, q=q +wx)—elx; +w(x)wx)), (7.40)

on using (7.38) for z and (7.34) for & and noting & = ¢ + ¢h;. The change of
variables x = v + eFG~'z written in scalar form is

x1=vi—eq, p=p +ew (i), (7.41)

on using (7.38) for v and z.
Noting that (7.39) is obtained from (7.35) by setting x = v (or in scalar form,
X| = vy, p = p1), we can to rewrite (7.39) in scalar form to get

v =—(1—ew)p, pr=—01+ww)(d—en).

Terms of order O(g?) + O(e|z]|) in these equations are neglected. Using the
additional transformation 7y = 2 + ¢2, 1 = 22 — ¢q2 (or 22 = (21 + q1)/2,
q2 = (z1 — q1)/2), which diagonalizes the matrix G, we obtain from (7.37)
(2= (G + O(¢))z,i.e. e21 = —q1, €41 = —21)

82 = =22, &2 = ¢,

where w = w(vy) and w = w/(vy), since ez, = (e21 + €¢1)/2 = (—q1 — 21)/2 =
—z and e§y = (621 —€41)/2 = (—q1 +21)/2 = g2 . Terms of order O(¢) in the last
two equations are neglected. The main purpose of introducing z, and g is to use the
asymptotic formula expa/s = 0(g¥), where « is any positive number and k is any
positive integer, and we obtain the following representation for z,(, €) and g»(¢, €)

2(1,6) 20, ¢2(0,6) =0, (7.42)

since 7, = Aé'’® and q» = Be"=V/ where A and B are arbitrary constants. The
resulting change of variables for x| and p in scalar form is, from (7.41) with z; =
2+ G241 = 22— 42,
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xi=vi—eqi =vi—e(za—q2), p=p1+ew vz = p1+ew (vi)(z2 + g2)
(7.43)

and for x», ¢ from (7.40) :
X2 = +q—p+ew' (x1)p, ¢ = 2—qa+w(x)—e(xi+w (x)w(x1)).  (7.44)
Using the initial values in the first of (7.43) gives
xo1 = x1(0) = v1(0) — &(22(0) — ¢2(0)) = v1(0) — £22(0),

on noting the second of (7.42). The second of (7.43) and the first of (7.42) gives

0= p(1) = pi(1) + ew' (i (1)) (22(1) + g2(1)) = p1(1) + ew’ (Vi (1))g2(1).
Similarly, (7.44) gives

x02 = x2(0) = 22(0) + ¢2(0) — p(0) + ew/(x1(0)) p(0)
= 22(0) — p(0) + &w'(x01) p(0),

and

0= q(1) = 22(1) = @2(1) + w(xi (1)) = (1 (1) + /(1 (D)w(xi (1)
= —q2(1) + w(x1 (1)) — e(xi(1) + w'(x1 (1)w(xi (1).
The last two equalities are rewritten in the form
X2 = 22(0) = pi(0) + O(e). 0= —ga(1) + wni (1)) + O(e).

It is now a straightforward exercise from the above equations to check that the new
variables v; and pj, z; and g, satisfy the following initial value and boundary value
conditions

22(0) = x02 + p1(0), q2(1) = w(vi(1))
v1(0) = xo1 + £22(0) = v1(0) — ep1(0) = xo1 + &x20,
pi(D) + ew' (vi(1)w(vi (1)) = 0,

on neglecting terms of order O(¢) in the expressions for z,(0) and ¢, (1). As a result
we obtain the independent second order boundary value problem

v = —(1—ew)pi, p1=—01 +ww)l —ew),
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with the boundary conditions
v1(0) = ep1(0) = x10 + ex20, p1(1) + ew' (vi(1))w(vi(1)) = 0
for the slow variables v;, p;, and two independent initial value problems
ez = —22, 22(0) = x20 + p1(0)
and

eqs = q2, qa2(1) = w(vi(1))

for the fast variables z,, ¢2. The approximate expression (see (7.30)) for the control
function then is

u=—q=—2+q—wxy) + e +w@)wh)],

on noting the second of (7.44). This gives a solution of the optimal control
problem (7.27)—(7.28). Here as in (7.43) x; = v; — eq; = v| — &(z2 — ¢2), wWhere
vi and z», g2 are the solutions of corresponding boundary value and initial value
problems.

Thus, we have considered the fourth order nonlinear singularly perturbed
boundary value problem which occurs in the investigation of an optimal control
problem. The use of a conditionally stable slow invariant manifold in combination
with specific changes of variables allows us to reduce this boundary value problem
to a second order boundary value problem without singular perturbations and two
independent scalar linear singularly pertsurbed initial value problems.



Chapter 8
Canards and Black Swans

Abstract The chapter is devoted to the investigation of the relationship between
slow integral manifolds of singularly perturbed differential equations and critical
phenomena in chemical kinetics. We consider different problems e.g., laser models,
classical combustion models and gas combustion in a dust-laden medium models,
3-D autocatalator model, using the techniques of canards and black swans. The
existence of canard cascades is stated for the van der Pol model and models of
the Lotka-Volterra type. The language of singular perturbations seems to apply to
all critical phenomena even in the most disparate chemical systems.

8.1 Introduction

A canard trajectory is a trajectory of a singularly perturbed system [129] of
differential equations if it follows at first a stable invariant manifold, and then an
unstable one. In both cases the length of the trajectory is more than infinitesimally
small. If a trajectory at first follows an unstable invariant manifold and then a stable
one, it is called a false canard. The term “canard” (or duck—trajectory) was originally
introduced by French mathematicians [7, 8, 35].

In a majority of the papers devoted to canards the term “canard” is associated
with periodic trajectories. However, in our work a canard is a one-dimensional
slow invariant manifold of a singularly perturbed system of differential equations
if it contains a stable (attractive) slow invariant manifold and an unstable one. It
should be noted that a canard may be a result of gluing stable (attractive) and
unstable (repulsive) slow invariant manifolds at one point of the breakdown surface
(a subset of the slow surface which separates its stable and unstable parts) due to
the availability of an additional scalar parameter in the differential system. This
approach was first proposed in [59,60] and was then applied in [56,61,156,183,184].

If we have several additional parameters then we have the possibility of gluing
stable (attractive) and unstable (repulsive) slow invariant manifolds at several points
of the breakdown surface and thus obtain a canard cascade. If we take an additional
function of a vector variable parameterizing the breakdown surface, we can glue
the stable (attractive) and unstable (repulsive) slow integral manifolds at all points
of the breakdown surface at the same time. As a result we obtain the continuous
stable/unstable (attractive/repulsive) integral surface or black swan. Such surfaces
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are considered as a multidimensional analogue of the notion of a canard. It is also
possible to consider the gluing function as a special kind of partial feedback control.
This can guarantee the safety of chemical regimes, even with perturbations, during
a chemical process.

8.2 Singular Perturbations and Canards

Let us consider the following two-dimensional autonomous system:

X = f(x,y, ), (8.1)
ey = g(x,y, n, (8.2)

where x, y are scalar functions of time, ¢ is a small positive parameter, (. iS an
additional scalar parameter, and f and g are sufficiently smooth scalar functions.
The set of points

S ={(x.y): gy, u) =0}
of the phase plane is called a slow curve of the system (8.1), (8.2).
We will need the following assumptions (1)—(3):

(1) The curve S consists of ordinary points, i.e. at every such point (x, y) € S

(&< (e, y, I + [g,(x, 3, )]* > 0.

This guarantees that S does not intersect itself.

(2) Nonregular points, i.e. points at which g, (x, y, u) = 0, are isolated on S (all
other points of S are called regular).

(3) Atnonregular points, gy, # 0.

Definition 5 (Jump Point). A nonregular point A (where g, = 0) of the slow
curve S is called a jump point [111] if

gyw(A)g:(A) f(A) > 0.

Definition 6 (Stable and Unstable Parts of S). The part of S which contains only
regular points is called regular. A regular part of S, all points of which satisfy the
inequality

glx.y. ) <0 (gy(x.y.p) >0), (8.3)

is called stable (unstable).
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In order be able to consider more complicated situations when a nonregular point
is not ordinary (self-intersections of the slow curve, see, for instance, Example 15)
or when it is ordinary but g,,(x, y, u) = 0 at this point, we will use the following
definition.

Definition 7 (Turning Point). A nonregular point A of the slow curve S is called
a turning point if it separates stable and unstable parts of the slow curve.

Note that a jump point is always a turning point, but the reverse is not always true
when the inequality (8.3) is not satisfied, see Fig. 8.1 and Example 14. Figure 8.1
shows a graph of a concave downwards function x = x(y), which is determined by
the equation g(x, y, ) = 0, hence we have % \A < 0, since A4 is a maximum point
where Z—; = 0. By double differentiating the equation g(x, y, u) = 0 with respect
to y we obtain

dx 2+2 dx+ d2x+ —0
gxx dy gxy dy gx dy2 gyy =
which implies
dx\? 42 dx n
ox_ 0 \p) Pg e
dyz 8x
From this using
dx g
dy|4 8x |4
we obtain
a b
T x
Yy Y

Fig. 8.1 The turning point A separates the stable (S¥) and unstable (S*) parts of the slow curve S
and (a) is a jump point of S; (b) is not a jump point because the inequality (8.3) is not satisfied.
The arrows indicate increasing time along the slow curve



144 8 Canards and Black Swans

a b
1.2
12 —
Tr 1 T 1 ¥
0.8 / A 0.8 1 A
0.6 A 0.6 /
0.4 4 0.4
g qu s qu
021 0.2 1
0 0
0 1 2 3 0 1 2 3
) Y
Fig. 8.2 The slow curve and the trajectories of system (8.4) with ¢ = 0.01 and (a) f(x,y) = 1;
(b) f(x,y) = —1. The arrows indicate increasing time
d*x .
— &

d_yz’A__g_x|A

or, equivalently, g,,(A)g.(A4) > 0.

From Fig. 8.1a it follows that the function x = x(¢) increases and, according
to Eq.(8.1), f(A) > O0; the function x = x(¢) shown in the graph in Fig.8.1b
decreases, hence f(A) < 0. To illustrate this we consider

Example 14. For the system
dx dy 5
— Ly) = +1, == -2 8.4
AR e =X+ =2y (8.4)

point A(1, 1) separates the stable (S*) and unstable (S*) parts of the slow curve
x = 2y — y? since g, = 2(y — 1), see Fig.8.2. For f(x,y) = 1 > 0 we have
8y (A)gx(A) f(A) > 0 and the point A4 is a jump point. For f(x,y) = -1 <0
the inequality (8.3) does not hold and the point A is not a jump point. Both of these
cases appear in thermal explosion models in the case of first-order reactions: the first
case takes place for 1 — —oo while the second case holds for ¢t — oo, see Sect. 7.2.

Stable and unstable parts of the slow curve are zeroth order approximations of
corresponding stable and unstable slow invariant manifolds. The invariant manifolds
lie in an e-neighborhood of the slow curve, except near jump or turning points (see
[117, p. 155] and references therein).

Definition 8 (Canard). Trajectories which at first move along the stable slow
invariant manifold and then continue for a while along the unstable slow invariant
manifold are called canards or duck-trajectories.
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Definition 9 (False Canard). Trajectories which at first move along the unstable
slow invariant manifold and then continue for a while along the stable slow invariant
manifold are called false canard trajectories.

There is a class of problems where assumptions (1)—(3) are not fulfilled for some
value of w. Consider

Example 15. The system

dx dy 5 5

dt—l, Sdt_y xX*+u,
with © = ¢ (u = —¢) has the exact slow invariant manifold y = x (y = —x).
Since, g, = 2y, the partof y = x (y = —x) with x < 0 (x > 0) is stable
(attractive) while with x > 0 (x < 0) is unstable (repulsive). Note that the canard is
only y = x. In this example [60], the point x = 0, y = 0, at which g2 + gi =0,
is the point of self-intersection of the slow curve y? — x2 4+ u = 0 at u = 0. Being
a turning point it is not a jump point, see Definition 5.

Problems with a similar context were examined in [2, 35, 59, 60, 110]. On the one
hand, this example demonstrates that canards and false canards may exist when
the assumptions (1)—(3) are not fulfilled, and on the other hand, the same situation
appears in thermal explosion models in the case of autocatalytic reactions. In this
case the canards are the natural mathematical objects which allow us to model
critical phenomena and discover critical parameter values in the form of asymptotic
expansions involving powers of the small parameter ¢.

