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Preface

This book is an introduction to intuitionistic logic that stresses the subject’s
connections with computer science. To make the material more accessible, basic
techniques are presented first for propositional logic; Part II contains extensions
to predicate logic. This material provides a safe background for reading research
literature in logic and computer science as well as such advanced monographs
as [26, 27], [25],[13],[24]. Readers are assumed to be familiar with basic notions
of first order logic presented for example in introductory chapters of such books
as [12], [28], [5]. Subsections on algebraic and topological semantics require
some initial information in algebra and topology. One device for making this
book short was inventing new (or at least modified) proofs of several well-known
theorems.

For historic perspective and credits readers may consult Notes at the end of
chapters in [26, 27] or sections in [25]. Suggestions for further reading are found
in our Introduction.

This text developed from material for several courses taught at Stanford
University in 1992-99. Special thanks are due to N. Bjgrner, who took some of
these courses, asked profound questions, and typed course notes in BTEX, and
to A. Everett, who carefully checked a preliminary version in English.

Stanford, December 1999 Grigori Mints
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Introduction

Intuitionistic logic is studied here as part of familiar classical logic which allows
an effective interpretation and mechanical extraction of programs from proofs.
The possibility of retaining classical patterns of reasoning is emphasized, while
warning signs of differences (beginning with the invalidity of the excluded middle
pV —p) are presented only when strictly necessary.

Traditional, or classical logic, is traceable to Aristotle. It took its present
form at the end of nineteenth and beginning of twentieth centuries. Intuitionistic
logic, the subject of this book has its source in the work of L. E. J. Brouwer.

The aspect that turned out to be the most important was his requirement
of effective existence: To claim

Jz A,
we should specify an object ¢, and justify
Alz/t].
Similarly to claim a disjunction:
A V Aa,

we should indicate which of the disjuncts is true; that is, pick an i € {1, 2}, and
justify
A;.
Brouwer stressed that classical logic in general does not satisfy these conditions.
He drew attention to the law of the excluded middle or excluded third :

AVv-A

It is not clear how to discover in general which of the disjuncts is true. Brouwer
gave very serious arguments for the falsity of this law under his effective inter-
pretation. He and his followers suggested restricting methods of reasoning to
those that are safe in this respect.

Our approach to this controversy is pragmatic: It turned out that the logical
means recognized as correct by Brouwer’s school allow construction of correct
programs and correctness proofs for these.

Brouwer’s philosophic justification of his foundational conception referred to
mathematical intuition. He called his philosophical system intuitionism; formal

1



2 INTRODUCTION

systems using means correct from the intuitionistic point of view are also called
intuitionistic formal systems.

The systems of first-order intuitionistic logic and arithmetic have a very
simple characterization: these are obtained from suitable traditional or classical
systems by removing the law of the excluded middle or equivalent principles,
such as the rule of double negation.

Our book is organized as follows:

The first three Chapters of Part I explain notation for natural deduction to
be used in the book, introduce the reader acquainted with other kinds of formal
systems to this apparatus, and present some basic information to be used later.
Intuitionistic propositional system NJp is introduced here.

Chapter 3 describes a translation of classical into intuitionistic logic, which is
an identity from the classical point of view. This translation allows us to consider
classical logic as a subset (consisting of negative formulas) of intuitionistic logic.

Chapter 5 introduces a programming interpretation of intuitionistic propo-
sitional logic, which is a significant part of its interest and a source of many
applications and extensions in various directions. This construction demon-
strates that programs (simply typed A-terms) are actually the same as natural
deductions, which justifies such expressions and slogans as the Curry—Howard
isomorphism and:

PROOFS = PROGRAMS

A simple normalization proof (going back to Turing (see [7]) is presented and
such standard consequences as disjunction property, Harrop’s theorem for dis-
junction, underivability of the excluded middle are drawn in Section 5.4.. More
sophisticated consequences that distinguish a class of formulas important in
applications to category theory and having unique derivations are drawn in
Chapter 6.

Chapter 7 introduces propositional Kripke models and their most important
special cases. Chapter 8 presents a construction of the canonical model and
a completeness proof (see [6]) establishing cut elimination and a finite model
property for a multiple-succedent L-style formalization LJpm of intuitionistic
propositional logic. This proof reintroduces the theme of proof-search by satu-
rating a given goal with respect to all available rules that appeared in Section
26.

Chapter 9 contains a completeness proof for topological models on the seg-
ment [0,1] of reals accessible to readers with a very restricted background in
general topology.

Chapter 10 uses an example of intuitionistic propositional logic to present
basic ideas of proof-search methods that proceed from a goal to simpler subgoals.
Such methods are employed in many working systems for proof checking and
automated deduction, and these methods form starting points of more sophis-
ticated algorithms. The resulting completeness proof exemplifies yet another
proof of the normal form theorem (completeness of cut-free formulation) dating
from Godel’s proof of his completeness theorem and stresses the close connection
between proof-search strategies and Kripke semantics.
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Chapter 11 introduces a new technique, permutation of inferences in a
cut-free derivations, which is used to restrict derivations further and leads to
one-succedent version LJp of intuitionistic propositional logic, introduced by
Gentzen [8]. The LJp is applied to give an easy construction that proves the
Craig interpolation theorem and Beth definability theorem.

The second part of the book presents primarily extensions of these methods
and results to predicate logic and spells out necessary changes in formulations
and proofs. One of the most prominent differences is the definition of the proof-
search procedure. It follows Kripke [14] in adding a new rule of zransfer. In fact
it is possible to avoid this rule in the same way as in the propositional case, but
this creates unnecessary redundancy and complicates proof-search strategy too
much.

Topics for Further Reading
Permutative conversions that remove remote cuts when introduction and elim-
ination inferences are separated by a segment consisting of V-inferences are not
included in Chapter 5. As a result some normal derivations do not have the sub-
formula property. However a sufficient number of the basic applications of full
normalization is still available, and including permutative conversion would di-
rect a beginner’s attention in the wrong direction. A full normalization proof is
presented in many places, for example [19], [25]. Subformula property becomes
available later for L-style systems (with rules for an introduction to antecedent
and succedent).

Another extension omitted here is a coherence theorem for Cartesian closed
categories. An easy proof for the —<ragment in Chapter 8 provides enough
information and intuition to go if necessary through technical details of the
proof for {&, —}-language in [16] (reproduced in [25]).

One of the basic results of proof theory is a syntactic normalization (cut
elimination) theorem for an L-style system LJ: Every derivation in LJ+(cut rule)
can be reduced to a cut-free derivation by a finite number of local reductions
similar to normalization steps for NJ. This result is not included here, since
it duplicates many features of the normalization proof for NJ (Chapter 5) and
there are many good presentations of cut elimination, such as [8],[13],[24],[25].
Moreover a normal form result claiming that derivability in LJm+cut implies
derivability in LJm (without connection between derivations with and without
cut) is proved in Chapters 11 and 15.

Another important result in the same direction is strong normalization for
NJ-deductions (or deductive terms): Every sequence of reductions beginning
with given deduction terminates in a normal form, and the normal form is
unique (Church-Rosser property). Readers are referred to [25] and [26, 27] for
proofs. Both theory and practice of automated deduction for classical predicate
logic depend on Skolemization and Herbrand theorem. These results extend to
intuitionistic logic in only a restricted (but still useful) ways; see [15] and [21].

The next step in automated deduction after bottom-up (goal-to-subgoal)
proof-search is resolution; see [4] for classical logic and [17] and [25] for intu-
itionistic logic. Recursive undecidability of intuitionistic predicate logic follows
from the negative interpretation of classical logic (Theorem 16, Section 13.2.).
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A decision procedure for intuitionistic propositional logic is described in Section
10.3.; in fact this logic is PSPACE-complete [22].

Algebraic and topological completeness results for propositional logic (Sec-
tion 8.4., Chapter 9) extend to predicate logic [20].

Forty to fifty years ago quite a different presentation of a logical system
(than natural deduction) was standard: A series of axioms and one inference
rule, modus ponens (and perhaps one or two rules for quantifiers). Such Hilbert-
type axiomatizations are given in [9], [8], [25] as well as many other places.

Underivability results for intuitionistic logic are mentioned mainly to warn
readers at the very beginning and to illustrate the use of model-theoretic meth-
ods later. More detailed information are found in [13], [19], [25].

Most automated deduction programs for intuitionistic logic provide deriva-
tions in such systems as LJm or even LIm*. To extract programs from such
derivations, it is possible to use term assignments more ot less mimicking Kripke
translation x in Chapter 16. Optimization of arising redundancies along the
lines of Section 11.3. is discussed in [3], [23]. These techniques have their origin
in the translation of cut-free L-style derivations into normal natural deductions
described in [19].
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Intuitionistic Propositional
Logic



Chapter 1

Preliminaries

We use such standard abbreviations as iff for “if and only if’, IH for Induction
Hypothesis (in proofs by mathematical induction), and so on; the symbol =
stands for syntactic identity of expressions, and := denotes equality by defini-
tion. The symbol - indicates the end a proof. We assume some basic knowledge
of the properties of free and bound variables in formulas of predicate logic; in
the treatment of substitution, we follow standard conventions (see for example
[25]). Expressions that differ only in the name of bound variables are regarded
as identical. In the definition of substituting the expression €’ for the variable x
in expression e, either one requires no variable free in e’ to become bound by an
operator like Vz, 3z, Az in e (that is, €’ is free for x in e, or there are no clashes
of variables), or the substitution operation is taken to involve a systematic re-
naming operation for bound variables, thereby avoiding clashes. Having stated
that we are interested only in expressions modulo renaming bound variables, we
can without loss of generality assume that substitution is always possible. The
abbreviation FV is used for the set of free variables of an expression.

It is often convenient to work with finite multisets, that is, finite sequences
modulo the ordering: Permutation a;,, .. ., &;, isidentified with ay, ..., an, but
the number of occurrences of each «; is important. Multisets of formulas are
denoted by I',T';, A, Ay, ... . The notation a,T is used for the result of adding
(one more occurrence of) a to the multiset I'. The notation I', X means the
multiset union of I' and ¥: Occurrences of the same formula are not contracted,
for example, {«, o}, {a,0,a} is {a, o, a,a,a} .

The [I', A represents the multiset union of ', A and a possible identification
of some formulas in A with identical formulas in I'. For example:

[{a’a’ﬂ7ﬂ}){a’ a) a’7’7}]
can be any of:
{a)ala!a’a’ﬂYﬂ"Y)'r}){a?ala)a)ﬂiﬂ’7)7}){aia!a’ﬂ)ﬂ"y,‘y}’

but not {a) a, B, ,Ba7:7}'



Chapter 2

Natural Deduction for
Propositional Logic

Formalization of intuitionistic logic was obtained by dropping some axioms of
classical prepositional logic or classical propositional calculus abbreviated CPC .
Readers are assumed to know basic properties of this latter system. In the
following we recall some facts about CPC and fix notation.

2.1. Syntax

Formulas of propositional logic are constructed in the standard way from propo-
sitional variables or propositional letters and a constant L by means of logical
connectives V, &, —. Symbols p, g, r, s,p1,91, 11 and so on, represent proposi-
tional variables. Symbols a, 8,7, ...,a1, 81,71, - .. represent formulas.

Other connectives and the constant T are treated as abbreviations:

—a:=(a—1), T=-l, peg=((r—9kig—p)

EXAMPLE 2.1. p, ¢, (p&q), (pV (p — 4)), (((p — —¢) — p) < p)are formulas.

We often drop outermost parentheses as well as parentheses dividing terms
in a conjunction or a disjunction.

Let us describe our basic system NJp of intuitionistic propositional logic.
The additional rule 1. of double negation leads to a system NKp that is com-
plete for deriving propositional tautologies, that is, classically valid formulas. It
is convenient to work with sequents:

Qy,...,0p =2«
read “Assumptions ay,...,an imply a” or a1& ... &a, — «. The formula o
is called the succedent of the sequent. The part aq,..., o, to the left of = is

called the antecedent, and it is treated as a multiset (see Section 1).
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2.2. Intuitionistic Propositional System NJp

Axioms:
a=>oa

Inference rules (I, E stand for introduction, elimination):

' a A=>,3&I
[T, A] = a&p I'®a

' = a&p = a&p

= &FE m&E

I's>(a—p) A=a 7 a®, =
rAl=f 7 T=(@—=f)

I

F=>a =23

rs@vd ! Ts@vy Y

I'=aVvp a®A=2¢ X4
L,A,L]=¢

F=>1
=46

I

vE
L

The superscript ° in the rules — I, VE means that the corresponding assump-
tions may be absent. Theformula 8 in the rule 1; is atomic (but this restriction
is removed in Section 2.5.).

Two further rules are derivable in NJp:

a,a,I'=>¢ '=>4¢
_—_a,rz?d) contr __a,I‘=>¢ weak

2.3. Classical Propositional System NKp

Classical Propositional Calculus is obtained by adding the classical negation rule
L. for proofs ad asurdum to the system NJp:

-a,'=> 1
I'2a

A natural deduction or a proofin the system NJp or NKp is defined in a standard
way: It is a tree beginning with axioms and proceeding by the inference rules
of the system. A sequents is deducible or provable if it is a last sequent of a
deduction. A formula a is deducible or provable if the sequent => eis provable.

Notation d: I' = « indicates that d is a natural deduction of I' = «, and
I' F & means that the sequent I' = a is derivable in NJp.

Axiom a = « introduces assumption o. We sometimes treat weakening
of axioms, that is sequents I';a, A = a as axioms. Applications of inference
rules (or inferences) transform goal formulas written to the right of = and
leave assumptions intact except for — I and V E-inferences, which discharge
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the assumption a (VE discharges also assumption 3). Everyconnective © has
two rules: An introduction rule ®I for proving a formula beginning with the
connective and an elimination rule ®F for deriving consequences from proved
formula beginning with this connective.

Unless stated otherwise, we are interested in derivability in the system NJp.
The most important exception is Section 2.9., and after that most of our deduc-
tions do not use the rule L..

EXAMPLE 2.2. The formula p — (¢ — p)is derived in NJp by two— I-
inferences from the axiom p => p:
p=p
pP=>q—p =
=>p—(g—p)

-1

I

EXAMPLE 2.3. The formula(p — (¢ = r)) = ((p — ¢) — (p — r)) is derived
as follows: Assume premises p — (¢ — r),p — ¢, p of the implication and use
— E to infer successively ¢ — r,q and . Then use — I three times to recover
the whole formula:

Po@—2n)=p—@=r) PP L psgmp—g pp
p—=(g—r)pdg—or P—q,p=>4
p—=(g—=r)p—oqp=>r —
p—(@—r)pogap—or
p=(@—=r)=>@pP—-9—-(p—r) o
d:=>p-@-r) (-9 —~@—r)

- F

-]

We do not attach rule annotations like — E,— I in the deductions that
follow.

2.4. Abbreviated Notation for Natural Deduc-
tions

For a natural deduction d, let d~ be the result of deleting all the assumptions
and = ( as well as repetitions of the sequents) from d. For example the previous
deduction d becomes
p—(@—r) p pog p
g—-r q
—r _
p—r
rP—9—(@—r)
&=: p—=(@—-r)—= (-9 —-(—r1)
The derivation d can be recovered from d~ (and some information on assump-
tions that can be disregarded at this stage).
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EXAMPLE 2.4. To derive (p&q) — p, assume the premise and apply &E
followed by — It
pkq
N
(p&q) —p

EXAMPLE 2.5. Toderive p — (¢ — (p&q)), assume both premises and apply

&I
P q

plq
g — (p&yq)
7 — (g — (peq))

EXAMPLE For p— (pV q) use VI:

_P_
pVyg
p—(pVy)

EXAMPLE 2.7. For (p = r) = ((g = r) = ((pV ¢q) — 1)), assume all
premises and use VE combined with deductions of r from premises. We show
a nonabbreviated deduction here to demonstrate handling assumptions in VE-
inference:

Pr=p—T PP (DT T =4
pVeg=>pVyg p,p—or=>r $,q—>r=r
p—rqg—rpVeg=>r
p—org—r=>(pVg —or
p—=r=(g—r)— (Ve —r)
2>@—-r)=(g—r)—((pve —r)

The next two Examples illustrate treating negation —a as an abbreviation
for the implication & — L.

ExampLE 2.8. For —p — (p — ¢), apply — E (and recall that —p is an
abbreviation for p — L):
PP

=

P—q
p—(p—9q)
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EXAMPLE 2.9. For (p — ¢) — ((p — —¢) — -p), apply — I:
pP—"™q p p—>q Pp
i
L
R
(p——q)— -p
P—=9—(p——q) —-p)

EXAMPLE 2.10. Here is a derivation of ==(pV —p):

_P
~(pV-p) pV-p
L
=P
=(pV —p) pV-p
R S
~~(p V —p)

2.5. Derivable Rules

It is often convenient to treat a series of inference rules as one rule.

DEFINITION 2.1. A deduction of a sequent S from sequents Si,...,Sn is a
tree beginning with axioms or sequents Sy,...,Sy and proceeding by inference
rules.

A rule
S w350
S
is derivable if there is a deduction of S from Si,...,Sy.

EXAMPLE 2.11. The cut rule:
's>a ol'=pg

T= 3 cut
is derived as follows:
oa,l'=>8
I'=2o0—-p0 I'sa
r=p
Weakening and contraction are derivable as follows:
B,BT -«
I=>a [2f—-B—a) =5
'=>f8—a =20 BIl=p8—a g=p

B,=a BI=a
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LEMMA 2.1. The rule L1; with arbitrary a:

=1
|

is derivable.

Proof.We use induction on a. Induction base («a is atomic) is the rule of NJp.
Induction step (composite a& = ¢ ® ¢ for ® = &,V,—) uses the introduction
rule for ®, for example:

' L '=> L
byl[H = ¢ byIHI‘=>1/)&I
T = ¢&y

LEMMA 2.2. The rule

F=>a1,...,r=>an
r=2a

(R)

is derivable iff the sequent T = ay = (ag — ... = (ap > f)..) =T > ap is
derivable.

Proof.(R) is obtained from I' = ag by a series of — E. Viceversa, I' = agr
is obtained from T, ey,...,0i,...,an => a;, (§=1,...,7)by (R) and a series
of = I.

EXAMPLE 2.12. An instance of the rule in the previous Lemma:

I'®>a1—ay..I'>an_1 —a,
'=a0—a,

Trans

EXAMPLE 2.13. Relaxed versions of two-premise rules. For every derivable

rule:
I's3a T4

r—¢ I

the rule
I'=2>a A=0

[F’A]—'¢

is derivable too, since the sequent @ — (8 — ¢) = a — ((¢ — B) — (0 — ¢))
is derivable. Hence it is possible to assume the assumptions I'are the same in
all premises of the rule.
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2.6. Direct Chaining and Analysis into Subgoals

The problem of deriving given sequent (goal) S can often be reduced to deriving
simpler sequents (subgoals), say, Si, Sz, if the rule

S S

S

is derivable. Let us list some of these rules.

Rules for analysis into subgoals
LEMMA 2.3. The following rules are derivable in NJp: — I, &I, VI,

a,l'sp Blza £ a,l'=>¢ BT=2¢ N a®T=> 1
T=2a—g aVBT=¢ = -a

-

Proof.— I: expand abbreviation & « g into (& — B)&(f — «) and use
- 1&I
V =: use VE with the first premise a VB =>aV B. -

Rules for direct chaining

Sometimes applying elimination (and very similar) rules to assumptions quickly
produces the succedent of the sequent. Some of these rules follow.

LEMMA 2.4. The following rules are derivable in NJp: — E,&E,~E, 1;,
V => (see Lemma 2.6.), Trans (Example 2.5.),

I‘=>aHﬂHE I‘=>a4—>ﬁHE F—'J'.L' ' = -a AéaﬁE
Fr=a—-p 's>pg—a r=8= [T,A] =8
Proof.— E: expand a «~ f and use &E. 4

DEFINITION 2.2. A deduction using only rules mentioned in Lemma 2.6., cut
and structural rules is called direct chaining.

Note. A good heuristic for deducing I' = « by direct chaining is to take
I' as the initial set of data and saturate it by adding conclusions of all the
rules except V =, mentioned in Lemma 2.6. plus cut (Example 2.5.), restricting
applications of L; to subformulas of T, &, producing say I’y = I't. Stop if ais
obtained, otherwise apply V = bottom-up for each formula eV g € T, that is,
form (a,I'1)* and (8,T1)*. Now add all formulas v € (a,T1)t U(8,T1)* to Ty
forming ;. Iterate the process till it stops.

EXAMPLE 2.14. po,po — P1,-..,Pn—1 — Pn = Pn is Obtained by n — E-

inferences.

EXERCISE 2.1. Derive po, po — p1&pz,pr — p3, p2 — pa,p3 — (pa — ps) =
ps by direct chaining.
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ADC method of establishing deducibility

The approach opposite to direct chaining is often useful for reducing the goal
formula. In Examples 2.3. and 2.3., when the goal was an implication ¢ =
a; — (... = (an — ¥)...), it was reduced to a sequent ai,...,an => ¥;
that is, this sequent was derived, then — ¢ was deduced from it by n — I-
inferences. In other words, the goal ¢ was successively reduced to subgoals
b1 =az = (.. > (an = ¥)...), ..., ¢a = 1,...,a5 = . A natural
deduction of — ¢ was constructed from the bottom up:

¢n§al,:::)an=>¢'
h=ar=>ay—(...—(an—9)...)
d=ar—(..=(an—9¥)...)

One of the most straightforward methods of establishing deducibility of a
sequent I' = o consists in its analysis into subgoals I'y = «;,...,I'y = a, using
Lemma 2.6., and establishing each subgoal by direct chaining. We say that a
sequent A => «a V f is established when one of A => «, A = Bis established.
The combination of Analysis and Direct Chaining described above will be called
ADC-method or simply ADC. It is not complete: some valid formulas are not
deducible by ADC.

PROBLEM 2.1. Estimate the complexity of ADC and find a suitable subclass
for which it is complete.

2.7. Heuristics for Natural Deduction
Recall that T' + ¢ means that the sequent I' = ¢ is derivable in NJp.

LEMMA 2.5. Every sequent derivable in NKp (and hence in NJp) is a tautology
according to classical truth tables (see Chapter 2.9. ).

Proof.For a given truth value assignment v define
v(ay,...,an = a) = v(&i<nai — @) = max(l — min(v(a1),...,v(an)), v(a))

Check that every rule preserves truth (that is, value 1) under every assignment
v. For example, for the rule — E assume that v(&[' — (¢ — f)) = land
v(&I' — o) = 1. We must prove v(&I' — 8) = 1. If v(&I') = 0, we are done.
Otherwise v(a — ) = 1 and v(a) = 1;hence v(f) = 1: See the truth table for
—. -

The converse of the previous Lemma is Theorem 2.9.2below. As stated in the
Introduction, and proved in Section 5.4., some tautologies including ==& — o
are not derivable in NJp.

LEMMA 2.6. T+ a— Biff T,at g8
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One direction is — E, the other direction is — I:

I'a—f8 a=2>a Ie= 4
Ia=p4 '=sa—-p

..|

EXAMPLE 2.15. Deduce o« — ¢ = gwhere a = ((p — ¢) — p) — p. By
Lemma 2.7. it is sufficient to deduce & — ¢,(p — ¢) — p = p,which is reduced
to @« — ¢q,p = ¢, then to p = «, then to p,(p — ¢) — p = p, which is a
(weakening of an) axiom.

Let us write the deduction in an abbreviated form:

P
a—q «
_9
p—q9—p DP—q
p
a—gq o

Heuristics for Disjunction

LEMMA 2.7. aV B, TH ¢ iffe, T+ ¢ and 8,T = ¢.

Proof.a V 3,I' F ¢implies a,I' F ¢ by a - « V 8. On the other hand,
a, '+t ¢ and B, = ¢ imply aV 3, T+ ¢ by VE. ~

Heuristics for Negation

Recall that ~a = (e — 1). We list some provable properties of negation to be
used later.
LEMMA 28. (a) TF-e iff T,ak L
(b) double negation introduction and elimination:
(bl) F a = ~—a
(b2) F === & na
(b3) F ==~L— L
(c) de Morgan’s laws valid intuitionistically:
F=(aV B) & (-a&—p)
F =(a&p) ~ (e — =)
k(e = f) & (mmak-p)
(d)T+ L iffTF e, TF =afor some o
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Proof(a) Expand —e into @« — L and use Lemma2.7..

(bl) Use ADC. (b2) Use ADC and (bl). (b3) ~~L = (L — L) — L. Detach
derivable L — 1.

(c) Use ADC and the introduction rule for the negated connective. For
example, =(a V B) — (~ad&—p) is reduced by analysis to ~(a V 8),a + 1 and
-(aV f),8F L; it remains to apply e F a V 8.

(d) Use -FE, L;. -
LEMMA  2.9.
a—f,~a— f=> 1is derivable in NKp (2.1)
a— B,~a— B =>--0 . is derivable in NJp (2.2)

ProofFirst prove in NJp that:
-f,a—f,~a—pFFL (2.3)

by direct chaining via ~8,& — # F -a. Now use (2.3) as a premise of the
— I-rule in NJp to obtain (2.2), and as a premise of the L.-rule in NKp to
derive (2.1). 4
Note. This is the first time we used L.- rule.
In Chapter 3 we prove that I' - L in NJpiff I' = L is a tautology (Glivenko’s
theorem).

2.8. Replacement of Equivalents
LEMMA 2.10. (a) for every connective® € {&,V,—}:

Fleepf)—(a07) ~(B07)

FlaepB)—=(v0a) = (v0h))

(b) In general for every formula v and every propositional variable p:
F(a & ) — (vlp/a] ~ 7[p/B)),
where y[p/a] is the result of substituting o. for all occurrences of p in¥y.

