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Preface

This book is the natural continuation of “Algebras, rings and modules. vol.I”.
The main part of it consists of the study of special classes of algebras and rings.
Topics covered include groups, algebras, quivers, partially ordered sets and their
representations, as well as such special rings as quasi-Frobenius and right serial
rings, tiled orders and Gorenstein matrices.

Representation theory is a fundamental tool for studying groups, algebras
and rings by means of linear algebra. Its origins are mostly in the work of
F.G.Frobenius, H.Weil, I.Schur, A.Young, T.Molien about century ago. The re-
sults of the representation theory of finite groups and finite dimensional algebras
play a fundamental role in many recent developments of mathematics and theoret-
ical physics. The physical aspects of this theory concern accounting for and using
the concepts of symmetry which appear in various physical processes.

We start this book with the main results of the theory of groups. For the
convenience of a reader in the beginning of this chapter we recall some basic
concepts and results of group theory which will be necessary for the next chapters
of the book.

Groups are a central object of algebra. The concept of a group is histori-
cally one of the first examples of an abstract algebraic system. Finite groups, in
particular permutation groups, are an increasingly important tool in many areas
of applied mathematics. Examples include coding theory, cryptography, design
theory, combinatorial optimization, quantum computing, and statistics.

In chapter I we give a short introduction to the theory of groups and their rep-
resentations. We consider the representation theory of groups from the module-
theoretical point of view using the main results about rings and modules as
recorded in volume I of this book. This theoretical approach was first used by
E.Noether who established a close connection between the theory of algebras and
the theory of representations. From that point of view the study of the repre-
sentation theory of groups becomes a special case of the study of modules over
rings. In the theory of representations of group a special role is played by the
famous Maschke theorem. Taking into account its great importance we give three
different proofs of this theorem following J.-P.Serre, I.N.Herstein and M.Hall. As
a consequence of the Maschke theorem, the representation theory of groups splits
into two different cases depending on the characteristic of a field k: classical and
modular (following L.E.Dickson). In “classical” representation theory one assumes
that the characteristic of k does not divide the group order |G| (e.g. k can be the
field of complex numbers). In “modular” representation theory one assumes that
the characteristic of k is a prime, dividing |G|. In this case the theory is almost
completely different from the classical case.

ix
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In this book we consider the results belonging to the classical representation
theory of finite groups, such as the characters of groups. We give the basic prop-
erties of irreducible characters and their connection with the ring structure of the
corresponding group algebras.

A central role in the theory of representations of finite dimensional algebras
and rings is played by quivers, which were introduced by P.Gabriel in connection
with problems of representations of finite dimensional algebras in 1972. The main
notions and result concerning the theory of quivers and their representations are
given in chapter 2.

A most remarkable result in the theory of representations of quivers is the
theorem classifying the quivers of finite representation type, which was obtained by
P.Gabriel in 1972. This theorem says that a quiver is of finite representation type
over an algebraically closed field if and only if the underlying diagram obtained
from the quiver by forgetting the orientations of all arrows is a disjoint union of
simple Dynkin diagrams. P.Gabriel also proved that there is a bijection between
the isomorphism classes of indecomposable representations of a quiver () and the
set of positive roots of the Tits form corresponding to this quiver. A proof of this
theorem is given in section 2.6.

Another proof of this theorem in the general case, for an arbitrary field, us-
ing reflection functors and Coxeter functors has been obtained by I.N.Berstein,
[.M.Gel’'fand, and V.A.Ponomarev in 1973. In their work the connection between
indecomposable representations of a quiver of finite type and properties of its Tits
quadratic form is elucidated.

Representations of finite partially ordered sets (posets, in short) play an im-
portant role in representation theory. They were first introduced by L.A.Nazarova
and A.V.Roiter. The first two sections of chapter 3 are devoted to partially ordered
sets and their representations. Here are given the main results of M.M.Kleiner on
representations of posets of finite type and results of L.A.Nazarova on representa-
tions of posets of infinite type. The most important result in this theory was been
obtained by Yu.A.Drozd who showed that there is a trichotomy between finite,
tame and wild representation types for finite posets over an algebraically closed
field.

One of the main problems of representation theory is to obtain information
about the possible structure of indecomposable modules and to describe the iso-
morphism classes of all indecomposable modules. By the famous theorem on tri-
chotomy for finite dimensional algebras over an algebraically closed field, obtained
by Yu.A.Drozd, all such algebras divide into three disjoint classes.

The main results on representations of finitely dimensional algebras are given
in section 3.4. Here we give structure theorems for some special classes of fi-
nite dimensional algebras of finite type, such as hereditary algebras and algebras
with zero square radical, obtained by P.Gabriel in terms of Dynkin diagrams.
Section 3.5 is devoted to the first Brauer-Thrall conjecture, of which a proof has
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been obtained by A.V.Roiter for the case of finite dimensional algebra over an
arbitrary field.

Chapter 4 is devoted to study of Frobenius algebras and quasi-Frobenius rings.
The class of quasi-Frobenius rings was introduced by T.Nakayama in 1939 as a
generalization of Frobenius algebras. It is one of the most interesting and in-
tensively studied classes of Artinian rings. Frobenius algebras are determined
by the requirement that right and left regular modules are equivalent. And
quasi-Frobenius algebras are defined as algebras for which regular modules are
injective.

We start this chapter with a short study of duality properties for finite dimen-
sional algebras. In section 4.2 there are given equivalent definitions of Frobenius
algebras in terms of bilinear forms and linear functions. There is also a discussion
of symmetric algebras which are a special class of Frobenius algebras. The main
properties of quasi-Frobenius algebras are given in section 4.4.

The starting point in studying quasi-Frobenius rings in this chapter is the
Nakayama definition of them. The key concept in this definition is a permuta-
tion of indecomposable projective modules, which is naturally called Nakayama
permutation.

Quasi-Frobenius rings are also of interest because of the presence of a dual-
ity between the categories of left and right finitely generated modules over them.
The main properties of duality in Noetherian rings are considered in section 4.10.
Semiperfect rings with duality for simple modules are studied in section 4.11.
The equivalent definitions of quasi-Frobenius rings in terms of duality and semi-
injective rings are given 4.12. Quasi-Frobenius rings have many interesting equiv-
alent definitions, in particular, an Artinian ring A is quasi-Frobenius if and only
if A is a ring with duality for simple modules.

One of the most significant results in quasi-Frobenius ring theory is the theorem
of C.Faith and E.A.Walker. This theorem says that a ring A is quasi-Frobenius if
and only if every projective right A-module is injective and conversely.

Quivers of quasi-Frobenius rings are studied in section 4.13. The most impor-
tant result of this section is the Green theorem: the quiver of any quasi-Frobenius
ring is strongly connected. Conversely, for a given strongly connected quiver @
there is a symmetric algebra A such that Q(A) = Q. Symmetric algebras with
given quivers are studied in section 4.14.

Chapter 5 is devoted to the study of the properties and structure of right serial
rings. Note that a module is called serial if it decomposes into a direct sum of
uniserial submodules, i.e., submodules with linear lattice of submodules. A ring is
called right serial if its right regular module is serial.

We start this chapter with a study of right Noetherian rings from the point of
view of some main properties of their homological dimensions.

In further sections we give the structure of right Artinian right serial rings in
terms of their quivers. We also describe the structure of particular classes of right
serial rings, suchas quasi-Frobenius rings, right hereditary rings, and semiprime
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rings. In section 5.6 we introduce right serial quivers and trees and give their
description.

The last section of this chapter is devoted to the Cartan determinant conjecture
for right Artinian right serial rings. The main result of this section says that a
right Artinian right serial ring A has its Cartan determinant equal to 1 if and only
if the global dimension of A is finite.

In chapters 6 and 7 the theory of semiprime Noetherian semiperfect semidis-
tributive rings is developed (SPSD-rings). In view of the decomposition theorem
(see theorem 14.5.1, vol.I) it is sufficient to consider prime Noetherian SPSD-
rings, which are called tiled orders.

With any tiled order we can associate a reduced exponent matrix and its quiver.
This quiver @ is called the quiver of that tiled order. It is proved that @ is a simply
laced and strongly connected quiver. In chapter 6 a construction is given which
allows to form a countable set of Frobenius semidistributive rings from a tiled
order. Relations between finite posets and exponent (0,1)-matrices are described
and discussed. In particular, a finite ergodic Markov chain is associated with a
finite poset.

Chapter 7 is devoted to the study of Gorenstein matrices. We say that a
tiled order A is Gorenstein if 7.inj.dima A = 1. In this case r.inj.dima A =
linj.dimy A = 1. Moreover, a tiled order is Gorenstein if and only if it is Morita
equivalent to a reduced tiled order with a Gorenstein exponent matrix.

Each chapter ends with a number of notes and references, some of which have
a bibliographical character and others are of a historical nature.

At the end of the book we give a literature list which can be considered as sug-
gestions for further reading to obtain fuller information concerning other aspects
of the theory of rings and algebras.

In closing, we would like to express our cordial thanks to a number of friends
and colleagues for reading preliminary versions of this text and offering valuable
suggestions which were taken into account in preparing the final version. We
are especially greatly indebted to Yu.A.Drozd, V.M.Bondarenko, S.A.Ovsienko,
M.Dokuchaev, V.Futorny, V.N.Zhuravlev, who made a large number of valu-
able comments, suggestions and corrections which have considerably improved the
book. Of course, any remaining errors are the sole responsibility of the authors.

Finally, we are most grateful to Marina Khibina for help in preparing the
manuscript. Her assistance has been extremely valuable to us.



1. Groups and group representations

Groups are a central subject in algebra. They embody the easiest concept of
symmetry. There are others: Lie algebras (for infinitesimal symmetry) and Hopf
algebras (quantum groups) who combine the two and more (see volume IIT). Fi-
nite groups, in particular permutation groups, are an increasingly important tool
in many areas of applied mathematics. Examples include coding theory, cryptog-
raphy, design theory, combinatorial optimization, quantum computing.

Representation theory, the art of realizing a group in a concrete way, usually
as a collection of matrices, is a fundamental tool for studying groups by means
of linear algebra. Its origins are mostly in the work of F.G.Frobenius, H.Weil,
[.Schur, A.Young, T.Molien about century ago. The results of the theory of repre-
sentations of finite groups play a fundamental role in many recent developments of
mathematics and theoretical physics. The physical aspects of this theory consist
in accounting for and using the concept of symmetry as present in various physical
processes — though not always obviously so. As understood at present, symme-
try rules physics and an elementary particle is the same thing as an irreducible
representation. This includes quantum physics. There is a seeming mystery here
which is explained by the fact that the representation theory of quantum groups
is virtually the same as that of their classical (Lie group) counterparts.

In this chapter we shall give a short introduction to the theory of groups
and their representations. We shall consider the representation theory of groups
from the module-theoretic point of view using the main results about rings and
modules as described in volume I of this book. This theoretical approach was
first used by E.Noether who established a close connection between the theory of
algebras and the theory of representations. From this point of view the study of
the representation theory of groups becomes a special case of the study of modules
over rings. At the end of this chapter we shall consider the characters of groups.
We shall give the basic properties of irreducible characters and their connection
with the ring structure of group algebras.

For the convenience of a reader in the beginning of this chapter we recall some
basic concepts and results of group theory which will be necessary for the next
chapters of the book.
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1.1 GROUPS AND SUBGROUPS. DEFINITIONS AND EXAMPLES

The notion of an abstract group was first formulated by A.L.Cayley (1821-1895)
who used this to identify matrices and quaternions as groups. The first formal
definition of an abstract group in the modern form appeared in 1882. Before, a
group was exclusively a group of permutations of some set (or a group of matrices).
The famous book by Burnside (1905) illustrates this well.

Definition. A group is a nonempty set G together with a given binary
operation * on G satisfying the following axioms:

(1) (axb)xc=ax(bxc) for all a,b,c € G; (associativity)

(2) there exists an element e € G, called an identity of G, such that a x e =
e*x a = a for every a € G}

(3) for each a € G there exists an element a~! € G, called an inverse of a,
such that axa™ ! =a~ ' xa = e.

From the axioms for a group G one can easily obtain the following properties:

(1) the identity element in G is unique;

(2) for each a € G the element ¢~ is uniquely determined;

(3) (a=1)~t —aforeveryaEG

(4) (axb)~t=b"txa"L.

A group G is called Abelian (or commutative) if axb = bxa for all a,b € G.
For some commutative groups it is often convenient to use the additive symbol +
for the operation in a group and write x + y instead of x * y. In this case we call
this group additive. The identity of an additive group G is called the zero and
denoted by 0, and the inverse element of x is called its negative element and
denoted by —x. In this case we write © — y instead of z + (—y). Note that this
notation is almost never used for non-commutative groups.

For writing an operation of a group G we usually use the multiplicative sym-
bol - and write zy rather that x - y. In this case we say that the group G is
multiplicative and denote the identity of G by 1.

If G is a finite set G is called a finite group. The number of elements of a
finite group G is called the order of G and denoted by |G| or o(G) or #G.

Examples 1.1.1.

1. The sets Z, Q, R and C are groups under the operation of addition + with
e=0and a~' = —a for all a. They are additive Abelian groups.

2. The sets Q \ {0}, R\ {0} and C\ {0} are groups under the operation
of multiplication - with e = 1 and a~! = 1/a for all a. They are multiplicative
Abelian groups. The set Z\ {0} with the operation of multiplication - is not a group
because the inverse to n is 1/n, which is not integer if n # 1. The set R of all
positive rational numbers is a multiplicative Abelian group under multiplication.

3. The set of all invertible n x n matrices with entries from a field k forms a
group under matrix multiplication. This group is denoted by GL,, (k) and called
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the general linear group of order n (in dimension n). This group is finite if
and only if k is a finite field.

4. The set of all invertible linear transformations of a vector space V over a
field k forms a group under the operation of composition. This group is denoted
by GL(V, k). If V is an n-dimensional vector space over a field k, i.e., V' ~ k" then
there is a one-to-one correspondence between invertible matrices of order n and
invertible linear transformations of the vector space k™. Thus the group GL(k™, k)
is isomorphic to the group GL, (k).

5. Suppose G is the set of all functions f : [0,1] — R. Define an addition on
G by (f+9)(t) = f(t) +g(t) for all t € R. Then G is an Abelian group under
(pointwise) addition.

Definition. A non-empty subset H of a group G which itself is a group with
respect to the operation defined on G is called a subgroup.

The following simple statement may be considered as an equivalent definition
of the notion of a subgroup.

Proposition 1.1.1. A subset H of a group G is a subgroup of G if and only
1) H contains the product of any two elements from H;
2) H contains together with any element h the inverse h™1.

The subset of a group G consisting of the identity element only is clearly a
subgroup; it is called the unit subgroup of G and usually denoted by E. Also, G
is a subgroup of itself. The group G itself and the subgroup E are called improper
subgroups of GG, while all others are called proper ones.

One of the central problems in group theory is to determine all proper sub-
groups of a given group.

Examples 1.1.2.

1. Z is a proper subgroup of Q and Q is a proper subgroup of R with the
operation of addition.

2. The set of all even integers is a subgroup of Z under addition.

3. If G = Z under addition, and n € Z, then H = nZ is a subgroup of Z.
Moreover, every subgroup of Z is of this form.

4. Let k be a field. Define

SL,(k) = {A € GL, (k) : det(A) =1},

which is called the special linear group or the unimodular group. This group
is a proper subgroup of GL,, (k).

For finite groups of not to large order it can be convenient to represent the
operation on a group by means of a multiplication table, which is often called
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its Cayley table. Such a table is a square array with the rows and columns
labelled by the elements of the group. In this table at the intersection of the i-th
row and the j-th column we write the product of the elements, which are in the i-th
row and the j-th column respectively. It is obvious, that this table is symmetric
with respect to the main diagonal if and only if the group is Abelian. For example,
consider for a group G = {e, a, b, ¢} the group table:

O 9 a o
L p O
SIEESTERS SR o W

a
a

e
c
b

QO Qe o

This group is called the Klein 4-group.

In the general case for a group G one can write down a set of generators S
with the property that every element of G can be written as a finite product of
elements of S. Any equation in a group G that the generators satisfy is called a
relation in G. For example, in the previous example the Klein group G has the
relations
ab=c¢, ac=0b, bc=a.

Very important examples of non-Abelian groups are groups of transformations
of a set, i.e., bijections from a given set to itself. It is interesting that groups first
arose in mathematics as groups of transformations. And only later groups were
considered as abstract objects independently of groups of transformations. See
also above.

Example 1.1.3.

Symmetric groups. Let A be a nonempty set and let S4 be the set of all
bijections from A to itself. If x,y € Sy, then their multiplication z = xy is defined
by z(a) = x(y(a)) for an arbitrary a € A. It is easy to see that z € Sy, and that
the operation of multiplication of transformations is associative. The identity of
this operation is the identity transformation e of the set A, which is defined by
e(a) =afor all a € A.

Obviously, ex = xe = x for all x € S4. The inverse element to x is defined as
the transformation z=! for which z=!(z(a)) = a for all a € A. Clearly, 271z =
xx~! = e. Therefore S is a group which is called the symmetric group on the
set A.

In the special case, when A = {1,2,...,n}, each transformation of A is called a
permutation and the symmetric group on A is called the permutation group
of A. Tt is also denoted by S,, and called the symmetric group of degree n.
The order of the group S, is n! The group S,, is non-Abelian for all n > 3.
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Example 1.1.4.

Alternating group. Let S, be a symmetric group, i.e., the group of all
permutations of {1,2,...,n}. Let x1, s, ...,z be independent variables. Consider
the polynomial

A=T]@i—=), (Gk=12..n).
i<k
For each o € S, let o act on A by permuting the variables in the same way; i.e.,
it permutes their indices:

o(A) = [[@o) = Torry), (k=1,2,..,n).
i<k

Then
o(A) = +A, for all o€ S,.

For each o € S, let sign(o) = ¢(o) be defined by

[ 41 foro(A)=A
e(o) = { -1 for o(A) = —A.

A permutation o € S, is called an even permutation if £(¢) = 1 and an odd
permutation if e(c) = —1. A permutation which changes only two indices is
called a transposition and obviously it is odd. Any permutation is a product of
some transpositions. The product of any two even or any two odd permutations is
an even permutation. The product of an even permutation and an odd permutation
is odd.

The inverse to an even permutation is even, and the inverse to an odd permu-
tation is odd. The identity of .S,, is an even permutation. Therefore, the set of all
even permutations is a subgroup of S,. It is called the alternating group and
denoted by A,,. Note, the set of all odd permutation does not form a group (be-
cause the product of any two odd permutation is even). It is easy to show that the
number of all even permutations is equal to the number of all odd permutations

and so o(A,) = in!

Example 1.1.5.
Let f be any polynomial in n independent variables x1, xs, ..., z,,. Then

Symf ={o € Sy : f(Zo(1), To(2), s To(n)) = f(@1, T2, ..., 70)}

is a subgroup of the group S,,. In particular, the polynomial f is symmetric if and
only if Symf = .5,.

Example 1.1.6.

Groups in geometry. F.Klein was the first who wrote down the connection
between permutation groups and symmetries of convex polygons. He also posed
the idea that the background of all different geometries is the notion of a group of
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transformations. In his famous lecture in 1872 he gave the definition of geometry
as the science that studies the properties of figures invariant under a given group
of transformations.

Let X be a set and let G be a group of transformations of it. A figure F} C X
is said to be equivalent (or equal) to a figure F» C X with respect to the group
G and will be written F} ~ Fy if there is a transformation ¢ € G such that
Fy = o(Fy). Tt is easy to verify that this is really an equivalence relation and the
three axioms of this equivalence relation amount to the same as the axioms of a
group of transformations. Using different kinds of groups of transformations we can
build different geometries, such as Euclidean geometry, affine geometry, projective
geometry, Lobachevskian geometry (or hyperbolic geometry) and others.

For example, affine geometry is the geometry in which properties are preserved
by parallel projections from one plane to another. This geometry may be defined
by means of the affine group of any affine space over a field k, which is a set
of all invertible affine transformations from the space into itself. In particular, an
invertible affine transformation of the real space R™ is a map F': R™ — R of the
form F(x) = Ax + b, where x € R", A € GL(n,R), b € R™. The affine group
contains the full linear group and the group of translations as subgroups.

Example 1.1.7.

Galois groups. In many examples groups appear in the form of automorphism
groups of various mathematical structures. This is one of the most important ways
of their appearance in algebra. In such a way we can consider Galois groups. Let K
be a finite, separable and normal extension of a field k. The automorphisms of K
leaving the elements of k fixed form a group Gal(K /k) with respect to composition,
called the Galois group of the extension K/k. Let f be a polynomial in = over k
and K be the splitting field of f. The group Gal(K/k) is called the Galois group
of f. One of the main applications of Galois theory is connected with the problem
of the solvability of equations in radicals. Indeed, the main theorem says that
the equation f(x) = 0 is solvable in radicals if and only if the group Gal(K/k) is
solvable (see section 1.5). This is where the terminology “solvable” (for groups)
comes from.

Example 1.1.8.

Homology groups. This kind of groups, considered in section 6.1 (vol.I),
occurs in many areas of mathematics and allow us to study non-algebraic objects
by means of algebraic methods. This is a fundamental method in algebraic
topology. To each topological space X there is associated a family of Abelian
groups Ho(X), H1(X),..., called the homology groups, while each continuous
mapping f : X — Y defines a family of homomorphisms f,, : H,(X) — H,(Y),
n=0,1,2,..1

1A homomorphism of groups f : G — H is a map that preserves the unit element and the
multiplication, i.e. f(eg) = ey and f(zy) = f(z)f(y). It then also preserves inverses, i.e.,
fx=1) = f(z)~1. See section 1.3.
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1.2 SYMMETRY. SYMMETRY GROUPS

Groups were invented as a tool for studying symmetric objects. These can be
objects of any kind at all. One can define a symmetry of an object as a trans-
formation of that object which preserves its essential structure. Then the set of
all symmetries of the object forms a group. The study of symmetry is actually
equivalent to the study of automorphisms of systems, and for this reason group
theory is indispensable in solving such problems.

An important family of examples of groups is the class of groups whose elements
are symmetries of geometric figures. Let E? be three dimensional Euclidean space,
that is, the vector space R? together with the scalar product (z,y) = x1y2 +x2y2 +
xsys for all z,y € R3. The distance between x and y in R3 is \/(x —y,x —y).
All transformations of E? that preserve distance form a group of transformations
under composition, which is denoted by IsomE?. Let F be any geometrical figure
in E3. Then the set

SymF = {¢ € IlsomE?® : ¢(F) = F}

forms a subgroup in IsomE?®. This group is called the symmetry group of the
figure F'. If this subgroup is not trivial, the figure F' is said to be symmetric, or to
have symmetry. In this case there is a special transformation, such as a rotation
or a reflection such that the figure looks the same after the transformation as it
did before the transformation. These transformations are said to be symmetry
transformations of the corresponding geometrical figure.

This was in fact the approach of E.S.Fedorov (see [Fedorov, 1891], [Fedorov,
1949]) for the problem of classification of regular spatial systems of points, which
is one of the basic problems in crystallography. Crystals possess a great de-
gree of symmetry and therefore the symmetry group of a crystal is an important
characteristic of this crystal. The study of crystallographic groups was started
by E.S.Fedorov, and continued by A.Schoenflies at the end of the 19-th century
[Schoenflies, 1891]. There are only 17 plane crystallographic groups, which were
found directly; there are 230 three-dimensional crystallographic groups, which
could be exhaustively classified only by the use of group theory. This is histori-
cally the first example of the application of group theory to natural science.

Example 1.2.1.

The symmetry group of an equilateral triangle is isomorphic to S3. The struc-
ture of this group is completely determined by the relations ¢® = 72 = 1 and
or = 70~ !, where o is the cyclic permutation (1,2, 3) and 7 is the reflection (1, 3).

Labeling the vertices of the triangle as 1, 2 and 3 permits us to identify the
symmetries with permutations of the vertices, and we see that there are three
rotation symmetries (through angles of 0, 27/3 and 47/3) corresponding to the
identity permutation, the cycles (1,2,3) and (1, 3,2), and three reflection symme-
tries corresponding to the other three elements of Ss.
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Example 1.2.2.

Dihedral groups. For each n € Z*, n > 3, let D,, be a set of all symmetries
of an n-sided regular polygon. There are n rotation symmetries, through angles
2kw/n, where k € {0,1,2,...,n — 1}, and there are n reflection symmetries, in the
n lines which are bisectors of the internal angles and/or perpendicular bisectors
of the sides. Therefore |D,,| = 2n. The binary operation on D,, is associative
since composition of functions is associative. The identity of D,, is the identity
symmetry, denoted by 1, and the inverse of s € D,, is the symmetry which reverses
all rigid motions of s.

In D,, we have the relations: 6" = 1, 72> = 1 and o7 = 70~ !, where ¢ is a
clockwise rotation through 27,7;' and 7 is any reflection. Moreover, one can show
that any other relation between elements of the group D, may be derived from
these three relations. Thus there is the following presentation of the group D,,:

D,={o7:0"=71*=1, or=710""'}.

D,, is called the dihedral group of order n. Some authors denote this group by
Doy,

The rotation symmetries in the group D,, form a subgroup in it and this group
is called the rotation group of a given n-sided regular polygon. It is immediate
that this subgroup is isomorphic to Z,,.

For n = 2 a degenerate “2-sided regular polygon” would be a line segment and
in this case we have the simplest dihedral group

Dy={o,7 : 0*=12=1, or=710"'},

which is generated by a rotation o of 180 degrees and a reflection 7 across the
y-axis. Ds is isomorphic to the Klein four-group. For n > 2 the operations of
rotation and reflection in general do not commute and D,, is not Abelian.

Example 1.2.3.

Quasidihedral groups. Quasidihedral groups are groups with similar prop-
erties as dihedral groups. In particular, they often arise as symmetry groups of
regular polygons, such as an octagon. For each n € Z™, n > 3, the group @Qs,, has
the following presentation:

n

=72=1, or =10

Qn={o,7 : o2 2" -1 1.

This group is called the quasidihedral group of order n.

Example 1.2.4.
Generalized quaternion groups. A group is is called the generalized
quaternion group of order n if it has the following presentation

n n—1 —
H, ={o,7 : ¢ =1, ¢° =72, or=710"1}
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for some integer n > 2. For n = 2 we obtain
Hy={o,7 : o*=1,02=72 or=710""1}

which is the usual quaternion group Hs = {1,4,j,k,—1, —i, —j, —k} if one takes,
for instance, o =7 and 7 = j (see example 1.1.12, vol.I).

Example 1.2.5.

Orthogonal groups. Let E, be a Euclidean space, that is, a real n-
dimensional vector space R™ together with the scalar product (z,y) = z1y1 +
Toy2 + ... + TpY, in a given orthonormal basis ey, es, ..., e,. The linear transfor-
mations of F,, which preserve the scalar product, are called orthogonal. They
form a group O(n) which is called the orthogonal group of E,,. The elements
of O(n) are orthogonal matrices, i.e.,

O(n) ={X e M,(R) : XX" =1,},

where I, is the identity matrix of degree n. The transformations of O(n) which
preserve the orientation of F, are called the rotations. They form the group
SO(n). The rotations of the plane Es are given by the matrices

cosp —singp
sing cosy )’
where 0 < ¢ < 27.

Example 1.2.6

Symmetry in physical laws. Group theory plays a similar role in physics.
The groups of transformations in physics describe symmetries of physical laws,
in particular, symmetry of space-time. Thus, the state of a physical system is
represented in quantum mechanics by a point in an infinite-dimensional vector
space. If the physical system passes from one state into another, its representative
point undergoes some linear transformation. The ideas of symmetry and the theory
of group representations are of prime importance here.

The laws of physics and invariants in mechanics must be preserved under trans-
formations from one inertial coordinate system to another. The corresponding
Galilean transformation of space-time coordinates in Newtonian mechanics has
the following form for (uniform) motion along the z-axis with velocity v:

¥=x—vt, y=y; =z t =t

and in the Einstein’s special theory of relativity the Lorentz transformation has
the form for motion along the z-axis with velocity v:

, x — vt , , , t —vx/c?
T = s Y=Yy =2 b= ;
V1= (v/t)? V1= (v/t)?

where c is the speed of light.
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All Galilean transformations form a group which is called the Galilean group,
and all Lorentz transformations form the Lorentz group. The Lorentz transfor-
mations, named after its discoverer, the Dutch physicist and mathematician Hen-
rik Anton Lorentz (1853-1928), form the basis for the special theory of relativity,
which has been introduced to remove contradictions between the theory of elec-
tromagnetism and classical mechanics. The Lorentz group is the subgroup of the
Poincaré group consisting of all isometries that leave the origin fixed. This group
was been described in the work of H.A.Lorentz and H.Poincaré as the symmetry
group of the Maxwell equations:

1 0% 0% 0*u  0%u

= + + .
A o2 0z oyt 022

1.3 QUOTIENT GROUPS, HOMOMORPHISMS AND NORMAL
SUBGROUPS

Suppose H is a subgroup of a group G with identity e, and a,b € G. We introduce
a binary relation on G. The relation a ~ b holds if and only if ab=! € H. This
relation is symmetric, reflexive and transitive. Indeed, a ~ a, because aa™! =
e€ H. Ifa~b, ie, ab™! € H, then (ab™!)"t = ba"! € H, ie, b~ a. If
a~bandb~c, ie,ab™' € H and be™! € H, then ac™' = ab lbc™! € H, i,
a ~ c. Therefore we have an equivalence relation and G = U E; is the union of the

equivalence classes F; with respect to this relation. Eachlsuch equivalence class
E; is called a right coset or a right adjacent class of G by H. Suppose Ej; is
a right coset and a € E;. We shall show that E; = Ha. Indeed, let = € E;, then
ra~' € H, and so x € Ha, i.e., E; C Ha. If y € Ha, then ya~! € H, and so
y € E;. Therefore F; = Ha. Now we shall show that each set of the form Hb is
a right coset. Indeed, since G = UE;, b € E; for some j, i.e., b € E;. And as

proved above we have that Hb = F;. Since H = He, the subgroup H is also a
right coset. Therefore any element a € G can be considered as a representative of
the right coset Ha.

Suppose G is a finite group of order n and H = {h; = e, ha, ..., Ay} is a
subgroup of G. Let a € G. Then all elements of a set Ha = {hi1a = a, haa, ..., hya}
are distinct, because h;a = hja implies h; = h;. Therefore all right cosets contain
the same number of elements which is equal to m.

From the decomposition of the group G into a union of right cosets we obtain
that n = km, where k is a number of right cosets of H in G. Therefore we have
proved the following theorem:

Theorem 1.3.1 (Lagrange theorem). If G is a finite group and H is a
subgroup of G, then the order of H divides the order of G, and |G| = k-|H|, where
k is a number of right cosets of H in G.

For the proof of Lagrange’s theorem we can also introduce another relation
defined by a ~ b if and only if b~'a € H. The resulting equivalence classes are
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called left cosets. We can show that in this case each equivalence class has the
form aH for some a € G and each set of the form bH is a left coset. The number
of left cosets is also equal to 77717’, i.e., the number of all right cosets in G. This
common number is called the index of H in G and denoted by |G : H]|.

In the case of finite groups from the Lagrange theorem it follows that the index

of H in G is equal to ||f[||’ that is,

Gl =G : H] - |H].

If a group G is infinite and the number of left (or right) adjacent classes is infinite,
then we say that the index of H in G is infinite.

In general, the sets of right cosets and left cosets may be different. It is inter-
esting to know when these sets are the same. Suppose E is a right coset and a left
coset simultaneously. Then F = Ha = aH for all a € E. If every right coset is a
left coset, then Ha = aH for all a € G. Multiplying the last equality on a~! we
obtain a"'Ha = H for all a € G. Subgroups with this property deserve special
attention.

Definition. A subgroup H of a group G is called a normal subgroup (or
invariant subgroup) of G if ara=! € H for every x € H and every a € G. In
this case we write H < G (or G > H). A group with no normal proper subgroups
is called simple.

It is easy to show that H is a normal subgroup of G if and only if aHa ™! = H
for every a € G or aH = Ha for every a € G. This last equation yields another
definition of a normal subgroup as one whose left and right cosets are equal.

Examples 1.3.1.

1. For any group G the group G itself and the unit subgroup are normal
subgroups.

2. If G is an Abelian group, then every subgroup of G is normal.

3. Let G = GL,(k) be the set of all square invertible matrices of order n
over a field k£ and let H = SL,, (k) be the subset of elements from GL, (k) with
determinant equal to 1. Then H is a normal group in G.

Suppose G is a group, N is a normal subgroup, and G//N is the collection of all
left cosets aN, a € G. Then (aN)- (bN) = (a-b)N is a well-defined multiplication
on G/N, and with this operation, G/N is a group, which is called the quotient
group (also called the factor group) of the group G by the normal subgroup
N. Tts identity is N and (aN)~! = a~!N. Taking into account that for a normal
subgroup N the set of all left cosets a/N coincides with the set of all right cosets
Na, we can also consider G/N as a set of all right cosets Na, a € G with operation
(Na)-(Nb) = N(a-b). The order of the quotient group G/N is equal to the index
of the normal subgroup N.
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If G and H are groups, then a map f : G — H such that f(ab) = f(a)f(b),
for all a,b € G, is called a group homomorphism. The kernel of f is defined
by Kerf = {a € G : f(a) = &}, where € is the identity of H. The image of f is
a set of elements of H of the form f(a), where a € G, that is, Im(f) = {h € H :
Ja € G,h = f(a)}. It is easy to show that Kerf is a subgroup of G and Imf is a
subgroup of H. If f is injective, i.e., Kerf = 1, f is called a monomorphism. If f
is surjective, i.e., Imf = H, f is called an epimorphism. If f is a bijection, then
f is called an isomorphism. In the case G = H, f is called an automorphism.

Quotient groups play an especially important role in the theory of groups ow-
ing to their connection with homomorphisms of groups. Namely, for any normal
subgroup N the quotient group G/N is an image of the group G. And conversely,
if G’ is a homomorphic image of a group G, then G’ is isomorphic to some quotient
group of G.

The mapping 7 : ¢ — Ng is a group epimorphism of G onto G/N, called the
canonical epimorphism or the natural projection.

If ¢ : G — G, is an arbitrary epimorphism of G onto a group G, then there
is an isomorphism 1 of G/Ker(p) onto G such that the diagram

G u G /Ker(p) (1.3.1)

N A

G

is commutative, i.e., Y71 = ¢, where 7 is the natural projection.

At one time groups of permutations were the only groups studied by mathe-
maticians. They are incredibly rich and complex, and they are especially impor-
tant because in fact they give all possible structures of finite groups as shown by
the famous Cayley theorem. This theorem establishes a relationship between the
subgroups of the symmetric group S,, and every finite group of order n.

Theorem 1.3.2 (A.Cayley). Let G be a finite group of order n and let S,, be
the group of all permutations on the set G. Then G is isomorphic to a subgroup

of Sh.

Proof. For any a € G we define f, : G — G by setting f,(g) = ¢g - a. Let
G ={91,92, .., gn}. From the cancellation law we have that for a given a € G all
n elements f,(g;) = gia = g,, i = 1,...,n, are different. This shows that f, is a
bijection from G to G and

fa:<1 2 ... ”)esn.
’}/1 ’}/2 Tn
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Define a mapping f : G — S, by setting f(a) = f, for any a € G. From the
associative law in G we have

fab(g) = (ab)g = a(bg) = fu(bg) = fafo(g)

for any g € G. This shows that fu, = fofy. Therefore f is a group homomorphism,
because £(ab) = fup = fufy = £(a) (D).

Since ax = bx implies a = b for any = € G, f, = fp if and only if a = b, i.e., f
is injective and thus G ~ Im(f) C S, is a subgroup of .S,,.

As a consequence of this theorem we obtain that the number of all non-
isomorphic groups of given order n is finite, because all these groups are isomorphic
to subgroups of the finite group S,,, which obviously has only a finite number of
subgroups.

Corollary 1.3.3. Any finite group G is a subgroup of GL,,(k), where n = |G|
and k is a field.

Proof. This follows from the injection of S,, into GL,, (k) given by the following
rule: ¢ — A,, where (A,);; = 11if 0(j) =7 and (A,);; = 0 if o(j) # ¢ for any
oeSs,.

Definition. For a group G and an element x € G define the order? of = to
be the smallest positive integer n such that ™ = 1, and denote this integer by |z|.
In this case x is said to be of order n. If no positive power of z is the identity, the
order of x is defined to be infinity and x is said to be of infinite order.

The set-theoretic intersection of any two (or any set of) subgroups of a group G
is a subgroup of GG. The intersection of all subgroups of G containing all elements
of a certain non-empty set M C G is called the subgroup generated by the
set M and is denoted by {M}. If M consists of one element x € G, then H =
{x} = {a% : i € Z} is called the cyclic subgroup generated by the element z. It
is obvious that the order of this subgroup is equal to the order of the element x.
A group that coincides with one of its cyclic subgroups is called a cyclic group.
The cyclic group C,, of order n consists of n elements {1,g,g?, ...,g" '}, where
g™ = 1. It is easy to show that any two cyclic groups of the same order n are
isomorphic to each other. If a group G is cyclic and H is a subgroup of G, then
H is also cyclic.

The following statements are simple corollaries from the Lagrange theorem.

Corollary 1.3.4. The order of any element of a group G divides the order
of G.

The proof follows from the Lagrange theorem and the fact that the order of an
element is equal to the order of the cyclic subgroup generated by this element.

2Mathematics has a dearth of words; so a word like ’order’ is used in many different meanings



14 ALGEBRAS, RINGS AND MODULES

Corollary 1.3.5 (Fermat theorem). Let a group G be of order n and let
x € G, then z" = 1.

Proof. Suppose the order of an element z € G is equal to m. Then, by the
Lagrange theorem, n = mk, hence 2" = z™* = 1.

Corollary 1.3.6. Any group G of order p, where p is a prime integer, is cyclic.
Therefore, there is exactly one (up to isomorphism) group of order p.

Proof. By corollary 1.3.4, the orders of all elements of a finite group G must
be divisors of the order of this group. Therefore, for any non-trivial element g € G
the cyclic subgroup G, = {1, 9,92, ...,g" "'} coincides with G.

Examples 1.3.2.

1. An element of a group has order 1 if and only if it is the identity.

2. In the additive groups Z, Q, R and C every nonzero element has infinite
order.

3. The group G,, of all rotations of the plane which carry a regular n-sided
polygon to itself, is cyclic of order n with (as one possible) generator g which is a
rotation through 27 /n.

4. The additive group Z,, the ring of integers modulo n, is also a cyclic group,
with generator 1 € Z and the identity element 0 € Z.

5. The set C,, of all complex numbers satisfying the equality 2" = 1 with
respect to the usual multiplication is a cyclic group.

6. Let p be a prime number. The set C° of all complex roots of the equality
2" =1 for some n € N forms an infinite Abelian group. This group is isomorphic
to the quotient group Q/Z,, where Z, = {™ € Q | (n,p) = 1}.

In terms of generators and relations this group can be defined by the the
countable set of generators ai,as,...,a, and relations:

af =1, a) ,y =a,, n=2.3,...
Note that all proper subgroups of C- are finite.

7. Let F be a finite field. Then the multiplicative group F* = F'\ {0} is cyclic.
In general, the finite subgroups of the multiplicative group of a field are cyclic.

1.4 SYLOW THEOREMS

In this section we prove the famous Sylow theorems, named after the Norwegian
mathematician Ludwig Sylow (1833-1918). These theorems form a partial converse
to the Lagrange theorem, which states that if H is a subgroup of a finite group G,
then the order of H divides the order of G. The Sylow theorems guarantee, for
certain divisors of the order of GG, the existence of corresponding subgroups, and
give information about the number of these subgroups.

The main method of proving the Sylow theorems is to use the idea of a group
action on a set. It is an important idea in mathematics which allows to study the
structure of an algebraic object by seeing how it can act on other structures.
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Definition. A left group action of a group G on a set X is a mapping
(9,2) — g - from G x X to X such that

(1) (g192) " x=¢1- (g2 - ) for all z € X and ¢1,¢2 € G;

(2) e-x =z for all z € X, where e is the identity element of G.

The expression g-x will usually be written simply as gz when there is no danger
of confusing this map with the group operation. Observe that a group action of
G on X can be viewed as a rule for multiplying elements of X by elements of G,
so that the result is another element of X.

Analogously we can define a right group action of a group G on a set X as
a mapping (x,g) — - g from X x G to X such that

(1) z-(g192) = (x-g1) - g2 for all z € X and ¢1,¢2 € G;

(2) x-e =z for all z € X, where e is the identity element of G.

Obviously, there is a correspondence between left actions and right actions,
given by associating the right action x-g with the left action ¢g-z by the relation: g-
x :=2-g~'. In our context we shall identify right actions with their corresponding
left actions, and shall speak only of a left action (or for short, actions omitting the
word left).

Let G be a group acting on a set X. Then it is easy to show that the relation
~ on X defined by

x~y if and only if x =gy for some g€ G
is an equivalence relation. To each element z € X we can let correspond the set
Gr={yeX : y=g- -z, g€ G},

which is the equivalence class of z under the relation ~ and it is called the orbit
of x under the action of G.

Obviously, the orbits of any two elements, being equivalence classes, either
coincide or are disjoint. So we have a partition of the set X into disjoint orbits.

If there is only one orbit, which then is the set X, one says that the group
G acts transitively on X. In other words, the group G acts transitively on the
set X if for each two elements x1,zo € X there is an element g € G such that
g-T1 = T2.

Example 1.4.1.

1. For any nonempty set X the symmetric group Sx acts on X by o-x = o(x),
for all o0 € Sx, x € X.

2. Let G be any group and let X = G. Define a map from G x X to X by
g-x = gx, for each g € G and x € X, where gx on the right hand side is the
product of g and x in the group G. This gives a group action of G on itself. This
action is called the left regular action of G on itself.

3. The additive group Z acts on itself by z-a = z + a, for all z,a € Z.
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The set
Ste(z) ={geG : g-z=ua}

is called the stabilizer of an element z € X. It is easy to show that Ste(z) is a
subgroup of G.
The set
Fix(g)={zeX : g-x=2a}

is called the set of fixed points of an element g € G.

Proposition 1.4.1. If G is a finite group, then the number of elements of Gx
is equal to the index of Stg(x) in the group G, that is,

|Gz| = |G : Stg(x)|.

Proof. Let A be a set of all left cosets of G by Stg(z). Consider the map
¢ : Gx — A defined by ¢(g - x) = gStg(x). It is easy to see that ¢ is a bijection
and so we obtain the statement of the proposition.

Let G be a group. Now we consider a particular example of a group action of
G on itself. We say that G acts on itself by conjugation if g -z = gzg~! for
all g € G, z € G. Tt is easy to show that this definition satisfies the two axioms
for a group action.

Definition. Two elements g and h of a group G is called conjugate in G if
there is an element = € G, called the conjugating element, such that g = zhz~'.

In other words, two elements of GG are conjugate in G if and only if they are in
the same orbit of G acting on itself by conjugation. An orbit of G under conjuga-
tion is called a conjugacy class C' and (hence) defined as the set of elements of
a group G which can be obtained from a given element of the group G by conju-
gation. Obviously, distinct conjugacy classes are disjoint. Let C1,Cs, ..., Cy be all
distinct conjugacy classes of a group GG. Then we have a partition of the group G:

G=C1UCU...UCk
whereC’iﬂCj:@ifiyéj.

The idea of a group action of a group G on itself by conjugation can be gener-
alized. If S is any subset of G, for any ¢ € G we define

gSg ' ={gsg™' : se€S}.

A group G acts on the set P(G) of all subsets of itself by defining g- S = gSg~!
for any g € G and S € P(G). As above, this defines a group action of G on P(G).
Note that if S is the one element set {s} then g- S is the one element set {gsg~'}
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and so this action of G on all subsets of G may be considered as an extension of
the action of G on itself by conjugation.

Definition. Two subsets S and T of GG are said to be conjugate in G if there
is some g € G such that T = gSg~ 1.

Now we introduce some important classes of subgroups of an arbitrary group G.

Definition. Let A be any nonempty subset of a group G. Define

Ca(A)={g€G : gag'=a forall ac A},

which is called the centralizer of A in G. Since gag~! = a if and only if ag = ga,
Ca(A) is a set of elements of G which commute with every element of A. It is
easy to show that Cs(A) is a subgroup of G. In the special case A = G we obtain
Ca(G)={g€ G : gr =g for all x € G}, which is the center of G and denoted
by Cen(G) or Z(G). Obviously, Z(G) is a subgroup of G and (g) < Z(Cg(g)). If
G is an Abelian group, then Z(G) = G. In the special case when A = {a} we shall
write simply Cg(a) instead of Ca({a}). In this case a” € Cg(a) for all n € Z. In
an Abelian group G, obviously, Cg(A) = G, for all subsets A.

Now define another special subgroup of GG. Let A be any nonempty subset of
a group G. The set

Ng(A)={g9€ G : gAg~ = A}

is called the normalizer of A in G. It is easy to see that Ng(A) is a subgroup of G
and Cg(A) is a subgroup of Ng(A). Note that if g € C(A), then gag™! =a € A
foralla € Aso Cg(A) < Ng(A). If A= H is asubgroup in G, then H <« Ng(H).
If A=g € G, then Cg(g9) = Na(g).

Theorem 1.4.2.

1.The number of subgroups of a finite group G which are conjugate to a given
subgroup H is equal to |G : Ng(H)]|.

2. The number of elements of a group G which are conjugate to a given element
g € G is equal to |G : Ci(g)].

Proof.

1. A group action of a group G on the set M = {xHx~! : x € G} is given
by conjugation: ¢g-xHzx ' = grHx 'g~! for any g € G. This action is transitive
and Stg(H) = Ng(H). Then, by proposition 1.4.1, |M| = |G : Ng(H)|.

2. This assertion of the proposition follows from the observation that
Ne({g}) = Ca(g)-

Theorem 1.4.3 (The class equation). Let G be a finite group and let
g1, 92, ..., gk be representatives of the distinct conjugacy classes of G not contained
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in the center Z(G) of G. Then

k
Gl =12(A)| +)_1G : Calgi)l.

=1

Proof. Let G be a finite group and = € G. Notice that the element {x} is a
conjugacy class of size 1 if and only if © € Z(G). Let Z(G) ={z1 =1, 29, ..., 2m },
and let Cy,Cs, ..., Cy be all distinct conjugacy classes of G not contained in the
center. Let g; be a representative of C; for each i. Then the full set of conjugacy
classes of G is given by

{Zl}’ {22}’ A {Zm}’ Cl’ 023 A Ck'

Since these classes form a partition of G we have

k
G =m+_|Cil.
i=1

Then applying theorem 1.4.2 we obtain

k
Gl =12(A)] +)_1G : Calgi)l.

=1

Definition. Let G be a group and let p be a prime. A group of order p™ for
some n > 1 is called a finite p-group. Subgroups of G which are finite p-groups
are called p-subgroups.

Theorem 1.4.4. The center of a finite p-group G is nontrivial.

Proof. Let G be a finite group. Then, by theorem 1.4.3 (the class equation),

k
Gl =12(G)| +Y_1G : Calgi)l,

i=1

where g1, g2, ..., g are representatives of the distinct non-central conjugacy classes
of G. By definition, C¢(g;) # G so, by the Lagrange theorem, p divides |G :
Ca(gi)] for eachi. Since |G| = p™, p divides | Z(G)|, hence Z(G) must be nontrivial.

Corollary 1.4.5. If G is a group of order p?, where p is prime, then G is
Abelian.

Proof. Let G be a group of order p?, where p is prime, and let Z(G) be its
center. Suppose G is not Abelian, then Z(G) # G. From theorem 1.4.4 it follows
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that |Z(G)| = p and |G/Z(G)| = p. Therefore the group G/Z(G) is cyclic. Let
x € G/Z(G). Then 2Z(G) is a generator of G/Z(G). So any element g € G can
be written in the form g = x*z, where z € Z(G). But any two elements of this
form commute, so we have a contradiction.

Definition. Let G be a group and let p be a prime.

1. If G is a group of order p™m, where (p,m) = 1, then a subgroup of order p”
is called a Sylow p-subgroup of G.

2. The set of Sylow p-subgroups of G will be denoted by Syl,(G) and the
number of Sylow p-subgroups of G will be denoted by n,(G) (or just n, when G
is clear from the context).

Theorem 1.4.6 (The first Sylow theorem). Let G be a group of order
p"m, where p is a prime and (p,m) = 1. Then there exists a Sylow p-subgroup of

G, i.e., Syl (G) # 0.

Proof. We shall prove this theorem by induction on the order of the group G.
If |G| = 1 then there is no p which divides its order, so the condition is trivial. If
G is an Abelian group, then this theorem immediately follows from the structure
theorem for finite Abelian groups (see, vol.I, theorem 7.8.6).

Suppose G is not Abelian, |G| = p™m > 1, where p is prime, (p,m) = 1, and
suppose the proposition holds for all groups of smaller order. Let Z(G) be the
center of G. Suppose the order of Z(G) is divisible by p. Let |Z(G)| = p"t, where
(p,t) = 1. Since G is not Abelian, |Z(G)| < |G| and, by the inductive hypothesis,
Z(@G) has a subgroup H C Z(G) such that |H| = p”. As a subgroup of the centre
H is normal (or the fact that Z(G) is Abelian), so the quotient group G/H is well-
defined and of order p"~"m. By the induction hypothesis, G/H contains a Sylow
p-group K = P/H of order p"~*. Then the inverse image P = 7! (K) C G under
the natural projection 7 : G — G/H is a subgroup of order |P| = |P : H|-|H| = p™,
that is, P is a Sylow p-subgroup in G.

Now suppose s = |Z(G)] is not divisible by p. Let C1, C, ..., Ck be all distinct
conjugacy classes of G not contained in the center, and let n; be a number of
elements of C;, i =1,2,.., k. Then |G| = p"m = s+ n1 + n2 + ... + ny. Therefore
there exists j such that n; is not divisible by p and |G : Ca(g;)| = n;, where g; is
a representative of the class C;, by theorem 1.4.3. Then |H| = p"t < |G|, where
H = Cg(g;). By the induction hypothesis, arguing as before, there is a subgroup
K C H C G such that [K| = p", that is, K € Syl,(G).

Proposition 1.4.7. Let P, Q be Sylow p-subgroups of G. The intersection
of the mormalizer of P with Q is equal to the intersection of these two Sylow p-
subgroups, that is, Q N Ng(P) = Q N P.

Proof. Let G be a group of order p™m, where p is a prime and (p,m) = 1.
Let P and @ be Sylow p-subgroups of G, that is, |P| = |Q| = p™. Consider
R = Q N Ng(P). Obviously, @ N P C R. In addition, since R C Ng(P), RP
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is a group and |RP| = , by the first isomorphism theorem (see theorem

1.3.3, vol.I). Since P is a subgroup of RP, p" divides its order |RP|. But R is a
subgroup of @, and |P| = p™, so |R| - |P| is a power of p. Then it must be that
|RP| = p"™ because RP D P, and therefore P = RP, and so R C P. Obviously,
RC@,so RCQNP. Thus R=QnNP.

The following construction will be used in the proof of the second and the third
Sylow theorem.

Given any Sylow p-subgroup P, consider the set of its conjugates 2. Then
X € Qif and only if X = zPz~! for some x € G. Obviously, each X € Qis a
Sylow p-subgroup of G. Let @) be an arbitrary Sylow p-subgroup of G. We define
a group action of ) on € by:

g-X =g-aPz” " =gaPa"'g"" = (gz)P(gz) ",

for all g € Q). Then we can write €2 as a disjoint union of orbits under the group
action of () on the set €):

Q=0UQU...UQ,,

where [Q] = |Q1] + [Q2] + ... + |Qx|. Let P; be a representative of the orbit Q;, for
i =1,2,...,r. By proposition 1.4.1, |Q;] = |Q : Stq(P;)| = |Q : No(P;)|. Using
proposition 1.4.7, we have

] =1Q: QN A
If Q = P;, then we obtain that |Q;| = |P; : P,NP;| = 1. If Q # P;, then we obtain
that |Q;| = |Q : Q@ N P;| > 1, and since the index of any subgroup of @ divides @,
p divides [€;].

Proposition 1.4.8. The number of conjugates of any Sylow p-subgroup of a
finite group G is congruent to 1 modulo p.

Proof. In the construction considered above we take @ = P;. Then |Q;| =1
and p divides |€;| for ¢ # 1. Let ¢t be a number of conjugates of P;. Since
t=1Q] = ||+ |Q2] + ... +|Q%|, we have t = 1+ pko + pks + ... + pks = 1(modp).

Theorem 1.4.9 (The second Sylow theorem). Any two Sylow p-subgroups
of a finite group G are conjugate.

Proof. Given a Sylow p-subgroup P and any other Sylow p-subgroup @, con-
sider again the construction considered above. Suppose @) is not conjugate to P,
Then Q # P; for each i = 1,2, ..., s. Therefore p divides |(;| for every orbit. If ¢ is
the number of conjugates of P, then ¢ = 0(modp), which contradicts proposition
1.4.8.

Theorem 1.4.10 (The third Sylow theorem). Let G be a group of order
p"m, where p is a prime and (p,m) = 1. The number n, of all Sylow p-subgroups
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of G is of the form 1+ kp, i.e., n, = 1(modp). Further, n, = |G : Ng(P)| for any
Sylow p-subgroup P, hence ny|m.

Proof. Consider again the construction considered above. Since all Sylow p-
subgroups are conjugate, || is equal to the number n, of all Sylow p-subgroups
of G. By proposition 1.4.8, n, = 1(modp).

Finally, since all Sylow p-subgroups are conjugate, theorem 1.4.2 shows that
np = |G : Ng(P)| for any P € Syl,(G). Since P is a subgroup of Ng(P), p"
divides |Ng/(P)|, hence n,|m.

1.5 SOLVABLE AND NILPOTENT GROUPS

Abelian groups are the simplest class of groups in terms of structure. Two broader
classes than the class of Abelian groups are the classes of nilpotent groups and
solvable groups, the theory of which has also reached a fairly advanced stage.
Recall that a group G is called simple if |G| > 1 and the only normal subgroups
of G are 1 and G.
A normal series of a group G is a chain of subgroups

1=Hy<H,<H,<..<H,=G

such that H; is a normal subgroup in H;4 for every ¢ = 0,1, ..., s—1. The number
s is called the length of the normal series and quotient groups H;1/H; are called
its factors.

If all factors in a normal series of a group G are simple, the series is called a
composition series.

Since any ring is a group we have the following formulations of the Jordan-
Holder theorem for groups (see vol.I, theorem 3.2.1):

Theorem 1.5.1 (Jordan-Hélder). If a group G has a composition series,
then every two composition series of G are isomorphic.

If a group G has a composition series, then every normal series of it can be
refined to a composition series.

Definition. A group G is called solvable if it has a normal series with all
factors Abelian.

Example 1.5.1.
The subgroup H of all upper triangular matrices of the group GL(n, C), where
C is the field of complex numbers, is solvable.

Remark 1.5.1. Note that the term ’solvable’ arose in Galois theory and is
connected with the problem of solvability of algebraic equations in radicals. Let
f be a polynomial in x over a field k and K be the (minimal) splitting field of f.
The group Gal(K/k) is called the Galois group of f. The main result of Galois
theory says that the equation f(z) = 0 is solvable in radicals if and only if the
group Gal(K/k) is solvable.
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We now give another characterization of solvable groups.
Let G be a group, z,y € G, and let A, B be nonempty subgroups of G. Recall
that the commutator of z,y € GG is defined as

[z,9] = ™y~ tay,
and the commutator of A, B is
[A,B] ={[z,y] : x€ A, y € B}.

Define also
G/:{['r7y] : "E’yEG},

which is the subgroup of G generated by commutators of elements from G and
called the commutator subgroup of G.

The basic properties of commutators and the commutator subgroup are given
by the following statement.

Proposition 1.5.2. Let G be a group, x,y € G and let H C G be a subgroup.
Then

(1) zy = yz[z, y].

) H <G if and only if [H,G] C H.

) The group G/G" is Abelian.
) G/G' is the largest Abelian quotient group of G in the sense that if H I G
and G/H is Abelian, then G' C H. Conversely, if G' C H, then H < G and G/H
is Abelian.

2
(3
(4

Proof.

(1) This is immediate from the definition of [z, y].

(2) By definition, H < G if and only if g~*hg € H for all g € G and all h € H.
For h € H, we have that g~'hg € H if and only if h~1g~thg € H, so that H <1 G
if and only if [h,g] € H for all h € H and all g € G. Thus, H < G if and only if
[H,G] C H.

(3) Let G’ and yG' be arbitrary elements of G/G’. By the definition of the
group operation in G/G" and since [z,y] € G’ we have

(@G (yG") = (ay)G" = (yzla,y])G" = (y2)G' = (y&')(2G).

(4) Suppose H < G and G/H is Abelian. Then for all z,y € G we have
(H)(yH) = (yH)(zH), so

H = (zH)" (yH) " (H)(yH) = 2~y ayH = [x,y]H.

Thus [z,y] € H for all z,y € G, so that G’ C H.

Conversely, if G C H, then since G/G’ is Abelian by (3), every subgroup of
G/G" is normal. In particular, H/G' < G/G'. Then, by lemma 1.3.4 and theorem
1.3.5 (see vol.I), it follows that H < G and
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G/H ~(G/G")/(H/G)
so that G/H is Abelian.

Definition. For any group G define the following sequence of subgroups in-
ductively:

G =¢q, ¢W=[G,G] and GO =[GW G for all i>1.
This series of subgroups is called the derived or commutator series of G.
Theorem 1.5.3. A group G is solvable if and only if G =1 for some n > 0.

Proof. Assume first that G is solvable and so possesses a normal series
1=Hy<H JdH,J..dH, =G

such that each quotient group H;i1/H; is Abelian. We prove by induction that
G C H,_;. This is true for i = 0, so assume G C H,_,;. Then

G+ — [G(i), G(i)] C [Hs—i, Hs—i].

Since H_;/Hs_;—1 is Abelian, by proposition 1.5.2(4), [Hs—;, Hs—;] € Hg_;—1.
Tl(ll;S GU+Y) C H,_, 1, which completes the induction. Since Hy = 1, we have
G =1.

Conversely, if G(") = 1 for some n > 0, proposition 1.5.2(4) shows that if we
take H; to be G~ then H; is a normal subgroup of H;,1 with Abelian quotient,
so the derived series itself satisfies the defining condition for solvability of G. This
completes the proof.

If a group G is solvable, the smallest nonnegative n for which G(") = 1 is called
the solvable length of G.

Theorem 1.5.4. Let G and K be groups, let H be a subgroup of G and let
v : G — K be a surjective homomorphism.

1. HD C G for alli > 0. In particular, if G is solvable, then so is H, i.e.,
subgroups of solvable groups are solvable.

2. @(G(i)) = KW In particular, homomorphic images and quotient groups
(which are the same thing) of solvable groups are solvable.

3. Let N be a normal subgroup of G. If both N and G/N are solvable, then so
is G.

Proof.

1. This follows from the observation that since H C G, by definition of com-
mutator subgroups, [H, H] C [G,G], that is, H®) C GM). Then, by induction,
H® C GD foralli > 0. In particular, if G =1 for some n, then also HM =1,
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2. Note that, by definition of commutators, ¢([z,y]) = [p(z), ¢(y)], so, by
induction, @(G(i)) C K@, Since ¢ is surjective, every commutator in K is the
image of a commutator in G. Hence again, by induction, we obtain equality for
all i. Again, if G®) =1 for some n then K = 1.

3. If G/N and N are solvable of lengths n and m respectively then, by state-
ment 2 of this theorem applied to the natural projection ¢ : G — G/N, we obtain
©(GM) = (G/N)™ = N, ie., G™ C N. Thus G+ = (™)™ C N(™) = 1.
Theorem 1.5.3 now implies that G is solvable.

Theorem 1.5.5. FEvery finite group of order p™, where p is prime, is solvable.

Proof. If G is a finite p-group, then, by theorem 1.4.4, its center Z(G) is not
trivial. Then the quotient group G/Z(G) is again a p-group, whose order is less
then the order of G. We prove this theorem by induction on the order of a group.
Assume that theorem is true for all p-groups with order less then p™. Then, by
induction hypothesis, Z(G) and G/Z(G) are solvable groups. Then, by theorem
1.5.4(3), G is also solvable.

Definition. For any group G define the following subgroups inductively:
Z(G) =1, Z:(G) =Z(G)
and Z;11(G) is the subgroup of G containing Z;(G) such that
Zit1(G)/ Zi(G) = Z(G/ Zi(G)).
The chain of subgroups
Z0(G) € Z1(G) € Z2(G) € ...

is called the upper central series of G.
A group G is called nilpotent if Z,,(G) = G for some m € Z. The smallest
such m is called the nilpotency class of G.

Example 1.5.2.

The subgroup H of all upper triangular matrices of the group GL(n, C), where
C is the field of complex numbers, is not nilpotent. But the subgroup IV of all
elements of H with 1 on the main diagonal is nilpotent.

Proposition 1.5.6. Let p be a prime and let G be a group of order p™. Then
G s nilpotent of nilpotency class at most m — 1.

Proof. For each i > 0, G/Z;(G) is a p-group, so, by theorem 1.4.4, if
|G/Zi(G)] > 1 then Z(G/Z;(G)) is not trivial. Thus if Z;(G) # 1 then
|Zis1(G)| > p|Zi(G)] and so |Z;41(G)| > p™tl. In particular, |Z,,(G)| > p™,
so G = Z,,(G). Thus G is nilpotent of nilpotency class < m. The only way G
could be of nilpotence class exactly equal to m would be if | Z;(G)| = p® for all i.
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In this case, however, Z,, _» would have index p? in G, so G/Z,,_2(G) would be
Abelian, by corollary 1.4.5. But then G/Z,,_2(G) would equal its center and so
Zm—-1(G) would equal G, a contradiction. This proves that the nilpotency class of
Gis<m-—1.

We now give another equivalent definition of a nilpotent group using the notion
of a lower central series.
Recall that the commutator of two elements z,y in a group G is defined as

[2,y] = 27y ay,
and the commutator of two subgroups H and K of G is

[H, K] ={[z,y] : € Hyye K}

Definition. For any group G define the following subgroups inductively:
G'=G, G'=[G,G] and G =[G, GY.

The chain of groups
G'2G'D2G* D ...

is called the lower central series of G.

It is important to note that although G(© = G° and G(Y) = G, in general it
is not true that G() = G?. The difference is that the definition of the (i + 1)-st
term in the lower central series is the commutator of the i-th term with the whole
group G whereas the (i 4+ 1)-st term in the derived series is the commutator of the
i-th term with itself. Hence G(*) C G” for all i and the containment can be proper.
For example, in G = S3 we have G! = A3 and G? = [S3, A3] = A3z, whereas
G = [A3z, A3] = 1.

Theorem 1.5.7. A group G is nilpotent if and only if G™ =1 for some n > 0.
More precisely, G is nilpotent of nilpotency class m if and only if m is the smallest
nonnegative integer such that G™ = 1. If G is nilpotent of nilpotency class m then

Z;(G)CcG™ " C Zi 1 (G) for all i€{0,1,2,...,m—1}.
Proof. This is proved by a straightforward induction on the length of the lower
central series.
Corollary 1.5.8. Fach nilpotent group is solvable.

Proof. This follows immediately from theorem 1.5.7 taking into account that
GW C G for all i.
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Thus, we can summarize the results obtained in this section as the following
chain of classes of groups:

(cyclic groups) C (Abelian groups) C (nilpotent groups) C
C (solvable groups) C (all groups)

Proposition 1.5.9. Let G and K be groups, let H be a subgroup of G and let
¢ : G — K be a surjective homomorphism.

1. H C G for all i > 0. In particular, if G is nilpotent, then so is H, i.e
subgroups of nilpotent groups are nilpotent.

2. o(GY) = K. In particular, homomorphic images and quotient groups of
nilpotent groups are nilpotent.

Proof.

1. This follows from the observation that since H C G, by definition of commu-
tator subgroups, [H, H] C [G, G], that is, H* C G'. Then, by induction, H* C G*
for all ¢ > 0. In particular, if G™ = 1 for some n, then also H" = 1. And from
theorem 1.5.7 it follows that H is nilpotent.

2. Note that, by the definition of commutators, ¢([z,y]) = [¢(z), v(y)], so,
by induction, ¢(G?) C K*. Since ¢ is surjective, every commutator in K is the
image of a commutator in G. Hence again, by induction, we obtain equality for
all . Again, if G" =1 for some n then K" =

1.6 GROUP RINGS AND GROUP REPRESENTATIONS.
MASCHKE THEOREM

The group algebra of a group G over a field k is the associative algebra over k

whose elements are all possible finite sums of the form ) aqg, g € G, a4 € k,
geG
the operations being defined by the formulas:

Z Qgg + Z Beg = Z(ag + B)9,

geG geG geG

(Z agg)(z Be9) = Z( Z (azfy)h).
geG geG heG zy=h,z,yeG
(All sums in these formulas are finite.) This algebra is denoted by kG; the
elements of G form a basis of this algebra; multiplication of basis elements in the
group algebra is induced by the group multiplication. The algebra kG is isomorphic
to the algebra of functions defined on G with values in k which assume only a finite

number of non-zero values. The function associated to Y agygis f: g — a4 In
geG
this algebra multiplication is the convolution of such functions. Indeed if fi, fo

are two functions G — k with finite support their product is given by

fifa(g) =Y fi(h) f2(h™g).

heG
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The same construction can also be considered for the case when k is an asso-
ciative ring. One thus arrives at the concept of the group ring of a group G over
a ring k; if k£ is commutative and has a unit element, the group algebra is often
called the group algebra of the group over the ring as well.

Note that, by definition of the multiplication, kG is a commutative ring if and
only if G is an Abelian group.

Examples 1.6.1.
1. If G = (g) is a cyclic group of order n and k is a field, then the elements of
kG are of the form )
> aug.
i=0

The map k[z] — kG which sends 2* to g* for all k£ > 0 extends by k-linearity to a
surjective ring homomorphism with kernel equal to the ideal generated by =" — 1.
Thus kG ~ k[x]/(z™ — 1). This is an isomorphism of k-algebras.

Definition. A k-representation of a group G on a vector space V over a
field k is a group homomorphism T : G — GL(V'), where GL(V) is a group of all
invertible linear transformations of V' over k.

In other words, to define a representation 7' is to assign to every element g € G
an invertible linear operator T'(¢) in such a way that T(g1g2) = T(g1)T(g2) for
all g1,92 € G. If the k-vectorspace V is finite dimensional, then its dimension
[V : k] is called the dimension (or degree) of the representation 7', and the
representation 7' is called finite dimensional over k.

If T' is a monomorphism, the representation is said to be faithful.

We say that two k-representations ¢ : G — GL(V) and ¢ : G — GL(W)
of a group are equivalent (or similar) if there is a k-vector space isomorphism
0 :V — W such that the diagram

0

HW

v
w(g)l P(g)

[
is commutative for all ¢ € G, that is, 0p(g) = ¥(g)0, for all ¢ € G, which is
equivalent to

P(g) = 0p(g)0".

In the case where V is of finite dimension n it is common to choose a basis for V" and
assign to each operator T'(g) its matrix T, in this basis. The correspondence g —
T, defines a homomorphism of the group G into GL(n, k), the general linear group
of invertible n X n matrices over k, which is called the matrix representation of
the group G corresponding to the representation 7. Thus we can define a matrix
representation of a group.
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Definition. A matrix representation of degree n of a group G over a field
k is a group homomorphism T : G — GL,,(k), where GL, (k) is the general linear
group of invertible n X n matrices over k.

Example 1.6.2.
Consider the cyclic group C3 = {1,u,u?}, where u®> = 1. This group has a
two-dimensional representation ¢ over the field of complex numbers C:

aw=(g 1), =5 &) w=(5 ()

where &3 = — 1 + %Z\/ 3 is a primitive 3-rd root of unity. This representation is
faithful because ¢ is a one-to-one map.

If we choose a new basis of a vector space V, then every matrix T, transforms
into a new matrix of the form PT,P~!, where P is the matrix of a transformation
which does not depend on the element g € G. So in matrix terminology we have
the following definition:

Definition. Two matrix representations T : G — GL,(k) and S : G —
GL, (k) are said to be equivalent (or similar) if there is a fixed invertible matrix
P € GL, (k) such that S, = PT,P~! for all g € G.

Example 1.6.3.
The cyclic group C3 also has the representation v given by the matrices:

&3 0
e =(g 7). o= 0 1 ol = (6 0

which is equivalent to the representation ¢ shown in example 1.6.2.

Remark 1.6.1. The representations considered above are also called linear
representations. Other kinds of representations are permutation representa-
tions. A permutation representation of a group G on a set S is a homomor-
phism from G to the group of all permutations of S. In this book “representation”
usually means “linear representation”.

In this chapter we restrict our attention to finite groups and finite dimensional
representations over a field k.

Examples 1.6.4.

1. Let V be a one-dimensional vector space over a field k. Make V into a
kG-module by letting g - v = v for all ¢ € G and v € V. This module corresponds
to the representation ¢ : G — GL(V') defined by ¢(g) = I, for all g € G, where
I is the identity linear transformation. The corresponding matrix representation
is defined by ¢(g) = 1. This representation of the group G is called the trivial
representation. Thus, the trivial representation has degree 1 and if |G| > 1, it
is not faithful.
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2. Consider the representation 7 of kG defined by 7(a) = T,, where T, (z) =
ax for all x € G and a € G. This representation is called the left regular
representation of kG. In other words, kG is considered as a left module over
itself. If we take the elements of G as a basis of kG, then each g € G permutes
these basis elements: T,(g;) = g - g: = 9¢; = g;. With respect to this basis of kG
the matrix representation of the group element g has 1 in the intersection of the
i-th row and the j-th column, and has zeroes in all other positions. Note that each
nonidentity element of G induces a nonidentity permutation on the basis of kG.
So the left regular representation is always faithful. Analogously one can define
the right regular representation of kG.

3. Consider the symmetric group S3 which has the following matrix two-
dimensional representation based on the correspondence with planar symmetry
operations of an equilateral triangle:

w0=(3 8) w=s (L ) =i %)

fo= (o 8) =3 ) w1 (T %)

The matrices ¢(a), ¢(b) and ¢(c) correspond to reflections, while the matrices ¢(d)
and o(f) correspond to rotations. These matrices form a faithful two-dimensional
representation of S3. Take for example the equilateral triangle with corner points
(~1,-3v3), (1, - 1v/3), (0,3v3) in B2,

The group Ss also has the following one-dimensional representations ¥ (e) =
P(d) = ¥(f) =1 and ¥(a) = ¥(b) = ¥(c) = —1, which is the mapping from the
elements of S3 to the determinants of the matrix representation discussed above.

Finally, we have the trivial representation of S3 which is given by o(e) = o(a) =
o(b) =0(c) =0o(d) = o(f) = 1, which is also one-dimensional.

4. Consider the dihedral group D,, which has the presentation:

D,={o,7 :0"=7*=1, or=710""'}.

If S and T are matrices satisfying the relations 8" = T2 = E and ST = TS,
then the map o — S and 7 — T extends uniquely to a homomorphism from D,
to the matrix group generated by S and T, and hence gives a representation of
D,,. An explicit example of matrices S, T € GLya(R) may be obtained as follows.
Take a regular n-polygon drawn on the z,y plane centered at the origin with the
line y = x as one of its lines of symmetry then the matrix S that rotates the
plane through QJ radians and the matrix T that reflects the plane about the line
y = x both send this n-polygon onto itself. It follows that these matrices act
as symmetries of the n-polygon and so satisfy the above relations. It is easy to
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compute that

2 2T
cos — sin 0 1
S = Je 1 and T =
<sin 2T eos QJ ) (1 0)

cos 27? —sin 2m

And so the map o — on | and 7 — ((1) (1)) extends uniquely to
n

sin 27? cos
a representation of D,, into GLy(R). The matrices S and T have order n and 2
respectively. It is not difficult to check that S and T generate a matrix group of
order 2n so that this representation is faithful.

5. Consider the quaternion group which has the following presentation:

Hy={i,j : i*=1,i=j% ij=ji '}

Then we have a representation ¢ : Hy — GLy(C) defined by

o= (Yot _0) e = (7 Q)

This representation of Hs is faithful.

As was mentioned above the study of k-representations of a group G is equiva-
lent to the study of modules over the group ring kG. Let GG be a group and let V' be
an n-dimensional vector space over a field k. There is an obvious bijection between
kG-modules and pairs (V, ), where ¢ : G — GL(V) is a group representation.

Suppose first that ¢ : G — GL(V) is a group representation. For each g € G,
©(g) is a linear transformation from V to itself. Make V into a kG-module by
defining the action of a ring element on an element of V' as follows:

O agg)-v=">_ aze(g)(v)

geG geG

forall Y ay9 € kG, v € V. Then it is easy to show that V becomes a kG-module.
geG

Conversely, suppose that we have a kG-module V' such that dimg V' = n. Since
V is a kG-module, it is a k-module, i.e., it is a vector space over k. Also, for each
g € G we obtain a map ¢(g) : V. — V, defined by ¢(g)(v) = g-v for all v € V,
where ¢-v is the given action of the ring element g on the element v of V. Since the
elements of & commute with each g € G, it follows, by the axioms for a module,
that for all u,v € V and all a, 8 € k we have p(g)(au+£v) = ap(g)(u)+Be(g)(v),
that is, for each g € G, ¢(g) is a linear transformation. Furthermore, again by the
axioms for a module, it follows that p(g192)(v) = (©(g91)¥(g2))(v). This proves
that ¢ is a group homomorphism.

Therefore to give a representation ¢ : G — GL(V) on a vector space V' over
k is the same as to give a kG-module V. Under this correspondence we shall say
that the kG-module V affords the representation ¢ of G.
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Definition. A k-representation T' of a group G is called irreducible if the
kG-module V affording it is irreducible, otherwise it is called reducible. A k-
representation 7' is called completely reducible if the kG-module V affording
it is completely reducible. (See vol.I for irreducibility and complete reducibility of
modules.)

In matrix terminology, this is equivalent to the following definition.

A matrix representation T of degree n of a group G is reducible if and only
if it is equivalent to a matrix representation S of the form:

S _ Sgll) Ug
g o si?

for all g € G, where sﬁ;) are matrix representations of degree n; < n of G; otherwise
it is called reducible.

A matrix representation T of degree n of a group G is completely reducible
if and only if it is equivalent to a matrix representation S of the form:

s o ... o
@)
s,—| 0 S’ .. 0
o o .. sm

for all g € G, where the sﬁf’ are irreducible matrix representations of degree n; < n
of G (i=1,2,...,m).

Example 1.6.5.

The representations ¢ and v of the group C3 considered in examples 1.6.2
and 1.6.3 are completely reducible and are direct sums of two one-dimensional
representations.

We shall prove below a very important classical theorem. Taking into account
its great importance we give three different proofs of it.

Theorem 1.6.1 (H.Maschke). If G is a finite group and the order of G
is not divisible by the characteristic of a field k, then the group algebra kG is
semisimple.

Proof.

1. (A proof according to J.-P.Serre.® Let M be any kG-module and let X be
an arbitrary kG-submodule of M. Since X is a vector subspace of M, there is a
vector subspace Y such that M is a direct sum of these vector subspaces:

M=XaY,.

3See [Serre, 1967] .
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We need only to show that X is also a direct summand of M as a kG-submodule.

Let mp : M — X be the vector space projection of M onto X along Yj, that is,
7o is defined by mo(z +y) =z for all x € X and y € Yp.

For each g € G define the map g *mog : M — X by the formula g~
gt mo(g-m) for all m € M.

Since X is a kG-submodule of M and 7y maps M onto X, we have that ¢~ 'mgg
maps M onto X. Moreover, g~ 'myg is a k-linear transformation, because g and
¢~ ! act as k-linear transformations. Since X is a kG-submodule of M, for each
x € X we have

17T09(m) =

g 'mog(z) =g - mo(ga) =gt - gr = a,
1

i.e., g~ 'mog is also a vector space projection of M onto X.
Let n = |G|. Consider n as an element of the field k. It is not zero in k by

hypothesis. Define
1 _
= Zg '709.
n

geG

Since 7 is a scalar multiple of a sum of linear transformations from M to X, it is
also a linear transformation from M to X. If z € X, then

w@) = LY g gl = Lot =
geG

i.e., m is also a vector space projection of M onto X. We now show that 7 is a
kG-module homomorphism. For any h € G we have

w(hm) = 711 > g 'mog(hm) Zg -mo(g - hm) =
9eG qeG
= SR mol(ghym) = ST R () =
g€q r=gh,ge€G
= ib Z h(r~tmor(m)) = h(111 Z r~tror(m)) = hr(m),
r=gh,geG reG

because as g runs over all elements of G, so does r = gh.

This establishes the existence of a kG-module projection 7w of M onto X. Con-
sider the set of elements Y = Kerm C M. Since 7 is a kG-module homomorphism,
Y is a kG-submodule. If m € X NY, then m = w(m) whereas by definition of
Y, m(m) = 0. This shows that X NY = 0. On the other hand, an arbitrary
element m € M can be written in the form: m = w(m) + (m — w(m)). By defini-
tion, m(m) € X. And w(m — w(m)) = w(m) — w(w(m)) = n(m) — n(m) = 0, i.e.,
m — m(m) € Kerm = Y. This shows that M = X +Y and hence M = X @Y.
Therefore, any submodule of a kG-module M is a direct summand of it. Then, by
proposition 2.2.4 (vol. I), M is a semisimple kG- module and kG is a semisimple
ring.
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2. (A proof according to I.N.Herstein. * Let a € kG, and consider the right
regular representation T, : kG — kG defined by the formula T, (z) = za for any
x € kG. It is easy to verify that T, is a k-linear transformation of the space kG.
Moreover the map ¢ : a — T is an isomorphism from the k-algebra kG into the
k-algebra Endy (kG).

We write the transformation T, by means of its matrix T, with respect to the
basis consisting of the elements of the group G. Let Sp(T,) be the trace of the
matrix T,. Note that

m  for g=1;

Sp(Tg)—{ 0 forg#1

where m = |G].

Let R = rad(kQG) be the Jacobson radical of kG. Since [kG : k] = m < o0, i.e.,
kG is a finite dimensional k-algebra, kG is an Artinian algebra. Therefore R is
nilpotent, by proposition 3.5.1 (vol. I). Suppose R # 0, then there is an element
0#x € R. Let x =191 + asgs + ... + @mGm-

Without lost of generality, we can assume that «; # 0. Since R is an ideal in
kG,yz:vgl_l € R and

y=oa1 -1+ ashs+ ...+ anhm, (1.6.1)

where h; € G, y #0, ag # 0.

Since y € R and R is nilpotent, the element y is nilpotent as well.

Therefore from any course in linear algebra it is well known that the corre-
sponding linear transformation T, is nilpotent and Sp(T,) = 0.

On the other hand from (1.6.1), taking into account the linear properties of
trace, we have

Sp(Ty) = a1Sp(T1) + amSp(Th,) + .. + @ Sp(Th,,) = a1 - m # 0.

The obtained contradiction shows that R = 0. Thus kG is an Artinian algebra
with its Jacobson radical equal to zero. Therefore, by theorem 3.5.5 (vol. 1), kG
is semisimple.

3. (A proof according to M.Hall.> Let T : G — GL(n,k) be a reducible
matrix representation of degree n of a group G. Then it is equivalent to a matrix

representation of the form
(1)
Sy = S I_(IQH)
‘ 0 Sy

for all g € G, where the Sgi) form matrix representations of degree n; < n of G.
We want to show that this matrix representation is completely reducible. Since

4See [Herstein, 1968].
5See [Hall, 1959).
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Sap = S.Sy, for all a,b € G, we have Uy, = Sgl)Ub + UaSl()Q) and hence

U, = Uab[sl(;2)]71 - Sl(ll)Ub[Sl()2)]71'

Then ) )
Gl Va =3 Ua =3 [Un[S]] ! = SHU )Y =
beG beG
= Y UL[SETISE - sOU S]] = Qs - s(Q.
beG
where Q = Y Ug[Sf)]’l. We denote Q1 = |é,| Q, which does not depend on an
geG

element g € G. Then U, = Q1S¢(12) — S,(ll)Ql. Now consider the matrix C given

by:
(E1 Q
- (5 %),

where E; is the identity matrix of degree n;. Then

1 (Er —Q
= (% &)

stV o
Cc's,C = ( o s@)

that is, S is a completely reducible representation.

and

Remark 1.6.2. This theorem was proved by H.Maschke in 1898 for finite
groups when the field k£ has characteristic 0. For fields whose characteristic does
not divide the order of a group G the result was pointed out by L.E.Dickson.
Note, that this theorem is also valid in a more general case, namely when k is a
commutative ring and |G| -1 is a unit in k, which can be seen from the third proof
of this theorem.

Remark 1.6.3. The converse of the Maschke theorem is also true. Namely, if
the characteristic of a field k does divide |G|, then G possesses finitely generated
kG-modules which are not completely reducible. Specifically, the module kG itself
is not completely reducible. Indeed, let e = Y g. Since ge = eg = e for each

geG
g € G, e spans a one-dimensional ideal Z in kG. Since e? = 0, this ideal is nilpotent.
Since kG is an Artinian ring (as a finite dimensional algebra), its radical rad(kG)
is nilpotent and contains all nilpotent ideals. So Z C rad(kG). Hence rad(kG) # 0
and kG is not semisimple.

As a consequence of the Maschke theorem, the representation theory of groups
splits into two different cases depending on the characteristic of the field k: classical
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and modular (following L.E.Dickson). In “classical” representation theory one
assumes that the characteristic of k does not divide the group order |G| (take
e.g. k as the field of complex numbers). In “modular” representation theory one
assumes that the characteristic of k is a prime, dividing |G|. In this case the theory
is almost completely different from the classical case.

In this book we shall generally restrict our attention to finite groups in the
classical case, as this simplifies things and provides a more complete theory.

1.7 PROPERTIES OF IRREDUCIBLE REPRESENTATIONS

As was shown in the previous section any group algebra kG of a finite group G
over a field k with characteristic 0 or characteristic p which does not divide the
order of G is semisimple, by the Maschke theorem. So the theorems giving the
structure of semisimple rings, proved in volume I, give also full descriptions of the
structure of the group algebras kG. We shall state these theorems for this concrete
case explicitly and obtain some corollaries and applications from them.

Definition. A representation is called irreducible, reducible, indecom-
posable or decomposable according to whether the kG-module affording it has
the corresponding property.

The Wedderburn-Artin theorem for an arbitrary semisimple k-algebra A can
be formulated as follows:

Theorem 1.7.1 (Wedderburn-Artin). A k-algebra A is semisimple if and
only if it is isomorphic to a direct product of matrix algebras over division algebras,
i.e.,

A~ M, (D1) x My, (D2) % ... x M, (D,), (1.7.1)

where the D; are division algebras over the field k.
If k£ is an algebraically closed field, then we obtain the following corollary:

Corollary 1.7.2 (Molien). If k is an algebraically closed field, then every
semisimple k-algebra A is isomorphic to a direct product of matriz algebras over
k, i.e.,

A~ M, (k) x M,,(k) x ... x M,_(k). (1.7.2)

If the algebra is commutative we obtain the following statements.

Theorem 1.7.3 (Weierstrass-Dedekind). A commutative algebra is
semisimple if and only if it is isomorphic to a direct product of fields.

Corollary 1.7.4. If k is an algebraically closed field, then every commuta-
tive semisimple k-algebra A is isomorphic to k*, where s is the number of simple
components of A.
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From the Maschke theorem and the theory of semisimple algebras and modules
one can easily obtain a number of important results describing the irreducible
representations of a finite group G over an algebraically closed field k£, whose
characteristic does not divide |G].

Corollary 1.7.5. There are only a finite number of irreducible non-equivalent
representations of a finite group G over an algebraically closed field k whose char-
acteristic does not divide |G|, and this number is equal to the dimension of the
center of kG over k.

Theorem 1.7.6. If ni,ns,...,ng are the dimensions of all pairwise non-
isomorphic irreducible representations of the group G over an algebraically closed
field k whose characteristic does not divide |G|, then

n34n3+...+n?=n, (1.7.3)
where n = |G]|.

Proof. By corollary 1.7.2, kG ~ M,, (k) x My,(k) x ... x M,_(k), where
ni,na,...,ns are the dimensions of all the irreducible representations of the al-
gebra kG, and thus n = |G| = [kG : k] = n? + n3 + ... + n?.

Example 1.7.1.

For the symmetric group G = S3 we have that |G| = 6 and we have two
one-dimensional irreducible representations and one two-dimensional irreducible
representation, as described in example 1.6.2 (3). Thus, using (1.7.3), we have

6=> nf=17+1"+2%

So, theorem 1.7.6 tells us that there are no additional distinct irreducible repre-
sentations of S3 over an algebraically closed field £ whose characteristic does not
divide |G|.

Theorem 1.7.7. FEach irreducible representation of a finite group G over
an algebraically closed field k whose characteristic does not divide |G| appears in
the right regular representation of kG with multiplicity equal to the degree of that
irreducible representation.

Proof. Let k be an algebraically closed field, and let G be a finite group.
Suppose the order of G is not divisible by the characteristic of the field k. Then,
by the Maschke theorem, kG is semisimple, and, by corollary 1.7.2,

kG ~ My, (k) x My, (k) x ... x M,,_(k).

Consider the regular representation of kG, i.e., consider kG as a right kG-module.
Since each M, (k) decomposes further as a direct sum of n; isomorphic simple
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right ideals M;, and these right ideals give a complete set of isomorphism classes
of irreducible kG-modules, we have the corresponding decomposition of the regular
kG-module kG over an algebraically closed field k :

kGZTLlMl@HQMQ@...@TLSMS, (174)
where n; = [M; : k].

Theorem 1.7.8. The number of irreducible non-equivalent representations of
a finite group G over an algebraically closed field k whose characteristic does not
divide |G| is finite and is equal to the number of conjugacy classes of the group G.

Proof. By corollary 1.7.5, the number of non-equivalent irreducible represen-
tations of a group G is equal to the dimension of the center of kG. We compute
this dimension in another way using the fact that a group algebra kG has a special
basis.

Let C1,C5, ..., Cs be the distinct conjugacy classes of the group G. Then the
group G is partitioned into these pairwise disjoint conjugacy classes. Let ¢; =

> g,i=1,2,...,s. Note that elements ¢;, ¢; have no common terms for i # j.
geC;
Hence they are linearly independent elements of GG. Since conjugation by a group
element permutes the elements of each class, hc;h ™! = ¢;, i.e., ¢; belongs to the
center of kG. We show that the elements ¢y, ca, ..., cs form a basis of the center of
kG.

Let = Y a4g, where ay € k, be an element of the center Z(kG). Since
geG

hx = zh, i.e., hth™! = x for each h € G, there holds

Z g9 = Z ozghghfl.

geG geG

This means that the coefficients of ¢ and hgh~! in the element z are equal. Since
h is arbitrary, every element in the same conjugacy class of a fixed group element
g has the same coefficient in x, hence = can be written as a linear combination of

the ¢;’s. Since the ¢;’s are linearly independent, they form a basis of the center
Z(kG), that is, dimy Z(kG) = s.

Example 1.7.2.

For the group S5 there are three conjugacy classes: {e}, {a,b,c} and {d, f}.
(See examples 1.6.4(3)). Thus, by theorem 1.7.8, there are three irreducible repre-
sentations which, as we have seen in example 1.7.1, consist of two one-dimensional
representations and one two-dimensional representation.

Corollary 1.7.9. A finite group G is Abelian if and only if all irreducible
representations of G over an algebraically closed field whose characteristic does
not divide |G|, are one-dimensional.
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Proof. Indeed, it is sufficient to remark that a group is Abelian if and only
if every conjugacy class consists of a single element and thus that the number
of irreducible non-equivalent representations equals, by theorem 1.7.7, the group
order. Applying theorem 1.7.6, we can see immediately that this is possible only
when all irreducible representations are one-dimensional.

Corollary 1.7.10. If G and H are Abelian groups of the same order and k
is an algebraically closed field whose characteristic does not divide |G|, the group
algebras kG and kH are isomorphic.

1.8 CHARACTERS OF GROUPS. ORTHOGONALITY RELATIONS AND
THEIR APPLICATIONS

This section is an introduction to the theory of characters of groups which is one
of the important methods for the study of groups and their representations. We
shall consider the main properties of characters and their applications to obtain
some important results.

Let V be a vector space over a field k£ with a basis vy, vs,...,v,, and let ¢ €
GL(V) be a linear transformation with corresponding matrix A = (a;;) on this
basis. The trace of the transformation ¢ is the trace of the matrix A:

Sp(¢) = Sp(A) = Z Qij-

From any course on linear algebra it is well known that the trace of the matrix
A does not depend on the choice of a basis vy, va, ..., vn. Indeed, if B = PAP ™!
then Sp(B) = Sp(PAP ') = Sp(A). From the definition it follows immediately,
that a trace is a linear function, i.e.,

Sp(v + ) = Sp(p) + Sp(¥)

Sp(aw) = aSp(yp)
for ¢, € GL(V) and « € k.

Definition. Let 0 : G — GL(V) be a linear representation of a finite group
G. The function x, : G — k, which is defined by the formula

Xo(x) = Splo(z)].
for each = € G, is called the character of the representation o.

If there is no chance of misunderstanding we shall write simply x instead
of xo-
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Example 1.8.1.

The character of the representation ¢ of the group Cs considered in example
1.6.2 is given by: x(1) =2, x(u) = 1 + &, x(u?) =1+ (&)2

Definition. A character is called irreducible or reducible according to
whether the representation is irreducible or reducible, respectively.

Notice that, by corollary 1.7.5, there is only a finite number of irreducible char-
acters of a finite group G over an algebraically closed field & whose characteristic
does not divide |G/|.

The character of the regular representation is called the regular character
and denoted by Xyeg-

Examples 1.8.2.

1. The character of the trivial representation is the function x(g) = 1 for all
g € G. This character is called the principal character of G.

2. For representations of degree 1, the character and the representation are
usually identified. Thus for Abelian groups, irreducible representations over an
algebraically closed field and their characters are the same.

Proposition 1.8.1. Let G be a group, and let x, be the character of a repre-
sentation ¢ of degree n. Then

1. xe(1) =m;
2. Equivalent representations have the same characters, and x,(grg™') =
Xo(x) for every g,z € G.

Proof.

1. Since dimy, V = n, (¢(1)) = E is the n x n identity matrix. Thus Sp(¢(1)) =
Sp(E) = n, hence x,(1) = n.

2. Tt is well known that Sp(ab) = Sp(ba) for any a,b € GL(V). Then setting
a=v"1, b=wvu, we obtain that Sp(u) = Sp(vuv~1).

So equivalent representations have the same characters. Therefore

Xo(g29™") = Splp(grg™)] = Splp(g)e(z)p(9~")] = Sple(z)] = xe(z) for all
g,z € G.

Proposition 1.8.2. Let x,cq be the regular character of a finite group G of
order n. Then for any g € G

| n forg=1
Xreg(g)_{ 0 forg#1

The proof follows immediately from proposition 1.8.1 and example 1.6.2(2).
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Examples 1.8.3.

1. Let ¢ : Da, — GLy(R) be the explicit matrix representation described in
example 1.6.2(3). If x is the character of ¢, then x(o) = 2cos(*") and x(7) = 0.
Since ¢ takes the identity of Da,, to the 2 x 2 identity matrix, x(1) = 2.

2. Let ¢ : Hy = Qs — GL2(C) be the explicit matrix representation described
in example 1.6.4(5). If x is the character of ¢, then x (i) = 0 and x(j) = 0. Since
© takes the identity of Qs to the 2 x 2 identity matrix, x(1) = 2.

Proposition 1.8.3. The character of a direct sum of representations is the
sum of the characters of the constituents of the direct sum.

Proof. Let p = o1 ®pa® ... B¢, be a direct sum of representations of a group
G. Then the corresponding matrix representation of ¢ is equivalent to the matrix
representation S of the form:

s o ... o
@)
s,—| 0 S .. 0
o o .. sm

for all g € G, where S_((]i) are the matrix representations corresponding to repre-
sentations ¢; (i = 1,2,...,m).

Therefore
Xeo(9) = Sp[Ty] = Sp[S,] = Sp[S{"] + Sp[S{V] + ... + Sp[S{™] =
= Xe1 T Xez T+ Xoou -

Proposition 1.8.4. Let k be an algebraically closed field whose characteristic
does not divide the order of a finite group G. Then any character x of the group
G has a unique representation in the form:

S
X = aixi,
i=1

where x; is the character afforded by an irreducible kG-module M;. Moreover, two
representations of the group G are equivalent if and only if they have the same
characters.

Proof. Since kG is a semisimple k-algebra, kG = A x As X...x As, where the A;
are simple k-algebras. According to this decomposition we have a decomposition
1 =-e; +es+ ...+ es of the identity of the algebra kG into a sum of primitive
central idempotents.

Let M be a kG-module. Let M; be a simple A;-module, and let y; be the char-
acter afforded by M;, 7 = 1,2, ..., s. Then we have a corresponding decompositionof
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the module M
M ~ a1 My ®asMs® ... B asMs,, (181)

where the a; are nonnegative integers indicating the multiplicity of the irreducible
module M; in the direct sum of the decomposition of M. If x,s is the character
afforded by the module M, then, by proposition 1.8.3,

XM = a1x1 + asxz + ... + asXs (1.8.2)

and this decomposition is unique, because the decomposition (1.8.1) is unique, by
the Krull-Schmidt theorem.