8.2.1 Examples of Canards

Example 16 (Simplest Canard). As the simplest system with a canard we propose
XxX=1, ey =xy+ u.

Here g(x,y) = xy + w. It is clear that for © = 0, the trajectory y = O is a
canard. The left part (x < 0) is attractive since g—i < 0 and the right part (x > 0)
is repulsive. These two parts are divided by a turning point, which separates stable

and unstable parts of the slow curve, at x = 0.

Example 17 (Simplest False Canard).
The simplest system with a false canard may be obtained by a slight modification
of the previous example.

x=1, ey = —xy+ u.
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Here y = 0 is the slow invariant manifold for 4 = 0. Then g, = —x and this
implies that the part x < 0 is repulsive (or unstable) and the part x > 0 is attractive
(or stable). Thus for u = 0, the trajectory y = 0 plays the role of a false canard.

The van der Pol oscillator is the most popular model used to illustrate canard
trajectories. A detailed analysis can be found in [42]. We sketch the main points in
the following example.

Example 18 (The van der Pol Oscillator).
Suppose the van der Pol oscillator is biased by a constant force p:
d*y

dy
S TR =Dy =

where p is some real parameter, and A > 0 as usual [194]. We write our system in
Lienard form, i.e. we define v(y) so that

d?y dy d dy
Y -2 L@,
2 + Ay )dt dt(dt v(y)),

which implies v(y) = —y3/3 + y. We set A‘fl—’; =y —pand & = 1/A% Thus, the
system becomes

X=y—p, ey=v(y)—x, (8.5)

where dot denotes differentiation with respect to the new independent variable ?,
where t; = t/A,ie., X = % = /\%, y = jTyl' The jump points A;(—1,—2/3) and
A>(1,2/3) divide the slow curve x = v(y) into stable (S} and S5 ) and unstable
(S%) parts, see Fig. 8.3. The system (8.5) has an equilibrium at y = u, x = v(y).
Elementary analysis (see, for example, [42]) shows that the equilibrium is unstable

when —1 < pu < 1 and stable when i > 1 or u < —1. Indeed, the eigenvalues of

the Jacobian matrix
0 1
J pr—
(—8“ eTl(1- yz))|y=u

are the roots of the equation
|J—M|=A = 'A—pH)+e ' =0,
where [ is an identity matrix. Hence,

(1—p?) + /(1 —p?)? —4e
Aip =
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a b
T x
/Sy
0/ Yy
A 1,
c - d .
y 0 Yy
e f
T x
0/ y 0 y
: P

Fig. 8.3 The evolution of the limit cycle in the van der Pol oscillator for changing pu: the slow
curve S (the dashed line) is x = v(y), and the trajectories of system (8.5) are the solid lines. The
solid lines constitute a limit cycle. For . < —1 the limit cycle has become a stable steady state P

are real negative numbers when || > 1 and 1 — u?> = O(1) as & — 0, and A},
are complex numbers with negative real parts when || > 1 and 1 — u? = O(e).
The eigenvalues are real positive numbers when || < 1 and 1 — u? = O(1) as
& — 0, and A;, are complex numbers with positive real parts when || < 1 and
1 — u? = O(g). When p € (—1, 1) there will be a limit cycle, see Fig. 8.3a. When
> 1orpu < —1 there will be no limit cycle. The question is how does the limit
cycle disappear when pu passes through the value —1 or 1. In what follows we shall
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concentrate on the case when p passes —1; the other case is entirely similar. It
has been shown [8] that there exists a value i = u.(¢) such that for i in a small
neighborhood of 1, the limit cycle deforms into a curve, see solid curve in Fig. 8.3b.
A humorous hand added a few lines plus a dot to the figure, producing a duck as
given in Fig. 8.3c. As p diminishes (still in the neighborhood of i) the head of the
duck gets smaller and at the next stage one has a duck without a head, as in Fig. 8.3d.
The duck continues to shrink as p tends to —1 (see Fig. 8.3e) and disappears. For
n < —1 all solutions of the system tend to the stable steady state P, see Fig. 8.3f.

8.2.2 Canards of Three-Dimensional Systems

In this subsection we discuss the existence of canards for some special types of
three-dimensional systems.
We consider the autonomous system of three ordinary differential equations:

x: f(xvyazﬁg)7 (86)
y=g(x,y,2,1,8), (8.7)
£Z=p(x,y,z,y,,8), (88)

where the dot denotes the first derivative with respect to time, f, g, p are scalar
functions, and x and ¢ are scalars. The set of points

S ={(x,y,2) : p(x,y,z,1,0) = 0}

is the slow surface of the system (8.6)—(8.8), see Sect. 1.3.1. The stable (p, < 0) and
the unstable (p, > 0) parts of the slow surface are separated by a breakdown curve
(i.e. the subset of the slow surface where p, = 0).

The question we address is whether the system (8.6)—(8.8) has a canard.
To answer this question, we investigate the two-dimensional system obtained
from (8.6)—(8.8) by eliminating the variable ¢. It is assumed that this two-
dimensional system can be represented as:

y=g/f =Y(x,y,z, 18, (8.9)
ez = p/f =2xz+ Z(x,y,2, b, &), (8.10)

where p is a scalar and the function Z(x, y, z, i, €) has the following form:
Z(x,y,2, 1, 8) = Z1(x,,2) +&(C + pnCo) + eZa(x, y,2, |4, &), (8.11)
and prime represents a derivative with respect to x. Here C, Cy are constants,

functions Y(x, y,z,u,¢€), Z1(x,y,z) and Z,(x,y,z, U, ¢e) are defined, bounded
and continuous in
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={xeR, yeR, t|,u+CC(;1| <wv, €€][0,&]}, v>0,¢>0,
and satisfy the following conditions in £2:

[Y(x,y,z,1,8) = Y(x, 9,2, 1, 8)| < M (|y — y| + lz—z2]) + v|u— i,
(8.12)

|Z1(x,y,2)| < M|z, (8.13)

_ _ _ M _ _
1Z1(x,9,2) — Z1(x, 7,2)| < M (|z] + [21)* |y — 7| + - (e + D e —2,
(8.14)

| Z2(x, y.z. b, 8)] < My, (8.15)

|ZZ(xvvasM78) - ZZ(-xs)ijsﬂvg)l = M (|y _.)_}| + |Z_z|) + VlM_ﬂL
(8.16)

where M is a positive constant and v is a sufficiently small positive constant. These
conditions are required for the existence of a unique canard which is bounded for
all x and y.

The slow surface of system (8.9), (8.10) is defined by the equation z = 0, due
to (8.11), (8.13) and the identity

{202+ Z(x,y,2. 1, 0)} .= = 0.

We know (see, for instance, Sects. 2.1 and 7.2) that in an e-neighborhood of stable
and unstable foliations of the slow surface there are stable and unstable slow integral
manifolds

z=h(x,y, . e).

The parameter p ensures the existence of a gluing point of these integral manifolds,
see for instance Example 19 at the end of this section. By fixing the jump point
(0, y*), we can single out the trajectory

y=¢(x, 1) (¢0,pn) =y*)

on the integral manifold A (x, y, i, €) which passes along the stable leaf to the jump
point and then continues for a while along the unstable leaf. For convenience we
use the same term ‘trajectory’ for both systems (8.6)—(8.8) and (8.9), (8.10). The
following theorem holds.

If some natural conditions for M, v and v hold, then there is & such that for every
¢ € (0, o) there exist & = p* (&) and a canard corresponding to this parameter value
which passes through the point (0, y*). The reader is referred to [184] for an exact
statement and its proof.
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8.2.2.1 Asymptotic Expansions for Canards

In this subsection the asymptotic expansions for the canards of the sys-
tem (8.9), (8.10) are obtained.

It is assumed that functions Y and Z in (8.9), (8.10) have sufficient continuous
and bounded partial derivatives with respect to all variables. For simplicity we
exclude the e-dependence of the functions Y and Z,. Then the canard and the
parameter value u* (corresponding to this trajectory) allow asymptotic expansions
in powers of the small parameter &:

= e,
i>0

Y=ok, u) =) ix), (8.17)

i>0

c=yapte =h|x ) dhi). ) due | =) i)

i>0 i>0 i=0

We can calculate these asymptotic expansions from (8.9), (8.10).
Note that this statements can be generalized to the cases y € R",z € R and
yeR" ze R

Example 19. As a very simple example of (8.6)—(8.8) consider the system
x=1, y=0, ez=2xz4+u—y.

Since p, = 2x, the slow surface 2xz+ yu —y = 0 is divided by the breakdown curve
x = 0 into the stable part (x < 0) and the unstable one (x > 0). If x is a parameter
then the different canards are determined by

x=1 y=y, z=0,

that is, they pass through the unique gluing point x = 0, y = Yy, z = 0 on the
breakdown curve for u = yj.

8.3 Canard Cascades

The goal of this section is to discuss the notion of a canard cascade as a natural
generalization of the term a canard, to derive sufficient conditions for the existence
of canard cascades, and to demonstrate how canard cascades arise in the van der Pol
equation and in the singularly perturbed Lotka—Volterra model.
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If it is necessary to glue stable and unstable slow invariant manifolds at several
turning points, we need several additional parameters and as a result we obtain a
cascade of canards or canard cascade [180].

In the case of a planar system, if we take an additional function whose arguments
are a vector parameter and a slow variable, we can glue the stable (attractive) and
unstable (repulsive) slow invariant manifolds at all breakdown points at the same
time. As a result we obtain a canard cascade. It is possible to consider the gluing
function as a special kind of partial feedback control. The case of a soft control law
is studied later in Sect. 8.3.2. This implies that the control function depends on the
slow variable only and it cannot change a slow curve.

The existence of canard cascades is studied as a problem of the gluing of
stable and unstable one-dimensional slow invariant manifolds at turning points.
This way of looking at the problem makes it feasible to establish the existence of
canard cascades that can be considered as a generalization of canards. A further
development of this approach, with applications to the van der Pol equation and a
problem of population dynamics, is given later in this section.

Definition 10. The continuous slow invariant manifold of (8.1), (8.2) which con-
tains at least two canards or false canards is called a canard cascade.

8.3.1 Simplest Canard Cascades

We now consider several examples of canard cascades. The differential system
x=1, ey =x(x—-1)y

gives a simplest canard cascade y = 0 which consists of two repulsive parts (x < 0

and x > 1 since g, = x(x — 1) > 0) and one attractive part (0 < x < 1 since

gy = x(x — 1) < 0) with two turning points (breakdown points) x = O and x = 1.
For the next system

x=1, ey =(x+ Dx(x—1)y

the canard cascade y = 0O consists of two repulsive parts (—1 < x < Oand x > 1)
and two attractive parts (x < —1 and 0 < x < 1) with three turning points x = —1,
x=0,andx = 1.

For a case of k turning points the following example is an obvious generalization
of the two previous examples.

The system

Xx=1 ey=x—-a)(x—ay)...(x —ar)y
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possesses the simplest canard cascade y = 0 consisting of several repulsive and
attractive parts with k turning points x; = a;, j =1,... k.
An example of a system with an infinite number of turning points is

x =1, ey =cos(x)y.

Consider now an example of a periodic canard cascade. For the planar differential
system Example 9 in the Sect. 4.1, the circle (x +&/2)?>+ y? = a—&?/4is a canard.
The upper semicircle is repulsive and the lower one is attractive. This canard (false
canard) exists for any a > 2 /4. The circle is a canard (false canard) if the movement
is from the lower (upper) semicircle to the upper (lower).

8.3.2 Canard Cascade for the van der Pol Model

We consider the following generalization of the van der Pol system in the form (8.5):

X=y—H,
ey = pa(y) — x, (8.18)

where p, is an nth-degree polynomial in y. The corresponding slow curve x =
pn(y) can have k (k < n — 1) jump points at which p/(y) = 0. If our goal
is to obtain a canard cascade which contains all these points, we need to have k
independent parameters. We can consider p as a control function u = u(x,A)
depending on the slow variable x and the k-vector A = (41, A3, ... A;). The vector
A is a function of &: A = A(g). The consideration of a variant where the function p
is a polynomial in x, i.e., t = Axx¥ 7! 4+ A4 x¥72 4+ ... + 1, seems quite natural.
Of course, we can use a trigonometric polynomial or the linear combination of any
linearly independent functions in x with the coefficients A1, A5, ... Ax.