Proof. Part (a) is proved by ADC (Section 2.6.). Consider for example
(@ &= B) = (v — a) & (v — B). Analysis reduces the goal to two subgoals:

a—fy—a,ytf and a = fy—favte.
Direct chaining for the first subgoal is applied to a « 8,7 — a,7,and it yields

a— f,— a,v— a,v,a,p as required. The second subgoal is obtained from
the first one by interchanging a and .
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Consider &« « 8 — (e Vy) « (8 V7). Analysis yiels a « f,aVytF gVy
(and the result of interchanging # and «), and then:

a—f,f—a,aFfVyanda—p,f—ayFpVy.

The second subgoal is immediate by VI, and the first subgoal is obtained by
direct chaining: « — 8, «, 8.

(b) Use induction on 7 with ¥ « < in the induction base and Part (a) in the
induction step. a

2.9. C(lassical Propositional Logic
2.9.1. Semantics: Truth Tables

We recall here some standard elementary definitions. Admissible values for
propositional variables in the standard semantics for CPC are true and false,
often denoted by 1,0.

Truth values of compound formulas are computed from truth values of vari-
ables by the standard rules summarized by the following truth tables. The
symbol T always takes the value 1, and 1 always takes the value 0.

P q|pVe|pkg|p—qg|pPeg
p | —p 0 0 0 0 1 1
1(0 0 1 1 0 1 0
011 1 0 1 0 0 0

1 1| 1 1 1 1

Every given assignment of truth values to variables occurring in a given
formula (zruth value assignment) determines the truth value of this formula.

EXAMPLE 2.16. Let a = pV —pThen for every truth value assignment v
we have v(a) = 1 : Consider cases v(p) = 0, v(p) = 1. So « is true, that is it
takes value frue under every truth value assignment. This means by definition
that aeis a tautology or a valid formula of CPC.

EXAMPLE 2.17. Let a = —(pV ¢g)V p. Consider the assignment »(p) = 0 and
v(g) = 1. Then:

v(a) = v(=(pVa VO =v(~(pVg)) =v(~(0V1)=0

Since a is false under a given assignment, it is not a tautology. The assignment
v(p) = 0,v(q) = 1 is said to be a falsifying assignment for a. Assignment
v(p) = v(q) =1 gives v(a) = 1,50 it is a verifying (or satisfying) assignment.

Since operators V, &, —, -, and so on, defined in this way act on truth values
of their arguments, they are called truth functional operators or truth functional
connectives.
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An operator with one argument (such as —) is called monadic; an operator
with two arguments (such as V) is binary.

We can also state truth table definitions in abbreviated linear form. By
checking against truth tables, it is easy to verify that:

v(—a) =1-v(a)

v(a V 8) = max(v(a), v(8))
v(a V0) = v(a)
v(a Vv =1

v(a&B) = min(v(a), v(B))
v(ak&l) = v(a)
v(a&0) =0

v(a — f) = max(1 — v(a), v(F))
v(1 = B) = v(B)
'u(O N ﬂ) =1

via—pB)=1 iff v(a)=v(B)
o(a o 0) = o(~a)
v(a & 1) = v(a)

EXERCISE 2.2. Prove that ((p < q) < ¢) « pis a tautology, but (((p «
q) < q) & p) « p isnot.
Such tautologies as:
pe—l), (pegde—((p—9dle—p)

justify the treatment of =, « as defined connectives.

2.9.2. Logical Computations

Let us list some derivable formulas encoding truth tables. For a truth value

o =10,1 define
o_ | e ife=1
@ =1 wa ifo=0

LEMMA 2.11.  (a)a® F (ma)™?
(b) ao»ﬂ‘r F (a®ﬂ)®(a,r) foro =V, &)—'aH

Proof(a) Since -0 =1, =1 = 0, we must prove that:
o' = at (=)’ = ~—e and @° = -a F (-a)! = -a.

The second sequent is an axiom, and the first is obtained by ADC.
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(b) Let us list (slightly strengthened) goals in more detail:
a, Bt akp —a bk ~(akf) Bt —(akf)
ataVp Btavy —a,~ g+ ~(aV8)
fra—g —ata—pg o, fFa—p
a,fFra—p -a,-fFae—f a,78F -(a = f) -a, Ak (e — B)

Now use ADC. -
THEOREM 2.1. Assume that all prepositional variables of a formula ¢ are

among pi,-..,Pn, and let v be a truth value assignment to p1,...,Ppn. Then:
pll)(pl), o ,p:)l(p..) - ¢v(® oF p'®) | () (2.4)

Proof. We use induction on¢. If¢ = p;, then (2.4) is an axiom. If ¢ =
¢1 © ¢2, then by IH:

pU(P) - ¢‘l'(¢1), pv(p) - ¢'2J(¢2)'

By Lemma 2.9.24)‘1’("‘), ¢;(¢’) F (¢1 © ¢2)0(#1).0(¢3)) = ¢¥(#) wwhich proves the
induction step. n

THEOREM 2.2. (a) Every tautology is derivable in NKp;
(b) & ==7 in NJp for every tautology T.
Proof. Consider Part (b) first. Let 7 be a tautology, that is, 7 is true

under any truth value assignment v : wv(7t) = 1. Then (2.4) takes the form
p'®) . ph®™) b £ which with 7 — == [Lemma 2.7.(b1)] implies that:

p;’(Pl)’ . 1p:)1(Pn) F =T, (25)

Let us prove in NJ that forany k&, 0 <k <n

P'f(pl), . ,,p’l:("") F -7 for every v (2.6)

by inductionon ¢ = n— k. Then k& = Oyields + ——7. Induction base i = 0,that
is, k = nis (2.5). The induction step, that is, the passage from (2.6) to:

ptey ,pz(_p;") F ——7 for every v (2.7
is proved as follows. Take any v (assumed to be defined only at py,...,pr—1)

and consider v! = v U {pr = 1}, v* = v U {p; = 0}. By IH:

v(p1) (Px-1) v(p1) v(pr—1)
1 y - pk—-l

-"pZ-x P F o7 and pivttz, ..., ,Cpg F o

p

which implies

;’(Pl) v(pr-1

p ooy Proq L

by (2.2) and hence (2.7) by Lemma 2.7.(b2), as required.
To get (a) from (b), note that = = «is derivable in NKp by the 1l.tule.
_I



Chapter 3

Negative Translation:
Glivenko’s Theorem

THEOREM 3.1. (Glivenko’s theorem) T + —a iff &' — —a is a tautology.
In particular a formula beginning with a negation is derivable in NJp iffit is a
tautology.

Proof.By Lemma 2.7., every derivable sequent is a tautology. In the opposite
direction, if a formula &' — -—ea is a tautology, then by Theorem 2.9.2(b),
F ==(&I — —¢a). Now use the implication:

==(7 = ma) = (v — ~a),

which is obtained from an instance of (2.4): v,a = =~(y — —a). —

The remaining part of this Chapter shows that it is possible to embed clas-
sical logic NKp into intuitionistic system NJp by inserting double negation to
turn off constructive content of disjunctions and atomic formulas (which stand
for arbitrary sentences and may potentially have constructive content).

DEFINITION 3.1. Define inductively operation "°$ transforming formulas into
formulas:
p"¢? ;= —=-p  for atomic p

(a&ﬂ)neg s aney&ﬂneg (a —s IB)neg = a9 _, IBneg
(a v ﬂ)neg = ﬂ(_‘aneg&ﬂﬂneg)

In connection with the last clause, note that de Morgan’s law [Lemma 2.7.(c)]

implies that:
b =(~a&—B) — ~~(aV p).

Note also that:
F (_‘a)neg — -n(a"eg),
since (—a@)?®9 = (o™ — —-L) & (a9 — L)

The next Lemma is used to justify the negative translation.

23
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DEFINITION 3.2. A propositional formula is negative ifit does not contain V,
and all atomic subformula are negated.

LEMMA 3.1
(a) F a(a&f) — (-~ad--pB) F~=(a— 8) « (-a — —-f8)

(b) F-o-a—a  for every negative formula o.

Proof .Part (a): Use ADC and Glivenko’s theorem.

Part (b): We use induction on ¢, Lemma 2.7.(bl),(b2), and (a). For the
induction base, we begin with negations of atomic formulas——(-p) — —p.

Induction step. For ® = &, —, a = ¢ © 9, one has

e = —|—v(¢ ® '¢) - (—|—1¢ ® —|—|1/))
~ (¢ ® 9) (by IH).

This concludes the proof since V does not occur in e. -
LEMMA 3.2. Every rule
I'=>¢ A=4¢
=4

of NKp is stable under Godel’s negative translation. That is, the rule:

[™ed = gnesd  Ared = Pnes
Tned - gneg

is derivable and similarly for one-premise and three-premise rules.
Proof. Translations of the rules &I, &E, — I,— E, 1; are instances of the
same rules. Translation of L.

~a"ed T = L
Tnes = ones

is handled by Lemma 3(b). For the rules for V, it is enough to establish the

following:
8 71 + —\(ﬂao&"lal) (z = 0, 1) (31)

—(—g&), p — 079 9 — 679 |- g4 (3.2)

Relation (3.1) is obtained by ADC. To obtain (3.2), prefix the last "¢ by ——
(Lemma 3) and reduce this goal to a subgoal:

b — 079, = 07, ~6"0 b (~¢&~),
which is proved by ADC. -

THEOREM 3.2. A sequent I' => A is derivable in NKpiff I = A" is
derivable in NJp.

Proof .Easy direction: If I'*®? = A™®4 is derivable in NJp, it is derivable in
NKp. Removing all double negations, we obtain I' = Ain NKp.
For the opposite direction, use Lemma 3. -



Chapter 4

Program Interpretation of
Intuitionistic Logic

4.1. BHK-Interpretation

Let us recall Brouwer’s requirement of effective existence: To claim 3z, we
must point out an object ¢ and justify ef[z/t]. To claim a disjunction ag V aj,
we must point out which of the disjuncts is true, that is, select an ¢ € {0,1} and
justify o;.

We describe now a “programming language” and a method of mechanically
extracting programs in this language from intuitionistic proofs. This language
is a version of simply typed lambda calculus [2]. It is based on a semantics
of intuitionistic logic in terms of constructions, presupposing that any formula
A encodes a problem, and corresponding construction ¢ solves this problem or
realizes A. We give an informal explanation of semantics of logical connectives
that evolved from the work of Brouwer, Heyting, and Kolmogorov. It is called
BHK-interpretation. We write cra for “c realizes a@” or “c is a construction for
o’

er(ao A ay) iff ¢ is a pair ¢ = p(ao, ¢1) and agrag and a;ray,
er(ag V ay) iff (¢ = koa and erag) or (¢ = kja and ara;),

cr(a — f) iff ¢ is a function and for every d, if dro then ¢(d)rg,
not er.L.

The last clause is equivalent to:

er—a iff ~dra for every d.

We see that our language for such constructions should include pairing, pro-
jections (components of pairs), injection into a direct sum, forming functions,
and applying functions to arguments.

EXAMPLE 4.1. Realization ¢ of (agpV ay) — (B V B1)s a program that for
every pair £ = p(%, @) such that a realizes a;, produces a pair t(z) = p(j, b) such
that b realizes g;.

25
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EXERCISE 4.1. What are realizations of formulas of the following form:

a — (B&y); (g V 1) — B&(Bo V B1); a— (aVa)—(BoVh)

4.2. Assignment 7 of Deductive Terms

This Section presents a language for writing realizations of formulas derivable
in NJp. Basic constructs of this language are pairing p with projections po, P1
satisfying:

Pi(P(to,t1)) =t;, i=0,1 (4.1)
and lambda abstraction providing explicit definitions:
(Az.t)(u) = t[z/u], (4.2)

where t[z/u] stands for the result of substituting a term u for all free occurrences
of a variable x (of the same type) in ¢. In other words, if 7 is an expression
containing a variable x, it is possible to define a function (denoted by Az.t) that
outputs the value t[z/u] when the value of x is set to u. Sometimes we omit a
dot and write Azt.

Application of a function ¢ to an argument u is denoted by #u). Two more
constructions are connected with disjunction and case distinction.

To indicate that an object ¢ is to be treated as a realization of ¢g in ¢o V ¢1,
we write kot, and similarly for k;¢.

Three-place operation D expresses case distinction for disjunction: If u =
k;t (i € {0,1}) is a realization of a disjunction ¢oV ¢1 and 2o, 1; are realizations
for some formula & depending on realizations Zg, z1 of ¢qg, @1, respectively, then
Dgo,z, (4, 0,t1) is a realization of ¢; formalizing the instruction: If 7 in u = k;t
realizes ¢o (that is, i = 0), then the result is ¢o[z/t];otherwise #;[z/t]. This can
be expressed by an equality:

Dzo,z,(k,'t,to,tl) = t,-[z.-/t], i=0,1. (4.3)

Operation Ly provides a trivial realization of a formula ¢ under the assumption
that a contradiction was obtained.

To formalize the assumption that realizations of some of the formulas are
given, we assume for every formula ¢ of the language under consideration a
countably infinite supply of variables of type ¢. For distinct formulas ¢, the
corresponding sets of variables are disjoint, and the set of typed variables is
disjoint from the set of individual variables. We use z®,y%,z?% for arbitrary
variables of type ¢; we omit the type superscript when clear from the context.

Now we assign a term 7 (d) to every natural deduction d deriving a sequent:

I'=¢. (4.4)

A term u assigned to a derivable sequent (4.4) is supposed to realize a formula
¢ according to the BHK-interpretation under assumptions I'.  We sometimes
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write t® to stress this. To reflect dependence of assumptions, every assignment
depends on a context that is itself an assignment:

2% 1 4y,..., 2% 4,

of distinct typed variables to formulasin I' = ¢4, ..., ¢, written sometimes as z :
T'. These typed variables stand for hypothetical realizations of the assumptions
I’ When a term u is assigned to ¢, the sequent (4.4) is transformed into a
statement:

2% iy, 2% > u or z:I'=>u:¢

Contexts are treated as sets, not multisets. In particular z : I', 2’ : A stands for
the union of sets, and z: I',z: ' =2z :T.

Deductive terms and the assignment of a term to a deduction is defined
inductively. Assignments for axioms are given explicitly, and for every logical
inference rule, there is an operation that transforms assignments for the premises
into an assignment for the conclusion of the rule.

4.2.1. Assignment Rules

Axioms:
zT:p=>zx: ¢
Inference rules:
z:I'=>t:¢ 2 :A=>u: ¢ Ll z:T =t dokth YE
z:I,2 : A= p(tu): (d&y) z:0=>pit: ¢ i=0,1
z:T'=>t:¢;
i VI

z:I,=> kit : (¢o V ¢1) i=0,1

z:T=>t:6Vey (22:4)%2 :A=>t0:0 (y¥:¢)%2":T=¢:0 .
z2:T,2' : A2" : = Dyy(t,to,t1) : 0 ¥

z:P=3t:(¢—¢) 2:A>u:¢ (z:¢)%2:T=>t:9
z:Tz A= t(u): ¢ - z:I‘=>/\x.t:(¢—->¢)_*I
z:l=>1t:1

z:T = Lyt):g
Term assignment 7 (d) to a natural deduction d is defined in a standard way by
application of the term assignment rules. NotationI'= t:acorz:I'= t:«
means that t = T(d) for some natural deduction d: T = a.
The symbol Az binds variable x, and D:vy binds variables x and y. Free
variables of a term are defined in a familiar way:

FV(z):=z; FV(pit):=FV(kit) := FV(L4(t)) := FV(t)
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FV(p(t,u)):= FV(t(u)) := FV(t)UFV(u); FV(Azt):= FV(t) - {z}
FV(Dzy(t,t0,11)) ;== FV(t)UFV(to) UFV(t1) ~ {=, v}

The term assignment can be extended to structural rules so that weaken-
ing does not change term assignment, and contraction identifies variables for
contracted assumptions:

z:I'=>u:¢ sy, z: T =>u:¢
:c::i,,b,z:I‘:#»u:(bwealC z:¢,z:T = ufy/z]: ¢

contr

One simple and sufficiently general way of finding a realization of a formula
is to derive it in NJp and compute the assigned term.

EXAMPLE 4.2. Find a term ¢ realizing (p — ¢) — ({g = ) — (p — 7).
Consider the following natural deduction d:

pP—=qg=>p—q p=>p
gor=>gor D,P—q=>4
P>, q—T,p=>T
PogqoT=>p—T
p—=g=>(q—r)—=(p—r)
2= —((g—r)—(@—r))

Assign terms:
TIp—Q=>TIp—q Z.p=>Z.p
yigqor>y.g—or z:pz:p—og=>=2(z):g
c:p—qyiqg—or,z:p=>ye(z)):r
z:p—qy:qg—-r=>APyz(z)):por
2:pog=> AT AP Y(2(2) (g =)~ (P )
= AP AL Y(2(2)) ((p— )~ (=)= (p— )

Hence T(d) = Az Ayrz.y(z(z)).

Several more examples are

> APz (p—p)

=>APhyflz:p—(g—p)

= AP Kz : (pi — po V1)

ciporyiq—1,2:pVe= Durpalz, z(vf),y(v?)) i r

Hence:

= AzAyAz.Dys pa(z, 2(vF), (7)) : (p = ) = ((g = 1) = (PV g — 7))
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EXERCISE 4.2. Confirm the preceding realizations and find realizations for
the following formulas using deductions in NJp:

p&q — p, p&q — ¢, p — (¢ — p&yq)

=9 —~((p—(g—r))—=(—r)

4.3. Properties of Term Assignment 7

The T(d) is defined up to renaming of free variables assigned to axioms. If
d:T = ¢, that is, d is a deduction of ' = ¢, then z: T = 7T(d) : ¢.

In fact the operation 7 is an isomorphism: It has an inverse operation
(denoted by D below) preserving both syntactic identity and more important
relation of #-equality (see Chapter 5 below).

DEFINITION 4.1. (operationD ). For every deductive term t% with FV(t) = P

we define a deduction:
Dt): T = ¢ (4.5)

If t* = z% then D(t) = ¢ => ¢ (Axiom)
If t% = p;u?o®%1 then D(t) is obtained from D(u) by &E:

’D(u) S ¢o&¢1
D(piu): I'=> ¢

&E

If $9%9 = p(u®,v¥) with FV(u) = 2%, FV(v) = 2’4, then:

Du): Z=>¢ Dv): A=>9 &I
D(p(u,v)) : [E,A] = ¢&y ,

where occurrences of identical assumptions in X and A are identified in [T, A]

exactly when these occurrences are assigned the same variable in the contexts
z:¥X and 7' : A.

If t¥ = u$=¥(v?), then D(t) is obtained from D(u), D(v) by — E with the same
identification of assumptions as in the previous case.
If t4=% = Azb.u¥, then:

D(u): (¢)°,T =9
DAzbu): Ty

where assumption ¢ is present in the premise iff * € FV(u).
If t¢oVé1 = k,u, then:

D(u): I'=> ¢
’D(k,-u) T2V
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If 1% = Dyo v (u®V¥ £§,49), then:

Dw): T= ¢V D(to): (6)°A=0 DE): (¥)°E=0
D(Day(u,10,01)) : [T, A, %] = 0 V&

with the same identifications of formulas in [T';A,X) as before. Assumption ¢
is present in the second premise iff® is free in to, and assumption ¥ is present
in the third premise iff y¥ is free in t;.

LEMMA 4.1. Up to renaming of free and bound variables,
(a) D(T (d)) = d for every deduction d
(b) T(D(t)) =t for every deductive term t

Proof. We establish Parts (a),(b) by a simultaneous induction on d, . The
induction base (axiom d or variable t = z?) is obvious. The induction step is
proved by cases corresponding to each of the inference rules. Consider one of
them:

(a) d: T = ¢; is obtained from e : T’ => ¢ode¢;1 by & E. Then 7(d) = p;7(e)
by the definition of 7, and:

’D(’T(e)) : I'=> ¢o&¢1

DT@) T=d °F

by the definition of D. But the latter figure coincides with d, since D(T'(e)) = e
by IH.

(b) 1% = pys?¥#1_ Then D(t) is obtained from D(s) by &E and T(D(t)) =
pPiT(D(s)) = pis (by IH) =t as required.

Other cases are similar. ~



Chapter 5

Computations with
Deductions

Let us recall that the conclusion of the rule 1; is assumed to be atomic.

5.1. Conversions and Reductions of Deductive
Terms

Relations (4.1-4.3) are naturally treated as computation rules that simplify the
left-hand side into the right-hand side. In other words, an operational semantics
for the language of terms is given by the following term conversion (rewriting)
rules:

Az t)(#') conv tz/t] (5.1)
pi(p(to,t1)) conv t; i=0,1 (5.2)
Dyy o, (kit, to, £1) conv t{zift], i=10,1 (5.3)

These relations are called S-conversions. [Originally the term referred only to

G.D].

One-step reduction red; is a conversion of a subterm:
ifu conv v/ then t[z/u] red; t{z/v’]. (5.4)

Here u is a redex and ' is a reductum.
The relation red is a transitive reflexive closure of redy: ¢ red t' if there is a

reduction sequence:
t=to,...,ta=t' (n>0)

such that ¢; red; ti41 forevery i < n.

A term ¢t is in normal form or t is normal if it does not contain a redex; ¢
has a normal form if there is a normal s such that ¢ red s. Reduction sequence
is an analog of a computation, and a normal form is an analog of a value.

31
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5.2. Conversions and Reductions of Natural De-
ductions

Let us describe transformations of natural deductions corresponding to a re-
duction of terms. Each of these transformations converts an occurrence of an
introduction rule immediately followed by an elimination of the introduced con-
nective. Such a pair of inferences is called a cut in this Section. We do not
elaborate here on a connection with the cut rule of Example 2.5..

The &-conversion corresponding to the pairing conversion (5.2):

do: P=>¢o di: A= ¢

T Al dolir
d: [I'A] - ¢ conv do: T = ¢o

Note that conversion can change the set of assumptions.

A description of remaining conversions uses a substitution operation for nat-
ural deductions. Let us recall that in every inference (application of an inference
rule), each occurrence of an undischarged assumption formula in a premise is
represented by an occurrence of the same formula in the conclusion, which is
called its immediate descendant in the conclusion. For any natural deduction,
starting with an assumption formula in the antecedent of one of the sequents,
we are led successively to unique descendants of this occurrence in the sequents
below it. The chain of such descendants stops at discharged assumptions. An-
cestors of a given formula (occurrence) are occurrences that have it as a descen-
dant. We say that a given antecedent formula (occurrence) is traceable to any of
its ancestors (including itself). Each occurrence has at most one descendant in
a given sequent. It is important to note that all ancestors of a given (occurrence
of) assumption are assigned one and the same variable in the assignment of
deductive terms to deductions.

EXAMPLE 5.1. Consider the following deduction of a sequent § — ¢ = g¢,
where 6 = pV (p — q).

p=p
b—oqg=>b6—q p=é
b—qp=>4
b—og=>p—yg
e e B =Y
§—qg=>4q

Underlined occurrences of the assumption & — ¢ are ancestors of the lowermost
occurrence of this formula.

For given deductions d and d’ of sequents «,' = 3, and A = «, the result
of substituting d' for « into d is obtained by replacing all ancestors of a« in
d by A and writing d' over former axioms a = «. Taking deductive terms
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into consideration and writing the result of substitution at the right, yield the
following:
. Yy:A=>s:a

1./ N1/
z:o,z V>t p z,y: [[",A] = t'[z/s] : &
N/

2l
%

d:y:A=>s:a d:z:0a,z:T=2t:1 z,y : [[A] = t[z/s]: 8

The arrows '\ show possible branching of the deduction at the binary and
ternary rules (&I, — E,VE).

LEMMA 5.1

(a) All inference rules are preserved by substitution.

(b) Operations T, D commute with substitution under suitable proviso to avoid
collision of bound variables.

(8T ) If a deduction e is the result of substituting a deduction d' : A = « for
the assumption (occurrence) ¢ : « into a deduction d: z: o, T = 8, then:

T(e) = T(d)[z/T(d)] (5.5)

(¥D) The deduction D(tP[z®[s*]) is the result of substituting a deduction D(s) :
A = o« for the assumption (occurrence) T : « into a deduction

D#): z:a,T = 4.

Proof.Check the statement for each rule of NJp and apply induction on the
length of deduction. B
The —-conversion is now defined as follows:
u.o=>u.«a

. N1/ 5
zZ :TVu:a=xt': 3 A .
7/ ez
z:Tu:a=zt:p 2y [[',A] = t[u/s] : B
z:I'22Mut:a—>f y:A>s:a NI/

z,y : [[,A] = (Aut)s: g conv  z,y:[[,A]=t[u/s]: B

The result of conversion is obtained from the derivation of the premise of — I
in the original derivation by substitution. If there is no dependence on the
assumption « in the —-introduction, then the result of conversion is just the
given derivation of T' = £.

The V-conversion:

. 9=>2%: ¢
N1/
%,z A >th 0
z:I'=>t:¢ N1/
z:T=>kot:oVy z%:¢,2:A=>t5:0 y¥:¢9,2" L=t :0
z,2z',2" : [[,A,Z] = Dy y(kot, t0,21) : 0
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z:I=>t%:¢
\1./
z:T,21 : A =tz /t] . 0
N1/
conv [z,2] : [T, A] = to[z/1]) : 6

The result of conversion is obtained from the derivation of the second premise
of the VE in the original derivation by substituting for z¢ : ¢ the derivation of
the premise of VI. If there is no dependence on the assumption z? : ¢ in the
second premise of VE, then the result of conversion is the given derivation of
that premise A = 8. The V-conversion is defined similarly when the premise of
V-introduction is I' = .

Terminology related to reduction and normalization is transferred to natural
deduction. In particular a deduction is normal if it does not contain cuts. There
is a perfect match between natural deduction and deductive terms.

THEOREM 5.1.  (Curry-Howard isomorphism between terms and natural de-
ductions).

(a) Every natural deduction d in NJp uniquely defines T(d) and vice versa:
Every term t uniquely defines a natural deduction D(t).