Suppose that two representations 7" and R are equivalent, then the correspond-
ing matrices T, and R, are similar for each g € G. Therefore they have the same
traces, hence they have the same characters.

Conversely, let two representations 7" and R have the same characters. Suppose
the kG-modules M and N correspond to the representations 7" and R. If xas, xn
are the characters afforded by the modules M and N, respectively, then, by the
proof above, we have decompositions

XM = aix1 +azx2 + ... + asXs

and
XN = bix1 +bax2 + ... + bsXs,

where the a;, b; are nonnegative integers indicating the multiplicity of the irre-
ducible module M; in the decompositions of the modules M and N.

If i # j, then e;M; = 0, ie., e; acts on M; trivially, hence x;(e;) = 0. If
i = j, then e;M; = M;, ie., e; acts on M; as an identity, hence x;(e;) = n;,
where n; = dimy M;. Therefore xas(e;) = a;n; and xn(e;) = byn; for all 7. Since
the characters yj; and xn are equal, a; = b; for all 4, i.e., M ~ N, and the
representations T and R are equivalent.

Corollary 1.8.5. Let k be an algebraically closed field whose characteristic
does not divide the order of a finite group G. Then

Xreg = Z”iXia (1.8.3)
i=1

where x; is a character afforded by an irreducible kG-module M; and n; = [M; : k].

Proof. This follows immediately from proposition 1.8.4 and theorem 1.7.7 (see
equality 1.7.4).

Note that the center Z(kG) has two different natural bases. Let 1 = ey +
€2 + ... + es be a decomposition of the identity of the algebra kG into a sum of
primitive central idempotents. Since the idempotents eq, es, ..., 5 are orthogonal
and central, they form a basis of the center Z(kG).
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On the other hand, as we have already pointed out in section 1.7, the elements
> g, for i =1,2,...,s, also form a basis of Z(k). Consequently, there are
geC;
S S
elements «;j, 3;; € k such that ¢; = Y a;je; and e; = > (;5¢;; and the matrices
j=1 j=1
A = (w;;) and B = (;;) are reciprocal (inverses of each other).

Proposition 1.8.6. Denote by n; the dimension of the irreducible representa-
tion M; with character x; and denote by h; the number of elements in the conjugacy
class C;. Then

- hl o mn; -1
aij = xi(9:), Biz=xilg; ) (1.8.4)
U n

where g; € Cj.

Proof. It i # j, then e;M; = 0, i.e., e; acts trivially on M;, hence x;(e;) = 0.
If ¢ = j, then e;M; = M;, i.e., e; acts on M; as an identity, hence y;(e;) = n;,
where n; = [M; : k]. Therefore

() = x5O aunen) = > cwmxylen) = njcu;.
k=1 k=1
On the other hand, x;(¢;) = hix;(gi), and the formula for the «;; follows.
In order to compute f3;; we use corollary 1.8.5, which says that x,.q = Z i Xi-

From proposition 1.8.1 it follows that x,ey(crg) = 0if g~ &€ Cx, and Xreg(ckg) =n
if g~ € Ok, where n = |G|. Therefore, if g; € C;, then

Xreg(€ig; ) = Xreg(D_ Binengy ) = nBiy.
k=1

On the other hand,
Xreg 619] an)(k ezg] - nixi(gj_l)
because (eigj_l) =0 for k # i and xi(eigj_ ) =xi(9; 1). The formula for the ;;

follows.

Taking into account that the matrices A and B are reciprocal, we obtain
immediately the following ”orthogonal relations” for characters, obtained by
F.G.Frobenius.

Theorem 1.8.7 (orthogonality relations). Let k be an algebraically closed
field whose characteristic does not divide the order n of a finite group G. Suppose
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that x; is a character of the group G afforded by an irreducible kG-module M; and
{91,92, .-, gs } 18 a set of representatives of all conjugacy classes of G. Then

1< _ 0 fori #j,
. thXi(gk)Xj(gk H= { 1 : f‘]
k=1

for i = j;

1< , 1y 0 fori# j,
n};x;c(gz)xk(gj )_{ 1/h; fori=j.

Corollary 1.8.8. A representation T of a finite group G over an algebraically
closed field whose characteristic does not divide the order of G is irreducible if and
only if its character x satisfies the following equality

ith(g@x(g?) =1 (1.8.5)
k=1

Proof. Decompose the representation 7' into a sum of irreducible representa-
S
tions. Correspondingly, the character x can be expressed as x = > m;;, where
i=1
X1, X2, ---» Xs are irreducible characters. But then

thx ar)X Zmlmj thXz k)X gk Zm

and this sum is equal to 1 if and only if y = y; for some ¢, i.e., in view of proposition
1.8.4, if and only if T is an irreducible representation.

The theory of characters has the most applications in the case when k = C is
the field of complex numbers. Therefore we restate the most important results in
this case.

Proposition 1.8.9. If x is any character of an m-dimensional representation
T of a group G over the field of complex numbers C, then for any g € G

1. x(g) is a sum of roots of 1 in C.

2. x(g71) = x(g), where z is the complex conjugate of the number z.

Proof. Since G is a finite group, any element of G is of a finite order. So if
|g| = n for a given element g € G, then ¢" = 1 and [T,]” = E, where T is the
matrix representation corresponding to a representation 7', and E is the identity
matrix. Since the minimal polynomial of T, divides the polynomial ™ — 1, which
has distinct roots, it follows that the matrix T is similar to the diagonal matrix
diag{e1, €2, ..., em } with m-th roots of 1 on the diagonal, i.e., ¢ = 1. Hence

X(g) = Sp<Tg) =€1+éex+...+Em
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and Ty-1 ~ diag{e; ', e5",...,e;,'}. Moreover, if € is a root of 1, then e™1 = .

Therefore

X)) =Sp(Ty1) =ci' +e5' +tel =ec1+e2+ ... +em = X(9).

Corollary 1.8.10. A representation T of a finite group G over the field of
complex numbers is irreducible if and only if its character x satisfies the following
equality:

:L > hux(gr) - x(gw) = 1. (1.8.6)
k=1

Example 1.8.4.

Consider the representation ¢ of the group S5 considered in example 1.6.2(3).
Since we have three conjugacy classes of this group: {e}, {a,b,c} and {d, [}, so we
have hy = 1, he = 3 and h3 = 2, respectively. The corresponding charactervalues
are x(e) = 2, x(a) =0, x(d) = 1.

Forming the sum in (1.8.6) and using the fact that |S3| = 6, we obtain

3

1

6 > hix(gr) - x(gr) =1 x4+3x0+2x1=1,
k=1

which shows that this representation is irreducible by corollary 1.8.10.

Let k be an algebraically closed field and let x1, x2, ..., xs be all the irreducible
characters of a finite group G over the field k. Let Cy,Cs, ..., Cs be all the conjugacy
classes of the group G. Write x;; = xi(g;), where g; € C;. The square matrix
X = (xij) is called the character table of G over k with conjugacy classes of
elements as the columns and characters as the rows. Character tables are central
to many applications of group theory to physical problems.

If g; € C;, then xi(gjfl) = X4j.- S0 using proposition 1.8.9 we can rewrite
theorem 1.8.7 for the case of the field of complex numbers in the following form:

Theorem 1.8.11 (orthogonality relations). Let G be a finite group and let
(xij) be the character table of the group G over the field of complex numbers C.

Then
1 [0 forid#j,
n kzﬂ Pk Xk = { 1 fori=j;

1 B 0 fori#j,
n ;X’”X’” - { 1/h; fori=j.
Let ¢ and ¢ be complex valued functions on a group G. Set

(o, 9) = |é| > el9)(g)-

geaG
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It is easy to verify that for all o, 8 € C

L. (O‘(Pl + 5@2#?) = a(splaw) + 6(30% w)7

2. (g, ahr + B2) = alp, ¥1) + Blp, ¥2);

3. (p,9) = (¥, 0);

4. (p,) > 0 for every ¢ # 0.

This product is called the Hermitian inner product of complex functions
on the group G.

Using this definition, theorem 1.8.11 can be rewritten in the following form:

Theorem 1.8.12. Let G be a finite group, and let x;, i = 1,2,...,n, be the
distinct irreducible characters of the group G over the field of complex numbers C.

Then
(Xis Xj) = ij. (1.8.7)

where §;5 is the Kronecker delta.

The orthogonality relations (1.8.7) show that the rows and columns of a char-
acter table over the field C are orthogonal with respect to the Hermitian inner
products, which allows one to compute character tables more easily. Note, that the
first row of the character table always consists of 1’s, and corresponds to the trivial
representation. Certain properties of a finite group G can be deduced immediately
from its character table:

1. The order of G is given by the sum of (x(1))? over the characters in the

table.

2. G is Abelian if and only if x(1) = 1 for all characters in the table.

3. G is not a simple group if and only if x(1) = x(g) for some non-trivial
character y in the character table and some non-identity element g € G.

Examples 1.8.5.

1. Consider the cyclic group C,, = (g), where g™ = 1. This group may be
realized as the rotation group over the angles 2km/n over some line. This group
is commutative, therefore, by theorem 1.7.3, each irreducible representation over
the field of complex numbers is one-dimensional. Each such representation has a
character x such that x(g) = w € C and x(¢*) = w”. Since g" = 1, w" = 1, that
is, w = e2™%/" where k = 0,1, ...,n—1. Therefore, the n irreducible representations
of the group C,, have the characters xo, x1, X2, ---, Xn—1, defined by the formula

Xh(gk) _ eQm’hk/n_
For instance, if n = 3, we have the following character table (with w = e2mi/ 3):
C; 1 g ¢
xo 1 1 1
x1 1 w  w?
Yo 1 w? w
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2. Consider the representations of the group S3 over the field of complex
numbers. Since |S5| = 6 and there are three conjugacy classes of S3, there are
three irreducible representations whose dimensions, by (1.7.3), must satisfy

2 2 2
nj +ny +n3 = 6.

The unique solution of this equation, consisting of positive integers, is n; = 1,
ny = 1 and ng = 2, so there are two one-dimensional and one two-dimensional
irreducible representations.

Then the character table for S3 is:

Ss e {abec} {df}
i 11 1
x2 1 o B
xs 2 gl 0

where «, (3, v and § are quantities that are still to be determined.
The orthogonality relations for the rows of the character table yield:

14+ 3a+26=0,
1+3a2+26% =6.

Using the orthogonality relations between the columns of the character table
we obtain:
l1+a+2y=0

1+5+20=0.
Using the relations between the elements of the group Ss
ad=e, bV’ =e, E=e d& =7},

we obtain, that a? = 1 and $? = 3. Therefore taking into account all these
relations it follows that « = —1, # =0, v = 0 and § = —1. Thus the complete
character table for S5 is given by

Ss e {abc} {df}
o 1 1 1
X1 1 -1 1
X2 20 1

Theorem 1.8.13. Let G be a finite group, and let the x; be all the irreducible
characters of the group G over the field of complex numbers C corresponding to
irreducible representations M;, i = 1,2,...,s. Let M be a linear representation of
G with a character x. Then

X=X Xi)Xi, (1.8.8)

1

n

i
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(X, x) = Za?, (1.8.9.)
i=1

where a; is the number of representations M; appearing in the direct sum of the
decomposition of M and a; = (X, Xi)-

Proof. Let x; be the irreducible character afforded by a module M;, i =
1,2,....,s and let M be a linear representation of G with a character y. Then we
have the decomposition of the module M:

M ~ a1M1 D CLQMQ D...D (ISMS,

and the corresponding decomposition of the character x:

n
X = Z X
i=1

Using properties 1 and 2 of the inner product and theorem 1.8.12, we obtain that
a; = (X, xi). Now computing the inner product (x, x) and using the orthogonality
relations (1.8.7) we obtain (1.8.9).

Definition. For any complex function x on a finite group G the norm of y is
(x, x)'/? and will be denoted by ||x||. From equality (1.8.2) we obtain that

lIxl = (Z(ai)z’)l”-

And hence we have:

Corollary 1.8.14. A character has norm 1 if and only if it is irreducible.

1.9 MODULAR GROUP REPRESENTATIONS

The theory of modular representations of finite groups was developed by Richard
Brauer starting in the 1930’s. In the modular theory one fixes a prime p which
divides the order of a group G and studies homomorphisms of the group G into the
group of matrices over a field k of characteristic p. The problem of the description
of modular representations of a finite group G over a field k is the same as the
analogous problem for the Sylow p-subgroups of G.

Theorem 1.9.1 (D.G.Higman).® Let G be a finite group whose order is
divisible by the characteristic p of a field k. Then the group algebra kG is of finite
representation type if and only if the Sylow p-subgroups of G are cyclic.

The first result on the classification for representations of non-cyclic p-groups
was obtained in 1961. It was the classification for the (2,2)-group. This prob-
lem is trivially reduced to the well-known problem of a pencil of matrices up to

6see [Higman, 1954].
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similarity. Later it became clear that the problem of the description contains, in
turn, the problem of the classification of a pair linear operators which act on a
finite dimensional vector space (these problems are called wild and the others are
called tame). In particular, it was proved that the problem of a description of
representations of a group (p,p) for p # 2 is wild. So, this problem is wild for
arbitrary non-cyclic groups. If p = 2, the problem is wild for the (2,4) and (2, 2,2)
groups. From these results it follows that one can hope to obtain a classification
of modular representations only for p = 2 and for some groups G such that its
quotient groups do not contain the groups (2,4) and (2,2,2). These groups are
exhausted by the following three infinite sets of 2-groups:

1. Dihedral groups

Dy, ={x,y : x2:y2m:1, y:v:acy_l} (m>1);

2. Quasidihedral groups

m
2 2 -1

m—1
Qm ={z,y : 2> =y , yr=axy> '} (m=3);

3. Generalized quaternion groups

277171

Hy, ={x,y : y2m:1, 2=y , yx:xyfl} (m > 2).

We say that a group G is tame (wild) over a field k if the group algebra kG
is of tame (wild) representation type.”

V.Bondarenko and Yu.A.Drozd proved that a subgroup of finite index of a
tame group (over a field k) is tame (over k). It is easy to see that a generalized
quaternion group H,, is isomorphic to the subgroup of the quasidihedral group
Qumt1, which is generated by zy and 32, so that generalized quaternion groups are
tame over a field with characteristic 2.

Denote by G’ the commutator subgroup of a group G. The above results can
be formulated in the following invariant form.

Theorem 1.9.2 (V.M.Bondarenko - Yu.A.Drozd). A noncyclic infinite
p-group G is tame over a field k of a characteristic p if and only if (G : G') < 4.

V.M.Bondarenko and Yu.A.Drozd also proved that a finite group is tame over
a field with a characteristic p > 0 if and only if its p-Sylow subgroup is tame.
This result can be formulated in the following invariant form.

Theorem 1.9.3 (V.M.Bondarenko - Yu.A.Drozd). A finite group G is
tame over a field k of characteristic p if and only if an any Abelian p-subgroup in
G of order more then 4 is cyclic.

"For more exact definitions see chapter 3.
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1.10 NOTES AND REFERENCES

The concept of a group is historically one of the first examples of an abstract
algebraic system. The origins of the idea of a group are encountered in a number
of disciplines, the principal one being the theory of solving algebraic equations by
radicals. Permutations were first employed to satisfy the needs of this theory by
J.L.Lagrange (1771) [Lagrange, 1771] and by A.Vandermonde (1771). The former
paper is of special importance in group theory, since it gives, in terms of poly-
nomials, what is really a decomposition of a symmetric permutation group into
(right) cosets with respect to subgroups. The deep connections between the prop-
erties of permutation groups and those of equations were pointed out by N.H.Abel
(1824) and by E.Galois (1830). E.Galois must be credited with concrete advances
in group theory: the discovery of the role played by normal subgroups in problems
of solvability of equations by radicals, the discovery that the alternating groups
of order n > 5 are simple, etc. Also C.Jordan’s treatise (1870) on permutation
groups played an important role in the systematization and development of this
branch of algebra.

The idea of a group arose in geometry, in an independent manner, at the time
when the then only existing antique geometry had been augmented in the middle
of the nineteenth century by numerous other ’geometries’, and finding relations
between them had become an urgent problem. This question was solved by studies
in projective geometry, which dealt with the behaviour of geometric figures under
various transformations. The stress in these studies gradually shifted to the study
of the transformations themselves and their classification. Such a ’study of geomet-
ric mappings’ was extensively conducted by A.Mobius, who investigated congru-
ence, similarity, affinity, collineation, and, finally, ’elementary types of mappings’
of geometric figures, that is, actually, their topological equivalence. A.L.Cayley
(1854 and later) and other representatives of the English school of the theory of in-
variants gave a more systematic classification of geometries. A.L.Cayley explicitly
used the term ’group’, made systematic use of the multiplication table which now
carries his name, proved that any finite group can be represented by permutations,
and conceived a group as a system which is defined by its generating elements and
defining relations. The final stage in this development was the Erlangen program
of F.Klein (1872), who based the classification of geometries on the concept of a
transformation group.

Number theory is the third source of the concept of a group. As early as 1761
L.Euler, in his study of residues, actually used congruences and their division into
residue classes, which in group-theoretic language means the decomposition of
groups into cosets of subgroups.

The main notions of abstract group theory arose in the 19-th century. Thus,
W.Burnside, writing in 1897, quotes A.Cayley as saying that ’a group is defined by
means of the laws of combination of its symbols’, and goes on to explain why he,
in his own book [Burnside, 1955], does, on the whole, not take that point of view.
L.Kronecker discussed axioms for abstract finite groups in 1870 [Kronecker, 1870],
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and the notion of abstract groups was introduced by A.Cayley in three papers
starting in 1849 [Cayley, 1849], [Cayley, 1854a], [Cayley, 1854b], though these
papers received little attention at the time. This had certainly changed by the
1890’s and a discussion of the basic definitions and some basic properties of ab-
stract groups can be found in H.Weber’s influential treatise [Weber, 1899].

Sylow subgroups were introduced by Peter Ludwig Mejdeli Sylow (1833-
1918), a Norwegian mathematician. The Sylow theorems were proved also by
P.L.M.Sylow in 1872 [Sylow, 1872].

The founder of group representation theory was Ferdinand Georg Frobenius
(1849-1917). He discovered the amazing basic properties of irreducible group char-
acters and published them in the 1890’s. His student, Issai Schur, was another
who made many significant early contributions to the subject.

Group algebras were considered by F.G.Frobenius and I.Schur [Schur, 1905]
in connection with the study of group representations, since studying the repre-
sentations of G over a field k is equivalent to studying modules over the group
algebra kG.

H.Maschke is best known today for the Maschke theorem, which he published
in 1899. A special case of his theorem H.Maschke proved in the paper [Maschke,
1898]. The general result appeared in the following year [Maschke, 1899].

In its modern form the theory of group representations owes much to the con-
tributions of Emmy Noether (in the 1920’s), whose work forms the basis of what
is now called “modern algebra”.

Modular representation theory was developed by Richard Brauer.

The problem of dividing the class of group algebras into tame and wild ones
has been completely solved by V.M.Bondarenko and Yu.A.Drozd [Bondarenko,
Drozd, 1977].
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2. Quivers and their representations

This chapter is devoted to the study of quivers and their representations. Quivers
were introduced by P.Gabriel in connection with problems of representations of
finite dimensional algebras in 1972. And from that time on the theory connected
with representations of quivers has developed enormously.

We start this chapter by considering some important algebras, including the
Grassmann algebra and the tensor algebra of a bimodule.

In sections 2.3 and 2.4 the main concepts are given pertaining to quivers, their
representations and path algebras of quivers. The main theorem in this section
says that the path algebra of a quiver over an arbitrary field is hereditary.

Dynkin diagrams and Euclidean diagrams (more often called extended Dynkin
diagrams) and the quadratic forms connected with them are studied in section 2.5.
The most important theorem, due to I.N.Berstein, I.M.Gel’fand, V.A.Ponomarev,
gives the classifications of all graphs from the point of view of their quadratic
forms.

The most remarkable result in the theory of representations of quivers is the
theorem classifying the quivers of finite representation type, which was obtained by
P.Gabriel in 1972. This theorem says that a quiver is of finite representation type
over an algebraically closed field if and only if the underlying diagram obtained
from the quiver by forgetting the orientations of all arrows is a disjoint union of
simple Dynkin diagrams. P.Gabriel also proved that there is a bijection between
the isomorphism classes of indecomposable representations of a quiver ) and the
set of positive roots of the Tits form corresponding to this quiver. The proof of
this theorem is given in section 2.6.

We end this chapter by studying representations of species, also a concept
introduced by P.Gabriel. The main results of this theory are stated here for
completeness without proofs.

2.1 CERTAIN IMPORTANT ALGEBRAS

Many rings and algebras which occur in the various parts of mathematics and
physics are naturally graded. The most important examples of such algebras are
tensor algebras and their quotient algebras such as the symmetric and exterior
algebras. There are many interesting applications in differential geometry and in
physics of these algebras.

Definition. Let A be a ring. An A-module M is said to be graded if it can
be represented as a direct sum of submodules

M= & M,. (2.1.1)

n=oo

593
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Of course a module M can admit many different gradings and so a graded
module is really a module together with a specified decomposition (2.1.1).

In such a graded module M any element x € M can be uniquely written in the
form @ =Y m,, where m,, € M,,, and only a finite number of these summands is

not equal ‘7510 zero. An element m € M, is homogeneous of degree n, and we
write deg (m) = n. The element 0 is called homogeneous of degree n for any n. A
graded module M is called positively graded if M,, = 0 for all n < 0, and it is
called negatively graded if M,, = 0 for all n > 0.

A submodule B of a graded module M is called homogeneous, if B = EDS B,
where B, = BN M, for all n. So, B is a graded module itself. If M is aéraded
module and B is homogeneous submodule of it, then we can consider the quotient
module M = M/B which is also a graded module: M = o M,,, where

M, ~ M, /B,.

The tensor product of two graded A-modules L and M is again a graded
A-module where the grading is given by the formula:

(L® M), Z L,® M,.

ptq=n

Therefore deg (I ® m) = deg(l) + deg(m) for all homogeneous I € L and m € M.

Definition. A ring A is called graded if it can be represented as a direct sum
of Abelian additive subgroups A,,:

A= & A,, (2.1.2)
n=0
such that A;4; C A;4; for all 4,5 > 0.

Let Z = 69 A,,. Then 7 is obviously a two-sided ideal of A. Let 1 = ag+x be a

decompos1t1on of the identity of A, where ag € Ag and x € Z. Then for all b € A,
we have b = 1-b = agb + xb. Comparlng the degrees of the elements involved it
follows that b = agb (and xzb = 0). Similarly b = bag, that is, ag € Ap acts like the
identity on all homogeneous elements of A. In other words, 1 = ag € Ap. Since
AgAg C Ap, we obtain that Ay is a subring of A with the same identity.

Examples 2.1.1.

1. The polynomial ring A = KJz] over a field K is graded with A, = Ka".
The multiplication in A is defined by 2Pz? = 279, so that indeed deg (zPz?) =
deg (zP) + deg (z9).

2. Let K be a ring, and let {x1,29,...,2,} be a set of symbols. Consider
the free left K-module A = K(z1,2,...,2,) with as basis the elements 1 and
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all the elements (words) x;, @i, Tiy, Ti TiyTigy -y TiyTiy ... Ti , .., where each
ij € {1,2,...,n}. Set A, = {x“:vw. .x;, }, the K-vectorspace spanned by all

words of 1ength n, then A = 69 A, is a graded K-module. In this module we

introduce a multiplication of bams elements by the rule:
(i @iy oo i) ) (BT Ty o T, ) = QBTG Xy o T Tjy Ty - T -

Obviously, if z,y € A, then deg(z -y) = degz + degy. As a result we ob-
tain a graded ring A = K(x1,22,...,2,) which is called the free associative
K-algebra over K in the indeterminates x1,...,x,. Consider the ideal Z of the
ring A which is generated by all elements of the form z;x; — x;2;. This ideal is
homogeneous and the quotient ring A/7 is also a graded ring. This ring is denoted
by K[z1, 22, ...,z,] and it is called the polynomial ring (ring of polynomials)
in n variables over the ring K.

3. If in the previous example we consider the homogeneous ideal Z which is
generated by all elements of the form x;x; and z;x; + x;x;, for all 4, j, then we
obtain a quotient ring A/Z which is denoted by E(x1,x2,...,x,) and called the
exterior K-ring in n variables over the ring K.

Definition. An algebra (associative or non-associative) A over a field K is
called graded if it is a graded ring, that is, if it is represented in the form of a
direct sum of subspaces A;:

A= 69 A;, (2.1.3)

1=0

such that AlAJ g Ai+j, and KAZ Q Az for all Z,j

Such a representation of A as a sum (2.1.3) is called a graduation (grading).
The elements of subspaces A; are called homogeneous of order i and we write
dega =i for a € A;.

Examples 2.1.2.

Grassmann algebra. An important example of a graded associative algebra
is the Grassmann algebra. An associative algebra with 1 over a field K is called a
Grassmann algebra if it has a system of generators ay, as, ..., a, satisfying the
following equalities:

a? =0, aa;+aja;=0, i,j5=1,2,...,n, (2.1.4)
and, moreover, any other identity for these elements is a corollary of the identities
(2.1.2). This algebra is denoted by T, or I'(ay, as, ..., a,). Note that the relations
(2.1.4) are homogeneous and thus generate a homogeneous ideal so that I',, inherits
a grading from K(z1,...,2,), see example 2.1.1(2) above. If the characteristic of
the field K is unequal to 2 the second group of the equalities (2.1.4) implies the first
froup. The equalities (2.1.4) are the anticommutators of the elements a; and a;.
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From the definition of the Grassmann algebra it also follows that I',, has a basis
consisting of 1 and the following elements:

ai, 1=1,2,...,n,

aaj, 4,j=1,2,...,n,1<}j,
aiajar, t,5,k=1,2,...,n, i<j <k,

a1ag ...an.

Thus, any element a € I';, can be written in the form

a = Z Z Yivig...ip Vig Aig + « - Agy s (215)

k>0 i1 <iz<...<ij

where 7,40, € K.

An element (2.1.5) of the algebra T',, is called even (respectively odd) if for
each nonzero coefficient ~;,;,. ;, the number k is even (resp. odd). The set of
all even (resp. odd) elements of I',, is denoted by I'V (resp. T'L). The set I'}
is a vector subspace of I',, and the set 'Y is a subalgebra in I',,. The following
properties hold:

1) if a,b € T'L, then ab, ba and ab — ba € TY;

2)ifaeTL, bel?Y, then abe I'L;

)T =TYaTL.

Grassmann algebras have some important applications in physics where they
are used to model various concepts related to fermions and supersymmetry.

Tensor algebra. Another important example of graded algebras are the tensor
algebras. Let V be a fixed vector space over a field k, and let T°V =k, T'V =V,

TV =VaV,...,T"V =V®&...9V (m copies). Define T(V) = & TiV.
1=0

Introduce an associative product on T(V) defined on homogeneous generators of
T (V) by the following rule: (v;1 ® ... Q) (W1 ® ... QW) =11 Q... AU, QW ®
o @wyy, € T™T™V. This makes T(V) an associative graded algebra with 1. If V' is
a finite dimensional algebra, then (V') is generated by 1 together with any basis
of V.

The algebra T(V) is the universal associative algebra in the following sense.

Proposition 2.1.1 (Universal property.) For any associative k-algebra U
with 1 and for any k-linear map ¢ : V. — U, there exists a unique homomorphism
of k-algebras v : T(V') — U such that (1) = 1 and such that the following diagram

commutes:
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where « is the (obvious) inclusion V =TV C T(V).

We shall prove this proposition in a more general situation in the next section.
This proposition gives the motivation to introduce the following formal
definition:

Definition. Let V be a vector space over a field k. A tensor algebra on V'
is a pair (T, 0), where T is an associative k-algebra with 1, and o : V — T is a
monomorphism of k-vector spaces such that for any associative k-algebra U with
1 and for any k-linear map ¢ : V. — U, there exists a unique homomorphism of
k-algebras 1 : T'— U such that ¥(1) = 1 and the following diagram commutes:

Iy

N

u

Then we obtain the following proposition.

Proposition 2.1.2. Let V be a vector space over a field k. Suppose that
(B(V), ) is as before, then

1. (2(V), ) is a tensor algebra.

2. If (T,0) is any other tensor algebra on V', then there is a unique k-algebra
isomorphism o : T(V) — T such that oo = 0, i.e., the diagram

is commutative.

Proof.

1. This follows immediately from proposition 2.1.1.

2. This uniqueness property of a tensor algebra is of the same type as proved
in proposition 4.5.2, vol.I, for the uniqueness of tensor products and therefore its
proof is left to the reader as a simple exercise.
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Remark 2.1.1. Note that a tensor algebra over V is the same as a free
algebra on V, i.e.,, T(V) ~ k(V). If V is a finite dimensional vector space with
basis (z1,...,2y), then T(V) ~ k(z1,...,zy,).

Symmetric algebra. Many quotient algebras of the tensor algebra (V') are
of interest. First, there is the symmetric algebra on a given vector space V. Let 7
be the two-sided ideal in T (V) generated by all t @ y —y®x , where x,y € V. The
quotient algebra &(V) = T(V)/T is called the symmetric algebra on V. We
write o : T(V) — &(V) for the corresponding canonical map of k-algebras. Since
the generators of Z lie in T2V, it obvious that Z = (ZNT?*V) & (ZNT3V) D .. ..
Therefore o is injective on T°V = k and T'V = V. Moreover, &(V) inherits a

grading from T(V): (V) = & S'V. The effect of factoring out Z is universal (in
=0

the sense of proposition 2.1.1) for linear maps from V' into commutative associative
k-algebras with 1. Moreover, if dimg V' = n and (z1,...,2,) is any fixed basis of
V', then &(V) is canonically isomorphic to the polynomial algebra k[x1, 2, . . ., 2]
over the field k in n variables.

Exterior algebra. Second, we have the exterior algebra of a given vector
space V. Let Z be the two-sided ideal in (V') generated by all elements of the
form  ® x , where z € V. The quotient algebra A(V) = T(V)/Z is called the
exterior algebra on V. We denote by o : T(V) — A(V) the corresponding
canonical map of k-algebras. Since the generators of Z lie in T2V, it obvious that
T = (INT?*V)&(ZNT3V).... Therefore o is injective on T°V = k and T'V = V.

Moreover, A(V') inherits a grading from T(V): A(V) = & A'V. We use A as the
=0

symbol for multiplication in this algebra. The product in A(V) is often called the
exterior product (also known as the Grassmann product, or the wedge product).
It is a generalization of the cross product in the three-dimensional vector algebra.
The exterior product is associative and bilinear. Since o(T°V) ~ AV =~ k,
and o(T1V) ~ A'V ~ V| we can identify A°V with & and A'V with V. Then
elements of the exterior algebra A(V') have the following essential property which
is alternating on V:
vAv =0

for all vectors v € V which entails

UNV=—VANU

for all u,v € V' and
’Ul/\vg/\"'/\’Up:O

whenever vi,vy,...,v, € V are linearly dependent.

The exterior algebra is in fact the “most general” algebra with these properties.
This means that all equations that hold in the exterior algebra follow from the
above properties alone. This generality of A(V) is formally expressed by a certain
universal property given below.
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Proposition 2.1.3 (Universal property). For any associative k-algebra A
with 1 and any k-linear map ¢ : V. — A such that o(v)p(v) = 0 for allv € V, there
exists a unique k-algebra homomorphism f: A(V) — A such that f(v) = p(v) for
allveV.

Elements of the form vy A va A -+ A v, with v,v2,...,v, € V are called
p-vectors. The subspace AP(V) is generated by all p-vectors, and sometimes
AP(V) is called the p-th exterior power of V.

The exterior product has the important property that the product of a p-vector
and a g-vector is a p 4+ ¢g-vector. Thus the exterior algebra forms a graded algebra
where the grading is given by A(V) = @AP(V). These p-vectors have geometric
interpretations: the 2-vector u A v represents the oriented parallelogram with sides
u and v, while the 3-vector u A v A w represents the oriented parallelepiped with
edges u, v, and w.

Let V be an n-dimensional vector space over k with a basis {e1,es,...,epn}.
Then the set

{eil/\eiz/\.../\eip 1< <o <L <ip§n}

is a basis for the p-th exterior power AP(V'). The reason is the following: given
any wedge product of the form vy A vy A ... A vy, every vector v; can be writ-
ten as a linear combination of the basis vectors e;; using the bilinearity of the
wedge product, this can be expanded to a linear combination of wedge prod-
ucts of those basis vectors. Any wedge product of elements from {ej,...,e,} in
which the same basis vector appears more than once is zero; any wedge product
in which the basis vectors don’t appear in the proper order can be reordered,
changing the sign whenever two basis vectors change places. The resulting co-

efficients of the basis k-vectors in a wedge product of vq,...,v,, can be com-
puted as the minors of the matrix that describes the vectors v; in terms of the
basis e;.
Counting the basis elements, we see that the dimension of AP(V) is equal to
n!
. In particular, AP(V') = {0} for p > n.
P —pp P (V) = {0} for p

So in this case the exterior algebra can be written in the following form:
AV)=A"V)a A (V)a A (V)e- - aA™(V),

where AY(V) = k and A'(V) = V. Thus in this case A(V) is a finite dimensional
algebra with dimy A(V) = 2".
It is easy to see that A(V') is isomorphic to the Grassmann algebra I, (k).

Denote J = A' (V)@ ... ® A"(V). Since J"*!' = 0, J C radA. From
AV)/T ~ kit follows that J = radA. Therefore A(V) is a noncommutative
local ring.
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Example 2.1.3.
Let V be a vector space with basis {e1, es, e3,e4}. Then

A°(V) = {1}

AY (V) = {e1, e, e3,e4}
A2(V) ={e1 Neg,e1 Nes,e1 Aeg,ea Neg,ea Aeg,es Neyt
A3(V)={e1ANex Nes,e1 Aea Aeg,e1 Aeg Aeq,ea Aes Aey)
A V) ={e1 Nea Aez Aey}
and A*(V) = {0}, where k > dimV’.

2.2 TENSOR ALGEBRA OF A BIMODULE

In this section we consider a generalization of the construction of a tensor algebra
on a vector space, the tensor algebras of bimodules.

Definition. Let B be a ring, and let V be a bimodule over B. The tensor
algebra of the B-bimodule V is the graded ring T(V) = Tp(V) = 3 VO where
k=0

V& = B and V& =V @5 V®E-1 for k > 0.

The multiplication in T(V) is induced by the natural isomorphisms V&* @p
yem ~ y@ktm) Qo that we shall identify VEF @ 5 VO™ with VE(E+m)  n future
we shall also identify B with V®° and V with V®!.

By construction, T(V) contains the subring B = V®° and the B-bimodule
V = V®L Moreover, as the following theorem shows, T(V) is the universal ring
with this property.

Theorem 2.2.1. Let ¢ : B — A be a ring homomorphism, and let f:V — A
be a homomorphism of B-bimodules, where A is considered as a B-bimodule by
means of the homomorphism . Then there exists a unique ring homomorphism
F :Z(V) — A such that the restrictions of F to B and V coincide with ¢ and f,
respectively.

Proof. The homomorphism f induces B-bimodule homomorphisms
fEm YO A%n,

Moreover, the multiplication in the ring A induces a bimodule homomorphism
A®" — A such that the image of a1 ®p a2 @B ... 5 a, is a1as . ..a,. Thus, we
obtain a family of homomorphisms f,, : V" — A such that

fo1 @2 ®p...Qpv,) = f(v1)f(va) ... [f(vg).
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It is obvious, that in this way we obtain a ring homomorphism F : (V) — A
(where fo = ¢ and f; = f). Moreover, F is unique. This follows from the fact
that T(V') is generated by the elements of B and V.

Definition. The graded ideal 7 = J(V) = %1 V®n is called the fundamen-

tal ideal of (V). Anideal Z C (V) (not neces;arily graded) is called essential
if 72 57 > J™ for some m > 2.

Definition. A right Artinian ring A is called a Wedderburn ring if it has
a subring B C A such that A = B & R (a direct sum of additive groups), and
R =V & R? (a direct sum of bimodules), where R = radA. In this case B ~ A/R
is a semisimple ring and V' ~ R/R? is a finitely generated right B-bimodule.

Theorem 2.2.2. Any Wedderburn ring A with radical R is isomorphic to a
quotient ring of the form Tp(V)/Z, where B = A/R, V = R/R?, and T is an
essential ideal in Tp(V).

Conversely, if B is a semisimple Artinian ring, V is a finitely generated right
B-module, then any quotient ring A = Tp(V')/Z, where T is an essential ideal in
T(V), is Wedderburn, moreover, B ~ A/R and V ~ R/R?, where R = J /I =
radA.

Proof. If A is a Wedderburn ring, then A = B@ R, so A has a subring A; ~ B.
Hence, it is possible to define a ring monomorphism ¢ : B — A and to consider A
as a B-bimodule. Since we have a direct sum of B-bimodules R = V @ R?, we have
a B-bimodule monomorphism f : V' — A. Therefore, by proposition 2.2.1, there
is a unique homomorphism F : Tp(V) — A which is the identity on B and V.
Let Z = Ker(F). Since F induces an isomorphism T(V)/J? ~ A/R?, we obtain
that Z C J2. On the other hand, F(J) C R, so F(J") C R" for any n > 1.
Since A is a right Artinian ring, R is nilpotent. Therefore F(J™) = 0 for some
m, and so J™ C Z. Thus Z is an essential ideal in T'(V). Since F(B) = ¢(B)
and F(V) = f(V), any element » € R has the form F(z) + 1/, where z € J,
r" € R%. Then any element r € R™ is also of the form: F(x) +r/, with x € J™
and ' € R™*L. Since R is nilpotent, it follows immediately that F(J) = R, i.e.,
F is an epimorphism, and so A ~ (V) /Z.

The second part of the theorem is obvious.

The next part of this section is devoted to studying the global dimension of
a tensor algebra Tp(V) of a B-bimodule V' when V is a projective right (or left)
B-module.

We shall need some additional statements concerning projectivity and injec-
tivity of modules.
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Proposition 2.2.3. Let A and B be rings. Assume that M is a right
A-module, N is a right B-module and a left A-module. If M is A-projective and
N is B-projective, then M @4 N s B-projective.

Proof. Let X be a right B-module. Since M and N are projective, the functor
Homp (N, X) is exact on X and Hom 4 (M, Homp (N, X)) is exact on X, by propo-
sition 5.1.1, vol.I. Then, by the adjoint isomorphism (proposition 4.6.3, vol.I), the
functor Homp(M ®4 N, X) is also exact. So, again by proposition 5.1.1, vol.I,
M ®4 N is B-projective.

Proposition 2.2.4. Let A and B be rings. Assume that M is a right A-module
and a left B-module, and that N is a left B-module. If M is A-projective and N
is B-injective, then Homp(M, N) is A-injective.

Proof. Let X be a right B-module. Since M is A-projective, M ® 4 X is exact
in X, by proposition 6.3.5, vol.I. Since N is B-injective, Homp(M ® 4 X, N) is also
exact in X, by proposition 5.2.1, vol.I. Therefore, by the adjoint isomorphism, the
functor Hom 4 (X, Homp (M, N)) is exact on X. So again, by proposition 5.2.1,
vol.I, Homp (M, N) is A-injective.

Corollary 2.2.5. If S = Tp(V) is the tensor algebra of a bimodule V' over
a ring B and V is a projective right B-module, then S is also a projective right
B-module.

Proof. Applying proposition 2.2.3 repeatedly we obtain that V™ is projective
o0
for any m > 1. Therefore S = Tp(V) = & V©F is also projective, by proposition
k=0
5.1.4, vol.I.

Corollary 2.2.6. Let S = Tp(V) be the tensor algebra of a bimodule V' over a
ring B and let V' be a projective right B-module. If Q) is an injective left S-module,
then Q is also an injective left B-module.

Proof. This follows from proposition 2.2.4 and corollary 2.2.5 taking into ac-
count that 5@ ~ Homg(sS55, sQ).

Corollary 2.2.7. Let S = Tp(V) be the tensor algebra of a bimodule V' over
a ring B and let V' be a projective right B-module. If P is a right projective
S-module, then P is also a projective right B-module.

Proof. This follows from proposition 2.2.3 and corollary 2.2.5 taking into ac-
count that Pg ~ P ®¢ Sp.

Corollary 2.2.8. Let S = Tp(V) be the tensor algebra of a bimodule V' over
a ring B and let V be a projective right B-module. Then

(1) proj. dimg (S ®p M) < proj. dimp M < lgl.dim B for any left
B-module M;
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(2) inj. dimg Homp(S, M) < inj. dimp M < r.gl.dim B for any right
B-module M.

Proof.

(1) Let M be a left B-module. Applying the functor S ®p * to a projective
resolution of M and taking into account proposition 2.2.3, we obtain a projective
resolution of the S-module S ®pg M.

(2) Let M be a right B-module. Applying the functor Homp(S,*) to an
injective resolution of M and taking into account proposition 2.2.4, we obtain an
injective resolution of the S-module Hompg(S, M).

Taking into account corollaries 2.2.5, 2.2.6, in an analogously way we obtain
the following corollary:

Corollary 2.2.9. For any left S-module N and for any right S-module M we
have:

(1) inj. dimp N < inj. dimg N;

(2) proj. dimp M < proj. dimg M.

Lemma 2.2.10. If S = T5(V) and V is a projective right B-module then
there is a canonical exact sequence

0> SepVessS -1 Seps—285—0 (2.2.1)

where f(s bR s1) = sb® s1 — s bsy and g(s ® s1) = s571.

n

Proof. Suppose g( i ® yl) = 0, where z;,y; € S. Then Y z;y; = 0, and
= i=1

3 1=

therefore

dm@y=Y n@y-Yy npel=Y @Zel)(1oy-yl).

i=1 i=1 i=1 i=1
So the set of elements of the form 1 ® x — z ® 1, where © € S generate Kerg.
Since the map d : S — S ®p S given by the formula d(z) = 1@z —2z® 1 is a
differentiation, Imd is generated by d(x). So Kerg = Imf.

m m
Ifu=> z;®v;®y € Kerf, where z;,y; € S;v; € V, then > xv; @ y; =
i=1 i=1

(2

Exz®vz®yz:0

1=

r; ® v;y;. We shall show that the last equality holds only in the case that
=1

1
Indeed, let Inax {deg(x;)} = p and _max {deg(y;)} = ¢ which are the de-

PR A4

grees of the homogeneous elements x and y, i.e., x € VP and y € V9. Then

m
the homogeneous component of > x;v; ® y; of maximal degree has the form
i=1
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m m
3 2v;®y € VPTL @V and the homogeneous component of > z; ®v;y; of maximal
i=1 i=1

degree has the form " z®@uv;y € VP@V L. Since (VP @VH)N(VPRVITL) =0,
=1

7=

m m m m
we have Y 0, ®y, =0 = Z T @ Uiy, Le, Y xv; @y =0 = Z r; @ v;y;. But

i=1 i=1 1=1 1=1

m

the last equality is equivalent to the equality 0 = > 2, @ v; @ y; € S®pV ®p S.
i=1

Therefore Kerf = 0 and the lemma is proved.

Theorem 2.2.11. Let S = Tp(V) be the tensor algebra of a bimodule V' over
a ring B. If V is a projective right (or left) B-module, then:
Lgl. dim B < lLgl. dim S < Lgl. dim B + 1 (2.2.2)
r.gl. dim B <r.gl. dim S <r.gl. dim B+ 1 (2.2.3)
Proof. Let M be a left S-module. Applying the functor * ®g M to the exact

sequence (2.2.1) and taking into account that Tory (S, M) = 0, we obtain the exact
sequence:

0—-S®pVe®pM —S M — M — 0 (2.2.4)

Corollary 2.2.9 implies the following inequalities:
proj. dimg (S ®p (V ®@p M)) < lLgl. dim B (2.2.5)

proj. dimg (S ®p M) < lgl. dim B (2.2.6)

Applying the functor Ext to the exact sequence (2.2.4) and taking into account
the inequalities (2.2.5)-(2.2.6), we obtain the inequality proj.dim ¢ M < l.gl. dim
B + 1, so that,

Lgl. dim S < lgl. dim B + 1

Let N be a right S-module. Applying the functor Homg(x, N) to the exact
sequence (2.2.1) and taking into account that Ext7 (S, M) = 0, we obtain the exact
sequence:

0 — Homg(S,N) — Homg(S ®p S, N) — Homg(S ®p V @5 S,N) — 0 (2.2.7)

Taking into account that
Homg(S,N) ~ N

Homg (S ®p S, N) ~ Hompg(S, Homg (S, N)) ~ Homp (S, N)
Homs(S RpV ®p S, N) ~ HOmB(S XB V,HomS(S, N)) o~
~ Homp(S ®@p V,N) ~ Homp (S, Homp(V, N))
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the sequence (2.2.7) has the form:
0 - N — Hompg(S,N) — Homp(S,Homp(V,N)) — 0 (2.2.8)
Corollary 2.2.9 implies the following inequalities:
inj. dimg Homp (S, Homp(V, N)) < l.gl. dim B (2.2.9)

inj. dimg Homp (S, N) < lgl. dim B (2.2.10)

Applying the functor Ext to the exact sequence (2.2.8) and taking into account
the inequalities (2.2.9)-(2.2.10), we obtain the inequality inj. dimg N < r.gl. dim
B+1,ie.,

r.gl. dim S <r.gl dim B + 1

We shall now prove the right sides of the inequalities (2.2.2)-(2.2.3). To this
end consider the exact split sequence of B-bimodules:

0—J—S—B—0 (2.2.11)

Applying to this sequence the functors * ® g M and N ®p * we obtain the exact
split sequences of B-modules:

0—S@pVepM— S®sM— M —0 (2.2.12)

0—-N®pVeepS— NS —N—0 (2.2.13)

Applying to the sequence (2.2.12) the functor Ext}B(X ,*) and to the sequence
(2.2.13) the functor Exty; (¥, X) and taking into account corollaries 2.2.8 and 2.2.9
we obtain that

inj. dimp M < inj. dimp S ®p M < l.gl. dim S
proj. dimp N < proj. dimp N ®p S <r.gl. dim S
These inequalities mean that
lgl. dim B <lgl. dim S
r.gl. dim B <r.gl. dim S
The theorem is proved.

Remark 2.2.1. If B is a semisimple ring and V is a B-bimodule, then in this
case the tensor algebra Tp(V) is a maximal ring in the sense of G.Hochschild
(see [Hochschild, 1947], [Hochschild, 1950]). Since in this case any B-module is
projective, from theorem 2.2.11 we obtain immediately the following statement:

Corollary 2.2.12. A maximal ring is hereditary.
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Remark 2.2.2. Let I be a finite set and let K; for i € I be a set of skew fields.

Let B = [ K; and and let V be a B-bimodule. In this case Tp(V) is called a
iel
special tensor algebra.

Example 2.2.1.
Let k be a field and B = [] k. For each n > 1 let
i=1

(2

B 0O 0 ... 0 0
1% B
T, =
: . . 0
yen-2 yon-3 B 0
yen-1 yen-2 _  y B

be the ring with addition and multiplication given by the matrix operations. Then
T, is a special tensor algebra.

Since for a special tensor algebra Tp(V) of a bimodule V over a ring B we

have that B = [] K is always a semisimple ring and V' is a projective B-module,
il
from theorem 2.2.11 immediately follows:

Corollary 2.2.13. A special tensor algebra is hereditary.

Remark 2.2.3. If the special tensor algebra Tp(V) is finite dimensional over
a field k, then J.P.Jans and T.Nakayama have shown that Tp (V) is a hereditary
Artinian k-algebra [Jans, Nakayama, 1957].

Example 2.2.2.
The special tensor algebra T;, from example 2.2.1 is a finite dimensional hered-
itary Artinian k-algebra.

Remark 2.2.4. If B is a finite dimensional algebra over an algebraically closed
field k, then
B =By x By x...xX B,

where B; ~ M, (k) and there is a unique simple (B;, B;)-bimodule U;;; moreover,
V= EBU;;j. Therefore the tensor algebra ¥ (V') is uniquely defined by the quiver
Q(B) and the ranks n;. In the important particular case, when all n; = 1, i.e., the
algebra B is basic, (V) coincides with the path algebra kQ of the quiver Q(B).
(See also section 2.3 below.)
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Examples 2.2.3.
1. Let k be a field. The algebras

k k k k k
A=10 k k and B=1|0 k
0 0 k 0 k

o ™ O

are finite dimensional special tensor algebras which correspond to the quivers
[ ] [ ]
o— >eo——>e0 and \ / respectively.
[}

2. The algebra A = k[[a]], the ring of formal power series in one variable «
over a field k, is an infinite dimensional special tensor algebra which corresponds

to the quiver
Ok

Remark 2.2.5. Using the tensor algebra of a bimodule we can also define
the exterior algebra of a bimodule. Let B be a commutative ring with 1 and
let V be a B-bimodule. Then we can consider the two-sided ideal Z which is
spanned by all elements of the form z; ® 2 ® ... ® ., where z; € V and z; = z;
for some i # j. Then A(V) = T(V)/Z is called the exterior algebra of the
bimodule V.

2.3 QUIVERS AND PATH ALGEBRAS

The notion of a quiver of a finite dimensional algebra over an algebraically closed
field was introduced by P.Gabriel in 1972 in connection with problems of the
representation theory of finite dimensional algebras.

In this section we shall consider quivers in sense of P.Gabriel. And we shall
assume that k is an algebraically closed field.

Definition. A quiver Q = (VQ, AQ, s,e) is a finite directed graph which
consists of finite sets V@, AQ and two mappings s,e : AQ — V@Q. The elements of
V@ are called vertices (or points), and those of AQ are called arrows. Usually,
the set of vertices V@ will be a set {1,2,...,n}. We say that each arrow o € AQ
starts at the vertex s(o) and ends at the vertex e(o). The vertex s(o) is called
the start (or initial, or source) vertex and the vertex e(o) is called the end (or
target) vertex of o. Some examples of quivers are:
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o —>0 —> 0

Oe
o0

A quiver can be given by its adjacency (or incidence) matrix

t11 t12 tin

to1  too ton
QI - ; ,

tnl th tnn

where ¢;; is the number of arrows from the vertex ¢ to the vertex j.

Two quivers @1 and s are called isomorphic if there is a bijective correspon-
dence between their vertices and arrows such that starts and ends of corresponding
arrows map into one other. It is not difficult to see that Q1 ~ @5 if and only if
the adjacency matrix [@1] can be transformed into the adjacency matrix [@Q2] by
a simultaneous permutation of rows and columns.

Examples 2.3.1.
1. For the quiver
1 2 3

o —>0 —> 0
o

we have V@Q = {1,2,3} and AQ = {«a,[}. We also have s(a) = 1, s(8) = 2,
e(a) =2 and e(f) = 3.

2. A quiver may have several arrows in the same or in opposite direction. For
example:

1 2

-
o _ [ ]

N

3
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and
1 2 3
e —=e9—=0o

3. A quiver may also have loops. For example:

O ..

For a quiver @ = (VQ, AQ, s,e) and a field k one defines the path algebra
kQ of @ over k. Recall that a path p of the quiver ) from the vertex i to the
vertex j is a sequence of r arrows o105...0, such that the start vertex of each arrow
o, coincides with the end vertex of the previous one o,,_1 for 1 < m < r, and
moreover, the vertex ¢ is the start vertex of oy, while the vertex j is the end vertex
of o,.. The number r of arrows is called the length of the path p. For such a
path p we define s(p) = s(o1) = i and e(p) = e(o) = j. By convention we also
include into the set of all paths the trivial path ¢; of length zero which connects
the vertex i with itself without any arrow and we set s(g;) = e(e;) = i for each
1 € V@Q, and, also, for any arrow o € AQ with start at ¢ and end at j we set
€;0 = og; = 0. A path, connecting a vertex of a quiver with itself and of length
not equal to zero, is called an oriented cycle.

Definition. The path algebra kQ of a quiver Q over a field k is the (free)
vector space with a k-basis consisting of all paths of (). Multiplication in kQ is
defined in the obvious way: the product of two paths is given by composition when
possible, and is defined to be 0 otherwise.

Therefore if the path o0y...0,, connects ¢ and j and the path o,,41...0p,
connects j and k, then the product oj...0p0m+1...0, connects i with k.
Otherwise, the product of these paths equals 0. Extending the multiplication by
distributivity, we obtain a k-algebra kQ (not necessarily finite dimensional), which
is obviously associative.

Remark 2.3.1. Note that if a quiver ) has an infinitely many vertices, then
k@ has no an identity element. If () has infinitely many arrows, then k(@ is not
finitely generated, and so it is not finite dimensional over k. In future we shall
always assume that V@ is finite and VQ = {1,2,...,n}.

In the algebra kQ the set of trivial paths forms a set of pairwise orthogonal
idempotents, i.e.,

e2=¢; for all icVQ

g;e; =0 for all 4,7 € VQ such that ¢#j.

IfVQ ={1,2,...,n}, the identity of kQ is the element which is equal to the sum
of all the trivial paths ¢; of length zero, that is, 1 = 1 +e2+...4+¢&,. The elements
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€1, €9, ..., €, together with the paths of length one generate Q as an algebra. So
kQ is a finitely generated algebra.

The subspace €; A has as basis all paths starting at ¢, and the subspace Ae; has
as basis all paths ending at j. The subspace ¢;Ae; has as basis all paths starting
at ¢ and ending at j.

Since {e1,€9,...,e,} 18 a set of pairwise orthogonal idempotents for A = kQ
with sum equal to 1, we have the following decomposition of A into a direct sum:

A=c1AP AP ... He,A.

So each ¢; A is a projective right A-module. Analogously, each Ae; is a projective
left A-module.

Lemma 2.3.1. Fach ¢;, fori € VQ, is a primitive idempotent, and €;A is an
indecomposable projective right A-module.

Proof. Note that ¢;Ae; is spanned by all paths that start and end at vertex i.
In fact they form a basis. Also observe that if p is such a path of length » > 0 and
r14re =r, r; € NU{0} then there are unique paths z,y of lengths 71 and r5 such
that p = xy. They are of course not necessarily in ¢;Ae;. Let f be a nontrivial
idempotent of €;Ae; and g = e — f where e is the identity of Enda(e;A4) = £;Ae;
and suppose fg = gf = 0. Take paths of maximal length x,y occurring with
nonzero coefficient in respectively f and g. Let at least one of them have length
> 0. Then we would have zy # 0 (because z ends at ¢ and y starts at ¢) and
xy # 2’y for any other pair (2’,y’) of such paths. This contradicts fg = 0 by the
uniqueness of factorization remark above. Hence f or g is a multiple of ; and the
result follows.

Lemma 2.3.2. ;A # €A, fori,j € VQ and i # j.

Proof. By theorem 2.1.2, voll, Homa(g;A,e;A) ~ ¢€;Ae; and
Homa(e;A,e;A) ~ e;Asj. Suppose ;4 ~ ¢;A. Then the inverse isomor-
phisms give elements f € €;A¢; and g € €;Ae; with fg = ¢; and gf = ¢;. So
€; € €;AejAe;. Since the subspace €;Ac;Ae; has as basis all the paths passing
through the vertex j and starting and ending at ¢, and ¢; is the trivial path for
the vertex 7, we have a contradiction.

Examples 2.3.2.
1. Let @ be the quiver

1 2 3

e —0 ——>0’
o1 o2

i.e., VQ = {1,2,3}, AQ = {0’1,02}.
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Then kQ has a basis {e1,e2,£3,01, 02,0102} and kQ ~ T3(k) =

o O

o =

o
N

M3 (k). So the algebra kQ is finite dimensional over k.

2. Let @ be the quiver with one vertex and one loop:

Ok
Then kQ has a basis {e,a,0a?,...,a",...}. Therefore kQ =~ k[z], the polyno-
mial algebra in one variable x. Obviously, this algebra is finitely generated but it

is not finite dimensional.
3. Let @ be the quiver with one vertex and two loops:

QC.Qg

Then k@ has two generators «, 3, and a path in kQ is any word in «, (.
Therefore kQ ~ k(«, ), the free associative algebra generated by «, 3, which is
non-commutative and infinite dimensional over k.

If @ is a quiver with one vertex and n > 2 loops ay, s, ..., a,, then kQ ~
k{aq, aa,. .., a,), the free associative algebra generated by o, g, ..., a,, which
is also non-commutative and infinite dimensional over k.

4. Let @ be the quiver with two vertices and two arrows:

ie, VQ = {1,2} and AQ = {«,3}. The algebra kQ has a basis {e1,22,, 5}.

koko k), which is

This algebra is isomorphic to the Kronecker algebra' A = (O &

four-dimensional over k.

Proposition 2.3.3. The path algebra kQ is finite dimensional over k if and
only if VQ s finite and Q) has no oriented cycles.

Proof. If Q) contains oriented cycles, then we can construct infinite number of
different paths by walking around that cycle n times, for any n. So in this case
kQ is not finite dimensional (see, examples 2.3.2(2) and 2.3.2(3)). If @ does not

1See example 2.4.4 below for the reason why this is called the Kronecker algebra
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contain oriented cycles, then we have only a finite number? of paths in @ which
form a basis of kQ over k, so it is finite dimensional.

Remark 2.3.2. A path algebra k@ is a special tensor algebra, with B the

commutative semisimple algebra B = [[ kand V = & k, considered as a
iEVQ cEAQ

k-bimodule via aca’ = (a;oa}), where o is a path stating at 7 and ending at j,

that is, s(0) = i and e(0) = j and a,a’ € B with components a;,a}. Therefore

corollary 2.2.13 gives the same statement for any path algebra:
Theorem 2.3.4. The path algebra kQ of a quiver Q over a field k is hereditary.

If A=#kQ =Tp(V), where B= [] kand V = & k, then, by lemma
iEVQ c€AQ
2.2.10, there is a canonical exact sequence

0> ARpVepA-sAog A A—0

where fla®@v®a1) = awv®a; —a ®vay and g(a ® a1) = aa; for any a,a; € A
and v € V. If X is an A-module, we can apply the functor * ® X to this exact
sequence. As a result we obtain a new exact sequence which we shall also need in
further applications.

Proposition 2.3.5. Let A = kQ. Then for any A-module X there is an exact
sequence:

0> & Xyo)®eemd-1 @ Xi®eAd—5H X 50 (2.3.1)
oEAQ ievaQ

where g(x ® a) = za for a € ;A, v € X; = Xe; and f(x ®a) =z Qoa— 20 ®@a
fora € ey A and x € X5y

Proof. Let A = k@ and let X be a right A-module.

Clearly, gf = 0 and g is surjective. So we need to show only that Kerf = 0
and Kerg C Imf.

1. We shall show that Kerf = 0. Let u € Kerf. We can write it in the form:

U = Z Z:vg,aééa

c€AQ a

where the second sum is over all paths a with s(a) = e(o) and the elements
Toa € X€4(o) are almost all equal to 0. Then,

) =" (20,0 @ 00— 24,40 @ a).

2Because if there are no oriented cycles all vertices in a nontrivial path v;, ...v;. must be
different.
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Let a be a longest path in u with 2, o 7 0 for some o. Then f(u) involves z, o @0ca
and nothing can cancel this, so f(u) # 0. A contradiction (as in the proof of lemma
2.3.1).
2. We shall show that Kerg C Imf. Let u € @ X; ® ¢;A. Then one can
i€V Q

K2

represent it in the form
n

U = Z Z e @ a,
=1 a
where the second sum is over all paths a starting at 7 and almost all the z, € X(q)
are zero. Define deg(u) to be the length of the longest path a with z, # 0.
Now if a is a nontrivial path with s(a) = ¢, we can write it as a product a = od’,
where o is an arrow starting at ¢ and a’ is some other path. Then

fra®d)=2,®a— 2,0 ®d,

viewing z, ® a’ as an element of the o-th component.
We now claim that w + Imf always contains an element of degree 0. Let
deg(u) = d > 0. Consider the element

n

E=u—fO Y ma@a),
1 a

where the second sum is over all paths a staring at ¢, and having length equal to
d. Then deg(£) < d. Now the claim follows by induction.

We are now ready to prove that Kerg C Imf. Let u € Kerg, and let v/ =
u+ Imf with deg(u') = 0. Then

n

0= g(u) = g(u) = g _al, @) = 3 al,,

i=1

which belongs to é X;. So each term in the final sum must be zero. Thus u' = 0.
i=1

Hence u € Imf.

Corollary 2.3.6. If X is an arbitrary kQ-module, then Ext'(X,Y) = 0 for
allY and i > 2.

Proof. Consider the sequence (2.3.1) constructed in the previous proposition.
The maps f and g are A-modules homomorphisms. By lemma 2.3.1, ;A is a
projective right A-module. Since V ®¢; A is isomorphic to the direct sum of dim V'
copies of ;A, it is also a projective right A-module, by proposition 5.1.4, vol.I.
Therefore the exact sequence (2.3.1) is a projective resolution of the k@Q-module
X.

Remark 2.3.3. The projective resolution (2.3.1) is often called the Ringel
resolution (see [Ringel, 1976]).



74 ALGEBRAS, RINGS AND MODULES

Let Q be a quiver and k be a field. An admissible relation is an element of
kQ of the form
Z CiPis
i=1

where ¢; € k for all ¢ and p1, p2 ... pn, are paths in @ with a common start vertex
and a common end vertex. If m =1 and ¢; = 1 then p is called a zero-relation.
A relation p with m = 2, ¢; = 1, ¢ = —1 is called a commutative relation.

An admissible ideal is a two-sided ideal in k@ generated by non-zero admissible
relations. If 7 is an admissible ideal then £Q/Z is called an algebra of a quiver
with relations (or bound quiver algebra).

Examples 2.3.3.
1. Let G be the finite group consisting of two elements, and let k£ be a field.
Then we have kG ~ kQ/(a?), where Q is the quiver:

e
and Z = (a?) is an admissible ideal in kQ.

2. Let G = {x,y : 22 =y* = 1,2y = yz}. Then kG ~ kQ/(a?, 32, Ba — af),
where @ is the quiver:

QC.Qg

and Z = (a?, 3%, a8 — fa) is an admissible ideal?.

k k k
3. Let A=T5(k) = [0 k k| C Ms(k). Then A ~ k@, where @Q is the
0 0 k
quiver:
1 2 3

o ——> 0 —> 0

2.4 REPRESENTATIONS OF QUIVERS

Definition. Let Q = (V@Q, AQ, s, e) be a quiver and let k be a field. A represen-
tation V = (V,, V) of @ over k is a family of vector spaces V,, (z € V Q) together
with a family of linear mappings V : V() — Vo) (0 € AQ).

We assume that @ is a finite quiver and V@Q = {1,2,...,n}. We shall always
consider finite dimensional representations of @, that is, for every such represen-
tation V' we assume that V; is a finite dimensional vector space over a field k for
all 4.

3G is of course the Klein four group (see page 4)
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Example 2.4.1.
Consider the quiver
1 2
o750
For every matrix X € M,y (k) we can define a representation Vx by Vx (1) = k™,
Vx(Z) = k™ and Vx(O') =X.

Definition. Given two representations V., W of a quiver (), a morphism
f=(fz):V — W is given by a family of linear mappings f, : V. — W, such that
for each o € AQ the diagram

fs(u‘)
Vo) —= Wy(o)

R
fe(u‘)

Veo) ——= We(o)

commutes, i.e., fso)Wo = Vi fe(o). If fz is invertible for every z € VQ, then f is
called an isomorphism. We denote the linear space of morphisms from V to W
by Homg (V, W). For two morphisms f : V — W and g : W — Wi one can define
the composition of morphisms gf : V. — W as follows (gf); = gifi. Obviously
all finite dimensional representations of a quiver @ over a field k form a category
denoted by Rep,(Q), whose objects are finite dimensional representations V' and
morphisms are defined as above.

Examples 2.4.2.

1. Consider the quiver considered in example 2.4.1. Suppose we have two
matrices X and Y. When are the quiver representations Vx and V4 isomorphic?
According to the definition, we must have invertible linear maps f; : k™ — k™ and
fo i K™ — k™ such that foX =Y f1 or equivalently ngfl_l =Y. In other words,
Vx and Vy are isomorphic if and only if Y can be obtained from X by changing
the basis in £™ and changing the basis in k™.

This is a well known matter and X,Y € M, (k) are equivalent under this
equivalence relation if and only if they have the same rank.

2. Consider the one loop quiver
Ok

For every square matrix X € M, (k) we can define a quiver representation Vx
with Vx (1) = k™ and Vx(a) = X. If X and Y are two n x n matrices, then Vx
and Vy are isomorphic if and only if there exists a linear map f; : k™ — k™ such
that f1X = Y f1, or equivalently fiXf; ' = Y. In other words, Vx and Vy are
isomorphic if and only if the matrices X and Y are conjugate (similar). In this
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case the category Rep,(Q) can be identified with the category of endomorphisms
of k-vector spaces.

Definition. Let V and W be representations of (). A representation W is
called a subrepresentation of V if

1. W; is a subspace of V;, for every i € V Q.

2. The restriction of Vo : Vi) — Vo) to We(oy is equal to W, @ Wy —
We(o)-

In an obvious way we can also introduce the notion of a quotient representation.

Note that every quiver has a representation 7" with T; = 0 and T, = 0, for all
1 € VQ and all o € AQ. This representation is called the zero representation.
The zero representation and a given representation V' itself are called the trivial
subrepresentations of V.

Definition. A nonzero representation V' is called irreducible or simple if it
has only trivial subrepresentations.

Example 2.4.3.
Let @ be the quiver:
1 2
[ ] $— [}
We have three irreducible representations: F1: k——=0, F3: 0——=k and [I:
E— g , which correspond to the indecomposable modules: (k,0), (0,%) and
(k,k). (Here E;(j) =k if i = j and E;(j) = 0 otherwise, E;(c) =0.)

Definition. If V and W are representations of a quiver @), the direct sum
representation V & W is defined by

VeWw),=V,eWw,;
for each © € V@ and
VeWw),=V,eW,),
in other words, (V& W), : Vyo) @ Wy(o) — Ve(o) @ We(o) can be represented by

the matrix:
Ve, O
o W,

A representation V of @ is called decomposable if it is isomorphic to a direct
sum of non-trivial representations. Otherwise it is called indecomposable.

So the category Rep,(Q) contains the zero element, direct sums of elements,
subrepresentations and quotient representations. Thus, Rep,(Q) is an additive
category.
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Example 2.4.4.
Let @ be the quiver:

Then a representation is given by two (not necessarily square) matrices M, N
and two representations (M, N), (M’, N’) are isomorphic if and only if there exist
invertible matrices S and T such that SM = M'T, SN = N’T. Thus the theory
of the representations of this quiver is the theory of Kronecker pencils of matrices.

Theorem 2.4.1. If Q is a finite quiver, then the category kQ-mod of right
kQ-modules is equivalent to the category Repy(Q) of representations of Q.

Proof. Let V be a representation of Q. Then we can make V = EEQVZ- into
1€

a k@-module as follows. For every i € V@Q, ¢; acts as the projection onto V;. For
every 0 € AQ, oly, = 0if i # e(0) and oy, ,, = V,. Since kQ is generated by all
arrows and the ¢; for all i € V@, the action for arbitrary path can only be defined
in one way. It is obvious that this indeed defines a kQ-module.

On the other hand, if V' is a kQ-module, then we can define a representation
Vof Q by V; =¢;V for alli € VQ, and since 0 maps €.(¢)V into €55V, we define
V5 as the restriction 0 : eo()V — €4 V.

Corollary 2.4.2 (Krull-Remak-Schmidt theorem). Every finite dimen-
sional representation V' of a quiver Q is isomorphic to a direct sum of indecompos-
able representations. This decomposition is unique up to isomorphism and order
of summands. More precisely, if

with Vi and W; nonzero and indecomposable, then n = m and there exists a
permutation o such that for each i, 1 <1i <n we have V; =~ Wy.

Example 2.4.5.
Let @ be the quiver:
1 2

o
e ——>0

Then we have kQ = ke1 @ keo ® ko and we have relations: g1 = 90 = 0, 5% = e,
5% = €9, €160 = €261 =0, €610 = 0e5 = 0.

Let V be a finite dimensional representation of a quiver @ with V@Q =
{1,2,...,n}. In this case we can define the dimension vector of a representation
V of @ as the vector dim V' = (dim V;);evg € N™. Since V; = Ve; = Hom (V, ¢, A),
we have dim V; = dim Hom (V,¢; A).
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For a simply laced quiver @ (without loops and multiply arrows) we define a
bilinear form by

<a,f>= Zazﬂz - Z O‘s(a)ﬂe(a)- (241)

i=1 cEAQ

And we define the Tits quadratic form by
(o) =< o, > (2.4.2)

This is a quadratic form on Z". We can also define the corresponding symmetric
bilinear form by
(o,0) =<a,8>+<[,a>.

Lemma 2.4.3. Let V, U be finite dimensional representations of a simply laced
quiver Q, A = kQ, and let q be the corresponding quadratic form of Q. Then

dim Homa(V,U) — dim Ext} (V,U) = < dim V,dimU > .
In particular,

dim End (V) — dim Ext} (V,V) = ¢(dim V).

Proof. Note that if
0—-Vi—-Vo—...=V,—0

is an exact sequence of vector spaces, then

S

> (-1)idim V; = 0. (2.4.1)
i=1

Let V,U be two finite dimensional representations of a quiver ). Consider the
Ringel resolution (2.3.1) in the form:

04>P2*>P1*>V*>0

We apply to this exact sequence the functor Hom (%, U). Since Py, Py are projec-
tive, we obtain the following exact sequence:

0 — Hom(V,U) — Homa(Py,U) — Homa(Ps,U) — Extly(V,U) — 0.
Now applying the equality (2.4.1) to this exact sequence, we obtain:

dim Hom(V,U) — dim Ext'(V,U) = dim Hom(Py,U) — dim Hom(P,,U).
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Since P, = & V;®¢&A and P, = Ea V(o) @ €e(0)A, we have, by proposi-
iEVQ c€AQ
tion 4.3.4 and proposition 4.6.3, vol.I, Hom(P;,U) = & Hom(V; ® ;A,U) =
ievQ
@ Hom(V;,Hom(e;A,U)) = ¢ Hom(V;,U;). Analogously, Hom(P,,U) =
ieveQ iEVQ
Ea Hom(V(s), Ue()). Considering a = dimV and = dim U, we obtain:
oEAQ

<a,f>= Zmﬂi - Z Us(0) Be(o) =
i=1

c€eAQ

= dim (& Hom(Vi, ) = dim (& Hom(Vio), Usc)) =

= dim Hom(V,U) — dim Ext'(V,U).

So it turns out that the difference dim Hom(V,U) — dim Ext*(V,U) depends only
on the entries of the dimension vectors of V and U.

Definition. A finite quiver () is said to be of finite representation type
(or finite type, in short) if, up to an isomorphism, there are only a finite number
of indecomposable representations of ). Otherwise it is called of infinite type.
A quiver @ is said to be of tame representation type if there are infinitely
many isomorphism classes of indecomposable representations but these can be
parametrized by a finite set of integers together with a polynomial irreducible over
k; the quiver @ is said to be of wild representation type if for every finite
dimensional algebra E over k there are infinitely many pair-wise non-isomorphic
representations of () which have E as their endomorphism algebra. These three
classes of quivers are clearly exclusive. They are, as it turns out, also exhaustive.

The main result in the theory of quiver representations is the famous Gabriel
theorem classifying the quivers of finite representation type. It turns out that such
quivers are closely connected with Dynkin diagrams. The next two sections are
devoted to a proof of the Gabriel theorem.

2.5 DYNKIN AND EUCLIDEAN DIAGRAMS. QUADRATIC
FORMS AND ROOTS

In this chapter we consider some of the main properties of the special classes
of graphs which are called Dynkin and Euclidean diagrams (= extended Dynkin
diagrams). They appear in many different parts in mathematics. These diagrams
plays an important role not only in the representation theory of algebras and
quivers but also in classifications of simple Lie algebras, of finite crystallographic
root systems, Coxeter groups, Cohen-Macaulay modules over certain commutative
rings, and others.

The graphs in the following list are the (simply laced) Dynkin diagrams
which are also called simple Dynkin diagrams:
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-~ e

o W

-~ e

And the following list contains the simple Euclidean diagrams which are sim-
ply laced graphs. These diagrams are also called the extended simple Dynkin
diagrams. The corresponding simple Dynkin diagram is obtained from the ex-
tended Dynkin diagram by dropping the added vertex and associated edges.
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1 n+1
° °
ﬁn: \o ° oo/ n >4
/3 4 n—2 nf\
[ ) [
2 n
[ )
Eﬁ: °
[ ] [ ] [ ) [ ) [ ]
[ )
FEr ‘
[ [ ] [ ) [ ) [ [ [ )
[ )
FEg : ‘
[ [ [ ) [ ) [ [ [ ) [

Note that the diagram EO has one vertex and one loop, and A; has two vertices
joined by two edges.
Let T' be a finite connected graph without loops with a set of vertices I'y =

{1,2,...,n} and a set of natural numbers {t;;}, where ¢;; = ¢;; is a number of
edges between the vertex ¢ and the vertex j. Note that I' may contain multiple
edges.

Define the quadratic form ¢ : Z™ — Z by

q(or) = zn:a? - Ztijaiaj (2.5.1)
i=1

where @ = (a1, aa,...,a,) € Z™ and the last summation is over all edges. It is
easy to see that in the case of a simply laced graph this quadratic form coincides
with the Tits form (2.4.2).

Let (-, -) be the symmetric bilinear form on Z" defined by

) N *tij fOI‘ 7 }é j,
(E“E‘])_ { 27215“ fori:j,

where ¢; is the i-th coordinate Velzctor.
It is easy to see that ¢(a) = 2(04, a), and (o, B) = q(a + B) — q(a) — ¢(B).



82 ALGEBRAS, RINGS AND MODULES

If Q is a quiver and T is its underlying graph, then (-,-) and ¢ are the same
as before. However, the Euler bilinear form < -,- > depends on the orientation
of Q. We say that a quadratic form ¢ is positive definite if ¢(a) > 0 for all

0#aecZm.
We say that a quadratic form ¢ is positive semi-definite (or nonnegative
definite) if ¢(o) > 0 for all 0 # « € Z"™.

Examples 2.5.1.
1. Let I" be the graph: °
Then we have

3
a3 >0

1
q(@) = qlon, az) = of + a3 — aras = (ag — 2@2)2 ty

for all o £ 0. Hence ¢ is positive definite.
2. Let I' be the graph: °

Then we have
q(a) = q(ar,a2) = af + a3 — 2a100 = (a1 — a2)® >0

for all a. Hence ¢ is positive semi-definite, but it is not positive definite, since
q(ar,a) =0 if a1 = as.
3. Let I'' be the graph: °

Then we have
q(a) = glai, ) = af + a3 — 3109 = (a1 — a2)? — a3

Since ¢(1,1) = —1 and ¢(1,—1) = 1, ¢ is not positive semi-definite (nor negative
semi-definite).

The set rad(q) = {a € Z" : (o, ) =0 for all § € Z"} is called the radical
of g. Tt is easy to see that a € rad(q) if and only if

(2 — tii)ai = Z tijaj
J#i
for all i. We say that o € Z™ is strict if none of its components is zero.

Let < be the partial ordering on Z" defined by o < 3 if oy < ; for each
1=1,2,...,n. Correspondingly we write that g > « if 3; — a; > 0 for each .

Lemma 2.5.1. Suppose I' is a connected graph and let 5 € Z™ be a nonzero
vector such that 3 > 0 and B € rad(q). Then [ is strict and the form q is positive
semi-definite. For any o € Z™ the following conditions are equivalent:

1) q(e) = 0;

2) a€Qp;
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3) a € rad(q).

Proof. Since § € rad(q), we have

0= (e, 8) = (2= 2t:)B; — Y_ti;3;.

i

Suppose there exists an ¢ with 3; = 0, then Y ¢;;8; = 0, and since each term in
J#i
this sum is > 0, we have 3; = 0 whenever there is an edge connected the vertex

1 with the vertex j. Since I' is connected, it follows that # = 0, a contradiction.
Thus, (3 is strict. Now,

Ztuﬁfj( 5, ﬂj) Zt”Qﬁjza —th (e +thg26

1<j 1<) 1<j 1<
54
= th 26]1' O‘iz th (viag) =
i#] i<j
= Lii ﬁz i tz] aza] CY - lfz] alaj —q( )
=2~ -
i<j i<j

Hence q is positive semi-definite. If g(a)) = 0, then %1 = %J whenever there is
i J
an edge connected the vertex ¢ with the vertex j. Since I' is connected, it follows

that o € Q 8. But that implies that a € rad(q), since 8 € rad(q), by assumption.
Finally, if a € rad(q), then g(a) = 0. This completes the proof.

For all extended Dynkin diagrams we can give the corresponding graphs where
each vertex i is marked by the value ¢;, where 6 = (d1,...,d,) > 0 is strict. Here
¢ is the unique vector such that rad@) = ZJ, see lemma 2.5.1.

./2 2 2 2\.
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1
= 2
Eﬁ: ‘
[ ] [ ] [ ] [ ] [ ]
3 1
2
[ ]
FEr
[ [ [ ] [ ] [ [ [ ]
1 2 3 4 3 2
3
[ ]
Eg:
[ ] [ ] ° [ ] [ ] ° [ ]
2 4 6 ) 4 3 2 1

The following main theorem gives the classifications of all graphs from the
point of view of their quadratic forms.

Theorem 2.5.2. Suppose T is a connected simply laced graph (i.e. a graph
without loops and multiply edges) and q is its quadratic form.

(1) q is positive definite if and only if T is one of the simple Dynkin diagrams
An, Dn, Eﬁ, E7 or Eg.

(2) q is positive semi-definite if and only if T is a one of the extended Dynkin
diagram A,, D,, Es, E; or Eg; moreover, rad(q) = Zd, where 0 is the vector
indicated by the numbers in the graphs above.

(3) Otherwise, there is a vector o > 0 with (o) < 0 and («,e;) <0 for all i.

Proof. The full proof of this theorem can be found in [Bourbaki, 1968]. We
give here only the proof of the necessary part of this theorem.

(2) Suppose that I" is a simple Euclidean diagram. First we need to verify that
the vector & = Y d;¢; belongs to rad(q). We have (0,&;) = Y d;ti;+20;—20;t;; =0

i=1 i£)
for each i. Then g is positive semi-definite and rad(¢) = Q §NZ", by lemma 2.5.1.
Since one of the d;’s is 1, we have rad(q) = QdNZ" = Z4.

(1) Suppose T is a simple Dynkin diagram. We can add one more vertex to this
graph to obtain a simple Euclidean diagram . Note that q|r is the restriction to
Z" of the quadratic form ¢|#. By lemma 2.5.1, if g(a) = 0 for a nonzero a € Z™,
then a € Z§, hence « is strict. So ¢ is strictly positive on all the o’s in Z™ coming
from I, so ¢ is positive definite on I.
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(3) Suppose that I' is neither a simple Euclidean diagram nor a simple Dynkin
diagram. Then I" has a subgraph IV which is Euclidean, with a radical vector ¢.
If all vertices of I' are in IV, we can take o = §. If there is a vertex ¢ of I' which
is not in IV and which is connected with I by any edge, we can take a = 2§ + &;.
It is now easy to check that ¢(a) < 0 and (a,e;) < 0 for all 7.

Example 2.5.2.

Let @ be a quiver with underlying Dynkin diagram A,,. For all r, s € N with
1<r<s<nlet V(i) =Fkforr <i<sandV,4(j)=0forj<rorj>s.
For 0 € AQ we set V, (o) = I if o joints two points in {i : r < i < s} and
Vr.s(0) = 0 otherwise. Then V, ; is an indecomposable representation of () and all
indecomposable representations of ) are isomorphic to one of these (see [Gabriel,
1972], [Dlab, Ringel, 1976]).

Example 2.5.3.
Consider the quiver Q5 :

with the vertices numbered as indicated. This quiver is wild. We show that any
finite dimensional k-algebra A is the algebra of all endomorphisms of some finite
dimensional representation V' of the quiver Q5. First consider the quiver Qq,
which is obtained from @5, by removing the vertex 5 and the arrow incident with
it. We now construct a representation U of Q4 with dim(U) =2n+1,n=1,2,...
such that the endomorphism algebra of U is k. Let E be an n + 1-dimensional k-
vector space with a basis ej,...,e,41 and let F' be an n-dimensional vector space
with a basis f1,...,fn . Weset U(0) = E® F,U(l)=E®0,U(2) =0a F,
UB)={(\f),f) : feF}L U4 ={06(f),f): feF},where \,§: F — E are
defined by A\(f;) = e;, 6(f;) = e;41. The maps associated to the arrows are the
natural inclusions. Then an endomorphism of U is given by an endomorphism «
of U(0) = E @ F, which preserves the subspaces U(1),...,U(4). One can easily
check that this means that « is a multiplication by an element of k, i.e., one finds
End(U) = k. Now let A be any finite dimensional algebra over k and let a1, ..., an
be a set of generators of A (as a k-module). Let ap = 1 and assume that m is even,
m = 2. Let U be the representation of Q4 constructed above with dim(U) = m+1.
We now define a representation V' of Q5 by V(0) = A®, U(0), V(i) = AR, U(i)

for i = 1,2,3,4, V(5) = {> aa; ®e; : a € A}, where eg,...,en is a basis of
i=0

U(0). An endomorphism of V' is an endomorphism of V(0) which preserves the
five subspaces V(j) for j = 1,...,5. Since End(U) = k, an endomorphism of
V(0) which preserves V(1),...,V(4) is necessarily of the form ¢ ® 1 where ¢ is a
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k-vector space endomorphism of A. Now (¢ ® 1)(2 aa; ® e;) = Z o(aa;) ® e;.
Therefore if ¢®1 also preserves V (5), then for all a 6 A there ex1sts b( ) such that
> olaa;) @ e; = Y bla)a;. Now 1 ®eq,...,1® ey is a basis for A ®, U(0) as a

=0 =0
module over A, hence ¢(aa;) = b(a)a; for all . Taking i = 0 we find ¢(a) = b(a).
Hence we have that ¢(aa;) = ¢(a)a; for all a € A and all i .

Let ¢ = ¢(1), then ¢(a;) = ca; for all i. So ¢ is given by multiplication by
¢ € A. This shows that End(V) = A.

Definition. Suppose I' is either a simple Euclidean or a simple Dynkin dia-
gram. The following set

A={0#£acZ" : qla) <1}

is called the set of roots of the quadratic form ¢ of I'. A root « is called real if
¢(a) =1 and it is called imaginary if ¢(«) = 0.

Note that each ¢; is a root. These roots are called the simple roots. If I' is
a simple Dynkin diagram, then there are no imaginary roots for this graph. If T’
is a Euclidean diagram, then its imaginary roots are the integer vectors which are
multiples of d, by lemma 2.5.1.

Lemma 2.5.3.

1. If o« € A and B € rad(q), then —a and o + [ are roots.

2. Every root is positive or negative.

3. If T is a simple Euclidean diagram, then (A U{0})/ZJ is a finite subset of
VALYV /A)

4. If T is a simple Dynkin diagram, then A is finite.

Proof.

1. We have q(8 £ a) = q(8) + q(a) £ (8, a) = q(a) < 1.
2. Write « = o™ — a~, where a™,a~ > 0 and have disjoint support. Then

obviously, (a™,a™) <0, so
1> g(@) = q(@) +q(a™) = (a",a7) > gla™) +q(a7).

Since ¢ is positive semi-definite, one of ¢(a™) or ¢(a™) must be zero, i.e., one of
them is an imaginary root. Since each imaginary root is strict, the other of these
roots must be zero.

3. Choose an 7 with §; = 1. If o is a root with a; = 0, then 6 — a and § + « are
also roots by the condition (1). Since their i-th component is 1, they are positive
roots, so —d < « < §. Therefore

S={acA:0;=0}C{acZ": -§<a<i}

which is finite. Now if 8 € A U {0}, then 3 — 3; belongs to this finite set S.
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4. Embed T into the corresponding Euclidean diagram lj‘ by adding a vertex @
with §; = 1. We can now view a root « of I' as a root of I with «; = 0. So the
result follows from (3).

In the general case when @ is not necessarily a simply laced quiver the right
corresponding quadratic form associated to the quiver is defined differently.

Let I' be a finite graph without orientation with a set of vertices I'y =
{1,2,...,n} and a finite set of edges I';. We say that (', d) is a valued graph if
I'y is provided with non-negative integers d;; for all ¢, j which are the endpoints
of an edge. These integers define a function d : T'g x I'g — N, where we write
d(i,j) = d;j, and are required to satisfy the following properties:

1) di; = 0 for all i € Tp;

2) dij =0 if and only if dji = O;

3) there exists natural numbers f; € N such that d;; f; = jifi‘l.

If d;; # 0 then this is depicted
(dij,djq)
[ ] L]

i J
If dij = dj; =1 we simply write

° °

i J

All Dynkin diagrams (in addition to the simple Dynkin diagrams drawn
above) are represented in the form of valued graphs by the following list:

(1,2)
[ ]

B, : _— ° ° ° ,>9
n—2 n—1 n
(2,1)
C, : e ° ° ° ., >3
n—2 n—1 n
(1,2)
F4: [ [ [ ) [ )
1 2 3 4

4Associate to the valued graph (I',d) the generalized Cartan matrix A = (a;;), ai; = 2,
a;j = —d;j; if 7 and j are connected by an edge (and are different) and a;; = 0 if there is no edge
between ¢ and j. Then condition 3 is equivalent to symmetrizability (on the right) of the GCM
A meaning that there is a diagonal integer matrix F' such that AF is symmetric. As is easily
proved this is equivalent to symmetrizability on the left, meaning that there is a diagonal integer
matrix F’ such that F’A is symmetric.
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(1,3)
°

G -

And the valued graphs in the following list are all the Euclidean diagrams
(or extended Dynkin diagrams)®, in addition to the simple Euclidean diagrams
which were presented above:

~ (1,2) (2,1)
B, : ° o— o ° ° ° n>2
n—1 n n+1
. (2,1) (1,2)
Cn [} [ ) [ ] [ ) nzg
n—1 n n—+1
12{11: . (1,4) .
A125 . (2,2) .
__ (1,2) (1,2)
BC,, °—— ° ° ° n>2
n—1 n n+1
n+1
[ ]
BAEH: . (1,2) L . ./
n—2 n—\
[
n
n+1
[ ]
C/’\/Dn: . (2_]1) - R ./
n—2 n—\
[
n

5It is worth noting that the extra vertex in an extended Dynkin diagram is so placed that
omitting any vertex (and the edges involving this vertex) leaves as residue a disjoint union of
Dynkin diagrams; see e.g. [Wan, 1991] page 35.
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Fu: . R .
Foo: g 4,00,
Gut w00,
G2 o o BV,

These are the notations from [Dlab-Ringel, 1976]. In books on Kac-Moody alge-
bras and quantum groups such as [Kac, 1985], [Wan, 1991], [Hong-Kang, 2002] a

different notation is used; e.g. A; = Al(l), Eé’gl = Ag), CA’Dgl,l = Ag)_l

For all these graphs here are the corresponding graphs where each vertex ¢ is
marked by the value ¢;, where the strict vector 6 = (d1,...,0,) > 0 generates the
radical.

E . [ ] [ ] [ ] [ ] [ ] [ ] >2
g 1 1 1 1 1 =
6 [ ] [ ] [ ] [ ] [ ] >3
" 9 9 1 "
A/ [ ] [ ]
11 2 1
A/ [ ] [ ]
12 1 1
N e e
BC,, : n>2
9
1
[ ]
En: ° ° ° ° o/
2 2\
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CD, : ° ° °
2 2 2 2\
°
1
- ° ° °
F41 . 3
P ° °
e 2 3 4 2
& . e °
21 ° 9 1
~ S °
G22: 3

If (T',d) is a valued graph and z,y € Z" then the Dlab-Ringel-Ovsienko-
Roiter quadratic form of (I',d) is defined in the following way®7:

g(@) = > fir} = dijfimiz; (25.2)

i€lg 1<J

If @Q is a quiver and z,y € Z" then the non-symmetric bilinear form of @ is
defined as follows:

q(z,y) = Z fiziyi — Z dij fiwiy; (2.5.3)

1€Qo i—j

This bilinear form was independently introduced by C.M.Ringel (see [Ringel,
1976] and [Dlab-Ringel, 1976]) and S.A.Ovsienko and A.V.Roiter (see [Ovsienko,
1977al).

In the case when I' is a simply laced graph these forms coincide with the Tits
quadratic form (2.4.2) and the bilinear form (2.4.1).

The notions of positive definiteness and nonnegative definiteness are of course
as above.

SHere it is customary to take the f; minimal, i.e. so that their greatest common divisor is 1.
"Note that this is the quadratic form associated to the symmetrized generalized Cartan ma-
trix AF.
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Examples 2.5.4.
1. Let (T',d) be the valued graph:

(1,2)
° ° °

Bg :
1 2 3
For this graph di3 = 1, do1 = 2, do3 = d32 = 1. Therefore from the requirement
di; f; = dj; fi we obtain that f; =1, fo = f3 = 2. Then the quadratic form has
the following form:

q(z) = x% + 2$§ + 2x§ — 20129 — 2wox3 = (11 — x2)2 + (z2 — :103)2 + x%

and so it is positive definite.
2. Let (T',d) be the valued graph:

(2,1)

Cy: ®
1 2 3
For this graph dijs = 2, do1 = 1, dag = dso = 1. Therefore from requirement
di; fj = dj; f; we obtain that f; = 2, fo = f3 = 1. Then the quadratic form has
the following form:

1 1
q(z) = 222 + 23 4+ 22 — 22120 — Tow3 = 2(2; — 2:62)2 + (2902 —x3)? + 490%

and so it is positive definite.
3. Let (T, d) be the valued graph: A, : o 14

For this graph di2 = 1, d2; = 4. Therefore from the requirement d;; f; = dj; fs
we obtain that f; =4, fo = 1. Then the quadratic form has the following form:

q(z) = 423 + 23 — 4129 = (201 — 22)* >0

and so it is nonnegative definite.
4. Let (T, d) be the valued graph: Ai, : o 22

For this graph dy2 = d2; = 2. Therefore from the requirement d;; f; = d;; f; we
obtain that f; = fo = 1. Then the quadratic form has the following form:

q(z) = 23 + 22 — 2x129 = (z1 — 22)> >0
and so it is nonnegative definite.

The following theorem gives the characterization of all valued graphs from the
point of view their quadratic forms:

Theorem 2.5.4. Suppose I" is a connected valued graph with quadratic form
q. Then
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(1) T 4s a Dynkin diagram if and only if q is positive definite.
(2) T is an extended Dynkin diagram if and only if q is positive semi-definite.

The full proof of this theorem can be found in [Dlab, Ringel, 1976].

Remark 2.5.1. The non-symmetric bilinear form ¢ given by (2.5.3) has the
following important property for the representations of a quiver @ (in the case of
Dynkin diagrams):

§(dim V,dim U) = dim Hom(V, U) — dim Ext}(V,U) (2.5.4)

where V', U are indecomposable representations of ), and dim V', dim U means
the vector dimensions.

Remark 2.5.2. A valued graph on the plane (which is a Dynkin diagram or
a Euclidean diagram) is often drawn in some another way. Instead of

(dij,dji)
° °

i J

we connect the vertex ¢ with the vertex j by ¢;; edges, where t;; satisfies the
following conditions. If d;;d;; < 4 then ¢;; = max{d;;,d;;}. In this case and when
dij < dj;, all these t;; edges are marked together by one an arrow in the direction
from j to i®. For example,

(3,1) e
® is drawn as ° °
1 2
and
e<——oeo °
By 2 3

If dij = dj; = 2, we draw this graph as follows: Ajg: e<=—=0e

Finally edges labeled by (1,1) we draw by one edge: e

Conversely, each such a graph we can transform into a valued graph in the
following way. If we have a marked multiply arrow with ¢;; edges in the direction
fI‘OIIlj to 7 then we put dij =1 and dji = tij- Otherwise we put dij = dji = tij-

8This is the convention that makes things come out right when one starts with the lists from
[Dlab-Ringel, 1976]. In [Wan, 1991], [Kac, 1985] and [Hong-Kang, 2002] and other books on
Kac-Moody algebras and quantum groups another convention is used; viz. there is an arrow
towards i iff d;; > 2 Applied to the list above this switches the B and C diagrams.
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Remark 2.5.3. It is often convenient to describe a finite valued graph (T, d),

where I'g = {1,2,...,n} in the terms of an associated matrix C' = (¢;;), called the
Cartan matrix. By definition, ¢;; = 2, and ¢;; = —d;;. For example, if (T, d) is
(1,2)
F4 . ° ° ° °
1 2 3 4

then the Cartan matrix of F} is of the form

2.6 GABRIEL THEOREM

A basic result in the theory of quiver representations is the famous Gabriel theorem
classifying the quivers @ of finite representation type. The proof of this theorem
given here is due to J.Tits, P.Gabriel, C.M.Ringel and W.Crawley-Boevey (see
[Ringel, 1982], [Crawley-Boevey]).

Theorem 2.6.1 (P.Gabriel).” A connected quiver Q is of a finite type if and
only if the underlying undirected graph Q of @Q (obtained from @Q by deleting the
orientation of the arrows) is a Dynkin diagram of the form A,,, D, Eg, E7, Es. The
number of isomorphism classes of indecomposable representations of QQ is finite if
and only if the corresponding quadratic form qq is positive definite. In this case
the map

Vi—dmV

sets up a bijection between the isomorphism classes of indecomposable represen-
tations V' of Q and the set of positive roots of the underlying Dynkin diagram of
V.