To illustrate the idea of the canard cascade construction we consider the case
n = 3.Let p,(y) = Ay* + By’ + Cy+ D then p/ (y) = 3Ay> +2By+ C. In the case

B? —3AC > 0, p!(y) has two roots (—B ++VB2— 3AC) /3 A which correspond

to two jump points. It now seems natural to seek p in the form of polynomial with
k = 2 coefficients, i.e. 4 = ax + b. We search for a slow invariant manifold in
the form of a polynomial x = p, () + eqm(y, €) where g,,(y, €) is an mth-degree
polynomial in y. This representation implies the equation

)} = _qm(yvg)v

and the slow equation X = y — p or

9
% (Pn(¥) + €qm(y.€) (—gm(y.€)) =y —
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takes the form
) d
3Ay" + 2By + C + qum(yy &) | (=qm(y,€)) =y —ax—b, (8.19)

where x = Ay* + By? + Cy + D +£¢,,(y, ¢). Balancing the degrees of polynomials
on both sides of equality (8.19) implies that m = 1 since the highest power of y in
x is y3, and therefore, g, (v, €) = ay + B. Thus, we obtain the invariance equation

(34y> 4+ 2By + C + eat) (—ay — B)
:y—a(Ay3+By2+Cy+D+8(ay+,3))—b.

Equating powers of y, we obtain
—3a0A = —dA,
—3BA —2aB = —aB,
—2B8B —aC —ca* =1 —aC — caa,
—eaf — BC = —aD — ecaff — b.

Solving for a, b, B we get the following expressions

B
a =3a, b=-3aD—¢e2af+ BC, B =—a,

34
where « is a root of the quadratic equation
28a2—2(B—2—C)a— 1=0. (8.20)
34

As a result we obtain the following representation for the canard cascade
x =AY +By*+Cy+D+eqn(y.e) = Ay +By* +Cy+ D +e(ay+p).  (8.21)

Note that the condition B> — 3AC > 0 guarantees the existence of two jump

points, with
34
. (32 —3AC) L= T 2e(ge)?

34 2¢e

We do not consider the other root of Eq. (8.20)
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a_(BZ_3Ac) 1+‘,1+28(B23——/;AC)2

34 2¢e

because it is of order O(1/¢).
In the particular case of the van der Pol system in the form (8.5) we have

dx_

dt_y Ms

dy 3

- =y - 3—x.
£ = y/3—x

Then A = -1/3, B=0, C =1, D =0in p,(y), and, therefore, 8 = b = 0.
Thus, we obtain

w=u(x,e) =ax =3a(e)x,
and, due to (8.21), the canard cascade is
x =AY +BY + Cy+ D +e(ay +B) =y —y*/3 + ca(e)y,
where
a(e) = (V1 +2e—1)/2e.

Figure 8.4 shows that the canard cascade (the one-dimensional slow invariant
manifold) passes near the slow curve of the system. We glue the stable and
the unstable slow invariant manifolds at two jump points A; and A, (which are
the extrema of the slow curve) simultaneously. Figure 8.5 demonstrates that the
canard cascade plays the role of watershed line, i.e. it separates trajectories with
qualitatively different behaviours.

Thus we have the following statements:

Theorem 2. Let n = 3 and B> — 3AC > 0 then the differential system (8.18)
possesses a canard cascade.

Corollary 1. The van der Pol system (8.5) possesses a canard cascade.

In this case we have used only one additional parameter to obtain a canard
cascade. Moreover, both the “canard cascade value” of this parameter © = 3a(e)x
and the canard cascade are given by exact analytical expressions.

In the general case, when the slow curve of system (8.1), (8.2) has k jump
(turning) points, it is necessary to use k additional parameters to construct a canard
cascade.
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Fig. 8.4 Slow curve (thin
dashed line) and canard
cascade (thick solid line) in
the case of the van der Pol
equation. A; and A, are jump
points where stable and
unstable slow invariant
manifolds are glued

Fig. 8.5 Slow curve (thin
dashed line), canard cascade
(thick solid line), and two
trajectories (thin solid lines)
with different initial points /;
and I, in the case of the van
der Pol equation. The arrows
indicate increasing time. The
trajectory I evolves to the
vicinity of the upper jump
point and /, to the vicinity of
the lower jump point
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As was mentioned above, we consider control functions depending on the slow
variable only. But the special case of the control function depending on the fast
variable is of interest also. Eric Benoit is the author of the following statement.

Remark 8.1. The system

X =pu(y), ey =p(y)—x

has a canard cascade with an invariant manifold x = p(y) + e¢q(y) if we choose
the polynomial control u(y) = —q(y)(p’(y) + €¢’(»)). The direction of slow
dynamics can be controlled by the sign of ¢(y) to choose the sequence of true and

false canards.
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8.3.3 Canard Cascades in Biological Models

Definition 11. Trajectories which at first pass along an attractive part of a slow
curve, then continue for a while along a repulsive part of the slow curve and after
that jump in the direction of another attractive part of the slow curve, pass along this
attractive part of the slow curve, then continue for a while along an another repulsive
part of the slow curve are called canard doublets.

We will consider the case of a canard doublet [141] in the situation when the
slow curve has a self-intersection point.

When analyzing the modified Lotka-Volterra model we consider the special case
when one variable y is faster than the other variable x, and use singularly perturbed
differential systems for modeling such phenomena. The biologically relevant case is
“Fast Predators—Slow Prey” or “Fast phages—Slow bacteria”, and the corresponding
system is [141]:

f=x(@—y—y*+ew)=f(x.y.8).  ey=y(=b+x(l+y—8y*)=g(x.,y).
(8.22)

Here x and y are the dimensionless “effective size” of the bacteria and phage
populations respectively. The slow curve y(—b + x(1 + y — 8y2)) = 0 consists
of horizontal axis y = 0 and curve —b + x(1 + y — §y?) = 0 which looks like
a parabola, see Fig. 8.6. (From the physical point of view it is not meaningful to
consider the case y < 0, x < 0). The intersection point of these two lines is a
turning point A, the part of y =0 to the left (to the right) of this point is attractive
(repulsive), because g—y =—-b+xony=0.

The vertex of —b + x(1 + y — §y?) = 0 is a jump point A, the upper branch
of this curve is attractive, while the lower branch until the intersection point at 4 is
repulsive. To check this we consider g—i on the slow curve —b +x(1 +y —8y?) =0

and obtain g—i = yx(1 — 28y). This means that y = 0 is a canard and we need
one additional parameter only to construct the canard cascade. Thus, for any fixed
positive b and § there exist an a = a(e), a(0) = 1/28 + 1/48? and a canard
doublet corresponding to this parameter value [141]. To calculate a(0) we write the
expression for the canard trajectory near the curve —b + x(1 + y — §y?) = 0 in the

form x = Y (y. &) = Yo(y) + e¥1(y) + O(e?), where Yo(y) = b/(1 + y — 8y?)
and we obtain

Y (=b 4+ Wo(y) + ey (y) + O@E))(1 + y — 8y?))
ey(1 4y =8y vi(y) + O(e?).

ey

The invariance equation

g _Wdy Vg
Cdr dydt dy e’
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Fig. 8.6 Slow curve (dashed line) and the canard doublet (solid line) for the system (8.22). The
slow curve consists of two lines: the horizontal axis y = 0 and the line —b + x(1 — y — §y?)).
The turning point 4, divides the horizontal axis into the stable (attractive) part S} and the unstable
(repulsive) part S5. The turning point A, divides the second line into the stable (attractive) part S3
and the unstable (repulsive) part Sj. The arrows indicate increasing time

i.e.

with the constraint £ = 0, takes the form
Y
a—y°y(1 +y =8 () = Yo()(@(©0) — y = y?)

to lowest order. It is easy to obtain the “canard value” of a(0) from the continuity
condition for ¥ (y) at y = 1/26:

Yo @O —y—y*) _ a®—y-—y
oyl +y—8y?) y(1=28y) ~

Yi(y) =

since we require a(0) — y — y> = 0 at y = 1/28. The canard doublet trajectory at
first passes along an attractive part of —b + x(1 4+ y — §y?) = 0, then continues for
a while along a repulsive part of this curve and after that jumps in the direction of
attractive part of y = 0, passes along this attractive part, then continues for a while
along a repulsive part of y = 0, see Fig. 8.6.

A canard doublet of the same form was discovered in a forest pest model [22].
For small values of the timescale of the young trees, the model can be reduced to a
two-dimensional model. This model allows oscillations where long pest-free periods
are interspersed with outbreaks of high pest concentration. In this case the variable
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x corresponds to the population of old trees and the variable y corresponds to the
pest population.

8.4 Black Swans

In this section we use the standard approach of integral manifolds that we have
developed to study slow integral surfaces of variable stability (or black swans).
These surfaces are considered as natural generalizations of the notion of a canard.
We consider the system

X = f(x,y,z29), (8.23)
y=g(x,y.2,1e), (8.24)
ez = p(x,y,z, 1, ¢), (8.25)

where ¢ is a small positive parameter, j is a scalar parameter, x and z are scalar
variables, y is a vector of dimension 7.

Recall that the slow surface S of system (8.23)—(8.25) is the surface described
by the equation

p(x,y,z,1,0) = 0. (8.26)

Let z = ¢(x, y) be an isolated solution of Eq. (8.26), then the subset S* (S*) of
S defined by

d
a—’z’(x,y,qs(x,y),a,O) <0 (>0

is the stable (unstable) subset of S. The subset of S defined by

0
Ty $(x.7).0.0) =0
<

is the breakdown surface (the breakdown curve if dim y = 1) with dimension equal
to dim y.

In e-neighborhood of the subset S*, which is part of a slow surface, (S*) there
exists a stable (unstable) slow invariant manifold. If the stable and unstable slow
invariant manifolds are glued at all points of the breakdown surface then the system
has a continuous invariant surface which is called the black swan.

The term “black swan” is suggested for two reasons. The first is that a swan is
a bird from the family of ducks. The second is connected with the usual meaning
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of “black swan” in the sense of a rare phenomenon. It should be noted also that the
French term “canard” is used in the sense of a false rumour' in English.

An additional parameter is used to glue together the stable and unstable parts
of a canard, and we need an additional function to glue integral manifolds whose
dimension is greater than one. The argument of this function is a vector variable
parameterizing the breakdown surface.

The term “black swan” can also be extended to the case where dimz > 1 [155].
As an example of a black swan we return to Example 19: x = 1,y = 0, ez =
2xz + p — y. If p is a function of the variable y then for 4 = y the invariant
manifold z = 0 is stable for x < 0 and unstable for x > 0 since p = 2xz. This
means that the plane z = 0 is a black swan, because z = 0 is a slow invariant
manifold of variable stability.

We consider the system (8.23)—(8.25) reduced to the form

d
Y —Y(x,y.26), yeR', xeR; (8.27)
dx
dz
ea =2z+ pu+ Z(x,y,z, u,8), lz| <, (8.28)

where r is a positive constant, ; and ¢ are scalars. It is supposed that the functions
Y, Z are continuous and satisfy some natural smoothness and boundedness condi-
tions (see, for example [117]).

We consider p as a function: & = u(y, €).

Continuing in the same manner as in Sect.2.3 we can obtain the asymptotic
representations for black swans and the corresponding functions u(y, ). We will
give some examples later.

If a gluing function u(y,e) exists, then every trajectory on the slow integral
manifold is a canard if it crosses the surface x = 0 from the stable part (x < 0) to
unstable part (x > 0). Thus, in Example 19 for u = y, every trajectory on the slow
integral manifold z = 0 is a canard. In the case when the gluing function has to be a
constant, i(y, &) = u(yo, ), the stable and unstable parts of the integral manifold
can be glued at one point y = y, only. The canard passes only through this point.

8.5 Laser and Chemical Models

In this section we shall consider the relationship between canards and black swans
and critical phenomena in different laser and chemical systems. We shall show that
canards play the role of separating solutions. This means that canards simulate
the critical regimes separating the basic types of chemical regimes, e.g., slow from
explosive regimes.

