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Preface

The aim of this monograph is quite modest: It attempts to be a systematic exposition of all that
appeared in the literature and was known to us by the end of the 20th century about the Laplace
distribution and its numerous generalizations and extensions. We have tried to cover both theoretical
developments and applications. There were two main reasons for writing this book. The first was our
conviction that the areas and situations where the Laplace distribution naturally occurs is so extensive
that tracking the original sources is unfeasible. The second was our observation of the growing demand
for statistical distributions having properties tangent to those exhibited by the Laplace laws. These
two “necessary”’ conditions justified our efforts that led to this book.

Many details are arranged primarily for reference, such as inclusion of the most commonly used
terminology and notation. In several cases, we have proposed unification to overcome the ambiguity
of notions so often present in this area. Personal taste may have done some injustice to the subject
matter by omitting or emphasizing certain topics due to space limitations. We trust that this feature
does not constitute a serious drawback—in our literature search we tried to leave no stone unturned
(we collected over 400 references).

Because we view this monograph as a textbook, the exposition in the earlier chapters proceeds
at a rather pedestrian pace and each part of the book presupposes all earlier developments. A slightly
more advanced approach is taken in the second part of the book, where quite a few of our results
appear in print for the first time.

The exercises are supposed to be an integral part of the discussion, but a number of them are
intended simply to aid in understanding the concepts employed.

The monograph should be read (and studied!) with the constant reminder that it aims to provide
an alternative to the dominance of the “normal” law (the eponymous “Gaussian distribution’”) that
reigned almost without opposition in statistical theory and applications for almost two centuries.

We have tried to make sufficiently precise statements while striving to keep the mathematical
level of the book appealing to the widest possible readership—including users of distribution theory
in various applied sciences. We hopefully did not overplay the simplicity card so popular among
expositors of probabilistic and statistical concepts in the last two decades or so. The prerequisites are
calculus, matrix algebra, and familiarity with the basic concepts of probability theory and statistical
inference. As always, the most desirable prerequisites for books of this kind are ill-defined quali-



xii Preface

ties of mathematical sophistication and understanding of the intricate nature of somewhat elusive
probabilistic reasoning.

Since so much of this book is a synthesis of other people’s work, the text and the extensive bib-
liography (which reflects the rich diversity of sources) must stand as an expression of our intellectual
gratitude to the pioneers and contributors to the subject matter of the monograph. Special thanks are
due to librarians at the George Washington University (first and foremost Mrs. Debra Bensazon),
Indiana University—Purdue University, Indianapolis, the University of California at Santa Barbara,
and the University of Nevada at Reno, who generously assisted us in digging out sources related to
Laplace distributions. Modern communication technology has helped us overcome the problem of the
“academic geography’’ among the authors located at opposite corners of the United States and at its
geographical midpoint. We tender our very warm thanks to Ann Kostant and Tom Grasso, our editors
at Birkhatiser Boston, for their efficient, expeditious, and meticulous handling of the production of
this monograph.

We hope that this work will trigger additional theoretical research and provide tools that will
generate further fruitful applications of the distributions presented in various branches of life and
behavioral sciences. It is the applications that provide the special vitality to probabilistic laws that in
our opinion are of permanent interest on their own from both mathematical and conceptual aspects.
We wish our readers a pleasant and instructive journey as they travel leisurely or rapidly through
the text.

S.K.
Washington, D.C.

T.J K.
Reno, Nevada

K.P.
Indianapolis, Indiana

July, 2000
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A
Al

AL®, p,0)
AL(p, o)
AL(w)
AL* 0, K, 0)

AL*(k, o)
AL* (k)
ALy(m, X)

ALM(u, o, v)
BAL(my, m2, 01,02, p)
Beta(a, 8)

BSL(o1, 02, p)
CL(,s)

Dp

the transpose of a matrix A

the determinant of a square matrix A

univariate AL law with mode at #, mean 6 + u, and variance u? + o2
univariate AL law with mode at zero, mean ., and variance u? + o2
standard univariate AL law with mode at 0, mean y, and variance u? + 1

univariate AL law with mode at 6, skewness parameter «, and scale param-
eter o

univariate AL law with mode at 0, skewness parameter «, and scale param-
eter o

standard univariate AL law with mode at O, skewness parameter «, and
scale parameter 1

d-dimensional asymmetric Laplace distribution with mean m and variance-
covariance matrix ¥ + mm’

asymmetric Laplace motion

bivariate asymmetric Laplace distribution

Beta distribution with parameters « and B

bivariate symmetric Laplace distribution

classical Laplace distribution with mean 6 and scale parameter s

the Kolmogorov statistic
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D
EX
Ei(x)
ECy(m, X, g)
G(a, B)
G(a)
GAL®, u,0,1)