We shall prove this theorem for the case when k is an algebraically closed field.
To prove this theorem we need a little bit of algebraic geometry.

Let AN be affine N-space, whose points are just the N-tuples from the
field k. The coordinate ring k[AY] of functions on AY is the polynomial ring
klx1,xa,...,x,], where x; is the i-th coordinate function. This space is endowed
with the Zariski topology, whose set of closed subsets coincides with the sets
of common zeros of the ideals in k[, xa,...,2,]. A closed set in AV is called
an affine variety. A subset U in AV is called locally closed if it is open in
its closure U. A non-empty locally closed subset U is called irreducible if every
non-empty open subset of U is dense in U. The affine space AY itself is irreducible.

9See [Gabriel, 1972], [Berstein, Gel’fand, Ponomarev, 1973].
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The dimension of a non-empty locally closed subset U is
sup{n : there exist irreducible subsets: Zy C Z; C ... C Z, closed in U}.

We have the following simple properties of dimensions:
1) dim U = dim U,
2) if W =U UV then dim W = max{dim U,dim V};
3) dim AN = N.

An algebraic group is an affine variety G endowed with a multiplication
v:G X G — G and an inverse i : G — G which are morphisms of affine varieties
and which satisfy the usual group axioms, see chapter 1.

Example 2.6.1.

The linear group GL, (k) of all n x n invertible matrices over k is an algebraic
group. This group is defined by the non-vanishing of the determinant and so it is
open in M, (k) ~ A" and is an irreducible affine variety of dimension n2. To see

this consider A"’ *! with coordinates 25, 4,7 = 1,...,n and z and consider the
zeros of the polynomial z det(z;;) — 1. These are in obvious bijection with GL,, (k).

An action of an algebraic group GG on an affine variety X is defined in the usual
sense. There are the following properties connected with this notion:

1) the orbits of G in X are irreducible and locally closed;

2) if O is an orbit, its boundary O\ O is a union of orbits of dimensions strictly
smaller than dim O;

3) the stabilizer G, of a point 2 € O is a closed subgroup in G, and dim O =
dim G — dim G,.

Note that Homy (K%, k?) is just the space of all ¢+ x s matrices over k. So we
can identify it with the affine variety A*. Thus it is an irreducible affine variety
of dimension ts.

Let @ be a quiver and A = kQ. Suppose a € N is a fixed dimension vector.
Define
Rep(a) = [ Homy (k@ k).
c€AQ

This is isomorphic to the irreducible affine variety A" of dimension r =
E As(o)Xe(o) -
cEAQ
Given a point 2 € Rep («), define a representation R(z) of @ in the following
way: R(z); =k fori=1,2,...,n and R(z), is a linear map with matrix z, for

o€ AQ.

Define GL(«) = [] GL(«, k). This is an algebraic group of dimension s =
i=1

a? which is open in A®.
1

n
1=
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Define an action of GL(a) on Rep («) by means of conjugation:
(gx)d = YGe(o)TaTs(o)
for g € GL(«) and = € Rep ().

Lemma 2.6.2.

1. There is a bijection V — Oy between the set of isomorphism classes of
indecomposable representations V' of dimension « and the set of GL(«)-orbits on
Rep (), where Oy = {x € Rep (a) : R(z) ~V}.

2. GL(«@), ~ Auta(R(x)).

Proof. Let V be a representation of dimension «. Then choosing a basis in
each V; allows us to identify each V; with the vector space k% and each V, with
a map from k%) to k*(). The action of GL(«) on Rep(a) corresponds to a
different choice of bases.

Lemma 2.6.3. Let V' be a representation of dimension . Then

dim Rep () — dim Oy = dim End (V) — ¢(a) = dim Exth(V, V).

Proof. Let V € R(x), then
dim GL(a) — dim Oy = dim GL(«),.

By lemma 2.6.2, GL(a), =~ Auta(V). Since Autx(V) is an open subset in
End4(V), it has the same dimension. Hence, by lemma 2.4.3, we obtain:

dim Rep () — dim Oy = Z Qs(0)Qe(o) — Z o? +dim Enda (V) =
oeAQ i=1

= dim End4 (V) — q(a) = dim Ext} (V, V).

Corollary 2.6.4. If a # 0 and q(a) < 0, then there are infinitely many orbits
in Rep (), i.e., infinitely many non-isomorphic representations of dimension a.

Corollary 2.6.5. Let V be a representation of dimension c. Then Oy is open
in Rep () if and only if Ext}(V,V) =0, i.e., V has no self-extensions.

Proof. A proper closed subvariety of an irreducible variety has strictly smaller
dimension. Since orbits are open in their closure and Rep(«) is irreducible, Oy
is open if and only if Oy = Rep(«) which is the case if and only if dim Oy =
dim Rep(a) which holds if and only if dim Ext(V, V) = 0.

Corollary 2.6.6. There is at most one representation of QQ of dimension «
(up to isomorphism) without self-extensions.



96 ALGEBRAS, RINGS AND MODULES

Proof. It is known that any two non-empty open subvarieties inside an irre-
ducible variety intersect. Suppose Ox # Oy are open. Since orbits are disjoint,
Ox C Rep («)\Oy, and so Ox C Rep (a)\ Oy, which contradicts the irreducibility
of Rep ().

Lemma 2.6.7. If
0—-U—-V-W-=0 (2.6.1)

is a non-split exact sequence, then Oygw C Oy \ Oy .

Proof. For each vertex i we identify U; with a subspace of V;. Choose a basis
of U; and extend it to a basis of V;. Then V ~ R(z) with a corresponding matrix
of the form:

Ty = (ug 550 wg,)

where U ~ R(u), W ~ R(w). For 0 # X\ € k define gy € GL(a) by (gr)s =

A0
(O 1).Then

won= (Y ).

Wo

uy 0

So the closure of Oy contains the point with matrices ( 0 w
g

> , which

corresponds to U @ W. Hence Oygw C O.
Applying the functor Hom(*,U) to (2.6.2), we obtain an exact sequence:

0 — Hom(W, U) — Hom(V, U) — Hom(U, U) —L Ext' (W, U).
So applying the equality (2.4.1) to this exact sequence, one obtains
dim Hom(W,U) — dim Hom(V,U) + dim Hom(U,U) — dim Im(f) = 0.

Since f(1) # 0, dim Hom(V,U) # dim Hom(U @ W,U), and hence X %2 U @& W.
Therefore, Oygw C Oy \ Oy.

Corollary 2.6.8. If Ox is an orbit of mazimal dimension and X = U @V,
then Ext'(V,U) = 0.

Proof. Suppose there is a non-split exact extension 0 - U — V — W — 0,
then, by lemma 2.6.7, Ox C Oy \ Oy. But that means dim Ox < dim Oy, which
contradicts the maximality of dim Ox.

Corollary 2.6.9. If Oy is closed, then V is semisimple.

Proof. Let U be a submodule of V, and W = V/U. We need to show that the
extension is split. If not, then, by lemma 2.6.7, Oygw C Oy \ Oy. But Oy is
closed, so its boundary is empty. A contradiction.
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To prove the sufficiency part of the Gabriel theorem we need the following
lemma.

Lemma 2.6.10. Let V be an indecomposable module and dim End(V) > 1.
Then there is a proper indecomposable submodule U C V with dim Extl(U, U)>0.

Proof. Since V is indecomposable, E = End(V) is a local ring by the Fitting
lemma. Therefore E/rad E is a simple module. Since k is an algebraically closed
field, the Schur lemma shows that F/rad F ~ Endg(F/rad E) is one dimensional.
Hence the assumption that dim End(V) > 1 means exactly that rad E # 0. Let
0 € E be an element such that Im# has minimal dimension. Since FE is finite
dimensional, rad E is nilpotent. Therefore 62 = 0.

Write Z = Im 6. Since E is a local ring we have a decomposition K = Ker 6 =
K, ® Ky, ®...® K, into a direct sum of indecomposable modules. Since 6% = 0,
7 C K. Choose j so that the composite a of the inclusion Z — K and the
projection 7; : K — K are nonzero. Note that a: Z — Kj is injective. Indeed,

the composite
X—-7T—-K;—-X

has image Im «, hence dim (Im a) > dim (Z), by the minimality assumption.

Now we claim that Ext'(Z, K;) # 0. Once we have established that, the lemma
follows by applying Hom(x, K;) to 0 — Z — K; — @ — 0, and using the fact that
Ext? vanishes gives Ext'(Z, K;) — Ext'(K;, K;) — 0, hence Ext'(K;, K;) # 0
and we can take U = Kj.

To prove the claim, suppose on the contrary that Extl(I ,K;) = 0. Consider
the pushout of the short exact sequence

0—-K—-V->7T—0
along m;, which gives an exact sequence
0—-K;—Y —1—0.

If this splits, then K; has a complement C' in Y. But then the inverse image of C'
is a complement to K; in V, hence K; is a summand of V. This contradicts the
assumption that V' is indecomposable.

1.

Corollary 2.6.11. Let V be an indecomposable module and dim End(V') >
=1 and

Then there is an indecomposable submodule U C 'V with dim End(U)
dim Ext' (U, U) > 0, hence ¢(dimU) < 0.

Proof. Apply lemma 2.6.10. If EndU # k, repeat. Since all modules are finite
dimensional, the process must terminate.

Proof of theorem 2.6.1.
1. Necessity. Let @ be a quiver of finite type. Then, by the Krull-
Remak-Schmidt theorem, there are a finite number of orbits in Rep («) for each
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dimension «. Then, by corollary 2.6.4, the associated quadratic form ¢ is positive
definite. Thus, by theorem 2.5.2, the underlying graph of ) is a Dynkin diagram.

2. Sufficiency. Suppose @ is a quiver whose underlying graph is a Dynkin
diagram. So, by theorem 2.5.2, the associated quadratic form ¢ is positive def-
inite. Therefore, by corollary 2.6.11, every indecomposable module V' satisfies
dim End(V) = 1 and dim Ext'(V,V) = 0. Therefore, if V is an indecompos-
able module with dimension vector «, then ¢(a) = ¢(dimV) = dim End(V) —
dim Extl(V, V) =1, i.e., v is a positive root of the root system A. If V', U are two
indecomposable modules with dimension vector «, then, by lemma 2.6.3, V ~ U.

We need to show that for any positive root a of the root system A there is at
least one indecomposable module of dimension a. Let Oy be an orbit of maximal
dimension in Rep (). If V is indecomposable, then we are done. Otherwise,
V = U@®W. Then Ext'(W,U) = Ext'(U, V) = 0, by corollary 2.6.8, hence
(dim W, dim U) > 0. In this case,

1=¢(dimV) =gq(dimW + dimU) = ¢(dim W) 4 ¢(dim U) + (dim U, dim W) > 2,
a contradiction.

Remark 2.6.1. The Gabriel theorem has also been proved in the more gen-
eral case when k is an arbitrary field. In this case I.N.Bernstein, I.M.Gel’'fand,
V.A.Ponomarev proved that if @) is a Dynkin diagram then it has finite repre-
sentation type (see, [Berstein, Gel’fand, Ponomarev, 1973]). Their proof uses the
Weyl group and Coxeter functors.

Theorem 2.6.12. A quiver Q is of finite (resp. tame) type if and only its
quadratic form is positive definite (resp. semipositive definite).

Remark 2.6.2. The Gabriel theorem was generalized to arbitrary quivers
by V.Kac [Kac, 1980a]. V.Kac proved that indecomposable representations occur
precisely in those dimension vectors that are roots of the so-called Kac-Moody Lie
algebra associated to a given graph. In particular, these dimension vectors do not
depend on the orientation of the arrows in a quiver Q.

Theorem 2.6.13 (V.Kac). Let Q be a quiver and o > 0 be a dimension
vector. Then there is an indecomposable representation of dimension « if and only
if a is a root. If v is a real root, there is a unique indecomposable representation of
dimension «; if « is an imaginary root, there are infinitely many indecomposable
representations of dimension .

Remark 2.6.3. L.A.Nazarova and P.Donovan, M.R.Freislich described inde-
pendently the quivers of tame representation type over an algebraically closed field
(see, [Nazarova, 1973], [Donovan, Freislich, 1973]):

Theorem 2.6.14. Let k be an algebraically closed field and let Q@ be a con-
nected quiver without oriented cycles. Then Q is of a tame type if and only if the
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underlying undirected graph @ of Q (obtained from Q by deleting the orientation
of the arrows) is a Euclidean diagram of the form A,, D, Fgs, Er, Eg.

In the general case, if k is an arbitrary field, the result was treated by V.Dlab
and C.M.Ringel (see [Dlab, Ringel, 1976]).

2.7 K-SPECIES

In this section we consider the notion of k-species introduced by P.Gabriel (see
[Gabriel, 1973]). Let k be a fixed field and let I be a finite set. A species
L = (K;,;M;); jer is a finite family (K;);e; of skew fields together with a family
(:M;)ijer of (K;, K;)-bimodules. We say that (K;,;M;); jer is a k-species if
all K; are finite dimensional and central over a common commutative subfield k
which acts centrally on ;Mj, i.e., Am = mA for all A € k£ and all m € ;M;. We
also assume that each bimodule ;M; is a finite dimensional vector space over k.
It is a k-quiver if moreover K; = k for each i. We shall consider species without
oriented cycles and loops, i.e., we shall consider the case where ;M; = 0, and if
iMj }é O, then le' =0.

The diagram of a species (K, ;M;); jer is defined in the following way:

1) the set of vertices is the finite set I;

2) the vertex j connects with the vertex ¢ by ¢;; arrows, where
If ;M; = 0 and dimg, (;M;) > dim(;M;)k,, then we denote this by the following

e —— o

arrow: j ; (here ¢;; = 3). (The number of horizontal lines in the “arrows”
is tlj)

Definition. An L-representation (V;, j¢;) of a species £ = (K;,;Mj;); jer is
a family of right K;-modules V; and K j-morphisms:

ipi Vi ®k, iMj — Vj

for each i,j € I. The category of L-representations Rep L, is the category
whose objects are L-representations and whose morphisms are defined as follows.
Let V = (Vi, i) and W = (W;, j4;) be two L-representations. An L-morphism
V.V — W from V to W is a set of K;-linear maps «o; : V; — W, such that the
following diagram commutes

jPi

Vi O, iM; sV (2.7.1)

ai®1l \Laj
i

W; XK, iMj HWJ'
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Two representations (V;, jo;) and (W, ;4;) are called equivalent if there is a
set of isomorphisms («;) from K;-module V; to K;-module W; such that for each
i € I the diagram (2.7.1) is commutative.

A representation (V;, j¢;) is called indecomposable, if there are no nonzero
sets of subspaces (V) and (V}”) such that V; = V/ @ V/ and j¢; = ;¢ & j¢7,
where

i Vi @ iMy — Vj
ipi V' @K, i My — V!
We can define the direct sum of L-representations in the obvious way.

Let d; = dim(V;) g, be a dimension of V; as a vector space over K;. By the di-

mension of a representation (V;, j¢;) we shall mean the vector d = (d1,da, . .., dn).
We set dp = > dim(V;)k,. The representation (V;, j¢;) is called finite dimen-
i€l

sional if dy < oo.
A species (K;,iM;); jer is called of finite type, if the number of indecompos-
able non-isomorphic finite dimensional representations is finite.

In the case when all K; = F', where F is a fixed skew field, and p(;M,)r =
(pFr)ti, P.Gabriel has characterized k-species of finite type (see [Gabriel, 1972]).
This result was extended by V.Dlab and C.M.Ringel to the case where £ is an
arbitrary k-species (see [Dlab, Ringel, 1973], [Dlab, Ringel, 1974]), [Dlab, Ringel,
1975]).

Theorem 2.7.1 (V.Dlab, C.M.Ringel). A k-species is of finite type if and

only if its diagram is a finite disjoint union of Dynkin diagrams.

2.8 NOTES AND REFERENCES

The exterior algebra was invented by Hermann Grassmann (1809 - 1877) in his
most important work [Grassmann, 1844]. In this book he developed the idea of
an algebra in which the symbols representing geometric entities such as points,
lines and planes, are manipulated using certain rules. He represented subspaces
of a space by coordinates leading to points in an algebraic manifold now called
the Grassmannian. Unfortunately, Grassmann’s methods were not understood and
adopted at the time. It is only because of the work of Elie Cartan that they became
used in studying differential forms and their application to analysis, geometry and
physics. In physics differential forms are elements of the Grassmann algebra over
the dual vector space. They are used everywhere from elementary mechanics to
Hamiltonian mechanics and field theory.

The notion of a tensor algebra as a “maximal ring” was first considered by
G.Hochschild (see [Hochschild, 1947], [Hochschild, 1950]). In 1957 in the paper
[Eilenberg, 1957], S.Eilenberg, A.Rosenberg and D.Zelinsky showed that for any
ring R, the global dimension of the polynomial ring R[z1, 2, ..., 2,] is equal to
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n+gl.dimR. In the paper [Hochschild, 1958] G.Hochschild proved that the global
dimension of a free ring over R on any set of letters is equal to 1+gl.dimR. This
theorem was generalized by Yu.V.Roganov for a tensor algebra of a bimodule which
is one-sided projective (see [Roganov, 1975]). In the proof of theorem 2.2.11 we
follow this paper.

In 1972 in the paper [Gabriel, 1972] P.Gabriel introduced quivers in connection
with the classification of finite dimensional algebras of finite type. In this paper he
gave a full description of quivers of finite representation type over an algebraically
closed field (theorem 2.6.1). P.Gabriel also proved that there is a bijection between
the isomorphism classes of indecomposable representations of a quiver ) and the
set of positive roots of the Tits form corresponding to this quiver.

Another proof of this theorem in the general case, for an arbitrary field, using
reflection functors and Coxeter functors has been given in the paper [Berstein,
Gel'fand, Ponomarev, 1973]. This paper also contains the connection between
indecomposable representations of a quiver of finite type and properties of the
Tits quadratic form (theorem 2.5.2).

The Gabriel theorem was generalized by V.Kac (see [Kac, 1980a], [Kac, 1980b]),
who proved that indecomposable representations occur in dimension vectors that
are roots of the so-called Kac-Moody Lie algebra associated to a given graph. In
particular, these dimension vectors do not depend on the orientation of the arrows
in the quiver Q.

The terms “tame type” and “wild type” were introduced by P.Donovan and
M.R.Freislich in their paper [Donovan, Freislich, 1972] in analogy with the separa-
tion of animals into tame and wild ones. In the same paper they first conjectured
that any finite dimensional algebra is either tame or wild.

Tame quivers in terms of extended Dynkin diagrams were classified by
L.A.Nazarova in [Nazarova, 1973] and by P.Donovan and M.R.Freislich in
[Donovan, Freislich, 1973].

The representation type of factor algebras of path algebras has been discussed
by E.Green, who gave some useful algorithms for studying representations of path
algebras (see [Green, 1975]).

The theory of species was first considered by P.Gabriel in [Gabriel, 1973]. Note
that in fact species and their connections with the representations of algebras were
already considered in the papers of T.Yoshii (see [Yoshii, 1956]; [Yoshii, 1957a];
[Yoshii, 1957b]. Later the results of P.Gabriel on representations of species were
generalized by V.Dlab and C.M.Ringel (see [Dlab, Ringel, 1974]; [Dlab, Ringel,
1975]; [Dlab, Ringel, 1976]; [Ringel, 1976].

Representations of quivers with relations were considered by P.Donovan
and M.Freislich [Donovan, Freislich, 1979], S.Ovsienko [Ovsienko, 1977],
C-M.Ringel [Ringel, 1975], [Ringel, 1980], V.Yu.Romanovskij, A.S.Shkabara, and
A.G.Zavadskij, (see [Romanovskij, Shkabara, 1976]; [Shkabara, 1978a], [Shkabara,
1978b]; [Zavadskij, Shkabara, 1976].
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APPENDIX TO SECTION 2.5. MORE ABOUT DYNKIN AND EXTENDED
DYNKIN (= EYCLIDEAN) DIAGRAMS

Recall (following [1]) that a valued graph is a graph with each edge marked by an
ordered pair of positive integers. In loc.cit. no loops are allowed, but actually for
the tame and finite representation type cases this makes little difference: just the
inclusion of one tame case, viz. the one vertex one loop graph.

By convention for an edge with value (1,1) the value indicator is omitted. Thus
for example one has the valued diagram

(1,2)
[ ]

By : i

1 2 3 4

which is in fact the diagram denoted by By in [1] and, using a convention explained
below, Cy in [12], [18] and [19] (and most other recent books and papers treating
of these matters (especially those dealing with Kac-Moody algebras and quantum
groups).

There is a further convention, induced, we feel, by both a sense of historical
continuity and nostalgia, that replaces labels with low numbers by an arrow no-
tation. It runs as follows. If the label (d;;,d;;) of the edge between vertex i and
vertex j is such that d;;d;; < 4 then there are max{(d;;,d;;)} edges between i and
j and there is an arrow towards ¢ (resp. j) if and only if d;; > 1 (resp. dj; > 1).
Using this convention the valued graph above is denoted?

e—— o °

1 2 3

Cy -

Here are some further examples

° (2a2) e — oe<——>e0

R (3,1) « = o<—c¢

Edges with a label (d;;, dj;) with d;;d;; > 4 are left as is. Note that from a dia-
gram with arrow notation the corresponding labeled graph is uniquely recoverable.

Given an arbitrary complex matrix A = (a;;) there is an associated interesting
(usually infinite dimensional) Lie algebra g(A), see e.g. [12, 19]. Two such matrices

1Recall that this convention is different from the one in the main text (section 2.5); whence
the switch between B and C.
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are said to be equivalent if one can be obtained from the other by simultaneous
permutation of rows and columns.

The direct sum of two matrices A; and A, is the matrix

Al 0
(5 )

A matrix is called indecomposable if it is not equivalent to a direct sum with
both A, As nonzero.

In the real case, i.e. all a;; are real, and assuming

(KM1) A is indecomposable

(KM2) a;; = 0 if and only if a;; =0

(KM3) a;; <0 for all i # j
there is a trichotomy due to E.B.Vinberg [17]:

- finite: det(A) # 0; there exists a vector u > 0 such that Au > 0; Au > 0
implies ©u > 0 or u = 0.

- affine: corank(A) =1; there exists a u > 0 such that Au = 0; Au > 0 implies
u = 0.

-indeterminate: there exists a u > 0 such that Au < 0; Av > 0and v > 0
imply v = 0.

Here for a vector v = (uy,usg,...,u,), u > 0 means u; > 0 for all ¢ and u > 0
means u; > 0 for all 4.

A really deep and fascinating theory with applications to both other areas of
mathematics (e.g. the monstrous moonshine conjectures, algebraic combinatorics,
...) and physics (e.g. quantum field theory, string theory) has only been developed
(so far) for the integral case with moreover a;; = 2 for all i.

Definition. A generalized Cartan matrix is an integer entry square matrix
satisfying (KM1)-(KM3) and

(KM4) a;; = 2 for all 4.

In this case the trichotomy mentioned above works out as

- finite: A is positive definite, i.e. all principal minors are positive.

- affine: A is semi-positive definite, i.e. det(A4) = 0 and all principal minors
are positive.

- indeterminate: all other cases.

There is a natural and rather obvious bijection between valued graphs and gener-
alized Cartan matrices. To a valued graph with edge labels (d;;, d;;) associate the
generalized Cartan matrix A = a;; with a;; = 2, a;; = —d;; if i and j are connected
and a;; = 0 if 4 and j are not connected. In this correspondence connectedness of
the valued graph is the same as indecomposability of the matrix.
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As it turns out the finite type generalized Cartan matrices A have as associated
Lie algebras the classical simple finite dimensional Lie algebras with the Dynkin
diagrams A,,, By, Cy, Dy, Eg, E7, Eg, Fy, G5 as depicted just below lemma 2.5.1.
Nothing much new here. The affine case gives the infinite dimensional affine (or
Eyclidean) Lie algebras introduced independently and practically simultaneously
by Kac and Moody [11, 14, 15]. These are extraordinary rich in theory and
applications.

The corresponding extended Dynkin diagrams, also called Eyclidean diagrams
or affine diagrams, are listed in section 2.5 above just below the list of Dynkin
diagrams.

It may seem at first sight remarkable that finiteness of the Lie algebra asso-
ciated to a generalized Cartan matrix should correspond exactly to finite repre-
sentation type of the corresponding quiver, and that affineness of the Lie algebra
associated to a generalized Cartan matrix should correspond precisely to tame
representation type of the associated quiver 2

However, admitting some fairly deep theory in the two cases this is entirely
clear.

Whether a connected valued graph (quiver) I' is finite, tame, wild represen-
tation type is ruled by the Dlab-Ringel-Ovsienko-Roiter quadratic form
of it. This quadratic form is defined as follows. It is assumed that the col-
lections of integers d;; from the labels is (right) symmetrizable; meaning that
there are positive integers f; such that d;; f; = dj; f;. This is the same as saying
that the generalized Cartan matrix associated to the valued graph is (right) sym-
metrizable (which in turn is the same as being left symmetrizable (as is easy
to prove)). This symmetrizability condition is not much of a restriction be-
cause a generalized Cartan matrix of finite or affine type is always symmetrizable,
see [12, 18].

Then the Dlab-Ringel-Ovsienko-Roiter quadratic form of T" is

n
gr(z) =Y 2fia? = dij fiwiw;

i=1 i#j
i.e. it is the quadratic form associated to the symmetric matrix C(T')F, where
C(T") is the generalized Cartan matrix associated to I" and F' is the diagonal
matrix F = diag(f1, f2,..., fn). In terms of this quadratic form a quiver T is of
finite, tame, or wild representation type according to whether the quadratic form
is positive definite, positive semi-definite, or indefinite 3 .

2The diagrams in the lists correspond bijectively. However, the labels assigned to them in [1]
and [12, 18, 19] differ. For instance, BCh, Fya, Gao in [1] correspond respectively to A(2), Eéz),
Dz(lg) in [12, 18, 19]. It is the latter notation that is now mostly used.

31t cannot be negative semi-definite because the diagonal elements are positive.

4Recall that the quadratic form of a symmetric matrix is positive definite (resp. positive
semi-definite) if and only if all principal minors of the matrix are positive (resp. all proper
principal minors are positive and matrix is singular). This does not necessarily hold for matrices
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On the other hand the finiteness, affineness, or indefiniteness of the general-
ized Cartan matrix C(T") is determined by whether the principal minors of it are
positive, zero or negative. But if F' is a diagonal matrix with positive diagonal
elements then a principal minor of C(T') is positive, negative, or zero, if and only
if the same is true for the corresponding principal minor of C(T')F.

So things fit. In fact the relations between quiver and species representations
and Lie algebras go much deeper. See [4,5,6].

It is an almost trivial matter to incorporate loops in the Dlab-Ringel analysis
of [1]. Let (T',d) be a connected valued graph with d;; loops at vertex i. The
appropriate quadratic form is now

n
qF(CC) = 2(2 — 2d“)fz$$ — Z dijfjllfillfj
i=1 i#j
and this adds just one more semi-positive definite case, viz the graph of one vertex

with one loop which can be appropriately denoted Ay (in the kind of notation
from [1]).

There is, or has been, a sort of rueful pessimism about doing something in
the case of wild quivers and wild representation type in general. This is not quite
justified as is evidenced for example by the remarkable results of Kac on dimensions
vectors, very nicely explained in [13].

Also, on a much more modest level, a great deal can sometimes be said in
specific cases. For instance the quivers

. QO .

and their representations are of great importance in linear control and systems
theory and a great deal is known about (the moduli space of) their representations,
see [8,10].

2 -1 0 0
. . . . -2 2 -1 0 Lo
that are not symmetric. Consider for instance the matrix 0 -1 2 9 which is the
0 0o -1 2
semi-positive definite Cartan matrix of C?()l) (in the notation of [12]). The quadratic form of this
matrix is 21‘% + 21‘% + 2:(;% + 255421 — 3x119 — 2x2x3 — 324 Which is indefinite.
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Let S be a finite set and let M = (mg;)s,1es be a symmetric matrix such that
mss = 1 and mg € {2,3,4,...}U{oo} for s # t. Such a matrix is called a Coxeter
matrix. Now let W be a group with S as a subset. Then the pair (W, S) is called
a Coxeter system and W is called a Coxeter group if W has a presentation
with elements from S as generators and the relations

(st)y™st =1 for all s,t €S with mgy # o0 (1)

In particular s> = 1 making W a group generated reflections . The Coxeter graph
associated to a Coxeter system has |S| vertices and two vertices are joined by an
edge iff mg > 3 and labeled with that number with the number 3 usually omitted
by convention. Then the finite Coxeter groups are classified by “Dynkin diagrams”

An7BnaDnvEGaE7aE87F47H3aH47]2(m) (2)

Most of these groups  turn up as the Weyl groups of the simple Lie algebras
with the corresponding labels. The correspondence between the Cartan matrix
defining the simple Lie algebra and the Coxeter matrix is according to the following
table

Astts
Mt

N O
w =
IS )
D W

Note that Go = I2(6). Note also that the simple Lie algebras B,,, C, give
the same (abstract) Coxeter group explaining that C,, is missing from the list (2)
above.

Similarly the extended Dynkin diagram give rise to affine Weyl groups which
are infinite Coxeter groups. This time there are no extra diagrams like the Io(m),
m # 6 and Hs, Hy in the list (2).

See [5] and references quoted there for a great deal more on all this. The
subject of reflection groups is a very large one with applications to and/or links
with many parts of mathematics.

There are many more areas where Dynkin diagrams turn up, e.g. singularity
theory. This happens so often that V.I.Arnol’d posed it as a Hilbert type problem
(problem VIII in [16]). Here is the precise formulation:

The A-D-E classifications. The Coxeter-Dynkin graphs Ag, Dy, Ej appear in
many independent classification theorems. For instance

(a) classification of Platonic solids (or finite orthogonal groups) in Eyclidean
3-space.

5As stated they are just elements of order 2 (involutions). Tt turns out it is indeed possible
to realize W as a group of geometric reflections in some real vector space.
SPrecisely those that satisfy the socalled “crystallographic condition”.
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(b) classification of the categories of linear spaces and maps”; Gabriel, Gel'fand-
Ponomarev, Roiter-Nazarova, see Séminaire Bourbaki, exposé 444, 1974.

(c) classification of the singularities of algebraic hypersurfaces with a definite
intersection form of the neighboring smooth fibre, Tjurina.

(d) classification of the critical points of functions having no moduli (see
Séminaire Bourbaki, exposé 443, 1974).

(e) classification of the Coxeter groups generated by reflections, or of Weyl
groups with roots of equal length.

The problem is to find the common origin of all the A — D — E classification
theorems and to substitute a priori proofs for the a posteriori verification of the
parallelism of the classifications.

For an introductioon to the ADE problem see [9].

A fair selection of papers related to the ADE problem is mentioned in
<http://math.ucr.edu/home/baez/week230.html>. It is also worth the trouble
in this connection to look at week62, week63, week64, week65.

The list of Arnol’d by no means exhaust the areas of mathematics where Dynkin
diagrams turn up. Some others areas are represented by the papers [2,3,20]. Here
one also finds some more different notations for Dynkin diagrams, both symbol-
ically and pictorially. Perhaps the most surprising of these papers (to us) is [3].
The numbers game is a one person game played on a finite simple graph with cer-
tain “amplitudes” assigned to its edges and an initial assignment of real numbers
to its nodes. The moves use the amplitudes to modify the node numbers. The
paper shows that if certain finiteness requirements are to be met one again finds
the Dynkin diagrams.
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3. Representations of posets and of finite dimensional
algebras

In the theory of representations one tries to study a given object by means of
homomorphisms to another object which is in some way more concrete and easier
to understand. Such objects in the theory of finite dimensional algebras are endo-
morphisms of some finite dimensional vector space over a field k. Another, slightly
different, but related, point of view is that one attempts to realize an abstract ob-
ject in terms of more concrete things such as matrices. Whence the terminology
“representation”.

There exist different approaches to the representation theory of algebras. In
this chapter we consider only the part of representation theory connected with the
representations of partially ordered sets and Gabriel quivers. This chapter is more
of an informative character and it may be considered as a brief survey of those
well-known results of this theory which will be needed in this book. Therefore
most statements are made here for completeness without proofs.

Representations of finite partially ordered sets (posets, in short) play an im-
portant role in representation theory. They were first introduced by L.A.Nazarova
and A.V.Roiter. The first two sections of this chapter are devoted to partially
ordered sets and their representations. Here there are given the main results
of M.M.Kleiner on representations of posets of finite type and the results of
L.A.Nazarova on representations of posets of infinite type. The most important
result in this theory was been obtained by Yu.A.Drozd who showed that there is
a trichotomy between finite, tame and wild representation types for finite posets
over an algebraically closed field.

One of the main problems of representation theory is to obtain information
about the possible structure of indecomposable modules and to describe the iso-
morphism classes of all indecomposable modules. By the famous trichotomy the-
orem for finite dimensional algebras over an algebraically closed field, obtained by
Yu.A.Drozd, all such algebras are divided into three disjoint classes.

The main results on representations of finitely dimensional algebras are given
in section 3.4. Here we give the structure theorems for some special classes of finite
dimensional algebras of finite type, such as hereditary algebras and algebras with
zero square radical, obtained by P.Gabriel in terms of Dynkin diagrams. Section
3.5 is devoted to the first Brauer-Thrall conjecture, settled by A.V.Roiter for the
case of a finite dimensional algebra over an arbitrary field.

Unless otherwise stated, in this chapter we always suppose that all algebras
considered are associative finite dimensional with 1.

113
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3.1 REPRESENTATIONS OF POSETS

The representation theory of partially ordered sets plays a prominent role in the
representation theory of finite-dimensional algebras.

Let P = (S, <) be a finite poset. Since every partial ordering on a finite set
can be extended to a total ordering, we can suppose that S = {1,2,...,m} and

1<j =1<].

Definition. Let P = (S5, =), where S = {1,2,...,m}, be a finite partially
ordered set (or poset, in short). A representation of P over a field k or a
P-space is a set of finite dimensional k-spaces V = (V;V; : i € S) such that
Vi € Wy for all i € S and V; C Vj precisely when ¢ =< j in P. Such an object
is called a P-space. Let V.= (Vo;V; : i € S)and W = (Wy; W, = i € S) be
two P-spaces. A morphism f : V — W is a k-linear transformation Vy — W)
such that f(V;) C W, for all i € S. The direct sum of V and W is V & W with
VeW)y=VoeWyand (Ve W), =V,& W, for all i € S. A nonzero P-space is
said to be indecomposable if it cannot be written as a direct sum of two nonzero
P-spaces.

Therefore P-spaces over a fixed field k& form an additive category, which is
denoted by Rep (P, k). Every P-space is a uniquely determined as a direct sum of
indecomposable P-spaces, by a corollary of the Krull-Schmidt theorem (see, vol.I,
p. 242). This theorem can be written in the following form:

Theorem 3.1.1. FEvery representation of a poset decomposes into a direct
sum of indecomposable representations uniquely, up to isomorphism and order of
summands.

From this theorem it follows that all representations in Rep (P, k) are uniquely
determined by the indecomposable ones. The set of all isomorphism classes of
indecomposable representations in Rep (P, k) shall be written as Ind (P, k).

Definition. A partially ordered set P is called subspace-finite (or of fi-
nite representation type) over a field k if Ind (P, k) is finite, i.e., there are
only a finite number of non-isomorphic indecomposable P-spaces. And P is
called subspace-infinite (or of infinite representation type) over a field k
if Ind (P, k) is infinite.

Representations of posets were first introduced and considered by L.A.Nazarova
and A.V.Roiter [Nazarova, Roiter, 1972]. Every representation of Rep (P, k) can
be given in terms of the language of matrices.

Definition. Let P = (S, <) be a finite poset, and let S = {1,2,...,m}. A
representation of P over a field k is an arbitrary matrix
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A= A, Ay ... A,

with entries in k partitioned horizontally into m (vertical) blocks (also called
strips).

Here the columns of a block A; are formed by the coordinates (with respect
to a chosen basis in Vj) of any minimal system of generators of V; modulo its
subspace V; = Y. V;.

j=i
Let B be another (matrix) representation of a poset P = (S, X):

B: Bl B2 e Bm

Definition. A representation A is isomorphic to a representation B of a
poset P = (S, <) if A can be reduced to B by the following transformations:

(a) elementary transformations of rows of the whole matrix A;

(b) elementary transformations of columns within each vertical strip A;;

(c) additions of columns of a strip A; to columns of a strip A; if ¢ < j in P.

Notice that by a sequence of transformations (b) and (¢) we can add an arbi-
trary linear combination of columns of A; to a column of A; if i < j in P.

Definition. The direct sum of two representations A and B is the repre-
sentation A & B which is equal to:

ATO A, O . A,O
O B1 O B2 O Bm

AgB=

For a representation V of a poset P = (S, =), where S = {1,2,...,m}, we
define its dimension vector as d = dimV = (do, d1, ..., d,,) with coordinates dy =
dimVy, d; = dimV;/V;. For a matrix representation A there is analogously the
coordinate vector

Cdn(A) = (Sla 8§25+ Sm, Sm-i—l) € Nm+1a

where s; is the number of nonzero columns in the strip A; for i € S, and s,,,41 is
the number of nonzero rows in A.

A matrix representation A is called exact (following the terminology of
M.Kleiner) if it is indecomposable and all coordinates of the vector cdn(A) are
nonzero.
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In order to visualize a poset S we shall use its Hasse diagram: the elements of
S will be represented by points on the plane and the relation < is always thought
of as going upwards along the edges drawn. Moreover, we join the point ¢ with the
point j if and only if ¢ < j and there is no ¢ € S such that ¢+ < ¢ < j. For example,
for the poset P = (5, X), with S = {a1,a2,as} and the sole relation as < as we

have the picture:
e U3

a; e e U

Theorem 3.1.2 (M.Kleiner). A finite partially ordered set P is of finite
representation type if and only if P does not contain as a full subposet any poset
from the following list:

(1,1,1,1): o . . R
(2,2,2) : (1,3,3): ° °
(N, 4) : (1,2,5): .
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Here the n-element chain (1 < 2 < ... < n) is denoted (n), and the disjoint
union (direct sum) of (nq),..., (ns) is written (ny,...,ns). The symbol N denotes
the following 4-element poset {a; < as > az < a4}, and (N,n) stands for the
disjoint union of N and the chain (n).

The posets in the list of the Kleiner theorem will be called the critical sub-
posets.

A characterization of all exact representations of a finite-representation poset
was obtained by M.M.Kleiner [Kleiner, 1972b]. We present here a complete list
of all 41 indecomposable exact matrix representations of Kleiner’s list with some
corrections. As was mentioned in the paper [Arnold, Richman, 1992] five represen-
tations from Kleiner’s list: (IX3), (IXy), (X2), (Xg), and (XI) are decomposable.
We replaced these representations by the right indecomposable ones, and the nu-
meration remains unchanged.

Theorem 3.1.3 (M.Kleiner). A finite partially ordered set P of finite type
is exact if and only if it has one of the following forms:

e (C1 a; e e (1
T % Pl Y v g LV b ;
° o o e o o
e o o (o as e e e (o
ar by ¢ a; e e C a; e e C1
e o o \ ‘ ‘
VI \\\ - VII ® Ca. oy %2 N\ ® C2.
e o o b b
a2 by C2 az e e e (3 e a3 e e C3
e (C
e (| ‘
‘ e (2
IX a1 e ® b e 2. X ‘ :
N | “uoe T
as e ° |y e C3
az e e o C4
a; e e h o
s e TN
‘ as e o )y o 3
XI a2 e\ e b e C2. XJI ‘ :
‘ e C3
as e ® |y e C3 ‘
e (4
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e (1
.‘ Co
XIII |

e 41 e C3

"IN

e 4o e (4

All distinct (up to similarity) exact indecomposable matrix representations of the
posets listed above are the following. (Here they are written in the matrix form
(A;, Bi, C;), where A;, B;, C; are the matrix blocks in the matrix representations
of the posets corresponding to the points a;, b;, ¢;, respectively.)

If P=1, then A = (1). €
IfP =1, then A = B = (1). (IT)
If P=1II,then A = B = C = (I11y)
1
A_<O,B=)HC_<> (IT1)
If P =1V, then
1 1 1 0
= (o) o= () e - (0) - () w)
If P =V, then
0 1 1 0 0
Ay = (1], A =0 B=(1],C,=11])Co=10 (V1)
0 0, 1 0, L
0 1 1 1 0 0
Ai=[1]Aa=(o|lB=[0 1|laa=[1]c= 1|0 (V)
0, 0, 1 0, 0, 1;
0 1 1 1 0
= ()=o) =)o - () e - () v
If P = VI, then
0 1 0
Ay =[1]A=(1]|B =1 (VT)
0, 1, 0,
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VIII, then

IfP=

(VIII)

I~ —
SO0 T oo~

I
<

I
S

100010100)

I
<

I
)

SO g 40O g

I
<

I
S)

IX, then

IfP =

(IXy)

—\ = O &

O —H O —H O
/|\

I
—

Q

—
===

O — O O -

B
coo X

oo oo
/|\

I
Nl

O

—
o—Hoog

011107

—

(IX2)

—

oOH OO Qoo = S

Il
i

Q

Il
[l

O

(=}

cooSoco—~o g

— OO —H O—A O OO

I
N

<

I
N

)

Il
N

<

Il
N

)

co—~o g

===

o

SO g 4000 g

I
<

I
<)

I
<

I
<)

(IX3)

S —= O = I

— O — - O

e
— o0 o0&

Il
i

Q

Il
[l

O

cococo

OO —H OO
N

Il
N

<

—
o—Hocog

o-oog
/|\

Il
N

)

—
cocoo—~g

oo +H OO

I
<

I
<)



121

REPRESENTATIONS OF POSETS AND ALGEBRAS

— — — —
<t 0 o~ VMO
- - - -
S~—" S~—" S~—" S~—"
=
>
\'l} b—
- S~—"
OO OO~ —
S~ oo o 4 — N ~ >
[ — s’ I=ee - -
~ N~——
N I 7 N
A 4 I F oo o~
— o~
— o - O = B B I
= /N - o
— — O =
=) - > M/ Q
O —H O —H O — = = o —— o o
— —~ o — o ST o ~
I 0010.05/'\0010 I co-+1 SN oA 0o QoS "7 T soco—~&
~_ = N—
— Il —
q I 5 | Q I Il I Il I
P e ) [l — o) — o) — ™
coo-g O — © —oco g QO Q Q Q S}
——— o oo R
oo o000 g S P oo OO0 g "T0O0 OO g5 400 T O—~O S
O~ O~ -~
/|\
Il I I I I I Il I Il I
o~ ~ N [\ ™ o\ N ] ]
< @) Am. O < @) < @) < @)
CHOOLS TSI o0 HO S HOo0Oo PP TS TS LTS TSR g Too g

I I I I I I I I I I
Am a Am a Am Q Am Q Am Q



ALGEBRAS, RINGS AND MODULES

122

(IXy)

X, then

IfP =

co—~oo S

O — O O OO

cocooo—&

OO O +H OO

-

co—-oog

i

o—~ococo S

-

o000 g

Ay =

C =

(X2)

cocoococo

SO O - O OO

O — O O OO

]04

cocoo—-o g

OO —H O OO

i

oo oo S

-

—cooo g

Ay =

(X3)

coco—-og

OO H O OO



123

REPRESENTATIONS OF POSETS AND ALGEBRAS

— oo oo

I

o-Hocoocog

]@

cocoo—o g

OO —-H O OO

]@

cococo—g

(X4)

coocoo g

— 00000 @O0 oo g

I I
< 9

(Xs)

— -0 OO coo o X
O O — - O

— O O O O

co-oo S o000 O S

O OO OO 000 oo

Cy

I I
< S

SO —+H O O =
Q N>
e
cococoo ¢ I
»
QO
OO OO —H O
(\\ N
! o~ooo g
N
™
< Il
™
o~ococog O
———

— o000 HTOoOOoooS

I I
< S

O = — - O
— — O O O

OO O o
~N——

co—-o g

O — O O O

coo—~g&
(\

N

)

e
— o0 oS

I
<

I
<)



ALGEBRAS, RINGS AND MODULES

124

(X7)

coc oo
—
— o000 @ 0o IS

Il I
N N

< O

oC—HoO0O S oo o S

(Xs)

coo—g
—
co-Hoo @0 g

I I
< <)

I I
< <)

(Xo)

co—~o S

(X10)

coo—~g&

01011\|/
(\
co—~og
Il N~
Q I
\'J [l
oo oo O
—
— o000 @Yoo g

I Il
N N

< S

o000 /oo g

I I
< S

oo Hocoo g

I I
< S



125

REPRESENTATIONS OF POSETS AND ALGEBRAS

(X11)

coo—g&

O o O o —
(\ -
e R R

coc—~ocog

(X12)

o—Ho S

— O O O

o — o

< Il Il Il
— ~ 3] ™
o—-oco g © = ©
— o000 V000 S oS 400 g

| Il | Il

- — — i

< ) < )

(X14)

RN

—
co o 4
~

I

<

QO

OO _———_——

[

I O~
— N~ —

I
A

I
S

1000)0100)

=
o
~
oo o 7
N—
1
— — O O N
Q
O —
N 7 ~
SO~ S
A |
P e g
— o o I O
N—
I o - o S
o
< I
P e ™
SO~ S O

I
<

I
)

oHocoo V9o g

OO I 0o g

I I
< <)

I
<

I
<)

XI, then

If P =

(XT)

O~ -

N

— = O =

N

co o 5

N

SO - =

N

— O O =

g



126 ALGEBRAS, RINGS AND MODULES

0 0 1
o= a=],la=];
0, 0, 0.
If P = XII, then
1 1 1 0 1 0
0 0 1 1 0 0
Ai=10|A=|1 0|B;=]|0 0|Bx=1]01, (X11)
0 0 O 1 0 0
0, 0 1, 0 0, 1
1 0 0 0
0 1 0 0
Ci=|0|Co=|0|C3=]1|C3=1]0
0 0 0 1
0, 0, 0, 0.
If P = XIII, then
0 0 1 1 0 0
0 10 0 1 0
Ai=|1]4=]0 o|B=|1 1|B=]0][, (XIII)
0 0 O 0 1 0
0, 1 0, 0 0, 1
1 0 0 0
0 1 0 0
Ci=|0|Co=|0|C3=]1|C3=10
0 0 0 1
0, 0, 0, 0.

Example 3.1.1.

In this example we show in what way one can obtain the vector representations
of posets from the list above.

Consider the exact indecomposable matrix representation (V2) of the poset

a; e e (1
P=V: b from the list above:
az e e e (2
0 (1) 1 1 0 0
A1:1A2:OB:0101:102:0
0, 1 0, 0, 1

Then the corresponding matrix representation can be written as the following
matrix partitioned horizontally into 5 vertical blocks:
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>
Il
[l )
S O =

1
0
1

O = =
[ )

0
0
1
The corresponding vector representation V' = {Vy, Vo, Vi, Vo, Vo, Vi, b over

a field k can be obtained in the following way. Since the number of rows of the
matrix A is equal to 3, dim;Vy = 3. Therefore Vy = {e1,eq,e3} is a vector space

1 0 0
spanned by the basis elements e; = | 0], es = |1],e3=|0]. Since as < a;
0 0 1
in P, Vo, C Vo, and so V,, = {e1}, Vo, = {e1,e2}. Since ¢3 =< ¢; in P and
ay, co are incomparable in P, V., C V., and so V., = {e3}, V., = {ea,e3},
1 1
%:{61+63,61+62}:k 0 +k 1
1 0
For a finite poset P = (5,=) of size m one introduces the rational Tits

quadratic form gp : Q™! — Q defined by:

m—+1 m
gp = Z x? + Z Ty — (Z X)) Tmg1-
i=1 i<j<m i=1
The rational Tits quadratic form ¢p is called weakly positive if gp(2) > 0 for any
nonzero vector = (x1,T2,...,Tm+1) € QM with 21, 29,..., 21 > 0. And
this form is called weakly non-negative, if ¢p(z) > 0 for any nonzero vector
r=(21,72,...,Tme1) € Q" with x1,22,...,Zms1 > 0.

Examples 3.1.2.
° 2

1. Let P be the poset { ‘ } The corresponding rational Tits quadratic
[ ]

1
form

qp = 27 + 25 + 23 + 2122 — (21 + 22)73
is weakly positive since
1 2, 1 2, 1 2
qp = 2(»’61 +r2)” + 2(1171 —x3)° + 2(1172 —x3)° >0

for any nonzero vector (x1, xe,x3).

2. Let P be the poset { e o o o } The corresponding rational Tits
quadratic form

gp = o3 + a5 + 22 + 2l + 22 — (1 + 20 + 23 + T4)T5
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is weakly non-negative since
1 1 1 1
qp = (21 — 2305)2 + (w2 — 2905)2 + (w3 — 2905)2 + (24 — 2205)2 >0

for any nonzero vector (x1,x2, xs, x4, Ts5).

The following result of Yu.A.Drozd gives a characterization of finite posets of
finite type using the Tits quadratic form:

Theorem 3.1.4 (Yu.A.Drozd). Let P = (S, =) be a finite poset over a field
k with rational Tits quadratic form qp. Then

1. The poset P is of finite representation type if and only if qp is weakly
positive.

2. If P is a finite poset of finite representation type and V is (a matriz of) an
indecomposable P-space with cdn(V) = (81, 82,. .., Sm, Sm+1), then gp(cdn(V)) =
1,5 <6 forj=1,2,....,m+1 and End(V) = k.

3. If P is a finite poset of finite representation type, and V and W are inde-
composable P-spaces, then V.~ W if and only if cdu(V) = cdn(W).

As in the case of representations of quivers, for finite posets one can also
introduce the notions of tame representation type and wild representation type.

Let P = (S, <X), where S = {1,2,...,m}, be a finite poset. Andlet V = (V;;V; :
i € S) be a representation of P over a field k. As already said, the dimension
vector d = dimV = (do,ds,...,d,,) with coordinates dy = dim Vp, d; = dim V;/V}

is called the dimension of the representation V. Write w(V) =do + > d;.
i=1

Definition. We say that a poset P is of tame representation type over
a field k, if for any natural number n there exists a finite set of representations
M, C Rep(P,k[z]) such that any V € Ind(P,k) with w(V) < n has the form
S ® B, where S € M,, and B is a finite dimensional k[z]-module.

Definition. We say that a poset P is of wild representation type over a
field k, if there exists a representation S of P over the free algebra k(z,y) such
that for any two non-isomorphic and indecomposable finite dimensional k{x,y)-
modules By and By the representations S ® By and S ® By are indecomposable
and non-isomorphic over k.

The fundamental result due to Yu.A.Drozd says that there is a trichotomy
between finite, tame and wild representation type for finite posets over an alge-
braically closed field k:

Theorem 3.1.5 (Yu.A.Drozd). If k is an algebraically closed field and P is
a finite poset it is of finite, tame or wild representation type and these types are
mutually exclusive.
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The following famous theorem gives a characterization of a wild partially or-
dered sets.

Theorem 3.1.6 (L.A.Nazarova). Let P be a poset of infinite representation
type over an algebraically closed field k with the rational Tits quadratic form qp.
Then the following conditions are equivalent:

1. The poset P is of tame representation type.

2. The poset P is not of wild representation type.

3. The quadratic form qp is weakly non-negative.

4. The poset P does not contain as a full subposet any poset from the following
lust:

N =(1,1,1,1,1) : ) ° ° ° °

L] [ ] L] [ ]
No=(1,1,1,2) :
[} [ ] [ ]
N3 =1(2,2,3): e D o Ny =(1,3,4):
Ni = (N,5) : . Ni = (1,2,6) :




130 ALGEBRAS, RINGS AND MODULES

Remark 3.1.1. This theorem was proved by L.A.Nazarova [Nazarova, 1975]
and independently by P.Donovan, M.R.Freislich [Donovan, M.R.Freislich, 1974].

3.2 DIFFERENTIATION ALGORITHMS FOR POSETS

The results characterizing posets of finite representation type and posets of wild
type were obtained by M.M.Kleiner and L.A.Nazarova using methods developed
by L.A.Nazarova and V.A.Roiter in their paper [Nazarova, Roiter, 1972]. An
important role in these methods is played by a differentiation algorithm for posets.
In 1977 A.G.Zavadskij in his paper [Zavadskij, 1977] introduced another differen-
tiation algorithm for computing representations of posets. Since both these algo-
rithms are of great importance and are used in various applications we shall give
them, but without proof.

Definition. The width w(P) of a poset P = (5, <) is a maximal number of
pairwise incomparable elements in P, i.e. the maximal length of an antichain.
A poset P is called a chain if any two of its elements are comparible.

Examples 3.2.1.

1. The posets (2,2,2), (1,3,3), (N,4), (1,2,5) in theorem 3.1.2 have width equal
to 3, whereas the poset (1,1,1,1) has width equal to 4.

2. A poset P is of width one if and only if P is a chain.

Lemma 3.2.1. If the width w(P) of a poset P is greater than or equal to four,
then P is of infinite representation type.

Proof. Suppose that w(P) > 4. Then P contains a full subposet R consisting
of four incomparable elements. It is sufficient to show that R is a poset of infinite
type over a field k. For this purpose we note that for any A € k the matrix
representation

J(n,\)

E 0)
E E E

E
O
with cdn(A(™N) = (n,n,n,n,2n) is an indecomposable representation of R, where
E is the identity matrix in M, (k) and J(n,\) is a Jordan block of size n x n.

From this lemma it follows that a poset of finite representation type has
width < 3.
For a poset P = (5, <) and x € S we define the upper and lower cone of z:

d={yesS: z=y}

y ={yeS : y=<a}
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Definition. Let P = (5, <) and 7 = (T, <) be any two (disjoint) posets. The
cardinal sum PUT or (P,7) of P and 7 is the set of all s € S and ¢t € T with
a relation < such that s < s; and t < ¢1 (s,s1 € S; t,t1 € T) have unchanged
meanings and there are no other relations in P U 7.

Definition. Let P = (S, <) be a poset and let a € S be a maximal element
such that

w(P\av) < 2.

We define a new poset
9., P = {P\atU{(p,q) : p,q,a are incomparable in P}.

The order relation < in 9, P is defined by keeping the relation between elements
of P and by the following formulas:

(1) i < (p,q) if and only if i < pori < g¢;

(2) (p,q) <4 if and only if p < i and ¢ < i;

(3) (p,q) = (p1,q1) if and only if for any x € {p,q} there is y € {p1,q1} such
that z < .

It is clear that 0,P becomes a poset which is called the differential of P
with respect to the maximal element a € P.

Remark 3.2.1. Note that a maximal element with property w(P \ aV) < 2
does not always exist for any poset. For example, the poset P : { o o o o }

has no such maximal element. However for any poset P of width < 3 each maximal
element a € P has this property, i.e., w(P\ a") < 2.

Theorem 3.2.2. Suppose that P is a finite poset, w(P) < 3 and a € P is a
mazximal element. Then the posets P and 0,P have the same representation type
(i.e., both are either of finite representation type or of infinite representation type).

The following result shows that the differentiation procedure is an algorithm
for determining matrix representations of posets.

Theorem 3.2.3. A poset P is of finite representation type if and only if
w(P) < 3 and the differentiation procedure reduces P in finitely many steps to the
empty poset.

Remark 3.2.2. Note that the differentiation procedure described above
does not depend on the choice of a sequence of maximal elements (see [Gabriel,
1972/1973]).

The differentiation procedure with respect to a maximal element, which is often
called the reduction algorithm of Nazarova-Roiter, is always applicable to
posets of width at most three.
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We shall now describe the differentiation procedure for posets due to
V.Zavadskij. This two-point differentiation algorithm can be applied to posets in
more general situations in comparison with the reduction algorithm of Nazarova-
Roiter.

Definition. Let P = (S, <) be a poset, and a,b € S. A pair (a,b) is called
suitable if a £ b, a # b and the subposet

PE="P\ (a®UbLY)

of P is either empty or is a chain. We call (a, b) irreducible if there is no relation
b<jandi<awithi,jec Py

Remark 3.2.3. A suitable pair of elements does not always exist for any poset.
For example, the poset P: { o o o e} has no such suitable pair of elements.

If a poset contains no suitable pair of elements it is called non-differential.

Example 3.2.2.
Consider the poset P of the following form:

which width equal to 3. Here b is a maximal element of P and a is a minimal
element in P\ bV. Here (a,b) is a suitable pair.

Definition. Let (a,b) be a suitable pair of elements in a finite poset P =
(S,=), and let P§ = C ={c1 < c2 < ... < ¢p} be a chain or the empty set. We
define a new poset

SapP =b"+C~ +CT +a*

according to the following rules:

(1) If C is not empty replace C' by two chains C* = {c¢] < cj < ... < ¢}
and C~ = {c¢] <c¢; <...=c,}such that ¢ and c; satisfy the same relations
asc; in P fori=1,2,...,n. If Cisempty CT = C~ is empty as well. The partial
ordering on a® and bY is as in P.

(2) Add new relations, namely a < b, a < ¢, ¢,
i=1,2,..,n.

(3) If during the second step we get elements x, y with 2 < y and y < z, then
we identify them in §(4 4)P.

< band ¢; < czr for
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The poset d,)P will be called the differential of P with respect to a
suitable pair (a,b) in P.

Example 3.2.3.
Let P be of the following form:

az e b e c e

a; e

Then d(4, )P has the form:

as b ct

LN

aq c~

Remark 3.2.4. If C is the empty set, then (4P = (S1,=1), where <y is
the same as < in P with a new added relation a <; b. If there is a relation b < a
then we identify a and b in S, otherwise S; = S.

Remark 3.2.5. The poset 6P was defined by A.G.Zavadskij and
V.V Kirichenko in the particular case when |C| < 1 [Zavadskij, Kirichenko, 1977].
In the general case this definition was introduced by A.G.Zavadskij in his paper
[Zavadskij, 1977].

Definition. We say that a poset P is N.-free if P contains as a full subposet
any poset of the form Ny, Ny, N3, Ny, N5 and Ny from the list of theorem 3.1.6.

Any poset which is a cardinal sum of one-pointed posets and posets of the form
(1,1) is called a garland.

A disjoint union decomposition P = P’ 4+ C +P" is called a splitting decom-
position of P if

(1) The subset C is either empty or a chain.

(2) z <y for all z € P" and all z € P".

For the study of indecomposable representations of posets of tame type by
using the differentiation procedure with respect to a suitable pair the most impor-
tant statements are the following (see [Nazarova, Zavadskij, 1977], [Bondarenko,
Nazarova, Zavadskij, 1979]):

Proposition 3.2.4. If (a.b) is an irreducible suitable pair in the poset P and
P is N.-free, then the derived poset 0(q )P is also N.-free.

Proposition 3.2.5. Any exact non-differential poset which does not contain
as a full subposet any poset of the form N1 = (1,1,1,1,1) and N3 = (1,1,1,2) is
a sum of two garlands.
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Theorem 3.2.6. Suppose P is an N.-free poset and w(P) > 2.
(1) If P has no nontrivial splitting decomposition and P does not contain as a
full subposet any poset of the following form.:

NZ .

then either P = (1,1,1,1) or there is an irreducible suitable pair (a,b) in P.
(2) If (a,b) is a suitable pair in P and P does not contain as a full subposet
any poset of the form N'Z then O(a,p)P also does not contain a subposet of the

form NZ.

Remarks 3.2.5. From results of the paper [Nazarova, Roiter, 1973] it follows
that all posets which are a sum of two garlands are of tame type.

For a given suitable pair (a,b) of elements of a poset P define a map
5(11,17) : Rep(Pa k) - Rep(a(a,b)Pa k)

as follows. Let C' = P = {c1 <c2 < ... <¢cp},and let V = (Vo; Vi : i€ P)
be a P-space. Choose a k-subspace U C V, such that V, +V;, = U & V}, and set
5(a7b)(V) =W = (Wo; W, : i€ 5((171,)73), where

(i) Wo =W /U;

(i) W4 = (Va+Ve,)/U fori=1,2,...,n;

(iii) W,- = (W NV,,)+U)/U fori=1,2,...,n;

(iv) W; = (V; + U)/U for j € (a® UDY).

We call §(,) a differentiation map with respect to the suitable pair
(a,b).

It can be shown that the definition of §(4) (V') does not depend of the choice
of U and so we have a well defined map.

The following fundamental result gives the main tool in the study of indecom-
posable representations of posets of finite type and posets of tame type.

Theorem 3.2.7 (A.G.Zavadskij). Let P be a finite poset with a suitable pair
(a,b), and let Py = C = {c1 < ca < ... < ¢cp} be a chain or an empty set. Then
the differentiation map (qp), defined above, has the following properties:

(1) Oapy(V O V') = 030ty (V) @ dapy(V');

(ii) Suppose V' is an indecomposable representation of P. Then d(qp) (V) = 0
if and only if V' is isomorphic to one of the P-spaces Py, Py, it = 1,2,...,n,
where P, is the induced representation of the one-element subset {a}, P, c,) is the
induced representation of the two-element subset {a,c;} so that Py .,y = Py + Pe,.
If 0(a,py (V') # O then it is indecomposable.
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(iii) The mapping d(ap) : Rep(P, k) — Rep(d(ap)P, k) yields a mapping corre-
spondence (g p) : Ind(P, k) — Ind(d(q,p)P, k).
(IV) |IHd(P, k)| = |Ind(6(a,b)7)a k)' +1+n.

As an immediate consequence of this theorem we have the following result:

Corollary 3.2.7. A poset P is of finite representation type if and only if the
derived poset 64,1 P is of finite type.

3.3 REPRESENTATIONS AND MODULES. THE REGULAR
REPRESENTATIONS

Let k be a field, and let A be an associative finite dimensional k-algebra with 1,
where k is an arbitrary field.

Definition. A representation of a k-algebra A is an algebra homomorphism
T : A — Endi(V), where V is a k-vector space.

In other words, to define a representation 7" is to assign to every element a € A
a linear operator T'(a) in such a way that

T(a+b) =T(a)+T(b)
T(oa) = aT(a)
T(ab) = T(a)T(b)
T(1) = E (the identity operator)

for arbitrary a,b € A, a € k.
The action of the operators T'(a) on V is written on the right, i.e. T'(a) : V —
V, v vT(a).

If the vector space V is finite dimensional over k, then its dimension is called
the dimension (or degree) of the representation 7. Obviously, the image of a
representation 7' forms a subalgebra in Endy (V). If T is a monomorphism, then
this subalgebra is isomorphic to the algebra A. In this case the representation T
is called faithful.

Let T : A — Endg(V) and S : A — Endi(W) be two representations of a
k-algebra A. A morphism from the representation 7" to the representation S is
a linear k-vector map ¢ : V. — W such that the diagram

V—sw

T(z)l \LS(I)
%)

V—/—Ww

is commutative for all z € A, that is, T (x) = S(x)y, for all z € A.
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If ¢ is an invertible morphism, then it is called an isomorphism of repre-
sentations. Two representations 7" and S are called isomorphic if there is an
isomorphism ¢ from the representation 7" to the representation .S, and in this case
we have

S(z) = T (x)p . (3.3.1)

Theorem 3.3.1 (A.L.Cayley). FEvery finite dimensional algebra admits a
faithful representation. In other words, every algebra is isomorphic to a subalgebra
of an algebra of linear operators.

Proof. From the axioms for algebras it follows that for every a € A the map
T(a): z+— za, v € A, is a linear operator on the space A. Moreover, T'(a + b) =
T(a) + T(b), T(aa) = aT(a), T(ab) = T(a)T(b) and T(1) = E (the identity
operator). Thus, T is a representation of the algebra A. If @ # b, then 1-a # 1-b.
This shows that the operators T'(a) and T'(b) are distinct and T is a faithful
representation, as required.

The representation constructed in the proof of Cayley’s theorem is called (right)
regular. The dimension of the regular representation equals the dimension of the
algebra.

If the dimension of a representation 7' is equal to n, then one may choose a
basis (e1, €, ..., €,) in the space V and assign to each operator T'(a) € Endy (V)
its matrix T, = (a;;) in this basis so that

n
Tej = E aij€;, Q5 € k.
1=1

Obviously, the correspondence a — T, is a homomorphism from the algebra A to
the matrix algebra M, (k). Such a homomorphism is called a matrix represen-
tation of A.

If one chooses bases in the vector spaces V and W, and T, S, are the matrices
of the linear operators T, and S, in these bases, the condition (3.3.1) can be
rewritten in the following equivalent form:

S, =PT, P!, (3.3.2)
where P € GL(n, k) does not depend on the element = € A.

A subrepresentation of a representation 7' is given by a subspace W of V
which is T'(a)-invariant for all a € A. In this case one can construct a representa-
tion on V/W, called the quotient representation.

Given a representation 7 : A — Endy (V) of A, there is the dual (or contra-
gredient) representation T* : A°? — End,(V*) of the opposite algebra A°P of
A (this is the algebra on the underlying vector space of A with multiplication
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defined by a * b = ba). By definition, vT*(a)(p) = p(vT(a)) for a € AP = A,
veV,peV*=Homg(V,k).

There is a close connection between the representations of an algebra A and its
modules. For any representation of A we can construct a right module over this
algebra, and, vice versa, for any right module we can construct a representation.

Let T : A — Endi (V) be a representation of an algebra A. Define va = vT'(a)
for v € V, a € A. From the definition of a representation it follows immediately
that, in this way, V' becomes a right A-module. We say that this module corre-
sponds to the representation 7. On the other hand, for any right A-module we
can construct a representation of A. Indeed, if M is a right A-module, then for a
fixed a € A, the map T'(a) : m — ma is a linear transformation in M. Assigning
to every a € A the operator T(a) we obtain a representation of the algebra A
corresponding to the module M.

Given two representations 77 : A — Endg (V1) and 7% : A — Endg(12), a
mapping f : T1 — T5 is a linear transformation f : Vi — Vs satisfying f(vT1(a)) =
f(0)Ts(a) forv € V, a € A, or, rewritten, f(va) = f(v)a; hence it is an A-module
homomorphism. Thus, the category of all representations of A is equivalent to the
category of all right A-modules.

To left A-modules there correspond the dual representations of the algebra A.
In particular, by considering the algebra A as a left module over itself, we obtain
the concept of the regular left module and the regular dual representation.

If T, : A — Endig(V;) is a family of representations, their direct sum is the
representation 7' : A — Endy(V'), where V = @V} is a direct sum of vector spaces

K3

and T(A)|ly, = Ti(z) for all z € A. The category of all representations is an
additive Abelian category.

Definition. A representation of A is said to be simple (or irreducible)
provided it is nonzero and the only proper subrepresentation is the zero
representation.

By choosing a suitable basis of a vector space V all matrices of a reducible
representation 7" in this basis have the form:

T _ T U,
‘ o T?

for all x € A, where the Tgf) are square matrices of degree n; < n, where n =
dimk V.

The Schur lemma (see proposition 2.2.1, vol.I) says that the endomorphism
ring of a simple representation is a division ring.
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Definition. A representation 7' of a k-algebra A is said to be indecom-
posable if its corresponding right A-module is indecomposable. In other words,
a representation 7' is indecomposable if it cannot be written as a direct sum of
nonzero representations. Otherwise it is called decomposable.

A simple module is obviously indecomposable. But an arbitrary indecompos-
able module may have proper submodules.

Definition. A representation 7' of a k-algebra A is said to be completely
reducible if it is a direct sum of irreducible representations.

By choosing a suitable basis of a vector space V all matrices of a completely
reducible representation 7" in this basis have the form:

™ o ... o0
o T? ... 0
T, = )
0 o ... 1™

for all ¢ € G, where the Tg,f) form irreducible square matrix representations of
degree n; < n, where n =dimg V,1=1,2,...,m.

Any finite dimensional module over an algebra A can be uniquely written
(up to isomorphism) in the form of a direct sum of indecomposable modules by
the Krull-Remak-Schmidt theorem. This means that for many questions one can
restrict attention to the consideration of indecomposable modules.

Let A be a finite dimensional k-algebra, and let V' be a finite dimensional right
A-module. We construct a category C(V') whose objects are the submodules of
tensor products of the form U ®j V', the U being finite dimensional vector spaces;
a morphism from an object X C U ®; V to an object Y C W ®; V is a linear
mapping ¢ : U — W such that (¢ ® 1)(X) C Y. The problem of classifying the
objects of C (V') up to isomorphism is, by definition, a linear matrix problem.

The following considerations and constructions serve to reformulate such a
linear matrix problem as a representation theoretic problem. Clearly, the module
V may be assumed faithful (by replacing, if needed, the algebra A with its quotient
algebra A/(Ker(A — Endg(V))) ). Thus A is identified with a subalgebra of
E = End;V. Let O be a discrete valuation ring with field of residues k, and let 7
be a prime element of 0. Consider an O-lattice L (i.e., a free O-module) of rank
n=dim V. If T = Endp L, then I'/7' ~ E, and L/mL ~ V as an E-module. Let
A stand for the preimage of the subalgebra A C F in I', and consider the category
Rep(A) of representations of A (over O); that is, of A-modules that are O-lattices.
Every such module M can be naturally embedded into the I'-module M T which is
a representation of I'. But every I'-module is of the form F'®@ L, where F' is some
O-lattice, and every I'-homomorphism F ®» L — G ®o L is of the form f ® 1,
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where f : F' — G is a homomorphism of O-modules, and f is an isomorphism if
and only if f: U — W is an isomorphism, where U = F/7F and W = G/7G.

Since A D 7T, it follows that M D> wMT. Set M = M/7xMT. This is an
A-submodule of MT' = MT'/xMT. Let g : M — N be a homomorphism of
A-representations. This can be extended to a I'-homomorphism ¢I" : MT' — NT,
where if MI' = F®op L, NT' = G®p L and gI' = f ® 1. Then g, gI" and f
are all isomorphisms if one of them is. Moreover, if U = F/nF, W = G/7nG and
f : U — W is the homomorphism induced by f, then MT = U®;,V, NT = W,V
and (f ® 1)(M) C N.

We note that an A-submodule X C U ®; V is of the form M if and only if
XFE =U ®; V. However, for every X C U ®; V, XFE is a direct summand of
U ® V; that is, U = Uy ® Uy, where X C U; ®% V and X E = U; ®; V. Therefore
an object X C U ® V in C(V) is the direct sum of the object X C U; ®; V and
an object Y C Us ®; V. The second summand is isomorphic with O™, where O
is the object in C(V') determined by the zero submodule of V', and m = dim Us.
These arguments yield the following statement:

Theorem 3.3.2. Let M and N be representations of A, let g : M — N be
a homomorphism, and suppose that MI' = F ® o L, NI = G®o L, U = F/7F,
W =G/nG and gT' = f @ 1, where f : F — G and f : U — W is the mapping
induced by f. Setting W(M) = M C U ®; V and ¥(g) = f, we obtain a functor
U : Rep(A) — C(V). Here U(M) ~ U(N) if and only if M ~ N. Every object of
C(V) is isomorphic to a ¥(M) ® O™ for some M € Rep(A).

Thus the classification of representations of A is equivalent to the given linear
matrix problem.

In conclusion we show that this scheme includes the representations of a poset
S; that is, homomorphisms of S into the lattice of subspaces of a finite-dimensional
space U. For this purpose construct the algebra A = A(S) with basis {a;; : i,j €
S; 1 =< j} and multiplication table a;jar = 0;jxa:, and the A-module V' = V(S)
with basis {v; : ¢ € S} and the operator action given by vjar; = 6;jv, where ;5
is the Kronecker delta symbol. If X is an A-submodule of U ®j V', then associating
i € S with the subspace X; = {u € U : u®v; € X} gives a representation of S
in U. Conversely, if i — X; is a representation of S in U, then X =" z; ® i
is a submodule of U @, V. If S = {1,...,n}, then A can be identified with the
subalgebra of M, (k) spanned by the basis {e;; : 4,5 € S; i = j} (here the e;;
are the matrix units). Then the corresponding ring A = A(S) is a subring of
M, (0) with O-basis {d;je;; : 4,7 € S}, where d;; = 1fori < jand d;; =7
otherwise. The representations of A(S) over O are classified up to isomorphism
by the representations of the poset S.

Remarks 3.3.1.
1) The classification of the representations of an arbitrary O-order A such that
I' D A D #I" for some maximal order I' can be reduced in a similar fashion to a
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matrix problem (though not necessarily to a linear one). If A 5 #I" we obtain such
a problem but not over k this time, but over the quotient ring O/7*O.

2) Replacing the submodule X C U ®; V by its projective cover P, or
more exactly by the corresponding homomorphism P — U ®; V, we obtain
an interpretation of the linear matrix problem in terms of V-matrices (see
[Drozd, 1972]). For posets this gives essentially the original matrix treatment of
L.A.Nazarova and A.V.Roiter (see [Nazarova, Roiter, 1972]).

3.4 ALGEBRAS OF FINITE REPRESENTATION TYPE

One of the main problems in the theory of representations is to get information
about the structure of indecomposable modules. And, if possible, to obtain the
complete description of all indecomposable modules up to isomorphism. All alge-
bras are divided in different types of representation classes. As was conjectured
by P.Donovan and M.Freislich and established by Yu.A.Drozd, for the case of an
algebraically closed field k, there are only three different representation classes:
finite, tame and wild representation type.

Definition. A k-algebra A is said to be of finite representation type
(or finite type, in short) if A has only a finite number of non-isomorphic finite
dimensional indecomposable representations up to isomorphism. Otherwise A is
said to be of infinite representation type.

Examples 3.4.1.

1. Every indecomposable representation of a finite dimensional semisimple
algebra is equivalent to a direct summand of the regular representation, by the
Wedderburn theorem. Hence, every finite dimensional semisimple algebra is an
algebra of finite representation type.

2. A k-algebra k[z]/(2™) is an algebra of finite representation type.

3. The algebra A = {1,7,s : r> = s? = rs = sr = 0} is an algebra of infinite
representation type.

4. The k-algebra k[x,y]/(z™,y™), for n,m > 2, is an algebra of infinite repre-
sentation type.

5. The group algebra KG of a finite group G over a field K of characteristic
p > 0 has finite type if and only if the p-Sylow subgroup of G is cyclic.

6. Any serial algebra is of finite type.

A main invariant in the theory of representations is the length of a module
which is defined as the length of its composition series. Recall that a module
has finite length if and only if it is both Artinian and Noetherian. Such modules
are called finite length modules. It is obvious that any finite length module is
a direct sum of indecomposable modules of finite length. And by the Fitting
lemma the endomorphism ring of any indecomposable module of finite length is a
local ring. Then, by the Krull-Schmidt theorem (see theorem 10.4.11, vol.I), the
decomposition of a finite length module into indecomposable modules is unique
up to isomorphism.
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Definition. We say that a ring A is of bounded representation type if
there is a bound on the lengths of indecomposable A-modules. Otherwise it is said
to be of unbounded representation type.

We say that a ring A has a strongly unbounded representation type,
if there is an infinite sequence d; < ds < ... such that A has infinitely many
indecomposable modules for each length d;.

Theorem 3.4.1 (The first Brauer-Thrall conjecture). If the number
of indecomposable modules of length 1 is finite, then bounded representation type
implies finite representation type.

This conjecture was proved by A.V.Roiter in 1968 [Roiter, 1968] for a finite
dimensional algebra A over an arbitrary field.

And it was generalized by M.Auslander for Artinian algebras [Auslander, 1971],
[Auslander, 1974a], [Auslander, 1974b].

Theorem 3.4.2 (M.Auslander). An Artinian algebra A is of finite repre-
sentation type if and only if there is a bound on the lengths of the indecomposable
A-modules.

A stronger version of the Brauer-Thrall conjecture is the following statement:

(The second Brauer-Thrall conjecture). If a finite dimensional algebra
A has infinite representation type, then it is of strongly unbounded representation

type.

So far this stronger conjecture has been proved for a finite dimensional algebra
over an algebraically closed field k& by R.Bautista [Bautista, 1985] and K.Bongartz
[Bongartz, 1985]:

Theorem 3.4.3. If a finite dimensional algebra A over an algebraically closed
field k is not of finite representation type, there are infinitely many dimensions
for which the number of isomorphism classes of indecomposable finite dimensional
A-modules is infinite.

All k-algebras of infinite type are further divided into algebras of wild rep-
resentation type and algebras of tame representation type.

Definition. An algebra A said to be of tame representation type (or a
tame algebra, in short) if it is of infinite type but all families of indecomposable
representations are 1-parametric. In other words, for any r there are (A4, k[z])-
bimodules My, ..., M, (where the natural number n may depend on r), which are
finitely generated and free over k[x] such that any indecomposable A-module of
dimension r is isomorphic to some M; ® k[x]/(x — \).

An algebra A is said to be of wild representation type (or a wild alge-
bra, in short) if there is an (A, k(z,y))-bimodule M which is finitely generated
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and free over k(x,y) and such that the functor M @ (z,y) * sends non-isomorphic
finite dimensional k(z, y)-modules to non-isomorphic A-modules. In this case the
category of all finite-dimensional A-modules includes the classification problem for
pairs of square matrices up to simultaneous equivalence.

Yu.A.Drozd proved that for an algebraically closed field k there is a trichotomy
between finite, tame and wild representation type for finite dimensional algebras
[Drozd, 1980]:

Theorem 3.4.4 (Yu.A.Drozd). Let A be a finite dimensional algebra over
an algebraically closed field. Then A is of finite, tame or wild representation type.

Examples 3.4.2.
1. The Kronecker algebra

[k kok
A= “3)

where k is a field, is a four-dimensional algebra, which is of infinite representation
type. The problem of the classification of all indecomposable modules over this
algebra is equivalent to the classification of the indecomposable matrix pencils.
This problem was considered by K.Weierstrass and then solved by L.Kronecker in
1890. This algebra is of tame type.

2. Let G = {z,y : 22 =y? = 1,2y = yx} be the Klein 4-group, and let k be
a field. Then the group algebra kG is of wild representation type.

In the representation theory of associative algebras it is important to obtain
necessary and sufficient conditions for a given algebra to be of finite, tame or wild
type. Another important problem is to describe all indecomposable representations
in the finite and tame cases. These problems have still not been solved in the
general case.

A full description of algebras of finite or tame type and their representations
has been obtained only for some particular classes of algebras, for example, for
hereditary algebras and algebras in which the square of the radical equals zero.

Taking into account theorems 2.4.1 and 2.3.4 we have the following statement.

Theorem 3.4.5. If Q is a quiver of finite representation type, then the path
algebra kQ is an Artinian hereditary algebra of finite type.

With any finite dimensional algebra A over a field k& one can associate its
Gabriel quiver Q(A) (see section 11.1, vol.I).

Let P4, ..., Ps be all pairwise nonisomorphic principal right A-modules. Write
R, = PR (i =1,..,s) and V; = R;/R;R where R is the radical. Since V; is a

semisimple module, V; = ® U;” , where the U; = P;/R; are simple modules. This
j=1
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is equivalent to the isomorphism P(R;) ~ é Pjt” . To each module P; assign a
j=1

vertex ¢ and join the vertex ¢ with the vertex j by ¢;; arrows. The thus constructed
graph is called the quiver of A in the sense of P.Gabriel and denoted by Q(A).

For any finite quiver @ = (VQ,AQ,s,e) we can construct a bipartite
quiver Q° = (VQ’ AQ®, s1,e1) in the following way. Let VQ = {1,2,..,s},
AQ = {o1,09,...,01}. Then VQ® = {1,2,...,5,b(1),b(2),...,b(s)} and AQ® =
{71, 72, ..., 7k}, such that for any o; € AQ we have s1(7;) = s(0;) and ei(7;) =
b(e(o;)). In other words, in the quiver @° from the vertex i to the vertex b(j) go
t;; arrows if and only if in the quiver @ from the vertex i to the vertex j go t;;
arrows. As before, denote by @ the undirected graph which is obtained from @
by deleting the orientation of all arrows.

Example 3.4.3.
Let k be a field and

k 0 k
A=|0 k k
0 0 k
Then
0 0 k
R=radA=1{[0 0 k
0 0 O

and so R? = 0. The right principal modules are Py = (k0 k), P, = (0 k k),
P; = (O 0 k), while the simple right modules are the U; ~ P;/P;R fori =1,2,3.
Therefore PiR = (0 0 k) ~ Us, PR = (0 0 k) ~ Us, P3sR = 0. Thus the
quiver Q®(A) has the following form:

1 2 3
[ ] [ ]

. N .
by ba b3

If A is a finite dimensional algebra over an algebraically closed field k with zero
square radical and with associated quiver @), then an explicit connection between
the category mod,(A) and the category Rep Q°(A) was established by P.Gabriel.
He has proved the following theorem:

Theorem 3.4.6 (P.Gabriel). Let A be a finite dimensional algebra over an
algebraically closed field k with zero square radical and quiver Q. Then A is of
finite type if and only if the quiver Q°(A) is of finite type.

Proof. We shall give only a short sketch of the proof. Let A be a finite
dimensional algebra over an algebraically closed field k& with Jacobson radical R
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and R? = 0. First we construct the Grassmann category G(A) of the algebra
A. The objects of G(A) are triples (X,Y, f), where X,Y are A/R-modules, and
f: X ®arR—Y isa A/R-epimorphism. A morphism (X,Y, f) — (X1,Y1, f1)
is a pair (p, ), where ¢ : X — X3, ¢ : Y — Y7 are A/R-homomorphisms such
that fi(¢ ® 1g) = 9 f. Next construct the functor F' : mod, A — G(A) given
by F(M) = (M/MR,MR, f), where f: (M/MR)®a/r R — MR is induced by
m ® r — mr for any right finite dimensional A-module M. Then it can be proved
that this functor induces a one-to-one correspondence between the isomorphism
classes of indecomposable objects in mod, A and G(A).

Let Py, ..., Ps be all pairwise nonisomorphic principal right A-modules, R; =
PR (i =1,...,s), V; = R;/R;R, and let the U; = P;/R; be the simple modules.

Since V; is a semisimple module, V; = é U;”. Since R?> = 0, R; ~ V; and so
<
S tis ’
R~ & U™
4,j=1

Let T'= (X,Y, f) € G(A). Since X, Y are A/R-modules, we can write X =
U @...oU" and Y = Uy @ ... UF. Then the map f: X ®4g R — Y
induces ¢;; k-homomorphisms U™ — U]]?j.

Therefore this construction yields a fully faithful functor F' from the category
G(A) to the category of k-representations of A. It is easy to see that indecompos-
able objects of G(A) turn into (again) indecomposable representations of A.

Taking into account theorem 3.4.6 and theorem 2.6.1, we obtain the following
theorem:

Theorem 3.4.7 (P.Gabriel). Let A be a finite dimensional algebra over an
algebraically closed field k with zero square radical and quiver Q. Then A is of
finite type if and only if QV is a finite disjoint union of Dynkin diagrams of the
form A,,D,, Egs, E7, Es.

This theorem has been generalized to the case of arbitrary fields.

With any finite dimensional algebra k-algebra A we can associate a k-species.
Let B be the basic algebra of A. Then B/radB ~ K1 & K2 & ... & K,,, where
the K; are skew fields for i = 1,...n which are finite dimensional over k. We can

write rad B/(radB)? = & iM;, where the ;M; are K;-Kj-bimodules. This yields
g

the k-species L4 = (K;, ;M) jer-

Given a k-species (Kj,;M;); jer, define its separated diagram as follows.
The finite set I x {0, 1} is the set of all vertices, and there are ¢;; = dimg, (;M;) x
dim(; M)k, edges between (,0) and (j, 1).
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Moreover, there is a (multiple) arrow — provided dimg, (;M;) <

dim(; M;)k;,, which connects (i,0) with (j,1) and contains ¢;; edges. Note that
there are no edges between (7,0) and (j,0), nor between (i, 1) and (7, 1).

Theorem 3.4.8. Let A be a finite dimensional k-algebra A over an arbitrary
field k with (radA)? = 0. Then A is of finite type if and only if the diagram of its
k-species is a finite disjoint union of Dynkin diagrams.

Remark 3.4.1. This theorem was proved by P.Gabriel in the case when the k-
species L4 = (K;,;Mj); jer has the property that all K; are equal to a fixed skew
field F and p(;M;)p = (pFp)™ for some natural number n;;. Also P.Gabriel has
shown that the structure of a k-algebra A of finite type with (radA)? = 0 can be
recovered from the known results in the case when k is a perfect field [Gabriel,
1972], [Gabriel, 1973]. In its general form for arbitrary fields k theorem 3.4.8 was
proved by V.Dlab and C.M.Ringel [Dlab, Ringel, 1973], [Dlab, Ringel, 1975].

With any species £ = (K, ;M;); jer one can associate the special tensor alge-
bra of a bimodule of the following form ¥(£) = Fp(M)=Be M e MM & .. .,

where B = [[ K; and M = & ;M;.
icl i,j€l

Theorem 3.4.9 (V.Dlab, C.M.Ringel). Let L be a k-species. Then the

category Rep L of all representations of L and the category mod, T(L) of all right
T(L)-modules are equivalent.

Proof. Let X be a right T(£)-module. Then it can be considered as a right B-
module, because B is a subring of f(ﬁ). Let eq1,...,e, be the set of all primitive
idempotents of B and 1 = e; + ...+ e,. Then X decomposes uniquely into a

direct sum X = EB X, where X; = Xe; are right K;-modules and X;K; = 0 for

i # j. Since M 1s a B-bimodule the multiplication of Xp gives rise to a right
Bmapgp X ®p M — X. Since X; @k, jMs = 0 for i # j, the map ¢ given

by ¢ : @ (X; ®B iMj) — EB X; is determined by the family of Kj-linear maps

X ®B 1M X; XK, 1M HX

Now a functor R : mod, T(L) — Rep L is defined as follows: for any right
T(L)-module X we set R(X) = (X;, jo;). Remark, that the right T(L£)-module
structure on X is uniquely determined by the map ¢ and so by the family of
morphisms {;¢;}.

Let X, Y be two right T(£)-modules and let @ : X — Y be a T(L)-
homomorphism. Let R(X) = (X;, ¢;) and R(Y) = (¥, j1;). Since « is also
a B-homomorphism, a(X;) CY; and it is determined by the family of restrictions
a;: X; — Y. Set R(a) = {a}. Since av is a T(L)-homomorphism, we have that
Ui(a; ® 1) = - js, ie., {o} is a map in Rep L.

Conversely, let (X;, jo;) € Rep L. Define a functor P : Rep £L — mod, T(£)
as follows: P(Xj;, j¢;) = X, where X = éz_BXl- and the ring B = @ K; operates on
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X via the projection B — K;. Then the scalar multiplication by M on X is
defined inductively by o™ : X @ g M™ — X with
oM = % joi: X®p M= % (X: ®p M;) =

i,j=1 i,j=1
n n
i,j=1 1=1

and

(n)
e = o™ @1): X @ MO = (X o MM) oy MY ' Xep M 5 X

If {a;} : (X5, joi) — (Y3, j¢;) is in Rep £, then a = % o X = és X, =Y =
i=1 i=1

&Y, isa right T(£)-map and so we can set P({a;}) = a.
i=1

It is easy to verify that R and P are mutually inverse equivalences of categories,
as required.

Remark 3.4.2. Theorem 3.4.9 was proved by V.Dlab and C.M.Ringel (see
[Dlab, Ringel, 1973], [Dlab, Ringel, 1975]. A different version of this theorem was
obtained by E.L.Green [Green, 1975].

From theorem 3.4.9 the following theorem follows immediately.

Theorem 3.4.10.' Let L be a k-species. The special tensor algebra T(L) is
of finite representation type is and only if the k-species L is of finite type.

Let £ be a k-species. From corollary 2.2.13 it follows that the special tensor
algebra (L) is hereditary. It was shown that the converse is also true for the case
of finite type.

Theorem 3.4.11. A finite dimensional k-algebra A is a hereditary algebra of
finite type if and only if A is Morita equivalent to a tensor algebra T(L), where L
1s a k-species of finite type.

Remark 3.4.3. This theorem first was proved by P.Gabriel? for the case of
an algebraically closed field k£ and then was proved by V.Dlab, C.M.Ringel for an
arbitrary field k.3

Theorem 3.4.12.* Let A be a finite dimensional hereditary k-algebra with
associated k-species L. Then A is of finite type if and only if the diagram of L is
a finite disjoint union of Dynkin diagrams.

These theorems have been generalized to the case of Artinian algebras.

Isee [Dlab, Ringel, 1975].
2see [Gabriel, 1972], [Gabriel, 1973]
3see [Dlab, Ringel, 1975].
“4see [Dlab, Ringel, 1976].
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Definition. Let R be a commutative Artinian ring. An R-algebra A is a ring
together with a ring morphism ¢ : R — A such that Im(¢) C Cen(A). In other
words we can assume that ra = ar for each r € R and a € A.

We say that A is an Artinian R-algebra, or Artinian algebra, in short, if
A is finitely generated as an R-module.

Important examples of Artinian algebras are finite dimensional algebras over
a field.

Applying theorem 2.7.1, V.Dlab and C.M.Ringel proved the following theorems
which give a full description of hereditary Artinian algebras of finite type.

Theorem 3.4.13. A hereditary Artinian algebra A is of finite type if and only
if A is Morita equivalent to a tensor algebra T (), where ) is a k-species of finite

type.

Theorem 3.4.14. Let A be a hereditary Artinian algebra with quiver Q. Then
A is of finite type if and only if the underlying graph Q is a finite disjoint union
of Dynkin diagrams.

More generally questions concerning finite dimensional algebras over alge-

braically closed fields are treated by considering quivers with relations.

3.5 ROITER THEOREM

In this section we shall give the proof of the first Brauer-Thrall conjecture for finite
dimensional algebras over arbitrary fields following A.V.Roiter.

Theorem 3.5.1 (The first Brauer-Thrall conjecture). If a finite dimen-
sional k-algebra A (where k is an arbitrary field) is of infinite representation type,
then it has indecomposable modules of arbitrary large dimensions.

Throughout this section A denotes a fixed finite dimensional algebra over a
field k.

Definition. Let A and B be A-modules. We say that A divides® B, and
write A|B, if A-Hom (A, B) = B, where

A-Hom (A, B) = Z Im .
pcHom (4,B)

It is easy to see that if A and B are Noetherian modules then A|B if and only
if there is an integer n such that there is an exact sequence A™ — B — 0.

Definition. A decomposition A = A1 $A:&...6 A, is called normal if A;|A;

5The relation “|” defined here is reflexive and transitive but it is not symmetric just as in the
case of the usual relation of divisibility of integers.
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for i < j. A module A which cannot be decomposed into a nontrivial normal direct
sum is called normally indecomposable.

It is obvious that any Noetherian module A can be decomposed into a direct
sum A = A’ ® A", where A’ is normally indecomposable and A’|A.

Proposition 3.5.2. Let A be a finite dimensional algebra over a field k, let B
be a finitely generated A-module, and let A be a normally indecomposable quotient
module of it. If A|B, then the exact sequence B 2 A — 0 splits (where @ is the
quotient map).

Proof. Let U = Homy (A, A), which is a finite dimensional k-algebra. Set
T = Homy (A, B)p. Obviously, T is a left ideal of U and AT = A. Let R =rad A
be the radical of A. Write U = U/R and T = (T 4+ R)/R. Then T is a left ideal
in U and T = eU, where e is an idempotent of T. Let e € T be an idempotent
corresponding to the idempotent e. Then T' C eU + R, A = AT = AeU + AR.
Therefore, by the Nakayama lemma, A = AeU. Since A = Ime @ Kere, ImelA.
By assumption, A is normally indecomposable, so Ime = A, i.e., e is an identity
of U = Hom(A, A). Since e € T = Hom(A, B)y, e = 1hp, where ¢ € Hom(A, B).
So, by proposition 4.2.1, vol.I, the exact sequence B > A — 0 splits.

The following statement is obvious:

Lemma 3.5.3. Let
B2 A-0 (3.5.1)

be an exact sequence, and let X be an arbitrary module. Consider

BaX S A6X -0 (3.5.2)

which is also an exact sequence, where (b, x) = (bp, ). Then the sequence (3.5.1)
splits if and only the sequence (3.5.2) splits.

In what follows in this section we shall assume that all modules are finitely
generated over a finite dimensional k-algebra A. Each such module A obviously
has finite length which is denoted by I(A).

Denote by 99t the set of all indecomposable A-modules. We shall construct in
M a sequence of subsets Wy, MY, ..., DML, ... in the following way. My =
{AeMm : I(A) =1}. Assuming that My, ... D have been constructed, define
M. by setting A € M if and only if

1) Aem,;

k
2) A¢ Y M;;

k
3) any proper indecomposable quotient module of A is contained in U 9;.

1=1
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Then we set

— - _
M1 ={Ae, : 1(4) = s [(B)}.

k
Since M. N _91 M; =0, and My C M, it is obvious that M; N M, = O for
1# 7.
Lemma 3.5.4. M; # () for only finitely many i.

Proof. Since the lengths of all modules from 9t are bounded it is sufficient to
show that modules with a fixed length k can be in only a finite number of 9;.
We shall prove this by induction on k. For k =1 this statement is trivial because

all modules of length 1 are in 91, and only in 91;. Set R = U M;, Rs = U ;.

