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Aims and Scope

Optimization has been expanding in all directions at an astonishing rate
during the last few decades. New algorithmic and theoretical techniques have
been developed, the diffusion into other disciplines has proceeded at a rapid
pace, and our knowledge of all aspects of the field has grown even more
profound. At the same time, one of the most striking trends in optimization is
the constantly increasing emphasis on the interdisciplinary nature of the field.
Optimization has been a basic tool in all areas of applied mathematics,
engineering, medicine, economics and other sciences.

The series Optimization and Its Applications publishes undergraduate
and graduate textbooks, monographs and state-of-the-art expository works
that focus on algorithms for solving optimization problems and also study
applications involving such problems. Some of the topics covered include
nonlinear optimization (convex and nonconvex), network flow problems,
stochastic optimization, optimal control, discrete optimization, multi-
objective programming, description of software packages, approximation
techniques and heuristic approaches.
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Preface

Thinking in terms of choices is common in our cognitive culture. Searching
for the best possible choice is a basic human desire, which can be satisfied,
to some extent, by using the mathematical theory and methods for examin-
ing and solving optimization problems, provided that the situation and the
objective are described quantitatively. An optimization problem is a math-
ematical problem of making the best choice from a set of possible choices
and it has the form of optimizing (minimizing or maximizing) an objective
function subject to constraints. Continuous optimization is the study of
problems in which we wish to optimize a continuous (usually nonlinear)
objective function of several variables often subject to a collection of re-
strictions on these variables. Thus, continuous optimization problems arise
everyday as management and technical decisions in science, engineering,
mathematics and commerce.

The mathematical studies of optimization are grounded in the develop-
ment of calculus by Newton and Leibniz in the seventeenth century. The
traditional differential calculus of vector functions is based on the very
basic idea of gradient vectors or the Jacobian matrices, which have also
played a fundamental role in many advances of mathematical and com-
putational methods. These matrices do not always exist when a map or
system is not differentiable (not smooth). A recent significant innovation
in mathematical sciences has been the progressive use of nonsmooth cal-
culus, an extension of the differential calculus, which is now a key tool of
modern analysis in many areas of mathematics and engineering.

Several recent monographs have provided a systematic exposition and
a state-of-the-art study of nonsmooth variational analysis. Focusing on
the study of vector functions, this book presents a comprehensive account
of the calculus of generalized Jacobian matrices and their applications to
continuous optimization in finite dimensions. It was motivated by our desire
to expose an elementary approach to nonsmooth calculus by using a set of
matrices to replace the nonexistent Jacobian matrix of a continuous vector
function. Such a set of matrices forms a new generalized Jacobian, called
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pseudo-Jacobian. It is a direct extension of the classical derivative and
at the same time provides an axiomatic approach to nonsmooth calculus.
It enjoys simple rules of calculus and gives a flexible tool for handling
nonsmooth continuous optimization problems.

In Chapter 1, the notion of pseudo-Jacobian is introduced and illus-
trated by numerous examples from known generalized derivatives. The ba-
sic properties of pseudo-Jacobians and methods for constructing stable
pseudo-Jacobians are also presented. In Chapter 2, a whole machinery of
calculus is developed for pseudo-Jacobians including a mean value theo-
rem and chain rules. Diversity and simplicity of calculus rules of pseudo-
Jacobians empower us to combine different kinds of generalized derivatives
in solving variational problems. In the remaining three chapters, applica-
tions to openness of continuous vector functions, nonsmooth mathematical
programming, and to variational inequalities are given. They demonstrate
that pseudo-Jacobians are amenable to the study of a number of important
variational problems.

We hope that this book will be useful to graduate students and re-
searchers in applied mathematics and related areas. We have attempted
to present proofs of theorems that best represent the classical technique,
so that readers with a modest background in undergraduate mathematical
analysis can follow the material with minimum effort. Readers who are not
very familiar with other notions of generalized derivatives of nonsmooth
functions can skip Sections 1.3, 1.4, and 1.8 at their first reading.

Acknowledgment. We have been developing the material for the book
for several years and it is a result of a long and fruitful collaboration be-
tween the authors, supported by the University of New South Wales. We
are grateful to the University of New South Wales and the University of
Avignon for their assistance during the preparation of the book. We have
also benefited from feedback and suggestions from our colleagues. We wish
to particularly thank Bruce Craven, Jean-Paul Penot, Alexander Rubinov,
and Xiaoqi Yang. We are also grateful to Beata Wysocka for her suggestions
and extensive comments that have contributed to the final preparation of
the book. Finally, we wish to thank John Martindale and Robert Saley for
their assistance in producing this book.

Sydney and Avignon V. Jeyakumar
January 2007 D.T. Luc



1

Pseudo-Jacobian Matrices

In this chapter we introduce pseudo-Jacobian matrices for continuous vec-
tor functions. This concept, which has been termed as approximate Ja-
cobian matrices in the earlier publications of the authors in [44-51] and
[78-82] can be regarded as an axiomatic approach to generalized deriva-
tives of nonsmooth vector functions. We then show that many well-known
generalized derivatives are examples of pseudo-Jacobians.

1.1 Preliminaries
We begin by presenting some preliminary material on classical calculus.
Notations

Throughout the book IR"™ denotes the n-dimensional Euclidean space

whose Euclidean norm for = (z1,...,x,) € R" is given by
n
lzll = [>_(22)*]'/2.
i=1

The inner product between two vectors x and y in IR™ is defined by

n
(z,y) = thyz
i=1
The closed unit ball of IR", denoted B,,, is defined by
B, :={x e R": |z| <1},
and the open unit ball of IR" is the interior of B,,, and is given by

int(B) :={zr € R" : ||z]| < 1}



2 1 Pseudo-Jacobian Matrices

Given a nonempty set A C IR", the notation cl(A) stands for the closure
of A, and int(A) stands for the interior of A. The conic hull and the affine
hull of A are, respectively, defined by

cone(A) :={ta:a € A,t € R,t > 0}

k
aff(A) :={) tia;a; € At e Ryi=1,... k}.

i=1

It is clear that cone(A) is a cone; that is, it is invariant by multiplication
with positive numbers, and aff(A) is an affine subspace of IR".

Let L(IR™,IR™) be the space of real m x n-matrices. Each m x n-matrix
M can be regarded as a linear operator from IR™ to IR™; so for a vector
r € IR™ one has M(z) € R™. The transpose of M is denoted by M'" and
considered as a linear operator from IR™ to IR"™. Sometimes the writing
vM for v € IR™ is used instead of M' (v). Let us endow L(IR",IR™) with
the norm of linear operators

M| = sup [[M(z)].
lefl<1

This norm is equivalent to the Euclidean norm defined by
M| = (|MP? + -+ | M2,

where My, ..., M, € R™ are n columns of the matrix M. The closed unit
ball in the space L(IR",IR™) is denoted By, xn.

Convex Sets

A set A in IR" is said to be convez if the segment joining any two points
of A lies entirely in A, which means that for every z,y € A and for every
real number \ € [0, 1], one has Az + (1 — \)y € A. It follows directly from
the definition that the intersection of convex sets, the Cartesian product
of convex sets, the image and inverse image of a convex set under a linear
transformation, and the interior and the closure of a convex set are convex.
In particular, the sum A; + Ay :={x +y: 2z € A1,y € Az} of two convex
sets A1 and As is convex; the conic hull of a convex set is convex.

The convex hull of A, denoted co(A), consists of all convex combinations
of elements of A; that is,

k k
co(A) := {Z)\ixi:xi eAN>0,i=1,...,k, and Z)‘izl}'
i=1

i=1
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It is the intersection of all convex sets containing A. The closure of the con-
vex hull of A is denoted €6(A), which actually is the intersection of all closed
convex sets containing A. The following result known as Caratheodory’s
theorem shows that the convex hull of a set in IR"™ can be obtained by
convex combinations in which at most n + 1 elements take part.

Theorem 1.1.1 Suppose that A C IR" is a nonempty set. Then each ele-
ment of the convex hull of A can be expressed as a convex combination of
at most (n + 1) points of A.

Proof. Let x € co(A). By definition there are x1,...,z € A and positive
numbers Aq, ..., \; with Zle A; = 1 such that

k
Tr = Z /\Z:L’l
i=1

If K <n-+1, we are done. If not, the system of vectors {z1 —xp,...,zp_1 —
xy } is linearly dependent. Then, there exist real numbers, o;,i =1,..., k—
1, not all zero, such that

k—1
Zai(mi - l‘k) =0.
i=1

Setting a = —a1 — ... — ai_1, one deduces

k k
Zaixi =0 and Zai =0.
i=1 i=1

Choose A = max;—;__xo;/\; and set 73 = A\j — o/A. Then A > 0 and
v; > 0 with Zle v; = 1. Moreover, among ;s there is at least one that
equals zero and

k k k
r=z—0= Z)\ixi - (1/)\)Zaixi = Z%xi
i=1 i=1 i=1

is a convex combination of less than k points of A. Continuing this process
until £ = n + 1 completes the proof. O

Let A be a nonempty convex set in IR"™. The interior of the set A with
respect to the affine hull aff(A) is called the relative interior of A and is
defined by

ri(A) := {z € aff(4) : (z +eB,) Naff(4) C A for some € > 0}.
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It is important to note that every nonempty convex set in IR™ has a
nonempty relative interior. The next theorem on separation of convex sets
is one of the fundamental results of mathematical analysis.

Theorem 1.1.2 Suppose that A C IR" is a nonempty convex set not con-
taining the origin. Then there exists a nonzero vector & of R"™ such that

(&,2) >0 for everyx € C.

If, in addition, C' is closed, then the vector £ can be chosen so that the

above inequality is strict.

A simple proof of this theorem is obtained by the Hahn—Banach theo-
rem which states that if A is an open convex set and L is a linear subspace
of R™ with ANL = (), then there exists a vector £ of IR" strictly separating
A and L in the sense that ({,2) > (,y) =0 forallz € Aand y € L. A
proof without referring to the Hahn—Banach theorem is given in Section 2.1.

Dini Directional Derivatives

Let ¢ : R™ — IR be a given function and let  and u € IR™. The upper
Dini directional derivative of the function ¢ at x in the direction u, which

is denoted ¢™ (x;u), is defined by

¢ (23 4) o= lim sup 2 1) = 9(2)
t|0 t

Likewise, the lower Dini directional derivative of the function ¢ at x in the
direction wu, which is denoted ¢~ (x; u), is defined by

Ola +tw) = o(x)
t

() = limn inf
¢ (x;u) i in

The extended real values +0co and —oo are allowed in the above limits,
which in fact is a peculiarity of nonsmooth functions. Note that if the upper
and the lower Dini directional derivatives in a direction u are finite at a
given point, then the function is continuous at that point along the direction
u. The converse is not true in general. On the real line, the function ¢(z) =
\/m is continuous, but its directional derivatives at x = 0 in directions
u =1 and u = —1 are infinite. When ¢~ (z;u) = ¢ (x;u) and is finite, the
common value, denoted ¢'(z;u), is called the directional derivative of ¢ in
the direction w at . When this is true for every direction u in IR", the
function ¢ is said to be directionally differentiable at x.

One of the notable features of upper and lower Dini directional deriva-
tives is that they always exist, even when the function is discontinuous.
Although they are not necessarily finite, it is relatively easy to work with
them, due to the following elementary properties and calculus rules.
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Proposition 1.1.3 Let ¢ and i be real functions on IR™. Then the follow-
ing assertions hold.

(i)  Homogeneity: ¢+ (z;u) is positively homogeneous in u; that is,
& (25 M) = AT (;u)  for all X > 0.

(ii)  Scalar multiple: for X\ > 0 one has (A\p)" (x;u) = Aot (z;u), and for
A <0 one has (Ap) T (z;u) = Ao~ (x5 u).

(1ii) Sum rule: (¢+v) T (x;u) < T (x;u) + T (x;u) provided that the sum
i the right-hand side exists.

(i) Product rule: (po) " (z;u) < [(z)d]t (z;u) + [¢(x)Y] T (x;u) provided
that the sum in the right-hand side exists, the functions ¢ and i are
continuous at x, and that either of the following conditions is satisfied:
d(x) # 0; ¥(x) #0; ¢F(25u) is finite; and Y+ (z;u) is finite.

(v)  Quotient rule: (¢/v)* (w; u) < ([ ()] * (w5 u)+ [~ ()] (a; w) Y[ ()P
provided that the expression in the right-hand side exists and the func-
tion Y s continuous at x.

If, in addition, the functions ¢ and 1 are directionally differentiable at x,
then the inequalities in the three last assertions become equalities.

Proof. This is immediate from the definition. O

Properties and calculus rules of lower Dini directional derivatives can
be obtained in a similar manner. The next result shows that upper and
lower Dini directional derivatives are convenient tools for characterizing an
extremum of a function.

Theorem 1.1.4 Let ¢ : IR® — IR. Then the following assertions hold.

(i) If p(x) < ¢(x + tu) (respectively, ¢(x) > ¢(x + tu)) for all t > 0
sufficiently small, then ¢~ (xz;u) > 0 (respectively, ¢+ (z;u) < 0). In
particular, if ¢ is directionally differentiable ot x, and ¢(x) < &(y)
(respectively, ¢(z) > ¢(y)) for every y in a small neighborhood of x, then
its directional derivative at this point is positive (respectively, negative).
Consequently, if ¢'(z;u) is linear in u, it vanishes in all directions.

(ii) If ¢ (z+tu;u) > 0 for allt € (0,1) and if the function t — ¢(x+tu)
is continuous on [0, 1], then ¢(x) < ¢(x + u).

Proof. The first assertion is clear. Let us prove the second one. Suppose,
to the contrary, that ¢(z) > ¢(z + u). Consider the function

h(t) := o(x + tu) — d(x) + t[p(z) — ¢z + u)].

Clearly, h is continuous on the segment [0, 1] and takes the value zero at
the end points ¢ = 0 and ¢ = 1. Then, there exists some ¢y € [0,1) at
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which h attains its maximum. Set y := x + tou. Then h(tg) > h(to +t) for
t € 10,1 — to], and hence

Py + tu) — o(y) < t[p(x +u) — d(z)]

for t > 0 sufficiently small. By dividing both sides of the latter inequality
by t and passing to the limit when ¢ tends to 0 we deduce

" (y;u) < ¢z +u) — d(x) <0

which contradicts the hypothesis. The proof is complete. O

We now derive a mean-value theorem for continuous functions.

Theorem 1.1.5 Let ¢ : R — IR be continuous. Then for every two dis-
tinct points a and b in IR™ one can find two points x and y in the interval
[a,b) such that

¢t (250 —a) < ¢(b) — pla) < ¢ (y;b— a).

In particular, if the upper Dini directional derivative ¢ (z;b—a) is contin-
uous in the variable x on the interval [a,b), then there is a point ¢ between
a and b such that

¢(b) — p(a) = ¢'(c;b — a).

Proof. Consider the function

h(t) := ¢(a+t(b —a)) — ¢(a) + t[¢(a) — ¢(b)].

Because h is continuous on the segment [0, 1] and takes the value zero at
the end points t = 0 and ¢t = 1, there exist some points ty and ¢; in the
interval [0,1) such that h attains its minimum at ¢y and maximum at ¢;.
Set  := a+to(b—a) and y := a + t1(b — a). Now the first part of the
theorem follows from Theorem 1.1.4. The second part is immediate from
the first one and the classical intermediate value theorem. O

The hypothesis on the continuity of the derivative ¢ (.;b—a) in the sec-
ond part of Theorem 1.1.5 cannot be neglected. To see this, let us consider
the function ¢(x) = |x| on IR. It is directionally differentiable everywhere.
For a = —1 and b = 1 we have

TR e forx <0
¢ (x; b a)—{2 for x > 0,

which is discontinuous at x = 0. There exists no ¢ between a and b such
that 0 = ¢(b) — ¢(a) = ¢/(¢; b — a). Notice, however, that ¢(b) — ¢(a) does
belong to the convex hull of the derivatives ¢'(0;b — a) and ¢'(0;a — b).
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Let us denote by e; the unit jth coordinate direction in IR". If ¢ is
directionally differentiable at x in directions e; and —e;, and if ¢'(z;e;) =
¢'(x; —ej) is finite, then this value, denoted (9¢(z)/0dx;), is called the par-
tial derivative of ¢ at x in the jth variable. Thus, by definition

00() _ | dlrtte) — olx)

Oor; = =0 t '
The vector 90(z) ()

Vo(z) = ( ag;:f ax:>

is called the gradient of ¢ at x.
Lipschitz Functions

Let ¢ : R™ — IR be given and let U be an open set in IR™". We say that
¢ is Lipschitz on U with a Lipschitz constant k > 0 if |p(x) — ¢(y)| <
kllx — y|| for all x and y in U. We say that ¢ is Lipschitz near z, or
locally Lipschitz at x, if, for some ¢ > 0, ¢ is Lipschitz on the set x +
tint(By,). The class of Lipschitz functions is quite large. It is invariant
under usual operations of sum, product, and quotient. Lipschitz functions
are continuous, but not always directionally differentiable. For instance, the
function ¢ : IR — IR with ¢(z) = 0 outside the interval (0, 1), ¢(z) = —2z+
(2/3°) on [2/(3+1), 1/37), and é(x) = 20— 2/(371) on [1/(371),2/(371)),
1=0,1,2,....,1s Lipschitz on IR with a Lipschitz constant k£ = 2. However,
for x = 0 and u = 1 we have ¢"(z;u) = 1 and ¢ (z;u) = 0, which
shows that ¢ is not directionally differentiable at x. Nevertheless, Lipschitz
functions can be characterized by their upper and lower Dini directional
derivatives as shown by the next result.

Proposition 1.1.6 Let ¢ : IR" — R be given and let U be an open set in
IR™. Then ¢ is Lipschitz on U with a Lipschitz constant k > 0 if and only
if for every x € U and u € R"™ one has

max{|¢” (z;u)l, |¢" (25 u)l} < Klul.

Proof. The conclusion follows from Theorem 1.1.5. O
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Jacobian Matrices and Derivatives

For a vector function f : R™ — IR™, the directional derivative of f at x in
the direction u is defined by

When f/(z;u) exists for every u € IR"™, the function f is called direction-
ally differentiable at x. Let fi,..., f,, be the components of f. Then, f
is directionally differentiable at x if and only if the component functions
fi,..., fm are directionally differentiable at this point.

If the partial derivatives (0fi(x)/0x;), ¢t = 1,...,mand j =1,...,n
exist, then the m x n-matrix V f(z), which is called the Jacobian matriz
of f at x, is given by

0fi(z) ... 9h(=x)

6951 al’n

Ofm(x) . Ofm(z)

6Z1 Oxn

Thus, the Jacobian matrix consists of m rows that are gradients of the
component functions. We notice also that the Jacobian matrix uniquely
depends upon the behavior of the function on the coordinate directions, so
that its existence at a point does not imply that its component functions
are directionally differentiable at that point. Moreover, the existence of a
Jacobian matrix of a function does not ensure that the function is contin-
uous. Below we present some properties of Jacobian matrices.

Proposition 1.1.7 Let f and g be vector functions on IR™ with values
in R™ and let Vf(z) and Vg(z) be their Jacobian matrices. Then the
following assertions hold.

(i)  The function f is directionally differentiable in every coordinate direc-
tion and the directional derivative f'(x;ej) is the transposed jth column
vector of the Jacobian matriz V f(z).

(ii) For every vector v in IR™, the gradient of the real function ¢(z) =
vifi(z) + -+ vmfm(x) exists and Vo(z) = vV f(z).

(iii) For every real number \ one has V(Af)(x) = AV f(x).

(iv) The Jacobian matriz at x of the sum function f+ g exists and V(f +

9)(x) = Vf(z) + Vg(z).

Proof. This is immediate from the definition. O
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Jacobian matrices are very useful in expressing classical derivatives of
smooth functions. We say that f : IR™ — IR™ is Gdteaux differentiable at
x if there is an m X n-matrix M such that for each v € IR" one has

g L+ 10) = f(2)
t|0 t

= M(u).

In this case M is called the Gateaux derivative of f at x. It follows that
if f is Gateaux differentiable at z, then it is directionally differentiable at
this point and f/(z;u) = V f(x)(u), so that M coincides with the Jacobian
matrix of f at z. The converse is also true, namely, if f is directionally dif-
ferentiable at x and the function f’(x;u) is linear in u, then f is Gateaux
differentiable at this point provided that Vf(z)(u) = f'(x;u) for every
u € R™

When the matrix M satisfies

LSt w) = f(@) — M)
w ful

:07

it is called the Fréchet derivative of f at x and f is said to be Fréchet
differentiable at x. Moreover, if

fly+u) — fly) — M(u)

y—x,u—0 ||’LL H

=0,

then f is said to be strictly (Hadamard) differentiable and M is its strict
(Hadamard) derivative at z. It follows that a strictly differentiable func-
tion is Fréchet differentiable, which is also Gateaux differentiable. The
converse is in general not true. For instance, the real-valued function
#(x) = z%cos(1/x) for x # 0 and ¢(0) = 0 is Fréchet differentiable, but
not strictly differentiable at x = 0. We end this preliminary section with a
sufficient condition for strict differentiability of a vector function in terms
of Jacobian matrices.

Proposition 1.1.8 Let f : R" — IR™ be a continuous vector function,
and let x € R". Assume that the Jacobian matriz V f(y) of f at every
point y in a neighborhood of = exists and that the map y — Vf(y) is
continuous on line segments in a neighborhood of x and continuous at x.
Then f is strictly differentiable at x.

Proof. By considering the components separately we may restrict our-
selves to the case where f is a scalar function. Set u' = Z;L:z uje;,i =
1,...,n and w1 = 0 for a vector u = (uy,...,uy,) in IR™. Then

n

fly+u) = fly) = [fly+u') = fly+u™)].

i=1
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Because the segment [y-+u’, y+u'*1] is parallel to the ith axis, we apply the
mean value theorem (Theorem 1.1.5) to find a point y* from that segment
such that f(y +u?) — f(y +u*) = Vf(y")(u — u*!). We notice that y°
converges to x as y tends to z and u tends to 0. It follows that

n

Fly+u) = f(y) = V) () =) V) = V@) —uth).

i=1

Dividing both sides of this equality by |lu|| and passing to the limit as u
tends to 0 and y tends to x, we obtain that V f(z) is the strict derivative
of f at x. O

1.2 Pseudo-Jacobian Matrices

Although the concept of pseudo-Jacobian is available for functions defined
on a neighborhood of the point under consideration, we describe it for con-
tinuous functions so as not to blur the presentation of the concept.

Definition

Let f : IR® — IR™ be a continuous vector function. We say that a
nonempty closed set of m x n-matrices df(z) C L(IR",IR™) is a pseudo-
Jacobian of f at x if for every v € IR™ and v € IR™ one has

() (z;u) < sup (v, M(u)), (1.1)
Medf(z)

where vf is the real function (vf)(z) = >, v; fi(x) for every z € R".
Each element of 0f(z) is called a pseudo-Jacobian matriz of f at x. If
equality holds in (1.1), we say that Of(z) is a regular pseudo-Jacobian of
f at x.

Note that this definition encompasses three known procedures of vector
analysis: scalarization of the vector function f through all directions v
in IR™; approximation of the scalarized functions vf by means of upper
Dini directional derivatives; and sublinearization of the approximations by
a set of matrices. To illustrate this, let us consider the vector function
f:R?> — IR? defined by

fay) = (Vlal, VD)

For each direction v = (vy,v2) in IR? the scalarized function v f is given by

(Wf)(,y) = v/l + v2v/Jyl-
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The upper Dini directional derivative of v f at (0,0) in direction u = (u1, u2)
is calculated as

(0F)*((0,0): (1, uz) = lim sup 22 W;M
t]0 t

= sign(viy/|u1| + v/ |uz|) X oo,

where 0 X oo is understood to be 0. Let M be a 2 x 2-matrix whose entries
are real numbers a;;, ¢, = 1,2. Then

2
(v, M(u)) = Z a;jVU;j.

i,j=1

Because the variables  and y in the function v f are separable, it suffices to
use matrices M with a12 = ao; = 0 in determining a pseudo-Jacobian. It is
now easy to prove that for any positive numbers o and (3, the set of matrices
M with |a11| > «, |ag| > 8 and a12 = a1 = 0 is a pseudo-Jacobian of f
at (0,0).

It is worth observing that the set of matrices M with |ai1| > 1, a11 =
age and a1z = ag; = 0 is not a pseudo-Jacobian of f at (0,0), although
it satisfies (1.1) whenever v belongs to the set of coordinate directions
{(17 O)v (_17 O)a (0» 1)7 (07 _1)}'

We notice also that df(x) is not unique and that we do not assume
that it is a convex or bounded subset of L(IR",IR™). This makes the con-
cept rather flexible and covers a number of nonsmooth generalized deriva-
tives (see Section 1.3). The use of matrices in the sub-linearization in (1.1)
greatly facilitates the development of the pseudo-Jacobian based calculus
as we show throughout the book. A pseudo-Jacobian produces upper esti-
mates for the upper Dini derivatives (vf)*(z;u) via (1.1) for all v € R™
and u € IR™. Therefore, like outer approximation of a set, it may be ar-
bitrarily large, but can gradually be narrowed by imposing additional re-
strictions so that it suits a problem at hand. Our interest, often, is to
obtain a pseudo-Jacobian, which is as small as possible (in the sense of set
inclusion). However, for a given nonsmooth function the smallest pseudo-
Jacobian does not necessarily exist. For the function f(z) = x'/3 on the
real line, one has (vf)*(0;u) = +oc if vu > 0, and (vf)T(0;u) = —oo if
vu < 0. Any set of the form [«, 00) is a pseudo-Jacobian of f at 0. Con-
versely, a pseudo-Jacobian of f at 0 must contain at least a sequence of
positive numbers converging to oco. Hence, the smallest pseudo-Jacobian
for this function does not exist.
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Basic Properties

Proposition 1.2.1 The following properties of pseudo-Jacobians hold:

(i) A closed set Of(x) C L(IR",IR™) is a pseudo-Jacobian of f at x if and
only if for every u € R"™ and v € R™ one has

) (@)= | i (o M) (1.2
(is) If Of(x) C L(IR",IR™) is a pseudo-Jacobian of f at x, then every
closed subset A C L(IR",IR™) containing Of(x) is a pseudo-Jacobian
of f at x.
(vit) If {0;f (x)}52, € L(R™,IR™) is a decreasing (by inclusion) sequence
of bounded pseudo-Jacobians of f at x, then (;=; 0;f(x) is a pseudo-
Jacobian of f at x.

Proof. Let u € IR"™ and v € IR™ be arbitrarily given. Then we have

(=vf)(x +tu) = (=vf)(z)

(—vf)T(x;u) = limsup

£10 3
D@ )~ 0])(a)
10 t
=—(vf) (z;u).
This and the equality
Mzg}g@)(—v, M(u)) = — Mégjfc (x)<v, M (u))

show the equivalence between (1.1) and (1.2).

The property in (ii) is evident from the definition. For the property
(iii), we notice that each set 0;f(x) is compact, hence the intersection of
the family {0;f(x) : ¢ =1,2,...} is nonempty and compact. Moreover, for
each v € R"™ and v € IR™ it follows from the definition of pseudo-Jacobian
that

(0f)* (25u) < (v, My(w)

for some M; € 0;f(z), i =1,2,.... Because {M;}°, is bounded, we may
assume that it has a limit My € (72, 0; f(x). Letting ¢ go to infinity in the
above inequality we obtain
()" (@wiu) < (v, Mo(u)) < sup (v, M(u)),
Me N 9if(z)
1=1

which completes the proof. O
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In the third property of Proposition 1.2.1, if the sets 9, f(z),i = 1,2,...,
are unbounded, then the conclusion is no longer true. An example of this
can be obtained when the intersection of these sets is empty. Indeed, as we
have already seen, on the real line, the sets 9 f(0) := [k, 00), k =1,2,...,.
are pseudo-Jacobians of the function f(z) = x/3 at 0. Their intersection
is an empty set, so that it cannot be a pseudo-Jacobian of f at that point.

Classical Derivatives

Now we show that all classical derivatives are examples of pseudo-Jacobians.

Proposition 1.2.2 Let f : IR" — IR™ be continuous and Gateauz differ-
entiable at x. Then {V f(x)} is a pseudo-Jacobian of f at x. Conversely, if
f admits a singleton pseudo-Jacobian at x, then it is Gateaux differentiable
at this point and its derivative coincides with the pseudo-Jacobian matrix.

Proof. If f is Gateaux differentiable at x, then for each u € IR"™ and
v € IR™ one has

(0f) " (25u) = (v, Vf(2)(w),

which shows that the singleton set {V f(x)} is a pseudo-Jacobian of f at
x. Conversely, assume that f admits a singleton pseudo-Jacobian at x, say
Of(x) = {M}. Then by Proposition 1.2.1,

(f) " (@5u) = (vf) " (@3u) = (v, M(u))

for every u € IR"™ and v € IR™. Hence for each v € IR", the directional
derivative of f at x in the direction w :

exists and equals M (u). This means that f is Gateaux differentiable and

Vf(x)= M. d

Proposition 1.2.3 Let f : R" — IR™ be continuous, Gdteaux differen-
tiable at x, and let Of(x) be a bounded pseudo-Jacobian of f at x. Then
for every v € R™ there is some matriz M of the convex hull co(0f(x))
such that [V f(x)]""(v) = M (v). In particular, V f(z) € co(0f(z)) when-
ever m = 1.

Proof. It follows from the hypothesis that, for each u € IR" and v € R",

in v u v r)\u)) = (v + Tr;u su v u
Meanv(I)< s M(u)) < (v, Vf()(w)) = (0f)7 (x; )SMGB?(I)< , M(u),
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which implies that

(0, Vf(2)(u)) € {{v, M(u)) : M € co(df(x))}-

The set {vM : M € co(0f(z))} € IR™ is convex and compact, therefore
there exists some M € co(df(x)) such that vV f(x) = vM. When m = 1,
by choosing v = 1, we get V f(z) = M. O

1.3 Nonsmooth Derivatives

In this section we show that many generalized derivatives of modern non-
smooth analysis are examples of pseudo-Jacobians. Readers who are not
familiar with these generalized derivatives may skip this section at the first
reading.

Clarke’s Generalized Jacobians

Suppose that ¢ : IR"™ — IR is a locally Lipschitz function at z. Let
u € IR™ be given. The Clarke directional derivative of the function ¢ at z
in the direction u, which is denoted ¢°(z;u), is defined by

¢°(x;u) ;= lim sup ¢(z' + tu) — (25(1'/)
t10,2' —x t

Because ¢ is locally Lipschitz, this upper limit is finite, and actually as the
function of u, ¢°(z;u) is a convex, positively homogeneous function, that
is,

°(z; 5u) = 5¢°(z;u), for s >0
WO (z;u+v) < @(z;u) + ¢0(x;0).

The Clarke subdifferential of ¢ at x is defined by
°p(x) :=={€ e R": (£,u) < ¢°(x;u) for u e R}

One of the notable properties of this subdifferential is that it is a nonempty
convex and compact set in IR" and ¢"(z; ) satisfies the relation

¢"(z;u) = cmax (€ u).

Moreover, 9% ¢(x) is a singleton if and only if ¢ is strictly differentiable at
x.
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Now, suppose that f : IR” — IR™ is a vector function that is locally
Lipschitz at z, that is, as in the scalar case, there exists a neighborhood U
of x and a positive k such that

If(x1) — f(x2)|| < K|y —xo|  for all xy,29 € U.

Using a theorem due to Rademacher, a locally Lipschitz function is
differentiable almost everywhere (in the sense of Lebesgue measure) on U,
we define the Clarke generalized Jacobian of f at x, denoted 9° f(z), by

% f(x) == co{llim Vfi(x;):z €2, z;— x},

where (2 is the set of points in U at which f is differentiable. The set of
all limits in the right—-hand side without the convex hull is called the B-
subdifferential of f at x and is denoted 9% f(z). The following summarize
some basic properties of the Clarke generalized Jacobian.

(i) 09 f(x) is a nonempty convex and compact subset of L(IR™,IR™), and
0% (= f)(z) = =0 f(x).

(i) 0Yf(x) is a singleton if and only if f is strictly differentiable at .

(iii) (Robustness) 0% f(x) = {lim; oo v; : v; € € f (), 2; — 2}

(iv) For locally Lipschitz functions f : R"® — IR™, g:R"™ — IR,

0°(f,9)(z) C{(N): M € 0°f(x), N € 9(a)}.

(v) 0Yf1 + fo)(x) C 09 fi(x) + 0 fao(x), where fi, fo : R™ — IR™ are
locally Lipschitz.
(vi) (Lebourg’s mean value theorem) For a,b € IR",

F(b) = f(a) € co (8 f([a, B]) (b — a))

and when m = 1, there is some ¢ € (a, b) such that

F(0) = f(a) € 0°f(e)(b —a).

The link between the Clarke generalized Jacobian of the vector function f
and the Clarke directional derivative of the real function vf, v € R™, at x
in the direction u € IR" is given by

vf)°(z;u) = max (v, M(u)).
) (@ = | max (v M(w)
Proposition 1.3.1 Let f : R" — R™ be locally Lipschitz at x. Then the

Clarke generalized Jacobian 0 f(z) of f at x is a pseudo-Jacobian of f at
this point.
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Proof. For each u € IR" and v € IR™, one has

(0f)* (@3u) < (vf)° (25 0).
Now the assertion follows from the fact that (vf)°(x; u)

- = maxrepe f(z) (v, M ().

We note that the inequality in the proof of the preceding proposition
may be strict, so that in general the Clarke generalized Jacobian is not a
regular pseudo-Jacobian. Let us look at a numerical example of a locally
Lipschitz function where the Clarke generalized Jacobian strictly contains
a pseudo-Jacobian.

Example 1.3.2 Consider the function f : IR? — IR?, defined by

f(@,y) = (I, [y)-

It is easy to verify that the set

o(0) = {((1,(1)) , <(1)_01> : <01(1)) ! (o1 —01>}

is a pseudo-Jacobian of f at 0. On the other hand, the Clarke generalized
Jacobian is given by

aCf(O)z{(g%> o, Be [, 1]}

which is also a pseudo-Jacobian of f at 0 and contains 9f(0).

Observe in this example that 9 f(0) is the convex hull of d(0). How-
ever, this is not always the case. The following example illustrates that
even for the case where m = 1, the convex hull of a pseudo-Jacobian of a
locally Lipschitz function may be strictly contained in the Clarke general-
ized Jacobian.

Example 1.3.3 Consider the function f : IR? — IR, defined by
fla,y) = || = Jyl.
Then it can easily be verified that
0 f(0)={(1,1),(=1, -1} and  92f(0) ={(1,-1),(=1,1)}

are pseudo-Jacobians of f at 0; whereas
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¢ £(0) = co{(1,1), (~1,1),(1,-1),(=1,-1)}.

Observe that the convex hull of the pseudo-Jacobian 0; f(0) is a proper
subset of the Clarke generalized Jacobian ¢ f(0) and that the two pseudo-
Jacobians 0; f(0) and 05 f(0) are not included in each other.

Mordukhovich’s Coderivatives

Let C be a nonempty subset of IR". The distance function d(-,C') to the
set C' is given by
d(z,C) := inf ||z — ||
ceC

and the set of best approximations of z in cl(C'), denoted P(z, (), is given

by
P(z,C):={ceC: |z —c|=d(xzC)}.

The limiting normal cone to C at T € cl(C) is the closed cone
N(C,z) := {limv; : v; € cone(x; — P(x;,C)),z; — T}

where cone(z — P(z,C)) is the cone generated by the set {x — P(z,C)},
that is,

cone(x — P(x,C)) :={t(x —y) : t > 0,y € P(z,C)}.

In other words, N(C,T) consists of all limits lim¢;a;, where ¢; > 0 and
a; € xr; — P(.CCZ',C), xr; — T.

Now suppose that f : IR"™ — IR™. Then, the graph of f is the set
graph(f) := {(z, f(z)) e R" x R™ : x € R"}.

The Mordukhovich coderivative of f at g is the set-valued map DM f(zg) :
R™ = IR" defined by

DM f(w0)(v) := {u € R" : (u, ~v) € N(graph(f), (2o, f(20)))}-
The normal cone N(C,zg) can also be written in the form
N(C,xo) = {limwv; : v; € N(C’, x;),x; € Coxy — xo},

where N (C, z) is the cone consisting of all vectors £ € IR" satisfying

/_
lim sup M <0,
z'eC, z'—z ||.’E - JJH

which is the dual to the Bouligand contingent cone
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T(C,z) :={limt;(x; —x) : t; > 0,2, € C,x; — x}.

When the two cones N(C, zo) and N(C, zg) coincide, the set C' is said to be
regular at zo. Note that in general, the set DM f(z0)(v) is neither convex
nor bounded. Here are some basic properties of DM f :
(i)  (Robustness) DM f(z)(v) = {lim¢&; : & € DM f(2;)(vi),vi — v, 2, —
x with f(x;) — f(2)}.
(ii) When f is strictly differentiable at xo, one has
DM f(x0)(v) = (Vf(x0))" (v) for every v € R™.
(iii) For fi, fo : R™ — IR™, if the following qualification condition holds
DM fi(w0)(0) N (=D fa(o)(0)) = {0},

then DM (f1 + f2)(z0) C DM f1(w0) + DM fo(o).
(iv) When f is locally Lipschitz at 2o, D™ f(z¢) consists of n x m-matrices
and satisfies the following set equality

[0 £ (20)]"" (v) = [co (DM f(0))](v)

for all v € IR™. Moreover, if there is some subset I" C L(IR",IR™) such
that

[ (DM f(x0)))(v) = T{A" (v) : A € I'},
or equivalently

sup (&, u) = sup(v, A(u)),
£eDM f(x0)(v) Aer

then f is locally Lipschitz at xg.

We write [DM f(z0)]"" to indicate the set of transposed matrices of DM f ().

Proposition 1.3.4 Let f : R" — IR™ be locally Lipschitz at x. Then
[DM f(z)]*" is a pseudo-Jacobian of f at this point.

Proof. This follows immediately from the above observation and Proposi-
tion 1.3.1. O

As it was shown by Example 1.3.3, a locally Lipschitz function may
have a pseudo-Jacobian strictly smaller than the Mordukhovich coderiva-
tive. When f is not locally Lipschitz, the set DM f(z)(v) may be empty.
This may happen, for instance, when f is strictly differentiable except for
a point z and ||V f(2')(v)|| goes to oo as 2’ tends to x.
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Warga’s Unbounded Derivative Containers

Let f: IR™ — IR™ be a continuous function and V' an open set in IR". A
collection {A° f(z) C L(IR",IR™) : € > 0,z € V'} is said to be an unbounded
derivative container for f if

(i)  Asf(x) C A7 f(z) for e < £'.

(ii) For every compact set C' C V, there is a sequence {f;};>1 of continu-
ously differentiable functions defined in a neighborhood of C| an integer
ic > 1, and a positive number d¢ such that {f;} uniformly converges
to f on C and A°f(x) contains V f;(y) for all i > i and for all y € V
with |ly — z|| < dc.

When A°f(x),e > 0,2 € V are all closed and uniformly bounded, the
unbounded derivative container A°f is called a derivative container. Here
are some properties of unbounded derivative containers:

(i) If A% f(x) is an unbounded derivative container of f, then any family
Q¢ f(x) € L(R™,R™) with 2°f(z) C 2 f(z) for & > e,z € V and
A® f(z) C £2¢ f(x), is also an unbounded derivative container of f.

(ii) The function f is locally Lipschitz if and only if it has a derivative
container, in which case

% f(x) C co( m A f(z)).
e>0

The next proposition shows that unbounded derivative containers are in-
stances of pseudo-Jacobians.

Proposition 1.3.5 Let f : IR" — IR™ be a continuous function. Let
{Af(z) € LOR™,IR™) : € > 0,2 € V} be an unbounded derivative con-
tainer for f. Then for every € > 0, the closure of A°f(x), is a pseudo-
Jacobian of f at x.

Proof. Let {t;} be a sequence of positive numbers converging to 0 such

that
_ i @HEH ) = ()

(vf) " (z5u)

Here we allow the limit to take 400 and —oo. Let us take C to be a
closed neighborhood of x in V. Then, there exists a smaller neighborhood
Co such that ||y — z|| < d¢ for all y € Cy. For i > ic sufficiently large,
x + tiu € Cp and as the sequence {vf;} converges uniformly on Cy to vf,
one finds k; > i¢ such that

v f(y) = vfi, W < ti/i,
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for every y € Cy. Then, for every u € IR" and v € IR™, we obtain

i D@+ taw) = (0f) (@)

1—00 t;

= lim & (@) + i) — (o) @ + i) + (0fi) (@ + ) = (5,) @)
i) (@) — () @)

= lim 3 (0fi) (o + i) — (05 @) (13)

Because fy, is continuously differentiable, we apply the classical mean value
theorem to find y; € (x,x + t;u) such that

(0fi) (@ + tiw) = (vfi) (@) = vV fr, (yi) (tiw).

Substituting this expression into (1.3) and noting V fi.(y;) € A°f(z), we
obtain

(W)t (z;u) < sup (v, M(u)).
MeAe f(x)

This shows that the closure of A®f(z) is a pseudo-Jacobian of f at z. O
Ioffe’s Prederivatives

We pause to recall the notion of support functions that characterize closed
convex sets. Given a nonempty subset C' of IR", its support function, de-
noted o¢, is defined by

oc(u) == sug(u, x).
xe

The support function o¢ is sublinear, that is,

oc(ur + u2) < oc(ur) + oc(ug),
Uc(tu) = tac(u), t > 0.

Moreover, the support function of C' coincides with the support function
of the closed convex hull €6(C) of C. When C is closed, o¢(-) is finite
valued if and only if C is compact. It is also known that a given function
o : IR™ — IR is sublinear and continuous if and only if there is a nonempty
convex and compact set C' C IR" such that ¢ = o¢. Any such C is unique.

Let 2 : IR™ = IR™ be a set-valued map. It is called a fan if the following
properties hold.

(a) £2(u) is nonempty, convex, and compact for each u € R"™.
(b)  2(ug +u2) C 2(uq) + 2(ug) for each ug,uy € R™.
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(¢c) £2(tu) =t2(u) for each u € R™ and t € IR.
(d) 192l == supyy<1,ven) V]l < oo
It turns out that a fan can be characterized by a bi-sublinear function.
Namely, given a fan {2 : IR" = IR™, we define a function o : R" x R"™ — IR
by
o(u,v) := sup (y,v) for (u,v) € R" x R™.
yE(u)

It follows that o is sublinear and finite—valued in each variable. For every
fixed u € IR", o(u, -) is the support function of the convex and compact set
2(u). For each fixed v € R™, o(-,v) is the support function of a certain
convex and compact set that is unique and is denoted by 2*(v) C R"™. It is
not hard to see that the set-valued map v — 2*(v) from IR™ to IR" is a fan
that we call conjugate to §2. Conversely, given a continuous and bisublinear
function o : R™ x R™ — IR, let £2(u) be the convex and compact set in
IR™ whose support function is o(u,-) and let £2*(v) be the convex and
compact set in IR™ whose support function is o(-,v). Then the set-valued
maps u — 2(u) and v — 2*(v) are both fans and conjugate to each other.

Let f: IR™ — IR™ be a continuous function and let {2 : IR" = IR™ be
a fan. We say that (2 is a prederivative of f at x if

flz+u)— f(z) € 2(u) + r(u)||u||Bnm,
where r(u) — 0 as u — 0. We say that {2 is a strict prederivative of f at x
if
f@ +u) = f(@') € 2(uw) +r(@,w)||ul B,

where r(2’;u) — 0 as ' — x and u — 0.

Proposition 1.3.6 Assume that a fan §2 is generated by a set of m X n-
matrices. If it is a prederivative of f at x, then it is a pseudo-Jacobian of
f atx.

Proof. Let u € IR"™ and v € IR™. Because {2 is a prederivative of f at x,
for each t > 0,

(W) (@ +tu) — (vf)(2) € t{v, 2(u)) + tl|ullr(u)(v, Bn)-

Consequently,

Nzt tw) = ON@) G0 (o, M) + fullr () (v, B)).
t MeEQ2,bEBm

By passing to the limit as ¢ — 0, one obtains

(vf) " (z5u) < sup (v, M(u))
Mes2
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which shows that (2 is a pseudo-Jacobian of f at x. O

It follows directly from the definition that a strict prederivative is also
a prederivative. Hence when being defined by m x n-matrices, it is also a
pseudo-Jacobian. When f is locally Lipschitz, Ioffe showed that the fan de-
fined by the Clarke generalized Jacobian is the smallest strict prederivative
of f, hence any other fan containing this fan is also a strict prederivative and
f may have a pseudo-Jacobian strictly smaller than its strict prederivative.

The Gowda and Ravindran H-Differentials

Suppose that f : IR" — IR™ is continuous. We say that a nonempty set
T(x) C L(IR™,IR™) is an H-differential of f at x if for every sequence {z;}
converging to z, there exists a subsequence {z;, } and a matrix A € T'(x)
such that

f@i,) = f() = Ay, — ) = o([|z, — z]),
where
1o ok, = al)
koo ||z, — x|
If f has an H-differential at x, then it is said to be H-differentiable at x.
When f is Fréchet differentiable at x, the set {V f(z)} is evidently an
H-differential of f at x. This is not necessarily the case when f is merely
Gateaux differentiable. Moreover, when f is locally Lipschitz, the Clarke
generalized Jacobian is an H-differential of f.

=0.

Proposition 1.3.7 Let f : R" — IR™ be H-differentiable with an H-
differential T'(z). Then the closure of the set T(x) is a pseudo-Jacobian
of f at x.

Proof. Let u € R"™ and v € IR™. Let {t;} be a sequence of positive
numbers converging to 0 such that

_ i 0 F ) — (0f)(2)

1—00 t;

(f) " ()

Because T'(x) is an H-differential of f at x, there exists a subsequence {t;, }
and a matrix A € T'(z) such that

fle+tiu) — f(@) — Aty u) = o([[te, ul)-
This implies that

()" (w3u) = (v, Au) < sup (v, Mu),
MeT (z)
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which shows that cl(T'(x)) is a pseudo-Jacobian of f at . O

The following example illustrates that a pseudo-Jacobian of f at x is
not necessarily an H-differential.

Example 1.3.8 Let f: IR — IR be defined by

f(@) = /lzl.

Trivially, the set IR is a pseudo-Jacobian of f at x = 0. However, it is not
an H-differential of f at x = 0. Indeed, no real numbers a € IR satisfy

f(@i) = f(0) — a(zi = 0) = of|zil),

where {z;}° is a subsequence of the sequence {1/i}7°. Actually, the func-
tion is not H-differentiable at this point.

1.4 Pseudo-Differentials and Pseudo-Hessians of
Scalar Functions

We specialize in this section the concept of pseudo-Jacobians to scalar
functions. This leads to a new concept of pseudo-differential of continuous
functions and pseudo-Hessian matrices of continuously differentiable func-
tions.

Pseudo-differentials

Let f: IR™ — IR be continuous. We say that a closed subset df(z) C R"
is a pseudo-differential of f at x if considered as a subset of L(IR",IR) it is
a pseudo-Jacobian of f at x.

Because there are only two directions in IR (the positive direction and
the negative direction), the definition of pseudo-differential is reduced to
the two following inequalities: for each u € R",

fH(asu) < sup (27%,u) (1.4)
z*€df(x)

“(x;u) > inf  (z¥,u). 1.5

Fla > (@ (15)

By definition, as a function of variable u, the function in the right—hand side
of (1.4) is the support function of the set 0f(z) and is convex and positively
homogeneous. The function in the right hand side of (1.5) is concave and
positively homogeneous. Thus, the lower Dini directional derivative f~ (z;-)
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and the upper Dini directional derivative of f*(x;-) at z are sandwiched
between these two positively homogeneous functions.

As we have seen in the previous section, if f is Lipschitz near =z,
then the Clarke subdifferential 9 f(z) and the Mordukhovich coderiva-
tive DM f(z) are examples of pseudo-differentials. Some more examples of
pseudo-differentials are given below.

The Clarke—Rockafellar Subdifferential

Suppose that f : IR — IR is continuous. The Clarke—Rockafellar direc-
tional derivative of f at x in the direction w is given by

fly+tu) = f(y)

f1(x;u) ;== suplimsup  inf )
0>0 y—uz,t]0 [l —ul|<6 t

The Clarke—Rockafellar subdifferential of f at x is defined by

ORf(x):={¢ e R": (€,u) < f(x;u) for all u € R"}.

The original definition of the Clarke—Rockafellar subdifferential is given for
lower semicontinuous functions, in which case one assumes that f(x) is fi-
nite and the upper limit is taken over y — x with f(y) — f(z) only. When
f is locally Lipschitz, the Clarke-Rockafellar subdifferential is exactly the
Clarke subdifferential. We need the following approximate mean value the-
orem of Zagrodny: Let f : IR™ — IR be continuous and let a,b € IR™ be
distinct points. Then there exist a sequence {z;} converging to ¢ € [a, b
and & € 09% f(x;) such that
Tim (6. — ) = £(b) — f(a).

Proposition 1.4.1 Assume that f : IR"™ — IR is continuous. Then
8CRf(x) is a pseudo-differential of f at x provided the set-valued map
y — OB f(y) is upper semicontinuous at x.

Proof. Let {t;}°, be a sequence of positive numbers converging to 0 such

that .
1—00 t;
For each i = 1,2,...., using Zagrodny’s mean value theorem, we can find

a sequence {c;;}; converging to some ¢; € [z, 7 + t;u] and &; € 9F f(c;5)
such that
fla+tu) — fz) < jlig)(&jvtiw-

We notice that ¢; — = as i tends to co. Let € > 0 be arbitrary. By the
upper semicontinuity assumption of the Clarke—Rockafellar subdifferential,
we may assume that there is some ig > 0 such that
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OB f(cij) € 3T f(x) + eB,, fori,j > .
It follows that

fH(asu) < sup (£ +eB,u).
£€OCE f(x),B€Bn

As ¢ is arbitrary, we obtain

f+(:r;u) < sup ().
£€OCR f()

Similarly, by applying Zagrodny’s mean value theorem to f(x)— f(z+s;ju),
where {s;} is a sequence of positive numbers converging to 0 such that

f(x+ siu) — f(x)

fo(@yu) = lim ” :
we deduce
[ (@u) = geaicr}?ff(x)@u}
Thus 0“% f(x) is a pseudo-differential of f at . O

Notice that the Clarke—Rockafellar subdifferential of a continuous func-
tion may be empty at a point, so that in general without any further
hypotheses, it is not a pseudo-differential.

Subdifferentials of Convex Functions

Let f : IR™ — IRU {oo} be a function whose values are either real numbers
or co. The effective domain of f is the set

dom(f) :={z e R": f(z) < oo}
and its epigraph is the set
epi(f) :=={(z,t) e R" x R : f(z) < t}.

We say that f is convex if its epigraph is a convex set, which means that
for every two points wy,ws € epi(f) and for every positive A € [0, 1] the
convex combination A\w; + (1 — A\)ws belongs to epi(f), or equivalently for
every two points z1, 22 € dom(f) and for every positive A € [0, 1] one has

fOz1+ (1= Nz2) < Af(z1) + (1= A) f(2).

Convex functions enjoy many interesting properties. Some of them are ex-
posed in the next lemma.
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Lemma 1.4.2 Let xg be an interior point of the effective domain of a
convex function f. Then the following properties hold.

(i)  f is locally Lipschitz at xq.
(i) The directional derivative of f at xo in any direction uw € R™ exists
and is given by
flwo +tu) = flzo) _, o fl@o +tuw) — f(zo)

/ . = 1' =
fw;u) = lim n "

Proof. Without loss of generality we may suppose that o = 0. The proof
is divided into four steps.

(a) f is bounded above on a neighborhood of z = 0.

Indeed, choose a system of (n+1) affinely independent vectors ay, ..., a,+1 €
IR" so small that the set U :=int(co{ai, ..., ant+1}) contains 0 and is con-
tained in the effective domain of f. Set a := max{f(ai1),..., f(ant1)}
Then for every x € U, one expresses it as a convex combination of
aly...,0ape1 by T = Z?jll)\iai with \; > 0,4 = 1,...,n + 1 and
Z:‘L:f i = 1, so that the convexity of f gives

n+1

fl@) <> Nif (i) < o
=1

(b) f is bounded in a neighborhood of zy = 0.
Choose a positive § so small that 208, C U. For each x € 26 B,,, one has
—x € 20B,, as well; hence 0 = (x 4+ (—z))/2 and by convexity

flz)+ %a.

1 1
f(z) + if(_fﬂ) < 5

N =

f(0) <

By this, f is bounded below by 2f(0) — « on the set 20B,, and hence, in
view of (a), it is bounded near z¢ = 0.

(c) f is Lipschitz on 0B,

Denote by 3 a bound of | f(z)| on 20B,,. Let 21, x2 be two arbitrary distinct
points of the set § B,,. Then the point

T3 = To + 7”562 — l‘1|| (3)2 — 1’1)
belongs to 20 B,,. Solving for xo yields
5 |2 — 1|

To = 1 3.
lze — 21| + 6 lxe — 21| + 6

Because f is convex, one deduces
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5 ool ..
e P e M P A
which implies
flan) = fan) < 222 (1) = 1) < 2l -l

where v = (20)/4 is a constant independent of x1 and 9. Interchanging
the roles of x1 and xo will give the Lipschitz property of f on §B,.

(d) The function ¢ — (f(xo + tu) — f(x0))/t is nondecreasing for ¢ > 0.
Indeed, let 0 < t; < ¢ such that zy + tou € dom(f). Then

to —t1
2

ty
r+tu= x+t—(:r+t2u).
2

Since f is convex, one has

f(xo + tiu) — f(xo) < f(wo + tau) — f(wo)
tl o t?

as requested. By this, the second assertion of the lemma follows. O

Assume that f : R" — IR U {oo} is a convex function. Let x be an
interior point of the effective domain of f. The subdifferential of f at x in
the sense of convex analysis (or convex analysis subdifferential) is the set

Of(x):={£ € R": (&, u) < f/(z;u) for every u € R"}.

Direct verification shows that this set is convex. Moreover, it is a compact
set when z is an interior point of the effective domain of f, because in view
of Lemma 1.4.2 the function is locally Lipschitz at this point.

Proposition 1.4.3 Suppose that f : R" — IR U{co} is a convex function
and x is an interior point of the effective domain of f. Then the subdiffer-
ential 0 f(x) of [ at x coincides with the set of vectors & € R™ satisfying

& u) < flx+w) — f(z), for everyu e IR™

Moreover, this subdifferential also coincides with the Clarke subdifferential.
Consequently, when f is real-valued, the subdifferential 0 f(x) is a pseudo-
differential of f at x.

Proof. Denote by J the set of all vectors £ such that ({,u) < f(x +u) —
f(z), for every u € IR™. The conclusion 9°f(x) C J is evident in view of
Lemma 1.4.2. For the converse inclusion, let £ € J and let u € R™ \ {0},
then for ¢ > 0 we have
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(€ tu) < fz+tu) — f(z).

By dividing both sides of this inequality by ¢ and letting ¢ tend to 0, we
obtain, in view of Lemma 1.4.2, that

(€ u) < f'(z5u).

Hence £ € 0% f(z) and the equality 9°* f(z) = J holds.
To complete the proof it suffices now to show that

fl(asu) = £ (z;u)

for every v € IR™. It follows easily from the definition of the Clarke direc-
tional derivative that

fl@yu) < (a5 0).
To prove the opposite inequality, we express the Clarke directional deriva-
tive in the form
[ +tu) — f(2)

fo(x;u) =lim sup  sup ,
€l0 g/extes B, O<t<e t

where 0 is a fixed, but arbitrary positive number. Using Lemma 1.4.2 we
derive the following expression,

’ . /
fo(z;u) =lim  sup fa'+eu) = flo )
€0 3/ cr+esBn €

For 2’ € x + €)B,, the Lipschitz continuity of f, say with a Lipschitz
constant (3, yields

J ) J) S =)

€ €

which implies

+208

fo(x;u) < lim f(l’ + EU’) — f(l‘)
e—0 €
< f'(w3u) +268.
Letting d tend to 0 in the above inequality, we derive

fo(@su) < fx;u),

and the required equality follows. O

Mordukhovich’s Subdifferentials
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When f : R" — R is merely continuous, the Mordukhovich basic subdif-
ferential of f at x is defined by

oM f(x) = limsup Of f(a'),

' —x,e]0
where 9F (') is the Fréchet e-subdifferential of f at 2’ given by

F n o * n . imin f(:c’—l—h)—f(x')—(:v*,h) }
0. f(z') = {9: eR .IHh”HOf il >ep.

It can be seen that the basic subdifferential consists of all vectors u € IR"
such that

(u, —1) € N(epi(f), (z, f(2))).
The set

03" f(x) = {u € R" : (u,0) € N(epi(f), (z, f(2)))}

is called the Mordukhovich singular subdifferential of f at x.

Corollary 1.4.4 Assume that f : IR"™ — IR is locally Lipschitz at x. Then
the Mordukhovich basic subdifferential OM f(z) is a pseudo-differential of f
at x.

Proof. This follows immediately from Proposition 1.3.4. U

Notice that when f is not locally Lipschitz at x, the Mordukhovich basic
subdifferential may be empty. For instance, the function f(z) = \/m for
x € IR has 0™ f(0) = 0. Its singular subdifferential at 0 is the whole space
IR. The following example shows that even when the basic subdifferential
of f is nonempty, it is not necessarily a pseudo-differential.

Example 1.4.5 Let f: IR — IR be defined by

fla) = {x2 Sll/I;(l/x) if =<0,
-z else.

Direct calculation shows that 9™ f(0) = [~1, 1] which cannot be a pseudo-

differential of f at 0 because f~(0;1) = —oo and (1.5) is not verified. Note,

however, that the singular subdifferential of f at 0 is the set (—oo,0] and

its union with the basic subdifferential forms a pseudo-differential of f at

that point.
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A locally Lipschitz function may have a pseudo-Jacobian that is strictly
contained in the basic subdifferential. To see this let us consider the func-
tion f given in Example 1.3.3. The basic subdifferential of this function at
(0,0) is the set

{t,1)eR?: —1<t<1}U{(t,~1) €eR*: -1 <t <1}

which contains the pseudo-differential 0f(0,0) = {(1,—1),(—-1,1)} as a
proper subset.

Ioffe’s Approximate Subdifferentials
Suppose that f : IR" — IR is continuous. The loffe approximate subdiffer-

ential of f at z, denoted 9'4 f(x), is defined by
O f(x) = timsup O f(z'),

' —x,e]0

where

u'—u,t]0 t

o; f(x) == {§ e R": (¢, u) < liminf fE+ 1) = flw) + l|ul| for all u}

Corollary 1.4.6 Assume that f : IR™ — IR is locally Lipschitz at x. Then
the Ioffe approzimate subdifferential 04 f(x) is a pseudo-differential of f
at x.

Proof. It suffices to observe that the Ioffe approximate subdifferential
coincides with the Mordukhovich basic subdifferential and apply Corollary
1.4.4. O

The definition of the approximate subdifferential above is adapted to
the finite-dimensional case. In general spaces the loffe approximate subd-
ifferential and the Mordukhovich basic subdifferential are distinct.

The Michel-Penot Subdifferential

Suppose that f : IR® — IR is continuous. The Michel-Penot upper and
lower directional derivatives of f at x are, respectively, given by

fO(x;u) = sup limsupt ™ '[f(x + tz + tu) — f(x +t2)]
z€lR™ t|0

and

folx;u) = inf liminft ' [f(z + tz + tu) — f(z +t2)].
z€R™ t]0

The corresponding Michel-Penot subdifferential is defined by
OME f(z) .= {a* € R™: f°(x;u) > (z*,u) for all u}.

Principal properties of 9MF f are listed below.
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(i) OMPf(x)is aconvex set, and it is compact when f is locally Lipschitz
near .

(ii) The function f is Gateaux differentiable at z if and only if 9™ f(z)
is a singleton in which case M f(z) = {V f(z)}.

(iii) When f is convex, 9™ f(z) coincides with the subdifferential of f at
z in the sense of convex analysis, that is, * € OMP f(z) if and only if
(x*,u) < f(z+u) — f(z) for all u.

It is shown in the next proposition that the Michel-Penot subdifferen-
tial of a locally Lipschitz function is also a pseudo-differential. Example
2.1.15 gives a function that is not locally Lipschitz and admits a pseudo-
differential strictly smaller than the Michel-Penot subdifferential.

Proposition 1.4.7 Assume that f : R" — IR is locally Lipschitz. Then
the set OMP f(x) is a pseudo-differential of f at x.

