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Preface

This book presents an application-oriented introduction to the the-
ory of nonlinear optimization. It describes basic notions and concep-
tions of optimization in the setting of normed or even Banach spaces.
Various theorems are applied to problems in related mathematical
areas. For instance, the Euler-Lagrange equation in the calculus of
variations, the generalized Kolmogorov condition and the alternation
theorem in approximation theory as well as the Pontryagin maximum
principle in optimal control theory are derived from general results of
optimization.

Because of the introductory character of this text it is not intended
to give a complete description of all approaches in optimization. For
instance, investigations on conjugate duality, sensitivity, stability, re-
cession cones and other concepts are not included in the book.

The bibliography gives a survey of books in the area of nonlinear
optimization and related areas like approximation theory and optimal
control theory. Important papers are cited as footnotes in the text.

This third edition is an enlarged and revised version containing
an additional chapter on extended semidefinite optimization and an
updated bibliography.

I am grateful to S. Geu8, S. Gmeiner, S. Keck, Prof. Dr. E-W.
Sachs and H. Winkler for their support, and I am especially indebted
to D.G. Cunningham, Dr. G. Eichfelder, Dr. F. Hettlich, Dr. J. Klose,
Prof. Dr. E.W. Sachs, Dr. T. Staib and Dr. M. Stingl for fruitful
discussions.

Erlangen, September 2006 Johannes Jahn
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Chapter 1

Introduction and Problem
Formulation

In optimization one investigates problems of the determination of a
minimal point of a functional on a nonempty subset of a real linear
space. To be more specific this means: Let X be a real linear space,
let S be a nonempty subset of X, and let f : S — R be a given
functional. We ask for the minimal points of f on S. An element
Z € § is called a minimal point of f on S if

f(@) < f(z) forallz € S.

The set S is also called constraint set, and the functional f is called
objective functional.

In order to introduce optimization we present various typical op-
timization problems from Applied Mathematics. First we discuss a
design problem from structural engineering.

Example 1.1. As a simple example consider the design of a beam
with a rectangular cross-section and a given length [ (see Fig. 1.1 and
1.2). The height z; and the width z5 have to be determined.

The design variables z; and x5 have to be chosen in an area which
makes sense in practice. A certain stress condition must be satisfied,
i.e. the arising stresses cannot exceed a feasible stress. This leads to
the inequality

2000 < zizs. (1.1)
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Figure 1.1: Longitudinal section. Figure 1.2: Cross-section.

Moreover, a certain stability of the beam must be guaranteed. In
order to avoid a beam which is too slim we require

and
g S Zi. (13)

Finally, the design variables should be nonnegative which means

and
9 > 0. (1.5)

Among all feasible values for z; and x; we are interested in those
which lead to a light construction. Instead of the weight we can also
take the volume of the beam given as [x,x2 as a possible criterion
(where we assume that the material is homogeneous). Consequently,
we minimize lz12, subject to the constraints (1.1), ...,(1.5).

With the next example we present a simple optimization problem
from the calculus of variations.

Example 1.2. In the calculus of variations one investigates, for
instance, problems of minimizing a functional f given as

f(z) = / (1), £(t), ) dt
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where —00 < a < b < oo and [ is argumentwise continuous and
continuously differentiable with respect to x and 2. A simple problem
of the calculus of variations is the following: Minimize f subject to
the class of curves from

S :={z € C'a,b] | z(a) = 1 and z(b) = z}
where 21 and z, are fixed endpoints.

In control theory there are also many problems which can be for-
mulated as optimization problems. A simple problem of this type is
given in the following example.

Example 1.3. On the fixed time interval [0,1] we investigate
the linear system of differential equations

(20)=(00)(26) (1) rcn
with the initial condition
(20) - (57 )
22(0) 5v2 )7
With the aid of an appropriate control function u € C/0, 1] this dy-

namical system should be steered from the given initial state to a
terminal state in the set

M = {(z1,15) € R?* | 22 + 23 = 1}.

In addition to this constraint a control function v minimizing the cost
functional

flu) = / (u(t))?dt

has to be determined.

Finally we discuss a simple problem from approximation theory.
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Figure 1.3: Best approximation of sinh on [0, 2].

Example 1.4. We consider the problem of the determination of
a linear function which approximates the hyperbolic sine function on
the interval [0, 2] with respect to the maximum norm in a best way
(see Fig. 1.3). So, we minimize

max |az — sinh a|.
a€]0,2]

This optimization problem can also be written as

min A
subject to the constraints

A = max |ax — sinh o]
a€l0,2]

(z,)) € R%

The preceding problem is equivalent to the following optimization
problem which has infinitely many constraints:

min A

subject to the constraints
ar — sinh a < A
0 —sinh a > —A } for all o € [0, 2]
(z,)\) € R2
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In the following chapters the examples presented above will be
investigated again. The solvability of the design problem (in Exam-
ple 1.1) is discussed in Example 5.10 where the Karush-Kuhn-Tucker
conditions are used as necessary optimality conditions. Theorem 3.21
presents a necessary optimality condition known as Euler-Lagrange
equation for a minimal solution of the problem in Example 1.2. The
Pontryagin maximum principle is the essential tool for the solution of
the optimal control problem formulated in Example 1.3; an optimal
control is determined in the Examples 5.21 and 5.23. An application
of the alternation theorem leads to a solution of the linear Chebyshev
approximation problem (given in Example 1.4) which is obtained in
Example 6.17.

We complete this introduction with a short compendium of the
structure of this textbook. Of course, the question of the solvability
of a concrete nonlinear optimization problem is of primary interest
and, therefore, existence theorems are presented in Chapter 2. Sub-
sequently the question about characterizations of minimal points runs
like a red thread through this book. For the formulation of such char-
acterizations one has to approximate the objective functional (for that
reason we discuss various concepts of a derivative in Chapter 3) and
the constraint set (this is done with tangent cones in Chapter 4). Both
approximations combined result in the optimality conditions of Chap-
ter 5. The duality theory in Chapter 6 is closely related to optimality
conditions as well; minimal points are characterized by another opti-
mization problem being dual to the original problem. An application
of optimality conditions and duality theory to semidefinite optimiza-
tion being a topical field of research in optimization, is described in
Chapter 7. The results in the last chapter show that solutions or
characterizations of solutions of special optimization problems with
a rich mathematical structure can be derived sometimes in a direct
way.

It is interesting to note that the Hahn-Banach theorem (often in
the version of a separation theorem like the Eidelheit separation theo-
rem) proves itself to be the key for central characterization theorems.



Chapter 2

Existence Theorems for
Minimal Points

In this chapter we investigate a general optimization problem in a
real normed space. For such a problem we present assumptions under
which at least one minimal point exists. Moreover, we formulate
simple statements on the set of minimal points. Finally the existence
theorems obtained are applied to approximation and optimal control
problems.

2.1 Problem Formulation

The standard assumption of this chapter reads as follows:

Let (X, || - |I) be a real normed space;
let S be a nonempty subset of X; (2.1)
and let f:.S — R be a given functional.

Under this assumption we investigate the optimization problem

min f(z), (2.2)

i.e., we are looking for minimal points of f on S.
In general one does not know if the problem (2.2) makes sense
because f does not need to have a minimal point on S. For instance,
for X =5 =R and f(z) = €® the optimization problem (2.2) is not
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solvable. In the next section we present conditions concerning f and
S which ensure the solvability of the problem (2.2).

2.2 Existence Theorems

A known existence theorem is the Weierstrafl theorem which says that
every continuous function attains its minimum on a compact set. This
statement is modified in such a way that useful existence theorems
can be obtained for the general optimization problem (2.2).

Definition 2.1. Let the assumption (2.1) be satisfied. The func-
tional f is called weakly lower semicontinuous if for every sequence
(Zn)nen In S converging weakly to some Z € S we have:

liminf f(z,) > £(3)

n—o

(see Appendix A for the definition of the weak convergence).

Example 2.2. The functional f : R — R with

f(x):{ 0 ifz=0 }

1 otherwise
is weakly lower semicontinuous (but not continuous at 0).

Now we present the announced modification of the Weierstrafl
theorem.

Theorem 2.3. Let the assumption (2.1) be satisfied. If the set
S is weakly sequentially compact and the functional f is weakly lower
semicontinuous, then there is at least one T € S with

f(@) < f(x) forallxz €S,

i.e., the optimization problem (2.2) has at least one solution.
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Proof. Let (z,)n,en be a so-called infimal sequence in S, i.e., a
sequence with

lim f(z,) = inf f(x).

n—00 €S

Since the set S is weakly sequentially compact, there is a subsequence
(Zn, )ien converging weakly to some T € S. Because of the weak lower
semicontinuity of f it follows

£(@) < limint f(z,,) = inf f(z),

1—0o0

and the theorem is proved. O

Now we proceed to specialize the statement of Theorem 2.3 in
order to get a version which is useful for applications. Using the
concept of the epigraph we characterize weakly lower semicontinuous
functionals.

Definition 2.4. Let the assumption (2.1) be satisfied. The set
E(f) :={(z,0) e SxR | f(z) < a}

is called epigraph of the functional f (see Fig. 2.1).

Figure 2.1: Epigraph of a functional.
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Theorem 2.5. Let the assumption (2.1) be satisfied, and let the
set S be weakly sequentially closed. Then it follows:

[ is weakly lower semicontinuous

<= E(f) is weakly sequentially closed

<> Ifforanya €R the set Sy :={x €S| f(z) < a}is
nonempty, then S, is weakly sequentially closed.

Proof.

(a)

Let f be weakly lower semicontinuous. If (z,,a,)nen 1S any
sequence in F(f) with a weak limit (Z, &) € X xR, then (2, )nen
converges weakly to Z and (o, )nen converges to &. Since S is
weakly sequentially closed, we obtain £ € S. Next we choose
an arbitrary £ > 0. Then there is a number ng € N with

f(zn) < an < @+ ¢ for all natural numbers n > ng.
Since f is weakly lower semicontinuous, it follows

f(z) < liminf f(z,) < a+e.
This inequality holds for an arbitrary € > 0, and therefore we get
(Z,a@) € E(f). Consequently the set F(f) is weakly sequentially
closed.

Now we assume that E(f) is weakly sequentially closed, and we
fix an arbitrary o € R for which the level set S, is nonempty.
Since the set S x {a} is weakly sequentially closed, the set

Sa x {a} = E(f) N (S x {a})

is also weakly sequentially closed. But then the set .S, is weakly
sequentially closed as well.

Finally we assume that the functional f is not weakly lower
semicontinuous. Then there is a sequence (z,)ren in S converg-
ing weakly to some Z € S and for which

liminf f(z,) < f(Z).

n—0Q
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If one chooses any a € R with
liminf f(z,) < a < f(Z),

then there is a subsequence (z,, );en converging weakly to z € S
and for which

Tn, € Sy forallieN,

Because of f(Z) > « the set S, is not weakly sequentially closed.

O

Since not every continuous functional is weakly lower semicontin-
uous, we turn our attention to a class of functionals for which every
continuous functional with a closed domain is weakly lower semicon-
tinuous.

Definition 2.6. Let S be a subset of a real linear space.

(a) The set S is called convex if for all z,y € S
A+ (1—=XNyeS foral Ae[0,1]

(see Fig. 2.2 and 2.3).

Figure 2.2: Convex set. Figure 2.3: Non-convex set.

(b) Let the set S be nonempty and convex. A functional f: S — R
is called conwvez if for all z,y € S

fOz+ (1 =Ny) <Af(z)+ (1 —=Nf(y) forall Ae[0,1]
(see Fig. 2.4 and 2.5).
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fOz+ (1= Ny):
x A+ (1= Ny y

Figure 2.4: Convex functional.

(c) Let the set S be nonempty and convex. A functional f: S — R
is called concave if the functional — f is convex (see Fig. 2.6).

Example 2.7.
(a) The empty set is always convex.
(b) The unit ball of a real normed space is a convex set.

(c) For X = S =R the function f with f(z) =22 forallz € R is
convex.

(d) Every norm on a real linear space is a convex functional.

The convexity of a functional can also be characterized with the
aid of the epigraph.

Theorem 2.8. Let the assumption (2.1) be satisfied, and let the

set S be convex. Then it follows:
f s convex

<= E(f) is convex
=> For everya € R the set Sp:={x €S| f(z) < a} is
convez.



2.2. Existence Theorems 13

T Yy

Figure 2.5: Non-convex functional.

Figure 2.6: Concave functional.

Proof.

(a) If f is convex, then it follows for arbitrary (z, @), (y,3) € E(f)
and an arbitrary A € [0, 1]

fOe+(1=Ny) < Af(@)+ (1 -A)f()

<
< Aa+(1=-X)3
resulting in

Az, ) + (1 - M)y, B8) € E(f).
Consequently the epigraph of f is convex.

(b) Next we assume that E(f) is convex and we choose any o € R
for which the set S, is nonempty (the case S, = @ is trivial). For
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arbitrary z,y € S, we have (z,a) € E(f) and (y,a) € E(f),
and then we get for an arbitrary A € [0, 1]

Mz, a)+ (1 - M) (y,a) € E(f).
This means especially
fOr+(1-Ny) < da+(1-Na=«a
and
Az + (1= XNy € S,.
Hence the set S, is convex.
(c) Finally we assume that the epigraph F(f) is convex and we

show the convexity of f. For arbitrary z,y € S and an arbitrary
A € [0,1] it follows

M, f(2)) + (1= )y, f(y)) € E(f)
which implies
fOz 4+ (1= Ny) <Af(z)+ (1= N f(y).
Consequently the functional f is convex.

O

In general the convexity of the level sets S, does not imply the
convexity of the functional f: this fact motivates the definition of the
concept of quasiconvexity.

Definition 2.9. Let the assumption (2.1) be satisfied, and let the
set S be convex. If for every o € R the set S, :={z € S| f(z) < a}
is convex, then the functional f is called quasiconvez.
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Example 2.10.
(a) Every convex functional is also quasiconvex (see Thm. 2.8).

(b) For X = S = R the function f with f(z) = 2® forallz € R
is quasiconvex but it is not convex. The quasiconvexity results
from the convexity of the set

{z€ S| f(z) <a} = {z€R| 2" < a} = (~oo,sgn(a) /]l

for every a € R.

Now we are able to give assumptions under which every continuous
functional is also weakly lower semicontinuous.

Lemma 2.11. Let the assumption (2.1) be satisfied, and let the
set S be conver and closed. If the functional f is continuous and
quasiconvex, then f is weakly lower semicontinuous.

Proof. We choose an arbitrary o € R for which the set S, =
{z € S| f(z) < a} is nonempty. Since f is continuous and S is
closed, the set S, is also closed. Because of the quasiconvexity of f
the set S, is convex and therefore it is also weakly sequentially closed
(see Appendix A). Then it follows from Theorem 2.5 that f is weakly
lower semicontinuous. O

Using this lemma we obtain the following existence theorem which
is useful for applications.

Theorem 2.12. Let S be a nonempty, convex, closed and boun-
ded subset of a reflexive real Banach space, and let f : S — R be a
continuous quasiconvex functional. Then f has at least one minimal
point on S.

Proof. With Theorem B.4 the set S is weakly sequentially com-
pact and with Lemma 2.11 f is weakly lower semicontinuous. Then
the assertion follows from Theorem 2.3. O
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At the end of this section we investigate the question under which
conditions a convex functional is also continuous. With the following
lemma which may be helpful in connection with the previous theorem
we show that every convex function which is defined on an open con-
vex set and continuous at some point is also continuous on the whole
set.

Lemma 2.13. Let the assumption (2.1) be satisfied, and let the
set S be open and convez. If the functional f is convezr and continuous
at some T € S, then f is continuous on S.

Proof. We show that f is continuous at any point of S. For that
purpose we choose an arbitrary £ € S. Since f is continuous at Z and
S is open, there is a closed ball B(Z, ¢) around Z with the radius g
so that f is bounded from above on B(Z, g) by some o € R. Because
S is convex and open there is a A > 1 so that Z+ A% — %) € S
and the closed ball B(z, (1 — })o) around & with the radius (1 — $)o
is contained in S. Then for every z € B(Z, (1 — 1)) there is some
y € B(0x, p) (closed ball around Ox with the radius p) so that because
of the convexity of f

f@) = fG+0-5)

s 1, 1, _
= fla-(10-7)z+1-7)E+y)
1, . 1,
= FGEEME-E) (1 2)E )
1, - 1. ..
< SIEEAE-2)+ (- 1) E+)
1 1
< —f@+AM2-2)+ (1 - )
A A
=: f.
This means that f is bounded from above on B(Z, (1 — 1)) by 8.
For the proof of the continuity of f at Z we take any € € (0,1). Then
we choose an arbitrary element z of the closed ball B(Z,&(1 — $)0).

Because of the convexity of f we get for some y € B(0x, (1 — )g)
flx) = f(@+ey)
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f(1=e)z+e(@+y))
1-—

< (1-9)f@)+efE+y)
< (1-2)(@)+e0
which implies
(o)~ @) < (8~ F@). 23)
Moreover we obtain
@) = (G ren + (0 - )@ - )
< TG tey) + (- o) y)
S @+ (- )
= (@) +eB)
which leads to
(14 6)/(2) < (@) + <5
and
~(f@) - J@) < (6 - F@)). 2.0)
The inequalities (2.3) and (2.4) imply
1

|[f(z) = f(Z)| < (B~ f(2)) forall z € B(Z,e(1 - 7)eo).
So, f is continuous at Z, and the proof is complete. O

Under the assumptions of the proceding lemma it is shown in [68,
Prop. 2.2.6] that f is even Lipschitz continuous at every z € S (see
Definition 3.33).
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2.3 Set of Minimal Points

After answering the question about the existence of a minimal solution
of an optimization problem, in this section the set of all minimal
points is investigated.

Theorem 2.14. Let S be a nonempty convexr subset of a real
linear space. For every quasiconvez functional f : S — R the set of
minimal points of f on S is conver.

Proof. If f has no minimal point on S, then the assertion is
evident. Therefore we assume that f has at least one minimal point
Z on S. Since f is quasiconvex, the set

S:={ze8| f(z)< f(@)}

is also convex. But this set equals the set of minimal points of f on
S. O

With the following definition we introduce the concept of a local
minimal point.

Definition 2.15. Let the assumption (2.1) be satisfied. An
element Z € S is called a local minimal point of f on S if there is a
ball B(Z,¢) := {x € X | ||z — Z|| < ¢} around Z with the radius ¢ > 0
so that

f(@) < f(z) forall z € SN B(Z,¢).

The following theorem says that local minimal solutions of a con-
vex optimization problem are also (global) minimal solutions.

Theorem 2.16. Let S be a nonempty convex subset of a real
normed space. Every local minimal point of a convex functional f :
S — R is also a minimal point of f on S.

Proof. Let Z € S be a local minimal point of a convex functional
f: S — R. Then there are an £ > 0 and a ball B(Z,¢) so that Z is a
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minimal point of f on SNB(Z, ). Now we consider an arbitrary z € S
with z ¢ B(Z,¢). Then it is ||z — Z|| > &. For A := ;25 € (0,1) we
obtain z) := Az + (1 — A\)Z € S and

lex = 2| = [[Az + (1 = Nz = Z]| = Mz - Z[| = &,
ie., it is zy € SN B(Z,¢). Therefore we get

f@) < fla)
= f(Az+(1-XN)z)
< Af(=) + (1 =N f(2)

resulting in

f(@) < f(=).
Consequently Z is a minimal point of f on S. a

It is also possible to formulate conditions ensuring that a minimal
point is unique. This can be done under stronger convexity require-
ments, e.g., like “strict convexity” of the objective functional.

2.4 Application to Approximation
Problems

Approximation problems can be formulated as special optimization
problems. Therefore, existence theorems in approximation theory can
be obtained with the aid of the results of Section 2.2. Such existence
results are deduced for general approximation problems and especially
also for a problem of Chebyshev approximation.

First we investigate a general problem of approximation theory.
Let S be a nonempty subset of a real normed space (X, || - ||), and let
Z € X be a given element. Then we are looking for some Z € S for
which the distance between Z and S is minimal, i.e.,

1Z—2|| <|lz— 2| forallz e S.
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Definition 2.17. Let S be a nonempty subset of a real normed
space (X, |- ||). The set S is called proziminal if for every & € X
there is a vector z € S with the property

|z — || <|lz— 2| foral zeS.

In this case Z is called best approzimation to & from S (see Fig. 2.7).

~ -

C {zeX|z-2l =z -2}
Figure 2.7: Best approximation.

So for a proximinal set the considered approximation problem is
solvable for every arbitrary £ € X. The following theorem gives a
sufficient condition for the solvability of the general approximation
problem.

Theorem 2.18. Fvery nonempty convex closed subset of a re-
flexive real Banach space is proximinal.

Proof. Let S be a nonempty convex closed subset of a reflexive
Banach space (X, || - ||), and let £ € X be an arbitrary element. Then
we investigate the solvability of the optimization problem melél lz—2||.

xz

For that purpose we define the objective functional f: X — R with

f(z) = ||z — z|| forall z € X.
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The functional f is continuous because for arbitrary z,y € X we have
[f(@) = F)l = |z -2l —lly—2| |
< lz—2-(y—3)
= llz -yl
Next we show the convexity of the functional f. For arbitrary z,y €
X and A € [0,1] we get
fOz+(1-Ny) = [Az+(1-Ay -2
= Az -2)+ (1 =Ny -2l
< Ao =2+ (1= A)ly - 2|
M)+ (1= f(y).

Consequently f is continuous and quasiconvex. If we fix any & € §
and we define

I

S={z eS| f(x) < (&)},
then S is a convex subset of X. For every z € S we have
Jzll = lz — &+ 2|| < [lz — 2| + |2 < f(&) + (1],

and therefore the set S is bounded. Since the set S is closed and
the functional f is continuous, the set S is also closed. Then by the
existence theorem 2.12 f has at least one minimal point on S, i.e.,
there is a vector Z € S with

f(@) < f(z) forallz € S.
The inclusion S C S implies Z € S and for all z € S \ S we get
fz) > 1(@) =2 f().

Consequently Z € S is a minimal point of f on S. O

The following theorem shows that, in general, the reflexivity of
the Banach space plays an important role for the solvability of ap-
proximation problems. But notice also that under strong assumptions
concerning the set S an approximation problem may be solvable in
non-reflexive spaces.
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Theorem 2.19. A real Banach space is reflexive if and only if
every nonempty convex closed subset is proriminal.

Proof. One direction of the assertion is already proved in the
existence theorem 2.18. Therefore we assume now that the consid-
ered real Banach space is not reflexive. Then the closed unit ball
B(0x,1) := {z € X | [|z|| < 1} is not weakly sequentially compact
and by a James theorem (Thm. B.2) there is a continuous linear func-
tional [ which does not attain its supremum on the set B(0x, 1), i.e.,

l(z) < sup I(y) forallze B(0x,1).
yeB(0x,1)

If one defines the convex closed set

S={reX|[l(z)> sup Iy}
yeB(OX)l)
then one obtains S N B(0x,1) = 0. Consequently the set S is not
proximinal. O

Now we turn our attention to a special problem, namely to a prob-
lem of uniform approximation of functions (problem of Chebyshev ap-
proximation). Let M be a compact metric space and let C(M) be the
real linear space of continuous real-valued functions on M equipped
with the maximum norm || - || where

lz|| = %%clx(t)l for all z € C(M).

Moreover let S be a nonempty subset of C(M), and let Z € C(M) be
a given function. We are looking for a function Z € S with

|z - 2| <|lz—Z| forallz € S

(see Fig. 2.8).

Since X = C(M) is not reflexive, Theorem 2.18 may not be ap-
plied directly to this special approximation problem. But the follow-
ing result is true.

Theorem 2.20. If S is a nonempty convex closed subset of
the normed space C(M) such that for any £ € S the linear subspace
spanned by S — {Z} is reflexive, then the set S is proximinal.
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A

I — &) = max [a(t) - (2]

1SS

zeS

a M = [a, b] b t

Figure 2.8: Chebyshev approximation.

Proof. For Z € S we have
inf llo — 2| = f|/(z-2)- (23
= inf —(z — ).
penf M= (@ - 2)]
If V denotes the linear subspace spanned by & — Z and S — {Z}, then
V is reflexive and Theorem 2.18 can be applied to the reflexive real
Banach space V. Consequently the set S is proximinal. O

In general, the linear subspace spanned by S — {Z} is finite di-
mensional and therefore reflexive, because S is very often a set of
linear combinations of finitely many functions of C'(M) (for instance,
monoms, i.e. functions of the form z(¢) = 1,¢,#%,...,t" with a fixed
n € N). In this case a problem of Chebyshev approximation has at
least one solution.

2.5 Application to Optimal Control
Problems

In this section we apply the existence result of Theorem 2.12 to prob-
lems of optimal control. First we present a problem which does not
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have a minimal solution.

Example 2.21. We consider a dynamical system with the dif-
ferential equation

#(t) = —u(t)® almost everywhere on [0,1], (2.5)
the initial condition
z(0) =1 (2.6)
and the terminal condition
z(1) = 0. (2.7)

Let the control u be a Lo-function, i.e. u € L»[0,1]. A solution of the
differential equation (2.5) is defined as

z(t) =c— /u(s)2d3 for all t € [0, 1]

0
with ¢ € R. In view of the initial condition we get

t
z(t) =1— /u(s)zds for all t € [0, 1].
0

Then the terminal condition (2.7) is equivalent to
1
1— /u(s)QdS = 0.
0

1
Question: Is there an optimal control minimizing [ t*u(¢)?dt ?
0

For X = L,[0,1] we define the constraint set

S = {u € Ly[0,1] ( ju(s)%zs = 1}
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(S is exactly the unit sphere in L5[0,1]). The objective functional
f: 8 — Ris given by

1
Flu) = / 2u(t)2dt for all u € 5.
0

One can see immediately that

0 < inf f(u).

ueSs

Next we define a sequence of feasible controls (u,)nen by

w(t) =4 " almost everywhere on [0, )
" 0 almost everywhere on [5,1] [~

Then we get for every n € N

1
n2

1 n
a2, 00 = / fun (£) 2t = / n2dt— 1.
0

0

Hence we have
u, € S forallneN

(every u, is an element of the unit sphere in L,[0,1]). Moreover we
conclude for all n € N

2n2dt =

o\ﬂH

fug,) = /tQun(t)th =

and therefore we get

lim f(u,) = 0= inf f(u).

n—0o0 ueSsS

If we assume that f attains its infimal value 0 on .S, then there is a
control o € S with f(a) =0, i.e.

1
/ t2u(t)2dt =0.
0
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But then we get
u(t) =0 almost everywhere on [0,1]

and especially @ ¢ S. Consequently f does not attain its infimum on

S.

In the following we consider a special optimal control problem
with a system of linear differential equations.

Problem 2.22. Let A and B be given (n,n) and (n, m) matrices
with real coefficients, respectively, and let the system of differential
equations be given as

&(t) = Az(t) + Bu(t) almost everywhere on [to, 1] (2.8)
with the initial condition
z(to) = 29 € R” (2.9)

where —00 < tp < t1 < oo . Let the control u be a LT*[tg, ¢1] function.
A solution z of the system (2.8) of differential equations with the
initial condition (2.9) is defined as
¢
z(t) = 29 + / et Bu(s)ds for allt € [to, t1]-
to
The exponential function occurring in the above expression is the
matrix exponential function, and the integral has to be understood in

a componentwise sense. Let the constraint set S C L5*[¢g, 1] be given
as

S = {u € Lto, t1] | Ju(®)|| <1 almost everywhere on [tg, 1]}

(|I-1) denotes the I, norm on R™). The objective functional f : S — R
is defined by

flu) = / (9(x(t)) + h(u(t))) dt

to
i1 t

_ / <g(x0+ / A=) Bu(s) ds +h(u(t)))dt for all we S

to to
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where ¢ : R® — R and A : R™ — R are real valued functions. Then
we are looking for minimal points of f on S.

Theorem 2.23. Let the problem 2.22 be given. Let the functions
g and h be conver and continuous, and let h be Lipschitz continuous
on the closed unit ball. Then f has at least one minimal point on S.

Proof. First notice that X := L3'[ty,11] is a reflexive Banach
space. Since S is the closed unit ball in L5*tg, ¢1], the set S is closed,
bounded and convex. Next we show the quasiconvexity of the ob-
jective functional f. For that purpose we define the linear mapping
L:S — AC™ty,t1] (let AC™[to,t1] denote the real linear space of ab-
solutely continuous n vector functions equipped with the maximum
norm) with

[31
L{u)(t) = /eA(t"s)Bu(s) ds for all u € S and all t € [tg, t1].

to

If we choose arbitrary ui,us € S and A € [0, 1], we get

9(@o + L(Aur + (1 — Auz)(t))

= g(zo + AL(u1)(t) + (1 — A)L(u2)(¢))

= g(Almo + L(u1) ()] + (1 = A)[wo + L(u2)(¥)])

< Ag(zo + L(w1)(t) + (1 = Nglwo + L(uz)()) for all t € [to, ¢1].

Consequently the functional g(zo + L(-)) is convex. For every a € R
the set

Se={ues| flu)<a}
is then convex. Because for arbitrary uj,us € S, and X € [0, 1] one
obtains

F(Aug + (1= Nug)

t1

_ / (9o + L0 + (1 — Nug)(®)
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3]

< / IAg(zo + L(u1)(#)) + (1 — N)g(wo + L(uz)(2))
0 +AR(ui(t)) + (1 — N h(ug(t))] dt
= M(ur) + (1= \)f(ug).

So, f is convex and, therefore, quasiconvex. Next we prove that the
objective functional f is continuous. For all © € S we have

IL(w)||acnitor = | / 0= Bu(s) ds|| acnto ]
to

< allullgpo,n (2.10)

where c; is a positive constant. Now we fix an arbitrary sequence
(Un)nen in S converging to some 4 € S. Then we obtain

t1

flun) - f@) = / (920 + L) () + glzo + L(@)(0))] dt

to

+ / (un(t)) — A(a(L)] dt. (2.11)

to

Because of the inequality (2.10) and the continuity of g the following
equation holds pointwise:

lim g(zo + L(un)(t)) = g(zo + L(@)(1)).

00

Since ||unlLpjto,e) < 1 and [|@]|Lpiy,) < 1, the convergence of the first
integral in (2.11) to 0 follows from Lebesgue’s theorem on the domi-
nated convergence. The second integral expression in (2.11) converges
to 0 as well because h is assumed to be Lipschitz continuous:

/ Ih(un(t)) — hEE)dE < o / lun(t) — a(t)]] dt

< collun — Gl Lo,
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(where ¢ € R denotes the Lipschitz constant). Consequently f is
continuous. We summarize our results: The objective functional f
is quasiconvex and continuous, and the constraint set S is closed,
bounded and convex. Hence the assertion follows from Theorem 2.12.

O

Exercises

2.1) Let S be a nonempty subset of a finite dimensional real normed
space. Show that every continuous functional f : S — R is also
weakly lower semicontinuous.

2.2) Show that the function f: R — R with
f(z) =xze® forallz € R
Is quasiconvex.

2.3) Let the assumption (2.1) be satisfied, and let the set S be con-
vex. Prove that the functional f is quasiconvex if and only if
forall z,y € S

fOAz + (1= Ny) <max{f(z), f(y)} forall A €]0,1].

2.4) Prove that every proximinal subset of a real normed space is
closed.

2.5) Show that the approximation problem from Example 1.4 is solv-
able.

2.6) Let C(M) denote the real linear space of continuous real valued
functions on a compact metric space M equipped with the max-
imum norm. Prove that for every n € N and every continuous
function £ € C'(M) there are real numbers ag, ..., &, € R with
the property

n

max | Y aut' — (1)

teM 4
=0
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n
< %%clz;aiti — z(t)] for all ag,...,a, € R.
1=

2.7) Which assumption of Theorem 2.12 is not satisfied for the op-
timization problem from Example 2.217

2.8) Let the optimal control problem given in Problem 2.22 be mod-
ified in such a way that we want to reach a given absolutely
continuous state Z as close as possible, i.e., we define the objec-
tive functional f:S — R by

= £) — &t
fw) = max lol0) = 2(0)
¢
= max |z — Z(¢t) + / et~ Bu(s) ds| for allu e S.
t€lto,t1]

to

Show that f has at least one minimal point on S.



Chapter 3

Generalized Derivatives

In this chapter various customary concepts of a derivative are pre-
sented and its properties are discussed. The following notions are in-
vestigated: directional derivatives, Gateaux and Fréchet derivatives,
subdifferentials, quasidifferentials and Clarke derivatives. Moreover,
simple optimality conditions are given which can be deduced in con-
nection with these generalized derivatives.

3.1 Directional Derivative

In this section we introduce the concept of a directional derivative
and we present already a simple optimality condition.

Definition 3.1. Let X be a real linear space, let (Y, || - ||) be a
real normed space, let S be a nonempty subset of X andlet f: S — Y
be a given mapping. If for two elements Z € S and A € X the limit

_ ol -
F@)(h) = lim <(f(z+Ah) ~ (@)
U+
exists, then f'(Z)(h) is called the directional derivative of f at Z in
the direction h. If this limit exists for all h € X, then f is called
directionally differentiable at T (see Fig. 3.1).

Notice that for the limit defining the directional derivative one
considers arbitrary sequences (A, )nen converging to 0, A, > 0 for all
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8 F-----~m~
&I
+
P
8

Figure 3.1: A directionally differentiable function.

n € N, with the additional property that  + A\,h belongs to the
domain § for all n € N. This restriction of the sequences converging
to 0 can be dropped, for instance, if S equals the whole space X.

Example 3.2. For the function f : R? — R with

2 1 :
. xl(l—l—g) if z9 #0
ﬂ““”‘{o if 2 = 0

which is not continuous at Og2, we obtain the directional derivative

} for all (z;, ;) € R?

1 Mif hy £ 0
{(0g2)(ha, ho) = lim ~F(A(hy, b)) = 4 Pa 1L P2
f )Ry o) = Jip 37N, z)) {5 if hy = 0
in the direction (hy, hy) € R%. Notice that f’(Ogz) is neither continu-
ous nor linear.

As a first result on directional derivatives we show that every
convex functional is directionally differentiable. For the proof we
need the following lemma.
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Lemma 3.3. Let X be a real linear space, and let f : X — R
be a convex functional. Then for arbitrary Z,h € X the function
¢ : Ry \ {0} — R with

1

P(N) = 3 (F(5+ ) = £(2) for all >0

is monotonically increasing (i.e., 0 < s <t implies p(s) < ¢(t)).

Proof. For arbitrary Z, h € X we consider the function ¢ defined
above. Then we get because of the convexity of f for arbitrary 0 <
s <t

f(@+sh) - f(z) = f(%(:zqtth) +t;‘9£> — f(3)
< p@+ i)+ 2@ - 1@
= S(f(@+th) - f(2))

resulting in

S | i

L(F@+sh) - £(@) <

S

(f(z +th) - ().

Consequently we have ¢(s) < p(t). O

Theorem 3.4. Let X be a real linear space, and let f: X — R
be a convex functional. Then at every T € X and in every direction
h € X the directional derivative f'(z)(h) exists.

Proof. We choose arbitrary elements Z,h € X and define the
function ¢ : R — R with

o(\) = %(f(:i +AR) — £(2)) forall A > 0.

Because of the convexity of f we get for all A >0

f@ = f(l_'l_)\(:?+)\h)+1i)\(f—h))
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1 A
< — flF —_— {7 —
< 1+)\f($+’\h)+1+,\ (Z —h),

and therefore, we have
(1+Nf(@) < f(Z+Ah)+Mf(z—h)

implying

£(8) ~ £(z ~ ) < (7@ + M) — £(2)) = o).

Hence the function ¢ is bounded from below. With Lemma 3.3 ¢ is
also monotonically increasing. Consequently the limit

F(@)(h) = lim o(A)
—U4
exists indeed. O

For the next assertion we need the concept of sublinearity.

Definition 3.5. Let X be a real linear space. A functional
f X — Ris called sublinear, if

(a) flaz)=af(z) forallz € X and all @ >0 (positive
homogenity),
(b) flz+y) < flx)+ f(y) forallz,ye X (subadditivity).

Now we show that the directional derivative of a convex functional
is sublinear with respect to the direction.

Theorem 3.6. Let X be a real linear space, and let f : X — R be
a convez functional. Then for every T € X the directional derivative
F(Z)(°) is a sublinear functional.

Proof. With Theorem 3.4 the directional derivative f'(Z)(:)
exists. First we notice that f'(Z)(0x) = 0. For arbitrary h € X and
o > 0 we obtain

F(@)(ak) = lim ~(f(z +Aah) — £(&)) = af (B)(h).

A-04 A
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Consequently f'(Z)(-) is positively homogeneous. For the proof of the
subadditivity we fix arbitrary hi,ho € X. Then we obtain for an
arbitrary A > 0 because of the convexity of f

f(ff? -+ )\(}M + hz)) = f(%(i‘ -+ 2/\h1) + %(S—C -+ 2/\h2)>

1 1
< 5f(g? + 2X\hy) + §f(:1_c + 2)\h2)

and

@+ A+ ko)) — f(B)] < = [f(@ +27h) — £(B)]

+ gy lfE+20) ~ F(@)].

> =

Hence we get for A — 0,
F'(@)(hy + ha) < f1(Z)(h1) + f'(Z)(he)
and the proof is complete. O

If a functional f is defined not on a whole real linear space X
but on a nonempty subset S, the property that f has a directional
derivative at Z in any direction  — Z with z € S, requires necessarily

T+ Mz —2)=Ar+(1—-A)Z € S for sufficiently small X > 0.

This necessary condition is fulfilled, for instance, if S is starshaped
with respect to Z — a notion which is introduced next.

Definition 3.7. A nonempty subset S of a real linear space is
called starshaped with respect to some z € 9, if for all z € S:

A+ {(1—-NzeS forall A€ [0,1]

(see Fig. 3.2).
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Figure 3.2: A set S which is starshaped with respect to Z.

Every nonempty convex subset of a real linear space is starshaped
with respect to each of its elements. And conversely, every nonempty
subset of a real linear space which is starshaped with respect to each
of its elements is a convex set.

Using directional derivatives we obtain a simple necessary and
sufficient optimality condition.

Theorem 3.8. Let S be a nonempty subset of a real linear space,
and let f: S — R be a given functional.

(a) Let T € S be a minimal point of f on S. If the functional f
has a directional derivative at T in every direction x — T with
arbitrary x € S, then

f'(@)(z—~1) 20 foralzes. (3.1)

(b) Let the set S be conver and let the functional f be convex. If
the functional f has a directional derivative at some T € S in
every direction T — T with arbitrary x € S and the inequality
(8.1) is satisfied, then T is a minimal point of f on S.