Assume that for j < k the modules of length j belong only to a finite number
of M;. Then there is a number s such that for any A € R, its length I(A) > k.
Suppose that A € Ry and [(A) = k + 1. If C is a proper indecomposable quotient
module of A, then C' € R, since otherwise A ¢ M. for any 4, and so A ¢ R. Since

I(C) < l(A) =k+1, C € _ESJl M;. Therefore A € M., and it is obvious that

A e M, for all i > s. So if B is any other module such that B € M; for ¢t > s and
1(b) =k + 1 then also A € M, i.e., all modules from R, whose length is equal to
k + 1, belong to not more than one set ;.

k
Lemma 3.5.5. If Ac9M and A & 'L—J1 M, then there is a quotient module B
of A which is contained in ..

Proof. 1If all indecomposable quotient modules of A belong to U M;, then
we can take B = A. Otherwise we choose a quotient module A; € SDI such that
A & '91 M. If Ay € 9, then take Ay = B. If A; ¢ 9, consider a quotient

k
module A; € 91 such that As & _91 M, and so on. From the ascending chain

condition it now follows that in a finite number of steps we find a quotient module
which belongs to 91..

Lemma 3.5.6. There is an integer n such that ,Ql M; = M.

Proof. By lemma 3.5.4, there exists an integer n such that 9, = () for ¢ > n.
If 'Q1 M, # M, then, by lemma 3.5.5, M’ £ 0, and so M1 # 0.

Proposition 3.5.7. If A is a finite dimensional algebra of bounded represen-
tation type, then there is a function f: mod-A — N such that:
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1) from the existence of a non-split exact sequence

7 B; — A—0,

i=1
where the Bi,...,Bs, A are indecomposable modules, it follows that f(A) <
_max f(By);

2) f(A) = f(B) implies I[(A) = I(B);
3) there is an integer n such that f(A) < n for any indecomposable module A.

Proof. From the construction of the sets 9t; and lemma 3.5.6 it follows that
for any indecomposable module A € 91 there exists a unique integer 7 such that
A e M,;. Weset f(A) =i. From lemma 3.5.6 it follows that the function f satisfies
condition 3), the fulfillment of condition 2) follows from the construction of the
sets My41. So it remains to verify condition 1).

Let there be a non-split exit sequence

& Bi— A—0, (3.5.3)

=1

where the By, ..., Bs, A are indecomposable modules. Let k = max f(B;). We

=1,2,...,

need to show that f(A) < k. We shall this prove by induction on k. For k = 1 the
statement is obvious, because in this case all B; are irreducible and the sequence
3.5.3 can not be non-split.

Suppose that for all j < k the statement is proved. We represent the module
B =B ®By®...» B, in the form B = B’ ® B”, where B’ is normally inde-
composable and B’|B. Renumbering the B; if needed and taking into account the

Krull-Schmidt theorem we may assume that B’ = & B;, where r < s. Since B’|B
i=1

1=

and B|A, we obtain that B’|A. So there exists an exact sequence
B'm £, 4 . (3.5.4)

If this sequence would be split, then, by the Krull-Schmidt theorem, A ~ B; for
some 7. Consider the sequence

BPA—A®dX — 0,

where X = B1 ®...8® B;_1 & Bi41 @ ... ® B,, which is split, by proposition
3.5.2. Then, by lemma 3.5.3, the sequence 3.5.3 is also split. If f(B;) < k for all
i =1,2,...,r, then the required inequality f(A) < k follows from the inductive
assumption. We can assume that f(B;) = k for i < ¢ < r and f(B;) < k
for ¢ < i < r. Also B’|B. Renumbering the B; and taking into account the
Krull-Schmidt theorem we find that there exists a (proper or improper) quotient
module C' of the module A that is in 9. Since B’|A and A|C, it follows that
B'|C, i.e., there is a set of homomorphisms ¢;; : B; — C, i = 1,...,q such that
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me;; = ince C' € , i) > ort=1,...,q. erefore for
I ; = C. Si cCem_,, B 1(C) for i 1 Therefore f

1 < i < ¢ and for any ¢;; we have that either 1) Imep;; is a proper quotient
module or 2) Imyp;; = C ~ B;.

If for all ¢+ (1 < i < ¢) we have the first case, then from the construction of
f it follows that the values of f on all direct summands of Im¢;; are not more
than k — 1. Since f(B;) < k —1 for ¢ < i@ < r, we then obtain that D|C, where

T
= (X @®Imy;;) & ( Y. @B;) and the values of f on all indecomposable direct
@] i=g+1
summands of D are not more than k—1. Taking an exact sequence D) — C' — 0,
we see that either this sequence splits and then f(C') < k—1, by the Krull-Schmidt
theorem, or this sequence is not split and then f(C) < k — 1, by the induction
assumption. In the both cases we have a contradiction with C' € 9 _;.

Now consider the second case when C ~ B; for some i, where 1 < ¢ < r. In
this case we consider the exact sequence:

A—C —0. (3.5.5)
We also construct the sequence
ApX —CHp X — 0,

where X = B1®...®&B;_1 @ Biy1 ®...® B,, which is split, by proposition 3.5.2.
Then, by lemma 3.5.3, the sequence 3.5.5 is also split. A contradiction.

Lemma 3.5.8. Let My, ..., M;, B be a set of modules. There exists an integer
N such that for any exact sequence

OHB—>X—>MTIEB...EBM,5(M)HO (n; >0)
it follows from 1(X) > N that X =Y & M, for some i and some Y .

Proof. The group Ext(M;, B) is a finite dimensional vector space over k. Sup-
pose its dimension is equal to s;. If n; > s; then there is a module M; which is a
direct summand of X. Therefore it is sufficient to take

N =" sil(M;)+1(B).

=1

Proof of theorem 3.5.1. Assume the contrary. Consider the function f on
the set of all indecomposable representations of an algebra A, which satisfies the
conditions of proposition 3.5.7. We set M; = {A € M : f(A) = i}. The
set M, is finite, because any finite dimensional algebra has a finite number of

modules of length 1. On the other hand, U M; = M (for some n). Therefore
there is an integer k such that the 91; are ﬁnlte for i < k, and M, is infinite. We
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denote by 2 the set of modules of whose all indecomposable direct summands

k—1
are contained in .Ul M;. We now show that if A, B are submodules in C, and
i=

A, B € M, then the submodule D = A+ B € 9 as well. Indeed, in this case
(A@® B)|D. Decomposing A, B, D into direct sums we obtain exact sequences of
the form X — D; — 0 where all indecomposable direct summands of the module

X are contained in U IM;, where the D; are the indecomposable direct summands

of D. For those 1, for wh1ch this sequence is split, from the Krull-Schmidt theorem
we obtain that f (D;) < k —1; and for those 4, for which this sequence is not
split, from property 1) of the function f it follows that f(D;) < k — 1. Thus,
D € 9, and so any module A has a submodule U(A) € 9t which contains any
other submodule belonging to 1.

We decompose the set My into the classes by considering A, B € MM, to belong
to the same class if U(A) ~ U(B). Taking into account that the lengths of all
modules from 9, are equal, the lengths of all possible U(A) are bounded, and as
I contains only a finite number of indecomposable modules, we obtain that 9
decomposes into a finite number of classes. Therefore there is a class ¥ containing
an infinite number of modules.

Let Aq,..., A, be a distinct modules from ¥. Consider A = E ®A; and write

1=

U; = U(4;). By definition, U; >~ U for 4,j = 1,...,m. Let ¢; : Uy, — U; be
one of these isomorphisms. Consider the submodule U = {(u1,--yum) : u; €
Ui, and u; = @(up)} in A. Let V = A/U. We shall show that there is an integer
myg such that V is indecomposable for any m > my.

Let V=Vi &...8 V;. It is obvious that A|V|V; for 1 < j < s. Therefore
taking into account property 1) of the function f and the Krull-Schmidt theorem,
we conclude that either there is a V; >~ A; or f(V;) < k for all j. In the second
case, since .U M, is a finite set, we can choose an integer mq such that V; is a

i=1

direct summand of A for m > mg, by lemma 3.5.8 (where for M, ..., M; one

takes U M;, for B one takes U, and for X one takes A). This contradicts the

Krull- Schmldt theorem.

This takes care of the first case, i.e., there is a V; ~ A; for m > mg. Suppose
V = A1 @Y. Denote by ¢ the epimorphism A — V', by v the projection V' — Ay,
and set a = 1, which is the homomorphism A — A;, and denote by «; the
restriction of a to A; C A. We shall show that a; is an isomorphism, Indeed,
otherwise all Im «; are proper quotient modules of A;, and so all direct summands

k—1
of Im «; belong to ,Ul IM; and their direct sum cannot divide A;.
i=

Thus, « is an isomorphism. We set T'= Ao & ... B A, B=ao + ...+ aup :
T — A;. Consider the submodule 77 = {t — tfa;" : t € T} in A. We now
show that 7" contains U. Indeed, to start with, obviously A = A; & T. On the
other hand, T’a = 0. Take an arbitrary element v € U. Let u = w; + ug, where
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up € A1, us € T'. Applying the homomorphism a = ¢ to the element u we
see that ua = 0, usax = 0, and so uyx = 0. Since ujx = uwyy and oy is an
isomorphism, u; = 0, i.e., u € T’. Taking into account that 7" = {t — tﬁl_l}
and U = {(u1,...,um) : w; € Uj,u; = @i(um)} C T', where U; = U(4;) is a
submodule of A; (U; ~ Uy ~ ...~ U, and ¢; : U; — U, is an isomorphism), we
conclude that U; C Im 3 C Ay, and the homomorphism §: A & ... A,, — Ay
maps the module U’ = {(ug,...,um) | ui € Uj,u; = @;(um)} onto U;. We shall
show that Im 8 = U;. Indeed, Imf = > Ima,;. Each Ima; (i # q) is a proper
quotient module of A;. Therefore Imlﬂ 2is a module belonging to 9, and, by
construction, U; is a maximal submodule of the module A; belonging to 9.

Denote by 7 the natural mapping of U onto U’ C T, which we can consider as
a homomorphism « : U — T. Then we obtain two homomorphisms g : T — U
and v : U — T, where 3 is an epimorphism and < is a monomorphism, and
~v0 € Hom (U,U) is an isomorphism (since 8 maps U’ onto U;y). Therefore U is
a direct summand of T' = Ay & ... ® A,,, which contradicts the Krull-Schmidt
theorem.

The theorem is proved.

3.6 NOTES AND REFERENCES

The basic problems studied in the representation theory of associative algebras are
that of obtaining necessary and sufficient conditions for an algebra to belong to one
of the types: finite, tame or wild, as well as that of classifying the indecomposable
representations in the finite and tame cases. In the general case these problems
have not been solved.

Representations of partially ordered sets were first introduced by L.A.Nazarova
and A.V.Roiter in 1972 [Nazarova, Roiter, 1973]. In this paper they gave the al-
gorithm which allows to check whether a given poset is of finite type. Using
this algorithm M.M.Kleiner in 1972 characterized posets of finite type [Kleiner,
1972]. Moreover M.M.Kleiner classified all the indecomposable P-spaces of finite
type. He also found that the dimensions of all such indecomposable P-spaces
are bounded by 6 [Kleiner, 1972b]. In 1975 L.A.Nazarova characterized posets of
infinite type (see [Nazarova, 1975], [Nazarova, 1974]). These results were indepen-
dently also obtained by P.Donovan, M.R.Freislich (see [Donovan, Freislich, 1974]).
The algorithm of Nazarova-Roiter works only for posets of width at most three.
In 1977 A.G.Zavadskij has proposed the new differentiation algorithm for comput-
ing representations of posets [Zavadskij, 1977]. This algorithm has been used to
give a new proof for the characterizations of poset of tame type (see [Nazarova,
Zavadskij, 1977]). O.Kerner showed that this algorithm is quite useful also in the
case of finite representation type. He has used this algorithm to give a new proof
of Kleiner’s theorem (see [Kerner, 1981]).

Theorem 3.1.4 was proved by Yu.A.Drozd [Drozd, 1974].

More results on posets of tame type one can found also in the following papers:
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[Nazarova, Roiter, 1983]; [Bondarenko, Zavadskij, 1991]; [Bondarenko, Zavadskij,
1992]; [Kleiner, 1988].

The fundamental monograph of D.Simson [Simson, 1992] is devoted to the
theory of representations of posets.

The connections between Abelian groups and representations of finite partially
ordered sets were studied by D.M.Arnold, S.Brenner, M.C.R.Butler, M.Dugas,
E.L.Lady, H.Krause, C.Ringel, C.Vinsonhaler and others. D.M.Arnold and
M.Dugas obtained interesting results concerning the representations of posets over
discrete valuation rings and their connections with Butler groups (see [Arnold,
Dugas, 1997]; [Arnold, Dugas, 1999]. Most of these results are presented in the
monograph of A.D.Arnold [Arnold, 2000].

Theorem 3.3.2 was proved by Yu.A.Drozd, A.G.Zavadskij and V.V .Kirichenko
in the paper [Drozd, Zavadskij, Kirichenko, 1974].

In 1940 T.Nakayama in the paper [Nakayama, 1940] first posed the problem
of finding algebras of unbounded representation type. In 1941 R.Brauer in his
abstract [Brauer, 1941] asserted that he had found some sufficient conditions for an
algebra to have infinite representation type. Several years later, in 1947, R.Thrall
in his note [Thrall, 1941] also asserted that he had found sufficient conditions for
an algebra to have infinite representation type formulated in terms of the Cartan
matrices of factors of the algebra by powers of its radical. Unfortunately these
results have never been published in detail.

In 1954, D.G.Higman showed that a group algebra over a field of characteristic
p > 0 is of finite type if and only if a p-Sylow subgroup is cyclic, and of unbounded
type otherwise (see [Higman, 1954]).

In 1957 J.Jans in the paper [Jans, 1957] has given conditions under which a
finite dimensional algebra has infinitely many indecomposable representations of
degree d for infinitely many d (i.e., strongly unbounded type). He also gave the
first published announcement of the Brauer-Thrall conjectures:

(1) if the degrees of the indecomposable representations of A are bounded
(bounded type) then the number of inequivalent indecomposable representations
is finite (finite type);

(2) over an infinite field, the lack of a bound for the degrees of the indecom-
posable representations (unbounded type) implies that the algebra has strongly un-
bounded type.

That the first conjecture is true for finite dimensional algebra with zero square
radical over an algebraically closed field was shown by T.Yoshii [Yoshii, 1956].

In 1956 T.Yoshii attempted to give necessary and sufficient assumption for
an algebra with zero square radical to be of unbounded type (see [Yoshii, 1956],
[Yoshii, 1957]). Unfortunately these results of T.Yoshii had an error, which was
discovered independently by P.Gabriel and S.A.Krugljak. They also independently
published a correct solution of this problem (see [Gabriel, 1972]; [Krugljak, 1972]).

In 1968 the first Brauer-Thrall conjecture (theorem 3.5.1) was proved by
A.V.Roiter for finite dimensional algebras over an arbitrary field and for Artin
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algebras (see [Roiter, 1968]) using a remarkably simple argument. The proof of
this theorem “marks the beginning of the new representation theory of finite di-
mensional algebras”, as C.M.Ringel wrote in his paper [Ringel, 2004].

The first Brauer-Thrall conjecture in a more general form (in particular, for
Artinian algebras and one-sided Artinian rings) was proved by M.Auslander (see
[Auslander, 1974a], [Auslander, 1974b]). In these papers M.Auslander proved
that if C is a skeletally small Abelian category with only a finite number of non-
isomorphic simple objects and such that each object has finite composition length,
then C has only a finite number of indecomposable objects if and only if C' satisfies
the following conditions:

(1) C has a.c.c. on chains of indecomposable objects;

(2) if {M; i M;_1}ien is a sequence of epimorphisms, then there is an n
such that for ¢ > n, f; is an isomorphism.

M.Auslander also constructed a one-to-one correspondence between isomor-
phism classes of Artin algebras of finite type and isomorphism classes of Artin
algebras of global dimension at most two and dominant dimension at least two
(see [Auslander, 1971]). The generalizations of these results to Artinian rings were
given by M.Auslander and H.Tachikawa (see [Auslander, 1974b], [Auslander, 1975]
and [Tachikawa, 1973]).

The first Brauer-Thrall conjecture for arbitrary algebras (not necessarily finite
dimensional) was studied by A.D.Bell and K.R.Goodearl. We say that a k-algebra
A is of right bounded finite dimensional representation type if it has an
upper bound on the k-dimensions of the finite dimensional indecomposable right
A-modules. They showed that if a k-algebra A is either finitely generated as a
k-algebra, or Noetherian as a ring, then bounded finite dimensional type implies
that A has only finitely many isomorphism classes of finite dimensional indecom-
posable modules (see [Bell, Goodearl, 1995]).

The classification of hereditary finite dimensional k-algebras and algebras with
zero square radical of finite representation type were obtained by P.Gabriel in the
case when the corresponding k-species has the property that all K; are equal to
a fixed skew field F and F(;M,;)p = (pFr)™9 for some natural n;; (see [Gabriel,
1972]; [Gabriel, 1972/1973], [Gabriel, 1973], [Gabriel, 1974]). In the general case
these theorems were proved by V.Dlab, C.M.Ringel (see [Dlab, Ringel, 1975] and
[Dlab, Ringel, 1976]).

The description of hereditary finite dimension algebras of tame type and wild
type was obtained by V.Dlab and C.M.Ringel (see [Dlab, Ringel, 1976], [Ringel,
1976], [Ringel, 1978]).

In 1980 Yu.A.Drozd proved his famous theorem which says that for an
algebraically closed field k there is a trichotomy between finite, tame and wild
representation type for finite dimensional algebras (see [Drozd, 1980]).

For more references see [Gustafson, 1982].
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4. Frobenius algebras and quasi-Frobenius rings

This chapter is devoted to the study of Frobenius algebras and quasi-Frobenius
rings. The class of quasi-Frobenius rings was introduced by T.Nakayama in 1939
as a generalization of Frobenius algebras. It is one of the most interesting and
intensively studied classes of Artinian rings. Frobenius algebras are determined by
the requirement that the right and left regular modules are equivalent. And quasi-
Frobenius algebras are defined as algebras whose regular modules are injective.

We start this chapter with a short study of duality properties for finite dimen-
sional algebras. In section 4.2 there are given equivalent definitions of Frobenius
algebras in terms of bilinear forms and linear functions. There also symmetric
algebras are studied who are a special class of Frobenius algebras. The main
properties of quasi-Frobenius algebras are given in section 4.4.

The starting point in studying quasi-Frobenius rings in this chapter is the
Nakayama definition of them. The key concept in this definition is a permutation
of indecomposable projective modules. It is natural to call such a permutation a
Nakayama permutation.

Quasi-Frobenius rings are also of interest because of the presence of a dual-
ity between the categories of left and right finitely generated modules over them.
The main properties of duality in Noetherian rings are considered in section 4.10.
Semiperfect rings with duality for simple modules are studied in section 4.11.
The equivalent definitions of quasi-Frobenius rings in terms of duality and semi-
injective rings are given in section 4.12. Quasi-Frobenius rings have many inter-
esting equivalent definitions, in particular, an Artinian ring A is quasi-Frobenius
if and only if A is a ring with duality for simple modules.

One of the most significant results of quasi-Frobenius rings is the theorem of
C.Faith and E.A.Walker. This theorem says that a ring A is quasi-Frobenius if
and only if every projective right A-module is injective and conversely.

Quivers of quasi-Frobenius rings are studied in section 4.13. The most impor-
tant result of this section is the Green theorem: the quiver of any quasi-Frobenius
ring is strongly connected. Conversely, for a given strongly connected quiver @)
there is a symmetric algebra A such that Q(A) = @Q. Symmetric algebras with
given quivers are studied in section 4.14.

4.1 DUALITY PROPERTIES

Let A be a finite dimensional algebra over a field k. We shall establish a dual-
ity between the category mod, A of right finite dimensional A-modules and the
category mod; A of left finite dimensional A-modules.

161



162 ALGEBRAS, RINGS AND MODULES

Let M € mod,A. Denote by M* = Homy (M, k) the conjugate (linear dual)
space which is the vector space of linear functionals on M. Then M™* is naturally
a left A-module. Indeed, for ¢ € M* and a € A we define ap by the formula
(ap)(m) = ¢p(ma), where m € M. It is easy to verify that M* is a finite di-
mensional left A-module, i.e., M* € mod;A. The module M* is called the dual
of M.

Analogously, if M € mod;A, then the conjugate space M™* is a finite dimen-
sional right A-module, i.e., M* € mod, A.

Obviously, dimg M* = dimg M and M** ~ M as A-modules. Every linear
map ¢ : M — N induces a conjugate map ¢* : N* — M** defined by (¢*f)(m) =
flem).

We can check readily that if ¢ is an A-homomorphism, so is ¢*. Moreover,
(py)" = ¢*p* and 1* = 1.

Hence, assigning to every right A-module M the left A-module M* and to
every homomorphism ¢ the homomorphism ¢* we obtain a contravariant ex-
act functor * from mod, A to mod;A. Analogously, we have a contravariant ex-
act functor * from mod;A to mod,A. We shall call these functors the duality
functors.

Proposition 4.1.1. There is a bijective correspondence between submodules
of M and those of M*, reversing the inclusion.

Proof. Let N C M be a submodule of M. Then it defines a natural epimor-
phism 7 : M — M/N, and thus a monomorphism 7* : (M/N)* — M*, that is, a
left submodule of M*. This submodule has a simple interpretation: it coincides
with the “orthogonal complement” Nt = {p € M* : ¢(N) = 0}. Moreover,
M*/N+ ~ N*.

It is easy to verify that the correspondence N — N* satisfies the following
conditions:

(1) for Ny C Ny we have N3~ C Ni-;

(2) (Nl +N2)J‘ = NllﬂNj and (Nl ﬂNg)J‘ = NlJ‘-i-NQJ‘,

(3) N*t+ = N.

A correspondence satisfying these conditions is called an anti-isomorphism
of lattices.

Proposition 4.1.2. A right A-module U is simple if and only if the left A-
module U* is simple.

Proof. Since U ~ U**, it is sufficient to show that if U is not simple, then U*
is not simple as well. Let N C U be a non-trivial submodule of U. Consider the
exact sequence:

0—-N—-U—U/N—D0.
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Applying the exact duality functor x = Hom(—, k) to this sequence, we obtain
the exact sequence
0— (U/N)" -U"— N*" =0,

where both (U/N)* and N* are nonzero modules. So U* is not simple. Conse-
quently, the modules U and U* are simple simultaneously.

Remark 4.1.1. Taking into account the dual definitions of projective and
injective modules, it is easy to see that any indecomposable left injective A-module
Q is equal to a P* = Homy (P, k), where P is a principal right A-module.

Remark 4.1.2. By the annihilation lemma (see vol.I, p.265), for any simple
right A-module U there exists a unique canonical idempotent f € A such that
Uf = U. By the definition of U*, we have Uf = U if and only if fU* = U*.

Remark 4.1.3. Let M be a finite dimensional module over a finite dimensional
algebra A with radical R. Then rad M = MR, by proposition 5.1.8, vol.I.

Recall that the socle of a right A-module M, which is denoted by socM, is
the sum of all simple right submodules of M. If there are no such submodules,
then socM = 0.

Proposition 4.1.3. For any finitely generated right A-module M we have that
(radM)* is the socle of M* and soc M* ~ (M /rad M)*.

Proof. Since, by definition, radM is the intersection of all maximal submodules
of M, the statement follows from proposition 4.1.1.

Obviously, a finite dimensional algebra is an Artinian ring and consequently it
is a semiperfect ring. Therefore applying the duality functor *+ = Hom (—, k) to
theorem 10.4.10, vol.I, i.e., by “inverting all arrows”, we immediately obtain the
following statement:

Theorem 4.1.4. Any indecomposable injective module Q) over a finite dimen-
sional algebra A is finite dimensional; it is the injective hull of a simple A-module
and has exactly one simple submodule soc@. There is a one to one correspon-
dence between the mutually nonisomorphic indecomposable injective A-modules
Q1,-..,Qs and the mutually nonisomorphic simple A-modules Uy, ...,Us which
1s given by the following correspondences:

Qi —socQ; =U;

and

where E(U;) is the injective hull of U;.
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4.2 FROBENIUS AND SYMMETRIC ALGEBRAS

Definition. A finite dimensional k-algebra A is called Frobenius if the right
modules A4 and (4A)* are isomorphic.

If an algebra A is Frobenius then the left modules 4 A and (A)* are also
isomorphic.

Taking remark 4.1.1 into account, it follows that if A is a Frobenius algebra,
then the right module (4A)* is injective. Analogously, the left module (A4)* is
injective.

Theorem 4.2.1. Let A be a finite dimensional k-algebra. The following state-
ments are equivalent:

(1) A is a Frobenius algebra;

(2) there exists a non-degenerate bilinear form f : A x A — k which is asso-
ciative, i.e., f(ab,c) = f(a,be) for all a,b,c € A;

(3) there exists a linear function o : A — k such that the kernel of o contains
neither left nor right ideals.

Proof.
(1) = (2). Let the left A-modules 4 A and (A4)* be isomorphic and let

O: 44— (Aa)"

be an isomorphism. Then ©(ab) = aO(b) for all a,b € A. So O(ab)z =
(a®(b))x = O(b)za, where x € A.

Define a bilinear form f: A x A — k by the formula f(z,y) = O(y)z.

We shall show that f(z,y) is non-degenerate. Assume f(x,y) = 0 for all
x € A. Then ©(y) = 0, and so y = 0 since O is an isomorphism.

Let e1,...,e, be a basis of A, x = wi1e1 +...zpe, and y = y1€1 + ... Ynen,
X = (1,...,zn) and y = (y1,...,Yn), G = (f(es, e;)). Obviously,

flz,y) = xGy T,
where
Y1
Yn
The implication
flz,y) =0 for alze A = y =0

is equivalent to the implication

Gy =o0=y" =o.
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So det G # 0 and xG = 0 implies x = 0. Consequently, if f(z,y) = 0 for
all y € A, then x = 0. Therefore the bilinear form f(z,y) is non-degenerate.
We have f(zy,z) = O(z)xy and f(x,yz) = O(yz)z = O(z)zy. Consequently,

flxy,z) = [f(2,y2).

and (1) = (2) is proved.

(2) = (1). Let f: A x A — k be an associative non-degenerate bilinear form.
Define a map © : 4A — (A4)* by the formula O(y)z = f(z,y), where z,y € A.

Since f(z,y) is an associative non-degenerate form, © is an A-isomorphism.

(2) = (3). Define a linear function o : A — k by the formula o(z) = f(x,1),
where z € A.

Let T = Aay + ...+ Aa, be a left ideal in A and o(Z) = 0. Consequently,
o(Aa;) = 0fori = 1,...,n and there is a nonzero left ideal Z contained in Ker o
if and only if there exists an a # 0, a € A such that o(Aa) = 0. If 0(Aa) = 0,
then f(Aa,1) = f(A,a) = 0 and a = 0. Analogously, f(aA,1) = 0 implies
a = 0. So Ker o contains neither left nor right ideals.

(3) = (2). Let o be a linear function as in condition (3). It is easy to verify
that the bilinear form f(z,y) = o(zy) satisfies condition (2). The theorem is
proved.

Definition. A finite dimensional k-algebra A is called symmetric if there
exists a non-degenerate associative bilinear form f : Ax A — k which is symmetric,
ie.,

f(aab) = f(baa)

for all a,b,c € A.

From theorem 4.2.1 there immediately follows the following equivalent defini-
tion of a symmetric algebra.

Proposition 4.2.2. A finite dimensional k-algebra A is symmetric if and only
if there exists a linear function o : A — k such that Ker o contains neither left nor
right ideals and ab — ba € Kero for all a,b € A.

Obviously, each symmetric algebra is Frobenius. And any commutative Frobe-
nius k-algebra is a symmetric algebra. One of the most important examples of
symmetric algebras is given by the following statement.

Theorem 4.2.3. Let A = kG be the group algebra of a finite group G over a
field k. Then A is a symmetric algebra.

Proof. Define the linear function o : A — k on the k-algebra A = kG by the

formula
O'(Z Qagg) = ai,
geG
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where 1 is the identity of G. Assume Kero contains a right ideal Z. Then for any

a € T we have 0(ad) = 0 and a = 3 a,g. Obviously, o(ag;') = ay = 0
geG

for all gy € G. So a = 0, i.e., T = 0. Analogously, Ker o does not contain any

nonzero left ideal.

Let a = ) agg and b = ) 49, then o(ab) = > agf, = 1 and
9eG g€eG gh=1
o(ba) = > Bray. So og(ab —ba) = 0. Thus A is a symmetric algebra, by
gh=1

proposition 4.2.2.

4.3 MONOMIAL IDEALS AND NAKAYAMA PERMUTATIONS
OF SEMIPERFECT RINGS

Let 1 = f1+...4 fs be a canonical decomposition of the identity of a semiperfect
ring A with Jacobson radical R. Then Ay = f1A® ... D fA (resp. 44 =
Afi&...® Af,), where f;A = P (resp. Af; = Q;"),fori = 1,...,s,is called
the canonical decomposition of a ring A into a direct sum of its principal
right (left) A-modules. Let A;; = f;Af; (i,5 = 1,....s). The two-sided Peirce
decomposition of the ring A

Ay A oL Agg
Agp Az ... Ay

A= . . ) . (4.3.1)
Ay Ay ... Ags

is called a canonical two-sided Peirce decomposition of A.

From theorem 11.1.7, vol.I, it follows that every other canonical Peirce decom-
position of A can be obtained from (4.3.1) by a simultaneous permutation of rows
and columns and a replacement of all the Peirce components A;; by aA;ja~! for
some invertible element a € A.

Let 1 =e1+...4+ ¢, be a decomposition of 1 into a sum of pairwise orthogonal
idempotents. By an ideal we shall mean here a two-sided ideal. For any ideal
Z of A the Abelian group e;Ze; (i,j = 1,...,n) obviously lies in Z, and 7 =

n

@D I, is a decomposition of 7 into a direct sum of Abelian subgroups. Such a
i,j=1
décomposition is called the two-sided Peirce decomposition of 7 corresponding
tol=-e; +...+e,. It has the following matrix form:

Iy Iy - Iy,

Ioy Iap -+ 1oy
=1 . . )

Inl In2 e Inn

Ity = é Jij is also an ideal, then

4,j=1
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In+Jun Tis+J2 - Lin+Jin

TIor+ T Zoo+TJo2 -+ ZLop+ Jon
I+J = ) ) . ) ,

an + jnl In2 + jn2 Tt Inn + jnn

and each Peirce component (Z.7);; of the product Z.7 is given by

(ZT)ij =Y Tude; (i.j=1,...,n),

k=1

so that addition and multiplication of elements from Z and J can be done by
addition and multiplication of the corresponding matrices.

Let A be a semiperfect ring and let 1 = f1+. ..+ f5 be a canonical decomposition
of 1 € A into a sum of pairwise orthogonal idempotents (see vol.I, p.265). Then

S
I = & Z;; with Z;; = fiZf; (i,5 = 1,...,s) is called the canonical two-
i,j=1

sided Peirce decomposition of Z. From theorem 11.1.7, vol.l, it follows that
one canonical Peirce decomposition of Z can be obtained from another one by a
simultaneous permutation of rows and columns and the replacement of each Peirce
component Z;; by aZ;ja™"!, where a € A.

Definition. An ideal Z of a semiperfect ring A will be called monomial if
each row and each column of a canonical two-sided Peirce decomposition of 7
contains exactly one nonzero Peirce component.

If 7 is a monomial ideal, then there exists a permutation v of {1,...,s} such
that Z;,(;) # 0. Clearly, v is uniquely determined up to conjugation by an element
from the symmetric group on s letters. We denote such a permutation by v(Z).

Lemma 4.3.1. Let A be a semiperfect ring. If T is a monomial ideal of A
then each canonical two-sided Peirce component of T is an ideal of A.

Proof. Let 1 = f; + ...+ fs be a canonical decomposition of 1 € A into a

sum of pairwise orthogonal idempotents. Write v = v(Z), then 7 = é FiZfuy-
i=1

Obviously, fiZ f, ;) frAfi = 0if k # v(i). Moreover, f;Zf,fui)Afi € fi fi which

is nonzero if and only if I = v(i), since 7 is monomial. Similarly, frAfi fiZ f,;) # 0

if and only if k = [ = i. It follows that f;Zf, ;) is anideal of A for eachi =1,...,n.

Let Ay = P @®...® Pl (resp. 44 = Q7" @ ...® Q7) be the canonical
decomposition of a semiperfect ring A into a direct sum of right (left) principal
modules.

Let M be aright A-module and N be a left A-module. We set top M = M /MR
and top N = N/RN. Since P, is a principle right A-module, top P;is a simple right
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module, and analogously, top @Q); is a simple left module for i = 1,...,s. We denote
by soc M (resp. soc N) the largest semisimple right (resp. left) submodule of M
(resp. N).

Example 4.3.1.

Let A =T, (D) be a ring of all upper-triangular matrices over a division ring
D. Let Pl = 611A,...,Pn = ennA and API = Aeu,...,APn = Aenn. Let
Z, = socAy and Z; = socqA. Obviously Z, = 4P, = yn P...P U,}, where

-~
n times
U, = P, is asimple right A-moduleand Z; =P, =V, & ... ®V;, where V] = 4 P,
- ~~ -
n times

is a simple left A-module. Thus Z,NZ; = e11 ey, is a two-sided ideal. Obviously,
(ZiNZ)a =U, and o(Z; N Z,) = V1. Moreover, dimp Z, = dimp Z; = n.

Definition. We say that a semiperfect ring A admits a Nakayama permu-
tation v(A) : i — v(i) of {1,..., s} if the following conditions are satisfied:

(npl) soc P = top Pk,

(np2) soc Q(x) = top Q.

Let A be a semiperfect ring, which admits a Nakayama permutation v(A).
By condition (npl), the socle of every principal module is simple and, moreover,
two principal modules with isomorphic socles have to be isomorphic, by theorem
10.4.10, vol.I. By condition (np2), the socles of the principal left modules are also
simple.

Theorem 4.3.2. Let A be a semiperfect ring such that the socles of all principal
right A-modules and of all principal left A-modules are simple. Suppose further-
more, that if the socles of two principal right A-modules P and P’ are isomorphic
then P = P’'. Then A satisfies the following conditions:

(i) soc Ay =soc oA = Z and Z is a monomial ideal;

(i) the ring A admits a Nakayama permutation v = v(A) with v(A) = v(Z).

Proof. Let 1 = f1 + ...+ fs be a canonical decomposition of 1 € A into
a sum of pairwise orthogonal idempotents and f;A = P/ (i = 1,...,s). Set
Z,. = socAs and Z; = soc 4A. The equality 4A = Afi & ... ® Afs implies
that Z; =soc Af1 @ ...®soc Afs and Z;f; = soc Af; for all i = 1,...s. Similarly,
Z, =soc f1A®...®soc fsAand f;Z, =soc f;A(j =1,...s). From our hypothesis
it follows that soc Py,...,soc Ps is a permutation of the simple modules U; =
top P1,...,Us = top Ps.

We write e € f; if there is a decomposition f; = e; + ... + e,, into a sum
of pairwise orthogonal local idempotents and e = e; for some j € {1,...,n;}.
For a fixed i = 1,...,s and each local idempotent e € f;, we obtain, by the
annihilation lemma, that Z.e # 0. Then Z,.e must contain socAe, since socAe is
simple. Hence Z;f; = soc Af; C Z,.f; for all i = 1,...,s, which yields Z; C Z,.
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Similarly, f; 2, C ;21 (j =1,...,s), which implies that Z, C Z;. Consequently,
Z. = 2.

Since Z, = Uf(ll) Gb...6 U;I(SS), then, by the annihilation lemma of simple mod-
ules, Z, has the following two-sided Peirce decomposition: Z, = @._, f;Z, Jog)-
Thus Z = Z, = Z; is a monomial ideal and v(Z) is a Nakayama permutation of A.

Recall the notions of right and left annihilators (see vol.I, p.219). Let S be a
subset in a ring A. Then r.anns(S) = {z € A: Sz =0} and Lanns(S) ={z € A:
xS = 0}. We shall write r(S) instead of r.ann,(S) and I(S) instead of L.ann4(.5).

Proposition 4.3.3. Let A be a semiperfect ring. Then soc(A4) coincides with
the left annihilator I(R) of R = rad A, whereas soc(aA) coincides with the right
annihilator r(R). In particular, soc(4A) and soc(Aa) are two-sided ideals.

Proof. 1f U is a simple right A-module, then, obviouslyy, UR = 0 and,
consequently, soc(A4) C I(R). On the other hand, the equality [(R)R = 0 implies
that [(R) is a semisimple right A-module, so it must be contained in the right socle
of A, hence, [(R) = soc(A4). Similarly, (R) = soc(4A). The statement is proved.

4.4 QUASI-FROBENIUS ALGEBRAS

In this section we shall consider an important class of algebras first introduced
by T.Nakayama. These algebras are a generalization of the Frobenius algebras
considered in section 4.2.

Definition. A finite dimensional algebra A over a field k is called quasi-
Frobenius if the regular right module A 4 is injective. For short, we shall call it
a QF-algebra.

This condition is equivalent to the fact that any projective right A-module is
injective.

Remark 4.4.1. From the duality properties it is easy to see that A 4 is injective
if and only if 4 A is injective. So, the definition of quasi-Frobenius algebras is right
and left symmetric.

Examples 4.4.1.

1. Any Frobenius algebra is quasi-Frobenius, since in this case Aq ~ (4 4)* is
injective.

2. Any group algebra kG of a finite group G over a field & is quasi-Frobenius,
by theorem 4.2.3.

Let Ay = P["®...®&P" (4A = Q' ®...®Q") be a decomposition of the
right (left) regular A-module into a direct sum of non-isomorphic principal right
(left) A-modules.

By remark 4.1.1, any indecomposable right injective A-module has the form
Qf = Homy(Q;, k) for some i = 1,...,s. By theorem 4.1.4, the modules

2
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Q7F,..., Q% are all pairwise non-isomorphic indecomposable injective A-modules.
If Ais a Frobenius algebra, then A% ~ P/"®...@P". If Ais a quasi-Frobenius
algebra, then A% ~ P™ & ...® P, but in general n; # m; fori =1,...,s.

Recall that a finite dimensional algebra A over a field k is called basic if the
quotient algebra A = A/Ris a direct product of division algebras. It is equivalent
to the fact that if Ay = PL® Py®...8 P is a decomposition of A4 into a direct
sum of principal modules, then P; % P; for i # j (i,5 = 1,...,s).

The fact that the definition of quasi-Frobenius algebra has been given in terms
of module categories implies the following proposition.

Proposition 4.4.1. FEvery finite dimensional algebra Morita equivalent to a
quasi-Frobenius algebra is quasi-Frobenius.

In particular, every quasi-Frobenius algebra is Morita-equivalent to a Frobenius
algebra (namely, to its basic algebra).

Theorem 4.4.2. The following conditions for a finite dimensional algebra A
are equivalent:

(1) A is quasi-Frobenius;

(2) A admits a Nakayama permutation.

Proof. Without loss of generality, we may assume that A is basic. Let A4 =
PLeaP®...®dPFP (WA = Q1D ... P Qs) be a canonical decomposition of the
right (resp. left) regular A-module A4 (resp. 4A) into a direct sum of non-
isomorphic principal right (left) A-modules, and let 1 = f1 + fo + ...+ f,, be the
corresponding decomposition of the identity of A into a sum of pairwise orthogonal
local idempotents.

Any indecomposable right injective A-module has the form Qf = Homy(Q;, k)
for some ¢ = 1,...,s. By theorem 4.1.4, the modules Q7, ..., Q% are all pairwise
non-isomorphic indecomposable injective A-modules.

(1) = (2). Suppose that A is quasi-Frobenius, then there exists a permutation
von{l,2,...,s} such that

Then, taking into account proposition 4.1.3, we have

soc P; ~ soch(l ~ (QV(i)/RQV(i))*‘

We shall show that .
(Qu(i)/RQu(i)) ~ Uy,

where U; = P;/P,R and V; = Q;/RQ;. Really that, by the annihilation lemma,
fiVi #0. Then, by remark 4.1.2, V; f; # 0, as well. So, by the annihilation lemma
V¥ ~ U;. Thus,

soc P; 2= Uy ;) = top Py
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Since 4 A is also injective by remark 4.4.1, all principal left A-modules
Q1,...,Q, have pairwise non-isomorphic simple socles, as well. Then, by the-
orem 2.3.2, we obtain that a quasi-Frobenius algebra A admits the Nakayama
permutation v(A) : i — v(i) of {1,...,s}.

(2) = (1). Suppose that a ﬁmte dimensional algebra A admits a Nakayama
permutation. Let E(P;),..., E(Ps) be injective hulls of the principal right A-
modules Py, ..., Ps respectively. Then, E(P),..., F(Ps) are indecomposable and
pairwise non-isomorphic. Obviously, dim E(FP;) > dim P; for ¢ = 1,...,s. By
remark 4.1.1, we have E(P;) = Q;(l) fori = 1,.

Suppose there exists a number j (a < j < s) such that dim E(P;) > dim P;.
Since dim @; = dim @7,

dimA:idile—ZdlmE ZdlmP = dim A.
i=1

i=1

This contradiction proves that P, = E(FP;) for i = 1,...,s and A is quasi-
Frobenius.

Remark 4.4.2. It is easy to see that a quasi-Frobenius algebra is Frobenius
if and only if n,;) = n; foralli = 1,...,s.

Theorem 4.4.3. An algebra A is quasi-Frobenius if and only if the socle
of each principal A-module is simple, and for any non-isomorphic principal A-

modules Py and P», soc Py % soc Ps.

Proof. 1f A is a quasi-Frobenius algebra then, by theorem 4.4.2, A admits a
Nakayama permutation. So it is enough to prove the sufficiency of the theorem.
Without loss of generality, we may assume that A is basic. Then Ay = P®...®P;
and 4A = Q1P ... Qs, where the Py,..., Py are pairwise non-isomorphic right

principal modules and the Qq,...,Qs are pairwise non-isomorphic left princi-
pal modules. Let A* = Q7 & ... ® Q%. By remarks 4.1.1, 4.1.2 and theorem
4.1.4, all the socQ7,...,soc @} are the pairwise non-isomorphic simple A-modules

Ui,...,Us. By condition of the theorem, the map v(A4) : i — v(i) of the set
{1,...,s} such that soc Py = top P,(y) is a transposition. By proposition 5.3.7,
vol.I injective hulls E(U, ) and E(Py) of U,y and Uy, respectively, coincide.
As above, if there exists a number j (1 < j < s), such that dim E(P;) > dim P;,
then

dlmA—ZdlmE ZdlmP = dim A.

i=1 1=1

This contradiction proves that P, = E(P;) for i = 1,...,s and therefore A is
Frobenius.

Theorem 4.4.4. A Nakayama permutation v(A) of a symmetric k-algebra A
18 the identity permutation.
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Proof. Let Ay = P/"™ @ ... @ PP be a canonical decomposition of A into a
direct sum of right principal modules and let 1 = f; 4+ ...+ fs; be a canonical
decomposition of the identity of A. By theorem 4.3.2, soc Ax4 = soc 4 A = Z and
Z is a monomial ideal with v(Z) = v(A). Suppose that v(A) is not the identity
permutation. Then there are i # j such that f;Zf; # 0 and f;Zf; is a two-sided
ideal.

Since A is a symmetric algebra, by proposition 4.2.2 there exists a linear
function o : A — k such that Kero contains neither left nor right ideals and
ab—ba € Kero for all a,b € A.

Consider f;Zf;, which is a two-sided ideal by lemma 4.3.1. Let z € Z and
z 7é 0. We have a(flzf]) = o(fizfj : fJ) = O'(fj : fizfj) = U(O) =0. So lefJ =0
and we have a contradiction. Consequently, for any ¢ = 1,...,s it must be the
case that f;Zf; # 0 and v(Z) = v(A) = E is the identity permutation.

Definition. A quasi-Frobenius algebra A is called weakly symmetric if the
Nakayama permutation v(A) of A is the identity permutation.

Theorem 4.4.5. Let A be a weakly symmetric algebra. Then A is Frobenius
and every algebra C' Morita equivalent to A is also Frobenius. Conversely, if
every finite dimensional algebra C' Morita equivalent to a Frobenius algebra A is
Frobenius, then A is a weakly symmetric algebra.

Proof. By theorem 4.4.2 and remark 4.4.2, every QF-algebra with identity
Nakayama permutation is automatically Frobenius. Clearly, every algebra which
is Morita equivalent to a Frobenius algebra with identity Nakayama permutation
is Frobenius.

Let A be a Frobenius algebra and let v(A) be not the identity. Then we can
assume that soc Py = top P». Let A = P/" @ PJ* @ ... ® P be a canonical
decomposition of A into a direct sum of non-isomorphic principal A-modules. From
the definition of a Frobenius algebra it follows that ng = nj. Set P = P2 @ P, @
... ® Ps;. Then C' = EndaP is a QF-algebra, v(A) = v(C), the multiplicity of
the first principal C-module is 2 and does not coincide with the multiplicity of the
second principal C-module. Therefore, C' is not Frobenius.

Definition. A local serial (=uniserial) algebra is called a Kothe algebra.
Proposition 4.4.6. A Kdithe algebra is Frobenius.
Proof. This immediately follows from theorem 4.4.2.

Examples 4.4.2.

(a) Let G = { g} be a cyclic group of order 4, and let k = F; be the field of
two elements, A = kG.

Set r = 1+ g. Then R = rA is the Jacobson radical of A, and the elements
1,7, 72,73 form a basis of A4, i.e., A is a Kéthe algebra of length 4.



FROBENIUS ALGEBRAS AND QUASI-FROBENIUS RINGS 173

(b) Let G = {a} x {b} be the Klein four-group, i.e., a> = 1 and b? = 1;
k = Fy,, A =kG. Setry =1+a, 7o = 1+b. Then r179 = 1+ a+ b+ ab,
and R = {ary + Bra + yrir2 : «a,B,v € k} is the Jacobson radical of A,
R? = {6r1r2 : & € k}. For every r € R we have r? = 0.
(c) We set A* = Homy, (A, k) for a finite dimensional algebra A over a field
k. Let A be the four-dimensional algebra over k = Fy with basis 1,01, 02,07
such that 0? = 0% and o100 = 0901 = 0. Let v € A*, ¥(0?) = 1 and
(1) = ¢¥(o1) = ¥(o2) = 0. Then the multiplication table for the basis elements
1,01,092,0% is the following
1 o1 09 0%
1 1 o1 o9 Uf
o1 o1 a% 0 0
oy o9 0 U% 0
o2 o2 0 0 0

Therefore the matrix B of the bilinear form f(x,y) = t¥(z - y) in the basis
1,01,09,0% is

= O O O
o o= O
o = o o
SO O

and A is a symmetric algebra.

(d) Let Hs(m)((’)) = H,(O)/R™, where O = k[[z]] is the ring of formal power
series over a field k. A k-algebra H, s(m)((’)) is a Frobenius algebra, which is not
symmetric for m # 1(mod s).!

It is easy to see that the algebras given in examples 4.4.2(b) and 4.4.2(c) are
non-isomorphic. Indeed, in case (b) 22 = 0 for all x € R, on the other hand, in
case (c) this does not hold.

We have the following strict inclusions:?

(group algebras)C (symmetric algebras)C
C (Frobenius algebras)C (quasi-Frobenius algebras).

The algebra from example 4.4.2(c) is an example of a symmetric algebra which
is not a group algebra, and so the first inclusion is strict.

Example 4.4.2(d) shows that the second inclusion is strict. From theorem 4.4.4
it follows that the third inclusion is also strict.

Example 4.4.3.
In conclusion we give an example of a semidistributive weakly symmetric al-
gebra A over the field & = F» = {0,1}. This algebra is a quotient algebra of the

Isee example 4.5.1.
2see C.W.Curtis, I.Reiner, Methods of Representation Theory III. John Wiley and Sons,
New York, 1990, §66.
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path algebra kQ of the quiver with adjacency matrix

@- (5 1)

An admissible ideal J of kQ is generated by the following paths: c21012 = 0,
o12m2 = 0, reo2; = 0, r§® = 0, m > 2. Here 019 is the arrow from 1 to 2 and 7
is the loop at 2 and paths are read from left to right (as before).

Let A =kQ/Z. A basis of the first principal module Py is: e1, 012, 012091.

A basis of the second principal module P; is: e, 091,72,73, . .. ,rgnfl, for m >
2. So, dim A = m+4 and this finite dimensional algebra contains 2™+ elements.
Obviously, soc P, = Uy and soc P, = Uy, i.e., the algebra A is weakly symmetric.

Suppose that A is a symmetric algebra. By the definition of a symmetric
algebra, there exists a linear function o : A — k such that Kero contains neither
left nor right ideals and o(ab) = o(ba) for all a,b € A.

Obviously, J = {0,0120921} is a right ideal in A consisting of two elements.
Then o(021012) = 0(012021) = 0 and o(J) = 0. This contradiction proves that
A is not symmetric. Note that [(P;) = 3 and I(P2) = m + 1. So, I[(P;) may be
arbitrarily large. (Here {(M) denotes the length of a module M, i.e., the length
of a composition series.)

4.5 QUASI-FROBENIUS RINGS

Let P, ..., Ps be the non-isomorphic principal right A-modules and let Q1, ..., Qs
be the non-isomorphic principal left A-modules of a two-sided Artinian ring A.
Andlet Ay = P"@...® P! (resp. A = Q7' ®...® Q%) be a decomposition
of the right (left) regular A-module into a direct sum of principal right (left) A-
modules.

Definition. A two-sided Artinian ring A is called quasi-Frobenius (abbre-
viated, a QF-ring), if A admits a Nakayama permutation v(A) of {1,2,...,s}.
A quasi-Frobenius ring A is called Frobenius, if n, ;) =n; foralli =1,...,s.

Clearly, v is determined up to conjugation in the symmetric group on s letters,
and conjugations correspond to renumberings of the principal modules Py, ..., Ps.

We now construct some examples of quasi-Frobenius rings. Recall that a local
ring O with unique nonzero maximal right ideal M is called a discrete valuation
ring, if it has no zero divisors, the right ideals of O form the unique chain:

O>M>M?*>...OoOM" > ...,

and, moreover, this chain is also the unique chain of left ideals of A. Then,
obviously, O is Noetherian, but not Artinian, all powers of M are distinct and
MNee; M* = 0. Moreover, M is principal as a right (left) ideal.
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Example 4.5.1.
Denote by H,(O) the ring of all s x s matrices of the following form:

o o ... 0 0O
M 0O :

: .0 0
M M ... M O

It is easy to see that the radical R of H,(O) is

M O ... ... O
M M :
R— .
O
M M M M
and
M M O O
M M
rR=|:
: 0O
M2 M ... ..MM

The principal right modules of H are the “row-ideals” of H and the submodules
of each of them form a chain. In particular, the submodules of the “first-row-ideal”

form the following chain:

o0 ... 0 M O .. 0O
0O 0 --- 0 0O 0 --- 0

: 2 s o IR
0 0 0 0 O 0

M - M O M M - M

0 0 0 0 o - 0
D) . D
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It is easy to see that each other row-ideal of H is isomorphic to a submodule of
the above module. In a similar way, the principal left H-modules are the column-
ideals, whose submodules form corresponding chains. Thus, H is a serial ring.
Let P, ..., P; be the principal right modules of the quotient ring A = H¢(O)/R?
and let Q1,...,Qs be the principal left A-modules numbered in a such way that
P =e;A,Q; = Aej;, (i =1,...,5), where e;; denotes the elementary s x s matrix
whose (7, j)-th entry is 1 while all other entries are zero. Then the submodules of
every P; and ); form finite chains, and a direct verification shows that

soc P, = top P, soc P, = top Ps,...,soc Ps = top Py

and

top Q1 = soc Qa,top Q2 = soc Qs, ..., top Qs = soc Q.

Moreover, each of these modules is a one-dimensional vector space over O/M.
Hence, A is a quasi-Frobenius ring with Nakayama permutation (1,2, ...,s).

More generally, the quotient ring A = Hs(O)/R™ (m > 2) is a quasi-Frobenius
ring with Nakayama permutation (1,2,...,s)™ 1. It follows, in particular, that
A has the identity permutation as Nakayama permutation if and only if m =
1(mod s).

Example 4.5.2.
Let Bs s be the ring of 2s x 2s matrices of the form:

H R
BQ,S:<R H)’

where H = H4(O) as in the previous example.

It is easy to see that, the Jacobson radical of Bs s is (g g) .

Consider the ideal

RS Rerl
j = (Rs+1 RS ) .
A direct verification shows that the quotient ring A = By /7 is a semidis-
tributive quasi-Frobenius ring with Nakayama permutation

v=(1, s+ 1)(2, s+2)...(s, 29).

Remark 4.5.1. It can be verified that Bs s/ J is semidistributive.

The following theorem follows immediately from theorem 4.3.2.
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Theorem 4.5.1. Let A be a quasi-Frobenius ring. Then soc(4A) = soc(A4).
Moreover, Z = soc(aA) is a monomial ideal and v(Z) coincides with the
Nakayama permutation v(A) of A.

The definition of quasi-Frobenius rings in terms of permutations, given in this
section, is due to T.Nakayama [Nakayama, 1939]. There are numerous other equiv-
alent definitions of a quasi-Frobenius ring. One of the equivalent definition of a
QF-ring is given in the following theorem, which is a generalization of theorem
4.4.3 for quasi-Frobenius algebras.

Theorem 4.5.2. Let A be a two-sided Artinian ring. Then A is a QF-ring if
and only if the following conditions hold:

1) the socle of any principal A-module is simple.

2) if Py and Py are non-isomorphic principal A-modules then soc Py % soc Ps.

Proof. Let A be a quasi-Frobenius ring. Then A admits a Nakayama
permutation, and so, by condition (npl) of the definition, the socle of any principal
A-module P is simple. Moreover, if P; 2 P, then soc P, % soc Ps.

Conversely, suppose all conditions of the theorem hold. From these conditions
it follows that soc Py, ...,soc Ps describe a permutation v of the simple modules
Uy = top P1,...,Us = top Ps. So, we have soc P, = top P,(1), that is, condition
(npl) holds. By theorem 4.3.2, soc Ay = socy A = Z is a monomial ideal with a

permutation v such that Z = @ fxZf, ). Therefore, by the annihilation lemma,
k=1

we have soc Q’;&) = soc A f,,(k; = V,'*, where the V) are left simple A-modules.

So we have soc Q) = top Qg, that is, the condition (np2) holds as well. Thus,
A is a quasi-Frobenius ring. The theorem is proved.

Some other equivalent definitions of QF-rings in terms of self-injective rings
and duality will be given at the end of this chapter.

4.6 THE SOCLE OF A MODULE AND A RING

In this section we shall study in detail the main properties of socles of modules
and rings.
Recall the basic definitions (see vol. I, p. 129).

Definition. Let M be a right A-module. The socle of M, denoted by soc (M),
is the sum of all simple right submodules of M. If there are no such submodules,
then soc (M) = 0.

If M = A,, then soc (A,) is the sum of all minimal right ideals of A and it is
a right ideal of A. Analogously, soc (4 A4) is a left ideal in A.
For a semisimple module M we have soc (M) = M.
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Since a homomorphic image of a simple module is a simple module or zero, for
any A-homomorphism ¢ : M — N of A-modules M, N we have that ¢(soc (M)) C
soc (V).

Let A be a ring with Jacobson radical R.

Proposition 4.6.1. If M is a semisimple A-module, then MR = 0.

Proof. Let M be a simple nonzero right A-module. Obviously, M = mA for
all nonzero m € M. If MR = M, then, by the Nakayama lemma, M = 0. This
contradiction shows that MR = 0. The general case follows from proposition
3.4.3, vol.I. The proposition is proved.

Recall that a ring A is called semilocal if A = A/R is a right Artinian ring
(see vol. I, p.228).

By theorem 3.5.5, vol.I, we obtain that A is semisimple (i.e., A4 and s A are
right and left semisimple modules respectively).

The next proposition is a generalization of proposition 4.3.3.

Proposition 4.6.2. Let A be a semilocal ring with Jacobson radical R. Then
soc(A4) coincides with the left annihilator [(R), whereas soc(4A) coincides with
the right annihilator r(R). In particular, soc(4A) and soc(Aa) are two-sided
ideals.

Proof. If M is a semisimple right A-module, then, MR = 0, by proposi-
tion 4.6.1, and consequently soc(A4) C I(R). On the other hand, the equality
I(R)R = 0 implies that I(R) is a right A-module and, by theorem 2.2.5, vol.I, [(R)
is a semisimple module, so it must be contained in the right socle of A, hence,
I(R) = soc(A4). Similarly, 7(R) = soc(4A). The proposition is proved.

Example 4.6.1.

Let A = T, (D) be the ring of upper triangular matrices of degree n over a
division ring D. Obviously, soc 4 A is the “first row ideal” of T, (D) and soc A4
is the “last column ideal” of T, (D). Therefore soc 4A = V;" and soc Ay = U},
where U; (resp. V;) is a right (resp. left) simple A-module (: = 1,2,...,n). For
n > 2 soc g4 A # soc Ayx. Obviously, dim p(soc 4A4) = dim p(soc As) = n.

Example 4.6.2.
Let k be a field and B = B, (k) be the subalgebra of M, (k) of matrices of the

following form:

a1 0 0 . 0 0
a1 asx 0 ... 0 0
as1 0 asz ... 0 0
Gn—1,1 0 0 An—1,n—1 0
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Obviously,
0 0 0 0
a1 0O 0 ... 0
R—rad(B)—{ asl 0 0 ... 0 }
apy 0 0 ... 0
It is easy to see that
a1 0 ... 0
a21 0 ... 0
I(R) =socBp = . )
an1 0 ... 0
and
0 0 0o ... 0
a1 a2 0 [P 0
T(R)—socBB_{ asi 0 azz ... O }
an1 0 0 BRI 1Y)

Consequently, soc Bg = U* and soc g B = VZ®...®V,2. We have dim ,(soc Bg) =
n and dim g(soc pB) = 2n — 2, where U; (resp. V;) is a right (resp. left) simple
B-module (i =1,2,...,n).

Example 4.6.3.

Here we give an example of a right Noetherian serial ring A for which soc Ay =
Us @ Us, and soc 4 A = 0.

Let Q be the field of rational numbers, p be a prime integer, Z,) = {m/n €

Q : (n,p) =1}. Set
A — Zp) Q
(0() Q)

It is clear that R = radA = (pzo(p) %2) and P = (Z,), Q), = (0, Q).
The left principal A-modules are:

_ (Z _(Q
Q1_<(())>7 Q2—<Q>

Since A is serial, if the socle of a principal left (or right) module P is nonzero,
then soc P has to be simple.
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Obviously, PIR = (pZ,, Q) and PR = 0. The submodules of P, are
PRV (j = 1,2,...) and (0, Q). The last module is isomorphic to U,. Hence
soc Ay = Uy @& Uy = U3.

In the left case RQ1 = (pzo(p)> and RQ)2 = (%2) . It is clear that the socles

of these modules are zero. Thus, soc 4 A = 0.

Example 4.6.4.
Let QQ be the following countable directed graph:

1 2 3 e n n+1
o ——0 —> 0 e o —0
So, the set of vertices V@ is the set of all natural integers N and the set of
arrows AQoo = {0k k+1 : k € N}. For all « < j, where (4,7) € N x N, there is a
path p;j = 0441 ...0j-1;. Let k be a field and consider Q. This is an infinite
dimensional k-algebra with the following basis:

{€i,i € N; pij, i <J, i,j € N}
Much related is the infinite dimensional k-algebra 2 with basis
{Lipij, 1,5 €N, i <j}
with 1 as the unit element and p;;p,s = 0j,pis, Where J;, is the Kroneker delta.
Obviously, a basis of the Jacobson radical R =rad(Q) is {p;; : @ < j}.

The product 012023 ...0p—1,, is nonzero for any n € N.

Let w € Q and w = ) ay;pi;. Let s(w) = min  {i}. If a,b € R and
i,j 35 with a;; 7#0

ab # 0, then s(ab) < s(b). So, if s(a1) = m then amiiam, ...aza; = 0 for any
Gm+1s---,02 € R. Therefore, Q is right perfect, but not left perfect.
Obviously, socQq = 0 and socoQ = { > aqxpix : for any n € N}. Thus, the
k=1

set {p12,P13,- -+, Pin, .- -1 is a basis of soc o€2.

Example 4.6.5.
Here we give an example of a commutative local semiprimary ring A whose
socle is simple, but A is not Artinian.

Let k[z1,22,...,2n,...] be the polynomial ring over a field &k in a countable
number of variables and let J be the ideal of k[z1,x2,...,2,,...] generated by
the elements: z%,23,...,22,... and z129 — x;x; for i # j. Consider the quotient
ring A = k[z1,29,...,2n,...]/J. Let 7 : k[z1,29,...,2p,...] = A be the natural
epimorphism. Denote 7(z122) by ag. The images of 1,21, x2,...,...,&y,...In A

will be denoted by the same symbols.

Now 7(z;xjxx) = 0 for all 4, 4, k. Indeed if i = j, then m(2?zy) = 7(2?)7(z)) =
0. This follows from z? = 0. And if i # j then 7(z;xjx)) = 7m(x1227)) which is
zero if k € {1,2} and which is equal to m(x12122) = 0 for k& > 3.
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Obviously the square (resp. third power) of any element of the form r =
Q121 + . .. + QT + apag is a sum of monomials of degree 2 (resp. 3). So r® =0
in A for all such r. It immediately follows that the Jacobson radical R of A is the
infinite dimensional vector space with basis ag, 1, Z2,...,Zn,.... Therefore the
Loewy series of A is:

ADRDR?D0,

where R? = soc A is the simple A-module generated by ag.

4.7 OSOFSKY THEOREM FOR PERFECT RINGS

The following lemma is a generalization of the Nakayama lemma for perfect rings.

Lemma 4.7.1. Let R be the Jacobson radical of a right (or left) perfect ring A.
Suppose, that X + R?> = R for some right (or left) ideal X in R. Then X = R.

The proof follows from theorem 10.5.1, vol.I.
Remark 4.7.1. Let R be as above. If R™ # 0, then R™ ! # R™.

Let {4, : n =0,1,...} be a countable family of finite sets, and let F' be
a family of functions {f, : An, — P(An41)} (here P(X) is the power set of X).
Consider the pair ({A,}, F). A path in this pair is a set of elements {a,,} such
that ag € Ao, and ap, € frn—1(am-1) for m > 1.

The following lemma is known as the Konig graph theorem.

Lemma 4.7.2. If the pair ({An}), F) has arbitrarily long paths, then it has
a path of infinite length.

Proof. We call a,, € A, “good” if there are paths of arbitrary length con-
taining a,. Obviously, there is a good element ay € Ag. If every element of the
finite set fy(ag) is not good, then there is an upper bound on the lengths of paths
through each of these elements, and hence the maximum of these upper bounds
plus 1 is an upper bound on the length of a path through ag. This contradicts the
assumption that ag is good. We conclude that some element of fy(ag) is good.

Now assume a,, is good. As above we conclude that some element of f,(ay,) is
good. We then obtain an infinite path by selecting ag € Ay as a good element in
Ap and a,, as a good element in f,,_1(an—1), by induction.

Theorem 4.7.3 (B.Osofsky). Let A be a right (or left) perfect ring with
Jacobson radical R. Then A is a right Artinian if and only if the right quiver
Q(A) of A is defined, i.e., the quotient ring A/R? is right Artinian.

Proof. Obviously, A/R? is right Artinian if and only if W = R/R? is a finitely
generated right A-module.
Obviously, if A is a right Artinian ring, then the right quiver Q(A) is defined.
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Conversely, suppose that A/R? is a right Artinian ring. Let W = R/R?. We
n

have W = > 7; A, where 7; = f(r;) for some r; € R and f : R — W is the natural
i=1
epimorphism. By lemma 4.7.2, we have:

R=> rA (4.7.1)
i=1
Obviously, any element from R? has the following form: Y r;rja;; and
ij=1
R* =" rirjA. (4.7.2)
ij=1
Consequently,
Rk = Z Ti Tig - - leA (473)

Write S = (r1,...,7,). Let A,, consist of all products r;, ---7;, # 0. Consider
fo(rig - ri,) ={rgrig - -ri, 05 rig---ri, 10 #0 : rp € S and r € S},

which is a subset of A, 1.

By the Konig graph theorem, there is an integer m such that each product of
m ris is zero. Consequently, every product r;, ---r; ~equals zero. From formula
(4.7.3) it follows that R™ = 0. Let t be the smallest integer such that R = 0. We
have the following Loewy series for A:

ADRDODR?’D>...DOR"'>0.

By remark 4.7.1, all inclusions in this Loewy series are strict and all R¥ are
finitely generated A-modules. Obviously, the R¥ / R are semisimple and finitely
generated for Kk = 1,...,t — 1. Therefore A has a composition series and A is a
right Artinian ring. The theorem is proved.

Corollary 4.7.4. A semidistributive right (or left) perfect ring A is right (or
left) Artinian.

The proof follows from theorem 14.1.6, vol.I, and the Osofsky theorem.

Proposition 4.7.5. Let R be the Jacobson radical and let Pr(A) be the prime
radical of a ring A. If A is a one-sided perfect ring then Pr(A) = R.

The proof follows from the following assertion: any element r € R of a one-sided
perfect ring is strongly nilpotent.
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4.8 SOCLES OF PERFECT RINGS

Definition. A ring A is called left (resp. right) socular if every nonzero left
(resp. right) A-module has a nonzero socle. A ring which is right and left socular
is called socular.

Let A be a right socular ring, and let M be a right A-module. We define
inductively: My = 0, My = soc M, if « is not a limit ordinal M, is the right
A-module such that M,1/M, is the socle of the right module M/M,, and, if «

is a limiting ordinal, M, = |J Mp. Since A is right socular there is an ordinal v
A<
such that M = M,.

The resulting ascending chain of submodules of M
MyCcM,C...CM,C...

is called the transfinite ascending Loewy series.

Proposition 4.8.1. The following conditions are equivalent for a ring A:
(1) A is right socular;
(2) for any right A-module M there exists a transfinite ascending Loewy series.

The proof is obvious.

Theorem 4.8.2 (H.Bass). The following conditions are equivalent:
(1) a ring A is right (resp. left) perfect;
(2) a ring A is semilocal and left (resp. right) socular.

Proof.

(1) = (2). Let A be a right (or left) perfect ring with Jacobson radical R.
Then A is semilocal, by theorem 10.5.3, lemma 10.4.9 and theorem 10.4.8, vol.I.

Let M be a left A-module and suppose that soc M = 0. If RM = 0 then M
is semisimple, by theorem 2.2.5, vol.I. Therefore, there exists r; € R such that
riM # 0. Let rym # 0. Consider Am D Arym. If Arym is not semisimple,
then there exists ro such that ror; - m # 0. Continuing this process we obtain a
sequence {ry} of elements of R such that ry, - r,—1...7r; # 0 for any n € N. This
contradiction proves (1) = (2).

(2) = (1). Let 0D Ry D ... D Ry D ... D Rs = R be the transfinite ascending
Loewy series of R. Therefore, if r € R, we can define h(r) to be the least o such

that » € R,. Note that h(r) can never be a limiting ordinal since if r € |J Rg,
B<a
then r € Rg for some § < a. Thus, if r € R we can write h(r) = 8+ 1 for some

B. Since Rg D R - Rg11, we have h(b-r) < h(r) for any b € R and h(r) # 0 for
r # 0.

Suppose we have a sequence {r, } of elements of R. Then if r,r,_1...71 #0
for all n the sequence {h(r,r,—1...71)} is a countable strongly decreasing chain
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of ordinals from a totally ordered ascending set of ordinals with a unique least
element. This is impossible. The theorem is proved.

The following proposition follows immediately from theorem 4.8.2.

Proposition 4.8.3. For a semilocal ring A the following conditions are
equivalent:

(i) A is socular;

(i1) A is perfect.

In particular, if A is perfect, then soc 4 A # 0 and soc A4 # 0.

4.9 SEMIPERFECT PIECEWISE DOMAINS

Let Ay = P/" @...@® Pl be a decomposition of a semiperfect ring A into a direct
sum of principal right A-modules.

Recall that a semiperfect ring A is called a piecewise domain if every nonzero
homomorphism between indecomposable projective A-modules is a monomor-
phism.

Piecewise domains coincide with [-hereditary rings A, that is, rings such
that every local one-sided ideal of A is projective. From theorem 10.7.9, vol.I, we
immediately obtain the following lemma:

Lemma 4.9.1. A semihereditary and semiperfect ring A is a piecewise domain.

Proposition 4.9.2. A local piecewise domain A is a domain. In particu-
lar, if A is a piecewise domain, then for any local idempotent e € A, eAe is a
domain.

The proof is obvious.

Corollary 4.9.3. The prime radical Pr(A) of a piecewise domain A is nilpo-
tent.

Proof. Let e be a local idempotent. By proposition 4.9.2, the ring eAe is a do-
main. By proposition 11.2.9 and corollary 11.2.7, vol.I, we have that Pr(eAe) = 0.
By theorem 11.4.1, vol.I, Pr(A) is nilpotent.

From corollary 11.8.7, vol.I, and corollary 4.9.3 we obtain the following theo-
rem.

Theorem 4.9.4. A semiperfect piecewise domain can be uniquely decomposed
into a finite direct product of indecomposable rings Ai, ..., An with connected
prime quivers PQ(A;), i =1,...,m.

Theorem 4.9.5. The prime quiver PQ(A) of a semiperfect piecewise domain
A is an acyclic simply laced quiver. Conversely, for every acyclic simply laced
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quiver ' there is a finite dimensional hereditary k-algebra A such that PQ(A) =
Q(A) =T (for any field k).

Proof. We may assume that the piecewise domain A is reduced. Let

Aq A12 . Alt
A21 A2 . Agt
An A .. A

be a two-sided Peirce decomposition so that

Pr(Ay) A ... Ay
Ay Pr(As) ... Ay
Pr(A) = . . ) .
Atl At2 . PT‘(At)

and A = A/Pr(A) = A} x ... x Ay, where A, = Ay /Pr(A;) for k = 1,...,t.
Such a Peirce decomposition exists by proposition 11.7.1, vol.I. By proposition
4.9.2, for every local idempotent e € A the ring eAe is a domain and therefore
a prime ring. Consider the set eAé. This set coincides with the set of cosets
{eae + Pr(A) : a € A} which is identified with the set eae + Pr(A)/Pr(A). By
theorem 1.3.3, vol.I, we have

(eAe + Pr(A))/Pr(A) ~eAe/(eAen Pr(A)) = eAe/ePr(A)e.

The set eAe coincides with the prime radical of the ring eAe, by proposition 11.2.9,
vol.I. But eAe is a domain, so Pr(eAe) = 0 and e4é = eAe. By theorem 14.4.6,
vol.I, the ring A is a direct product of prime rings. So, all the rings A; are prime.
We shall show that Pr(A;) =0,...,Pr(A;) =0.

First we assume that A = A/Pr(A) is prime. Let 1 = e; + ...+ ¢e5 be a
decomposition of 1 € A into a sum of mutually orthogonal local idempotents and

Pr(A)=1= @ epleg.
P,q=1

As above eple, =0 forp=1,...,s. If epleg # 0 then eple, - eqAe, C eple, = 0.
Consequently, e;Ae, = 0. By proposition 9.2.13, vol.I, the ring B,, = (€, +
e,A(e, + &,) must be prime, but if e,4e, # 0 then €,4é, is a nilpotent ideal in
Byyg. Therefore, e,Aé, = 0 for p # ¢; p,q = 1,...,s. This contradicts the fact that
A'is prime. So, Pr(A;) =0,...,Pr(A;) =0 and the rings Ay,..., A; are prime.

Returning to the general case. Let 1 = g1 +...+g; be a decomposition of 1 € A
into a sum of mutually orthogonal idempotents such that A;; = g; Ag; for i # j and
A; = giAgi (i,j =1,...,t). We may assume that A1 0. Let g1 =e1 + ...+ e
and go = hyyy1+- . . hiyi be the decompositions of g1 and g9 into a sum of pairwise
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orthogonal local idempotents. We shall show that e;Ah; =0 for i =1,...,m and
j =1,...,k. Since the rings A; and A are prime, there are sets of elements
aap € eqAeg (aap # 0 for a,f =1,...,m) and bys € hyAhs (bys # 0 for 7,0 =
1,...,k). From the inequality A1 # 0 it follows that there is a nonzero element
a12 € Ajz such that a1 = ep,a12hq,. The product app,a12bg,q is nonzero in the
piecewise domain A. Consequently, e;Ah; #0fori=1,...,mand j=1,... k.
We shall show that PQ(A) is an acyclic quiver. From the equalities Pr(A;) =
0,...,Pr(4:;) = 0 it follows that PQ(A) has no loops. Suppose that PQ(A)

contains an oriented cycle

1 2 r—1 r
e——>o ce °
\—/
where > 1. Obviously, A;3 # 0,..., A._1,- # 0 and A, # 0. Therefore, the
product Ajs...A,_1,A.1 # 0. This is a contradiction with Pr(A;) = 0.

Now we shall prove the converse assertion. Let I' be a cyclic simply laced
quiver and k be a field. By proposition 2.3.3 and theorem 2.3.4, the path algebra
A = kI is hereditary and finite dimensional. Moreover, Q(A) = PQ(A) =TI". The
theorem is proved.

It follows from theorem 11.8.6, vol.I, that a semiperfect piecewise domain A
has the following kind of two-sided Peirce decomposition:

Al A12 . Alt
0 Ay ... Ay
A= . . A (4.9.1)
0 0 ... A
where the Ay, ..., A; are prime rings and the prime radical has the following form:
0 A12 R Alt
0 0 ... Ay
Pr(A)=1|. . | . (4.9.2)
o 0 ... 0

Consequently, A = A/Pr(A) = Ay x ... x A;.

Corollary 4.9.6. A semiperfect piecewise domain A considered as an Abelian
group is a direct sum of the ring Ag ~ A and Pr(A): A= Ay ® Pr(A).

Corollary 4.9.7. Let t be the number of vertices in the prime quiver PQ(A)
of a semiperfect piecewise domain A. Then (Pr(A))t =0.

The proof follows from formula (4.9.2).

In conclusion there is the following theorem.
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Theorem 4.9.8. Let A be a right hereditary semiperfect ring. Then the fol-
lowing conditions are equivalent:

(a) A contains a monomial ideal;

(b) A is isomorphic to a finite direct product of rings of the form My, (B),
where all the By, are local right hereditary domains.

Moreover, if the ring A is semidistributive, then all the rings B; are either
division rings or discrete valuation rings.

Proof.

(b) = (a). Obvious.

(a) = (b). Let A be an indecomposable ring. From lemma 4.9.1 it fol-
lows that A is a piecewise domain. Every semiperfect piecewise domain has a
triangular Peirce decomposition (see formula (4.9.1)). So A is a prime right
hereditary semiperfect ring. Since A contains a monomial ideal, A = P" and
A~ M, (EndasP), where B = End4P is a local right hereditary domain.

If a ring A is semidistributive, then B is a right Noetherian right hereditary
local semidistributive domain. By proposition 14.4.10 and corollary 14.4.11, vol.I,
B is either a division ring or a discrete valuation ring.

Corollary 4.9.9. Let A be a right Artinian and right hereditary ring with a
monomial ideal. Then A is semisimple.

The proof is obvious.

4.10 DUALITY IN NOETHERIAN RINGS

The theme of this section is again duality theory, as in section 4.1. But there is an
important difference. In section 4.1 the duality function was Homy, (*, k) where k
is the underlying field of a k-algebra A; here the duality functors are Hom4 (%, 4 A)
and Homy (x, A4).

Let M be a right A-module and let

M* = Homa (M, Ay). (4.10.1)

Obviously, this is an additive group and it can be considered as a left A-module
if we define ap by the formula (ap)(m) = p(ma), where a € A, ¢ € M*, m € M.
This left A-module is called dual to the right A-module M. Analogously, for any
left A-module N we can define the dual module

N* = HomA(N, AA),

which is a right A-module, if we set (¢a)(z) = ¥(x)a for a € A, p € N*, € N.
Obviously, isomorphic modules have isomorphic duals.

Let f: N — M be a homomorphism of right A-modules. Then we may define
a map f*: M* — N* by the formula f*(p) = ¢f for ¢ € M*. It is easy to
show that f* is an A-homomorphism of left A-modules. This homomorphism f*
is called dual to f.
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Let F be a free A-module with a finite free basis f1, fo,..., fn. Define an A-
homomorphism ¢; : F — A by ¢;(f;) = 6;; for i,5 =1,2,...,n, where §;; is the
Kronecker symbol. Then ¢; € F*. It is easy to show that F* is a free A-module
with a free basis ¢1,...,¢,. This basis is called dual to the basis fi, fa,..., fn.

Lemma 4.10.1. Let P be a finitely generated projective module. Then the
dual module P* is also a finitely generated projective A-module.

Proof. Let P be a finitely generated module generated by elements 1, ...z,
and let I’ be a free module with a free basis fi, fo,..., fn. Then there is an
epimorphism 7 : F' — P with 7(f;) = x; for i = 1,...,n. Since P is projective,
there is a homomorphism ¢ : P — F such that 7o = 1p. Consequently, o*7* =
(ro)* = 1p«. Therefore P* is a direct summand of a free module F* which is free
with a finite basis of n elements. So P* is a finitely generated projective module.

Lemma 4.10.2. Let A be a right Noetherian ring. Then the dual to any
finitely generated left A-module is also finitely generated.

Proof. Let M be a finitely generated left A-module. Then there is an exact
sequence 0 — N — F'— M — 0 with F" a free module with a finite basis. Applying
the duality functor Hom (%, A) we obtain that M* is a submodule of F'*. Since
F* is a free right A-module with a finite basis and A is a right Noetherian ring,
M* is a finitely generated A-module, by corollary 3.1.13, vol.I.

Let M be a right A-module with dual module M*. Then M* itself has a dual
module M**. Suppose m € M and f € M* = Homa (M, A). Define a mapping

Om - ]\4’k — A
by ©m (f) = f(m). Obviously,

om(f1+ f2) = om(f1) + Pm(f2).

For any a € A we have yp(af) = af(m) = apn(f). Thus ¢, is an
A-homomorphism, i.e.; ¢,, € M**. Consider the mapping

Oop M — M™ (4.10.2)

defined by dpr(m)(f) = f(m) for m € M and f € M*. It is easy to verify that das
is an A-homomorphism.

Definition. A module M is called reflexive if 5, is an isomorphism. And it
is called semi-reflexive if §); is a monomorphism.
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Note that any finite dimensional vector space as a module over its field & is
reflexive; on the other hand an infinite dimensional vector space over a field k& is
never reflexive.’

Lemma 4.10.3. Any submodule of semi-reflexive module is semi-reflexive and
any direct summand of a reflexive module is reflexive.

Proof. Suppose M is a semi-reflexive A-module and N is a submodule of M.
Let i : N — M be the inclusion mapping. Then the following diagram

N 2 N
Li L
MM

is commutative. Since 7 and dj; are monomorphisms, Jy is also a monomorphism.
Therefore N is semi-reflexive.

Let N be a direct summand of a reflexive module M. Then there are an
inclusion mapping ¢ : N — M and an epimorphism 7 : M — N such that i = 1y.
Then 7**i** = (7i)** = 1y«« is an epimorphism. The following diagram

M2
M2 N

is commutative. Since dps is an isomorphism and 7** is an epimorphism, ¢ is also
an epimorphism. But from the first part of this lemma 05 is a monomorphism.
So dy is an isomorphism, i.e., N is reflexive.

Proposition 4.10.4. Each finitely generated projective module is reflexive. In
particular, a free module with finite free basis is reflexive.

Proof. Let F be a free module with finite free basis f1, f2,..., fn and let
©1, P2, -, Pn be the free basis of I'* dual to f1, fa,..., fn. Let ¢1,19,...,1, be
a basis of F** dual to the basis ¢1,¢a,...,¢n. Then §p(f;) and 1; both belong
to Homy (F*, A) and

Sr(fi)(ps) = i(fi) = 00 = Yi(p;).

This implies that dz(f;) = ¥; and that dp is an isomorphism, i.e., F' is reflexive.
Let P be a finitely generated projective module. Then P is a direct summand
of a free module with a finite basis. Hence P is reflexive by lemma 4.10.3.

3In general the matter of reflexivity of a module is a delicate matter involving higher set
theory. For free Abelian groups (as modules over Z) the answer is as follows: A free Abelian
group is reflexive if and only if its cardinality is non-w-measurable. In particular a countable
free Abelian group is reflexive. See P.C.Eklof, A.H.Mekler, Almost free modules. Set-theoretic
methods, North Holland, 1990 for this and much more.
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Lemma 4.10.5. The dual of an arbitrary module is semi-reflexive. The dual
of a reflexive module is reflexive.

Proof. Let M be A-module. If we apply the duality functor to the A-
homomorphism d5; : M — M™** we obtain an A-homomorphism 63, : M*** — M*.
Then it is easy to show that

Snionr = Lpgs. (4.10.3)

From this equality it follows that d,/« is & monomorphism, so M* is semi-reflexive.
If M is reflexive, then &y is an isomorphism, and so is 6},. But then from (4.10.3)
Sm- = (63,) 7! is also an isomorphism, i.e., M* is reflexive.

Lemma 4.10.6. Let A be a right Noetherian ring. Then any finitely generated
submodule of a free module with a finite basis is semi-reflexive.

Proof. This follows from proposition 4.10.4 and lemma 4.10.3.

4.11 SEMIPERFECT RINGS WITH DUALITY FOR SIMPLE MODULES

Lemma 4.11.1. Let U (resp. V) be a simple right (resp. left) A-module. Then
A has a right (resp. left) ideal isomorphic to U (resp.V' ) if and only if U* # 0 (resp.
V*#£0).

Proof. This follows immediately from the Schur lemma.

Definition. We say that A is a ring with duality for simple modules
(shortly, a DSM-ring) if for each simple right A-module U the dual module U*
is simple and the same also holds for simple left A-modules.

Theorem 4.11.2. Let A be a semiperfect semiprime ring, then soc Ax
(soc 4 A) is nonzero if and only if A ~ M,,(D1) x ... x M,_(Ds), where the
Dy, ..., Ds are division rings, i.e., A is a semisimple Artinian ring.

Proof. Let A be a semiperfect semiprime ring with Jacobson radical R. If Aisa
semisimple ring, then R = 0. Then, by proposition 4.3.3, soc A4 = I[(R) = A # 0.

Conversely, suppose soc A4 # 0. If the Jacobson radical R of a ring A equals
zero, then, by lemma 10.4.9 and theorem 10.4.8, vol.I, A is a semisimple Artinian
ring.

Suppose R # 0. Let Ay = P @ Py?@®...® P’ be a decomposition of A into
a direct sum of principal right A-modules and let 1 = f1 + fo + ...+ fs be the
corresponding canonical decomposition of 1 € A, ie., ;A= P" (i=1,2,...,s).
Suppose A contains a simple projective module, say P, = eA, where f; = e4+g and
€2 =¢,eg=ge=0. Denote h = fo + ...+ fs and X = fiAh. Obviously, X is a
nonzero two-sided ideal and X? = 0. Since A is a semiprime ring, this contradiction
shows that A doesn’t contain simple projective modules and so soc A4 C R. By
proposition 4.12.1, soc A4 = l(R) is a two-sided ideal in A. Let 1 =e; +...+ ¢,
be a decomposition of the identity of A into a sum of pairwise orthogonal local
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idempotents. Then for any e; we have ¢;l(R) C e; A, where ¢; A is a principal right
A-module. If there exists a number i such that e;l(R) = e; A, then e; A is a simple
projective module, and this case has been considered above. So we can assume
that e;l(R) C e;R for all ¢; € A, and then [(R) C R. Since [(R)R = 0, we have
I(R)?> = 0 and so [(R) = 0 = soc A4, since A is semiprime. This contradiction
shows that R = 0.

For soc 4 A the statement is proved analogously. The theorem is proved.

Proposition 4.11.3. Let A be a semiperfect ring with duality for simple mod-
ules, and let P be a simple projective A-module. Then A = M,, (D) x Az, where
D = Enda P. Conversely, if A = M,,(D), where D is a division ring, then
U*=V and V* = U, where U is the unique simple right A-module and V is the
unique simple left A-module.

Proof. Let P = eA, where e is a local idempotent of A. Then obviously
Ae C Py. Therefore the left simple A-module P = V; coincides with Ae. Let
A=P"@...@ P! be a canonical decomposition of A into a sum of principal A-
modules and let 1 = f1 + fo+ ...+ fs be a corresponding canonical decomposition
ofle A e, ;FA=P" (i=1,2,...,s).

Set P/ = P;* @ ...® Pl. Clearly Hom4(P’, P") = 0. Suppose, that
Homa(P"',P’) # 0. Then there exists a canonical idempotent f; such that
fiafi # 0 and i # 1. Obviously, fiafi C (f1A)* = V{"'. Since f1Af1 # 0, for the
simple left A-module V; we have f1V; = V; and f;V; = V5 which contradicts the
annihilation lemma. Hence Hom4 (P, P’) =0 and A = M,,, (EndP;) x As.

The converse statement is obvious.

Definition. The following conditions will be called the Nakayama condi-
tions for a semiperfect ring A:

(a) the socles of the principal right and left A-modules are simple;

(8) principal modules with isomorphic socles are isomorphic.

Lemma 4.11.4. Let A be a semiperfect ring A with Jacobson radical R, let
P = eA be an indecomposable projective A-module, and let U = P/PR be a simple
module. Then the dual A-module U* is isomorphic to l(R)e, i.e., U* ~soc A4 - e.

Proof. Let U = eA/eR and ¢ € U*. Write z = (e + eR). Obviously, z = ze
and for all p € eA we have
p(p+eR) = plep+eR) = zp.

Moreover, for r € R we have zr = p(e+eR)r = p(er+eR) = 0. Consequently, z €
I(R)NAe = l(R)e and every ¢ € U* has the form: ¢ = ¢,, where ¢,(p+eR) = zp.
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Conversely, for every z € I(R)e define ¢, € U* by the formula: ¢, (p+eR) = zp.
Obviously, the map: z +— ¢, is an isomorphism of the left A-module I(R)e to U*.
The lemma is proved.

Observe that the dual of a right A-module eAeJ is isomorphic to the left A-
module [(J)e.

Theorem 4.11.5. Let A be a semiperfect ring. Then the following are
equivalent:

(1) A is a ring with duality for simple modules;

(2) A admits a Nakayama permutation v(A);

(3) A satisfies the Nakayama conditions.

Moreover, from (1), (2), (3) it follows that soc (Aa) = soc (4A) = Z and Z

is a monomial ideal.

Proof. Obviously, we can suppose that a ring A is reduced and indecomposable.
Therefore, every local idempotent is canonical.

Then Ap = PP ®...0 P and 4A = Q1 & ... P Qs, where Pp,..., P are
pairwise non-isomorphic right principal modules and @1, ..., Qs are pairwise non-
isomorphic left principal modules. Let R be the Jacobson radical of A. We set
U, = P,/P,R and V; = Q;/RQ; (i = 1,...,s). By proposition 11.1.1, vol.I,
Ui,...,Us (vesp. Vi,...,V;) are all right (resp. left) simple A-modules.

(1) = (2). Let Z, = soc As and Z; = soc 4A. Since A is semiperfect,
Z, =1l(R) and Z; = r(R). By lemma 4.11.1, Z, contains at least one copy of each
simple A-module U;,i = 1,...,s and Z; contains at least one copy of each simple
left A-module V;,i=1,...,s

Therefore, by the annihilation lemma for simple modules, for each canonical
idempotent e, € A we have Z.e; # 0 and e Z; # 0.

By lemma 4.11.4, the module V;*, which is dual to V; = Ae;/Re;, has the form:
V¥ = e;r(R) = e;2;. By assumption, V;* is simple.

Thus e;Z; C ¢; 2, for i = 1,...,s. Therefore Z; C Z,.. By symmetry, Z,. C Z
which implies Z; = Z,, = Z.

Suppose now that the right module e;Z is simple and isomorphic to U, ).
Then e;Z = e;Ze, ;). Similarly Z,;) is a simple left A-module, and, consequently,
it coincides with V;, as e;Ze, ;) # 0.

Therefore Z = EB eiZe,(;) is a monomial ideal with v(Z) = v(A) and Z is

determined by V;* = U,,(Z

The equivalence of (2) and (3) is obvious.

(2) = (1). We show that Z, = Z;. For each local idempotent e; we have
e;.Z; # 0 and e;Z; D e;Z,.. Therefore Z; O Z,.. Symmetrically Z,. D Z;. Hence,
Z, =2 =Z,and ¢;Z = Zey,;) = e;Zey(;), and, by theorem 4.3.2, V" = ¢;Z =

U, ), and Uy(l) Zeyiqy=Vifori=1,...,s
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As a corollary of this theorem we obtain another equivalent definition of a
quasi-Frobenius ring.

Theorem 4.11.6. The following conditions are equivalent for an Artinian
ring A:

(1) A is a quasi-Frobenius ring;

(2) A is a ring with duality for simple modules.

4.12 SELF-INJECTIVE RINGS

For any ring A the right regular module A 4 is free and so it is a projective module.
But in the general case A4 is not injective.

Definition. A ring A is called right self-injective if the right regular module
A, is injective. A left self-injective ring is defined analogously.

Examples 4.12.1.

1. Each Frobenius algebra and each quasi-Frobenius algebra is a self-injective
ring.

2. The ring of integers Z is not self-injective.

3. The ring Z/nZ, for n > 0 is self-injective.

4. A semisimple Artinian ring is right and left self-injective.

In general, a ring may be right self-injective without being left self-injective.
One example of such a ring has been constructed by B.Osofsky*.

Examples 4.12.2.
Let T = {3 aiz" : a; € K} where a C @>¢ and the exponent set « is such

[1SyeY
that each lower limit point is in « (i.e., every subset of a has a smallest element
(in «)). There is a (nondiscrete) valuation on T obtained by

U(Z a;z') = smallest j in o with a; # 0.
i€a

Let R=T/Uh, Y =T/Vi, where Uy = {f € T : v(f) > 1}, Vi ={feT
v(f)>1}. Andlet J={z € R : v(z) >0}, S={xr € R : v(x)=1}. Then Ris
a self-injective ring and Y is an injective R-module as well as a self-injective ring.

And the ring
R J
=)

is a right self-injective and not a left self-injective ring with soc(4A4) = (ﬁ g)

which is essential in 4 A.

“4see [Osofsky, 1984]
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The next statement gives connections between a self-injective ring and annihi-
lators of its ideals.

Proposition 4.12.1. If a ring A is right self-injective, then il satisfies the
following conditions
(1)  for any right ideals Hy, Ho

I(Hy N Hy) = [(Hy) + [(Hs) (4.12.1)
(2) for any finitely generated left ideal H

I(r(H)) = H. (4.12.2)

Proof. For all right ideals Hy, Ho of A, obviously, always [(H;) + I(H2) C
I(Hy N Hy). Let « € [(Hy; N Hy). Consider the map ¢ : Hy + Ho — A defined by
p(a+b) =xbfor a € Hy and b € Hy. This is well-defined because a € [(Hy N Hy).
It is easy to show that ¢ is an A-homomorphism. Since A4 is injective, by the
Baer criterion (see proposition 5.2.4, vol.I), there is a y € A such that ¢(a +b) =
y(a+b) =abforalla € Hy and b € Hs. In particular, 0 = ¢(a) = ya for alla € Hy,
that is, y € [(Hy). For all b € Hy we have p(b) = yb = xb, so z = —y € [(Ha).
Therefore © = y+ 2z € [(Hy) +1(Hz). Thus, [(HyNHsy) C [(Hy)+1(Hs), and hence
Z(Hl n Hg) = Z(Hl) + l(Hg)

Let H be a finitely generated left ideal of A. Then there are elements
hi,ha, ..., hy, such that H = Ahy + Ahs + ...+ Ah,. It is easy to see that

3

r(H) = r(i Ahi) = | r(Ah;).

1

K2

Applying (4.12.1), we obtain that

n

Ur(H)) = (r(Ahi)).

i=1

Therefore it needs only to be shown that I(r(Az)) = Az for any x € A.

Obviously, Az C I(r(Ax)). Let y € [(r(Ax)). Then r(x) C r(y) and therefore
the map ¢ : A — A, which is given by ¢(xza) = ya, is an A-homomorphism.
Since A4 is injective, by the Baer criterion, there is an element z € A such that
¥(za) = zza. Therefore zo = y, ie., y € Az. Thus, [(r(Az)) C Az, and so
I(r(Ax)) = Ax.

Recall that a ring A is called an FDI-ring if there exists a decomposition of
the identity 1 € A into a finite sum 1 = e; + ... + ¢, of pairwise orthogonal
primitive idempotents e; (see vol.I, p.56). Typical examples of FDI-rings are one-
sided Noetherian rings and semiperfect rings.
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Lemma 4.12.2. The endomorphism ring of every indecomposable injective
module s local.