(b) Cuts in d uniquely correspond to redexes in T(d), and vice versa.

(c) Every comversion in d uniquely corresponds to a conversion in T(d), and

reduction sequences for d uniquely correspond to reduction sequences for T(d),
and vice versa.

(d) The derivation d is normal iff the term T (d) is normal.
Proof.Contained in preceding figures. 4

EXAMPLE 5.2. Consider the following deduction d of a sequent o — ¢ = g,
using abbreviations:

a=(((p—9)—p)—p), =(@VP—4q)and Az ¢= ¢=>¢

for every formula ¢.

p=>p
Az b—q p=2>96
b—q,p=4q

b—q=>p—yg
Az 6 — ¢ §—q=>6
b—qg=>q
>@6—q9)—q A a—>qg=>6—9
d: a—q¢g=>q¢
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where:
Az (p—q)—p Azp—q

p=>p (P—9—-pPp—g=>p
Az b6 p=a P—q=>«
Az o — ¢ b= a
a—q,6=>q
d:a—qg=>8—-9¢

Let us compute the term 7 (d) assigned to this deduction d and terms as-
signed to its subdeductions, using variables £*~9, 59, 2P u®, vP—e wP— 90—

22
¥ koz wP— =P P4
W(koz) e )
Az.y(koz) u? Aw.2P Aw.w(v)
¥~ kdzylkez) =77 D, ,(u, Aw.z, Aw.w(v))
ylkiAz.y(koz)) z(D, o (4, Aw.z, Aw.w(v)))

Ay.ykiAz.y(koz))  Au.x(D;o(u, Aw.z, Aw.w(v)))
(Ay.y(kidz.y(Aw.2)))(Au.z(D; o (u, Aw.z, Aw.w(v))))

The last — E and the immediately preceding — I form a cut. Reduction of
this cut leads to the following deduction dy:

p=p
dl:a—sqg=>6—-q p=>6
a—=q¢p=4q
a—=q¢=>p—4q
&I a—qg=2>b—9g a—qg=>6

di:a—q=>q

Since deduction d? ends in an introduction rule, both occurrences of § — gq
derived by d? give rise to cuts. Reducing the upper cut results in the following
deduction of o — ¢,p = ¢:

Az (p—q)—p Azp—q
Azp p=p (o9 —pP—og=>p

p=>6 P a P q=>
Az o — ¢ P = a

dl: a—q,p=>gq

The V-introduction with the premise Ax p deriving §in df is immediately
followed by VE. Reducing this cut results in:

p—p
Aza—q p=>a

dl:a—qp=>gq
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Thus the original derivation d is reduced to:

Az(p—q)—p Azp—g
p=>p (P—9—pp—q=>p

p=pr
Aré p=a pPoqg=>u Aza—q p>a

Aza —q = a a—q,p=>4q
a—q,6=>9q a—>q=>p—4

d?: a—qg=>8—¢ a—g=>6

d2: a—q=>¢q

Reduce the only cut in dy (at the end):

p=>p
Aza—q P a
a—q,p=>q Az (p—gq)—q Azp—gq
*>9=P~9 p=p (P—g—ap—a>p
a—qg=>6 P=>a pP—oqg=>a
Az a—q a—-q=a

di: a—q=gq

Reduce the only cut in ds: VI, introducing § followed by VE:

p=>pr
Aza—q p=>a
a—q,p=>q
Az (p—og)—q a>qg=>p—og
(P—mg)—ga—g=>p
Az o — ¢ a—q=>a
dy: a—q=gq

This normal deduction is the same as in Example 2.7..
To get a better feeling of the Curry—Howard isomorphism, let us normalize
the term 7 (d):

(Ay.y(k1Az.y(ko2)))(Au.z(D; s (u, Aw.z, Aw.w(v)))) conv

((Au.z(D;,p (u, Aw.z, Aw.w(v)))) (k1 Az.(Au.2(D; o (u, Aw.z, Aw.w(v))))(koz)))
= T(dl) redl

(Auw.z(D; (4, Aw.z, Aw.w(v))) ) ki Az.2(D; v (koz, Aw.z, Aw.w(v))))

red;
(Au.z(D; o (u, w.z, ow.w(v)))) (k1 Az.z(Aw.2)) = T(dz)
red
1 z(D, v(kiAz.2(Aw.2), Aw.z, Aw.w(v)))
= T(da) red1

z(Aw.w(Az.z(Aw.2))) = T(ds) = |T(d)|
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5.3. Normalization

Let us measure complexity of a formula by its length, that is, the number of
occurrences of logical connectives:

lth(p) = 0; Ith(¢p&y) = Ith(¢ V ¥) = lth(¢ — ¥) := Ith($) + ith(¥) + 1

The complexity or cutrank of a cut in a deduction is the length of its cut formula.
In the language of deductive terms:

cutrank((Ae®.t¥)u?) = cutrank(pip(t?, s¥)) = cutrank(D,s¢ yv(kit, 50,51))

= Ith(g) + Ith() + 1

Let maxrank(t) be the maximal complexity of redeces in a term ¢ (and 0 if 7 is
normal).

LEMMA 5.2. (a) Ift, s are deductive terms, t # z®,and t{z®/s®)] is a redex, then
either t is a redex (and cutrank(t) = cutrank(t[z/s])) or one of the following
conditions is satisfied:

t=z(t) t = piz t = D(z,t0,t1)
s=Mys or s=p(so,s1) or s = k;s' (5.6)

and cutrank(t{z/s]) = lth(¢)

(b) Ift® conv t' and cutrank(t) > cutrank(s) for every proper subterm s oft,
then mazrank(t) = cutrank(t) > mazrank(t').

Proof. Part (a) says that really new redeces in a term can arise after a
substitution only where an elimination rule was applied to a variable substituted
by an introduction term. Indeed it is easy to see by inspection that every other
non redex goes into a non redex. A complete proof is done by induction on the
construction of .

To prove (b), note that:

mazrank(t) = cutrank(t) > mazrank(s) (5.7

for every proper subterm s by the assumption, and consider possible cases.
If t = pip(to,t1) conv t;, then mazrank(t) > mazrank(t;) by (5.7). If t =
(Az®.t0)(s) conv to[z/s] = t', then by Part (a) every redex in t’ either has
the same cutrank as some redex in %o [which is less than cutrank(t) by the
assumption] or has cutrank length(¢) < cutrank(t).

Ift = Dy, 2, (kit, S0, 51)) conv si{zi/t], the argument is similar. -

THEOREM 5.2. (normalization theorem). (a) Every deductive term t can be
normalized.

(b) Every natural deduction d can be normalized.
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Proof. Part (b) follows from Part (a) by the Curry-Howard isomorphism.
For Part (a) we use a main induction on n = mazrank(t) with a subinduction
on m, the number of redeces of cutrank n.

The induction base is obvious for both inductions. For the induction step
on m, choose in ¢ the rightmost redex p of the cutrank n and convert it into
its reductum p'. Since p is the rightmost, it does not have proper subterms
of cutrank n. By Lemma 5.3.(b) mazrank(p) = n > mazrank(p’). Write
t = t'{y/p) to indicate the unique occurrence of p in #: The variable y has
exactly one occurrence in #’, term ¢’ has exactly m— 1 redeces of cutrank n, and

t = t'[y?/p®] conv t'[y/p']

Applying Lemma 5.3.(a) to t'[y/p'], new redeces have cutranks equal to {th(¢) <
mazrank(p’) < n, and old redeces preserve their cutranks. Since the redex p
of cutrank n disappeared, the m decreased by one, and the induction step is
proved. o

5.4. Consequences of Normalization

The principal formula of an elimination rule is the succedent formula explicitly
shown in the rule and containing eliminated connective: «&8in &FE, and so on.
The principal premise contains the principal formula.

A main branch of a deduction is a branch ending in the final sequent and
containing principal premises of elimination rules with conclusions in the main
branch. Hence the main branch of a deduction ending in an introduction rule
contains only the final sequent. In any case the main branch is the leftmost
branch up to the lowermost introduction rule or axiom.

THEOREM 5.3. (properties of normal deductions). Let d:T = v be a normal
deduction in NJp.

(a) Ifd ends in an elimination rule, then the main branch contains only elimina-
tion rules, begins with an axiom, and every sequent in it is of the form TV = «,
where T C T and a is some formula.

(al) In particular the axiom at the top of the main branch is of the form o = o
where a € T.

(b) IfT' =9, then d ends in an introduction rule

Proof .Part (a): If d ends in an elimination rule, then the main branch does
not contain an introduction rule: Conclusion of such a rule would be a cut. Now
Part (a) is proved by induction on the number of rules in the main branch using
an observation: An antecedent of the principal premise of an elimination rule
is contained in the antecedent of the conclusion. Part (al) immediately follows
from (a).

Part (b): Otherwise the main branch of d cannot begin with an axiom by
(a). —
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THEOREM 5.4. (disjunction property, Harrop’s theorem).
(a) If b ooV ay, thent a; for somei=0,1.
(b) If "Bt apV ay, then =+ «; for some i =0, 1.

Proof .Part (a) follows from Theorems 5.3. and 5.4.(b). For Part (b) consider
the last (lowermost) rule of a given normal deduction of the sequent in question.
If it is an introduction, we are done, as in Part (a). If it is an elimination,
consider the axiom and the very first (uppermost) rule in the main branch. The
axiom is -8 = —f by Theorem 5.4.(a). Hence the first rule is —-elimination
(recall that =3 = g — 1):

o131 f—-1=20
f—L—1

Conclusion of this rule implies =8 = v for any 7. =

COROLLARY 5.1. The law of the excluded middle and the law of double negation
are not derivable in NJp:

Proof By disjunction property F pV-p implies that one of p, —p is derivable,
but none of these is even a tautology. If F -—p — p, then substituting p := ¢V—q
and using —=—(g V —¢) (Example 2.4.), we obtain F g V —~q. —
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Coherence Theorem

6.1. Structure of Normal Deduction

An occurrence of a subformula is positive in a formula if it is in the premise
of an even number (maybe 0) of occurrences of implication. An occurrence is
strictly positive if it is not in the premise of any implication. An occurrence is
negative if it is not positive, that is, it is inside an odd number of premises of
implication. The sign of an occurrence in a sequent I' = « is the same as in the
formula &T' — .

THEOREM 6.1.  (subformula property). Let d : T = 4 be a normal V-free
deduction.

(a) Ifd ends in an elimination rule, then the main branch begins with an axiom
a = a fora € T and all succedents in the main branch are strictly positive
subformulas of @ (and hence of T').

(b) All formulas in d are subformulas of the last sequent.

Proof. Part (a) is proved by an easy induction on the length of d. The
induction base and the case when d ends in an introduction rule are trivial.
If d ends in an elimination rule L, the major premise of L takes the form
I = v/, with I¥ C T and ' strictly positive in @ by IH. Since the succedent
in the conclusion of & E, — F is strictly positive in the major formula ¥, this
succedent is strictly positive in a as required.

Part(b): Induction on the deduction d. The induction base (axiom) is trivial.
In the induction step, consider cases depending of the last rule L:

Case 1. The L is an introduction rule. Then all formulas in premises are
subformulas of the conclusion, and the subformula property follows from IH.

Case 2. The L is an elimination rule, say:

I'sa—-p0 A=a
[I,A]l=p8

41
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By part (a) @ — 8 is a subformula of the last sequent. By IH all subformulas in
subdeductions are subformulas of T', &« — #, A, &, and hence of the last sequent.
_.{

6.2. 7-reduction

For applications to category theory, we require a stronger reduction relation than
B-reduction. The n-conversion for deductive terms corresponding to deductions
in the language {&,—}is defined as follows:

P(Po(t), P1(?)) conv ¢,
Az.(tx) convt provided & ¢ FV(1).
Corresponding conversions for deductions are as follows:

d:T = ¢o&dr d:T = ¢o&dy
I'= ¢g &, L= ¢

I' = ¢odedy conv d:T = ¢o&dy
d: 'a—-p aza

Fa=p

I'a—-p conv d: I'=>a—-p

Hence the Curry—Howard isomorphism (Theorem 5.2.) is preserved.

The Bn-conversion is a combination of these conversions and (5.1),(5.2). The
n-reduction, Bn-reduction, and corresponding normal forms [t|y, [t|a, are defined
as for B-conversion. These normal forms are unique, but we shall not prove it
here.

LEMMA 6.1. (a) Every m-reduction sequence terminates.

(b) Every deductive term and every deduction has a fn-normal form.

ProofPart (a): Every #-conversion reduces the size of the term.
Part (b): A f-normal form |t|g exists by Theorem 13.3., and its g-normal

form [see Part (a)] is An-normal, since m-conversions preserve F-normal form.
.{

6.3. Coherence Theorem

In this section we consider NJp_,-deductions of implicative formulas and cor-
responding deductive terms modulo B7-conversion: The d = d' stands for
|dipy = |d’|sn and similarly for ¢t = ¢'.

A sequent is balanced if every prepositional variable occurs there at most
twice and at most once with a given sign (positively or negatively; see Section
6.1.).
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Example. p— (¢ —>r)=g¢—(p—>r)and(p > ¢) -7 = ¢ — r are
balanced, but p,p — p = p is not.

We prove that a balanced sequent has unique deduction up to Bn-equality.
For non-balanced sequents that is false: The sequent p, p — p = p hasinfinitely
many different normal proofs:

Pp—=p=>p—p p=>p Pp—op=>p—p dy: pp—p=>p
di: pp—p=>p dnyt1: pp—p=>p

The d, can be described as a “component” of the unique proof of the bal-
anced sequent p1,p1 — P2,...,Pn — Pn41 = Pn+1 Obtained by identifying all
variables with p.

Note. Formulas of NJp_, as objects and the normal NJp-deductions as
morphisms form a —-part of a Cartesian closed category. Theorem 6.3. below
shows that a morphism d : @ = B with a balanced a — fis unique. In
fact Theorem 6.3. extends to the language {&,—} ([1], [16]). Abbreviation:
(1...an—=f0)=(a1 > ... = (ag = 0)...).

The next Lemma shows that some of the redundant assumptions are pruned
by normalization. Recall that notation 6%, T' = o means that § may be present
or absent.

LEMMA 6.2. (pruning lemma). (a) Assume that X, o are implicative formulas,
prepositional variable q does not occur positively in L = a, and a deduction
d: (A —q)°% %= aisnormal; thend: X = a.

(b) IfNJp_ & (ai,...,an — q), then one of a; contains q positively.

Proof. For Part (a) use induction on d. Induction base and the case when
d ends in an introduction rule are obvious. Let d end in an — E. Consider
the main branch of d, which by Theorem 6.1. begins with an axiom A = Afor
A=(a)...0n — a),since a is strictly positive in A:

A= (ay...an = )
[A,(A—¢)*Ty,...,Tiq]=> (t;t,::..an —a) (A-q),Tim o
[A,(A—»q)",I‘l,...,I".:] = (0ig1...0n — @)

[4,(A = ¢)%Ty,....,T] > a

Superscripts attached to the assumption A — ¢ indicate that it may be
absent from some of the sequents. Since ¢ is not positive in e, the formula A
in the axiom of the main branch is distinct from (A — ¢). Since .A occurs in
the antecedent of the last sequent, ¢ is not negative in .4, and hence it is not
positive in o, since (@, . . ., @n — a)is strictly positive in A. All other formulas
in the minor premises (A — ¢)’,T'; = a; have the same sign in the last sequent.
Hence IH is applicable to all minor premises, and (A — ¢)is not present in the
antecedent.

Part (b): Assign g := 0, p:=1forall p # ¢and compute by truth tables.
If all a; are of the form Il — p, and hence true, then «i,...,an — ¢ is false
under our assignment. Thus it is not even a tautology. Alternatively, apply (a).
_|
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THEOREM 6.2.  (coherence theorem). (a) Let d,d’ : = « for a balanced
implicative formula o; then d = d'.

(b)Let [I',T'] = « be balanced,d:T = «, d' :T' => a; thend=4d'.

Proof.Part (a) follows from Part (b), which claims thatI' and IV are pruned
during normalization into one and the same set of formulas. Since [T',T] is
balanced, each of I',I” is balanced. To prove Part (b), we apply induction on
the length of [\ T'] = a. Assume d: T'=>t:a,d: I' =t : a and recall that
d=d ifft=1¢".

Case 1. The a = (8 — 7); then [(,T), "] = v = [(8,1),(8,I')] = 7is
balanced, and IH is applicable to sequents obtained by applying — E-rule with
the minor premise B = 3 to d,d’. This corresponds to applying a new variable
z8 to deductive terms 7(d),7(d'). We have (T(d),z?) = (7(d’), z”); hence
T(d) = A\zP(T(d), zP) = AzP(T(d'), 2P) = T(d') and d = d'.

Case 2. The « is a prepositional variable; then each of the #9-normal forms
|d|,]d’] is an axiom or ends in — E.

Case 2.1. The |d| is an axiom & => «; then no member of [T, I’] different
from e contains « positively, and by the Lemma 6.3. (a), we have |d’| : a = «;
thatis, d=d'.

Case 2.2. Both |d| and |d’| end in — E. Consider the main branch of each
of these deductions. Since o is strictly positive in the axiom formula of the
main branch (Theorem 6.1.), and [[',I'] = « is balanced, this axiom formula
A= a;...a, — a is one and the same in |d| and |d’| and the number of
— E-inferences in the main branch is the same:

A= 01...an = a
[A,I‘l,...,l‘.-_l]=>a,-...'.‘a,,—»a di: Ty = o;
[A,rl,...,r.']=>Ot.'+1...an—>a
|d|: [A,Ty,....Tn] = a

A= a;...a, —«a
AT, .. T ]>a. . on—a d: T
(AT, T =2 aitr...on > a
|d'|: [A,T},... T]=a

The only positive occurrence of the prepositional variable @ in a balanced se-
quent:

[A,I‘l,...,I‘,,]zt'a

is the succedent, and the same is true for [A4,TY,...,[,] = a. In particu-
lar o is not negative in Ty,...,I'q, TY,..., I’} and in A; hence e is not posi-
tive in a@i,...,an. By the Lemma 6.3. (a) the formula A is not a member of
Iy, ...,y T4, ..., T; hence each of [T, I'f] = ¢; is balanced. Indeed compare
the following:

[[;,T]] = a; and (ai,...,aq...,an — a),[[, '] = a.
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Every occurrence in {[;, I'}] is uniquely matched with an occurrence of the same
sign in:
[0, M) =[(Ty,-. iy o, Tn)y (T - Ty oo, TR))

Every occurrence in «; is uniquely matched with an occurrence of the same sign
generated by an occurrence of agyin A = (ay...,@;,...,an — a). Applying
IH to deductions of T; = A; and T} = a; yields d; = d}; hence |d] = |d'| as
required. ~



Chapter 7

Kripke Models

Recall that a model for the classical propositional calculus is simply an assign-
ment of the truth values frue (1) and false (0) to the propositional variables.
This reflects the state of the world: Some atomic statements are true, and some
are false.

The semantics for intuitionistic logic described in the following reflects a
more dynamic approach: Our current knowledge about the truth of statements
can improve. Some statements whose truth status was previously indeterminate
can be established as true. The value true corresponds to firmly established
truth that is preserved with the advancement of knowledge, and the value false
corresponds to “not yet true”. To refute a formula ¢, that is, to establish —¢
at a stage w, it is necessary that V(¢,w’) = false for all future stages w’.

We show that semantical validity is equivalent to derivability in intuitionistic
propositional logic.

The various stages of knowledge, or worlds as these are called, are simply
truth value assignments for propositional variables. An important feature of
this approach is an accessibility relation R between worlds: Rww' is read as
“w’ is accessible from w” and it is interpreted as “w’ is more advanced than w
or w’ = w ”. Such interpretation requires R to be reflexive and transitive:

Ruww and  Rww'&Rw'w"” — Rww” for all w
This motivates the following Definition.

DEFINITION 7.1. (propositional intuitionistic model). A propositional intu-
itionistic model is an ordered triple (W, R,V), where W is a non-empty sef, R
is a binary reflexive and transitive relation on W, and V is a function assigning
a truth value 0,1 to each propositional variable p in each w € W :

V(p,w) € {0,1}
V is assumed to be monotone with respect to R:

V(p,w) =1 and Rww' implies V(p,w') =1

47
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Elementsw of the set W are called worlds, R is an accessibility relation, and V
is a valuation function. A pair (W, R) is called a (intuitionistic Kripke) frame.

The following definition was introduced by Kripke for intuitionistic logic; it
is connected to his previous treatment of modal logic. (It is easy to recognize
its common features with the notion of forcing introduced by Cohen.)

DEFINITION 7.2. A truth value V(p,w) € {0,1} for arbitrary propositional
formula ¢ and a world w € Win a model (W,R,V)is defined by recursion on

P

p: V(p,w) for a propositional variable p already defined.

1: V(L,w):=0

p&tp 1 V(pkt,w) := V(p, w)&V (¥, w) = min(V(p, w), V(¥, w))
PV VieViw):=Vipw)VV(pw)=max(V(e,w), V(s w))

p—=Y: Vig—o,w)=1iff V(p,w') =1 implies V(¥,w') =1 for allw' € W
such that Rwuw'.

As a consequence, we have the following:

g V(~, w) = Liff V(p,w') =0 for all w' € W such that Rww'.

In other words, conjunction and disjunction behave classically (in a boolean
way) in each world. The =g is true at world w iff ¢ will always be false. The
@ ~— ¥ is true in w iff the truth of ¢ implies the truth of ¢ in every accessible
world. In terms of stages of knowledge —w says that no possible advancement
of knowledge will justify . The ¢ — % says that whenever ¢ isjustified, ¥ will
also be justified.

Instead of V(p, w) = 1, we sometimes write w |= .

Note that w |= ~ means (Yu' : Rww')(not v’ |= ).

The formula ¢ is frue at the world w iff V(p,w) = 1, and ¢ is valid in a
model (W, R, V) iff it is true at every world w € W. The latter relations are
denoted by M, w = ¢ and M [= . Finally ¢ is valid (written [ ¢) iff it is valid
in all (propositional intuitionistic) models.

EXAMPLE 7.1.. Let W = {wp, w1}, and let the relation R be given by Rwg wo,
Rwow;, Rwyw;. Finally let V be given by V(p,w1) = 1 and V be false for
any other propositional letter. Graphically we describe this by:

(1H5] P

wp

The wy is over wy and connected to wp, since Rwpw;. Let us compute the
value V(pV —p, wo):
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VipV —p, wo) = V(p,wo) V V(—p, wo) = 0V V(-p, w).
V(=p, wo) = 0 since Rwgw; and V(p,w;) = 1.
So:

V(pV -p,wp) =0.

That is, the law of the excluded middle is refuted in our model. Verify that the
same model refutes the law of double negation:

With Theorem 7.1. below this example again shows that pV-p and =—p — p
are not derivable in NJp.

EXAMPLE 7.2. The model

w wo

wo
that is, V(p, wo) = V(p,w1) = 0; V(p,w2) = 1 and Rwp w1, Rwo wo, refutes the
principle of the weak excluded middle =pV —=~p. Indeed V{—p, w1) = 1, since wy
is the only w’ such that Rw; w’. V(=p, we) = 0, since Rwg wq and V(p, wy) = 1.
V{(——p, wo) = 0, given that Rwgw;, and V(-p, w;) = 1; therefore:

V(mpV--p,uwg)=0v0=0

Let us prove that truth is monotonic with respect to R.

LEMMA 7.1. (monotonicity lemma). Let (W,R,V) be a model; then for any
w,w’ € W and formula ¢:

Rww' and V(p,w) =1 imply V(p,w') = 1. (7.1)

Proof.Induction on (the construction of) ¢. We restate (7.1) as:
R(w,w') = (V(p,w) = V(p,v'))

Basis: ¢ is a propositional variable; then (7.1) is included in the definition of a
model.
Induction step: We assume Rw w’ and consider cases depending on the main
connective of (.
p = Pp&d.
Then
Vg, w) = V(, w)&V (6, w)
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By the IH:
V) =1=V(Eu) =1 V@u)=1-V(@u)=1
Therefore:
V(p,w) = 1 — V(3,0 )&V(8,u') = V(p,u') = 1

p=9y—4.
Assume
Vip,w)=1 (7.2)

To prove V(p,w') = 1, assume Rw'w” and V(¢,w”) = 1. Since R is
transitive (and we assume Rww'), we have Rww". Then by (7.2) we have
V(6,w") =1, 80 V(p,w") =1 as required.

The other cases are similar. -

7.1. Soundness of the System NJp

The value of a sequent I' = B in a model is defined exactly as for the corre-
sponding formula &I’ — 3:

Viay,...,am = 8,w) = 1iff foranyw’ such that Rwuw’

Viay,w') = ... V(am,w') =1 implies V(8,w') = 1.

THEOREM 7.1. All the rules of NJp are sound: If all the premises are true
in a world w of a Kripke model, then the conclusion is also true in w.

Proof.By inspection of the rules; consider only two of these.

1. &I.
F'=2¢ A=y
T, A] = ¢&v

Assume that:
V(T = ¢),w) = V(A = ¢),w) =1 (7.3)

as well as V(&T,w') =1, V(&A,w') =1, R(w,w’). By monotonicity, V(([' =
#),w') = V(A = ¢),w’') = 1. Now (7.3) implies V(¢,v') = V(¢,w') = 1;
hence V(¢&, w') =1, as required.
-7
¢*\T =4
F=>¢é—19

Assume V(¢°,T = ¢, w) = 1 and V(&T,v') = 1, Rww'. To prove V(T =
¢ — ¢),w') = 1, we assume Rw'w” and V(é,w”) = 1. We must establish
V(¥,w"”) = 1. By transitivity of the relation R, we have Rww"; and by mono-
tonicity, V(¢° ' = ¢, w"”) = 1 and V(&I,w"”) = 1. Since R is reflexive, we
have Rw'w'; by the truth condition for the sequent, we have V (¥, %"”) =1 as

required. R
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7.2. Pointed Frames, Partial Orders
In a subclass of frames and models, an ”actual world” is distinguished.