1“An absurd story circulated as a hoax”, see Shorter Oxford English Dictionary.
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The application of black swans consisting entirely of canards to the modelling
of critical phenomena permits us to take into account small perturbations in the
chemical systems. Moreover we can use black swans for the modelling of critical
phenomena in problems without fixed initial conditions.

Before we consider combustion models, we first give some relatively simple
examples of other physical systems.

8.5.1 Lang—Kobayashi Equations

External cavity semiconductor lasers present many interesting features for both
technological applications and fundamental non-linear science. Their dynamics
have been the subject of numerous studies for the last twenty years. Motivations for
these studies vary from the need for stable tunable laser sources, for laser cooling
or multiplexing, to the general understanding of their complex stability and chaotic
behavior. The typical experiment is usually described by a set of delay differential
equations introduced by Lang and Kobayashi [97]:

E=x(+ia)(N—1)E +ye ™E (@t —1),
N = —y (N —J + |E|*N). (8.29)

Here E is the complex amplitude of the electric field, N is the carrier density, J
is pumping current, « is the field decay rate, 1/y) is the spontaneous time scale, o
is the linewidth enhancement factor, y represents the feedback level, ¢, is the phase
of the feedback if the laser emits at the solitary laser frequency and 7 is the external
cavity round trip time. There are few analytical results since delay equations are
nonlocal. However, this model was recently reduced to a 3D dynamical system
describing the temporal evolution of the laser power P = |E|?, carrier density
N and phase difference n(t) = ¢ (t) — ¢ (¢t — 7). This was achieved by assuming
P (t — 1) = P (t) together with the approximation ¢ = 5/t +1/2. This expression
remains valid when the phase fluctuates on a time scale much shorter than the
re-injection time 7. Under these approximations, the Lang—Kobayashi equa-
tions (8.29) reduce to [78]:

P =2[c(N —1)+ycos(n+ gl P,
N =~y (N —J +PN), (8.30)

7'7:2[—g+/ca(N—1)—ysin(7)+<po)].

This model was successfully used to describe low frequency fluctuations com-
monly observed in semiconductor lasers with optical feedback [78].
Suppose that the following relations hold for the various parameters in the model:
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y=o(l), I/t =0(1),yy =0(1); k = O(1), a = O(1).

In this case system (8.30) is singular singularly perturbed, see Sect.5. With new
variables and parameters:

e=1/t, ty =¢et, x=InP —n/a, y =eyy, Y| = V|0,

where ¢ = o(1) is a dimensionless parameter, yo = O(1), 1/70 = O(1), yjo =
O(1), the system (8.30) takes the form

eP =2k (N —1)+eyycos (aln P —ax + ¢y)] P,
N = —yp (N —J + PN), (8.31)

1
X =2y [cos(alnP —ax + @) + —sin(eln P —ax +<po):| +21,
o aTo

where the dot indicates differentiation w.r.t. 7;. In this case, system (8.31) possesses
an exact slow invariant manifold P = 0, which coincides with the slow surface
of the system, since P is outside the square bracket and N # 1. The exchange of
stability on this surface is carried out on the breakdown curve

ap
a—P(x, N,0,0) = 2k(N — 1) = 0,

where p(x, N,0,e) = 2[k (N — 1) + eypcos(xln P —ax + ¢y)] P. Hence P =
0 is the black swan of (8.31); the part with N < 1 is stable while the part with
N > 1 is unstable. Trajectories of the system (8.31) are the spirals containing a
stable/unstable part of the slow motion along P = 0, see Fig.8.7, i.e. they are
canards. This behavior corresponds to a pulsed operation of the laser, when the
optical power appears in pulses of some duration at some repetition rate.

Fig. 8.7 The black swan

P = 0 and the trajectories of
system (8.31). The arrows
indicate increasing time
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8.5.2 The Simple Laser

The nonlinear first-order equation
Y=k +A0)y +4, 0<e<1, §<0,

with k = £1, p = 2,3 and the control parameter A(t) = Ao + €, A¢ < 0, is
a typical model of simple lasers, and lasers with saturable absorbers, where y is a
dimensionless amplitude of the field [103]. The additional parameter § characterizes
the magnitude of the imperfections, ¢ is small quantity, and Ao = O(1). Note that
these equations with A(z) = Ao + & may be written in the form

A=e y=k’+Aiy+6.

For § = 0 this system has the canard y = 0. Physically the canard simulates the
critical regime separating the basic types of the regimes, slow and self-accelerating
[117, Chap. 8]. We consider in more detail the case p = 3,k = —1:

A=¢e y=—y +Ay+6. (8.32)

The slow curve S is described by the equation —y* 4+ Ay + 8 = 0 and has a
different form depending on § (see Fig. 8.8). When § < 0 (§ > 0) the trajectories
of the system move along the stable part S7 (S3) of the slow curve, see Fig. 8.8a, b.
In these cases the trajectories describe fundamentally different slow regimes, with
either a monotonically increasing or decreasing amplitude.

When § = 0 system (8.32) has the exact canard y = 0, see Fig.8.8c. Other
canards, which are the intermediate trajectories in the region between those shown
above in Fig. 8.8a, b, pass along the stable part S7 and then along the unstable part
S%, jump from the slow invariant manifold towards the stable part S5 and then move
along it, see Fig. 8.8c. This means that the amplitude of the field, having remained
close to zero for a long time, almost instantaneously jumps to attain significance and
then increases slowly.

8.5.3 The Classical Combustion Model

From the mathematical viewpoint the situation which appears in the model of an
autocatalytic reaction looks like Example 15 in Sect. 8.2.

The system showing the autocatalytic features of the reaction is given by (7.17)
and (7.18) viz.,

8% =n(l—n)exp(@/ (1 + BO)) —ab, (8.33)

dn

T = (1= nyexp 6/ (1 + B9)). (334)
T
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Fig. 8.8 The slow curve S (the dashed line) and the trajectory (the solid line) of system (8.32) for
e=0.1,1p = —4and (@) § = —1,(b)§ = 1,(c) § = 0. The parts S}, S5 and S} are stable while
S5 is unstable, 4 is a jump point in each case

with the initial conditions

n(0) = no/ (1 4+ no) = 1o, 6(0) = 0.

To simplify the demonstration of the main qualitative effects we use a widespread
assumption in thermal explosion theory, 8 = 0. A detailed analysis shows that the
result is little different from the case 8 # 0. In this case the slow curve S of the
system (8.33), (8.34) is described by the equation

n(1—n)e’ —af = 0.
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Fig. 8.9 The slow curve (the dashed line) and the trajectory (the solid line) of the system (8.33),
(8.34) in the limit case (¢ = 0). P is a stable equilibrium of the system. (a) @ > e¢/4, (b) @ = ¢/4,
©a<e/4

The curve S has a different form depending on whether ¢ > e/4 or o < e/4 (see
Fig. 8.9). In the region 6 < 1 some part of the curve S is stable and in the region
0 > 1 it is unstable. We shall denote a stable part S as S* and an unstable part as
S*. There exist integral manifolds S? and S/ at a distance of O(e) from the curve
S, corresponding to S* and S*.

As in the first-order reaction we shall give a qualitative description of the
behavior of the system (8.33), (8.34) with the changing parameter «. When « > e/4
the trajectories of the system in the phase plane move along the stable branch S* and
the value of 6 does not exceed 1, see Fig. 8.9a. These trajectories correspond to the
slow regimes.

With & < e/4 the slow curve S consists of two separate branches. The jump
points A and A, divide these branches into stable (S} and S3) and unstable (S} and
S3) parts, and the system’s trajectories, having reached the jump point A; along S}
at the tempo of the slow variable jump into the explosive regime, see Fig. 8.9c.

Due to the continuous dependence of the right-hand side of (8.33), (8.34) on the
parameter « there are some intermediate trajectories in the region between those
shown above in Fig. 8.9a, b in the neighborhood of & = e/4, and also a critical
trajectory. With o = e/4 the slow curve S has a self-intersection point A(1, 1/2).

The canard, passing along the stable part of slow curve Sy and then along the
unstable part S at some value of o (see Fig. 8.9b), is taken as a mathematical object
to model the critical trajectory, which corresponds to a chemical reaction separating
the domain of self-acceleration reactions, i.e. the explosive reactions, (¢ < «*) and
the domain of non-explosive reactions (o > «*). The critical value of the parameter
a = o™ corresponding to this trajectory is found in the form

a* =y +ea; + ..., where g = e/4. (8.35)
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Fig. 8.10 Canard trajectories of system for ¢ = 0.05, «/ = 0.659941603, o” =

0.659941646, o’ = 0.659952218

Note that there is one more trajectory passing along S and S? in Fig. 8.9b.
This trajectory, passing along S} and then along S, is a false canard which does
not correspond to any chemical regime. The value « = o** corresponds to this
trajectory. At ¢ > o** we get a region of slow regimes and the trajectories of
system (8.33), (8.34) will pass along the stable part of slow curve, see Fig. 8.9a.

The transition trajectories between S and S correspond to the interval
(a*,a**), see Fig.8.10 and note o/, ", & € (a*,a**). To calculate the critical
value of the parameter « = o* (and ¢ = «**) we substitute (8.35) and the

expression for the corresponding canard [59, 60]
n=H(@,e)=Hy0)+ecH (6)+...
into (8.33), (8.34). We write (8.33), (8.34) as

dn _ dndb _ ﬁ e
e == [n(1 —n)e” —ab]
to get
(H(0,e) (1 — H(0,e)) e’ —a(e)0) H'(0,6) = eH(0, ) (1 — H(O,¢)) e’

or, in more detailed form,
((HO(H) +eH (0)+...)(1 — Hy(0) —eH(0) — .. .)69

—(ao + g0y +...)9) [Ho’(e) +eH,(0) +]

=& (Ho(0) + eH (0) +...) (1 — Ho(8) — e H1(0) —...) €.
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Equating the coefficients of like powers of ¢ we get
g(Ho(0),0) = Ho(1 — Hy)e’ —apf = 0, (8.36)
since H(;(O) # 0, and
Ho (1 — Hp)e® = Hj[H\(1 —2Hy)e’ —a,0]
+H{[Ho (1 — Hp)e® —ag0)] = H{[Hi(1 —2Hy)e® —o16],

using (8.36). From these equations we obtain

1 /1
H()(e) = E + Z —a096_9,

Ho(1 — Ho)e? +o10H]  6(a Hj + ato)
Hy(1-2Ho)e?  — H{(1—2Ho)e?

Hy(0) =

The coefficients in the expression (8.35) «; (i = 0, 1,...) are found by requiring
the functions H; = H;(0) to be continuous at & = 1. We note from the form
of Hi = H;{(0) it has a zero under the line when 6§ = 1. Thus we require
o) = —ap/H{(1), where the value H(1) can be found from Eq. (8.36) after double
differentiation with respect to 6:

=0,

2
{899 + 280m, + gy (Hy)™ + gHoH(;/}|0_l =

or by expanding about 6 = 1, to give Hj(1) = £/a/2e. Hence

1
H)(l)=+——.
0 2\/5
We take “+4” for the canard, because the function Hy(6) monotonically increases,
and “—” for the false canard, because Hy(f) monotonically decreases in this case.

Thus, we have
a* = e/4(1 —2/2¢) + O(?),
a** = e/4(1 +2+/2¢) + O(£?).

Note that critical regimes of combustion were investigated in [1,3,37,43,52, 55,
57,89,107,108,116, 165,166, 193]
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8.5.4 Canards and Black Swan in a Model of a 3-D
Autocatalator

In this section a two-dimensional stable—unstable slow integral manifold (black
swan), consisting entirely of canards, which simulates the critical phenomena for
different initial data of the dynamical system, is constructed. It is shown that this
procedure leads to the phenomenon of auto-oscillations in the chemical system. The
application of a black swan permits us to take into account small perturbations in
the chemical systems.

A model of a three-dimensional autocatalator has the form [135, 137]:

d
—xzu(5/2+y)—xz2—x,
dt
dy
—— =z-Y, 8.37
7 7Y (8.37)
sﬁ—xzz—i-x—z
dv ’
where
x>0, y>0, z=0, 0<u<1. (8.38)

The system (8.37) simulates a sort of Belousov—Zhabotinsky reaction. The variables
x, y and z represent dimensionless concentrations of three chemical reagents, ¢ is a
small positive parameter, u is a bifurcation parameter.