Proof.

(a) Take any x € S. Since f has a directional derivative at Z in the
direction z — Z, we have

f(@)(e - 2) = i $(/@+ M -2) - £(2)

A=04 A
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Z is assumed to be a minimal point of f on S, and therefore we
get for sufficiently small A > 0

fE+ Mz —12)) 2 f(2).
Consequently we obtain

(@) (z—z) >0.

(b) Because of the convexity of f we have for an arbitrary z € S
and all A € (0, 1]

f@+Me—17)) = f(Az+ (1-X)z) < Af(z) + (1 - V) f(Z)

and especially

£(z) 2 1(@) + 5@+ Mz - 2) - £(2).

Since f has a directional derivative at Z in the direction z — Z,
it follows

fl@) 2 f(2) + f'(2)(z — 2)
and with the inequality (3.1) we obtain
f(z) = f(2).
Consequently Z is a minimal point of f on S.

O

In part (b) of the preceding theorem one can weaken the assump-
tions on f and S, if one assumes only that f is convex at Z. In this
case S needs only to be starshaped with respect to Z.

3.2 Gateaux and Fréchet Derivatives

In this section we turn our attention to stronger differentiability no-
tions. We want to ensure especially that differentiable mappings are
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also continuous. Furthermore we investigate a known problem from
the calculus of variations.

Definition 3.9. Let (X,| - ||lx) and (Y,]| - |ly) be real normed
spaces, let S be a nonempty open subset of X, and let f: S — Y be
a given mapping. If for some z € S and all h € X the limit

F@)H) = lim (7 + M) = £(2)

exists and if f'(Z) is a continuous linear mapping from X to Y, then
f(z) is called the Gdteauz derivative of f at T and f is called Gdteaux
differentiable at Z.

Example 3.10.

(a) Let f : R® — R be a given function with continuous partial
derivatives. Then for every & € R™ the Gateaux derivative of f
at T reads as

P(3)(h) = d%- @+ 20| = Vi@ + AT = Vi@

for all h € R™.
(b) Let (X,]| - |lx) and (Y,]| - |ly) be real normed spaces, and let

L : X — Y be a continuous linear mapping. Then the Gateaux
derivative of L at every Z € X is given as

L'(z)(h) = L(h) forall h e X.

Sometimes the notion of a Gateaux derivative does not suffice in
optimization theory. Therefore we present now a stronger concept of
a derivative.

Definition 3.11. Let (X, | - |lx) and (Y,] - [ly) be real normed
spaces, let S be a nonempty open subset of X, andlet f: S — Y bea
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given mapping. Furthermore let an element z € S be given. If there
is a continuous linear mapping f'(Z) : X — Y with the property

i WS@HD) = F@) = F@Wy _

Ikl x—0 |2 ]| x

then f/(Z) is called the Fréchet derivative of f at T and f is called
Fréchet differentiable at Z.

According to this definition we obtain for Fréchet derivatives with
the notations used above

f(@+h) = @)+ f(Z)(h) + o(||hllx)
where the expression o(||h||x) of this Taylor series has the property

olllllx) _ . fE+R) - [(@) — f(Z)(R)

Ihix—0 ||Bllx  Ihllx—0 IRl x

= Oy.

Example 3.12. We consider a function [ : R® — R which
is continuous with respect to each of its arguments and which has
continuous partial derivatives with respect to the two first arguments.
Moreover we consider a functional f : C'[a,b] — R (with —c0 < a <
b < oo) given by

flz) = / I((t), 2(2), 1) dt for all & € C'a, ]

a

Then we obtain for arbitrary z,h € C*[a, b]
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Consequently the Fréchet derivative of f at T can be written as

F'@)(h) = /[lm(i'(t), 3(t), t)h(t) + 1:(2(t), (1), 1)h(t)] dt

for all h € C'a, b].

Next we present some important properties of Fréchet derivatives.

Theorem 3.13. Let (X,|| - |lx) and (Y,]| - |lv) be real normed
spaces, let S be a nonempty open subset of X, and let f : S — Y
be a giwen mapping. If the Fréchet derivative of f at some T € S
exists, then the Gdteaux derivative of f at T exists as well and both
are equal.

Proof. Let f'(Z) denote the Fréchet derivative of f at Z. Then
we have

o WE AR = £(@) = @My _ o s
lim TR 0 for all € X\{0x}

implying

lim I_il” F@ 4+ M) — F(2) — F @Oy =0 for all he X\{0x}.

Because of the linearity of f'(Z) we obtain

lim %[ £G4+ \B) — £(2)] = £(3)(h) for all h € X.

Corollary 3.14. Let (X, | - ||x) and (Y,] - |ly) be real normed
spaces, let S be a nonempty open subset of X, andlet f: S — Y be
a given mapping. If f is Fréchet differentiable at some T € S, then
the Fréchet derivative is uniquely determined.
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Proof. With Theorem 3.13 the Fréchet derivative coincides with
the Gateaux derivative. Since the Géateaux derivative is as a limit
uniquely determined, the Fréchet derivative is also uniquely deter-
mined. O

The following theorem says that Fréchet differentiability implies
continuity as well.

Theorem 3.15. Let (X, | - ||x) and (Y,]| - |ly) be real normed
spaces, let S be a nonempty open subset of X, and let f: S — Y be
a given mapping. If f is Fréchet differentiable at some & € S, then f
18 continuous at T.

Proof. To a sufficiently small € > 0 there is a ball around Z so
that for all £ + h of this ball

1f(Z+h) = f(@) = f(@B)ly <ellhlx.

Then we conclude for some o > 0

1f(Z+h) = F@)lly

If(Z+ k) — f(Z) - f(Z)(h) + (@) (R)]ly

< Wf@+h) - 1@ - @MWy + 17 @By
< ellhllx +allhllx

(e +a)lhllx.

Consequently f is continuous at Z. O

One obtains an interesting characterization of a convex functional,
if it is Gateaux differentiable. This result is summarized in the fol-
lowing theorem.

Theorem 3.16. Let S be a nonempty convex open subset of a
real normed space (X, || -||), and let f : S — R be a given functional
which s Gateaux differentiable at every £ € S. Then the functional
f s convez if and only if

) 2 f(@)+ f(z)(y —2) foralz,yes. (3.2)
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Proof.

(a)

First let us assume that the functional f is convex. Then we
get for all z,y € S and all A € (0, 1}

flz+ My —2)) = fy+ (1 - Nz) < Af(y) + (1= 2 f(z)

resulting in

f) 2 F(@) + (@ + My = 2) - (@)

Since f is Gateaux differentiable at z, it follows with Theorem
3.13

f) 2 f(z) + f'(z)(y — z).

Now we assume that the inequality (3.2) is satisfied. The set
S is convex, and therefore we obtain for all z,y € S and all
A €0,1)

f(@) 2 fOz+ (1= Ny) + Az + (1= Ny) (1 =)z ~y))
and
fy) = fOz+(1-Ny) + Az + (1= Ny)(=Az —y)).

Since Gateaux derivatives are linear mappings, we conclude fur-
ther

Af(z) + (1= A f(y)
> AMAz+ (1 -Ny) + A1 =N f'(Az+ (1= Ny)(z—y)
+ (1 =N f(Az+ (1= \y)
AL =Nz + (1= ANy)(z —y)
= fAz+ (1= Ny).

Consequently, the functional f is convex.
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If S is a nonempty convex open subset of R* and f: .S — R is
a continuously partially differentiable function, then the inequality
(3.2) can also be written as

fly) > flz) + Vi) (y—=z) forall z,y € S.

If one considers for every z € S the tangent plane to f at (z, f(x)),
this inequality means geometrically that the function is above all of
these tangent planes (see Fig. 3.3).

Figure 3.3: Illustration of the result of Thm. 3.16.

Next we formulate a necessary optimality condition for Gateaux
differentiable functionals.

Theorem 3.17. Let (X,| - ||) be a real normed space, and let
f X — R be a given functional. If € X is a minimal point of f
on X and f is Gateaur differentiable at T, then it follows

F(@)(h) =0 foralhe X

Proof. Let an element h € X be arbitrarily given. Then it
follows for x := h + Z with Theorem 3.8, (a)

F'(®)(h) = 0,
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and for z := —h + T we get

f'(@)(=h) =2 0.
Because of the linearity of the Gateaux derivative the assertion follows
immediately. O

Finally, we discuss an example from the calculus of variations. We
proceed as in the proof of Theorem 3.17 which, in virtue of Theorem
3.13, holds also for Fréchet differentiable functionals.

Example 3.18. We consider a function [ : R® — R which is
continuous with respect to all arguments and which has continuous
partial derivatives with respect to the two first arguments. Moreover,
let a functional f : C'[a,b] — R (with —0o < a < b < 00) with

(@) = / U(z(t),2(t), ) dt for all & € Cla,

be given. But we are interested only in such functions x for which
z(a) = x1 and z(b) = x5 where z1, 22 € R are fixed endpoints. If we
define the constraint set

S :={z € C"a,b] | z(a) = 21 and z(b) = 5},

then we ask for necessary optimality conditions for minimal points of

fonS.

For the following we assume that Z € S is a minimal point of f on
S. The constraint set S is convex and the objective functional f is
Fréchet differentiable (compare Example 3.12). Then it follows from
Theorem 3.8, (a) (in connection with Theorem 3.13) for the Fréchet
derivative of f

f(Z)(z—2)>0 forallz e S

or
f(@)(h) >0 forall he S:= S — {z}.

The set S can also be written as

S = {z € C'[a,b] | z(a) = z(b) = 0}.
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With h € S we have —h € S as well. Because of the linearity of the
Fréchet derivative we obtain

f'(Z)(h) =0 forall he S.
With Example 3.12 we have

forall h € S.

Hence our first result reads

/ [L(E(t), 5(t), O)h() + s (3(), 5(t), )A(8)] dt = O for all h € §.(3.3)

For further conclusions in the previous example we need an im-
portant result which is prepared by the following lemma.

Lemma 3.19. For —co<a<b< oo let
S ={z € C'a,b] | z(a) = z(b) = 0}.

If for some function z € Cla, b]
b
/ z(t)h(t)dt =0 forallh e S,

then
z = constant on [a,b].

Proof. We define
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and choose especially h € S with

h(t) = /(z(s) —c¢)ds for all ¢ € [a,b].

Then we get

b

/@@—@%t: /@m—@Mﬂﬁ

a

b

_ /x@Mwﬁ—qmw—hwﬂ

= —ch(b)

b
_ c[/x ) ds — c(b— a)

Hence it follows
z(t) = c for all t € [a,].

O
Lemma 3.20. For —oco<a <b< oo let
S ={z e Ca,b] | z(a) = z(b) = 0}.
If there are functions x,y € Cla,b] with
b
/ [w()h(t) + y(Oh(t)] dt =0 for all h € &, (3.4)

a

then it follows y € C[a,b] and y = z.
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Proof. We define a function ¢ : [a,b] — R by

t

o(t) = /x(s) ds for all ¢t € [a,b].

a
Then we obtain by integration by parts

b

— / ©(t)h(t) dt

a

b

a

/ z(th(t)dt = p(t)h(t)

b
= —/cp(t)h(t) dt forall h e S,

and from the equation (3.4) it follows

/ [—p(t) + y(®)]A(t)dt =0 for all h € S.

a

With Lemma 3.19 we conclude for some constant ¢ € R
y(t) = (t) + ¢ for all t € [a,b].
Taking into consideration the definition of ¢ this equality leads to
y(t) = z(t) for all t € [a, ],
and the assertion is shown. O

Using this last lemma we obtain the following theorem which is
well known in the calculus of variations.

Theorem 3.21. Let the assumptions of the Example 3.18 be
satisfied. If x € S is a minimal point of f on S, it follows
d

Eili(j(t)’ z(t),t) = I,(z(t), z(¢),t) for allt € [a,b]. (3.5)
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Proof. In Example 3.18 the equation (3.3) is already proved to
be a necessary optimality condition. Then the application of Lemma
3.20 leads immediately to the assertion. O

In the calculus of variations the equation (3.5) is also called the
Euler-Lagrange equation.

Example 3.22. Determine a curve z € Ca,b] (with —oo <
a < b < 0o) with smallest length which connects the two end points
(a,z1) and (b, z5) (where z1, 22 € R). In other words: We are looking
for a minimal point Z of f on S with

S :={z € C'a,b] | z(a) = 71 and z(b) = x5}

and

b
f(:c)z/\/1+a’:(t)2dt for all z € S.

In this case the Euler-Lagrange equation (3.5) reads

d 0

%5}_( 1+ 2(t)?)

This equation is equivalent to
d 2z(t) ~0
dt24/1+ a(t)?
Then we get for some constant ¢ € R
\/% =c forallt € [a, b]
and

Z = constant.

Hence we have the result that the optimal curve Z is just the straight
line connecting the points (a, z;) and (b, z5) (see Fig. 3.4). This result
is certainly not surprising.
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T2

T

a b t
Figure 3.4: Illustration of the result of Example 3.22.

3.3 Subdifferential

In this section we present an additional concept of a derivative which
is formulated especially for convex functionals. With the aid of this
notion we derive the generalized Kolmogoroff condition known in ap-
proximation theory.

The characterization of convex Géateaux differentiable functionals
which is given in Theorem 3.16 proves to be very useful for the formu-
lation of optimality conditions. This characterization motivates the
following definition of a subgradient.

Definition 3.23. Let (X, ] - ||) be a real normed space, and let
f X — R be a convex functional. For an arbitrary T € X the set
0f(Z) of all continuous linear functionals [ on X with

flx) > f@)+l{x—2z) forallz € X

is called the subdifferential of f at Z. A continuous linear functional
[ € 0f(Z) is called a subgradient of f at T (see Fig. 3.5).

Example 3.24.

(a) With Theorem 3.16 for every convex Géteaux differentiable
functional f defined on a real normed space the subdifferen-
tial 0f(Z) at an arbitrary Z € X is nonempty. For every T € X
we have for the Gateaux derivative f/(Z) € 0f(Z), i.e., f'(Z) is
a subgradient of f at Z.
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I
I
- |
1

x X

Figure 3.5: Subgradients of a convex functional.

(b) Let (X, | - ||) be areal normed space, and let (X*,||-||x+) denote
the real normed space of continuous linear functionals on X

(notice that ||I||x- = sup X2 for all l € X*).
z#0x

fl=ll
Then for every € X the subdifferential of the norm at Z is

given as
o)1z = {le X* | (z) = ||z| and ||l||x- = 1} if T # Ox
{le x| |lx <1} 700 [
Proof.

(i) For Z = 0x we obtain

9|z = {leX*||z]>iz) forall z € X}
{le X llil(jl)ll <1 forallz € X\ {0x}}
= {leX"|||lllx- <1}

(ii) Now let an arbitrary element Z # Ox be given. Then we obtain
for every continuous linear functional | € X* with I(Z) = ||Z||
and ||l||x~ = 1 (see Theorem C.4 for the existence of such a
functional)

l(z) <||z|]| forallz e X

which implies

12l + iz — 2) = [|z]| - U(z) + U(=z) < =]



3.3. Subdifferential 51

Hence it follows [ € 9||Z|].
Finally, we assume that [ is a subgradient of the norm at z # 0Ox.

Then we get
el —1&) = 2lz] -zl - (2)
=12z - ]zl - (22 — z)
> 0
and
—1Zl+1z) = lox]|— [zl - (0x — Z)
> 0.

These two inequalities imply [(Z) = ||Z|]. Furthermore we obtain

forallz € X
Izl = lzf + Uz —z)
= |z}l + Uz) — l|z|]
I(z).
But then we conclude
][ x» = sup Mol
z#0x H?UH

Because of [(Z) = ||Z|| this leads to ||l]|x» = 1. So the assertion

is proved.

With the following lemma we also give an equivalent formulation
of the subdifferential.

Lemma 3.25. Let (X,]|-]|) be a real normed space, and let
f X — R be a convex functional. Then we have for an arbitrary
zeX

8f(z) = {l € X* | f/@)(h) > I(h) for all h e X}
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(where f'(Z)(h) denotes the directional derivative of f at T in the
direction h).

Proof. For an arbitrary [ € 8f(Z) we have

1

f(@)(h) = /\lirg X(f(a_c + AR) — f(Z)) > l(h) forall h e X.
—04

Hence one set inclusion is shown. For the proof of the converse inclu-

sion we assume that any [ € X* is given with

f'(Z)(h) > I(h) forall h e X,
Then it follows with Lemma 3.3 (for A = 1)
f@+h)—f(@) > f(z)(h) =1l(h) foralhe X
which means that [ € 0f(Z). 0

Next we investigate the question under which assumption a convex
functional already has a nonempty subdifferential.

Theorem 3.26. Let (X, -||) be a real normed space, and let f :
X — R be a continuous convex functional. Then the subdifferential
0f(Z) is nonempty for every T € X.

Proof. Choose any point T € X. Since the functional f is
continuous at Z, there is a ball around Z on which the functional f
is bounded from above by some & € R. Consequently, the epigraph
E(f) of f has a nonempty interior (e.g., (Z,a+ 1) € int(E(f))), and
obviously we have (Z, f(Z)) € int(E(f)). f is a convex functional,
and therefore with Theorem 2.8 the epigraph E(f) of f is convex.
Hence the sets E(f) and {(Z, f(Z))} can be separated with the aid
of the Eidelheit separation theorem (Theorem C.2). Then there are
a number v € R and a continuous linear functional ({,3) on X x R
with (I, ) # (0x-,0) and

l(z) + Ba < v < UZ) + Bf(Z) for all (z,) € E(f). (3.6)
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For x = T we obtain especially
Ba < Bf(z) for all a > f(Z).

Consequently we have 8 < 0. If we assume that 8 = 0, we obtain
from the inequality (3.6)

(x—Z)<0 forallz € X

and therefore we conclude [ = Ox«. But this is a contradiction to the
condition ([, 8) # (0x«,0). So we obtain § < 0, and the inequality
(3.6) leads to

1

1 _
5l@) +a 2 ZUE) + f(@) forall (z,0) € B(f)

which implies for o = f(x)

flz) > f(z) — %l(w —z) forallz € X.

Consequently, —%l is an element of the subdifferential 0 f(Z). O

Under the assumptions of Theorem 3.26 it can be shown in addi-
tion that the subdifferential is a convex weak*-compact subset of X*.
Notice that with Lemma 2.13 the convex functional in the previous
theorem is already continuous if it is continuous at some point.

With the aid of subgradients we can immediately present a neces-
sary and sufficient optimality condition. This theorem is formulated
without proof because it is an obvious consequence of the definiton
of the subdifferential.

Theorem 3.27. Let (X, || -||) be a real normed space, and let
f: X — R be a convez functional. A point x € X is a minimal point
of f on X if and only if Ox~ € Of(Z).

With the following theorem we investigate again the connection
between the directional derivative and the subdifferential of a convex
functional. We see that the directional derivative is the least upper
bound of the subgradients (compare also Lemma 3.25).
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Theorem 3.28. Let (X, ]| -||) be a real normed space, and let f :
X — R be a continuous convex functional. Then for every T,h € X
the directional derivative of f at T in the direction h is given as

7(2)(k) = max{I(h) | I € 0f(2)}.

Proof. Let z € X be an arbitrary point and h € X be an arbi-
trary direction. With Theorem 3.4 the directional derivative f'(Z)(h)
exists and with Theorem 3.26 the subdifferential 0f(Z) is nonempty.
With Lemma 3.25 we have

F/(@)(h) > U(h) for all |l € f(Z).

Hence it remains to show that there is a subgradient [ with f'(z)(h) =
[(h). For that purpose we define the set

T = {(Z+ M, f(B) + AL (Z)(R)) € X xR | A >0}
Because of Lemma 3.3 we have
F@E@+AR) > F(Z) + AF(@)(h) for all A> 0.
Therefore we get
(Z + M, f(Z) + AF(Z)(h) & int(E(f)) forall A >0

(as in the proof of Theorem 3.26 notice that the epigraph of f has a
nonempty interior because f is continuous). Then it follows int(E(f))
NT = (. If we also notice that the sets S := E(f) and T are convex,
then the Eidelheit separation theorem is applicable (Theorem C.2).
Consequently, there are a continuous linear functional [ on X and real
numbers § and ~ with the property (I, 3) # (0x+,0) and

l(z) + Ba < v < Uz + M) + B(f(2) + Af'(2)(h)) (3.7)
for all (z,a) € E(f) and all A > 0.

For x = 7 and A = 0 we obtain especially

Ba < Bf(z) for all a > f(Z)
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which leads to § < 0. If we assume that G = 0, then we obtain from
the inequality (3.7) with A =0

l{(lx—Z)<0 forallz e X

and therefore | = O0x«. But this is a contradiction to the condition
(1, 8) # (0x+,0). Consequently we get 3 < 0, and from the inequality
(3.7) we conclude

%l(x —E—\R) +a > f(Z)+ A (E)(h) (3.8)
for all (z,a) € E(f) and all A > 0.

For a = f(z) and A = 0 we obtain

fx) > f(Z) — sl(x— %) forallz € X

i

i.e., —4! is a subgradient of f at Z. For 2 =, a = f(Z) and A = 1
we also conclude from the inequality (3.8)

o 1
f(@)(h) < —-ﬁ-l(h)

Because of —%l € 0f(z) the assertion is shown. O

As a result of the previous theorem the following necessary and
sufficient optimality condition can be given.

Corollary 3.29. Let S be a nonempty subset of a real normed
space (X, || - 1), and let f : X — R be a continuous convex functional.

(o) If T € S is a minimal point of f on S and S is starshaped with
respect to T, then

max{l(z —Z) | L€ 0f(Z)} 20 forallz € S. (3.9)

(b) If for some T € S the inequality (3.9) is satisfied, then Z is a
manimal point of f on S.
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Proof. The part (a) of this theorem follows immediately from the
Theorems 3.8, (a) and 3.28 (together with a remark on page 35). For
the proof of the part (b) notice that with Theorem 3.28 and Lemma
3.3 it follows from the inequality (3.9)

(f@+Mz—2) - f(z) 2 f(@)(z—2) >0
forall z € S and all A > 0.

> =

Hence we get for A =1
f(@) < f(z) forallz € S.
Consequently, Z is a minimal point of f on S. 0

For the application of this corollary we turn our attention to ap-
proximation problems.

Theorem 3.30. Let S be a nonempty subset of a real normed
space (X, ]| -||), and let £ € X \ S be a given element.

(a) If T € S is a best approzimation to & from S and S is starshaped
with respect to I, then
max{l(z—2Z) | le X*, (Z—-1%)=|Z— 2| and
Hx»=1}>0 forallz e S. (3.10)

(b) If for some T € S the inequality (3.10) is satisfied, then T is a
best approximation to & from S.

Proof. z € S is a best approximation to Z from S if and only if
T — & # Ox is a minimal point of the norm || - || on S — {&}. With
Example 3.24, (b) we have
Nz —-z|={le X*|l(z-12)=|z—Z|| and ||l|jx» = 1}.

Then the inequality (3.9) is equivalent to the inequality
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max{l(z—Z+2) |l e X*, I(Z—2) =]z —Z| and |{[|x» =1} >0
forall z € S — {2}

resulting in

max{l(z —Z) |l e X*, I(Z — %) = ||z — Z|| and |)l||x~ =1} >0
forallz € S.

Finally notice in part (a) that the set S — {Z} is starshaped with
respect to Z— & and the norm || || is a continuous functional (compare
page 21). So this theorem is proved using Corollary 3.29. 0O

The optimality condition for approximation problems given in
Theorem 3.30 is also called generalized Kolmogorov condition in ap-
proximation theory.

3.4 Quasidifferential

The theory of subdifferentials may also be extended to certain non-
convex functionals. Such an extension was proposed by Dem’yanov
and Rubinov! and is the subject of this section. We give only a short
introduction to this theory of quasidifferentials.

Definition 3.31. Let S be a nonempty open subset of a real
normed space (X,||-]]), let f: S — R be a given functional, and
let Z € S be a given element. The functional f is called quasidiffer-
entiable at = if f is directionally differentiable at £ and if there are
two nonempty convex weak*-compact subsets f(z) and df(Z) of the
topological dual space X* with the property

f(z)(h) = max I(h)+ min (k) forall h € X.
ledf(z) ledf(z)

The pair of sets Df(z) := (8f (E),? f(Z)) is called a quasidifferential
of f at Z, and the sets 9f(Z) and 0f(Z) are called subdifferential and
superdifferential of f at Z, respectively.

1V.F. Dem’yanov and A.M. Rubinov, “On quasidifferentiable functionals”, So-
viet Math. Dokl. 21 (1980) 14-17.
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Quasidifferentials have interesting properties. But, in general, it
is difficult to determine a quasidifferential to a given functional.

Notice in the preceding definition that the subdifferential and the
superdifferential are not uniquely determined. For instance, for every
ball B(0x«,e) := {l € X* | ||l||x» < €} with an arbitrary £ > 0 the
pair of sets (9f(z)+B(0x+,¢),0f(Z)— B(0x+,€)) is a quasidifferential
of f at Z as well.

Example 3.32. Let (X,]-]|) be a real normed space, and let
f:X — Rand g: X — R be convex functionals. If f and g are
continuous at some Z € X, then the functional ¢ := f — g is quasidif-
ferentiable at Z. In this case (0f(Z), —0¢(Z)) is a quasidifferential of
@ at T where 0f(Z) and Og(Z) denote the subdifferential of f and g
at Z, respectively.

Proof. By Theorem 3.4 f and g are directionally differentiable
and therefore ¢ = f — g is also directionally differentiable. If 0f(Z)
and Jg(Z) denote the subdifferential of f and g at Z (these two
sets are nonempty, convex and weak*-compact), we define the sets
8p(z) := 0f(Z) and Op(Z) := —0g(Z). By Theorem 3.28 the direc-
tional derivative of ¢ is given as

¢'(@)(h) = [(@)h) —d@)(h)

max [(h) — max I(h)

ledf(z)” ledg(z)
= max [(h) + min [(h) forall h € X.
1€dp(%) ledp(E)

Hence Dp(Z) := (0f(Z), —0g(Z)) is a quasidifferential of ¢ at . O

This example shows that the concept of the quasidifferential is
suitable for functionals which may be represented as the difference of
two convex functionals. These functionals are also called d.c. func-
tionals.

For locally Lipschitz continuous functionals we can present an in-
teresting characterization of the notion of quasidifferentiability. We
show the equivalence of the quasidifferentiability to a certain “Fréchet
property” for locally Lipschitz continuous functionals on R".
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Definition 3.33. Let S be a nonempty subset of a real normed
space (X, || ]]), let f : S — R be a given functional, and let Z € S
be a given element. f is called Lipschitz continuous at Z if there is a
constant k£ > 0 and some € > 0 with

[f(z) = f)l < kllz —yf| for all 2,y € SN B(Z,¢)

where
B(Z,e) ={z e X ||z —z| <€}

f is called Lipschitz continuous if there is a constant £ > 0 with
[f(z) = f(W)I < kllz —y|| forall z,y € S.

The constant k is also called Lipschitz constant.

Definition 3.34. Let S be a nonempty open subset of a real
normed space (X, | -|]), letf : S — R be a given functional, let
f : X — R be a positively homogeneous and Lipschitz continuous
functional, and let Z € S be a given element. f is said to have the
Fréchet property at Z with the functional f if

f(@+h) - f@) - J(h)|

lim = (.
IRll—0 l|A]]

If f is Fréchet differentiable at some z € S, then it has also the
Fréchet property at Z with f := f'(z) (Fréchet derivative of f at
Z) because the Fréchet derivative f'(Z) is continuous and linear, and
therefore it is also positively homogeneous and Lipschitz continuous.
Hence the concept of the Fréchet property of a functional is closely
related to the concept of the Fréchet differentiability.

The following theorem which plays only the role of a lemma for
Theorem 3.36 says that every directionally differentiable and locally
Lipschitz continuous functional defined on R™ has already the Fréchet

property.
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Theorem 3.35%. Let S be a nonempty open subset of R™, and
let € S be a given element. Fvery functional f : S — R which s
Lipschitz continuous at T and directionally differentiable at T has the
Fréchet property at T with f := f'(z) (directional derivative of f at

z).

Proof. Let f: S — R be Lipschitz continuous at z and direc-
tionally differentiable at Z. Since f : S — R is Lipschitz continuous
at Z, i.e., there are numbers k£ > 0 and £ > 0 with

If(z) — fy)| < kllz —y| forall 2,y € SN B(Z,¢), (3.11)

the directional derivative f'(Z) : R* — R of f at Z is also Lipschitz
continuous because for every x;,z5 € R”

N _
lim  (F(z+Aar) = /(@)

|[f(Z)(21) = F(Z)(22)] =

A—04
- lim 3 (F(@ -+ Ae) — /()
- Ali%:. % (f(@+ Azq) — f(ZT + Az2))

!
< Ali)I[I)l+ Xk‘”)\.’ﬂl - )\l’g“
= k|lz — z2]|. (3.12)

So, f'(Z) is Lipschitz continuous and it is obvious that f'(Z) is also
positively homogeneous.
Now assume that f does not have the Fréchet property at Z with f :=
f'(z). Then we get for f := f/(Z) which is positively homogeneous
and Lipschitz continuous

i @+ R — (@) — f@)(h)|
IRl =0 Al

£ 0.

2This theorem is due to R. Schade (Quasidifferenzierbare Abbildungen, diplom
thesis, Technical University of Darmstadt, 1987) and it is based on a result
of D. Pallaschke, P. Recht and R. Urbariski (“On Locally-Lipschitz Quasi-
Differentiable Functions in Banach-Spaces”, optimization 17 (1986) 287-295)
stated in Thm. 3.36.
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Consequently, there is a § > 0 so that for all ¢ € N there is some

|f(Z + hi) — f(Z) = f(Z)(Ra)| = Bl|Ral]- (3.13)
Next we set h
gi = [fhln for all € N. (3.14)

Obviously we have
llg:]| =€ for alli € N, (3.15)

i.e., g; belongs to the sphere {z € R" | ||z|| = ¢} which is compact.
Therefore the sequence (g;)ien has a subsequence (g;;)jen converging
to some g with ||g|| = €. If we also set

Al ZII

oy = >0 forall i € N,

we obtain lim o; = 0 and with the equality (3.14)

1—00

hi = Q;G; for all s € N. (316)
Finally we define for every i € N

¢i = |f(Z+cug) - f(Z) - f’(i’)(@ig)l
= |f@+ ) - f(z)
+11(@)(hs) = f'(@)(cug)]

= |[f(Z+ M) - f(Z) - f(@)(h)]

—[(f(@ + ki) = f(Z + cig)) — (f' (@) (hs) — f'(Z)(cig))] |
> |f(Z+ ) = (@) = (@) ()]

—|(f(Z + ki) = f(Z + aig)) — (f'(Z) (k) = f'(Z)cuig))]
> |f@+h)— f(@)— f(@)(h)]

—(If(@ + hi) = f(Z + aig)| + 1 f'(Z)(hs) — F(Z)(cug)])

For sufficiently large i € N we have

I+ h; € SN B(Z,¢)
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and
T+ a9 € SN B(Z,¢),

and therefore we get with the inequalities (3.13), (3.11), (3.12) and
the equalities (3.16), (3.15)
¢ = Bllhill — (kllh: — cugll + kl[hs — cugl])
Baillgill — 2kallgi — gl
= oi(fBe — 2klg; — gll).

Since the sequence (g;;);en converges to g, we obtain for sufficiently
large 7 € N

Be
L — gl < =
lgs; = 9all < 47
Hence we conclude for sufficiently large j € N
Be
¢ij Z a'ij <168 - ?
Be
Oéij7

and because of the positive homogenity of f'(Z)

_ f@E+ayg) - f@) - f1(@)(,9)]
by Be ’

From the preceding inequality it follows

F(@)(g) £ lim L& 29) = /(@

j—o0 Qs

which is a contradiction to the definition of the directional derivative.
(]

The preceding theorem presents an interesting property of direc-
tionally differentiable and locally Lipschitz continuous functionals on
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R". It is now used in order to prove the equivalence of the quasidif-
ferentiability to the Fréchet property for locally Lipschitz continuous
functionals on R".

Theorem 3.36. Let S be a nonempty open subset of R™, let T €
S be a given element, and let f : § — R be a given functional which s
Lipschitz continuous at T. The functional f is quasidifferentiable at
Z if and only if f has the Fréchet property at T with some functional
f : R* — R which can be represented as difference of two Lipschitz
continuous sublinear functionals.

Proof. (i) First, assume that f is quasidifferentiable at Z. Then
f is also directionally differentiable at Z, and by Theorem 3.35 it has
the Fréchet property at Z with the directional derivative of f at Z

= f(Z) = max I(-)+ min I(-

fro=f@ = maxll)+ min i)
= () — (). 3.17
Lng?();) £ ier—n;f}({i) ) ( )

Next we define the functional ¢ : R® — R by

R) = I(h) for all h € R™.
@(h) Lg&}@é)_() or all h €

@ is sublinear because for all ki, hy € R™ and all A > 0 we have

w(h1 + hs) = ler%?é) U{hy + h2)

= ;ggl?(};)l(hl) + (h2)

< l(h L(h
< o L) + max 1(h2)

= p(h) + ¢(ha)

and

= = l
pA) = max [(Ah) = max Allfn)

= Amax W) = Ap(h).
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The functional ¢ is also continuous because for all A € R

o)) = | 109 < e )

< max (1) 4]

= Il max [l

= [[rIL (3.18)

with
L= max |l
1edf(z
(L > 0 exists because 3f(Z) is Weak*—compact).
Now we show that the continuous sublinear functional ¢ is also Lip-
schitz continuous. For that proof take any hy, he € R™. Then we get
with the inequality (3.18)

oh1) = @h1—ha+ha) < @(ht— ha) + p(hs)
< Lilhy — ho| + w(hs)

resulting in

@(h1) — p(he) < Lilhy — hy||.

Similarly one obtains

¢(h2) — ¢(h1) < Ljjhy — ha,
and so it follows

lp(h1) = @(he)] < Li[hy — haf.

Consequently we have shown that f has the Fréchet property at
with f := f/(Z) which, by the equation (3.17), can be written as the
difference of two Lipschitz continuous sublinear functionals.

(ii) Now we assume that f has the Fréchet property at £ with some
functional f : R™ — R which can be represented as difference of two
Lipschitz continuous sublinear functionals. First we prove that f is
the directional derivative f/'(Z) of f at Z. Because of the positive
homogenity of f/(Z) and f we have

f'(%)(Oge) = f(Og=) = 0.
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Since f has the Fréchet property at Z with f, we get for every h €
R™ h # Ogn,

[£(@ +Ah) — f(z) — F(AR)|

B, Y] -0
and B ~ _
i LEEI@ ZJOR]
Because f is positively homogeneous, we obtain
_ z+ Ah) — f(z -
PR R oy

Hence f is directionally differentiable at Z with f = f/(z), and the di-
rectional derivative f'(Z) can be written as difference of two Lipschitz
continuous sublinear functionals @1, ¢, : R* — R, i.e.

(@) =¢1— . (3.19)
Now fix an arbitrary ¢ € {1,2} and define the set
A= {p €R" | pTz < py(x) for all z € R"}

which is nonempty convex and weak*-compact (in fact, it is a compact
subset of R™). Then we have for all z € R

pi(e) 2 max 'z, (3.20)

Next, fix any Z € R™ and consider the set {(Z,¢;(Z))} and the
epigraph E(p;). Notice that this epigraph is convex and it has a
nonempty interior because (; is a Lipschitz continuous sublinear func-
tional. Then by the application of the Eidelheit separation theorem
(Thm. C.2) there are a number v € R and a vector ([, 3) € R™*! with

(l, ﬂ) 7'é ORn+1 and
Tz + Ba <y < 1Tz + Bpi(z) for all (z,a) € E(p;). (3.21)

With the same arguments used in the proof of Theorem 3.26 we get
B < 0. If we set ¢ := —3l, we get for £ = Og» and & = ¢;(O») = 0
from the inequality (3.21)

pi(z) < @'z (3.22)
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It follows from the inequality (3.21) that
Tz + Bpi(z) <0 for all z € R™ (3.23)
(otherwise we get for some z € R™ with {7z + By;(x) > 0
17(62) + Byi(6z) = 61Tz + By;i(z)) — oo for § — oo

which contradicts the inequality (3.21)). From the inequality (3.23)
we conclude
¢Tr — @;i(z) <0 for all z € R,

ie. ¢ € A;. Then it follows from the inequalities (3.20) and (3.22)
that

wi(z) max "z,

and so we have with the equality (3.19)

/(= . T,. __ T
f@)e) = maxy'z—maxyw

= maxp’z+4 min ¢’z for all z € R™
pEAL pE—A2

Consequently, the functional f is quasidifferentiable at . O

Finally, we also present a necessary optimality condition for quasi-
differentiable functionals.

Theorem 3.37. Let (X, |- ||) be a real normed space, and let
f X — R be a given functional. If 7 € X is a minimal point of
f on X and if f is quasidifferentiable at T with o quasidifferential
(0f(Z),0f(Z)), then it follows

—-0f(z) C df(z).

Proof. Using Theorem 3.8,(a) we obtain the following necessary
optimality condition for the directional derivative:

f'(z)(h) >0 forall he X.
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Then, by Definition 3.31, we get for a quasidifferential (3f(Z),0f(z))

max [(h) > — min [(h)

ledf(z)” 1edf(3)

= max [(h) forallhe X. (3.24)
le—87(z)

Now assume that there is some [ € —8f(Z) with the property [ ¢
0f(Z). Since the subdifferential 9f(z) is convex and weak*-compact,
by a separation theorem (Thm. C.3) there is a weak*-continuous linear
functional z** on X™ with

z™(l) > sup z**(I). (3.25)
ledf(z)

Every weak*-continuous linear functional on X* is a point functional.
In our special case this means that there is some A € X with

(1) = I(h) forallle X*.
Then it follows from the inequality (3.25)

max (k) > I(h) > max l(h
le-3f(z) (h) 2 U(h) Lle(i)'( )

which is a contradiction to the inequality (3.24). Hence our assump-
tion is not true and we have —8f(Z) C 8f(Z). O

3.5 Clarke Derivative

An interesting extension of the concept of the directional derivative for
real-valued mappings was introduced by F.H. Clarke®. This section
presents a short discussion of this notion of a derivative. A simple
necessary optimality condition is also given.