Proof. Because f is locally Lipschitz, it follows that the Michel-Penot
upper and lower directional derivatives f®(x,-) and fo(x,-) are finite and
sublinear, and OM” f(z) is convex and compact. Moreover,

<& . — *
[ (@ u) x*egﬁgf@)@ ),
folasu) = iy, (I)<x ;).
Because fT(x;u) < fo(x;u) and f~(z;u) > fo(z;u) for each u € R", we
conclude that OMP f(z) is a pseudo-differential of f at . O

Treiman’s Linear Generalized Gradients

Suppose that f : IR”™ — IR is continuous. A vector v € IR" is said to be
a proximal subgradient to f at x if there is some p > 0 such that

fla') = f(2) 2 (v,2" —x) — plla’ — 2||?

for 2’ in some neighborhood of z.

A sequence of proximal subgradients {v;y} — v to f at z is said to be
linear if either vy is a proximal subgradient to f at x for every k or there
exists a sequence {xy} converging to x with x; # 0, and p,d > 0 such that

fla +h) = flar) = (ok, h) = (u/ |ex — 2|l )|

for every h with ||h|| < 6|z — x|/ s, where

ek —ally = llew — 2l + [f (@) — f(2)].
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Treiman’s linear generalized gradient, denoted O f (z), of f at z is the clo-
sure of the set of all limits of linear sequences of proximal subgradients to
f at z.

We list some basic properties of linear generalized gradients.

(i) If z is a local minimizer of f, then 0 € d'f(x).
(i) If f: IR™ — IR is continuous and g : IR™ — TR is locally Lipschitz,
then
O'(f +g)(w) C9'f(x) + d'g(a),
Iaf)(z) = ad f(z) for a > 0.
(iii) If f is locally Lipschitz, then co(d'f(x)) = OMF f(z).

Proposition 1.4.8 Assume that f : R" — IR is locally Lipschitz. Then
the set O\ f(x) is a pseudo-differential of f at x.

Proof. Invoke Proposition 1.4.7 and property (iii) above. O
The Demyanov-Rubinov Quasidifferentials

Suppose that f : IR" — IR is directionally differentiable at x. We say that
f is quasidifferentiable at x if the directional derivative f'(z;u) can be
represented in the form

!/ . _ .
f(@;u) = max{a, u) + mindb, u),

where A and B are some convex and compact sets in IR"”. The pair [A, B]
is called the quasidifferential of f at x.
Here are some basic properties of quasidifferentials.

(i) If f is differentiable at x, then it is quasidifferentiable at this point
with a quasidifferential [V f(z), {0}].

(ii) If f is convex and 0°* f(z) is its subdifferential, then f is quasidiffer-
entiable with a quasidifferential [0° f(z), {0}].

(iii) If f1 and fo are quasidifferentiable at x with quasidifferentials [4;, By]
and [Asg, Bs], respectively, then fi + fo and A\f; with A € IR are quasid-
ifferentiable at this point with quasidifferentials [A; + A, By 4+ Bs] and
[A1, ABy].

It is clear that every pair of convex and compact sets [A’, B'] satisfying
A-B =A-B

is also a quasidifferential of f at x.



1.4 Pseudo-Differentials and Pseudo-Hessians of Scalar Functions 33

Proposition 1.4.9 Let f : R" — IR be continuous. Assume that f :
R" — R is quasidifferentiable at x and that the pair of sets [A, B] is a
quasidifferential of f at x. Then the set A+ B is a pseudo-differential of
f atzx.

Proof. Clearly, from the quasidifferentiability of f at x, we obtain that,
for every u € R™,

[T (x;u) = max{a, u) + min(b, u)

acA beB
< max(a, u) + max(b, u)
ac
< max (c,u)
ceA+B
and
Y — (b
7 (25u) = max{a, u) + mindb, v)
> min(a, u) + min(b, u)
acA beB
> min {(c,u).
ceA+B
This shows that A + B is a pseudo-differential of f at x. O

When f is positively homogeneous, the Demyanov-Rubinov convexifi-
cator is defined as a convex set C' C IR" that satisfies the following relation
min{c, z) < f(x) < max(c,x) for every x.

min{e, z) < f(z) < max{c,z) very
Because f is positively homogeneous, f/'(0;u) = f(u) for every u. By the
relation above, this convexificator is a pseudo-differential of f at 0.

Pseudo-Hessian Matrices

In the rest of this section we apply the concept of pseudo-Jacobians to in-
troduce generalized Hessian matrices for continuously differentiable scalar
functions.

Let f: IR"™ — IR be continuously differentiable. The derivative map V f
is a continuous vector function from IR™ to IR"™. We say that a closed subset
of n x n-matrices 9 f(z) C L(IR",IR") is a pseudo-Hessian of f at z if it
is a pseudo-Jacobian of Vf at x.

Pseudo-Hessians share all properties of pseudo-Jacobians. We list some
of them in the next proposition.

Proposition 1.4.10 Let f : IR® — R be continuously differentiable. The
following assertions hold.
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(i) If 0*f(z) € L(IR™,IR™) is a pseudo-Hessian of f at x, then every
closed subset A C L(IR™,IR™) containing 0*f(x) is a pseudo-Hessian of
f at x.

(ii) If f is twice Gateauz differentiable at x, then the Hessian {V2f(x)} is
a pseudo-Hessian of f at x. Moreover, f is twice Gateauz differentiable
at x if and only if it admits a singleton pseudo-Hessian at this point.

Proof. Invoke Propositions 1.2.1 and 1.2.2. O

Now we give some instances of pseudo-Hessians of continuously differ-
entiable functions.

The Hiriart-Urruty, Strodiot, and Hien Nguyen
Generalized Hessians

Suppose that f : IR® — IR is differentiable whose derivative is locally
Lipschitz. Such a function is called a C'!-function. Because V f is locally
Lipschitz, it is differentiable almost everywhere.

The generalized Hessian of f at x in the sense of Hiriart-Urruty, Stro-
diot, and Hien Nguyen is given by

0% f(x) = co{lim V2 f(2;) : 2; € 2, x; — x},

where 2 is the set of points at which f is twice differentiable. In other
words, it is the Clarke generalized Jacobian of the gradient vector function
Vf atx.

Proposition 1.4.11 Assume that f : R" — R is a CV'-function. Then
the set 8% f(z) is a pseudo-Hessian of f at x.

Proof. The conclusion follows from Proposition 1.3.1. ]

We note that a Ch!-function may have a pseudo-Hessian that is strictly
smaller than the generalized Hessian above. Such examples can easily be
constructed by integrating the functions of Examples 1.3.2 and 1.3.3.

Another concept of a generalized Hessian, introduced by Cominetti and
Correa for C1!-functions, is given as follows. Suppose that f : R® — R
is differentiable whose derivative is locally Lipschitz. The second order
directional derivative of f at x in the directions (u,v) € IR" x IR"™ is defined

by
7@, v) = limsup VS0 = (V@) 0)

y—x,t—0 t
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The generalized Hessian in the sense of Cominetti and Correa is defined as
a set-valued map 9% f(z) : IR" = IR", which is given by

OV f(x)(u) = {z* € R"™ : fO>z;u,v) > (z*,v) for all v € R"}.

Corollary 1.4.12 Let f : R" — IR be a CY'-function and let A C
L(IR™,IR™) be a closed set such that A(u) 2 0% f(x)(u) for all u € R™.
Then A is a pseudo-Hessian of f at x.

Proof. It is known that for each u € IR",

0% f(w)(u) = 07 f () (w).

The conclusion is derived from Proposition 1.4.11 (]

Mordukhovich’s Second-Order Subdifferentials

Suppose that f : IR"® — IR is a C'-function. The Mordukhovich coderiva-
tive DMV f(z) of the vector function V£ at x is called the Mordukhovich
second-order subdifferential of f at x.

Proposition 1.4.13 Let f:IR" — IR be a OV -function. Then [DMV f(x)]"
s a pseudo-Hessian of f at x.

Proof. Invoke Proposition 1.3.4. O

Note that the original construction of the Mordukhovich second order
subdifferential was given for set-valued maps without smoothness assump-
tion. When Vf is not locally Lipschitz, the set-valued map DMV f(z):
R™ == IR" is not necessarily defined by matrices, and so it cannot be a
pseudo-Hessian of f.

1.5 Recession Matrices and Partial
Pseudo-Jacobians

When dealing with non-Lipschitz functions, we have unwillingly to face
unbounded pseudo-Jacobians. In such situations recession directions serve
as a useful tool to describe the global picture of pseudo-Jacobians.

Recession Pseudo-Jacobian Matrices

Let A C IR™ be a nonempty set. The recession cone or asymptotic cone of
the set A, denoted A, is defined by
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As = {limtiai ta; € A,ti 1 0}

Elements of Ao, are called recession directions of A. We say that A is
asymptotable if for every v € Ay \ {0}, and for every sequence {t;};>1 of
positive numbers converging to oo, there is a sequence {v;};>1 converging
to v such that t;v; € A for all 1.

Lemma 1.5.1 Let A,B C IR"” and C C IR™ be nonempty. Then the fol-
lowing assertions hold.

(i) A is a closed cone.

(i) A is bounded if and only if Asc = {0}.

(iii) If A is conver and closed, then A = A + Ax.

(iv) co(As) C (c0A)w. Equality holds provided co(As) contains no non-
trivial linear subspaces;

(v) (AUB)sx = Aso U Beo.

(vi) (AN B)s C Ao N Boo. Equality holds provided A and B are closed,
convez, and AN B # ().

(vii) (A4 B)oo C Ao + Boo provided Aoo N —Boo = {0}; and Ax + Bso C
(A+B) provided A is asymptotable. Equality holds when B is bounded.

(viii) (A X C)oo C Aco X Coo. Equality holds provided A is asymptotable.

Proof. The first assertion is immediate from the definition. For the second
assertion, if A is bounded, every sequence {t;a;};>1 with a; € Aand ¢; | 0
converges to 0. Hence Ay, = {0}. Conversely, if A is unbounded, then there
is a sequence {a;} in A with lim; . ||a;|| = co. The sequence {a;/|a;| }i>1
is bounded and so we may assume that it converges to some vector v # 0.
We have v € A, and therefore A, is not trivial.

Let A be convex and closed. To show (iii), it suffices to establish A +
Ay € A because the inclusion A C A 4+ A, is always true. Let v € A
and a € A. By definition u = lim;_., t;a; for some a; € A and t; | 0. As A
is convex, we have (1 —t;)a + t;a; € A, and by the closeness of A, we have
a+u=lim;_[(1 —t)a+ tia;] € A.

For assertion (iv), let u,v € Ao, say v = lim; . t;a; and v =
lim; .o s;b; for some a;,b; € A, t; | 0, and s; | 0. By taking a; = t; + s;
and ¢; = (t;/a;)a; + (s;/a;)b; € co(A) we obtain u + v = lim;_ a;¢; €
(co(A))oc- Suppose that co(As) contains no nontrivial linear subspaces
and let v € (co(A))so, say v = lim; . t;b; for some b; € co(A) and
ti | 0. We apply Caratheodory’s theorem (Theorem 1.1.1) to find A\;; > 0,
a;; € A,j =1,...,n+ 1 such that

n+1 n+1

bi = Z)\ijaij and Z )\ij =1.
7=1 Jj=1
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Consider the sequences {t;\;jja;;j}2,,7 =1,...,n+ 1. We claim that they
are bounded. Indeed, if not, without loss of generality one may assume that
lim; oo [[tiAirair]] = oo, [[Ainan || > | Aijai;|| and lim; o (Aijaij) /| Ainai || =
a; € Ax,j =1,...,n+ 1. We derive

n+1 n+1

AijQ;
0=1i i 9% ]
. N Z Paraa] JZ_,:%

1—00 ||/\,1a11H 1—00

This implies —a; = Z;H; a; # 0, which contradicts the hypothesis. In this
way, the sequences {t;\ijai;}52,,7 =1,...,n+ 1 are bounded and we may
assume that they converge respectively to v; € A, 7 =1,...,n+ 1. Then
v = Z”+11 vj € co(Ax), as requested.

The fifth assertion and the first part of the sixth assertion are immediate
from the definition. Let us consider the case when A and B are closed and
convex with AN B # (. Let u € A N By and let a € AN B. By the
assumption, we have a+tu € ANB for every t > 0. This gives u € (ANB)o
We take up assertion (vii). Let u € (A4 B)so, say u = lim;_.o t;(a; +b;) for
some a; € A,b; € B, and t; | 0. If the sequence {t;a;};>1 is bounded, then
so is {t;b;}i>1. We may assume that these sequences converge to v € A
and w € By, respectively. Then u = v+ w € Ay + Bso. In the other case,
both of them are unbounded and we may assume further that [|a;|| > [|bi]|
for all ¢, with lim;_,c a;/||ai|| = w0 € Aso. We derive that lim; .o b;/||ai]| =
lim; 0 (a;/||ai]| + u/||ail]) = —uo € Bso, which contradicts the hypothesis.
Now, let u € Ax and v € By, say v = lim; . $;b; with b; € B and s; | 0.
Because A is asymptotable, there is a; € A such that the sequence {s;a;}i>1
converges to u. Hence u + v = lim; o si(a; + b;) € (A + B)oo. When B is
bounded, one has By, = {0} by (ii), and (A + B)oo = Aso = Ao + Boo

The inclusion of the last assertion is obtained directly from the defini-
tion. When A is asymptotable, equality is obtained by an argument similar
to the previous assertion. O

Recall that a map is open if the image of every open set is open.
Lemma 1.5.2 Let A C IR" be a nonempty set and let L be a linear map
from IR™ to R™. Then one has

L(Ax) € (L(A))so-

FEquality holds under each of the following conditions:

(i) L is open and L™ (L(A)) = A.
(11) KerL N Ax = {0}.
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Proof.  Let v € L(Ax). Then, there exist u € As with L(u) = v, a
sequence {z;}2; C A, and a sequence of positive numbers {t;}°; con-
verging to 0 such that lim; .. t;x; = u. By the continuity of L, one has
v =lim; oo L(tixi) € (L(A))oo-

Under condition (i), let v € (L(A))so; that is, v = lim;_o t;y; for
y; € L(A) and t; > 0 with lim;_ t; = 0. Because L is open, given
u € L7 (v) we can find a sequence {u;}32, in R™ with lim; oo u; = u
and L(u;) = tyy; for all i = 1,2,.... Setting x; = wu;/t;, we have
z; € L7Y(L(A)) = A so that u € Ay. Consequently v € L(Ax).
Assume that (ii) holds. Let v € (L(A))so, that is, v = lim;_,o t;y; for
y € L(A) and t; | 0. Let z; € A be such that y; = L(z;). If {|]xs]]}32,
is bounded, lim; o t;z; = 0. Consequently v = lim;. tL(z;) =
lim; oo L(tiz;) =0 € L(Ax). If {||zi]|}52, is unbounded, one may assume
that {z;/||x;]|}52, converges to some u € Ax. The sequence {t;||z;||}52; is
bounded, otherwise one should have

v

L(u) = lim

= 0 with ||ul| =1,

contradicting the condition KerL N Ao, = {0}. Therefore, we may assume
that {t;||z;||}2, converges to some a > 0. By this,

v=lim L{t||zi]]—) = aL(u) € L(As)
i—00 |z |
and the inclusion becomes an equality. O

Suppose now that f : IR™ — IR™ is continuous and that Of(z) is a
pseudo-Jacobian of f at z. The set (0f(z))s denotes the recession cone of
Of(z). Elements of (0f(z))s are called recession matrices of df(z).

Proposition 1.5.3 Assume that 0f(x) is a pseudo-Jacobian of f at x.
Then the following assertions hold.

(i) Of(x) is bounded if and only if (Of(x))s = {0}.
(ii) If Of (x) is convex, then Of(x) = 0f(x) + (Of(x))oo-
(iii) If Of (x) is conver and 0 € Of(z), then (Of(x))s C Of(x).

Proof. Invoke Lemma 1.5.1. O

Example 1.5.4 Define f : IR? — IR? by

f(z,y) = (]z| sign(z) + lyl, /Iyl sign(y) + |y).

Then f is not locally Lipschitz at (0,0) and so the Clarke generalized
Jacobian does not exist. However, for each ¢ € R, the set
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o= {(31).(57) 52

is a pseudo-Jacobian of f at (0,0). The recession cone of 9f(0,0) is given

by
800]?(0,0):{((0;2> ta>0, 520}.

We observe that 9(0,0) is not convex. It does not contain the zero matrix
and the inclusion (iii) of Proposition 1.5.3 does not hold.

Partial Pseudo-Jacobians

Suppose that f: IR" x IR™ — IR™ is continuous in both variables (z,y) €
R™ x IR". A pseudo-Jacobian 0, f(x,y) C L(IR™,IR™) of the function
x — f(x,y) with y € R™ being fixed, is called a partial pseudo-Jacobian
of f at (x,y) with respect to x. Similarly, 9, f(x,y) C L(IR"?,IR™) is called
a partial pseudo-Jacobian of f at (z,y) with respect to y.

For a subset Q@ C L(IR™ x R™,IR™) we denote

Proj,Q := {M € L(R",IR™) : for someN € L(IR"*,IR™), (MN) € Q},
Proj, @ := {N € L(IR"*,IR™) : for someM € L(R™,IR™),(MN) € Q}.

Proposition 1.5.5 Let f: R™ xIR"™ — IR be continuous. If Of (x,y) C
L(IR" xIR™,IR™) is a pseudo-Jacobian of f at (x,y), then Proj,0f (x,y) is
a partial pseudo-Jacobian of f at (x,y) with respect to x, and Proj,df(z,y)
is a partial pseudo-Jacobian of f at (x,y) with respect to y.

Proof. Let u € IR™ and w € IR™. Consider (u,0) € IR™ x IR™. We have

(wf)(x + tu, y) — (wf)(x, y)

(wf(-, )" (z;u) = limsup

t10 t
i (wf)((z,y) +t(u,0)) — (wf)(=z,y)
= limsup

t10 t

< sup  (w,(MN)(u,0))
(MN)€edf(w,y)

< sup  (w,M(u)) = sup (w, M (u)).
(MN)€of(z,y) MeProj of(z,y)

This shows that Proj, f(z,y) is a pseudo-Jacobian of the function f(-,y)
at x. A similar proof is available for Proj, f(z,y). O

Notice that if 0, f(z,y) and 0y f(x,y) are partial pseudo-Jacobians of
f at (z,y) with respect to x and y, respectively, then it is not necessary
that the set (0, f(x,y),0yf(x,y)) is a pseudo-Jacobian of f at (x,y). For
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instance, let f be a function that is not differentiable at (x,y), but admits
partial derivatives (0/0x) f(z,y) and (9/9y)f(z,y). Then {(0/0z) f(x,y)}
and {(0/0y)f(x,y)} are partial pseudo-Jacobians of f at (z,y). However,
{((0/0x) f(x,y), (0/0y)f(x,y))} is not a pseudo-Jacobian of f at (z,y),
since if it were then, by Proposition 1.1.2, f would be Gateaux differentiable
at (z,y). We show later that some continuity of partial pseudo-Jacobians
is needed in order to obtain a pseudo-Jacobian.

Proposition 1.5.6 Let f : R™ x IR™ — IR™ be continuous and let
Of(xz,y) € L(IR™ x IR"2,IR™) be a pseudo-Jacobian of f at (x,y). Then
we have

Proj, (9f(z,4))os C (Proj,0f (x,y))oc

Proj, (0 (. 3))oe C (Proj,df (2,1
Proof. This follows from Lemma 1.5.1 by considering the projections as

linear maps from L(IR™ xIR"?,IR™) onto L(IR™,R™) and L(IR™,IR™). O

We note that in general equality does not hold in the conclusion of the
above proposition as the following example demonstrates.

Example 1.5.7 Let f: IR x IR — IR be defined by

fz,y) =y'/3

Then the set
9f(0,0) = {(a, 0?) : « € R}

is a pseudo-Jacobian of f at (0,0). We have
(8£(0,0))00 = {(0,a) : >0} and Proj,(df(0,0))e = {0}

and
Proj,0f(0,0) =R and (Proj,0f(0,0))s = IR.

1.6 Constructing Stable Pseudo-Jacobians

A pseudo-Jacobian sometimes produces sharp conditions, but tends to
be unstable as it is based on estimates of the function along line di-
rections. When dealing with parametric models, normally generalized
derivatives that share a certain degree of robustness (stability) are pre-
ferred. Our aim in this section is to explain how we construct a stable
(upper-semicontinuous) pseudo-Jacobian from a given collection of pseudo-
Jacobians around a point.
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Upper Semicontinuous Set-Valued Maps

Let F : IR™ = IR™ be a set-valued map.
The Kuratowski—Painlevé upper limit of F' at x is defined by

limsup F(2') = {limy; : y; € F(z;),2; — v asi — oo}

' —x

allowing 2/ = x when taking limits. This upper limit is denoted F (z).
The recession upper limit (or outer horizon limit) of F' at x, which is
denoted F*°(z), is defined by

F>(z) := limsup tF(2').

' —x,t]0

In other words, F°°(z) is a closed cone consisting of all limits: lim ¢;a; where
a; € F(x;), x; — x,and t; | 0.

The cosmic upper limit of F' consists of the pair of maps (13, F>). It
follows from the definitions above that F () is a closed set and F'*°(x) is
a closed cone.

From now on we use the following weak version of upper semicontinuity
of set-valued maps. We say that F' is upper semicontinuous at x if for every
g > 0, there exists some § > 0 such that

F(x+6By) C F(x) +eBy,.

When F is single-valued, upper semicontinuity reduces to continuity of a
function in the usual sense. When F' is compact-valued, F' is upper semi-
continuous at x if and only if for every open set V' C IR™containing F'(x),
there is a neighborhood U of x such that F(U) C V, which is the original
definition of upper semicontinuity of set-valued maps.

Below we collect some elementary properties of upper semicontinuous
set-valued maps for future use.

Lemma 1.6.1 Let F' : IR" = IR™ be a set-valued map and let z € IR".
Then the following assertions hold.

(i) If F(U) is compact for some closed neighborhood U of x, then F is
upper semicontinuous at x if and only if F is closed in the sense that
x; =,y —y and y; € F(x;) imply y € F(x).

(ii) If F is upper semicontinuous at x, then

F2(z) € (F(2))oo-

(iii) If F is compact-valued and upper semicontinuous, then the set-valued
map €o(F') is compact-valued and upper semicontinuous too.



42 1 Pseudo-Jacobian Matrices

Proof. The first assertion is obvious. To prove the second assertion, let
v € F>°(x); that is, v = lim t;a; where a; € F(x;), x; — x, and t; | 0. By
the upper semicontinuity of F', there is 9 > 0 such that

F(x;) C F(x)+ B, fori > ig.

It follows that v € (F(x) + B )oo- In view of Lemma 1.5.1, v € (F())oo-
Assume now that F' is compact-valued and semicontinuous. It is evident
that ¢o(F') is compact-valued too. By the first assertion, it suffices to show
that ¢o(F') is closed. Let z; — =, y; — y, and y; € ¢o(F(x;)). Note that
F(z;) being compact, one has coF'(x;) = coF(z;). We apply Caratheodory’s
theorem to find A\;; >0, a;j € F(z;),j =1,...,m+ 1 such that

m+1 m+1

Yi = Z )\ijaij and Z )\ij =1.
=1 i=1

Without loss of generality we may assume that \;; — Ag; > 0, a;; — ag; €
F(z),j=1,...,m+ 1, and ZmH Aoj = 1 when i tends to co. Thus we

Jj=1
derive
m—+1

y = Aojao; € c(F(x)),

Jj=1

as required. O

Given a sequence of pseudo-Jacobians {0; f () }$2, of f at z, its recession
upper limit is by definition

ﬁﬁl 0if(x) = limsup ;0; f(x).

100 i—00,t; |0

This limit is a closed cone. It is trivial if and only if for some 4y, the union
of all 9;f(x),i > ip is bounded.

For a convex cone K C IR" and § > 0, the conic d-neighborhood of K,
denoted K, is defined by

K% :={x+6|z|By:z € K}.

It can be seen that when K is convex, closed, and pointed (i.e., KN(—K) =
{0}), the cone K? is also convex, closed, and pointed for § sufficiently small.

The next result is a generalization of Proposition 1.2.1 (iii) to a sequence
of unbounded pseudo-Jacobians.

Proposition 1.6.2 Let {0;f(x)}°, be a decreasing sequence of pseudo-
Jacobians of f at x. Then for every 6 > 0 the set
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ﬂ Oif (x hm 8:f(x))° \ int (Bmxn))

is a pseudo-Jacobian of f at x.

Proof. Let w € R",u # 0, and v € R™ with v # 0. For each ¢ = 1,2, ...
there is some M; € 0;f(x) such that

(W) (23 u) < (v, My(u)) + =

]

If the sequence {M;}3°, is bounded, then we may assume that it converge
to some element M of the intersection (12, 9;f(z). The above inequality
produces

(0f) " (z5u) < (v, M(u)).
If that sequence is unbounded, then we may assume that lim; . || M;|| = oo
and lim;_,oo M;/||M;|| = M for some M € (im$°,  0; f(z))\int(Bpmxn). For
a given § > 0, when ¢ is sufficiently large, we have

M/ | € (1 96 ()" \ (B
and || M;]| > 1. Consequently,

()T (z;u) < sup (v, M (u)).

Me(lims®,  9; f(x))\INt(Brmxn)

This completes the proof. O

Notice that the conclusion of Proposition 1.6.2 is in general not true
with § = 0 when all the terms of the sequence {0;f(x)} are unbounded.

Upper Semicontinuous Hulls

Given a set-valued map F' : IR" = IR™, it is always possible to construct
an upper semicontinuous map 7' so that F(x) C T'(z) for every x and has
certain minimality properties.

We say that F' is locally bounded at z if there exists a neighborhood U
of = such that the set F'(U) is bounded. When F' is locally bounded at any
point, it is called locally bounded. From now on in this section, it is assumed
that the values of F' are nonempty sets around a point under consideration.

Lemma 1.6.3 Assume that F' is locally bounded at x. Then the set-valued
map G defined by
F') ifa #x
n o A s
Gl) = { F(z) ifd =z,
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where F\(x) 18 the Kuratowski—Painlevé upper limit of F' at x, is upper semi-
continuous at x. Moreover, if F' is locally bounded, then F' is the smallest

by inclusion among upper semicontinuous, closed-valued maps that contain
F.

Proof. Suppose, to the contrary, that G is not upper semicontinuous at
x. Then there exist § > 0 and z; — x,y; € F(x;) as i — oo such that
Yy & F (z) + dBy,. Because F is locally bounded at x, the sequence {y;}
is bounded and we may assume that it converges to some y. We have
y & ﬁ(z) + (6/2) By, because y; ﬁ(m) + 6By,. On the other hand, by the
definition of F, one has y € F'(z) which is a contradiction.

For the second part, as we have already noticed that F'(x) is a closed
set, we need only to show the upper semicontinuity of F. Indeed, for every
€ > 0, by the first part, there is § > 0 such that

F(2') C F(x) + By, fora' € x+ 6B,.
Consequently,
F(z') C F(z) + By, fora' €x+ B,

and by this, F is upper semicontinuous. Furthermore, if H is an upper
semicontinuous, closed-valued map with H(z') O F(a') for every 2/, then
we have

H(z) 2 limsup H(z') 2 limsup F(a') = F(z).

/' —x /' —x

Thus F is the smallest one. O

The map F is sometimes called the upper semicontinuous hull of F.
We notice that the above result is no longer true when F' is not locally
bounded. For instance, the set-valued map F' : IR = IR given by

~[{i0} ifxz#0,
F(x>_{{0} if 2 #0

has I = F which is evidently not upper semicontinuous at x = 0.

Lemma 1.6.4 The set-valued map F*° N By, defined by
(F*° N Byp)(x) = F>(x) N By,

18 upper semicontinuous.
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Proof. Because F*°(xz) N B, is compact, by virtue of Lemma 1.6.1,
it suffices to show that y € F*°(xz) N By, when y = lim; . y;, where
y; € F>®(z;) N Byp,x; — x as i@ — oo. If y = 0, then it is obvious that
y € F>°(z) N By, If y # 0, then we may assume ||y|| =1 and ||y;|| = 1. By
the definition of F'*°, for each i, there exists a sequence {xl ; }511 converging
to x; and y;; € F(wy;) such that ||y;;[| — oo and y;, /||y, || — vi as j — oo.
By a diagonal process we find a sequence {;,;, },-, converging to  and
Yirir € F(@i,) such that [|ys, [| — oo and yi, /|y, ll — y as k — oo.

This shows that y € F°°(z) N By, and the proof is complete. O

Lemma 1.6.5 Let 0 < o < 1 be given and let x € IR™ be fized. The
following assertions hold.

(i)  The set-valued map Fy : R™ = R™ defined by

W[ F@) if ' ¢« + aint(By),
Fi(a') = {Cl(p(x + aBy,)) otherwise

is upper semicontinuous at every point ¥’ € x + aint(By,).
(ii) The set-valued maps Fy, F3, and Fy : IR™ = IR defined by

no_ g(x/) ifl’/#i‘,
P = { Ry (e ot

n_ [ EE) ifa’ # z,
Fale) = {F(x) U[(F>(2)* \int(Bn)]  ifa’ =z,

Fue) = L E@ UIE=@) 2 \ink(By)] - ifa’ £
Fa) U[(F®(@@)* \int(B,))]  ifa' =z

are upper semicontinuous at x.

Proof. For the first assertion let g € x+aint(B,,). Put ¢ = a— ||z —zo| >
0. Then for every 2’ € xg + eint(B,), one has 2’ € x + aint(B,). By
definition, F} is constant on zo+e¢int(B,,), hence it is upper semicontinuous
at xg.

For the map Fy, suppose to the contrary that it is not upper semicon-
tinuous at . Then one can find a sequence {x;} converging to z, a positive
constant € > 0 and y; € G(x;) such that

yi & F(z) + (F®(x))* + B, i > 1. (1.6)

Consider the sequence {y;}. If it is bounded, then we may assume it con-
verges to some yg. By definition we derive yy € F(x) which contradicts
(1.6). If the sequence {y;} is unbounded, we may assume lim;_, ||y;|| = oo
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and lim; .« yi/||ly;|| = u for some u € F>(x), ||u|]| = 1. Pick any yg € F(x)
and consider the sequence {(y;—vo)/||vi|| }. This sequence has the same limit
u. Moreover, as u € int((F*°(x))*), we have (y; —yo)/llyi —voll € (F*(z))*
for i sufficiently large. Because the set (F'*°(x))“ is a cone, thus we conclude

yi € yo + (F™(x))* C F(x) + (F*(x))"

for ¢ large. This contradicts (1.6) and shows that F is upper semicontinuous
at x.

For the map F3 the proof is similar. Let us consider the map Fy. If it
is not upper semicontinuous at x, then there exist some ¢ > 0,z; — =,
and y; € Fy(z;) \ (Fa(x) + €By,). We need to consider two cases: either
yi € F(z) or y; € (F®(2'))*?2 \ int(By,). In the first case, if the se-
quence {y;}°; is bounded, then it can be assumed to converge to some

—

yo. It is clear that yo € F(x) and hence, when i is sufficiently large,

—

yi € F(x) + eByy, a contradiction. If that sequence is unbounded, we may
assume that lim;_o ||y;|| = oo and lim; o i/ ||yi|| = u for some u # 0. For
each 4, choose ), with ||z} — z;|| < 1/i and y} € F(z}) with ||y} —yi|| < 1/i.
Then lim; o0 ¥;/||Y}]] = w € F*°(z). By this, when ¢ is large, one has
yi € (F°(x))*?, which again contradicts the hypothesis. For the second

case, we may assume that ||y;|| = 1 and lim; o y; = u for some u # 0.
Then u € F*°(x) \ int(B,,). Thus, for ¢ sufficiently large, y; € Fy(x)+eBp,
and a contradiction occurs as well. The proof is complete. O

Pseudo-Jacobian Maps

Now we turn to pseudo-Jacobian matrices. Suppose that f : IR" — IR™ is
continuous and that a pseudo-Jacobian df(x) of f at x is given for every
x. The set-valued map 9f : x — Of(x) is called a pseudo-Jacobian map of f.

Theorem 1.6.6 Let Of be a pseudo-Jacobian map of f. Then the following
assertions hold.

(i) If Of is locally bounded at x, then the pseudo-Jacobian map Jf de-
fined by
of (@) if o #a,
" — —
jf(x)_{af(x) if @' =2z

is upper semicontinuous at x.

(i) If Of is locally bounded, then Of is the smallest among upper semi-
continuous pseudo-Jacobian maps that contain Of.

(i1i) For every a > 0, the pseudo-Jacobian maps defined as in Lemma 1.6.5
are upper semicontinuous at x. Moreover, if G is any pseudo-Jacobian
map that is upper semicontinuous at x and contains Of, then
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G(z) 20f(z) and (G(2))x 2 (0f)* ().

Proof. The first two assertions are immediate from Lemma 1.6.3. The first
part of the third assertion is obtained from Lemma 1.6.5. For the second
part of (iii), it is clear that df(z) C G(z) by the upper semicontinuity of G.
By the same reason and by Lemma 1.6.1, we have G*°(z) C (G())so. More-
over, the inclusion 9f (z') C G(2') for every a’ implies (9f)>°(z) C G*™(x).
It follows that (0f)°(x) C (G(z))so and the proof is complete. O

Proposition 1.6.7 Let f: IR™ — IR™ be locally Lipschitz. If f admits an
upper semicontinuous pseudo-Jacobian map Of such that V f(z) € 0f(x)
whenever V f(x) exists, then 08 f(z) C df (z).

Proof. Let M € 9P f(x). By definition, there is a sequence {x;} converg-
ing to x such that V f(z;) exists and M is the limit of {V f(x;)}. Because
Vf(z;) € 0f(x;) by hypothesis, and as 9f is upper semicontinuous, we
conclude M € 0f(z). O

Now we obtain the minimality of the B-subdifferential and the Clarke
generalized Jacobian.

Corollary 1.6.8 For a locally Lipschitz function, the B-subdifferential is
the smallest with respect to inclusion among upper semicontinuous pseudo-
Jacobian maps that contain the Jacobian matrices when they exist, and
when m = 1 the Clarke generalized subdifferential map is the smallest
among upper semicontinuous, conver-valued pseudo-Jacobian maps.

Proof. This is immediate from Lemma 1.6.3 and Proposition 1.6.7. [

Notice that the B-subdifferential map of a locally Lipschitz function
need not be the smallest by inclusion among upper semicontinuous pseudo-
Jacobian maps as illustrated in the example below.

Example 1.6.9 Define f : IR — IR by the formula

0 if € (—o0,0]U [1,00) U{Up,[47", 4% /3] }
fla)y =1 2z —2417F  if z e (U2, [417F/3, (3)41F];

Gt 2 it o e U, (G4

The B-subdifferential of f is given by
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{0} if 2 € (—00,0)U(1,00)U{Up, (47%,47%/3)};
{0;2} if z= ()45 k=1,2,...
{0; -2} if x=47% k=1,2,...;
8Bf(m> - s 00 1 k (2 k
{2} if »ep, ((3)41_ 7(§)41_ )
{2} it e Uply ((5)4F,417%);

{0;—2;2} if xz=0.

Now define 9f(x) = {—2,2} for every z € IR. It is an upper semicon-
tinuous pseudo-Jacobian map of f. At x = 0 we have 9f(0) C 9% f(0) and
these two maps are not comparable.

It is known that when f : IR™ — IR™ is locally Lipschitz, the Clarke gener-
alized Jacobian map is bounded and upper semicontinuous. For m = 1, the
Michel-Penot subdifferential is bounded, but not upper semicontinuous in
general.

Example 1.6.10 Let f : IR? — IR? be defined by

f(@,y) = (lz[ = [y, |z]).
Define

sign(x —51gn( )) } forz #0, y #0,

sign(x

0 ={ (i

{G‘Slg“ )(:i—“%“w)} ory 0
0= {(3200)- (S )} e
8“0’“—{@ o)-(0): (Flo)(20)}

It is easy to see that Of above is a bounded and upper semicontinuous
pseudo-Jacobian map of f, which is smaller than the Clarke generalized
Jacobian.

Example 1.6.11 Let f : IR? — IR? be defined by

f(z,y) = (V|z[sign(z), V/|ylsign(y) + z).

This function is not locally Lipschitz. Define
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(2@) 1 for z 7& 07 Yy 7& 07
0
1

where ¢ is any real number. It is easy to see that 0f defined above is a
pseudo-Jacobian map of f, that is unbounded at either x = 0 or y = 0,
and is upper semicontinuous provided ¢ < 0.

1.7 Gateaux and Fréchet Pseudo-Jacobians

Let f: R™ — IR™ be continuous and let f(x) C L(IR™,IR™) be a closed
set of m x n-matrices. We say that df(z) is a Géteauzr pseudo-Jacobian of
f at z if for every u € R™ and for every ¢t > 0, there is some M; € df(x)
such that

flz+tu) — f(x) = My(tu) + o(t),

where o(t)/t — 0 as t — 0, and it is a Fréchet pseudo-Jacobian of f at x if
for each y in a neighborhood of x, there exists a matrix M, € Jdf(x) such
that

fy) = f(@) = My(y — x) + o(lly — z|),

where o(|ly — z[|) / [ly — z|| = 0 as y — =.

It follows immediately from the definition that any Fréchet pseudo-
Jacobian is a Gateaux pseudo-Jacobian. The converse is not always true,
which can be seen in the next example.

Example 1.7.1 Define f : R?2 — R by

xle’“/((xl’V”)Q’w?/‘l)) if xe > 0, /72/2 < 21 < (3/Z2)/2,
f(x1,22) = .
0 otherwise.

Then {(0,0)} is a Gateaux pseudo-Jacobian, but not a Fréchet pseudo-
Jacobian of f at (0,0). Indeed, for each u € IR?,u # 0, for ¢ sufficiently
small, one has f(tu) = 0. Hence f(tu) — f(0) = 0. On the other hand, by
taking y = (21, 2%), we have f(y) — f(0) = x1e*, which shows that the set
{(0,0)} cannot be a Fréchet pseudo-Jacobian of f at (0,0). Actually, the
function f is Gateaux differentiable and not Fréchet differentiable at 0.
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The next result justifies the terminology of Gateaux pseudo-Jacobian.

Proposition 1.7.2 We have the following properties of Gateauzr pseudo-
Jacobians.

(i)  Every Gateaur pseudo-Jacobian is a pseudo-Jacobian.

(i1) If f is Gateauz differentiable at x, then {V f(x)} is a Gateaux pseudo-
Jacobian of f at x. Conversely, if f admits a singleton Gateauz pseudo-
Jacobian {A} at x, then f is Gateaux differentiable at x and A =V f(x).

Proof. For the first assertion, let v € IR" and v € IR™. Let {t;} be a
sequence of positive numbers converging to 0 such that

i (D@ + ) = (0F)(z)

(0f) " (2;u) =

Because 0f(x) is a Gateaux pseudo-Jacobian of f at x, for each i, there
exists My, € 0f(x) such that

<U7 f(l‘ + tﬂt)) - <U7 f(x»
t;

= <'U’ My, (u)> + <Uv O(ti»'

Passing to the limit, we get that lim; .o ((v,0(t;))/ti) = 0 and

(0 (@) = lim g COEHDRE) < gy (0, N () + 220
N€eOF(z) i

= sup (v, N(u)),
NeOF ()
which shows that df(x) is a pseudo-Jacobian of F' at x. The second asser-
tion follows directly from the definition. O

A similar result is true for Fréchet pseudo-Jacobians.

Proposition 1.7.3 We have the following properties of Fréchet pseudo-
Jacobians.

(i)  FEvery Fréchet pseudo-Jacobian is a pseudo-Jacobian.
(i) If f is Fréchet differentiable, then {Vf(x)} is a Fréchet pseudo-
Jacobian of f at x. Conversely, if f admits a singleton Fréchet pseudo-

Jacobian {A} at x, then f is Fréchet differentiable at x and A =V f(x).

Proof. Because every Fréchet pseudo-Jacobian is Gateaux pseudo-Jacobian,
thus the first property follows from Proposition 1.7.2. Now if f is Fréchet
differentiable at xg, then, in a neighborhood of xg,

f(@) = f(xo) = V f(wo)(z = w0) + of[|z — wol])-
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It is obvious that the singleton {V f(z¢)} is a Fréchet pseudo-Jacobian of
f at xo. Furthermore, let {M} be a singleton Fréchet pseudo-Jacobian of
f at zg; then for each x in a neighborhood of xg we have

f(@) = f(xo) — M(z — o) = o([|x — xol]) ,

which shows that f is Fréchet differentiable and V f(zg) = M . O

We note that if f is Fréchet differentiable and 0f(z) is a Fréchet pseudo-
Jacobian of f at z, then V f(x) is not necessarily an element of df(x). For
instance, the constant function f : IR? — IR defined by f(x) = 0 admits a
Fréchet pseudo-Jacobian 9f(0) = {(a, 3) : a® + 32 = 1} at @ = 0, which
evidently does not contain V f(0) = (0,0). Furthermore, not every pseudo-
Jacobian, even when being a singleton, is a Fréchet pseudo-Jacobian, as we
have seen in Example 1.7.1.

Proposition 1.7.4 Suppose that f : IR" — IR™ is locally Lipschitz and
0f(x) is a bounded pseudo-Jacobian of f at x. Then co(0f(x)) is a Fréchet
pseudo-Jacobian of f at x. In particular, the Clarke generalized Jacobian
9 f(x), and, when m = 1, the Michel-Penot subdifferential OMF f(z) are
Fréchet pseudo-Jacobians of f at x.

Proof. Suppose, to the contrary, that co(df(z)) is not a Fréchet pseudo-
Jacobian of f at x. Then there exist a sequence {x}}72, converging to x
and a positive € such that

far) = f(z) ¢ co(0f () (xx — @) + elley, — x| Bm

for kK > 1. The set on the right hand side is convex, therefore there exists
a vector vy € R™ with |lug]| = 1 such that

(e, flax) = f(2)) = sup (v, M(zp — x) + ¢flay — z([b).
MEdf(z),b€Bm

Set t, = ||lxp — x| and up = (xp — x)/tx. Without loss of generality one
may assume that {uy}7, converges to some u # 0 and {v;}}2, converges
to some v # 0. Then we deduce

(Vk, f(x 4+ tru) — f(2)) = (g, f(x + tru) — f(zr)) + (g, f(2r) — f(2))

> —Atg(ug —w)|| + sup (g, tp M (ug)) + etg,
Meof(x)

where ) is a Lipschitz continuity constant of f near x. By dividing both
sides of the above inequality by ¢, and passing to the limit when & — oo,
we obtain
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(vo /)y (zu)> sup (v, M(u)) +e,
Medf(x)

which contradicts the fact that 0f(z) is a pseudo-Jacobian of f and z.
The second part of the proposition is immediate by observing that the
Clarke generalized Jacobian and the Michel-Penot subdifferential are con-

vex and bounded pseudo-Jacobians (see Proposition 1.3.1 and Proposition
1.4.7). O

Note that a locally Lipschitz function may have a Fréchet pseudo-
Jacobian smaller than the Clarke generalized Jacobian. For instance, the
function f(z) = |x| admits a Fréchet pseudo-Jacobian {1,—1} at 0, while
9¢ f(0) = [~1,1]. In this example 8 f(0) is the convex hull of the Fréchet
pseudo-Jacobian {1, —1}. The next example shows that a locally Lipschitz
function may have a Fréchet pseudo-Jacobian whose convex hull is smaller
than the Clarke generalized Jacobian.

Example 1.7.5 Suppose that f : IR? — R is defined by

w?sinl 4yl x#0
— €T ?
fla) = { ly| else.

It is easy to check that this function is locally Lipschitz. A simple calcula-
tion confirms that the set

df(0,0) :={(0,8) : B € [-1,1]}

is a Fréchet pseudo-Jacobian of f at (0,0), whereas its Clarke generalized
Jacobian is the set

99£(0,0) := {(a. 8) : o, 8 € [-1,1]}.
Hence c6(9f(0,0)) is a proper subset of 9 f(0,0).

Next we give an example of a continuous function that is not locally
Lipschitz and has an unbounded Fréchet pseudo-Jacobian.

Example 1.7.6 Suppose that f : IR? — IR? is defined by
flw,y) = (J* sign(z), y""* + [a]) -
This function is not locally Lipschitz. It is easy to see that the set

8f(0,0):—{<gg>:a2 0, —1§ﬁ§1,'yE]R}

is a Fréchet pseudo-Jacobian of f at (0,0).
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Note also that a non-Lipschitz function may have a bounded Fréchet
pseudo-Jacobian as shown in the next example.

Example 1.7.7 Let f : IR — IR be defined by

201
{x sin 5z #0,

f(z) = 0 z = 0.

Then {0} is a Fréchet pseudo-Jacobian of f at 0, and f is not locally Lips-
chitz at 0. For real functions on IR, the notions of Fréchet differentiability
and Gateaux differentiablity coincide.

Besides the Clarke generalized Jacobian, several known generalized
derivatives are instances of Fréchet pseudo-Jacobians. Some of them are
presented below.

Proposition 1.7.8 (the Gowda—Ravindran H-differential) Suppose that
f:R™ — IR™ is continuous. Let T(xg) be an H-differential of f at xg,
then its closure cl(T'(zo)) is a Fréchet pseudo-Jacobian of f at xo.

Proof. In fact, suppose to the contrary that cl(T(xg)) is not a Fréchet
pseudo-Jacobian of f at xg. Then there exists a sequence {xy} converging
to xg such that

d(f (zx) — f(x0), T(w0)(2z — x0)) <

lim
k—oo ||$k — 1,’0”
for some & > 0, where d(f(z1) — f(20), T(z0)(x — o)) denotes the distance

from f(x)— f(xo) to T'(zo)(zr — o). This contradicts the assumption that
T(xp) is an H-differential of f at xg. O

It is clear that Proposition 1.3.7 is a direct consequence of Proposition
1.7.8. We notice also that the converse statement of Proposition 1.7.8 is
not true in general, that is, a Fréchet pseudo-Jacobian is not necessarily an
H-differential. The next simple example shows that a continuous function
that admits a Fréchet pseudo-Jacobian may not be H-differentiable.

Example 1.7.9 Consider the function f : IR? — IR? defined by
fl@y) = (e +y"% =2 +y).

A direct calculation shows that

9£(0,0) := { <_0161“> o> 1}
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is a Fréchet pseudo-Jacobian of f at (0,0). However, it is easy to see that
the function is not H-differentiable at (0,0).

Proposition 1.7.10 ( loffe’s prederivative) Let £2g be a fan generated by
a closed set Q@ C L(IR™,IR™) by the rule

2g(u) =Q(u) for uelR"

Assume that f admits a prederivative of this form, then Q is a Fréchet
pseudo-Jacobian of f at x. Conversely, if Of(x) is a Fréchet pseudo-
Jacobian of f at x that is conver and compact, then the fan generated
by Of (x) is a prederivative of f at x.

Proof. This follows easily from the definition of the prederivative. O

Proposition 1.7.11 (Warga’s unbounded derivative container) Let f :
R"™ — IR™ be continuous and let {A°f(x)} be an unbounded derivative
container of f on' V. Then for each xyg € V and e > 0, the set @(Asf(xo))
is a Fréchet pseudo-Jacobian of f at xq .

Proof. Suppose, to the contrary, that @(/18 f (l’o)) is not a Fréchet pseudo-
Jacobian of f at zp. Then there exists a sequence {z}} converging to zg

such that
d(f(zg) — f(z0),c0(A° f(20))(wk — T0)) > o
|2k — o -

for some € > 0. Let C = {x, : k =1,2,...} U{zo}. Then C is a compact
set that we may assume to be in V. Let {f;} be a sequence of continuously
differentiable functions stated in the definition of unbounded derivative
containers. For each k = 1,2,... with |z — z¢| < Jc, let i > ic be an
index sufficiently large so that

i (@) = F(@)]| < [l — wol* for every z € C.

Applying the classical mean value theorem, we find for each k, a matrix
My, € co(V fi, [xo, x]) such that

fir (k) = fi,(x0) = My(z — 20) -

For k with ||z —zo|| < d., one has V f;, [zo, xx] C A° f(x0). Hence we derive
M, € co(A8 f(xo)). For such k, we have

fxr) — f(xo) = f(ar) — fi,(xr) + fir (xx) — fi, (w0) + fi,(20) — f(20)
= f(zr) — fi,(zx) + fir,(20) — f(20) + My(7) — T0).

Hence
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d(f(xr) — f(x0), TO(A® f(x0))(xx — 0))

|z — xo|

< 2||z — 20| -
This is impossible when ||z — x| < &/2. O

A more restrictive pseudo-Jacobian can be required as follows. We say
that a nonempty subset 0f(z) C L(IR",IR™) is a strict pseudo-Jacobian of
[ at xg if for every x and y there is some matrix M, , € df(z) such that

f@) = fly) = My (2 = y) + olllz = yl),

where o(||z — y||)/l|lx —y|| — 0, as * — xo,y — x0, and = # y.

It is evident that any strict pseudo-Jacobian is a Fréchet pseudo-
Jacobian. The converse is not true. For instance, the function f: IR — IR
given by

2 . .
x®sin(l/x) if x #0;
-

o else

admits {0} as a Fréchet pseudo-Jacobian at = 0, but this set is not a
strict pseudo-Jacobian.

Proposition 1.7.12 Let f : R"™ — IR™ be strictly differentiable at xq.
Then the set {V f(zo)} is a strict pseudo-Jacobian of f at xo. Conversely,

if f admits a singleton strict pseudo-Jacobian {A} at xo, then it is strictly
differentiable at xo and V f(zo) = A.

Proof. This follows directly from the definitions of strict pseudo-Jacobians
and strict differentiability. O

Proposition 1.7.13 Assume that f : IR" — IR™ is locally Lipschitz at x.
Then the Clarke generalized Jacobian is a strict pseudo-Jacobian of [ at
xo-

Proof. Let ¢ > 0. By the upper semicontinuity of the Clarke generalized
Jacobian map, there is some § > 0 such that

acf(x) g acf(x()) + EBm><n

for every x € xg+ 6By, In view of Lebourg’s mean value theorem, for every
x,y € xo+ 0By, there exist some matrices M, , € 0f(zo) and Py y € Bpxn
such that

flx) = fly) = Mg, + pr,y(m —y).
This implies that df(x¢) is a strict pseudo-Jacobian of f at xo. O
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Corollary 1.7.14 A continuous function f : IR"™ — IR™ is locally Lip-
schitz at xo if and only if it admits a bounded strict pseudo-Jacobian at
xgQ-.

(154

Proof. According to Proposition 1.7.13 it suffices to show the “if” part.
Let 0f(zo) be a bounded strict pseudo-Jacobian of f at zg. There is a
convex neighborhood U of xg such that —1 < o(||z — y||) < 1. Let o =
SUPAeaf(zo) ||IM |- Then for every z,y € U, one has

1f(2) = F)ll < (a+ Dz -y

as requested. O

Using a strict pseudo-Jacobian at a point, we obtain pseudo-Jacobians
in a neighborhood of the point.

Proposition 1.7.15 Suppose that f : R™ — IR™ is continuous and that
Of(xo) is a bounded strict pseudo-Jacobian of f at xg. Then, for every
e > 0, there exists 0 > 0 such that the set f(xg) + €Bmxn i a pseudo-
Jacobian of f at every x € xg + 0By,.

Proof. Suppose to the contrary that for some fixed € > 0, there are points
x converging to zo such that df(zg) + €Bmxn is not a pseudo-Jacobian
of f at x,. We can find vectors v, € R™ and u; € R™ with |lvg]| = 1 and
|lug|| = 1 such that

(v o £) (wx),ur) > sup (v, M(up) + N (un)).
Medf(zo),NEBmxn

We may assume that {vj}32, and {u}7, converge respectively to v # 0
and u # 0. It follows from the definition of the upper directional derivative
that there are positive numbers t; converging to 0 such that

<Uk7 [z + tgug) — f(xk)> > sup (v, M(ug)) + 0 (1.7)
ty Med] (xo) 2

for kK > 1. Because 0f(x) is a strict pseudo-Jacobian of f at xg, there
are matrices My € 9f(xg), which may be assumed to converge to some
M € 0f(xp), such that

fxp + thug) — f(xr) = Mi(teur) + o(|[teurl])-

Substituting this expression into (1.7) and passing to the limit as k — +o0,
we derive

(v, /)T (wo;u) > sup (v, M(u)) +g
Meodf(zo)

which is a contradiction. O
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Calculus Rules for
Pseudo-Jacobians

In this chapter we develop a number of generalized calculus rules for
pseudo-Jacobians, including various forms of chain rules. In particular, the
diversity of chain rules together with the fact that most of the rules are
available without regularity conditions permits us to employ a variety of
generalized derivatives to study a variational problem. This feature fa-
cilitates a wide range of applications of the rules to different classes of
problems.

2.1 Elementary Rules

We first proceed to provide elementary calculus rules for pseudo-Jacobians,
that allow us to treat the simplest combinations of continuous functions.

Scalar Multiples and Sums

Theorem 2.1.1 Let f and g: IR™ — IR™ be continuous functions. If O f (x)
and Og(x) are pseudo-Jacobians of f and g, respectively, at x, then

(i) «adf(x) is a pseudo-Jacobian of af at x for every a € R.
(i) cl(0f(z)+ 0g(z)) is a pseudo-Jacobian of f + g at .

Proof. Let a € IR. If & > 0, then for every u € IR and v € IR™ we have

(v(ef)) " (wu) = a(vf) " (z;u) <o sup (v, M(u))

Medf(x)
< sup (v,aM(u)) < sup (v, N(u)).
Meof(x) Neadf(x)

This and the fact that the set adf(x) is closed show that adf(z) is a
pseudo-Jacobian of af at . When o < 0, we similarly have
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(v(ef)) " (@;u) = —a(—vf) " (z;u) < —a sup (—v, M(u))

Medf(x)
< sup (v,aM(u)) < sup (v, N(u)),
Meof(x) Neadf(x)

and arrive at the same conclusion.
For the second part, let © € IR"™ and v € IR™. We have

(v(f +9) " (z5u) < (0f)*(2;3u) + (vg) ™ (25 u)

sup (v, M(u))+ sup (v,N(u))
Medf(z) Neog(x)
< sup (v, P(u)),

Pedf(x)+0g(x)

<
<

which shows that the closure of the set f(x) + dg(x) is a pseudo-Jacobian
of f+ g at x. O

When f and g are locally Lipschitz, the second assertion of Theorem
2.1.1 gives a known sum rule of the Clarke generalized Jacobian.

Corollary 2.1.2 Assume that f and g are locally Lipschitz functions from
IR"™ to IR. Then

0°(f + 9)(x) € 89 f(x) + 0g(x).

Proof. According to Theorem 2.1.1, the set 9 f(x) 4+ 0 g(x) is a pseudo-
Jacobian of f +g at . Moreover, the set-valued map 2 — 9 f(z) + 0% g(z)
is compact, convex-valued, and upper semicontinuous. By Corollary 1.6.8,

°(f +g)(x) C 0% f(z) + 0%(x). 0
Cartesian Products

We agree that by writing M x N for M € L(IR",IR™) and N € L(IR", R
we mean the (m + £) x n-matrix (M) € L(IR", R™*Y).

Theorem 2.1.3 Let f: R" — R™ and g: R® — IR’ be continuous
functions. If 0f(x) € L(R™,IR™) and dg(x) C L(IR",IR") are pseudo-
Jacobians of f and g at x, respectively, then df(x) x dg(x) is a pseudo-
Jacobian of (f,g) at x. If f = (f1,...,fm) and Ofi(x),...,0fm(x) are
pseudo-differentials of the scalar component functions fi,..., fm at z, Te-
spectively, then 0f1(x) X -+ X Ofp(x) is a pseudo-Jacobian of f at that
point.

Proof. Let u € R™ and (v,w) € R™**. Then
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((v,w)f x g) (;u) = (vf +wg)™ (x;u)
() (a5 u) + (wg)* (z;u)
sup (v, M(u))+ sup (w,N(u))
Medf(z) Nedg(w)
< sup {((v,w), (M x N)(u)).
MxNedf(x)xdg(x)

IA A

N

This shows that 0f(z) x dg(z) is a pseudo-Jacobian of f x g at .
The second part is immediate from the first one. O

Note that, in general, df(x) x dg(z) is not the smallest among all pos-
sible pseudo-Jacobians of f x g at = even if Jf(z) and dg(x) are.

Example 2.1.4 Let f(x) = |z| for € IR and let h: R — TR? be the
product f x f. The set df(0) = {1,—1} is a pseudo-differential of f at
0. It is not hard to see that this is the smallest one; that is, any pseudo-
differential of f at 0 contains Jf(0) in its convex hull. It follows from
Theorem 2.1.3 that the set

oo xor0={(1)-(4) (1) (3)]

is a pseudo-Jacobian of h = f x f at 0. It is clear that this pseudo-Jacobian
is not the smallest because the smaller set

0h(0) = {G) ’ (:D}

is also a pseudo-Jacobian of A at 0.

Products and Quotients

Theorem 2.1.5 Let f,g : IR™ — IR be continuous functions. Let Of(x)
and 0g(x) be pseudo-differentials of f and g, respectively, at x. If at least
one of the values f(x) and g(x) is nonzero whenever both df(x) and dg(x)
are unbounded, then the closure of the set

f(2)0g(x) + g(x)0 f (x)
is a pseudo-differential of the product fg at x.

Proof. Let a € IR and u € IR". Let {t;}32, be a sequence of positive
numbers converging to 0 such that
(afg)(@ + tyu) — (afg)(x)

(afg)" (w;u) = lim T :
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Let f(z) # 0, say f(x) > 0. In view of the continuity of f, we may assume
that f(z + txu) > 0 for all £ > 1. Expressing
(afg)(@ +tku) — (afg)(z) = f(z + tru)[(ag)(@ + tru) — (ag)(z)]
+9(@)[(af)(z + tru) — (af)(@)];

we obtain

(afg)*(xiu) = lim (f(z+tiu) (ag)(z + tk;i) — (ag)(z)

(ag(@))f(x + tyx) — (g(@)) f(z) ).
tg

+

(2.1)

By the definition of 9f(x),

k—o0 k Meof(x)

Consider the sequence

{((ag)(w + tku) — (ag)(z))
7

Fe>1-

If it is bounded, then

(ag)(x + tyu) — (ag)(z)

lim sup f(z + txu)

k—o0 tk
— limsup £(z) (ag)(z + tktu) — (ag)(z)
k—o0 k
< sup (af(z), N(u)).
Nedg(x)

This combined with (2.1) and (2.2) yields

(afg)t(z;u) < sup (af(x), N(u))+ sup (ag(zx), M(u))
Nedg(x) Medf(x)
< sup a(f(z)N' + g(x) M, u), (2.3)
Nedg(z),Medf(x)

which shows that the closure of the set f(z)dg(x)+ g(x)df(x) is a pseudo-
Jacobian of fg at z.

If the sequence

{((ag)(x + tew) — (ag)(2))

12

o1

is unbounded, then the upper limit
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¢ = lim sup (2D @+ ) = (ag) (@)
. k—o0 tr

may take either the value +00 or —oo. Because f(z) > 0, it follows that
the limit .
s o+t ©2L 000 = 09))
k—o0 k

takes the same value +o0o or —oo. If ¢ = 400, then

sup af(x)(N,u) = sup a(N,u)=+c0
Nedg(x) Nedg(x)

and
sup (af ()N + ag(z) M u) = +oo
Nedg(x),Medf(x)
which implies (2.3) as well.
If ¢ = —o0, then

ylag)@+tew) = (@9)@) ()N, )

flx +thu
Uk Nedg(z)

for k sufficiently large. This proves (2.3). In this way, the closure of the set
f(z)0g(x) 4+ g(x)0f(x) is a pseudo-Jacobian of fg at . O

Theorem 2.1.6 Let f,g: R" — IR be continuous functions with g(x) # 0.
Let 0f(xz) and Og(x) be pseudo-differentials of f and g at x respectively.
Then the closure of the set

g(x)0f () — f(x)dg(x)
g%(x)

is a pseudo-differential of the quotient function f/g at x.

Proof. Apply the same method of proof as in Theorem 2.1.5. |

A product and quotient formula for the Clarke generalized subdifferen-
tial can also be obtained when f and g are locally Lipschitz.

Corollary 2.1.7 Let f,g: IR" — IR be locally Lipschitz. Then we have
9°(f9)(z) C f(2)0%g(x) + g(x)0° f (@),

9(x)0° f(x) — f(2)0(x)

o°(f/9)(x) € G

when g(x) # 0.