Proof. Let @ be an indecomposable injective right A-module, and let ¢ €
End Q. Observe that Ker pNKer (1 —¢) = 0. Indeed, let a € Ker o NKer (1 — ).
Then ¢(a) = 0 and a—p(a) = 0, so a = 0. Suppose Ker ¢ # 0 and Ker (1—¢) # 0.
Let E(Ker¢) be an injective hull of Ker ¢ and let E(Ker (1 — ¢)) be an injective
hull of Ker (1 — ¢). There is an exact sequence

0—->Kerp@dKer(l—¢)—Q

Since @ is injective, @ = Q1 ® Q2, where Q1 ~ FE(Kerp & Ker (1 — ¢)),
by proposition 5.3.6, vol.I. Since @ is indecomposable, @ ~ ;. Thus Q =~
E(Kerp @ Ker (1 — ¢)) ~ E(Kerp) @ E(Ker (1 — ¢)), by the same proposition.
Since E(Ker¢) # 0 and E(Ker (1 — ¢)) # 0, we obtain a contradiction. Therefore
Keryp =0 or Ker (1 — ¢) = 0. We may assume that Ker o = 0. Consider Im ¢. If
Im ¢ # @, then, by proposition 5.3.6, vol.I, Q@ = Q1P Q2, where Q1 ~ E(Im ), i.e.,
@ is decomposable. Therefore Im ¢ = @), and consequently, ¢ is an isomorphism.
If Ker (1 — ¢) = 0, then analogously we can show that 1 — ¢ is an isomorphism.
So either ¢ or 1 — ¢ is invertible and End 4@ is local.

Theorem 4.12.3. A right (left) self-injective FDI-ring A is semiperfect.

Proof. Let e be a primitive idempotent of A. The right projective module eA
is indecomposable and injective. So End 4 eA ~ eAe is local, by lemma 4.12.2, and
A ~ EndA 4 is semiperfect by theorem 10.3.8, vol. 1.

Corollary 4.12.4. If a ring A is right (resp. left) Noetherian and right (resp.
left) self-injective then soc (a4 A) # 0 (resp. soc(Aa) #0).

Proof. By theorem 4.12.3, A is semiperfect. Let R be the Jacobson radical of
A. By proposition 4.3.3, r(R) = soc (4 A). If r(R) = 0 then [(r(R)) = A. But, by
the property (2) of proposition 4.12.1, I(r(R)) = R. Therefore, soc (4 A) # 0.

Proposition 4.12.5. Suppose a ring A satisfies properties (1) and (2) of
proposition 4.12.1. Then for any finitely generated right ideal T of A and each
f € Homu(Z, A) there is an element x € A such that f(a) = za for all a € A.

Proof. We shall prove this statement by induction on the number n of genera-
tors of a finitely generated right ideal Z of A.

Suppose n = 1. Then Z = zA. Take a homomorphism ¢ : Z — A. Since
za = 0 implies p(za) = 0 = ¢(x)a, we have r(x) C r(p(z)). Hence r(Az) C
r(Ap(x)). Then, by (4.12.2), we obtain that Ap(z) = I(r(A¢(z))) C l(r(Az)) =
Az. Therefore there is an element b € A such that ¢(z) = br and so ¢(za) =
p(x)a = bxa, as required. .

Suppose the statement is true for all finitely generated right ideals with n
n+1

generators. Let a right ideal Z have n + 1 generators, i.e., Z = > x;A. Take
i=1
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a homomorphism ¢ : 7 — A. By the induction hypothesis, there are elements
by, by € A such that

@(i :viai) = bl il‘l
i=1 =1

and
So(xn-i-lan-i-l) = boXp41Gn+1-

Taking into account (4.12.1) we have

n

by — by € Z(Z ;AN .rn+1A) = Z(Z IZ?lA) + l(IEnJrlA)
i=1 i=1
So there are elements y € (Y z;4) and z € l(zp4+1A4) such that by — by =y — 2.
i=1
Set b=0b; —y =by — z. Then

n+1

sO(Z wiai) = <p( wiai) + p(@nt1an41) =

i=1 i=1

n n+1
= (bl — ’y) inai + (b2 — Z).rn+1a,n+1 = b Z T;Q4,
=1 1=1

as required.

Theorem 4.12.6. Let A be a right Noetherian ring. Then A is right self-
injective if and only if it satisfies properties (1) and (2) of proposition 4.12.1.

Proof. Since A is right Noetherian, each of its right ideals is finitely generated.
Taking into account the Baer criterion we obtain the statement as a corollary of
propositions 4.12.1 and 4.12.5.

Theorem 4.12.7 (J.Levitzki). If A is a right Noetherian ring, then each of
its one-sided nil-ideals is nilpotent.

Proof. Since A is a right Noetherian ring, A has a maximal two-sided nilpotent
ideal N. Let B = A/N. Then 0 is the only nilpotent ideal in B. We shall show
that 0 is also the only left nil-ideal in B.

Suppose there is a nonzero left nil-ideal Z in B. Since B is a right Noetherian
ring, the set of right annihilators rg(x), where 0 # x € Z, has a maximal element,
say rp(y). Let b € B with by # 0. Since Z is a nil-ideal, there is n > 0 such
that (by)"™! = 0 and (by)"™ # 0. Obviously, r5(y) C rp(by) C r5((by)"), so by
maximality rz(by) = r5((by)"). Thus yby = 0. Therefore (ByB)? = 0 and y = 0.
This contradiction shows that 0 is the only left nil-ideal in B.
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Thus if L is a left nil-ideal in A, then (L+ N)/N =0¢€ A/N and L C N, i.e.,
N contains every right nil-ideal of A. Let x € A, and let Az be a left nil-ideal.
Then for any a € A we have (az)™ = 0. Therefore (xa)"*! = 0 and so the right
ideal xA is also a nil-ideal. Thus N also contains every right nil-ideal of A. Since
N is nilpotent, every one-sided nil-ideal is nilpotent.

Corollary 4.12.8. Let A be a right Noetherian ring. If A/R is semisimple
and R is a nil-ideal, then A is right Artinian.

Proof. From theorem 4.12.7, R is nilpotent. So A is a right Noetherian semipri-
mary ring. By corollary 3.7.2, vol.I, A is right Artinian.

Corollary 4.12.9. If A is a right Noetherian and right perfect ring, then A is
right Artinian.

Proof. Since A is a right perfect ring, A/R is semisimple and R is right T-
nilpotent, and so R is a right nil-ideal. By corollary 4.12.8, A is right Artinian.

Lemma 4.12.10. If A is a right Noetherian and right self-injective ring, then
it is a two-sided Artinian ring.

Proof. Since A is right self-injective ring, I(r(L)) = L for all left finitely
generated ideals L of A, by proposition 4.12.1. This condition implies that if we
have some infinite descending sequence of left finitely generated ideals

LiD>LyD>...DL,D...
then we have also an infinite ascending sequence of right ideals
r(Ly) Cr(Le) C...Cr(Ly) C...

Since A is right Noetherian the last sequence must stabilize and so A satisfies
the d.c.c. for all finitely generated left ideals and, in particular, for all principal
left ideals. From theorem 10.5.5, vol.I, it follows that A is a right perfect ring.
Therefore A/R is semisimple and R = radA is right T-nilpotent. By corollary
4.12.9 and theorem 4.12.7, A is a right Artinian ring and R is nilpotent. Now
we shall show that A is also a left Noetherian ring. As we have shown above A
satisfies the d.c.c. for all finitely generated left ideals. Suppose there is a left ideal
L in A which is not finitely generated. Then for every finitely generated left ideal
H C L there is a finitely generated ideal H; such that H C H; C L. Then we can
build by induction an infinite strictly ascending chain of finitely generated ideals
of A. This contradiction shows that A is a left Noetherian ring. Since A/R is
semisimple and R is nilpotent, A is left Artinian, by corollary 4.12.8. Thus, A is
a two-sided Artinian.

Lemma 4.12.11. If A is a right Noetherian ring which satisfies the conditions
(1) and (2) of proposition 4.12.1, then it is a two-sided Artinian and right self-
mjective ring.
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Proof. Since A is a right Noetherian ring, any of its right ideals is finitely
generated. Then from proposition 4.12.5 and the Baer criterion it follows that A
is a right self-injective ring. And so, by lemma 4.12.10, A is two-sided Artinian.

Lemma 4.12.12. If A is a right (resp. left) Noetherian ring and r(1(Z)) =T
(resp. U(r(Z)) =1)) for all two-sided ideals T, then rad(A) is nilpotent.

Proof. Suppose A is a right Noetherian ring and r(I(Z)) = Z for all two-sided
ideals Z of A. Let R =radA. Consider the descending chain of ideals

ROR*DR*D...
and the corresponding ascending chain of annihilators:
I(R) CI(R*)) CIRYC...

Since A is right Noetherian, the last chain is finite, i.e., there is an integer n such
that [(R") = [(R™*!). Hence R" = r(I(R")) = r(I(R"')) = R"*!. Since A is
right Noetherian, R" is a right finitely generated ideal, and, by the Nakayama
lemma (lemma 3.4.11, vol.I), R™ = 0.

Lemma 4.12.13. Let A be a right Noetherian and right self-injective ring.
Then any indecomposable right A-module can be embedded in the right regular
module Ay4.

Proof. By lemma 4.12.10, A is a two-sided Artinian ring. Therefore any A-
module M contains a simple A-module. Suppose M contains a simple A-module U.
By theorem 4.8.2, A is a socular ring. In particular, soc (4 A) # 0 and soc (A4) # 0.
Then, by lemma 4.11.4, U* # 0, as well. Therefore, by lemma 4.11.1, A has a
right ideal isomorphic to U, i.e., we have a monomorphism ¢ : U — A4. This
means that we have the diagram of the form:

with the top row exact. Since A is self-injective, this diagram can be completed
to a commutative diagram

0 — U Y M
h
le /

Ay

Since M is indecomposable, h is a monomorphism.
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Theorem 4.12.14. For any ring A the following conditions are equivalent:

(1) A is a right Noetherian and right self-injective ring.

(2) A is two-sided Artinian and satisfies the following double annihilator
conditions:

(2a) r(l(H))=H for any right ideal H
(2b) U(r(L)) =L for any left ideal L.

Proof.

2) = 1) Since A is a two-sided Artinian ring, it is also two-sided Noetherian
by theorem 3.5.6, vol.I.

Let Hy, Hs be right ideals of A. Then from condition (2a) it follows that

T(Z(Hl) + l(HQ)) = T(Z(Hl)) n T(Z(HQ)) = H1 n HQ.
Taking left annihilators we obtain that
Z(Hl) + Z(Hg) = Z(Hl N Hg)

Therefore, by theorem 4.12.6, A is right self-injective.

1) = 2) Suppose A is a right Noetherian and right self-injective ring. Then any
of its right ideals of is finitely generated, and so, by proposition 4.12.1, I(r(L)) = L
for any left ideal L and r(H; N Hy) = r(Hy + Hs) for any right ideals Hy, Hy of
A. We must only show that r(I(H)) = H for any right ideal of A. Obviously,
r(I(H)) € H. Suppose r(I(H)) # H. Let M = r(I(H))/H be a right A-module
and consider f € Homa (M, As). We may view f as a homomorphism r(I(H)) —
A4 vanishing on H. Since A4 is injective, this homomorphism, by the Baer
criterion, is given by left multiplication by some y € A. But yH = 0 implies
yr = 0 for any « € r(I(H)), so f = 0. Therefore Homs (M, A4) = 0. We shall
show that in this case M = 0.

By lemma 4.12.10, A is a two sided Artinian ring. Suppose M is a decom-

posable A-module and M = EBM“ then Hom (M, Ay) = EBHomA(Ml,AA)

proposition 4.3.4, vol.L. Therefore we can assume that M 1s an 1ndecomposable
module. But in this case, by lemma 4.12.13, from Hom (M, A4) = 0 it follows
that M = 0. Thus, r(I(H)) = H for any right ideal H.

Remark 4.12.1. Since condition 2) of theorem 4.12.14 is left-right symmetric,
the theorem implies the same for condition 1). Therefore we can rewrite this
theorem in the following symmetric form:

Theorem 4.12.14*. For any ring A the following conditions are equivalent:
1) A is right Noetherian and right self-injective.
2) A is left Noetherian and left self-injective.
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3) A is Artinian and satisfies the following double annihilator conditions:
(3a) r(I(H))=H for any right ideal H
(3b) I(r(L)) =L for any left ideal L.

Remark 4.12.2. Note that in the case if A is neither left Noetherian nor right
Noetherian self-injectivity is not necessarily left-right symmetric. For example,
the endomorphism ring of any infinitely generated free left module over a quasi-
Frobenius k-algebra is left self-injective but not right self-injective (see [Osofsky,
1966], [Sandomerski, 1970]. On the other hand there are right and left self-injective
ring which are not Artinian (see [Goodearl, 1974]).

In section 4.11 we have introduced rings with duality for simple modules (DSM-
rings). By theorem 4.11.5, any quasi-Frobenius ring is a DSM-ring. Now we shall
show that any two-sided Artinian DSM-ring satisfies the two double annihilator
conditions.

Proposition 4.12.15. Let A be a two-sided Artinian DSM-ring. Then
r(l(H)) = H for any right ideal H and l(r(L)) = L for any left ideal L.

Lemma 4.12.16. Let K C L be right ideals in a ring A and let (L/K)* be a
simple left A-module. Then I[(K)/I(L) is either zero or isomorphic to (L/K)*.

Proof. We can define a map f : [(K) — (L/K)* by the formula f(x)(y+ K) =
ay for © € I(K) and y € L. This is well-defined because = € [(K). It is easy to
see that f is a homomorphism of left modules and that Kerf = I(L). Therefore
I(K)/I(L) is isomorphic to a submodule of the left simple module (L/K)*. The
lemma is proved.

Proof of proposition 4.12.15. Consider any composition series of A:

0=KyCK C...CK,=4 (4.12.3)

By assumption, each (K;41/K;)* is simple.  So, by lemma 4.12.16,
I(K;)/lI(K;t1) is either zero or simple.
Thus
0=1(K,)C...CIlK;) Cl(Ky) =4 (4.12.4)

is a series of submodules with either simple or zero factors.

Consequently, length(4 A) < length(A44). By symmetry we have length(A4,4) <
length(4A). Therefore I(K;) # I(K;t41) for i = 0,...,n. Applying the right
annihilator to (4.12.4) we obtain that 0 = r(I(Kyp)) € ... C r(I(K;)) € ... C
r(I(K,)) = A is also a composition series for A4. Obviously, K; C r(I(K;)) and
K; = r(I(K;)). Any right ideal H may be a member of a composition series so
we have proved the double annihilator property for right ideals. By symmetry the
same hold for left ideals. The proposition is proved.
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The following statement gives equivalent definitions of QF-rings.

Theorem 4.12.17 (S.Eilenberg, T.Nakayama). For each ring A the fol-
lowing conditions are equivalent:
1) A is a quasi-Frobenius ring;
2) A is two-sided Artinian and satisfies the following double annihilator condi-
tions:
(2a) r(I(H))=H for any right ideal H

(20) U(r(L)) =L for any left ideal L.

3) A is right Noetherian and right self-injective.
4) A is left Noetherian and left self-injective.

Proof. The conditions (2), (3) and (4) are equivalent by theorem 4.12.14*. So
assume that A is two-sided Artinian and right and left self-injective. Let P be a
principal right A-module. Then it contains a simple right A-module U. Since P
is a direct summand of A4 and A is self-injective, P is injective as well. So P is
an indecomposable injective A-module, and then from proposition 5.3.6, vol.I, it
follows that P ~ E(U). So U is an essential simple module in P, therefore U =
soc P. If P and P’ are principal indecomposable A-modules then their injectivity
implies that soc P ~ soc P’ if and only if P ~ P’. Thus, every simple right A-
module is isomorphic to the socle of some right indecomposable injective module.
Analogously, if Q and @Q’ are left principal indecomposable then soc ) and soc Q'
are simple and A is quasi-Frobenius, by theorem 4.5.2.

Let A be a quasi-Frobenius ring. Then A is a DSM-ring and, by proposition
4.12.15, A satisfies the two double annihilator conditions, i.e., we proved (1) = (2).
Therefore the theorem is proved.

Lemma 4.12.18. Let A be a right Noetherian ring. Then any injective right
A-module M is a direct sum of indecomposable injective submodules.

Proof. Let A be a right Noetherian ring. We first show that any injective right
A-module @ contains an indecomposable injective submodule. Let z € Q. Then
it suffices to consider the case when @ is an injective hull of z A, i.e., Q@ = E(zA).
Since A is right Noetherian, A cannot contain an infinite direct sum. Since @ is
an essential extension of xA, @ also cannot contain an infinite direct sum as well.
Hence it follows that ) contains an indecomposable injective submodule.

Let M be an injective right A-module. Consider a set of all indecomposable
injective submodule of M whose sum is direct. By Zorn’s lemma, there exists such
a set {M; : i € I} which is maximal. From theorem 5.2.12, vol.I, it follows that
® M; is an injective module, and so M = X @© @ M;, where X is some submodule

3 3
of M, by propositions 5.2.2 and 5.3.6, vol.I. Since M is injective, X is injective as
well, and it contains an indecomposable injective submodule. From the maximality
of @ M; it follows that X = 0. So M = & M; as required.

K3 3
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Theorem 4.12.19 (C.Faith, E.A.Walker). The following conditions are
equivalent:

1) A is a quasi-Frobenius ring;

2) a right (or left) A-module M is projective if and only if it is injective.

Proof.

1) = 2) Let A be a quasi-Frobenius ring, then, by theorem 4.12.16, A is right
and left self-injective. So every free module is injective. Hence every projective
module is injective as well.

Conversely, suppose M is an injective module. Since A is a Noetherian ring, by
lemma 4.12.17, M ~ & M;, where the M; are indecomposable injective modules.

By lemma 4.12.13, MZ may be embedded in the injective module A,4. Therefore
M; is projective, and so is M.

2) = 1) Conversely, since A itself is projective, we obtain that A4 is injective.
Since any direct sum of projective modules is projective, by proposition 5.1.4,
vol.I, and any projective module is injective, any direct sum of injective module
is injective. Then, by theorem 5.2.12; vol.I, A is right Noetherian. Therefore, by
theorem 4.12.17, A is quasi-Frobenius.

Corollary 4.12.20 (M.Auslander). Let A be a quasi-Frobenius ring. Then
gl.dimA =0 orgl.dimA =

Proof. Suppose that lLgl.dimA = n < oco. Let M be a left A-module
such that l.gl.dim4(M) = n. Then there exists a left A-module X such that
Ext’y(M,X) # 0 and Ext’y™' (M, N) = 0 for any left A-module N. Consider an
exact sequence

0—-Y—->F—-X—>0

where F'is a free A-module. Then Ext"} (M, F)) = 0 since F is a left free module
and A is quasi-Frobenius, and hence by theorem 4.12.19 F' is injective. Since
Homy (%, Q) is an exact functor for any injective A-module @, we conclude that
n =0, and so M is projective. In this case A is a semisimple ring, by proposition
6.6.6, vol.I.

In section 4.10 we have studied reflexive modules. The following theorem gives
a characterization of finitely generated modules over quasi-Frobenius rings.

Theorem 4.12.21. Let A be a quasi-Frobenius ring. Then
1) all finitely generated A-modules are reflexive.
2) a right (left) A-module M is finitely generated if and only if M* is finitely

generated.
To prove this theorem we need the following lemma.

Lemma 4.12.22. Let A be a quasi-Frobenius ring. Then any finitely generated
semi-reflevive A-module is reflexive.



FROBENIUS ALGEBRAS AND QUASI-FROBENIUS RINGS 203

Proof. Let M be a finitely generated semi-reflexive A-module. Consider an
exact sequence
0-N—>F-25M—0

where F' is a free A-module with a finite free basis. Since A is right and left self-
injective, by applying two times the duality functor we obtain an exact sequence:

Consider the commutative diagram:

P25
Ly Ly™
M2 g

Here 5 is an isomorphism by proposition 4.10.4, and d,; is a monomorphism, by
assumption. Then M =~ 0p(M) = Im ™ = M** and Coker dp; = 0. Therefore
dpr is an isomorphism, i.e., M is reflexive.

Proof of theorem 4.12.21. (1) Let M be a right finitely generated A-module.
Then there exists an exact sequence

0>N-—=>F-2M-=0

where F' is a free A-module with a finite free basis, i.e., FF = A™, and N is a
submodule of F. Then F' is a reflexive modules, by proposition 4.10.4. Since A is
Noetherian, N is a finitely generated A-module, as well. Then N is a semi-reflexive
module, by lemma 4.10.6. And, by lemma 4.12.22, N is also reflexive.

Since A is right self-injective, the duality functor Hom (%, A4) is exact from
mod, A to mod;A. And analogously, the duality functor Hom 4 (*, 4 A) is also exact.
Consider the commutative diagram with exact rows:

O — N — F — M — 0
| on L oF g,

Since 0 and 6 are isomorphisms, d,; is also an isomorphism, by corollary 4.2.6,
vol.l, i.e., M is reflexive.

(2) Let M be a finitely generated right A-module. Since A is a two-sided
Noetherian ring, M* is also a finitely generated module by lemma 4.10.2.
Conversely, let M™* be a finitely generated left A-module. Then by the above,
M** is also a finitely generated module. Consider an injective hull E(M). By
theorem 14.12.19, E(M) is projective, so it embeds into a free module F. So we
have a chain of inclusions M C E(M) C F, which says that Homa (M, A4) # 0
for any M # 0. This means that §p; : M — M™* is a monomorphism. Since M **
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is finitely generated and A is a Noetherian ring, M is also a finitely generated
A-module.

4.13 QUIVERS OF QUASI-FROBENIUS RINGS

Let @) be a quiver, let ¢ and j be two points of () and let o;; be an arrow from ¢
to j. A path z;; is called simple if all its points 71,42, ..., 4, are different except
maybe the first and last one. If in addition ¢ = j then z;; is called a simple cycle.

Denote Q(i) = {j € Q : there exists a path z;; from i to j}.

Let @ = Q(A) be the quiver of a two-sided Artinian ring A. We introduce a
notion of a “maximal path” in @ connected with properties of the Jacobson radical
R of A. We can assume that A is basic, since Q(A) = Q(B) for any ring B which
is Morita equivalent to A. Let A=P, & ...® Psandlet 1l =e; +...4+ e, be a
corresponding decomposition of 1 € A, i.e., e,A=PF; (1=1,...,s). Let 0;; be an
arrow of the quiver Q(A). This means that there is a direct summand Pjt £ 0 in

S ..
the decomposition P(P;R) = & P; “ and that there is a nonzero homomorphism
=1

@ji + Pj — P; which is given by the restriction of a homomorphism P(P;R) — PR
onto one of the direct summands P; N

So each arrow o;; of the quiver Q(A) of the ring A naturally corresponds to
a homomorphism ¢;; : P; — FP; and every path z;; = 04,0, . ..0;,.; naturally
corresponds to a homomorphism ®;; : P; — P; where ®5; = @i, 90,1 -+ Piyi-

A path z;; is called maximal if ®;; # 0 but ¢5;®;; = 0, where ¢y, corresponds
to an arrow o,;. In this case j is called the end of the maximal path z;; with
start at 1.

Since Hom 4 (P;, P;) ~ e;Ae;, an arrow o;; naturally corresponds to an element
ai; = e;ae; # 0 and x;; = 044, 04,4, - . . 04,5 Daturally corresponds to an element
Cij = Gijiy Qiyiy - - - G4, 5. Suppose that the path x;; is maximal. Consider the right
ideal ¢;;A. Since z;; is maximal, ¢;;AR = 0, i.e., ¢;jAe; # 0 and ¢;;Aey, # 0 for
k # j. By the annihilation lemma, ¢;; A ~ U;nj, where m; > 0.

Let A be a QF-ring. From theorem 4.5.2 it follows that the map ¢ — (i)
which sends every vertex ¢ of Q(A) to the end of a maximal path with start at ¢ is
a permutation. This permutation coincides with a Nakayama permutation of A.

Clearly, the permutation 7 — 7 (7) satisfies the following conditions:

(a): for any oy; either (i) = j or 7(i) € Q(j);

(B): for any vertex k of @Q and any vertex i € Q(k), we have 7(i) € Q(k).

Lemma 4.13.1. Suppose that there is a permutation on the set of vertices of
a connected quiver Q) satisfying the conditions (o) and (). Then the quiver Q is
strongly connected.

Proof. Assume that @ is not strongly connected. Then there exist vertices k
and [ such that there is no path from & to l. Hence l ¢ Q(k). Let T" be the set of ver-
tices of ) that do not belong to Q(k). Since @ is connected, there exists i € 7" and



FROBENIUS ALGEBRAS AND QUASI-FROBENIUS RINGS 205

an arrow o;; such that j € Q(k). Clearly, Q(j) C Q(k). Let Q(k) = {1,2,...,m}.
Then from the property () it follows that Q(k) = {m(1),7(2),...,m(m)} and («)
implies that 7(i) € Q(k). But i € T and so i ¢ Q(k) and some vertex from Q(k)
is mapped to 7 (7). The obtained contradiction completes the proof of the lemma.

The main result of this section is the following theorem.

Theorem 4.13.2 (E.L.Green). The quiver of an indecomposable quasi-
Frobenius ring is strongly connected.

Proof. Since all rings Morita equivalent to a QF-ring are @ F-rings, we can
assume that the quasi-Frobenius ring A is basic. Since a QQF-ring is a two-sided
Artinian ring, we can consider its quiver ). Then the proof of this theorem
follows from lemma 4.13.1.

4.14 SYMMETRIC ALGEBRAS WITH GIVEN QUIVERS

It is easy to prove the following lemma. The proof is left to the reader.

Lemma 4.14.1. Let (Q be a connected quiver with at least one arrow. The
following statements are equivalent:

(i) Q is strongly connected;

(ii) there is a cycle ¢ = (o1,...,0m) such that every arrow o of Q occurs as
some o;.

Recall the definition of a path algebra (see vol. I, section 11.3).

Given a quiver @ = (VQ, AQ, s,e) and a field k, the path algebra kQ of
Q over k is the (free) vector space with a k-basis consisting of all paths of Q.
Multiplication in Q) is defined in an obviously way: if the path o7 ... o,, connects
the vertex ¢ € V@ with the vertex j € V@ and the path 0,41 ...0, connects the
vertex j with the vertex k € V@, then the product o1 ...0,,,0m41 - . . 0y connects
the vertex ¢ with the vertex k. Otherwise, the product of these paths equals 0.

By convention, we shall consider that the path e; of length zero connects the
vertex i € V@ with itself without any arrow.

The identity of this algebra k@ is the sum of all paths ¢; for i € V@ of length
zero. Extending the multiplication by the distributivity, we obtain a k-algebra
(non necessarily finite dimensional).

Note that kQ is finite dimensional if and only if @ is finite and has no cyclic
path. Moreover, in this case k(@ is a basic split algebra.

Let Q@ = (VQ,AQ,s,e) be a quiver, where VQ = {1,2,...,n}. Let By =
{e1,...,en}, B1 = AQ, By = {all paths of @ of length 2}, ..., B,, = {all paths

of Q of length m}, ..., B= |J B;. Obviously, B is a k-basis of = kQ. Denote

=0
by J the two-sided ideal in = kQ with k-basis B\ By. This ideal is called the
fundamental ideal of a path algebra kQ (see section 2.2).
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For a given k-linear map p: Q@ — k weset S = {b € B : pu(b) # 0} and
I(p) = {weQ : uQuw) = 0}.

Lemma 4.14.2. Let i : Q — k be a k-linear map. Then
(a) Z(u) is the largest two-sided ideal contained in Ker u;
(b) S is a finite set if and only if T™ C Z(u) for some m.

Proof. (a) Obviously, Z(p) is a two-sided ideal. Let L be a two-sided ideal in
Q and L C Kerpu. Then p(Qx ) =0 for all x € L. Consequently, z € I(u) and
property (a) is proved.

(b) Let S be a finite set. Therefore, there exists an m such that u(b) = 0 for

all b € U B;. Hence, if w € J™ then p(w) = 0 and J™ C Ker u. Moreover,

Qu) C ?77” for all w € J™ and J™ C Z(u). Conversely, if J™ C Z(u), then
[e'e] m—1

wu(d) =0 for all b € |J B;. Consequently, if pu(b) # 0 then b € |J B; and as
i=0

i=m 2
m

-1
\J B is finite it follows that S is finite.
i=0

1=

Definition. Let p be as above (with corresponding S). We say that (.S, u) is
a Frobenius system if the following conditions hold:

(fs1) S is a finite set;

(fs2) for all w € Q, w C Ker i if and only if Qw C Ker p.

Theorem 4.14.3. If Q = kQ is the path algebra of a quiver @ over a field k
and (S, p) is a Frobenius system then /I (u) is a Frobenius algebra.

Proof. Suppose that (S, ) is a Frobenius system. Since S is a finite set, by
lemma 4.14.2, we have J™ C Z(u) for some integer m. Thus A = Q/Z(u) is
a finite-dimensional k-algebra. Since Z(u) C Ker p, the linear map p : Q — k
induces a linear map i : A — k. By theorem 4.2.1, it suffices to show that Ker
contains neither left nor right ideals.

Let b be a left ideal of A and b C Ker i. Consider the commutative diagram

00—k

17

A

where ¢ is the canonical ring surjection. Let € = o~ 1(b). Then € is a left ideal in
Q and € C Ker . Obviously, € D Z(u). We shall show that €Q C Z(u).

Let w € €. Then Qw C € C Kerpu. By definition of the Frobenius system
(S, 1), we have wQ C Ker . Therefore, €Q C Z (1) and ¢(€) =0 = oo~ 1(b) = b.
A similar proof shows that if b is a right ideal in A and b C Ker i then b = 0.
Therefore, A is a Frobenius algebra, by theorem 4.2.1.
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Definition. We say that a subset S of B is cyclic if there is a cycle ¢ =
(61,...,0m) such that

(1) every arrow in AQ occurs as some oy;

(2) if f € B then

c, or
(05, Om,01,...,05-1) forsome j=2,....,m.

fESc)f:{

Note that S is a finite set.
Define a set map: u: B — k by the formula

[ 1 if and omnly if feS
wf) = { 0  otherwise (4.14.1)

Extend this map to a k-linear map Q2 — k by “linearity”, i.e., for w € Q, w =

arby + ...+ anb, we set p(w) =Y a;pu(b;).
i=1

Proposition 4.14.4. Let Q be a quiver with basis B of its path algebra. If S
is a cyclic subset of B and p is the k-linear map defined by (4.14.1), then (S, )
18 a Frobenius system.

Proof. Clearly, S is a finite set, so condition (fs1) holds.
Since S is cyclic, it follows that f-g € S < ¢g- f € S for all f,g € B. This
implies
p(f-9)=0 < plg-f)=0 (4.14.2)
for all f,g € B.
Since p is the identity on S and 0 on B\ S, we see that the linearity of u and
(4.14.2) imply
plw - w') = p(w - w) (4.14.3)

for all w,w’" € Q.
Property (fs2) easily follows from (4.14.3) and we conclude that (S, p) is a
Frobenius system.

Theorem 4.14.5. Let QQ be a strongly connected quiver. Then for any field k
there is a symmetric k-algebra A such that Q = Q(A).

Proof. If @ is a point, then k is a symmetric algebra and Q(k) is a point. We
may assume that @ is a strongly connected quiver with at least one arrow. By
lemma 4.14.1, there is a cyclic subset S of B and a k-linear map: u : kQ — k,
such that (S, u) is a Frobenius system. By theorem 4.14.3, the quotient k-algebra
A = Q/I(un), where Q = kQ, is Frobenius. Let i : A — k be the linear map
induced by p. From equality (4.14.3) we have ji(a-a’) = fu(a’ - a) for all a,a’ € A.
By the definition of a symmetric algebra, it follows that A is a symmetric k-algebra.
Obviously, 7™+ C Z().
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It remains to show that Q(A) = Q. It is sufficiently to show that Z(u) C J2.
Let t € Q\ J?. We shall show that ¢ ¢ Z(p).
Ast e Q\ J? it is of the form

n
t = Zaiaﬂr Z 00 + Z Bihi,
=1

cEAQ ievQ
where h; € BN J? and «;, oo, 3 € k with at least one o; or o, unequal to zero.
First assume there exists i € V@ such that «; # 0. We may assume that
a1 # 0. There is an f € S such that e; f = f. It is easy to see that
M(tf - Oélélf) =0.
So, u(tf) = an # 0 and t € Z(p). Consequently we can assume that

t = > a,0+4+ > Bihi. Let a, # 0 for some 0. We can assume that
cEAQ €EVQ
c=(0,09,...,0m,) 18 a cycle. Let f* =o05...0,, and f =07 ...0,,. Obviously,

w(tf*) =a, + Z arp(ros .. om),

TH#O
where 703 ...0,, € B. The number of times which o occurs in (7,09,...,0.,) is
one less than the number of times which o occurs in ¢. Thus (7,09, ...,0.,) is not

a reordering of ¢ and we conclude that u(ros...0.,) =0 for 7 # o.
So, u(t- f*) =, # 0 and t ¢ Z(p). Consequently, Z(u) C J? and Q(4) = Q.
The theorem is proved.

4.15 REJECTION LEMMA

Through this section A denotes a two-sided Artinian ring.

Suppose A is an Artinian ring and M a right A-module. Let End(M) denote
the ring of endomorphisms of M. It is natural to view M as a left End(M)-
module. Denote the ring of endomorphisms of the End(M)-module M by A(M).
The ring Ajr = A/ann M is a subring of A(M) where the embedding is induced
by A — Endg,q.an (M), a— (m+— ma).

Proposition 4.15.1. For any A-module M there exists a monomorphism
Apny — M™ for some n.

Proof. Let us view M as a left End(M)-module. there exists an exact sequence

End(M)? — End(M)! —= M —0.

Apply to this sequence the left exact functor HomEnd( M) (%, M'). We obtain

0—=AM) —— M';
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consequently,

We now show that Ajs can be embedded in a direct sum of a finite number of
copies of M. Let ¢;, i € I, denote the projection of ¢ on the i-th coordinate of
M. Since ¢ is a monomorphism, () Kerp; = 0. Since the ring As is Artinian,
il
n
there exist 41,...,%, such that [ Ker;, = 0. Therefore, Ap; can be embedded
iel
in M™.
Definition. A module over an Artinian ring is called bijective if it is both
projective and injective. We shall prove the following lemma.

Lemma 4.15.2 (Rejection Lemma). Suppose M is an indecomposable bi-
jective module over an Artinian ring A. There exists a proper quotient ring Ay of
A such that every indecomposable A-module except M is an Ai-module.

Proof. Let T = (ann N, where N ranges over all indecomposable A-modules

except M. Since A is an Artinian ring, there exists a finite set of indecomposable
¢

modules Ny, ..., N; such that Z = () ann N;, where N; 2 M (i = 1,...,t). Let

=1
t
Y = @ N;. Obviously,annY = Z. Let A} = A/Z. Clearly, every indecomposable

=1
A—moziule except M is an Aj-module. If M is also an A;-module, then 4; = Ay =
A. By proposition 4.15.1, we have in this case a monomorphism A — Y™, from
which we obtain a monomorphism ¢ : M — Y. Since M is an indecomposable
bijective module, it has exactly one minimal submodule (see proposition 5.3.6,
vol.I). Therefore, if each projection ¥; of M on N; has nonzero kernel, then 1 is
not monomorphism. Consequently, there exists a monomorphism M — N;, from
which we obtain that M ~ N,, since M is injective and N; is indecomposable.
This contradiction proves the lemma.

We denote the quotient ring A; by A — (M). We say that A; is obtained from
A by rejecting the indecomposable bijective module M.

Lemma 4.15.3. Let M be an indecomposable bijective A-module, let My be
its unique maximal submodule, and let My be its unique minimal submodule; let
Ay = A— (M). Then M/M, is a projective Ay-module and M is an injective
A -module.
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Proof. We shall show that any diagram of A;-modules

0——>N' ——>N

M,y

where ¢ is a monomorphism, can be extended to a commutative diagram by a

suitable morphism N — M. Let us view this diagram as a diagram of A-modules.

Then there exists a homomorphism 3 : N — M such that o = fi. We shall show

that Im 8 C M;. Suppose this is not so. Then Im 3 = M. Since M is projective,

we obtain N ~ M & X, which contradicts the fact that N is an Aj-module.
Write M = M/Ms,. We shall show that any diagram of A;-modules

M

|

N —"> N"—=0

where 7 is an epimorphism, can be extended to a commutative diagram. Consider
the following diagram

0 M, M M 0

N—">N"—=0

By the projectivity of M we obtain that there exists h : M — N such that
wh = ¢m. If Kerh = 0, then N = M & X. This contradicts the fact that N is
an Ai-module. So Kerh O My and h induces a homomorphism h: M — N such
that mh = 1. The lemma is proved.

Proposition 4.15.4. Let A be an Artinian ring and P a simple bijective A-
module. Then A ~ A; x A, where Ay is a simple Artinian ring and A—(P) ~ As.

Proof. Suppose M is an arbitrary A-module and that ¢ : M — P is a nonzero
homomorphism. Since P is simple, it follows that ¢ is an epimorphism; hence
M=P®X. Ify: P— M is a nonzero homomorphism, then, since P is simple,
it is a monomorphism; and since P is injective, M = PG Y.

Let Ay = P* @ P’, where P does not occur in a direct decomposition of P’.
Then it follows from what was said above that Hom (P*, P') = Hom (P’, P%) =0
and A ~ Ay x Ay, where Ay ~ End(P?®) ~ M(End(P)), where End(P) is a
division ring, and Ay ~ End(P’). Obviously, A — (P) ~ As.
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Now we shall give a characterization of primary indecomposable serial Artinian
rings. For the definitions and other results see vol.I, p. 316.

Theorem 4.15.5. For a two-sided indecomposable Artinian ring A the follow-
ing two conditions are equivalent:

a) A~ M, (B), where B is a local uniserial ring;

b) A is quasi-Frobenius and A has a minimal (by inclusion) two-sided ideal T
such that A/T is also quasi-Frobenius.

Proof. (a)=(b). Denote By M the Jacobson radical of B and by R the
Jacobson radical of A = M, (B). Let M! # 0 and M!™! = 0. Then A D R D
. D R! D 0 is the unique series of two-sided ideals in A. Consequently, by
definition of quasi-Frobenius and Frobenius rings, we obtain that A is a Frobenius
ring and R? is a minimal (by inclusion) two-sided ideal such that A/R?! is also
Frobenius.

To prove the reverse implication, we shall need the following simple lemma.

Lemma 4.15.6. Let T be a minimal two-sided ideal of a quasi-Frobenius ring
A. Then there is a principal A-module P such that every indecomposable A-module
different from P is an A/Z-module.

Proof. Clearly there is a principal A-module P which is not an A/Z-module. Tt
follows from lemma 4.15.2 that there is a proper quotient ring A1 = A — (P) of A
such that every indecomposable A-module, except P itself, is an A;-module. Since
A/T is clearly an Aj-module, it follows from the minimality of Z that A; = A/Z.

Proof. b)= a). Let A = P[" & ...® P be a decomposition of A into a
direct sum of principal A-modules. We can assume without loss of generality that
AJT = Ay = A— (P1). Let U denote the unique minimal submodule of P;. By
lemma 14.5.3, the A;-modules P, = Py /U and Py R are both projective.

It is clear that Py R and P; are indecomposable. Since A; is quasi-Frobenius,
it follows that P, R is a principal A;-module. By the definition of quasi-Frobenius
rings, U cannot be minimal submodule of any of the P; (i = 2,...,s), and so
P R/PIR? ~ P;/PiR ~ U;. Since P; has a finite length, it follows easily from
this that P; has a unique composition series whose simple factors are all isomorphic
to Ul-

Writing P/ = P,* @& ... ® P, we claim that

Homy (P, P') = Homa(P', P]'') =0

for which it is sufficient to prove that

HOHlA(Pl,Pj) = HOHlA(Pj,Pl) =0

for j = 2,...,s. If Homa(P,P;) # 0, then P, has a minimal submod-
ule isomorphic to U, contrary to the definition of quasi-Frobenius rings. If
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Homy (P, P1) # 0, then the composition series of P; has a simple factor iso-
morphic to Uj;, and this is a contradiction. Since A is indecomposable as a ring,
it follows that A = P/"*. Arguing in just the same way for left modules, we find
that A is uniserial. This completes the proof of theorem 4.15.5.

Proposition 4.15.7. If A is a quasi-Frobenius ring with zero square radical,
then A is a generalized uniserial ring, i.e., a serial Artinian ring.

The proof is obvious.
In conclusion we note without proof the following theorem.

Theorem 4.15.8.° The following conditions are equivalent for an Artinian
ring A:

(a) A is serial;

(b) any quotient ring of A (including A itself ) has a nontrivial bijective module.

4.16 NOTES AND REFERENCES

Quasi-Frobenius rings and algebras were introduced by Tadasi Nakayama as a
generalization of Frobenius algebras (see [Nakayama, 1939], [Nakayama, 1941]).
F.G.Frobenius in his paper [Frobenius, 1903] studied the special class of algebras
for which the left and right regular representations are equivalent. He also gave
necessary and sufficient condition for this equivalence. A most important example
of these algebras are group algebras. R.Brauer and C.Nesbitt (see [Brauer, Nesbitt,
1937], [Nesbitt, 1938]) pointed out the importance of these algebras and named
them Frobenius algebras. They proved, in particular, the equivalence of conditions
(1), (3) of theorem 4.2.1.

The main properties and the structure of quasi-Frobenius rings and alge-
bras were established by T.Nakayama and M.Ikeda (see [Nakayama, Tkeda, 1950],
[Tkeda, Nakayama, 1954], [Tkeda, 1952]).

The key concept in the classical definition of quasi-Frobenius rings, given by
T. Nakayama, is a permutation of indecomposable projective modules, which is
naturally called a Nakayama permutation (see [Miiller, 1974], [Oshiro, Rim,
1997], [Yousif, 1997]).

Since T.Nakayama introduced the notion of a QF-ring, quasi-Frobenius rings
have been extensively studied. One of the most significant results on quasi-
Frobenius rings was obtained by C. Faith and E. A. Walker in the paper [Faith,
Walker, 1967]. Tt establishes the equivalence of the following conditions on ring A:
(1) A is quasi-Frobenius; (2) each injective right A-module is projective; (3) each
injective left A-module is projective. Another of their main results, obtained also
in this paper, says that a ring A is quasi-Frobenius if and only if left (or right)
A-modules always embed in free A-modules.

Still another equivalent definition of a quasi-Frobenius ring which says that an

5see [Kirichenko, 1976].
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Artinian ring A is quasi-Frobenius if and only if A is a ring with duality for simple
modules was proved by C.Curtis, J.Reiner [Curtis, Reiner, 1962].

B.Osofsky proved in the paper [Osofsky, 1966a] the following equivalent defi-
nition for QF-rings: A is a QF-ring if and only if A is right (left) perfect and right
and left semi-injective.

It is well known that if A is a QF-ring, then the ring M,,(A), the ring of n X n
matrices over A, and AG, the group ring over A for any finite group G, are both
QF-rings. The construction of QF-rings in the general case has been studied by
T.A.Hannula in the paper [Hannula, 1973].

In section 4.5, which is devoted to duality in Noetherian rings, we follow to a
considerable extent the book by D.G.Northcott [Northcott, 1973].

Rings with duality for simple modules were considered in [Dieudonné, 1958]
and in [Morita, Tachikawa, 1956]. These rings were also studied in [Curtis, Reiner,
1962]. M.A.Dokuchaev and V.V .Kirichenko studied semiperfect rings with duality
for simple modules (see [Dokuchaev, Kirichenko, 2002]. For an equivalent formula-
tion of the Osofsky theorem see the paper [Osofsky, 1966a]. In this paper she also
gave the following equivalent definition for QF-rings: a ring A is quasi-Frobenius
if and only if A is right (left) perfect and right and left semi-injective.

The notion of a symmetric algebra was introduced by R.Brauer and C.Nesbitt
(see [Brauer, Nesbitt, 1937], [Nesbitt, 1938]). The properties of symmetric alge-
bras were studied by T.Nakayama [Nakayama, 1939]. The structure of symmetric
algebras was studied by H.Kupisch (see [Kupisch, 1965] and [Kupisch, 1970]).

Cohomological dimension of Frobenius algebras and quasi-Frobenius rings
has been considered in the paper of S.Eilenberg and T.Nakayama [Eilenberg,
Nakayama, 1955]. In this paper they proved that for Frobenius algebras the
cohomological dimension is either 0 or co. They also proved that for right or
left Noetherian rings the notions “quasi-Frobenius ring” and “left self-injective
ring” are equivalent. In our proof of this theorem (theorem 4.12.17 in this chap-
ter) we follow to a considerable extent F.Kasch [Kasch, 1982]. For left Noetherian
rings which are left self-injective Eilenberg and Nakayama proved that their left
global dimension is either 0 or co. Corollary 4.12.20 in this chapter, which states
that the global dimension of a quasi-Frobenius ring is equal to 0 or oo, was proved
by M.Auslander in his paper [Auslander, 1955].

Piecewise domains were first considered by R.Gordon, L.W.Small in [Gordon,
Small, 1972].

Theorem 4.9.5 was proved in [Kirichenko, 1993].

Theorem 4.13.2 and theorem 4.14.5 first were proved by E.Green in the paper
[Green, 1978].

The classification of quasi-Frobenius algebras of finite representation type in
terms of Dynkin diagrams was obtained by C.Riedtmann (see [Riedtmann, 1980a):
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Theorem (C.Riedtmann). Let A be a quasi-Frobenius algebra of finite rep-
resentation type over an algebraically closed field. Then the quiver Qb of A is a
disjoint union of Dynkin diagrams.

Quasi-Frobenius algebras of finite representation type were also studied by
H.Kupisch (see [Kupisch, 1975], [Kupisch, 1965] and [Kupisch, 1970]. All self-
injective algebras of finite representation type were been classified in the papers:
[Bretscher, 1982], [Hughes, Waschbiisch, 1983], [Riedtmann, 1980b], [Riedtmann,
1983], [Waschbiisch, 1981].

And quasi-Frobenius algebras of infinite representation type were studied by
I.Assen, A.Skowrorniski, J.Nehring, (see [Assen, 1988], [Nehring, 1989], [Nehring,
Skowronski, 1989], [Skowroriski, 1989] and K.Erdmann (see [Erdmann, 1990],[Erd-
mann, 1992]).

Generalizations of quasi-Frobenius algebras were proposed by R.M.Thrall
[Thrall, 1948] who introduced three kinds of algebras called QF-1, QF-2 and QF-3
algebras. These algebras were intensively studied by K.Morita (see, for example,
[Morita, 1958], [Morita, 1969]), by B.J.Miiller (see, for example, [Miiller, 1974])
and by others.

Quasi-Frobenius rings appear in different branches of mathematics, for ex-
ample in number theory, algebraic geometry and combinatorics, in topology and
geometry. Finite Frobenius rings have many important applications in coding the-
ory (see, for example, [Dinh, 2004a], [Dinh, 2004b], [Greferath, 2004], [Greferath,
O’Sullivan, 2004], [Wood, 1999], [Wood, 1999]).
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5. Right serial rings

This chapter is devoted to the study of properties and structures of right serial
rings. Note that a module is called serial if it decomposes into a direct sum of
uniserial submodules, i.e., submodules whose lattice of submodules is linear. A
ring is called right serial if its right regular module is serial.

This chapter starts with the study of right Noetherian rings from the point of
view of some main properties of their homological dimensions.

In the following sections we give the structure of right Artinian right serial
rings in terms of their quivers. We also describe the structure of particular classes
of right serial rings, such as quasi-Frobenius rings, right hereditary rings, and
semiprime rings. In section 5.6 we introduce right serial quivers and trees and give
their description.

The last section of this chapter is devoted to the Cartan determinant conjec-
ture for right Artinian right serial rings. The main result of this section says that
a right Artinian right serial ring A has Cartan determinant equal to 1 if and only
if the global dimension of A is finite.

5.1 HOMOLOGICAL DIMENSIONS OF RIGHT NOETHERIAN RINGS

In section 6, vol.I, we introduced the main notions of homological dimensions
and considered some of their properties for various kinds of rings. In this section
we shall introduce the notion of flat dimension and consider some properties of
homological dimensions for right Noetherian rings.

Proposition 5.1.1. Let A be a right Noetherian ring, and let X be a finitely
generated right A-module. Then proj.dim, X < n if and only if ExtzJrl (X,Y)=0
for any right finitely generated A-module Y .

Proof. The necessity of this statement follows from proposition 6.5.4, vol.I.
To prove sufficiency we consider an exact sequence

0—-M-—P—X, (5.1.1)

where P is a projective finitely generated A-module. Since A is a right Noetherian
ring, M is a finitely generated A-module. Suppose n = 0. Then Extzl4(X, M) =0,
and therefore the map Homy (X, P) — Homa (X, X) is surjective. So the exact
sequence (5.1.1) is split, and thus X is projective, i.e., proj.dim, X = 0.

Now assume that n > 0 and the statement holds for n—1. Then proj.dim, M <
n — 1, since Ext’y (M,Y) ~ Extz+1(X, Y') = 0. Then, by proposition 6.5.1, vol.I,
proj.dim, X = proj.dimy M +1 <n.

219
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Lemma 5.1.2 (O.Villamayor). Let 0 — X — F — P — 0 be an exact
sequence of right A-modules, where F is free with a basis {e; : i € I'}. If P is a
flat module, then for every x € X there is a @ € Hom4(F, X) with 0(z) = .

Proof. F is a free module with a basis {e; : ¢ € I}, and P is flat. For

a given v € X we have x = aje;, + aze;, + ... + ame;,,, where a; € A. Let

Z=aA+aA+ ...+ a,A. Since P is flat, we have x € X N FZ = XZ, by

proposition 5.4.12, vol.I. Therefore = )" xz;c¢;, where z; € X and ¢; € Z. Now

each ¢; = Y a;byj, so that x =) a;x}, where 2 = " x;b;;. Define 6 : F — X by
7 7 J

0(e;, ) = x},, while 0 sends all the other basis elements of F' into 0. Then
O(x) = H(Z ape;, ) = Zakﬁ(eik) = Zak:zrgC =z
k k k

As was shown earlier (see corollary 5.4.5, vol.I), every projective module is flat.
The converse to this statement is not true in general. The following statement gives
an example of a case where a flat module is always projective.

Proposition 5.1.3. If A is a right Noetherian ring, then every finitely gener-
ated flat right A-module is projective.

Proof. Suppose P is a finitely generated flat right A-module. Then there is an
exact sequence:
0-X-%F->P—0,

where [ is a finitely generated free A-module. Since A is a right Noetherian ring,
X is a finitely generated submodule of the free module F'. By lemma 5.1.2, there
isamap 6 : F — X with o = 1x, so the sequence splits and P is projective since
it is a direct summand of the free module F.

In chapter 4, vol. I, we considered the projective and injective dimensions of
modules. There are also other dimensions associated to modules.

Definition. A right A-module X has flat dimension n and we write
w.dim4 X = n if there is an exact sequence

0—F, —P,1—...— P —FP—X—0, (5.1.2)

where F,, is flat, all P; are projective and there is no shorter such sequence.
We set w.dim g M = oo if there is no n with w.dimy X < n.

Lemma 5.1.4. Let
—P2p N p T X0 (5.1.3)

be a projective resolution of an A-module X. Then for all left A-modules Y and
all n Torit 1 (X,Y) =~ Tor{(Kerd,_1,Y).
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Proof.  Since Toer(X, Y) can be computed by using the projective
resolution (5.1.3) of X and Tor? (Kerdy,Y) can be computed by using the as-
sociated projective resolution of Kerdy (where dy = 7):

— P,— P, —...— P — Kerdy — 0,

it follows that Tori,,(X,Y) =~ Tor/(Kerdy,Y). Iterating this argument we
obtain:

Tort, (X,Y) ~ Tor} (Kerdy,Y) ~ Tor/_; (Kerd;,Y) =~ ... ~ Tor{"(Kerd,_1,Y)

Proposition 5.1.5. The following conditions are equivalent for a right A-
module X:

1) w.dima X <n;

2) Tori (X,Y) = 0 for all left A-modules Y and all k > n + 1;

3) Tors, 1 (X,Y) =0 for all left A-modules Y;

4) Kerd,,—1 is a flat A-module for any projective resolution of X .

Proof.
1) = 2) and 2) = 3) are trivial.
3) = 4). Consider a projective resolution of X

P p M p T x

2

By lemma 5.1.4, Toer(X,Y) o~ Tor{(Kerd, 1,Y), therefore

Torf(Ker dp—1,Y) = 0 for all Y. Then, by proposition 6.3.7, vol.I, Kerd,,_; is
flat.
4) = 1). Consider a projective resolution of X. Then we have an exact sequence

0— Kerd,. 1 — P91 — ... — PL—FP—X—0

with projective modules Py, Pi,..., P,_1, and a flat module Kerd,_;. Hence
w.dimy X <n.

Definition. If A is a ring, then its right weak global dimension, abbrevi-
ated as r.w.gl.dim, is defined as follows:

r.w.gl.dim A = sup{w.dimy M : M € mod, A}
Analogously we can introduce the left weak global dimension of A:

lL.w.gl.dim A = sup {w.dimg M : M € mod; A}

Theorem 5.1.5 immediately implies:
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Corollary 5.1.6. r.w.gl.dim A < n if and only if Torf}Jrl(X7 Y) =0 for all
right A-modules X and all left A-modules Y .

Theorem 5.1.7. For any ring A r.w.gl.dim A = l.w.gl.dim A.

Proof. This follows immediately from corollary 5.1.6 and its analog for
L.w.gl.dim A.

Definition. The common value of r.w.gl.dim A and l.w.gl.dim A is called the
weak dimension of a ring A and it is written as w.gl.dim A.

Theorem 5.1.8. For any ring A w.gl.dim A < min {r.gl.dim A4, l.gl.dim A}.

Proof. Let X be a right A-module, then any projective resolution of A
has a projective (n — 1)-st kernel, which is obviously flat. So w.gl.dim, X <
r.proj.dim, X and w.gl.dimA < r.gldimA. Analogously we obtain that
w.gl.dim A < r.gl.dim A.

Proposition 5.1.9. For any ring A,
w.gl.dim A = sup {r.w.dimy (A/Z) : T is a right ideal of A} =
= sup {l.w.dima (A/Z) : Z is a left ideal of A}

Proof.  First observe that a right A-module B is flat if and only if
Tor{'(A/Z,B) = 0 for all right ideals Z (see proposition 6.3.9, volI). If
sup{r.w.dima (A/Z)} = oo, we are done. Therefore we can assume that
r. w.dimy (A/Z) < n for all right ideals Z. We shall prove that r.w.dima (A/Z) <
n for each left A-module B. Thus assuming Tor?} 11(A/Z,B) = 0 for every right
ideal Z, we must show that Tor?} 11(X, B) = 0 for every right A-module X. Con-
sider a projective resolution of B with n-th kernel Kerd,, ;. If Toer(A/I, B) =
0, then Tor{' (A/Z,Kerd,_,) = 0, by lemma 5.1.4. So Kerd,,_; is flat, by proposi-
tion 6.3.9, vol.I. Hence, for every module X, Tor‘f‘ (X,Kerd,,—1) = 0. Using lemma
5.1.4 again, we obtain that Tors, (X, B) = 0.

In the same way we can prove the second equality.

We shall also show that there holds an analogous statement for projective
global dimension for an arbitrary ring.

The following statements are dual to corresponding statements on projective
modules over arbitrary rings as given in section 6.5, vol.l.

Proposition 5.1.10. Let M be a right A-module.
(1) M is injective if and only if Ext, (N, M) = 0 for all i > 0 and all right
A-modules N.
(2) Let
0—M— Qo2 Q1 - Qy— ...
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be an injective resolution of the right A-module M. Then for any right A-module N
Exty P (N, M) ~ Exty (N, Imd,, 1)

(3) inj.dim,4 M < n if and only if Exty (N, M) = 0 for all i > n and all right
A-modules N.

Theorem 5.1.11 (M.Auslander). Let A be an arbitrary ring and M be
a right A-module. Then inj.dim 4 M < n if and only if EthJrl(A/Z, M) =0 for
any right ideal T of A.

Proof. Let Exty"'(A/Z, M) = 0 for any right ideal Z in A. Consider an exact
sequence

0—-M-—-Qy—Q1—... 5 Qn1—N—=0

with the @; injective (i = 1,2,...,n — 1). By proposition 5.1.10(2),
Ext ' (A/Z, M) ~ Ext4(A/Z,N). Therefore Ext}(A/Z,N) = 0 and N is an
injective A-module, by the Baer criterion. Therefore inj.dim 4 M < n.

Conversely, if injdimy,M < n then, by proposition 5.1.10(3),
Ext";™'(A/Z, M) = 0. The theorem is proved.

Corollary 5.1.12. A right A-module B is injective if and only if
Ext4(A/Z,B) = 0 for all right ideals of A.

Theorem 5.1.13 (M.Auslander). For any ring A,
r.gl.dim A = sup {r.proj.dimy (A/Z): T is a right ideal of A}.

Proof. 1f sup {r.proj.dim, (A/Z)} = oo, we are done. Therefore we can as-
sume that r.proj.dimy (A/Z) < n for all right ideals Z. We shall prove that
r.inj.dim 4 (A/Z) < n for each right A-module B. Then the theorem will follow
from theorem 6.5.5, vol.I. Thus assuming Ext’;"'(A/Z, B) = 0 for every right ideal
7, we must show that EthH(X ,B) = 0 for every right A-module X. Consider
an injective resolution of B with n-th image Imd,,_;.

If Ext}"'(A/Z,B) = 0, then Ext)(A/Z,Imd,_1) = 0, by lemma 6.5.7,
vol.I. So Imd,_1 is injective, by lemma 5.1.12. Hence, for every module
X, Ext4(X,Imd, 1) = 0. Using lemma 6.5.7, vol.I, again, we obtain that
Ext’;™ (X, B) = 0.

Remark 5.1.1. Thus, propositions 5.1.9 and 5.1.13 say that to compute the
global dimension and weak dimension of a ring, it suffices to know the dimensions
of the cyclic modules, and, in particular, the dimensions of finitely generated
modules. In the general case the weak dimension and global dimension of a ring
are distinct things, but for a right Noetherian ring they are the same, as we shall
show below.

Proposition 5.1.14. If A is a right Noetherian ring, then w.dima X =
r.proj.dim 4 X for any finitely generated right A-module X .
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Proof. Let X be a finitely generated right A-module, where A is a right Noethe-
rian ring. Since w.dim4 X < r.proj.dim, X always holds, we need only show that
w.dimy X > r.proj.dim, X, i.e., if Torf+1(X, Y) = 0 for all left A-modules Y,
then Ext”;™" (X, B) = 0 for all right A-modules B.

Since A is right Noetherian, there is a projective resolution of X in which every
term is a finitely generated A-module. Indeed, since X is finitely generated, there

is an exact sequence
0—-Ky—F—X—0,

where P, is a finitely generated free module. Since A is right Noetherian, K is
finitely generated as well. So we can also form an exact sequence

0—- Ky — P — Ky—0,

where P; a finitely generated free module. The usual iteration gives a pro-
jective resolution in which each P; is a finitely generated free module. Since
Tora, (X,Y) = 0 for all left A-modules Y, we have Tor;(Kerd,_1,Y) =
Tor,‘;‘H(X, Y) = 0 for all B. Therefore, by proposition 6.3.7, vol.I, Kerd,,_1 is
flat. Thus Kerd,,_; is a finitely generated flat right A-module. Then, by propo-
sition 5.1.3, Kerd,,_; is projective. Therefore Exth (Kerd,,—1,B) = 0 for all right
A-modules B, hence Ext’jﬁ'l(X, B) =0, by lemma 6.5.3, vol.I.

Theorem 5.1.15. If A is a right Noetherian ring, then
w.gl.dim A = r.gl.dim A.
Sitmilarly, if A is a left Noetherian ring, then
w.gl.dim A = l.gl.dim A.

Proof. This follows from propositions 5.1.9, 5.1.13 and 5.1.14.
As a simple corollary from theorem 5.1.15 we obtain a famous result which was
proved by M.Auslander (see [Auslander, 1955]).

Theorem 5.1.16 (M.Auslander). If A is a two-sided Noetherian ring, then
r.gl.dim A = l.gl.dim A.
5.2 STRUCTURE OF RIGHT ARTINIAN RIGHT SERIAL RINGS

Recall that a right A-module is called serial if it is decomposes into a direct sum
of uniserial modules, that is, modules possessing a linear lattice of submodules. A
ring A is said to be right serial if it is a right serial module over itself. Analogously
one can define left serial rings. A ring which is both a right and left serial ring is
called a serial ring.

Remark 5.2.1. T.Nakayama [Nakayama, 1941] has studied Artinian serial
rings and he called them generalized uniserial rings. I.Murase proved a number of
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structure theorem for these rings and described most of them in terms of quasi-
matrix rings over division rings (see [Murase, 1963a], [Murase, 1963b], [Murase,
1964]). Serial non-Artinian rings were studied and described by R.B.Warfield and
V.V.Kirichenko. In particular, they gave a full description of the structure of serial
Noetherian rings. Most of these results are described in chapters 12, 13 of vol.I of
this book.

Let A be a right Artinian ring with Jacobson radical R. Then for this ring
we can define the right quiver Q(A) of A (see chapter 11, vol.I). Recall the defini-
tion. Let Py, Ps, ..., P, be all pairwise non-isomorphic principal right A-modules.
Consider the projective cover of R; = P;R (i =1, ..., s), which we shall denote by

P(R;). Let P(R;) = & P;”. We assign to the principal modules Py, ..., Py the
j=1

vertices 1,...,s in the plane and join the vertex ¢ with the vertex j by t;; arrows.
The so constructed graph is called the right quiver of the ring A and denoted by
Q(A). From the definition of a projective cover it follows that Q(A) = Q(A/R?).

Theorem 11.1.9, vol.I, gives us that if A is a right Artinian ring then the
following conditions are equivalent:

1) A is an indecomposable ring;
2) A/R? is an indecomposable ring;
3) the quiver of A is connected.

By theorem 10.3.7, vol.I, a right serial ring is semiperfect. And, by proposition
12.1.1, vol.I, a right serial ring with nilpotent Jacobson radical is right Artinian.
So we can define the right quiver Q(A) of a right serial ring A with Jacobson
radical R by the formula Q(A) = Q(A/R?). For short, we shall call it the quiver
of A. A vertex i of a quiver @ will be called an end vertex (or target vertex),
if there are no arrow that starts at this vertex.

Remark 5.2.2. If aring A is left Artinian we can analogously construct the left
quiver Q'(A). Note that there is a bijection between the right principal A-modules
and the left principal A-modules which is given by a mapping ¢ : P; — P}, where
¢(P;) = Homa (P, A), and, moreover, Hom4 (P}, P;) ~ Homa (P}, P}). Therefore
if we have an arrow from the vertex i to the vertex j in the quiver Q(A), then there
is an arrow from the vertex j to the vertex i in the quiver Q'(A). In particular,
both quivers are connected or disconnected simultaneously.

If A is a finite dimensional algebra over an algebraically closed field k, then
the number of arrows from the vertex i to the vertex j in the quiver Q(A) is equal
to the number of arrows from the vertex j to the vertex ¢ in the quiver Q’(A).
However, this is not true in general.

In this section we shall study the structure of right Artinian right serial rings
in terms of quivers. If a right Artinian ring A is right serial, then every one of its
right principal module is uniserial, i.e., the lattice of its submodules is linear.
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Theorem 5.2.1. A ring A is right serial if and only if each vertex of the
quiver Q(A) is the start of at most one arrow.

Proof. Let A be a right serial ring with Jacobson radical R, and let
Py, Ps,..., P, be all pairwise nonisomorphic principal right A-modules. Then
R; = P,R = 0 or R;R is a unique maximal submodule in R;. In the first case
there is no arrow which starts at the vertex 4, and in the second case R;/R;R is a
simple module, i.e., there is exactly one arrow which starts at the vertex i.

Conversely, suppose that each vertex of a quiver Q(A) is the start of at most
one arrow. Then for any ¢ € V@Q we have either R; = 0 or R;R is the unique
maximal submodule in R;. We shall show by induction on k that if P;R* # 0,
then P,RF*1 is a unique maximal submodule in P,R*. For k = 1 the statement
is true. Suppose the statement is true for k — 1, i.e., P;R" is the unique maximal
submodule in P;R*~!. Then P;R* is a quotient module of R; and it has exactly
one maximal submodule which is P,R*¥*!. This equivalent to the fact that P; is a
uniserial module.

Example 5.2.1.
A ring with quiver

or

is right serial.

Taking into account remark 5.2.2 we have the analogous theorem for left serial
rings:

Theorem 5.2.1%. A ring A is left serial if and only if each vertex of the quiver
Q(A) is the end of at most one arrow.

Example 5.2.2.
A ring with the quiver

or
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is left serial.

Corollary 5.2.2. A ring A is right (left) serial if and only if A/R? is right
(left) serial.

Corollary 5.2.3. An indecomposable ring A is right serial if and only if the
quiver Q(A) is a tree with a single end vertex or it contains only one cycle, and
each arrow that does not form part of the cycle is oriented towards it.

Example 5.2.3.
A ring with quiver

— T .HL/U
o .

is an indecomposable right serial ring.

Corollary 5.2.3*. An indecomposable ring A is left serial if and only if the
quiver Q(A) is a tree with a single start vertex or it contains only one cycle, and
each arrow not part of the cycle is oriented away from it.

Remark 5.2.3. From corollary 5.2.3 and corollary 5.2.3* it follows that the
quiver of an indecomposable serial ring is a cycle or a chain. In this case all
division rings entering into the Wedderburn-Artin decomposition of the ring A/R
are isomorphic. If A is a finite dimensional algebra over a field k these conditions
are also sufficient for A to be a serial ring. The following example shows that this
is not true in general.

Example 5.2.2.
Consider the set A of all matrices of the form

f@®) g(=)
0 h(z),
where the f, g, h are arbitrary rational functions over a field k. Then A forms an

infinite dimensional algebra for which the conditions above hold, but this algebra
is not serial.

Definition. Let B be a semisimple Artinian ring. A B-bimodule V is called
right serial if eV is a simple B-bimodule for any minimal idempotent e € B.
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(Note that it is sufficient to verify this for minimal idempotents from a fixed
decomposition of the identity of B.)

Corollary 5.2.4. Let B = A/R and V = R/R?. Then the ring A is right
serial if and only if the B-bimodule V is right serial.

Theorem 5.2.5. If V is a right bimodule over a semisimple Artinian ring
B, and T is an essential ideal in the tensor algebra Tp(V'), then the quotient ring
(V) /T is right serial. Moreover, any Wedderburn right serial ring is of this
form.

Proof. The proof follows immediately from corollary 5.2.4 and theorem 2.2.2.

Fix a semisimple Artinian ring B and a right serial B-bimodule V. We shall
describe the essential ideals in ¥ = Tp(V). Let Uy,...,Us be all pairwise non-
isomorphic simple B-modules; and let eq,...,es be idempotents in B such that
U, ~ ¢;B. Let T; = ¢%, let J be the fundamental ideal of Tp(V) and let
[(X) denote the length of a B-module X. For any ideal Z C ¥, Q; = T;Z is a
submodule in T}; moreover, 7 is an essential ideal if and only if ;72 D Q; D T;J"
for some n, i.e., I(P;/Q;) = l; < oo, and if T;J # 0 (which is equivalent to the
inequality V®% £ 0), then I; > 2. From theorem 5.2.5 it follows that 7;/T;J" is a
uniserial module, and therefore @; is uniquely defined by the number [; such that
Qi =TJh.

Let B~U" @ ...0 UM, then T ~T/" @...3® Tr=. Therefore the right ideal
T =Q"®...®Q7" is defined by giving @; (or what is the same the number
1;). We shall determine for which conditions on [; the ideal 7 is a two-sided ideal.
Let V; = V@i If [; # 1, then V; is a simple B-module, that is, there is a unique
number j such that V; ~ U;. This is the unique number such that in the quiver
Q = Q(T/J?) there is an arrow from i to j.

Since J = V%, we have ;7 = V;T ~ P; and T,7% = V;V;%. Continuing this
process we have that

Qi =ViViy ... Vi, T,

where [ = 1;, and i = i1, 149, ...,1%; is the unique set of indexes such that there is an
arrow from ¢ to ix41 in the quiver Q). Hence it follows that BZ = 7 and we only
need to know when VZ C Z. Obviously, this is true if and only if V; V5, ... V;, C Q;
for any index ig such that V;, ~ U;, that is, there is an arrow from ip to i. Since
Q; =Vi, Vi, ... Vi, 1%, where m = [;,, our inclusion is equivalent to the inequality
li, —1 > ;. Thus, we have proved the following statement.

Proposition 5.2.6. Let B be a semisimple Artinian ring, let V be a right
serial B-bimodule, and let Q@ = Q(T(V)/T?).
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An essential ideal T C T(V') is uniquely defined by a set of numbers {ly,...,ls}
such that l; =1 if the vertex i is an end vertex in Q, and 2 < [; < 1; + 1 if there
18 an arrow from the vertex i to the vertex j where s is the number of vertices of
the quiver Q, that is, the number of simple summands of B.

Suppose that A = (V)/Z ~ ¥(V1)/Z1, where V; is a right serial bimodule
over a semisimple Artinian ring By, and Z; is an essential ideal in (V7). Then
B ~ A/R ~ By and V ~ R/R? ~ V; (where R = radA). Moreover, if 7 :
T(V) — A and m : T(V41) — A are the natural epimorphisms onto the quotient
rings, then there are unique isomorphisms ¢ : B — By and f : V — Vj such
that m(b) = mp(b)(mod R) and 7(v) = m f(v)(mod R?). Hence it follows that
¢ and f are compatible, that is, f(bv) = ©(b)f(v), f(vd) = f(v)p(b) for any
be Bandv e V. Besides, if Uy, ..., U, are the simple B-modules, and Uj,...,U!
are the simple Bi-modules, while T4, ...,Ts and T7,..., T, are the corresponding
components of T(V) and T(V1); I; = I(T3/T:1); I} = I(T}/T/T); then l; = I} if
o(U;) = U]. (Obviously, I; =l = I(P;), where P, = n(1;) ~ w1 (T})).

Conversely, if ¢ : B — By and [ : V — Vj are compatible isomorphisms, they
induce a ring isomorphism F' : T(V) — %(V;7) and an isomorphism of quivers:
0:Q — Q1, where Q = Q(T(V)/T?), Q1 = Q(T(V1)/TJ?). Let T be an essential
ideal in (V) defined by the set of numbers {l1,...,ls}. Then Z; = F(Z) is an
essential ideal in T'(V;) defined by the set of numbers {l{,...,1.}, where I} = I,
if o(j) = i. This analysis together with theorem 5.2.5 gives a full description of
Wedderburn right serial rings.

Theorem 5.2.7. A right serial Wedderburn ring A is uniquely defined by a
tuple (B; V;ly,...,ls), where B = A/R is a semisimple Artinian ring; V = R/R?
is a right serial B-bimodule; l; = [(P;) is a integer function on the quiver Q(A) =
Q(T(V)/T?), and, moreover, l; = 1 if the vertex i is an end vertex of Q(A), and
2 <l; <l +1, if there is an arrow from the vertex i to the vertex j.

The tuples (B;V;ly,...,ls) and (By; Vil ..., 1) define isomorphic rings if
and only if there is a pair of compatible isomorphisms ¢ : B — By and [ :'V — W
such that I} = 1 if i = o(j), where o is the mapping of quivers o : Q(T(V)/J?) —
Q1(T(V1)/JE) induced by a pair of isomorphisms (¢, f).

Remark 5.2.4. Let A be a finite dimensional algebra over an algebraically
closed field k. Then B = By x By X ... X Bg, where B; ~ M, (k), and there is
a unique simple B;-Bj-bimodule U;;, moreover, V = @Uf?j. Thus B and V are
defined by a quiver Q(A) and a set of multipliers {nq,...,ns}. Therefore a finite
dimensional right serial k-algebra is defined by a tuple {Q;ni,...,nsl1, ..., s},
where @ is a quiver whose connected components satisfy corollary 5.2.3; [; = 1 if
the vertex i is an end vertex of Q(A), and 2 < l; <[; 41, if there is an arrow from
the vertex ¢ to the vertex j.
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Two tuples {Q;ni,...,nsl, ..., st and {Qq;n),...,n;l, ... lL} define
isomorphic algebras if and only if there is an isomorphism of quivers o : Q — Q1
such that if o(j) = ¢ then I, = 1; and n; = n;.

5.3 QUASI-FROBENIUS RIGHT SERIAL RINGS

Recall that a ring A is quasi-Frobenius if A is an injective module over itself by
theorem 4.12.17.

Proposition 5.3.1. A right serial quasi-Frobenius ring is left serial, and
therefore it is serial.

Proof. This follows from the fact that in this case the functor Hom 4 (x, A) is
exact and it establishes a duality of categories of right and left finite generated
A-modules by theorem 4.12.21.

Theorem 5.3.2. An Artinian right serial ring A is quasi-Frobenius if and
only if

1. Q(A) =~ Q'(A) and both are a disjoint union of cycles;

2.1y =...=ls, where l; = U(F;).

Proof. Let A be an Artinian right serial ring A. Without loss of generality
we can assume that A is an indecomposable ring. Suppose A is a quasi-Frobenius
ring, then, by proposition 5.3.1, it is a serial ring. Therefore, by theorem 12.1.12,
vol.I, the quiver Q(A) of A is a cycle or a chain. Thus, by theorem 4.13.2, Q(A)
is a cycle. Since A is quasi-Frobenius, all principal modules P; are projective
and injective simultaneously. Therefore any epimorphism ¢ : P; — R;, where
R; = radPF;, is not a monomorphism. Thus,

lj = l(PJ) > Z(Rl) = Z(PZ) — 1,
i.e., l; > ;. Taking into account that Q(A) is a cycle, we obtain
Lh<hh<...<Ils <y,

so all [; are equal.

Conversely, let A be a right Artinian and right serial ring, and suppose that
conditions 1 and 2 of the theorem both hold. Let P = P; be a principal right
A-module, and let My, be its unique submodule such that I(P/M}) = k (clearly,
M,;, = PRF, where R = radA). For convenience, we write Psy1 = Py, Psyo = P,
etc. Then P(M;) ~ P41 and thus Ms is an epimorphic image of R;y1; whence
P(Ms) ~ P;1o. In general, P(My) ~ Py for My # 0. In particular, socP =
M;_; and thus P(socP;) = P,y;—1. It is clear that the modules P;y;_; are non-
isomorphic for ¢ = 1,2, ..., s. Therefore the socle of a principal right A-module P;
is simple and for P; % P;, socP; % socP;. By theorem 4.5.2, A is a quasi-Frobenius
ring, as required.
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Remark 5.3.1. For finite dimensional algebras instead of an isomorphism
Q(A) ~ Q'(A) it is sufficient to require that A/R ~ M,,(D1) X ... x M,_(Ds). In
general this property follows from condition 1, but not conversely.

Remark 5.3.2. Let k be an algebraically closed field. Then a finite dimen-
sional quasi-Frobenius right serial k-algebra A is defined by a tuple

{Q;m;nlv . 'ans}a

where @ is a disjoint union of cycles. Moreover, if V' is the bimodule defined by
{Q;m;ny,...,ns}, then A ~Z(V)/JT™.

5.4 RIGHT HEREDITARY RIGHT SERIAL RINGS

Recall that a ring A is called right (resp. left) hereditary if each right (resp.
left) ideal is projective. If a ring A is both right and left hereditary, we say that
A is a hereditary ring. In section 5.5, vol.I, we have studied some properties of
right hereditary rings. The main properties of right hereditary rings that follow
from theorem 5.5.6, vol.I and propositions 6.5.5 and 6.6.6, vol.I, can be formulated
as the following two statements:

Theorem 5.4.1. Let A be a right hereditary ring. Then
1. proj.dimy4 M <1 for any right A-module M.
2. Ext}(X,Y) = 0 for all right A-modules X,Y and all n > 2.

Theorem 5.4.2. The following conditions are equivalent for a ring A
1. A is is a right hereditary ring.

2. Any submodule of a right projective A-module is projective.

3. rgldimA < 1.

Proposition 5.4.3. Let A be a quasi-Frobenius ring. Then A is right heredi-
tary if and only if A is semisimple.

Proof. Since A is a right hereditary ring, r.gl.dim A < 1, by proposition 6.6.6,
vol.I. Since A is a quasi-Frobenius ring, gl.dim A = 0 or gl.dim A = oo, by corollary
4.12.20. Since each quasi-Frobenius ring is a two-sided Artinian ring, we have
r.gl.dim A = l.gl.dim A, by the Auslander theorem 5.1.16. Therefore, gl.dim A = 0,
i.e., A is semisimple.

The converse statement is trivial.

Recall that an indecomposable projective right module over a semiperfect ring
A is called a principal right module. Note that any right Artinian ring is right
Noetherian and semiperfect.

Proposition 5.4.4. Let A be a right Artinian ring. Then the following con-
ditions are equivalent for the ring A:
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1) A is a right hereditary ring;

2) every submodule of a projective right A-module is projective;
3) every submodule of a principal right A-module is projective;
4) rad A is a projective right A-module.

Proof.

1) <= 2). This follows from theorem 5.5.6, vol.I.

2) = 3) is trivial.

3)=4). Let A=P & P, @®...® P, be the decomposition of the right regular
module Ay into a direct sum of principal right A-modules. Then, by proposition
3.4.3, vol.I, radA = R ® Ro & ... ® R, where R; is the radical of P;. Since all
the P; are projective, rad A is projective as well.

4) = 1). Let R = rad A be a projective right A-module, i.e., r.proj.dim, R = 0.
Consider the exact sequence 0 — R — A — A/R — 0. Then, by proposition
6.5.1, vol.I, r.proj.dimy (A/R) = r.proj.dim, (R) +1 = 1. We shall show that
r.gl.dimA < r.proj.dim, (A/R) = 1, which means, by proposition 6.6.6, vol.I,
that A is right hereditary. Since A/R is a semisimple A-module, it is a direct sum
of simple modules. So,

1 =r.proj.dimy (A/R) = max{r.proj.dim, (S) : S is a simple A-module}

Therefore r.proj.dimy, S < 1 for each simple A-module S. We shall prove by
induction on [(X) that for any finitely generated right A -module X
r.proj.dim, X < 1. If I(X) = 0 we are done. Suppose that [(X) = m > 0 and
r.proj.dim, Y <1 for any finitely generated A-module Y with {(Y") < m. Since X
is finitely generated, there is an exact sequence 0 — S — X — X’ — 0, where S
is a simple A-module and X’ ~ X /S is finitely generated. Then I(X’) < m and so
r.proj.dim, X’ < 1. Then r.proj.dim, X < max{r.proj.dim,S,r.proj.dim X’} <
1. Therefore, by theorem 5.1.13, r.gl.dim A < 1, hence A is right hereditary.

Proposition 5.4.5. If a right serial ring A is right hereditary, then the quiver
Q(A) does not contain oriented cycles.

Proof. Let @ = Q(A) be the quiver of a right hereditary and right serial ring A.
If there is an arrow o € AQ with s(o) =i and e(0) = j, then there is a non-zero
homomorphism f, : P, — P; and Im (f,) C rad (P;). Suppose Q(A) contains an
oriented cycle and let p = 0102 ...0,, be a path of @ with start and end at the
vertex i. Then f = fo, fo, .- f5,, is a homomorphism from P; to P;. Since all
P; are indecomposable and projective, by lemma 5.5.8, vol.I, all homomorphisms
fo, are monomorphisms. So f is also a monomorphism, that is, P; ~ Im (f). But
Im (f) C rad (P;) and rad (P;) # P;, by proposition 5.1.8, vol.I. This contradiction
proves the proposition.

Let @ be an arbitrary quiver without cycles with an adjacency matrix (¢;;).
We define on @@ an integral function d; = 1 for any end vertex and otherwise
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d; = > ti;d; + 1. This function is well-defined. Denote by I(M) the length of a
module M.

Theorem 5.4.6. A right Artinian right serial ring A is right hereditary if and
only if the quiver Q(A) does not contain oriented cycles and l; = I(P;) = d; for
each principal right A-module P;.

Proof. Let A be aright Artinian right serial ring. If A is a hereditary ring, then,
by proposition 5.4.5, Q(A) does not contain oriented cycles. For any principal
right A-module P;, R; = rad (F;) is a projective A-module, as well. Therefore
R; ~ P(R;) = ?P;” and [; = > t;;l; + 1. If i € Q(A) is an end vertex, then P

is a simple module, and so I; = 1. Hence it follows that [; = d;.

Conversely, let A be a right Artinian right serial ring and let the quiver Q(A)
have no oriented cycles and I; = d; for all &. Then I(R;) =1; —1 =) t;;l; +1 =
I(P(R;)), therefore R; ~ P(R;) is a projective module. Therefore R = rad A is
also a projective module, since it is a direct sum of projective modules P;. Thus
A is a right hereditary ring, by proposition 5.4.4.

Corollary 5.4.7. A right Artinian right serial ring A is right hereditary if and
only if Q(A) is a disjoint union of trees with only one end vertex and l; = l(FP;) is
one more than the length of the (unique) path from the vertex i to the end vertex

(for all i).

Theorem 5.4.6 and corollary 5.4.7 give a full description of right Artinian right
serial hereditary rings. Moreover, theorem 5.4.6 and a simple calculation of the
length of the principal T(V)-modules give a description of all Wedderburn hered-
itary rings.

Corollary 5.4.8. A right hereditary Wedderburn ring A is isomorphic to the
tensor algebra Tp(V), where B = A/R; V. = R/R?. Conversely, if the tensor
algebra T (V) is a right Artinian ring, then it is right hereditary.

Remark 5.4.1. Let k be an algebraically closed field. A hereditary finite
dimensional right serial k-algebra is defined by a tuple {@Q;n1,...,ns}, where Q is
a disjoint union of trees with only one end vertex. It is isomorphic to the tensor
algebra T(V'), where V' is the associated bimodule.

5.5 SEMIPRIME RIGHT SERIAL RINGS

In this section all ideals will be two-sided ideals.
Lemma 5.5.1. A semiprime local right serial ring A is prime.

Proof. Let 77 and Z5 be two nonzero ideals from the ring A such that Z;7Z5 = 0.
Since A is right serial ring, we can assume that Z; O Zp. But then Z3 = 0 and
from the semiprimality of A it follows that Zo = 0. A contradiction.
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Theorem 5.5.2. A semiprime right serial ring is a direct product of prime
right serial rings.

Proof. Since a right serial ring is semiperfect, the proof immediately follows
from lemma 5.5.1, proposition 9.2.13, vol.I, and theorem 14.4.6, vol.l.

Recall that a module M is called distributive if
KN(L+N)=KNnL+KnNN

for all submodules K, L, N. A module is called semidistributive if it is a direct
sum of distributive modules. A ring A is called right (left) semidistributive
if the right (left) regular module A4 (4A) is semidistributive. A right and left
semidistributive ring is called semidistributive. Obviously, every uniserial mod-
ule is a distributive module and every serial module is a semidistributive module.
We write SPSDR-ring for a semiperfect right semidistributive ring and SPSD-ring
for a semiperfect semidistributive ring.

Theorem 5.5.3. A prime hereditary SPSDR-ring A is right serial.

Proof. One can assume that A is a reduced ring. Let 1 =e; +e2+ ...+ e, be
a decomposition of the identity of A into a sum of pairwise orthogonal local idem-
potents, and let P; = e; A be a right principal A-module (i =1,2,...,n). Suppose
A is not right serial. Let P = eA be an indecomposable projective right A-module
which is not uniserial (where e is a local idempotent of A). Since A is a hereditary
ring, there is a submodule KX C P such that K = P, & P; (i # j). Since A is
right semidistributive, K = eae; A @ ebe; A, where a,b € A. Obviously, eae; A =
(eae;Aeq, eae;Aes, . .. eae;Ae,) and ebe;A = (ebejAeq,ebejAes,. .., ebe;Ae,).
Since we have a direct sum of submodules, eae;A N ebe;A = 0. By theorem
14.2.1, vol.I, we have eae;Aey, = 0 or ebejAey, = 0 This is a contradiction with the
assumption that A is prime. This proves that A is right serial.

Let O be a discrete valuation ring with radical R = 71O = Omn, where 7 € O is
a prime element, and skew field of fractions D.
Consider a subring A C M,,(D) of the following form

(@) 720 ... %0
7210 O Y e &)
A= . . . . )
T () g2 (@)

where the a;; are integers such that o;; 4o > ayy, for all 4, j, k and where o = 0
for each ¢. Such a ring is two-sided Noetherian semiperfect semidistributive prime
ring, and M, (D) is its classical ring of fractions.

We shall use the following notation: A = {O,E(A)}, where £(A) = (ay;) is the
exponent matrix of the ring A.
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Theorem 5.5.4. The following conditions for a right Noetherian semiperfect
semiprime and semidistributive ring A are equivalent:

(a) the ring A is right serial;
(b) the ring A is two-sided hereditary;
(¢) the ring A is serial;
(d) the ring A is Morita-equivalent to a direct product of skew-fields and rings
of the form H,, (O;) (j =1,2,...,n).

Proof. 1t is obvious, that in all cases we can consider that the ring A is reduced
and indecomposable.

(a) = (b). By theorem 14.5.1, vol.I, the ring A can be considered to be a
division ring or a ring of the form A = {O,£(A)}. Obviously, a division ring is
a hereditary ring. Since A is a reduced ring, the matrix £(A) has no symmetric
zeros, therefore the first row corresponding to the first indecomposable projective
A-module P; can be made zero. The module PjR is projective (it contains a
unique maximal submodule since the ring A is right serial) and so it coincides with
P, = (a21,0,...,0) = (1,0,...,0); the module R = P; = (1,2,0,...,0) and
continuing this process we obtain that Ps_1R = P; = (1,1,...,1,0). Therefore
the matrix £(A) coincides with a matrix of the following form:

000 ... 00
100 ... 00
110 ... 00
111 ... 00
111 ... 10

Thus, A is two-sided hereditary, by corollary 12.3.7, vol.Il.
(b) = (c) follows from theorem 14.5.1, vol.I, and theorem 5.5.3.
(¢) = (d) follows from theorem 14.5.1, vol.I, and corollary 12.3.7, vol.I.
(d) = (a) follows from theorem 14.2.1, vol.I, and corollary 12.3.7, vol.I.

Example 5.5.1.

Let Z;,) be the ring of p-integral numbers (p is a prime number), i.e., Z,) =
{m € Q : (n,p) = 1}, and let ¥, = Z,)/pZ,) be the field consisting of p
n

elements. Consider the ring A of 2 x 2-matrices of the following form:

F, F
- )
0 Zgy,

(where F), is considered as an Z,-module via the canonical quotient map Z, — F,,).
It is easy to see that

0 F
R = radA = P
ra (0 Pz(m)
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0 0
R? =
(0 P2Z<p>-)

0 F
R/R* = ( P >
/ 0 pZy)/P*Zp)

and, by the Q-Lemma, the quiver Q(A) of A is the two-pointed quiver with the

adjacency matrix
@l = (3 1)

Therefore, by theorem 14.2.1, vol.I, A is a right serial and left semidistributive
ring. So there is no analogue of the decomposition theorem for serial Noetherian
rings (see theorem 12.3.8, vol.I) even for Noetherian right serial and left semidis-
tributive rings with a two-pointed quiver.

and

So

5.6 RIGHT SERIAL QUIVERS AND TREES

Definition. A quiver @ is called right serial if each of its vertices is the start
of at most one arrow.

Examples 5.6.1.
1. The quiver of a right serial ring is right serial.

2. Let N,, = {1,2,...,n} and consider a map ¢ : N,, — N,. We represent
¢ as a right serial quiver @), by drawing arrows from ¢ to ¢(¢). For example, the

map
(1 2 3 45 6 78 9 10 11 12
=6 775 43121 9 12 11
is represented by the following right serial quiver Q.:

10

6 3 7 2 4 e

— 0 >0 >0 <0

Nej
o<—0<—0

VR VR
5 11 o ° 12
~__ S ~__ S

—_
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Quivers which come from maps in this way have the property that each vertex
is the start of precisely one arrow. They are therefore right serial.

3. The following quivers are right serial:

In order to describe all right serial quivers we introduce the following
definitions.

A circuit of a quiver @ is a sequence of pairwise distinct vertices
{i1,42,...,4:} and a sequence of arrows {o1,09,...,0¢} such that each o goes
from iy to igy1 or from ip4q to ik (where i1 = i7).

Note that it is possible that ¢ = 1. Of course, every cycle is a circuit, but the
converse is not true. A connected quiver without circuits we shall call a tree.

A root of a tree is a vertex which is not a start vertex of any arrow in the
given tree. It is unique, see below.

Theorem 5.6.1. A connected right serial quiver Q) is either a tree with a single
root, or a quiver with a unique circuit which is a cycle such that after deleting all
arrows of this cycle, the remaining quiver is a disconnected union of trees whose
roots are the vertices of the cycle. Conversely, every such a quiver is right serial.

Proof. Assume that @ is a right serial quiver. Let {i1,42,...,%t}, {01,...,0¢}
be a circuit of Q). Assume that oy : i — 41. Then o9 : is — i3 is impossible

and thus oy : i3 — 9. Similarly, o3 : 74 — 43, ..., 0t : i1 — 4z, and thus the
sequence {0, 0¢_1,...,01} is a cycle (if o1 : 41 — g then {o1,09,...,0¢} is a
cycle).

If there is no circuit in @, then @ is a tree. Let ¢ be a root of @ and let V@)1 be
the non-empty set of all vertices of () from which there is a path to 7. Similarly,
denote by V Q5 the set of all vertices from which there is a path to any other root
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of Q. Obviously, VQ1NVQ2 = @ and VQ = VQ1UVQs. Therefore, since @ is
connected, VQ2 = @. So @ has a unique root.

Now let {o1,09,...,0:} be the cycle of Q. Observe that oy : i — Qg1
(with i;41 = i1) is the single arrow starting at ix. Denote by VQp the
set of all vertices of @ from which there is a path to i; not containing any
arrow of the cycle. In particular, each i, € VQ (the trivial path e). Let

t
VQo = VQ \ U VQk. Obviously, all VQ (k = 1,...,t) are pairwise disjoint.

k=1
Denote by Qj the subquiver of ), whose vertices are in V Q. Since every i € VQy,
1 # i, is a start vertex for a unique arrow o whose end vertex is again in VQ,
there are no cycles in Q. Obviously, there is no arrow with a start vertex in V. Qg
and an end vertex in one of the V Q. Since @ is connected, VQy = @. Thus,
deleting all arrows o1, 09, ..., 0+, we obtain a disjoint union of the subquivers Qy
each of which is a tree with a single root iy.

Conversely, let @ be a quiver described above. First, if @ is a tree with a
single root, then there is no vertex which is a start vertex of more than one arrow
because there are no circuits in (). It is easy to see that the same conclusion holds
if there is a single cycle in @) and its complement is a disjoint union of trees with
unique roots which are vertices of the cycle.

Remark 5.6.1. Let @, be a right serial quiver constructed by means of a
map ¢ : N, — N,. Then @, contains at least one cycle.

We shall use right serial quivers to prove the Cayley formula for the number of
different trees on a vertex set {1,2,...,n}.

We shall use the main notions of graph theory (see [Harary, 1969]). In what
follows we consider undirected graphs without loops and multiple edges.

Definition. A connected graph without circuits is called a tree.

The following proposition is well-known and we state it without proof (see
[Harary, 1969]. [Harary, 1973]).

Proposition 5.6.2. Let T,, be an undirected graph with n vertices and m
edges. Then the following conditions are equivalent:

1. T, is a tree.

2. T, is a connected graph and m =n — 1.

3. There is only one path in T, from p to q for any vertices p # q.

Let the vertices of a tree T}, be numbered by the numbers 1,...,n. It will be
suitable for us to set these vertices in the points corresponding to the vertices of
n-sided regular polygon which are situated on a circumference with radius 1 on the
complex plane. The first vertex is situated on the axis Ox and the next vertices
are situated in the direction opposite to the clock hand.
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We shall assume that this numbering is fixed and say that T}, is a tree with
vertex set VT, = {1,...,n}.

Examples 5.6.1.
1. n=3.

In this case we can construct 3 trees:

.\1’ .\.1; . :
3./ - ,/

In this case we can construct 16 trees:
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2 2
N I~ N
3 e o 1 3 e o 1 3 e o ]
/ AN
4 4
2 P
BN 2N RN
3 e o 1 3 e o ] 3 e o ]
\./ ./ [ ]
4 4
2 2 2
2N ™~ a
3 e o 1 3 e e 1 3 e o ]
AN AN /
4 4 4
2 P P
s - +
3 e o ] 3 e o 1 3 e o ]
[ ] \. \.
4
2

/ /
3 e ° 1 3 e o 1 3 e ° 1
/ / N S



RIGHT SERIAL RINGS 241

Theorem 5.6.3. (The Cayley formula). For any n > 2 there are n" 2

different trees with vertex set {1,...,n}.
Proof. Let T be a tree with vertex set VT = {1,...,n}. Fix two vertices z
and y in T

Case .z =y = k.
For any vertex ¢ € VT there is a single path that starts at ¢ and ends at the

"™ Ye the first edge in this path. Define o(T, k, k) = ¢ in

vertex k. Let ‘
the following way: (k) = k and @i (i) = m for each i # k. Obviously, ¢ is a
well-defined map.

Case IL. z £y (x = p,y = q).
Let M = {p,i1,...,ik—2,q} be the sequence of vertices of the unique path P
starting at the vertex p and ending at the vertex ¢, where 71 is the end of the edge
P " , 12 is the end of the edge

‘" ‘2 , etc., and ¢ is the end of the edge
[ ]

k-1 4 . Write
[} [}

ay az ... Qap—1 Qg
T, x, = . .
2 y)las <P (2 R Q)
such that the numbers ai,aso,...,ar_1,a, in the first row are the numbers
Dyi1y...,0k—2,q in their natural order. Let ¢ = (T, z,y). Consequently, write
plar) = p, plaz) = i1, ..., plag—1) = ix—2, p(ax) = ¢. And for all remaining
vertices we define ¢(i) = m, where i W: is the first edge in the unique path

starting at the vertex ¢ and ending at the vertex p.

