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Preface

Riemannian geometry is characterized, and research is oriented towards and
shaped by concepts (geodesics, connections, curvature, ...) and objectives, in
particular to understand certain classes of (compact) Riemannian manifolds
defined by curvature conditions (constant or positive or negative curvature,
...). By way of contrast, geometric analysis is a perhaps somewhat less system-
atic collection of techniques, for solving extremal problems naturally arising
in geometry and for investigating and characterizing their solutions. It turns
out that the two fields complement each other very well; geometric analysis
offers tools for solving difficult problems in geometry, and Riemannian geom-
etry stimulates progress in geometric analysis by setting ambitious goals.

It is the aim of this book to be a systematic and comprehensive intro-
duction to Riemannian geometry and a representative introduction to the
methods of geometric analysis. It attempts a synthesis of geometric and an-
alytic methods in the study of Riemannian manifolds.

The present work is the fourth edition of my textbook on Riemannian
geometry and geometric analysis. It has developed on the basis of several
graduate courses I taught at the Ruhr-University Bochum and the University
of Leipzig. Besides several smaller additions, reorganizations, corrections (I
am grateful to J.Weber and P.Hinow for useful comments), and a systematic
bibliography, the main new features of the present edition are a systematic in-
troduction to Kahler geometry and the presentation of additional techniques
from geometric analysis.

Let me now briefly describe the contents:

In the first chapter, we introduce the basic geometric concepts, like dif-
ferentiable manifolds, tangent spaces, vector bundles, vector fields and one-
parameter groups of diffeomorphisms, Lie algebras and groups and in par-
ticular Riemannian metrics. We also derive some elementary results about
geodesics.

The second chapter introduces de Rham cohomology groups and the es-
sential tools from elliptic PDE for treating these groups. In later chapters,
we shall encounter nonlinear versions of the methods presented here.

The third chapter treats the general theory of connections and curvature.

In the fourth chapter, we introduce Jacobi fields, prove the Rauch com-
parison theorems for Jacobi fields and apply these results to geodesics.
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These first four chapters treat the more elementary and basic aspects
of the subject. Their results will be used in the remaining, more advanced
chapters that are essentially independent of each other.

The fifth chapter treats symmetric spaces as important examples of Rie-
mannian manifolds in detail.

The sixth chapter is devoted to Morse theory and Floer homology.

The seventh chapter treats variational problems from quantum field the-
ory, in particular the Ginzburg-Landau and Seiberg-Witten equations. The
background material on spin geometry and Dirac operators is already devel-
oped in earlier chapters.

In the eighth chapter, we treat harmonic maps between Riemannian ma-
nifolds. We prove several existence theorems and apply them to Riemannian
geometry. The treatment uses an abstract approach based on convexity that
should bring out the fundamental structures. We also display a representative
sample of techniques from geometric analysis.

A guiding principle for this textbook was that the material in the main
body should be self contained. The essential exception is that we use material
about Sobolev spaces and linear elliptic PDEs without giving proofs. This
material is collected in Appendix A. Appendix B collects some elementary
topological results about fundamental groups and covering spaces.

Also, in certain places in Chapter 6, we do not present all technical details,
but rather explain some points in a more informal manner, in order to keep
the size of that chapter within reasonable limits and not to loose the patience
of the readers.

We employ both coordinate-free intrinsic notations and tensor notations
depending on local coordinates. We usually develop a concept in both no-
tations while we sometimes alternate in the proofs. Besides my not being a
methodological purist, the reasons for often prefering the tensor calculus to
the more elegant and concise intrinsic one are the following. For the analytic
aspects, one often has to employ results about (elliptic) partial differential
equations (PDEs), and in order to check that the relevant assumptions like
ellipticity hold and in order to make contact with the notations usually em-
ployed in PDE theory, one has to write down the differential equation in
local coordinates. Also, recently, manifold and important connections have
been established between theoretical physics and our subject. In the physical
literature, tensor notation is usually employed, and therefore familiarity with
that notation is necessary to explore those connections that have been found
to be stimulating for the development of mathematics, or promise to be so
in the future.

As appendices to most of the paragraphs, we have written sections with
the title “Perspectives”. The aim of those sections is to place the material in
a broader context and explain further results and directions without detailed
proofs. The material of these Perspectives will not be used in the main body
of the text. At the end of each chapter, some exercises for the reader are given.
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We assume of the reader sufficient perspicacity to understand our system of
numbering and cross-references without further explanation.

The development of the mathematical subject of Geometric Analysis,
namely the investigation of analytical questions arising from a geometric
context and in turn the application of analytical techniques to geometric
problems, is to a large extent due to the work and the influence of Shing-
Tung Yau. This book, like its previous editions, is dedicated to him.

Jiurgen Jost
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1. Foundational Material

1.1 Manifolds and Differentiable Manifolds

A topological space is a set M together with a family O of subsets of M
satisfying the following properties:

(i) DN, 2cO0=M0NeO
(i) For any index set A :
(Qa)aeA cO= U Qa €O
acA

(iii) 0,MeO

The sets from O are called open. A topological space is called Hausdorff if
for any two distinct points py, ps € M there exists open sets {21, {25 € O with
p1 € 21,p2 € 29,01 N2y = 0. A covering (2,)aca (A an arbitrary index
set) is called locally finite if each p € M has a neighborhood that intersects
only finitely many §2,. M is called paracompact if any open covering possesses
a locally finite refinement. This means that for any open covering (£2,)aca
there exists a locally finite open covering (§23)sep with

VBeB3ac A: 25 C Q.

A map between topological spaces is called continuous if the preimage of any
open set is again open. A bijective map which is continuous in both directions
is called a homeomorphism.

Definition 1.1.1 A manifold M of dimension d is a connected paracom-
pact Hausdorff space for which every point has a neighborhood U that is
homeomorphic to an open subset £2 of R%. Such a homeomorphism

z:U— 2

is called a (coordinate) chart.
An atlas is a family {U,,x,} of charts for which the U, constitute an
open covering of M.

Remarks.
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1) A point p € U, is determined by z,(p); hence it is often identified
with z,(p). Often, also the index « is omitted, and the components
of z(p) € R are called local coordinates of p.

2) Any atlas is contained in a maximal one, namely the one consisting
of all charts compatible with the original one.

Definition 1.1.2 An atlas {U,, x4} on a manifold is called differentiable if
all chart transitions

zgoxy’ : 20(Us NUg) — x5(Usy NUp)

are differentiable of class C*° (in case U, NUg # 0). A maximal differentiable
atlas is called a differentiable structure, and a differentiable manifold of di-
mension d is a manifold of dimension d with a differentiable structure. From
now on, all atlases are supposed to be differentiable. Two atlases are called
compatible if their union is again an atlas. In general, a chart is called com-
patible with an atlas if adding the chart to the atlas yields again an atlas. An
atlas is called maximal if any chart compatible with it is already contained
in it.

Remarks.

1) Since the inverse of zg oz ! is x4 o xgl, chart transitions are differ-
entiable in both directions, i.e. diffeomorphisms.

2) One could also require a weaker differentiability property than C°°.

3) It is easy to show that the dimension of a differentiable manifold is
uniquely determined. For a general, not differentiable manifold, this
is much harder.

4) Since any differentiable atlas is contained in a maximal differentiable
one, it suffices to exhibit some differentiable atlas if one wants to
construct a differentiable manifold.

Definition 1.1.3 An atlas for a differentiable manifold is called oriented if
all chart transitions have positive functional determinant. A differentiable
manifold is called orientable if it possesses an oriented atlas.

It is customary to write the Euclidean coordinates of R, 2 ¢ R? open,
as
z=(z',... 2%, (1.1.1)

and these then are considered as local coordinates on our manifold M when
z: U — {2 is a chart.

Ezample.
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n+1 .
The sphere S™ := {(z,...,2"") € R*"™ : ¥ (%)% = 1} is a
i=1

differentiable manifold of dimension n. Charts can Ee given as follows:
On Uy := S™\{(0,...,0,1)} we put

A2 = (At e e T)

and on Uy := S™\{(0,...,0,—-1)}

f2(x17 ce 7xn+l) = (f21(x17 ce ,l,n+l), e f2n(1,1’ ce ,xn+1))
- xl "
Sl s ELEEEE prpren )
Let wy,ws,...,w, € R™ be linearly independent. We consider
21,22 € R™ as equivalent if there are my, mo,...,m, € Z with

n
21 — 22 = E m;w;
i=1

Let 7 be the projection mapping z € R” to its equivalence class. The
torus T := w(R™) can then be made a differentiable manifold (of
dimension n) as follows: Suppose A, is open and does not contain
any pair of equivalent points. We put

Uy :i=7(AL)

2o = (mja,) "

The preceding examples are compact. Of course, there exist also non-
compact manifolds. The simplest example is R%. In general, any open
subset of a (differentiable) manifold is again a (differentiable) mani-
fold.

If M and N are differentiable manifolds, the Cartesian product M x
N also naturally carries the structure of a differentiable manifold.
Namely, if {Un,Za}aca and {V,ys}scp are atlases for M and N,
resp., then {Us X V3, (Za, ¥s) }(a,8)cax B is an atlas for M x N with
differentiable chart transitions.

Definition 1.1.4 A map h : M — M’ between differentiable manifolds M
and M’ with charts {Ua, zo} and {U}, x],} is called differentiable if all maps

/ —
zgohowx,

I are differentiable (of class C°, as always) where defined.

Such a map is called a diffeomorphism if bijective and differentiable in both
directions.
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For purposes of differentiation, a differentiable manifold locally has the
structure of Euclidean space. Thus, the differentiability of a map can be
tested in local coordinates. The diffeomorphism requirement for the chart
transitions then guarantees that differentiability defined in this manner is a
consistent notion, i.e. independent of the choice of a chart.

Remark. We want to point out that in the context of the preceding def-
initions, one cannot distinguish between two homeomorphic manifolds nor
between two diffeomorphic differentiable manifolds.

When looking at Definitions 1.1.2, 1.1.3, one may see a general pattern
emerging. Namely, one can put any type of restriction on the chart transitions,
for example, require them to be affine, algebraic, real analytic, conformal,
Euclidean volume preserving,..., and thereby define a class of manifolds with
that particular structure. Perhaps the most important example is the notion
of a complex manifold. We shall need this, however, only at certain places in
this book, namely in 5.1, 5.2.

Definition 1.1.5 A complex manifold of complex dimension d (dimcM = d)
is a differentiable manifold of (real) dimension 2d (dimg M = 2d) whose charts
take values in open subsets of C? with holomorphic chart transitions.

In the case of a complex manifold, it is customary to write the coordinates
of C¢ as . 4 .
z=(z4...,2%), with 2/ =2’ +iyl, (1.1.2)

with i := /=1, that is, use (z',y',..., 2% y%) as Euclidean coordinates on
R??. We then also put . 4 '
2 i=a) — iyl

The requirement that the chart transitions zg oz : 24 (Us NUg) — 25(Us N
Ug) be holomorphic then is expressed as

02) 0 1.1.3)
D2k B (L1
for all j, k where
0 1/ 0 0
= = i —=). 1.1.4
ozk 2 <6‘xk +l8yk> ( )

We also observe that a complex manifold is always orientable because
holomorphic maps always have a positive functional determinant.

We conclude this section with a useful technical result.

Lemma 1.1.1 Let M be a differentiable manifold, (Uy)|aca an open cover-
ing. Then there exists a partition of unity, subordinate to (Uy). This means
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that there exists a locally finite refinement (Vg)ger of (Ua) and C§° (i.e. C>
functions ¢z with {x € M : pg(x) # 0} having compact closure) functions
wp: M — R with

(i) supp g C Vg for all B € B.
(i) 0<yg(x)<1forallzeM,pjecB.

) Y pp(x) =1 for allz € M.
BEB

Note that in (iii), there are only finitely many nonvanishing summands at
each point since only finitely many @ are nonzero at any given point because
the covering (V3) is locally finite.

Proof. See any advanced textbook on Analysis, e.g. J.Jost, Postmodern Anal-
ysis, 3rd ed., Springer, 2005. 0

Perspectives. Like so many things in Riemannian geometry, the concept of a
differentiable manifold was in some vague manner implicitly contained in Bern-
hard Riemann’s habilitation address “Uber die Hypothesen, welche der Geometrie
zugrunde liegen”, reprinted in [254]. The first clear formulation of that concept,
however, was given by H. Weyl[252].

The only one dimensional manifolds are the real line and the unit circle S*,
the latter being the only compact one. Two dimensional compact manifolds are
classified by their genus and orientability character. In three dimensions, there exists
a program by Thurston[243, 244] about the possible classification of compact three-
dimensional manifolds. References for the geometric approach to this classification
will be given in the Survey on Curvature and Topology after Chapter 4 below. — In
higher dimensions, the plethora of compact manifolds makes a classification useless
and impossible.

In dimension at most three, each manifold carries a unique differentiable struc-
ture, and so here the classifications of manifolds and differentiable manifolds coin-
cide. This is not so anymore in higher dimensions. Milnor[180, 181] discovered exotic
7-spheres, i.e. differentiable structures on the manifold S* that are not diffeomorphic
to the standard differentiable structure exhibited in our example. Exotic spheres
likewise exist in higher dimensions. Kervaire[156] found an example of a manifold
carrying no differentiable structure at all.

In dimension 4, the understanding of differentiable structures owes important
progress to the work of Donaldson. He defined invariants of a differentiable 4-
manifold M from the space of selfdual connections on principal bundles over it.
These concepts will be discussed in more detail in §3.2.

In particular, there exist exotic structures on R*. A description can e.g. be
found in [79].
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1.2 Tangent Spaces

Let = (2!,...,2%) be Euclidean coordinates of R, 2 C R¢ open, zq € 2.
The tangent space of {2 at the point g,

Ty, 02

is the space {z¢} x E, where E is the d-dimensional vector space spanned by
the basis %, cee a—gd. Here, %, cee % are the partial derivatives at the
point xg. If 2 C R, 2" C R® are open, and f : 2 — 2’ is differentiable, we
define the derivative df (xg) for z¢p € 2 as the induced linear map between

the tangent spaces

df (20) : Ty 2 = Tz 12’
iy 2
oz’ ozt ofi

v=1"

Here and in the sequel, we use the Einstein summation convention: An index
occuring twice in a product is to be summed from 1 up to the space dimension.
Thus, v'-2; is an abbreviation for

ozt
d
Z i J
v —,
1
pt Ox

5
v gii % stands for

d c l@fj P
;;v oxt fi

In the previous notations, we put
TN =02 xE=0xR%.

Thus, T2 is an open subset of R? x R, hence in particular a differentiable

manifold.
m:T§ — (2 (projection onto the first factor)

(z,v) — x

is called a tangent bundle of {2. T'(2 is called the total space of the tangent
bundle.
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Likewise, we define

df TQ — TR
i 0 0f7 L0
(JI,U P ) (f(l'),’l} B (:L‘)aifj)
Instead of
df (z, v)
we write
df (z)(v).
If in particular, f : £2 — R is a differentiable function, we have for v = v* aii
;0
F(@)w) = v' oL (1) € TyR =R

In this case, we often write v(f)(z) in place of df (x)(v) when we want to
express that the tangent vector v operates by differentiation on the function
I

Let now M be a differentiable manifold of dimension d, and p € M. We
want to define the tangent space of M at the point p. Let = : U — R? be
a chart with p € U, U open in M. We say that the tangent space T),M is
represented in the chart @ by Ty, z(U). Let ' : U' — R? be another chart
with p € U', U’ open in M. 2 := x(U), {2’ := 2’ (U’). The transition map

g ox ™l ix(UNU) — 2" (UNT)
induces a vector space isomorphism
L:=d(z' oz ") (2(p)) : Tup 2 — T 2.

We say that v € T,;,)f2 and L(v) € T,/ ;)2 represent the same tangent
vector in T, M. Thus, a tangent vector in T, M is given by the family of its
coordinate representations. This is motivated as follows: Let f : M — R
be a differentiable function. Assume that the tangent vector w € T,M is
represented by v € Tz (U). We then want to define df (p) as a linear map
from T, M to R. In the chart z, let w € T, M be represented by v = v a(?ni €
Ty(pyx(U). We then say that
df (p)(w)

in this chart is represented by

d(f o x™)(z(p))(v)-
Now
d(f o2~ (a(p))(v) = d(f o 2" 02’ 02~ )(2(p)) (v)
— d(f o2’ ")« () (L(v))
by the chain rule
=d(f oa'™)(2(p)) o d(a’ 0 27")((p))(v)
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Thus, in the chart 2, w is represented by L(v). Here, a fundamental idea
emerges that will be essential for the understanding of the sequel. T, M is
a vector space of dimension d, hence isomorphic to R?. This isomorphism,
however, is not canonical, but depends on the choice of a chart. A change of
charts changes the isomorphism, namely at the point p by the linear trans-
formation L = d(z' oz~1)(x(p)). Under a change of charts, also other objects
then are correspondingly transformed, for example derivatives of functions,
or more generally of maps. In other words, a chart yields local representations
for tangent vectors, derivatives, etc., and under a change of charts, these lo-
cal representations need to be correctly transformed. Or in still other words:
We know how to differentiate (differentiable) functions that are defined on
open subsets of R?. If now a function is given on a manifold, we pull it back
by a chart, to an open subset of R? and then differentiate the pulled back
function. In order to obtain an object that does not depend on the choice of
chart, we have to know in addition the transformation behavior under chart
changes. A tangent vector thus is determined by how it operates on functions
by differentiation.

Likewise, for a differentiable map F' : M — N between differentiable
manifolds, dF is represented in local charts z : U ¢ M — R* y:V C N —
R¢ by

dyo Fox™th).

In the sequel, in our notation, we shall frequently drop reference to the charts
and write instead of d(y o F o 2~1) simply dF, provided the choice of charts
or at least the fact that charts have been chosen is obvious from the context.
We can achieve this most simply as follows:

Let the local coordinates on U be

and those on V be (F!,... F¢). We then consider F(z) as abbreviation for
(FY(z!, ..., z%),.. . F(z!, ... z%)).
dF now induces a linear map
dF : T,M — Tp)N,

which in our coordinates is represented by the matrix

oF®
axi q:ll,.,.,c

A change of charts leads to a base change of the tangent spaces, and the
transformation behavior is determined by the chain rule. If

(xla”'axd) = (517"'7€d)
and (F', ... F¢) — (&',...,9°)
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are coordinate changes, then dF is represented in the new coordinates by

0PN [ 09° OF™ 9z’
o0& ) \OoF« oxt 0¢1 )"
Note that the functional matrix of the coordinate change of the image N, but

the inverse of the functional matrix of the coordinate change of the domain M
appears here. We also remark that for a function ¢ : N - Rand av € T,M

(AP (0)(9)) (F(@)) : = dp(dF(0))(F(x))
by definition of the application of
dF(v) € TpyN top: N = R
=d(¢ o F)(v)(x) by the chain rule
= v(p o F)(z) by definition of the application of
velyMtopoF: M—R

Instead of applying the tangent vector dF'(v) to the function, one may also
apply the tangent vector v to the “pulled back” function ¢ o F.
We want to collect the previous considerations in a formal definition:

Definition 1.2.1 Let p € M. On {(z,v) :  : U — (2 chart with p € U,v €
Top 82} (x,0) ~ (y,w) : <= w = d(y oz~ )v. The space of equivalence
classes is called the tangent space to M at the point p, and it is denoted by
T, M.

T, M naturally carries the structure of a vector space:

The equivalence class of A\ (z,v1) + Aa(z,v2) (A1, 2 € R) is the one
of (z,\1v1 + Aav2). We now want to define the tangent bundle of a differ-
entiable manifold of dimension d. T'M is the disjoint union of the tangent
spaces T, M,p € M, equipped with the following structure of a differentiable
manifold: First let 7 : TM — M with 7(w) = p for w € T, M be the projec-
tion onto the “base point”. If z : U — R? is a chart for M, we let TU be the
disjoint union of the T, M with p € U and define the chart

dr: TU — Ta(U) (= |J T,M)
pex(U)

where Tz(U) carries the differentiable structure of x(U) x R?

The transition maps
da' o (dz)™' = d(z' o)

then are differentiable. 7 is locally represented by

zomodr !
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and this map maps (zg,v) € Tx(U) to .

Definition 1.2.2 The triple (T'M,m, M) is called the tangent bundle of M,
and T'M is called the total space of the tangent bundle.

Finally, we briefly discuss the case of a complex manifold M, to have it
at our disposal in 5.2. With the previous constructions and conventions in
the real case understood, we let 2/ = 27 + iy/ again be local holomorphic
coordinates near z € M, as at the end of 1.1. T®*M := T, M is the ordinary
(real) tangent space of M at z, and

TEM = TEM @k C
is the complexified tangent space which we then decompose as

0o 0
C _ .7 "
TEM =Cy . 5=} = TIM & T/M
where T/ M = C{—a‘zj} is the holomorphic and T/ M = C{—ai);} the antiholo-

morphic tangent space. In T;CM , we have a conjugation, mapping % to %,

and so, T/ M = T.M. The projection T¥M — TEM — T.M is an R-linear
isomorphism.

Perspectives. Other definitions of the tangent space of a differentiable manifold
M are possible that are more elegant and less easy to compute with.

A germ of a function at x € M is an equivalence class of smooth functions
defined on neighborhoods of x, where two such functions are equivalent if they
coincide on some neighborhood of x. A tangent vector at x may then be defined as
a linear operator ¢ on the function germs at x satisfying the Leibniz rule

5(f - 9)(x) = (0f(x))g(x) + f(x)dg ().

This definition has the obvious advantage that it does not involve local coordinates.

1.3 Submanifolds

A differentiable map f : M — N is called an immersion, if for any x € M
df : TIM - Tf(z)N

is injective. In particular, in this case m := dimM < n := dim N. If an
immersion f: M — N maps M homeomorphically onto its image in N, f is
called differentiable embedding. The following lemma shows that locally, any
immersion is a differentiable embedding;:
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Lemma 1.3.1 Let f : M — N be an immersion, dimM = m,dim N =
n,x € M. Then there exist a neighborhood U of x and a chart (V,y) on N
with f(x) € V, such that

(i) fiv is a differentiable embedding, and

(i1) y"t(p)=...=y"(p) =0 forallpe f(U)NV.

Proof. This follows from the implicit function theorem. In local coordinates
(zY,...,2")on N, (a',...,2™) on M let, w.lo.g. (since df () is injective)

be nonsingular.

We consider

F(z,z):= (zl — fHz),..., 2" — f(x)),

which has maximal rank in z!,... 2™, 2™ %! ..., 2" By the implicit function
theorem, there locally exists a map
(Zl, ’Zm) — (@1(217 7Zm)7 7<pn(zl7 7Zm))
with
F(z,z) =0 < z' =pl(z',...,2™),..., 2™ = o™ (2}, ..., 2™),
2L = pomHL G 2™), L 2 = (2L, 2™,

for which (g%)a,i:l,...,m has maximal rank.

As new coordinates, we now choose

s y™) = (P2 2™ (2T,
P L] LU IS L AL )
Then
z = f(z)
< F(z,2) =0
&Y'y = (=, 2™,0,..,0),
and the claim follows. O

If f : M — N is a differentiable embedding, f(M) is called a differentiable
submanifold of N. A subset N’ of N, equipped with the relative topology, thus
is a differentiable submanifold of N, if N’ is a manifold and the inclusion is
a differentiable embedding.
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Charts on N’ then are simply given by restrictions of charts of N to
N’, and Lemma 1.3.1 shows that one may here always find a particularly
convenient structure of the charts.

Similarly, the implicit function theorem implies

Lemma 1.3.2 Let f : M — N be a differentiable map, dim M = m, dim N =
n,m >n, p € N. Let df (x) have rank n for all x € M with f(z) = p. Then
f~L(p) is a union of differentiable submanifolds of M of dimension m — n.

Proof. We again represent the situation in local coordinates around = € M
and p = f(z) € N. Of course, in these coordinates df (x) still has rank n. By
the implicit function theorem, there exist an open neighborhood U of z and
a differentiable map

g™t ™) Uy CR™™ - Uy CR”

with
U=U x U,
and
flx)=p <= (2',...,2") = g(z" ", ..., 2™).
With
y* =2 —g(a"tt .. a™) for a = 1,....n
Yy =x° for s=n+1,...,m

we then get coordinates for which
flx)=p <= y*=0fora=1,...,n.

(y"*1,...,y™) thus yield local coordinates for {f(z) = p} and this implies
that in some neighborhood of z {f(xz) = p} is a submanifold of M of dimen-
sion m — n. O

Let M be a differentiable submanifold of N, and let ¢ : M — N be
the inclusion. For p € M,T,M can then be considered as subspace of T),N,
namely as the image di(T,M).

The standard example is the sphere

S"={z cR" :|2| =1} c R*"%

By the Lemma 1.3.2, S™ is a submanifold of R"*1!.

Lemma 1.3.3 In the situation of Lemma 1.3.2, we have for the submanifold
X=f1Yp) andqge X

T,X = kerdf(q) C T,M.
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Proof. Let v € T, X, (¢,U) a chart on X with ¢ € U. Let v be any smooth
curve in (U) with ¥(0) = ¢(q), ¥(0) := L~(t)—o = dp(v), for example
v(t) = ¢(q) + tde(v). ¢ = ¢~ 1(y) then is a curve in X with ¢(0) = wv.
Because of X = f~1(p),

foclt)y=pVt,
hence df(q) o ¢(0) = 0, and consequently v = ¢(0) € kerdf(q). Since also
T,X = dim kerdf(g) = m — n, the claim follows. O

For our example S™, we may choose
frR"E SR, f(z) =[]

Then o
T,S" = kerdf(z) = {v € R"™! : 2. v(= z'") = 0}.

Perspectives. H. Whitney (1936) showed that any d-dimensional differentiable
manifold can be embedded into R24*!. Thus, the class of abstract differentiable
manifolds is the same as the class of submanifolds of Euclidean space. Neverthe-
less, the abstract and intrinsic point of view offers great conceptual and technical
advantages over the approach of submanifold geometry of Euclidean spaces.

1.4 Riemannian Metrics

We now want to introduce metric structures on differentiable manifolds.
Again, we shall start from infinitesimal considerations. We would like to be
able to measure the lengths of and the angles between tangent vectors. Then,
one may, for example, obtain the length of a differentiable curve by integra-
tion. In a vector space such a notion of measurement is usually given by a
scalar product. We thus define

Definition 1.4.1 A Riemannian metric on a differentiable manifold M is
given by a scalar product on each tangent space 1}, M which depends smoothly
on the base point p. A Riemannian manifold is a differentiable manifold,
equipped with a Riemannian metric.

In order to understand the concept of a Riemannian metric, we again need
to study local coordinate representations and the transformation behavior of
these expressions.

Thus, let 2 = (z!,...,2%) be local coordinates. In these coordinates, a
metric is represented by a positive definite, symmetric matrix

(gij(x))i,j:L...,d
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(ie. gij = gji for all 4,4, g;;€°¢7 > 0 for all € = (€1,...,&%) # 0), where the
coefficients depend smoothly on z. The transformation formula (1.4.3) below
will imply that this smoothness does not depend on the choice of coordinates.
Therefore, smooth dependence on the base point as required in def. 1.4.1 can
be expressed in local coordinates.

The product of two tangent vectors v,w € T, M with coordinate repre-
sentations (v',...,v%) and (w',...,w?) (e v = viai,-, = wiZ; 9.) then
is

(v, w) = gij(z(p))v'w’. (1.4.1)
In particular, (32, 3%) = gij.
Similarly, the length of v is given by

1
o]l := (v,v)=.

We now want to study the transformation behavior. Let y = f(z) define
different local coordinates. In these coordinates, v and w have representations

(@',...,9%) and (w,..., %) with o7 = v* 8{; W =w' df . Let the metric in
the new coordinates be given by hie(y).
It follows that

hie (f(2)) 0" 0" = (v,0) = gy (x)v'u?, (1.4.2)

hence ok fZ
hie(F(2)) 57 570 viw! = gij(x)utu,

and since this holds for all tangent vectors v, w,

ofk o 14
7@ - 90 = g1y (). (143

Formula (1.4.3) gives the transformation behavior of a metric under co-

ordinate changes.

The simplest example of a Riemannian metric of course is the Euclidean
one. For v = (v!,...,v)),w = (w!,...,w?) € T,R? the Euclidean scalar
product is simply o o

div'w? = v'w’,

s 1 fori=j
Y10 fori#£g

is the standard Kronecker symbol.

where

Theorem 1.4.1 Fach differentiable manifold may be equipped with a Rie-
mannian metric.

Proof. Let {(x4,Uy) : o € A} be an atlas, (¢a)aca a partition of unity
subordinate to (Uqy)aea (see Lemma 1.1.1) (for simplicity of notation, we use
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the same index set for (¢, ) and (U, ); this may be justified by replacing the
original covering (U, ) by a locally finite refinement).
For v,w € T,M and a € A with p € U, let the coordinate representations

be (v},...,vd) and (w},...,we). Then we put
(vw)i= Y palpvaws.
acA
with pev,

This defines a Riemannian metric. (The metric is simply obtained by
piecing the Euclidean metrics of the coordinate images together with the
help of a partition of unity.) a

Let now [a,b] be a closed interval in R,y : [a,b] — M a smooth curve,

where “smooth”, as always, means “of class C°°”.
The length of v then is defined as

b
L) = [ 15l

and the energy of v as

b
B =3 [ 15O,

(In physics, E(7) is usually called “action of 4” where v is considered as the
orbit of a mass point.) Of course, these expressions can be computed in local
coordinates. Working with the coordinates (z*(y(t)),...,z%(y(t))) we use the
abbreviation

#(0) = (1)),
Then ,
L) = [ Vot @i o
and

b
B = 5 [ ot @ 0.

a

We also remark for later technical purposes that the length of a (continuous
and) piecewise smooth curve may be defined as the sum of the lengths of the
smooth pieces, and the same holds for the energy.

On a Riemannian manifold M, the distance between two points p, g can
be defined:
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d(p,q) := inf{L(y) :v: [a,b] — M piecewise smooth curve with
(@) = p,7(b) = ¢}

We first remark, that any two points p,q € M can be connected by a
piecewise smooth curve, and d(p, q) therefore is always defined. Namely, let

E,:={q€ M :pandq can be connected by a
piecewise smooth curve.}
With the help of local coordinates one sees that E), is open. But then also
M\E, = |J E, is open. Since M is connected and E, # 0 (p € E,), we

Q¢Ep
conclude M = E,,.

The distance function satisfies the usual axioms:

Lemma 1.4.1
(i) d(p,q) >0 for all p,q, and d(p,q) > 0 for all p # q

(i) d(p,q) = d(q, p)

(iii) d(p,q) <d(p,r)+d(r,q) (triangle inequality) for all points p,q,r €
M.

Proof. (ii) and (iii) are obvious. For (i), we only have to show d(p,q) > 0 for
p # q. For this purpose, let x : U — R? be a chart with p € U. Then there
exists € > 0 with

D.(x(p) = {y € R* : |y — a(p)| < e} < x(U)

(the bars denote the Euclidean absolute value) and

q ¢ 27 (De(z(p)))- (1.4.4)

Let the metric be represented by (g;;(x)) in our chart. Since (g;;(x)) is pos-
itive definite and smooth, hence continuous in = and D.(z(p)) is compact,
there exists A > 0 with

9i;(YEE = Nef (1.4.5)

for all y € D.(x(p)), & = (€4,...,¢%) € RZ Therefore, for any curve v :
[a,b] — M with v(a) = p,7(b) = ¢

L(7) > Ly Nz~ (De(2(p)))
> e > 0, (1.4.6)

because z(v) by (1.4.4) has to contain a point z € dD(x(p)), i.e. a point
whose Euclidean distance from x(p) is €. By (1.4.5), z then has distance from
z(p) at least Ae w.r.t. the metric (g;;). O
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Corollary 1.4.1 The topology on M induced by the distance function d co-
incides with the original manifold topology of M.

Proof. Tt suffices to show that in each chart the topology induced by d co-
incides with the one of R?, i.e. the one induced by the Euclidean distance
function. Now for every x in some chart, there exists € > 0 for which D, (x)
is contained in the same chart, and positive constants A, u with

NEP < gi;(y)€7€ < pl€f? for ally € D.(z), € € R

Thus
My — 2| < d(y,z) < ply — a| for ally € D.(x),

and thus each Euclidean distance ball contains a distance ball for d, and vice

versa (with
B(z,6) :={ye M :d(z,y) <}

we have . . .
Dxs(x) C B(x,0) C Dys(x), if pd < e). O

We now return to the length and energy functionals.

Lemma 1.4.2 For each smooth curve v : [a,b] — M
L()? < 2(b - @) E(3), (1.4.7)
and equality holds if and only if || =l = const.

Proof. By Hélder’s inequality

/H—Hdt< %/n 2t

with equality precisely if ||fl—;y|| = const. O

N

Lemma 1.4.3 If v : [a,b] — M is a smooth curve, and ¢ : [«, 3] — [a,b] is
a change of parameter, then

L(yo) = L(y).
Proof. Let t = (7).
B ‘ ‘ a2 3
/ <g” (P () (6(7) (d)) dr

(by the chain rule)
(

L(y) (by change of variables). O
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Lemma 1.4.4 The FEuler-Lagrange equations for the energy E are

#(0)+ D@ OO =0, i=1...d  (148)
with
i 1 il
ik =59 (gjer + ke — gjke),
where y i
(97)ig=1,a = (95) 7" (i-e. " g0; = ij)
and

0
gjek = ng@

The expressions I ;k are called Christoffel symbols.

Proof. The Euler-Lagrange equations of a functional

b

@) = [ ftatt).a(e)ds

a

are given by

d of of

%81’1785L‘1: , 'L:l,...,d.
In our case, we therefore get (E(v) = 5 [ gju(x(t))i/@"dt)
—(9ik (2 (£) 2" (1) + 953 (2(£) 3 (1)) = gjni(@(0) 2! (3" (t) = 0 fori =1, d,
hence

9ikd® + gji#7 + gin 3" + gji0iti? — gjpdid* = 0.
Renaming some indices and using the symmetry g;x = gi;, we get
200mE™ + (genj + Giek — Gir,0)A7 2" =0 £=1,....d (1.4.9)

and from this

9% Gemi™ + = 9" (9o + Gjes — Gire)PEF =0 i=1,...,d.

2
Because of _ _ |
9" gom = Gim, and thus g% g, i™ = i’
we obtain (1.4.8) from this. O

Definition 1.4.2 A smooth curve v = [a,b] — M, which satisfies (with
#(t) = Lai(y(t)) etc)

Bt + Dl (x(t)d ()" (t) = 0 fori=1,....d
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is called a geodesic.

Thus, geodesics are the critical points of the energy functional. By Lemma
1.4.3, the length functional is invariant under parameter changes. As in the
Euclidean case, one easily sees that regular curves can be parametrized by arc
length. We shall attempt to minimize the length within the class of regular
smooth curves, and we shall succeed and complete the program in Corollary
1.4.2 below. As the length is invariant under reparametrization by Lemma
1.4.3, therefore, if one seeks curves of shortest length, it suffices to consider
curves that are parametrized by arc length. For such curves, by Lemma 1.4.2
one may minimize energy instead of length. Conversely, every critical point
of the energy functional, i.e. each solution of (1.4.8), i.e. each geodesic, is
parametrized proportionally to arc length.

Namely, for a solution of (1.4.8)

96,8 = g 0)i (0 1)
= gi;i'37 + i3 P+ gij pdtdd 2"
= —(gjke + Gejk — Gong) 3 i 3T + ggj it ital

by formula (1.4.9) which is equivalent to (1.4.8)

. 0ok Ok
=0, since g, 2" 2"’ = gop j "2’

by interchanging the indices j and ¢

Consequently (&,%) = const., and hence the curve is parametrized propor-
tionally to arc length. We have shown

Lemma 1.4.5 Fach geodesic is parametrized proportionally to arc length.
O

Theorem 1.4.2 Let M be a Riemannian manifold, p € M,v € T,M. Then
there exist € > 0 and precisely one geodesic

c:[0,e] = M
with ¢(0) = p, ¢(0) = v. In addition, ¢ depends smoothly on p and v.

Proof. (1.4.8) is a system of second order ODE, and the Picard-Lindelof The-
orem yields the local existence and uniqueness of a solution with prescribed

initial values and derivatives, and this solution depends smoothly on the data.
O

We note that if z(t) is a solution of (1.4.8), so is xz(\t) for any constant
A € R. Denoting the geodesic of Theorem 1.4.2 with ¢(0) = p, ¢(0) = v by ¢,,
we obtain ;
cp(t) = CM(X) for A > 0,¢ € [0,¢].
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In particular, ¢y, is defined on [0, ].

Since ¢, depends smoothly on v, and {v € T, M : ||v|| = 1} is compact,
there exists ey > 0 with the property that for ||v|]| =1 ¢, is defined at least
on [0, eg]. Therefore, for any w € T, M with ||w|| < ey, ¢, is defined at least
on [0,1].

Definition 1.4.3 Let M be a Riemannian manifold, p € M,

V, :={veT,M:c, is defined on [0, 1]}
exp, :V, = M

v = ¢y (1)

is called the exponential map of M at p.

By the preceding considerations, the domain of definition of the expo-
nential map always at least contains a small neighborhood of 0 € T,,M. In
general, however, V), is not all of T,,M, as is already seen in the example of a
proper, open subset of R%, equipped with the Euclidean metric. Nevertheless,
we shall see in Theorem 1.4.7 below that for a compact Riemannian manifold,
exp,, can be defined on all of T), M.

Theorem 1.4.3 The exponential map exp, maps a neighborhood of 0 € T, M
diffeomorphically onto a neighborhood of p € M.

Proof. Since T, M is a vector space, we may identify ToT,M, the tangent
space of T), M at 0 € T, M, with T}, M itself. The derivative of exp, at 0 then
becomes a map from T, M onto itself:

dexp,(0) : T,M — T, M.
With this identification of TyT, M and T, M, for v € T,M

_4
Cdt

d
= acv(t)\tzo
= év(o)

=V

dexp,(0)(v) cto(1) =0

Hence
dexp,(0) = idjp, - (1.4.10)

In particular, dexpp(O) has maximal rank, and by the inverse function
theorem, there exists a neighborhood of 0 € T, M which is mapped diffeo-
morphically onto a neighborhood of p € M. O
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Let now e1,ez,...,eq (d=dim M) be a basis of T, M which is orthonor-
mal w.r.t. the scalar product on 7, M defined by the Riemannian metric.
Writing for each vector v € T, M its components w.r.t. this basis, we obtain
a map

®:T,M — R?

v="1le; — (v1,...,0v9).
For the subsequent construction, we identify T,,M with R? via @. By The-
orem 1.4.3, there exists a neighborhood U of p which is mapped by exp;1
diffeomorphically onto a neighborhood of 0 € T,,M, hence, with our identi-

fication T, M = R¢, diffeomorphically onto a neighborhood {2 of 0 € R%. In
particular, p is mapped to O.

Definition 1.4.4 The local coordinates defined by the chart (exp;l, U) are
called (Riemannian) normal coordinates with center p.

Theorem 1.4.4 In normal coordinates, we have for the Riemannian metric

415(0) = 6 (1.4.11)
7:(0) =0 (and also g;;x(0) = 0) for alli,j, k. (1.4.12)

Proof. (1.4.11) directly follows from the fact that the above identification
S T,M = R? maps an orthonormal basis of T,M w.r.t. the Riemannian
metric onto an Euclidean orthonormal basis of RY.

For (1.4.12), we note that in normal coordinates, the straight lines through
the origin of R? (or, more precisely, their portions contained in the chart
image) are geodesic. Namely, the line tv,t € R,v € R%, is mapped (for suffi-
ciently small t) onto ¢, (1) = ¢, (t), where ¢,(t) is the geodesic, parametrized
by arc length, with ¢,(0) = v.

Inserting now z(t) = tv into the geodesic equation (1.4.8), we obtain
because of Z(t) =0

i (to)vn? =0, fori=1,....d. (1.4.13)
In particular at 0, i.e. for ¢t =0,
(0" =0 forallv e R, i=1,...,d. (1.4.14)
We put v = %(ez + e,,) and obtain because of the symmetry I’J?k = I}ij
I;},,(0) = 0 for alli.

Since this holds for all £, m, all Fj?k (0) vanish. By definition of ij, we obtain
at 0 € R? ‘
9" (gje s + Grej — gjne) =0 Vi, j, k,

hence also
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9jm.k + 9km,j — Gjkm = 0 v]a kam'
Adding now the relation (obtained by cyclic permutation of the indices)

9kj,m + Imj,k — Gkm,j = 0>
we obtain (with gx; = gjx)

9im,k(0) =0, for all j, k, m. 0

Later on (in Chapter 3), we shall see that in general the second derivatives
of the metric cannot be made to vanish at a given point by a suitable choice
of local coordinates. The obstruction will be given by the curvature tensor.

Further properties of Riemannian normal coordinates may best be seen
by using polar coordinates, instead of the Euclidean ones (obtained from the
map ®). We therefore introduce on R? the standard polar coordinates

(r’ (p17 R ’@d_1)7

where ¢ = (¢!, ..., %) parametrizes the unit sphere S~! (the precise
formula for ¢ will be irrelevant for our purposes), and we then obtain polar
coordinates on T, M via @ again. We express the metric in polar coordinates
and write g, instead of g1, because of the special role of r. We also write
gry instead of gi¢,¢ € {2,...,d}, and g, as abbreviation for (gre)w,e=2,... .-
In particular, in these coordinates at 0 € T,M (this point corresponds to
p €M)

grr(0) =1,9,,(0) =0 (1.4.15)

by (1.4.11) and since this holds for Euclidean polar coordinates.

After these preparations, we return to the analysis of the geodesic equa-
tion (1.4.8). The lines ¢ = const. are geodesic when parametrized by arc
length. They are given by z(t) = (¢, ¢0), ¢o fixed, and from (1.4.8)

', =0foralli
(we have written I instead of I};), hence

gié(2g’l"e,’r‘ - g'r'r‘Z) = 07 for all i,

thus
2Gre,r — Grre = 0, for all £. (1.4.16)
For ¢ = r, we conclude
Grerr = 07
and with (1.4.15) then
grr = 1. (1.4.17)

Inserting this in (1.4.16), we get
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9ror = 0,

and then again with (1.4.15)
Jrp = 0. (1418)

We have shown
Theorem 1.4.5 For the polar coordinates, obtained by transforming the Fu-

clidean coordinates of R%, on which the normal coordinates with centre p are
based, into polar coordinates, we have

1 0 ... 0
0
gij = . ’
: gapap(r, ©)
0

where goo (1, @) is the (d—1) x (d—1) matriz of the components of the metric
w.r.t. angular variables (¢, ..., ¢%1) € §9-1. O

The polar coordinates of Theorem 1.4.5 are often called Riemannian po-
lar coordinates. The situation is the same as for Euclidean polar coordinates:
For example in polar coordinates on R?, the Euclidean metric is given by

1 0
0 r?
orem 1.4.5 holds not only at the origin 0 € T}, M, but in the whole chart.

. We point out once more that in contrast to Theorem 1.4.4, The-

Corollary 1.4.2 For any p € M, there exists p > 0 such that Riemannian
polar coordinates may be introduced on B(p,p) :={q € M : d(p,q) < p}. For
any such p and any q € OB(p, p), there is precisely one geodesic of shortest
length (= p) from p to q, and in polar coordinates, this geodesic is given
by the straight line x(t) = (t,¢0), 0 < t < p, where q is represented by
the coordinates (p, o), po € S Here, “of shortest length” means that the
curve is the shortest one among all curves in M from p to q.

Proof. The first claim follows from Corollary 1.4.1 (and its proof) and The-
orem 1.4.3. For the second claim, let ¢(t) = (r(t),¢(t)),0 <t < T, be an
arbitrary curve from p to ¢. ¢(t) need not be entirely contained in B(p, p)
and may leave our coordinate neighborhood. Let

to ;= inf{t < T :d(z(t),p) > p}.

Then to < T, and the curve c|[g 4, is entirely contained in B(p, p). We shall
show L(cjjo,,]) = p with equality only for a straight line in our polar coor-
dinates. This will then imply the second claim. The proof of this inequality
goes as follows:
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to

Licjoeo) = J(gij(c(t))éie?) 2t

z(grr<c(t))7;’7;’);dt by (1.4.18) and

v

since g, is positive definite
to to
Jlrldt > [+dt by (1.4.17)
0 0
= r(ty) = p by definition of ¢,

and equality holds precisely if g,,9¢ = 0, in which case ¢(t) is constant and
7 > 0 and ¢(t) thus is a straight line through the origin. O

In particular, under the assumptions of Corollary 1.4.2, the Euclidean ball
d,(0):={y eR*: |y| < p} C T,M

is mapped under exp, diffeomorphically onto the Riemannian ball with the
same radius,

B(p, p).

Corollary 1.4.3 Let M be a compact Riemannian manifold. Then there ex-
ists po > 0 with the property that for any p € M, Riemannian polar coordi-
nates may be introduced on B(p, po).

Proof. By Corollary 1.4.2, for any p € M, there exists p > 0 with those
properties. By Theorem 1.4.2, exp,, is smooth in p. If thus exp, is injective
and of maximal rank on a closed ball with radius p in T,,M, there exists a
neighborhood U of p such that for all ¢ € U, exp,, is injective and of maximal
rank on the closed ball with radius p in T, M.

Since M is compact, it can be covered by finitely many such neighbor-
hoods and we choose pg as the smallest such p. O

Corollary 1.4.4 Let M be a compact Riemannian manifold. Then there ex-
ists po > 0 with the property that any two points p,q € M with d(p,q) < po
can be connected by precisely one geodesic of shortest length. This geodesic
depends continuously on p and q.

Proof. pg from Corollary 1.4.3 satisfies the first claim by Corollary 1.4.2.
Moreover, by the last claim of Corollary 1.4.2; the shortest geodesic from p
to ¢ € B(p, po) depends continuously on p. Exchanging the roles of p and ¢
yields the continuous dependence on p as well. U

We explicitly point out that for any compact Riemannian manifold there is
always more than one geodesic connection between any two points (This will
be discussed in Chapter 5.). Only the shortest geodesic is unique, provided p
and q are sufficiently close.
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We now want to show the existence of shortest (geodesic) connections
between any two points of arbitrary distance on a given compact Riemannian
manifold.

We recall the notion of homotopy between curves:

Definition 1.4.5 Two curves 7g,7y; on a manifold M with common initial
and end points p and ¢, i.e. two continuous maps

Yo,71 : L =1[0,1] — M

with 79(0) = 71(0) = p, v%(1) = 71(1) = ¢, are called homotopic if there
exists a continuous map
I:IxI—M
with
I(0,s) =p, I'(l,s)=¢q forall se I
I'(t,0) =~(t), I'(t,1)=m(t) foralltel

Two closed curves cg, ¢y in M, i.e. two continuous maps

co,c1: St — M,
are called homotopic, if there exists a continuous map

c:S'xT— M
with

c(t,0) = co(t),c(t,1) = c1(t) for all t € S*

(S1, as usual, is the unit circle parametrized by [0, 27).).
Lemma 1.4.6 The concept of homotopy defines an equivalence relation on

the set of all curves in M with fized initial and end points as well as on the
set of all closed curves in M.

The proof is elementary. O
With the help of this concept, we now want to show the existence of
geodesics:

Theorem 1.4.6 Let M be a compact Riemannian manifold, p,q € M. Then
there exists a geodesic in every homotopy class of curves from p to q, and this
geodesic may be chosen as a shortest curve in its homotopy class. Likewise,
every homotopy class of closed curves in M contains a curve which is shortest
and geodesic.

Proof. Since the proof is the same in both cases, we shall only consider the
case of closed curves.

As a preparation, we shall first show
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Lemma 1.4.7 Let M be a compact Riemannian manifold, po > 0 as in
Corollary 1.4.4. Let vo,v1 : S* — M be curves with

d(vo(t),m(t) < po  for allt € S.

Then o and 1 are homotopic.

Proof. For any t € S! let ¢;(s) : I — M be the unique shortest geodesic from
70 (t) to v1(t) (Corollary 1.4.4), as usual parametrized proportionally to arc
length. Since ¢; depends continuously on its end points by Corollary 1.4.4,
hence on t,

I'(t,s) :=c(s)

is continuous and yields the desired homotopy. O

Proof of Theorem 1.4.6: Let (V,)nen be a minimizing sequence for arc
length in the given homotopy class. Here and in the sequel, all curves are
parametrized proportionally to arc length. We may assume w.l.o.g. that the
curves 7y, are piecewise geodesic; namely, for each curve, we may find ¢y =
0<ty <ty <...<tpy <tms1 =2m with the property that

L(’Yn‘[tj_l,tj}) S p0/2
(po as in Corollary 1.4.4) for j =1,...,m + 1 witht,,11 := 27).

Replacing vyt _, ¢,) by the shortest geodesic arc between v, (t;—1) and v, (t;),
we obtain a curve which is homotopic to and not longer than ~, (the same
argument also shows that each homotopy class does contain curves of finite
length).

We may thus assume that for any +,, there exist points pg p, ..., pm,.n for
which d(pj—1,n,Pj,n) < po Pm+1,n = DPon,j =1,...,m+1) and for which 7,
contains the shortest geodesic arc between p;_1 , and p; .. Since the lengths
of the =, are bounded as they constitute a minimizing sequence, we may also
assume that m is independent of n. After selection of a subsequence, by the
compactness of M, the points pg ;. ..,Pm,n converge to points po,...,Pm,
for n — oo. The segment of v, between p;_1 , and p;, then converges to the
shortest geodesic arc between p;_; and p;, for example by Corollary 1.4.4.
The union of these geodesic segments yields a curve v. By Lemma 1.4.7,  is
homotopic to the ~,, and

L(y) = lim L(yn),

n—oo

and since the curves 7, are minimizing sequence for the length in their homo-
topy class, v is a shortest curve in this class. Therefore, v has to be geodesic.
Namely, otherwise, there would exist points p and ¢ on 7 for which one of the
two segments of v between p and ¢ would have length at most pg, but would
not be geodesic. By Corollary 1.4.4, v could then be shortened by replacing
this segment by the shortest geodesic arc between p and ¢. By the argument
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of Lemma 1.4.7, this does not change the homotopy class, and we obtain a
contradiction to the minimizing property of ~.
~ thus is the desired closed geodesic. (]

Corollary 1.4.5 On any compact Riemannian manifold My, any two points
D, q can be connected by a curve of shortest length, and this curve is geodesic.

Proof. Minimize over all curves between p and ¢ (and not only over those in
a fixed homotopy class) as in the proof of Theorem 1.4.6. g

We also show

Theorem 1.4.7 Let M be a compact Riemannian manifold. Then for any
p € M, the exponential map exp,, is defined on all of T,M, and any geodesic
may be extended indefinitely in each direction.

Proof. For v € T,M, let
A= {t € RT : ¢, is defined on [~t,]},

where ¢, is, as usual, the geodesic with ¢,(0) = p,é,(0) = v. It follows
from c¢,(—t) = c_,(t) that e, may also be defined for negative ¢, at the
moment at least for those with sufficiently small absolute value. Theorem
1.4.2 implies A # (). The compactness of M implies the closedness of A. We
shall now show openness of A : Let ¢, be defined on [—t,t]; for example
¢y(t) = w € T, ;yM. By Theorem 1.4.2 there exists a geodesic 7, (s) with
Yw(0) = ¢y (t), 30 (0) = ¢, (t), for s € [0,¢] and & > 0. Putting ¢, (t+$) = Y (s)
for s € [0,¢], we have extended ¢, to [—t,t + €]. Analogously, ¢, may be
extended in the direction of negative ¢. This implies openness of A, hence
A =TRT. The claims follow easily. O

We now want to address the question whether the results of Theorem
1.4.7 continue to hold for a more general class of Riemannian manifolds than
the compact ones. Obviously, they do hold for Euclidean space which is not
compact, but they do not hold for any proper open subset of Euclidean space,
essentially since such a set is not complete. It will turn out that completeness
will be the right condition for extending Theorem 1.4.7.

Definition 1.4.6 A Riemannian manifold M is geodesically complete if for
all p € M, the exponential map exp,, is defined on all of T}, M, or, in other
words, if any geodesic ¢(t) with ¢(0) = p is defined for all ¢ € R.

We can now state the Theorem of Hopf-Rinow.

Theorem 1.4.8 Let M be a Riemannian manifold. The following statements
are equivalent:
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(i) M is complete as a metric space (or equivalently, it is complete as a
topological space w.r.t. its underlying topology, see Corollary 1.4.1).

(i) The closed and bounded subsets of M are compact.
(i)  There exists p € M for which exp, is defined on all of T,M.
(iv) M is geodesically complete, i.e. for every p € M, exp, is defined on
all of T, M.
Furthermore, each of the statements (i) — (iv) implies

(v) Any two points p,q € M can be joined by a geodesic of length d(p, q),
i.e. by a geodesic of shortest length.

Proof. We shall first prove that if exp, is defined on all of T),M, then any
q € M can be connected with p by a shortest geodesic. In particular, this will
show the implication (iv) = (v).
For this purpose, let
r:=d(p,q),

and let p > 0 be given by Corollary 1.4.2, let py € 9B(p,p) be a point
where the continuous function d(q, -) attains its minimum on the compact set
OB (p, p). Then pg = exp, pV, for some V' € T,M. We consider the geodesic

c(t) := exp, tV,

and we want to show that
e(r) =q. (1.4.19)
¢|[0,r] Will then be a shortest geodesic from p to g.
For this purpose, let
I:={te[0,r]:d(c(t),q) =1 —t}.

(1.4.19) means r € I, and we shall show I = [0,r] for that purpose. I is
not empty, as it contains 0 by definition of r, and it is closed for continuity
reasons. I = [0, r] will therefore follow if we can show openness of I.

Let tg € I. Let p1 > 0 be the radius of Corollary 1.4.2 corresponding to
the point c(tg) € M. W.lo.g. p1 <r —ty. Let p1 € 0B(c(to), p1) be a point
where the continuous function d(q,-) assumes its minimum on the compact
set 0B(c(to), p1). Then

d(p,p1) = d(p,q) — d(g,p1). (1.4.20)

Now for every curve v from c(tg) to ¢, there exists some

~(t) € 9B(c(to), p1)-

Hence
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L(v) =z d(c(to),v(t)) + d(v(t), q)
=p1+d(y(t).q)
> p1 +d(p1,q) because of the minimizing property of p;.

Hence also
d(g,c(to)) > p1 +d(p1,q) (1.4.21)

and by the triangle inequality, we then actually must have equality. Inserting
(1.4.21) into (1.4.20) and recalling d(q, c(to)) = r — to gives

d(p,p1) >r—(r—to—p1) =to+p1.

On the other hand, there exists a curve from p to p; of length tg + p1; namely
one goes from p to c(tp) along ¢ and then takes the geodesic from ¢(ty) to py
of length p;. That curve thus is shortest and therefore has to be geodesic as
shown in the proof of Theorem 1.4.6. By uniqueness of geodesics with given
initial values, it has to coincide with ¢, and then

p1 = c(to + p1).

Since we observed that equality has to hold in (1.4.21), we get

d(q,c(to + p1)) =1 — (to + p1),

hence
tO + P1 S Ia

and openness of I follows, proving our claim.
It is now easy to complete the proof of Theorem 1.4.8:

(iv) = (iii) is trivial

(ili) = (ii) Let K C M be closed and bounded. Since bounded, K C
B(p,r) for some r > 0. By what we have shown in the beginning, any point in
B(p,r) can be connected with p by a geodesic (of length < r). Hence, B(p,r)
is the image of the compact ball in T, M of radius r under the continuous

map exp,, . Hence, B(p,r) is compact itself. Since K is assumed to be closed
and shown to be contained in a compact set, it must be compact itself.

(ii) = (i) Let (pn)nen € M be a Cauchy sequence. It then is bounded,
and, by (ii), its closure is compact. It therefore contains a convergent subse-

quence, and being Cauchy, it has to converge itself. This shows completeness
of M.

(i) = (iv) Let ¢ be a geodesic in M, parametrized by arc length, and
being defined on a maximal interval I. I then is nonempty, and by Theorem
1.4.2, it is also open. To show closedness, let (¢,,)nen C I converge to t.

Since

d(c(tn), c(tm)) < |tn — bl
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as ¢ is parametrized by arc length, c(¢,) is a Cauchy sequence, hence has
a limit p € M, because we assume M to be complete. Let p > 0 be as in
Corollary 1.4.2. Then B(p, p) is compact, being the image of the compact ball
of radius r in 7} M under the continuous map exp,, . Therefore, the argument
of Corollary 1.4.3 and Corollary 1.4.4 applies to show that there exists pg > 0
with the property that for any point ¢ € B(p, p) any geodesic starting from
q can be extended at least up to length pg.
Since ¢(t,) converges to p, for all sufficiently large m,n

d(c(tn), c(tm)) < |tn — tm| < po/2

and
d(c(tn), ), d(c(tm), p) < po-

Therefore, the shortest geodesic from ¢(t,,) to c(t,,) can be defined at least on
the interval [—pg, po]. This shortest geodesic, however, has to be a subarc of
¢, and ¢ thus can be defined up to the parameter value ¢, + pg, in particular
for ¢, showing closedness of I. U

Let now M be a differentiable submanifold of the Riemannian manifold
N. The Riemannian metric of N then induces a Riemannian metric on M, by
restricting the former one to T,M C T,,N for p € N. Thus, M also becomes
a Riemannian manifold.

In particular, S C R**! obtains a Riemannian metric. We want to com-
pute this metric in the local chart of 1.1, namely

f( 1 n+1)_ xl xn fI‘ n+17é1
T ,...,T = 1 gntl) ] — gntd or T

= (y',...,y") €R".
In the sequel, a Latin index occuring twice in a product has to be summed
from 1 to n 4+ 1, a Greek one from 1 to n. We compute

i .0

1= rigt = yaya(l _ xn—i—l)? + $n+1xn+1

hence aye _ 1
$n+1:yy -
and then .
. 2"
g (i=1,...,n)
For g := f~! then
0g’ 20 dqydyk
ik: ik _ vy 5 forj=1,...,n, k=1,....n
oyt 1+yry>  (I+y*y*)

8gn+1 4yk

oyt (14 yey~)?
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Let a tangent vector to S™ be represented by w = (w!,...,w™) in our chart.

Then
(w,w) = dg(w) - dg(w), where the point denotes the Euclidean

scalar product of R"*1

1 o, a. o
= Tyt Aoy eln? —16(1 44"y )y uly e’
+ 16y5yﬁy’yw’yy5w(5 + 16y5wﬁy7w’y}
4

= PP
Ty’

Thus, the metric in our chart is given by

4
9i;(y) = W&j'

Definition 1.4.7 A diffeomorphism h : M — N between Riemannian
manifolds is an isometry if it preserves the Riemannian metric. Thus, for
p € M,v,w € T,M, and if (-,-)»s and (-,-)n denotes the scalar products in
Ty M and Ty, N, resp., we have

(v,w)pr = (dh(v), dh(w))N.

A differentiable map h: M — N is a local isometry if for every p € M there
exists a neighborhood U for which hy; : U — h(U) is an isometry, and h(U)
is open in .

If (gi;(p)) and (vag(h(p)) are the coordinate representations of the metric,
an isometry has to satisfy

Oh* (p) Oh” (p)

oxt  Oxd
A local isometry thus has the same effect as a coordinate change. Isometries
leave the lengths of tangent vectors and therefore also the lengths and ener-
gies of curves invariant. Thus, critical points, i.e. geodesics, are mapped to
geodesics.

With this remark, we may easily determine the geodesics of S™. The
orthogonal group O(n + 1) operates isometrically on R?*! and since it maps
S™ into S™, it also operates isometrically on S™. Let now p € S™,v € T,,S™.
Let E be the two dimensional plane through the origin of R**!, containing v.
We claim that the geodesic ¢, through p with tangent vector v is nothing but
the great circle through p with tangent vector v (parametrized proportionally
to arc length), i.e. the intersection of S™ with E. For this, let S € O(n+1) be
the reflection across that E. Together with c,, Sc, is also a geodesic through
p with tangent vector v. The uniqueness result of Theorem 1.4.2 implies
¢, = Sc¢y, and thus the image of ¢, is the great circle, as claimed.

9i;(p) = Yap(h(p))
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As another example, we consider the torus 72 introduced in 1.1. We in-
troduce a metric on 72 by letting the projection 7 be a local isometry. For
cach chart of the form (U, (m;7) "), we use the Euclidean metric on 7~ (U).
Since the translations

z = z+miwy + mawy  (My, my € Z)

are Euclidean isometries, the Euclidean metrics on the different components
of #=}(U) (which are obtained from each other by such translations) yield
the same metric on U. Hence, the Riemannian metric on 7?2 is well defined.

Since 7 is a local isometry, Euclidean geodesics of R? are mapped onto
geodesics of T2. The global behavior of geodesics on such a torus is most
easily studied in the case where T2 is generated by the two unit vectors
wy = (1,0) and wy = (0,1) : A straight line in R? which is parallel to one of
the coordinate axes then becomes a geodesic on T that closes up after going
around once. More generally, a straight line with rational slope becomes a
closed, hence periodic geodesic on T2, while the image of one with irrational
slope lies dense in T2.

Before ending this paragraph, we want to introduce the following impor-
tant notion:

Definition 1.4.8 Let M be a Riemannian manifold, p € M. The injectivity
radius of p is

i(p) :=sup{p > 0: exp, is defined ond,(0) C T, M and injective}.
The injectivity radius of M is
i(M) := inf i(p).

peEM

For example, the injectivity radius of the sphere S™ is 7, since the expo-
nential map of any point p maps the open ball of radius 7 in T}, M injectively
onto the complement of the antipodal point of p.

The injectivity radius of the torus just discussed is %, since here the
exponential map is injective on the interior of a square with centre 0 € T}, M
and side length 1.

Perspectives. As the name suggests, the concept of a Riemannian metric was
introduced by B. Riemann, in his habilitation address [254]. He also suggested to
consider more generally metrics obtained by taking metrics on the tangent spaces
that are not induced by a scalar product. Such metrics were first systematically
investigated by Finsler and are therefore called Finsler metrics.

For a general metric space, a geodesic is defined as a curve which realizes the
shortest distance between any two sufficiently close points lying on it. Those metric
spaces that satisfy the conclusion of the Hopf-Rinow theorem that any two points
can be connected by a shortest geodesic are called geodesic length spaces, and
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they are amenable to geometric constructions as demonstrated by the school of
Alexandrov. See e.g. [194], [15].

A Lorentz metric on a differentiable manifold of dimension d + 1 is given by an
inner product of signature (1,d) on each tangent space T, M depending smoothly
on p. A Lorentz manifold is a differentiable manifold with a Lorentz metric. The
prototype is Minkowski space, namely R%T! equipped with the inner product

(@,y) = -2y’ +a'y' + .. + a2y’

for z = (2°,2,...,z%),y = (4°,¢%,...,y%). Lorentz manifolds are the spaces oc-
curing in general relativity. Let us briefly discuss some concepts. Tangent vectors
V with negative, positive, vanishing ||V||?> = (V, V) are called time-like, space-like,
and light-like, resp. Length and energy of a curve may be defined formally as in the
Riemannian case, and we again obtain geodesic equations. Geodesics whose tangent
vectors all have norm zero are called null geodesics. They describe the paths of light
rays. (Note that in our above description of the Minkowski metric, the conventions
have been chosen so that the speed of light is 1.) Submanifolds of Lorentz manifolds
whose tangent vectors are all space-like are ordinary Riemannian manifolds w.r.t.
the induced metric. For treatments of Lorentzian geometry, an introduction is [209)].
Deeper aspects are treated in Hawking and Ellis[113].

J. Nash proved that every Riemannian manifold M can be isometrically em-
bedded into some Euclidean space R*. For the proof of this result, he developed an
implicit function theorem in Fréchet spaces and an iteration technique that have
found other important applications. A simpler proof was found by Giinther[107].

Although on a conceptual level, Nash’s theorem reduces the study of Rieman-
nian manifolds to the study of submanifolds of Euclidean spaces, in practice the
intrinsic point of view has proved to be preferable (see Perspectives on 1.3).

In our presentation, we only consider finite dimensional Riemannian manifolds.
It is also possible, and often very useful, to introduce infinite dimensional Rieman-
nian manifolds. Those are locally modeled on Hilbert spaces instead of Euclidean
ones. The lack of local compactness leads to certain technical complications, but
most ideas and constructions of Riemannian geometry pertain to the infinite di-
mensional case. Such infinite dimensional manifolds arise for example naturally as
certain spaces of curves on finite dimensional Riemannian manifolds. A thorough
treatment is given in [159].

1.5 Vector Bundles

Definition 1.5.1 A (differentiable) vector bundle of rank n consists of a
total space E, a base M, and a projection w : E — M, where E and M
are differentiable manifolds, 7 is differentiable, each “fiber” E, := 7~ !(z) for
x € M, carries the structure of an n-dimensional (real) vector space, and the
following local triviality requirement is satisfied: For each z € M, there exist
a neighborhood U and a diffeomorphism

p:m Y U) - U xR”
with the property that for every y € U

oy =g, : By — {y} xR"
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is a vector space isomorphism, i.e. a bijective linear map. Such a pair (¢, U)
is called a bundle chart.

In the sequel, we shall omit the word “differentiable” for a vector bundle.
Often, a vector bundle will simply be denoted by its total space.

It is important to point out that a vector bundle is by definition locally,
but not necessarily globally a product of base and fiber. A vector bundle
which is isomorphic to M x R™ (n = rank) is called trivial.

A vector bundle may be considered as a family of vector spaces (all iso-
morphic to a fixed model R™) parametrized (in a locally trivial manner) by
a manifold.

Let now (E, 7, M) be a vector bundle of rank n, (U,)aeca a covering of M
by open sets over which the bundle is trivial, and ¢, : 7T_1(Ua) — Uy X R™
be the corresponding local trivializations. For nonempty U, N Ug,we obtain
transition maps

Yaa :UaNUg — Gl (n,R)

by
wp o at(x,v) = (z, 084 (x)v) forz € U, NUs,veR", (1.5.1)

where Gl(n,R) is the general linear group of bijective linear self maps of R™.
The transition maps express the transformation behavior of a vector in the
fiber under a change of local trivialization.

The transition maps satisfy

Vaal(z) = idgn  for x €U, (1.5.2)
Vap(z)ppal(z) = idrn for z € U,NUg (1.5.3)
Cay(T)oy(2)ppa(r) = idrn  for €U, NUgNU,. (1.5.4)

These properties are direct consequences of (1.5.1).
A vector bundle can be reconstructed from its transition maps.

Theorem 1.5.1
E= ][] UsxR"/ ~,
acA

where 11 denotes disjoint union, and the equivalence relation ~ is defined by

(z,v) ~ (y,w) : <= z=y and w = pga()v (r € Uy,y € Ug, v,w € R")

The proof of this fact is a straightforward verification of the properties
required in Definition 1.5.1. A reader who does not want to carry this out
him /herself may consult D. Husemoller, Fibre bundles, Springer, GTM 20,
1975. O
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Definition 1.5.2 Let G be a subgroup of Gl(n,R), for example O(n) or
SO(n), the orthogonal or special orthogonal group. We say that a vector
bundle has the structure group G if there exists an atlas of bundle charts for
which all transition maps have their values in G.

Definition 1.5.3 Let (E, 7, M) be a vector bundle. A section of E is a
differentiable map s : M — E with m o s = idy;. The space of sections of F
is denoted by I'(E).

We have already seen an example of a vector bundle above, namely the
tangent bundle T M of a differentiable manifold M.

Definition 1.5.4 A section of the tangent bundle T'M of M is called a vector
field on M.

Let now f : M — N be a differentiable map, (E,m, N) a vector bundle
over N. We want to pull back the bundle via f, i.e. construct a bundle f*F,
for which the fiber over x € M is Ey(,), the fiber over the image of x.

Definition 1.5.5 The pulled back bundle f*FE is the bundle over M with
bundle charts (p o f, f~1(U)), where (¢, U) are bundle charts of E.

We now want to extend some algebraic concepts and constructions from
vector spaces to vector bundles by performing them fiberwise. For example:

Definition 1.5.6 Let (F1, 7, M) and (Es, ma, M) be vector bundles over M.
Let the differentiable map f : £y — FEs be fiber preserving, i.e.

7720,](‘:71-1)

and let the fiber maps f, : B ; — Es ; be linear, i.e. vector space homomor-
phisms. Then f is called a bundle homomorphism.

Definition 1.5.7 Let (E, 7, M) be a vector bundle of rank n. Let E' C E,
and suppose that for any x € M there exists a bundle chart (p,U) with
z € U and

o(r N (U)NE)=U xR™(C U xR",m < n).

The resulting vector bundle (E', m g/, M) is called subbundle of E of rank m.

Let us discuss an example: S' = {z € R? : |z|?> = 1} is a submanifold of
R2. If we restrict the tangent bundle TR? of R? to S, we obtain a bundle
E over S! that is isomorphic to S' x R2. The tangent bundle of S* has fiber
T.5' ={y € R? : z -y = 0} C R? (where the dot - denotes the Euclidean
scalar product). T'S? is a subbundle of TR?|S?; the reader is invited to write
down explicit bundle charts.
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Definition 1.5.8 Let (Fy,m, M) and (Es,ma, M) be vector bundles over
M. The Cartesian product of Fy and FE5 is the vector bundle over M with
fiber E; , x Ej, and bundle charts (¢, X ¢g, Uy N V3), where (¢q,U,) and
(18, V3) are bundle charts for £y and Ej resp., and

((Pa X "/}6)(‘%’ (U,’LU)) = (%(%v)ﬂﬁ,@(%w)) (U € El,mw € EQ,JL’)'

Thus, the product bundle is simply the bundle with fiber over z € M
being the product of the fibers of E; and Es5 over x. By this pattern, all
constructions for vector spaces can be extended to vector bundles. Of partic-
ular importance for us will be dual space, exterior and tensor product. Let
us briefly recall the definition of the latter:

Let V and W be vector spaces (as always over R) of dimension m and
n, resp., and let (e1,...,en) and (f1,..., fn) be bases. Then V @ W is the

exists a canonical bilinear map
L:VXW-=VaW

mapping (a’e;, ¥ f;) onto a'be; @ f;
One may then also define the tensor product of more than two vector
spaces in an associative manner.

Definition 1.5.9 Let M be a differentiable manifold, x € M. The vector
space dual to the tangent space T, M to R is called the cotangent space of
M at the point x and denoted by 7M. The vector bundle over M whose
fibers are the cotangent spaces of M is called the cotangent bundle of M and
denoted by T* M. Elements of T*M are called cotangent vectors, sections of
T*M are 1-forms.

We now want to study the transformation behavior of cotangent vectors.
Let (€;)i=1,...,a be a basis of T, M and (w’);=1,... 4 the dual basis of T M, i.e.

..........

; i 1 fori=j
J(e. j
u)(el)_(si_{O fori#£j -’

Moreover, let v = v'e; € T, M, n = njw’ € T} M. We have n(v) = n;v'. Let
the bases (e;) and (w?) be given by local coordinates, i.e.

) . .
e; = Fret w! = dx?.
Let now f be a coordinate change. v is transformed to
,0f% 0
fe(v) ==

TV o afe’
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7 then has to be transformed to

ozl
* R B
because in this case
ot of*

) (fe(v)) = igrat Gar Y= n(v).

Thus a tangent vector transforms with the functional matrix of the coordinate
change whereas a cotangent vector transforms with the transposed inverse
of this matrix. This different transformation behavior is expressed by the
following definition:

Definition 1.5.10 A p times contravariant and g times covariant tensor on
a differentiable manifold M is a section of

TM®..9TM ® T"M®..QT"M .
~—_——

p times q times

Actually, one should speak of a tensor field, because “tensor” often also
means an element of the corresponding fibers, in the same manner, as a
(tangent) vector is an element of T, M and a vector field a section of T'M.

If f is a coordinate change, a p times contravariant and ¢ times covariant
tensor is transformed p times by the matrix (df) and ¢ times by the matrix

(df )"

Lemma 1.5.1 A Riemannian metric on a differentiable manifold M is a two
times covariant (and symmetric and positive definite) tensor on M.

Proof. From the formula (1.4.3) for the transformation behavior of a Rieman-
nian metric. O

A Riemannian metric thus is a section of T*M ® T* M. We consequently
write the metric in local coordinates as

gij(z)dz’ ® da’.

Theorem 1.5.2 The tangent bundle of a Riemannian manifold M of dimen-
sion d has structure group O(d).

Proof. Let (f,U) be a bundle chart for TM,
f:n N U) - U xR
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Let e, ..., eq be the canonical basis vectors of R%, and let v1,...,vq be the
sections of 7~ 1(U) with f(v;) = e;,i = 1,...,d. Applying the Gram-Schmidt
orthogonalization procedure to vy (z),...,vq(z) for each x € U we obtain
sections wy, . .., wq of 7~ 1(U) for which wy (), ..., wq(r) are an orthonormal
basis w.r.t. the Riemannian metric on 7, M, for each = € U. By

fron N U) - U xR?
N (z) — (2, AL, ..., A%

we then get a bundle chart which maps the basis wy(z),...,ws(x), i.e. an
orthonormal basis w.r.t. the Riemannian metric, for each x € U onto an
Euclidean orthonormal basis of R¢. We apply this orthonormalization process
for each bundle chart and obtain a new bundle atlas whose transition maps
always map an Euclidean orthonormal basis of R? into another such basis,
and are hence in O(d). O

We want to point out, however, that in general there do not exist local
coordinates for which w;(x) = % fori=1,...,d.

Corollary 1.5.1 The tangent bundle of an oriented Riemannian manifold of
dimension d has structure group SO (d).

Proof. The orientation allows to select an atlas for which all transition maps
have positive functional determinant. From this, one sees that we also may
obtain transition functions for the tangent bundle with positive determinant.
The orthonormalization process of Theorem 1.5.2 preserves the positivity of
the determinant, and thus, in the oriented case, we obtain a new bundle atlas
with transition maps in SO(d). d

Definition 1.5.11 Let (E, 7, M) be a a vector bundle. A bundle metric is
given by a family of scalar products on the fibers E,, depending smoothly
onz € M.

In the same manner as Theorem 1.5.2, one shows

Theorem 1.5.3 Fach vector bundle (E,m, M) of rank n with a bundle
metric has structure group O(n). In particular, there exist bundle charts
(f,U),f:7 Y U) — U x R™, for which for all z € U, f~1(z,(e1,...,en)) is

an orthonormal basis of E, (e1,...,ey, is an orthonormal basis of R™). O
Definition 1.5.12 The bundle charts of Theorem 1.5.3 are called metric.
In the same manner as Theorem 1.4.1, one shows

Theorem 1.5.4 Each vector bundle can be equipped with a bundle metric.
O
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It will be more important for us, however, that a Riemannian metric au-
tomatically induces bundle metrics on all tensor bundles over M. The metric
of the cotangent bundle is given in local coordinates by

(w,n) = g%wm; for w=widx',n = nds". (1.5.5)

(We recall that (¢%) is the matrix inverse to (g;;)).
Namely, this expression has the correct transformation behavior under
coordinate changes: If w — x(w) is a coordinate change, we get

oxt

o ., (03
3w°‘dw =: Wodw®,

widx' = w;

while g% is transformed into

i Ow™ dw’

hF = -
Oxt Oxi’

and N
h*P0qils = g9 win;.
Moreover, we get
lw(@)|| = sup{w(z)(v) : v € Te M, [|v]| = 1}.

A Riemannian metric also induces an identification between T'M and T* M

v = v'—— corresponds to w = w;dx’

Ox?
with  w; = g;;v°
T gl
or v'=g"w;j.

(1.5.5) may also be justified as follows:
Under this identification, to v € T, M there corresponds a 1-form w €
T M via
w(w) := (v,w) for all w

and (1.5.5) means then that
lwll = [lv]l-
For example, on TM ® T M, the metric is given by

(vew,®n) = gijvifjgkéwknl (1.5.6)
i 9

(v =1v'577 etc. in local coordinates).

Definition 1.5.13 A local orthonormal basis of T, M of the type obtained
in Theorem 1.5.3 is called an (orthonormal) frame field.
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We put

AP(TyM):=ToMA...ANTyM (exterior product).

p times

On AP(TF M), we have two important operations: First, the exterior product
byn€TiM = AN (T:M) :
AP(T*M) — APYY(TE M)
wr— e(Mw =N Aw.
Second, the interior product or contraction by an element v € T, M :
AP(TEM) — AP~Y(TF M)
wr— (v)w

with
(t(v)w(vr,...,vp-1) == w(v,v1,...,Vp_1)
for v,vi,...,vp—1 € T M.
In fact, such constructions may be carried out with any vector space W and
its dual W* in place of Ty M and T, M. This will be relevant in §1.8.
The vector bundle over M with fiber AP (T M) over x is then denoted by
AP(M).

Definition 1.5.14 The space of sections of AP(M) is denoted by 2P(M),
ie. QP(M) =T'(AP(M)). Elements of 2P(M) are called (exterior) p-forms.

A p-form thus is a sum of terms of the form
w(z) = n(x)dz™ A ... Ada'e
where n(x) is a smooth function and (z?,...,z%) are local coordinates.

Definition 1.5.15 The eaterior derivative d : Q2P(M) — QPTYM) (p =
0,...,d =dim M) is defined through the formula

d(n(x)dz™ A ... Adx') = %Lij)dmj Adx™ AL A date

and extended by linearity to all of £2P(M).

Lemma 1.5.2 Ifw € 2P(M),9 € 29(M), then d(wAV) = dw AV+(—1)PwA
dy.

Proof. This easily follows from the formula w A 9 = (—1)P?9 A w and the
definition of d. O
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Let f: M — N be a differentiable map,
w(z) = n(2)dz" A...Ndz'" € QP(N).
We then define
or dx®t A o

.. dz®».
Or Oxr

fr(w)(x) = n(f(z))
This obviously is the correct transformation formula for p-forms.

Lemma 1.5.3
d(f*(w)) = f*(dw).

Proof. This easily follows from the transformation invariance

n(z) 5 _ on(f(x)) of on(f(z)) , o
927 dz) = 957 Do ——dx® = e dx®. O

Corollary 1.5.2 d is independent of the choice of coordinates.

Proof. Apply Lemma 1.5.3 to a coordinate transformation f. |
Theorem 1.5.5 dod = 0.

Proof. By linearity of d, it suffices to check the asserted identity on forms of

the type _ _
w(z) = f(x)dx™ A... ANdx'>.

Now
dod(w(z))
(88;5 de? Ndz™ AN dzip)
o*f k j i i
:81:j8xkdx ANdz? Ndxz™t AL A dxte
= 07
since % = % (f is assumed to be smooth) and

dz? A dx® = —daF A dad. O

Let now M be a differentiable submanifold of the Riemannian manifold
N;dim M = m,dim N = n. We saw already that M then also carries a
Riemannian metric. For z € M, we define

T+M c T,N
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by
T+M :={v € T,N: Yw e T, M : (v,w) = 0},

where (.,.), as usual, is the scalar product given by the Riemannian metric.

The spaces T;-M are the fibers of a vector bundle T+M over M, and
TM and T+M are both subbundles of TN\, the restriction of TN to M
(in a more complicated manner: TNy, = i*T'N, where i : M — N is the
differentiable embedding of M as a submanifold of N). In order to see this,
one may choose the first m basis vectors vy, ..., v, of T'N|js in the orthonor-
malization procedure of the proof of Theorem 1.5.2 in such a manner that
they locally span T'M.

Then T'M is also locally spanned by wy, . .., w,, (notation as in the proof
of Theorem 1.5.2), and the remaining basis vectors then span T+ M, and we
have

(wij,we)=0fori=1,....ma=m+1,...,n.

Thus, T+ M is the orthogonal complement of TM in T'Nyns-
Definition 1.5.16 T-M is called the normal bundle of M in N.

For our example of the submanifold S* of R?, T+S! is the subbundle of
TRfs:, the restriction of TR? to S', with fiber T, S' = {A\z: A € R} C R%.

We conclude this section with a consideration of the complex case — again,
we remind the reader that is needed only in particular places, like 5.2.

Definition 1.5.17 A vector bundle F over a differentiable manifold M is
called a complex vector bundle if each fiber E, = 7=1(2) is a complex vector
space, i.e., isomorphic to zxC¥, and if that complex structure varies smoothly,
that is, the local trivializations are of the form

o :1m Y U) — U x C*.

We thus have transition maps
Vg : Ua NUg — Gl(k,C).

Here, in contrast to the Definition 1.1.5 of a complex manifold, we neither
require that the base M be complex nor that these transition maps be holo-
morphic. If, however, these conditions are satisfied, that is, M is a complex
manifold and the transition maps are ho lomorphic, then we have a holomor-
phic vector bundle .

On a complex manifold M, in local holomorphic coordinates, we have the
1-forms ‘ . ‘ ~ ‘ .
dz? = da? +idy’, dz* = da? — idy’
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(recall (1.1.2)). We can then decompose the space 2% of k-forms into sub-
spaces 2P with p + ¢ = k. Namely, 277 is locally spanned by forms of the

type 4 . i ]
w(z) =n(2)dz"" A...ANdz"" Nd2?P AL AN dZe

Thus
> raM). (1.5.7)
p+q=k
We can then let the differential operators
170 0 ; , = 1/ 0 0 , ‘
- ;2 I 4 ) _ (=2 ;2 I
0= <8x1 6y3> (dz? +idy’) and 0= 5 <6x1 +i 6?43) (dz? —idy’)
(1.5.8)
operate on such a form by
9 _ B, .
ow = 3: dz" Ndz™ AL NdZP ANdZE N LA d2 (1.5.9)
and 5 ) ) )
Ow = %dzj Az AL NdZ N AL A dR (1.5.10)
z

The following important relations link them with the exterior derivative
d:

Lemma 1.5.4 The exterior derivative d satisfies

d=09+0. (1.5.11)
Moreover,
89 =0, 90 =0, (1.5.12)
90 = —90. (1.5.13)
Proof. We have
0 0 1/ 0 0 4
- _ J I J J
o+0 (8171 ayﬂ) (da? +idy’) + (8xi + Z@yﬂ'> (da? —idy’)
0

0
S o IS A
= 9 jdm + 3y de =d.
Therefore, ~ o -
0=d*=(0+0)(0+09)=0?+090+ 00 + 9*

and decomposing this into types yields (1.5.12) and (1.5.13). One may verify
these relations also by direct computation, e.g.

_ 92 A . 92

00 = —_d2I NdZF = —
029 0zF 02k

dzF A d2l = — 0.



44 1. Foundational Material

1.6 Integral Curves of Vector Fields. Lie Algebras

Let M be a differentiable manifold, X a vector field on M, i.e. a (smooth)
section of the tangent bundle TM. X then defines a first order differential
equation (or, more precisely, if dim M > 1, a system of differential equations):

¢ = X(c). (1.6.1)

This means the following: For each p € M, one wants to find an open interval
I =1, around 0 € R and a solution of the following differential equation for
c: I —- M

dc
E(t) =X(e(t)) fort eI

c(0) =p. (1.6.2)

One checks in local coordinates that this is indeed a system of differential
equations: in such coordinates, let ¢(t) be given by

((t),...,c(t) (d=dim M)

and let X be represented by

ozt
Then (1.6.2) becomes
dc ; ,
E(t) = X"(c(t)) fori=1,...,d. (1.6.3)

Since (1.6.3) has a unique solution for given initial value ¢(0) = p by the
Picard-Lindel6f theorem, we obtain

Lemma 1.6.1 For each p € M, there exist an open interval I, C R with
0 € I,, and a smooth curve

Cp : Ip — M
with
de
(1) = X(ep(1)
cp(0) = p. O

Since the solution also depends smoothly on the initial point p by the
theory of ODE, we furthermore obtain

Lemma 1.6.2 For each p € M, there exist an open neighborhood U of p and
an open interval I with 0 € I, with the property that for all g € U, the curve
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cq (€q(t) = X(cq(t)),cq(0) = q) is defined on I. The map (t,q) — cq(t) from
I xU to M is smooth. |

Definition 1.6.1 The map (¢, q) — ¢4(t) is called the local flow of the vector
field X. The curve ¢, is called the integral curve of X through g.

For fixed ¢, one thus seeks a curve through ¢ whose tangent vector at each
point coincides with the value of X at this point, i.e. a curve which is always
tangent to the vector field X. Now, however, we want to fix ¢t and vary ¢; we
put

pi(q) = cq(t).

Theorem 1.6.1 We have

Pt © st(q) = ¢t+5(q)7 if S7t7 t+s€ LJ’ (164)

and if p¢ is defined on U C M, it maps U diffeomorphically onto its image.

Proof. We have

éqlt+5) = X(cg(t +5)),
hence

Cq(t + S) = ch(s)(t).

Starting from ¢, at time s one reaches the point c4(s), and if one proceeds a
time ¢ further, one reaches ¢, (t + s). One therefore reaches the same point if
one walks from ¢ on the integral curve for a time ¢+ s, or if one walks a time
t from c,4(s). This shows (1.6.4). Inserting ¢ = —s into (1.6.4) for s € I, we
obtain

P—s 0 909((]) = @O(q) =4q.

Thus, the map ¢_; is the inverse of ¢s, and the diffeomorphism property
follows. O

Corollary 1.6.1 Each point in M is contained in precisely one integral curve
for (1.6.1).

Proof. Let p € M. Then p = ¢,(0), and so, it is trivially contained in an
integral curve. Assume now that p = ¢4(¢). Then, by Theorem 1.6.1, ¢ =
¢p(—t). Thus, any point whose flow line passes through p is contained in the
same flow line, namely the one starting at p. Therefore, there is precisely one
flow line going through p. O

We point out, however, that flow lines can reduce to single points; this
happens for those points for which X (p) = 0. Also, flow lines in general are not
closed even if the flow exists for all ¢ € R. Namely, the points lim;_, 4 ¢,(t)
(assuming that these limits exist) need not be contained in the flow line
through p.
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Definition 1.6.2 A family (¢:)ier (I open interval with 0 € I) of diffeo-
morphisms from M to M satisfying (1.6.4) is called a local 1-parameter group
of diffeomorphisms.

In general, a local 1-parameter group need not be extendable to a group,
since the maximal interval of definition I, of ¢; need not be all of R. This is
already seen by easy examples, e.g. M = R, X(r) = 721 e é(t) = A3(t)
as differential equation.

However

Theorem 1.6.2 Let X be a vector field on M with compact support. Then
the corresponding flow is defined for all ¢ € M and all t € R, and the local
1-parameter group becomes a group of diffeomorphisms.

Proof. By Lemma 1.6.2, for every p € M there exist a neighborhood U and
e > 0 such that for all ¢ € U, the curve ¢, is defined on (—¢,¢). Let now
suppX C K, K compact. K can then be covered by finitely many such
neighborhoods, and we choose ¢ as the smallest such .

Since for ¢ ¢ K X(g) =0,

oi(q) = cq(?)

is defined on (—eg,e9) x M, and for |s|, |t| < €9/2, we have the semigroup
property (1.6.4).
Since the interval of existence (—eg,&0) may be chosen uniformly for all
q, one may iteratively extend the flow to all of R. For this purpose, we write
teR as €0
tzm;—i—p with m € Z,0 < p < e9/2

and put
Pt = (eg/2)™ 0 Pp
(p1)ter then is the desired 1-parameter group. O

Corollary 1.6.2 On a compact differentiable manifold, any vector field gen-
erates a 1-parameter group of diffeomorphisms. O

The preceding is a geometric interpretation of systems of first order ODE
on manifolds. However, also higher order systems of ODE may be reduced
to first order systems by introducing additional independent variables. As an
example, we want to study the system for geodesics, i.e. in local coordinates

B(t) + I (x()d? (H)a* (1) =0, i=1,....d. (1.6.5)

We want to transform this second order system into a first order system on
the cotangent bundle T* M. As usual, we locally trivialize T*M by a chart

T* My ~ U x R
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with coordinates (x!,...,2% p1,...,pa).
We also put

H(z,p) = %gij (x)pip; (97 (x)gk(z) = 6}). (1.6.6)

(The transformation behavior of g%/ and pj, implies that H does not depend
on the choice of coordinates.)

Theorem 1.6.3 (1.6.5) is equivalent to the following system on T*M :

L 0H
v Op; = 9" ()p;
oH 1 | 5
N — — — _ 40k . . gk . gk 1
Di Ot 29 71(x)pjpk (g s axig ) ( 67)

Proof. From the first equation
i = g"(x)p; + 9" k(x)i"p;
= g"p; + g7 kiFgjed’
and with the second equation then

it = —59”9‘3’“ Pepk + g7 gt it

1
2
— 9" Grnn kg™ gjea it

(from g g;x, = 6}, it follows that ¢ ; = —g"" grmn.eg™)

=+ gijgemgmmjgnkgfrj:rgksj:s

= %g” Gmn & E" = g7 G 2 "
_ 1 1] sm n
= 59 (gm’mj — Gjn,m — gjm,n)-r z
since gmn,ki'kin = %gmn,ki‘kin + %gmk,ni‘ka}n
and after renumbering some indices
=TI ami" U

Definition 1.6.3 The flow determined by (1.6.7) is called the cogeodesic
flow. The geodesic flow on T M is obtained from the cogeodesic flow by the
first equation of (1.6.7).

Thus, the geodesic lines are the projections of the integral curves of the
geodesic flow onto M.
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The reason for considering the cogeodesic instead of the geodesic flow is
that the former is a Hamiltonian flow for the Hamiltonian H from (1.6.6).
We remark that by (1.6.7), we have along the integral curves

dH
dt
Thus, the cogeodesic flow maps the set E, := {(x,p) € T*M : H(x,p) = \}
onto itself for every A > 0. If M is compact, so are all E. Hence, by Corollary
1.6.2, the geodesic flow is defined on all of E), for every A. Since M = ,\go Ey,

= Hyid' + Hp,pi = —pid’ + 3'p; = 0.

Theorem 1.6.3 yields a new proof of Theorem 1.4.7.

If ¢ : M — N is a diffeomorphism between differentiable manifolds, and
if X is a vector field on M, we define a vector field

Y =4, X

on N by
Y(p) = dp(X (%~ (p)))- (1.6.8)
Then

Lemma 1.6.3 For any differentiable function f: N — R

(X)) ) = X(f o) (&7 (p)). (1.6.9)

Proof.

(¥ X) () (p) = (dip o X)(f)(p)
= (df o dip o X) (¥~ (p))
=X(fou)(w ™' (). U

If o : N — P is another diffeomorphism, obviously

(o)X = . (1. (X)) (1.6.10)

Lemma 1.6.4 Let X be a vector field on M, 1 : M — N a diffeomorphism.
If the local 1-parameter group generated by X is given by @y, the local group
generated by 1, X s

Yopoph.

Proof. 1 opso1p~t is a local 1-parameter group, and therefore, by uniqueness
of solutions of ODE, it suffices to show the claim near ¢ = 0. Now
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d d
%W oy o (p))jt=0 = dlﬂ(%% 0 (p)i=0)
(where dy) is evaluated at @ o~ (p)) = 1~ (p))

= dpX (¥~ (p)) = X (p)- O

Definition 1.6.4 For vector fields X,Y on M, the Lie bracket

(X, Y]
is defined as the vector field
o) ) 09Xt 9 .0 -0
X - e - - X=X"—Y=Y"—7).
0zJ Ozt 0xI Ox' ( oz’ 81‘1)

We say that the vector fields X and Y commute, if
[X,Y]=0.
Lemma 1.6.5 [X,Y] is linear (over R) in X and Y. For a differentiable

function f : M — R, we have [X,Y]f = X(Y(f)) — Y(X(f)). Furthermore,
the Jacobi identity holds:

(X, Y], Z] +[[Y, 2], X] + [[Z, X],Y] = 0
for any three vector fields X,Y, Z.

Proof. In local coordinates with X = X? 8% Y =Y? 62“ we have

V' Of 0X'Of _

XY f=X—— — -—— =X (Y -Y(X 1.6.11
and this is linear in f, X, Y. This implies the first two claims. The Jacobi
identity follows by direct computation. O

Definition 1.6.5 A Lie algebra (over R) is a real vector space V equipped
with a bilinear map [-,-] : V x V — V, the Lie bracket, satisfying:

(1) [X,X]=0 foral X eV.
(ii) (X, Y, Z]|+ [V, (2, X]] +[Z,[X,Y]] =0 forall X,Y,Z e V.

Corollary 1.6.3 The space of vector fields on M, equipped with the Lie
bracket, is a Lie algebra. O

Lemma 1.6.6 Let v : M — N be a diffeomorphism, X,Y wvector fields on
M. Then
[V X, .Y = . [X,Y]. (1.6.12)

Thus, ¥, induces a Lie algebra isomorphism.
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Proof. Directly from Lemma 1.6.3. O

We now want to investigate how one might differentiate tensor fields. A
function f: M — R, if smooth, may simply be differentiated at a point = by
comparing its values at = with those at neighbouring points. For a tensor field
S, this is not possible any more, because the values of S at different points
lie in different spaces, and it is not clear how to compare elements of different
fibers. For this purpose, however, one might use a map F of one fiber onto
another one, and an element v of the first fiber may then be compared with
an element w of the second fiber by comparing F'(v) and w. One possibility
to obtain such a map at least between neighbouring fibers (which is sufficient
for purposes of differentiation) is to use a local 1-parameter group (w¢)ier
of diffeomorphisms. If for example X = X* 6‘; is a vector field, we consider
(—+)+ X (¢(z)). This yields a curve X; in T, M (for ¢t € I), and such a curve

may be differentiated. In particular,

o k
(@D_t)*%(d)t(:c)) = ;ij % (evaluated at ;(x)). (1.6.13)
(In general, one has for ¢ : M — N w*% = %—ﬁ%, but in case M = N
and z and ¢(x) are contained in the same coordinate neighborhood, of course
5% = 50%)-
If w = w;dz? is a 1-form, we may simply consider
. oy, i
(V7)) (&) = wilia () ot da®, (16.14)

which is a curve in Ty M.
In general for a smooth map ¢ : M — N and a 1-form w = w;dz* on N,
* 82:1 k
rw = wi(go(;v))wdx ; (1.6.15)

note that ¢ need not be a diffeomorphism here.
Analogously, for a section h = h;;dz" @ dz7, of T*N @ T*N

i J
(¢*)h = hij%%diﬁk ® da’. (1.6.16)

Finally, for a function f: N — R of course
o f=foo. (1.6.17)
If p: M — N is a diffeomorphism, and Y is a vector field on IV, we put
O*Y = (p h).Y. (1.6.18)

in order to unify our notation.
©* is then defined analogously for other contravariant tensors.
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In particular, for a vector field X on M and a local group (¢;)ics as
above:

(V)X = (P-).X. (1.6.19)

Definition 1.6.6 Let X be a vector field with a local 1-parameter group
(¥¢)er of local diffeomorphisms, S a tensor field on M. The Lie derivative
of S in the direction X is defined as

d .
Lx§ = %(M)u:o.

Theorem 1.6.4
1) Let f : M — R be a (differentiable) function. Then

x(f) = df(X) = X(f).

i) LetY be a vector field on M. Then
LxY =[X,Y].

iii) Let w = wjdx! be a 1-form on M. Then for X = X2 5T

- 8wj i aXl j
Lxw= <8xiX + axj >dx

Proof.
i) Lx(f) = £; firmo = % f oy, = 2L X = X(f) (cf. (1.6.17)).
i) y=Yyi?2

ozt ”

LxY

d . .0
= @T/Jt (Y @)u:o

d ;0
= @W—t)*(y W)‘tzo by (1619)
d 81/)]t 0
( ) == 5 B 57 )jt=o by (1.6.13), Lemma 1.6.3
8Y ke O . 0XI 9. _d -
3ka @m +Y'(— o )%, since g = id, %1/;7%:0 = _X

BT CRR) Ny

= Oxk Oxk )8 =[xyl
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iii)

d *
Lxw= %(%w)n:o

d ol .

= *(wj(wt)ﬂda?")\tzo by (1.6.14)

0w ¢ . d

= 87X (Vd er]a—dx since 1y = id, aﬂjt\t:o =X
Owl . 0X!

= &
<3m’ + o

w;)dx? . O

In this manner, also Lie derivatives of arbitrary tensor fields may be com-
puted. For example for A = h;;dz* ® dx?

Lxh = hijp X*da' @ da?
X’ X7

+hw8kdx ®d’+h”8kdx ® da® . (1.6.20)
XF X
:(hlijk+hkjaa ; +hzki) 7)d$ ® da’

Remark. For vector fields X,Y, Z and ¢ = 9, the local flow of X, Lemma
1.6.6 yields by differentiation at ¢t = 0

Lx|Y,Z]=[LxY,Z)+[Y,LxZ],
and with Theorem 1.6.4 ii), we then obtain the Jacobi identity

[Xa [K ZH = HX’ YLZ] + [Y7 [Xv Z”
_[Zv [Xv Y]] - [Y7 [Z’XH'

Definition 1.6.7 Let M carry a Riemannian metric
g= gl-jdxi ® da’.
A vector field X on M is called a Killing field or an infinitesimal isometry if
Lx(g) =0. (1.6.21)

Lemma 1.6.7 A vector field X on a Riemannian manifold M is a Killing
field if and only if the local 1-parameter group generated by X consists of local
1sometries.

Proof. From (1.6.21)
d *
7 Wi 9)ii=0 =0. (1.6.22)
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Since this holds for every point of M, we obtain
Yig=yg foralltel.

Therefore, the diffeomorphisms ; are isometries. Conversely, if the v, are
isometries, (1.6.22) holds, hence also (1.6.21). O

Lemma 1.6.8 The Killing fields of a Riemannian manifold constitute a Lie
algebra.

Proof. The space of all vector fields on a differentiable manifold constitute a
Lie algebra by Corollary 1.6.3. The claim then follows if we show that the
space of Killing fields is closed under the Lie bracket [., ], i.e. that for any two
Killing fields X and Y, [X,Y] is again a Killing field. This, however, follows
from the following identity which was derived in the proof of Theorem 1.6.4
ii):

[X,Y]=LxY = %dw—ty(wt)n:o,

where (1¢)ter is the local group of isometries generated by X. Namely, for
any fixed t,
Y-t 0 ps 0y,
is the local group for dy_;Y (¢;), where (¢s)scr is the local group generated
by Y. Since ¥; and ¢, are isometries, so are ¥_; 0 g 0 Ys.
It follows that

2

0 «
Lixy)g= m@—t%%) Js=t=0 = 0.

Thus, [X,Y] indeed is a Killing field. O

1.7 Lie Groups

Definition 1.7.1 A Lie group is a group G carrying the structure of a dif-
ferentiable manifold or, more generally, of a disjoint union of finitely many
differentiable manifolds for which the following maps are differentiable:

G x G — G (multiplication)
(9,h) = g-h
and

G — G (inverse)

gr—g .

We say that G acts on a differentiable manifold M from the left if there
is a differentiable map
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GxM-—M
(9,2) — gx
that respects the Lie group structure of G in the sense that

g(hz) = (g-h)x forall g,h € G, x € M.

An action from the right is defined analogously.

The Lie groups we shall encounter will mostly be linear algebraic groups.
In order to describe the most important ones, let V' be a vector space over R
of dimension n. We put

Gl(V):={A:V — V linear and bijective},

the vector space isomorphisms of V.
If V is equipped with a scalar product (-,-), we put

O(V):={A e GI(V) : (Av, Av) = (v,v) for all v € V.}
and
SO (V) :={A € O(V): the matrix (Ae;,e;); =1, has positive
determinant for some (and hence any) basis ey, ..., e, of V}.

(In the terminology of § 2.1 below, one might express the last condition
as: A transforms positive bases into positive bases.) Clearly SO(V) C O(V).
G1(V), SO(V) and O(V') become Lie groups w.r.t. composition of linear maps.
Since bijectivity is an open condition, the tangent space to G1(V), for example
at the identity linear map, i.e. the Lie algebra of G1(V'), can be identified with

gl(V) :={X : V — V linear},
the space of endomorphisms of V. The Lie algebra bracket is simply given by
[X,Y]=XY -YX.

The Lie algebra of SO(V) then is obtained by differentiating the relation
(Av, Aw) = (v, w), i.e. as

so(V):={X e gl(V) : (Xv,w) + (v, Xw) =0 for all v,w € V},

the skew symmetric endomorphisms of V. (Of course, this is also the Lie
algebra of O(V'), and therefore in the sequel, we shall sometimes write o(V)
in place of so(V).)

The relation between a Lie algebra and its Lie group is given by the
exponential map which in the present case is simply

1 1
eX=Id+X+§X2+§X3+...
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For t € R, we have
t2
etX:Id+tX+§X2+...

As the ordinary exponential map converges, this series converges for all t € R,
and e*X is continuous in .

For s,t € R, we have
e(s+t)X _ esXetX

In particular
eXe X =1d

Therefore, eX is always invertible, i.e. in GI(V), with inverse given by e~*.

Thus, for each X € gl(V),

tr—>etX

yields a group homomorphism from R to GI(V).
We assume that (-,-) is nondegenerate. Every X € gl(V) then has a
adjoint X* characterized by the relation

(Xv,w) = (v, X w) for all v,w e V.

With this notation
Xeso(V) < X=-X".

For X € so(V), then

* 1
(e*) :Id+X*+§(X*)2+...

1
=1d—X+§X2—...:e—X:(eX)—l,

hence eX € SO(V).

In fact, the exponential map maps so(V) onto SO(V'). However, the ex-
ponential map from gl(V') is not surjective; its image does not even contain
all elements of Gl (V'), the subgroup of automorphisms of V' with positive
determinant (w.r.t. some basis).

Typically, (V,(-,-)) will be the Euclidean space of dimension n, i.e. R™
with its standard Euclidean scalar product. For that purpose, we shall often
use the notation Gl(n,R) in place of GI(V), gl(n), O(n), SO(n), o(n), so(n)
in place of gl(V), O(V), SO(V), o(V), so(V) etc.

Sometimes, we shall also need complex vector spaces. Let V¢ be a vector
space over C of complex dimension m. We put

Gl(Vg) := {4 : Vg — V¢ complex linear and bijective}.
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If V¢ is equipped with a Hermitian product (-, ), we put
U(Ve)(:=U(Ve, (1)) :i={A4 € GI(V¢) : (Av, Aw) = (v, w) for all v,w € V¢}
SU(Ve) :={A€U(Vg) :det A = 1}.

The associated Lie algebras are

gl(Ve) :={X : V& — V¢ complex linear}

u(Ve) :=={X e gl(Vp) : (Xv,w) + (v, Xw) =0

for all v,w € V¢},
(the skew Hermitian endomorphisms of V¢ ), and
su(Vp) .= {X e u(Vg) : trX =0}

(the skew Hermitian endomorphisms with vanishing trace), where the trace
tr is defined using a unitary basis e, ..., e, of Vi, ie. (e;,e;) = d;;.

If V is C™ with its standard Hermitian product, we write Gl(m, C), U(m),
SU(m) etc. in place of G1(V¢), U(Ve), SU(Ve) ete.

For A, B € GI(V), we have the conjugation by A.
Int(A)B = ABA™! (1.7.1)
For X € gl(V), then the induced action of A is given by
(AdA)X = AXA™!,
and for Y € gl(V'), we obtain the infinitesimal version
(adV)X =YX — XY =Y, X]

as follows by writing B = X, A = e*¥ and differentiating (1.7.1) w.r.t. ¢
and s and s =t = 0.

Thus, Ad and ad associate to each element in GI(V') resp. gl(V') a linear
endomorphism of the vector space gl(V'). Thus, Ad and ad yield representa-
tions of the Lie group G1(V) and the Lie algebra gl(V'), resp., on the vector
space gl(V'). These representations are called adjoint representations.

The unit element of a Lie group G will be denoted by e.
For g € G, we have the left translation

Ly:G—G
h+— gh
and the right translation
R,:G—G
h — hg.

Ly and R, are diffeomorphisms of G, (L,)"! =L

g—l .
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A vector field X on G is called left invariant if for all g,h € G

(see (1.6.8) for the definition of Ly, ; note that we should write (L), for Lg.)
ie.
LpX =XoL,. (1.7.2)

Theorem 1.7.1 Let G be a Lie group. For every V € TG,

X(9) == Lg.V (1.7.3)

defines a left invariant vector field on G, and we thus obtain an isomorphism
between T.G and the space of left invariant vector fields on G.

Proof.
X(gh) = Ligny«V = Ly« LV = Lg. X (h)

which is left invariance.

Since a left invariant vector field is determined by its value at any point
of G, for example at e, we obtain an isomorphism between 7.G and the space
of left invariant vector fields. O

By Lemma 1.6.6, for g € G and vector fields X,Y
[LgsX,Lg.Y] = Lo [X,Y]. (1.7.4)

Consequently, the Lie bracket of left invariant vector fields is left invariant
itself, and the space of left invariant vector fields is closed under the Lie
bracket and hence forms a Lie subalgebra of the Lie algebra of all vector
fields on G (cf. Corollary 1.6.3).

From Theorem 1.7.1, we obtain
Corollary 1.7.1 T.G carries the structure of a Lie algebra. O

Definition 1.7.2 The Lie algebra g of G is the vector space T.G equipped
with the Lie algebra structure of Corollary 1.7.1.

We may easily construct so-called left invariant Riemannian metrics on
a Lie group G by the following procedure:
We select a scalar product (-, -) on the Lie algebra T.G.

For h € G,V € T, G, there exists a unique V, € T,G with
V = Ly Ve (1.7.5)

since Ly, is a diffeomorphism.
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We then put for V,W € T},G
(VW) := (Ve, We). (1.7.6)
This defines a Riemannian metric on G which is left invariant.

In analogy to the definition of a vector bundle (Definition 1.5.1) where
the fiber is a vector space we now define a principal bundle as one where the
fiber is a Lie group.

Definition 1.7.3 Let G be a Lie group. A principal G-bundle consists of a
base M, which is a differentiable manifold, and a differentiable manifold P,
the total space of the bundle, and a differentiable projection 7w : P — M,
with an action of G on P satisfying:

(i) G acts freely on P from the right: (¢,9) € P x G is mapped to qg € P,
and qg # q for g # e.

The G-action then defines an equivalence relation on P :p ~ q : <=
dg € G:p=qg.

(ii) M is the quotient of P by this equivalence relation, and 7 : P — M
maps q € P to its equivalence class. By (i), each fiber 771 (x) can then
be identified with G.

(iii) P is locally trivial in the following sense:
For each x € M, there exist a neighborhood U of z and a diffeomor-
phism
L1
cn(U)—=UxG

¥
of the form ¢(p) = (w(p),¥(p)) which is G-equivariant, i.e. ¢(pg) =
(m(p),¥(p)g) for all g € G.

As in Definition 1.5.2, a subgroup H of G is called the structure group of
the bundle P if all transition maps take their values in H. Here, the structure
group operates on G by left translations.

The notions of vector and principal bundle are closely associated with
each other as we now want to explain briefly. Given a principal G-bundle
P — M and a vector space V' on which G acts from the left, we construct
the associated vector bundle £ — M with fiber V' as follows:

We have a free action of G on P x V from the right:

PxVxG—=PxV
(pv)-g=(-g,9 ).

If we divide out this G-action, i.e. identify (p,v) and (p,v) - g, the fibers of
(P xV)/G — P/G become vector spaces isomorphic to V, and

E:=PxgV:=(PxV)g—M
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is a vector bundle with fiber G xg V := (G x V), = V and structure group
G. The transition functions for P also give transition functions for E via the
left action of G on V. Conversely, given a vector bundle E with structure
group G, we construct a principal G-bundle as

HUaxG/N

with
(Tasga) ~ (28,98) 1 <= o =23 €Uy NUg and g3 = vga(T)ga

where {U,} is a local trivialization of E with transition functions ¢gq, as in
Theorem 1.5.1.

P can be considered as the bundle of admissible bases of E. In a local
trivialization, each fiber of F is identified with R™, and each admissible basis
is represented by a matrix contained in G. The transition functions describe
a base change.

For example, if we have an SO(n) vector bundle E, i.e. a vector bundle
with structure group SO(n), then the associated principal SO(n) bundle is
the bundle of oriented orthonormal bases (frames) for the fibres of E.

Perspectives. Lie groups, while only treated relatively briefly in the present text
book, form a central object of mathematical study. An introduction to their ge-
ometry and classification may be found in [116]. As symmetry groups of physical
systems, they also play an important role in modern physics, in particular in quan-
tum mechanics and quantum field theory.

We shall encounter Lie groups again in chapter 5 as isometry groups of sym-
metric spaces. A theorem of Myers-Steenrod says that the isometry group of a
Riemannian manifold is a Lie group. For a generic Riemannian manifold, the isom-
etry group is discrete or even trivial. A homogeneous space is a Riemannian man-
ifold with a transitive group G of isometries. It may thus be represented as G/H
where H := {g € G : gzo = o} is the isotropy group of an arbitrarily selected
xo € M. Homogeneous spaces form important examples of Riemannian manifolds
and include the symmetric spaces discussed in chapter 5.

1.8 Spin Structures

For the definition of the Dirac operator in §3.4 and its applications in Chapter
7, we need a compact Lie group, Spin(n), which is not a subgroup of Gl(n, R),
but rather a two-fold covering of SO(n) for n > 3. The case n = 4 will be
particularly important for our applications. In order to define Spin(n), we
start by introducing Clifford algebras.

We let V' be a vector space of dimension n over R, equipped with a
positive definite inner product (-,-). We put [|v|| := (v,v)2, for every v € V.
For a substantial part of the algebraic constructions to follow in fact a not
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necessarily nondegenerate quadratic form on V' would suffice, but here we
have no need to investigate the most general possible construction. On the
contrary, for our purposes it suffices to take R™ with its standard Euclidean
scalar product. An orthonormal basis will be denoted by eq,...,e,.

Definition 1.8.1 The Clifford algebra C1(V), also denoted Cl(n), is the quo-

tient of the tensor algebra @ V ® ... ® V generated by V by the two sided
k>0

ideal generated by all elements of the form v ® v + ||v||? for v € V.

Thus, the multiplication rule for the Clifford algebra C1(V) is

vw + wv = —2(v, w) (1.8.1)
In particular, in terms of our orthonormal basis ey, ..., e,, we have
e;2 = —1 and eiej = —eje; for @ # j. (1.8.2)

From this, one easily sees that a basis of C1(V') as a real vector space is given
by

eo:=1, eq:i=¢€q,€ay-- €a;

with a = {ay,...,a} C{1,...,n} and a1 < az... < ay. For such an a, we
shall put || := k in the sequel. Thus, as a vector space, C1(V') is isomorphic
to A*(V) (as algebras, these two spaces are of course different). In particular,
the dimension of CI(V) as a vector space is 2”. Also, declaring this basis as
being orthonormal, we obtain a scalar product on Cl(V) extending the one
on V.

We define the degree of e, as being |a|. The e, of degree k generate the
subset C1¥(V) of elements of degree k. We have

Cl°=R
cl =v.

Finally, we let C1°°(V) and C1°™(V) be the subspaces of elements of even,
resp. odd degree. The former is a subalgebra of C1(V'), but not the latter.

Lemma 1.8.1 The center of CL(V') consists of those elements that commute
with all v € C1Y(V) = V. For n even, the center is C1°(V'), while for n odd,
it is C1%(V) @ C1"(V).

Proof. It suffices to consider basis vectors eq = €q, ...€q, as above. For
j & a, we have
«@
€atj = (—1)| |ejea,

and thus |a has to be even for e, to commute with e;, while

€ata; = (—1)|°‘|_1er Cas
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so that |a| needs to be odd for a commutation.
The conclusion follows easily for monomials and with a little algebra also
in the general case. O

We next observe that
C12 =: spin(V) (or simply spin(n))
is a Lie algebra with the bracket
[a,b] = ab — ba (1.8.3)

For that, note that [a,b] € C1>(V) if a,b € CI*(V) as an easy consequence of
(1.8.2).
To verify this, let us first consider the case

a=ee;, b=egey.
with the indices ¢, j, k, [ all different. In this case
€i€5CLEl — €LEIEE; = C€LCIC; — €LEIEC
= epere;ej — egere;e; =0 by (1.8.2)

Another case is
a =e;e;, b=ejey.
Then, using (1.8.2)
eiejejek — ejekeiej = —€;€k — ejejekei
= —ejer + epe;
= —2¢;e; € CIX(V).
From these two cases, the general pattern should be clear.
In a similar manner, the bracket defines an action 7 of C1*(V') on C1'(V) =

V:
T(a)v := [a,v] == av — va (1.8.4)

Again, by (1.8.2) [a,v] € CI*(V) if a € CI*(V), v € CI}(V).
Let us consider the two typical cases as before, first

a = €€y, v = €L,
with 4, j, k all different. Then
e;ejer — epe;e; = ejejey — ejeje = 0.

The second case is
a = €;€5, v = €4,
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Then
1
€i€j€; — €i€i€j = —€;€;€j; — €;6;€5 = 26]‘ e Cl (V)

Lemma 1.8.2 7 defines a Lie algebra isomorphism between spin(V) and
so(V).

Proof. Since, as noted, 7(a) preserves V, and since one readily checks that
Tla,b] = [r(a), 7(b)], T defines a Lie algebra homomorphism from spin(V) =
CI2(V) to gl(V). For a € CI*(V),

(r(@)v, w) + (v, 7(a)w) = —[[a, o], w] ~ 5o, la,u] by (181)
-0 (1.8.5)

as one easily checks by employing (1.8.2), after the same pattern as above.
Therefore, 7(a) € s0(V) for all a € CI>(V). It follows from Lemma 1.8.1
that 7 is injective on C1?(V). Since C1*(V) and so both are vector spaces of
dimension %, and 7 is an injective linear map between them, 7 in fact
has to be bijective. O

In the Clifford algebra C1(V'), one can now define an exponential series as
in gl(V), and one may define the group Spin(V') as the exponential image of
the Lie algebra spin(V'). Spin(V) then becomes a Lie group. This follows from
general properties of the exponential map. Here, however, we rather wish to
define Spin(v) directly, as this may be more instructive from a geometric
point of view.

For that purpose, let us first introduce an anti-automorphism a — a’ of
Cl(V), defined on a basis vector eq, €q, - - - €q, as above by

k(k—1)
(CarCas - Cap)t = Cay - Canlay (= (=1)" Z € Cay---Cay) (1.8.6)

In particular

1 if kis even

—1 if kis odd (1.8.7)

€a;€as - - - oy (Eay ...eak)t = {

Also, for all a,b € CI(V)
(ab)' = b'a’. (1.8.8)

Definition 1.8.2 Pin(V) is the group of elements of C1(V') of the form
a=ay...a witha; € Vi|ja;||=1fori=1,...,k

Spin(V) is the group Pin(V) N CI*(V), i.e. the group of elements of Cl(v) of
the form

a=ay...a9m witha; €V, |Ja;]| =1fori=1,...,2m (m € N).
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We shall often write Pin(n), Spin(n) in place of Pin(R™), Spin(R™), resp.

From (1.8.7), we see that Spin(V') is the group of all elements a € Pin(V)
with
aa’ =1 (1.8.9)

Theorem 1.8.1 Putting
t

pla)v = ava
defines a surjective homomorphism p : Pin(V) — O(V) with p(Spin(V)) =
SO(V).

In particular, Pin(V) C Cl(V) acts on V. This is the so-called vector
representation, not to be confused with the spinor representation introduced
below.

Proof. We start with a € V, ||a|]| = 1. In that case, every v € V' decomposes
as
v =Aa+a’, with (a,a) =0, A€ R.

Then, since a = a' fora € V

p(a)v = a(Aa + at)a
= —\a — aaa’ since aa = aa’ = —1 by (1.8.7)
and ata + aat =0 by (1.8.2)
=-Xa+at.

Consequently p(a) is the reflection across the hyperplane orthogonal to a.
This is an element of O(V'). Then also for a general a = a; ...ax € Pin(V),
p(a) is a product of reflections across hyperplanes, hence in O(V'). The pre-
ceding construction also shows that all reflections across hyperplanes are
contained in the image of p(Pin(V)). Since every element in O(V') can be rep-
resented as a product of such reflections?, it follows that p(Pin(V)) = O(V).
If now ¢ € Spin(V), then p(a) is a product of an even number of re-
flections, hence in SO(V'). Since every element SO(V) can conversely be
represented as a product of an even number of reflections, it follows that
p(Spin(V)) = SO(V).

From (1.8.8), it is clear that p(ab) = p(a)p(b), and so p defines a homo-
morphism. O

Let us now determine the kernel of
p: Spin(V) — SO(V).

! Every rotation of a plane is a product of two reflections, and the normal form of
an orthogonal matrix shows that it can be represented as a product of rotations
and reflections in mutually orthogonal planes.
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If a € kerp, then p(a)v = v for all v € V. From the definition of p and aa® = 1
for a € Spin(V'), we obtain that this is equivalent to

av = va for all v € V,

i.e. a commutes with all elements of V. Since all elements in Spin(V) are
even, Lemma 1.8.1 implies a € R. Since aa’ = 1, we conclude that

a==%1.
We next claim that Spin(V') is connected for dimgV > 2. Let
a=aj...azy, €Spin(V), with a; in the unit sphere of V. (1.8.10)

Since that sphere is connected, we may connect every a; by a path a;(t) to
e1. Hence, a can be connected to eg ...e; (2m times), which is +1. Thus we
need to connect 1 and —1. We use the path

~(t) = (cos (zt> e1 + sin (Et) 62) (cos (zt) e; — sin (zt> 62>
2 2 2 2
= — cos? (It) + sin? (zt> — 2sin <Et> cos (It) ele
- 2 2 2 2") 1™

since eje; = egeg = —1.

This path is contained in Spin(V') and satisfy v(0) = —1, (1) = 1, and we
have shown connectedness of Spin(V') for dimgV > 2.

(1.8.10) also easily implies that Spin(V') is compact. If we finally use the
information that 71 (SO(V)) = Zs for n = dimgV > 3, we obtain altogether

Theorem 1.8.2 p : Spin(V) — SO(V) is a nontrivial double covering.