62 2 Calculus Rules for Pseudo-Jacobians

Proof. Use the same argument as in the proof of Corollary 2.1.2. O

The next example shows that Theorem 2.1.5 may fail without the con-
dition that at least one of the values of f(z) and g(x) is nonzero.

Example 2.1.8 Let f and g : R — IR be defined by
f(z)=2'% and g(z)= 2>
Let
_ [ {@/3)2%) if z # 0;
af(x)_{{ozelR:a>l} ifz =0,
_ [ {@/3)71%) if @ # 0;
ag(m)_{{aelR:MZl} if 2 = 0.

A simple calculation confirms that 0 f(z) and dg(x) are pseudo-differentials
of f and g, respectively, and they are upper semicontinuous at z = 0. The
set g(0)af(0) + f(0)0g(0) consists of zero only, which evidently is not a
pseudo-differential of fg at 0.

Max-Functions and Min-Functions

Let f;,i = 1,...,k be scalar continuous functions on IR". Let us define,
respectively, the maz-function and the min-function f and g: R™ — IR by

flx) =max{fi(z):i=1,...,k},

g(x) :==min{fi(z) :i=1,...,k}.

Denote by I(z) the set of all indices i € {1, ldots, k} such that f;(z) = f(x)
and by J(x) the set of all indices j € {1,ldots, k} such that f;(z) = g(x).

Theorem 2.1.9 Assume that 9f1(x),...,0fx(z) are pseudo-differentials
of f1,ldots, fi, respectively at x. Then the union Uie[(ac) Ofi(x) (respectively,

UjeJ(x) 0fj(x)) is a pseudo-differential of f (respectively, g) at .

Proof. We first observe that being the max-function of a finite family
of continuous functions, f is continuous. Now let v € IR"™. Let t; > 0
converging to 0 be such that

o fle 4 tru) — f(x)
I (u) = klggo tx ’

It follows from the continuity of f; that there is kg > 0 such that
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I(x + tru) C I(x) for all k > k.

Because I(x) is finite, there is at least one index ig € I(z) and a subse-
quence {tio(k)} such that

f(x + tio(k)u) = fi, (I + tio(k)u) for all Z()(k)
Then we can write f*(x;u) as

f+(l'; u) — lim fio(x + tio(k)u) - fio(m)

k—o0 tio(k)
< fi(zu) < sup (€ u)
§€0 iy ()
< sup (& u).

g Uier(n)0fi(2)
In a similar way we obtain
[ (zu) = inf (& ).
¢€ Uier(2)0fi()

By this ;¢ (,) 0fi(2) is a pseudo-differential of f at . The proof for the
min-function is similar. O

Here is a formula to calculate the Clarke subdifferential of the max-
function when f; are locally Lipschitz.

Corollary 2.1.10 Assume that f1,..., fr are locally Lipschitz. Then
o () € col | 0% fula).
i€l (x)
Proof. Apply Theorem 2.1.9 and Corollary 1.6.8. (]

The Gateaux differentiability of the max-function can also be obtained
in certain circumstances.

Corollary 2.1.11 Assume that fi,..., fr : R™ — IR are Gateaux differ-
entiable at x. If x is a maximum or a minimum point of f;,i € I(x), then
f is Gateaux differentiable at x and V f(z) = 0.

Proof. It follows that V f;(z) = 0 for i € I(z). Hence the singleton {0} is a
pseudo-differential of f at x. According to Proposition 1.2.2, f is Gateaux
differentiable at this point and its derivative is {0}. O

Note that the conclusion of the preceding theorem is no longer true
when f is a max-function of an infinite number of continuous functions.
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Example 2.1.12 Suppose that f; : IR — R is given by

z if 2 >27F,
fe(@) =< 20 —27F if 27F > g > 2~ (k+1),
0 otherwise.

The max-function of the family {fi, fo,...} is given by

f(x)_{;g ifx >0,

otherwise.

By taking 0f;(0) = {0}, we see that it is a pseudo-differential of f; at 0 for
every i = 1,2,.... Moreover, I(0) = {1,2,...} and Uiel(o) fi(0) = {0}. It
is evident that {0} cannot be a pseudo-differential of f at 0.

Optimality Conditions

Let f: R™ — IR be a continuous function. A point zy € IR" is said to be
a local minimizer of f if there is a neighborhood U of xg in IR™ such that
f(x) > f(=zo) for all z € U. Next we give a necessary condition for a point
to be a local minimizer.

Theorem 2.1.13 If x is a local minimizer of f and Of(xg) is a pseudo-
differential of f at xg, then

0 € co(df(x0))-
Proof. Because zq is a local minimizer of f, one has
fT(xo;u) >0 for every u € R".
It follows from the definition of pseudo-differential that

0< fT(zo;u) < sup (&u), forueR™
£eof(zo)

Consequently 0 € co(9f(x0)). O

We deduce from the above theorem some familiar results when the func-
tion is differentiable or locally Lipschitz.

Corollary 2.1.14 If xq is a local minimizer of f, then

i)  Vf(zo) =0 provided f is Gateauz differentiable at xg.
i) 0¢€ OMPf(xy) provided f is locally Lipschitz.
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Proof. The first assertion is clear because {V f(x)} is a pseudo-differential
of f at xp. The second assertion is obtained from Theorem 2.1.13 and the
fact that when f is locally Lipschitz the Michel-Penot subdifferential is a
convex compact pseudo-differential. O

The optimality condition given in Theorem 2.1.13 is quite sharp in com-

parison with the one expressed in terms of Michel-Penot’s subdifferential
and Mordukhovich’s basic differential.

Example 2.1.15 For z > 0, define

272 if 272 <u,
fla) =275 if 2720k < g < 2R =1 2
2% 2% ) ta if 2D << FE=12.,

where @ = 27 ((2k=1)/2) _9=(/2). and f(x) = — f(—z) for z < 0, and f(0) =
0. This function is neither locally Lipschitz nor directionally differentiable
at x = 0. Direct calculation shows that the Michel-Penot subdifferential
of f at 0 is the set [0,00), the Mordukhovich basic subdifferential of f at
0 is the singleton {0}, and the singular subdifferential is the set [0, 00). All
these subdifferentials contain 0, which means that the necessary optimality
condition expressed by them is satisfied at x = 0. However, it is not difficult
to see that the set [1,00) provides a pseudo-differential of f at x = 0, for
which the optimality condition is not fulfilled.

Given a nonempty subset C' of IR™ and = € cl(C), the cone of feasible
directions of C' at x is the set

To(C,z) := {u € R" : there is t > 0 such that x + su € C for s € (0,t)}.

When C' is convex, the closure of the cone Ty(C,x) coincides with the
tangent cone of C at x which is defined by

T(C,x):=cl{t(c—z) 2z € C,t >0}.

For functions defined on the subset C', the optimality condition above can
be generalized as follows.

Theorem 2.1.16 Let C' be a nonempty set in IR™ and let f: R™ — IR be
a continuous function. If x € C is a local minimum point of f on C and if
0f(x) is a pseudo-differential of f at xz, then

sup (§,u) >0  for all u e cl(To(C,x)).
£€df(x)
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Proof. It suffices to show the inequality for those u € Ty(C, x) of the form
u = ¢ — x, where ¢ € C. Suppose to the contrary that the inequality does
not hold for some u = ¢ — z, ¢ € C,; that is,

sup (¢,c—x) <0.
£eof(x)

It follows that

< 0.

fH(x;c — x) = limsup fatte—2) - f()
t10 t

Hence for ¢ sufficiently small, we derive

fz+t(e—w)) = flz) <0,

which contradicts the hypothesis. O

2.2 The Mean Value Theorem and Taylor’s
Expansions

We establish in this section some mean value theorems for continuous vec-
tor functions in terms of pseudo-Jacobians and derive related results. To
this end, let us prove a result on separation of convex sets that we have
already mentioned in Section 1.1.

Lemma 2.2.1 Suppose that C C IR" is a convex set, and that the point y
does not belong to C'. Then there exists a nonzero vector € of R™ such that

(€v) < inf (€,2).

If, in addition, C is closed, then the vector £& can be chosen so that the
above inequality is strict.

Proof. We may suppose that y = 0. Consider the convex cone generated
by C,
cone(C) = {tx : x € C,t > 0}.

By passing to a space of less dimension if necessary, we may assume that
this cone has a nonempty interior; say e is one of its elements. Then the
vector —e does not belong to the closed convex cone cl(cone(C')) because
C does not contain 0. Consider the function

h(z) = ||z +¢|| forzeC.
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This function is strictly convex in the sense that for every z,y € IR™ with
x #yand A € (0,1) one has h(Az+ (1 —N)y) < Ar(z)+ (1 —A)h(y). There-
fore, it attains its unique minimum on the closed convex set cl(cone(C')) at
some point T. In view of Theorem 2.1.16, one has

(Vh(Z),x —T) >0 for every x € cl(cone(C)).

Because T € cl(cone(C)) and VA(T) = 2(T + e) # 0, we deduce from the
above inequality that

(Vh(Z),z) > (Vh(T),Z) =0

for every x € C. The vector £ = VA(Z) is the one for which we are looking.
If C is closed, there is a positive ¢ such that 0 & C + ¢B,,. By applying
the first part of the proof, one finds some nonzero vector £ of IR"™ such that

(€,x+¢eb)>0
for every x € C and b € B,,. This gives

(& x) = el >0

for every x € C' and the proof is complete. O

The Mean Value Theorem

Theorem 2.2.2 Let a,b € IR™ and let f: R" — IR™ be a continuous
function. Assume that for each x € [a,b], Of(z) is a pseudo-Jacobian of f
at x. Then

f() = f(a) € ©0{9f([a, b])(b — a)}.

Proof. Let us first note that the right-hand side above is the closed convex
hull of all points of the form M (b—a), where M € 9f(c) for some ¢ € [a, b].
Let v € IR™ be arbitrary and fixed. Consider the real-valued function
g:[0,1] - IR,

9(t) = (v, fla+t(b—a)) = fa) + t(f(a) = f(b))).

Then g is continuous on [0, 1] with ¢g(0) = g(1). So, g attains a minimum or
a maximum at some tog € (0,1). Suppose that ¢ is a minimum point. Then,
for each o € R, g™ (tp; ) > 0. It now follows from direct calculations that

9" (to;a) = (vf) " (a+to(b — a);a(b — a)) + a(v, f(a) — f(b))-

Hence for each a € IR,
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(vf)"(a+to(b—a);a(b —a)) > afv, f(b) — f(a)).

Now, by taking a = 1 and a = —1, we obtain that

—(f)F(a+to(b—a);a—b) < (v, f(b)— f(a)) < (vf)F(at+to(b—a);b—a)).

By the definition of pseudo-Jacobian, we get

inf v, M(b—a)) < (v, f(b)—f(a)) < su v, M(b—a
o (O M ) SO SO @) S s (0 M)
Consequently,

(v, f(b) = f(a)) € ©o((v,0f (a + to(b — a)) (b — a)))

and so,
(v, f(b) = f(a)) € TO({v,0f([a, b])(b— a))). (2.4)

If tp is a maximum point, then it provides a minimum point of the function
—g on (0,1). Using the same line of arguments as above, we arrive at the
conclusion

(=0, f(b) = f(a)) € ©O((=v,df([a, b]) (b — a))),

which is equivalent to (2.4). Because v is arbitrary, we deduce that

f(b) = f(a) € ©0{9f([a, b])(b — a)}.

In fact, if this is not so, then it follows from the separation theorem that

(p, f(b) — f(a)) — € > sup (p, u),
uees{df ([a,b]) (b—a)}

for some p € IR™ because co{df([a,b])(b—a)} is a closed convex subset of
IR™. This implies

(p, f(b) = f(a)) > sup{a : o € (p,c0{f([a, b])(b — a)})}
= sup{a : a € eo((p, 0 ([a, b])(b - a)))},

which contradicts (2.4). O

Corollary 2.2.3 Let a,b € R" and f: IR" — IR™ be a continuous func-
tion. Assume that Of is a bounded pseudo-Jacobian of f which as a set-
valued map on [a,b] is upper semicontinuous on this segment. Then

f(b) = f(a) € {co(9f([a; b))} (b — a).
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Proof. Because for each x € [a,b], Of(x) is compact, and the set-valued
map Jf is upper semicontinuous, we obtain that the set Jf([a,b]) C
L(IR™,IR™) is compact, hence the set df([a,b])(b —a) C R™ is compact
too. Consequently,

co{df([a, b)) (b — a)} = co{df([a,b]) (b — a)} = {co(df([a, b]))}(b — a),

and so the conclusion follows from Theorem 2.2.2. O

In the following corollary we deduce the mean value theorem for locally
Lipschitz functions as a special case of Theorem 2.2.2.

Corollary 2.2.4 Let a,b € IR™ and let f: IR™ — IR™ be locally Lipschitz.
Then

F(0) = f(a) € {co(d° f(la, b))} (b — a).

Proof. We know that the Clarke generalized Jacobian map 9 f is a com-
pact valued, upper semicontinuous pseudo-Jacobian map of f. Hence the
conclusion follows from Corollary 2.2.3. O

Note that even for the case where f is locally Lipschitz, Corollary 2.2.3
provides a stronger mean value condition than the one of Corollary 2.2.4.

Example 2.2.5 Let f : IR> — IR be defined by

f(@,y) = || = yl;

and let a = (—1,—1) and b = (1, 1). Then the conclusion of Corollary 2.2.1
is verified by

8f(9(:, y) = {(17 _1)7 (_17 1)}
for every (z,y) € [a,b]. However, the condition of Corollary 2.2.4 holds for
2¢ £(0,0), where

60]‘(0,0) = CO({(L 1)7 (_17 _1)’ (17 _1)7 (_17 1)}> 2 8f([a'7b])

As a special case of the above theorem we see that if f is real valued,
then an asymptotic mean value equality is obtained.

Corollary 2.2.6 Let a,b € X and f: R" — IR be a continuous function.
Assume that, for each x € [a,b], Of(x) is a pseudo-differential of f. Then
there exist ¢ € (a,b) and a sequence {&;} C co(0f(c)) such that

70 = f(@) = Jim (g6, b= a)
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In particular, when f is locally Lipschitz, we obtain Lebourg’s mean value
theorem: there is some & € 9C f(c) such that

f(b) = fa) = (§,b—a).

Proof. The conclusion follows from the proof of Theorem 2.2.2. The par-
ticular case is derived from Corollary 2.2.4. O

We notice that for a continuous function which is not necessarily locally
Lipschitz, the exact mean value equality (Lebourg’s mean value theorem)
does not hold as shown in the next example.

Example 2.2.7 Let f:IR? — IR be defined by

f@) =zl + ¥y
Define

{(Sglg\;nf\(a?’\‘/lqﬁ)} ifz#0ory#0,
Of(2,y) = {(Sign(x),a):ozz 1} ifz#0andy =0,

24/ |z
{(a, 1 )ilal =1} ifz=0and y#0,

la]) : e > 1} ifr=0and y=0.

It is not hard to see that df(x,y) is a pseudo-differential of f at (z,y). For
the points @ = (—1,0) and b = (1,0), there is no ¢ € [a, b] such that

0= f(b) — f(a) € co(9f(¢))(b — a).
By choosing &, = (1/k, k) € co(9f(0,0)), we do have

lim —

0= f(b) - f(a) = Jim (G, b~ a) = lim

as expected by Corollary 2.2.6.

Characterizing Locally Lipschitz Continuity in
Terms of Pseudo-Jacobians

In this section we describe how locally Lipschitz functions can be charac-
terized in terms of pseudo-Jacobians using the mean value theorem. We
recall that a set-valued map G : IR™ = L(IR",IR™) is locally bounded at x
if there exist a neighborhood U of x and a positive a such that ||A]| < «,
for each A € G(U). Clearly, if G is upper semicontinuous at  and if G(z)
is bounded, then G is locally bounded at x.
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Proposition 2.2.8 Let f: IR" — IR™ be a continuous function. Then, the
following conditions are equivalent.

(i) f is locally Lipschitz at x.

(i1) f admits a locally bounded pseudo-Jacobian map at x.

(iii) f admits a pseudo-Jacobian map whose recession upper limit at x is
trivial.

Proof. Assume that df(y) is a pseudo-Jacobian of f for each y in a neigh-
borhood U of = and that df is locally bounded on U. Without loss of
generality, we may assume that U is convex. Then there exists a > 0 such
that ||A|| < « for each A € df(U). Let 2,y € U. Then [z,y] C U and by
the mean value theorem

f(@) = fy) € 0(0f ([z, y])(z —y)) C (0f(U)(z —y)).
Hence
1/ () = FWIl < llz — yl| max{[|A[| : A € 8f(U)}-
This gives us that
1f(z) = f(W)ll < allz -y

and so, f is locally Lipschitz at x.

Conversely, if f is locally Lipschitz at x, then the Clarke generalized
Jacobian can be chosen as a locally bounded pseudo-Jacobian map of f at

the point x. This proves the equivalence between (i) and (ii). The equiva-
lence of (ii) and (iii) is clear. O

As we have seen in Example 1.7.7, a non-Lipschitz function may have
a bounded pseudo-Jacobian. In view of the above proposition, a pseudo-
Jacobian map of such a function cannot be locally bounded.

For a continuous function f one defines the Lipschitz modulus at a point

a by
f(x) —f
lipf(a) := limsup 7H () (Y)H
X,y —a,X7#y ||X - YH

It is clear that f is locally Lipschitz at a if and only if it has the finite
Lipschitz modulus at that point. The latter can be evaluated by pseudo-
Jacobians around a. Let us denote by G(z) the collection of all pseudo-
Jacobians of f at x and set

G(x)| := inf sup ||M].

9(w)] == inf  sup (1]
Corollary 2.2.9 Let f: R" — IR™ be a continuous function. Then it is
locally Lipschitz at a if and only if limsup,_,, |G(x)| is finite in which case

lipf(a) = limsup |G (a)].

r—a
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Proof. Assume that f is locally Lipschitz at a. Then for every x and y
close to a and for every pseudo-Jacobian map 9f of f, by the mean-value
theorem, one has

@ =W G vy,

le =yl = meor(wy)
which implies
||£L' - y” z€[z,y]

When x and y tend to a we derive

lipf(a) < limsup |G(z)

r—a

and deduce that f is locally Lipschitz at a. The converse implication is
immediate.

The equality follows from the fact that the Clarke generalized Jacobian
belongs to the collection G(z). g

Partial Pseudo-Jacobians

In order to show that the partial pseudo-Jacobians of a function form
a pseudo-Jacobian we need the following continuity property of a sup-
function.

Lemma 2.2.10 Let F : R" = L(IR",R™) be a set-valued map, that has
nonempty closed values and is upper semicontinuous at x. Then for each
u € IR" and v € R™, the sup-function

f@) = sup (v, M(u))
MEeF(z')

18 upper semicontinuous at x.
Proof. First observe that because

[(v, M(u))| < [lol[l[M (u)]| < [[ollllul | M]
for u € IR"™ and v € R fixed, one has

sup (v, M(w)) < |lv][[ul
[[M]<1

For every € > 0, by the upper semicontinuity of F, there is § > 0 such that

F(2') C F(z) + €Bmxn for 2’ with ||z — 2’| < 4.
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It follows that
limsup f(2') = limsup sup (v, M(u))
' —x r'—x MEeF(a')

< limsup sup (v, M (u))
x'—x MEF(x)+eBmxn

< sup (v, M(u)) + ejv]|f|ul]
MEeF(z)

< f(@) +elvllllull-

Because € > 0 is arbitrary, we conclude the upper semicontinuity of f. [

Proposition 2.2.11 Let f: R" x R¥ — IR™ be a continuous function.
Let 0, f(z,y) € L(IR™,IR™) and 0, f(z,y) C L(IR*, IR™) be partial pseudo-
Jacobians of f at (x,y). If the set-valued map x’ — 0y f (2, y) is upper semi-
continuous at x, then the set (0, f(x,y),0yf(x,y)) is a pseudo-Jacobian of

fat (z,y).
Proof. Let (u,v) € R" x R* and w € R™. Then

(wf)+((l’, y); (u,v)) = limsup (wf)(z +tu,y + tv) — (wf)(z,y)

t10 t
< limsup (wf)(x 4+ tu,y + tv) — (wf)(z + tu,y)
10 t
t10 t
< limsup (wf)(x +tu,y + t’U) — (’LUf)(l’ + tu7y) + sup <’(U, M(’LL)>
t10 t Mebd, f(x,y)

Applying the mean value theorem to f(x + tu,-) on the interval [y, y + tv],
we obtain

(wf)(@ + tu,y + tv) — (wf)(z + tu, y) € €09y f (2 + tu, y)(v)).

Under the hypothesis of the theorem, the set-valued map ¢ — 0, f(x +
tu,y) is upper semicontinuous at ¢ = 0. By Lemma 2.2.10 this implies the
following inequality concerning the first term of the latter inequality

(wf)(z + tu,y + tv) — (wf)(z + tu,y)

lim sup
t10 t
< lim sup sup (w, N (v))

tl0  Neco(dy f(z+tu,y))

< limsup sup (w, N(v))
tl0  Neoyf(z+tu,y)

<  sup (w,N(v)).

Neé)yf(a:,y)
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We deduce that

(wf)*(z,y); (w,v)) < sup  (w,Nv)+ sup (w, M(u))
Neoy f(x,y) MEedy f(z,y)

< sup (w, (M N)(u,v)).
(MN)E(amf(iL‘,y),ayf(I,y))

This shows that (0, f(z,y), 0, f(x,y)) is a pseudo-Jacobian of f at (x,y). O

It is known from mathematical analysis that a function may have partial
derivatives at a point without being Géateaux differentiable at that point.
Next we derive a sufficient condition for a function of two variables to be
Gateaux differentiable provided that it is Gateaux differentiable with re-
spect to each of its variables separately.

Corollary 2.2.12 Assume that f is Gateauz differentiable with respect to
x at (z,y) and Gateaux differentiable with respect to y at every (x',y), where
z' is in a neighborhood of x, and that the partial derivative V,f(x',y) is
continuous in the first variable at x. Then f is Gateaux differentiable at

(.T,y) and Vf(:v,y) = (sz(x,y), Vyf(x,y))

Proof. By Proposition 2.2.11, the singleton set {(V,f(z,y), Vyf(z,y))} is
a pseudo-Jacobian of f at (x,y). The conclusion follows then from Propo-
sition 1.2.2. O

That the conclusion of Proposition 2.2.11 may fail without the upper
semicontinuity of at least one of the partial pseudo-Jacobians is illustrated
by the following example.

Example 2.2.13 Let f: IR? — IR? be given by
12 .
fary) = 4 (ol ) i (z.9) # (0,0),
’ (07 ) else.

It is easily seen that the sets

ss00={(,).(3)} are0={(5)}

are partial pseudo-Jacobians of f at (0,0). By taking v = (1,1) and v =
(0,1), we obtain
(vf)(tu)

. 1
(vf)((0,0);u) = hntll%llpf =5
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On the other hand, a simple calculation confirms

sup (v, M(u)) =0,
Me(azf(ovo)aayf(ofo))
which shows that {(9,f(0,0),0,f(0,0))} is not a pseudo-Jacobian of f at
(0,0).
Let Of(x,y) be a pseudo-Jacobian of f at (z,y). The function f is
differentiable at (x,y) # (0,0), thus in view of Proposition 1.2.3, one has

[VF(z, )" (v) € co{ M (v) : M € Of (z,y)}
for every v € IR?, where the derivative V f (x,y) is given by

sign(x) 0
Vi(z,y) = ( 2zy> I2($2y2)> :

(m2+y2)2 (x2+y2)2

By choosing v = (0, 1) we obtain

co{ M" (v) : M € (80(0,0),0,/(0,0))} = {(0,0)},
22(22 — 4?)
(G

These equalities show that the pseudo-Jacobian df(x,y) cannot be upper
semicontinuous once taking the value (9, f(0,0),9,f(0,0)) at (0,0).

[Vf(@,y)]"(v) = (0,

Gateaux and Fréchet Pseudo-Jacobians

As we have seen in the first chapter, every Fréchet pseudo-Jacobian is a
Gateaux pseudo-Jacobian, and in its turn every Gateaux pseudo-Jacobian
is a pseudo-Jacobian, and in general the converse is not true. Here we
provide a method of constructing a Fréchet pseudo-Jacobian from a given
pseudo-Jacobian.

Proposition 2.2.14 Let f: R" — IR™ be a continuous function. If
of is a pseudo-Jacobian map of f that is upper semicontinuous at x,
then €o(0f(xo)) is a Fréchet pseudo-Jacobian (hence a Gateaux pseudo-
Jacobian) of f at xg.

Proof. For every € > 0, by the upper semicontinuity of df, there is some
0 > 0 such that

co{df ([, zo])(x — o)} € {co(8f ([, 20])) } (& = x0) + £Bmxn(z — o)

whenever ||z — || < 0. This and the mean value theorem imply that there
exist a matrix M, € ¢o6(0f(xo)) and P, € By,xy, such that
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fx) = f(xo) = My (2 — @0) + ePu(z — o).

Consequently,
If (@) = f(zo) = Ma(z — zo)|| _
€
[l = o
whenever ||z — xg|| < ¢ and the conclusion follows. O

The Clarke generalized Jacobian is convex, compact-valued, and upper
semicontinuous, therefore the first conclusion of Proposition 1.7.4 is an
immediate corollary of Proposition 2.2.14.

Next we give a method to find a Fréchet pseudo-Jacobian of inverse
functions.

Proposition 2.2.15 Let f: R"™ — IR™ be a continuous function. Assume
that f~=' is the inverse of f in a neighborhood of f(xq) which is Lipschitz
at f(xzo). If Of (xo) is a Fréchet pseudo-Jacobian of f at xy and consists of
invertible matrices only, then the set

I:={M"1:Mcof(xy)}
is a Fréchet pseudo-Jacobian of =1 at f(xo).

Proof. Set yp = f(x¢) and let y be a point in a small neighborhood of yg
in which the inverse function f~! is defined. Set # = f~!(y). There exists
an element M, € 0f(xo) such that

f@) = f(xo) = My(z = wo) + o([|z — wol]),

where o(||x — xol])/||z — zo|| — 0 as x tends to zp. We derive
F7' W) = o) =2 — w0 = M, (y — yo) + M, (o(||a — xol])).

Because 0f(x¢) is closed and its elements are invertible, there is a positive
number § such that [|[M~Y|| < § for every M € Of(zo). This and the

Lipschitz continuity of f~! imply
o slollf = ) = £ wo) DI

My (e = o))l _

< =0.
y=0 Iy — woll y=v0 lly = woll

This shows that the set I is a Fréchet pseudo-Jacobian of f~1 at f(xg). O
Sup-Functions and Inf-Functions

We consider the case in which the max-function and the min-function are
defined by an infinite family of continuous functions. Let A be a topological
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space and let f : IR™ x A — IR be given. The sup-function and the inf-
function of the family {f(.,A) : A € A} are defined by

p(x) == sup{f(z, \) : A € A},
q(z) :==1inf{f(z,\) : XA € A}.
Let x be fixed and let € > 0,9 > 0. Denote by
A(g,0) :={re A: f(y,\) > p(x) —e,fory € x + 0B},
I'(e,d) :={ e A: f(y,\) <q(z)+e,fory € x+B,}.

Theorem 2.2.16 Let x € IR"™ be given. Assume that the sup-function p
(respectively, inf-function q) is continuous and that for some positive € > 0
and 0 > 0, the set 0, f(y,\) is a pseudo-differential of f(.,\) aty € v +
0By, where X € A(e, ) (respectively, X € I'(e,0)), and is such that the set-

valued map y — Uysea(e,s) 9o f(y, A) (respectively, y — Urep(cs) O f(y, )
s upper semicontinuous at x. Then the closure of the set

U Ox f(x, ) (respectively, U O f(x, M)

AEA(e,0) AET(g,8)
is a pseudo-differential of p (respectively q) at x.

Proof. Let v € IR" and let {t;} be a sequence of positive numbers con-
verging to 0 such that
t —
o) — fim P B0 p(x)
k—o00 tr

p
We may assume that |[tyu|| < d for each £ =1,2,.... Then

p(x + tgu) — p(z) = sup f(z + tgu, \) —sup f(z, )
AeA

AeA
= sup f(z+tgu,\)— sup f(z,))
AEA(e,0) A€A(e,0)
< sup (f(x+teu,A) — f(z, M)
AEA(e,0)

Let r > 0 be arbitrary. By the upper semicontinuity assumption, there is
some positive s > 0 such that

U U orwync |J 0uf(@ ) +rBa.

y€x+sBn AeA(g,0) AEA(e,0)

Consequently,

U U co{ 0z f(y, A)} C cof U Ouf(x, \)} + rBy.

yEx+sBn AeA(e,0) AEA(e,0)



78 2 Calculus Rules for Pseudo-Jacobians

Denote the set on the left-hand side P and the set on the right-hand side Q.
Without loss of generality we may assume that ¢, < s for all Kk =1,2,....
Then applying the mean value theorem, we find yi, € (z, x+tpu) C x+sBy,
A € A(e, ), and & € co(0y f (yk, A\x)) such that

p(z +tpu) — p(x) < fz+tpu, Ap) — f(2, Ag) +ter < (&, trou) + tyr
for k =1,2,.... It follows that

p(x + tpu) — p(x)
123

< <£k7u> +r

< sup sup  (§u) +r
AeA(e,8) £€co(Dz f (i)

<sup(§,u) +r

&ep
< sup(§,u) +r
£eq
< sup (€ uw) + 71+ Jlull).

B §€Uxea(e,0) O f(2,2)

By passing to the limit in the above inequalities when k tends to oo, we
obtain
pT(z;u) < sup (€ u) + (14 [lul).
£eUrc(e,s) Onf(,A)

Because r > 0 is arbitrary, we have

pH(z;u) < sup (& u),
€€Unea(e,s) O f ()

and similarly,
p (x;u) > inf & u
( ) §€UA€A(5,5) 8zf(l’x>\)< >
which shows that the closure of the set |Jyc (. g 92f(2,A) is a pseudo-
differential of p at x. For the inf-function the proof is analogous. O

Lemma 2.2.17 Let x € IR" be given. Assume that A is a compact space
and f is a continuous function. Then for every e > 0, there is some § > 0
such that

p(y) = max{f(y,\) : A € A(,0)} for y € x + 6B,.

Proof. Suppose to the contrary that there is some g > 0 and x;, converging
to x such that
p(xg) > max{f(zk,\) : X € A(g,0)}.
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Let Ax € A be such that

p(ar) = f(xr, Ak)-

Then A\, ¢ A(e,0). Without loss of generality we may assume that the
sequence {\;} converges to A\g € A as k tends to oco. It is clear that \g €
A(e,0) and p(x) = f(x, No). It follows from the continuity of f that there
is > 0 and a neighborhood V' of Ay in A such that

fy,\) >p(x)—e forall ycax+dB,,AeV.

In particular, f(z, ;) > p(z) — € for k so large that A\ € V. This shows
that \; € A(e,0), a contradiction. O

Lemma 2.2.18 Let x € R™ be given. Assume that A is a compact space,
f is a continuous function, and the set-valued map y — 0. f(y,\) is a
pseudo-differential map of f(.,\), which is upper semicontinuous in two
variables y and X at (x,\), X € A(e,0). Then the set-valued map

y— U %fN
A€A(g,0)

18 upper semicontinuous at x.

Proof. Let » > 0 be given. For each A\ € A(g,0), there is s(A\) > 0 and a
neighborhood V() C A(e,0) of A such that

Ouf(y, N) COxf(x,\) +s(\)B, foryc€ax+rB, and X € V().

It follows from the hypothesis of the lemma that A(e,0) is compact.
Hence there exist A1,...,A\p € A(e,0) such that A(e,0) is covered by
V(A1),...,V(Ar). By choosing

s =min{s(A\1),...,s(A\x)}
we obtain
Oz f(y,\) COpf(x,\)+sB, foryex+rB, and € A(g0).

By taking the union of the above sets over A € A(g,0), we deduce the
conclusion. m

Corollary 2.2.19 Let x € IR" be given. Assume that A is a compact
space, f is a continuous function, and that the set-valued map O, f(., \)
is a pseudo-differential map of f(., ) which is upper semicontinuous in the
two variables at x. Then for every € > 0, the closure of the set
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U Opf(x, A)  (respectively, U O f(x,N))

AeA:f(z,A)>p(x)—e AeA:f(z,A)<qg(x)+e
is a pseudo-differential of p (respectively, q) at x.

Proof. According to Lemma 2.2.17, in a sufficiently small neighborhood
of x, the sup-function p can be defined by the family of functions f(.,\)
with A € A(g,0) only. This and Lemma 2.2.18 allow us to apply Theorem
2.2.16 to conclude the corollary. O

Taylor’s Expansion

In this part, we see how Taylor’s expansions can be obtained for C'- func-
tions using pseudo-Hessians.

Theorem 2.2.20 Let f : IR™ — IR be continuously differentiable on IR";
let z,y € R"™. Suppose that for each z € [x,y], 0>f(z) is a pseudo-Hessian
of f at z. Then there exists ¢ € (x,y) such that

fy) e f(@) +(Vf(x),y —x)+ %@(<32f(0)(y —z),(y — x))).

Proof. Let us define a real function h on IR by

h(t) = Fly + 1z —9)) + HT S+ 1o —y),y — 2) + sar® — (o),
where a = =2(f(z) — f(y) + (Vf(z),y — z)). Then h is continuous and
h(0) = h(1) = 0. So, h attains its extremum at some v € (0,1). Suppose
that 7 is a minimum point of A. Now, by necessary conditions, we have for
allv € R,

h™(y;v) > 0.

By setting u := z — y, we derive

0<h™(y;v)
— liminf h(y 4+ M) — h(v)
A—0t A
I (R R e AR o)
= 1m
A—0t A
1 . aly+ )2 —ay?
+ 2 ,\li%l+ A
+lim inf (Y + M)V fly+ (v + Av)uA), —u) = Y(Vfly +yu), —u)
—0

So,
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0<h™(7;0)

= v(V f(y +yu),u) + ayv + v(Vf(y +yu), —u)
(VI(y+ (v + M)u), —u) — (V f(y +vu), —u)

o ing

e .

= ayv + 7lim inf (VFy+ (0 + Moju), —AU> —(Vf(y + ), —u)
—0

Let c=y 4+ v(x —y). Then ¢ € (x,y) and for v =1, we get

0<ay 4+ liminf (Vf(y +yu+ M), _? — (V(y +7u), —u)

<ay+ sup (M(-u),u).
Med?f(c)

This gives us

> inf (M(-u),—u).
az | inf (M),

Similarly, for v = —1, we obtain

(VI(y +yu+ AM=u)), —u) = (Vf(y +yu), —u)
)

0<— lim inf

= —ay+yimin

< —ay+ sup (M(—u),—u);
Med?f(c)

thus
a< sup (M(—u),—u).
Med?f(c)

Hence, it follows that

inf (M(-u),—u) <a< sup (M(—u),—u),

Med2f(c) Med?f(c)
and so,
a € (02 f(c)(—u), —u)).
Recalling that © = x — y, we obtain

fly) = fx) = (Vf(z),y —z) = 0 ((0*f(c)(y — x), (y — 2))).

The reasoning is similar in the case when -y is a maximum point of h. The
details are left to the reader. O

S

[NNRS]
D] —

Corollary 2.2.21 Let f: IR" — IR be continuously differentiable on IR™
and x,y € R". Suppose that for each z € [x,y], 0*f(2) is a convex and

compact pseudo-Hessian of f at z. Then there exist ¢ € (x,y) and M €
02f(c) such that

F() = 1) + (V@) y — o)+ My — ),y — ).
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Proof. It follows from the hypothesis that for each z € [z,y], 0?f(2)
is convex and compact, and so the €6 in the conclusion of the previous
theorem is superfluous. Thus the inequalities

inf (My—2x),z—y)<a< sup (Mly—z),z—
B M =D a ) Sas s (M- )a =)

give us that
a € (P fe)(y ), (y — ).
d

Corollary 2.2.22 Let f: R® — IR be C*! and x,y € R™. Then there
exist ¢ € (z,y) and M € 9% f(c) such that

F) = f@) + (VF(@)y — ) + S (M(y— ),y — ).

2
Proof. The conclusion follows from the above corollary by choosing the
generalized Hessian 0% f(z) as a pseudo-Hessian of f for each z. O

2.3 A General Chain Rule

Some chain rules are now developed for computing pseudo-Jacobians of
composite functions. We begin with the following formula for the convex
hull of compositions of matrices.

Lemma 2.3.1 Let I € L(R",IR™) and I1 C L(R™,IR¥) be nonempty.
Then we have
(co(I1)) o (co(I3)) C co(I o ).

Proof. Let M € co(I1) and N € co([%). There are matrices M; € I,
N; € I; and positive numbers A; and p;,¢ = 1,...,1 such that Zi-:l A =
S _ymj=1and M =3"_  \\M;, N =i 1;N;. Then

l ! ! !
MoN=> XMooy uiNj=> N{> piM;oN;},
i=1 j=1 i=1 =1
which shows that M o N € co(co(I7 o I3)) = co(I7 o I3). O
Fuzzy Chain Rules

The chain rule for a composite function proved presently involves pseudo-
Jacobians around the given point. For this reason, it is called a fuzzy chain
rule.
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Theorem 2.3.2 Let f: R” — R™ and g: R™ — R* be continuous func-
tions. Let Of and Og be pseudo-Jacobian maps of f and g, respectively.
Then for each 1,9 > 0, the closure of the set

U dg(y) o df (x)

z€xo+e1Bn,yEf(x0)+e2Bm

is a pseudo-Jacobian of the composite function go f at xg.

Proof. Let £1,£9 > 0 be given. Denote by Dy := xg+¢1 By, D2 := f(xg) +
€9 B,, and

I = U Of(x) and Iy:= U 9g(y).

z€Dy y€EDo

We have to show that for every v € IR” and w € IR,

(w(go f))" (wosu) < sup (w, M(u)).
MeTl ol

To this purpose, let {t;} be a sequence of positive numbers converging to
0 such that

(w(g o )" (zo;u) = lim w(g o f)(wo + tiw) —w(g o f)(wo)

11— 00 tl

Applying the mean value theorem to f and g we obtain

f(zo + tiu) — f(x0) € €0(0f[x0, T0 + tiu|(tiu))
9(f (o + tiu))— g(f(z0)) € @ (dg[f (o), f (w0 + tiu)](f (2o + tiu) — f(x0)))-

Denote the sets on the right-hand sides above P; and @);, respectively, and
observe that as f is continuous, there is 7g > 1 such that

[z0, To + tiu] € D1,
[f(x0), f(xo + tiu)] C Dg for i > ig.

Thus, in view of Lemma 2.3.1, we conclude

1
(w(go ) (woiw) < lm sup
10 geQiop; b

(w,€)

1
< lim sup = (w, &)

120 £€T0(U, e p, ye y 09(8)00f () (t3w) Li
< sup{(w, A(u)) : A € I o I2}.

This shows that the closure of the set 17 o I is a pseudo-Jacobian of g o f
at xg. O
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Chain Rules for Upper Semicontinuous
Pseudo-Jacobians

An interesting case arises when f and g admit upper semicontinuous
pseudo-Jacobians. A chain rule that involves perturbed sets of pseudo-
Jacobians of f and g at a point under consideration replaces the fuzzy rule.

Theorem 2.3.3 Let f: IR” — R™ and g: R™ — R* be continuous func-
tions. Let Of and Og be pseudo-Jacobian maps of f and g that are upper
semicontinuous at Ty and at f(xg) respectively. Then for each £1,e9 > 0,
the closure of the set

(ag(f(.’E())) + EQkam) o (af(xO) + EleXn)
s a pseudo-Jacobian of the composite function go f at xg.

Proof. By the hypothesis on the upper semicontinuity of df and dg, we
can find for every €1,e2 > 0 a positive § such that

Of(xz) COf(xo) + €1Bmxn for x with ||z — zq|| <0,
9g(y) € Ag(f(x0)) + e2Bjxm for y with ||y — f(xo)| < 0.
It follows that

U 99(w)odf(x) € (9g(f(w0))+e2Brum)o(0f (20)+€1Brmxn).

r€x0+6Bn,yEf(x0)+dBm

We apply Theorem 2.3.2 to complete the proof. O

When g admits a bounded pseudo-Jacobian, for instance, when it is
differentiable or locally Lipschitz, Theorem 2.3.3 takes a simpler form.

Corollary 2.3.4 Assume that Jf is a pseudo-Jacobian map of f which
is upper semicontinuous at r and 0g is a pseudo-Jacobian of g which is
bounded and upper semicontinuous at f(x). Then for every e > 0, the
closure of the set

(0g(f(x)) + €Brsxm) 0 0 (x)

s a pseudo-Jacobian of the composite function go f at x.

Proof. According to the preceding theorem, for every €1,e2 > 0 one has

(w(go f)) (z;u) < sup  (w, (M oN)(u))
Mer,Ner

< sup (w, (M o N)(u))

MeT,Nedf(xzo)

+ &9 sup (w,(M o N)(u)),
MET,NEBmxn
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where I1 = 0g(f(x)) + €2Bkxm and Iy = 0f(x) + €1 Byxn. Because the
set on which the supremum of the second term in the latter inequality is
taken is bounded and e, is arbitrary, we derive

(w(gof))+(x;u) < sup <w7 (MON)<U)>7
Mel ,Nedf(xo)

and obtain the desired pseudo-Jacobian. O

As a special case of Theorem 2.3.3, when both functions f and g admit
bounded pseudo-Jacobians, we obtain the following exact chain rule.

Corollary 2.3.5 Assume that Of and Og are pseudo-Jacobian maps of f
and g which are bounded and upper semicontinuous at x and f(x), respec-
tively. Then the set

9g(f(x)) e 0f(x)

is a pseudo-Jacobian of the composite function go f at x.

Proof. Use the method of the proof of Corollary 2.3.1 and the hypothesis
that df(z) is bounded. O

We notice that under the hypothesis of this corollary, the pseudo-
Jacobian maps of f and g are locally bounded at x and f(z), respectively.
Hence, in view of Proposition 2.2.9 the functions f and g are locally Lips-
chitz near these points.

2.4 Chain Rules Using Recession
Pseudo-Jacobian Matrices

It should be noted that Theorem 2.3.3 provides us with a construction of
a pseudo-Jacobian of the composite function g o f by using perturbed sets
of pseudo-Jacobians of f and g. As we show, when 9f(z) and dg(f(z)) are
not bounded, the exact chain rule as that of Corollary 2.3.5 is no longer
true. The concept of recession directions (Section 1.5) is of great help in
obtaining a chain rule in which only the recession Jacobian is perturbed.
First we give some auxiliary results.

Lemma 2.4.1 Let F be a set-valued map from R"™ to R that is up-
per semicontinuous at xo € IR"™. Let {t;} be a sequence of positive num-
bers converging to 0, ¢; € co(F(xg + t;By)) with lim;_. ||gi|| = oo and
lim; oo ¢i/||gil| = qo for some qo € R*. Then qo € [co(F(x0))]eo. Moreover,
if the cone co(F(xg)so) s pointed, then qo € co(F(20)oc) = [cO(F (20))]oo-
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Proof. By the upper semicontinuity of F', for every € > 0, there is ig
sufficiently large such that

F(xog+t;By) C F(xo) + By i > io.
Hence we have
qi € ©o(F(x0) + eBy) C co(F(xo) +eBy) + By for i > ij.
Consequently,

qo € [co(F(xo) 4+ €By) + €Bkloo
C [co(F(x0) + €Bk)]oo € [co(F(20))]oo

(see Lemma 1.5.1). For the second part of the lemma the inclusion
co(F(20)oo) C [co(F(z0))]oo always holds because F(xzg) C co(F(zo))
and [co(F(zg))]eo is a closed convex cone. For the inverse inclusion, let
p € [co(F(x0))]so, P # 0. By Caratheodory’s theorem, one can find convex
combinations p; = Zkfl Xijpij with Aj; > 0, pi; € F(x) and ZkH Aij =1
such that

p/lpl = lim pi/[lpi|| and  Tim [|p;]| = oo
1—00 1—00

Without loss of generality we may assume that lim; .., Aj; = A; > 0 for
j =1, ,k 4+ 1 and Zkﬂ A; = 1. For every j, consider the sequence
{)\ijpzj / ||pl||}121 We clalm that this sequence is bounded, hence we may
assume that it converges to some p,; € (F(20))oo. Then p = Z;Hll Doj €

co(F(x0)eo) as wanted. To achieve the proof we suppose to the contrary
that {/\ijpij/”pi”}iZI is unbounded. Denote Qi5 = /\zypzy/”sz One may
assume by taking a subsequence if necessary, that |a;j,| = max{|a;],
j=1,... k+1}, for every i. Hence lim; . ||aij, || = 0o. Because p;/||p;i|| =

1
Z§+1 a;j, we have

k+1

0= lim pi/(llpllllagill) = lim Y aij/|laij, -
71— 00 1— 00 )
Jj=

Again we may assume that {a;;/||aij, || }i>0 converges to some a,; € F(20)oso
for j =1, ... ,k+1 because these sequences are bounded. As a,j, # 0, the
equality 0 = Z;Hl apj shows that co(F(x0)s) is not pointed, a contradic-
tion. 0

Lemma 2.4.2 Let K be a straight line cone in R*. Then for every e > 0,
the convex hull of the conic e-neighborhood K¢ of K is the entire space IRF.
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Proof. It is obvious that the interior of K¢ is nonempty. It contains for in-
stance K \ {0}. Hence for every = € IR¥, one has (z+K) N int(K*) # (. Let
y=x+k € int(K®) for some k € K. Then z =y — k € int(K°) + (—K) C
int(K°¢) + K C co(K*). O

It is well known in linear algebra that a linear transformation can be
represented by a matrix, and every matrix determines a linear transfor-
mation. For this reason, we say that a matriz is surjective (respectively,
injective) if the associated linear transformation is surjective (respectively,
injective).

Theorem 2.4.3 Let f: IR” — R™ and g: R™ — R* be continuous func-
tions. Let Of and Og be pseudo-Jacobian maps of f and g that are upper
semicontinuous at x and at f(x), respectively. Assume further that

(i)  Elements of 0g(f(x)) are surjective whenever (0f(x))oo is nontrivial.
(i) Elements of 0f(x) are injective whenever (0g(f(z)))oo is nontrivial.

Then for every € > 0, the closure of the set

[0g(f () + (9g(f (%)) o [0f () + (0 (x))5]
s a pseudo-Jacobian of the composite function g o f at x.

Proof. This theorem can be derived from Theorem 2.3.3. However, we
provide here a direct proof. We wish to show that for every u € IR",
w E ]Rk,

(w,go f)*(wu) < sup (w, MN(w)), (2.5)

MeP,NeQ

where P := 9g(f(x))+ (99(f(2)))5 and Q := df(x) + (0f (x))5,. The case
u =0 or w = 0 being obvious, we assume u # 0 and w # 0. Let {t;} be a
sequence of positive numbers converging to 0 such that

_ i (w9 (@ 4 i) — g(f(2)))

1—00 t;

(w,go f)F(z;u) (2.6)

It follows from the mean value theorem that for each ¢; there exist some
M; € co(9g[f(x), f(x + t;u)]) and N; € €o(df[x, x + t;u]) such that
f(z +tiu) — f(z) = t;:Ni(u) (2.7)
g(f(z +tiw) — g(f(z)) = M;(f(z + tiu) — f(z)).

By taking a subsequence, if necessary, we need to deal with four cases.

(a) {N;} converges to some Ny and {M;} converges to some M.
(b) {N;} converges to some Ny and lim;_. || M;|| = oo with {M; /| M;]}
converging to some M,.
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(¢)  lim; o || Vi]| = 0o with {V;/||N;||} converging to some N, and {M;}
converges to some M.

(d) limj_eo [|[Ni]] = oo with {N;/||N;||} converging to some N, and
lim; o0 || M;|| = 0o with {M; /]| M;||} converging to some M,.

It follows from (2.6) and (2.7) that

(w,go ) (x;u) = lim (w, M;N;(u)).

1—00

In (a) one has Ny € co(9f(x)), Mo € c6(0g(f(x))) by the upper semi-
continuity of df and dg. Therefore,

(w,g o fYT(z;u) = (2, MgNo(u)) <  sup (w, MN(u)).
MeP,NeQ

Case (b). By Lemma 2.4.1, M, € [co(09(f(x)))]oc- If co{[0g(f(2))]so}
is not pointed, then by Lemma 2.4.2, co{[0g(f(z))]5.} coincides with the
whole space L(IR™,IR¥). This and the injectivity of N € df(z) imply

sup  (w, MN(u)) > sup (w, MN(u)) = oo
MeP,NeQ MeL(R™RY),NeQ

(because u # 0), and (2.5) holds obviously. If the cone co{[0g(f(z))]co} is
pointed, then by Lemma 2.4.1 it contains M,. Let

a = (w, M, Ny(u)).

If a > 0, then from the fact that AM, € co{[0g(f(z))]s} for all A >0,
we derive the following relation which subsumes (2.5),

sup  (w, MN(u)) > sup (w, M No(u))
MeP,NeQ MeM;+co{[0g(f(=))l5}
> lim sup(w, (AM, + M, )No(u)) > oo,
A—00

where M, is an arbitrary element of dg(f(z)).

If o < 0, then for ¢ sufficiently large, one has

M;

i (&%

Hence

(w,go f)*(z;u) = lim (w, M;Ni(u)) < lim |\Mi||% = —c0.
1—00

1—00

This shows that (2.5) is true.
If a = 0, then observe that M, € int{co[(0g(f(z)))5.]}- Let
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K = {co[(9g(f(2)))5]}" o w.

Then K consists of all elements M w € IR, where M € co[(dg(f(x)))5]-
We claim that M!"w € int(K). Indeed, if this is not the case, then one can
find a nonzero vector v € R™ such that

(v, (M"™ — MI")(w)) >0 for every M € co[(dg(f(x)))5]-

Because M, is an interior point, the above inequality must hold for every
M € L(IR™,1R’). Moreover, as v # 0, this is possible only when w = 0,
a contradiction. Recalling that Ny is injective, hence Nou # 0 and be-
cause M!"(w) € int(K), we can find a matrix M; € int{co[(dg(f(x)))S.]}

o

sufficiently close to M, such that (M{"(w), No(u)) > 0. We deduce that

sup  {(w, MN(u)) > sup (w, M No(u))

MeP,NeQ MeM;r+co[(9g(f(2)))%]
> )\lim ((AM1 + M,)" (w), No(u)) > oo,

where M, is an arbitrary element of dg(f(x)). Hence (2.5) holds.

The case (c) is proven in a similar manner with noting that M €
Ag(f(x)) is surjective if and only if M is injective.

Finally, let us proceed to the case (d). In virtue of Lemma 2.4.1, we
have M, € [co(0g(f(x)))]ec and Ny € [co(Of(z))]co. We distinguish four
possible subcases according to the pointedness of the recession cones of the
pseudo-Jacobians.

Subcase (d1): co{(9g(f(2)))e} and co{(0f(z))sc} are pointed. By
Lemma 2.4.1, M, € co{(09(f(x)))sc} and N, € co{(9f(z))oc}. Let us
consider

0 := (w, M, Ny(u)).

If B > 0, then for A > 0, one has AM, € co{(0g(f(x)))5} and AN, €
co{(0f(z))5.}. Hence

sup (w, MN(u)) > sup (w, M N (u))
MeP,NeQ MeM,+co{(8f(x))5, }, NENs+co{(8f(x))5. }

> lim (w, AM; + My)(AN. + N (u)) = oo,

where M, and N, are arbitrary elements of dg(f(x)) and 0 f (x) respectively.
This shows that (2.5) is true.
If 6 < 0, then for ¢ sufficiently large,

M; N; B
w, (u)) <= <0.
o ™ <3

Consequently
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. . B
(w,g o f)F (z;u) = lim (w, M;N;(u)) < lim o || My||| ]| = —o0
1—00 71— 00 2

which also implies (2.5).
If 3 = 0, then, as in the subcase (b3), one has M, € int{[co(dg(f(z)))]5}
and N, € int{[co(0f(z))]5.} for A > 0. The relation

ﬁ = <M:T<w)aN*(u)> =0

implies the existence of two elements M; € int{[co(dg(f(x)))]5.} and N; €
int{[co(0f(x))]5,} sufficiently close to M, and N, such that

(M{"w, Ny(u)) > 0.

Then
sup  (w, MN(u)) > sup (P (w), N(u))
MeP,NeQ MeM;,~4co{(0gf(x))5 },NENr+co{(df(x))5. }

> Tim (AMy + M) (w), (ANy + Np) () > o0,

where M, and N, are arbitrary elements of dg(f(z)) and Of(x), respec-
tively. This again implies (2.5) as well.

Subcase (d2): co{(0g(f(z)))so} is pointed and co{(0f(z))s}is not poi-
nted.By Lemma 2.4.1, M, € co{(99(f(z)))ec},and by Lemma 2.4.2,Q may
be replaced by L(IR™, IR™). As shown before, M w € int{[co(dg(f(x)))5.]*"
w}. Hence there is My € int{co[(g(f(x)))S ]} sufficiently close to M, such
that M w # 0. Then we obtain

sup {(w, MN(u)) > sup (w, M1 N (u)) = oo,
MeP,NeQ NeL(R™,R™)

which shows that (2.5) holds.

Subcase (d3): (9g(f(x)))eo is not pointed and co{(0f(z))c} is pointed.
This case is proven similarly to the subcase (d2).

Subcase (d4): Both of co{(9g(f(%)))ec} and co{(df(x))s} are not
pointed. By Lemma 2.4.2, P may be replaced by L(IR™,IR¥) and Q may
be replaced by L(IR™,IR™). Therefore, we have

sSup <w> MN(U» > sSup <w> MN(U» = 090,
MePNeQ MeL(R™,IRF),NeL(IR",R™)
which implies (2.5). O

Proposition 2.4.4 Under the hypothesis of Theorem 2.4.3, for every e >
0, the closure of the set

[0g(f () U{(9g(f ()] \Int(Brxn) } o [0 (2) U{(0f (x)) \int(Bmxn)}]

s a pseudo-Jacobian of the composite function g o f at x.



2.4 Chain Rules Using Recession Pseudo-Jacobian Matrices 91

Proof. The proof is similar to the proof of the preceding theorem and so
it is omitted here. O

The particular case of Theorem 2.4.3, presented below, is useful in the
applications later.

Corollary 2.4.5 Assume that Of is a pseudo-Jacobian of f which is upper
semicontinuous at x and g is differentiable with Vg continuous at f(x) and
Vg(f(x)) #0. Then for every e > 0, the set

Vy(f(x)) o [0f () + (0f ()]
is a pseudo-Jacobian of the composite function g o f at x.

Proof. We know that Vg is a pseudo-Jacobian of g. Moreover, if Vg(f(z)) #
0, then it is a surjective map from IR' to IR. The hypotheses of Theorem
2.4.3 are satisfied and so the conclusion holds. O

The following modified version of Theorem 2.4.3 is useful in practice, es-
pecially when each component of f has its own generalized derivative that
is easy to compute. Let g be a pseudo-Jacobian map of g : R™! x R —
IR, Then dyg and dag denote the projections of dg on L(IR™,R¥) and
on L(IR™2, IR¥), respectively.

Proposition 2.4.6 Let fi:IR" — IR™, fo: IR™ — IR™2, and g: R"™ 2 —
R” be continuous functions. Let df1,0fa, and dg be pseudo-Jacobians of
f1, f2 and g that are upper semicontinuous at x and at y := (f1(x), fo(x)),
respectively. Further assume that for j = 1,2,

(i)  Elements of 0j9(y) are surjective whenever (0fj(x))so s nontrivial.
(1t) Elements of 0f;j(x) are injective whenever (0j9(y))so s nontrivial.

Then for every €1,e2 > 0, the closure of the set
[019(y) + (D19(y))] o [0f1(2) + (9f1(2))3Z]
[+029(y) + (929(y))s] © [0fa2(x) + (9 fa(2))32]
is a pseudo-Jacobian of the composite function go f at x.

Proof. We wish to apply Theorem 2.3.2 to the functions f = (f1, f2) and
g. First observe that by Theorem 2.1.3, df; x 0fy is a pseudo-Jacobian
map of f which is upper semicontinuous at x. For every ¢ > 1, the closure
of the set

(0g(f(x)) + (1/1) Bexm) © ((8f1 x 0f2)(x) + (1/4) Bmxn),
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where m = mj + my, is a pseudo-Jacobian of g o f at x. Therefore, for
each u € R" and w € IR¥, there exist matrices Nj; € 0;9(y) + (1/i) Bixm, »
Mj; € 0fj(x) + (1/i) Bim;xn such that

(w,go f)F(z;u) < Jim (w, (N1 + NoiMai) ()
S hm (w, (NMMM)(U» + ZEI&(M, (NQZMQZ)('LL)>

71— 00

Further observe that the pseudo-Jacobian maps 01g and 0,g are upper
semicontinuous as is the map dg. Hence the argument of the proof of The-
orem 2.3.3 applied to each of the terms on the right-hand side of the latter
inequality produces the following relations,

limsup(w, (Nj; Mji)(u)) < sup  (w, (MN)(u)),
i—00 NeQ;,MeP;

where 7 = 1,2; and

Pj = 0fj(x) + (0f;(x))5d  and  Qj:= d;g(y) + (D9(y))32.

Consequently,

(w.go fYf(zu) < sup  (w,(MN)(u)+ sup (w,(MN)(u))
NeQ1,MeP; NeQ2,MeP,
< sup (w, (MN)(u)),

T NEQ1Qa,MeP xP;

which shows that the closure of the set Q1 o P; + Q2 o Py is a pseudo-
Jacobian of go f at . (]

A close inspection of the above chain rule raises some interesting ques-
tions:
1. Does the result in Corollary 2.4.5 remain valid without Vg(f(z)) # 07
2. Is it possible to eliminate € > 0 in Corollary 2.4.57
The next two examples show that in general the answers to the above ques-
tions are in the negative.

Example 2.4.7 Let n = m = [ = 1. Let f(z) = ¥z and g(y) = 3>. An
upper semicontinuous pseudo-Jacobian of f is given by

(1/3)x=2/3  ifz #0,

[, 00) ifz =0,

o7 = {

where a € IR. Then go f(z) = x and Vg(f(0)) o (9f(0)+ (9(0))5,) = {0}
and hence it cannot be a pseudo-Jacobian of g o f at x = 0. Note that
Vg(f(0)) = 0.
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Example 2.4.8 Let n =2, m =2, and £ = 1. Let f and g be defined by

Fa.y) = (@ y)
g(u,v) = u® 4 v.

Then go f(z,y) = = +y. A pseudo-Jacobian of f is given by

2/
0f(x7y):((1/3)0 23(1)) it 240,

af(o,y):{<g‘0> :azo} if = =0.

The function ¢ is continuously differentiable with
Vg(u,v) = (3u?,1).

The map (u,v) — Vg(0,0)(u,v) is a surjective map from IR? onto IR. The
recession cone of df(0,0) is

(0(0,0))0c = {(gg) :0420}.

V9(0,0) © (8£(0,0) + (8(0,0))0) = {(0,1)}.

It is obvious that this set cannot be a pseudo-Jacobian of the composite
function g o f at (0,0).

Then

2.5 Chain Rules for Gateaux and Fréchet
Pseudo-Jacobians

Theorem 2.5.1 Let f: R" — IR™ and let g: R™ — R* be continuous
functions. Assume that

(i) Of(xo) is a Gateaux pseudo-Jacobian of f at xo;
(i) Og is a pseudo-Jacobian map of g that is locally bounded at yo =
f(zo).