The slow surface (see Fig. 8.11) of the system (8.37) is described by the equation

F(x,y.2) =xz" +x—2=0,
The breakdown surface, which is described by

oF
F=0 —=2xz—1=0,
0z

consists of two straight lines, but only one
x=05 z=1 (8.39)

has physical meaning. The other is x = —0.5, z = —1 and these violate (8.38).
The breakdown surface divides the slow surface into three leaves Sy (z > 1), S5
(z < 1), 8% (Jz] < 1, see Fig.8.11), which are zeroth order approximations for the
corresponding slow integral manifolds Sy, Sy, and S;. Manifolds S}, and Sy, are

unstable and S is stable. Note that the part of S} with 0 < x < 0.5 and § I are
situated in the domain of interest as given by (8.38).
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[T SRR N Y
0N
=

Fig. 8.11 The slow surface of the system (8.37)

The system (8.37) has an equilibrium at P, where d—d’; = % = % = 0, given by

10p(1 — ) Sp Sp
29u2 —8u+4"2(1—p)' 2(1—p) )’

and with u = 0 this equilibrium is a stable node and lies at (0,0, 0). In [158] it
has been shown that P is a stable equilibrium (node) on the stable leaf of the slow
surface when 0 < u < 2/7 and it is an unstable equilibrium (saddle) on the unstable
leaf S} when v > 2/7.

The slow surface is an approximation to a slow integral manifold (for ¢ =
0), hence it is possible to determine the basic types of chemical regimes and
corresponding values of the control parameter (.

With 0 < u < 2/7 a trajectory of the system (8.37), starting from an initial point
in the basin of attraction of the stable slow integral manifold S}, follows S} for a
short time and tends to the stable equilibrium P as t — oo, see Fig. 8.12a. This
behavior corresponds to the slow chemical regime.

With u > 2/7 a trajectory of (8.37) will follow the S? to the breakdown
line (8.39). After this time, z(t) will increase rapidly, see Fig. 8.12b. This behavior
characterizes the explosive regime. The point P in Fig. 8.12b is the equilibrium
point (0.4, 1.667) of the system corresponding to u = 0.4. It lies on the slow surface
above the breakdown curve whose xOz-projection is (0.5, 1).

Due to the continuous dependence of the right-hand side of (8.37) on the
parameter p there is a critical trajectory in the neighborhood of = 2/7, which
separates the two regions of the chemical reactions described above.

The availability of the additional scalar parameter p provides the possibility of
gluing S and S}, at one point of the breakdown line (8.39). The canard trajectory
passes through this point.
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Fig. 8.12 xOz-projection of the slow surface (dashed line) and the trajectory (solid line) of system
(8.37); e = 0.01 and (a) u = 0.1, (b) & = 0.4. The arrows indicate increasing time

The canard plays the role of a separating solution, and is taken as a mathematical
object to model the critical trajectory corresponding to the critical value p = u* =
2/7 + O(e), (¢ — 0). This means that the canard simulates a chemical reaction
separating the domain of self-accelerating reactions (i > w*) and the domain of
slow reactions (u < u™).

8.5.4.1 Canard in the 3-D Autocatalator

We can find the canard solution, and corresponding critical value of parameter u =
w*, by the following asymptotic expansions

z=2z(x,8) = @o(x) + ep1(x) + 20 (x) + ... , (8.40)
y = y(x,8) = Yo(x) + ey (x) + EYa(x) + ..., (8.41)
w* = (e) = po + ey + o+ ... . (8.42)

From (8.37) and (8.40)—(8.42) using the invariance equation
Sdzdx_gdz dy dx dy
dcdt “dt’ dedt dt’
we have

s (x,€) [u (5/2 + y(x,¢)) — x(x, &) — x] = xz2(x, &) + x —z(x, €),

¥ (x, 8)[,u (5/2+ y(x,8)) — xzz(x, g) — x] =z(x,&) — y(x,¢)
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or, in more detailed form,
8[(;)6 + 9] + 82([)22/ +. ..][(,uo + e+ +..)
x(5/2+ Yo + ey + Y +...) — x (g0 + e +82¢2+...)2—x]
= x (o + ey +£2<p2+...)2+x—<p0—5<p1 — &g — ..., (8.43)
[% + ey + %Y +...][(,uo+£u1 + &+ ...)
x(5/2+ Yo+ ey + Yo +...) —x (@0 + ep1 + e%¢r + ...)z—x]
=0+ ep + 0 — Yo —eY — XY+ ... . (8.44)
Setting ¢ = 01in (8.43), (8.44) we obtain
xX@g —¢o+x =0,
Vi o 572+ wo) = x¢3 — x| = 0 = v,
or
Xpp — o +x =0, (8.45)
Vo[ 10 (572 + o) = 00| = 90 = v (8.46)
Then Eq. (8.45) defines the function gy = ¢o(x), the first term in z, and Eq. (8.46)

defines the function ¥y = ¥(x), the first term in y.
We now equate terms in ¢! in (8.43), (8.44):

oh 1o (5/2 -+ o) = x93 — x| = @120 — 1),
Y10 (5/2+490) —xgi—x |+ v [ 1 (5/24v0) + 01250001 | = 91—
or, taking into account (8.45),
0h| 10 (5/2 4 Y0) = 90| = ¢12xen - 1), (8.47)

v [,uo (5/2+ o) — <,00] + %[Ml (5/2 + ¥o) + o1 — 2x<p0<p1] =@ — Y.
(8.48)

On the breakdown surface (8.39) we have 2x¢y — 1 = 0. By continuity of the
function ¢; = ¢;(x) we thus require the following condition from (8.47)

o (5/2 4+ ¥0(0.5)) — 90 (0.5) = 0.
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From this and (8.39) we obtain

1

= St ye05) (49

Mo

since @o (0.5) = 1. Next, equating terms in &2 in (8.43), (8.44) and applying (8.45),
we get

<p6[u1 (5/2 + o) + poyn — 2xwo<p1] + 9] [Mo (5/2+ vYo) — %]
= x¢7 + (2x9o — Doy, (8.50)
%[Mo% + iy + w2 (5/2 + ¥o) — 2x90092 — x<p12]
+v1 [Ml (5/2 + o) + poy — 2x<.00</)1] + Wé[#o (5/2 + o) — 900] =—V.
On the breakdown line (8.39) the coefficient of the function ¢, = @,(x) in (8.50)

is equal to zero. To avoid a discontinuity in this function we require, taking into
account (8.49), the following condition (the remaining terms sum to zero)

0 (0:5) [ 111 (5/2+ 0 (0.9) + v (0.5) = 90 (0.5) 1 (0.5)] = 057 (0.5).
(8.51)

To calculate the value ¢;(0.5) we differentiate (8.45) with respect to x:

02 + (p(/)(ZX(po - 1) +1=0.

The coefficient at ¢, in this expression is equal to zero on the breakdown surface.
Therefore, differentiating the last equation with respect to x, we have

205200 + x¢3) + ¢ (2x@0 — 1) = 0.
On the breakdown line 2x¢y — 1 = 0 and then ¢y’ = —2¢/x, i.e.
@ (0.5) = —4,

on the breakdown line. Substituting this value into (8.51) we find

= ©1(0.5)[1 — ¢1(0.5)/8] — oy1(0.5)

5/2 4 1¥0(0.5) (8.52)

The expressions (8.45)—(8.49), (8.52) define the first-order approximations to the
critical value (8.42) of the parameter u that characterizes the rate of the chemical
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reaction and the corresponding canard (8.40), (8.41) of the system. This canard
simulates the critical regime, separating slow chemical regimes from regimes with
a self-acceleration.

Note the initial data for the system (8.37) are not fixed. With concrete initial
data x(0), ¥(0), z(0) we can glue the stable and unstable slow integral manifold at
one point on the breakdown line (8.39). The canard passes through this point and
corresponds to the initial value problem for (8.46), (8.48). Thus, a canard is a result
of gluing stable and unstable slow integral manifolds at one point of the breakdown
surface.

Let u = u(y, ) be given as a function. Then the gluing of the stable and unstable
parts of slow integral manifolds can be realized at all points of the breakdown
line (8.39) at the same time. This permits us to construct slow integral manifolds
with changing stability (black swan) consisting entirely of canards. Each simulates
the critical regime corresponding to the specified initial data and passes through a
definite point on the breakdown line.

8.5.4.2 Black Swan Construction

We now take u = pu(y,¢e) as control function. Then p and the black swan x =
x(y, z, &) have asymptotic expansions of the form:

= u(y.e) = po(y) + 1 (y) + &pua(y) + ...,
x=x(y.z,8) = x0(y.2) + ex1(y.2) + 2x2(y.2) + ... .

Substituting these expansions into the invariance equation

b ddy_r
dzdt  dydr dt’

which for the system (8.37) takes the form

ox(y,z,

a bl ,
” &) e (.28 +x(v.z.6) —2) + a».28)

dy
=u(y.)(5/24 y) —x(y.z.8)z" — x(y.z.9),

(z=y)

and using the slow surface equation

xX02 +x0—2=0, (8.53)
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we obtain
a a 50
PO LI L 22 Y dent. )1+
0z 0z 9z
a a a
T e P L e (z—y)
dy dy dy
= (mo+epm +&ur+...)(5/2+y) — (xo+exi +&x +...) 2
—xo—sxl—szxz—.... (8.54)

Setting ¢ = 0 in (8.54) and taking (8.53) into account, we get

%(1 +2)x1 = o(5/2+ y) —z. (8.55)

Note that the relationship
8x0 _ 1— Zz _
(1+22)?

holds on the breakdown line (8.39). Noting this, by continuity of the function x; =
x1(y, z), we require from (8.55) the condition

1

K= G2ty

to ensure both sides of (8.55) are zero. From this, the expression for aé—‘z‘), and (8.55)
we have

1+ 22

8.56
14z ( )

)Cl(y,Z) =

Equating coefficients in ¢ in (8.54), we obtain

%(z— )+—(1+z2)x1+—(1+z2)x2 wi(5/24y)—xi(1+22).  (8.57)

To avoid a discontinuity in the function x, = x»(y, z) on the breakdown line we
require the continuity condition:

_3
5/2+y)

Applying (8.53), (8.56) and (8.57) yields

m =

[301+2°—2:2+2(0 +2H)*] A+ zz)
(I+2°(1-2%)

x2(y,2) =
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Thus, we obtain the approximation to the black swan

L [3(14+2)° = 222+2)(1+2°)°] (1+2°)

< 3
+0(g”),
1+22 14z (1+2)31 - 22) &)

x(y,z,6) =

and the corresponding gluing function

a(e)
(5/2+y)

For a given point y = y* on the breakdown line we can find the value u* =
w(y*,e) from expression (8.58) which corresponds to the canard of the system.
This trajectory lies on the black swan x = x(y, z, &) and passes through the point
y = y* of the breakdown line. It should be noted that the choice of the gluing point
y = y* is equivalent to the choice of the starting point of the trajectory, or the initial
conditions.

Note that gluing the stable and unstable slow integral manifolds reduces the
original system (8.37) to the following form

w(y,e) = a(e) = 14 3¢ + O(2). (8.58)

d
& ae) —x2—x, (8.59)
dt
d
e =l +x -z, (8.60)
dt
dy
b _._ 8.61
7. =7 y (8.61)

by the definition of u(y, €) in (8.58).

The system (8.59)—(8.61) has a black swan, which is a cylindrical surface. All
trajectories on this surface are canards (see Figs. 8.13, 8.14, and 8.15), but only one
of them is a limit cycle, and this cycle is asymptotically orbitally stable [158].