Spin(V') is compact and connected, and for dimgV > 3, it is also simply

connected. Thus, for dimgV > 3, Spin(V) is the universal cover of SO(V).
O

Let us briefly return to the relation between spin(V') and Spin(V'). If we
differentiate the relation characterizing Spin(V'), i.e.

aa' =1 and ava' €V forallv eV,

(differentiating means that we consider a = 1 + eb + O(e?) and take the
derivative w.r.t. € at € = 0), we obtain the infinitesimal relations

b+ =0 and bv+vbt =bv—vbforallveV,

which were the relations satisfied by elements of spin(V) = CI*(V). Since
the preceding implies that Spin(V) and spin(V') have the same dimension,
namely the one of SO(V) and so(V), i.e. @, spin(V) indeed turns out to
be the Lie algebra of the Lie group Spin(V).

Let us also discuss the induced homomorphism
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dp : spin(V) — so(V),

the infinitesimal version of p. The preceding discussion implies that dp coin-
cides with the Lie algebra isomorphism 7 of Lemma 1.8.2. In order to obtain
a more explicit relation, we observe that a basis for so(n), the Lie algebra of
skew symmetric n X n-matrices is given by the matrices e; Ae;, 1 <7 < j < n,
(denoting the skew symmetric matrix that has —1 at the intersection of the
i** row and the j*™ column, +1 at the intersection of the j* row and the it"
column, and 0 entries elsewhere)?. e; Aej is the tangent vector at the identity
of SO(n) for the one parameter subgroup of rotations through an angle o
in the e;e; plane from e; towards e;. In Spin(n), we may consider the one
parameter subgroup

¥ — e;i(—cos(P)e; + sin(P)e;) = cos(P) + sin(F)e;e;.
Its tangent vector at 1, i.e. at ¥ = 0, is e;e;.

Lemma 1.8.3
dp(eie;) = 2(e; A ey)

Proof. We have seen in the proof of Theorem 1.8.1, that p(a) is the reflection
across the hyperplane perpendicular to a, for a unit vector a € R™. Thus,
p(cos(¥) + sin()e;e;) is the reflection across the hyperplane orthogonal to
—cos(V)e; + sin(V)e; followed by the one across the hyperplane orthogonal
to e;. This, however, is the rotation in the e;, e; plane through an angle of
29 from e; towards e;. O

Ezxamples.

1) From its definition, the Clifford algebra CI(R) is R[z]/(2? + 1), the
algebra generated by x with the relation 2 = —1. In order to make
contact with our previous notation, we should write e; in place of x.
Of course this algebra can be identified with C, and we identify the
basis vector e; with 7. CI*°(R) = CI°(R) then are the reals, while
CI°(R) = CI'(R) is identified with the purely imaginary complex
numbers. Pin(R) then is the subgroup of C generated by +i, and
Spin(R) is the group with elements +1.

2) CI(R?) is the algebra generated by x and y with the relations

?=-1, y*=-1, ay=—yz.

Again, we write e, es in place of x, y. This algebra can be identified
with the quaternion algebra H, by putting

i=e, Jj=ez, k=eien.

2 For the sake of the present discussion, we identify V' with R™ (n = dimg V).
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Since i? = j2 = k> = —1,4j+ji = ik+ ki = jk+kj =0
the relations (1.8.2) are indeed satisfied. The subalgebra C1°’(R?)
is generated by k, and thus it is isomorphic to C C H, where
the purely imaginary complex numbers correspond to multiples of
k. Pin(R?) is generated by the circle cos(9)i + sin(d)j through i
and j (¢ € S'). Spin(R?) then is the group consisting of prod-
ucts (cos(91)i + sin(d1)7)(cos(d2)i + sin(d2)j) (V91,92 € SY) =
— cos 1 cos ¥y — sin )y sin o + (cos U1 sin g — cos ¥y sin )k, i.e. the
unit circle in the above subspace C C H. (So, while Pin(V') is gener-
ated by 1,4, 7, k, Spin(V) is generated by 1,k. i and j act on R? by
reflection while k acts as a rotation.) Thus, Spin(R?) is isomorphic
to U(1) = S1. We should note, however, that it is a double cover of
SO(2) as +1 both are mapped to the trivial element of SO(2).

Similarly, we identify CI(R?®) with H & H by putting
€0 = (17 1)a €1 = (27 _2)7 €2 = (]7 _J) €3 = (k7 _k)
Then
€1€2 = (kak)a €2€3 = (Za2>7 €361 = (]7.7)7

and CI1°’(R?) is identified with the diagonal embedding of H into
H®H. Since C1'(R?) = R? is identified with the pairs (a, —a) of purely
imaginary quaternions «, Pin(R3) is generated by such elements of
length 1. Spin(R?) then is the group of pairs (3, 3) of unit quaternions
0, as every such pair can be obtained as a product (a1, —aq) (a2, —as)
where aq, as are purely imaginary unit quaternions themselves. Thus,
Spin(R?) is isomorphic to the group Sp(1) of unit quaternions in H.
One also knows that this group is isomorphic to SU(2). In fact, we
have a natural linear embedding

v :H — C**? (2 by 2 matrices with complex coefficients)
by writing w € H as
w = (wo + kwy) + j(w2 + kws) = w + j¥

with wg, wy,ws, w3 € R while we consider w and v as elements of C,

and putting o
w =t

= (1 o) a=(1 ) =g %)

These matrices satisfy the same commutation relations as 14, j, k, and

Y(ww') = y(w)y(w'), (@)= y(w)*
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for all w,w’ € H. Thus, v is an algebra homomorphism. v induces an
isomorphism between Sp(1) and SU(2).

4) CI(R?) is identified with H?*2, the space of two by two matrices with
quaternionic coefficients, by putting

(10 (0 1 (0 i
60_ 0 1 761_ 71 0 762_ Z O I
o (03 . _ (0 K
3 = ] 0 y» €4 — L oo/

Pin(R*) is generated by the unit sphere in CI'(R*) = R?, i.e. in our
identification by all linear combinations of e; es, e3, e4 of unit length.
Spin(R*) then is the group of products of two such elements, i.e. the

group of all elements of the form (g g where « and (§ are unit

quaternions. Thus, Spin(R*) is homeomorphic to S3 x S3 2 Sp(1) x
Sp(1) =2 SU(2) x SU(2). From Theorem 1.8.2, we then infer that

SO(4) 2 Spin(4)/Zs = (SU(2) x SU(2))/Zs

In the sequel, we shall also need the complex Clifford algebra and the cor-
responding spin group. For V' as before, we denote the complexified Clifford
algebra by

CI®(V) = (V) ®g C.

Thus, the e, again form a basis, and the only difference is that we now admit
complex coefficients.

For the sequel, we need to choose an orientation of V, i.e. select an (or-
thonormal) basis ej, ..., e, of V being positive. (Any other basis of V' ob-
tained from this particular one by an element of SO(V') then is also called
positive.)

Definition 1.8.3 Let eq,...,e, be a positive orthonormal basis of V. The
chirality operator is
I'=i",... e, € CI5(V)

with m = 3 for even n, m = "TH for odd n.
It is easy to check that I" is independent of the chosen positive orthonor-

mal basis. To see the mechanism, let us just consider the case n = 2, and the
new basis fi = cosde; + sinves, fo = —sinde; + cosdes. Then

fifo = —sind cos Yere; + sind cos Yeses + cos® Deqes — sin? Jeqer
=ejes by (1.8.2)
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Lemma 1.8.4 I? =1.

For odd n, I'v =vI’ forallveV.

For even n, I'v =—vl  forallveV.
Proof. A simple computation based on (1.8.2) O

Thus, we may use I" to obtain a decomposition
CIc(V)*

of CIC(V) into the eigenspaces with eigenvalue +1 under multiplication by
I'. This is particularly interesting for even n, because we have

vCIC(V)E = CI(V)T  for every v € V' \ {0},

i.e. Clifford multiplication by v interchanges these eigenspaces. This is a sim-
ple consequence of Lemma 1.8.4, namely if e.g.

I'a=a

then
I'va = —vl'a = —wva.

Definition 1.8.4 Spin®(V) is the subgroup of the multiplicative group of
units of CI%(V) = CL(V) ® C generated by Spin(V) and the unit circle in C.

Lemma 1.8.5 Spin®(V) is isomorphic to SpinV xz, S, where the Zsy action
identifies (a, z) with (—a, —z).

Proof. By Lemma 1.8.1, the unit complex scalars are in the center of CIC(V),
and hence commute with Spin(V'). Therefore, we obtain a map

Spin(V) x S* — Spin(V), (1.8.11)

which is surjective. The kernel of this mapping are the elements (a, z) with
az = 1, which means a = 2~ € Spin(V) N S'. We have already seen in
the preparations for Theorem 1.8.2 that this latter set consists precisely of
+1. O

By Lemma 1.8.5 changing (a, z) to (—a, z) amounts to the same as chang-
ing (a,z) to (a,—z), and thus we obtain an action of Zy on Spin°(V). The
quotient of Spin®(V') by this action yields a double covering

Spin®(V) — SO(V) x S* (1.8.12)

that is nontrivial on both factors.
The maps given in (1.8.11), (1.8.12) allow to determine the fundamental
group 71 (Spin®(V)). Namely, a homotopically nontrivial loop 7 in S* induces
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a loop in Spin®(V) that is mapped to the loop 2 in S* by (1.8.12) (2y means
the loop v traversed twice) which again is nontrivial. Thus, m (Spin®(V))
contains 71(S1) = Z as a subgroup. On the other hand, if we have a loop
in Spin®(V) that is mapped to a homotopically trivial one in S* when we
compose (1.8.12) with the projection on the second factor, it is homotopic to
a loop in the kernel of that composition. That kernel can be identified with
Spin(V) by (1.8.11), and since Spin(V') is simply connected by Theorem 1.8.2
for dim V' > 3, such a loop is homotopically trivial for dim V' > 3. Thus

Theorem 1.8.3 For dimV >3
m1(Spin“(V)) =Z
O

Ezamples. The treatment here will be based on the above discussion of ex-

amples in the real case.

1) CI°(R) = CI(R) ®r C = C & C, and Spin®(R) = S sits diagonally in
this space.

2) CI°(R?) = CI(R?) @ C = H®g C. We want to identify C1°(R2) with
C2*2, the space of two by two matrices with complex coefficients.
We consider the above homomorphism of algebras H — C2*2, and
extending scalars, we obtain an isomorphism of C-algebras

H®C — C**2
Thus, we identify CI®(R?) with C2*2. Under this identification,

Spin(R?) corresponds to the elements

a 0 . 1 _
(O a) with € S* =U(1) C C.

Spin®(IR?) then consists of the unitary diagonal matrices, i.e. Spin®(IR?)
=U(1) x U(1) = St x S*.

3) ClI°(R?) = CI(R?)®C = (HeH)®C = C**2@C?**? from the preceding
example. We have identified Spin(R3) with SU(2), and so

Spin®(R?) = {e"U : 9 € R,U € SU(2)} = U(2)
4) Similarly, C1°(R*) = CI(R?) ®g C = H**? ® C = C**4. We have
identified Spin(R*) with SU(2) x SU(2), and so

Spin‘(R*) = Spin(R*) xz, S*
= {(U,V)eU2) xU(2) : det U = det V'}
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In order to describe the isomorphism CI¢(R*) = C**# more explicitly,
we recall the homomorphism ~ : H — C2?*2 from the description of
CI(R?). We define

I H— C™4
via w)
0 ¥(w
T(w) =
=ty ")
We recall

v(j)=((1) _01> 7(1@):(8 _OZ>

0 =
Ilen)T(es) = | © Y o | = rere)
- 0
0 -1
renres) =+ 7 | = -Tesre)
1 0
) O'
renre) =" 7" o | = renre)
0 i
i 0
Pe)l(es)= " 7 . | = -Tles)l(ea)
0 —i
0 1
Tles)T(es) = | 71 ° o 1| =Tenre)
10
Q )
F(GS)F(64): ¢ 0 0 i :—F(€4)F(63)
—i 0

(always with 0’s in the off diagonal blocks). One also easily checks
that
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I'(ea)I'(eq) = —1d, for a=1,2,3,4.
Thus, I" preserves the relations in the Clifford algebra, and it is not
hard to verify that I' in fact extends to the desired isomorphism
between C1%(R*) and C**4,
The preceding examples seem to indicate a general pattern that we now
wish to demonstrate by induction on the basis of

Lemma 1.8.6 For any vector space V' as above

CI°(V @ R?) = CI%(V) ®¢ CI°(R?)

Proof. We choose orthonormal bases v1, ..., v, of V and ey, e of R?. In order
to define a map that is linear over R,
1:VaR? - CI%V) @c CI°(R?)
we put
l(vj) =1v;Q@eiea ,j=1,...,n
llew) = 1®eq, ,a = 1,2,
Since for example

l(vjve + vpv;) = (—vjuR — VRY;) @ erezeres = VUL + VpY; ® 1
l(vjeq + eqvj) = iv; ® (erezeq + eqere2) =0 fora =1,2

we have an extension of | as an algebra homomorphism
1: CIV & R?) — CI°(V) ®@c CI°(R?).

Extending scalars from R to C, we obtain an algebra homomorphism
1: CI%V @ R?) — CI%(V) @c CI°(R?).

Now [ has become a homomorphism between two algebras of the same di-
mension, and it is injective (and surjective) on the generators, hence an iso-
morphism. O

Corollary 1.8.1
i) If dimgV = 2n, CIc(V) = (C2’"><2’"7
it) If dimgV = 2n+1, CI°(V) = C2"%2" g C2" 2",

Proof. By example 2), CIC(RQ) =~ 22, and the proof follows from Lemma
1.8.6 by induction, starting with example 2) in the even and example 1) in
the odd dimensional case, and using

(cmxm ®c (C2><2 ~ CZmXZm

O

We now wish to identify C1°(V) for even dimensional V as the algebra of
endomorphisms of some other vector space in a more explicit manner than in
Corollary 1.8.1. We thus assume that n = dimgV is even, n = 2m. We also
choose an orientation of V', i.e. select a positive orthonormal basis eq, ..., e,.
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In V ® C, we consider the subspace W spanned by the basis vectors

1
’17]' = 7\[(6%‘,1 — iezj), ] = ]., e
2

If we extend the scalar product (-,-) to V' ® C by complex linearity,we have
(mi,mi)c =0 for all 7, (1.8.13)

hence
(w,w)c =0 forallweW (1.8.14)

(One expresses this by saying that W is isotropic w.r.t. (-, -)c)
We have o
VeC=WaeWw,
with W spanned by the vectors 7; = %(623‘,1 +ieg;), s =1,...,m. Because

of (1.8.14), W is the dual space W* of W w.rt. (,-)c, i.e. for every w €
W\ {0}, there exists a unique w’ € W with [|w’|| = 1 and

(w,w')e = ||w].

Definition 1.8.5 The spinor space S is defined as the exterior algebra AW
of W. If we want to emphasize the dimension n of V', we write .S,, in place of
S.
We may then identify C1°(V) as Endc(S) as follows: We write v € V @ C
as
v=w+w withweW, v eW,

and for s € S = AW, we put

plw)s = v2e(w)s (= V2w A s, as € denotes the exterior product)
!/

p(w')s := —v/2u(w')s  (where t(w') denotes the interior product; note that
we identify W with the dual space W* of W, c.f.
§ 1.5)

p obviously extends to all of CI°(V) by the rule p(vw) = p(v)p(w).
We have the following explicit rules for e(w) and o(w’): If s = 1, A...n;,,
with 1 < j; < ... < jr <m, then

e(mi)s =mj Anjy Ao Ay (=015 € {j1,...,Jk})s (1.8.15)
and

— 1f]¢{]137jk}
um;)s = _ —~ e 1.8.16
(75) {(—1)“ i NN N AT, i = ( )

In particular

ety = {0 120 (1.8.17)
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_ s ifj 1y ooy ]
(7, )e(n;)s = { J ¢k} (1.8.18)

0 iij {jl,...,jk}
Thus, we have for all s and all j

(e(mj)e(;) + v(m;)e(n;))s = s (1.8.19).

For subsequent use in 5.2, we also record that in the same manner, one sees
that

(e(n;)e(ng) + (Mp)e(n;))s = 0 for j # L. (1.8.20)

In order to verify that the claimed identification is possible, we need to

check first that p preserves the relations in the Clifford algebra. The following
examples will bring out the general pattern:

2 o (L) — um)) (“em) - L
ne )—2(ﬁ ) - > (m)) (ﬁ ) - > (m))
= —(e(m)e(7y) + ¢(7y)e(n)), since 6(771)2 =0= L(ﬁ1)2
= —1 by (1.8.19)

plerez) + plezer) = (e(m) — ¢(7))ile(m) + ¢(7))
i(e(m) + () (e(m) — (7))

since the €(n1), ..., ¢(7y) all anticommute.

(e.g. e(n)e(@2)n2 Ans = e(n)n3 =m A n3
t(Ma)e(m)n2 Ans = t(Ma)m Amz Anz = —m1 An3.)

Now dimcCI®(V) = 2" = (dim¢ (AW))? = dime (Endc(S)), and since p has
nontrivial kernel, we conclude

Theorem 1.8.4 If n = dimpV is even, CIC(V) is tsomorphic to the algebra
of complex linear endomorphisms of the spinor space S. O

(Later on, we shall omit the symbol p and simply say that C1°(V) operates
on the spinor space S via Clifford multiplication, denoted by “”). Now since

n;N; — ;M = 2tegj_1e;,
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we have
F = 2—771 (nlﬁl - ﬁlnl) e (nmﬁm - ﬁmnm)

and so I" acts on the spinor space S = AW via

p(I) = (=1)"(e(m)e(1) — e(1)e(m)) - - - (€0mm)e(Tn) = (7T )€(m)),

and for the same reasons as in the computation of p(e;?), we see that p(I")
equals (—1)¥ on A¥W. As above, any representation of CI(V), in particular
p, decomposes into the eigenspaces of I" for the eigenvalues 1, and so in the
present case we have the decomposition

SE .= ATW

where the 4+ (—) sign on the r.h.s. denotes elements of even (odd) degree.
Since Spin(V') sits in C1(V'), hence in CI°(V), any representation of the
Clifford algebra CI¢(V/) restricts to a representation of Spin(V), and we thus
have a representation
p : Spin(V) — End¢(S).

Since Spin(V) c CIT(V), Spin(V) leaves the spaces St and S~ invariant,
and thus the representation is not irreducible, but decomposes into the ones
on St and S™. (The latter are in fact irreducible.)

Definition 1.8.6 The above representation p of Spin(V') on the spinor space
S is called the spinor representation, and the representations on ST and S~
are called half spinor representations.

Note that the spinor space S = AW is different from the Clifford space
Cl(V) (= A*(V) as a vector space). C(V'), and therefore also V, acts on both
of them by Clifford multiplication.

We now want to extend the representation of Spin(V') to Spin®(V).

Lemma 1.8.7 Let o : Spin(V) — Endc(T) be a complex representation of
Spin(V') on some vector space T, satisfying

o(—1)=—1.
Then o extends in a unique manner to a representation

o : Spin®(V) — Endc(T).

Proof. Since ¢ is complex linear, it commutes with multiplication by com-

plex scalars, in particular with those of unit length. Thus, o extends to

o' : Spin(V) x St — Endc(T). Since o(—1) = —1, it descends to Spin®(V).
O
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Corollary 1.8.2 The spinor and half spinor representations of Spin(V') pos-
sess unique extensions to Spin®(V'). O

Of course, this is also clear from the fact that these representations of
Spin(V) come from CI%(V).
Let us discuss the example of CI°(R*) once more. We recall the isomor-
phism
I': CI(R*) — ¢4

I in fact is the representation described in Theorem 1.8.4, and C* is isomor-
phic to Sy. The formulas given above for the products I'(e,)I'(eg) also show
that the representation admits a decomposition into two copies of C? that is
preserved by the elements of even order of CI°(R%). In fact, these yield the
half spinor representations Sf in dimension 4. In the above formulas, the
upper left block corresponds to ST, the lower right one to S~.

In dimension 4, we also have a decomposition

A2 = A2F @ A2 (A% = A2V, dimV = 4)

of exterior two forms. Namely, we have the Hodge * operator (to be discussed
in §2.1 for arbitrary dimensions) determined by

x(e'ANe?)=ednet
x(e' ned)=—e? net
x(elnet)y=e? ned
x(e*Ned)=el et
x(e?Aet) = —el ned
k(e net)=el Ne?

and linear extensions, where e!, ..., e* is an orthonormal frame in V*.
We have

sk = 1,

and * thus has eigenvalues +1, and A%* then are defined as the corresponding
eigenspaces. Both these spaces are three dimensional. A%% is spanned by
el he2+e3net, el Aed —e? Aet, el Aet +e? Ae?, while A% is spanned
by el Ae2 —e3net, el Aed+e?2 net, el Aet —e? Ae3. Elements of A>T are
called selfdual, those of A%~ antiselfdual.

We have a bijective linear map AV* — CI>(V), given by ¢’ A e/ — ¢; - ¢;
(where e’ is the orthonormal frame in V* dual to the frame e; in V).

Therefore, I' induces a map I'! : A2V* — End(C*). In the above decom-
position of the representation of C1“°”(R%), the selfdual forms then act only
on C? @ {0}, while the antiselfdual ones act only on {0} & C?, as one directly
sees from the formulae for I'(e,)I'(eg) and the description of the bases of
A2E,
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Finally, let us briefly summarize the situation in the odd dimensional case.
Here, according to Corollary 1.8.1, CIC(V) is a sum of two endomorphism
algebras, and we therefore obtain two representations of CIC(V). When re-
stricted to Spin(V), these representations become isomorphic and irreducible.
This yields the spinor representation in the odd dimensional case. We omit
the details.

We also observe that the spinor representation is a unitary representation
in a natural manner. For that purpose, we now extend the scalar product
(+,+) from V to V ® C as a Hermitian product, i.e.

n n n
<Z aiei,Zﬁjej> = Zalﬁz for Q1y.nny Oy, ﬁl, Cey ﬁn e C.
i=1 Jj=1 i=1

Note that this is different from the above complex linear extensions (,-)c.
This product extends to AV by letting the monomials e;; A...¢e;,, 1 <ip <
... < ...t < n, constitute an orthonormal basis. From the above computa-
tions for the p(e;), one checks that each p(e;) preserves (-,-), i.e.

(p(ej)s, plej)s’y = (s,s') foralls, s € AW.
Of course, this then holds more generally for every v € V with |v|| = 1, and

then also for products vy ... v with |lv;|| =1 for j = 1,..., k. This implies

Corollary 1.8.3 The induced representation of Pin(V) and Spin(V) on
Endc(S) preserves the Hermitian product (-,-). O

Corollary 1.8.4

(p(v)s,s") = —(s,p(v)s’)y foralls, s € AW, v e V.

Proof. We may assume ||v|| = 1. Then p(v)? = —1, hence

(p(v)s, sy = —(p(v)s, p(v)p(v)s')y = —(s,p(v)s’) by Corollary 1.8.3.
O

After these algebraic preparations, we may now define spin structures on
an oriented Riemannian manifold M. We let TM be the tangent bundle of
M. The Riemannian metric allows to reduce the structure group of TM to
SO(n) (n = dim M), and we obtain an associated principal bundle P over M
with fiber SO(n), the so-called frame bundle of M.

Definition 1.8.7 A spin structure on M is a principal bundle P over M
with fiber Spin(n) for which the quotient of each fiber by the center £1 is
isomorphic to the above frame bundle of M. A Riemannian manifold with a
fixed spin structure is called a spin manifold.
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In other words, we require that the following diagram commutes

p—Lop

NS

M

where 7 denotes the projection onto the base point, and p is the nontrivial
double covering p : Spin(n) — SO(n) on each fiber as described in Theorem
1.8.2. This is also expressed by saying that the frame bundle is lifted to a
Spin(n) bundle. It is important to note that such a lift need not always be
possible. One way to realize this is by considering the corresponding transition
functions. We recall from §1.5 that the frame bundle P for each trivializing
covering (U, )aeca of M induces transition functions

©ga : Ua NUg — SO(n)
satisfying

Yaal(z) =id  for z € U,
Vap()ppa =1d  for z € U, NUg
Gary () pyp(T)psalr) =id  for x € U NUgNU,.

Lifting the frame bundle to a Spin(n) bundle then requires finding transition
functions
?8a 1 Uy N Uz — Spin(n)
with
p(Ppa) = ppa  for all 5, a (1.8.21)

and satisfying the same relations as the ¢g,. By making the U, suffi-
ciently small, in particular simply connected, lifting the pgq to Pgq satisfying
(1.8.21), is no problem, but the problem arises with the third relation, i.e.

Pap(T)Ppy (2)Pra(r) =id forz € UoNUgNU,. (1.8.22)

Namely, it may happen that ¢.g(2)@s,(x) and @, (x) differ by the nontrivial
deck transformation of the covering p : Spin(n) — SO(n).

In fact, the existence of a spin structure, i.e. the possibility of such a
lift, depends on a topological condition, the vanishing of the so-called Stiefel-
Whitney class wa(M) € H?(M,Zs). Here, however, we cannot define these
topological concepts. Furthermore, if a spin structure exists, it need not to
be unique. B

Let us assume that M possesses a spin structure P — M. Since the fiber
Spin(n) of P operates on the spinor space S,, and for even n also on the half
spinor spaces S;© via the (half) spinor representations, we obtain associated
vector bundles 8,,, $& over M with structure group Spin(n),
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Sn = ﬁ X Spin(n) Sn, 87:‘; = ]5 X Spin(n) quzzv

with
Sy = SI @38, for even n.

Definition 1.8.8 §,, is called the spinor bundle, Sf the half spinor bundles
associated with the spin structure P. Sections are called (half) spinor fields.

From Corollary 1.8.3, we infer that these bundles carry Hermitian prod-
ucts that are invariant under the action of Spin(n), and even of Pin(n),
on each fiber. In particular, Clifford multiplication by a unit vector in
R™ C CI(R™) is an isometry on each fiber. We may also consider Spin“(n) in
place of of Spin(n) and ask for a lift of the frame bundle P over M to a princi-
pal Spin‘(n) bundle Pe. Of course, the requirement here is that the map from
a fiber of P to the corresponding one of P is given by the homomorphism

Spin‘(n) — SO(n)

obtained from (1.8.12) by projecting onto the first factor.

Definition 1.8.9 Such a principal Spin®(n) bundle P¢ (if it exists) is called
a spin® structure on M. An oriented Riemannian manifold M equipped with
a fixed spin® structure is called a spin® manifold.

Again, the existence of a spin® structure depends on a topological con-
dition, namely that wo (M) lifts to an integral class in H?(M,Zs). Again,
however, we cannot explain this here any further. We point out, however,
that the required condition is satisfied for all oriented Riemannian manifolds
of dimension 4. Thus, each oriented four-manifold possesses a spin® structure.

Given a spin® structure, we may also consider the homomorphism

Spin‘(n) — S*

obtained from (1.8.12) by projecting on the second factor. Identifying S! with
U(1),we see that a spin® structure induces a set of transition functions for a
vector bundle L with fiber C, a so called (complex) line bundle.

Definition 1.8.10 The line bundle L is called the determinant line bundle
of the spin€ structure.

As in the case of a spin structure, a spin® structure induces (half) spinor
bundles Sf, cf. Corollary 1.8.2.

We return to the frame bundle P over M with fiber SO(n). SO(n) acts on
CI(R™) and CI°(R™) simply by extending the action of SO(n) on R™. Thus,
P induces bundles
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CI®(P) = P xg0(n) CI°(R™)
of Clifford algebras.

Definition 1.8.11 The bundles Cl(P) and CI®(P) are called the Clifford
bundles.

Again, these Clifford bundles can be decomposed into bundles of elements
of even and of odd degree. The chirality operator I" (cf. Def. 1.8.3) is invariant
under the action of SO(n),and it therefore defines a section of C1%(P) of norm
1.

The definition of the Clifford bundles did not need a spin or spin® structure
on M. But suppose now that we do have such a structure, a spin structure,
say. Spin(n) acts on CIC(R") by conjugation.

p(a)v = ava™!  for a € Spin(n), v € CI(R") (1.8.23)

(cf. Theorem 1.8.1 (note that a' = a=* for a € Spin(n) by (1.8.9)) for the
action of Spin(n) on R™, and extend this action to CI~(R"™); this is of course
induced by the above action of SO(n) on CI®(R™)). This action commutes
with the action of Spin(n) on CI®(R") given by (1.8.23) and the action of
Spin(n) on S,; namely for a € Spin(n), v € CIS(R"), s € S,,

(ava™")(as) = a(vs). (1.8.24)

This compatibility with the Spin(n) actions ensures that we get a global
action
CI(R") x 8,, — 8p (1.8.25)

which is the above action by Clifford multiplication on each fiber.

Perspectives. References for this § are [7], [166], [259], [18], [212], [187].

Exercises for Chapter 1

1) Give five more examples of differentiable manifolds besides those dis-
cussed in the text.

2) Determine the tangent space of S™. (Give a concrete description of
the tangent bundle of S™ as a submanifold of S™ x R"*1))

3) Let M be a differentiable manifold, 7 : M — M an involution without
fixed points, i.e. 7o 7 = id,7(z) # z for all z € M. We call points
x and y in M equivalent if y = 7(z). Show that the space M/t
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of equivalence classes possesses a unique differentiable structure for
which the projection M — M /7 is a local diffeomorphism.

Discuss the example M = S™ C R""! 7(z) = —x. M/t is real pro-
jective space RIP™.

a:  Let N be a differentiable manifold, f : M — N a homeomor-
phism. Introduce a structure of a differentiable manifold on M
such that f becomes a diffeomorphism. Show that such a dif-
ferentiable structure is unique.

b:  Can the boundary of a cube, i.e. the set {x € R"™; max{|z;|: ¢ =
1,...,n} =1} be equipped with a structure of a differentiable
manifold?

We equip R**! with the inner product
(x,y) == =% + iyt + .. 2"y
Ot 2™,y = (%Y, ...,y"). We put

H":={zx e R"" : (z,2) = —1,29 > 0}.

for z = (z

Show that (-,-) induces a Riemannian metric on the tangent spaces
T,H" C T,R"*! for p € H". H" is called hyperbolic space.

In the notations of 5), let
s=(-1,0,...,0) e R**!

2(x —s)

fa)=s= (x —s,x—s)
Show that f : H" — {£ € R" : |§] < 1} is a diffeomorphism (here,
R"™ = {(0,2',...,2™)} C R""1). Show that in this chart, the metric
assumes the form A

—————d¢" @ dE.

(1—[gP)?
Determine the geodesics of H™ in the chart given in 6) (The geodesics
through 0 are the easiest ones.).

Hint for 5), 6), 7) : Consult §4.4.

Determine the exponential map of the sphere S™, for example at the
north pole p. Write down normal coordinates. Compute the supremum
of the radii of balls in 7},S™ on which exp,, is injective. Where does
exp,, have maximal rank?

Same as 8) for the flat torus generated by (1,0) and (0,1) € R?.



10)

11)

12)

13)

14)

15)

16)

17)

18)

19)

20)
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What is the transformation behavior of the Christoffel symbols under
coordinate changes? Do they define a tensor?

Let cp,c1 : [0,1] — M be smooth curves in a Riemannian manifold.
If d(co(t),c1(t)) < i(co(t)) for all ¢, there exists a smooth map ¢ :
[0,1] x [0,1] — M with ¢(¢,0) = co(t),c(t,1) = c¢1(t) for which the
curves c(t, ) are geodesics for all ¢.

Consider the surface S of revolution obtained by rotating the curve
(r,y = €*,z = 0) in the plane, i.e. the graph of the exponential
function, about the x — ax in Euclidean 3-space, equiped with the
induced Riemannian metric from that Euclidean space. Show that X
is complete and compute its injectivity radius.

Show that the structure group of the tangent bundle of an oriented
d-dimensional Riemannian manifold can be reduced to SO(d).

Can one define the normal bundle of a differentiable submanifold of a
differentiable manifold in a meaningful manner without introducing
a Riemannian metric?

Let M be a differentiable submanifold of the Riemannian manifold
N. M then receives an induced Riemannian metric, and this metric
defines a distance function and a topology on M, as explained in §1.4.
Show that this topology coincides with the topology on M that is
induced from the topology of N.

We consider the constant vector field X () = a for all z € R"*!. We
obtain a vector field X (x) on S™ by projecting X (x) onto T,S™ for
x € S™. Determine the corresponding flow on S™.

Let T be the flat torus generated by (1,0) and (0,1) € R?, with
projection 7 : R? — T. For which vector fields X on R? can one
define a vector field 7, X on T in a meaningful way? Determine the
flow of 7, X on T for a constant vector field X.

Compute a formula for the Lie derivative (in the direction of a vector
field) for a p-times contravariant and g-times covariant tensor.

Show that for arbitrary vector fields X, Y, the Lie derivative satisfies

LX OLY - Ly OLX = L[va].

Prove Corollaries 4.2.3 and 4.2.4 below with the arguments used in
the proofs of Theorem 1.4.5 and Corollary 1.4.2.



2. De Rham Cohomology and Harmonic
Differential Forms

2.1 The Laplace Operator

We need some preparations from linear algebra. Let V' be a real vector space
with a scalar product (-,-), and let APV be the p-fold exterior product of V.
We then obtain a scalar product on APV by

(Vi A AUy w1 AL A wp) = det((v;, w;)) (2.1.1)
and bilinear extension to AP(V). If ey, ..., eq is an orthonormal basis of V,
e Ao Neiy, withl <iy <iy <...<i,<d (2.1.2)

constitute an orthonormal basis of APV.

An orientation on V is obtained by distinguishing a basis of V" as positive.
Any other basis that is obtained from this basis by a base change with positive
determinant then is likewise called positive, and the remaining bases are
called negative.

Let now V carry an orientation. We define the linear star operator

w AP(V) = ATPV) (0<p<d)
by
*(eil /\.../\eip):ejl/\.../\ejdip, (213)

where j1,...,Jq—p is selected such that e; ,...,e;,,¢;,...,¢€;,_, is a positive
basis of V. Since the star operator is supposed to be linear, it is determined
by its values on some basis (2.1.3).

In particular,

x(1)=e1 A...Neg
*(61/\.../\€d):1,

—
ONre
= e
(2 NN

SN—

if e1,...,eq4 is a positive basis.
From the rules of multilinear algebra, it easily follows that if A is a d x d-
matrix, and if fi,..., f, € V, then

x(Afi AN NAfp) = (det A) « (fi A A fp).
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In particular, this implies that the star operator does not depend on the
choice of positive orthonormal basis in V', as any two such bases are related
by a linear transformation with determinant 1.

For a negative basis instead of a positive one, one gets a minus sign on
the right hand sides of (2.1.3), (2.1.4), (2.1.5).

Lemma 2.1.1 % = (—1)P4=P) . AP(V) — AP(V).

Proof. xx maps AP(V') onto itself. Suppose

*(eg, N Neiy) =ej A ANej, o (cf (2.1.3)).

Then
kx (e, Ao Neg) =Fe, Ao ANeg,,

depending on whether e;,,...,€;j,_,€;,...,¢€;, is a positive or negative basis
of V. Now

€y, N Neiy, Nej Ao Nej,

= (=P Pe; A Nej,, New Al Aei,
and (—1)P(4=P) thus is the determinant of the base change from e, , ..., €ja_yp
to €5y, .-y €4

Lemma 2.1.2 For v,w € AP(V)
(v,w) = *(w A *v) = x(v A *w). (2.1.6)
Proof. Tt suffices to show (2.1.6) for elements of the basis (2.1.2). For any two

different such basis vectors, w A xv = 0, whereas

k(e Ao Neg, Nx(e, Ao Ney,))
==x(e; A...Neq), where eq,...,eq

is an orthonormal basis ((2.1.3))
=1 ((2.1.5)),

and the claim follows. O

Remark. We may consider (-, -) as a scalar product on

with AP(V) and A%(V) being orthogonal for p # q.

Lemma 2.1.3 Let vy,...,vq be an arbitrary positive basis of V.
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Then 1
(1) = ———=v1 A... AV 2.1.7
W= Tt ! @17
Proof. Let eq,...,eq be a positive orthonormal basis as before.
Then )
vi AL Avg = (det((vi,v5)))2e1 A ... Aeq,
and the claim follows from (2.1.4). O

Let now M be an oriented Riemannian manifold of dimension d. Since M
is oriented, we may select an orientation on all tangent spaces T, M, hence

also on all cotangent spaces T M in a consistent manner. We simply choose

the Euclidean orthonormal basis %, ceey % of R% as being positive. Since

all chart transitions of an oriented manifold have positive functional deter-
minant, calling the basis dp~!(52r), ..., dp~(32) of T, M positive, will not
depend on the choice of the chart.

Since M carries a Riemannian structure, we have a scalar product on each
T M. We thus obtain a star operator

s 0 AP(TXM) — ATP(TF M),
i.e. a base point preserving operator
w1 QP(M) — QUP(M)  (QP(M) = T(AP(M))).

We recall that the metric on T M is given by (g% (z)) = (g;j(x)) ™. There-
fore, by Lemma 2.1.3 we have in local coordinates

#(1) = y/det(gi;)dz' A ... A da?. (2.1.8)

This expression is called the volume form.
In particular

vol (M) := /*(1) (2.1.9)
M

(provided this is finite).
For a, 8 € 2P(M) with compact support, we define the L2-product as

<a,ﬂ>::/<a,ﬂ>*<l>

= /a/\*ﬂ by Lemma 2.1.2.
M

This product on §2?(M) is obviously bilinear and positive definite.
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So far, we have considered only smooth sections of vector bundles, in
particular only smooth p-forms. For later purposes, we shall also need LP-
and Sobolev spaces of sections of vector bundles. For this aim, from now
on, we deviate from Definition 1.5.3 and don’t require sections to be smooth
anymore. We let E be a vector bundle over M, s : M — FE a section of F with
compact support. We say that s is contained in the Sobolev space H*"(E),
if for any bundle atlas with the property that on compact sets all coordinate
changes and all their derivatives are bounded (it is not difficult to obtain such
an atlas, by making coordinate neighborhoods smaller if necessary), and for
any bundle chart from such an atlas,

p:Ey—UxR"

we have that os);; is contained in H*"(U). We note the following consistency
property: If o1 : Ejy, — Up X R", @2 : Ejy, — Uz x R™ are two such bundle
charts, then ;05| Ay, is contained in H®"(U;NUs) if and only if $208|U,nU,
is contained in this space. The reason is that the coordinate change 5 o apl_l
is of class C'°°, and all derivatives are bounded on the support of s which was
assumed to be compact.

We can extend our product (-,-) to L?(£2P(M)). It remains bilinear, and
also positive definite, because as usual, in the definition of L2, functions that
differ only on a set of measure zero are identified.

We now make the assumption that M is compact, in order not to always
have to restrict our considerations to compactly supported forms.

Definition 2.1.1 d* is the operator which is (formally) adjoint to d on
d

@ QP(M) w.r.t. (+,-). This means that for a € 2P~1(M), 3 € Q2P(M)
p=0

(do, B) = (o, d" B); (2.1.10)
d* therefore maps £2P(M) to 2P~1(M).
Lemma 2.1.4 d* : 2P(M) — 2P~1(M) satisfies
d* = (1) + 4 gy (2.1.11)

Proof. For a € 2P~Y(M), 8 € 2P(M)

dlaA*B) =da AN+ (1P Landxp
=da A+ (=1)P7H(=1)P=DE=PHD o A s 5 (d % 3)
by Lemma 2.1.1 (d* 3 is a (d — p+ 1)-form)
=danxf— (=1)IPDH g A s s dx 3
= &+ ((da, B) — (~1)IPHDH (o xd x B)).
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We integrate this formula. By Stokes’ theorem, the integral of the left hand
side vanishes, and the claim results. O

Definition 2.1.2 The Laplace(-Beltrami) operator on 2P (M) is
A=dd* +d*d: QP(M) — QF(M).
w € 2P(M) is called harmonic if

Aw =0.

Remark. Since two stars appear on the right hand side of (2.1.11), d* and
hence also A may also be defined by (2.1.11) on nonorientable Riemannian
manifolds. We just define it locally, hence globally up to a choice of sign
which then cancels in (2.1.11). Similarly, the L2-product can be defined on
nonorientable Riemannian manifolds, because the ambiguity of sign of the *
involved cancels with the one coming from the integration.

More precisely, one should write

dP : QP(M) — QP (M)
d*: QP(M) — P~ 1(M).

Then
AP = PN + d*dP QP(M) — 2P (M).

Nevertheless, we shall usually omit the index p.
Corollary 2.1.1 A is (formally) selfadjoint, i.e.
(Aa, B8) = (o, AB)  for a, 5 € QP(M).

Proof. Directly from the definition of A. O
Lemma 2.1.5 Aa =0 <= da =0 and d*a = 0.

Proof.

“ <7 : obvious

“=7: (Aa,a) = (dd*a, a) + (d*da, a) = (d*a, d*a) + (da, da).
Since both terms on the right hand side are nonnegative and vanish only
if do =0 =d*«a, Aa = 0 implies da = 0 = d*a. 0

Corollary 2.1.2 On a compact Riemannian manifold, every harmonic func-
tion is constant. O

Lemma 2.1.6 xA = A x .
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Proof. Direct computation. O

We want to compare the Laplace operator as defined here with the stan-
dard one on R?. For this purpose, let f : R? — R be a differentiable function.
We have

of 4.

3ml

df =

. d .
and for ¢ = p;dz’ with compact support, and *p = ¥ (=1)""tp;dzt A ... A
i=1

dri A ... Ndz
(df, ¢ /62902(1:5 A A dz?

8801' dzt A ... Adz?, since ¢ is compactly supported.
47

It follows that d*p = —gi: = —divp, and
d
x *f :
Af =d*df = — ;Zl (002 = —div(grad f).

This Laplace operator therefore differs from the usual one on R¢ by a minus
sign. This is regrettable, but cannot be changed any more since the notation
has been established too thoroughly. With our definition above, A is a positive
operator.

More generally, for a differentiable function f: M — R

1 0 L Of
Af =——— U 2.1.12
f= T VA9 o) (2112

with g := det(g;;). This is seen as follows:

Since for functions, i.e. 0-forms, we have d* = 0, we get for ¢ : M — R
(differentiable with compact support)

/Af-ap\/g}dajl/\.../\dxd:(Af,(p)z(df,d(p)
~ [trde) = )
:/gijgfi%\/gdxl...dxd
1

= f ax] <\/§g7’] 82,;7,) spfdxl PPN da:‘d,

and since this holds for all ¢ € C§°(M,R), (2.1.12) follows.
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For a function f, we may define its gradient as

. O0f 0
= df =¢7—=—. 2.1.1
Vf=gradf=gY 255 (2.1.13)
We thus have for any vector field X
(grad f, X) = X(f) = df (X). (2.1.14)
The divergence of a vector field Z = Z* 8?& is defined as
1 0 - 1 0 g 0
vz =——(92) = —— YU{Z,=—)). 2.1.1
A i= g S = g (Vi () (2.1.15)
(2.1.12) then becomes
Af = —divgrad f. (2.1.16)

In particular, if M is compact, and f : M — R is a smooth function, then
as a consequence of (2.1.16) and (2.1.15) or (2.1.12) and the Gauss theorem,
we have

/Af*(l) = 0. (2.1.17)
M

We now want to compute the Euclidean Laplace operator for p-forms. It
is denoted by A.; likewise, the star operator w.r.t. the Euclidean metric is
denoted by *., and d* is the operator adjoint to d w.r.t. the Euclidean scalar
product.

Let now

w= wil_“ipdxil A...ANdz?

be a p-form on an open subset of R? as usual with an increasing p-
tuple 1 < 43 < @2 < ... < 4, < d. We choose ji,...,Jq—p such that
1é) 9

9 is a positive orthonormal basis of R?. In the

Ozt ggip ) Hrir &rid*?’

sequel always
te{l,....,pH,ke{l,...,d—p}.

Now
d—p
awil i . . .
dw = Zﬁdw”‘ Adx"™ A...ANdx'?
= 9T
o= Owi, i —
_ _ p_l’_k_l Zl...lp jl R J _
*e dw—;( 1) o tdat A A A AdT(218)
d*. dw = dg_p 1 p+k—182wi1”'-"d Je A dadt ﬁe dzti-»
*e W—k:1(—) Wﬂf ANdx’* N...NdxIk Ao NdT
d—p p i 182(4)‘ . _
_1\pt+k— t1-.-2p i J1 j ld—p
+) > (-1 Sk po A AL A A A N dattor (2.1.19)
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d—p

0%w; ,
— p+p(d—p) by gy i
*ed*edw—Z( 1) (@ui 2 dx™ A ... ANdz'
k=1
d—p p .
pd-l—é Wiy ..ip J % i ip
+;2 7awaxwdx EAdZ AL Adaie AL Ndatr. (2.1.20)
Hence with (2.1.11)
d—p 2
a w’bl K3 )
* _ _ P ’Ll ip
ddw =Y (—1) Gain)p 4 Ao N
k=1
d—p p
+Y Y (- ”1de% Ada' AL Az Ada . (2.1.21)
k=1 ¢=1
Analogously
e W = Wi, dz? AL A daIior (2.1.22)
P
Owi, .. ;
d*ew = 311 — P dgte Adat AL LA dter (2.1.23)
=1
P
Ow;, i
cd ¥, w = 1)p(d=p)+d—p+l—1"""1-1p
%o d %o W Z( 1) D
=1
dz™ AL ANdxie AL A date (2.1.24)
P 2
0%w;, i
_ _1\p(d—p)+d—p+L—1 21---p
dxed*ew = Z( 1) (Dait)2
=1
dz’ Ada™ AL Adaie AL A da' (2.1.25)
p d—p 92

_ypld—p)+d—p+e—19 Yir.ip 5, i1 oy i
+€Zkz 1) g AT A datt A Adt L dat,
=1 1

hence with (2.1.24)

14 2
a K3 1 7
dd'w =3 (1) 20t guin oA da (2.1.26)
(Ox'e)?
=1
p d—p 2
0 i1, T ;
DD () Vi ik A de® AL Az A A dar

Oxte Ok

o~
I

1

(2.1.21) and (2.1.26) yield

ES
I
A

d 62
Acw = d*dw + dd*w = (— Z

m=1

o ”’dx“A Adz'r. (2.1.27)
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Some more formulae:
We write

7= \/§da:1 A Ade? = nil,,,iddxil R (2.1.28)
For g = ﬁjln_jpdle A AN dxiv
Blie = ghiigiziz .gipjpﬂjlmjp. (2.1.29)
With these conventions, for o = a,..;, dz™ A ... Ada'»

1

()i yy.ig = Hml,,_ipail“'% (2.1.30)
and
(d*a)iy.i, | = w’“‘(% — Ty ). (2.1.31)
Further
(, ) = iy i, B (2.1.32)
(da, df) = ac;;‘,;“’ %g“g“ﬁ ...giwir (2.1.33)
Ok, iy

(d*a,d*ﬁ):(gke( 81‘@

mn 6ﬂm e Jp— "
g (% — anﬁrjl...jp71)€j1 Ao Nej, 1) (2.1.34)

. 80%1‘1...1'?,1 aﬁ'rnjlu.jp,l k@gmn
ozt oxm

J
— Fkéajilmip_l>eil/\. . ./\el-p_l,

111 ip—1Jp—1
gt gle—tIe

O0kir s pi gk i
am[ mn/~tj1---Jp—1 et
8ﬂ’rn' j : iy 7 i :
J1---Jp—1 kl _mn 1 Tp_ _
— T am I iy iy 19" g™ gt gt

Formula (2.1.30) is clear. (2.1.31) may be verified by a straightforward, but
somewhat lengthy computation. We shall see a different proof in 3.3 as a
consequence of Lemma 3.3.4. The remaining formulae then are clear again.

2.2 Representing Cohomology Classes
by Harmonic Forms

We first recall the definition of the de Rham cohomology groups. Let M
be a differentiable manifold. The operator d : 2P(M) — 2P (M) satisfies
(Theorem 1.5.5)

dod=0 (dod: QP(M)— QPT2(M)). (2.2.1)
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a € QP(M) is called closed if da = 0, exact, if there exists n € 2P~1(M)
with dn = «. Because of (2.2.1), exact forms are always closed. Two closed
forms «, 8 € QP (M) are called cohomologous if a— f3 is exact. This property
determines an equivalence relation on the space of closed forms in 2P (M),
and the set of equivalence classes is a vector space over R, called the p-th de
Rham cohomology group and denoted by

HY (M, R).
Usually, however, we shall simply write
HP(M).
In this Paragraph, we want to show the following fundamental result:

Theorem 2.2.1 Let M be a compact Riemannian manifold. Then every co-
homology class in HP(M) (0 < p < d = dim M) contains precisely one
harmonic form.

Proof. Uniqueness is easy: Let w1, ws € 2P(M) be cohomologous and both
harmonic. Then either p = 0 (in which case w; = wy anyway) or

(w1 — wo,w1 —we) = (w1 — wa,dn)
for somen € P71 (M), since
wy andwy are cohomologous
= (d" (w1 — w2),m)
= 0, since wy and ws are harmonic,

hence satisfy d*w; =0 = d*wy .

Since (-, -) is positive definite, we conclude w; = wa, hence uniqueness.

For the proof of existence, which is much harder, we shall use Dirichlet’s
principle.

Let wp be a (closed) differential form, representing the given cohomology
class in HP(M).

All forms cohomologous to wg then are of the form

w=wy+da (a€ 2P (M)).
We now minimize the L?-norm
D(w) = (w,w)

in the class of all such forms.

The essential step consists in showing that the infimum is achieved by a
smooth form 7. Such an n then has to satisfy the Euler-Lagrange equations
for D, i.e.
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0 d (n+tdB,n+tdB)—o forallp e P=Y(M)

Tt
= 2(n, dp). (2.2.2)

This implies dn = 0. Since dn = 0 anyway, 7 is harmonic.

In order to make Dirichlet’s principle precise, we shall need some re-
sults and constructions from the calculus of variations. Some of them will
be merely sketched (see §A.1, A.2), and for details, we refer to our textbook
“Postmodern Analysis”, Springer, 3rd edition, 2005. First of all, we have to
work with the space of L?-forms instead of the one of C'*°-forms, since we
want to minimize the L?-norm and therefore certainly need a space that is
complete w.r.t. L?-convergence. For technical purposes, we shall also need
Sobolev spaces which we now want to define in the present context (See also
§A.1 of the Appendix).

On 2P(M), we introduce a new scalar product

(w,w)) := (dw, dw) + (dw, dw) + (w, w)

and put )
[wll ey = ((w,w))2.

We complete the space 27(M) of smooth p-forms w.r.t. the || - || g1.2(ar)-
norm. The resulting Hilbert space will be denoted by H}*(M) or simply by
HY2(M), if the index p is clear from the context.

Let now V C R? be open. For a smooth map f: V — R, the Euclidean
Sobolev norm is given by

B of of \
R VERSI k=2 =3
Vv 1%

the dot - denoting the Euclidean scalar product.
With the help of charts for M and bundle charts for AP(M) for every
xg € M, there exist an open neighborhood U and a diffeomorphism

o : AP(M)y — V xR

where V is open in R%, n = (Z) is the dimension of the fibers of AP(M), and

the fiber over x € U is mapped to a fiber {m(p(x))} xR", where 7 : V xR"™ —
V' is the projection onto the first factor.

Lemma 2.2.1 On any U’ € U, the norms
Wl 12y and]lpW)ll gz
eucl.

(with V' := w(p(U"))) are equivalent.
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Proof. As long as we restrict ourselves to relatively compact subsets of U,
all coordinate changes lead to equivalent norms. Furthermore, by a covering
argument, it suffices to find for every z in the closure of U’ a neighborhood
U"” on which the claimed equivalence of norms holds.

After these remarks, we may assume that first of all 7o ¢ is the map onto
normal coordinates with center xg, and that secondly for the metric in our
neighborhood of zy, we have

|9ij () — 65| < € and |}, (x)] < eford,jk=1,...,d (2.2.3)

The formulae (2.1.32) - (2.1.34) then imply that the claim holds for suffi-
ciently small € > 0, i.e. for a sufficiently small neighborhood of z(. Since
U’ C U is compact by assumption, the claim for U’ follows by a covering
argument. U

Lemma 2.2.1 implies that the Sobolev spaces defined by the norms
|| - lzr2¢ar) and || - || 1.2 coincide. Hence all results for Sobolev spaces in

eucl.
the Euclidean setting may be carried over to the Riemannian situation. In
particular, we have Rellich’s theorem (cf. Theorem A.1.8):

Lemma 2.2.2 Let (wy)nen C Hy?(M) be bounded, i.e.
[wnl[ 12y < K.
Then a subsequence of (wy) converges w.r.t. the L*-norm
lwllzeqar = (w,0)*
to some w € HY?(M). O
Corollary 2.2.1 There exists a constant c, depending only on the Rieman-

nian metric of M, with the property that for all closed forms 3 that are
orthogonal to the kernel of d*,

(8,8) < e(d*B,d*B) (2.2.4)

Proof. Otherwise, there would exist a sequence of closed forms f3,, orthogonal
to the kernel of d*, with

(Bn, Bn) = n(d" Br, d*Bn) (2.2.5)
We put )
An = (ﬂmﬂn)ié-

Then
1= (AnfBns AnfBn) = n(d"(AnfBn), d" (AnfBn))- (2:2.6)

Since dB, = 0, we have
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1
||)\nﬁn||H1,2 <1+ E

By Lemma 2.2.2, after selection of a subsequence, )\, 3, converges in L? to
some form 1. By (2.2.6), d*(\,3,) converges to 0 in L2. Hence d*¢) = 0; this
is seen as follows:

For all ¢

0= nh—{go(d*()\nﬁn)’ 90) = hm()‘nﬁna d@)
= (¢, dp) = (d*9, ) and hence d*yp = 0.

(With the same argument, dj,, = 0 for all n implies diy) = 0.)
Now, since d*i = 0 and (3, is orthogonal to the kernel of d*,

On the other hand, (A,3,, \n3,) = 1 and the L?-convergence of \,/3, to v
imply

lim (¢, \pBn) = 1.

n—oo

This is a contradiction, and (2.2.5) is impossible. O

We can now complete the proof of Theorem 2.2.1:
Let (wp)nen be a minimizing sequence for D(w) in the given cohomology
class, i.e.

wp = wo + da,

D(w,) — inf Dw)=:k (2.2.8)
w=wo+da
By (2.2.8), w.lo.g.
(Wnywn) = D(wp) < K+ 1. (2.2.9)

As with Dirichlet’s principle in R?, w,, converges weakly to some w, after
selection of a subsequence.
We have

(w—wp,p) = 0for allp € QP(M)withd*p = 0, (2.2.10)
because
(wWn, — wo, ) = (dan, p) = (@, d*¢) = 0 for all such p.

(2.2.10) means that w — wy is weakly exact.
We want to study this condition more closely and put

N i=w — wp.

We define a linear functional on d*(£2?(M)) by
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U(o¢) == (n,¢) (2.2.11)

¢ is well defined; namely if d*p; = d*pa, then

(1,1 — p2) = 0 by (2.2.10).

For ¢ € 2P(M) let m(p) be the orthogonal projection onto the kernel of d*,
and ¢ := ¢ — w(p); in particular d*¢ = d*¢.
Then
U(d ) = U(d™) = (n,9) (2.2.12)

Since 1) is orthogonal to the kernel of §, by Corollary 2.2.1

[¥llz2 < clld*l[rz = clld" @] L2 (2.2.13)
(2.2.12) and (2.2.13) imply

[U(d*p)| < cllnllL2(ld* ]| 2

Therefore, the function ¢ on d*(2?(M)) is bounded and can be extended
to the L2-closure of d*(£2?(M)). By the Riesz representation theorem, any
bounded linear functional on a Hilbert space is representable as the scalar
product with an element of the space itself. Consequently, there exists a with

(a,d™p) = (n,9) (2.2.14)

for all p € 2P(M).
Thus, we have weakly
da = 1. (2.2.15)

Therefore, w = wy + 7 is contained in the closure of the considered class.
Instead of minimizing among the w cohomologous to wy, we could have min-
imized as well in the closure of this class, i.e., in the space of all w for which
there exists some o with

(o, d*¢) = (w — wo, p) for allp € 2P(M).

Then w, as weak limit of a minimizing sequence, is contained in this class.
Namely, suppose w,, = wy + da,, weakly, i.e.

Cn(d™p) := (an, d"p) = (wn — wo,p) Vip € 27(M).

By the same estimate as above, the linear functionals ¢, converge to some
functional ¢, again represented by some «. Since D also is weakly lower semi-
continuous w.r.t. weak convergence, it follows that
k < D(w) < lim inf D(w,) = &,
n—oo

hence
D(w) = k.
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Furthermore, by (2.2.2),
0 = (w,dp) for all 3 € P71 (M). (2.2.16)

In this sense, w is weakly harmonic.

We still need the regularity theorem implying that solutions of (2.2.16)
are smooth. This can be carried out as in the Euclidean case. If one would be
allowed to insert 8 = d*w in (2.2.16) and integrate by parts, it would follow
that

0= (d*w,d"w),

ie. d*w=0.

Tteratively, also higher derivatives would vanish, and the Sobolev embed-
ding theorem would imply regularity. However, we cannot yet insert § = d*w,
since we do not know yet whether dd*w exists. This difficulty, however, may
be overcome as usual by replacing derivatives by difference quotients (See
§A.2 of the Appendix.). In this manner, one obtains regularity and com-
pletes the proof. O

Corollary 2.2.2 Let M be a compact, oriented, differentiable manifold. Then
all cohomology groups Hyp(M,R) (0 < p < d := dim M) are finite dimen-
sional.

Proof. By Theorem 1.4.1, a Riemannian metric may be introduced on M. By
Theorem 2.2.1 any cohomology class may be represented by a form which
is harmonic w.r.t. this metric. We now assume that H?(M) is infinite di-
mensional. Then, there exists an orthonormal sequence of harmonic forms

(N )nen C HP(M), i.e.
(1 hm) = O forn,m € N. (2.2.17)

Since the 7,, are harmonic, d*n,, = 0, and dn,, = 0. By Rellich’s theorem
(Lemma 2.2.2), after selection of a subsequence, (1,,) converges in L? to some
7n. This, however, is not compatible with (2.2.17), because (2.2.17) implies

Hnn - nm”LQ > 1 forn # m,

so that (,,) cannot be a Cauchy sequence in L?.
This contradiction proves the finite dimensionality. O

Let now M be a compact, oriented, differentiable manifold of dimension
d. We define a bilinear map

HY(M,R) x H{Z?(M,R) — R
by
(w,m) — /w AT (2.2.18)
M
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for representatives w,n of the cohomology classes considered. It remains to
show that (2.2.18) depends only on the cohomology classes of w and 7, in
order that the map is indeed defined on the cohomology groups. If, however,
w’ and w are cohomologous, there exists a (p — 1) form « with ' = w + da,
and

fw’/\n:f(w—|—doz)/\17—fw/\n—|—fda/\r]
M M
—fwAn+fdaA77)

smcenls closed representing a cohomology
class by Stokes’ theorem

= [wAn.
M

Therefore, (2.2.18) indeed depends only on the cohomology class of w, and
likewise only on the cohomology class of 7.

Let us now recall a simple result of linear algebra. Let V and W be finite
dimensional real vector spaces, and let

(,): VXxW-—=R

be bilinear and nondegenerate in the sense that for any v € V,v # 0, there
exists w € W with (v, w) # 0, and conversely. Then V' can be identified with
the dual space W* of W, and W may be identified with V*. Namely,

1: V=W with i(v)(w) = (v,w)
ig: W —=V*  with ds(w)(v) := (v,w)

are two injective linear maps. Then V and W must be of the same dimension,
and i; and i5 are isomorphisms.

Theorem 2.2.2 Let M be a compact, oriented, differentiable manifold of di-
mension d. The bilinear form (2.2.18) is nondegenerate, and hence H (M, R)

is isomorphic to (Hj};p(M, R))*.

Proof. For each nontrivial cohomology class in HP(M), represented by some
w (i.e. dw = 0, but not w = da for any (p — 1)-form «), we have to find some
cohomology class in H?~P(M) represented by some 7, such that

/w/\n;«éO.

M

For this purpose, we introduce a Riemannian metric on M which is possible
by Theorem 1.4.1. By Theorem 2.2.1, we may assume that w is harmonic
(w.r.t. this metric). By Lemma 2.1.6

Axw=xAw,
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and therefore, *w is harmonic together with w. Now

/w Axw = (w,w) # 0, since w does not vanish identically.

M

Therefore, *w represents a cohomology class in H4"P(M) with the desired
property. Thus the bilinear form is nondegenerate, and the claim follows. [J

Definition 2.2.1 The p-th homology group H,(M,R) of a compact, differ-
entiable manifold M is defined to be (H},(M,R))*. The p-th Betti number
of M is b,(M) := dim H?(M,R).

With this definition, Theorem 2.2.2 becomes
H,(M,R) = H-P(M,R). (2.2.19)
This statement is called Poincaré duality.

Corollary 2.2.2 Let M be a compact, oriented, differentiable manifold of
dimension d. Then
Hip(M,R) =R. (2.2.20)

and
bp(M) =bg_p(M) for 0<p<d. (2.2.21)

Proof. H),(M,R) = R. This follows e.g. from Corollary 2.1.2 and Theorem
2.2.1, but can also be seen in an elementary fashion.
Theorem 2.2.2 then implies (2.2.20), as well as (2.2.21). O

As an example, let us consider an n-dimensional torus 7". As shown
in 1.4, it can be equipped with a Euclidean metric for which the covering
m:R"™ — T™ is a local isometry.

By (2.1.27), we have for the Laplace operator of the Euclidean metric
n
X X 0%w;
A(wihm’ipdx“ A A dx’l’) = (—1) Z ‘-

m=1

Wdljl VANPAN dl'ip

1 ..., 2" Euclidean coordinates of R™).

(z
Thus, a p-form is harmonic if and only if all coefficients w.r.t. the basis
dz" A ... Adx" are harmonic. Since T is compact, by Corollary 2.1.2, they
then have to be constant. Consequently

by(T™) = dim HP(T™) = dim AP (R") = (Z) 0<p<n).
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2.3 Generalizations

The constructions of this chapter may easily be generalized. Here, we only
want to indicate some such generalizations.

Let F and F' be vector bundles over the compact, oriented, differentiable
manifold M. Let I'(E) and I'(F') be the spaces of differentiable sections.
Sobolev spaces of sections can be defined with the help of bundle charts:
Let (f,U) be a bundle chart for E, f then identifies Ejy with U x R". A
section s of E is then contained in the Sobolev space H*?(E) if for any such
bundle chart and any U’ € U, we have ps o f o sy € H*?(U',R"), where
pa: U x R™ — R™ is the projection onto the second factor.

A linear map L : I'(E) — I'(F) is called (linear) differential operator of
order ¢ from E to F' if in any bundle chart, L defines such an operator. For
the Laplace operator, of course E = F = AP(T*M), { = 2.

In a bundle chart, we write L as

L=PFPy(D)+...4+ Py(D),

where each P;(D) is an (m X n)-matrix (m,n = fiber dimensions of E and
F, resp.), whose components are differential operators of the form

Z aq(z)D®

lee|=4

where « is a multi index, and D? is a homogeneous differential operator of
degree |a| = j. Let us assume that the a,(x) are differentiable.

For £ = (&4,...,&™) € R™, let P;j(£) be the matrix obtained for P;(D)
by replacing D“ by £<.
P;(&) thus has components

Z aq ()€™,

leel=4

L is called elliptic at the point x, if Pp(§) (¢ = degree of L) is nonsingular at
x for all £ € R™\{0}. Note that in this case necessarily n = m.

L is called elliptic if it is elliptic at every point. Let now (-,-)g and (-, ")
be bundle metrics on E and F, resp. (those always exist by Theorem 1.5.3), let
M carry a Riemannian metric (existing by Theorem 1.4.1) and an orientation.
Integrating the bundle metrics, for example

(v )E = /(, Ypdvol, (dvol, = \/det(gi;)dz A ... A dx?),

M

we obtain L2-metrics on I'(E) and I'(F). Let L* be the operator formally
adjoint to L, i.e.

(Lv,w)p = (v,L*w)g forve I'(E),w € I'(F).
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L is elliptic if L* is.

The importance of the ellipticity condition rests on the fact that solutions

of elliptic differential equations are regular, and the space of solutions has
finite dimension.

Here, however, this shall not be pursued any further.

Exercises for Chapter 2

1)

2)

Compute the Laplace operator of S™ on p-forms (0 < p < n) in the
coordinates given in §1.1.

Let w € 21(5?) be a 1-form on S?. Suppose
Prw=w

for all ¢ € SO(3). Show that w = 0.

Formulate and prove a general result for invariant differential forms
on S™.

Give a detailed proof of the formula

*A=Ax.

Let M be a two dimensional Riemannian manifold. Let the metric be
given by g;;(z)dz’ ® dz? in local coordinates (z',z?). Compute the
Laplace operator on 1-forms in these coordinates. Discuss the case
where

9ij(x) = X*(2)di;
with a positive function A\?(x).

Suppose that o € H)?(M) satisfies
(d*a,d"p) + (da,dp) = (n,) forall ¢ € 2P(M),
with some given n € 2P7(M). Show « € 2P(M), i.e. smoothness of a.

Compute a relation between the Laplace operators on functions on
R™*! and the one on S C R"*1,

Eigenvalues of the Laplace operator:

Let M be a compact oriented Riemannian manifold, and let A be the
Laplace operator on £2?(M). A € R is called eigenvalue if there exists
some u € 2P(M),u # 0, with

Au = \u.
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Such a w is called eigenform or eigenvector corresponding to A. The
vector space spanned by the eigenforms for A is denoted by V) and
called eigenspace for A.

Show:

a: All eigenvalues of A are nonnegative.

b: All eigenspaces are finite dimensional.

c: The eigenvalues have no finite accumulation point.
d: Eigenvectors for different eigenvalues are orthogonal.

The next results need a little more analysis (cf. e.g. [139])

e: There exist infinitely many eigenvalues

M< <. <M<

f: All eigenvectors of A are smooth.

g: The eigenvectors of A constitute an L2-orthonormal basis for
the space of p-forms of class L?.

Here is another long exercise:

Let M be a compact oriented Riemannian manifold with boundary
OM # (). For x € OM,V € T, M is called tangential if it is contained
in T,0M Cc T,M and W € T, M is called normal if

(V,W) =0 for all tangential V.

An arbitrary Z € T,, M can then be decomposed into a tangential and
a normal component:

Z = Ztan + Znor-
Analogously, n € I'?(T*, M) can be decomposed into

1 = Mtan + Mnor

where ntan operates on tangential p-vectors and 7o on normal ones.
For p-forms w on M, we may impose the so-called absolute boundary
conditions
wtan = 0
on OM

(6wW)nor =0
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or the relative boundary conditions

wnor = 0
on OM
(dw)nor = 0.

(These two boundary conditions are interchanged by the x-operator.)
Develop a Hodge theory under either set of boundary conditions.
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3. Parallel Transport, Connections, and
Covariant Derivatives

3.1 Connections in Vector Bundles

Let X be a vector field on R%, V a vector at o € R?. We want to analyze
how one takes the derivative of X at xg in the direction V. For this derivative,
one forms

lim X(JTO + tV) - X(Z‘()) .

t—0 t
Thus, one first adds the vector tV to the point zy. Next, one compares the
vector X (zg 4+ tV) at the point xo + tV and the vector X (zg) at xg; more
precisely, one subtracts the second vector from the first one. Division by ¢
and taking the limit then are obvious steps.

A vector field on R? is a section of the tangent bundle T'(R?). Thus,
X (xg +tV) lies in T, 1+ (R?), while X (x¢) lies in T}, (R9). The two vectors
are contained in different spaces, and in order to subtract the second one from
the first one, one needs to identify these spaces. In R%, this is easy. Namely,
for each € R?, T,R? can be canonically identified with ToR? = R?. For
this, one uses Euclidean coordinates and identifies the tangent vector % at
x with % at 0. This identification is even expressed by the notation. The
reason why it is canonical is simply that the Euclidean coordinates of R
can be obtained in a geometric manner. For this, let ¢(t) = tz,t € [0,1] the
straight line joining 0 and z. For a vector X; at x, let X; be the vector at
¢(t) parallel to X71; in particular, X; has the same length as X; and forms the
same angle with ¢. X then is the vector at 0 that gets identified with Xj.
The advantage of the preceding geometric description lies in the fact that X,
and X, are connected through a continuous geometric process. Again, this
process in R? has to be considered as canonical.

On a manifold, in general there is no canonical method anymore for iden-
tifying tangent spaces at different points, or, more generally fibers of a vector
bundle at different points. For example, on a general manifold, we don’t have
canonical coordinates. Thus, we have to expect that a notion of derivative
for sections of a vector bundle, for example for vector fields, has to depend
on certain choices.

Definition 3.1.1 Let M be a differentiable manifold, E a vector bundle over
M. A covariant derivative, or equivalently, a (linear) connection is a map
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D:I'E)—»TE)I'(T*M)

with the properties subsequently listed:
By property (i) below, we may also consider D as a map from
I'TM)® I'(E) to I'(E) and write for 0 € I'(E),V € T, M

Do(V) =: Dyo.
We then require:

(i) D is tensorial in V :
Dyiwo =Dyo+ Dwo forV,\W €T, M,o € I'(E) (3.1.1)
D¢yo = fDyo forfe C*(M,R),V e I'(TM). (3.1.2)
(i) D is R-linear in o :
Dy(c+71)=Dyo+ Dyt forVeT,M,o,7€'(E) (3.1.3)
and it satisfies the following product rule:

Dy(fo)=V(f)-oc+ fDyvo forfe C°(M,R). (3.1.4)

Of course, all these properties are satisfied for the differentiation of a
vector field in R? as described; in that case, we have Dy X = dX (V).

Let zg € M, and let U be an open neighborhood of x( such that a chart
for M and a bundle chart for E are defined on U. We thus obtain coordinate
vector fields 8%1’ e %, and through the identification

Ey=2UxR" (n= fiber dimension of F),

a basis of R" yields a basis ji1, ..., uy of sections of E|y. For a connection D,
we define the so-called Christoffel symbols Fi’} (j,k=1,...,n,i=1,...,d)
by

Do pj =: s (3.1.5)

We shall see below that the Christoffel symbols as defined here are a gener-
alization of those introduced in 1.4.

Let now p € I'(E); locally, we write u(y) = a®(y)ux(y). Also let c(t) be a
smooth curve in U. Putting pu(t) := p(c(t)), we define a section of E along c.
Furthermore, let V (t) = ¢(t)(:= $c(t)) = é(t) 52

)

oxt”
Then by (3.1.1) - (3.1.5

(Oeelt) + & (0a* (DD a (3.1.6)
V(e

Dy yp(t) = t
() (c(t) + ¢ (t)a" (£) I, (c(t)) i (c(t).-

dk
(-lk
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(In particular, Dxp depends only on the values of u along a curve ¢ with
¢(0) = X, and not on all the values of i in a neighborhood of the base point
of X.)

Dy (1yuu(t) = 0 thus represents a linear system of first order ODEs for the
coefficients a'(t),...,a"(t) of u(t). Therefore, for given initial values u(0) €
E(0), there exists a unique solution of

Dv(t)u(t) =0. (317)

Definition 3.1.2 The solution p(t) of (3.1.7) is called the parallel transport
of 11(0) along the curve c.

Thus, if x¢g and x; are points in M, the fibers of F above zo and zq,
E,, and E,,, resp., can be identified by choosing a curve ¢ from zg to z;
(o = ¢(0), 21 = ¢(1)) and moving each pg € E,, along ¢ to E,, by parallel
transport. This identification depends only on the choice of the curve c¢. One
might now try to select geodesics w.r.t. a Riemannian metric as canonical
curves, but those are in general not uniquely determined by their endpoints.

From parallel transport on a Riemannian manifold, i.e. the identification
of the fibers of a vector bundle along curves, one may obtain a notion of
covariant derivative. For this purpose, given V € T, M, let ¢ be a curve in M
with ¢(0) = x,¢(0) = V. For p € I'(E), we then put

Pei(p(e(t)) = p(c(0))

t )

Dyl

where Pe; : E.4) — FEo) is the identification by parallel transport along
c. In order to see that the two processes of covariant derivative and parallel

transport are equivalent, we select a basis of parallel sections 1 (t), ..., pn(t)
of F along c,
ie.
Deyp(t) =0 forj=1,...,n. (3.1.8)

An arbitrary section p of E along c is then written as
p(t) = a* (),
and for X = ¢(0), we have
Dxp(t) = a*(t)up(t) by (3.1.6), (3.1.8) (3.1.9)

and consequently,

(Dxp0)(e(0)) = lim ===

i Pealis®) = (0)
t—0 t
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It is important to remark that this does not depend on the choice of the curve
¢, as long as ¢(0) = X.

We want to explain the name “connection”. We consider the tangent
space at the point v to the total space E of a vector bundle, T, E. Inside
Ty E, there is a distinguished subspace, namely the tangent space to the fiber
E, containing ¢ (x = w(v)). This space is called vertical space V;,. However,
there is no distinguished “horizontal space” Hy complementary to Vy, i.e.
satisfying Ty £ = V,, @ Hy. If we have a covariant derivative D, however,
we can parallely transport ¢ for each X € T,M along a curve ¢(t) with
¢(0) = z,¢(0) = X. Thus, for each X, we obtain a curve 9(t) in E. The
subspace of Ty I/ spanned by all tangent vectors to F at 1 of the form

d

%w(t)\tzo

then is the horizontal space Hy. In this manner, one obtains a rule how the
fibers in neighbouring points are “connected” with each other.
We return to (3.1.6), i.e.

o (@ (t)p;(c(t))) (3.1.10)

Ers

= @ () (e() + ¢ (B)a ()T (c(t) pr (e(t)).

Dy

Here, _
al(t) = éi(t)%(c(t)). (3.1.11)

This part thus is completely independent of D.
I l’; now has indices j and k, running from 1 to n, and an index running
from 1 to d. The index 7 describes the application of the tangent vector

ét) 821" We thus consider (Filj-)i,j’k as an (n X n)-matrix valued 1-form on

(If)i gk € T(gl(n,R) @ T* M 7) (3.1.12)
(Here, gl(n,R) is the space of (n x n)-matrices with real coefficients.) In a
more abstract manner, we now write on U

D=d+ A, (3.1.13)

where d is exterior derivative and A € I'(gl(n, R) @ T*M)y;). Of course, A can
also be considered as an (nxn)-matrix with values in sections of the cotangent
bundle of M; A, applied to the tangent vector %, becomes (Fi’;-)jykzl ,,,,, n
By (3.1.10), the application of A to ajuj is given by ordinary matrix multi-
plication. Once more:

D(a?pj) = d(a”)p; + a Apj, (3.1.14)

where A is a matrix with values in T*M.
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We now want to study the transformation behavior of A. As in 1.5, let
(Ua)aca be a covering of M by open sets over which the bundle is trivial,
with transition maps

©Yga : Us NUg — Gl(n,R).

D then defines a T*M-valued matrix A, on U,. Let the section u be repre-
sented by p, on U,. Here, a Greek index is not a coordinate index, but refers
to the chosen covering (U, ). Thus,

13 = @ga o o0 Uy NU3. (3.1.15)
But then we must also have
Vsa(d+ Aa)pta = (d+ Ag)ps onUy N Ug; (3.1.16)

on the left hand side we have first computed Dy in the trivialization defined
by the U, and then transformed the result to the trivialization defined by
Ugs, while on the right hand side, we have directly expressed Dy in the latter
trivialization.

We obtain

Ay = @Eédsoﬂa + @E;AB(PBOL- (3117)

This formula gives the desired transformation behavior. Thus, A, does not
transform as a tensor (see the discussion following Definition 1.5.10), because
of the term gogé dypga. However, the difference of two connections transforms
as a tensor. The space of all connections on a given vector bundle E thus is
an affine space. The difference of two connections D1, Ds is a gl(n, R)-valued
1-form, i.e. Dy — Dy € I'(End E @ T* M), considering gl(n,R) as the space of
linear endomorphisms of the fibers.

We return to our fixed neighborhood U and thus drop the index a.

We want to extend D from E to other bundles associated with E, in
particular to E* and End(F) = E® E*.

We now write

Apj = Al (3.1.18)
where each A? now is a 1-form, Aé? = Filj-dzi. Let pj, ..., u} be the basis dual
to 1, ...,y on the bundle £* dual to E, i.e.

where (+,-) : E® E* — R is the bilinear pairing between E and E*.
Definition 3.1.3 Let D be a connection on E. The connection D* dual to
D on the dual bundle E* is defined by the requirement

d(p,v*) = (Dp,v*) + (1, D*v™) (3.1.20)

for any p € I'(E),v* € I'(E*).
(Dp e I'EQT*M), and (D, v*) pairs the E-factor of Dy with v*. Thus
(Dp,v*), and similarly (p, D*v*), is a 1-form.)
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As usual, we write D =d+ A on U and compute
0 = s p5) = (A 15) + (s, A3'0)
= A} + A7 by (3.1.19),
ie.
A = Al (3.1.21)
Recalling (3.1.5), we get

D% pj = — I -

dx?

Definition 3.1.4 Let Ei, F5 be vector bundles over M with connections
D1, D, resp. The induced connection D on E := E; ® E5 is defined by the
requirement

D(p1 ® p2) = Dypin ® pa + p1 @ Dapig (3.1.22)

for pu; € I'(E;),i =1, 2.

In particular, we obtain an induced connection on End (F) = E ® E*,
again denoted by D. Let 0 = U;/Ji @ uj be a section of End (E). We compute
D(obpi @ ) = do'p; @ i + o5 Af e ® piy — ok A s @ i

=do + [A,0]. (3.1.23)

The induced connection on End (F) thus operates by taking the Lie bracket.

We next want to extend the operation of a connection D from I'(E) to
I'(E)®@2?(M) (0 <p<d).Since, on 2P(M), we have the exterior derivative
d, we define in analogy with Definition 3.1.4 for yu € I'(E),w € 2P(M)

D(p®w)=DpAw+ p® dw. (3.1.24)

(Here, we have employed a wedge product of forms with values in vec-
tor bundles, as Dy is an element of I'(E) @ QY(M): If 0 € I'(E),w; €
21 (M),wy € 2P(M), then

(0 @uwi) Aws :=0 ® (w1 Awa),

and the general case is defined by linear extension.)
As an abbreviation, we write

OP(B) = [(E) ® Q" (M), QP = QP(M).

Thus
D:QP(E)— QPTYE), 0<p<d.

We want to compare this with the exterior derivative

d: P — QL
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Here, we have
dod=0.

Such a relation, however, in general does not hold anymore for D.

Definition 3.1.5 The curvature of a connection D is the operator
F:=DoD:°E)— 2*E).

The connection is called flat, if its curvature satisfies F' = 0.

The exterior derivative d thus yields a flat connection on the trivial bundle
M x R.
We compute for 1 € I'(E)

Fu) = (d+ A) o (d+ A)p
— (d+ A)dp + Ap)
= (dA)pu — Adp + Adp + AN Ap

(the minus sign occurs, because 4 is a 1-form).

Thus
F=dA+ AN A. (3.1.25)
If we write A = A;dz7, (3.1.24) becomes
yy _ .
Ox*
1 /0A; O0A; . ,
== L — — +[A;, A ’ J 1.2
5 (6‘.%’ D + [4;, J]> dz* A dx (3.1.26)

(note that each A; is an (n X n)-matrix).
We now want to compute DF. F is a map from 2°(E) to 2%(E), i.e.

Fe 2*E)® (2°F)" = 2?(EndE).
We thus consider F' as a 2-form with values in End E. By (3.1.23) then
DF = dF + [A, F)
=dANA—-ANdA+[A,dA+ ANA] by (3.1.23)
=dANA—-—ANdA+ ANdA—dANA+[A AN A]
=[A, AN A4
= [Ada’, Ajdx? A Apdax®)
= A A A (da’ A da? A da® — dad A da® A da?)
=0.

This is the so-called second Bianchi identity.
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Theorem 3.1.1 The curvature F' of a connection D satisfies

DF =0. (]

We now want to study the transformation behavior of F. We use the
same covering (U, )aca as above, and on U,, we write again D = d + A,,
Ay = A, idx’. F then has the corresponding representation

1 /0A,; O0A.L; ) )
F, == DI T L TAi, Ao l J 1.2
@ 2 ( oxt Oxi + [ a,ls OC’J]) da' A dx (3 7)

by (3.1.26). Using the transformation formula (3.1.16) for A,, we see that in
the transformation formula for Fi,, all derivatives of g, cancel, and we have

Fo = 950 F59p0 (3.1.28)

Thus, in contrast to A, F' transforms as a tensor.

We now want to express F' in terms of the Christoffel symbols. In order to
make contact with the classical notation, we denote the curvature operator,
considered as an element of 2?(End E) by R :

F:0%E)— Q2*E)
p= R(- ),

and we define the components R’gij by

R (ai (;;) e = Ry (3.1.29)
(kL€ {1,...,n},i,j € {1,...,d}). By (3.1.26)
R(-, e = Fru
= % (%?? — %];2 + Iy - Tk, ;gl) da* A dx? @ py, (3.1.30)
i.e. ork .
RE. = agjf - % + Ik k. (3.1.31)

Theorem 3.1.2 The curvature tensor R of a connection D satisfies
R(X,Y)u = DxDyp— DyDxp— Dix yp (3.1.32)

for all vector fields X, Y on M, and all p € I'(E).

Proof. A direct computation is possible. However, one may also argue more

abstractly as follows: First, (3.1.32) holds for X = %, Y = %. Namely, in
this case [X,Y] =0, and (3.1.32) follows from (3.1.26).
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We have seen already that R transforms as a tensor (the tensorial trans-
formation behavior w.r.t. X,Y also follows from (3.1.26), for example), and
thus the value of R(X,Y)u at the point 2 depends only on the values of X
and Y at z. Now for X = ¢-2, Yy =/ .2

Ozt Oz
i gt
DxDyp— DyDxp=¢50-D o p—1 “p o p
Oxt™ bud Oxd " Bt
+&7(DoDo ~Do Do)
ozt oxd oxd ozt
and
D[X,Y]M:D(EimLf ; o8t BA)HH
dzx® oxd ozl Ox?

hence

Dx Dy~ DyDxpp—Dixyjp =€ (Do.D o Do Do Y,
ox? oxd oxd dx?

x

and this has the desired tensorial form. O

In order to develop the geometric intuition for the curvature tensor, we
want to consider vector fields X,Y with [X,Y] = 0, e.g. coordinate vector

fields a?ci’ %. Then

R(X,Y) = DxDy — Dy Dx.

When forming Dx Dy p, we first move p by infinitesimal parallel transport
in the direction Y and then in the direction X; when forming Dy Dx u, the
order is reversed. R(X,Y ) then expresses the difference in the results of
these two operations, or, in other words, the dependence of parallel transport
on the chosen path.

Corollary 3.1.1 We have

R(X,Y) = —R(Y, X). (3.1.33)

Proof. From (3.1.32). O

Corollary 3.1.2
RZ’j = —RZ@' Vi, gk, L.

Proof. This reformulation of (3.1.33) also follows from (3.1.30). O
Connections on the tangent bundle T'M are particularly important:
Definition 3.1.6 Let V be a connection on the tangent bundle TM of a

differentiable manifold M. A curve ¢ : I — M is called autoparallel or geodesic
w.r.t. Vif
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Vee=0 (3.1.34)
i.e. if the tangent field of ¢ is parallel along c.

1é)

597 and

In local coordinates, ¢ = ¢

Vee = (& + Fi’}éi@)%,
and the equation for geodesics has the same form as the one in 1.4. The dif-
ference is that the Christoffel symbols now have been defined differently. We
shall clarify the relation between these two definitions below in 3.3. Accord-
ing to (3.1.35), (3.1.34) is a system of 2nd order ODE, and thus, as in 1.4,
for each x € M, X € T, M, there exist a maximal interval I = Iy C R with
0 € Ix and a geodesic ¢ = cx

(3.1.35)

c: I — M

with ¢(0) = z,¢(0) = X.
C:={X € TM : 1 € Ix} is a star-shaped neighborhood of the zero
section of T'M, and as in 1.4, we define an exponential map by

exp: C — M
X —cx(1).

If X € C,0<t<1,then exp(tX) = cx(t).
Definition 3.1.7 The torsion tensor of a connection V on T'M is defined as
TX,Y)=Tv(X,Y):=VxY-VyX—-[X,Y] (XY eI'(TM)). (3.1.36)

V is called torsion free if
T

0. (3.1.37)

Remark. Tt is not difficult to verify that T is indeed a tensor, i.e. that the
value of T(X,Y)(z) only depends on the values of X and Y at the point .

In terms of our local coordinates, the components of the torsion tensor T’
are given by

o 0 0 0 i ey O
Ty =T (317’ " Oxd > V% oxJ V% ort (F” Fﬂ) Oxk (3.1.38)
We conclude

Lemma 3.1.1 The connection V on T M is torsion free if and only if

rk=ry  for alli,jk. (3.1.39).
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O

Definition 3.1.8 A connection V on T'M is called flat if each point in M
possesses a neighborhood U with local coordinates for which all the coordi-
nate vector fields are parallel, that is,

0
ozt

o
ozt

= 0. (3.1.40)

Theorem 3.1.3 A connection V on TM is flat if and only if its curvature
and torsion vanish identically.

Proof. When the connection is flat, all V_a_ % = 0, and so, all Christoffel
dx?

symbols I, 5 = 0, and therefore, also 7" and R vanish, as they can be expressed
in terms of the FZIE

For the converse direction, we need to find local coordinates for which
0= V% % for all 7, j. Putting u; := %, we obtain the system

927 Wi+ Fluk =0 for alli,j. (3.1.41)
In vector notation, this becomes
0

a7l T =0, (3.1.42)

and by the theorem of Frobenius, this can be solved if and only if the inte-

grability condition
0 0
(I3, 1] + g 21— @Fi =0 (3.1.43)

holds for all 4, 5. With indices, this is

orek rk
]‘Z - 0 Fzm 7? Fk F’L
or? 83:3 J
which by equation (3.1.31) means that the curvature tensor vanishes. We can
thus solve (3.1.41) for the p;. In order that these p; are coordinate vector

fields %, the necessary and sufficient condition (again, by the theorem of
Frobenius) is

v =0 foralli,j, (3.1.44)

0
ozt
which by (3.1.41) in turn is equivalent to the condition FZ; = Ff; for alli, g, k,
that is, by Lemma 3.1.1, the vanishing of the torsion 7". This completes the
proof. O

= %yi for alli, j, (3.1.45)
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Perspectives. Ehresmann was the first to arrive at the correct concept of a
connection in a vector bundle. Equivalently, the concept may also be introduced in
a principal bundle (see the discussion at the end of 1.7). The theory of connections
is systematically explored in [160, 161].

The curvature tensor introduced here generalizes the Riemann curvature tensor
derived from a Riemannian metric in §3.3 below.

The Bianchi identity (Theorem 3.1.1) may be derived in a more conceptual way
as the infinitesimal version of the equivariance of the curvature form F' with respect
to certain transformations in horizontal directions, see[214].

For a more detailed and elementary discussion of integrability conditions and
the Frobenius theorem, we refer to [71].

3.2 Metric Connections. The Yang-Mills Functional

Definition 3.2.1 Let E be a vector bundle on the differentiable manifold M
with bundle metric (-,-). A connection D on F is called metric if

d{p,v) = (Dp,v) + {u, Dv) for allp,v € I'(E). (3.2.1)

A metric connection thus has to respect an additional structure, namely
the metric.
We want to interpret condition (3.2.1). Let X € T, M; (3.2.1) then means

X{p,v) = (Dxp,v) + (4, Dxv). (3.2.2)

Let now ¢ : I — M be a smooth curve, and let u(t) and v(t) be parallel along
¢, i.e. Depp =0 = Dgv. Then from (3.2.2)

& u(e), v(t) = 0. (3.23)

This can be interpreted as follows:

Lemma 3.2.1 The parallel transport induced by a metric connection on a
vector bundle preserves the bundle metric in the sense that parallel transport
constitutes an isometry of the corresponding fibers.

Namely, (3.2.3) means that the scalar product is preserved under parallel
transport. O

Lemma 3.2.2 Let D be a metric connection on the vector bundle E with
bundle metric (-,-). Assume that w.r.t. a metric bundle chart (cf. Definition
1.5.12 and Theorem 1.5.3), we have the decomposition

D=d+ A

Then for any X € TM, the matriz A(X) is skew symmetric, i.e.
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A(X) € o(n) (= Lie algebra of O(n)) (n= rank of E).

Proof. As described in Theorem 1.5.3, a metric bundle chart (f, U) generates
sections 1, ..., 1y, on U that form an orthonormal basis of the fiber E, at
each z € U, i.e.

(ni(x), pj () = bij-
Moreover, since the p; are constant in the bundle chart, we have for the
exterior derivative d defined by the chart
du; =0 (i=1,...,n).

Let now X e T, M,z € U.
It follows that

0= X (i, ptj) = (AX) i, pg) + (s AX) )
= (A(X)] i i3} + (i ACX)f )
= A(X)! + A(X)} . O

X
X

By
QP(AdE),

we denote the space of those elements of 2P(End F) for which the endo-
morphism of each fiber is skew symmetric. Thus, if D = d + A is a metric
connection, we have

Ac QY AAE).

We define
D*: QP(AdE) — 2P (AdE)

as the operator dual to
D: P Y(AdE) - 2P(AdE)
w.r.t. (+,-); thus
(D*v, ) = (v,Du) for ally € PP H(AdE),v € 2P(AdE). (3.2.4)

This is in complete analogy with the definition of d* in 2.1. Indeed, for D =
d+A(Ae QY AAE)), A= Adxt

(v, dp + Agdx® A p) = (d*v, p) — (Asv,dx’ A p),  since A; is skew symmetric.
(3.2.5)
By Lemma 2.1.1, in this case

sk = (—1)Pd=P),
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¥ : QP(AdE) — 29°P(Ad E) operates on the differential form part as de-
scribed in 2.1 and leaves the Ad E-part as it is:

x(pRw)=puR+w forpy e I'AdE),we 2P,
and by Lemma 2.1.4
d* = (=)D g5
Moreover, A; and * commute, since A; operates on the Ad E-part and * on
the form part. In particular,
Thus, from (3.2.5)
D* = (=1)3PFDH 4 (d 4 A)x = (=1)4PFDH 4 D (3.2.6)

(Note, however, that A operates on the form part by contraction and not by
multiplication with dz").
In Chapter 7, we shall need to compute expressions of the form

Alp, )

where ¢ is a section of a vector bundle E with a metric connection D. We
obtain

Alp, ) = d"d{p, o
= (=1) xdxd(p, ¢)
=2(=1)xd* (Dyp,p) since D is metric
=2(=1)xd* (Dyp, p) (Dy is a 1-form with
values in F, and *
operates on the form part
whereas (.,.) multiplies
the vector parts, and so
x and (.,.) commute)
=2(—=1)* ((D* Dp,p) + (xDp, Dp))  sinde D is metric
=2((D* Dy, p) — (D, D)) by (3.2.6), and since

% = 1 on 2-forms.
Thus, we obtain the formula
A, ) = 2({D" D, ) — (Dg, Dg)). (3.2.7)

We now study the curvature of metric connection and observe first

Corollary 3.2.1 Let D = d + A be a metric connection on E. Then the
curvature F of D satisfies
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F e Q*(AdE).

Proof. We consider (3.1.25). Under the conditions of Lemma 3.2.2,
04; 0A4;
ori Ozt

is a skew symmetric matrix for each pair (7,j), because the Lie bracket of

two skew symmetric matrices is skew symmetric again, since o(n) is a Lie
algebra. O

+ [Ai’Aj}

Note that Fy; = % (g‘;} - %‘25 [A;, Aj]> is always skew symmetric in 4

and j. This is also expressed by Corollary 3.1.1. By way of contrast, Corollary
3.2.1 expresses the skew symmetry of the matrix

RZ‘]‘
w.r.t. the indices k£ and ¢ :

Corollary 3.2.2 For a metric connection,

Rf; = —Ry; forallije{l,....dkte{l,...,n} (328)

(d = dim M,n = rank of E). O

For A, B € o(n), we put
A-B=—tr(AB). (3.2.9)

This is the negative of the Killing form of the Lie algebra o(n). (3.2.9) defines
a (positive definite) scalar product on o(n). (3.2.9) then also defines a scalar
product on Ad E. We now recall that we also have a pointwise scalar product
for p-forms: For wy,wy € APT* M we have

<w1,w2> = *(wl A *wg), (3210)

cf. Lemma 2.1.2. Thus, we also have a scalar product for p; ® wy, s ® we €
AdE, ® APT} M, namely

(1 ®@ w1, 2 @ wa) 1= i1 - pa{w,wz). (3.2.11)
Thus, by linear extension, we also obtain a scalar product on Ad E,QAPT* M.

This in turn yields an L2-scalar product on £2P(Ad E) :

(11 @ wr, o @ wy) 1= /(/Ll ® wi, 2 @ wa) * (1), (3.2.12)
M

assuming again that M is compact and oriented.
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Definition 3.2.2 Let M be a compact, oriented Riemannian manifold, E
a vector bundle with a bundle metric over M, D a metric connection on F
with curvature Fp € 2%(Ad E). The Yang-Mills functional applied to D is

YM(D) = (FD,FD) = /<FD7FD> * (1)
M

We now recall that the space of all connections on E is an affine space; the
difference of two connections is an element of 2!(End E). Likewise, the space
of all metric connections on E is an affine space; the difference of two metric
connections is an element of 2'(Ad E). If we want to determine the Euler-
Lagrange equations for the Yang-Mills functional, we may thus use variations
of the form

D+tB with B € 2'(AdE).

For 0 € I'(E) = 2°(E),

FD+tB(U) = (D + tB)(D + tB)O'
= D?0c +tD(Bo) +tBA Do +t*(BAB)o  (3.2.13)
= (Fp +t(DB) +t*(B A B))o,

since D(Bo) = (DB)o — B A Do (compare the derivation of (3.1.25)).
Consequently

Ly M(D +B)

d
o — /<FD+tB>FD+tB> * (1) }¢=0

1t=0 =
- 2/<DB7FD> « (1), (3.2.14)

Recalling the definition of D* (3.2.4) (3.2.14) becomes

d

Thus, D is a critical point of the Yang-Mills functional if and only if
D*Fp =0. (3.2.15)

Definition 3.2.3 A metric connection D on the vector bundle E with a
bundle metric over the oriented Riemannian manifold M is called a Yang-
Mills connection if

D*Fp =0.

We write Fp = F;;dz® A dz?, and we want to interpret (3.2.5) in local coor-
dinates with g;;(x) = J;;. In such coordinates,
d*(Fijda* Nda?) = —%daﬂ,

x’L
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and from (3.2.5) hence

D*Fp = < %lzf - [Az»Fij]> da’.

(3.2.15) thus means
8Fl-j
ox?

+]A,Fj]=0 forj=1,...,d (3.2.16)

We now discuss gauge transformations.

Let E again be a vector bundle with a bundle metric. Aut (E) then is the
bundle with fiber over x € M the group of orthogonal self transformations of
the fiber E,.

Definition 3.2.4 A gauge transformation is a section of Aut(F). The group
G of gauge transformations is called the gauge group of the metric bundle E.

The group structure here is given by fiberwise matrix multiplication. s € G
operates on the space of metric connections D on E via

s*(D):=s'oDos,

- s* (D)= s~ 'D(sp) (3.2.17)

for 4 € I'(E). For D = d + A, we obtain as in the proof of (3.1.16)
s*(A) = s tds + s As. (3.2.18)

Subsequently, this notion will also be applied in somewhat greater generality.
Namely, if the structure group of F is not necessarily SO(n), but any subgroup
of GI(,R), we let Aut(E) the bundle with fiber given by G, and operating on
E again by conjugation. The group of sections of Aut(E) will again be called
the gauge group.

Given zg € M, we may always find a neighborhood of U of xy and a
section s of Aut(E) over U, i.e. a gauge transformation defined on U, such
that

S*(A)({I?()) =0

Namely, according to (3.2.18), we just have to solve
s(xo) =1id, ds(xo) = —A(xo).

This is possible since A € 21(AdFE), and the fiber of AdFE is the Lie algebra
of the fiber of Aut(F), a section of which s has to be. Thus,

Lemma 3.2.3 Let D be a connection on the vector bundle E over M. For any
xg € M, there exists a gauge transformation s defined on some neighborhood
of xo such that the gauge transformed connection s*(D) satisfies
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s*(D)=d at xo.

Of course, the gauge transformation can always be chosen to be compatible
with any structure preserved by D, in particular a metric.

Proof. O

In the same notation as in the derivation of (3.1.16), s as a section of
Aut(FE) transforms as

56 = PpaSaPja- (3.2.19)

The curvature F' of D transforms as in (3.2.17):

s*F=s1o0Fos. (3.2.20)
An orthogonal self map of F is an isometry of (-, -), and hence

(s*F,s*F) = (F, F). (3.2.21)

We conclude:

Theorem 3.2.1 The Yang-Mills functional is invariant under the operation
of the gauge group G. Hence also the set of critical points of Y M, i.e. the set of
Yang-Mills connections, is invariant. Thus, if D is a Yang-Mills connection,
so is s*D for s € G. O

Corollary 3.2.3 The space of Yang-Mills connections on a given metric
vector bundle E of rank > 2 is infinite dimensional, unless empty. O

For n > 2,0(n) is nonabelian. Thus, by (3.2.18), in general not only
s71As # A, but by (3.2.20) also

s*F #£ F.

It is nevertheless instructive to consider the case n = 2. 0(2) is a trivial Lie
algebra in the sense that the Lie bracket vanishes identically. Ad F thus is
the trivial bundle M x R. Consequently for D =d + A

F = dA. (3.2.22)
Similarly, the Bianchi identity (Theorem 3.1.1) becomes

dF =0, (3.2.23)
and the Yang-Mills equation (3.2.15) becomes

d*F = 0. (3.2.24)

(3.2.22) does not mean that the 2-form F' is exact, because (3.2.22) depends
on the local decomposition D = d + A which in general is not global. That
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F, as the curvature of a connection, satisfies the Bianchi identity, does mean,

however, that F' is closed. F' then is harmonic if and only if D is a Yang-Mills

connection, cf. Lemma 2.1.5. Thus, existence and uniqueness of the curvature

of a Yang-Mills connection are consequences of Hodge theory as in 2.2. Thus,

Yang-Mills theory is a generalization (nonlinear in general) of Hodge theory.
We now write (for n =2) s € G as s = €*. Then

s*(A)=A+du Dby (3.2.18). (3.2.25)
(3.2.24) becomes
d*dA = 0. (3.2.26)
If we require in addition to d*dA = 0 the gauge condition
d*A =0, (3.2.27)
we obtain the equation
AA = (d"d+dd*)A = 0. (3.2.28)

Without the gauge fixing (3.2.27), if A is a solution of the Yang-Mills equa-~
tion, so is

A+ a witha e 2, da=0,
and conversely, this way, knowing one solution, one obtains every other one;
namely, if A4 a with a € 2! is a solution, we get d*a = 0, hence as in 2.1
da = 0. If H*(M,R) = 0, for each such a, there exists a function u with
a = du. With s = e", we put

s*(A) = A+a,

and thus, in this case G operates transitively on the space of Yang-Mills
connections.

We now consider the case d = 4 which is of special interest for the Yang-
Mills equations. As always, M is compact and oriented and carries a Rieman-
nian metric. * then maps A?7T} M into itself:

%0 ATEM — A*TXM (x € M).
Since by Lemma 2.1.1, *% = 1, we obtain a decomposition
NT:M = AT @A™

into the eigenspaces of x corresponding to the eigenvalues +1. A2TFM is
of dimension 6, and AT and A~ are both of dimension 3. Choosing normal
coordinates with center =, AT is generated by

dzt A dx® + da® A da?

det A dzt + da? A da®

det A dx?® — dz? A da?
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and A~ by
dz' A dx® + da® A dz?

dz' A dx? — da® A da?
dzt A dz* — dx® A daB.

The elements of AT are called selfdual, those of A~ antiselfdual.

Definition 3.2.5 A connection D on a vector bundle over an oriented four di-
mensional Riemannian manifold is called (anti)selfdual or an (anti)instanton
if its curvature Fp is an (anti)selfdual 2-form.

Theorem 3.2.2 Each (anti)selfdual metric connection is a solution of the
Yang-Mills equations.

Proof. The Yang-Mills equation is
D*F =0.
By (3.2.6), this is equivalent to
D+ F =0. (3.2.29)

Let now F be (anti)selfdual. Then

F=+xF (3.2.30)
(3.2.29) then becomes
DxxF =0,
hence by #x =1,
DF =0.

This, however, is precisely the Bianchi identity, which is satisfied by Theorem
3.1.1. O

In order to find a global interpretation of Theorem 3.2.2 in terms of the
Yang-Mills functional, it is most instructive to consider the case of U(m)
or SU(m) connections instead of SO(n) connections. The preceding theory
carries over with little changes from SO(n) to an arbitrary compact subgroup
of the general linear group, in particular U(m) or SU(m). We shall also need
the concept of Chern classes. For that purpose, let E now be a complex vector
bundle of rank m over the compact manifold M, D a connection in F with
curvature F' = D? : 2% — (?(E). We also recall the transformation rule
(3.2.28):

Fo =950 Fs0as (3.2.31)

which allows to consider F' as an element of AdFE; at the moment, the struc-
ture group is Gl(m,C) (as E is an arbitrary complex vector bundle), and
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so AdF = EndFE = Homc¢(F, E). We let M,, denote the space of complex
m X m-matrices, and we call a polynomial function, homogenous of degree k
in its entries,

P: M, — C,
invariant if for all B € M,,, ¢ € Gl(m,C)

P(B) = P(¢™'By).
Examples are the elementary symmetric polynomials P?(B) of the eigenval-
ues of B. Those satisfy
det(B + tId) = me k (3.2.32)

Similary, a k-linear form
]B:me...me—NC
is called invariant if for By,..., By € M, ¢ € Gl(m,C)
P(By,...,By) = P(o 'Byo, ..., 0 'Brop).

The infinitesimal version of this property is that for all By,..., By € M,,,
A € gl(m,C)

k
Z (Bi,...,[A,Bi],...,Bx) =0 (3.2.33)

Restricting an invarlant k-form to the diagonal defines an invariant polyno-
mial _
P(B)=P(B,...,B)

Conversely, given an invariant polynomial, we may obtain an invariant k-form
by polarization:

_ (—1)k & .
P(By,...,By):= > > (-1YP(Bi, +...+By).

Given an invariant polynomial P of degree k, we may use the transformation
rule (3.2.31) for the curvature F of a connection D to define

P(F) ::P(Fa)a

using any local trivialization. P(F') then is a globally defined differential form
of degree 2k. In particular, P(F') remains invariant under gauge transforma-
tions, as those transform F into s™! o F o s, cf. (3.2.20)

Lemma 3.2.4 For an invariant polynomial of degree k, we have dP(F) = 0.
Consequently, P(F) defines a cohomology class [P(F)] € H?**(M), and this
class does not depend on the chosen connection.
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Proof. Let P be an invariant k-form with P(B, ..., B) = P(B) as above. As
explained in §3.1, we may extend D as

D : QP(EndE) — QP (EndE).

Since P is linear, we have

dP(By,...,By) =Y (- +FP1P(By,... . dB;,..., By)
i
By assumption _
P(F)=P(F,...,F),
is invariant under gauge transformations. For any xzg € M, Lemma 3.2.3
means that after applying a local gauge transformation, we may assume that
at xg, we have
d=D.

Thus, at xg,
dP(F) =Y P(F,...,DF,...F)

ith entry

As xy was arbitrary, this holds for all M.
(Alternatively, this may also be derived from (3.2.33), without using Lemma
3.2.3).

The Bianchi identy DF = 0 thus implies

dP(F) = 0.

If Dy, D; are connections on E, then n := Dy — Dy € 2'(EndE). We write
locally
Dy=d+ A,

and we put
Dy:=Dy+1tn=d+ A+t

The curvatures thus are given by
Fy=d(A+tn) + (A+1tn) A (A+tn),

and

0
aFt = Dt’ﬂ
We obtain
0 ~ (0
aP(Ft) = kP (&Fn Ft, ey Ft)

= k‘.ﬁ(Dtnthy"'?Ft)
= d(kP(n,F,...,F,)) as DyF, = 0 by the Bianchi identiy.
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o [

is cohomologous to zero. O

Therefore

P(Fy) —

Q)‘Q-)

Definition 3.2.6 The Chern classes of E are defined as

c;j(E) = [Pf (;F)] € H* (M)

™

where P7 is the ' elementary symmetric polynomial, and F is the curvature
of an arbitrary connection on F.

Recalling (3.2.32), we have

i e %
det <%F+t1d> = kz_ocm,k(E)t ,

or with the eigenvalues A, of 5= F (the A, are 2-forms) and 7 :=¢"1,

i cj(E)7? = det <27;TTF + Id) = ﬁ (14 A7) (3.2.34)

j=0 a=1

In particular, we have
i

E) = —trF 2.
c1(E) 5T (3.2.35)
m—1 1
CQ(E) - om Cl(E) A Cl(E) = 7871'2 tI‘(FO A F()), (3236)
where
1
Fy:=F — —trF -1dg is the trace free part of F. (3.2.37)
m

We now return to the situation of a U(m) vector bundle E over a four dimen-
sional oriented Riemannian manifold M. We let D be a unitary connection
on E with curvature F = D? as usual. We decompose F, into its selfdual
and antiselfdual components

Fo=F +F;. (3.2.38)
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Then

tr(Fp A Fo) = tr(ET A Fy) + tr(Fy A Ey)
Since the A product of a selfdual 2-
form with an antiselfdual one always

vanish (This can be seen from the
above generators of AT and A7).
=tr(Fy" A*FyF) — tr(Fy A xFy)
since #Fy- = +F;°
=—|F P+ |Fy|? cf (3.2.9) (3.2.39)

Recalling (3.2.36), we conclude that integrating over M yields

1
82

m—1

(ea(B) = ey (BY?)[M] = (IFH2 ~ 1Fy 2) % (1) (3.2.40)

2m

The Yang-Mills functional decomposes as

vM(D) = [ (P + IR+ (1)

1
— / (m|urF|2 + |F 12+ |F0|2> * (1) (3.2.41)
M

Since trF represents the cohomology class —2mic; (E), the cohomology class

of trF' is fixed, and
/ [trF|? % (1)
M

becomes minimal if trF" is a harmonic 2-form in this class, see §2.1. [ [trF|?
and f |Fo|?> may be minimized independently, and because of the constraint
(3.2.40), [ |Fy|* becomes minimal if, depending on the sign of (c2(E) —
metel(B)?)[M],

Ff=0 or F; =0 (3.2.42)
i.e. if Iy is antiselfdual or selfdual.

If D is a SU(m) connection, then the fiber of AdFE is su(m) which is
tracefree, and thus F € 2?(AdE) satisfies

trF =0 (3.2.43)

Hence, by (3.2.35)
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and by (3.2.36), (3.2.40)

1 _
B)M] = —o— [ (IFT]° = [F7*) « (1)
M
where F* are the (anti)selfdual parts of F.

Also,
YMD) = [P+ 1FP) 1)
M

then is minimized if F' is (anti)selfdual, again depending on the sign of
¢o(E)[M]. In conclusion we obtain

Theorem 3.2.3 Let E be an SU(m) vector bundle over the compact oriented
four dimensional manifold M. Then an SU(m) connection D on E yields an
absolute minimum for Y M if F is antiselfdual or selfdual (depending on the
sign ca(E)[M]), i.e if it satisfies the first order equation F = + * F.

Remark. Here, we do not address the question when the lower bound for
the Yang-Mills functional just derived is achieved, i.e. when there exist (anti)
selfdual connections.

The Yang-Mills functional exhibits special features in dimension 4, as we
have seen. There is also a functional that is well adapted to 3 dimensional
manifolds, namely the Chern-Simons functional that we shall now briefly
discuss.

Let M be a compact 3 dimensional differentiable manifold, and let E be a
vector bundle over M with structure group a compact subgroup G of Sl(n, R),
with Lie algebra g as usual. We consider G-connections D, i.e. connections
that can locally be written as

D=d+ A, with A€ Q'(g).

(As before, we identify g with the fibers of AdE, the endomorphisms of the
fibers of E that are given by elements of g. The discussion here is a little
more general than the one we presented in the 4 dimensional case, but the
latter can easily be extended to the present level of generality as well.)

We also suppose that E is a trivial G-bundle, i.e. as a vector bundle, E
is isomorphic to M x R™, and the connection on E given by the exterior
derivative d preserves the G-structure (e.g. if G = SO(n), and (-,-) is the
corresponding metric on the fibers, then for any two sections o1, o2 of E (that
are considered as functions o1,09 : M — R™ under the above isomorphism),
we have

d<0’1,0’2> = <d0’1,0’2> + <01,d0’2>).
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In this case, for any other G-connection
D=d+ A

on F, A is a globally defined 1-form with values in g.

Definition 3.2.7 The Chern-Simons functional of A is defined as

CS(A) = /tr (A/\dA+ ;A/\A/\A) (3.2.44)

(Here, tr of course is the trace in g, or in more general terms, the negative of
the Killing form of g. In fact, one may take any Ad invariant scalar product
on g here.)

Remark. Without the assumption that E is a trivial G-bundle, we need to
choose a base connection Dy = d + Ag. For D = d + A, A — Ag then is a
globally defined 1-form with values in g, and we may thus insert A — Ay in
place of A in the definition of C'S.

An important observation is that for the definition of C'S, we do not
need to specify a Riemannian metric on M as the integrand is a 3-form on
a 3-dimensional manifold. Thus, any invariants constructed from the Chern-
Simons functional will automatically be topological invariants of the differ-
entiable manifold M.

In order to compute the Euler-Lagrange equations for C'S, we consider
variations A+tB, B € 2%(g), as in the derivation of the Yang-Mills equations.
We have

%CS(A+tB),t:0 = /tr(B/\dA+A/\dB—|—QB/\A/\A)
(cf. (3.2.13) and use, with A = A;dx’,
B = Bydaz'tr(AN B A A) = tr(Agda® A
Bidz' A Ajda?) = tr(Bydz® A Ajda? A
Apdz®) = tr(BAANA) and similary for
tr(A A A A B), as the trace is invariant

under cyclic permutations)
:2/tr(B/\(dA—|-A/\A))

(use [tr (Aidat A 285 dyd A da®) = [tr

(Brda® A Z2idz A dat))

- 2/tr(B AFy), (3.2.45)
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where )y = dA+ AN A is the curvature of the connection D = d + A. If this
expression vanishes for all variations B € £21(g), then F4 = 0. Consequently,
the Euler-Lagrange equations for C'S are

Fa=0 (3.2.46)

i.e. A is a flat G-connection on F.

Like the Yang-Mills equation, the equation (3.2.46) obviously remains
invariant under gauge transformations. The equation (3.2.46) also arises as a
reduction of the (anti)selfduality equations to 3 dimensions. Namely, suppose
that M is a 3-dimensional oriented Riemannian manifold, and that we have
a selfdual connection D = d + A on the 4-dimensional manifold

N=MxR
with the product metric, and that D = d + A can be written locally as
d+ Avdat + Asda® + Agda®,

where 2!, 22, 23 are coordinates on M and where A;, Ay, A3 are functions

of the z', 22, 23 only, and independent of the R-direction. Thus, we assume
that D is trivial in the direction of the factor R. We denote the coordinate
in that direction by x*. We write, in our coordinates, the curvature of D as

04, oA
ozt OxJ

F= Fwdml A dﬂ?j = < + [Ai, AJ]) dIl A de.

Our assumption implies that
Fiy =0=Fy; foralli, j. (3.2.47)

On the other hand, if 2!, 2, 23 now are normal coordinates at the point of
M under consideration, the selfduality equations become

Fio=F3y, Fi3=—Fy, Fiy=1IF;3. (3.2.48)

(3.2.47) and (3.2.48) imply
F=0

ie. D =d+ A is flat.

Perspectives. In the work of Donaldson, detailed accounts of which can be found
in [79], [61], instantons were introduced as important tools for the study of the dif-
ferential topology of four-dimensional manifolds. Let M be a compact differentiable
four-manifold. As explained in 2.2, one has a natural pairing

I':H>(M)x H*(M) —R
(o, B) — /aAB.

I is called intersection form of M.
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Donaldson showed that if M is simply connected (w1 (M) = {1}) and if I is
definite, then for a suitable basis of H*(M), I' is represented by =+ identity matrix.
Since by the work of M. Freedman, there exist simply connected compact four-
dimensional manifolds with definite intersection form not equivalent to + identity
matrix, it follows that such manifolds cannot carry a differentiable structure, or
in other words that there exist restrictions on the topology of compact, simply
connected differentiable four-dimensional manifolds that are not present for non-
differentiable ones. The crucial ingredient in the proof of Donaldson’s theorem is
the moduli space 91 of instantons on a vector bundle over M with structure group
SU (2) and with so-called topological charge

-1
32 tr(FAF)=1

M
for the curvature F' of a SU(2)-connection. As explained, the topological charge
is a topological invariant of the bundle and does not depend on the choice of SU
(2)-connection (it is the negative of the second Chern class of the bundle). In order
to construct the moduli space of instantons, one identifies instantons that are gauge
equivalent, i.e. differ only by a gauge transformation (see Theorem 3.2.1). Donaldson
then showed that under the stated assumptions, 90 is an oriented five-dimensional
manifold with point singularities, at least for generic Riemannian metrics on M.
Neighborhoods of the singular points are cones over complex projective space CP?
(see 5.1 below), and M itself is the boundary of 9)t. Deleting neighborhoods of
the singular points, one obtains a smooth oriented five-dimensional manifold with
boundary consisting of M and some copies of CIP?. Therefore, in the terminology
of algebraic topology, M is cobordant to a union of CP?’s, and one knows that M
then has the same intersection form as this union of CIP?’s. As will be demonstrated
in 5.1, H*(CP?,R) = R, and the intersection form of CP? is 1. These facts then
imply Donaldson’s theorem. The main work in the proof goes into deriving the
stated properties of the moduli space M. In particular, one uses a theorem of
Taubes on the existence of self-dual connections over four-manifolds with definite
intersection form.

Donaldson then went on to use the topology and geometry of these moduli
spaces to define new invariants for differentiable four-manifolds, the so-called Don-
aldson polynomials. These invariants greatly enhanced the understanding of the
topology of differentiable four-manifolds. Subsequently, however, there has been
found a simpler approach to this theory that is based on coupled equations for a
section of a spinor bundle and a connection on an auxiliary bundle with an abelian
gauge group, namely U(1). This will be explained in Chapter 7.

3.3 The Levi-Civita Connection

Let M be a Riemannian manifold with metric (-, -).

Theorem 3.3.1 On each Riemannian manifold M, there is precisely one
metric and torsion free connection V (on TM). It is determined by the for-
mula

(VxY,Z) = %{X(Y, 2) — Z2(X,Y) + Y(Z,X) (3.3.1)
- <X7 [Y7 Z]> + <27 [X7 Y]> + <Y, [Zv X]>}
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Definition 3.3.1 The connection V determined by (3.3.1) is called the Levi-
Cvita connection of M.

In the sequel, V will always denote the Levi-Civita connection.

Proof of Theorem 3.3.1  We shall first prove that each metric and torsion
free connection V on T'M has to satisfy (3.3.1). This will imply uniqueness.

Since V should be metric, it has to satisfy:

XY, Z)=(VxY,Z)+ (Y,VxZ)
Y<Z3X> = <VYZ3X> + <Za VYX>
Z(X,Y) = (VzX,Y) + (X,VY)

Since V should also be torsion free, this implies

X(Y,2) - Z(X,Y)+Y(Z,X)
=2AVxY,Z) —([X,Y], Z) + (Y, [X, Z]) + (X, [Y, Z]),

ie. (3.3.1).

For the existence proof, for fixed X, Y, we consider the 1-form w assigning
the right hand side of (3.3.1) to each Z. w(Z) is tensorial in Z, because for
feC>(M)

W 2) =f(2) + (XY, 2)+ (¥ (2, X) (332)
~(XPY.2) ~ (V){X. 2) = fu(2).

and the additivity in Z is obvious.
Therefore, there exists precisely one vector field A with

w(Z) =(A,2),

since (-,-) is nondegenerate. We thus put VxY := A. It remains to show
that this defines a metric and torsion free connection. Let us first verify that
V defines a connection: Additivity w.r.t. X and Y is clear, the tensorial
behavior w.r.t. X follows as in (3.3.2), and the derivation property Vx fY =
fVxY + X(f) is verified in the same manner. That V is metric follows
from (3.3.1) by adding (VxY,Z) and (VxZ,Y). Likewise (3.3.1) implies
(VxY,Z) — (Vy X,Z) =([X,Y],Z), i.e. that V is torsion free. O

As in 1.4, let the metric in a local chart be given by (g;;)i j=1,..,4.- The
Christoffel symbols of the Levi-Civita connection V then are

0 _ w0

8 —— =1, —
Ba? O " oxk

v ij=1,...,d. (3.3.3)
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From (3.1.21), we then get

Vo da = — I da" . (3.3.4)
Corollary 3.3.1 For the Levi-Civita connection, we have

1
rl = igke(gie,j + gjei — Gije)-
Thus, the Christoffel symbols coincide with those defined in 1.4. Likewise, the
two concepts of geodesics (from 1.4 and 3.1) coincide. In particular,

rk=rf forali,jk.