Then for every € > 0, the closure of the set

99(yo + €Bm) 0 df(xo)

is a pseudo-Jacobian of go f at x. In particular, when Jf(xy) is bounded,
the set Og(yg) o Of (xo) is a pseudo-Jacobian of g o f at xg.
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Proof. Let ¢ > 0 and let v € R™,u # 0, and w € IR*, w # 0. We have to
show that

(w,go f)F(zo;u) < sup (w, N o M(u)). (2.8)
N€edg(yo+eBm),Medf(xo)

Let {t;} be a sequence of positive numbers converging to 0 and such that

(w,go f)* (o) = lim (LI @0+ W) = g(f(0)))

i—00 t;

Without loss of generality we may assume, by the continuity of f, that
flxo + tiu) € yo + By, for all i. Applying the mean value theorem to the
function g on [f(zo), f(xo + t;u)], we have

g(f(zo + tiu)) — g(f(wo)) € ©{9g[f(w0), f (o + tiu)|(f (2o + tiu) — f(x0))}
C ©0{dg(yo + €Bm)(f(xo + tiu) — f(x0))}-

Moreover, it follows from the definition of the Gateaux pseudo-Jacobian
that there exists M; € 0f(x¢) such that

f(@o + tiu) — f(wo) = Mi(tiu) + o(ty),
where (o(t;)/ti) — 0 as t; — 0. So, we deduce that

9(f(xo + tiu)) — ag(f(20)) € ©00{g(yo + eBm)(f (0 + tiu) — f(20))},

which implies that

1 ot
= {w,g(f(ao+tiw) —ag(fzo)) < sup  {w,No (My(u) + %))
7 N€edg(yo+eBm)
< sup <w,NoM(u)+No@).
N€dg(yo+eBm),Med (o) '

Because g is bounded, we may assume that dg(yo + £B,,) is bounded. By
letting t; — 0 in the above inequality, we obtain (2.8). Now if df(zo) is
bounded, then the sequence {M;};>1 is bounded, which may be assumed to
converge to some My € df(xg). According to Proposition 2.2.9, g is locally
Lipschitz. Hence there is « > 0 such that

lg(f (zo + tiw)) — g(f (wo))|| < el[ti(Mi — Mo)(u) + o(ti)]-

We deduce that

(w,g0 f)F(zo;u) = limi—oo ¢ (w, g(f (z0 + tiu)) — g(f(w0)))
< sup (w, N o Moy(u)) + limioo aof|wl].[[(M; — Mo)(u) + oft:) /ti]|
Nedg(yo)

< sup (w, No M(“))
Nedg(yo),Medf(xo)
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This shows that 9g(y,) o f(zo) is a pseudo-Jacobian of g o f at zg. O

Next we present a chain rule for Gateaux differentiable functions.

Corollary 2.5.2 Assume that f: IR" — IR™ is a continuous and Gateauz
differentiable function at xo. If g: R™ — IR is locally Lipschitz and Gdteaux
differentiable at yo = f(x¢), then the composite function go f is Gdteaux
differentiable at xo and V(g o f)(zo) = Vg(yo) o V f(xo).

Proof. Because a Gateaux derivative is a pseudo-Jacobian, in view of The-
orem 2.5.1, the singleton set {Vg(yo)oV f(x0)} is a pseudo-Jacobian of go f
at xg. By Proposition 1.2.2, g o f is Gateaux differentiable at o and its
derivative is Vg(yo) o V(o). O

When both g and f are locally Lipschitz, we derive a chain rule for the
Clarke generalized Jacobian.

Corollary 2.5.3 Assume that f: IR™ — IR™ and g: R™ — IR are locally
Lipschitz functions. Then

9% o f(z) C co(8%g(yo) © 3 f ().

Proof. When g and f are locally Lipschitz, the composite function go f is
locally Lipschitz too. Moreover, as ¢ ¢ and 9° f are upper semicontinuous
pseudo-Jacobian maps, the set-valued map x +—co(0%g(f(z)) o d° f(x)) is
upper semicontinuous and convex-valued, and it is also a pseudo-Jacobian
map of g o f. In view of Corollary 1.6.8, the conclusion follows. [

We say that f: IR™ — IR™ is radially Lipschitz at xq if for each u €
R™,u # 0, there are a > 0 and ty > 0 such that

|| f(zo + tu) — f(zo)| < ojtul| for 0 <t <tp.

Theorem 2.5.4 Let f: IR" — IR™ be continuous and radially Lipschitz at
zo and let g: R™ — RF be continuous. Assume that dg(yo) is a Fréchet
pseudo-Jacobian of g at yo = f(xg) and Of is a pseudo-Jacobian map of f.
Then for every € > 0, the closure of the set

9g9(yo) 0 Of (zo +eBy)

is a pseudo-Jacobian of go f at xy. In particular, when dg(yo) is bounded,
the set Og(yo) o Of (o) is a pseudo-Jacobian of go f at .
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Proof. Let € > 0 be given. Let u € R™,u # 0 and w € R*,w # 0. As in
the proof of the preceding theorem, {t;} is a sequence of positive numbers
converging to 0 such that

(.90 f)* (0:u) = Tim (2290 @0+ 1iw) = g(f(@0))

i—00 t;

By the radial Lipschitzianity of f, there is a > 0 such that
|| f(zo + tiu) — f(zo)|| < atifju|l for every i > 1.

We may assume xg + t;u € xg + By for all ¢ > 1. It follows from the
definition of Fréchet pseudo-Jacobian and the mean value theorem that

g(f(xo +tiu)) —g(f(xo)) = Ni(f(xo + tiw) — f(x0))+o( f(zo + tiu) — f(x0))
f(zo + tiu) — f(xo) € T0{df(xo + eByp)(tiu)},

where N; € 0g(yo) and o(f (zo + tiu) — f(x0))/|f(zo + tiw) — f(zo)l| — O
as f(zo + tiu) — f(xo). The radial Lipschitzianity of f implies also that
o(f(xo+ tiu) — f(x0))/ti — 0 as i — oo. By the above, we obtain

(w, g(f(zo + tiu) — f(x0))) < sup  (w, N; o M(t;u)
Medf(xo+eBn)

+ o(f(xo + tiu) — f(20)))
which yields

(w,g o f)(zo;u) < sup (w, N o M(u))
N€edg(yo),Medf(xo+eBn)

as requested. If dg(yo) is bounded, then so is the sequence {N;};>; which
may be assumed to converge to some Ny € dg(yo). It follows that

[(Ni = No)(f (2o + tiu) — f(z0))|| < atsllul[||N; — Nol|
and consequently
(w, g(f (o + tiw)) — g(f (20))) = (Ng(w), f(zo + tiu) — f(x0))
+ (w, (Ni = No)(f (wo + tiu) — f(20))) + o(f (20 + tiu) — f(z0)).
This yields

(w, gof)*(zo;u) < sup  (w, NooM (u)) < sup  (w, NoM (u)).
Medf(xo) N€dg(yo),MEDf(z0)

O

Observe that when a function is Gateaux differentiable at a point, then
it is radially Lipschitz at that point. We now derive another chain rule for
the Gateaux derivative of composite functions.
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Corollary 2.5.5 Suppose that f: IR" — IR is continuous, Gateaux dif-
ferentiable at xg, and g: R™ — R¥ is Fréchet differentiable at yo = f(x0).
Then the composite function g o f is Gateaux differentiable at xo and

V(go f)(wo) = Vg(f(x0)) o Vf(x0).

Proof. As we have noticed, f is radially Lipschitz at xy. Moreover,
{Vg(f(z0))} is a Fréchet pseudo-Jacobian of g at f(zg). Hence Theorem
2.5.4 applies and we infer that the singleton set {Vg(f(zo)) o Vf(zo)}
is a pseudo-Jacobian of g o f at xy. Therefore, by Proposition 1.2.2,
g o f is Gateaux differentiable at xg, and its derivative coincides with

Vg(f(xo)) oV f(xo). g

For Fréchet pseudo-Jacobians we also have the following simple chain
rule.

Proposition 2.5.6 Let f: R" — IR™ and g: R™ — R¥ be continuous
functions. If Of(xo) is a bounded Fréchet pseudo-Jacobian of f at xo and
0g(f(x0)) is a Fréchet pseudo-Jacobian of g at f(xo), then the closure of
the set Og(f(xo)) o Of(xo) is a Fréchet pseudo-Jacobian of the composite
function go f at xg.

Proof. Let z be a point in a neighborhood of xy. Then f(x) — f(zo) as =
tends to zo. There exist M, € 0f(zo) and N, € 0g(f(xo)) such that

f(@) = f(xo) = My (2 — o) + 01 (|| — o)),

9(f(x)) = 9(f(x0)) = Na(f(2) = f(x0)) + 02([|f (x) = f (o)),

where oy ([lz—zol|)/[|z—zol| and oz(|[f ()= f(x0)])/||.f (x)— f (x0) || converge
to 0 as x tends to xg. We deduce that

9(f(z)) = g(f(20)) = No 0 Mo(x — x0) + 02(|| Ma(x — m0) + 01 (/|2 — 2ol])]])-

(2.9)
Because 0f(x¢) is bounded, the value M, (x — x0) 4+ 01(||x — zo]|) converges
to 0 as z tends to xg and || M, (z —x0) +01(||z —z0o])||/||z — zo]| is bounded.
Consequently, limy,_,z, 02(||My(x —x0) +01(||z — 20||)||) /|| — z0|| = 0. This
and (2.9) achieve the proof. d
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Openness of Continuous
Vector Functions

In this chapter we develop sufficient conditions for openness of continuous
vector functions by using pseudo-Jacobians. Related topics such as inverse
functions, implicit functions, convex interior mappings, metric regularity,
and pseudo-Lipschitzianity are also examined. The pseudo-Jacobian-based
approach provides an elementary and classical scheme for studying these
topics, allows combined use of different generalized derivatives, and hence
offers a useful complement to the existing methods of modern variational
analysis [94, 107].

3.1 Equi-Invertibility and Equi-Surjectivity of
Matrices

Let M be an invertible n x n-matrix. Then there is a positive o such that
|M(u)]| > aflul| for every u € IR™. (3.1)

Clearly, the converse is also true; that is, if the above inequality holds,
then M is invertible. Furthermore, let I" C L(IR™,IR") be a nonempty set.
We say that I' is equi-invertible if (3.1) is satisfied for every M € I'. Tt
is clear that if a matrix is invertible, then it has a neighborhood which is
equi-invertible. As a consequence, a compact set of invertible matrices is
equi-invertible. A noncompact set of invertible matrices is not necessarily
equi-invertible. For instance, the closed set I" C L(IR* IR?) consists of

matrices
10
e () ke

that are invertible. However, it is not equi-invertible, for |[M(u)|| with
u=(0,1) tends to 0 as k — 0.

The next lemma gives a sufficient condition for the equi-invertibility of
an unbounded set of invertible matrices. We recall that the recession cone
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of a set A is denoted Ao.

Lemma 3.1.1 Let I be a closed set of n X n-matrices. If every element of
I'U (I'o \ {0}) s invertible, then I" is equi-invertible.

Proof. Suppose to the contrary that for each k, there is M} € I' and
ug # 0 such that

1M ()] < e (3.2)

Without loss of generality we may assume that ||ug| = 1 and limg_,o u, =
u # 0. Let us consider the sequence {My}. If it is bounded, we may assume
that it converges to some M € I'. Then (3.2) implies || M (u)|| = 0, which
contradicts the hypothesis. If the sequence {My} is unbounded, we may
assume limy o || M| = oo and limg_oo My /|| M| = My € I'no N Bpxnp.
Again (3.2) implies || M, (u)|| = 0, and a contradiction is obtained as well. [J

We now give a modified version of this lemma that is more suitable
when dealing with those families of matrices in which certain components
are bounded. Given a set I' C L(IR",IR") and 1 < m < n, denote by
IN CLIR™,R™) and I3 C L(IR",IR"™™) the collections of matrices such
that for every My € I there is some My € I such that the matrix [M; Ma)]
belongs to I" and vice versa. Here [M; Ms] stands for the matrix whose first
m rows are those of My, followed by rows of Ms. In other words, I} and I
are the projections of I on L(IR",IR™) and L(IR",IR"™™), respectively.

Lemma 3.1.2 Let I' be a closed set of invertible n x n-matrices. If the
matrices of the form [MyMs], where My € It U (1) \{0}), My € T U
((I'2)oc\{0}), and at least one of them is a recession matriz, are invertible,
then I' is equi-invertible.

Proof. As in the proof of Lemma 3.1.1, by supposing the contrary one can
find a sequence of matrices My = [My, Myg] and vectors up € IR™ with
lug|| = 1 such that ug, — ug and || My (ug)||? = | Mg (ug)||>+|| Mag (ug) || —
0 as k — oo. If {My} is bounded, then we may assume that it con-
verges to some My € I because I' is closed, and arrive at a contradiction
My(up) = 0. If {Mp} is not bounded, then at least one of the compo-
nents {Mj;} and {Mayx} is unbounded. Let {Mj;} be unbounded with
|M1|| — oo as k — oco. We may assume { My /|| Myk||} converges to some
M € (I)so\{0}. For {My}, we may assume either it is bounded and
converges to some My € I or ||Ma|| — oo as k — oo and { Moy /|| Mokl }
converges to some My € (I2)x0\{0}. In all cases we obtain M;(u) = 0 and
My (u) = 0 with My € (I'1)so\{0} and My € I5 U ((I2)00\{0}). This shows
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that [My My] is not invertible which contradicts the hypothesis. O

Example 3.1.3 Consider the set I" consisting of matrices My, k=1,2,...

given by
_(k 1/k
Mk_<0k+1/k>'

The recession cone [, consists of matrices

M:<SO> with s > 0.
0s

Then each element of I' U (I'n,\{0}) is invertible. In view of Lemma 3.1.1,
I is equi-invertible.

Example 3.1.4 Consider the set I" consisting of matrices My, given by

Mk:<§k12>, k=1,2,....

The recession cone I, consists of matrices

Mz(oo) with o > 0.
0«

In this case, Lemma 3.1.1 does not apply. Now consider
N ={(k1):k=1,2,...} CL(R% R),
I ={(0,k*):k=1,2,...} C L(R} R).
We have
(I')oo ={(s,0) : s > 0},
(I2)oo = {(0,0) : v > 0}.

Hence the condition of Lemma 3.1.2 is verified, by which I" is equi-
invertible.

Proposition 3.1.5 Let F: R" = L(IR",IR") be a set-valued map. Let
zg € R"™ be given. If there is § > 0 such that every element of the set
co(F(zo + 8Bn)) U {[co(F(z0 + 8Bn))]oc \ {0} } is invertible, then the set
co(F(zo + BBy)) is equi-invertible.

Proof. This follows immediately from Lemma 3.1.1. [J

When F is an upper semicontinuous map, the equi-invertibility of
F(zo + #By,) can be guaranteed by the invertibility of F(xg) and of its
recession matrices.
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Proposition 3.1.6 Suppose that F: R™ = L(IR",IR") is upper semicon-
tinuous at xq. If each element of the set To(F(xp)) U co(F(x0)oo\{0}) is
invertible, then there exists 3 > 0 such that the set co(F(zo + By)) is
equi-invertible.

Proof. Suppose to the contrary that there is no # > 0 such that the
set co(F(zo + BBy)) is equi-invertible. For each i > 1, there is a matrix
M; € co(F(xo+ (1/i)By)) and a vector u; with ||u;|| = 1 such that

1M (ua)|| < ~

s\)—l

We may assume lim; oo u; = u # O By the Caratheodory theorem, there
exist positive numbers i with Y] *+1 Aq = 1 and matrices Ny € F(xg +
(1/i)By),l =1,...,n? + 1, satisfying

n2+1
M; =Y XaNg.
=1

Because df is upper semicontinuous at xg, we may also assume that
1
Nip = M + EPZJ for some My € 9f(xo), Pit € Bnxn-

It follows that

n?+1 n?+1
lim ; AirMi(ui) = T (M;(us) — Z NiuPa) = (3.3)

Consider the convex combination Zl “+1 A M;;. By taking a subsequence

if necessary, we may decompose the 1ndeX set {1,...,n% + 1} into three

subsets I, I, I3 with the following properties

(i) For l € I1,lim; .o My = My € F(:L’()) and lim; .o Ay = Agr-

(ii) For I € Iy, lim; o || My]| = 0o and lim; .o Ay My = My € (F(20))oo-

(iii) For | € Ig,liml_wo ||)\le”|| = 00, and hmz—wo ZlM’Ll/H)\’LlO zloH =
M, € (F(20))so, Where lg € I3, with [Ny, My, || > ||AaMyl for i > 1
and [ € I3.

Let us first consider the case where I3 # (. By dividing the above-
mentioned convex combination by ||\, Mj, || and passing to the limit when
i — 00, and by observing that M,;, # 0, we deduce

> M. € co((F(x))e \ {0}).

lels

This and (3.3) yield a contradiction
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> My(u) =0.

lels

It remains to consider the case Is = (). It follows from (ii) that lim; . Ay =
0 for I € Iz and ), Ao = 1. Consequently,

n2+1
lim Z XMy = Z Aot Moy + Z M, € co(F (o)),
e =1 lel lelz

which together with (3.3) yields a contradiction

" XMy + 3 Moy () = 0.

lel el

The proof is complete. [

The following modified version of the preceding proposition is more
practical when some of the components of F' are bounded.

Proposition 3.1.7 Let F' = (Fy, F3) where F;: R™ = L(IR",IR™),i =
1,2, are set-valued maps, and ni1 + no = n. Assume that F1 and Fs> are
upper semicontinuous at xo. If each matriz of the form [My Ma] where
M; € co(F;(x)) U co((Fi(z0))eo\{0}), @ = 1,2, is invertible, then there
exists 8 > 0 such that the set co(F(xg + fBy)) is equi-invertible, where
F(xg + BBy) consists of matrices [M N| with M € Fy(xzo + 8By) and
N € FQ(Z‘O + ﬁBn)

Proof. Use the same technique as in the proof of Proposition 3.1.6 and
Lemma 3.1.2. O

Equi-Surjectivity

Let C' C IR™ be a nonempty set and let M be an m X n-matrix. We say
that M is surjective on C at x € cl(C) if

M(z) € int(M(C)),
or equivalently, there is some a > 0 such that
aB,, C M(C —z).

Now let I' ¢ L(IR",IR™) be a nonempty set. We say that I' is equi-
surjective on C' around xz € cl(C) if there are positive numbers a and
0 such that

aBy, C M(C — ')
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for every 2’ € C' N (x + 6B,,) and for every M € I.

We have the following remarks on the above definitions

(i) A particular case of the surjectivity on C' is when C' = R" and x =
0. A matrix M is surjective on R™ at z = 0 if 0 € int(M(IR")), or
equivalently M(IR") = R™. As a consequence, m < n and the matrix
M has a maximal rank. The converse is also true; that is, if m <n and
the rank of M equals m, then M is surjective on IR"™ at = 0, hence at
any z € IR™ as well. When C' # IR" this conclusion is no longer true. For
instance, consider M = (1,0) € L(IR?,R). This 1 x 2-matrix has rank
1, which is maximal. Let C' = {(0,y) € IR? : y > 0}. Then M (C) = {0}
and M is not surjective on C' at z = 0.

(ii) Another particular case is when n = m. If there exists a set C' € R"
and a point z € cl(C) such that M is surjective on C' at =z, then M is
necessarily an invertible matrix. In this situation z must be an interior
point of C.

(iii) When C is convex, the dimension of C' is the dimension of the small-
est affine subspace that contains C. It follows immediately from the
definition that if M is surjective on a convex set C' at z € cl(C), then
M has a maximal rank that is equal to m < n and the dimension of C'
is at least m.

It is clear that every element of an equi-surjective set on C around =z is
surjective on C at x. A set of matrices that are surjective on C' at z is
not always equi-surjective on C' around x except for some particular cases
when the set is compact, or more generally, when the set has surjective
recession matrices.

Proposition 3.1.8 Let C C IR" be a nonempty convex set with 0 € cl(C).
Let F: R"=L(R",R™) be a set-valued map with closed values, that
is upper semicontinuous at 0. If every element of the set ¢o(F(0)) U
co((F(0)eo\{0}) is surjective on C at 0, then there exists some § > 0

such that the set
U @ |[F@) + (Fy)|
YyEOBn,

is equi-surjective on C' around 0.
Proof. Suppose to the contrary that the conclusion is not true. Thus, for
each k > 1 and § = 1/k, there exist x, € ((1/k)B,)N cl(C), v € By, and
My, € U co [F(y) + (F(y))go} such that

ye(1/k)Bn

v & k‘Mk[Bn N (C — xk)] (3.4)
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Without loss of generality we may assume that

lim v = vy € B,
k—o0

We claim that by taking a subsequence if necessary, it can be assumed that
either

Jlim Mj. = My € @0F(0) (3.5)
lim 1My, = M, € co[(F(0))o\{0}] (3.6)

where {t;} is some sequence of positive numbers converging to 0.
Let us first see that (3.5) or (3.6) leads to a contradiction. If (3.5) holds,
then by the surjectivity of My there is some € > 0 and kg > 1 such that

vo + By, C koMy[B,, N C]. (3.7)
Moreover, there is k1 > kg such that
| My — Mo|| <e/4 for k > k;. (3.8)
We want to show that there is ko > k1 such that
vo + %Bm C koMo[Bn N (C — z3)] for k > ko. (3.9)

Indeed, if this is not the case, then one may assume that for each zj, there
is some by € (¢/2) B, satisfying

v + by & koMo[B, N (C — x3,)].

The set B, N (C — ) is convex, therefore there exists some & € IR™ with
€]l = 1 such that

(€, vo+br) < (&, koMp(z)) for allx € B, N (C — xg).
Using subsequences if needed, one may again assume that
kl;n;o br = by € 5B,
Jim & =& with [ = 1.
It follows then

<€0,1}0 + b0> < <§0, koM()(.’L'» forallz € B, NC.

This inequality contradicts (3.7) because the point vy + by is an interior
point of the set vy + £By,. Thus (3.9) holds for some ky > ki. Now using
(3.8) and (3.9) we derive the following inclusions for k > ks.
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vo + %Bm C koMo[By N (C — a)]

C ko {Mk[Bn N (C — Ik)} + (M() — Mk;)[Bn N (C — Ik)}}
C koMi[Bo 1 (C — 24)] + (2/4) B, (3.10)

This gives us
o + %Bm C koMy[Bn N (C — a)] for k > ko (3.11)
Now we choose k > ko so large that v € vo + (¢/4)By,. Then (3.11) yields
vg € kMy[B, N (C — xp)], (3.12)

which contradicts (3.4).

Now we assume (3 6). Again ,because M, is surjective, relations (3 7)through
(3.10) remain true when we replace My by M, and My, by tp M. Then re-
lation (3.11) becomes

v+ =B © koti My By 11 (C = 2y)] for k > k.

By choosing k > ko sufficiently large so that vy € vg + (¢/4)B,, and 0 <
tr <1, we arrive at the same contradiction as (3.12).
The proof will be then completed if we show that either (3.5) or (3.6)
holds.
Let
My, € co [F(yk) + (F(yk))(lx/)k] for some yj, € 1 By.

Because F' is upper semicontinuous at 0, there is kg > 1 such that
(F(Yr))oo € (F(0)oo k= ko.

We may assume without loss of generality that this inclusion is true for all
k=1,2,.... Thus, for each k > 1, there exist My; € F(yx), N;j € (F(0))oo,
Py, and Py with

1Pejll <1, [[Pell <1, and Ay €[0,1], j=1,...,nm+1

such that Y7+ A =1 and

j=1
mn—+1 1 1
My = Y My (Mg + Ny + %llNijij) + 25
j=1

If all the sequences {AyjMp;}ti>1, {AejNrjte>1, and j =1,...,mn +1
are bounded, then so is the sequence { M} }. By passing to subsequences if
necessary, we may assume
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lim Mk = M(), lim )\kj = )\Oja
k—o0 k—o0

]11)11;0 AejNij = Noj,  1im Ay My = Mo,

for j =1,...,mn+ 1. Because (F(0))s is a closed cone, we have

nm-+1
Noj € (F(0)sos Y Noj € co(F(0))cc-

j=1
Moreover, we also have Z;Tl“ Aoj = 1. Decompose the sum Z?;nfrl Aej Mg
into two sums: the first sum ), consists of those terms with {Mp;}i>1
bounded, and the second sum ), consists of those terms with {Mp;}i>1
unbounded. Then the limits A\o; with j in the second sum are all zero
and the corresponding limits My; are recession directions of F'(0). Hence
Y1 Aoj =1 and

Jim. 21: Aj My = 21: Mo, € co(F(0))
by the upper semicontinuity of F' at 0, and

Jim ; Aj My = ; Moy; € co(F(0)oo).
Thus, My € co(F(0)) 4 co(F(0)s) C €o(F'(0)) and (3.5) is fulfilled.

If among the sequences { A\ My;}i>1, {AejNetis1, j=1,...,mn+1
there are unbounded ones, then again by taking subsequences instead, we
may choose one of them, say { Ao Myj,},~, for some jo € {1,...,mn+1},
such that || Agjo Mo |l = maxj—1,. mn+1{l| Ak Mijlls | Ak Nijll}- The same
argument works when the maximum is attained for some {\g;, Nij, }. Con-
sider the sequence {My/||ArjoMpjo |}~ - It is clear that this sequence is
bounded, and we may assume it converges to some matrix M,. We have
then M, € co(F(0))eo. Note that the cone co(F(0)) is pointed, otherwise
co[(F(0))oc\{0}] should contain the zero matrix, which is certainly not sur-
jective and this should contradict the hypothesis. As before, we may assume
that each term in the sum of {My/||Aj, My, } is convergent. Then M, is
a finite sum of elements from co(F(0))so. At least one of the terms of this
sum is nonzero (the term corresponding to the index jy has a unit norm),
and the cone co(F(0))s is pointed, thus we deduce that M, is nonzero,
and so (3.6) holds. Hence the proof is complete. O

Proposition 3.1.9 Let C C IR™ ™2 be a nonempty convex set with 0 € C.
Let F; : R™*™= [(R™,IR™), i = 1,2 be closed set-valued maps that are
upper semicontinuous at 0. If for each pair of matrices M € ¢o(F1(0)) U
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co[(F1(0))oo\{0}] and N € €6(F>(0)) U co[(F2(0))s0\{0}], the matriz (M N)
is surjective on C at 0, then the set

U (@[Fi(y) + (F1(1))%], @[Fa(y) + (Fa2(y)%)),
yEBn(O,lS)
s equi-surjective on C around 0.
Proof. We proceed as in the proof of Lemma 3.1.1. Arguing by contra-

diction, we find

1 — 1
T € (EBn) NC, vk € By, Yy € EBn

Mj, € @[Fi(yx) + (Fi(yx))2LF], Ni € @[ Fa(yr) + (Fa(yi)) 2]
such that

lim v = vg € B,
k—o0

v & k(Mka)[Bn n (C — :L'k)] (3.13)

For {M}} and {Nj}, we have two possible cases (by using a subsequence
if necessary)

lim M, = My € @(FKO))

k—o0

kh—{{.lo trMe = M, € co[(F1(0))oo\{0}],

where {t;} is some sequence of positive numbers converging to 0, and
similar relations for {Ny}.
Then we have
vo +eBm € P[B, NC],

where P is one of the four matrices (MyNy), (MoN.), (M.Np), and (M, N,).
Because P is surjective by hypothesis, for k& sufficiently large, one has

vo + gBm C koP[Bn N (C — z3)]
and this implies
vo + %Bm C koPu[B, N (C — 1), (3.14)

where Pk is among (Mka), (Mk(Ska)), ((tkMk)Nk), and ((tkMk)(Ska))
with lim ¢, My, = M, and lim s; Ny, = N.. Because 0 < ¢, < 1, (3.14) yields

vo + gBm C ko(MyNi)[Bn N (C = )],

which contradicts (3.13). O
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Lemma 3.1.10 Let C be a convex set with 0 € cl(C). There exists an
increasing sequence of closed convex sets { Dy} such that

0€ D CCU{0} and C CcllUp2,Dyl.

Proof. Working in a space of lower dimension if needed, we may assume
that C has an interior and contains a ball of radius o > 0. Denote

Cr={zeC:d(z,R"\int(C)) > a/k} N (kB,).

Because int(C') is convex, the distance function d(.,IR"\ int(C)) is a con-
tinuous and concave function. Hence Cj, is a convex and compact subset
of int(C'). Let Dy be the convex hull of Cj and 0. Then Dy, is closed and
convex with 0 € Dy, € CU{0} and Dy C Dyyq for k =1,2,... It is clear
that if z € int(C), then there is some k such that z € Ci C Dj. Hence
C C cl(UzpZ; Di) as desired. O

Proposition 3.1.11 Assume that the hypotheses of Proposition 3.1.8 hold.
Then there is a closed convez set D containing 0 with D\{0} C C such that
the set

U @@lFy) + (F()%)

yEIBy,

1s equi-surjective on D around 0.

Proof. Let { Dy} be a sequence of closed convex sets that exists by Lemma
3.1.10; that is, 0 € D, € C U {0} and C C cl[U2 | Dy]. We show that for
k sufficiently large, every matrix of the set ¢o(F(0)) U co [(F(0))oc\{0}]
is surjective on Dy at 0. Indeed, if this is not the case, then for each
k=1,2,... there is M} € co(F(0)) Uco [(F(0))oo\{0}] such that

0¢ int(Mk(Dk N Bn))

Because Dy, N B, is convex, using the separation theorem, we find &, € IR™
with ||k|| = 1 such that

0 < (&g, My(z)) for x € DN By, (3.15)
Without loss of generality we may assume that
Jim & =& with [[ofl =1
and either

lim My, = Mo € co(F(0)) U co[(F(0))oo\{0}]

k—o00
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or there is a sequence of positive numbers {t;} such that

lim ;Mg = My € co[(F(0))se\{0}]-

k—o0

In all cases (3.15) yields
0< <§0, M0<$)> for x € C N B,.

This contradicts the surjectivity of My on C' at 0. Thus, for & sufficiently
large, Proposition 3.1.8 is applicable to the set D = Dj and produces the
desired result. O

When f is a real-valued function, a slightly less restrictive surjectivity
condition still produces the equi-surjectivity.

Proposition 3.1.12 Let f be a continuous map from IR™ to IR. Suppose
that it admits a pseudo-Jacobian Of that is upper semicontinuous at a. If
every matriz of the set €o(9f(a)) J([co(df(a))]le\{0}) is surjective, then
the set

{e0(0f(2)) : v € a+ 6B}
s equi-surjective on C' around 0.

Proof. The proof follows along the same line of arguments as the proof
of Proposition 3.1.8. In this case, we may assume q, = Z;ZLZH Nej g
where qi; € 0f(xy) and limy_o 2, = a. Decompose g, into two sums:
(S1) consists of those terms with {gy;} bounded, and (S2) consists of
the remaining terms. Without loss of generality we may assume that the
bounded sequences {qx;} converge to go; and that for the unbounded se-
quences, the sequences of norms {||gx;||} converge to co. Because Of is
upper semicontinuous at a, these limits belong to df(a), and so do the el-
ements g; of the unbounded sequences whenever k is sufficiently large.
Let pr = D> 1 Akjqoj + Do Akjqrj- Then pi € codf(a) for large k and
limg oo (g — pr) = 0. Now if {px} is bounded, then one may assume it
converges to go. Hence {¢q; } also converges to gp and go € co(0f(a)). If {pr}
is unbounded, then one may assume {py/||pr||} converges to pp, implying
that {qx/||pk|l} also converges to py and so py € (co(df(a)))so, Po # 0. The
contradiction is then obtained in the same way as in Proposition 3.1.8. [

3.2 Open Mapping Theorems

Throughout this section, if df is a pseudo-Jacobian map of f, then for
B > 0 the set df(z + BBy) is denoted DPf(x). Here we state an open
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mapping theorem for continuous functions.

Theorem 3.2.1 Let f: IR™ — IR" be a continuous function and let f be
a pseudo-Jacobian map of f. Let xg € R" be given. If there is § > 0 such
that the set co(DP f(x0)) is equi-invertible, then there is 6 > 0 such that

[ f(zo +h) = f(zo)|| = d[|R]|  for allh #0,[R] < B, (3.16)
and 85 5
flxo) + Zint( n) C fxo + 7111‘6( B,)). (3.17)

Proof. Let @ > 0 be the positive number obtained by the equi-invertibility
of the set co(DPf(xg)). Let h # 0 with ||h] < 3. By the mean value
theorem, we have

f(@o+h) = f(xo) € €0(9f[wo, x0 + RJ(R))
C (D f(0) (h)
€ (co(D?F(0)))(h) + 5 Bun(h).

There is M € co(D?f(z0)), N € Byxn such that
«
f(@wo +h) = f(wo) = M(h) + S N(h).
Hence

1o+ ) = Flao)ll = M (R)]| = SIN (R
> allbl) = Skl = S 1A

By taking 6 = «/2, we obtain (3.16). To show (3.17), let y € f(xo) +
(86/4)int(B,,). We have to find « € zo + (4/2)int(B,) such that y = f(x).
To this end, consider the function

F(z) = ||If(2) -yl

It is obvious that F' is continuous. Hence it attains a minimum on the
compact set xo + (/2)B, at some point x. We observe that x € gy +
(6/2)int(By,), because otherwise

By = ol 2 (o) — £~ ly — £(2)]

= 0llzo — x| — [ly — f(@o)]
B o8 _ B0

> 52 22
_52 4 4
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which is impossible. If f(x) =y, then we are done. Hence we may assume
f(z) # y. By the optimality condition, Theorem 2.1.13,

0 € (9F (z)),

if 0F (x) is a pseudo-Jacobian of F' at z. To find a suitable pseudo-Jacobian
of F', we notice that the function z + ||y —z||? is continuously differentiable
at z = f(z). By the fuzzy chain rule, Theorem 2.3.2, the closure of the set

2(f(x) ~ y+ 5£() ~ yllBu) o D (o)
is a pseudo-Jacobian of F' at x. We deduce
1
0 € eo((f(z) =y + 5l f(z) =yl Ba) o D*f(20))-

This implies the existence of a vector v € f(z) —y + || f(z) — y||B, and a
matrix M € D®f(x¢) such that

Observe that [|v]| > %, hence the latter inequality yields
tr o
M) < S vl (3.18)
Let w € R™ with [Ju|| =1 be such that
(v, M (w)) = [|o[[[[M (u)]].

Such a vector exists because M is invertible. Then, by the hypothesis one
has
(v, M(w)) = [[v][[[M ()] = allv]].

On the other hand, (3.18) implies
o'
(v, M(u)) = (M" (v),u) < [M7 ()] < vl

The contradiction shows that f(z) = y. The proof is complete. O

Corollary 3.2.2 Let f : R™ — IR" be a continuous function and let Of
be a pseudo-Jacobian map of f. Let g € IR™ be given. If there is § > 0
such that every element of the set co(DP f(x0)) U ((co(DPf(20)))se \ {0})
is invertible, then the conclusion of Theorem 3.2.1 holds.
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Proof. Apply Theorem 3.2.1 and Lemma 3.1.1. (]

Next we present an open mapping theorem in the case of the function
admitting an upper semicontinuous pseudo-Jacobian.

Corollary 3.2.3 Let f : IR" — IR" be a continuous function and let Of
be a pseudo-Jacobian map of f that is upper semicontinuous at xg. If the
elements of the set €6(0f(x0)) U co((0f(x0))e\{0}) are invertible, then
there exist 3 > 0 and § > 0 such that the relations (3.16) and (3.17) hold.

Proof. Apply Theorem 3.2.1 and Proposition 3.1.6. (]
When the function f admits a bounded pseudo-Jacobian at xg, the re-

cession part in Corollary 3.2.3 disappears. This is the case where f is locally
Lipschitz and the Clarke generalized Jacobian is used as a pseudo-Jacobian.

Corollary 3.2.4 Let f : IR™ — IR™ be a locally Lipschitz function. If all
elements of the Clarke generalized Jacobian O° f(x) are invertible, then the
conclusion of Corollary 3.2.3 holds true.

Proof. This is obtained from Corollary 3.2.3 and from the fact that 9€ f
is an upper semicontinuous pseudo-Jacobian map of f. (]

In the case of unbounded pseudo-Jacobians, recession matrices play an
important role and cannot be removed from the conclusion as shown by
the next example.

Example 3.2.5 Let f : IR? — IR? be defined by
f(xvy) = (—.’E + y1/37 _.,r3 + y)

Let us define

o) ={( 0 M)} e # 00,

9£(0,0) = {(0“1“) o> 1}.

A simple calculation confirms that 0f is a pseudo-Jacobian map of f
which is upper semicontinuous at (0,0). Moreover, every matrix of the set
co(0f(0,0)) is invertible. Despite this, the conclusion of the open mapping

and
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theorem is not true. For instance, there is no (x,y) near (0,0) satisfying
f(z,y) = (t,0) with ¢ > 0, which means that f(0,0) ¢ int (f(Bz2)). We
observe that the recession cone of the set co(9f(0,0)) is given by

010,00 = { (75 ) sa =0},

and the condition on the invertibility of the matrices of the recession cone
is violated.

The following result, which is a modification of the previous theorem,
provides a useful case where some of the components of f have bounded
pseudo-Jacobians.

Corollary 3.2.6 Let n = ny + no and let f = (f1, fo) : R" — R™ x
R™ be a continuous function. Assume that f1 and fo, respectively, admit
pseudo-Jacobians O f1 and Ofo which are upper semicontinuous at xg, and
every matriz (p,q) where p € ¢0(0f1(zo)) U co((0f1(x0))s0\{0}) and ¢ €
c0(0f2(x0)) U co((0f2(20))oo\{0}) is invertible. Then there is 6 > 0 and
€ > 0 such that

[/ (zo + h) = f(wo)ll = ellhll - for all h 7 0, [hl[ < &

and 5
F(xo) + %int(Bm) C f(xo + oint(By)).

Proof. We follow the same method of proof as in the previous theorem.
In the proof of the first part of the conclusion, instead of the matrices
qr we have two submatrices: (pg,qr) with py € €o6(9f1]xo, xo + hi]) and
qx € €0(0f2[xo, x0+ hi]). Then a similar argument leads to the existence of
some matrices p € €0(9f1(x0))Uco((0f1(20))ec\{0}) and ¢ € To(9 fa(x0))U
co((0f2(x0))o\{0}) such that p(h) = 0 and ¢(h) = 0, which show that
(p,q) is not invertible, a contradiction.

In the reasoning of the second part we have z € z¢ + dint(B,,) a lo-
cal minimum of the function f. If f(z) = y with y = (y1,y2), then the
conclusion follows. If f(z) # y, then we have several possible cases

Case (1): fi(x) # y1 and fa(x) # y2. By Corollary 2.4.5 and the product
rule Theorem 2.1.3, and by the continuous differentiability of the function
IIf(.)—yll, the set (denoted by A) of matrices 2((f1(x) —y1)p, (f2(z) —y2)q)
with p € €o6(0f1(x0) + (9f1(20))3;) and ¢ € €0(0f2(x0) + (9f2(20))5,) is
a pseudo-Jacobian of f at x. Hence, in view of the optimality condition
Theorem 2.1.13, it must contain zero. This contradicts the assumption by
Proposition 3.1.6.
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Case (2): fi(z) # y1 and fa(x) = y2. Then z is a local minimum of the
function || f1(-) — v1]|? and the set 2(f1(x) — y1)c0(df1(x) + (0f1(x))L) is
a pseudo-Jacobian of the function || fi(-) — y1]|?. Hence the set A contains
zero as well and we arrive at the same contradiction.

Case (3): fi(x) = y1 and fa(x) # yo. This case is treated in a similar
way as Case (2). The proof is complete. O

This corollary as well as Theorem 3.3.1 and other results in which the
components of a function are split into subgroups of similar nature opens
a remarkable perspective on the way of combining different generalized
derivatives in solving practical problems.

3.3 Inverse and Implicit Function Theorems

In this section we apply the open mapping theorems to derive an inverse
function theorem and an implicit function theorem for functions with pos-
sibly unbounded pseudo-Jacobians.

Let f: IR™ — IR" be continuous and let g € IR"™ be given. We say that
f admits locally an inverse at xg if there exist neighborhoods U of g and
V of f(x0), and a continuous function g : V' — IR" such that g(f(z)) =«
and f(g(y)) =y for every zx € U and y € V.

Theorem 3.3.1 Let n =ny +ng and let f = (f1, f2) : R" — IR™ x R™
be a continuous map. Assume that f1 and fa, respectively, admit pseudo-
Jacobian maps O0f1 and Ofs which are upper semicontinuous at xg and
that every matriz (p,q), where p € €o(f1(x0)) U co((0f1(x0))s0\{0}) and
q € ©@(0f2(xg)) Uco((0f2(20))oo\{0}) is invertible. Then f admits locally
an inverse that is Lipschitz continuous at f(x,).

Proof. Using Corollary 3.2.6, for every y € f(z¢)+ (¢6/2)int(B,,), we can
find = € xg + dint(B),) such that y = f(z).

Observe that f is locally one-to-one. To see this, suppose to the contrary
that f is not one-to-one locally. Then there exist two sequences {zx} and
{yr}, both converging to =g such that f(zr) = f(yr). By the mean value
theorem (Theorem 2.2.2), one can find ¢ € €o(0f[xk,yx]) such that 0 =
qr(xr — yr). We may now assume that (xp — yr)/||xr — yk|| converges to
u # 0. If g, admits a convergent subsequence with limit ¢, then ¢ € 9 f(zo),
and qu = 0. This is a contradiction as ¢ is invertible. If not, we may assume
qi/||qx || converges to some p € co((0f)o0\0) with pu = 0 (see Lemma 2.4.1).
This again is a contradiction.

Putting f~!(y) = z, we observe that
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ly — voll > ellz — o],

where yo = f(xp). Hence

_ _ 1
1F @) = £ o)l < Zlly = woll,
which means that f is Lipschitz continuous at . O

Notice that when ny = 0, by using the Clarke generalized Jacobian in
the role of pseudo-Jacobian, we obtain the following inverse function result
for the class of locally Lipschitz functions.

Corollary 3.3.2 Let f: IR"™ — IR™ be locally Lipschitz at zo € R". If the
matrices of O f(xo) are invertible, then f admits locally an inverse at xq
which is locally Lipschitz at f(xq).

Proof. This is immediate from Theorem 3.3.1 and the fact that the Clarke
generalized Jacobian is a bounded, upper semicontinuous pseudo-Jacobian
map. O

The following example illustrates the generality of Theorem 3.3.1.

Example 3.3.3 Let f(z,y) = (g(x) + y?,cos(z) + h(y)) be a map from
IR? to IR?, where g and h are real functions that are differentiable with

lim, 9 ¢'(z) = —oo and lim,_,o h'(y) = co. It can be seen that
_ [ (@), 29)} if z # 0,
8fl(ac’y){{(oz,?y):ozg—l} ifx=0

is a pseudo-Jacobian of f;(x,y) := g(z)+y?, which is upper semicontinuous
at (0,0). Similarly

_ [{(sin(@), @)Y iy A0,
Oh{my) = {{<—sin<as),ﬂ>?:jﬁ L1y iy o

is a pseudo-Jacobian of fa(z,y) := cos(z) + h(y), which is also upper semi-
continuous at (0,0). The recession cones of df;(0,0) and df>(0,0), respec-
tively, are {(«,0) : @ < 0} and {(0,3) : 8 > 0}. Hence all the conditions
of the inverse function theorem are verified, and f has an inverse in a
neighborhood of (g(0), 1+ h(0)).

We now apply the inverse function theorem to derive an implicit func-
tion theorem.
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Theorem 3.3.4 Let f be a continuous function of two variables (y,z) €
R™ x R™ with f(yo,20) = 0. Assume that f admits a pseudo-Jacobian
map Of which is upper semicontinuous at (Yo, z0) and the matrices p €
L(IR™,IR™) such that there exists ¢ € L(IR™,IR™) with [gp] € €o(If(yo, 20)) U
col(0f (Yo, 20))00 \{0}] are invertible. Then there exists a Lipschitz contin-
uwous function g from a neighborhood U of yy in IR™ to IR™ such that

9(y0) = 20
fly,9(y)) =0 forallyeU.

Proof. Let us consider the function F' from IR x IR™ to IR™ x IR defined
as follows.

Fly,2) = (4, f(y,2)) for (y,2) € R" x R™.

We wish to apply the inverse function theorem for F' = (fi, f), where
fily,z) = y. We see that {(1,0)} ¢ L(IR"™™ IR™), where I is the n x n
identity matrix, is a bounded pseudo-Jacobian of f; which is upper semi-
continuous at (yo, z0). This and the hypotheses of the theorem show that
all conditions of the inverse function theorem are satisfied. So, we obtain
an inverse function F~! : for every (y,0) in a neighborhood of (yg,0), one
has

Fl(y,0) = (y,2)
for some z € TR™. By putting g(y) = z (the last m components of

F~Y(y,0)), we see that g(y) is Lipschitz continuous at yo. Moreover,
f(y,9(y)) =0 and g(yo) = 2zo. The proof is complete. O

The implicit function theorem for locally Lipschitz functions reads as
follows.

Corollary 3.3.5 Let f be a locally Lipschitz function of two wvariables
(y,2) € R™ x R™ with f(yo,20) = 0. Assume that the matrices p €
L(IR™,R™) such that there exists ¢ € L(IR™, R™) with [pq] € 9 f(yo, 20)
are invertible. Then there exists a Lipschitz continuous function g from a
neighborhood U of yo in IR™ to R™ such that

9(yo) = 20
fly,9(y)) =0 forallyeU.

Proof. This is immediate from Theorem 3.3.4 and from the upper semi-
continuity of the Clarke generalized Jacobian map. O

Now we complete this section with an example which shows that in the
inverse function theorem the invertibility condition of the matrices in the
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recession cones cannot be dropped.

Example 3.3.6 Let f: IR? — IR? be defined by
fla.y) = (—z +y'% —2® 1 y).

Then a pseudo-Jacobian is given by

8£(0,0) = {(‘0161“> :azo}

and its recession cone is given by

(04(0,0)) = {(83) :azo}.

It is easy to see that co(df(0,0)) = 9f(0,0) and that every element of
df(0,0) is invertible. Now let v = —x + y'/3 and v = —2® + y. Then it
follows that

3ux? 4 3u’z +ud —v = 0.

For v = 0 and u # 0, we get that 22 4+ ux + (u?/3) = 0. Because this
equation has no solution for z, the function f does not admit an inverse
near 0. The condition on the invertibility of the matrices of the recession
cones is violated.

3.4 Convex Interior Mapping Theorems

Let us state a special case of the standard minimax that is needed in the
sequel.

Lemma 3.4.1 (Minimax theorem) Let vg € IR™, let D C IR" be a
nonempty convexr compact set, and let Q@ C L(IR",IR™) be a nonempty
convex set. Then we have

s Inf (vo, M(u)) = inf s (vo, M (u)).
Proof. Let us denote by o and 3 the values of the left-hand side and the
right-hand side, respectively, in the equality expressed in the lemma. It is
plain that o < (. So, the main chore is to show the inverse inequality.
We do it first for the case when @) is bounded. Let us fix a positive € and
consider the function

h(M7 U) = <U0,M(u)> +<€||U,||
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We wish to prove that there are u. € D and M. € @ such that
h(M,u.) —e < h(M,u:) < h(M.,u) (3.19)

for every u € D and M € Q. In fact, denote by g(M) := inf,ep h(M,u).
For each M € (@), there exists a unique element e(M) € D minimizing
h(M,-) on D because h is strictly convex in u. Furthermore, there is some
M, € @ such that
9(Mc) > sup g(M) —e.
MeQ

Denote by u. the element e(M;) that minimizes h(M;,-) on D. It is clear
that u. and M, satisfy the second inequality of relation (3.19). To prove the
first inequality of the said relation, let M € @ be given. Then for each A €
(0,1), the element uy := e((1—A)Mc+AM) minimizes h((1—X)M.+AM,-)
on D. Because D is compact, one may assume that uy, converges to some
u € D where {\;} is a sequence of positives converging to 0. Then

h((l — )\k)Ms + A\ M, u) > h((l — /\)ME + AM, U)\k>
> (1 — /\k)h(ME,U)\k> + )\kh(M, U)\k).

By the continuity of h, this implies h(M.,u) > h(M., @), and again, by
the strict convexity of h in uw one has @ = u.. In this way, for M € @Q one
obtains

g(Me) = g((1 = A)M: +AM) — ¢
h((1 =AM + MM, uy) —¢

( - /\k)h<M€7 uE) + Akh(Mv ’LL)\k) — &,

/\/‘\

Vv I\/ I\/

which yields
g(M.) = h(M.,u:) > L(M,uy) — ¢.

When A tends to 0, the latter inequality gives the first inequality of (3.19).
By letting € tend to 0 in (3.19), we derive @ > 3 and hence the requested
equality. For the case when @ is unbounded, it suffices to notice that « is
o infyep(vo, M(u)) and 3 is the limit of
Br = infuep SUP prerkB,, «m (V0> M (1)), and a = B, according to the first
part of the proof. O

the limit of oy, := SUP pre@nkB

Theorem 3.4.2 Let C' be a nonempty convex set in R™ and let f: R" —

R be a continuous function. Assume that

(i) Of: R"=L(R",R™) is a pseudo-Jacobian map of f which is upper
semicontinuous at a € cl(C).

(i1) Every matriz of the set To(0f(a))Uco[(Of(a))eo\{0}] is surjective on
C at a.
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Then f(a) € int(f(C)).

Proof. Without loss of generality we may assume that ¢ = 0 and f(a) = 0.
Moreover, by Proposition 3.1.11, we may also assume that C' is closed. We
obtain the conclusion by establishing the inclusion

1)
— C .
B € f(0B. N C)

Suppose the inclusion is false. Then we can find y with [|y|| < ¢§/4k such
that
Y& f(0B.NC).

We define a real function ¢ : R — IR by

o) = 7~ F@) + 215l Il

It is clear that ¢ is continuous. Hence it attains its minimum on the compact
set 6B, N C at some point T € dB, N C. We claim that

T € int(6B,)NC. (3.20)
In fact, if |Z]| = J, then

p(@) = Iy = F@)] + 2[[7ll > »(0) = [|7ll

because T € CNIB, and § & f((6B,)NC), which is impossible for T being
a minimum point.
It follows from (3.20) that

cone(C' — ) = cone[(B, N C) — 7.

Consequently, if 0p(Z) is a pseudo-differential of ¢ at Z, then Theorem
2.1.16 yields
sup (&,u) >0 foralueC—7. (3.21)
§E€0¢(T)

Let us now find an appropriate pseudo-differential of ¢ at Z. To this
purpose, note that § # f(Z), therefore the function y — || — y| is
Gateaux differentiable at y = f(7) and its derivative at this point equals
(f(@) —79)/lly — f(@)]|. Furthermore, for the function  — ||z||, the closed
unit ball B,, is a pseudo-differential at any point. We now apply the sum
rule and the chain rule to obtain the following pseudo-differential of ¢ at

: IR AT
Op(F) = {|y M ||y||s.MeQ,aeBn},

where Q := co(0f(Z) + (0f(Z))2,).
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With this pseudo-differential, inequality (3.21) becomes

f(@) -
f _
Mezu?eBn < - >||M + = Hy||§,u> >0 forueC —7.

This implies
u)) forue B,N(C—1),

or equivalently,

1 [(@) -y
— u —sup {(—————, M(u
2% = wepnie ( AV e ”)

y— f(@)
> — inf sup (—— —— M(u)).
ueBaN(C—7) MeQ < 17— f@l )
In virtue of Lemma 3.4.5, the last inequality gives
1
Lo s wmf (LET vy (3.22)

2k = mequeB.n(c-2) [T — f(@)]

According to Proposition 3.1.8, for each M € @ and for k large, we have
the inclusion
B, CkM[B,N(C —7T)].

In particular, there is u € B,N(C—) such that M (u) = 1((y — f( ))/||y

f@I-
Hence (3.22) implies
1 1
= > =
2k ~ k
which is impossible. This completes the proof. O

Example 3.4.3 Let f(z,y) = (g9(z) + y?,cos(z) + h(y)) be a map from
IR? to IR?, where g and h are real functions that are differentiable with

lim, 0 ¢'(z) = —oo and lim,_,o h'(y) = co. It can be seen that
! 2 if 0
Of) (2.y) = {(g'(x),2y)} : x #0,
{(,2y) ;v < =1} if =0

is a pseudo-Jacobian of f1(x,y) := g(z)+y?, which is upper semicontinuous
at (0,0). Similarly,

{(=sin(z), 2’ (y))} if y # 0,

6f2(x,y) = {{(_ Sin(x),ﬁ) 16> 1} ify=0
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is a pseudo-Jacobian of fa(z,y) := cos(z) + h(y), which is also upper semi-
continuous at (0,0). Then 9f, defined by

Gf(:r,y) = (8f1<$ay)v afg(ib,y)),

is a pseudo-Jacobian map of f and is upper semicontinuous at (0,0), where

af(0,0>={<§g> o<, ﬁzl}

and

(04(0,0)) = {(gg) o<, ﬁzo}.

Then all the conditions of Theorem 3.4.2 are satisfied and its conclusion
holds.

When f is a locally Lipschitz function, Theorem 3.4.2 yields Pourciau’s
convex interior mapping theorem.

Corollary 3.4.4 Suppose that f: R™ — IR™ is locally Lipschitz and C
is a convex set in R". If every matriz of the Clarke generalized Jacobian

€ f(a) of f at a € cl(C) is surjective on C at a, then f(a) € int(f(C)).

Proof. When f is locally Lipschitz, the Clarke generalized Jacobian map
x — 09 f(z) is a pseudo-Jacobian map with bounded convex values that
is upper semicontinuous. The corollary is then immediate from Theorem
3.4.2. O

A Convex Interior Mapping Theorem
Using Partial Pseudo-Jacobians

For application purposes we derive a convex interior mapping theorem in
which partial pseudo-Jacobians are involved.

Lemma 3.4.5 Let F;: R"=IRM, i = 1,2, be set-valued maps with closed
values that are upper semicontinuous at a € R™. Then for every § > 0, the

set-valued map FO : R"=IR* x IR*? defined by
Fo(x) = (Fi(2) + [Fi(2))%, Fa(e) + [Fa(a)]%)
18 upper semicontinuous at a.

Proof. Let € > 0 be given. By the upper semicontinuity, there is some
0 > 0 such that for i = 1,2,
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Fi(z) € Fi(a) + =By,
whenever x € B,,. Thus, for each z € B,,,
[Fi(2)]oo C [Fi(@)]oo-
Consequently,

F'(z) C (Fi(a)+ [Fi(a))% + B, Fa(a)+ [Fa(a)]), +Br,)
C F°(a) + [By, x By,]

which shows that F° is upper semicontinuous at a. 0

Theorem 3.4.6 Let C CIR” = IR™ x IR™ be a nonempty convex set and
let f: IR™ x IR™ — IR™ be a continuous function. Assume that

(1)  Ouf and Oyf are partial pseudo-Jacobian maps of f with respect to x
and y, respectively, and are upper semicontinuous at a € cl(C').

(ii)  Every matriz (M N) where M € ©6(0; f(a)) U co[(0xf(a))s\{0}] and
N €c(9yf(a)) Uco[(dyf(a))ss \{0}] is surjective on C at a.

Then f(a) € int(f(C)).

Proof. We proceed in a similar way as in the proof of Theorem 3.4.2. In
view of Proposition 2.2.11, the set

Q = (9:f(a) + (0:f(a))%, Dyf(a) + (9yf(a))%)
is a pseudo-Jacobian of f at a (formerly ). Now Proposition 3.1.9 yields
By, Ck(MN)[B,N(C —a)]
for every (M N) € Q. By this the same contradiction is obtained. O

Another particular case of the convex interior mapping theorem is ob-
tained when C' is the whole space.

The Interior Mapping Theorem

Corollary 3.4.7 Let f: IR" — IR™ be a continuous function. Assume that
f admits a pseudo-Jacobian map Of which is upper semi-continuous at a.
If every matriz of the set €o(0f(a))|Jco((0f(a))eo\{0}) is surjective, then
for every open set U C R™ containing a, one has f(a) € int(f(U)).
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Proof. Concretize Theorem 3.4.2 to the case C' = IR". (]
The Scalar Interior Mapping Theorem

A stronger form of the interior mapping theorem follows from Proposition
3.1.12 in the case where f is a real-valued function.

Theorem 3.4.8 Let U be an open subset of R™ and a € U. Let f be a
continuous function from R™ into R. Assume f admits a pseudo-Jacobian
Of that is upper semicontinuous at a. If every matriz of the set Of(a) :=

co(0f(a)) U ((co(0f(a)))ec\{0}) is surjective, then
f(a) € int(f(U)).

Proof. The proof is similar to that of Theorem 3.4.2. The only difference
is that we use Proposition 3.1.12 instead of Proposition 3.1.11 and by
assuming § > f(x) for z € Bs(a), we define @(z) from U into IR by

v = fla)| |z —al.

B(a) =7~ f(a) + >

Then one arrives at the formula
2
0= A+ 35~ f(@)h
for some A € c6(0f (7)) and some h € IR" with ||h]| < 1. We then have
2 _
0= A —a)+ 7~ F(@)lh(z — a)

for any x € IR™. Then the rest of the proof is essentially the same as that
of Theorem 3.4.2. ([l

It is worth observing that in the proof of Theorem 3.4.8, Proposition
3.1.12 is directly applied without using any chain rule. Moreover, the convex
hull of the set (9f(a))oo\{0} contains the set co[(0f(a))ac]\{0}. They coin-
cide whenever the convex hull of the recession cone (0f(a))oo is a pointed
cone.

A Convex Interior Mapping Theorem
Using Fréchet Pseudo-Jacobians

Let £2 : IR™ = IR™ be a set-valued map that is a bounded fan and let
K C IR™ be a closed and convex cone. The Banach constant of 2 with
respect to K is given by
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c(2,K):=—  sup inf  s(§,x),
lgll=1,¢€ R #ERNEn

where

s(§,x) = sup (§y)
yeNR(z)
is the support function of the set 2(z) C IR™. The next result is known as
Ioffe’s controllability theorem.

Lemma 3.4.9 Suppose that C C IR" is a nonempty and convexr set and
f:R"™ - IR™ is continuous with a prederivative 2 at xg € cl(C). If the
Banach constant of 2 with respect to the tangent cone T(C,xqg) to C' at xg
is strictly positive, then for every 6 > 0, one has

f(@o) € int(f(C'N (z0 + 6Bn)))-

Proof. Without loss of generality we may assume that g = 0 and f(x¢) =
0. We first prove the lemma for the case when C' = K. It follows from the
definition that there is some positive ¢ > 0 such that

sup inf  s(¢x) < —c.
lell=1,¢cmm eEKNEn

Because {2 is a prederivative of f at xg = 0, one has
f(h) = f(h) = f(0) € £2(h) + 7(h)[|h|| By,

where r(h) — 0 as h — 0. Choose two small positive numbers ¢ < ¢/2 and
A < 0 so that |r(h)| < e whenever ||| < A. Consider an enlarged fan of 2
defined by

Do) = (1) + = bl B

It is clear that

c
inf < —= A h ™ with =1
oinf s0(&,x) < 5 foreac & e R™ with |||

f(h) € £20(h) for every h € R"™, with ||h] < A,

where so(&, z) is the support function of the set £2o(x) C R™. As 2y(x) is
a strictly convex and compact set, the support function so(&, z) is strictly
convex in x. Therefore, for every £ € IR™ with [|£]| = 1, there exists a
unique element ¢(§) € K N By, with [|¢(£)|| = 1 such that

s0(€6,6(€)) = inf  so(€,2) < —=.

z€KNBy 2

Moreover, the function & — ¢(&) is continuous on the unit sphere of IR™
and so it can be extended to all R™ by
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_J0 if £ =0;
#8) = { lElS(E/IIEN) otherwise.

We consider the function p: IR™ — IR™ defined by

p(y) = f(o(y)) fory e R™

and show that

0 € int(p(ABy,)). (3.23)
First observe that for each y € IR™,
W.p () =, F6W)) < soly 6v) < —S Iyl (3:24)

We wish to find, for each u € (A¢/2)B,,, an element v € AB,, such that
p(v) = wu, which will yield (3.23). To this end, for u € R™ consider the
function ¢, : R™ — R™ given by

AMy+p(y)—u) otherwise.

y+py) —u i ly+ply) —ull <N
qu (y) =
Ty+p(y)—ul

Then ¢, is a continuous function from AB,, to itself. According to the
Browder fixed point theorem (stating that every continuous function from
a nonempty convex and compact set to itself possesses a fixed point), there
is an element v € AB,, such that ¢,(v) = v.

If r = [Ju+p(v)—ul| < A, then by the definition of ¢,, we obtain p(v) = u
as requested.

If r > A, then ||v]| = ||qu(v)]| = A and

A
Uy (v) = ;(v +p(v) —u) =wv.
By multiplying by v, one derives
(r = Nvl* = Ao, p(v)) = Av, u)

which together with (3.24) yields

(=0 + %) < 0= lol? = Awupe)
< =X (v, u)
< Ml ) < X2

Hence 0 < r — X < |Ju|| — (A¢/2). This means that whenever |Ju|| < Ac/2
we must have r < X and consequently p(v) = u, establishing (3.23).
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Furthermore, because ¢(AB,,) C K N (AB,,), we have

P(ABm) = f(¢(ABm)) € f(K N (ABn)) € f(K N (6Bn))
and by (3.23), 0 € int(f(K N (0By))).