Therefore, a tree T' with vertex set {1,...,n} defines n? maps ¢ : N,, — N,,.
Conversely, let f : N,, — N, be any map. We shall represent f as a right
serial quiver Q¢ by drawing arrows from ¢ to f(i).

Let Qgck) be a connected component of Q. By remark 5.6.1, there is a unique

cycle in Q}k). Let M C N, be a union of the vertex sets of these cycles and
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M = {ai,...,ar : a1 < az < ... < ap}. Obviously, M is a unique maximal
subset of N,, such that the restriction of f onto M acts as a bijection on M. The
tree with vertex set {1,...,n} corresponding to the map f is now constructed as
follows: write

and draw

fla1), f(a2),..., flar—1), f(ax)

in this order as a path beginning at the vertex f(a;) and ending at the vertex
f(ag). If the cycle is of length 1 (i.e., ax = a1), no edges are drawn. The remaining
vertices are connected as they were connected in )¢ without orientation.

Now the proof follows from the fact that the set of all mappings from N,, into

N, contains n™ elements and the fact that a tree with vertex set {1,...,n} defines
n? different mappings from N,, to N,,.

The algorithms used in the proof of theorem 5.6.3 are illustrated by the fol-
lowing examples.

Example 5.6.2.

For n = 4 consider the tree T =Ty, =< 3 e — e |

Construct the 16 mappings Ny = {1,2,3,4} onto itself. It is easy to see that
these mappings are given by the following tables (where on the intersection of the
i-th row and the j-th column there is (7T, 1, j)).
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1 2 3 4 1 2 3 4
1 1 11 1 2 1 1
1 2 3 4 1 2 3 4
21 11 2 2 11
1 2 3 4 1 2 3 4
31 11 31 2 1
1 2 3 4 1 2 3 4
4 1 1 1 4 1 1 2

Example 5.6.3.

1 2 3 4 1 2
1 1 3 1 11
1 2 3 4 1 2
21 3 1 2 1
1 2 3 4 1 2
31 3 1 4 1
1 2 3 4 1 2
4 1 1 3 4 1

243

Consider the mapping ¢ : Nig — Nia for Nip = {1,2,...,12} as in example

5.6.1(2). The tree corresponding to this map ¢ has the following form:

4]y
5 ./»\. 3
6 P
m— 1
[ ] ./ ’
8 / 12
9 T 11
10

Note that this tree has leafs 6, 8, 10, 11 (where a leaf is defined as an end

vertex of a tree).
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5.7 CARTAN MATRIX FOR A RIGHT ARTINIAN RIGHT SERIAL RING

Throughout in this section A will denote a right Artinian ring with Jacobson
radical R. Let Py, Ps,..., P, be all pairwise nonisomorphic principal right A-
modules and let Uy, Us,...,U, be the set of simple right A/R-modules given
by P;/P;R ~ U;. Suppose that ej,es,..., e, are pairwise orthogonal primitive
idempotents corresponding to the principal right A-modules Py, Ps, ..., P, so that
P=eAfori=1,... n.

Let mod, A be the category of finitely generated right A-modules. If M €
mod, A then {(M) denotes the composition length of M, and ¢;(M) denotes the
number of factors in a composition series for M that are isomorphic to U;.

Thus ¢;(M) = I((Me;)e; Ae; ), the composition length of the right e; Ae;-module
Mei .

Let 0 = N — M — L — 0 be an exact sequence of A-modules. If M has
a composition series then (M) = I(N) + I(L), by proposition 3.2.3, vol.I. Using
the Jordan-Hélder theorem (see theorem 3.2.1, vol.I), we also obtain the following
simple corollary:

Corollary 5.7.1. Let 0 - N — M — L — 0 be an exact sequence of A-
modules. If N and L have finite length then M has also finite length and [((M) =
I(N) 4+ 1(L). And moreover ¢;(M) = ¢;(L) + ¢;(N)

An important role in the studying modules of finite length is played by a special
group. Denote by |mod, A the set of all isomorphism classes of modules in mod, A
(including P; and U;, i = 1,...,n). Denote by i(M) the isomorphism class of a
module M € mod, A.

Definition. The Grothendick group of mod, A is
Ko(mod, A) = F/R,

where F is the free Abelian group with basis |mod, A| and R is the subgroup of
F generated by the expressions i(M) — i(M') — i(M") for all exact sequences

0—-M —-M-—->M'"—-0

in mod, A.
We denote by [M] the coset of i(M) with respect to R, therefore

[M] = [M] + [M"). (5.7.1)

Theorem 5.7.2. Let Ko(mod,A) be the Grothendick group of mod,A.
Then it is a free Abelian group with basis [Ui],...,[U,] and the map [M] —
(c1(M),...,cn(M)) defines an isomorphism Ko(mod,A) =~ Z™  and for each
M € mod, A we have

[M] = ZQ(M)[UZ] (5.7.2)
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Proof. Denote by S = {i(Uy),...,i(Uy)} the set of all isomorphism classes of
simple A-modules. Let SF be a subgroup of F generated by S. Define a map
a: SF — Ko(mod,A) by the formula « (¢(U;)) = [U;]. For any exact sequence

0—-M —-M-—->M'—-0

in mod, A we have ¢;(M) = ¢;(M’) + ¢;(M") for any simple module U;. Define

a map [ : Ko(mod,A) — SF by the formula S([M]) = > ¢;(M)[U;] for any
i=1

M € mod,-A. Then it is easy to check that fa = lsF and af = 1 So

« is an isomorphism. The theorem is proved.

Ko(mod, A)"

Definition. The (right) Cartan matrix of A is the n x n matrix C'(4) =
(cij) € My (Z), where ¢;; = ¢;(P;) = ¢i(e;A) is the number of composition factors
of P; that are isomorphic to U;. The integers c;; are called the Cartan invariants
of A. The left Cartan matrix of A is defined similarly.

Applying formula (5.7.2) to a principal right A-module P; we obtain the fol-
lowing simple formula:

[Pl = Z cij[Ui]. (5.7.3)

Clearly, the ring A has the same Cartan matrix as its basic ring. There is also
the following obvious proposition:

Proposition 5.7.3. If A is a decomposable right Artinian ring A = A X Aas,
then its Cartan matriz is block diagonal:

C(A) = (0(641) 0&2))

Therefore further on in this section we shall assume that A is basic and inde-
composable.

Examples 5.7.1.

1. Let A be a local right Artinian ring. Then C(A) = (m), where m = [(4A).

2. The Cartan matrix of a right Artinian ring is the identity matrix if and only
if A is semisimple.

3. Let A be the ring of upper triangular n x n matrices over a field k. Then
det C(A) = 1.

It is easy to check the following simple properties of the Cartan matrix:
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Lemma 5.7.4. Let A be a right Artinian ring with a set of pairwise orthogonal
primitive idempotents ey, es, ..., e, and Cartan matriz C(A). Then

L cij = Ue, ae; (€1 Aej));
2. l(elA) = Z Cij-
j=1

An important result in the theory of Cartan matrices has been obtained by
S.Eilenberg, who in 1954 showed that the determinant of the Cartan matrix of
an Artinian ring A of finite global dimension must be +1 or —1. We shall prove
this interesting statement following K.R.Fuller.! This proof uses the Grothendick
group of the category mod, A. We shall call the determinant of the Cartan matrix
the Cartan determinant.

Theorem 5.7.5. (S.Eilenberg). Let A be a right Artinian ring. If
gl.dim A < oo then det C(A) = £1.

Proof. If P is a projective module, then there are non-negative integers my
n n

such that P~ @ P;"*, so [P] = ) my[P;]. Consider projective resolutions
k=1 k=1
0—Py—...—~Pj—Po—-U; =0

of the U;, with Pj; projective, j = 1,...,n, ¢« = 0,1,...,¢. Applying to these
resolutions the formulas (5.7.1) and (5.7.3) we obtain integers hy; such that

051 = (=1)'[Py]

Thus, writing H = (h;j) € M,(Z), we see that C(A)~! = H € M, (Z), the ring of
n X n integral matrices. Therefore det C(R) = +1.

Remark 5.7.1. The determinant of the right Cartan matrix is not necessarily
equal to the determinant of the left Cartan matrix even in the case when a ring
is two-sided Artinian (see [Fuller, 1992]). However they are equal to one-another
when A is an Artin algebra (see [Nakayama, 1938]).

Isee [Fuller, 1992
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Proposition 5.7.6. If A is an Artin algebra then det C(4A) = det C(A4).

Proof. We shall write
C(aA) = [dis] and C(Aa) = [cy5]

to distinguish between the two Cartan matrices. Thus

dij = Ue;ae,(e:Aes)) and cij = U((ejA€i)e,; ac,)-
Now if A is an Artin algebra over K and t; = l(k (e;Ae;/e;Re;)) then

tidij = Uk (eidej)) = tjcji,
so that
t1.. .ty det O(4A) = det[t;d;;] = det[tjcij] =t1...t, det C(Aa)".
This proves the proposition.

In 1957 J.Jans and T.Nakayama? proved that if a ring A has finite global
dimension and R? = 0, where R = radA, or A is a quotient ring of a hereditary
ring, then the Cartan determinant is equal to 1. Since there are known examples
of Artinian rings of finite global dimension with Cartan determinant equal —1,
the problem was posed to settle what is now known as the Cartan determinant
conjecture:

If A is an Artinian ring of finite global dimension then its Cartan determinant
s equal to 1.

At the end of this section we shall prove this conjecture for right serial rings.
This conjecture was first proved in 1985 by W.D.Burgess, K.R.Fuller, E.R.Voss
and B.Zimmermann-Huisgen in their paper [Burgess, 1985].

It is easy to prove the following lemma.

Lemma 5.7.7. Let A be a right serial right Artinian ring with a set of primitive
pairwise orthogonal idempotents ey, e, ..., e, and corresponding Cartan matriz

C(A) = (cij). Then
l(elA) = Zcij.

Definition. The sequence e1 A, e04, ..., e, A is called a (right) Kupisch se-
ries if e;A is a projective cover of ¢; 11 R for 1 <i <n—1, and e, A is a projective
cover of e;R or et R = 0.

2see [Jans, Nakayama, 1957].
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Lemma 5.7.8. Let A be a right serial ring, and suppose that A has a Kupisch
series e1 A, ..., e, A, all of whose members have the same composition length m.
Write m = an +r with 0 < r <mn. Then C has the following form:

o= a+1 if0<j—i<rorn—r<i—j<n
E a otherwise

(in other words, for r > 0, the matriz C has entries a on its first n—r subdiagonals

and the last n — r superdiagonals, and a + 1 on the remaining diagonals.)

Proof. Denote by [k] the least positive remainder of k¥ modulo n. Then the
sequence of composition factors of e; A is Uj, U1y, - - -, Ujj—(n—1)1, Uj;Upj—q), -+ -
it continues for m terms. Thus there are a + 1 copies of the first r candidates in
the list and a copies of the others.

Remark 5.7.2. Since for a quasi-Frobenius serial ring A all e; A have the same
composition length by theorem 5.3.2, the previous lemma gives the structure of
Cartan matrices for quasi-Frobenius serial rings.

Remark 5.7.3. The matrices that occur in lemma 5.7.8 are a special type of
circulant matrices.? By a circulant matrix of order n is meant a square matrix
of the form

C = circ(cr, e, ..., Cn) =
1 C2 Cn
Cpn C1 Cn—1
C2 C3 C1

The elements of each row of C are identical to those of the previous row, but are
moved one position to the right and wrapped around. A circulant matrix can be
also written in the form:

C = (k) = (Cpr—j+1)),
where [t] is the least positive remainder of ¢ modulo n. Denote by (m,n) the

greatest common divisors of two integers m and n. We shall use the following
statement:

Proposition 5.7.9.* Let C = circ(a,a,...,a;b,b,...,b) be a circulant matriz
of degree m + n, where the first m elements of the first row are a and the last n
elements are b. Then

(ma + nb)(a —b)™=t if (m,n) =1,

detC:{ 0 if (myn)#1.

3see [Davis, 1979)
4see [Davis, 1979], Problem 27, p.81.
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Taking this lemma into account there results the following as an immediately
corollary of lemma 5.7.8.

Lemma 5.7.10. Let C be a matriz as in lemma 5.7.8. Then

[ m df (m,n) =1,
detC—{ 0 if (myn)#1L

Lemma 5.7.11. If A is a right serial right Artinian ring with a simple module
of finite projective dimension, then A has a simple module of projective dimension
<1.

Proof. If A has a simple projective module, then everything is done. Otherwise
A has a simple module U of finite projective dimension and so it has a finite
projective resolution of the form:

0—>eiAi>ejA—>...—>U—>O
Let Ima = e;R™. Suppose we have a projective cover of e; R™~1:

exA 25 e;R™ -0

then g induces a split epimorphism e R S, e;R™ ~ e;A. Since e, R is indecom-
posable, f is an isomorphism. Therefore Uy, = exA/er R has projective dimension
1.

Lemma 5.7.12. Let A be a right serial right Artinian ring and e = 1 — e7.
Suppose A has a simple module Uy = ey A/e1 R with proj.dimU; < 1. Then the
right global dimension of A is finite if and only if the right global dimension of eAe
1s finite, and r.gl.dim A < r.gl.dimedAe + 2.

Proof. First suppose that r.gl.dimeAe is finite and proj.dimU; < 1. If
proj.dimU; = 0, we have e;R = 0. If proj.dimU; = 1, then e;R/e;R? % U;.
In both cases Ext'(Uy,U;) = 0.

Now let ¢ # 1 and proj.dim_ 4, eU; = m. In order to verify that proj.dimU; <
m + 2, consider a projective resolution

.—>me—m>Pm_1—>...—>P1£>Poi>Ui—>0

of U;, where all P, are indecomposable projective. Since proj.dimU; < 1, we have

etR~ @ e, A™
i£1

Therefore e; Ae = e1 Re is projective over eAe and so the sequence

.—eP,, —ePy,_1— ... > ePL — ePy— elU; -0
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is an eAe-projective resolution of the eAe-module eU;. In particular, f,(ePy,) is
projective and nonzero. Since eP,, is indecomposable, fy,|cp, is a monomorphism.
Set T' = soc P,,.

If T % Uy, we have 0 # f,(eT) C fim(T), whence f,, : P, — Pp—1 is also a
monomorphism and proj.dim U; < m.

Let T ~ Uy and L = socP,, C P,,. Since Extl(Ul,Ul) = 0, we have that
L/T # Uy. From 0 # f,(eL) C fin(L), it follows that L ¢ Ker f,, and, conse-
quently, Ker f,, C L. From Ker f,, # L we conclude further that Ker f,, equals
either T or 0. In the latter case we have proj.dimU; < m as above. In the former
we obtain an exact sequence

.HelRHelAHPmf—’"»...HPOHUZ—HO,
which, in view of the projectivity of e; R, yields proj.dim U; < m + 2.

Conversely, finiteness of r.gl.dim A implies finiteness of r.gl.dim eAe, since, as
we have already remarked, multiplication of an A-projective resolution of a simple
module U; (i > 2) by e results in an e Ae-projective resolution of eU;.

Lemma 5.7.13. Suppose that the projective dimension of the simple right
A-module Uy = e1A/e1R is <1 and set e =1 —ey. Then det C(ede) = det C(A).

Proof. By hypothesis, e; R is projective, and, since A is a semiperfect ring,
1R = (e24)™ @ ... D (e, A)™n

with m; > 0.
Denoting the j-th column of the Cartan matrix C' of A by

Clj
¢ = :
Cnj,
we obtain
1
0 n
a=|.|+ E m;c;.
: =2
0

Thus, subtraction of m; times the j-th column from the first column for j =
2,...,n yields the matrix
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and consequently,
C22 -+ C2p

det C' = det
Cn2 e Cnn-

But the latter matrix is the Cartan matrix of eAe.

Theorem 5.7.14. Given a right serial ring A, the determinant of its Cartan
matriz is 1 if and only if its right global dimension is finite. In any case the
determinant is nonnegative.

Proof. We can assume that A is basic and indecomposable.

If r.gl.dim A < oo, then the combination of lemmas 5.7.11-5.7.13 allows suc-
cessive elimination of primitive idempotents corresponding to simple modules of
projective dimension < 1 until we are left with one idempotent. But, in this situ-
ation, from the finite dimension property of A it follows that A is semisimple, and
hence det C(A) = 1.

Assume that r.gl.dim A = oco. By induction on the number n of primitive
idempotents, we shall show that either det C(4) = 0 or det C(A) > 1. The case
n = 1 is trivial. For the induction step we may start with n > 1 primitive
idempotents e;, none of which gives rise to a simple module e; A/e; R of projective
dimension < 1 (otherwise lemmas 5.7.12 and 5.7.13 would permit us to discard
one idempotent and invoke the induction hypothesis). Since A is right serial, its
quiver Q(A) can be either a tree with a single end vertex or it contains a cycle
or a loop, by corollary 5.2.3. And in any case each vertex of Q(A) is a start
of at most one arrow, by theorem 5.2.1. If the quiver of A is a tree then any
root vertex corresponds to a projective module of length 1 which is impossible by
induction assumption. Therefore the quiver contains a cycle or loop with vertices
corresponding to idempotents eq, ..., e (k > 1), say. Since the composition series
of e1A, ... e A contains only the simple modules Uy, ..., U, the Cartan matrix
of A has the block form

C; X
(5 c)

where (1 is a k X k matrix as treated in lemmas 5.7.8 and 5.7.10. Hence det C; =0
or det C; > 1. Note that Cy is the Cartan matrix of eAe, where e = 1 — e —
ey — ... —ep. If rgl.dimede < oo, we have det Cy = 1 by the first part of the
proof; otherwise the induction hypothesis yields that det Cy > 0. In either case,
det C' = (det Cy)(det Cy) is either zero or greater than 1.

Corollary 5.7.15. Let A be an Artin algebra which is left or right serial, and
let C be its right Cartan matriz. Then det C =1 if and only if gl.dim A < co. In
any case det C' > 0.
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Proof. 1t is sufficient to note that in this case the left and right Cartan
matrices have the same determinant by proposition 5.7.6. So the right and left
global dimensions are equal.
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6. Tiled orders over discrete valuation rings

6.1 TILED ORDERS OVER DISCRETE VALUATION RINGS
AND EXPONENT MATRICES

Exponent matrices appear in the theory of tiled orders over a discrete valuation
ring. Many properties of such an order and its quiver are completely determined
by its exponent matrix. We prove that an arbitrary strongly connected simply
laced quiver with a loop in every vertex is realized as the quiver of a reduced
exponent matrix.

Recall that a tiled order over a discrete valuation ring is a Noetherian prime
semiperfect semidistributive ring A with nonzero Jacobson radical. By theorem
5.1.1, vol.I, any tiled order A is of the form

O T2 %m0
Y ORI :
A= _ , (6.1.1)
. . : 71 ()
T () 2 O

where n > 1, O is a discrete valuation ring with a prime element 7, and where
the oy; are integers such that o;; + o > gy for all 4, j,k, and ay; = 0 for any
i1=1,...,n.
n
Therefore A = > e;;m*7 O, where the e;; are the matrix units. If a tiled
ij=1
order A is reduced, then a;; + aj; >0 fori,j=1,...,n, 1 # j.

The ring O is embedded into its classical division ring of fractions D, and so
that the tiled order A is the subset of all matrices (a;;) € M, (D) such that
aij € 740 = eiiAejj,

where the eq1,. .., e,y are the matrix units of M, (D). It is clear that Q = M,,(D)
is the classical ring of fractions of A.

Since eAe = O is a discrete valuation ring for any primitive idempotent e of a
tiled order A, we have the following simple lemma.

255
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Lemma 6.1.1. All principal endomorphism 7tings of a tiled order are
isomorphic.

Throughout this section, unless specifically noted, A denotes a tiled order with
nonzero Jacobson radical R and classical ring of fractions Q.

We now recall the important notions of a band and a semilattice.

Let E be the set of idempotent elements of a semigroup S. For e, f € E we
define e < fiff ef = fe = e. In this case we say that e is under f and f is over
e. To see that < is a partial ordering of E, let e, f,g € E. Then

(1) €2 = ¢, and hence e < e.

(2)Ife< fand f <ethenef = fe=eand fe=ef = f, whence e = f.

(3)Ife = fand f <X g then ef = fe = e and fg = gf = f, whence eg =
(cf)g = e(fg) = ef = ¢, and ge = g(fe) = (9f)e = fe = e. Hence ¢ < g.

We shall call < the natural partial ordering of F.

An element b of a partially ordered set X is called an upper bound of a subset
Y of X if y < b for every y in Y. An upper bound b of Y is called a least upper
bound (or join) of Y if b < ¢ for every upper bound ¢ of Y. If Y has a join in
X, it is clearly unique. Lower bound and greatest lower bound (or meet)
are defined dually. A partially ordered set X is called an upper (resp. lower)
semilattice if every two-element subset {a,b} of X has a join (resp. meet) in X;
it follows that every finite subset of X has a join (or meet). The join (resp. meet)
of {a,b} will be denoted by a Ub (resp. aNb). A partially ordered set which is
both an upper and lower semilattice is called a lattice. A lattice X is said to be
complete if every subset of X has a join and a meet.

We recall that a band is a semigroup S in which every element is an idempo-
tent. Thus S = E if S is a band, and so the natural partial ordering (a < b if and
only if ab = ba = a) applies to all of S.

Theorem 6.1.2. A commutative band S is a lower semilattice with respect to
the natural partial ordering of S. The meet a N'b of two elements a and b of S is
just their product ab. Conversely, a lower semilattice is a commutative band with
respect to the meet operation.

Proof. That =< is a partial ordering of S (= FE) was shown above. We must
show that the product ab (= ba) of two elements a and b of S is in fact the meet
of {a,b}. From (ba)a = ba? = ba and (ab)b = ab®* = ab, we see that ab < a and
ab = b. Suppose ¢ =< a and ¢ < b. Then (ab)c = a(bc) = ac = ¢, and similarly
c(ab) = ¢, whence ¢ =< ab.

The converse is evident.

Definition. Let @ be the classical ring of fractions of both rings A and C. If
A C C, the ring C is called an overring of A.

The following lemma is obvious:
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Lemma 6.1.3. Let O be a discrete valuation ring and D be its classical ring of
fractions, which is a division ring. Then D is a uniserial right and left O-module.
If X C D is a right O-module (X # D), then X = 'O = Or'.

Corollary 6.1.4. If A # D is an overring of O then A = O.

Proof. The ring A is an O-bimodule. Since A # D, we obtain A = 7O = Oxt.
Consider A = A - A = 72O = Or?'. By the Nakayama lemma t = 0.

Definition. Let A be a tiled order. A right (left) A-lattice is a right (left)
A-module which is a finitely generated free O-module.

In particular, all finitely generated projective A-modules are A-lattices.

Among all A-lattices we single out the so-called irreducible A-lattices. These
are the A-lattices contained in the simple right (resp. left) @-module U (resp. V).
These lattices form a poset S, (A) (resp. S;(A)) with respect to inclusion. As was
shown in section 14.5, vol.I, any right (resp. left) irreducible A-lattice M (resp.
N) lying in U (resp. in V) is an A-module with O-basis 7®'eq,..., 7% e, with

Qy, if (Oél,...,Oén)GSr(A)

a;, if (a1,...,0n)T € Si(A). (6.1.2)

>
>

{ (673 + Oéij
A

where the letter T" stands for the transposition operation.
Such right (resp. left) modules always exist. For instance for a fixed chosen k
take a; = ayg;. Then

(673 +Ozij = ; +Ozij Z Qg = Q.

Further if (a1, ...,ay) characterizes an irreducible right A-lattice where A is a
tiled order as in (6.1.1), then

T 0 0 T 0 0
0 T2 0 T2
A
0 0
0 . ... 0 o 0 .. 0

is an isomorphic tiled order with all exponents > 0. Thus, if desired, this addi-
tional property can always be assumed.

For our purposes, it suffices to consider a reduced tiled order A. In this case,
the elements of S,.(A) (S;(A)) are in a bijective correspondence with integer-valued

row vectors @ = (a,...,a,) (column vectors @’ = (aq,...,a,)"), where @ and
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@l'satisfy the conditions (6.1.2). We shall write M = (ai,...,qy), if M €
Sy (A).
Let b= (Bi,...,08,). The order relation @ < b in S,.(A) is defined as follows:

Q=<b < a; > i fori=1,... n.

Since A is a semidistributive ring, S,(A4) and S;(A) are distributive lattices
with respect to addition and intersection.

Proposition 6.1.5. There exists only a finite number of irreducible A-lattices
up to isomorphism.

Proof. Let A= {0,E(A)} be a tiled order with exponent matrix £(A) = (ay;).
Let M = (o1,...,00) € Sr(4). Let a = min(oy,...,a,). Then M; =
(1 —a,...,a, —a) is an irreducible A-lattice and M7 ~ M. Suppose that a; = a.
Then My = (B1, ..., Bn), where the (1,..., 3, are non-negative and 5; = 0. Con-
sequently, every irreducible A-lattice M is isomorphic to a lattice M7 with at least
one zero coordinate. We obtain from (6.1.2) that 0 < 8; < a;. So, the number of
irreducible A-lattices of the form M, is finite. The proposition is proved.

Proposition 6.1.6. All overrings of a tiled order A are tiled orders. They
form a finite lower semilattice.

Proof. Let C' O A be an overring of the tiled order A. If there is k£ such that
exkCegr = D then C' = M, (D). Therefore O C ¢;;Ce;; # D fori =1,...,n and,
by lemma 6.1.3, e;,Ce;; = O and C is a tiled order. If C; and C5 are overrings of
A then C7 N C5 is an overring A. So all overrings of A form a lower semilattice

OR(A).
To show that OR(A) is finite take any C' € OR(A). Let £(C) = (c¢i;j). Then
every row (¢i1,...,0,..., ¢y, ) defines an irreducible A-lattice. By proposition 6.1.5

(or rather a variant of its proof), the number of such rows is finite. Therefore the
semilattice OR(A) is finite. The proposition is proved.

Using the properties of projective covers of finitely generated modules over
semiperfect rings, one can characterize projective modules of the lattice S, (A)
(resp. Si(A)) in the following way:

Proposition 6.1.7. An irreducible A-lattice is projective if and only if it
contains exactly one maximal submodule.

Proof. Let M be an irreducible A-lattice and suppose that M contains exactly
one maximal submodule. Then M/MR = U, where U is a simple A-module
and P = P(U) = P(M) is an indecomposable principal A-module (where P(M)
stands for is a projective cover of the module M). Let ¢ : P(M) — M be the
associated projection. Since M is an A-lattice, Ker ¢ = 0. Therefore, M ~ P(M)
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is projective. Conversely, every indecomposable projective A-module (where A is
a tiled order) is an irreducible A-lattice with exactly one maximal submodule.

We denote by M, (A) (resp. M;(A)) the partially ordered subset of S,(A)
(resp. Si(A)), which is formed by all irreducible projective right (left) A-lattices.

If it is not necessary to distinguish the partially ordered sets (or lattices) formed
by left or right modules, then we shall write them without the indices [ and 7.

Definition. Let P be an arbitrary poset. A subset of P is called a chain if
any two of its elements are comparable. A subset of P is called an antichain if
no two distinct elements of the subset are comparable. We shall denote a chain of
n elements by C'H,, and an antichain of n elements by ACH,,.

Recall that the maximal number of pairwise incomparable elements in P is
called the width of P and denoted by w(P). Obviously, if w(P) is a finite number
then it is equal to the number of elements in a maximal antichain of P.

We introduce the notion of a strongly dependent subset C' of an infinite count-
able poset P of finite width w = w(P).

Definition. A subset C' C P is strongly dependent if for any finite poset
k

S C P there exists a representation S = |J L;, where Lq,..., Lj are pairwise dis-
i=1
joint chains (k < w) such that the intersection SNC is in one of chains Ly, ..., Ly.

Remark that every strongly dependent set C' is a chain. Indeed, let x,y € C
be incomparable. Consider S = {z,y}. Obviously, SN C = S is not a chain.

Theorem 6.1.8 (R.P.Dilworth).! For a poset P with finite width w(P) the
minimal number of disjoint chains that together contain all elements of P is equal

to w(P).

Remark 6.1.1. This theorem holds for any poset P of finite width. Here is
a proof of this theorem for the countable case. To prove this theorem we use the
following lemma.

Lemma 6.1.9. Let P be a countable partially ordered set of finite width w =
w(P). Suppose there are m disjoint chains that together contain all elements of
P. Then m < w.

Proof (finite case). We use induction on the number of elements of P. The
start of the induction, |P| =1, is obvious.

Let L be a maximal chain in P. Consider the poset P\ L. Obviously, w(P\ L)
can only be w or w — 1. If w(P \ L) = w — 1, then, by the induction hypothesis,

s w—1
P\ L is a disjoint union of s < w — 1 chains: P\ L= |J C; and P=LJ( U C})
i=1 =1

1= K2

Isee [Dilworth, 1950]
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is a representation of P as a disjoint union of (s + 1) < w chains. Now suppose
that w(P \ L) = w. Let aq,...,a, be an antichain in P\ L, and let ¢ (d) be a
maximal (minimal) element of L.

Define A={z€P : v >a;forsomei=1,.... wand B={yeP : y<
a; for some i = 1,...,w}. Let p € P, then p,aq,...,a, is not an antichain. So,
peEAorpe Band P=AUB. Now |4| < |P| and |B| < |P|. Indeed, if A =P
then d € A and there exists an ¢ such that d > a;. This contradicts the maximality
of L. Analogously, if B = P, then ¢ € B and there exists a; such that ¢ < a;.
Again a contradiction. So, |A| < |P| and |B| < |P|. Obviously, the ai,...,ay
are minimal elements in A and maximal elements in B. By induction, there exist

disjoint chains T4,...,T,, and Si,...,S, such that A = U T; and B = U S; It

=1
is possible to number T7,...,T,, and Si,..., Sy, in such a way that a; 6 T n.sS;
for e = 1,...,w. Obviously, Cy = T U Sk is a chain for all i = 1,...,w and
P = Js_; Ck is a disjoint union of w chains.

Proof (infinite countable case). We use induction on w = w(P). The start of
the induction, w(P) = 1, is obvious.
Claim: there exists a maximal strongly dependent set. By assumption, P is

a countable set. So, P = U {a;}. Denote Cy = {ap} and let S C P be finite.
Ifsn Co = (), then 0 C L where L is an arbitrary chain. Let S N Cy = ap and
S = U L;. Obviously, ag € L; for some i. For every k > 0 let C11 = Cr U {as},

=1
o0
if Cy, U {ay} is strongly dependent and Cyy1 = C}, otherwise. Then C'= | C; is
i=0
a maximal strongly dependent set.
If w(P\ C) = w — 1, then, according to the induction hypothesis, we can
represent P \ C' as a union of the w — 1 disjoint chains

w—1
P\C= ]G
=0

-1
and P = ( U C;) U C is a union of the w disjoint chains.
=0
Let w(P \ C) = w and let ay,...,a, be a maximal antichain. Then every

set C'U{a;} is not strongly dependent for ¢ = 1,...,w. It means that for every
i =1,...,w there exists a finite subset S; C P such that w(S; N (C U {a;})) = 2.
Consequently, a; € S; fori=1,...,w
w
Consider the finite set S = |J S;. The set S may be presented as a union of w
i=1
w
disjoint chains S = |J K; by the lemma in the finite case (which has been proved
i—1
above). Renumbering the K;’s if needed we can assume that SNC C K;. We can



TILED ORDERS OVER DISCRETE VALUATION RINGS 261

also assume that a; € K7. So, w(S N (C Uaq)) =1 and we have a contradiction.
The lemma is proved.

Proof of theorem 6.1.8. Let m be the minimal number of disjoint chains that
together contain all elements of P, and let w = w(P). So, there exist pairwise
incomparable elements z1,...,x,. Obviously, any chain cannot contain two of
these elements together. Consequently, m > w.

From lemma 6.1.9 it follows that m < w. Therefore m = w.

Definition. The width of M, (A) is called the width of a tiled order A
and it is denoted by w(A). Obviously, 1 < w(A) < m, where m is the number of
elements of M,.(A).

Let P be an arbitrary partially ordered set. Then one can construct a new
partially ordered set P, whose elements are the nonempty subsets of P that consist
of pairwise incomparable elements, including the subsets consisting of only one
element of P. We shall introduce an order in P in the following way. If A, B € P,
then A < B in P if and only if for any a € A there exists b € B such that a < b
in P. The poset P is naturally embedded in P: an element a € P is mapped into
the singleton set {a}.

Example 6.1.1.

If P is an antichain then P is the poset of all non-empty subsets of P partially
ordered by inclusion.

o

In particular if P : then
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IfP 1 E then
{1,2,3}
5. L2} {1,3} {2,3}

|

Proposition 6.1.10. The set ./\/;l/r(A) is a lattice. There is a natural isomor-
phism of lattices M,(A) (resp. Mi(A)) and S,(A) (resp. Si(A)), which is the
identity on M, (A) (resp. M;(A)).

Proof. Let M € S,(A). Since M is an irreducible A-lattice, there exists a
projective cover of M:
P(M) M —0

m
Let P(M) = @ P;, where the P; are principal modules. The restriction of the
i=1
homomorphism ¢ to P; is either the zero map or a monomorphism, since P; is an
irreducible A-lattice. Consequently, any irreducible module M admits a represen-
tation M = P, + ...+ P, where P; € M, (A) and P, ¢ P; for i # j. Thus, the
correspondence

@(Pl,,Pm)HP1++Pm

defines an epimorphism of the partially ordered set ]T/[/T(A) onto S;(A). Let M =
P+...+P,=P,+...+PF,. Then P, C P, +...4+ P;,. We may assume that
Py ~en A, ie, Py = (a,a12 +a, ..., + a) for some a € Z.

Obviously, if L1 = (aq,...,ap) and Ly = (f4, ..., B,) are irreducible A-lattices
from S, (A) then Ly + Lo = (min (g, 1), ..., min (an, Bn))-

Let P;, = (agi’“), .. ,agf")). Then

P, +...+ P, = (min aglk), ..., min a{).
1<k<t 1<k<t

From the ordering relation in S, (A) we obtain that 1r<n]i2t alik) <a,i.e., agik) <

a for some k. Let P;, ~e;;, A and P;, = (a;1 +b,...,q, + b) for some b € Z.
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We obtain a;; +b < a1 + a1 +b < agj+aforj=1,....,nand P, C P;,. So
for every j = 1,...,m there exists 7(j) € {i1,...,it} and P; C P,(;). Therefore
M=P +...+P, = 'r(l)+---+P'r(m)-

If some inclusion P; C P, (;) is strong, we have M C M and so M # M, a
contradiction. Therefore we obtain P; = P,(;) and m = {. Consequently © is an
injective map.

Moreover, if P +...+ P, C P, +...+ F;, then it follows from the above that
(Py,...,Pn) < (Pi,...,P,) in M.(A).

Note that if © : £; — L5 is an isomorphism of partially ordered sets and as
Ly is (of course) a lattice, then £ is (of course) a lattice as well, and © is an
isomorphism of lattices. So the proposition is proved.

Remark 6.1.2. The notions of a lattice and an A-lattice used in this proof are
different; the one is a partially ordered set, the other is a special kind of module.

Note that M,.(A) = S,(A) if and only if the width of the set M,.(A) is equal
to 1.
Let a tiled order A be reduced. Then a;;+a;; > 0for i # j, and the set M,.(A4)

can be simply constructed from the matrix (a;;): let pF = (i1 + k..., qin + k),
wherei=1,...,nand k € Z. Suppose pf = pé». This means that a;m+k = ajm +1
for m =1,...,n. In particular, ay; + k = a;j; + 1, i.e., k = a; + [. Analogously,

oij+k=aj;+1 ie., l = a;;+k. Therefore, k+1 = oj; + o +k+1 and we obtain
the contradiction: aj; + c; = 0. Obviously, the partial ordering on M, (A) can
be defined as follows: pf < pé- if and only if ajm +1 <y +kform =1,...,n.
Therefore, aj; +1 < k.

Conversely, let aj; +1 < k. Adding o, to the both sides of this equality we
obtain aj; +aim +1 < k4. But oy +am > o and o+ +0 > ko 1.
Thus, ajm +1 < k+ ai, ie., k=< pé—.

Analogously, we can construct M;(A). The element p is in M;(A) if pf =
(1i + k,...,an; + k)T and, as above, all elements p¥ are different and p¥ < pé» if
and only if £ > | + oy;.

Proposition 6.1.11. The sets M;(A) and M,(A) are anti-isomorphic.

Proof. We use the correspondence p¥ +— p;k, where pf = (qi1 +k, ..., i + k)
and p;k = (c1; — k,...,an; — k)T, Then p¥ < pé- if and only if k£ > [ + «;;, and
p;l < p;k if and only if —I > —k 4 «;;. This proves the statement.

Remark 6.1.3. One should note that this anti-isomorphism cannot be ex-

tended to an anti-isomorphism of the lattices S;(A) and S,.(A), since the anti-
isomorphism of lattices is given by the correspondence:

(1,...,an) = (—aq, ..., —an)?



264 ALGEBRAS, RINGS AND MODULES

Proposition 6.1.12. The following properties of a tiled order A are equivalent:
(a) the width of the set M, (A) does not exceed m;

(b) each right irreducible A-module has not more than m maximal submodules;
(¢) for any M € S,.(A) the length of the A/R-module M /MR does not exceed

m, where R is the Jacobson radical of A.

Proof. The equivalence of (a) and (b) follows from the fact that any irreducible
A-lattice M € S,(A) = M,(A), is identified with a collection T = {t1,...,tx} of
pairwise incomparable elements of the set M(A), has exactly k& maximal submod-
ules identified by the sets T4, ..., T}, where T; is the union of the sets T'\ {¢;} with
the set of points strictly less than ¢;, but not comparable with any point of T\ {¢;}.
On the other hand, the number k is the number of indecomposable summands of
a projective cover P(M) of M, which is equal to the length of the module M /MR
and this proves the equivalence of (a) and (c).

Remark 6.1.4. In proposition 6.1.12 right modules can be replaced by left
ones.

We consider now the connection between the semilattice of overrings of a tiled
order A and S,.(A).

Definition. Let M € S,.(A), i.e., M C U, where U is a simple @-module. By
the ring of multipliers A(M) of an irreducible lattice M will be meant the ring
A (M) = {z €@ : Mz C M}, if M is a right module, and A;(M) = {z € Q :
aM C M}, if M is a left module.

Obviously, A,.(M) and A;(M) are overrings of A. From proposition 6.1.6 it
follows that rings of multipliers are again tiled orders.

Let C be an overring of a tiled order A. Then, obviously, S,.(C) is a sublattice
of the lattice S, (A).

Proposition 6.1.13. The set of overrings C of a tiled order A is in one-
to-one correspondence with the set of nonempty sublattices of the lattice S,.(A)
which contain along with each module all its isomorphs. More precisely, if Sy is a

sublattice of S, (A), then S1 = S, (C), where C = [\ A.(M).
MeS,

Proof. Let Sy be a nonempty sublattice of the lattice S, (A), which contains

along with each module all its isomorphs, and let C' = (| A,(M). It is clear
MeS,
that C D A and S, (C') D S1. Moreover, there exists a finite collection of modules

¢

My,...,M; € Sy, such that C = ﬂ AT(Mk) If M, = (akl,...,akn), then
k=1

E(A(My)) = (ozfj), where ozfj = akj — agi, and C' = (¢;5), where ¢;; = ml?x(afj).

Whence it follows that any module from M, (C) is the intersection of modules
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isomorphic to My, ..., M;. Since S is a lattice, this implies M,.(C') C S1, whence
Sy (C) C Sy, that is, S,.(C) = S;.

Corollary 6.1.14. The number of maximal overrings of a tiled order A is
equal to the number of its irreducible A-lattices.

Definition. An integer matrix £ = (a;) € M, (Z) is called
e an exponent matrix if a;; + o > a;, and oy = 0 for all 4, 7, k;

e a reduced exponent matrix if a;; + «j; > 0 for all 4, j, ¢ # j.

We shall use the following notation: A = {0, E(A)}, where £(A) = (ay;) is the
exponent matrix of the tiled order A, i.e.,

n
A= E eijwo‘”(’),

ij=1

where the e;; are the matrix units. If a tiled order is reduced, i.e., A/R is a
direct product of division rings, then ay; + aj; > 0if i # j, i.e., E(A) is a reduced
exponent matrix.

Let £ = (c;) be a n x n reduced exponent matrix. Define n x n matrices

i
W = (B), where Bij = i 1 Z#]
1 if i = 7,
and
(2) — (.. i ) )
& = ('71]); where Yij = llgrggn(ﬂzk + ﬂk])-

Obviously, [Q] = £?) — £M) is a (0, 1)-matrix.

The following theorem is the same as theorem 14.7.1, vol.I, where it was proved
using the fact that a tiled order is a prime ring. Here we shall give a direct proof
of this theorem using only the matrix definitions.

Theorem 6.1.15. The matriz [Q] = £? — W is the adjacency matriz of
the strongly connected simply laced quiver Q@ = Q(E).

Proof. Since [@)] is a (0, 1)-matrix, it is the adjacency matrix of a simply laced
quiver.

We shall show that [@Q] is a strongly connected quiver. Suppose the contrary.
This means that there is no path from the vertex ¢ to the vertex j in @ for some
i,7. Denote by VQ(i) = Vi a set of all vertices k € @ such that there exists a
path beginning at the vertex ¢ and ending at the vertex k. Then, by assumption,
Vo = VQR\VQ(i) # 0 (because j € V(Q)\V(Q)(7)). Consequently, VQ = V13UV,
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and V; NV = (0. It is clear, that there are no arrows from V; to V5. One can
assume, that V4 = {1,...,m} and Vo2 = {m + 1,...,n}. Conjugation with a
diagonal matrix of the form diag(w®,...,n%") gives an isomorphic tiled order

with exponent matrix
a;j = Q;j + b; — bj.

This new tiled order is also reduced if the original one was reduced. This does not
change the matrix [(] as is easily checked. Thus taking by = 0 and b; = «; it can
be assumed that the exponent matrix £ has its first row zero

It follows that g > 0 for p,q = 1,...,n, because a1, + apg > a1q-
By assumption [Q] is of the form

* 0
Q] =
ok
Partition £ in the same way
& *
=" :
* 82

with, hence, & € M,,(Z), & € M,,—,(Z). Associate to the matrix & a partially
ordered set by defining

1 = j if and only if a;; = 0.

Note that this is transitive because oyj 4+ o > o > 0. We can assume that
m + 1 is a minimal element. It follows that

i m+1 > 0, ¢>m+1.

Indeed, as m + 1 is minimal, either ¢ > m + 1 and so ay,+1,; = 0 so that
i m+1 > 0 because o m+1 + @m+1, > 0 (as A is reduced), or ¢ and m + 1 are
incomparable which means that both «; 41 and ay,41,; are > 0.

Since ¢1,m+1, the (1,m + 1)-th entry of [Q)], is zero, there is a k such that

0=qimt1 = mkin(ﬂLk + Brm+1) — Blm1-

This k cannot be 1 or m + 1 because B1,1 = 1 = Bim41,m+1. Hence there is a
Ee{l,....,n}\ {1,m+ 1} such that

a1k + Qkmt1 = Q1,mA41-
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Also k < m because a1, = 0 = aq 41 while agmi1 > 0 for & > m + 1. Thus
there is a k, 2 < k < m + 1 with ag,my1 = 0. Interchanging the 2-nd and k-
th columns and rows simultaneously we can assume that as,,+1 = 0. Further
q2,m+1 = 0, and so (arguing as before)

0= a2ms1 = Qp,m+1 + 2k

for some k£ # 2,m + 1. Again £ < m is not possible because oy 1 > 0 for
k> m+ 1. Also k = 1 is not possible as as1 + a12 > 0 and a;2 = 0. Thus
3 < k < m and we can assume that k = 3 giving as3 = 0 = a3 m+1. Now use
q3,m+1 = 0 so that

0= a3mt1 = Qk,my1 + a3k

for some k # 3,m + 1 and k < m. Again k = 1 is not possible because a3 > 0
and k = 2 is also not possible as ap 3 = 0 so that azs > 0. So4 < k < m
and we can take k = 4 giving that a4,;m+1 = 0 = a3 4. Continuing this way
g =093 = ... = Qpm_1,m =0, and agme1 =0, k =1,...,m. Thus the first
superdiagonal of & is zero. But 0 < ags < a2 + a3 and so also a3 = 0 (which
we knew anyway). But quite generally, 0 < o iyo < @41 + @it1,442 = 0 and so
the second superdiagonal is also zero. Continuing one finds that aj;,; = 0 for all
k < (making the matrix & lower triangular). In particular

dm,m+1 = mkin(ﬁm,k + ﬁk,m-{-l) - Bm,m-l—l-

Now Bpm+1 = @m,m+1 = 0. Further for £ > m+1, By m+1 > 1 as ag m41 > 0 for
k>m+1; Brnm=1and for k <m By = . > 0 because ap, i + gm > 0
and ag.m = 0. Thus ¢m.m+1 = 1, a contradiction that proves the theorem. (NB.
The argument in the case |V;| = 1 has to be changed slightly; this is left to the
reader.)

Recall that the quiver of a reduced exponent matrix £ is the quiver Q(E)
with adjacency matrix [@]. A strongly connected simply laced quiver is called
admissible if it is a quiver of a reduced exponent matrix.

A reduced exponent matrix £ = (a;;) € M,(Z) is Gorenstein if there exists
a permutation o of {1,2,...,n} such that a;; + ey = Qo fori,k = 1,...,n.

Theorem 6.1.16. An arbitrary strongly connected simply laced quiver QQ with
a loop in each vertex is admissible.

Proof. Consider the matrix & = (c;), where a;; = 0 and ;5 is equal to the
minimum length of a path from the vertex ¢ to the vertex j for i # j. (Note that
a path of minimum length always exists because @ is a strongly connected quiver.
There may be more than one path of minimum length.)

Let us show that £ is a reduced exponent matrix. Since the minimum length
of a path from ¢ to k is less than or equal to the minimum length of a path from
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i to k which passes through the vertex j, we have o, < oy + 5. By definition,
oi; > 1if i # j, and so a5 + ;> 0.

Let us show that Q(€) = Q. Since oy + aj; > 2 for j # i, q;; = ming(Bix +
Bri — Bii > 1, and so there exists a loop at each vertex of Q(E). Assume there
exists an arrow from 7 to j. Then a;; = 1. Since oy, > 1 if ¢ # k, there is no
k #i,7 such that oyr + ap; = 1 = 5. Therefore oy, + oy > auj for all k # 4, 7,
and

Vij — Bij = mkin(ﬂik + Brj) — Bi; = min{1, mkin(aik +ag; — o)} =1,

i.e., there exists an arrow from ¢ to j in Q(&).
Assume there is no arrow from i to j in ). Then a path of minimal length
from i to j passes through a vertex t # i,j. Let

Ol...0uOyt1...0p: % —]J
be a path of minimum length from i to j, where
O1...04: 10—, Outl ... Op:it— 7,

and o5 > 2. Then o0y ...0, and oy41 ...0, are paths of minimum length from ¢
to t and from ¢ to j, respectively. Hence, o+ + ay; = ;5. Thus

Yij — Bij = mkin(ﬁik + Brj) — Biy =0,
i.e., there is no arrow in Q(&) as well.

Example 6.1.2.
It is easy to see that the quiver @ with the adjacency matrix

@=(1 )

Definition. Two exponents matrices £ = (a;;) and © = (6;;) are called
equivalent if they can be obtained from each other by transformations of the
following two types :

(1) subtracting an integer o from the entries of the I-th row with simultaneous
adding of that integer « to the entries of the [-th column;

(2) simultaneous interchanging of two rows and the same numbered columns.

is not admissible.

2

Proposition 6.1.17. Suppose £ = (a;j), © = (6;;) are exponent matrices,
and © is obtained from £ by a transformation of type (1). Then [Q(E)] = [Q(O)].

2Both these transformations were used in the proof of theorem 6.1.15.
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If € is a reduced Gorenstein exponent matriz with a permutation o(E), then © is
also reduced Gorenstein with o(0) = o(£).

Proof. We have
ay,  iALjAL
0, ifi=10,7=1,
oy —t, fi=15#I,
o+t ifi#lj=1,

where t is an integer. One can directly check that if a;; 4+ o, = ayy, for some 4, 7, K,
then 6;; + 0 = 0;;. Since these transformations are invertible, the converse
transformations have a similar form. So the equality 6;; + 0, = 0;; implies
oij + o, = ayi. Therefore, 6;; + 05, = 0, if and only if a;; + aji, = .

Denote ©1) = (y;;) and O = ().

The equalities v;; = Bij, vij = pi; or inequalities v;; > By, vi; > iy hold
simultaneously for the entries of the matrices (8;;) = €1, (pij) = O, (v;;) = E@,
(vij) = ©@). Therefore, £&) — £ =02 — W and [Q(E)] = [Q(O)].

Suppose that £ is a reduced Gorenstein exponent matrix with a permutation
o(€), ie., aij + Ajo(i) = Qo). Whence, i +0;5(;) = 0;5(;). This means that the
matrix © is also Gorenstein with the same permutation o(&).

Let 7 be a permutation which determines simultaneous transpositions of rows
and columns of the reduced exponent matrix £ under a transformation of type (2).

Then 0;; = ar@yr(;) and © = PTEP,, where P, = Y eir(i) is the permutation
i=1

matrix, and Pf stands for the transposed matrix of P;. Since ay; + Qjo(i) = Qig(s)

and aij = Or-1()r-1(j), We have 07— (i)r + Opr-1((i)) = Or—1(5)7-1(o(s))- Hence the

permutation 7 of O satisfies w(771(i)) = 7 !(o(4)) for all i. Whence, 7 = 7~ to7.
Since

Wig = Br(yrys Vig = min(ua + i) = min(Brap + Bir ) = V()7 G):
it follows that,
Qij = Vij — Hij = Vr(i)r(j) — Br(iyr() = r@i)r (i)

where [@] = (gi;) is the adjacency matrix of the quiver @ of ©. So we have proved
the following statement.

Proposition 6.1.18. Under transformations of the second type the adjacency
matriz [Q] of Q(O) is changed according to the formula: [Q] = PT[Q]P,, where
Q] = [Q(E)]. If € is Gorenstein, then © is also Gorenstein, and for the new

permutation © we have: m = 7 o1, ie., 0(0) = 77 1o(E)T.

Note that the type (= conjugacy class) of a permutation is not changed un-
der transformations of the second type. Therefore, in order to describe reduced



270 ALGEBRAS, RINGS AND MODULES

Gorenstein exponent matrices, one needs to examine matrices with different types
of permutations. Further, to simplify calculations we can assume that some row
or some column of £ is zero. This can always be assured by transformations of
the first type and then the entries of a new exponent matrix will be non-negative
integers (see the proof of theorem 6.1.15).

Indeed, let €& = (wv;) € M, (Z) be an exponent matrix. Subtracting oy, from
the entries of the i-th column and adding this number to the entries of the -th
row, we obtain a new exponent matrix

0 0 0O ... 0

021 0 Ozz ... bo,

©— |0 032 0 ... O3
01 Ono Ops ... 0

The first row of © equals zero. Consequently, 61; + 6;; > 61; = 0 and 6;; > 0 for
,j=1,...,n.

6.2 DUALITY IN TILED ORDERS

In this section we shall introduce a duality for tiled orders and study its properties.
Throughout in this section, unless specifically noted, A denotes a tiled order with
nonzero Jacobson radical R and classical ring of fractions Q).

Proposition 6.2.1. Let A be a tiled order with classical Ting of fractions Q.
Then Q is a flat and injective two-sided A-module.

Proof. The classical ring of fractions @ is the direct limit of flat submodules
7FA = Ank of A, for k € Z (as k — —o0). Thus Q is flat, by proposition 5.4.6,
vol.I.

To prove the injectiveness of () we use the Baer criterion (see proposition 5.2.4,
vol.I). Let Z be a right ideal in A. Since A is a Noetherian ring, Z is a finitely
generated ideal. Consider a diagram

0——=Ta——> A4,

f

where 7 is a monomorphism. Since @ is flat, the sequence

i®lg
0—=ZaR0Q—>A40Q

is exact. Then, by proposition 5.4.11, vol. I, we obtain the following diagram
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where 7 ~ ZQ and ¢ = ¢ ® 1g. Since @ = M, (D) is a simple Artinian ring,
@ is a two-sided injective Q-module. Therefore, by the Baer criterion, there is a
homomorphism ¢ : Q — @ such that ¢ = 1/)2 Restricting ¢ and ¢ to Z4, and 7,/) to
A4 we obtain ¢ = i. Thus @ is an injective A-module.

Now consider finitely generated semi-reflexive A-modules.

Proposition 6.2.2. A finitely generated A-module M is semi-reflexive if and
only if M is isomorphic to a submodule of a free A-module of finite rank A™.

Proof. If M Cc A™, then M is semi-reflexive, by lemma 4.10.3.

Conversely, let M be a finitely generated semi-reflexive A-module. We shall
write X* = Hom4 (X, A) for any A-module X. An epimorphism A™ — M — 0
induces a monomorphism 0 — M* — (A™)*. But A* = Homu (A, A) ~ A and
so M* is isomorphic to a submodule of A™. Since A is a Noetherian ring, M*
is a finitely generated A-module and therefore there is an exact sequence A” —
M* — 0. Then 0 — M** — A" is a monomorphism. Since M is semi-reflexive
Op 2 M — M** is a monomorphism. Therefore, M is isomorphic to a submodule
of a free A-module of a finite rank.

Let A be a tiled order of the form (6.1.1). Recall that an A module M is called
an A-lattice if it is a finitely generated free O-module, where O is the discrete
valuation ring of A (see vol.I, p.353). We shall denote by Lat, (A) (resp. Lat;(A))
the category of right (resp. left) A-lattices.

Proposition 6.2.3. Let A be a tiled order. Then an A-module M is finitely
generated semi-reflexive if and only if M is an A-lattice.

Proof. Let A = 3 €m0 C > e;D = Q = M,(D). Denote by E,
i,j=1 ij=1
the identity matrix of M, (D). Obviously, E, = >_ e;;, where the e;; are the local
i=1

matrix idempotents of A. Let X = {x € M, (D) : ze;; = e;jz for i,j=1,...,n}
andY = {ye€ A: ye;j = ey fori,j=1,...,n}. Obviously, X = {dE,}, where
de DandY = {aFE,}, where o € O. So we can view D as a subring of M, (D)
and O as a subring of A (where D coincides with X and O coincides with Y).
Therefore, A is a free O-module of rank n?, i.e., an A-lattice. By proposition 6.2.2,
an A-module M is finitely generated semi-reflexive if and only if M is an A-lattice.
Obviously, A ®» D = Mn(D) =Qand M ®4Q =M®,4 (A(X)o D) =M®o D,
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by proposition 4.5.3, vol.I. In this case M = M ®o D is a finite dimensional vector
space over D and M is a complete right A-lattice in M, where rankp M = dimp M.

Proposition 6.2.4. Let

A p

0 L M N 0

be an exact sequence of right A-modules. If L, N € Lat,(A) then M € Lat,(A) as
well.

Proof. Let m # 0, m € M and mn'E, = 0 for some positive t € Z. Then
p(m)mtE, = 0 and p(m) = 0. Therefore m € Kerp = Imi, i.e., m = i(l), where
l € L and mn'E,, = i(Ir'E,) = 0. Thus I7'E,, = 0. Since L € Lat,.(A) we obtain
l=0and m=0.

We shall establish now the duality between the category Lat,(A) and Lat;(A).
Let M € Lat,(A) and let M# = Homp(M, ). For any f € M# and a € A we
can define af by the formula (af)(m) = f(ma) where m € M. Then it is easy to
verify that M# is a left A-module.

Since M € Lat,(A), it is a free O-module with a finite O-basis eq,ea, ..., €,.
As in section 4.10, we can define an O-homomorphism ¢; : M — O by the formula
wi(e;) = & fori,j = 1,...,n, where §;; is the Kronecker symbol. Then ¢; € M#.
It is easy to see that M# is a free O-module with O-basis @1, ..., ¢,. This O-basis
is called the dual O-basis of M#. Thus, M# € Lat;(A). If M € Lat;(A), then
M*# € Lat,.(A).

Let ¢ : M — N be a homomorphism of M,N € Lat,.(A), ie, ¢ €
Homa (M, N). Then o# : N# — M# can be defined by the formula (p# f)(m) =
fo(m), where f € N7, is a homomorphism from N# to M#, ie., ¢ €
Hom(N#,M#). Obviously, if we have homomorphisms ¢ : L — M and
¢ : M — N, then (py)¥ = ¢#p# and 13\%[ = 1p4#. Moreover, for any
M € Lat,.(A) we have M## = M and for any N € Lat;(A) it is true N## = N.
Besides, for any ¢ : M — N we have ¢## = . It is also obvious that
(M & N)# = M# o N#,

Proposition 6.2.5. Let L be a submodule of M and L, M/L € Lat,.(A). Let
p: M — M/L be the natural projection. Then M € Lat,(A) and M has the
following O-basis: ey, ...,eq,p 1 (n1),...,p  (ny), where ey, ..., es is a O-basis of
L and ny,...,ns is a O-basis of M/L.

Proof. By proposition 6.2.4, M € Lat,.(A). Denote N = M/L. Let eja; +
cootesas+p )B4 ... +p H(ny) B = 0. Then ejag +...+esas +p H(n1 B+
...+ n¢B) = 0. Obviously, pleras + ... + esas +p t(ni1B1 + ... + nB)) =
mpPr+...+n0y =0 Thus f; = ... = f; = 0 and e;a1 + ... + esay = 0.
We obtain a; = ... = «a5. Let m € M. Then p(m) = n1f1 + ... + n:f3: and
m—p t(nif + ...+ nB) € Kerp. We obtain m —p~t(n1f81 + ... + nB) =
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era1 + ... +esas and m = ejaq + ... +esas +p H(n1)Br+ ... +pL(ngy)B:. The
proposition is proved.

Proposition 6.2.6. Let L,M,N = M/L be as in the previous proposition.
Let

p

0 L M N 0

be the corresponding exact sequence. Then there 1is a dual O-basis
D1y s, 7O, ..., p7 O of M7, where 1, ..., p, is a dual O-basis of L¥ and
©1,...,0, is a dual basis of N7 .

Proof. By proposition 6.2.5, M has an O-basis ey,...,es,
p~t(n1),...,p~Y(ny), where e1,...,es is an O-basis of L and nq,...,n; is an
O-basis of N. It is now easy to see that ¢1,..., s, p#O1,...,p"0; is a dual
O-basis to the O-basis €1, ..., es,p" 1 (n1),...,p 1(ns). By definition, p;(e;) = d;;
for i,j = 1,...,s. Consider p#©;(p~1(n;)) = Qip(p~t(n;)) = Oi(n;) = d;; for
ij=1,... L

Corollary 6.2.7. Let

0 L M—2= M 0

be an exact sequence as above. Then the sequence

p#

M# L# 0
18 exact.
Corollary 6.2.8. Extl (N, 4A#) =0 for any N € Lat,.(A).

Proof. Let

00— 4 A7 M N 0

be an exact sequence. By corollary 6.2.7, we obtain that

is an exact sequence of left A-lattices. Then from the projectivity of 4 A we have
M# ~ A® N#. Therefore M## = M ~, A® N, i.e., Extl (N, 4A#) = 0.

It is simple to establish the duality of irreducible and duality of completely
decomposable A-lattices.

Let M € Sy(4) and M = Yo' em*O. If ¢1,...,¢, is the dual O-
basis for ei,...,e,, then 7=y, ..., 7 “"¢p, is the dual O-basis for the O-
basis e;71,...,e,m. Consequently, if M = (a1,...,q,), then M# =
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(—ai,...,—ay,). Using the same formula for N = (B1,...,3,)T, we obtain
N# = (=f1,...,—fn). It is easy to see that

(3 ML = M (ALE (011 0% = Maf 4 01f

for any My, Ms € S,.(A). Further, if My C My are two irreducible A-lattices then
M < M}. (In this case the lattice M, is called an overmodule of M;).

Definition. An A-lattice M is said to be relatively injective if M ~ 4 P#,
where 4P is a finitely generated projective left A-module.

Definition. An A-lattice M is called completely decomposable if it is a
direct sum of irreducible A-lattices.

Corollary 6.2.9. A relatively injective A-lattice M is completely decomposable
and any relatively injective indecomposable M has the following form: M =, P#,
where 4P is an indecomposable projective left A-module.

Proof. A tiled order
A = Z eijﬂ'o‘”'O

ij=1
is a completely decomposable right A-lattice

AA:eHAEB...@ennA

and also a completely decomposable left A-lattice
AA = A€11 D... @Aenn

Every finite generated left projective A-module 4 P has the following form: 4P =
(Ae11)™ @ ... P (Aen,)™. Obviously, 4P € Lat;(A) and

APT = (Aen)®™ @ ... @ (Aep,) ™.

So, oAP# is a completely decomposable right A-lattice. In particular, M is inde-
composable if and only if M = (Ae;;)” for some i = 1,...,n. The corollary is
proved.

In what follows we assume that the tiled order A is reduced. In this case £(A)
is reduced, i.e., a;; + oj; > 0 for i # j. An A-lattice N C M, (D) is said to be

complete if N ~ (Op)" as a right O-module. If a complete A-lattice N is a left
A-module then e;Nej; C N. So e;;Nej; = 7770 and

N = i eijﬂ'ﬁj(’).

4,j=1
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Note that N is a right and left A-module if and only if v;; + o > vir and
ik +k; > vij for all 4, 7, k. In this case the matrix (vy;;) is said to be the exponent
matrix of the A-lattice N and we write it as £(IN). Complete A-lattices which
are left A-modules are said to be fractional ideals of the order A. Denote by A
the completely decomposable lattice Aﬁ.

Lemma 6.2.10. A completely decomposable left A-lattice A is a complete right
A-lattice, and

0 —Q21 e —Qn1
—Q12 0 e —Qp2
E(A) =
—1n —Q2n e 0
Proof. Let us show that the k-th row (—aig, —aag, ..., —ank) of the matrix

E(A) defines an irreducible right A-lattice. Write 3; = —ay,. We can rewrite the
inequality ay; + oy > oy in the form —oup + oy > —ayy, ie., B + ay; > fFj,
which implies the assertion of the lemma.

Corollary 6.2.11. A fractional ideal A is a relatively injective right and a
relatively injective left A-lattice.

Proof. The proof follows from the relation 4 A% = Ay4.
Let A be a reduced tiled order and R = radA. Then

1 Q12 . Oqp
az; 1 Qop,
&(R) = .
Qpl  Qp2 1
and
-1 —Q21 ... —Qp1
—12 71 e —Onp2
E(aR*) = E(RY) =
—Q1y —Qn ... -1

Write X = AR#, A= (AA)#.

Lemma 6.2.12. For ¢ = 1,...,n we have that ¢; X (Xey) is the unique
minimal overmodule of e; A (Aey;) and e; X /e N = U;, Xeii/Aey; = Vi, where
U; is a simple right A-module and V; is a simple left A-module.

Proof. The proof for the left case follows from the fact that e; R is the only
maximal submodule of e;; A and from the duality properties and the annihilation
lemma. The proof for the right case is just the same.
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Note once more, that the e; A (Ae;;) are all indecomposable relatively right
(left) injective A-lattices (up to isomorphism) and the e; X (Xe;;) are unique
minimal overmodules of e; A (Ae;;). Moreover, the notions of indecomposable
relatively injective A-lattice and irreducible relatively injective A-lattice coincide.

Let A; and As be Morita equivalent tiled orders. Then the relatively injective
indecomposable Aj-lattices correspond to relatively injective indecomposable As-
lattices. Thus, from lemma 6.2.12 there follows the following lemma

Lemma 6.2.13. Every relatively injective irreducible A-lattice Q has only one
minimal overmodule. Let Q1 and Q2 be relatively injective irreducible A-lattices,
and let X1 D Q1 and X2 D Q2 be the unique minimal overmodules of Q1 and Q2,
respectively. Then the simple A-modules X1/Q1 and X2/Q2 are isomorphic if and

only if Q1 ~ Q.

The dual statement to proposition 6.1.7 is the following proposition, the proof
of which can be simply obtained from duality properties:

Proposition 6.2.14. An irreducible A-lattice is relatively injective if and only
if it has exactly one minimal overmodule.

The following proposition states some interesting fact about the injective di-
mension of the lattice 4 A%.

Proposition 6.2.15. Let A be a tiled order. Then inj.dim 4 (4 A%) = 1.

Proof. Let Z be a right ideal of A. Consider the exact sequence 0 — Z —
A — A/T — 0. We shall show that Ext%(A/Z, 4A#) = 0. Indeed, by proposition
5.1.10(2), we obtain Ext? (A/Z, 4A#) = Ext4(Z, 4A%). But Ext)y(Z, 414%#) =0,
by corollary 6.2.8. Consequently, inj.dim 4 (44%) < 1. Since inj.dim 4 (4 A7) # 0,
we obtain that inj.dim 4 (4 A%) = 1, as required.

Consider the quotient module Q1 = M,,(D)/aA%. We have an exact sequence
0 — AA* — Qo = M,(D) — Q1 — 0. By corollary 6.2.17, we obtain that
(1 is an injective A-module. Assume that the tiled order A is reduced. Then
by lemma 6.2.12 the injective hulls of the simple A-modules Uq,...,Us may be
written in the following form: E(U;) = e;; M, (D)/ei; A, where the e;; are the
matrix idempotents, : = 1,2,...,n.

6.3 TILED ORDERS AND FROBENIUS RINGS

In this section we shall construct a countable set of pairwise non-isomorphic Frobe-
nius quotient rings with identity Nakayama permutation for any reduced tiled
order over a given discrete valuation ring. In particular, for any finite poset
P = (p1,---,Dn), we shall construct Frobenius rings F,,(P), all different, such
that the quivers Q(F,,(P)) of all the rings F,,(P) coincide. Denote by Pmax
the set of all maximal elements of P, and denote by P, the set of all minimal
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elements of P, and denote by Ppax X Pmin their Cartesian product.

To state the relationship between the quiver Q(F,,(P)) of one of these rings
and the poset P we recall the definition of the diagram of a poset P.

The diagram of a poset P = (p1,...,pn) is the quiver Q(P) with as set of
vertices VQ(P) = {1,...,n} and the set of arrows AQ(P) is given by: there is
an arrow from a vertex ¢ to a vertex j if and only if p; < p;, and moreover, if
pi 2 pr X pj then either k =17 or k = j.

The quiver Q(F,,(P)) is obtained from the diagram of Q(P) by adding arrows
oi; for any (pi,p;j) € Pmax X Pmin (see theorem 14.6.3, vol. I).

Therefore, if P is a totally ordered set of n elements, then Q(F},,(P)) is a simple
cycle C,,, and hence all rings F,,,(P) are serial in this case.

For any finite poset P = {p1,...,pn} we can construct a reduced tiled (0,1)-
order A(P) by setting

E(A(P)) = (i),

where o;; = 0 <= p; < p; and «y; = 1, otherwise.
Then A(P) = {O,E(A(P))} is a reduced (0, 1)-order (see vol.I, §14.6).

Theorem 6.3.1. For any finite poset P there is a countable set of Frobe-
nius rings F,,(P) with identity Nakayama permutation such that Q(F,,(P)) =
QA(P)).

Proof. Denote A = A(P), R = radA, and X = sR". Let A = Aﬁ be the
fractional ideal, as above. Then there exists a least positive integer ¢ such that
A C R2. Tt is clear that J = w'A is a two-sided ideal of the (0,1)-order A(P).
Write

Fn(P) = A(P)/=™J.

Since 7™J C R?, it follows that Q(F,,(P)) = Q(A(P)). The description of the
quiver Q(A(P)) is given by theorem 14.6.3, vol.I. The Artinian ring F,,(P) is a
Frobenius ring. Indeed, we have the following chain of inclusions:

ADRDODR2O>a™X > a™J.

Every indecomposable projective F,,(P)-module is of the form P, =
e;;AJeym™J. Therefore, top P, = U;, and from lemma 6.2.12 it follows that

soc P = e ' X /ey A = U; fori=1,...,n.

The same relation holds for the left modules. Therefore, the Nakayama permuta-
tion of the ring F,,,(P) is the identity permutation.

Theorem 6.3.2. For every reduced tiled order A over a discrete valuation
ring, there is a countable set of Frobenius rings F,,(A) with identity Nakayama
permutation such that Q(Fp,(A)) = Q(A).
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Proof. For the fractional ideal A, there is the least positive integer ¢ such that
7t A C R?. Then the quotient ring Q(F,,(A)) = A/7m™T*A is a Frobenius ring
with identity Nakayama permutation.

Example 6.3.1.
Let k be a field, O = k[[z]] and 7 = . Let

o O
4= <7r”(’) (9>’

where a > 2. Obviously,

In this case

We have
o 2 1
£ = <a+1 2) '

Consequently, t = o+ 1 and

a1 o o+ 1 1
(@A) = <a+1 a+1
and the quotient ring F,,(4) = A/7™*A is a Frobenius ring with the identity
Nakayama permutation.
Note that
mt _(m+a+1 m+ 1
Elm A)_<m+o¢+1 m+a+1)"

Let k be a finite field with ¢ elements. Then F),(A) is a finite Frobenius ring

and |F,,,(A)| = ¢g*mT3ate,

Theorem 6.3.3. For any permutation o € S,, there exists a countable set of
Frobenius semidistributive algebras A,, such that v(A,,) = o.

Proof. Indeed, let O be a discrete valuation ring with unique maximal ideal
M, and let

O M ... ... M
M
K,(0) =
Sy
M M 0

be a tiled order.
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Let o : i — o(i) be a permutation of {1,...,n} and let Z,,, = (M™i) be
the two-sided ideal of K,(O), where wi,;y = m + 1, wy; = m for j # o(i)
(G,7=1,...,n).

It is easy to see that F,,(O) = K,(O)/I,, is a Frobenius ring with Nakayama
permutation o.

Let O = k[[t]] be the ring of formal power series over a field k, then
F.(k[[t]]) = K.(K[[t]])/I. is a countable set of Frobenius semidistributive al-
gebras A,, = F,,(k[[t]]) such that v(A,,) = o. If k is finite, then all the algebras
A, are finite.

Remark 6.3.1. Recall that @ F-algebras with identity Nakayama permuta-
tion are called weakly symmetric algebras. If for O we take the ring of formal
power series k[[t]] over a field k, then we obtain a countable series of weakly
symmetric algebras for every reduced tiled order over k[[t]].

6.4 Q-EQUIVALENT PARTIALLY ORDERED SETS

To any finite poset P = {1,...,n}, as before, assign a reduced (0,1)-matrix
Ep = (a4j) in the following way: a;; = 0 < i < j, and otherwise a;; = 1. Then
A(P) = {0,&p} is a reduced (0, 1)-order.

The original poset P and the [@Q]-matrix of the exponent matrix Ep have
a great deal to do with one another. Recall that the diagram of P is the
quiver Q(P) which has an arrow ¢ — j if and only if ¢ < j and there is no
k € P such that ¢ < k < j; see the beginning of section 6.3 above. Let
Q(P) (the “extended diagram” of P) be obtained from Q(P) by adding an ar-
row ¢ — j to each pair (i,7) such that ¢ is maximal in P and j is minimal
in P.

For example, if P is the two component poset

4 -\3./- 5
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then Q(P) is

4 e e 5

C ° / 3 e

1 \ ]

2 e

Such extended diagrams have played a role before, see theorem 14.6.3, vol.I.

There is now the following relation between Q(P) and the “[Q]-matrix” of
the exponent matrix Ep. Let (p;;) be the adjacency matrix of Q(P) and (¢;;) =
[Q(EP)L then Pij = 4ij, Zv.] = 17 sy N

The proof of this is a rather simple matter of checking various cases, as follows.
There are 4 cases: ¢ = j, 4 < j, j < i, ¢ and j are incomparable. Let &p = (),

where
Loz
Y71 1 otherwise
Then
qij = mkin(ﬂik + Brj) — Bij
where

1 ifi=y

Note that for all Z,j always B” + 6@' — Bij = B” =1 and /B’Lk + Bkj Z 6@' SO
that 0 < ¢;; < 1. Also, always 8;; + 5;; — Bi; = 8j; = 1. So to calculate g;; it only
remains to deal with the k & {i,5}.

Case 1: i = j. There are two subcases.

Case 1.1: i = j and 4 is not comparable to any other element of P so that {i}
is a one-element component of P. Then 7 is both maximal and minimal and there
is a loop at 7 in Q(P). Thus p; = 1. On the other hand, B;; + Bii — Bii = Biu = 1
and for all k # ¢ (if any) Bir + Bki — Bii = 1+ 1 — 1 = 1 because k and ¢ are
incomparable. Thus ¢;; = 1.

Case 1.2: i = j and i is comparable to some k # i. Then 1 = a; + ax; =
Bik + Bri- And so B + Bri — Bii = 0 and g;; = 0. On the other hand, p; = 0
because 7 is not maximal and of course not i < 7.

Case 2: i < j, so that o;; = 0. There are again two subcases.

Case 2.1: i < j and there is no k such that i < k < j, i.e. j covers i. Then
pij = 1. On the other hand, a;; = 0. Note that always (3; + 8i; — Bi; = 1,
Bi; + B;; — Bij = 1 so that to calculate ¢;; it remains to look at the k ¢ {i,j}. For
the location of k vis a vis 7 and j there are 4 subsubcases.

1 < k and k < j. This is not possible under case 2.1.

i < k and not (k < j). Then Bix + Brj — Bij = Qik + Brj —aij =0+1—-0=1.
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not (i < k) and k < j. Then Bix + frj — Bij = quik + oy —ai; =1+0—-0=1.

not (’L < /{) and not k < j. Then ﬂik‘i’ﬁkjfﬁij = QiktQpj—Qy; = 1+1-0=2.
Thus qij = 1.

Case 2.2. There is a k such that ¢ < k£ < j. Then p;; = 0 and for this particular
k, Bik‘f'ﬁkj —ﬁij = Qi + Qgj — Q5 =04+0—-0=0, so that also qij =0.

Case 3: j <. In this case always a;; = 1. There three subcases.

Case 3.1: ¢ is maximal and j is minimal. Then p;; = 1. On the other hand, for
k # 1,7 it cannot be that i < k or k < j (because i is maximal and j is minimal).
So for all k # {i,j}, cir, = 1, ag; = 1. Also not (¢ < j) so that a;; = 1. Thus
Bik + Brj — Bij = ik + oy —aj =1+1—-1=1, and ¢;; = 1.

Case 3.2: ¢ is not maximal. Then p;; = 0. On the other hand, there is a
k > 4. And so, for this particular k, o = 0, ar; = 1 and so B, + B — Bij =
Oéik+04kjfoéij :04’171:0, andsoqij =0.

Case 3.3: j is not minimal. Then p;; = 0. On the other hand, there is a k£ < j.
So for this particular &k, 7 > j > k so that a;; = 1, ag; = 0, o5 = 1 and so
ﬁik—i—ﬁkj—ﬁij:aik—i—akj—aij =140-1=0, andqij =0.

Case 4: i and j are incomparable. Then «;; = 1. There again three subcases.

Case 4.1: i is maximal and j is minimal. Then p;; = 1. Let k & {i,j}. As
always it suffices to look at these k. As i is maximal it cannot be that i < k and
so o = 1. Also as j is minimal it cannot be that k < j and so ay; = 1. Thus
Bl-quﬂkj—ﬂij:lJrl—l:lforallk, andqijzl.

Case 4.2: 7 is not maximal. Then p;; = 0. As ¢ is not maximal there is a k& > ¢
and so for this particular k, o;;; = 0. Also ay;; = 1 because otherwise we would have
i < k = j which would make 7 and j comparable. Thus o+ —a;; = 0+1-1 =10
for this particular £, so that ¢;; = 0.

Case 4.3: j is not minimal. Then there is a k¥ < j and so ax; = 0. But it
cannot be that ¢+ < k because then ¢ < £ < 5 making ¢ and j comparable. Thus
oy = 1 and oy + o — a; = 140 — 1 = 0 for this particular £ and ¢;; = 0.

This concludes the proof that the adjacency matrix of Q(P) is equal to [Q(Ep)].
Definition. Two finite partially ordered sets .S and T are called Q-equivalent
if the reduced exponent (0, 1)-matrices £ and Er are equivalent (meaning that

Er can be obtained from Es by repeated use of the transformations (1) and (2) in
the definition just above proposition 6.1.17 above).

Example 6.4.1. The following posets are Q-equivalent:
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4

[ ]

S = 2 e
[}
1
Obviously,

0 0

10

€ =11 1

11

_ o = O

o O oo

— O O O O = = O
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and T

and & =

— O O O
= O O O

—= = O [l S

1
0
0

oo o

0 0

\A

=~

O = = O
o= O O
o O = O
O = =

[Q(Es)]

= [Q(&r)]

Note that the two adjacency matrices go into one another by a simultaneous
interchange of the first row and fourth row and first column and fourth column,
making Q(S) and Q(T) isomorphic quivers.

The matrix Ep is obtained from &g by subtracting 1 from the last row of £g
with simultaneous adding 1 to the last column.

A finite poset with a connected diagram will be called connected.

Proposition 6.4.1. For any two posets S and T, if the exponent matrices Eg
and Er are equivalent then Q(Es) and Q(Er) are isomorphic.
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The proof follows from propositions 6.1.17 and 6.1.18.

Theorem 6.4.2. Two finite connected posets P1 and Py are Q-equivalent if
and only if these posets are either isomorphic or there exist partitions of these
posets P1 = P UPY and Py = PLUPY such that each element of Py is not
greater then any element from Pj, and each element of P4 is not greater then any
element from Py, and Py ~ Py, Py ~ Pj.

Example 6.4.2.
The following two posets satisfy the conditions of theorem 6.4.2.

VAVAN

N <

| YAVAN
YAVAN

e

7

and

and moreover in these posets each element of the one subset is not greater than
any element of the other subset.

Proof of theorem 6.4.2. Let P; and Py be finite numbered connected Q-
equivalent posets. Then Q(P;) ~ Q(P2). Here Q(P;) is the quiver with adjacency
matrix [Q(Ep,)], see the definition just above theorem 6.1.15. Renumber the el-
ements of the set Py (a renumbering of the vertices of a quiver does not affect
the quiver) in such a way that Q(P1) = Q(P) (inclusive the numbering). Let

Pr = {02, 0n}, Py = {71,792, 0} and [Q(P1)] = [Q(P)] = (ay) (where
[Q(P;)] is the adjacency matrix of Q(P;).
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If g;; = 0, then the element «; does not cover the element «; and either «;
isn’t maximal or «; isn’t minimal (or both); and the element v; does not cover
the element +; and either ; isn’t maximal or v; isn’t minimal (or both).

If ¢;; = 1, then either the element a; covers the element a; or o is maximal
and oy is minimal; and either the element y; covers the element 7; or 7; is maximal
and «y; is minimal.

Assume that Q(P;) # Q(Ps). Then (because Q(P1) = Q(P3)) there exist an i
and j such that ¢ covers «;, but 7; is maximal and ~y; is minimal (or vice versa).

Let o;j = «j cover the elements a; = o,...,a;,. Then v; = v, is a
minimal element, and ~;,,...,7;, are maximal elements, moreover, there are no
other maximal elements in the poset Ps. Indeed, if there was a maximal element
Yie & {Yirs---+%.} In Pa there would be an arrow from ~;, to v; in Q(Pz) and
hence an arrow from a;, to o in @(7’1). But this would mean that a; covers oy, .

Therefore o, € {a,,...,q;_}, this is a contradiction.
If Pomin = {Vjs-rv.}, then all the aj,,...,a;, cover every element of
{Oéil, . .,ais}.

Let Pimax = {0y pty Pimin = {0y, 0}, Pomax = {Vigs o Vs }-
Then, if ap = oy, € Pimax and a; = oy, € Pimin, then v, covers v, .

Denote P; = {ag € P1 : ag > iy}, Py = Pi\PL; PY = {vg € Pa : 4 >
ap, }, Py = P2\ Py

Then Q(P;) = Q(P3) and Q(PY) = Q(Py). Indeed, since in each set
P1,Ph, Py, PY there are no simultaneously elements of P1max and P1min; P2 max
and P2 min, from the equality ¢;; = 1 for, e.g., v, a; € Py, it follows that «; covers
«; and 7y, covers ;, where v;,v; € Pj.

Conversely, let the connected posets P; and Ps be either isomorphic or there
exist partitions of these sets Py = P;JP; and P, = Py |JP5 such that each
element of Py is not greater than any element of Pj, each element of P} is not
greater than any element of P, and Py ~ P, Py ~ Py. If P, ~ P, then,
obviously, £(P1) ~ E(Pz2) (renumbering of elements of the poset P2 corresponds
to the second type equivalent transformations of the matrix £(P2)). If P1 % Po
and there exists a suitable partition then

e = (57 spy ) o= (T sy ),

where U is a matrix with all entries equal to 1, E(P]) = E(Ps), E(PY) = E(PY)
(therefore Pj ~ Ps, Py ~ PY).

Matrices £(P1) and E(P2) are equivalent. Really, at first, by means of trans-
formations of the second type from the matrix £(P3) we obtain a matrix

[ &Py o
5<P2)‘< U 5(79’5))’

where E(Py) = E(PY) = E(P}), E(Py) = E(P}) = E(P}). Then, by means of
equivalent transformations of the first type from the matrix £(P2) we obtain the
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matrix £(P1). Thus, the posets P; and Py are @-equivalent. The theorem is
proved.

In the proof of this theorem, we have also proved the following proposition.

Proposition 6.4.3. For finite connected posets S and T, if Q(Es) and Q(Er)
are isomorphic, then Es and Ep are equivalent.

Theorem 6.4.4. Two finite non-connected posets P and S are Q-equivalent
if and only if the diagrams Q(P) and Q(S) are isomorphic.

Proof. Let P and S be two non-connected Q-equivalent posets, P = Py | P2,
S = 851US2,Q(P) = QP1)URQ(P2),Q(S) = Q(S1) JQ(S2) and, besides, be-
tween Q(P1) and Q(P2), and between Q(S1) and Q(S2) there are no arrows. As
the sets P and S are @Q-equivalent, by proposition 6.4.1 the quivers @(’P) and
Q(S) are isomorphic. Let ¢ : Q(P) — Q(S) be an isomorphism of quivers. Let
Pimax = {0 @iy by Prmin = {505, }, Pomax = {0k s 0, ), Pomin =
{a, ...y aq, }. From each vertex a;, of the set Ppmax as well as from each vertex
oy, of the set Pamax, in the quiver @(’P) arrows go to each vertex a;, of the set
P1min as well as to each vertex ap, of the set Pz min. Then from each vertex ¢ (v, )
of the set ¢(P1max) and from each vertex ¢(ay,) of the set ©(Pamax) (resp. in
the quiver Q(S), arrows go to each vertex @(aj,) of the set ¢(P1min) and to each
vertex p(ay,) of the set ©(Pamin)).

Suppose that ¢(a;,) does mnot belong to the set Spax. Then
Sp(ah)’""(p(ajs)’(p(all)a"'790(O‘lr) ¢ Sin and~ @(ai1)’-'-a(p(aim)a
ol ), plar,) ¢  Smax- There are arrows in Q(S) from each of
the (i), ..., (e, ); @k, ),....olar,) to each of the o(aj),...,o(a;,);
olag, ),y o(ag.). As none of the p(ay,), v =1,...,m; p(ag,), w=1,...,t1is
maximal these arrows must be in Q(S) itself. Thus the ¢(«;,), (@, ), (@), ).
¢(oy,) form a connected subquiver T of Q(S).

Now suppose that there are no minimal elements in S among the
o(aiy )y ..y oy, ). Take any a € P; that is neither maximal nor minimal (if
any). Then there is a path « — ... — «;, for some i. This gives a path

pla) = plan,) = - = plan,) = plai) (%)

in Q(S). Now the @(ay,), i = 1,...,a are visibly nonminimal and () is
nonminimal by hypothesis, so all the arrows of (*) are in fact in Q(S) itself. So
©() is connected to T for every o € Py. Similarly if there is no minimal element
among the p(ay,), ..., p(ak,) every p(a) for a € Py is connected to T. Thus if
there is no minimal in S among {¢(a, ), ..., o(ay,, )} U{v(ak, ), ..., p(ak, )} S would
be connected contrary to the hypothesis in the statement of the theorem.

Thus there is a minimal element in S among the

S = {p(ai), ., olai,)}; S = {p(an,), ... olar,)}.
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In the same there is a maximal element in S among the

S = {p(az), - elaz)}; SW = {p(ar,), .. p(ar,)}.

There are 4 cases to consider.

Case 1. There is a minimal element from S in S| say ¢(ay, ), and a maximal
element from S in S®, say (az,). Then there is an arrow from (o, ) to @(av,)
in Q(S) and hence an arrow oy, — «;, in Q(P) which cannot be because a;, is
minimal and «;, is maximal and «ag_ # oy, (being from Py and P respectively.

Case 2. There is a minimal element from S in S| say ¢(ay, ), and a maximal
element from S in S, say ¢(a;.). Then there is an arrow from ¢(a;,) to ().
So there is an arrow «;, — a, in @(’P) But «;, is maximal and «;, is minimal.
So this is only possible if aj, = a;, and we have a loop at «;, and {«; } and
{¢(j.)} are one-element components of P and S. Let o be a maximal element
of P\ {as,}. Then in Q(P) there is an arrow a — a;,. So there is also an arrow
ola) = p(ay,) in Q(S). This arrow cannot be in Q(S) because {¢(a;,} is a one
vertex component of S. Thus ¢(a) — ¢(ay,) is in Q(S) \ Q(S) which can only
be the case if p(a) is maximal. This holds for all maximal « contradicting the
hypothesis that there is an «;, such that ¢(«;, ) is not maximal.

Case 3. There is a minimal element from S in S and a maximal element
from S in S®). This is, mutatis mutandi, treated just as case 1.

Case 4. There is a minimal element from S in S and a maximal element
from S in S®. This is, mutatis mutandi, treated just as case 2.

Thus all possible cases lead to a contradiction under the assumption that there
is a a;, with ¢(a;, ) nonmaximal. In the same way the assumption that there is a
ay,, such that ¢(«;,) is nonminimal leads to a contradiction.

Thus ©(Pmax) € Smax- In a quite similar way one proves that ¢©(Pmin) C Smin-
Working with ¢! instead of ¢ gives ¢! (Smax) € Pmaxs © *(Smin) C Pmin- And
SO @(Pmax) = Smax; @(Pmin) = Smin-

Since the quivers Q(P) and Q(S) are isomorphic, and maximal and minimal
elements, under the isomorphism, are mapped into maximal and minimal elements,
it follows that the restriction of the isomorphism ¢ : Q(P) — Q(S) to Q(P) gives
an isomorphism Q(P) — Q(S).

Conversely, if the diagrams Q(P) and Q(S) are isomorphic then the exponent
matrices Ep and Eg are equivalent, i.e., the posets P and S are Q-equivalent. The
theorem is proved.

The diagram Q(P) of a finite poset P is the union of its connected compo-
nents Q(P1),...,Q(Ps). The subsets Pi,...,Ps will be called the connected
components of the poset P.

Theorem 6.4.5. Let P =P, U---UP, and S = S, U---US,, be partitions
of two finite disconnected posets into connected components. The posets P and S
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are Q-equivalent if and only if m = n and there exists a permutation 6 € S, such
that P; and Sy are isomorphic for all i =1,...,n.

The proof of this theorem follows from theorem 6.4.4.

Theorem 6.4.6. For finite posets S and T the following conditions are
equivalent:
(a) Q(Es) and Q(Er) are isomorphic;
(b) Es and E are equivalent.

Proof. (b) = (a) follows from proposition 6.4.1.
(a) = (b) follows from theorem 6.4.4 and theorem 14.6.3, vol.I.

6.5 INDICES OF TILED ORDERS

We recall some facts concerning the relations between square matrices and quivers.
Let B = (b;;) be an arbitrary real square n x n-matrix, i.e., B € M,(R).
Using B one can construct a simply laced quiver Q(B) in the following way: the
set of vertices VQ(B) of Q(B) is {1,...,n}. The set of arrows AQ(B) is defined
as follows: there is an arrow from 4 to j if and only if b;; # 0.
Let 7 be a permutation of the set {1,2,...,n} and let

PT = Zeir(i)
i=1

be the corresponding permutation matrix, where the ¢;; are the matrix units.
Clearly, PTP, = P,PI' = E, is the identity matrix of M,(R). In particular,

00 ... 01
0 0 1 0
D, = | : :
0 1 0 0
1 0 0 0
is a P,, where o = 1 2 eon—lon ,and DT = D,.
n n—1 ... 2 1 n

Recall that a matrix B € M,(R) is called permutationally reducible if
there exists a permutation matrix P, such that

B, B

T _ 1 12

P! BP, = < 0 B ),

where By and Bs are square matrices of order less that n. Otherwise, the matrix
B is called permutationally irreducible.
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From the equality

(1)
0. (5 5o (8,
0 BQ Bgl 32
it follows that B is permutationally reducible if and only if there exists a permu-
tation matrix P, such that

1
prpp, — | B Y 02
v By BY

where B%l) and Bf) are square matrices of order less that n.

By theorem 11.3.2, vol.I, a matrix B is permutationally irreducible if and only
if the simply laced quiver Q(B) is strongly connected.

Recall that a matrix A = (a;;) € M,(R) is called positive if a;; > 0 for
i,j=1,...,n. If all a;; > 0, A is called non-negative.

In 1907 O.Perron found a remarkable property of the spectra (i.e., characteristic
values and characteristic vectors) of positive matrices.

Theorem 6.5.1 (O.Perron).® A positive matriz A = (a;;) (i,j =1,...,n)
always has a real and positive characteristic value v which is a simple root of the
characteristic equation and which is larger that the absolute values of all other
characteristic values. To this maximal characteristic value r there corresponds a

characteristic vector z = (z1,2a,...,2,) of A with positive coordinates z; > 0
(i=1,...,n).

A positive matrix is a special case of an permutationally irreducible non-
negative matrix. G.Frobenius generalized the Perron theorem by investigating
the spectral properties of permutationally irreducible non-negative matrices.

Theorem 6.5.2 (Frobenius).* A permutationally irreducible non-negative
matriz A = (ai;) 4,5 = 1,...,n always has a positive characteristic value r which
18 a simple root of the characteristic equation. The absolute values of all the other
characteristic values do not exceed r. To the maximal characteristic value r there
corresponds a characteristic vector with positive coordinates.

Moreover, if A has h characteristic values \g = r, A1, ..., An—1 of absolute value
r, then these numbers are all distinct and are roots of the equation

Ml =0, (6.5.1)

3see [Perron, 1907].
“4see [Frobenius, 1912]
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More generally: The whole spectrum Ao, A1, ..., \n—1 of A, regarded as a system
of points in the complex A-plane, goes over into itself under a rotation of the plane
by the angle 2w /h. If h > 1, then, by means of a permutation, A can be brought
into the following block cyclic form:

0 A 0 ... ... 0
0 . Ay
A= : (6.5.2)
0
0 0o . An—1.n
Apt 0 cee ... 0 0

where there are square blocks along the main diagonal.

Remark 6.5.1. Let

n
8; = g a;; (1=1,2,...,n), s= min s;, S= max s;.
1<i<n 1<i<n
j=1 T o

Then for a permutationally irreducible matrix A > 0

s<r<S,

and the equality sign on the left or the right of r holds for s = S only; i.e., they
hold only when all the row-sums s1, ss, ..., S, are all equal.

Remark 6.5.2. A permutationally irreducible matrix A > 0 cannot have two
linearly independent non-negative characteristic vectors.

Theorem 6.5.3. A non-negative matrizc A = (a;;) (1,7 =1,...,n) always has
a non-negative characteristic value r such that the moduli (= absolute values) of
all the characteristic values of A do not exceed r. To this mazximal characteristic
value r there corresponds a non-negative characteristic vector

Aj=ry (§=0,5#0).

Let A be a semiperfect ring with Jacobson radical R. Suppose that the quotient
ring A/R? is right Artinian. In this case the quiver Q(A) of the ring A is defined.

Write [Q(A)] = (t;;) for the adjacency matrix of Q(A). Recall that ¢;; is the
number of arrows between i and j, where VQ(A) = {1,...,n}.

By theorem 6.5.3, there exists a non-negative characteristic value r such that
the moduli of all the characteristic values of A do not exceed 7.
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Definition. The maximal characteristic value r of [Q(A)] is called the index
of the ring A. We shall denote this number by inx A.

Let A > 0 be a permutationally irreducible matrix. If A has only one eigen-
value of module r (b = 1), then A is called primitive, otherwise A is called
imprimitive.

In the following two remarks it is supposed that all rings are semiperfect and
that their quotient rings by the square of the Jacobson radical are right Artinian.

Remark 6.5.3. If a ring A; is Morita equivalent to a ring As then inx A; =
inx A2 .

Remark 6.5.4. If A = A; x A, is a direct product of two rings A; and A,
then inx A = max(inx A4y, inx As).