3F H. Clarke, “Generalized gradients and applications”, Trans. Amer. Math.
Soc. 205 (1975) 247-262.
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Definition 3.38. Let S be a nonempty subset of a real normed
space (X, |-, let f : S — R be a given functional, and let two
elements Z € S and h € X be given. If the limit superior

F@)(h) = limsup + (f(@ + AR) — f(z)

T )‘
A— 04

exists, then f'(Z)(h) is called the Clarke derivative of f at Z in the
direction h. If this limit superior exists for all h € X, then f is called
Clarke differentiable at Z.

The difference between the Clarke derivative and the directional
derivative is based on the fact that for the Clarke derivative the limit
superior has to be determined and the base element x of the difference
quotient has to be varied.

In this section we see that the Clarke derivative has interesting
properties. But it has also the disadvantage that this derivative de-
scribes a functional only “cumulatively”.

Notice that for the Clarke derivative the limit superior is consid-
ered only for those z € X and A > 0 for which z € S and x +\h € S.
There are no difficulties, for instance, if Z belongs to the interior of
the set S. But other types of sets are possible, too.

Example 3.39. For the absolute value function f : R — R with
f(z) =|z| forallz e R

the Clarke derivative at 0 reads for every h € R

FO)R) = timsup 5 (jz+ Ab| = ) = 1]

A— 0y

In order to see this result, notice that we get with the aid of the
triangle inequality

FO)(R) = tmsup 5 (jz + M|  Ja])

z—0
A— 04



3.5. Clarke Derivative 69

A

fimsup (12l + Alh| ~ Ja])

= |h|.
For z = \h we obtain

FO(k) = Emsup 5 (12 -+ 2| ~ Ja)
A— 04

> limsup —(2\/h] — AJ))
A—04 )\

= |h].
Hence we have f'(0)(h) = |h|.

The class of locally Lipschitz continuous functionals is already
differentiable in the sense of Clarke.

Theorem 3.40. Let S be a subset of a real normed space (X, ||-|)
with nonempty interior, let T € int(S) be a given element, and let
f 8 — R be a functional which is Lipschitz continuous at T with a
Lipschitz constant k. Then f is Clarke differentiable at T and

|F' @) (h)| < K|kl for allh e X.

Proof. For an arbitrary h € X we obtain for the absolute value
of the difference quotient in the expression for f'(z)(h)

L)~ f@)| < 3kt Mgl
= k],

if z is sufficiently close to T and A is sufficiently close to 0. Because
of this boundedness the limit superior f'(Z)(h) exists. Furthermore
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we have

F@®) = |imsup £ (f(z+Ah) ~ ()

T — I

A— 04

< limsup ; (f(z+ Ah) — f(z))

A— 04

< kAl
which is to prove. O

The assumption in the preceding theorem that Z belongs to the
interior of the set S can be weakened essentially. But then Theorem
3.40 becomes more technical.

Clarke derivatives have the interesting property to be sublinear
with respect to the direction .

Theorem 3.41. Let S be a subset of a real normed space (X, ||-||)
with nonempty interior, let T € int(S) be a given element, and let
f: 8 — R be a functional which is Clarke differentiable at T. Then
the Clarke derivative f'(z) is a sublinear functional.

Proof. For the proof of the positive homogenity of f/(Z) notice
that f'(z)(0x) = 0 and that for arbitrary h € X and a > 0

F(z)(ah) = limsup % (F(z + Aah) — f(z))

T T

A— 04

= «alimsup % (f(z + Aah) — f(x))

T —Z

= af'(@)(h).

Next we prove the subadditivity of f'(Z). For arbitrary hy,hy € X
we get

f'(@)(h1 + ho)
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= limsup % (f(z + A(h1 + ha)) — f(z))

T—ZT
A— 04

— limsup = (F(z + Aby + Mra) — F(@ + M) -+ F(z + Mra) — £(z))

T~ T /\
A— 04

< Timsup ; (F( + Mg + M) — f(z + Ah2)

T — T

A= 04

+ lim sup :1\- (f(x + Ahg) — f(z))

T—I
A— 04

= (@) () + /() (ha).

Consequently, f'(Z) is sublinear. O

In the case of a locally Lipschitz continuous convex functional the
directional derivative and the Clarke derivative coincide.

Theorem 3.42. Let (X, |- ||) be a real normed space, and let
f: X — R be a convezr functional which is Lipschitz continuous at
some & € X. Then the directional derivative of f at T coincides with
the Clarke derivative of f at Z.

Proof. Let h € X denote an arbitrary direction. By Theorem 3.4
and Theorem 3.40 the directional derivative f/'(Z)(h) and the Clarke
derivative f°(Z)(h) of f at Z in the direction h exist. By the definition
of these derivatives it follows immediately

F'@)(h) < £ @)(h).

For the proof of the converse inequality we write

P@(R) = limsup = (f(z +Ab) — f(2))

T — T )‘
A— 04

1
= lim sup sup < (f(z+ Ah)— f(z)).
§— g+ lz—z[|<§ O0<Ai<e
e — 04



72 Chapter 3. Generalized Derivatives

Since f is convex, Lemma 3.3 leads to the equality

P@h) = lm  swp (f(zteh) - f(2),
520 lleal<s €
and for an arbitrary a > 0 we obtain
P@W=lim s *(fz+eh) - f@)).

€20+ Jz_z|l<ea €

If we notice that because of the local Lipschitz continuity of f we
have for sufficiently small € > 0

~ (fla+eh) = [(@)) — 2 (F(z+2h) - [(2)

< SIf(e+eh) = fz+eh)] + 2 1) - f(@)
k .k _

< Zlle =2l + = lle -z

< 2ka

(k > 0 denotes a Lipschitz constant), then it follows

PER) < lim 2 (fE+eh) — £GF)) + 2ka

e—04 €

= f(z)(h) + 2ka.
Since o > 0 has been chosen arbitrarily, we obtain
@) (h) < f1(@)(h).

This completes the proof. |

With the aid of the Clarke derivative it is possible to introduce
a so-called generalized gradient for locally Lipschitz continuous func-
tionals.

Definition 3.43. Let S be a subset of a real normed space
(X,] - |I) with nonempty interior, and let f : S — R be a func-
tional which is Lipschitz continuous at some Z € int(.S). Then the set
Ocif(Z) of all continuous linear functionals { on X with

F(&)(R) > I(h) forallhe X
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is called the generalized gradient of f at T (where f'(Z)(h) denotes
the Clarke derivative of f at Z in the direction h).

For functionals defined on the whole space, notice the formal anal-
ogy of the definition of the generalized gradient and the equivalent
definition of the subdifferential from Lemma 3.25. The formal differ-
ence lies in the fact that one uses the directional derivative for the
subdifferential whereas one works with the Clarke derivative for the
generalized gradient.

The next result follows immediately from Theorem 3.42 and Lem-
ma 3.25.

Corollary 3.44. Let (X,||-|) be a real normed space, and let
f X — R be a convex functional which is Lipschitz continuous at
some T € X. Then the subdifferential 0f(Z) of f at T coincides with
the generalized gradient Oc, f(Z) of f at Z.

With the following theorem we show that locally Lipschitz contin-
uous functionals have a nonempty generalized gradient.

Theorem 3.45. Let S be a subset of a real normed space (X, ||-]])
with nonempty interior, and let f : S — R be a given functional. If
f 1is Lipschitz continuous at some T € int(S), then the generalized
gradient Oci f (Z) of f at T is nonempty.

Proof. By Theorem 3.40 the Clarke derivative exists and by
Theorem 3.41 it is sublinear. Consequently, by the basic version of the
Hahn-Banach theorem (compare Thm. C.1) there is a linear functional
[ on X which satisfies the inequality

F(@)(h) > (k) for all h € X. (3.26)

For the proof of the continuity of ! we choose an arbitrary h € X.
Then it follows from the inequality (3.26) and Theorem 3.40

[(R) < f'(@)(h) < | (@)(R)] < KA
(where k > 0 denotes a Lipschitz constant) and

—l(h) =U(=h) < f(Z)(=h) < | (@) (=h)| < k|| — Al = KAl
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This leads to the inequality
[[(P)] < K[[R]

Hence [ is continuous at Ox. Because of the linearity of [ the functional
[ is also continuous on X. This completes the proof. ]

It is also possible to derive a necessary optimality condition for
Clarke differentiable functionals. This condition is given in the next
theorem.

Theorem 3.46. Let T be a superset of a nonempty subset S of a
real normed space (X, -|)), let f: T — R be a given functional, and
let T have a nonempty interior. If T € S Nint(T) is a minimal point
of f on S, the set S 1is starshaped with respect to T and the functional
f s Lipschitz continuous at Z, then the following inequality holds for
the Clarke derivative

f'(@)(x—2)>0 forallz € S.

Proof. Let Z € S be a minimal point of f on S. Since Z € int(T")
and f is Lipschitz continuous at Z, we have for an arbitrary z € S
1, .. _ _
SUE+ Mz —2) - 1)
k
T =)

= k|lz—Z|| for sufficiently small A > 0.

Consequently the expression

h€3m§U@+A@—fD—f@D

exists. Because of the minimality of f at Z and the starshapness of S
with respect to Z this limit superior is nonnegative. Then we conclude

0 < limsup%(f(f—l~ Mz — 1)) — f(Z))

A—04
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< limsup %(f(y—l— Mz —1)) - f(y))

y—z
A— 04
= f(@)(z-2)
which completes the proof. O
If (X,]]-]l) is a real normed space and f : X — R is a given

functional, then in the case of S = X the assertion of Theorem 3.46
can also be interpreted as follows: If Z € X is a minimal point of f on
X, then the functional Ox+ is an element of the generalized gradient
of f at Z.

Exercises

3.1) For the function f: R — R with

2. l .
zésin; ifx#0

f(x):{o if 2 =0

determine the directional derivative at Z = 0.

3.2) Let M be a compact subset of R™, and let C(M) denote the
linear space of continuous real-valued functions on M equipped
with the maximum norm || - || where

llz]| = rtré%(]a:(tﬂ for all z € C(M).
To a given function £ € C(M) we consider a functional f :
C(M) — R with

f(z) =]z —z| forall z € C(M).

Show that the directional derivative of f at an arbitrary =z €
C(M) is given as

in oax, sgn(Z(t) — 2()h(t) ifz#2
f'(@)(h) = max)]h(t)| o

tEM(Z

with
M(z)={te M ||z(t) - 2(t)| = f(Z)}.
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3.3) Let (X, | -]|) be a real normed space, and let f : X — R be a
convex functional which is Géteaux differentiable at some T &
X. Prove that z is a minimal point of f on X if and only if

f(Z) = 0x=.
3.4) For the function f: R — R with
f(z) =|z| forallz € R
determine the subdifferential 9f(0) at zero.

3.5) Let (X,]| - ||) be a real normed space, and let f : X — R be a
convex functional. Show: For an arbitrary Z € X the subdiffer-
ential 0f(Z) is a convex set.

3.6) Prove: For every convex function f : R® — R which is differen-
tiable at some Z € R" it follows 0f(Z) = {V f(Z)}.

3.7) Let the function f: R? — R with
f(l‘l,xg) = 156156'2‘ for all (.271,1132) € R2

be given. Determine a quasidifferential of f at an arbitrary
point (z1,z3) € R2.

3.8) Consider the function f: R?* — R with

] o] =+ 22 i (2, 25) # (0,0)
f(m,:w)—{ 0 T £ (or 0 = (0.0)

Show that f is quasidifferentiable at Z := (0, 0) and that it does
not have the Fréchet property at  with f := f/'(Z) (directional
derivative of f at Z).

3.9) Let the function f: R" — R with
f(z1,...,2y) = max{zy,...,2z,} forallz;,...,z, €R
be given. For an arbitrary 7 € R™ let

@) :={ie{l,...,n} | f(z) = 7).
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Show that the Clarke derivative of f at Z in an arbitrary direc-
tion h € R™ is given as

f'(Z)(h) = max{h;}.

€I(Z)



Chapter 4

Tangent Cones

In this chapter certain approximations of sets are considered which
are very useful for the formulation of optimality conditions. We in-
vestigate so-called tangent cones which approximate a given set in a
local sense. First, we discuss several basic properties of tangent cones,
and then we present optimality conditions with the aid of these cones.
Finally, we formulate a Lyusternik theorem.

4.1 Definition and Properties

In this section we turn our attention to the sequential Bouligand
tangent cone which is also called the contingent cone. For this tangent
cone we prove several basic properties.

First, we introduce the concept of a cone.

Definition 4.1. Let C be a nonempty subset of a real linear

space X.
(a) The set C is called a cone if

zeC, A>20 = M el
(b) A cone C is called pointed if

zeC, —-re(C = z=0x.
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Ox

Figure 4.1: Cone. Figure 4.2: Pointed cone.

Example 4.2. (a) The set
R} :={zeR" |z, >0foraliec{l,...,n}}

is a pointed cone.
(b) The set

C:={xeC[0,1] | z(t) >0 for all ¢ € [0, 1]}

is a pointed cone.

In order theory and optimization theory convex cones are of special
interest. Such cones may be characterized as follows:

Theorem 4.3. A cone C in a real linear space is convex if and
only if for all z,y € C
z+yel. (4.1)

Proof. (a) Let C be a convex cone. Then it follows for all

z,y € C .
1 1

§(x+y) =gt+gy€ C

which implies x +y € C.

(b) For arbitrary z,y € C and A € [0,1] we have Az € C and (1-\)y €

C'. Then we get with the condition (4.1)
A+ (1—-NyeC.
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Consequently, the cone C' is convex. O
In the sequel we also define cones generated by sets.

Definition 4.4. Let S be a nonempty subset of a real linear
space. The set

cone(S) :={As| A >0and s € S}

is called the cone generated by S.

Ox

Figure 4.3: Cone generated by S.

Example 4.5. (a) Let B(0x,1) denote the closed unit ball in
a real normed space (X, || - ||). Then the cone generated by B{0x,1)

equals the linear space X.
(b) Let S denote the graph of the function f: R — R with

zsinl ifx#0
f(x)“{ 0 ifz=0"

Then the cone generated by S is given as

cone(S) = {(z,y) € R* | |y| < |z[}.
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Now we turn our attention to tangent cones.

Definition 4.6. Let S be a nonempty subset of a real normed
space (X? ” ’ ”)
(a) Let Z € cl(S) be a given element. A vector h € X is called a
tangent vector to S at Z, if there are a sequence (z,)nen of elements
in S and a sequence (A,)nen Of positive real numbers with

and

(b) The set T'(S, Z) of all tangent vectors to S at Z is called sequential
Bouligand* tangent cone to S at T or contingent cone to S at Z.

Notice that Z needs only to belong to the closure of the set S in
the definition of T'(S, Z). But later we will assume that z € S.

By the definition of tangent vectors it follows immediately that
the contingent cone is in fact a cone.

Before investigating the contingent cone we briefly present the
definition of the Clarke tangent cone which is not used any further in
this chapter.

Remark 4.7. Let Z be an element of the closure of a nonempty

subset S of a real normed space (X, || - [|).
(a) The set
Tci(S,Z) := {h € X| for every sequence (,)nen

of elements of S with Z = lim z,, and
n—oo

for every sequence (A, )nen of positive

real numbers converging to 0 there is

4M.G. Bouligand, “Sur les surfaces dépourvues de points hyperlimites (ou: un
théoréme d’existence du plan tangent)”, Ann. Soc. Polon. Math. 9 (1930) 32-41.
F. Severi remarked that he has independently introduced this notion (F. Severi,
“Su alcune questioni di topologia infinitesimale”, Ann. Soc. Polon. Math. 9 (1930)
97-108).
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Figure 4.4: Two examples of contingent cones.

a sequence (hy)neny with A = lim h,

n-——00

and x, + A\ h, € S for all n € N}

is called (sequential) Clarke tangent cone to S at Z.

(b) It is evident that the Clarke tangent cone 7¢;(S,Z) is always a
cone.

(c) If Z € S, then the Clarke tangent cone T(S, ) is contained in
the contingent cone T'(S, ).

For the proof of this assertion let some h € T (S, Z) be given arbi-
trarily. Then we choose the special sequence (Z),cy and an arbitrary
sequence (A, )nen of positive real numbers converging to 0. Conse-
quently, there is a sequence (A, )neny With b = nh_}ngo h, and Z+Ah, € S
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for all n € N. Now we set
Yn =T + Mh, for alln e N

and )
ty, = " for all n € N.

n

Then it follows
Yo € S forall m € N,

limy, = lim (Z + A\h,) =2

and
. _ 1, _ .
lim t,(y, — %) = lim —(Z + A\hy, — Z) = lim b, = h.
n—0o0 n—00 n n—00
Consequently, h is a tangent vector. O

7 N

Figure 4.5: Illustration of the result in Remark 4.7,(c).

(d) The Clarke tangent cone T¢;(S, ) is always a closed convex cone.
We mention this result without proof. Notice that this assertion is
true without any assumption on the set S.

Next, we come back to the contingent cone and we investigate
the relationship between the contingent cone T'(S,Z) and the cone
generated by S — {Z}.
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Theorem 4.8. Let S be a nonempty subset of a real normed
space. If S is starshaped with respect to some T € S, then it follows

cone(S —{z}) C T(S, 7).

Proof. Let the set S be starshaped with respect to some z € S,
and let an arbitrary element z € S be given. Then we define a
sequence (&, )nen With

1 1 1
Tp =T+ —(x—T)=—-x+ (1——)i€Sf0r alln € N.
n n n
For this sequence we have
lmz, =2

and

limn(z, — %) =z — 2.
n—ooo

Consequently, z — T is a tangent vector, and we obtain
S—{z} CT(Sz).
Since T'(S, Z) is a cone, we conclude

cone(S — {Z}) C cone(T(S,z)) =T(S, ).

Theorem 4.9. Let S be a nonempty subset of a real normed
space. For every T € S it follows

T(S,Z) C cl(cone(S — {z})).

Proof. We fix an arbitrary £ € S and we choose any h €
T(S,z). Then there are a sequence (z,),en of elements in S and
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a sequence (A,)nen Of positive real numbers with Z = lim z,, and
h = lim A, (z, — Z). The last equation implies

h € cl(cone(S — {z}))
which has to be shown. a

By the two preceding theorems we obtain the following inclusion
chain for a set S which is starshaped with respect to some Z € S:

cone(S —{z}) C T(S,z) C cl{cone(S —{z})). (4.2)

The next theorem says that the contingent cone is always closed.

Theorem 4.10. Let S be a nonempty subset of a real normed
space (X, ||-|]). For every T € S the contingent cone T'(S, %) is closed.

Proof. Let z € S be arbitrarily chosen, and let (h,),en be an
arbitrary sequence of tangent vectors to S at £ with lim A, = h € X.

n—oo
For every tangent vector h,, there are a sequence (z,,);en of elements

in S and a sequence (A, )ien Of positive real numbers with Z = lim z,,,
=00

and h, = lim \,,(z,, — Z). Consequently, for every n € N there is a
1—0

number i(n) € N with
1
lzn, — Z|| < - for all i € N with ¢ > i(n)

and ]
An; (Zn, — Z) — By < - for all ¢ € N with ¢ > i(n).
If we define the sequences (Yn)nen and (t,)nen by

Yn 1= Tn,,, €5 foralln e N

and
bn 1= Any,,y > 0 forall n € N,
then we obtain lim y, = Z and
th(yn - 3_7) - h” = H)\ni(n) (‘/Eni(n) - j) - hn + hn - h“
1
< - l|hn, — h|| for all n € N.
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Hence we have
h = limt,(y, — Z)

n—oeo

and h is a tangent vector to S at Z. a

Since the inclusion chain (4.2) is also valid for the corresponding
closed sets, it follows immediately with the aid of Theorem 4.10:

Corollary 4.11. Let S be a nonempty subset of a real normed
space. If the set S is starshaped with respect to some T € S, then it is

T(S,z) = cl(cone(S — {Z})).

If the set S is starshaped with respect to some z € S, then Corol-
lary 4.11 says essentially that for the determination of the contingent
cone to S at T we have to consider only rays emanating from T and
passing through S.

Finally, we show that the contingent cone to a nonempty convex
set is also convex.

Theorem 4.12. If S is a nonempty convex subset of a real
normed space (X, ||-||), then the contingent cone T'(S,Z) is convez for
allz € S.

Proof. We choose an arbitrary Z € S and we fix two arbitrary
tangent vectors hy, hy € T(S,Z) with hy, ha # Ox. Then there are
sequences (Zn)neN, (Un)nen Of elements in S and sequences (A, )nen,
(tn)nen of positive real numbers with

Z = limz,, h; = lim A\,(z, — %)

n—00 n—eo
and
Z = limy,, he = lim p,(y, — Z).
n—o0 n—oo

Next, we define additional sequences (v )nen and (2, )neny with

Upi= A+ n foralln e N
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and )
P V—()\nxn + pnyy,) for all n € N.

n

Because of the convexity of S we have

An Lon
2y = Ty + n €S foralln €N,
A b Dt fn
and we conclude
1
limz, = lm-—(\Z,+ tnln)
n—00 n—0oo Vn

1
= lim _()‘nxn - )\niE + HnlYn — UnT + )\ni' + /J'nf)

n—»oo]/n
An s
= i ('— n—Z —(Yn — 7T “)
lim (e — )+ B - 2) 2
= I
and
lm v, (2, —Z) = lm (A\uZp + fnYn — VaT)
n—oo n—00

= lim (An(zn — 7) + pn(yn — 7))

n—

== hl +h2

Hence it follows hy + hy € T(S, Z). Since T(S, Z) is a cone, Theorem
4.3 leads to the assertion. O

Notice that the Clarke tangent cone to an arbitrary nonempty set
S is already a convex cone, while we have shown the convexity of the
contingent cone only under the assumption of the convexity of S.

4.2 Optimality Conditions

In this section we present several optimality conditions which result
from the theory on contingent cones.

First, we show, for example, for convex optimization problems
with a continuous objective functional that every minimal point Z of
f on S can be characterized as a minimal point of f on {Z}+T(S, Z).
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Theorem 4.13. Let S be a nonempty subset of a real normed
space (X, |- ), and let f: X — R be a given functional.
(a) If the functional f is continuous and convex, then for every min-
imal point £ € S of f on S it follows:

f(&@) < f(Z+h) forall h € T(S, ). (4.3)

(b) If the set S is starshaped with respect to some T € S and if the
inequality (4.3) is satisfied, then T is a minimal point of f on S.

Proof. (a) We fix an arbitrary Z € S and assume that the
inequality (4.3) does not hold. Then there are a vector h € T(S, Z) \
{0x} and a number o > 0 with

f@) - f(z+h)>a>0. (4.4)

By the definition of A there are a sequence (Z,)nen Of elements in S
and a sequence (A, )nen Of positive real numbers with

zZ= limz,
and
h = lim h,
where
hp = Ap(z, — Z) for all n € N.
1
Because of h # 0Ox we have lim — = 0. Since f is convex and

n—od
continuous, we obtain with the inequality (4.4) for sufficiently large
neN:

flz,) = f(ia"cﬁ—:cn—i—i—f——l—a‘:)

An An
= f(;\lz(z+hn)+< —i)f)
< fe+m)+(1- 1)@
< SUGHm+a)+(1- 1) /@
< i@+ (1- 1)@
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Consequently, Z is not a minimal point of f on S.
(b) If the set S is starshaped with respect to some Z € S, then it
follows by Theorem 4.8

S—{z} cT(S ).
Hence we get with the inequality (4.3)
F(Z) < f(@+h) for all h e S — {7},

i.e., Z is a minimal point of f on S. O

-~ - -

{zeX|f(z)=f(2)}

Figure 4.6: Geometric illustration of the result of Theorem 4.13.

Using Fréchet derivatives the following necessary optimality con-
dition can be formulated.

Theorem 4.14. Let S be a nonempty subset of a real normed
space (X, || - ||), and let f be a functional defined on an open superset
of S. If z € S is a minimal point of f on S and if f is Fréchet
differentiable at T, then it follows

f(Z)(h) >0 for all h € T(S, Z).
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Proof. Let z € S be a minimal point of f on S, and let some
h € T(S,z) \ {0x} be arbitrarily given (for h = Ox the assertion is
trivial). Then there are a sequence (z,)nen Of elements in S and a
sequence (A, )nen Of positive real numbers with

Tz = limz,
n—00
and
= lim A,
n—00
where

hn = An(zn, — Z) for all n € N.

By the definition of the Fréchet derivative and because of the mini-
mality of f at Z it follows:

F@M) = @ (lima(z, - 7))
= lim A, f'(2)(@n — 7)
1im o[£ (2) = £(3) = (f(ea) = [(&) = 1'(3) (@0 — 5))]
> —lim Au(f(za) = £(7) - £/(5)( — 7))

n—o0 |zn — 2]
= 0.
Hence, the assertion is proved. O

Next, we investigate under which assumptions the condition in
Theorem 4.14 is a sufficient optimality condition. For this purpose
we define pseudoconvex functionals.

Definition 4.15. Let S be a nonempty subset of a real linear
space, and let f : § — R be a given functional which has a directional
derivative at some Z € S in every direction x —Z with arbitrary x € S.
The functional f is called pseudoconvez at z if for all x € S

f@)(z-2)20 = [fz)- f(z)=0.
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Example 4.16. The functions f : R — R and ¢ : R — R with
f(z) =ze® forallz € R

and

1
g(x)——ld}_%2 for all z € R

are pseudoconvex at every T € R. But the two functions are not
convex.

A relationship between convex and pseudoconvex functionals is
given by the next theorem.

Theorem 4.17. Let S be a nonempty conver subset of a real
linear space, and let f : S — R be a conver functional which has a
directional derivative at some T € S in every direction T — T with
arbitrary x € S. Then [ is pseudoconvex at Z.

Proof. We fix an arbitrary € S. Because of the convexity of f
we get for all A € (0,1]

fAz+(1=X0)7) < Af(z) + (1= A)f(2)

and
fle) > 7@+ 5(fOa+ (1 - NE) - @)
= @)+ 3 (fE+ Az~ ) - £(2)

Since f has a directional derivative at Z in the direction =z — Z, we
conclude

f@)— @) > f(@) (- 7).
Consequently, if f/(Z)(x — Z) > 0, then
f(z)—f(z) = 0.
Hence f is pseudoconvex at Z. O

It is also possible to formulate a relationship between quasiconvex
and pseudoconvex functionals.
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Theorem 4.18. Let S be a nonempty conver subset of a real
normed space, and let f be a functional which is defined on an open
superset of S. If f is Fréchet differentiable at every T € S and pseu-
doconvex at every T € S, then f is also quasiconver on S.

Proof. Under the given assumptions we prove that for every
a € R the level set

Sei={z €S| flz)<a}

is a convex set. For this purpose we fix an arbitrary @ € R so that
S, is a nonempty set. Furthermore we choose two arbitrary elements
z,y € Sq. In the following we assume that there is a A € [0, 1] with

fOz+ (1= Ny) > o > max{f(z), f(y)}.

Then it follows A € (0,1). Since f is Fréchet differentiable on S, by
Theorem 3.15 f is also continuous on S. Consequently, there is a
A€ (0,1) with

fOz+(1=Ny) > fOz+ (1= N)y) for all X € (0,1).

Using Theorem 3.13 and Theorem 3.8,(a) (which is now applied to a
maximum problem) it follows for Z := Az + (1 — )y

f(@)z-2)<0
and
f(@)(y—17) <0

With _ _ _
z—TZ=x—2x—(1-=Ny=(1-N(z-y),

y—T=y—d—(1-Ny=-Nz-y) (4.5)
and the linearity of f'(Z) we obtain

0> f(zZ)(z—7) = (1- NS

8t
S
K]
{
Neg
SN’

and

0> f(Z)(y—2) =-Af(@)(z—y).
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Hence we have
0=f(2)(z-y)
and with the equality (4.5) it also follows
@)y —2z)=0.
By assumption f is pseudoconvex at Z and therefore we conclude

fly) = f(Z) > 0.

But this inequality contradicts the following inequality:

fly) - f(z) fy) — Oz + (1 - Ny)

< fly) - fRz+ (1 -A)y)
< fly)~«a
< 0 O

Using Theorem 3.13 the result of the Theorems 4.17 and 4.18 can
be specialized in the following way: If (X, || - ||) is a real normed space
and if f : X — R is a functional which is Fréchet differentiable at
every T € X, then the following implications are satisfied:

f convex = f pseudoconvex at every £ € X
== f quasiconvex.

After these investigations we come back to the question leading to
the introduction of pseudoconvex functionals. With the next theorem
we present now assumptions under which the condition in Theorem
4.14 is a sufficient optimality condition.

Theorem 4.19. Let S be a nonempty subset of a real normed
space, and let f be a functional defined on an open superset of S.
If S is starshaped with respect to some T € S, if f is directionally
differentiable at * and pseudoconver at T, and if

f(@)(h) >0 for all h € T(S, %),

then T is a minimal point of f on S.
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Proof. Because of the starshapedness of S with respect to Z € S
it follows by Theorem 4.8 S — {z} C T'(S,Z), and therefore we have

(@) (z—z)>0forallz e S.
Since f is pseudoconvex at Z, we conclude
flz)— f(Z) > 0forall z € S,
i.e., Z is a minimal point of f on S. 0O

Notice that the assumption in Theorem 3.8,(b) under which the
inequality (3.1) is a sufficient condition, can be weakened with the aid
of the pseudoconvexity assumption. This result is summarized with
Theorem 3.8 in the next corollary.

Corollary 4.20. Let S be a nonempty subset of a real linear
space, and let f : S — R be a given functional. Moreover, let the
functional f have a directional derivative at some T € S in every
direction x — T with arbitrary x € S and let f be pseudoconvex at Z.
Then Z is a minimal point of f on S if and only if

@) (xz—%)>0 forallzeS.

4.3 A Lyusternik Theorem

For the application of the necessary optimality condition given in The-
orem 4.14 to optimization problems with equality constraints we need
a profound theorem which generalizes a result given by Lyusternik®
published in 1934. This theorem says under appropriate assumptions
that the contingent cone to a set described by equality constraints is
a superset of the set of the linearized constraints. Moreover, it can
be shown under these assumptions that both sets are equal.

SL.A. Lyusternik, “Conditional extrema of functionals”, Mat. Sb. 41 (1934)
390-401.
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Theorem 4.21. Let (X,|| - ||x) and (Z,]| - ||z) be real Banach
spaces, and let h : X — Z be a given mapping. Furthermore, let some
z €S with

S:={ze X |h(z) =0z}
be given. Let h be Fréchet differentiable on a neighborhood of Z, let
h'(-) be continuous at T, and let W' (Z) be surjective. Then it follows

{z € X | W(Z)(z) = 05} C T(S, 7). (4.6)

Proof. We present a proof of Lyusternik’s theorem which is
put forward by Werner [347]. This proof can be carried out in several
steps. First we apply an open mapping theorem and then we prove the
technical inequality (4.14). In the third part we show the equations
(4.26) and (4.27) with the aid of a construction of special sequences,
and based on these equations we get the inclusion (4.6) in the last
part.

(1) Since A'(Z) is continuous, linear and surjective by the open
mapping theorem the mapping h'(Z) is open, i.e. the image of every
open set is open. Therefore, if B(0x, 1) denotes the open unit ball in
X, there is some p > 0 such that

B(Oz,g) C hl(f) B(Ox,l) (47)

where B(0z, ¢) denotes the open ball around 0z with radius g. Be-
cause of the continuity of h'(Z) there is a

0o :=sup{o > 0| B(0z,0) C (%) B(0x,1)}.

(2) Next we choose an arbitrary e € (0,4). #'(-) is assumed to be
continuous at Z, and therefore there is a § > 0 with

IB/(%) — K (3)|lzx.2) < € for all & € B(Z,25). (4.8)

Now we fix arbitrary elements #,% € B(%,26). By a Hahn-Banach
theorem (Thm. C.4) there is a continuous linear functional | € Z*
with

||z =1 (4.9)
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and
U(h(Z) = 1(&) = W' (2)(& — 7)) = |A(Z) = h(Z) = W(2)(Z ~ )|z (4.10)
Next we define a functional ¢ : [0,1] — R by
o(t) = 1(h(Z +t(Z — &) — th'(Z)(& — %)) for all t € [0,1].  (4.11)
¢ is differentiable on [0, 1] and we get
O't) =W (E+tZ - 3)(F—7) - W(E)E - 1)) (4.12)
By the mean value theorem there is a £ € (0, 1) with
p(1) = (0) = ¢'(2). (4.13)

Then we obtain with (4.10), (4.11), (4.13), (4.12), (4.9) and (4.8)

= (1) — (0)

= ¢(1)
(W (F +Hz - 2)(& - 7) - M(2)@ - 7))
IM(Z +E - 7)) = K (@) xz 1T~ Zllx

IA A
o
ED
l
Rall
N

Hence we conclude

|h(Z) — h(&) — W (2)(E — )|z < ||T — #||x for all &,7 € B(Z,26).
(4.14)

(3) Now we choose an arbitrary a > 1 so that a(3 + =) < 1

(notice that = < 1). For the proof of the inclusion (4.6) we take an
arbitrary x € X with A/(Z)(z) = 0z. For z = 0Ox the assertion is
trivial, therefore we assume that = # O0x. We set A= m and fix
an arbitrary A € (0, 5\] Now we define sequences (7, )nen and (Uy )nen
as follows:

1 = Ox,
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R (Z)(un) = h(Z + Az +7,) for all n € N, (4.15)
Tasl = Tn — Uy for all n € N. (4.16)

Since h'(Z) is assumed to be surjective, for a given 7, € X there
is always a vector u,, € X with the property (4.15). Consequently,
sequences (7 )nen and (uy, )nen are well-defined (although they do not
need to be unique). From the inclusion (4.7) which holds for o = £
and the equation (4.15) we conclude for every n € N

lnllx < %I]h(iz-l—/\errn)]]Z. (4.17)

For simplicity we set
d(A) = ||h(Z + A\x)| 2

and
_ e
%o

Since || Az]|x < § we get from the inequality (4.14)

q:

Il

d(A) 1(Z + Az) — h(T) — 1 (Z)(Az)]|2
ellAzllx

) (4.18)

[VANVAN

and moreover, because of & > 1 we have

a 1
sl-5<35 1
g<l1 5 <3 (4.19)
Then we assert for all n € N:
o 1-— q"‘1
Irallx < a2 (4.20)
1(Z + Az +74) ]|z < d(N)g" ™" (4.21)

and N
unllx < gd(/\)qw- (4.22)
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We prove the preceding three inequalities by induction. For n = 1 we
get
HTIHX =0,

[(Z + Az +71) ||z = d(X)
and by the inequality (4.17)
o
lullx < gllh(f + Az + 1)z
o
= —d(\).
o (A)

Hence the inequalities (4.20), (4.21) and (4.22) are fulfilled for n = 1.
Next assume that they are also fulfilled for any n € N. Then we get
with (4.16), (4.20) and (4.22)

I — unllx
lIrnllx + llunllx

_ n—1
a0y (L + o)
Qo q
o 1—4g"
—d(A .
o ( )1—q

I7ntallx

IA

IA

i

Hence the inequality (4.20) is proved. For the proof of the following
inequalities notice that from (4.20), (4.18) and (4.19)

Az +7rallx < [ Azllx + [Irallx
1— n—1
< 5+ Zan—1
2o —4q
agd 1 — g1
0 1-—g¢
- 5(1+—q—(1—qn—1))
1——(]%,_/

<1

< 25 (4.23)

AN

0+

and from (4.16), (4.20), (4.18) and (4.19)

Az + 70 —unllx < [A2]lx + Irnsalix
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o 1—4qg"
< 0+ —d(A
Qo()1~q
q
< I n
< 5(1+1_q(1 CI))
<1
< 26. (4.24)

Next with (4.16), (4.15), (4.23), (4.24), (4.14) and (4.22) we conclude

h(Z + Az + rps1)llz
= ||h(E+ A+ 7, —un)llz
| = W (E)(—up) — h(Z 4+ Az +70) + A(Z+ AT+ 70 — un)||2
€ HO; Unllx
5—&d(/\)q
d(N)q", (4.25)

and with (4.17) and (4.25) we obtain

IA A

IA

[0 %nhwwmrmnz

o)
< —d(N)q".
< (Mg
Consequently, the inequalities (4.21) and (4.22) are fulfilled. From
the inequalities (4.22) and (4.18) we get

lunllx < gqun—l

agd 4
< —q

Qo
= 0q" for all n € N,

and because of the inequality (4.19) it follows lim u, = 0x. With the

equation (4.16) and the inequalities (4.22) and (4.19) we see for all
n,k €N

HTTH-IC - Tn”X = Hrn — Unyk—1 — Uppk—2 = " — Up — Tn”X
lunllx + luntallx + - + [[unsr-1llx

A
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a — n T —
-Q;d(A)(q” Lbgm gD

a _ _

= SN +gt-+q")
o 1 —g"

= —d(\Na" 1= 4
o OV

Oéd(/\) n—1

< = )

Qo(l“CI)q

(A

and therefore (r,)nen is a Cauchy sequence. So, there is a vector
r(A\) € X with lim r, = r()\). Furthermore, we obtain from the
n—o0

equation (4.15) in the limit
h(Z + Xz +1(X)) = 0z. (4.26)

From (4.20) we conclude

Ir(Mlx o 1
B — < /\_god(/\)—_l s
_ a A&+ Az) - h(Z) = MW (Z)(2)]2
o0(1~q) A ’
and therefore we have
(N

(4) Finally we show that = belongs to the contingent cone T'(S, 7).
Take any sequence (A, )neny with A, € (0, A] for alln € Nand lim \,=

N0

0, and define the sequences (i, )nen and (z,)nen With

1
un:=)\—>0f0ralln€N

n

and
ZTp =T+ A2z +7(A\,) for all n € N

From the equation (4.26) we get

z, € S for all n € N.
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Moreover, we have with (4.27)

lim 2z, = lim Z4 Az +7r(\,)
= lim :E+/\n<:c+@>
= I,

and we conclude

1
lim p,(z, —%) = lim -)—\—(/\nx+7"()\n))
: 7(An)
= ]
lim 2+ =52
= I

Consequently, we obtain x € T'(S, Z) which completes the proof.
O

With the following theorem we show that the inclusion (4.6) also
holds in the opposite direction.

Theorem 4.22. Let (X, || - |lx) and (Z,]| - ||z) be real normed
spaces, and let h : X — Z be a given mapping. Furthermore, let some
z € S with

S:={zxeX|h(z) =0z}

be given. If h is Fréchet differentiable at T, then it follows
T(S,z) C {z € X | W (Z)(z) =0z}

Proof. Lety € T(S,Z)\{0x} be an arbitrary tangent vector (the
assertion is evident for y = Ox). Then there are a sequence (z,)nen Of
elements in S and a sequence (A, )nen Of positive real numbers with

z = limz,

n—00

and
y = limy,
n—00
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where
Yn = Ap(xy, — Z) for all n € N.