To finish the proof we take up the general case in which C is not nec-
essarily identical to K. For each £ > 0, define a convex cone

Ke:={y:y+elyllB, C K}.
It is obvious that K. possesses the following properties:
(a) There is a positive ¢’ < § such that
K.N(§B,) CCNJIB,.
(b) The Hausdorff distance h(K. N B,, K N B,) between K. N B,, and
K N B, tends to 0 as ¢ tends to 0.
It follows from (b) that (2, K.) tends to ¢(£2, K) when € — 0. Thus, for
e sufficiently small, ¢(£2, K.) > 0. In virtue of the first part,
0 € int(f(K-N(0'By)))
which together with (a) produces
0 €int(f(CN(dBy))).

The proof is complete. O

Corollary 3.4.10 Suppose that C C IR" is a nonempty and convex set,
and f: IR™ — IR™ is continuous and admits Of(x) as a bounded Fréchet
pseudo-Jacobian at x € cl(C). If elements of df(x) are surjective on C' at
x, then for every positive § > 0 one has

F(z) € mt(F(CN (z+5By))).

Proof. Let 2 be a fan defined by the set df(x). In view of Proposition
1.7.10, this fan is a prederivative of f at z. The equi-surjectivity of df(x)
on C at x implies that the Banach constant ¢(§2,T(C,x)) > 0. According
to Ioffe’s controllability theorem, we have f(z) € int(f(C' N (x+dBy,))) as
requested. O

Corollary 3.4.11 Suppose that C C IR"™ is a nonempty and convex set
and f: R"™ — IR™ is locally Lipschitz at x € cl(C). If Of(x) is a bounded
pseudo-Jacobian of f at x such that co(Of(x)) is equi-surjective on C at
x, then for each > 0 one has

fl@) eint(f(CN(x+dBy))).

Proof. Apply the previous corollary and Proposition 1.7.4. O
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3.5 Metric Regularity and Pseudo-Lipschitzian
Property

The concepts of openness, metric regularity, and the pseudo-Lipschitzian
property (or the Aubin property) are very closely to one another. A major
development in the area of set-valued variational analysis in recent years
has been the establishment of equivalences among these concepts and their
characterizations by means of coderivatives [94, 107] or by slopes [45]. In
this section, we see that pseudo-Jacobians provide us with a favorable ap-
paratus to examine metric regularity and the pseudo-Lipschitzian property
of a particular class of set-valued maps.

Equi-Surjectivity with Respect to a Set

Let C C IR" be a nonempty set, K C IR™ a nonempty closed set with
0 € K and let M be an m x n-matrix. We say that M is surjective on C
at x € cl(C) with respect to K (or K-surjective for short) if

M(z) € int(M(C) + K). (3.25)

Given a nonempty set I' C L(IR",IR™), it is said to be equi-surjective on
C around x € cl(C) with respect to K (or equi-K-surjective for short) if
there are positive numbers a and § such that

aB, CM(C -2+ K (3.26)
for every 2’ € cl(C) N (z 4 0By,) and for every M € I

We notice that when K = {0} the above definition reduces to the one
given in Section 3.1.

Proposition 3.5.1 If C and K are convex sets, then a matrix M is K-
surjective on C' at xg € cl(C) if and only if

0 € int(M(T(C, z0)) + K).

Consequently, M is K-surjective on C at xo € cl(C) if and only if it is
K -surjective on C N (xg + By) at xo.

Proof. When C'is convex, one has C' —xzy C T(C, zg). Hence (3.25) implies
0 € int(M(C —x9) + K) Cint(M(T(C,x0)) + K).

Conversely, assume 0 ¢ int(M (C'—xz¢)+ K). Because the set M(C'—zo)+K
is convex, by the separation theorem, one can find some £ € IR™ \ {0} such
that
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0<{,M(x—x9)+y) foreveryxze Candyce K.

As 0 € K, it follows from the latter inequality that 0 < (£, M (x — x¢)) for
every x € C'and 0 < (&, y) for every y € K. Hence, for every v € T(xg,C),
one also has

0 < (¢, M(v)+y) for every y € K.

Consequently, 0 & int(M (T(C,xg)) + K). For the last assertion, it suffices
to use the fact that T(C,zg) = T(C N (xg + By), xo). O

When C is closed and convex and K is not convex, the conclusion of
the previous proposition is no longer true. This is seen in the next example.

Example 3.5.2 Let M be the identity 2 x 2-matrix, K = {(0,0), (0, —2)}
and
C={(x1,22) € R?: (.2L'1)2 + (29 — 1)2 <1}

For xzp = (0,0), we have

M(C —z9)+ K=CU{C+(0,-2)}
M(T(C, :Eo)) + K = {(:El,xg) eR?: To > —2}.

This shows that 0 € int(M (T(C, zo) + K)), but 0 & int(M(C — z9) + K)).

The next proposition is an extension of Proposition 3.1.8.

Proposition 3.5.3 Let C C IR™ be a nonempty convex set with 0 € cl(C)
and K CIR™ a convex closed set with 0 € K. Let F: R" = L(R",R™)
be a set-valued map with closed values that is upper semicontinuous at 0.
If every element of the set T6(F(0)) Uco((F(0))so\{0}) is K-surjective on
C at 0, then there exists some § > 0 such that the set

U @ [F)+ (Fo)k]

YyEOBn,
is equi-K -surjective on C around 0.

Proof. We follow the argument used in the proof of Proposition 3.1.8.
Suppose to the contrary that the conclusion is not true. Thus, for each
k> 1 and 6 = 1/k, there exist xx € ((1/k)B,)N cl(C), v € By, and
My € Uye s, @ [F(9) + (F(y))3] such that

vg € k(Mg(C — 1) + K). (3.27)

Without loss of generality we may assume, as in the proof of Proposition
3.1.8, that
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lim vy =vg € By,

k—o0
and either
klim My, = My € ©F(0) (3.28)
or
lim tx My = M, € co[(F(0))s\{0}], (3.29)

k—oo

where {t;} is some sequence of positive numbers converging to 0.

Let us see that (3.28) and (3.29) lead to a contradiction. First assume
that (3.28) holds. By hypothesis, My is K-surjective on C' at 0, which
means that

0 € int(Mo(C) + K).

In view of Proposition 3.5.1, there exist some € > 0 and kg > 1 such that
vo + By C ko(Mo(C N By) + K). (3.30)
For this e, choose k1 > kg so that
| My — My|| <e/4 for k > k. (3.31)
We now show that there is ky > ki such that
v+ 5B € ko(Mo(Ba 1 (C = ) + K) for > k. (3.32)

Indeed, if this is not the case, then one may assume that for each xj there
is some by, € (£/2) By, satisfying

vy + by & k‘o(Mo(Bn N (C — .I'k)) + K)

Because the set on the right-hand side is convex, by the separation theorem,
there exists some & € IR™ with ||| = 1 such that

(&> vo+br) < (ks ko(Mo(x) +y)) forall z€ B,N(C—uap)yc K.
Using subsequences if needed, one may again assume that

lim by, = bo € %Bm,

k—oo
lim fk = &) with H&)H =1.
k—o0
It follows then
(€0,v0 + bo) < (€0, ko(Mo(z) +y) forallze B,NC, y € K.

The point vg + by being an interior point of the set vy 4+ €B,,, the obtained
inequality contradicts (3.30). By this, (3.32) is true. It follows from(3.30),
(3.31), and (3.32) for k > ko that
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o + %Bm C ko{Mo|[Bn N (C — z1)] + K}
C ko {My[Bn N (C — zx)] + (Mo — My)[Bn N (C — xx)] + K}

C ko{My[Bn N (C — z3)] + ZBm + K.

Because the set My ((C — ) N By,) + K is convex, we deduce from the
above inclusion that

00+ =B € ko(M(B, 1 (C = 21)) + K), for k > k.

Now we choose k > ks so large that vy € vg + (¢/4) By, and obtain
v € k‘(Mk(Bn N (C — :):k)) + K)

which contradicts (3.27). The case of (3.29) is proven by the same tech-
nique. (]

The next result is a generalization of Proposition 3.1.11.

Proposition 3.5.4 Assume that the hypotheses of Proposition 3.5.8 hold.
Then there is a closed conver set D containing 0 with D\{0} C C such
that the set

U lE(y) + (F()i]

YyESBy,

1s equi-K -surjective on D around 0.

Proof. Let {D;} be an increasing sequence of closed convex sets that exists
by Lemma 3.1.10; that is, Dy satisfy

0€ D, CCU{0} and C Ccl|UpZ;Dxl.

Our aim is to apply Proposition 3.5.3 to the sets Dj. We show that for
k sufficiently large, every matrix of the set ¢o(F'(0)) U co [(F(0))so\{0}] is
K-surjective on Dy, at 0. Suppose to the contrary that for each £k =1,2,...
there is M, € €o(F(0)) U co[(F(0))oo\{0}] such that

0¢ int(Mk(Dk N Bn) + K)

Because the set on the right-hand side is convex, by using the separation
theorem, we find & € IR™ with |||| = 1 such that

0 < (&, Mi(xz)+y) forxe DiyNB, and y € K. (3.33)
Without loss of generality we may assume that

lim & =&y with ||f()“ =1
k—o0
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and either

lim My = Mo € co(F(0)) U co[(F(0))oo\{0}]

k—o0

or there is a positive sequence {t;} such that

klirgo te My, = Mo € co[(F(0))so\{0}].

In both cases (3.33) yields
0 <{&,My(z)+y) forzeCnNB, and y € K.

This contradicts the K-surjectivity of My on C at 0. Thus, for k sufficiently
large, Proposition 3.5.3 is applicable to the set D = Dj and produces the
desired result. O

Generalized Inequality Systems

Let fo: R™ — IR™ be a continuous function. Let C' C IR" be a nonempty
convex set and K C IR™ a nonempty closed convex set containing the origin
of the space. We consider the following generalized inequality system

0€ folz)+ K, zeC. (3.34)
Given a parameter set P C IR” and a perturbation function f : R" x P —
R™ with f(x,po) = fo(x), the parametric inequality system

0¢€ f(z,p) + K, x € C. (3.35)

with p € P is called a perturbation of system (3.34). For each p € P, the
solution set

G(p) ={xze€C:0€ f(z,p)+ K}
is sometimes called the implicit set-valued map defined by system (3.35).

In particular, when K = IR x {0},,—s with 0 < s < m, that is,

K={y=@ - ym) €eR™ 91 20,...,5s 20, ysr1 =+ = ym = 0},

system (3.34) becomes a system of s inequalities and m — s equalities on
the set C,
fol(fE) < O,i = 1,...,5
foj(x) =0,j=s5+1,...,n
x e C.
Below we present some sufficient conditions that guarantee the stability

(the lower semicontinuity) of the implicit set-valued map G. The following
variational principle of Ekeland is used.
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Lemma 3.5.5 (Ekeland’s variational principle) Suppose that A C IR" is
a nonempty and closed set, and h : A — IR is a lower semicontinuous
function whose infimum inf 4 h on the set A is finite. Suppose further that
xo € A satisfies h(x) < infg f + & for some positive €. Then for each X
there exists a point T € A such that

(1) |7 — woll < A.
(ii) h(T) < h(x).
(111) T is the unique minimizer of the function x — h(zx) + (¢/\)||z — T||

on A.

Proof. We consider the function
€
9() = h(z) + Tz — o]

for z € A. Tt is lower semicontinuous and the level set {z € A : g(z) <
g(x0)} is nonempty (because it contains z() and closed. Moreover, as inf 4 h
is finite, that set is bounded, hence compact. Therefore, the set of mini-
mizers of g, which is denoted Ay, is nonempty and compact. The function
h being lower semicontinuous, admits a minimizer, say T, on the set Ajy.
We show that T satisfies our requirements. Indeed, for x € Ay and = # T
one has

h(@) = h(@) + 5|7 | < hiz) < h(x) + Sl -7
and for x € A\ A one has ¢(T) < g(x); that is,
_ & - £
h@) + 17 = @oll < ha) + Sla ol

which implies
€
hT) < h(z) + XHx -7z
By this (iii) follows. Setting = z( in the above inequalities, we derive

h(T) + §||f— woll < hiwo) < infh+e < h(T) +e,

which yields (i) and (ii). d

Theorem 3.5.6 Let fy: IR™ — IR™ be a continuous function, f: IR"x P —
R™ a perturbation of fo, and xy a solution of system (3.34). Let O1f be a
pseudo-Jacobian map of f with respect to the variable x. Assume that

(i) Fach element of the set €o(d1f(xo,po)) U co((01f(0,10))00\{0}) is
(fo(zo) + K)-surjective on C' at xg.
(ii) O1 f is upper semicontinuous in a neighborhood of (xo, po).
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Then there exist neighborhoods U of pg in P and V' of xg in R"™ such
that
Gp)NV #0 for each pe U

and the set-valued map p — G(p) NV is lower semicontinuous on U.

Proof. Let us construct neighborhoods U of py and V of xy such that
G(p) NV # () for each p € U. By hypothesis we apply Proposition 3.5.1
and Proposition 3.5.3 to find two positives « and § such that

2aB,, C M(T(C,z)) + fo(zo) + K

for each x € (xg + 0B,) N C and for each matrix

Merl = U @0(01 f(x,p) + (01 f (2, p))%)-
x€(z0+6Br)NC, pE(po+3Br)NP

Because f(x,p) is continuous, we may assume that f(x,p) — fo(zo) € aBy,
for x € (xo +dBy,) N C and p € (po + 0B,) N P. Therefore, for these x and
p and for M € I', one still has

aBy, C M(B,NT(C,z)) + f(z,p) + K. (3.36)

Observe that if C' is not closed, according to Proposition 3.5.4 we may
assume that the latter inclusion remains true not only for C, but for some
closed convex subset Cy C C containing xg too. Denote by

d(x,p) = inf{[| f(z, p) + vl : v € K},

the distance from the origin of the space to the set f(x,p)+ K. Because f
is continuous, it is clear that this distance is a continuous function of (z, p).
Moreover, as xg is a solution of system (3.34), d(xo, pg) = 0. Therefore, for
the positives @ and 0 above, there is §; € (0,0) such that

d(z,p) < ad/4for all € (xg+61B,)NC,pe€ (po+diBr)NP.
We set

U:=(po+B)NP
V.= int(xo + 5Bn)

and prove that these are the neighborhoods requested. We may also assume
that C is closed, otherwise Cp is used instead of C' in the reasoning that
follows. Let p € U be fixed and consider the function d(.,p) on the set
(xo + 0By) N C. Because d(z,p) > 0 for every x and d(zo,p) < ad/4, in
view of Ekeland’s variational principle (Lemma 3.5.5), there exists T €
(xo + dBy) N C such that
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d(fvp) < d(x(]ap)

[ — @oll < 0/2

d(z,p) < d(x,p) + (a/2)||x — || for all z € (zg+ dB,)NC.(3.37)
It follows that T € int(z¢ + dB,). Now we prove that d(Z,p) = 0 which
means that 0 € f(Z,p) + K, and hence G(p) NV # (). Indeed, assume to the

contrary that d(Z,p) # 0. Let 5 € f(Z,p) + K realize the distance d(Z, p);
that is,

[l = d(@,p) = nf{|[f(Z,p) +yll : y € K7}

This 7 exists and is unique because the set f(T,p) + K is a closed convex
set. It is clear that the unit vector —v := —g/||y|| belongs to the normal
cone to the set f(T,p) + K at J:

-v € N(f(z,p) + K, 7).

In particular, U belongs to the positive polar cone to the set f(Z,p) + K.
Furthermore, set w =3 — f(Z,p) € K. Then

d(z,p) < | f(z,p) + w| for every z e IR".

Define
p(x) = |If(z,p) + Wl + (a/2)[z — |
for every x € R"™. It follows from (3.37) that

o(T) < p(x) forallz e (zg+dB,)NC.

This and the fact that T € int(xg + §B,,) imply that T is a local minimum
point of ¢ on C'. By Theorem 2.1.16, one has

sup (§,u) >0 forallue T(C,T), (3.38)
£cof(x)

where 0p(T) is any pseudo-differential of ¢ at . Let us compute a pseudo-
differential of ¢. Because § # 0, the function norm y +— ||y is continuously
differentiable at § and its derivative is ©. By the chain rule stated in Corol-
lary 2.4.5, for every ¢ € (0,4), the closure of the set

vo [ f(@,p) + (01f(T. D)%)

is a pseudo-differential of the function x — || f(x,p) + w|| at . Moreover,
the set (a/2)B,, is also a pseudo-differential of the function z — ||z — Z||
at T. By the sum rule, Theorem 2.1.1, the closure of the set

vo [01f(T,p) + (O1f(Z,p))5] + (@/2) By,

as well as the set
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(@) := cl{v o co[01 f (T, p) + (01f (T, p))3c] + (/2) B} (3.39)

is a pseudo-differential of ¢ at T. Denote by

Q=20 (0 f(T,p) + (O1f(T.P))s) »
D =T(C,%)N B,.

‘We now show that

sup inf (v, M (v)) < —« (3.40)
MeQueD
inf sup (v, M(v)) > —a/2. (3.41)
veD e

If these inequalities are true, then, in view of the minimax theorem (Lemma
3.4.5), we arrive at a contradiction: —a/2 < —a. By this d(Z,p) = 0 and
G(p) NV # 0. Our aim at the moment is to prove (3.40) and (3.41).
Indeed, because @ C I', for every M € @, in view of (3.36) there exist
veT(C,z)N B, and w € f(z,p) + K N By, such that

—av = M(v) + w.

Then
—1=—(@,v) = (1/a){v, M(v) + w).

Because v is positive on the set f(Z, p)+ K, one has (v, w) > 0 and therefore
(U, M(v)) < —a.
This yields

o _
inf (v, M(v)) < ~a

and (3.40 ) is obtained.

For relation (3.41), let v € D be arbitrarily given. It follows from (3.38)
and (3.39) that for each £1 > 0, one can find M € @ and £ € B, such that

vo M(v) + (a/2)(§v) = —e1.
Consequently,
(v, M(v)) 2 —(a/2)(§v) —e1 =2 —a/2 — £
Hence

sup (0, M(v)) > —a/2 —e;.
MeQ

This being true for every €1 > 0, we deduce that
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sup (v, M (v)) > —a/2
MeQ

which implies (3.41).

To complete the proof it remains to show that the set-valued map p —
G(p)NV is lower semicontinuous on U. In fact, let p € U and z € G(p)N'V
be given. Let € > 0. Choose 7 € (0,¢) so that (x + 7B,) N C C V. Using
the same technique as above with (z,p) instead of (xg,po), we can find
a neighborhood U’ of p in P such that for every p’ € U’ there is some
z' € (x + 7By) N C satisfying

0€ f(a,p) + K.

Thus, 2’ € G(p') N (x+7B,) C G(p') NV. By this the lower semicontinuity
is established. O

Using the above theorem we can derive an open mapping theorem with
respect to a given set.

Corollary 3.5.7 Let C C IR" be a nonempty convex set and K C IR™
be a nonempty closed convex set. Let fy : R™ — IR™ be continuous and
xo € cl(C). Assume that fo admits a pseudo-Jacobian mapping Ofy which
s upper semicontinuous on a neighborhood of xg, and each element of the
set ©0(0fo(xo)) U co((0fo(x0))oo \ {0}) is (fo(xo) + K)-surjective on C at
xg. Then

0 € int(fo(C) + K).

Proof. Let P =1R"™, pg =0, and f(z,p) = fo(z)—p for x € R™. It is clear
that z is a solution of the generalized inequality system (3.34) and f(z,p)
is a perturbation of fy. It is easy to see that all the hypotheses of Theorem
3.5.6 are satisfied, by which there exist a neighborhood U of pg = 0 and
a neighborhood V' of zy such that G(p) :={zx € C:pe f(x)+ K}nNV
is nonempty for all p € U. This implies that U C f(CNV) + K, and
completes the proof. O

When K reduces to the origin of the space, Corollary 3.5.7 presents a
convex interior mapping result (see Theorem 3.4.2).

Metric Regularity

Let us consider the parametric inequality system (3.35) by assuming addi-
tionally that C is closed. The implicit set-valued map

p—Gp)={reC:0¢€ f(z,p) + K}
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is said to be metrically regqular at (zg,po) if there exist a positive pu, a
neighborhood U; of pg in P, and a neighborhood V; of xg such that

p(x,G(p)) < pp(0, f(x,p) + K) foreveryp e Uy andx € Vi NC. (3.42)

Here p(-,-) denotes the distance. Below we give a sufficient condition for
the metric regularity of the map G.

Theorem 3.5.8 Under the hypotheses of Theorem 8.5.6 the implicit set-
valued map G is metrically reqular at (xq, po).

Proof. Let §,,U, and V be defined as in the proof of Theorem 3.5.6.
Because 0 € f(zo,po) + K and the function

inf |yl

d(z,p) =
() yef(lzryp)JrK

is continuous, one can find a neighborhood U; C U of pg and a neighbor-
hood Vi C (2o + (6/2)By,) of xy such that

5
d(z,p) < % for every x € V7 and p e U;.

We wish to show that inequality (3.42) is satisfied for g = 1/a. To this
end, let z € V1 N C and p € Uy be given. We have

%d(x,p) < a.

Pick up two positives 7 € ((2/d)d(z,p), @) and 7" € (7, ). Then one obtains

/

d(xz,p) < T?d(:v,p).

By applying Ekeland’s variational principle to the function d(, p), one can
find T € (xo + dB,) N C such that

[ — || < d(z,p)/7
d(Z,p) < d(2,p) + 7||a’ — || for each 2’ € (x¢ + 6B,) N C.

We deduce that
17 — 2ol < [|7 — 2| + ||z — 2ol < d(z,p)/T+5/2 <0

Thus Z € int(xo + dBy,). The same argument as in the proof of Theo-
rem 3.5.6 yields the equality d(%,p) = 0 or equivalently 0 € f(Z,p) + K.
Consequently, T € G(p) and
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p(x,G(p) < ||z — 7| < d(z,p)/T.

By letting 7 tend to « in the above inequalities, we derive

(2, G(2)) < ~p(0, f(2.p) + K)

for every p € Uy and = € V4 N C. The proof is complete. O
Pseudo-Lipschitz Property

We still assume that C' is closed. The map G is said to be pseudo;Lipschitz
around (g, pp) with modulus ¢ > 0 if there exist neighborhoods U of pg in
P and V of z( such that

Glp) NV CGW')+p —plBn (3.43)

for any p and p’ € U.

Theorem 3.5.9 Assume that in addition to the hypotheses of Theorem
3.5.6 there are a positive constant k and neighborhoods Uy of py in P and
Vo of g such that

1f(@,0') = f(z, )l < &llp" - pl]

for all p,p’ € Uy and v € Vy. Then the implicit set-valued map G is pseudo-
Lipschitz around (xq, po).

Proof. Let §,a,U, and V be defined as in the proof of Theorem 3.5.6.
Choose 0 > 0 so small that
9+ 0B, CV NV
(po+ afB,) NP C U NU.

Set ¢ = 2k/a and

U = Pnint(py + (ad/8)B,)

V = int(x + (0k/2)By).
We claim that (3.43) holds true. It suffices to prove that given p,p’ € U
and x € G(p) NV, one has

plz,G(p') < p -1l (3.44)
Indeed, because ||p — p/|| < af/4 we can choose a positive ¢ verifying

(0%

2lp -l < <
—~|lp — €
PP 2

(3.45)
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Consider the function ¢ on IR™ defined by
¢(2') = d(z’,p') + ez’ — =]].

It follows from the hypothesis of the theorem that for w € K with d(z,p) =
If(z,p) +wl| = 0, one has

¢($) = d(x,p/) = d(l‘,p/) - d(.ﬁl?,p)
< |If(z,p) + wl — [l f(z,p) + w|
< lp -1l

In view of (3.45), we deduce
o(x) < erb/2.

By applying Ekeland’s variational principle to the function ¢ on the set
(xo + 0kB,,) N C, we can find some T € (xg + 6xB,) N C such that

|z — x| <0k/2
o(T) < ¢(2) +¢ll2’ — 7|

for each 2’ € (zg + 6xB,) N C. This yields

d(z,p') +ellz — = < d(z,p) (3.46)
d(z,p') < d(@',p') + 2|2’ -z

for each 2’ € (z9g+0kB,)NC. Because x €int(zo+(0k/2)By,), it follows that
T is an interior point of the set zg + 0xB,. Moreover, because 0 < 2¢ < «
the argument of the proof of Theorem 3.5.6 can be applied to show that
d(z,p’) =0, or equivalently, T € G(p'). Inequality (3.46) yields

17 — || < d(z,p')/e < (r/e)llp =PIl

Consequently,
p(z,G(p')) < (5/e)llp = P'|-

By letting ¢ tend to «/2 in the latter inequality, we deduce (3.44). This
completes the proof. O

Corollary 3.5.10 Let C C IR™ be a nonempty convex set and K C IR™
be a nonempty closed convexr set. Let f : IR™ — IR™ be continuous and
xzog € C. Assume that f admits a pseudo-Jacobian mapping Of which is
upper semicontinuous on a neighborhood of xy, and each element of the
set To(0f (z0)) Uco((Of(20))so \ {0}) is (f(xo) + K)-surjective on C' at xy.
Then the implicit set-valued map
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p— G(p)={zeC:pe flz)+ K}

is pseudo-Lipschitz around (xo,0), and there exist a positive 11, a neighbor-
hood of 0 in IR™, and a neighborhood V' of x¢ such that

p(z,G(p)) < po(p, f(z) + K)
forallpe U and x € V.

Proof. Consider the system (3.35) with P = IR™,py = 0, fo(x) = f(x),
and f(z,p) = f(x) —p for x € R",p € R™. Apply Theorem 3.5.8 and
Theorem 3.5.9 to this system to obtain the result. O

Let us now consider a simple example showing that, in general, the
metric regularity of implicit set-valued maps does not imply the pseudo-
Lipschitz property.

Example 3.5.11 Let n = m = r =1, C = R, K = {0}, f(z,p) =
z(p+1) — p'/3 for all z,p € R. Let py = 0 and xg = 0. Then the map
p — G(p), where G(p) = {z € C : 0 € f(z,p) + K}, is metrically regular
at (po,xo), but it is not pseudo-Lipschitz around this point. It is easily
verified that the assumptions of Theorem 3.5.8 are satisfied, whereas the
assumptions of Theorem 3.5.9 are not.

Here is another example showing that for implicit set-valued maps the
pseudo-Lipschitz property does not imply the metric regularity.

Example 3.5.12 Let n=m =r=1,C =R, K = {0}, f(z,p) = 23 —p?,
po = 0, and zg = 0. Because G(p) = {x € C : 0 € f(z,p) + K} = {p} for
every p, G(-) is pseudo-Lipschitz at (pg, z¢). However, there does not exist
any p > 0 such that

d(x,G(p)) < pd(0, f(z,p) + K)
for all (x,p) in a neighborhood of (g, po). Indeed, because
d(z,G(p)) = |z —p| and d(0, f(z,p) + K) = |2° —p’|,
such a constant p cannot exist.

We conclude this section with an example in which coderivatives can-
not be used to obtain the pseudo-Lipschitz property of a map, whereas a
suitably chosen pseudo-Jacobian may help to produce the desired result.
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Example 3.5.13 Let fo(z) = /3 for every € R and f(z,p) = (p +
)z!'/3 — p for every (z,p) e RxR. Let P=1R, C =R, K = {0}, po =0,
and zg = 0. For every p € (—1,1), the solution set G(p) of system (3.35) is
given by the formula G(p) = {p®/(p + 1)3}. It is clear that

011 (z,p) = {“ﬁ’ P e Y

{3+ 12723} itz #0,
where « > 0 is chosen arbitrarily, is a pseudo-Jacobian map of f(-,p). It
can be seen that the hypotheses of Theorem 3.5.6 are satisfied. Hence there
exist neighborhoods U of py and V of z¢ such that G(p)NV is nonempty for
every p € U, and the set-valued map p — G(p)NV is lower semicontinuous
on U. By Theorem 3.5.8, G(-) is metrically regular at (pg,zp), that is,
there exist constant p > 0 and neighborhoods U; of pg and V; of zg such
that (3.42) is valid. Because the condition of Theorem 3.5.9 is satisfied for
k=2,Uy=1R, and V) = (—1,1), the map G(-) is pseudo-Lipschitz around
(po, o). Notice that the coderivative of the function f(-,p) is empty at
x = 0, so it tells us nothing about the pseudo-Lipschitzian property of G.
However, it should be noted that the coderivative of the inverse set-valued
map G~! does yield the pseudo-Lipschitzian property of G. Moreover, it
gives a precise estimate for the Lipschitz modulus [94].
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Nonsmooth Mathematical
Programming Problems

In this chapter we present first- and second-order optimality conditions
for nonsmooth mathematical programming problems. Conditions that are
necessary or sufficient for optimality of various classes of mathematical pro-
gramming problems are given. They cover composite programming prob-
lems as well as multiobjective programming problems.

4.1 First-Order Optimality Conditions
Problems with Equality Constraints

Let U be an open subset of IR"; let f,h1,...,hy : U — IR be real-valued
functions. We consider the following mathematical programming problem
with m equality constraints,

(PE) minimize f(z)
subject to hi(z) =0,i=1,...,m.

The vector function whose components are hq, ..., hy, is denoted h and the
feasible solution set, or the constraint set, is denoted C'; that is

C:={xeR":hi(x)=0, i=1,2,...,m}.
We also use the notation
Dh(z) 1= 7 (9h(x)) U co((9h(2))ac\{0})
if Oh(z) is a pseudo-Jacobian of h at x. The following theorem gives us a

necessary condition for local optimal solutions of the problem (PE).

Theorem 4.1.1 For the problem (PE), assume that f and h are continu-
ous on U. Assume also that F' = (f,h) admits a pseudo-Jacobian map OF
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which is upper semicontinuous at T € U and that (PE) has a local optimal
solution T. Then there are numbers Ao > 0,A1,..., Ay not all zero such
that

0 € Ao(Co(9F (7)) U co((OF (7))o \{0})),

where A = (Ao, ..., Am).

Proof. We first note that the set dF(Z) must contain an element from
the space L(IR™,IR™™1) which is not surjective. This is obvious in the case
where n < m + 1, because m + 1 of n-dimensional vectors are linearly
dependent. If each A € OF(Z) is surjective, then f(Z) would lie in the
interior of F(U) by the interior mapping theorem (Corollary 3.4.7). This
would ensure the existence of a positive € > 0 and a point y € U such that

F(y) = (f(f)—ﬁ,o,...,()),

contradicting the optimality of T € C. Let M € OF (T) not be surjective.
Then M can be written as M = (My,...,M,,), where My,..., M,, are
linearly dependent. Thus,

AoMo+ -+ My =0

for some nonzero element (A, ..., Ay,) of IR™*!. One may choose Ay to be
nonnegative. O

The inclusion stated in Theorem 4.1.1 is called a general Lagrange mul-
tiplier rule. When F' is continuously differentiable, the classical Jacobian
matrix VF(T) can be used as a pseudo-Jacobian of F' at Z. The multiplier
rule is then written in the form

)\QVf(f) + )\1Vh1(f) + -t )\thm(f) =0,

and called the Fritz John optimality condition. If A\q is strictly positive, by
dividing the above equality by Ao, one obtains a multiplier rule, called the
Kuhn—Tucker optimality condition, in which the coefficient corresponding
to the objective function f is equal to 1.

Now assume that f and each h;, ¢ = 1,...,m, admit pseudo-Jacobian
maps Jf and Oh; which are upper semicontinuous at . If T is a solution
to (PE), then there are numbers \g > 0, A1,. .., A, not all zero such that

0 € XoG(T),
where A = (Ag, ..., Am), and the map G is defined by

G(z) = (3f (x)) X (O (2)) X - - X T (Ohum(z)) U
Uco(((0f (@)oo X (0h1(x))oc X -+ X (Ofm(2))oc)\{0}).
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To see this, define for each x € IR",
OF (z) := 0f(x) x Ohi(x) X + -+ X Ohp ().
Then OF is a pseudo-Jacobian of F' that is upper semicontinuous at =, and
co (OF(x)) C o (9f(x)) x €0 (Ohi(x)) X « -+ X TO (Ohm(x)).
Moreover,
(OF (2))oo € (D (@)oo X (0h1(2))o0 X -+ X (Ol (2))oo-

Hence _
OF () =0 0F (z) Uco((0F(x))x\{0}) C G(x).

It is worth noting that the set G(x), in general, is distinct from the set

co(9f (x))x- - -x€0(Ohm(2)) U (co((9f (x))oc\{0}) X - -X cO((Ohim ())o\{0}))-

See Example 4.1.4 for details.

Corollary 4.1.2 For the problem (PE), let F = (f,h) be locally Lipschitz
at T € U. If T is a minimizer of (PE), then there are numbers \g >
0,A1,..., A\m not all zero such that

0€d%\o F)(z)
where A = (Ao, .-y Am).

Proof. Because 0°F is upper semicontinuous at # and bounded, the
conclusion follows from Theorem 4.1.1 by noting that A o 9°F(z) =
9°(\o F)(z). O

In Section 4.3, we present a Lagrange multiplier rule, which is fairly
sharper than the condition in Corollary 4.1.2 for locally Lipschitz prob-
lems. A multiplier rule in which the first component )\ is zero has very
little interest because it does not contain any information on the objective
function f. Here is one of regularity conditions, called constraint qualifica-
tion, which guarantees that \g # 0 :

(CQy) All matrices formed by the last m rows of elements of the set
@0 (OF (x)) Uco((OF (x))so\{0}) are of maximal rank.

Corollary 4.1.3 Under the hypothesis of Theorem 4.1.1, if the constraint
qualification (CQ1) holds, then there are numbers A1, ..., Ay such that 0 €
Ao OF(Z), where A = (1, A\1,..., \p).
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Proof. It follows directly from Theorem 4.1.1 that there exist numbers
Ao > 0, A1, ..., Ay not all zero such that

S ()\0,...,)\m) O@F(f).

Let ag,ai,...,am be the rows of the matrix M e AF(z) for which
0= (Noy.--sAm) o M. If A\g = 0, then \jaj; + -+ + Apa, = 0 and the
maximal rank condition would be violated. Thus Ay # 0 and one may set
it equal to 1. O

We provide a numerical example to illustrate the fact that the recession
cone component in the Lagrange multiplier condition cannot, in general,
be dropped for optimization problems involving (non-Lipschitz) continuous
functions.

Example 4.1.4 Consider the following problem,

minimize z3 + 22
subject to 2x§/3sign(x1) + 24 — 223 =0

2901/3 + J:% — \/§x4 =0.
Let F' = (f, hi, he) where

f(x1, 22,23, 74) = 23 + 27,
2/3

hi(z1, 22,23, 24) = 2x1 sign(m) + x% — 2x3,

h2($1,$2,$3,l‘4) = 2ZL‘1 +£U2 \[1‘4
We are interested in the point z = 0, at which F' evidently is continuous

but not Lipschitz. A pseudo-Jacobian of F' at 0 and its recession cone are
given, respectively, by

001 O
0F(0) = 20 0-2 0 ca>1y,
2020 0 —V2
0000
(0F(0))oo = 0000):8>0
6000
Hence
001 O 0000

OF(0) =co 20 0-2 0 ca>1% U 0000 |:5>0
2020 0 —vV2 3000
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Clearly, each M € €o(9F(0)) is of maximal rank. So, (Ao, A1, A2)oM # 0 for
any (Ao, A1, A2) # 0. But for any matrix N € (0F(0))oo, (1, 1, 0)o N = 0.
Hence the conclusion of Theorem 4.1.1 holds. By this the point z = 0 is
susceptible to be a local optimal solution of the problem. Direct calculation
confirms that it is.

Problems with Mixed Constraints

In this section we study mathematical programming problems with mixed
(equality and inequality) constraints. Let f,g;,h; : R" — IR, i =

1,...,p,5 = 1,...,q be real-valued functions. We consider the following
problem,
(P) minimize f(x)
subject to g;(z) <0, i=1,...,p
hj(z) =0, i=1,...,q.

We denote by g = (91,...,9p), h = (h1,...,hq), and F = (f,g,h). Below
is a multiplier rule for the problem (P). The proof of this rule is based on
the convex interior mapping theorem (Theorem 3.4.2).

Theorem 4.1.5 Assume that F is continuous and admits a pseudo-Jacobian
map OF which is upper semicontinuous at T € IR™. If T is a local
optimal solution of (P), then there exists a nonzero vector («,3,7) €
R xRP xR? with «>0, f=(01,...,0p) with B; > 0 such that

ﬂlgl(f) = 077’ = 17" D,

0 € (a,8,7) o (€0(OF (7)) U co[(OF (T)) oo \{0}])-

Proof. Let ¢ > 0 be given so that f(x) > f(Z) for every feasible z €
T + €B,,. Without loss of generality we may assume T = 0 and F(z) = 0.
Let us denote

W ={(t,a,00 eIRxRP xR?:¢t<0, a; <0,i=1,...,p},
C = (eB,) x W C R" x RP*,

Let us also define a vector function ¢ : R" x R*PT4 — RI*PH by
o(x,w) = F(x) —w.
By denoting by I the identity (14 p+ ¢q) x (1 4+ p + ¢)-matrix, we see that

(x,w) e x¢<m>w) = 8F(SC)
(l‘,w) = w¢<wi) = {I}



148 4 Nonsmooth Mathematical Programming Problems

are partial pseudo-Jacobian maps of ¢ which are upper semicontinuous at
(0,0). Moreover,

(Oxd(@,w))oo = (OF (%))o0s (Owd(,w))oe = {0}
Furthermore, we observe that
$(0,0) & ¢((eBn) x W),
otherwise we can find some x € €B,, and w € W such that
0=¢(0,0)=F(z) —w

which shows that x is feasible for (P) and f(z) < f(Z) and contradicts the
hypothesis. It follows that

¢(0,0) ¢ int(¢((eBn) x W)).

In view of the convex interior mapping theorem (Theorem 3.4.2), there
exists a matrix from the set

(€o(9F(0)) U co[(9F (0))oc\{0}], 1),
of the form (M, —1I) such that
(M,—1)(0,0) & int((M,—1I)((eBy) x W)).

Because the set on the right-hand side is convex, we apply the separation
theorem to find a nonzero vector (c, 3,7) € R*P+4 such that

<(C¥,ﬂ,’}/), (M7 _I)($7w)> >0 for all (JJ,’U)) € (EBTL) x W.
This is equivalent to
(o, 8,7), M(2)) = (o, B,7),w) forall z € R", weW.

Because the scalar product is continuous, the latter inequality remains true
for all z € IR™ and w € cl(W). One deduces a > 0 when setting x = 0, w =
(t,a,0) with t = —1,a = 0, and 3; > 0 when setting x = 0,t = 0, and
a; = —1,a; = 0 for j # i. The condition £;¢;(Z) = 0 is evident because
9i(Z) = 0. Furthermore, with w = 0, the above inequality yields

((a, B,7), M(x)) > 0, for all z € R"
which implies (o, 8,7) o M = 0. O

The condition £;¢;(Z) = 0,7 = 1,...,p is called the complementarity
condition. It says that if the constraint g;(x) < 0 is not active at z (i.e.,
9i(Z) < 0), then the corresponding multiplier 5; must be zero.

When f, g, and h are locally Lipschitz, Theorem 4.1.5 gives the classical
multiplier rule for Lipschitz problems.
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Corollary 4.1.6 Assume that F' is locally Lipschitz and T is a local opti-
mal solution of (P). Then there exists a nonzero vector (v, 3,v) € IRITPT4
with o > 0, 8; > 0 such that

ﬂzgz(f) = 07 1= 17" D
0 € (o, B,7) 0 °F(T).

Proof. We use the Clarke generalized Jacobian 0°F as an upper semi-
continuous pseudo-Jacobian of F' and apply Theorem 4.1.5 to produce the
desired result. O

A Kuhn-Tucker condition for the problem (P) can be obtained simi-
larly to the problem (PE). To this purpose we introduce a new constraint
qualification:

(CQ2) All matrices formed by the last g rows of elements of the set
€0 (OF (x))Uco((OF () \{0}) are of maximal rank; and for each element
M whose rows are Mg, M1,..., My, of that set, there exists a vector
v € R"™ such that

<Mi,1}> <0 ifgi(f) =0,7 € {1,...,])},
(Mj,v) =0 forj=p+1,....,p+q.

Corollary 4.1.7 Assume that F is continuous and T is a local optimal
solution of (P). Under the hypothesis of Theorem 4.1.5 and the constraint
qualification (CQs), there exists a vector (8,7) € R x RY, where 3 =
(Bi,...,0p) with B; > 0, such that $;9;(z) =0,i=1,...,p, and

0 € (1, 8,7) o {co(OF (z)) U co[(OF (7))o \{O}]}

Proof. By Theorem 4.1.5, we can find a nonzero vector («a, 3,7) € IR X
IRP x IR? satisfying the conclusion of that theorem. Let M be a (1+p+q) xn
matrix of the set OF(Z) such that

0= (a,B3,7) 0 M.

Assume to the contrary that a = 0. By multiplying both sides of the above
vector equality by the vector v and by taking into account the complemen-
tarity condition, we obtain the sum

q

Z Bi{M;,v) + Z’yj<Mp+j, v) = 0.

ie{1,...,p},9:(Z)=0 Jj=1

In view of (ii), we deduce 5; = 0 for i = 1,...,p. The multiplier rule now
becomes
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0 =(0,0,,7) o M,

where O, denotes the null vector of IRP. This contradicts the hypothesis
(). Thus a # 0 and one may set o = 1. O

Locally Lipschitz Programming

We now study a mathematical programming problem of the form:

(PL) minimize f(z)
subject to g;(z) <0,i=1,...,p,
h](‘r):07 ]:17 » 4,
z€Q,

where f,g;,h; : R" - R, ¢ =1,...,p,j = 1,...,q are (not necessarily
differentiable) locally Lipschitz functions and @ is a closed convex subset
of IR™. For this case, a multiplier rule can be established without upper
semicontinuity of the pseudo-Jacobian map.

Theorem 4.1.8 Assume that F = (f,g,h) is locally Lipschitz and that
it admits a bounded pseudo-Jacobian OF(Z) at T. If T is a local min-
imizer of (PL), then there exist Lagrange multipliers \g > 0,...,\, >
0, \p+1, - - Aptq, not all zero, such that

)\igi(f):O, i1=1,....m
0 € XNoco(0F(Z)) + N(Q,T),
where A = (Ao, .+ s Am).

Proof. Assume for simplicity that f(Z) =0 and g(Z) = 0. We denote

Z :=TR" x RP*!
S::QXIRTLl:{z:(x,a)EZ:xEQ,aiZO,i:(),...,p}.

Clearly, S is a closed convex set and the tangent cone to S at z = (z,0) is
given by
T(S,z) = T(Q,T) x RE™,

where T(Q, ) is the tangent cone to @ at T and ]RﬁJrl is the nonnegative
octant of IRPT!. Let Y = IRP*%+! and let G: Z — Y be a map defined as
follows.
f(:c) +ag =0,
(G(z,a))i=1< gi(z)+a; i=1,...,p,
hifp(x) Z:p+1vvp+q

Then G is locally Lipschitz and the set
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G(z) = {(M,1): M € 9F(z)}

is a bounded pseudo-Jacobian of G at z, where I € L(IRPT! IRPTIHL) ig
defined by
I= [61, ey 6p+1],
with ¢; = (0,...,0,1,0,...,0)".
Because T is a minimizer of (PE), G(z) = (f(%), g(T), h(T)) cannot be
in the interior of G(S N (Z + ABz)) for any A > 0. Otherwise, there would
exist some point y € SN (Z+ AgBz) for some Ay > 0 such that

fly) < f(@)
gi(y) = gi(T), i=1,...,p,
hj(y) = hi(T), j=1,...,4q,

which implies that y is a feasible point and hence contradicts the hy-
pothesis that T is a minimizer. In view of Corollary 3.4.11, the set
co(0G(Z)) is not equi-surjective on S at zZ. Hence there exists an element
M € co(0F(z)) such that the matrix (M, I) is not surjective on S at z; that
is, 0 ¢ int((M,I)(S — z)). The separation theorem gives us the existence
of a nonzero vector A = (A, ..., Apq) € RPT9T! such that

A\ (M, I)(x —Z,a)) >0

for every (x,a) € S. By setting z = Z, we deduce that A; > 0 for i =
0,...,p. By setting a = 0, we have

<>\,M(.Z'—i')> >0

for every x € Q. Hence Ao M € N(Q, Z), and so the conclusion follows. [J

Corollary 4.1.9 Let T be a local optimal solution to (PL). Assume that
the functions f,qg, and h are locally Lipschitz and admit bounded pseudo-
differentials 0f(Z), 0g;(T), and Oh;(Z) atT. Then there exist Lagrange mul-
tipliers g > 0,...,p > 0, A\p41,. .., Apyq, not all zero, such that

/\igi(f>20, 1=1,...,p

0 € Mco(0f(T)) + Z Aico(0g;(T)) + Z Aj4pco(0h;(Z)) + N(Q,Z).

=1 =1
Proof. Because 0F (z) = dfp(x) X -+ x dfm(x) is a bounded pseudo-
Jacobian of F' at z, the conclusion follows from Theorem 4.1.8. O

The standard form of the Lagrange multiplier rule for the Michel-Penot
subdifferentials follows easily from Corollary 4.1.9.
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Corollary 4.1.10 If T is a solution to (PL), then there exist multipliers
A0 >0,...,2, 20, Apq1, ..., Aptq, not all zero, such that

p q
0 € X20MPF@) + ) NP gi(T) + > Xigp0MPhi(T) + N(Q, 7).
i=1

j=1
Proof. Choose the Michel-Penot subdifferential 9" as a pseudo-differential
and apply Corollary 4.1.9. O

A version of the Lagrange multiplier rule for the Clarke subdifferential
follows from Theorem 4.1.8.

Corollary 4.1.11 For the problem (PL), let F = (f,g,h). If T is a solu-
tion to (PL), then there exist multipliers \g > 0,...,Ap > 0, A\py1, .-+, Apigs
not all zero, such that

Xigi(T) =0, i=1,...,p

0€Xod“F(Z)+ N(Q, ),
where A = (Ao, .-+, Am)-
Proof. Let OF(z) = 0°F(x). Then the conclusion follows directly from
Theorem 4.1.8. a

The following example illustrates that the multiplier rule of Theorem
4.1.8 is sharper than the one given in Corollary 4.1.10.

Example 4.1.12 Consider the problem

minimize (@1 + 1)% + 23

subject to 2z + |z1]| — |z2| = 0.

Clearly, (0,0) is the minimum point of the above problem. Let fy denote the
objective function (w1 + 1)? + 23 and let f; denote the constraint function
2x1 + |z1]| — |z2|. Then fy is continuously differentiable, and therefore we
can take its gradient at (0,0) as a pseudo-differential at this point. Thus,

©0(9£0(0,0)) = 0M" f5(0,0) = 0 fo(0,0) = {(2,1)}.

The constraint function f; is not differentiable at (0,0), but locally Lips-
chitz at this point. It is clear that its Michel-Penot subdifferential coincides
with the Clarke subdifferential and is given by
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It is easy to see that the set

8f1(07 0) = {(37 _1)3 (17 1)}

is a pseudo-differential of f; at (0,0). Moreover, for \g = 1 and \; = —1,
one has
(0, O) € Aoﬁ(afo(o, O)) + Alw(ﬁfl(o, 0))

The set in the right hand side of the latter inclusion is strictly contained
in the Michel-Penot subdifferential of the function Ao fo + A1 f1 at (0,0),
which is given by

aMP()‘Ofl + )\1f1)<070) = @{(17 _1>; (_17 1)3 (_1’ _1)§ (1) 1)}

A Kuhn—Tucker-type necessary optimality condition can be obtained
under a constraint qualification. For instance, if we choose 0f(T) =
OMP f(7) and OF(Z) = OMPg(T) x -+ x OMPhy(T), then a constraint
qualification for (PL) can be stated as

(i) For every element M of the set (OMFhy(z),...,0MFPh,(Z)") the
system
M"(u) € N(Q,T), u€lR?
has only one solution v = 0.

(ii) There exists a vector v from the tangent cone T'(Q,T) such that

(OMPgy(@)",v) <0, if gi(T) = 0,i € {1,...,p}
(OMPhi(@)",0) =0, i=p+1,...,m

We notice that when Z is an interior point of @, the normal cone N(Q,7)
collapses to {0}, and the first condition of the above constraint qualification
is given in a familiar form: the matrices of the set

@M @), ..., oM hy(z))

have maximal rank.

Corollary 4.1.13 Ifz € R" is a solution to (PL) and the above constraint
qualification for problem (PL) is satisfied at T, then there exist multipliers
A, ..oy Am Such that

/\,gl(f) =0,72=1,...,p

p q
0€ M@ +> XM gi(@) + > X0V hy(E) + N(Q, 7).
i=1

Jj=1
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Proof. By applying Theorem 4.1.8 and using the Michel-Penot subdif-
ferential, we can find numbers A, ..., A\pyq With X; > 0,2 = 0,...,p such
that

0 € XM f () +Z>\8MP +ZAJ+p () + N(Q. 7).

Notice that in the second term on the right hand side the multipliers \;
corresponding to g¢;(T) # 0 are all zero because of the complementarity
condition. If Ay = 0, then multiplying both sides of the above inclusion
by the vector v € T(Q,T) and using (ii) of the constraint qualification, we
conclude that the multipliers \; corresponding to g;(T) = 0 are equal to
zero. Then the above inclusion becomes

062/\]+p )+N(Qa )

But this contradicts the hypothesis (i) of the constraint qualification. O

Example 4.1.14 Consider the following minimax problem,

“r i 12 @)

subject to fz($) <0,i=1,...,p,
filz)=0, i=p+1,...,m,
T € Q,

where f3,..., 5, f1,---, fm : R™ — IR are locally Lipschitz functions and
Q is a closed convex subset of IR" containing T. The function fj, defined
by

fo(z) =max{fy:k=1,...,s},
is easily seen to be Lipschitz near Z. For any x, I(z) denotes the set of
indices j for which fJ(z) = fo(z).

In the following we deduce the optimality conditions for the above min-
imax problem.

Corollary 4.1.15 Assume that f3, ..., f5, fi,- .., fm are locally Lipschitz.
Suppose that Fy = (f1,..., fm) admits a bounded pseudo-Jacobian OF(T)
at T. If T € R™ is a solution of (CP), then there exist multipliers Ao >
0,...,2 20, Ap11,..., Ay not all zero such that

)\ifi(f):(), 1=1,...,m

0 € Xoco( | 0f3(@)) + Ao co(dF1(T)) + N(Q, 7).
jel@)
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Proof. By Corollary 4.1.9 there exist multipliers A\g > 0,...,), >
0, A\p+1; -+, Am, not all zero, such that

)\ifi(f>:0, 1=1,...,m

0 € Moco(0fo(T)) + Ao co(OF1(T)) + N(Q,T).

The direct calculation of 9 fo(z) shows that 9fo(Z) := U;es(z) 9 fl(z) is a
pseudo-differential of fy at T (see also Theorem 2.1.9). Indeed, for each
helR",

fof @ h) = max (f3)F(T;h) < max max (¢,h) = max (£ h)
jel(z) JEl(@) cicofi(z) ¢eU;erz) 03 (@)
and

fo (®h) > max (f)”(F;h) > max  min (¢, h) > min (£, h).
jeI(z) JEl(@) cicafi(z) ¢€Ujc 1 03 (@)

Hence the condition holds. O

We conclude by noting that in Corollary 4.1.15 if we further assume
that fé“ ,k=1,... s, are also Gateaux differentiable at T, then there exist
multipliers A\g > 0,..., A, > 0, A\p41,..., Ay not all zero such that

)\Z‘fi(f)zo, 1=1,....m

0 € Aoco( U Vfg(f)) + Ao co(OF(T)) + N(Q,T).
JEI(T)
Moreover, by imposing a constraint qualification similar to that for problem
(PL) (Corollary 4.1.13) one can obtain the optimality condition in which
the first multiplier Ag is equal to one.

4.2 Second-Order Conditions

Necessary Conditions

Let f: R® — IR, g: R™ — IR?, and h: IR®™ — IR? be continuous func-
tions. We consider the constrained mathematical programming problem
(P) again:

(P) minimize f(z)
subject to g(z) <0
h(z) = 0.
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We know from the previous section (Theorem 4.1.5) that if f, g, and h are
continuously differentiable and xq is a local solution of problem (P), then
there exists a nonzero vector (Ao, A, ) € IR x IRP x IR? such that

AoV f(zo) + (A, Vg(zo)) + (1, Vh(x0)) = 0,

/\020,A¢20and)\igi(xo):0, i=1,...,p.

Similarly to the case of problems with equality constraints, we say that
the Kuhn—Tucker condition is satisfied at xq if the above rule holds with
Ao = 1. Now we develop second-order optimality conditions for problem
(P) by assuming that the data f, g, and h are differentiable and that the
Kuhn-Tucker condition with a multiplier (A, ) € RP x RY is satisfied.
Denote

L(z) = f(z) + (A g(x) + (w, h(z)).

X ={z eR":g(z) <0,(\ g(z)) =0and h(xz) = 0}.

T(X,z9) :={veR":v=1Nlmt(x; — x9),x; € X,x; — xo,t; > 0}.

To(X, zo) := {v € R™ : there is § > 0 such that zo +tv € X for t € [0,6]}.

The function L is the Lagrangian associated with the multiplier (\, u); the
set X is the set of feasible solutions x satisfying \;g;(x) = 0,i =1,...,k;
the set T'(X, x) is the contingent cone of X at g, which coincides with the
tangent cone defined in Chapter 2 when the set is convex, and Ty (X, x¢) is
the set of feasible directions of X. We wish now to establish second-order
optimality conditions for problem (P) where the data f,g, and h are of
class C'. We express these conditions by using pseudo-Hessian matrices
and recession matrices.

Theorem 4.2.1 Assume that the following conditions hold

(i)  The functions f,g, and h are continuously differentiable and xo is a
local minimizer of the problem (P).

(ii) The Kuhn—Tucker condition is satisfied at xq, for some vector (A, ) €
RF x IR’

(iii) 0*L(zo) is a pseudo-Hessian of L at xq.
Then for each u € To(X,x), there is M € 0*L(xo) U ([0>L(z0)]oo \ {0})

such that
(u, M(u)) > 0.

If in addition, L has a pseudo-Hessian map 0>L that is upper semicontin-
uous at xg, then the conclusion is true for each u € T(X, xg).

Proof. Let u € To(X,x0). There is § > 0 such that [zg,z0 + du] C X.
Because zg is a local solution, there is ¢9 > 1 such that 6 > 1/ip and
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L(zo+u/i) — L(zo) = f(zo +u/i) — f(xo) >0, fori > i.
In view of the classic mean value theorem, there is ¢; € (0,d) such that
L(xo +u/i) — L(xo) = VL(xo + t;u)(u/i), fori > ip.

Then
(u, VL(zg + tju)) > 0, fori > iy
which together with (ii) implies
L - VL
Jimn sup (u, VL(zo + tu) — VL(z0))
£10 t

> 0.

By the definition of pseudo-Hessian we derive

0< (o VL) (wo,u) < sup  (u, M(u)).
Med?L(zo)

Then there exists a sequence of pseudo-Hessian matrices {M;} C 9*L(xo)
such that
lim (u, M;(u)) > 0.
71— 00
If the sequence {M;} is bounded, then we may assume that it converges
to some M € 9%L(z() because the latter set is closed, and obtain

(u, M(u)) > 0.

If the sequence {M;} is unbounded, we may assume that

M;
lim |[M;]| = 0o and lim —— = My € (8°L(x0))oo \ {0},
i—o00 i—oo || M|
and obtain

(u, Mo(u)) > 0.

Suppose now that 9?L is a pseudo-Hessian map of L which is upper
semicontinuous at xg. Let v € T(X, zg). Because the case v = 0 is trivial,
we may assume that there is a sequence {z;} C X converging to zp such
that
. Li — Zo
= lim —.

1—00 Hxl — JL‘()H

Furthermore, as g is a local minimizer, there is some 79 > 1 such that
L(.’Ez) — L(.T()) = f(x@) — f(I()) Z 0, for 4 2 io.

In view of the Taylor expansion, we have

L(xz;) — L(xo) — VL(x0)(x; — x0) € %@((xl — 20, O*L(y:)(zi — 20))),
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for some y; € (29, ;). This and the Kuhn-Tucker condition yield the exis-
tence of a matrix M; € O?L(y;) such that

i — =olf?

(x; — 2o, Mi(z; — x0)) > for 7 > 1p.

i
As in the first part of the proof, if the sequence {M;} is bounded, then
we may assume that it converges to some M € 9?L(xg), due to the up-
per semicontinuity of the pseudo-Hessian map 9?L. The latter inequality
implies

_ _ 1
(u, M(u)) = lim (-0 T Y > Jim (- =) =0,

5 7 k
i—oo || — o] |z; — ol| imoo N g

If the sequence {M;} is unbounded, then due to the upper semicontinuity
of the pseudo-Hessian map 0%L, we may assume that

M;
lim ||M;|| =00 and lim =M, € (82L(x0))oo \ {0}.

i—oo || M|
We deduce
. r;—xo M;  x;—xp . 1
u, Mo(u)) = lim , >lim(———) =
o Mol = Jim (ol Tl T — ol = 22 (= i)
This completes the proof. O

The second part of Theorem 4.2.1 can be improved by requiring a certain
regularity condition of 9?L instead of upper semicontinuity when VL is
locally Lipschitz. Let S be a nonempty subset of R"; let f : R" — IR
be C' and let a € S. We say that the pseudo-Hessian set-valued map
0%f : IR™ = L(IR™,IR™) is regular at a with respect to S if for each u € S

limsup (A'(v),v) < max (A(u),u). (4.1)

A'€d? f(attul) - A€82f(a)

w! —u, t]0

This condition means that for each u € S and for each sequence ug —
u, tr |0, and Ay € 82f(a + trug),

limsup(Ag(ug), ur) < max (A(u),u).
msup(Ay () ug) < max (A(w),u)
It is easy to see from the definition that if the map 9% f is locally bounded
at a then
limsup (A'(u),u’)

A/€82f(a+tu/)

u! —u, t]0

is finite. We now see that upper semicontinuity of the map 6% f at a guar-
antees regularity at a.
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Lemma 4.2.2 Let f be a C*-function; let 9% f(x) be a pseudo-Hessian of
f for each x € R™ and let a € S C IR™. If the set-valued map O f is upper
semicontinuous at a, then 0°f is reqular at a with respect to S.

Proof. Let v € S and let the sequences up — u, tp | 0, and A, €
02 f(a + trug). Because 92 f is locally bounded,

[:= limsup (A'(x),u)
A€d? f(a+tu’)
u! —u, t]0

is finite. Suppose that

> A s = Ao y Uy
Aégg\;%a)< (u), u) = (Aou, u)

where Ag € 0?f(a). Define ¢ = | — (Ag(u),u) > 0. Then there exists a
subsequence, again denoted by (A (ug), ux), such that

{Ao(u),u) =1 —e < lim (Ap(ur), ug).

Because 0% f is upper semicontinuous at a, we can find a subsequence A, €
0% f(a + t; ui,), such that A;, — A € 8?f(a) as k — oo. Hence

(Ap(u), u)y < kli)lrolo(Ak(Uk)aUk)

= (Au,u) < (Ag(u), u),
which is a contradiction and so
I < max acg (o) (Alu), ). O

Clearly if f is twice continuously differentiable then 02 f(-) = {V2f(-)}
is regular at z with respect to each subset S of IR™. If f is C™! then
O*f = 0% f is regular at each point. In other words, condition (4.1) is sat-
isfied for a C1:!-function by 02 f = 9% f. The following example shows that
a pseudo-Hessian set-valued map of a C!-function, which is not upper
semi-continuous, satisfies the regularity condition (4.1).

Example 4.2.3 Let h : IR — IR be an odd function that is defined for
x >0 by

2¢—1 1:2%;

—T+ ot T E [, ), n=1,2
hx — b 2 b) b b b
( ) 237_ % HASS [227}+17 22n]7n 1727 9

0 xz = 0.
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Define f : IR? — R by

2

|1
f(a:l,:rg):/o h(t)dt + %

Then f is a Ch!-function because Vf(x1,22) = (h(z1), z2) is a locally
Lipschitz function. A pseudo-Hessian set-valued map 02 f is given by

R
0 for ) — {(81())(310)} 21 =0,
{ (h'(gcl) g) } otherwise.

It is easy to verify that 92 f is regular at (0,0) and locally bounded at (0, 0).
However, it is not upper semicontinuous at (0,0) because

(o) erGroy e (15) ¢ s,

It is also worth noting that

o0 ={(5%) lact-1 2}

and that co(9?£((0,0))) C 8% f((0,0)).