Theorem 6.5.5. Let A be a Noetherian semiprime and semiperfect ring then
A is semisimple Artinian if and only if inx A = 0.

Proof. If A is a semisimple Artinian then Q(A) = {e,e,... o} and [Q(A)]=0.
So, inx A = 0. Conversely, by remark 6.5.4, we can assume that A is an inde-
composable ring. By theorem 14.6.1, vol.I, Q(A) is strongly connected. If Q(A)
contains an arrow, then, by remark 6.5.1, inx A > 1.

Therefore, Q(A) does not contain an arrow and [Q(A)] = 0 and Q(A) = {e},
by theorem 11.1.9, vol.I. We obtain A ~ M, (D), by theorem 11.6.9 vol.I. The
theorem is proved.

Let B be a semiperfect ring with Jacobson radical J = rad B. Denote by
H,,(B) the following ring:

B ... ... B
J B . B
Hn(B):
: . . B
J ... ... J B

Let R, be a Jacobson radical of H,(B). Obviously,

B J J B ... ... B
7 J
Rn: 5 R%: 5
B
B
J J J J
J o J T h T
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0 B/J 0 ... ... 0
0 0 :
and R, /R: = | - e (6.5.3)
. t. T T 0
0O ... ... . 0 BJJ
J/JE 0 ... ... 0 0

Consider the following two chains of inclusions:

(1) B> J>J%

(i)  H.(B) D R, D R2.

It follows from (6.5.3) that (i) has a composition series if and only if (ii) does.
Consequently, the quiver Q(B) is defined if and only if Q(H,(B)) is defined.
Denote by [Q(B)] the adjacency matrix of Q(B). Then (6.5.3) implies

0 E, 0 ... ... 0
0
QB = | 1T (6.5.4)
0 0o ... 0 E,
QDB)] 0 ... ... 0 0

where FE,, stands for the identity m X m matrix.

Proposition 6.5.5. For any Noetherian semiperfect ring A:

inx H,(4) = Vinx A

Proof.  The proof follows from (6.5.4). Indeed, in this case we have
X[jQ(H,(B)(x) = det(z"E — [Q(B)]), where xas(z) is the characteristic polyno-
mial of a square matrix M.

Example 6.5.1.
Let
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be the square n x n-matrix all of whose entries are 1, and let E,, € M, (R) be the
identity matrix.

Let K,(O) be the following tiled order: K,(O) = {O,E(K,(0))}, where
E(K,(0)) = U, — E,. Obviously, the corresponding matrix (4;;) = U, and
so [Q(K,(0))] = U, and inx K,(O) = n. If n — oo then inx H,,(K,(0)) = /n
goes to 1.

Theorem 6.5.6. Let A be an indecomposable semiprime and semiperfect
Noetherian ring. Then inx A = 1 if and only if A is Morita-equivalent to a ring
H,(0), where O is a discrete valuation ring.

Proof. We can assume that A is reduced. Suppose that inx A = 1 and in the
i-th row of [Q(A)] there are two elements 1. By theorem 14.6.1, vol.I, Q(A) is
strongly connected and, by remark 6.5.1, inx A > 1. So in each row of A there
is only one 1. The matrices [Q(A)]T and [Q(A)] are permutationally irreducible
simultaneously and their maximal real eigenvalues coincide. Consequently, in each
column of A there is only one 1. Thus [Q(A)] = P, for some o € S,,. From the
indecomposability of A and theorem 11.1.9, vol.I, o is a cycle. By corollary 12.3.7
and theorem 12.3.8, vol.I, A is Morita~equivalent to H,(QO). It is obvious that
inx O equals 1 for a discrete valuation ring O. It follows from proposition 6.5.6
that inx H,, (O) = 1. The theorem is proved.

Theorem 6.5.7. Let A be a tiled order and suppose Q(A) contains n vertices.
then 1 <inx A < n and for any integer k (1 < k < n) there exists a tiled order Ay
with inx Ay, = k.

Proof.  Recall that [Q(A)] is a (0,1)-matrix. Therefore the inequalities
1 < inx A < n follows from remark 6.5.1. We know that inx H,(O) = 1 and
inx K,(O) = n. Let 0 € S, and ¢ = (12...n) be a cyclic permutation. Let
Dy=FE,+P,+...+ Py, where 2 < k <n—1 and let Qj be the quiver with
adjacency matrix Dy. By theorem 6.1.16 the quiver Q) is admissible. So there
exists a tiled order Ay with quiver Q. Obviously, inx [Qx] = inx Dy, = k. The
theorem is proved.

6.6 FINITE MARKOV CHAINS AND REDUCED EXPONENT MATRICES

Recall some notions from the theory of Markov chains (see, e.g. [Kemeny, Snell,
1960]).

Let there be n possible states of a certain system

S1, S, ... S (6.6.1)

and a sequence of instants

to,t1,ta,. ...
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Suppose that at each of these instants the system is in one and only one of the
states (6.6.1) and that p;; denotes the probability of finding the system in the state
S; at the instant ¢, if it is known that at the preceding instant ¢;_; the system
was in the state S; (1,7 =1,2,...,n; k=1,2,...). If the transition probabilities
pij (1,7 =1,2,...,n) do not depend on the index k (of the instant t3), then the
process is called a homogeneous Markov chain with a finite number of states.

The matrix

P = (pij) S Mn(R)

is called the transition matrix for the Markov chain. From the above assump-
tions it is obvious that

piy >0, and Y py=1(ij=12,..n). (6.6.2)
j=1

Definition. A square n X n-matrix P = (p;;) € M,(R) is called (row)
stochastic if P is non-negative and the sum of the elements of each row of P is
1, i.e., if the relations (6.6.2) hold.

Thus, every stochastic matrix can be regarded as the transition matrix for a
finite (homogeneous) Markov chain and, conversely, the transition matrix for such
a Markov chain is stochastic.

Definition. Let P = (p;;) € M,(R) be the transition matrix for a Markov
chain MC,,. The quiver Q(MC,) of the Markov chain MC, is the quiver
Q(P) of its transition matrix P.

Obviously, Q(MC,,) is a simply laced quiver.

The following definitions are in [Kemeny, Snell, 1960]). A Markov chain is
called ergodic, if its transition matrix is permutationaly irreducible. An ergodic
Markov chain M C,, is called regular if its transition matrix is primitive, otherwise
MC, is called cyclic.

Definition. A stochastic matrix P = (p;;) € M,(R) is called doubly

n
stochastic if it also satisfies Y pr; =1for j=1,...,n.
k=1

Proposition 6.6.1. Let S be a doubly stochastic matriz. Then the quiver
Q(S) is a disjoint union of strongly connected quivers.

Proof. Let S € M, (R) be a doubly stochastic matrix. Suppose that the quiver

Q(S) is connected but non-strongly connected. Then there exists a permutation

matrix P, such that PSP, = ( S X )
0 S
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The matrix PSP, is also doubly stochastic as a product of the doubly stochas-
tic matrices. Therefore S and Sy are stochastic matrices (or because, obviously,
if S is doubly stochastic so are SP and PS for any permutation matrix P).

Let S € M,(R) and S; € M,_,n(R), and m > 1. Denote by 3(Y) the
sum of all elements of an arbitrary matrix Y € M,,(R). Obviously, S(P!SP,) =
%(S1) + X(S2) + X(X). For any stochastic matrix S € M,(R), the equality
¥(S8) = %(ST) = n holds. This sum does not change under a simultaneous
transposition of rows and columns. Hence, X(PXSP,) = n. Clearly, S{ and
Sy are stochastic matrices. Consequently, n = m +n — m + X(X). Whence,
Y(X) =0 and X = 0. Thus, the doubly stochastic matrix S is permutationally
decomposable. This completes the proof.

Definition. A finite homogeneous Markov chain with transition matrix P
is called ergodic if the quiver Q(P) is strongly connected. This fits with the
definition given on the previous page.

Let @ be a quiver with adjacency matrix [Q] = (¢;;). We shall refer to the
eigenvectors (resp. eigenvalues) of [@)] as the eigenvectors (resp. eigenvalues) of
the quiver Q. If @ is strongly connected, then the index of @ (written inx Q) is
the maximal real eigenvalue of [Q)]; its eigenvector

f: (fla"'afﬂ)T

is called its Frobenius vector. The numeration of () is called standard if f; >

Definition. A quiver @ with VQ # @ is called Frobenius if it has a positive
right eigenvector.

Theorem 6.6.2.5 For any Frobenius quiver @ there exists a stochastic matriz

P such that Q(P) = Q.

Proof. Suppose [Q] has a positive eigenvector Z = (z1,22,...,2,) > 0. This
means that z; >0 fori = 1,...,n.
Let A be the eigenvalue corresponding to the eigenvector Z, i.e.,

Q)7 = A (6.6.3)

We shall show that A > 0. Since VQ # @, [Q] is a nonzero non-negative matrix.

Hence, on the left hand side of (6.6.3) we have a nonzero positive vector, and the

vector on its right hand side has nonzero coordinates. Consequently, Az > 0 and

A > 0. Consider the diagonal matrix Z = diag(z1, 22,...,2,). Then the matrix
n

P = (pij) = AM'Z7YQ]Z is stochastic. Indeed, we have Y ¢;;2z; = Az and
j=1

5Compare this with [Gantmakher, 1960], Ch.13, §6 and [Kostrikin, 2000]
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>opij = At Y 4z = Atz Az = 1. Obviously, [Q(P)] = [Q].

j=1 j=1

The Markov chain with this stochastic matrix is called the Markov chain of the
Frobenius quiver Q).

It follows from the Perron-Frobenius theorem® and corollary 11.3.3, vol.I that
every strongly connected quiver is Frobenius.

Example 6.6.1.
Let

Then Q

1 2
is a Frobenius quiver.
Example 6.6.2.
1 0 0 0 10 0 0
B 0 1/2 1/2 0 10110
Let P = 0 12 172 0 | Then [Q(P)] = 011 0
1/4 1/4 1/4 1/4 11 1 1

Obviously, xjo(p) = #(z —1)*(z — 2) and we have

10 0 0\ /0 0
01 1 o||1]_,[t!
01 101 1
111 1) \2 2

Consequently, the quiver of a Markov chain is not necessarily Frobenius.

Recall some facts from section 11.3, vol.I. An arrow o : i — j of an acyclic
quiver @ is called extra if there exists also a path from 7 to j of length greater
then 1.

Let @Q* be the condensation” of a quiver Q. If we delete from Q* all extra
arrows, then, by proposition 11.3.7, vol.I, we obtain the diagram of a finite partially
ordered set, which shall be denoted by S(Q). In particular, with any matrix
B € M,(R) we associate the finite poset S(B) = S(Q(B)).

Definition. Let MC,, be a finite Markov chain. The partially ordered set
SQ(MC,) is called the associated poset of MC,. In particular, if MC, is
ergodic, then SQ(MC,,) contains only one element.

6See also [Gantmakher, 1960], Ch.13, §2
7See Volume I, Page 277.
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6.7 FINITE PARTIALLY ORDERED SETS, (0,1)-ORDERS AND FINITE
MARKOV CHAINS

Recall that a tiled order A = {O, E(A)} is called a (0,1)-order if E(A) is a
(0,1)-matrix (see vol.I, section 14.6).

Definition. The index (written inxP) of a finite partially ordered set P is
the maximal real eigenvalue of the adjacency matrix of Q(P).

Thus, inx P = inx A(P).

In this case @(7’) = Q(Ep), where Ep is a reduced exponent matrix, corre-
sponding to P (see section 6.4). By theorem 6.1.15 the quiver Q(Ep) is strongly
connected.

Definition. A finite partially ordered set P is called regular if the adjacency
matrix [Q(Ep)] of Q(Ep) is primitive, otherwise P is cyclic.

Definition. We say that two finite posets S = {s1,...,s,} and T =
{t1,...,tn} are Q-equivalent if Q(S) ~ Q(T).
This agrees with the definition in section 6.4 above as shown there.

Example 6.7.1.
The index of a finite linearly ordered set C'H,, is 1.

Example 6.7.2.

Let
1 2 3 n—1 n
ACHn_{ }

[ ] [ ] [ ] oo [ ] [ ]
be an antichain of width n. Clearly, @(AC’HH) is a complete simply laced quiver
with n vertices. Thus inxACH,, = n.

Example 6.7.3.
Let Ppn = (m,m,...,m) be a primitive poset formed by n linearly ordered
disjoint sets each of length m. It is easy to verify that inx P, , = */n.
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Example 6.7.4.
Consider

Denote by

the square n X n-matrix whose all entries are 1. Obviously, the adjacency matrix

Q(Py) is
@ = (5, %)

and inx Py = 2

Example 6.7.5.

Let
1 3 5 2n —3 2n —1
e —— 0 ——> 0 o ————>0
Pon = >< >< ><
o ——> 0 —> 0 o ————>0
2 4 6 2n — 2 2n
Obviously,
0 Uy O 0 T
0 0 Us
0
0 0 Us
LUz 0 0 0 |

and inx Py, = 2.
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Example 6.7.6.

Let
2 3
[ ] [ ]
N : \ (6.7.1)
[ ] [ ]
4 1
be a partially ordered set with 4 elements. Obviously,
01 1 0
1 0 0 1
01 0 0

and
xB(z) = 22 (2 - 3).
So inx (N) = v/3 and the Frobenius eigenvector is

F=(2v3 v3 1D

The numeration (6.7.1) of N is standard with Frobenius eigenvector
(2,v/3,4/3,1)T. The transition matrix T of the Markov chain associated with
N is

1/2 0 0N /o1 1 0\ /2 0 0 0
0 13 0 oflfl1 00 1][0o v3 0 o0
Tn =1/V3 -
N =1/ 0 0 1/v3 o]t 00 1f[fo 0o V3 0
0 0 o 1/\0 100/ \o 0 o 1
0 1/2 1/2 0
123 0 0 1/3
2/3 0 0 1/3

0 1 0 0

Evidently, Ty defines an ergodic cyclic Markov chain. So, the poset N is cyclic.
The numeration of V:

4 3 (6.7.2)
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is nonstandard and this is in accordance with the Frobenius theorem (see, [Gant-
makher, 1998], Section XIII, §2).

Indeed, let &) be an exponent matrix of N corresponding the numeration
(6.7.2). We have

[REN)] =

_ -0 O
-0 O
o O O -
S O = =

and the Frobenius eigenvector corresponding the numeration (6.7.2) is
(2,1,v/3,v/3)T. So, the numeration (6.7.2) is not standard.

Below there is the list of indexes and Frobenius vectors of posets with at most
four elements.

Remark 6.7.1. Obviously, inx CH,, = 1 and inx ACH,, = n. The vector
(1,...,1)T is the Frobenius vector of CH,, and ACH,,.

I (1) ={e}, inx(I,1) = 1.

I (1) = {'} Cinag (I11) = 15 (2) = { e o}, inx(I,2) = 2.

1L (1) — + Cinx (IT1,1) = 1;
3
@=1 /N b
1 2
1 2
3 = 4 0 o) = wxarns) = Ve fuine -
) 3
fUII,3) = (1,1,v/2)T;
3
(4) = T ) = 1+2‘/5; (5) = {o o o}, inx(ITI,5) = 3:
L2
FUILA) = (1, v - 1,1)T.
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. 4
IV. (1) = .: inx(IV,1) = 1; (2) = ¢ 2 o/ \o 3 inx (IV,2) =
' ! ’ ’ 7 \./ 7 ’
* 1
V2;
2 3 1
N/ ‘
(3) = o . (4) ° ,inx (IV,3) = inx (IV,4) = V/2;
| /A
4 2 3
fIv,2) = fIv,3) = f(IV,4) = (¥4,1,1,¥2)T
e 3 o ]
| /|
(5) =< 4 o\‘o 2 5, (6) = . ‘o 3 2 xs5.6(x) = (23 —x—1) and
o | o )

—

1.32 < inx (IV,5) = inx (IV,6) < 1.33; f(IV,5) = f(IV,6) = (A%, 1,\,\)7,
where \> =\ —1 = 0.

— o — 0 W

1 e

4

° . 2 2

‘ ,iHX(IV,7) - \/2, (IV57) = (\/ a\/ alvl)T;

K 22

2

o 4

|

e 3 5, xs(z) = z(z® — 2?2 — 1) and 1.46 < inx(IV,8) < 1.4T;
|

o 2

FIV,8) = (1,A—1,A2 = A\, 1)T, where A3 — A2 — 1 = 0.

\

W ee— e

— e — e I

,inx (IV,9) = V/3;

—

(IV,9) = (2,v3,1,V/3)T.
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4 1 2 3
(10) = NG Y (11) = NVa  inx (IV,10) = inx (IV,11) = v/3;
O ;
FIV,10) = FIV,11) = (V3,v3,v3,3)".
4 1 2 3
(U SVANERIUER BNV
2 3 4

inx (IV,12) = inx(IV,13) = 2; f(IV,12) = (2,1,1,2)T; f(IV,13) =
(1,1,1,1)7.

34
(14) = .\xT L inx(IV,14) = 2; f(IV,14) = (1,1,1,1)7;
L
4
(15) = { T , xis5(z) = 2%(2? — 22 — 1) and inx (IV,15) = 1+ v/2;
12 s
fUV),15) = (1+v2,1+v2,1,1+v2)7;

(16) ={e o o o} inx(IV,16) = 4.

Note that the posets (IV,2), (IV,3) and (IV,4) are Q-equivalent. The other
non-singleton @Q-equivalence classes are {(III,2),(III,3)}, {(IV,10),(IV,11)}.
For the posets N = (IV,9) and Fy = (IV,11) we have inx N = inx Fy = /3,
but N and Fj are not ()-equivalent.

The posets (IV,12) and (IV,13) are antiisomorphic, and w(IV,12) =
w(IV,13) = 3 but (IV,12) and (IV,13) are not Q-equivalent, because
fIv,12) = (2,1,1,2)T and f(IV,13) = (1,1,1,1)7.  The posets (IV,13)
and (IV,14) have both index and Frobenius vector equal but they are not
Q-equivalent because @(IV, 13) has a loop and @(IV, 14) does not.

6.8 ADJACENCY MATRICES OF ADMISSIBLE QUIVERS
WITHOUT LOOPS

In [Harary, 1969] (Appendix 2, Digraph diagrams) there is a list of simply laced
digraphs without loops for s < 4 (s is the number of vertices )). The number of
such quivers is 3 for s = 2, 16 for s = 3, and 218 for s = 4. Using this list, it
is easy to determine the number of strongly connected quivers among them. This



302 ALGEBRAS, RINGS AND MODULES

gives 1 for s = 2, 5 for s = 3, and 83 for s = 4.
We shall give the list of admissible quivers without loops for 2 < s < 4.
The number of these quiversis 1 for s = 2, 2 for s = 3 and 11 for s = 4.
We use the following notations:

0O 00 ... 00 00 0 ... 00

1 0 0 ... 0O 1 1 ... 1 1

1 1 0 ... 00 1 1 0 ... 1 1
Hs: . 5 Fs: . B

1 11 ... 00 1 11 ... 0 1

1 1 1 ... 10 1 1 1 1 0

Qs = (wij), wherew;; = 0fori < jandw;; = i—jfori > j; H, Fs,Q,, € M(Z).
Note that notation Fs agrees (up to renumbering) with the notation Fy for case

00 00
(IV, 11) at the end of section 6.7 in that } (1) (1) 1 is the exponent matrix
1 110

of the poset \ |/

Proposition 6.8.1. There exists only one admissible quiver without loops for
s = 2 which is Cy = Q(Hsz) and there are precisely two admissible quivers without
loops C5 = Q(H3) and Q(Q3) for s = 3.

Proof. In what follows we assume that exponent matrices are reduced and their
first rows are zero, which can be done because we are after admissible quivers,
which are quivers coming from reduced exponent matrices..

Let s = 2. Then & = 00 ,EM = 1o and €3 =
a 0 a 1
(2,0) (1,0) o .
(a Y1 (2a)) where (aq,...,a¢) = min(aq,..., o). Here, quite generally, as

before, see just below corollary 6.1.14 in section 6.1, the following notation is used.
If £ is an (reduced) exponent matrix, £ = (a;;), then €Y = (3;;) with 3;; = 1 and
Bij = aij if i # j, €@ = (vi5), 7ij = ming (Bik + PB;), so that [Q(E)] = R —£W).
So [Q(E)] = ((Lal_ 1) a O}, 1)) and Q(&) is either Cy for @ = 1 or L, for
a > 2 (C, is a simple cycle with n vertices, [LC,,] = [Cy] + E,, Ey, is the identity
n X n matrix).
0 0 O 1 0 0
Let s = 3. Then & = [a 0 6|, D = [a 1 6| and €® =
By 0 gy 1
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(2,0, 8) (1,7) (1,6)
(a+1,84+96) 2,a,v+0) (a,041)
B+Lat+y) By+1)  (2,8,7+9)

Obviously, one can suppose 1 < a < 8. Then a = 1. Indeed, if a > 2 we have a
loop in the first vertex. If § = 1 we have either £ ~ Hs or £ ~ F3. Obviously,
Q3NF3. Ifﬁ = 2then5~93.

Let s = 4. As above we obtain the admissible quivers without loops, listed be-
low. The notation £ ~ © means equivalence of these matrices by transformations
of the first type.

n
We put d = d(€) = > «y; for an exponent matrix & = (ay;). Obviously,
ij=1
d(€) = d(©) for equivalent reduced exponent matrices £ and ©.

It is convenient to place the first six exponent matrices in the following se-

quence:

00 0 O 01 0 O
1 0 0 O 00 1 0
1 1 10 1 0 0 0
0 0 0 O 01 0 O
1 0 0 0 00 1 0
(2) d=T1, & = 110 0l [Q(52)] = 1 0 0 1
2 1 1 0 01 0 0
0 1 1 1
0 0 0 O
and & ~ Og, where O, = 010 ol
1 1 1 0
0 0 0 O 01 0 0
1 0 0 0 1 0 1 0
(3) d =8, & = 210 0ol [Q(53)] = 00 0 1
2 1 1 0 01 0 O
0 1 1 1
0 0 0 O
and &3 ~ O3, where O3 = 010 ol
1 1 1 0
0 0 0 O 01 0 0
1 0 0 O 1 0 1 0
2 2 1 0 1 1 1 0
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— — O O

— — O

o OO -

S —

|

and &4 ~ O4, where O4

oo H O

O~ O -

— O — O

o - O O

)7 [Q(F4)] = (

)a [Q(E7)] = (

S O OO

o O O -

S O +H AN

O — AN M

|

(5)d =10, & = Q4

— o O O

— o O O

— O O O

O —

O — - O

O~ O

OO~

O —

O - - O

— o O

— O O

O — — O

o O O O

SO~ O

OO~

O — — A

— = - O

o~ O O

oo +H O

S~

|

and 57 ~ @7, where @7

oo H O

O - O -

— o O O

O = O~

)7 [Q(‘%)] = (

S O o O

S O O

O O AN AN

O — AN AN

(8) d =10, &

)7 0'(59) =

O - - O

— o O

— O — O

O~ O

)7 [Q(EQ)] = (

S O OO

O~ O

O O —H A

O — A AN

9) d =10, & =

(1423);

SO — — O

— o O

— o O O

O — O -

)a [Q(Slo)] = (

o O OO

SO~ O

O O AN

O — AN A

|
|

(10) d =11, &

oo H O

— o O

— o O O

O — O

)a [Q(Eu)] - (

O —H OO

O - O~

O O AN

O — AN A

(11) d =11, &,
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6.9 TILED ORDERS AND WEAKLY PRIME RINGS

Recall that a ring A is called semiprime if it does not have nonzero nilpotent
ideals. A ring A is called prime if the product of any two nonzero two-sided ideals
of A is nonzero. In what follows in this section any ideal is a two-sided ideal. Let
R be the Jacobson radical of a ring A.

Definition. A ring A is called weakly prime if the product of any two
nonzero ideals not contained in R is nonzero.

Clearly, any prime ring is weakly prime and a weakly prime ring is indecom-
posable.

Lemma 6.9.1. If e is a nonzero idempotent of a weakly prime ring A, then
the ring eAe is weakly prime.

Proof. Let T and J be two-sided ideals in eAe which are not contained in
the Jacobson radical eRe of the ring eAe (see proposition 3.4.8, vol.I), and let
1 =e+ f. Consider the following two-sided ideals

T = I +TeAf + fAeT + fAeLeAf

and

T = T+ JeAf + fAeJ + fAeJeAf

of the ring A. It is clear that 7 Z R and J ¢ R. Thus, 77 # 0. On the other
hand,

1T =TT +1JeAf + fAeLT + fAeLJeAf.
This implies ZJ # 0 and so the lemma is proved.

Theorem 6.9.2. Let 1 = e; +ey...+ e, be a decomposition of the unity of
a semiperfect ring A into the sum of mutually orthogonal local idempotents and
Aij = e;Aej (i, = 1,...,n). The ring A is weakly prime if and only if A;; # 0
for all i, j.

Proof. Assume that the ring A is weakly prime and A,, = 0 for some p # g.
Consider the ring C = Ap,+Agq+Agp. Then, Z = App+Agpand N = Agg+Ag
are two-sided ideals of the ring C' that do not belong to the Jacobson radical of C'
and such that ZN = 0. But this contradicts lemma 6.9.1.

We shall show that, if all A;; # 0, then A is weakly prime. There exists a
decomposition of the identity of the ring A into the sum of mutually orthogonal
idempotents 1 = f1 + ... + fs such that f;Af; = M,,(0O;), with local rings O;,
i=1,....,s, and f;Af; = fiRf; (i # j, i,j = 1,...,s) (see proposition 11.1.1,
vol.I).
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Consider two-sided ideals Z and J such that Z & R, J € R. Let fixZf; = Iy
and fpJ fq = Jpq- It is clear that there exists an index ¢y such that Z;;, € R.
Without loss of generality, we can assume that ¢ty = 1. Similarly, there exists
an index ¢; such that J;,;, € R. If t; = 1, then ZJ # 0. Hence, we can
assume that tl = 2 and j22 = Mn2(02) Since IllflAfQ = flAfQ Q 7 and
J1Af2 22 = fiAfe C T, we obtain fiZfif1Tf. = [LAf1f1Afe = fiAf2 # 0.

The theorem is proved.

Here is an example of an indecomposable semiprime ring which is not weakly
prime. Let Q be the field of rational numbers and let Z,) (p is a prime integer)

be the ring of p-integral numbers, i.e., Z¢,) = {m € Q| (n,p) = 1} (see example
n

1.1.9, vol.I). Consider the Q-algebra Ma(Q) x M2(Q). Let €11, €12, €21, €22 be the
matrix units of the first matrix ring and f11, fi2, fo1, fo2 be the matrix units of
the second matrix ring. Let A be the Z,-order in the Q-algebra M>(Q) x M>(Q)
with Z,)-basis e11, pe12, €21, peaz, €22 + f11, pfi2, fo1, f22. Let e1 = e11,e2 = ean +
f11,e3 = faa. Then, 1 = e + e5 + e3 is a decomposition of 1 € A into the sum of
mutually orthogonal local idempotents. Clearly, e; Aes = 0 and, hence, A is not
weakly prime, by theorem 6.9.2. On the other hand, the ring A is semiprime as
an order in M2(Q) x M>(Q).

Theorem 6.9.3. The quiver Q(A) of a weakly prime semiperfect Noetherian
ring A is strongly connected.

The proof follows from theorem 11.6.3, vol.I and theorem 6.9.2.

Proposition 6.9.4. If A is a tiled order, then the quotient ring B = A/mA is
weakly prime Noetherian and semidistributive.

Proof. Since A is semidistributive and Noetherian, B is the same. Let 1 =
€11+ ...+ enn be the decomposition of 1 € A into the sum of mutually orthogonal
matrix idempotents. Write €; = e;; + mA for i = 1,...,n. Obviously, e;;Be;; # 0
fori,j =1,...,n. So, by theorem 6.9.2, B is weakly prime.

Proposition 6.9.5. Let A be a tiled order and B = A/wA. The quiver Q(B)
of the ring B is obtained from the quiver Q(A) of the tiled order A by deleting all
loops.

Proof. We can assume that A is reduced. Obviously, for any i = 1,...,n
we have ¢;Bé;; ~ O/mO = T, where T is a division ring. Let R(B) be the
Jacobson radical of B. Since A is reduced, B is also reduced and é;R(B)é; = 0
fori =1,...,n. By the Q-lemma (vol.I, p.266), Q(B) has no loops.
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Recall that Q(A) is simply laced and strongly connected. Let there exist an
arrow from i to j in Q(A) (i # j). This means that e;; Rej; = 7% O and e;; R%e;; =
7%t O, where R is the Jacobson radical of A. Therefore in Q(B) there exists an
arrow from i to j (i # j), and so in Q(A) there exists an arrow from ¢ to j.

Let O = k[[z]] be the ring of formal power series over a field k. We know that
O is a discrete valuation ring with a prime element x. Let A = {k[[z]],£(A) =
(a;;)} be a reduced tiled order. Then A/xA is an n*-dimensional weakly prime
semidistributive algebra over a field k, where n is the number of vertices in Q(A).

Theorem 6.9.6. Let Q be an arbitrary simply laced quiver without loops.
There exists a weakly prime semidistributive Artinian ring B such that Q(B) = Q.

Proof. Consider the quiver )1 with the following adjacency matrix: [Q1] =
[Q] + E,. By theorem 6.1.16, every strongly connected simply laced quiver (1
with a loop in each vertex is admissible. So there exists a reduced exponent
matrix £ = (a;;) such that Q(£) = Q1. Let O be a discrete valuation ring with a
prime element 7 and let A = {O, &} be a tiled order. Obviously, by proposition
6.9.5, the quiver Q(B) coincides with @, where B = A/ A.

Corollary 6.9.7. For any simply laced quiver QQ with n vertices and for any
field k there exists a weakly prime semidistributive n®-dimensional algebra B over
k such that Q(B) = Q.

Proof. Tt is sufficient to consider the ring A = {O, £}, where O = k[[z]].

Remark 6.9.1 H.Fujita in [Fujita, 2003] introduced an interesting class of
finite dimensional algebras in the following way:

Let K be a field and n an integer with n > 2. Let A = (A44,..., A,,) be an n-
tuple of n x n matrices Ay = (al(-;-c)) € M, (K) (1 <k < n) satisfying the following
three conditions.

(A1) a(k)agf) = al(.lk)a%) for all 4,5, k,l € {1,...,n},

]

(A2) ag;) = az(.;z) = 1foralli, j,ke{l,...,n}, and

(A3) agf) = 0 for all i,k € {1,...,n} such that i # k.
Let A = & Kuy; be a K-vector space with basis {u;; |1 < i,j < n}.
1<i,j<n
Then, using A, define a multiplication of A as follows:

v — i, k=1
kg 0 otherwise

Then A is an associative n?-dimensional K-algebra with Jacobson radical
R(A) = éh Ku;j. So A/R(A) = Kx K x...x K, ie, Ais a split
i#j; 1<i,j<n = e -
n t11mes
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reduced n?-dimensional associative K-algebra. In what follows, we assume that
agf) =0or 1forall 1 <4, j,k<n. We call such algebras as Fujita algebras.

Recall that a basis ey, ..., e; of a finite dimensional algebra B is multiplicative
(= monomial) if a product e;e; is either zero or e, for some k=1, ...,t. It is easy
to see that a Fujita algebra has a multiplicative basis.

Obviously, w;;uj; = 6;jujj, where d;; is the Kronecker delta. For 1 € A we
have 1 = u11 + ... + Upy. Therefore for any Fujita algebra A it is the case that:
uzAuj; = K, 1 < 4,5 < n. By theorem 6.9.2 and theorem 14.2.1, vol. I, any
Frobenius algebra A is weakly prime and semidistributive. By theorem 14.3.1,
vol. T and theorem 6.9.3 the quiver Q(A) is a simply laced and strongly connected
quiver without loops.

We remark without proof, that for any simply laced strongly connected quiver
@ which has no loops, there exists a Fujita algebra A with quiver Q(A) = Q. The
properties of Fujita algebras are considered in [Fujita, 2006].

As an example of weakly prime semiperfect rings we consider right 2-rings.
Recall that a ring A is called a right 2-ring if each right ideal in A is two-
generated.

Lemma 6.9.8. If A is a semiperfect Noetherian weakly prime 2-ring and

A= P is the decomposition as in lemma 6.5.9, then ny = no = ... = n,.
i=1
Proof. Assume that the modules Py, P, ..., Ps, are numbered in such a way
that ny > no... > ns. Suppose that ny = no = ... = ng but ngx > ngy1.

We shall show that e;jAe; ~ Homay (Pyy1,P;) = 0. Indeed, otherwise exists a
nonzero homomorphism ¢ : Pyy1 — Pg. Obviously, P,?j;‘l is a projective cover
of (Im))™. Therefore a projective cover of the finitely generated right ideal
T =TImy)" & P;:’ff is equal to P,Z’;Ir"k“, where ng +ngr1 > 2ngy1. Let pa(Z)
be the minimal number of generators of the right ideal Z. Then, by lemma 11.1.8,
vol.I, we obtain that pa(Z) > 3. Let 1 = e; +...+e, be a decomposition of 1 € A
into a sum of local idempotents such that for some e and f from this decomposition
we have P, = eA and P41 = fA. Consequently, Homy(Pyq1, Pr) ~ eAf = 0.
We have a contradiction with theorem 6.9.2. The lemma is proved.

Theorem 6.9.9. The quiver Q(A) of a Noetherian weakly prime semiperfect
2-ring A consists of at most two points. If Q(A) consists of one point, then there
are at most two loops at this point. If Q(A) consists of two points, then there is
only one arrow from one point to another and each point has at most one loop,
i.e., the two-pointed quiver Q(A) is simply laced.

Proof. By lemma 6.9.8 we can assume that A = P/* ¢ ... & P. But then
A~ M,(End (P1®...®P;)) and the ring B = End 4(P; ®...® Ps) is a basic ring,
i.e., the quotient ring of B by its Jacobson radical is a direct product of division
rings.
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It is clear that the rings A and B are 2-rings simultaneously.

Let A be a basic Noetherian semiperfect weakly prime 2-ring, and let 1 =
e1 + ...+ e, be a decomposition of 1 € A into a sum of pairwise orthogonal
idempotents.

Assume that the quiver Q(A) of the ring A consists of more then two points.
Let P, = e1A, P, = e3A, P3 = e3 A be nonisomorphic indecomposable projective
modules. Since ej Aes # 0 and esAes # 0, there exist nonzero homomorphisms
¢: Py — Py and ¢ : Py — P». Thus, P§ is a projective cover of the right ideal
Im ¢ & Im1 & P3; which contradicts, by lemma 11.1.8, vol.I, with the fact that A
is a 2-ring. Hence, the quiver Q(A) consists of at most two points. If it has only
one point, then there are at most two loops at this point by lemma 11.1.8, vol.I.

Assume now that Q(A) consists of two points and A = P; & P». Suppose that
the point 1, for example, has more than one loop. Since A is weakly prime, there
exists a nontrivial homomorphism v : P, — P5. Then Pl3 is a direct summand of
the projective cover of the right ideal P, R & Im v which gives a contradiction, by
lemma 11.1.8, vol.I. Thus, each point of Q(A) has at most one loop. Similarly, one
can prove that there is only one arrow from one point to another. The theorem is
proved.

From theorem 6.9.9 we immediately obtain the following corollaries.

Corollary 6.9.10 (Theorem of reduction for Noetherian weakly prime
2-rings.) Any Noetherian weakly prime semiperfect right 2-ring A is isomorphic
to a ring M, (B), where B is either a local 2-ring or B = P; & Py (where Py, Py
are nonisomorphic, indecomposable projective B-modules), and the quiver Q(B) is
a two-pointed simply laced quiver.

Corollary 6.9.11. Let A be a Noetherian weakly prime semiperfect and
semidistributive right 2-ring. Then A is isomorphic to a ring M, (B), where B
is either a discrete valuation ring or a uniserial Artinian ring. In this case the
quiver Q(A) has one vertex. If Q(A) contains two vertices then it is a simply laced
quiver.

Corollary 6.9.12. If a tiled order A is a right 2-ring, then either A ~ M, (O),
where O is a discrete valuation ring or A = M, (B), where

s-{o (2 7))
and (g 8) € My(Z).

If M is a uniserial A-module such that (| MR™ = 0, where R = rad A, and
n=1
m € MR'\ MR we write t = d(m). Let M be an arbitrary A-module. An
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element m € M is called a primitive generator if m = me for some primitive
idempotent e € A. In this case there exists a homomorphism ¢ : eA — mA such
that ¢(e) = m.

Proposition 6.9.13. If B is a reduced Noetherian SPSD-ring with
two-pointed quiver Q(B), then B is a right and left 2-ring.

Proof. Let 1 € B and 1 = e; + es be a decomposition of 1 into a sum of two
local idempotents. Write B; = e;Be; and R; = rad (B;), i = 1,2. Let X = e;Besy
and Y = ey Be;. By theorem 14.2.1, vol. I, By and Bs are uniserial rings, X is
a uniserial right Bs-module and a uniserial left Bi-module; Y is a uniserial right
Bi-module and a uniserial left By-module. Moreover, by corollary 14.2.4, vol. I,
RlX == XR2 and YRl = RQY

Let J be a right ideal in B. There is the decomposition J = Je; & Jeo.
Obviously, all nonzero elements from Je; are primitive generators for e; and all

nonzero elements from [Jes are primitive generators for ey. If b € Jey, then

b = (Z 8) Let tp = mind(a), where (; 8) € Jep and (Zg 8) € Jer

with d(ag) = to. Consequently, for any € Je1 we have a = apai, where

0
0
ap,a1,a € By. Obviously,

aq 0 aq 0 _ [ aoa1 0
G o) (5 9)= (e o) =

Let t; = min d(y), where <2 8) € Jei. We obtain that y = yya1, where d(y1) =

t; and a; € By. Let ¢1 : e1B — J be a homomorphism with ¢q(e;) = (ZO 8)
0
0 .

. Consider
y1 0
p:e1B®eiB — J, where p = (91, p2) and p(e1b1, e1ba) = @1(e1b1) + wa(eabs).
Obviously, Imp O Je;. Analogously, there exists a homomorphism 1 : es B @
eaB — Jes such that Imy O Jes. By lemma 11.1.8, vol.I, we obtain that

wa(J) < 2. Analogously, for any left ideal L C A we obtain that pa(L) < 2. The
proposition is proved.

and let ps : e9B — J be a homomorphism with @s(er) =

Let’s consider a Noetherian reduced SPSD-ring B with two-pointed quiver in
more detail. Let B be weakly prime. Then there are the following possibilities for
the quiver of B (up to a renumbering of vertices).
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© ~, 2
Cei =)

Case (a). In this case the ring B is serial, by theorem 12.3.11, vol.I. We shall
study in which cases B is not Artinian. Let 1 € B and let 1 = e; + e3 be a
decomposition of 1 into a sum of local pairwise orthogonal idempotents. Write
R =rad B, B; = ¢;Be; and R; = rad (B;), X = e1Bea, Y = e3Bey, where By
and B are uniserial rings, X is an uniserial right Bo-module and an uniserial left
Bi-module; Y is an uniserial right Bj-module and an uniserial left Bs-module, by
theorem 14.2.1, vol.I. If By and By are Artinian, then B is Artinian. Let R be the
Jacobson radical of B. Then, as usual,

(R X , ( R+XY RX+XR
R_<Y R2> and 1 _<YR1+R2Y YX + B3

Moreover, by corollary 14.2.4, vol.I, R1 X = X Ry and YRy = RyY.

Case (b). Suppose that Q(B) is the quiver of the ring B in this case. By the
Q-lemma (see vol.I, p.266), we obtain Y X + R3 = Ry. By the Nakayama lemma,
YX =Ry So XYX = XRy and XY X C R?X = XR3. Therefore, X Ry C X R3
and, again by the Nakayama lemma, X Ry = 0, i.e., XY X = 0. Note that 1 X =
XRy. Consequently, R1X = 0. Analogously, YR; = R2Y = 0. Now note that
R3 = 0. Indeed, YXYX = R3 = 0. If XY # 0, then XY = R*. Therefore,
R;”H = XYR; = XR)Y = XYXY = 0 and B is an Artinian semidistributive
ring. We obtain that if B; is a discrete valuation ring then XY = 0. Suppose that
By is a discrete valuation ring. Then there is the following countable descending
Loewy series:

RZ 0 R 0 R™ 0

and (] R™ = 0. Note that e3B is serial and that I(e2B) < 3.
m=0

Case (¢). If B is not Artinian, then B; is a discrete valuation ring (up to a
renumbering). Assume that By is Artinian. If XY # 0, then XY = R}. For
some t we have (YX)! = 0, since YX C R} and Ry is nilpotent. Therefore,
X(YX)tY = R = 0. This contradiction proves that XY = 0.

Let B; = O; (i = 1,2) be discrete valuation rings. If XY # 0, but YX =0
we obtain that Bj is Artinian. Therefore, XY and Y X are not equal to zero
simultaneously. Let XY = R* # 0 and Y X = RY* # 0. Obviously, XY X =
R7"X = XRy. If m # n, then B must be Artinian. Consequently, m = n. If

R{X =0 for some ¢, then R{XY = RIT™ = 0. Tt is easy to see that B is a prime
. . . o o
ring, i.e., B is a tiled order, and B ~ (wm(’) (’)>’ where m > 1.

The last case is the following: XY =0 and Y X = 0.



312 ALGEBRAS, RINGS AND MODULES

In this case there are the following countable descending Loewy series for P =
e1B and Py, = ey B:

Pi>PR=(R;,X)D>PR*= (R}, RiX)D...D PLR" = (R",R"'X) D ...
and
P, D PaR=(Y,Ry) D P,R?* = (RyY,R3) D ... D B,R™ = (R} 'YV,Ry") D ...

In the following proposition the ring B is a Noetherian but non-Artinian
reduced ring with two-pointed quiver Q(B).

Proposition 6.9.14. If B is not a tiled order then there exists a two-sided
nilpotent ideal J of B such that the quotient ring B/J is serial (it is possible
J =0).

Proof. If Q(B) is strongly connected and B is weakly prime then the proof
follows from the consideration of the cases: (a), (b) and (¢) above. Let B be

not weakly prime. Up to renumbering we may assume that ¥ = 0. If X = 0,
then B = B; x Bg, where B is serial (B and Bs are uniserial). If X # 0, then

L= (8 )O() is a two-sided ideal of B, L? = 0 and B/L ~ By x By is serial.

Let A be a ring. Denote pf(A) = max wa(Z), where 7 is a right ideal A.

Analogously, one can define i (A). By definition, A is a right principal ideal ring
if and only if pf(A) = 1.

Example 6.9.1 (I.N.Herstein).®

Let Q be the field of rational numbers and let Q(z) be the field of rational
functions over Q in an indeterminate x. Write K = Q(z). Define a monomorphism
¢ : K — Kby (p(f)(z) = f(2?). Let K[y, ¢] = {>_v'a; : a; € K} be the ring
of right polynomials in y over K, where equality and the addition are defined as
usual but the multiplication is defined by means of the rule ay = yp(«) for a € K.
It is easy to show that every right ideal of K[y, ¢] is principal, and so Ky, ¢] is
right Noetherian, but K[y, ¢] is not left Noetherian.

Note that i (Ky, ¢]) = 1 and p; (K[y,¢]) = oo.

Let O = K][[y, ¢]] be a ring of formal power series, where K is as above and
ay = yp(a). Denote by M = yO the unique right maximal ideal in O. Therefore,
M is the Jacobson radical of O and O/M = K. Obviously, O is right uniserial
and every right ideal of O is principal, but O is not left Noetherian. So, p(0) =1
and 1 (O) = oo.

Let O be as above and M = yO. Consider the ring B of 2 x 2-matrices of the
following form:

8see [Herstein, 1968]
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0O K
B= < 9 K) .

We describe the multiplication and addition in B. Denote by e11, €12, €21, €22
the matrix units of B: ejses; = 0 and egje1o = 0. Let ¢ : O — K be the
canonical epimorphism. If o € O, then (aejj)ers = p(a)ers = erap(a) and
ea1(aerr) = earp(a) = p(a)ear. Further, aeqy = e for a € O and feqs = €223
for g € K. The multiplication in K is defined as multiplication of 2 x 2-matrices
and the addition is defined elementwise. It is easy to see that p’(B) = 2 and
pj (B) = oo.

6.10 GLOBAL DIMENSION OF TILED ORDERS

In this section we want to give a short survey on some more fairly recent results
of the theory of tiled orders. Most of these results are presented without proofs.

Theorem 2.3.24, vol.I, asserts that the ideals in a semisimple ring

A= ]\4711 (Dl) X Mn2(D2) X ... X Mns (DS)

form a finite Boolean algebra consisting of 2° elements. Therefore, any two-sided
ideal Z in A is idempotent, i.e., 7? = 7.

Let A be an associative ring with 1 # 0. Denote by I(A) the set of all idem-
potent ideals in A.

Proposition 6.10.1. The set I(A) is a commutative band under addition.

Proof. Let 71, Jo € I(A). Then (J1+7)? = T2+ Tot+ToTi+ T3 = Ti+To.
Obviously, for any idempotent e € A the ideal AeA is idempotent. This follows
from the following inclusions: AeAAeA C AeA and AeA C AeAAeA.

Recall that an associative ring A with 1 is called semiprimary if its Jacobson
radical R is nilpotent and A/R is a semisimple ring. An ideal J of A is said to
be heredity if 72 = J, JRJ = 0 and J, considered as a right A-module 74,
is projective. In fact, this also implies that the left A-module 4.7 is projective. A
semiprimary ring A is called quasi-hereditary if there is a chain

O=FHhchc..clhaacTCc...CIn=A4

of ideals of A such that, for any 1 <t < m, J;/Ji—1 is a heredity ideal of A/ J;_1.
Such a chain of idempotent ideals is called a heredity chain.

Let A = {O,E(A)} be a tiled order over a discrete valuation ring O and let
M, (D) be its classical ring of fractions, where D is the classical division ring of frac-
tions of O, and write £(A) = (a;;). Let E(A)T = (aj;) and AT = {0, E(A)T}.
Then the following proposition is obvious.
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Proposition 6.10.2. A7 is qa tiled order and A is anti-isomorphic to AT
Proposition 6.10.3. gl.dimA = gl.dim AT

Proof. The proof follows from the equality gl.dim A" = lgl.dim A and from
Auslander’s theorem 5.1.16, which asserts that l.gl.dimA = r.gldimA if A is
two-sided Noetherian.

We now consider the global dimension of tiled orders having finite global di-
mension and width at most 2.

Note that if two tiled orders A; and A, are Morita equivalent, then gl. dim A; =
gl.dim Ay. So, we can assume (for global dimension considerations) that a tiled
order A with finite global dimension is reduced.

Let A be a reduced tiled order of finite global dimension with w(A) = 2. The
following theorem is stated without proof.

Theorem 6.10.4.° The following conditions are equivalent for a tiled
order A:

(a) the endomorphism ring of any indecomposable A-lattice is a discrete valu-
ation ring;

(b) every A-lattice M is a direct sum of irreducible A-lattices;

(c) every irreducible A-lattice has no more then two maximal submodules;

(d) w(A) < 2.

Since, by this theorem, any tiled order of width at most 2 is a direct sum
of irreducible lattices, to determine the global dimension of such a tiled order it
is sufficient to check the projective dimensions of irreducible A-lattices, by the
Auslander theorem (theorem 5.1.13).

It is obvious that the notion of the diagram of a finite poset (see vol. I, p.279
and section 6.3 above) may be extended in the same way to M(A), where M(A) is
the partially ordered set, which is formed by all irreducible projective A-lattices.
We shall denote this infinite quiver by Q(M(A)).

Lemma 6.10.5. Let A be a tiled order of width at most two. If gl.dim A < oo,
then there exists an element P € M(A) such that only one arrow in Q(M(A))
starts from P.

Proof. If w(A) = 1, then gl.dim A = 1, by propositions 6.1.7 and 6.1.10. In
this case lemma is true.

Suppose that w(A) = 2. By the Dilworth theorem (theorem 6.1.8), we can
assume that M(A) = Ly U Lo, where L, Lo are chains and L1 N Ly = &. So,
from any P € M(A) in Q(M(A)) there start at most two arrows. Let M € S(A)
with maximal proj.dim, M. Obviously, M = P, + P,, where P} € Ly and P» € Lg
and P;, P» are non-comparable. Suppose two arrows P; — Q1 and P; — 5 start

9see [Zavadskij, Kirichenko, 1976]
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from Py, where Q1 € L1 and QY2 € Ly. Analogously, let P, — Ry and P, — Rs be
two arrows, where Ry € Ly and Ry € Lo. We have the following (part) diagrams:

Q1 -\./0 Q2 R .\./. R

Py P

2 2

Suppose that R1 - Pl. Then PQ - Rl and PQ - Pl. So Rl B Ql D Pl.
Analogously, Q2 O Ry D P,. Consider 1 N Q2. We have Ry O Py and Q2 O Py,
ie., P C Ry NQ>. Analogously, Q2 O P, and Ry O P, ie.,, P, C Ry NQ-.
Consequently, R1 N Q2 D P; + P>. We now show that Ry N Q2 = P + P». Indeed,
if leQQ = 1+ Fb, where F; € Ly and Fy € Lo, then F; C leQQ and therefore
Fy C Py. Analogously, Fy C Ps.

Thus R1 N Qs = Py + Py. Write M1 = Ry + Q2. Let m: Ry ® Q2 — M; be the
canonical epimorphism. Obviously, Kerm ~ Ry N Q2 = M. So, proj.dim,4M; =
proj.dim 4 M + 1. We obtain a contradiction. The lemma is proved.

Let A = {O, £ = (a;j5)} be a reduced tiled order and let 1 =e; + ...+ e, be
a decomposition of 1 € A into a sum of mutually orthogonal local idempotents,
P =eA ....,P1 =€, 1ANP, = e, A. Write f = e1+...+en_1, € = €y,
B = fAf, O =che, X = fAe, Y = eAf and {P,} = {(ap1 + ¢, Qpn_1 +
¢, c), where ¢ € Z}.

Lemma 6.10.6. M(A)\ {P,} ~ M(fAf).

Proof. Let P = (a1,...,an_1,0an) € M(A) \ {P,}. We assert that
Alyeony Q1 € M(fAf)

Indeed, by proposition 6.1.7, P has a unique maximal submodule PR and
P/PR=U,; forsomei=1,....,n—1. So, P = (a1 +¢,...,Qn_1+C¢,ap,+c)and
(in+e, ... aim_1+c) € M(fAS). Conversely, let P f = (a1 +¢,...,Qim—1+¢) €
M(fAF). Consider P; = (i1 +c, ..., qin—1+¢, qin+c) € M(A)\{P,}. Obviously,
these maps are inverse to each other and preserve the ordering.

If w(A) = 2, then every irreducible A-lattice is either projective or M = P+ Ps,
where P; € L1, P, € Ly and Py, P> are non-comparable.

Assume that gl.dimA < oco. Let M € S(A) and M = P, + P, as above.
If Py N P, is not projective, then Py N Py = P\") + P{Y where P{" € Ly and
P2(1) € Lo, and Pl(l) and P2(1) are non-comparable. Obviously, from Pl(l) there
start two arrows and from P2(1) there also start two arrows. So, to a projective
resolution of M we can assign a sequence of pairs of non-comparable elements

(P, Py, (P, P, (P® PP, where PY) € L; for i =1,2,j =1,...,k

K2
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and such that from Pi(j ) there start two arrows. We can assume that Pl(k) N P2(k)
(

is a projective module and that from Plk) N Pg(k) there also start two arrows.

Lemma 6.10.7. Let A = {O,€ = (ay;)} be a reduced tiled order of width 2
with gl.dim A < oo. Then there exists a decomposition 1 = e + f, where e is a
local idempotent, such that

gl.dimA — 1 < gl.dim fAf < gl. dim A.

Proof. By lemma 6.10.5, there exists an element P € M(A) such that only one
arrow in Q(M(A)) issues from P. Let P =eA,and 1 = e+ f. Ifaf,bf € M(fAf)
is a pair of non-comparable elements in M(fAf), then a,b € M(A) is a pair of
non-comparable elements in M(A). Consider a projective resolution of a + b as
a A-module. To a projective resolution of a + b we can assign a sequence of non-
comparable pairs (a1,b1),. .., (ax, by), where a; € L1, b; € Ly for j =1,...,k and
from aj, and by there start two arrows. Let ap N by be projective. Obviously, two
arrows start from ay Nby. Consequently, a,b,ay,b1,...,ar, by € M(A)\{P,}. By
lemma 6.10.6, (af,bf), (a1 f,b1f),..., (arf,brf) corresponds to a finite projective
resolution of the fA f-module af +bf. So, gl.dim fAf < gl.dim A. Conversely, in
a sequence (P, Py), (Pl(l), P2(1)), cee (Pl(k), PQ(k)), where Pl(k) N PQ(k) is projective,
all the modules Pl(l), Pg(l), . ,Pl(k), P2(k), fk) N Pg(k) € M(A)\ {P,}. Therefore,
gl.dim fAf > gl.dim A — 1.

Theorem 6.10.8. Let A be a tiled order in M,(D) and w(A) < 2. If
gldim A < oo then gl.dimA <n — 1.

Proof. This will be proved by induction on n. Let n = 2. We can assume that

= n))

If « = 1, then A = H5(O) is hereditary and gl.dimA = 1. If « > 2, then
(a=1,0)=(a—1,aa—1)+ (o,0) and (¢ — L, — 1) N(a,0) = (o, — 1) =~ (1,0).
Obviously, (1,0) = (1,1) + («,0) and (1,1) N (,0) = (e, 1) ~ (o — 1,0). So,

proj.dim, (e — 1,0) = oo.

In the general case, when n > 2, by lemma 6.10.7, there exists f2 = f € A
with gl. dim fAf < oo and gl.dim fAf > gl.dimA — 1, w(fAf) <2, and f is a
sum of n — 1 mutually orthogonal local idempotents. By the induction hypothesis,
gl.dim fAf <n—2.S0o,n—2>gl.dimA—1and gl.dim A <n —1. The theorem
is proved.

Theorem 6.10.9. Let A be a tiled order and w(A) < 2. If gldimA = k <
0o, then for any m (1 < m < k) there exists an idempotent e € A such that
gl.dimeAe = m.
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The proof of this theorem follows from lemma 6.10.7 and the fact that all
tiled orders in Ms(D) of finite global dimension are isomorphic to Ha(O) with
gl.dim H3(O) = 1.

Remark 6.10.1. Theorems 6.10.8 and 6.10.9 first were proved by
Kh.M.Danlyev (see [Danlyev, 1989]).

Example 6.10.1.
The tiled order A,, = {O, £(A,,)}, where

o o ... ... ... 0
1

gA) = |
2 .. .. 2 1 0

is an n X m-matrix, is a triangular tiled order of width 2 and gl.dimA,, = n — 1.

Example 6.10.2.
The tiled order Q,, = {O, £(£2,)}, where

0 0 |
1
2
3
5(Qn):
n—3
n—2 n—3 . .
n—1 n—-2 n—-3 ... 3 2 1

is an n X nm-matrix, is triangular tiled order and gl.dim 2, = 2.

The following proposition is very useful. The proof of it can be found in the
paper [Kirkman, Kuzmanovich, 1989].

Proposition 6.10.10. Let A be an order, and let e be an idempotent of A
such that eAe is a hereditary ring and T = AeA. Then gl.dim (A/Z) < gl.dimA <
gl.dim (A/Z) + 2.
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We use the Dlab-Ringel example of a serial ring A with gl.dimA = 4 and
Kupisch series 4,4,3 for the construction of a tiled order A of width 2 with
gl.dim A =4 and such that the quiver Q(A) has five vertices.'".

00 0
Let Hs(O) = {(9, 10 0 }and let £ C H3(O) be the two-sided ideal
110
271 1
with exponent matrix £(L) = [ 2 2 1]. Consider the tiled order As with
2 2 1
000 1 0
1 00 1 1
gAs)=]1 1 0 1 1
1 1.0 0 0
2 1 1 1 0

Obviously, w(As) = 2. We shall show that Az has global dimension 4. This
follows from proposition 6.10.6. Indeed, let ¢ = e4q + €55 and T = AgeAs.

£(7) =

N = NN N
o= NN
— O = =
= O R = =
o R RO

and gl.dim Ay > gl.dim A/Z = 4. From theorem 5.10.4 it follows that gl.dim Ay =
4. Let f = €11 + €22 + e33. Then

E(T) = E(AsfAs) =

N = == O
= = OO
_ o0 O oo
DN = =
N~ == O

It is easy to see that gl.dimAs/J = 2. Consequently, we have gl.dimAs; =
gl.dim As/Z and gl.dim As = gl.dim A5/J + 2.

From this example it follows that both equalities in proposition 6.10.10 may
hold.

Theorem 6.10.11.1Y If A is a tiled order and gl.dim A < oo, then Q(A) has
no loops.

10see [Dlab, Ringel, 1989]
Hsee [Weidemann, Roggenkamp, 1983]



TILED ORDERS OVER DISCRETE VALUATION RINGS 319

Theorem 6.10.12. If A is a tiled order and Q(A) has at most 3 vertices, then
gl.dim A is finite if and only if Q(A) has no loops. In this case w(A) < 2.

A proof follows from theorem 6.10.11 and proposition 6.7.1. If Q(A) is a cycle,
then A is hereditary and gl.dimA = 1. If Q3(O0) = {0, Q3}, then gl.dim Q3(O0) = 2.

Remark 6.10.2. This theorem was first proved by R.B.Tarsy (see [Tarsy,
1970])).

The list of the orders A with gl.dim A < oo and such that Q(A) has 4 vertices
is given in the papers [Fujita, 1990], [Fujita, 1991]. The first six exponent matrices
(1)-(6) from section 6.8 exhaust this list.

_ = O
_ o O
—_—_= O

Recall that E(Fy) =

0
(1) . Obviously, w(Fy) = 3.
1

11 0

Note, that all tiled orders of finite global dimension, whose quivers have at
most four vertices, are isomorphic to (0, 1)-orders, except 4. Now we give a list
of the associated posets Py, where gl.dim A < oo and A is a (0, 1)-order.

List of posets:
n=1 P ={e}, gldimAp, = 1;

[}
n=2Py= | , gldimAp, = 1;
°
°
|
n=3 P3=< o 5 gldimAp, = 1;
|
°
° °
n=3 Py= AN / , gldimAp, = 2;
[ ]
, gldimAp, = 1;

S
Il
-~
»
Il
[ S —
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L]
|
n=4 Psg=<{ o o 5. gldimAp, = 2;
|/
[}
L] [ ]
AN /
n =4, Pr= ° , gldimAp, = 2;
|
[ ]
[} [ ]
n =4, Pg= [ N | ¢, gldimAp, = 3;
[} [ ]
L] [ ] [ ]
n = 4, Pg = \ | / ) gl.dimApg = 2.

It follows from proposition 6.10.2 that if the finite posets Pa, and Py,, which
are associated with (0, 1)-orders Ay and As, are anti-isomorphic, then gl.dim A; =
gl.dim As.

Proposition 6.10.13. If gl.dim A < 2, then M(A) is a lower semilattice.

Proof. By the Michler theorem (see theorem 12.3.4, vol.I), gl.dim A = 1 if and
only if M(A) is a chain. In this case M(A) is a lower semilattice. If M(A) is not
a chain, let P; and P; be non-comparable elements of M(A). Then P+ P; = M
and the projective cover P(M) of M is P; @ P;. Let ¢ : P(M) — M. Then
Ker ¢ ~ P; N P; is projective.

Proposition 6.10.14. If a poset Py associated with a (0,1)-order A has a
unique maximal element or a unique minimal element, then gl.dim A < oo.

Proof. By proposition 6.10.2, we can assume that P, has a unique minimal

element and

0 O 0 0
1 0

1 0

Let e = ey and Z = AeA. In this case the quotient ring A/Z is, obviously, an
Artinian piecewise domain. Thus gl.dim A/7 is finite and, by proposition 6.10.10,
gl.dim A is finite.
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Proposition 6.10.15. The chain of the ideals

1 CIy...CTh 1 CQy

with
n—1 n—2 ... 1 0
n—1 n—2 ... 1 0
E(T) = ' )
n—1 n—2 1 0
n—2 n—3 0 0
n—2 n—3 0 0
5(12): )
n—2 n—3 0 0
n—1 n—2 1 0
1 0 0
1 0
S(In—l): 5
n—2 . 0
n—1 n—2 1 0
0 0 0
1
E(Q,) =
n—3
n—2 n—3 ... L0
n—1 n—-2 n-3 ... 1 0

is a chain of projective idempotent ideals of Q, and the quotient ring Q, /Iy is
quasi-hereditary.

The proof is obvious.

Proposition 6.10.16. The chain of the ideals

T CTC...C Tn—1 CA,
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with
2 2 1 0 2 2 1 0 0
2 2 1 0 2 2 1 0 0
E() = yE(T2) = |
2 2 1 0 2 2 1 00
2 2 1 0 2 2 2 10
1 0 0 0 0
1 0 1
2 2
vy E(Tn—1) = E(An) =
: . . .0 : ) .0
2 .. L. 2 1 0 2 2 1 0

is a chain of projective idempotent ideals of A, and the quotient ring Q,, /7 is
quasi-hereditary.

The proof is obvious.

Now we shall compute the quiver Q(€2,,) and its transition matrix for the re-
duced exponent matrix ,,. We use the formula [Q(Q),] = QP —al. Obviously,

1 1 0 A |
2
2
o® = | 3
0
n—2 n—3 |
n—1 n—-2 n—-3 ... 3 2 2 1

and [Q(Qn)] = J,(0) + JF(0) = Y, where JF(0) = e12+ €23+ ...+ €n_1n
and J,(0) = ea + €32+ ...+ €npn—1. We have that inx§2, = 2cos T d

—

nt1 ar

f = (a1,aq9,...,ay,) is a positive eigenvector of Y with eigenvalue A = 2 cos e
n
7 = diag (a1, ...,ay), where a; = sin 2_7:1 fori=1,2,...,n.
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Thus the transition matrix S, for the quiver Q(,) is:

S, =Xtz 7z =
1 1 1 1
= ~diag(  ,..., )Y, -diag(a,...,a,) = -C,

- s - s
2 cos 1 a an 2 cos 1

where Y, = (yi;), C = (¢i;) and a; = sin nl-:-rl fori=1,2,...,n,

1, if i=j—1or 1=j+1,
Yij =

0, otherwise,

Aj41 . . .
o , if i=75-1,
a;
a; . . .

Cij = i i=g41,

Ai41

0, otherwise,

fori,j=1,2,...,n.
The matrix S,, defines a random walk on the set {1,2,...,n} C N.

6.11 NOTES AND REFERENCES

The main concepts of this chapter are reduced exponent matrices and their quivers.
Note that exponent matrices appeared first in the study of completely decompos-
able orders (see [Kirichenko, 1967], [Zavadskij, 1973]) and were used for the study
of semimaximal rings of finite type (see [Zavadskij, Kirichenko, 1976], [Zavadskij,
Kirichenko, 1977]).

Theorem 6.1.8 was proved by R.P.Dilworth in the paper [Dilworth, 1950]. The
direct proof of theorem 6.1.12 was given in [Kirichenko, 2004]. Theorem 6.1.13
was first proved in [Kirichenko, 2005].

In section 6.3 we have followed the paper [Dokuchaev, 2002]. In sections 6.6
and 6.7 we have followed the papers [Chernousova, 2002], [Chernousova, 2003].
The list of the section 6.7 was given in [Chernousova, 2003].

The notions of weakly prime and right 2-rings were introduced in [Danlyev,
1997]. Theorem 6.9.1 and 6.9.9 were proved in this article.

Consider the following example, due to H.Fujita [Fujita, 1990]. Let A be the
tiled order with the following exponent matrix:

000000
100 1 10
e_|2 10110
21000 0
2.2 1100
2.2 2 210
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Then gl. dimA = 6 and this is also a counterexample to the Tarsy conjecture (see
[Tarsy, 1970]) saying that the maximal possible finite global dimension of a tiled
order in (K), isn — 1.

The following example of W.Rump shows that the global dimension of an order
is determined not only by its exponent matrix even for the case of (0,1)-orders.

Consider the tiled O-order A in the matrix algebra M4 (K), where O is a
discrete valuation domain with quotient field K with exponent matrix:

01111111111 111
060011111111 1111
0601 011111111111
01 101111111111
0 0100111111111
00011011111 111
5*00011101111111
10100 1 1 101 1 11 11
01001 111011111
0 0101111101111
0 000O0O0O11O01O0111
000001 O0O0O1 11011
0000101010110 1
00001 101O0O0T1T1T10O0

If the characteristic of the residue class field k& of O is 2, then gl.dim (A) = 4,
otherwise gl.dim (A) = 3.

Details can be found in example 1 of the paper [Rump, 1996].

The authors thank W.Rump for helpful discussions on the presentation of this
chapter.
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7. Gorenstein matrices

7.1 GORENSTEIN TILED ORDERS. EXAMPLES

In this section we consider a special type of tiled orders which is defined by the
equivalent conditions of the following theorem:

Theorem 7.1.1. The following conditions are equivalent for a tiled order A:
(i) inj.dimy Aaq = 1;

(ii) inj.dim 4 4 A = 1;

(ili) A% is projective left A-module;

(iv) aA* is projective right A-module.

Proof. ()= (iv). Write Q = Qo = M, (D), where D is is the classical ring of
fractions of O. By proposition 6.2.1, @ is an injective right and left A-module. If
inj.dim 4 A4 = 1 then there exists an exact sequence

0— Aa — Qo — Qo/Aa — 0.

By proposition 6.5.5, vol. I, the module Q¢/A 4 is injective. Obviously, every inde-
composable direct summand of Qp/A 4 has the form e;;Qo/ei; A. Since e;;Qo /e A
is indecomposable injective soc (e;;Qo/ei; A) is simple. Therefore every e;; A is a
relatively injective irreducible A-lattice by proposition 6.2.14, and A4 is a rela-
tively injective right A-module. By definition, A4 ~4 P*. By duality properties,
AP =APi®...®4 P, ®P, where oPy,...4 Ps are all pairwise non-isomorphic left
principal A-modules and every indecomposable direct summand of P is isomorphic
to some 4 P;. Therefore, 4 A* is a projective right A-module.

From corollary 6.2.11 we obtain (iii) < (iv). In conclusion, we obtain that
(iv) = (i), by corollary 6.2.15 and the fact, that 4 A* and A4 contain the same
indecomposable summands if 4A* is projective. The equivalence (ii) < (iii) for
left modules is proved just like (i) < (iv) for right modules. The theorem is
proved.

Definition. A tiled order A, which satisfies the equivalent conditions of the-
orem 7.1.1, is called a Gorenstein tiled order'. As follows from theorem 7.1.1
the definition of a Gorenstein tiled order is right-left symmetric.

1Recall that a commutative ring is called Gorenstein if its injective dimension is finite. These
rings were first considered by H.Bass (see [Bass, 1963])
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Proposition 7.1.2. Let A ={0,E(A)} be a reduced tiled order with exponent
matriz E(A) = (au;) € M, (Z). A is Gorenstein if and only if the matriz E(A)
is Gorenstein, i.e., there exists a permutation o of the set {1,...,n} such that
ik + Qo) = Qo) Jori,k=1,...,n.

Proof. Since A is reduced we have that 4 A* ~ A4. But

0 Q12 NN N 1y
a1 0
E(Aa) =
Ap—11
Anl  Qp2 ... Qpp-1 0
and
0 —Q21 “ee e —Qnl
—Q12 O
E(ad) =
—Qpn—1
—Q1p  —Q2n ... —Qp_in 0
Therefore, there exists a permutation o of {1,...,n} such that
(ity 0,00 ain) = (—Qug@) + Ciy ooy —Qng(i) + Ci),
where ¢; € Z for i = 1,...,n. Consequently, a;x + oy = ¢; for i,k =1,...,n.

For i = k we obtain a;,;) = ¢; and hence i + Qi) = Qs and E(A) is a
Gorenstein matrix. Conversely, if £(A) is Gorenstein then 4 A* ~ A4 and, by
theorem 7.1.1, the tiled order A is Gorenstein. The proposition is proved.

Example 7.1.1.
Let

A =<0,

= o O

0
1
0

N~ )

and P; = (0,0,0); P, = (1,0,1); Ps = (1,1,0) be projective A-modules. Obvi-
ously, P} = (0,0,0)"; Py = (-1,0,—-1)" ~ (0,1,0)" and P} = (-1,-1,0)" ~
(0,0,1)”. Therefore, the modules P, and Ps are relatively injective, but A is not
Gorenstein. It is well-known that gl.dim A = 2.
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In this section we shall assume that the first row of a Gorenstein matrix £ is

Zero.
Let
0 O 0
a 0
Tn,a = ;
0 O
a ... ... «a 0

where « is a natural integer, T}, o € M, (Z). Obviously, T), o is a cyclic Gorenstein
matrix witho = o(T},.4) = (nn—1...21). Write J,;F (0) = e12+eaz+...+€n—1n.
It is easy to see that [Q(Ty,1)] = J,¥ (0) +en1 and [Q(Th,0)] = En+ J;7(0) + e,
where FE,, is the identity n X n-matrix and a > 2.

We shall write 7,1 = H,. Therefore, Q(H,) is a simple cycle C,,. For the
quiver Q(T,,«) (o > 2) we use the notation LCp,, i.e., LC}, is a simple cycle with
a loop in each vertex.

Obviously, inx H,, = 1 and inxT), o = 2. In this case [Q(H,)] = P,n-1 and
[Q(Tn,a)] = Pig + Pyn-1.

Definition. A tiled order A = {O, E(A)} is called triangular if the matrix
E(A) = (ayj) is triangular, i.e., oy; = 0 for ¢ < j.

The following theorem is stated without proof.

Theorem 7.1.3.2 A reduced tiled order A = {O, E(A)} is a Gorenstein tri-
angular tiled order if and only if Q(A) is a simple cycle Cs or a quiver LCs. In
this case A is isomorphic to the order T}, 4.

Below the Gorenstein tiled orders and hence Gorenstein matrices are described
in detail for n < 6.

To do this efficiently it is important to recall that up to equivalence it can be
assumed that the first row of an exponent matrix £ = («ay;) consists of zeroes (and
then ay;; > 0 for all ¢, j). Up to equivalence that still leaves the freedom to permute
columns and rows simultaneously by a permutation 7 which leaves 1 fixed. Such
an operation turns a Gorenstein matrix £ with first row zero and permutation o
into a new Gorenstein matrix £ with first row zero and permutation o/ = 7~ !o7.

A second important point to note is that the permutation of a reduced Goren-
stein matrix cannot have a fixed point. Indeed, suppose that o (i) = ¢. Then for
all k, a, + Ako(i) = Qig() and so a;r + ax; = a4 = 0 contradicting that £ is
reduced.

We shall use the decomposition of a permutation ¢ € S, into a product of

independent cycles. For example, the permutation ¢ = (il)) § i le g) is the

2see [Roggenkamp, 2001]
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product of two cycles (134)(25) of lengths 3 and 2. The permutation of a reduced
Gorenstein matrix has no cycles of length 1.
Let 0 € S,, be a product of m independent cycles of lengths dy,...,d,, and 7 €
Sy, be a product of m’” independent cycles of lengths df, . .., d.,,. Two permutations
o and 7 have the same cyclic type if m = m’ and there exists a permutation u € Sy,
such that d; = dy iy for i = 1,...,m. It is well-known that two permutations are
conjugate if and only if they have the same cyclic type. By proposition 6.1.18, we
can consider a permutation o(€) for a Gorenstein matrix up to cyclic type.
Let n = 2. Then any reduced exponent matrix is equivalent to 15 4.
Let n = 3. We may assume that ¢(£) = (321). From the Gorenstein condition
follows:
Q2 + Qa3 = Qi3
Qo3 + 31 = Q21
31 + a1z = 32

Since 12 = (13 = O, we obtain o3 — 0 and 31 = (32 — (271. Set Qo1 = Q.
Therefore,

E = == Tgﬁa (Oé Z 1)

S L o
QO o o
oS O O

So there is the following statement.

Proposition 7.1.4. For n = 2 every reduced exponent matriz is cyclic Goren-
stein, and for n = 3 every Gorenstein matriz is cyclic. Obviously, inx H,, =
w(Hy) =1 and inx Ty o = w(Ty o) =2 for a > 2.

For n = 4 there are two possibilities for o(£): a simple cycle and a product of
two transpositions. By proposition 4.1.12, we may assume that

w0 (18 e (30)

Case (a): 0 = (&) = (4321).
We shall use notations like: (a,...,qr) = min(aq,...,a) and § = (2,a, ().
It is easy to see that

0 0 0 0
a 0 a-— 0
E=tun=|5 3 0 @zsso
a [ « 0
We have

1 0 0 0
e a 1 a—pF 0
af T3 B 1 0
a [ « 1
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and
5 1 (1,a—B) 0
£ _ a ) (,a—p+1) (1,a—p)
B (o, 3 +1) B J 1
a+1 (a, B+1) « )
Therefore, £11 = Hg and Q(&11) = Ca. If o > 2, then £, 0 = Ty and
Q(€una) = LCy.
If 3 =1 we have o > 2 and
0 1 1 0
0 0 1 1
[Q(ga,l)] = 1 0 0 1
1100

[y

/

In this case, [Q(Ea1)] = P, + P,2 and inx &y 1 = 2.
Ifa > 3 > 1, then

1 11 0
01 1 1
[Q(5a73)] = 1 0 1 1 = P, + P,3 + Py
1 1 0 1
and inx &, g = 3.
Case (b): 0 = o(&) = (12)(34).
In this case
0 0 0 0
+46 0 )
Es= |75 085, (y > 0,6 > 0).
¥ 0 v O
1 0 0 O A 0 1 1
(1) y+46 1 v 9 @  |v+d A y+1 6+1
Eo=1 s 01 6| ™ES= 541 1 A 5 |
vy 0 ~ 1 y+1 1 vy A
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where A = (2,7,9).

Therefore,

A—-1 0 1 1

0 A—1 1 1

[Q(&x,&)] = 1 1 A—1 0
1 1 0 A—-1

If A =1 we have

0 0 1 1
0 0 1 1
B = [Q(gl,é)] = [Q(S’Y,l)] = 1 1 0 0
1 1 0 0

and inx&; 5 = inx&,; = 2. In this case, B = P; + P, where
(1 2 3 4 dow (L0234
T=\4 32 1) M UT A3 41 2)

For A > 2,ie.,v>2and § > 2 we have

Q(&5) = E+B =P +P2+P,

and inx&,s = 3.
As above, for n = 5 we may assume:

(1 2 3 45
= \5 1 2 3 4

oro = (12)(345).

Case (a):
n=>5,0 = (54321). It is easy to see that
0 0 0 0 0
o 0 w—v p—v 0
Euw = |V v 0 pu—v O (w>v >0)
v 2v—p v 0 0
I v v I 0
1 0 0 0 0
I 1 w—v p—v 0
Eﬁl),: v v 1 pw—v 0
v o 2v—p v 1 0
o v v o 1
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Let § = min (2, p, v). The matrix 5&21), is:

o (1,20 —p) (Lp—=v) (Lp=v) 0
I 5 vp—v+1) (pp—v+1) (p-v)
(Na”‘f'l) v o (VaM_V+1) (LM_V)
(Na”‘f' 1) (V721/_M+1) v 0 (152V_M)

(p+1,2v) (v +1) (n,v+1) I 6

and
[Q(€un)] = 2 - £ =
0—1 (1321/_”) (LM_V) (LM_V) 0

0 -1 (L2v—yp) (Lp-v) (Lp-v)

= (LMfV) 0 6—1 (1521/7#) (L,LL*V)

(Lp—v) Qp-v) 0 0—1 (1,2v — p)

(L2v—p) (Qp—-v) (Lp—v) 0 0—1

If 1 = v we obtain that & ; = Hs and &, ,, = 15, for p > 2.
If £ =2v and v = 1, we have

00110
00011
C=[Q&) =1 0001
11000
01100

Obviously, C' = P,2 + P,s and inxC' = 2. Denote & ; = &. We have

Es

Il
N = =N O
_ O = O O
== O = O
N O == O
SO oo oo

and
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If p=2v > 2, then

[Q(SQV,U)] = =FE+C =Py+ P2+ P,s

O R = O
—=_= 0 = O
[ R S, Y
O = O = =
— O~k O

and inx (E+C) = 3. If v =1, then 2 — > 0 and g = 1,2. These cases were
considered above.

Let2v = p > land p > v = 1. Obviously, [Q(E,,)] = Pia+Py2+P,s+FPpa
and inx &, = 4.

Case (b): 0 = (12)(345). We obtain the following Gorenstein matrices:

0O 0 0 0 O
4da 0 2a 2a 22«
Eao=12a0 0 0 20 «
20 0 « 0 2«
20 0 2a a O
2 0 1 1 1
4o 2 2a+1 2a+1 2a+1
EPD = ]2a+1 1 2 20 a+1
204+1 1 a+1 2 2c
20+1 1 2c a+1 2
and
1 01 1 1
0 1 1 1 1
Q&) =1 1 1 0 1| =Pg+P+Py+PFp,
1 1 1 1 0
1 1 0 1 1

where 7 = (13524), w = (14325) and § = (15423). Therefore inx &, = 4.
The next proposition follows from our considerations.

Proposition 7.1.5. An adjacency matriz of the quiver of a Gorenstein matriz
G for n = 2,3,4,5 has the form [Q(G)] = AS, where S is a doubly stochastic
matriz and A = 1,2, 3,4.

Let n = 6. In this case there are four types of permutations:
(a)o = (654321); (b)o = (321)(654);

(c)o = (4321)(56); (d)o = (12)(34)(56).
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Case (a): 0 = (654321). In this case we have the following Gorenstein
matrix:

0 0 0 0 0 0

a+ By 0 o 164 a 0

< _| B+r By O g B0
@By o+ ~ o+ 0 a 0]

B+ Y ¥y B4y 0 0

a+B8+~y B+y a+y B+v 0 0

where « >0, 3>0,v>0,8+~v>1,a+~v>1. Then

(L) Loy 1,8 (LapB) 0
e ) (157) (1(,04,;) ((1,6)) (1(,04,6?)
. 1, 0 1, v 1o,y 1,
QEus)l =705 a8 0 5 (L) (Lam |
(La,y)  (1L,B)  (1,a,0) 0 J (1,7)
(L) (Layy) (LB (LaB) 0 0

where § = (2,8+7,v+ «a) — 1.
Let a = ,6 = O, then 507077 = TG,’y- In this case, 501071 = H6 and iHX(SO’Oﬁ =2
for v > 2. In the case @ = 6 = 0 we have v = 1 and

)
0
@

0 1 0 (1, 0 0
0 0 1 0 (1,8) 0
Q= [l 1D L 0
0 (1B 0 0 0 1
1 0 1B o 0 0

If 8 =0, then we obtain the matrix Hg. Let a = =0,y=1and § > 1. In
this case, we obtain [Q(£y.31)] = Pys + Pys and inx &y g1 = 2.

Now we consider the following case: o = 0, v > 2, 8 > 1. We obtain
[Q(&),gﬁ)] = P,y + P,s + Pys and inXEOﬂW = 3.

Let « > 1, 83 =6 = 0. As above v = 1. We obtain the following adjacency
matrices:

[Q(Ea0,1)] =

= -0 00 0O
_ o O o O
[l elelall
OO O == O
OO == OO
O == O OO

Obviously, [Q(€x,0,1)] = P,s + P,s and inx&y g1 = 2.
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Write 4,01 = I'a. We obtain, that

0 0 0 0 0 0

a+1 0 « 0 « 0

r - 1 1 0 0 0 0

7 la+1l 1 a+1 0 « 0

1 1 1 1 0 0

a+1 1 a+1 1 a+1 0

and

/1\

6 / 2

5 / 3

\4/

fa>1=0,6=1and v > 2, then [Q(€a,0~)] = Pigd + Pps + P,s and

inx&q0, = 3.
Let v =0, 6 = 0. We obtain the following adjacency matrices:

[Q(SQ,B,O)] = = 2+ Pcr3

OO~ = OO
O == O OO
—= =0 00O
O OO O
SO OO = =
S OO RF=O

and inx &y 8,0 = 2.
If y=0and § =1, then [Q(Ea8,0)] = Pigd + P2 + P,z and inxEq 5,0 = 3.
Consequently, we may assume, that «,(3,v > 1. Therefore, § = 1 and
[Q(&ap,~y)] = Us — P, where

1 ... 1
1 ... 1

for any n and inx &, 54 = 5. Obviously, Us — P, = Piq+ P2 + Pys + Pya + Pys.
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Remark 7.1.1. For U, there is the obvious equality:

U, = Zn: P..,
=1

where o = (nmn—1 ... 21).
From the considerations above there results the following proposition.

Proposition 7.1.6. The adjacency matriz of any cyclic Gorenstein matriz €
with o = () = (654321) is a sum of some powers of the permutation matric
P, and for inx & there are the possibilities: inxE = 1,2,3,5.

Remark 7.1.2. The matrix

&

|
W Wk == O
SO OO o oo
— O O k= O
NN OO
WO = DN WO
O W N WO

is Gorenstein with permutation

Note that

[QTs)] =

= OO
— == O O
O = == e
— O = = =

0
1
1
0
1
1

—_ 0 O =

is not a multiple of a doubly stochastic matrix. We have that

Q(Ts) = C5 6@

Example 7.1.2.
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To conclude this section, here is an example of a non-Gorenstein reduced ex-
ponent matrix A such that [Q(A)] = 3P, where P is a stochastic matrix, but not
doubly stochastic. Let

0 0 0 O
2 0 1 1
A_2200
3 3 2 0
1 0 0 0 2 1 10
2 1 1 1 3 2 2 1
1) — (2) —
A 22107A 3 2 2 1|’
3 3 2 1 4 3 3 2
1 1 1 0
1 1 1 0
B=QW)=|1 g 1}
1 0 1 1

and xp(z) = 2%(z — 1)(z — 3), where yp(z) is a characteristic polynomial of the
matrix B.

7.2 CYCLIC GORENSTEIN MATRICES
Let & = (aj) € M,(Z) be a Gorenstein (reduced) matrix with a permutation o.

Lemma 7.2.1. If oyj + oj, = ayi for some i, 3, k, then

Ao(i)o(j) T Ao(i)o(k) = Yo(i)o(k)-

Proof. Consider the sum

Qg (i) + Vo (s) T OVko(k) (7.2.1)

On the one hand using the Gorenstein property repeatedly and using a;; + o =
ik, this is equal to

Qik + Uo(i) T Ajo(i) T Ao(i)o(5) T Mhko(h) T Xo(h)o(k) =
®ij + Ak + Qo (i) T Qo (i) T Uko(j) + Qo(i)o () T Yo (j)a(k) (7.2.2)
On the other hand (7.2.1) is also equal to
Qij + Qjo(i) T Uk + Qo (j) + Qo (i) T Ao(i)o(k) (7.2.3)

Comparing (7.2.2) and (7.2.3) is follows that o, ()o(j) + Qe()otk) = Xo(i)o(k);
proving the lemma.
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Lemma 7.2.2. Fori,j=1,...,s the following equalities hold:

Qij + Qi = Qo(i)o(j) T QUo(j)o(i)-

Proof. The proof follows from the equalities:
D) aij + Qo) = io(j) + Qo) = Qio(i):
2) aji + Qio(j) = Qjo(i) T Ao(i)o(j) = Xol(j)-
Adding them gives
Qij T Qi + Qo (i) T Qio(j) = Qio(j) T Yo (i) T Xo()o(i) + Aoi)o(i)
proving the lemma.
Corollary 7.2.3. If o + o, = oy, for some i, j, k, then
Aom(i)om (j) T Qom()om (k) = Ao (i)o™ (k)
for all positive integers m. Fori,j7=1,...,n
Qij + Qji = Qom(i)om (j) + Ao (j)om (i)
for any positive integer m.

Corollary 7.2.4. If for any j # i, j # k, auij +aji > auk for somei, k(i # k),
then

Agm (i)gm(j) T Aom(j)om (k) > Aom(i)om (k)-

Proof. Assume that
Aom (i)om (j) T Com(j)om (k) = Yo (i)om (k)
Let o™ be the identity. By corollary 7.2.3, we have
Oéo-nfwn(G-m(i))o-nfwn(a-m(j)) + Oéo-nfnl(a-m(j))a-nfm(o-m(k)) = O[G-nfm(onn(i))a-nfm(a-m(k)).

S0 Qgn(i)on(j) T Qon(j)on(k) = Qgn(iyon (k) -6+ Qij + i = agi. The corollary is
proved.

Let [Q] = (ti;) be the adjacency matrix of the quiver Q(€) of a Gorenstein
matrix £.

Lemma 7.2.5. Let i,k = 1,...,n and let m be a positive integer. Then
Lom (iyom (k) = tik-
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Proof. Let t;; = 0 for i # j. By the definition of [Q(&)], there exists an integer
k such that B + Br; = Bij. If k =i or k = j then B;, + Br; > Bi;. Consequently,
i,7,k are distinct and B;;, = ok, Br; = akj, Bij = 4. By corollary 7.2.3, we
have

Bom @yom k) + Bom(k)om () = Bom(iyom(j)-

Then to-7n(i)o-7n(j) = min (6am(i)k + /Bko-7n(j)) — /807n(i)07n () = 0 = t;.
If t;; =1 for i # j, then B, + Bi; > Bij for all k. We shall prove that

Bom (@iyom (k) + Bom (k)om () > Bom (iyom (j)

fork=1,...,n.

It is obvious for ¢ = k or 5 = k. Therefore we can consider that ¢, j, k are
distinct. And so the inequality (;r + Bk; > Bi; is the same thing as the inequality
;) + agj > ayj. By corollary 7.2.4, we have

Qgm(i)om (k) T Qom (k)om(f) > Ogm(i)o™ (5)

and Bym(iyom (k) + Bom(kyom(j) > Bom(iyom(j)- As k ranges over 1,...,n so does
o™ (k) and hence tom(jom(j) > 0 and hence t;; = 1 as [Q(£)] is a (0, 1)-matrix.
SO7 tij = to-m(i)a-m(j) for ¢ 7A ]

Let t;; = 0. Then «;x + ag; = 1 for some k # i. By corollary 7.2.3,

Qgm (iyom (k) T Qom (k)om (i) = 1.
Hence, Yom (iyom (i) = 1, and to-m(i)a-m(i) = 0. If tii = 1 then Yii = 2. Since

Bii + B =1+1=2fori=1,...,n it follows that ﬂij Jrﬂji > 2 for i # j. But
Bij = ayj; for i # j and, by corollary 7.2.3, we have

Bom (iyom () T Bom (jyom (i) = Bij + Bji > 2.
So Yom (i)om (i) > 2 and to-m(i)a-m (i) = 1. The lemma is pI‘OVGd.

Theorem 7.2.6. Let £ be a cyclic Gorenstein matriz. Then [Q(E)] = AP,
where A is a positive integer and P s a doubly stochastic matrix.

Proof. Let o be a cyclic permutation. Then the integers
tiks Lo(i)a(k)s - - s Loa=1(i)os 1 (k)

n n
belong to different rows and columns. Let C; = 3 ¢;; and D; = > ¢;;. Then
j=1 i=1

Ci=) tij =Y tom(@om(y) = Comi
=1 i=1
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and
Dj=3 tij =) tommom() = Dom(j)
1=1 1=1

for any m, ie., C; =C and D; = D for i,j = 1,...,n. Obviously,
n n n
ILED LD N
i=1 ij=1 j=1

Then nC =nD, ie,C =D = X and [Q(£)] = AP, where P is a doubly stochastic
matrix. The theorem is proved.

Theorem 7.2.7 (G.D.Birkhoff). Fuvery doubly stochastic matriz P is a
linear combination of permutation matrices

P =Y 7P,

gES,
where 7o > 0, Y, 7, = 1 and the P, are permutation matrices. Conversely,
gES,
> 7. P, is a doubly stochastic matriz if T, >0 and . 7, = 1.
€Sy €Sy

The proof of this theorem is based on the Frobenius-Konig lemma for which
we shall need to introduce some new notions.

Definition. A (p x ¢)-submatrix N = (ngs) of an (n x n)-matrix M = (m;;) €
M, (R) is a (p x ¢)-matrix with entries from M such that ngs = m;, ;, for k =
i1,...,%p and s = J1,...,Jq. We shall write also

N =N;

1;---7ip?j1a---ajq'

Let T = (ti;) € M,(R) be a non-negative matrix. A normal set of elements
of T'is a set of n elements t1;,,...,t,;, of T, where

(1 2 ... n)
Ji J2 oo Jn

is an element of the symmetric group S,, of degree n.

Lemma 7.2.8 (Frobenius-Konig). Let T = (t;;) € My(R) be a non-
negative matriz. If each normal set of T contains a zero element, then there
is a zero (p X q)-submatriz of T such that p+q=n+1.

Proof. 'We shall prove the lemma by induction on the degree of the matrix.
We assume that the statement is true for all matrices of degree < n.
The case n =1 is trivial: t;7 =0 and 1 +1 = 2.
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Let n > 1. We can assume that T' # 0 and ¢,, # 0. Therefore by permuting
rows and columns (independently) if necessary

The matrix T satisfies the conditions of the lemma, since otherwise there is a
normal set of positive elements of T'. So, by the induction hypothesis, there is a
zero (p1 X q1)-submatrix N of Ty such that p1 + ¢1 = n; p1,q1 < n — 1. We may
assume that N = Ny ,..1,..q, and T has the following form

p1 0 Ty
q T3
q1 b1

At least one of the square matrices Tb or T3 satisfies the conditions of the
lemma. Otherwise there would be a normal set of T with all elements nonzero. Let
the matrix T5 satisfies the conditions of the lemma. By the induction hypothesis,
there exists a zero (pa X g2)-submatrix of T such that ps + g2 = p; + 1. We can
assume that 75 has the form

p2 0 *
* *
q2

Then the matrix 7" has the form:

D2
P1 — D2

o
* O
*

* * *

q1 42

And thus there is a zero (pa X (q14¢2))-submatrix of T. Therefore, pa+q1+¢2 =
p1+ ¢ +1=n+1. The lemma is proved.
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Lemma 7.2.9. Let B = (b;;) € M, (R) be a non-negative matriz and

Zbij = Zbij = Ww.
i=1 j=1

Then there exists a normal set by, ..., bn:, of strictly positive elements of B.

Proof. Suppose that the statement is not true. Then, by the previous lemma,
we can assume that B has the following form:

q n—q

and p+ g = n+ 1. The sum of the elements of the first p rows is equal to pw
and the sum of the first ¢ columns is equal to qw. The sum of all elements of the
matrix B is equal to nw. Therefore pw+ qw = (n+1)w > nw. This contradiction
proves the lemma.

Proof of theorem 7.2.7. Let T be a doubly stochastic matrix. By the previous
lemma, there is a normal set

tljm cee atnjn (724)

of positive elements of T'. Let
min tg;, = 7 (. > 0) (7.2.5)

and let P; be a permutation matrix which has nonzero elements on the places
corresponding to the set (7.2.4). Consider the matrix

Bl = T*Tlpl.

The elements of By are non-negative, and the sum of elements in each row and
each column of B; is equal to 1 — 71 = w; > 0. The number of zero elements in
B is at least one more than the number of zero elements in 7. If 1 — 7 = 0 we
are through. Continuing this process after k steps we obtain:

BkZT—Tlpl—TQPQ—...—TkPk.

As the number of zeros in Bj, is at least one more than the number of of zeros
in By_1 this procedure terminates, proving that a doubly stochastic matrix is a
linear sum of permutation matrices whose coefficients are positive and sum to 1.
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Conversely, the right side of the equality T = Y. 7,P,, where 7, > 0 and
gESy
> 1, =1, is obviously a doubly stochastic matrix. The theorem is proved.
ocES,

Theorem 7.2.10. The adjacency matriz of a cyclic Gorenstein matriz with
permutation o is a sum of powers of the permutation matriz P,.

Proof. Let £ be a cyclic Gorenstein matrix with permutation o. Then the
adjacency matrix [Q(E)] of the quiver Q(&) is a multiple of a doubly stochastic
matrix. By the Birkhoff theorem every non-negative doubly stochastic matrix
is a linear combination of permutation matrices with non-negative coefficients:
P = > «a;P;, where a; > 0. Consequently, [Q(£)] is a linear combination of

TESK
permutation matrices.
By lemma 7.2.5, t;j = lyi)o(j) = -+ = lgn-1(s)en-1(;), Where o is a cyclic
permutation. As o is cyclic j = o¥(i) for some k € {0,1,...,n — 1}. Hence,
tiok(i) = to(i)okti()) = -+ = ton-1()onth-1(;)- Renumbering the columns (and

rows) simultaneously of £ so that o becomes (12 ...n—1n) (which can be done, see
the text just below the statement of theorem 7.1.3), this gives for all &, t1,x(1) =

n n
t2o.k(2) = ... = tnak(n). Since [Q] = Z tijeij and P, = Z eiT(i), where the
i.j=1 i=1
e;; are the matrix units, we have

n n n

Q] = Z lijei; = Z Liok (i)Ciok (i) = Ztmk(l)Pak-
i,j=1 ik=1 k=1

Taking into account that Prm = (Pr)™ for any permutation matrix P, we obtain

Q] = X tlak(l)ng, where #,,x (1) equals either 0 or 1.
k=1

Example 7.2.1.
Let oy € Moy, (Z) be the following exponent matrix:

A C ... ... C
B A
Eom = | 0 0 ]
C
B B A

0 0
vvhereA-(2 O)’B_<
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It is easy to see that &s,, is a cyclic Gorenstein matrix and [Q (2] =

P .1, where n =2m with o = (nn—1...21).