DEFINITION 7.3. A pointed frame is a triple < G,W,R >, where < W,R >
is a frame, G € W and RGw for all w € W. A pointed model is a tuple
M =< G,W,R,V >,where < G,W, R > is a pointed frame and V is a valuation
on < W,R>. Truth in M is truth in the world G:

MEpif V(G,p)=1.

The next Lemma shows that the truth in a world w. depends only on truth
values in worlds accessible from w.

LEMMA 7.2. A formula is valid iff it is true in all pointed models.

Proof. The implication in one direction is obvious. For other direction, as-
sume that ¢ is not valid, that is, M =< W, R,V >} ¢ for some M. Then
V(G,y¢) = 0 for some G € W. Consider the pointed restriction M’ =<
G, W' R,V > of M to worlds accessible from G:

W' ={w €w: RGw}.

By induction on % we easily prove that its value in M and M'is always the
same:

M,wEy iff MwEY forallwe W, (7.4)

The transitivity of R ensures that all necessary worlds from W are present in
W’ when % is an implication or negation. From (7.4) it follows that M’,G ¢ ¢
as required. ~

DEFINITION 7.4. A binary relation R on a set W is a partial order iff R is
reflexive, transitive, and antisymmetric: Rww'&Rw'w — w=w'.

THEOREM 7.2. A formula ¢ is valid iff it is true in all pointed models
< G,W, R > partially ordered by R.

Proof.Set w ~ w' iff Rww’ and Rw'w. The reflexive transitive relation R
may fail to be a partial order due only to failure of antisymmetry: w # w' for
some w ~ w' . However such worlds are indistinguishable by the values of V,
since monotonicity implies that:

w~w — V(ip,w)=V(p,v)
for every formula ¢.

For the non-trivial part of Theorem, in a pointed model < G,W, R > in
which all worlds are accessible from G, identify indistinguishable worlds. More
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precisely, let W be the set of equivalence classes and let R be the corresponding
accessibility relation:

W ={w :w~u'); W={w:weW} Rid' = Ruww'.
Then R is a partial order, and the following valuation:
V(p, %) = V(p, w) (7.5)

is well-defined and monotonic. It is easy to prove by induction on ¢ that (7.5)
extends to all formulas: V(p, %) := V(p,w). n

7.3. Frame Conditions

Let us illustrate the use of frame properties for characterizing superintuitionistic
logics, that is, extensions of intuitionistic logic.

LEMMA 7.3. Let F =< G,W,R > be a pointed frame and let every w € W be
accessible from G. Then the law of the excluded middle pV —p is valid in F iff
R is total: Rww' for all w,w' € W. IfR is a partial order, then pV —p is valid
iff W is a singleton {G}.

Proof. Let us first assume R is total and establish G pV -p. If G | -p,
we are done. Otherwise w = p for some w € W. Since R is total, we have RwG,
and by monotonicity, G = p as required.

Now assume that R is not total, that is, ~"RwgG for some wy € W. Define
a truth value assignment V as follows:

V(p,w) = 1 iff Rwow

V is monotone and V(p, G) = 0 by definition of V. On the other hand,
V(-p,G) =0, since RGwp and V (p,wo) = 1. 4

EXERCISE 7.1. Find frame conditions for (p — ¢) V (¢ — p) and —pV —~—~p.

EXERCISE 7.2.

Prove that a formula p V —p is valid in a frame < W, R > iff R is symmetric:
Rww' implies Rw'w for all w,w' € W.



Chapter 8

Gentzen-type Propositional
System LJpm

We prove natural deduction system NJp sound and complete for Kripke models.
However it is convenient first to introduce another propositional system LJpm
that is equivalent to NJp and more suitable for proof-search. Here we work with
multiple-succedent sequents, that is, expressions of the form:

¢l:~-,¢m=>¢l'-w¢n (mZO,nZI) (81)

where ¢;,1; are formulas.
The translation of sequents into formulas is given by:

(B1ye s bn 1., ) =(1& ... &dp DYV ... Vi) (8.2)
= &;¢; Dv¢j
j

The formula corresponding to a sequent I' = A is written as &I’ = VA.
In particular the sequent => % corresponds to the formula %, and the sequent

b1,...,0m = is translated as —&;¢;; it is read “@i,...,¢n are contradicto-
ry”. The left-hand side ¢1,...,¢m is the antecedent of the sequent (8.1), and
the right-hand side %¥1,...,%y, is its succedent. The formulas ¢1,..., ¢, are

antecedent members of the sequent (8.1) and the formulas %¥1,...,%, are its
succedent members. Antecedent and succedent are considered as multisets, that
is, the order of formulas is disregarded. If I' and A are multisets of formulas,
then I', A is the result of concatenation, and I',¢ means T, {¢}, as before. We
always treat « as an abbreviation: ¢ — ¢ := (¢ — )&(¢ — ¢).
Propositional system LJpm
Axioms:

o= ¢ 1 = p for atomic formulas p

53



54 GENTZEN-TYPE PROPOSITIONAL SYSTEM LJPM

Inference rules:

I'=A¢ T=2>A9 ¢, v, T => A
T= A, ¢&y o&y, T = A
¢$,I'=>A ¢, I'=A L= A ¢ ¢
oV, T = A F'=>A¢VY
=P I=>A0,¢4 T A ¢, I =9
o=, =>A F=A¢—19
¢,¢, ' => A ’ I'=>A¢,¢ r=A P L= A
6 T=A " T=A4 o6 T=>A Y *T=A S

The calculus has eight logical rules, namely, two rules for each connective ¢: One
rule introduces it to the succedent, and it is called (=> c) or c-succedent; the
second rule introduces ¢ in the antecedent, and it is called (¢=>) or c-antecedent.
Contraction contr and weakening weak are structural rules.

All rules except =~ have the same parametric formulas I'; Ain conclusion
and all premises.

If negation is taken as a separate connective, corresponding rules become

¢ I'= -4, = A ¢
= A -¢ -6, = A

An additional rule that is not officially part of LJpm but is proved to be admis-
sible later is needed to establish connections with other formalizations. This is

t rule:
a cut e F>A ¢T=>A
' A

Sequents written over the line in a rule are called premises; the sequent under
the line is the conclusion of the rule. A formulaexplicitly shown in the conclusion
of the rule and containing the connective introduced by the rule is called the
principal formula. Thus ¢&1 is the principal formula for &-rules, ¢ V ¥ for
V-rules, and so on. The subformulas ¢, of the main formula explicitly shown
in the premises are side formulas. Formulas in the lists ', A are parametric
formulas; the formula ¢ in the cut rule is the cut formula.

Contraction allows us to treat multisets in the antecedent and succedent as
sets, that is, to disregard not only order of formulas, but also the number of
occurrences. Weakening allows us to add arbitrary formulas to antecedent and
succedent, in particular to treat I'; ¢ = ¢, Aand I', L = A as axioms and derive
pruned forms of one-premise rules:

6T = A IT'= A, ¢ = ¢, T =
&Y T=>A T=>A VY T=>A¢6—¢ IT=>A o9

Using contraction, we can preserve main formulas in the premises of rules or
omit these formulas. For example, such inferences as:

¢&9, 6,9, = A
¢&p, T = A

cut
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are derivable:

o&p, 4,9, = A
e&, d&y), T => A
&y, I'=> A

System LJpm differs from sequent formalizations of the traditional (classical)
logic LK mainly in the formulation of the succedent rules for = and —, where
succedent parametric formulas do not occur in the premise (although they occur
in conclusion). Note that the classical forms of these rules:

o, I'=> A o, T'= A
IF=A ¢ Tr=A¢—9y

allow us to derive pV —p, so these are not admissible intuitionistically.

A derivation or proofin LJpm is defined in a standard way as a tree pro-
ceeding from the axioms by application of inference rules.

Example (derivations in LIJpm).

¢=>q p=>p
P94=4q P,q=>p
pdeg =>q p&g=>p

p=p
_phg=q&p PP—4=P 44
= p&eq — q&p PP—q=>q

LEMMA 8.1. Every rule of LIpm has a subformula property: Each formula in
a premise is a subformula of some formula in the conclusion. Every derivation
consists of subformulas of its last sequent.

Proof.Check all rules. -
Note that the cut rule does not have the subformula property. The systems
NJp and LJpm are equivalent; moreover their rules are in exact correspondence.

LEMMA 8.2. Let I' = A be translated as T' = VA. Then a sequent is derivable

in LIpm plus cut if and only if its translation is derivable in NJp. In particular
I't¢in Lipm plus cut iff T & ¢ in NJp. More precisely,

(a) every introduction rule is the succedent logical rule of LIpm for the same
connective,

(b) every elimination rule can be translated by the antecedent rule for the same
connective plus cut;

(c) translation of every rule of LJpm is derivable in NJp.

Proof.Consideronly several subcases. Part (b) :

&E: o= o
é,% = &
I'=¢&y &y = ¢

'=¢
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'—¢ Y =9
¢, T4 T2
F=2¢—-9 ¢$—>9¢,T =9
T=9y

Part (c): Consider translations of the rules of LJpm. Note that every succe-
dent logical rule of LJpm is translated using the introduction rule for the same
connective, and every antecedent logical rule of LJpm is translated using the
elimination rule for the same connective combined with cut. We write transla-
tions of =>—, = &, —>=>:

¢ L'=>9
T=¢—9
F'=6vie—v)
p=>¢ v
§=>6 ¢, % = &t
5— 6 F=6VYy 66V (8&y) ¢,9 = 8V (d&y)
T—6Ve 86— 68V (okt) T,6 — 6V (&)
I'— 6V (¢&y)
»,I=6
$po—yv=>y I'p—6
F=>¢Vvé ¢, 0=y, I =6 6—6
¢—>YP=>6

EXERCISE 8.1. Derive following sequents in LIpm:

l.pVg=>4qVp

2.p=%q—>p
3p—>q(@—q—p=>p

4. pp—=q,g—r=>r

5. pVp—q)—~a=>4q

6. (p—9—pP—pP)—a=>4

EXERCISE 8.2. Construct Kripke countermodels for the following sequents:

. —p=p

2.(p—=q¢)—p=>p
3.(p—q)Vi@g—p

4. (p—=(Vvr)=>(Cp—9V(p—r)
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8.1. Soundness of the System LJpm

The value of a sequent in a model is defined exactly as for the corresponding
formula:

Viay,...,am = B1,...0n,w) = 1 ifffor any w’ such that Rww’

V(ay,w') =...V(am,w') = Limplies V(8j,w’) = 1 for some j < n.

THEOREM 8.1. Cut and all the rules of LIpm are sound: If all premises are
true in a world w of a Kripke model, then the conclusion is also true in w.

Proof.Use Theorem 7.1. and Lemma 8(c). -

Note. All LJpm rules except the succedent rulesfor —and — are invertible:
Derivability of the conclusion implies derivability of the premises. This can be
verified directly or inferred from the following observation: The premises are
derivable from the conclusion using cut. This also shows that the truth of the
conclusion implies the truth of premises.

EXERCISE 8.3. Verify that all rules except = — and =>— are invertible.
Prove that= - and =- are not invertible.

8.2. Completeness and Admissibility of Cut

DEFINITION 8.1. A sequent T = A is falsified in a world w of a Kripke model
(W, R, V) if V(&T,w)=1,V(VA,w)=0. This implies V(I' = A,w) =0.

In this Chapter I' F A means that ' = A isderivable in LIJpm.

We now prove that any sequent underivable in LJpm is falsified in some world
(of some model). Moreover we prove (following [6]) that there is a universal
(canonical) model suitable for the falsification of all underivable sequents (each
in its own world). It is essential that this model proves completeness of a cut-free
formulation.

This proof is a natural extension of a completeness proof for classical predi-
cate logic.

DEFINITION 8.2. Sub(T') stands for the set of all subformulas of T. A sequent
I' = A is complete if it is underivable and for any formula ¢ € Sub(T, A) either
¢eTUA or

THA,¢and ¢ TFA, (8.3)

that is, both sequents T' = A, ¢ and ¢, => A are derivable.

Note. The condition (8.3) is used in the proof of the Corollary 8.2., but
that Corollary shows that (8.3) never holds if ' = A isunderivable.

The following definitions are motivated in part by the proof-search process,
which proceeds by bottom-up application of the inference rules.

DEFINITION 8.3. A sequent T = A is saturated for invertible rules if it is
underivable and the following conditions are satisfied for any ¢,%:
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(= &) (¢&y) € A implies¢g € A oryp € A.
(& =) (&) €T implies ¢,9 € T.

(=V) (¢V¥) €A impliesp, € A.

(V=) (VYY) €T impliesp €T ory €T.
(—=) (¢ — ) €T implies¢ € A oryp €T.

The following Lemma says that all invertible rules were applied from the
bottom up in every complete sequent.

LEMMA 83. (saturation) If T = A is complete, then it is saturated for
invertible rules.

Proof.We leave all but three cases to the reader. We say that ¢ clashes with
I' = A if (8.3) holds; that is, both I' = A, ¢ and ¢, = A are derivable.

(= &): Let ¢&y € A. We analyze all cases for three possible positions of
either ¢,¢ in I',in A, or in clash with ' = A. Note that if

THA,¢gand THA, (8.4)

then ' = A is derivable by = &, which contradicts completeness of I' = A.
Hence one of ¢, 9 (say ¢) is not in I [otherwise the sequents (8.4) are axioms],
and one of ¢, ¢ does not clash with T' = A. If ¢ ¢ A,then ¢ clashes with T' = A
by the completeness of I' = A. Hence the sequent T' => A, ¢ is derivable and %
does not clash with I' = A. Also ¥ € I, since otherwise sequents in (8.4) are
derivable; hence ¥ € A as required.
(& =): Let ¢p&y € T'. Then ¢ ¢ A, since otherwise I' = A is derivable by
(& =). If ¢ clashes with T' = A, then T' = A is derivable from ¢,T' = Aby
weakening, (& =), and contraction. For ¢ this leaves only the possibility that
¢ € I'. For analogous reasons, ¥ € I
(—=>): Let (¢ — ¢) € I'. As before one of the following sequents is under-
ivable:

I'=>A4 oA, (8.5)

since I' = A is derivable from (8.5) by —=>. Hence one of ¢, does not clash
with = A, and (¢ €T or ¢ ¢ A).

Assume that ¢ € T'. If ¢ € A, then ¢ clashes with I' = A by completeness,
and ¥ does not clash with I' = A. Hence 4 € T, as required.

In the remaining case (¢ € T and ¢ ¢ A),if ¥ & T, then % clashes with
[ = A, s0 ¢ does not clash with T = A. Hence ¢ € A, as required. -

EXERCISE 8.4. Verify all remaining cases.

LEMMA 8.4. (completion). Any underivable sequent T'y = Ao can be extended
to a complete sequent consisting of subformulas of Ta, Dao.
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Proof. Consider an enumeration ¢y, ¢;, ... of all (prepositional) formulas
in Sub(To, Ag). Define the sequences I'o C Ty C ...,A9 C Ay C ... of finite
sets of formulas such that I'; = A; is underivable and complete for all formulas
¢j, j < i: Either ¢; € I'i’ U Ag or both Iy = A;,¢5 and ¢;, Ty = A; are
derivable.

Let Ti41 :=T; U{éi} if ¢i,I'; = A; is underivable; otherwise let T'i41 = Ty.
Then let Ajpy = A; U {¢} if Tiy1 = Ay, ¢; is underivable; otherwise let
Aip1 = A;. Let T =Ty and A :=|JA;. The completeness of I' = A easily
follows from the completeness of Ty = A; for {do,...,¢:}. +

DEFINITION 8.4. Consider the following Kripke model: X = (W, Rc, Vg):
o W is the set of all complete sequents.
e Re(T=2AI"=3A") f TCTY.
* Ve(p,I'=>A)=1 ypel.

K is clearly a Kripke model: Rg is reflexive and transitive, since C is reflexive
and transitive; Vg is monotonic, since € is monotonic with respect to C.

We prove below that K falsifies every invalid formula.

Let us state the properties of K, which we will need later.

DEFINITION 8.5. A set M of sequents is saturated for non-invertible rules if
the following condition is satisfied for every I' = A in M:

(=—) if ¢ — ¢ € A, then there is a sequent T' = A'in M such thar ¢,T' C I
and € A,

A set M of sequents is saturated if every sequent in M is saturated for invertible
rules and M is saturated for non-invertible rules.

Comment. In a saturated set of sequents, both invertible and non-invertible
rules are eventually applied from the bottom up.

LEMMA 8.5. The set W of all complete sequents is saturated

Proof. Only condition =>— needs to be checked. If I' = A,¢ — % is in
W, then the sequent ¢,I' =,% is underivable. By the Completion Lemma 8.2.,
we can be extend this sequent to a complete sequent w’ = IV => A’; hence
é,T CTIY, and ¥ € A’ as required. 4

DEFINITION 8.6. A model defined by a saturated set M is Kpr = (M, Rpr, Vae),
where Ry = Re, Vi = Ve as defined above.

THEOREM 8.2. Let M be a saturated set. Then forw=T => A, we M.
6 € I implies Vy(6,w) =1 (8.6)
6 € A implies Vyr(f,w) =0 8.7)
VM(T = A,w)=0, thatis, T = A is falsified in the world w of Kpy  (8.8)
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Proof.Relation (8.8) is an immediate consequence of (8.6,8.7), which are
proved by simultaneous induction on the formula 8.

¢ = p (induction base):

In this case (8.6) follows from the definition of Vas. If 8 € A, then 6 ¢ T;
otherwise I' = A is an axiom of LJpm. Hence Va(8,w) = 0.

The induction step (# is a composite formula) is proved by cases.

& 6 = ¢&y. If 8 € T, then é,% € T by the saturation for invertible
rules; therefore Var(¢, w) = Vapr(¥, w) = 1 by the induction hypothesis. Hence
Vm (6, w) = 1 by the truth condition for &.

If8 € A, then one of ¢, ¢,say, ¢ isin A,by the saturation condition. Hence
Vam (¢, w) = 0 by the induction hypothesis; therefore Vas(g&y, w) = 0.

—: 0 =¢ — 9. If0 €T, then forevery w' = I' = A’ such that Ry ww’
(that is, I' C T') we have # € I'’. By the saturation condition, this implies ¢ € A’
or ¥ € I'". By the induction hypothesis, Vap(é,w’) = 0or Vpr(¢,w’) = 1. This
implies Vp (¢ — ¥, w) = 1.

If 8 € A, then by the saturation condition (=—) we have v’ = [ = A’
in M, such that Ry ww', ¢ € IV, ¥ € A’. By the induction hypothesis,
V(¢,w') =1 and V(¢,w') = 0. This implies V(¢ — ¥, w) = 0,as required.

The remaining cases are simpler. 4

EXERCISE 8.5. Verify the remaining cases.

COROLLARY 8.1. (completeness) (a) Each sequent underivable in Lipm is

falsified in the canonical model K. Hence every valid sequent is derivable in
Lipm.

(b) Moreover every underivable sequent T => A is falsified in a finite model
K,;, where M = Mraa is the set of all complete sequents consisting of sub-
formulas of T,A. The number of elements ||Mr=al| is bounded by 4°, where
s = ||Sub(T, &)

Proof.Part (a): By the Completion Lemma 8.2., any underivable sequent
' = A can be extended to a complete sequent w = I'¥ = A’; by the Theorem
8.2, V(I' = A’',w) = 0. Hence V(T = A, w) = 0 by monotonicity.

Part (b): All arguments in the proof of Part (a) remain valid for K,, instead
of K. Let us estimate ||Mr=all. Forevery £ => Il € Mraa, we have ||Z|| <
s, ||H|] € s; hence the number of possibilities for £ and for I is bounded by 2*,
so ||Mr=all < 2°2* = 4°. =

THEOREM 8.3. (soundness and completeness).
(a) A formula is derivable in LIpm iff it is valid.
(b) A formula is derivable in LIpm if and only if it is valid in all finite pointed

models where accessibility relation is a partial order.

Proof.Part(a): Apply Theorem 8.1. and Corollary 8.2.(a).
Part (b): Apply Corollary 8.2.(b) and note that the construction in the proof
of Lemma 8.2. preserves finiteness. -
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COROLLARY 8.2. (a) Cut rule is admissible in LIJpm: If T = A,¢ and
¢, = A are derivable, then T' = A is derivable.

(b) Lipm is equivalent to NJp with respect to derivability of sequents I' = «

Proof.Part (a): By the soundness of LJpm plus cut, it follows that I' = A
is valid. By the completeness of LIpm (without cut) it is derivable.

Part (b): Use Lemma 8 -

Comment. What cut elimination method is suggested by this Corollary?
Given (cutfree) derivations of the premises, ignore them to search for a cutfree
proof of I' => A. You will eventually find it; as noted in the introduction, there
are more sophisticated methods.

8.3. Translation into the Predicate Logic

The completeness theorem 8.2. for LIJpm allows us to write a predicate formula
that expresses the validity of a given propositional formula ¢. To every proposi-
tional variable p, we assign a monadic predicate variable P. We also fix a binary
predicate symbol R.

DEFINITION 8.7. For any propositional formula ¢ and individual variable w,
we define a predicate formula (¢, w) by induction on ¢:

(p, w) = P(w)
(pVew) = (p,w)V(h,w)
(= vw) = Vu'(R(w,w)l(p,v') — (¥, v'))

where w' is a new variable.

DEFINITION 8.8.
oF =K - (¢,0)
where:

k := (VwR(w, w)&YwVw, Yw( R(w, w1 )& R(w1, we) — R(w, wq))&

&VwVuwn (R(w, wy) — (Pi(w) — Pi(wy)))

where w,wy,ws, & are distinct new individual variables and pi are all predicate
variables occurring in ¢.

THEOREM 8.4. A prepositional formula ¢ is derivale in Llpm iff F is
derivable in the classical predicate calculus.

Proof.A first-order model:

M= (W’Rapll---’Pn)GO)
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with the universe W and an interpretation for the predicates and the constant
in ¢, satisfying the premise of ¢ (that is, reflexivity and transitivity of R)
generates a Kripke model:

M' = (W,R,Vp)

where Vs (pi, w) = 1iff M = Pi(w) for w € W.

In the other direction, any Kripke model M’ with a distinguished world
ap generates a first-order model M by means of (8.9); that is, M | P(w) iff
M' = (p, w) = 1. Moreover by inductionon ¢, it is easy to prove that:

MEYPw if Vp(p,w)=1 (8.10)

We see that ¥ is valid (in the first-order logic)iff ¢ is valid intuitionistically.
_i

This may initially suggest an alternative proof-search procedure. To test
@, write @¥ and apply some (resolution) theorem prover for the classical logic.
However the result will be devastating. The search space is very quickly filled
by useless resolvents. Much more sophisticated approach along these lines is
proposed in [18].

8.4. Algebraic Models

Algebraic models represent another kind of model for non-classical logics. Such
a model usually consists of a universe U with a distinguished element T (truth)
and operations on U corresponding to logical operations. Conditions for op-
erations on U are set so that the validity of derivable formulas can be proved
rather easily. We show here that intuitionistic prepositional logic is sound and
complete for algebraic models.

DEFINITION 89. A pseudo-Boolean algebra (PBA) or Heyting algebra is a
pair (B, <) where B is a non-empty set and < is a partial ordering relation on
B, which defines a lattice with the least element L and psudo-complements.

This means that for arbitrary a and b:

(i) the least upper bound a U b,

(ii) the greatest lower bound a Mb, and

(iii) the pseudo-complement ¢ — b := max{c | cMa < b} always exist.
Lattice conditions imply in addition to (i), (if) commutativity and associativity
of U, M, and distributivity.

To make this definition easier to remember, associate a < b with the truth
of a — b, M with & and U with V. Then the conditions for pseudo-complements
say that for arbitrary a, b, and c:

(aN{(a—=b)—=b=T, ((eMa)=b)—(c—=(a—d)=T
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The first equation corresponds to modus ponens, establishing that a M (e —
b) < b; that is, it enforces suitable constraints on @ — b. The second equation
establishes that if aN¢ < b, then ¢ < (a — b); that is, the maximality of a — b.
Truth T is defined as L — 1, negation as —a =a — L.
A valuation from the set P of propositional variables to a PBA (B,<}is a
function A : P — B. The valuation % is extended to all formulas as a homomor-

phism:
h(a&B) = h{e)Nh(B)
haVB) = h(a)uh(h)
h(a = B) = h(a)— h(B)
h(1) = 1

Formula «a is true in a PBA (B, <) and a valuation % iff h(«) = T. Then we say
that & satisfies a. Formula « is valid in a PBA if it is true in any valuation to
this PBA. The « is valid if it is valid in any PBA. The sequent I' = A is valid
iff the formula &I — VA is valid, that is, Myerh(y) < Useah(8), or for short
h(&T) < h(VA).

LEMMA 8.6. LJpm is sound: every derivable sequent is valid in any PBA.

Proof.Let us verify that axioms are valid and inference rules preserve truth
in every PBA and every evaluation h.

Axioms: o, I'=> A a  h(a) M A(&T) < h(a) < k(VA) U k()

Inference rules (& =, = &), (V =, = V) reflect corresponding properties of U,
n; for example,

(= &):
F'=2A¢ T'3A¥
I'= A p&y

Let h(&T) < h(VA)U h(p), h(&T) < h(VA) U H(y). Then:
B(&T) < (A(VA) U h(9)) N (R(VA) U h($)) < A(VA) U h(p N ¢)
by distributivity.