Theorem 4.2.4 Assume that the problem (P) has a local optimal solution
a. Let the Kuhn—Tucker condition be satisfied at a by (X, n). Suppose that
for each x € R™, 0?L(x) is a pseudo-Hessian of L(-) at x. If the set-valued
map O*L(-) is locally bounded at a and reqular at a with respect to T(X, a),
then for every u € T(X,a) one can find some M € 0*L(a) such that

(M(u),u) > 0.

Proof. Let v € T(X,a). Then there exist sequences t; | 0 and u; — u as
k — oo such that, for every k, a + tpug € X. So,

L(a + tyug) = f(a+ truk).

Now it follows from the Taylor expansion (Theorem 2.2.20) that
12
L(a+ trur) < Lla, A, 1) + te(VL(@), ug) + o (Ni(ur), ue)

where Ny € 0%L(a + trug) and 0 < #; < t,. Noting that a is a local
minimum of the problem (P), we get
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L(a) = f(a),
VL(a) =0,

f(a + tkuk‘) > f(a)a
for sufficiently large k. Thus, for sufficiently large k,
(Nk(ug), ug) > 0.

Because the set-valued map 92 is locally bounded at a, the sequence { Ny}
is bounded. Hence this sequence has a subsequence, again denoted {Ny},
which converges to a matrix N. As k — oo, the sequence a-+t,u;, converges
to a. Then it follows that

(N(u),u) = lim (Ng(ug),ur) > 0.

k—o0

Hence
limsup (A'(v'),u) > (N(u),u) >0,

A€d? fa+tu!)
u! —u, t]0

and so, by the regularity assumption, we get that max 4¢p2 () (A(u), u) > 0
as requested. O

Corollary 4.2.5 Assume that functions f, g;, and hj, for each i,j in
problem (P) are CY! and that the problem (P) has a local optimal solution
a. If the constraint qualification (CQ2) holds at a, then there exist \; > 0
satisfying Nigi(a) =0, fori=1,2,...,p, and p € R? such that VL(a) =0,
and for every u € T(X,a) there exists some M € 0% L(a) satisfying

(M (u),u) > 0.

Proof. Choose 0% L(a) as a pseudo-Hessian of L(-) at a. The result then
follows from Theorem 4.2.4 because the map 8%1L(~) is upper semicontin-
uous at a. ]

The following example shows that Theorem 4.2.4 provides sharper op-
timality conditions than the conditions of Corollary 4.2.5.

Example 4.2.6 Consider the problem

2

|z1] 23
minimize / h(t)dt + 3
0

subject to 1 > 0, x9 > 0,

where f(z1,x2) f‘m h(t)dt + x3/2, g1(x1,22) = 1, go(71,72) = T2, and
h is given as in Example 4 2.3. Then f is a C! function. The point (0, 0) is
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a solution of the problem. The Kuhn—Tucker condition is satisfied at (0,0)
by A = (A1, A2) = (0,0) and the condition of Theorem 4.2.4 is verified by
the matrix

(01) € L(0.0) = 27((0.0) < (0,00

for each vector (u1, ug2) from the tangent cone to X at (0,0) which is given
by
T(X,(0,0)) = {(z1, z2) € R? | 1 >0, 2o > 0}.

It can be seen that under certain conditions elements of the tangent cone
T(X,a) can be obtained explicitly in terms of the gradients of the functions
g; and h;. Namely, if the vectors Vg;(a), i € I(a), Vhj(a), j=1,2,...,q
are linearly independent, where I(a) is the set of active indices (i.e., i € I(a)
if and only if g;(a) = 0), then u € T(X, a) if and only if u is a solution to
the linear system

(Vgi(a),u) =0 for i such that \; > 0,
(Vgi(a),u) <0 for i such that \; =0 and g;(a) =0,
(Vhj(a),u) =0 forj=1,2,...,q.

Here I(a) is the active index set at a; that is, i € I(a) if and only if
gi(a) = 0.

Sufficient Conditions

In this section we derive second-order sufficient conditions for local solu-
tions of problem (P). The feasible set of this problem is denoted S, and
the contingent cone to S at x € S is denoted T'(S, x).

Theorem 4.2.7 Assume that the following conditions hold

(i)  The functions f,g, and h are continuously differentiable.

(i) The Kuhn—Tucker condition is satisfied at xo, for some (A, u) € IRP x
RY.

(iii) There is a pseudo-Hessian map O°L of L that is upper semicontin-
uous at xo such that for every u € T(S,z¢) \ {0} and M € 9*L(zo) U
([0°L(z0)]0 \ {0}), one has

(u, M(u)) > 0.

Then xq is a locally unique solution of the problem (P).
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Proof. Suppose to the contrary that there is x; € S such that lim; .., z; =
xo and f(x;) < f(x0). We may assume that

. Ti — X0
lim

=ueT(S, xg).
1—00 ||.CCZ—.’E0|| ( ’ )

It follows that

L(xi) = L(wo) = f(wi) = f(wo) + (A, g(2i)) < 0.

Using the Taylor expansion (Theorem 2.2.20), we express
1
L(zi) = L(zo) — V.L(zo)(zi — z0) € 5T0{zi — 20, O L(ys) (i — m0)),

for some y; € (xp,x;). This and the Kuhn-Tucker condition yield the exis-
tence of a matrix M; € 8?L(y;) such that

2
Ti— T
(xi — x0, Mi(w; — m0)) < M~
If the sequence {M;} is bounded, then we may assume that it converges to
some M € 9%L(xg), due to the upper semicontinuity of the pseudo-Hessian

map 02L. The latter inequality implies

. Ti — TQ Ly — g
<U,M(U)> = .hm 7M( ) <0,
e =aol” ey ol
which contradicts the hypothesis. If the sequence {M;} is unbounded, then
due to the upper semicontinuity of the pseudo-Hessian map 0L, we may
assume that

M;
lim |[M;]| =00 and lim ——— = My € (8°L(x0))oo \ {0}.
i—00 i—oo || M|
We deduce
. x;—xog M; , xi—1x0
u, Mo(u)) = lim , <0,
bt Mo = Ji (s = ol TR T = ol
which again contradicts the hypothesis. This completes the proof. O

The upper semicontinuity of 9>L is unnecessary when VL admits a
Fréchet pseudo-Jacobian. We say then 9L is a Fréchet pseudo-Hessian of
L.

Theorem 4.2.8 Assume that the following conditions hold

(i)  The functions f,g, and h are continuously differentiable.
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(ii) The Kuhn—Tucker condition is satisfied at xo, for some (A, u) € IRP x
RY.

(iii) There is a Fréchet pseudo-Hessian O>L of L at xq such that for every
u € T(S,20) \ {0} and M € 0?L(x0) U ([0*L(z0)]oo \ {0}), one has

(u, M(u)) > 0.
Then xq is a locally unique solution of the problem (P).

Proof. We follow the proof of the previous theorem. The expression for
L(z;) — L(zo) — VL(x0)(x; — x0) can now be written as

L(zi) — L(z0) — VL(xo)(wi — o) = (M;(ti(z; —z0)) +o0(til|xi — xo]|), 23 — x0)

for some M; € 9*L(z¢) and some t; € (0, 1) with o(t;||z;—zo||) /||t: (xi —z0)|
tending to 0 as ¢ — oo. The rest of the proof remains without change. O

Next we give more sufficient conditions in the case when a pseudo-
Hessian of L in a neighborhood of a is known. Let J = {i € I(a) : \; > 0}.
Define

Y:{yEBn : <y7v9’b(a)>2077’€']7 <y7Vh](a)>:07]:17277q}

and for € > 0 and § > 0 define

Z(e,0) ={ue B, : |lu—y|l <e, for some yeY,
and a+ 6(u)u € C, for some 0 < §(u) < §}.

Theorem 4.2.9 Let a be a feasible point for (P). Suppose that the Kuhn—
Tucker condition is satisfied at a by (A, u) € RP x R?. Assume that for
each = in a neighborhood of a, 0°L(x) is a pseudo-Hessian of L at a. If
there exist € > 0 and § > 0 such that for each w € Z(e,0) and for each
O<a<l,

(M (u),u) >0

for every M € 9*L(a+ au), then a is a local minimizer of the problem (P).

Proof. If a is not a local minimizer, then there exists a sequence {xj} such
that xy, is feasible for (P), x — a as k — +o0o, and f(zx) < f(a) for each k.

Let x), = a+ dguk, where [Jug| = 1,0, > 0,0 — 0 as k — +o0. Because
|lug|| = 1, the sequence {uy} has a convergent subsequence. Without loss

of generality, we assume that up — y as k — +oo, with ||y|| = 1.

By the mean value theorem, we have
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0> f(xx) — f(a) = orurV f(a + nordrur), 0 <nor <1,
0> gi(zr) — gi(a) = opurVgi(a + nikdrug), 0 < ny < 1, Vi € I(a),
0 = hj(zr) — hj(a) = okurVhj(a+ Eropur), 0<&p <1, Vi=1,...,¢q

Dividing the above inequalities and the equality by d; and taking limits as
k — +o00, we obtain

<y7vf(a)> < 07 <y7 v.gl(a» < 07 Vi € I(a’)7 <y7 th(a)> = 07 vj
Suppose that (y, Vg;(a)) < 0 for at least one 7 € J. Then we get

q

> (y, Vf(a)) = =Y Xify, Vgila Z {y, Vhj(a)) > 0.

ieJ j=1

This is a contradiction. Thus (y, Vgi(a)) = 0 for all i € J or J = ¢. Then
y € Y. Because the Kuhn-Tucker conditions are satisfied at a by A;, uu;, we
have

Ai >0, A\igi(a)=0,i=1,..., p,

q
VL(a)=Vf(a)+ Y A\iVgi(a)+ > p;jVhj(a) =0.
1€l(a) j=1

Because f(a) > f(z), it follows from the latter inequalities and from the
Taylor expansion for L(z) at a (Theorem 2.2.20) that

fla) > f(zk)
>ka Z )\zgz Tk +Z:u]

1€1(a)

+ ) Nigila) + Zﬂjhj (a)
j=1

i€l(a)

q
—|—5ku Vf(a Z AiVgi( )‘f’ZNthj(a))
i€l(a) =
1

— M 5 7 5

= f(a) + 15 (M (ug), ug)

min
2 MkeazL(aJerékuk)

= f(a) + §5§<M£(Uk)auk>

for some Mp € 0?L(a + 0x0xuy) and 0 < 6, < 1. Hence for any k, one has
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0
0> <Mkuk,uk> (4.2)

By construction, |ug|| =1, up =y €Y, §y = 0ask — +oo, 0 < O < 1
when k is large, and a + dxuy is feasible for every k. Hence for k large,
up € Z(e,0) and by assumption

(M (ug), u) >0

This is a contradiction with (4.2). Then « is a local minimizer of (P). O

Theorem 4.2.10 Let a be a feasible solution for (P). Suppose that the
Kuhn—Tucker condition is satisfied at a by (A, u) € RP x IR?. Assume that
for each  in a neighborhood of a, O*L(x) is a pseudo-Hessian of L(-) at a.
If there exist € > 0 and 6 > 0 such that for each u € Z(e,d) and for each
0<a<1, one has

(M(u),u) >0 for all M € 8*L(a + au),
then a is a strict local minimizer of the problem (P).

Proof. The proof is only a slight modification of that of Theorem 4.2.9
and so it is omitted. O

Example 4.2.11 (Necessary condition) Consider the following problem:

4/3 41

subject to —z? + y4 <0.

minimize x

It is clear that (0,0) is a local optimal solution of this problem. By setting
A =1, we see that the Kuhn—-Tucker condition is verified at this solution.
The Lagrangian function L is given by

L(z) = 2% — y* — 2 4yt = 23 — 22,
The gradient map of L is given by
4 13
VL(z,y) = (gx — 22,0).

Because this gradient map is not locally Lipschitz at (0,0), the Clarke
generalized Hessian of L does not exist. Let us define

4,.-2/3 _
82L(x,y)::{<9m 0 28)},f0rx7&0,

and
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O2L(0,y) = {(‘8‘ _f/a> o> 2}.

A simple calculation confirms that this is a pseudo-Hessian map of L which
is upper semicontinuous at (0,0). In this example, the set X mentioned
before Theorem 4.2.1 is given by

X = {(z,y) € R*: 2% = y*}.

In particular, u = (0,1) € T(X, (0,0)). For each M € 9%L(0,0), we have
1
M =——<0
(o, M () =

as a > 2. The recession cone of 92L(0,0) is given by

(02L(0,0))o0 — {(g 8) o> o} .

M= (})8) € (02L(0,0))xc \ {0}

we do have (u, M (u)) > 0, as desired.

By choosing

Example 4.2.12 (Sufficient condition) Consider the following problem;

min —z¥/?% — y4
subject to y* — 22 = 0.

As in the previous example, by setting u = 1 we see that the Kuhn—Tucker
condition is satisfied at (0,0). The Lagrangian function L is given by

L($,y) = _1‘4/3 - 1‘2;
and its gradient map is given by
4 13
VL(z,y) = (—ga: —212,0).

This gradient map is not locally Lipschitz at (0,0). Let us define

_A4.-2/3
O*L(z,y) ;:{( 91’0 28)},forx7é0,

92L(0,y) = {(‘00‘ 1%) o> 2}.

It is not hard to see that this is a pseudo-Hessian map of L which is upper
semicontinuous at (0,0). The feasible set S of this problem coincides with

and
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the set X of Example 4.2.11, so the contingent cone to this set at (0,0) is
given by
T(S.(0,0)) = {(0.8) € R*: 8 € R}.
For each u = (0, 8) with 8 # 0 and for each M € 9?L(0,0), we have
2

(u, M(u)) = o >0

as a > 2. Despite this, the point (0,0) is not a local optimal solution of
the problem. Let us look at the recession condition of Theorem 4.2.8. The
recession cone of 92L(0,0) is given by

(02L(0,0))o0 — {(‘OQ 8) o> o} .

M= (‘01 8) € (6°L(0,0))xc \ {0},

By choosing

we derive

(u, M(u)) =0,

and see that the sufficient condition on the recession Hessian matrices is
violated.

4.3 Composite Programming

Necessary Optimality Conditions

Consider the following convex composite minimization problem,

(CCP) minimize (go F)(z)
subject tox € C, fi(x) <0, i=1,2,...,m,

where F' : IR" — IR™ is a continuous nonsmooth map, g : R™ — IR is
a convex function, C C IR" is a closed convex set, and for each i, f; :
IR™ — IR is continuous. These kinds of problems are found in engineering
applications. For instance, the min-max model with max-min constraints

minimize max;es F;(x)

subject to max min f(x) <0
) 1<k<r1<j<q Jel@) <

can equivalently be written as the following inequality constrained problem
of the form (CCP),
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min(z,,ul,...,,ur) (g o F)(‘T) )
subject to Zquk =1, . >0,

Yicq Mali(@) <0, ker,je€a,

where I := {1,2,...,m}, r:={1,2,....7r}, qu:={1,2,...,qx}, g(z) =
max;er ¢, and F(x) = (Fi(x),..., Fy(z)).

Models involving max-min constraints arise in the design of electronic
circuits subject to manufacturing tolerances and postmanufacturing tun-
ing, and in optimal steering of mobile robots in the presence of obstacles.
The composite structure of the problem (CCP) is used in a variety of
applications. For instance, to solve nonlinear equations F;(z) = 0, i =
1,2,...,m, one minimizes the norm ||(F1(x),..., Fy(x))|| which is a com-
posite function of the norm function and the vector function (Fi, ..., Fpy).
Similar problems of finding a feasible point of a system of continuous non-
linear inequalities F;(x) <0, i = 1,2,...,m, can be approached by mini-
mizing ||F(z)"|| where F;" = max(F;,0). Composite functions g o F' also
appear in the form of an exact penalty function when solving a nonlinear
programming problem. All these examples can be cast within the structure
of (CCP). A variant of the nonsmooth composite model function g o F,
where g is differentiable and F' is continuous, also comes to light in the op-
timization reformulation of complementarity problems which we deal with
in the next chapter. Also, continuous composite functions play an impor-
tant role in the study of spectral functions such as the spectral abscissa
and spectral radius that are continuous but are not locally Lipschitz. Vari-
ational analysis of such composite functions is of great interest in control
theory and related areas.

Theorem 4.3.1 For the problem (CCP), let x € R™. Let F: R" — R™
be a continuous map, g : R™ — IR a convex function, and let f; : R" — R
be continuous for each i = 1,2,...,m. Assume that F admits a pseudo-
Jacobian map OF which is upper semicontinuous at x and that f; admits a
bounded pseudo-Jacobian O f;(x) at x, for eachi =1,2,...,m. If x is a local

minimizer of the problem (CCP), then there exist nonnegative numbers
NN with A0 N =1 such that Nofi(z) =0,i=1,2,...,m,

0 € (\'eo(dg(F(x)) 0 OF (x)) + Y _ NOfi(x)
=1

U co{dg(F()) o ((OF () \{0})} = (C — ).

Proof. Put I(x) := {i: fi(z) = 0}, the active index set at x. Consider the
system

y € (C—1), (goF)*(z;9) <0, fif(z;y) <0, i € I(x). (4.3)
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We claim that this system has no solution. Otherwise, it follows from the
definitions of the upper Dini derivative and the continuity of f; that we
can find a real number « > 0 such that

r+ayeC,(goF)(z+ay) < (9o F)(z), filr4+ay)<0,i=1,2,....,m
which contradicts local minimality at x. For € > 0, define

Az :=[0g(F(x)) + eBp]""OF (x),
P.i=AU( U 0fi(x)).

i€l(x)

Because (4.3) has no solution, by the definition of pseudo-Jacobian, the
following system also has no solution;

y € (C—x), sup(v,y) <O0.
veP:

So, the separation theorem yields
0 € cl(co(P;) — (C' — xz)").

Take ¢ = 1/k, k > 1. Then, by Caratheodory’s theorem, we can represent
0 as

n+1

; 1 r . 1
0=X0) uf,(aje + %bjk)t ikt Y Nedir — e+ %z;, (4.4)
Jj=1 iel(z)

where

A N =0, A+ Yy M =1 om 2 0, X0t g =1,

aji, € 0g(F(x)), bjr, € By, cj € 0F(x), j=1,...,n+1,

dit, € co(0li(x)), i € I(z), e € (C —x)*, I}, € Bp,.

Let

J:={1,2,...,n+1}, Ji:={j € J: {cjr}r>1 is bounded}

and Jy := J\ Ji. Then (4.4) can be rewritten as

4 1 . , 1 .
0= | D ek agm + 2 0m) e+ D witage + bje) ez
jeJ1 jeJ2
. 1
+ > Ndig — e + i (4.5)

i€l(x)

We may now assume, without loss of generality, the following sequences
converge when k tends to oc.
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A =AY €[00, AL = N e[0,1] and A+ 3 N =1,
pi, —p €[0,1] and Y =1,

ajr — a; € 0g(F(x)), bk—>b € B(0,1), 5=1,...,n+1,
Cik — Cj € 8F(x), j € Ji,

di. — d; € co(0l;(x)), i € I(x), and

l, — = B,,.

Case 1: Jy = ¢. In this case, we may assume e, — e for some e €
(C — z)*. Letting k — oo, (4.5) yields

n+1

O—AOZu atrc]—l— Z Nd; — e
i€l(x)
co(@g(F( NOF (2 Z Neo(dfi(z)) — (C — z)*.

i€l(x)

Case 2: Jo # ¢. If {Mi%‘k}kgl is bounded for every j € Jo, then p/ = 0
for all j € Jo. Hence Zj€J1 ©/ = 1. So, we may assume that

Micjk — ¢ € (0F (%)), j€Jo and e —ec (C—ux)".
Passing (4.5) to the limit, we get

0€X( D wafcj+ ) afe) + Y Ndi—e

JjeN JjEJ2 i€l(z)
€ A(co(9g(F(x)) 0 OF (x)) + co(dg(F () o (OF (2))oo)) +
+ ) Neo(dfi(x)) — (C — x)*

i€l(x)

N (dg(F(z)) 0 0F (z)) + > Neo(dfi(x)) — (C —z)*,

iel(x)

because co(0g(F(x)) o OF (x)) + co(dg(F(x)) o (0F (x))so) C To(Dg(F(x)) 0
OF(z)). This inclusion follows from the fact that

dg(F(x)) 0 (OF (2))oo C (9g(F(2)) 0 IF(2))oo C (co(0g(F (x))) 0 IF (2))oo

and that
co(0g(F(x))) o OF (x) + co(dg(F(z)) o (OF (2))o0)
C ©0(dg(F(z))) 0 OF (z) + (co( 9g(F(x))) 0 OF (2))
=co(9g(F(z))) o OF ().

If there exists j € Ja such that {,uf;cjk}kzl is unbounded, then by taking
subsequences instead we may assume there exists jo € Jo such that
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1 ciell = llpgcjll, Vi € J2, k> 1.
Then Micjk/HH{cOCjoKH — ¢j € (OF(x))so, j € Jo, and from (4.5), we may
assume e/ || 17 cjorl — € € (C — x)*, because (C' — z)%, C (C' — x)*. Put

J3 :={j € Jo : ¢j # 0}. Then J3 # ¢ because jo € J3. Now, by dividing
(4.5) by ||p72cjor|| and passing to the limit with & — oo, we obtain

0=\ Z acj — e € Nco (9g(F(x)) o (OF(x))ss\{0})) — (C — z)".

J€J3
Thus
0€ | \eo(dg(F(2)) 0 0F (x) + Y Neo(dfi(x)) | U
i€l(x)
UN’co (g(F (x)) o ((OF () \{0})) = (C — )",
By choosing A = 0 whenever f;(z) = 0, we obtain the conclusion. O

The conclusion of the preceding theorem does not ensure that the La-
grange multiplier A\° # 0. A suitable constraint qualification will ensure
that A\? # 0 as we saw for a general constrained problem in the previous
section.

Now consider the composite problem with max-min constraints

(P) minimize min(g o F)(z)
bject t in f/(x) <0
subieet 0 g i, (x) <0,
where F' : R"™ — R™ and f,g :IR" — IR are continuous, and g : R™ — R
is convex.
Given an integer g, let A, denote the g-simplex; that is,

q
Ap={peRIY /=1, 4 >0, j=1,2,....q
j=1

Denote by Oy s the zero element of L(IRl, IR®) and by O; the zero element
of R!, for I,s € IN. For the sets A C L(IR!,IR®) and B C L(IR%,IR?®), the
product set A x B is given by

AxBi= {(a,b) e LR, R®) [ac A, be B}.

Corollary 4.3.2 For the problem (P), assume that F' admits a pseudo-
Jacobian map OF which is upper semicontinuous at T and f,g admits a

bounded pseudo-Jacobian 8f,z (T), for each k and j. If T is a local minimizer
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for the problem (P), then there exist fig = (), [y, - -, 11h) € Apy1, and
a = (ag, ..., A%) € A, such that

ak
S mEAE =0, k=127
j=1

0 € [mgeo(dg(F (x))) o OF (T +ZZ/J'OIL%CO ol (@))]

k=1 j=1
Ulzioco(9g(F (T))) o ((OF (7))o \{0})]-

Proof. Observe first that if T is a local minimizer for the problem (P),
then there exist 1, € Ay, k= 1,2,...,r, such that (Z,7y,...,,) is a
local minimizer for the following problem, denoted (P’),

minimize, ;. ., (go F)(x)
subject to (z,p) € R" X [Thq Qg

dk
Sl fi@) <0, k=1,2,....7,
=1

where 1 = (p1,. .., ptr). Define F : R" x [[,_, R%* — R™ by F(x,u) =
F(z) and fi : R" x [[,_;R%* - R, k=1,2,...,r, by

4k o
Frwp) =Y g fl(@).
=1

Put C =R" x [[,_; Aq,. Rewrite (P’) as (P"):

minimize, ) (g F)(z, )
subject to  (x,u) € C,
fk:(xnu) < 07 k= 1727"'»T

It can be verified that the set
OF (2, 1) = OF(z) x {Opn}
is a pseudo-Jacobian of OF at (x, 1), where £ = > %—1 qk- The upper semi-

continuity of OF at (Z, ) follows from the upper semicontinuity of OF at
T. Now the set

0 (%, 10) Zu?ﬁfk X {Oe1}+2fk

is a bounded pseudo-Jacobian of fi at (¥, 1), where
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Jo._
ek T (On7 Oq17 e 70%71’ 6j7k7 O‘]Ic+1’ Tty O(h)

and e;;, is the jth unit vector of IR?. By Theorem 4.3.1, there exists
o € A4 such that

ﬁé:fk(fvﬁ)zo» k:1,2,,7" (46)

and

T

figco(dg(F(x))) o OF (1) + MISCO(afk(I,u))l
k=1

On-i—é €

U [0 0g(F(@)) o (OF @ ))oc\{Onsem})] = (C = @m)". (A7)

Now (4.6) can be rewritten as

Zuouk T)=0,k=12,...,r

It can be verified that

9(F())) 0 OF (T, i) = €o(dg(F (x))) 0 OF () x {Ogm},
c0(0fu(®, 1) € Py meo(0f] (@) x {01} + X1y fi(@)ed,
9(F())) o ((9OF (=, ﬁ))oo\{O}) = co(9g(F(2))) o ((OF () \{O}),
(@, 1) = {0n} x ((ITh=1 Qo) — (@)

(From these relations and (4.7), we get

co(0

co(d
(C—

Onse € |[TE0(09(F(2))) 0 (OF (%) X {Opn})

+ YD s (co@f (@) x {O0a}) + Y D A f(T) }

k=1 j5=1 k=1 j5=1

| i6eo(9g(F (7)) o (OF (2))sc\{Ongm}) X {Ot,m})

—{On} x ((H Aqk> - (u)) .
k=1

This implies that

On € |ieo(09(F (@) 0 OF(2) + j_y S0k, fbico(D ()]
UReo(9g(F(®))) © (DF @)\ {Onn})
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Corollary 4.3.3 Let F : R" — IR™ be a continuous map, let g : R™ — IR
be a convex function, and let C C IR™ be a closed convex set. Assume that
F admits a pseudo-Jacobian map OF which is upper semicontinuous at
x € C. If x is a local minimizer of the composite problem

minimize (go F)(x)

subject to = € C,

then
0 € ©0(0g(F(x))) 0 OF (z) U co(9g(F(x)) o ((0F (2))s\{0})) — (C — 2)".

Proof. The conclusion follows from the preceding theorem by taking for
each i, f;(z) = —1, for all x. In this case, \! =0, for i = 1,2,...,m, and
so A0 =1. O

The following example shows that the necessary condition in Corollary
4.3.3 is, in general, not valid without a recession cone condition.

Example 4.3.4 Let F : IR?> — IR? and g : IR? — IR be defined by
2/3 y! V2 1/3 y?

F(x,y) = (x*/7sign(z) + =—,V2z2/° + —=),

( ) ( gn(z) 9 \/i)

g(u,v) =u+v? and C = {(z,y) € R? | 2 <0, y < 0}. Then F is contin-
uous, but not Lipschitz, g is convex, and the composite function g o F' is
given by

(9o F)(z,y) = «*(sign(w) +2) + y* + 22"/,

The function g o F' attains its local minimum at (0,0). A pseudo-Jacobian
of F' at (0,0) and its recession cone are given, respectively, by

OF(0,0) = {(2‘28) La> 1}

OF(0,0)00 = {(gg) :ﬁzo}.

Clearly, 0 ¢ co(dg(F(0,0))) c 0F(0,0) — (C — (0,0))". However,

0 € co(9g(F(0,0)) o ((9F(0,0))x0\10})) — (C = (0,0))".
Sufficient Conditions

We now establish conditions which ensure that a feasible point is a local
or strict local minimizer of g o F' over a closed convex set C. The next re-
sult presents a test for local optimality of the continuous convex composite
function g o F'.
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Theorem 4.3.5 Let F : IR" — IR™ be a continuous map; let g : R™ — IR
be a convex function; let C be a closed convez subset of R™ and let a € C.
If there exists a neighborhood U of a such that F' admits a pseudo-Jacobian
map OF which is upper semicontinuous on U and if

(w,x —a) >0,
for each x € CNU\{a} and for each
w € (eo(0g(F(x))) 0 OF (x)) U co{dg(F(x)) o ((OF (2))so\{0})},
then a is a local minimizer of g o F over C.

Proof. Suppose that a is not a local minimizer of go F' over C. Then there
exists y € U N C such that (go F)(a) > (g o F)(y). By the continuity of
go F, we can find b = y + a(a — y) for some « € (0,1) with

(g0 F)(b) > (g0 F)(y)-

Let € > 0. Put A-(z) := (0g(F(z))+eBl)odF (). Corollary 2.3.4 gives us
for each € > 0, cl(A-(z)) is a pseudo-Jacobian of go F at each z € UNC.
Take e = 1/k, k € IN. Because (goF')(b)—(goF')(y) > 0, in view of the mean
value theorem, there exist z = y + ax(b — y), and oy € (0,1), such that
wil (b —y) > 0, for some wy, € (A, ;). So, we can find pj, € co(Ay/x(2k))
satisfying

By Caratheodory’s theorem, p; can be represented as

n+1 1
Dk = 21 ik (it + 7. 0ik> Vik)s
1=

for some w;, € 0g(F (21)), @ik € B, vir € OF(2x), Ak > 0 with Z?:Jrll Aik =
1. Now

n+1 1
> N (uir + 7 %iks Vi (b = 7)) > 0. (4.8)
=1

Let

I'={1,2,...,n+1}, I = {i € I : {vjg}r>1 is bounded}, and I := 1\ I.
Then we may assume, without loss of generality, that \jz — A;, Z?;“ll A =
1, z — z € [b,y], Clearly, z # a. By the continuity of F' and the property
of the subdifferential of convex functions, we may assume that u;p — u; €
0g(F(z)). We may also assume that for each i € Iy, v, — v; for some v;.
The upper semicontinuity of OF at z implies v; € 9(z). Represent (4.8) as
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1 1
( Z ik (wik + Eaik) o v + Z(/\ikuik + Eaik) o vk, (b—y)) > 0.

i€l i€l

Employing the same method of proof as in the proof of Theorem 4.3.1, we
find an element

w € c0dg(F(2)) 0 OF (2) U co (9g(F(2)) o ((9F (2))oc\{0}))

such that (w, (b —y)) > 0. Because z € [b,y]|, there exists § > 0 such that
z—a = [(y —b). Hence (w,z — a) < 0, which contradicts the hypothesis
and so the proof is completed. O

Theorem 4.3.6 Let F : IR" — IR™ be a continuous map; let g : R™ — IR
be a convex function and let C C IR™ be a closed conver set. Assume that
F admits a pseudo-Jacobian map OF which is upper semicontinuous on a
neighborhood of a € C' and that

(w,y) >0

for all w € (co(dg(F(a))) o OF(a)) U (co(0g(F(a))) o ((0F(a))sc\{0})),
and for all y € T(C,a), where T(C,a) is the contingent cone to C at
a. Then a is a strict local minimizer of go F over C.

Proof. Suppose to the contrary that a is not a strict local minimizer of
go F over C. Then there is a; — a, a; € C\{a} such that (g o F)(a;) —
(9o F)(a) < 0. We may assume that a; — a/|la; —a|| — y € T(C,a). We
use the mean value theorem to infer that there exist some ¢; € (a;,a) and
Bi € 0 [0g(F(c;)) + (1/i)BlrOF (¢;)(a; — a)] such that

Bi = (9o F)(ai) — (9o F)(a) <0.

Hence, for each i, we can find p; € co(9g(F(¢;)) + (1/i)Bp,) 0 OF(¢;) sat-
isfying

_ Nla—aif

(pirai —a) <0. (4.9)

i
By Caratheodory’s theorem, we can represent p; as

n+1 1
Di = Z Nji (wji + gbji) ° vy,
j=1
where

n+1
/\ji > 0, Z)\]Z = 1, Ujj S ag(F(Ci)), bji S Bm, Vji S 8F(CZ)
j=1
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Let J:={1,2,...,n+1}, J1 :={j € J : {vj}i>1 is bounded}, and J :=
J \ Ji. Divide (4.9) by ||a; — al| to get

1 (a; — a)
(D Nilwgi+ =bji) © i, ———)
= i la; — all
1

1 a; —a
+< Z )\ji<u]‘i + fbji) 0 Vjg, g> ——=<0.
, ¢ lla; — al| i
JE€J2
As in the proof of the preceding theorem, by passing to the limit in the
latter inequality when ¢ tends to oo, we can find

w € ¢o(9g(F(a))) 0 IF (a) U co (9g(F(a)) o ((9F (a))e\{0}))

satisfying (w,y) < 0, which contradicts the hypothesis and so the proof is
completed. O

Second-Order Conditions

In this section, we prove second-order results for the following convex com-
posite problem,

(CP) minimize (go F)(x)
subject to xz € C,

where g : R™ — IR is convex and F' : R" — IR™ is Gateaux differentiable.
In order to introduce a new Lagrangian for this problem we define the
conjugate (or the Fenchel transform) of the convex function g by

g* (&) :=sup{{&,x) —g(z) : x € R}, for & € R™.

This function takes values in IR U {+o0}. We state some of the properties
of conjugate functions needed in the sequel. Recall that 0°* denotes the
subdifferential in the sense of convex analysis (see Section 1.4).

Lemma 4.3.7 Let g be a conver function on IR™. Then g is a convex
function and the following assertions are equivalent for every vector r and
& of the effective domains of g and g*

(1) g°(&) +g(x) = (£ ),
(i) &€ 0%g(x).

Proof. Because for every fixed x € IR", the function £ — (£, z) — g(x) is
affine, hence convex, the conjugate function being a supremum of convex
functions is convex. For the equivalence of (i) and (ii), let £ € 9°*(x). Then
by definition one has
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(& x)y—glx) > (&y) —9(y)

for every y € IR™, and so
(§,z) —g(x) = sup{(§,y) —g(y) : y € R™} = g°(&).
On the other hand, by the definition of conjugate functions,
9°(&) = (&, x) — g(x).

Therefore, equality (i) is obtained.

Conversely, equality in (i) shows that

sup ((§,y) —g(y)) = (§;z) — g(x).

yeR™

Therefore, for every y € IR™ one has

which implies
9(y) —g(x) = (&, y — x).
According to Proposition 1.4.3, £ is an element of 9“*g(x).

Now we define the Lagrangian of the problem (CP) by

L(z,y*) = (y*, F(z)) — g*(y") forz e R", y* € R™,
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where ¢g* is the conjugate function of g. We define the e-subdifferential of

g at y by

0:9(y) ={y" € R™: g(2) > g(y) + (y*, 2z — y) for all z € R™}.

Let h : IR" — IR. A real-valued function ¢(x,u) defined on IR" x R"
is said to be an LMO-approximation for h at z in the sense of loffe if
¢(z,0) = h(x) for any x in a neighborhood of z, if the function u — ¢(z, u)

is convex and continuous, and if

liminf {|ul ™} (¢(y, u) — h(y +u)) > 0.

y—2z,u—0

Lemma 4.3.8 Lete > 0 be given and let ¢(x,u) be an LMO-approzimation

for a locally Lipschitz function h at z. Then the function

¢5($,u) = sup{(u*,u) - Qs(x’U*) tut € 86¢(x70)}

is an LMO-approzimation for h at z.
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Proof. Let k be a Lipschitz rank for h and let 0 < 1 < k be given. Choose
a positive § < £/(2k) such that

d(z,u) +nllul| > h(x +u) forx € 2+ 6By, u € B,,. (4.10)

We show that (4.10) remains valid when ¢ is replaced by ¢. which will
complete the proof. To this end, let us fix arbitrary elements x and u
satisfying (4.10). It is clear that

de(z,u) < P(x,u).

So, if equality holds, we are done. Hence we assume that ¢.(z,u) < ¢(z,u).
Denote by
to = inf{t > 0: ¢.(x,tu) < ¢(x,tu)}.

Then tg < 1 and also ty > 0 because when v’ is close to 0, one has

¢(x,u') = sup{(z*,u') — ¢*(x,u") : u* € D-¢(x,0)}
= ¢e(z,u’).

First we wish to prove that there is u* € d¢(z, tou) such that
d(z,0) + ¢"(z,u") = . (4.11)
Indeed, because ¢. < ¢ and equality holds at tgu, we have the inclusion
0¢e(z, tou) C Ip(x, tou).

Furthermore, because ¢(x,-) is convex and continuous, the set d¢.(x, tou)
is nonempty and by definition,

0¢<(z,tou) C d-¢(z,0).
Hence there exists some element u} from 9¢(x, tou) N J-¢(x,0). This yields
d(2,0) + ¢ * (z,u]) <e.
On the other hand, for ¢ > ¢g if it is true that
oz, tu) > ¢ (z, tu)

and u* € 9¢(x,tu), then this u* does not belong to the set d.¢(x,0) (oth-
erwise one would have ¢(z, tu) = ¢ (x, tu)), which implies

P(x,0) + ¢*(z,u’) > €

By taking a sequence {t;} such that t; > to and t; — to, one may find
then an element uj € 0¢(x,tyu) such that
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d(z,0) + @™ (z,u3) > e.

A convex combination u* of uj and u} will satisfy (4.11). Now from (4.11)
we deduce

e — (u* tou) = ¢(x,0) — P(x, tou)
and by (4.10) one has

(ux, tou) > h(z + tou) — h(z) + & — nto||ul|
>e— (k+mn)tollull.

Because 0 < tp < 1 and ||u|| < § < e/(2k), the above inequality gives that

(u*, tou) 5

> —(k+n)
| to|ull

13
> —(k+n)>k-—n.
[[u

Clearly, u* belongs to the set d¢(x,0), as well as to the sets J.(x, tou) and
0¢(z, tou), therefore

¢=(z,u) + nllull > ¢=(z,tou) +nllull + (1 — to)(u*, u)
> ¢(x, tow) + nllull + (1 —to)(k —n)||u]
> ¢(x, tou) +nllull > f(x + tou).

By this the proof is complete. O

Using LMO-approximations, we have the following characterizations of
a local minimum of a locally Lipschitz function.

Lemma 4.3.9 Assume that h is locally Lipschitz on IR™ and z € R™ and
that ¢(x,u) is an LM O-approzimation of h at z. Let B¢ (x) = — min{¢* (x, u*):
lu*|| < &} for any fived & > 0. Then the following conditions are equivalent
(i)  h attains a local minimum at z.

(i) 0€ 0p(2,0) and B¢ attains a local minimum at z for any £ > 0.

(1it) 0 € 0¢(2,0) and B¢ attains a local minimum at z for some & > 0.

Proof. First note that by the definition of conjugate functions one has
¢ (z,u") + ¢(x,0) = 0.
Therefore,
h(z) = ¢(x,0) > —¢*(z,u") > Be(). (4.12)

To obtain (i) from (iii), we notice that —¢*(z,0) = ¢(z,0) whenever 0 €
0¢(z,0). Consequently,
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Be(z) =2 =¢7(2,0) = ¢(2,0) = h(2).

This shows that if z is a local minimizer of 3¢, then by (4.12),

h(z) = Be(w)Be(2)h(2)

as soon as x is in a small neighborhood of z.

The implication (ii)—(iii) is evident. Now we show that (i) is obtained
from (ii). In view of (i), for each u € IR"™ with ||u|| = 1, one has h(z +
tu) — h(z) > 0 for ¢ > 0 sufficiently small. According to the definition of
LMO-approximations, one deduces

o(z,tu) — ¢(z,0) (2, tu) — h(z + tu) + h(z + tu) — hz)

lim inf = lim inf
t]0 t 10 t
> liminf Pz tu) — h(z + tu)
t10 t
+ lim inf hz +tu) — h(z)
t10 t
> 0.

Thus the directional derivative ¢'((z,0);u) > 0 for every direction u € IR"
and hence 0 € 9¢(z,0). Furthermore, let £ > 0 be fixed. It follows from the
definition of LMO-approximations that there exists some dy > 0 such that

Pz, u) + (§/2)|[ull = h(z +u) = h(z)
for ||z — 2| < 8o and |Ju|| < Jo. Then
p(z,u) == ¢z, u) + flull = h(z) + (&/2)]|ull. (4.13)
Choose 0 < § < &y so small that
h(z) < h(z) + (£/2)dg  whenever = € z + 6B — n.

For x as above,

p(2,0) = h(z) < h(z) + (£/2)do.
This inequality together with (4.13) applied to u with |Jul]| = do and the
convexity of p(z,-) produces
inf = inf :

P = I, P
Because ¢(x) = inf,err p(z, u), combining the above equality with (4.12)
and (4.13) gives

Be(x) = h(z) = Be(2)
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as requested. O

If g is convex and F' is continuous Gateaux differentiable, then the
composite function f := go I is directionally differentiable. Its directional
derivative at x is given by

fl(w;d) = g'(F(2); VF(x)(d)).
Let
K(z):={ueR": g(F(z) +tVF(x)(u)) < g(F(z)) for some t > 0}

and let
D(z) :={ueR": ¢ (F(x); VF(x)(u)) < 0}.

For z € R", define
Mo(z) = {y* e R™ : y* € °g(F(2)), y* o VF(z) = 0}.

Then My(z) # ) provided 0 € 9 g(F(z))oVF(z). Now we state the second-
order optimality conditions for the function g o F.

Theorem 4.3.10 Let a € IR". Assume that g is a convex function and F
is Gateauz differentiable at a. Suppose that for each y* € R™, 9*L(a,y*)
is a Gateaur pseudo-Hessian of L(-,y*) at a and that 0*°L(a,-) is upper
semicontinuous on R™. If a is a local minimizer of g o F', then

sup{(u, M(u)) : M € 8*L(a,y*), y* € Mo(a)} >0, Yu € K(a).
Proof. Let u € K(a). First, observe from Theorem 4.3.1 that
0 € d%g(F(a)) o VF(a)

as g o F' attains a local minimum at a. This yields My(a) # 0. Now let
€ > 0. Then it follows from Lemma 4.3.9 that the function

pe(w;u) = ge(VF(a)u + F(z))
is an LMO-approximation of f at a, where
9:(y) = sup{y™"y — g" (") 1 y* € Beg(F(2))}.
Let n > 0, and define the function ¢,. by
$ne(x) = max {L(z,y") : y* € Mye(2)},

where
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Mye(z) ={y* € R™ : y* € 0-9(F(x)), [ly" o VF(z)| < n}.
By applying the conjugate duality theory, we can get

Ppe() = —min{pz(z,u”) : [u*| < nj,

where pf(z,u*) = sup{(u*,u) — p-(x,u) : u € IR"} is the Fenchel conjugate
of pe(z,-). Because f is locally Lipschitz and a is a local minimizer of f,
we deduce from Lemma 4.3.7 that ¢,. attains a local minimum at a, and
hence ¢pe(z) > ¢pe(a) = g(F(a)) for any = in a neighborhood of a. Then,
from the classical mean value theorem and the definition of the Gateaux
pseudo-Hessian, we get that for ¢ sufficiently small and positive,

9(F(a)) < ¢pe(a+tu) =sup{L(a + tu,y") : y* € My.(a)}
= sup{y*" F(a+tu) — g"(y*) : y* € Mye(a)}.

Let us express

(", Fla+tu) —g*(y") = (", F(a)) + (y", VF(a + su)(tu)) — g"(y7)
= (y"F(a)) + (y", VF(a)(tu))
+ (su, A(tu)) + o(s)(tu) — 9" (y")

for some s € (0,t) and some A € 0?L(a,y*). Because u € K(a) and g is
convex, there exists ty > 0 such that

9(F(a) +tVF(a)u) < g(F(a)) Vt € [0, o).
The basic properties of the Fenchel conjugate function of g give us
(v, (F(a) +tVF(a)u))—g"(y*) < g(F(a)+ tVF(a)u) <g(F(a)), vt €[0, to].
So, for sufficiently small ¢ > 0,
sup {(st){u, A(u)) + o(s)(tu) : y* € Mye(a), A € 0*L(a, y*)} > 0.
Thus

o(s)u

sup {(u, A(u)) + y* € My-(a), A€ 9’L(a, y*)} > 0.

Ast ] 0, (o(s)/s) — 0 and so, we obtain
sup {(u, A(u)) : y* € Mye(a), A€ d*L(a, y*)} > 0.

Because also

N Myp(a) = Mo(a)

n>0,e>0

and 0?L(a,-) is upper semicontinuous, the conclusion follows. O
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Corollary 4.3.11 Let a € R". Assume that g is a convex function and F
is Gateauz differentiable at a. Suppose that for each y* € R™, 9*L(a,y*)
is a bounded Gateauz pseudo-Hessian of L(.,y*) at a and that 0°L(a, .) is
upper semicontinuous on IR™. If a is a local minimizer of g o F', then

sup{(u, M (u)) : M € 0*L(a,y*), y* € My(a)} >0, Yu € cl(K(a)).

Proof. We need only to notice that the conditions of the previous theorem
are now true for any u € cl(K(a)) because 9°L(a,y*) is bounded for each
y* e Mo(a). ]

Recall that the point a is a strict local minimum of order 2 for the
function g o F' if there exists ¢ > 0 and r > 0 such that for each = €

B,(a)\{0},
f(@) > f(a) +elz — al.

Theorem 4.3.12 Let a € IR™. Assume that g is a convex function and
F is continuously Gateaux differentiable. Suppose that for each y* € IR™,
O?L(-,y*) is a pseudo-Hessian of L(-,y*). If Mg(a) # O and if for each
u € D(a)\{0}, there exist e > 0 and 6 > 0 satisfying

inf sup inf (v, M(v)) >0,
VEUFSBn yx e My (a) MEco(92 L(a+eBn,y*))

then a is a strict local minimum of order 2 for the function go F.

Proof. Suppose to the contrary that a is not a strict local minimum of
order 2 for g o F'. Then there exist {zx} C R", 2, — a, and ¢ | 0 as
k — 400 such that for each k,

flax) < f(a) + exllar — al.

We may assume that ug := ((xx — a)/||lzx — al|) — w € D(a)\{0} as
k — 4o00. It now follows from the definition of the conjugate function that

g(F(zx)) = sup{(y", F(zx)) — g"(y*) : y* € R"}
> sup{(y*, F(a+tyur)) — g"(y") : y* € Mo(a)},

where t, = ||z — al| — 0 as k — oo. Now, by the Taylor expansion (see
Theorem 2.2.20), there exist s, > 0 with ¢, > s, and Ay, € cod’L(a +
Spuk, y*) such that

(y*, Fla+tyur)) — 9" (y*) = (v, F(a)) — ¢*(v*) + (y*, VF(a)(tpur))
+ %(tkuk, A (tkuk)> + O(tiuk),

where o(tZuy)/t2 — 0 as k — co. Using the fact that g(F(a)) = (y*, F(a))—
g*(y*) and (y*,VF(a)) =0, for y* € My(a), we obtain that
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1 th
£k > sup {<uk7Ak(uk)> + o kQUk) }
y*EMo(a) 2 tk

where Ay € co(92L(a + sguy,y*)). Let @ > 0 be a constant such that

sup inf (v,M(v)) >a>0, Yv € u+ 0B,,.
y*€Mo(a) MEco(02L(a+teBn,y*))

Let kg be a sufficiently large integer such that up € w4+ 0B, and Ay €
co(0%L(a + By, y*)), for k > ko. Let ki be another integer such that

42
ek — o kzuk) < o for k >k
ti 4
Hence we get
o
1 > sup (uk, Ax(ug)) > 2
y*EMop(a)

which contradicts the hypothesis and so the conclusion follows. O

4.4 Multiobjective Programming

Partial Orders and Efficient Points

Let B be a binary relation in IR"" that can be identified with a subset B
of the product space IR™ x IR™ in the sense that for two points y; and
y2 € R™, y1 By, if and only if (y1,y2) € B. A binary relation that satisfies
the following properties is called a partial order.

(i)  Transitivity: y1Bys and y2Bys imply y1 Bys.
(ii) Reflexivity: yBy for y € R™.
(iii) Antisymmetry: y1Bys and y2By; imply y1 = yo.

A partial order B is said to be linear if in addition it satisfies
(iv) y1By2 and t > 0 imply ty; Btys.
(v)  y1Byz and y3Bys imply (y1 + y3)B(y2 + ya)-

Linear partial orders have quite simple geometric structure. The next
result shows that they can be characterized by convex cones.

Proposition 4.4.1 Suppose that B is a linear partial order in IR™. Then
the set
Co:={y e R™ : yB0}

is a convexr and pointed cone. Conversely, if C C IR™ is a conver and
pointed cone, then the relation C defined by
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v1Cy2  if and only if y1 — y2 € C,
18 a linear partial order in IR™.

Proof. For the first part of the proposition, let y; and ys be two points of
Co and let t > 0. In view of (iv) and (v), one has ty; € Cp and y1 +y2 € Cp.
Hence C is a convex cone. Furthermore, if y € Cy N (—Cp), then one has
yB and 0By. The antisymmetry property gives that y = 0, by which the
cone Cj is pointed.

The proof of the converse is straightforward by using (i)—(v). O

JFrom now on we consider partial orders generated by convex and
pointed cones only. Given such a cone C' C IR™, we use the notation
y1 >c yo instead of y1 — yo € C. When y1 >¢ y2 and y1 # yo, we write
Y1 >¢ Y2, or equivalently y; —y2 € C'\ {0}.

Let A CIR™ be a nonempty set. A point a € A is said to be an efficient
(minimal) point of A with respect to the ordering cone C' if there is no
y € A such that a >¢ y or equivalently

(a—C)NA={a}.

The set of all efficient points of A with respect to C'is denoted by Min(A|C).
When the interior of C' is nonempty, efficient points of A with respect to
the cone int(A) U {0} are traditionally called weakly efficient points of A
with respect to C, and the set of all weakly efficient points of A is denoted
WMin(A|C). Thus

a € WMin(A|C) if and only if (a—int(C)) N A = 0.
First-Order Conditions

Let f: R" — IR™, g: R" — IRP, and h: IR" — IR? be continuous functions.
Let the spaces IR™ and IRF be partially ordered, respectively, by convex,
closed and pointed cones C' and K with nonempty interiors. We consider
the following constrained multiobjective programming problem,

(VP) WMin  f(z)
subject to g(z) <k 0
h(z)=0.

If we denote the feasible solution set by X, then our problem means finding
a point z9 € X such that the value f(xg) is a weakly efficient point of the
set f(X) with respect to the cone C. A point z¢ is a local weakly efficient
solution of (VP) if there is a neighborhood U of z( such that f(zo) is a
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weakly efficient point of the set f(X NU).

Let us equip the product space IR™ x IR? x IR? with the Euclidean norm:
for § € R™,0 € RP and v € RY, [|(€,0,7)ll = V/II€]2 + 012 + [[7[|%. And
define H := (f, g, h). It is a continuous function from IR" to R™ x IR? x RY.
We also denote by T' the set of all vectors A € (C, K,{0})* with ||A]| = 1.
Here (C, K,{0})* is the positive polar cone of the cone (C, K,{0}) which
consists of vectors A such that (A\,w) > 0 for all vectors w of the cone

(C, K,{0}).

Lemma 4.4.2 Letwy € R™x RFxIR! be a nonzero vector with maxyer (A,
wo) > 0. Then there exists a unique point \g € T such that

A = A .
(Ao, wo) %g<mm

Moreover, for every e > 0, there is some 6 > 0 such that

max(\,w) = max A, w)
AeT AET|IA=Xol|<e

for all w with |jw — wp| < 4.

Proof. That the function (\,wp) attains its maximum on 7' is obvious
because T is compact. Suppose to the contrary that there are two distinct
points Ag and A; which maximize this function on T. It follows from the
hypothesis that A\; # —Xg. Let A2 := (Ag + A\1)/||[Ao + A1]]. Then Ao € T

and 5
Aoy @) = ————— (o, wo)-
o) = g g M)

Because the Euclidean norm is strictly convex, we have
A0 + Aull < [lXoll + [[Asll = 2,
which yields a contradiction
(A2, wo) > (Ao, wo)-

To prove the second part, suppose to the contrary that there is some g > 0
such that for each § = 1/i,4 > 1, one can find a vector w; with ||w; —wp]| <
1/i satisfying

max(\, w; max
,\eT< wi) 7 AET,[A—Ao| <o

<)\,wi>.

Let \; € T be a maximizing point of the function (\,w;) on T. Then
[IAi = Aoll > 0. We may assume that the sequence {);} converges to some
s € T. It follows that || A« — Ag|| > 0. On the other hand, as T is compact,
one has



4.4 Multiobjective Programming 189
(Av, wo) = lim(As, wi) = max(A, wo),

which shows that A, is a maximizing point of the function (\,wg) on 7.
This contradicts the uniqueness of A\g by the first part. The proof is com-
plete. (]

Now we are able to prove a multiplier rule for local solutions of the
problem (VP).

Theorem 4.4.3 Assume that OH is a pseudo-Jacobian map of H which
is upper semicontinuous at xg. If xg is a local weakly efficient solution of
(VP), then there is a vector A\g = (&o,00,70) € T such that

0 € Ao(co(9H (20)) U co[(9H (x0))oo \ {0}]),

0og(xo) = 0.

Proof. Let us choose a vector e € int(C) so that

max (£ e) = 1.
e’ JlglI<t

For each € > 0, define functions H.: IR" — IR xIRP xIR? and P.: R" — IR
as follows.

H(z) == (f(x) — f(x0) +ce, g(z), h(z)),

Ps(x) = maerTO\, Ha(x»

It is clear that these functions are continuous. Let U C IR™ be a neighbor-
hood that exists by the definition of the local weakly efficient solution x.
We claim that

P.(x) >0 for all x € U.

Indeed, suppose that there is € U such that P.(z) < 0. Setting
A = (0,0,8) # 0, we obtain Bh(z) < 0 for all 3 € R!\ {0} and hence
h(x) = 0. Taking A = (0,7,0),7 € K\ {0}, we obtain y(g(z)) < 0 for all
v € K"\ {0}, which implies g(z) € —K. By a similar argument, choosing
A = (£,0,0), we have &(f(z) — f(z0) +c€) < 0 for all £ € C"\ {0}. Because
e € int(C), we derive f(z) — f(z¢) € int(C). This contradicts the fact that
xo is a local weakly efficient solution of (VP).

Furthermore, because P.(xg) = ¢ < inf P. + &, by Ekeland’s variational
principle (Lemma 3.5.5), there is x. such that ||z — z.|| < /&, and

P.(z:) < Po(z) + Ve|z — z. || for all x # x..
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In particular, the net {x.} converges to g as ¢ tends to 0, and z. provides
a minimum of the function

Qs(x) = Pa(x) + \/ng - xs“

According to the optimality condition (Theorem 2.1.13), if 0Q.(z.) is a
pseudo-Jacobian of Q. at x., then

0 € @(IQx(x2)). (4.14)

Our aim is to find a suitable pseudo-Jacobian of @).. This can be done if we
are able to find a suitable pseudo-Jacobian OP:(z.) of P- because the set
VEBy, is a pseudo-Jacobian of the function x — /g||z — z.|| at z.. By the
sum rule (Theorem 2.1.1), the set OP.(xz.) + /B, is a pseudo-Jacobian
of Q) at x.. Because the function H. is the sum of H and the constant
function x — (—f(zo) +¢e,0,0), 0H (x.) is a pseudo-Jacobian of H. at x..
Moreover, for € > 0, let A, be the unique vector that maximizes the function
(A, He(zs)) on T (by Lemma 4.4.2). We claim that for each integer r > 1,
there is some (1) > 0 such that for every ¢ € (0,(r)] the set

Loi= IN(M + %N) NET, |A— A <&M € 9H(zo), N € BY,

where we abbreviate B, 4r11)xn by B (we keep this shortened notation
during this proof), is a pseudo-Jacobian of P. at x.. Indeed, let 6 > 0
be a positive number that exists by virtue of Lemma 4.4.2. Because H; is
continuous, there is some ¢y > 0 such that

|He(z:) — He(z)|| <0 forallz e U with ||z — 2] < to.
For every u € IR", we deduce from Lemma 4.4.2 that

P.(z. + tu) — Pe(zc)

= max(), He(ze + tu)) — max(A, He(zc))

= A\, H, t — A\, H,
rer B2 N He(we Htw)) = max (A, He(ze))

< N H, tu) — H.
= a8, et Helre + ) = Helwe))

for every t > 0 with ||tu|| < to. Applying the mean value theorem (Theorem
2.2.2), we find for each such ¢, a matrix My € ¢o6(0H [xe, - +tu])+(1/2r)B
such that

H.(x. 4 tu) — Ho(x:) = M(tu).

Because 0H is upper semicontinuous at xg and lim._,g z. = xg, for each
r > 1, there is some £(r) > 0 such that for every ¢ € (0,e(r)] one has
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1
Co(0H [xe, xe + tu]) C TO(OH (z0)) + 2—B
T
for ¢ sufficiently small. It follows that

P;(ZL‘E, U) S lim suptlo maerT’”A_)\EHSE()\, Mt(u)) )
< SUDP M ees(9H (o)), NEBAET, Ao ||<e (A (M + 2 N)(u))
< SUPgey,. (&, u).

Similarly,

(—P2) " (e, u) < sup (—(&,u)).
§€Le

Consequently, L. is a pseudo-Jacobian of P. at x.. Summing up the above,
we conclude that for each 7 > 1, there is €(r) > 0 such that for 0 < ¢ < &(r),
the set

0Qc(ze) == Le + \ﬁBn
is a pseudo-Jacobian of Q. at z.. We may choose &(r) | 0 as r — oo.

Relation ( 4.14) becomes

0 € ©0(0Q:(z:)) C eo(Le) + /By
Cco{ MM : XeT,||N= ]| <e,M e 0H(xo)}
+co{IAN AT, ||A—A.|| <&,N € B} +2\/2B,.

Taking into account the fact that B, B,, and T are all compacts, there
exist vectors

& eco{AM : X eT,||AN—X(r)| <e(r),M € 0H (x0)}
such that
lim & = 0.
r—00
We apply Caratheodory’s theorem to express the vectors &, as

n+1

&= Z aTj/\TjMT'jv

j=1

where Z;lill arj = 1, arj > 0, Apj € T with [[Arj — Ayl| < e(r), and
Mrj E@H(xo),jzl,...,n—l—l.

Because T is compact, without loss of generality, we may assume that
the sequence {\.(,)} converges to some \g € T. Then

lim A\.; = Xpforall j=1,...,n+1.

r—00

Moreover, by taking a subsequence if necessary, we may also assume that
the sequences {a,;}, converge to agj,j =1,...,n+ 1, and that
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gr = Z arj)\rerj + Z arjArerj + Z a/Tj)\TjMij
jeh jeIz jEI3

where the above sums have the following properties.

1. For each j € Iy, the sequence {M,;}, is bounded and converges to some
Moj € 0H (1’0)

2. For each j € Iy, the sequence {M,;}, is unbounded, but the sequence
{ar;jM,;} is bounded and converges to some M,;.

3. For each j € I3, the sequence {a,;M,;}, is unbounded and there is some
Jjo € I3 such that the sequences {a,;jM,;/| arjoMyj, ||} converge to some
Mooj;j € Is.

Let us first consider the case where I3 is nonempty. By dividing &, by
llarjo Myj, || and passing to the limit when r tends to oo, we obtain

o & CapiMry
0= lim rlggo Z A =X\ z Mooj.

r—oo ||a”f']0M"'JOH " [l arjo Mg, | jels
In the latter sum, we have My € [0H (x0)]so and My j, # 0. Hence
0 € Mco([0H (x0)]eo \ {0}). (4.15)

It remains to consider the case where I3 is empty. For j € Is, one has
agj = 0, which implies that 3 ao; = 1 and M.; € [0H (9)]oo. Thus
0= lim § = Mo (Y agiMoj + Y M)
i€l jEl2
€ ANo(co[0H (x0)] + co[(OH (x0))oo]) C AoCO(OH (20)).-

This and (4.15) establish the multiplier rule. As to the complementary
slackness 6pg(xg) = 0, we observe that if g;(zg) < 0, then the vector A.
must have the corresponding component 6.; = 0, and when passing to the
limit, we obtain fp; = 0 as requested. U

Next we present another proof of Theorem 4.4.3 which is based on the
open mapping theorem (Corollary 3.5.7).