N -t

AN
- X X
V%

4

345

yn—2 =+
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7.3 GORENSTEIN (0,1)-MATRICES
Recall that an (exponent) matrix & = («y;) is called a (0,1)-matrix if a;; €

{0,1}.

Consider the following Gorenstein (0, 1)-matrices:
I. The (n x n)-matrix

0 0 0
1 0
H, =
0
1 1 0

is a Gorenstein cyclic matrix with permutation

U:U(Hn):<1 2 ... n )

n 1 ... n—1

For the adjacency matrix [Q(H,)] we have that [Q(H,)] = P,n-1.

II. The (2m x 2m)-matrix

H, HY
Gopm =
Hy'  H,
is Gorenstein with the permutation
U(GQW):( 1 2 ....om m+1 m+2 ... 2m).
m+1 m+2 ... 2m 1 2 ce.om

If m =1 then

@) = (1 1) = B+Pn

where 7 is the transposition (12).
In the general case, [Q(Gam)] = Prm-1 + Pram—1, where

_ 1 2 ... 2m
TT\om 1 ... 2m—1

is a cycle and inx G, = 2.
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Associate with a reduced exponent (0, 1)-matrix the poset

'Pg - {1,...,7’1,}

with the relation < defined by the formula i < j < a;; = 0. It is easy to see that
(=,Ps) is a poset. Conversely, with any finite poset

P ={1,....,n}

there is associated, as before (see just above theorem 6.3.1), the reduced exponent
(0, 1)-matrix Ep = (av;) defined by: a;; = 0 if and only if ¢ < j in P, otherwise
Q5 = 1.

Definition. The width of the poset Pg¢ is called the width of a reduced
exponent (0,1)-matrix and is denoted by w(€).

Let & = (a;j) € M,(Z) be a reduced exponent matrix. We shall use the
notations: P; = (1,...,qin) and rad P, = (i1, ..., 1, ..., Q).

We shall identify the poset Pg with the set {Py,...,P,} and P; < P; if and
only if a;; = 0.

Then the diagram of Pg, is: P, — P, — ... — P,_1 — P, and the diagram
of Pg,, is the garland Pay:

e T
s+1 s+2 s+3

Py

Lemma 7.3.1. Let £ = (au;) € M, (Z) be a reduced exponent (0,1)-matric
and w(€) = 1. Then & is equivalent to H,.

Proof. We may assume that oo = ass = ... = ap_1, = 0 because Pg is a
chain. From the exponent matrix inequalities we have a;; 4+ > ;. Therefore,
oy, = 0 for 2 < k. Since there are no symmetric zeroes in £, we have that ap, =1
for p > ¢. The lemma is proved.

Lemma 7.3.2. Let £ = (o)), 4,5 = 1,...,n, be a Gorenstein (0, 1)-matriz
with permutation o = o(€) and let there exist an i such that a;,;) = 0. Then

&~ H, and w(Pg) = 1.

Proof. If n = 2, then £ ~ Hy and w(Pg) = 1. Then n > 3. We may assume
that i« = 1 and o(1) = n. From aij + aj,1) = a1, = 0 follows that a;; = 0
and o, = 0 for j =1,...,n, ie., the first row and the last column of £ is zero.
This means that P, = (0,0,...,0) is the unique minimal element in Pg. Consider
rad P, = (1,0,...,0). The matrix £ does not have symmetric zeroes hence, a;j; = 1
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for j = 2,...,n. There exists such k that o(k) = 1. By proposition 6.1.18 one
can assume that k& = 2. Therefore, ag1 = agq(2) = az; + ;1 = 1 and az; = 0 for
j=2,...,n. So P,=rad P, = (1,0,...,0). As above a2 =1 for j > 3.

Let 0(3) = 2. We have azz = 1 = ags3) = azj + ajz and az; = 0 for
j=3,...,n. So Ps=(1,1,0,...,0) =rad P, and a;3 = 1 for j > 4.

Continuing this process we obtain the following chain of the elements of Pg¢

Pl jradPl = P2 jradPQ j jradPn,l = Pn

The exponent matrix has the following form

0 0 O 0 0
100 ... 00
110 ... 00
& = .
111 ... 00
111 ... 10

So w(Pg) = 1 and € ~ H,. The lemma is proved.

Theorem 7.3.3. Any reduced Gorenstein (0,1)-matriz € is equivalent either
to H,, or to Gay,.

Proof. Let 0 = o(€) be the permutation of an £. First of all we shall prove
that the width w(&) of a reduced Gorenstein (0,1)-matrix £ is not greater than 2.
Let w(€) > 3. Consequently there exist 3 pairwise non-comparable indecom-

posable rows
P’i = (ail,...,o,...,am);

Pj == (ozjl,...,(),...,ajn);
P, = (ag1y-- 50,000, Qn).

Using the elementary transformations of the second type (see proposition 6.1.18)
we can assume that ¢ =1, j =2, k = 3. Then

0 1 1
1 0 1 *
g:
1 1 0
* *

Obviously, o(i) > 3 for i = 1,2,3. As above, we can consider that o(1) = 4,
0(2) =5, 0(3) = 6. ;From the Gorenstein conditions it follows that a;s = 1—au;,
a5 = 1 — a;, ajg = 1 — az;. First of all we shall compute the elements of £ for
1 =1,2,3, and after that for i = 4,5,6. This is done as follows. The Gorenstein
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conditions and lemma 7.3.2 say that a1; + aje(1) + @16(1) = @14 = 1. Then, taking

1 = 2,3, we obtain asy = azq4 = 0. Similarly ao; + Qig(;) = Q5. By lemma
7.3.2, ags = 1. For i = 3 we have as3 + ags = 1 and az; = 0. Analogously,
ag1 + a5 = 1 and a5 = 0 (recall that we are dealing with a (0, 1)-matrix).

Similarly a6 = aae = 0. Next the ay; for 4 <, j < 6 are calculated. For instance
a4 + g = azg = 1, so that ayg = 1. Further asy + ayg5 = ags and so ays = 1.
As a result £ looks like

[y
e}
—_
e}
—_
o
*

E = 0 1 1
* 1 0 1 *

1 1 0
* * *

As Qij + Qg > 0 (’L 7é j) it follows that as1 = ag1 = us = ago = auz = a3 = 1.
Further aos+aq1 > a1 = 1 and as agq = 0 this gives ay1 = 15 ags+ase > e =1
and a5 = 0 gives ass = 1; a6 + gz > a3 = 1 and a6 = 0 gives agg = 1. Thus
the matrix £ is of the form

—_
)
—_
)
—_
o
*

* * *

Now observe that o(i) > 6 for i = 4,5,6. Indeed, if 0(4) = 1, then aysuy) =1 =
42 + a1 = 2, a contradiction. Analogously, the cases 0(4) = 2 and o(4) = 3
are impossible. Recall that o(1) = 4, 0(2) = 5 and ¢(3) = 6. Therefore, o(i) ¢
{4,5,6} for i« = 4,5,6. So it can be assumed that o(4) = 7, o(5) = 8, o(6) = 9.
Again, of course, the Gorenstein condition is used in the form

Qi + 7 = Qur, a5 + Qug = Qisg, Qi + QLig = Qigg.

As a41 = as1 = agy = 1, this gives au7 = asgs = agg = 1. Put i = 4,6 in
as; + as = 1 to find ayg = ags = 0; put ¢ = 5,6 in ay; + ay7 = 1 to find
as7 = agr = 0; put ¢ = 4,5 in ag; + a9 = 1 to find a9 = a9 = 0.

Further put ¢+ = 8,9 in ay; + a7 = 1 to find agy = 1, agy = 1; put ¢ = 7,9 in
as; + a8 = asg = 1 to find arg = ags = 1, put i« = 7,8 in ag; + a9 = 1 to find
Q79 = agg = 1.
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Next puti=1,2,31in ou;+ o7 =1, as; +as = 1, agi + g = 1 to find a5 = 0
for i € {1,2,3}, j € {7,8,9}.

Thus the matrix & is of the form

1 0 1 1 0 0 0 0 =«
1 1 0 1 0 0 O
1 1 1 1 1 1 0 0
1 1 1 1 0 1 01 0 =
E = 1 1 1 1 1 0 0 0 1
01 1
* * 1 0 1 *
1 1 0
* * * *

Because o + aj; > 0, (i # j), it now follows that o;; = 1 for i € {7,8,9},
RS {1,2,3} and 75 = a7 = (rigy = Qigg = (igq = (ig5 = 1. Next

57+ g > a5y = 1, cug + ags > aus = 1, agg + cigg > g = 1

and a7 = aug = a9 = 0, so that arzy = ags = age = 1. So the exponent matrix
& looks like

—
o
—
—
)
)
)
o
*

1 11 11 1 00
1 11 1 0 1 01 0 =«
& = 1 11 1 10 0 0 1

—_
—
—_
—
—_
—_
—_
o
—
*

Again, o(i) > 6 for i = 7,8,9. Continuing this process we finally obtain after m
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steps that the Gorenstein matrix £ has the following block form:

A E O ... O =«
U
£ = 0 :
U A

where n = 3m +r, 0 < r < 2, the bottom #’s are matrices with r rows. The *’s
on the right are have r columns, and where

A= U =

OO == O
OO = O
O = ==
—_ 0O = ==
OO =

0 = B =

—
SO O O

1 0 1

But then the Gorenstein condition forces (as above) that o(i) > 3m for i €
{1,2,...,3m} for which there is no room. Thus the hypothesis w(€) > 3 leads to
a contradiction proving that w(&) < 2.

Consider the case w(Pg) = 2, that means Pg has two non-comparable ele-
ments. Let they be P; and P>. Then ajs = as; = 1, and the exponent matrix
has the following form:

o

Suppose, o(1),0(2) > 2. One may then assume that o(1) = 3 and o(2) = 4.
Then, in view of the Gorenstein condition and lemma 7.3.2, we obtain o+ a3 =
Q13 = 1 and Qg +Oéj4 = (4 = 1.

As aqo = 1 it follows that a3 = 1 and asz = 0; and as as; = 1 it follows that
Qogq = 1 and 14 = 0.

Further ao3 + gy = aoy = 1, 80 azq4 = 1; a4 + a3 = a3 = 1, s0 ayz = 1.
Thus the exponent matrix £ looks like

—
o

0 1
10

o
[y

—
o
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Next as a;; + aj; > 0 for 7 # j, it follows that ass = aq; = 1. Also ag + s >
12 = 1 and as 14 = O, Qg = 1; 23 + (31 Z o1 = 1, Q23 = O, so that 31 = 1.
So & is of the form

0 1 1 0 .
1 0 1

& = 11 0 1 .
11 10

* * *

Now observe that it must be the case that ¢(3),0(4) > 4. Indeed, suppose
o(3) € {1,2,4} (a fixed point being impossible). The Gorenstein condition says

34 + Qg (3) = 030(3) = 1.

As a4 = 1 this gives as,(3) = 0, so 0(3) # 1,2. Also if 0(3) = 4 it would be the
case that

ag; + iy = agg =1

for all 4. But it is not true for ¢ = 2. Thus, indeed, o(3) > 4. A similar argument
gives 0(4) > 4. Thus we can assume o(3) =5, 0(4) = 6.

Then asz; + a5 = ass, azs =1, 50 azs = 1, ags = 0; ay; + e = aue, a3z = 1,
SO (g — 1, a3 = 0. Further 3] + Qs = Q35 = 1, 31 = 1, SO0 (15 = O,
ag1 +a1s = age = 1, agg = 1,80 ag = 1, aza +azs = azs = 1, azga = 1, so
ags = 05 agz + g = aue = 1, a2 = 1, 80 age = 0.

Next ays + ase = aue = 1, aus =0, 80 a6 = 15 age + a5 = ags = 1, aze = 0,
80 aigs = 1. Therefore the exponent matrix £ is of the form

0 1 1 0 0 0 .
1 0 0 1 0 0
11 0 1 1 0 .
£ = 11 1 0 0 1
* * 01 *
10
* * * *

As a;; + aj; > 0 for all © # j it now follows that as; = as2 = ag1 = as2 =1
and Q54 — Qg3 — 1. Further Q36 + Qga Z Q34 — 1, a3 — O, SO Qg — 1;
a5 + a3 > a3 =1, ags = 0, s0 asz = 1.

Thus the exponent matrix £ looks like
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—_
—
o
o
o

10 o1 o0 °
1101 10
c=111 10 01
N
11 11 10
* ES b S 3

Now observe that the Gorenstein condition forces o(i) > 6 for i € {1,2,3,4,5,6}
and continue in the same manner. The result, after m steps, is that £ must be of
the form

A E O ... ... O x
U .
& = ,
O
u ... ... ... U A =«

where n =2m+r, 0 < r < 1, where the bottom *’s are matrices with r rows and
the *’s on the right are blocks with r columns and where

a= (o) v=(1)o-(o)F=(b):

The Gorenstein condition forces o(i) > 2m for i € {1,2,...,2m} for which
there is no room, giving a contradiction with the hypothesis o(1),0(2) > 2.

Hence, at least one of the numbers o (1) or o(2) is less than 3. Suppose o(1) = 2,
but 0(2) # 1. Let 0(2) = 3 and ag,(2) = 1 = a3 = i + ;3. We assume that
a1a = ag; = 1. Then a3 = 1 — ;. Therefore a3 = 0 and ass = 1. Consequently

0 1 0 .
& = 10 1
* * %

Since £ is reduced, Q5 +Oéji > 0 fori 7§ j, and 13+ Q39 Z Q12. So 31 = Q39 = 1.
Hence

—_
* = O =
—

*
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Now consider ¢(3). Since o(1) = 2 and ¢(2) = 3, 0(3) = 2 cannot hold. If
(3) =1 then ags + 21 = 2. So 0(3) € {1,2} and o(3) > 3. It can be assumed
that o(3) = 4. The Gorenstein condition gives as; + @iy = azq. As az; = 1,
aszs = 1 and a4 = 0, and then also asy = 0 because azs = 1. So £ looks like

01 00

1 01 0 =«
€= 1 1 0 1

* *

Further a1 = 4o = 1 because iy = a9y = 0 and ay3 = 1 because aoyg + auz =
93 = 1 and agy = 0. Thus £ has the form

e )

1
0
1
1

—_ o = O
O = O O

* *

Continuing this process it follows that £ is equal to

o 1 0 ... ... 0
1
5:
0
: |
r ... ... ... 1 0

and that o(i) =i+1,i=1,...,n— 1. But then o(n) has to be 1 and a2 + a1 =
a1 which is not true because apy = 1 = a9y = apy (if n > 3). Thus o(2) > 2
cannot hold and we must have o(1) = 2, 0(2) = 1.

Quite generally this means that if P; and P; are two incomparable elements
then o(i) = j, o(j) = i. And further, if Py (k # j) would also be incomparable
with P;, o(i) = k, o(k) = i which cannot be. So for any Py, k # 4,7, Py is
comparable with both P; and P;. This means that P splits up in a number s of
pairs of incomparable elements which after renumbering can be labelled

PlaPs+l;P2aPs+2;---;PsaP2s

and a number of singletons Pssy1,..., P, such that for all ¢t = 1,...,s, P, is
only incomparable with P, and Pssy, is comparable with all other P, for r =
1,...,n — 2s. A further renumbering, if needed, sees to it that the ordered set
looks like
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Pia Ps+l < PjaPS-l-ja i?je{la"'vs}ai < .77

PQS_H' < P25+j, i,jE{1,2,...,n—28},i < J.

But nothing can be done by renumbering about the pattern odd singletons and
pairs in the poset Pg. For instance Pg¢ could look like

1 2
7 NS LN .
A NS
4 5 6

Now we show that if such an £ is to be Gorenstein there can not be both pairs
and singletons.

Indeed suppose that there are both pairs and singletons. Now o takes each
pair {P;, P;} into itself. It follows that o takes singletons into singletons. Thus
there must be at least one pair and 2 singletons. This means that Pg must have
one of the 3 following subposets.
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o(j) =k, o(k) = j, o(i) = L.

Indeed take for ¢’ the minimal singleton (among the singletons) and for {j, k}
the minimal pair (among the pairs). Suppose i < j,k and o(i) < j,k then we
have case (b) with ¢ =4’ and | = o(i). Next suppose ¢ < j,k and o(i) = j,k. Let
A = {c: cisasingleton and ¢ < j,k}, B = {c: cis asingleton and ¢ > j, k}.
Then o takes AUB into itself and as 0(i’) € B, i’ € A there must be an [ € B with
o(l) € A. Take i = o(l). This gives subposet (a). Finally if ¢’ > j, &, o(i') = i’ (as
i’ is minimal), so take i =14’, | = o(i) to find case (c).

Case (a). The Gorenstein condition says

Qi + Qjor) = Quj + Qi = Q.

But oy; =1, aj; = 1, aqg; = 1, so this cannot be.
Case (b). Here the Gorenstein condition says that

i+ o = oy = 0.

But aj; =0, ajy = 1, oy = 0, so this also cannot be.
Case (c). Finally in this case the Gorenstein condition says that

Qi + Qg = Q.
But a;; =0, a;; = 1, so this cannot be.?
It follows that there are either only singletons so that Pg is a chain and
& = H, or there are only pairs and then Pg is a garland (see (7.3.1)) and £ = Gayp,.

7.4 INDICES OF GORENSTEIN MATRICES

Let 7 be the maximal eigenvalue of a permutationally irreducible non-negative
n

matrix A = (ai;). Write s; = > ap (1 =1,2,...,n), s = mins;, S =
k=1 1§z§n

max s;. We recall:

1<i<n

Proposition 7.4.1. Let A be a permutationally irreducible non-negative ma-
triz. Then s <1 < S and the equality sign on the left side or on the right side of

3The argument suggest e.g. in case (a) that a chain ¢ —> e —= e cannot give a Gorenstein
i J l
exponent matrix. That is not true of course. The reason that cases (a), (b), (c) are not possible
is that the specified permutation is the wrong one in each case.
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r holds only for s = S, i.e., it holds only when all the “row-sums” si,S2,...,8y,
are equal.

Corollary 7.4.2. Let A be a permutationally irreducible (0,1)-matriz and
s =k, S =k+1. Then r is not integer.

The proof is obvious.

Definition. Let X and Y be any two (disjoint) posets. The ordinal sum
X@Y of X and Y istheset of all z € X and y € Y (as a set, i.e. the disjoint union
of the sets X and Y'). The ordering relation < on it is defined as following: < y
for all x € X and y € Y; the relations & <27 and y < y1 (z,21 € X; y,;1 €Y)
are as before.

For instance

(e —o) D (e —o) = o—>0—>0—>0o

and

(¢ o & (o9 =

The ordinal sum is associative (but not commutative), and we can consider the
ordinal power X%" = 2( S...0 )g for any poset X.

~

In particular, CH, = C’H?" and P, = AC’HSG".
If X and Y are finite posets, then

£ _ EX 0m><n
XeYy — U'n.><m (c;Y )

where m (resp. n) is a number of elements in X (resp. in Y); Oy xp is an m X n-
matrix, with all entries 0 and U, «,, is an n X m-matrix, all of whose entries are
1. As usual one writes, U, x, = U, and Opxp, = 0,

Remark 7.4.1. inxCH,, = w(CH,) = 1 and inxPa,, = w(Pa,) = 2.

Recall that the index of a poset P is the largest eigenvalue of the adjacency

matrix [Q(P)].
Proposition 7.4.3. Ifinx P = 1, then P is CH,, for some n.

Proof. The proof follows from proposition 7.4.1.
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Proposition 7.4.4. For any finite poset P we have:

inx P < w(P).
Proof. Let cq,...,c, form the antichain of all minimal elements of P. There
are exactly m arrows from a maximal element a to each ¢;, (1 =1,...,m).
The elements aq,...,ar € P which cover a b € P form an antichain. Thus,
there are exactly k arrows to b from ay,...,ar. Obviously, m < w(P) and k <
w(P). Let [Q(P)] = B = (bjj). Then, S = max Y. bj; < w(P) and, by

1§z§nj 1

proposition 7.4.1, we have inx P < w(P).

Example 7.4.1.
The quiver @ with adjacency matrix

Q] =

_ = O
=

1
1
0
is not a quiver associated with any finite poset P.

Theorem 7.4.5. Let P be a finite poset. Then inx P = w(P) = 2 if and
only if P = Pay, = AC’HSG".

Proof. The equalities inx Pa, = w(Pay) = 2 follow from proposition 7.4.1.

Let P = {p1,...,pn},n >3 and inx P = 2. We shall show first that @(P) has
no loops when n > 3. For n = 2, w(P) = 2 implies directly that P = ACHs. Let
pr, be an isolated element. Then, as w(P) =2, {p1,...,pn—1} is a chain CH,,_;.
One can suppose that

p1 < p2 < ... <X Pp-1-
Thus, for n >3

0 1 0 0
[Q(P)] =
10 ... ... 0 1
10 ... ... 0 1

We have s; = 1 and s, = 2. By corollary 7.4.2, 1 < inxP < 2 contradicting
inx (P) = 2. So Q(P) has no loops as required. Consequently, the (0, 1)-matrix
[Q(P)] with inxP = 2 has the zero main diagonal and exactly two 1’s in each
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row. Thus, P,,i, consists of two elements as there is an arrow from each maximal
element to all minimal elements.

Denote by PT the poset anti-isomorphic to P. Obviously, inx? = inxP7T.
Then inx PT = 2 and P” has exactly two minimal elements. Hence P also has
precisely two maximal elements, say p,—1 and p,. Thus, one can assume that
Piin = {p1,02}, Pmaz = {Pn—1,pn}. The (0,1)-matrix [Q(P)] has zero main
diagonal and exactly two 1’s in each row and in each column.

Every partial order can be refined to a total order. Number the elements of
the poset P\ {1,2,n — 1,n} according to such a total order with the numbers
3,4,...,n—2. Then in P

pi<pj=>1<] (741)

From everyi, 1 < i < n—2 there issue precisely two arrows of Q(P) and in every i,
3 < i < n there arrive precisely 2 arrows (because each column and row of [@(73)]
has precisely two entries equal to 1 and is otherwise zero).

Now consider the element 3. Two arrows must terminate in p3 and as there
are no loops these must come from p; and ps because of (7.4.1). Thus

P1 ¢——e p3
P2 e
Next consider the element ps. Two arrows must terminate in ps. These must
come from {pi,p2,ps}. Suppose one of them comes from ps. Let the other come
from p;. This gives P1 —=P3 —= P4 and P1 —— P4 which is a contradiction
as py then does not cover p;. Similarly, if the second arrow arriving in 4 comes

from py we would have p2 —= P3 —= P4, P2 ——= P4 also a contradiction. Thus
the two arrows arriving in ps come from p; and p2 and P looks like

P1 e ——=e P3

P2 ¢ ——e Dy

Now consider p;. There are two arrows terminating in ps. These must come
from {p1,p2, ps, pa}. But there are already 2 arrows starting in p1, p2. Thus these
two arrows ending in ps; must come from ps, py and P is of the form

e ———>0 ——> 0

.X./
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Now look at pg. There must be precisely 2 arrows ending in pg. These must
issue from {ps,ps,pe}. Arguing exactly as for p, we see that Ps —= P¢ is not
possible. And so P looks like

o —> 0 ——> 0

XX

e ——>0 ——> 0

Continuing in this way the partially ordered set P would look like

P1 p3 Pn—4 Pn—2 DPn
o —— 0 [ [ [}
e — 0 [} X [ ] /

b2 P4 Pn-3 Pn—1

if n is odd. But that contradicts that there are two maximal elements. Thus n is
even and

b1 b3 Pn-3 Pn—1
e — 0 e ————>0
P = >< >< — (AC’HQ)@”/Q
e ———>0 o ————> 0
P2 2 Pn—2 Pn

Remark 7.4.2. Similarly, one can show that if inx ® = w(P) = m and Q(P)
has no loops, then P = ACHZ".

The description of reduced Gorenstein (0, 1)-orders is given by theorem 7.3.3.
In view of theorem 7.4.5 and the definition of an ordinal power, we have the
following statements.

Theorem 7.4.6. A reduced (0, 1)-matriz £ is Gorenstein if and only if Pg is
an ordinal power of either a singleton or an antichain with two elements.

Theorem 7.4.7. A reduced (0,1)-matriz € is Gorenstein if and only if either
inxPeg = w(Pg) = 1 orinxPe = w(Pg) = 2. In the first case, the reduced tiled
(0,1)-order with the exponent matriz £ is hereditary.

Denote by M,,(Z) the ring of all square n x n matrices over the integers Z. Let
A= (aij) S Mn(Z)
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Definition. A matrix A = (a;;) is called a (0, 1, 2)-matrix if a;; € {0,1,2}.

Theorem 7.4.8. For any permutation o on {1,...,n} without fized elements
there exists a Gorenstein (0, 1,2)-matriz &,.

Proof. Let o : i+ o(i) be a permutation on {1,...,n} without fixed elements
and let & = (ay;) be the following (0, 1, 2)-matrix:

o a;; = 0and ap = 2fori=1,...,n;

e o =1fori#jand j#o(i) (i,j=1,...,n).

Obviously, &, is a Gorenstein matrix with permutation o.

Let o be an arbitrary permutation on {1,...,n} without fixed elements and
n
let &, be the Gorenstein (0,1,2)-matrix as in theorem 7.4.8. Let P, = 3 €5y
i=1
be the permutation matrix of o. It is easy to see that [Q(E,)] = U, — Ps.
Here is how one can represent the matrix [Q(E,)] as a sum of permutation

matrices.
Let 01,...,0n_1 be the permutations: o(i) = o(i) + k (modn). Obviously,

o1(i) # om(i) for k # m and [Q(E,)] = :i P,,.

Examples 7.4.2.
I. Let
0 0 0
E& =12 0 0
2 20

be the Gorenstein matrix with the permutation
(1 2 3
7=\ 1 2)
Straight forward calculation gives

g = and [Q(E3)] = E + Pe.

W DN =

1
1
2

_ = O

Thus, Q(&3) has the following form:

O

1

GO
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I1. Let
00 0 0
2 0 1 0
54_1100
2 1 2 0

be the Gorenstein matrix with permutation
(1 2 3 4
7=\ 1 2 3)

One calculates

1 110 01 10
2 21 2 1 00 1 1
&V =15 1 1 1| mAREN =Pt P = || o
3 2 2 1 1 1 0 0
Hence, Q(&4) has the following form:
1
4 2
3
IIT. Let
000 00
2 01 10
S=111010
1 01 0 0
2 1 1 2 0
be the Gorenstein matrix with permutation
/1 2 3 45
77 \5 1 2 3 4)
By straight forward calculation
101 10 001 10
2 1 1 2 1 00 0 1 1
¥ =12 11 1 1| and[QE&) =1 0 0 0 1
21 1 10 1 1.0 0 0
2 2 2 21 01 1 00

So, Q(&5) has the following form
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and [Q(&5)] =

IV. Let

be the Gorenstein matrix with permutation

Then

P =

DN — NN DN

—= === O

N = === O

N = = = = e

2+ Ps.

N = = = N

E =

— = =N O

2

_ 0 O = = O

And Q(&6) looks as follows

SO = OO

1

O = O = O

1

[Q(&)] =

—_ = O == O
N O === O
SO OO oo

2+ Py =

OO R R OO

O == O OO

—_— -0 0o OO

_— o0 o o o

OO OO

O OO == O

363
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In the general case we have that

0 0 O 0 0
2 0 1 1 0
1 1
g =10
o . . .1 0
1 0 ... ... 0 1 0 0
1 ... ... ... 1 20

is a Gorenstein matrix with permutation

R A

It is easy to show that [Q(E,)] = P,2 + P,s.

Proposition 7.4.9. For every positive integer n there exists a Gorenstein
cyclic (0,1,2)-matriz &, such that inx &, = w(&,) = 2.

7.5 D-MATRICES
Definition. Let A € M,,«,(R) and A > 0, i.e., if A = (a;5), then a;;

We say that A is a d-matrix for some d > 0, if > a;; = d and ) a;; = d
j=1 i=1

Y
o

for all 4, 5.
Lemma 7.5.1. If A is a d-matriz, then m = n.

Proof. Obviously, > a;; = md =nd. So, m = n.

%]

Lemma 7.5.2. If A is a d-matriz and B is a di-matriz, then AB is a dd;-
matrix.

The proof is obvious.

From proposition 6.6.1 it follows that the quiver Q(A) of a d-matrix A is a
disjoint union of strongly connected quivers.

Proposition 7.5.3. The set D,, of all (n x n) doubly stochastic matrices is a
semagroup with identity with respect to multiplication.

The proof follows immediately from lemma 7.5.2.
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Theorem 7.5.4. If A is a (0,1) d-matriz, then A is a sum of permutation
matrices.

Proof. We shall prove this theorem by induction on the number d. If d = 1,
then A is a permutation matrix. By lemma 6.2.9, in an arbitrary d-matrix (d > 2)
there exists a normal set ai;,,...,a1;, of I’'sin A. Denote by o the permutation

(1 n)
g = . . .
11 I 2%

Consider A — P, = A;. Obviously, 4; is a (0,1) (d — 1)-matrix and, by induction,
Ay = > «a,.P;, where o, is either 0 or 1.
TESK

Note that a presentation A = " «, P; need not be unique. For example,

1 1 1
Us=(1 1 1) =Py+ P, + Py,
1 1 1
1 2 3 .
where 0 = (2 3 1).\?Vrlte

(1 2 3 (1 2 3 (1 2 3
91=1\3 2 1)°727\1 3 2)°937\2 1 3)°
then also Uz = Py, + Py, + Py,

Remark 7.5.1. Let A be a d-matrix and let there exists a permutation matrix
P, such that

0 Ao 0 ... 0
0 0 Az ... 0
B=PlAP, = |+ 1
0 0 0 ... Ap_1n
Apq 0 0 . 0
By lemma 7.5.2, PTAP, = B is a d-matrix. Therefore the matrices
Aqg, Ass, ..., Apy are d-matrices. By lemma 7.5.1, all these matrices are square.

Example 7.5.1.

By theorem 7.3.3, any Gorenstein (0, 1)-matrix £ is equivalent to either H
or Gas. In the case Hy we obtain the adjacency matrix [Q(Hs)] of Q(Hs) in the
following form

[QKEQ)]::sz

where o = (12...s). The exponent matrix G, is equivalent to the matrix Ea;
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A O O O O
U A O ... O O
= |1 1 o]
U U U A O
U U U U A
where
0 1 1 1 0 0
A=) v=(1)o-( o)
Obviously,
0 Uy O 0
0 0 U 0
[Q(&25)] = R U
0O 0 0 ... U
Us 0 o ... O

We recall some facts which can be found in the book [Gantmakher, 1959]
(Chapter III, §5 Primitive and imprimitive matrices).

Definition. Let A > 0 be a permutationally irreducible matrix, and let the
maximal characteristic root be r. Suppose there are exactly h characteristic num-
bers of modulus r, i.e., Ay = ... = |Ay| = r. If his 1, the matrix is called
primitive; if A~ > 1, the matrix is called imprimitive, and the number h is
called the index of imprimitivity.

Theorem 7.5.5. A nonnegative matriz A is primitive if and only if there is a
power of A which is positive:

AP > 0 (for somep >1).
Remark 7.5.2. An algebraic proof of this theorem was given by I.N. Herstein
in the paper [Herstein, 1954].

Let Ay,..., A; be the square matrices of orders myq,...,m;. Denote by A =
diag (A4,. .., A;) the following block diagonal matrix of order m = my + ...+ my:

Ay 0 L. 0 0
0 Ay ... 0 0
A=l o
0 0 ... A1 O

o 0 ... 0 A
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Theorem 7.5.6. Let A be a nonnegative permutationally irreducible matrix,
and let some power A? of A be reducible. Then A% is completely reducible, i.e.,
there is a permutation of indices such that A? can be written in the form

A7 = diag (Ay, As, ..., Ag), (d > 1)

after the permutation. Moreover, Ay, As, ..., Aq are permutationally irreducible
matrices. The mazximal characteristic numbers of these matrices are equal. Hence,
d is the greatest common divisor of the numbers q, h, where h is the index of
imprimitivity of the matriz A.

Corollary 7.5.7. Every power a of primitive matriz A > 0 is permutationally
irreducible, and therefore primitive.

In the formulation of the next corollary we use the notation of theorem 6.5.2.

Corollary 7.5.8. If A > 0 is an imprimitive matriz, the index of imprimitivity
being h, then the matriz A" is (after permutation of indices) a diagonal block
matric

Ar = diag {A12 ... Ap_1nAn1, Aoz .o ApiAva, .. ApiAra o Ap_an ),

where each block is permutationally irreducible, and each block has the same max-
1mal characteristic number.

Lemma 7.5.9. If Q is a quiver and [Q]™ = (t;;), then t;; is the number of all
paths from a vertex i to a vertex j of length m.

The proof goes by induction on m.

In accordance with the terminology of Markov chains, we shall call a strongly
connected quiver @ regular if its adjacency matrix [Q] is primitive. Otherwise,
Q is called cyclic.

Theorem 7.5.10. A quiver Q is regular if and only if it is strongly connected
and the lengths of all its cycles have greatest common divisor 1.

Proof. Let @ be regular. By theorem 7.5.5, there exists an integer m such that
[Q]™ > 0. Therefore [Q]™" > 0 and there exist two cycles from 1 to 1. The
first cycle has the length m, the second m + 1. So, the greatest common divisor
of all cycles equals 1.

If @ is not regular then, by theorem 6.5.2, there exists a permutation matrix
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P, such that

0 A O 0
0 0 Ass 0
PIQIP-= | + =
0 0 0 ... Apan
Apq 0 0o ... 0

where there are square zero blocks along the main diagonal.
Denote by m; the order of the i-th zero square block. The set V' Q of vertices
of @ may be numerated in such a way that

V=V uV,U...UV,, V,nV;=0,

for i # 7 and |V;| = m; for i = 1,...,h. Obviously, in @ there exists an arrow
k — [ only in the case if k € V; and [ € Vj4; fori =1,...,h—1 and k € V}, for
1 = h,l € Vq. So, in @ the greatest common divisor d of the lengths of all cycles is,
at least, h > 2. We shall show that if d = 1, then [Q)] is primitive. The matrix [Q]
is permutationally irreducible, therefore, by definition, [Q] is either primitive or
imprimitive. If [@] is imprimitive, then d > h > 2 and we obtain a contradiction.
Therefore, [Q] is primitive and @ is regular. The theorem is proved.

This theorem was first proved in the book [Dulmage, Mendelsohn, 1967].
Remark 7.5.3. Let @ be the quiver with adjacency matrix

0 0 01
0 010
Q] = 10 0 0
01 0 0
Obviously, @ is the simple cycle
1 2
[ ] L]
P!
3 4

and h = 2 is not the greatest common divisor of all cycles.

Assume we have a homogeneous Markov chain with a finite number of states
and transition matrix P = (p;;) € M,(R). Let Q(P) be the simply laced quiver
associated with P (see vol.I, pp. 275-276 and section 6.6 above).

Corollary 7.5.11. A Markov chain is regular if and only if the quiver Q(P)
of its transition matriz is reqular, i.e., the greatest common divisor of all cycles of
Q(P) equals 1.
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The following theorem is stated without proof (see [Menon, 1967]).

Theorem 7.5.12. To a given square matriz A with strictly positive elements
there corresponds exactly one doubly stochastic matriz T which can be expressed
in the form T = D1ADs, where Dy and Ds are diagonal matrices with strictly
positive diagonal elements. The matrices D1 and Do themselves are unique up to
a scalar factor.

7.6 CAYLEY TABLES OF ELEMENTARY ABELIAN 2-GROUPS

We introduce the following notations:

01 2 3
0 1 1 0 3 2
FO - (0)1 1—‘1 — (1 O), Fg = 23 0 1]°
3 2 10
1 1 1
11 ... 1
Un == . . . . S Mn(Z), kal = 2k71U2k,1;
1 1 1
| V) D1+ Xi—1
Ly = f =
k (Fkl X Ty ) or k=1,2,

The matrix 'y = 1) is the Cayley table of the cyclic group G of order 2

0
1 0
and is a Gorenstein matrix with permutation o(T'y) = (12).

Clearly, the Cayley table of the Klein four-group Z/(2) x Z/(2) = Vi =
(2) x (2) can be written as

r I Iy + 20,
27\ Iy 420, I, '

Here the elements of Z/(2) x Z/(2) are numbered as follows: (0,0) has the label
0, and (1,0),(0,1), (1,1) have respectively the labels 1, 2, 3.

Consider
I, — | A T+ Xp1
Lo+ Xk | ] '

Proposition 7.6.1. The matriz T'y is an exponent matriz for any natural
number k.

Proof. The proof is obvious.
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Let G = Hx < g > be a finite Abelian group, H = {h1,...,h,}, g*> = e. We

shall consider the Cayley table of H as the matrix C(H) = (h;;) with entries in
H, where h;; = h;ih;. The following proposition is obvious.

Proposition 7.6.2. The Cayley table of G is

C(H) gC(H)
¢ = (gow) gc<H>) '

Proposition 7.6.3. The matriz 'y is the Cayley table of the elementary

Abelian group Gy of order 2F.
Proof. The proof goes by induction on k. The basis of the induction has already
been done. If I'y_; is the Cayley table of Gi_1, then, by proposition 7.6.2, 'y is

the Cayley table of Gy.

Proposition 7.6.4. The matriz Ty, is Gorenstein with permutation
1 2 3 L L
"(F’“>_<2k 2k 1 2k—2 ... 2 1 >

Proof. This is obvious for k = 1. Suppose that I';, = (af )( i =1,2,...,2%)

. . o _ ok - o
is Gorenstein and o(T'y,) = oy, where 0y (i) = 28 +1—i. Now o —i—ajgk(z) = a5, )
for all 4,5 = 1,2,...,2%. Since
okl K+l _ ok koo k1 k41 _ Kk i k
Qo yy i = Qory = + 27, Qi gy = QO = O foralli,j=1,2,...,2

and (of; +2%) + ajgk(z) (af; + ajgk(z)) + 2k = wk(l) + 2% we obtain that
k+1

k+1 k+1 k+1 oftl _
+ a] 2k o (1) ai,2k+o'k (4)? z 2k 44 + CY2"-i—_] 2k o (1) ai,2k+o'k (4)?
okl k+1 ok k+1 k41 k+1
2k+z 2k 44 + CY2’V—|-] O'k(l) 2’”+z ok (i)’ 2k+z i + ajak(i) - a2k+i,o'k(i)’
i,j = 1’2;5'i"2k' Pukttilng orr1(i) = 2F + o1 (i), ope1(2F + i) = ox(i), we have
k+1 + _ Kkt _ E4+1 g : :
T ) T Yor i (n) for all p,q = 1,2,...,27" ie., ['xy1 is Gorenstein

with the permutation o(I'yy1) = 0gr1, where opp1(7) = 281 4+ 1

Now we compute the adjacency matrix of the quiver Q(T'y).
Let F,(Cl) = (B) and I‘(2) ('ylj) We have

ij
r _ Fil_)l D1 4+ X
SR VIR A F



GORENSTEIN MATRICES 371

Hence,

Here is the characteristic polynomial xx11(2) = X[Q(r,)(Z)-

B _ | 2B —[Q(Ty)] —k -
Xer1(z) = [2E — [Q(Tri1)]| = _E * rE — [Q(T)] ‘ N
2B - [Q(T))] — E 0 ]:
-FE rE—[Q(Tx)] + E

=z -DE-[QIW]l-[(z+1)E —[Q(T%)]]
Therefore,
Xer1(@) = (e — 1) - xulw + 1), (7.6.1)

Since
rz—1 -1

a@=| "5t et

we obtain x2(z) = (x — 3)(x — 1)(x — 1)(z + 1) = (x — 3)(x — 1)?(x + 1),
x3(r) = (z — 4)(x — 2)%x(x — 2)2%(z +2) = (v — 4)(x — 2)323(x + 2).

Proposition 7.6.5. ym(z) = [[ (x —m — 1+ 2i)Cm, where Ci, = (m T'z)'z'

Proof. This proposition is proved by induction on m. The basis of induction
is clear. Suppose that the formula is true for m = k. Then, by formula (7.6.1), we
obtain

k k
XkJrl(:c):H(:c— —242)¢ HszJer
i=0 j=0
k k-1 ,
@—k-2)[[@—k-2+2)% [[(z—k+2)) % (@+k) =
i=1 j=0
k-1 L kel ‘
=@—k=-2)[[@e-k+20)% - J[@-k+2)% (= +k) =
i=0 =0

k—1
=(z—k—-2) [[(@—k+20)+ (@ + k).
=0
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. . k-1 ;
Since Ci+C; M = C’}Cill, we obtain xg41(z) = (z—k—2) ,1:[0 (»’C—k+2i)cktll (x+k) =
k - k41 - o
(k=) T (@~ k+20 — )% (@ +8) = TT (o (1) 1 4+25)%en
J=1 j=0

2" 2
By induction on k, it is easy to prove that > ¢;; (T'x) = k+1, > ¢;;(Tx) = k+1.
i=1 j=1
Thus, [Q(Tk)] = (k + 1) Py, where Py, is a doubly stochastic matrix.

k

Examples 7.6.1.
I. The Latin square

01 2 3
, |10 3 2
1713 2 01

2 3 10

is a Gorenstein matrix with permutation

1 2 3 4
"_"('CZ*)_<4 31 2)

and

[QR(LY)] =

— O =
O~ =
_ = O
=== O

So [Q(ﬁi)] = FE+ P2+ P,s and

S P

Q(LY) =
OO
I1. The Latin square
01 2 3
1 0 3 2
=19 3 01
3210

is the Cayley table of the Klein four-group and it is a Gorenstein matrix with
permutation o(T'2) = (14)(23). By propositions 4.1.11 and 4.1.12, the matrices
I'; and L)), are non-equivalent.
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112 3 2 2 3 3
) 1132 o 2233
Br=le 3 11" T2 7|33 22

32 1 1 33 2 2

—_ = O =

O

—

—

N

Pt

I
O = =
= O

Theorem 7.6.6. Suppose that a Latin square L, with first row and first
column (01 ... n—1) is an exponent matriz. Then n = 2™ and L,, = Ty, is the
Cayley table of the direct product of m copies of the cyclic group of order 2.

Conversely, the Cayley table T',, of the elementary Abelian group G,, =
Z/(2)x...xXZ/(2) = (2)X...X(2) (m factors) of order 2™ is a Latin square and

a Gorenstein symmetric matriz with first row (0,1,...,2™ — 1) and permutation
1 2 3 .o 2m—1 2m
"(Fm)_<2m om —1 2m -2 ... 2 1)'

The second part of this theorem follows from proposition 7.6.3.

Lemma 7.6.7. Let L,, = (ay;) be defined as above. Then

li—jl Sy <i+j—2.

Proof.  Obviously, a1; + i > aq; and so ay; > j—1—(i—1) = j—1.
Analogously, o + aj1 > and oy >i—1— (j—1) =i —j, le, a;; > |i— 7|
Also a1 + a1 > ;5 so that oy <i4j5 — 2.

Lemma 7.6.8. The last row of Ly, is (n—1,n—2, ..., 1).
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Proof. We have a,,; = n — 1, by the definition of £,. By lemma 7.6.7, we
have a,; > n —1i. So, ape = n— 2, apg = n— 3 and ay,, = 0 because otherwise
the row sum of the last row would be larger than that of the 1-st row.

Corollary 7.6.9. The last column of L, is (n —1,n —2,...,1)T, where T is
the transpose.

Lemma 7.6.10. Let £,, = (ay;) be defined as above. Then

li+tj—n+D[<|In—1-al

Proof. By lemma 7.6.8 and corollary 7.6.9, we have ;j < ain +apn; = (n—1) +
(n—3j)=2n—(i+j). By lemma 7.6.7, aj; < i+ j — 2. From the first inequality
we have

aij—m—=1)<n+1-(i+7).

From the second inequality we have
a;—(n—=1)<(i+j)—(n+1).
So
(i 4+J) = (n+ D] < |ai; — (n = 1)].
Corollary 7.6.11. The integer n in theorem 7.6.6 is even.

Proof. By lemma 7.6.7, if the integer n — 1 appears in position (i,7) then
(mn—=1)—(n—-1]>i+j—(n+1)],ie,i+j=n+ 1 Hence, the secondary

diagonal, (a1, a2n,—1,-..,an1), has the following form: (n—1,...,n—1) because,
L, being a Latin square, n — 1 must appear once in each row. If n is odd then for
1=7= n—2i— 1 we have «;; = n — 1. This is a contradiction. So n = 2n;.

Proof of theorem 7.6.6. If o;; = 1, then |i — j| = 1 by lemma 7.6.7. By
assumptions in the statement of the theorem a5 = 1 = ais1. Now look at the 3-rd
row. The number 1 must occur somewhere. This can only be at (3,2) or (3,4).
But at (3,2) is not possible because that would give two 1’s at the 2-nd column.
Thus ag4 = 1. Next look at the 3-rd column. There must be a 1 somewhere in this
column. This can only occur at (2,3) or (4,3). But (2,3) is impossible because
that would give two 1’s in the second row and so ay3 = 1. Further look at the
fifth row. There must be a 1 somewhere. This can only be at (5,4) or (5,6). But
(5,4) is not possible as that would give two 1’s in the 4-th column. So ass = 1.
Next look at the 5-th column which must have a 1 somewhere. This can only be
at (4,5) or (6,5), but at (4,5) is not possible because that would give two 1’s in
the fourth row. So ags = 1. Continuing this argument it follows that £,, look like
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0 1 . .
* 10 * x I
£n = = . .
’ * * I'y
. . 0 1
1 0

If a;j = 2 then |i—j| <2, by lemma 7.6.7. By the assumption of the theorem
a1z = ag; = 2. There must be a 2 in the second row. This can only happen at
(2,1), (2,2), (2,3), (2,4). But (2,1) and (2,2) are already occupied (by a 1 and
a 0) and (2,3) is impossible because that would give two 2’s in the 3-rd column.
So agq = 2. Similarly, looking at the 2-nd column and the 3-rd row, one obtains
a2 = 2. Now look at the 5-th row. Columns 3 and 4 already have a 2 and places
(5,5), (5,6) are already occupied, so a7 = 2. Next look at row 6. Column 4
already has a 2, places (6,5) and (6,6) are occupied, column 7 already has a 2
and it follows that ags = 2. Next look at column 5. Rows 3, 4 already have a 2,
places (5,5) and (6, 5) are already occupied and so az5 = 2. Now examine column
6. Rows 4, 5 already have a 2, places (5,6), (6,6) are already occupied, row 7
already has a 2 and so agg = 2. Continuing in this way it follows that £,, looks
like

0o 1 2
1 0 2
2 0 1 *
2 1 0
0 1 2
1 0 2 .
L, = * 2 0 1
2 1 0
0 1 2
. 10 2
2 0 1
2 1 0

It also follows that n is divisible by 4. Otherwise we would obtain a “cutoff
version” like illustrated below
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0 1 2
10 2,
2 0 1
2 1 0
. 0 1 2
1 0 2
2 0
2 1 0

and the last row would have no 2 in it.

Obviously the next step is to figure out where the 3’s must be located. If
a;; = 3, then |i — j| < 3. By the assumption of the theorem a4 = 3 = aui.
Consider places (4t + 2,4t +3), t = 0,1,...,(n/4 —1). Now q4z42,41+3 must be
> 3 because all the 0, 1, 2 have been placed. On the other hand

44424043 < 4pq2.4041 g1 443 =1+2=3
and so Q442 4t+3 = 3. Slmllarly Qg 4-3,4t+2 Z 3, but

Q4t43,4t4+2 < Q4p43,4041 + Qap1,4042 =2+ 1 =3

and SO auy43,4t42 = 3.
Also
Oty dt+4 < Qapq1,ai42 + Qapqai44 = 1 +2 =3

Qatta,at+1 < Qapqa ae42 + Qapq24041 =2+ 1 =3

and the same argument gives cs41,4¢44 = 3 = Qa¢4a,4¢41. Thus the matrix £,, is
of the following form

01 2 3
1 0 3 2
230 1 ¥ *
3210
01 2 3
L, — 2 3 01 2 _
3210 :
: * ok Iy
01 2 3
. . 1 0 3 2
2 3 0 1
3210
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The next and final step is to prove by induction the following two statements.

e for every k there exists a unique Latin square £, of order 2F satisfying
theorem 7.6.6, viz. £,, = I'y;

e for every k the number of blocks I'y, (', # £,,) on the main block diagonal
of L}, is even.

The start of the induction was taken care of above.

Now assume that £, has blocks I'y, 2¥ < n on the main block diagonal and
let there be n; of them. Note that this has been shown to be the case for k£ =1
and k = 2. So L, looks like

I % % *
*  I'p o *
L,=| * *
*
* * x* Iy

If a;; = 2% then |i — j| < 2%, Claim

ai,i+2k = 2k for ¢ = 1, ceey 2k

It helps to realize that this is a statement about the 2¥ x 2¥ block indicated
by #x above. The claim is proved by induction. For ¢ = 1 it is true by the
assumptions of theorem 7.6.6. Now let 4 > 1. The number 2 must occur at one
of the places (i,1),(4,2),...,(i,i — 1), (i,i),(i,i + 1),...,(i,i + 2¥). The places
(i,1),...,(i,2%) are already filled. Further the columns 2¥ + 1,...,2% +4i — 1
already contain a 2¥ by the induction hypothesis. So it must be the case that
Q; 2k = 2k.
Similarly, switching rows and columns in the argument, one finds

Qipor ;=28 fori=1,2,...,2"

Moreover, this pattern persists in that

_ ok _
Qpgkt1 g gok+1 ok = 27 = Quok+1 ipok t2k+1 4 (7.6.2)

fort=0,1,...;4=1,2,...,2F. This is again proved by induction on i. Consider
row t2F+t1 4+ 4. The number 2¥ must occur at one of the places

(251 i g2 g — 2R ) =01, 28

Now the place (t28+1 44, t2F+1 i — 2% 4 j) with i+ < 2F is in the (2¢+1)-th I’ and
hence already occupied by one of the numbers 0,1, ...,...,2¥—1. By induction on
i, the columns with with index #2F+1 4142~ . #2k+1 4 (;—1)4-2F already have a
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2F in them. So it must be that 2 occurs at position (#2541 44, #25+1 i+ 2%). This
proves the first half of (7.6.2). The second half is handled by the same argument
(switching rows and columns).

Now suppose that the number of blocks I'y, is odd. Then by what has just been
proved the matrix £,, looks like

2k
Ty
2k
2k
'y
2k

2k
Ik
2k

Fk *ok

2k

*%k Fk

But then there is no 2% in the blocks indicated by **’s and hence no 2* in the
last 2% rows and columns because a;; = 2F implies |7 — j | < 2*.
Let Y; denote the t-th 25+1 x 281 diagonal block of £,,, t = 1,2,...,2 'ny,

and write
Iy &2
Y, = .
k (521 [k )

As0,1,2,...,2F—1 occur in each row (and column) of 'y and £,, is a Latin square
all elements of €12 must be > 2¥. On the other hand for any element of an &

Quok+1 4 tok+1 ok 5 < Quoktl g gok+1qj + Quok+lyj ok+1 ok

By (7.6.2) above, the second element on the right hand side is equal to 2¥ and the
first element on the right hand side is in a 'y and hence < 2k Hence &5 is a
Latin square on the numbers 2¢,2F 41, ... 2k+1 — 1. Similarly for &;.
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Since 2kU2k <& < 2k+1, we obtain 0 < &5 — 2kU2k < Qk, and &5 — 2kU2k
is a Latin square on the set {0,1,2,..., 2k — 1}.

Since 2¥Uyr < 51 < 2K, we obtain 0 < £y — 28Uy < 2%, and Ey1 — 2FUs
is a Latin square on the set {0,1,2,...,2% — 1}.

urthermore

Oét‘2k+1+i,t,2k+1+2k+1 S at,2k+1+i7t‘2k+1+1+at,2k+1+17t‘2k+1+2k+1 = (2—1)+2 = 2 +Z—1

Oét_2k+1+2k+i1t,2k+1+1 S at,2k+1+2k+i7t_2k+1+i+06t_2k+1+1‘1t,2k+1+1 = 2k+(l_1) = 2k+2_1
foralli=1,2,...,2% Thus fori=1,2,...,2* we have

k .
Oét_2k+1+i1t,2k+1+2k+1 = 2 + 17— 1

Qp.ok+1 ok p.ok+1l ] = ok +i—1
for all i = 1,2,...,2%. So the first row (resp. column) of the matrices &9 — 28Uy
and &1 —2*Usyk have the following form (0,1,...,2¥—1) (resp. (0,1,...,28—1)T).
By induction, we have &5 — 2’“U21c = E91 — 2’“U2;c = I'x and blocks

r . I 'y + 2kU2k
R = ATy 4 28Uy I

are on the main diagonal.
With induction Ty is a 25 x 2% matrix and hence £,, is the T'y with n = 2.

_ Fm—l I‘7n—1 +Xm—1
o

_ om—1
m—1 +Xm71 mel ) ’ Xm—l =2 UQM*l-

By proposition 7.6.3, I';,, is the Cayley table of the elementary Abelian group
G}, of order 2F. Theorem 7.6.2 is proved.

Remark 7.6.1. Example 7.6.1(I) shows, that for theorem 7.6.2 the condi-
tion for a Latin square having the first row and the first column of the form
(01 ...n—1) is essential.

7.7 QUASI-FROBENIUS RINGS AND GORENSTEIN TILED ORDERS
Theorem 7.7.1. A reduced tiled order A is Gorenstein if and only if the ring
B = A/ A is Frobenius. In this case v(B) = o(A).

Proof. Let A = {0,E(A)} be a Gorenstein tiled order. By proposition 7.1.2,
A is Gorenstein if and only if £(A) is Gorenstein. Obviously, £(rA) = E(A) + U,

where
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Let P, = P,4) be the permutation matrix of o = o(A4). It is easy to see
that the set X C A, which is defined by the matrix £(X) =&(A)+U,, — P, is a
two-sided ideal in A. Further, X = X /74 is a right and left semisimple module:
X =Uya) @ ... ® Usn)y as a right A-module and X = V1 & ... &V, as a left
A-module. Consider B = A/mA. Obviously, X = soc(Bp) =soc(pB) and X is a
monomial ideal. By definition of a quasi-Frobenius ring, the ring B is Frobenius
with Nakayama permutation o(A).

Conversely, let B = A/7A be Frobenius and v(B) be its Nakayama permuta-
tion. Obviously, v(B) is a fixed point free permutation. So every indecomposable
projective mF; has only one minimal overmodule X; and X;/7P; ~ U, ;. Con-
sequently, by lemma 5.2.13, 7P, ..., 7Ps are indecomposable relatively injective
pairwise nonisomorphic A-lattices and 4 A% is a projective right A-module. It is
easy to see that v(B) = o(A). The theorem is proved.

Definition. A permutation o on the set S = {1,...,n} is called a fixed point
free permutation if o (i) # i for all i € S.

Corollary 7.7.2. For any fized point free permutation o there exists a semidis-
tributive weakly prime Artinian Frobenius ring B with v(B) = o.

The proof follows from theorem 7.4.8 and theorem 7.7.1.

Lemma 7.7.3. Let e and f be non-zero idempotents of a ring A such that the
modules eA and fA are indecomposable. In this case eA and fA are isomorphic
if and only if the following equality holds: f = fApe\1, where Ao, A\1 € A.

Proof. Suppose that modules eA and fA are isomorphic, and ¢ : eA — fA
is this isomorphism. Then p(eX) = p(e-eX) = p(e)eX = fioe - A, i.e., ¢ acts on
eA by left multiplication by fAg. Therefore f = @(eA1) = fAoeA;. Conversely, let
f = fAoeri. Then ¢ : eA — fA, where p(eA) = fApe - e) is an epimorphism.
Since the module fA is projective, we have eA ~ fA & X. Note that fA # 0, and
that the module eA is indecomposable, so eA ~ fA. The lemma is proved.

Theorem 7.7.4. Let A ={0,E(A)} be a reduced tiled Gorenstein order with
Jacobson radical R and let J be a two-sided ideal of A such that A D> R> > J D R"
(n > 2). The quotient ring A/J is quasi-Frobenius if and only if there exists a
p € R? such that J = pA = Ap.

Proof. Let A=377,_ e;ym*i0, and let My(D) = >_7 ;_, ei;D be the ring of
fractions of A, where D is the division ring of fractions of O, and the e;; are the
matrix units (4,5 = 1,...,s). Let 7 = pA = Ap be a two-sided ideal of A and A D
RS J S R™. Obviously, My(D)J M,(D) = M,(D)pAM,(D) = M,(D)pM,(D)
is a non-zero two-sided ideal of M, (D). Therefore p € My(D) has an inverse p~*
in M (D). Since the quotient ring A/R" is Artinian, the quotient ring A = A/J
is also Artinian. We now show that the quotient ring A is quasi-Frobenius. Let
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1 =-e11+...4+ess be the decomposition of 1 € A into a sum of matrix idempotents,
A = @i, P;, where P, = e;;A. Obviously, every indecomposable projective A-
module is of the form P; ~ e;;A/e;pA for some i = 1,...,s. The right modules
A and pA are isomorphic because p is an invertible element in M, (D). Since,
J = pA = @&5_jeupA, we have e; A D e;;R? D e;;pA D e;; R™. Therefore for each
module e;;pA there exists a unique minimal overmodule. It follows that soc P; is
a simple module for i = 1,...,s. Suppose that soc P; ~ soc Py for i # k. Then
we have e;;pA ~ eppA. This implies that p~le;pA ~ p~lepppA. Since, pA = Ap
we have p~!Ap = A, therefore p~leyp € A for i = 1,...,s. By lemma 7.7.3,
the following equality holds: p~!7irAgespA1 = Pt exwp, SO expprop tesipip 't =
ewi. Since pAop~! and phip~ ! are elements of A, we have e ;A ~ e A. This
contradiction shows that if i # k then soc P; % soc P,. The same holds for left
modules, so, by the classical definition of QF-rings by Nakayama, we see that A is
a QF-ring.

Conversely, let A D R?2 > J D R", and let A = A/J be a QF-ring. Since
eiA D euR? D eyd D ey R™, we see that for every module e;;J there exists a
unique minimal overmodule X; such that X;/e;;J # X,/e;;J for i # j. Since A
is Gorenstein, by lemma 6.2.13, one can see that the modules e;J (i = 1,...,5)
are all pairwise non-isomorphic indecomposable projective A-modules. It follows
that the right A-module J = &_;e;;J is isomorphic to A4. Since EndsA ~ A,
we can conclude that there exists a monomorphism ¢ : A — A defined by the
formula p(\) = ¢\ and Imp = J. Therefore J = ¢A, where ¢ is a regular
element. Analogously, Ap = J, where p is a regular element. Then ¢ = agp
and p = qa1,q = apgai. Obviously, the elements ag and a; are regular. Let
us show that if by A C by A and by A # by A for some elements by, bs € A, then
b1 A C xbs A and xby A # xbs A for any regular element x € A. Suppose that
xb1 A = axbs A. Then zbiy = xbs, i.e., bo = byy and boA = biyA C b1 A. So we
obtain a contradiction with our assumption. Thus if a;A C A and a1A # A
then ga1 A # qA. Therefore agqa; A is a proper submodule of aggA. It follows
that gA is a proper submodule of apgA C J. This contradiction shows that
a1A = A and ap is an invertible element of the ring A. Finally, we see that
pA = qa1 A = qA = Ap, ie., J = pA = Ap, where p € R%. The theorem is proved.

7.8 NOTES AND REFERENCES

Gorenstein rings were introduced by D.Gorenstein in the paper [Gorenstein, 1952].
In the article [Bass, 1962] H.Bass wrote (footnote 2 on page 18): ”After writing
this paper I discovered from Professor Serre that these rings have been encountered
by Grothendieck, the latter having christened them “Gorenstein rings”. They are
described in this setting by the fact that a certain module of differentials is locally
free of rank one”. (See, also [Bass, 1963]).

Let O be a Dedekind ring with a field of fractions K, and let A be an O-order
in a finite dimensional separable K-algebra A (see [Curtis, Reiner, 1981]). In
this case it is natural to consider A-lattices, i.e., finitely generated O-torsion free
A-modules.
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Noncommutative Gorenstein O-orders appeared first in [Drozd, 1967] (see the
definition and proposition 6.1). An O-order A is left Gorenstein if and only if the
injective dimension of A as a left A-module is 1 (O # K). From the definition and
proposition 6.1 in the paper mentioned above it follows that A is left Gorenstein
if and only if it is right Gorenstein.

Given a A-lattice M, a sublattice N of M is called pure if M/N is O-torsion
free.

The following theorem is proved in [Gustafson, 1974]:

An O-order A is Gorenstein if and only if each left A-lattice is isomorphic to
a pure sublattice of a free A- lattice.

In [Nishida, 1988] there is the example of the (0, 1)-order A(Ps) associated with
the finite poset

» I

which is such that inj. dim A(P5) = 2 and gl. dimA(Ps) = oo.

Let A be a Gorenstein order. If A has the additional property that every O-
order containing A is also Gorenstein, then A is called a Bass order. The following
inclusions are easily verified:

(maximal orders) C (hereditary orders) C

C (Bass orders) C (Gorenstein orders)

(see §37 in [Curtis, Reiner, 1981]).

Denote by pa(X) the minimal number of generators of a finitely generated
A-module X. The following theorem is proved in [Roiter, 1966] (see also theorem
37.17 in [Curtis, Reiner, 1981]).

Let A be an O-order such that ux(I) < 2 for each left ideal I of A. Then A is

a Bass order.
7 47
Z Z

is a Bass order, because for every left ideal J we have py (I) < 2, (see also [Chatters,
Hajaruavis, 2003], [Chatters, 2006]).

Tiled orders over a discrete valuation rings appeared first in [Tarsy, 1970] (see
also [Jategaonkar, 1973] and [Jategaonkar, 1974]). The Gorenstein condition for
exponent matrices of tiled orders was formulated in [Kirichenko, 1978]. Note that

Obviously, the Z-order
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the notion of an exponent matrix appeared first in the English translation of
[Zavadskij, Kirichenko, 1977].
Theorem 7.7.4 was proved in [Roggenkamp, 2001].

[Bass, 1962] H.Bass, Injective dimension in Noetherian rings, Trans. Amer.
Math. Soc., v.102, 1962, p.18-29.

[Bass, 1963] H.Bass, On the ubiquity of Gorenstein rings, Math. Zeit., v.82, 1963,
p-8-28.

[Chatters, Hajaruavis, 2003] A.W.Chatters and C.R.Hajaruavis, Noetherian rings
of injective dimension one which are orders in quasi-Frobenius rings, Journal
of Algebra, v.270, 2003, p.249-260.

[Chatters, 2006] A.W.Chatters, Multiple idealiser rings of injective dimension
one, Journal of Algebra, v.296, 2006, p.234-248.

[Curtis, Reiner, 1981] C.W.Curtis and I.Reiner, Methods of Representation The-
ory, Wiley, 1981.

[Drozd, 1967] Yu.A.Drozd, V.V.Kirichenko, A.V.Roiter, On hereditary and Bass
orders, Izv. Akad. Mauk SSSR Ser. Mat., v.31, 1967, p. 1415-1436
(in Russian); English translation Math. USSR - Izvestija, v.1, 1967,
p. 1357-1375.

[Dulmage, Mendelsohn, 1967] A.L.Dulmage, N.S.Mendelsohn, Graphs and ma-
trices, In: Graph Theory and Theoretical Physics, Academic Press, London,
1967, p. 167-227.

[Gantmakher, 1959] F.R.Gantmakher, Applications of theory of matrices, Inter-
science Publishers, New York, 1959.

[Gorenstein, 1952] D.Gorenstein, An arithmetic theory of adjoint plane curves,
Trans. Amer. Math. Soc., v.72, 1952, p.414-436.

[Gustafson, 1974] W.H.Gustafson, Torsionfree modules and classes of orders, Bull.
Austral. Math. Soc., v.11, 1974, p.365-371.

[Herstein, 1954] I.N.Herstein, A note on primitive matrices, Amer. Math.
Monthly, v.61, 1954, p. 18-20.

[Jategaonkar, 1973] V.A.Jategaonkar, Global dimension of triangular orders over
a discrete valuation ring, Proc. Amer. Math. Soc., v.38, 1973, p. 8-14.
[Jategaonkar, 1974] V.A.Jategaonkar, Global dimension of tiled orders over a

discrete valuation ring, Trans. Amer. Math. Soc., v.196, 1974, p. 313-330.

[Kirichenko, 1978] V.V.Kirichenko, Quasi-Frobenius rings and Gorenstein orders,
In: Algebra, number theory and their applications. Trudy Mat. Inst. Steklov,
v.148, 1978, p. 168-174 (in Russian).

[Menon, 1967] M.V.Menon, Reduction of a matrix with positive elements to a
doubly stochastic matrix, Proc. Amer. Math. Soc., v.18, 1967, p.244-247.

[Nishida, 1988] K.Nishida, A characterization of Gorenstein orders, Tsukuba J.
Math., vol.12, N2, 1988, p.459-468.

[Roggenkamp, 2001] K.W.Roggenkamp, V.V.Kirichenko, M.A . Khibina,
V.N.Zhuravlev, Gorenstein tiled orders, Special issue dedicated to Alexei



384 ALGEBRAS, RINGS AND MODULES

Ivanovich Kostrikin, Comm. Algebra, v.29, No. 9, 2001, p.4231-4247.

[Roiter, 1966] A.V.Roiter, An analog of the theorem of Bass for modules of repre-
sentations of noncommutative orders, Dokl. Akad. Nauk SSSR, 168, 1966,
p.1261-1264 (in Russian).

[Tarsy, 1970] R.B.Tarsy, Global dimension of orders, Trans. Amer. Math. Soc.,
v.151, 1970, p. 335-340.

[Zavadskij, Kirichenko, 1977] A.G.Zavadskij, and V.V.Kirichenko, Semimaximal
rings of finite type, Mat. Sb., v.103 (145), N3, 1977, p. 323-345 (in Russian);
English translation: Math. USSR Sb., v.32, 1977, p. 273-291.



SUGGESTIONS FOR FURTHER READING

1.

2.

11.

12.

13.

14.

15.

R.Albamowicz, G.Sobczyk (eds.), Lectures on Clifford (Geometric) Algebras
and Applications, Birkhauser, Boston, 2004.

J.L.Alperin, B.B.Rowen, Groups and Representations. Graduate Texts in
Mathematics, Vol. 162, Springer-Verlag, Berlin-Heidelberg-New York, 1995.

. D.M.Arnold, Abelian Groups and Representations of Finite Partially Ordered

Sets, Springer-Verlag, New York, 2000.

. M.A.Armstrong, Groups and Symmetry, Springer-Verlag, 1997.
. M.Auslander, I.Reiten, O.Smale, Representation Theory of Artin Algebras,

Cambridge University Press, 1995.

. T.S.Blyth, Lattices and Ordered Algebraic Structures, Springer-Verlag, Lon-

don, 2005.

. H.Cartan and S.Eilenberg, Homological Algebra, Princeton University Press,

Princeton, New York, 1956.

. C.W.Curtis, I.Reiner, Methods of Representation Theory I, II, Wiley, New

York, 1990.

. A.Facchini, Module Theory, Birkhduser Verlag, Basel, 1998.
. D.K.Faddeev (ed.), Investigations on Representation Theory, Zap. Nauchn.

Sem. LOMI, 1972, v.28.

C.Faith, Algebra: Rings, Modules and Categories I, Springer-Verlag, Berlin-
Heidelberg- New York, 1973.

C.Faith, Algebra II. Ring Theory, Springer-Verlag, Berlin-Heidelberg- New
York, 1976.

C.Faith, Algebra: Rings, Modules and Categories I, Moscow, 1977 (in Rus-
sian).

C.Faith, Algebra: Ring, Modules and Categories II, Moscow, 1979 (in Rus-
sian).

V.Dlab, C.Ringel, Indecomposable representations of graphs and algebras,
Memoirs Amer. Math. Soc., v.173, 1976.

385



386

16.

17.

18.

19.

20.
21.

22.
23.

24.
25.

26.

27.
28.

29.
30.
31.
32.
33.

34.
35.

36.

37.

38.

39.
40.

41.

ALGEBRAS, RINGS AND MODULES

Yu.A.Drozd, V.V.Kirichenko, Finite Dimensional Algebras, Springer-Verlag,
Berlin-Heidelberg-New York, 1994.

P.Gabriel, A.V.Roiter, Representations of Finite Dimensional Algebras,
Springer-Verlag, Berlin-Heidelberg-New York, 1997.

N.Jacobson, Lectures in Abstract Algebra, I, 11, III. Graduate Texts in Math-
ematics, Vol. 30, 31, 32, Springer-Verlag, Berlin-Heidelberg-New York, 1975.
G.James, M.Liebeck, Representations and Characters of Groups, Cambridge
Univ. Press, 2001.

M.Hall, Combinatorial Theory, Wiley, 1986.

John G.Kemeny and J.Laurie Snell, Finite Markov chains, Princeton, Univ.
Press, 1960.

F.Kasch, Modules and Rings, Academic Press, New York, 1982.

T.Y.Lam, Lectures on Modules and Rings, Graduate Texts in Mathematics,
Vol. 189, Springer-Verlag, Berlin-Heidelberg-New York, 1999.

S.MacLane, Homology, Springer-Verlag, Berlin-Gttingen-Heidelberg, 1963.
S.MacLane, Categories for the working mathematician, Springer-Verlag,
Berlin-Gttingen-Heidelberg, 1971.

J.C.McConnell and J.C.Robson, Noncommutative Noetherian Rings, Wiley-
Interscience, New York, 1987.

B.Mitchell, Theory of categories, Academic Press, 1965.

W.K.Nicholson, M.F.Yousif, Quasi-Frobenius Rings, Cambridge Tracts in
Math., vol.158, Cambridge University Press, 2003.

D.G.Northcott, A first course of homological algebra, Cambridge University
Press, 1973.

J.Okninski, Semigroup Algebras, Marcel Dekker, INC, 1991.

M.S.Osborne, Basic homological algebra, Springer-Verlag, New York, 2000.
B.L.Osofsky, Homological Dimensions of Modules, 1973.

D.S.Passman, The Algebraic Structure of Group Rings, Wiley, New York-
London-Sydney-Toronto, 1977.

G.Puninski, Serial rings, Kluwer Academic Publishers, Dordrecht, 2001.
C.M.Ringel, Tame Algebras and Integral Quadratic Forms, Lecture Notes in
Math., v.1099, Springer-Verlag, Berlin-Heidelberg, 1884.
K.W.Roggenkamp, V. Huber-Dyson, Lattices over Orders I, Lecture Notes
in Math., v. 115, Springer-Verlag, Berlin-Heidelberg-New York, 1970.
K.W.Roggenkamp, M.Taylor, Group Rings and Class Groups, Birkhduser
Verlag, Basel, 1992.

J.Rotman, An Introduction to Homological Algebra, Academic Press, New
York, 1979.

L.H.Rowen, Ring Theory I, II, Academic Press, New York-Boston, 1988.
B.E.Sagan, The Symmetric Group, Graduate Texts in Mathematics, Vol.
203, Springer-Verlag, Berlin-Heidelberg-New York, 2001.

S.K.Sehgal, Topics in Group Rings, M. Dekker, 1978.



SUGGESTIONS FOR FURTHER READING 387

42.

43.

44.

45.

46.

47.

D.Simson, Linear Representation of Partially Ordered Sets and Vector Space
Categories, Algebra, Logic and Appl. v.4, Gordon and Breach Science Pub-
lishers, 1992.

B.Stenstrém, Rings of quotients: An introduction to methods of ring theory,
Springer-Verlag, 1975.

H.Tachikawa, Quasi-Frobenius Rings and Generalizations: QF-3 and QF-1
Rings, Lecture Notes in Math., v. 345, Springer-Verlag, Berlin-Heidelberg-
New York, 1973.

W.T.Trotler, Combinatorics and Partially Ordered Sets: Dimension Theory,
The John Hopkins Univ. Press, 1992.

A.A.Tuganbaev, Semidistributive Modules and Rings, Kluwer Academic
Publishers, Dordrecht-Boston-London, 1998.

J.Waschbiisch, On selfinjective algebras of finite representation type, Univer-
sidad Nacional Autonoma de Mexico, 1983.



Subject Index

A

Abelian group, 2

additive group, 2

adjacency matrix, 68

admissible ideal, 74

admissible relation, 73

affine group, 6

affine variety, 93

algebra of finite type, 140

algebra of finite representation type,
140

algebra of infinite representation
type, 140

algebra of right bounded finite
dimensional representation
type, 155

algebra of a quiver with relations, 74

algebra of tame representation type,
141

algebra of wild representation type,
141, 142

algebraic group, 94

alternating group, 5

antichain, 259

anticommutator, 55

anti-ismorphism of lattices, 162

arrow of a quiver, 67

Artinian algebra, 147

associated poset of a Markov chain,
295

automorphism, 12

B

band, 256

bijective module, 209

bound quiver algebra, 74
Brauer-Thrall conjectures, 154

C
canonical decomposition, 166
canonical epimorphism, 12

389

canonical two-sided Peirce decompo-
sition of a ring, 166

canonical two-sided Peirce decompo-
sition of an ideal, 166, 167

cardinal sum of posets, 131

Cartan determinant, 246

Cartan determinant conjecture, 247

Cartan invariants, 245

Cartan matrix, 93, 245

category of representations, 99

Cayley formula, 241

Cayley table, 4

Cayley theorem, 12

center, 17

centralizer, 17

chain, 130, 259

character of a group, 38

character of a representation, 39

character table, 44

circuit of a quiver, 239

circulant matrix, 248

class equation, 17

commutative group, 2

commutative relation, 74

commutator, 22

commutator series of a group, 23

commutator subgroup, 22

complete lattice, 256, 274

completely decomposable lattice, 274

completely reducible representation,
31, 138

composition series of a group, 21

conjugacy class, 16

conjugate elements, 16

conjugating element, 16

connected components, 286

connected poset, 282

coordinate vector, 115

contragredient representation, 136

Coxeter group, 109

Coxeter matrix, 109



390

Coxeter system, 109
critical subposets, 117
cyclic group, 13

cyclic Markov chain, 293
cyclic poset, 296

cyclic quiver, 367

cyclic subgroup, 13
cyclic subset, 207

D

d-matrix, 364

decomposable representation, 35,
76, 138

degree of a representation, 27, 135

derived series of a group, 23

diagram of a poset, 277

diagram of a species, 99

differential of a poset with respect to
a maximal element, 131

differential of a poset with respect to
a suitable pair, 133

differentiation map with respect to a
suitable pair, 134

dihedral group, 8

dimension of a representation, 27,
128, 135

dimension of a subset, 94

dimension vector, 77

direct sum of representations, 76, 115

distributive module, 234

Dlab-Ringel-Ovsienko-Roiter
quadratic form, 90, 107

doubly stochastic matrix, 293

DS M-ring, 190

dual basis, 188

dual homomorphism, 187

dual module, 187

dual representation, 136

duality functors, 162

Dynkin diagrams, 79, 87

E
end of a maximal path, 204
end vertex, 67, 225

SUBJECT INDEX

epimorphism, 12

equivalent matrices, 268

equivalent representations, 27, 28,
100

ergodic Markov chain, 293

essential ideal, 61

Euclidean diagrams, 80, 88

even element, 56

even permutation, 5

exact representation, 115

exponent matrix, 265, 275

extended Dynkin diagrams, 88

extended simple Dynkin diagrams,
80

exterior algebra, 58

exterior algebra of a bimodule, 67

exterior K-ring, 55

exterior power, 59

exterior product, 58

extra arrow, 295

F

factor group, 11

factor of a normal series, 21

faithful representation, 27, 135

FDI-ring, 194

Fermat theorem, 14

finite dimensional representation,
27, 100

finite group, 2

first Brauer-Thrall conjecture, 141,
147

fixed point free permutation, 380

flat dimension, 220

fractional ideal, 275

free K-algebra, 55

Frobenius algebra, 164

Frobenius ring, 174

Frobenius quiver, 294

Frobenius system, 206

Frobenius vector, 294

Fujita algebra, 308

fundamental ideal, 61, 205



SUBJECT INDEX

G

Gabriel theorem, 93
Galilean group, 10

Galois group, 6

garland, 133

general linear group, 3
generalized Cartan matrix, 106
generalized quaternions group, 8
Gorenstein matrix, 267
Gorenstein tiled order, 327
graded algebra, 55

graded module, 53

graded ring, 54

grading, 55

graduation, 55

Grassmann algebra, 55
greatest lower bound, 256
Green theorem, 161, 205
Grothendick group, 244
group, 2

group algebra, 26

group homomorphism, 12

H

hereditary ring, 231

heredity chain, 313

heredity ideal, 313

Hermitian inner product, 45
homogeneous element, 54, 55
homogeneous Markov chain, 293
homogeneous submodule, 54
homology group, 6

1

identity of a group, 2

image, 12

imaginary root, 86

imprimitive matrix, 290, 360

improper subgroup, 3

incidence matrix, 68

indecomposable matrix, 106

indecomposable P-space, 114

indecomposable representation, 35,
76, 100, 114, 138

391

index of imprimitivity, 366

index of a poset, 296

index of a ring, 289

index of a quiver, 294

index of a subgroup, 11

initial vertex, 67

invariant subgroup, 11

inverse element, 2

irreducible character, 39

irreducible lattice, 257

irreducible pair, 132

irreducible representation, 31, 35,
76, 137

irreducible subset, 93

isomorphic quivers, 68

isomorphic representations, 115, 135

isomorphism of groups, 12

isomorphism of representations, 75,
135

J
join, 256
Jordan-Holder theorem, 21

K

k-quiver, 99

k-species, 99

kernel, 12

Klein 4-group, 4

Konig graph theorem, 181

Ko6the algebra, 172
Krull-Remark-Schmidt theorem, 77
Kupisch series, 247

L

[-hereditary ring, 184
Lagrange theorem, 10
lattice, 256

least upper bound, 256
left coset, 11

left group action, 15
left hereditary ring, 231
left lattice, 257

left regular action, 15



392

left regular representation, 29
left self-injective ring, 193
left semidistributive ring, 234
left socular ring, 183

left weak global dimension, 221
length of a module, 140
length of a normal series, 21
length of a path, 69

linear matrix problem, 138
linear representation, 28
locally closed subset, 93
Lorentz group, 10

lower bound, 256

lower central series, 25

lower cone, 130

lower semilattice, 256

M

(0,1)-matrix, 346

(0,1,2)-matrix, 361

Maschke theorem, 31

matrix representation, 27, 28, 136

maximal path, 204

maximal ring, 65

meet, 256

modular group representation, 47

monomial ideal, 167

monomorphism, 12

morphism of representations, 75,
114, 135

multiplicative group, 2

multiplication table, 3

N

N,-free poset, 133

Nakayama conditions, 191

Nakayama permutation, 161, 168,
212

natural partial ordering, 256

natural projection, 12

negative element, 2

negatively graded module, 54

nilpotency class, 24

nilpotent group, 24

SUBJECT INDEX

non-differential poset, 132

non-negative definite quadratic form,
82

non-negative matrix, 288

norm, 47

normal decomposition, 148

normal series, 21

normal set of elements, 341

normal subgroup, 11

normalizer, 17

normally indecomposable module,
148

(0}

(0,1)-order, 296

odd element, 56

odd permutation, 5

orbit, 15

order of a group, 2

order of an element, 13
ordinal sum of posets, 357
oriented cycle, 69
orthogonal group, 9
orthogonal transformation, 9
orthogonality relations, 42, 44
Osofsky theorem, 181
overmodule, 274

overring, 256

P

p-group, 18

P-space, 114

p-subgroup, 18

p-vector, 59

path algebra, 69, 205

permutation, 4

permutation group, 4

permutation representation, 28

permutationally irreducible matrix,
287

permutationally reducible matrix,
287

piecewise domain, 184

point of a quiver, 67



SUBJECT INDEX

polynomial ring, 55

poset of finite representation type,
114

poset of infinite representation type,
114

poset of tame representation type,
128

poset of wild representation type, 128

positive definite quadratic form, 82

positive matrix, 288

positive semi-definite quadratic form,
82

positively graded module, 54

primitive generator, 310

primitive matrix, 290, 366

principal character, 39

principal right module, 231

proper subgroup, 3

Q
Q-equivalent posets, 281, 296

QF-algebra, 169

QF-ring, 174

quasidihedral group, 8
quasi-Frobenius algebra, 169
quasi-Frobenius ring, 174
quasi-hereditary ring, 313
quiver, 67, 143, 225

quiver of finite type, 79
quiver of infinite type, 79
quiver of a Markov chain, 293
quiver of tame type, 79
quiver of wild type, 79
quotient group, 11

quotient representation, 136

R

radical of a quadratic form, 82
real root, 86

reduced exponent matrix, 265
reduced tiled order, 265
reducible character, 39
reducible representation, 31, 35

393

reduction algorithm of Nazarova-
Roiter, 131

reflexive module, 188

rejection lemma, 209

regular character, 39

regular dual representation, 137

regular Markov chain, 293

regular poset, 296

regular representation, 136

regular quiver, 367

relation in a group, 4

relatively injective lattice, 274

representation of an algebra, 135

representation of a group, 27

representation of a poset, 114

representation of a quiver, 74

representation of a species, 99

right 2-ring, 308

right adjacent class, 10

right coset, 10

right group action, 15

right hereditary ring, 231

right lattice, 257

right Kupisch series, 247

right regular representation, 29

right quiver of a ring, 225

right self-injective ring, 193

right semidistributive ring, 234

right serial bimodule, 227

right serial ring, 219, 224

right serial quiver, 236

right socular ring, 183

right weak global dimension, 221

ring of bounded representation
type, 141

ring of multipliers, 264

ring of polynomials, 55

ring of strongly unbounded represen-
tation type, 141

ring of unbounded representation
type, 141

ring with duality for simple modules,
190



394

Ringel resolution, 73
Roiter theorem, 147
root of a tree, 237
rotation, 9

rotation group, 8

S
second Brauer-Thrall conjecture, 141
semidistributive module, 234
semidistributive ring, 234
semilocal ring, 178
semiprimary ring, 313
semiprime ring, 305
semi-reflexive module, 188
separated diagram, 144
serial module, 219, 224
serial ring, 224
set of fixed points, 16
set of roots, 86
similar representations,

27, 28
simple cycle, 204
simple Dynkin diagrams, 79
simple group, 11, 21
simple path, 204
simple representation,

76, 137
simple root, 86
socle of a module,

163, 177
socular ring, 183
solvable group, 21
solvable length, 23
source vertex, 67
special linear group, 3
special tensor algebra, 66
species, 99
species of finite type, 100
splitting decomposition, 133
stabilizer, 16
standard numeration, 294
start vertex, 67
stochastic matrix, 293
strict vector, 82

SUBJECT INDEX

strongly dependent subset, 259
subgroup, 3
subrepresentation, 75, 136
subspace-finite poset, 114
subspace-infinite poset, 114
suitable pair of a poset, 132
symmetric algebra, 58, 165
symmetric bilinear form, 78
symmetric figure, 7
symmetric group, 4
symmetry, 7

symmetry group, 7

Sylow p-subgroup, 19
Sylow theorems, 14

T

tame algebra, 141

tame group, 48

target vertex, 67, 225

tensor algebra, 56, 57

tensor algebra of a bimodule, 60

tiled order, 255

Tits quadratic form, 78, 127

trace, 38

transfinite ascending Loewy series,
183

transition matrix, 293

transposition, 5

tree, 237, 238

triangular tiled order, 329

trivial representation, 28

trivial subrepresentation, 76

two-sided Peirce decomposition of an
ideal, 166

U

unimodular group, 3
unit subgroup, 3
upper bound, 256
upper central series, 24
upper cone, 130

upper semilattice, 256



SUBJECT INDEX

v
valued graph, 87
vertex of a quiver, 67

\)\%

weak dimension, 222

weakly non-negative quadratic
form, 127

weakly positive quadratic form, 127

weakly prime ring, 305

weakly symmetric algebra, 172, 279

Wedderburn-Artin theorem, 35

Wedderburn ring, 61

395

Weierstrass-Dedekind theorem, 36

width of a poset, 130, 259

width of a reduced exponent
(0,1)-matrix, 347

width of a tiled order, 261

wild algebra, 142

wild group, 48

Z

Zariski topology, 93
Zero, 2

zero-relation, 73

zero representation, 76



Name Index

A

Abel N.H., 49

Albamowicz R., 385

Alperin J.L., 385

Armstrong M.A., 385

Arnold D.M., 117, 154, 156, 385

Arnold V.I.,; 109

Assen 1., 214

Auslander M., 141, 155, 156, 202,
213, 214, 223, 252, 385

B

Bass H., 327, 381, 383

Bautista R., 141, 156

Bell A.D., 155, 156

Berstein I.N., 53, 93, 101, 102
Birkhoff G.D., 341

Blyth T.S., 385

Bondarenko V.M., 48-50, 154, 156
Bongartz K., 141, 155

Borel A., 110

Bourbaki N., 102

Brauer R., 47, 50, 154, 155, 212-214,
Brenner S., 154

Bretscher O., 214

Browder F.E., 111

Burgess W.D., 247, 252

Burnside W., 2, 49, 50

Butler M.C.R., 154

Byrnes C., 111

C

Cartan E., 100

Cartan H., 385

Cayley A.L., 2, 12, 49, 50, 136

Chatters A.W., 382, 383

Chernousova Zh.T., 323-325

Crawley-Boevey W., 93, 102

Curtis C.W., 173, 213, 214,
381-383, 385

397

D

Danlyev Kh.M., 317, 324, 325
Davis P.J., 248, 253

Dickson L.E., 34, 35

Dieudonné J., 213, 214
Dilworth R.P., 259, 323, 325
Dinh H., 214, 215

Dlab V., 89,90, 92, 99-102, 110,

145-147, 155,

156, 318, 325, 385
Dokuchaev M.A., 213, 215, 323-325
Donovan P., 98, 101, 102, 140,

153, 156, 252, 253
Donnelly R.G., 110
Drozd Yu.A., 48-50, 113, 128,

140, 142, 153-156, 252,

253, 382, 383, 386
Dugas M., 154, 156
Dulmage A.L., 368, 383

E

Eilenberg S., 100, 102, 201, 213,
215, 246, 252, 253, 385

Eklof P.C., 189

Erdmann K., 214, 215

Euler L., 49

F

Facchini A., 385

Faddeev D.K., 385

Faith C., 161, 202, 212, 215, 385

Fedorov E.S., 7, 50, 51

Freislich M.R., 98, 101, 102, 140,
153, 156, 252, 253

Friedom R., 110

Frobenius F.G., 1, 42, 50, 215,
288, 325

Fujita H., 308, 323, 325

Fuller K.R., 246, 247, 252, 253



398

G

Gabriel P., 53, 67, 93, 99-102,
110, 113, 114, 143-146,
155157, 386

Galois E., 49

Gantmakher F.R., 294, 295,
325, 383

Gel’fand 1.M., 53, 93, 101, 102

Gek M, 111

Goodearl K.R., 155, 156, 200, 215

Gordon R., 213, 215

Gorenstein D., 381, 383

Grassmann H., 100, 103

Green E.L., 101, 103, 146, 157,
205, 213, 215

Greferath M., 214, 215

Gubareni N.M., 252, 253

Gustafson W.H., 102, 103, 155,
157, 382, 383

H

Hajaruavis C.R., 382, 383

Hall M., 33, 51, 386

Hannula T.A.) 213, 215

Harary F., 253, 301, 325

Hazewinkel M., 111

Hesseling W., 111

Herstein 1.N., 33, 51, 312, 325,
366, 383

Higman D.G., 47, 51, 154, 157

Hochschild G., 65, 100, 101, 103

Hong J., 89, 92, 103

Huber-Dyson V., 387

Huhges D., 214, 215

1

Igusa K., 252

Tkeda M., 212, 215, 216
Ivanov G., 252, 253

J
Jacobson N., 386
James G., 386

NAME INDEX

Jans J.P., 66, 103, 154, 157,
247, 253

Janusz G., 252, 253

Jategaonkar V.A., 382, 383

Jordan C., 49

K

Kac V., 89, 92, 98, 101, 103,
107, 111

Kang S.J., 89, 92, 103

Kasch F., 213, 216, 386

Kemeny G., 292, 325, 386

Kerner O., 153, 157

Khibina M., 252, 253, 324, 384

Kirichenko V.V., 133, 154, 156,
160, 212, 213, 215, 216,
225, 252, 253, 314, 323-326,
382-384, 386

Kirkman E., 317, 326

Klein F., 5, 49

Kleiner M.M., 113, 116, 117, 130,
153, 154, 157

Kostrikin A.I., 294, 326

Kraft H., 111

Krause H., 154

Kronecker L., 49, 50

Krugliak S.A., 154, 157

Kupisch H., 213, 214, 216

Kuzmanovich J., 317, 326

L

Lady E.L., 154

Lagrange J.L., 49, 51

Lam T.Y, 386

Léser C., 214

Levitzki J., 196

Liebeck M., 386
Lopez-Permouth S.R., 214, 215
Lorentz H.A., 10

M

MacLane S., 386

Malle G., 111

Maschke H., 31, 34, 50, 51



NAME INDEX

Martin C.F., 111
McConnell J.C., 386
Mekler A.H., 189
Mendelsohn N.S., 368, 383
Menon M.V., 369, 384
Miroshniczenko S.G., 324
Mitchell B., 386

Molien T., 1, 35

Moody R.V., 107, 111
Morita K., 214, 216
Morgan J.W., 110
Mobius A., 49

Murase 1., 225, 253
Miiller B., 212, 214, 216

N

Nakayama T., 66, 103, 154, 157,
169, 177, 201, 212, 213,
215, 216, 224, 246,
247, 253

Nazarova L.A., 98, 101, 103, 113,
129, 130, 140, 153, 154,
156, 158, 159

Nechaev A., 215

Nehring J., 214, 216, 217

Nesbitt C., 212-214, 217

Nicholson W.K., 386

Nishida K., 384

Noether E., 1, 50

Northeott D.G., 213, 217, 386

(0}

Okninski J., 386

Osborne M.S., 386

Oshiro K., 212, 217

Osofsky B., 193, 200, 213, 217, 386
O’Sullivan ML.E., 214, 215
Ovsienko S., 90, 101, 103

P

Palmer E.P., 253
Passman D.S., 386
Perron O., 288, 326
Poincaré H., 10

399

Ponomarev V.A., 53, 93, 98,
101, 102
Puninski G., 386

R

Reiner 1., 173, 213, 214,
381-383, 385

Reiten 1., 385

Richman F., 117, 156

Riedtmann C., 111, 213, 214, 217

Rim S., 212, 217

Ringel C.M., 73, 89, 90, 92, 93,
99-104, 110, 145-147,
154-156, 159, 318, 325,
385, 386

Robson J.C., 386

Roganov Yu.V., 101, 104

Roggenkamp K.W., 318, 326, 329,
383, 384, 387

Roiter A.V., 90, 103, 110, 113, 114,
130, 140, 141, 147, 153-155,
158, 159, 382-384, 386

Romanovsky V.Yu., 101, 104

Rosenberg A., 100

Rotman J., 387

Rowen B.B., 385, 387

Rump W., 324, 326

S

Sagan B.E., 387

Sakai Y., 325

Sandomerski F.L., 200, 217
Schoenflies A., 7, 51

Schur 1., 1, 50, 51

Sehgal S.K., 387

Serre J.-P., 31, 51
Shkabara A.S., 101, 104
Sierma D., 111

Simson D., 154, 159, 387
Singh S., 252, 253
Skowronski A., 214, 215, 217
Small L.W., 213, 215
Smalg, S.O., 385

Snell J.1., 292, 325, 386



400

Sobczyk G., 385
Stenstrom B., 387
Sylow P.L.M., 14, 50, 51

T

Tachikawa H., 155, 159, 216, 252,
253, 387

Tarsy R.B., 324, 326, 382, 384

Taylor M., 387

Thrall R., 154, 159, 214, 217

Tits J., 93

Todorov G., 252

Trotler W.T., 387

Tuganbaev A.A., 387

v
Valio S., 216
Vandermonde A., 49
Veldkamp F.D., 111
Villamayor O., 220
Vinberg E.B., 106, 111
Vinsonhaler C., 154
Voss E.R., 247, 252

\)\%

Wakimoto M., 111

Walker E.A., 161, 202, 212, 215
Wan Z.X., 88, 89, 92, 104, 111

NAME INDEX

Warfield R.B., 225

Waschbiisch J., 214, 215,
217, 387

Webb P., 111

Weber H., 50, 51

Weidemann A., 318, 326

Weil H., 1

Wilson G., 252, 253

Wisbauer R., 215

Wood G., 214, 217

Y

Yaremenko Yu.V., 216, 325

Yoshii T., 101, 104, 154,
159, 160

Young A., 1

Yousif M., 212, 218, 386

Z

Zacharia D., 252, 253

Zaslow E., 111

Zavadskij A.G., 101, 104, 130, 133,
134, 153-156, 159, 160,
314, 323, 326, 383, 384

Zelensky A.V., 325, 326

Zelinsky D., 100, 102

Zhuravlev V.N., 324-326

Zimmermann-Huisgen B., 247, 252