Proof.
0 o 0
Tk = ghtpm( 2~y — gkt -z
i =9 ”<8xm’6ax€> 9! %ay’m«ﬁ
1 ., 0 0 0
= - -0 — —Gii + =——gie ¢ by (3.3.1),
27 {angﬂ axég”JrangK v ( )
since the Lie brackets of coordinate vector fields vanish. O

We now want to exhibit some formulae for the curvature tensor R of the
Levi-Civita connection V. R is given by

R(X,Y)Z =VxVyZ -VyVxZ - VxyZ

(cf. (3.1.32)). In local coordinates, as in (3.1.29),

o o\ o . 0
R (ax ax) aat ~ B gr- (3:3.5)
We put
Ryeij = gem Ry,
i.e.

o a\ 0 0 4
s = (35505 ) s (3:3.6)

3 We point out that the indices k and I appear in different orders at the two
sides of (3.3.6). This somewhat unusual convention has been adopted in order
to achieve as much conformity as possible with the - often conflicting - sign
conventions that occur in Riemannian geometry. Differing sign conventions often
lead to considerable confusion, and we hope that the convention adopted here
does not add too much to that problem.
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Lemma 3.3.1 For vector fields X,Y, Z, W, we have

R()(7 Y)Z = —R(YY,AX)Z7 i.€e. Rk;[ij = _Rkéji (337)

R(X,Y)Z+R(Y,Z)X+R(Z,X)Y =0, i.c. Ris;+Ryijo+Rijei =0 (3.3.8)

<R(X7Y)Z7 W> = 7<R(X7 Y)Wa Z>a i.e. Rk@ij = 7R€kij (339)

(R(X,Y)Z,W) = (R(Z,W)X,Y), i.e. Ris; = Rijre (3.3.10)

Proof. Tt suffices to verify all claims for coordinate vector fields % We may
thus assume that all Lie brackets of X,Y,Z and W vanish. (3.3.7) then is
Corollary 3.1.1. For (3.3.8), we observe

R(X,Y)Z + R(Y,2)X + R(Z,X)Y
=VxVyZ - VyVxZ+VyVzX - VzVy X +VzVxY - VxVzY =0,
since Vy Z = VY etc. because V is torsion free.

For (3.3.9) it suffices to show (R(X,Y)Z,Z) = 0 for all X,Y,Z, ie.
Ryij = 0. This follows from Corollary 3.2.2. (3.3.10) is proved as follows:
From (3.3.7), (3.3.8)

(R(X,Y)Z,W) = —(R(Y, X)Z, W)
= (R(X,Z2)Y,W) + (R(Z,Y)X,W),  (3.3.11)

and from (3.3.8), (3.3.9)

(R(X,Y)Z, W) = —(R(X,Y)W, Z)

(R(Y, W)X, Z) + (R(W,X)Y, Z).  (3.3.12)

From (3.3.11) and (3.3.12)
2AR(X, Y)Z, W) =(R(X,2)Y, W)+ (R(Z,Y)X,W)
+ (R, W)X, Z) + (RW,X)Y, Z).  (3.3.13)
Analogously,
2R(Z,W)X,Y) = (R(Z, X)W,Y) + (R(X,W)Z,Y)
+(RW,Y)Z, X))+ (R(Y,Z)W, X)
=2(R(X,Y)Z, W),

by applying (3.3.7) and (3.3.9) to all terms. |
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Remark. (3.3.7) holds for any connection, (3.3.8) for a torsion free one, and
(3.3.9) for a metric one.
(3.3.8) is called the first Bianchi identity.

Lemma 3.3.2 (Second Bianchi identity):

0 0 0
WRklij + WRZMJ + Wthij = 0. (3.3.14)

Proof. This is a special case of Theorem 3.1.1. We want to exhibit a dif-
ferent method of proof, however. Since all expressions are tensors, in or-
der to prove (3.3.14) at a point g € M, we may choose arbitrary coor-
dinates around zg. We thus choose normal coordinates with center xzg, i.e.
i (0) = iz, gijk(w0) = 0 = If(20) for all 4, 5, k.

From (3.1.30), we obtain at xg

1
le‘j = i(gjk,li + 9ek,ij — Gje,ki — Gik, 05 — Gekij + gw,kj)

1
= —(Gjk,ei + Gie,kj — it ki — Gik,t5), (3.3.15)

2
hence also
1
Rkéij,h = i(gjk,éih + git,kjh — 9j0.kih — gik,éjh)7

since all other terms contain certain first derivatives of g;;, hence vanish at
xo. Thus

1
Rreijn + Ronij e + Rukije = §(gjk,£ih + Gie.kjh — Gjt,kih — Gik,5h

+ gje.hik + Gih,tik — Gjh.tik — 9it,hjk
+ Gjn kit + Gik,hjt — Gk hit — Gih,kje)
=0. O

Formula (3.3.15) is often useful.
Definition 3.3.2 The sectional curvature of the plane spanned by the (lin-

early independent) tangent vectors X = ¢ ai“Y =7 a(z'i € T, M of the
Riemannian manifold M is

L
XAV
_ Rijre&imicknt
girgje(EEFnInt — £i&inknt)
Rijee&imiknt
— - 3.3.16
(9irgje — 9iigre)§iniErnt ( )
(‘X /\Y|2 = <X7X><Y7Y> - <X7Y>2)

K(XAY):= (R(X,Y)Y,X)
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Definition 3.3.3 The Ricci curvature in the direction X = -2 € T, M is

Ox?
Ric(X, X) = ¢/“(R(X Afzf)gfzf X). (3.3.17)
’ T Oxd Qxt’
The Ricci tensor is '
Rir, = ¢’"Rijne. (3.3.18)
From (3.3.10) and (3.3.18) we get the symmetry
Rik = R;. (3.3.19)

Finally, the scalar curvature is

R = ¢"* Ry

Thus, the Ricci curvature is the average of the sectional curvatures of
all planes in T, M containing X, and the scalar curvature is the average of
the Ricci curvatures of all unit vectors, i.e. of the sectional curvatures of all
planes in T, M.

Lemma 3.3.3 With K(X,Y) .= K(X AY)|X AY[]?(= (R(X,Y)Y, X)), we
have
(R(X,Y)Z,W) = K(X + WY + Z) — K(X + W,Y) = K(X + W, 2)
- KX,)Y+2)-KW,Y+2Z)+ K(X,Z)+ K(W,Y)
—KY+WX+2)+ KY+W, X))+ KY +W,Z2)
+KY,X+2Z2)+ KW, X+2Z)-K(Y,Z)—- KW, X).

Thus, the sectional curvature determines the whole curvature tensor.
Proof. Direct computation from Lemma 3.3.1. 0

For d = dim M = 2, the curvature tensor is simply given by
Rijie = K(9ingje — 9ijgre), (3.3.20)
since T,,M contains only one plane, namely T, M itself. The function K =

K (x) is called the Gauss curvature.

Definition 3.3.4 The Riemannian manifold M is called a space of constant
sectional curvature, or a space form if K(X AY) = K = const. for all linearly
independent X,Y € T, M and all x € M. A space form is called spherical,
flat, or hyperbolic, depending on whether K > 0,= 0, < 0.

M is called an Einstein manifold if

Rii = cg;x, ¢ = const.

(note that ¢ does not depend on the choice of local coordinates).



138 3. Parallel Transport, Connections, and Covariant Derivatives

From Lemma 3.3.3 and Theorem 3.1.3, we see that the Riemannian man-
ifolds of vanishing sectional curvature, the flat ones, are those that are locally
isometric to Euclidean space, that is, possess local coordinates for which the
coordinate vector fields 8‘21 are parallel and by a linear transformation can

then be chosen to satisfy

I
95 = {50 a7

6ij~

Theorem 3.3.2 (Schur) Let d = dim M > 3. If the sectional curvature of
M is constant at each point, i.e.

K(XAY)=f(zx) forX,Y eT,M,

then f(x) = const., and M is a space form.
Likewise, if the Ricci curvature is constant at each point, i.e.

R = c(x)gik,

then c(x) = const., and M is Finstein.

Proof. Let K be constant at every point, i.e. K(XAY) = f(z). From Lemma
3.3.3, we obtain with f, = 52 (f)

Rijke = f(2)(giegjr — Girgie)-
By Lemma 3.3.2, with normal coordinates at x, we obtain

0= Rijie,h + Rjnke,i + Rhike,j = fr(0ie0jk — 0indje)
+ fi(6500nk — 0k0ne) + £ (Onedit — Onidic).

Since we assume dim M > 3, for each h, we can find h, i,j,k,¢ with i =
£, =k,h#ih+# j,i# j. It follows that 0 = f;. Since this holds for all
x € M and all h, we recall that M is connected by our general convention
and conclude f = const.

The second claim follows in the same manner. O

Schur’s theorem says that the isotropy of a Riemannian manifold, i.e. the
property that at each point all directions are geometrically indistinguishable,
implies the homogeneity, i.e. that all points are geometrically indistinguish-
able. In particular, a pointwise property implies a global one.

Ezxample. We shall show that S™ has constant sectional curvature, when
equipped with the metric of 1.4, induced by the ambient Euclidean met-
ric of R"T1. The reason is simply that the group of orientation preserving
isometries of S™,SO(n+ 1), operates transitively on the set of planes in 7'S™,
i.e. can map any plane in T'S™ into any other one. This is geometrically ob-
vious and also easily derived formally: First of all, we have already seen that
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SO(n + 1) operates transitively on S™. It thus suffices to show that for any
point p, e.g. p = (1,0,...0),SO(n + 1) maps any plane in 7,,5™ onto any
other one. The isotropy group of p = (1,0...0) is

(é g) with A € SO(n)

(here, the zeroes are (1,n) and (n, 1) matrices).

W.r.t. the Euclidean metric, T},5™ is orthogonal to p, and SO(n + 1) thus
operates by X — AX on 7,5", and this operation is transitive on the 2-
dimensional planes in 7,5™. Since curvature is preserved by isometries it
indeed follows that S™ has constant sectional curvature.

We want to consider the operation of the covariant derivative V of Levi-
Civita on tensor fields once more. For a 1-form w and vector fields X,Y, as
in 3.1

X(w(Y)) = (Vxw)(Y) +w(VxY). (3.3.21)

Next, as in 3.1, for arbitrary tensors S, T

Vx(S®T)=VxS®T+S®VxT. (3.3.22)
If e.g. S is a p-times covariant tensor, and Y7,...,Y), are vector fields,
(VxS)(Y1,...,Y,) =X(S(11,....Y})) (3.3.23)
—é S(Y1,....Yi1,VxVi,Yis1,..., Vo).

If in particular S = g;;dz’ ® da’ =: g is the metric tensor, we get
Vxg = 0 for all vectorfields X. (3.3.24)

This, of course, simply expresses the fact that V is a metric connection.

We also want to compare V with the Lie derivative of 1.6. From Theorem
1.6.4 (notations as there), we obtain

(LxS)(Yi,....Y,) = X(S(Vi, ..., Y))) (3.3.25)
p
- 4?1 S(Ylw-w}/;fl?[X7}/i]7)/;+1a"'7YZD>-

Since V is torsion free, [X,Y;] = VxY; — Vy, X, and with (3.3.23), we obtain

(LxS)(Y1,...,Y,)
:(VXS)(YI,...7YP)—s—i;S(Yh...,Y;,l,Vin,...,Yp) (3.3.26)
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For example, for g = g;;dz’ ® dz? | we get

(Lxg)(Y,Z) =g(VyX,Z) +g(Y,VzX) (3.3.27)
(= (Vv X, Z) +(Y,VzX))

From (3.3.25), we obtain for a p-form w

p .
(Yo, Yp) = B (=) Ly (@Yo, -, ¥iy o, V) (3.3.28)
+ b)) (_1)i+jw([}/727)/}]3)/()7~"aifiw":}}jv-"a}/p)a

0<i<j<p

and hence
P ) _
dw(Yp,...,Y,) = X (-1)'Vyw(o,...,Yi1,Y;, Y4, ..., Y,). (3.3.29)

1=0

Lemma 3.3.4 Letey,...,eq (d=dim M) be a local orthonormal frame field
(i.e. e1(y), ..., ealy) constitute an orthonormal basis of T, M for ally in some

open subset of M). Let n*,...,n% be the dual coframe field (i.e. 7 (e;) = 65)
The exterior derivative satisfies

d=n AV, (3.3.30)
and its adjoint (cf. Definition 2.1.1) is given by
d* = —u(e;) Ve, (3.3.31)

where © denotes the interior product (v : 2P(M) — 2P~1(M), and for w €
2P(M), Yo,...,Y,—1 € TyM, we have

(L(Yo)w) (Y1, ... Y1) = w(Yo, Vi, ..., Yy 1)), (3.3.32)

Proof. (3.3.30) is the same as (3.3.29). We are going to give a different method
of proof, however, that does not use the Lie derivative and that also gives
(3.3.31).
We put
d:= A Ve, -

In order to show that d = d, i.c. (3.3.30), we proceed in several steps:

1) d does not depend on the choice of the frame field eq, ..., eq.
Let f1,...,fs be another local frame field, with dual coframe field
&L ..., &% Then
fi =ale (3.3.33)

for some coefficients oz?, and

& = pln",
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with
knJ k

from the standard transformation rules.
Consequently
E NV, =B ANV gre, = aiBin’ A Ve,

e
jCk

=" AV,,.

dis independent of the choice of frame field, indeed.

Since d does not depend on a choice of frame field either (see Lemma
1.5.2 and Corollary 1.5.1), it therefore suffices to check (3.3.30) for
one particular choice of frame field. The independence on the choice
of frame field of both sides of (3.3.30) will then imply that (3.3.30)
will hold for any choice of frame field.

We now choose normal coordinates (z!,...,z%) centered at zg € M

(Corollary 1.4.2) and the frame field e; = % which is orthonormal
at x9. Then n¥ = dx*. We are now going to verify (3.3.30) at the
point xg for those choices of e; and n*. By 2), and since xg € M is
arbitrary, that suffices.

At xg, the center of our normal coordinates, we have

\Y% =0;V_ o dzF =0 forall j,k (3.3.34)
oxd

507 Ox*
(Theorem 1.4.4 and Corollary 3.3.1).

Since d and d are both linear operators, it also suffices to verify the
claim on forms of the type o (y)dz A...Adz'. Renumbering indices,
it even suffices to consider the form

o(y)dz* A ... AdaP.

Using (3.3.34), we have at zg

d(p(zo)dz A ... AdaP) = da? A (V_o_¢)(zo)dz" A ... Ada?
oxd

= %dm‘j Adzt A ... dzP
oxJ

= d(p(xo)dx' A ... AdaP)

which is the desired formula.

1)

In order to verify (3.3.31), we use the same method.
We put

d* = —i(ej)Ve,.

Independence of the choice of frame field:
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Since both (f;);=1,...,¢ and (eg)r=1,...,q constitute an orthonormal ba-
sis of T}, M, the matrix (af)j,k:h“,d of (3.3.33) is orthogonal, i.e.

a?a? = gt
Thus
—u(f;)Vy, = —L(afek)va;{ee = —a?aﬁL(ek)Vez (3.3.35)
= —i(ex)Ve, -
2) By 1), it again suffices to verify (3.3.31) for one particular choice of
frame field.
3) We choose normal coordinates centered at zg as before, and e; =
g0, n" = da.

Then again at xg
d* (p(zo)dz A ... A dzP)
0
=g
= (4)]’(%@)(%)@1 Ao Adi AL AdaP

0
) (@(ﬁ)(zo)dzl AL NdxP

where in the last expression, j only runs from 1 to p. We compare this
with

d*(p(xo)dz* A ... A daP)

(=1)P+HDFL s dx (p(xo)dat ... A dzP) by Lemma 2.1.4

= (=)D d(p(20)daPT A .. A dz?) by definition of
(=1)dPHDFL g A (Vﬁgp) (zo)dzPT AL A da?

by (3.3.30) and (3.3.34)
— (,1)d(p+1)+1(,1)(p*1)(d7p+1)+(p7j)viwdxl

oxd

Ao AdzI AL A da by definition of
= (=1)/V o @dz' A...Ndwi A ... Ada.

ozl

Thus, d* = d*. O
Remarks.
1) For (3.3.30), we do not need to assume that the frame field is or-
thonormal. It suffices that the vectors ej(y),...,eq(y) constitute a

basis of T, M. Of course, this is to be expected from the fact that the
definition of the exterior derivative does not involve a choice of metric.
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By way of contrast, in (3.3.31) the e; have to be orthonormal, and of
course, the definition of d* does depend on the choice of a metric.
We may now give a proof of formula (2.1.31):

We recall from formula (3.3.35) that we have for arbitrary (not nec-
essarily orthonormal) bases of T, M with

i Zafek

that
—u(f;)Vy, = —afabu(er)Ve,. (3.3.36)

We now choose (f;)j=1,....a to be orthonormal and e; = a%k w.I.t.
local coordinates. Then of course

0 0
(ek,er) = <@7 W> = Gke

and hence
= (fi, f3) = (afer, afer) = afalgye,
and thus
afal = 6,9 (3.3.37)
From (3.3.31), (3.3.36), (3.3.37) (since (f;) is orthonormal)
d* = fg%(i)v 5 . (3.3.38)
Oxk’ " Bt

Then for o = ailmipdxil A. .. Adzt

o .. 0

Qiq..ip

* kL
dra= =" (G (g,
- ail,,,ipfgﬁdxm Adz™ Adx¥ AL N d:zc""’) (3.3.39)

using (3.3.4) and thus

daugi, i :
*o — gkt Eatemy g
d azl...zp,1 =—9g ( ax( Eka]ll--*zpfl)

which is (2.1.31).

We next want to express the Laplace-Beltrami operator A (cf. Definition

2.1.2) in terms of the Levi-Civita connection V. For that purpose, we define
the second covariant derivative as

Viy = VxVy — Vy,v. (3.3.40)

Theorem 3.3.3 (Weitzenbock Formula). Let e1,...,eq (d = dim M) be a
local orthonormal frame field as in Lemma 3.3.4, with the dual coframe
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field n*, ..., n%. Then the Laplace-Beltrami operator acting on p-forms (p =
0,1,...,d) is given by
A= V2%  —n"Aulej)R(e;,e;). (3.3.41)

€i€;

Proof. We shall use invariance arguments as in the proof of Lemma 3.3.4.
The right hand side of (3.3.4) is independent of the choice of our orthonormal
frame field v;. Therefore, if we want to verify (3.3.41) at an arbitrary point
xo € M, we choose normal coordinates centered at xg and put at xg,

. — 0

o oxt’
Then, always at o,

0
vafw oxi 0,
hence
and also [52;, 52;] = 0, hence
R(ei, e5) = Ve, Ve, — Ve, Ve,  (cf. (3.1.32)). (3.3.43)

Using Lemma 3.3.4, we then have at z

d*d = —u(e;)Ve,(n" AVe,)
= —u(e;)(n' AV, Ve,) since Ve,n' =0 at 2o
= -V, Ve, 0" Ni(e;)Ve, Ve, . (3.3.44)

Next

dd* = —77i A in (L(ej)vej)
=—n" Au(ej)Ve, Ve, (3.3.45)
since at o, t(e;)Ve, = V,i(e;) because of V¢, n? = 0.

(3.3.42) — (3.3.45) imply (3.3.41). O
Remark. On functions, i.e. O-forms f, we have

R(e;,e;)f = fR(eiej)1 =0
because of the tensorial property of R.

Hence for a function f: M — R,

Af =-V2..f (3.3.46)
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Definition 3.3.5 The Hessian of a differentiable function f : M — R on a
Riemannian manifold M is

Vdf.

We have df = 9f dx® in local coordinates, hence

oz’
0*f i Of .
vaiﬁ' af = Dziozi T Qai I

dz®,

i.e.
*f Of i\ 7 o i

Vdf:(

We also have
Vdf(X,Y) = (Vxgrad f,Y), (3.3.48)
since Y (f) = (grad f,Y) and thus
X(Y(f)) = X(grad f,Y)
= (Vxgrad f,Y) + (grad f, VxY)
= <VX grad f7 Y> + (VXy)(f)7
and applying (3.3.47) to X and Y yields
V(X Y) = X(Y(f)) — (VxY)(f). (3.3.49)

This formula can be given the following geometric interpretation: Let X €
T,M and take a geodesic ¢ : [0,e) — M (for some ¢ > 0) with ¢(0) = p,
¢(0) = X. Then at p

Vaf(X, X) = j? Fle®, _ (3.3.50)
Namely
X(X(f)) = c(gradf(p),¢)
(d
— e (e, )
d2
= L Hew, _,
and

Vee =0,
since ¢ is geodesic (see (3.1.34) and Corollary 3.3.1) so that (3.3.50) follows
from (3.3.49).

Definition 3.3.6 The differentiable function f : M — R is called (strictly)
convex if the Hessian Vdf is positive semidefinite (definite).
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Theorem 3.3.4 Let M be a compact Riemannian manifold with metric ten-
sor g. There then exists a constant ¢ (depending on the geometry of M) such
that for any (smooth) vector field X on M

/||VX||2dvol +/\ div X [2dvol gc(/HXH?dvoz +/||Lxg\|2duom,
M M M

(3.3.51)
where Lxg is the Lie derivative of g in the direction of X (see (1.6.20)).

Proof. In local coordinates, by (1.6.20),

Xk oX*k

Lxg = (v 57 +9ik 55 + gijx X*)da' @ da?

Thus,
L OXFox™ Xk ox?
' . +2 .

Oxt Oxt Ox' dzk
where, here and in the sequel, P(X,VX) stands for any terms that are
bounded by

+ P(X,VX) (3.3.52)

ILxgl* = 2 grmy

const (| X || [VX [ + 1 X]}*).

Now
oX*k 6Xi 0 kaX Z-(?Xk Xk X
drt dzF oz (X Oxk -X 3xk)+ oxk Oxt’ (3.3.53)
Also axk 9
LO0XE OX™
IVX||? = grmg™ 5T oal P(X,VX), (3.3.54)
k 7
| div X|? = %X %Xl + P(X,VX). (3.3.55)

From (3.3.52) - (3.3.55),

1
Jivxiz+ [rawxp < [iesoP+ [ Peev) @aso

Using the inequality
g 2, 2 2
IXIIVAN < SIVXIE + SI1X]% - for any 6 > 0,
we can estimate
/P(X, VX) < s/||VX||2+c(€)/||X||2, (3.3.57)
where ¢(e) depends on € > 0 and on the constants involved in the terms

P(X,VX), i.e. on bounds for the metric tensor g and its first derivatives.
Using (3.3.57) with ¢ = 1 in (3.3.56), we easily obtain (3.3.51). O
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Corollary 3.3.2 Let M be a compact Riemannian manifold. Then the vector
space of Killing fields (cf. Def. 1.6.7) on M is finite dimensional.

Proof. By definition of a Killing field X,
LXg =0.

Inserting this into (3.3.51), we obtain
/||VX||2 /| div X |2 < C/HXH?. (3.3.58)

If (X,)nen then is a sequence of Killing fields with [[|X,[|? = 1 for all
n, we bound their Sobolev H!2-norm by (3.3.58), apply Rellich’s theorem
(Theorem A. 1.8 in the Appendix), and conclude that the X, contain a
subsequence that converges in L? . This implies that the space of Killing

fields is a finite dimensional subspace of the space of L?-vector fields on M.
O

Perspectives. The sectional curvature as an invariant of a Riemannian metric
was introduced by Riemann in his habilitation address (quoted in the Perspectives
on 1.1). The tensor calculus for Riemannian manifolds was developed by Christoffel,
Ricci, and others. It also played an important role in the development of Einstein’s
theory of general relativity.

Levi-Civita introduced the notion of parallel transport for a Riemannian man-
ifold. (Similar concepts were also developed by other mathematicians at about the
time.) The concept was expanded and clarified by Weyl, see [253]. For a historical
account, see also [219, 220].

Space forms are quotients of the sphere S™, Euclidean space R", or hyperbolic
space H™ (see §4.4). They can be classified, cf. Wolf[258].

Einstein manifolds form an important class of Riemannian manifolds. Every two
dimensional manifold carries a metric of constant curvature, i.e. is a space form,
by the uniformization theorem. In higher dimensions, some necessary topological
conditions have been found for the existence of Einstein metrics. The question which
manifolds admit Einstein metrics is far from being solved. Even in three dimensions
where a metric is Einstein if and only if it has constant sectional curvature, the
question is not yet fully solved. See however [243], [244]. A comprehensive account
of Einstein manifolds is given in the monograph [19].

Theorem 3.3.4 is a Riemannian version of Korn’s inequality. This result, and the
proof of Cor. 3.3.2 given here, are taken from [48]. One may also identify the terms
P(X,VX) in (3.3.52) in terms of the Ricci curvature to obtain the Bochner—Yano
formula, see [25].
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3.4 Connections for Spin Structures and the Dirac
Operator

Let V be the Levi-Civita connection of the oriented manifold M of dimension
n, according to Theorem 3.3.1. By Lemma 3.2.2, it admits a local decompo-
sition

V=d+ A (3.4.1)
with A € 21(AdTM), i.e. a one form with values in so(n) that transforms
according to (3.1.17). Conversely, given a vector bundle F with bundle metric
(+,-) on which SO(n) acts by isometries, and a one form A with values in
s0(n) that transforms by (3.1.17), then (3.4.1) can be used to define a metric
connection on E according to the discussion in §3.2. Consequently, for any
such bundle E on which SO(n) acts with the same transition functions as for
the action on 7'M, the Levi-Civita connection induces a connection. Applying
this observation to the Clifford bundles C1(P) and CI®(P) from Definition
1.8.11, we conclude that the Levi-Civita connection induces a connection,
again denoted by V, on each Clifford bundle.

Lemma 3.4.1 For smooth sections pi, v of CI(P) (or CI°(P)) we have
V(pv) = V(p)v + pV(v) (3.4.2)

Proof. 1t is clear that the exterior derivative d satisfies the product rule, and
we recall that A in the decomposition (3.4.1) is in so(n), i.e. acts by the
infinitesimal version of the SO(n) action on CI(P). Since this SO(n) action
extends to the one on the tangent bundle TM, B € SO(n) acts via

B(uw) = B()BWw), (3.4.3)

and differentiating (3.4.3) yields the product rule for A. O

Corollary 3.4.1 V leaves the decomposition of the Clifford bundles into el-
ements of even and odd degree invariant.

Proof. 1t is clear from the definition, that subbundles of degree 0 and 1 are
preserved, and the claim then easily follows from (3.4.2). O

Since the chirality operator I' of Definition 1.8.3 defines a section of
CI®(P) that is invariant under the action of SO(n), it must be covariantly
constant, i.e.

Lemma 3.4.2 V(I') =0 O

Similarly, since the Lie algebra spin(n) can be identified with so(n) (see
Lemma 1.8.2), in the case of a spin structure P over M (cf. Definition 1.8.7),
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we may use the same procedure to obtain induced connections on the asso-
ciated spinor bundles. We denote them again by V. The action of CIC(P) on
the spinor bundle §,, via Clifford multiplication on each fiber (see (1.8.24))
is compatible with these connections; more precisely

Lemma 3.4.3 For smooth sections pu of CIS(P), o of 8
V(uo) =V (u)o + pV(o) (3.4.4)

(where the products of course are given by Clifford multiplication.)
Proof. Similar to the one of Lemma 3.4.1. |

Suppose that in a local trivialization of TM, A from (3.4.1) is given by
the (skew symmetric) matrix (2;;. We write

A= Zﬁijei Nej,

i<j

where e; Ae; denotes the matrix with (—1) at the place (¢, ), +1 at (4, ), and
0 otherwise. According to Lemma 1.8.3, e; Ae; in so(n) corresponds to %eiej
in spin(n). Thus, the connection on the spinor bundle w.r.t. the induced local
trivialization is given by

d—+ % Z Qijeiej. (346)
i<j
Here, e;e; of course operates by Clifford multiplication on spinors.

We next consider the case of a spin® structure P over M (cf. Definition
1.8.9). Here, the Levi-Civita connection V does not suffice to determine a
unique connection on bundles on which Spin® acts. Namely, since the Lie
algebra of Spin®(n) is spin(n) @ u(1), we need to specify in addition a con-
nection on the u(1) part, i.e. on the determinant line bundle L of the spin®
structure (Def 1.8.10). We identify the Lie algebra u(1) of U(1) with /R, and
thus, a unitary connection on L is locally represented by a function A with
imaginary values. Given the Levi-Civita connection and such a connection
on L, we represent the induced spin® connection V 4 locally as

1 .
VA =d+ 5 Z Qijeiej + 1A (347)

i<j

as in (3.4.6).
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Definition 3.4.1

(i) Let P — M be a spin structure on the oriented Riemannian manifold
M, with Levi-Civita connection V as explained above. The Dirac
operator D operates on sections o of the spinor bundle §,, via

Do(z) = e;Ve,(0)(x) (3.4.8)

where e;, i = 1,...,n, is an orthonormal basis of T, M (z € M).
The product on the right hand side of (3.4.8) is given by Clifford
multiplication.

(i) Let P¢ — M be a spin® structure on M, and let A represent a unitary
connection on the associated determinant line bundle L. The Dirac
operator D 4 operating on §,, is given by

DAO'(ZZ?) = EivA,ei (0') (I)

Remark. Since V also operates on the Clifford space CI(V), = A*(V) as
a vector space, we can also define a Dirac operator on the Clifford bundle
instead of the spinor bundle, namely,

D:=d+d*, withd=mn; AV, d" =—u(e;)V,,
as in Lemma 3.3.4 that then satisfies
D? = A, the Laplacian.

These two Dirac operators should not be confused.

Lemma 3.4.4 The Dirac operators D and D4 do not depend on the choice
of an orthonormal frame e;.

Proof. Any other such frame f;, j =1,...,n, can be obtained as
Ji = bije;
for some B = (bi;);,i=1,...n € O(n). Then

iV =0i€iV, e, = bjibjreiVe, = 0ike;i Ve,
since B € O(n)
= eivei

which is the invariance of D, and the same computation works for D4. O
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A more abstract way to express the Dirac operator is the following. Let

cd:TM®§— 8
VRO —Uv-0
denote the Clifford multiplication. Thus, tangent vectors of M act on spinors

by Clifford multiplication. Denote the space of smooth sections of a vector
bundle FE over M by I'(E). Then

D=cloV:I(8) > N(T*M®S8)~I'(TM®38) % I'(S)
where the identification between I'(T*M ® §) and I'(T'M ® 8) uses the Rie-

mannian metric of M.

Lemma 3.4.5 Let M be even dimensional, and let Sff be the half spinor
bundles for a spin or a spin® structure on M. Then the Dirac operator D
(Da) maps I’ (Sf) to I (8)).

Proof. By Corollary 3.4.1, V, and similarly V 4, leaves the decomposition into
sections of even and odd degree invariant, while Clifford multiplication by e;
interchanges sections of even and odd degree. g

We recall from Corollary 1.8.3 that on the bundle §,, of spinors, we have
a pointwise Hermitian product (-,-) (invariant under Spin(n)). We suppose
now that M is compact. We may then form the associated L? product

(01,02) = /<al<x>7ag(a:>> + (1)

M
where *(1) is the volume form of M (see 2.1.18)).

Lemma 3.4.6 Let M be a compact Riemannian manifold with a spin struc-
ture. Then the corresponding Dirac operator D is formally selfadjoint, i.e.

(Do, 02) = (01, Do) (3.4.9)

for all spinor fields o1, o3.

Proof. Let x € M, and choose normal coordinates centered at x. With e; :=
d

5.7, we then have at x

Ve, (e;) =0 for all ¢,j (cf. Theorem 1.4.4 and Corollary 3.3.1) (3.4.10)
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We then have
(Do (), 02(x)) = (e:Ve,01(x), 02(2))
= —(Ve,01(x),e;o2(x)) since (-, -) is invariant under Clif-
ford multiplication by the unit
vector e;
= —ei(01(2), e;02(x)) + (01(2), Ve, (ei02) (7))
since V is a metric connection
= —e;{o1(x),e;02(x)) + (01(x),€;Ve,02(x)) by (3.4.10)
= —ei{o1(x),e;02(x)) + (01(x), Doz (x)).
We now consider V¢ = (o (z), e;02(x)) as the i*® component of a vector field

V (in fact V is a complexified vector field, i.e. a section of TM ® C). The
preceding formula then becomes

(Dot (x), 03(2)) = —divV (z) + (o1 (z), Doa(@)). (3.4.11)

Since all terms in (3.4.11) are independent of the particular choice of coordi-
nates, they continue to hold regardless of whether (3.4.10) is satisfied. (This
point has been discussed in §3.3, e.g. in the derivation of Lemma 3.3.4, but
since this an important computational trick, we repeat it here). Since

/divV(m) «(1)=0

M

by the Gauss theorem (see the discussion in §2.1), (3.4.9) follows by integrat-
ing (3.4.11). O

Corollary 3.4.2 On a compact spin manifold M, Do = 0 for a spinor field
iff D%c = 0.

Proof. This follows from
(D?0,0) = (Do, Do)
by Lemma 3.4.6. O

Definition 3.4.2 A spinor field satisfying Do = 0 is called harmonic.

We now come to Weitzenbock formulas that constitute analogues of The-
orem 3.3.3.

Theorem 3.4.1 Let M be a spin manifold with a local orthonormal frame
field e, ... e, (as in Lemma 3.3.4, n = dim M ). Then the Dirac operator D
satisfies
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—Vi. + iR, (3.4.13)
where R is the scalar curvature of M.
Proof. As in (3.4.10), we assume
Ve.(e;) =0  at the point « € M under con- (3.4.14)

sideration, for all 4, j,

as well as
lei,e;] =0 since this holds for all coordinate (3.4.15)
vector fields e; = %.
We compute, for a spinor field o, at x,

D’ = ¢;Ve,((e;Ve,)0) = €;e;Ve,Ve,0 by (3.4.14)

=-V,, V.o
+> ejei (Ve,Ve, = Ve, Ve,) 0
1<J
because of eje; +ee; = —251'3'
V2 o+ Z eje;R(ej,e)o (3.4.16)
i<J

by (3.3.42) and where R(-,-)
is the curvature tensor of
the Levi-Civita connection
V and where we have used
Theorem 3.1.2 and (3.4.15)
R(ej, e;) here acts on spinor fields, and if we express this operator w.r.t. our

local frame field ey, we obtain a factor  as in (3.4.6), coming from Lemma

1.8.3:
1

R(ei, e;) = 3 Z(R(ei,ej)ek,el>ekel, (3.4.17)
k<l

where ege; again operates by Clifford multiplication. In order to derive
(3.4.13) from (3.4.16), it thus remains to evaluate

1
fzz (€i,ej)er, er)eejere; = A Z (R(ei,ej)er, er)eiejere; (3.4.18)

j<i k<l i,5,k,1

If 4, j, k are all distinct,
eiejer = e;jeRe; = €yeic;,
and the first Bianchi identity (see Lemma 3.3.1) implies in this case that
R(e;,ej)er + R(ej, er)e; + R(ex, e;)e; = 0.
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The remaining terms are

1
3 ((R(ei, ex)er, er)eierexer + (R(ek, €;)ex, er)exeierer)
1,5kl
1
=-2 (R(ei,ex)er, eryeie; by (3.1.33) and e} = —1
ikl
1 . ..
= —ZRileiel where R;; is the Ricci tensor
1
= ZRZ-Z- since Ry = Ry; (see (3.3.19)), e;e; + eje; = —26;5
1
=-R
4
O
Theorem 3.4.2 Let M be a spin® manifold with a local orthonormal frame
field er, ... e, and a spin® connection V o. The Dirac operator D4 satisfies
1 1
Dy =-Viee + 1R +5Fa (3.4.19)

where Fa, an imaginary valued two-form, is the curvature of A. (Fa acts on
spinors by Clifford multiplication; in our frame field, > Fa je; Ne; becomes
i<j
% Z Fyijeie; as usual.)
1<J

Proof. The proof is the same as the one of Theorem 3.4.1, except for the
additional u(1) part A of the connection that leads to the additional F4 in
the formula. O

Perspectives. See the references given in the perspectives on §1.8. The Dirac
operator on the spinor bundle (Definition 3.4.1) was introduced by Atiyah and
Singer [8] in their investigation of the index of elliptic operators. The simpler Dirac
operator on the Clifford bundle had been studied earlier by Kahler[152]

3.5 The Bochner Method

Lemma 3.5.1 Let (¢;);=1,...4 be a local orthonormal frame field on M, with
dual coframe field (n')i=1,. .4, as in Lemma 3.5.6.
If w is a harmonic form, then

—Alw,w) =2(V,,w, Ve,w)
— 2(w,n" Aulej)R(e;, ef)w). (3.5.1)
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Proof. Let xg be a point in M where we perform the computations, and
choose normal coordinates centered at xg and e; = %. Again, the formulae
will not depend on the choice of a local orthonormal frame. Then, by the
remark after Theorem 3.3.3 and (3.3.42)

—Alw,w) =V, Ve, (w,w)
= 2(Ve,w, Ve,w) + 2(w, V¢, Ve,w) . (3.5.2)
(3.3.42) and (3.3.41) then yield (3.5.1), since Aw = 0 by assumption. O
Lemma 3.5.2 With the notation of Lemma 3.5.1, we have for a harmonic

1-form w on M
—Alw,w) = 2|Vw|? + 2 Ric(w,w) (3.5.3)

with |Vw|? := (Ve,w, Ve,w) and writing w = f;n’,
Ric(w,w) := Ric(fie;, fje;) = fifj Ric(ei, e;).

Proof. We compute the curvature term in (3.5.1) for a 1-form w :

(w,n' Alej)R(es e5)w)
= (fen", 0" A ulej)R(ei, e) fin'®)
= —fefu(n’sn’ Aule;) Rimin™)
= —fefu{nf’, Rujin’)
= —fofuRijej
= —fofeRie
= — Ric (w,w)
where we have used the tensor notation of 3.3, (e.g. (3.3.6) and (3.3.18)). O

Theorem 3.5.1 (Bochner)

(i) Let M be a compact Riemannian manifold with nonnegative Ricci
curvature. Then every harmonic 1-form w is parallel (i.e. Vw = 0).
In particular, the first de Rham cohomology group satisfies

dim Hjp(M,R) < d(= dim M).

(i) If M is a compact Riemannian manifold of positive Ricci curvature,
then M has no nontrivial harmonic 1-form. Thus,

Hp(M,R) = {0}.

Proof. We integrate formula (3.5.3): Then from (2.1.17)
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0:—/A@MWND:2/MMF+RM%wDMU. (3.5.4)

M M

By our assumption, the integrand on the right hand side is pointwise non-
negative. It therefore has to vanish identically. This implies in particular

Vw =0, (3.5.5)

and w is parallel.

A parallel 1-form is determined by its value at one point of M (cf. the
discussion before Definition 3.1.2).

Therefore, the dimension of the vector space of parallel 1-forms is at most
the dimension of the cotangent space T M, i.e. d. Likewise, (3.5.4) implies

Ric(w,w) = 0. (3.5.6)

Thus, if M has positive Ricci curvature, we must have w = 0. O

Remark. In (ii) of the preceding theorem, it suffices to assume that M has
nonnegative Ricci curvature, and that there exists some point xy where the
Ricci curvature is positive. Namely, from

Ric(w,w) =0,

we then conclude that, w(zg) = 0, and since w is parallel, it then vanishes
everywhere.

Below, we shall derive a stronger result (Corollary 4.3.1, Theorem of
Bonnet-Myers) on the topology of Riemannian manifolds of positive Ricci
curvature by a different method. Nevertheless, the Bochner method is an im-
portant tool in Riemannian geometry because it has a rather general range
of applicability. It also applies to harmonic sections of bundles (suitably de-
fined), harmonic mappings (see chapter 8) etc. The harmonicity of the object
under consideration will imply a formula of the type of (3.5.1). The essential
point of (3.5.1) is that instead of third order derivatives that would appear
for a general, nonharmonic object, one only has a commutator term given by
a curvature expression. The other term on the right hand side is a square,
hence nonnegative. If one then assumes that the curvature is such that the
curvature term also is nonnegative, both terms have to vanish identically, be-
cause the integral of the left hand side vanishes. The vanishing of the square
term then implies that the object is parallel. If the curvature is even positive,
the vanishing of the curvature term implies that the object itself vanishes.

We shall see another instance of the Bochner method in 8.7.

When combining the preceding reasoning with the Weitzenbock formula
of Theorem 3.4.1, we get
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Theorem 3.5.2 (Lichnerowicz) Let M be a compact spin manifold. If M
has nonnegative scalar curvature, then every harmonic spinor field is parallel.
If the scalar curvature is positive, then every harmonic spinor field vanishes.

Proof. As in the proof of Lemma 3.5.1, we compute for a harmonic spinor
field o

—A{o,0) = 2(V,,0,Ve,0) + 2(0, Vziei(I)
1
= 2(V¢,0,V,0) + §R<a, o) by (3.4.13).

As in the proof of Theorem 3.5.1, we integrate this formula to get

2/<V6ia, Ve, o) x (1) + %/R(o, ayx(1)=0

If R > 0, both integrands have to vanish identically; in particular V., = 0
meaning that o is parallel. If R > 0, 0 = 0. g

Perspectives. Further applications of the Bochner method may be found in the
monograph [259]. See also the Perspectives on 8.7.

3.6 The Geometry of Submanifolds. Minimal
Submanifolds

Let M be an m-dimensional submanifold of the n-dimensional Riemannian
manifold N. The metric (.,.) on N induces a metric on M, as described in
1.4. The question arises how to compute the Levi-Civita connection VM of
M from the one on N, V.

Theorem 3.6.1 We have
VY = (VEY)T for XY € I(TM), (3.6.1)

where T : T, N — T, M for x € M denotes the orthogonal projection.

Proof. In order that the right hand side of (3.6.1) is defined, we have to
extend X and Y locally to a neighbourhood of M in N. This is most easily
done in local coordinates around x € M that locally map M to R™ C R™.

The extension of X = ¢(z)52; then for example is




158 3. Parallel Transport, Connections, and Covariant Derivatives

We then have o
(X, Y) () = (X, Y)(z)

[X,Y](2) = [X, Y](x).

Since (3.3.1) has to hold for VM as well as for V¥, (3.6.1) follows. (It follows
from the representation of V¥ by Christoffel symbols, that (VYY) T does
not depend on the chosen extensions. It is also clear that (VYY)T defines a
torsion free connection on M because V is a torsion free connection on M,
and since VY'Y — V¥ X — [X,Y] vanishes, also the part of this expression
that is tangential to M has to vanish.) ]

With the help of Theorem 3.6.1, we may easily determine the Levi-Civita
connection of S™ C R,

Let v(x) be a vector field in a neighborhood of zyp € M C N, that is
orthogonal to M, i.e.

(v(z),X) =0 forallX € T, M. (3.6.2)

We denote the orthogonal complement of T, M in T, N T, M. The bundle
TM+ with fiber T,M* at = € M is called normal bundle of M in N. (3.6.2)
thus means

v(z) € T,M*.

Lemma 3.6.1 (VYv) T (x) only depends on v(x), the value of v at x.

Proof. For a real valued function f in a neighborhood of x

(V) (2) = (X(H)@)v(@) " + f(2)(Vxr) (2)
= f(@)(Vxv) ' (2),
since v(z) € T,M*. O

Lemma 3.6.1 makes the following definition possible.

Definition 3.6.1 The second fundamental tensor of M at the point x is the
map
S:T,M x T,M*+ — T, M, (3.6.3)

defined by S(X,v) = (V&v)T.
Lemma 3.6.2 For X|Y € T, M,
L,(X,)Y) = (S(X,v),Y) (3.6.4)

is symmetric in X and Y.
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Proof.
0(XY) = (VXv)'.Y)
= <VXV Y) since Y eT, M
= —(v, VIY), since (v,Y) = 0and V¥ is metric
= —(v, V¥X + [X,Y]),since V¥ is torsionsfree(3.6.5)
= — (v, V¥X), since [X,Y] € T,M,v € T,M*+
= (VNV X), since (v, X) = 0and V" is metric
= (V¥ T, X), since X € T,M
(Y, X). O

Definition 3.6.2 ¢, (-,-) is called the second fundamental form of M w.r.t.
N.

Remark. The first fundamental form is the metric, applied to X and Y €
T.M, ie (X,Y).

For a fixed normal field v, we write S,(X) = S(X,v). S, : T,M —
T, M then is selfadjoint w.r.t. the metric (.,.), by Lemma 3.6.2. Suppose now
(v,v) = 1; i.e. v is a unit normal field. The m eigenvalues of S, which are
all real by self adjointness are called the principal curvatures of M in the
direction v, and the corresponding eigenvectors are called principal curvature
vectors.

The mean curvature of M in the direction v is

1
H,:=—1trS,.
m

The Gauss-Kronecker curvature of M in the direction v is
K, :=detS,.
For an orthonormal basis ey, ..., e, of T, M,

K, =det(l,(e;,€;)).

We now consider the case where M has codimension 1,i.e.n=m+ 1. In
this case, for each x € M, there are precisely two normal vectors v € T, M+
with (v,v) = 1. We locally fix such a normal field and drop the subscript v.
If we would choose the opposite normal field instead, ¢ and S would change
their sign, and the mean curvature M as well. For even m, however, the
Gauss-Kronecker curvature does not depend on the choice of the direction of
V.

Furthermore, because of (v,v) =1 V¥v is always tangential to M, and
geometrically, it measures the “tilting velocity” with which v is tilted (relative
to a fixed parallel vector field in N) when moving on M in the direction X.
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We now want to compare the curvature tensors of M and N, RM and RV .
It turns out that their difference is given by the second fundamental tensor;
namely

Theorem 3.6.2 (Gauss equations). Let M be a submanifold of the Rieman-
nian manifold N, m =dimM,n =dim N, k=n—m,x € M, v1,...,V, an
orthonormal basis for (T,M)*, Sy := S, le =4, (a=1,... k). With the
convention that a Greek minuscule occuring twice is summed from 1 to k, for
XY, ZWeT,M
RM(X,Y)Z — (RN (X,Y)Z)" (3.6.6)
=lo(Y,2)S0X — o (X, Z2)S,Y

and hence also

(RM(X,Y)Z,W) — (RN (X,Y)Z, W) (3.6.7)
= ga(Ya Z)Za(Xv W) - ea(Xv Z)EQ(K W)

Proof. Since everything is tensorial, we extend X, Y, Z, W,v1,. .., vk to vector
fields in TM and TM~*, resp., with the v, always being orthonormal.

VYZ = (V¥2)T + (VY 2)" = VY Z + (va, VY Z)va,

since the v, form an orthonormal basis of TM*.
Hence

VAVYZ =VEVM Z + X (e, VEZ) v + (16, VEZ)VE v,

i.e.
(VEIVYZ)T =VVM Z 4 (10, VEZ) (VR va) T (3.6.8)
=VNVYZ —1,(Y,Z2)S.(X) by (3.6.5)
Analogously
(VEVEZ)T =VMIN Z —0,(X,2)S.(Y). (3.6.9)
Moreover,
(Vixy1%)" =V{%y)Z by Theorem 3.6.1. (3.6.10)

(3.6.6) follows from (3.6.8) - (3.6.10), and (3.6.7) follows from (3.6.6). O

The “theorema egregium” of Gauss is the following special case of Theo-
rem 3.6.2:

Corollary 3.6.2 For a surface M in R® (i.e. m = 2,n = 3) the Gauss
curvature, defined as the determinant of the second fundamental form, hence
defined through the embedding of M in R3, coincides with the Riemannian
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curvature of M which is determined by the metric, hence independent of the
embedding. Thus, the Gauss curvature does not depend on the embedding of
M into R? either. O

Definition 3.6.3 A Riemannian submanifold M of a Riemannian manifold
N is called totally geodesic if all geodesics in M are also geodesics in N.

Theorem 3.6.3 M is totally geodesic in N if and only if all second funda-
mental forms of M wvanish identically.

Proof. Let ¢ : I — M be geodesic in M, i.e. VM¢é = 0. Because of (VY¢)T =
VM¢é (Theorem 3.6.1), ¢ is geodesic in N if and only if (VY ¢)L =0, i.e.

(VVév)y=0 forallve TM™ .

Now
(VVév) = —(¢, VYv), since (¢,v) = 0 and V¥ is metric
=—4,(¢,¢).
The claim directly follows. 0

For example, each closed geodesic in a Riemannian manifold defines a
1-dimensional compact totally geodesic submanifold.

The totally geodesic submanifolds of Euclidean space are precisely the
affine linear subspaces (and their open subsets). The closed totally geodesic
subspaces of the sphere S™ C R"*! are precisely the intersections of S™ with
linear subspaces of R"*!, hence spheres themselves. This follows directly from
the description of the geodesics on S™ in 1.4. A generic Riemannian manifold,
however, does not have any totally geodesic submanifolds of dimension > 1.

We want to briefly discuss a global aspect.

Let M be an oriented submanifold of the oriented Riemannian manifold
N. This means that M itself is an oriented manifold whose orientation coin-
cides with the one induced by N. If thus for x € M ey,...,e, is a positive
basis of T, N for which ey, ...,e,, are tangential to M, then ey, ..., e, con-
stitute a positive basis of T, M.

If under this assumption, we have n = m + 1, we may also determine the
sign of the unit normal field v by requiring that if eq,...,e,, is a positive
basis of T,, M, then eq, ..., e,V is a positive basis of T, IN. Suppose now that
N = R", i.e. that M is an oriented hypersurface of R™. Let p : TR® — R"
map each fiber of TR™ isomorphically onto R", in the usual canonical manner,
i.e. by parallel transport into the origin.

Definition 3.6.4 pov: M — S™ ! is called the Gauss map of M.

The Gauss-Kronecker curvature, i.e. the Jacobian of dv(z) : T,M —
T.M, then becomes the Jacobian of the Gauss map. It thus measures the
infinitesimal volume distortion of M by the Gauss map.
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Theorem 3.6.2 allows an easy computation of the curvature of the sphere
S™ c R™1. Namely, for z = (z!,...,2"T!) € ", a unit normal vector v(x)
is given by

Furthermore,
ey 00 0
Vi vie) = Ozi (@ )Bxi - Oxd’

oz

Since we have already seen that the isometry group of S™ operates transitively

on S™, we may consider w.l.o.g. the north pole (0,0,...,0,1). %, cey %
are tangential to S™ at this point. It follows that
0 0 0
5(@) T o (v(z), @W(I)
:% forj:1,...,n
and o 0 o 0
(8x3’8xk) <8x3’89€k> ik
We conclude
n, 0 0,0 0
s
——)——, =) = 0,100 — O;0 0. 3.6.11
< (8z1’8xﬂ)8x’“’3xe> ghTit ket ( )
In particular, the sectional curvature is 1.
We also obtain the formula
RY(X,Y)Z = (Y, Z)X — (X, Z)Y. (3.6.12)

We want to consider a particular class of submanifolds in more detail, namely
those that are critical points of the volume functional.

Let M be an m-dimensional submanifold of N, with frame é1,...,émn,
coframe 7', ...,7™ and volume form 7 as before, and let
&:M— M

be a diffeomorphism. Let ey, ..., e, be a frame on M, 7 the volume form.
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Then

Vol(M

éqy

SN L AD™

Il Il
i\ Ez\
=i}

= / |Puer A ... ADuem|n (3.6.14)

[N

= /<¢*€1 Ao ANDyepn, Puer Ao N Pue)
M

n

We now consider a more special situation. We define a local variation of M
to be a smooth map

F:Mx(—ee)—= N (¢>0)

with

supp F:={x € M : F(z,t) #x forsomet € (—¢,¢e)} (3.6.15)
being a compact subset of M and
F(z,0) =z forallz e M.

For small enough |t|,P:(-) := F(-,t) then is a diffeomorphism from M onto
a submanifold M; of N, by the implicit function theorem. We assume that
e > 0 is chosen so small, that this is the case for all ¢ € (—e,¢). Since the
subsequent computations are local, we also assume that {x € M : F(x,t) #

a} is orientable and that eq, . .., e,, is a positively oriented orthonormal basis.
The variation of volume then is (by (3.6.14))
d
& Nol(@, (M) =g
d
df ét*el JANAN Sﬁt:kenuglst*el ARRRWA Q‘st*em> 7]|t 0
M
g / th*el VANIRAWAN dtgpt*ea .../\@t*em,ét*el /\.../\@t*em>
a=1 @t*el VANPAN ¢t*em| mt:O '
M
Putting

= &ét‘t:07
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we obtain

d
= Vol(@,(M)) 1o

n

a=1

o /<61/\.../\VﬁiX/\.../\em,el/\.../\em>
N ” ler Ao A e

Namely, if ¢, (s) is a curve on M with ¢, (0) = 2, ¢, (0) = e, and ¢, (s,t) =
Py (ca(s)), then

0
@t*ea = %Ca(sv t)\S:O

and ) 90 B
a(pt*eo‘\tzo = a%ca(svt)ls:t:O = %aca(svt)ls=t=0
= vfag)qszo =vlx.
Therefore,

d
%VOI(Qt(M))\t:O = /(Vi\ixa ea)n
M

= /{ea<X, ea) — (X, VI ea)}n. (3.6.16)
M

Now e (X, e,) = div X7, and since X vanishes outside a compact subset of
M (see(3.6.15)), we have by Gauss’ theorem

/ea(X, ea) = 0.

M

As in the proof of Lemma 3.3.4 (3), we may assume that at the point under
consideration

Vé\iea =0.
We then obtain from (3.6.16)
d
77 Vol(®@:(M)) ;=0 = —/(XL,VIS\LeCJ . (3.6.17)
M

We conclude

Theorem 3.6.4 A submanifold M of the Riemannian manifold N is a crit-
ical point of the volume function, i.e.

%Vol(dit(M))‘tzo =0 (3.6.18)
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for all local variations of M if and only if the mean curvature H, of M
vanishes for all normal directions v.

Proof. We choose an orthonormal basis vy, ...,v (k =n —m) of T,M~* for
x € M and write '
X+ =y, (3.6.19)
Then 4 .
(Xt Vlea) =& trS,, =mé&H,,. (3.6.20)

Since every section X of TM~+ over M with compact support on M defines
a local variation
F(xz,t) :=exp, tX(z)

of M, (3.6.18) holds if and only if (3.6.20) vanishes for all choices of ¢/, and
the conclusion follows. O

Definition 3.6.5 A submanifold M of the Riemannian manifold N is called
minimal if its mean curvature H, vanishes for all normal directions v.

We want to consider a somewhat more general situation. We let M and
N be Riemannian manifolds of dimension m and n, resp., and we let

f:M—N

be an isometric immersion. This means that for each p € M, there exists a

neighborhood U for which
f:U— fU)

is an isometry (f(U) is equipped with the metric induced from N). The
point here is that f(M) need not be an embedded submanifold of N but
may have self-intersections or may even be dense in N. We may then define
local variations F'(z,t) : M — N with F(x,0) = f(x) as before, and f(M) is
critical for the volume functional if and only if its mean curvature vanishes,
in the sense that for all U as above, f(U) has vanishing mean curvature in
all normal directions. Such an f(M) then is called an immersed minimal
submanifold of N. We now want to write the condition for the vanishing of
the mean curvature, namely

(VYea)t =0 (3.6.21)

in terms of f.
For that purpose, we introduce normal coordinates at the point z € M
under consideration, i.e. at x

0 0
G 0u!
M a

2% OB

= bap (3.6.22)

0 fora,0=1,...,m.
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Here , VM is the Levi-Civita connection of M, and because f is an isometric
immersion, for all X and Y € T, M,

VY =i £y = (VY < £Y)T by Theorem 3.6.1. (3.6.23)

(This fact may also be expressed by saying that VM is the connection in the
pull back bundle f*(T'f(M)) induced by the Levi-Civita connection of N).

o _or 0
oz’ 9z Ofi

ea = ful

where (f1,...,f") now are local coordinates for N near f(x). Thus, for a

function ¢ : N — R, (ea(9))(f(2)) = g% o f(2).
Then, computing at z,

(VX ea)t =Vie, by (3.6.22), (3.6.23)
aofi 0
=V o gpaap

o*’ff o of af’frj )

(022)2 8f7 * 9uo ue * T

Here, I'), are the Christoffel symbols of N.
We conclude that f(M) has vanishing mean curvature, i.e. (3.6.21) holds
if and only if

anj ; 8]” afk
(0x)? + Zk(f(x))axa ox®

=0 forj=1,...,n. (3.6.24)

(3.6.24) requires that the coordinates are normal at x. In arbitrary coordi-
nates, (3.6.24) is transformed into
oft of* )
amaw_o forj=1,....,n (3.6.25)
where Ay is the Laplace-Beltrami operator of M (see 2.1) and (Yo8)a.8=1,....m
is the metric tensor of M.

In §8.1, solutions of (3.6.25) will be called harmonic maps. Thus, an iso-
metric immersion is minimal if and only if it is harmonic.

A consequence of (3.6.25) is

— A [T+ 7P (@) T (f ()

Corollary 3.6.3 The one dimensional itmmersed minimal submanifolds of
N are the geodesics in N. O

We now consider the case where N is Euclidean space R™. In Euclidean
coordinates, all Christoffel symbols I}, vanish, and we obtain

Corollary 3.6.4 An immersed submanifold of R™ is minimal if and only if
all coordinate functions are harmonic (w.r.t. the Laplace-Beltrami operator
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of the submanifold induced by the ambient Euclidean metric). In particular,
there are no nontrivial compact minimal submanifolds of Euclidean space.

Proof. The first claim follows from (3.6.25). The second one follows from the
fact that, on a compact manifold, every harmonic function is constant by
Corollary 2.1.2. And a manifold whose coordinate functions are all constant
is a point, hence trivial. O

There is, however, a multitude of noncompact, but complete minimal
surfaces in R3. Besides the trivial example of a plane, we mention:

1) The catenoid, given by the coordinate representation

f(s,t) = (cosh scost,cosh ssint, s).

2) The helicoid, given by the coordinate representation

f(s,t) = (tcoss,tsins,s).

3) Enneper’s surface, given by the coordinate representation

S 53 st? t 3 st 2 2
t)=(-——+ —, —+— — —, — — —).
fet)=G-5+5 53t~ 55" 3)

We leave it as an exercise to the reader to verify that these have vanishing
mean curvature and hence are minimal surfaces indeed.

In order to obtain a further slight generalization of the concept of a mini-
mal surface in a Riemannian manifold, we observe that (3.6.25) is not affected
if the operator occuring in that formula is multiplied by some (non-vanishing)
function. In order to elaborate on that observation, we assume that X is a

two dimensional Riemannian manifold and that coordinates x!, 22 are chosen
on XY for which % and % are always orthogonal and of the same length
w.r.t. the metric (), of X2, i.e.
o 0 g 0 g 0
v 9 4,9 9 2\ =0. 3.6.26
<6‘:z:1’ Ox! )y <8:c2’ 8x2>7’ <8x1 " D2 )y ( )
This is equivalent to the metric v being represented by
2N (2)(dz! @ dat 4 da® @ dx?) (3.6.27)

with some positive function A\?(x) (z = (2!, 2?)). Moreover, the precise value

of A%(z) is irrelevant for (3.6.26).
In those coordinates, (3.6.25) becomes, for an isometric immersion f :
Y — N,

1 f o f i aff aft off aft .
)\2(.2)((({91’1)2 + (61'2)2 + ]k(f(x))(%ﬁ @@)) =0,
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and since as observed the factor k%(z) is irrelevant, this becomes

ani azfz ; afj afk 6f] 8f’f B
(021)2 + (922)2 —&-ij(f(x))(%% @@)) =0, (3.6.28)
Since f is required to be an isometric immersion, (3.6.26) becomes
0f Of,_ 0f Of  0f Of, _
<8x17 ax1> - <6$2’8$2>’ <8x178x2> —O, (3629)

where now the metric is the one of N.
In order to provide a conceptual context for a reformulation of the pre-
ceding insights, we state

Definition 3.6.6 A surface X with a conformal structure is a two dimen-
sional differentiable manifold with an atlas of so-called conformal coordinates
whose transition functions z = ¢(x) satisfy

dzt @ dz* + d2? @ d2? = p?(z) (da' @ dat + da® @ dx?) (3.6.30)
(z = (2, 2%),2 = (21, 2?)), for some positive function p?(x). A map f: X —
N from a surface X' with a conformal structure into a Riemannian manifold
N is called conformal if in conformal coordinates always

O OF,_0F 0f, . op of
Oxl’ Ozt 022 02! Oxl’ Ox2

In order to interpret (3.6.30), we compute

) — ) = 0. (3.6.31)

dzt @ d2' +d2? @ d2? = (pLipl; + @292, )da' @ da?
(3.6.30) then implies

0ot 0t 0p? 09 Do et 0p? Dp?
Ozt Ozt Ox! 9zt Ox2 922 Ox? Ox?
and
8@1 8@1 8902 8@2 B
ozl 022 Ox! 9x2
Thus, the coordinate transformations are conformal in the Euclidean sense.
A special case of a surface with a conformal structure is a Riemann surface
as defined in Definition 8.2.1 below.
We also observe that (3.6.31) is independent of a particular choice of
conformal coordinates, by a computation analogous to the one just performed.

Definition 3.6.7 Let X' be a surface with conformal structure, N a Rieman-
nian manifold.

A (parametric) minimal surface in N is a nonconstant map f : X — N
satisfying (3.6.28) and (3.6.29).
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This definition includes the previous definition of a minimal surface, i.e.
a twodimensional minimal submanifold of N. Namely, the pull back (f*g)as
of the metric tensor g;; of N is given by

Oft 0f7 b 9
’Yaﬁ(ﬂc):gij(f:v))%fa87?:;:<%f(w#>7

and if f is conformal, i.e. satisfies (3.6.29), then

Yap(r) = N(2)00p

for some function A\?(x).

If \2(z) # 0, this is the situation previously discussed, and the vanish-
ing of the mean curvature of f(X') was shown to be equivalent to (3.6.28).
A2(z) # 0 means that the derivative of f has maximal rank at z, and thus is
a local immersion. Therefore, the only generalization of our previous concept
admitted by Definition 3.6.7 is that we now include the degenerate case where

O 08, or o
oxl’ 9zt ‘0x?’ Ox?
at some (but not all) points of X.
It may actually be shown that this can happen at most at a discrete set

of points.

(3.6.32)

Perspectives. The theorema egregium of Gauss was the starting point of mod-
ern differential geometry. It provided the first instance of a nontrivial intrinsic
differential invariant of a metric, and it motivated Riemann’s definition of sectional
curvature. For more details, we refer to [71]. In that textbook, also parametric min-
imal surfaces in R? are treated. For a comprehensive treatment of minimal surfaces,
we refer to the monographs [55], [195]. A good reference for minimal submanifolds
of arbitrary dimension and codimension is [261].
Some further discussions about minimal surfaces may be found in chapter 8.

Exercises for Chapter 3

1) Compute the transformation behaviour of the Christoffel symbols of
a connection under coordinate transformations.

2) Let E be a vector bundle with fiber C" and a Hermitian bundle metric.
Develop a theory of unitary connections, i.e. of connections respecting
the bundle metric.

3) Show that each vector bundle with a bundle metric admits a metric
connection.
4) Let g € M, D a flat metric connection on a vector bundle E over M.

Show that D induces a map 1 (M, xzo) — O(n), considering O(n) as
the isometry group of the fiber E,, .



10)

11)

12)

3. Parallel Transport, Connections, and Covariant Derivatives
Let S" := {x € R"*! : |z| = 7} be the sphere of radius 7. Compute
its curvature tensor and volume.

Consider the hyperboloid in R? defined by the equation
2?24y —22=—-1,2>0.
Compute its curvature and volume.

Verify that the catenoid, the helicoid, and Enneper’s surface are mi-
nimal surfaces.

Determine all surfaces of revolution in R? that are minimal. (Answer:
The catenoid is the only one.)

Let F': M™ — R™T! be an isometric immersion (m = dim M). Give
a complete derivation of the formula

AF =mn

where A is the Laplace-Beltrami operator of M and n is the mean
curvature vector of F(M).

Let F: M™ — S™ C R""! be an isometric immersion. Show that
F(M) is minimal in S™ if and only if there exists a function ¢ on M
with AF = ¢F and that in this case necessarily ¢ = m.

Show that for n > 4, there exists no hypersurface (i.e. a submanifold
of codimension 1) in R™ with negative sectional curvature.

Verify the formula D = ¢l o V given in 3.4.



4. Geodesics and Jacobi Fields

4.1 1st and 2nd Variation of Arc Length and Energy

We start with a preliminary technical remark:

Let M be a d-dimensional Riemannian manifold with Levi-Civita connec-
tion V. Let H be a differentiable manifold, and let f : H — M be smooth.
In the sequel, H will be an interval I or a square I x I in R2. Since f is not
necessarily injective, it is not always possible to speak in an unambiguous
way about the tangent space to f(H) at a point p € f(H), even, if f is an
immersion. Let for example p = f(x) = f(y) with « # y. If f is an immersion,
we may restrict f to sufficiently small neighbourhoods U and V of = and y
such that f(U) and f(V) have well defined tangent spaces at p. Thus, in a
double point of f(H), the tangent space can be specified by specifying the
preimage (z or y). This can be formalized as follows: We consider the bundle
J*(T'M) over H, pulled back by f. The fiber over x € H here is T,y M. This
process already has been treated in a more general context in Definition 1.5.5.
We now introduce a connection f*(V) on f*(T'M) by putting for X € T, H,
Y a section of f*(TM),

(f*V)xY :=Vgx)Y (4.1.1)
(here, f*(T'M), is identified with Tt M).

As in 3.4, in order that the right hand side is well defined, Y first has to be
extended to a neighbourhood of f(H); as in 3.4, however, it turns out that
the result will not depend on the choice of extension. In the sequel, instead
of (f*V), we shall simply write V, since the map f will be clear from the
context.

A section of f*(TM) is called a vector field along f. An important rdle
will be played by vector fields along curves ¢ : I — M, i.e. sections of ¢* (T M).

Let now ¢ : [a,b] — M be a smooth curve, ¢ > 0. A wariation of ¢
is a differentiable map F : [a,b] x (—e,&) — M with F(t,0) = ¢(t) for
all t € [a,b]. The variation is called proper if the endpoints stay fixed, i.e.
F(a,s) =c(a), F(b,s) =c(b) for all s € (—e, ). We also put ¢s(t) := c(t s) =
F(t,s), ¢(t,s) = %c(t s) (more precisely, dF(%)c(t7 s)), c(t,s)= (t s)
0

a;c(t, s)).

(more precisely dF(
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Asin 1.4, let L(v) and E(v) denote the length and the energy of a curve
~. The following lemma is a reformulation of formulae from 1.4.
Here, we want to give an intrinsic proof:

For simplicity, we shall write L(s), E(s) in place of L(cs), E(cs) resp.

Lemma 4.1.1 L(s) and E(s) are differentiable w.r.t. s, and we have

D ¢) <C/7V60'>>

Lo)y= [ | 25"~ o d 41.2
v /< Got ot )" -

E/(O) :<C/(ba O)a C(b7 O)> - <Cl(a70)a C(a70)>

b
- [V 4 S (4.13)
Proof.
1 y 0
B(s) = 5 [ (59 55 e o))t
b
d 1 0 0c c

(to be precise, we should write F*(V)a% or VdF(a%)
instead of Va@)

Oc Oc . . .
= /(V% %(t, ), a(t, s))dt, since V is torsionfree

a

0 ,0c dc dc dc

_ / <6t<85(t, ), ot 5)) — oo,V g ot s)>> dt
dc 0 T )

— (%€ %Cyp=p [ ,9€ g

= (5 ar/li=e /<as’v% g 1t

a
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and similarly

b
L(s) = /(%(t,s), %(t ) ddt
b
Ly [ T8 B0 50
rCRY b s v

In the special case where ¢ = ¢( is parametrized proportionally to arc-
length, i.e. ||¢(t,0)] = const., (4.1.2) becomes

b
L0) = = (Al - [ Vaad. @)

(¢,¢)s

a

Lemma 4.1.1 implies that ¢ is stationary for E (w.r.t. variations that keep
the endpoints fixed) and if parametrized proportionally to arc length, also
stationary for L if and only if

V o &(t,0) = 0. (4.1.5)

We recall that Vo stands for Vg e ); now dF(at) = (t s) = ¢, and
(4.1.5), as to be expected is the equatlon for ¢ being geodesm

For the case where ¢ = ¢q is geodesic, we now want to compute the second
derivatives of F and L at s =0

Theorem 4.1.1 Let ¢: [a,b] — M be geodesic. Then

b
E"(0) :/<V%c'(t,0), Vac/(t,0)dt (4.1.6)

b
/ (¢,c)e, é)dtjsmo + (V. 2., c>§gz%

and with ¢+ = ¢ — <W >W (the component of ¢ orthogonal to ¢)
b
L// _ / C/J_>
Ml
— (R, ), @)dt +(V o )i b}| - (4.1.7)
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An important point is that for a geodesic ¢, the second variation depends
only on the first derivative a— c(t, s)|s=0 of the variation, but not on higher
derivatives. This fact will allow the definition of the index form I below.

Proof. According to the formulae of the proof of lemma 4.1.1

d? 0 Jdc dc
@E(S) = /£<V%$(t,5),a(t,$)>dt

dc Oc
/(V 5 V@%( s), a(t,s»dt

again, since V is metric and torsionfree
b

/(Va %(t $).Va gz(t,s»dt

b
/(V v 88%(1: ), %(t,s»dt

a

b
Oc Oc\ Oc Oc
f/<R <8t’8s) 95 8t>dt by def. of R.

a
Since ¢ is geodesic, we have V% %(t, 0) = 0, and conclude

b

2 C C
%E( 0) = /<va %(t 0),Va %(t 0))dt

a

b
Oc Oc\ OcOc
‘/<R (ma) 95 o1/ Hs=0

dc Oc \1—p s=0
+ <v% %7 a> t=a,s=0 "
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Similarly

b
d2 B 0 <v 7( )7 Bt(t S)>
@L(O)_/ S s )0

0~

b

1 {/< Vg 5o (4,0), ¥ g 5 4,0))dt

~ lell 7t Os

b

dc Oc\ Oc Oc
_/<R(§’£)as Bt/ Ms=0
80 86 t=b,s=0
+< %%’&> t:a,s:O}
b

_”C,IH?)/(WBBZ(LL 0), gi(t,o)))th

a
b

1 / L e e e
= -0 V?C——,,C—,,Vic——,,c—,dt
it a4 € G )

y Oc Oc\ Oc 0O

C C C C
—/<R(a’$)@’a>dt
Oc Oc,
+<V%%aa> t:a} o
Also

(R(¢,c)e e
:Ré,cl - i:acli: d - L.vcli ,C)s
B = e e e e

so that for the second variation of L through a proper variation, only the
component of the variation vector field % orthogonal to ¢ appears. O

In the same manner, we may consider closed geodesics ¢ : S' — M. The
formulae for the second variations of F and L then of course do not contain
any boundary terms anymore. Otherwise, they remain the same.

We can already draw some consequences:

If the sectional curvature of M is nonpositive, the curvature term in the
second variation formula is always nonnegative, because of the negative sign
in front of it. The first term only vanishes for parallel variations and is positive
otherwise. If we consider a proper variation that is nontrivial, i.e. ¢’ # 0, we
get %E(O) > 0, hence E(cs) > E(co) for sufficiently small |s|. We conclude



176 4. Geodesics and Jacobi Fields

Corollary 4.1.2 On a manifold with nonpositive sectional curvature, geo-
desics with fized endpoints are always locally minimizing.

(Here, "locally minimizing” means that there exists some § > 0 such that
for any (smooth) curve « : [a,b] — M with v(a) = c(a),y(b) = ¢(b) and
d(v(t),c(t)) < ¢ for all t € [a,b], we have E(vy) > E(c).)

Proof Let ¢ : [a,b] — M be a smooth geodesic, and let v : [a,b] — M be
another curve with vy(a) = c(a),v(b) = ¢(b), and such that for no t € [a, b],
the distance between () and ¢(t) exceeds the injectivity radius of ¢(t). We
may then find a smooth geodesic interpolation between ¢ and ~, namely
the family c(t,s) := exp () sexp;é) ~(t), i.e. a family that satisfies ¢(¢,0) =
c(t),e(t,1) = ~(t) for all t € [a, ], and for which all the curves (¢, s) for fixed
t and s varying in [0, 1] are geodesic. Thus, % %(t, s) =0 for all ¢t and s,
and from the proof of Theorem 4.1.1 %E(s) > 0 for all s € [0,1], not only
for s = 0. Since %E(S)b:o = 0 as c is geodesic, we conclude E(v) > E(c).
(Since we may assume that v is parametrized proportionally to arclength, we
also get L(vy) > L(c).) O

Although it is a general fact that sufficiently short geodesics are minimiz-
ing (cf. 1.4), on a positively curved manifold, longer geodesics need not be
minimizing anymore, as is already seen on S2.

Similarly

Corollary 4.1.3 On a manifold with negative sectional curvature, closed
geodesics are strict local minima of E (and L) (except for reparametrizations).

Proof. For each variation normal to ¢ the curvature term is positive, because
of the negative sign in front of it. O

On a manifold with vanishing curvature, geodesics are still minimizing,
but not necessarily strictly so anymore, as the example of a flat torus or
cylinder shows. On a manifold with positive curvature, closed geodesics in
general do not minimize anymore, see S? again. We want to derive a global
consequence of this fact.

Theorem 4.1.2 (Synge). Any compact oriented even-dimensional Rieman-
nian manifold with positive sectional curvature is simply connected.

Proof. Otherwise, there exists a nontrivial element of 71 (M, zg) (let o € M
be the base point). Let this element be represented by a closed curve ~ :
S — M. 7 cannot be homotopic to a constant curve even if we do not keep
the base point fixed. On the other hand, by Theorem 1.4.6, v is homotopic
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to a closed geodesic ¢ of shortest length (and smallest energy) in this free
homotopy class. Thus, ¢ : S' — M cannot be a constant curve.

Parallel transport P along ¢ from ¢(0) to ¢(2m) = ¢(0) is orientation
preserving and leaves the orthogonal complement E of ¢(0) invariant. Since
E has odd dimension (since M has an even one), there exists a vector v € E
with Pv = v.

Let now X be the parallel vector field along ¢ with X (0) = v. We consider
a variation ¢ : ST x (—¢,¢) : (t,8) = c(t,s) of ¢ with ¢/(¢,0) = X (¢t) for all t.

Since ¢ is geodesic, E’(0) = 0. Since X is parallel and X (0) = X (27),

E"(0) = [ (VaX(t),VaX(®)dt— [ (R(e, X)X, )t
/ /
= / (R(é, X)X, ¢)dt
0
<0

Hence
E(cs) < E(c) for sufficiently small s,

and ¢ cannot have least energy in its homotopy class.
This contradiction proves the claim. O

Remark. The previous reasoning would have applied to L instead of E as
well.

Let now X be a vector field along ¢, i.e. a section of ¢*(T'M); in the sequel,
¢ will always be geodesic. There exists a variation ¢ : [a,b] X (—¢,&) — M of
c(t) with %\s:o =X.

We put

b
I(X, X) ::/((V%X,V%X)— (R(c’,X)X,c')) dt,

I(X,X) = j—;E(O), if X(a) =0=X(b).

Instead of a 1-parameter variation c(¢, s), we may also consider a 2-parameter

variation and put (Y := %)

b
I(X,Y) = /(<v%x,v%y> —(R(¢, X)Y, é))dt. (4.1.8)
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I(X,Y) is bilinear and symmetric in X and Y (by (3.3.10)).
Definition 4.1.1 [ is called the index form of the geodesic c.

For a vector field X along ¢ that is only piecewise differentiable, we define
I(X, X)) as the sum of the respective expressions on those subintervals where
X is differentiable. Each piecewise smooth vector field X along ¢ may be
approximated by smooth vector fields X,, in such a manner that I(X,, X,,)
converges to I(X, X). For technical purposes, it is useful, however, to consider
piecewise smooth vector fields. A variation that is piecewise C? gives rise to
a piecewise C'! vector field, and vice versa.

4.2 Jacobi Fields

Definition 4.2.1 Let ¢ : I — M be geodesic. A vector field X along c is
called a Jacobi field if

V%V%X—FR(X,C')C'ZO. (4.2.1)

As an abbreviation, we shall sometimes write
X=VaX, X=ViV.X,
dt dt dt
(4.2.1) then becomes )
X+ R(X,¢)¢=0. (4.2.2)

Lemma 4.2.1 A vector field X along a geodesic ¢ : [a,b] — M is a Jacobi
field if and only if the index form of ¢ satisfies

I(X,Y)=0
for all vector fields Y along ¢ with Y (a) =Y (b) = 0.

Proof.
b
I(X,)Y)= /((V%X,V%Y> —(R(X,¢)¢,Y))dt
using the symmetries of the curvature tensor
b
= /(<fv%vﬁx, Y) — (R(X,¢)é,Y))dt,

since V is metric and Y (a) = 0 =Y (b),
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and this vanishes for all Y if
V%V%Xﬁ-R(X,é)C':O
holds (by the fundamental lemma of the calculus of variations). O

Lemma 4.2.2 A vector field X along the geodesic ¢ : [a,b] — M is a Jacobi
field if and only if it is a critical point of I(X, X) w.r.t. all variations with
fized endpoints, i.e.

d
TI(X Y. X +5Y)j0 =0
S

for all vector fields Y along ¢ with Y (a) =0 =Y (b).

Proof. We compute

b

d%I(X +5Y, X 4 8Y)jomg = 2 /HV%V%X, V) — (R(X, )¢, Y))dt

a

by the proof of Lemma 4.2.1. [

The Jacobi equation thus is the Euler-Lagrange equation for
I(X):=1(X,X).

More generally, one can consider the second variation for each critical
point of a variational problem. The second variation then is a quadratic in-
tegral in the variation vector fields, and the second variation may hence be
considered as a new variational problem. This new variational problem is
called accessory variational problem of the original one. Most of the consid-
erations of this Paragraph may be generalized to such accessory variational
problems.

We now want to prove existence and uniqueness of Jacobi fields with given
initial values. For this purpose, we shall simply interpret the Jacobi equation
as a system of d(= dim M) linear second order ODEs.

Lemma 4.2.3 Let ¢ : [a,b] — M be geodesic. For any v,w € T, M, there
exists a unique Jacobi field X along ¢ with

X(a) =v,X(a) = w.

Proof. Let vy, ...,vq be an orthonormal basis of T.,)M. Let Xi,..., X4 be
parallel vector fields along ¢ with X;(a) = v;, @ = 1,...,d. Then, for each
t € [a,b], X1(t),...,X4(t) is an orthonormal base of T, M. An arbitrary
vector field X along c is written as

X=€X; (£0t)=(X(1),X:(1)).
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Since the vector fields X; are parallel, we have

dfi d2€i
V%X:EX%V%V%X:W
We likewise write the curvature term in (4.2.1) as a linear combination of the

)(k:

X

R(X;,¢)¢ = pl Xu;

and then also _
R(X,¢)é = EpFXy,.

The Jacobi equation (4.2.1) now becomes
d2€k -—
E5 e )X =0
( dt2 +£ pz) k )
i.e. a system of d linear 2nd order ODE
d*€r(t)
dt?

and for such systems, the desired existence and uniqueness result is valid. [

+E Pty =0, k=1,....d,

It is easy to describe those Jacobi fields that are tangential to c.

Lemma 4.2.4 Let c: [a,b] — M be geodesic, \, ju € R. Then the Jacobi field
X along ¢ with X (a) = Aé(a), X (a) = pé(a) is given by

X(t) = (A (t — a)p)e(t).

Proof. Directly from (4.2.1), since R(¢,¢) = 0 because of the skew symmetry

Thus, tangential Jacobi fields do not depend at all on the geometry of
M, and hence, they cannot yield any information about the geometry of M.
Consequently, they are without any interest for us. We shall see in the sequel,
however, that normal Jacobi fields are extremely useful tools for studying the
geometry of Riemannian manifolds.

FEzamples.

1) In Euclidean space R™, geodesics are straight lines. Jacobi fields are
linear: Namely, the Jacobi field X along a straight line ¢ with ¢ mit
X(a) = v,X(a) = w is given by

X(t) =V(t)+ (t—a)W (1), (4.2.3)

where V(t) and W (t) are parallel fields along ¢ with V(a) = v, W(a) =
w.
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2) S™ c R Let ¢ : [0,7] — S™ be geodesic with [|¢|| = 1, v,w €
Te0)S™, V, W parallel vector fields along ¢ with V(0) = v, W(0) = w.
Assume (v,¢(0)) = 0 = (w, ¢(0)). We claim that the Jacobi field X
with X (0) = v, X(0) = w along ¢ is given by

X (t) =V(t)cost + W (t)sint. (4.2.4)
Namely, since V and W are parallel,
X(t) = =V (t)sint + W(t) cost
X(t) = =V (t)cost — W (t)sint.
By (3.6.12),
R(X,¢)c=(¢,6)X —(X,¢)¢ =X, since (¢,¢) =1
and since v and w, hence also V and W are orthogonal to ¢.

Hence, i
X+ R(X,¢)é=0,

and X indeed is a Jacobi field.

Arbitrary initial values that are not necessarily orthogonal to ¢ may be
split into a tangential and a normal part. The desired Jacobi field then is the
sum of the corresponding tangential and normal ones, because as (4.2.1) is
linear the sum of two solutions of (4.2.1) is a solution again.

If more generally ||¢|| = p, the Jacobi field with initial values v, w normal
to ¢ is given by

X (t) = V() cos(ut) + W (t) sin(ut). (4.2.5)
If we consider more generally the sphere
Sy ={re R : |z = p}
of radius p, then the curvature is given by

R(X,Y)Z = %((Y, X — (X, Z)Y)

and the Jacobi field with initial values v, w normal to ¢ with ||¢]| =1

X(t) = V(¢) cos % + oW () sin %. (4.2.6)

Theorem 4.2.1 Let ¢ : [0,T] — M be geodesic. Let c(t,s) be a variation of
e(t) (e(+,-) : [0,T] x (—e,e) — M), for which all curves c(-,s) =: ¢s(-) are
geodesics, too. Then,

0
X(t) = &C(LS)L@:O
is a Jacobi field along c(t) = co(t). Conversely, every Jacobi field along c(t)

may be obtained in this way, i.e. by a variation of ¢(t) through geodesics.
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Proof.
X0 =VaVs gl =V&Va gﬁf,s_o
= V%V% %Le:o - R (gz, gg) %Le:o by def. of R
-1t gz gi) %p:o’

since all curves cs are geodesic

dc\ Oc
——R(X 815) a0 , by def. of X.

Thus, X indeed is a Jacobi field.

Conversely, let X be a Jacobi field along c(t). Let v be the geodesic
7 i (=2,2) — M with 7(0) = ¢(0),7'(0) = X (0).

Let V and W be parallel vector fields along ~ with

V(0) = ¢(0), W(0) = X(0).
We put
c(t, s) = exp (o) (t(V(s) + sW(s))). (4.2.7)

Then all curves c¢(-,s) = ¢;(-) are geodesic (by definition of the exponential
map), and c(t,0) = exp,)t¢(0) = c(t). Thus, c(t,s) is a variation of c(¢)
through geodesics. By the first part of the proof,

0
Y(t) := %c(t 5)|s=0
then is a Jacobi field along cg. Finally,
Y(O) = %(exp'y(s) O)|s=0
= 5(s )|s 0= X(0) by def. of y
Y(O) =V 0 8 (t75)|s 0

= V% 5ic(t, 8)|s=0, since V is torsionfree

=V 4 V() + 5W()jaco

= W(0), since V and W are parallel along ~y
= X(0).

Thus, Y is a Jacobi field along ¢y with the same initial values Y (0), Y(O) as
X. The uniqueness result of Lemma 4.2.3 implies X = Y. We have thus shown
that X may be obtained from a variation of ¢(¢) through geodesics. O

The computation at the beginning of the previous proof reveals the geo-
metric origin of the Jacobi equation:
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Let ¢(t,s) = ¢s(t) be a family of geodesics parametrized by s, i.e.

Oc
V%a(t,s) =0 for alls.
Then also 5
c
V%V%E(ts) =0,

and this implies that X (¢) = %(t, 5)|s=o satisfies the Jacobi equation. Conse-
quently, the Jacobi equation is the linearization of the equation for geodesic
curves. This also illuminates the relation between Jacobi fields and the in-
dex form. If one has in particular a proper variation of a geodesic through
geodesics, then also the 2nd derivative of the length and energy functionals
w.r.t. the family parameter vanish.

As an example, consider the family of great semicircles on S™ through
two fixed antipodal points, e.g. north pole and south pole. Here, the length
is even constant on the whole family.

The theory of Jacobi fields can be generalized to other variational prob-
lems, and actually, this theory was already conceived by Jacobi in general
form.

Corollary 4.2.1 Every Killing field X on M is a Jacobi field along any
geodesic ¢ in M.

Proof. By Lemma 1.6.7, a Killing field X generates a local 1-parameter group
of isometries. Isometries map geodesics to geodesics. Thus, X generates a
variation of ¢ through geodesics. Theorem 4.2.1 then implies the claim. [

Corollary 4.2.2 Let ¢: [0,T] — M be a geodesic, p = ¢(0), i.e.
c(t) = exp, t¢(0).

For w € T,M, the Jacobi field X along ¢ with X (0) = 0, X(0) = w then is
given by
X (t) = (Dexp,)(te(0))(tw)  or, in different notation, Dy (o) exp,(tw)
(the derivative of the exponential map exp,, : T,M — M, (4.2.8)
evaluated at the point té(0) € T,M and applied to tw).

Proof. c(t, s) := exp, t(¢(0) + sw) is a variation of ¢(t) through geodesics, and
by Theorem 4.2.1, the corresponding Jacobi field is

X(0) = eft, 8)yumo = (Desp, )(12(0)) (),
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and

X(0) = (D exp,)(0)(0) =0
X(0)=w (as in the proof of Theorem 4.2.1). O

Consequently, the derivative of the exponential map can be computed
from Jacobi fields along radial geodesics.

Corollary 4.2.2 yields an alternative method for a quick computation of
the curvature tensor of S™. Let zp € S™,z € T,,S™ with ||z| = 1. The
geodesic ¢ : R — 8™ with ¢(0) = xg, ¢(0) = z then is given by

c(t) = (cost)xg + (sint)z.
Let w € T, S™, |[w| =1, (w,z) =0
c(t,s) = (cost)xg + (sint)((cos s)z + (sin s)w)

then is a variation of ¢(t) through geodesics. Furthermore, the vector field
along c¢(t) defined by W (t) = w is parallel (cf. Theorem 3.4.1). Hence, the
corresponding Jacobi field is

X(t) = %c(t 8)js=0 = (sint)W(t) (cf. (4.2.4)).

‘We have )
X))+ X(t)=0.

The Jacobi equation then implies

and in particular
(R(w, 2)z,w) = 1 = (w,w){z, 2) — (w, 2)*
Lemma 3.3.3 implies
(R(u,v)w, z) = (u, 2){v,w) — (u,w){v, z), ie. (3.4.11).

Another consequence is the so called Gauss lemma:

Corollary 4.2.3 Let p € M,v € T,M,c(t) := exp,tv the geodesic with
c(0) = p,¢(0) = v (¢ € [0,1]), assuming that v is contained in the domain of
definition of exp,, . Then for any w € T, M

(v,w) = ((Dy exp,)v, (D, exp, )w), (4.2.9)

where D, exp,, the derivative of exp,, at the point v, is applied to the vectors
v and w considered as vectors tangent to T, M at the point v.
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Proof. By Corollary 4.2.2,
X(t) = Dy exp,(tw) (4.2.10)
is a Jacobi field along ¢, and
X(0) = w,

and hence .
(v, w) = {¢(0), X(0)). (4.2.11)

We split X (t) into a part X" tangential to ¢ and a part X"°' normal to c.
By Lemma 4.2.4

Xt (4) = tpué(t), with X*(0) = pé(0). (4.2.12)
Hence
(v, w)y= (¢(0), X*"(0)) with (4.2.11) and since
(c(t), Xmr(t)) =0

= (¢(1), Xten(1)) with (4.2.12)
= (¢(1), X(1)) since (¢(t), X™°T(¢)) =0
= ((Dyexp,)v, (D, exp,)w) with (4.2.10). O

(4.2.9) means that exp,, is a radial isometry in the sense that the length
of the radial component of any vector tangent to 1, M is preserved. If a curve
7v(s) in T, M intersects the radius orthogonally, then the curve exp,~(s) in
M intersects the geodesic c(t) = exp,, tv orthogonally as well. In particular,
c(t) = exp, tv is orthogonal to the images of all distance spheres in T}, M.

Moreover, we may repeat Corollary 1.4.2:

Corollary 4.2.4 Let p € M, and let v € T,M be contained in the domain
of definition of exp,,, and let c(t) = exp, tv. Let the piecewise smooth curve
v [0,1] — T, M be likewise contained in the domain of definition of exp,,
and assume v(0) = 0,7(1) = v. Then

vl = L(exp, tveo,1)) < L(exp, 07), (4.2.13)

and equality holds if and only if v differs from the curve tv,t € [0,1] only by
reparametrization.

Proof. We shall show that any piecewise smooth curve v : [0,1] — T, M with
~v(0) = 0 satisfies
L(exp,v) = [lv(DI], (4.2.14)

with equality precisely for those curves whose image under exp,, is the radius
ty(1),0 < ¢ < 1. This will then imply (4.2.13).
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We write
() =rt)e(t) (r(t) € R p(t) € T,M)
with |l¢(t)|| = 1 (polar coordinates in T,,M). Applying the subsequent esti-
mates on any subinterval of [0, 1] on which ~ is differentiable, we may assume

from the onset that v is smooth everywhere.
We have

0.

V() =7 (t)e(t) +r(t)pt)  with (o(t), o(t))
Thus, by Corollary 4.2.2, also
(Dyyexpp(t), Dyyexp p(t)) =0,  [[Dyyexpe)] = llo(t)] =1,
and it follows that
[[(exp, o) ()| = (D) exp,) (7(1))

> [F(@)],
hence
1 1
Lexp, ) = [ lexp,on) ®llde > [ [i(olde = (1) = 7(0) = [5(1)].
0 0
with equality only, if ¢(t) = 0 and r(¢) is monotone, i.e. if y(¢) coincides with
the radial curve ty(1),0 < ¢t < 1 up to reparametrization. O

We point out that alternatively, one can also prove Corollaries 4.2.3 and
4.2.4 with the arguments of the proofs of Theorem 1.4.5 and Corollary 1.4.2.

Corollary 4.2.4 by no means implies that the geodesic c(t) = exp, tv is
the shortest connection between its end points. It only is shorter than any
other curve that is the exponential image of a curve with the same initial and
end points as the ray tv,0 <t < 1.

4.3 Conjugate Points and Distance Minimizing
Geodesics

Definition 4.3.1 Let ¢ : I — M be geodesic. For tg,t1 € I,ty # t1, c(to)
and c(t1) are called conjugate along c if there exists a Jacobi field X (¢) along
¢ that does not vanish identically, but satisfies

X(to) =0 = X(t).

Of course, such a Jacobi field X is always normal to ¢ (Lemma 4.2.4).
If to,t1 € I,to # t1, are not conjugate along c, then for v € T )M, w €
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To4,)M, there exists a unique Jacobi field Y'(¢) along c¢ with Y(tg) =
v,Y(t;) = w. Namely, let J. be the vector space of Jacobi fields along ¢
(dim J, = 2dim M by Lemma 4.2.3). We define a linear map

A:J. — Tc(to)M X Tc(tl)M

by

A(Y) = (Y(to), Y (t1))-
Since ty and t; are not conjugate along ¢, the kernel of A is trivial, and A is
injective, hence bijective as domain and range of A have the same dimension.

Theorem 4.3.1 Let ¢: [a,b] — M be geodesic.

(i) If there does nmot exist a point conjugate to c(a) along c, then there
exists € > 0 with the property that for any piecewise smooth curve

g:la,b = M
with g(a) = c(a), g(b) = ¢(b),d(g(t), c(t)) < e for allt € [a,b], we have
L(g) = L(c) (4.3.1)

with equality if and only if g is a reparametrization of c.

(i)  If there does exist T € (a,b) for which c(a) and c(T) are conjugate
along c, then there exists a proper variation

c(t,s) : [a,b] x (—e,e) = M
with

L(cs) < L(c) for0<|s| <e (cs(t) :=c(t,s)). (4.3.2)

Proof.

(i) We want to apply Corollary 4.2.4. We therefore have to show that in
the absence of conjugate points, for each curve as in (i), there exists
a curve v as described in Corollary 4.2.4. W.lo.g. a = 0,b = 1. We
put v := ¢(0).

By Corollary 4.2.2, since there are no conjugate points along ¢, the
exponential map exp, is of maximal rank along any radial curve
tv,0 < t < 1. Thus, by the inverse function theorem, for each
such ¢, exp, is a diffeomorphism in a suitable neighborhood of tv.
We cover {tv,0 < t < 1} by finitely many such neighborhoods
Qii=1,...,kU; = exp, (2.

Let us assume

tv € Qz for tio1 <t<t; (tO =0,t, = ]_)
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If ¢ > 0 is sufficiently small, we have for any curve g : [0,1] — M
satisfying the assumptions of (i),

g([ti—1,t:]) C Us. (4.3.3)

We now claim that for any g satisfying (4.3.3), there exists a curve
in T, M with exp,y = g,7(0) = 0,7(1) = v.
For this, we simply put

V() = (expyyo,) " (9(t) for iy <t <t
~ then satisfies the assumption of Corollary 4.2.4, and we obtain (i).

(i) Again, w.l.o.g. a = 0,0 = 1. Let X be a nontrivial Jacobi field along c
with X (0) = 0 = X (7). We have X (7) # 0, since otherwise X = 0 by
the uniqueness result of Lemma 4.2.3. Let now Z(t) be an arbitrary
vector field along ¢ with

Yé(t)z: X(t)+nZt) for0<t<r
Y, (t):=nZ(t) forr<t<1
[YMt) for0<t<r
Yy(t) = {Y;é(t) forr<t<1
With Z! := Z‘[Oﬂ.], VAN Zl[r,l] we have
I(Y,.Y,)) = (X(r),20nZ (7)) + n*1(Z", Z")

= 2| X (7)|* +*1(Z", Z")
I(Y2 Y?) =n’I(Z% Z%).

noen

Hence

I(Yy, Yy) = 1Y, Y,)) + 1Y, Y,7) = =2| X (D)|* +0*1(Z, Z)

for sufficiently small 5 > 0. The variation c(t, s) := exp, sY;(t) then
satisfies (with L(s) := L(cs))

L'(0)=0,L"(0) = I(Y,,Y,) <0,
and the claim follows from Taylor’s theorem. O
Theorem 4.3.1(i) implies only that in the absence of conjugate points, a

geodesic is length minimizing when compared with sufficiently close curves.
As is seen by considering geodesics on a flat cylinder or torus that wind
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around more than once, even when there are no conjugate points, a geodesic
need not be the global shortest connection between its end points.

On the sphere S™, on any geodesic the first point conjugate to the initial
point is reached precisely after travelling a semi circle (see (4.2.4)). By Theo-
rem 4.3.1 consequently each geodesic arc shorter than a great semi circle, i.e.
shorter than =, is locally length minimizing, whereas any geodesic arc on S™
longer than 7 is not even locally the shortest connection of its end points.

For a curve c: [a,b] — M let V. be the space of vector fields along c, i.e.

V. =TI(c"TM),
and let V. be the space of vector fields along ¢ satisfying V(a) = V(b) = 0.

Lemma 4.3.1 Let ¢ : [a,b] — M be geodesic. Then there is no pair of
conjugate points along c if and only if the index form I of ¢ is positive definite

on V.

Proof. Assume that ¢ has no conjugate points. Theorem 4.3.1(i) implies

I(X,X)>0 forall X €V, (4.3.4)

because otherwise c(t, s) := exp,;) sX (t) would be a locally length decreasing
deformation. If I(Y,Y) = 0 for some Y € V., then by (4.3.4) for all
ZEVLAER 0<I(Y —AZ,Y —\Z) = —2M\(Y, Z) + N2 I(Z, Z), and hence

I(Y,Z) = 0 for all Z € V.. Lemma 4.2.1 then implies that Y is a Jacobi
field. Since there are no conjugate points along ¢, we get Y = 0. Hence, I is
positive definite.

Now assume that for tg,t; € [a,b] (w.l.o.g. to < t1), c(to) and c(t1) are
conjugate along c. Then there exists a nontrivial Jacobi field X along ¢ with
X(to) =0= X(tl) We put

0 fora <t <t
Y(t) = {X(t) fortg <t <t;.
0 fort; <t <b

Then I(Y,Y) =0, and I is not positive definite. O

o]

We now introduce the following norm on V. :

b

1X]| = (/(<X,X> + <X7X>)dt)%. (4.3.5)

a

o o
Let H! be the completion of V. w.r.t. || - |.
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Introducing an orthonormal basis {V;} of parallel vector fields (i =
1,...,d =dim M) and writing
X =€,
we have X = £V}, and

b

xi = ([@e +echar)’

a

Hence, H! can be identified with the Sobolev space H 1'2(I,R?). We now

o
consider the index form of ¢ as a quadratic form on H ! :

i}
b
I(X,Y) = / (X,Y) — (R(¢, XY, ¢&))dt . (4.3.6)

Definition 4.3.2 The indez of ¢, Ind(c), is the dimension of the largest
1

co

on which I is negative definite, and the extended indezx of
1

co

subspace of H

¢, Indg(c), is the dimension of the largest subspace of H 7, on which I is

negative semidefinite. Finally, the nullity of c is

N(e) := Indg(c) — Ind(c).

Lemma 4.3.2 Ind(c) and N(c) are finite.

Proof. Otherwise, there exists a sequence (X, )nen with
I(Xp, X,) <0 (4.3.7)

and
b

/ (X, Xon )t = S (4.3.8)

for all n,m € N. ((4.3.8) means that (X,,) is an orthonormal sequence w.r.t.
the L2-product.)
(4.3.7) and (4.3.8) imply

b
/(X,L,X,J < sup |R| E(c) (where R is the curvature tensor of M). (4.3.9)
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By (4.3.8) and (4.3.9)
| Xn] < const. (4.3.10)

By Rellich’s Theorem (Corollary A.1.3), a subsequence converges in L2. This,
however, is not compatible with (4.3.8), since an orthonormal sequence cannot
be a Cauchy sequence. O

For t € (a,b] let J! be the space of Jacobi fields X along ¢ with X (a) =
0= X(t).

Lemma 4.3.3 N(c) = dim J.
Proof. From Lemma 4.2.1. O
We now want to derive the Morse Index Theorem.

Theorem 4.3.2 Let ¢ : [a,b] — M be geodesic. Then there are at most
finitely many points conjugate to c(a) along ¢, and

Ind(c) = > dimJ, (4.3.11)
te(a,b)

Indg(c) = Y dimJ. (4.3.12)
t€(a,b]

Proof. For each t; € (a,b], for which ¢(¢;) is conjugate to c¢(a), there exists a
Jacobi field X; along ¢ with X;(a) = 0 = X;(¢;). We put

Yi(t) ::{Xi(t) forag'tgti.
0 otherwise
The Y; are linearly independent, and I(Y;,Y;) = 0 for all i. Therefore, the

number of conjugate points is at most Indg(c), hence finite by Lemma 4.3.2.
For 7 € (a,b], we put

@(7) := Ind(c|ja,7), ©wo(T) = Indo(c|a,7])-

(i) (1) is left continuous.

(ii) ©o(7) is right continuous.

Proof of (i). For T € (a,b] let I be the index form of ¢/, ). Let the vector
field X along c|jo - satisfy I(X,X) < 0,[| X[ = 1. We consider the vector
field X defined by X(t) := X(Zt) on [a,0].

r
o
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Then . "
% o T T oo, T
X(t), X = [ (=)%(X(=t), X(—
[ xopae= [ CpcCo. X Con
0 0
ol
=(2) [ (X(s5), X(s))ds,
0
hence
/(X( : dtﬂ/ ))dt foro — 1.
0
Moreover, because of || X| = 1, X is continuous by the Sobolev embedding

theorem (Theorem A.1.7). Hence, X also converges pointwise to X as 0 — T,
hence also

o

/ (R(¢, X)X, ¢)dt — / (R(¢, X)X, é)dt fora — 7.
0

‘We conclude o
I,(X,X)—- I(X,X) foroc —T.

In particular,
I,(X,X) <0, ifois sufficiently close toT.

For each orthonormal basis of a space on which I. is negative definite, we
may thus find a basis of some space on which I, is negative definite, provided
o is sufficiently close to 7.

Since ¢ is monotonically increasing, this implies the left continuity of ¢.

Proof of (ii). Let (T )nen C (a, b] converge to 7 € (a, b]. For each n € N, let
X, be a vector field along ¢|,,,) With || X,|| =1 and I, (X, X;,) < 0. After
selecting a subsequence, X,, converges weakly in the Sobolev H'2? topology
to some vector field X along ¢|(4,7] (cf. Theorem A.1.9). Then

/@jmgmm<&XMt
0 0

Furthermore, by Rellich’s theorem (Corollary A.1.3), X,, also converges
(strongly) in L2, hence

T Tn

/ (R(e. X)X, &)dt = lim_ [ (R(,X)X.é)at.

0 0
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We conclude

(X, X) < liminf I, (X,,, X,,) < 0.

n—oo

We also need to check that X does not vanish identically. Since I(X,,, X,,) <
0, we have

/<X'n,Xn>dt§/<;/<Xn,Xn>dt7
0 0

where the constant k depends on the norm of ¢ and the curvature tensor R.
Since the Sobolev norm || X,|| = 1, this implies that the rhs cannot go to
0 as otherwise so would the lhs, and then also || X,| would go to 0. Since
X,, converges strongly to X in L?, by Relich’s theorem, the L%-norm of X
is positive as well. Moreover, by a similar argument, if we have two such
sequences (X}), (X2), with [ < X}, X2 > dt = 0 for all n, then the same
holds for the limits X!, X?2.

Since g is monotonically increasing, this implies the right continuity of
$0-

We can now easily conclude the proof of Theorem 4.3.2:

Let a <11 <ty < ... <t <b be the points for which ¢(¢;) is conjugate
to ¢(a). Lemma 4.3.3 implies

wot) —p(t) =0 fort € (a,b\{t1,....tn}. (4.3.13)
Hence
k
Do odimJl= > (polt) — (1) =D _(wolt:) — @(t:).
te(a,b] t€(a,b] i=1

Since ¢ is left continuous and g is right continuous, we have

wolti) = p(tiy1) (i=1,....k—1).

Hence
k

> (@o(t:) = @(t:)) = woltr) — @(tr).

i=1
Since ¢ is left continuous, Lemma 4.3.1 implies ¢(t1) = 0. The continuity
properties of ¢ and g and (4.3.13) imply that ¢ and ¢ can jump only at
those points 7 where po(7) # ¢(7), i.e. at the conjugate points. In particu-
lar, ¢o is constant on [tg,b], hence @o(tx) = wo(b). Altogether, we conclude

wo(b) = ¥ dimJ!, ie. (4.3.12). (4.3.11) then follows with the help of
te(a,b]

Lemma 4.3.3. O

As an application of the second variation, we now present the Theorem
of Bonnet-Myers:
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Corollary 4.3.1 Let M be a Riemannian manifold of dimension n with Ricci
curvature > X > 0, i.e.

Ric(X,X) > MX, X) for allX € TM.

Let M be complete in the sense that it is closed and any two points can be
joined by a shortest geodesic (cf. the Hopf-Rinow Theorem 1.4.8). Then the

diameter of M 1is less or equal to m/ ”T_l In particular, M is compact. Also,

M has finite fundamental group m (M).

Remark. The diameter is defined as

dlam(M) = sup d(p7Q)7
p,qEM

where d(-,-) denotes the distance function of the Riemannian metric.
The sphere
S"(r) :={x e R"": |z| =1}

of radius r has curvature T%, hence Ricci curvature ”T_Ql and diameter mr. We

choose r such that A\ = ";21. Corollary 4.3.1 then means that if M has Ricci
curvature not less than the one of S™(r), then the diameter of M is at most
the one of S™(r).

Proof. For each p < diam(M), there exist p,q € M with d(p, ¢) = p and then
by the completeness assumption a shortest geodesic arc ¢ : [0, p] — M with
¢(0) =p,c(p) =q. Letey,..., e, be an orthonormal basis of T, M, e; = ¢(0).
As usual, from this, we may construct a parallel orthonormal basis

{é(t)7X2(t)7 e 7Xn(t)}

along c. With Y;(¢) := (sin 7Tf)Xi(t),i =2,...,n we have

10, = [ (-(0%0) = ROV e, Ve
0
g T ANZ = .
= {(51112 ?) (ﬁ — (R(X;, €)¢, Xﬁ)dt.

Since ¢ is the shortest connection of its end points, by Theorem 4.3.1 (ii),
there is no pair of conjugate points in the interior of ¢, and Lemma 4.3.1
implies

1(Y;,Y;) > 0 for alli,

hence also
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2

- | L2 Ty M C e
0<;I(Yz—,3€)—{(sm ?)(?(n—l)— Ric(¢, ¢))dt

P
t
< (ﬂ—(n -1)—X) /sin2 71-—dt,
p
0
since the Y; form an orthonormal basis of the subspace of T,y M normal to

¢. Consequently, p < my/251, and since this holds for any p < diam(M), we
obtain the estimate for the diameter. The universal cover of M satisfies the
same assumption on the Ricci curvature. Hence, it is compact as well. This
implies that the group of covering transformations, i.e. 71 (M), is finite. O

4.4 Riemannian Manifolds of Constant Curvature

We have already met Euclidean spaces and spheres as Riemannian manifolds
of vanishing and constant positive sectional curvature, resp. We now want
to discuss hyperbolic space as an example of a Riemannian manifold with
constant negative sectional curvature.

For this purpose, we equip R**! with the quadratic form

(x,z) = — (22 4+ (@) + ...+ (@")? (z=(2°...,2").

We define
H":={z e R"™: (z,2) = —1,2° > 0}.

Thus, H" is a hyperboloid of revolution; the condition 2° > 0 ensures that
H™ is connected.
The symmetric bilinear form

I:=—(dz®)? + (dz")? + ... + (dz™)?

induces a positive definite symmetric bilinear form on H". Namely, if p € H™,
T,H" is orthogonal to p w.r.t. (-,-). Therefore, the restriction of I to T,H™ is
positive definite by Sylvester’s theorem. We thus obtain a Riemannian metric
(-,-y on H™. The resulting Riemannian manifold is called hyperbolic space.

Let O(n, 1) be the group of those linear self maps of R"*! that leave the
form (.,.) invariant. Those elements of O(n, 1) that map the positive z0-axis
onto itself, then also leave H™ invariant and operate on H™ by isometries. This
is completely analogous to the isometric operation of O(n+1) on S C R**+1L.
As we have seen in 1.4 for S™, we see here that the geodesics of H" are
precisely the intersections of H™ with twodimensional linear subspaces of
R,

If p e H",v € T,H™ with |[v| = 1, the geodesic ¢ : R — H™ with
¢(0) = p,¢(0) = v is given by



196 4. Geodesics and Jacobi Fields

¢(t) = (cosh t)p + (sinh t)v.

Indeed,

(c(t), c(t)) = — cosh® t 4 sinh? t = —1,

since (p, p) = —1, (p,v) =0, (v,v) = 1
and (¢(t), ¢(t)) = —sinh®t + cosh®t = 1. As on S™, we may now compute the
curvature with the help of Jacobi fields.

For this, let w € T,H", (w,w) = 1, (w,v) = 0. We then obtain a family
of geodesics

¢(t, s) := (cosht)p + sinh t(cos sv + sin s w).

The corresponding Jacobi field

X(t) = %c(f, 5)|s=0 = (sinht)w

then satisfies B
X(t)=X(¢).

The Jacobi equation implies R(X, ¢)é¢ = —X, and so, the sectional curvature
is —1.

We may then also obtain a space H"(p) of constant sectional curvature
—p by scaling the metric with factor p and considering

4.5 The Rauch Comparison Theorems and Other
Jacobi Field Estimates

We first compare the three model spaces S™,R™, H™ of curvature 1,0, —1.
Let c(t) be a geodesic with [|¢|| = 1, v € T,oyM,M € {S",R", H"} with
[lv]| = 1. The Jacobi field J(t) along ¢ with
J(0)=0,J(0)=v
is given by
(sint)v, tv, (sinht)v resp.

According to our geometric interpretation of Jacobi fields as infinitesimal
families of geodesics (Theorem 4.2.1) this means, that on S™, geodesics with
the same initial point initially diverge, but then converge again, whereas

such geodesics diverge linearly on R™ and even exponentially on H™.
Let now M be a Riemannian manifold with curvature K satisfying

ASK<yp
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and suppose initially A < 0,z > 0. We shall estimate a Jacobi field in M
from above by the Jacobi field in H™(—\) with initial values of same lengths,
and from below by the corresponding one in S™(x). This implies that the
distance between geodesics and also the derivative of the exponential map
of M can be controlled by the geometry of the model spaces H"(—\) and
S™(w). Since tangential Jacobi fields are always linear (Lemma 4.2.4), hence
independent of the geometry of M, for our curvature bounds A < K < pu, we
shall need to assume in the sequel A < 0 and g > 0, or else, we shall have to
restrict attention to Jacobi fields whose tangential component J*" vanishes
identically.
For abbreviation, we put for p € R

cos(/pt) if p>0
cp(t) =11 itp=0

cosh(y/—pt) if p<0
and
ﬁ sin(/pt) iftp>0
sp(t) =<t ifp=0
\/%7 sinh(y/—pt) if p<0
These functions are solutions of the Jacobi equation for constant sectional
curvature p, namely

f@) +pf(t)=0 (4.5.1)

with initial values f(0) = 1, f(0) = 0, resp. f(0) = 0,f(0) = 1. ¢(t) will
always be a geodesic on M parametrized by arc length, i.e. satisfying

lleff =1. (4.5.2)
Let J(t) be a Jacobi field along c(t).

Theorem 4.5.1 Suppose K < pu, and as always, ||¢|| = 1. Assume either
p=>0 or J® =0. Let f, :=|J(0)|c, + |J|(0)s, solve

fHuf=0

with 0) = T, (0) = [T} (0), ive. f = [TO)]e + ] (0)s,.

fut)>0 forO<t<m, (4.5.3)

then
(J, JYfo > (T, T) fo on [0,7] (4.5.4)
< Ol |J(t2)|, ifO<t,<to<7t  (4.55)

|J(0)|cu(t) + || (0)s,(t) < [J(t)] for0 <t <T. (4.5.6)
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We point out that the assumption (4.5.3), i.e.
fu(®) >0 on (0,7)
is indeed necessary. To see this, let M = S™(u—¢),J(0) =0; f,(t) then has

a zero at t = ﬁ, J(t) one at t = \/:Ts In particular, for small positive
and any t which is only a little larger than \/%, we have ‘;Efg | < 1, and for
example, (4.5.5) does not hold anymore.

Proof.

. 1 N
I+ pld| = m(%R(J, ¢)e, J) + pu(J, J))
Loso g2 2
+ W(|J| [J|* = (J, J)*) > 0 because K < p,

for 0 < t < 7, provided J has no zero on (0, 7).
We then also have

(|J"f# - |J|fu) = |J|“fu - ‘J|fu >0,

since fﬂ + pf, =0, provided f,(t) > 0.
Because of |J|(0) = f,(0),|J| (0) = f,.(0), we conclude

[I| fu = || fu >0,

ie. (4.5.4).
Next ) )
() =%
f,u fp,
and from this and the initial conditions, we get (4.5.5). In particular, the
first zero of J cannot occur before the first zero of f,, and the preceding

considerations are valid on (0, 7).

(4.5.5) implies (4.5.6). O

(1 fu = 11fu) = 0,

Corollary 4.5.1 Assume K < p,c, > 0 on (0,7), and in addition either
>0 or Jar =0,
Furthermore, let ||¢|| = 1, J(0) = 0,|R| < A where R stands for the curvature
tensor.

Then

|J(t) —tJ(t)] < |J(T)|%At2. (4.5.7)

Proof. Let P be a parallel vector field of length 1 along ¢, ¢t € (0, 1)
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(J(t) =t (t), P(1))'| = [E(R(J, &)¢, P)(t)]
< At|J(#)]
< |24
by (4.5.5) because of J(0) =0
< At|J(7)|, sincec, > 0on [0, 7].

Integrating this yields (4.5.7), as J(0) = 0. O

We now want to study the influence of lower curvature bounds. It will
turn out that this is more complicated than for upper curvature bounds.

Theorem 4.5.2 Assume A < K < p and either X <0 or J** = 0; [|¢[| = 1.
Moreover, let J(0) and J(0) be linearly dependent.
Assume
S1(agp) > 00n(0,7). (4.5.8)

Then for0 <t < T

[T < [J(0)]ex(®) + [ [ (0)sx(t). (4.5.9)

Proof. Let p € R, n:= max(u — p,p — A).
Let A be the vector field along ¢ with

A+ pA=0, A0) = J(0), A(0) = J(0). (4.5.10)

((4.5.10) is a system of linear 2nd order ODEs, and hence, for given initial
value and initial derivative, there is a unique solution.) Let a : I — R be the
solution of

a+ (p—mn)a=nlAl,a0) =a(0) =0, (4.5.11)

and let b: I — R be the solution of
b+ pb=n|J|,b(0) = b(0) = 0 (4.5.12)

(since (4.5.11) and (4.5.12) are linear 2nd order ODE, too, again there exist
unique solutions).
For each vector field P along ¢ with || P|| = 1, we then have by (4.5.10)

(J — A, P)" + p(J — A, P)| = |(J + pJ, P)| < n|J|

by choice of 17 and since J solves the Jacobi equation.
Therefore, by (4.5.12) for d := ((J — A, P) —b)'s, — ((J — A, P) —b)3,

d=((J = A,P)=b)"s, — ((J = A, P) = )3, <0,

and hence, if s, > 0 on (0, ], because d(0) =0
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(7= AP) =) ()= 50k

( <0. (4.5.13)

Note that (J — A, P) — b has a second order zero at ¢t = 0, and hence
i((J — A, P) — b) vanishes for t = 0.
Therefore, we obtain from (4.5.13)
1
S—((J — A, P)—b)<0o0n(0,7). (4.5.14)
P

If s, > 0 on (0, 7), this implies
|J— A <b on (0,7) (4.5.15)

and by (4.5.12) then )
b+ (p—mb<mnlAl. (4.5.16)

From (4.5.12) and (4.5.16) we conclude with the same argument as the one

leading to (4.5.14),
1

(b - a) < Oa
Sp—n
ie.
b<a (4.5.17)
provided
Sp—n >0o0n(0,7).

From (4.5.15) and (4.5.17)

|J—A| <a. (4.5.18)
Now by (4.5.10)
(A, AY(A, A) — (A, AV (A, A)) =0 (4.5.19)
and hence
(A, AY(A,A) — (A, A)V(AA) =0, (4.5.20)

because this expression vanishes for t = 0, since A(0) = J(0) and A(0) = J(0)
are linearly dependent by assumption. This implies

Al + plA| = 0,
i.e. putting
fo =1J(0)|cs + || (0)s, (4.5.21)
we have
Al = fp. (4.5.22)

This implies in turn in conjunction with (4.5.11)

a=fon— "I (4.5.23)
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(4.5.18), (4.5.22), (4.5.23) yield

1< fy
Putting p = $(u+ A), i.e. p— 1 = A, we get (4.5.9). (Note that then n =
2(w— ) >0, and hence s, > 0 implies s,—, >0 on (0,7).) O

Theorem 4.5.3 Suppose ||¢|| = 1,|K| < A. Let J(0) and J(0) be linearly
dependent. Let P, denote parallel transport along ¢ from ¢(0) to c(t).
Then

|J(t) — P,(J(0) 4+ tJ(0))| < |J(0)](cosh(VAt) — 1) (4.5.24)
1T (0) (2 sinh(VAY) — 1),

VA
(i) =
Al '
This means that ‘%‘ is a parallel vector field. In the proof of Theorem 4.5.2,

we now put p = 0. We then get |[A| = po (cf. 4.5.22)), i.e.
A(t) = P,(J(0) + tJ(0)).

Proof. From (4.5.20)

With p = 0, we have = A, and hence s, and s,_, > 0 for ¢t > 0, as required
in the proof of Theorem 4.5.2. (4.5.18) and (4.5.23) then yield the claim. O

Remark. If we do not assume ||¢|| = 1, in all the preceding estimates, ¢ has
to be replaced by t||¢| as argument of s, ¢, f; etc.

Namely, let
t
et) = e(7=)
el
be the reparametrization of ¢ by arc length, i.e. ||¢]| = 1.
Then ;
J(t) = J ()
€l

is the Jacobi field along & with J(0) = J(O),j(()) = Lli\(é(l)\); namely, since J

satisfies the Jacobi equation, J satisfies

J+R(J,é)é=0.
Thus, estimates for J yield corresponding estimates for J.
Remark. The derivation of the Jacobi field estimates of the present para-

graph follows P. Buser and H. Karcher, Gromov’s almost flat manifolds,
Astérisque 81, 1981.
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Perspectives. The Rauch comparison theorems are infinitesimal comparison re-
sults for the geometry of a Riemannian manifold in terms of the geometry of spaces
of constant curvature.

A global comparison result is Toponogov’s theorem:

Let M be a Riemannian manifold with sectional curvature K > A. Let A
be a triangle in M with corners p,q,r and distance minimizing geodesic edges
Cpq, Cqr, Cpr- Then there exists a geodesic triangle Ag in the simply connected space
My of curvature A\ with the same side lengths as A and with angles at its corners
not larger than the ones of A at the corresponding corners. In case A > 0, we have
in particular

L(94) <

%\ﬂ

4.6 Geometric Applications of Jacobi Field Estimates

We first recall Corollary 4.2.2: Let c(t) = exp,, t¢(0) be geodesic, w € T),M,

J the Jacobi field along ¢ with J(0) = 0,.J(0) = w. J(t) then yields the
derivative of the exponential map

J(t) = (Dyeo) exp,) (tw). (4.6.1)

‘We obtain

Corollary 4.6.1 Let the sectional curvature of M satisfy A < K < u. Fur-
thermore, let (w, ¢(0)) = 0. Then, provided t||¢(0)|| < 2= in case p > 0,

VH
sulcO) « 1 p el 2O
wl=eon te() = < [(Die(o) expp)w| < w] e (4.6.2)

(Of course, if w is a multiple of ¢(0), we have (Do) ezp,)w = w.)