Second proof of Theorem 4.4.3. Consider the continuous function ¢ :
R" — IRF x R™ x R! defined by é(z) = (f(z) — f(xz0),g(x), h(z)) for
x € IR™. Because zg is a local weakly efficient solution, the origin of the
product space IR™ x IR? x IR? cannot be an interior point of the set ¢(z+
B,) + C x K x {0;} for sufficiently small ¢ > 0. Moreover, as 0H is
also a pseudo-Jacobian map of ¢, in view of Corollary 3.5.7, there is at
least one element M of the set ¢6(0H (z9)) U co((0H (z0))oo \ {0}) that
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is not (¢(0) + K x {04})-surjective on zg + B, at xp. Because the set
M(C —z9)+ ¢(x0) +C x K x {04} is convex, one can find a nonzero vector
(o, &,7) € R™ x IR? x IR? such that

0 < {(e,&,7), M(z — z0) + $(0) + (y,2,0))

for all x € R", y € C and z € K. By setting z = zg and z = 0 in the
above inequality, we deduce o € C*. Similarly, we obtain £ € (g(xg) + K)*
by setting © = zp and y = 0, and 0 = M*(«,&,~) by setting y = 0 and
z=0. O

The following modified version of Theorem 4.4.3 is useful in the situ-
ations when some of the components of the data admit bounded pseudo-
Jacobians.

Corollary 4.4.4 Assume that H = (Hy, Ho) and 0H;,i = 1,2 are pseudo-
Jacobian maps of H which are upper semicontinuous at xg. If xg is a local
weakly efficient solution of (VP), then there is a vector \g = (&9, 00,70) € T
such that 0gg(zo) = 0 and

0 € Ao (€0(9H1(20)) U co[(0H1(20))oo \ {0}],
€0(0H>(0)) U co[(0Ha(w0))oo \ {0}])-

Proof. Use the product rule (Theorem 2.1.5) and the proof of Theorem
4.4.3. O

Example 4.4.5 Let us now apply Theorem 4.4.3 to a particular problem
in which the data are Gateaux differentiable but not necessarily locally Lip-
schitz. For this purpose, let us define for a Gateaux differentiable function
¢ : R® — R™ the following sets,

Vo(z) = {lim Vo (x;) : 7 — x}
V®¢(z) = {limt;Vp(x;) : x; — x,t; | 0}.

Actually V() is the upper limit of the set {Vé(2')} when 2’ — z in the
sense of Kuratowski—Painleve, and V*>°¢(x) is the outer horizon limit of
{Vo¢(x')} when 2/ — x as we have defined in Section 1.4. When ¢ has a
locally bounded derivative around , one has V®°¢(x) = {0}, and V¢ (z)
is a compact set. This is the case when ¢ is locally Lipschitz. When m =1
and ¢ is locally Lipschitz, the set V() is exactly the B-subdifferential of
¢ at x, and co(V¢(x)) is the Clarke generalized subdifferential.
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Corollary 4.4.6 Assume that xy is a local weakly efficient solution of
(VP) and the functions f,g, and h are Gateaux differentiable in a neigh-
borhood of xo. Then there exists a vector \g = (£0,60,7) € T such that
Oog(xo) =0 and

0 € Ao{TO(VH (z0)) U co| V¥ H (x0) \ {0}]}.

Proof. We may assume without loss of generality that H = (f,g,h) is
differentiable at every x € R™ with || — z¢|| < 1. For every k > 1, let us
construct a pseudo-Jacobian of H as follows

L(IR™, IR™) if |z — ol > £,
0H(z) = ¢ {VH(z)} if 0<||z—x0] < %,
{VH (') : |2/ —zo|| < £} if == 0.

It is clear that the set-valued map = — 90H(x) is a pseudo-Jacobian map
of H which is upper semicontinuous at xy. According to Theorem 4.4.3,
there is a vector A\, = (&k, O, 7k) € T such that

0 € Ap{co(9H (0)) U co[(OH (20))oo \ {01}

Org(xo) = 0.

By taking a subsequence if necessary, we need only consider cases

(a) There exist ay; > 0,2 € R",j =1,...,mn + 1, and m X n-matrices
b, with
mn—+1 1
D oy =1, |laws — x| < 2od =1 mn+ 1 lby]| < 1
j=1
such that
mn—+1 1
0= )\k{ Zl aijH(xkj) + Ebk}.
]:

(b) There exist ay; > 0,0k > 0,25; € R",j =1,...,mn+ 1 and m x n-
matrices by with
mn+1 1
> o =1, flaw — ol < 2 IVH @) = kg =1, omnt 1 bl < 1
j=1
such that i

0=2A Ok VH (xgi) + —bi |

el D sy VH (1)) + e}

We may assume that {\;} converges to some \g € T because T is compact.

By using an argument similar to that in the proof of Theorem 4.4.3, we
derive from (a) that either
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0 € M\co(VH(zg)) or 0€ Agco[V¥H(x)\ {0}].
and from (b) that
0 € Moco[VH (z) \ {0}].
This completes the proof. O

Example 4.4.7 Consider the following biobjective problem in IR :

WMin (—z2 + x3 + (25)%, 22 + (24)?)
subject to x5 >0
(21)*/3sign(a1) + (22)* — 23 =0
()3 + (22)? =24 =0

and the ordering cone of IR? is the positive octant IR%_. The function H =
(f7 g7 h)7 Where

f(l') = (_xQ +x3 + (l’5)2, Z2 + ($4)2)7
g(z) := s,
h(w) = ((21)*Psign(a1) + (22)* — w3, (11)"/? + (22)* — 24),

is not Lipschitz at z = (x1,...,25) with z; = 0. It is not hard to see that
the set
0 -1 1 0 2z5
0 1 0 2z4 O
OH (z) := 0 0 0 0 1
%(xl)_1/3sign(m1) 4(x)® -1 0 0
%(Il)_Q/g 209 0 =1 0
is a pseudo-Jacobian of H at x = (z1,...,x5) with 21 # 0, and the set
0 -1 1 0 25
0 1 0 2z4 O
dH(z):={] 0 0 0 0 1 |:a>0
a 4(z)® -1 0 0
a2 2z 0 =1 0

is a pseudo-Jacobian of H at x with z; = 0. Moreover, the set-valued map
x — OH (z) is upper semicontinuous.

Let us first consider z € IR® with z; # 0. Observe that H is continu-
ously differentiable at x with 0H (z) = {VH (z)} and the multiplier rule is
written as

0= MNVH(x).
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In particular, we derive the following equation that a local weakly efficient
solution must satisfy,

2(x1) " sign(ay) (1 — dwoy) + (21) 231 — 4(x2)%) = 0.

Because the problem is continuously differentiable in a small neighborhood
of x, this result can easily be obtained by the classical necessary optimality
condition.

Now we consider the case where x € R® has z; = 0. Set H; = (f,g)
and Hy = h. The function H; is continuously differentiable and the map
' — {VH;(2')} is an upper semicontinuous pseudo-Jacobian map of Hj.
The function Hs is neither differentiable nor locally Lipschitz at . Defining

a 4(z2)? -1 00
OH,(x) :—{<a2 (2;2 0 _10>:a21},

we see that the set-valued map x’ — V Hy(z') for 2’ having the first compo-
nent nonzero and ' — 0Hs(z') for the other 2, is an upper semicontinuous
pseudo-Jacobian map of Ha. The recession cone of 0Hz(x) is given by

<8H2<x>>m={(28888) :azo}.

According to Theorem 4.4.3, a local weakly efficient solution must satisfy
either of the following conditions

(i) 0= (&,00)VHi(z) and 0 € v00Ha(z).
(i) 0= (80,00)VHi(x) and 0 € y[(OH2(7))oo \ {0}].

Let us look for instance at « = 0. Condition (i) implies & = (0,0), 0y =
0, and 79 = (0,0). In other words at & = 0 there is no multiplier A\g € T
that satisfies (i). However, the multiplier Ay with & = (0,0),69 = 0, and
Y0 = (1, 0) satisfies (ii), which means that x = 0 is susceptible to be a local
weakly efficient solution. Using a scalarization method, we now show that
the point z = 0 is in fact a local solution of the biobjective problem. Let
A = (A1, A2) be a nonzero vector of the positive octant IRZ . Consider the
following mathematical programming problem (P),

min Ao f(z)
subject to g(x) >0
h(z) = 0.

This problem is called a scalarized problem of the biobjective problem. It is
plain that every local optimal solution of the problem (P) is a local weakly
efficient solution of the bi-objective problem. By taking A\; = A2 = 1, the
problem (P) is equivalent to the problem (P’):
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min (21)*/3(sign(z1) + 1) + (22)? (1 + 2(21) /%) + (22)* + (w5)?
subject to x5 > 0.

When ||z|| < 1/8, one has
1+2(z1)? > 0.

Therefore, the local minimum of (P’) is attained at « = 0. In other words
x = 0 is a local optimal solution of (P’), hence it is a local weakly efficient
solution of the bi-objective problem.

Second-Order Conditions

We study the following multiobjective problem,

(VP) VMin f(x)
subject to = € S,

where f: R" — IR™ is of class C; that is, it is continuously differentiable,
and S is a nonempty subset of IR".

Some notations are in order. For xy € S, the first-order and the second-
order tangent cone to S at zy are defined, respectively, by

T1(S,zg) :={u e R": 3t; > 0,2, = xp + tiu+ o(t;) € S},

1
(Smo)f{uv ceR" xIR": E|t>0xlfxo+tu+2t2v+ ES}

We also set

A={e " ¢] =1},
and for d > 0,
Ss(xo) ={t(x —x0) : t > 0,2 € S and ||z — xo|| < d}.

Theorem 4.4.8 Assume that [ is a continuously differentiable function,
xo € S is a local weakly efficient solution of the problem (V P), and 0*f is
a pseudo-Hessian map of f which is upper semicontinuous at xo. Then for
each (u,v) € Ty(S,xg), one has

(i)  There is X € A such that (\,V f(zo)(u)) > 0.
(ii) When V f(x¢)(u) =0, There is N € A such that

either (N, V f(z0)(v) + M(u,u)) >0 for some M € (0% f(xq))
or (N, M,(u,u)) >0 for some M, € (co(d*f(x0)))eo \ {0}.

If, in addition, the cone C' is polyhedral, then (i) holds and when
(A, Vf(z0)(u)) =0, the inequalities of (i) are true for N = \.
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Proof. Let (u,v) € T5(S, xo), say
Lo 2
x; = xo = tiu + itiv +o(ty) € S (4.16)

for some sequence {t;} of positive numbers converging to 0. Because x is
a local weakly efficient solution, there is some iy > 1 such that

Flx2) = f(xo) € (—int(C))°  fori > ip. (4.17)
Because f is continuously differentiable, we derive
f(xi) = f(xo) = Vf(wo) (i — x0) + o(zi — o).
This and (4.17) imply that
Vf(xo)(u) € (~int(C))*

which is equivalent to ().

Now let V f(x0)(u) = 0. First observe that by the upper semicontinuity
of 02f at g, for every € > 0, there is § > 0 such that

O f(x) C *f(xo) +eB for each z with ||z — x| < 6,

where B is the closed unit ball in the space of matrices in which 0% f takes
its values. Consequently, there is i1 > ig such that

(0% flxo, x:]) C co(d®f(x0)) +2¢B  for every i > iy.

We apply the Taylor expansion to find M; € co(0?f(zg)) + 2¢B such that

f(xi) — f(wo) = V f(wo)(w; — x0) + %Mz(ﬂ?i — T0,T; — T0),1 > 1.

Substituting (4.16) into this equality, we derive
1
Fla) — (o) = SV S (x0)(v) + Mi(u,v)) + o,

where a; = $M; (3120 +0(t?), tiu+ St7v+0(t?)) + V f(z0)(0(t?)). This and
(4.17) show

V £ (0) (v) + Mi(u,v) + i /12 € (—int(C))<, i > 1. (4.18)

Consider the sequence {M;}. If it is bounded, we may assume that it
converges to some My € €6(9%f(z0)) +2eB. Then a;/t? — 0 as i — oo and
(4.18) gives

Y f(20) () + My(u, u) € (~int(C))°.
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Because ¢ is arbitrary, the latter inclusion yields the existence of M €

€6(0%f(z0)) such that
Vf(xo)(v) + M(u,u) € (=int(C))",

which is equivalent to the first inequality in (ii).
If {M;} is unbounded, say lim; . ||M;|| = oo, we may assume that

M M. € (co(@f(z0)))s0 \ {0}

lim ———
i—oo || M|
By dividing (4.18) by || M;|| and passing to the limit when i — oo, we
deduce
M, (u,u) € (—int(C))¢,
which is equivalent to the second inequality in (i7).

Now assume that C is polyhedral. It follows from (4.17) that there is

some A\ € A such that
(A, f(zi) = f(x0)) > 0

for infinitely many ¢. By taking a subsequence instead if necessary, we may

assume this for all ¢ = 1,2, ... Because f is continuously differentiable, we

deduce
(A V(o) (u)) = 0.
Assume that (X, Vf(zo)(u)) = 0. Then using the same argument as in the

first part, we can find M; € co(0%f(xg)) + 2B such that

0= (0 f(i) = () = (A 5BV F(20)(0) + Mi(u,w) + @),
(]

from which the two last inequalities of the theorem follow.

Now let us study the problem where S is explicitly given by the following

system,

where g: R" — IR? and h: IR" — IR? are given. In other words, we consider

the constrained problem
(CP) WMin f(z)
subject to g(z) <0
h(z) = 0.
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Let £ € C', 3 € RP, and v € IRY. Define the Lagrangian function L by
L(z,&, 6,7) := (A f(x)) + (B,9(x)) + {7, h(z))
and set
So:={zeR":gi(x) =0if 8; > 0,g;(z) <0if 3; =0, and h(z) = 0}.

In the sequel, when (&, 3,7) is fixed, we write L(z) instead of L(z, £, 3,7)
and VL means the gradient of L(x,&, 3,7) with respect to the variable z.

Theorem 4.4.9 Assume that f,g, and h are continuously differentiable
functions and C is a polyhedral convex cone. If xg € S is a local weakly
efficient solution of the problem (CP), then there is a nonzero wvector
(€0, 3,7) € C" x R x R? such that

VL(x(]agOy/BaPY) =0

and for each (u,v) € To(So, xo), there is some £ € A such that either

VL(iC(),f,,B,’)/)(U) >0

or
VL(IOa 67/87’7)(1‘1’) = 07

in which case either
VL(x0,€, 8,7)(v) + M(u,u) >0 for some M € (8> L(wo,,3,7))

or
M, (u,u) >0 for some M € (co(0*L(o, £, 8,7)))eo \ {0},

provided O*L is a pseudo-Hessian map of L that is upper semicontinuous
at xg.

Proof. The first condition about the existence of (£y, 3,7) is already known
from Theorem 4.4.3 and is true for any convex closed cone C with a
nonempty interior. Let now (u,v) € To(Sp, xo). Let x; = xo + tju + %t?v +
o(t%) € Sy for some t; > 0,t; — 0 as i — oo. Because g is a local weakly
efficient solution of (CP), there is some ig > 1 such that

flxy) = f(mo) € (—int(C))¢, for i > iy.
Moreover, as C' is polyhedral, there exists £ € A such that

(€, f(xi) = f(z0)) >0 (4.19)
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for infinitely many i. We may assume this for all i > ig. Since 9L is upper
semicontinuous at zg, by applying the Taylor expansion to L we can find

M; € co(9*L(xg)) + 2¢B,

where ¢ is an arbitrarily fixed positive number, such that

L(:m) — L(.’Eo) = VL(.’E())(LL’Z — LU()) + %Ml(.’m — X0, T; — .%'0)

for 4 sufficiently large. Substituting the expression z;—xg = tiu—i—%t%v—i—o(tf)
into the above equality and taking (4.19) into account, we derive

0 < t;VL(zo)(u)+ tj(VL(fL‘())(U) + M;(u,u)) + a,

where o; = %MZ(%QQU +o(t?), tiu+ %t?v + 0(t?)) + VL(zo)(o(t?)). This, in
particular, implies VL(zg)(u) > 0.

When VL(zo)(u) = 0, we also derive

0 < VL(z0)(v) + M;(u, u) + /12,

which by the same reason as discussed in the proof of Theorem 4.4.8, yields
the requested inequalities. O

We notice that the second conclusion of Theorem 4.4.8 and the conclu-
sion of Theorem 4.4.9 are no longer true if C is not polyhedral. Here is a
counterexample when the data are smooth.

Example 4.4.10 Define f: R — IR? by
f(t) := —(t +t*cost,t + tcost, tsint).
We consider IR? partially ordered by the cone C,
C:={(x,y,2) € R®:2? > y* + 2%, 2 > 0}.
We consider the following three-objective problem,

WMin  f(t)
subject to ¢ € [0, 00).
It is clear that ¢ = 0 is a local efficient solution of the problem. At this

point, Vf(0) = —(1,2,0) and V2f(0) = —(2,0,2). A simple calculation
confirms that equation
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(A Vf(0)) =0, e

holds for either X\ = (2, —1,3'/2)/8Y/2 or A = (2, -1, —3'/2)/81/2. For these
values of A and for the vector (u,v) = (1,0) € T»(S,0), we have

(A, VF(0)(v) + V2£(0) (u,u)) <0,

which shows that the conclusion of Theorem 4.4.8 (Theorem 4.4.9) does
not hold.

In the following we provide some sufficient optimality conditions. First
we consider the problem (VP) in which no explicit constraints are given.

Theorem 4.4.11 Assume that f is a continuously differentiable function,
and 0%f is a pseudo-Jacobian map of f which is upper semicontinuous at
xg € S. Then each of the following conditions is sufficient for xo to be a
locally unique efficient solution of the problem (V P)

(i)  For each u € T1(S,x0) \ {0}, there is some & € A such that

(&, Vf(xo)(u)) > 0.

(ii) There is 6 > 0 such that for each v € S5(x¢) and u € T1(S, xo), one
has

(€0, Vf(20)(v)) = 0 for some & € A
and
(&, M(u,u)) >0
for every £ € A and for every M € (02 f(z0))U[(co(0%f(20)))oo \ {0}].

Proof. Suppose to the contrary that xy is not a locally unique efficient
solution of (V P). There exists a sequence {x;}, x; € S such that x; — xg
and

f(zi) — flzo) € —C. (4.20)

We may assume that (z; — zo)/||zi — zo]| — v € T1(S,z0) as i — oo. By
dividing (4.20) by ||x; — xo|| and passing to the limit, we deduce

Vf(xo)(u) € —C.

This contradicts condition (i) and shows the sufficiency of this condition.
For the second condition, let us apply the Taylor expansion to find
M; € co(0?f(z0)) + 2eB for an arbitrarily fixed e > 0 such that

f(zi) = f(z0) = V f(z0)(z; — x0) + %Mi(a:i — T, T; — o). (4.21)
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Observe that the first inequality of (ii) implies
V f(xo)(x; — x0) € (—int(C))°
for i sufficiently large. For such i, there is & € A such that
(&, V f(zo)(zi — 20)) > 0.
On the other hand, (4.20) shows that
(&, f(zi) — f(z0)) < 0.
This and (4.21) imply
(&, Mi(z; — x0,2; — )y <0 for isufficiently large.

Furthermore, because A is compact, we may assume §; — & € A. By
considering separately the case when {M;} is bounded and the case when
{M;} is unbounded (as in the proof of Theorem 4.4.8), we deduce

(€, M(u,u)) <0 for some M € (8% f(x0)) U [(co(d*f(x0)))ee \ {0}],

which contradicts (ii). The proof is complete. d

Theorem 4.4.12 Assume that f is a continuously differentiable function
and 0%f is a pseudo-Hessian map of f. If there is some § > 0 such that
for every v € S5(xo) one has

(€0, Vf(w0)(v)) >0 for some & € A
and
(€, M(u,v)) >0 forallé € A,M € 0?f(x) with ||z — 0| <6,
then xg is a local weakly efficient solution of the problem (V P).

Proof. Suppose to the contrary that z( is not a local weakly efficient
solution of (V' P). There is T € S with || — x¢|| < § such that

f(@) — f(xo) € —int(C). (4.22)

Set v = T — xg. Then v € Ss(xp). The first inequality of the hypothesis
implies

Vf(zo)(v) € (—int(C))"

and the second one implies

M (v,v) € C for every M € 9*f(z), ||z — xo|| < 6.
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Because C' is convex and closed, the latter inclusion gives, in particular,
that
(& f(x)) C C.

Using the Taylor expansion, we derive

£(&) = f(20) € VI w)(e) + 5e0{0 flzo,7](0, )}
C (—int(C)) + C C (—int(C))¢,

which contradicts (4.22). The proof is complete. dJ

Now we proceed to sufficient conditions for the problem (CP) in which
explicit constraints are given in form of equality and inequality systems.

Theorem 4.4.13 Assume that f, g, and h are continuously differentiable
functions and for every u € Ti(S,xzg) \ {0} there is some (§,3,7) € A %
R x IRY such that

VL($0a€7557) =0, /89(1:0) =0,
and
M(u,u) >0 for each M € ©6(9*L(x0)) U ((co(9*L(20)))so \ {0}),

where %L is a pseudo-Jacobian map of L which is upper semicontinuous
at xg. Then xo is a locally unique efficient solution of the problem (CP).

Proof. Suppose to the contrary that zg is not a locally unique solution of
(CP). Then there exists a sequence {z;}, x; € S such that z; — xg and
f(z;) — f(xg) € —C. We may assume (x; — xo)/||x; — zo|| — u € T1(S, z0).
It follows that

L(z;) — L(z9) <0 foralli> 1.

Applying the Taylor expansion to L and by the upper semicontinuity of
0%L, we obtain

L(x;) — L(zo) — VL(x0)(x; — x0) € %@{82[/[3:0, xi](x; — o, T — x0) }

C ~(co(8*L(wo)) + ||w; — wo|| B) (i — x0, 2 — x0),

DO

for ¢ sufficiently large. Here and later on we use the notation B for
By kt1)xn- These relations yield

M;(x; — xo, 25 —x0) <0
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for some M; € co(0?L(wg)) + ||z; — wo|| B with i sufficiently large. By the
same argument as in the proof of Theorem 4.4.3, we derive the existence
of some matrix M € ¢o(0?L(xg)) U ((co(0?L(x0)))eo \ {0}) such that

M (u,u) <0,

which contradicts the hypothesis. O

Theorem 4.4.14 Assume that f,g, and h are continuously differentiable
functions and that there is 6 > 0 such that for each v € Ss(x0), one can find
a vector (€, 8,7) € AxRE xIR? and a pseudo-Hessian map 0°L(z, £, 3,7)
of L such that

VL(JJO?&?B;’V) = 07 6g($0) =0
and
M(u,u) >0 for every M € 0*°L(x, &, 3,7)  with ||z — o] < 6.
Then xq is a local weakly efficient solution of the problem (CP).

Proof. The proof is similar to the proof of Theorem 4.1. [

We now give an example which shows that the recession Hessian ma-
trices in Theorem 4.4.9 cannot be removed when the data of the problem
are of class C!. Examples that show the importance of the recession Hes-
sian matrices in the theorems of Section 4.4 on sufficient conditions can be
constructed in a similar way.

Example 4.4.15 Let us consider the following two-objective problem,

WMin (z, 2% — y*)
subject to —z2 + y* < 0.

The partial order of IR? is given by the positive octant IR%_. It is easy to see
that (0,0) is a local efficient solution of this problem. By taking £, = (0, 1)
and § =1, the Lagrangian function of the problem is

L((z,y),&,8) = 23—yt — 2% 4y = 213 — 32
and satisfies the necessary condition
VL((0,0), &0, 8) = (0,0).
The set Sy is given by

So={(z,y) e R? : 2 =y}
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Let us take u = (0,1) and v = (—2,0). It is clear that (u,v) € T(Sp, (0,0)).
According to Theorem 4.4.9, there is some £ = (£1,&2) € ]R2+ with ||€|| =1
such that VL((0,0),&, 8)(u) > 0. Actually we have

VL((():O)vfaﬁ) = (5170)'

Hence VL((0,0),&,3)(u) = 0, and the second-order conditions of that
theorem must hold. First observe that if £&s = 0, then

e (3.4

is a pseudo-Hessian map of L, which is upper semicontinuous at (0, 0). It is
not hard to verify that the second-order condition of Theorem 4.4.9 does
not hold for this €. Consequently, & > 0. Let us define

e —2/3
O*L(z,y) :== { <9€25U . 2 1201 _052>y2> } , forz#£0,

and

([ igma -2 0 . 9
100 ={ (0 e 1a) 02 6]

A direct calculation confirms that the set-valued map (x,y) — 90?L(z,y)
is a pseudo-Hessian map of L which is upper semicontinuous at (0,0).
Moreover, for each M € 6(9?L(0,0)), one has

VL(0,0)(0) + M(u,u) = —26 — é <0,

which shows that the first inequality of the second-order condition of The-
orem 4.4.9 is not true. The recession cone of 9*L(0,0) is given by

(02L(0,0))a0 = {(‘g 8) o> 0} .

M. = (}) 8) € (co(0*L(0,0)))x \ {0}

we have M, (u,u) > 0.

By choosing



5

Monotone Operators and
Nonsmooth Variational
Inequalities

In this chapter we present various characterizations of monotone and gen-
eralized monotone operators in terms of pseudo-Jacobians. We obtain con-
ditions for the uniqueness of solutions of nonsmooth continuous variational
inequalities problems. We provide finally a solution method for nonlinear
nonsmooth complementarity problems.

5.1 Generalized Monotone Operators

The monotonicity of vector-valued maps plays a crucial role in the study
of complementarity problems, variational inequality problems, and equilib-
rium problems just as the convexity of real-valued maps does in mathe-
matical programming. In this section, we characterize the monotonicity of
continuous maps in terms of pseudo-Jacobian matrices.

Monotone Operators

Let S be a nonempty, open and convex subset of IR and let F': S = IR"
be a set-valued map. We say that F' is a monotone operator on S if for
every two points z and y in S, and for every element £ € F(x) and ¢ € F(y)
one has

<§> y—az>+(C, x—y)SO,

or equivalently
sup  ({—Car—y) =0.
§eF (z),CeF (y)

If these inequalities are strict whenever x and y are distinct, the map F is
called strictly monotone.

A special case is when n = 1 and F' is single-valued. Let S = (a,b) C R
be an interval and f a real-valued function on S. Then f is a monotone
operator on S if and only if for each z,y € S with £ < y one has
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f@)(y — )+ fy)(z —y) <0,

or equivalently
f(@) < fy).

Thus, f is monotone if and only if it is nondecreasing. Similarly, f is strictly
monotone if and only if it is increasing.

Here are some elementary properties of monotone operators. We make
use of the notations coF' for the map whose value at every point x € S is
the closed convex hull of F(x). A set-valued map F; : S = IR" is said to
be a submap (or suboperator) of F if Fy(z) C F(x) for every = € S.

Proposition 5.1.1 Assume that F' and G are monotone operators on a
nonempty, open, and convex subset S of IR™. Then the following assertions
are true.

(i)  The operators \F with A > 0, coF, F UG, and F + G are monotone.
(i) Every suboperator of F is monotone.

Proof. These assertions are immediate from the definition. We take up,
for instance, the sum F + G. Let x and y be two points of S and & €
(F+G)(x),¢ € (F+G)(y). Then there are & € F(z),& € G(x), (1 € F(y)
and (2 € G(y) such that £ = & + & and ¢ = (3 + (2. Then, by the
monotonicity of F' and G, one derives

<€ay_x>+<<-ﬂl‘_y> = <§1,y—I>+<£2,x—y>+(C1,ar—y>+<(2,x—y> <0.

Hence F + G is monotone. O

Similar assertions are available for strictly monotone operators. Now
we characterize single-valued monotone operators by means of pseudo-
Jacobians. We say that a pseudo-Jacobian Jf of a vector function f :
S — IR™ is densely reqular on S if there exists a dense subset Sy C S such
that

(a) Of(x) is regular at every x € Sp,

(b) The pseudo-Jacobian df(z) of f at every = & Sp is contained in the
set consisting of all limits limy_,, My, where My, € Of(xy) and {xy} is
a sequence in Sy converging to x.

An n x n-matrix M is said to be positive semidefinite (respectively, positive
definite) if for all vector v € IR™ \ {0} one has

(v, M(v)) >0 (respectively, (v, M(v)) > 0).
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A necessary and sufficient condition for a matrix to be positive definite is
that its principal minors be positive. When a matrix is not positive defi-
nite, it is positive semidefinite if and only if its determinant is zero and all
the minors formed by deleting rows and columns of the same indices are
nonnegative.

Theorem 5.1.2 Let F : S — IR"™ be a continuous map that admits a
pseudo-Jacobian OF (x) for each x € S. If for each x € S, the matrices of
OF (x) are positive semidefinite, then F is monotone.

Conversely, if F' is monotone and if the pseudo-Jacobian OF is densely
reqular on S, then for each x € S the matrices of OF (x) are positive
semidefinite.

Proof. Let z, y € S be arbitrary; set u = y — x. By the mean value
theorem (Theorem 2.2.2),

F(z 4+ u) — F(z) € o (OF([z, = + u])u),

and so
(F(z4+u) — F(z), u) € (o (OF([z, x + u])u), u).

Thus there exists z € [z, x + u] and N € ¢o (0F(z)) such that

(F(z+u) - F(x), u) = (N(u),u)

> inf M(u),
o Mech)r(laF(z))< (), w)

= inf (M
MelgF(z)< (u), )

> 0.

This shows that F' is monotone.
For the converse, suppose to the contrary that

(Mo(uo), uo) <0,
for some zg,up € S and My € OF (xg). If 9 € Sp, then by regularity,

F) (zo;u0) = inf (M (ug), uo) < 0.
(uoF)™ (o5 uo) Meg}:(xo)< (uo), uo)

So, there exists ¢ sufficiently small and positive such that
(ug, F(zo + tug)) — (uo, F(x0)) < 0.

This contradicts the monotonicity of F.
If, on the other hand, xy ¢ K, then by hypothesis we can find a sequence
{zp} C K, z, — x9 and M,, € OF(z,,) such that
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lim M, = M.

n—o0

So for ng sufficiently large, M, € OF(xy,) and (My,(uo), uo) < 0. Hence

(uo ")~ (wpg, uo) = Meggano)<M(uo),uo> <0.

Then, for sufficiently small ¢ > 0,
(uo, F(xn, + tug)) — (uo, Fzn,)) <O.

This again contradicts the monotonicity of F', and so the proof is complete.
O

It is worth noting that the conclusion of the above theorem is no
longer true without the regularity condition. This can be seen by choosing
L(IR™,IR") as a pseudo-Jacobian at each point. A similar result for strictly
monotone operators can be developed.

Theorem 5.1.3 Assume that F': S — IR" is a continuous map and OF is
a pseudo-Jacobian map of F' such that for every x € S, the set ¢6(OF (x))U
((co(OF(x)))eo \ {0}) consists of positive definite matrices only. Then F is
strictly monotone on S.

Proof. Suppose to the contrary that F' is not strictly monotone, that is,
there are zg and yg € S such that

(F(z0) — F(yo) » mo — yo) < 0. (5.1)

We consider the scalar function z — (F(x), 29 — yo). It follows that the
closure of the set

Q) := {M(xo —yo) : M € OF (x)}

is a pseudo-Jacobian of (F(-),zo — yo) at . We apply the mean value
theorem to this function on the interval [z, yo]. There exists ¢ € (xg, yo)
and & € co(Q(c)) such that

(F(w0) = F(y0), 0 — yo) = lim (&, 20 — yo) - (5.2)
Because co(Q(c)) = [co(OF (¢))](zo—yo), there is M; € co(OF(c)) such that
& = Mi(zo — yo)-

If the sequence {M;} is bounded, we may assume that it converges to some
My € ©6(0F(c)). Then by (5.2), inequality (5.1) becomes
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(F(x0) = F(y0), 0 — yo) = (Mo(zo — yo), w0 — y0) < 0.

This contradicts the hypothesis that My is positive definite.
Now suppose that {M;} is unbounded. We may assume that

lim ||M;|| = oo and lim M; / | M;|| = M, € (@(8F(c)))w \ {0}.

It follows from (5.2) that

1—00

. M;
(M(7o — yo), 0 — yo) = lim <mwo —40), %o — Yo) = 0,
which contradicts the hypothesis. The proof is complete. O

The converse of Theorem 5.1.3 is no longer true. For instance, let
F : R — R be defined by F(z) = 2. Then F is strictly monotone on
IR. Nevertheless, the gradient VF', which is a regular pseudo-Jacobian of
F, has no positive definite elements at x = 0. As a special case of Theo-
rem 5.1.3 we see that if F' is locally Lipschitz, then monotonicity of F' is
characterized by positive semidefiniteness of the Jacobian matrices.

Corollary 5.1.4 Let F : S — IR" be a locally Lipschitz map. Then F is
monotone if and only if for each x € S the matrices M € d°F(x) are
positive semidefinite. Moreover, if for every x € S, the Clarke general-
ized Jacobian O° F(z) consists of positive definite matrices only, then F is
strictly monotone on S.

Proof. Let z € S be arbitrary. Because Fis locally Lipschitz by Rademacher’s
Theorem there exists a dense subset K of S on which VF' exists. Define

 [({VF()) reK,
OF(z) = { {0 o0 VF(21) 2 2 — 2, {ax} C K} 2 ¢ K.

Then OF(z) is a pseudo-Jacobian of F' at x. If F' is monotone, then the
hypotheses of Theorem 5.1.2 are satisfied, and so the matrices M € OF ()
are positive semidefinite. Hence, the matrices M € co(0F (z)) = 0 F(x)
are positive semidefinite too.

Conversely, if for each € S the matrices M € 9°F(x) are positive
semidefinite, then the monotonicity of F' follows from Theorem 5.1.2 Be-
cause 0YF(z) is a pseudo-Jacobian of I at z. The last assertion is imme-
diate from Theorem 5.1.3. O

Comonotonicity
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In order to develop methods for solving complementarity problems, we need
some more notions related to the monotonicity behavior of maps. We say
that a set-valued map F' : S = IR" is strongly monotone with modulus
a > 0on S if for each z,y € S,

(€—¢ y—a) >olly— | for all § € F(x),¢ € F(y).

It is clear that strongly monotone maps are strictly monotone and that
the converse is not true in general (see Example 5.1.6 below). Similarly to
the case of monotone operators, one can easily prove that if F' is strongly
monotone, then the operators A\F' with A > 0, coF and every suboperator
of F' are strongly monotone. Moreover, if F' is strongly monotone and G
is monotone, then their sum F + G is strongly monotone. Let us now
characterize strongly monotone single-valued operators.

Proposition 5.1.5 Assume that F' : S — IR"™ is a continuous operator,

where S is a nonempty open and convex subset of R™. If F' admits a pseudo-
Jacobian OF such that

= inf (M (u),u)y >0,
||ul|=1,Me{0F(z):xzeS}
then F' is strongly monotone with modulus o on S.

Conversely, if F is strongly monotone with modulus 3 on S, then every
pseudo-Jacobian OF of F satisfies

inf sup (M(u),u) > .
flull=1 Me{0F(z):xzeS}

In particular, when F' is Gateaux differentiable, it is strongly monotone on
S if and only if its Jacobian is uniformly positive definite in the sense that
inf)y)=1,2es(VF(2)(u),u) > 0.

Proof. We wish to prove that F' is strongly monotone with modulus a.
Suppose to the contrary that there exist two points x and y of S such that

(F(z) — F(y),z —y) < allz —y|*

According to the mean value theorem, one can find some positive numbers
A1, ..., Ay whose sum equals 1 and matrices My, ..., My € OF ([z,y]) such

that
k

(D AiMi(w —y),x —y) < allz —y|*.
=1

There exists at least one index ¢ such that

(Mi(z —y),z —y) < allz —y|*.
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This contradicts the assumptions.
Conversely, let v € IR™ with |lu|| = 1 and let € S. By strong mono-
tonicity, one has that

(F(x + tu) — F(z),tu) > Bt? for every t € (0,1).

We deduce that
(F(x 4+ tu) — F(x),u)

sup (M (u),u) > (uo F)*(z,u) = limsup >
MedF (z) t10 13
and the proof is complete. O

Example 5.1.6 Let f : IR — IR be a monotone function. This means that,
for any (z,u) € R x IR, and for all ¢ > 0,

(f(x +tu) — f(z))u > 0. (5.3)
If w € IR and
liminf o+ t“t) —f@l (5.4)

then the monotonicity of f yields the existence of some a > 0 such that

(f (@ +tu) = f(2)u = |ull f(2 + tu) = f(2)| = alult (5.5)

for all ¢ > 0 sufficiently small. Obviously, this is a much stronger property
than (5.3). For example, consider the function f, defined by

foy= {5 Bz

0 otherwise

for some k > 1. This function is not locally Lipschitz at # = 0 and (5.4) is
satisfied for (z,u) := (0,1), where the left-hand side of (5.4) attains +oo.
Moreover, f is monotone but not strongly monotone on IR. On the other
hand, on [0, 1] we have for u := 1,

FO+t)—fO)=t"*>¢  vtelo,1].

Thus the function f is strongly monotone on [0, 1] and, in addition, has
the property (5.5) for (x,u) := (0,1) for all ¢ € [0, 1].

Our observation in this one-dimensional example leads us to the fol-
lowing notion that characterizes a corresponding behavior of directional
monotonicity in the multi-dimensional case.

A map F : IR" — IR" is called comonotone at x € IR" in the direction
u € IR™ if there exists some 7(;,) > 0 so that
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(F(z +tu) = F(z), u) 2 YaullF (@ +tu) - F(z)|

holds for all ¢ > 0 sufficiently small.
Later we show that the comonotonicity of the monotone map F' is par-
ticularly important in those directions in which

F tu) — F
vy I+ t0) = )|
t10 t

+o0. (5.6)

We now investigate how the notion of comonotonicity of F' relates to the
known monotonicity properties of F' and how it can be characterized by
means of pseudo-Jacobians of F'. For this purpose, let us introduce the
concept of cocoercivity. A map F : IR™ — IR" is called cocoercive on IR"
if there exists a > 0 such that

(F(y) = F(x),y — ) 2 al|[F(y) = F(2)|*  Va,y e R™

The map F : R™ — IR™ is called cocoercive at x € IR™ in the direction
u € IR™ if there exist some o, ,) > 0 so that

(F(x +tu) — F(x),tu) > o g ||F (2 + tu) — F(z)|?

for all ¢ > 0 sufficiently small.
Given a point z € IR" and a direction u € IR", the following theorem il-
lustrates the general relationship between comonotonicity and cocoercivity.

Theorem 5.1.7 If F: IR" — IR" is cocoercive at x € IR" in the direction
u € R™ and if
F tu) — F
Gt ) - PG|
t|0 t

>0, (5.7)

then F is comonotone at x in the direction u.
If F: R™ — IR" is comonotone at x € R™ in the direction u € IR" and

if
F tu) — F
lim sup IF( + 1;) (@)l < 400, (5.8)
t10

then F' is cocoercive at x in the direction u.

Proof. The cocoercivity of F' at x in the direction u implies that there is
some (g, > 0 so that

|F(z + tu) — F(x)

|

(Fla+ 1) — F(a),u) > g Lp e+ ) P
for all t > 0 sufficiently small. Using (5.7) we see that F' must be comono-
tone at z in the direction u. Conversely, let us consider the case where F
is comonotone at x in the direction u. Set
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F tu) — F
hy := lim sup |F(z + tu) (:c)||
t10 3

Then, by (5.8), 0 < hy < 0o. If hy = 0, we easily get, for some v(y ) > 0,
(F(attu)~F(@), 1) > Y | F (@)= F(@)]| 2 Y | a-+t0)~ F (@)

for all ¢ > 0 sufficiently small. If 0 < h, < oo, then it follows that, for some
Vz,u) >0,

(F(z +tu) — F(x),tu) > v u)h_lhtHF(x—l-tu) F(z)]]
1
27

2
> 3V wuyhs IIF (@ + tu) — F(2)]?

for all ¢t > 0 sufficiently small. Thus F' is cocoercive at z in the direction u. [J

Note that the left-hand side in (5.7) may be equal to +oc0. It can be
seen from (5.4) and (5.6) that this case is of particular importance for the
analysis in Section 5.4.

Theorem 5.1.8 Let F': IR" — IR" be a continuous map. Assume that F
admits a pseudo-Jacobian map OF. Let (x,u) € R™ x R™ with u # 0. If
there exist numbers oy ) >0 and t(;,) > 0 such that

(u, M(u)) > agullull|M(u)|| for all M € C0(OF [z, x + t(zuyul), (5.9)
then F' is comonotone at x in the direction u.

Proof. Let t € [0,%(, )] be arbitrary but fixed. Then it follows from the
mean value theorem (Theorem 2.2.2) that N € ¢o(9F [z, z+tu]) exists with

Fla+tu) — Fz) = tN(u). (5.10)
This together with (5.9) yields
(F(x +tu) = F(z),u) = (u, tN (1)) = g l[ull[[EN (u)]-
Now, using (5.10) again, we get
(F(x +tu) = F(z),u) Z YulF(@+tu) = F(z)]
With ¥(gu) = Qe llul- O

Quasimonotone Operators

Let S be a nonempty, open, and convex subset of IR". We say that a set-
valued map F' : S = IR" is quasimonotone on S if for each z,y € S and
for each £ € F(z),( € F(y), one has
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min{<§,y - x>v <<a T — y>} <0,

or equivalently

sup min{(&,y — z),(¢,z —y)} < 0.
§EF (z),CEF ()

Because the variables £ and ( are independent in the expressions under min
and sup, we may interchange sup and min to obtain another equivalent form
of quasimonotonicity

mln{ sup <£7y - .’E>, sup <Cax - y>} S 0.
£EF (x) CEF(y)

When n = 1 quasimonotone single-valued operators have quite simple
structure. Indeed, let S = (a,b) C R with a < b, and let f : S — IR be
continuous. Set ¢ := inf{t € (a,b) : f(t) > 0}. Then it is easy to verify that
f is quasimonotone on S if and only if it takes nonpositive values on (a, c)
and nonnegative values on (¢, b). Note that a can be —oo, b can be +o0,
and ¢ can be £oo.

Some elementary properties of quasimonotone operators are given next.

Proposition 5.1.9 Assume that F' is an operator on a nonempty, open,
and convex subset S of IR™. Then the following assertions are true.

(i) If F is monotone, then it is quasimonotone.
(i) If F is quasimonotone, then the operators A\F with A > 0, ¢@F, and
every suboperator of F' is quasimonotone.

Proof. This is immediate from the definitions of monotone and quasimono-
tone operators. O

We notice that a quasimonotone operator is not necessarily monotone;
the sum and the union of two quasimonotone operators are not necessarily
quasimonotone either.

Example 5.1.10 Define two single-valued operators F' and G on IR by

—2x ifx <0
x else,

T ifz <0
—2x else.

F(z) = { and  G(z) = {

Direct verification shows that these operators are quasimonotone, but not
monotone on IR. Their sum and union are given by
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(F+G)(z)=—x
(FUG)(z) = {x, —2z}.

By taking x = —1 and y = 1, we have

min{((F + G)(z),y — x), (F+ G)(y),x —y)} =2 >0

min{ sup ({,y—=x), sup ({,xz—y)}=4>0,
£E(FUG)(x) CE(FUG)(y)

and therefore these operators are not quasimonotone.

Here are some characterizations of single-valued quasimonotone opera-
tors.

Theorem 5.1.11 Assume that F': S — IR"™ is continuous and admits a
pseudo-Jacobian OF (x) at each x € S. If F is quasimonotone, then

(i)  (F(z),u) =0 implies suprcpp(y)(M(u),u) > 0,
(i) (F(x),u) = 0 and (F(z + t'u),u) > 0 for some t1 < 0 imply the
existence of ta > 0 such that (F(x + tu),u) > 0 for all t € [0,s].

Proof. Suppose (i) does not hold. Then there exist z, u € S such that

(F(z),u) =0 and sup (M (u),u) <O.
MeoF(x)

Thus from the definition of pseudo-Jacobian we get

(uF) " (z,u) < sup (M(u),u) <0
MedF(x)

and

(—uF)"(x,—u) < sup (M(u),u) <O0.
MeOF(x)

Hence, for sufficiently small ¢t > 0,
(u, Fx +tu) — F(z)) <0

and
(—u, F(x +t(—u)) — F(x)) < 0.

These give us that
(u, F(x +tu)) <0 and (u, F(x —tu)) > 0.

Thus
(F(z 4+ tu), (x—tu) — (z+tu)) >0

and
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(F(z —tu), (x+tu) — (z —tu)) > 0.
This contradicts the quasi-monotonicity of F, and so (i) holds.
Furthermore, if (ii) does not hold, then there exists ty > 0 such that
(F(z),u) = 0,(F(x 4+ t'u),u) > 0 for some ¢ < 0 and (F(z + tou),u) < 0.
Let z9 = x + t'u and let yg = = + tou. Then we have
(F(yo), w0 — yo) = (F(x + tou), (t' — to)u) >0,

(F(20),y0 — zo) = (F(x + t'u), (to — t')u) > 0.

These inequalities contradict the quasimonotonicity of F'. U

In general, it is not true that quasimonotonicity of F' implies

inf (M >
MelgF(z)< (w),u) 20

for each x,u € S as in the differentiable case. Moreover, the conditions (i)
and (ii) may not be sufficient without certain restrictions on the pseudo-
Jacobian. This can be seen by taking 0F (z) = L(IR",IR") for each z € S.
We now obtain sufficient conditions under the additional hypotheses that
pseudo-Jacobians are bounded and densely regular.

Theorem 5.1.12 Let F' : S — IR" be a continuous map that admits a
bounded and densely reqular pseudo-Jacobian OF on S. Assume that the
following conditions hold for every x,u € IR".

(i) (F(x),u) =0 implies maxy;cpp () (M (u),u) > 0.

(i) (F(z),u) =0,0 € {{u, M(u)) : M € OF(z)} and (F(x + t'u),u) >0
for some t' < 0 imply the existence of ty > 0 such that (F(z+tu),u) >0
for all t € [0,to].

Then F 1is quasimonotone.

Proof. Suppose there exist x,y € S such that
(F(z),y —z) > 0and (F(y),z —y) > 0.

Let u =y —z and let g(¢t) = (F(z + tu),u). Then g is continuous, g(0) > 0
and ¢g(1) < 0. So, there exists t; € (0,1) such that

g(t1) =0and g(t) < 0for all t € (¢1,1).

Define 21 = x + tyu. Then, g(t1) = (F(x1),u) = 0 and (uF) " (x1,u) < 0.
Now we claim that

0€ {(u,M(u)): M € OF (x1)}.
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To see this, first consider the case where x; € Sp. If (u, M (u)) > 0 for each
M € OF(x1), then by regularity of 0F(x1) we get a contradiction because
0< i M(u),u)y = inf (M(u),u) = (uF) (z1,u) <0.
pin (M(u)u) = inf (M (w),u) = (uF)”(@1,u)

If (u, M(u)) < 0 for each M € OF(z1), then by (i) we get a contradiction

because

0> max (M(u),u)>0.
MEOF (z1)

Now consider the case where x1 ¢ Sp. Then for each M € 9F (x1) we can
find a sequence {yx} C So, yr — x1, My € OF(yi) such that limy_,, My =
M. As in the above case, the claim holds by applying the arguments in
the two subcases to My, € OF(yk,), Yk, € So, for sufficiently large ko. By
continuity of g, there exists ¢’ < 0 such that

gt +t) = (F(zy + t'u),u) > 0.
Condition (ii) gives us that there exists top > 0 such that
g(t1 +t) = (F(x1 + tu),u) > 0 for all t € [0, tp].

This contradicts the condition that g(¢) < 0 for all ¢ € (¢1,1). Hence F is
quasimonotone. O

As a special case, we obtain a characterization of quasimonotone locally
Lipschitz maps.

Corollary 5.1.13 Assume F: S — IR"™ is locally Lipschitz on S. Then
F is quasimonotone if and only if the following conditions hold for each
T,u € S.

(i) (F(z),u) =0 implies maxy;cpo pp) (M (u), u) > 0.

(i) (F(z),u) =0,0 € {{u, Au) : A € 0°F(z)} and (F(z+t'u),u) >0 for
some t' < 0 imply the existence of ty > 0 such that (F(x + tu),u) > 0
for all t € [0, to].

Proof. The conclusion follows from Theorem 5.1.11 and Theorem 5.1.12
by noting that

_ [{VF(2)} reK,
OF(z) = {{limn_,OO VF(zy):xp =z, {zp,} CK} x¢ K,
where K is a dense subset of S on which F is differentiable, is a pseudo-

Jacobian of F' at x that satisfies the hypotheses of the previous theorem
and observing that 9° F(x) = co(OF(z)). O
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Corollary 5.1.14 Assume F: S — IR" is differentiable on S. Then F is

quasimonotone if and only if the following conditions hold for each z,u €

R"™.

(i) (F(z),u) =0 implies (u, VF(x)u) > 0.

(i1)) (F(z),u) = (u, VF(x)u) =0 and (F(z + t'u),u) > 0 for some t' <0
imply the existence of to > 0 such that (F(x + tu),u) > 0 for all t €
[07 tO] :

Proof. Because F is differentiable, {VF(z)} is a regular and bounded
pseudo-Jacobian for each x € S. So, the conclusion follows from Theorems
5.1.11 and 5.1.12. O

Pseudomonotone Operators

Let F: S — IR" be a set-valued map, where as before S is a nonempty,
open and convex subset of IR"™. It is said to be pseudomonotone on S if for
each z,y € S and £ € F(x),( € F(y), one has

(&,y —x) > 0 implies (¢,y — =) > 0, (5.11)

or equivalently
mln{(ﬁvy - $>, <<,J? - y>} <0

whenever one of the terms under min is nonzero.
It can be seen that in the definition above, the strict inequalities of
(5.11) can be replaced by inequalities

(&,y —x) > 0 implies (¢,y —x) > 0.

Here are some elementary properties of pseudomonotone operators.

Proposition 5.1.15 Assume that F' is an operator on a nonempty, open,
and convex subset S of R™. Then the following assertions are true.

(i) If F is monotone, then it is pseudomonotone.

(ii) If F is pseudomonotone, then it is quasimonotone.

(i) If F is pseudomonotone, then the operators AF with A > 0, ¢oF, and
every suboperator of F' are pseudomonotone.

Proof. This follows from the definitions of pseudomonotone and quasi-
monotone operators. O

The operator F' given in Example 5.1.10 is quasimonotone, but not
pseudomonotone. Indeed, with z = —1,y = 0 one has (F(x),y — x) =
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2 > 0 and (F(y),z —y) = 0. The operator G of the same example is
pseudomonotone, but it is not nondecreasing (hence not monotone).

For the case n = 1 and F is single-valued, one can easily prove that
F is pseudomonotone on an open interval (a,b) if and only if there is a
point ¢ € [a, b] such that F' is nonpositive on (a, ¢) and strictly positive on
(¢,b). Here we understand that (a,c¢) = ( if a = ¢. When n is arbitrary
and F is single-valued, some characterizations of pseudomonotonicity can
be obtained by using pseudo-Jacobians.

Theorem 5.1.16 Assume F : S — IR" is a continuous map and admits
a pseudo-Jacobian OF (x) at each x € S. If F is pseudomonotone, then
(F(z),u) = 0 implies that

(1) supnreor(a)(M(u),u) > 0.
(i) There exists tg > 0, such that (F(x + tu),u) > 0, for all t € [0, t].

Proof. Pseudomonotonicity implies quasimonotonicity therefore (i) follows
from Theorem 5.1.11. If (ii) does not hold, then there exist z € S, and ¢’ > 0
such that (F(x),u) =0 and (F(z + t'u),u) < 0. Define y = 2 + t'u. Then

(F(x),y —x) = (F(z),t'u) = 0. (5.12)
On the other hand,
(F(y),z —y) = (F(z + t'u), —t'u) > 0.

Now it follows from pseudomonotonicity that (F(x),y — x) > 0. This con-
tradicts (5.12). O

Theorem 5.1.17 Let F': S — IR"™ be a continuous map that admits a
bounded and densely reqular pseudo-Jacobian OF on S. Assume that the
following conditions hold for every x,u € IR™.

() (F(x),u) = 0 implics maxyseom(e(M(u), u) > 0.
(it) (F(z),u) =0 and 0 € {{u, M(u)) : M € OF (x)} imply the existence
of to > 0 such that (F(x + tu),u) >0 for all t € [0, to].

Then F s pseudomonotone.

Proof. Suppose F' is not pseudomonotone. Then there exist x,y € S such
that
(F(z),y —x) 2 0and (F(y),z —y) > 0.

Let u =y — z and ¢(t) = (F(z + tu),u). Then g is continuous, g(0) > 0
and g(1) < 0. So, there exists t; € [0,1] such that
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g(t1) =0and g(t) <0 for all ¢t € (¢, 1]. (5.13)

Define x; = z + tju. As in the proof of Theorem 5.1.12, (F(x1),u) = 0,
(uF)~(z1,u) <0 and

0€ {{u,M(u)): M € OF (x1)}.
Now it follows from (ii) that there exists ¢y > 0 such that
(F(x1 + tu),u) >0, Vt € [0, to].

Thus g(t1 +t) = (F(x1 +tu),u) > 0 for sufficiently small ¢ close to tg. This
is a contradiction to (5.13), and hence F is pseudomonotone. 0

Corollary 5.1.18 Assume F: S — IR" is locally Lipschitz on S. Then
F is pseudomonotone if and only if the following conditions hold for each
r,u € S.

(i)  (F(x),u) =0 implies max s, p(z) (M (u),u) > 0.
(1)) (F(z),u) =0 and 0 € {{u, M(u)) : M € OcF(x)} imply the existence
of to > 0 such that (F(x + tu),u) > 0 for all t € [0, to).

Proof. The proof follows along the same line of arguments as in Corollary
5.1.13, and so the details are left to the reader. O

Corollary 5.1.19 Assume F: S — IR" is differentiable on S. Then F
is pseudomonotone if and only if the following conditions hold for each
z,u € R™

(i) (F(z),u) =0 implies (u, VF(x)u) > 0.

(i) (F(z),u) = (u, VF(x)u) = 0 implies the existence of to > 0 such that
(F(z 4 tu),u) >0 for all t € [0, to].

Proof. Because F' is differentiable, {VF(z)} is a bounded regular pseudo-

Jacobian for each z € S. So the conclusion follows from Theorem 5.1.16

and Theorem 5.1.17. O

5.2 Generalized Convex Functions

Let S C IR™ be a nonempty, open, and convex set and let ¢: S — IR be
a continuous function. Recall that ¢ is convex on S if for each pair of
distinct points z and y in S and for every number ¢ € (0, 1), one has

o(te + (1 —t)y) < td(x) + (1 —1)o(y).
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If this inequality is strict, one says that ¢ is strictly convex. As we have
seen in the first chapter, convex functions are locally Lipschitz around and
directionally differentiable at any interior point of the effective domain.
Another important feature of convex functions is that for them any local
minimum point is also global. When a function is strictly convex, it attains
its minimum at most at one point. Now we wish to characterize convexity
of ¢ by means of pseudo-differentials and pseudo-Hessians of ¢.

Proposition 5.2.1 Assume that 0¢: S = L(IR",R) is a pseudo-differential
of ¢ on S. If O¢ is monotone, then the function ¢ is conver.

Conversely, if ¢ is convex and O¢ is a densely regular pseudo-differential
of ¢ on S, then 0¢ is monotone.

Proof. Assume that d¢ is a monotone pseudo-differential of ¢ on S. Sup-
pose to the contrary that ¢ is not convex; that is, there are some points
a,be S and c= (1 — A)a + Ab for some X € (a,b) such that

p(c) > (1 = A)d(a) + Ab).
Choose a number « such that
¢(c) — dla) > a > A(@(b) — ¢(a)).

In view of Corollary 2.2.6, there exist some x € (a,c),y € (¢,b), and £ €
co(9¢(x)), ¢ € co(0¢(y)) such that

<§7c_a> >Oé,
(¢b—a) < 5.

Expressing ¢ — a = A(b — a) and summing up the latter inequalities give
(& c—a)+(C,a—c)>0.
Because ¢ — a = t(y — x) for some positive ¢, this inequality implies

<f,y—x>+<§,x—y> >07

which contradicts the monotonicity of 0¢.

Conversely, assume that ¢ is convex and 0¢ is a densely regular pseudo-
differential of ¢ on S. Let z,y € S and £ € d¢(x),( € d¢(y). Then there
exist two sequences {xr}, {yx} (both in Sy) converging to z and y, and
sequences & € 0p(x), (x € J¢(yx) converging to £ and ( respectively.
(Here, if x is a point at which 9¢ is regular, one takes xx = x and &, = &;
and similarly for y and ¢.) Because at z; and y; the pseudo-Jacobian of ¢
is regular, one has that
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<§k7yk: - :Z:k> S ¢+(xkayk - .'Ek),
(Cor i — y) < & (Y Tk — Y)-

Because ¢ is convex, in view of Lemma 1.4.2 we have

& (s i — k) < O(yk) — d(xk)
& (Y i — yi) < d(xk) — d(yk)-

We deduce that
(ks Yk — ox) + (Chr o6 — yr) < 0.

When k tends to oo, this inequality gives

<£,y—x>—|—<§,x—y>§0

by which d¢ is monotone. O

Corollary 5.2.2 A continuous function ¢ on a nonempty open and convex
set S is conver if and only if it is locally Lipschitz and its Clarke subdif-
ferential is a monotone operator on S.

Proof. If ¢ is convex, then by Lemma 1.4.2 it is locally Lipschitz on S.
Moreover, in view of Proposition 1.4.7, its Clarke subdifferential 9 f co-
incides with the convex subdifferential 0°®f, which is a regular pseudo-
differential. Hence, by Proposition 5.1.1, 9 f is monotone on S. The con-
verse is immediate from the said proposition because the Clarke subdiffer-
ential is a pseudo-Jacobian. O

A second-order characterization of convex functions can be obtained
from the first-order characterization of monotone operators given in the
previous section.

Corollary 5.2.3 Let ¢: S — IR be a C'-function that admits a pseudo-
Hessian 0°¢(z) at each x € R™. If the matrices of 0%¢(x) are positive
semidefinite, then ¢ is convex on S.

Conversely, if ¢ is convex and the pseudo-Hessian 0%¢ is a densely
pseudo-Jacobian of V f on S, then for each x € S the matrices M € 9¢(x)
are positive semidefinite.

Proof. Apply Theorem 5.1.2 and Proposition 5.2.1. O

Corollary 5.2.4 Let ¢: S — IR be CY'. Then ¢ is convex if and only if
for each x € S the matrices M € 0% f(x) are positive semidefinite.
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Proof. The conclusion follows from Corollaries 5.1.4 and 5.2.2. O

For strictly convex functions we have the following characterizations.

Proposition 5.2.5 Let ¢: S — IR be a continuous function. Then each of
the conditions below is sufficient for ¢ to be strictly convex.

(i) ¢ admits a bounded pseudo-differential that is strictly monotone on

S.
(ii) ¢ is of class C*' and admits a pseudo-Hessian 0*¢ for which all
elements of the sets c0(0?¢(x)) U ((co(0%¢(z)))so \ {0}), © € S are

positive definite matrices.

Conversely, if ¢ is strictly convexr and if 0¢ is a regular pseudo-
differential of ¢ on S, then 0¢ is strictly monotone.

Proof. We need only to prove the strict convexity of ¢ under the first
condition because, in view of Theorem 5.1.3, the second condition implies
the first one. Let # and y be two distinct points in S and let ¢t € [0, 1].
In view of the mean value theorem (Corollary 2.2.6) and as the pseudo-
differential is bounded, one can find two points a € [x,tx + (1 — t)y],b €
[tz + (1 —t)y, y] and two elements £ € dp(a),( € Ip(b) such that

¢(x) — o(tr + (1 —t)y) = (& (L - t)(y — x))
o(y) — o(te + (1 —t)y) = (¢, t(z —y)).

Multiplying the first inequality by ¢ and the second by (1 —¢) and summing
them up gives

tp(z) + (1 =1)¢(y) — ¢tz + (1 = t)y) = t(1 = t){{ = (,z —y).

Because 0¢ is strictly monotone, the expression on the right-hand side of
the above equality is strictly positive. This shows that ¢ is strictly convex.

For the second part of the proposition, let x and y be two distinct points
in S. It follows from the strict convexity of ¢ that

¢F(zy — ) < Py) — d(x)
ot (yiz —y) < d(x) — d(y).

Because 0¢ is regular, by summing up the latter inequalities, we obtain

sup ((,y—x)+ sup ((x—y)=¢T(m;y—x)+ ¢ (y;2—y) <O0.
£€op(x) Cedd(y)

By this, 0¢ is strictly monotone. O
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Note that the second condition stated in the previous proposition is not
necessary for ¢ to be strictly convex even when the pseudo-Hessian is reg-
ular. The function ¢(x) = x# is strictly convex on IR, its second derivative
is a regular pseudo-Hessian that takes the value zero at z = 0.