Consequently, by the definition of the Fréchet derivative we obtain:
W(@)y) = (@) limA(en - 2))

= lim M\A'(Z)(z, — T)

= lim A\ [h(z,) — h(Z) — (h(z,) — h(Z) — W (Z){z, — E))]
haa) — h(Z) — W (Z)(zn — Z)

2 — Z[|x

= —lim |lyallx
mn—00
= 0.

O

The proof of the preceding theorem is similar to the proof of The-
orem 4.14. Since the assumptions of Theorem 4.22 are weaker than
those of Theorem 4.21, we summarize the results of the two preced-
ing theorems as follows: Under the assumptions of Theorem 4.21 we

conclude
T(S,z)={z € X | W(z)(z) =0z}

Exercises

4.1) Let C be a convex cone in a real normed space with nonempty
interior int(C'). Show: int(C)= int(C)+C.

4.2) Let X be a real linear space. Prove that a functional f : X — R
is sublinear if and only if its epigraph is a convex cone.

4.3) Let S be a nonempty convex subset of a real linear space. Show
that the cone generated by S is convex.

4.4) In R? let the set S = {(z,y) e R? | —z+y <1, 2z +y <
4, 0 <z < %, y > 0} be given. Determine the cone generated
by S.

4.5) Let the set S be given as in Exercise 4.4). Determine the con-
tingent cone to S at (1,2).
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4.6) Let S be a nonempty subset of a real normed space (X, ] -||)
with nonempty interior int(S). For every Z € int(S) show
T(S,z)=X.

4.7) Let Sy and S; be two nonempty subsets of a real normed space.
Prove the following implications:
(a) zeE Sl C Sg = T(S1,f) C T(Sg,if),
(b) T E Sl N Sz = T(Sl M Sz,f) - T(Sl,ﬂ_?) N T(SQ,J—J)

4.8) Let S be a nonempty subset of a real normed space (X, || - ||),
and let some Z € S be arbitrarily given. Show:
T(S,z) = {h € X | there are a number ¢ > 0 and a mapping

1
r: (0,0] - X with tli%l Zr(t) = Oy, and there is a sequence
U4
(tn)nen of positive real numbers converging to 0 so that T +
tnh +7(t,) € S for all n € N}

4.9) Let T be an element of a subset S of a real normed space. Prove
that the Clarke tangent cone T(S, Z) is closed and convex.

4.10) Is the function f: R — R with f(z) = 23 for all z € R pseudo-
convex at an arbitrary Z € R?



Chapter 5

Generalized Lagrange
Multiplier Rule

In this chapter we investigate optimization problems with constraints
in the form of inequalities and equalities. For such constrained prob-
lems we formulate a multiplier rule as a necessary optimality con-
dition and we give assumptions under which this multiplier rule is
also a sufficient optimality condition. The optimality condition pre-
sented generalizes the known multiplier rule published by Lagrange
in 1797. With the aid of this optimality condition we deduce then the
Pontryagin maximum principle known from control theory.

The classical Lagrange multiplier rule is a generalization of a
Fermat theorem (given in 1629) to optimization problems with con-
straints in the form of equalities. Lagrange developed this rule in con-
nection with problems from mechanics. First he applied this principle
to infinite dimensional problems of the classical calculus of variations
(where it led to the Euler-Lagrange equation) and later he extended
it also to finite dimensional problems.

5.1 Problem Formulation

First, we present the class of optimization problems for which we
formulate the generalized Lagrange multiplier rule as an optimality
condition. Furthermore, we discuss several examples.
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The standard assumption of this chapter reads as follows:

Let (X, - |lx) and (Z, ]| - ||z) be real Banach spaces; )
let (Y,]| - |ly) be a partially ordered real normed space
with ordering cone C' with a nonempty interior int(C');
let S be a convex subset of X with nonempty interior
int(3);

let f: X — R be a given functional, and

letg: X =Y, h: X — Z be given mappings;
furthermore let the constraint set
S:={zeS|g(x)e-C, h(z) =0z}

be nonempty. J

Under this assumption we consider the optimization problem

min f(z),

i.e., we are looking for minimal points of f on S.
The following examples illustrate why the considered class of con-
straint sets is important for applications.

Example 5.1. (a) We consider again the design problem in
Example 1.1. For this optimization problem the constraint set reads
as follows:

S = {$ € R? l 2000 < .’L’%CEQ, 1 <4x9, T2 < 21, 21 20, 22 > 0}

This set can be obtained, for instance, if we choose in the standard
assumption (5.1): X =R’ Y =R} C =R}, 5 =R% and g: R* —
R? with

2000 — z2z,
g(z1,72) = T1 — 429 for all (z1, ;) € R?.
—T1 + Tg

Notice that the mapping h does not appear explicitly (formally, one
can also choose the mapping being zero).

(b) In Example 1.4 an optimization problem is given which has the
constraint set

S :={(z,\) € R?*| az —sinha < A for all @ € [0, 2],
az —sinha > =\ for all « € [0, 2]}.
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For the description of this set we choose especially in the standard
assumption (5.1): X = R?Y = C[0,2]%

C = {(p1,92) € C[0,2]% | 1(t) > 0 and io(t) > 0 for all ¢ € [0, 2]},
S =R?and g: R? — C[0,2)? with

z id — sinh — A1

— 2
glz, A) = ( 2 id+ sinh A1 > for all (z,\) € R

Let id denote the identity on [0, 2], and let 1 denote the C0, 2] func-
tion which equals 1 on [0, 2]. The mapping h does not appear explic-
itly.

(c) In nonlinear control theory one considers, among other things, the
following dynamical system with additional conditions:

z(t) = f(z(t),u(t)) almost everywhere on [to, 1],
x to) = Zg,

(
§(z(t1)) = Ogr,
u(t) € Q almost everywhere on [tg, t1].

Next, we discuss the used notations and the necessary assumptions.
The control process is considered on the fixed time interval [tg, t;]
where —oo < tp < t; < oo. Let the control u be an L7 function,
ie., u € L™[tg,t1]. The dynamical system is described by a system
of ordinary differential equations of first order. Let the function f :
R™ x R™ — R”™ be continuously partially differentiable. If we define

Wiolte,t1] = {z: [to, t1] — R™ absolutely continuous |
T € Lgo[to,tl]},

then the space W' [to, t1] equipped with the norm || - || defined by
llzll = max{||z||Ln to,61), 15| Lo t0,11 } for all z € WT'[to, 1]
is a Banach space. A solution x of the differential equation
¢ = f(z,u)
for a fixed v € LT[to, 1] is defined as a function z € W7 [to, t1] with

&(t) = f(z(¢t), u(t)) almost everywhere on [to, t1].
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Then we conclude with the initial condition z(¢9) = z¢ (where g € R”
is a given vector)

z(t) =z + /f )) ds for all t € [to, t1].

For the terminal state x(t;) we require that

g(z(t1)) = Ogr

where ¢ : R — R" is a continuously partially differentiable vector
function. Let € be a convex subset of R™ with nonempty interior.
Among all feasible controls one tries to determine such a control for
which a given functional becomes minimal. For the description of
the constraint set S of this optimization problem we use the follow-
ing notations in the standard assumption (5.1): X = W] [to,t1] x
L[to, 1), Z = Wl [to, 1] x R, S = {(z,u) € X | u(t) € Q almost
everywhere on [t, %]}, and h: X — Z with

h(z,u) = % ff ds for all (z,u) € X.
g( (tl))

The constraint g does not appear explicitly in (5.1).

5.2 Necessary Optimality Conditions

In this section we present, under the assumption (5.1), a necessary
condition for minimal points of f on S. This optimality condition
generalizes the known Lagrange multiplier rule.

As an essential tool for the proof of the multiplier rule we need
the following lemma which is obtained with the aid of the necessary
optimality condition of Theorem 4.14 and the Lyusternik theorem.

Lemma 5.2. Let the assumption (5.1) be satisfied, and let T be
a minimal point of f on S. Let the functional f and the mapping g be
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Fréchet differentiable at . Let the mapping h be Fréchet differentiable
in a neighborhood of Z, and let h'(-) be continuous at T. Moreover,
let the mapping W' (%) be surjective. Then there is no = € int(S) with
(@) (z—7) <0, 9(Z)+ ¢ @)z —Z) € — nt(C) and K (Z)(z — T) =
0z.

Proof. Let £ € S be a minimal point of f on S. We fix an
arbitrary z € int(S) with z # Z, g(Z) + ¢(Z)(z — ) € — int(C)
and h'(Z)(x — Z) = 0z (if such an z does not exist, the assertion is
evident). By the Lyusternik Theorem 4.21 we get z — Z € T(S, %)
with

S:={ze X |h(z)=0z}

Consequently, there are a sequence (Z)nen of elements in S and a
sequence (A, )npen of positive real numbers with

Tz = limzx,
n—o
and
x—Z= limy, (5.2)
n-—oo
where

Yn = Ap(z, — Z) for all n € N.

Because of = € int(S) we obtain with the equation (5.2)
T4y, € S for sufficiently large n € N.

Then we get with the convexity of S for sufficiently large n € N

r, = T+

and therefore we have

z, € SN S for sufficiently large n € N. (56.3)
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For the constraint g we obtain

@) = glan) = @)@~ )+ 3-9/(@)(wn)
= - P(g(@n) - 9(2) ~ @)z - 3)) + 9 (@) - (@ - )
+9(2) + ¢ @@ —2)] + (1= 1-)g(e) for all n € N. (5.4)
For n — oo we conclude with A, = % for sufficiently large n € N

and the Fréchet differentiability of g

An(9(zn) — 9(Z) — 9 (@)(@n — 2)) + ' (7)(yn — (z = 7)) = 0. (5.5)

Because of
9(z) + ¢'(z)(z — 7) € — int(C)

it follows with (5.5) for sufficiently large n € N

A(9(2r) — 9(2) — 9'(@) (20 — 7)) + (%) (yn — (7 — 7))
() + ¢'(7)(z — T) € =C. (5.6)

Since ¢(Z) € —C, we get from (5.4) and (5.6) with the convexity of C
g({z,) € —C for sufficiently large n € N.
Hence we obtain with (5.3) for sufficiently large n € N
t,e€S={zeS|glx)e—-C, hz) =0z},

and it follows
z—T eT(S,z).

Then we conclude with Theorem 4.14
f(@)(z—1)>0.
This leads to the assertion. 0

Now we are able to present the generalized Lagrange multiplier
rule.
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Theorem 5.3. Let the assumption (5.1) be satisfied, and let T be
a minimal point of f on S. Let the functional f and the mapping g be
Fréchet differentiable at . Let the mapping h be Fréchet differentiable
in a netghborhood of T, let h'(-) be continuous at Z, and let the image
set W(z)(X) be closed. Then there are a real number u > 0 and
continuous linear functionals l; € C* and Iy € Z* with (u,ly,l3) #
(0,0y+,0z+),

(f' (@) +lhod @) +lLok@))z—T) >0 foralze s (5.7)

and
l1(9(z)) = 0. (5.8)

If, in addition to the above assumptions,

( zjgg ) cone (S ~ {z}) + con@( Cj}éjij)} ) =Y x 2, (5.9)

then it follows p > 0.

Proof. For the proof of this theorem we consider the two cases
that h/(Z) is not surjective or alternatively that h'(Z) is surjective.
First, we assume that A'(Z) is not surjective. Then there is a z €
Z with Z ¢ W(Z)(X) = cl(h'(Z)(X)), and by a separation theorem
(Theorem C.3) there is a continuous linear functional Iy € Z*\{0z+}
with

la(Z) < Zeh}&f)(){) lo(2).

Because of the linearity of h'(Z) it follows for every z € #/(Z)(X)
lz(z) < 12()\2!) = )\lQ(Z) for all A € R,

and so we get
lo(z) =0 for all z € K'(Z)(X)

resulting in
l2 o] h,(f) = OX*’

If we set p = 0 and [; = Oy, then the inequality (5.7) and the
equation (5.8) are fulfilled, and the first part of the assertion is proved.
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For the following we assume the surjectivity of A'(Z). In the product
space R X Y x Z we define the nonempty set

M = {(f(@)(z-2)+a 9(Z)+d (@) (z—7)+y, M(@)(z-1))

~

ERXxY xZ|zeint(S), a>0, y€int(C)},

and we show several properties of this set.

First, we prove that M is a convex set. For this proof we fix two
arbitrary elements (ai, b1, c1), (a2, be,c2) € M and an arbitrary A €
[0,1]. By definition there are elements z1, a1, y; and Za, g, Y2 with
the properties

a; = fl(.;I_I)(Il - 3_3) + Qq, Qg = f’(.’f)(l‘z — .’f) -+ o9,
b1 = g(Z) + ¢ (Z)(z1 — Z) +y1, ba = 9(Z) + ¢'(T)(z2 — 7) + 2,
C1 = h’(f)(.’l)l - 53), Cy = h,/(iz'>(l‘2 — CZ')
Consequently, we obtain
)\al + (1 - )\)ag = f’(j‘)()\l‘l + (1 - )\)IEQ — j) + )\041 + (1 - )\)042,
Aby + (1= Mby = g(Z) + ¢ (Z)(Az1 + (1 = N)xe — Z) + Ayr + (1 = Ny,
Acp 4+ (1= Neg = K (@) Az + (1 = Nz — T)
which implies
)\(al,bl,cl) + (1 - )\)((1,2,()2,02) € M.

Next, we show that M is an open set (i.e. M = int(M)). Since int
(M) C M by definition, we prove the inclusion M C int(M). We
choose an arbitrary triple (a,b,c) € M. Then there are elements z €

A

int(S), @ > 0 and y € int(C) with
a= f/(j)(x—:f) + a,

b=g(z)+9'(Z)(x - Z)+y

and
c=h(z)(z —I).
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The mapping h/(Z) is continuous, linear and surjective. By the open
mapping theorem the image of every open set is open under the map-
ping A'(Z). If we notice furthermore that o > 0,y € int(C) and that
Fréchet derivatives are continuous and linear, it follows (a, b, ¢) € int
By Lemma 5.2 we have

(O)OYon) ¢ M7
ie.
M N {(0,0y,0z)} = 0.

By the Eidelheit separation theorem (Theorem C.2) there are a real
number u, continuous linear functionals I; € Y* and Iy € Z* and a
real number v with (u, {1, l2) # (0, Oy, 0z+) and
p([f'(@)(z—2) + o) + hig(z) + 9 (Z)(z - Z) + y)
+o(W(Z)(z—Z)) >v>0

A

for all z € int(S), @ > 0 and y € int(C). (5.10)

If we notice that every convex subset of a real normed space with
nonempty interior is contained in the closure of the interior of this
set, then we get from the inequality (5.10)

p(f (@) —2) +a) + L(9(Z) + ¢'(@)(z — T) + )

+ha(M (@) (z - 2)) 2720

forallz € S, a>0andyeC. (5.11)
From the inequality (5.11) we obtain for z = Z

pa+11(g(Z) +y) > 0foralla > 0 and y € C. (5.12)

With a« =1 and y = —g(Z) we get u > 0. From the inequality (5.12)
it follows for a = 0

li(g(z)) > —lL(y) for all y € C. (5.13)

Assume that for some y € C it is l;(y) < 0, then with Ay € C for
some sufficiently large A > 0 one gets a contradiction to the inequality
(5.13). Therefore we have

li(y) > 0 for all y € C, (5.14)
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i.e., [y is an element of the dual cone C* of C'. Moreover, the inequality
(5.13) implies l;(g(Z)) > 0. Since Z satisfies the inequality constraint,
ie., it is g(Z) € —C, we also conclude with the inequality (5.14)
l1(g(Z)) < 0. Hence we get [;(9(Z)) = 0 and the equation (5.8) is
proved.

Now, we show the equation (5.7). For a = 0 and y = —¢(Z) we obtain
from the inequality (5.11)

wf' @)z —2)+L(d(E) (z—1)+ LW @) (z—-z) >0forallz el
and
(wf'@E) +lhogd @) +loh@)(z—z)>0forallze 5.

Finally, we consider the case that in addition to the given assumptions
1~ " —
( ilgg ) cone (S — {z}) + cone ( O—:ég](’@} ) =Y x Z.

For arbitrary elements y € Y and z € Z there are nonnegative real
numbers « and § and vectors z € S and ¢ € C with

y =g (@)(afz — 7)) + B(c + 9(2))

and

z = h(Z)(afz — T)).

Assume that 4 = 0. Then we obtain with the inequality (5.7), the
equation (5.8) and the positivity of [

L(y) + a(2)
= (hog'(?))(a(z — 7))+ Bl(c+ g(7)) + (l2 0 h(Z))(a(z — 7))
0.

v

Consequently, we have [; = Oy« and l; = 0z«. But this contradicts
the assertion that (u,l1,l) # (0,0y+,0z+). O

Every assumption which ensures that the multiplier u is positive is
also called a reqularity assumption. We call the additional assumption
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(5.9) given in Theorem 5.3 the Kurcyusz-Robinson-Zowe® regqularity
conditon. Notice that a regularity assumption is only a condition on
the constraint set S and not a condition on the objective functional
f. For u = 0 the inequality (5.7) reads

(lhod (@) +lok(Z)(z—7)>0 forallz € S,

and in this case the generalized Lagrange multiplier rule does not
contain any information on the objective functional f — this is not
desirable. Therefore, in general, one is interested in a necessary op-
timality condition with x4 > 0. For g > 0 the inequality (5.7) leads
to

(£@+ ;1111 0 g (®) + -};12 o H(@))(z~7)>0 forallz e S,

and from the equation (5.8) it follows

%ll(g(f)) ~0,

If we define the continuous linear functionals u := %ll € C* and
vi= i‘lg € Z*, then we obtain
(f(@)+uog @) +voh(@)(z—2)>0 forallze S  (5.15)
and
u(g(z)) = 0.
The functional L := f+uog+wvoh is also called Lagrange functional.
Then the inequality (5.15) can also be written as

L'(Z)(x—Z)>0 forallz e §

where L'(Z) denotes the Fréchet derivative of the Lagrange functional
at 7.

6S.M. Robinson, “Stability theory for systems of inequalities in nonlinear pro-
gramming, part II: differentiable nonlinear systems”, SIAM J. Numer. Anal. 13
(1976) 497-513.
J. Zowe and S. Kurcyusz, “Regularity and stability for the mathematical pro-
gramming problem in Banach spaces”, Appl. Math. Optim. 5 (1979) 49-62.
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If the superset S of the constraint set S equals the whole space
X, then the generalized Lagrange multiplier rule can be specialized
as follows:

Corollary 5.4. Let the assumption (5.1) with S = X be satisfied,
and let T be a minimal point of f on S. Let the functional f and the
mapping g be Fréchet differentiable at . Let the mapping h be Fréchet
differentiable in a neighborhood of T, let h'(-) be continuous at T and
let W'(Z)(X) be closed. Then there are a real number p > 0 and
continuous linear functionals Iy € C* and ly € Z* with (u,ly,1ly) #
(O’ Oy, OZ*);

pf'(Z) +110g'(Z) + 1z 0 K (T) = 0x=

and
li(g(z)) = 0.

If, in addition to the above assumptions, the Kurcyusz- Robinson-Zowe
regularity assumption (5.9) is satisfied, then it follows p > 0.

Proof. In this special setting the inequality (5.7) reads
(wf (@) +1lhod(Z)+1loh'(@)(x—Z) >0 forallz € X
which implies because of the linearity of the considered mappings
pf (Z) + 10 g (Z) + la o B (Z) = O0xx.

Then the assertion follows from Theorem 5.3. O

The assumptions of Theorem 5.3 (and also those of Corollary 5.4)
can be weakened considerably: Instead of the assumption that int(C)
is nonempty and A'(Z)(X) is closed, Theorem 5.3 can also be proved
under the assumption that either the set

( ggg >cone (5—{z}) + Cone( Ctéﬁj)} )

is closed or the product space Y x Z is finite dimensional (compare
Theorem 5.3.6 in the book [347] by Werner).
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In the proof of Theorem 5.3 we have shown the following impli-
cation: If the Kurcyusz-Robinson-Zowe condition is satisfied at some
Z € §, then the generalized Lagrange multiplier rule is not fulfilled
with 4 = 0 at . Conversely we prove now: If the generalized La-
grange multiplier rule does not hold with y = 0 at some Z € S, then
a condition is satisfied at Z which is in a certain sense a modified
Kurcyusz-Robinson-Zowe condition (condition (5.16)). This result
shows that the Kurcyusz-Robinson-Zowe condition is a very weak
regularity assumption.

Theorem 5.5. Let the assumption (5.1) be satisfied (without the
assumption int(C) # 0), and let some T € S be given. Let the map-
pings g and h be Fréchet differentiable at T. If there are no continuous
linear functionals Iy € C* and ly € Z* with (I1,13) # (Oyx,0z2+),

(lhod(Z)+1loh(Z)(x—2Z)>0 forallze S

and

then it follows

cl(( ;"ng ) cone (S — {z}) + cone( CJF{(%’:’)} )> _YxZ
(5.16)

Proof. We prove the assertion by contraposition and assume
that there is a pair (¢, 2) € Y x Z with

(£) ¢ (15 Yottt + o (2457))

The set appearing in the right hand side of this condition is nonempty,
closed and convex. By a separation theorem (Theorem C.3) there is
then a continuous linear functional (I3,ls) € Y™* x Z* with (l1,1s) #
(Oy~,0z«) and

L) +0(#) < (hog (@) alz— 7))+ Bhlc+ g(z))

o K (@) (alz— 7))
foralla>0,8>0,z€5,ceC.
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With standard arguments it follows

a(liod (Z) +lao B (Z))(z —Z) + Bli(c+ g(Z)) >0
forallaZO,ﬂZO,mES‘,cEC. (5.17)

Then we get with o =0 and =1
li(c) > =li(g(z)) forallceC

which leads to l; € C* and [1(g(Z)) = 0. From the inequality (5.17)
we obtain with « =1and =0

(lLod(Z)+1loh () (x—-2Z)>0 forallz € S.

Hence the generalized Lagrange multiplier rule is fulfilled with =0
at z. d

The Kurcyusz-Robinson-Zowe regularity assumption may seem to
be unwieldy. In the following we see that there are simpler (and there-
fore more restrictive) conditions implying this regularity assumption.

Theorem 5.6. Let the assumption (5.1) be satisfied, and let some
T € S be given. Let the mappings g and h be Fréchet differentiable at
. If the mapping h'(Z) is surjective and if there is a vector & € int(S)
with g(Z) + ¢ (Z)(£ — &) € —int(C) and K (Z)(& — T) = Oz, then the

Kurcyusz-Robinson-Zowe regularity assumption (5.9) is satisfied.

Proof. Let y € Y and z € Z be arbitrarily given elements.
Because of the surjectivity of A'(Z) there is a vector z € X with
R (Z)(xz) = z. Then we have

z=h(Z)(z+ A& —z)) forall A >0.

~

Since £ € int(.S), it follows for sufficiently large A > 0
1 A
z+ A& —-Z) = /\(:f: + P 9‘6) € cone(S — {Z}).

Because of g(Z) + ¢'(Z)(& — Z) € —int(C) we also get for sufficiently
large A >0

(y—g'(@)(x)) € C.

~g(2) - ¢ @) ~2) + 5
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If we notice that
y = J@@+ME-2)+)(- 9@ +9@
1= @)+ AE - 2)))
= (@) +A\&—2) + (- 9(8) — ¢'(@)(E - 7)

l(y - ¢(T)(x)) + g(a’:)) for all A > 0,

B

then we conclude

(1) (£ ) mets -t cnn (47

Consequently, the Kurcyusz-Robinson-Zowe regularity assumption
(5.9) is satisfied. O

For the proof of the generalized Lagrange multiplier rule we have
assumed that the ordering cone C has a nonempty interior. If we
drop this restrictive assumption, the following example shows that
the Kurcyusz-Robinson-Zowe condition can be satisfied although the
regularity assumption of Theorem 5.6 is not fulfilled.

Example 5.7. We consider especially X = Y = L,[0,1] with
the natural ordering cone

C:={z € Ly[0,1] | z(t) > 0 almost everywhere on [0, 1]}

(notice that int(C) = §). For an arbitrary a € Ls[0, 1] we investigate
the optimization problem

min < z,x >

subject to the constraints
r—a€e(C

x e C.

Let < -,- > denote the scalar product in the Hilbert space L,[0,1].
Since the ordering cone C is closed and convex, this optimization
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problem has at least one minimal solution Z (by Theorem 2.18). If
we define the set S := C and the constraint mapping g : X — Y by

g(z) =—z+a forall z € X,

then we obtain for this minimal solution Z

¢'(z) cone(S — {z}) + cone(C + {g(z)})
= ¢'(z) cone(C — {Z}) + cone(C + {g(z)})
= —C +cone({z})+ C + cone({g¢(Z)})
= X

because we have X = C—C'. Hence this optimization problem satisfies
the Kurcyusz-Robinson-Zowe condition.

In the following we turn our attention to finite dimensional prob-
lems. We specialize Corollary 5.4 for such problems. In this finite
dimensional setting one speaks of the so-called F. John conditions’
and in the case of © > 0 one speaks of the Karush-Kuhn-Tucker con-
ditions®.

Theorem 5.8. Let the objective function f : R* — R and the
constraint functions g : R* — R™ and h : R® — RP be given. Let the
constraint set S which is assumed to be nonempty be given as

S:={xeR" | ¢(z)<0 forallie{l,...,m} and
hi(z) =0 forallie{1,...,p}}.

Let z € § be a minimal point of f on S. Let f and g be differentiable
at T and let h be continuously differentiable at T. Moreover, let the

"F. John, “Extremum problems with inequalities as side conditions”, in: K.O.
Friedrichs, O.E. Neugebauer and J.J. Stoker (eds.), Studies and Essays, Courant
Anniversary Volume (Interscience, New York, 1948).

8W.E. Karush, Minima of functions of several variables with inequalities as
side conditions (Master’s Dissertation, University of Chicago, 1939).

H.W. Kuhn and A.W. Tucker, “Nonlinear programming”, in: J. Neyman (ed.),
Proceedings of the Second Berkeley Symposium on Mathematical Statistics and
Probability (University of California Press, Berkeley, 1951), p. 481-492.
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following regularity assumption be satisfied: Assume that there is a
vector x € R™ with

Vg:(2)Tz <0 for allic I(Z)

and
Vhi(#) Tz =0 forallic{l,...,p},

and that the vectors Vhi(Z),...,Vhy(Z) are linearly independent.
Here let

1(z)={iel,...,m}| g =0}

denote the index set of the inequality constraints which are “active”
at . Then there are multipliers u; > 0 (i € I(Z)) and v; € R (i €
{1,...,p}) with the property

VIE) + Y wVe(E) + ZW}W) = Ogn.

1€I(Z)

Proof. We verify the assumptions of Corollary 5.4. h/(Z) is
surjective because the vectors Vh(Z),..., Vh,(Z) are linearly inde-
pendent. The ordering cone C' on R™ is given as C = R7'. Then we
have

int(C) ={yeR™ |y, >0 forallie {l,...,m}}

and C* = RT'. Consequently, we obtain for some sufficiently small
A>0

a1(Z) + A\WVaq1(Z) Tz
9(Z) + ¢ (Z)(\x) = : € —int(C)

Gon(E) + AV (2)T

and
AV hy (E)Tx
h'(Z)(A\x) = : = Ope.

AVh,(Z)Tz
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Because of Theorem 5.6 the Kurcyusz-Robinson-Zowe regularity as-
sumption is then also satisfied. By Corollary 5.4 there are elements
p >0, 1l; € RT and [y € RP with

uV f(z) + leZng + Zzzvn

and .
> hgi(@) =
3=

For uw:= 1l; € R™ and v := 1], € R? it follows
I + @

V() +ZuZVg, +ZUNh ) = Ogn (5.18)
i=1

and
Zulgz = (5.19)
Because of the inequalities
gi(Z) <0 forallie {1,...,m},
u; >0 forallie {1,...,m}
and the equation (5.19) we obtain
u;9;(Z) =0 forallz € {1,...,m}. (5.20)

For every i € {1,...,m}\I(Z) we get ¢;(Z) < 0, and therefore we
conclude with (5.20) u; = 0. Hence the equation (5.18) can also be
written as

V@) + Y wVe(z +Zv,Vh () =

1€I(T)



5.2. Necessary Optimality Conditions 123

Figure 5.1: Geometric interpretation of Theorem 5.8.

The regularity assumption given in the previous theorem is also
called Arrow-Hurwicz-Uzawa condition. Figure 5.1 illustrates the re-
sult of Theorem 5.8.

If a finite optimization problem has only constraints in the form of
inequalities, then a simple sufficient condition for the Arrow-Hurwicz-
Uzawa regularity assumption can be given. This condition presented
in the next lemma is also called Slater condition.

Lemma 5.9. Let g : R® — R™ be a given vector function, and
let the constraint set

S:={reR"|g(x)<0 forallie{l,...,m}}

be nonempty. If the functions g1, ..., gm are differentiable and conver,
and if there is a vector © € R™ with

gi(r) <0 forallie{l,...,m},
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then the regularity assumption of Theorem 5.8 is satisfied.

Proof. With Theorem 3.16 we get for every z € S
g:i(z) > g;(2) + Vgi(2)T(x —z) forallic {1,...,m},
and then by the assumptions we conclude

Vg (@) (e —2z) < gi(z) — ()
< 0 forallie I(z)

where I(Z) denotes the index set of the inequality constraints being
“active” at Z. o

The Slater condition can be checked with the aid of the constraint
functions g1, ..., g, without the knowledge of the minimal point Z.
But this condition is also very restrictive since, in general, one has to
assume that the functions gy, ..., g, are convex.

Example 5.10. We consider again Example 1.1. For X = R?
we define the objective function f by

f(z) = lzyzy for all z € R

The constraint functions g1, ..., gs are given as
g1(z) = 2000 — z}z,
g2(z) = 1 — 4y
gs(z) = —:1:1 + 9 for all z € R?.
g9a(z) =
g5(x) = —152

The constraint set S reads as follows
S:={zeR*|g(x)<0 forallie{1,...,5}}.

In this example there are no equality constraints. Figure 5.2 illus-
trates the constraint set. One can see immediately that the con-
straints described by g4 and g5 do not become active at any = € S.
These constraints are therefore called redundant.
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ZL'Q/

95 — 2000 — :L'%CCQ =0 21+ 2o = 0
20

15

10 -
zy — 4z =0
T g zs = 2001

liL'11172 = 100!

0 ) 10 15 20 25 30 21

Figure 5.2: Illustration of the constraint set S.

For # := (20, 10) the set
Se={z eS| flz) <a}

with o := f(Z) = 200! is certainly compact because of the continuity
of f. Hence f has at least one minimal point Z on S,. Then Z is
also a minimal point of f on S. If we notice that the assumptions of
Theorem 5.8 are satisfied (e.g., the regularity assumption is satisfied
for x = Z — &), then there are multipliers us, ug, us > 0 (g4 and g5 do
not become active) with the property

V@) + D uVgi(z) = Oge.

€I(z)



126 Chapter 5. Generalized Lagrange Multiplier Rule

For the calculation of Z,uq, us and us one can investigate all possible
cases of no, one or two constraints being active at . For the following
we assume that g; and g, are active. Then we get

1%y —2F1 7y 1\ [0
(i )= (27 )+ (1) - (0)

2000 = Z27,,
Ty = 4Zo,
uy > 0,uy > 0.

A solution of this nonlinear system reads z; = 20, T, = 5, u; =
=1, up = 3l. Consequently, Z = (20,5) € S satisfies the Karush-
Kuhn-Tucker conditions.

5.3 Sufficient Optimality Conditions

The necessary optimality conditions formulated in the preceding sec-
tion are, in general, not sufficient optimality conditions if we do not
consider additional assumptions. Therefore we introduce first so-
called C-quasiconvex mappings and we show the equivalence of the
C-quasiconvexity of a certain mapping with the sufficiency of the gen-
eralized multiplier rule as optimality condition for a modified prob-
lem. Moreover, we present a special sufficient optimality condition
for finite-dimensional optimization problems.

In Definition 2.9 we already introduced quasiconvex functionals.
With the following theorem we give a necessary condition for a qua-
siconvex directionally differentiable functional.

Theorem 5.11. Let S be a nonempty convex subset of a real
linear space X, and let f : S — R be a quasiconvex functional having
a directional derwative at some ¥ € S in every direction x — T with
arbitrary x € S. Then the following implication is satisfied for all
zeS

fl@) - (@) < 0= f'(z)(z —2) <0
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Proof. For an arbitrary z € S we assume that

f(z) - f(z) <0

Because of the quasiconvexity of f the level set
Sra = A{Z € S| (&) < f(2)}
is then convex. Since x,Z € Syz we obtain
Az 4+ (1 = N)Z € Sy forall A e [0,1]
and especially
fOx+(1-=XN)z) < f(z) for all A € ]0,1].

Then it follows

1
X(f(a? + Mz — 7)) — f(2)) <0 forall A€ (0,1].
Finally we conclude because of the directional differentiability of f at

F(@)(e—3) = lim ~(f(7 + Az~ 2)) - £(&)) < 0.

A—04 )\
O

The previous theorem motivates the following definition of C-
quasiconvex mappings.

Definition 5.12. Let S be a nonempty subset of a real linear
space X, and let C be a nonempty subset of a real normed space
(Y- 1D. Let f:S — Y be a given mapping having a directional
derivative at some T € S in every direction z —Z with arbitrary x € S.
The mapping f is called C-quasiconvez at Z, if for all z € S:

f(z) - f(z) € C = f(z)(z ~ 1) € C.

Example 5.13.
(a) Let S be a nonempty convex subset of a real linear space, and let
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f 8§ — R be a quasiconvex functional having a directional derivative
at some T € S in every direction x — Z with arbitrary z € S. Then f
is R_-quasiconvex at Z.

Proof. We choose an arbitrary z € S with f(z)— f(Z) < 0. Then
it follows with Theorem 5.11 f'(Z)(z — Z) < 0, and the assertion is
proved. O

(b) Let S be a nonempty subset of a real linear space, and let f :
S — R be a given functional having a directional derivative at some
Z € S in every direction x — Z with arbitrary x € S and let f be
pseudoconvex at T € S. Then f is also (R_\{0})-quasiconvex at Z.

Proof. For an arbitrary z € S with f(z) — f(Z) < 0 it follows
f(z)(z — Z) < 0 because of the pseudoconvexity of f at Z. O

With the aid of the C-quasiconvexity it is now possible to charac-
terize the sufficiency of the generalized multiplier rule as an optimality
condition for a modified optimization problem. For that purpose we
need the following assumption:

Let S be a nonempty subset of a real linear space X; )

let (Y,]| - |ly) be a partially ordered real normed space
with an ordering cone C;

let (Z,] - ||z) be a real normed space;

let f: S — R be a given functional; > (5.21)
let g : S—Yandh:S5— Zbe given mappings;
moreover, let the constraint set
S:={zeS|g(x) e -C, hz) =0z}

be nonempty.

Theorem 5.14. Let the assumption (5.21) be satisfied, and let
f, g, h have a directional derivative at some T € S in every direction
T — T with arbitrary z € S, Moreover, assume that there are linear
functionals u € C' and v € Z' with

(f'(Z)+uogd @) +voh(@)(x—27)>0 forallzeS (5.22)
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and
u(g(z)) = 0. (5.23)

Then T is a minimal point of f on
§:={z € 8| g(z) € =C + cone({g(z)}) — cone({g(%)}), h(z) = 07}
if and only if the mapping

(f,9,h): S > RxY xZ

1s C-quasiconvex at T with

C:= (R-\{0}) x (~C + cone({9(2)}) — cone({g(2)})) x {0z}.

Proof. First we show under the given assumptions
(@) (x —z),d @) (c—2), (@) (z—2) ¢ C forallzeS. (5.24)

For the proof of this assertion assume that there is a vector z € S
with

(f'(z)(z - ), ¢ (@)(z — 7), M (Z)(z — 7)) € C,
f@)(z—-z) < 0
€ —C + cone({g(Z)}) — cone({g(z)}),

W (z)(z—z) = 03

Hence we get with the equation (5.23) for some o, 3 > 0

(f'(Z) +ueg'(@) +vo k() —2) < u(d(z)(z—7))

< au(g(Z)) — Bulg(z))
= 0.

But this inequality contradicts the inequality (5.22). Consequently,
we have shown that the condition (5.24) is satisfied.
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If the mapping (f, g, k) is C-quasiconvex at Z, then it follows from
(5.24)

(f(2) = £(@),9(2) — 9(2), h(z) — h(Z)) ¢ C forallz €S,

i.e. there is no z € S with

flz) < [@),
€ {9(2)} — C + cone({g(Z)}) — cone({g(Z)})

= —C + cone({g(Z)}) — cone({g(Z)}),
h{z) = 0gz.

If we notice that with
9(z) € =C C —C + cone({g(2)}) — cone({9(z)})

it also follows Z € S, then % is a minimal point of f on S.
Now we assume in the converse case that Z is a minimal point of
f on S, then there is no z € S with

flz) < [f(@),
€ —C+cone({g(z)}) — cone({g(7)})

= {9(@)} — C + cone({g(z)}) — cone({9(2)}),
h((E) = Oz,

(f(z) — f(&),9(z) — g(z), h(z) — h(Z)) ¢ C forallz e S.

Consequently, with the condition (5.24) we conclude that the mapping
(f,g9,h) is C-quasiconvex at Z. O

By Theorem 5.14 the C-quasiconvexity of the mapping (f, g, h) is
characteristic of the sufficiency of the generalized Lagrange multiplier
rule as an optimality condition for the optimization problem

min f(z)

z€S



5.3. Sufficient Optimality Conditions 131

with
S :={zx e8| g(z) e —C +cone({g(z)}) — cone({g(z)}), h{z) = 05}

The set cone({g(Z)}) — cone({g(Z)}) equals the one dimensional sub-
space of Y spanned by g(z). Figure 5.3 illustrates the modified con-
straint set S.

g3(x) =0

91(x)
92()

I
o o

S
Figure 5.3: Illustration of the set S

For the orginal problem

min f(z)

z€eSs

we obtain the following result.

Corollary 5.15. Let the assumption (5.21) be satisfied, and let
f, g, h have a directional derivative at some T € S in every direction
x — X with arbitrary x € S. I 'f there are linear functionals u € C' and
v € Z' with

(f () +uogd @) +vok (&) (x—7)>0 foralzel

and
u(g(z)) =0,
and if the mapping

(f,g,h): S =RxY xZ
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is C-quasiconver at T with

C = (R\{0}) x (=C + cone({g(z)}) — cone({g(z)})) x {02},

then T is a minimal point of f on S.