(=)
Lyo=>9
F=Ap—9¢
If h(p) MA(&T) < h(y), then A(&T) < A(p) — A(¥) < A(VA) U (h(p) —
h(¥))

(~=)
p=$T=2Ap $HT=A
p—9P,I'=>A

Let h( — 1) MA(&T) < h(VA) U h(p), h(¥) M A(&T) < h(VA). Then:
h(p — %) Mh(&T) < A(VA) U (h(p) M h(e — ¥)) < A(VA) U A(Y)
h(p — $)UA(&T) < h(VA)U (h(%)NA(&T)) < A(VA)MA(VA) = h(VA).
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_l
To prove completeness of the algebraic semantics, we translate Kripke models
into algebraic models.

DEFINITION 8.10. Let K = (W, R} be Kripke frame, thai is, a non-empty set
W plus a reflexive, transitive relation R. A setb CW is R-closed iffw € & and
Rwuw' imply w' €b.

We define B = Bx to be the collection of R-closed subsets of W with the inclu-
sion relation C as the ordering <.

NOTE. The .R-closed sets are possible values of prepositional variables in K
for elements of B. Union and intersection of R-closed sets are R-closed. The set
of all worlds, T = W,is R-closed as well as § = 1.

The main step in proving that (B, <})is a PBA is to define pseudo-complements.
Wedefine M — N to be the largest .R-closed subset of (W \ M)UN.

LEMMA 8.7. (Properties of operations).
(a) U,N are lattice join and meet (lattice union and intersection);

(b) — is the relative pseudo-complement with respect to N,U;

(c) @ is the least element.

Proof.Parts (a) and (c) are easy; let us prove (b).

1. The first half of the pseudo-complement condition M N(M — N)C Nis
obtained as follows:

MAa(M — N) MA[(W\ M)UN]
[M N (W\ M)]U[MnN]
MAON

N

Ny 1N

2. Let us prove that M — N is the greatest element X of B satisfying
MNX CN. Indeed

if MNXCNand X € B, then by monotonicity of U:
(MNX)U(X\M)CNU(X\M). Since X = (M NX)U(X \ M)
X CNU(X\M), 80

X C NU(W\ M).

Since X € B, X is R-closed, hence by the definition of M — N, we have

XCM-—>N;thatis, X <M —N. 4
LEMMA 8.8. (correspondence between a Kripke model K and By ).

Let K = (W, R) and (K,V) be a Kripke model. Then the following valuation of

the prepositional variables in the pseudo-Boolean algebra By :

h(p) = {w|V(p,w) = 1} (8.11)
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extends to all formulas o:
ha) = {w|V(a,w) =1}
In particular « is true in h iff it is true in 'V in all worlds:

h(e) =T jfVu(V(e,w)=1)

COROLLARY 8.3. A formula is derivable iff it is valid in all PBA iff it is valid
in all finite PBA.

Proof We establish Lemma 8.4. by induction on the formula a. The induc-
tion base is (8.11). The induction steps for &, V are obvious. The induction
step for — proceeds as follows: h(a — f) is the largest R-closed subset of
(W \ h(a)) U h(B), that is, of the set:

{w|V(a,w)=0 or V(B,w)=1}={w]|V(a,w) =1— V(B,w) = 1}.

Part (a): w € h(a — B)implies V(e — f,w) = 1. Let w € h(a — ), Rww’,
V(a,w') = 1. Since h(a — B) is R-closed, v’ € h(a — B). Then v’ € h(a)
implies w’ € h(B). By the induction hypothesis, this means V{a, w') = limplies
V(sv')=1

Part (b): V(a — B,w) = limplies w € h(a — B). The set {w|V(a —
B,w) = 1} is R-closed by the monotonicity Lemma 7, and it is the largest R-
closed subset of (W \ {w|V(a,w) = 1}) U {w|V(B,w) = 1}. By the induction
hypothesis, this is the same as the largest .R-closed subset of (W \ h(a))U h(ﬁ),
equaling h(a — ) as required.

NOTE. In fact there is an “inverse” operation constructing Kripke models
from finite pseudo-Boolean algebras. For an algebra (B, <}, let W be the set of
proper prime filters in B and let R be the inclusion relation. (A filter F satisfies
the conditions a € F —aUb € F for all b; a,b € F — anb € F; a prime filter
satisfiesaUbEF —a€ Forbe F.)

The valuation V in (W, R} corresponding to a valuation 4 in Bis defined by:

Vip, Fy=1 iff h{p)eF (8.12)

The proof that (W, R) is a Kripke model and (8.12) extends to all formulas is
given in [6].

8.5. Filtration, Finite Matrices

Let us sketch another proof of Theorem 8.2.(b).

8.5.1. Filtration

For any Kripke model M =< W,R,V > and a formula ¢, define the filtra-
tion M' =< W', R', V' > of M through ¢ as follows. Let ® be the set of all
subformulas of ¢. For w € W set

v={veW | Muwky iff M,vE1 forall ¢ € d}.
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Set
W' = {wjlw e W}

Riw if M,vE=v implies Mw¢ forally € ®
Viip,d)=1 iff V(p,w)=1
Note that W’ isfinite, R’ is reflexive and transitive, V’is monotonic, and
Rww' implies R’ tw’ (8.13)
THEOREM 85. For dll a € ®,w € W:

V(a,®) = V(a,w)

Proof.We use induction on «. Induction base and &, V-cases are easy.
Let @ = (B — ¥). Using IH and (8.13) we have:

Ve, ) = 1 iff Vo' (Ribw' — (V(8,w') — V(v,w")))
implies Yo'(Rww' — (V(8,v') = V(y,v')))iff V(a,w) =1
Using IH and the definition of R’ we have:
V(a,w) =1, Riw', V(8,w') =1
imply
V(ie,w')=1, V(B,v') =1, V(y,v')=1.
Therefore, V(a,w) =1 implies V'(a, ) = 1. =

EXERCISE 8.6. Infer Theorem 8.2.(b) from the Theorem 8.5.1 and complete-
ness.

8.5.2. Lindenbaum Algebra

Let us outline another way of proving completeness of pseudo-Boolean algebras.

This was in fact the first completeness proof [10]. Under this approach the

elements of the pseudo-Boolean algebras are equivalence classes of formulas.
Define

@ ={¥ | (¢ ~ ¢) is derivable }
B = the set of all ¢

Gl = (p&y); GV =(pVY)
EXERCISE 8.7. Verify that (p’—\»p),(p&:p) are T, .1 and that (<p:1/)) is a

pseudo-complement. Infer the completeness theorem. The PBA B is called the
Lindenbaum algebra of intuitionistic logic.



GENTZEN-TYPE PROPOSITIONAL SYSTEM LJPM 67

8.5.3. Finite Truth Tables

Let us now restate the definition of Kripke models in terms of finite truth tables.
For a finite pointed Kripke frame:

<GW,R> withWw=1{1,2,...,n}, G=1

let every binary number N < 2"*+! encode by its binary digits a truth value
assignment to a prepositional variable in W. For example, 27! — 1 =pinary
||...| encodes an assignment of 1 (true) to our variable in all worlds, while
2" =jinary [0...0 encodes an assignment of 1 (frue) in the world n and O (false)
in all other worlds.

Say that anumber k < 2" is monotonic if for the ith bit (k);of k:

ViVj(Rij — (k)i < (k);)-

Now take the monotonic numbers among 0,1,...,2"*! — 1to be the truth
values. Take &,V to be bit operations &, V (that is, min, max) so that for
n=3,a=4= 'OObinary,b =6= ”()bs'nary1

ad&b = |00&(]0=100=4, aVb=||0=6.
The ith bit of a — & is defined as follows to satisfy Kripke implication semantics:
(a— b); := 1 iff (¥ < n)(Rij — (a); < (B)y)

The set of monotonic numbers among {0, 1, ...2"*+! -1} with operations &, V, —
just defined and the distinguished value 2”+! ~1 is an example of a finite matrix
for intuitionistic logic: A finite set of truth values with propositional operations
on them given by truth tables (matrices) such that all derivable formulas are
valid; that is, these formulas take the distinguished value under every assignment

of the truth values to variables.

EXAMPLE 8.1. The Kripke model with W = {0,1}, R0OO, R11, RO1 generates
a finite matrix with the truth values {0,2,3}: the number 1 is not monotonic.
We obtain the following tables for the connectives: 1 :=0

& 10|23 vi 0|23 — (0|23
0(0|0]0 01012]3 0 |3]3]|3
21022 212123 2 10133
31012(3 31333 310|213

When the variable p is assigned value 2 = |Opinary corresponding to truth in the
second world and the falsity in the first world, we have:

p=(2—-0)=0,pV-p=2V0=2+#3.

This means p V —p is not valid.
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EXERCISE 8.8. Construct a finite truth table verifying all derivable formulas
but falsifying —=p V -—p

THEOREM 8.6. A formula is derivable in NJp iff it is valid in all finite
matrices for intuitionistic logic.

Proof.If ¥ a, then take a finite pointed Kripke model falsifying « and turn it
into a finite matrix. =



Chapter 9

Topological Completeness

Let us describe topological semantics for NJp and prove a topological complete-
ness theorem,

DEFINITION 9.1. An interpretation in a topological space X, is an assignment
of an open subset V(p) C X to every propositional variable p. This assignment
is extended to composite formulas as follows:

V(ekB) = V(@)nV(B); V(aVvp):=V(@)uV(Q@); V(L):=0 (9.1)
V(a — B) := Interior((X ~ V(a)) U V(B)) (9.2)
Hence V(a) is open for every formula a. As a consequence:
V(~a) := Interior(X — V(a))

A formula e is true in the interpretation V iff V(a)= X. A formula is valid in
a space X if it is true in any interpretation in X.

THEOREM 9.1.
A formula is derivable in NJp iff it is valid in every topological space X.
Prooflt is easy to verify that all axioms of NJp are valid and the inference
rules preserve validity. Hence every derivable formula is valid.

To prove the converse implication, assume that a formula a is not derivable
in NJp and take a finite pointed Kripke model (G, K, R, =) satisfying:

Gl a (9.3)

[see Corollary 8.2.(b)]. Introduce a topology on the set K by taking the family
of all cones:
{w € K | Rwow}

69
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for all wp € K as a basis of open sets. In other words, the interior operation
satisfies the following:

Interior(Y) := {we K| Vu'(Rwvw' - v €Y)} for YCK

Set
Vip)={weK| wkEp}

The V(p) is open by the monotonicity condition for |=,and it is easy to verify
by induction on the formula 7 that:

V) ={weK| wEr}

Consider the most important case, ¥y = e« — #, and let w,w’ range over K
Then:
V(a — B) = Interior((K — V(a)) U V(B))
= Interior(K —{w |w Fa})U{w | w E 8})
= Interior(K — {w | w |F o and w |£ B})
= {w | Vo'(Rwv’ - (v' Ea—w EB))} =V(a— )
Hence (9.3) shows that V{a) # X; that is, « is not valid. 4
The construction used in the preceding proof yields a teratological space:
For example, the closure of a singleton set {w} is the set of all points accessible
from w; hence w is not separable from these points by a neighborhood.
Let us give a completeness proof for X = [0, 1], the unit interval of the real

line. Recall that open sets in [0, 1] are finite or a countable unions of open
intervals.

THEOREM 9.2. A formula is derivable in NJp iff it is valid in [0, 1].

Proof.Derivable formulas are valid by the previous Theorem. The proof of
the opposite implication takes the rest of the present subsection. Fix a formula
a and a finite pointed Kripke model (0, K, R, ) [Theorem 8.2.(b)] such that:

K=<0,...,.N=-1>, 0}ta

and R is a partial ordering on K.
IfN =1, let
V(p) = if 0= p then [0,1] else @

This relation extends to all formulas: By induction on a we prove:
V(e)= if 0 a then [0,1] else 8,

since computations follow classical truth tables: Interior(Y) = Y for Y =
[0,1],0. In particular, V() = 0; that is,  is refuted in [0, 1]. This concludes
the case N = 1.

From now on, assume that N > 1.
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Consider the set of all infinite sequences of worlds (non-strictly) monotonic
with respect to R:

N™? =gp {s:w—=K| Vk(s(k)=s(k+1)Vv R(s(k))s(k +1)}

In fact, this set already provides a model in a compact space similar to Cantor
set if we use the standard metric:

d(s,t) = 27F, where k = the least n such that (s(r) # t(n))

We shall not use this fact to imbed N™°"* into [0,1].
Note. Every sequence s € N™°" stabilizes (after at most N — 1 jumps).
Let n(s) be the stabilization moment for s, that is the least natural number
satisfying the condition:

(Ym > n(s)) s(m) = s(n(s)),
and let
w(s) = s(n(s))

be the stable value.
Define ¢ :=1/(2N — 1) and note that:

1 2N -1 1

¢SIB<L TSNS T ATy

Define for all s,t:w — K:

f= E 2s(n)g"t+?

n=0

slg = E 2s(n)g" ! s = t := (Vn < k)s(n) = t(n)

From now on we assume Rww' — w < w'. In other word, the worlds are
enumerated from the root by “horisontal slices”. In this Chapter s, ¢, u stand
for elements of N™°", and x, y, z stand for real numbers in [0, 1].

LEMMA 9.1. For dll s,t € N™on;

(a) 0<s5<;

(b) slk <& < sl + ¢*F,

with the first < replaced by < if s(k) # 0;

(c) ifs =i t, then |§ —1| < ¢*+?

with < replaced by < if s(k) #0;
(d) if s # t, then 5§ — 1| > ¢F+1.
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Proof.Part (a):

0<s= g 2s(n)g"*! < 2(N—1)'12=%q"“l = F¥-He/l-4= H

=1

Part (b): All terms in the series for & are non-negative. If (k) # 0, then
s(l) # 0for { > k, since 8 € N™°" and R is a partial ordering. Hence similarly
to Part (a):

o0 o0
se<i=sh+ Y, 2s(n)g"t <sh+2N-1) ) ¢H
n=k+1 n=k+1
= sle + 2(N — 1)¢**?/1 - g = sl + ¢***

Part (c): & = timplies s|x = t|x and by Part (b), sl < < slx + ¢**1.
Hence |5 — | < ¢¥*!. Here we have the following situation:

l
f s'k + qk+1

Part (d): It is enough to prove (d) for the minimal number k satisfying
8 #p t , since ¢* decreases with k. In other words, we assume § =g_; t and
(choosing one of two possibilities) t(k) > s(k). Then t(k) > s(k) + 1 > 0, and
by Part (b):
> tle = theo1 + 26(k)g" ! > theon + 2(s(k) + 1)g* ! =

8le—1 + 25(k)gE ! + 2¢8+! = s + 2%+
Together with § < sl + g5, this implies > § + ¢*+. =

LEMMA 9.2. (a) If m > n(s) —1, then

w(s) m+1

iy

In particular,
w(s) n(a
N-17

= 8lns)-1 +
b) If s#t, k= the least n (s(n) # t(n)), then

t(k) > s(k) implies § > 5 + ¢*+!
Proof.Part (a):

00

>}
§=slm+ Z 25(n)g" ! = s|m + 2w(s) E gh¥l =

n=m+1 n=m+1
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8ln + 2w(s)g™ 2 /(1 — ¢) = 8|m + Nw—(_ﬂll-q'"+1
Part (b): Wehave #(k) > s(k) +1> 0 and

>t = tleor + 26(k)g* ! >ty + 2(s(k) + )¢+ =

Sle—1+ 2.9(lc)q’”'1 + 245! = sy + 25+t > 54 gFH!

LEMMA 93. If s,t € N™"and s =n)t, then Rw(t)w(s).

Proof .If n(t) < n(s), then:

Rs(n(t))s(n(s)) [monotonicity of ] « Rt(n(t))s(n(s)) [since s =n(;) t] «
Ruw(t)w(s).

If n(t) > n(s), then w(t) = t(n(t)) = s(n(t)) [since s =n¢) t] = s(n(s))
[monotonicity] = w(s). N

For z € [0, 1] define
s[z] := An.0, if [z — §| > ¢")*2 for every s € N™"

| thes€ N™™  closest to x such that |z — §| < ¢"(*)*% otherwise

The latter condition means |z — | < |z — #] forall ¢t € N™°",
LEMMA 94. s[x] is defined.

Proof.Assume that s, ¢ both satisfy the last clause in the definition of s[x],
that is,

st
.1

2 )
and § < t. Then § < z < t [otherwise one of 3,7 is closer to x than the
other]. We have n(s) < n(t), since otherwise |§ — f] < ¢*(9)+2 4 ¢»()+2 <
2q"(+2 < "+ g =y ¢, Rw(t)w(s) and t < & This implies |5 — ] <
g"()+1 Slngs) = tlngs), Rw(s)w(t), w(s) < w(t). Together with § < { this
implies w(s) < w(t), n(s) < n(t). Since s #n(ey t, we have £ > § + gn(+1,
Together with (9.4) this implies ¢®(¥+2 > 9&;2- and ¢ > 1/2, a contradiction.
_l

AL OLL BN PR iy Py (94)

Let
w(z) := w(s[z])

Since s[f] =t for t € N™°" wehave w(t) = w(t). We also write 3[z] for ;T:;].
LEMMA 9.5. If |z — ] < ¢")*2, then Rw(t)w(z)

_ Proof. From | —{| < ¢""*2, wehave |z —3[z]| < |z — 1] < ¢"()+2. Then

It — 3[z]] < 2¢")+? < "+ implying Rw(t)w(s[z]), that is, Rw(t)w(z).

_|

For every propositional variable p define a set V(p) by

z€V(p)~uw(z)Fp (9-5)
where [ stands for truth in the model (0, K, R).
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LEMMA 9.6. The set V(p) is open

Proof. Assume z € V(p). If w(z) =0, then 0|=p and V(p)=[0,1]. Assume
now w(z) # 0 (which implies that s[x] is computed by the second clause of the
definition) and let € be the distance from x to the closest end of the interval
3] £ D42

¢ := min(z — (5[z] — ¢"CEVT2) 5[] 4 ¢"ClEDH2 _ o)

Then € > 0. Take an y € [0, 1] with |z — y| < €. To prove w(y) £ p, note that
ly = 3[z]] < ¢"CED*2. This implies |y — 3[y]| < |y — 5[z]| and |3[y] - 3[z]| <
¢"ClED+ Hence Rw(z)w(y) and w(y) & p.

THEOREM 9.3. For arbitrary formula o

zeV(a) s w(z) Ea 9.6)

Proof We use induction on«. The induction base is the relation (9.5).
Induction step for a = (y ® 8), where © = &, V:

zeV((Y0h) < (zeV(1))O(zeV(f) « w(z) Fyouwl(z)Ep

— w(z) (700,

as required for (9.6).
Let @ = (y — B). Recall that:

z€V(y—pB) ~ z €& Interior(([0,1] = V(¥))UV(B)) ~ (Fe>0)

(Vy € [0, 1])(ly — 2| < e = (y € V(7) implies y € V(B))) (9.7)

Assume first £ € V(a). Take an € satisfying (9.7) and an arbitrary w with
Rw(z)w, w = v. Take a natural number no > n(s[z]) + 2 such that ¢"°t! < e.
Define a sequence ¢ by:

t(n) := if n < ng then s[z](n) else w

Since s[z](no) = t(no) = w(z), we have Rt(no)w and t € N™" as well as
w(t) =wE Y, s[z] =p,t and |z -] < "t <€

Hence € V(y), so t € V(B), and w = w(t) E B by IH. This implies
w(z) E o

Now assume that w(z) = (y — ), but ¢ € V(y — ). Take asequence z, €
V(7)-V(B), #n —nao . Ifw(z) = 0 then Rw(x)w(z,y,) for all m. Otherwise,
|z — 5[z]| < ¢*C¢#D+2 | and for sufficiently big m, |zm — 3[z]| < ¢"(*#D+2 hence
Ru(z)w(zm). By IH, w(zm) | ¥, and by Rw(z)w(zm), w(zm) E B. Again by
IH, z,, € V(B), a contradiction. +

To finish the proof of the topological completeness for [0,1], recall that 0 { a.
Then for the constant 0-sequence 0, we have 0 ¢ V(a);hence V(a) # [0, 1]as
required.
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Proof-Search

10.1. Tableaux: System LJpm*

For each sequent S, we describe a tree Trg obtained from S by a bottom-up
application of the inference rules of the system LJpm. If the goal sequent S is,
say, of the form:

p&y, T = A,

then it can be derived from a simpler sequent:
0, %, = A
by the rule (= &). Therefore the first step of the construction of Trg can be

e, ¢, I'=> A
o0&y, T = A. (10.1)

In this way Trg is extended upward with the ultimate goal of obtaining a deriva-
tion of S. Bottom-up applications of two-premise rules lead to a branching of
Trg. If, say, ¥ = 91 V 92, then (10.1) can be extended as follows:

SO,’(/&,F:?A (P1¢2)I‘=>A
o I=4
&y, T = A

This kind of branching is called conjunctive or and-branching: To prove a
final goal sequent, it is necessary to prove both subgoals. In this way we can
treat all invertible rules of the system LJpm: If a potential principal formula of
such a rule is present, it is eventually analyzed. Non-invertible rules present a
problem and will cause an extension of the language. Consider a sequent:

p—=qVr=-p—gq,op—r,op

The only invertible rule applicable here (bottom-up) is (—=>), but it is re-
dundant, since —p is already present in the succedent. Hence we must try

75
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non-invertible rules. To make the search exhaustive, all of these rules are to be
tried in parallel. The proof-search is successful iff at least one of these parallel
processes terminates. This situation is called disjunctive or or-branching.

To describe disjunctive branching, we introduce more complicated objects:
Finite ordered sequences or lists of sequents, written as follows:

S1*S2%..%8, (n>1) (10.2)

These are called rableaux. The order of components Sy, ..., Sy is in fact irrele-
vant, but we keep it fixed to facilitate notation. Tableaux are derivable objects
of our new system LJpm*. Its rules are the rules of LJpm applied to one of the
components S;. Note that the rule =>— adds a new component (when viewed
bottom-up) and hence turns a sequent into a tableau.

System LJpm¥*.
Axioms:

Txp,T=>A, 0T Tx1L,T=>A*T

Inference rules:

T*T'=>ApxT' TxI=> A psT Txp, o, L => AT
T+T = A &+ T T+ pbetp,I = AxT'

Txp, T =>A+xT Txyp,I=>A+T T+*I'=>A,0,¢%T'
TxeVey,I = AxT’ T+xT'= A,pVyxT

Txp— T =>A,0xT Txp,I'=>AxT
T*¢—>¢,F¢A*T’
TxI'=2A,p—oY*xp, P> xT
T+«=>A oo ¢pxT
All the rules of LJpm* are in fact invertible, but we call =>— quasi-invertible

to stress its connection with the non-nvertible rule =>— of LIpm.

Let us prove first that the new system is equivalent to the old one. We could
just interpret * as a disjunction, but this would introduce cuts.

LEMMA 10.1. Any derivation of a tableau Sy * S3 x ...* S, in Llpm* can
be pruned into a derivation of one S; in Lipm by deleting some components of
tableaux.

Proof.Use induction on the height of the derivation. The axioms of LJpm*
are pruned into the corresponding axioms of LJpm, and all remaining compo-
nents (that is, T, T") are deleted.

If some non-active component (occurring in T, T”) is retained in at least one
of the premises of a rule, it is also retained in the conclusion. For example, the

rule:
o, I'=>AxTxS P, I=>2AxTxS

VY, T =>AxTx*S
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is transformed into the repetition:

S

if § were retained in one of the premisses. Otherwise only the active sequents
are retained, for example:

e I'=2>AxT P, I'=> AT
VY, I'=> AT

is transformed into:
e, F'=>A Y, I'=2A

oV, T = A

if the leftmost sequents were retained in both premises. -

THEOREM 10.1. System Lipm* is equivalent to LIpm: A sequent is derivable
in LIpm* iff it is derivable in LIpm.

Proof.One direction is the previous Lemma. To prove the other direction we
add redundant sequents to transform LJpm-derivations into a LJpm* derivation.
More precisely, we proceed by induction on LIpm-derivations. The basis case is
obvious. The induction step is proved by cases depending on the last rule L in
the derivation. When L is invertible, the induction hypothesis is used. Consider
a non-invertible rule (=>—):

oI =9
F=>Ap—9

By the induction hypothesis, we have a derivation d of ¢,I' = % in LIpm*.
Prefixing T' = A, (¢ — #)* to all tableaux in d, we obtain a derivation of
= Ap—-¢Y*xp,I' = ¢in Llpm* and complete the derivation by applying
the rule (=—) of LIpm*. =

10.2. Proof-Search Procedure

Let us describe a proof-search procedure for the system LJpm* that constructs
a proof-search tree Trr, for each tableau Tp. It works in a bottom-up way: For
a goal tableau T, it either declares that T cannot be analyzed further, or it
analyzes T to determine a new goal T or two new goals Tiand T3,such that
T is obtained from these by some rule L. We say that the proof-search tree is
extended by using L bottom-up:

Ty i T

— L or 8

e L

At each stage except possibly the final one, the proof-search tree Trr, has
a finite list of goals (leaf nodes of the tree). The tree extension step consists in
picking one of the goals T' (for example, the leftmost one) to analyze. Then T
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is replaced in the list of goals by T} or by T1 and T5. If T'is an axiom, it is not
analyzed but simply deleted from the list of goals and declared a closed leaf of
the tree. Then the extension step is repeated. If T is not an axiom and cannot
be analyzed further, then it is declared a terminal node, the proof-search process
stops, and the initial tableau Tp is declared underivable. If the list of goals is
empty, that is, all leaf nodes of the tree are closed, then the tree is closed, and
the initial tableau is derivable. (Indeed in this case the tree Trr, proceeds from
axioms by the rules of LIpm*.)

At the initial step, the whole tree consists of exactly one node, namely, the
tableau Ty we are testing for derivability.

Before presenting a proof of the termination and completeness of this proof-
search procedure, consider two examples. We preserve principal formulas in all
rules (see the beginning of Section 10.3. below).

EXAMPLE 10.1. Consider a sequent —(pV -p)= L.