Proof. For ||¢(0)]| = 1, this follows from (4.5.6) and (4.5.9).
We now put &(t) := exp, t Té Eog” ¢ thus is a reparametrization of ¢, and

€] = 1. Let J be the Jacobi field along & with .J(0) = 0, j(O) = w. Finally,

(Dtc'(O) expp)(tw) H ( )”( t]|¢(0)]1€(0) epr)(tH ( )”UJ)

1 )
e oD,

and J(t]|¢(0)])) is controlled by s, (t[|¢(0)]|) and sy (t]|¢(0)]|) from below and
above, resp. O

Theorem 4.6.1 Let the exponential map exp, : TyM — M be a diffeomor-
phism on {v € TyM : ||v|| < p}. Let the curvature of M in the ball
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B(p,p) :={q€ M :d(p,q) < p}

satisfy
A< K <p, withA<0,p >0,

and suppose
p<

77

m casep > 0. 4.6.3
NG iz (4.6.3)
Let r(z) == d(z,p), k(x) := 3d*(x,p). Then k is smooth on B(p,p) and sat-
isfies

grad k(z) = —exp, ' p (4.6.4)

and therefore
| grad k(x)| = r(x). (4.6.5)
Vir(x) ctg (Viar (@) |[v]]* < Vdk(v, v) (4.6.6)

< V=Ar(x) ctgh (V=Ar(z))|v|?
forx € B(p,p),ve T, M.
Proof. We have
grad k(z) = —exp; ! p,

because the gradient of k is orthogonal to the level surfaces of k, and those
are the spheres S(p,r) := {g € M : d(p,q) = r} = exp,{v € T,M : |v|| =
r} (r < p); in particular, the gradient of k has length d(x, p), proving (4.6.5).

The Hessian Vdk of k is symmetric, and can hence be diagonalized. It
thus suffices to show (4.6.6) for each eigen direction v of Vdk. Let ~(s) be
the curve in M with v(0) = z,+/(0) = v.

c(t,s) = exp. (s (t exp;(ls) D), (4.6.7)

in particular ¢(0, s) = v(s), ¢(1, s) = p.
Then by (4.6.4)

(grad ¥)(1(5)) = — et oo

hence

0
(Vygradk)(z) = —Va ac(t, 8)|t=0,5=0

0
= —V% %C(tas)\tzo,szO (4.6.8)

J(t) = Zc(t, s)js=o is a Jacobi field along the geodesic from z to p with
J(0)=4(0)=v,J(1) =0€ T,M (by (4.6.7)). (4.6.8) thus implies

V, grad k(z) = —J(0),
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- Vdk(v,v) = (Vo grad b, v) = —(J(0), J(0). (4.6.9)

Since v is an eigen direction of Vdk, V, grad k and v, i.e. J(0) and J(0) are
linearly dependent. (4.5.6) and (4.5.9) imply for ¢ = 1 (J(1) = 0) (recall the
remark at the end of § 4.5)

[vleu(r(2)) + ] (0)su(r(x)) <0 < [vlex(r(2)) + [T (0)sa(r(x))
and with (4.6.9), this gives (4.6.6). O

We want to briefly describe the relation between Jacobi fields and the 2nd
fundamental form of the distance spheres

OB(p,r) ={q € M,d(p,q) =r}.

Assume the hypotheses of Theorem 4.6.1; in particular, assume that exp,, is
a diffeomorphism of {||v|| < p} onto B(p, p), and that r < p.
We have

N(z) = gradk(z) = —exp, ' p (by (4.6.4)); (4.6.10)

where N (x) is the exterior normal vector of the distance up here containing
x. For the second fundamental form S of the distance sphere and for X
tangential to this sphere, we then have

S(X,N)=VxN (since N(x) has constant length r
on 0B(p,r) the part of VN
normal to OB(p,r) vanishes) (4.6.11)
= Vx grad k.

We now obtain a diffeomorphism from 9B(p,r) onto OB(p,r + t) (assuming
r+t < p) by

E:(z) :=exp,tN(z) (x€ 0B(p,r)).
Let v(s) be a curve in 9B(p,r) with 4(0) = v,v(0) = z. Then

0

J(t) = 5-Lu(7(8))js=0 (4.6.12)

is a Jacobi field along Ey(x) with
J(0) =4(0) = )
J(0) = V2 55 expy ) (EN (7(5)))= V 2 g7 exPy ) (EN (7(5))) 1=g

=V N(7(s))smo
= S(v, N) = S(J(0), N).

Since E;(y(s)) is a curve in OB(p,r + t), we likewise have
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J(t) = S(J(t), N). (4.6.13)

We put Si(-) = S(-, N(t)).
From this, we get

J(t) =V 2 (S(J (1)) = Si(J (1)) + S (J(t)).

el
ot

The Jacobi equation J + R(J,N)N = 0 thus implies a Riccati equation for
St :
Si(-) = =R(-, N)N = S, 0 Si(-). (4.6.14)

Thus, on one hand, (4.6.13) describes the geometry of distance spheres
through Jacobi fields. On the other hand, solutions of the Riccati equation
satisfy a 1st order ODE and hence are easy to estimate, and from such es-
timates one may then obtain Jacobi field estimates. In order to explain this
last point, let P be a vector field parallel along Fy(z) with ||P|| = 1. Then

(Si(P), P)" = —(R(P,N)N, P) — (S3(P), P). (4.6.15)
Since the 2nd fundamental tensor is symmetric,
(S2(P), P) = (S;(P), S¢(P)) (cf. Lemma 3.4.2). (4.6.16)

We put X(-) = Wst(-). Since all expressions in (4.6.15) are quadratically
homogeneous in || N||, we obtain

N | N

Y(P),P) = —(R(P,——)——,P) — (¥(P),X(P
(X(P), P) (R( ||N||)||NH ) —(X(P), X(P))
N | N
< —(R(P,—)——, P) — (X(P), P)%. 4.6.17
(B i) i P~ (LR (a6a)
If the sectional curvature satisfies A < K, because of ||P|| =1,
p = (X(P), P)
then satisfies the differential equation
O < —=\— 2 (4.6.18)

Now

cta(t) == . =
satisfies the differential equation
cly = =\ —ct3,
and it easily follows that

(t) < cta(t), provided p(s) > —oofor all swith0 < s < t.



206 4. Geodesics and Jacobi Fields
With (4.6.13), we conclude from this for a Jacobi field J along E; with J(0) =

(5) ©=o

provided in (0,t] there is no point conjugate to 0.
In particular

()] < [J](0)sA(2), (4.6.19)
i.e. a special case of (4.5.9), up to the first conjugate point.
Perspectives. Let M, be the simply connected space form of curvature p. Let
V?(r) denote the volume of a ball in M, with radius r. Let M be a Riemannian

manifold, p € M,r < i(p) (= injectivity radius of p) (i.e. B(p,r) is disjoint from
the cut locus of p). We then have the volume comparison theorems of R. Bishop:

If Ric(M) > Ric(M,), then
Vol(B(p,r)) < V*(r)
and P. Giinther:
If K(M)<p (K is the sectional curvature), then

Vol(B(p,r)) > V°(r).

These estimates are also proved with the help of Jacobi field estimates.

4.7 Approximate Fundamental Solutions and
Representation Formulae

Lemma 4.7.1 Suppose exp,, : T,M — M is a diffeomorphism on the ball
{veT,M : ||v|| < p}, and suppose the sectional curvature in B(p, p) satisfies
AZK<p withA<0,u>0,

put A := max(—\, p), and assume

7T .
p < — in case u > 0.

Vi
Then, with r(x) = d(x,p), for x #p
|Alogr(z)| <24 ifn=dimM =2 (4.7.1)
[A(r(2)*)] <

n—2

Ar?7™(z) ifn=dimM > 3. (4.7.2)

Proof. We prove only (4.7.2) as (4.7.1) is similar.
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~Ar(@) = — A )
= D) ) grad (o) P
+ ) (AP @),

Now by Theorem 4.6.1
lgrad d*(z, p)||* = 4d*(z, p),
2n(1 — pr(x)) < —Ad*(z,p) < 2n(1 — Mr?(x))
(noting — A = trace Vd),
and (4.7.2) follows. O

Lemma 4.7.2 Suppose B(p, p) is as in Lemma 4.7.1. Let w, be the volume
of the unit sphere in R™,n = dim M. For h € C?(B(p, p),R) then (with A as
in Lemma 4.7.1)

ifn=2 |wah(p) — / (Ah) logr(;r) — % / h| <24 / |h| (4.7.3)
B(p:p) 9B(p,p) B(p,p)
1 1 n—2
s _ _ _ -
=3l -2ehlp) = [ AN - o) S [
B(p.p) 9B(p,p)
n—2 |h]
< — .
<2 s (4.7.4)
B(p,p)
Proof. We prove only (4.7.4) as (4.7.3) is similar.
We put
o(z) = r(@) " — P
Then for € > 0
/ (gAh — hAg) = / (hgradg — ggrad h,d7) .

B(p,p)\B(pe) 9(B(p,p)\B(p:e))

(7 denotes the outer unit normal of 9(B(p, p)\B(p,¢)).)
Now
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n—2 h
/ nagl < ™24 / M',Z'(x) by (4.7.2)

B(p,p)\B(p,¢) B(p,p)
910B(p.p) =0
/ h{grad g,d7) = 7;;12 / h
8B(p,p) 0B(p,p)
Elig(l) g(grad h,d7) =0
OB(p,e)
timy [ (gradg,d7) = ~(n - 2)euh(p),
OB(p,e)
and (4.7.4) follows. O

For the interpretation of the preceding formulae, we observe that in the
Euclidean case
Ar(z)*>™" =0 for x # p, (4.7.5)

whereas individual second derivatives of r(z)?~" grow like r(z)~™ for z — p.

Therefore, in the Riemannian case, although (4.7.5) is not an identity any-
more it holds up to an error term which gains two orders of magnitude against
the crude growth estimate r(x)~™. The same holds for the representation for-
mulae in Lemma 4.7.2. The error terms on the right hand side are two orders
better than the other integrands.

Perspectives. The results of this paragraph are from [141]. Extensions of these
results can be found in [126].

4.8 The Geometry of Manifolds of Nonpositive
Sectional Curvature

In this §, we shall present some results that apply to compact or complete
Riemannian manifolds of nonpositive sectional curvature. It is very instruc-
tive to see how strongly an infinitesimal geometric condition, namely that
the sectional curvature is nonpositive, influences the global geometry and
topology of the manifold in question.

At one place, we shall refer to a subsequent Chapter for a proof ingredient.
This is done for the sake of conciseness although the result in question can
also be given an elementary - but not entirely trivial - proof with the tools
already developed, and an ambitious reader may wish to find such a proof.

From § 4.6, we obtain
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Lemma 4.8.1 Let N be a Riemannian manifold with sectional curvature
< 0. Let p € M. Then the exponential map

exp, : T,N — N

has everywhere maximal rank.
Furthermore, for

1
K(2) = 5 (2, p)
if exp,, is a diffeomorphism on the ball B(p, p),z € B(p,p),v € T, N, we have

Vdk(v,v) > |Jv]|? (4.8.1)

Proof. Corollary 4.6.1 and Theorem 4.6.1. g
These are local results. We shall now state a fundamental global result:

Theorem 4.8.1 Let N be a complete Riemannian manifold of nonpositive
sectional curvature, p,q € N. Then in any homotopy class of curves from p
to q, there is precisely one geodesic arc from p to q, and this arc minimizes
length in its class.

Proof. There exists a sequence (7,,) of curves from p to ¢ with

lim L(v,) = r := inf{lengths in given homotopy class}
(L denoting length).
W.lo.g., for all n
T C B(p,r+1)

in particular
Tn N B(p,r+2)\B(p,r +1) = 0.

The proof of Theorem 1.4.6 therefore works with B(p,r + 1) instead of the
Riemannian manifold M considered there to show the existence of a shortest
geodesic arc v from p to ¢ in the given homotopy class.

To show uniqueness, we first observe that by Theorem 4.1.1, every
geodesic arc v from p to ¢ is a strict local minimum of energy among all
arcs with endpoints p and g, because I,(W,W) > 0 for all W # 0 with
W(p) = 0 = W(q). (Here, W is a section along . The index form I, was
defined in (4.1.8).)

Let now ~; : [0,1] — N,i = 1,2, be homotopic geodesic arcs from p to g,
with v1 # 72, and let

I:[0,1]x[0,1] = N

be a homotopy, i.e. with
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I'(t,0) = v1(t), I'(t,1) = yo(t) for all ¢
I'0,s)=p,I'(1,s) = q for all s

Let
R := max E(I'(-,s)). (4.8.2)
s€[0,1]
As in Theorem 6.11.3 below, one shows that there exists another geodesic arc
v3, different from ~; and 79, with

max(FE(y1), E(72)) < E(v3) < R. (4.8.3)

Again, by Theorem 4.1.1, v3 is a strict local minimum of F, and so, replacing
e.g. 72 by 73 in the previous argument, we obtain a fourth geodesic arc 4
with

E(vs) < E(n) < R.

(It is not hard to see from the proof of Theorem 6.11.3, that v3 may be
connected with v, or s through arcs of energy < R so that the maximum
in (4.8.2) will not be increased.) We therefore obtain a sequence (7, )nen of
geodesic arcs from p to g with

E(y,) <R for all n.

Let 7, (t) = exp,, tv, with v, € T,N, |lv,||* < 2R. After selection of a sub-
sequence, (v, )nen converges to some v € T,M with [[v]|? < 2R. Since all v,
are different from each other, but exp,v, = ¢ for all n, exp, cannot have
maximal rank at v. This is a contradiction, since by Lemma 4.8.1, the expo-
nential map of a manifold of nonpositive curvature has everywhere maximal
rank. Thus, 77 = 2, proving uniqueness. O

As a corollary, we have the following result of Hadamard-Cartan

Corollary 4.8.1 Let Y be a simply connected complete Riemannian man-
ifold of nonpositive sectional curvature. Then Y is diffeomorphic to R™
(n =dimY), and such a diffeomorphism can be obtained from the exponential
map

exp, : ,Y(=R") =Y

of any p € Y. This exponential map is distance nondecreasing, i.e.

v —w| < d(exp,v,exp,w) for allv,w € T,Y.

Proof. Theorem 4.8.1 implies that for every p,q € Y, there exists precisely
one geodesic arc from p to ¢ because there is only one homotopy class of such
arcs as Y is simply connected. One easily concludes that for every p € Y,
exp, : T,Y — Y is injective and surjective. (It is defined on all of T,Y" because
Y is complete.) Since it is of maximal rank everywhere by Lemma 4.8.1, it
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follows that Y is diffeomorphic to T,,Y. The distance increasing property of
the exponential map follows from Corollary 4.6.1. g

Lemma 4.8.2 LetY be a simply connected complete manifold of nonpositive
curvature, p € Y. Then, with k(z) = %d2(nc,p)7 for everyve T, Y,z €Y

Vdk(v,v) > |[v]|. (4.8.4)

Proof. From Corollary 4.8.1 and Lemma 4.8.1. O
We also have

Theorem 4.8.2 Let ¢1(t) and ca(t) be geodesics in Y, a simply connected
complete manifold of nonpositive sectional curvature. Then

d?(c1(t), co(t))
is a convex function of t.
Proof. Since the geodesic arc from c¢;(t) to co(t) is uniquely determined by
Theorem 4.8.1, it depends smoothly on t. Hence d?(cy(t), c2(t)) is a smooth

function of ¢t. For each ¢, we denote this geodesic arc from ¢;(t) to ca(t) by
v(s,t), with s the arc length parameter. Then

d*(c1(t), ca(t)) = 2B(v(-, 1)). (4.8.5)
Now by Theorem 4.1.1 (exchanging the rdles of s and ¢ in that theorem)
d(e1(t),c2(t)) 5
Bot)= [ (Va5(s0.V 4 gals)ds
0

d(ca(t),c2(t)) 9y 8 v 8
DER% oY
/ <R<8878t) o 5 )ds, (4.8.6)
0

where R denotes the curvature tensor of Y. Since Y has nonpositive sectional
curvature, (4.8.6) implies

d2
dt?

— FE(vy(,t)) >0

EG(1) 2

and with (4.8.5) the claim follows. O
A reformulation of the preceding result is

Corollary 4.8.2 Let Y be a simply connected complete manifold of nonpos-
itive (sectional) curvature. Then



212 4. Geodesics and Jacobi Fields
Y xY—-R

is a convex function. (Note that here, d* is considered as a function of two
variables.)

Proof. According to Definition 3.3.6, we have to show that the Hessian of d?
is positive semidefinite.

By (3.3.50), we have to compute the second derivative of d? along
geodesics in Y X Y. Such geodesics ¢ are given as (¢1,c2) where ¢, ¢y are
geodesics in Y. We thus have to show that d?(cy(t), ca(t) is a convex function
of the arc length parameter ¢. This is Theorem 4.8.2. (]

Remark. On a not necessarily simply connected Riemannian manifold N
of nonpositive sectional curvature, the results of Lemma 4.8.2 and Theorem
4.8.2 hold locally:
If
exp, : I, N — N

is a diffeomorphism on the ball {v € T,N : ||v|| < p) C T, N for some p > 0,
then (4.8.4) holds for x € B(p, p) C N, and d? is convex on B(p, p) x B(p, p),
i.e. for any geodesics ci,co @ [0,1] — B(p,p), d*(ci(t),ca(t)) is a convex
function of ¢.

Building upon Lemma 4.8.2, we shall now derive some quantitative ver-
sions of the preceding convexity results

Lemma 4.8.3 As always in this §, let N be a Riemannian manifold of non-
positive sectional curvature, p € N, and suppose that

exp, : I, N — N

is a diffeomorphism on the ball {v € T,N : ||v|| < p} (here, p >0, and if N
is complete and simply connected, we may take p = oo by Corollary 4.8.1).
Then

d*(p,7(t)) < (1 —1t)d*(p,7(0)) + td*(p, (1)) (4.8.7)
—t(1 — t)d*(v(0)),v(1)).

Proof. Let ko : [0,1] — R be the function with

ko(0) = d*(p,7(0)),  ko(1) = d*(p,¥(1)), kg(t) = 2llv'(&)]*

Then
d*(p,~(t)) < ko

as a consequence of (4.8.4). Since
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ko(t) = (1 = )ko(0) + tho(1) — t(1 — t)d*(7(0), (1))
(note |17/ (t)|| = d(7(0),~(1))), the claim follows. O

Corollary 4.8.3 Under the assumptions of Lemma 4.8.3, let v1,7v2 : [0,1] —
B(v,p) C N be geodesics with

71(0) = p = 72(0).
Then, for0 <t <1

d(71(t),72(t)) < td(71(1),72(1)). (4.8.8)

Proof. Applying (4.8.7) to v1(1) in place of p,v2(¢) in place of y(t),

d*(71(1),72(1)) < td®(71(1),72(1)) + (1 = £)d*(31.(1), p)
—t(1 = t)d*(12(1),p)
(

Applying (4.8.7) to y2(t) in place of p,v1(t) in place of ~(¢)

) i
(1 (), 72(t)) < td?(1(1),72(t) + (1 = t)d*(p, 72(t))

o
—t(1 = )d*(11(1),p)

Noting d?(p, v2(t)) = t?d*(p,v2(1)) and inserting the first inequality into the
second one yields the result. O

Remark. 1t is also easy to give a direct proof of Lemma 4.8.3 based on the
Jacobi field estimate (4.5.5).

We now come to Reshetnyak’s quadrilateral comparison theorem:

Theorem 4.8.3 As in the preceding lemma, let
exp, : I,N — N

be a diffeomorphism on the ball of radius p in T, N, N a Riemannian manifold
of nonpositive sectional curvature.
Let

71,72+ [0,1] — B(p,p) C N
be geodesics. For 0 <t <1, and a parameter 0 < s <1 then

d*(71(0),72(t)) + d*(71(1),72(1 — 1))
< d(11(0),72(0) + d*(11(1),72(1)) 4 2t%d*(12(0),72(1)) ~ (4.8.9)
+ t(d*(7(0),71.(1)) — d*(72(0), 72(1)))
— t5(d(71(0),71(1)) = d(72(0),72(1)))?
— (1 = 5)(d(71(0),72(0)) — d(71(1),72(1)))?.
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Note that this inequality is sharp for certain quadrilaterals in the Euclidean
plane.

Proof. We first consider the case t = 1,s = 0. For simplicity of notation, we

define
a; ‘= d(’yi(O),’W(l)), 1= 17 2,
0)), by := d(71(1),72(1)),
)7 dg = d(’Yl(O)a'}/Z(l))'

Fig. 4.8.1

Also, we let 6 : [0,1] — B(p, p) C N be the geodesic arc from 71 (0) to y2(1),
as always parametrized proportionally to arclength. Its length is dy. We also
put for 0 < A <1

dy = d(72(0),0(N), dy :=d(71(1),8(N)).
Then by (4.8.7)

d¥ < (1= M\)bf + a3 — A(1 — \)d3
d¥? < Abs 4 (1 —N)a? — A1 — \)d3.

Therefore, for 0 < ¢,
1
d3 < (d\+d¥)* < (1+¢e)d? + (1 - 6) dy?

< (1+e)(1—=A)bT + (1 +¢e)Aa3

+<1+i>)\b§+<1+i) (1—Na?
1 2
— 24+ 2 ) M1= N3,

We choose ¢ = % so that the coefficient in front of d3 becomes 1. This
yields
1—A A
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With
)\ = _b
b1 + bo ’
we obtain
di +d3 < af + a3 + b + b3 — (b1 — ba)*.
This is the required inequality for ¢ = 1,s = 0. For symmetry reasons, we
also obtain the inequality for ¢ = 1,s = 1, namely
d2 4 d2 < a?+a2+b2+b2— (a1 — as)?,
and taking convex combinations yields the inequality for t =1,0<s<1:
di+d3 <al+ad+bf+b5—s(a; —ax)> —(1—s)(by —b2)?.  (4.8.10)
We therefore obtain the inequality for 0 < ¢ <1 from (4.8.7) and (4.8.10)

d*(1(0),72(t)) + d?(71(1),72(1 — 1))
< (1 —t)b +tdi —t(1—t)a3 + (1 — t)b3 + td —t(1 — t)a3
< b2+ b3+ 2t%a2 — t(a3 — a?) — ts(ay — az)? — t(1 — 5)(by — b2)*.

O

Theorem 4.8.3 allows us to derive the following quantitative version of
the convexity of the distance between geodesics.

Corollary 4.8.4 Let v1,72 : [0,1] — N be geodesics as in Theorem 4.8.3.
Then we have for 0 <t <1,0<s<1

(1 (8),72(8) < (1=1)d*(31(0),72(0)) + td*(11(1),72(1))  (4.8.11)
— (1 = t){s(d(1(0),71(1)) — d(72(0),72(1)))*
+ (1= 5)(d(71(0),72(0)) = d(y1(1),72(1)))*}-
Proof. We shall show the inequality for ¢t = % It is then straightforward to

deduce the inequality for arbitrary ¢.
We keep the notations of the preceding proof, and we also put

1

er = d(71(0),72(3

ez i=dn(), ()

Then by (4.8.7)

N
(o]
=N
+
N
>~ =
L V]

Pn(3)w(5) <

By (4.8.8)

1 1 1
—a? — §S(G1 —ay)? - 5(1 — 5)(by — by)?.

ef+e§§b§+b§+2
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Thus

1 1 1 1 1 1
d2(’yl(§),'}/2(§)) < §b§ + 553 - 18(% —az)? — 1(1 — 5)(by — b2)?

which yields the inequality for t = % O

As an application of Theorem 4.8.3, let us consider the following Pythago-
ras inequality

Corollary 4.8.5 Let the assumptions of Lemma 4.8.3 hold.
Suppose

(i.e. v(0) is the point on ~ closest to p). Then

d*(v(s),p) = d*(7(0),p) + s*d*((0),74(1))  for0<s<1.  (4812)

Proof. It suffices to treat the case s = 1.
By (4.8.7),

d*((t),p) < (1 = )d*((0), p) + td*(7(1),p) — t(L — t)d*(7(0),7(1)).
Since by assumption
d*(4(0),p) < d*(7(t),p),

we get

td*(y(1),p) > td*(v(0),p) + td*(v(0), (1)) — td*((0),7(1)).

Dividing by t and letting ¢ — 0 yields the desired inequality. O

We now turn to Karcher’s center of mass constructions and their applica-
tions. While such constructions are meaning- and useful under more general
conditions, here we only consider nonpositively curved manifolds, because in
that case, the geometry is most favorable to them.

Thus, let Y be a complete, simply connected, nonpositively curved Rie-
mannian manifold. We recall that by Corollary 4.8.1, exp,, : T,Y - Y isa
global diffeomorphism. This will be used implicitly below at several places.

Let p be a probability measure on Y, i.e. a nonnegative measure with

pv) = [du=1
Definition 4.8.1 ¢ € Y is called a center of mass for p if

[ E@vint) =t [ o <o (@813
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In the sequel we shall always assume that the infimum in (4.8.13) is finite.
This is satisfied if, for example, the support of the measure p is bounded.

Examples:
1) If 11 is a Dirac measure J, supported at ¢ € Y, then ¢ is its center of
mass.

2) If p = 1(04 + 8g,) for q1,q2 € Y, then the center of mass is v(3)
where 7 : [0,1] — Y is the unique geodesic from ¢; to ¢s.

Lemma 4.8.4

F) =5 [ E0.n)dnt)

is a differentiable function of p, with

grad F(p) = — /expgl(y)du(y) (here, exp;1 Y - T,Y (4.8.14)
is considered as a vector valued function.)

Thus, q is a center of mass of u if

/equ_l(y)d,u(y) =0. (4.8.15)

Proof. (4.8.14) follows from (4.6.4). Thus, F is differentiable, and a minimizer

has to satisfy grad F(p) =0, i.e. (4.8.15). O
We now use the nonpositive curvature of Y in an essential manner:

Lemma 4.8.5 )
Fo) =5 [ ®p.0)du(y

s a strictly convex function of p.
Proof. From Lemma 4.8.2 by integration, because p is nonnegative. |
We deduce

Theorem 4.8.4 There exists a unique center of mass for u, i.e. a unique
q €Y with

/ d*(q,y)du(y) = inf / d*(p, y)du(y)

Proof. This follows from the strict convexity and the fact that F(p) is coer-
cive, i.e.
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F(pp) — co if d*(pn,po) — co for some fixed po

and a sequence (pn)neny C Y.

Remark. Up to this point, we have not used the normalization
p(Y)=1.

Thus, Theorem 4.8.4 holds for any nonnegative measure (provided the in-
fimum in (4.8.13) is finite, of course). This will be applied in § 8.4 below.
The subsequent estimates, however, will use this normalization; without that
normalization, additional factors will occur.

Lemma 4.8.6 Let g be the center of mass of u. Then for everyp € Y
d(p,q) < |lgrad F(p)| (4.8.16)

and for every v € T,)Y, ||V,grad F(q)|| > ||v]| (4.8.17)

Proof. Let 7 :[0,1] — Y be the geodesic from ¢ to p.
Thus,
17|l = d(p,q) for all t € [0,1].

We have

Cerad Fp). (1)) = [ (e, 0.4(1))duy)
—— [ | [ Stexwidyvitondt | duty)
0

- / (exp; 1, 4(0) du(y).

The last integral vanishes by (4.8.15), since g is the center of mass for p. By
the proof of Corollary 4.6.1, since Y has nonpositive curvature (and since
Da5(t)=0asyis geodesic)

d _ . .
Sl ViA@Y 2 K

Thus || grad F(p)|ld(p,q) > (grad F(p),¥(1)) > d(p,q)*> which implies
(4.8.16). (4.8.17) is the infinitesimal version of (4.8.16) (of course, (4.8.17)
can also be derived directly from the proof of Corollary 4.6.1). (]

Lemma 4.8.7 Let py, uo be two probability measures on Y, with centers of
mass qi, qe resp. Then
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d(q1,42) < / A2, )|y — dpa(y) (4.8.18)

Proof. By (4.8.16), with F;(p) = % [ d*(y,p)dui(y), for i = 1,2,
d(q1,q2) < || grad Fi(g2)||
<| / expg,' () dpa (y)|
— | [ earl)din — da)()] - since grad Fa(a) = 0.
We use |exp,' y| = d(g2,y) to get (4.8.18). a
We now consider the situation where

/‘L = f*yv

for some measurable map f: A — Y for a set A with a probability measure
v.
Then

/d2(q,y)du(y) = /dQ(q,f(x))dV(x). (4.8.19)

For the moment, v will be fixed, and so we shall call a minimizer a center of
mass for the map f.

Lemma 4.8.8 Let f1, fo: A — Y be measurable maps with centers of mass
q1,q2, resp. Then

d(q1,q2) < /d(fl(a:),fg(:c)) dv(x) (4.8.20)

Proof. By Lemma 4.8.6 and (4.8.14)

d(g1.02) < \ [ et o) avta)

’ / (expy,’ f1(x) — expy! fa(x)) dv ()

because ¢, is the center of mass for fo

< / A1 (), fo(x)) dv(x),

because the exponential map into a space of nonpositive curvature is distance
nondecreasing by Corollary 4.8.1. 0
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Corollary 4.8.6 Let f: A — Y be measurable with center of mass q. Then,
forall x € A,

d(f(z),q) < / d(f(x), £() dv(y) (4.8.21)

Proof. We consider the map f;(y) = f(y) and the constant map f2(y) = f(z),
for all y € A; the former has center of mass ¢, the latter center of mass f(x).
We apply (4.8.20). O

The next result will be applied in § 8.9 below only:

Corollary 4.8.7 Let f1: (A1,v1) — Y, fo: (A2, 10) — Y be measurable maps
from probability measure spaces into Y .

Let qq, g2 be the corresponding centers of mass.

Let ¢ : (A1,v1) — (Aa,v2) be measurable, with fo = f1 o .

Then

dlana0) < [ d(fi(a). Lo o@) a0 (4.8.22)
+ / d(fa(2), 42)|dvs — udin|(2).

Proof. Let ¢}, be the center of mass for fa 0@ w.r.t. v;.
By Lemma 4.8.8

A, ) < / d(f1(2), f2 0 o)) dvn ().

By Lemma 4.8.7, since ¢4 is the center of mass for fo w.r.t. @,

A, ) < / A(fo(2), 42)|dve — podin|(z).
O

We now turn to the smoothing or mollification of maps with values in
spaces of nonpositive curvature; this generalizes the standard construction
for functions (”Friedrichs mollification”).

We consider any C§° function

p:R—-R
with p(s) > 0 for all s and p(s) = 0 for |s| > 1, for example

1
_Jexp for |s| < 1
pls) {O for |s| > 1.
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Given a ball B(z,h) C M in some Riemannian manifold M, with 0 < h <
injectivity radius of M at x, we put

p (@)
S e (4520) dz (4.8.23)

Here, d(z,y) is the distance from = to y € B(z,h) w.r.t. the Riemannian
metric of M.

To simplify the presentation, and in particular to eliminate an additional
dependence on z, here, we do not work with the Riemannian volume form on
B(z, h) but rather with the Euclidean one, dz, induced via the exponential
map exp, : T, M — M. Because of the denominator in (4.8.23),

pz.n(y) =

Pan(y) dy

defines a probability measure on B(x,h) (which we may extend by 0 to the
rest of M).

Definition 4.8.2 Given a map
f:M — N,
N a Riemannian manifold of nonpositive sectional curvature

its mollification with parameter h ( < injectivity radius of M) is defined by

fr(z) := center of mass of f w.r.t. the measure

pen() dy on Bz, h)

Thus, fx(x) is the unique minimizer of

5 [ UEDral

B(wh

Here, we do not need to assume that N is simply connected because on the
simply connected ball, we can lift f to a map f : B(z,h) — N into the
universal cover of N, apply the center of mass construction there and project
back to N.

Lemma 4.8.9 If f is locally integrable, then fr : M — N is continuous for
h > 0.

Proof. Let x1,x9 € M; we denote the above measures defined by pp on the
balls B(x1,h), B(xa2,h) by v1 and vg, resp. By Lemma 4.8.7

A fu(r), fu(a2)) < / A(F(@), fu(wa))ldvr — din](z),
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and the difference measure dvy; — dvs goes to 0 if the distance between x; and
Z2 goes to 0. (]

In fact, f5 is even smooth for h > 0. To see this, recall that f(z) as a
center of mass is characterized by (4.8.15), i.e.

grad F(fu(e)) = = [ expyl, (F(2)pnn(2)dz =0
B(z,h)

Thus, in order to compute the derivative of f w.r.t. z, by the implicit func-
tion theorem, we must show that the derivative of grad F(p) w.r.t. p is non
Z€ero.

This, however, follows from (4.8.17).

Theorem 4.8.5 Let f : M — N be locally integrable. Then, for 0 < h <
injectivity radius of M, the mollification fn of f is smooth.

Proof. We have just seen how the first derivative of f; w.r.t. z € M can be
computed from the implicit function theorem. Because of the smoothness of
pz.n(z) w.r.t. x, higher derivatives then also exist. O

Lemma 4.8.10 Let f be continuous at © € M. Then
lim fi () = /() (1.824)

If f is uniformly continuous, then it is the uniform limit of the maps fy, for
h — 0.

Proof. Since f is continuous at x, given € > 0, we may find é > 0 such that

f(B(z,9)) € B(f(z),e).

Because the ball B(f(z),¢) is convex, therefore also

fu(x) € B(f(2),¢)

for 0 < h < . This implies (4.8.24). The remaining statement also follows
from these considerations.

We close this § with some constructions and results about the asymptotic
geometry of complete simply connected Riemannian manifolds of nonpositive
sectional curvature. Let Y be such a manifold for the rest of this §.

Definition 4.8.1 Two geodesic rays c1(t),c2(t)(t > 0) in Y (i.e. ¢1,¢9 :
[0,00) — Y) parametrized by arc length are called asymptotic if there exists
k € R with

d(er(t), ea(t)) <k
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for all ¢ > 0. This defines an equivalence relation on the space of geodesic
rays parametrized by arc length, and the set of equivalence classes is denoted
by Y (00). (Y(o0) is sometimes called the sphere at infinity of Y.)

Ezample. In Euclidean space, two geodesic rays, i.e. straight half lines, are
equivalent iff they are parallel.

Lemma 4.8.11 For each pairp € Y,z € Y (00), there exists a unique geodesic
Tay ¢ = cpy parametrized by arc length in the equivalence class defined by x
with ¢(0) = p.

Proof. Existence: Let ¢y be a geodesic ray representing x. For n € N, let ¢, (¢)
be the geodesic arc from p = ¢,(0) to co(n), parametrized by arc length as
usual, t, := d(p,co(n)), i.e. cn(tn) = co(n), and vy, := %cn(t)“:() € T,,Y the
tangent vector to ¢, at p. Since ¢,, is parametrized by arc length, v,, has length
1, hence converges towards some v € T,,Y after selecting a subsequence. We
put

c(t) = exp, tv,t > 0.

Because of the convexity of d?(co(t), cn(t)) (Theorem 4.8.2), for 0 <t < t,

d*(cn(t), co(t)) < max(d?(c,(0),co(0)), d*(cn(tn), co(tn))). (4.8.25)
We have
tn = d(cn(0),cn(ty)), since ¢, ist parametrized by arc length

d
< d(cn(0),¢0(0)) + d(co(0),co(n)) since co(n) = cn(tn)
d

hence altogether
d(co(tn), co(n)) = n — t,| < d(p, co(0)).
This implies in conjunction with (4.8.25) for 0 <t <,

d(en(t), co(t)) < max(d(p, ¢o(0)), d(co(n), co(tn)))
= d(p, ¢(0))-

For n — oo, we therefore also get

d(ce(t), co(t)) < d(p,co(0)). (4.8.26)
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(4.8.26) means that ¢y and ¢ are asymptotic. This proves the existence of
=c

Cpx =

Uniqueness: Let ¢1,co be rays asymptotic to ¢y with ¢1(0) = p = ¢2(0).
Then for all t > 0
d?(c1(t), ca(t)) < const.

Since d?(cy(t), c2(t)) ist convex in ¢ by Theorem 4.8.2 and vanishes for ¢ = 0,
it vanishes identically, hence ¢ () = c2(t), proving uniqueness. O

Lemma 4.8.11 implies that for each p,Y (co) can be identified with the
unit sphere S,Y := {v € T,Y : ||v|| = 1} in T,Y. Namely, each unit tangent
vector uniquely determines an equivalence class of asymptotic geodesic rays.
It is also not difficult to realize that the topology on Y (co) defined through
this identification is independent of the choice of p. We thus obtain a natural
topology on Y =Y U Y (c0), the so-called cone topology. Y thus becomes a
compact space. We call v € T,,Y,w € T,Y asymptotic if the geodesic rays
exp,, tv, exp,, tw(t > 0) are asymptotic.

Since any isometry of Y maps geodesics onto geodesics and classes of
asymptotic geodesic rays onto classes of asymptotic geodesic rays, each iso-
metry of Y induces an operation on Y (cc), hence on Y, too.

Perspectives. Corollary 4.8.1 goes back to the work of von Mangoldt, Hadamard,
and E. Cartan.

The center of mass has been likewise instroduced by E. Cartan. The construc-
tions and applications presented here are due to Karcher[154]. In fact, Karcher’s
constructions are more general than presented here and also apply to the case where
the manifold can have positive curvature. Then, however, one has to work with local
constructions, and one needs to assume that the measures are supported in some
convex ball, more precisely in a ball of a radius that is smaller than min (injectivity
radius, 7/2v/k), £ > 0 being an upper bound for the sectional curvature. Inspite of
this restriction, of course the mollifications are quite useful, for example for creating
or investigating Lipschitz maps.

More generally, using triangle comparison properties as in this §, one can also
introduce and investigate metric spaces with any upper and/or lower curvature
bounds. For a general treatment, we refer to [15].

The theory of spaces with lower curvature bounds in the sense of Alexandrov
has been systematically developed by Yu. Burago, M. Gromov, G. Perel’'man[33].

Spaces with both upper and lower curvature bounds naturally arise as limits of
Riemannian manifolds with those same curvature bounds, as will be discussed in
the following Survey.

Theorem 4.8.3 is a special case of a result of Y. G. Reshetnyak[205]. The proof
given here is taken from [137].

If X is a complete, simply connected Riemannian manifold of nonpositive cur-
vature, then by Theorem 4.8.2 the squared distance between any two geodesics is a
convex function of the arclength parameter. One may then abstract this property
and call a complete metric space (Y, d) that is a geodesic length space, i.e. for which
any two points can be joined by a length minimizing curve - such curves then again
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are called geodesics - a metric space of nonpositive curvature if that convexity prop-
erty holds. These spaces have been named after Busemann as he was the first to
systematically investigate this property. A stronger property - which is still satisfied
by all complete, simply connected Riemannian manifolds of nonpositive curvature
as shown in Lemma 4.8.3 - is the one introduced by Alexandrov that the distances
between any two points on a geodesic triangle are always less than or equal to the
ones in a Euclidean triangle with the same side lengths. In fact, in the Riemannian
case, both Busemann’s and Alexandrov’s property are equivalent to nonpositive
sectional curvature. In the context of metric spaces, however, Busemann’s property
is more general. A reference for these theories is [137]. For applications of these
concepts, see the Perspectives on § 8.10.

The compactification Y =Y U Y (00) of a complete simply connected Rieman-
nian manifold of nonpositive curvature, sometimes called a Hadamard manifold,
through asymptotic equivalence classes of geodesic rays is due to Eberlein and
O’Neill[66].

Anticipating some of the Perspectives for Chapter 8, the following monographs
explore the geometry of nonpositive curvature: [12], [11], [64].

Exercises for Chapter 4

1) Let My, M5 be submanifolds of the Riemannian manifold M. Let the
curve ¢ : [a,b] — M satisfy c(a) € My, c(b) € Ms. A variation c :
[a,b] x (—e,&) — M is called variation of ¢(t) w.r.t. My, My if ¢(a, s) €
My, c(b,s) € My for all s € (—¢,¢).
What are the conditions for ¢ to be an extremal of L or E w.r.t. such
variations?
Compute the second variation of E for such an extremal and express
the boundary terms by the second fundamental forms of M; and Ms.

2)  Let M be a submanifold of the Riemannian manifold N, ¢ : [a,b] — N
geodesic with c(a) € M, é(a) € (TuyM)™. For 7 € (a,b], ¢(7) is called
a focal point of M along c if there exists a nontrivial Jacobi field X
along ¢ with X (a) € Teq)M, X (1) = 0.

Show:

a: If M has no focal point along ¢, then for each 7 € (a,b), c is
the unique shortest connection to ¢(7) when compared with all
sufficiently close curves with initial point on M.

b: Beyond a focal point, a geodesic is no longer the shortest con-

nection to M.

3)  LetS"1l:={(z,...,2",0) € R"" Yziz® = 1} C S™ be the equator
sphere. Determine all focal points of S”~! in S™, and also all focal
points of S™ in R*t1,
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10)

11)

12)

4. Geodesics and Jacobi Fields

Let p, g be relatively prime integers. We represent S° as
S% = {(21,29) €C%: |21 + |20)* = 1}

Z, operates on S? via

2mim 2mimp

(z1,22) — (z1e @ ,z9e” @ ) (0<m<qg-—1).

Show that this operation is isometric and free. The quotient L(g,p) :=
S3/Z, is a so-called lens space. Compute its curvature and diameter.

Show that any compact odd-dimensional Riemannian manifold with
positive sectional curvature is orientable. (Hint: Use the argument of
the proof of Synge’s theorem 4.1.2)

Show that the real projective space RP™ (cf. exercise 3 of Chapter
1) is orientable for odd n and nonorientable for even n. (Hint: Use
Synge’s theorem 4.1.2 and the preceding exercise)

Show that Synge’s theorem does not hold in odd dimensions. (Hint:
Use the preceding exercise or exercise 4 to give a counterexample)

Try to generalize the theory of Jacobi fields to other variational prob-
lems.

Here is a more difficult exercise:
Compute the second variation of volume for a minimal submanifold
of a Riemannian manifold.

Give examples to show that a curve c(t) = exp,, tv as in Corollary 4.2.4
need not be the shortest connection of its endpoints. (Hint: Consider
for example a flat torus.)

Let ¢ : [0,00) — S™ be a geodesic parametrized by arc length. For
t > 0, compute the dimension of the space J! of Jacobi fields X
along ¢ with X (0) = 0 = X (¢). Use the Morse index theorem 4.3.2 to
compute the indices and nullities of geodesics on S™.

Show that if under the assumptions of Theorem 4.5.1 we have equality
in (4.5.6) for some ¢t with 0 < ¢ < 7, then the sectional curvature of the
plane spanned by ¢(s) and J(s) is equal to p for all s with 0 < s <'¢.
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Let p € M,n =dim M,r(z) = d(z,p),

r?(z)
at

).

1
w(z,t) := e exp(—

In the Euclidean case, w(x,t) is fundamental solution of the heat
operator, i.e. for (z,t) # (p,0)

(% + MAw(x,t) =0.

Under the assumptions of Lemma 4.7.1, derive the estimate

0 o172 (2)
|(§ + Aw(z,t)] <24 Tw(m,t)

for (x,t) # (p,0).



A Short Survey on Curvature and Topology

We have now covered half of the chapters of the present textbook and the
more elementary aspects of the subject. Before penetrating into more ad-
vanced topics, a short survey on some directions of global Riemannian geom-
etry may be a useful orientation guide. Because of the size and scope of the
present book, this survey needs to be selective.

A basic question, formulated in particular by H. Hopf, is to what extent
the existence of a Riemannian metric with particular curvature properties
restricts the topology of the underlying differentiable manifold.

The classical example is the
Gauss-Bonnet Theorem. Let M be a compact oriented, two-dimensional
Riemannian manifold with curvature K. Then its Fuler characteristic is de-
termined by

1
x(M) = %/K dvol M.
M

We have also seen some higher dimensional examples already, namely
the Theorem 4.1.2 of Synge on manifolds with positive sectional curvature,
the Theorem 3.5.1 of Bochner and the Bonnet-Myers Theorem (Corollary
4.3.1) on manifolds of positive Ricci curvature. We have already seen a result
for nonpositive sectional curvature, namely the Hadamard-Cartan Theorem
(Corollary 4.8.1) that a simply-connected, complete manifold of nonpositive
sectional curvature is diffeomorphic to some R”, and in Chapter 8, we shall
prove the Preissmann Theorem (Corollary 8.10.2) that any abelian subgroup
of the fundamental group of a compact manifold of negative sectional curva-
ture is infinite cyclic, i.e. isomorphic to Z. In order to put these results in a
better perspective, we want to discuss the known implications of curvature
properties for the topology more systematically.

We start with the implications of positive sectional curvature. Here, we
have the

Sphere Theorem. Let M be a compact, simply connected Riemannian man-
ifold whose sectional curvature K satisfies

1
0<ZI‘€<K§I€
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for some fized number k. Then M is homeomorphic to the sphere S™ (n =
dim M).

This was shown by Berger[16] and Klingenberg[157].

The pinching number i is optimal in even dimensions > 4, because CP™
(see § 5.1) is simply connected, has sectional curvature between i and 1 for
its Fubini-Study metric and is not homeomorphic to $?™ for m > 1. In odd
dimensions, the pinching number can be decreased below i, as shown by
Abresch and Meyer[2, 3], but the optimal value of the pinching constant is
unknown at present.

For n = 2 or 3, the conclusion is valid already if M has positive sectional
curvature. For n = 2, this follows from the Gauss-Bonnet Theorem. For
n = 3, Hamilton[109] showed that any simply connected compact manifold of
positive Ricci curvature is diffeomorphic to S3. Hamilton studied the so-called
Ricci flow, i.e. he considered the evolution problem for a time dependent
family of metrics g;; on M with Ricci curvature R;;.

0 2
Egij(%t) = gT(t)gz‘j(f&t) — 2R;;(z, 1),
with initial metric g;(x,0) = gf;(x) where

_ J R(z,t)dvol(g(-, 1))
J dvol(g(-,t))

is the average of the scalar curvature of the metric g;;(-,t). He showed that if
g?j is a metric with positive Ricci curvature on a compact 3-manifold, then a
solution of this evolution problem exists for all time, the Ricci curvature stays
positive for all ¢, and as ¢t — o0, g;;(-,t) converges to a metric of constant
(positive) sectional curvature.

This method has since become important in Riemannian geometry, al-
though in general without suitable curvature assumptions on the initial met-
ric, singularities will develop in finite time. the analysis was carried further in
[110]. Recently, these singularities have been understood in complete detail
by Perel’man, with profound implications for the structure and classification
of 3-manifolds, see [196, 198, 197].

It is not known whether M as in the sphere theorem is diffeomorphic
instead of just homeomorphic to S™. In other words, one has to exclude that
exotic spheres carry i—pinched metrics. This so far has only been achieved
for certain pinching numbers greater than %; for a sample of results see e.g.
[121], [207], [123], [235].

It is not even known whether some exotic spheres can carry a metric of
positive sectional curvature. Also, the problem of H. Hopf whether 52 x S?
can carry a metric of positive sectional curvature is unsolved. The essential
question is to understand compact, simply connected Riemannian manifolds
of positive sectional curvature. Only very few examples of such manifolds are
known. In fact, besides the general series of compact rank one symmetric

r(t)
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spaces (spheres, complex projective spaces (see § 5.1 below) in all even di-
mensions, quaternionic projective spaces in all dimensions that are multiples
of 4, and the Cayley projective plane in dimension 16), one only knows the
family of Allof-Wallach spaces in dimension 7 and the isolated examples of
Eschenburg and Bazaikin.

In recent years, however, the first indications of a general structure theory
seem to emerge, in the work of Petrunin, Tuschmann, Rong, Fang [202],
[203], [72]. For a comprehensive treatment, see [249]. Essential points of this
approach are that one studies the more general class of Alexandrov spaces of
positive curvature which allows to study sequences of positively curved spaces
and use compactness arguments by the result of Nikolaev quoted below, and
in particular to utilize collapsing techniques and that the réle of the second
homotopy group becomes more prominent in determining the topological
possibilities of positively curved spaces. (So, one might speculate that the
theory of minimal 2-spheres developed in § 8.3 might furnish useful tools for
understanding the topology of positively curved spaces.)

We also mention that Wilking[255] showed that in general, a metric of
positive curvature outside a finite number of points on a compact manifold
cannot be deformed into a metric of positive curvature everywhere.

For positive Ricci curvature, we have already exhibited some results. An
important generalization of these results is Gromov’s

First Betti Number Theorem. Let M be a compact Riemannian manifold
of dimension n, with diameter < D and Ricci curvature > X (i.e. (R;; —
Agij)ij 1S a positive semidefinite tensor). Then the first Betti number satisfies

bi(M) < f(n, A, D)
with an explicit function f(n, A, D)
(f(n,(),D):n, f(nv)‘vD):O fO’f‘)\>0)

See [98, 101].

Finally, it has been determined which simply connected manifolds admit
metrics of positive scalar curvature and which ones don’t, in the work of
Schoen and Yau[218], Gromov and Lawson[102] and S. Stolz[232].

In the non simply-connected case, also restrictions for positive scalar cur-
vature are known. For example, for dimension < 7, a torus cannot admit a
metric of positive scalar curvature, see Schoen and Yau[217]. Such a result
for any n and other restrictions on metrics of positive scalar curvature were
given by Gromov and Lawson[103].

The preceding results all apply to compact manifolds. For noncompact
manifolds, let us only quote the
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Splitting Theorem. The universal covering M of a compact Riemannian
manifold with nonnegative Ricci curvature splits isometrically as a product
M = N xRF 0 <k <dim M, where N is a compact manifold.

See Cheeger and Gromoll[43].

For a more detailed survey of manifolds of nonnegative curvature, we refer
to the survey article [95].

For manifolds of negative or nonpositive sectional curvature, much more
is known than for those of positive curvature. Some discussion can be found
in the Perspectives on 8.10. We also refer to the survey article [65].

Lohkamp([170, 171] proved that any differentiable manifold of dimension
> 3 admits a complete metric of negative Ricci curvature. As a consequence,
negative Ricci curvature does not imply any topological restrictions.

Riemannian manifolds of vanishing sectional curvature are called flat. The
compact ones are classified by the

Bieberbach Theorem. Let M be a compact flat Riemannian manifold of
dimension n. Then its fundamental group contains a free abelian normal sub-
group of rank n and finite index. Thus, M is a finite quotient of a flat torus.

In analogy to the sphere theorem, one may ask about the structure of
Riemannian manifolds that are almost flat in the sense that their curvature
is close to zero. Since the curvature of a Riemannian metric may always be
made arbitrarily small by rescaling the metric, the appropriate curvature
condition has to be more carefully formulated in a scaling invariant manner.
Let us look at the typical example:

We consider the nilpotent Lie group H of upper triangular matrices with
1’s on the diagonal. Its Lie algebra is

0 aij
b:{A: :aijER,1§i<j§n}.
0 0

On b, we may introduce a family of scalar products via

A2 = 2 afq®0 ™"
1<J

for ¢ > 0. These scalar products induce left invariant Riemannian metrics on
H whose curvature can be estimated as

1Rq(A, B)Cllq < 24(n — 2)? | Al[ZI BIZIICIIZ.

This bound is independent of ¢q. By a ¢g-independent rescaling, we may there-
fore assume that the sectional curvature satisfies | K| < 1. We let H(Z) be the
subgroup of H with integer entries, and one may thus construct left invariant
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metrics on H which induce on the quotient H/H(Z) metrics with |K| <1
and diam < e, for every ¢ > 0, simply by choosing ¢ sufficiently small.

Conversely,

Theorem. For every n, there exists e(n) > 0 with the property that any
compact n-dimensional Riemannian manifold M with

|K| (diam)? < e(n)

is diffeomorphic to a finite quotient of a nilmanifold. (A nilmanifold is by
definition a compact homogeneous space of a nilpotent Lie group.)

This is due to Gromov, see [34] for an exposition, and for the refinement
that M as above is actually an infranilmanifold by Ruh[206].

In order to place this result in a broader context, we introduce the notions
of convergence and collapse of manifolds. For compact subsets Ay, As of a
metric space Z, we define

d%(Ay, Ay) :==1inf{r: A; C zeUA2 B(z,r), AsC meUAl B(x,r)}

where é(x,r) ={yeZ:dx,y) <r}.
For compact metric spaces X1, X, their Hausdorff distance is
da (X1, Xs) == i%f{dﬁ(i(Xl),j(Xg)),

where i: X1 — Z,j: Xo — Z are

isometries into a metric space Z }

This distance then defines the notion of Hausdorff convergence of compact
metric spaces. Let My be a compact differentiable manifold of dimension n.
We say that M, admits a collapse to a compact metric space X of lower
(Hausdorff) dimension than M if there exists a sequence (g;)jen of Rie-
mannian metrics with uniformly bounded curvature on Mj such that the
Riemannian manifolds (Mo, g;) as metric spaces converge to X. This phe-
nomenon has been introduced and studied by Cheeger, Gromov, and Fukaya
[44, 45], [82].

It is easy to see that any torus can collapse to a point; for this purpose,
one just rescales a given flat metric by a factor € and lets € — 0. The diameter
then shrinks to 0, while the curvature always remains 0. Berger showed that
S$3 admits a collapse onto S2. The construction is based on the Hopf fibration
7:8% — S§2 = CP! (see § 5.1), and one lets the fibers shrink to zero in length.

In this terminology the above theorem (as refined by Ruh) says that
those manifolds that can collapse to a point are precisely the infranilmani-
folds. More recently, it was shown by Tuschmann[248] that any manifold that
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admits a collapse onto some flat orbifold is homeomorphic to an infrasolv-
manifold and conversely, that any infrasolvmanifold also admits a sequence
of Riemannian metrics for which it collapses to a compact flat orbifold. Here,
an infrasolvmanifold is a certain type of quotient of a solvable Lie group.

We next mention the following result of Cheeger[41], with the improve-
ments by Peters[199].

Finiteness Theorem. For any n € N, A < 0o, D < oo,v > 0, the class
of compact differentiable manifolds of dimension n admitting a Riemannian

metric with
|K| < A, diam < D, Volume > v

consists of at most finitely many diffeomorphism types.

The lower positive uniform bound on volume prevents collapsing and is
necessary for this result to hold.

Diffeomorphism finiteness can however actually also be obtained if no
volume bounds are present and collapsing may take place.

This is demonstrated by the following recent finiteness theorem by Petrunin
and Tuschmann[203]. Instead of volume bounds this result only uses a merely
topological condition:

mo-Finiteness Theorem. For anyn € N, A < oo, and D < oo, the class of
compact simply connected differentiable manifolds of dimension n with finite
second homotopy group admitting a Riemannian metric with

|K| > A, diam <D

consists of at most finitely many diffeomorphism types.

Cheeger’s finiteness theorem was refined in the so-called Gromov conver-
gence theorem, which we are going to present in the form proved by Pe-
ters[200] and Greene and Wu[93].

Convergence Theorem. Let (M, g;)jen be a sequence of Riemannian man-
ifolds of dimension n satisfying the assumptions of the finiteness theorem
with A, D,v independent of j. Then a subsequence converges in the Haus-
dorff distance and (after applying suitable diffeomorphisms) also in the (much
stronger) C1® topology (for any 0 < o < 1) to a differentiable manifold with
a CY%-metric.

Such a family of manifolds is known to have a uniform lower bound on
their injectivity radius. The crucial ingredient in the proof then are the a-
priori estimates of Jost-Karcher for harmonic coordinates described in the
Perspectives on 8.10. Namely, these estimates imply convergence of subse-
quences of local coordinates on balls of fixed size, and the limits of these
coordinates then are coordinates for the limiting manifold.
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Nikolaev[193] showed that the Hausdorff limits of sequences of compact
n-dimensional Riemannian manifolds of uniformly bounded curvature and
diameter and with volume bounded away from 0 uniformly are precisely the
smooth compact n-manifolds with metrics of bounded curvature in the sense
of Alexandrov.

Let us conclude this short survey by listing some other textbooks on
Riemannian geometry that treat various selected topics of global differential
geometry and which complement the present book, Chavel[40], Cheeger and
Ebin[42], do Carmo [60], Gallot, Hulin and Lafontaine[83], Gromoll, Klingen-
berg and Meyer[96], Klingenberg[159], Petersen[201], Sakai[211].

Finally, we wish to mention the stimulating survey Berger[17].



5. Symmetric Spaces and Kahler Manifolds

5.1 Complex Projective Space

We consider the complex vector space C"*1. A complex linear subspace of
C™*! of complex dimension one is called a line. We define the complex pro-
jective space CP™ as the space of all lines in C"*!. Thus, CP" is the quotient
of C"*1\{0} by the equivalence relation

Z~W = INeC\{0}: W =)\Z

Namely, two points of C"*1\{0} are equivalent iff they are complex linearly
dependent, i.e. lie on the same line. The equivalence class of Z is denoted by
[Z] .
We also write
Z=(2°....,2")eCt!

and define '
U,:={[Z]): Z* # 0} C CP",

i.e. the space of all lines not contained in the complex hyperplane {Z? = 0}.
We then obtain a bijection
via 0 i—1 i+l
Z VARREA A
i ZO7...,Zn = Sty Ty T sy 5 )
2 ([ ]) (Zz i A ’ Zz)

CP"™ thus becomes a differentiable manifold, because the transition maps

pjop; LipiUinUy) ={z=(2',...,2") € C": 27 # 0} — ;(U; N Uj)

—1/.1 ny _ i i+l n
pjop; (27,...,2") =g;([z,...,2" 1,27, ..., 2"])
1 S it L=l i+l o
=\ g
(wlo.g. i <j)

are diffeomorphisms. They are even holomorphic; namely, with 2¥ = 2% +iy*

(i=+/—1) and
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0 1 0 .0

[ [ S

0zk 2 \ozk  OyF

o _1(o o
9zk T 2\ 0zk oYk

ﬁ@jogoi_l(zl,...,z"):() fork=1,...,n.

we have

Thus, CP™ is a complex manifold in the sense of Definition 1.1.5.
We consider the (n + 1)-tuple

(2°,...,2")
(satisfying the restriction that not all Z7 vanish identically)

as homogeneous coordinates [Z] = [ZY,..., Z"]. These are not coordinates
in the usual sense, because a point in a manifold of dimension n here is
described by (n + 1) complex numbers. The coordinates are defined only up
to multiplication with an arbitrary nonvanishing complex number A

[Z°,...,Z™] = [\Z°,...,\Z";

this fact is expressed by the adjective “homogeneous”. The coordinates
(21,...,2") defined by the charts ¢; are called Euclidean coordinates. The
vector space structure of C"*! induces an analogous structure on CP™ by
homogenization: Each linear inclusion C™*! c C"*! induces an inclusion
CP™ c CP". The image of such an inclusion is called a linear subspace. The
image of a hyperplane in C™*! is again called a hyperplane, and the image of
a twodimensional space C? is called a line.

Instead of considering CP™ as a quotient of C"*1\{0}, we may also view
it as a compactification of C™. One says that the hyperplane H at infinity is
added to C™; this means the following: The inclusion

(C’IL N CIED’VI
is given by
Then
CcP\C" = {[Z] =[0,Z%,...,2"]} =: H,

and H is a hyperplane CP"~ !,
It follows that

CP"=CruCP"!'=CcrucCc™tu...uc, (5.1.1)
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(disjoint union). Topologically, CP™ thus is the union of (n + 1) cells of real
dimension 0,2, ..., 2n. With the help of the Mayer-Vietoris sequence of coho-
mology theory?, we may easily compute the cohomology of CP" from (5.1.1).
In order to represent CP" as the union of two open sets as required for the
application of this sequence, we put

U:=C"V:={zeC":|z|| =272/ > 1} UCP"! (as in (5.1.1)).
Then V has CP"~! as a deformation retract (consider
re V= V,ry(2) =tz for z € C",ry(w) = w for w € CP"~*

and let ¢ run from 1 to co), and U NV is homotopically equivalent to the
unit sphere S2"~1 of C".

We now observe first that CP! is diffeomorphic to S2. It actually follows
already from (5.1.1) that the two spaces are homeomorphic. In order to see
that they are diffeomorphic, we recall that S? may be described via stereo-
graphic projection from the north and south pole by two charts with image

C and transition map
1

Z b —
z

(cf. 1.1). This, however, is nothing but the transition map
1
1, -1
L2 = [2,1]

of CP!.
In particular, H°(CP') = H?(CP!) = R, H!(CP') = 0. For the general
case, the relevant portion of the Mayer-Vietoris sequence is

HT1($?" 1Y) — HI(CP") — HY(C") @ HY(CP"') — HI(S*1). (5.1.2)
We now want to show by induction w.r.t. n that

q ny_ JR forg=20,2,...,2n
H(CP") = {0 otherwise

This is obvious for ¢ = 0. For 2 < ¢ < 2n — 1 we have HI~!}(S§?"~1) =
0,H?(C") = 0, and for ¢ = 2,...,2n — 2 we obtain from (5.1.2) that
H4(CP") = R since by inductive assumption H?(CP"~!) = R, while for
q=1,3,...,2n — 1, again by inductive assumption, H4(CP"~!) = 0, hence
also H1(CP") = 0. The case ¢ = 1 is similar. H?"(CP") = R again follows
from (5.1.2) or even more easily from Corollary 2.2.2.

Let us also show that CP™ can be considered as a quotient of the unit
sphere $2"*1 in C"*1. Namely, each line in C"*! intersects S?"*! in a circle

4 This sequence has been derived in the previous editions of this textbook, but for
the present edition, we are not including an introduction to cohomology theory
anymore as that can be readily found in standard textbooks on algebraic topology.
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S1, and we obtain the point of CP" defined by this line by identifying all
points on that circle.
The projection
T 52n+1 N CP”

is called the Hopf map. In particular, since CP! = S?, we obtain a map
7:8% - 52

with fiber S*.

The unitary group U(n + 1) operates on C™*! and transforms complex
subspaces into complex subspaces, in particular lines into lines. Therefore,
U(n + 1) also operates on CP™.

We now want to introduce a metric on CP". For this purpose, let

7 : C"*\{0} — CP"

be the standard projection, U C CP"*, Z : U — C"*'\{0} a lift of =, i.e. a
holomorphic map with 7o Z = id. We put

wi= %aélog 1212, (5.1.3)
putting for abbreviation
0 - 0 2
= — ZJ = —_— Zk
0 977 dz’,0 37 d

If Z': U — C"*1\{0} is another lift, we have
7' = o7,

where ¢ is a nowhere vanishing holomorphic function.
Hence

5001og |1 2'|[2 = 500(10g | Z]* + log  + log 7)

=w+ %((‘35 log p — d01log @) (cf. (5.1.10) below)
= w’

since 0log ¢ = 0 = Jlog @, because ¢ is holomorphic and nowhere vanishing.
Therefore, w does not depend on the choice of chart and thus defines a 2-form
on CP".

We want to represent w in local coordinates; for this purpose, let as above

Uo={[2°...,2"]: Z° £ 0},

since 2! = % on Uy, Z = (1,24,...,2") is a lift of m over Uy. Then
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w= %8510g(1 +2727)

_ig( )
2 14 2kzk

hence ‘ B - ‘ ~
" i fd2d A dzf 7 22k Aidzk (5.1.4)
1+ 2kzk (1+ 2¢2%)2
At [1,0,...,0] again
w= %dzj Adz) = da? Ady’. (5.1.5)

Thus, w is positive definite (in a sense to be made precise in Definition 5.1.1)
at the point [1,0,...,0]. Since w is invariant under the operation of U(n + 1)
on CP", it is therefore positive definite everywhere.

We want to generalize the object w just introduced in the following

Definition 5.1.1 Let M be a complex manifold with local coordinates z =
(2%,...,2™). A Hermitian metric on M is given by an expression of the form

hji(z)dz’ @ dzF

where h;z(2) depends smoothly (i.e. C*) on z and is positive definite and
Hermitian for every z.

The expression )

i

2

is called the Kdhler form of the Hermitian metric.

hj,;(z)dzj A d2*

That h;; is Hermitian means

hij = hy. (5.1.6)
We also put
hi; = hyg, hjr = 0 = hi. (5.1.7)
Let now
v:v-ji+05i wzwj—,—kwji—
0z 0z’ 0z 79
be tangent vectors (with complex coefficients) in z € M.
We put . i}
(v, wy := hj,;(z)vjwk + Ry ()7 wh. (5.1.8)

If v and w are tangent vectors with real coefficients, i.e.

v O gt O i O i O

o Dy’ Y o Dy
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with v*, w* € R,a =1,...,2n, then because of
o 0 n 0 a ; 0 0
0xi 021 9210 oyt \9Z 9
we have ) .
(v, 0) = hyp(07 + 07+ (wh — it )
+ @(vj — It (wk 4wk t)
= 2Re hj,;(vjwk 4 pd Tkt
+2Im hj,;(vjwar" — whyitm),
Consequently, each Hermitian metric induces a Riemannian one. This justifies
the name “Hermitian metric”.

Definition 5.1.2 A Hermitian metric hj,;dzj ®dzF is called a Kihler metric,
if for every z there exists a neighborhood U of z and a function F': U — R
with $h,zdz? A dz* = O0F. OOF then is called the Kdhler form.

The 2-form w from (5.1.3) defines a Ké&hler metric on CP”, called the
Fubini-Study metric.

This metric has many special properties. In particular, the operation of
U(n+1) on C**! induces an isometric operation of U(n+1) on CP" equipped
with this metric. This follows from (5.1.5) and the fact that || - || is invariant
under the operation of SO(2n + 2), hence in particular invariant under the
one of U(n + 1).

For a line L in C**! we may also consider the reflection at L, i.e.

S\L = ld7
SlLL =—id

s then induces an isometry o of CP" (equipped with the Fubini-Study metric)
with fixed point 7(L) and

do = —id : T ()CP" — T (1)CP".

In particular
0% =id.

Definition 5.1.3 A Riemannian manifold is called symmetric if for every
p € M there exists an isometry o, : M — M with

Jp(p) = pa
Do, (p) = —id (as a self map of T,M)

Such an isometry is also called an involution.
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Thus, CP", equipped with the Fubini-Study metric, is a symmetric space.

Thus, complex projective space carries two different structures: it is both
a Kéahler manifold and a symmetric space. The rest of this chapter is devoted
to an investigation of those structures.

5.2 Kahler Manifolds

In the preceding section, we have introduced complex projective space as
an example of a Kéhler manifold. There exist simpler examples. Namely, C¢
with its standard Euclidean metric is a Kéahler manifold with Kéhler form

w= %dzj Ad.

Also, any complex 1-dimensional manifold X, that is, any Riemann surface
(see 8.2) is automatically a Kéhler manifold since dw is a 3-form and therefore
vanishes on the real 2-dimensional manifold X.

Moreover, any complex submanifold N of a Kéhler manifold M is auto-
matically a Kdhler manifold itself; we simply need to restrict the local Kéhler
potential F' of M to N. Therefore, in particular, all complex projective man-
ifolds, that is, those that admit a holomorphic embedding into some complex
projective space, are Kahler manifolds. This makes Kéhler geometry a useful
tool in algebraic geometry.

In this section, we want to give a systematic introduction to Kéahler ge-
ometry. We start by recalling the rules from Lemma 1.5.4 for the calculus of
the operators 0 and 0:

d=0+0, (5.2.1)
00 =0, 00 =0, (5.2.2)
00 = —00. (5.2.3)

We can now state various equivalent versions of the Kéahler condition
i , Z _
W= ihj,;dz] A dz" = O0F, (5.2.4)

that is, that for every z, there exist some neighborhood U and some function
F' defined on U with this property.

Theorem 5.2.1 The following conditions are equivalent to a Hermitian man-
ifold M being Kdhler.

(i)
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dw = 0, (5.2.5)
i.e. the Kdhler form w is closed.
(ii)  In local (holomorphic) coordinates
Ohg; Ohy; ..
82”5 = 825 for alli,j, k (5.2.6)
or equivalently,
Oh;z;  Oh,;
ij il .o
5l 0a7 for alli,j,¢. (5.2.7)
(iti) At each zo € M, holomorphic normal coordinates can be introduced,
i.e.
ahi_‘ ahz_ L.
hi3(z0) = 0ij, 87]:(20) =0= 82‘? (20) for alli,j k..  (5.2.8)

In other words, we can find holomorphic coordinates near any zg,
which we then take the liberty to identify with 0, so that for z near 0

hij(2) = 055 + O(|2]*) (5.2.9).

The last condition expresses the essential content of the Kéhler condition,
namely the compatibility of the Riemannian and the complex structure. Con-
dition (i) has the advantage of expressing the Kéihler condition in a global,
coordinate invariant manner. This will make it particularly useful.

Proof. We first show that the Kéhler condition implies (i).

d(00F) = (0 + 0)(00F) = 000F — 000F =0 by (5.2.2), (5.2.3).

This yields (i). (ii) is the local coordinate version of (i). In turn, (i) implies
the Kéhler condition by the Frobenius theorem. Namely, since w is closed,
dw = 0, on each sufficiently small open set U, we can find a 1-form n with
dn = w. wis a (1,1)-form, and so, when we decompose the 1-form 7 into a
(1,0)- and a (0,1)-form, n = n'0 4+ %1 we have

w=dn=(0+09d)n= 0" +on"°

with -
o>t =0=on"".
From the last condition, on our sufficiently small U, we can then find s func-

tions a and (8 with B
™t =0a, 0"’ = -0p,

and so, keeping (5.2.3) in mind,
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w = 99(a + B).

Since w is real (0 = w), we may then also assume that the function F' := a+f
is real, and we have deduced the Kéhler condition from (i). It thus only
remains to show that (iii) is equivalent to the other conditions. It is clear
that (5.2.9) implies dw(zg) = 0, that is, (i). For the converse, we first achieve
by a linear change of coordinates that h;;(z0) = d;;. Thus,

w= %hjkdzj A dz:fc = %(5]'14: + ajklzl + ajk[zf)dzj A dZE.
Here, (5.1.6) implies that
Qg = Gkl (5.2.10)

and (i) yields
ikl = Aikj- (5.2.11)

We shall now make the linear terms disappear by the following change of
coordinates

2= — %aljkg’“gl. (5.2.12)
This yields
w :%(dgj — agrCdCh) A (AT — g™ dCT)
¥ (agud’ + aya)dg? AdcF 4 O(=P)
= LG A dCF + 02 P),
using (5.2.10), (5.2.11). This is (5.2.9). 0

In particular, the Kéahler form w, being closed, represents a (complex)
cohomology class, i.e. an element of H?(M) ® C.

Lemma 5.2.1 The Kdhler form p of a Kahler metric on a complex manifold
M with dime M = n satisfies

' =mnlx(1). (5.2.13)

Proof. (5.2.13) is a pointwise identity. Let p € M. Since a Hermitian form
can be diagonalized by a unitary transformation, we may assume that local
coordinates are chosen such that at p

0= %dzj Adz = da? Ady’.

Therefore,
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pw =nldzt Adyt Ada? Ady? AL A dz A dy™
=nlx* (1),

since dz', dy', dz?,dy?, ..., dx", dy" constitute a positive orthonormal basis
of Ty M. O

Corollary 5.2.1 The Kdihler form of a Kdhler metric on a compact manifold
represents a nontrivial cohomology class, and so does every p/,j =1,...,n.
Therefore, the cohomology groups H*(M), HY(M), ..., H*"(M) of a compact

Kahler manifold are nontrivial.

Proof. By Lemma 5.2.1

/m - n!/*(l) = nlvol(M) > 0.

M M
If we now had p/ = di for some j € {1,...,n}, then we would also have
/u” :/ujAu”’j :/dibAu”’j :/d(Wu”’j),
M M M M

since p is closed by Theorem 5.2.1
=0 by Stokes theorem.

This is a contradiction. O

Corollary 5.2.1 expresses an instance of the important fact that the exis-
tence of a Kahler metric yields nontrivial topological restrictions for a mani-
fold. We shall soon derive some deeper such results. Before doing that, how-
ever, we state some useful local formulae in Kéahler geometry.

For the inverse of the Hermitian metric (h;;), we use the convention
h¥ hys = b, (5.2.14)

(note the switch of indices). With h := det(h;;), the Laplace-Beltrami oper-
ator (2.1.12) becomes

10 = 0 - 02
A - — 7 - hh”i—_ == *h”f. 5215
h 0z* < 077 ) 0z2°027 ( )

This is most easily seen by using the coordinates given in (iii) of Theorem
5.2.1 and then observing that both expressions transform in the right manner
under coordinate transformations.

Similarly, we have for the Christoffel symbols of a Kéhler manifold

rk=nng,,  TE =1 R, (5.2.16)
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because of (5.1.6), (5.2.6), (5.2.7). All other Christoffel symbols, that is, all
those that contain both bared and unbared indices, vanish. Using this, the
formula (3.1.31), (3.3.6) for the Riemannian curvature tensor also simplifies
to become

0? = ( 0 0
Rog= ———h: —h"" [ —him | | =—h.; ). 5.2.17
RE T kgt (82k ) (azé j> ( )
Also,
Rijl_ci = Ry = 0. (5.2.18)
With the first Bianchi identity (3.3.8), and
Rz = —Rigj (5.2.19)
we then obtain
and analogously

The Ricci tensor (3.3.18) of a Kéhler metric is given by
Ry = h R, (5.2.22)
From (5.2.17), we then have a simple formula for the so-called Ricci form
Ryzdz* A d2' = —081log det(hy3). (5.2.23)
Finally, the scalar curvature of a Kéhler metric is
R = Alogdet(h;;). (5.2.24)

The Ricci form is closed by (5.2.1)—(5.2.3) and therefore defines a cohomology
class, the so-called first Chern class

c1(M) = %ngdzk A dzt (5.2.25)

which is independent of the choice of Kéhler metric. Namely, if hgj is another
Kéhler metric on M with Ricci class B! ;d2* A dz’ = —09log det(hz), then

det(h)’

(Rys — Rj;)d=" A d2f = —0dog (5.2.26)

and this is exact since % is a globally defined function independent of the
ij

choice of coordinates (this follows from the transformation formula (1.4.3)).

We recall from the end of 1.5 that on a complex manifold, the space of
(complex-valued) k-forms £2¥(M) admits a decomposition
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QN (M) = > QPM). (5.2.27)
pt+q=k
The elements of 2P:9 are called (p, q)-forms. 277 is generated by forms of

the type 4 ' . )
w(2)dz" AL NdZP NN N d2e (5.2.28)

We now use the Kahler form w to define
L: Pt — QPFhatl [in)y i =pAw (5.2.29)

and its adjoint w.r.t. the L2-product

(n,0) = /M nA*o (5.2.30)

(where the star-operator * introduced in 2.1 has been linearly extended from
the real to the complex case),

A=L*: QP r-Lat
For example, for 1 = n;zdz" A dz*, we have, recalling w = Lhpdzd A dz=*,
A(n) = —2ih7Fn;; (5.2.31)
Theorem 5.2.2 On a Kdhler manifold, we have the identities

[A,0] = —i0* (5.2.32)
[A,0] = i0*. (5.2.33)

([A, B] = AB — BA).

Proof. Since A is a real operator because w is real, each of these two identi-
ties implies the other by conjugation. We shall now verify (5.2.33). For this,
we shall use the Kéahler condition in an essential way. Namely, A being the
adjoint of the multiplication with the Kéhler form w, its operation involves
the Hermitian metric h;;, but no derivatives of it, see e.g. (5.2.31). Thus,
the commutator of A with the first derivative operator 0 involves at most
first derivatives of the Hermitian metric. By (iii) of Theorem 5.2.1, we may
assume that these first derivatives vanish at the point under consideration.
Therefore, we can neglect them and compute as on Euclidean space. Thus, we
only need to verify (5.2.33) on C%, and we proceed to do so. In fact, most of
the relevant formalism has been developed already in 1.8 and 2.1; we briefly
recall it here. We have the L2-product of k-forms

(a, B) = /(C ahxp. (5.2.34)

To see the pattern, we check that in the case d =1
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xdz = x(dx +idy) = dy — ide = —idz and
xdz = x(dx — idy) = dy + idx = idz,

as well as )
(1) = dz N dy = %dz/\dz. (5.2.35)

We let €; be the exterior product with %dzj,

1 .
gjoi= —=dz’ Nay,

V2

and similarly

1 -
o= —dz) Aa.

J NG
The factor % here is inserted because the Euclidean norm of dz7 = dx’ +idy?
%s % Thus, the L?-adjoint tj of ¢; is given by contraction with %dzj, that
is

Li(dz AL N dRTP A dz"" A LA dzzq)
{0 - ] i ()
(DA I2d20 A A dzin AL AN d2Te NdZB AL N dRY i G = G
We check this in a simple case — the general pattern will then be clear:

1
V2
=V2(dz', dz")
= (dz,11(dz" A dz2h)).

(e1dzt, dz' Adz') = (—=dz" Adzt,dzt A dzD)

Next, we either recall (1.8.19), (1.8.20) (where, however, a somewhat different
notation had been employed) or check directly that

€jlj + Lj€; = 1 (5236)

€jte +reej =0 forj # 4 (5.2.37)

ety + tge; = 0 for all j, £. (5.2.38)
Putting 0, := % and 05 := %, we then have

0= \/izajfj = \@Zejaj
J J
5 = \/izéjq = \/52635]
J J
8* = —\/525ij
J
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J* = —V2 Z 0ji3
J
L=1 Z €5€5
J
A= —3 Z Lty
J

Equipped with these formulae, it is now straightforward to complete the
proof:

A0 = —2\/52 Lite0j€;
7.0
=—iv2 Z OjtgLec;
.
= —Z\/i ZajbijEj —‘rzangLgEj
J J#L

— —z\/i — ZajLEEij + Zajbj — Zaj‘blﬂ?jbl
J J

A

= —’L\/i ZajGjbij +ZajL3+ZajEngbz
J J J#L
= —i\/izajejbgbg - Z\/iz djt;
Jit J

= 0A +i0".

Thus, we have shown the identity on C?, and the Kéhler condition then makes
this also valid on a general Kéhler manifold, as explained. O

In addition to the Laplacian
A=dd* +d"d, (5.2.39)
we can also build the operators

Ay := 00" + 9*9 and (5.2.40)
Ay = 00 + §*0. (5.2.41)

Theorem 5.2.3 On a Kahler manifold,
A =2A5 =2A;. (5.2.42)

Proof. From Theorem 5.2.2,
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=4(9[A,9] + [A,0]9)
= i(0AD — DOA + ADD — D.AD)
= i(0AD + DOA — ADD — DAD) by (5.2.3)
= —i(D[4,0] + [A,0]9)
— A, (5.2.43)

Next,
00" + 070 = —i(0(A0 — 0A) + (A0 — 0A)9) = 0, (5.2.44)
by Theorem 5.2.2 and (5.2.2). Finally, from (5.2.44) and (5.2.1), we easily get
A=Ay + Aj. (5.2.45)
The relations (5.2.43) and (5.2.45) yield (5.2.42). O

In 2.2, we had defined the cohomology groups H* (M) and identified them
with spaces of harmonic forms, that is, solutions of

Ap=0, (5.2.46)

see Theorem 2.2.1. From Theorem 5.2.3, we infer that the operator A pre-
serves the decomposition (1.5.7) which in fact is orthogonal w.r.t. the L2-
product,

F(M)= @ 2rrM), (5.2.47)
p+q=Fk
that is,
A OQPUM) — QP9(M). (5.2.48)

If we then define HP¢(M) := H*(M) N 2P9(M) (p + q = k) as the space
of harmonic forms of bidegree (p, ¢), we obtain the first part of the Hodge
decomposition theorem, while the second part follows from the fact that
A is a real operator and therefore, complex conjugation maps harmonic forms
to harmonic forms:

Corollary 5.2.2 For a compact Kdhler manifold M,

H*(M,C)= @ H"(M,C) (5.2.49)
pta=k
HPY(M,C) = H¥P(M,C) (complex conjugate). (5.2.50)

The kth Betti number of the compact manifold M (see Definition 2.2.1)
is given by
br(M) = dimcH* (M, C), (5.2.51)

and if we put
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hP9(M) = dime HP(M, C), (5.2.52)

we obtain

Corollary 5.2.3 For a compact Kdhler manifold M,

(M) = > h”9(M) (5.2.53)
p+q=Fk
and
hTP(M) = hP1(M), (5.2.54)
and consequently
bi,(M) is even for odd k. (5.2.55)

We have already seen a restriction on the topology of a compact Kéhler
manifold in Corollary 5.2.1. (5.2.55) is a deeper such restriction.

Perspectives. Kahler geometry started with the remarkable paper of Ké&hler[151]
that introduced the Kihler condition and derived all the basic formulae and the
perspectives for the subsequent development of the subject. A thorough discussion
of Kahler’s paper can be found in [27] and [153].
Some references that we have used in the present section are[251], [94] and [129].
Let us briefly mention some further aspects of Kéahler geometry. Metrics on
Kaéhler manifolds satisfying

R;; = ph;; for some constant u

are called Kahler-Einstein metrics.

Since the Ricci form represents a cohomology class c¢1 (M), there are necessary
conditions for the existence of a Kahler-Einstein metric with positive, negative
or vanishing p. Namely, c1(M) has to be representable by a positive or negative
cohomology class, or has to be cohomologous to 0, resp. For nonpositive u, these
conditions were also shown to be sufficient for the existence of a Kahler-Einstein
metric on a compact M in famous work of S.T. Yau[263] (the case of negative p
was also independently solved by Aubin, see the account in [9]).

The case of positive p is not yet completely solved. In that case, there exist
obstructions for the existence of K&hler-Einstein metrics. Existence results in cases
where these obstructions vanish were obtained by Tian[245], Tian and Yau[247],
Siu[226], Nadel[191]. Yau, Problem 65 in [264], conjecturally related the existence of
a Ké&hler-Einstein metric to stability properties in the sense of algebraic geometry
of the underlying manifold. Tian[246] developed the appropriate stability notion
and showed its necessity for the existence of a Kéahler-Einstein metric. He thus
disproved the conjecture that a compact Kéhler manifold with positive Chern class
always admits a Kéhler-Einstein metric if it has no nontrivial holomorphic vector
field (another condition that is known to be necessary).

As noted, every complex manifold with dim¢ M = 1, i.e. every Riemann surface
(see Definition 8.2.1), is K&hler since condition (i) above is trivially satisfied for any
Hermitian metric. Moreover, in that case, the Kahler-Einstein metrics are simply
the ones of constant curvature, and by the uniformization theorem, every Riemann
surface admits such a metric since its universal cover ((C,5'2 or the hyperbolic
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upper half-plane H = {z = z + iy,y > 0}) does; in the latter case, the metric is
y%(da[:2 + dy?), see also 4.4. Moreover, the metric is unique up to isometries.

If one studies the space of all compact Riemann surfaces of a given topological
type (Teichmiiller theory), it is then convenient to investigate the space of all metrics
of constant curvature on a given differentiable surface, because one can exploit
additional geometric information. In a similar vein, the aforementioned results of
S.T. Yau have found important applications in the classification of Kahler manifolds
and algebraic varieties.

A certain class of Kahler manifolds, the so-called special Kahler manifolds (see
[78]), has become important in string theory.

5.3 The Geometry of Symmetric Spaces

Besides CP™, we have already seen other examples of symmetric spaces:
° R?, equipped with the Euclidean metric, i.e. d-dimensional Euclidean
space E4. The involution at p € E? is the map o,(z) = 2p — .

° the sphere S : Since its isometry group operates transitively on S,
it suffices to display an involution o at the north pole (1,0,...,0);
such an involution is given by

o(zt, ...z = (2!, —2?, ..., —2dTh)
in the usual coordinates.
° hyperbolic space H¢ from 4.4. Again, the isometry group operates

transitively, and it suffices to consider the point (1,0,...,0) (in the
notations from 4.4), the isometry here is

In the sequel, V will always denote the Levi-Civita connection.

Lemma 5.3.1 An involution o, : M — M of a symmetric space reverses the
geodesics through p. Thus, if ¢ : (—e,e) — M is geodesic with ¢(0) = p (as
always parametrized proportionally to arc length), then opc(t) = c(—t).

Proof. As an isometry, o, maps geodesics to geodesics. If ¢ is a geodesic
through p (with ¢(0) = p), then

Do,é(0) = —é(0).

The claim follows since a geodesic is uniquely determined by its initial point
and initial direction (cf. Theorem 1.4.2). O

Lemma 5.3.2 Let ¢ be a geodesic in the symmetric space M, ¢(0) = p,c(7) =
q. Then
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040 (c(t)) = c(t + 27) (5.3.1)

(for all t, for which c(t) and c(t + 27) are defined). For v € T.4)M,
Do Day(v) € T,t42-)M is the vector at c(t + 27) obtained by parallel trans-
port of v along c.

Proof. Let é(t) :=c(t + 7). ¢ then is geodesic with ¢(0) = ¢. It follows that

040p(c(t)) = 04(c(—t)) by Lemma 5.3.1
= oq(e(—t—7))
=c(t+7)
= c(t + 27).
Let v € T,M and let V be the parallel vector field along ¢ with V(p) =

Since o, is an isometry, Do,V is likewise parallel. Moreover, Do,V (p)
—V(p). Hence

s

DapV(e(t)) = =V(e(=1)),
Doy o DopV(c(t)) = V(c(t +27)) as before. O

Corollary 5.3.1 A symmetric space is geodesically complete, i.e. each geodesic
can be indefinitely extended in both directions, i.e. may be defined on all of
R.

Proof. (5.3.1) implies that geodesics can be indefinitely extended. One simply
uses the left hand side of (5.3.1) to define the right hand side. O

The Hopf-Rinow Theorem 1.4.8 implies

Corollary 5.3.2 In a symmetric space, any two points can be connected by
a geodesic. O

By Lemma 5.3.1, the operation of o, on geodesics through p is given by a
reversal of the direction. Since by Corollary 5.3.2, any point can be connected
with p by a geodesic, we conclude

Corollary 5.3.3 o, is uniquely determined. O

Definition 5.3.1 Let M be a symmetric space, ¢ : R — M a geodesic. The
translation along ¢ by the amount t € R is

Tt — Uc(t/Q) e} Uc(O)~

By Lemma 5.3.2, 7; thus maps c(s) onto c¢(s + t), and D7, is parallel
transport along ¢ from c(s) to ¢(s + t).
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Remark. 7, is an isometry defined on all of M. 7 = 7, maps the geodesic ¢
onto itself. The operation of 7 on geodesics other than c¢ in general is quite
different, and in fact 7 need not map any other geodesic onto itself. One may
see this for M = S™.

Convention For the rest of this paragraph, M will be a symmetric

space. G denotes the isometry group of M. Gy is the following subset of G :
Go :={g: for t € R, where s — g;
is a group homomorphism from R to G },

i.e. the union of all one-parameter subgroups of G. (It may be shown that
Gy is a subgroup of G.)

Examples of such one-parameter subgroups are given by the families of
translations (7¢);cr along geodesic lines.

Theorem 5.3.1 G operates transitively on M.

Proof. By Corollary 5.3.2, any two points p,q € M can be connected by a
geodesic ¢; let p = ¢(0),q = ¢(s). If (7)ter is the family of translations along
¢, then

q = T7s(p)-
We thus have found an isometry from G that maps p to g. O

Definition 5.3.2 A Riemannian manifold with a transitive group of isome-
tries is called homogeneous.

Theorem 5.3.2 The curvature tensor R of M is parallel, VR = 0.
Proof. Let ¢ be a geodesic, and let X, Y, Z, W be parallel vector fields along
¢, p=c(to),q = c(to+t). Then ¢ = ¢(p) and

(R(X(q),Y () Z(q), W(q)) = (R(dr: X (p), drY (p))dr: Z(p), dT: W (p))
by Lemma 5.3.2

(R(X(p), Y (p)Z(p), W(p))
since 7; is an isometry.

Let now v := ¢(tg). The preceding relation gives
v(R(X,Y)Z, W) =0,
and since X,Y, Z, W are parallel,
(V,R)Y(X,Y)Z,W) =0.

Since V, R like R is a tensor, (V,R)(X,Y)Z depends only on the values of
X,Y, Z at p. Since this holds for all ¢, X, Y, Z, W we get VR = 0. O
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Definition 5.3.3 A complete Riemannian manifold with VR = 0 is called
locally symmetric.

Remark. One can show that for each locally symmetric space N there exist
a simply connected symmetric space M and a group I operating on M
discretely, without fixed points, and isometrically, such that

N = M/T. (5.3.2)

Conversely, it is clear that such a space is locally symmetric. Examples are
given by compact Riemann surfaces of genus g > 2 which may be realized as
quotients of the hyperbolic plane H2. Let us also introduce different examples,
the so called lens spaces:

We consider S2 as unit sphere in C? :
S ={(z4,2%) e C?: 212 + 24?2 = 1}
On S3, we then have an isometric action of the torus S! x S, namely
(2, 2%) (ei‘Plzl,ei“’2z2) for 0 < ¢!, p? < 27

Let now p, ¢ € N be relatively prime with 1 < p < gq.
Let Z4 be the cyclic group of order g. We then obtain a homomorphism

Zy— S' xSt

r— (627”,7‘/(17 627mpr/q).

Thus, Z, operates isometrically on S3. Since p and ¢ are relatively prime,
this operation has no fixed points, and the lens space

L(Qap) = SS/ZQ

is a manifold.

Actually, L(2,1) is not only locally symmetric, but symmetric. More pre-
cisely, L(2,1) is the three dimensional real projective space.

For g > 2, however, the lens spaces are not symmetric. For example, the
involution at p = (1,0) € S? is given by

ap(zl, 22) = (zi7 —22)

(in our complex notation) (recall the definition of S at the beginning of this
paragraph). o, therefore does not commute with the Z, action. Therefore,
the involution o, does not carry over to L(g,p). Since on the other hand
each involution is already determined by its operation on the tangent space
and since an involution would have to operate in the same way as o, on the
tangent space of the point corresponding to p in the lens space, the lens space
cannot possess any such involution and hence cannot be symmetric.
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We now want to determine the Jacobi fields on (locally) symmetric spaces.
For a Riemannian manifold N, p € N,v € T, N we define an operator

R, : T,N —T,N
by
R, (w) = R(w,v)v. (5.3.3)

For a geodesic ¢, Ry maps the orthogonal complement of é(t) in Ty N
onto itself.

The operator Re) is self-adjoint. This follows from (3.3.10) and (3.3.9)
or (3.3.7):

(Ry(w),w") = (R(w,v)v,w') = (R(w,v)v,w) = (R,(w"), w).

Since R is parallel for a locally symmetric space, Ry ;) commutes with parallel
transport along c.

Let v be an eigenvector of R gy with eigenvalue p with [v]| = 1, [|¢(0)]| = 1
(this can be achieved by reparametrization), and

(0.6(0)) = 0.
h R(v,(0))é(0) = Rago)(v) = po.

Let v(t) be the vector field obtained by parallel transport of v along ¢. Then
v(t) is an eigenvector of Re(;) with eigenvalue p, since R is parallel. Thus

R(v(t), é(t))é(t) = pu(t). (5.3.4)
(5.3.4) implies that the vector fields
J1(t) := ¢, (t)v(t) and Ja(t) := s,(t)v(t) (5.3.5)

(cp and s, defined as in 4.5) satisfy the Jacobi equation:

Ji(t) + R(J;(¢),¢(t)e(t) =0 (i=1,2). (5.3.6)
Thus

Theorem 5.3.3 Let N be a locally symmetric space, ¢ geodesic in N,
c(0) =: p, v1,...,vn—1 an orthonormal basis of eigenvectors of Ryqy or-
thogonal to ¢(0) with eigenvalues p1, ..., pn—1, V1(t),...,v,—1(t) the parallel
vector fields along ¢ with v;(0) = v; (5 =1,...,n—1). The Jacobi fields
along ¢ (orthogonal to ¢) then are linear combinations of Jacobi fields of the
form

o, (t)v;(t) and s, (t)v,(t). (5.3.7)

O
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Definition 5.3.4 Let g be the Lie algebra of Killing fields (cf. Lemma 1.6.8)
on the symmetric space M, and let p € M. We put

t={Xeg: X(p) =0}
p:={X €g:VX(p) =0}.

Theorem 5.3.4 tdp =g, tNp={0}.

Proof. ¢Np = {0} follows from the facts that each Killing field is a Jacobi
field (Corollary 4.2.1) (along any geodesic) and that Jacobi fields that vanish
at some point together with their derivative vanish identically (by Lemma
4.2.3) and finally that by Corollary 5.3.2 any two points can be connected
by a geodesic. Let now X € g with X(p) # 0. Let c(t) := exp, tX(p) be the
geodesic with ¢(0) = X (p), and let 7, be the group of translations along ¢

(Definition 5.3.1). Then
Y(q) = ﬁTt(Q)\mo (5.3.8)

is a Killing field, since the 7 are isometries (Lemma 1.6.7).
We have

Y(p) = X(p). (5.3.9)
For v € T,M, let v(s) be a curve with 7/(0) = v. Then
0
V,Y(p)=V.a Tt(’Y(S))|s:t:0

, (5.3.10)

since by Lemma 5.2.2 D7y is parallel transport along ¢, and hence D7 (v) is
a parallel vector field along c.
We conclude

X=(X-Y)+Y with (X -Y) et by (53.9),
Y ep by (53.10). O

Theorem 5.3.5 As a vector space, p is isomorphic to T,M. The one-
parameter subgroup of isometries generated by Y € p is the group of transla-
tions along the geodesic exp, tY (p).

Proof. Let w € T,M. Let c(t) := exp, tw be the geodesic with ¢(0) = w. Let
7t be the group of translations along c. As in (5.3.8), we put
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d
Y(q) := %Tt(q)ﬁzo for all ¢ € M. (5.3.11)

As in the proof of Theorem 5.3.4, we obtain
Y(p) =wand Y € p.

This induces a linear map from T, M to p. The inverse of this map is simply
the restriction mapping Y € p to Y (p). Thus, we have found a bijective linear
map between T, M and p. By (5.3.11), Y also generates the one-parameter-
subgroup 7 (surjectivity follows from the proof of Theorem 5.3.4). g

Let us introduce the following notation: For a Killing field we denote the
(at this point only local) 1-parameter group of isometries generated by X by
e!X (instead of the previous notation 1; or ;).

Lemma 5.3.3 Let X be a Killing field on the symmetric space M. Then e*X
is defined for allt € R. Thus, (e!X)icr is a 1-parameter-group of isometries.

Proof. Let ¢ € M. We want to show that e!X(q) is defined for all ¢t € R. We
shall show that this is true for ¢ > 0, since the case ¢t < 0 is analogous. Let

now
T :=sup{t € R: " (q) is defined for all 7 < t}.

We assume T < oo and want to reach a contradiction.
We put
m := sup{d(q, e (¢q)) : t < T/2}.

Since each g € G is an isometry, we have for all z,y € M

d(gz, gy) = d(z,y).
Hence also

d(ga, 99) = d(94, q);
and thus

d(g9°q,q) < 2d(gq,q).
Therefore for 0 <t < T

d(e"*(q), q) < 2d(e"**(q),q) < 2m.
tX

Therefore, for all 0 <t < T, ¢**(g) is contained in

B(q,2m),

which is a compact set.

As in the proof of Corollary 1.4.3, we see that there exists ¢ > 0 with
the property that for all z € B(g,2m) e!X(z) is defined for |¢| < . Thus, for
T:=T—¢/2,

eEX (eTX (q)) — e(T+5/2)X(q)
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is defined.
This contradicts the assumption on 7" and proves the claim. O

For Y € p, we thus obtain from Theorem 5.3.5
e =1, (5.3.12)

where (7;) is the family of translations along the geodesic exp,, tY (p).
We now define a group homomorphism

sp:G—=G
by
sp(g) =opogoop, (5.3.13)
where o, : M — M is the involution at p. Since 072 = id, we have
sp(g) :opogoagl. (5.3.14)
We obtain a map
Op:9—9
by
0,(X) = L (X 1
(X)) = dtsp(e )|t=0- (5.3.15)

Theorem 5.3.6 0,y = id,0,, = —id.
Proof. Let X € ¢, i.e. X(p) =0. Then for all ¢

X (p)=p. (5.3.16)
Let ¢1 be a geodesic with ¢1(0) = p. Then for all ¢,
ca(s) := ey (s)
likewise defines a geodesic through p, i.e. c2(0) = p. It follows that

sp(e'X)e1(s) = ap 0™ 0 a,e(s)

op0eXci(—s) by Lemma 5.3.1
= opC2(—S)
= 82(5)7
ie. sp(e)e1(s) = e ey (s).
Since each g € M can be connected with p by a geodesic (Corollary 5.3.2),
we obtain

X

sp(e"™)(q) = ¢ (q)
for all ¢ € M, i.e. sp(e!™) = €X', and hence also
Op(X) = X,
ie. Oy = id.?

5 One may easily modify the proof at this place so as to avoid using the completeness
of M.
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Let now Y € p. From (5.3.12) (cf. Theorem 5.3.15),

etY =7 = Uc(t/Z) ooy by Definition 5317

where c(t) = exp, tY (p). Hence
sp(e) = 0p 0 0(1y2) 0 0p 0 0
= 0p00./2) because of 012) = id
= T—t,
which may be seen e.g. as follows: Let ¢ = ¢(t/2),¢(s) = ¢(t/2 — s). Then
p = ¢é(t/2),¢(0) = g, hence
ap00c(t/2) = 05(t/2) 0 050

Therefore, this is the translation along ¢ by the amount ¢. Since ¢ is traversed
in opposite direction as ¢, this is the same as translation along ¢ by the amount
—t.

Since
T_t = e Y
it follows that
Sp(etY) e—tY
hence
QP(Y) =Y,
i.e.
Oplp = —id. O

Lemma 5.3.4 0,[X.Y] = [0,X,0,Y] for all X,Y € g. Thus, 0, is a Lie
algebra homomorphism.

Proof. By definition of 6, (5.3.15), 8,(X) generates the 1-parameter group
et?r(X) je.
sp(etX) = et (XD, (5.3.17)

Now

[X,Y] = %De_tx oY o etX|t:0 cf. Theorem 1.6.4 (ii)

62
= atase—txesyetﬂt:s:o. (5.3.18)
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Hence
0 X _sY _tX
ep[va]: 3tasape_t e’ et Tplt=s=0

92

= 0tos Ope_txgp_lapesyap_1UP€tX‘7p|t:s:o
9?2 B .

- atassp(e tX)Sp(e Y)Sp(etx)\t:s:o (cf. (5.3.14))
2

— %e*tep(x)esop(y)etep(X)|t:s=0 by (5317)

= [0,(X),0,(Y)] by (5.3.18). .

Theorem 5.3.7 [¢,€] C ¢, [p,p] C & [E,p] Cp.

Proof. Because of 0]29 = id, 0, has eigenvalues —1 and 1. By Theorem 5.3.6,
t is the eigenspace with eigenvalue 1, p the eigenspace with eigenvalue —1
(note that by Theorem 5.3.5, g = ¢®p). If X is an eigenvector with eigenvalue
A, Y one with eigenvalue p, then, since 6, is a Lie algebra homomorphism
(Lemma 5.3.3), [X,Y] is an eigenvector with eigenvalue Ap. This easily gives
the claim. O

Corollary 5.3.3 ¢ is a Lie subalgebra of g.

Proof. tis a subspace of g and closed w.r.t. the Lie bracket by Theorem 5.3.7.

d
Corollary 5.3.4 With the identification
TpM ~p from Theorem 5.3.5,
the curvature tensor of M satisfies
R(X,Y)Z(p) = ~[1X, Y], Z)(p) (5.3.19)
for X)Y, Z € p.
Proof. Let X € g,Y € p. The geodesic exp, tY (p) satisfies
Y(c(t)) =¢(t) forallt e R.
This follows e.g. from Theorem 5.3.5.
Since by Corollary 4.2.1, X is a Jacobi field along ¢, we obtain
VyVyX +R(X, Y)Y =0 (5.3.20)

along ¢, hence in particular at p.
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This implies that we have also for Y, Z € p, since then also Y + Z € p,
that

VyVzX +V;Vy X+ R(X,Y)Z+ R(X,Z2)Y =0 (5.3.21)
at p.
Now by (3.3.7)
R(X,2)Y = —R(Z,X)Y, (5.3.22)
by (3.3.8)
RX,Y)VZ+RY,Z) X +R(Z,X)Y =0 (5.3.23)
and by (3.3.3)
R(Y,Z)X =VyVzX —V;VyX — V{yyZ]X. (5.3.24)

By Theorem 5.3.7, for Y, Z € p, [Y, Z] € &, hence
Y, Z](p) = 0. (5.3.25)
(5.3.21) - (5.3.25) imply
VyVzX + R(X,Y)Z =0 (5.3.26)

at p.
By (5.3.23) and (5.3.22) for X,Y,Z € p

R(X,Y)Z(p) = —R(Y, Z2)X(p) + R(X, Z)Y (p)
=VzVxY(p) - VzVyX(p) by (5.3.26)

= Vz[X,Y](p)
= Vixv1Z(p) — [[X, Y], Z](p)
= —[[X,Y], Z](p)
because of [X,Y](p) =0 (Theorem 5.3.7). O

Corollary 5.3.5 The sectional curvature of the plane in T, M spanned by
the orthonormal vectors Y1(p), Ya(p) (Y1,Ya € p) satisfies

K1(p) AYa(p)) = —([[Y1, Ya], Yal, Y1) (p)-

Proof. From (5.3.19). O
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5.4 Some Results about the Structure of Symmetric
Spaces

In this paragraph, we shall employ the conventions established in the previous
one.

Let us first quote the following special case of a theorem of Myers and
Steenrod:

Theorem. The isometry group of a symmetric space M is a Lie group, and
so is the group Gy defined in 5.3. Moreover g is the Lie algebra of both G and
Gp.

A proof may be found, e.g., in [116]. O
Technically, this result will not be indispensable for the sequel, but it is
useful in order to gain a deeper understanding of symmetric spaces.

We now start with some constructions that are valid not only for the
isometry group of a symmetric space but more generally for an arbitrary Lie
group G with Lie algebra denoted by g.

Each h € G defines an inner automorphism of G by conjugation:

Int(h) : G — G
g+ hgh™L.

Putting h = o0, here we obtain s, from 5.3.
g as a Lie algebra in particular is a vector space, and we denote the group
of vector space automorphisms of g by Gl(g).

Definition 5.4.1 The adjoint representation of G is given by

Ad: G — Gl(g)
h+— D, Int(h)

where e € (G is the identity element.

In the notations of 5.3 we thus have
0, = Ad(op). (5.4.1)

Lemma 5.4.1 Ad is a group homomorphism, and for each h € G, Adh €
Gl(g) is a Lie algebra homomorphism, i.e.

AdK[X,Y] = [AdhX, AdhY] for all X,Y € g. (5.4.2)

This result generalizes Lemma 5.3.4.
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Proof. That Ad is a group homomorphism follows from
Int(hlhg) = Int(hl)lnt(hg)

That Ad h is a Lie algebra homomorphism follows as in the proof of Lemma
5.3.4. 0

Definition 5.4.2 The adjoint representation of g is given by

ad : g — gl(g)
X — (D, Ad)(X)

where gl(g) is the space of linear self maps of g.

Lemma 5.4.2
(adX)Y = —[X,Y]. (5.4.3)

Proof.

d
(ad X)Y = < De Int(e'*)Y],—o
2

— I t tX\ sY e
o105 e e li=o=o

=[-X,Y] by Theorem 1.6.4 (ii). O

Corollary 5.4.1
(ad X)[Y, Z] = [(ad X)Y, Z] + [V, (ad X) Z].

Proof. From Lemma 5.4.2 and the Jacobi identity (Lemma 1.6.5). O
Corollary 5.4.2 24X — AdeX for all X € g.

Proof. %eathh:O =adX = (D.Ad)X = & Ade'X|,_o, which easily im-

plies the claim. O

Definition 5.4.3 The Killing form of g is the bilinear form

B:gxg—R
(X,Y)—tr(ad X oad?).

g (and likewise G) is called semisimple if the Killing form of g is nondegen-
erate.
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Lemma 5.4.3 The Killing form B of g is symmetric. B is invariant under
automorphisms of g. In particular

B((Adg)X,(Adg)Y)=B(X,Y) foralX,Y €g,9€@G. (5.4.4)
Moreover
B((ad X)Y,Z)+ B(Y,(ad X)Z) =0 for all X,Y,Z € g. (5.4.5)

Proof. The symmetry of B is a direct consequence of the formula
tr(AC) = tr(CA) (5.4.6)

for linear self maps of a vector space.
Let now o be an automorphism of g. Then

(adeX)(Y) =[0(—=X),Y] by (5.4.3)
= [0(=X),007 Y] = o[- X,07'Y]
= (coad X oo H)(Y).

Therefore
tr(adoX adoY) = tr(cad X ad Yo !) = tr(ad X ad V) with (5.4.6),

- B(oX,0Y) = B(X,Y). (5.4.7)
Therefore, B is invariant under automorphisms of g. We now choose

o = Ad(e'%).
Differentiating (5.4.7) w.r.t. t at t = 0 yields (5.4.5). O

We also define
K :={g€G:g(p)=np}
K then is a subgroup of G. For X € £, we have ¢!X € K.
We now have two scalar valued products on p. Namely, for Y, Z € p, we
may form (Y (p), Z(p)), where (.,.) denotes the Riemannian metric of M, as

well as
B(Y, Z).

‘We now want to compare these two products.
Lemma 5.4.4 Ad K leaves p and the product (-,-) on p invariant.

Proof. Since for k € K k(p) = p, for Y € p, Int(k) maps the geodesic
exp,, tY (p) through p onto another geodesic through p, and this geodesic is
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generated by DkoY (k~!(p)) = DkY (p). Therefore, (Adk)(Y) = DkoY (k1)
is in p as well (cf. the proof of Theorem 5.3.6). Moreover, for Y, Z € p

(Y(p), Z(p)) = (Dk oY (p), Dk o Z(p)), since k is an isometry
= (DkoY (k™' (p)),Dko Z(k~ (p))) sincek '(p) =p
= (Ad kY (p), AdkZ(p)). O

Corollary 5.4.3 The Killing form B is negative definite on €.

Proof. Let X € 8,Y,Z € p. By Lemma 5.4.4

(Ad(e"™)Y (p), Ad(e")Z(p)) = (Y (p), Z(p))- (5.4.8)
We differentiate (5.4.8) at t = 0 w.r.t. ¢ and obtain
(ad(X)Y (p), Z(p)) + (Y (p), ad(X)Z(p)) = 0. (5.4.9)

By Theorem 5.3.7 or Lemma 5.4.4, ad X yields a linear self map of p, and
by (5.4.9), this map is skew symmetric w.r.t. the scalar products (-, -)(p) on
p. We choose an orthonormal basis of p w.r.t. (-,-)(p) and write ad X =
(@i5)ij=1,...n as a matrix w.r.t. this basis. Since ad X is skew symmetric, we
have

Qij = —Qj4 fOI‘i,j = 1,...,n.

Therefore "
B(X,X)=tradXoad X = — 21“2

1,)=

179

and negative definiteness follows, since for X € £ X # 0, also ad X # 0
because otherwise Ad e'X = id, hence by !X € K, De!X would be the
identity of T, M, i.e. eX, ie. X = 0. O

We now define the following scalar product on g :
ForY,Z ep

(Y,Z), :=(Y(p),Z(p)), where the scalar product on the right hand

side is the Riemannian metric on T, M,

for X, W € ¢
(X, W), == —-B(X,W)

for X et Yep
(X,Y), :==0.

Lemma 5.4.5 (-,-), is positive definite and Ad K -invariant.

Proof. Positive definiteness follows from positive definiteness of the Rieman-
nian metric on 7, M and Corollary 5.4.3. Ad K-invariance follows from Lem-
mas 5.4.3 and 5.4.4. 0
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The infinitesimal version of the Ad K-invariance of (-,-) is

(ad X)Y,Z), +(Y,(ad X)Z), =0 forY,Zeg X et (5.4.10)
For Y € p, we now consider the linear functional
p—-R
X — B(X,Y),
where B again denotes the Killing form of g. Then there exists Y* € p with
B(X,)Y)=(X,Y"),.
Since B is symmetric (Lemma 5.4.3), the map

p—p
Y —Y*

is self adjoint w.r.t. (-,-). Therefore, there exists an orthonormal basis
Y1,...,Y, of eigenvectors:

Then .
B(Y:,Y;) = (Y3, Y]) = N (Y, Y5)

= (¥5,Y7") = Ai(Ye, Y.

Thus, eigenspaces of different eigenvalues are orthogonal not only w.r.t.
(-, '>g, but also w.r.t. B. We write the decomposition of p into eigenspaces
as

P=pD...0pm-
The eigenvalue of p; is denoted by p; (j =1,...m).

Lemma 5.4.6
[pispj] =0 fori#j. (5.3.11)

If g is semisimple, i.e. B nondegenerate, then

1 1
<~, .>g = —B|g + IB“JI +...+ rBh,m. (5.4.12)

Proof. Let Y; € p;,Y; € p;. Then

B[V Y;), [V, Y,)) = —B(Y;, Vi, [¥a V1)) by (5.4.3), (5.4.5)
= —u; (Y5, [V, [V, Y5]])
= —p; (Y5, [Y5, [, Yi]),

for example by Corollary 5.3.5 and by

the symmetries of the curvature tensor.
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In the same manner, however, we also obtain
B(Y:, Vi1, [V, Y3]) = —a (Y, V5, [¥5, Vi), (5.4.13)
and hence, since B is nondegenerate, we must have
[Yi, YJ] =0.

Namely, by Theorem 5.3.7, [Y;,Y;] € ¢, and by Corollary 5.4.3 B is negative
definite on €. That the restriction of (-,-)  onto £ coincides with —Bj; is a
consequence of the definition of (-,-) o Moreover, for Y, Z € p;

B(Y.2) = ;Y. Z),

and p; and p; for i # j are orthogonal w.r.t. (-,-) and B. This implies (5.4.12),
because, since B is nondegenerate, all 1; must be # 0. g

Definition 5.4.4 Let g = £ ® p be the usual decomposition of the space of
Killing fields of the symmetric space M.
M is called of Fuclidean type, if

[p,p] =0,

i.e. if the restriction of the Killing form vanishes identically on p.

M is called semisimple, if g is semisimple.

M is called of compact (noncompact) type, if it is semisimple and of
nonnegative (nonpositive) sectional curvature.

Corollary 5.4.4 A semisimple symmetric space is of (non)compact type if
and only if B is negative (positive) definite on p.

Proof. Since B is negative definite on p, all u; are < 0, and Corollary 5.4.3
and (5.4.13) imply

_<Yi, [YJ> Dﬁﬁ Yk“> > 07
hence K > 0 by Corollary 5.3.5. If conversely K > 0, B must be negative

definite on p, because otherwise we would contradict (5.4.13), since by Corol-
lary 5.4.3 B([Y;,Y;],[Y;,Y;]) <0. The case K < 0 is analogous. O

Perspectives. Symmetric spaces were introduced and investigated by E. Car-
tan. They form a central class of examples in Riemannian geometry, combin-
ing the advantage of a rich variety of geometric phenomena with the possibility
of explicit computations. Moreover, symmetric spaces can be completely classi-
fied in a finite number of series (like S™ = SO(n + 1)/SO(n), hyperbolic space
H"™ = 805 (n, 1)/SO(n), CP" = SU(n+1)/S(U(n) x U(1)), Sl(n, R)/SO(n), Sp(p+
q)/Sp(p) x Sp(q), etc.) plus a finite list of exceptional spaces. Moreover, there ex-
ists a duality between the ones of compact and of noncompact type. For example,
the dual companion of the sphere S™ = SO(n + 1)/SO(n) is hyperbolic space
H"™ = SOq(n,1)/SO(n). A reference for the theory of symmetric spaces is Helga-
son[116].
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5.5 The Space Sl(n,R)/SO(n,R)

We now want to consider examples: In fact, we shall specialize the examples
of §1.7 to the case where we identify the vector space with R".z
Let M™ be the space of (n x n)-matrices over R (M"™ ~ R""),

Gl(n,R):={A € M" :det A # 0} (linear group)
Sl(n,R) :={A € M" :det A=1} (special linear group)
SO(n) := SO(n,R) :={A € M™: A" = A~' det A = 1} (special orthogonal
group) .

(Note that A’ is the adjoint A* of A w.r.t. the Euclidean scalar product).
Obviously, these are Lie groups.

gl(n,R) := M"

when equipped with the Lie bracket
[X,Y]:= XY - YX
becomes a Lie algebra, and so do
sl(n,R):={X eM":trX =0}
so(n) :=so(n,R) :={X e M": X' = -X};
these are the Lie algebras of Gl(n,R), Sl(n,R),SO(n,R). As in §1.7, one ver-
ifies this by considering for X € gl(n,R) the exponential series
2
e i=1d +tX+5X2+...

We have,

det(eX) = X (5.5.1)

as is easily seen with the help of the Jordan normal form.
In particular, for all t € R

e € Gl(n, R).

By (5.5.1), if X € sl(n,R), then X € Sl(n,R). Moreover, for X € so(n,R)
1 1
() =Id+ X'+ 5(Xf)2 +...=Id- X+ 5(X)2 — =X = (N,
i.e. eX € SO(n,R).
The series representation of e also easily implies that the derivative of
gl(n,R) — Gl(n,R)

X - eX
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at X = 0 is the identity; note in particular that gl(n,R) and Gl(n,R) are of
the same dimension. Therefore, the exponential map X — eX is a diffeomor-
phism in the vicinity of X = 0.

The exponential map then also yields a diffeomorphism between neigh-
borhoods of 0 in sl(n, R) and so(n), resp., and neighborhoods of Id in Sl(n, R)
and SO(n), resp., because the corresponding spaces again have the same di-
mension.

From §1.7, we recall that for A, B € Gl(n,R),
Int(A)B = ABA™'.
Therefore, for X € gl(n,R)
d

(AdA)X = %AetXA_ﬂt:O =AXA! (5.5.2)
and for Y € gl(n,R) then
82
(adY)X = RIp eVelXe™V| o =YX - XY = [Y, X]. (5.5.3)

We now let E € m™ be the matrix with entry 1 at the intersection of the
i'" row and the ;" column and entries 0 otherwise, E¥ = (e),)k ¢=1,....n-
Then with X = (zke),Y = (yre)

ad X adY E"Y = (Treyemeyy, — TreCimYmh — Y€ Lmh + €ppLemYmh )k h=1,...n
and hence

trad X adY = (B, ad X ad Y E¥)
= NTijYji — Tiilj; — YiiTij + NT;iYi; (5.5.4)
=2ntr XY —2tr X trY.

If X = A\1Id (Id = identity matrix), then
ad X = 0.

Therefore, gl(n,R) is not semisimple. On sl(n, R), however, the Killing form
satisfies by (5.5.4)
B(X,Y) =2ntr XY. (5.5.5)

Therefore, for X # 0
B(X, X" >0, (5.5.6)

and the Killing form is nondegenerate.
A similar computation applies to so(n) : s0(2) = R is not semisimple. For
n > 2, we choose {%(E” — EJ%) 14 < j} as a basis for so(n). Then

<%(E’j — B3, —(E" — B*%)) = 61,650 fori<j,k<{

Sl
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and
1 y y 1 5 3
tradXadY = (—(FEY — E’"),ad X adY —(EY — E7*
r (5 ) vl )

= (n — D)Treyer + Ti5Yij

using tr X =trY =0 for X,Y € so(n).
Since X = —X* for X € s0(n), we obtain

tradXadY =(n—-2)tr X - Y.

In particular, for n > 2 let B now denote the Killing form of so(n), then for
X#0
B(X,X") <0,

and also
B(X,X) <0.

Thus, the Killing form of so(n) is negative definite for n > 2. Note that the
Killing form of so(n) does not coincide with the restriction of the Killing form
of sl(n,R) onto so(n). In the sequel, we shall employ the latter one.

(5.5.5) directly implies that B is Ad (Sl(n,R)) invariant. We now put

G = Sl(n,R), K = SO(n),
g =sl(n,R), € =s0(n),p={X €sl(n,R): X' = X}.
Then because of X = 2(X — X*) + 3(X + X?),
g=todp. (5.5.7)
Moreover, because of (XY — Y X)! =Y!X! — Xty?t

[e,€] C €, [p,p] C & [t p] Cp. (5.5.8)

Next, let
M :=G/K;

more precisely, M is the space of equivalence classes w.r.t. the following
equivalence relation on G :
g1~ gy <= dke K:gys= qgik.

Thus, M is the space of left cosets of K in G. As K is not a normal subgroup of
G, M is not a group. We want to equip M with a symmetric space structure.
G operates transitively on M by

JdK+— g¢dK forgecQd.

Let
m:G—-M

be the projection.
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A subset §2 of M is called open, if 7=1(§2) is open in G. Then 7 becomes
an open map.

We want to show that M is a Hausdorff space. The preimage of K under
the continuous map

GxG—G
(91,92) — g7 g2

is closed since K is closed in G. Thus, if gflgg ¢ K, in G x G there exists
a neighborhood of (g1, g2) of the form 2, x 2, which is disjoint from the
preimage of K. If now g1 K # go K, then g7 'go & K, and (2; := 7(2;),i = 1,2,
are disjoint neighborhoods of g1 K and g2 K. Namely, if gK € (2;, there exists
ki € K with gk; € £2;, and if we had gK € (1 N £y, (gk1, gko) would be
mapped to k;lkg € K, and 21 x 25 would not be disjoint to the preimage
of K. This shows the Hausdorff property.

In order to construct coordinate charts, we first have to recall the Cauchy

polar decomposition of an invertible matrix.

Lemma 5.5.1 For A € Gl(n,R), there exist an orthogonal matriz R and a
symmetric positive definite matriz V' with

A=VR,
and this decomposition is unique.
Proof. Since A is invertible,

H:= AA

is symmetric and positive definite. We are going to show that there exists a
unique symmetric, positive definite matrix V with V2 = H. For this purpose,
we first observe that H may be diagonalized by an orthogonal matrix S :

H = S'AS with A = diag()\;), \; > 0 by positive definiteness.
We put
V= 5 diag (v/A;)S.
V then is symmetric, positive definite, and because of S* = S~!, it satisfies
V2=H.

This shows existence. For uniqueness, we first show that for a symmetric,
positive definite matrix V, each eigenvector of V? with eigenvalue \ is an
. . . 1 .

eigenvector of V with eigenvalue A2. Namely, from VZx = Az it follows that

(V +VAId)(V — VAId)z = 0,

and therefore we must have y := (V — v/AId)z = 0, because otherwise y
would be an eigenvector of V with eigenvalue —v/A < 0, contradicting the
positive definiteness of V.
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This implies that the relation V2 = H uniquely determines V, because all
eigenvalues and eigenvectors of V' are determined by those of H.