8.5.5 Gas Combustion in a Dust-Laden Medium

We now consider models of combustion of a rarefied gas mixture in an inert
porous, or in a dusty, medium. We assume that the temperature distribution and
phase-to-phase heat exchange are uniform. The chemical conversion kinetics are
represented by a one-stage, irreversible reaction. The dimensionless model in this
case has the form [56]
e0 = W (i) exp 0/ (1 + p0)) — (6 — 6) — 86,
Vebe = a(6 — 6,), (8.62)
n=¥mexp(0/ 1+ p0)),
1(0) = o/ (1+m0) = . 6(0) = 6.(0) =0.
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1.05 0.5

Fig. 8.13 The slow surface and the canard of the system (8.59)—(8.61) with ¢ = 0.01 and initial
point x = 0.1, y = 1, z = 1. The trajectory of the system tends to the limit cycle (dark line)
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Fig. 8.14 xOz-projection of the canard of the system (8.59)—(8.61) with ¢ = 0.01 and initial point
x=0lLy=1z=1

Here, 6 and 0, are the dimensionless temperatures of the reactant phase and of the
inert phase; 7 is the depth of conversion; 1 is the parameter for autocatalyticity
(this kinetic parameter characterizes the degree of self-acceleration of the reaction:
the lower the value, the more marked the autocatalytic reaction will be); the small
parameters B and ¢ characterize the physical properties of a gas mixture. The terms
—386 and —a (6 — 0.) reflect the external heat dissipation and phase-to-phase heat
exchange. The parameter y, characterizes the physical features of the inert phase.
Depending on the relation between values of the parameters, the chemical reaction
either moves to a slow regime with decay of the reaction, or into a regime of
self-acceleration which leads to an explosion. So, if we change the value of one
parameter, with fixed values of the other parameters, we can change the type of
chemical reaction. Thus, it is possible to consider this problem as a special control
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Fig. 8.15 xOy-projection of 1.05 1
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problem. For example, if we take heat loss from the gas phase as a control action,
we consider § as a control variable. If the control variable is y, it means regulation
of the dust level in the reactant vessel.

The following two cases are considered: ¥ () = 1 — n (no = 0) (first-order
reaction) and ¥ (n) = n(1 — n) (autocatalytic reaction).

8.5.5.1 Autocatalytic Reaction

Let us consider first the combustion model for the case of autocatalytic reaction
W(n) = n(1 —n)). To simplify the calculations we ignore the small parameter
(a widespread assumption in thermal explosion theory, and more detailed analysis
shows that the differences between the results obtained for cases § = O and 8 # 0
are not essential). The slow surface of the system (8.62) is described by the equation

n(1 —n)e® —a(d —6.) —80 =0. (8.63)
The equation
n(l—ne’ —a—8§=0, (8.64)

(this is the derivative of (8.63) w.r.t. 8) together with (8.63) define the breakdown
curve .Z, which separates the slow surface into stable and unstable parts.

We consider y, as a control parameter and recall that it means regulation of dust
levels in the reactant vessel. In this case we construct a special type of feedback
control.

We seek the critical function y. (6, €) and the black swan 6, = 0.(n, 6, ¢) in the
form of asymptotic expansions:

Ye = Io(0) + el (0) + O(&?), (8.65)
0. = Py(n,0) + eP1(n.0) + O(?). (8.66)
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We use the black swan for the following reasons. We construct the canard modelling
the critical regime with fixed initial point (or equivalently gluing point). However
during a chemical process perturbations are possible. Due to the perturbations the
trajectory of the system deviates from the canard and as a result a qualitative change
of system behaviour is possible. When we construct the black swan, i.e. we glue the
slow invariant manifold at all points of the breakdown curve, the trajectory of the
system in the case of perturbations just goes from one canard to another. This means
that there is no deviation from the selected regime.

From the invariance equations for system (8.62)

do. [BQC do 00, dr)} 8.67)

g TV 90 T oy i

and asymptotic expansions (8.65), (8.66) we get

Py 0Py ,0P>
2 3 el oot e
(F0+sF1+sF2+s...)[89 +689+ T +&. }

x[n(1=ne’ —a(@ — Py—ePy—e*Py—...) — 0]
+8(F0+8F1+82F2+8...)

|:3P0 aPl 3P2
X —

- —_c 1= m)e?
o +83"I+ o +é° }n( n)e

=ca(f — Py—eP—e*Py—&...). (8.68)
Equating coefficients in ° and &' in (8.68), we obtain
n(1—n)e’ —alf — Po(n.6)] - 86 =0,

P P
n(1— r,)e91“0M + aP roh = a6 — Py),
an 30

which imply

Po(n.0) = o '[(a + 8)6 — n(1 — n)e”], (8.69)

P

Pi(n.6) = [a(@ Py —n(l— n)eeaa—?ro] Jar, 2o

5 (8.70)

To ensure continuity of the function P; (7, 6), since the relationship 5 op 5S¢ = 0holds
on the breakdown line .Z, see (8.63) and (8.64), from (8.70) we get

P,
[U(l - 77)€9F0h —a(f — Po)} =0,
an |z
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or, using (8.64) and (8.69),

(@ +8)Toy/eX —4(a + 8)e? = a + 8§ —486.

Note that (8.64) gives us two expressions for 7:

1+ /1—4(a+8)e "

2

]7:

)

but we choose only one (with “+4”) because the function 7(f) monotonically
increases. Finally we obtain

ala 48— 86)

@+ 6) /e — a1 D)e

Similarly, equating the coefficients in &2 in (8.68) we obtain

Iy(0) =

aP P
aPy + Iy |:7;(1 — r))eea—l + aPla—gl}
Ii(6) =~ 7

n(1 — n)e‘)%
an

Thus we have constructed the black swan that guarantees the safety of the physical
process.

8.5.5.2 First-Order Reaction

The case of the first-order reaction (¥ (1) = (1 — n)) is now studied. For simplicity
we introduce the dimensionless concentration 7 = 1 — 1.
The slow surface of the system (8.62) is described by the equation

e’ —a (0 —6,)—860 =0. (8.71)
The equation
e —a—8=0, (8.72)

together with (8.71) define the breakdown curve ., which separates the slow
surface into stable and unstable parts.

We take y.(8, €) as control function. Then y.(6, ¢) and the black swan 6, =
6.(7, 6, €) have asymptotic expansions of the form:

Ye = To(0) + el (0) + O(e?),
0. = Po(71,0) + eP1 (7, 0) + O(e).
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From the invariance equations (8.67) for system (8.62) and asymptotic expansions
for y. and 6, we get

0P, JaP oP.
(Fo+£1"1+£21“z+53...)[ 0 ! 2—2+53...}

90 90 T e
x [fe? —a(® — Po—eP—&’Py—&*...) —80]

Py aP, , 0P 3 _
o7 +83ﬁ + ¢ 37 +e...

=ca[0—Py—eP —’Py—¢&...]. (8.73)

—8(F0+€F1+82F2+83...)|:

Equating coefficients of £” and &' in (8.73), we obtain

e’ —a(0 — Py) — 80 =0,
P, P,

OlPlfo% —ne Foa—ﬁ =a(f — Py),
which imply
Po(i,0) = (80 — ey Ja + 6, (8.74)
P P
Pi(5.0) = [a(@ P+ ﬁeea—;ro} jary 2%, (8.75)

To ensure continuity of the function P;(7, 8), since the relationship % = 0 holds
on the breakdown line .Z, from (8.75) we get

_ a(f — Py)
I(0) = —M—BPO ,
an |2
or, using (8.72) and (8.74),
a+8—460
o) =a———-.
o) =a (o + 8)e?

Then (8.75) takes the form
Pi(7},0) = —807e? /(o + 8 — 86).
Similarly we can find

a280[(a + 8 — 80) (@86 — & — §) + ad(e + 6)]

1) =- (o + 8)2(cr + 8 — 86)2
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Let us now consider the case when § is a control function, which means that we
control the combustion process by regulating the external heat dissipation [156].
By the change of variables:

0 =606)+v, 6= lna)/c_l,
aa(v,e) =66y +v,e) Oy +v), t =oz)/c_lr, n=1—n
the system (8.62) is transformed to the form:
v =1e" —y.(6p +v—10.) —yea(v,e),
b, = 6y +v—6,, (8.76)
i = —ne".

We find the critical function a(v, ¢) and slow integral manifold 6, = 6.(7, v, €)
in the form of asymptotic expansions:

0. = Po(7),v) + eP1(,v) + €2 P, (7}, v) + €z,

a(v,e) = ap(v) + ea,(v) + o, (8.77)

when Py (7, v) is defined by

ne” —yc(6o +v— Po) — yeao = 0. (8.78)

Due to the condition % = 0 on the breakdown curve, from Eq. (8.78) we obtain
_ 3a0

ne —VYe— )/CW =0. (8.79)

The invariance equation

d0P, oP oP: a
e[y +v— Py—ePy —82P2—SZ] = I:a—vo +¢ avl +828_v2 +83_1Z):|

x[ne’ —y.(6p +v— Py —ePy — 2P, —e7) — ve(ap + eay + sza))]

ap, o ,aP,
—s[ 0 L2 2 +£—§:| e’ (8.80)

[T TR

follows from (8.76), (8.77).
Hence, for z = 0 and the terms at O(¢) in (8.80) we obtain

0P, 0P,
6o +v—Py= o Ly (Pr—a)) — —=ije”
v an
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or, due to (8.78),

e’ — JP, JP,
e Z Vet _ ) S0 (py—ay) — e (8.81)
Ve av an

Thus, on the breakdown curve we have:

ne’ —ycaop 0Py _
Ye af) ’

From this and (8.79) the equation for a¢(v)

aa()

— (1 =-e)=ap—(1—-¢") (8.82)
av
follows.
The function a(v):
v 1—e¥
ao(v) = Ve;r—e (8.83)
— eV

is the continuous solution of Eq. (8.82).
The function

ne’ — yeao — fe*

P =a + —
T2 ag -y TRe)

(8.84)

is determined from (8.78), (8.81).
The equation

0P, oP oP; _
—Pi = 2y (Py— ) + —y(P1 —ay) — —ije"
av av an

is obtained from (8.80) with z = 0 at O(g?).
Hence, on the breakdown curve we have

oP oP; _
—P1 = =y (P1 —a)) — ——ije".
av an

From this and (8.83), (8.84) the equation for a; (v) is

%(1 _ev) =a; — M
aV yc
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The function

1—e¥

Ye

al(v) =

is the continuous solution of this equation.
Thus, we obtain the control function

veV +1—¢e 1—¢" )
a(v,e) = 1 + & + &w
_eV yc

or, in the original variables,

0 —Inay ! —1)e? + ay !
( Ve )9 Yo ety =) + 0@ |,

§=2580,e)=0" |:oz -
ay;l—e
corresponding to the black swan 6, = 6.(7, 0, ¢) of the system.

For a fixed point § = 6* of the breakdown curve we can find the value §* from
the last expression which corresponds to the canard of the system. This trajectory
passes through the point 6* of the breakdown curve and simulates the critical
regime. It should be noted that the choice of the gluing point 8* is equivalent to
the choice of the initial point 6(0) of the trajectory. For example, with 6(0) = 0,
Y. = 1/6, & = 0.01, o« = 2.34 the critical regime corresponds to §* = 1.10797.
At § < §* we get a thermal explosion in the chemical system, at § > §* we get a
non-explosive reaction.



Chapter 9
Appendix: Proofs

Abstract In this chapter we give the proof of a number of assertions from previous
chapters. The level of mathematical sophistication required of the reader is higher
than earlier chapters. For this reason, and if the readers’ primary interest is in the
application of the techniques, this chapter may be skipped.

9.1 The Existence and Properties of Bounded Solutions

In this book we have considered the differential system

dx
E:f(-xvyvtss)s
9.1)
8@— (x,y,t,¢)
dt—g » Y, 1, €),

and integral manifolds y = h(x,1, ¢) as a manifolds of solutions x = x(t,¢),y =
y(t, ¢) which can be represented in the form

x=x(t,e), y=h(x(te),t,e). 9.2)

If h(x,t, ¢) is a bounded function it is possible to say that the y-component of the
class of solutions (9.2) is bounded or that these solutions are bounded with respect
to the components of the vector y. We will now show how to prove the existence
of an integral manifold for the simple case of solutions bounded on the real line.
Moreover, to make the proof as simple as possible, we begin with the case of a
scalar differential equation.

9.1.1 Scalar Linear Equation

We consider the scalar differential equation
ey = —ay + g(), 93)
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E. Shchepakina et al., Singular Perturbations, Lecture Notes in Mathematics 2114,
DOI 10.1007/978-3-319-09570-7_9



184 9 Appendix: Proofs

with the positive coefficient a and a function g(¢) which is continuous and bounded
on (—00, 00):

lg(t)| <M, —oo<t < o0.