Proof. By Theorem 5.14 Z is a minimal point of f on S.
For every x € S we have

glz) € —-C
C —C +cone({g(%)}) — cone({g()}).

Consequently we get S C S, and therefore Z is also a minimal point
of fon§. 0

With the following lemma we present conditions on f, g and h
which ensure that the composite mapping (f, g, h) is C-quasiconvex.

Lemma 5.16. Let the assumption (5.21) be satisfied, and let f,
g, h have a directional derivative at some T € S in every direction
x — T with arbitrary © € S, If the functional f is pseudoconvex at
Z, the mapping g is (—C + cone({g(Z)}) — cone({9(Z)}))-quasiconvex
at T and the mapping h is {0z}-quasiconvez at T, then the composite
mapping (f, g, h) is C-quasiconvex at T with

C = (R-\{0}) x (=C + cone({9(2)}) — cone({g(z)})) x {0z}.

Proof. Choose an arbitrary z € S with
(f) g, h)(il?) - (fa g, h)(ﬁ_ﬁ) € é)
i.e.
(#) -
(z) -
(z) -
Because of the pseudoconvexity of f it follows

f'(@)(z-17) <0,

=
ST T ]
Ao e g

< 0,
€ —C+ cone({g(2)}) — cone({g(2)}),

f
g
h 0z.

> Q@
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the (—C + cone({g(Z)}) — cone({g(Z)}))-quasiconvexity of g leads to

g'(z)(z — ) € =C + cone({g(Z)}) — cone({g(2)}),

and with the {0z }-quasiconvexity of h we obtain

This completes the proof. O

Notice that the assumption of {0z }-quasiconvexity of the mapping
h at T is very restrictive. In this case the following implication is
satisfied for all z € S:

h(z) — h(z) = 05 = K(Z)(z — ) = 0. (5.25)

Such a mapping is also called quasilinear at . For instance, every
affin-linear mapping h satisfies the implication (5.25), but also the
nonlinear function A : R — R with h(z) = 2% for all z € R is
quasilinear at every € R.

Now we turn our attention to finite dimensional optimization prob-
lems and we give assumptions on f, g and h under which the Karush-
Kuhn-Tucker conditions are sufficient optimality conditions.

Theorem 5.17. Let an objective function f : R™ — R as well as
constraint functions g : R® — R™ and h : R* — RP be given. Let the
constraint set S which is assumed to be nonempty be given as

S={zeR" | glz)<0 forallie{l,...,m} and
hi(z) =0 forallie{1,...,p}}.

Let the functions f,g1,...,9m, M, ..., h, be differentiable at some T €
S. Let the set

() ={ie{l,...,m}]| ¢:(%) =0}

denote the index set of the inequality constraints being “active” at
Z. Assume that the objective function f is pseudoconver at T, the



134 Chapter 5. Generalized Lagrange Multiplier Rule

constraint functions g; (i € 1(Z)) are quasiconvezr at T, and the con-
straint functions hq,. .., h, are quasilinear at Z. If there are multipli-
ersu; > 0(i € I(Z)) andv; e R(i € {1,...,p}) with

V@) + ) wiVg(E —|—Zvﬁ7h ) = Ogn, (5.26)
1€I(T)

then T is a minimal point of f on S.

Proof. If we define additional multipliers
uw; =0 forallie{l,..., mIN\I(Z),

then it follows from the equation (5.26)

f(z) + Z:qugZ + ZvZVh

and
m

Z u;9:(Z) = 0.

i=1
Then the assertion results from Corollary 5.15 in connection with
Lemma 5.16. One interesting point is only the assumption of the
(=R + cone({g(Z)}) — cone({g(Z)}))-quasiconvexity of g at z. For
the verification of this assumption we choose an arbitrary z € R"
with

9i(z) — 9:(%) < agi(Z) — Bgs(x) forallie{1,...,m}
and some o, 3 > 0.  (5.27)

The inequality (5.27) implies
gi(z) — g:(x) <0 for all i € I(Z).
Because of the quasiconvexity of the g; (i € I(Z)) it then follows

V()T (z —~2) <0 for all i € I(z).
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Moreover, there are numbers v, u > 0 with
Vg (2) (z~z) < (v—p)gi(z) forallie{1,...,m}.

Consequently, the vector function g is (—=R7 + cone({g(Z)}) — cone
({9(2)}))-quasiconvex at Z. This completes the proof. O

Example 5.18. We investigate the following optimization prob-

lem:
min 2z} + 22125 + 23 — 10z — 10z

subject to the constraints
2+ 22 -5 <0,

371+ 132 — 6 <0,

T1,T2 € R.

The objective function f : R? — R is defined by
fz1,z2) = 222 + 23129 + 72 — 102, — 103y for all (z1,z9) € R,
and the constraint functions g;, g» : R*> — R are given by
g1(x1,72) = 25 + 25 — 5 for all (z1,z,) € R?
and
ga(z1,20) = 331 + 25 — 6 for all (z1,z,) € R

Then the Karush-Kuhn-Tucker conditions for some Z € R? read as
follows:

4% + 279 — 10 274 3y _ (0
<2zl+2§:2—10)+“1(2@)+“2< 1 > _(0>’
uy (23 + 75 — 5) = 0,
U2(3.f1 -+ .’22 - 6) = (.
Notice that Z1, Z, u; and uy must also fulfill the following inequalities:
P 4+7I3—-5<0,
3%1 + T2 — 6 <0,

UIZO')
’UQZO
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For the determination of solutions Zi, Zs,u;,us we can consider all
possible cases of no, one or two active constraints. Under the as-
sumption that only the constraint function g; is active (= ug = 0) it

follows
412'1 -+ Q.fz — 10+ 2’LL1.’21 = 0,

25%'1 + 2532 —10 + 2’&1513’2 = 0,

24715 —5=0,
3Z1+ T2 — 6 <0,
Ule

1 =1, Ty = 2 and u; = 1 are a solution of this system. Hence
Z = (1, 2) satisfies the Karush-Kuhn-Tucker conditions.

Question: Is T also a minimal point of f on the constraint set?
In order to answer this question we use the result of Theorem 5.17.
The Hessian matrix H of the objective function f reads

4 2
m-(23)
and is positive definite (the eigenvalues are 3 & v/5). Consequently
we have

) = @)+ Vi@ b -2)+ 5o Hy - 2)

> f(z)+ Vi) (y—z) forall z,y € R%

Then we know with Theorem 3.16 that f is convex. Since the Hes-
sian matrix of the constraint function g; is also positive definite, we
conclude with the same arguments as for f that g; is convex. Conse-
quently, by Theorem 5.17 Z = (1,2) is a minimal point of f on the
constraint set.

5.4 Application to Optimal Control
Problems

It is the aim of this section to apply the generalized Lagrange multi-
plier rule to an optimal control problem which was already described



5.4. Application to Optimal Control Problems 137

in Example 5.1,(c). For this optimal control problem we deduce the
Pontryagin maximum principle as a necessary optimality condition,
and moreover we give assumptions under which this maximum prin-
ciple is a sufficient optimality condition.

In the following we consider the optimal control problem in Ex-
ample 5.1,(c) with a special objective functional and g instead of g.
Let f; : R®* — R and f; : R® x R™ — R be continuously partially dif-
ferentiable functions. Then the investigated optimal control problem
reads as follows:

min fi(z(t)) + / fola(t), u(t)) dt

subject to the constraints

&(t) = f(z(t),u(t)) almost everywhere on [to, ],
z(to) = o,

g(x(tl)) = Ogr,

u(t) €  almost everywhere on [to, t1]. )

v (5.28)

The assumptions were already given in Example 5.1,(c) (for § instead
of g).

With the following theorem we present a necessary optimality con-
dition for an optimal control of this control problem. This optimality
condition is also called the Pontryagin maximum principle.

Theorem 5.19. Let the optimal control problem (5.28) be given.
Let the functions f1 :R* - R, fo . R*"xR™ - R, f: R*xR™ - R"
and g : R® — R" be continuously partially differentiable. Let Q) be a
convex subset of R™ with nonempty interior. Let & € L7 [to, t1] be an
optimal control and let T € W [to, t1] be the resulting state. Let the
matriz %(i(tl)) be row regular. Moreover, let the linearized system

i) = (a0, 0() (1) + (20, 3(0)) u(t)

almost everywhere on [to, t1],

.Z'(to) = ORn

be controllable (i.e., for every z1 € R™ there are a control u€ L7 [to, t1]
and a resulting trajectory x € WP [to,t1] satisfying this linearized
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system and for which z(t1) = z; s fulfilled).
Then there are a function p € W' [to, 1] and a vector a € R" so that

(@ ()7 =p(t)" oL (2(0) 5(0)) ~ 22a(t), (1)

almost everywhere on [to,t1] (adjoint equation),

B)  —p)” =S @) + 2 (5(1)

(transversality condition),

(c)  for every control u € LT [ty, 1] with
u(t) € Q almost everywhere on [tg, t]

the following inequality is satisfied:

(20" X @), a0)) ~ S (a0, 5000 ) (wlr) ~ 5(2)) < 0

almost everywhere on [to,t1] (local Pontryagin mazimum

principle).

Proof. It is our aim to derive the given necessary optimality
conditions from the generalized Lagrange multiplier rule (Theorem
5.3).

The control problem (5.28) can be treated as an optimization prob-
lem with respect to the variables (z, ). Then we define the product
spaces X := WP [to,t1] x L [to,t1] and Z := WP [to, 1] X R". The
objective functional ¢ : X — R is defined by

olz,u) = f1(z(t)) /f2 ))dt for all (z,u) € X.

The constraint mapping h : X — Z is given by

h{z,u) = —on—ff uls))ds for all (z,u) € X.
( (tl))

Furthermore, we define the set

S = {(z,u) € X | u(t) € Q almost everywhere on [to, ]}
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Then the optimization problem which has to be investigated reads as

follows:
min o(z,u)
subject to the constraints
h(x, u) = OZ
(z,u) € S.

By the assumption (Z,%) is a minimal solution of the optimization
problem (5.29). For the formulation of the generalized Lagrange mul-
tiplier rule for the problem (5.29) we need the Fréchet derivatives of
@ and h at (Z,%). One can show that these derivatives are given as
follows:

(5.29)

T / [S2(s), als)) a(s) + Z2(@(5), (o)) u(s)] ds
for all (z,u) € X

and

&i (@) (t1)> for all (z,u) € X.

Notice that A is continuously Fréchet differentiable at (z,@).

Next, we show that the optimization problem (5.29) satisfies a
regularity condition. By Theorem 5.6 the problem is regular, if the
mapping h'(Z,u) is surjective (notice that we do not have inequal-
ity constraints). For the proof of the surjectivity of A'(Z, @) we fix
arbitrary elements w € W' [to,t1] and y € R". Since the matrix

%(a‘c(tl)) is row regular, there is a vector § € R"™ with
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The integral equation

t
af

ZB(t) = w(t) + B

to

(Z(s),a(s)) z(s)ds for all t € [to, 1]

is a linear Volterra equation of the second kind and therefore it has a
solution x := z € WP [to, t1]. With this solution z we then consider
the linearized system of differential equations

of of

3(t) = 5 (@), a(t) s(t) + 5-(2(t), ult)) u(t)

almost everywhere on [tg, 1]
with the initial condition
z(ty) = Ogn
and the terminal condition
z(ty) =7 — z(t1).

Because of the controllability of this linearized system there are a con-
trol @ € LT [to, t;] and a resulting trajectory € W7 [to, t1] satisfying
the initial and terminal condition. Then we obtain

h(z,0) (T + 2,4)

5)+ 200 - [ [FG06),5) (@(6) + 2(5)

to

%@( ),a(s)) a(s)| ds, S—i(f(m)(z(m +z(t1))>

— (w()+£()—/[%(f(8),_( ))i(s)+g——£(a‘:( ), ‘(3))11(8)]033,
dg ,_ A\T
(e
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Consequently, the mapping h'(Z, ) is surjective, and we can choose
the parameter p as 1 in the generalized Lagrange multiplier rule.

Since all assumptions of Theorem 5.3 are satisfied, there are a
continuous linear functional I € (W' [to,%1])* and a vector a € R”
with

(¢'(Z,3) + (l,a) o W(Z,%)) (z — T,u—0) >0 forallz € S.

Then it follows
t1

1 a(02)) () — 3(0)) + / (92 5(s), 1(5)) (a(s) ~ 2(5))
F 22 3(5),a5)) uls) — ()] s

2L (a(s), 15 uto) - )] )

+a" 2 (6(0)) (2(12) — 2(1)
>0 for all (z,u) € 5. (5.30)

If we plug u = @ in the inequality (5.30), then we get

_'_.

+ang.(j(tl)) (z(t1) — Z(t1)) > 0 for all x € W' [to, t1]

and

9h
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+! (3:() - %(i(s),ﬁ(s)) z(s) ds)

a2 (a(t)) a(t)
=0 for all z € W' [to, t1]; (5.31)

for z = z it follows

top, )
2 (3(s), a(s)) (u(s) — a(s)) ds

to

+ ( 2L (a(5), ) (us) u(s))ds)

>0 for all u € LT [ty, t1] with u(t) € Q
almost everywhere on [tg, ¢1]. (5.32)
Next, we consider the equation (5.31) and we try to characterize the

continuous linear functional [. For this characterization we need the
following assertion:

If ® is the unique solution of

b(t) = 2@, am) )

almost everywhere on [tg,t;]  (5.33)

(I)(tO) == I)

then for an arbitrary y € W7 [to, t1] the function

o) =30) +20) [ 09T @(0) ) u(o)ds (53
satisfies the integral equation
o) [ L aais=st) (55

to
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For the proof of this assertion we plug z (as given in (5.34)) in the
left hand side of the equation (5.35) and we obtain by integration by

parts

- of

() = | 5. (&(s),a(s)) z(s) ds

o

v+ 20) [ 0755 @), e yis) ds

to

[ L as),5(s)) [wis)

to

+a(s) / (0) 2L (#(0), #(0)) (o) do | ds
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of

+ [ 26107 )5 @) a(s) yls) ds

to

= y().
Hence the equation (5.35) is proved.

For an arbitrary function y € W7 [to,t1] we Conclude from the
equation (5.31) with the aid of the equatlon 5.3

(
1) = —(Fete) +a" e

(y(m) + @(tl)/@“%s)%(f(s),u(s))y(s)ds)

to
8

- [ .06 (ve) + 209 [ #70)

g——i—(i(a), a(o)) y(o) da> ds.

Integration by parts leads to
t1

) = - (L) +a L <t1>>) COROYERE

to

5@ a(s) () ds ) - ‘Zc( (5), 8(s)) y(s) ds

to
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2 (a0, u(0) - 22 (0), 5(0)
ELTEp i (-

— -5;(173( ),a(s)) ®(s)ds ® (t)gi(gg(t) (t))

o [ 28 a0, ate)) 0 s 0 (02 (a0, e ot

— [ L2 (a(s), a(s)) @(s) ds @7 () 2 (@(0), wt)] o)

for all y € WT' [to, t1].

For the expression in brackets we introduce the notation r(¢)7, i.e.

almost everywhere on [tg, t1].
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With the equation (5.33) it follows (compare page 217)

(@-f(t)) = —37L(t) b(t) d1(t)

= —o7() L, e o)
= -0z g;: (Z(t),u(t)) almost everywhere on [tg, t1]

Then we obtain

07 = (L) +arPew) ) o) (o70)

Of o o
2@, 60) + | S (3(s),als)) B(s)ds (071(1))

almost everywhere on [tg, t].

For
P07 = = (GRGe) + g alw)) alen) (0
— %(a‘:(s), u(s)) ®(s) ds ®'(t) for all £ € [tg, 1]
we get

p(t) = —r(t) almost everywhere on [tg,¢1].
Then it follows

—p(0) = o (a(0) + Dra(n)),

i.e., the transversality condition is satisfied. Moreover, we conclude

o0 @), a0 - L@, a0)

- - (B + Gt 2w @05 w0, a0)
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afz — — -1 8f 7 i
= [ 32 (@(s),(s)) (s) ds @7} (1) 5 (2 (1), A1)
Ofz,_ .\ -
~%, (&), ult))
r(t)"

= —p(t)T almost everywhere on [to, t,].

Hence p satisfies the adjoint equation
o

07 = 0@, 5(0) ~ T2 (a0, 5(0)
almost everywhere on [to, t1].

Then the continuous linear functional [ can be written as

() = p(t) y(t) / PO y(E) dt for all y € WY [to, t1].

Now we turn our attention to the inequality (5.32). From this
inequality we obtain by integration by parts

0 < [ Pae),als) uls) - i) ds
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p()” [ L (a(s),5(5)) u(s) — ) ds
(0" §£< (5),5(5)) (uls) — 5(s)) ds

= [ |60 - s a0 50| () - e

for all u € L [tg, 1] with u(t) €  almost everywhere on
[to, t1]-

Then we get for every control u € LT [t,t:1] with u(t) € Q almost
everywhere on [to, t1]

PO G (a(0) 50) - 2 (a0) ae))|(ult) - ae) < 0
almost everywhere on [tg, ¢1].

Hence the local Pontryagin maximum principle is also shown, and the
proof of Theorem 5.19 is completed. 0
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Remark 5.20.
(a) If one defines the so-called Hamilton function

H: Wfoo[to,tl] X Lg{to,tl] X Wln;oo[to,tl] — Wln:oo{to,tl]
pointwise by

H(z,u,p) (t) = p(t)T f(z(t), u(t)) — folz(t),u(t)) for all t € [tg, %],
then the adjoint equation reads

—p(t)T = %:;i(j’ @,p) (t) almost everywhere on [tg, t1],

and the local Pontryagin maximum principle can be written as

%(f, @,p)(t) (u(t) —4(t)) <0 almost everywhere on [to, 1],

(for all u € L [to, t1] with u(t) € Q almost everywhere on [tg, t1]).
(b) In Theorem 5.19 it is assumed among other things that the
linearized system

z(t) = A(t) z(t) + B(t) u(t) almost everywhere on [tg, 1],
l’(to) = ORn
with A(t) := %(:ﬁ(t),ﬂ(t)) and B(t) := Sg—f;(a_c(t),a(t)) is controllable.
If the matrix functions A and B are independent of time, i.e. A :=
A(t) almost everywhere on [ty,¢1] and B := B(t) almost everywhere

on [tg, t1], then, by a known result of control theory, this system is
controllable, if the so-called Kalman condition is satisfied, i.e.

rank(B, AB, A’B, ..., A" 'B) = n.

(¢) If the set © in the considered control problem is of the special
form €2 = R™, then the local Pontryagin maximum principle can be
formulated in the special form:

For all u € L {to, 1] it follows

p(0 2 (@(0), 5(0)) — T2 (a(0) 5(1)) = 0

almost everywhere on [tg, t1].
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Example 5.21. We consider Example 1.3 and investigate the
following optimal control problem:
Determine a control u € L0, 1] which minimizes

/1 (u(t))” dt

subject to the constraints

(58) - (33) () (2)wo
almost everywhere on [0, 1],
(56) - (%)
(z1(1))* + (@2(1))* — 1 = 0.

The system of linear differential equations of this problem satisfies
the Kalman condition. According to Remark 5.20, (b) this system is
controllable.

We assume that there is an optimal control @ € Ly[0, 1] for this
problem. Then the adjoint equation reads as follows

(=51(), ~52(t)) = (pa(2), p2(®)) ( 0 0 )
= (0,p1(t)) almost everywhere on [0, 1],
i.e. we have
p1(t) =0 almost everywhere on [0, 1]

and
p2(t) = —p1(t) almost everywhere on [0, 1].

This leads to the general solution

p(t)z( “ )foralltE[O,l]

—Clt + ¢o
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with real numbers ¢; and c;. The transversality condition can be
written as

(=p1(1), —p2(1)) = a(271(1), 275(1))
(i )=—=(20))
(colve )= (20))

Next, we consider the local Pontryagin maximum principle as given
in Remark 5.20, (¢):

Hence it follows

(p1(t), p2(t)) < 2 ) —24(t) =0 almost everywhere on [0, 1].
Consequently we get
_ 1
a(t) = Fpa(t)

1
= 5( —cit + ¢2) almost everywhere on [0, 1].

Moreover, we have with the second linear differential equation as con-
straint

. 1
Zo(t) = a(t) = 5(—clt + c2) almost everywhere on [0, 1]

and
To(t) = —%ﬁ + %t +5v2 forall ¢t € [0,1].

With this equation and the first linear differential equation as con-
straint we obtain

Z1(t) = —%t"” + Ej—t2 +5v2¢—2v2 forall t € [0,1].

With the terminal condition
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we then conclude

I 2 (a9, G 2 _
(12+4+3x/§)+( 4+2+5\/§) 1.

We summarize our results as follows: For an optimal control z &
L0, 1] there are real numbers «, 3 and v with the property

a(t) = at + § almost everywhere on [0, 1],
(9-+§+3\/§)2+(%+[3+5\/§)2 =1,
«

5
6 +§+3\/§),

o+ B =5 +B+5v2).

~a=(

(o, 8,7) = (3v/2,—6v/2,—6) is a solution of these nonlinear equa-
tions. Then the resulting control satisfies the necessary optimality
conditions of Theorem 5.19.

At the end of this section we investigate the question under which
assumptions the conditions (a), (b) and (c) of Theorem 5.19 are suf-
ficient optimality conditions.

Theorem 5.22. Let the optimal control problem (5.28) be given.
Furthermore, let a control @ € L7 [to, t1] with

a(t) € @ almost everywhere on [ty, 1]

and a resulting state T € W1 [to, 1] be given where

Let the function fi be conver (at Z(t1)) and differentiable at Z(t1).
Let the function fy be convex and differentiable. Let the function f be
differentiable. Let the function g be differentiable at Z(t1). Moreover,



5.4. Application to Optimal Control Problems 153

let there are a function p € WP [to, t1] and a vector a € R" so that
. Of (i = Of2 ~ 0\ -
(@ B = o0 9 (3(0),5(1)) ~ D2 (a(0), 7(0)
almost everywhere on [tg, t1], (5.36)

70 0
B —p)” =" L (@(0)) + i (a(r), (5.37)
(c)  for every control u € L7 [t, 1] with
u(t) € Q almost everywhere on [to, t1]

we have

o0 (a0, a(0) - 22

%(i(t),ﬂ(t))} (u(t) —u(t)) <0

almost everywhere on [tg,t1].  (5.38)

Let the function a® g(-) be quasiconvez at Z(t,) and almost everywhere
on [to,t1] let the functional defined by —p(t)T f(z(t),u(t)) be convex
(at (Z(t),u(t))). Then @ is an optimal control for the control problem

(5.28).

Proof. Let u € L7 [to,t;] be an arbitrary control with the re-
sulting state x € Wi [to, £1] such that (z,u) satisfies the constraints
of the problem (5.28). Then we get with the adjoint equation (5.36)

d T
— g (P(0)" (2(t) — (1))

= P07 (D) — 30)) — p(t) (2(0) — 5(0)
= oy 2 2oy, at6)) — 2 t0), 56 (al) — 2(0)
o) [ (a(0) u(t) ~ (&), (D)

almost everywhere on [tg, 1].

With this relationship it follows

fa(x(t), u(t)) — f2(2(2), u(t)) — %( (&) (z(t) — (1))

= Bla(t),u®) - L), 6(0) - S2(@(), 1) (=) - 2()
~p(®)T [f(2(t), u(t)) — f(2(2), (t))
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of _, .\ _ -
-5 (@), 3(1) (@(t) - 2(1))]

almost everywhere on [to, 1] (5.39)

Since the function f, is convex and differentiable, we conclude

Falalt), u(®) — (@ (D), 5(0)) ~ 22 (2(0),3(0)) (1) ~ 200)
> %{j( (t),a(t)) (u(t) — u(t)) almost everywhere on [tg, t1].

Similarly we obtain because of the convexity of the functional defined

by —p(t)T f(z(t),u(?)) (at (Z(2),4(t)))
~p(t)" [F(at), u(0)) ~ F(3(6),50)) — L (2(0), 5(0) (o) — (1)
> ()" 2 (@), 1(0)" () — (1)
almost everywhere on [to, t1].

Then it results from the equation (5.39) and the inequality (5.38)

d
fol@(t), u(t)) — fo(2(t), ult)) — E(p(t)T(ﬂ?(t) —z(t)) =2 0
almost everywhere on [tg, 1].
Because of z(ty) = Z(to) = zo integration leads to

t1

[ latt),u() - (a0, ) dt—p(t)" (1) 3(t2)) 2 0. (5.40)

to

With the transversality condition (5.37) and the differentiability and
convexity of f; (at Z(t1)) we get

p(t1)” (z(t1) — Z(t1))
= @2 (a0)) (altr) — 7)) + P2 @0 (alt2) ~ (1)

o 5-(2(t) (2(t1) ~ 2(t)) + filz(tr)) - A(E(0)). (5-41)
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Because of the differentiability and quasiconvexity of a¥g(-) at Z(¢;)
the equation

0= a"g(z(t1)) — a’g(z(t1))
implies the inequality

0>a” ( (1)) (z(t1) — 2(t))- (5.42)
The inequalities (5.41) and (5 42) then lead to
—p(t)" (2(t) — 2(t1) < filz(tr)) = Li(Z(t))

which implies with the inequality (5.40)

t1
(1) / fale®)ult)) de 2 fula(e)) + [ falale) )t
t
Hence @ is an optlmal control for the control problem (5.28). O

For the proof of the preceding theorem we did not use the general
result of Theorem 5.14. Therefore the given assumptions under which
the optimality conditions are sufficient are certainly not the weakest
assumptions on the arising functions.

Example 5.23. We consider again the control problem of Ex-
ample 5.21. We have already shown that the control & € L[0,1]
with

u(t) = 3v2 t — 6v/2 almost everywhere on [0, 1]
satisfies the optimality conditions (5.36), (5.37) and (5.38) with p €
Wt 4[0,1] defined by

p(t) = ( 6\/§_t6—\/1§2\/§ ) for all t € [0, 1]

and

a:=6.
The functions g and f, are convex. The vector function f is linear
and every component of p is negative. Consequently, all assumptions
of Theorem 5.22 are satisfied. Then this theorem says that # is an
optimal control for the control problem of Example 5.21.
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Exercises

5.1) Let S be a closed linear subspace of a real normed space (X,
Il - 1)- Prove: If there is a vector z € X \ S, then there is a
continuous linear functional [ € X* \ {0x-} with

[(s)=0 foralls e S.

5.2) Show: For every convex subset S of a real normed space with
nonempty interior it follows cl (int (S)) = cl(S).

5.3) Does the constraint set
S = {(z1,20) € R* | i+ 22 <1land (z; - 1)*+ (22— 1)2 <1}
satisfy a regularity assumption?

5.4) Let the optimization problem

min x; + x»

subject to the constraints
) S 55'513

21 €R, 2o >0

be given.

(a) Show that £ = (0,0) is a solution of this optimization
problem.

(b) Is the Arrow-Hurwicz-Uzawa condition satisfied at =
(0,0)7

(c) Are the Karush-Kuhn-Tucker conditions satisfied at Z =
(0,0)7

5.5) Determine a minimal solution of the optimization problems:

(a) min (z—3)"+ (y —2)?
subject to the constraints
22 +y? <5
z+y<3
z>0,y>0.
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(b) min (& - 22+ (y - 2)°
subject to the constraints
22—y <0
z+y—6<0
x>0, y>0.

(¢) max 3z —y— 422
subject to the constraints
z+y+2<0
~z4+2y+22=0
z,y,z € R.

5.6) Is every point on the straight line between (0,0) and (6,0) a
minimal solution of the optimization problem

: z+3y+3
min o 7%

subject to the constraints
2r+y <12

—Tz+2y<4

x>0, y>07

5.7) For given functions fi,..., f, : R — R consider the optimization
problem

i=1
subject to the constraints
Sa=1
i=1
z; >0 forallie {1,...,n}.

Prove: If = (%4, ...,Z,) is a minimal solution of this problem
and for every ¢ € {1,...,n} the function f; is differentiable at
Z;, then there is a real number o with

K} mrictin
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5.8)

5.9)
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Let S be a nonempty subset of R", and let f : S R, g: S -
R™ and h : S — RP be given functions. Let the constraint set

S:={zeS | g(z)<Oforalie{l,...,m}and
hi(z) =0for alli € {1,...,p}}

be nonempty. Let the functions f,¢1,...,9m, P1,...,hp be dif-
ferentiable at some Z € S. Let there be multipliers u; > 0
(t€l(z)) andv; € R (i € {1,...,p}) with

(Vf(a‘:) + ) wVg(@) + Zthi(a":)) (z—2)>0
iel(z) =1

forall z € S.

Let f be pseudoconvex at Z, for every i € I(Z) let g; be qua-
siconvex at Z, for every ¢ € {1,...,p} with v; > 0 let h; be
quasiconvex at Z, and for every ¢ € {1,...,p} with v; < 0 let
—h; be quasiconvex at T. Prove that Z is a minimal point of f
on S.

Determine an optimal control 4 € L2 [0, 1] of the following prob-
lem:

1

min / ) - %xl(t) + 2us(t) — -g-xz(t)}dt
subjegt to the constraints
T1(t) = 12u1(t) — 2uy (£)? — z1(t) — ua(t)
£) = 12us(t) — 2un(8)? — 2a(8) — s (2) } a-e. on [0, 1]

Za(
21(0) = xo,, 22(0) = zo,
() > 0 almost everywhere on [0, 1]

where zp, and zy, are given real numbers.
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Duality

The duality theory is also an additional important part of the op-
timization theory. A main question which is investigated in duality
theory reads as follows: Under which assumptions is it possible to
associate an equivalent maximization problem to a given (in general
convex) minimization problem. This maximization problem is also
called the optimization problem dual to the minimization problem.
In this chapter we formulate the dual problem to a constrained min-
imization problem and we investigate the relationships between the
both optimization problems. For a linear problem we transform the
dual problem in such a way that we again obtain a linear optimiza-
tion problem. Finally, we apply these results to a problem of linear
Chebyshev approximation.

6.1 Problem Formulation

In this section we consider a constrained optimization problem. Let
the constraints be given in the form of a general system of inequali-
ties. Then we associate a so-called dual problem to this optimization
problem, the so-called primal problem.

First, we need

Definition 6.1. Let S be a nonempty convex subset of a real
linear space, and let Y be a partially ordered real linear space with
an ordering cone C. A mapping g : .S — Y is called convez, if for all
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A

z,y €S:
Ag(z) + (1 —=X)gly) —g(Az + (1= A)y) € C for all X € [0,1].

Example 6.2. Let S be a nonempty convex subset of a real
linear space, and let fi,..., fr, : S — R be convex functionals. If the
linear space R™ is supposed to be partially ordered in a natural way
(ie., C':=R%), then the vector function f = (f1,...,fn) : S = R is
convex.

Now we turn our attention to a class of mappings which are slightly
more general than convex ones.

Definition 6.3. Let S bea nonempty subset of a real linear space
and let ¥ be a partially ordered real linear space with an ordering
cone C. A mapping g : S — Y is called convez-like, if the set g(S)+C
is convex.

Example 6.4.

(a) Let S be a nonempty convex subset of a real linear space, and
let Y be a partially ordered real linear space with an ordering
cone C. Every convex mapping g : S — Y is also convex-like.

A

Proof. We have to show that the set g(S) 4+ C is a convex set.
For that purpose choose arbitrary elements yi, v, € g(S) + C
and an arbitrary number A\ € [0,1]. Then there are elements
T1,% € S and c1, ¢ € C' with

i =g(z1) +c

and
Y2 = g(z2) + 2.
Consequently, we get with the convexity of g

Ay1 + (1 - )\) Y2
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= Ag(z1)+ (1 =Nglza) + s+ (1 =N e

161

€ {g()\xl+(1—/\)x2)}+0+)\0+(1—)\)6’

= {9z + (1 - N)22)} +C,

l.e.

Ayr + (1= M) € g(5) +C.

~

Hence the set g(S) + C is convex, and the mapping ¢ is convex-

like.

(b) We consider the mapping g : R — R? with

glz) = < sii:c ) for all z € R.

O

Let the real linear space R? be partially ordered in a natural
way (i.e., C :=R2). Then the mapping g is convex-like but it

is certainly not convex.

The preceding example shows that the class of convex-like map-
pings includes the class of convex mappings, and, in fact, it goes

beyond this class slightly.

After the introduction of convex-like mappings we are now able to
formulate the standard assumption for the following investigations:

Let S be a nonempty subset of a real linear space X;

let (Y, |- |]) be a partially ordered real normed space with the
ordering cone C

let f:S — R be a given objective functional;

let g: S—Y bea given constraint mapping;

let the composite mapping (f, g) : S — R x Y be convex-like
(with respect to the product cone R, x C in R x Y');

let the constraint set be given as S := {z € S | g(z) € —C}
which is assumed to be nonempty.

3\

> (6.1)

/

If the set S is convex, if the objective functional f is convex and
if the constraint mapping g is convex, then the composite mapping
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(f,g) : § = R x Y is convex-like (with respect to the product cone
R, x C'in Rx Y ). Because of the assumption of the convex-likeness
of (f,g) in (6.1) it is even possible to treat certain nonconvex opti-
mization problems with this duality theory.

Under the assumption (6.1) we investigate the constrained opti-
mization problem

min f(x)

subject to the constraints (6.2)
g(z) € —-C

zes.

In this context the optimization problem (6.2) is also called primal
problem. With the following lemma we see that, under the additional
assumption of the ordering cone being closed, this problem is equiv-
alent to the optimization problem

min sup f(z)+ u(g(z)) (6.3)

zelS ueC*

where C* denotes the dual cone of C.

Lemma 6.5. Let the assumption (6.1) be satisfied and in addition
let the ordering cone C be closed. Then T is a minimal solution of the
problem (6.2) if and only if T is a minimal solution of the problem
(6.3). In this case the extremal values of both problems are equal.

Proof. First we assume that T € S is a minimal point of f on
S. For every z € S with g(z) € —C we have

u(g(z)) <0 forallue C”

and therefore we get

sup u(g(z)) =0.

Since C' is convex and closed, for every z € S with g(z) ¢ —C there
is, by a separation theorem (Theorem C.3), a @ € C* \ {0x~} with

u(g(z)) >0
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which implies

sup u(g(z)) = oo.

ueC*

Consequently, we obtain for every z € S

sup f(Z) +u(g(z)) =

ueC*

A

IA

S]]

T

f(z)
f(Z) + sup u(g(z))

ueC*

)+5§£ u(9(Z))

sup f(x) +u(g(z)).

ueC*
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Hence z € S is also a minimal solution of the optimization problem

(6.3).

Finally, we assume that & € S is a minimal point of the functional

90:3—>]Rwith

o(z) = sup f(z)+u(g(z)) forallze S

ueC*

on $. Assume that g(z) ¢ —C. Then with the same arguments as

above we get

sup u(g(Z)) = oo

ueC*

which is a contradiction to the solvability of problem (6.3). Conse-

quently, we have

sup u(g(Z)) = 0.

ueC*
Then we obtain for all z € S

@) = f(@)+sup u

= f(a).

ueC*

Hence z € S is a minimal point of f on S.
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Now we associate another problem to the primal problem (6.2).
This new problem results from the problem (6.3) by exchanging “min”
and “sup” and by replacing “min” by “inf” and “sup” by “max”. This
optimization problem then reads:

max inf f(x)+ u(g(z)). (6.4)

ueC* zeS
The optimization problem (6.4) is called the dual problem associated

to the primal problem (6.2). Obviously, this dual problem is equiva-
lent to the optimization problem

max A

subject to the constraints

flz) +u(g(z)) > A forallz e §
AeR, ueC*

(6.5)

If w € C* is a maximal solution of the dual problem (6.4) with the
maximal value ), then (), %) is a maximal solution of the problem
(6.5). Conversely, for every maximal solution (), %) of the problem
(6.5) @ is a maximal solution of the dual problem with the maximal
value ).

6.2 Duality Theorems

In this section the relationships between the primal problem (6.2) and
the dual problem (6.4) are investigated. We present a so-called weak
duality theorem and a so-called strong duality theorem which says in
which sense the primal and dual problem are equivalent.

First we formulate a so-called weak duality theorem.

Theorem 6.6. Let the assumption (6.1) be satisfied. For every
& €S (i.e., for every feasible element of the primal problem (6.2)) and
for every 4 € C* (i.e., for every feasible element of the dual problem
(6.4)) the following inequality is satisfied:

inf f(z) +a(g(z)) < f(2).

z€eS
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Proof. For arbitrary elements & € S and @ € C* it follows
inf f(z) +g(z)) < (&) +ilg(2) < f(2)
because g(z) € —C. ]

It follows immediately from the weak duality theorem that the
maximal value of the dual problem is bounded from above by the
minimal value of the primal problem (if these values exist and the
assumption (6.1) is satisfied). In particular, one obtains a lower bound
of the minimal value of the primal problem, if one determines the
value of the objective functional of the dual problem at an arbitrary
element of the constraint set of the dual problem.

If the primal and dual problem are solvable, then it is not guar-
anteed in general that the extremal values of these two problems are
equal. If these two problems are solvable and the extremal values
are not equal, then one speaks of a duality gap. In Exercise 6.1 an
optimization problem is presented for which a duality gap arises.

Next, we come to an important result concerning the solvability
of the dual problem and the obtained maximal value. With the aid
of a generalized Slater condition it can be shown that a duality gap
cannot arise. The following theorem is also called a strong duality
theorem.

Theorem 6.7. Let the assumption (6.1) be satisfied, and in ad-
dition let the ordering cone C' have a nonempty interior int(C). If the
primal problem (6.2) is solvable and the generalized Slater condition
is satisfied, i.e, there is a vector & € S with g(z) € —int(C), then the
dual problem (6.4) is also solvable and the extremal values of the two
problems are equal.

Proof. In the following we investigate the set

M = {(fx)+a g(z)+y) eRxY |z€8, a>0,yeC}

-~

= (£,9)(9)+Ry x C.

By the assumption (6.1) the composite mapping (f,g) : $ — RxY is
convex-like, and therefore the set M is convex. Because of int(C) # 0
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the set M has a nonempty interior int(M) as well. Since the primal
problem is solvable there is a vector z € S with

f(zZ) < f(z) forallz e S.

Consequently we have

(f(2),0v) ¢ int(M)

and
int(M) N {(f(z),0v) } = 0.