We now put
R=V"'A.
Then
RR' =V 'AAV T = vV =1d,
and R is orthogonal.
This shows the existence of the decomposition. Uniqueness is likewise

easy:
If

A = VR, with orthogonal R and with symmetric, positive definite V|
then
AA' = VRRW! = V2,

and by the preceding, this uniquely determines V. R then is unique as well.
O

Let
P:={AeSl(n,R): A" = A, A pos. def.}

(Note that P is not a group.)
For X € p, then
eXep
and the exponential map again yields a diffeomorphism between a neighbor-
hood of O in p and a neighborhood of Id in p. We now decompose A € Sl(n,R)

according to Lemma 5.5.1
A=VR

with R € O(n),V € P.
Let A be contained in a sufficiently small neighborhood of Id.
There then exist unique

X €so(n),Y ep
with
eX =R e =V.

This implies the existence of neighborhoods 21 of 0 in p, £25 of 0 in so(n) for

which
Ql X QQ — G

(Y, X) = e¥eX
is a diffeomorphism onto its image.

Lemma 5.5.2 G/K is homeomorphic to P. If G/K is equipped with the
differentiable structure of P,
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exp:p— G/K~PVe

becomes a local diffeomorphism between a neighborhood of 0 in p and a neigh-
borhood of Id -K in G/K.

Proof. We first construct a homeomorphism ¢ between G/K and P. For gK
we write by Lemma 5.5.1

g=VRwith V € P,R € SO(n)

and put
P(g) = V.

This does not depend on the choice of representative of gK. Namely, if gK =
g’ K, there exists S € SO(n) = K with ¢S = ¢/, hence ¢ = VRS = VR with
R’ := RS € SO(n), and &(¢’) =V = &(g). If conversely &(g) = &(¢') =: V,
then g = VR, ¢’ = VS with R, S € SO(n), hence ¢’ = g(R™'S) with R71S €
SO(n), hence gK = ¢'K. Therefore, @ is bijective. ¢ is continuous in both
directions, because

7m:G— G/K

and
m:G— P

A=V,

with A = VF (the unique decomposition of Lemma 5.5.1), both are continu-
ous and open.

Moreover exp(p) C P, and since exp : gl(n,R) — Gl(n,R) is a local
diffeomorphism, and p and P have the same dimension, exp), is a local dif-
feomorphism, too, between a neighborhood of 0 in p and a neighborhood of
Id in P. O

By Lemma 5.5.2, G/ K becomes a differentiable manifold. We have already
displayed a chart near Id - K. In order to obtain a chart at gK, we simply
map a suitable neighborhood U of gK via ¢g~! onto a neighborhood ¢~ 'U of
Id - K and use the preceding chart.

G then operates transitively on G/K by diffeomorphisms,

GxG/K —G/K
(h,gK) — hgK

The isotropy group of Id - K is K itself. The isotropy group of gK is gKg~ !,
and this group is conjugate to K.

We want to construct Riemannian metrics on G on G/K w.r.t. which G
operates isometrically on G/K.

For this purpose, we use the Killing form B of sl(n,R) and the decompo-
sition g = sl(n,R) = @ p (with € = s0(n)). We put
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B(X,Y) forX,Yep
(X,)Y),=q -B(X,Y) for X,V €t
0 for X € p,Y € & or vice versa.
By (5.5.5), (-,), s positive definite.
For abbreviation, we put

e:=1Id (identity matrix)

and we identify g with T.G. For each g € G, we then also obtain a metric on
T,G by requesting that the left translation

Ly:G—G
h— gh
is an isometry between TG and T,G (dL, : T.G — T,G). We also obtain a

metric on G/K : restricting (-,-), to p, we get a metric on Tex G/K =~ p; the
metric on Ty G/K then is produced by

L,:G/K — G/K
WK — ghK

by requesting again that those maps are isometries.
The metric is well defined; namely, if

9K =¢'K,

then
g =gk with kcK,

hence ngl = ng o Li. Ly now maps eK onto itself, and dLy : T.xG/K —
T.xG/K is an isometry, since for V. € P, LV = kV = (kVk Yk =
((Int k)V)k, hence dLy(X) = (Adk)X for X € p ~ T.xG/K, and Adk
is an isometry of p because it leaves the Killing form invariant. Therefore,
the metric on G/K is indeed well defined. By definition, G then operates
isometrically on G/K.

We want to define involutions on G/ K so as to turn G/ K into a symmetric

space.
We first have an involution
0.:G— G
h — (h—l)t
with
doe:g— g
X — —Xt
hence

dUclE =1id, dJe|p = —id, Oe|lk = id.
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For g € G, we then obtain an involution

04:G—G

by
ogh = Lyoe(Lg-1h) = g((g7 h)™")" = gg' (A )"
We have
ag(h) = gg' (99" (W™ 1))™)") = h,
hence
02 = id

and

o4(9) =g

Since o, = id, o, induces an involution
ok : G/K — G/K

with oex(eK) = eK,doek : TexG/K — Tk G/K, do.x = —1id. Since G
operates transitively on G/K, at each gK € G/K, we then also obtain an
involution og4x = Eg 00k O INJgfl.

We have thus shown

Theorem 5.5.1 G/K carries a symmetric space structure. O

The group of orientation preserving isometries of G/K is G itself. Namely,
that group cannot be larger than G, because any such isometry is already
determined by its value and its derivative at one point, and G operates transi-
tively on M = G/ K, and so does K on T, x M, and hence G already generates
all such isometries.

We want to establish the connection with the theory developed in 5.3 and
5.4. We first want to compare the exponential map on sl(n, R) and the induced
map on G/K with the Riemannian exponential map. Let a one parameter
subgroup of G be given, i.e. a Lie group homomorphism

v:R—-G.
Thus ¢(s+t) = ¢(s) o (t), hence

@(t + h})L — (,D(t) — (p(t) - ,

hence

d d
“2(t) = () (t).

As usual, this implies
o(t) = H O,
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Thus, the exponential map generates all one parameter subgroups of G.
If ¢ is a geodesic in G/K with ¢(0) = eK =: p, the translations 7 along
c yield a one parameter subgroup of GG, hence

exp, t¢(0) = c(t) = 7(p) = e (p) for some X T.xG/K = p. (5.5.9)

Here, on the left, we have the Riemannian exponential map, whereas on the
right, we have the one of G. Since the derivative of the Lie group exponential
map at 0 is the identity, we obtain X = ¢(0), and the two exponential maps
coincide. In particular, the Lie group exponential map, when applied to the
straight lines through the origin in p, generates the geodesics of G/K.

We also obtain a map v from the Lie algebra sl(n, R) of Sl(n, R) into the
Lie algebra of Killing fields of G/K. For X € sl(n,R) we put

P(X)(0) = Soe ¥ Bl Tor a=g(p)

d
= *LgetX(p)\t:O-

S dt
Now
B(XY)(q) = dgX¥ (p)
2

- %getxesy(l’)u:s:o

= %w(Y)(getX (p))t=0

= (Y)Y(X)(q)
hence

P([X,Y]) = [p(Y), ¥(X)] = —[¢(X), o (Y)].
We thus obtain an antihomomorphism of Lie algebras. This explains the
difference in sign between (5.4.3) and (5.5.3).

Corollary 5.4.1 Sl(n,R)/SO(n) is a symmetric space of noncompact type.
The sectional curvature of the plane spanned by the orthonormal vectors
Y1,Ys € p is given by

K = B(Ya, 1], [V2, V1)) = — V2, %]} < 0.

Proof. As observed above ((5.5.5)), the Killing form is nondegenerate, and
the symmetric space is semisimple. By Corollary 5.3.5 the sectional curvature
of the plane spanned by Y7,Ys € p satisfies
K = _<[[Y1’ Y2]a Yi]v Y1>
= _B([Y27 D@)YI]LYl)
= B(D/Q7 Y1]7 [Y27 Yle
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because the Killing form is Ad G invariant.
This expression is < 0, because by [p,p] C ¢, [Y2,Y1] € € and B is negative
definite on ¢. O

Definition 5.5.1 A subalgebra a of g is called abelian if [A;, A2] = 0 for all
Al, As € q.

We want to find the maximal abelian subspaces of p. Let a be an abelian
subspace of p, i.e. an abelian subalgebra of g that is contained in p. Thus

A1 Ay — Ay A1 =0 for all A17A2 € a.

The elements of a therefore constitute a commuting family of symmetric
(n xn) matrices. Hence, they can be diagonalized simultaneously. Thus, there
exists an orthonormal basis vy, ..., v, of R™ consisting of common eigenvec-
tors of the elements of a. We write our matrices w.r.t. an orthonormal basis
€1,...,en of R™ and we choose S € SO(n) with

S(vi):iei (i:l,...,n).

SaS~! then is an abelian subspace of p with eigenvectors ey, ...,e,. Thus,
all elements of SaS~! are diagonal matrices (with trace 0 since they are
contained in p). This implies that the space of diagonal matrices of trace 0 is
a maximal abelian subspace of p. Furthermore, it follows that each maximal
abelian subspace is conjugate to this one, w.r.t. an element from K = SO(n).
Therefore, any two maximal abelian subspaces of p are conjugate to each
other.
Let now a be an abelian subspace of p. We put

A:=expua,
where exp, as usual, is the exponential map g — G. A then is a Lie subgroup
of G. For ¢1,92 € A, we have

9192 = 9291,
because for any two commuting elements X,Y € g
X4Y _ XY _ Y X

€

as is easily seen from the exponential series. Thus, A is an abelian Lie group.
On the other hand, because of a C p A also is a subspace of M = G/K.

Lemma 5.5.3 A is totally geodesic in M and flat, i.e. its curvature vanishes.

Proof. Let Y € a. By definition of A, the geodesic €'Y is contained in A. A is
thus totally geodesic at the point eKX := P in the sense that any geodesic of
M through p and tangential to A at p is entirely contained in A. A operates
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transitively and isometrically on itself by left translations. Let now g € A.
There then exists a € A with ap = ¢. Since a as element of GG is an isometry,
it maps the geodesics of A and those of M through p onto geodesics through
q. This implies that A is totally geodesic Al at ¢ as well, hence everywhere.
The curvature formula (5.5.10) implies that A is flat. O

Let conversely N be a flat subspace of M. Since the Killing form of ¢ is
negative definite, the curvature formula (5.5.10) implies [Y7,Y>2] = 0 for all
Y1,Ys € T,N. Thus, T, N is an abelian subspace of p.

We conclude

Corollary 5.5.2 The maximal flat subspaces of M through p = eK, i.e. those
not contained in any larger flat subspace of M, bijectively correspond to the
mazimal abelian subspaces of p. O

The assertions of Lemma 5.5.3 and Corollary 5.5.2 are valid for all sym-
metric spaces.

Definition 5.5.2 The rank of a symmetric space M is the dimension of a
maximal flat subspace.

Thus, the rank is the dimension of a maximal abelian subalgebra of g
contained in p. As remarked above, any two such subalgebras are conjugate
to each other. Likewise, because G operates transitively on M, the dimension
of a maximal flat subspace through any given point of M is the same.

Corollary 5.5.3 Rank (Sl(n,R)/SO(n)) =n — 1.

Proof. As observed above, a maximal abelian subalgebra of g contained in p
consists of the space of diagonal matrices with vanishing trace, and the latter
space has dimension n — 1. O

Corollary 5.5.4 A symmetric space M of noncompact type has rank 1 if
and only if its sectional curvature is negative.

Proof. The rank is 1 if for two linearly independent Y7, Y2 € T, M, we have
[Y1,Y3] # 0. Since B is negative definite on € and [Y7,Y3] € tfor Y1, Y, € T,M
(identified with p), (5.5.10) yields the claim. O

Lemma 5.5.4 For X € t ad X : g — g is skew symmetric w.r.t. (-, ->g, and
for X € p, it is symmetric.

Proof. Let X € ¢,Y,Z € ¢. Then (ad X)Y = [X,Y] € ¢, hence

([X, Y]?Z>g =-B([X,Y],Z) = B(Y,[X, Z])
— —(V,[X,2]), by (5.45) .
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For X e t,Y €p,Z € ¢, we have [X,Y] € p, [ X, Z] € &, hence
((X,Y],2)y =0=(V,[X,Z]),.
For X e .Y, Z € p, we have [X,Y] € p,[X,Z] € p and

<[X7Y]7Z>g = B([X,Y],Z2) = -B(Y,[X, Z])
— (Y, [X, 2]), by (545) .

Altogether, this implies that ad X is skew symmetric for X € €. Let now
X €p,Y,Z €t Then [X,Y] € p,[X, Z] € p, hence

(X.Y],2), =0 =(Y.[X,Z]),

For X € p,Y €€, Z € p, we have [X,Y] € p,[X, Z] € &, hence

Finally for X € p,Y, Z € p, we have [X,Y] € ¢, [X, Z] € €, hence
((X,Y],2), =0=(Y,[X, Z]),.

Altogether, this implies that ad X is skew symmetric for X € p. O

Lemma 5.5.5 If X,Y € g commute, i.e. [X,Y] =0, then so do ad X and
adY.

Proof.

ad X adYZ = [X,[Y, Z]]
=—[V,[Z,X]] - [Z,[X,Y]] by the Jacobi identity
=1[Y,[X,Z]] Dbecause of [X,Y] =0
= adYad XZ. O

Let now a be a fixed maximal abelian subspace of p. By Lemmas 5.5.4,
5.5.5, for X € a, the maps ad X : g — g are symmetric w.r.t. (-, ->g and com-
mute with each other. Therefore, g can be decomposed as a sum orthogonal

w.r.t. (-, ), of common eigenvectors of the ad X, X € a:

9=009 Y ga-

acA

Definition 5.5.3 A is called the set of roots, and the a € A are called the
roots of g w.r.t. a.
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We have
(X, Y]=(ad X)Y =a(X)Y for X €a,Y € g,. (5.5.11)

Thus a(X) is the eigenvalue of ad X on g4, with 0(X) := 0 for all X. Since
a is abelian, of course
a C go-

Moreover, a : a — R is linear for all a € A, since

ad(X+Y)=adX + adY, ad(pX) =pad X for X, Y €a,ueR.

‘We now recall the involution

0.:G— G, o.(h)=(h"1".
0:=do.:g—g, 0OX)=-X"

which is also called Cartan involution, and the decomposition
g=top,

£ being the eigenspace of 6 with eigenvalue 1, p the one with eigenvalue —1,
is called Cartan decomposition. We thus may write

(X,Y), = —B(X,0Y). (5.5.12)

In the same manner as e does, any element g of GG, hence also any element
9K of G/K induces a Cartan decomposition g = ¢ @& p’ with ¢ = Ad(g)¢
ete. (cf. also 5.3).

Lemma 5.5.6

() (80, 85] C ap for at B € A, [ga,85] =0 fora+ 5 ¢ A

(ii) a €N <= —a €A, and for each @« € A,0 : g, — g_qo 1S an
isomorphism.

(iii) 0 leaves go invariant, go = go N €+ a.

(iv) For X € a,Y € go, Ad(e!X)Y = ete(Xy,
(U) FOTO[#_57 B(gaugﬁ)zo

Proof. Let Y € go,Z € g3, X € a. Then

(adX)[Yv Z] = [X’ [Y) ZH = —[Y, [Z7 X]] - [Za [Xa Y]]
because of the Jacobi identity
=BX)Y, Z] + a(X)[Y, Z] = (a + B)(X)[Y, Z].

This implies (i).
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Next
[X,0Y] = [X,-Y"=—[X"Y'] (X=X since X €acCp)
= [XY]' = a(X)Y" = —a(X)pY,

hence 0Y € g_,. This proves (ii), and the first part of (iii), too, hence also
go = (80 NE) + (g0 NP).

Since a is maximal abelian in p and commutes with all elements of g, it
follows that go N'p = a which is the remaining part of (iii).

Next

Ad(etX) = etad X Id+Z (ad X)"

which implies (iv).
Finally, (v) follows from

0= (ga,98)q for a # 8
= —B(ga,0(gs)) by (5.5.11)
= —B(ga,9-3) by (ii) . O

We now want to determine the root space decomposition of g = sl(n,R).
For that purpose, let £ be as above, and

Hi.= F% _ ptbitl =1 n—1.

{F (i # j) and H*(k =1,...,n — 1)} then constitute a basis of g. Let a be
the space of diagonal matrices with vanishing trace, i.e. a maximal abelian
subspace of p.
For X = diag(A1,...,\,) = E \i B we have
(ad X)EY = (\; — \;)EY for i # j
(ad X)H' =0 fori=1,...,n—1, since H* € a.
We thus obtain n(n — 1) nonzero roots o;; (i # j) with

Oéij(X) = /\i — )\j (X = diag()\l, ceey )\n)).

The corresponding root spaces g,,; are spanned by the E¥. g is spanned by
HY,...,H"'; in particular
go = a.

Definition 5.5.4 A maximal flat abelian subspace of G/K is called a flat.
A geodesic in G/K is called regular if contained in one flat only; otherwise it
is called singular. Tangent vectors of regular (singular) geodesics are called
regular (singular).
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Lemma 5.5.7 X € a is singular iff there exists Y € g\go with [X,Y] =0,
i.e. if there exists a € A with a(X) = 0.

Proof. Let X be singular. Then X is contained in another maximal abelian
subspace a’ of p besides a. Therefore, there exists Y € o/, Y ¢ a. Because of
X, Y ed,

(X, Y]=0.

Since goNp = a (Lemma 5.5.6 (ii)), Y ¢ go. (5.5.11) implies a(X) = 0 for at
least one o € A.
Let now a(X) =0 for sucha o € A. Let Y € g,,Y # 0. Then

[X,Y] = a(X)Y = 0. (5.5.13)

We decompose
Y=Y+Y, withY, ctY,cp. (5.5.14)

For A € a, we have because of Y € g,
[A,Y] = a(A)Y, (5.5.15)
and because of [¢,p] C p,[p,p] C & (5.5.14), (5.5.15) imply

[A,Yi] = a(A)Y, (5.5.16)
[A,Y,] = a(A)Ye. (5.5.17)

If we had Y, = 0, then by (5.5.16) also Yy = 0, since o does not vanish on a,
hence Y = 0. Likewise, Y; cannot vanish. By (5.5.17), Y, thus is contained
in p\a. Since (5.5.13) — (5.5.17) imply

[XvYP] =0,

X and Y}, are contained in some abelian, hence also in some maximal abelian
subspace of p different from a. Thus, X is singular. O

By Lemma 5.5.7, the singular elements of a constitute the set
Asing = {X €a:3Ja € A: a(X) = 0}.
Osing thus is the union of finitely many so called singular hyperplanes
{Xeca:a(X)=0} foraecA
Likewise, the set of regular elements of a is
treg = {X €a:Vae A: a(X) # 0}

The singular hyperplanes partition ayeg into finitely many components which
are called Weyl chambers.

For g = sl(n,R),a = {diag(A1, ..., An), Q A; = 0}, we have
i=1
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n

Aging = {diag(A1, ., ) 1 T # 52 A = A, ) A =0},

=1

the space of those diagonal matrices whose entries are not all distinct. This
follows from the fact that the roots are given by

aij (diag()\l, ey )\n)) = )\z — )\j

as computed above.
One of the Weyl chambers then is

at = {dlag()\l,,)\n) AL A > > )\n,E)\j = O}

We call
AT ={acA:VAcat:a(Ad) >0}

the space of positive roots (this obviously depends on the choice of a¥). In
our case,
A+ = {Oéij 1< ]}

A; = {12, 23, ..., Qn_1,,} C AT then is a fundamental system of positive
roots, meaning that each o € AT can be written as

n—1
a = E Si0G i+1
i=1

with some s; € N. For abbreviation, we put o; := a; 41,7 =1,...,n— 1.
The sets

{Aca:q; (A) >0forv=1,...,r0;,(A)=0forv=r+1,...,n—1},

where {i1,...,ip—1} = {1,...,n — 1}, then are the r’-dimensional “walls”
of the Weyl chamber a*. The relation “is contained in the closure of” then
defines an incidence relation on the space of all Weyl chambers and all Weyl
chamber walls of all maximal abelian subspaces of p. This set with this inci-
dence relation is an example of a so-called Tits building. Via the exponential
map, we obtain a corresponding incidence structure on the set of all flats and
all images of Weyl chamber walls through each given point of G/K.

We next introduce the Iwasawa decomposition of an element of Sl(n,R) =
G. Let, as before,

K = S0O(n),

and moreover

A= {diag()\l,...,)\n):/\i>0forz':1’_“7n7H)\i:1}
i=1

N := {upper triangular matrices with entries 1 on the diagonal}
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Theorem 5.5.2 (Iwasawa decomposition).  We have
G = KAN.
More precisely, for each g € G there exist unique k € K,a € A;n € N with

g = kan.

We first prove

Lemma 5.5.8 For each g € Gl(n,R), there exists a unique h € O(n) with

(hg)ij =0 fori<yjy

Proof. We denote the columns of g by vy, ...,v,. The rows ry,...,r, of h €
O(n) satisfying the assertions of the lemma must satisfy

(i) T1,...,Ty is an orthonormal basis of R™ (since h € O(n)).
(ii) rj-v; =0 for i < j. (“” here denotes the Euclidean scalar product).
(i)  7;-v; >0 for all j.

Conversely, if these three relations are satisfied, h has the desired prop-
erties.
We first determine r,, by the conditions

Tp Tn =11, v, >0,1,-v;,=0 fori=1,...,n—1.

Since the columns of g, i.e. the v;, are linearly independent, there indeed exists
such an r,. Assume now that we have iteratively determined r;,7j41,...,7y.
Let W; be the subspace of R" spanned by v1,...,v;_2,7;,...,7,. W; then has
codimension 1 because of the properties of the vectors r;,...,r,. Then r;_;
has to be orthogonal to W; and satisfies 7j_1 -vj—1 > 0 and rj_1 -rj—1 = 1.
There exists a unique such r;_;. Iteratively, we obtain ry,...,r,, hence h.
O

Proof of Theorem 5.5.2: By Lemma 5.5.8, there exist k € SO(n), namely
k = h~! from Lemma 5.5.8 (for g € Sl(n,R), we get h € SO(n)) and an
upper triangular matrix m = (m;;) with positive diagonal entries with

g =km.

We put A; = my;,n, = 1,n; = %mij for i # j, a = diag(A1,..., \n),
n = (n;;) and obtain

g =km = kan.
The uniqueness of this decomposition is implied by the uniqueness statement
of Lemma 5.5.8. (]
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5.6 Symmetric Spaces of Noncompact Type as
Examples of Nonpositively Curved Riemannian
Manifolds

We continue to study the symmetric space M = Sl(n,R)/SO(n). It is com-
plete (Corollary 5.3.1), nonpositively curved (Corollary 5.5.1), and simply
connected (this follows from Lemma 5.5.2 since P is simply connected). Thus,
the constructions at the end of § 4.8 may be applied to M. (Actually, what fol-
lows will be valid for any symmetric space of noncompact type.) We continue
to use the notations of 5.5, e.g. G = Sl(n,R), K = SO(n).

For z € M(00), let

Gy ={9eG:gx=u}

be the isotropy group of x. G, then is a subgroup of G. Let g, be the corre-
sponding sub Lie algebra of g.

Theorem 5.6.1 Let x € M(oc0),p € M, g==t®yp be the Cartan decompo-
sition w.r.t. p. Let X be the element of p = T, M with

Cpe(t) = € (p) (= exp, tX).
Let a be a maximal abelian subspace of p with X € a, and let
g=g0+ Y fa
ac
be the root space decomposition of g determined by a. Then

g =80+ Y, Ga (5.6.1)
a(X)>0

Corollary 5.6.1 Let By, By be Weyl chambers or Weyl chamber walls with
Bl C BQ. Let X1 S Bl,XQ € BQ ||X1|| = ||X2|| = ]., x1,To € M(OO) be the
classes of asymptotic geodesic rays determined by X1 and Xo, resp. Then

Ga, C Ga,. (5.6.2)

Conversely, Gy, C Gy, implies B1 C Bs.

Proof of Corollary 5.6.1: B; and B are contained in a common maximal
abelian subspace a of p. Let A be the set of roots of the root space decom-
position of g determined by a. Each « € A which is nonnegative on By then
is nonnegative on By, too. Theorem 5.6.1 then implies the claim. O
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By Corollary 5.6.1, the geometric relation B; C By defining the incidence
relation for the Tits building may be replaced by the algebraic relation (5.6.2)
between subgroups of G.

Proof of Theorem 5.6.1: For abbreviation, we put

c(t) 1= cpa(2).
Let Y € g. We decompose

Y =Yg+ > Yo with Y€ go,Ya € ga
acA

Y(t):= Ad(e™)Y =Yy + > e XY, by Lemma 5.5.6 (iv). (5.6.3)
a€cA

Then for all s,t € R

(e elt) (1)) = (e e (p), ¥ (7))
=d(e eV e (p), p), since etX is an isometry of M
= d(Ad(e ’tX) ¥(p),p) (5.6.4)
= (e (p), p).
Let now
Y e do + Z Ja-
a(X)>0
We put
"=Yy + Z Y,.
a(X)=0

(5.6.3), (5.6.4) imply for each s

lim d*(e™ (1), () = d*(e™ (p), p)-

t—o0o

Since by Theorem 4.8.2, d?(e*Y ¢(t), c(t)) is convex in ¢, it has to be bounded
for t > 0. Hence e*Y ¢ is asymptotic to ¢, hence

e’Y €@, foralls,

hence
Y €g,.
Let conversely Y € g,. WewriteY = Y1 +Y, with V7 := Yo+ > Y, Y5 :=
a(X)>0
> Y,. By what we have just proved, we obtain
a(X)<0

Y1 € g,, hencealso Yo=Y —Y; € g,.
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Therefore, for any fixed s,
d*(e*V2c(t), c(t))
is bounded for ¢ > 0. On the other hand (5.6.3), (5.6.4) imply
lim d?(e*Ye(t), e(t)) = 0.

t——o0

Since this function is convex by Theorem 4.8.2, it then vanishes identically.
We obtain
e*Y2c(t) = c(t)

hence in particular

e2p =p,

hence Y5 € t. Therefore, letting 6, denote the Cartan involution at p,
Yy =0,(Ys) € ‘917( Z ga) since Opp = idje,
a(X)<0

= Y 8o by Lemma 5.5.6(ii).
a(X)>0

By definition of Y5, this implies dim Y5 = 0, hence
Y=Yi€g+ D> 0
a(X)>0

O

Remark. The isotropy groups of any two points p,q € M are conjugate. If
q = gp, then
Gy = gGpg".

(The isotropy group of p € M is by definition G, = {g € G : gp = p}.)

The isotropy groups of points in M(co), however, are not necessarily
conjugate as one sees from Theorem 5.6.1. However, there are only finitely
many conjugacy classes.

Ezxample. Let
X = diag(A1,...,\n)

and let = be the element in M (c0) determined by X.
Then

Oy = {A = (aij)i,j:17,,,,n S sl(n,R) with Qij = 0 for \; < )\J}

For example, if
AL >0 > Ay,

then g, is the space of upper triangular matrices.
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Perspectives. For a differential geometric treatment of symmetric spaces of non-
compact type, our sources and references are [63, 64], [12].

Let G/K be a symmetric space of noncompact type. A discrete subgroup I" of
G is called a lattice if the quotient I'\G/K has finite volume in the induced locally
symmetric metric. Here, I" operates on G/K by isometries since the whole group
G does. I' may have fixed points so that the quotient need not be a manifold. Any
such I', however, always contains a subgroup I of finite index which is torsion
free, i.e. operates without fixed points (i.e. there do not exist v € I'',y # id, and
z € G/K with vz = z), and the quotient I'\G/K then is a manifold and a finite
covering of I'\G/ K. Therefore, one may usually assume w.l.o.g. that I itself has no
fixed points, and we are hence going to do this for simplicity of discussion. A lattice
I is called uniform or cocompact if the quotient is compact, nonuniform otherwise.

We now discuss the rigidity of such lattices.

For G = S1(2,R) ~ SO¢(2,1) and K = SO(2), there exist continuous families
of compact quotients, namely Riemann surfaces of a given genus p > 2. Thus, no
rigidity result holds in this case. This, however, is a singular phenomenon.

The first rigidity result was obtained by Calabi and Vesentini[36] who showed
that compact quotients of any irreducible Hermitian symmetric space of noncom-
pact type other than S1(2,R)/SO(2) are infinitesimally, hence locally, rigid. They
showed that the relevant cohomology group rising from the theory of Kodaira and
Spencer vanishes in all these cases. Their result means that there do not exist non-
trivial continuous families of uniform lattices in G/K other than S1(2,R)/SO(2).

Mostow[190] showed strong rigidity of compact quotients of irreducible symmet-
ric spaces of noncompact type. This means that any two such lattices I', I'"” which
are isomorphic as abstract groups are lattices in the same G and isomorphic as
subgroups of G. Geometrically this means that the quotients I'\G/K and I"\G/K
are isometric. (Here, as always, they carry the Riemannian metric induced from the
symmetric metric on G/K.)

Margulis[173] then showed superrigidity if rank (G/K) > 2. This essentially
means that any homomorphism p : I' — H (I as above) extends to a homomorphism
G — H, if H, like G, is a simple noncompact algebraic group (defined over R) and
if p(I') is Zariski dense, or that p(I") is contained in a compact subgroup of H,
if H is an algebraic subgroup of some Sl(n,Q,). Here, Q, stands for the p-adic
numbers. More generally and precisely, if G is a semisimple Lie group without
compact factors with maximal compact subgroup K, rank (G/K) > 2, if I' is an
irreducible lattice in G (irreducibility means that no finite cover of the quotient
I'\G/K is a nontrivial product; this condition is nontrivial only in the case where
G/K itself is not irreducible, i.e. a nontrivial product), and if H is a reductive
algebraic group over R, C, or some Q,, then any homomorphism p : I' — H with
Zariski dense image (this means that p(I") is not contained in a proper algebraic

I' =< GxL
ag

N
H

subgroup of H) factors through a homomorphism where L is a compact group. The
results of Margulis and their proofs can be found in [266]. Important generalizations
are given in [174]. Margulis also showed that superrigidity implies arithmeticity of a
lattice I". This means that I is obtained from the prototype Sl(n, R) by certain finite
algebraic operations, namely taking the intersection of Sl(n,Z) with Lie subgroups
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of Sl(n,R), applying surjective homomorphisms between Lie groups with compact
kernels, passing to sublattices of finite index or taking finite extensions of lattices.

In the Perspectives on 8.10, we shall discuss how harmonic maps can be used
to prove superrigidity.

Exercises for Chapter 5

1) Show that real projective space RP™ (cf. exercise 3 of Chapter 1) can
be obtained as the space of all (real) lines in R"*1. Show that RP*
is diffeomorphic to S'. Compute the cohomology of RP"™. Show that
RP™ carries the structure of a symmetric space.

2) Similarly, define and discuss quaternionic projective space HP™ as
the space of all quaternionic lines in quaternionic space H"*'. In
particular, show that it is a symmetric space.

3) Determine all Killing fields on S™.
4) Determine the Killing forms of the groups Sl(n, C), Sp(n,R), SU(n), U(n).

5) Discuss the geometry of S™ by viewing it as the symmetric space

SO(n +1)/SO(n).

6)  Show that CP™ = SU(n 4+ 1)/S(U(1) x U(n)). Compute the rank of
CP™ as a symmetric space.

7) Determine the closed geodesics and compute the injectivity radius of
the symmetric space RP™ (cf. 1)).



6. Morse Theory and Floer Homology

6.1 Preliminaries: Aims of Morse Theory

Let X be a complete Riemannian manifold, not necessarily of finite dimension
L. We shall consider a smooth function f on X, i.e. f € C*®°(X,R) (actually
f € C3(X,R) usually suffices). The essential feature of the theory of Morse
and its generalizations is the relationship between the structure of the critical
set of f,

C(f) ={xr e X :df(x) =0}

(and the space of trajectories for the gradient flow of f) and the topology of
X.

While some such relations can already be deduced for continuous, not nec-
essarily smooth functions, certain deeper structures and more complete re-
sults only emerge if additional conditions are imposed onto f besides smooth-
ness. Morse theory already yields very interesting results for functions on
finite dimensional, compact Riemannian manifolds. However, it also applies
in many infinite dimensional situations. For example, it can be used to show
the existence of closed geodesics on compact Riemannian manifolds M by
applying it to the energy functional on the space X of curves of Sobolev class
HY2 in M, as we shall see in § 6.11 below.

Let us first informally discuss the main features and concepts of the theory
at some simple example. We consider a compact Riemannian manifold X
diffeomorphic to the 2-sphere S2, and we study smooth functions on X;
more specifically let us look at two functions fi, fo whose level set graphs are
exhibited in the following figure,

1 In this textbook, we do not systematically discuss infinite dimensional Riemannian mani-

folds. The essential point is that they are modeled on Hilbert instead of Euclidean spaces. At
certain places, the constructions require a little more care than in the finite dimensional case,

because compactness arguments are no longer available.
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1 p; f, p; P

P:
Fig. 6.1.1.

with the vertical axis describing the value of the functions. The idea of Morse
theory is to extract information about the global topology of X from the
critical points of f, i.e. those p € X with

df (p) = 0.

Clearly, their number is not invariant; for f;, we have two critical points,
for fo, four, as indicated in the figure. In order to describe the local ge-
ometry of the function more closely in the vicinity of a critical point, we
assign a so-called Morse index p(p) to each critical point p as the number
of linearly independent directions on which the second derivative d?f(p) is
negative definite (this requires the assumption that that second derivative is
nondegenerate, i.e. does not have the eigenvalue 0, at all critical points; if
this assumption is satisfied we speak of a Morse function). Equivalently, this
is the dimension of the unstable manifold W*(p). That unstable manifold is
defined as follows: We look at the negative gradient flow of f, i.e. we consider
the solutions of

z:R—-M
z(t) = — grad f(z(t)) forallteR.

It is at this point that the Riemannian metric of X enters, namely by defining
the gradient of f as the vector field dual to the 1-form df. The flow lines
x(t) are curves of steepest descent for f. For ¢ — oo, each flow line z(t)
converges to some critical points p = x(—00), ¢ = z(o0) of f, recalling that in
our examples we are working on a compact manifold. The unstable manifold
W(p) of a critical point p then simply consists of all flow lines z(t) with
x(—00) = p, i.e. of those flow lines that emanate from p.
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i P, f, P, P:

Ps

p: P,
Fig. 6.1.2.

In our examples, we have for the Morse indices of the critical points of f;

g (1) =2, py, (p2) =0,
and for fo

pr(p1) =2, pp(p2) =2, pp(ps) =1, pp(ps) =0,

as f1 has a maximum point p; and a minimum ps as its only critical points
whereas fs has two local maxima p1, p2, a saddle point p3, and a minimum p4.
As we see from the examples, the unstable manifold W*(p) is topologically a
cell (i.e. homeomorphic to an open ball) of dimension p(p), and the manifold
X is the union of the unstable manifolds of the critical points of the function.
Thus, we get a decomposition of X into cells. In order to see the local effects
of critical points, we can intersect W*(p) with a small ball around p and
contract the boundary of that intersection to a point. We then obtain a

f/ p; f,

¥
Fig. 6.1.3.

pointed sphere (S#®), pt.) of dimension p(p). These local constructions al-
ready yield an important topological invariant, namely the Euler character-
istic x(X), as the alternating sum of these dimensions,
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X = Y (U Pup).

p crit. pt. of ¢

We are introducing the signs (—1)*() here in order to get some cancellations
between the contributions from the individual critical points. This issue is
handled in more generality by the introduction of the boundary operator 9.
From the point of view explored by Floer, we consider pairs (p, q) of critical
points with u(q) = u(p)—1, i.e. of index difference 1. We then count the num-
ber of trajectories from p to ¢ modulo 2 (or, more generally, with associated
signs as will be discussed later in this chapter):

Op = Z (#{flow lines from p to ¢} mod 2)q.

g crit. pt of f
m(g)=p(p)—1

In this way, we get an operator from C.(f,Zz), the vector space over Zs
generated by the critical points of f, to itself. The important point then is
to show that

000 =0.

On this basis, one can define the homology groups

Hi(X, f,Z2) := kernel of 9 on Ci(f,Zs)/image of 0 from
Crr1(f, Z2),

where Ci(f,Z2) is generated by the critical points of Morse index k. (Because
of the relation 9o 0 = 0, the image of 0 from Cy11(f, Z2) is always contained
in the kernel of 9 on Ci(f,Z2).) We return to our examples: In the figure, we
now only indicate flow lines between critical points of index difference 1.

f, P, f P, p:

P;

P P4
Fig. 6.1.4.

For f1, there are no pairs of critical points of index difference 1 at all. Denoting
the restriction of 0 to Ck(f,Z2) by Ok, we then have
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ker 0y = {p1}
ker 80 = {po},
while 9; is the trivial operator as C(f1,Z2) is 0. All images are likewise

trivial, and so
Hy(X, f1,Z2) = Zo

Hi(X, f1,Z2) =0
Ho(X, f1,Z2) = Z

Putting
by, = dimg, Hi (X, f,Z2) (Betti numbers),

in particular we recover the Euler characteristic as

X(X) =) (=1)b;.

J
Let us now look at f. Here we have

Oap1 = Oapa = p3 , hence Ja(p1 + p2) = 2p3 =0
01ps = 2p4 = 0 (since we are computing mod 2)
dops =0

Thus
HQ(Xv f27Z2) =ker 0y = Zo
Hl(Xv f27Z2) = ker@l/image82 =0
Hy(X, fo,Z2) = ker 9y /imaged; = Zs.

Thus, the homology groups, and therefore also the Betti numbers are the
same for either function. This is the basic fact of Morse theory, and we also see
that this equality arises from cancellations between critical points achieved
by the boundary operator.

This will be made more rigorous in §§ 6.3 - 6.10.

As already mentioned, there is one other aspect to Morse theory, namely
that it is not restricted to finite dimensional manifolds. While some of the
considerations in this Chapter will apply in a general setting, here we can
only present an application that does not need elaborate features of Morse
theory but only an existence result for unstable critical points in an infinite
dimensional setting. This will be prepared in § 6.2 and carried out in § 6.11.
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6.2 Compactness: The Palais-Smale Condition and the
Existence of Saddle Points

On a compact manifold, any continuous function assumes its minimum. It
may have more than one local minimum, however. If a differentiable func-
tion on a compact manifold has two local minima, then it also has another
critical point which is not a strict local minimum. These rather elementary
results, however, in general cease to hold on noncompact spaces, for example
infinite dimensional ones. The attempt to isolate conditions that permit an
extension of these results to general, not necessarily compact situations is
the starting point of the modern calculus of variations. For the existence of a
minimum, one usually imposes certain generalized convexity conditions while
for the existence of other critical points, one needs the so-called Palais-Smale
condition.

Definition 6.2.1 f € C!(X,R) satisfies condition (PS) if every sequence
(%5 )nen with
(i) | f(2,)] bounded
(ii) lldf (z,)]] — 0 for n — oo
contains a convergent subsequence.

Obviously, (PS) is automatically satisfied if X is compact. It is also sat-
isfied if f is proper, i.e. if for every ¢ € R

{reX:[fx)] <c}

is compact. However, (PS) is more general than that and we shall see in the
sequel (see § 6.11 below) that it holds for example for the energy functional
on the space of closed curves of Sobolev class H'? on a compact Riemannian
manifold M.

For the sake of illustration, we shall now demonstrate the following result:

Proposition 6.2.1 Suppose f € C1(X,R) satisfies (PS) and has two strict
relative minima x1,x9 € X. Then there exists another critical point xs of f
(i.e. df (x3) = 0) with

f(z3) = £ := inf max f(z) > max{f(z1), f(x2)} (6.2.1)

Yel' zey

with I' :== {y € C°([0,1],X) : v(0) = x1,7(1) = x2}, the set of all paths
connecting x1 and xs. (x3 is called a saddle point for f.)
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We assume also that solutions of the negative gradient flow of f,

p: X xXR—-X
2 ple.t) = —grad f(p(a.1) (622
olr,0) =

exist for all x € X and 0 <t < ¢, for some ¢ > 0. (grad f is the gradient
of f, see (2.1.13); it is the vector field dual to the 1-form df.)

Proof. Since x1 and x5 are strict relative minima of f,
J0p > 0V with 0 < 6 < dpJe >0V with ||l — ;|| =6 :

f(x) > f(xs) +e fori=1,2.
Consequently
Jeo > 0Vy e I'3T € (0,1) : f(y(7)) = max(f(z1), f(z2)) + o

This implies
k> max(f(z1), f(x2)). (6.2.3)
We want to show that

fri={x eR": f(z) =&}
contains a point x3 with
df (z3) = 0. (6.2.4)
If this is not the case, by (PS) there exist n > 0 and a > 0 with

ldf (2)|| > e (6.2.5)

whenever k —n < f(z) < k+1.
Namely, otherwise, we find a sequence (z,)neny C X with f(x,) — & and
df (x,,) — 0 as n — oo, hence by (PS) a limit point 23 that satisfies f(z3) =
K, df (x3) = 0 as f is of class C!.
In particular,
f(z1), f(ze) < K —m, (6.2.6)

since df (z1) = 0 = df (z2). Consequently we may find arbitrarily small n > 0
such that for all v € I" with max f(y(7)) <k +n:

V7 € [0,1] : either f(y(7)) <k —n
or [|df (v(7))|| = . (6.2.7)

We let ¢(x,t) be the solution of (6.2.2) for 0 < ¢ <e.
We select n > 0 satisfying (6.2.7) and v € I" with
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max, fy(m) <k +m. (6.2.8)
Then
%f(@(v(ﬂ»t)) = —((df)(e(y(7),1), grad f(p(v(7),1))
= —|ldf (p(~(r),1))[|* < 0. (6.2.9)
Therefore
max f(p(v(7),t)) < max f(y(1)) < &+ 1. (6.2.10)

Since grad f(x;) = 0,7 = 1,2, because x1,xs are critical points of f, also
o(xi,t) = x; for i = 1,2 and all ¢t € R, hence

p((),t) € I

(6.2.9), (6.2.6), (6.2.7), and (6.2.2) then imply

d a?
SHp (1), 1) < == whenever f(p(y(r),0) > = (6:2.11)
We may assume that the above 1 > 0 satisfies
8n
? S E.

Then the negative gradient flow exists at least up to t = 2—2. (6.2.10) and
(6.2.11), however, imply that for tg = %, we have

fle(y(1),t0)) <k —n forallT € [0,1].

Since ¢(y(-),to) € I', this contradicts the definition of k. We conclude that
there has to exist some x3 with f(x3) = k and df (z3) = 0. O

The issue of the existence of the negative gradient flow for f will be
discussed in the next §. Essentially the same argument as in the proof of
Prop. 6.2.1 will be presented once more in Thm. 6.11.3 below.

Perspectives. The role of the Palais-Smale condition in the calculus of variations
is treated in [142]. A thorough treatment of many further examples can be found in
[234] and [39]. A recent work on Morse homology in an infinite dimensional context
is Abbondandolo, Majer[1].
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6.3 Local Analysis: Nondegeneracy of Critical Points,
Morse Lemma, Stable and Unstable Manifolds

The next condition provides a nontrivial restriction already on compact man-

ifolds.

Definition 6.3.1 f € C?(X,R) is called a Morse function if for every zq €
C(f), the Hessian d? f () is nondegenerate. (This means that the continuous

linear operator
AT X - T, X

defined by
(Ay)(v) = d? (o) (u,v)  for u,v € Ty X

is bijective.) Moreover, we let
VT T, X

be the subspace spanned by eigenvectors of (the bounded, symmetric, bilinear
form) d? f(x¢) with negative eigenvalues and call

w(zg) :=dimV™
the Morse index of zg € C(f). For k € N, we let

Cr(f) :i={z € C(f) : p(x) = k}
be the set of critical points of f of Morse index k.

The Morse index p(zp) may be infinite. In fact, however, for Morse theory
in the sense of Floer one only needs finite relative Morse indices. Before we can
explain what this means we need to define the stable and unstable manifolds
of the negative gradient flow of f at zq.

The first point to observe here is that the preceding notion of nondegen-

eracy of a critical point does not depend on the choice of coordinates. Indeed,
if we change coordinates via

x=¢&(y), for some local diffeomorphism &,
then, computing derivatives now w.r.t. y, and putting yo = £~ (o),
d*(f 0 €)(yo)(u, v) = (d*F)(E(yo)) (dE (yo)u, d€(yo)v)  for any u,v,
if
df (z9) = 0.

Since d¢(yo) is an isomorphism by assumption, we see that

d*(f ©€)(yo)
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has the same index as
d2f($0).

The negative gradient flow for f is defined as the solution of

¢ X xR— X

%(ﬁ(x,t) = — grad f(¢(z,t)) (6.3.1)
¢(z,0) = x.

Here, grad f of course is the gradient of f for all x € X, defined with the
help of some Riemannian metric on X, see (2.1.13).

The theorem of Picard-Lindeldf yields the local existence of this flow (see
Lemma 1.6.1), i.e. for every x € X, there exists some ¢ > 0 such that ¢(z,t)
exists for —¢ < t < e. This holds because we assume f € C?(X,R) so that

grad f satisfies a local Lipschitz condition as required for the Picard-Lindelof

theorem. We shall assume in the sequel that this flow exists globally, i.e. that
¢ is defined on all of X x R. In order to assure this, we might for example
assume that d?f(z) has uniformly bounded norm on X.

(6.3.1) is an example of a flow of the type

¢ X xR— X

0
&QS =V(p(x,t), ¢(z,0)=2x

for some vector field V' on X which we assume bounded for the present
exposition as discussed in 1.6. The preceding system is autonomous in the
sense that V' does not depend explicitly on the “time” parameter ¢ (only
implicitly through its dependence on ¢). Therefore, the flow satisfies the
group property

oz, t1 +t2) = d(P(x,t1),t2) for all t1,t9 € R (see Thm. 1.6.1).

In particular, for every x € X, the flow line or orbit v, := {¢(z,t) : t € R}
through z is flow invariant in the sense that for y € v,, t € R

(Y, t) € Ve

Also, for every t € R, ¢(-,t) : X — X is a diffeomorphism of X onto its image
(see Theorem 1.6.1).

As a preparation for our treatment of Morse theory, in the present section
we shall perform a local analysis of the flow (6.3.1) near a critical point
of f,ie. grad f(zg)=0.

Definition 6.3.2 The stable and unstable manifolds at zg of the flow ¢ are
defined as
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W*(x) := {y e X: lim ¢(y,t) = xo}
t——+oo

W*(xo) = {y €X: lim ¢(y,t) = xo}.

Of course, the question arises whether W?(xg) and W"(zq) are indeed
manifolds.

In order to understand the stable and unstable manifolds of a critical
point, it is useful to transform f locally near a critical point xy into some
simpler, so-called “normal” form, by comparing f with a local diffeomor-
phism. Namely, we want to find a local diffeomorphism

z=¢&(y),
with
xg = £(0) for simplicity
such that .
F(€w)) = Flwo) + 58 F (o) y,9)- (63.2)

In other words, we want to transform f into a quadratic polynomial. Having
achieved this, we may then study the negative gradient flow in those coordi-
nates w.r.t. the Euclidean metric. It turns out that the qualitative behaviour
of this flow in the vicinity of 0 is the same as the one of the original flow in
the vicinity of zg = £(0).

That such a local transformation is possible is the content of the Morse-
Palais-Lemma:

Lemma 6.3.1 Let B be a Banach space, U an open neighborhood of zy € B,
f € CF2(U,R) for some k > 1, with a nondegenerate critical point at x.
Then there exist a neighborhood V' of 0 € B and a diffeomorphism

& V-EgV)cU

of class C* with £(0) = g satisfying (6.3.2) in V. In particular, nondegen-
erate critical points of a function f of class C® are isolated.

Proof. We may assume xo = 0, f(0) = 0 for simplicity of notation.
We want to find a flow

0:Vx[0,1] - B
with
e(y,0) =y (6.3.3)
P, 1)) = 5 FO0) () forall y e V. (6.3.4)
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&(y) := p(y,1) then has the required property. We shall construct ¢(y,t) so
that with

1(y1) = £(0) + 5 (1= O 0) ),

we have

Sl 6),6) =0, (635

implying

fle(,1)) =n(e(y,1),1) = n(e(y,0),0) = %dzf(O)(y,y)

as required. (6.3.5) means

0= fle(y, 1)) +tdf (¢(y, t))%w(y, t) (6.3.6)

3P FO) ol ), (3, 0) + (1= ) F(O) 1), 5ol 1)

Now by Taylor expansion, using df (0) = 0,
1
f@) = [ (=1 (ra)(a,z) dr
0

df (z) :/0 d?f(rx)x dr.

Inserting this into (6.3.6), with = ¢(y,t), we observe that we have a com-
mon factor ¢(y,t) in all terms. Thus, abbreviating

To(x) := —%d2f(0) +/0 (1 —7)d*f(rz)dr

1
Ty (z,t) :== d*£(0) +t/0 (d?f(rz) — d*£(0)) dr,

(6.3.6) would follow from

0= To(e(y. D)p(w. ) + Ti (0, 0).1) ool 1) (6.3.7)

Here, we have deleted the common factor ¢(y,t), meaning that we now con-
sider e.g. d?f(0) as a linear operator on B.

Since we assume that d?f(0) is nondegenerate, df(0) is invertible as a
linear operator, and so then is T} (z,t) for z in some neighborhood W of 0
and all ¢ € [0,1].

Therefore,

=T ((P(y; t)v t)il © TO(@(@U t))@(ya t)

exists and is bounded if ¢(y,t) stays in W. Therefore, a solution of (6.3.7),
i.e. of
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St = (el o To(p el ), (639)

stays in W for all t € [0,1] if ¢(y,0) is contained in some possibly smaller
neighborhood V of 0. The existence of such a solution then is a consequence
of the theorem of Picard-Lindelof for ODEs in Banach spaces. This completes
the proof. O

Remark. The preceding lemma plays a fundamental role in the classical ex-
positions of Morse theory. The reason is that it allows to describe the change
of topology in the vicinity of a critical point z¢ of f of the sublevel sets

h={yeX: f(y) <A}

as A decreases from f(zg) + ¢ to f(xg) — ¢, for € > 0.

The gradient flow w.r.t. the Euclidean metric for f of the form (6.3.2)
now is very easy to describe. Assuming w.l.o.g. f(z¢) = 0, we are thus in the

situation of .

where B(-,-) is a bounded symmetric quadratic form on a Hilbert space H.
Denoting the scalar product on H by (-,-), B corresponds to a selfadjoint
bounded linear operator

L:H—H

(L(u),v) = B(u,v)

by the Riesz representation theorem, and the negative gradient flow for g
then is the solution of

0

¢(y’ 0) =Y.

If v is an eigenvector of L with eigenvalue A, then
d(v,t) = e Mo,

Thus, the flow exponentially contracts the directions corresponding to pos-
itive eigenvalues, and these are thus stable directions, while the ones corre-
sponding to negative eigenvalues are expanded, hence unstable.

Let us describe the possible geometric pictures in two dimensions. If we
have one positive and one negative eigenvalue, we have a so-called saddle,
and the flow lines in the vicinity of our critical point look like:
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Fig. 6.3.1. The horizontal axis is the unstable, the vertical one the stable
manifold.

If we have two negative eigenvalues, hence two unstable directions, we have
a node. If the two eigenvalues are equal, all directions are expanded at the
same speed, and the local picture is

Fig. 6.3.2.

If they are different, we may get the following picture, if the one of largest
absolute value corresponds to the horizontal direction

Fig. 6.3.3.
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The situations of Figures 6.3.2 and 6.3.3 are topologically conjugate, but
not differentiably. However, if we want to preserve conditions involving deriva-
tives like the transversality condition imposed in the next section, we may
only perform differentiable transformations of the local picture. It turns out
that the situation of Figure 6.3.1 is better behaved in that sense.

Namely, the main point of the remainder of this section is to show that the
decomposition into stable and unstable manifolds always has the same quali-
tative features in the differentiable sense as in our model situation of a linear
system of ODEs (although the situation for a general system is conjugate to
the one for the linearized one only in the topological sense, as stated by the
Hartmann-Grobman-Theorem). All these results will depend crucially on the
nondegeneracy condition near a critical point, and the analysis definitely be-
comes much more complicated without such a condition. In particular, even
the qualitative topological features may then cease to be stable against small
perturbations. While many aspects can still be successfully addressed in the
context of the theory of Conley, we shall confine ourselves to the nondegen-
erate case.

By Taylor expansion, the general case may locally be considered as a
perturbation of the linear equation just considered. Namely, we study

0
5:0W:t) = Loy, t) +n((y, 1)) (6.3.10)
¢(y,0) = v,
in some neighborhood U of 0, where n : H — H satisfies
n(0) =0
In(z) —n)Il < d(e)llz —yll (6.3.11)

for ||z], ||ly|l < e, with §(¢) a continuous monotonically increasing function of
e € [0,00) with §(0) = 0. The local unstable and stable manifolds of 0 then
are defined as

w*(0,U) = {x € U : ¢(x,t) exists and is contained in U for all ¢ < 0,
tl}r—noo ¢<$, t) - O}

we(0,U) = {x € U : ¢(x,t) exists and is contained in U for all ¢ > 0,
o0 -0}

We assume that the bounded linear selfadjoint operator L is nondegener-
ate, i.e. that 0 is not contained in the spectrum of L. As L is selfadjoint, the
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spectrum is real. H then is the orthogonal sum of subspaces H,, H_ in-
variant under L for which Ly, has positive, Ljy_ negative spectrum, and
corresponding projections

P.:H—H., P +P =1Id
Since L is bounded, we may find constants cg,y > 0 such that

le L' Py|| < coe™  fort>0

6.3.12
le PP || < cpet for t < 0. (6.3.12)

Let now y(t) = ¢(x,t) be a solution of (6.3.10) for ¢ > 0. We have for any

T € [0,00)
¢

y(t) = e~ M0y () + / L5 (y(s)) ds, (6.3.13)
hence also
t
Pry(t) = e "7 Pyy(r) +/€_L(t_s)Pi77(y(S))d5- (6.3.14) 4

T

If we assume that y(t) is bounded for ¢ > 0, then by (6.3.12)

lim e Y"1 P_y(r) =0, (6.3.15)

T—00

and hence such a solution y(t) that is bounded for ¢ > 0 can be represented
as

y(t) = Pyy(t) + Py(t)
=elp o4 / e L= P n(y(s))ds
0 (6.3.16)
- /e_L(t_S)P,n(y(s)) ds, with x = y(0)

t

(putting 7 =0 in (6.3.14) 4, 7 = oo in (6.3.14)_). Conversely, any solution of
(6.3.16), bounded for ¢t > 0, satisfies (6.3.13), hence (6.3.10). For a solution
that is bounded for ¢t < 0, we analogously get the representation
0 ¢
y(t) :e’LtP—fv*/G’L(t’S)P—n(y(S))dH/ e M Pyn(y(s)) ds.

—o00
t

Theorem 6.3.1 Let ¢(y,t) satisfy (6.3.10), with a bounded linear nondegen-
erate selfadjoint operator L and n satisfying (6.3.11). Then we may find a
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neighborhood U of 0 such that W*(0,U) (W*(0,U)) is a Lipschitz graph over
P,HNU (P_HNU), tangent to PLH (P_H) at 0. If n is of class C* in U,
so are W5(0,U) and W*(0,U).

Proof. We consider, for z € P, H,
t

T(ya)(t) im e Pot [ MRy ds — [ e BN Pn(y(s) ds

’ (6.3.17)

From (6.3.16) we see that we need to find fixed points of T, i.e.

y(t) = T(y,2)(2). (6.3.18)

In order to apply the Banach fixed point theorem, we first need to identify
an appropriate space on which T'(-,z) operates as a contraction. For that
purpose, we consider, for 0 < A < 7, € > 0, the space

M) = {0) < e = s )] < <. (6:3.19)

My (e) is a complete normed space. We fix A, eg. A = 7, in the sequel.
Because of (6.3.11), (6.3.12), we have for y € M) (¢)

t

7. 2) (O] < e o] +ead(€) ( [yt ds

0
oo

+ / ev<ts>||y<s>||ds>

t
t

< coe~ |z + cod(e) ( sup M y(s)] [ ds
0<s<t o

t<s<oo

+ sup eASHy(s)H/eV(t*S)e*)‘S d$>.
¢

(6.3.20)

Now since

t

/677(“5)6*/\5 ds = efvtil \ (6(77)‘” — 1) < ! e M,
v —

0
o0

/e’y(t—s)e—)\s ds — et 1 e~ (Nt _ e—)\t7
Y

t
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(6.3.20) implies

_ 2c06(e) _
170 ) O < el + 222 e (6.3.21)
Similarly, for y1,ys € My (g)
4epd(e)
720 - T, 2) O < 22Ny — . (6322

Because of our assumptions on d(g) (see (6.3.11), we may choose € so small
that

400 1
) < —. 6.3.23
05 < 5 (6.3.23)
Then from (6.3.22), for y1,y2 € My (e)
1
1T (y1,2) — T(y2, ) |[exp,r < 5”3/1 — Y2 lexp,A- (6.3.24)
If we assume in addition that
||| < 2— (6.3.25)
then for y € My (), by (6.3.21)
1T (y, x)|lexp.x < €. (6.3.26)

Thus, if ¢ satisfies (6.3.23), and ||:E|| < 3o, then T(-, ) maps M,(¢) into

itself, with a contraction constant 5. Therefore applying the Banach fixed
point theorem, we get a unique solutlon yr € My(e) of (6.3.18), for any
z € Py H with [|z]| < 55

Obviously, T7(0,0) = 0 and thus yo = 0. Also, since y, € M) (e) is decay-
ing exponentially, we have for any x (with ||z| < =)

tlim Yo (t) =0,
ie.

y=(0) € W*(0).
From (6.3.17), we have

t oo
Yo (t) = e_Lthr/e_L(t_s)Pw(ym(S))ds—/e_L(t_s’an(ym(S))dS-
0 t

Yo lies in M (¢) and so in particular is bounded for ¢ > 0. Thus, it also satisfies
(6.3.16), i.e
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oo

t
ya(t) = € F Py, (0) + / P9 Py p(ya(s)) ds — / e LU= P_p(ya(s)) ds,
0

t

and comparing these two representations, we see that

z = Pry,(0). (6.3.27)
Thus, for any U C {[|z| < 55}, we have a map

H+ NnNU — W? (O)
z — 4z (0),

with inverse given by Pj, according to (6.3.27). We claim that this map is
a bijection between Hy NU and its image in W*(0). For that purpose, we
observe that as in (6.3.21), we get assuming (6.3.25),

_ 1

g2, (8) = s D) < coe™ |21 = wal| + Sl = Yaallexp s

hence

1921 (0) = Yo ()| < (1921 — Yo llexp.r < 2¢0llz1 — 2. (6.3.28)

We insert the second inequality in (6.328) into the integrals in (6.3.17) and
use (6.3.12) as before to get from (6.3.17)

4c¢é(e)
92, (0) = Y2, ()| = |21 — 22| — 07/\H931 — Za]|.

v -
If in addition to the above requirement %005(6) < % we also impose the
condition upon ¢ that

2
4cyd(e) < 1’
y—A T 2
the above inequality yields
1
1921 (0) = 42, (O)| 2 S llz1 — 2. (6.3.29)

Thus, the above map indeed is a bijection between {z € Py H, [lz[| < 55}
and its image W in W*(0). (6.3.28) also shows that our map x — y,(0) is
Lipschitz, whereas its inverse is Lipschitz by (6.3.29).

In particular, since yo = 0 as used above, W contains an open neighbor-
hood of 0 in W#(0), hence is of the form W#(0,U) for some open U.

We now verify that W?*(0,U) is tangent to P+ H at 0. (6.3.11), (6.3.17)

and (6.3.28) (for 1 = z,z2 = 0, recalling yo = 0)
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1Py (0)] = | / 5 P_ (s (5)) ds|

IN

0
o / 58|l ()1 e ()] s
0

IN

o0
¢ / 76 (2c0e ™ ) 2e0e ]
0

2c2
_0/\5(2COIIIII)II$H-

IN

This implies

1Py (O)|| _ [1P-4=(0)]
P4y (0) ]

— 0 as y,(0) — 0 in W?*(0,0),
or equivalently x — 0 in Py H.

This shows that W*(0,U) indeed is tangent to Py H at 0.

The regularity of W#(0,U) follows since T(y,z) in (6.3.17) depends
smoothly on 7. (It is easily seen from the proof of the Banach fixed point
theorem that the fact that the contraction factor is < 1 translates smooth-
ness of T" as a function of a parameter into the same type of smoothness of
the fixed point as a function of that parameter.)

Obviously, the situation for W*(0, U) is symmetric to the one for W*(0,U).

O

The preceding theorem provides the first step in the local analysis for the
gradient flow in the vicinity of a critical point of the function f. It directly
implies a global result.

Corollary 6.3.1 The stable and unstable manifolds W*(x), W¥(x) of the
negative gradient flow ¢ for a smooth function f are injectively immersed
smooth manifolds. (If f is of class Ck*+2, then W*(x) and W*(x) are of class
ck.)

Proof. We have

for any neighborhood U of =x. O

Of course, the corollary holds more generally for the flows of the type
(6.3.10) (if we consider only those flow lines ¢(-,¢) that exist for all ¢ < 0
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resp. t > 0). (The stable and unstable sets then are as smooth as 7 is.)
The point is that the flow ¢(-,¢), for any ¢ and any open set U, provides a
diffeomorphism between U and ¢(U,t), and the sets ¢(U,t) cover the image
of (b(a )

The stable and unstable manifolds W#(0), W*(0) for the flow (6.3.10) are
invariant under the flow, i.e. if e.g.

x = ¢(x,0) € W*(0),
then also
z(t) = ¢(x, t) € W*(0) for all ¢t € R for which it exists.

In 6.4, we shall easily see that because f is decreasing along flow lines, the
stable and unstable manifolds are in fact embedded, see Corollary 6.4.1.

We return to the local situation. The next result says that more generally,
in some neighborhood of our nondegenerate critical point 0, we may find a so-
called stable foliation with leaves A°(z,) parametrized by z, € W*(0), such
that where defined, A°(0) coincides with W*(0) while all leaves are graphs
over W#(0), and if a flow line starts on the leaf A%(z,) at t = 0, then at
other times ¢, we find it on A%(¢(2y,t)), the leaf over the flow line on W*(0)
starting at z, at ¢ = 0. Also, as t increases, different flow lines starting on
the same leaf approach each other at exponential speed.

The precise result is

Theorem 6.3.2 Suppose that the assumptions of Theorem 6.3.1 hold. There
exist constants c1, A > 0, and neighborhoods U of 0 in H, V of 0 in Py H
with the following properties:

For each z, € W*(0,U), there is a function

Yz, V. — H.

@ (z1) is as smooth in z,,z, asn is, for example of class C* if n belongs
to that class. If
z € A(zu) = 2, (V),

then

(,25(2, t) = (p¢(2u,t)(P+¢(Z7 t)) (6330)
and

l¢(2,1) = d(zus )| < cre™™ (6.3.31)
as long as ¢(z,t), ¢(zy,t) remain in U.

We thus have a smooth (of class C*, if n € C*), so-called stable foliation
which is flow invariant in the sense that the flow maps leaves to leaves. In
particular, A%(0) is the stable manifold W*(0)NV, ¢(z,t) approaches W#(0)N
V' exponentially for negative t, as long as it stays in U.

Of course, there also exists an unstable foliation with analogous properties.
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Fig. 6.3.4.

Corollary 6.3.2 Let f : X — R be of class C**2, k > 1, x a nondegenerate
critical point of f. Then in some neighborhood U of x, there exist two flow-
invariant foliations of class C*, the stable and the unstable one. The leaves
of these two foliations intersect transversally in single points, and conversely
each point of U is the intersection of precisely one stable and one unstable

leaf.

The Corollary is a direct consequence of the Theorem, and we thus turn
to the proof of Thm. 6.3.2:

Changing n outside a neighborhood U of 0 will not affect the local struc-
ture of the flow lines in that neighborhood. By choosing U sufficiently small
and recalling (6.3.11), we may thus assume that the Lipschitz constant of n
is as small as we like. We apply (6.3.13) to ¢(z,t) and ¢(z,,t) and get for

7 20, putting y(t; 2, z4) 1= ¢(2,1) — ¢(z4, 1),

y(t; 2, 20) = e Fy(15 2, 2,)
t

n /e—L(t—s) ((d(2, 3)) — n(d(zu, 5))) ds.  (6.3.32)

T

If this is bounded for ¢t — oo, then (6.3.12) implies, as in (6.3.15),

lim e LT P_y(t; 2, z,) = 0. (6.3.33)

T—00

Consequently, as in (6.3.16) we get,

y(t; 2,20) = e Py (0; 2, 2,) (6.3.34)

b [ HIPL0(0,9) + 3l 22)) ~ (e ) ds
0
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oo

- / ) P (12 8) + (53 7 7)) — 1(S (7, 5))) ds.

t

As in the proof of Thm. 6.3.1, we want to solve this equation by an application
of the Banach fixed point theorem, i.e. by finding a fixed point of the iteration
of

T(y, 2y, 24) = e 2y (6.3.35)
t

b [ IR ((0(ae5) + 0) = (0(z0,5) d

0
o]

_ /e—L(t_S)P_ ((P(zu, s) +y(s)) — n(d(2u,5))) ds,

t

for z; € Py H. As in the proof of Thm. 6.3.1, we shall use a space M) (eg)
for some fixed 0 < A < 7.

Before we proceed to verify the assumptions required for the application
of the fixed point theorem, we wish to describe the meaning of the construc-
tion. Namely, given z, € W*(0), and the orbit ¢(z,,t) starting at z, and
contained in W*(0), and given z; € Py H, we wish to find an orbit ¢(z,t)
with P;¢(z,0) = Prz = z; that exponentially approaches the orbit ¢(z,,t)
for t > 0. The fixed point argument will then show that in the vicinity of 0,
we may find a unique such orbit. If we keep z,, fixed and let z; vary in some
neighborhood of 0 in Py H, we get a corresponding family of orbits ¢(z,t),
and the points z = ¢(z,0) then constitute the leaf through z, of our folia-
tion. The leaves are disjoint because orbits on the unstable manifold W*(0)
with different starting points for ¢t = 0 diverge exponentially for positive ¢.
Thus, any orbit ¢(z,t) can approach at most one orbit ¢(z,,t) on W*(0)
exponentially. In order to verify the foliation property, however, we also will
have to show that the leaves cover some neighborhood of 0, i.e. that any flow
line ¢(z,t) starting in that neighborhood for ¢ = 0 approaches some flow line
@(zu,t) in W*(0) exponentially. This is equivalent to showing that the leaf
through z, depends continuously on z,, and this in turn follows from the
continuous dependence of the fixed point of T'(-, 2, 24+ ) on zy.

Precisely as in the proof of Thm. 6.3.1, we get for 0 < A < (say A = 3),
with cp,7 as in (6.3.12), |lzo|| < €1, y € Mix(g0), i-e. [|y(t)] < e *eg, and
with [1]1ip being the Lipschitz constant of n

2cpe
7200200 < cozre + 2252

Mpipe ™ (6.3.36)

and

4c ip
701,200 200) = Tl 20,20 0)] < LNy . (6337
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As remarked at the beginning of this proof, we may assume that [], is
as small as we like. Therefore, by choosing £; > 0 sufficiently small, we
may assume from (6.3.36) that T'(-, z,,, 2+ ) maps M (o) into itself, and from
(6.3.37) that it satisfies

1
1T (y1, 2, 24) — T(y2azuvz+)||e><p,>\ < 5”?41 - Z/2||eXp,k-

Thus, the Banach fixed point theorem, applied to T'(-, z,, z4) on the space
M) (o), yields a unique fixed point y., ., on this space. We now put

Pz, (Zl) = Yzy,zy
Z =Yz, 2, (0). (6.3.38)

We then have all the required relations:
Piz=P.y,, ., 0) =2z from (6.3.35),

and hence y., ., solves (6.3.34), i.e. is of the form y(t; 2, 2,) with z from
(6.3.38), and ¢(z,t) = y(t; 2, 24) + P(2u,t) is a flow line. Condition (6.3.30)
thus holds at ¢ = 0. Since the construction is equivariant w.r.t. time shifts,
because of the group property

o(z,t +7) = d(P(2,t),7) for all ¢, T,

(6.3.30) holds for any t, as long as ¢(z,t) stays in our neighborhood U of 0.
The exponential decay of ¢(z,t) — ¢(zy,t) = y(t; 2, 2,,) follows since we have
constructed our fixed point of T" in the space of mappings with precisely that
decay.

Since T is linear in z4, we see as before in the proof of Thm. 6.3.1 that
a smoothness property of 7 translates into a smoothness property of y., as
a function of z;. It remains to show the smoothness of y., .. as a function
of z,. This, however is a direct consequence of the fact that y., ., is a fixed
point of T'(+, z,, 24 ), an operator with a contraction constant < 1 on the
space under consideration (My(g¢)), and so the smooth dependence of T' (see
(6.3.35)) on the parameters z, and z; (which easily follows from estimates
of the type used above) translates into the corresponding smoothness of the
fixed point as a function of the parameters z,, z.

The foliation property is then clear, because leaves corresponding to
different 2;,z!, € W"(0,U) cannot intersect as we had otherwise z =
Yzt 2, (0) = yzrr -, (0) for some z with 2z, = P, z, hence also z;, = ¢(z,,,0) =
(;5(27 0) — Yzl 2y (0) = (ZS(Z, 0) — Yzl 2y (0) = ZZ

As the leaves depend smoothly on z,, they approach the stable manifold
W+#(0) at the same speed as z, does. More precisely, any orbit ¢(z,,t) con-
verges to 0 exponentially for ¢ — —oo, and the leaf over ¢(z,,t) then has to
converge exponentially to the one over 0 which is W*#(0).

The last statement easily follows by changing signs appropriately, for ex-
ample by replacing ¢t by —t throughout. O
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Perspectives. The theory of stable and unstable manifolds for a dynamical sys-
tem is classical. Our presentation is based on the one in [49], although we have
streamlined it somewhat by consistently working with function spaces with expo-
nential weights.

6.4 Limits of Trajectories of the Gradient Flow

As always in the chapter, X is a complete Riemannian manifold, with metric
(+,+), associated norm || - ||, and distance function d(-,-). f : X — R is a
C?-function. We consider the negative gradient flow

z(t) = — grad f(x(t)) forteR

6.4.1
z(0) == for z € X. ( )

We assume that the norms of the first and second derivative of f are bounded.
Applying the Picard-Lindel6f theorem (see § 1.6), we then infer that our flow
is indeed defined for all ¢ € R. Also, differentiating (6.4.1), we get

B(t)(=Vai(t) = —(Va grad f(z(t)))(t)
= (Vo grad f(z(t))) grad f(z(t)).

In particular, the first and second derivative of any flow line is uniformly
bounded. For later use, we quote this fact as:

Lemma 6.4.1 There exists a constant ¢y with the property that for any so-
lution x(t) of (6.4.1),
]| cr (r,7x) < co-

In particular, £(t) is uniformly Lipschitz continuous.

(6.4.1) is a system of so-called autonomous ordinary differential equations,
meaning that the right hand side does not depend explicitly on the “time” ¢,
but only implicitly through the solution x(¢).

In contrast to the previous § where we considered the local behaviour of
this flow near a critical point of f, we shall now analyze the global properties,
and the gradient flow structure will now become more important.

In the sequel, z(¢) will always denote a solution of (6.4.1), and we shall
exploit (6.4.1) in the sequel without quoting it explicitly. We shall call each
curve z(t), t € R, a flow line, or an orbit (of the negative gradient flow). We
also put, for simplicity

x(+o0) ;= lim x(¢),

t—+oo

assuming that these limits exist.
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Lemma 6.4.2 The flow lines of (6.4.1) are orthogonal to the level hypersur-
faces f =const.

Proof. This means the following: If for some t € R, V' € T,(;) X is tangent to
the level hypersurface {y : f(y) = f(z(¢))}, then

(V,a(t)) = 0.

=
=

—~
~

=
I

= —(V, grad f(z(1)))
=-V(f)(z(t)) by the definition of grad f, see (2.1.14)
=0 since V' is tangent to a hypersurface on which

f is constant.

O

We compute

(grad f(z(t)),z(t)) by (2.1.14)
— &) || (6.4.2)

d .
7 [ (@(0) = df (x(1))(1)

As a consequence, we observe

Lemma 6.4.3 f is decreasing along flow lines. In particular, there are no
nonconstant homoclinic orbits, i.e. nonconstant orbits with

O
Thus, we see that there are only two types of flow lines or orbits, the
“typical” ones diffeomorphic to the real axis (—oo, 00) on which f is strictly
decreasing, and the “exceptional” ones, namely those that are reduced to
single points, the critical points of f. The issue now is to understand the
relationship between the two types.
Another consequence of (6.4.2) is that for t1,t, € R

flatt) = flatt) = - [ Grta@yde= [ fato)®

_ / | erad f(z(6))]? dt. (6.4.3)

‘We also have the estimate
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ﬂﬂM@@D§ﬂWmWS@rﬁﬁ /mem

by Hoélder’s inequality (6.4.4)

= (ta — )2 (f(z(tr)) — f(z(t2)))?
by (6.4.3).

Lemma 6.4.4 For any flow line, we have fort — +oo that grad f(z(t)) — 0
or | f(x(t))| — oo.

Proof. If e.g. foo = limy— o f(x(t)) > —o00, then for 0 <t < oo

fo = f(x(0)) > f(z(t)) > foo,
and (6.4.3) implies
A IO = fo - foo < 0. (6.45)

Since &(t) = — grad f(x(t)) is uniformly Lipschitz continuous by Lemma 6.4.1,
(6.4.5) implies that

tlim grad f(z(t)) = tlim z(t) = 0.

We also obtain the following strengthening of Corollary 6.3.1:

Corollary 6.4.1 The stable and unstable manifolds W*(x), W¥(x) of the
negative gradient flow ¢ for a smooth function f are embedded manifolds.

Proof. The proof is an easy consequence of what we have already derived,
but it may be instructive to see how all those facts are coming together here.

We have already seen in Corollary 6.3.1 that W?*(z) andW¥(x) are in-
jectively immersed. By Corollary 1.6.1, each point in X is contained in a
unique flow line, but the typical ones of the form (—oo, c0) are not compact,
and so, their closures may contain other points. By Lemma 6.4.4, any such
point is a critical point of f. The local situation near such a critical point
has already been analyzed in Theorem 6.3.1. The only thing that still needs
to be excluded to go from Corollary 6.3.1 to the present statement is that
a flow line x(t) emanating at one critical point 2(—c0) returns to that same
point for ¢ — oo. This, however, is exluded by Lemma 6.4.3. O

In the sequel, we shall also make use of
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Lemma 6.4.5 Suppose (x,)neny C X converges to xg. Then for any T >
0, the curves xn(t)—r1] (with ,(0) = xy) converge in C* to the curve
zo(t)|~7.1)-

Proof. This follows from the continuous dependence of solutions of ODEs on
the initial data under the assumption of the Picard-Lindel6f theorem (the
proof of that theorem is based on the Banach fixed point theorem, and the
fixed point produced in that theorem depends continuously on a parameter,
cf. J.Jost, Postmodern Analysis, Springer, 1998, p.129). Thus the curves x.,(t)
converge uniformly to xo(t) on any finite interval [T, T]. By Lemma 6.4.1,
Z,(t) are uniformly bounded, and so z,, has to converge in C?. O

We now assume for the remainder of this § that f satisfies the Palais-
Smale condition (PS), and that all critical points of f are nondegenerate.

These assumptions are rather strong as they imply

Lemma 6.4.6 f has only finitely many critical points in any bounded region
of X, or, more generally in any region where f is bounded. In particular, in
every bounded interval in R there are only finitely many critical values of f,
i.e. v € R for which there exists p € X with df (p) =0, f(p) =1~.

Proof. Let (pn)nen C X be a sequence of critical points of f, i.e. df(p,) =
0. If they are contained in a bounded region of X, or, more generally, if
f(px) is bounded, the Palais-Smale condition implies that after selection of a
subsequence, they converge towards some critical point py. By Thm. 6.3.1, we
may find some neighborhood U of py in which the flow has the local normal
form as described there and which in particular contains no other critical
point of f besides pg. This implies that almost all p,, have to coincide with
po, and thus there can only be finitely many of them. O

Our assumptions - (PS) and nondegeneracy of all critical points - also
yield

Lemma 6.4.7 Let z(t) be a flow line for which f(x(t)) is bounded. Then
the limits x(+o0) := lims— 1o x(t) exist and are critical points of f. x(t)
converges to x(+o00) exponentially as t — +00.

Proof. By Lemma 6.4.4, grad f(z(t)) — 0 for ¢t — +o00. Analyzing w.l.o.g.
the situation ¢ — —oo, (PS) implies that we can find a sequence (t,)nen C R,
t, — —oo for n — oo, for which z(t,) converges to some critical point z_,
of f. We wish to show that lim;_, ., x(¢) exists, and it then has to coincide
with z_ .

This, however, directly follows from the nondegeneracy condition, since
by Thm. 6.3.1 we may find a neighborhood U of the critical point z_,



6.4 Limits of Trajectories of the Gradient Flow 321

with the property that any flow line in that neighborhood containing x_ .,
as an accumulation point of some sequence z(t,), t, — —oo, is contained
in the unstable manifold of x_.,. Furthermore, as shown in Thm. 6.3.1, the
convergence is exponential. O

Remark. Without assuming that the critical point x(—o00) is nondegenerate,
we still may use (PS) (see Lemma 6.4.8 below) and grad f(z(t)) — 0 for
t — —o0o to see that there exists ¢y € R for which U := {z(t) : t < to} is
precompact and in particular bounded. By Taylor expansion, we have in U

| grad f(z)| < | grad f(z—co)| + cd(z, o) = cd(2, o)
for some constant ¢, as grad f(x_o) = 0.
Thus, for t <t,

t

d(z(t),x-x) < / ||i(s)Hd5§c/d(x(s),x_oo)ds.

— 00

The latter integral may be infinite. As soon as it is finite, however, we already
get
d(x(t),r_00) < c1e  for some constant c;,

i.e. exponential convergence of z(t) towards z_., as t — —oo.
We shall also use the following simple estimate

Lemma 6.4.8 Suppose || grad f(z(t))]| > €, for t1 <t <ts. Then

d(x(ty), x(t2)) < —(f(x(tr)) — f(x(t2))-

™ | =

Proof.

da(tr),altz)) < [ (0] de

IN

= [laP e since [a(0)] = | grad £Ga(0)] > <

= J(f(() ~ Fla(t2)) by (6:43).

We now need an additional assumption:
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There ezists a flow-invariant compact set X7 C X containing the critical
points p and q.

What we have in mind here is a certain set of critical points together with
all connecting trajectories between them. We shall see in Thm. 6.4.1 below
that we need to include here all critical points that can arise as limits of flow
lines between any two critical points of the set we wish to consider.

Lemma 6.4.9
Let (2,(t))nen be a sequence of flow lines in X' with

JCn(—OO) =D ZEn(OO) =q.
Then after selection of a subsequence, x,,(t) converges in C* on any com-
pact interval in R towards some flow line xo(t).

Proof. Let ty € R. If (for some subsequence)
| grad f(zn(to))ll — 0,

then by (PS) (y1 = f(p);72 = f(g), noting f(p) > f(x(t)) = f(g) by
Lemma 6.4.3), we may assume that x,(to) converges, and the convergence of

the flow lines on compact intervals then follows from Lemma 6.4.5. We thus
assume
|| grad f(xn(to))|| =& for all n and some & > 0.

Since f(zy(t)) is bounded between f(p) and f(q), Lemma 6.4.4 implies that
we may find ¢, < tg with

| grad f(zn(tn))|l = €
and || grad f(x,(t))]| > e for ¢, <t <tp.

From (6.4.3), we get [t, —to| < & (f(ta) = f(to)) < & (f(p) — f(q)). Applying
our compactness assumption on X f , we may assume that z,(t,) converges.
From Lemma 6.4.5 we then see that x,,(t) converges on any compact interval
towards some flow line xq(t). O

In general, x,(t) will not converge uniformly on all of R towards z¢(t).
We need an additional assumption as in the next

Lemma 6.4.10 Under the assumption of Lemma 6.4.9, assume
LL‘()(*OO) =D .’L‘O(OO) =q,

i.e. xo(t) has the same limit points as the x,(t). Then the x,(t) converge to
xo(t) in the Sobolev space HV*(R, X). In fact, this holds already if we only

assume f(xo(—00)) = f(p), f(zo(c0)) = f(q).

Proof. The essential point is to show that
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lim z,(t)=p, lim z,(t)=g¢, uniformly in n.
t——o0 t—o0

Namely in that case, we may apply the local analysis provided by Thm. 6.3.1
uniformly in n to conclude convergence for t < t; and t > to for certain
t1,t2 € R, and on the compact interval [t1,t2], we get convergence by the
preceding lemma.

Because of (PS), we only have to exclude that after selection of a subse-
quence of x,(t), we find a sequence (¢, )nen C R converging to co or —oo,
say —oo, with

|| grad f(x,(tn))]| > ¢ for some e > 0. (6.4.6)

From (6.4.4), we get the uniform estimate

|| grad f(z,(t1)) — grad f(z,(t2))| < c(te — tl)% for some constant c.
(6.4.7)
By (6.4.6), (6.4.7), we may find § > 0 such that for ¢, — 6 <t <t,

| grad faa®)] > 3,

hence
2

) = f@a(tn)) > f@n(tn — 8)) — f(zn(tn)) > 5% by (6.4.3).

On the other hand, by our assumption on z((t), we may find ¢ty € R with

F0) ~ Faolto)) = 8- (6.48)

If t,, < tg, we have

2

) = Fwalto) 2 f(0) = F(walta)) 2 0,

and so z,(tg) cannot converge to xo(tp), contrary to our assumption. Thus
(6.4.6) is impossible, and the proof is complete, except for the last remark,
which, however, also directly follows as the only assumption about xo(t) that
we need is (6.4.8). O

We are now ready to demonstrate the following compactness

Theorem 6.4.1 Let p,q be critical points of f, and let M}’;q c X7 be a
space of flow lines x(t)(t € R) for f with x(—oc0) = p, x(c0) = q. Here
we assume that X¥ is a flow-invariant compact set. Then for any sequence

(Zn(t))nen C ./\/lg’q, after selection of a subsequence, there exist critical points

pP=pP1,pP2,---,Pr =4,
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flow lines y; € Mp7 pey and tn; €R (i=1,... .,k —1,n € N) such that the
flow lines xp(t + tn) converge to y; for n — oco. In this situation, we say
that the sequence x,(t) converges to the broken trajectory yi#yaF# . .. #yr—1.

Proof. By Lemma 6.4.9, x,,(t) converges (after selection of a subsequence, as
always) towards some flow line x(t). 2o (¢) need not be in /\/lg o> but the limit
points xo(—00), z¢(c0) (which exist by Lemma 6.4.7) must satisfy

f(p) = f(wo(=00)) = f(xo(0)) = f(q)-

If eg. f(p) = f(xo(—o0)) then the proof of Lemma 6.4.10 shows that
zo(—00) = p.
If f(p) > f(xzo(—00)), we choose f(zo(—0)) < a < f(p) and t,,; with

f@n(tn,i)) = a.

We apply Lemma 6.4.9 to z,,(t +¢,,;) to get a limiting flow line yo(¢). Clearly
f(p) > f(yo(—00)), and we must also have

f(yo(o0)) = f(xo(=00)),

because otherwise the flow line yo(t) would contain the critical point z(—o0)
in its interior.

If f(p) > f(yo(—o0)) of f(yo(o0)) > f(axo(—00)), we repeat the process.
The process must stop after a finite number of such steps, because the critical
points of f are isolated because of (PS) and the nondegeneracy assumption
yielding to the local picture of Thm. 6.3.1 (see Lemma 6.4.6). O

6.5 The Morse-Smale-Floer Condition: Transversality
and Z;-Cohomology

In this §, we shall continue to assume the Palais-Smale condition and the
nondegeneracy of all critical points of our function f : X — R. Here, we
assume that f is of class C3.

The central object of Morse-Floer theory is the space of connecting tra-
jectories between the critical points of a function f. If f is bounded, then by
Lemma 6.4.6, any € X lies on some such trajectory connecting two critical
points of f. In the general case, one may simply restrict the considerations
in the sequel to the subspace X/ of X of such connecting trajectories, and
one may even consider only some subset of the critical points of f and the
connecting trajectories between them, including those limiting configurations
that arise by Thm. 6.4.1. As in § 6.4, we need to assume that the set of flow-
lines under consideration is contained in a compact flow-invariant set. Thus,
we shall assume X is such a closed space of connecting trajectories.
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X then carries two stratifications S° and S*, consisting of the stable
resp. unstable manifolds of the critical points of f. Thus, each point lies on
precisely one stratum of S*, and likewise on one stratum of S*, and each
such stratum is a smooth manifold, by Cor. 6.3.1.

Definition 6.5.1 The pair (X, f) satisfies the Morse-Smale-Floer condition
if all intersections between the strata of S® and the ones of S% are finite-
dimensional and transversal.

We recall that two submanifolds X7, X5 of X intersect transversally if for
all x € X7 N Xo, the tangent space T, X is the linear span of the tangent
spaces T, X1 and T, X5. If the dimension of X is finite, then if X; and X,
intersect transversally at x, we have

dim X; + dim X = dim(X; N X3) + dim X. (6.5.1)

It easily follows from the implicit function theorem that in the case of a
transversal intersection of smooth manifolds X1, Xo, X7 N X5 likewise is a
smooth manifold.

In addition to (PS) and the nondegeneracy of all critical points of f, we
shall assume for the rest of this § that (X, f) satisfies the Morse-Smale-
Floer condition.

Definition 6.5.2 Let p,q be critical points of f. If the unstable manifold
W*(p) and the stable manifold W#(q) intersect, we say that p is connected
to ¢ by the flow, and we define the relative index of p and ¢ as

w(p, q) = dim(W*"(p) N W*(q)).

w(p, q) is finite because of the Morse-Smale-Floer condition.
If X is finite dimensional, then the Morse indices p(p) of all critical points
p of f themselves are finite, and in the situation of Def. 6.5.2, we then have

w(p,q) = u(p) — n(q) (6.5.2)

as one easily deduces from (6.5.1). Returning to the general situation, we
start with the following simple observation

Lemma 6.5.1 Any nonempty intersection W*(p) "W*4(q) (p,q € C(f),p #
q) is a union of flow lines. In particular, its dimension is at least one.

Proof. If x € W"(p), then so is the whole flow line x(¢) (z(0) = x), and the
same holds for x € W*(q). O

p is thus connected to ¢ by the flow if and only if there is a flow line x(t)
with z(—o00) = p and z(c0) = ¢. Expressed in another way, the intersections
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WY (p) N W*(q) are flow invariant. In particular, in the case of a nonempty
such intersection, p and ¢ are both contained in the closure of W*(p)NW*(q).

The following lemma is fundamental:

Lemma 6.5.2 Suppose that p is connected to r and r to q by the flow. Then
p is also connected to q by the flow, and

w(p, q) = p(p,r) + pu(r, q).

Proof. By assumption, W*(p) intersects W*(r) transversally in a manifold
of dimension u(p,r). Since W#(r) is a leaf of the smooth stable foliation of r
in some neighborhood U of r by Thm. 6.3.2, in some possibly smaller neigh-
borhood of r, W*(p) intersects each leaf of this stable foliation transversally
in some manifold of dimension p(p, ). Similarly, in the vicinity of r, W*(q)
also intersects each leaf of the unstable foliation of r in some manifold, this
time of dimension u(r, ¢). Thus, the following considerations will hold in some
suitable neighborhood of r.

The space of leaves of the stable foliation of r is parametrized by W*(r),
and we thus get a family of u(p,r)-dimensional manifolds parametrized by
W (r). Likewise, we get a second family of p(r,g)-dimensional manifolds
parametrized by W#(r). The leaves of the stable and unstable foliations sat-
isfy uniform C'-estimates (in the vicinity of ) by Thm. 6.3.2, because of our
assumption that f is of class C3. The two finite-dimensional families that we
have constructed may also be assumed to satisfy such uniform estimates. The
stable and unstable foliations yield a local product structure in the sense that
each point near r is the intersection of precisely one stable and one unstable
leaf.

If we now have two such foliations with finite-dimensional smooth sub-
families of dimension n; and ns, say, all satisfying uniform estimates, it then
easily follows by induction on n; and ny that the leaves of these two subfami-
lies need to intersect in a submanifold of dimension n; + ns. The case where
n1 = ng = 0 can be derived from the implicit function theorem. O

We also have the following converse result

Lemma 6.5.3 In the situation of Thm. 6.4.1, we have

k—1

Z (P, pit1) = p(p, q)-

=1

Proof. Tt suffices to treat the case k = 3 as the general case then will easily
follow by induction. This case, however, easily follows from Lemma 6.5.2 with

p=p1, T =Dp2, ¢ =p3. O
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We shall now need to make the assumption that the space X7 of con-
necting trajectories that we are considering is compact. (At this moment, we
are considering the space W"(p) NW*(q).)

Lemma 6.5.4 Suppose that p,q (p # q) are critical points of f, connected
by the flow, with
n(p,q) = 1.

Then there exist only finitely many trajectories from p to q.

Proof. For any point x on such a trajectory, we have

f(p) > f(z) > f(a).

We may assume that € > 0 is so small that on each flow line from p to ¢,
we find some z with || grad f(x)| = e, because otherwise we would have
a sequence of flow lines (s;);en from p to ¢ with sup,,. || grad f(z)|| — 0
for i — oo. By (PS) a subsequence would converge to a flow line s (see
Lemma 6.4.5) with grad f(z) = 0 on s. s would thus be constant, in con-
tradiction to Thm. 6.4.1. Thus, if, contrary to our assumption, we have
a sequence ($;);en of trajectories from p to ¢, we select x; € s; with
|| grad f(x;)|| = e, use the compactness assumption on the flow-invariant
set containing the s; to get a convergent subsequence of the xz;, hence also of
the s; by Thm. 6.4.1. The limit trajectory s also has to connect p to ¢, because
our assumption u(p,q) = 1 and Lemmas 6.5.1 and 6.5.3 rule out that s is a
broken trajectory containing further critical points of f. The Morse-Smale-
Floer condition implies that s is isolated in the one-dimensional manifold
W*(p) N W#(q). This is not compatible with the assumption that there ex-
ists a sequence (s;) of different flow lines converging to s. Thus, we conclude
finiteness. O

We can now summarize our results about trajectories:

Theorem 6.5.1 Suppose our general assumptions (f € C3, (PS), nondegen-
eracy of critical points, Morse-Smale-Floer condition) continue to hold. Let
p,q be critical points of f connected by the flow with

w(p,q) = 2.

Then each component of the space of flow lines from p to q, /\/l]{;q =WH(p)N
W#(q) either is compact after including p,q (and diffeomorphic to the 2-
sphere), or its boundary (in the sense of Thm. 6.4.1) consists of two different
broken trajectories from p to q.

Conversely each broken trajectory s = s1#so from p to q (this means that
there exists a critical point p' of f with u(p,p’) =1 = (', q), s1(—o0) = p,
s1(00) = p' = s9(—0), s2(00) = q) is contained in the boundary of precisely
one component of M]J;q.
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Note. Let s|#s), and s{#s} be broken trajectories contained in the boundary
of the same component of M; ¢ It is then possible that s} = s{ or s = s,
but the theorem says that we cannot have both equalities simultaneously.

Proof. If a component M of Mg,q is compact then it is a 2—dimensional
manifold that is a smooth family of curves, flow lines from p to ¢ with common
end points p, ¢, but disjoint interiors. Thus, such a component is diffeomorphic
to S2.

If M is not compact, Thm. 6.4.1 implies the existence of broken trajec-
tories from p to ¢ in the boundary of this component.

Let a be a regular value of f with f(p) > a > f(¢). By Lemma 6.4.2, M
intersects the level hypersurface f~!(a) transversally, and MNf~!(a) thus
is a 1—dimensional manifold. It can thus be compactified by adding one or
two points. By Thm. 6.4.1, these points correspond to broken trajectories
from p to q. We thus need to exclude that M can be compactified by a
single broken trajectory s;#ss. We have s1(—00) = p, s2(00) = ¢, and we
put p’ := s1(c0) = s2(—00). In view of the local normal form provided by
Thm. 6.3.2, we have the following situation near p’: M ¢ is a smooth surface
containing s; in its interior. Mg o then intersects a smooth 1—dimensional
family of leaves of the stable foliation near p’ in a 1—dimensional manifold.
The family of those stable leaves intersected by Mp’q then is parametrized
by a smooth curve in W*(p’) containing p’ in its interior. It thus contains the
initial pieces of different flow lines originating from p in opposite directions,
and these flow lines are contained in limits of flow lines from ./\/lg; q- Therefore,
in order to compactify leiq in W*(p'), a single flow line so does not suffice.

We(p')

e trajectories from A/l]/,q

w(y') P we(p')

Fig. 6.5.1.

Finally, if a broken trajectory through some p’ would be a 2—sided limit of
Mpq , this again would not be compatible with the local flow geometry near
p’ as just described. O
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Definition 6.5.3 Let C.(f, Z2) be the free Abelian group with Zs-coefficients
generated by the set C.(f) of critical points of f. For p € C.(f), we put

Jp = Z (#@Mé,.)f

r€CH(f)
w(p,r)=1

where #ZZML is the number mod 2 of trajectories from p to r (by Lemma
6.5.4 there are only finitely many such trajectories), and we extend this to a
group homomorphism

8 : C*(f, Zg) — C*(f, Zg)

Theorem 6.5.2 We have
dodp=0,

and thus (Cy(f,Z2),0) is a chain complex.
Proof. We have

dodp= > > H#u,M, #2,M q
r€Cx(f) a€Cx«(f)
u(p,m)=1 p(r,q)=1
We are thus connecting the broken trajectories from p to ¢ for ¢ € C.(f)
with p(p,q) = 2, by Lemma 6.5.1. By Thm. 6.5.1 this number is always even,
and so it vanishes mod 2. This implies 9 o dp = 0 for each p € C,(f), and
thus the extension to C.(f,Z2) also satisfies 0 0 9 = 0. O

We are now ready for

Definition 6.5.4 Let f be a C? function satisfying the Morse-Smale-Floer
and Palais-Smale conditions, and assume that we have a compact space X
of trajectories as investigated above. If we are in the situation of an absolute
Morse index, we let Ck(f,Z2) be the group with coefficient in Zy generated
by the critical points of Morse index k. Otherwise, we choose an arbitrary
grading in a consistent manner, i.e. we require that if p € Cx(f), ¢ € Ci(f),
then

k—1=up,q)

whenever the relative index is defined. We then obtain boundary operators
0 =0 : Ci(f,Z2) — Cr-1(f,Z2),
and we define the associated homology groups as

ker 8k

H. (X, f,Z79) = ———F—
k( afa 2) image ak-i,-l’
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i.e. two elements «ap,as € kerd, are identified if there exists some 3 €
Ck+1(f7 Zg) with
a1 — Qg = 5‘ﬂ

Instead of a homology theory, we can also define a Morse-Floer cohomo-
logy theory by dualization. For that purpose, we put

Ck<f7 ZQ) := Hom (Ck(f7 ZQ)a ZQ)
and define coboundary operators
8% - CM(f,Zg) — C*F(f, Zo)
by k, .k k
6 W (pr+1) = W (Ok+1Pr+1)
for wk € C¥(f,Zs) and pri1 € Cr(f,Zz).

If there are only finitely many critical points p; , ..., Pm,k of index £, then
we have a canonical isomorphism

Cu(f,Z2) = C(f, Z5)
Djk p? with pf(pi7k) = d;; (=1 for i = j and 0 otherwise)

and k, k k+1

5*pl = > Pik(06ik41)a; "

@i k+1 critical point of f of indexk+1
provided that sum is finite, too. Of course, this cohomology theory and the
coboundary operator § can also be constructed directly from the function f,
by looking at the positive instead of the negative gradient flow, i.e. at the
solution curves of
y:R— X
y(t) =grad f(y(t)) for all ¢

The preceding formalism then goes through in the same manner as before.

Remark. In certain infinite dimensional situations in the calculus of varia-
tions, there may be an analytic difference between the positive and negative
gradient flow. Often, one faces the task of minimizing a certain function
f X — R that is bounded from below, but not from above, and then also of
finding other critical points of such a function. In such a situation, flow lines
for the negative gradient flow

i(t) = —grad f(x(t))

might be well controlled, simply because f is decreasing on such a flow line,
and therefore bounded, while along the positive gradient flow

§(t) = grad f(y(t)),
f may not be so well controlled, and one may not be able to derive the
asymptotic estimates necessary for the analysis.
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6.6 Orientations and Z-homology

In the present §, we wish to consider the group C,(f,Z) with integer coeffi-
cients generated by the set C,(f) of critical points of f and define a boundary
operator

0:C.(f,Z) — C.(f,Z)

satisfying
000=0

as in the Zo-case, in order that (C.(f,Z),0) be a chain complex. We assume
that the general assumptions of § 6.5 (f € C3, (PS), nondegeneracy of critical
points, Morse-Smale-Floer condition) continue to hold.

We shall attempt to define 0 as in Def. 6.5.3, by counting the number of
connecting trajectories between critical points of relative index 1, but now we
cannot simply take that number mod 2, but we need to introduce a sign for
each such trajectory and add the corresponding signs 1. In order to define
these signs, we shall introduce orientations.

In order to motivate our subsequent construction, we shall first consider
the classical case where X is a finite dimensional, compact, oriented, dif-
ferentiable manifold. Let f : X — R thus be a Morse function. The index
u(p) of a critical point p is the number of negative eigenvalues of d?f(p),
counted with multiplicity. The corresponding eigenvectors span the tangent

space V' C T, X of the unstable manifold W (p) at p. We choose an arbi-

trary orientation of V', i.e. we select some basis el

..., et®) of V' as being
positive. Alternatively, we may represent this orientation by dz* A. . . Adzt(®)
where dz!, ..., dz"®) are the cotangent vectors dual to e, ..., eHP).

As X is assumed to be oriented, we get an induced orientation of the

tangent space V; C T,X of the stable manifold W*(p) by defining a ba-

sis et (P em (n = dim X) as positive if e', ..., et P) erPIFL 1 en g g
positive basis of 7, X . In the alternative description, with dgr®+L
dual to e#P)+1 e the orientation is defined by dz#®*+1 A Adz™ pre-

cisely if dat A ... da#P) A dzH P+ A L A da™ yields the orientation of T, X.
Now if ¢ is another critical point of f, of index pu(g) = u(p) — 1, we choose
any regular value a of f with f(q) < a < f(p) and consider the intersection

W (p) N W*(q) N f~(a).

The orientation of X also induces an orientation of f~!(a), because f~!(a)
is always transversal to grad f, and so we can consider a basis 1%,...,n" of
T,fY(a) as positive if grad f(y),n?,...,n" is a positive basis of T}, X.

As we are assuming the Morse-Smale-Floer condition,

W (p)nW?(q) N f~'(a)

is a finite number of points by Lemma 6.5.4, and since W"(p), W?*(p) and
f~(a) all are equipped with an orientation, we can assign the sign +1 or
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—1 to any such intersection point depending on whether this intersection is
positive or negative.
These intersection points correspond to the trajectories s of f from p to
q, and we thus obtain a sign
n(s) = +1

for any such trajectory, and we put

Op = E n(s)r.
r€Cx (f)
wu(r)=p(p)—1
seMin

It thus remains to show that with this definition of the boundary operator
0, we get the relation

000 =0.

In order to verify this, and also to free ourselves from the assumptions that X
is finite dimensional and oriented and to thus preserve the generality achieved
in the previous §, we shall now consider a relative version.

We let p, g be critical points of f connected by the flow with

w(p,q) =2,

and we let M be a component of Mf = W"(p)NW*(q). For our subsequent
analysis, only the second case of Thm. 6.5.1 will be relevant, i.e. where M
has a boundary which then consists of two different broken trajectories from
p to q. It is clear from the analysis of the proof of Thm. 6.5.1 that M is
orientable. In fact, M is homeomorphic to the open disk, and it contains
two transversal one-dimensional foliations, one consisting of the flow lines of
f and the other one of the intersections of M with the level hypersurfaces
f~t(a), f(q) < a < f(p) (as M does not contain any critical points in its
interior, all intersections with level hypersurfaces of f are transversal). We
may thus choose an orientation of M.

P

Fig. 6.6.1.
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This orientation then also induces orientations of the corner points of the
broken trajectories in the boundary of M in the following sense: Let s =
$17#s2 be such a broken trajectory, with intermediate critical point r =
s1(00) = $3(—00). The plane in T,.X spanned by s1(00) := lims_,o 51(t)
and $p(—00) := limy_,_ s2(t) then is a limit of tangent planes of M and
thus gets an induced orientation from M.

This now implies that if we choose an orientation of s1, we get an induced
orientation of so, by requiring that if vy, v, are positive tangent vectors of s;
and so, resp. at r, then vy, vs induces the orientation of the above plane in
T.X. Likewise, M N f~Y(a), for f(q) < a < f(p) gets an induced orientation
from the one of M and the one of the flow lines inside M which we always
orient by —grad f. Then the signs n(s1), n(sz2) of s; and sa, resp. are defined
by checking whether s; resp. so intersects these level hypersurfaces f~!(a)
positively or negatively. Alternatively, what amounts to the same is simply
checking whether s1, so have the orientation defined by —grad f, or the op-
posite one, and thus, we do not even need the level hypersurfaces f~1(a).

Obviously, the problem now is that the choice of orientation of many
trajectories connecting two critical points p,r of relative index p(p,r) = 1
depends on the choice of orientation of some such M containing s in its
boundary, and the question is whether conversely, the orientations of these
M can be chosen consistently in the sense that they all induce the same
orientation of a given s. In the case of a finite dimensional, oriented manifold,
this is no problem, because we get induced orientations on all such M from
the orientation of the manifold and choices of orientations on all unstable
manifolds, and these orientations fit together properly. In the general case,
we need to make the global assumption that this is possible:

Definition 6.6.1 The Morse-Smale-Floer flow f is called orientable if we
may define orientations on all trajectories Mg’q for critical points p,q with
relative index p(p,q) = 2 in such a manner that the induced orientations on
trajectories s between critical points of relative index 1 are consistent.

With these preparations, we are ready to prove

Theorem 6.6.1 Assume that the general assumptions (f € C3, (PS)), non-
degeneracy of critical points, Morse-Smale-Floer conditions continue to hold,
and that the flow is orientable in the sense of Def. 6.6.1. For the group
C.(f,Z) generated by the set C.(f) of critical points of f, with integer coef-
ficients, the operator
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defined by

r€Cx(f)

n(p,r)=1

semt
P,

forp € Ci(f) and linearly extended to Ci(f,Z), satisfies
000 =0.

Thus, Ci«((f,Z),0) becomes a chain complex, and we may define homology
groups Hi(X, f,Z) in the same manner as in Def. 6.5.4.

Proof. We have

dodp= > > ns2)n(s1)q

qECK(f) TECK(f)
n(r,q)=1 p(p,r)=1
speml spemf

= Z n(sa)n(s1)q.

a€Cx (f)
w(p,q)=2
(s1,s9) broken trajectory fromp to q

By Thm. 6.5.1, these broken trajectories always occur in pairs (s'y,s'2),
(s"1,8"”2) bounding some component M of M};q.
It is then geometrically obvious, see Fig. 6.6.1, that

n(sy)n(sy) = —n(s)n(sz).

Thus, the contributions of the two members of each such pair cancel each
other, and the preceding sum vanishes. O

In the situation of Thm. 6.6.1, we put
bk(X, f) = dimz Hk(X, f, Z)
We shall see in §§ 6.7, 6.9 that these numbers in fact do not depend on f.

As explained at the end of the preceding §, one may also construct a dual
cohomology theory, with

C*(f,2) == Hom (Cx(f,Z),Z)
and coboundary operators
- C*(f,2) — C*U(f,2)

with
§*wF (prg1) = W (O 41Pk11)
for w* € C¥(f,Z), prs1 € Cri1(f, 7).
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6.7 Homotopies

We have constructed a homology theory for a Morse-Smale-Floer function
f on a manifold X, under the preceding assumptions. In order to have a
theory that captures invariants of X, we now ask to what extent the resulting
homology depends on the choice of f. To formulate the question differently,
given two such functions f', f2, can one construct an isomorphism between
the corresponding homologies? If so, is this isomorphism canonical?

A first geometric approach might be based on the following idea, consid-
ering again the case of a finite dimensional, compact manifold:
Given a critical point p of f! of Morse index u, and a critical point g of f2 of
the same Morse index, the unstable manifold of p has dimension u, and the
stable one of ¢ dimension n — p if n = dim X. Thus, we expect that generally,
these two manifolds intersect in finitely many points x1,...,z, with signs
n(z;) given by the sign of the intersection number, and we might put

)= Y >, nla)g (6.7.1)

a€C«(f2)  zEWY (p)NW*,(q)
kg2 (@)=p 1 (P) £ e

(we introduce additional indices f!,f? in order to indicate the source of the
objects) to get a map

¢21 : C*(flvG) - C*(f27G)

extended to coefﬁcientls G = Zo or Z that hopefully commutes with the
boundary operators 97 , 9/ in the sense that

¢ o0l =01 o g (6.7.2)

One difficulty is that for such a construction, we need the additional
assumption that the unstable manifolds for f' intersect the stable ones for
f? transversally. Even if f' and f? are Morse-Smale-Floer functions, this
need not hold, however. For example, one may consider f2 = —f!; then for
any critical point p,

Wi (p) = Wi (p)

which is not compatible with transversality.

Of course, one may simply assume that all such intersections are transver-
sal but that would not be compatible with our aim to relate the homology
theories for any pair of Morse-Smale-Floer functions in a canonical manner.
We note, however, that the construction would work in the trivial case where
f2 = f1, because then # (p) and W5, (p) = Wi (p) intersect precisely at
the critical point p itself.

In order to solve this problem, we consider homotopies

F: XxR—=R
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with
lim F(z,t) = f(z), lim F(z,t) = f*(z) foralxc X.
t——o0 t—o00

In fact, for technical reasons it will be convenient to impose the stronger

requirement that
F(x,t) = fl(z) fort<—R

9 (6.7.3)
F(z,t) = f*(z) fort>R
for some R > 0.
Given such a function F', we consider the flow
&(t) = —grad F(z(t),t) forteR
(1) = —grad F(a(t), ) 674

z(0) =z,

where grad denotes the gradient w.r.t. the z-variables. In order to avoid
trouble with cases where this gradient is unbounded, one may instead consider
the flow

grad F'(z(t),1), (6.7.5)
\/1 + |2 | |grad F'|?

but for the moment, we ignore this point and consider (6.7.4) for simplicity.
If p and ¢ are critical points of f! and f2, resp., with index y the strategy
then is to consider the number of flow lines s(t) of (6.7.5) with
8(_00) =D S(OO) =4q,

equipped with appropriate signs n(s), denote the space of these flow lines by

MFE and put
o= Y. > m (6.7.6)

a€Cx(f2) seME
n(a)=np(p)

p,q’

Let us again discuss some trivial examples:
If f' = f2 and F is the constant homotopy, then clearly

¢*(p) =p
for every critical point p. If f2 = —f! and we construct F by
fHa)  for —oo<t< -1
F(x,t) = —tf'(t) for —-1<t<1 (6.7.7)
—fYx) for 1<t<oo

we have

s(t) = s(—t) (6.7.8)

for any flow line. Thus, also
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$(00) = 5(—00),

and a flow line cannot connect a critical p of f! of index uf " with a critical
point g of f2 of index ufz = n—pfl, unless p = ¢ and ,uf2 = 5. Consequently,
we seem to have the same difficulty as before. This is not quite so, however,
because we now have the possibility to perturb the homotopy if we wish to
try to avoid such a peculiar behavior. In other words, we try to employ only
generic homotopies.

In order to formulate what we mean by a generic homotopy we recall the
concept of a Morse function. There, we required that the Hessian d?f(z¢)
at a critical point is nondegenerate. At least in the finite dimensional case
that we consider at this moment, this condition is generic in the sense that
the Morse functions constitute an open and dense subset of the set of all C
functions on X. The Morse condition means that at a critical point xg, the
linearization of the equation

i(t) = —grad f(z(t))

has maximal rank. A version of the implicit function theorem then implies
that the linearization of the equation locally already describes the qualitative
features of the original equation. In this sense, we formulate

Definition 6.7.1 The homotopy F satisfying (6.7.3) is called regular if when-
ever
grad F(zo,t) =0 for all t € R,

the operator

% + d*F(zo,t) : HY? (25 TX) — L*(25TX)

is surjective.

This is satisfied for a constant homotopy, if f' is a Morse function, but
not for the homotopy (6.7.7) because in that case only sections satisfying
(6.7.8) are contained in the range of 2 + d*>F (o, t).

Let us continue with our heuristic considerations:

If f1 is a Morse function as before, ¢ : (—o00,0] — RT satisfies p(t) = 1 for
t < —1, ¢(0) = 0, we consider the flow

i(t) = —p(t)grad f1(z(t)) for —oo <t <0,
z(0) = .

We obtain a solution for every x € X, and as before xz(—oc) always is a
critical point of f!. Thus, while all the flow lines emanate at a critical point
for ¢ = —o0, they cover the whole manifold at ¢t = 0. If we now extend ¢ to
(0, 00) by putting

o(t) :=p(—t) fort>0,
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and if we have another Morse function f2 and put
(t) = —p(t)grad f>(x(t))  for t >0,

in the same manner, the flow lines will converge to critical points of f2 at
t = 0o. We thus relate the flow asymptotic regimes governed by f! and f2
through the whole manifold X at an intermediate step. Of course, this only
works under generic conditions, and we may have to deform the flow slightly
to achieve that, but here we rather record the following observation: The
points z(0) for flow lines with x(—o0) = p cover the unstable manifolds of
the critical point p of f!, and likewise the points z(0) for the flow lines with
x(00) = ¢ for the critical point ¢ of f2? cover the stable manifold of ¢q. Thus
the flow lines with x(—o00) = p, x(00) = ¢ correspond to the intersection of
the unstable manifold of p (w.r.t. f!) with the stable manifold of ¢ (w.r.t.
f?), and we now have the flexibility to deform the flow if problems arise from
nontransversal intersections.

Let us return once more to the trivial example f' = f2, and a constant
homotopy F. We count the flow lines not in X, but in X x R. This simply
means that in contrast to the situation in previous §§, we now consider the
flow lines z(-) and z(- + to), for some fixed ty € R, as different. Of course,
if the homotopy F is not constant in ¢, the time shift invariance is broken
anyway, and in a certain sense this is the main reason for looking at the
nonautonomous equation (6.7.4) as opposed to the autonomous one Z(t) =
—grad f(x(t)) considered previously. Returning for a moment to our constant
homotopy, if p and ¢ are critical points of indices p(p) and p(q) = u(p) — 1,
resp. , connected by the flow of f!, the flow lines for F cover a two-dimensional
region in X x R. This region is noncompact, and it can be compactified by
adding broken trajectories of the type

51752

where s; is a flow for f! from p to ¢ and sy is the constant flow line for
f' = f? from p to ¢. This looks analogous to the situation considered in
§ 6.5, and in fact with the same methods one shows the appropriate analogue
of Thm. 6.5.1. When it come to orientations, however, there is an important
difference. Namely, in the situation of Fig. 6.7.1 (where we have compactified
R to a bounded interval), the two broken trajectories from p to ¢ in the
boundary of the square should now be given the same orientation if we wish
to maintain the aim that the homotopy given through (6.7.6) commutes with
the boundary operator even in the case of coefficients in Z.
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00 R 00
q p
X X
q q
00 R 00

Fig. 6.7.1.

The considerations presented here only in heuristic terms will be taken up
with somewhat more rigour in § 6.9 below.

6.8 Graph flows

In this §, we shall assume that X is a compact, oriented Riemannian manifold.
A slight variant of the construction of the preceding § would be the following:
Let f1, fo be two Morse-Smale-Floer functions, as before. In the preceding §,
we have treated the general situation where the unstable manifolds of f; need
not intersect the stable ones of fy transversally. The result was that there
was enough flexibility in the choice of homotopy between f; and fs so that
that did not matter. In fact, a consequence of that analysis is that we may
always find a sufficiently small perturbation of either one of the two functions
so that such a transversality property holds, without affecting the resulting
algebraic invariants.

Therefore from now on, we shall assume that for all Morse-Smale-Floer
functions fi, fa,... occuring in any construction in the sequel, all unstable
manifolds of any one of them intersect all the stable manifolds of all the other
functions transversally. We call this the generalized Morse-Smale-Floer
condition.

Thus, assuming that property, we consider continuous paths

r:R—X
with
z(t) = —grad f;(z(t)), withi=1fort<0,i=2fort>2.

The continuity requirement then means that we are switching at t =0 in a
continuous manner from the flow for f; to the one for f,. As we are assuming



340 6. Morse Theory and Floer Homology

the generalized Morse-Smale-Floer condition, this can be utilized in the man-
ner described in the previous § to equate the homology groups generated by
the critical points of f; and f; resp.
This construction admits an important generalization:

Let I' be a finite oriented graph with n edges, ny of them parametrized by
(—00, 0], ng parametrized by [0, 00), and the remaining ones by [0, 1]. We also
assume that to each edge e; of I', there is associated a Morse-Smale-Floer
function f; and that the generalized Morse-Smale-Floer condition holds for
this collection fi,..., fa.

Definition 6.8.1 A continuous map z : I" — X is called a solution of the
graph flow for the collection (f1,..., f,) if

z(t) = —grad f;(z(t)) fort € e;. (6.8.1)

Again, the continuity requirement is relevant only at the vertices of I" as

the flow is automatically smooth in the interior of each edge. If pi,...,pn,
are critical points for the functions fi,..., fn, resp. corresponding to the
edges ey, ..., e,, parametrized on (—00,0], Pn 41, .-, Pnyt+n, Critical points
corresponding to the edges e€,,41,...,€n,1n, resp. parametrized on [0, c0),
r . olitions :

we let My, . be the space of all solutions of (6.8.1) with

lim z(t)y=p; fori=1,...,n

tee;

lim z(t)=p; fori=mny+1,...,n1+no,
eer
i.e. we assume that on each edge e;, i = 1,...,n1 + na, z(t) asymptotically
approaches the critical p; of the function f;.
If X is a compact Riemannian manifold of dimension d, we have

Theorem 6.8.1 Assume, as always in this §, the generalized Morse-Smale-

Floer condition. Then M£17~'-vpn1+n2 is a smooth manifold, for all tuples
(P1, -+ -y Pny+ns ), Where p; is a critical point of f;, with
ny ni+nz
dimMy o= ) = Y plpy) —d(na — 1) — ddim Hy (T, R),
i=1 j=ni+1
(6.8.2)

where u(py) is the Morse index of the critical point py, for the function fi.

Proof. We simply need to count the dimensions of intersections of the relevant
stable and unstable manifolds for the edges modeled on [0, 00) and (—oo, 0]
and the contribution of internal loops. Each unstable manifold corresponding
to a point p;, i = n1+1,...,n1+ng has dimension d — u(p;). If a submanifold
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X1 of X is intersected transversally by another submanifold X5, then the
intersection has dimension d — (d —dim X;) — (d — dim X5), and this accounts
for the first three terms in (6.8.2). If we have an internal loop in I', this
reduces the dimension by d, as the following argument shows:

Let I' be constituted by two ej,es with common end points, and let the
associated Morse functions be f1, fs, resp. For f;, i = 1,2, we consider the
graph of the flow induced by that function, i.e. we associate to each z € X
the point z;(1), where x; is the solution of #;(t) = —grad f;(z;(t)), 2;(0) = «.
These two graphs for f; and fo are then submanifolds of dimension d of
X x X, and if they intersect transversally, they do so in isolated points, as
dim(X x X) = 2d. Thus, if we start with a d-dimensional family of initial

points, we get a finite number of common end points. O
. F . .
Again My, - is not compact, but can be compactified by flows

with broken trajectories on the noncompact edges of I'.
The most useful case of Thm. 6.8.1 is the one where the dimension of
F . F . .
/\/lpl’v_”pnﬁn2 is 0. In that case, Mpl,»--,pnﬁnq consists of a finite number
of continuous maps = : I' — X solving (6.8.1) that can again be given

appropriate signs. The corresponding sum is denoted by

n(L;p1,. . Pnytny)-
We then define a map
ni ni+ns
i=1 j=ni1+1

P1@ ... @pny) = n(L5P1, - Prytns) Prat1 @ - @ Dygny)-

With
C*(fi,Z) := Hom(C\(fi,Z),Z),
we may consider ¢(I') as an element of
n ni+n
© C*(fi2) _® " Culf;, D).
1=1 —+1

J=ni1

With the methods of the previous §, one verifies
Lemma 6.8.1 dq = 0.

Consequently, we consider ¢(I") also as an element of

ni « ni+nz
®@ H*(fi,Z) ® H.(f};7Z).
=1 Jj=ni1+1

Besides the above example where I had the edges (—o0,0] and [0, c0),
there are other examples of topological significance:
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I' =[0,00). Thus, n; =0, ng = 1, and with p = p,,, = p1,
dim ML = d — p(p).

This is 0 precisely if u(p) = d, i.e. if p is a local maximum. In that
case q(I") € Hy(X;Z) is the so-called fundamental class of X.
I" consisting of two edges modeled on (—o0, 0], and joined by identi-
fying the two right end points 0. Thus ny = 2, no = 0, and
dim My, ., = u(p1) + p(p2) — d,
and this is 0 if u(ps) = d — p(p1). With k := p(p1), thus
q(I' € H*(X,Z) ® H** (X, 7)
>~ Hom (Hy(X;Z); H¥*(X,7Z)

is the so-called Poincaré duality isomorphism.
I" consisting of one edge modeled on (—o0, 0], and two ones modeled
on [0,00), all three identified at the common point 0. Thus n; =
1,n9 =2, and

dim My, 5, p, = #(p1) — u(p2) — u(ps)-

Hence, if this is 0,

q(I) € % H*(K,7Z) ® H;(X,Z) ® Hy_;(X,7Z)
15

~ ® Hom (H’(X,Z)® H"(X,Z), H*(X,Z).
i<k
We thus obtain a product
U: H(X,Z)® H* 7 (X,Z) — H*(X,7),

the so-called cup product.
I" consisting of one edge (—o0, 0] together with a closed loop based at
0. In that case

dim M, = p(p) — d,

which vanishes for u(p) = d, i.e.
(") € HY(X,Z).