We omit the right premise L,I' = A (axiom) in the rule - = and some occur-
rences of L in the succedent, since these do not contribute to proof-search:

=~(pV -p)=>pV -p,p,~p*-(pV-p),p=>pV-ppp
=(pV -p) = pV-p,p,~p*x-(pV-p)p=>pV-p
~(pV-p)=>pV-p,p,-p*-(pV-p),p=>L
~(pV -p) =>pV-p,p,p
~(pV-p)=>pVp
-(pV-p)=> L

Our sequent is derivable.

EXAMPLE 10.2. Consider a proof-search tree for a sequent —(pdzg) = —pV-q:

—(p&q) = -pV —q,—p,~q,p,p&q —(p&q) = -~pV ~¢,-p,q, ¢, p&yq
—(p&g) => ~pV ¢, p, ¢, pg
~(p&gq) = -pV ~q,7p, ¢
~(p&q) = —pV ¢

Let:
S = ~(p&q) = —pV ~q, -, ~q, p, py;
Sp == —(p&q),p = pkq, and S, := —~(p&q),q = pkq.

Continue the search up the left branch:
v Ty
S *(plq),p = pkq,p+ S; S*(phq).p=gxS5,
S*8p x5,
S * ~(p&q),p = *~(pkq), ¢ =
~(p&q) = —pV ~q,-p, -, p, plq
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where:
Ty := S *-(p&q),p = p&q,q *~(p&q),q = pdeq,p

and Ty := S * ~(pkq), p = pkq, ¢ * ~(p&q), ¢ = pkq, q.

The tableau 73 is terminal (no rule can be meaningfully applied bottom-up to
it). It produces the following refuting Kripke model for the original sequent
~(p&q) = —pV —q, where 0,1,2 correspond to components of T7:

S; —~(p&q),p = p&y,q; ~(p&q), ¢ = p&q,p

Indeed the antecedent is true in the world 0: V(—(p&q),0) = 1 because p&q is
refuted in all three worlds: In 0 and 1, since ¢ is false there and in 2, since p is
false there. On the other hand —p, —gare both false in the world 0; V(-p,0) = 0,
since V(p,1) = 1; and V(—g,0) = 0, since V(g,2) = 1. Hence V(~pV —¢,0) =0
as required.

10.3. Complete Proof-Search Strategy

Let us impose some restrictions on tree extension steps. Structural rules are
used only as parts in a step by a logical rule, and are not mentioned separately.
Suitable sequents of maximal complexity are analyzed first. To avoid repeated
analyzis of the same formula, all principal formulas of invertible rules are pre-
served; that is, every invertible step is always preceded by a contraction of the
principal formula. For example, & =>,= Vand —=> take the following form:

T+ a,8,ckB,T=Ax Ty i*TT=2AavVf e fx T,
Ty * a&f,0&B,T = Ax T T« I'=s>AaVBaVix T,
Ty * a3, T 2> Ax Ty Ti* I'=>AaVpx T

Tix a—- 3 T=>Aax Ty
Tixa—=Ba—=II'>AaxT, T1* B,ba—BT=>Ax T
T * a—-»,B,a—nB,P:}A* Ty
TixaaBT=>Ax T,

Consider the following proof strategy avoiding redundancy.

DEFINITION 10.1. A sequent T' = A subsumes a sequent I' = A’ (and
[" = A’ is subsumed by ' = A) if T C IV and A C A’ as sets of formulas.
(Note that (& — VAYF &I — VA' in this case).
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An extension step applied to a tableau T is admissible if none of the new com-
ponents S’ (there is just one S’ for one-premise rule) subsumes any component
of any tableau from T down the root (original sequent) of the proof-search tree.

LEMMA 10.2.  If principal formulas of invertible rules are preserved and
only admissible tree extension steps are applied, then the proof-search in LIpm
terminates.

Proof Every sequent in the proof-search tree for a sequent S consists of sub-
formulas of S; hence there is only a finite number N of different sequents (when
antecedents and succedents are treated as sets of formulas). Every admissible
extension step adds a new sequent to a given branch of the proof-search tree,
so the length of the branch is bounded by N. Since the tree is binary (it has at
most two branches at each node), it is finite. —

LEMMA 10.3.  If principal formulas of invertible rules are preserved, only
admissible tree extension steps are applied, and T is a terminal node of a proof-
starch tree (no extension step is admissible), then T can be pruned (by deleting
components properly subsumed by others) into a saturated set T~ of sequents.

Proof.Observe that if a tableau T'is situated over some tableau 73 in some
branch of the proof-search tree (that is, T is obtained from Tj by a series of
extension steps), then every component of 71 subsumes some component of T
Indeed if a component of the conclusion of a rule is changed in the passage to
the premise, then this rule is invertible, and the component is just extended.

Let 7T be a terminal node. Delete all components of 7" that properly subsume
other components and prove that the resulting set T~ of sequents is saturated.
Let S € T~. Then S is saturated for invertible rules: For any potential bottom-
up application of an invertible rule to a formulain S, one of the newly generated
components coincides with S. Otherwise this component S’ properly contains
S. Since T is a terminal node, S’ subsumes one of the components, say $*,
in the branch from T down to the root. As previously observed, S" subsumes
some component in T, and hence S properly subsumes some component of T,
thatis, S¢ T~

To prove that T is saturated for non-invertible rules (of LJpm) to formulas
in a given component S € T'~, consider the new component S’to be generated
by such an application. As in the case of an invertible rule, a terminal tableau
T contains a component subsumed by S§’; that is, it is saturated. -

It remains to describe the construction of a refuting model for the original
tableau So from the (non-closed) terminal tableau T in the proof-search tree
Trz,. By the previous Lemma 10.3., a subset 7'~ of T'is saturated. By Theorem
8.2., it produces a Kripke model K =< W, M,V > falsifying all sequents in T~
by (8.8). Since every sequent in T'— T~ subsumes some sequent in 7'~ it is also
falsified in the same world of W.

LEMMA 104. Let T be a terminal tableau (leaf node) in a proof-search tree
Trr, for a tableau:
ToESl*...*Sn,



10.3. COMPLETE PROOF-SEARCH STRATEGY 81

and let K =< W, M,V > be a Kripke model such that w; € W falsifies the ith
component of T'. Then w; falsifies Si forevery i < n.

Proof Easy induction on height of Try,. Induction base: Try, = 7. Apply

the assumption.
Induction step. The Tp is derived by a rule L applied bottom-up to its
component Sy, 1 < I < n. Let 7¥ be the premise of L in the branch of T,

leading to node T
T
T (T
T
If L is invertible, that is, L # (=—), then T"is obtained from Ty by replacing Sy
by S}. By IH, w; falsifies S; for ¢ # I, and wy falsifies Sy. Since L is invertible,

Sy implies St; hence wy falsifies Sy.
If L = (=>—), then T' = T * S’, and IH is applicable. .

THEOREM 10.2. (a) The proof-search procedure is sound and complete.

(b) Intuitionistic propositional logic is decidable

Proof.If the proof-search does not terminate in a derivation, take a terminal
tableau and apply Lemma 10.3. to construct a refuting model. a!
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System LJp

One-succedent version LJp of LIpm is obtained by restricting the succedent to
one formula in LJpm. In other words, sequents are of the form I' = a, and the
rules are as follows:

System LJp Axioms:

6=>¢ L=>4¢
Inference rules:

's¢ Ty é¢,I'=>46
I' = ¢& &y, I' =6

¢, I'=>6 P, =0 I'=> ¢
oV, =8 ['=¢oVer

-9, IT=>¢ T4 L =>4
66—y, =40 I=¢—-9

¢’¢;I‘:>A r=A

sT>A contr m weak
The following rules are derivable:

¢, =L ¢, = ¢
' ¢ -¢,I'=>0

11.1. Translating LJpm into LJp

11.2. A Disjunctive translation
For A=aj,...,an let VA= a3 V...Va,.
83
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LEMMA 11.1. (a) T = A is derivable in Lipm iff T = VA is derivable in
LJip + cut.

(b) In particular LJpm is equivalent to LJp + cut for sequents U = c.

Proof.Part (a): The translation of every rule of LJpm is derivable in LJp +

cut. For example:
'sAa T'=A,8

I'=2 A, a&pf

is translated as:
F'=>é6va I'>6Vye
I'=>@Vva)k(dvp) d: (5Va)k(dVp) =6V (akp)
I'= 6V (akp) ,

where (disregarding some weak, contr):

§=4 a=>a =08
56 §=>6V(a&f) o,f=>akp
=6V (akp) a,(6Vp) =6V (akp)
(6va),(6Vvp) =6V (a&p)
d: (6Va)&(6Vvp) =6V (ax&p)

In the opposite direction, a derivation in LJp is already a derivation in LJpm
(up to structural rules), and the passage from I' = VA to I' = A is done by
cut with VA = A. 4

11.3. Pruning, Permutability of Rules

The translation of LJpm into LJp given in the previous Section 11.2. distorts
the structure of derivations and introduces cuts. This may be inconvenient if
the goal is for example to extract a program.

In the present Section we describe a translation that preservs the structure of
a derivation better and prunes multiple-succedent sequents into /-sequents, that
is, sequents of the form I' = a. The translation uses permutation of inferences
along the lines of [11].

Let us first describe pruning transformations that delete redundant parts of
a deduction.

DEFINITION 11.1. A derivation in LJpm is pruned if weakenings occur only
as follows (with only other weakenings intervening):
(a) immediately preceding the endsequent;

(b) to introduce the side formula of =>—, the other one not being introduced by
a weakening;

(c) to introduce one of the parametric formulas into one premise of a two-
premise inference, this formula not being introduced into the other premise by a
weakening.
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LEMMA 11.2. Every derivation d:T' = A in Llpm can be transformed into
a pruned derivation d' : T = A by moving weakenings downward and deleting
occurrences of formulas and whole branches.

Proof.We use induction on d. The induction base is obvious; for the induc-
tion step, consider the last rule L in d.

Case 1. The L is a two-premise rule. If at least one of the side formulas of
L is introduced by weakening, then L is deleted together with the whole branch
ending in the other premise; for example:

e: I"=> A k
T=>Aa % I'sAB
d: T=Aakf
is pruned into:
e: "= A/

7. T A akp Uk
where IYC T, A’ C A.

If none of the side formulas of L is introduced by weakening, we apply IH.
For example:

I'=> Al,a "= A"
ToAa “%* Toap wo
d: T= A akf
is pruned into:
'saa =46
"= A%, a Y% T"A* 3
'™ = A* a&pB
weak

d: T=>Aakp
Here T* =TV,T", A*=A'A".

Case 2. L is a one-premise rule. If all side formulas of L are introduced by
weakening, then L is deleted. Otherwise weakenings of parametric formulas are
moved down; for example:

I'=p
o,l'=>4
'=sa—-p
is pruned into:
I'=sg
o, "= 8
I'sa—p
P'>a—-p
_|

In addition to derivations in LJpm, we consider below deductions in LIpm,
that is, trees constructed according to the rules of LJpm, with leaves containing
arbitrary sequents (not necessarily axioms & = a or 1L = a).
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LEMMA 113, If d : T = A is a pruned deduction in Llpm from arbitrary
1-sequents containing no V =>-inferences, then T' = A is an I-sequent up to
weakenings, that is, d ends in:

M—weak
d: T=A

Proof.In a pruned deduction, all rules except V => preserve the property of
being a 1-sequent; for example:

(¢ = ¥)°, 1" = ¢%, A" o/ TV = A
(p—-¥)°,I'=>¢4,A Y, T=>A
-y, I'=> A

is in fact
(¢—¥)°I"'=>¢ o I"=6

¢ =46 H =6
¢ -9, L=6

Indeed both ¢ and % are in fact present, since otherwise the whole rule is pruned.
Hence A’ = 4§ is a single formula, and A’ is empty. 4

DEFINITION 11.2. Let d: I — A is a derivation in Lipm and let L be
an antecedent rule in d, with a principal formula = and conclusion =, TV = A'.
Then L is movable if #,IV C T, and in the case of L =—=p>, the succedent
parameter formulas are pruned from the left premise:

(¢ =), "> ¢
d—-p, "=, A" P I'=> A
¢— 9, I => A

LEMMA 114. Let d:T = A be a pruned deduction in Lipm from 1-sequents
containing an V =>-rule but no non-invertible rules. Then d contains a movable
rule.

Proof. Consider the lowermost non-structural rule L in d. If L is an an-
tecedent rule other than —=>, then it is movable. If L is a succedent rule, use
IH. Otherwise d ends in:

e: ¢—y,I"=> AN ¢ P, IV => A
d: ¢y, T2 A

If e does not contain V =, then by Lemma 11.3. the succedent A’, ¢ contains
(up to weakenings) just one formula. Since d is pruned, it should be ¢; hence L
is movable.

If ¢ contains V =, use IH. 4
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THEOREM 11.1.  Every derivation of a 1-sequent T' = « in LJpm can be
transformed by permutation of movable rules and pruning into a derivation in
LJp.

Proof. We use induction on the number of logical inferences in the given
derivation. If all premises of the last rule are 1-sequents (up to weakenings),
then apply IH. Otherwise delete from the given derivation all sequents above
the lowermost 1-sequent (up to pruning) in every branch. We are left with a de-
duction d from 1-sequents by invertible rules, since conclusions of non-invertible
rules are 1-sequents. If this deduction does not contain V =>-inferences, use
Lemma 11.3.; otherwise there is a movable rule. Moving it down and applying
IH to its premises concludes the proof. Let us consider possible cases in detail.

Case 1. There is a movable & =-inference. Then d takes the form shown on
the left below. Permute it down as shown on the right, to appy IH to d'.

|
| o, = A

o, ¥ => A l
m L d: a,(a&f)’, T =y
| akef, (a&B)?, L = v g
a&f,T = a&f, 5 = omr

where the contraction rule and (e&/3)° are present only if the lowermost a&g
has other predecessors than the principal formula of L.

Case 2. There is a movable V =>-inference (this case is similar to the previous
case):

I I
1 ! o, = A B,E=>A

a,8=>A 4,%=A | l
aVvp, Y = A a,(avﬂ)°,2=>7 ﬂ,(aVﬂ)0,2=>7

| aVB,(aVvp)l, T =7y
aVp L=y aVpB =y

Case 3. There is a movable —=>-inference L.
d:(a—=p)°Yz3a
(=P =>A,a0a BT =A
a— 3, IE’ = A L

a— (BT =>4y

Move it down:
B8,T = A
d: (a—>p)0Y=a |
a—-p,E=>a,7 B (a—=ph)’ Ty
a—p3,L=>y

This concludes the proof. -



Chapter 12

Interpolation Theorem

Now we can prove a proposition having many applications. If E is a formula
or sequent, then Lg stands for the list of propositional variables occurring in E
plus {T,L}.

A Craig interpolant for an implication § — « is a formula ¢ such that:

FB—e, Fioa and L, C Lo Lg.

A Craig interpolant for a partition T'; A = a of a sequent I'; A = « is a formula
¢ such that:

FT =y, Fi, A= a and L, CLrNLasa.

THEOREM 12.1. (interpolation theorem) (a) If T,A = « is derivable, then
there is a Craig interpolant for I'; A = «.

(b) Ifa — B is derivable, then there is a Craig interpolant for a — .

Proof.Part (b) follows immediately from Part (a). Let us prove Part (a) by
induction on a given derivation d : T, A = o in LJp.

Case 0. The d is an axiom a@ = a or L — . The interpolant depends on
a given partition T'; A of the antecedent. If I’ is empty, define ¢ := T , and we
have = T and T,a = «, as well as T, L => . If T is non-empty, that is, the
whole of the antecedent, define ¢ := T (that is, ¢ := & or ¢ := 1), and we have
'>Tand = e.

Case 1. The d ends in an one-premise succedent rule L (that is, L == V
or L ==—). By IH, there is an interpolant ¢ for the premise, and it is just
preserved for the conclusion. If for example L =— V , then we have:

['A=a LA oy by IH
A= agVa '=: | A=ayVea by =V

Case 2. The d ends in a two-premise succedent rule L (that is, L == &).
Take conjunction of interpolants for the premises:

NA=¢ T'A=>Y poy Tk A4 K,A¢  bylH
I'A = ¢&y = &k &ew, A= &y by 2> &, &=

89



90 INTERPOLATION THEOREM

Case 3. The d ends in an antecedent rule L, and L has one premise or
the principal formula of L is in A. The construction of ¢is the same as in
Cases 1 and 2: ¢ is transferred from the premise if L has one premise, and the
conjunction of interpolants is taken if L has two premises; for example:

LA ¢ KY,A=>a
T -k &k, A=>d &r, v, A= a
K W&k, 0 — P, A=«

NA=4¢ Iy, Az a
IL¢—9y,A=>a

by H, —=>,& =>.

Case 4. The d ends in a two-premise antecedent rule L, and the principal
formula of L is in I'. Then the interpolant has the same principal connective as
L. If L =V =, the argument proceeds as before:

¢, T =>¢ v, L=
¢,IN'A=a P IN'A=3a 4T v 9, T=1Ve ,Aa K A=a
VY, I''A =« VY, => 1 Vk tVEAD o

If L =—= with the conclusion partitioned as ¢ — ¥,I; A = a, apply IH to
partitions:
AT=>¢and y,IA= a

,I'=>¢ 9, =k

'A=¢ '/),F,A=>CVL ¢—Yv, T 1= A1 KAz a
¢ —- Y, T A=« oY, I'=>1—k L= KA
This concludes the proof. -

12.1. Beth Definability Theorem

One of the applications of the Interpolation Theorem is a criterion of definability
of a proposition p satisfying given property . If there is an explicit definition
p — ¢, where ¢ is a formula that does not contain p, then p is obviously unique:
g <« ¢ implies p —~ ¢q. Theorem 12.1. below shows that uniqueness implies
explicit definability.

DEFINITION 12.1. A formula o implicitly defines a propositional variable p iff
the formula:

a&alp/q] — (p < q) (12.1)

is derivable for a new propositional variable q.

Formula (12.1) says that at most one proposition p (up to equivalence) satisfies

a = afp)].

THEOREM 12.2. (Beth definability Theorem). If a formula o implicitly defines
D, then « explicitly defines p: there exists a formula ¢ that does not contain p
such that:

a—(pe)

is derivable.
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Proof.Derivability of (12.1) implies derivability of the sequent
p,a,a[p/q] = q.
Take ¢ to be an interpolant for the partition p, a;a[p/q] = ¢:
pa=y  alp/g=q
This implies (after substituting g by p in the second sequent):
o= p—i a=>L—p

as required. 4
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Chapter 13

Natural Deduction System
NJ

Predicate logic ferms are constructed from individuum variables denoted by
X, ¥, %, Z1,Y1,21 and so on, by means of function symbols denoted by f, g, A,
J1,91,h1 and so on. Variables and O-place function symbols (constants) are
terms, and if ¢1,...,t,, (p > 0) are terms, then f(ty,...,tp) is a term for a
p-place functional symbol f. Atomic formulas are constructed from terms and
predicate symbols (which are denoted by P, Q, Pi,@1,...). Propositional letters
are atomic formulas (and O-place predicate symbols); L is an atomic formula,
and ifty,...,tp, p > 0 are terms, then P(ty,...,%p) is an atomic formula for a
p-place predicate symbol P. Formulas are constructed from atomic formulas by
propositional connectives &,V,— and quantifiers. Atomic formulas are formu-
las, and if @, B are formulas, then a&f,aV 8,a — B,Vza, Jza are formulas.

A main complexity measure of a formula is its length, that is, the number of
occurrences of logic connectives; lth(a) := 0 for atomic «;

lth(a ® B) := lth(a) + Ith(B) + 1; Ith(Vza) = lIth(3za) := Ith(a) + 1.

Quantifiers bind occurrences of individuum variables; remaining occurrences are
free. Let us define the list F'V(a) of free variables of the formula c.

If @ is atomic, then FV(e) is the list of all variables occurring in a:

FV(a®B) = FV(a)UFV(F) for ® = &,V,—.

FV(Vea) = FV(3za) := FV(a) - {z}

Recall that the expression a[z/t] stands for the result of substituting a term
¢t for all free occurrences of a variable x in a formula o. For other syntac-
tic expressions &, substitution £[z/t] is defined componentwise. For example,

(a1, ... = .., Bn)z/t] i= aafz/t], ... = ... Bulz/t].
Predicate systems NJ and NK

Add the quantifier rules presented below to propositional versions of these
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systems and allow o = 328 in L,:

—o,'= o

I'=a Le

NJ := NJp+ {VI,VE,3I,3E}
NK = NKp+ {VI,VYE,3I,3E}

I'= afz/y] I = Vzo
I'= Vra T = afz/t]
I = afz/t] I'= 3za (afz/y))’, A =0
I' = 3za I,Al=46

The rules VI, 3E have a proviso for eigenvariable y: Variable y is not free in
the conclusion of the rule and in 3ze.

EXAMPLE 13.1. Standard axioms for quantifiers are obtained by VE,3I:

Veo = Vza afz/t] = alz/t]
Vza = alz/t] alz/t] = Jza

13.1. Derivable Rules

All rules mentioned in Section 2.5. are derivable in NJ. The justification of L;
with arbitrary o (Lemma 7.1) is extended by quantifier introduction rules, for
example:
=1
= afz/y]
I' =3 Vo

with a new variable y.
To the rules for analysis into subgoals (Section 2.6.) we add V1,37, and 3 =:

afz/y),T =6
Jra,I'=>40

with a new variable y.

To the rules for direct chaining (Section 2.6.) one adds VE and 3 =. After
this the ADC method for establishing deducibility (Section 2.6.) is described
in a natural way. First the goal sequent is analyzed into subgoals, and then
direct chaining is applied to each subgoal. The rules VE,3I are restricted to
parameters present in (sub)goals.

All results on heuristics in Section 2.7. extend to predicate logic. In partic-
ular NJ is obviously contained in NK.

LEMMA 13.1. Every sequent derivable in NJ is derivable in NK, and hence it
is classically valid.
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_|
We add 3 = and its inverse to heuristics for 3, as well as a similar relation
for V:
dza,T =0 iff a[z/y],T =0

I'= Veo iff I' = afz/y]

with a new variable y.
To heuristics for negation we add:

F —-3za — Ve-a (13.1)

b odza e Vo (13.2)

Formula (13.1) is proved by ADC, and formula (13.2) immediately follows from
it.

The replacement of equivalents (Section 2.8.) has to be modified in a familiar
way ifit is done in the scope of quantifiers: the formula (Pz « Qz) — (VzPz «
VzQzx) is not even classically valid. Lemma 2.8. is extended as follows.

LEMMA 132. (a)
FVz(a o ) = (Vea — Vzp)

FVz(a o ) = (za — Jz6)

(b)
F Ve .. .Ver(a « B) — (vlp/a] < v[p/B))

where z1,...,Zy include all free variables of a,f.

Proof.Part (a) is proved by ADC.

Part (b) is proved by induction on %. Let Eq:=Vz;...Vzi{a « §). Atomic
case Eq — (a < B) is proved using VE. Propositional case ¥ = 0 ®71 is proved
using VE and Lemma 2.8.(a). The remaining case vy = Qé with Q = V,3is
proved using Part (a):

Eq= olp/o = olp/f]
Eq = Ve(elp/oT = 8/80)
Eq = Qeolp/e] — Qué[p/A]

13.2. Godel’s Negative Translation

Godel’s negative translation still works for predicate logic, but Glivenko’s theo-
rem (Theorem 3) does not extend literally: Formula Ye——Pz — —==VzPz (and
intuitionistically equivalent —~(Yz—~—Pz&-Vz Pz)) are derivable in NK, but not
in NJ (see Example 14 below). Definition 3 is extended to quantifiers in a
natural way: V is preserved, 3 is prefixed by —-.
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DEFINITION  13.1.
a™® := ~~p  for atomic o

(a&B)*® .= o9& 3% (& — B 1= o™ — g"¢d
(aV P)** := ~(—a™ &~ ")
(Vo)™ := Vz(a™®9) (Fza)™® := V(o).
In connection with the last clause, note that by (13.2 )
F Vo — --3za.
To justify the negative translation, we use the analog of Lemma 3(a):
F =Yoo — Vo (13.3)
which is proved using ADC.

DEFINITION 13.2. A formula is negative if it does not contain V,3, and all
atomic subformulas are negated.

Note that —a is not necessarily negative in this sense.
LEMMA 133. In NJ: F a — =—a for every negative formulac.
Proof.Extend the proof of Lemma 3(b) using (13.3). 4
LEMMA 13.4. Every rule of NK is stable under Godel’s negative translation.
Proof.Extend the proof of Lemma 3 using relations:
alz/t]F -Ve-a (13.4)

Ve, Vy(a — 07%9) | 674 (13.5)

(13.4) is obtained by ADC. To obtain (13.5), prefix the last §7°9 by =~ (Lemma
13.2.) and reduce this goal to a subgoal:

Yy(elz/y] — 6™9), 0" - Vz-a.
This is proved by ADC. =

THEOREM 13.1. A sequent T = Ais derivable in NK iff T"¢9 = A"™¢9 s
derivable in NJ.

Proof.Exactly as Theorem 3. =
The next Theorem illustrates Glivenko-style results that can be obtained by
Godel’s negative translation.
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THEOREM 13.2. (a) A negative formula is derivable (in NJ) iff it is derivable
in NK
(b) If a formula o does not contain universal quantifiers, then + —a iff —ois
derivable in NK.

Proof. To reduce Part (b) to Part (a), prove by induction on « that -«
is equivalent to a negative formula if a does not contain universal quantifiers.
Then note that Godel’s negative translation does not change negative formulas
v:

™ ey

and use Theorem 13.2.. -

13.3. Program Interpretation of NJ

Add the following clauses to Section 4.1.:

erdza  iff ¢ = p(d,a), d is an individuum and erafz/d],

crVza iff ¢ is a function and for every individuum d, ¢(d)refz/d].

Examples.

Realization ¢ of Yz3ya is a function (program) that for every x produces
value po(¢(z)) and a realization p1(¢(z)) of the remaining part of the formula
aly/po(t(e))).