By the Eidelheit separation theorem (Thm. C.2) there are real num-
bers p and <y and a continuous linear functional u € Y* with (i, u) #
(0,0y+) and

B+ u(z) >y > pf(z) for all (G,2) € int(M). (6.6)

Since every convex subset of a real normed space with nonempty inte-
rior is contained in the closure of the interior of this set, we conclude
from the inequality (6.6)

p(f(x) + o) +u(g(z) +y) > v > pf(@) forallz € S,a>0,y€eC.
(6.7)
For z = Z and a = 0 it follows from the inequality (6.7)

u(y) > —u(g(z)) forally € C. (6.8)

With standard arguments we get immediately u € C*. For y = Oy it
follows from the inequality (6.8) u(g(z)) > 0. Because of ¢(Z) € —C
and u € C* we also have u(g(Z)) < 0 which leads to

u(g(z)) = 0.
For z = Z and y = Oy we get from the inequality (6.7)
pwae >0 foral >0

which implies g > 0. For the proof of 4 > 0 we assume that y = 0.
Then it follows from the inequality (6.7) with y = Oy

w(g(z)) >0 forallz € 5.
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Because of the generalized Slater condition there is one & € S with
g(z) € —int(C), and then we have

u(g()) = 0.

Now we want to show that u = Oy~. For that purpose we assume that
u # Oyx, i.e., there is one y € Y with u(y) > 0. Then we have

u(Ay+ (1 — A) g(2)) > 0 for all A € (0,1], (6.9)
and because of g(%) € —int(C) there is one X € (0, 1) with

M+ (1—=X)g(£) € —C for all X €0, ]].
Then we get

u(Ay+ (1 =X g(2)) <0 for all A € [0, A]

which contradicts the inequality (6.9). With the assumption g = 0
we also obtain u = Oy«, a contradiction to (u,u) # (0,0y). Conse-
quently, we have u # 0 and therefore p > 0. Then we conclude from
the inequality (6.7) with o = 0 and y = Oy

pf(@) +u(g(x)) > pf(z) forallz e s

and ]
flz) + ;u(g(x)) > f(z) forall z € S.

If we define @ := ,‘12“ € C* we obtain with 4(g(z)) =0

inf f(z) + u(g(z)) > f(Z) + u(g(z)).

w6.§'

Hence we have

@)+ (g(@)) = inf f(z) +7(g(a)),
and with the weak duality theorem @ € C* is a maximal solution of
the dual problem (6.4). Obviously, the extremal values of the primal
and dual problem are equal. 0
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In the following we discuss the practical importance of the strong
duality theorem. If one wants to solve the primal problem and if one
is interested in the minimal value in particular, then under suitable
assumptions one can also solve the dual problem and determine the
maximal value which is then equal to the minimal value of the primal
problem. If the dual problem is simpler to solve than the primal
problem, then this method is very useful.

6.3 Saddle Point Theorems

Relationships between the primal and the dual problem can also be
described by a saddle point behavior of the Lagrange functional.
These relationships will be investigated in this section.

First, we define the notion of the Lagrange functional which has
already been mentioned in the context of the generalized Lagrange
multiplier rule in Section 5.2.

Definition 6.8. Let the assumption (6.1) be satisfied. The
functional L : S x C* — R with

L(z,u) = f(z) +u(g(z)) forallz e S andall ueC*
is called Lagrange functional.

Since we will investigate saddle points of the Lagrange functional
L, we introduce the following notion.

Definition 6.9. Let the assumption (6.1) be satisfied. A point
(Z,1) € § x C* is called a saddle point of the Lagrange functional L
if

L(Z,u) < L(Z,%) < L(z,%) forall z € § and all u € C*.

)

A saddle point of the Lagrange functional can be characterized by
a “min sup = max inf” result which goes back to a known John von
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Neumann® saddle point theorem.

Theorem 6.10. Let the assumption (6.1) be satisfied. A point
(zZ,a) € S x C* is a saddle point of the Lagrange functional L if and
only if

L(Z,a) = min sup L(z,u) =max inf L(z,u). (6.10)
z€S ueC* uel™ ged

Proof. First we assume that the equation (6.10) is satisfied.
Then we have with 7 € S and u € C*

sup L(Z,u) = inf L(z,a),
ueC* z€S

and we get

L(z,u) < sup L(Z,u) = inf L(z,u) < L(Z,u)
ueC* €S

resulting in

sup L(Z,u) = L(Z,q) = inf L(z,a).
ueC* zeS
Hence (Z, 4) is a saddle point of the Lagrange functional L.
Next we assume that (Z,%) € S x C* is a saddle point of L. Then

we obtain
max L(Z,u) = L(Z,u) = min L(z,a). (6.11)

ueC* ze$

For arbitrary 2 € S and @& € C* we have

inf L(z,4) < L(2,4),

z€S

and therefore we conclude

sup inf L(z,u) < sup L(Z,u)
u€C* z€S ueC*

9J. von Neumann, “Zur Theorie der Gesellschaftsspiele”, Math. Ann. 100
(1928) 295-320.
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and

sup inf L(z,u) < inf sup L(z,u).
ueC* zeS z€S ueC*

With this inequality and the equation (6.11) it follows

L(z,u) = inf L(z,u) < sup inf L(z,u)

zeS ueC* z€S

< inf sup L(z,u) < sup L(Z,u)
z€S uel* ueC*

= L(Z,qu).

Consequently, we have

L(Z,u) = max inf L(z,u) =min sup L(z,u)
ueC* gze§ z€8 ueC*

which has to be shown. O

Using the preceding theorem we are able to present a relationship
between a saddle point of the Lagrange functional and the solutions
of the primal and dual problem.

Theorem 6.11. Let the assumption (6.1) be satisfied, and in
addition, let the ordering cone C be closed. A point (Z,4) € Sx C
18 a saddle point of the Lagrange functional L if and only if T is
a solution of the primal problem (6.2), u is a solution of the dual
problem (6.4) and the extremal values of the two problems are equal.

Proof. We assume that (Z,@) € S x C* is a saddle point of the
Lagrange functional L. By Theorem 6.10 we then have

L(Z,u) = min sup L(z,u)=max inf L(z,u).
z€S ueC* uel™ ze$

Consequently, Z is a minimal solution of the problem (6.3) and with
Lemma 6.5 T is then also a minimal solution of the primal problem
(6.2). Moreover, % is a maximal solution of the dual problem (6.4)
and the extremal values of the primal and dual problem are equal.
Next, we assume that 7 is a minimal solution of the primal prob-
lem (6.2), @ is a maximal solution of the dual problem (6.4) and the
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extremal values of the two problems are equal. Then we have

A= inf L(z,a) = max inf L(z,u),
zes ueC* ze§

and with Lemma 6.5 we get

f(Z) = sup L(Z,u) =min sup L(z,u).
ueC* z€S ueC*

Because of A = f(Z) we obtain

u(g(z)) = —f(z)+inf f(z)+u(g(z))

€S
—f(@)+ A
=0

and because of ¢(Z) € —C, @ € C* we have

u(g(z)) <0
resulting in
u(g(z)) =0
which implies
f(z) = L(z,u)

Then it follows

L(Z,u) = min sup L(z,u)=max inf L(z,u),
ze$ ueC* ueC* ze§

and by Theorem 6.10 it follows that (Z,a) is a saddle point of the
Lagrange functional L. a

With the aid of the strong duality theorem we also present a suf-
ficient condition for the existence of a saddle point of the Lagrange
functional.

Corollary 6.12. Let the assumption (6.1) be satisfied, and in
addition, let the ordering cone C' be closed and let C' have a nonempty
interior int(C). If T € S is a minimal solution of the primal problem
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(6.2) and the generalized Slater condition is satisfied, i.e., there is one
& € S with g(&) € —int(C), then there is a u € C* so that (Z,4) is a
saddle point of the Lagrange functional.

Proof. If £ € S is a minimal solution of the primal problem
then, by Theorem 6.7, there is a maximal solution & € C* of the dual
problem and the extremal values of the two problems are equal. Con-
sequently, by Theorem 6.11, (Z,u) is a saddle point of the Lagrange
functional. ]

The preceding corollary can also be proved directly without the
assumption that the ordering cone is closed.

6.4 Linear Problems

An excellent application of the duality theory can be given for linear
optimization problems because the dual problem of a linear minimiza-
tion problem is equivalent to a linear maximization problem. It is the
aim of this section to transform this dual problem in an appropriate
way so that one gets a problem formulation which is useful from the
point of view of the applications.

In the following we specialize the problem (6.2). For that purpose
we need the following assumption:

Let (X, |- |lx) and (Y;| - |ly) be partially ordered real
normed spaces with the ordering cones C'x and Cly,
respectively;

let ¢ € X* be a continuous linear functional; , (6.12)
let A: X — Y be a continuous linear mapping; '
let b € Y be a given element;

let the constraint set S :={z € Cx | A(z) — b & Cy} be
nonempty. J

Under this assumption we consider the primal problem

min ¢(x)

subject to the constraints
A(.’E) —-b € Cy

S Cx.

(6.13)



6.4. Linear Problems 173

In the problem formulation (6.2) we have replaced the objective
functional f by the continuous linear functional ¢ and the constraint
mapping g by b— A(-). The set S equals the ordering cone Cx. Notice
that under the assumption (6.12) the composite mapping (c(-),b —
A(-)) : Cx — R x Y is also convex-like.

In this case the dual problem reads (by (6.4))

max inf c(z)+u(b— A(zx)).

ueCy zeCx
This problem is equivalent to the problem (compare (6.5))

max A

subject to the constraints

c(z) +ulb— Ax)) > Aforallz € Cx
AeR, ueCy.

(6.14)

If we define the constraint set of the problem (6.14) as

ST i={(\u) eRxCy |c(z)+ulb—A(z)) > X forall z € Cx},
(6.15)
then we can reformulate this constraint set using the following lemma.

Lemma 6.13. Let the assumption (6.12) be satisfied, and let the
set S* be given by (6.15). Then it follows

S*={(\u) eRxCy |c—A*(u) € Cx and A < u(b)}

(C% and Cy denote the dual cone of Cx and Cy, respectively; A* :
Y* — X* denotes the adjoint mapping of A ).

Proof. First we assume that a pair (A, u) € S* is given arbitrarily.
Then it follows

c(z)+ulb— Alz)) > A forallz € Cx

and
(c—uoA)(z) > A—u(b) forall z € Cx. (6.16)

For z = 0x we get especially

A < u(b).



174 Chapter 6. Duality

From the inequality (6.16) we also obtain
(c—uoA)(z) >0 forallz € Cx

(because the assumption that (¢ — u o A)(z) < 0 for some z € Cx
leads to a contradiction to the inequality (6.16)). Consequently we
have

c—uocAeCk
resulting in

c— A"(u) € Cxk.
This proves the first part of the assertion.

Next, we choose an arbitrary pair (A, u) € Rx Cy with c—A*(u) €

C% and A < u(b). Then we conclude

(c—uoA)(z) >0>A—u(b) forall z € Cy,
and therefore it follows (A, u) € S*. i

With Lemma 6.13 the equivalent dual problem (6.14) is also equiv-
alent to the problem

max A
subject to the constraints
c— A*(u) € Cx
A < u(b)
AeER, veCy.
Because of the second constraint this problem is again equivalent to
the problem
max u(b)
subject to the constraints
c— A*(u) € C%
u € Cy.

(6.17)

The problem (6.17) generalizes the dual optimization problem
known from linear programming (i.e. X = R*, ¥ = R™, Cx =
R%, Cy = RT). Since the equivalent dual problem (6.17) is also a
linear optimization problem, one can again formulate a dual problem
of this dual one. If one assumes in addition that X is reflexive and the
ordering cones C'x and Cy are closed, one can show that by double
dualization one comes back to the primal problem.
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6.5 Application to Approximation
Problems

In this section we investigate a special linear optimization problem.
This is a problem of the linear Chebyshev approximation. For this ap-
proximation problem we formulate the dual problem which we trans-
form in an appropriate way. Moreover, with the aid of the duality
theory we prove an alternation theorem of the linear Chebyshev ap-
proximation.

First we formulate the assumptions of this section:

Let M be a compact metric space; )
let C(M) denote the linear space of continuous real-
valued functions on M equipped with the maximum

norm || - || where (6.18)
lz] = max lz(t)| for all x € C(M);
let vq,...,v,,0 € C(M) be given functions. J

Under this assumption we investigate the following problem of
linear Chebyshev approximation:

n
"ﬁ— E T;V;
1=1

Inin : (6.19)

Hence we are looking for a linear combination of the functions v, ...,
v, which uniformly approximates the function ¢ in the best possible
way. The problem (6.19) is equivalent to the problem

min A
subject to the constraints

n
Hf)—Za:m S A
i=1
AeR, zeR”

which can also be written as:
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.
min A
subject to the constraints

A+ z": z;v;(t) > 0(t)

A

C torantenr (620

A= mwit) > —o(t)
=1
AeR, z R

/

J

If M contains infinitely many elements, then the problem (6.20) is
a semi-infinite optimization problem. A problem of this type is dis-
cussed in Example 1.4.

Question: What is the dual problem to (6.20)7

In order to answer this question we introduce some notations:
X = R Cx := R™; let E denote the finite dimensional linear
subspace of C(M) spanned by the functions vi,...,v,,7,e (where
e € C(M) withe(t) =1forallt € M); Y := E x E; and Cy :=
{(f1,f2) €Y | fi(t) > 0 and fo(t) > 0 for allt € M}. If we define
c:=(1,0,...,0) € R""' b:= (0,~9) € Y and the mapping A : X —
Y with

Ae + i ;v
=1

A\ z) = for all (), z) € R,

n
e — E T;v;
i=1

then the problem (6.20) can also be written as follows:

min cT'(\, )

subject to the constraints

A\, z) —b e Cy (6.21)
()\,IIZ) € Cx.
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This is a linear optimization problem which was already discussed
in the preceding section. For the formulation of the equivalent dual
problem (by (6.17)) we need the adjoint mapping A* of A, among
other things. The mapping A* : Y* — X* (= R™*!) is defined by

A*(ur,uz) (A, ) = (u1,u2) (A(\, 7))

= u ()\e + szvz> + ug (/\e — szvz> for all (\,z) € R**!,
i=1 =1

The statement
c— A*(uy,ug) € Ck

is equivalent to

A—1uy (/\e + Zamh) — Uy <)\e — mez> =0 for all (\,z)eR™"!

resulting in
M1—uy(e +sz uy(v;) —u(v;)) =0 for all (A, z) € R™™

This equation is also equivalent to
u(v;) —us(v;)) =0 foralli e {1,...,n}

and
ul(e) -+ u2(e) =1.

Consequently, the equivalent dual problem (by (6.17)) which is asso-
ciated to the problem (6.21) reads as follows:

max uy(0) — ug(0)
subject to the constraints
uy(v;) —ugv;) =0 forallie {1,...,n} s (6.22)
ui(e) + uz(e) =1
(u1,ug) € Cy.

/

This problem is also a semi-infinite optimization problem which
has finitely many constraints in the form of equalities. With the fol-
lowing representation theorem for positive linear forms on C(M) the
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problem (6.22) can be simplified essentially. A proof of this represen-
tation theorem can be found in the book [201, p. 184] by Krabs.

Theorem 6.14. Let F be a finite dimensional linear subspace
of C(M) (compare (6.18)) spanned by functions f1,..., fm € C(M).
Let F' be partially ordered in a natural way, and assume that there is
a function f € F with

f(t) >0 forallte M.

Then every continuous linear functional l € Cy (dual cone in F*) can
be represented as

k
()= Nf(t;) forall feF
i=1

where k € N, ty,...,tx € M are different points, and \q,..., \x are
nonnegative real numbers.

Now we apply this theorem to the linear subspace E. Since e € E
with
e(t)y=1>0 forallte M,

all assumptions of Theorem 6.14 are fulfilled, and therefore we obtain
the following representations for u;,us € C}, (dual cone in E*)

k1
u (v) = Z Ayu(ty,) forallve B
j=1

and

k2
ug(v) = Z)\Qj'()(tzj) for all v € E.
=1

Here we have ki,ky € N; &y,,...,%1, € M are different points;
bay,...,t2, € M are different points; and it is Ay, ... ,>\1k1,)\21, ceey
Az, 2 0.
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Consequently, the problem (6.22) is equivalent to the following
problem:

k)l k2

max Y A d(ty) — Y Ag,b(ta,)
j=1 j=1

subject to the constraints

kl ICZ
Z)‘ljvi(tlj)_z)‘%vi(t?j) =0 forallie {1,,n}
=1 j=1 (6.23)

Jj=1 J=1

by M Aoy s Agg, > 0
tll""7t1k1 eEM
tgl,...,t2k2€M. )

Before simplifying this problem we discuss the question of solv-
ability.

Theorem 6.15. Let the assumption (6.18) be satisfied. Then
the optimization problem (6.28) has at least one mazimal solution
()\11?""/\1k1’/\217‘"7>\2k2’t117""t1k1’ t217"'>t2k2)’ and the extre-
mal value of this problem equals the extremal value of the problem
(6.19).

Proof. By Theorem 2.20 the problem (6.19) of linear Chebyshev
approximation is solvable. Then the equivalent linear optimization
problem (6.21) is also solvable. The ordering cone Cy has a nonempty
interior; and the generalized Slater condition is satisfied, because for
an arbitrary £ € R™ we obtain with

n
v — E 5%7;1),;
i=1

also b— A(), &) € —int(C). Then by Theorem 6.7 the problem (6.22)
which is equivalent to the dual problem of (6.21) is also solvable.
With the preceding remarks this problem is also equivalent to the
maximization problem (6.23) which has therefore a solution. Finally,

= +1
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we conclude with Theorem 6.7 that the extremal values of the corre-
sponding problems are equal. O

The maximization problem (6.23) is a finite optimization problem
with finitely many variables and finitely many constraints. But it
is unwieldy because k; and ks are not known. One can show that
ki + ks < n+1 (we refer to Krabs [201, p. 54]). But even if we
restrict the number of variables in the maximization problem (6.23)
in this way, this problem is a finite nonlinear optimization problem
which, from a numerical point of view, is not easier to solve than the
original problem of linear Chebyshev approximation.

Finally, we formulate a so-called alternation theorem for the in-
vestigated problem of linear Chebyshev approximation.

Theorem 6.16. Let the assumption (6.18) be satisfied. A vector
z € R™ is a solution of the problem (6.19) of linear Chebyshev ap-

prozimation (i.e., Za‘civi is a best approzimation to ¥ in E) if and

i=1
only if there are k < n + 1 different points t1,...,tx € M with

n
i=1

forallj=1,...)k (6.24)

’@(tj) - iiivi(tj)

and there are numbers Ay, ..., Az € R with
k
donl=1, (6.25)
j=1
k
D Auilt) =0 foralli=1,...,n, (6.26)
j=1

sgn(A;)-
(6.27)

/\j 7é 0 fOT’j = 1, Ce ,k = @(tj)_zjivi(tj) = ”’ZA)—Z Z;0;
i=1 i=1
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Proof. First we assume that for some z € R” there are k <n+1
different points £,...,tx € M so that the conditions (6.24), (6.25),
(6.26) and (6.27) are satisfied. Then we obtain for every z € R"

EEDIE ED SN CEDPER (by (6.25))
= 3" Al sen(yy) (ﬁ(tj)~2m(tj)> (by (6.27))

- ; A;D(t;) — ;figxm(m

_ ixj@(tj) (by (6.26))
- gAJ@(tJ) _ zj;:c é Mvi(t;) (by (6.26))
= é)\j (@(tj) — :1 xzvl(tj)>

< jﬁ;m o - iz::xm

= ||lo - lev (by (6.25)).

Consequently, Z is a solution of the problem (6.19) of the linear Cheby-
shev approximation.

Next, we assume that Z € R™ solves the problem (6.19). By The-
orem 6.15 the optimization problem (6.23) has a maximal solution
(/\11, N ’>‘1k17)‘21? e ,)\2k2,t11, ce 7t1k17t21? e 7t2k2) (Wlth positive
Ay Al s Aggy - ooy Agy, , Otherwise, if A;; = 0 for some ¢ € {1, 2} and
some j € {1,...,k;}, we can drop the variable A;, together with the
point ¢;; without changing the minimal value of the problem (6.23)),
and the extremal values of the two problems are equal, i.e.

n k1 ka
,6 = H’[) - Za—civi = 2)\1].?3(751].) - Z/\gj’l}(tQj). (628)
i=1 j=1 j=1
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Because of the constraint

k1 ko
Z/\ljvi(tlj) - Z)\zjvi(tzj) =0 foralli € {1, cen ,TL}
j=1

=1

it follows
k1 n ko n
Z )‘13‘ Za‘:ivi(tlj) - Z /\2]. Zi’ivi(t%) =0
7=1 i=1 j=1 i=1

and with the constraint

and the equations (6.30) and (6.28) we conclude

Z’\la |i—v t1 szvz t1 }
+ Z Ao, {@(tgj) — Z Zovi(ty,) + B}

= 0.

Then the following equations are satisfied:

— Za‘:iw(tlj) = ,6 for allj € {1, e ,k‘l},

0(ta,)

3

If we define the varlables

ki = /\1jf01‘j=1,...,]€1,
s; = tyforg=1,...,k

szvz to,) =—Bforall j € {1,...,ks}.

(6.29)

(6.30)

(6.31)
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and
Mri+i = —)\2], for ] = 1, .o ,k'g,
Skyj = lo;forg=1,... ks,
we get with the equation (6.31)

k1+ko

> il =1,
=1

and with the equation (6.29) it follows

k1+ko
Z pivi(sj) =0 foralli=1,...,n.

=1

Moreover, the following equation is satisfied:

n n
?}(83)—2 :Eivi(sj) = H’I}“Z ai"iv,-
i=1 i=1

If we notice that k; + k3 < n + 1, then the assertion follows immedi-
ately. 0

sgn(p;) for all j € {1,..., k1+ks}.

Example 6.17. We consider again Example 1.4 and ask for a
solution of the problem
min max |sinht — xt].
z€R t€[0,2]
By the alternation theorem the necessary and sufficient conditions for
a minimal solution z € R of this problem read as follows:

Ml + [Ae] =1

/\1t1 -+ /\2t2 =0

A1 #0 = sinhty — Zty = ||sinh — Zid|] sgn(\;)
Ay #0 = sinhty — Tty = ||sinh — Zid|| sgn(As)
|sinht; — Zty| = || sinh — Zid||

|sinhty — Zts| = || sinh — Zid||

/\1,)\2 € R; tl,tg € [0,2]
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One obtains from these conditions that Z is a minimal solution of the
considered approximation problem if and only if Z ~ 1.600233 (see
Fig. 1.3).

Exercises

6.1) Let the following primal minimization problem be given:
1

min 2a+/ta:(t) dt

0
subject to the constraints
1

l-—a- / z(s)ds < 0 almost everywhere on [0, 1]
t

z(t) > 0 almost everywhere on [0, 1]

a>0

x € L0,1], « € R.

(a) Formulate the equivalent dual problem (6.5) of this mini-
mization problem.

(b) Show that the minimal value of this problem is 2 and that
the maximal value of the dual problem (6.4) is 1. Conse-
quently, there is a duality gap.

62) With the matrices Au < R(ml’nl), A12 € R(ml,nz)’ A21 € R(m2’n1),
Ay € Rm2m2) and the vectors by € R™, by € R™, ¢ € R™,
ca € R™ we consider the following primal linear optimization
problem:

min cf'z; + 'z,

subject to the constraints

Anzy + Apzy = b

Aqzy + Agexg > by

I Z ORnl, To € R"™2,
The inequalities have to be understood component by compo-
nent. Associate to this primal problem an equivalent dual prob-
lem by (6.17).
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6.3) Consider the problem (6.19) of the linear Chebyshev approx-
imation with M = [0,1], (t) = ¢* for all t € [0,1], n = 1,
vi(t) = ¢ for all ¢ € [0,1]. With the aid of the alternation
theorem (Theorem 6.16) determine a solution of this problem.



Chapter 7

Application to Extended
Semidefinite Optimization

In semidefinite optimization one investigates nonlinear optimization
problems in finite dimensions with a constraint requiring that a cer-
tain matrix-valued function is negative semidefinite. This type of
problems arises in convex optimization, approximation theory, con-
trol theory, combinatorial optimization and engineering. In system
and control theory so-called linear matrix inequalities (LMI’s) and
extensions like bilinear matrix inequalities (BMUI’s) fit into this class
of constraints. Our investigations include various partial orderings for
the description of the matrix constraint and in this way we extend the
standard semidefinite case to other types of constraints. We apply the
theory on optimality conditions developed in Chapter 5 and the du-
ality theory of Chapter 6 to these extended semidefinite optimization
problems.

7.1 Lowner Ordering Cone and Exten-
sions

In the so-called conic optimization one investigates finite dimensional
optimization problems with an inequality constraint with respect to a
special matrix space. To be more specific, let S™ denote the real linear
space of symmetric (n,n)-matrices. It is obvious that this space is a
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finite dimensional Hilbert space with the scalar product (-, -) defined
by

(A, B) = trace(A- B) forall A,BeS" (7.1)
Recall that the trace of a matrix is defined as sum of all diagonal
elements of the matrix. Let C be a convex cone in S™ inducing a
partial ordering <. Then we consider a matrix function G : R™ — &™
defining the inequality constraint

If f:R™ — R denotes a given objective function, then we obtain the
conic optimization problem
min f(x)
subject to the constraints
G(l’) % Osn
x € R™.

The name of this problem comes from the fact that the matrix in-
equality has to be interpreted using the ordering cone C. Obviously,
the theory developed in this book is fully applicable to this problem
structure.

In the special literature one often investigates problems of the form

min f(X)
subject to the constraints

G(X) < 0gn
X eds?

(7.3)

(7.4)

with given functions f : 87 - Rand G : 8 — 8" In this case
the matrix X € &P can be transformed to a vector x € RPP where
x consists of all columns of X by stacking up columns of X from

the first to the p-th column. The dimension can be reduced because
p(p+1)

X is symmetric. Then we obtain x € R™z . If ¢ denotes the
transformation from the vector x to the matrix X, then the problem
(7.4) can be written as

~

min (f o @)(z)
subject to the constraints
(Gop)(z) < 0sn
T € REGH
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Hence, the optimization problem is of the form of problem (7.3) and
it is not necessary to study the nonlinear optimization problem (7.4)
separately.

In practice, one works with special ordering cones for the Hilbert
space &™. These cones are discussed now.

Remark 7.1. Let S™ denote the real linear space of symmetric
(n,n) matrices.

(a)

The convex cone
ST :={X € 8" | X is positive semidefinite}

is called the Lowner'® ordering cone.

The partial ordering induced by the convex cone S7 is also called
Léwner partial ordering < (notice that we use the special sym-
bol < for this partial ordering). The problem (7.3) equipped
with the Lowner partial ordering is then called a semidefinite
optimization problem. The name of this problem is caused by
the fact that the inequality constraint means that the matrix
G(z) has to be negative semidefinite.

Although the semidefinite optimization problem is only a fi-
nite dimensional problem, it is not a usual problem in R™ be-
cause the Lowner partial ordering makes the inequality con-
straint complicated. In fact, the inequality (7.2) is equivalent
to infinitely many inequalities of the form

y"G(z)y <0 for all y € R™
The K -copositive ordering cone is defined by
Crh={XeS" |y'Xy>0 forall yc K}

for a given convex cone K C R", i.e., we consider only matrices
for which the quadratic form is nonnegative on the convex cone

10K Léwner, Uber monotone Matrixfunktionen, Mathematische Zeitschrift 38
(1934) 177-216.
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K. If the partial ordering induced by this convex cone is used
in problem (7.3), then we speak of a K-copositive optimization
problem.

It is evident that ST C C% for every convex cone K and S} =
&~ Therefore, we have for the dual cones (C%)* C (SF)*.

If K equals the positive orthant R?, then Cﬁi is simply called

copositive ordering cone and the problem (7.3) is then called
copositive optimization problem.

The nonnegative ordering cone is defined by
Nt :={XeS"|X;>0 forall i,j€{1,...,n}}.

In this case the optimization problem (7.3) with the partial
ordering induced by the convex cone N™ reduces to a standard
optimization problem of the form
min f(x)
subject to the constraints
Gij(z) <0 forall 4,5 €{1,...,n}
x € R™.

The number of constraints can actually be reduced to 3(%11)

because the matrix G(z) is assumed to be symmetric. So, such
a problem can be investigated with the standard theory of non-
linear optimization in finite dimensions.

The doubly nonnegative ordering cone is defined by
D" = SINN"
= {X € 8" | X is positive semidefinite and
elementwise nonnegative}.
If we use the partial ordering induced by this convex cone in
the constraint (7.2), then the optimization problem (7.3) can
be written as
min f(x)
subject to the constraints
G(ZE) j OSn
Gij(xz) <0 forall 4,5 €{1,...,n}
x € R™.
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So, we have a semidefinite optimization problem with additional
finitely many nonlinear constraints. Obviously, for every convex
cone K we have D" C C% and (C%)* C (D™)*.

Before discussing some examples we need an important lemma on
the Schur complement.

A BT
B C
and B € REF) be given, and assume that A is positive definite. Then
we have for the Lowner partial ordering <

Lemma 7.2. Let X = < ) e S with A e Sk, C e S

—X =% 0gert <= —(C—BA'BT) = 0g
(the matriz C — BA BT is called the Schur complement of A in X ).

Proof. We have

A BT T
—X < Ogert <= og(xT,yT)<B o ) (y)
=27 Az + 22T BTy +yTCy for all x € RF
and all y € R

— 0< mirllc 2T Az 4+ 22T BTy +yTCy for all y € R,
z€ER

Since A is positive definite, for an arbitrarily chosen y € R! this
optimization problem has the minimal solution —A~!B7y with the
minimal value

—yTBA BTy 4 yTCy = yT(C — BA™*BT)y.
Consequently we get
~X < 0gknt <= yT(C—BA'BT)y >0 forally € R
<= —(C—BA™'BT) < 04.
O

The following example illustrates the significance of semidefinite
optimization.
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Example 7.3.

(a)

The problem of determining the smallest among the largest
eigenvalues of a matrix-valued function A : R™ — S™ leads
to the semidefinite optimization problem

min A
subject to the constraints
A(l’) — A j Ogn
zeR™

(with the identity matrix I € 8™ and the Lowner partial order-
ing <). Indeed, A(x) — A\ is negative semidefinite if and only
if for all eigenvalues Ap,..., A, of A(z) the inequality \; < A is
satisfied. Hence, with the minimization of A\ we determine the
smallest among the largest eigenvalues of A(z).

We consider a nonlinear optimization problem with a quadratic
constraint in a finite dimensional setting, i.e. we have

min f(z)
subject to the constraints
(Az +b)T(Az +b) —cfz —a <0
z € R™.

(7.5)

with an objective function f : R™ — R, a given matrix A €
RE™) given vectors b € R* and ¢ € R™ and a real number a.
If < denotes again the Lowner partial ordering, we consider the

inequality
I Az +b
B ( (Az +0)T Tz+a ) = Oges (76)

(I € S* denotes the identity matrix). By Lemma 7.2 this in-
equality is equivalent to the quadratic constraint

(Az +b)T(Az +b) — Tz~ a < 0.

If the i-th column of the matrix A (with ¢ € {1,...,k}) is
denoted by a® € R™, then we set

I b
©) ._
A '—<bT oz)
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and

) 0 (@)
AW .— ( (‘f)’fp a4 ) forallie {1,...,k},
a C;

and the inequality (7.6) is equivalent to
—A® _ AWz — = APB g < Ogrsr.

Hence, the original problem (7.5) with a quadratic constraint
can be written as a semidefinite optimization problem with a
linear constraint

min f(z)
subject to the constraints
—A(O) - A(l)l'l — .. A(k)l‘k j 05k+1
x € R™.

Although the partial ordering used in the constraint becomes
more complicated by this transformation, the type of the con-
straint which is now linear and not quadratic, is much simpler
to handle. A similar transformation can be carried out in the
case that, in addition, the objective function f is also quadratic.
Then we minimize an additional variable and use this variable
as an upper bound of the objective function.

We consider a system of autonomous linear differential equa-
tions

z(t) = Az(t) + Bu(t) almost everywhere on [0,00)  (7.7)

with given matrices A € R(®*) and B € R*Y, Using a feedback
control

u(t) = Fz(t) almost everywhere on [0, c0)

with an unknown matrix F' € RG*) we try to make the system
(7.7) asymptotically stable, i.e. we require for every solution z
of (7.7) that

lim ||z(¢)]| =0

t—o00
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for the Euclidean norm || - || in R*. In control theory the au-
tonomous linear system (7.7) is called stabilizable, if there exists
a matrix F € RUF) so that the system (7.7) is asymptotically
stable.

For the determination of an appropriate matrix F' we investigate
the so-called Lyapunov function v : R¥ — R with

v(%) = 37 P% for all Z € R*

(P € S* is arbitrarily chosen and should be positive definite).
Since P is positive definite we have

v(Z) > 0 for all & € R*\{Ogx}. (7.8)
For a solution z of the system (7.7) we obtain
o(z(t))
d_ T
= Et-a:(t) Pzx(t)
= 2(t)TPx(t) + 2(t)T Pi(t)

= (Az(t) + BFz(t))" Pz(t) + z(t)T P(Az(t) + BFx(t))
z(t)T((A+ BF)'P + P(A+ BF))x(t).
If the matrices P and F are chosen in such a way that (A +

BF)T P+ P(A+BF) is negative definite, then there is a positive
number o with

o(x(t)) < —allz(t)]|* for all t € [0, 00). (7.9)
The inequalities (7.8) and (7.9) imply
tlir?o v(z(t)) = 0. (7.10)

Since P is assumed to be positive definite, there is a positive
number § > 0 with

v(&) > B||%||* for all € R”.
Then we conclude with (7.10)
lim [jz(t)|| = 0,

t—oo
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i.e. the autonomous linear system (7.7) is stabilizable. Hence,
we obtain the stabilization of (7.7) by a feedback control, if we
choose a positive definite matrix P € S* and a matrix F € Rt
so that (A+ BF)TP + P(A + BF) is negative definite.

In order to fulfill this requirement we consider the semidefinite
optimization problem

min A
subject to the constraints
~AM + (A+ BF)TP + P(A+ BF) = 0g (7.11)
—A — P < 0gx
ANeER, PeSk FeRGA

(I € S* denotes the identity matrix and recall that < denotes
the Lowner partial ordering). By a suitable transformation this
problem formally fits into the class (7.3) of semidefinite prob-
lems. Here G has to be defined in an appropriate way. It is
important to note that it is not necessary to solve the problem
(7.11). Only a feasible solution with A < 0 is requested. Then
the matrices P and F fulfill the requirements for the stabiliza-
tion of the autonomous linear system (7.7).

Finally we discuss an applied problem from structural optimiza-
tion and consider a structure of k elastic bars connecting a set of
p nodes (see Figure 7.1). The design variables z; (i =1,...,k)

Figure 7.1: Cantilever with 7 nodes and the load force f.
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are the cross-sectional areas of the bars. We assume that nodal
load forces fi,...,f, are given. Il,...,l; denote the length
of the bars, v is the maximal volume, and z, > 0 and Z; are
the lower and upper bounds of the cross-sectional areas. The
so-called stiffness matrix A(z) € S? is positive definite for all

Z1,...,2; > 0. We want to find a feasible structure with min-
imal elastic stored energy. Then we obtain the optimization
problem

min fTA(z)71f
subject to the constraints
k
Z lzazz S v
i=1
z, <xz;<z; forallie{l,... .k}

or
min A
subject to the constraints

FTA@@)1f — A< 0
k
lexz S v
i=1
z, <z; < forallie{l,... k}.

By Lemma 7.2 the inequality constraint
ffA() ' f—=A<0

is equivalent to

_ ( Af(gf) { > < Ogons

(recall that < denotes the Lowner partial ordering). Hence, we
get a standard semidefinite optimization problem with an addi-
tional linear inequality constraint and upper and lower bounds:

min A
subject to the constraints
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— < Aﬁ) { ) = Ogp+1
k
ZZZLCZS’U
i=1

gigxigii:for alli e {1,...,k}.

Although the Lowner partial ordering is mostly used for describing
the inequality constraint (7.2), we mainly investigate the more general
conic optimization problem (7.3) covering the standard semidefinite
problem. For the application of the general theory of this book we
now investigate properties of the presented ordering cones in more
detail.

Lemma 7.4. For the Lowner ordering cone ST we have:
(a) int(Sh) = {X € 8" | X is positive definite}
(b) (S})* = S%, i.e. ST is self-dual.

Proof.

(a) First, we show the inclusion int(S%) C {X € 8™ | X is positive
definite}. Let X € int(S7}) be arbitrarily chosen. Then we get
for a sufficiently small A >0 X — X € 8} (I € 8" denotes
the identity matrix), i.e.

0<2T(X =MDz =2"Xz - X2"z forallz € R™
implying
2T Xz > X2Tz >0 for all z € R™\{Ogn }.

Consequently, the matrix X is positive definite.

Next we prove the converse inclusion. Let a positive definite
matrix X € 8" be arbitrarily given. Then all eigenvalues of X
are positive. Since the minimal eigenvalue continuously depends
on the elements of the matrix, it follows immediately that X
belongs to the interior of S7.
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(b) First, we show the inclusion (S§7)* C S?. Let an arbitrary
matrix X € (S7)* be chosen and assume that X ¢ S?. Then
there exists some y € R™ so that y7 Xy < 0. If we set Y := yy/7,
we have Y € ST and we obtain

(X,Y) = trace(Xyy") = yT Xy < 0,

a contradiction to X € (ST)*.

Now, we prove the converse inclusion. Let X € ST be arbitrarily
given. Choose any ¥ € S}. Since X and Y are symmetric

and positive semidefinite it is known that there are matrices
VX, VY € 8" with (vVX)? = X and (VY)? =Y and we obtain

(X,Y) = trace(VXVXVYVY)
= trace(VXVYVYVX)

VT ATT)

0.

Y

Hence, we conclude X € (S7)*.

O

The result of Lemma 7.4,(b) is also called Féjér theorem in the
special literature.

For the K-copositive ordering cone we obtain similar results.

Lemma 7.5. Let K C R" be a convex cone. For the K -copositive
ordering cone Cy% we have:

(a) {X € 8" | X is positive definite} C int(C).
(b) In addition, if K is closed, then for Hi := convex hull {zzT|z €
K}

(i) Hg is closed
(i) (Cg)" = Hk-
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Proof.

(a)

(b)

By definition we have ST C C%. Consequently, the assertion
follows from Lemma 7.4,(a).