This cohomology class is called the Euler class.
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6.9 Orientations

We are considering solution curves of
%(t) + grad f(x(t)) =0, (6.9.1)

or more generally of
&(t) 4+ grad F(x(t),t) = 0, (6.9.2)

and we wish to assign a sign to each such solution in a consistent manner.
For that purpose, we linearize those equations. We consider a curve z(t) of
class HY?(R, X) and a section ¢(t) of class H>? of the tangent bundle of X
along z, i.e. ¢ € HY2(R,2*T X). Then, in the case of (6.9.1), the linearization
is
V. ((exp, (Ds0(t)" +erad fexpaqy s0(1),
= V% @(t) + Dypygrad f(z(t)) with V% = Vi),

V the Levi-Civita connection of X,
and likewise, for (6.9.2), we get
V%Qﬁ(t) + Dcp(t)grad F(x(t),t).
We shall thus consider the operator

Vi + Dgrad F : HY?(2*TX) — L*(2*TX)

6.9.3
@+ Vip+ Dograd F. ( )

This is an operator of the form
V+A: HY2(2*TX) — L*(2*TX),

where A is a smooth section of z*End7T X which is selfadjoint, i.e. for each
t € R, A(t) is a selfadjoint linear operator on T}, ;) X.
We are thus given a vector bundle £ on R and an operator

V+A:HY(E)— L*(E),

with A a selfadjoint endomorphism of E. H'2(E) and L?(E) are Hilbert
spaces, and V + A will turn out to be a Fredholm operator if we assume that
A has boundary values A(£o0) at +oo.

Let L : V — W be a continuous linear operator between Hilbert spaces
V,W, with associated norms || - ||y, || - |[w resp. (we shall often omit the
subscripts v,y and simply write || - || in place of || - ||y or || - ||w). L is called
a Fredholm operator iff

(i) Vo := ker L is finite dimensional
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(i) Wy = L(V), the range of L, is closed and has finite dimensional
complement Wy =: coker L, i.e.

W =W, & W,.

From (i), we infer that there exists a closed subspace V4 of V' with
V=Waeh,

and the restriction of L to V; is a bijective continuous linear operator L' :
‘/1 — Wl.
By the inverse operator theorem,

LW, — 1
then is also a bijective continuous linear operator. We put

ind L :=dim Vy — dim Wy
= dimker L — dim coker L.

The set of all Fredholm operators from V' to W is denoted by F(V, W).

Lemma 6.9.1 F(V,W) is open in the space of all continuous linear operators
from V to W, and
ind : F(V,W) = Z

is continuous, and therefore constant on each component of F(V,W).
For a proof, see e.g. J.Jost, X. Li-Jost, Calculus of variations, Cambridge
University Press, 1998.

By trivializing F along R, we may simply assume F = R™, and we thus
consider the operator

%+mwﬂumkﬂaﬁm&w (6.9.4)

and we assume that A(t) is continuous in ¢ with boundary values

A(+oo) = lim A(%),

t—+oo

and that A(—oo) and A(co) are nondegenerate. In particular, since these
limits exists, we may assume that

|A(t)]] < const.,
independently of ¢. For a selfadjoint B € Gi(n,R), we denote by
n(B)

the number of negative eigenvalues, counted with multiplicity.
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Lemma 6.9.2 Ly = 4 + A(t) : HY*(R,R") — L*(R,R") is a Fredholm
operator with
ind Ls = p(A(—00)) — p(A(c0)).

Proof. We may find a continuous map C : R — Gl(n,R) and continuous
functions A1 (t),..., A, (t)) such that

C(t) TA)C(t) = diag (Ar(t), ..., An(t)),  Ar(t) < Aa(t) < ... < Ap(h),

i.e. we may diagonalize the selfadjoint linear operators A(t) in a continuous
manner. By continuously deforming A(¢) (using Lemma 6.9.1), we may also
assume that A(t) is asymptotically constant, i.e. there exists T > 0 with

A(t) = A(—o0) fort < -T
A(t) = A(0) fort >T.

Thus, C(t), A1(t),..., A (t) are also asymptotically constant. If s(t) is in
H'2 then it is also continuous, and hence if it solves

d
%s(t) + A(t)s(t) =0,
then it is also of class C?, since 4s(t) = —A(t)s(t) is continuous. On
(—o0, =T, it has to be a linear combination of the functions
ef)\i(foo)t,

and on [T, 00), it is a linear combination of

Since a solution on [—T, T is uniquely determined by its values at the bound-
ary points +7', we conclude that the space of solutions is finite dimensional.
In fact, the requirement that s be in H'2 only allows linear combinations
of those exponential functions of the above type with A\;(—oc0) < 0, on
(=00, —T), and likewise we get the condition \;(co) > 0. Thus

dimker L, = max(u(A(—0)) — u(A(0)),0)

is finite.
Now let o € L?(R,R™) be in the orthogonal complement of the image of
Ly, ie.

/ (jts(t) + A(t)s(t)> co(t)ydt =0 for all s € H"*(R,R"),

where the ”-” denotes the Euclidean scalar product in R™. In particular, this
relation implies that the weak derivative 4o (t) equals —A(t)o(t), hence is in
L?. Thus o € H'2(R,R") is a solution of
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d
—0
dt
In other words, L4 has —L_4 as its adjoint operator, which then by the
above argument satisfies

dimker L_ 4 = max(pu(—A(—00)) — pu(—A(c0)),0)
= max(p(A(00)) — p(A(=00)), 0).

L 4 then has as its range the orthogonal complement of the finite dimensional
space ker L_ 4, which then is closed, and

(t) — A()o(t) = 0.

ind L4 = dimker L4 — dim coker L4
=dimker L4 — dimker L_ 4

= p(A(=00)) — p(A(0)).
O

Corollary 6.9.1 Let x1,x2 be HY? curves in X, E; vector bundles along
x;, A; continuous selfadjoint sections of EndE;, i = 1,2, with x1(c0) =
x2(—00), F1(00) = E3(—00), Ai(c0) = Az(—o00). We assume again that
A1(—00), A1(00) = Ax(—00), Az(00) are nondegenerate. We consider diffeo-
morphisms

01:(—=00,0) = R, o2:(0,00) = R,

with o(t) =t for |t| > T for some T >0, i = 1,2, and consider the curve

xz1(o1(t)) fort <O
x(t) == ¢ z1(00) = x2(—00) fort=0
xo(o2(t)) fort >0

with the corresponding bundle E(t) and A(t) glued together from E., Es,
Ay, Ay, Tesp. in the same manner. Then

ind Ly = ind LA] + ind LAQ.

Proof.

ind Ly, +ind La, = p(A1(=00)) — p( A1 (0)) + Az (=09)) — p(A2(00))
— j(A(=0)) — p(A(o))

=ind L4, by Lemma 6.9.2 and construction.

O

We now need to introduce the notion of the determinant of a Fredholm
operator. In order to prepare that definition, we first let V, W be finite di-
mensional vector spaces of dimension m, equipped with inner products, and
put
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Det V := A™(V), with A°V :=R.

Then (Det V)* ® Det V' is canonically isomorphic to R via v* @ w — v*(w).
A linear map
1:V-w

then induces
detl: Det V — Det W,

ie.

det! € (Det V)* @ Det W.
The transformation behavior w.r.t. bases ey, ... e, of V, f1,..., fin of W is
given by

detl(es A...Nem)=ler Ao Nlew =1 Aifi Ao A f.

We may e.g. use the inner product on W to identify the orthogonal comple-
ment of I(V') with coker . The exact sequence

O—>kerl—>Vi>W—>cokerl—>0
and the multiplicative properties of det allow the identification
(Det V)* @ Det W = (Det kerl)* ® Det (coker 1) =: Det I.

This works as follows:
Put Vp = kerl, Wy = coker L (= [(V)1), and write V = Vo @ Vi, W =
Wy ® W1. Then

l1 = l\Vl : V1 — W1,

is an isomorphism, and if eq,...,ex is a basis of Vy, egy1,...€y one of Vi,
f1, ... fr one of Wy, and if we take the basis legy1,...,le, of Wi, then

(61/\...ek/\6k+1/\.--/\€m)*®(f1/\-../\kaZEk+1/\.../\l€m)

is identified with
(e1 AeccNem) " @ (Fi Ao A fm)-

According to the rules of linear algebra, this identification does not depend
on the choices of the basis. In this manner, we obtain a trivial line bundle
over V* @ W, with fiber (Det V)* @ Det W 2 (Det ker!)* ® Det coker [ over
l. det! then is a section of this line bundle, vanishing precisely at those [ that
are not of maximal rank m. On the other hand, if [ is of maximal rank, then
(Det kerl)* ®Det coker [ can be canonically identified with R, and det ! with
1 € R, by choosing basis eq,...,e, of V and the basis leq,...le, of W, as
above.

In a more abstract manner, this may also be derived from the above exact
sequence

O—>kerl—>Vi>W—>cokerl—>0
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on the basis of the following easy algebraic

Ly
Lemma 6.9.3 Let 0 — Vlngl—% S5'We — 0 be an exact sequence of

linear maps between finite dimensional vector spaces. Then there exists a
canonical isomorphism

® max V; ~ ® max sz

i odd i even

One simply uses this Lemma plus the above canonical identification
(Det V)* @ Det V = R.

Suppose now that V, W are Hilbert spaces, that Y is a connected topolog-
ical space and that I, € F(V, W) is a family of Fredholm operators depending
continuously on y € Y. Again, we form the determinant line

Det I, := (Det kerl,)* @ (Det coker [,)

for each y. We intend to show that these lines (Det l,),cy constitute a line

bundle over Y.
l, : (kerl,)*t — (coker I,)*

v = lyv
is an isomorphism, and

ind I, = dimker [, — dim coker [,

is independent of y € Y, as Y is connected. For y in a neighborhood of some
Yo € Y, let Vy' C V be a continuous family of finite dimensional subspaces
with kerl, C V] for each y, and put

W, == 1,(V,) & coker [,.
Then as above
(Det V)" @ Det W, = (Det kerl,)* ® Det coker .

The point now is that this construction is independent of the choice of Vy’ in
the sense that if Vy/’ is another such family, we get a canonical identification

(Det V,')* @ Det W,' = (Det V)" ® Det W,,.

Once we have verified that property, we can piece the local models (Det V;)*®
Det W, for Det [, unambiguously together to get a line bundle with fiber
Det [, over y on Y.

It suffices to treat the case
! 2
Vy C Vy ,

and we write
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Vy” = Vy/ oV,
and
, _
Wy’ = W; ®W,.

ly :Vy — Wy is an isomorphism, and
detl, : Det V,, — Det W,

yields a nonvanishing section 4;, of (Det V,)* ® Det W,,. We then get the
isomorphism

(Det V,))* @ Det W,, — (Det V,)* ® Det W, ® (Det V,)* ® Det W,
= (Det V)" @ (Det W,))

Sy = Sy®Aly’

and this isomorphism is canonically determined by [,.
We have thus shown

Theorem 6.9.1 Let (Iy)yey C F(V,W) be a family of Fredholm operators
between Hilbert spaces V,W depending continuously on y in some connected
topological space Y. Then we may construct a line bundle over Y with fiber

Det l,, = (Det kerl,)* ® (Det coker )

over y, and with a continuous section det l,, vanishing precisely at thosey € Y
where kerl, # 0.

Definition 6.9.1 Let [ = (I,)yey) C F(V,W) be a family of Fredholm
operators between Hilbert spaces V, W depending continuously on y in some
connected topological space Y. An orientation of this family is given by a
nowhere vanishing section of the line bundle Det [ of the preceding theorem.

If kerl, = 0 for all y € Y, then of course detl, yields such a section. If
this property does not hold, then such a section may or may not exist.

We now wish to extend Cor. 6.9.1 to the determinant lines of the operators
involved, i.e. we wish to show that

det Ly =2 detLa, @det La,.

In order to achieve this, we need to refine the glueing somewhat. We again
trivialize a vector bundle F over R, so that E becomes R x R™. Of course, one
has to check that the subsequent constructions do not depend on the choice
of trivialization.

We again consider the situation of Cor. 6.9.1, and we assume that A, A
are asymptotically constant in the sense that they do not depend on ¢ for
[t| > T, for some T' > 0. For 7 € R, we define the shifted operator L7, via
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s

. 8(t) o + A1 (t — 7)s(t).

As we assume A; asymptotically constant, A7 (¢) := Ay (t+7) does not depend
on t over [—1,00) for 7 sufficiently large. Likewise, A5 7 (t) does not depend
on t over (—oo, 1] for 7 sufficiently large. We then put

Ai(t+7) fort e (—o0,0]

A(t) := A1 #,: As(t) = {Ag(t —7) forte [0 00)

and obtain a corresponding Fredholm operator
Lay.a,
Lemma 6.9.4 For 7 sufficiently large,

Det La,#,. 4, = Det Ly, ® Det La,.

Sketch of Proof. We first consider the case where L 4, and L 4, are surjective.
We shall show

dimker L4 < dimker L4, + dimker L 4, (6.9.5)
which in the surjective case, by Cor. 6.9.1 equals
ind LA1 + ind LA2 =ind L4
< dimker L4,

hence equality throughout.
Now if s, (t) € ker L4, _4,, we have

Sese(t) + A(t)s- () = O, (6.9.6)

and we have

A(t) = Ai(00)(= Az(—00))

for |t| < 7, for arbitrarily large T, provided 7 is sufficiently large. Since A;(oc0)
is assumed to be nondegenerate, the operator

d
— 4+ A
at " 1(00)

is an isomorphism, and thus, if we have a sequence
(S‘rn)neN
of solutions of (6.9.6) for 7 = 7, with ||s,, ||g12 <1, 7, — 00, then

$r, =0 on[-T,T], foranyT > 0.

n
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On the other hand, for ¢ very negative, we get a solution of

Z57 (1) + Ar(=00)s-(t) =0,

or more precisely, s, (¢t — 7) will converge to a solution of
d
&s(t) + A1(t)s(t) =0,

i.e. an element of ker L 4,. Likewise s, (¢4 7) will yield an element of ker L 4,.
This shows (6.9.5).

If L4,, La, are not necessarily surjective, one finds a linear map A : R¥ —
L?(R,R™) such that

La, +A: HY?(R,R") x RF — L*(R,R")
(s,v) — Ly, s+ Av

are surjective for ¢ = 1,2. One then performs the above argument for these
perturbed operators, and observes that the corresponding determinants of
the original and the perturbed operators are isomorphic. O

We now let Y be the space of all pairs (x,A), where z : R — X is a
smooth curve with limits x(£o00) = lim;_ 1 2(t) € X, and A is a smooth
section of x*EndT' X for which A(t) is a selfadjoint linear operator on T4 X,
for each ¢t € R, with limits A(+o0) = lim;_, 4+ A(t) that are nondegenerate,
and for each y € (z, A) € Y, we consider the Fredholm operator

Lgay=V+A: H?(2*TX) — L*(*TX)

Lemma 6.9.5 Suppose X is a finite dimensional orientable Riemannian
manifold. Let (x1, A1), (x1,42) € Y satisfy x1(£o0) = xo(£00), Aj(£oo) =
A(f00). Then the determinant lines Det Ly, a,) and Det Ly, a,) can be
identified through a homotopy.

Proof. We choose trivializations o; : zfTX — R x R" (n = dim X) extend-
ing continuously to +oo, for i = 1,2. Thus, L(,, 4,) is transformed into an

operator
d
L = 5+ A1) : PR R") - I2(R,R")
(with an abuse of notation, namely using the same symbol A;(t) for an en-
domorphism of T,y X and of R" = o;(t)(T,+)X)). Since X is orientable, we
may assume that
o1(F£00) = 2(£00)

(for a nonorientable X, we might have o1(—00) = 02(—00), but o1(c0) =
—03(00), or vice versa, because GL(n, R) has two connected components, but
in the orientable case, we can consistently distinguish these two components
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acting on the tangent spaces T, X with the help of the orientations of the
spaces T, X). Thus, the relations A;(£oo) = As(do0) are preserved under
these trivializations.

From the proof of Lemma 6.9.2, ind L4, = ind L4,, and coker Ly, =0
or ker L4, = 0, depending on whether +p(A4;(—00)) > +u(A;(o0)). It then
suffices to consider the first case. Since the space of all adjoint endomorphisms
of R can be identified with R™5 (the space of symmetric (nxn) matrices),
we may find a homotopy between A; and As in this space with fixed endpoints
Ai1(£00) = Az(£o00). As a technical matter, we may always assume that
everything is asymptotically constant as in the proof of Lemma 6.9.2, and
that proof then shows that such a homotopy yields an isomorphism between
the kernels of L4, and La4,. O

Thus, Fredholm operators with coinciding ends at +o0o as in Lemma 6.9.5
can be consistently oriented. FExpressed differently, we call such operators
equivalent, and we may define an orientation on an equivalence class by
choosing an orientation of one representative and then defining the orien-
tations of the other elements of the class through a homotopic deformation
as in that lemma.

Definition 6.9.2 An assignment of an orientation o(x, A) to each equiva-
lence class (x, A) is called coherent if it is compatible with glueing, i.e.

0'((331,141)#(332, Ag)) = O'(Jil,Al) ® O'(JUQ,AQ)

(assuming, as always, the conditions required for glueing, i.e. z1(c0) =
z2(—00), A1(00) = Az(—00)).

Theorem 6.9.2 Suppose X is a finite dimensional orientable Riemannian
manifold. Then a coherent orientation exists.

Proof. We first consider an arbitrary constant curve
z(t) =z € X, A(t) = Ao.
The corresponding Fredholm operator

d
Lag =2 +Ao: HY2(R, T, X) — L*(Ty X)
then is an isomorphism by the proof of Lemma 6.9.2, or an easy direct argu-
ment. Thus, Det L4, is identified with R®R*, and we choose the orientation
1®1* € R® R*. We next choose an arbitrary orientation for each class of

operators L, 4 different from L., 4,) with

x(—o0) =z, A(—00) = A
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(note that the above definition does not require any continuity e.g. in A(c0)).
This then determines orientations for classes of operators L, 4y with

x(00) =g, A(o0) = A,

because the operator L,-1 4-1), with z71(t) := z(—t), A~(t) = A(—t),
then is in the first class, and

Ly-1,a-1)#L 2, a) is equivalent to L, a,),
and by Lemmas 6.9.4 and 6.9.5
Det Lz-1,4-1) @ Det Lz 4y = Det Ly, 40)-

Finally, for an arbitrary class L, a), we find (21, A1) and (z2, A2) with
x1(—00) =xo, Ai(—00)=1mg, w1(00)=x(—00), Aq(00) = A(—00),
x9(00) = xp, As(00) =z, x2(—00) = x(00), Asz(—00) = A(o0).

and the glueing relation
Lwy a0 # L2, 0)# L (2,,4,) equivalent to Lz, a,)-
The relation of Lemma 6.9.4, i.e.
Det Lz, 4,) @ Det Lz 4y @ Det L, a,) = Det Ly, ag)

then fixes the orientation of L, ). O

We shall now always assume that X is a compact finite dimensional,
orientable Riemannian manifold. According to Thm. 6.9.2, we may assume
from now on that a coherent orientation on the class of all operators L, )
as above has been chosen.

We now consider a Morse-Smale-Floer function

f: X =R
as before, and we let p,q € X be critical points of f with
n(p) — plg) = 1.
Then for each gradient flow line z(¢) with x(—o00) = p, x(c0) = g, i.e.
(t) + grad f(z(t)) = 0,
the linearization of that operator, i.e.
L=V +d*f(x(t) : H?(2"TX) — L*(2"TX)

is a surjective Fredholm operator with one-dimensional kernel, according to
Lemma 6.9.2 and its proof. However, we can easily find a generator of the
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kernel: as the equation satisfied by z(t) is autonomous, for any 75 € R,
x(t + 7) likewise is a solution, and therefore &(t) must lie in the kernel of
the linearization. Altogether, #(¢) defines an orientation of Det L, called the
canonical orientation.

Definition 6.9.3 We assign a sign n(z(t)) = £1 to each such trajectory of
the negative gradient flow of f with p(x(—00))—p(z(00)) = 1 by putting n =
1 precisely if the coherent and the canonical orientation for the corresponding
linearized operator V + d2f coincide.

This choice of sign enables us to take up the discussion of § 6.6 and define
the boundary operator as
op= Y, ns)r

r€Cx (f)
n(r)=p(p)—1
seml

now with our present choice of sign. Again, the crucial point is to verify the
relation
9*=0.

As in Thm. 6.5.1, based on Thm. 6.3.1, we may again consider a component
M of M{;q (p, q critical points of f with u(p) — u(q) = 2), homeomorphic to
the open disk. We get a figure similar to Fig. 6.6.1

Fig. 6.9.1.

On the flow line z(¢) from p to ¢, we have indicated a coherent orientation,
chosen such that e; corresponds to the negative flow line direction, and e, cor-
responds to an arbitrarily chosen orientation of the one-dimensional manifold
f~1(a) " M, where f(q) < a < f(p), as in § 6.6. The kernel of the associ-
ated Fredholm operators L, is two-dimensional, and e; A es then induces an



6.9 Orientations 355

orientation of Det L,. The coherence condition then induces corresponding
orientations on the two broken trajectories from p to ¢, passing through the
critical points rq, 79 resp. In the figure, we have indicated the canonical ori-
entations of the trajectories from p to r; and 2 and from r; and 5 to ¢. Now
if for example the coherent orientations of the two trajectories from p to r;
and 72, resp. both coincide with those canonical orientations, then this will
take place for precisely one of the two trajectories from r; and ro resp. to q.
Namely, it is clear now from the figure that the combination of the canoni-
cal orientations on the broken trajectories leads to opposite orientations at
q, which however is not compatible with the coherence condition. From this
simple geometric observation, we infer the relation 9 o 9 = 0 as in § 6.6.

We may also take up the discussion of § 6.7 and consider a regular ho-
motopy (as in Def. 6.7.1) F between two Morse functions f!, f2, and the
induced map

¢ Ou(f1,2) — Cu(f*,2).

In order to verify the relationship
¢ 0 df' = af? 0 ¢! (6.9.7)

with the present choice of signs, we proceed as follows. If p; is a critical point
of f1, py one of f2, with
p(p1) = p(p2),

and if s : R — X with s(—o0) = p1, s(00) = po satisfies (6.7.4), i.e.
5(t) = —grad F(s(t),t), (6.9.8)
we consider again the linearized Fredholm operator
Ly:=V+d*F: HY?(s*TX) — L*(s*TX).
Since p(p1) = p(p2), Lemma 6.9.2 implies
ind Ly = 0.

Since by definition of a regular homotopy, L is surjective, we consequently
get
ker Ly = 0.

Thus, Det L, is the trivial line bundle R® R*, and we may orient it by 1®1*,
and we call that orientation again canonical. Thus, we may assign a sign n(s)
to each trajectory from p; to pa solving (6.9.8) as before by comparing the
coherent and the canonical orientations. Now in order to verify (6.9.7), we
look at Fig 6.9.2. Here, we have indicated a flow line w.r.t. f! from p; to
another critical point ry of f! with u(p1) — p(r1) = 1, and likewise one w.r.t.
f? from py to ro with p(p2) — p(ra) = 1, both of them equipped with the
canonical orientations as defined above for the relative index 1. Since now the
solution curves of (6.9.8) from p; to ps, and likewise from r; to 7o carry the
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orientation of a trivial line bundle, we may choose the coherent orientations
so as to coincide with the canonical ones.

P2

m

Fig. 6.9.2.

We now compute for a critical point p; of f! with u(p;) = 3, and with Mgl’ql
the space of solutions of (6.9.8) from p; to pa,

(0f? 0 ¢* — ¢* 0 0f!)(p1)

o Y e |- Y alson

n(p2)=pseMf, . n(r)=B—1,4 e pmt!

= 2 |2 2 2 n@n(w)

p(r2)=F=1 \ w(p2)=F 1 €M, 1y s,e Ml .

— Z Z Z n(s1)n(s") | ra.

—3_ 1 F
w(r1)=p 151€M1]§1,7‘1 s'eMl L,

Again, as in Thm. 6.5.1, trajectories occur in pairs, but the pairs may be of
two different types: within each triple sum, we may have a pair (s(l), sél))
and (3(2), 552)), and the two members will carry opposite signs as we are then
in the situation of Fig. 6.9.1. The other type of pair is of the form (s, s2) and
(s1,8"),1.e. one member each from the two triple sums. Here, the two members
carry the same sign, according to the analysis accompanying Fig. 6.9.2, but
since there are opposite signs in front of the two triple sums, we again get a
cancellation.

In conclusion, all contributions in the preceding expression cancel in pairs,
and we obtain

af2 O¢21 o ¢21 Oafl — 0,
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as desired. We thus obtain

Theorem 6.9.3 Let X be a compact, finite dimensional, orientable Rieman-
nian manifold. Let f!, f? be Morse-Smale-Floer functions, and let F be a
reqular homotopy between them. Then F' induces a map

¢21 : C*(flvz) - C*(f2’Z)

satisfying
80¢21:¢2108,

and hence an isomorphism of the corresponding homology groups defined by
' and f?, resp. O

Corollary 6.9.1 Under the assumptions of Thm. 6.9.3, the numbers by (X, f)
defined at the end of § 6.6 do not depend on the choice of a Morse-Smale-
Floer function f and thus define invariants by (X) of X. O

Definition 6.9.4 The numbers by (X) are called the Betti numbers of X

Remark.  The Betti numbers have been defined through the choice of a
Riemannian metric. In fact, however, they turn out not to depend on that
choice. See the Perspectives for some further discussion.

Perspectives. The relative approach to Morse theory presented in this chapter
was first introduced by Floer in [74]. It was developed in detail by Schwarz[221],
and starting with § 6.4 we have followed here essentially the approach of Schwarz
although in certain places some details are different (in particular, we make a more
systematic use of the constructions of § 6.3), and we cannot penetrate here into all
the aspects worked out in that monograph. An approach to Floer homology from
the theory of hyperbolic dynamical system has been developed in [250]. We also
refer the reader to the bibliography of [221] for an account of earlier contributions
by Thom, Milnor, Smale, and Witten. (Some references can also be found in the
Perspectives on § 6.10.)

In particular, Witten[256], inspired by constructions from supersymmetry, es-
tablished an isomorphism between the cohomology groups derived from a Morse
function and the ones coming from the Hodge theory of harmonic forms as devel-
oped in Chapter 2 of the present work.

In some places, we have attempted to exhibit geometric ideas even if consider-
ations of space did not allow the presentation of all necessary details. This applies
for example to the § 6.8 on graph flows which is based on [22]. As in Schwarz’
monograph, the construction of coherent orientations in § 6.9 is partly adapted
from Floer, Hofer[75]. This in turn is based on the original work of Quillen[204] on
determinants.

The theory as presented here is somewhat incomplete because we did not de-
velop certain important aspects, among which we particularly wish to mention the
following three:
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Questions of genericity:

A subset of a Baire topological space is called generic if it contains a count-
able intersection of open and dense sets. In the present context, one equips
the space of (sufficiently smooth) functions on a differentiable manifold X
as well as the space of Riemannian metrics on X with some C* topology,
for sufficiently large k. Then at least if X is finite dimensional and com-
pact, the set of all functions satisfying the Morse condition as well as the
set of all Riemannian metrics for which a given Morse function satisfies the
Morse-Smale-Floer condition are generic.

We have shown (see §§ 6.7, 6.9) that a regular homotopy between two
Morse functions induces an isomorphism between the corresponding ho-
mology theory. It remains to verify that this isomorphism does not depend
on the choice of homotopy and is flow canonical.

Independence of the choice of Riemannian metric on X: We recall that by
Lemma 1.5.1, a Riemannian metric on X is given by a symmetric, positive
definite covariant 2-tensor. Therefore, for any two such metrics go, g1 and
0<t<1,gt :=tgo+ (1 —1t)g1 is a metric as well, and so the space of all
Riemannian metrics on a given differentiable manifold is a convex space, in
particular connected. If we now have a Morse function f, then the gradient
flows w.r.t. two metrics go, g1 can be connected by a homotopy of metrics.
The above linear interpolation g; may encounter the problem that for some
t, the Morse-Smale-Floer transversality condition may not hold, and so one
needs to consider more general homotopies. Again, for a generic homotopy,
all required transversality conditions are satisfied, and one then conclude
that the homology groups do not depend on the choice of Riemannian met-
ric. Thus, they define invariants of the underlying differentiable manifold.
In fact, they are even invariants of the topological structure of the manifold,
because they satisfy the abstract Eilenberg-Steenrood axioms of homology
theory, and therefore yield the same groups as the singular homology theory
that is defined in purely topological terms.

These points are treated in detail in [221] to which we consequently refer.
As explained in this chapter, we can also use a Morse function to develop a

cohomology theory. The question then arises how this cohomology theory is related
to the de Rham-Hodge cohomology theory developed in Chapter 2. One difference
is that the theory in Chapter 2 is constructed with coefficients R, whereas the
theory in this Chapter uses Zs and 7Z as coefficients. One may, however, extend
those coefficients to R as well. Then, in fact, the two theories become isomorphic
on a compact differentiable manifolds, as are all cohomology theories satisfying the
Filenberg-Stennrod axioms. These axioms are verified for Morse-Floer cohomology
in [221]. The background in algebraic topology can be found in [229]. Witten[256]
derived that isomorphism in a direct manner. For that purpose, Witten considered
the operators

dy == e_tfdetf,

their formal adjoints

di =etfdre ™t

and the corresponding Laplacian

At = Cltd;(k —+ drdt

For t = 0, Ay is the usual Laplacian that was used in chapter 2 in order to develop
Hodge theory and de Rham cohomology, whereas for ¢ — oo, one has the following
expansion
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Ay = dd* + d*d + t?||df||* + t 5 O (=2 a0
7 9k O oxk )’

where ( , lsan orthonormal frame at the point under consideration. This

507 i1,
becomes very large for ¢t — 0o, except at the critical points of f, i.e. where df = 0.
Therefore, the eigenfunctions of A; will concentrate near the critical points of f for
t — 00, and we obtain an interpolation between de Rham cohomology and Morse
cohomology.

An elementary discussion of Morse theory, together with applications to closed
geodesics, can be found in [182].

Finally, as already mentioned, Conley developed a very general critical point
theory that encompasses Morse theory but applies to arbitrary smooth functions
without the requirement of nondegenerate critical points. This theory has found
many important applications, but here we have to limit ourselves to quoting the
references Conley[50], Conley and Zehnder[51]. In another direction, different ap-
proaches to Morse theory on singular (stratified) spaces have been developed by
Goresky and MacPherson[90] and Ludwig[172].

6.10 The Morse Inequalities

The Morse inequalities express relationships between the Morse numbers p;,
defined as the numbers of critical points of a Morse function f of index i, and
the Betti numbers b; of the underlying manifold X. In order to simplify our
exposition, in this §, we assume that X is a compact Riemannian manifold,
and we only consider homology with Zs-coefficients (the reader is invited
to extend the considerations to a more general setting). As before, we also
assume that f : X — R is of class C® and that all critical points of f are
nondegenerate, and that (X, f) satisfies the Morse-Smale-Floer condition.

As a preparation, we need to consider relative homology groups. Let A
be a compact subset of X, with the property that flow lines can enter, but
not leave A. This means that if

&(t) = —grad f(x(t)) fort € R

and
x(tg) € A for some ¢y € RU {—o0},

then also
x(t) € Afor all t > ¢.

We obtain a new boundary operator 94 in place of 0 by taking only those
critical points of f into account that lie in X\ A. Thus, for a critical point
p € X\A, we put

o = Z (#ZQMIJ;,.) T. (6.10.1)

reCx(fINX\A
w(p,r)=1
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By the above condition that flow lines cannot leave A once they hit it, all
flow lines between critical points p,r € X\ A are entirely contained in X\ A
as well. In particular, as in Thm 6.5.2, we have

94 -9%p =0 for all critical points of f in X\A. (6.10.2)

Defining C2(f,Zs) as the free Abelian group with Zy-coefficients generated
by the critical points of f in X\ A, we conclude that

(C*A(fv Z2)> aA)
is a chain complex. We then obtain associated homology groups

ker 9
B (6.10.3)

Hy(X, A, f,Zy) := image 94,
1

as in § 6.5.

We shall actually need a further generalization: Let A C Y C X be compact,
and let f: X — R satisfy:

(i) If the flow line z(t), i.e.

z(t) = —grad f(z(t)) for all ¢,
satisfies
x(tg) € A for some tg € RU{—o0},

then there is no t > to with z(t) € Y'\ A.
(ii)  If the flow line x(t) satisfies

x(t1) € Y,z(ta) € X\Y, with — oo <t <ty < o0,
then there exists t; < tg < to with
iE(to) € A.

Thus, by (i), flow lines cannot reenter the rest of Y from A, whereas by (ii),
they can leave the interior of Y only through A. If p € Y\ A is a critical point
of f, we put

MApi= > (HM,)r (6.10.4)

reCy (£)NY\A
w(p,r)=1

Again, if p and r are critical points in Y\ A, then any flow line between them
also has to stay entirely in Y\ 4, and so as before

YA 0 9V =0, (6.10.5)
and we may define the homology groups

ker 8,};’A

Hy(Y A, f,Z2) = — 5~
image 0}

(6.10.6)
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We now apply these constructions in three steps:

)

Let p be a critical point of f with Morse index

n(p) = k.

We consider the unstable manifold
W*(p) = {z(-) flow line with z(—o00) = p}. (6.10.7)

As the parametrization of a flow line is only defined up to an additive
constant, we use the following simple device to normalize that con-
stant. It is easy to see, for example by Thm. 6.3.1, that for sufficiently
small € > 0,WW*(p) intersects the sphere 0B(p,¢) transversally, and
each flow line in W*(p) intersects that sphere exactly once. We then
choose the parametrization of the flow lines z(-) in W*(p) such that
x(0) always is that intersection point with the sphere dB(p,e). Hav-
ing thus fixed the parametrization, for any T' € R, we cut all the flow
lines off at time 7"

Yl = {a(t) : —oo < t < T,x(-) flow line in W*(p)}  (6.10.8)

and
Al :={a(T) : x(-) flow line in W*(p)}. (6.10.9)

It is easy to compute the homology H., (YpT, Ag, fsZ2) : p is the only
critical point of f in Y]DT\AIT7 and so

oY% A p=0. (6.10.10)

Thus, the kernel of 6:”"4" is generated by p. All the other kernels and

T AT

. V7T, A .
images of the 9;” * 7 are trivial and therefore

Hy(YT, AT, f,25) = {? e (6.10.11)
for all T € R.

Thus, the groups H; (YPT, AZ:)F, fyZs2) encode the local information ex-
pressed by the critical points and their indices. No relations between
different critical points are present at this stage. Thus, for this step,
we do not yet need the Morse-Smale-Floer condition.

We now wish to let T tend to oo, i.e. to consider the entire unstable
manifold W*(p). W*(p), however, is not compact, and so we need to
compactify it. This can be done on the basis of the results of §§ 6.4,
6.5. Clearly, we need to include all critical points r of f that are end
points of flow lines in W*(p), i.e.

r =x(o0) for some flow line z(-) in W*(p).
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In other words, we consider all critical points r to which p is connected
by the flow in the sense of Def. 6.5.2. In particular, for any such r

u(r) < p(p),

because of the Morse-Smale-Floer condition, see (6.5.2). Adding those
critical points, however, is not yet enough for compactifying W*(p).
Namely, we also need to add the unstable manifolds W*(r) of all those
7. If the critical point ¢ is the asymptotic limit y(co) of some flow line
y(-) in W*(r), then, by Lemma 6.5.2, we may also find a flow line z(-)
in W*(p) with x(c0) = ¢, and furthermore, as the proof of Lemma
6.5.2 shows, the flow line y(+) is the limit of flow lines z(-) from W*(p).
Conversely, by Thm. 6.4.1, any limit of flow lines x,(-) from W*(p),
n € N, is a union of flow lines in the unstable manifolds of critical
points to which p is connected by the flow, using also Lemma 6.5.2
once more. As these results are of independent interest, we summarize
them as

Theorem 6.10.1 Let f € C3(X,R), X a compact Riemann manifold, be a
function with only nondegenerate critical points, satisfying the Morse-Smale-
Floer condition. Let p be a critical point of f with unstable manifold W*(p).
Then W*(p) can be compactified by adding all the unstable manifolds W"(r)
of critical points r for which there exists some flow line from p to r, and
conversely, this is the smallest compactification of W*(p). O

We now let Y be that compactification of W*(p), and A := Y\W¥(p),
i.e. the union of the unstable manifolds W*(r) of critical points r to
which p is connected by the flow. Again, the only critical point of f
in Y\A4 is p, and so we have as in 1)

Hy(Y, A, f,25) = { 2 17 = nlp) (6.10.12)
0  otherwise.

The present construction, however, also allows a new geometric in-
terpretation of the boundary operator 0. For that purpose, we let
C'(f,Z3) be the free Abelian group with Zs-coeflicients generated by
the set C%(f) of unstable manifolds W*(p) of critical points p of f,
and

IWh(p) = Y (Fz M, )W), (6.10.13)

reCx(f)
u(r)=p(p)—1

Thus, if u(p) = k, the boundary of the k-dimensional manifold W™ (p)
is a union of (k — 1)-dimensional manifolds W*(r). Clearly, 9’00’ =0
by Thm. 6.5.2, as we have simply replaced all critical points by their
unstable manifolds. This brings us into the realm of classical or stan-
dard homology theories on differentiable manifolds. From that point
of view, the idea of Floer then was to encode all information about
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certain submanifolds of X that generate the homology, namely the
unstable manifolds W*(p) in the critical points p themselves and the
flow lines between them. The advantage is that this allows a formula-
tion of homology in purely relative terms, and thus greater generality
and enhanced conceptual clarity, as already explained in this chapter.

3) We now generalize the preceding construction by taking unions of
unstable manifolds. For a critical point p of f, we now denote the
above compactification of W*(p) by Y (p). We consider a space Y that
is the union of some such Y (p), and a subspace A that is the union
of some Y (q) for critical points ¢ € Y. As before, we get induced
homology groups Hy(A), H,(Y), Hi(Y, A), omitting f and Zy from
the notation from now on for simplicity. As explained in 2), we may
consider the elements of these groups as equivalence classes (up to
boundaries) either of collections of critical points of f or of their
unstable manifolds.

We now need to derive some standard facts in homology theory in our
setting. A reader who knows the basics of homology theory may skip the
following until the end of the proof of Lemma 6.10.4.

We recall the notation from algebraic topology that a sequence of linear
maps f; between vector spaces A;

WA T A A B

is called exact if always

ker(f;) = image (fi11).
We consider the maps

ik : Hk(A) — Hk(Y)
8}<; . Hk(K A) — kal(A)

defined as follows:

If 7 € Ci(A), the free Abelian group with Zs-coefficients generated by the
critical points of f in A, we can consider 7 also as an element of Ci(Y"), from
the inclusion A — Y. If 7 is a boundary in Cj(A), i.e. m = 417 for some
v € Ci+1(A), then by the same token, v can be considered as an element of
Cr+1(Y), and so 7 is a boundary in C(Y) as well.

Therefore, this procedure defines a map iy from Hy(A) to H(Y).

Next, if m € Cr(Y), we can also consider it as an element of Cx (Y, A), by
forgetting about the part supported on A, and again this defines a map ji in
homology.

Finally, if 7 € Cy(Y) with 0r € C;_1(A) and thus represents an element
of Hy(Y, A), then we may consider Om as an element of Hy_1(A), because
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0o 0r = 0. Or is not necessarily trivial in Hj_1(A), because 7 need not be
supported on A, but d7 as an element of Hy_1(A) does not change if we
replace 7 by 7 4 «y for some v € Cy(A). Thus, I as an element of Hy_1(A)
depends on the homology class of 7 in Hg(Y, A), and so we obtain the map
6k : Hk(Y, A) — Hk—l(A)-

The proof of the following result is a standard routine in algebraic topol-
ogy:

Lemma 6.10.1 The sequence
W H(A) 5 Hy(Y) 25 Hu(Y, A) 25 Hy o (A) — ..
15 exact.

Proof. We denote the homology classes of an element v by [7].
1) Exactness at Hy(A) :
Suppose [v] € kerig, i.e.
i[y] = 0.

This means that there exists 7 € Cy41(Y) with

om =ix(7)

Since i (y) is supported on A, w represents an element of Hy11(Y, A), and
so [y] € image (Ok+1). Conversely, for any such 7, O represents the trivial
element in Hy(Y), and so ix[0n] = 0, hence [07] € kerig. Thus iy 0041 = 0.
2) Exactness at Hy(Y):
Suppose [71] € ker ji. This means that 7 is supported on A, and so [r] is in
the image of ix. Conversely, obviously jj o, = 0.
3) Exactness at Hg (Y, A) :
Let [n] € ker Ox. Then dr = 0, and so 7 represents an element in
Hi(Y). Conversely, for any [r] € Hi(Y),0r = 0, and therefore Jj, o
Je=0. O

In the terminology of algebraic topology, a diagram
Ay 4 A

fl lg
B, -» B,

of linear maps between vector spaces is called commutative if
goa=bo f.

Let now (Y7,Y2) and (Y3, Y3) be pairs of the type (Y, A) just considered. We
then have the following simple result
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Lemma 6.10.2 The diagram

82,3 7;2,3 j2,3
o — Hiy(Ya,Y3) =5 Hy1(Ys) -5 Hyp_1(Ya) == Hp_1(Ya,Y3) — ..
E e N E

1,2 1,2

o i L2
— Hi(Y1,Ys) = Hy_1(Ya) —— Hp—1(Y1) S Hp1(Y1,Y2) — ...,

where the vertical arrows come from the inclusions Y3 — Y — Y7, and where
superscripts indicate the spaces involved, is commutative.

Proof. Easy; for example, when we compute ii’?’ 08,3’3[71'], we have an element
7 of Ck(Y2), whose boundary Or is supported on Y3, and we consider that
as an element of Ck_1(Y2). If we apply i,1€’2’3 to [n], we consider 7 as an
element of Cy (Y1) with boundary supported on Cj_1(Y2), and 8]?2[%] is that
boundary. Thus ii’3 o 8,3’3 = 8,1’2 o ifc’2’3. O

Lemma 6.10.3 Let Y3 C Y5 C Yy be as above. Then the sequence

2.3 .1,2

]k+106if1 Y j;,z
- Hk+1(Y1>Y2) — Hk(Yz,YB) I Hk(Yl,YS) I Hk(Yl,Y2) — ..

15 exact.

(Here, the map i,lf comes from the inclusion Yo — Y71, whereas j;’z
arises from considering an element of Cx—1(Y1,Y3) also as an element of
Cr—1(Y1,Ys) (since Y3 C Ya), in the same way as above).

Proof. Again a simple routine:

12 Exactness at Hy (Y2, Ys):

ik’Z[ﬂ] =0« Iy € Cry1(Y1,Y3) : Oy = 7, and in fact, we may consider v as
an element of Cj41(Y7,Y2) as the class of 7 in Hy(Y3,Y3) is not influenced
by adding Ow for some w € Cy41(Y2). Thus = is in the image of jif’l ) G;fl.
2) Exactness at Hy(Y7,Y3):

j;’Q[ﬂ] =04 Iy € Cra1(Y1,Ys) : Oy = 7, and so 7 is trivial in homology up
to an element of Cy(Y2,Y3), and so it is in the image of 222

3) Exactness at Hy(Y1,Ys):

72 0 % [m] = 0 & dym vanishes up to an element of Cj_1(Y3)

< 7 is in the image of j;’Q.

Finally, we need the following algebraic result:

Lemma 6.10.4 Let
. —>A3£>A2£>A1i>0

be an exact sequence of linear maps between vector spaces.
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Then for all k € N

dim A; — dim Ay 4 dim A3 — ... — (=1)* dim A4y, + (—1)* dim(ker az,) = 0.
(6.10.14)

Proof. For any linear map ¢ =V — W between vector spaces,
dim V' = dim(ker £) 4+ dim(image £).
Since by exactness

dim(image a;) = dim(kera;_;)

we obtain
dim(A;) = dim(ker a;) + dim(kera;_1).

Since dim A; = dim ker a1, we obtain
dim A; — dim Ay 4 dim Az — ... + (—1)* dim(ker az,) = 0.
O

We now apply Lemma 6.10.4 to the exact sequence of Lemma 6.10.3. With
bi(X,Y) :=dim(Hg(X,Y))
ve(Y1,Y2,Ys3) = dim(kerjzj_)’1 o 8,1’2),

we obtain
k

S (1) (i1, Ya) — bi(Y1, Y3) + b;(Ya, V3))

— (=1)*u (Y3, Y2, Y3) = 0.
Hence
(=D (Y1, Yo, Ya) =(=1)*up (Y1, Yo, Y3) — (—1)%by (Y7, Y2)
+ (—1)Fb (Y1, Y3) — (—1)Fby (Y2, Y3)

We define the following polynomials in ¢:

(6.10.15)

P(t,X,Y) ZkaY
k>0

Qt,Y1,Ya,Ys) := > vp(V1, Y, Va)t*
k>0

Multiplying the preceding equation by (—1)¥t* and summing over k, we ob-
tain

Q(tvyla}/QaY3) = _tQ(tayla}@aYS)—'_P(taYl;}/Q)_P(tvyla}/é)+P(t7Y27Y3)'
(6.10.16)
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We now order the critical points p1, ..., pp, of the function f in such a manner
that
p(pi) > p(p;) whenever i < j.
For any ¢, we put
Yl = Yl(Z) = U Y(pk:)

k>i
Yo =Yao(i):= | Yor)
E>i+1
Y5 := 0.

Thus Ys = Y1 \W¥(p;). The pair (Y1, Y2) may differ from the pair (Y, A) =
(Y(P,),Y(P;)\W*¥(p;)) in so far as both Y; and Y> may contain in addition
the same unstable manifolds of some other critical points. Thus, they are of
the form (Y U B, AU B) for a certain set B. It is, however, obvious that the
previous constructions are not influenced by adding a set B to both pairs,

i.e. we have
Hy,(YUB,AUB) = Hp(Y,A), forallk,

because all contributions in B cancel. Therefore, we have

Zy for k= u(p;)

0 otherwise.
(6.10.17)

H(Y (), Ya(0)) = H(Y (), Y (0)\W* (p1)) = {

Consequently,
P(t,Y1,Ys) = tHP), (6.10.18)

We now let u, be the number of critical points of f of Morse index £. Since
the dimension of any unstable manifold is bounded by the dimension of X,
we have pp = 0 for £ > dim X. (6.10.18) implies

dim X

> Pt Ya(i), Yali) = Yt pe. (6.10.19)
4

i=0
From (6.10.16), we obtain for our present choice of the triple (Y71,Y3,Y3)
P(t,Y1(i),Ya(1)) = P(t,Y1(),0) — P(t,Y2(i), 0)
and summing w.r.t. ¢ and using Y;(1) = X, we obtain

dim X
> P YA(i), Ya (i) = P(t, X,0) + (1+6) Q(1) (6.10.20)
i=0
for a polynomial Q(t) with nonnegative coefficients. Inserting (6.10.19) in
(6.10.20) and using the relation
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P(t,X,¢) =Y/ dimH;(X) (since H;(X,0) = H,(X))
= thbj(X) (see Cor. 6.9.1)

we conclude

Theorem 6.10.2 Let f be a Morse-Smale-Floer function on the compact,
finite dimensional orientable Riemannian manifold X . Let p, be the number
of eritical points of f of Morse index £, and let by, (X) be the k-th Betti number
of X. Then

dim X

St => thi(X)+ (1+1) Q(t) (6.10.21)
=0 j
for some polynomial Q(t) in t with nonnegative integer coefficients.

We can now deduce the Morse inequalities

Corollary 6.10.1 Let f be a Morse-Smale-Floer function on the compact,

finite dimensional, orientable Riemannian manifold X . Then, with the nota-

tions of Thm. 6.10.2

(i) pr > b (X) for all k

(i6) ke — =1+ p—2 — oo E pig = b (X) — b1 (X)... £ bo(X)

(i) > 2;(=1)7p; = >2;(=1)7b;(X) (this expression is called the Euler
characteristic of X ).

Proof.

(i) The coefficients of t* on both sides of (6.10.21) have to coincide, and
Q(t) has nonnegative coefficients.

(i)  Let Q(t) = >_t'q;. From (6.10.21), we get the relation

k k k—1
Yo=Y hi(X)+(1+6)> g +trg
j=0 j=0 j=0
for the summands of order < k. We put ¢ = —1. Since g > 0, we
obtain
k k
Do)y =y (=1
j=0 j=0

(iii) Weput¢=—11in (6.10.21).
0
Let us briefly return to the example discussed in § 6.1 in the light of the
present constructions. We obtain interesting aspects only for the function f,
of § 6.1. The essential feature behind the Morse inequality (¢) is that for a
triple (Y1, Ya,Y3) satisfying Y5 C Yo C Y3 as in our above constructions, we
always have
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bi(Y1,Ys) < bp(Y1,Y2) + br(Ya, Ys). (6.10.22)

In other words, by inserting the intermediate space Y5 between Y7 and Y3,
we may increase certain topological quantities, by inhibiting cancellations
caused by the boundary operator 9. If, in our example from § 6.1, we take
Y1 = X,Y; = ), we may take any intermediate Ys. If we take Y3 = Y (p2)
(p2 being one of two maximum points), then Y;\Yz = W¥(p;) (p; the other
maximum), and so

1 fork=2
b(Y1,Ys) =
£(11,Y2) {O otherwise
and
1 fork=0
by (Ya, Y :{
k(12,73) 0 otherwise

(we have dpy = p3, Ops = 2p4 = 0 in Y3), and so,

. 1 fork=0,2
be(X) = { ,
sinee 0 (X) =10 forp—1 ’
we have equality in (6.10.22). If we take Yo = Y (p3) (ps the saddle point),

however, we get

2 fork=2
bo(Yh,Ys) = {
k(Y1,Y2) 0 otherwise
(since Op; = 0 = dps in (Y1,Y2)) and
1 fork=1
b (Ys,Y3) =
k(Y2,Y3) {O otherwise

(since dp3 = 0, but there are no critical points of index 2 in Y3). Thus, in
the first case, the boundary operator 0 still achieved a cancellation between
the second maximum and the saddle point while in the second case, this was
prevented by placing po and ps3 into different sets. Generalizing this insight,
we conclude that the Morse numbers iy arise from placing all critical points
in different sets and thus gathering only strictly local information while the
Betti numbers b, incorporate all the cancellations induced by the boundary
operator 0. Thus, the py and the by only coincide if no cancellations at all
take place, as in the example of the function f; in § 6.1.

Perspectives. In this §, we have interpreted the insights of Morse theory, as
developed by Thom[242], Smale[228], Milnor[183], Franks[76] 199-215, in the light
of Floer’s approach. Schwarz[222] used these constructions to construct an explicit
isomorphism between Morse homology and singular homology.
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6.11 The Palais-Smale Condition and the Existence of
Closed Geodesics

Let M be a compact Riemannian manifold of dimension n, with metric

(-,-) and associated norm || - || = (-,-)2. We wish to define the Sobolev space
Ao = HY(S*, M) of closed curves on M with finite energy, parametrized on
the unit circle S'. We first consider H!(I,R") := H2(I,R"), where I is
some compact interval [a,b], as the closure of C°°(I,R™) w.r.t. the Sobolev
H'2-norm. This norm is induced by the scalar product

b b
(c1,¢2) = /cl(t)-@(t)dw/dc;t(t) : dczft)dt, (6.11.1)

a a

where the dot - denotes the Euclidean scalar product on R™. H!(I,R™) then
is a Hilbert space.

Since I is 1-dimensional, by Sobolev’s embedding theorem (Theorem
A.1.7), all elements in H'(I,R") are continuous curves. Therefore, we can
now define the Sobolev space H!(S1, M) of Sobolev curves in M via locali-
zation with the help of local coordinates:

Definition 6.11.1 The Sobolev space Aqg = H!(S', M) is the space of all
those curves ¢ : S' — M for which for every chart x : U — R™ (U open in
M), (the restriction to any compact interval of)

roc:c H(U) — R”

is contained in the Sobolev space H?(c™1(U),R™).

Remark. The space Ag can be given the structure of an infinite dimensional
Riemannian manifold, with charts modeled on the Hilbert space H?(I,R"™).
Tangent vectors at ¢ € Ay then are given by curves v € H(S', TM), i.e.
Sobolev curves in the tangent bundle of M, with v(¢) € T,;)M for all t € S*.
For y1v9 € T, Ap, i.e. tangent vectors at ¢, their product is defined as

(1,72) = / (D (£), Da(t)) dt.
teSt

where D~;(t) is the weak first derivative of ~; at ¢, as defined in A.1. This
then defines the Riemannian metric of Ag. While this becomes conceptually
very satisfactory, one needs to verify a couple of technical points to make this
completely rigorous. For that reason, we rather continue to work with ad hoc
constructions in local coordinates. In any case, Ag assumes the role of the
space X in the general context described in the preceding §§.
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The Sobolev space Ag is the natural space on which to define the energy
functional

B =5 [ IDe(t)] s
Sl

for curves ¢ : S — M, with Dc denoting the weak first derivative of c.

Definition 6.11.2 (u,)n,en C Ao converges to u € Ag in H? iff
1) u, converges uniformly to u (u, = u).

2) E(u,) — E(u) as n — oo.

Uniform convergence u,, =% u implies that there exist coordinate charts
fu:U,—R" (u=1,...,m) and a covering of S* = 61 V,, by open sets
I_L:

such that for sufficiently large n
un(V),w(Vy) c U, for p=1,...,m.
If now ¢ € C§°(V,,R™) for some p, then for sufficiently small |e]
fulu(t) +ep(t)) C fu(U,) for all t € V,,,

i.e. we can perform local variations without leaving the coordinate chart. In
this sense we write
u—+ep

instead of f,, o u 4 €p. For such ¢ then

1d

d
—E(u+ep)e=0 = 2 de

- [ ostuseo)(@l + 6@ + )t

where everything is written w.r.t. the local coordinate f, : U, — R™ (“” of
course denotes a derivative w.r.t. t € S1.)

- /(gij(u)u ¢+ —gije(wiial oF)dt  (using g = gji) (6.11.1)

2
If u e H*?(S*, M), this is
=— /(g”(u)u @+ gijettitel — 2 Jigh w oF)dt (6.11.2)

- /(uZ + I (u) ik i) gij(u)p?dt  asin 1.4.

We observe that ¢ € H'? is bounded by Sobolev’s embedding theorem (The-
orem A.1.7) (see also the argument leading to (6.11.5) below) so that also
the second terms in (6.11.1) and (6.11.2) are integrable.

We may put
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d

IDEW)] = sup { - Eu+ ep)jmo (6.11.3)
de
¢ € Hy*(V,,,R") for some p,

/gij(U)Qbinjdt <1}.

For second derivatives of E, we may either quote the formula of Theorem
4.1.1 or compute directly in local coordinates

d2
= E(u+ep)i=o

de
1d
2 de?

[ gstut et + )@+ )i
= /(gij (W@ P + 2945,k t' ¢ O + gijpett' i F ") dt

which is also bounded for u and ¢ of Sobolev class H2.
Suppose now that u € Ay satisfies

DE(u) = 0.

This means

o1 o
0= /(gij (w)i'? + 5gij,k(u)mmp’“)dt for all p € H'2. (6.11.4)

Lemma 6.11.1 Any u € Ag with DE(u) = 0 is a closed geodesic (of class
™).

Proof. We have to show that u is smooth. Then (6.11.2) is valid, and Theorem
A.1.5 gives ' .
i’ 4 Iy (u)yubat =0 for i = 1,...,dim M,

thus wu is geodesic.

We note that v is continuous so that we can localize in the image. More
precisely, we can always find sufficiently small subsets of S! whose image
is contained in one coordinate chart. Therefore, we may always write our
formulae in local coordinates. We first want to show

we H>'

For this, we have to find v € L! with

/Ulm = /Uim

where we always assume that the support of € C§°(St, M) is contained in
a small enough subset of S! so that we may write things in local coordinates
as explained before.
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We put _ Ny
@ (t) = g (u(t))ni ().
Then

/uiﬁidt = — /uimdt which is valid since u € H?

T /(gij(“(t))ﬂisbj + gij it o) dt
:/(igij,k(u)u u]gok - gij,k(u)uku ©’)dt by (6.11.4)
:/(§gij,kguuzuj — gij it g mdt
1

:/(ggm(gjk,é —gjok — gk&j)ujukmdt, renaming indices

— —/F;kujukmdt. (6.11.5)
With o' = —I"/,@74* € L', the desired formula
/uiﬁi = /vim for n € C§°(S*, M) with sufficiently small support

then holds, and
ue H*

By the Sobolev embedding theorem (Theorem A.1.7) we conclude
u € HY for all ¢ < oo.

(We note that since S! has no boundary, the embedding theorem holds for
the H*P spaces and not just for Hg P For the norm estimates, however, one
needs | f| gxr(e) on the right hand sides in Theorem A.1.7 and Corollary
A.1.7, instead of just | D¥f| ».)

In particular, u € H%*(£2), hence

i (wyida® € L.

(6.11.5) then implies

u€ H*?
hence % € C° by Theorem A.1.2 again.
Now
d i ik _21_‘1 Gk Fl clgk . Fi _1_,1
a( ip(u)a’a®) = 20507 6" + I, yu-d?a”  (using I, = I;)

e L?

since @ € L?,% € L. Thus
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i (wyidi* e HY2.
Then
= 13'3,27
by (6.11.5) again.
Iterating this argument, we conclude
ue H?
for all k£ € N, hence
ue C®

by Corollary A.1.2. O
We now verify a version of the Palais-Smale condition:

Theorem 6.11.1 Any sequence (up)nen C Ao with

E(uy) < const.
IDE(uy)|| — 0 asn— 0

contains a strongly convergent subsequence with a closed geodesic as limit.

Proof. First, by Holder’s inequality, for every v € Ag,t1,ty € S*

to to

d(v(t), v(t2)) < / (933 (0) 057 ¥t < ((t2 — 1) / gi; (v) 7 dt)’

t1 ty

<V2lty — t1]2 E(v)?. (6.11.6)

Thus )
Ay C C§(Sl,M),

i.e. every H'-curve is Holder continuous with exponent %, and the Holder
1-norm is controlled by \/2E(v).

The Arzela-Ascoli theorem therefore implies that a sequence with F(u,,) <
const. contains a uniformly convergent subsequence. We call the limit u. u
also has finite energy, actually

E(u) < liminf E(uy,).
n—oo
We could just quote Theorem 8.4.2 below. Alternatively, by uniform conver-
gence everything can be localized in coordinate charts, and lower semiconti-
nuity may then be verified directly. For our purposes it actually suffices at this
point that u has finite energy, and this follows because the H2-norm (defined
w.r.t. local coordinates) is lower semicontinuous under L?-convergence.
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We now let (1,,)=1,....m be a partition of unity subordinate to (V},)=1,....m.,
our covering of S! as above.
Then

E(un) — E(u) = /Z M (gl ()i i), — gt (w) i ) dt (6.11.7)

where the superscript p now refers to the coordinate chart f, : U, — R"™.
In the sequel, we shall omit this superscript, however.
By assumption (cf. (6.11.1))

/(gij(un)u;gb] + §gij7k(un)u’ﬁuﬁl<pk)dt —0asn— oo

for all p € H2.
We use _ ' '
¢’ = 1 (up, — )
(where, of course, the difference is computed in local coordinates f,).
Then

[ osatsisonol = o
< const. - maxd(un(t), u(t)) E(un)
—0

as n — oo since E(u,) < const. and u,, = u (after selecting a subsequence).
Consequently from (6.11.1), since || DE(u,)|| — 0,

6, =+ g0 i (o, = )t — .

The second term again goes to zero by uniform convergence.
We conclude

/yij(un)ui(% — @), — 0 as n — oo. (6.11.8)
Now
[ttt - giwyiiym,
= /{(gij(un) wl (wd, — ) + (gij(un) — gij(w))ih e (6.11.9)

+gij () (5, — @)@’ } 1y,

The first term goes to zero by (6.11.8). The second one goes to zero by uniform
convergence and Holder’s inequality.
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For the third one, we exploit that (as observed above, after selection of
a subsequence) 1,, converges weakly in L? to % on V.. This implies that the
third term goes to zero as well.

(6.11.9) now implies

E(up) — E(u) asn — o0

(cf. (6.11.7).)
u then satisfies
DE(u)=0

and is thus geodesic by Lemma 6.11.1. O

As a technical tool, we shall have to consider the negative gradient flow
of E.

Remark. In principle, this is covered by the general scheme of § 6.3, but
since we are working with local coordinates here and not intrinsically, we shall
present the construction in detail. For those readers who are familiar with
ODEs in Hilbert manifolds, the essential point is that the Picard-Lindelof
theorem applies because the second derivative of E is uniformly bounded
on sets of curves with uniformly bounded energy E. Therefore, the negative
gradient flow for F exists for all positive times, and by the Palais-Smale
condition always converges to a critical point of F, i.e. a closed geodesic.

The gradient of E, VE, is defined by the requirement that for any ¢ €
Ao, VE(c) is the Hl-vector field along ¢ satisfying for all H!'-vector fields
along ¢

(VE(c), V)i
= DE(c)(V) :/<c'7 V)dt. (6.11.10)

S1

Since the space of H!-vector fields along c is a Hilbert space, VE(c) exists
by the Riesz representation theorem. (The space of H!-vector fields along an
H'-curve can be defined with the help of local coordinates).
We now want to solve the following differential equation in Ay :
d
- 0(t) = ~VE(®(t)) (6.11.11)
@(0) = Cp

where cg € Ay is given and @ : R™ — Ay is to be found.
We first observe

Lemma 6.11.2 Let &(t) be a solution of (6.11.11). Then
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d

S E @) <0.
Proof. By the chain rule,
d d
aE(@(t)) = DE(@(t))(aé(t)) (6.11.12)
= [ VE@(1)[4: <. 0

Theorem 6.11.2 For any co € Ao, there exists a solution @ : RT — Ay of

5 9(t) = ~VE(®(1) (6.11.13)

Proof. Let
A:={T > 0: there exists ¢ : [0,T] — Ag solving (6.11.13), with #(0) = ¢o}.

(That @ is a solution on [0, 7] means that there exists some ¢ > 0 for which
& is a solution on [0, + ¢).)

We are going to show that A is open and nonempty on the one hand
and closed on the other hand. Then A = R, and the result will follow. To
show that A is open and nonempty, we are going to use the theory of ODEs
in Banach spaces. For ¢ € Ay, we have the following bijection between a
neighborhood U of ¢ in Ay and a neighborhood V of 0 in the Hilbert space
of H'-vector fields along c¢: For £ € V

(1) — expy(r) £(7) (6.11.14)

(By Theorem 1.4.3 and compactness of ¢, there exists pg > 0 with the prop-
erty that for all 7 € S* exp(,) maps the ball B(0,po) in Te(r)M diffeomor-
phically onto its image in M.)

If & solves (6.11.13) on [s,s + €] we may assume that ¢ > 0 is so small
that for all ¢ with s < ¢t < s+ ¢, @(t) stays in a neighborhood U of ¢ =
&(s) with the above property. This follows because @, since differentiable, in
particular is continuous in ¢. Therefore, (6.11.14) transforms our differential
equation (with its solution @(¢) having values in U for s <t < s+ ¢) into a
differential equation in V, an open subset of a Hilbert space. Since DE, hence
VE is continuously differentiable, hence Lipschitz continuous, the standard
existence result for ODE (theorem of Cauchy or Picard-Lindel6f) may be
applied to show that given any ¢ € Ay, there exists € > 0 and a unique
solution ¥ : [0,¢] — Ay of W (t) = —~VE(¥(t)) with ¥(0) = c. If & solves
(6.11.13) on [0, ], then putting ¢ = P(ty), we get a solution on [0,ty + €],
putting @(t) = ¥ (t —to).
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This shows openness, and also nonemptyness, putting ¢ty = 0. To show
closedness, suppose @ : [0,t) — Ag solves (6.11.13), and 0 < ¢, < T\ t, —» T
for n — oc.

Lemma 6.11.2 implies

E(®(t,)) < const. (6.11.15)

Therefore, the curves &(¢,) are uniformly Hélder continuous (cf. (6.11.6)),
and hence, by the theorem of Arzela-Ascoli, after selection of a subsequence,
they converge uniformly to some ¢ € Ag; ¢ indeed has finite energy because
we may assume that (@(t,))nen also converges weakly in H'2 to cr, as in
the proof of Theorem 6.11.1. By the openness argument, consequently we can
solve

d
—&(t) = —-VE(P(t
L a(1) = ~VE@(1)
@(t) = Cr
for T <t <T+¢ and some £ > 0. Thus, we have found @ : [0, T + ¢) solving
(6.11.13), and closedness follows. O

We shall now display some applications of the Palais-Smale condition
for closed geodesics. The next result holds with the same proof for any C2-
functional on a Hilbert space satisfying (P.S) with two strict local minima.

While this result is simply a variant of Prop. 6.2.1 above, we shall present
the proof once more as it will serve as an introduction to the proof of the
theorem of Lyusternik and Fet below.

Theorem 6.11.3 Let ¢y, co be two homotopic closed geodesics on the compact
Riemannian manifold M which are strict local minima for E (or, equivalently,
for the length functional L). Then there exists another closed geodesic c3
homotopic to cq,co with

E(c3) =k := /{Ielﬁl Trél[%ﬁ]E(/\(T)) > max{F(c1), E(c2)} (6.11.16)

with A := A(c1,e2) == {\ € C°([0,1], Ag) : A\(0) = c1, \(1) = ca}, the set of
all homotopies between ¢ and cs.

Proof. We first claim

J0g > 0V with 0 < § < §p Je > 0Vc with dl(C, Ci) =4:
E(¢)> E(c;) +¢ fori=1,2 (6.11.17)

Indeed, otherwise, for i = 1 or 2,
V(SO 0 <6< 50 Vn E"Yn with dl(’W“Ci) = (5,

B(n) < B(ei) + 5
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If |DE(v,)|| — 0, then (v,) is a Palais-Smale sequence and by Theorem
6.11.1 converges (after selection of a subsequence) to some ~yy with
di (Y0, ¢;) = 6, E(y0) = E(c;), contradicting the strict local minimizing prop-
erty of ¢;.

If |DE(vn)|| = n > 0 for all n, then there exists p > 0 with

IDE()|| > g whenever di(Yn,7) < p. (6.11.18)

This follows, because || D?E|| is uniformly bounded on E-bounded sets.
(6.11.18) can then be used to derive a contradiction to the local minimiz-
ing property of ¢; by a gradient flow construction. Such a construction will
be described in detail below. We may thus assume that (6.11.17) is correct.
(6.11.17) implies
k> max(E(c1), E(ca)). (6.11.19)

We let now K* be the set of all closed geodesics, i.e. curves ¢ in A% with
DE(c) =0, E(c) = k, homotopic to ¢; and cs.
We have to show

K" 0.

We assume on the contrary
K" =0. (6.11.20)

We claim that there exists n > 0, > 0 with
IDE(c)|| > « (6.11.21)
whenever ¢ is homotopic to c¢1, co and satisfies
k—n<El)<k+n. (6.11.22)

Namely, otherwise, there exists a sequence (v, )nen of H'-curves homotopic
to ¢1, co, with

lim E(y,) =k
lim DE(v,)=0

(Yn)nen then is a Palais-Smale sequence and converges to a closed geodesic
c3 with E(c3) = k, contradicting our assumption K* = ().

Thus (6.11.21) has to hold if Kk —n < E(c) < kK +n.

From Theorem 6.11.2, we know that for any ¢ > 0, there is a map

AO — AO

¢ — Pi(c), where @i(c) = P(t) solves
#P(t) = —VE(®(1))
&0) =c.

With the help of this gradient flow, we may now decrease the energy below
the level &, contradicting (6.11.20). For that purpose,
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let A € A satisfy

max E(A(7)) <k+mn. (6.11.22)
7€[0,1]

Then, as in the proof of Lemma 6.11.2

L B@(\() = I VE@ @) <0. (6.11.23)

In particular, for t > 0
max E(P4(A(7))) < max E(A(1)) < Kk +n. (6.11.24)

Since ¢; and ¢y are closed geodesics, i.e. critical points of E, VE(¢;) =0 (i =
1,2), hence
Di(c;) =¢; forallt>0.

Therefore
@tOAeA fOI'tZO

(6.11.21), (6.11.23) imply

%E(@t(A(T))) < —a? whenever E(D;(\(1))) > K — 1. (6.11.25)

(6.11.22), (6.11.25) imply
E(®s(A(1)) <k —n

for s > % and all 7 € [0,1], contradicting the definition of k. Therefore,
(6.11.20) cannot hold, and the theorem is proved. O

As the culmination of this §, we now prove the theorem of Lyusternik
and Fet

Theorem 6.11.4 Each compact Riemannian manifold contains a nontrivial
closed geodesic.

For the proof, we shall need the following result from algebraic topology
which, however, we do not prove here. (A proof may be found e.g. in E.
Spanier, Algebraic topology, McGraw Hill, 1966.)

Lemma 6.11.3 Let M be a compact manifold of dimension n. Then there
exist some i,1 < i <n, and a continuous map

h:S"— M,

which is not homotopic to a constant map.
In case M is a differentiable manifold, then h can also be chosen to be
differentiable. O
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We now prove Theorem 6.11.4:

We start with a very simple construction that a reader with a little expe-
rience in topology may skip.

Let ¢ be as in Lemma 6.11.3. If ¢ = 1, the result is a consequence of
Theorem 1.4.6. We therefore only consider the case ¢ > 2. h from Lemma
6.11.3 then induces a continuous map H of the (i — 1)-cell D*~1 into the
space of differentiable curves in M, mapping 0D~ ! to point curves. In order
to see this, we first identify D*~! with the half equator {#! > 0, 2% = 0} of the
unit sphere S* in R“*! with coordinates (z*,...,z'*!). Top € D= C S%, we
assign that circle ¢p(t),t € [0, 1], parametrized proportionally to arc length
that starts at p orthogonally to the hyperplane {22 = 0} into the half sphere
{2? > 0} with constant values of 23, ..., 2. For p € 9D*"1, ¢, then is the
trivial (i.e. constant) circle ¢,(¢t) = p. The map H is then given by

H(p)(t) := hocy(t).

Each ¢ € S then has a representation of the form ¢ = ¢,(t) with p € D=1,
p is uniquely determined, and ¢ as well, unless ¢ € dD*~!. A homotopy of H,
i.e. a continuous map

H: D' x[0,1] — {closed curves in M}

that maps D"~ ! x [0,1] to point curves and satisfies HlDi—lX{O} = H, then
induces a homotopy h : % x [0,1] — M of h by

h(a.s) = h(ey(t), s) = H(p, s)(1)

(¢ = cp(t), as just described).
We now come to the core of the proof and consider the space

A:={\: D' — Ay, X homotopic to H
as described above, in particular mapping 9D~ to

point curves},

and put
:= inf E(\(2)).
= Jal, g, FOG)
As in the proof of Thm. 6.11.3, we see that there exists a closed geodesic 7
with
E(y) = .

It only remains to show that x > 0, in order to exclude that ~ is a point curve
and trivial. Should x = 0 hold, however, then for every € > 0, we would find
some \. € A with

max E(A:(2)) <e.
zeDi—1
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25

All curves () would then have energy less than €. We choose ¢ < £2.

Then, for every curve ¢, := A.(z) and each ¢ € [0, 1]
d(c:(0), cx(t))* < 2B(c2) < p5.

The shortest connection from ¢, (0) to ¢, (¢) is uniquely determined; denote it
by q..:(s),s € [0,1]. Because of its uniqueness, ¢, depends continuously on
z and t. H(z,5)(t) := q.+(1 — s) then defines a homotopy between A. and a
map that maps D*~! into the space of point curves in M, i.e. into M.

Such a map, however, is homotopic to a constant map, for example since
D~ is homotopically equivalent to a point. (The more general maps from
D! considered here into the space of closed curves on M are not necessarily
homotopic to constant maps since we have imposed the additional condition
that 9D*~! = §°~2 is mapped into the space of point curves which is a proper
subspace of the space of all closed curves.) This implies that A is homotopic
to a constant map, hence so are H and h, contradicting the choice of h.
Therefore, £ cannot be zero. O

Perspectives. It has been conjectured that every compact manifold admits
infinitely many geometrically distinct closed geodesics. “Geometrically distinct”
means that geodesics which are multiple coverings of another closed geodesic are
not counted. The loop space, i.e. the space of closed curves on a manifold has a rich
topology, and Morse theoretic constructions yield infinitely many critical points of
the energy function. The difficulty, however, is to show that those correspond to
geometrically distinct geodesics. Besides many advances, most notably by Klingen-
berg[158], the conjecture is not verified in many cases. Among the hardest cases
are Riemannian manifolds diffeomorphic to a sphere S™. For n = 2, however, in
that case, the existence of infinitely many closed geodesics was shown in work of
Franks[77] and Bangert[13]. For an explicit estimate for the growth of the number
of closed geodesics of length < ¢, see Hingston[119] where also the proof of Franks’
result is simplified.

We would also like to mention the beautiful theorem of Lyusternik and Schnirel-
man that any surface with a Riemannian metric diffeomorphic to S? contains at
least three embedded closed geodesics (the number 3 is optimal as certain ellipsoids
show). See e.g. Ballmann[10], Grayson[91], Jost[130], as well as Klingenberg[158].

Exercises for Chapter 6

1) Show that if f is a Morse function on the compact manifold X, a < b,
and if f has no critical point p with a < f(p) < b, then the sublevel
set {x € X : f(x) < a} is diffeomorphic to {z € X : f(z) < b}.

2) Compute the Euler characteristic of a torus by constructing a suitable
Morse function.

3) Show that the Euler characteristic of any compact odd-dimensional
differentiable manifold is zero.
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Show that any smooth function f : S™ — R always has an even
number of critical points, provided all of them are nondegenerate.

Prove the following theorem of Reeb:

Let M be a compact differentiable manifold, and let f € C3(M,R)
have precisely two critical points, both of them nondegenerate. Then
M is homeomorphic to the sphere S™(n = dim M).

Is it possible, for any compact differentiable manifold M, to find a
smooth function f : M — R with only nondegenerate critical points,
and with p; = b; for all j (notations of Theorem 5.3.1)?

(Hint: Consider RP? (cf. Chapter 1, Exercise 3 and Chapter 4, Exer-
cise 5) and use Bochner’s theorem 3.5.1, Poincaré duality (Corollary
2.2.2), and Reeb’s theorem (Exercise 5).)

State conditions for a complete, but noncompact Riemannian mani-
fold to contain a nontrivial closed geodesic. (Note that such conditions
will depend not only on the topology, but also on the metric as is al-
ready seen for surfaces of revolution in R3.)

Let M be a compact Riemannian manifold, p,q € M,p # q. Show
that there exist at least two geodesic arcs with endpoints p and gq.

In 6.2.1, assume that f has two relative minima, not necessarily strict
anymore. Show that again there exists another critical point x3 of f

with f(xz3) > max{f(z1), f(z2)}. Furthermore, if k = Helfr max fz) =
Vel ey

f(z1) = f(z2), show that f has infinitely many critical points.

Prove the following statement:

Let v be a smooth convex closed Jordan curve in the plane R2. Show
that there exists a straight line £ in R? (not necessarily through the
origin, i.e. £ = {az' + bx® + ¢ = 0} with fixed coefficients a, b, c)
intersecting v orthogonally in two points.

(Hint: v bounds a compact set A in R? by the Jordan curve theorem.
For every line £ in R2, put

L4(£) := length(AnN¥).

Find a nontrivial critical point ¢y for L4 (i.e. La(¢y) > 0) on the set
of all lines by a saddle point construction. See also J. Jost, X. Li-Jost,
Calculus of variations, Cambridge Univ. Press, 1998, Chapter 1.3)

Generalize the result of 10) as follows:

Let M be diffeomorphic to S?, v a smooth closed Jordan curve in
M. Show that there exists a nontrivial geodesic arc in M meeting -y
orthogonally at both endpoints.

(Hint: For the boundary condition, see exercise 1 of Chapter 4.)
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If you know some algebraic topology (relative homotopy groups and a
suitable extension of Lemma 6.11.3, see E. Spanier, Algebraic topol-
ogy, McGraw Hill (1966)), you should be able to show the following
generalization of 11).

Let My be a compact (differentiable) submanifold of the compact
Riemannian manifold M. Show that there exists a nontrivial geodesic
arc in M meeting My orthogonally at both end points.

For p > 1 and a smooth curve ¢(t) in M, define

1 .
Boc) = / el .

Define more generally a space H'P(M) of curves with finite value
of E,. What are the critical points of E, (derive the Euler-Lagrange
equations)? If M is compact, does E,, satisfy the Palais-Smale condi-
tion?



7. Variational Problems from Quantum Field
Theory

7.1 The Ginzburg-Landau Functional

A prototypical situation for the functionals that we are going to consider is
the following:

M is a compact Riemannian manifold, F a complex vector bundle over
M, i.e. a vector bundle with fiber C", equipped with a Hermitian metric (-, -).
We consider sections ¢ of E and unitary connections Dy = d + A (locally)
on E. Here, “unitary” of course means that A is skew Hermitian w.r.t. (-, -).
We denote the curvature of Dy = d+ A by F,, and we write |¢| for (i, )=,

We consider Lagrangians of the type

L(p,A) = /(mlF/al2 + 72 Dagl? + 73V () *(1) (7.1.1)
M

Here 71, 72, 73 are positive constants, while V'(-) is some “potential”. If V()
is quadratic in |¢], e.g.
V(p) = m?lp|?, (7.1.2)

the resulting Euler-Lagrange equations are linear in ¢,
DA Dap+m?p =0. (7.1.3)

The Euler-Lagrange equations also contain a equation for variations of A,
namely

i} 1
YDA = —§W2(<<P,DA<P> + (Dag, ) (7.1.4)

(see also the proof of Lemma 7.1.1 below for the derivation of these equa-
tions).

It leads to a richer structure, however, if we allow V' (¢) to be a polynomial
of higher than quadratic order in |p|. Of particular interest to us will be the
case of a 4'" order polynomial, for example

Vip) = (0 —o?)”,

for some o € R.
We first consider the case where the base manifold is a compact Riemann
surface X equipped with a conformal metric, and where the vector bundle is
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a Hermitian line bundle L, i.e. with fiber C, and a Hermitian metric (-,-) on
the fibers.

Definition 7.1.1 The Ginzburg-Landau functional for a section ¢ of L and
a unitary connection Dy = D + A on L is defined as

tlo.)i= [(1EaP+1Dagl + 0= 6l))s)  (715)
by

(o0 € R).
The reason for the factor i will emerge in a moment. A simple calculation
yields

Lemma 7.1.1 The Fuler-Lagrange equations for the Ginzburg-Landau func-
tional are

. 1
DiDap =5 (o= lel) ¢ (7.1.6)

Dy Fa = —Re(Dayp,¢) (7.1.7)

Proof. The term [|F4|> was handled already in §3.2 when we derived the
Yang-Mills equation. Varying

/<DA<p,DA<p> (718)

w.r.t. A yields

d
£/<DA+tB<p,DA+tBs0>|t 0= /(<DA90,B¢> +(Bp, Dap)) .-

Thus (7.1.7) readily follows (cf. also (7.1.4) above). Varying (7.1.8) w.r.t. ¢
yields

G [Pate+0).Dato 10 = [(D3Dag) + 6. DiDaG)).
dt o

Finally, the r.h.s. of (7.1.6) obviously arises from varying
1 2
[ile-1eP)
w.r.t. . O

Remark. (7.1.7) is linear in A. Namely, as explained in §3.2 (cf. (3.2.24)),
for an abelian structure group, D% F4 becomes d*Fy4, and so (7.1.7) is

d* (0A”" — 0A"?) = —Re((d + A)p, p)
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(in the notations of (7.1.13) below) which is obviously linear in A (but not
in ).

Since Dy4 is a unitary connection, A is a 1-form with values in u(1),
the Lie algebra of U(1). This Lie algebra will sometimes be identified with
iR. (U(1) is a subgroup of the Lie group Gl(1,C), and u(1) is a subalgebra
of the Lie algebra gl(1,C). The latter can be identified with C. Likewise,
GI(1,C) can be identified with C*, the nonvanishing complex numbers, and
U(1) then corresponds to to the complex numbers of the form e, ¥ € R.
Taking derivatives, u(1) then corresponds to the complex numbers of the form
it, t € R.) Thus, A, A%® A%! and the curvature F4 will then be considered
as imaginary valued forms. This will explain certain factors ¢ appearing in
the sequel.

We should point out that the convention adopted here (which is a conse-
quence of more general conventions used in other places in the present book)
is different from the convention employed in the physics literature, where one
writes a unitary connection as

d—1iA

with a real valued A. In other words, our A corresponds to —iA in the physics
literature.

We decompose 2%, the space of 1-forms on X, as
2t =040 g % (7.1.10)

with 210 spanned by 1-forms of the type dz, £2°! by 1-forms of the type dz.
Here, z of course is a local conformal parameter on X, and with z = x + iy,
we have Z = x — iy. From the beginning of §8.2, we recall the conventions

dz = dzx + idy dz = dx — idy
9 _ 1[0 ; 0 9 _ 1[0 : 0
&*5(%*2@) 5*5(7+Za@)-

If %, a@ are an orthonormal basis of the tangent space of X at the point
Yy

under consideration, we get

(dz,dz) = {dx +idy, dz + idy) = (dz,dz) + i{dy, dz) — i{dz, dy) + (dy,dy) = 2
(dz,dz) =2, (dz,dz) =0. (7.1.11)

The last relation in (7.1.11) implies that (7.1.10) is an orthogonal decompo-
sition. We may also decompose D4 into its (1,0) and (0,1) parts

Dy =04 +5A.
Thus
dap € 2V(L), dap € 2%(L) for all sections ¢ of L. (7.1.12)

We also write
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Oa=0+A 9,=0+ A%, (7.1.13)
with B
d=0+0
being the decomposition of the exterior derivative. Here we have
0
of = —fdz, of = fdz for functions on X.

We write the conformal metric g on X' in our local coordinates as
p*(2)dzdz

Given zg € X, we may assume that
p*(20) =1, (7.1.14)

simply by replacing our coordinates z by y2 We may then describe the

p(z
action of the * operator of the metric p?dzdz at z as follows

xdz = x(dx + idy) = dy — ide = —idz (7.1.15)
«dz = idz (7.1.16)
We also recall
dz N dz = —2idx A dy, (7.1.17)
hence
*(dz N dZ) = —=2ix(dx N dy) = —2i (7.1.18)
and

(1) =dez ANdy = %dz Adz.
‘We compute
0a0ap = (8 + Al’o) o (8 + Al’o) ©
=00p+ AP NOp+ AN Ao+ (0AM0) o — AMO N D
=0 (7.1.20)
since 90 = 0 and A0 A A0 + 9ALY is a (2,0) form which has to vanish as
Y has complex dimension 1.

Likewise

00=0 (7.1.21)
Moreover
0404 = 00 + A" NDp + AVO N AP o + (0AY) o — AV A Dp
04040 = 00p + A% N O + AP AN Ao+ (0AM0) o — AV N By
=—040p + (04" —0A"") (7.1.22)
= —0404p — Fap
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ie.
Fp=— (0404 + 0404) (7.1.23)

Theorem 7.1.1 We have
_ 1 2
L(p, A) = /<2|8A<p|2 + <*(—2F) ~5 (o — |302)> ) *(1) 4+ 2modegL
b3,
(7.1.24)

with
degL := ¢1(L)[X] (the degree of the line bundle L ).

Proof. We compute (writing F' in place of Fy)

(i) - 5o - W))? A1)
_ /<|F|2 + i (0 — |o[?)* = oxiF * iF(go,go}) «(1)  (7.1.25)

Now
/ FiFs(1) = /ZF — 9rey (L)[5] = 2ndegl (7.1.26)

Also
/<*iF<p,gp>*(1) :/(4 (0404 +0404) p,*¢) *(1), using (7.1.23)

In order to proceed, let zy € X, and choose Riemannian normal coordinates
with center zo. Thus, p?(z¢) = 1, and the first derivatives of the metric vanish
at zo. Also, we apply a gauge transformation so that A(zp) = 0 (see Lemma
3.2.3). Since we are not going to commute any derivatives any more, no second
derivatives of the metric or first derivatives of A will enter our subsequent
computations at zg, and we may therefore proceed with our computations as
in the Euclidean case. Thus, we have to evaluate

/<—i ((pz),dz NdZ + (¢.)zdZ Ndz), %godz A dz> * (1)

— - [2(02. 7~ (0 P+ ()

(since (—idz A dz,idz Adz) = —|dz A dz|? = —4 as (-,-) is Hermitian)
—2 [(p=p. — 079 < (1)

= - /(Ia,m2 - !5A<p!2) *(1)

(the factor 2 disappears since (dz,dz) = (dz,dZz) = 2, and in our coordinates
0p = p.dz etc.). Thus we have shown
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. = 2
_/<*ZF¢,¢>*(1) :/(|6Asa\2— Fael’) (1) (7.1.27)
Finally, of course
- 2
1Dapl? = [0agl® + [Da¢| (7.1.28)

since the decomposition
Ql — QI,O P QO,I

is orthogonal. The result then follows from (7.1.25) - (7.1.28). O
Theorem 7.1.1 has the following useful consequence
Corollary 7.1.1 Assume deg L > 0. Then the lowest possible value permitted

by the global topology of the bundle for L(p, A) is realised precisely if ¢ and
A satisfy the set of 15¢ order differential equations

dap =0 (7.1.29)
«(iF) = %(0— lol?) (7.1.30)
O

Remark. If degL < 0, then these equations cannot have any solution, because
for any solution, L£(p, A) would be negative by (7.1.24) whereas we see from
(7.1.5) that for any ¢, A, L(p, A) > 0. Thus, in case degL < 0, one has to
consider the selfduality equations arising from the following expression for
the Ginzburg-Landau functional:

L) = | <2|a,w2 +(sim) - 50 - 1oP)) ) +(1) — 2ndegL
B (7.1.31)

which is derived through the same computations. W.l.o.g., we shall assume
degL > 0 in the sequel.

Integrating (7.1.30) yields the inequality
2rdegL = [iF = 3 (0= lp|F)x(1) < §Area(2)

with (Area (2)=J *(1)) Thus, a necessary condition for the solvability of

=
(7.1.30) is
4mdegL
_— .1.32
7= Area(X)’ (7.1.32)

and in fact, we must have strict inequality in (7.1.32) unless p = 0.
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Corollary 7.1.1 constitutes another instance of the phenomenon of self-
duality that we already encountered in §3.2 when we discussed the Yang-
Mills functional on a fourdimensional Riemannian manifold. The equations
(7.1.29), (7.1.30) are also called selfduality equations because the solutions
of these first order equations are precisely those solutions of (7.1.6), (7.1.7)
that realize the lower bound imposed by the topology for the functional and,
if they exist, yield the absolute minima for the functional considered. In
fact, this remark, namely that these equations hold for the absolute min-
ima, makes it clear that any solution of (7.1.29), (7.1.30) automatically also
solves (7.1.6), (7.1.7), as the latter are the Euler-Lagrange equations for the
Ginzburg-Landau functional, and as such have to be satisfied in particular by
minimizers of that functional. Of course, it may also be checked by a direct
computation that solutions of (7.1.29), (7.1.30) also solve (7.1.6), (7.1.7).

The selfduality may be generalized as follows. Instead of L(p, A), we con-
sider for € > 0

Loy = | { YFAf? 4 Dl + 1o <P|2)2} (1) (7.1.33)

= /{2|8A<p|2 + (e*(iF) - i(a — |¢|2)>2} #(1) + 2ndegL

which leads to the selfduality equations
dap=0 (7.1.34)
1
Ex(iF) = 5(o— —le?). (7.1.35)

Still more generally, in place of €, one may consider a function f(z) on X, for
example m. This leads to the functional

L

(9. 4) (7.1.36)

2
= [ FAOR + IPae + o I 1)

=/{2|5A<p|2+ (MGZ)*(Z'F)—;E(U—IM )Icpl) } 1) + 2rdegL

with the selfduality equations
dap=0 (7.1.37)
) 1
4(iF) = 5 (0 = o). (7.1.38)

The functionals £, and E‘ s

sitions in superconductivity.

are quite important for studying phase tran-
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For studying solutions, the following consequence of the maximum prin-
ciple is very useful

Lemma 7.1.2 Let X be a compact Riemann surface with a conformal metric,
L as before. For any solution of (7.1.6), hence in particular for any solution
of (7.1.29), we have

lp| <o onX (7.1.39)

Proof. From (7.1.6), we obtain

1 *
§A<so,</>> = (D**Dap,p) — (Dap, Dayp)
(cf.(3.2.7)) = (0 — lol®)lel® — [Dagl*.

Let zp € X be a point where |¢|? achieves its maximum. We may assume
A =0 at zp (cf. Lemma 3.2.3), hence D4p = 0 at zo. If we had |p(z0)| > o,
then at zq

Alpl* <0

which contradicts the maximum principle. O

Perspectives. It was shown by Taubes[237] that on R?, one may solve the
Ginzburg-Landau equations with any given finite collection prescribed as zero set
for ¢, with prescribed multiplicities. This result was extended to compact Riemann
surfaces by Bradlow and Garcia-Prada, and these authors also found generaliza-
tions on higher dimensional Kahler manifolds. References include [29, 30], [84, 85,
86]. We should also mention Hitchin’s penetrating study[120] of the equations

dap =0
Fa+[p,¢"] =0

on a compact Riemann surface.

The limit analysis for € — 0 of the functional Lc(y, A) and the solutions of the
equations (7.1.34), (7.1.35) on a compact Riemann surface has been carried out by
Hong, Jost, Struwe[122]. The result is that away from the prescribed zero set of
e (the “vortices”), |¢e| uniformly converges to 1, and D4 ¢ and dA. uniformly
converge to 0, whereas the curvature in the limit becomes a sum of delta distribu-
tions concentrated at the vortices. Of course, the number of vortices counted with
multiplicity has to equal the degree of the line bundle L, degL. This result thus
yields a method for degenerating a line bundle on a Riemann surface into a flat
line bundle with degL singular points (counted with multiplicity) and a covariantly
constant section.

Results for the % theory on a compact torus can be found in Caffarelli,
Yang[35], Tarantello[236], Ding, Jost, Li, Wang[58]. For the case of S?, see Ding,
Jost, Li, Wang[59]. The general case was solved by Ding, Jost, Li, Peng, Wang[57].
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7.2 The Seiberg-Witten Functional

Let M be a compact, oriented, four dimensional Riemannian manifold with
a spin® structure P¢, i.e. a spin® manifold. (As mentioned in §1.8, in the four
dimensional case, there always exists some spin€ structure on a given oriented
Riemannian manifold.) As in Definition 1.8.10, the determinant line bundle
of this spin® structure will be denoted by L, and as in Definition 3.4.1 (ii), the
Dirac operator determined by a unitary connection A on L will be denoted by
D 4. Finally, we recall the half spin bundle 8T defined by the spin® structure,
as remarked after Definition 1.8.10 (we omit the subscript for the dimension,
as the dimension is fixed to be 4 in the present §). By Lemma 3.4.5, D4 maps
sections of 8T to sections of §7.

Definition 7.2.1 The Seiberg- Witten functional for a unitary connection A
on L and a section ¢ of 8T is

R 1
5w A) = [(IVagl +IFLP+ el + lelt)s0) (r2)
M

where V4 is the spin® connection induced by A and the Levi-Civita connec-
tion of M (cf. 3.4.7), F{ is the selfdual part of the curvature of 4, and R is
the scalar curvature of M.

The discussion of the Seiberg-Witten functional will parallel our discus-
sion of the Ginzburg-Landau functional in §7.1. In fact, the structure of SW
is quite similar to the one of £, containing a square norm of the curvature
of the connection A, the square of the norm of the covariant derivation of ¢,
and a nonlinearity that is a fourth order polynomial in |¢]|.

Lemma 7.2.1 The FEuler-Lagrange equations for the Seiberg- Witten func-
tional are

. R 1
VaVap =— (4 + 4|<P|2> ¢ (72.2)
d*FT = —Re(Vap, p) (7.2.3)
Proof. As the proof of Lemma 7.1.1. O

In order to proceed, we need to associate to s € S; the two-form 7(s)
defined by
7(8)(v,w) := (v-w - s,8) + (v, w)|s|?

Lemma 7.2.2
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7(s) € A2T(iR) (i.e. 7(s) is a selfdual 2-form that
assumes imaginary values),

and
|7 (s)|* = 2[s[*.

Proof. We first show that 7(s) takes imaginary values. We start with the skew
Symimetry.

T(s)(v,w) = (v-w-s,5) + (v,w)[s]* = ((~w - v = 2(v,w))s, 5) + (v, w)|s|*
= —7(s)(w,v)

Next

7(s)(v,w) = (v-w-s,8) + (v,w)|s]> = (5,0 -w-s) + (v,w)]s|?
=—(v-s,w-s)+ (v,w)|s|> by Corollary 1.8.4
=(w-v-s,8) + (v,w)|s|*  for the same reason
7(s)(w,v)

= —7(s)(v,w) by skew symmetry

This implies that 7(s)(v, w) is in iR.

For the computation of |7(s)|?, we recall that the spin representation
I : CI°(R*) — C***, and the half spin representation that we shall now
denote as 't : CI“®’(R*) — S = C2. We write s = (s!,s%) € C? and
obtain from the formulae for I'(eq, eg) from §1.8

7(s)(e1, e2) = i(s's2 + s%s1) = 7(s)(es, €4)

7(s)(e1,e3) = s's2 — s%s1 = —7(s)(ea, e4)

7(s)(e1, eq) = i(s'sl — s252) = 7(s)(ea, €3)

This already implies that 7 € A%+,
We may now compute

Z |7(s)(e;, €;)|

1<J
=2 ((s s — 5%52)2 + (s's2 4 s%s1)? — (5152 — 52371)2)

= 2[s|*.

In more explicit terms we may write
7(s) = (ej - ex - 5, 8)e? AP

where €’ is a frame in 7*M dual to the frame e; on TM (j = 1,...,4).
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Theorem 7.2.1 The Seiberg- Witten functional (7.2.1) can be expressed as

1 .
Fi— Z<ej cep -, p)ed Ak

SW(p, A) = /(ID,M2 +

M

2) «(1)  (7.2.4)

where el , j =1,...,4, are 1-forms dual to the tangent vectorse;, j = 1,...,4,
i.e. e'(ey) = 0j.

Proof. We have

1 . 1 .
P4 = {ej-en - @ip)el NP = |FI* + Tolei-en - ) AeF?

1 .
— S(ELE A esen o) (125)
By Lemma 7.2.2
1 4 1
16106 - ex -, 0)e’ A 2 = glel* (7.2.6)

Writing F'7 = Fi‘[ei Ael, we get
1
2
On the other hand, the Weizenbock formula of Theorem 3.4.2 yields, (apply-

ing (3.4.19) to ¢, taking the scalar product with ¢, integrating, and using
the self adjointness of D) that

1 - 1
—§<FZ,63 ANeFY(e;-en-p,0) = —§<Fj,;ej e, ) = —=(Fip,¢) (7.2.7)

1 1
/\DMI2 = /IVAso\2 + ZRlapl2 + §<Fj@, ©) (7.2.8)
The result follows from (7.2.5) - (7.2.8). O

Corollary 7.2.1 The lowest topologically possible value of the Seiberg- Witten
functional is achieved precisely if ¢ and A are solutions of

Dap=0 (7.2.9)
1 .
Ff = My pup)ed n e (72.10)

Definition 7.2.2 The equations (7.2.9) and (7.2.10) are called the Seiberg-
Witten equations.

Thus, we see the mechanism of selfduality at work once more. The absolute
minima of the Seiberg-Witten functional for which the above lower bound is
achieved satisfy not only the the second order equations (7.2.2), (7.2.3), but
also the first order Seiberg-Witten equations (7.2.9), (7.2.10).
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So far our discussion of the Seiberg-Witten functional has been completely
analogous to the one of the Ginzburg-Landau functional, except that so far,
the parameter ¢ in the latter has had no analogue in the former. However, this
can easily be achieved by choosing a 2-form p and considering the perturbed
functional

1 )
SWulp, 4) = /(|DA<P|2 +IFL = e en g p)e? net + u|2> *(1)

R
= /(|VA‘:02+ |Fi1? + Z|<p|2+ (7.2.11)
1 ,
= 3es - ex- el Ak 4 2 ) <(1)

If we assume that p is antiselfdual, then
(Ff,u)=0 (7.2.12)

as Fj{ by definition is selfdual and the decomposition of the 2-forms on a four

dimensional manifold into selfdual and antiselfdual ones is orthogonal (see

§3.2). Thus, in that case the additional term (F{,u) in (7.2.11) disappears.
If we assume that p is a closed selfdual form, then

(Fy,p) =0,

again since the antiselfdual form F'; is orthogonal to the selfdual forms, and
hence

(FA 1) = (Fa,p).
Further, since F4 represents the first Chern class ¢1(L) of the determinant

line bundle L (see §3.2), and since p is assumed to be closed, hence represents
a cohomology class [u],

/<FA7M>*(1) (7.2.13)
M

does not depend on the connection A (see the discussion of Chern classes in
§3.2), hence represents a topological invariant, denoted by (c1(L) A [u])[M].
This expression then plays a role that is completely analogous that one of
2mdegL in the discussion of the Ginzburg-Landau functional.

The corresponding first order equations for SW,, are

Dap =0 (7.2.14)
1 .
Fi=lej ex-pp)e! Aek —p (7.2.15)

Since, by our conventions, both F* and (e, - ey - ¢, ©)el NeF are imaginary
valued, (7.2.15) may only admit a solution if we assume that p is imaginary
valued as well. As in the Ginzburg-Landau theory, one may also introduce
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a scaling factor € > 0 or a scaling function like ﬁ into the Seiberg-Witten

functional. For example, one may define

R
SW,.(p, A) = /{IVA@F +E|FT1? + Z|<p|2 (7.2.16)

M
2
}*(1)

Lemma 7.2.2 For any solution ¢ of (7.2.2), hence in particular for any
solution of (7.2.9), on a compact four-dimensional Riemannian manifold, we
have

1 ) 5

- / {Dm? +
M

We have a maximum principle similar to Lemma 7.1.2:

1/1 .
eFy — p <4<€j cer -, )€l Nk —/~L>

2 < .
mj\%x|<p| < ;Igﬁ(( R(zx),0) (7.2.17)
Proof. (7.2.2) implies
1 *
A1 = (VaVap,¢) = [V agl* (cf(3:2.7))

_ R_1 5 2 2
= (54102 1o - Vil
Let 29 € M be a point where |V 4¢|? achieves its maximum. Then
Alp(o)]* 2 0.

Thus,
R(z0) + [(x0)[* <0,

and (7.2.17) follows. O
Corollary 7.2.2 If the compact, oriented, Riemannian Spin® manifold M

has nonnegative scalar curvature, then the only possible solution of the
Seiberg- Witten equations is

0.

=0, Ff
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Proof. By Corollary 7.2.1, solutions of the Seiberg-Witten equations (7.2.9),
(7.2.10) also solve (7.2.2), (7.2.3). From Lemma 7.2.2 we conclude that in
case R > 0, the only solution of (7.2.2) is

0.

¥
(7.2.10) then yields Ff = 0. O

In fact, the conclusion of Corollary 7.2.2 may also be obtained directly
from Theorem 7.2.1 as follows: From (7.2.4) is clear that for any solution of
(7.2.9), (7.2.10), we have SW(p, A) =0.If R >0, (7.2.1) on the other hand
implies that SW (¢, A) = 0 can only hold if all terms in the integral in (7.2.1)
vanish. Hence ¢ = 0, FX =

Perspectives. The Seiberg-Witten equations were introduced by Seiberg and
Witten[223, 224]. The mathematical relevance of these equations was first shown
by Witten[257], Taubes[238, 239], Kronheimer and Mrowka[164]. Further references
can be found in the monographs of Salamon[212] and Morgan[187]. The equations
and their applications are also described in several survey articles, among which
we mention Friedrich[80] (see also [81]). All these references have been useful in
assembling the material presented here.

As in the case of other gauge theories like the Yang-Mills theory discussed in
83.2, the functional and the equations are invariant under the action of a gauge
group. Here the structure group is U(1), and so the Gauge group G consists of
maps from M into U(1) = S*, u € G acts on a pair (¢, A) via

w(p, A) = (up,u” du+ A).

One has
Dusalu'p) =u '"Dagp

and
Furxa=Fa

so that the functional and the equations (including the perturbed ones) remain
invariant under the action of G. For a given spin® structure P¢, Riemannian metric
g and imaginary valued selfdual 2-form p as pertubation, one considers the space
of solutions of (7.2.14), (7.2.15) modulo the action of G. This space is called moduli

space M(M, ﬁe,g, u) of solutions. One writes the second Betti number b2 of M as
bo=b"+b"

where bT (b7) is the dimension of the subspace of H?*(M,R) represented by
(anti)selfdual 2-forms. In Seiberg-Witten theory, it is shown that in case b™ > 0,

the moduli spaces M (M, P¢, g, u) are finite dimensional, smooth, compact, oriented
manifolds, at least for “generic” pu. The compactness here comes from the fact that
solutions satisfy uniform estimates. (Lemma 7.2.2 and estimates for higher deriva-
tives, see e.g. Jost, Peng, Wang[143] for a general presentation) that imply conver-
gence of subsequences of families of solutions. This is different from the situation
in Donaldson’s theory of (anti)selfdual connections on SU(2) bundles where no uni-
form estimates hold. The most useful case seems to be where the moduli space is
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zerodimensional, i.e. where one has a finite number of solutions. The theorem of
Seiberg-Witten says that if b© > 1 and b™ —b~ is odd, then the number of solutions
counted with orientation is independent of the choice of the Riemannian metric g
and the pertubation u and depends only on the spin® structure P° on M. Also,
these moduli spaces are nonempty only for finitely many spin® structures. If (M, g)
in addition has positive scalar curvature, then in fact all Seiberg-Witten invariants
vanish (cf. Corollary 7.2.2). On the other hand, such Seiberg-Witten invariants, i.e.
numbers of solutions counted with orientation, can often be computed from gen-
eral index theorems, i.e. from topological data alone, and when these numbers are
found to be nonzero, this yields an obstruction for certain compact, oriented, dif-
ferentiable 4-manifolds to carry metrics with positive scalar curvature. For results
based on such ideas, see e.g. Le Brun[32]. The Seiberg-Witten theory can be used to
prove, to reprove and to extend many results from Donaldson theory. Kronheimer-
Mrowka[164] and Morgan, Szab6, Taubes[188] used Seiberg-Witten theory to prove
the Thom conjecture, stating that smooth algebraic curves (i.e. compact complex
smooth subvarietes of complex dimension one) in CIP? minimize the genus in their
homology classes.

The Seiberg-Witten equations seem to be particulary useful on symplectic 4-
manifolds (M,w). Using iw as a perturbation and using the limit ¢ — 0 for the
parameter e introduced into the equations above (see (7.2.16)), Taubes[240, 241]
showed that in the limit the zero set of the solution ¢ is a collection of pseudoholo-
morphic curves in the sense of Gromov([99]. Also, the curvature F4 will concentrate
along the pseudoholomorphic curves in the limit € — 0. In this way, one may identify
the invariants defined by Gromov that are very useful in symplectic geometry, but
hard to compute, with the invariants of Seiberg-Witten that can typically be com-
puted from topological index theorems. For a generalization of the Seiberg-Witten
functional with a potential term of 6 order, see Ding, Jost, Li, Peng, Wang[57].

Exercises for Chapter 7

1) Show by a direct computation that (7.1.29), (7.1.30) imply (7.1.6),
(7.1.7).

2) Derive the Euler-Lagrange equations for the functional defined in
(7.2.16).
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8.1 Definitions

We let M and N be Riemannian manifolds of dimension m and n, resp.
If we use local coordinates, the metric tensor of M will be written as
(’Yuﬁ)a,ﬁ:l,“.,m,
and the one of N as
(9ij)ij=1,...n.

We shall also use the following notations

(Y*)a8=1,m = (vag);lﬁ (inverse metric tensor)

.....

7 = det(7Yap)

1 .
Ig, = 570‘5(7[35777 + Yus,8 — Yan,6) (Christoffel symbols of M)

and similarly o
gZJ ) Jzk .

If f: M — N is a map of class C', we define its energy density as

(8.1.1)

in local coordinates (z',...,2™) on M, (f!,..., f") on N.

The value of e(f)(x) seems to depend on the choices of local coordinates;
we are now going to interpret e(f) intrinsically and see that this is not so.
For this purpose, we consider the differential of f,

1
_ of A © 8"
Ox® aft

df

a section of the bundle T*M ® f~'TN.

J7ITN is a bundle over M with metric (g;;(f(z))), while T* M of course
has metric (y*?(z)), cf. (1.5.5). Likewise, we have for the Levi-Civita con-
nections:
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0 0
Vatagpi = Vot afJaT“
_of

dae “87’“

by the chain rule (8.1.2)

V@%dwﬁ = —F,fvdaﬂ cf. (3.1.20), which follows from

0 0 0
B — — 8
dx (3x7) 3+, hence 0 5 (dx (8937 ) (8.1.3)
0 0

= (Vidlﬁ)(aav) +I5.

We shall also employ the convention that the metric of a vector bundle
FE over M will be denoted as
<.7 >E

I _ 9 o
T Qx> Of?
1 . of of
By 2 I
e(f) 2,7 <axa7 8xﬁ>f*1TN
1
R T— (8.1.4)

< of of
x>’ 9xP

quently e(f) is its trace (up to the factor 3) w.r.t. the metric on T*M. We
may also express (8.1.4) as

) foirN I8 the pullback by f of the metric tensor of N, and conse-

1
e(f) = I, (815)
where the norm || - || involves the metrics on T*M and f~'TN.

Definition 8.1.1 The energy of a C'-map f: M — N is

E(f) == /e(f)dM (8.1.6)

M

(with dM = ﬁdazl A ... Adz™ in local coordinates, being the volume form
of M).

Of course, F generalizes the energy of a curve in N, i.e. a map from, say,
St to N as considered in chapter 7 and earlier.

Another, even simpler special case is where N = R. We then have the
Dirichlet integral of a function f: M — R
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E(f):%/’ya (z )3f of ——/ydz" ... dz"™.

oz dxP
M

Our aim in this chapter is to find critical points of E. These will then
be higher dimensional generalizations of closed geodesics on N. One can also
consider them as nonlinear analogues of harmonic functions on M.

Lemma 8.1.1 The Euler-Lagrange equations fm" E are

faia(\fvaﬁa 1)+ @) e (f ))71” Bf’“—o (8.1.7)

Definition 8.1.2 Solutions of (8.1.7) are called harmonic maps.

Remark. If M = S* with its metric in standard coordinates, (8.1.7) reduces
to the familiar equation for geodesics.

Proof. Let f be a smooth critical point of E. Then f is in particular con-
tinuous, and we may localize our computations in local coordinates in both
domain and image. In this sense, let a smooth ¢ be given in such local coordi-
nates, with compact support, and consider the variation f 4ty for sufficiently
small |¢|, the sum being taken again in local coordinates. As f is a critical
point of E,

—BE(f +tp)j1=0 =0 (8.1.8)

So far, in fact, it sufficed to suppose f to be of class C'. We now assume f
to be of class C? so that the equations (8.1.7) are meaningful. (8.1.8) gives

d
— 5 [ @@ + ()
M
aft dfi
(8xfa a )(aifﬁ + ti)\fdl' dl‘m|t:0
aft 0’
~ [ @ (1) 55
M
Oft ofi
+ % B(2)gij 1 (f(2)) 8:50‘ %@k)ﬁdxl .odz™,

making use of the symmetry g;; = g;:

0 oFfi '
W(ﬁ’yaﬁafa )glj (f(x))gﬁjdl‘l Coodxe™

|
|
S~

oft ofF A
7 (“T)aa{a aiﬁgm k( ($))@Jﬁd$1 ..o.dx

aft afi

1
—~oB . k 1 m
137 (Cv)gzg,k:(f(x))axﬁ 5pa ¥ Voydat .. dx

S~ E\
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where we may integrate by parts since ¢ has compact support in M. We put
n; = gi;47, and thus ¢’ = g*n;. We then obtain

/Iaxﬁ V™5 fl

1 af L 8']” afk 1 m
/ 27 97 (Gijk + Grji — gik,j)—axa wmﬁdw ...dz™(8.1.9)
M

)nz\fd:c

using the symmetry v*? = 45 in the second integral above.
The claim then follows from Theorem A.1.5. O

Later on, the smoothness of critical points of E' will be an important and
often difficult issue. For the moment, however, rather than discussing this
question further, we want to interpret (8.1.7) from an intrinsic point of view.

We let ¢ be a vector field along f; this just means that 1 is a section of
fITN. In local coordinates

0

1 induces a variation of f by

fi(z) = expy(, (Y (2)). (8.1.10)
We want to compute p
E(ft)}t=0-

As an auxiliary computation

ot TNy O
dp =91, (! afz) ® dz® (8.1.11)
oy o

T Oz Ofi

00

6 gga o O

® dz® + T

o _9f o
oz oz OfI
We now also have to take derivatives w.r.t. t. Here % is a vector tangent

to M x R. The Levi-Civita connection on M and the trivial connection on R
yield the Levi-Civita connection on T*(M x R) ® f~1T'N. Moreover, instead

of Vﬁl\}(i) (f \Y% ) o We shall simply write V S
2

as above.

writing

Veodfi=Va gfg 8?”, ®dz® (cf. (8.1.2)) (8.1.12)
=V o, <68J:5t 8?”) ® dz®, since % and aaTa commute

and V is torsion free
=dy (cf. (8.1.11))
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since the derivative of exp, at 0 € T, M is the identity ((1.4.10)). Then

d d
GEG im0 =5 [ i

M

= / (df,V 2 dfy)dM)—o

M

:/<df,d¢>dM by (8.1.12)

M

:/(df,Va%a(w)Q@dxa)dM (by (8.1.11))
M
= —/(Vm%df,lb@dxo‘)dM since V is metric
M
= 7/(traceVdf,1/)>dM. (8.1.13)
M

Thus, intrinsically, the Euler-Lagrange equations for F are
T(f) := trace Vdf = 0. (8.1.14)

T is called the tension field of f.
Let us also check directly that (8.1.7) and (8.1.14) are equivalent:
We let V denote the Levi-Civita connection in T*M ® f~'TN as before.

_ of' o 0
Vﬁ(df)—Vﬁ(axadx afi

_iafl aa T M aafi 0
= 527 g 4 g T Vo ) g e 5

)

-1 0 8]”
f'TN o 5 a
—l—(Va%ﬁ 8fi)8xadx
I L R L
= e g LA G S 5

J 7
kiaf 8fda

z —— 1.1
591 9P e ™ (8.1.15)
We then obtain for the components of 7(f) = trace Vdf
02 fi oft . Of7 OfF
i —_ ~af _ A8 Y afpi 202 1.1
T = droorB | TeBggy 7 Ik oz §ab (8.1.16)

This shows that (8.1.7) and (8.1.14) are indeed equivalent, since one easily
computes
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) ) o2 g D
\ﬁa?(ﬁv ﬁi?T) L dx*0xP fyﬁlﬂai (8.1.17)

The operator

0
_ aﬁ
M= \f 533& (V7 )
is the negative of the Laplace-Beltrami operator of the Riemannian manifold
M, cf. (2.1.12). We recall

Ap f = —div grad f,

with 5 8
grad f = 'yo‘ﬁa—fa— (2.1.13)
0 1

div (27 52) = fama(\rza) (2.1.15)

f: M — R is a harmonic function iff
Apf=0.

Besides closed geodesics and harmonic functions, there is another easy exam-
ple of a harmonic map.

The identity map id : M — M of any Riemannian manifold is harmonic.
This follows for example from (8.1.16):

if f(z) =, then 2 am = 0jry, gﬂ% = dja, g%f, = 0y, and thus 7(f) = 0.

Also:

Corollary 8.1.1 An isometric immersion f : M — N is harmonic if and
only if it represents a minimal submanifold of N.

Proof. From (3.6.25). O

Perspectives. An intrinsic calculus for operators on vector bundles and harmonic
maps is developed in [68], . Some older survey articles on harmonic maps are [67, 69]
and [128], the latter also containing a list of open problems with detailed references.
Some more recent references will be given in the Perspectives on the subsequent §§.

In quantum field theory, harmonic maps occur as solutions to the nonlinear o-
problem. The supersymmetric version of this problem recently inspired an extension
of the concept of harmonic maps, the so-called Dirac-harmonic maps that couple the
map with a nonlinear spinor field while preserving the essential structural properties
of harmonic maps, see [47, 46].



8.2 Twodimensional Harmonic Mappings 407

8.2 Twodimensional Harmonic Mappings and
Holomorphic Quadratic Differentials

Definition 8.2.1 A Riemann surface is a complex manifold (cf. Definition
1.1.5) of complex dimension 1.

Thus, coordinate charts on a Riemann surface X' are given by maps
;Ui = C,
U; open in X, for which the transition functions
pjop; !t wiUinUy) — ¢;(UiNU;)

are holomorphic maps between open subsets of C.
We write coordinates in C as

z=x+1y.

For a coordinate transformation w = w(z),w = wu + v, we thus have the
Cauchy-Riemann equations u, = vy,uy = —v,, and in particular uzu, +
VgV = Uyly + VyUy, Uz Uy + U0y = 0, and we see that a Riemann surface has
a conformal structure in the sense of Definition 3.6.6.
We call z = ¢(p) for a local chart ¢ a local conformal parameter at p € X
and define operators
0 1,0 0 0 1,0 0
— = (= —i=— — = (=—+i— f. 6.1
- =2 5y =z alae Tl (O
and 1-forms
dz = dx +1dy, dz = dx — idy.
These satisfy
9] 0 0 0
dz(=—)=1=dz(==), dz(=)=0=dz(=).
2(5;) 2(55) delgs) (5,

A map between Riemann surfaces is called holomorphic or antiholomorphic if
it has this property in local coordinates. This does not depend on the choice
of local coordinates because all coordinate changes are holomorphic.

Definition 8.2.2 A Riemannian metric (-,-) on a Riemann surface X' is
called conformal if in local coordinates it can be written as

p*(2)dz ® dz (8.2.1)

(p(2) a positive, real valued function).
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This means

L NN 822)
e ] (323)
If we want to express this in real coordinates, we compute
dz ®dz = dz ® de + dy ® dy, (8.2.4)
hence o . o 9. .0 0
<%» %> =p(2) = <67/ 87y>’ <%7 @> =0. (8.2.5)

In the same manner as Theorem 1.4.1 is proved, a partition of unity argument
gives

Lemma 8.2.1 Fvery Riemann surface admits a conformal metric. (]

Of course, every conformal metric is Hermitian in the sense of Definition
5.1.2, and conversely.

Definition 8.2.3 Let X be a Riemann surface, N a Riemannian manifold
with metric (-, ) v, or g;;df* @df’ in local coordinates. A C*-map f: ¥ — N
is called conformal, if

of 0f 0 O, 0f Of, _
In local coordinates this is of course expressed as
aft ofi aft of aft of

9D 5 B = 0G5 a(fENG 5o =0 (B27)

For the sequel, it will also be instructive to write this condition in complex
notation, namely

of of. ofiofk  ofiofk ofi of*
<8z 8z> = 934/ (%) (8787_8731873/_21 Oz ay) (828)

Lemma 8.2.2 Holomorphic or antiholomorphic maps between Riemann sur-
faces are conformal, if the image is equipped with a conformal metric.

The proof is obvious. O

Lemma 8.2.3 Let X be a Riemann surface with a conformal metric \%(z).
Then the Laplace-Beltrami operator is
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4 0?
A —_— _)\27(’2)%. (8.2.9)

Proof. Direct computation. O

Lemma 8.2.4 Let ¥ be a Riemann surface with conformal metric A\?(z), N
a Riemannian manifold with metric tensor (¢i;). Then a map f: X — N of
class C? is harmonic iff

ani ) 8fj afk ) )

5265 F;k(f(z))ggzo fori=1,...,dim N. (8.2.10)

It is a parametric minimal surface iff it is harmonic and conformal.

Proof. One checks directly that (8.2.10) is equivalent to (8.1.7). The second
claim directly follows from the Definition 3.6.7 of a parametric minimal sur-
face. O

Corollary 8.2.1 If X is a Riemann surface, N a Riemannian manifold, the
harmonic map equation for maps f: X — N is independent of the choice of
conformal metric on X. Thus, whether a map is harmonic depends only on
the Riemann surface structure of X, but does not need any conformal metric.

Proof. The metric of X' does not appear in (8.2.10). O

Corollary 8.2.2 Holomorphic or antiholomorphic maps between Riemann
surfaces are harmonic.

Proof. Such maps obviously satisfy (8.2.10). O
More generally

Corollary 8.2.3 If k : X1 — X5 is a holomorphic or antiholomorphic map
between Riemann surfaces, and f : X9 — N is harmonic, then so is f o k.

Proof. Let w be a local conformal parameter on Y. Then, if for example k
is holomorphic, and in local coordinates k = z(w), we have

0z
ow

hence

df ok _8f 9z dfok Of 9z

ow  9z0w' Ow 0z ow
and
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%fiok iafjokaffok_(azfi iiﬁiﬂ)%ﬁ
dwdw T ow w020z 0z 0z ow ow’

and this vanishes if f is harmonic. O

Let X, N be as before, A?(z)dz ® dz a conformal metric on X.
The energy of a map f: X — N is written as

1 [ 4  afiap =1
_’/T v-1

1
Z)gijag 3 M (2)dz NdZ  (since dx A dy = idz A dZ)

_ oft af’
_/ = ——\/—1dz NdZ. (8.2.11)
X

Corollary 8.2.4 The energy of a map from a Riemann surface X into a
Riemannian manifold is conformally invariant in the sense that it does not
depend on the choice of a metric on X, but only on the Riemann surface
structure. Also, if k : X1 — X5 is a bijective holomorphic or antiholomorphic
map between Riemann surfaces then for any f: Xy — N (of class C')

E(fok)=E(f).
O

Note: Even if the image is also a Riemann surface, the energy of f does
depend on the image metric.