Realization ¢ of 3za — 3Jyf is a program that for every x satisfying o
and every realization z of efz] produces a value #(p(x, z)) that is a pair con-
sisting of a value po(t(p(z, #))) satisfying 8 and a realization p1(t(p(z, 2)))of
Bly/po(t(p(z, 2)))].

EXERCISE 13.1. What are realizations of the following formulas:

dra — Vz3ys,; Vz(3za — JypB)

Vg — ¢lz/t], YVz(r — ¢) — (r — Vz¢d), z is not free in r

¢z /t] — 3z¢, Yz(¢ — r) — (3zp — 1), z is not free in r
For the language of deductive terms (see Section 4.2.), we distinguish indi-
viduum variables x, y,... of predicate logic from typed variables ¢, y%, .. .of the
language of deductive terms. We add a new construction E ,et/sl to account
for 3-elimination. Assume that ¢ = p(to,t;) realizes 3z¢ and s¢ is a realization
of a formula 8, depending on parameters y, u®¥/%] for possible values of x and

possible realizations of ¢[y/x]. Then by BHK-interpretation, s{y/to,u/t1]is a
realization of €. This is expressed by the equation:

Ey,u'ﬂv/’](p(t()) tl)a so) = S[y/to, U/tl]. (13'6)

that is added to equations (4.1-4.3) together with the version of equation (4.2)
corresponding to V-elimination:

Oz.1%)(u) = t[z/u] (13.7)
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where x is an individuum variable and 7 is a term of predicate logic.
Assignment rules for predicate logic:

z:I=>t: Alz/y] z:I'=>t:Vz¢
Z Tyt Ve L Z.T Ul dlz/t]

VE
z:I'=>1: ¢[$/t0]
z: T = p(to,ty) : Iz¢

z:T=t:3z¢ (V) g[z/y])% 2 : A=t :0
2,2 [[,A] = Ey 4(t, 1) : 8

I

with a suitable proviso in YI,3E. This extends the assignment 7 of deductive
terms (Section 4.2.) to derivations in predicate logic.

Iza&Vzf 4 ofz/y]
; )

EXAMPLE 13.2. Using variables z we have:

z: Jza&Vzf = 2 : Jra&Vzf u:alc/y],z: JxakVef = k: afz/yl&blz/y]
AzadVzf = po(z) : Jza u:afz/y], JzakVzf = p(y, k) : Fz(a&p)
JzadVep = Dy u(poz, p(y,k)) : Fz(a&p)
= A2.Dy (Poz,p(y,k)) : Jza&Ves — 3z(a&p)

where k = p(u, (P12)(y)) and the right uppermost sequent is derived as follows:

z: rxadVef = z : JzakVep
z: JzakVzpB = p12: Vzp
uialz/yl=2>u: alz/y] z:3rakVzf = (p12)(y) : Plz/y]
u:afe/yl,z: IxakVef = k: afe/yl&pc/y]

The Curry—Howard isomorphism (Section 4.3.) between deductive terms and
natural deductions can be extended to NJ. Operation D (Definition 4.3.) is
extended in a natural way to new deductive terms .

If t¥2% = Adyu?l®/¥] | then:

D(w): T = ¢[z/y]
D(Ay.u): I' => Vo

vI

If ¢/t = "= (¢"), then:

D(s): T'=>Vza
D(s(t')) : T = afz/t]

If t3*e = p(s*/*'1 u), then:

D(s): T = alz/t]
D(p(s,t)): T'= Iz
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Ift9 = E, yatern(t37%,t]), then:

D(to): T = Jza D(t1): efz/y],A=>0
D(E(to,t1)) : [T,A]=>0

Conversions for deductive terms are relations (4.1-4.3), a conversion for V
similar to (4.2):

(Ayt)(u) = t{y/y] (13.8)

and the following conversion for 3:

E:z:o,:z:l (p(tOy tl); t2) conv tz[-’Bo/to, xl/tll (13'9)

Corresponding conversions for natural deduction follow.
V-conversion:

y
e: ' =t:alz/y
I' = Ayt : Vo Vo
= (Ayt)(t') : afz/t] conv ely/t']: T = t[y/t'] : o[z /]

Free occurrences of y in the deduction e are replaced by ¢".
3-conversion:

wolz19) : o[z /y) = uele/¥] : afz/y]
T =t : afz/tg) Y, u
[ = p(to,t1) : Iz (/) afz/y])°, A =>5:8
[[,A]=> Ey,u(p(to,tl),S) 10

[=t:afz/to)

to,t1
conv [ A] = sly/to,u/t1]: 6

Free occurrences of y are replaced by tp, and the assumption afz/y]is re-
placed by I'. The definitions in Section 5.1. (ancestral relations in a natural
deduction, substitution of a deduction for an assumption, reductions for deduc-
tive terms and deductions, and so on) are extended in a natural way. After this
Lemma 5.2. and Theorem 5.2. extend to NJ together with their proofs. The
notions connected with conversions, reductions, and normal form are defined
exactly as in Section 5.1..

THEOREM 13.3.  (Curry-Howard isomorphism between terms and natural
deductions in predicate logic)

(a) Every natural deduction d in NJ uniquely defines T(d) and vice versa: Every
deductive term t uniquely defines a natural deduction D(t).

(b) Cuts in d uniquely correspond to redexes in T(d) and vice versa.
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(¢) Every conversion in d uniquely corresponds to a conversion in T(d), and

reduction sequences for d uniquely correspond to reduction sequences for T(d)
and vice versa.

(d) A deduction d is normal iff T(d) is normal and vice versa.

EXAMPLE 13.3. Consider the following deduction of a sequent & = L, where:

a := JaVy(Pz vV - Py), 8 :=Vy-Py&k -Vy-Py

B=p B=8
B = ~Vy-Py B =Vy-Py
B=1 dp: ~a = -Vy-Py d): -a=Vy-Py
=>0—-1 —a=> 0
d: na=> L

Where dg, d; are as follows:

Yy-Py = Vy-Py
Yy-Py = —Pa
Vy—~Py = Pz V —Pa
Vy-Py = Vy(Pz V ~Py)
o = o Yy-Py=a
-a,Vy-Py=> L
do: —~a= -Vy-Py

Pb = Pb
Pb= PbV =Py

Pb = VYy(PbV —Py)
—a = -a  Pb=> JaVy(Pz V —~Py)
o, Pb=> L

o = - Pb
d, : —a = VYy-Py

Deduction d ends in a cut, and it is converted into the following deduction
dz:

dy : ~a = -Vy-Py dy:-a=Vy-Py -a=>-VYy-Py -a=>VYy-Py
—a = “Vy-Py&Vy—Py —~a = ~Vy—-Py&Vy-Py
—a = ~Vy~Py -a = Yy-Py
dy: ma= 1
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Converting two &-cuts in this deduction, we obtain dg:

Vy-~Py = Vy~Py Pb= Pb
Vy-Py = —-Pa Pb= PbV -Py
VYy-Py => Pz V - Pa Pb = Yy(PbV -Py)
Vy-Py =>Vy(PzV-Py) Az-a Pb= IzVy(PzV -Py)

Az —a V-Py=a =, Pb> L
—a,Vy-Py => 1 —a = ~Pb_

do: -a = Yy Py dy : —a = VYy-Py

d3 a1

Convert —-cut at the end of this deduction :

Pb= Pb
Pb= PbV ~Py
Pb = Yy(PbV —Py)
-a = —a Pb=>3zVy(Pz V ~Py)
-, Pb=> L
o = =Pb
dy: ~a = Vy-Py
-a = = Pa
~a = Pz V -Pa
—a = Vy(Pz V - Py)
o = o Sa = a
dg: na=>1

Conversion of Yy—Py-cut results in the following normalform:

Pa = Paq
Pa = PaVv-Py
Pa = Vy(PaV —~Py)
-a = -a Pa= 3zVy(PzV -Py)
-a,Pa= L
- = -~Pa
o = PzV -Pa
—a = Yy(Pz V - Py)
oo = o —a = a
ds: mra=> L

Let us repeat this for deductive terms. Using variables 27 u"¥~FY ¢Pb P
we obtain

T (do) = Au.z2(p(z, Aa.ki(u(a)))); T(dy) = Ab.dv.z(p(b, Ay.kov))

7(d) = (Aw.(p1w)(Pow))(P(7 (do), 7 (d1)))-
Then:

7(d) conv (p1(P(7 (do), 7(d1))))(Po(P(T (do), T (d1)))) = T(dy) red
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(T(do))(T (d1)) = T (d3) conv
z(p(2, Ayko((7 (d1))(a)))) = T(ds) =
z2(p(z, Ay-ko((Ab.2v.z(p(b, Ay.kov)))(a))))
red z(p(z, dy.ko(Av.z2(p(a, Ay.kav))))) = T(ds) = |d|
To extend the Normalization theorem (Theorem 5.3.) to NJ, let us preserve
the definition of cutrank of a redex as the length of its cut formula:

cutrank((Az 19 (t') := ith(Vza) = Ith(a) + 1;

cutrank(Ey 4(p(to, £3°/1), 5)) = lth(3za) = Ith(a) + 1
Lemma 5.3. and Theorem 5.3. carry over to NJ together with proofs. We must
add one more kind of a “new” redex to Lemma 5.3.(a):
t= E(z,s) and s = p(uo, u;)
THEOREM 13.4. (normalization theorem). (a) Every deductive term t can be
normalized.

(b) Every natural deduction d in NJ can be normalized.

Basic properties of normal deductions (Theorem 5.4.) are preserved, too,
and hence V-property and Harrop’s theorem are extended to NJ together with
their proofs. In addition we have the 3-property.

THEOREM 13.5. (Properties of normal deductions). Let d :T' = v be a normal
deduction in NJ.

(a) If d ends in an elimination rule, then the main branch contains only elim-
ination rules, it begins with an axiom, and every sequent in it is of the form
I = a,where T' C T and « is some formula.

(al) In particular the axiom at the top of the main branch is of the form o = «
where a € T.

(b) If T = 0,then d ends in an introduction rule.
THEOREM 13.6. (disjunction property, Harrop’s theorem). (a) If b agV ayq,
then ¥ «; for some i =0, 1.
(b) If F - =>aqVay, then = =t a; for some ¢ =0,1.
(c) If + 3Jza, then b a[z/t] for some t.
(d) If +-f = 3Jza, then -8 =t ofz/t] for some t.
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Kripke Models for
Predicate Logic

Definitions and results of Chapter 7 are extended here to predicate logic.

DEFINITION 14.1. A Kripke frame for intuitionistic predicate logic is a triple:

<W,R,D>

where < R,2W > is a propositional intuitionistic Kripke frame (Definition 7)
and D is a domain function assigning to every w € W a non-empty set D(w)
expanding with respect to R:

Rww’ implies D(w) C D(w')

To every world w of a Kripke frame < R,W, D > corresponds an exten-
sion Ly, of the language of predicate logic obtained by adding constants for all
elements of the domain D(w). We identify such a constant with the correspond-
ing element of D(w). Hence sentences of Ly, are formulas containing no free
occurrences of variables but possibly containing objects of D(w).

DEFINITION 14.2. A Kripke model forintuitionistic predicate logic is a 4-tuple
<W,R,D,V > where < R,W,D > is a Kripke frame and V assigns a function
V(f) to every function symbol f and a predicate V(P) to every predicate symbol
P, so that the following conditions are satisfied.

For all w € W, d,,...,d, € D(w) (and n-ary f, P):
V(f)(d1,..., dn,w) € D(w) and V(P)(dy,...,dn,w) € {0,1}
Ruww' implies V(f)(d1, ..., dn, ') = V(f)(d1, ..., dn, ) (14.1)
Rww' and V(P)(dy,...,ds, w) = 1 implies V(P)(dy,...,ds,w') =1 (14.2)

105



106 KRIPKE MODELS FOR PREDICATE LOGIC

In other words:
fw=2Ad1...Adp V(f)(dy,...,dp,w)

is an n-ary function on D(w) and:
Pw = Adl .. Ang(P)(dl, . .,dn, w)

is an n-ary predicate on D(w). Moreover fy,, Py are monotone in w: The value
true for P and all values of f are preserved in the move to an accessible world.
The values of variable-free terms and sentences in a Kripke model are defined
by the following recursion.

DEFINITION 14.3. (a) The value V(t,w) € D(wdf a constant term t € D(w):
Constants: V(d,w) :=d if d € D(w)
Composite terms: V(f(t1,...,t,),w) := V() (V(t1,w),...,V(p, w), w)
(b) The value V{a,w) € {0,1} for a sentence @ € Ly,. First atomic formulas:

V(P(t1,. .. tn), w) := V(PYV (1, 0), ..., V(tn, ), w)

&,V,—, L: the same clauses as in the Definition 7.
3: V(3z¢) = 1iff V(é[z/d],w)=1 for some d € D(w)

v: V(Vz¢) = 1 iff for all w” with Rww” we have V(¢[z/d],w') = 1 for all
d € D(w') .

A formula e« is valid if for every Kripke model < W,R,D,V >, every world
w € W, and every substitution [z1/d,...,zn/dn]) of objects in D(w) for free
variables of a, we have V{a[z1/dy,...,zp/dp],w) = 1. A sequent T = A is
valid iff a formula &T — VA is valid.

EXAMPLE 14.1. Let us refute the formula Vz-—Pz — —~—VzP(z).

Consider the following Kripke model (W, R, D, V) with a constant individuum
domain
D(w)= the set of positive natural numbers, W = w and:

V(P)d,i)=1iffd<i; Rijiffi<j

Then V(Vz Pz, i) = Ofor every i, since V(P(i+1),¢) = 0.Hence V(~VzPz,0)=
1. Moreover V(—~—Pd,3) = 1 for all d, i, since V(Pd,i) = 1for i > d. Hence
V(Vz—=Pz,0)= 1 and:

V(Vz—~Pz — —~~VzP(z),0)=0
Monotonicity (14.1, 14.2), extends to all terms and formulas.
LEMMA 14.1. Assume Rww’. Then:

V(t,w')=V(t,w) and V(a,w) = 1 implies V(a,w') =1
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Proof.To extend the inductive proof of Lemma 7, assume Rww ",

If V(3z¢, w) = 1, then the witness d € D(w) satisfying ¢[z/d] at w is good
for w’, since d € D(w) C D(w').

If V(Veé, w) = 1, take arbitrary w” with Rw'w” and d € D(w'). Then
Rww” (transitivity), d € D(w") (monotonicity of D), and V(¢[z/d],w") = 1
by definition of V(Vz¢,w) = 1. Hence V(Vz¢,w’) = 1 as required. 4

LEMMA 14.2. System NJ is sound: All rules preserve validity; hence every
derivable sequent is valid.

Proof.In view of Theorem 7.1., it is enough to check quantifier rules. Con-
sider arbitrary Kripke model < W, R, D,V >, take arbitrary w € W and arbi-

trary substitution ¢ = [z1/dy,...,2,/dy] of objects in D(w) for free variables
of the conclusion of the rule considered.
Case 1. 3I:
I' = afz/t]
I'=> 3za

Extend given substitution ¢ to ot by arbitrary substitution of an element of
D(w) for all variables y € FV(t) that are not free in the conclusion T = Jza.
We have V((T' = a[z/t])et, w) = 1; hence V(T'o = (a[z/V(tet,w)])o,w) =1,
and V(tot,w) is a witness for 3z in V(T'e = (3za)o,w) = 1.
Case 2. VI:
I = afz/y]
I' = Vza

To prove V((&I' — Vza)o, w) = 1, assume that Rww~ (for —) and Rw'w” (for
Vz), V(&T'o,w’) = 1 and take arbitrary d € D(w”). Take ot := o U [y/d].
Then V((&T — eafz/y])ot,w”) = 1 by IH; hence V(a[z/ylot,w") = 1,50
V(ao[z/d],w) =1 as required.

Cases of YE,3E are treated similarly. 4

141. Pointed Models, Frame Conditions

Material in Section 7.2. applies to predicate logic without essential changes. In
particular, pointed frames and pointed models are defined exactly as before.

DEFINITION 14.4. A pointed frame is an ordered 4-tuple < G,W,R,D >,
where < W, R,D > is a frame, G € W and RGw for all w € W. A pointed
model is a tuple M =< G,W,R,D,V > where < G,W,R,D > is a pointed
frame and V is a valuation on < W, R, D >. Truth in M is truth in the world
G:

MEpiff V(G,p)=1

LEMMA 14.3. A formula is valid iff it is true in all pointed models, iff it is
true in all pointed models where accessibility relation is a partial order.
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Proof.The implication in one direction is obvious. For the other direction,
combine proofs of Lemma 7.2. and Theorem 7.2. -
Let us illustrate the use of frame conditions.

DEFINITION 14.5. A Kripke frame < W, R, D > has constant domains if

D(w) = D(v') for all w,w’' € W (14.3)

LEMMA 14.4. A pointed frame has constant domains iff every formula of the
form
Ve(yVa) =y VVra (14.4)

with ¢ & FV(v) is valid on this frame.

Proof.Assume first that an arbitrary Kripke frame < W, R, D >has con-
stant domains, and take arbitrary valuation V for this frame and w € W. As-
sume that (14.4) is a sentence to simplify notation. To prove V((14.4),w) =1,
take w” with Rww” and assume V(Vz(y V a),w’) = 1. If V(y,v') = 1, we
are done. Otherwise assume (for Vza) that w” € W and Rw'w”. Take arbi-
trary d € D(w"). By (14.3), d € D(w'); hence V(y V e[z/d]},w') = 1. With
V(v,w') = 0 this implies V(a[z/d],w') = 1, and V(a[z/d],w") = 1 holds by
monotonicity, so (14.4) is valid.

Second consider a pointed frame < G, W, R,D >, a world wg € W, and an
object do € D(wg) — D(G). For every w € W take

V(p,w) := 1 iff dg € D(w); V(Qd,w) :=1iff d € D(w) — {do}

and prove that (14.4) is refuted for 7 := p, & := Qz. First for all w, if dg € D(w),
then V(p,w) = 1and V(pV Qd,w) = 1. If do € D(w), then V(Qd,w) = 1 for
all d € D(w) and again V(pV Qd,w) = 1. Hence V(Vz(pV Qz),G) = 1.
On the other hand, V(p,G) = 0, since do & D(G), and V(VzQz,G) = 0,
since V(Qdp, wg) = 0. Hence V(pVVzQz,G) = 0. -
In fact NJ+(14.4) is sound and complete for Kripke frames with constant
domains , but we shall not prove this here.



Chapter 15

Systems LJm, LJ

The LJm is the predicate version of LIpm. It has the same formulas as NJ, but
sequents a1, ..., 0m = f1,...,0s (m > 0,n > 0) may have multiple succedents.
The axioms and prepositional rules are the same as in L]p.
Four quantifier rules are added:

I = A,[t] L = ¢[b]

T g e

= A3z =3) = A, Vzp =)
eb, T = A olt],T = A
Tep T A G ) Vep To A =)

where ¢ is a term and b is an eigenvariable, which should not occur in the
conclusion. This restriction on b is called a proviso for variables. Note the form
of (= V) similar to (=—) and (= ). All the rules except for (= V), (=>—) are
called invertible. Weakening and contraction (but not cut) are rules of LIm.

15.0.1. Canonical Model, Admissibility of Cut

This section extends Section 8.2. to predicate logic. We consider possibly infinite
sequents I' = A, where T', A are finite or countable multisets of formulas, A # 0.
The T is the antecedent, A is the succedent. Such asequent is derivableif T = A/
is derivable for some finite sets IV C T', A’ C A.

A sequent S is pure, if no variable occurs in S both free and bound, and an
infinite number of variables are absent from S (that is, these variables do not
occur in S at all).

NOTE. If an infinite number of variables, say, £z, 4, Zs, ... are absent from
a sequent S, then S can be made pure by renaming bound occurrences of vari-
ables. Indeed rename bound variables into z4,zs,Z12,.... Since we disregard
renaming of bound variables, it is assumed that S was pure from the beginning.
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DEFINITION 15.1. If T is a set ofterms, then the set Sub(a, T) (of subformulas
of & with quantifiers instantiated by T) is defined in a natural way:

Sub(a, T) := {a} for atomic «;

Sub(a © 8,T) := {a ® B} U Sub(a, T) U Sub(B, T) for ® = &,V,—
Sub(Qza,T) := {Qza} UUierSublalz/t]) for Q=V,3
For a set T' offormulas, let Sub(T', T) := UaerSub(e, T).

DEFINITION 15.2. A sequent T' = A is falsified in a world w of a Kripke model
(W, R, D, V) if V(&T,w) =1, V(VA,w) =0. This implies V(I = A,w) = 0.

In this section T F A means that I' = A is derivable in LIJm.

The schema of the completeness proof is the same as for LJp (Section 8.2.).
The new non-trivial step is to define an individual domain; it consists of terms.

We prove that any sequent underivable in LIm is falsified in some world of a
canonical model; that is, this model is suitable for falsification of all underivable
sequents.

DEFINITION 153. A sequent T = A is complete with respect to a set T
of terms if it is underivable and for any formula ¢ € Sub(l' U A, T), either
peTUA or:

F'FA,¢ and ¢,T'F A. (15.1)

A sequent S is complete if it is complete with respect to the set P(S) of all
terms constructed from all free variables of S (and one more if S has no free
variables) by all function symbols.

Let D(S) := P(S).

DEFINITION 15.4. A sequent S =T = A is saturated for invertible rules iff
the following conditions are satisfied:

all propositional conditions (= &) — (—=) from Definition 8.2.;
(= 3) Jzp € A implies p[t] € A for allt € D(S)
(3 =) Fzp €T implies p[z/t] € T for some t € D(S)
(V=) Vzp €T implies p[z/t] €T for allt € D(S)

LEMMA 15.1. (saturation) If S =T = Ais complete with respect to D(S)
and the condition (3 =) is satisfied, then S is saturated for invertible rules.

Proof.Propositional cases are treated in Lemma 8.2., and (3 =) is assumed.
Consider remaining cases.

(V =): Let Vz¢ € T'. If for some t € D(S), we have ¢[z/t] € Aor T |
A, @[z /1], then T F A; hence ¢[z/t] €T.

(= 3): Let Jz¢ € A. If for some t € D(S), we have ¢[z/t] €T or ¢, T F A,
then T' F A; hence ¢[z/t] € A. .
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DEFINITION 15.5. A set T of terms is closed if T is non-empty and closed
under every function symbol f: ifty,...,ta € T then f(t1,...,tn) € T.

Note that D(S) is closed for every sequent S.

LEMMA 15.2. (completion) Let T be a set of terms and let S be an underivable
sequent such that there is an infinite number of variables not occurring in T U
D(S). Then S can be extended to a complete pure sequent complete with respect
to TUD(S), closed under invertible rules and consisting of subformulas of S.

Proof. To simplify notation assume that all predicate (function) symbols
(including constants) are listed in asequence Po, P, ... (in asequence fo, fi1,...)
and all variables are listed in asequence o, 2y, ..., ¥, ¥1, - .. . Assume also that
all free (bound) variables of S := 'y = Ap are among =z, zs, Zs, ..., (among
Yo, Y1, ¥2,-..). Let the index of an expression (term, formula) be the maximum of
its length and maximum subscript (of function or predicate symbol or variable)
in this expression. The number of expressions with index < i is finite.

We define inductively the sequences I'o CT'y C ..., ¢ C A1 C ...such that
Ii = A; is complete and satisfies condition 3 = up to index i.

IfT;, A; are already defined, let T be the set of all terms of index < i+ 1
constructed from free variables of Ty = A; and let ®;41 = {#1,...,¢n} be the
set of all formulas of index < i + 1 in Sub(l; U A;, T;). Examine in turn all
formulas¢;, j=1,...,n

Let Tit1,0 := T, Ai1,0 := Ay If ¢j41,Ti41,; = Aiga,; is derivable, let
Tiv15+41 :=Tig1,5. If ¢j41,Ti41,5 = Ajya,j is not derivable and ¢;41 does not
begin with 3, let Fi+1,j+l = ¢,‘+1,F,‘+1’j. If ¢j+1 = 33/1/), then let F.’+1,j+1 =
Ay, Yly/zar],Tis1,j, where z4i is the first variable of this form not free in
I‘.-+1,,-,':ly¢. After this let Ajy1,j+1 := Aigr,5, Pi+11f Tig1 541 = Aip1,i+1,Pi+1
is underivable, and A4y j41 := Ay41,5 otherwise.

Now let T';41 = Ujs,,r‘.-ﬂ,,-, Ai+l = UanA.‘.H,j.

We easily prove the following claim by induction on i (with a subsidiary
inductionon j =1,...,n):

Claim, (a) The sequent Ty = A; is not derivable.

(b) Forevery ¢ € ®; the sequent I'; = A; is complete for ¢, that is, either
peT;UA;or i+ Ay é and ¢, T F A,

(c) If Iy € ¥;, then ¥[y/t] € I; for some ¢.

Let T :=|JIy and A := JA;. Now S :=T = A is underivable by Claim
(a). To prove that S is complete for D(S) = U; T, take ¢ € Sub(S, D(S)), that
is, ¢ € Sub(T'y U Ay, Ty) for some k. If i = maz(index(¢), k), then ¢ € B;y,y,
and by Claim (b), S is complete for ¢. If in addition ¢ = Iy, then by Claim
(c) ¥ly/t) €T. E

DEFINITION  15.6.

RTC=>A)I"=>A") ifTCI ad D(I' > A)C D(I" = A')
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DEFINITION 15.7. A set M of infinite sequents is saturated for the domain
function D ifeach S € M is saturated for invertible rules and M is saturated
for non-invertible rules. The latter means the same conditions as in the propo-
sitional case and the following:

(=V) If(T => A) € M and Vzp € A, then there isa TV = A’ in M with
R(T = AXIY = A') and ¢[t] € A’ for some term t.