Quasiconvex Functions

Let S be a nonempty, open, and convex subset of IR”. Let ¢: S — IR be a
continuous function. We say that ¢ is quasiconvez on S if for every points
x and y of S and for every A € [0,1] one has

Az + (1= N)y) < max{g(x); p(y)}-

It is plain that convex functions are quasiconvex and that the converse is
not true. Quasiconvex functions can be characterized by convexity of lower
level sets. Namely, ¢ is quasiconvex if and only if its lower level sets

{reS:¢(x) <t}, tel,

are convex sets. Other characterizations of quasiconvexity are expressed in
terms of pseudo-Jacobians.

Proposition 5.2.6 Assume that 9¢: S = L(IR",1R) is a pseudo-differential
of ¢ on S. If 0¢ is quasimonotone, then the function ¢ is quasiconver.

Conversely, if ¢ is quasiconver and 0¢ is a densely regular pseudo-
differential of ¢ on S, then 0¢ is quasimonotone.

Proof. Suppose that d¢ is a quasimonotone pseudo-differential of ¢ on S
and that ¢ is not quasiconvex. There exist three points a,b, and ¢ in S
with ¢ = (1 — X)a + Ab for some X € (0,1) such that

¢(c) > max{¢(a), p(b)}.

By using the mean value theorem (Corollary 2.2.6), one can find points
x € (a,¢),y € (¢,b), and £ € 9p(x), ¢ € Ip(y) such that

(€0 a) > S(8(6) — 9la)) > 0,
(e b) > 2(6(6) — 6(8) > 0

There exist two positive numbers ¢ and t9 satisfying ¢ — a = t1(y — )
and ¢ — b = ta(x — y). Substituting these expressions into the two latter
inequalities gives

<£,y—l‘> >Oa
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This contradicts the quasimonotonicity of d¢.

Conversely, let 0¢ be a densely regular pseudo-differential of the qua-
siconvex function ¢ on S. Let x and y be two arbitrary distinct points of
S and let £ € O¢(x) and ( € O¢(y). First consider the case when 9¢ is
regular at x and y. We may assume ¢(x) > ¢(y). Then for every ¢ € (0, 1),
one has

Oz +ty — ) < o(x).
This and the regularity of 0¢ imply

(&y—x) =0 (z;y — x)
oz +t(y —x)) — ()

= lim sup
£10 t
<0.
Hence
mln{<£7 Yy — $>, <C7 T — y>} S 0. (514)

Now we take up the case where 0¢ is not regular at x and at y. Then
there exist sequences {z}, {yr} in Sy converging to x and y, and sequences
&k € 00(yr), (e € Op(x) converging to & and (. According to the proof
above, we obtain

Passing to the limit when & tends to co in this inequality gives us (5.14).
Hence 0¢ is quasimonotone. O

Corollary 5.2.7 Let f: S — IR be a C'-function that admits a pseudo-
Hessian 0% f(x) at each x € R™. If f is quasiconvex, then for each z,u € S
with (V f(z), u) =0,

sup (M (u),u) > 0.
Med2f(x)

Proof. The conclusion follows from Theorem 5.1.11 by replacing F' by V f
and noting that f is quasiconvex if and only if Vf is quasimonotone. [J

Pseudoconvex Functions

Let ¢ : S — IR be a continuous function, where S is a nonempty open and
convex subset of IR". We say that ¢ is pseudoconvex on S if for any two
points z and y of S with ¢(y) > ¢(x), there exist two positive numbers (3
and 0 € (0,1] such that

d(y) > d(Ax + (1 = N)y) + A8, for all A € (0,9).
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Notice that convex functions are pseudoconvex and pseudoconvex functions

are quasiconvex. The converse is not true in general. For instance, the
function ¢ : IR — IR defined by

gb(m):{Qx ifx <0,

T else

is pseudoconvex, but not convex, whereas the function ¢ (x) = 22 is quasi-
convex, but not pseudoconvex.

Proposition 5.2.8 Assume that 0¢ : S = L(R",IR) is a pseudo differ-
ential of ¢ on S. If 0¢ is bounded and pseudomonotone, then the function
¢ is pseudoconver.

Conversely, if ¢ is pseudoconvex and 0¢ is a reqular pseudo-differential
of ¢ on S, then 0¢ is pseudomonotone.

Proof. Let 0¢ be a pseudomonotone differential of ¢ on S. Suppose to the
contrary that ¢ is not pseudoconvex. Then there exist two points x and y
of S with ¢(y) > ¢(x) such that for each k = 1,2,..., one can find some
Ak € (0,1/k) satisfying

A

d(y) < oy + Me(z — ) + ?’“

This implies that

Sz —y) > limsup YT AE =) = 6()

> 0.
k—o0 Ak -

By the definition of pseudo-differential, we deduce that

sup (£,x—y) > 0.
£€09(y)

Because 9¢(y) is bounded, there exists some £ € d¢(y) such that

€z -y =0. (5.15)

On the other hand, as ¢(y) > ¢(z), in virtue of the mean value theorem,
there are some z € (x,y) and ¢ € d¢(z) such that

This and (5.15) contradict the pseudomonotonicity hypothesis.

Conversely, assume 9¢ is a regular pseudo-differential of the pseudocon-
vex function ¢. Let x and y be arbitrary points of S. If ({,y —x) < 0 for
all £ € 9¢(x), there is nothing to prove. So, assume that
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(€o,y —x) >0 for some & € 9¢(z).

Then

¢t (z;y—x) = sup (,y—az)>0.
§€0¢(x)

Thus there is some t € (0,1) such that

¢z +ty — ) > o().

As pseudoconvex functions are quasiconvex, one derives

o(y) > d(z +t(y — z)) > é(z).

Then there are some positive numbers § and 6 € (0, 1) such that

Py +t(x —y)) — o(y) < —tpfort € (0,6),
which implies that
¢ (y;x—y) < B <0,

The regularity hypothesis shows that
(€, —y) < —B < Ofor all £ € Dg(y).

Thus d¢ is pseudomonotone and the proof is complete. O

It is interesting to notice that in contrast to the case of convex and
quasiconvex functions, the conclusion of Theorem 5.1.17 is not true when
regularity is substituted by dense regularity. To see this, let us define a
function ¢ : IR — IR by

—r if <0,
plr)=qx if 0<a<1,

(z—1)2+1 else.
This function is pseudoconvex and locally Lipschitz on IR. Its Clarke sub-
differential 9“¢ is a regular pseudo-differential at any point x € R\ {1},
hence densely regular on IR. Despite this, 9 ¢ is not pseudomonotone be-
cause for z = 0 and y = 1, by taking £ =1 € 9¢(x) and ¢ = 0 € 9°4(y),
one has (§,y —x) > 0, but ((,z —y) =0.



230 5 Monotone Operators and Nonsmooth Variational Inequalities

5.3 Variational Inequalities

Let K be a nonempty closed convex set in the n-dimensional Euclidean
space IR"™ and let f and g : R™ — IR™ be nonlinear continuous operators.
The general variational inequality problem that is associated with f, g, and
K, denoted V(f, g, K), consists of finding g € R™ with g(z¢) € K such
that

(f(x0),9(z) — g(xo)) > 0 for every z € R" with g(z) € K .

A particular case of V(f, g, K) is when ¢ is the identity operator that
is known as the Hartman—Stampacchia variational inequality. It is, in fact,
an extension of an optimality condition in nonlinear programming. Let us
consider the following constrained minimization problem.

(P) minimize ¢(z)
subject to x € K,

where ¢ is a real-valued differentiable function on IR". According to The-
orem 2.1.16, if g € K is a local minimizer of ¢ on K, then

(Vo(zo),x —x0) > 0 for all x € K.

This is the Hartman—Stampacchia variational inequality in which the gra-
dient V¢ is used in the role of f. Of course, not every vector function f
can be expressed as a gradient map, so it is not always possible to express
the Hartman-Stampacchia problem in the form of optimality conditions.

A counterpart of the Hartman—Stampacchia inequality is the so-called
Minty variational inequality which consists of finding a point xg of K such
that

(f(z),z —x09) >0forallx € K.

In general, the solution set of the Hartman-Stampacchia problem and the
one of the Minty problem are distinct. However, they coincide under a cer-
tain monotonicity assumption.

Proposition 5.3.1 Let K C IR" be a nonempty closed and convez set,
and let f: R™ — IR" be a continuous map that is pseudomonotone on K.
Then every solution to the Hartman—Stampacchia variational inequality is
a solution to the Minty variational inequality and vice versa.

Proof. If zp € K is not a solution to the Minty variational inequality, then
one can find a point z of K such that

(f(z),zo — ) > 0.

Because f is pseudomonotone, we deduce
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<f($0),l’ - $0> < 07

which shows that z( is not a solution to the Hartman—Stampacchia varia-
tional inequality. Conversely, if g € K is not a solution to the Hartman-—
Stampacchia problem, then the latter inequality holds for some x € K. The
continuity of f implies the existence of a positive € such that

(f(2'),x —x¢) <Ofor allz’ € K N (g + eBy).

Choose a positive t less than min{1,e/||z — z¢||} and 2’ = x¢ + t(z — z0).
Then 2’ belongs to K N (zg + €B,). Consequently,

(f(a"), 2" — o) = t(f(2'), 2 — o) <O.

By this, g cannot be a solution to the Minty variational inequality prob-
lem. O

By defining a set-valued map G : K = K by

G(z) :={y e K: (f(x),z —y) > 0},

we easily prove that the Minty variational inequality is equivalent to the
following intersection problem.

Find zg € K such that zg € (,cx G(x).

Likewise the variational inequality problem V' (f, g, K) is equivalent to the
intersection problem.

Find zo € K such that 29 € (|, cx F(z),
where F: K = K is given by

F(z):={y e K:(f(y),9(z) — g(y)) > 0}.

Thus the existence of solutions to variational inequalities is exactly the ex-
istence of intersection points for a suitably defined set-valued map from K
to itself. It is clear that if ¢ is the identity map and if f is pseudomonotone,
then F'is a submap of G. Hence any solution of the Hartman—Stampacchia
problem is also a solution of the Minty problem. Conversely, with g be-
ing the identity map, if —f is pseudomonotone, then G is a submap of F,
and hence any solution of the Minty problem is a solution of the Hartman-
Stampacchia problem. Without pseudomonotonicity the two problems have
distinct solution sets. Now we focus our efforts on the question of the
uniqueness of solutions to the problem V'(f, g, K) by using pseudo-Jacobian
matrices.
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Critical Cones

Given a point x € IR" with g(z) € K, one defines the critical cone of (f, g)
at x as the set

C(fyg)(K,a:) ={veT(K,g(x)): (f(x),v) =0}

In other words, the critical cone is the intersection of the tangent cone to K
at g(x) and the orthogonal subspace of the vector f(x). We write C¢(K, x)
for the critical cone when ¢ is the identity map. The positive polar cone of
the critical cone is the set

[Clp.9) (K, 2)]" :={§ € R" : (§,v) > 0 for all v € Cy (K, 7)}.

Under certain assumptions, the critical cone and its positive polar cone can
be computed by solving a system of linear equations and inequalities. Let
us consider the case where K is explicitly represented by constraints

hj(z)=0,j=1,...,q.
The active index set at a point x is denoted by I(z). It consists of the
indices ¢ € {1,...,p} satisfying g;(x) = 0. We know that if g; and h; are
differentiable and if the gradient vectors Vg;(x),7 € I(x) and Vh;(x),j =

1,...,q are linearly independent, then the tangent cone to K at x € K is
the solution set to the system

(Vgi(x),v) <0, i€ I(x)
(Vhj(z),v) =0, j=1,...,q.

Then the critical cone of (f,g) at zg with yo := g(zg) € K is given by the
system

(f(z0),v) =0
(Vgi(yo),v) <0, i € I(x)
(Vhj(yo),v) =0, j=1,...,q

It is now easy to compute the positive polar cone of the critical cone.
Namely, a vector £ belongs to the cone [Cy g (K, x)]* if and only if there
exist some numbers A\; > 0,i € I(yo), and p1, . . ., ftq, 1t such that

—&= Y AiVailwo) + Y 1Vhi(yo) + puf (xo)-

i€l(yo) j=1

The “if” part is clear. The “only if” part easily follows from the separation
theorem. Further observe that if xq is a solution to the problem V (f, g, K)
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and if K is contained in the image of g, then the first equality {f(xg),v) =0
in the system determining the critical cone can be relaxed to the inequality

(f(x0),v) < 0.
This is because when ¢ solves the problem V (f, g, K), one has
(f(zo),x —yo) > 0 for all z € K,
which, in view of convexity of K, implies the converse inequality
(f(xg),v) > 0for allv € T(K, g(xg)).

In this case, the coefficient p corresponding to f(zp) in the expression of
the vector & may take nonnegative values only.

Local Uniqueness of Solutions

We say that a solution xg of V(f, g, K) is locally unique if there is a neigh-
borhood of zg such that no other solutions of the problem are inside this
neighborhood. A nonempty subset A of IR" is said to be polyhedral if it is
the intersection of a finite number of closed half-spaces. In other words, A
is polyhedral when there exist a finite number of vectors ai,...,a; of IR"
and numbers aq, cdots, ay, such that A is the solution set of the system of
inequalities
(a, ) >y, 1=1,... k.

The following properties of a polyhedral set A C IR™ are of use.
(a) T(A,z) = cone(A — x) for every x € A.

(b) For each zg € A, there is a neighborhood U of zg such that cone(A —
x0) € cone (A —z) for all x € U N A.

We keep the notation df (z0) = f (20)U((f (20))so \{0}) where 8 f (z0)
is a subset of L(IR™,IR"™).

Theorem 5.3.2 Let K C IR" be a nonempty closed conver set, let f,g :
R™ — IR" be continuous with g being onto K, and let O f(xg) and dg(zg) be
Fréchet pseudo-Jacobians of f and g at xq, respectively. If xg is a solution
of V(f,9,K), then each of the following conditions is sufficient for xg to
be locally unique.

(i) K is polyhedral and for every M € df(x9) and N € dg(xo), one has
(M(v),N(v)) >0

for allv € R™\ {0} with N(v) € C54(K,x0), M(v) € [C54) (K, z0)]"
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(ii) K is polyhedral and for every M € df (o) and N € dg(xo), one has
(M(v), N(v)) >0

for all v € R™\{0} with N(v) € Cq)(K,x0) and f(zo) + M(v) €
[T(K, g(xo))]" X
(iii) For every M € 0f(xo) and N € 0g(x¢), one has
(M(v), N(v)) >0
for all v € R™\{0} with N(v) € Cy4)(K, o).

Proof. We first show that (i) implies (ii). Indeed, let v € IR™\{0}, M €
df(z0), and N € dg(xo) satisfy N(v) € C(1,9) (K, w0) and f(xo) + M(v) €
[T(K,g(wo))]*. Tt suffices to prove that M(v) € [C(s4) (K, x0)]*. For, let
u € C(5,4)(K,z0), which means that u € T(K, g(zo)) and (f(zo),u) = 0.
Then

0 < (f(xo) + M(v),u) = (M(v),u),
by which M (v) € [C(s4) (K, x0)]".

Now assume (ii). Suppose to the contrary that zg is not a locally unique
solution. One can find a sequence {z;} of solutions of V(f, g, K) that con-
verges to xg. By considering a subsequence if necessary, one may assume
that {(z; — z0)/||x; — xo||} converges to some v # 0. Because x; and x are
solutions of V(f, g, K), the following relations hold true.

f(xo) € [T(K, g(20))]", f(xi) € [T(K, g(xi))]", (5.16)
(f(@0), g(xi) — g(x0)) 2 0, (f(i), g(xi) —g(x0)) 20.  (5.17)

By property (b) of polyhedral sets, there is ¢y > 1 such that
[T(K, g(x:))]" € [T(K, g(x0))]"
and hence
f@i) = f(xo) € [T(K, g(x0))]" — f(o) fori > . (5.18)

Furthermore, because 0f(zo) and dg(zg) are Fréchet pseudo-Jacobians of
f and g at z, one can find M; € df(x¢) and N; € dg(zp) such that

f(xi) = f(xo) = M;(x; — xo) + 71 (2 — o),

g(z;) — g(xo) = Ni(xi — x0) + ro(x; — x0),

where 71 (z; — o) /||z; — xo|| — 0 and ro(z; — xo) /||2; — x0|| — 0 as i — oc.
Substituting these expressions into (5.2) and (5.18) we obtain
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M;(xi — x0) + r1(zi — o) € [T(K, g(x0))]" — f(o), (5.19)
(f(x0), Ni(zi — o) + ra(z; — 20)) > 0, (5.20)
(f(xi), Ni(wi — o) +r2(zi —x0)) <0 (5.21)

for ¢ > ig. If {M;} is bounded, then we may assume that it converges to
some M € Of(zo). Dividing (5.19) by ||z; — x| and passing to the limit
when ¢ — oo, we deduce

M (v) € cone ([T(K, g(x0))]" — f(x0)) -
Consequently, there is some ¢ > 0 such that
fzo) + M(tv) € [T(K, g(x0))]" - (5.22)

If {M;} is unbounded, then we may assume that lim; ., ||M;|| = co and
{M;/||M;]|} converges to some M € (0f(20))s0\{0}. Upon dividing (5.19)
by ||M;]| - ||zi — xo|| and letting i — oo, we deduce relation (5.22) too.
Further consider the sequence {N;}. If it is bounded, we may assume that
it converges to some N € Jg(z¢). Dividing (5.20) by ||z; — xo|| and taking
the limit as ¢ — oo, we have

(f(x0), N(v)) > 0.

Similarly (5.21) implies the inverse inequality, and hence

(f(z0), N(v)) = 0. (5.23)
Moreover, (5.20) and (5.21) give
(f(@i) = f(zo), g(wi) — g(x0)) <0, (5.24)
which yields
(M(v), N(v)) <0. (5.25)
Relations (5.22), (5.23), and (5.25) contradict the hypothesis of (ii). Now,
if {N;} is unbounded, then we may assume that lim; . || N;|| = oo and

{N;/|IN;||} converges to some N € (9g(zp))so\{0}. Dividing (5.20) and
(5.21) by ||Ni|| - ||xi — xo|| and by either ||N;|| - ||z; — zo||* when {M;} is
bounded, or ||M;|| ||Ni|| ||z; — zo||?> when {M;} is unbounded and taking
the limit as i — oo, we can obtain (5.23) and (5.25) as well, which together
with (5.22) contradict the hypothesis of (ii).

Finally, let (iii) hold. If x¢ is not a locally unique solution, then there is
a sequence {xz;} of solutions converging to xo such that (5.16) and (5.17)
are satisfied. These imply (5.20) and (5.21), which give (5.23) and (5.25)
by the same argument as above. Relations (5.23) and (5.24) contradict the
hypothesis of (iii). O

We notice that for the Hartman—Stampacchia variational inequality, the
conditions of Theorem 5.3.2 are written in the following form.



236 5 Monotone Operators and Nonsmooth Variational Inequalities

(i) K is polyhedral and for each v € Cf(K,x¢) and M € [Cf(K,x0)]*,
the relation (M (v),v) = 0 implies v = 0.

(ii') K is polyhedral and for every M € Of(xo) and v € Cp(K, xp) \ {0}
the relation f(zg) + M (v) € [T(K, zo)]* implies (M (v),v) > 0.

(i41') Every matrix M € df(zo) is strictly positive on C (K, xp), ie.,
(M(v),v) >0 for all v € Cf(K,z0) \ {0}.

When f and g are locally Lipschitz, Clarke’s generalized Jacobian can be
used as a Fréchet pseudo-Jacobian and in this case the recession cones
(0 f(20)) oo and (0%g(w0))eo are trivial, and they do not play any role in
the conclusion of the theorem.

Linearized Problems

Let M and N be n x n-matrices and let o € R" with g(zg) € K. We
define fj; and gy : R — IR" by

fu(x) == f(xo) + M(x — x0) ,
gn(z) = g(x0) + N(z — x0) .

The general variational inequality problem V' (fas, gy, K) is called a lin-
earized problem of V(f, g, K) at xo.

Theorem 5.3.3 Let K be a polyhedral cone, let f and g : R" —
IR™ be continuous with g being onto K, and let Of(xo) and dg(xo) be
Fréchet pseudo-Jacobians of f and g at xg with gy being onto K for each
N € 59(1‘0). If ©g is a locally unique solution of the linearized problem
V(far,gn, K) for every M € 0f(xo) and N € dg(xo), then it is a locally
unique solution of V(f, g, K).

Proof. First we easily notice that because K is a polyhedral cone, a point
xx € R™ is a solution of V(f, g, K) if and only if

g(xs) € K, f(zy) € K*, and (f(24),9(z+)) =0 (5.26)

Suppose to the contrary that zy is not a locally unique solution of
V(f,g9,K). There exists a sequence {z;} of solutions of V(f,g, K) that
converges to zo. We may assume that lim; o (z; — zo)/||x; — xo|| = v. The
following relations are immediate.

(f(x0), g(xi) — g(x0)), = 0(f(:),g(w0) — g(xi))
(f(zi) = f(wo), g(z:) — g(x0))

It follows from the definition that there exist M; € 9f(xo) and N; € dg(xo)
such that
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f(xi) = f(wo) = My(x; — o) + 71 (2i — x0),
9(z;) — g(xo) = Ni(x; — x0) + ro(2; — 20).

where 71 (z; — z9)/||zi — xo|| — 0 and ro(z; — x0)/||zi — x0|| — 0 as i — oco.

First consider the case when {M;} and {N;} are bounded. We may
assume that they converge to M € df(xg) and N € dg(x), respectively.
We wish to prove that there is some dy > 0 such that

gn(zo + 6v) € K (5.29)
fa(zo +0v) € K* (5.30)
(far(zo + 0v) , gn(zo+dv)) =0for 0 <6 < o . (5.31)

According to (5.26), these relations show that for each § € (0,dp), the
point o + dv is a solution of the linearized problem V' (fas, gn, K), which
contradicts the hypothesis of the theorem. Thus our aim is to establish
(5.29), (5.30) and (5.31). For (5.29), observe that g(z;) € K and therefore

Ni(z; — zo) + ro(x; — x0) € K — g(z0) . (5.32)

Dividing both sides of (5.32) by ||x; — xo|| and passing to the limit when
1 — oo, we derive
N(v) € cone (K — g(xo)) -

As K is a polyhedral set, there is some §; > 0 such that
N(év) € K — g(zp) for d € [0, 4],

which means that (5.29) holds for all § € [0, d1). For (5.30) we apply (5.26)
to x; to obtain

Ml(xz — 1‘0) + Tl(fL‘i — 580) e K* — f(:]?o) . (533)

Dividing both sides of (5.33) by ||z; — x¢||, and passing to the limit when
i — 00, and using the fact that K™* is polyhedral, we derive

M(v) € T(K*, f(x0)) .
Again, because K* is polyhedral, there is some dg € (0, 1) such that
flxo) + M(0v) € K* forall 4 €]0,0),

which means that (5.30) holds for all 6 € [0,dp). Finally, for (5.31) we
deduce from (5.27) and (5.28) that
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Applying (5.26) to x; and ¢ yields

(f(xi), g(x0))
= (f(z0) + M;(x; — 20) + r1(zi — 20), g(xi))
= (f(z0), 9(z:)) + (Mi(z; — w0) + r1(2; — 20), 9(2:))
= (f(@0), 9(xi) — g(x0)) + (M;(zi — 20) + r1(i — T0), 9(T1)) -

Dividing this by ||z; — x|, passing to the limit as i — oo, and using (5.34),
we obtain

(M(v),g(x0)) =0 . (5.36)
Furthermore, because g is onto K and z; is a solution of the problem
V(f,g9,K), one has

0 < (f(z:),9(x0) + N(6v) — g(x:))
< (f(xo0) + Mi(x; — xo) + 71(2i — x0), g(w0) — g(x:))
+(f(z0), N(0v)) + (M;(x; — x0) + r1(x; — z0), N(0v)) .

This and (5.34) yield

0 < (f(w0) + Mi(xi — x0) + r1(xi — x0), g(wo) — g(x7))
+(M;(x; — zo) + r1(zi — x0), N(dv)).

By dividing both sides of the latter inequality by ||z; — z¢]||, passing to the
limit when ¢ — oo, and using (5.34), we derive

(M(v),N(dv)) >0
This together with (5.35) gives
(M(v),N(v)) =0.

Combining (5.26), (5.34), and (5.36) with the above equality, we obtain
(5.31). Hence contradiction.

Consider now the case when {M;} is bounded and {N;} is unbounded.
We may assume that lim;_, || N;|| = oo and {N;/||N;||} converges to some
N € (09(70))oo\{0}. By dividing both sides of (5.32) by ||Ni|| ||z — o]
one derives (5.29) by the same argument. Similarly, (5.34) and (5.35) are
obtained for this N, and (5.31) follows. The case when {M;} is unbounded,
or both {M;} and {N;} are unbounded, is treated in the same way. O

We remark that if f and g are H-differentiable with H-differentials
Of(zg) and Odg(xp) at xp, respectively, then one may assume that there
are two matrices M € 0f(xp) and N € 9g(zp) such that all the terms of
the sequences {M;} and {N;} in the proof of Theorem 5.3.3 (and Theorem
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5.3.2 too) coincide with M and N, respectively. Consequently, in these the-
orems, the sets 0f(x¢) and dg(zp) can be used instead of d(xg) and dg(xo).

Global Uniqueness of Solutions

Let us denote by Ky the convex hull of the inverse image of K under g;
that is,
Ko =co({x e R": g(x) € K}).

When g is the identity operator, one has Ko = K.

Theorem 5.3.4 Assume that f and g : R™ — IR" are continuous with
g being onto K, and Of and Og are pseudo-Jacobian maps of f and g,
respectively. Further assume that for each

Me |J w@f(@)U((co(df(x))s\{0}),

z€Kp

Ne |J @(99(x)) U ((co(@g(z))\{0}),

zeKo
the matriz N o M is positive definite. Then problem V (f, g, K) has at most

one solution.

Proof. Suppose to the contrary that the problem has two distinct solutions
xo and yo. Then [zg, yo] € Ky and

(f(zo) = f(y0),9(w0) — g(yo)) < 0. (5.37)

We consider the scalar function z — (f(z), g(z0) —g(yo)). It is evident that
the closure of the set

F(z) :={M(g(z0) — g(y0)) : M € 0f(x)}

is a pseudo-Jacobian of (f(-),g(xo) — g(yo)) at x. Let us apply the mean
value theorem to this scalar function on [z, y9]. There exists ¢ € (g, 3o)
and & € co(F(c)) such that

(F(@0) = F(30). 9(0) — 9(w0)) = lim (&3, g(z0) — g(z0)) . (5.38)

Because co(F(c)) = [co(0f(¢))](zo — yo), we can find M; € co(df(c)) such
that

& = M;(xo — yo) -
If {M;} is bounded, we may assume that it converges to some M, €
co(df(c)). Then (5.37) and (5.38) imply
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(f(x0) — f(¥0),9(¥0)) = (Mo(zo — ¥0), 9(z0) — g(y0)) <0 . (5.39)

If {M;} is unbounded, then we may assume that
Tim (M| = o0 and  Jim M3/|[M]| = My € (co(@f()))oc\ {0}

Equality (5.38) gives

M%mm—mmgmw—g@w»—nm<Q&lmo—wmgm@—gww>so

1—00
(5.40)
Let us now consider the scalar function z — (My(zo — yo), g(x)) where
M is the matrix obtained above from ¢6(9df(c)) U (co(0f(c)))oo \{0}. Ar-
guing in the same way as in the case for the function = — (f(x), g(zo) —
9(yo)), we find d € (zg,yo) and N; € co(dg(d)) such that

{Mo(zo —40), 9(x0) — 9(yo)) = lim (Mo(z0 — o), Ni(zo — o)) -

This together with (5.39) and (5.40) yield the existence of some Ny €
c0(9g(d)) U ((co(9g(d)))\{0}) such that

(Mo(zo — yo), No(xo — y0)) < 0.

This contradicts the positive definiteness of the matrix Ny o My by the
hypothesis of the theorem. The proof is complete. O

The relation (5.37) tells us that for the Hartman—Stampacchia varia-
tional inequality the global uniqueness is guaranteed when f is strictly
monotone. Under the hypothesis of Theorem 5.3.4 with g being the iden-
tity map, the map f is strictly monotone and the uniqueness also follows.

A Particular Case

A particular situation that deserves attention is when g is invertible with
the inverse g~!. The general problem can be replaced by the Hartman—
Stampacchia problem whose cost operator is f o g~ 1. In fact, these two
problems are equivalent in the sense that xg € IR™ is a solution (respec-
tively, a locally unique solution) of the problem V(f, g, K) if and only if
g(xo) is a solution (respectively, a locally unique solution) of the Hartman—
Stampacchia one. We now show that under a reasonable hypothesis on g,
the conditions of Theorem 5.3.2 can be given in a simpler form.

Proposition 5.3.5 Assume that the following conditions hold.

(a) g admits an inverse g~ that is locally Lipschitz at yo = g(xo) € K.
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(b) Of(xg) and Og(xg) are bounded Fréchet pseudo-Jacobians of f and g
at xg, respectively.
(¢c) 0g(xy) consists of nonsingular matrices only.

Then the set Q := {MN~': M € 0f(xo), N € 0g(xo)} is a Fréchet
pseudo-Jacobian of f o g~ at yo and

(i)  Elements of Q are positive definite if and only if the matrices of the
form N M with M € 0f(x¢) and N € dg(zg) are positive definite.
(ii) Each of the conditions of Theorem 5.3.2 is equivalent to the corre-
sponding condition of (i')-(iii') (described after the proof of that theo-
rem) in which the Fréchet pseudo-Jacobian Q of the function fog™"' at

Yo 1S used.

Proof. The fact that Q is a Fréchet pseudo-Jacobian of fog~! is obtained
from Proposition 2.2.15 and Proposition 2.5.6. Furthermore, given two n x
n-matrices M and N with N invertible, it is plain that M N1 is positive
definite if and only if N7 M is positive definite. It remains only to prove the
last assertion of the proposition. We observe first that the cone Cy ) (K, x)
is exactly the cone C'y,-1(K, g()) given by:

Crog-1(K, 9(2)) = {v € T(K,g(x)) : {f o g~ (g(2)),v) = O}.
Let us consider the condition (i) of Theorem 5.3.2. Let v € IR"™\ {0}. Then
N(v) € C(y.)(K,x0) and M (v) € [C(s 4 (K, x0)]*
if and only if
N(v) € T(K,y0), (f(y0); N(v)) = 0and M(v) € [C(y,g) (K, z0)]".
By denoting ¥ = N(v), the above is equivalent to
v € T(K,y0) \ {0}, 0 € Cpog-1(K,y0) and MN () € [Coq-1 (K, 10)]".
This and the equality
(0, MNT}(0)) = (M(v), N(v))

show the equivalence between the condition (i) of Theorem 5.3.2 and (i').
For the other conditions, the proof is similar. O

Examples
We now provide some examples to illustrate the uniqueness criteria devel-

oped in this section. The first example shows that, in general, the problem
V(f, g, K) cannot be reduced to the Hartman—Stampacchia model with g =
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id (the identity map), and the use of the Clarke generalized Jacobian does
not permit us to obtain a satisfactory result. The second example shows
a typical situation when the operator f is not locally Lipschitz, so that a
suitable pseudo-Jacobian must be chosen when applying Theorem 5.3.2.
The last example shows that when dealing with non-Lipschitz problems,
recession pseudo-Jacobian matrices cannot be neglected.

Example 5.3.6 Let K = [0,1] x [0,1] € IR? and let us define f and
g:R? - R? by
f(z,y) = (h(z),y) and g(z,y) = (z, h(y)) for (z,y) € R?,

where h(x) is given by

1 if > 1,

h(z) = 22 —1/3% 1fa:e[2/3k+1 1/3F], k=0,1
1/3k+1 if x € [1/3%12/31) k=0
0 if 2 = 0.

and h(z) = —h(—z) for x < 0.

The point (0,0) is a solution of the general variational inequality prob-
lem V(f, g, K). At this solution the critical cone Cy g (K, (0,0)) coincides
with the positive quadrant IR?F. Define

8f@ﬁ):{<g?>:ae[;ﬂ}
agaoy—{(éi):ae[;q}.

A simple calculation confirms that df(0,0) and dg(0, 0) are Fréchet pseudo-
Jacobians of f and g at (0,0), respectively. Clearly, with these Fréchet
pseudo-Jacobians, the condition (iii) of Theorem 5.3.2 is verified, by which
(0,0) is a locally unique solution as expected. We observe that the function
g is not invertible, so the method of converting the general problem to the
classical one that we describe above does not work. Moreover, Clarke’s
generalized Jacobians of f and g at (0,0) are given by

ékf@ﬂ)z{(ﬁ?):aeﬁxﬂ}
9c9(0,0) = {(é‘;) Lo [0,2]} .

It is evident that the condition (iii) of Theorem 5.3.2 does not hold when
these Jacobians are used as Fréchet pseudo-Jacobians.
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Example 5.3.7 In this example we consider the Hartman—Stampacchia
problem V(f,id, K) with K = [0,1] € R and f(z) = /3. The function f
is not locally Lipschitz at x = 0. We set

Of(0)={ae€eR:a>1}.

It is easy to see that df(0) is a Fréchet pseudo-Jacobian of f at = 0. The
recession cone of this set is given by

(0f(0)oc ={a€eR:a>0}.

The critical cone C't(K,0) coincides with IR.. Moreover, every element of
the set

0f(0) U [(2£(0)) o \ {0}]
is strictly positive on Cy(K,0) \ {0}. Therefore, by Theorem 5.3.2, we
conclude that = 0 is a locally unique solution of V'(f, K).

Example 5.3.8 Let K = IR and let f : K — IR? be defined by
fla,y) = (—z+y"% =2 +y).

Problem V(f,id, K) has (0,0) as a solution that is not locally unique.
At this solution the critical cone C (K, (0,0)) coincides with the positive
quadrant ]R?|r Define

9£(0,0) = {(‘01 ‘i‘) Lo > 1} .

A direct calculation shows that 0f(0,0) is a Fréchet pseudo-Jacobian of f
at (0,0) and that condition (ii) of Theorem 5.3.2 is verified for all matrices
of 9f(0,0). However, that condition is violated on the recession part. In
fact, let

w=({) € @r0.0)x\ (0

For v = (1,0) € C(K,(0,0)), one has f(xg) + M(v) € [T(K,x0)|*, but
(v, M(v)) = 0.

5.4 Complementarity Problems

Let F be a vector-valued function from IR” into itself. The nonlinear com-
plementarity problem associated with F' is commonly given in the form

(CP):
Find = € IR" satisfying
x>0, F(x) >0 and (F(z),z)=0.
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This is a particular case of the variational problem V'(f, g, K) that we have
studied in the previous section and in which the set K is the positive octant
of IR™; the function g is the identity map and f = F.

The complementarity problem is often used as a general model for study-
ing important problems that arise in economic equilibrium, engineering me-
chanics, and optimization. The aim of this section is to present a solution
point analysis and a global convergence analysis of a descent algorithm for
the complementarity problem (CP) in the case where F' is a continuous
nonsmooth function.

Nonsmooth Merit Functions

As we have seen, under certain conditions, a local solution to a program-
ming problem satisfies the Kuhn—Tucker condition. This rule can in its turn
be expressed as a complementarity problem. To see this, let us consider the
following minimization problem (P),

minimize f(y)
subject to A(y) > b
y >0,

where f : IR" — IR is a differentiable function, and A is an m X n matrix,
whose rows are a1, ...,a;, and b = (b1,...,by) is a vector of R™. If yq is
a local solution of this problem and the matrix A is of maximal rank, then
there exist nonnegative numbers Aq, ..., Ay, and p1,. .., 4, satisfying:

m n
V(o) =Y Niai— Y pi=0
=1 =1

)\i(<ai,$0> — bz) =0
piz; = 0.

By defining the new variable z = (y,A) € IR" x IR and the function F :
R" x R™ — IR" x R™ by F(x) = (Vf(y) — A" ()\), A(y) — b), one deduces
that the system above is equivalent to the complementarity problem (CP).

It turns out that the converse is also true, that is, the complementarity
problem can be formulated as a minimization problem by means of the
so-called merit functions. Generally, a nonnegative function 6 : K — IR
is called a merit function for the problem (CP) provided that a point x is
a solution to the problem (CP) if and only if the value of # at this point is
zero, or equivalently x( is a global solution to the problem

minimize 6(z)
subject tox € K

whose optimal value is zero.
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There exist several merit functions for a given complementarity prob-
lem. Here is a quite simple one, for instance,

0(z) := Z(min{xi, fi()})?.

Another merit function that we use is based on the Fischer-Burmeister
function ¢ : IR? — IR which is defined by

é(a,b) :=+Va?+b>—a—0.

The associated merit function ¥ : IR" — [0, 00) is given by
1 n
Do) = 5 > o, File))
i=1

To see that, in fact, it is a merit function for the problem (CP), we observe
that if # € IR™ is a solution of the problem (CP), then ¥(x) = 0 which
means that x is a global minimizer of the function ¥ on IR". Conversely,
if z is a global minimizer of the function ¥, then because this function is
separable, each component z; of x is a global minimizer of the function
¢(zi, Fi(z)) on IR™. Consequently, z; > 0, F;(z) > 0, and x;F;(z) = 0. By
this z is a solution of the complementarity problem (CP).

Let us now obtain a composite expression for the merit function ¥.
Define ¢ : IR? — [0,00) and g : R?" — [0, 00) by

pla.b) = 56(a b

n n

o) = 2 3 olwiw)’ = 3 pliw). (5.41)

i=1 i=1
For F : IR" — IR?*" given by

F(z) := (fo)> : (5.42)

the merit function ¥ : IR™ — [0, 00) can now be written as ¥ = go F or
1 n
V(z) = g(z, Flz)) = 5 > bl Fi(w)*. (5.43)
i=1

Here are some basic properties of the functions ¢ and ¢ defined in (5.41).
The notations Vi and Vap stand for the partial derivatives of ¢ with
respect to the first and to the second variables.

Lemma 5.4.1 The functions ¢ and g are continuously differentiable on
IR™. Moreover, the following properties are valid for all a,b € R.
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(i)  Vie(a,b) = Vap(a,b) =0 if and only if p(a,b) = 0.

(”) V1<p(a,b) = v?@((’hb) =0 Zf and Only Zf Vl@(a»b)v2<ﬂ(a»b) =0.
(iii) Vie(a,b)Vap(a,b) > 0.

Proof. The first part of the lemma is evident. For the second part, let us
compute the partial derivatives of the function ¢:

a
Vip(a,b) = p(a,b)(—— — 1
(0 b) = ¢(0.0) (s~ )
Vap(a,b) = 9(a,b) (s — 1),
Va2 + b?
It follows that if ¢(a,b) = 0, then Vip(a,b) = Vap(a,b) = 0. If
a b
——— —1=0and ———— —1 = 0, then both a and b are zero, which
Va2 + b2 Vva? + b?

imply that ¢(a,b) = 0. Thus (i) holds. The second assertion is deduced from
the first one. For the last assertion, it suffices to notice that a < v/a? + b2

a b
and b < Va2 + b2 so that the product (———— — 1)(——— — 1) is
P ( a? + b2 )(\/a2+b2 )
nonnegative.

The merit function ¥ is a composite function, therefore we need the
following optimality condition for composite functions.

Lemma 5.4.2 Let x € R", let F: IR" — IR™ be a continuous map, and
let g: R™ — IR be a continuously differentiable function. Assume that F
admits a pseudo-Jacobian map OF which is upper semicontinuous at x. If
x € IR" is a local minimum of g o F, then

0 € Vg(F(x)) o [eo(0F (x)) U co((F (2))oo\{0})]-

Proof. Because x is a local minimizer, it follows from the chain rule (Corol-
lary 2.3.4) and the optimality condition (Theorem 2.1.13) that for every
e>0

0¢ @[(Vg(F(x)) + eBy,) 0 OF (x)].

Take € = 1/k,k = .... Then there exist a;, € By, bjr € 0F(x),
¢k € By, \ji € [0,1], j—12 n—|—1w1th2"+1)\k—1suchthat

n+1 1 1
O_Z)‘Jk Vg(F —l—kajk)o]k—l-k
Define

Ji:={j | {bjr}r is bounded };
Jo:={j | {bjr}r is unbounded }.
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Then the above sum can be rewritten as

1 1 1
0= ]; Ajk(Vg(F(2)) + 1 aj) o bjn +J_; Ajk(Vg(F () + 1 aj) 0bji+ 7 ck.
1 2

Now we may assume, without loss of generality, that A\;; — A; for some
Aj€0,1], 5 =1,...,n+1 with Z"H Aj = 1. Then one of the following
two cases holds.

Case (i). Jo = 0. In this case we may assume that bj, — b; for some
bj € OF (z), for j =1,2,...,n+ 1. As k — oo, the previous sum gives us

n+1
0=Vy(F Z)\ b; € Vg(F(x)) o co(DF (x)).

Case(ii). Jo # 0. If {\;b;1 } is bounded for each j € Ja, then \; = 0 for
each j € Jy and so ZjEJl Aj = 1. We may now assume that A;zbj, — b5°
€ (0F(x))oo, for j € Jo, and bj, — b; € OF(x), for j € J;. By passing to
the limit, we get

0=Vg(F(z))o (D Abj+ > bF)

JE€J1 JEJ2
€ Vy(F(x)) o (co(0F (x)) + co((0F (2))os))
C Vg(F(x)) 0 wo(0F ().

This follows from the fact that co((0F(z))es) C (co(OF(x)))so because
OF (z) C co(OF (x)) and (co(OF(x)))eo is a closed convex cone, and that

co(OF (x)) + co((0F (x))so) C co(OF (x)) + (co(OF (x)))oo
C €o(0F (z)) + (co(0F ())) o
= Cto(0F (z)).

If there exists | € Jo such that {\jgby}r is unbounded, then, by taking
subsequences instead, we may assume that there exists |y € Jo such that

[ Aiokbiokll = [[Njkbjkll, Vi € J2, Yk € N.

So,
Ajkbjk

[orbiorl] &
Let J3 := {j € J2 | b; # 0}. Then J3 # () as bj? # 0. Dividing the sum by
|| Aiokbiok|| and passing to the limit with k, we get

€ (0F(z))oo, j € o

0= Vy(F(z))o Y b € Vg(F(x)) o co(OF (z))o\{0})-

JEJ3
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Thus
0 € Vg(F(z)) o [co(0F () U co((OF () \{0})]

and the conclusion holds. O

The following example shows that the necessary condition in the lemma
above is, in general, not valid without a recession cone condition.

Example 5.4.3 Let F': IR? - IR? and g : R? — IR be defined by

4 2
— (2/3 Yy 13, Y
F(z,y) = (z*/’sign(z) + 5 N2 4 \/§)

g(u,v) = u+°.

Then F' is continuous, but not Lipschitz, g is continuously differentiable,
and the composite function g o F' is given by

(go F)(z,y) = 2?3 (sign(z) + 2) 4+ y* + 2232

The function g o F attains its local minimum at (0,0). A pseudo-Jacobian
of F at (0,0) and its recession cone are given, respectively, by

OF(0,0) = {(528> Lo > 1},

OF(0,0)0 — {(28) :ﬁzo}.

Clearly, 0 ¢ Vg(F(0,0)) o co(0F(0,0)). However,
0 € Vg(F(0,0)) o co((9F (0, 0))oc\{0})-

We now see how Lemma 5.4.2 can be used for characterizing optimality
of the merit function in terms of pseudo-Jacobian matrices.

We say that an n x n-matrix M is a Py-matriz if for each x # 0 there
exists an index i € {1,2,...,n} such that x; # 0 and z;(Mz); > 0. A
useful characterization of Py-matrices is that a matrix is Fy if and only if
its principal minors are all nonnegative. In particular, positive semidefinite
matrices are Pp-matrices, but the converse is not true in general.

Theorem 5.4.4 Let F' be a continuous map on IR™. Suppose that F' admits
a pseudo-Jacobian map OF which is upper semicontinuous at x € IR™. If
all elements of co(OF (x)) are Py-matrices, then the following assertions
are equivalent:

(i) W(z)=0.
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(i) 0€ Vig(z, F(x)) + Vag(x, F(z)) o [co(OF (z)) U co((OF (x))o \{0})]-
Proof. For F : R" — IR*" as defined by (5.42),

)= (o))

is a pseudo-Jacobian of F at x, where I € IR™*" denotes the identity
matrix. If ¥(x) = 0, then z is a local minimum of ¥ = g o F and so,

0 € Vig(z, F(z)) + Vag(x, F(x)) o [co(OF (x)) U co((OF ()00 \{0})]

follows from Lemma 5.4.2.
Conversely, if we assume the latter, we deduce the existence of D €
[co(OF (x)) Uco((OF (x))so\{0})] such that

0= vlg(va(x)) + VQQ(xaF(‘r)) oD. (544)

If all the matrices in co(0F(x)) are Py-matrices, then all the matrices in
Co(0F(x)) and in co((0F(z))s) are also Py-matrices. The latter follows
from the fact that a € (0F(2)) if and only if there exist sequences {a;} C
OF (z) and {t;} C (0,00) with limj_t; = 0 so that a = lim;_ tja;.
Because a; is Pp-matrix t;a; is also a Pp-matrix as t; > 0. Hence D is a
Py-matrix.

By Lemma 5.4.1 (ii) and (iii), it is known that for each 7 and all x € IR",

Vigp(xi, Fi(2))Vap(xi, Fi(z)) 2 0, Vip(ws, Fi(x))Vap(z, Fi(r)) = 0
=  Vip(z;, Fi(x)) = Vap(zi, Fi(x)) = 0.
Therefore, (5.44) together with the fact that D is a Py-matrix yields
Vie(@s, Fi(x)) = Vap(zi, Fi(x)) = 0

for each i. This together with Lemma 5.4.1 (i) gives ¢(z;, Fi(z)) = 0 for
each i. Thus g(z, F(x)) = ¥(x) = 0 follows. O

When the function F is locally Lipschitz and the Clarke generalized
Jacobian is used, condition (ii) of Theorem 5.4.4 is simplified as follows.

Corollary 5.4.5 Let F' be Lipschitz continuous. If all elements of(?CF(x)
are Py-matrices, then the following are equivalent.

(i) ¥(x)=0.
(i) 0 € Vig(z, F(z)) + Vag(z, F(x)) 0 0 F(x).
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Proof. This follows from the previous theorem by choosing 9 F(x) as a
pseudo-Jacobian of F' at x. In this case co ((8OF(:U))OO\{O}) = 0. O

A Derivative-Free Descent Method

In this part we present conditions under which a line search method pos-
sesses global convergence properties. This method has the particularity
that it works with the values of F' instead of additionally using derivate
information.

Now to formulate the derivative-free line search algorithm let g, F, and
¥ be given as in (5.41), (5.42), and (5.43). We make use of the search
direction

s(z) == —Vag(z, F(z))
for all x € IR™. Then we define the function 6 : IR" — IR by

0(z) = Vig(x, F(x)) o Vag(z, F(x)).

By Lemma 5.4.2 the function 0(x) is always nonnegative and it is 0 if and
only if ¥(x) = 0 (i.e., if and only if = solves (CP)). The next lemma shows
that s(z) is a descent direction for ¥ at x and that the local descent can
be measured by means of 6(z).

Lemma 5.4.6 Let F': IR™ — IR" be a monotone continuous map. Assume
that F' is comonotone at each x € IR™ in each direction uw € R™ for which

F - F
lim sup 17z + ) @)l = 400.

) t

is satisfied. Moreover, let ¢ € (0,1) be given. If W(x) > 0, then there exists
a number t(x) > 0 such that

U(x+ts(z)) <¥(x)—ath(x) Vi € [0,t(x)]. (5.45)
Proof. Let z,y € IR"” and ¢ € (0,1) be arbitrary but fixed. Because g is

continuously differentiable, there is some function ¢ : (0, 00) — IR so that,
for all p,q € R",

9@+ p,y+ ) — g(e.y) < Vgla,y) o (g) T <(llpll + llal)

and

Letting

y:=F(z), p:=pt)=ts(z), q:=q(t):=F(z+ts(z)) - F(z)
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and
7(t) .= |lp(O) + la(®)Il,

we obtain
W(x+ts(x)) —¥(x) = g(z + ts(x), Fz + ts(x))) — g(x, F(z))
< tVig(w, F(x)) o s(x)
+ Vag(z, F(z)) o q(t) + &(7(1)).

Thus, using the definitions of 0(x), s(z), 7(t), and p(t), it follows that

U(x +ts(z)) —¥(r) < —th(x) — q(t) o s(x) + e(7(t)) (5.47)
and

Wl +ts(z)) —W(x) < —t0(x) — q(t) o s(x)
+ (@l + e T s

We now distinguish two cases, namely whether (5.6) is satisfied for the
direction u := s(x).

(a) If

lim sup M = lim sup |1 (@ +ts(@)) = F(z)] =

+o00 5.49
t10 t t10 t ( )

then the comonotonicity assumption on F' yields
—q(t) o s(x) = —(F(z + ts(x)) — F(x)) o s(x) < —(2,s(x))llq(0)]

for all ¢ > 0 sufficiently small. Hence we obtain from (5.48) that

U(z +ts(x)) - ¥(x) < _t{e(l’) + w (7(:)6, s(z)) — 6(:(%))>
AN GO)
Is(ayI =0

Therefore, the desired inequality (5.45) follows for all ¢ > 0 sufficiently
small.
(b) If, otherwise,

|F(z+ts(x)) — F(

t
i sup 12O Z i sup M < oo, (5.50)
t10 t £10 t

we first note that the monotonicity of F' implies that, for all ¢ € [0, 00),

—q(t) o s5(z) = —(F(z + ts(x)) — F(x)) o s(x) <0,
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This and (5.47) yield

W(z + ts(z)) — ¥(z) < _t{g(x) () e(r(t) }

and furthermore,

t t
Wz + ts(2)) - (@) < ] 0) — (s + L) T
t 7(t)
Taking into account (5.50) and (5.46), we see that (5.45) is satisfied for all
t > 0 sufficiently small. Thus a positive number ¢(z) exists so that (5.45)
is satisfied. O

Based on (5.45) the descent direction s(x) is now exploited by means
of the following standard line search algorithm. Moreover, note that in
Lemma 5.1 and in the subsequent theorem the comonotonicity of F' at z
is required only for those directions u which satisfy condition (5.6). There-
fore, no comonotonicity assumption is necessary for locally Lipschitz or
directionally differentiable maps.

The Algorithm

Let us describe an algorithm for solving the complementarity problem:
Given 2° € R", p,o € (0,1), for k= 0,1,2, ..., repeat the following steps:

(i) Calculate ¥(z*). If ¥(2*) = 0, stop.
(ii) If w(2*) # 0, set s*¥ = s(a*) and choose t; € {p? | j € IN} as large as
possible such that
(k4 t,5%) < w(2F) — ot 0(a).
(iii) Set #F*! = 2% 4+ #1s*. Set k = k + 1 and go to (i).

The convergence of the algorithm is seen in the next result.

Theorem 5.4.7 Let F': IR" — IR" be a monotone continuous map. If F
is comonotone at each x € IR™ in each direction u € R™ for which

F - F
s 1 1) = F(2)]

= +OO
t10 t

is satisfied, then the algorithm is well defined and any accumulation point
of the sequence {x*} generated by the algorithm solves the complementarity
problem (CP).
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Proof. First note that s(z) and 0(x) are well defined for all x € R".
Furthermore, for any x* generated by the algorithm, Lemma 5.4.2 ensures
tx > 0. Thus the algorithm is well defined. Because {¥(z*)} is monotone,
decreasing and bounded below, the limit

¥ = lim ¥(z")

k—o00

exists. Suppose that ¥ > 0. Furthermore, let Z denote an accumulation
point of the sequence {x*}. Then, there is an infinite set N C IN such that
limpey ¥ = #. For & := (0 + 1)/2, Lemma 5.4.2 provides ¢(z) > 0. Due
to the fact that 6(z) > 0 (as explained at the beginning of this section)
and due to the continuity of F, g, Vg, ¥, s, and 0, a number § > 0 exists so
that, for all x € 2 4+ 6B(0, 1),

() — 6@)] < 31~ )0(@) (5.51)

and, for all z € z + §B(0,1) and all ¢ € [0,¢(z)],
AW (2, 1)] < %pt(a’t)(l —0)8(), (5.52)
where
AV (z,t) :=W(x +ts(x)) — V(T + ts(T)) + ¥(T) — ¥(x).
Taking into account (5.52) and the fact that (5.45) holds for z := z and
all t € [0,t(z)], we get
U(x+ts(z)) —¥(z) =¥(z+ts(x)) — ¥ (T) + A¥(x,1)
< —tab(z) + | AV (z, )|
< —tob(z) — 3t(1 — 0)0(2) + pt(z)(1 — 0)6(2)

for all z € £+ B, and all t € [0,(Z)]. If we now consider ¢ € [pt(Z), t(Z)],
we have pt(z) < t. Thus, using (5.51), it follows that

U (z +ts(z)) — ¥(z) < —tof(z) — 1t(1 — 0)6(2)
< —tof(z) + ta(0(x) — 0(%)) — 2t(1 — 0)0(z)
< —tof(z) + +to(1 — 0)0(z) — 1t(1 — 0)0(z)
< —tof(x)

is valid for all z € T + 0B, and all t € [pt(z),t(Z)]. Therefore, because
zF € 7+ 6B(0,1) for all k € N large enough, the step length procedure
used in the algorithm provides ¢, > pt(Z) and, thus,

(M) < w(ah) — ot 0(aF) < (2F) — opt(2)0(2F)
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for all k € N sufficiently large. Using (5.51), we obtain
3
@ (M) < w (b)) — Zapt(:i)ﬁ(a_:)

for infinitely many k € N. Moreover ¥ (2*+1) < W(z*) is valid for all k& € IN.
Thus, because 0(z) > 0, we have limj_. (z¥) = —oco. This contradicts
¥ > 0. Hence, by the continuity of ¥, 0 = VU (Z) must be valid. O

4
U =
We complete this section by observing that the boundedness of the level
set
Q2:={zcR"|¥(z) <P ()}

obviously guarantees the existence of an accumulation point of the sequence
{x*} generated by the algorithm.
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Notations

IN: the natural numbers

IR: the real numbers

IR": Euclidean n-dimensional space
L(IR™,IR™): space of m x n matrices
By,: closed unit ball in IR"™

Byyxn: closed unit ball in L(IR™, R™)
||z||: Euclidean norm

(x,y): canonical scalar product

O, origin of R"

cl(A), A: closure

int(A): interior

co(A): convex hull

o(A): closed convex hull

cone(A): conic hull

K*: positive polar cone

K?Y: conic §-neighborhood

Aco: recession/asymptotic cone
N(A, z): normal cone

T(A, x): Bouligant contingent cone
To(A, x): cone of feasible directions
T (S, z): first-order tangent cone
T5(S, ): second-order tangent cone
Clt,9) (K, x): critical cone

<k: partial order generated by K
dom(f): effective domain

epi(f): epigraph

d(z,C): distance function

oc: support function

¢+ (z;u): upper Dini directional derivative
¢~ (z;u): lower Dini directional derivative
@' (x; u): directional derivative

V f(z): Jacobian matrix

Of (x): pseudo-Jacobian

O f(x,y): partial pseudo-Jacobian
#°(2;u): Clarke’s directional derivative
9% f(z): Clarke’s subdifferential

DM f(x): Mordukhovich’s coderivative
OM f(x): basic subdifferential

0% f(x): convex analysis subdifferential
Ocf (x): e-subdifferential

#'(z;u): Clarke-Rockafellar’s directional
derivative

OB f(x): Clarke-Rockafellar’s subdiffer-
ential

0P f(x): B-subdifferential

A f(x): Toffe’s approximate subdifferen-
tial

OMP f(z): Michel-Penot’s subdifferential
O'f(z): Treiman’s linear generalized
gradient

02 f(z): pseudo-Hessian
0% f(x): Hiriart-Urruty,
Hien’s generalized Hessian
9% f(x): Cominetti and Correa’s general-
ized Hessian

F(2): Kuratowski-Painleve’s upper limit
F*°(z): recession (upper horizon) limit

Strodiot, and



Index

B-subdifferential, 15
H-differential, 53
Py-matrix, 248
e-subdifferential, 179

Michel-Penot subdifferential, 151

Banach constant, 124
binary relation, 186

Caratheodory’s theorem, 3
chain rules, 82
for Gateaux and Fréchet pseudo-
Jacobians, 93
for upper semicontinuous pseudo-
Jacobians, 84
fuzzy, 82
using recession pseudo-Jacobian, 85
Clarke
directional derivative, 14
generalized Jacobian, 15
Rockafellar subdifferential, 24
subdifferential, 14
cocoercive in a direction, 214
cocoercivity, 214
complementarity condition, 156
cone, 156
contingent cone, 156
critical, 232
first-order tangent, 197
normal, 153
positive polar , 232
second-order tangent, 197
tangent, 197
cone of feasible directions, 65
conjugate function, 178
constraint qualification, 145, 149, 153
convex function, 25

convex hull, 2
convex interior mapping theorem, 122,
123
using Fréchet pseudo-Jacobians, 124
convex set, 2

Demyanov and Rubinov quasidifferential,

32

derivative

directional derivative, 4

Fréchet derivative, 9

Gateaux derivative, 9

lower Dini directional derivative, 4

strict (Hadamard) derivative, 9

upper Dini directional derivative, 4
derivative-free line search, 250
directionally differentiable function, 4

efficient point, 187

Ekeland variational principle, 132
equi- K-surjectivity, 128
equi-invertibility, 99
equi-surjectivity, 103

fan, 20

feasible direction, 156

Fenchel transform, 178

Fritz John condition, 144

function, 222
convex, 222
Fischer—-Burmeister, 245
merit, 244
pseudoconvex, 227
quasiconvex, 226
strictly convex, 223

generalized Hessian, 34
generalized inequality system, 132
global uniqueness of solutions, 240
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H-differential, 22 optimality condition, 64
Fritz John, 144
implicit function theorem, 115 necessary, 143
inf-function, 77 second-order, 156, 183
injective matrix, 87 sufficient, 162
inverse function theorem, 115
Toffe partial order, 186
approximate subdifferential, 30 partial pseudo-Jacobian, 39
controllability theorem, 125 polyhedral set, 233
prederivative, 20, 54 positive definite matrix, 208
positive semidefinite matrix, 208
Jacobian matrix, 8 prederivative, 21
problem
Kuhn—Tucker condition, 144 complementarity, 243
convex composite, 168
Lagrangian, 156 equality constraints, 143
limit intersection, 231
outer horizon, 41 linearized, 236
recession upper, 41 locally Lipschitz, 150
cosmic upper, 41 minimax, 154
Kuratowsk—Painlevé upper , 41 mixed constraints, 147
limiting normal cone, 17 multiobjective, 186
Lipschitz constant, 7 pseudo-differential, 23
Lipschitz function, 7 pseudo-Hessian, 33, 162
Lipschitz modulus, 71 Fréchet, 163
LMO-approximation, 179 pseudo-Jacobian, 10
local minimizer, 64 strict pseudo-Jacobian, 55
local unique solution, 233 densely regular, 208
locally bounded set-valued map, 43, 70 Fréchet pseudo-Jacobian, 49
locally Lipschitz function, 14 Gateaux pseudo-Jacobian, 49
partial, 72

max-function, 62

pseudo-Jacobian matrix, 10
mean value theorem, 67

regular pseudo-Jacobian, 10

asymptotic, 69 pseudo-Jacobian map, 46
metric regularity, 137 pseudo-Lipschitz property, 139
Michel-Penot subdifferential, 30
min-function, 62 recession cone, 35
minimax theorem, 118 relative interior, 3
Mordukhovich
basic subdifferential, 29 separation theorem, 4, 66
coderivative, 17 strict local minimum of order 2, 185
second order subdifferential, 35 strict prederivative, 21
singular subdifferential, 29 submap, 208
multiobjective problem, 187 suboperator, 208
multiplier rule, 144, 189 sup-function, 72, 77
support function, 20
open mapping theorem, 110 surjective matrix, 87
operator, 207
comonotone, 213 tangent cone, 65
monotone, 207 Taylor’s expansion, 80
pseudomonotone, 220 Treiman linear generalized gradient, 32
quasimonotone, 215
strictly monotone, 207 upper semicontinuity, 40

strongly monotone, 212 upper semicontinuous hull, 44



Index 269

variational inequality, 230 Warga’s unbounded derivative container,
19, 54
Hartman—Stampacchia, 230 weakly efficient point, 187

Minty, 230 Zagrodny’s mean value theorem, 24
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