Theorem 8.2.1 Let X' be a Riemann surface, N a Riemannian manifold
with metric (-,-) 5, or (Gij)ij=1,....dim N in local coordinates. If f : X' — N s
harmonic, then

of of

p(z)dz* = (55 55 w42

is a holomorphic quadratic differential. (Here, we use the abbreviation

(8.2.12)

dz? = dz ® dz,

and ¢(z)dz? is a holomorphic quadratic differential, if ¢(z) is a holomorphic
function. dz? just expresses the transformation behavior. Thus

o(z)dz?

is a section of T¢X @ TEX, with TEY :=T*X ® C.)
Furthermore
0(2)dz? =0 <= f conformal.
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Proof. In local coordinates

of 0 aft o
ozt = (2O i = g (12 2L g

and we have to show for a harmonic f

0 8]”3]”

Now
o, OF 0F) |, O Off of* of of
52 () 55 ) =204 5 5= 5= + 9k 5= 55
o%f' of afkartaf

= 29ij 5 5= T (9tik + 9tk — Giwt) 5= 55—
B afJ anz ; afk: af[

=295 (gzaz T 1oz 57

=0, if f is harmonic.

Finally, ¢(z)dz? = 0 is equivalent to the conformality of f, see (8.2.8). [

In intrinsic notation, the proof of Theorem 8.2.1 goes as follows
o o1 o of, _ of o of

8,2 <920 VT 2WVagr g = WY sn oG gl
o2 fi afiofF 0 of

- 2<(azaz v oz 0z 0z )8fi’$>N

=0, since f is harmonic.

We also note from this computation

of
(/) =4V (8.2.13)

In real notation, we have of course

p(z)dz" (8.2.14)

of of

— (g 5) ~ (g ) — 2l e
ofi oft  afiafk _ ofi oft

. A S A 2 2 .
= 93 (f(2)) (5 -5~ 9y By 2 3 =L\ (da? — dy? + 2idzdy).

— dy? + 2idxdy)

The easiest example of a compact Riemann surface is S? = {(x1, 22, 73) €
R? : 2% + 23 + 23 = 1} with the following two coordinate charts:

fl : 52\{(0, 0, 1)} — C, fl(l‘l,l‘g, 133) = (ZEl + il‘g)

1—1‘3
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1
1+ 23

f2 : 52\{(0,0, —1)} — C, fg(xl,l‘g,l‘g) =

(.1‘1 — il‘g).
We compute
1
Ji(z1, w2, 23)

so that fao fi(z) = 1 and the coordinate transformation faofit:C\{0} —
C\{0} is holomorphic as required.

= f2(‘rlax27x3)

Lemma 8.2.4 Every holomorphic quadratic differential on S vanishes iden-
tically.

Proof. We put z = f1(z) and write a holomorphic quadratic differential in
the chart f; as

@(2)dz?, with ¢ : C(= £1(5*\{(0,0)})) — C holomorphic.
Then with fy(z) =w =1 for z # 0

0z

%)deQ = @(z(w))idw?

wh

p(2)dz? = p(z(w))(

Since we have a holomorphic quadratic differential on S2, this has to be
bounded as w — 0. We conclude that ¢ is a holomorphic function on C with

o(z) = 0 as z — oo,

hence ¢ = 0 by Liouville’s theorem. (One may also apply Lemma 8.3.7 below)
O

Another Proof. In the preceding notations, for A € C\{0},
Z Az

induces a holomorphic map hy : S? — S2, fixing (0,0, 1) and (0,0, —1). Since
hy also depends holomorphically on A € C\{0},
Ohx(z)
OX =1

represents a holomorphic vector field V(z) on S2.
Now if ¢ is a holomorphic quadratic differential and V7, V5 are holomorphic
vector fields on a Riemann surface X, then

q(V1, V)

is a holomorphic function on X. Thus

n(2) = p(2)dz*(V(2), V(2)) = p(2)2?
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represents a holomorphic function on the compact Riemann surface S? and
therefore is constant (for example by Corollary 2.1.2 and Corollary 8.2.3 or by
an easy application of the maximum principle), hence n = 0, since n(0) = 0,
hence ¢ = 0. |

Corollary 8.2.5 For any Riemannian manifold N, every harmonic map
h:8%— N
is conformal, i.e. a parametric minimal surface.

Proof. From Theorem 8.2.1 and Lemma 8.2.4. g

We look again at the family hy = S? — S? of holomorphic selfmaps of
52, given in the chart f; by
z — Az

We equip the image S? with any conformal metric and compute the energy
E w.r.t. this metric. We observe for A € C\{0}

E(hy) = const. # 0.

Namely, we write hy = id o hy and apply Corollary 8.2.4 with f = id(= hq),
k = hy, hence
E(h1) = E(hy) for all A € C\{0},

and since hy # const. for A € C\{0}, this energy cannot vanish. Now if A\ — 0,
hy converges pointwise on S2\{(0,0,—1)} to the constant map ho(z) = 0
(again in the chart f;), and

E(hg) = 0.

We thus have found a sequence of holomorphic, hence harmonic (Corollary
8.2.2) maps, hence critical points of E, i.e.

DE(hy) =0 for all A € C\{0}

with
E(hy) = const. #0

with the property that this sequence converges for A — 0 pointwise almost
everywhere to a map hg with

E(hg) # /{in% E(hy). (8.2.15)
We conclude

Theorem 8.2.2 The energy functional for maps from S? to S? (the image
equipped with any conformal metric) cannot satisfy any kind of Palais-Smale
condition. O
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The statement is somewhat vague because we have not yet given a precise
definition of the Palais-Smale condition in the present context. Any mean-
ingful definition, however, should require that a sequence of critical points
(fn)nen of E contains a subsequence converging in some sense to be specified
towards a map f with

B(f) = lim E(f,).

n—oo

Definition 8.2.4 A Riemann surface X with (smooth) boundary 0X is a
differentiable manifold with boundary and charts with values in C and C;. :=
{z =z +iy € C,y > 0}, resp., and holomorphic coordinate changes.

Again, in this case ¥ = X\0X is a Riemann surface in the sense of
Definition 8.2.1. Also, 90X is a differentiable manifold of real dimension 1.

Ezample.
D:={z=a2+iyecC:|z| <1}

with 9D = {|z| = 1}.

Definition 8.2.5 A holomorphic quadratic differential ¢ on a Riemann sur-
face X with boundary 0X is called real on 90X if for all zp € 90X and
vy, v € T, 0%, i.e. vectors tangent to the boundary

q(v1,v2) € R.

Let zg € 0¥, f : U — C, a chart defined on a neighborhood of zy, z =
x + 1y € C4. In this chart, we write a holomorphic quadratic differential as

o(2)(dzx +idy)? = (u + iv)(de® — dy? + 2idxdy) with u = Reg,v = Imyp
(8.2.16)
= u(dz® — dy?) — 2vdzdy + i(v(dz? — dy?) + 2iudzdy).

When applied to a vector tangent to 9C; = {y = 0}, dy vanishes. Thus, the
holomorphic quadratic differential is real on 90X if

v=Imp=0

for all such boundary charts.

Lemma 8.2.5 Any holomorphic quadratic differential on D which is real on
0D wvanishes identically.

Proof. A holomorphic function h on an open subset {2 of C; which takes real
values on OC can be reflected as a holomorphic function to 2 := {x + iy :
x—iy € 2} via h(x+iy) := h(z—iy). This is the Schwarz reflection principle.
In the same manner, a holomorphic quadratic differential on an open subset
of C; which is real on 9C can be reflected across OC. Thus, a holomorphic
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quadratic differential on D which is real on 9D can be reflected to a holo-
morphic quadratic differential on S2. Namely, since f;(S%\{(0,0,1)}) = C
in our above notation, we may consider D as a subset of S2, and we reflect
©(2)dz? across 0D as

o(w)dw? = B(2)dz?*  for w = 1
z

1
— B(=)—duw?.
<p(w)w4 w

The result now follows from Lemma 8.2.4. O

Theorem 8.2.3 Let h : D — N be a harmonic map into a Riemannian
manifold with
hjpp = const.

Then
h = const.

Proof. We denote the metric of N by (g,%). In local coordinates defined on
an open subset of C,, the holomorphic quadratic differential associated to h
(Theorem 8.2.1) is

J Ohk J Ohk 7 Apk
pd=? = gyu(h(z)) (- O OOy O O

[ y 2
Oxr 0z Oy Oy “ox Oy )(d +idy)™

Since hjgp = const., % =0 on JC,. Thus
OhJ Oh*
Imy = 29]%%871/ =0 on0C,,

and odz? is real on the boundary. Lemma 8.2.5 implies pdz? = 0. Therefore
h is conformal. Since gz = 0 on 0C,, then also % = 0 on 0C,. Since h

is harmonic and % = 0 on 0C,, the harmonic map equation gives also
giygb = 0 on OC,. Iteratively , all derivatives of h vanish on 0C,. Hence we
can reflect h smoothly as a harmonic and conformal map across 0Cy via
h(z) = h(Z) for z = & + iy with y < 0. This means that we can reflect h to a

harmonic and conformal map
h:8%— N
mapping D = {|z| = 1} (considering D as a subset of S? as above) onto a
single point.
In the sequel, we shall use the abbreviation

_1,0u . 0u _1,0u  .Ou

= 5(% — Z@),uz = 5(% +287y),

Uy :
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even for functions u : C — R, i.e. with real values, with componentwise
differentiation. Thus, for every z,

u.(z) € CL

We now need the Hartman-Wintner-Lemma

Lemma 8.2.6 Suppose §2 is a neighborhood of 0 in C,u € C?(£2,R%) satisfies

luzz| < Klu,| (8.2.17)
for some constant K in (2.
If
lir% u(2)z""T =0 (assume the limit exists) (8.2.18)
zZ—
for some n € N, then
lin}J uy(z)z7"

exists. If (8.2.18) holds for all n € N, then
u=0. (8.2.19)

Proof. For a compact subregion B of 2 with smooth boundary and g €
C1(B,C), we have the integration by parts formula

dz Ndz
¢ guaam = [ (g +uzo) L, (8.2.20)
OB B 24
where 7 is the exterior normal of B.
We assume now
lim u.z' "% =0 for some k € N. (8.2.21)
We choose
B:={ze€C:e<|z]| <R, |z—w|>¢}
with 1
0 < 3¢ < R < min(dist (0, 912), E)
we N2 <|w<R—c¢
and
9(z) =2Fz—w)!
Then

(8.2.20) yields
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f w2z (2 —w) " Hdz| — j{ u.z " (2 — w)~dz|
|z|=R

|z|=¢
fj{ w2 P (2 — w) 71 |dz|
|z—w|=¢
dz NdZ
:/ uz;z_k(z—w)_lzi_z (8.2.22)
B 21

We now let ¢ — 0. Because of (8.2.21), the second integral on the left hand

side of (8.2.22) then tends to 0. The third one tends to
2w, (w)w ™"

by Cauchy’s integral formula. Consequently for 0 < |w| < R

dz Ndz
(™ = j{ uzz"" (2 —w) 7 de| - / uzz (2 —w) T
|z|=R |z|<R 2
and (8.2.17) implies for 0 < |w| < R
27w, (w)w ™| < 7{ lu, 2" (2 —w) | dz|
|z|=R
dz Ndz
fK [l M- R E 22
|z|<R 2

Two auxiliary points:

dw A dw dw A dw
/ |Z_w|—1u§/ P AL
lw|<R 2i |e—w|<2R 2i

i 1r 1 1 1
- ——(——+——).

Z—ww—2zy Z—2) Z—wW W—2o

We then multiply (8.2.23) by |w — 20|~ (|20| < R) and integrate w.r.t. w :

dw A dw
27?/ || — 2|~ T (8.2.24)
lw|<R 2

SSWR% lu 2% (2 — 20) 71| dz|
|z|=R

dz Ndz
+ SWRK/ s |2 ~H]z — 2| L SELN G

5I<R 2

Hence, renaming some of the variables
dz Ndz
(1- 4RK)/ s ||2| K] 2 — w| P ELEE (8.2.25)
sI<R 2

<4R luzz " (2 — w)"|dz|.

|z|=R
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The right hand side of (8.2.25) remains bounded as w — 0 and consequently
so does the left hand side. Then the right hand side of (8.2.23) remains
bounded as w — 0, and consequently also the left hand side. Therefore
lim u, (z)z " (8.2.26)
z—0
exists.

If & < n, this limit then has to vanish because of (8.2.18), and hence
(8.2.21) holds for k + 1 instead of k.

The first assertion now follows by induction on k :

It is trivial for n = 0. For n > 1, (8.2.18) implies (8.2.21) for k = 1. By
induction, we get (8.2.21) for k& = n, and hence the limit in (8.2.26) exists
which is the first assertion of the lemma.

For the second assertion, k =n — 1 and w — 0 in (8.2.25) gives

dz Ndz

(1-431()/ s ||z L (8.2.27)
2|<R 2i

< 4374 . |2~ |d2]
|z|=R

for all n.
If u # 0, there exists zg with |z9| < R and

|u=(20)| = ¢ # 0.

Then the left hand side of (8.2.27) would grow in u at least like c|zg| ™", the
right hand side at most like ¢’ R™", with ¢’ = 4Rsup|,|_g |u.|. Since [20| < R,
(8.2.27) then could not hold for all n. This contradiction proves the second
assertion. (]

We can now easily conclude the
Proof of Theorem 8.2.3: We may assume of course that in local coordinates

h(dD) = 0.

In the same local coordinates as in the beginning of the proof, we have noted
above that all derivatives of h vanish on dC. Thus, if e.g. 0 is in the image
of our coordinate chart,

lim h(z)z"" =0 for alln eN.

z—0

Since h is harmonic
|th| < CO|hE||hZ‘

< K|h.|,

in a neighborhood of 0 since h is smooth.
Lemma 8.2.6 then yields h = 0(= h(9D)). O
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More generally, Lemma 8.2.6 implies

Corollary 8.2.6 Let X be a Riemann surface, N a Riemannian manifold of
dimension d, h : X — N harmonic.

Then for each zy € X there exists m € N with the property that in any
local coordinates around h(zy), there exists a € C¢ with

h(z) =a(z —20)™ + 0(|z — 20|™) (8.2.28)

for z near zy.
If h.(20) = 0,m > 1. In particular, the zeroes of h, are isolated, unless h
18 constant.
If h is conformal, i.e.
gixhihy =0,
then
gix(h(20))a’a® = 0.

Proof. We apply Lemma 8.2.6 with u = h — h(zp). As above, since h is

harmonic and smooth
|th| < CO|hE||h2|

< K|h.|,
so that (8.2.17) holds. All claims follow easily. O

We want to discuss a consequence of Theorem 8.2.3.
We look at (continuous) maps

f:D— §?

with
f(OD)  a point, say the north pole.

It is an elementary topological result that the homotopy classes of such maps
can be parametrized by their degree, namely up to a constant factor, with
w = dvol (§?), the volume form of S? for some Riemannian metric, by

/ f*(w) (in case f is smooth).
D

That fD f*(w), for smooth f, depends only on the homotopy class of f is a
consequence of Stokes’ theorem. Also, one easily constructs f : D — S? for
which this invariant is not zero. Consequently, not every map f : D — 52
with f(9D) a point is homotopic to a constant map.

Corollary 8.2.7 There exist smooth maps f : D — S? mapping 0D onto a
point which are not homotopic to a harmonic map.
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Proof. By Theorem 8.2.3, any such harmonic map is constant, while not every
smooth map as in the statement is homotopic to a constant map. O

Perspectives. The method of holomorphic quadratic differentials associated to
two-dimensional geometric variational problems was introduced by H. Hopf. He
considered the case of closed surfaces of constant mean curvature in R? (cf. exercise
5)).
The applicability of the Hartman-Wintner Lemma to two-dimensional geometric
variational problems was first discovered by E. Heinz.

The special features of 2-dimensional harmonic maps, tying them to conformal
geometry, extend to the Dirac-harmonic maps introduced in [47, 46].

8.3 The Existence of Harmonic Maps in Two
Dimensions

We start with some simple topological preliminaries.
Let N be a manifold.

Definition 8.3.1 m2(N) = 0 means that every continuous map
0:58* 5 N
is homotopic to a constant map.

Lemma 8.3.1 m3(N) =0

<= Any hg,hy € C°(D, N) with hop, = b1, are homotopic.

Proof.
7 <7 Take n: D — S? bijective on D with n(0D) = pg. For ¢ : 2 — N
define ho = ¢ o, h1 = ¢(po).
” =7 Given hg, h; we define ¢ : S — N by
e(p) == ho(fi(p)) i [fi(p)| <1
e(p) == hi(f2(p)) if [f2(p) <1

where f, fo are the coordinate charts of §1.1.
¢ is continuous since ho, . _,, = "1y, -

If mo(N) = 0, there exists a continuous map
L:S?x[0,1] - N

with
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Lis2xq0p = ¢
Lis25 {1y = const.

We now define a homotopy

H:DxI—N
by
. 1 1
H(z,t) :== L(f] *(22),2t) for |z| < 5,0§t§§
11
H(z,t) := L(f;*(22),2(1 —t)) for |z|§§ §§t§1
1 1
H(z,t) = L(f (| ‘) 1 —z])) for 5 <[zl<1,0<t<g

1

) A=A —[el) for 5 < <15 <t

Then H is continuous, H\{|z=1}x{t} = ho (.)=1; = M1, =y, for all ¢, and

H\|px{oy is homotopic to ho, H|px 1y to hy. O

Remark. While the proof is formal, the claim of Lemma 8.3.1 should be
geometrically obvious.

The first aim of this section is the proof of

Theorem 8.3.1 Let X be a compact Riemann surface, N a compact Rie-
mannian manifold with

7T2(N) =0.

Then any smooth ¢ : X — N is homotopic to a harmonic map f: X — N. f
can be constructed as a map which minimizes energy in its homotopy class.

We need to establish some auxiliary results before we can start the proof
of Theorem 8.3.1.
We say that a continuous map

h:M— N

between differentiable manifolds is of Sobolev class Hlocp if it is of this class
w.r.t. any coordinate charts on M and N. If M is compact, we can then also
define Sobolev classes H*P for continuous maps. For a better discussion of

Sobolev spaces, see §8.4 below.

Lemma 8.3.2 Let N be a Riemannian manifold, By C By C N, By, B;
closed. Let w: B1 — By be of class C",
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B, = 1d|B, (8.3.1)
and
|ID7(v)|| < ||lv|| for every x € Bi\Bo,v € TpN,v # 0. (8.3.2)
Let M be a Riemannian manifold with boundary OM, and let

heC’nHY(M,B;)

h(OM) C By (8.3.3)
be energy minimizing in the class of all maps from M into By with the same
boundary values as h.

Then
h(M) C By. (8.3.4)

Proof. Let us assume that
2 := h™Y(B1\By) # 0.

Since h is continuous, {2 is open, and since h(OM) C By, h cannot be constant
on {2.
Thus
E(h)o) > 0.

But then by (8.3.2), since o h € H%? as 7 € C1,
E(roh) < E(h)
contradicting the minimizing property of h (Note that
(moh)om = hjor by (8.3.1) and (8.3.3).)

Therefore {2 is empty. O
Lemma 8.3.3 Let N be a Riemannian manifold, By C By C N, By, B
compact. Suppose that every point in B1\By can be joined inside B1\By to
0By by a unique geodesic normal to 0By. Also assume that for any two such

geodesics v1(t),v2(t), parametrized by arc length (t > 0) with v;(0) € 9By,
i=1,2, we have

d(m1(t),72(t)) > d(71(0),72(0))  fort > 0. (8.3.5)
Then the conclusion of Lemma 8.3.2 holds.

Proof. We define m : By — By as the identity on By and the projection
along normal geodesics onto 9By on Bi\ By, i.e. if y(t),t > 0, is a geodesic
normal to 0By inside By \ By, with 7(0) € 0By, then w((t)) = v(0). This map
satisfies all the hypotheses of Lemma 8.3.2, except that it is only Lipschitz,
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but not C'. It is not difficult, however, to approximate m by maps of class
C! satisfying the same hypothesis, and the result then easily follows from
Lemma 8.3.2. OJ

Lemma 8.3.4 Let N be a Riemannian manifold, p € N, i(p) the injectivity
radius of p, and suppose that the sectional curvature of N is bounded from
above by K, and let

0<p< %min(i(p) ). (8.3.6)

T

"2Vk
Let M be a Riemannian manifold with boundary OM, and let h € C° N
HY2(M,N) with

h(OM) € B(p,p) ={q € N : d(p,q) < p}. (8.3.7)

If h minimizes the energy among all maps with the same boundary values,
then
h(M) C B(p,p). (8.3.8)

Proof. By (8.3.6), we can introduce geodesic polar coordinates (r,y) on
B(p,3p) (0 < r < 3p). We now define a map 7 : N — B(p,p), given in
these coordinates by

m(r,p) = (r,¢) if r<p
w(rp) = Bp—gme) if p<r<3p
m(q) =p if g€ N\B(p,3p).

Thus, m maps concentric spheres of radius < 3p onto concentric spheres
of possibly smaller radius. It is clear that on B(p,3p)\B(p,p), 7 is length
decreasing in the r-direction. In order to see that 7 is also length decreasing
in the p-directions, let v(s) be a curve given in our coordinates by (r, ¢(s)),
i.e. a curve in the distance sphere 9B(p, r). For each fixed s, ¢;(t) := (¢, ©(s))
is a radial geodesic with ¢5(0) = p, cs(r) = v(s). Thus

is a Jacobi field, and

3(s) = Js(r),0 = Js(0) (8.3.9)

and
Dr(3()) = Ju(r"), where (') = 7(r. ¢). (83.10)
ie.r <p<r<3p (8.3.11)

The Rauch comparison theorem (Theorem 4.5.1) implies that (assume (s) #

0)
)] sin(yr)
|Js(r")| — sin(y/kr’)

>1 sincer’ <r<3p< T (8.3.12)

2Vk
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Consequently by (8.3.9), (8.3.10), (8.3.12)
[Dr((s)] < [7(s)],  if 4(s)) # 0. (8.3.13)

Therefore, 7 is also length decreasing in the -directions.

7 is not C', but only Lipschitz. It can, however, be approximated by
C'-maps with the same length decreasing properties, and Lemma 8.3.2 then
again gives the result. O

We shall also need the Courant-Lebesgue-Lemma.

Lemma 8.3.5 Let N be a Riemannian manifold with distance function d(-,-),

u€ HY*(D, N)
with
E(u) < K. (8.3.14)
Then
Vao € D,6 € (0,1)3p € (§,V8)Var, 2 € D with |z;—20| = p (i =1,2) :
1
(), ula)) < ETEL (8.3.15)
(log 5)2

Proof. We first recall the following property of an H'? function u :
For almost all r > 0, uj9p(4,,r) is absolutely continuous. (See Lemma A.1.2.)
Then for any such r and x1,z9 € D with |z; — z9| = 7,4 = 1,2, we have

du(zr), u(zs)) < / ||a““" 2) 14, (8.3.16)

in polar coordinates (r, ) with center zg, w.l.o.g. B(zg,r) C D; otherwise,
the integration in (8.3.16) is only over those values of ¢ which correspond to
0B(zg,r) N D.

By Holder’s inequality

ou P T 1
[ 1200 < ([ 12 a0t (8317
0 0 ¥
The energy of u on B(z,r) is
27
ou
2, 2
Blupaon) =3 [ [ U501+ 5152 Phdede
Consequently, there exists p € (, \/5) with
0 2E - 2K 41K
/ EEGLE <uf‘B< o) o 2K AK g
0 dp f 1dr —5logd  log s
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The claim follows from (8.3.16), (8.3.17), (8.3.18). O
As an intermediate result for the proof of Theorem 8.3.1, we now show

Theorem 8.3.2 Let N be a complete Riemannian manifold with sectional
curvature < k and injectivity radius ig > 0,p € N. Let

. io T
0<r< —,
7 < min( RN
Suppose g : 0D — B(p,r) C N is continuous and admits an extension
g:D — B(p,r) of finite energy.
Then there exists a harmonic map

). (8.3.19)

h:D — B(p,r) C N

with
hap = g,
and h minimizes energy among all such maps.

The modulus of continuity of h is controlled by r, k, E(g), and the modulus
of continuity of g, i.e. given € > 0, there exists 6 > 0 depending on 7,kK,g
such that |x1 — x2| < 0 implies d(h(x1), h(x2)) < €. Finally, for any o > 0,
the modulus of continuity of h on {z : |z| < 1—0c} is controlled by 0,7, k, and
E(g).

Proof. We choose ' with

io s
27 2\/k
Using the Rauch comparison theorem as in the proof of Lemma 8.3.4, one
sees that

r <7’ < min(

). (8.3.20)

7 : B(p,r") — B(p,7),

with 7 5(p,») = id, and projecting B(p, ")\ B(p, ) onto dB(p,r) along radial
geodesics satisfies the assumptions of Lemma 8.3.3.

As a first and preliminary application we show that any two points py, ps €
B(p,r) can be joined inside B(p,r) (and not just in N) by a unique shortest
geodesic. For this purpose, we minimize

E(e)
in
{c:[0,1] = B(p,r") : ¢(0) = p1,c(1) = p2}.
As in 1.4, the infimum is realized by some curve ¢y with image in B(p,r’).
Because of the distance decreasing properties of m, Lemma 8.3.3 (with

By = B(p,r),B1 = (B(p,r’)) implies that the image of ¢y is actually con-
tained in the smaller ball B(p,r). Therefore, we may perform arbitrarily small
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variations of ¢g without leaving B(p,r’). Therefore, ¢ is a critical point of
E, hence geodesic by Lemma 7.2.1. Since p1,p2 € B(p,r), they can be joined
inside B(p,r) by a curve of length < 2r < 4. Therefore, ¢y is the unique
shortest geodesic between p; and py by the definition of the injectivity radius
9. This proves the claim about geodesic arcs. We note that ¢y is free from
conjugate points, again by Rauch’s comparison theorem (Theorem 4.5.1).

In order to find the harmonic map, we now minimize the energy in

V= {ve H"*(D,B(p,r")),v — g € Hy*(D,B(p,r'))}

(the latter is the weak formulation of the boundary condition). Since B(p, ')
is covered by a single coordinate system, namely normal coordinates, the
H'2-property can be defined with the help of these coordinates.

A minimizing sequence has a subsequence converging in L? by Theorem
A.1.8. We shall see below (Theorem 8.4.2), in order not to interrupt the
present reasoning, that E is lower semicontinuous w.r.t. to L? convergence.
Therefore, the limit A minimizes energy in V. By Lemma 8.3.3 again, h(D) is
contained in the smaller ball B(p,), hence a critical point of F because we
may again perform arbitrarily small variations of A without leaving the class
V.

We now want to show that h is continuous and control its modulus of
continuity.

Let ¢ € B(p,r),v1,v2 € TyN with |lv;]| =1,i=1,2,

ci(t) = exp, (tv;).

By Rauch’s comparison theorem (Theorem 4.5.1) again, as in the proof of
Lemma 8.3.4,

d(ci(t), ca(t)) > d(c1(e),ca(e)) (8.3.21)
for
e<t< % —e.
With -
€0 1= ﬁ —2r,

for any 0 < ¢ < €,
By := B(g,¢) N B(p,r), B1 := B(p,7)
satisfy the assumptions of Lemma 8.3.3, as any geodesic
c(t) == exp,tv, vl =1 (veTyN,q € B(p,7))

leaves B(p,r) for t > 2r (i.e. ¢(t) € B(p,r) = t < 2r; this is a consequence
of (8.3.19) and the resulting uniqueness of geodesics in B(p,)).

We now apply the Courant-Lebesgue Lemma 8.3.5. Since h is energy
minimizing,
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E(h) < E(9)-
For 0 < & < g9, we compute ¢ € (0,1) with

87E(q)

)i <e. (8.3.22)
log 5

(

For any zo € D, by Lemma 8.3.5 there exists p, § < p < V0, with the

property that for any 1,22 € D with |z; —zo| =p (i =1,2),
d(h(z1), h(x2)) <e, (8.3.23)
hence
h(0B(xo,p) N D) C B(q,e) for some q € N. (8.3.24)

Since g is continuous, there also exists 6’ > 0 with

d(g(y1),9(y2)) < ¢ (8.3.25)

whenever y;,yo € 0D satisty |y; — ya| < §'.
We now require in addition to (8.3.22) that also

V<4,

Since hjgp = g, with p as above we then have
h(0(B(zo,p) N D)) C B(g,e) for some q € N. (8.3.26)
(0(B(w0, p) N D) = (0B (20, p) (1 D) U (D 1 B(zo, p)).

Lemma 8.3.3 then implies
h(B(zo,p) N D) C B(g,¢). (8.3.27)

Likewise, |zo| + p < 1, then 9(B(zg, p) N D) = 0B(xo, p) N D, and so in this
case, we do not need g to control h on 9(B(xg,p) N D).
In particular
h(B(z9,0) N D) C B(g,¢) (8.3.28)

for any zo € D and some ¢ € N (depending, of course, on xp). (8.3.28) is the
desired estimate of the modulus of continuity. The proof of smoothness of h
is postponed until after the proof of Theorem 8.3.2 — see Theorem 8.5.1. [

Remark. We actually shall only need the weaker result that there exists
ro > 0 with the property that for any r € (0,r), the conclusion of Theorem
8.3.2 holds. As an exercise, the reader should simplify the preceding proof in
order to show this weaker statement. On the other hand, the injectivity radius
10 in (8.3.19) can easily be replaced by ig(r) := min{i(q) : ¢ € B(p,r)}, where
i(g) is the injectivity radius of ¢, without affecting the validity of the above
proof. This remark is interesting for complete, but non compact manifolds
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N. In this case, one may have ig = 0, but one always has ig(r) > 0 for any
r >0 as N is complete.

Finally, D may be replaced in Theorem 8.3.2 by any compact Riemann
surface X with boundary 90X, with only trivial modifications of the proof.

Proof of Theorem 8.3.1: We put
[¢] := {v e C*NH"*(X,N) : v is homotopic to ¢}.

We choose ]
p = g min(i[)(N), #

where ig(N) is the injectivity radius of N, and x > 0 is an upper bound for

the sectional curvature of N. We choose §y < 1 to satisfy

87 E(p)

log %

), (8.3.29)

p
5

( )z < (8.3.30)

For every § € (0,dp), there exists a finite number of points z; € X, i =
1,...,m = m(d), for which the disks B(x;, %) cover Y. Here, we may define
the disks B(z;, %) w.r.t. any conformal metric on X~. We may also arrange
things so that around each x;, there exists a coordinate chart f; with image
containing

e Cilf@) -2l <1}
and put
B(z,0) :={z € C:|f(x;) — 2| <}
We let (un,)nen be an energy minimizing sequence in [¢]. By definition of [¢],
all u,, then are continuous. Also, w.l.o.g.,

E(u,) < E(p) for all n. (8.3.31)

Lemma 8.3.5 implies, recalling (8.3.30), that for every n € N, there exists
Tn,1 € (9, V/6) and Pn,1 € N with

Un(0B(21,7n,1)) C B(pn,1,p)- (8.3.32)

On the other hand, if u,(0B(z,r)) C B(p,p) for some x € X,r > 0,p € N,
then Theorem 8.3.2 (replacing D by B(z,r)) yields a solution of the Dirichlet
problem

h:B(z,r) — B(p,p) harmonic and energy minimizing with (8.3.33)
h|6B(J;,7') = Un|dB(z,r) - o
We replace u,, on B(z1,7,,1) by the solution of the Dirichlet problem (8.3.33)
for # = x1,7 = 1y, 1. Outside B(z1,75,1), we leave u,, unaltered.
We denote the new map by ul. Since 7m3(N) = 0, by Lemma 8.3.1, u} is
homotopic to u,, hence to ¢. Thus
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u,, € [p].

After selection of a subsequence, (r,,.1)nen converges to some r; € [8,V/4].
By the interior modulus of continuity estimate of Theorem 8.3.2, the maps
(u}) are uniformly continuous on B(z1,8 —n) for any n € (0,4). Moreover,
by Lemma 8.3.4, ul minimizes the energy not only among maps into B(p, p),
but among all maps into N with the same boundary values.

Thus

E(ul) < E(uy). (8.3.34)
Repeating the above argument, we find radii ry, » € (6, \/5) with

u}z(aB(x% TH,Q)) - B(pn’g, P)

for points p,o € N. We replace ul on B(za,7,2) by the solution of the
Dirichlet problem (8.3.33) for © = xo,7 = 75, 2. Again by selecting a subse-
quence, (ry,2)nen converges to some rg € [0, V/6]. The new maps u2 are again
homotopic to ¢, i.e.

uz €[],

because ma(N) = 0.
Since the maps u}, are equicontinuous on B(z1,d— 7) whenever 0 < 7 < 0,
the boundary values for our second replacement are equicontinuous on

OB(w2,r2) N Bla1, 6 = 7).
Therefore, using the estimates of the modulus of continuity in the proof of
Theorem 8.3.2, the maps u2 are equicontinuous on B(z1,6 —n)U B(x2,d —n)
for any n with 0 < n < .
By Lemma 8.3.4 and (8.3.34)
E(u?) < E(ul) < E(uy) (8.3.35)

n) =

as before.
We repeat the replacement argument on disks centered at xs3,...,Tm,.
We obtain a sequence v, := u]" € [¢] with

E(vn) < E(un) < E(p) (8.3.36)

which is equicontinuous on every disk B(z;, %), i =1,...,m, hence on X
because these disks cover Y.

After selection of a subsequence, (v,)nen converges uniformly to some
map u which then also is homotopic to ¢. (v,)nen then also converges in L2
to u.

By Theorem 8.4.2 we have the lower semicontinuity

E(u) < liminf E(vy,) (8.3.37)

n—oo
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Since u € [¢] and (uy, ), hence also (v,,) by (8.3.36) was a minimizing sequence
for the energy in [¢], (8.3.37) implies that v minimizes energy in [¢]. In
particular, u is energy minimizing when restricted to small balls. Either from
this observation and Lemma 8.3.4 and Theorem 8.3.2 or alternatively directly
from the construction of u, the modulus of continuity of u is controlled by
the geometry of N, more precisely by ig(N) and &, and by E(p). Smoothness
of u follows from Theorem 8.5.1. (]

With the same argument, one also shows:

Theorem 8.3.3 Let X' be a compact Riemann surface with boundary 0X,
N a compact Riemannian manifold with mo(N) = 0, ¢ € C° N HY2(X, N).
Then there exists a harmonic map

u:X—>N

homotopic to ¢ with
Uy = Plox,

and u can be chosen to minimize energy among all such maps. O

Remark. If one does not assume mo(N) = 0, one still obtains a harmonic
map u : X — N with ujgx = pjpx by our reasoning. In that case, however,
u need not be homotopic to ¢ any more. u can be chosen to minimize the
energy among all maps with boundary values given by .

In the sequel, we shall need the following covering lemma:

Lemma 8.3.6 For any compact Riemannian manifold M, there exists A € N
with the following property: whenever we have points x1,...,T,m € M and
p > 0 with

i=1
and
z; & Blzj,p) fori# j,
then {1,...,m} is the disjoint union of A sets I,...,I15 so that for all ¢ €
{1,. .. ,/1} and i1,19 € Iy, 11 7é 12,

B(wi,,2p) N B(zi,,2p) = 0.

Proof. We construct I; : We first put x% := 1 and iteratively seek points
:17]1 € {x1,...xy} with

4p < d(sc]l,xi) for all @ < j,
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until no such point can be found anymore. I is the set of points selected so
far. If ay, ¢ I, there exists ;E]l € I with

d(zg, le) < 4p.

We construct I, iteratively for £ > 2 : We select any x5 ¢ Uf\_:ll Iy, put

zf := x, and iteratively seek points x5 € {z1, ..., zm}\ USZ, I with

7

dp < d(xf,x‘f) for all i < j

until no such point can be found anymore.
If oy ¢ Iy, then for each A < ¢, we can find some x;‘(/\) € I, with

d(wy, 7)) < 4p.

All these points x?‘( ) are distinct, and their mutual distance is bounded from
below by p by our assumptions. Therefore, there exists some Ay € N such
that there exists at most Ay points IE;‘( ) satisfying the preceding inequality.
The reader should by now have acquired enough familiarity with the local
geometry of Riemannian manifolds to verify the existence of such a Ay with
the required properties. The claim follows with A := Ag + 1. ]

Remark. 1t is easy to see that one may always construct coverings satisfying
the assumption x; ¢ B(x;, p) for i # j.

We now come to the important phenomenon of splitting off of minimal
2-spheres. Before giving a general theorem below, we first want to isolate the
phenomenon in a simpler situation:

Theorem 8.3.4 Let X' be a compact Riemann surface, N a compact Rie-
mannian manifold
Up 2 2 — N

a sequence of harmonic maps with
E(u,) < K for some constant K

Then either the maps u, are equicontinuous, and hence a subsequence con-
verges uniformly to a harmonic map u : X — N, or there exists a nonconstant
conformal harmonic map

v:S%? =N,

i.e. a (parametric) minimal 2-sphere in N.

Proof. Let

Ap = sup ||du, (2)]]-
zeX

We distinguish two cases
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1) sup A, < 00
neN

Then (u,)nen i8 equicontinuous, because the derivatives are uniformly
bounded. A priori estimates (see § 8.5) imply that also higher derivatives
of (uy) are equibounded. By the Arzela-Ascoli theorem, a subsequence con-
verges uniformly, and by these regularity results the limit is also harmonic.
Alternatively, the limit is continuous and weakly harmonic, hence smooth
and harmonic by Theorem 8.5.1.

2) sup A, = 00

After selection of a subsequence, A, tends monotonically to oo, and a
sequence (zp )nen C X with

|[dun (25)|| = sup [[dun(2)]| (= An)
zeX

has a limit point zg.
We choose suitable local coordinates for which

{z:|z— 20| <2}

is contained in a coordinate chart. All local expressions will be evaluated in
this chart. We put
D, ={weC:|w <A}

and define
vy i D, — N
by

vp(w) = unp (20 + ;\U—n)

By definition of A,

sup ||dv,(w)|| = 1.
weD,

By conformal invariance of E
E(v,) < K.

As n — oo, D,, exhausts all of C. By regularity results for harmonic maps
(see § 8.5) after selection of a subsequence, (v,,)nen converges uniformly on
compact subsets of C to a harmonic map

v:C— N.

Actually, the convergence takes place even in C?, by a priori estimates for
harmonic maps, see § 8.5 and therefore

[dv(0)]] = 1,

and v is not constant. Also, F(v) < K.



8.3 The Existence of Harmonic Maps in Two Dimensions 433

The holomorphic quadratic differential defined by v,
gij (v(2))vivldz?

((gij) being the metric of N in local coordinates) therefore yields a holomor-
phic function

Y(z) = gij(v(z))vivg

[ 1< B).
C

By a variant of Liouville’s theorem, see Lemma 8.3.7 below,

=0

and it follows that v is conformal (see 8.2). It remains to show that v extends
as a harmonic and conformal map

of class L', since

v:S? >N

where we consider S? as CU{oc}. Thus, one has to show that oo is a removable
singularity. In 8.4, it will be shown more generally that conformal harmonic

maps of finite energy on a Riemann surface cannot have isolated singularities.
O

Theorem 8.3.5 Let X be a compact Riemann surface, possibly with boundary
0%, N a compact Riemannian manifold, ¢ € C° N HY2(X N). Then there
erists a harmonic map

u:X — N

homotopic to p, with ujpx, = @|ax in case 0X # (0, or there exists a nontrivial
conformal harmonic map
v:S8% = N.

i.e. a (parametric) minimal 2-sphere in N.

Proof. We only treat the case 93 = (). The case 8% # () is handled with easy
modifications of the argument for 90X = ().
We let 1
pi=3 min(i(N), NG
where i(N) is the injectivity radius of N, and x > 0 is an upper curvature
bound.
We choose a conformal metric on Y. All distances on X' will be computed

w.r.t. this metric.
We let

), (8.3.38)

ro:=sup{R>0:Vz € X¥3Ipec N:pB(x,2R)) C B(p,3"p)}, (8.3.39)
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where A is the integer of Lemma 8.3.6 for M = X.

According to Lemma 8.3.6, there exist finite sets I1,...,I4 and points
x; € X with
A
= U Biro) (8.3.40)
r=1i€el,
and
B(z,,2r0) N B4y, 2r9) = 0 (8.3.41)

whenever 41,1y € Iy, i1 # i2, for some /.

We then replace ¢ on every disk B(x;,2rg) for i € I; by the solution of the
Dirichlet problem (8.3.33) for = x;,7 = 2r. This is possible by Theorem
8.3.1. Since the disks B(z;,2rg) for ¢ € I are disjoint by (8.3.41), we can
carry out these replacements simultaneously. We obtain a map

uy: X — N

with
E(ul) < E(p) (8.3.42)
as in the proof of Theorem 8.3.1.

Since
ug(B(wi,2ro)) C B(pi, 37" p) (8.3.43)

for every i € I; and some p; € N by the maximum principle Lemma 8.3.4,
we obtain from the definition of ry and the triangle inequality

ug(B(z,2r0)) C B(p,3~*1p) (8.3.44)

for every € X and some p € N (depending on x).

Having constructed uj for 1 < ¢ < A — 1, we construct uéﬂ by replacing
u§ on every disk B(z;,2r¢), i € Ir41, by the solution of (8.3.33) for =
xz;,r = 2r9. We obtain

E(uf™) < E(uf) (8.3.45)

and
ugt (B(x,2r0)) C B(p, 34T p) (8.3.46)

for every x € X and some p € N (depending on z).
We thus arrive at a map

up =ud ¥ — N

with
E(u1) < E(y) (8.3.47)

and
u1(B(z,2r9)) C B(p, p)

for every x € X and some p = p(z) € N.
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Having iteratively constructed w,, : X — N, we construct u,41 by replac-
ing ¢ by u, and rg by
rm=sup{R>0:Vzec X3Ipe N :u,(B(x2R)) C B(p,3 p)}.
The maps (un)nen satisfy
B(un) < B(un_1) < B(p) (8.3.48)
We now distinguish two cases
1 = inf r, >0
)
We claim that in this case (u,)nen converges to a harmonic map u : X —
N homotopic to .
We shall first show that the u,, are equicontinuous. We note that for every

n, there exist finite sets Iy, ..., I, and points x; € X (everything depending
on n, except for A) with

A
2= U B@i,rm) (8.3.49)

(=11i€l,
B(wi,,2rp) 0 B(wiy, 2rn) = 0 (8.3.50)

whenever i1 # is,11,19 € Iy for some £, by Lemma 8.3.6 again.
By (8.3.49), for every x € X, there exists some i € U?zl Iy with

B(z,s) C B(x;,2ry,) (8.3.51)
There exists £,1 < ¢ < A, with ¢ € I,;. Therefore
¢
un\B(I,s)

is harmonic, since it is even harmonic on the larger disk B(z;,2r,) (uf is
constructed in the manner as u§ with u,, instead of ¢.)
Given € with 0 < € < p we consider § with

0 < 0 < min(1,s) (8.3.52)
and .
E 2
(87T (f)) < 374, (8.3.53)
log =

For every x € X, and n € N there exists Ry (z) with
62 < Ry(w) <6
and some p; € N with
ut,(0B(x, Ra(x))) C B(p1,3~"¢) (8.3.54)

by Lemma 8.3.5. Here ¢ is chosen as in (8.3.51), i.e. so that i € I, for the i
occuring in (8.3.51).



436 8. Harmonic Maps

Since
¢
Un|B(z,R1 ()

is harmonic and energy minimizing from Lemma 8.3.4 and (8.3.54)
ul (B(x, Ri(z))) € B(p1,3~%e). (8.3.55)
We likewise find Ry (z) with
83 < Ry(z) < 62

and
up " (9B (x, Ro(x))) C B(pa,3™"¢)

for some py € N. u5! need no longer be harmonic on B(z, Ry(x)). It is only

piecewise harmonic in case

v := B(z, Ra(z)) N U OB(x;,2r,) # 0.

i€lpqq
Since
up ™ (7) = up () C B(p1,37 )
and
up ™ (y N OB(x, Ry(x))) C B(pa, 3~ "e),
we obtain

Wl (y UOB(x, Ry(x))) C B(pa,371+12).

Therefore, the image of the boundary of every subregion of B(z, Rz(z)) on
which u/*! is harmonic is contained in B(ps,3~ 4% 1¢), and since of course
all maps are energy minimizing on these subregions, Lemma 8.3.4 gives as
usually

u“T(B(z, Ro(x))) C B(p2, 3~ e). (8.3.56)
Iterating, we obtain
R(z) > & (8.3.57)
and p = p(z) € N with
unt1(B(z, R(z))) C B(p,¢) (8.3.58)

(note up11 = uﬁ)

This proves equicontinuity, since § and A are independent of u and z.
Therefore, after selection of a subsequence, (u,)nen converges to some
map u homotopic to ¢, and by (8.3.48) and lower semicontinuity of E (cf.
Theorem 8.4.2))
E(u) < lim E(u,) < E(p). (8.3.59)

n—oo

We want to show that u is harmonic.
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Replacing r,, by s, we may assume that the points xz;, i € Ul,, are inde-
pendent of n. (One may assume, by selecting a subsequence, that the points
x;(n) converge to points x;, and also r,, — s as n — 00.)

We first claim that with (u,)nen also (ul)nen converges to u, and that u
is harmonic on every disk B(z;, s) for i € I.

Since

(uy,) < E(up), (8.3.60)

E(un-H) = E(u’r/ll) <FE
) =0. (8.3.61)

lim (E(u,) — E(ul)
n—oo
Therefore, on each disk B(z;,s),i € I, for sufficiently large n the energy
of u,, deviates only by an arbitrarily small amount from the energy of the
energy minimizing map
1
Un|B(z;,5)"

Consequently, considering the gradient DE of the energy as in 7.2, we obtain
DE(up|B(z,,5)) — 0 foriel; (see (7.2.3) for comparison).

Since the maps u,, converge uniformly, the same argument as in the proof of
Theorem 7.2.1 shows that

UB(wi,s) = 1M Un|B(as,s)
is harmonic (and energy minimizing), and then also
B, = M Uy e, ) (8.3.62)

(’L S Il)

Having iteratively shown that (uf,),en for some £, 1 < ¢ < A—1, converges
to u and that u is harmonic on every disk B(x;, s) for i € Iy, we show in the
same manner that (u‘t1), ey likewise converges to u and that u is harmonic
on every disk B(x;, s),i € Ipy1.

We conclude that u is harmonic on B(x;,s) for every ¢ € Iy and every
e {l,..., A}, hence on all of X.

2) The second case is

inf r,, = 0.
neN "

By selecting a subsequence, we may assume that (r,),en 1S monotonically
decreasing and converges to 0.
By definition of r,,, for every u, there exist points yg,y1 € X with
d(yo,y1) = 2rp (8.3.63)
d(un(yo), un(y1)) =371 p =: po (8.3.64)

We choose local coordinates around yg and denote the coordinate represen-
tations of yo and y; again by yo and y; resp.
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For z € C, we put
kn(z) == yo + rnz

whenever this defines a point in our coordinate chart, and

‘We thus have maps
Up 2 2, — N

with 2, € C and §2, — C as n — oo (i.e., in the limit, the domain of
definition of k, becomes the whole complex plane C, since r,, — 0). Since k,
is conformal, the maps 4, are piecewise harmonic in the same manner the
maps u, are (see Corollary 8.2.3).

The maps u,, now are equicontinuous by the same argument as in case 1
for s = 1 because for every wy € (2, (with B(wy, 2) C {2,,) there exists p € N
with

tin(B(wg,2)) C B(p,37p), (8.3.65)
by definition of r,, because k,(B(wp,2)) is a ball of radius 2r,, (w.l.o.g., we
may assume that the chosen metric on X' coincides with the Euclidean one
on our coordinate chart around yq, as a different metric would only introduce
some fixed factor in our estimates for the ball radii on X' and (2,,.).

Likewise, as in case 1, after selection of a subsequence the maps (i)
converge uniformly on compact subsets to a harmonic map

v:C— N.
Moreover, by Corollary 8.2.4

E(ty0,) = E(Un|k, (2,))
(tn),
(),

hence by lower semicontinuity of E (Theorem 8.4.2)

E
E

IAIA

E(w) < liminf E(4,) < E(p).

n—oo
The holomorphic quadratic differential associated to v,
gi(v(z))vlvidz?
((gjx) being the metric of N in local coordinates), therefore defines a holo-

morphic function

of class L', because

/ ] < 2B(v).
C
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Since every holomorphic function on C of class L! vanishes identically (this
follows by applying Lemma 8.3.7 below to the real and imaginary parts of
1), we get ¢ = 0, and consequently v is conformal (see the discussion in 8.2).
It remains to show that v extends as a harmonic (and then also conformal)
map
v:S% =N,

i.e. that the singularity at co is removable. This will be achieved in § 8.5. [

Corollary 8.3.1 Let N be a Riemannian manifold with mo(N) # 0. Then
there exists a nonconstant conformal harmonic v : S — N, i.e. a (paramet-
ric) minimal 2-sphere in N.

Proof. Since m2(N) # 0, there exists ¢ : S — N which is not homotopic to
a constant map. By Theorem 8.3.5 either ¢ is homotopic to a harmonic map
v: S? — N which then is also conformal by Corollary 8.2.5, or if the second

alternative of Theorem 8.3.5 holds, there also exists a conformal harmonic
v:8%— N. O

Lemma 8.3.7 Any harmonic function h defined on all R™ and of class
LY(R™) is identically zero.

Proof. By the mean value property of harmonic functions on R™,

1
h = h(x)d f R>0 cR™. (8.3.66
)| = ooy | [H@)de| for any B> 0. R (5360
B(zo,R)
Since
Jn@rds| < finte)do < bl
B(:E07R) B(aio,R)
the r.h.s. of (8.3.66) tends to 0 as R — oo. Thus h(zg) = 0. This holds for
any xg € R". O

Perspectives. Theorem 8.3.1 is due to Lemaire[168] and Sacks and Uhlen-
beck[210]. Theorem 8.3.5 is again due to Sacks and Uhlenbeck[210]. Other ap-
proaches to these results were found by Struwe[233], Chang[38] and Jost, see [131].

The method of M. Struwe and K.C. Chang consists in studying the associated
parabolic problem. Thus, given ¢ : ' — N, one studies solutions of

f:Xx[0,00) = N
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where the tension field is computed w.r.t. the z variable. One can then show that
a solution can develop at most finitely many singularities. These singularities cor-
respond to the splitting off of minimal 2-spheres. In the limit ¢ — oo, one obtains
a harmonic map f.

The construction presented here is refined in [131]. There, also various existence
results for unstable harmonic maps are presented. Any type of critical point theory,
e.g. Morse theory, for harmonic maps in two dimensions has to take the splitting
off of minimal 2-spheres into account. In certain instances, however, one may show
that this phenomenon can be excluded. A prototype of such a result is the following

Theorem. Let Y be a compact Riemann surface with boundary, N a Riemannian
manifold diffeomorphic to S* (thus, the condition me(N) = 0 is not satisfied). Let
g : 0¥ — N nonconstant. Then there exist at least two harmonic maps f1, f2 : X —
N with .fi|82 =g.

This result is due to Brézis and Coron[31] and Jost[127].

In order to prove this theorem, one first minimizes the energy over all maps
f:X — N with fjgx = g and obtains a harmonic u (see the remark after Theorem
8.3.3). By careful comparison constructions one then exhibits another homotopy
class a of maps from ¥ to N (not containing u) with

inf{E(f): f € o} < E(u)+ Area(N).

One then shows that if minimizing energy in some homotopy class leads to the
splitting off of a minimal two-sphere, the energy would be lowered by an amount
of at least the energy of that minimal sphere. Since N is diffeomorphic to S?, the
energy of such a minimal sphere would be at least the area of N. Since, however,
u realizes the absolute minimum of energy among all maps with the prescribed
boundary values, the above inequality excludes the splitting off of a minimal 2-
sphere during the minimization of the energy in the class .

We have described the preceding argument in some detail because it forms
a paradigm for other conformally invariant variational problems (Yang-Mills equa-
tions in four dimensions, constant mean curvature surfaces, Yamabe problem, etc.).
Some further discussion of such limit cases of the Palais-Smale condition may be
found in [234] and in the references given there.

Returning to the critical point theory for two dimensional harmonic maps, we
also mention Ding[56] and the survey article [132] where many further references
can be found.

In this context, we should also discuss the Plateau problem for minimal surfaces.
In its simplest form, we consider a smooth (or, more generally, a rectifiable) closed
Jordan curve v in R® and seek a minimal surface with boundary . In the parametric
version of the problem, we look for a harmonic and conformal f : D — R® (D =
unit disk) mapping D monotonically onto v (a monotonic map between curves is
defined to be a uniform limit of homeomorphisms). In this form, the problem was
solved by J. Douglas and T. Radé. The problem was then extended by Douglas to
configurations of more than one disjoint curves v1, ..., v, and/or minimal surfaces
of other topological type. He found a condition (the so-called Douglas condition)
guaranteeing the existence of minimal surfaces of some prescribed topological type.
It was also asked whether one may find unstable minimal surfaces with prescribed
boundary. The most comprehensive critical point theory for minimal surfaces in R?
was developed in Jost and Struwe[144] where also references to earlier contributions
are given.
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The Plateau problem in Riemannian manifolds (instead of just R?®) was solved
by C. Morrey[189]. Results pointing into the direction of a general Morse theory
for minimal surfaces in Riemannian manifolds may be found in Jost[131].

There also exists the geometric measure theory approach to minimal surfaces.
Here, one tries to represent a minimal surface not as the image of a map of a
Riemann surface, but directly as a submanifold of the given ambient space. In the
parametric approach, one had to generalize the space of smooth maps to a Sobolev
space, in order to guarantee the existence of limits of minimizing sequences. For
the same reason, in the measure theoretic approach, the space of submanifolds has
to be generalized to the one of currents. A submanifold of dimension k yields a
linear functional on the space of differential forms of degree k by integration, and
so the space of k-currents is defined as a space dual to the one of k-forms. One
may then minimize a generalized version of area, the so-called mass, on the space
of currents. This approach is valid in any dimension and codimension, in contrast
to the parametric one that is restricted to 2 dimensions. If the codimension is 1
and the dimension at most 7, then such a mass minimizing current is regular in
the sense that it represents a smooth submanifold. Otherwise, singularities may
occur. In particular, any smooth Jordan curve in R® bounds an embedded minimal
surface, see Hardt and Simon[111]. For a general treatment of the concepts and the
approach of geometric measure theory, we recommend Federer[73] and Almgren[6].

Minimal surfaces in Riemannian manifolds have found important geometric
applications. Let us mention a few selected ones.

In the proof of the Bonnet-Myers Theorem (Corollary 4.3.1), we have seen how
information about geodesics and their stability can be used to reach topological con-
sequences for manifolds of positive Ricci curvature. This suggests that information
about the stability of minimal surfaces may likewise be used to obtain restrictions
on the topology of positively curved manifolds. The first instance of an important
application of minimal 2-spheres in the presence of positive curvature is Siu and
Yau[227]. Micallef and Moore[178] showed that minimal 2-spheres can be used to
prove that any compact Riemannian manifold with positive curvature operator (i.e.
R(-,-) = 2*(M) — 2°(M) is a positive operator; this in particular implies positive
sectional curvature) is diffeomorphic to a sphere. Also, the sphere theorem (see
Short survey on curvature and topology, above) was proved under the assumption
of pointwise pinching only (i.e. at each point, the maximal ratio between sectional
curvatures is less than 4).

There are also important applications of minimal surfaces in three-dimensional
topology. The so-called Dehn Lemma, whose first complete proof was given by Pap-
kyriakopoulos, asserts that if S is a differentiably embedded surface in a compact
differentiable three-manifold M and if v is an embedded curve on S that is ho-
motopically trivial in M (i.e. [y] = 0 € m1(M)) then  bounds an embedded disk.
Meeks and Yau[177] showed that in this case, if we equip M with a Riemannian
metric in such a way that S is convex, the solution of the parametric Plateau prob-
lem with boundary - is embedded. Thus, one obtains an embedded minimal disk
bounded by «y. This represents an analytical proof of Dehn’s Lemma. The important
fact is that we have found a canonical solution of the problem. Assume for example
that some compact group G acts on M, leaving ~ invariant. One may then average
the metric of M under the action of G and obtain a new Riemannian metric on
M for which G acts by isometries. Since 7 is G-invariant, one may then also find a
G-invariant minimal disk bounded by ~. If one chooses this disk to be area mini-
mizing in its class, one may then show again that it is embedded. This equivariant
version of Dehn’s Lemma of Meeks-Yau then has applications to the classification
of discrete group actions on 3-manifolds, see [14].
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The Poincaré conjecture asserts that any three-dimensional manifold M with
m (M) = 0 is diffeomorphic to the three-sphere S*. In order to approach this
problem, it would be useful to obtain detailed information about the topology of
possible counterexamples, in order either to construct them or to exclude their
existence. Such counterexamples are called fake spheres. A fake 3-sphere has to
contain a fake 3-ball, i.e. a manifold B with 7 (B) = 0 and a 2-sphere as boundary.
Meeks, Simon and Yau[176] proved that any such fake 3-ball can be surrounded by
an embedded minimal 2-sphere which is locally area minimizing (here, again, we
may equip M with any Riemannian metric). Thus, the possible presence of a fake
3-ball leads to a tangible geometric consequence. So far, however, this line has not
been pursued any further, and the Poincaré conjecture is presently approached by
the Ricci curvature flow in the work of Perel’man, as described in the Survey on
Curvature and Topology after Chapter 4.

8.4 Definition and Lower Semicontinuity of the Energy
Integral.

For the analysis of harmonic maps, it is necessary to consider classes of maps
more general than C!. A natural space of maps is L?(M, N). One then needs
to define the energy integral and derive conditions for a map to be a critical
point of that integral.

The idea of defining the energy functional is quite simple and may be
described as follows:

We let, for h > 0

op :RT SR

be some nonnegative function with o5,(s) =0 for s > h and

/ ou(fa]) do = 1

B(0,h)

where B(0,h) is a ball of radius  in R™ (m will be the dimension of our
domain M in the sequel). For z,y € M, we put

nh(xvy) = Uh(d(x’y))' (841)

The typical example we have in mind is

L= for0<s<h (W = volume of the unit ball in R™)
on(s) =

Wm h™
for s < h,

(8.4.2)
and so, 1 (z, -) is a multiple of the characteristic function of the ball B(z, h),
for every x. That multiple is chosen so that the integral of n,(x,-) w.r.t.
the Euclidean volume form dy on B(x,h) is 1, i.e. the one induced from the
Euclidean volume form on T, M via the exponential map exp, : T, M —
M. We note that by Theorem 1.4.4, the difference between the Euclidean
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and Riemannian volume forms is of order O(h™*2). The advantage of the
Euclidean volume form is that the normalization does not depend on z so
that 7, becomes symmetric in x and y.

For a map f € L?(M, N) between Riemannian manifolds M and N, we

then define
/ / n(x y (h) S W) dvol(y) dvol(z) (8.4.3)

M B(z,h)
where dvol is the Riemannian volume form on M.

In order to understand the geometric meaning of the functionals E}, we
observe

Lemma 8.4.1 f: M — N minimizes Ey, iff f(x) is a center of mass for the
measure fu(np(z,y) dvol (y)) for almost all x € M, i.e. if f(x) minimizes

F(p) = / (2, 9)d (p, £ (y))dvol(y)
B(z,h)

Proof. If f(z) did not minimize F'(p), then

nn(, y)d*(f(z), f(y)) dvol(y)

B(z,h)

could be decreased by replacing f(x) by some minimizer p. Since np(z,y) is
symmetric, that would also decrease Fj(f) if happening on a set of positive
measure. 0

It is also instructive to consider the following computation that leads to
a proof of Lemma 8.4.1 in the smooth case. We consider variations

fe(x) = f(@) + to(x)
of f. If f minimizes E;“ then

Enlfi)i=o = h2 G [ [ me i@, 0) dvolty) dvol(z)
— i [ [ me i@, W) el +

Vad?(f(x), [ (1)) (¢(y))} dvol(y) dvol()
= %//Uh(ﬂfvy)vldQ(f(x),f(y))ga(x) dvol(y) dvol(z)

because of the symmetry of 7y,

- %//nh(ﬂt,y) eXp;(lw) f(y)e(z) dvol(y) dvol(z)
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Since this has to hold for all smooth ¢ with compact support,

/ (. y) exp_(, f(y) dvol(y) =0

for all . Thus f(z) is the center of mass of fu(nn(x,y) dvol(y)).

We now consider the functionals E. for h = ¢ with the kernel 7). defined
by (8.4.1), (8.4.2), and we let ¢ — 0 and define the energy E as the limit
of the functionals E.. The functionals F. increase towards F, and it is not
excluded that E(f) takes the value co for some f € L?*(M,N). We shall
see that E coincides with the usual energy functional for those mappings for
which the latter is defined. Also, the functionals E. are continuous w.r.t. L>-
convergence, and the limit of an increasing sequence of continuous functions
is lower semicontinuous. We shall thus obtain the lower semicontinuity of the
energy w.r.t. L2-convergence.

Actually, the described monotonicity of the sequence E. as ¢ — 0 only
holds up to an error term that comes from the geometry of M. It is not hard
to control this error term sufficiently well so that the desired conclusion about
FE can still be reached.

Lemma 8.4.2 E_(f) is continuous on L?>(M,N), i.e. if (f,)uen converges
to f in L>(M, N), then

E.(f) = lim E.(f,).

V—00

Proof. Elementary. O

We estimate for 0 < A < 1

E.(f)

=ﬁ || @ ) avolw) avola)
M B(z,e)

Sy —
M B(z,e)

L d(f( 4+ Aly — o), f<y>>} dvol(y) dvol(z)

(by the triangle inequality)

</ { ), f(z + Ay — 2)))

M B(z,e)

UG+ M = ) ) fdvol(y) dvol(e)
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(using the inequality (a+b)? < %az + ﬁbz, valid for any real numbers a, b).

In local coordinates, with metric tensor (g;;), we have
dvol(y) = det(gij)%dyl cody™.

By Corollary 1.4.3, we may assume that ¢ is so small that Riemannian normal
coordinates may be introduced on B(z, €). In those coordinates, we have from
Theorem 1.4.4 that

det(gij(y))% =1+40(c?) fory € B(xz,e).

Therefore
dvol(y) 1
dvol(\y)  Am-1
We then substitute z = Ay and obtain (noting that x has the coordinate
representation 0)

(1+0(e2)).

/ S (F0), FOw) dvol(y) = 51 (140(=2)) / 2 (£(0), £(2) dvol(2).

B(z,e) B(z,\e)

In that manner, we obtain

AN < 00N [ [ @), ) dvol(:) dvol(o)
M

B(x,)\e)

* / (1_%)"@ / d*(f(2), f(y)) dvol(y) dvol() }
M B(z,(1=))e)
= (1+0(*)ABx(f) + (1 = N Eq-x)e(f))- (8.4.4)

We put
E"(f) := Ey-n(f).

Definition 8.4.1 The energy of a map f € L?(M, N) is defined as

E(f) = lm E"(f) = lim F.(f) € RU {oc}. (8.4.5)
We also say that f € L?(M, N) belongs to the Sobolev space HV2(M, N) if
E(f) < .

In order to make contact with more classical definitions of Sobolev spaces,
we start with the following

Definition 8.4.2 A map f : M — N between manifolds is localizable if for
every xg € M there exists a neighborhood U of zy in M and a domain V' of
a coordinate chart in N with the property that
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fo) cw

In the sequel, we shall look at maps which are localizable in the sense of Def-
inition 8.4.2. For such maps, all relevant regularity properties can be studied
in local coordinates. In particular, it can be defined with the help of local
coordinates whether such a map between Riemannian manifolds is of Sobolev
class HY2(M, N).

We now want to establish the result that for such localizable maps, our
general definition of the energy coincides with the one obtained by local
coordinate representations.

Theorem 8.4.1 For a localizable map f € L?*(M,N),

E(f) = d(m) [ (df.df) dvol(v)

M

whenever the latter expression is defined and finite (where the weak derivative
df is defined with the help of local coordinates), and

E(f) = o0

otherwise.

Here, d(m) is some factor depending on the dimension of M that can be
safely ignored in the sequel.

In the proof of Theorem 8.4.1, we shall employ the following auxiliary
result:

Lemma 8.4.3 For a localizable f, f € HY*(M,N) (M,N compact) iff for
all Lipschitz functions £ : N — R, lo f € HY2(M,R).

Proof. We have assumed f to be localizable, and so the H'2-property may be
tested in local coordinates. Therefore, if the H'2-property holds for compo-
sition with Lipschitz functions it holds for coordinate functions. Conversely,
if fisin H%2, then fo f is also in H"? for all Lipschitz functions ¢ by Lemma
A.1.3. O

Proof of Theorem 8.4.1: For f € C', it is an elementary consequence of
Taylor’s formula that
E(f) = lim E.(f). (8.4.6)

e—0
For f € H%? (defined with the help of local coordinates), we choose a se-

quence (f, ) ey C C! converging to f in H'2. Given § > 0, we find vy such
that for all v, u > vy
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()~ Bl < 5. (3.47)
We write
Bf) - E) =~ | [ @hte
M B(ac €)
— &(fu(2), fuly))) dvol(y) dvol(x)
Cw 6m+2/ /
M B(z
—d(fu(@), fu( ) fu(@), fu(y)) dvol(y) dvol(z)
w 5m+2/ /
M B(z,e)
— d(fu(@), fu(®)))d(fu(@), fu(y)) dvol(y)dvol(z).
Now

A, (@), fu ) = / Dod(f,(x). fo(x +tly — )y — )t (348)
0

(for almost all y) where Dy denotes the derivative w.r.t. the second variable,
and we use local coordinates on B(x,¢). This derivative exists a.e. by Lemma
A.1.3 since d is Lipschitz.

Consequently

sl [ [ @)

M B(z,e)

— d(fu(@), fuly ))) (fu(2); fu(y)) dvol(y) dvol(z)|

<—={/ [ /|D2 (Fole) fular + 1y — )

M B(z,e)

= Dod(fu(@), fulz +t(y — x)))*ly — «[*dt dvol(y) dvol(w)}

[V E

/ / d*(f,(z), £, (y)) dvol(y) dvol(z )} using Holder’s inequality

M B(z,e)

st——{[ [ (/ Dad(ful). ful + Hy — 2))) (3.09)

wEes
m M B(z,e) 0

— Dod(fu(2), fu(x + t(y — 2)))|*dt dvol(y) dvol(z )}

[N
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Since (f,) converges in H%2, by Lemma 8.4.3 then (Dad(f,(z), f,(-)))ven
converges in L? for every x. Therefore, given n > 0, there exists v; > 1 so
that for all v, u > vy, the preceding expression is bounded by

ﬂEe(fu)%

(For M a compact Riemannian manifold, and an integrable function
o:M — R, [, fB(LE) fol o(x + t(y — z))dt dvol(y) dvol(x) behaves like
wme™ [ p(z) dvol(z) as e — 0.)

We thus obtain

\B=(f,) = B-(f)l < 0(Ee(f,)% + Ec(f,)%). (8.4.10)

From (8.4.8), we see that E.(f,) is controlled by the energy FE(f,) and since
the latter is bounded since it converges to E(f), we may assume

E.(f,) < K for some constant K and all v.

Hence by a suitable choice of 1 in (8.4.10), we have for all v, u > 1y

)
|Ee(fo) — E=(fu)l < 3 (8.4.11)
‘We then choose € > 0 so small that
1)
|Ee(fu) — E(fu))] < 3 (8.4.12)

which is possible by (8.4.6). From (8.4.7), (8.4.11), (8.4.12), we conclude
[E-(f) — E(f)l < ¢

for all sufficiently small . This is the claim for f € H%2.

In order to establish the result for general (localizable) f € L?(M, N), we
show that if E.(f) stays bounded for ¢ — 0, then f € H%?(M, N). For that
purpose, we use the characterization of Lemma 8.4.3.

Let £: N — R be Lipschitz. If E.(f) is bounded, so then is

Btof) = s [ [ 101 = £ fw)P dvol(y) dvol(a).
M B(z,e)

Introducing Riemannian polar coordinates (r,¢) on B(z,e) (e sufficiently
small, cf. Corollary 1.4.3), we compute

mron) - o [ [ BRIt IOR Ly i)

Wi, g2 gm
M B(0,1)

up to an error term that goes to 0 for € — 0. Since this is assumed to be
bounded as ¢ — 0, for almost all y € B(0,1), the difference quotients
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lo f(z+ey) — Lo f(z)
25(t0 ) = .
are uniformly bounded in L?. By Lemma A.2.2, we conclude that fo f € H2.
Since this holds for every Lipschitz function ¢, by Lemma 8.4.3, f € H'2.
This completes the proof. O

We now want to show the lower semicontinuity of the energy E w.r.t.
L?-convergence.

Theorem 8.4.2 If (f,),en converges to f in L?(M,N), then
E(f) <liminf E(f,).
V—00

Proof. We may assume
liminf E(f,) < oo,

hence also
E(f,) <K (8.4.13)

for some constant K and all v. By definition
E(f) = lm E"(f).

Given § > 0, there then exists ng such that for all n > ng
E(f) < E"(f) +0.

By Lemma 8.4.2, E™ is continuous on L2. Hence there exists 1 such that for

11v >y
e E(f) < E™(f,) + 26 (8.4.14)

(vp depends on § and nyg).
Applying (8.4.4) with A = %, we obtain

E™(f,) < (1+027*)E™(f,).
Possibly choosing ng larger, we obtain for all n > ng
E™(f,) < E(fy)+9 (8.4.15)

using (8.4.13).
(8.4.14) and (8.4.5) imply

E(f) < E(f,)+36 forallv>uwy.

Since § > 0 was arbitrary, the claim follows. O

We now wish to relate the above results to a general concept of varia-
tional convergence, the I'-convergence in the sense of de Giorgi. In order to
introduce that concept, let Z be a topological space satisfying the first axiom
of countability®; that means that for every z € Z, we may find a sequence

5 this is assumed only for the simplicity of presentation; the concept is meaningful
also for spaces that do not satisfy the first axiom of countability; one has to
replace sequences by filters in that case.



450 8. Harmonic Maps

(U,)ven of open subsets of Z such that every open set containing x also con-
tains some U,. In our applications, Z of course will be L*(M, N) or some
subspace of that space.
Let
F,:Z —RU{txxx}, n€N,

be a sequence of functionals.

Definition 8.4.3 The functional
F:Z—RU{+oo}
is the I'-limit of (F},)nen, written as

F=I-lim F,
n—N

i) whenever (z,)neny C Z converges to « € Z,

F(z) <liminf F,(z,)
neoo
(ii) for every x € Z, we can find a sequence (z,)neny C Z that converges
to z and satisfies
F(z) = lim F,(x,).

n—oo

Lemma 8.4.4 E =T —lim E. w.r.t. L?-convergence.

Proof. By monotonicity (see (8.4.4)), it suffices to show the result for E™
instead of E..
(1) For every f € L?(M, N), there exists a sequence (f,),en C L*(M, N)

According to the definition of E, we may simply take f, = f for all
v.
(ii) For every sequence (f,),eny C L?(M, N) converging to f we have

E(f) <liminf EY(f,).
From the definition of E, for any & > 0 there exists ng € N such that

for v > nyp
E(f) < E"(f)+9.

Using this estimate and that E” is continuous on L? by Lemma 8.4.1,
we may find vy (depending on § and ng) such that for v > 1

E(f) < E™(f,)+26.
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From (8.4.2) with A = 1, we get
E™(f,) < (L+c272)E" 1 (f,),

for some constant ¢, depending on the geometry of M.

We may have chosen ng in the preceding also satisfying

[ G+c2?) <140

n>ng
Then from the preceding estimate
E™(f,) < (1+4+06)E"(f,) forv>mny.
Putting the estimates together,
E(f) <(1+0)E"(f,)+26 forv>mng,uvo.
As this holds for any § > 0,
E(f) <liminf E”(f,).

V—00

O

This result is quite useful, because, in view of the next lemma, it tells us
that if for some sequence ¢, — 0, we can find a minimizer f, for every E._
and if this sequence converges to some f, then f automatically minimizes
E. In other words, we can find a minimizer for F by minimizing the simpler
approximating functionals F. .

Lemma 8.4.5 Let
F=I- lim F,

n—oo
in the above setting. Assume that every F, is bounded from below, and that
T, minimizes Fy,. If x,, converges to x € Z, then x minimizes F, and
F(z) = lim F,(zy). (8.4.16)

n—oo

Proof. Let z € Z.
Since F' is the I'-limit of the F,, we can find some sequence (z,)nen
converging to z with
lim F,(z,) = F(2).

n—oo
Given € > 0, we choose n € N so large that

Fo(2) < F(2) + %

and also
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F,(x,) > F(x) — g (property (i) of I'-convergence)
Since x, minimizes F,,,
Fo(2n) < Fo(zn).

Altogether
F(z) < F(z) +e.
Since this holds for every z € Z and every € > 0, z minimizes F. By I'-

convergence

F(z) <liminf F,(z,),

n—oo

and we may find a sequence (z,)nen converging to x with

F(z) = lim F,(z,).

Since
Fo(zn) < Fol2n)
because of the minimizing property of x.,, (8.4.16) follows. O

I'-limits are automatically lower semicontinuous, and so, we could have
deduced Theorem 8.4.2 from that general result about I'-convergence.

Perspectives. The definition and treatment of the energy functional presented
here are taken from Jost[133]. (See also [134].) A similar theory is developed by Ko-
revaar and Schoen[162]. For the usual definition of the Sobolev space H'2(M, N),
see exercise 8). The concept of I'-convergence is treated in dal Maso[53] and Jost,
Li-Jost[142].

8.5 Weakly Harmonic Maps. Regularity Questions

Definition 8.5.1 f € Hl’Q(M, N), M, N being Riemannian manifolds, is a

loc
critical point of the energy integral F if

d

whenever 1 is a compactly supported bounded section of f'T'N of class
H'2 ie.

/ (d, dip)dM < oo

M

(Cf. (8.1.11) for the definition of di); all partial derivatives are to be under-
stood as weak derivatives.)



8.5 Weakly Harmonic Maps. Regularity Questions 453

Lemma 8.5.1 f € Hl’Q(M, N) is a critical point of E iff

loc

/(df, d)dM =0 (8.5.2)

M

for all ¢ as in Definition 8.5.1.

Proof. This follows from the computation of 4 E(exp  t1)) leading to (8.1.13).
0

Definition 8.5.2 A solution of (8.5.2) is called weakly harmonic.
Corollary 8.5.1 The weakly harmonic maps are the critical points of E. O

Lemma 8.5.2 f € Hl’Q(M, N) is weakly harmonic if in local coordinates

loc

aft on; .
/7“58%8;7[, JAdet ... dz (8.5.3)
M
« 0 8fj afk m
—— [ Lt s
M

for all n € HY® N L (w.r.t. local coordinates).

Proof. This follows from the proof of Lemma 8.1.1 and the derivation of

(8.1.13). O
Remark.
1) Under coordinate changes g = g(f) in the image, n transforms into 7j
with )
- or
77] - agj 771-
With this transformation behaviour, (8.5.3) is invariantly defined.
2) The only variations that we shall need in the sequel are of the form
() = s(f(x))p(x) (8.5.4)

where s is a compactly supported smooth section of TN and ¢ is a
compactly supported Lipschitz continuous real valued function. For
such ¢, f € Hllo’CQ(M7 N) implies ¢ € H%? by the chain rule.

In particular, for such variations, (8.5.2) and (8.5.3) are meaningful even
if f should not be localizable.
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For the following result, D is the unit disk as usual, and
D* .= D\{0}
is the punctured unit disk.

Lemma 8.5.3 Suppose f € HY2(D* R") satisfies

/ Df () Dip(2)dz = / 9z F(2), DF())p(2)dz (8.5.5)
J

D*

for all
¢ € Hy? N L>(D*,R")

where g fulfills
l9(z, f,p)| < co+ cap? (8.5.6)

with constants co,c1 for all (z, f,p) € D* x R™ x R?™. Then also

/Df(z)DU(z)dz = /g(z,f(z),Df(z))o(z)dz (8.5.7)
D D
for all o € Hy® N L= (D,R™).

The lemma says that weak solutions of (8.5.5) with finite Dirichlet integral

extend as weak solutions through isolated singularities. Easy examples show
that the assumption of finite Dirichlet integral is essential.

Proof. For k € N,k > 2, we put

1 for r < (3)?
Ar(r) == log(k—lr)/logk; for (%)2 <r< %
0 for r > ¢

and for o € Hy® N L®(D,R")
pr(2) = (1= Ai(|2]))o(2) € Hy* 0 L>(D*,R").

We now observe that

|~

k

/|D/\k(|z|)|2dz P / (%)%dr - k% S0 ask—oo  (85.8)
D b
By (8.5.5),
[ pr@De)z = [ o 1) DiEen(a)d (8.5.9)
J. J.
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Because of f € H? and (8.5.6),
9(z, f(2),Df(2)) € L.

Since |pr| < |o| € L% and since ¢ converges to o almost everywhere,
Lebesgue’s theorem on dominated convergence therefore implies that for k£ —
00, the right hand of (8.5.9) tends to

/ 9(, £(2), Df(2))o(2)dz.
D

By (8.5.8), 0 € L>, f € H"2, and by Hélder’s inequality, for k — oo
/ DF(2)DOw(2))o(2)dz — 0.
D

Therefore, the left hand side of (8.5.9) tends to

/Df )Do (=

for k — oo, and (8.5.7) follows. O

Corollary 8.5.2 Suppose that X is a Riemann surface, p € X, N a Rieman-
nian manifold, f € H“(X\{p}, N).

If f is weakly harmonic on X\{p}, then f extends as a weakly harmonic
map to .

Proof. A consequence of Lemmata 8.5.2, 8.5.3. g

Remark. Suppose that f: X\{p} — N is localizable and of finite energy

E(f, 2\(p}) = / ldf 2 < .
2\{p}

Then we can define the energy of f on X' as

E(f; ) = E(f; 2\{p}).
The proof of Lemma 8.5.5 shows that this is meaningful.

Our first aim is to prove the extension result needed in the proofs of
Thms. 8.3.4 and 8.3.5, namely that a conformal harmonic map C — N of
finite energy extends to a conformal harmonic map on S? = CU {oo}. While
the following results are correct even without the assumption of conformality,
that assumption considerably simplifies the proofs. We divide the proof into
two steps, first continuity and then smoothness. In order to explain the basic
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idea of the continuity proof, we first consider an easy special case, namely
N = R"™. We are thus investigating weak minimal surfaces in Euclidean space:

Definition 8.5.3 A map h € H»?(X,R") from a Riemann surface X is
called a weak minimal surface if h is weakly harmonic and conformal, i.e.
1)

X

for all p € Hy® N L=(2,R™)

(z = x + iy being a conformal parameter on X)

and

hg - hy = hy - hy, hg-hy =0 almost everywhere. (8.5.11)

We now show

Proposition. Any weak minimal surface h € HIIO’CQ(Z‘, R™) is continuous.

Proof. Since the result is local, we may assume Y = D, that the point where
h has finite Dirichlet integral (energy) on D.
We consider r € (0,1) and

20 €D ={2z€C:|z| <r}
p := h(20).
We assume that for almost all z € 9D, = {|z| = r}
|h(z) —p| >p (8.5.12)

(this means that the minimal surface h(D,) has no boundary inside the ball
B(p,p))-

The plan is to show that if » — 0 then also p — 0 for p satisfying (8.5.1).
We shall then apply the Courant-Lebesgue lemma to the extent that for
suitable r, if |h(z) — p| is small for one z € 9D, then this is so for all z € 9D,..
Continuity will then follow from the triangle inequality.

We first consider a general compact Riemann surface S with boundary
dS and a weak minimal surface h € H2(S,R") with

|h(z) —p| >p forall z € 9S. (8.5.13)
We let n € C*°(R) satisfy

n(t) =1 for t<i
n(t) = 0 for t>1
7'(t) <0 forall ¢t
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and choose as a test vector

for 0 < p <p.
Because of (8.5.13), ¢ has compact support in the interior of .S. Therefore,
¢ is an admissible test vector in (8.5.10), and thus

/(hmgom + hypy)dedy =0 (2 =2z +1y). (8.5.14)

S
1/ 2 |h—p|
= - Dhl*n(————).
o [ 1P

If 7 is the characteristic function x(_,1) of (—00,1), A,(p) is the area of
the minimal surface h(S) inside the ball B(p, p). We compute

We now define

/|Dh| h— (‘h p‘) (8.5.15)

and

h—p
s + iy = ("2 D
|h—pl, 1

)

+ 1
( p " plh—pl

{((h=p) - ha)* + ((h=p) - hy)?}.  (8.5.16)

Since the vectors h, and h, are orthogonal and of equal length by the weak
conformality of h, we estimate

1
((h=p) - ha)® + ((h = p) - hy)* < 5 (b3 + hg)[h — pf?
= %|Dh\2|h—p|2 (8.5.17)

The factor % will be essential, cf. (8.5.18) below and its consequences. Since
7’ <0, (8.5.16) and (8.5.17) imply

|h —p 2 s Ih=pl\ |h—pl 2
he@r + hypy > n(——)|Dh|* + ' (———)———|Dh|*.
y Py ( o )| Dh| ( ) 9 |Dhl

(8.5.14) and (8.5.15) then yield
24,(p) — pA;(p) <0,

hence

) >0, (8.5.18)
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and thus for 0 < p; < p2 <p

An(p1) _ An(p2)
2mpi T 2mps

. (8.5.19)

We choose a sequence (1), )nen of smooth functions with the above prop-
erties and tending to X(_,1)- By Lebesgue’s theorem on dominated conver-
gence, we obtain in the limit with

A(p) = Area (h(S) N B(p. p))

the fundamental monotonicity formula for minimal surfaces which we record
as

Theorem 8.5.1 Let S be a compact Riemann surface with boundary 05 and
let h € HY2(S,R") be a weak minimal surface, and suppose

h(S) N B(p, ) = 0. (8.5.20)

Then ;ngg is a nondecreasing function of p for 0 < p < p.
The result also holds for 0 < p < oo if S is a (noncompact) Riemann
surface and h € Hllof (S,R™) is a proper weak minimal surface. Here, “proper”

means that the preimage of each compact set in R™ is compact in S.
Proof. The compact case has just been described. The claim for noncompact

S follows by exhausting S by compact subsets. The properness of h guarantees
that (8.5.20) is satisfied for sufficiently large compact subsets. O

We want to determine whether

ZA;SQ has a limit as p — 0.

Definition 8.5.4 Let T be a surface in a Riemannian manifold N, p € N,
A(T,p,p) == Area(T'N B(p,p)). If

_A(T,p,p)
lim =~ ATp)
exists, then this limit is called the density of T' at p.

We observe that if T" is closed and p € T, then
d(T,p) = 0.

If h is a smooth minimal surface, then as a consequence of the Hartman-
Wintner-Lemma 8.2.6, we have an asymptotic expansion

h.(z0) = a(z — z9)™

with some a € C" (a? = 0 since h defines a minimal surface) at every 2o with
some non-negative integer m, cf. Corollary 8.2.6, and
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m=0

for almost all zy, because h, has only isolated zeroes.
This easily implies
d(h(S), h(z0)) =m +1

and
d(h(S),h(z0)) =1 for almost all z.

We now return to the case of a weak minimal surface h : S — R™.

Lemma 8.5.4 Let h: S — R™ be a weak minimal surface. Then the (lower)
density of h(S) at h(z) is at least 1 whenever

z € Sy :={y € S:h is approximately differentiable at y,
y is a Lebesque point for |Dh|?, and |Dh(y)|* # 0}.

Consequently, for z € S,
Area (h(S) N B(h(2), 0)) > 2mo*
whenever
h(dS) N B(h(z),0) = 0.
Proof. By the monotonicity formula (Theorem 8.5.1), we need to show that
with K, := {x € S:|h(z) — h(2)| < o}

. 1 9

> 1.
ﬁl)ll)% e / |dh(z)|* dz > 1

KQ

Now, with Kj := {z € D,:|h(x) — h(z) — Vh(z)(x — 2)| < glz — 2|}

Jlan@p = [ jn@P = [ vaeP,

KgﬂSo KZQSO

where Vh denotes the approximate derivative (see § A.1), and we shall control
the latter quantity from below.

The domain of integration here is controlled by a radius in the image. In
order to estimate the integral, however, we shall need to convert that radius
into a radius in the domain.

We put

1 -1
re = Q(E|Vh(z)\ +e) .
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Then, for
x € B¥(z,1:) :={y € B(z,r:): |h(z) — h(2) — Vh(2)(z — 2)| < e|z — 2|},
Ih(z) = h(=)| < [Vh()(z — 2)] + el — 2],
The conformality relations (8.5.11) now imply
1
[Vh(2)(@ = 2)* < SIVA(2)Plz = 2%,

Thus, we obtain

1
h(z) —h(z)| < | —=|Vh(z)|+e ) |x—2| <
@)~ 12 < (5T +e ) o = ol < o
for x € B°(z,7). This implies
B(z,7.) C K,
and so, since K \ (K; N Sp) is a null set,
1 2

2

e
s [ VHEP 2 )P
KSOSO

up to an error term (arising from having B¢(z,r.) in place of B(z,r.)) which,
however, goes to zero as g, and hence also r. tends to 0, because h is approx-
imately differentiable at z.

Inserting the value of r., and letting first ¢ and then e tend to 0, we obtain

The integrand, here, however, is |[Vh(z)|?, i.e. the value at the center z, and

not |Vh(x)|%. Thus, in order to complete the proof, we need to estimate

| IVREP - V@) da.

21
K;ﬂSo

Again, we need to translate the radius in the image into one in the domain,
but this time with an inequality in the opposite direction.
Wlog & < |[Vh(2)|, and so for z € K5 N Sy

|z — 2| < o(|[Vh(2)| — )" =: R,,

i.e.
Kg NSy C B(z, Ry.).
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Therefore,

1
27 02

/ [[Vh(2)[* — |Vh(z)|?| dx
KgNSo
- 1 1
~ (|Vh(z)| —€)? 2 R2

/ [[VR(2)[* = |Vh(z)|?| da.

B(Z,RE)OSO

If we then let g, and hence R. tend to 0, the last integral also goes to 0
because z is a Lebesgue point for |dh(z)|?. Thus, the proof is complete. [J

In order to also include points where h is not approximately differentiable,
or that are not Lebesgue points for |dh(z)|?, we now claim that the lower

densi
v A(H(S), h(=). p)

lim inf 5

p—0 2mp
is an upper semicontinuous function of z.
Let p, — 0 for n — oo.
By the above, we find sequences (z,)nen C S, (en)neny C R, €, — 0 as
n — oo,
‘h(z) - h(zn)| = EnPn-
Then

A(R(S), h(z), pn) _ A(R(S), (2n), (1 = €n)pn)
2mp3, - 2mpy,
since B(h(z,), (1 — €n)pn) C B(h(2), pn)

AGS).h(z). (L= 2)pn)
S (R P G e
> d((S), h(z))(1 - £,)’

by monotonicity at h(z,),

and upper semicontinuity follows.

We now return to the proof of the Proposition and put S = D,. The
preceding argument, Lemma 8.5.4 and Theorem 8.5.1 say

1 < A
— 2mp?

(8.5.21)

for 0 < p < p, unless Vh = 0 locally, which, however, represents a trivial
case.
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Since )
A(p) < §/|Dh|2, (8.5.22)
D

and
lin}) / |Dh|? =0 monotonically
D,
(it follows by applying Lebesgue’s theorem on dominated convergence to
fxp, that
fi, [ £=0
D,

for any integrable f), we conclude from (8.5.21) that
p—0 as r—0.
This means, by definition of p,

inf |h(z) —h 0. 8.5.23

inf [h(z) — hzo)| — (85.23)

On the other hand, the Courant-Lebesgue-Lemma 8.3.5 says that for any
ro < 1, there exists r with ro < r < /7o such that for all z,2" € 9D,

h(z) = h) < ([ DR, (8.5.24
(log )2
D,y
and the right hand side goes to zero when 7y — 0, hence r — 0.

Let now € > 0 be given. We then find sufficiently small » > 0 so that first
the right hand side of (8.5.24) is < £ and that for every zy € D,, the infimum
in (8.5.23) is also < §. For 2o, 2y € D,, let then z and 2/, resp., be points in
0D, where the infimum in (8.5.23) is attained. The triangle inequality gives
|h(z0) — h(z})| < €, hence continuity. O

We now want to prove continuity of weak minimal surfaces in Riemannian
manifolds.

Definition 8.5.5 A map h € H;O’S(E,N) from a Riemann surface X into
a Riemannian manifold N is called a weak minimal surface if it is weakly
harmonic and conformal, i.e.
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/ (dh, dg) = 0 (8.5.25)

for all compactly supported bounded H'? sections ¢ of h™'TN
((-,-) here is the scalar product in T*X ® h™ TN

(hgy hy) = (hy, hy), (he, hy) =0 (8.5.26)
almost everywhere
((-,-) is the scalar product in h~'T'N)

For 1), cf. Definition 8.5.1 and Lemma 8.5.1.

In contrast to the existence theory, for regularity results we do not need
the compactness of the ambient manifold N. It suffices to have a uniform
control on the geometry of N :

Definition 8.5.6 We say that a Riemannian manifold N is of bounded ge-
ometry if

1) i(N) := 'n]f\’]i(p) > 0, where i denotes the injectivity radius
pe

and

2) A :=sup|K| < oo, where K denotes the sectional curvature.
N

Theorem 8.5.2 A weak minimal surface H € Hllo’CQ(E,N) (X a Riemann
surface) in a Riemannian manifold N of bounded geometry is continuous.

Proof. We shall translate the argument of the above Proposition from the
Euclidean case into a Riemannian context. Thus, the strategy of proof will
be the same as before.
Again, it suffices to treat the case X = D, h € HY2(D,N), and to prove
continuity at 0.

We let

1 .
0<p0<§m1n(

O<r<1
z0 € D ={|z| <7r},p:= h(20)

Vi (N)),

We assume that for almost all z € 0D, = {|z| =r}

d(h(z),p) >p (8.5.27)
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with

O<ﬁ§p07

where d(-,-) denotes the distance function of the metric of N. As before, we
let n € C*°(R) satisfy

nt) =1 for t<i
n) =0 for t>1
7(t) <0 forall ¢,

and again, we later on let 1 increase to the characteristic function x(_oo 1)-
We now choose as test vector

)(7 eXp}:(lz) p) € Th(z)N'
¢ is bounded, of class H%? (namely

/(dcp,d<p> < const. /(dh,dh) < 00,

for example by (8.5.30) below, or directly from the chain rule), and by
(8.5.27), it has compact support in D,.. Therefore, ¢ is an admissible test
vector, and by (8.5.25)

/(dh,dcp> =0. (8.5.28)
b
In order to evaluate (8.5.28), we compute
(de, dh) = (V%@daﬁ + Va%gody, hydz + hydy)

= (AP (9, (—expy ! p), )

+ (V2 (—exp;, ' p), hy)) (8.5.29)

S

(cf. (4.6.6)).

We have to estimate the covariant derivatives of (—exp; ' p).

For this purpose, let h(s) be a smooth curve in N. In order to control
v 2 exp;(ls) p, we consider the family of geodesics

c(t, ) = expy(s) (L expy () D)
Then
9 1
&C(t’ 5)jt=0 = €XPy, o) P
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and thus

For fixed s, J,(t) := BQ (t,s) is a Jacobi field along the geodesic c(-, s) with

Js(0) = h'(s) (=
Js(1) =0 € T,N,

a5

. 0 B
JA0)(= 5 1 (0) = V o expil p

From Corollary 4.5.1, we have the Jacobi field estimate

17:0) + J5(0)] < Ad?( (), )T (),

hence 1
IV expyly o+ ()] < 5Ad(h(s), IR (5)]. (8.5.30)

We shall use (8.5.30) to compare VSA expg1 p with hy.
The conformality relations

(hg, hy) = (hy, hy), (hg,hy) =0 almost everywhere

imply
- _ 1
(expy," pyhe)? + (expy,’ pyhy)? < 5 (Ial® + 11y )]l expy,* p|1*
1
\|dh||2 d?(h, p) (8.5.31)
The factor % will be crucial.
We define ) d(h.p)
P
=5 [ lan R,
D,
Then, because of (8.5.27) and p <5
1 d(h, p)
A/ - 2 / ) )
) = =53 [ lanPdn (S
D,
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From (8.5.29), we get, since ' < 0,n > 0,

d(hpvp))«vaom( exp, ' h), ha)

+(V g (—expy ). hy)

(dep,dh) > n(

(A )>( Dyanl? by (8.5.31)

p
d(h,p d(h,p) . d(h,p
> (1 )>|\dh\|2 of (A2 02D g
A d(h,p
- S B apanl (b (5530)
and then from (8.5.28)
24,(p) = pAL(p) < Ap? Ay (p). (8.5.32)
This implies
(AP gty
p
hence
2mpy 2mpy
whenever

0<p1<p2<D.
We again let ) approach the characteristic function x(_,1) and obtain with
A(p) := Area (h(Dr) N B(p,p))
the following monotonicity formula

Alpy) 4,2 _ Alp2) 4
2mp} 2mp3

L (8.5.34)

whenever 0 < p; < ps < p.

Again, if p; — 0, the left hand side of (8.5.34) tends to the density of
the minimal surface h(D,.) at p = h(zp), and this density again is a positive
integer.

Therefore, choosing ps = p in (8.5.34)

<l
S}
IN

=P [ ||dhlf?

1
< 2—6%9g / |ldh|*> since 7 < po. (8.5.35)
T
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This is impossible, if r < rg and rq is chosen so small that

2

/ |dh||2 < 2me™ 2705 (8.5.36)

Therefore, for such r, (8.5.27) cannot hold. Thus, for 0 < r < rg

inf d(h(z), h <p. 5.
essinf d(h(2), h(z0)) <P (8.5.37)
Also, by the intermediate value theorem, we can find r with %7’0 <r<m
and

d(h(z), h(2')) < 27”(/ |dh|[?)% for all 2,2 € D,  (8.5.38)
(0]

(this is an alternative to the use of the Courant-Lebesgue lemma 8.3.5, the
proof is similar).
We then choose rg so small that in addition to (8.5.36)

log 2
/Hdh||2 <Ry (8.5.39)

For zp,2) € Dy, 1L 570 < r < 1o, r satisfying (8.5.28), we find 2,2’ € 9D,
for which the infimum is attained in (8.5.37) for zo and z{, resp. Then from
(8.5.37) and (8.5.38) and the triangle inequality

d(h(z0), h(z0)) < 3p.

Since this holds for all zg,2) € D,, where r is estimated in terms of p,
continuity at 0 follows. g

Perspectives. In Theorem 8.5.2, we have shown that weakly harmonic and con-
formal maps of finite energy from a Riemann surface into a Riemannian manifold
(of bounded geometry) are continuous. The conformality of the map is not needed
for this regularity result as was shown by Hélein[114]. A systematic treatment is
given in [115]. The removability of isolated singularities of weakly harmonic maps
was already obtained by Sacks and Uhlenbeck[210]. The proof of the continuity of
weak minimal surface given here partly uses some arguments of Griiter[105].
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8.6 Higher Regularity

In this paragraph, we study continuous solutions f € H2(2,R"), 2 open
in R™, of a system

/ 09 (2) Do *(2) D’ () dix = / Gi(x, f(x), Df (@)@’ (x)dz  (3.6.1)
2

9]

for all p € Hy® N L>(2,R™).
We shall assume the following structure conditions:

(ao"@(a:))aﬁ:l,m,m is symmetric for almost all z, the coefficients

a®?(z) are measurable

a®P(x)EaE5 > NEP? for all € = (&1,...,&n) € R™ and almost all z € 2
(A1)
with a constant A > 0.

la®P(z)] < K for almost all 2 € 2 (A2)

with a constant K.
G(z, f,p) = (G',...,G™) is measurable in z and continuous in f and p.
(This implies that G(x, f(z), Df(x)) is measurable in z for f € HY!)

loc*

|G (x, f,p)| < co+cilp®* forall (z,f,p) € 2 xR™ x R™" (G1)

with constants cg, cy.

Later on, a®® and G* will be assumed even differentiable, and so we may
as well assume here that they are continuous instead of just measurable.

If f is a continuous weakly harmonic map, then continuity allows us to
localize the situation not only on the domain, but also in the image, i.e. to
write everything down in fixed local coordinates. The preceding structural
conditions then are satisfied, cf. lemma 8.6.2.

Some notational conventions:
We usually omit the indices in the image; thus e.g.

Duof - Dgp:= DofiDgp' with the standard summation convention.

(Usually, also the dot “” will be omitted.) Also, we shall always integrate
w.r.t. to the Euclidean volume element dz on {2, and this will often be omit-
ted.

We start with the following auxiliary result

Lemma 8.6.1 Suppose f € C°N HY2(2,R") solves (8.6.1), where the coef-
ficients satisfy (A1), (A2), (G1).

Then for every e > 0, there exists p > 0, depending on £, m, the structural
constants X\, K, cg, c1, and on the modulus of continuity of f, with
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\Df|2n2(x)dx§5 / |D7]|2dx (8.6.2)

B(z1,p) B(z1,p)

whenever B(z1,p) C 2 and n € Hy*(B(x1,p),R).

Proof. We choose

in (8.6.1). We obtain

/‘awuﬂaﬂ%fﬁgw sup me—ﬂmﬂl/ Df

z€B(z1,p)
B(zlrp)

B(z1,p
+es sup o [f(2) = flx)]

)
J
z€B(z1,p)

+2./ 0% (@) Do f Dy (f(2) = f(21))n
B(z1,p)
because of (G1)

< cysup |f(z) — fla1)] / Df 2

B(x1,p)
T easup|f(z) — f(a)]p? / D2
B(ﬂchﬂ)
1
+§ / a®P(z)Dy fDg f?

B(z1,p)

+8mMﬂ@—funﬁ/wﬂmeDm

where we have used the Poincaré inequality (Corollary A.1.1) for the second
term. The claim follows with (A1), (A2) because we can make

sup |f(z) — f(z1)| arbitrarily small by choosing p sufficiently small, since
B(z1,p)
f is continuous. U

In order to proceed, we have to make additional structural assumptions
about the system (8.6.1):

The coefficients a®?(z) are differentiable and
|D,a®(z)| < Ky foralla, B,y =1,...,m,z €N (A3)

with a constant K.

G = (G, ...,G") is differentiable with
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|DsG(z, f,p)| <2+ vslp|®
|DyG(x, f,p)| < va+relpl

In order to show the main idea of the subsequent regularity argument, we
shall first derive a so-called a priori estimate. This means that assuming that
we already have a regular solution, we can estimate its norms.

Lemma 8.6.2 Suppose
fec®nHY N H>?(B(x0, R),R")

is a solution of (8.6.1) with 2 = B(xo, R), where the structural conditions
(A1), (A2), (A3), (G1), (G2) are satisfied.
Then

102 Fll 2520, 2)) + IDF I 4B (g, 87y < CoRF + CLIDS | L2(Bwo.r)) (8.6.3)

where Cy and Cy depend on the structural constants in (A1) - (G2), on m,
and the modulus of continuity of f.

Proof. Since f € H*2, for ¢ € Hy”

/a“BDafDW = —/Dﬁ(aaﬂDaf)w- (8.6.4)
We now put
¥ = D'y(gzD’yf)

with &€ € L™ N hy?(B(zo, R), R) to be determined later on.
From (8.6.1), (8.6.4)

| P D DaED, 1)

B(zo,R)

:_/(Wmﬁm@M@M)
B(zo,R)

G(.’IJ, fa Df>D"/(€2D’Yf)
B(zo,R)

_ / D, (G(x, f,Df))D, f - €2
B(zo,R)

(8.6.5)
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Now
Do (a*’ Do f)Ds(¢* D f)
=a*’D,Dof - DD, f- & +a®PD,Dyf - D, f - Dgé? (8.6.6)
+D,a®" - Dof - DgDf - €+ Dya®? - Dof - D, f - Dgé?
and from (G2)

|D,G(z, f, Df)|| D~ f| <cs|Df| + co| Df|* + er| Df| - | D? f]
+ cs|Df | D? f| (8.6.7)
and from (A1)
1
|D2f? < Xaﬂfﬂpmaf D, Dgf. (8.6.8)

From (8.6.5) - (8.6.8) we conclude, using also (A2), (A3)

D2 P& < / D F||DFIIEDE| + ex0 / D || D€
B(zo,R) B(zo,R) B(zo,R)
+en / IDfPIEDE| + ¢ / ¢
B(zo,R) B(zo,R)
e / DY + s / D f||Df %€
B(zo,R) B(zo,R)
C
<a [ IDPE+ = [ DsPIDE?
B(Io,R) B(Io,R)
C
+ e2¢10 / |D2f|2§2+ﬁ / |Df|252
B(mg,R) B(z()’R)

C C
+ 2 [ g+ 2 [ rpe
B(IQ,R) B(CD(),R)
+¢s / & +co / IDf|*¢?
)

B(:Eo,R B(IOvR)

+ e3¢ / |D? f1¢?

B(zo,R)

e 462
v [ ipsie (8.6.9)

B(ZL’(),R)

with arbitrary positive €1, €3, €3, where we have used the inequality
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2, 1.9 :
ab < ea” + 4—b for arbitrary € > 0,a,b € R. (8.6.10)
€
We may choose €1, 2,3 > 0 so small that
1
€1€9 + €2€10 + €3¢8 < 3

and obtain

/ D fPE <er / Df?|DE?

B(zo,R) B(zo,R)
+ s / & +cu / IDf|*¢*  (8.6.11)
B(zo,R) B(zo,R)

For € > 0, we now choose p > 0 as in lemma 8.6.1.

We assume
B(xlap) - B(xf))R)

and choose € € C§°(B(x1, p)) with 0 < ¢ <1,

¢£=1 on B(zx, g)

g < X
p

Thus, all preceding integrals need to be evaluated only on B(x1,p). We now
write

it = [ IDIP(DIE ¢
B(z1,p) B(x1,p)

and apply Lemma 8.6.1 with n = |Df| - £ and obtain

/ IDf|*¢* <e / ID(|Df|€%)[? (8.6.12)
B(z1,p) B(z1,p)
<e / DA€ 4 e / Df?|Def?
B(z1,p) B(z1,p)

We may choose € > 0 so small that
1
gcig < >

(8.6.11) and (8.6.12) give
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/ D22 < 15 / €+ ey / DfP2|DE?
B(z1,%) B(z1,p) B(z1,p)
C
S L (8.6.13)
B(z1,p)

Covering B(zo, &) by balls B(z1, £) with B(z1, p) C B(zg, R), we obtain the
desired estimate for
D21,
B(zo0,%)

(8.6.12) and (8.6.13) and the same covering argument then also yield the

estimate for
| o O

B(iﬂo»%)

However, we cannot apply Lemma 8.6.2 because we do not know yet that
f € H32. The point, however, is that the conclusion does not depend on
the H>2-norm, and a slight modification will give us the desired regularity
result:

Lemma 8.6.3 Suppose that
f€C®n H?(B(zo, R),R")

is a solution of (8.6.1) with 2 = B(xo, R) and the structural conditions (A1),
(A2), (A3), (G1), (G2). Then

R
fe  H*?nHY(B(xo, 5),1&"),
and the same estimate as in Lemma 8.6.2 holds.

Proof. We just replace certain weak derivatives by difference quotients (cf.
(A.2.1)) in the proof of Lemma 8.6.2. Namely, we put

. A—h(¢e2 AR
with £ as above.
Analogously to (8.6.11), we get with A" = (AR ... AlL)
|D(A"f)[7€
B(:E(NR)
<er / A" 2 Dg? (8.6.14)
B(:E(),R)
+ C13 / 52 + C14 / |Df|2|Ahf|2§2.

B(Io,R) B(Q?U,R)
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But
/ AR F2DEf? < / DfP?|De?

(this is similar to Lemma A.2.1).
Using Lemma 8.6.1, we then obtain analogously to (8.6.13)

c
| p@npe e+ [ ipse (8.6.15)
B(z1,%) B(z1,p)
Lemma A.2.2 then shows that the weak derivative D?f exists and satisfies

the same estimate. Likewise, we get control over the L*-norm of Df. O

Lemma 8.6.4 Let f € C'NHY2(B(xg, R),R™) be a solution of (8.6.1), with
structural conditions (A1), (A2), (A3), (G1), (G2) satisfied. Then

R
Df € LP(B(xo, Z)) for every p < oo,

and
[ 1spiee < . (8.6.16)

B(IO:%)

Remark. Asin Lemma 8.6.2, one also gets a-priori estimates, with constants
depending also on p.
Proof. By Lemma 8.6.3, we know already

Df € H"? N L*(B(xo, g)).

We put
w = |Df*.
We are going to show by induction that for every s € N, s > 2, and R; < %

(w* + w2 D*f|?) < . (Es)
B(Io,Rl)

By Lemma 8.6.3, (E2) holds. We assume (E;) and want to conclude (Esy1).
We put
wr, () ;= min(w(x), L) for L > 0.

We observe
Dwp(z) =0if w(z) > L (8.6.17)
|Dw| < 2|D?flw? (8.6.18)
|Dw| < 2|D?flw; from (8.6.17), (8.6.18). (8.6.19)
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Let n € L°° N HY?(B(zo, R1)). We compute, for z; € B(zo, Ry)

n*wiwy = / n?Df - Dfw* twy, by def. of w

B(zo,R1) B(zo,R1)
= [ DU~ fe) D (8:6.20)
B(wo,Rl)
<(2m-+1) sup [f(x) = f(z1)] / n2|D2f|wS—1wL
z€B(z0,R1)Nsuppn
B(wo,Rl)
251
22w @)= el [ D,
z€B(z0,R1)Nsuppn
B(Zo,Rl)

integrating by parts and using (8.6.18), (8.6.19).
We now write
_ s—2 1 . 1
1’| D? flw*™wy, = (| D? flw™= wi ) (nw=w})

and

-

2s—1 s 1 s—=2 1
nDnw™ 2 wr = (nw2w} )(Dnw = w})

and obtain from (8.6.20) (with 2ab < a? + b?)

Poens s @) - fa)l{es [ PIDAP R
x€B(zo,R1)Nsuppn
B(zo,R1) B(zo,R1)
+ ¢ / n*wiwy, + a1 / |Dn|2w5_1wL}. (8.6.21)
B(zo,R1) B(xo,R1)

Here, the constants c1g and ¢y also depend on s. o
Since f is continuous, given £ > 0 there then exists R(e) with the property
that for 0 < Ry < R(e) and n € HY?(B(z1, Ry)) (B(z1, R2) C B(xo, Ry))

nwawL <e 772\D2f|2w572wL + e / |Dn\2w571wL.
B(z1,R2) B(z1,R2) B(z1,R2)
(8.6.22)
We now require for n € Hy*(B(z1, R2))
R
n=1on B(z, 72),
0<n<l1,
2
Dn| < —.
|Dn| < s

Since f € W2 by Lemma 8.6.3, the equation (8.6.1) yields for ¢ € H§’2
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/ D.(a®’ Dy f)Dpth = — / a®? Do f D, Dgip
= —/G(x,f,Df)DW (8.6.23)
~ [ DG 1.D1)0

The resulting equation
| Po@?ppDsv = [ DGt 1 D1 (3.6.24)

then also holds for ¢ € H5’2 (instead of Hg’2)7 because we can approxi-
mate ¥ € HS -2 by Hg 2_functions (actually, even by C§°-functions), and an
easy application of Lebesgue’s theorem on dominated convergence allows the
passage to the limit.
We apply (8.6.24) to
¥ = n*wi 2w Dy f

and obtain

D'y(aaﬁDaf)(Dﬁ(nzwf\/l_QwLD'yf»
B(z1,R2)

= Dy (G(a, f, Df))n*wis *wr Dy f (8.6.25)

B(xl,Rg)

and from this equation and the structural conditions (as in the derivation of
(8.6.9))

a®? D, Do f - Ds(n*wi wr D, f)
B(Z‘l,RQ)

< coo / 772|D2f|w%w]s\22wL
B($1,R2)

+ ca3 / nDnwws; *wr, (8.6.26)
B($1,R2)

+ Coa / 772w%wfv;2wL + co5 / n2w2wfv;2wL
B(ml,Rz) B(El,Rz)

+ c26 / 772|D2f|wwf\22wL
B(z1,R2)

where co5 again depends on s.
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Now
D ow e < [ oD%
< 5/772|D2f|2ws‘2wL + 4—15 nwiwy, (8.6.27)

and this is bounded because of (Fy) and since wy, is bounded.
Likewise

/772|D2f|w%w§;/1_2wL

1
< §/n2|D2|2w572wL + o nw* " twy, (8.6.28)

Therefore, all terms on the right hand side of (8.6.26) remain bounded as
M — oo. The same then has to happen for the left hand side of (8.6.26). We
may hence replace wys by w in (8.6.26), and conclude that

a®*? D, D, f - Dg(n*w**wr D, f) < co. (8.6.29)

B(Il,RQ)
But this expression equals
/aa'@DaD,yf . DgvawsfzwLUQ
+ (m—2) / a®? Do D., f Dgww® 3wy D, fn?
(8.6.30)
+ / a®? Do Dy fDgwrw* 2D, fn?

+2 / a“ﬁDava . nD,gnws_QwLva

Since Dgw = DgDsf - Dsf and Dwy, = 0 for w > wr, we can rewrite the
second and the third integral in (8.6.30) as

-2 1
mT /ao‘ﬁDoéu}Dgwwsf?’wLn2 + 5/CLO"@D&wLDngwsfzn2 > 0.
(8.6.31)
The fourth integral in (8.6.30) is estimated by
(5/|D2f|2ws_2wm72 + %/ws_le\DnF (8.6.32)

(6 >0).
Choosing § > 0 small enough in (8.6.27), (8.6.28), (8.6.32), we obtain
from (8.6.26) - (8.6.32) (recalling 0 <7 < 1,|Dn| < £)
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1
|D2f|2772w572wL < X LL‘X'E‘DOLDVngDﬁwaSﬂwLn2
B(z1,R2) B(z1,R2)
1
< cog / wiwrn® + el + ng) / w®. (8.6.33)
B(x1,R2) B(z1,R2)

We then choose ¢ > 0 in (8.6.22) small enough (and thus determine R(¢)) to
obtain from (8.6.22) and (8.6.33)
: , 1 ,
/ (|D? f1Pw® 2w, + wiwy) < es0(1 + ﬁ) / w®. (8.6.34)
2

B(xlv%) B(z1,R2)
We may then let L — oo in (8.6.34).
A covering argument then gives for every Ry < Ry
(Wt +w D2 f)?) < cc. (Bs+1)
B(Io,Rl)

This concludes the induction. O
We obtain

Lemma 8.6.5 Let f € CONH}?(2,R") be a solution of (8.6.1), with struc-

loc

tural conditions (A1), (A2), (A3), (G1), (G2) satisfied, and furthermore
a®P € C2(0) for all o, B.
Then
feH2(02,R).

loc

Proof. From (G2),

L G, f(a), DI@)] = G2+ GyDF + G, D]
< ko + k1| DfP’ + ko|D*f| + k3| D f|| D* f], (8.6.35)

and this is in L? by Lemma 8.6.4, 8.6.3.
Consequently, f is a weak solution of an equation

Dy (a®’ () Do f) = g(x) (8.6.36)

with g € H'2,
The claim follows from Theorem A.2.1. O

We can now prove

Theorem 8.6.1 A continuous weakly harmonic map f : M — N between
Riemannian manifolds is smooth.
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Proof. As explained before, by continuity, we may localize in domain and im-
age, and we thus treat a continuous weakly harmonic map as a weak solution
of the elliptic system

Do ADs ) = — A Tix(f(@) Daf D f* =: k(z).  (8.6.37)

The structural conditions (A1) - (G2) then are satisfied.
Lemma 8.6.5 implies
fery?

loc*

Now
|D* (VA T} () Da ' D )]
< kol DfI? + k1| Df[* + 52 D* | Df* + ks| D f|* + ra| DF||D* f|.

If m := dimM < 3 then Sobolev’s embedding theorem (Theorem A.1.7)
already 1mphes that this is in L? . Hence, the right hand side k of (8.6.37)

loc*

is in HlOc and by Theorem A.2.1,
fe
In this manner, inductively
feH?=>keH, "= fecH " (8.6.38)

and Corollary A.1.2 implies f € C°.

If m = dim M is arbitrary, one either can apply more refined elliptic
regularity results, or alternatively observe that Df satisfies a system with
similar (actually, even better) structural conditions, and so the preceding
results may be applied to Df instead of f. Iteratively, the same is true for
higher derivatives of f, and thus one gets again

D'fe H}?
for all v, i.e.
] e Hi;
for all ¢, hence f € C*° by Corollary A.1.2. O

Perspectives. The regularity results and proofs of this paragraph are due La-
dyzhenskaya and Ural’ceva[165] although this is usually not acknowledged in the
western literature on harmonic maps. Their proof has been adapted to harmonic
maps into spheres in [26].
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8.7 Formulae for Harmonic Maps. The Bochner
Technique

A) We first want to derive the formula for the second variation of energy.
For this purpose, let

fst(x) = f(a:,s,t)
f:M x(—e,e) x(—e,e) = N
be a smooth family of maps between Riemannian manifolds of finite energy.

M (but not N) may have nonempty boundary, in which case we require
f(z,s,t) = f(x,0,0) for all z € OM and all s, ¢.

We put
afst 8fst
Vi=— Wi =— .
Js |s=t=0" Ot |s=t=0
We want to compute
azE(fst)
0sOt  |s=t=0
To simplify notation, we usually write f instead of fs, and also
af aft 0
df = ——dz“ = dx® .
= gaa ™" = e ™ © g
a section of T*M ® f~1TN.
Then e 5 o
1
—FE(fa)== | == 1(M).
888t (f&t) 2 atas<dfﬁdf>dvo( )

M

We compute the integrand: V will denote the Levi-Civita connection in
fITN, and everything will be evaluated at s =t =0 :
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9 01,0f . Of
A e LT
0

0F ype OF

(V2 5aa e e r-rra g

ot
since V is metric

of

P 0F | o
V2. (55)d2 o 559 ) g1y

- &< ( Os
since V is torsionfree

of
:<V%V6§f ( OB dx >T*M®f—1TN

af o of
+ <v3%(67)dx ’vafﬁ (af)dxﬁ>T*M®f_lTN
af af

gew ¥ B ) aa dar” >T*M®f—1TN

af af 2 af

+<V81%Vda:‘ ,VM%WGZCL‘ >T*M®f*1TN

2 o,

~(V 2.V (5t

by definition of the curvature tensor R of N

0
(VY 4 () g rrog v

— tracep (RN (df, V)W, df) -1y
+ tracen (VV, VW) iy

PE(fst)
0s0t  |s=t=0

= / (VV, VW>f*1TN
M

481

—/ traceM<RN(df,V)VV,df>f_1TN (8.7.1)

M

0
+/<vv%(87£)7df>T*M®f*1TN'

M
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We want to examine the third term in (8.7.1) more closely:

/<v o Vo gpe 9F

B
dx™ 3 (9 a{L‘ﬂ dl: >T*M®f_1TN

/<va%f v, Y

525 O dl’ >T*1W®f*1TN

M
since V is metric and integrating by parts

= —/<V% %, tracen Vdf) p-1pp - (8.7.2)
M

Theorem 8.7.1 For a smooth family fs : M — N of finite energy maps

between Riemannian manifolds, with fs(x) = foo(x) for all x € OM (in

case OM # 0) and all s,t, we have for the second variation of energy, with
f

0s |s=0""" T 8t |t=0
aQE(fst)
0sOt  |s=t=0
= / (VV, VW) iy — / traceas (R™ (df, VYW, df) ;17 y
M M
of
+ (V%a, tracens Vdf) p—1pp- (8.7.3)
M
If foo is harmonic, or ifVaat 9 = for s =1t =0, then the second variation

depends only on' V and W, but not on higher derivatives of f w.r.t. s,t, and

O?E(f,
vy = 20 [ovowy, gy
M

- / tracens (R™ (df, VYW, df) ;17 - (8.7.4)
M

Proof. (8.7.3) follows from (8.7.1), (8.7.2). (8.7.4) holds if either Va
or tracep; Vdf = 0, and the latter is the harmonic map equation (cf. (8

We look at the special case where we only have one parameter:

f(x’t) = ft(m)vf : M ox (_€’E> — N,
_of
Ot jt=0
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Then

Corollary 8.7.1 Under the assumptions of Theorem 8.7.1,

82
If(VV» W) = @E(ft)uzo

- / VW2 gy
M

— / traceas (R™ (df, W)W, df) ;17 (8.7.5)
M

if f is harmonic or if f(x,-) is geodesic for every x.

Proof. If f(z,-) is geodesic for every z,

af _

All assertions follow from Theorem &.7.1. O

Remark. For geodesics, the second variation of energy was already derived
in Theorem 4.1.1.

Corollary 8.7.2 Under the assumptions of Theorem 8.7.1, if N has non-
positive sectional curvature, then a harmonic map is a stable critical point
of the energy functional in the sense that the second variation of energy is
nonnegative.

Proof. If N has nonpositive sectional curvature,

(RN (df (2), W (2))W (x),df (®)) < 0
for every x € M,® € T, M, and every section of W of f~'TN, and the claim
follows from (8.7.5). O

B) We next want to calculate
Ae(f)
1 . .
=457 ()9 (f (@) foe £
for a harmonic map f : M — N. (Here fi. := gwia) The computation may
be carried out in the same manner as at the end of 3.3 and in 3.5. It is
somewhat easier, however, to perform it in local coordinates.