As in the prepositional case define a Kripke model Ky = (M, R, D, V), where
D(S) = P(S) and V(f)(t1,... tn) := f(t1,.. ., ts)
V(p, I = A) := 1iff ¢ € T for atomic ¢.

DEFINITION 15.8. Consider the canonical Kripke model: K = Ky where W
is the set of all complete sequents.

We now prove that K falsifies every invalid formula.
LEMMA 153. The set W of all complete sequents is saturated

Proof. Only condition (= V) is to be checked. Assume that I' = A,Vz¢
is in W. Then the sequent T' = ¢[z/y] for a new variable y is underivable.
By the completion Lemma 15.0.1,. it can be extended to a complete sequent
w' =T = A’ satisfying R(T = ¢[z/y])(IY = A’) as required. =

THEOREM 15.1. Let M be a saturated set. Then for w=T = A, we M:
6 € T implies Vi (8,w) = 1 (15.2)

0 € A implies Vpy(6,w) =0 (15.3)
V(T = A w) =0; that is, T = A is falsified in the world w of Km . (15.4)

Proof. Relation (15.4) is an immediate consequence of (15.2, 15.3), which
are proved by simultaneous induction on the formula § by the same argument
as in the propositional case (Theorem 8.2.).

Consider only induction step for quantifier rules.

3: § = 3Jxé. If8 € T, then ¢[t] € T for some 7 by the saturation for invertible
rules, so Va(9[t], w) = 1 by the induction hypothesis; hence Vp (8, w) = 1 by
the truth condition for 3.

Ifd € A, then ¢[t] € A forall ¢t € D(I' = A) by the saturation condition.
Hence Var(¢[t],w) = 0 by the induction hypothesis, so Var(8, w) = 0.

V: 8 =Vz¢. If§ € T, then forevery w' =I' = A’ such that Ry ww’ (which
implies ' C I), we have # € I'. By the saturation condition, this implies
#[t] € TV for all t € D(w'). By the induction hypothesis, Var([t], w') = 1. This
implies Vpr(Vzg, w) = 1.

If § € A, then by the saturation condition (= ¥), we have w' =T’ = A’ in
M such that Ry wuw', #[t] € A’. By the induction hypothesis, V(#[t], w') =0,
which implies V (Vz¢,w) = 0, as required. -
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COROLLARY 15.1. (completeness) Each sequent underivable in LJm is falsified
in the canonical model K. Hence every valid sequent is derivable in LJm.

Proof. By the completion Lemma 15.0.1,.any underivable sequent I' = A
can be extended to a complete sequent w = I = A’; by the previous Theorem
V(I = A’,w) = 0. Hence V(I' = A, w) = 0by monotonicity. =

THEOREM 15.2. (soundness and completeness). A formula is derivable in
LIm iffit is valid, iff it is valid in all pointed models where accessibility relation
is a partial order.

Proof First apply the previous Lemma and Corollary 15.0.1(a), then apply
Lemma 14.1.. .

COROLLARY 15.2. Cut rule is admissible in LJm, and LJm is equivalent to
NJ with respect to derivability of sequents T' = a.

Proof.Exactly as for Theorem 8.2.. 4

15.1. Translation into the Classical Logic

Translation of a formula ¢ into a predicate formula expressing the validity of
¢ given in the Section 8.3. is extended to predicate logic in a natural way. To
every n-ary function or predicate symbol J we assign an (n + 1)-ary symbol J'
of the same type. We also choose new binary predicate symbols R, D and a new
unary predicate symbol W.

DEFINITION 159. For any term t, any predicate formula ¥, and individuum
variable w, we define a term (t,w) and a predicate formula (g, w) by induction
ont, p.

(2, w)
(f(tl, i ,tn), ’LU)
(P(tl, 5% .,t,,),w)

F((tyw), ..., (tn, w), w)
P'((ty,w),...,(t, w),w)

(pdetp, w) = (pw)&(¥,w)

(pV,w) = (pw)V($w)

(¢ — ¥, w) = Yu' (W ()& R(w, w)lp, o) — (¥, ')
(329, ) = 32(D(z, w)i(4, v))

(Vzé, w) = Yu'Ve(W(w)&R(w, w')&D(z, w') — (¢, v'))

(15.5)

where w' is a new variable.

List all free variables, function symbols, and predicate symbols of the formula
¢. To simplify notation, assume that there are just two free variables vy, vz, two
n-ary predicate symbols fi, f2, and two n-ary predicate symbols Py, P,. Choose
distinct new variables w,wj, ws, ,Z1,...,2Z,,a, and denote X := Z1,...,Zp.
Define

¢f =k —(¢,0)
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where:

k= W(a)k
&i<2D(vi,a)&dei<aVz) .. Veo(&i<nD(zj, w) = D(fl(x,w), w))&
Yu(W(w) — R(w, w))&

YwVw Vws (W (w)&W (wy)&W (wa2)& R(w, wi )& R(wi, we) — R(w, ws))&
YuYuw'(W(w)&W (v )& R(w, w') — [Vz(D(z, w) — D(z,w'))&
&icaVz1 .. Veu(&j<n D(zj, w) — fi(x,w) = fi(x,w'))&
&i<aVz1 .. Veu(&j<n D(zj, w) — P{(x, w) — P{(x,v"))])

THEOREM 153. A formula ¢ is derivable in Lim iff oF is derivable in the
classical predicate calculus with equality.

Proof.Extend the proof of Theorem 8.3.. A first-order model:
M= (f{,fé,VV,D,R,P{,P{,GQ,G;{,Gz)

with an interpretation for the functions, predicates, and the constant in ¥,
satisfying the premise & of ¢F generates a Kripke model:

M’ = (W,R,D, Vi),

where Vpe(Pi)(d,w) = 1iff M |= P{(d,w)forevery w € Wand d :=d,,...,d,
with M | D(dy,w)& ... &D(d,, w)

In the other direction, any Kripke model M’ with a distinguished world aq
generates a first-order model M by means of (15.5), that is, M | P'(d, w) iff
M w [ P(d) and f'(d,w) = V(f)(d,w). Moreover by induction on % with
variables vy, ..., vm, it is easy to prove that:

M EyPlajw,vi/dy, ..., v;m/dpm] i

Vmi($vr/da, ..., om/dn),w)y=1and w € W, d;,...,d, € D(w).
So ¥ is valid (in the first-order logic) iff ¢ is valid intuitionistically. -

15.2. System LJ

A one-succedent version LJ of LIJm is obtained by restricting the succedent to
one formulain LIJm. In other words, sequents take the form I' = «, axioms and
propositional rules are the same as in LJp, and quantifier rules are as follows:

Systen LJ: Quantifier rules

L= gle/t]  ¢lo/yT=0
' = 3z¢é Jz¢, T =0
e/ T=0  T= 9lz/y)

Vzo,T = 0 T = Vz¢
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15.2.1. Translating LJpm into LJp

LEMMA 15.4. (soundness) All rules of Lim are derivable in NJ under disjunc-
tive translation of T' = A into T' = VA. Hence Lim is sound: Every derivable
sequent is valid.

Proof. Axioms and prepositionale rules are covered by Lemma 8. Consider
quantifier rules. Succedent rules of LJm go into introduction rules of NJ plus V1.
Antecedent rules follow from NJ-derivability of Vz¢ = ¢[z/t], Vy(d[z/y]&y —
8) — (Fzd&y — 6). -

A disjunctive translation works as in Section 11.2.

LEMMA 155. (a) T = A is derivable in Lim iff T = VA is derivable in
LJ + cut.
(b) In particular, Lipm is equivalent to LIp + cut for sequents T' = «.

_|
Pruned derivation in LJm is defined exactly as before (Definition 11.3.), and
the following two Lemmas are established exactly as Lemmas 11.3. and 11.3.

LEMMA 15.6. Every derivation d:T = Ain Lim can be transformed into
a pruned derivation d' : T = A by moving weakenings downward and deleting
occurrences of formulas and whole branches.

<

LEMMA 157. If d: T = A is a pruned deduction in Llpm from arbitrary
1-sequents containing no V =»-inferences, then I' = A is a I-sequent up to
weakenings.

In the definition of a movable rule, a proviso for (V =)is added.

DEFINITION 15.10. Let d: T' — Abe a derivation in Lipm and let L be
an antecedent rule in d with a principal formula ® and conclusion =, T => A’.
Then L is movable ifw,IY CT and:

(a) If L =—=>, then A’ is pruned from the left premise;

(b)) if L=V =:
Slz/t], I = A
Vzo, ' => A’

V2, T = A

then no variable occurring in t is an eigenvariable of an 3-inference below L.

After this the proof of Lemma 11.3. does not change.
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LEMMA 158. Let d:T = A be a pruned deduction in Lim from I-sequents
containing an V =>-rule but no non-invertible rules. Then d contains a movable
rule.

_{
The proof of Theorem 11.3. also extends easily. Some eigenvariables should
be renamed to make possible permutation of movable rules.

THEOREM 154. Every derivation of 1-sequent T => a in LJm can be trans-
formed by renaming eigenvariables, permuting movable rules, and pruning into
a derivation in LJ.

Proof. We use induction on the number of logical inferences in the given
derivation. If all premises of the last rule are 1-sequents (up to weakenings),
then apply IH. Otherwise delete from the given derivation all sequents above
the lowermost 1-sequent (up to pruning) in every branch. We are left with a de-
duction d from 1-sequents by invertible rules, since conclusions of non-invertible
rules are 1-sequents. If this deduction does not contain V =~inferences, use
Lemma 15.2.1. Otherwise there is a movable rule. Moving it down and applying
IH to its premises concludes the proof. Let us consider quantifier case.

Case 1. There is a movable ¥ =-inference. Then d is of the form shown on
the left below. Permute it down as shown on the right, and IH can be applied
to d’. The permutation is made possible by the proviso in Definition 15.2.1(b).

l a[t],L" =>A
aft], ¥ = A
Ve Y = A d: oft],(Vza)’, L = v
| Vza,(Vza)?, T = ¥ .
Vza,X = v Vza,X = v contr

where the contaction rule and (Vza)? are present only if the lowermost Yza has
predecessors other than the principal formula of L.

Case 2. There is a movable 3 =-inference. This case is similar to the
previous case:

|
| a[b],E’::> A

afb], = = A .
EPS ey G CL by
| Jza,(Iza)’, T = v
Jza, L =y dza, L=y
This concludes the proof. .

15.3. Interpolation Theorem

In this section assume that the language of predicate logic does not contain
function symbols, so that the terms are just variables.
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If E is a formula or sequent, then Lg stands for the list of predicate symbols
occurring in E plus {T, L}.

A Craig interpolant i for an implication 8 — e and for a partition T; A = «
of a sequent I'; A = a is defined exactly as in the prepositional case (Section
12) by the properties:

FB—>: Fi—a and L, C LoNLg
FT =4, FeL,A=2a and L, CLrNLa=,

NOTE. By prefixing quantifiers to a Craig interpolant ¢ for 8 — a, it is possible
to achieve FV (i) C FV(a)N FV(B). Indeed if x is free in a, but not in @, and
vy is free in B, but not in «, then F 8 — Vz3ye, F Y23y — o.

THEOREM 15.5. (interpolation theorem) (a) If F,A => ais derivable, then
there is a Craig interpolant for T'; A = a.

(b) Ifa — B is derivable, then there is a Craig interpolant for a — f.

Proof. Part (b) immediately follows from Part (a). Proof of Part (a) by
induction on a given derivation d: T'; A = « in LJ is an extension of the proof
of Theorem 12. Axioms and prepositional rules are treated exactly as in the
prepositional case. Consider quantifier rules of LJ.

Case 1. The d ends in a quantifier rule L without eigenvariable (that is,
L == Jor L =V =>). Then the interpolant ¢ for the premise is preserved for
the conclusion. If for example L ==> 3, then:

T A = ofz/t] LA alz/t] bylIH
A= 3Iza 's>: (,A=>3Jza by =3

Case 2. The d ends in a quantifier rule L with an eigenvariable y (that is,
L ==V, 3=). Then an interpolant ¢ for the premise is prefixed by a quantifier
Jy if the principal formula of L is in I'. The interpolant is prefixed by Vy if the
principal formula of L is in A => a; for example:

LA = dz/y]
T, A= ¢lz/y] F=. Yy,A=dz/y
A=V '=>Vye Vy,A=>Vzd

Proviso for eigenvariable in the rule introducing ¥y into succedent is satisfied,
since y ¢ FV(I'). .

Now the Beth definability Theorem for predicate logic is obtained similarly
to the prepositional case. Let:

X:=21,...,%n Vx :=Vz;...Vz,.

DEFINITION 15.11. A formula a implicitly defines an n-ary predicate symbol
P iff the formula:
a&a[P/Q] — Vx(Px ~ Qx) (15.6)

is derivable for a new n-ary predicate symbol Q and new variables X.
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Formula (15.6) says that at most one predicate P (up to equivalence) satisfies
.

THEOREM 15.6. (Beth definability theorem). If a formula « implicitly defines
P,then a explicitly defines P: There exists a formula v with FV (1) C xUFV(a)
that does not contain P such that:

Foa— ¥Yx(Px — 1)

Proof.Derivability of (15.6) implies derivability of the sequent:
Px,a,a[P/Q]= Qx
Take ¢ to be an interpolant for the partition Px, ¢; a[P/@Q] = @x with FV (i) C

xU FV(a):
Px,a = t,a[P/Q] = @x.

This implies (after substituting Q by P in the second sequent):
a=> Px—. a=>1— Px

as required. 4



Chapter 16

Proof-Search in Predicate
Logic

It is possible to extend the treatment of proof-search for LJpm* to the predicate
case without essential change, but certain technical complications arise. We
introduce instead an important technique due to Kripke.

Derivable objects of the system LIJm* are tableaux T'= Sy # ... % S, con-
structed from the sequents S; in the language of predicate logic and enriched by
a binary relation r on the set {1,..., n} called immediate accessibility relation.
The rij always implies i < j; R denotes the reflexive transitive closure of r:

Rij iff i = j or there are #9 = 4,41,...85 = j such that rigig4y forall k < n

Axioms and propositional inference rules of the system LIm* are defined exactly
as for the system LJpm* (Section 11.1.). Relation r is the same for premises
and conclusion of every invertible rule: = &,& =,= V,V =, —=> as well as
quantifier rules 3 =,V =,= 3, and a transfer rule that follows. For a quasi-
invertible rule (=>— or => ¥ below) analyzing a component S; in the conclusion
and generating a new component S,41 in the premise, the relation r for the
premise is obtained by adding ri(n + 1) to the relation r for the conclusion.
Quantifier rules are defined in a natural way, and there is an additional invertible
transfer rule:

T+$,T=>AxT' x¢, L =>MxT" o S =
) ) lf _¢,F=>A,
T+é TS AsT ol Tmfr 75 =von

T+ = A, plz/t],3zp*T" |
T+«T = A, zpxT b

T+I'=> A Vzo*xT' xT = p[z/y] |
TxT = A NVepxT N

T+ plz/y],T = AT T x p[z/t],Vzo, L => A x T'
Tx3zp, T = AxT T*Vzp, T = AT

= 3)

= V)

3=) vV =)

119
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where ¢ is a term, y is an eigenvariable that should not be free in any component
of the conclusion (proviso for variables).

The FV(T) denotes the set of free variables of components of T.

Note that all rules of LJm* (even =>—, = V) are invertible. Our terminology
reminds of non-invertible ancestors of these rules in LJm. With respect to
equivalence of LJm* and LJm, note that neither pruning nor translating S *
...*8, as S1 V...V S, work for the transfer rule.

For a tableau T = S; #...* Sy with a binary relation r, we define, following
S. Kripke, a characteristic formula x(Si;T) of the component S; =T = A by
induction on n — i. Let v1,...,0m (m > 0) be the list of all free variables of S;
that are not free in any S with Rki, k #i.Let ji,...,51 (I > 0) be the list of
all j with rij. Then let

x(Si;T) :i=VYv1 .. Vo, (&T = VAV X(S;; T) V...V x(S;,; T))
x(T) := x(51;T)

LEMMA 16.1. (a) Every rule of LIim* is derivable under x-translationin LJm
with cut:

x(T") F x(T) in LIm for every one-premise rule T' [T (16.1)
X(To), x(Th) F x(T) in Lim for every two-premise rule Ty, T1/T.  (16.2)
(b) Every sequent derivable in Lim* is derivable in LJm+-cut.

Proof.Part (b) follows from Part (a) since x(S;S) + S in LIm+-cut.
To prove Part (a), we establish that:

X(57; o), x(SH5 1) F x(Si; T) (16.3)

in LIm for every two-premise rule Ty, Ti/T with the principal component S;
in the conclusion T and side components S?,S} in the premises Tp, T3, and
similar relations (see below) for one-premise rules. Note that (up to redundant
Y -quantifiers):

X(T) = 0lp/x(Ss )] x(Tr) = 0lp/x(S5;T)), 1 =10,1

where p has exactly one occurrence in 8, and this occurrence is not in a scope
of any & orin a premise of any —. For such p and any formulas «,  we easily
prove by induction on #:

a, B+ v implies 8[p/ ), 8[p/B] + O[p/7] (16.4)

With (16.3) this proves (16.2).
For the one-premise rule T"/T with (the leftmost) active component S; in
the conclusion 7, we prove a similar relation:

x(S5:T) F x(Si; T) (16.5)
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and argue as before with a slight change for = ¥ and transfer. We check only
three rules, leaving the rest to the reader.
= & with the active component S; =T = A, agde. We have:

X(Si;T) = &T = VAV (apka;) V 6

x(SHT) =& = VAV Ve
and (16.3) is obvious.

= V¥ with the active component $; = ' = A,Vz¢ adding to the premise a
component S,4+1 = I = ¢fz/y]. We have:

X(Si;T) = &T = VA VVzé V6

X(Si;T') = &T = VA VVzé V 0 V Vyg[z/y]

and (16.5) is obvious.

For transfer T7/T with active components S;, S; in the conclusion and
Si=¢,I' = A, S = ¢,Z = I in the premise, we have (up to associativity and
commutativity of disjunction):

x(Si,T) = ¢&&T = VAV (& = VIIV() VE

x(5i,T') = ¢&&T = VA V (¢&&T = VIIV() VI
and (16.5) is easy to prove. —

THEOREM 16.1.  The Mm* is equivalent to Lim

Proof.Exactly as Theorem 10.1. =
For every sequent S, let Sq, S, be its antecedent and succedent:

ifS=I= Athen S;:=T, S,:=A

A proof-search procedure for LIm* consists of tree extension steps, as de-
scribed in Section 10.2.: One of the leaf nodes (goals) T of the proof-search tree
is analyzed by a bottom-up application of one of the rules of LIm* (including
quantifier rules and transfer). A tableau is closed if it is an axiom of LIm*; a
proof-search tree is closed if all goals (leaf nodes) are closed. A closed tree is a
derivation in LIJm*. The notion of a terminal node is not as important as in the
propositional case: If the potential supply of terms to be substituted is infinite
and one of the rules ¥ =, =3 is to be applied, this supply is never exhausted.
On the other hand, restrictions ensuring finiteness of this supply determine an
important decidable subclass.

Let us define a complete proof-search strategy for LIm*. Principal formulas
of all invertible rules are preserved, in particular 3 = has the form:

Ty *¢lz/y],qz¢, T = AxTh

Ty *32¢,320, T => AT
Th*3xd, T = AxTy
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The tree extension steps are done in groups called stages. A stage analyzes a
goal T into a finite sequence of new goals:

Th... T,
T

Aformula a that is an antecedent or succedent term in one of the components S;
of a tableau T is passive in T with respect to a set M of terms if all propositional
conditions (= &)-—=> of Definition 8.2. as well as the condition (3 =) of
Definition 15.0.1 for @ and S;; condition (¥ =) of Definition 15.0.1 is satisfied
for a,S; and all terms ¢ € M; and conditions (=—,=> V) of Definition 15.0.1.
are satisfied for a,S; and some component S; with rij:

(=—): fa=¢ — ¢ €S, then ¢ € Sjq, ¥ € Sj, for some j satisfying rij.

(=V): fa=Vzp €S, then ¢z/t] € Sj, for some j satisfying rij

and some term .
The active length is defined now with respect to a set of terms M:

alength(S;; T, M) =

Z{length(a) :a is a non-passive formula in S; w.r.t. M}

Let a tableau T = S; * ... * S, with immediate accessibility relation r and
a non-passive formula @ in a component S; be fixed. The tree extension step
analyzing a with respect to a finite set M of terms is defined as in Section 10.2.
if @ is not an antecedent Y-formula nor succedent 3-formula. For a bottom-up
application of rules 3 =, = ¥ having eigenvariables we choose a new variable.
Invertible rules do not change the relation . With a bottom-up application of
a non-invertible rule (=—, = V) to a component S;, adding a component Sp41,
we extend the relation r adding ri(n + 1). Finally a bottom-up application
of ¥ =, = 3 adds in one step all instances in the set M that are not already
present:

Ty * ¢[z/ty],. .., é[x/t,], Ve, [ => Ax T forallt, € M

Ty *Vzd, T => A+ To such that @[z/t;] ¢ T
TixL = A, ¢lz/ty], ..., ¢lz/tn], Jzé * To forallt, € M
Tv*T = A, 32T, such that ¢[z/t;]) € A

A tree extension stage number [ for a tableau T = Sy *...* S, with an immedi-
ate accessibility relation r applies a tree extension step to every antecedent or
succedent formula o that is non-passive in every component S; with respect to
the set M; of all terms with an index <! constructed from:

Uj.rij FV(Sj) (16.6)
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These extension steps can be performed in any order, but only formulas already
present and active in T should be analyzed: Formulas added at a given stage
are analyzed at the next stage.

We assume that there is at least one constant; otherwise, we should ensure
that D(S:) # 0 by placing a variable there.

At stage 0 the tree Trg, for a sequent S; consists only of S; with the
empty (identically false) relation . At the end of every stage, all possible
non-redundant transfer inferences are applied bottom-up.

DEFINITION 16.1. [terminal leaves] A leaf of the proof-search tree is terminal, if
the tableau T situated at this node generates saturated set of sequents S1,...,Sn.

Let T be a proof-search tree, and B be a branch of the tree, that is, a
sequence:

T, 7%, ... (16.7)

of tableaux such that 7 is the goal sequent (the root of the tree) and for every
i, the tableau T#*! (if it exists) is a premise of a rule with conclusion T*. Say
that B is non-closed if it is infinite or its last tableau is saturated as a set of
sequent. In the latter case, we treat the branch as infinite by repeating the last
tableau.

For a branch B of a proof-search tree, every k not exceeding the length of
the branch and every i denote by S';, the kth component of the tableau 7;. In
the case when B is non-closed, define the kth (infinite) sequent S§° of B by
accumulating antecedents and succedents of sequents S:

P =Usi.=Usi

Define binary relation r* on natural numbers: r*kl iff 7kl holds for tableau T*
for some i. R* denotes reflexive transitive closure of r*°.
Define:

D(SP°) := the set of all terms, constructed from Uprix FV(S;°)

by function symbols.
The next Lemma shows that every meaningful application of any possible
rule is eventually made in every non-closed branch of a proof-search tree.

LEMMA 16.2. Under our strategy, the following fairness conditions are satisfied
for every k, i:

(& =) : If p&yp € Si,, then ¢, € S{a for some j.

(= &) : If p&y € S, then @ € S, or ¥ € S, for some j.
(= V,V =>,—=): Similarly.



124 PROOF-SEARCH IN PREDICATE LOGIC

(V=) If (Yzp) € S, then:
(a) o[t) € Si, for some j and some t
(b) for any 1 with Rlk and for every term t € M; occurring in S;" with
i <4, there is a j such that p[z/t] € Si,.

(= 3) : Similarly.

(==): Iflp—y¥) € S, then there are j,1 with Rkl such that @ € S,ja and
vES,.

(3=): If(3zyp) € Si,, then there is a t such that plz/t) € S{m for some .

(= V): If (Vzp) € Si,, then there are j, | with Rkl such that [z [t] € S{s for
some 1.

(Transfer): If ¢ € Sig, then for every | with r*°(k,1) there is a j such that
pES,.

THEOREM 16.2. If B is a non-closed branch of a proof-search tree Trs, under
our strategy, then the set of infinite sequents S7°,S85°, ... determined by B with
the domain function D is saturated.

Proof.Note that:
R®km implies Sg; C Sqa; D(S°) € D(Syy) (16.8)

The first relation follows from Lemma 16 Transfer. The second relation follows
from the transitivity of R®: If R®km, then the terms in DS} are constructed
from Ur.peeim FV(S7°) 2 Uz;ReoucFV(S,w).

Hence R*k! implies accessibility between infinite sequents Sg°,Sf°. It is
easy to prove closure under the invertible rules for the propositional connectives.

If for example & € Ska, then &+ € Si, for some i. Threfore ¢, € Si,
for some j, and ¢, % € Ska, as required.

Let 3zp € S5 and t € D(Sg). Then Jzp € S,'; ,forall ¢ > ¢ (since the main
formula 3z is preserved in the rule (= 3)) and t = 0 or 7 occurs in S for some
[ satisfying RIk. The latter means that 7 occurs in  D(S}) for some j. Taking

the maximum of i,j we have (by fairness for the rule = 3) that ¢[t] € .S'i’for
some j, and hence ¢ € S, as required.

The case Vxp € Siq is treated similarly.

Consider the non-invertible rules. Let (=) € Sks. Then (—¢) € Si, for
some i, and there are j, / with Rkl and ¢ € S{a. Hence ¢ € Sj,, and Sjp D Ska
was already established. -

THEOREM 16.3. A proof-search tree Trs, for a sequent Sy is closed iff Sy is
derivable in Lim*,

Proof.One direction is evident: A closed proof-search tree is a derivation in
LIm*. If Trs, is not closed, then it has a non-closed branch. Apply Theorems
16 and 15.0.1.
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