(i) Let an arbitrary sequence X, € Hg be chosen with the limit
X € 8™ (with respect to the spectral norm). Since K is a cone,

for every k € N there are vectors z(1+), ... z®) ¢ K with the
property
P
X, = Zx(ik)x(ik)T
=1

(notice that by the Carathéodory theorem the number p of vec-
tors is bounded by n+1). Every z(%) € K (i € {1,...,p}, k€
N) can be written as

() — Miks(ik)
with g;, > 0 and
s e Kn{z eR" | |z| = 1}

(|| - | denotes the Euclidean norm in R™). This set is compact
because K is assumed to be closed. Consequently, we obtain
for every k € N

p
=1

Since s(1*) ... s belong to a compact set and (Xj)ren con-
verges to X, the numbers pu,,,..., 1, are bounded and there
are subsequences (s%%)),cy and (ki Jien (with ¢ € {1,...p})
converging to s € K and p; € R, respectively, with the prop-

erty
p

X = Zﬂfs(i)s(i)T~

i=1

This implies X € Hi. Hence, Hg is a closed set.
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(i) First we show the inclusion Hx C (C%)*. For an arbitrary
X € Hg we have the representation

P
X = Zx(i)x(i)T for some 2V, ... 2P e K

i=1
(notice here that K is a cone). Then we obtain for every Y € Cp

(Y, X) = trace(Y - X)

P
= trace <Y }: a:(i)x(i)T)

=1

trace(Yzz®7

)

Il
NE

1

3

oT

2O Yz

I
-M“

1

AV
O

)

ie. X € (CE)~

For the proof of the converse inclusion we first show Hj C C%.
Let an arbitrary X ¢ C7% be given. Then there is some y € K
with yT Xy < 0. If we set Y := yyT, then we have Y € Hx and

(Y, X) = trace(Y - X) = trace(Xyy”) = y* Xy < 0,

ie. X ¢ Hy,. Consequently Hj C C% and for the dual cones
we get

(Cr)" C (Hi)". (7.12)
Next, we show that (H})* C Hk. For this proof let Z € (Hj)*
be arbitrarily given and assume that Z ¢ Hg. Since Hg is

closed by part (i) and convex, by Theorem C.3 there exists some
V € 8"\{0s~} with

(v,2) < inf (V). (7.13)

This inequality implies
(V,Z) <0, (7.14)
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if we set U = Osn. Now assume that V ¢ Hj. Then there is
some U € Hg with (V,U) < 0. Since Hk is a cone, we have
AU € Hy for all A > 0 and

0> MV,U) = (V,\U) for all X > 0.

Consequently, (V, U ) can be made arbitrarily small contra-
dicting to the inequality (7.13). So V € Hj and because of
Z € (Hj)* we obtain (V,Z) > 0 contradicting (7.14). Hence
we get Z € Hg. With the inclusions (H})* C Hg and (7.12)
we then conclude (C%)* C Hg which has to be shown.

O

In the special literature elements in the dual cone (Cgn)* = Hry

(i.e. we set K = R%) are called completely positive matrices.
Finally we present similar results for the nonnegative ordering
cone and the doubly nonnegative ordering cone.

Lemma 7.6. For the nonnegative ordering cone N™ and the
doubly nonnegative ordering cone D™ we have:

(a) inf(N") ={X e S" | X;; >0 foralli,j €{1,...,n}}
(b) (N™)* = N™, i.e. N" is self-dual

(¢) int(D") ={X € 8™ | X is positive definite and elementwise
positive}

(d) (D™)* = D", i.e. D" is self-dual.

Proof.
(a) This part is obvious.

(b) (i) Let X € N™ be arbitrarily chosen. Then we get for all
M e N™

(X,M) = trace(X M)
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n n
S % WA
=1 j=1 35 0
> 0.
Consequently, we have X € (N™)*.

(ii) Now let X € (N™)* be arbitrarily chosen. If we consider
M € N™ with
My = { (1) (f)?;l;lérwilsceand 7!
for arbitrary k,l € {1,...,n}, then we conclude
0 < (X, M) = Xu.
So, we obtain X € N™,

(c) With Lemma 7.4,(a) and part (a) of this lemma we get
int(D*) = int(SF NN")
= int(ST) Nint(N™)
{X € 8% | X positive definite and elementwise
positive}.
(d) With Lemma 7.4,(b) and part (b) of this lemma we obtain
(D) = (S (N7
= SYNN"
D",

7.2 Optimality Conditions

The necessary optimality conditions presented in Section 5.2 are now
applied to the conic optimization problem (7.3) with the partial or-
dering < inducing the ordering cone C. To be more specific, let
f:R™ - Rand G : R™ — 8™ be given functions and consider the
conic optimization problem
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min f(z)
subject to the constraints
G(CE‘) < OS”
x € R™

First, we answer the question under which assumptions the matrix
function G is Fréchet differentiable.

Lemma 7.7. Let the matriz function G : R™ — 8™ be element-
wise differentiable at some T € R™. Then the Fréchet derivative of G
at T is given by

G'@)(h) =Y Ga(2)hi for allh € R™
i=1
with
%Gn e %Gm
Gy, = : : forall ie{l,...,m}.
%Gnl %Gnn

Proof. Let h € R™ be arbitrarily chosen. Since G is elementwise
differentiable at £ € R™, we obtain for the Fréchet derivative of G

VGu(E)Th - VGi(E)Th
G'(z)(h) = : :

VGu(@)Th -+ VGu(Z)Th

ZGllzi(E) hy - ZG“"“ (Z) b

i=1 i=1

Z Gnlz, (f) hz T Z Gnnmi (j) hz

i=1 i=1
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Now we present the Lagrange multiplier rule for the conic opti-
mization problem (7.3).

Theorem 7.8. Let f:R™ — R and G : R™ — S™ be given func-
tions, and let T € R™ be a minimal solution of the conic optimization
problem (7.8). Let f be differentiable at T and let G be elementwise
differentiable at . Then there are a real number u > 0 and a matriz
L e C* with (i, L) # (0,0sx),

(L, G (2))
V(7 + z — O (7.15)
(L, G,,,(Z))
and
(L,G(z)) = 0. (7.16)

If, in addition to the above assumptions the equality
G'(Z)(R™) + cone (C + {G(%)}) = S" (7.17)
is satisfied, then it follows p > 0.

Proof. Because of the differentiability assumptions we have that
f and G are Fréchet differentiable at . Then we apply Corollary 5.4
and obtain the existence of a real number p > 0 and a matrix L € C*

with (M’ L) 7é (07 OS"))
UV (@) + Lo G'(Z) = Ogm (7.18)

and
(L,G(z)) = 0.

For every h € R™ we obtain with Lemma 7.7
(LoG'(@)(h) = (L,G'(Z)(h)
= (L, ) Gu(@)hi)
i=1

= Z(L, Ga, ()
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(L, Gey(@) |
= : h.
(L, Go,.(2))
Then the equality (7.18) implies
(L, Gz (2))
uVf(z) + s = Ogr.
(L, Gz (T))

Hence, one part of the assertion is shown. If we consider the Kurcyusz-
Robinson-Zowe regularity assumption (5.9) for the special problem
(7.3), we have § = R™ and cone($ — {Z}) = R™. So, the equality
(7.17) is equivalent to the regularity assumption (5.9). This completes
the proof. O

In the case of ¢ > 0 we can set U := -};L € C” and the equalities
(7.15) and (7.16) can be written as

[2(Z) + (U, Gy, (2)) =0 forallie {1,...,m}

and

<U’ G(j» =

This gives the extended Karush-Kuhn-Tucker conditions to matrix
space problems.

In Theorem 7.8 the Lagrange multiplier L is a matrix in the dual
cone C*. According to the specific choice of the ordering cone C
discussed in Lemmas 7.4, 7.5 and 7.6 we take the dual cones given
in Lemmas 7.4,(b), 7.5,(b),(ii) and 7.6,(b),(d). For instance, if C
denotes the Lowner ordering cone, then the multiplier L is positive
semidefinite.

Instead of the regularity assumption (7.17) used in Theorem 7.8
we can also consider a simpler condition.

Lemma 7.9. Let the assumption of Theorem 7.8 be satisfied
and let C denote the K-copositive ordering cone C% for an arbi-
trary convez cone K. If there exists a vector & € R™ so that G(z) +
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Z G, (Z)(2; —T;) is negative definite, then the reqularity assumption
i=1
in Theorem 7.8 is fulfilled.

Proof. By Lemma 7.5,(a) we have
G@)+G@)(E—-7) = G@)+ ) CGo (@) (& — &)
i=1

€ —int(Ck)

and with Theorem 5.6 the Kurcyusz-Robinson-Zowe regularity as-
sumption is satisfied, i.e. the equality (7.17) is fulfilled. a

It is obvious that in the case of the Lowner partial ordering S =
Cg» Lemma 7.9 is also applicable. Notice that a similar result can be
shown for the ordering cones discussed in Lemma 7.6. For the interior
of these cones we can then use the results in Lemma 7.6,(a) and (c).

Next, we answer the question under which assumptions the La-
grange multiplier rule given in Theorem 7.8 as a necessary optimality
condition is a sufficient optimality condition for the conic optimiza-
tion problem (7.3).

Theorem 7.10. Let f : R™ —- R and G : R™ — 8™ be given
functions. Let for some & € R™ f be differentiable and pseudoconver
at T and let G be elementwise differentiable and (—C+ cone({G(Z)})—
cone({G(Z)}))-quasiconvex at T. If there is a matriz L € C* with

(L,Gq, (%))
Vf(Z)+ : = Ognm (7.19)
(L,G,, (%))

and
<L> G(a_:» =0,

then T is a minimal solution of the conic optimization problem (7.8).

Proof. With Lemma 7.7 the equality (7.19) implies
Vf(Z)+ LoG(Z) = Ogm.
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By Lemma 5.16 and Corollary 5.15 the assertion follows immediately.
O

The quasiconvexity assumption in Theorem 7.10 (compare Defini-
tion 5.12) means that for all feasible z € R™

G(z) — G(z) € —C + cone({G(%)}) — cone({G(Z)})
= Z Gy, (Z)(x; — &;) € —C + cone({G(Z)}) — cone({G(Z)}).

For all feasible z € R™ this implication can be rewritten as
G(z)+ (e —1—-06)G(Z) € —C for some o, 3 > 0

=> Y Go(z)(z: — Z;) + (7 — 6)G(Z) € —C for some 7,5 >0
=1

or
G(z) + aG(z) € —C for some & € R

= ZGmi (Z)(z; — %) +7G(Z) € —C for some 7 € R.
i=1

7.3 Duality

The duality theory developed in Chapter 6 is now applied to the
conic optimization problem (7.3) with given functions f : R™ — R
and G : R™ — 8™ and the partial ordering < inducing the ordering
cone C.

For convenience we recall the primal optimization problem

min f(x)
subject to the constraints
G (m) < Ogn
z € R™

According to Section 6.1 the dual problem can be written as

max inf f(z)+ (U, G(z)) (7.20)

UeC* zeR™
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or equivalently

max A
subject to the constraints
f(z)+(U,G(z)) > X for all z € R™
AER, UeC™.

We are now able to formulate a weak duality theorem for the conic
optimization problem (7.3).

Theorem 7.11. Let the composite mapping (f,G) : R™ — RxS"”
be convex-like. For every feasible & of the primal problem (7.3) and
for every feasible U of the dual problem (7.20) the following inequality
1s satisfied

~

inf f(z) + (U,G(x)) < (2).

z€ER™

Proof. This result follows immediately from Theorem 6.6. O

The following strong duality theorem is a direct consequence of
Theorem 6.7.

Theorem 7.12. Let the composite mapping (f,G) : R™ — RxS"
be convez-like and let the ordering cone have a nonempty interior
int(C). If the primal problem (7.3) is solvable and the generalized
Slater condition is satisfied, i.e., there is a vector & € R™ with G(Z) €
—int(C), then the dual problem (7.20) is also solvable and the extremal
values of the two problems are equal.

For instance, if the ordering cone C' is the K-copositive ordering
cone C} for some convex cone K C R", then by Lemma 7.5,(a) the
generalized Slater condition in Theorem 7.12 is satisfied whenever
G(%) is negative definite for some & € R™. In this case a duality gap
cannot appear.

With the investigations in Section 6.4 it is simple to state the dual
problem of a linear semidefinite optimization problem. If we specialize
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the problem (7.3) to the linear problem

min ¢’z

subject to the constraints
B < A(x)
T1yer 3Ty 20

(7.21)

with ¢ € R™, a linear mapping A : R™ — 8™ and a matrix B € S™.
Since A is linear, there are matrices A, ..., A € S§" so that

Alz) = AWz 4.+ A™ g for all z € R™.

Then the primal linear problem (7.21) can also be written as

min ¢z

subject to the constraints
B= AWz + ...+ AmMg,
T1yeeey T 2> 0.

(7.22)

For the formulation of the dual problem of (7.22) we need the adjoint
mapping A* : 8" — R™ defined by

AY(U)(=z) (U, A(z))
(U,AVz; + ...+ AMg,)
= (U, U AWV gy + . + (U, A™)z,,
(U, Ay, ,(U, A g
for all z € ]Rm and all U € §™.

Using the general formulation (6.17) we then obtain the dual problem

max (B,U) )
subject to the constraints

AW Uy <
iU <a (7.23)

<A(m))U> < Cnm
UeC*.

/

In the special literature on semidefinite optimization the dual problem
(7.23) is very often the primal problem with C* = S%. In this case
our primal problem is then the dual problem in the literature.
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Exercises

7.1) Show that the Lowner ordering cone S7 is closed and pointed.
7.2) Show for the Léwner ordering cone
ST = convex hull {zz” | z € R"}.

7.3) As an extension of Lemma 7.2 prove the following result: Let

A BT kbl k ! Lk
X = 5 O € S* with A € S*, C € & and B € RGH

be given, and assume that A is positive definite. Then we have
for an arbitrary convex cone K C R:

XeCH!, <« C-BA'B'eCyL.
7.4) Show for arbitrary A, B € 8%
(A,By=0 <= AB =0gn.
7.5) Let A be a given symmetric (n, n) matrix. Show for an arbitrary
(j—i+1,5 —i+1) block matrix AY (1 <i<j <n) with
AY = Ayp 1 forall bl e {1,...,5—i+1}:
A positive semidefinite ==  AY positive semidefinite.

7.6) Show that the linear semidefinite optimization problem

min o
subject to the constraints

T 1
- <
< 1 z9 ) - 082
X1, € R
(where < denotes the Lowner partial ordering) is not solvable.

7.7) Let the linear mapping G : R? — §? with

G(z1,x2) = ( 2 :%2 ) for all (z1,z,) € R?

be given. Show that G does not fulfill the generalized Slater
condition given in Theorem 7.12 for C' = S2.
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7.8) Let ¢ € R™, B € 8" and a linear mapping A : R™ — S™ with
Alz) = AWz + ...+ A™g, for all z € R™

for AM, ..., A™ ¢ 8™ be given. Show that for the linear prob-

lem
T
min c¢'z

subject to the constraints
B < A(z)
x € R™

the dual problem is given by

max (B, U)
subject to the constraints
<A(1), U> =

(A™ U = ¢,
UecC.

7.9) Consider the linear semidefinite optimization problem

min x;
subject to the constraints
0 —T1 0
-1 —T3 0 j 053
0 0 —T1 — 1
1,29 € R

(where < denotes the Lowner partial ordering). Give the cor-
responding dual problem and show that the extremal values of
the primal and dual problem are not equal. Why is Theorem
7.12 not applicable?



Chapter 8

Direct Treatment of Special
Optimization Problems

Many of the results derived in this book are concerned with a gen-
erally formulated optimization problem. But if a concrete problem
is given which has a rich mathematical structure, then solutions or
characterizations of solutions can be derived sometimes in a direct
way. In this case one takes advantage of the special structure of the
optimization problem and can achieve the desired results very quickly.
In this final chapter we present two special optimal control prob-
lems and show how they can be treated without the use of general
theoretical optimization results. The first problem is a so-called lin-
ear quadratic optimal control problem. For the given quadratic ob-
jective functional one gets a minimal solution with the aid of a simple
quadratic completion without using necessary optimality conditions.
The second problem is a time-minimal optimal control problem which
can be solved directly by the application of a separation theorem.

8.1 Linear Quadratic Optimal Control
Problems

In this section we consider a system of autonomous linear differential
equations

#(t) = Az(t) + Bu(t) almost everywhere on [0, T (8.1)
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and an initial condition
z(0) = z° (8.2)

(where T > 0 and z° € R™ are arbitrarily given). Let A and B
be (n,n) and (n, m) matrices with real coefficients, respectively. Let
every control v € L™([0,T]) be feasible (i.e. the controls are uncon-
strained). It is our aim to steer the system (8.1), (8.2) as close to a
state of rest as possible at the terminal time T'. In other words: For a
given positive definite symmetric (n, n) matrix G with real coefficients
the quadratic form z(7)7Gz(T) should be minimal. Since we want
to reach our goal with a minimal steering effort, for a given positive
deﬁnite symmetric (m, m) matrix R with real coefficients the expres-

sion f (t)T Ru(t) dt should be minimized as well. These two goals are
used for the definition of the objective functional J : L™ ([0,7]) — R
with
7
J(u) = 2(P) Ga(T) + / w(t)T Ru(t) dt for all w € L™ ([0, 7).
0

Under these assumptions the considered linear quadratic optimal con-
trol problem then reads as follows:

Minimize the objective functional J with respect
to all controls u € L™ ([0,77) for which the result-
ing trajectory is given by the system (8.1) of dif-
ferential equations and the initial condition (8.2).

(8.3)

In order to be able to present an optimal control for the problem
(8.3) we need two technical lemmas.

Lemma 8.1. Let P(-) be a real (n,n) matriz function which is
symmetric and differentiable on [0,T). Then it follows for an arbitrary
control u € L™ ([0,T]) and a trajectory x of the initial value problem

(8.1), (8.2):

0 = 27 P(0)2° — z(T)T P(T)a(T) + ()T BTP(t)x(t)

O\ﬂ
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+a(t)T (P(t) + ATP(t) + P(t)A) x(t)] dt.

Proof. For an arbitrary control v € L™([0,7]) and a corre-
sponding trajectory z of the initial value problem (8.1), (8.2) and an
arbitrary real matrix function P(-) defined on [0, 7] and being sym-
metric and differentiable it follows:

d T
= [T Pe)2(t)

= 2(®)TPM)z(t) + z(t)T <P(t)z(t) + P(t):'v(t))

= (Az(t) + Bu(t))" P(t)z(t)
+a ()T (P)z(t) + P() (Az(t) + Bu(t)))

= ()T (P(t) + ATP(t) + P(t)A) (%)
+2u(t)T BT P(t)z(t) almost everywhere on [0, 7.

With the initial condition (8.2) we get immediately by integration

x(T)Tzf(T)x(T) — 227 P(0)2°

_ / [2u(t)" B™P()a()

+a(t)T (P(t) + ATP(t) + P(t)A) a:(t)] dt

which implies the assertion. O
Lemma 8.2. The (n,n) matric function P(-) with
A 1
P(t) = [eA“—T )G1eATT) / A=) BRI BT () ds]_
t

for all t € [0,7) (8.4)
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s a solution of the Bernoulli matriz differential equation

P(t)+ ATP(t) + P(t)A— P(t)BR™*BTP(t) = 0 for all t € [0,7
(8.5)
with the terminal condition

P(T) =G. (8.6)
The matriz function P(-) defined by (8.4) is symmetric.

Proof. First we define the (n,n) matrix function ¢(-) by
7
Q(t) — eA(t—'f’)G—leAT(t—'f') + /eA(t-—s)BR-lBTeAT(t—s) ds
t

for all t € [0,T]

(notice that the matrix exponential function is defined as a matrix
series). It is evident that Q(-) is a symmetric matrix function. For
an arbitrary z € R", z # Ogn, we obtain

2YQ(t)z

T
_ gTeA(t—T)G—1eAT(t—T)§+/gTeA(t—s)BR—1BTeAT(t—s)§ds
>v0 ¢ zv()

> 0forall t € [0,7].

Consequently, for every ¢ € [0,77] the matrix Q(t) is positiv definite
and therefore invertible, i.e. the matrix function P(-) with

P(t) = Q(t)™* for all t € [0,7]
is well-defined. Since Q(-) is symmetric, P(+) is also symmetric.

It is obvious that P(-) satisfies the terminal condition (8.6). Hence,
it remains to be shown that P(:) is a solution of the Bernoulli matrix
differential equation (8.5). For this proof we calculate the derivative
(notice the implications for arbitrary ¢ € [0,T]: Q(t)-Q(t)™' = I =
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QR +QWF QM) =0 = FQO™) = -\

Q)™

P(t) = —(Q®)™)

= —Q®) 'MW

= —Qt)™! {AeA(t_T)G_leAT(t‘T)+eA(t—T)G—1€AT(t—T)AT
+/ (AeA(t—S)BR—lBTeAT(t—s)

+eA(t’S>BR“lBTeAT(‘“s)AT> ds — BR‘lBT] Q)™

= —Q1)7 [AQ() + QM)AT - BRT'BT] Q)™
—Q)TA-ATQ(H) T + Q(t) ' BRTIBTQ() !
—P(t)A— ATP(t) + P(t)BR™'BTP(t) for all ¢ € [0, T].

Consequently, P(-) satisfies the Bernoulli matrix differential equation
(8.5). O

With the aid of the two preceding lemmas it is now possible to
present the optimal control of the linear quadratic problem (8.3).

Theorem 8.3. The so-called feedback control u given by
@(t) = —R™'BT P(t)z(t) almost everywhere on [0,7]

is the only optimal control of the linear quadratic control problem (8.3)
where the matriz function P(-) is given by (8.4).

Proof. In the following let P(-) be the matrix function defined
by (8.4). Then we have with Lemma 8.1 and Lemma 8.2 for every
control w € L7(]0,T]) with u # @:

u(t)T Ru(t) dt

\’*L

Jw) = z(T)TGx(T) +

= 297 P(0)2® + x(

N, @

)G — P(D))x(T)
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+ / [u(t)" Ru(t) + 2u(t)" BT P(2)a ()

—l—a:(t)T(P(t) + ATP(t) + P(t)A)a;(t)] dt

(from Lemma 8.1)
7
_ (0)2° + / (BT Ru(t) + 2u(t)T BT P(#)z(t)
0

+a(t) P(t)BR‘lBTP(t)x(t)]dt

(from Lemma 8.2)
= 2TP0)° + / (u(t)+R"lBTP(t)x(t)>TR

(u(t) + R“lBTP(t):r:(t)) dt

> :vOTP(O)xO

= J(u).
Hence 4 is the only minimal point of the functional J. ad

The optimal control presented in Theorem 8.3 depends on the
time variable ¢ and the current state z(t). Such a control is called a
feedback or a closed loop control (see Fig. 8.1).

u(t) : - z(t)
t(t) = Az(t) + Bu(t)

a(t) = —R!BTP(t)x(t)

Figure 8.1: Feedback control of Theorem 8.3.
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If the control function depends only on ¢ and not on the state
z(t), then it is called an open loop control. Feedback controls are
of special importance for applications. Although feedback controls
are also derived from the mathematical model, they make use of the
real state of the system which is described mathematically only in an
approximate way. Hence, in the case of perturbations which are not
included in the mathematical model, feedback controls are often more
realistic for the regulation of the system.

Since the matrix function P is analytic and the trajectory z is
absolutely continuous, the optimal control @ in Theorem 8.3 is an
absolutely continuous vector function. In fact, a solution of the lin-
ear quadratic optimal control problem lies in a smaller subspace of
Lz ([0, T7).

Notice that the proof of Theorem 8.3 could be done with the aid of
an optimality condition. Instead of this we use a quadratic completion
with Lemma 8.1 and 8.2 which is simpler from a mathematical point
of view.

The linear quadratic control problem (8.3) can be formulated more
generally. If one defines the objective functional J by

J(v) = (T Gz(T) + / )7 Qz(t) + u(t)" Ru(t)) dt

for all u € L72([0,7])

where @) is a positive definite symmetric (n,n) matrix with real co-
efficients, then the result of Theorem 8.3 remains almost true for the
modified control problem. The only difference is that then the matrix
function P(-) is a solution of the Riccati matrix differential equation

P(t)+ ATP(t)+ P(t)A+Q — P(t)BR'BTP(t) = 0 for all t € [0,7]
with the terminal condition P(T) = G.

Example 8.4. As a simple model we consider the differential
equation

z(t) = 3z(t) + u(t) almost everywhere on [0, 1]
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with the initial condition
z(0) = 2°

where z° € R is arbitrarily chosen. The objective functional J reads
as follows:

J(u) = z(1)* + % /u(t}2 dt for all u € L ([0, 1]).

Then we obtain the function P as
_ 1 -1

P(t) = 63(t—1)€3(t—1)+5/63(t—s)63(t—s) ds

t

-1

1
— e6(t~1)+5/e6(t—s) ds
t

5 5171
_ 6(t-1) _ 2 s(t-1) , <
{e 66 + 6}
0 for all

Hence, the optimal control @ is given by

_ 6
30
= —r gD z(t) almost everywhere on [0,1]. (8.7)

If we plug the feedback control @ in the differential equation, we can
determine the trajectory z:

@(t) = 3a(t) +a(t)

30

30
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Then we obtain the trajectory x as

t
z(t) = z° e({(s m)ds

0 (33—-6(5—-1)+ln(66(s_1)+5))|:)

= I €
oy e-3t+1n(eﬁ<t—1)+5)~1n(e—6+5)
0
- e_f+5 e (54D 45) forallt €[0,1].  (8.8)

If we plug the equation (8.8) in the equation (8.7), we get the optimal
control % in the open loop form

3020

P e~3 almost everywhere on [0, 1].

a(t) = —

This optimal control is even a smooth function.

8.2 Time Minimal Control Problems

An important problem in control theory is the problem of steering a
linear system with the aid of a bounded control from its initial state to
a desired terminal point in minimal time. In this section we answer the
questions concerning the existence and the characterization of such a
time minimal control. As a necessary condition for such an optimal
control we derive a so-called weak bang-bang principle. Moreover, we
investigate a condition under which a time minimal control is unique.

In this section we consider the system of linear differential equa-
tions

@(t) = A(t)z(t) + B(t)u(t) almost everywhere on [0, 7] (8.9)
with the initial condition
z(0) = z° (8.10)
and the terminal condition

z(T) = x! (8.11)
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where 7' > 0, 2% 2! € R”, A and B are (n,n) and (n,m) matrix
functions with real coefficients, respectively, which are assumed to be
continuous on [0,77], and controls u are chosen from L7 ([0, 7)) with

willpo oy < 1foralli € {1,...,m}. Then we ask for a minimal

time T € [0,77] so that the linear system (8.9) can be steered from z°

to z' on the time interval [0, 7).
If we consider the linear system (8.9) on a time interval [0, 7] with
T € [0,T] we use the abbreviation

U(T) := {ueLZ(]0,T)) | for every k € {1,...,m} we have
lug(t)] < 1 almost everywhere on [0, T}
for all T € [0,T] (8.12)

for the set of all feasible controls with terminal time 7.

Definition 8.5. For any T € [0,7] consider the linear system
(8.9) on [0, T] with the initial condition (8.10). The set

K(T) = {z(T)eR" | ue U(T) and z satisfies the linear
system (8.9) on [0,7] and the initial condition (8.10)}

is called the set of attainability.

The set of attainability consists of all terminal points to which the
system can be steered from z° at the time 7. Since we assume by
(8.11) that the system can be steered to #! we have z* € K(T"). Hence,
the problem of finding a time minimal control for the linear system
(8.9) satisfying the conditions (8.10), (8.11) can be transformed to a
problem of the following type: Determine a minimal time T € [0, 7]
for which z! € K(T) (see Fig. 8.2).

Before going further we recall that for an arbitrary v € L7 ([0, T])
the solution of the initial value problem (8.9), (8.10) with respect to
the time interval [0, T], T € [0,77], can be written as

2(t) = B(0)2° + B(t) / B(s)~1 B(s)u(s) ds for all £ € [0, T]
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N

Figure 8.2: Illustration of the set of attainability.

where @ is the fundamental matrix with
®(t) = At)®(¢t) for all ¢ € [0,T],
®(0) = I (identity matrix)!?.
Notice that in the case of a time independent matrix A, the funda-

mental matrix ® is given as

— LAt _ %
ot)y=e*=) A - for all ¢ € [0, 7).
i=0
In the following, for reasons of simplicity, we use the abbreviations
Y(t) := & }(¢)B(t) for all t € [0, T

and

R(T) = { / Y (t)u(t)dt | u € U(T)} for all T € [0, T].

The set R(T) is sometimes called the reachable set. A connection
between K and R is given by

K(T) = @) (z°+ R(T))
= {®(T)z® + ®(T)y | ye R(T)} for all T€[0,T7]. (8.13)

11 A proof of this existence result can be found e.g. in [202, p. 121-122].
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First we investigate properties of the set of attainability.

Lemma 8.6. For every T € [0,T] the set K(T) of attainability
for the initial value problem (8.9), (8.10) with respect to the time
interval [0,T] is nonempty, convex and compact.

Proof. We present a proof of this lemma only in a short form. Let
some T € [0,7] be arbitrarily given. Because of the initial condition
(8.10) it is obvious that R(T") # 0. Next we show that the reachable

set

R(T) = { /T Y (£)u(t) dt

uEU(T)}

is convex and compact. U(T) is the closed unit ball in L7 ([0, T])
and therefore weak*-compact. Next we define the linear mapping
L:L7([0,T]) — R™ with

T

L(u) = / Y (£)u(t) dt for all u € LT ([0, TY).

0
L is continuous with respect to the norm topology in L7 ([0,T]), and
therefore it is also continuous with respect to the weak*-topology in
L™(]0,T]). Since L is continuous and linear and the set U(T) is
weak*-compact and convex, the image R(T) = L(U(T)) is compact
and convex. Because of the equation (8.13) the set K(T) is also
compact and convex. O

As a first important result we present an existence theorem for
time minimal controls.

Theorem 8.7. If there is a control which steers the linear system
(8.9) with the initial condition (8.10) to a terminal state x* within a
time T € [0,T, then there is also a time minimal control with this

property.

Proof. We assume that z' € K(T'). Next we set
T:=inf{T €[0,7] | ' € K(T)}.
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Then we have T < T, and there is a monotonically decreasing se-
quence (T;);eny With the limit 7 and a sequence (uf);ey of feasible
controls with

= x(Tz,ul) € K(Tz)
(let z(T;, u') denote the terminal state at the time 7T; with the control
u*). Then it follows

e I
= |2(Ti,v') — (T, u')]
_ “ T)e® + (1) | Yyi(t) dt — S(T) [ Y(Ei(e) dt

which implies because of the continuity of &
ry = lim z(T,u").
Camde o)

Since z(T, u') € K(T) for all i € N and the set K (T) is closed, we
get ' € K(T) which completes the proof. O

In our problem formulation we assume that the terminal condition
(8.11) is satisfied. Therefore Theorem 8.7 ensures that a time minimal
control exists without additional assumptions. For the presentation
of a necessary condition for such a time minimal control we need some
lemmas given in the following.

Lemma 8.8. Let the linear system (8.9) with the initial condition
(8.10) be given. Then the set-valued mapping K : [0,T] — 2% (where
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K (-) denotes the set of attainability) is continuous (with respect to the
Hausdorff distance).

Proof. First we prove the continuity of the mapping R. For that
proof let T',T € [0,T], with T # T, be arbitrarily chosen. Without

loss of generality we assume T < T'. Then for an arbitrary g € R(T')
there is a feasible control @ with

7= [ Y(®)a(t) dt.

o\‘ﬂl

For the feasible control u given by

ult) = u(t) almost everywhere on [0,T]
Tl (. DT forall t € (T,T)

we have

/ Y (t)u(t) dt € R(T).

Consequently we get

A5 RI) = mn 5~
< |- / Y(t)u(t)dt”

l

_ /Y(t)(l,...,l)Tdt

< vm / 1Y ()] dt

and

geR(T)

max d(g, R(T)) < v/ / 1 (8)]l dt
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(here || - || denotes the Euclidean norm in R™ and || - || denotes the
spectral norm). Similarly one can show

max d(R(T),y) < /m / 1Y ()] dt.

yeER(T)

Hence, we obtain for the metric g:

e(R(T), R(T))

= max min + max min
nax. yeR( 17— yll [max  min 7 — vl

< om / Iy ()] d.

Since the matrix function Y is continuous, there is a constant o > 0
with )
1Y ()| < «foralltel0,T].

Then we get
o(R(T), R(T)) < 2a/m(T —T).

Consequently, the set-valued mapping R is continuous. Since the
fundamental matrix ® is continuous and the images of the set-valued
mapping R are bounded sets, we obtain with the equation (8.13) (no-
tice for T, T € [0, 7] and a constant >0 the inequality o(K (T), K(T))

< gle(T ) O(T)| + @) o(R(T), R(T))) that the mapping K is
continuous. O

Lemma 8.9. Let the linear system (8.9) with the initial condition
(8.10) and some T € [0,T] be given. Let § be a point in the interior
of the set K(T) of attainability, then there is a time T € (0,T) so
that § is also an interior point of K(T).

_ Proof. Let 7 be an interior point of the set K(T) (this implies
T > 0). Then there is an € > 0 so that B(g,e) C K(T) for the
closed ball B(g,¢) around § with radius e. Now we assume that for
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all T € (0,T) ¢ is not an interior point of the set K(T'). For every
T € (0,T) the set K(T) C R" is closed and convex. Then for every
T € (0,T) there is a hyperplane separating the set K(7T) and the
point § (compare Theorem C.5 and Theorem C.3). Consequently, for
every T € (0,T) there is a point yr € B(#,e) whose distance to the
set K(T) is at least €. But this contradicts the continuity of the set-
valued mapping K. O

The next lemma is the key for the proof of a necessary condition
for time minimal controls. For the formulation of this result we use
the function sgn : R — R given by

1 fory>0
sgn(y) = 0 fory=20
-1 fory <0

Lemma 8.10. Let the linear system (8.9) with the initial con-
dition (8.10) and some T € (0,T] be given. If Z(T,a) € OK(T)
for some @ € U(T), then there is a vector n # Ogn so that for all
ke{l,...,m}:

Ux(t) = sgnn” Yi(t)] almost everywhere on {t € [0, T)|n"Yi(t) # 0}
(&(T,
Yi(t)
Proof. Let an arbitrary point § := z(T,4) € OK(T) be given.

Since the set K(T') is a convex and closed subset of R", by a separation
theorem (see Theorem C.5) there is a vector 7j # Og~ with the property

) denotes the state at the time T with respect to the control ;
denotes the k-th column of the matriz Y (t)).

7Tg > 7ty for all y € K(T).

Because of

T
7'y =n ®(T)z° + 7 &(T /Y
0
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and

Ty = 7 (T)a” + 7T B(T) / Y ()u(t) dt for all y € K(T)

nt / Y (t)a(t) dt > n* / Y (t)u(t) dt (8.14)

for all feasible controls steering the linear system (8.9) with the initial

condition (8.10) to a state in the set K(T') of attainability. From the
inequality (8.14) we conclude

n Y (t)a(t) > 77 Y (t)u(t) almost everywhere on [0, T). (8.15)

For the proof of the implication “(8.14) = (8.15)” we assume that
the inequality (8.15) is not true. Then there is a feasible control u
and a set M C [0,T] with positive measure so that

nTY (£)a(t) < 7Y (t)u(t) almost everywhere on M.
If one defines the feasible control v* by

W (t) = a(t) almost everywhere on [0,7]\ M
" | u(t) almost everywhere on M '

then it follows

Y (t)u(t) dt +nT / Y (t)a(t) dt

T
s / Y(tyu*(t)dt = n'
0 [0, T\M
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which contradicts the inequality (8.14). Hence, the inequality (8.15)
is true.
From the inequality (8.15) we get for all k € {1,...,m}

U, (t) = sgn [nTYi(t)] almost everywhere on {t € [0, T)|n"Yi(t) # 0}.
0

Now we present the afore-mentioned necessary condition for time
minimal controls.

Theorem 8.11. Let the linear system (8.9) with the initial con-
dition (8.10) and the terminal condition (8.11) be given. If G is a time
minimal control with respect to the minimal terminal time T & 0, T],
then there is a vector n # Ogn so that for all k € {1,...,m}:

g (t) = sgn[n” Yi(t)] almost everywhere on {t € [0, T]|nTYi(t) # 0}.
(8.16)

B Proof. The assertion is obvious for T' = 0. Therefore we assume
T > 0 for the following. We want to show that

T
g:=®(T)z° + (T / (t)dt € OK(T). (8.17)
0

Suppose that ¢ were an interior point of the set K (7T') of attainability.
Then by Lemma 8.9 there is a time 7' € (0,7 so that 7 is also an
interior point of the set K(7T'). But this contradicts the fact that T is
the minimal time. Hence, the condition (8.17) is true. An application
of Lemma 8.10 completes the proof. O

The statement (8.16) is also called a weak bang-bang principle. If
the measure of the set {t € {0,T]|nTY.(¢t) = 0} equals O for every
k € {1,...,m}, the statement (8.16) is called a strong bang-bang
principle. Theorem 8.11 can also be formulated as follows:

For every time minimal control @ there is a vector n #
Og~ so that @ satisfies the weak bang-bang principle
(8.16).
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The next example illustrates the applicability of Theorem 8.11.

Example 8.12. We consider the harmonic oscillator mathemat-
ically formalized by

~

§(t) + y(t) = u(t) almost everywhere on [0, 77,

||U“Lm([o,:ﬁ]) <1

where T' > 0 is sufficiently large. An initial condition is not given
explicitly. The corresponding linear system of first order reads

() = ( e )x(t) -l—@u(t).

=: A = B
We have - .
A cost sint
At il
e(t)=e _;Az‘! < —sint cost)
and

_ _ —sint
Yt)=®t) 'B=c AtB:( COSt).

Then we obtain for an arbitrary vector n # Ogn
nTY (t) = —mysint + 1, cost.
Consequently, we get for a number « € R and a number § € [—m, 7]
nTY (t) = asin(t + 6)
and therefore
sgn[n” Y ()] = sgnfasin(t + J)]

(see Fig. 8.3).

Conclusion: If there is a time minimal control @, then it fulfills
the strong bang-bang principle, and therefore it is unique. After =
time units one always gets a change of the sign of «.

With a standard result from control theory one can see that the
considered linear system is null controllable (i.e., it can be steered to
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1 T —_ sgnasin(t + )]

jew)
.('.. o
[ ]

Py
9
.

™ . T : t

Figure 8.3: Illustration of the time optimal control.

the origin in a finite time). Hence, by Theorem 8.7 there is also a
time minimal control % which steers this system into a state of rest,
and therefore the preceding results are applicable.

Now we present an example for which the necessary condition for
time minimal controls does not give any information.