The function ¢(t, €)

t

olt.) = 1 / exp (—““;”)g@)ds

is a solution to (9.3) which is defined and bounded on (—o0, 00) because

lp(t, )] < é/exp (_a(lg—s))|g(s)|ds gé/exp(_a(tg—s))MdS: %

and

0D 2 [ e (‘a(t 3 S))g(s)ds +8(1) = —ap(t,e) + g0).
dt £ €

We may consider y = ¢(t, €) as a simple example of an integral manifold. We will
show that ¢(t, €) is attractive. Note that

1

ol 6) =+ / exp (—““;”)g@)ds.

By linearity an arbitrary solution of (9.3) can be represented in the form

y(t, &) =exp (—@)y(mﬁ) + é/exp (—a(tg_s))g(s)ds.

fo

The same representation is true for (¢, €), viz.,

o(t,e) = exp (_@)w(m, e) + é /exp (—a(tg_s))g(s)ds.

fo

Hence, for y(t, &) — ¢(t, €) we obtain the estimate
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Y(t.8) — p(t.8)] = exp (—@) Y (t0. ) — (10, )]

This proves the exponential stability, or attractivity, of ¢(z, €).

9.1.2 Scalar Nonlinear Equation

Consider the following scalar differential equation

ey = —ay +g(y.1), 9.4)
with positive coefficient a and function g(y, ¢) which is continuous, bounded
lg(y. 0 = M,
and satisfies the Lipschitz condition
lg(y.1) —g(y.0| = L]y =yl
ont € (—00,0),y € (—00,00), where L is a constant. If the function ¢(z, €) is

a solution to (9.4) which is defined and bounded on (—o0, 00) then it satisfies the
equation

o(t,e) = é / exp (—a(tg_s))g(go(s,e),s)ds. 9.5)

To check the solution (9.5) we consider the inequality

1 ; —
ot = |1 / exp (—““8 S))|g(<p(s,e),s)|ds

—00

t
1 t — M
—/exp(—a( S))Mdsz—,
g £ a

A

IA

and the identity

&

do(t,e) —a ( a(t —s)
=— [ exp|—
dt e )

—00

)g(w(s, &), $)ds + g(g(5,6). )

= —a(p(t, 6‘) + g(@([vg)v t)
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Firstly we consider the case when L is small so that

L
Z <. (9.6)
a

In that case we introduce the metric space C(D). Its elements are the scalar
functions p(t, ¢), bounded by the value D i.e., (|p(¢, )| < D) and continuous for
t € (—oo,00) and 0 < ¢ < g for sufficiently small positive 9. C(D) is a complete
space with the metric

d(p.p) = sup|p(t.e) = p(t. &)l

For the arbitrary p,p € C(D) with D > M/a we use (9.5) to construct the
mapping 7' (p):

t

1 _
T(p)(e) = - / exp (—“(’8 S))g(p(s,e),s)ds. ©.7)
Then the inequality
M
IT(p)(t,e)| < — =D,

follows immediately. This bound means that the operator 7(p) transforms the
complete metric space C(D) into itself.

The inequality
1 —
T() e )-T@ ] = |1 / exp (—““ S))[g(p(s,s),n—g@(s,s),snds
<! / exp (—“(I_S))L|p<s,e>)—ﬁ<s,e>|ds
8_00 £
<! / exp (—“(’ _s))Ld(p,ﬁ)ds - Latp.p
£ £ a

—00
implies
_ L _
d(T(p).T(p)) = —d(p.p)
with L/a < 1. This means that the operator 7'(p) is contracting. Hence, due

the Banach Contraction Principle 7'(p) has a unique fixed point in C(D). Thus
Eq. (9.5), which may be rewritten as
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p(t,e) =T(p)(t,e),

has a unique solution p = ¢(¢, ¢) in C(D). To prove that this solution is attractive
we need the following inequality [133]:

Gronwall-Bellman Inequality. Let / denote an interval on the real line of the form
[tp, +00). Let ¢ and B be nonnegative numbers and u be a real-valued continuous
function defined on /. If u satisfies the integral inequality

t
u(t) <c +/ Bu(s)ds, vVt el,
o

then

u(t) < cexp (Bt —t)), tel.
To check that ¢(z, €) is attractive note that

o(t, &) = é / exp (—a(tgs))g@(s,S)J)ds.

—0o0

It is easily checked from (9.4) that

V(t.e) = exp (—@)y(w) e / exp (—“(Z;S))g(y(s,e),s)ds,

fo

is the solution that satisfies the arbitrary initial condition y(fy,¢). The same
representation holds for (¢, ¢):

@(t,e) = exp (—@)w(m,e) + é /exp (—a(tg_s))g(q)(s,s),s)ds.

fo

Hence, for y(t, &) — ¢(t, €) we obtain the estimate

(t.8) = 9(t. )] < exp (—@) (10 8) — (10, )|

ool
(a(t to))|y(t0’8) o(to, &)
/

+

)|g(<o<s £).5) — g(y(s.€).5)|ds

a(t —

w1 e (<42 gt -y olas
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Multiplying the last inequality by

(a(f—fo))
TP\ )

we obtain the inequality

Y (t.8) — p(t. &) exp (@) < ¥ (t0. &) — glio. )]

+l /exp (M)LW(S,S)—y(s,e)Ids.
e €

fo

Setting
e =06 = ptell, =2 u=exp( = )ipo) - .o
from the Gronwall-Bellman Inequality we obtain
.0 = ptt.olexp (U < vt~ gt exp (Z )

or

&

—(a—L _
(1) = o(t.€)] < [y(t0.€) — (1o, &) | exp (M)

since % < 1. This proves the exponential stability or attractivity of ¢(¢, €).

Thus, the existence and the attractivity of a slow invariant manifold are proved in
the case 041 (see Sect. 3.1). Note, in conclusion, that the corresponding asymptotic
expansion was also constructed there.

9.2 The Existence and Properties of Slow Integral Manifolds

We return now to the general case and consider again the non-autonomous
system (9.1). For ¢ = 0 we obtain the reduced system from (9.1), viz, % =

f(x,9,t,0),0 = g(x,y,t,0). Let the equation g(x, y,z,0) = 0 have a solution
y = ¢(x,t), where the function ¢ (x,t) is defined for all x € R™,¢ € R, and it is
an isolated solution. The following conditions are satisfied:
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(I) The functions f, g and ¢ are uniformly continuous and bounded together with
their partial derivatives with respect to all variables up to the (k 4+ 2)—order
(k = 0).

(II) The eigenvalues A;(x,t)(i = 1,...,n) of the matrix B(x,t) =
gy(x,¢(x,1),t,0) satisfy the inequality

Red;(x,t) <=2y <0. (9.8)

These assumptions are extremely helpful in transforming the system (9.1), by the
change of variables y = y; + ¢(x, t), into the system

X = X(x,y1,t,¢),
eyr = B(x,t)y1 + Y(x,y1.1,€), 9.9)
where

B =g,(x,¢(x,1),1,0),

X = f(x,y1 +¢(x,1),1,8),

Y =gx.y1+o(x.1).1,6) — gy (x.¢(x.0).2,0)y1
—e(x,1) —edy(x, )X (x, y1,t,8).

Using the the Taylor-series expansion for a vector-function with the integral form of
the remainder term we represent the function Y as follows:

1
Y = / (g2 (5. G5 1) + 1.1, 0) 1 ]y1d6
0

1
+8[/ ge(x,p(x,1) + y1,t,0e)d6
0

—p(x,0)X(x, y1,t,€) — P (x,0)].

From (I) the following bounds may be obtained:

|X(x,y1,1,8)| < A, (9.10)
1Y (x, y1.2,8)| < Ay 17 + ), (9.11)
[B(x, )|l < A4, 9.12)
IX(x,y1,t,8) = XX ¥yt o) < Ax =X + 1y = 1D, (9.13)

1Y(x.y1.0.8) =YX, .0l < AUl + o) (lx =X+ lyr = 311D, 9-14)
IB(x,1) — B(x,0)|| = A(|lx =X+ [t =17 ]), (9.15)



190 9 Appendix: Proofs

where A is a positive number and ||y;|| = max{||y,],||yi||}. The inequali-
ties (9.11)—(9.15) hold for all

—o0 <t,t <00, x,X €R" [y1]| < p. |7, < p.0 < & < &0,

where p and gy are positive numbers.
We shall denote by 2 the domain

2 ={(x,y,t,e):t €eR, Iy £ p,x €eR",0=<¢e < g},
where X (x, yi1,¢,¢), B(x,t) and Y(x, y1, ¢, €) are defined above.

Our attention will be focused on the slow integral manifolds of the system (9.9)
which are described by the following equations:

y1 = p(x,t,¢). (9.16)
We shall assume that function p is defined in the domain
2 ={(x,t,e) : x eR",t e R,0 < ¢ < gy},

is continuous with respect to ¢ and ¢ in this domain, satisfies the Lipschitz condition
with respect to x and a constant independent of #:

”p(xvtvg)_p(Y’taS)” SA”'X_Y”v (917)
and its norm is bounded
lp(x.2,0)] < A, (9.18)
for some A > 0. If the trajectory (x(¢), y1(¢),t) belongs to the integral mani-
fold (9.16), then y;(¢) = p(x(¢),t,¢). Functions x(¢) and y,(t) = p(x(¢),t,¢)
must satisfy the system (9.9), and then
X = X(x, p(x,t,e),t,e). (9.19)
From (9.13) and (9.17) we obtain the inequality
[XCx, p(x.1,8).1,6) = X(x, p(X.1.8). 1, 8)| < A(1 + A)|lx =] (9.20)
Hence the norm of the right side of Eq. (9.19), || X ||, is bounded (with the constant
A) and satisfies the Lipschitz condition with the constant A(1 4+ A) independently

of ¢. Thus there is a unique solution x = ¢(¢) to Eq. (9.19) at every xo € R” with
an initial condition at ¢ = 1:

o(t) = D(t,t,x0,€ | p), D(t,7,x0,€ | p) = X0,
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defined at + € R. Here the notation (--- | p) underlines the dependence of the
solution on the function p.
The function y; = p(P(t),t, ¢) is the bounded solution of the equation

ey1 = B(o(t),)y1 + Y(e(t), y1.t,8). (9.21)

for all + € R. For this reason it must satisfy the integral equation [29] [compare
with (9.5)]

T

y(r) =& / Uy(t,1,8)Y(p(2), y(t), 1, e)dt, (9.22)

—00

where U, (2, s, ¢) is the fundamental matrix of the homogeneous equation

ey = B(p(),t)y, Uy(s,s,e) =1.

The following bound, which provides the convergence of the improper integral
in (9.22), will be established below:

|Up(z.2,8)|| < Ke v K>1 —co<t<rt<o0. (9.23)

Let xo = x and ¢(t) = @(¢, 7, x,e | p). Then from (9.22) we get the following
equation for the function p(x,¢, €):

T

plx,t,8) = g ! / Uy(t,t,8)Y(0(2), p(p(2),1,¢),t, &)dt. (9.24)

—00

On the other hand, if Eq. (9.24) has a solution which satisfies (9.17), (9.18),
then (9.24) defines the slow integral manifold of system (9.9). We shall give a brief
justification of this fact. For an arbitrary point (xo, y10, f0), belonging to the surface
y1 = p(x,t,¢), (that is, satisfying the relation y;o = p(xo, t, €)) Eq. (9.19) has a
solution x = ¢(t) = PD(¢,1,X0,€ | p)). Note that Eq. (9.24) implies ¢ < t. The
equality (9.24) and

D(t, 19, x0,¢ | p) = ©(t, 7, D(7, 10, X0, | p), €| p)

yield the result that the function y; = p(¢(?). 1, €) is the solution of the Eq. (9.21).
This equality says that the solution at time ¢, with initial point (x¢,#y), may be
reached by first going to the time t and using this as the initial time for proceeding
to z. Hence Eq. (9.24) may be considered as an operator equation for p.