In order to simplify the computation, we introduce normal coordinates at
x and at f(z). Thus
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Yas = bap,  9ij(f(2)) = 6ij, (8.7.6)
and
Yaps(x) =0,  gijr(f(z)) =0 (8.7.7)

for all indices. Therefore, in our computations, we only have to take second
derivatives of the metric into account; these will yield curvature terms.
We rewrite the harmonic map equation (8.1.7) as

0 =7%(@) flapn = (@) (2) fon + 7P (@) i (f (@) fle fla-  (8.7.8)

(Here, the Christoffel symbols of M have Greek indices, those of N Latin
ones.)
We differentiate (8.7.8) at x w.r.t. ° and obtain, recalling (8.7.6), (8.7.7)

; 1 .
f:zv“m“‘mi = 5(701?7,046 + 70477,&6 - f}/aa,ns)f;n
1 m kg4
- i(gkilm + 9eikm — gkl,im)fxs po Jpoe (879)

Moreover, by (8.7.6), (8.7.7)

’Yaﬁnee = —Yap,ee (8710)

and from the chain rule
—Agi; (f(x)) = gijpefse fre- (8.7.11)
(8.7.9) - (8.7.11) yield
1 a
—AGY* (@) g:
- f:zn zgfmo‘:ﬁ -

i(F@) fra fl5)
1 7 %
5(’701,8 ee + VYee,af — VYea,ef — /VEB,Ea)fza me

1
+ 5(92‘3‘ ke + gkeis — Gik,je — gje, zk)fmafma z€ :cE
j k gl
- ;uza rXxe +Raﬂ o R,ngk ;a i.a zeJ e (8712)

(cf. (3.3.15)), where
56
Raﬁ = RaJ,@s - R

aefe

is the Ricci tensor of M, and ijk is the curvature tensor of V.

In invariant notation, if ej,...,e, is an orthonormal basis of T, M,
(8.7.12) becomes
—Ae(f)(x) =[IVdf|? (8.7.13)

+ (df (Ric (eq)), df (e )> 17N
— (RN (df (ea), df (es))df (es), df (€a)) ;17 -
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Corollary 8.7.3 Let M be a compact Riemannian manifold with nonneg-
ative Ricci curvature, N a Riemannian manifold with nonpositive sectional
curvature.

Let f: M — N be harmonic.

Then f is totally geodesic” (i.e. Vdf = 0) and e(f) = const. If the Ricci
curvature of M is (nonnegative, but) not identically zero, then f is constant.

If the sectional curvature of N is negative, then f is either constant or
maps M onto a closed geodesic.

Proof. By Stokes’ theorem,

/Ae(f)zo.

Therefore, the integral of the right hand side of (8.7.13) also vanishes. Since
the integrand is the sum of three terms which are all everywhere nonnegative
by assumption, all three terms have to vanish identically.

We first conclude

IVdf|| =0, (8.7.14)
hence Vdf = 0 so that f is totally geodesic.
Secondly,
Ae(f) =0,

and since harmonic functions on compact Riemannian manifolds are constant
(cf. Corollary 2.1.2),
e(f) = const. (8.7.15)

If for some x € M,
R%(m) is positive definite,

then -
RY(@) fro fr0 =0
implies
df (z) = 0,
hence e(f) = 0, hence
e(f)=0

by (8.7.15), and f is constant.
If N has negative sectional curvature, then

(RN (df (ea), df (5))df (e5). df (¢a)) = 0

implies that df (e, ) and df (eg) are linearly dependent everywhere. Therefore,
f(M) is at most one-dimensional. If the dimension is zero, f is constant, and

7 See Lemma 8.7.1 below
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if the dimension is one, f(M) is a closed geodesic because f is totally geodesic
and M is compact.
(See Lemma 8.7.1 below) O

Remark. The method of proof of Corollary 8.7.3 is another instance of the so-
called Bochner method which is very important in Riemannian and complex
geometry. The prototype of the technique was already given in 3.5.

Lemma 8.7.1 A smooth map f: M — N between Riemannian manifolds is
totally geodesic iff f maps every geodesic of M onto a geodesic of N.

Proof. Let v(t) be a geodesic in M. Then
0 0
VN S (o (1) = VBV ()

vy oy
= (VN o)) + (VS

), since « is geodesic.

_Vdf(at ot

Thus (f o v)(t) is geodesic iff Vdf(aJ 8—7) 0. O

C) We finally want to derive and exploit a chain rule. If f : M — N
and h : N — @ are smooth maps between Riemannian manifolds,

T(ho f) = trace Vd(ho f)

=19 g (o )

= P
oh o
_ ~ofB
=7V ot (5 )
Oh Of1 of oh o fi
= Otﬂ v O(ﬁ —J
YN e e o aer T a Y o g
of of

= VAR, ) + (@) (7 ()

where Vdh is the Hessian of h (see Definition 3.3.5), and 7(f) is the tension
field of f.
Thus

Lemma 8.7.2 For smooth maps f: M — N,h : N — @ between Rieman-
nian manifolds, the following chain rule holds

of of

r(ho f) =~ aﬁvczh(a o 55) T (@) o (7(f)). (8.7.16)

In particular, if f is harmonic



8.7 Formulae for Harmonic Maps. The Bochner Technique 487

af of
) (8.7.17)

7(ho f) = y*PVdh(
g

Remark. If @ = R, of course 7 = —A, where A is the Laplace Beltrami
operator.

Definition 8.7.1 ¢ : N — R (N a Riemannian manifold) is called subhar-
monic if
—Ag > 0.

Corollary 8.7.4 If f : M — N is harmonic, and h : N — R is convez, then
ho f is subharmonic, i.e.
—A(ho f) >0.

Conversely, if f : M — N is a smooth map such that for all open V.C N
and convexr h : V — R, with U := f~4(V),

ho f is subharmonic,

then f is harmonic.

Proof. (8.7.17) implies the first part. For the second part, if f is not harmonic,
we may find some zg € M with

7(f)(zo) # 0.

We then need to find a convex function h on some neighborhood V' of f(zo)
for which
—A(h o f)((E(]) < 0.

If N were Euclidean, we could simply take a linear function h, i.e. Vdh =0,

with (grad h)(f(z0)) = —(f)(z0)-
We then have

—A(ho f)(xo) = dho7(f)(zo)
= ((grad h)(f(x0)), 7(f)(x0))
= —|7(f)(z0)[* <O.

In the Riemannian case, in general, we may not find local functions with
Vdh = 0, but if we consider sufficiently small neighborhoods V', we may find
such functions hgy for which |[Vdho|| is arbitrarily small while we still have
a prescribed gradient (grad ho)(f(x0)) = —7(f)(x0). This follows from the
definition of the Hessian Vdhg, see (3.3.47), together with the fact that in
Riemannian coordinates centered at f(zg), F;k(f(xg)) =0, see (1.4.12), and
SO ij can be made arbitrarily small in a sufficiently small neighborhood V'

of f(o).
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Still, kg is not convex, but since ||Vdhg|| is small, it can be made convex
in a small neighborhood V of zg by adding a small multiple of d?(f(zo),),
the squared distance function from f(zo), using (4.6.6). Since that multiple
is small, say e, the new function

h = ho + ed*(f(x0),-)

can still be assumed to satisfy

of of

dh o T(f)($0) < ’Yaﬁth(a?, W

)

i.e.

This completes the proof. O

Corollary 8.7.5 If f : M — N is harmonic and if N has nonpositive sec-
tional curvature, and is simply connected and complete, then for any p € N

—Ad*(f(x),p) > 2df (x)]|?

Proof. (8.7.17) and Lemma 4.8.2. O

Corollary 8.7.6 Let M be a compact Riemannian manifold, N a Rieman-
nian manifold, f : M — N harmonic.
If there exists a strictly convex function h on f(M), then f is constant.

Proof. By Corollary 8.7.3, ho f is subharmonic. The following Lemma shows
that h o f then is constant. Since h is strictly convex, (8.7.17) implies f =

const. O

Lemma 8.7.3 Let M be a compact Riemannian manifold. Then any subhar-
monic function p is constant.

Proof. By Stokes’ theorem

so that a subharmonic function is harmonic, hence const. by Corollary 2.1.2.
O

Corollary 8.7.7 If f : M — N s harmonic and h : N — Q is totally
geodesic, then ho f is harmonic.

Proof. (8.7.17). O
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Perspectives. For more special domains, other Bochner type formulae for har-
monic maps have been found. Here, we only want to quote two such formulae.

Siu[225] derived the following formula that is actually valid for any smooth, not
necessarily harmonic map between Kéhler manifolds f: M — N

00(g;;0f' NOF') = Rijuadf NOF NOF* NOFE — g3 D'Of A D"OF.
Here, (g;5) is the Kéhler metric of N in local holomorphic coordinates (Y. ™),
R;5)7 its curvature tensor, F}k its Christoffel symbols,

D'af = 0df' + I}yof NdfF
D"af = dof + 12.0f° Aof*
the covariant derivatives.

The assumption that f is harmonic is needed if one wants to know the sign of
the second term on the right hand side. Namely, in that case

gi;D'Of AD"OfT AW = qu”
for some nonpositive function ¢ on M, where w is the Kéhler of M. Furthermore,
if the curvature tensor is “strongly seminegative”, then the first term on the right

hand side is a nonnegative multiple of w™, and integration by parts then gives as in

the proof of Corollary 8.7.3 that under these conditions, a harmonic map f satisfies
D'af =D"df =0

This means that f is pluriharmonic.

If the curvature of N is even “strongly negative” and if the real rank of df
is at least 3 at some point, then Siu showed that f has to be holomorphic or
antiholomorphic. If N is a Riemann surface of negative curvature then the real
dimension of the image is 2, hence ranky df < 2 and Siu’s result does not apply.
Nevertheless, in that case, Jost and Yau[146] showed that the level sets of f still
define a holomorphic foliation of M although f itself need not be holomorphic.

We now want to derive a Bochner type identity for harmonic maps from Ein-
stein manifolds, due to Jost and Yau[148]. In order to simplify the formula and its
derivation, we always use normal coordinates at the point under consideration and
denote (covariant) derivatives by subscripts, e.g.

3]
fa — a?f, VB — Vafﬁ .
The formula then is

Theorem. Let f : M — N be a harmonic map between Riemannian manifolds,
where M is compact and Einstein. Then for any A € R

A / fos fos) +2 / R 5 fes o)
:7)\/R faafﬁ /Raﬁ’yéRnﬁ'yé fowfn>
+)\/<RN(fa7f,6)fﬁ7fa>

/ RM, (RN (o f3) s fo)
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Let us give the proof: We start with (8.7.13), i.e

S e o) = ({ap fas) + B (far f3) = (RN (fus ) S S} ()
‘We compute
(V4Vs = VsV4)(fadz®)
=(—=Rjaysfadaz®) + RY (f, f5) fadz® . (2)
From (2),
((V4Vs = VsV,) fada®, (V4 Vs — V5V, fadaz®) (3)
=RBoars Buays (F5: fn) + (R (£, f5) far BY (f4: f5) fa)
— 2R, (RY (fy, £5) f fo) -
Denoting the L?-product on T*M ® f*TN by (-,-), we get
(V4 Vs = V5Vy) fadz®, (V4 Vs — VsV,) fada”)
= (—Rparsfada®, (V4 Vs — VsV,) frda")
+ (RN (fy, f5) fada®, (V4 Vs — VV,) foda?)
=2(—Rbonsfda®, V., Vs frda") + / (RY(fy, f5) for BN (fy, f5) fa)

M

/ RM, (RN (o £3)F51 fo)-

Integrating the first term by parts, we get

=2 / (G (RYes o) Fos) + [ (B (£ £ o BV (£ £ o)

M

/Raﬁwé f77f5)fﬁa.fa>

Now P
<87(R§iwf5),fas>

M M
:Rﬁaw§<fﬁw> fOé5> + R,@a-yé,w <f57 fD¢5> .
The 2nd term vanishes for any Einstein metric since
M M M
Riors,y = (Rsyay,s = Roypr,a)

by the Bianchi identity, and this vanishes if the Ricci tensor is parallel.
We obtain for an Einstein metric on M

(V4 Vs = VsV3) fada®, (Vo Vs = VsVs) fada”) 4)
— 2 / RY5{Sassfon) + [ (R (11000 s B (o))

M

/ RM, (RN (o f3) s fo)
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From (1), (3), (4) we get the desired formula. For the special case N = R, the
formula is simpler and due to Matsushima[175].

For an application of the formula, see the Perspectives on 8.10.

A general discussion of identities for harmonic maps and applications can be
found in Xin[260].

The characterization of harmonic mappings given in Cor. 8.7.4, i.e. that a
(smooth) map between Riemannian manifolds is harmonic if and only if locally
the composition with all convex functions is subharmonic has been observed by
Ishihara[124].

It might be tempting (and it has been proposed) to use that characterization for
an axiomatic approach to harmonic maps. That, however, would loose the deeper
aspects of harmonic maps based on their variational properties. It will be explained
in the next § that a rather general and satisfactory theory can be developed for
harmonic mappings with values in Riemannian manifolds of nonpositive sectional
curvature based on an abstract variational approach. By way of contrast, a char-
acterization analogous to Cor. 8.7.4 can also be obtained for solutions of other
nonlinear elliptic systems for maps between manifolds that need not have a varia-
tional origin. For example, Jost and Yau[147] considered the system

_ 2 pi ) YL

O S R i

290z 9z 9zP

for maps f : X — N where N is a Riemannian manifold as before, but X is
a Hermitian manifold with metric (V,3)a,6=1,,dimc M. The preceding system is
equivalent to the harmonic map system if the metric (v,5) is a Kéhler metric, but
not for a general Hermitian metric, and in fact, in the general case, it need not arise
from a variational integral. Analogous to Cor. 8.7.4, solutions can be characterized
by the property that local compositions with convex functions h : V(C N) — R

satisfy
Y: ?(ho f)
022028
However, as examples show, one does not always get the existence of solutions of the
new system in a prescribed homotopy class of maps f : X — N, N of nonpositive
sectional curvature, as in the existence theory for harmonic maps. The reason for

the failure of the existence theory is the lack of variational structure. We refer to
[147] for details.

)=0

> 0.

8.8 Harmonic Maps into Manifolds of Nonpositive
Sectional Curvature: Existence

Let M and N be compact Riemannian manifolds, N of nonpositive sectional
curvature. In this §, we wish to show that any continuous map g : M — N
is homotopic to some - essentially unique - harmonic map. This result will
be deduced from convexity properties of the energy functional E that follow
from the assumption that the target manifold N has nonpositive sectional
curvature. The relevant geometric results have been collected in § 4.8 already.

As an application in § 8.1, we shall derive Preissmann’s theorem about
the fundamental group of compact manifolds of negative sectional curvature.
Further applications will be described in the Perspectives.
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A continuous map
g: M — N

induces a homomorphism

pP=0: 7T1(M,p) — 7T1(N,g(p))

of fundamental groups (p any point in M). As described in Appendix B, we
may then find a lift ~ ~

g:M— N
to universal covers that is p-equivariant, i.e.

9(Az) = p(N)g(x)
for all x € M, \ € m(M,p) where the fundamental groups 71 (M,p) and
m1(V, g(p)) operate by deck transformations on M and N, resp.

Y:=Nisa simply connected complete Riemannian manifold of nonposi-
tive sectional curvature. In particular, all the results derived in § 4.8 for such
manifolds apply. We let

d:YxY —=R

be the distance function induced by the Riemannian metric, as always.
For p-equivariant maps

hihe: X :=M =Y,
we can define an L2-distance by

1
2

d(hy, hy) == (/ d?(hy(z), ha(z)) dvol(M)> ,

where the integration is w.r.t. the volume form of the Riemannian metric on
M and over some fundamental domain of M in X = M. The p-equivariance
of hy and hy implies that this integral does not depend on the choice of
fundamental domain.

We then put
Z:=L(M,N):={h: X —Y p-equivariant
with d?(h, §) < 0o}
Z = LFQ)(M ,N) then is a complete metric space; the completeness is shown

as for the standard spaces of L2-functions (that result is quoted in Theorem
A.1.1 in the Appendix), because Y is complete.

Curves in Z are simply given by families

(ft)te[o,l]
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of p-equivariant maps f; : X — Y, depending continuously on ¢. We say that
such a curve is a shortest geodesic if

d(fo, ft) = td(fo, f1)

for all ¢ € [0,1]. (It is not difficult to show that this property character-
izes shortest geodesics in Riemannian manifolds, and so it is natural to use
this property also in other metric spaces.) It is then easy to describe such
geodesics:

Lemma 8.8.1 For every x € M, let v, : [0,1] — N be a shortest geodesic

with v,(0) = fo(x),v:(1) = fi(x), chosen equivariantly, i.e. p(A)Vz = Yoz
for all x, A\. Then the family of maps

fi(@) == .(t), te]0,1]
defines a shortest geodesic in sz(M, N) between fo and fi.

Proof.

& (for f1) = / & (fo(z), fi(x)) dvol(x)

_ / 2 d2( folx), fr(z)) dvol() because 7, defines a shortest
geodesic from fo(z) to fi(x)
=t*d*(fo, f1).

O

Thus, if fy and f; are p-equivariant maps, the geodesic in L?)(M ,N) from
fo to fi is simply obtained by taking for each z € M the shortest geodesic
from fo(z) to f1(x) and defining maps f; through this family of geodesics.

Corollary 8.8.1 Let ¢1,¢o : [0,1] — L2(M, N) be shortest geodesics. Then
d*(c1(t),c2(t)) is a convex function of t.

Proof. We can use Lemma 8.8.1 to derive this property by integration from
the corresponding property of N that has been demonstrated in Theorem
4.8.2. Namely, by Theorem 4.8.2, for each z € N, if ;. (t) is the shortest
geodesic from ¢;(0)(z) to ¢;(1)(x), i = 1,2, then

& (Y12 (t), 72,2(1))

is a convex function of t. But then also
d*(c1(t), ca(t)) = /d2(71,m(t)7727m(t)) dvol(M) by Lemma 8.8.1

is a convex function of . O
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Similarly, if ¢: [0, 1] — Lf)(M, N) is a shortest geodesic, and z € Li(M, N),
we have the analogue of (4.8.7)

d?(c(t), z) < td*(c(1), 2) + (1 — t)d*(c(0), 2) (8.8.1)
—t(1 = 1)d*(c(0),¢(1))
for all t € [0, 1].

We now consider the functionals E. and E defined in § 8.4, but this
time, we define them on the space L3(M, N), carrying out all corresponding

integrals on a fundamental domain for M in M.

Corollary 8.8.2 F. and E are convex functionals on L?,(M7 N), in the sense
that for any shortest geodesic ¢ : [0,1] — Lf)(M, N),

E.(c¢(t)) and E(c(t))
are convex functions of t.

Proof. As explained in Lemma 8.8.1, such a shortest geodesic is given by a
family of p-equivariant maps

fi:M— N

such that for each x € M, f,(z) is geodesic w.r.t. t.
Applying Theorem 4.8.2 to the geodesics fi(x) and fi(y), we obtain

d*(fo(@), fo(y)) < td*(f1(2), f1(y) + (1 = )d*(fo(2), fo(y))-

Integrating this inequality w.r.t. © and y as in the definition of E.(f) (cf.
(8.4.3)) yields the convexity of E., and the convexity of F follows by passing
to the limit € — 0 as explained in § 8.4. O

We are now ready to start our minimization scheme for the functionals F.
and E on the space Z = Li(M ,N). In fact, we shall demonstrate a general
result about minimizing convex and lower semicontinuous functionals (recall
Lemma 8.4.1 and Theorem 8.4.2) on Z; in fact, the constructions will be valid
for more general spaces than Z as the only essential property that we shall
use about Z is the convexity property of Corollary 8.8.1.

Definition 8.8.1 Let F : Z — RU {oo} be a function. For A > 0,z € Z, the
Moreau-Yosida approximation F* of F is defined as

FA(2) := inf (AF(y) + d*(y, 2))

f
yeZ



8.8 Existence of Harmonic Maps for Nonpositive Curvature 495

Lemma 8.8.2 Let F': Z — RU{oo} be convex, lower semicontinuous, # oo
and bounded from below. For every A > 0, z € Z, there exists a unique y\ € Z
with

FA(2) = AF(y») + d*(ya, 2) (88.2)

Proof. We take a minimizing sequence (¥, )nen for F2(z). This means that

i (AF(yn) + d*(yn, 2)) = F* = inf (AF(y) + d*(y, 2)) (8.83)

n—oo

For yYm,yn € Z, we take a shortest geodesic v : [0,1] — Z with v(0) =
Ym, V(1) = y, and define the midpoint as

1

The convexity of F' then implies
P < )‘F(ym,n) + dz(ym,nvz)

1 1
< 5/\F(ym) + §AF(y,L) + d*(Ym.n, 2) by convexity of F (8.8.4)

1 1 1 1 1
< ZAF(y) + = AF () + =d(y,, —d?(Yn, 2) — ~d*(Ym, Yn
<3 (Ym) + 5 (Yn) + 5 (Yms 2) + 5 (Yn, 2) 1 (YmsYn)
by (8.8.1)

Since, by (8.8.3) (AF(ym) + d*(Ym, 2)) and (AF(y,) + d*(yn, 2)) converge to
F* we conclude that d?(y,,,y») has to tend to 0 as m,n — co. Thus (y,)nen
is a Cauchy sequence in Z, and so it tends towards some limit y,. Because
F is lower semicontinuous, (8.8.2) then follows from (8.8.3). O

We can now state our abstract existence result:

Theorem 8.8.1 Let F': Z — R U {oo} be a convex, lower semicontinuous
function that is bounded from below and mot identically +oo. Let yx be as
constructed in Lemma 8.8.2 for A > 0.

If (yx, )nen is bounded for some sequence \,, — 0o, then (yx)a>o converges
to a minimizer of F as A\ — oo.

Proof. Take any z € Z. By definition of yy,,, y», minimizes F'(y)+ /\%dQ(y, z).
Since yy,, is bounded and A, tends to oo, (yx, )nen therefore constitutes a min-
imizing sequence for F. We claim that d?(yy, 2) is a nondecreasing function
of . To see this, let 0 < p < A.

By definition of y,

1 1
Flyx) + ;dg(ymZ) > F(yu) + ﬁdz(yw z).
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This implies
1

Flm)+ 500n.2) 2 F) 4 3020+ (1 - 5 ) @002) - Pn.)

This is compatible with the definition of yy only if

(Y, z) < d(ya, 2)

showing the claimed monotonicity property of d2(yy, 2).

Since d?(yy,z) is bounded on the sequence (\,)nen tending to oo and
monotonic, it has to be a bounded function of A > 0. It follows from the
definition of y, that

F(yy) = inf{F(y) : d*(y, 2) < d*(yx, 2)}.
Since d?(yy, z) is nondecreasing, this implies that F(y,) is a nonincreasing

function of A, and as noted in the beginning, it tends to ing F(y) for A — oo.
ye

Let now € > 0. By the preceding boundedness and monotonicity results, we
may find A > 0 such that for A, u > A

|2 (yr,2) = d* (g 2)] < 5 (8.8.5)

5
If A <p <A wehave F(y,) > F(yx) as F(yx) is nonincreasing. If y,, » is

the midpoint of y,, and yx as in the proof of Lemma 8.8.2, we obtain from
the definition of y,,

1 1
F(y,) + ;dQ(ym z) <F(ya,) + ;d2(yx,w z)
£

1 2
1 §d (Y Yu))

1
<F(yau) + ;(dZ(y,u z) +
by (8.8.1) and (8.8.5).

Also, by convexity of F', and since F'(y,) > F(yx), F(yru) < F(y,). There-
fore,
d(yx,yu) < €.

Thus, (yx)aso is a Cauchy family for A — oo.
Since Z is complete, there then exists a unique yo, = )\lim Yx. Since we
— 00

have already seen that
lim F = inf F
Aim F(ya) = inf F(y),
the lower semicontinuity of F' implies that

F(Yoo) = yiggF(y)
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In order to apply Theorem 8.8.1 to show the existence of a minimizer of
E (or, by the same argument, for the functionals E.), we need to verify that
in our situation the y, in the statement of Theorem 8.8.1 remain bounded.
This is the content of the proof of

Theorem 8.8.2 Let M and N be compact Riemannian manifolds, N of non-
positive sectional curvature. Then every continuous map g : M — N is ho-
motopic to a minimizer [ of the energy E, in the sense that E achieves its
minimum in the class L?,(M, N) of p-equivariant maps between the universal
covers M and N, where p : m (M) — 71 (N) is the homeomorphism of funda-
mental groups induced by g. (We shall verify subsequently that f is smooth,
and so in particular continuous.)

Proof. We first consider the case where g(M) is simply connected. It is not
difficult to verify that in that case, g is homotopic to a constant map (and
a constant map obviously minimizes the energy). Since that verification is
instructive for the general strategy, we proceed to perform it. Let yo € g(M).
For each y € g(M), we choose a curve 7, from yo to y. Let ¢, : [0,1] = N
be the geodesic from yy to y homotopic to ,. It is unique because N has
nonpositive sectional curvature (Theorem 4.8.1), and it does not depend on
the choice of v,, because any two curves in g(M) from yo to y are homotopic
to each other as g(M) is simply connected. We put

ge(x) = Cg(w)(t)'
g¢(x) is continuous w.r.t. ¢, and also w.r.t. z, because
d?(cy, (1), ¢y, (1)) < td*(cy, (1),¢4,(1)) by Corollary 4.8.3.

Since go = Yo,91 = g, g: provides a homotopy between a constant map and
g, as desired.

If g(M) is not simply connected, we choose some closed curve v in g(M)
that is not homotopically trivial. Let ¢ be a closed geodesic in N that is
homotopic to  (Theorem 1.4.6). Let g € L2(M, N) be the lift of g to uni-
versal covers. In order to apply Theorem 8.8.1, we have to exclude that the
LZ(M, N)-maps y constructed for z = § in Lemma 8.8.2 become unbounded,
i.e. that the Lg—distance between g and y) becomes unbounded for A — oo.
Y projects to a map gy : M — N homotopic to g. Let v, be a closed curve
in gx(M) that is homotopic to . Let x € M with g(z) € v, and yy € c. Let
¢y 1 [0,1] — N be the geodesic from yg to gi(z) in the homotopy class deter-
mined by a homotopy between g and gy. Let by be the geodesic loop (which
exists by Theorem 1.4.6) from gy (z) to itself that is homotopic to cyecy .
Thus, b;lckccgl is homotopic to a constant curve. Likewise, let by ; be the
geodesic loop based at ¢y (t) homotopic to c)\|[07t]c(c)\‘[07t])_1. By lifting to the
universal cover N , we see that the energy E(by ;) becomes the squared dis-
tance between two different lifts of ¢y, i.e. two geodesics, and so it is convex
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by Theorem 4.8.2. Since ¢ = by o is a shortest geodesic, E(by ;) is minimal
at t = 0. Thus, assuming d*(g, gx) — oo for A — oo, E(by ;) either tends to
a constant function, or E(by 1) goes to co. In the latter case, however, the
lengths of all curves in g)(M) homotopic in N to ¢ would also go to oo, and
that would let the energy of g\ tend to oo as well, in contradiction to gy
being a minimizing family for A — oo by the proof of Theorem 8.8.1.

If the lengths are constant, i.e. by ; is asymptotically of the same length as
bx,0 = ¢, we either find another homotopy class of curves for which the length
goes to oo - which is impossible as already argued - or the length remains
constant for all homotopy classes. In that case, however, the construction of
the Moreau-Yosida approximation implies that d?(g, gx) cannot tend to oo,
because E is not changed, while d?(g, g») is decreased if we move the image
of M closer to ¢ along the curves ¢y ("closer” here refers to the lifts to the
universal cover N), i.e. replacing = by cx(t) for t < 1.

Thus, in any case, d2(g, gx) stays bounded, and Theorem 8.8.1 yields the
result after all. O

Perspectives. See the Perspectives on § 8.10

8.9 Harmonic Maps into Manifolds of Nonpositive
Sectional Curvature: Regularity

In the preceding §, we have shown the existence of a minimizer of the energy
functional F in a given homotopy class, or more precisely, in the class of L?-
maps that induce the same action by deck transformations on the universal
covers as some given continuous map g. It is the purpose of this § to show the
regularity, i.e. the smoothness of such a minimizer. In fact, we shall present
different regularity proofs with the purpose of showing a more representative
sample of techniques from geometric analysis.

It is clear that a minimizer f of E is a critical point of F in the sense of
Definition 8.7.1. Namely, in § 8.1, we have computed that for a compactly
supported vector field ¢ along f and fi(z) = expy(,) t¥ (),

GEemo = [ {df,du).

Thus, in particular, E(f;) is a differentiable function of ¢, and since f = fy
minimizes E, this derivative at ¢ = 0 has to vanish, for all such .

If £ is some smooth function on the image of f, and if ¢ is a smooth
function on M with compact support, we may consider the test vector

(dk) o f(x) - ().
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We obtain (referring to § 8.1 for the notation)
0= / (df, dip) = / (df, d(dk)p(z)) , with dk being evaluated at f(z)
= [ o),V g, (@) @ da®)
+ [tdpta),dik o iz (8.9.1)
— [ wla)var(ar. (e
+ / (do(@),d(k o f)(x)), recalling (8.1.11) and (3.3.48).

We now take )
k(Z) = §d2(z7p),
lifting to universal covers as always.

By Lemma 4.8.2,
Vdk(df, df) > ||df|>.

Inserting this into (8.9.1) yields

/(dw(x)’d(ko Nz)) < —/w(x)\ldf(fv)llz- (8.9.2)
(8.9.2) means that ko f is a weak subsolution of
—A(ko f) > ||df|*. (8.9.3)

(Cf. Corollary 8.7.5 for the corresponding result in the case where f is a
smooth harmonic map.)

We shall now use this differential inequality to derive the Holder continuity
of our minimizer f. Theorem 8.6.1 will then imply that f is smooth.

The same argument actually shows that for any smooth convex function
k on the image of f, we have

“A(ko f) > 0. (8.9.4)

In the sequel, however, the functions k(z) = 3d?(z,p), for various choices of

p, will entirely suffice.

We shall need a version of the Poincaré inequality

Lemma 8.9.1 Let M be a compact Riemannian manifold, Y the universal
covering of a Riemannian manifold of nonpositive curvature. Then there exist
ro > 0 and a constant ¢y < 0o such that for any ball B(xzg,7) C M, 0 <71 <
ro, and any L%-map with finite energy,
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f: B(xzg,r) =Y,

the following inequality holds

/dg(f(x)7f3)§00r2 / lldf ()%, (8.9.5)

B(zo,r) B(zo,r)

where fp €Y is the center of mass of f, i.e. fp minimizes

/ d*(f(x),p)dvol(z) w.r.t.peY.
)

B(zo,r

Proof. The factor 72 on the rhs of (8.9.5) comes from a simple scaling argu-
ment; such a scaling argument is possible because for sufficiently small » > 0,
the geometry of the ball deviates to an arbitrary little degree from the one
of a Euclidean ball of the same radius. Thus, we neglect the factor r? in the
sequel.

If the inequality (8.9.5) then is not valid, we can find a sequence (fy,)nen
of maps from some such ball B(zg,r) into Y for which

/ P (@), fap) = n / df ()2 (8.9.6)

Since Y has a compact quotient, we may compose f, with deck transforma-
tions, i.e. isometries of Y, which leave both sides of (8.9.6) invariant, such
that f, p always stays in some compact region of Y. Thus, we may assume
that the f, p converge to some p € Y. If the lhs of (8.9.6) happens to be
smaller than one, we may rescale Y, i.e. we consider the chart

exp,: I,Y =Y

and replace the Riemannian metric g;;(z) of ¥ in this chart by the metric
gij(pz) for a suitable p > 1. This multiplies the distance function d and
the norm || - || by a factor p which we can thus adjust to make the lhs of
(8.9.6) equal to 1. The curvature of Y gets multiplied by p%, and as p — oo,
the rescaled Riemannian manifold (Y, ¢;;(pz)) becomes Euclidean, and the
Poincaré inequality reduces to the Fuclidean one.

We now turn to the case where the lhs of (8.9.6) is bigger than 1.

For any map g : B(zp,7) — Y, we may perform the following construc-
tion:
gi(x) := expt(expg_B1 g(x)), for0<t<1.
Thus, for any =z,

and since gp is characterized by the property that
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/exp;B1 (9(z)) dvol(z) =0,

we see that
9B = 9t¢,B,

i.e. gp remains the center of mass for the maps g;.

Since Y has nonpositive curvature
d(g¢(x), 9:(y)) < td(g(x),g(y)) forall z,y,0<t<1, (8.9.8)
by (4.8.8). Therefore also
Idgi (@) 12 < ¢2]ldg() 2, (8:9.9)

whenever this expression is well defined.
For each n € N for which the lhs of (8.9.6) should happen to be bigger
than one, we choose t =t,,0 <t <1, such that

/ P (fus (@), form) = 1.

Because of (8.9.7) and (8.9.9), we may then replace f,, by fy+ without making
(8.9.6) invalid, and so, we may assume wlog

/dz(fn(x), fog)=1 foralmneN. (8.9.10)

Then
[ 1@ =0 forn— o

and therefore f, has to converge to a constant map fy = p for some p € Y.
By Rellich’s theorem (see Theorem A.1.8; the standard proof for functions,
see, e.g. J. Jost, Postmodern Analysis, Springer, 1998, p. 265 ff., carries over

to maps with values in Y, because we have constructed in § 4.8 the mollifiers
on which that proof depends)

/ (@), fop)
converges to
/ P (fo(@), fop) = / (p.p) = 0.

This, however, contradicts (8.9.10). This concludes the proof. O

Let us also present an alternative proof of the Poincaré inequality that
does not use Rellich’s theorem, but rather employs the constructions of § 4.8
directly:
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By (4.8.21),
d(f(x). f5) < / d( (), £ (4))dy.
B(zo,r)

We may work with the Euclidean volume form on dy on B(zg,r) induced by
the exponential map exp, : Ty, M — M, rather than with the Riemannian
one. Since the two are uniformly equivalent, this will only affect the constant
¢ in the estimate. In other words, we assume that B(xg,7) is a Euclidean
ball

{y e R™ : d(x0,y) = |xo —y| <7}

We may also assume that f is differentiable, because a general f may be
approximated by the differentiable mollified maps f;, as explained in § 4.8.

Then

|z—y|

as@ s s [ |t rt=D] ar
o

(the meaning of % should be obvious)

and so

[t sy < —— [ sl wlan

for m = dim M, w,,, = volume of the m-dimensional unit sphere.
Therefore

[ @i s [( [ase. f@))dyfdx
Smw/(/ = |m oy de
<oz [ ([ ooperlarwika)

(f ) o

by Holder’s inequality (Theorem A.1.2)

100 ([ s dx)Zdy

by Fubini’s theorem.

Since )
/ ————dr < mwy,,r for all y € B(xg,r),
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we obtain

d*(f(x), fp)dz < 1° / \|df ()||*da
B(zo,r) B(zo,r)

and the constant ¢y arises from estimating the Euclidean volume dx against
the Riemannian volume dvol(z). In fact, employing Riemannian normal co-
ordinates at x(, we see that this yields a factor of magnitude (1 + ¢;7?). O

In the sequel, we shall assume that the radii R of all balls B(xzg, R), 2o €
M, are smaller than the injectivity radius of M. We then do not need to
distinguish between such a ball and its lift to the universal cover M. Also,
on such a ball, the negative Laplace-Beltrami operator in local coordinates,

_ af . .
A= f&za (f ) (notations as in § 8.1)

is of the type considered in A.2, and therefore on such a ball, the Harnack
inequalities stated in Theorem A.2.2 hold.

By the Harnack inequality (Theorem A.2.2(i)), we have for xg € M,p €
N,m =dim M,

Q=

1
sw PP <l [ @@ dvle) | forg>1,
B(zo.) B(zo,27)
(8.9.11)
because of the inequality
—Ad*(f(x),p) >0 (8.9.12)

that follows from (8.9.3).

In order to control the rhs of (8.9.11), we observe that we can control

d(pv fB)

where fp is the center of mass of f on B(xg,2r), because f is in L?. We
therefore need to estimate

d*4(f(x), fp) dvol(z).

B(zo,27)
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As in the second proof of the Poincaré inequality, we have (replacing again
dvol(z) by the Euclidean volume element dz)

/d2q<f< ). ) daz</</d y)qux

2q
< [ / el s
< [/ ()
= m24w2d |z — y| (DT Ly o (m=1) 2L y

I q
</ o - y\(m v dy)

q—1
( ldF @) dy) da

(by Holder’s mequahty (Theorem A.1.2) with exponents p; = 2,

p2 = 2q, p3 = qu and writing

WH df ||

(ot )
1 1 q+1 q
= (/ | (m_mdy) (/ ||df<y>|2dy)>
miWm, r—y 1+q

by Fubini’s theorem as in the second proof the Poincaré inequality.

1 2q m
—,d < .f < 77
/|x y|(m—1)fqu y=oo ! 14q m-—1

Now

and if we choose ¢ > 1 satisfying that condition, we can bound d?(f(x),p)
by d2(p7 fB) and
df (y) 1> dy.
B(zo,27)
(The first proof of the Poincaré inequality given above can also be strength-

ened to yield the present stronger conclusion, by making use of Kondrachov’s
extension of Rellich’s theorem, see Theorem A.1.8.)

In particular, d?(f(z),p) is bounded on B(xg,7), since f has finite energy.
We record this as

Lemma 8.9.2 Let [ : B(xzg,4r) — Y (complete, simply connected, nonposi-
tive sectional curvature) be a map of finite energy, satisfying
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—Ad*(f(z),p) >0 weakly for all p € Y.

Then f is bounded on B(xg,T).
O

Lemma 8.9.3 Let f : B(xg,4r) — Y satisfy —Ad*(f(z),p) > 0 weakly for
every p € Y where B(xg,4r) is a ball in some Riemannian manifold M,
0 <2r <i(M) and Y is a manifold of nonpositive sectional curvature, the
universal cover of a compact manifold N. Let 0 < k1 < k < Kg, and suppose
that

diam f(B(xo,2r) == sup  d(f(a1), f(z2)) = ~.

z1,22€B(x0,2r)

There exists € > 0 depending on the geometry of M and N and on kg and
K1 with the property that if 0 < e < &g and

f(B(xo,2r))
is covered by k balls By, ..., By of radius €, then
f(B(zo,7))

can be covered already by k — 1 of those balls.
O

Proof. Since we may obviously assume that each ball B; contains some point
f(z;) we have

If we assume ¢ < gg < %, the balls
B(piag)’ 1=1, y Ry

cover f(B(xo,2r)). Since its diameter is x, f(B(xo,2r)) is contained in some
ball of radius at most 2x. Because the geometry of Y is uniformly controlled
as Y admits a compact quotient®, there is some integer k; such that any
such ball of radius < 2x < 2k contains at most ki points whose mutual
distance is always at least §. Therefore, already k; of the balls B(p;, §) cover
f(B(xg,2r)), say for i =1,... k.

8 actually, what is needed at this point is solely a lower bound on the Ricci curvature

of Y, combined with the assumption that Y has nonpositive sectional curvature,
but we do not pursue this issue here
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Therefore, for at least one of those p;, say for pq,

meas (f ' (B(p1, g)) N B(zo,7))

Y

il meas (B(zg,r))

> 1 ypm (8.9.14)
k1

for some constant 1 > 0 depending on the geometry of M.°
We consider the auxiliary function
L oo
g(z) = ?d (1, f(2)).
We put

wi= sup g(z)< %(diam (f(B(xo,7)))) < 1. (8.9.15)
€ B(xo,2r) K

By the triangle inequality, and since diam (f(B(zo,2r))) = k, there also has
to exist some y € B(xg,2r) with

hence
w> 1
— 4
On f~Y(B(p1,%)), we have
gla) < —.
— 16
We consider the auxiliary function
h(z) :=p—g(x) >0 on B(xog,2r), (8.9.16)
and 1
W)z g on 7B, ) (8.9.17)

By (8.9.12) and the definition of g and h, we also have

o

—Ah(x) <0 weakly in B(zg, 2r).

Because of (8.9.17), we may apply the Harnack inequality Theorem A.2.2 (ii)
to obtain

9 5 is controlled from below by an upper bound for the sectional curvature of M,
but again this is not pursued here
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1

B(ia?of,r) h(z) > (5077” / h(z)dx for some o9 > 0
B(zo,r)

>4 for some § > 0, (8.9.18)

by (8.9.17) and (8.9.14).
This inequality now implies that for sufficiently small ¢, we cannot have
f(B(zo,7)) N B(pi,2e) #0 foralli=1,... k. (8.9.19)

Namely, the balls B(p;, 2¢) cover f(B(xo,2r)), and thus, if the supremum is
realized in (8.9.15) for y € B(xo,2r), i.e.

1
?dQ(pia f(y)) = M,
we can find some p; with

d(p1, f(y)) < 2e.

So, if (8.9.19) held, we would have d(f(x1), f(y)) < 4e for some 1 € B(zg,7),
and thus

inf h(x) <h(z))=p— %dQ(pl,f(xl))

B(zo,r)
<165V,
K
which contradicts (8.9.18) for
(5:%1
5 < ﬁo
Thus, for such an e, f(B(zo,r)) is disjoint to one of the balls B(p;, 2¢), hence
also to one of the balls B;, because of (8.9.13). Thus, it can be covered by
the remaining ones. g

Equipped with the preceding Lemma, we may now prove

Theorem 8.9.1 Let B(x1,12r) be a ball in some Riemannian manifold, 0 <
12r < (M), Y the universal cover of a compact Riemannian manifold of
nonpositive sectional curvature (and thus complete, simply connected, and
nonpositively curved itself), and let

f:B(z1,12r) - Y

satisfy
E(f) <o0

and
—Ad(f(z),p) >0 weakly

for everyp e Y.
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Then f is continuous on B(x1,r).

Here, with the notation of § 8.1 for the metric on the domain M, A is the
Laplace-Beltrami operator

1 0 0
- 7 af Y
5 VT 55)

Proof. By Lemma 8.9.2, f is bounded on B(z1,3r), hence on B(zg,2r) for
every xg € B(z1,7).
Thus,
diam f(B(zo,2r)) < Ko (8.9.20)

for some kg < co. Let now 0 < k1 < Kg. We want to find some p > 0 with
diam f(B(zo,p)) < K1. (8.9.21)

Let €9 = £0(k0, k1) be as in Lemma 8.9.3.

Because of (8.9.20), we can bound the number kg of balls Bi,..., By,
of radius ¢ in Y that are needed to cover f(B(zp,2r)). By Lemma 8.9.3,
f(B(xg,7)) can be covered by at most ko — 1 of them. If

diam f(B(zo,7)) > K1,

we may apply Lemma 8.9.3 again with 5 in place of 7 and k = ky — 1 and
cover f(B(zo,%)) by at most kg — 2 balls. We can repeat this construction
until, for some v € N,

f(B(xo,27"7))

is covered by so few balls of radius £¢ that we must have
diam f(B(zo,27"7)) < K1.

Since this holds for every xg € B(x1,r) and every k1 > 0, we see that f is
continuous on B(x1,7r). O

We shall now present an alternative (and more general) derivation of
Theorem 8.9.1 not based on Lemma 8.9.3. Of course, the Harnack inequality
will again be used in a crucial manner. The geometry of the domain M will
only enter through the Poincaré inequality (Lemma 8.9.1) (which implies the
Harnack inequality) and the following ball doubling property for the volume
form:

vol(B(x,2r)) < covol(B(z,T)) (8.9.22)

for some constant cg, all x € M, and all sufficiently small radii r > 0.
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We shall make use of the following abbreviations:
For v € L (B(xo, R)):

vy pi= supv, wv_p:= infv , wvg:= vu(dr)
B(zo,R) B(zo,R)
B(:D07R)

(as always, sup and inf are the essential supremum and infimum).

Lemma 8.9.4 Let v be a bounded weak subsolution (—Av > 0) on B(zg,4R).
There exists a constant &g, independent of v and R, with

vy r < (1 —00)v4 4R + doVR.

Proof.
Ut 4R — VR = (V4,4r — V)
B(Io,R)
1
< ( ][ |vy ar — v|”) " since p > 1
B(wo,R)
1
D p
< 02( ][ [vtar — )
B(:EQ,QR)
by (8.9.22)
< c3(v4ar —v+,.r) Dby Theorem A.2.2(ii)
since v4 4p — v is a nonnegative supersolution on B(zg,4R).
Consequently
C3 — 1 1
vy R < Utar+ VR O
3

From Lemma 8.9.4, we derive

Lemma 8.9.5 Let v satisfy the assumptions of Lemma 8.9.4, and suppose
0 <& < 5. There exists m € N (independent of v and £) s.t.

Vg emp < 52v+7R + (1 — Hwg,

for some R’ with e™R < R' < % (R" may depend on v and €).
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Proof. Tterating the estimate of Lemma 8.9.4, we get for v € N

Vya—vr < (1=080)"ver+(1—(1-3d0)")

ftas

TiUV4—iR
K3

So(1=80)" "

1—(1=00)"

We choose v so large that

with 7; =

(1 - 50)V S 527

and choose R = 477 R with j € {1,...,v} such that v, is largest.
Noting that

47V >e™m
if
> —ogd)
~ log(1—4dp)’
the result follows. O

Lemma 8.9.6 Under the assumptions of Lemma 8.9.4,

lim vp = lim v .
R—0 R R—0 R

Proof. This follows directly from Lemma 8.9.4. O

Lemma 8.9.7 Let f : B(xo,4R) — Y satisfy (8.9.3). Letp € Y.
Then, with

v(z) = d*(f(z),p), |B(zo, R)|:= vol(B(xo, R))

R2
- df (z)||*dvol(z) < c5(v —w . (8.9.23)
B | @ IPdl) < es(vean = v )
B(zo,R)
In particular
i / df (z)]|*dvol(x) = 0 (8.9.24)
R—0 |B(zo, R)| =0. 9.
B(zo,R)

Proof.
v(z) = d?(f(x),p) satisfies (8.9.3), that is,

—Av > 2| df|>

Let GF(x,y) be the mollified Green function on B(zg, R) relative to
B(zg,2R), i.e. GE(xg,-) € HY2 N CY(B(z0,2R))
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(dp(x),dGE (g, x))dvol (z) = ][ o(z)dvol(x)
B(0,2R) B(zo,R)
for all ¢ € H? with supp ¢ € B(xo,2R).

We put
B o, 2R
wh(z) := |(R72)‘GR($0,95).
We then have
1
/ (do(x), dw(x)) = o2 / o(z) (8.9.25)
B(z0,2R) B(zo,R)

forall ¢ € H“? with supp ¢ € B(zo,2R).
Furthermore, from the estimates for G® of Corollary A.2.1, we have

0 <wf® <~ in B(x,2R) (8.9.26)
w® >, >0 in B(z, R) (8.9.27)

for constants 1,2 that do not depend on R.
We then have with z := v — vy 4r

A /<@%@W§ /(Mﬂﬁm

B(z0,2R) B(z0,2R)

=— (d(wf)?,dz)  since w? € HY?(B(xo,2R))

B(z0,2R)
= —2/<dwR,d(sz)> +2/z<dwR,dwR>
< —2/<dwR,d(sz)> since z <0 .

From (8.9.25), (8.9.26), (8.9.27), we get

c
@) < ms [ (wran-v)
B(Io,R) B(I()’R)

B(xo, R
64%(14,412 - 'UR)
|B($0, R)|

Cs
R2

O

(v44r —v4+,r) by Lemma 8.9.4

We are now ready to prove the Hélder continuity of f. For a point xg in
the domain and a radius R > 0, let
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fr := mean value of f on B(zo, R),

(that is, as in Lemma 8.9.1, the minimizer of fB(IO R) d*(f(z),p)dvol(x) w.r.t.
p), and

vp(z) :=d(f(x),p), with p €Y chosen subsequently.
We apply Lemma 8.9.5 to
vp, = P(f(@), 1)
4

and choose ¢ = %. em < % and e™R < R' < %, where m € N does not

depend on € or R < Ry. We therefore obtain

= | @) Fyduol(a)

B(z0,R’)
< Cp ][ d*(f g)dvol (z) for some Cy independent of R,
B(zo, 4 4
using the ball doubling property (8.9.22)
C1R? / )
< ——= df ||*dvol(x
< [ P

B(zo,g)
by the Poincaré inequality Lemma 8.9.1
< Co(vp 4,r — vp7+7%) by Lemma 8.9.7

also using the ball doubling property (8.9.22) once more.

Combining this estimate with Lemma 8.9.5, we get for p in the convex hull
of f(B(xo,e™R))

sup d*(f,p) <4 sup d*(f, fz)
B(zg,e™R) B(zg,e™R)

<4 sup d2(f, fx)

B(zo,R) 4

+C3(vp,+.R — vp}+’%)

<162 sup d2(f,p)
B(zo,R)

+ C3(vp,+.R — Vp +.emR),
since ™ < %

We put, for 0 < p,

w(p) :== sup d2(f(x),p) = Up,+.,p
B(zo,p)
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and obtain 1
(1+C3)w(e™R) < (@ + C3)w(R).

Here, €™ is considered as a constant. By iteration, we obtain

w(p) < c(RiO)“wmo)

AN

for some ¢ > 0 and some 0 < ae < 1.

This holds for any p in the convex hull of f(B(zo,p)). In particular, we
may choose

b= f p-
Since ) )
w(p)z < osc f<2w(p)?,
B(zo,p)

this implies the Holder continuity of f. Thus, we have obtained another proof
of Theorem 8.9.1.

Corollary 8.9.1 Let f : M — N be a weakly harmonic map between compact
Riemannian manifolds M and N, with N of nonpositive sectional curvature.
Then f is smooth.

Proof. Let B(x1,67) be a ball in M with 0 < 6r < 4(M). Since such a ball
is simply connected (being the diffeomorphic image of a ball in T}, M under
the exponential map exp, ), we may lift f to a map

f:B(x1,6r) =Y
into the universal cover Y of N. Therefore, we may apply Theorem 8.9.1 to

get the continuity of f. The smoothness then follows from Theorem 8.6.1. [

In the preceding, we have seen how to use the weak version of the differ-
ential inequality

—A(f(2),p) = 2| df @) (see (89.3))

to derive the continuity of a weakly harmonic map f with values in a manifold
of nonpositive sectional curvature.

There is another differential inequality for such a harmonic map that can
be used to obtain estimates, namely

—Aldf (2)||* = —olldf (x)]?, (8.9.28)

where —o is a lower bound for the Ricci curvature of M. This inequality
follows from (8.7.13).
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We shall now display an alternative approach to the regularity result of
Corollary 8.9.1 that is based on some weak analogue of (8.9.28). Our con-
struction will exploit the center of mass properties of the approximating func-
tionals E. (cf. Lemma 8.4.1) and constructions from § 4.8.

Let f = fe be a minimizer of E.. (Of course, the existence of a minimizer
for E. follows by the same method as the one for F, see the proofs of Thms.
8.8.1 and 8.8.2.) By Lemma 8.4.1, for almost every z € M, f(x) is the center
of mass of f on the ball B(z, ). (As before, we lift f toamap f: B(z,e) = Y
into the universal cover of Y where the center of mass then exists by Theorem
4.8.4)

Let now z1,x9 € M with d(z1,22) < i(M). We define a diffeomorphism

¢ : B(xy,e) — B(xa,€)
as follows: Let
YTy M — Ty, M

be the linear map that maps an orthonormal frame at x; into that orthonor-
mal frame at x5 that is obtained by parallel transport along the shortest
geodesic from x1 to xo. ¥ then is a Euclidean isometry.
We put
— —1
© 1= exp,, o) o €XPy,
and ¢ is almost an isometry in the following sense:
If dvy and dvy are the volume forms on B(z1,¢) and B(xs,€), resp., then

|dvy — p.dvy| < ce? - Buclidean volume form,

for some constant c. This is easily seen by writing the volume forms in normal
coordinates and using Theorem 1.4.4.
Also, if V; is the volume of B(x;,¢), then

Vi — wme™| <2 10

We then apply Corollary 4.8.7 to get

df ) fa) <5 [ (). 7o) dvol(y) (.9.29)
B(z1,¢)
t / d(f(y),f(xz))\dv(é(y) P d‘zol(y)|_

B(l’2,€)

104 can be controlled by a lower bound on the Ricci curvature of M and an upper

bound for its sectional curvature, but we do not verify this here
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We note that
d(y, p(y)) < d(zq1,z2) cosh (V—XAe), forall y € B(xy,¢)

if A <0 is a lower curvature bound for M; this follows e.g. from Theorem
4.5.2. Again, at this point, it is only needed that

d(y, ¢(y)) < d(z1,22)(1 + ce?)
for some constant c.

We now iterate (8.9.29), i.e. we estimate the quantities d(f(y), f(¢(y))
and d(f(y), f(xz2)) in the integrals on the rhs by applying (8.9.29) again.
Repeating this a finite number of times, depending on ¢, and using the fact
that all errors, i.e. deviations from the Euclidean situation, are quadratic in
e, we obtain for d(z1,z2) <€

W) fel) o [ [ AT 1) ot

9 9
M B(z,e)

for some constant ¢ depending on the geometry of M,
< E.(f )% by Holder’s inequality,
for some other constant ¢’

This was for d(x1,z2) < e. If d(x1,22) < ve for some v € N, we use the
triangle inequality to obtain

d(f(x1), f(z2)) < E.(f)ve. (8.9.30)

This was for a minimizer f = f. of E.. As for example in the proof of the
Arzela-Ascoli theorem (see e.g. J. Jost, Postmodern Analysis, Springer, 3rd
ed., 2005, p. 55-56), one uses (8.9.30) to find a sequence €, — 0 for which
the maps f., converge uniformly and hence also in L? towards some f. By
Lemma 8.4.5, f minimizes F/, and it satisfies the limit of the above estimates,
ie.

d(f(z1), f(x2)) < E(f)d(x1, 72)

for all x1,2z9 € M. By the uniqueness theorem proved below (see Theo-
rem 8.10.2), this estimate then holds for any minimizer of E. We have thus
shown

Theorem 8.9.2 Let M and N be compact Riemannian manifolds N of non-
positive sectional curvature, and let f : M — N minimize the energy in its
homotopy class. Then f is Lipschitz continuous.

O
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Corollary 8.9.2 Under the assumption of Theorem 8.9.2, any minimizer f
of the energy is smooth.

Proof. By Lemma 8.7.2, f is a weak solution of

1 0 oft . 9fi 9fk
/7 0= <ﬁ7°‘5 8;;) = _F;k(f)a%a%- (8.9.31)

By Theorem 8.9.2, the rhs of (8.9.31) is bounded. By Theorem A.2.3 of the
Appendix, therefore f € C1®, for some 0 < « < 1. But then the rhs of
(8.9.31) is of class C®. Applying Theorem A.2.3 once more, yields f € C%2.
Iterating this argument shows that f is smooth. O

Before concluding this §, we want to show how to use (8.9.28) directly to
get a-priori estimates for harmonic maps. Since we have not been very precise
about the geometric quantities on which the previous estimates derived in our
regularity proof depend, we can also use those a-priori estimates to remedy
that point. These estimates will use the assumption that f is a smooth har-
monic map, and so, they cannot be used to show regularity. Such estimates,
however, can be employed in various existence schemes (as for example in
previous editions of this book).

Theorem 8.9.3 Let f : M — N be a harmonic mapping between Rieman-
nian manifolds, where N is complete, simply connected, and of nonpositive
sectional curvature. If x € M,p > 0, and B(z,p) C M, then

e(f)(z) = %Ildf(a?)ll2 <co(l+ ;12) max d*(f(), f(y)), (8.9.32)

y€B(z,p)

where cq depends only on m = dim M, on Ap?, where A is a bound for the
absolute value of the sectional curvature of M, and on a lower bound for the
Ricci curvature of M.

Proof. We put

r(y) = d(z,y),
q:= f(x)
and assume for simplicity m = dimM > 3. (The proof for m = 2 is

similar.) We use Lemma 4.7.2 with m instead of n, x instead of p, and
h(y) = d*(f(y),q). We obtain
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1 B 1 B 9
| Gz~ ) ARG
B(z,p)
<= = 2o (e + 524 [ LD
B(z,p)
= R
0B(w,p)
<eci max d*(f(y),q), (8.9.33)

yEB(z,p)
with ¢; depending on m and Ap?.
We next let € C3°(B(z, §)) be a cut-off function,
0§n§10nB(x,g)

n(r) =1

V| < ; | An| < ;

We then apply Lemma 4.7.2 to h(y) = n?(y)e(f)(y) and obtain

1 1 )
gy ) AN

(1 — 2wme( () < / (

B(z,p)

(n*e(f))(y)
+ QAB/ )7r(y)m_2 (8.9.34)

Now
A@Pe(f)) <|AnPle(f) + 4n[Vnll[Vdf || - |df || + n*Ae(f)

< %e(f) + 2| Vaf|)? + %e(f)

—P|IVdf||* + cse(f)

by (8.7.13), since N has nonpositive curvature, where —cs is a lower bound
for the Ricci curvature of M

<c(1+ —)e(f). (8.9.35)

From (8.9.34), (8.9.35)

e(f)(x)SC7(1+;12) / (

B(z,p)
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noting T,,L — - < const(m — p—z) < %p, where the constant depends

if r
only on m, as well as n(y )—Olfr( ) > 5.
We now recall (8.9.3), i

—Ad*(f(y),p) > 4e(f)(y). (8.9.37)
Then (8.9.32) follows from (8.9.36), (8.9.37), (8.9.33). O

From the proof, we also obtain

Theorem 8.9.4 Under the assumptions of Theorem 8.9.2,

e()(@) <0l + —) / e(F)(y) =01 + p%)E(fm(x,,,))

p
B(z,p)
where vy depends on the same quantities as ¢y in Theorem 8.9.2.

Proof. From (8.9.36), with p’ instead of p and also assuming B(z, p’) C M,
we obtain

(@ <l ) [ E e (3.9.38)

B(z,p’)
We put
g1(y,2) = d*""(y, 2)

gk(y,2) = / gr—1(y, w)g1(z, w)dw
B(z,p’)

‘We observe that
gk(y7 Z) < Cmko_m(yv Z)

For example, for k = 2
)= [ @ w)E " e,
B(z.p")

We split this integral into integrals over the regions

I={w:d(y,w) < =d(y,2)}
IT:={w:d(z,w) < 2d(y, z)}

IIT:=B(z,p' )\ UII.

| = Do =
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92(?/7Z)§/+/+/

I II III
< emd' ™ (y, 2),

Then

as desired. In particular, gx(y,z) is bounded for £ > . We now iterate

(8.9.38); this means that we estimate e(f)(y) in the integral on the right
hand side of (8.9.38) by using (8.9.38) for z instead of y. We need then
B(y,p') € M, and so we choose p’ = £ to guarantee this condition also for
the subsequent steps.

After at most 3 steps, we obtain the desired estimate. O

Perspectives. The literature on the regularity of harmonic maps has become too
numerous and extensive to be reviewed here. (See, however, the Perspectives on
§ 8.10 for some references.)

Therefore, in this §, I have rather tried to present a representative sample of
techniques from geometric analysis. The proof of Theorem 8.9.1 given here is due to
Lin[169]. I have selected that proof because it employs a fundamental tool, namely
Moser’s Harnack inequalities, in a particularly elegant and geometrically instructive
manner. The alternative proof is taken from Jost[136]; it is the most general and
powerful regularity proof presently known; in particular, in contrast to the preced-
ing proof, it does not utilize a compactness argument in the target. (The telescoping
argument Lemma 8.9.7 is originally due to [87]; the Harnack inequalities for the
mollified Green function can be replaced by a more elementary geometric argu-
ment, see [126].) The proof of Theorem 8.9.2 given here is taken from Jost[135]. I
have selected that proof because it elucidates the interplay between the geometric
meaning of the energy functional and its approximations and the geometric features
of nonpositively curved manifolds. Finally, the proofs of Theorems 8.9.3 and 8.9.4
(variants of results of Eells and Sampson[70]) have been developed here because of
their elementary nature, depending only on the geometry of the distance function
as described in § 4.7.

8.10 Harmonic Maps into Manifolds of Nonpositive
Curvature: Uniqueness and Other Properties

The results of §§ 8.8, 8.9 can be summarized as

Theorem 8.10.1 Let M and N be compact Riemannian manifolds, N of
nonpositive sectional curvature.

Let g : M — N be a continuous map. Then g is homotopic to a smooth
harmonic map f, and f can be obtained by minimizing the energy among
maps homotopic to g.
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The existence result was deduced from a convexity property of the energy
functional E. That convexity also suggests a uniqueness result for minimizers
of E. Here, we shall present a variant of such a reasoning that applies to all
harmonic maps and shows that they are in fact all minimizers of E.

Theorem 8.10.2 Let M be a compact, N a complete Riemannian manifold.
We assume that N has nonpositive curvature. Let fo, f1 : M — N be homo-
topic harmonic maps. Then there exists a family f; : M — N, t € [0,1], of
harmonic maps connecting them, for which the energy E(f;) is independent
of t, and for which every curve v,(t) := fi(x) is geodesic, and ||%’yx(t)|| is
independent of x and t. If N has negative curvature, then fo and f, either
are both constant maps, or they both map M onto the same closed geodesic,
or they coincide.

If M is a compact manifold with boundary, and if fojorr = fijom, then

again fo = f1.

Proof. We let
H:Mx[0,1] - N

be a homotopy between fy and fi, with fixed boundary values if OM # ().
In particular H(x,0) = fo(x), H(z,1) = fi(z). We let v, (¢) be the geodesic
arc homotopic to the arc H(xz,t). By Lemma 4.8.1, ~,(¢) is unique. Again,
€ [0,1], and of course ~,(t) is parametrized proportionally to arc length,
and we put fi(z) := v.(t).
By Corollary 8.7.1, since N has nonpositive curvature,

2
B = (19 g0l (5.10.1)

M

~ tracens < RV (e, Sy (1)) (0, i) > 0

Since L E(ft)ji=0 = 0= £ E(f)1=1, we obtain
E(f;) = const. (8.10.2)

From (8.10.1) then vat%( ) = 0; hence %"yx(t) is also constant in x. If
OM # (), hence &'Yx( ) = 0 for all z, since this is true for x € 9M; hence
fo = f1 in this case.

One also sees that fy and fi and hence by (8.10.2) all maps f; are energy
minimizing in their homotopy class, hence all harmonic. We also get from
(8.10.1), (8.10.2), by the nonpositivity of the curvature of N

(RN (df, o (0) (0 ) = 0

If N has negative sectional curvature, then either %%(t) = 0 in which case
again fo = fi, or rankgrdf;(z) < 1 for every x, so that f; is constant or maps
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M onto the geodesic v, (t). If IM = (), the image of M under fy and f; in
this case has to be a closed geodesic. O

From Theorem 8.10.1 and Corollary 8.7.3, we obtain

Corollary 8.10.1 Let N be a compact manifold of nonpositive sectional cur-
vature.

Then every map from a compact manifold with positive Ricci curvature
into N is homotopic to a constant map. Every map from a compact manifold
with nonnegative Ricci curvature, in particular from a flat manifold into N is
homotopic to a totally geodesic map. If the sectional curvature of N is even
negative, then any such map is homotopic to a constant map or a map onto
a closed geodesic. O

An implication of Corollary 8.10.1 is that manifolds of positive Ricci cur-
vature are topologically very different from those of nonpositive sectional
curvature.

We shall now prove Preissmann’s Theorem.

Corollary 8.10.2 Let N be a compact Riemannian manifold of negative
sectional curvature. Then every abelian subgroup of the fundamental group is
infinite cyclic, i.e. isomorphic to Z.

Proof. Let «, 3 € m (N, zp). Thus a and 3 are represented by closed loops
with base point zg. If @ and 3 commute, the homotopy between a3 and Sa
induces a map g : T? — N, where T? is a two-dimensional torus, i.e.

_a
92[0, ]X[O,l}—)N

B g with ¢(s,0) = g(s a(s) for all s
g(0,t) = g(1,t) = B(t) for all ¢,

-
«

and in particular ¢(0,0) = ¢g(1,0) = ¢g(0,1) = g(1,1) = xg, since «, 8 have
base point xg.
By Theorem 8.10.1, g is homotopic to a harmonic map

f:T? = N.

During the homotopy between g and f, the base point may change, but of
course the two loops corresponding to « and (§ will always have the same
base point at each step of the homotopy.

Since N has negative sectional curvature, by Corollary 8.7.1, f(T?) is
contained in a closed geodesic -, with base point 1 = f(0,0). Therefore, our
two loops in 1 (N, 21) (the ones obtained from « and (3 through the homotopy
from g to f, i.e. the curves f(0,-) and f(-,0)) are both multiples of v. Thus
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they are contained in a cyclic subgroup of m (N, x1). This cyclic subgroup
has to be infinite as otherwise v* for some k& € N would be homotopic to a
constant loop (representing the trivial element of w1 (N, z1)), contradicting
uniqueness of geodesics (Lemma 4.8.1), as v* is a geodesic since 7 is, and of
course a constant loop is also geodesic.

Thus, the subgroup of 71 (N, zg) generated by « and (3 is isomorphic to
an infinite cyclic subgroup. This is true for any two commuting elements in
71 (N, x0), and the conclusion follows. (]

Perspectives. While the concept of harmonic maps had been introduced earlier
by Bochner[24], the insight that led to the existence theorem 8.10.1, namely that
nonpositive target curvature leads to a useful differential inequality via a Bochner
formula was obtained by Al’ber[4, 5] and Eells and Sampson[70]. Once this had been
noted, one could essentially apply the linear argument of [179] to obtain regularity
and existence of harmonic maps with values in manifolds of nonpositive curvature.
In fact, Al’ber[5] also showed uniqueness (Theorem 8.10.2) and already conceived
the general scheme of applying harmonic maps to the investigation of the topology
of manifolds of nonpositive curvature; in particular, he was the first to derive Preis-
mann’s theorem from a harmonic map identity. Thus, his work is one of the several
instances encountered in this book when mathematicians in the former Soviet Union
obtained results that were not given credit in the Western countries, sometimes from
ignorance, but sometimes also deliberately. Hartman[112] also obtained the unique-
ness result for harmonic maps into manifolds of nonpositive curvature. For the case
of manifolds with boundary, such results were obtained by Hamilton[108]. These
authors used a parabolic method. They considered the so-called heat flow, i.e. the
problem

f:Mx[0,00) = N

of _
a(‘r’ t) - T(f(il‘,t))

(where the tension field 7 is taken w.r.t. the z-variable on M)
f(z,0) = g(z).

They showed that a solution exists for all ¢ > 0, and as t — oo, f(z,t) converges to
a harmonic map homotopic to g. This needs parabolic analogues of the estimates
of Theorem 8.9.3, Theorem 8.9.4. A detailed and simplified presentation of this
approach is given in [126]. Elliptic methods were first introduced into harmonic
map theory by Hildebrandt, Kaul, and Widman[117, 118].

Hildebrandt-Kaul-Widman[118] were also able to handle positive image curva-
ture. They solved the Dirichlet boundary problem for harmonic maps with values
in a ball B(p, p) in some Riemannian manifold N, with p < min (i(p), ﬁ), where
k > 0 is an upper bound on the sectional curvature of N.

The proof allows an important simplification by a result of Kendall[155]. He
constructed suitable convex functions on such a ball. Such geometric constructions
adapted to positive curvature had earlier allowed Jager, Kaul[125] to show that the
solution for the harmonic Dirichlet problem in such a ball is unique. See also [126]
for a presentation of these results.

Hildebrandt-Kaul-Widman[118] also discovered that without that convexity
condition on the target ball, critical points of the energy can be discontinuous,
and they found the basic example of a singularity, namely the map
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f:B(0,1)(cR") — s"!

T
o
|z

For n > 3, it has finite energy and is a critical point for the energy.

Schoen and Uhlenbeck[215, 216] and in a somewhat different context also Gi-
aquinta and Giusti[87, 88] then developed a regularity theory for energy minimizing
maps. They discovered that the above example is the prototype of a singularity,
that energy minimizing maps are regular except possibly on set of Hausdorff di-
mension at most dim M — 3 and that singularities can be precluded if there are
no nontrivial energy minimizing harmonic maps from a sphere S*(k > 2) into the
target. Note that in the above example, for © > 1, f(%) defines a harmonic map

from the sphere S™~! into S"~!. In the general case of a singularity, the same has
to happen at least in the limit r — oco. For a detailed account of the theory and its
subsequent developments, we recommend Steffen[230].

Returning to nonpositive image curvature, as mentioned above, Al’ber[5] was
the first to observe that harmonic maps can be used to prove Preissmann’s theorem.
Extensions of Preissmann’s theorem, i.e. further restrictions on fundamental groups
of compact manifolds of nonpositive curvature, were found by Yau[262], Gromoll
and Wolf[97], Lawson and Yau[167]. The harmonic map approach to these results
is presented in [129]. Recently, a general theory of harmonic maps between metric
spaces has been developed. A systematic description, together with the appropriate
references, can be found in Jost[137].

We now want to discuss some further results about harmonic maps and their
applications.

The first topic are so-called harmonic coordinates. Let M be an n-dimensional
Riemannian manifold. Local coordinates are diffeomorphisms from an open subset
U of M onto an open subset of R?. They are called harmonic if the coordinate
functions are harmonic. Harmonic coordinates have been employed in general rela-
tivity. They were introduced into Riemannian geometry by Sabitov and Shefel’[208]
and by de Turck and Kazdan[54] by showing that the metric tensor when written
in harmonic coordinates has the best possible regularity properties. (In particular,
the regularity properties are better than those of normal coordinates.) Explicit es-
timates were developed parallely and independently by Jost and Karcher[141] and
Nikolaev[192]. The precise result of Jost-Karcher is

Theorem. Letp € M. There exists Ry > 0, depending only on the injectivity radius
of p, the dimension n of M, and a bound A for the absolute value of the sectional
curvature on B(p, Ro) with the property that for any R < Ro, there exist harmonic
coordinates on B(p, R) the metric tensor g = (gi;) of which satisfies on each ball
B(p,(1=906)R) for every 0 < a < 1

lglotia < 76(“(2;"’“) A2R?,

(Here, the norm is the usual one of the Hélder space C*.) In particular the -
Hélder norms of the Christoffel-symbols are bounded in terms of ARy and n.

(See also the presentation in [126].) It is easy to construct harmonic functions on
balls B(p, Ro). A difficult point, however, is to construct n harmonic functions that
furnish an injective map of maximal rank into R™. This is the main achievement
of the preceding result. As an application, one obtains C*® estimates for harmonic



524 8. Harmonic Maps

maps between Riemannian manifolds, depending only on the dimensions, injectiv-
ity radii and curvature bounds of the manifolds involved provided one knows an
estimate for the modulus of continuity of the maps already. (Otherwise, no esti-
mate can hold, see Theorem 8.2.2). These estimates were also the crucial tool for
the proofs of the Gromov compactness theorem (see Short survey on curvature and
topology, above).

We already described in the Perspectives on § 4.8 how to define a notion of a
metric space of nonpositive curvature. Now, by an extension of the construction
presented in § 8.4, one may define an energy integral for maps between metric
spaces as a generalization of the energy integral in the Riemannian case considered
here. Again, it turns out to be expedient not to work with maps between compact
spaces as we did in this §, but rather to lift to their universal covers and con-
sider equivariant maps. Thus, let X and Y be metric spaces with isometry groups
I(X) and I(Y), resp., I' a (typically discrete) subgroup of I(X),p: I' = I(Y) a
homomorphism. We then call f: X — Y p-equivariant if

fyz) =p(y)f(x) forallze X,y eI

Of course, if M and N are compact Riemannian manifolds with fundamental groups
m1 (M) and 71 (), resp., then these groups operate by deck transformations on the
universal covers X := M, Y := N, and a homotopy class of maps from M to N
defines a homoporphism

prmi(M)— mi(N) CI(Y),

and the lift of any map in that homotopy class to the universal covers then has to
be p-equivariant. In fact, if N is a so-called s(m, 1)-space, meaning that all higher
homotopy groups 7 (N),k > 2, are trivial (such an N is also called aspherical,
because that means that every continuous map ¢ : S¥ — N, k > 2, is homotopic to
a constant map), then conversely the push down of any p-equivariant map lies in the
homotopy class defining p. This device, namely to work with p-equivariant maps,
among other things, has the important advantage that it also naturally applies in
situations where some of the elements v and p(y) have nontrivial fixed points, i.e.
where the spaces X/I" and/or Y/p(I") may have singularities. The energy of a p-
equivariant map then is simply defined by integration over a fundamental region
of I' in X. Minimizers are called generalized harmonic maps. The key feature of
the assumption of nonpositive curvature then is that it makes the energy integral
a convex functional on spaces of p-equivarant, square integrable maps as in § 8.8.

As already indicated, this works in considerable generality, and in fact, such
generality is useful for example in the context of superrigidity discussed below
where certain metric spaces of nonpositive curvature that are quite far from be-
ing manifolds naturally occur. Some of those spaces even are not locally compact
anymore.

A theory of such generalized harmonic mappings has been developed by J.
Jost[133, 134, 135, 137] and independently (but under more restrictive assumptions,
like local compactness) by Korevaar and Schoen[162]. In fact, a key point of the
approach of Jost is that the convexity of the functional can compensate the lack
of local compactness of the target in existence proofs. (Subsequently, Korevaar and
Schoen[163] reproved a special case of those existence results by a variant of the
method of Jost.) Actually, still more generality can be achieved, and new light can
be shed on why nonpositive curvature is the fundamental assumption for harmonic
maps. Namely, a space of p-equivariant, square integrable maps into a space of
nonpositive curvature is itself a space of nonpositive curvature (of course, not locally
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compact anymore even if the original target had been locally compact), and the
existence of generalized harmonic maps can then be deduced from an existence
theorem for minima of convex functionals on spaces of nonpositive curvature. In
fact, we have displayed this existence method in § 8.8 in the setting of a Riemannian
target. For a comprehensive treatment, we refer to [137].

We finally want to discuss the applications of harmonic maps to superrigidity
results (see the Perspectives on 5.5).

As explained in the Perspectives on 8.7, Siu derived a Bochner type identity for
harmonic maps between Kéahler manifolds. If the image has nonpositive curvature
in a suitable sense, it implies that the product of the Hessian of the map with the
Kaéhler form of the domain vanishes, or in other words, that the map is plurihar-
monic. A detailed study of the curvature tensors of Hermitian symmetric spaces
(i.e. those that are Kahler) of noncompact type then allowed him to conclude that a
harmonic homotopy equivalence between compact quotients of such spaces is holo-
morphic or antiholomorphic. It then also is a diffeomorphism. If the domain is also
a quotient of a Hermitian symmetric space, one can then show that the map is an
isometry, proving Mostow’s theorem in the Hermitian case. It is interesting to note
that the curvature terms to be investigated here come from the image and not from
the domain. Sampson[213] found a different formula that applies to harmonic maps
from Kahlerian to Riemannian manifolds. Corlette[52] showed that the product of
the Hessian of a harmonic map with any parallel form on the domain vanishes if
the image has nonpositive curvature. For quotients of quaternionic hyperbolic space
and the hyperbolic Cayley plane this allowed him to conclude that the Hessian itself
vanishes, i.e. that a harmonic map from such a quotient into a nonpositively curved
manifold is totally geodesic. This again implies a rigidity theorem.

If one wants to derive so-called nonarchimedean superrigidity and arithmeticity
of lattices (see Perspectives on 5.5), one has to study homomorphisms of lattices
into Sl(n,Q,)(Q, = p-adic numbers). It turns out that this group operates on a
so-called Tits building, a certain simplicial metric space with nonpositive curvature
in the sense of Alexandrov. Gromov and Schoen[104] then developed a theory of
harmonic maps from Riemannian manifolds into such spaces. In particular, they
could extend Corlette’s results to the p-adic case and obtain arithmeticity of the
corresponding lattices.

The most general superrigidity results for harmonic maps were obtained by Jost
and Yau[148] and Mok, Siu and Yeung[186]. Since the image of a lattice need not
be a lattice anymore, once more, one has to work with p-equivariant maps.

The result then is that any such harmonic map is totally geodesic, i.e. we have

Theorem. Let M = G/K be an irreducible symmetric space of noncompact type,
other than SO¢(p,1)/SO(p) x SO(1),SU(p,1)/S(U(p) x U(1)).

Let I be a discrete cocompact subgroup of G (i.e. a cocompact lattice). Let Nbea
complete simply connected Riemannian manifold of nonpositive curvature operator
with isometry group I(N). Let p : I' — I(N) be a homomorphism for which p(I")
either does not have a fixrpoint on the sphere at oo 0f]\7 or if it does, it centralizes
a totally geodesic flat subspace. Then there exists a totally geodesic p-equivariant
map,

(With the method of Mok-Siu-Yeung, the curvature assumption on N can be
weakened; if M = G/K is of rank > 2 then it suffices that N has nonpositive
sectional curvature.)
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The proof follows from a careful choice of the parameter A\ in the Bochner
formula of the Perspectives on 8.7 and a detailed study of the curvature tensors of
symmetric spaces.

The corresponding result for SOo(p, 1)/ SO(p)x SO(1) and SU(p,1)/ S(U(p)x
U(1)) is false, because it would imply that compact quotients have vanishing first
Betti number and there are examples of compact quotients of these spaces for which
this is not the case. In the case of SU(p,1)/ S(U(p)x U(1)), one gets, however the
existence of a pluriharmonic p-equivariant map, essentially a special case of the
result of Siu quoted above.

For Sp(p,1)/ Sp(p)x Sp(1) and the hyperbolic Cayley plane, the result is Cor-
lette’s theorem quoted above. For Hermitian symmetric spaces, the result is due to
Mok[185, 184].

A consequence of the theorem is

Corollary. Let M= G/K and I' be as above. Let H be a semisimple noncompact
Lie group with trivial center, p : I' — H a homomorphism with Zariski dense image.
Then p extends to a homomorphism from G onto H.

As explained above, this result is due to Margulis for rank (G/K) > 2 and to
Corlette for Sp(p,1)/ Sp(p)x Sp(1) and the hyperbolic Cayley plane.

Using the constructions of Gromov and Schoen, the result extends to the nonar-
chimedean case to show

Theorem. Let M = G/K and I" be as above.
Let p: I' — Sl(n,Q,) be a homomorphism, for somen € N and some prime p.
Then p(I") is contained in a compact subgroup of Sl(n, Q).

As explained above, the result is again due to Margulis for rank (G/K) > 2,
and to Gromov-Schoen for quaternionic hyperbolic space and the hyperbolic Cayley
plane.

The harmonic map approach to rigidity is still not complete:

First of all, so far it has been unable to derive Mostow’s rigidity theorem for
quotients of real hyperbolic space. Secondly, the results for spaces that are of fi-
nite volume but not compact (i.e. for nonuniform lattices) are still not complete.
Margulis’ results, for example, also hold in the noncompact case. (For rank 1, rigid-
ity results were shown earlier by G. Prasad.) In the Hermitian symmetric case,
however, this problem was solved by Jost and Zuo[149].

A new and very interesting approach to rigidity that applies particularly well
in the case of real hyperbolic spaces has been developed by Besson, Courtois and
Gallot[20, 21].

One open problem that is quite easy to formulate but as yet unsolved is the
following one of H. Hopf: Let M>™ be a compact manifold of even dimension 2m
that admits a Riemannian metric of nonpositive sectional curvature. Is it then true
that the Euler characteristic of M satisfies

(=1)"x(M*™) 20

(with strict inequality in the case of negative sectional curvature)? So far, this
has only been demonstrated under additional conditions, e.g. that the curvature
is pinched between two negative constants, see for example Donnelly, Xavier[62],
Bourguignon, Karcher[28], Jost, Xin[145]. If the manifold carries a Kahler metric,
then this conjecture has been verified by Gromov[100], in the case of negative
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sectional curvature, and by Jost, Zuo[150] and Cao, Xavier[37] in the nonpositive
case.

Exercises for Chapter 8

1) Show that every two-dimensional torus carries the structure of a Rie-
mann surface.

2) Determine all harmonic maps between tori.
(Hint: Use the uniqueness theorem and the fact that affine linear maps
between Euclidean spaces are harmonic.)

3) Determine all holomorphic quadratic differentials on a two-dimensional
torus, and all holomorphic quadratic differentials on an annular region
{z€ C:ry <|z| <72} (0 <rp <rqg) that are real on the boundary.

4) Show that the conclusions of the Hartman-Wintner-Lemma 8.2.6 con-
tinue to hold if (8.2.17) is replaced by

uzz| < K(luz] + [ul).

5) We let X be a Riemann surface and H : R® — R be a smooth function.
For a map f : ¥ — R3 we consider the equation
0? 0?
(@ + Tgﬂ)f =2H(f(2))fz N fy
where z = Kk + 4y is a conformal parameter on X and A denotes the
standard vector product in R3.

a: Show that, if f is conformal, H(f(z)) is the mean curvature of
the surface f(X) at the point f(z).

b: If ¥ = S2, show that every solution is conformal.

c: If X is the unit disk D and f is a solution which is constant on

0D, show that it is constant on all of D.

d: Show that for a nonconstant solution, f, and f, have only
isolated zeroes.

e: At those points where f, and f, do not vanish, we define
o oo fo N fy)
[fo N fyl
M= M7
|fz A 1yl

Sy o N fy)
N="1nn
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6)

7)
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(using the Euclidean metric of R3).

Show that for a solution with H = const., ¢dz? := (L — N —
2iM)dz? is a holomorphic quadratic differential.

Conclude that ¢, since holomorphic and bounded, extends to
all of X' as a holomorphic quadratic differential.

If H = const. and ¥ = S? show that every solution f(X) has
constant and equal principal curvatures at each point. Conclude
that it is a standard sphere of radius \/% ie. f(X)={zeR3:
|z — xo|? = 4} for some zo.

(Hint: Use a), b), e) and Lemma 8.2.4.)

Remark: By the uniformization theorem, every two dimensional
Riemannian manifold M diffeomorphic to S? admits the struc-
ture of a Riemann surface and a conformal diffeomorphism
K : 82 — M. It thus is conformally equivalent to S2. The
exercise then implies that every surface diffeomorphic to S?2
and immersed into R? with constant mean curvature is a stan-
dard “round” sphere. This result, as well as the method of proof
presented here, were discovered by H. Hopf.

Prove Theorem 8.3.3, assuming only that N is complete but not ne-
cessarily compact.

We call a closed subset A of a Riemannian manifold N convex
if any two points in A can be connected by a geodesic arc in
A. We call A strictly convex if this geodesic arc is contained in
the interior of A with the possible exception of its endpoints.
We call A strongly convex, if its boundary 0A is a smooth
submanifold (of codimension 1) in N and if all its principal
curvatures w.r.t. the normal vector pointing to the interior of A
are positive. Show that a strongly convex set is strictly convex.

Show that a strongly convex subset A of a complete Riemannian
manifold N has a neighborhood whose closure By and By := A
satisfy the conclusions of Lemma 8.3.2.

Show that Theorem 8.3.1 continues to hold if N is only com-
plete, but not necessarily compact, again with mo(N) = 0, pro-
vided ¢(X) is contained in a compact, strongly convex subset
A of N. In that case, the harmonic f : X — N also satisfies
f(X) CA.

In this exercise, still another definition of the Sobolev space H':2(M, N)
will be given. The embedding theorem of Nash (see the Perspectives
on 1.4) implies that there exists an isometric embedding

i: N —RF
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into some Euclidean space.
We then define
HP?(M,N):= {f € H"*(M,R¥) : f(z) € i(N)
for almost all z € M } .

Show that
HY“2(M,N) = H;*(M,N).

(Hint: Theorem 8.7.1 implies that HY2(M,R*) = H}**(M,R*) since
every map into R¥ is localizable.)

a: For 1 <p<ooand f € LP(M,N), we define

Boelh) = sz | [ AU F)ollydvol()

(with the same notation as in (8.7.1)), and
Ey(f) = lim B, .(f) € RU {00}

(show that this limit exists). We say that f € LP(M, N) belongs
to the Sobolev space H'?(M, N) if E,(f) < co. Characterize
the localizable maps belonging to H'P(M, N).

b: Show lower semicontinuity of E, w.r.t. LP-convergence, i.e. if
(f,)ven converges to f in LP(M, N), then

E,(f) <liminf E,(f,).

vV—00

c: Derive the Euler-Lagrange equations for critical points of E,,.
(The smooth critical points are called p-harmonic maps. The
regularity theory for p-harmonic maps, however, is not as good
as the one for harmonic maps. In general, one only obtains
weakly p-harmonic maps of regularity class O for some a >
0.)

d: Show the existence of a continuous weakly p-harmonic map
(minimizing F,) under the assumptions of Theorem 8.3.1.

e: Extend the existence theory of § 8.8 to E,.

Derive formula (8.7.13) in an invariant fashion, i.e. without using local
coordinates.

Prove the following result that is analogous to Cor. 8.7.4. A smooth
map f : M — N between Riemannian manifolds is totally geodesic
if and only if whenever V is open in N, U = f~%(V),h: V — R is
convex, then ho f: U — R is convex.
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12)

13)
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Let M be a compact Riemannian manifold with boundary, N a Rie-
mannian manifold, f : M — N harmonic with f(0M) = p for some
point p in N. Show that if there exists a strictly convex function i on
f(M) with a minimum at p, then f is constant itself.

State and prove a version of the uniqueness theorem 8.10.2 for mini-
mizers of the functionals E.. Show that, as for the energy functional
E, any critical point of E. (with values in a space of non-positive
sectional curvature, as always) is a minimizer.



Appendix A: Linear Elliptic Partial
Differential Equations

A.1 Sobolev Spaces

We are going to use the integration theory of Lebesgue. Therefore, we shall
always identify functions which differ only on a set of measure zero. Thus,
when we speak about a function, we actually always mean an equivalence
class of functions under the above identification. In particular, a statement
like “the function f is continuous” is to be interpreted as “f differs from a
continuous function at most on a set of measure zero” or equivalently “the
equivalence class of f contains a continuous function”.

Replacing functions by their equivalence classes is necessary in order to
make the LP- and Sobolev spaces Banach spaces.

Definition A.1.1 2 C R% open, p € R, p > 1,

LP(0) := {f : 2 > RU{£oo} measurable
o Wfloniey = ( [ @) < oo}
2

L>(2) = {f : 2 > RU{£oo} measurable
and || ||y := ess sup|f(z)| < oo}, with
e

ess sup f(x) := inf{a eRU{o0}: f(z) <a for almost all x € Q}.
€S2

Theorem A.1.1 LP(f2) is a Banach space for 1 < p < oo (with norm
- lze(e))-

Theorem A.1.2 (Holder’s inequality). Let p,q > 1, % + % =1 (q = oo for
p =1 and vice versa), f € LP(£2),g € L4(R2). Then fg € L*(£2) and

[lr@gtaids < | [1r@lrds) | [la)ds
2 19} 1]
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More generally, forpr,...pm > 1, ~+.. .+pi =1,f;, € LPi(2),i=1,...,m,

- ) P1
a1
Py
Di

J L@t <TT ( [ 1560

i=1 i=1

Theorem A.1.3 If (fn)nen converges to f in LP(§2), then a subsequence
converges pointwise almost everywhere to f.

Theorem A.1.4 C§°(£2) is dense in LP(§2) for 1 < p < oo (but not for

P = 00).

Theorem A.1.5 If f € L?(2) and [ f(z)p(z)dz = 0 for every ¢ € C§°(£2),
7]

then f = 0.

LP

loc

(2):={f:2—>RU{too}: feLP(2) forV2' € 2}

Definition A.1.2 Let f € L}, (£2). We call v € L}, .(£2) the weak derivative

loc loc

of f in the direction of 2%, v = D, f, if

[v@p@n=- [ 10222
2

(]

dzx

for all € CL(R2). Here z = (z!,...,2") € R™.
Weak derivatives of higher order are similarly defined (notation Dg f for
a multiindex a).

Definition A.1.3 k € N,1 < p < oo. We define the Sobolev spaces and
Sobolev norms as follows:

WHhP(0) .= {f € LP(R2) : Vo with |a| < k: Dof € LP(2)}

1

P

1wy = z:/wdv for 1< p<oc

la|<k "
[ fllwre.oe () = Z ess sup | Do f(2)]
ol <k a€cs?
HEP(02) := closure of C§°(2) w.r.t. | - w2

H*P(£2) := closure of C°°(£2) w.r.t. | - w2

Theorem A.1.6 WFP(02) = H*?(£2) for 1 <p < oo,k € N. WFP(§2) is a
Banach space for 1 < p < oo,k € N.
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Some local properties of Sobolev functions:

Lemma A.1.1 2 C R? open, f € HY1(02),i € {1,...,d}. Then for almost
all N € R, fizi=xy is absolutely continuous.

Let f € LY(£2), 2 open in R%. Then for almost all 2y € 2
1
lim ———— x) — f(xo))|dz =0
tiy s [ @) = (@)

(|B(z0,7)| = wgr? denotes the Lebesgue measure of the ball B(zq,7)).

An z( satisfying this property is called a Lebesgue point. If zy is a
Lebesgue point, then f is approximately continuous at xg; this means the
following:

For € > 0, let
Se:={y e 2:1f(y) — fzo)| <e}.
Then
. 1Se N B(xo,1)]

lim
r—0  |B(zo,7)|

Similarly, f € HY1(£2) is called approximately differentiable at x¢ € §2, with
approximate derivative V f(zg), if for

Sii={y € 2:|f(y) — f(wo)(y — z0) — Vf(xo)| < ely — zol}

lim |S: N B(zo,7)]
r—0 |B(x0,7“)|

=1 foralle>0.

=1 foralle>0.
We then have

Lemma A.1.2 A function f € H%'(£2),02 C R open, is approzimately
differentiable almost everywhere, and the weak derivative coincides with the
approrimate deriwative almost everywhere.

Lemma A.1.3 2 C R? open, £ : R — R Lipschitz, f € H'P(82). If {o f €
LP(R2), then Lo f € HYP(£2) and for almost all x € 2,

Di(to f)(@) = C(f@)Dif (@), i=1,...,d.

Theorem A.1.7 (Sobolev embedding theorem). 2 C R™ open, bounded, f €
HyP(2). Then
fe L= forp<mn
fec®) forp>n

More precisely, 3 constants ¢ = ¢(n,p) :
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IF1l 22 ) < lDfllLoqey  forp <n

sup |f(@)| < e Vol(2)" "7 |Df|Le() forp>n
S

Forn=p, f e L1S2) for all ¢ < co.
Remark. HY"(£2) is not contained in CY(£2) or L>°(£2).

Let us consider the following example:
° .. 1,d
d>2 02 =B(021) cRY fla) = loglogﬁ is in Hy“(£2), but has a
singularity at z = 0 and is unbounded there. Using this example, we may even
produce functions in H%? with a dense set of singular points. For example,

take 2 = B(0, 2—16) C R? let (p,),en be a dense sequence of points in 2 and

consider
9@) =32 (@~ p,).

Corollary A.1.1 (Poincaré inequality). 2 C R™ open, bounded,

f e Hy*(2) = ||fllz2() < const. vo1(9)%\|pf\|L2(m.

Corollary A.1.2 2 C R" open, bounded

L%(Q) for kp <n

k,p o
:>H0 (Q)C{Om(g) f0r0§m<k—%

In particular, if f € H(If’p(Q) for allk € N and some fived p, then f € C>(£2).

Theorem A.1.8 (Rellich-Kondrachov compactness theorem). 2 C R™ open,
bounded. Suppose 1 < q < % ifp<d,and 1 < q < oo if p > d. Then

H&’p(Q) is compactly embedded in LI(2), i.e. if (fn)nen C Hé’p(ﬂ) satisfies
Il frllwip(2)y < const.,

then a subsequence converges in LI((2).

Corollary A.1.3 2 as before. Then Hé’2(f2) is compactly embedded in
L2(02).

H*2(02) is a Hilbert space, the scalar product is

(fs D mr20) = Z /Daf(x)Dag(x)dx.

la|<k "

Finally, we recall the concept of weak convergence:
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Let H be a Hilbert space with norm || - || and a product (-,-). Then
(vn)nen C H is called weakly convergent to v € H,

Up —7 U,
iff
(U, w) — (v,w) for all w € H.

Theorem A.1.9 Every bounded sequence (vn)nen tn H contains a weakly
convergent subsequence, and if the limit is v,

[lv]] < liminf ||v,]|
n—oo
(where (v,) now is the weakly convergent subsequence).

FEzample. Let (e,) be an orthonormal sequence in an infinite dimensional
Hilbert space. Then e,, — 0. In particular, the inequality in Theorem A.1.9
may be strict.

A.2 Existence and Regularity Theory for Solutions of
Linear Elliptic Equations

{2 will always be an open subset of R™.

For technical purposes, one often has to approximate weak derivatives if
they are not yet known to exist by difference quotients which are supposed
to exist. Thus, let

feL*(2R),
(e1,...,em) an orthonormal basis of R™
heR,h+#D0.

We put

f(z + he;) — f(x)
h

If p € L%(£2),supp ¢ € £2,|h| < dist(supp ¢, 012), we have

Abf(x) = (if dist(z,062) > |h|).

/ (Al f(2))p(a)de = — / (@) A7 () d. (A2.1)
(9]

9]

Lemma A.2.1 If f € HY2(2),02" € Q,|h| < dist(2',00), then Al'f €
L2($') and

||A?f||L2(_Q/) < ||Dif||L2(Q) fO’I“i =1,...,m.
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Conversely

Lemma A.2.2 If f € L?(2) and if for some K < oo
JA! fll 2oy < K

for some sequence hy, — 0 and all 2 @ 2 with h,, < dist({2',052), then the
weak deriwative D;f exists and

I1Difllr2(2) < K.

The fundamental elliptic regularity theorems for Sobolev norms may be
proved by approximating weak derivatives by difference quotients.

We now formulate the general regularity theorem.

We consider an operator

Lf(z) = 7o (a*(2) 5 5 f()) (A4.2.2)

forze 2, f:02->R 2 CR™
We assume that there exist constants 0 < A < p with

NP < a®(2)€ats < plél? (4.2.3)
for all x € 2,6 € R™. We say that L is uniformly elliptic. Let k € L*(£2).
Then f € HY2(02) is called weak solution of

Lf=k
if
/ 0 (2) D (2) Do) da: = — / k(@) (x)da (A.2.4)
7] 2]
for all p € Hy?(02).

Theorem A.2.1 Let f € HY2(02) be a weak solution of (A.2.4). Suppose
ke H"%(2),a% € C*T1(2) (v e€N).

Then

f c HV+2’2(Q/)

for every 2" € £2.

If

1a%? || curr () < Ky,
then
[fllmv+z2on < el fllezee) + 1Ellmv22), (A.2.6)

where ¢ depends on m, \, v, K,,, and dist(£’,012).
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The Harnack inequalities of Moser are of fundamental importance for the
theory of elliptic partial differential equations:

Theorem A.2.2 Let L be a uniformly elliptic operator as in (A.2.2),
(A.2.3).

(i) Let u be a weak subsolution, i.e.
Lu>0 in a ball B(xg,4R) C R™

([a*’DyuDgp <0  for all € Hy*(B(w0,4R))). For p > 1 then

p

2
po\T 1
sup u< ¢ ( ) — / (max(u(x),0)Pdx) |
B(xo,R) p—1 wm (2R) e am)
o, L

where ¢y depends only on m and § in (A.2.3).
(ii)  Let u be a positive supersolution, i.e.

Lu <0 in a ball B(zg,4R) C R™.

Form23and0<p<%then

1 / |l < 2 inf
_ u ——— inf w,
wm(2R)™ ~ (%5 — p)? B(xo,R)
B(z0,2R) )
c2 again depending only on m and §. For m = 2 and 0 < p < oo,
the same estimate holds when (7072720)2 is replaced by a constant cg
m—2

depending on p and §.

The Harnack inequality also translates into estimates for the fundamental
solutions of the Laplace-Beltrami operator, and their generalizations, the
Green functions. The Green function G(zg, ) of a ball B C M (or another
sufficiently regular domain), for zy in the interior of B, is symmetric in
and xg, smooth for x # x(, becomes singular like md(ﬂc, x0)2_d in case
d=dimM >3 (wg = volS91) (and like w% log d(zg, x) for d = 2), vanishes
for x € 0B, and satisfies

h(zg) = /BAh(a:) G(z0,z)dvol(z) for allh € C3(B).

A geometric approximation of the Green function (that is exact in the Eu-
clidean case) has been investigated in 4.7. An analytic alternative that allows
to avoid the singularity is the use of the mollified Green function. For simplic-
ity, and because that typically suffices for applications, we only consider the
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case of a ball. The mollified Green function G (zg, x) on the ball B(z¢, R) rel-
ative to the ball B(zg, 2R) of double radius, GE(x, ) € H?>NCY(B(xo,2R)),
satisfies

Ap(z) GF (20, z)dvol(z) = / (dp(z), dGE (0, x))dvol (z)
B(z0,2R) B(zo,2R)
o(x)dvol(x)

B(zo,R)
for allg € H'? with supp ¢ € B(zo,2R).

For purposes of normalization, it is convenient to consider

|B(x0,2R)|

wh(z) = f2 GE (o, )
(with |B| := volB).
We then have
1
[ tedat@ =g [ e
B(wo,QR) B(CE(),R)

for all p € HY? with supp ¢ € B(wg,2R).

We then have the estimates

Corollary A.2.1

0<wl<~y in B(zo,2R)
w® >~y >0 in B(zo, R)

for constants vy, that do not depend on R.

The estimates of J. Schauder are also very important:

Theorem A.2.3 Let L be as in (A.2.2), (A.2.3), and suppose that the coef-
ficients a®®(x) are Hélder continuous in 2, i.e. contained in C?(£2) for some
O0<o<l1

(i) If u is a weak solution of
Lu=k

and if k is in L°°(82), then u is in C17(82), and on every 2y € 12,
its C1'7-norm can be estimated in terms of its L?-norm and the L>-
norm of k, with a structural constant depending on 2,2y, m,o, A\, u
and the C?-norm of the a®®(x).

(ii)  Ifu is a weak solution of
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Lu=k

for k € C¥7(02), somev =0,1,2,...,0 < o < 1, and if the coeffi-
cients a®® are also in CV7(82), then u is in C¥T27(£2), and a similar
estimate as in (1) holds, this time involving the C*°-norm of k and
the a®”.

Finally, we quote the maximum principle.

Theorem A.2.4 Let 2 C R™ (or, more generally, 2 C M, M a Riemannian
manifold) be open and bounded, f € C*(£2) N CY(2) with

Lf>0 in 2,

L asin (A.2.2), (A.2.3). Then [ assumes its mazimum on the boundary O2.

All the preceding results naturally apply to the Laplace-Beltrami operator
on a ball B(zg,r) in a Riemannian manifold M, putting

1 0 0
L=-A=—_— b _—_
/7 0o (ﬁ” 9P > ’
(Yap)a.6=1,....m the metric tensor of M in local coordinates, (Y*?) = (va5) 71,
7 = det(Vap)-

References for the material in this appendix are: Gilbarg and Trudinger[89],
Jost[140] (German version: [138]) and, with a more elementary presentation,
Jost[139]. The results of Corollary A.2.1 about Green functions are system-
atically derived in [106], and in a more general context in [23]. Some further
points about Sobolev spaces can be found in Ziemer[265].



Appendix B: Fundamental Groups and
Covering Spaces

In this appendix, we briefly list some topological results. We assume that M
is a connected manifold, although the results hold for more general spaces.
A path or curve in M is a continuous map

c:0,a) = M (a>0).

A loop is a path with ¢(0) = ¢(a), and that point then is called the base point
of the loop. The inverse of a path c is

c 0,0 = M
cHt) i=cla—t).

If ¢; : [0,a;] — M are paths (i = 1,2) with ¢2(0) = ¢1(a1), we can define
the product ¢; - ¢o as the path ¢: [0,a1 + as] — M

o(t) = () for0<t<a;
co(t —aq1) forag <t<a;+as’

Two paths ¢; : [0,a;] with ¢1(0) = ¢2(0) and c¢1(a1) = c2(az) are called
equivalent or homotopic if there exists a continuous function

H:[0,1] x [0,1] — M

with ;
H(t,0) = c1(—
( 70) Cl(al)v
H(t,1)= cz(i) for all ¢
az

H(0,s) =¢1(0) = ¢2(0)
H(1l,s) =c1(a1) = ca(az) for all s.

In particular, ¢ : [0,a] — M is equivalent to ¢ : [0,1] — M with é(t) = c(é),
and so we may assume that all paths are parametrized on the unit interval.

We obtain an equivalence relation on the space of all paths. The equiva-
lence class of ¢ is denoted [c], and it is not hard to verify that [c;cs] and [¢71]
are independent of the choice of representations. Thus, we may define
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[e1 - ea] =: [ea] - [ea]

[c™] =[]t

In particular, the equivalence or homotopy classes of loops with fixed base
point p € M form a group 71 (M, p), the fundamental group of M with base
point p.

If p and ¢ are in M and v : [0,1] — M satisfies v(0) = p, (1) = ¢, then
for every loop ¢ with base point ¢, ¥~ 'cv is a loop with base point p, and this
induces an isomorphism between 71 (M, ¢) and 7 (M, p). We may thus speak
of the fundamental group (M) of M without reference to a base point.
M is called simply connected if w1 (M) = 0. A continuous map f: M — N
induces a map fyg : m(M,p) — m (N, f(p)) of fundamental groups.

A continuous map

T X —->M

is called a covering map if each p € M has a neighborhood U with the prop-
erty that each connected component of 7=1(U) is mapped homeomorphically
onto U. If p € M and H is a subgroup of 71 (M, p), there exists a covering
7w : X — M with the property that for any z € X with w(x) = p, we have
me(m (X, x)) = H. )

If we choose H = {1}, we obtain a simply connected manifold M and a
covering

7 M — M.

M is called the universal covering of M.
If 7: X — M is a covering, ¢ : [0,1] — M a path, zg € 7~ (2(0)), then
there exists a unique path
¢:0,1] = X

with é(0) = xo and ¢(t) = w(é(t)). ¢ is called the lift of ¢ through .
More generally, if M’ is another manifold, f : M’ — M is continuous,
po € M,yo € f~(po), x0 € 7 (po), there exists a continuous

f:M’—>X

with f(yo) = 2o and f = 7o f if and only if fu(m1(M’, o)) C ma(m1(X, x0)).
f is unique if it exists.

Let 7 : M — M be the universal covering of M. A deck transformation is
a homeomorphism ¢ : M — M with

T =To0 .

Let 7(z0) = po. m1(M,po) then bijectively corresponds to 7~ 1(pg). More
precisely, 1 € 7 1(pg) corresponds to the homotopy class of m(vz,), where
Y, : [0,1] — M is any path with ., (0) = zg,7s, (1) = z1. The deck trans-
formations form a group that acts simply transitively on 7= (pg), and associ-
ating to a deck transformation ¢(zo) € m~!(po) then yields an isomorphism
between the group of deck transformations and (M, pg).
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If M and N are manifolds with universal coverings M and N, resp., and
if
f:M—N

is a continuous map, we consider the induced homomorphism

p = fy:m(M,p) — m (N, f(p))

of fundamental groups. If 7 : M — M is the universal covering, we can lift
fom: M — N to amap o ~

f:M— N,
because the above lifting condition is trivially satisfied as 71 (M) = {1}. f

is equivariant w.r.t. the above homomorphism p in the sense that for every
A € m1 (M, p), acting as a deck transformation on M, we have

fOx) = p(\)f(z) for every z € M, (B.1)

where p(A) acts as a deck transformation on_ N. We say that fis a p-
equivariant map between the universal covers M and N.
Conversely, given any homomorphism

p:m(M,p) — w1 (N,q)
and any p-equivariant map
g:M— N (with g(p) = q),
not necessarily continuous, then ¢ induces a map
g :M— N
whose lift to universal covers is g. ¢’ is continuous if g is.

Finally, if M is the universal cover of a compact Riemannian manifold
M, a so-called fundamental domain F(M) for M in M can be constructed
as follows:

For simplicity of notation, we denote the group 71 (M, xg) operating by
deck transformations on M by I', and its trivial element by e.

Let d(.,.) be the Riemannian distance function on M. We select any
20 € M. We then put

F(M):={z€ M :d(z,2) < d(yz,20) forall y € I,y # e}.
F(M) is open. Since I" operates by isometries, i.e.
d(Az1,A\z2) = d(21,22) forall A€ T,z1,2 € M,
we may also write

F(M)={z¢e M :d(z 2) < d(z, z) forall \e I\ # e}.
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By its definition, F'(M) cannot contain any two points that are equivalent
under the operation of I'. On the other hand, for any z € M, we may find
some g € I' such that

pz € F(M).
Thus, the closure of F'(M) contains at least one point from every orbit of I"
in M. o
If f: M — R is an integrable function, and if f : M — R is its lift to the
universal cover of M, then

/ f(z)dvol(x) = / Fly)dvol(y).
M (M)

Ezxamples of fundamental groups:
1) w1 (R™) = {1} for all n.
2) T (S =7Z.
A generator is given by
c:[0,1] - St = {(z,y) eR*: 2? +y* =1}
c(t) = (cos 2mt, sin 27t) .
The universal covering of S is R!, and the covering map is likewise

given by
7(t) = (cos 27t sin 27t).

3) m1(S™) = {1} for n > 2.
4) m1(S0(n)) = Zs for n > 3.

The preceding results can be found in any reasonable textbook on Alge-
braic Topology, for example in [92] or [231].
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coordinate representation, 31

cotangent bundle, 36, 39, 46

cotangent space, 36

cotangent vector, 36

Courant-Lebesgue Lemma, 424, 426,
456, 462, 467

covariant, 37

covariant derivative, 105, 107

covariant tensor, 139

critical point, 298, 361, 403, 414, 452,
483

critical point of the volume function,
164

critical set, 293

cup product, 342

curvature, 111, 112, 118

curvature operator, 112

curvature tensor, 112, 134, 137, 255,
262

curves of steepest descent, 294

de Rham cohomology group, 91, 92,
155

deck transformation, 492

deformation retract, 239

degree of line bundle, 389

density, 458, 461, 466

derivative, 6

determinant, 346

determinant line, 348, 349, 351

determinant line bundle, 78, 393

diameter, 194

diffeomorphism, 3

difference quotient, 448

differentiable, 2, 132

differentiable manifold, 2, 53

differentiable map, 3, 8

differential equation, 376

differential operators, 100

dimension, 1

Dirac operator, 150-152, 154, 393
Dirichlet integral, 402, 454, 456
Dirichlet problem, 434
Dirichlet’s principle, 92
distance, 15

distance function, 16, 194, 424
divergence, 89

dual basis, 36

dual bundle, 109

dual space, 36

dualization, 330

Einstein manifold, 137

Einstein summation convention, 6

elliptic, 100

ellipticity condition, 101

embedding, 10

energy, 18, 402, 410, 413, 426, 445, 452,
455, 483, 520

energy density, 401

energy functional, 371, 442, 444

energy minimizing, 422, 423, 425, 426,
428, 430, 436, 437

Enneper’s surface, 167

equicontinuity, 436

equicontinuous, 429, 431, 438

equivariant, 543

estimates of J. Schauder, 538

Euclidean type, 269

Euler characteristic, 295, 297, 368

Euler class, 342

Euler-Lagrange equation, 18, 92, 179,
385, 393, 403, 405

exact form, 92

exact sequence, 363

exponential map, 20, 27, 54, 114, 183,
184, 197, 271, 277, 285

extended index, 190

exterior p-form, 40

exterior derivative, 40, 43, 110, 111

exterior product, 36, 40

finite energy, 482

first Chern class, 247

first fundamental form, 159

first order differential equation, 44
flat, 137, 279, 283

flat connection, 115

flat Riemannian manifold, 138
flow, 46

flow line, 294, 302, 317

formally selfadjoint, 151



frame field, 39

Fredholm operator, 343-345, 348-350,
352

Friedrichs mollification, 220

Fubini-Study metric, 242

fundamental class, 342

fundamental domain, 543

gauge group, 121, 122

gauge transformation, 121

Gauss curvature, 137, 160

Gauss equations, 160

Gauss lemma, 184

Gauss-Kronecker curvature, 159, 161

generalized Morse-Smale-Floer
condition, 339

generic homotopy, 337

geodesic, 19, 46, 113, 134, 166, 173,
178, 183, 189, 191, 197, 209, 253,
254, 257, 283, 483, 486

geodesic of shortest length, 24, 27, 28

geodesic ray, 222, 223

geodesically complete, 27, 28, 254

Ginzburg-Landau functional, 386, 396

gradient, 89, 294, 302

gradient flow, 302, 379

graph flow, 340

Green function, 537

group of diffeomorphisms, 46

Hadamard manifold, 225

Hadamard-Cartan Theorem, 210

half spin bundle, 393

half spinor bundles, 78

half spinor representation, 74

Hamiltonian flow, 48

harmonic, 409, 410, 413, 415, 419, 421,
425, 428, 430, 431, 433, 436, 437,
439, 482, 483, 485-488, 520

harmonic form, 87, 92, 154, 155

harmonic function, 87, 403, 406

harmonic map, 166, 403, 406

harmonic spinor field, 152, 157

Harnack inequalitiy, 537

Harnack inequality, 503, 506

Hartman-Wintner-Lemma, 416, 458

Hartmann-Grobman-Theorem, 307

Hausdorff property, 1

helicoid, 167

Hermitian line bundle, 386

Hermitian metric, 241, 242, 408

Hessian, 145, 486

Hilbert space, 93
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Hodge * operator, 75

Hodge decomposition theorem, 251

holomorphic, 237, 407-410, 433, 438

holomorphic quadratic differential, 410,
412, 414, 415, 433, 438

holomorphic tangent space, 10

holomorphic vector bundle, 42

holomorphic vector field, 412

homeomorphism, 1

homoclinic orbit, 318

homogeneous, 255

homogeneous coordinates, 238

homology group, 99, 296, 329, 334, 360

homology theory, 363

homotopic, 25, 420, 421, 430, 433, 520

homotopy, 25, 336, 339, 351

Hopf map, 240

Hopf-Rinow Theorem, 27, 194, 254

hyperbolic, 137

hyperbolic space, 195, 196, 253

hyperplane, 238

immersed minimal submanifold, 165

immersion, 10

index, 190

index form, 178

induced connection, 110

infinite dimensional Riemannian
manifold, 33, 370

infinitesimal isometry, 52

injectivity radius, 32, 423, 425, 433, 463

instanton, 124

integral curve, 45

invariant k-form, 125

invariant polynomial, 125

involution, 242, 253

isometric immersion, 165

isometry, 31

isometry group, 255

isotropy group, 289

Iwasawa decomposition, 285, 286

Jacobi equation, 179, 182, 197

Jacobi field, 178181, 183, 197, 202,
204, 257, 465

Jacobi identity, 49, 52, 265, 282

Kahler form, 241, 242, 245

Kabhler identities, 248

Kahler metric, 242, 246

Karcher’s constructions, 216, 224

Killing field, 52, 53, 147, 183, 258, 259,
269
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Killing form, 119, 265, 266, 271
Korn’s inequality, 147

Lagrangian, 385

Laplace operator, 99

Laplace-Beltrami operator, 87, 88, 143,
246, 406, 408, 487, 503, 508

left invariant Riemannian metric, 57

left translation, 56

length, 15

length minimizing, 188

lens space, 256

level hypersurface, 318

Levi-Civita connection, 133, 143, 158,
253, 401, 480

Lichnerowicz Theorem, 157

Lie algebra, 49, 53, 57, 61, 264, 270

Lie bracket, 49, 57, 110, 270

Lie derivative, 51, 52, 139, 146

Lie group, 53, 264, 270

linear elliptic equation, 535

linear subspace, 238

local 1-parameter group, 52

local 1-parameter group of diffeomor-
phisms, 46

local conformal parameter, 407

local coordinates, 2, 37, 114, 372, 401,
411, 418, 419, 453

local flow, 45

local information, 361

local isometry, 31

local minimum, 378

local product structure, 326

local stable manifold, 307

local triviality, 33

local unstable manifold, 307

local variation, 163

locally symmetric, 256

locally symmetric space, 257

lower semicontinuity of the energy, 449

manifold, 1

maximum principle, 392, 413, 434

Mayer-Vietoris sequence, 239

mean curvature, 159, 165

metric bundle chart, 38

metric connection, 116, 118, 119

metric tensor, 139

minimal 2-sphere, 431, 439

minimal submanifold, 165, 406

minimal submanifolds of Euclidean
space, 167

minimal surface, 167, 458

minimal surfaces in R?, 167

minimizers of convex functionals, 495

minimizing, 176

minimizing sequence, 426

minimum, 298

model space, 197

modulus of continuity, 425, 429, 430,
470

mollification, 220-222

monotonicity formula, 458, 466

Moreau-Yosida approximation, 494

Morse function, 294, 301, 337

Morse index, 301, 361

Morse index theorem, 191

Morse inequalities, 368

Morse-Floer cohomology, 330

Morse-Floer theory, 324

Morse-Palais-Lemma, 303

Morse-Smale-Floer condition, 325-327,
331, 361, 362

Morse-Smale-Floer flow, 333

Morse-Smale-Floer function, 353, 368

Moser’s Harnack inequality, 537

Myers and Steenrod Theorem, 264

negative basis, 83

negative gradient flow, 294, 302, 305,
312, 317, 319, 376

negative sectional curvature, 176, 195,
485, 521

noncompact type, 269

nondegenerate, 98, 301, 307, 320

nonnegative Ricci curvature, 155

nonpositive curvature, 520

nonpositive sectional curvature, 209,
210, 483, 485, 516, 521

normal bundle, 42

normal coordinates, 21

nullity, 190

one-form, 36

one-parameter subgroup, 255, 259, 277
open set, 1

orbit, 302, 317

orientable, 2

orientable flow, 333

orientation, 83, 331, 333, 349
orthonormal basis, 38

Palais-Smale condition, 298, 320, 324,
374, 376, 378, 413

Palais-Smale sequence, 379

paracompact, 1



parallel form, 155

parallel sections, 107

parallel transport, 107, 116, 201

parametric minimal surface, 168, 409,
413

partition of unity, 4, 375

perturbed functional, 396

Poincaré duality, 342

Poincaré inequality, 469, 499, 501, 504,
534

polar coordinates, 23

positive basis, 83

positive gradient flow, 330

positive Ricci curvature, 155, 156

positive root, 285

positive sectional curvature, 176

potential, 385

Preissmann’s theorem, 521

principal G-bundle, 58

principal bundle, 58

principal curvatures, 159

probability measure, 216

projection, 33, 58

proper, 298

pulled back bundle, 35

Pythagoras inequality, 216

quadrilateral comparison theorem, 213
quaternion algebra, 65

rank, 33

rank of a symmetric space, 280

Rauch comparison theorem, 196, 423,
425, 426

real on the boundary (holomorphic
quadratic differential), 414, 415

real projective space, 256

regular, 283

regular geodesic, 283

regular homotopy, 337

regularity, 432, 470, 473, 498, 535, 536

relative homology group, 359

relative index, 325

relative Morse index, 301

Rellich, 534

Rellich compactness theorem, 94, 191,
192

removable singularity, 439, 454

representation formular, 207

Reshetnyak’s quadrilateral comparison
theorem, 213

Riccati equation, 205
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Ricci curvature, 137, 138, 194, 485, 516,
521

Ricci form, 247

Ricci tensor, 137, 247

Riemann surface, 168, 385, 407, 408,
410, 414, 419, 421, 428, 430, 431,
433, 456, 463

Riemannian metric, 13, 37, 39, 294,
302, 407

Riemannian normal coordinates, 21

Riemannian polar coordinates, 23, 24

right translation, 56

root, 281, 283

saddle point, 298

scalar curvature, 137, 247

scalar product, 119

Schur, 138

second covariant derivative, 143

second fundamental form, 159, 161, 204

second fundamental tensor, 158, 160

second variation, 173

second variation of energy, 480, 482,
483

section, 35

sectional curvature, 136, 137, 263, 423,
425, 463, 516

Seiberg-Witten equations, 395, 397

Seiberg-Witten functional, 393, 395,
396

selfdual, 124

selfdual form, 396

selfduality, 391, 395

selfduality equations, 391

semisimple, 268, 269, 271

shortest curve, 25

shortest geodesic, 493

singular, 283

singular geodesic, 283

singular hyperplanes, 284

smoothing, 220

smoothness of critical points, 404

Sobolev curve, 370

Sobolev embedding theorem, 371, 373,
479, 533

Sobolev norm, 93

Sobolev space, 86, 93, 94, 100, 190, 370,
421, 445, 532

space form, 137

sphere, 12, 30-32, 138, 158, 162, 181,
183, 184, 189, 194, 196, 198, 239,
253, 411

sphere at infinity, 223
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spherical, 137

spin group, 62

spin manifold, 76, 152, 157

spin structure, 76, 77

spin® manifold, 78, 154, 393

spin® structure, 78

spinor bundle, 78, 149

spinor field, 78, 152

spinor representation, 74, 76

spinor space, 72, 73

splitting off of minimal 2-sphere, 431

stable foliation, 313, 326

stable manifold, 302, 312, 319, 325

star operator, 83, 85

stratification, 325

strictly convex, 145

strictly convex function, 488

structural conditions, 468, 470, 476, 478

structure group, 35, 37, 38, 58

subbundle, 35

subharmonic, 487, 488

submanifold, 11, 41, 160, 161

symmetric, 242

symmetric space, 243, 253-255, 257,
269, 277

Synge Theorem, 176

system of differential equations, 44

system of first order ODE, 107

tangent bundle, 10, 35, 37

tangent space, 7, 9

tangent vector, 7

tension field, 405, 486

tensor, 37

tensor field, 37

tensor product, 36

theorem of Lyusternik and Fet, 380
theorem of Picard-Lindeldf, 302, 305
theorem of Reeb, 383

theorema egregium, 160

Tits building, 285

topological invariant, 396

topology of Riemannian manifolds, 156

torsion, 114

torsion free, 114

torus, 3, 32, 99

total space, 33

totally geodesic, 161, 279, 485, 486,
488, 521

transformation behavior, 36, 39, 109,
112

transformation formula for p-forms, 41

transition map, 34

translation, 254, 255

transversal intersection, 325

transversality, 335

unitary group, 240

universal covering, 543

unstable foliation, 313

unstable manifold, 294, 302, 312, 319,
325, 361-363

variation of volume, 163
vector bundle, 33, 34
vector field, 35, 44
vector representation, 63
volume form, 85, 245

weak convergence, 534

weak derivative, 532, 536

weak minimal surface, 456, 458, 459,
462, 463

weak solution, 536

weakly harmonic, 453, 455, 456, 462,
468, 478

Weitzenbock formula, 143, 152

Weyl chamber, 284, 285, 287

Yang-Mills connection, 120, 122
Yang-Mills equation, 124
Yang-Mills functional, 120, 122, 128
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