Example 8.13. We investigate the simple linear system
} almost everywhere on [0, 7]

with
lullpo oy <1

and 7' > 0. Here we set

1 0 1
A—(O 1)2[ and B—(1>.

Then we obtain
Y(t)=eB=¢" ( 1 )

and for any vector 7 # Og2 we get

Y (t) = (m +m2)e”.

_1 ) we conclude

For example, for n = (

nTY(t) = O for all t S [07 T]?
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and Theorem 8.11 does not give a suitable necessary condition for
time minimal controls.

Next we investigate the question under which conditions time min-
imal controls are unique. For this investigation we introduce the no-
tion of normality.

Definition 8.14. R
(a) The linear system (8.9) is called normal on [0,T) (with T € [0,T]),
if for every vector 1 # Ogn the sets

Gr(n) ={t € [0,T] | n*Yi(t) =0} with k € {1,...,m}

have the measure 0. Y (t) denotes again the k-th column of the matrix
Y (¢).

(b) The linear system (8.9) is called normal, if for every T € [0,7]
this system is normal on [0, 7).

Theorem 8.15. Let the linear system (8.9) with the initial con-
dition (8.10) and the terminal condition (8.11) be given. Ifu is a time
minimal control with respect to the minimal terminal time T € [0,T]
and if the linear system (8.9) is normal on [0,T], then @ is the unique
time minimal control.

Proof. By Theorem 8.11 for every time minimal control % there
is a vector 1 # Og~ so that for all k € {1,...,m}:

g (t) = sgn[n” Yi(t)] almost everywhere on [0, 7]\ Gi(n).

Then the assertion follows from the normality assumption (notice that
in the proof of Lemma 8.10 the vector 17 depends on the terminal state
and not on the control). )

A control u which satisfies the assumptions of Theorem 8.15 fulfills
the strong bang-bang principle

a(t) = sgn[n” Yi(t)] almost everywhere on [0, 7).
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One obtains an interesting characterization of the concept of nor-
mality in the case of an autonomous linear system (8.9) with constant
matrix functions A and B.

Theorem 8.16. The autonomous linear system (8.9) with con-
stant matriz functions A and B is normal if and only if for every
ke {l1,...,m} either

rank (Bk, ABk, e ,An_lBk) =N (818)

or
rank (A — A, Bg) = n for all eigenvalues A of A. (8.19)

Here By, denotes the k-th column of the matriz B.

Proof. We fix an arbitrary terminal time T € [0, 7]. First notice
that for every k € {1,...,m} and every n € R®

nT}/;g(t) — ’r]TG_AtBk.

Consequently, the real-valued analytical function n?Y;(-) on [0,7] is
either identical to 0 or it has a finite number of zeros on this interval.
Therefore, the autonomous linear system (8.9) is normal on [0, 7] if
and only if the following implication is satisfied:

nTe B, =0 for all t € [0,T] and some k € {1,...,m} = n = Og».
(8.20)

Next we show that the implication (8.20) is equivalent to the con-
dition (8.18). For this proof we assume that the condition (8.18) is
satisfied. Let a vector n € R™ with

nTe 4B, =0 for all t € [0,T] and some k € {1,...,m}

be arbitrarily given. By repeated differentiation and setting “t = 0”
we get

0" (Bg, ABy, ..., A" ' By) = 0%, for some k € {1,...,m}.

By assumption the system of row vectors of the matrix (B, ABy, - . .,
A" 1By is linear independent, and therefore we get n = Og». Hence,
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the implication (8.20) is satisfied, i.e. the autonomous linear system
(8.9) is normal on [0, T7.

Now we assume that the condition (8.18) is not satisfied. This
means that for some k£ € {1,...,m} the system of row vectors of the
matrix (B, ABy, ..., A" 1By) is linear dependent. Then there is a
vector 1 # Ogn with

1" (Bk, ABg, ..., A" "' B) = Ofn
which implies
1By =1TAB, = - =T A" B, = 0. (8.21)

The Cayley-Hamilton theorem states that the matrix A satisfies its
characteristic equation, i.e.

A" = Oég[ + OélA —+ e 4 Oén_lAn_l

with appropriate coefficients ag, a4,...,0,-1 € R. Then we obtain
with (8.21)

n"A"By, = ogn” B+ oun” ABg + -+ + ot AV B =0

and by induction
nTA'By, = 0 for all [ > n. (8.22)

The equations (8.21) and (8.22) imply
nTA'B, =0foralll>0
which leads to
nTe By =n" (Z AZQT)) By =0 for all t € [0, 7).
p !

Consequently, the implication (8.20) is not satisfied, i.e. the autono-
mous linear system (8.9) is not normal on [0, T'.

Finally we show the equivalence of the two rank conditions (8.18)
and (8.19). Let k € {1,...,m} be arbitrarily chosen.
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Assume that the condition (8.19) is not satisfied, i.e. for some
possibly complex eigenvalue A of A we have

rank (A — A, Bg) # n.
Then there is a vector z € R™ with z # Og~» and
2T(A—= A\, By) = 0%,

le.
2ZTA =27 (8.23)

and
2I'B, = 0. (8.24)

With the equations (8.23) and (8.24) we conclude
2TAB, = A\2" B, = 0,
and by induction we get
2TA'B, =0 for all ] > 0.
Hence we have
rank (By, ABy, ..., A" By) # n.

Conversely, we assume now that the equation (8.18) is not satis-
fied. Then there is a z # Ogn with

2TB, =0, 2TAB, =0,..., 2TA"'B, = 0.
Again with the Cayley-Hamilton theorem we conclude immediately
2TA'B, =0 for all I > 0.
Consequently, the linear subspace
S:={2eR"|3TA'B, =0 for all [ >0}

has the dimension > 1. Since the set S is invariant under A7 (i.e.
ATS C S), one eigenvector z of AT belongs to S. Hence, there is an
eigenvalue )\ of AT which is also an eigenvalue of A so that

ATz = )z
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or alternatively
ZT(A— M) = 0%... (8.25)

Because of z € § we obtain with [ =0
7B, = 0. (8.26)
The equations (8.25) and (8.26) imply
rank (A — AI, By) # n for some eigenvalue A of A.

This completes the proof. O

In control theory the condition
rank (B, AB,..., A" 'B) =n
is called the Kalman condition. It is obvious that the condition
rank (By, ABy,..., A" 'By) =nforall k € {1,...,m}

which is given in Theorem 8.16 implies the Kalman condition. More-
over, in control theory the condition

rank (A — A\, B) = n for all eigenvalues A of A
is called the Hautus condition which is implied by the condition
rank (A — I, Bx)=n for all ke{1,...,m} and all eigenvalues A of A.

One can show with the same arguments as in the proof of Theo-
rem 8.16 that the Kalman and Hautus conditions are equivalent. In
control theory one proves that the Kalman condition (or the Hautus
condition) characterizes the controllability of an autonomous linear
system, i.e. in this case there is an unconstrained control which steers
the autonomous linear system from an arbitrary initial state to an
arbitrary terminal state in finite time.

The following example shows that the Kalman condition (or the
Hautus condition) does not imply the condition (8.18) (and (8.19),
respectively).
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Example 8.17. The following autonomous linear system satisfies
the Kalman condition but it is not normal:

() = —21 () + us (2) } f

Ba(t) = —222(8) + ua (£) + ua(t) almost everywhere on [0, 7]

with some T > 0. Here we set
-1 0 10
A—( 0 _2> and B-(l 1).
Then we have
1 -1
(1) ()

e ()0 2)

The matrix (Ba, ABs) has the rank 1, and therefore the linear system
is not normal. On the other hand we have

rank (B, AB) = 2,

i.e. the Kalman condition is satisfied.

Exercises

8.1) Consider the differential equation
#(t) = 2z(t) — 3u(t) almost everywhere on [0, 2]
with the initial condition
z(0) = 2°

for an arbitrarily chosen z° € R. Determine an optimal control
u € Lo([0,2]) as a minimal point of the objective functional
J 1 L(]0,2]) — R with

J(u) = %$(1)2 + 2/u(t)2 dt for all u € Ly([0,2]).
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8.2) ({49, p. 132-133]) Let the initial value problem

8.3)

8.4)

z(t) = u(t) almost everywhere on [0, 1],

z(0) =1

be given. Determine an optimal control u € L., ([0, 1]) for which
the objective functional J : Ly ([0, 1]) — R with

1
/ 2) dt for all u € Luo([0, 1])
0

becomes minimal.

Consider the linear differential equation of n-th order

Y () + an-1y® () + -+ aoy(t) = u(?)
almost everywhere on [0, 7]
where 7' > 0 and gy -+ ,0n-1 € R are given constants. The
control u is assumed to be an L ([0,7]) function. Show that
the system of linear differential equations of first order which

is equivalent to this differential equation of n-th order satisfies
the Kalman condition.

([206, p. 22-24]) Let the system of linear differential equations

#(t) = Az(t) + Bu(t) almost everywhere on [0, 7]

with
0100 0
| —a 0 00 | -8
A= 000 1 and B = 0
0 00O v

be given where 7' > 0, o > 0, 8> 0 and v > 0 are constants. It
is assumed that u € Ly ([0,7]). Show that this system satisfies
the Hautus condition.
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8.5) For the linear system in 8.4) assume in addition that the termi-

nal time 7T is sufficiently large. Moreover, let the initial condi-
tion
z(0) = 2°

with z° € R* and the terminal condition
IE(T) = O]R‘l

be given. For the control v we assume

l]u”Loo([O,T]) <1l

It can be proved with a known result from control theory that
this system can be steered from z° to Ogs in finite time. Show
then that a time minimal control exists which is unique, and
give a characterization of this time minimal control.
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Weak Convergence

Definition A.1. Let (X, | -]|) be a normed space. A sequence
(Zn)nen Of elements of X is called weakly convergent to some Z € X
if for all continuous linear functionals [ on X

lim I(z,) = (Z).

n-—0oo

In this case Z is called a weak limit of the sequence (z,)nen.

In a finite dimensional normed space a sequence is weakly conver-
gent if and only if it is convergent. In an arbitrary normed space every
convergent sequence is also weakly convergent; the converse statement
does not hold in general.

Example A.2. Consider the Hilbert space [; of all real sequences
. w 3
T = (2%);eny With 3 |2%|? < 0o. In this linear space we investigate the

1=1
special sequence

zy = (1,0,0,0,...),
23 :=(0,1,0,0,...),
T3 . — (0, 0, 1, 0, ),

and so on. This sequence converges weakly to 0;, because for each
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continuous linear functional [ on [y there is a y € [, with
l(z) = (y,z) forallz €ly
so that

lim {(z,) = lim (y,z,) = lim y" = 0.

n—oQ n—oo n—oo

On the other hand the sequence (x,)neny does not converge to 0y
because

Znll = v/ (T, Zn) =

Z(mg)z =1 foralln e N.

g=1

Definition A.3. Let (X, |- ||) be a normed space. A nonempty
subset S of X is called weakly sequentially closed if for every weakly
convergent sequence in S the weak limit also belongs to S.

Every weakly sequentially closed subset of a normed space is also
closed (because every convergent sequence converges weakly to the
same limit). The converse statement is not true in general. But
every nonempty convex closed subset of a normed space is also weakly
sequentially closed.

Definition A.4. Let (X, | - ||) be a normed space. A nonempty
subset S of X is called weakly sequentially compact if every sequence in
S contains a weakly convergent subsequence whose weak limit belongs
to S.

A nonempty subset of a normed space is weakly sequentially com-
pact if and only if it is weakly compact (i.e. compact with respect to
the weak topology). In a finite dimensional normed space a nonempty
subset is weakly sequentially compact if and only if it is closed and
bounded.
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Reflexivity of Banach Spaces

Definition B.1. A complete normed space is called a Banach
space.

Using a James theorem (e.g., compare [168, § 19]) a sufficient
condition for the weak sequence compactness of a nonempty subset
of a real Banach space can be given.

Theorem B.2. Let S be a nonempty convex bounded closed
subset of a real Banach space. If every continuous linear functional
attains its supremum on S, then the set S is weakly sequentially com-
pact.

Reflexive normed spaces are special Banach spaces. In specialist
literature a normed linear space (X, ] -||) is called reflexive if the
canonical embedding of X into X** is surjective — but here we use a
known characterization for the definition of this notion.

Definition B.3. A Banach space (X, || - ||) is called reflezive if
the closed unit ball {z € X | ||z|| < 1} is weakly sequentially compact.

Every finite dimensional normed space is reflexive. For instance,
the linear space L1[0, 1] of Lebesgue integrable real-valued functions
on [0,1] is a Banach space, but it is not reflexive.
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In a reflexive Banach space a simple sufficient condition for the
weak sequence compactness of a nonempty subset can be given (for
instance, compare [347, Cor. 6.1.9]).

Theorem B.4. FEvery nonempty convez bounded closed subset of
a reflerive Banach space is weakly sequentially compact.

Notice that in a finite dimensional normed space the assumption
of convexity can be dropped.



Appendix C
Hahn-Banach Theorem

The following theorem is also called a basic version of the Hahn-
Banach theorem (for a proof, for instance, compare [181, Thm. 3.8]).

Theorem C.1. Let X be a real linear space. For every sublinear
functional f: X — R there is a linear functional | on X with
l(z) < f(z) forallz e X

(see Fig. C.1).

Figure C.1: Illustration of the result of Thm. C.1.

Besides this basic version there are further versions of the Hahn-
Banach theorem. The following FEidelheit separation theorem can be
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deduced from Theorem C.1 (for a proof see [181, Thm. 3.16]).

Theorem C.2. Let S and T be nonempty conver subsets of
a real topological linear space X with int(S) # 0. Then we have
nt(SYNT = ( if and only if there are a continuous linear functional
l € X*\ {0x+} and a real number v with

I(s) <y <I(t) forallse S andallteT

and

I(s) <y forall s € int(S)

(see Fig. C.2).

Figure C.2: Illustration of the result of Thm. C.2.

The following separation theorem can be obtained from the pre-
ceding theorem.

Theorem C.3. Let S be a nonempty convexr and closed subset
of a real locally convex space X. Then we have z € X \ S if and only
if there is a continuous linear functional | € X* \ {Ox+} with

l(z) < ;Ielgl(s) (C.1)
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Proof.

(a) Let any x € X be given. If there is a continuous linear func-
tional | € X* \ {Ox~} with the property (C.1), then it follows
immediately z ¢ S.

(b) Choose an arbitrary element z € X \ S. Since S is closed,
there is a convex neighborhood N of z with NN.S = (). By the
Eidelheit separation theorem (Thm. C.2) there are a continuous
linear functional [ € X*\ {Ox~} and a real number v with

lz) <y <l(s) forallsesS.

The inequality (C.1) follows directly from the previous inequal-
ity.

O

The next result is a special version of the Hahn-Banach theorem
deduced by the Eidelheit separation theorem.

Theorem C.4. Let (X,|-||x) be a real normed space. For every
z € X there is an | € X* with ||l|x =1 and l(z) = ||z||x.

Proof. For x = 0x the assertion is evident. Therefore assume in
the following that any x # Ox is arbitrarily given. Let S denote the
closed ball around zero with the radius ||z||, and let T := {z}. Because
of int(S) NT = @ by the Eidelheit separation theorem (Thm. C.2)
there are an [ € X*\ {0x-} and a v € R with

l(s)<~v<I(z) forallse S.

If we define [ := “llllx* [, we have ||l||x+ = 1 and

I(s) <l{z) forall s €8.

Then we get

lz]lx = H»’cllxlws“up<1 1)l
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= sup [I(]lz]xy)l
lyllx <1

sup |I(s)|

seS

sup {(s)
sesS

I(z). (C.2)

I

AN

Since ||l||x= = 1 we have

sup M =1
vox [lyllx

resulting in
l(y) <llyllx forallye X. (C.3)
From the inequality (C.3) we obtain
l(e) < llollx
and together with the inequality (C.2) we conclude
l(z) = |lzllx-

0

Finally we present a special separation theorem in a finite dimen-
sional space (for instance, compare {347, Thm. 3.2.6]). This result is
in general not true in an infinite dimensional setting.

Theorem C.5. Let S be a nonempty convex and closed subset
of a finite dimensional real normed space (X, || - ||x). Then for every
boundary point T € OS there is a continuous linear functional | €
X*\ {0x~} with

I(s) <U(Z) forall s € S.



Appendix D

Partially Ordered Linear
Spaces

Definition D.1. Let X be a real linear space.

(a) Every nonempty subset R of the product space X x X is called
a binary relation R on X (one writes zRy for (z,y) € R).

(b) Every binary relation < on X is called a partial ordering on X,
if for arbitrary w, x,y, z € X:

(i) z<z (reflexivity);

(i) z<y, y<z=z<z (transitivity);

(1) <y, w<z=>2+w<y+z (compatibility with the
addition);

(v) <y, a €Ry = oz < ay (compatibility with the

scalar multiplication).

(c) A partial ordering < on X is called antisymmetric, if for arbi-
trary z,y € X:

TSy, y<Tr=>r=1Y.

(d) A real linear space equipped with a partial ordering is called a
partially ordered linear space.
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Example D.2.
(a) If one defines the componentwise partial ordering < on R™ by
<:={(z,y) eR*"XR" | z; <y; foralie{l,..n}},

then the linear space R™ becomes a partially ordered linear
space.

(b) For —oo < a < b < oo let C[a,b] denote the linear space of
all continuous real-valued functions on [a,b]. With the natural
partial ordering < on Cla, b] given by

< :={(z,y) € Cla,b] x Cla,b] | z(t) < y(t) for all t € [a,b]}

the space C|[a,b] becomes a partially ordered linear space.

Notice that two arbitrary elements of a partially ordered linear
space may not always be compared with each other with respect to
the partial ordering.

The following theorem which is simple to prove says that partial
orderings on linear spaces can be characterized by convex cones.

Theorem D.3. Let X be a real linear space.
(a) If < is a partial ordering on X, then the set
C={reX|0x <z}

1s a conver cone. If, in addition, the partial ordering is anti-
symmetric, then C is pointed.

(b) If C is a convex cone in X, then the binary relation
< ={(z,y) eXxX|y—zeC}

is a partial ordering on X. If, in addition, C' s pointed, then
the partial ordering < is antisymmetric.
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Definition D.4. A convex cone characterizing the partial order-
ing on a real linear space is called an ordering cone (or also a positive
cone).

Example D.5.

(a) For the natural partial ordering given in Example D.2, (a) the
ordering cone reads

C:={zeR"|z; >0 forallie {1,..,n}} =R7}.

(b) In Example D.2, (b) the ordering cone can be written as

C:={z € Cla,b] | z(t) > 0 for all t € [a,b]}.

If a real linear space is partially ordered, then a partial ordering
can also be introduced on its dual space.

Definition D.6. Let X be a real linear space with an ordering
cone C. The cone

C'={leX |l(z)>0 forall z € C}

is called the dual cone for C (here X' denotes the algebraical dual
space of X).

With the aid of the dual cone C’ a partial ordering is described on
the dual space X’. In the case of a real normed space (X, || -||) the
dual cone in the topological dual space X™* is denoted by C*.
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Answers to the Exercises

CHAPTER 2

2.1) Use Definition 2.1 and notice that in a finite dimensional normed
space weak convergence is equivalent to norm convergence.

2.2) Show for the functions fi, fo : R — R with

| f(z) forallz < -1
fl(’”)‘{ ~1 forallx>—l}

and
—% forall z < —1 }

fa(z) = { flz) forallz > —1

that the level sets S .= {zx € R| fi(z) < o} and 2 .= {z ¢
R | fo(z) < a} are convex for all @ € R. Then the level set
Sf = 851N Sf2 is convex as well.

2.3) For the “==" part of this proof consider the level set S, with
o :=max{f(z), f(y)}. Prove the converse case by showing that
S, 1S convex.

2.4) Take an arbitrary sequence (Z,)nen in a proximinal set S con-
verging to some Z. Then the approximation problem mig |lz—2Z||
A

has a solution Z € S. Since ||Z — Z|| < ||z, — Z|| — 0, we con-
n—oo
cludez =z € S.

2.5) Apply Theorem 2.18.

2.6) Notice the remarks at the end of section 2.4.
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2.7) The constraint set S is not convex.

2.8) In analogy to the proof of Theorem 2.23 show that f is convex
and continuous. The assertion then follows from Theorem 2.12.

CHAPTER 3
3.1) For h # 0 we obtain

, 1 s 1
fO)(h) = lim +(F(AR) ~ f(0)) = Jim AW?sin = =0,

and for h = 0 we immediately get f'(0)(h) = 0.

3.2) The result is trivial in the case of Z = Z. For Z # & we obtain
for the directional derivative

@) (h)
— im X+ 3l — 2 - 8]

= lim % (xgﬁ( |Z(t) + Mh(t) — £(t)| — max |Z(t) — i‘(t)|)

A—04 teM
> max, sgn(Z(t) — 2(¢))h(t) for all h € C(M).
teM(z

For every A > 0 choose an ¢, € M with
]f(t)\) — .’ﬁ(t)\) -+ )\h(lf,\)' = ”i‘ — 4+ )\h”
Then we conclude

lim |Z(2)) — &(tx) + Ah(65)| = ||z — Z|.
A0

This implies the existence of a sequence (Ag)xen of positive num-
bers converging to 0 with klim ty, = to € M(Z). Then we get
—00

for sufficiently large £k € N

Z(ta) — 2(Eae) + Ash(ta)] = [2(t0) — (ko)
< sgn(z(to) — E(to))h(i)

1
Ak
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implying

F/(@)(h) < max sen(a(t) = S()h(0)

3.3) From Theorem 3.16 we obtain

3.4)
3.5)

3.6)

3.7)

fx) > f(@)+ f'(Z)(x—Z) for all z € X.

If f'(Z) = Ox+, then Z is a minimal point of f on X. The
converse statement follows from Theorem 3.17.

oF(0) = {leR ||| <1} =[-1,1].

One proves for l1,1ly € 0f(Z) and A € [0,1] that Al; +(1— M)y €
of(z).

Since

f(@)—f(z) = lim l(f(ﬂEJr/\(fC—fT?))—f(ﬂf)) = V(@) (z-3),

- )\—>0+ )\

we conclude V f(z) € 9f(Z). For an arbitrary v € df(Z) one

gets for all unit vectors e, ...,e, € R?
1, \_ 0f(z)
o 5 i 3042 — 12 = O
and 1 9/ (@)
_ ) B 7
v 2 Jim S(f@+de) — f(2) = -

which results in v = V f(Z).

The sub- and superdifferential can be chosen as
{(sgn z1|xs|, sgn xa|z1|)} if 120 # 0
Of(z1,m2) = ¢ {(4,0) | |u] < |wol} if £; =0
{(0,0) | o] < [} if 25 = 0

and 0f(z1,72) = {(0,0)}. Then Df(z1,32) = (8f(z1,T2),
O0f(z1,z2)) is a quasidifferential of f at (z1, z2).
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3.8) Since the directional derivative f'(Z) is given by
f'(Z)(R) = |h1| — |he| for all b = (h1, hy) € R?,
the function f is quasidifferentiable at z. With the special se-
quence ((%, 7)),y Converging to (0,0) and the norm | - || on
R? given by
”h” = ]hl' —+ ]h2| for all h = (hl,hz) € R2,
one can see that the limit in Definition 3.34 is % for this special
sequence. Hence, f does not have the Fréchet property at
with f:= f'(Z).

3.9) Since f is a convex function, the Clarke derivative coincides
with the directional derivative f'(Z)(h). Then we obtain for all
heR"

F@m) = Jm 5 (mex (e o+ M)~ max ()
z =, LI&_ 3 112&}( Z; max17;
1
=y st Al
= h;
2t

CHAPTER 4

4.1) The inclusion int(C) C int(C) + C is trivial, and the converse
inclusion is simple to show.

4.2) If f is sublinear, it is simple to show that the epigraph E(f) is

a cone. By Theorem 2.8 this cone is convex. For the proof of
the converse implication one proves that

f(Az) = Af(z) for all A >0

and f(0) = 0. The subadditivity can be simply shown.
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4.3) Take x1,z2 € cone(S), i.e. x1 = \18; and g = Ag8y for some
A1, A2 2> 0 and s, 89 € S. Without loss of generality we assume
)\1 -+ )\2 7é 0. Then

)\1 s+ )\2
PVINIS VLS VNI

1+ 22 = (A1 + Aa) ( 32> € cone(S).

4.4) cone(S) = RZ.

45) T(5,(1,2) = {Ma,~1) | A2 0, a € [-1, 1]},
4.6)

4.7)

Simply apply Definition 4.6.

(a) Apply Definition 4.6 and notice that S; C S,.

(b) By part (a) one obtains T'(S; N S3,Z) C T(S1,Z) and
T(51NSs, Z) C T(S2, Z) implying T'(S1NSs, ) C T(S1, )N
T(Ss,T).

4.8) See the remark under 4. on page 31 in [192].

4.9) Apply Theorem 2.4.5 in [68]. The assertion then follows from
Proposition 2.2.1 in [68]. This result is also proved on the pages
17-18 in [296, Theorem 2E].

4.10) f is not pseudoconvex at T = 0.

CHAPTER 5

5.1) Since z ¢ S = cl(S) and S is convex, the separation theorem
C.3 gives the desired result.

5.2) See Lemma 1.1 and Lemma 2.1 in [192].
5.3) The Slater condition given in Theorem 5.9 is satisfied (take Z :=
(z:2)-
5.4) (a) Since z1,z5 > 0, it follows z; + zo > 0 for all feasible
(z1,79) € R
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(b) N
(c) N

5.5) (a) (2,1).
(

(1 5,2.25).

b
18 55 5
(c) (763> 7650 — 16

5.6) Yes. For all feasible (z,y) it follows

N e N~ N
/‘\

z+3y+3 1 Sy 1
2w+y+6 2 2r4+y+6-2

5
Since m > 0 for y > 0, we conclude that there are no other

solutions.

5.7) This problem satisfies the Arrow-Hurwicz-Uzawa condition.
Then the Karush-Kuhn-Tucker conditions give the desired as-
sertion.

5.8) Choose an arbitrary z € S, show Vf(z)T(z — Z) > 0 and con-
clude that Z is a minimal point of f on S.

5.9) The function p with

(1-¢ 1)(%) for all £ € [0,1]

satisfies the adjoint equation (5.36) and the transversality con-
dition (5.37). Then an optimal control @ = (@1, Us) is given

p(t) =

C.oli—-‘

as

U (t) _ -3- - 1(—1—_-367_-1-) almost everywhere on [() 14+1In 7]
0 almost everywhere on (1 + In 170, 1]

and

Ty (t) — %3 - qf_—it——l) almost everywhere on [() 14+ ln 17
0 almost everywhere on [1 + In ég, 1]
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CHAPTER 6

6.1) (a) The dual problem reads

1

max /u(t) dt

0

subject to the constraints
t

/ u(s)ds <t almost everywhere on [0, 1]

0
u(t) > 0 almost everywhere on [0, 1]

(b) (o, z) = (1,04,[0,1)) is a solution of the primal problem with
the minimal value 2, and u with

u(t) = 1 almost everywhere on [0, 1]

is a solution of the dual problem with the maximal value
1.

6.2) The dual problem reads

max bl u; + b3 uy

subject to the constraints
Aflul + Aglug <

Airzul + Ag;uz = ¢y

Uy € le, Uy > Ogma.

6.3) The solution reads z; = 2(v/2 — 1) = 0.8284272 with the mini-
mal value 1 — z; = 3 — 2v/2 & 0.1715728.
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CHAPTER 7

7.1)

7.2)

7.3)

7.4)

Take any sequence (X;);en in ST converging to some matrix X €
S™. The matrix X; is symmetric and positive semidefinite for
every ¢ € N and, therefore, all eigenvalues of X; are nonnegative.
Since the eigenvalues continuously depend on the entries of a
matrix, we also obtain that the eigenvalues of the matrix X are
nonnegative or X € S%. Consequently, S? is closed.

For the proof that S is also pointed take an arbitrary matrix
X € 8t N(=S8%). Then all eigenvalues of X are nonnegative
and nonpositive, i.e. they equal 0. So, we get X = Ogn.

For K := R™ we obtain by Lemma 7.4,(b) and Lemma 7.5,(b),(ii)

St = (87)" = (Cga)* = Hgn = convex hull {zz” | z € R"}.

We proceed as in the proof of Lemma 7.2. We have

T
XeCitt, < Og(:cT,yT)(g % )(;)
forallz e RF and ally € K
— 0<y"(C—-BA'BT)y forallyc K
< C—-BA'BT ¢ Ck.

Since (A, B) = trace (AB), the implication “<” is obvious.
For the proof of the converse implication assume that (A, B) =0
is fulfilled. With Exercise 7.2) we can write for some p € N

p
B = Zx(i)x(i)T for appropriate zV, ..., z® e R™.
=1

Since A € ST, we have A = VAVA for a matrix VA € ST
Then we obtain

0 = (A, B)
= trace(AB)
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7.5)

p

trace (\/Z\/Z Z x(i)x(i)T>
i=1

trace( (i)T\/_\/Zx(i)>

(A=) (va0)

J

I
M=

1

i

I
M»@

1

™.
Il

ZO

implying .
VAZY = 0gn foralli=1,...,p.

With this equation we get

p
AB = VAVAY ¥z
=1

P
= VAY VAL g0
1=1 =0gn

- Ogn.
Since A is positive semidefinite, we have

zT Az > 0 for all z € R™.

Forz =(0,...,0,z;,...,2;0,...,0) €R" with arbitrary z;, .. .,
z; € R we then obtain

0 < zTAz 0\

0

= (O,...,O,l’i,...,$j,0,...,0) AY
Zj
0
0

Z;
= (Sl}i,...,ZL'j)Aij
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7.6)

7.7)
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Consequently, the block matrix A% is positive semidefinite.

For the matrix A := ( o1 ) we obtain the eigenvalues

1 i)

—SE1.’E2+1

1+ X9 4 \/(Zl’)l -|-x2)2

M2 = 5 1

being nonnegative if and only if
r1zTe > 1, 21 >0, 29> 0.
Therefore, the feasible set of this problem can be written as
{(z1,20) €R? | 3329 > 1, 27 >0, x5 >0}

It is obvious that the objective function has the lower bound
0 on this set but this value is not attained at a point of the
constraint set.

By Lemma 7.4,(a) we have
—int(S?) = {X € 8 | X is negative definite}.

For arbitrary z,,zs € R the eigenvalues of G(z1,z7) are

2
I T
Ay = > + Zl- + z3
and
2
I T
S

If z; < 0, then we get A; > 0 and in the case of z; > 0 we
have A\; > 0. Hence, there is no vector (Z;,22) € R? with
G(21,%2) € —int(S2), i.e. the generalized Slater condition is
not satisfied.

7.8) For an arbitrary x € R™ we write

x; =y; —z forallie{l,...,m}
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with ¥1,...,%m, 21, ---,2m = 0. Then the primal problem can

be written as
: T Y
min (¢, —c) ( ; )
subject to the constraints
Bx-4)(Y)
Yy o 3 Yms 215 -+ -5 2m 2 0.

This problem has the form of the primal problem (7.21) and its
dual is given by (7.23) as

max (B, U)
subject to the constraints
(A(l)) U> S (&1

(A™ U) < e,
) U

—(AD, V) < —¢;
_<A(m),U> < —cp
U e C~.

This problem can be simplified to the dual problem

max (B, U)
subject to the constraints
{ AW, U)=c¢
(A™ U = cp,
UeC~.
7.9) The primal problem equals the primal problem in Exercise 7.8),
1 0 0 0
ifwesetc=<0>,B= 00 O and
0 0 -1

A(a:) = A(l)fl?l + A(2)£L'2
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with

T

=
1
O = O
O O =
OO
e
»
1
o OO
o = O
oo o

A= _E“F Z‘*I—ZE%,
) $2
do=-2 2
and
/\3 = —T1 — 1

B — A(z) is negative semidefinite if and only if Ay, Ag, A3 < 0.
These eigenvalues are nonpositive if and only if z; = 0 and
x9 > 0. So, the constraint set of the primal problem can be
written as {(z1,z2) € R? | z; = 0, z2 > 0} and, therefore, the
extremal value of the primal problem equals 0.

With Exercise 7.8) the dual problem can be written in this spe-

cial case as
max —U. 33

subject to the constraints
U1+ Uz =1
U22 =0
UesSs

or equivalently

max—U33
subject to the constraint
Un s(1—Uss) Us
%(1 — U33) 0 Uss e Sf_
Usi Usz Us3

Since the matrix defining the constraint is positive semidefinite,
by Exercise 7.5) the leading block matrices U := (Uy;) and

U2 .— ( Un 5(1 — Uss) )
%(1 — U33) 0
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have to be positive semidefinite as well. The eigenvalues of the
matrix U'? are

_Un Un\? | 1 9
Aijg = —2—i\/(—§—> +Z(1—U33) :

They are nonnegative if and only if U;; > 0 and Usz = 1. Then
the extremal value of the dual problem equals —1. So, the
extremal values of the primal and dual problem do not coincide.

We consider an arbitrary z € R? for which the matrix B — A(z)
is negative semidefinite. Then one eigenvalue of this matrix
equals 0. Therefore, B — A(z) is not negative definite. Hence,
the generalized Slater condition is not satisfied and Theorem
7.12 is not applicable.

CHAPTER 8

8.1) An optimal (feedback) control @ is given by

12

u(t) = AT T g z(t) almost everywhere on [0, 2].

8.2) An optimal (feedback) control @ is given by
a(t) = —tanh (1 — t) z(¢) almost everywhere on [0, 1].

8.3) The equivalent system of linear differential equations of first
order reads

0 1 0 0 0
0 0 1 0 0
©(t) = S O z(t)+ | 0 | u®)
0 0 o - 1 0
—Gp —Q1 —Q2 ‘°r —Qp-i 1

almost everywhere on [0, T].

This system satisfies the Kalman condition.
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8.4) The eigenvalues of A are Ay = ai, Ao = —y/ai, A\3 = A\ = 0.
For every eigenvalue of A we get the implication

(A= MNI,B)=0% == 2z =0
resulting in
Rank (A —\I,B)=4forj=1,...,4.
Hence, the Hautus condition is fulfilled.

8.5) By Theorem 8.7 there is a time minimal control @, and by The-
orem 8.11 there is a vector 1 # Ogs with

a(t) = sgn mp sinty/a — nyf costy/a — N3yt + nay

Va

almost everywhere on [0, 7]

(T denotes the minimal time). Since the term in brackets has
only finitely many zeros, the time minimal control @ is unique.
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“active” inequality constraints
121, 124, 133

adjoint equation 138, 149

alternation theorem 180

antisymmetric 249, 250

approximation problem 20

Arrow-Hurwicz-Uzawa condi-
tion 123

asymptotically stable 193

Banach space 243

basic version of the Hahn-
Banach theorem 245

Bernoulli matrix differential
equation 216

best approximation 20

binary relation 249

C(M) 22, 175
characterization of a convex
functional 12, 41

Chebyshev approximation 22
Clarke

derivative 68

differentiable 68

tangent cone 83, 104
closed loop control 218

completely positive matri-
ces 201

concave functional 12
cone 79, 250
cone(S) 81
conic optimization 187
conic optimization problem 188
constraint set 1
contingent cone 82, 96, 102, 103
controllable 137, 149
convex
functional 11, 92, 94
mapping 159
set 11
convex-like mapping 160
copositive optimization
problem 190
copositive ordering cone 190
C'—quasiconvex 127

d.c. functional 58
directional derivative 31, 54
directionally differentiable 31
doubly nonnegative ordering
cone 190
dual
cone 251
problem 164
duality gap 165
duality theory 207
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Eidelheit separation theorem
245

epigraph 9, 103

Euler-Lagrange equation 48

feedback control 217, 218
Féjer theorem 198
F. John conditions 120
Fréchet
derivative 39
differentiable 39
property 59, 63
fundamental matrix 223
Gateaux
derivative 38
differentiable 38
generalized
gradient 73
Kolmogorov condition 57
Lagrange multiplier rule
110, 116
Slater condition 165, 172,
208
generated cone 81, 103

Hamilton function 149
Hahn-Banach theorem 245, 247
Hautus condition 237

James theorem 243
John von Neumann saddle
point theorem 169

K(T) 222

Kalman condition 149, 237

Karush-Kuhn-Tucker condi-
tions 120

K-copositive optimization
problem 190

Index

K-copositive ordering cone 189

Kurcyusz-Robinson-Zowe regu-
larity assumption 115,
118 '

Lagrange functional 115, 168
Lipschitz

constant 59

continuous 59
local

Pontryagin maximum prin-

ciple 138, 149

minimal point 18
Lowner ordering cone 189, 197
Lowner partial ordering 189
Lyapunov function 194
Lyusternik theorem 96

minimal point 1, 7

necessary optimality condition
36, 43, 47, 53, 55, 56,
66, 74, 89, 90, 95, 108,
111, 137, 230
nonnegative ordering cone 190
normal 233

objective functional 1

open loop control 219

optimal control problem 26,
137, 213, 221

optimality conditions 202

optimization problem 7, 106,
162, 172

ordering cone 251
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partial ordering 249
partially ordered linear space
249
pointed cone 79, 250
Pontryagin maximum principle
137
positive
cone 251
homogenity 34
primal problem 162, 172, 175
problem of
Chebyshev approximation
22
linear Chebyshev approxi-
mation 175, 180
proximinal 20
pseudoconvex 91, 94

quasiconvex 14, 93, 94
quasidifferentiable 57, 63
quasidifferential 57
quasilinear 133

R(T) 223

reachable set 223

redundant constraint 124

reflexive 243

regularity assumption 114, 118,
123

representation theorem for pos-
itive linear forms 178

Riccati matrix differential
equation 219

saddle point 168, 169, 170, 172
Schur complement 191

semidefinite optimization
problem 189
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semi-infinite optimization
problem 176, 177
separation theorem 246, 248
sequential Bouligand tangent
cone 82
set of attainability 222
sgn(y) 228
Slater condition 123
stabilizable 194
starshaped set 35
strong
bang-bang principle 230,
233
duality theorem 165, 208
structural optimization 195
subadditivity 34
subdifferential 49, 51, 57
of the norm 50
subgradient 49
sublinear functional 34, 103
sufficient optimality condition
36, 53, 55, 56, 89, 95,
128, 131, 152
superdifferential 57

T(S,%) 82
tangent vector 82
transversality condition 138

U(T) 222
uniform approximation 22

WT o lto, t1] 107

weak
bang-bang principle 230
duality theorem 164, 208
limit 241
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weakly
convergent 241
lower semicontinuous 8
sequentially closed 242
sequentially compact 242

Y (t) 223
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