Now we obtain some auxiliary inequalities. The following statement will often
be used (see, for example, [133]).
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Theorem 3 (Integral Inequality). Ler u(t) be a continuous and positive function
(forallt € [to, to + T]), which satisfies the following inequality:

u(®) < f(r) + /[(pl(t)wz(S)u(S) + ¥ (2, 5)lds,

where f(t),01(t), p2(t), ¥ (2, s) are continuous, nonnegative functions for all t €
[to, to + T']. Then the following inequality holds:

t

u(t) <uolt) = 1)+ / V(2. 5)ds+o1(0) / 02(0) f(D)exp / o1()pa(s)ds | d

t

For(t) / exp / 01(5)¢a(5)ds | 92(0) / V(t.s)ds | d.

T

We note that 7" may be arbitrarily large. Hence, this estimate is valid forall > ¢,
if the functions f, @1, @,, ¢ are defined for #) < s <t < oo. Similarly, the bound

fo

ut) < f(t) + /[@1 O @1(s)uls) + ¢ (2, 5)lds

t

may be considered for ¢ < #y, which yields the inequality u(t) < uo(?).

We introduce the metric space C(D, A). Its elements are the functions p(x, ¢, ¢),
bounded and continuous in £2;, with their values in R” . Besides, these functions
satisfy the conditions (9.17), (9.18) with the metric

d(p,p) = sup lp(x.t,6) —DP(x,t,8).
1

For arbitrary p,p € C(D, A) we consider Eq. (9.19) and establish the validity
of the following statement.

Lemma 1. Let A(1 + A) < «. Then the inequality

d(?’ p) (eo((r—t) _

&(t,7,x, 8 — o, 0.%.e | D) < |x = x|
D, T, x,¢| p) t,t.xe| D <|x—x%|e +1+A

1)
(9.25)

holds for all T > t.

Proof. Tt should be noted that the functions ¢(t) = @(¢t,7,x,¢ | p) and p(t) =
D(t,t,x,¢ | p) satisfy the integral equations
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t

o) = x + / X (p(s). p(@(s).5.€).5.8) ds

T

and

t

o) =% + / X @(5). P@(s).5.6).5.€) ds.

T

as solutions of corresponding differential equations with initial conditions ¢(7) = x
and p(7r) = X.
From (9.14), (9.17) and (9.18), taking into account
Ip(¢(s).5.€).5.8) = P(@(5). 5. 8)|| < [|p(¢(5).5.8).5.8) = p(@(s).5.8)
+p(@(s).s.€).5.€) = P(@(s). 5. 8) |
< Allp(s) =9l +d(p. D).

we obtain, for T > ¢

o) =2l < lIx =% + / 1X (¢(5), p(@(s).5.€).5.€)

-X @(S)a ﬁ(a(‘g)v s, S)v S, 8) ||dS

T

< lx =Xl + / A[(1 4+ M)le(s) =)l + [lp — Pllds

T

< =¥ + / AL+ M) lo(s) = F)] + d(p. P)lds.

t

Using the Theorem 3 we derive the desired estimate (9.25), on letting

lx =Xl = f(@). AL+ A) = ¢1(1), @a2(s) = 1. Ad(p. D) =¥ (1.5). T = 1o

and the right-hand side of (9.25) plays the role of uy(¢). O
We need the following statement to justify the inequality (9.23) [197]:

Lemma 2. Let the matrix A(t)(—o0 < t < 00) be bounded and satisfy the
Lipschitz condition with respect to t with the constant q. If the real parts of the
eigenvalues of matrix A(t) do not exceed the number =2y (y > 0) for all t, then
there exist positive numbers K and gy, such that the fundamental matrix U(t, s, €),
U(s,s,e) = I, of the equation
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ez = A(t)z,
admits the bound
U, s, e)|| < Ke ?=9/e,

forall —oo < s <t < 00,0 < ¢ < &.

To prove estimate (9.23) it is sufficient to point out from (9.12) and (9.15), that
[B(t. )|l = Aand |B(p(t),1) — Blp@). D] < A(lt —1]) + llo(t) — @) <
A1+ A)|t — 1], since [lp(t) —@@)|| < Al —1].

This means that the norm of matrix B(g(¢),¢) is bounded and satisfies the
Lipschitz condition with respect to ¢, for all real t. Hence, the matrix A(t) =
B(p(2), 1) satisfies the conditions of Lemma 2, and the inequality (9.23) follows.

Obviously, the matrix Uy(7,, ) depends on the choice of the function ¢. We

shall evaluate the norm of the difference U, (7,t,8) — Ug(t,t,¢€), where ¢ =

D(t,t,x,e| p),g =D, 1,X,¢| D).
The fundamental matrices U, and U; are given by the following differential
equations with initial conditions:

du,
sd—“’ = B(p(t))U,, U,(t,t,6) = I;
T

sa;,—[f = B(p(1))Us, Us(t,t,6)) = 1.

Subtracting the second equality from the first

. (d(Uw —Up)

) = B0 (U, - Up)

+ (B(p(0)) = B(9(1) Ug, Uy (1,1, 6) = Up(t, 1,€)) = 0

one can represent the result in integral form

T

Up(r.t.€) = Up(t.1.6) = &' / Uy(z.5.6)[B(g(s).5) — B@(s). )Up(s. 1. e)ds.
t
The estimates (9.15) and (9.23) yield, for r > ¢,

10, (x.t.6) = Up(r.t.0)]| < K> Ae™ &7 0 / lo(s) — 5(s)lds. (9.26)
1

We apply inequality (9.25) and obtain from (9.26), for e < y/2, the inequality
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ZA d(p,p
e ) 4 SL Py

2K
”U(ﬂ(Tv t,S) - Ua(f, 1,8)” f

If we introduce the mapping 7':

T

T(p)(tx) =&~ / Up(e.0. )Y (1), pp(0).1.6).1. £)d,

—0o0
where ¢(¢) = @(t, 7, x,¢ | p), then the following statement is valid.

Lemma 3. The mapping T (p)(z, x) satisfies the following inequalities:
IT(p)(zr.x)|l = KAy—1(D2 + ¢):

I7() 60 =T () < 22D + )1+ 4)
+ 2202+ e - ¥l

— 2KA
IT(p)(z.x) =T(P)(@. 0| < m[(l) +eo)(l+4)

+ 22D+ (7. ).

Proof. The inequalities (9.11), (9.18), (9.23) yield the following estimate

T

IT(p)(z, 0)]| <& / Ke 7" "0 A(D? + e)dr = KAy~ (D? + ¢).

—0o0

Using the bounds (9.14), (9.17), (9.23), (9.25) and (9.27) we obtain

1+A7

195

9.27)

(9.28)

(9.29)

(9.30)

(9.31)

IT(p)(z.x) = TP (@3 <& /[||U¢(f,f,8)|| X [Y(@(1), p(p(1).1.€).1.€)

~Y(@(0). (@), t.¢). t.€)| + [Ug(.1.¢)

_U$(Tv t, 6)” : ”Y(a(l)s ﬁ(E(t)v t, 8)5 t, S)H]dt

IA

_ 2K?A
=0l +d(p.P)] +

d(p. D)
1+ A

[llx =Xl

+ JA(D? + g)e =0/ gy

g ! / (Ke 7 DA + o)[(1 + A)||¢ (1)
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and, finally,

IT(P) ) = T @R = 22D +)(1 -+ 4)

d(p.p)
1+ A

+?(D2 + olllx —x|| + . (9.32)

Setting p = P and x = X one at a time in the last inequality we obtain the
required bounds (9.30), (9.31).
The proof is now complete. O

Assume now that D = ¢Dy, A = €Ay, while the set C(D, A) is constructed.
The numbers Dy and Ag will be chosen to obtain the following inequalities for
sufficiently small ¢ (0 < & < &) :

2eA(1 + eAp) <, (9.33)
KAy~'(1 4+ &eD?) < Dy, (9.34)
2KA 2KA

7[(Do + 1)(1 + eAo) + 7(1 + eDg)] < Ay, (9.35)
eAo/(1 + eA) < 1. (9.36)

Inequalities (9.30) and (9.31) imply

IT(p)(z. x)|| < &Do,
IT(p)(z. x) = T(p)(@. )| < eollx —X].

These bounds mean that the operator 7' (p) transforms the complete metric space
C(eDy, eA) into itself.

We use the exact upper bound in (9.32) with respect to ¢ and x. Then (9.36) yields
the existence of a positive number ¢ < 1, such that

d(T(p).T(p)) = qd(p.p).

This means that the operator 7'(p) is contracting. Hence it has a unique fixed
pointin C(eDy, eAp). Thus the Eq. (9.24), which may be rewritten as

p(x.7.8) = T(p)(z.x),

has a unique solution p*(x,,¢) in C(eDy, eAp). Consequently, the system (9.9)
has an integral manifold y = p*(x,t,¢). It may be noted that the system (9.9)
was obtained from (2.1) by the change of variables y = y; + ¢(x, ). Hence, the
system (2.1) has the integral manifold y = h(x,t,¢) = ¢(x,t) + p*(x,t,¢). The
above argument permits us to formulate the following statement.
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Theorem 4. Let the conditions (I),(Il) at the beginning section 9.2 hold. Then
there exist €1(0 < &, < &) such that for ¢ € (0,¢&;) the system (9.1) has an
integral manifold of slow motions y = h(x,t, ). The motion along this manifold is
described by the equation

X = f(x,h(x,t,e),t,¢). (9.37)

Remark 9.1. 1f £(0,0,¢,¢) =0, g(0,0,¢,¢) = 0 hold then #(0,1,5) = 0.

We shall now distinguish some essential properties of the slow integral mani-
folds.

The first is connected with the smoothness of the integral manifolds: under the
conditions of Theorem 3 the function /(x, ¢, ¢) has bounded partial derivatives with
respect to x and ¢ up to and including the k-order.

In many applications there are autonomous, periodic or almost-periodic differen-
tial systems. Hence the question arises as to whether the integral manifold has the
same properties.

The following is a fact. If the functions f and g do not depend on ¢, or are
periodic or almost-periodic with respect to ¢, then function i (x, z, ¢) has the same
properties, see [197].

9.3 Justification of Asymptotic Representation

To justify the asymptotic expansion of /(x, ¢, &) expansion we may follow the same
scheme, as in the proof of the existence of integral manifold y; = p*(x,?,¢). We
shall denote by py(x, ¢, €) the finite sum

k
Dk = Zsih;(x, t)
i=0

where h; are the coefficients of the expansion computed according to (2.24). We
make the change of variables y = y; + pi(x, ¢, ¢) in the system (2.1). Then for the
variables x and y we obtain the system of the form (9.9), where the functions X and
Y are as follows:

X = f(x,y1 + p(x.t,¢8),1,€)

Y= g(an’I + Pk(xat’S)JaS)_gy(x’qb(x’t)’tao))ﬁ

P P e
ot ox

It should be noted that the functions X and Y satisfy inequalities analogous
to (9.10), (9.11), (9.13), (9.14), where the inequality (9.11) must be replaced by



198 9 Appendix: Proofs

the bound
1Y 1| < Ao(llyilI* + ellyill + &5F).

Then the operator T(p)(t,x) for y should be considered on the set
C(e**' Dy, e¥*t1 Ay), where Dy is a positive number with the restriction

KA
0 [(8k+le)2 + s(ekHDk) + £k+l] < SkHDk.

Thus we obtain the existence of the integral manifold y; = p;,(x,,¢), where
| pe i (x.t0)| < g1 Dy This means that system (2.1) has an integral manifold,
which may be represented as follows

y =@, 1) +eh(x,t) + -+ hp(x, 1) + g (x, 1, €),

where e+t!hi 41 = pf, | and by 1 is a smooth function with bounded norm.
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[12,174,177,181], non-Lipschitzian [147], discontinuous [182], discrete [207,209]
and difference-differential systems [48-50].

In the first papers devoted to canards non-standard analysis was the main tool
of investigations [7, 8, 16, 35,36, 221], matched asymptotics were used in [42, 110],
the Gevrey version of matched asymptotic expansions (see references in [51]), the
approach based on the blow-up technique in [39], and on the technique of upper and
lower solutions in [26, 123].

In many papers devoted to canards the term “canard” is associated with periodic
trajectories [7, 8, 20,21, 35, 110]. In the papers [59, 60] it was suggested a canard
is a one-dimensional slow invariant manifold if it contains a stable slow invariant
manifold and an unstable one, and a canard is obtained as a result of gluing stable
(attractive) and unstable (repulsive) slow invariant manifolds at one point of the
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