GAL(u, 1)
GAL*O,k,0,T)
GAL*(k, T)

gALd(m’ za S)
GIG(A, x, ¥)
GSq (o, B, 1)

Hy(A, 2, B,8, u, X)
Iy

1(6)

Ji

K

L@, o)

Lo,o

LM(o,v)

log

N(p, 0%
Ng(m, X)

the Smirnov one-sided statistic

the expected value of a random variable X

the exponential integral function, F(x) = fxoo ft:dt, x>0
elliptically contoured distribution

gamma distribution with shape parameter « and scale parameter
standard gamma distribution with scale parameter 1

generalized asymmetric Laplace distribution (Bessel K -function distribu-
tion, variance-gamma distribution) with parameters 6, u, o, T

standard generalized asymmetric Laplace distribution (the GAL(O, w, o, T)
distribution with® =0and o = 1)

generalized asymmetric Laplace distribution (Bessel K -function distribu-
tion, variance-gamma distribution) with parameters 6, «, o, T

standard generalized asymmetric Laplace distribution (the GAL* (9, k, o, T)
distribution with® = 0and o = 1)

d-dimensional generalized Laplace distribution
generalized inverse Gaussian distribution

geometric stable distribution with index «, scale parameter o, skewness
parameter B, and location parameter w; in particular, G Sy (0, 0,0) = Ly o,
GSy(s5,0,0) = CL(0, 5), GS2(c/v2, B, ) = AL, u, o)

d-dimensional generalized hyperbolic distribution
d-dimensional identity matrix

the Fisher information about 6

the Bessel function of the first kind of order A

the modified Bessel function of the third kind with index A
Laplace distribution with mean 6 and variance o2

Linnik distribution with index « and scale parameter o

symmetric Laplace motion with space-scale parameter o and time-scale
parameter v

natural logarithm
the set of natural numbers
normal distribution with mean p and variance o2

d-dimensional normal distribution with mean vector m and variance-co-
variance matrix X
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o(l)

R

Rd
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SL4(X)
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Sa

sign(x)
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¢

U@

Var(X)

X ~CL®,s)
([x1]
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Notation Xvii

f(x) = o(g(x)) as x — xo means that f(x)/g(x) converges to zero as
X — X0

f(x) = o(1) if the function f converges to zero

f(x) = O(g(x)) asx — xo means that | f(x)/g(x)| is bounded for x close
to xo

f(x) = O(1) if the function f is bounded
the set of real numbers

d-dimensional Eucledean space

the real part of z

d-dimensional symmetric Laplace distribution with mean zero and variance-
covariance matrix X

the inner product of the vectors s and t
unit sphere in R?: {s € R? : ||s|| = 1}
lforx >0,—1forx <0,0forx =0
(t't)!/2 — the Euclidean norm of t € R¢
the transpose of a column vector t
uniform distribution on Sy

the variance of a random variable X

X has the distribution CL(9, s)

the greatest integer less than or equal to x
the kth smallest of x1, x2, ..., x,

xifx >0,0ifx <0

—xifx <0,0ifx >0

indicator function of the set A
convergence with probability one
convergence in probability

convergence in distribution

equality of distributions
the coefficient of skewness
the coefficient of kurtosis (excess kurtosis)

the gamma function, I' (@) = f(;)o x* le™*dx



Xviii Notation

kn(X)
X2
Hn(X)
Vp

the nth cumulant of a random variable X
chi-square distribution

the nth central moment of a random variable X
geometric random variable with mean 1/p

Kronecker’s symbol: 1 if i = j; 0ifi # j
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Historical Background

Over 75 years ago in a paper that appeared in the 1923 issue of the Journal of American Statistical
Association (pp. 841-852) entitled “First and Second Laws of Error,” the late professor and head of
vital statistics at the Harvard School of Public Health, Edwin Bidwell Wilson (1879-1964)! concurs
with economics professor W.L. Crum’s conclusions expressed in a paper published in the same journal
in March 1923, entitled “The Use of the Median in Determining Seasonal Variation” (pp. 607-614)
that ““a good many series of data from economic sources probably may be better treated by the median
than by the mean.”” These remarks may be viewed as revolutionary at the period of unquestionable
dominance of the arithmetic mean and normal distribution in statistical theory. E.B. Wilson reminds
us that the first two laws of error both originated with P.S. Laplace. The first law, presented in 1774,
states that the frequency of an error could be expressed as an exponential function of the numerical
magnitude of the error, disregarding sign, or equivalently that the logarithm of the frequency of an
error (without regard to sign) is a linear function of the error.

The second law (proposed four years later in 1778) states that the frequency of the error is an
exponential function of the square of the error, or equivalently that the logarithm of the frequency is
a quadratic (parabolic) function of the error. See Figure 1.1.

The second Laplace law is usually called the normal distribution or the Gauss law. Wilson —
among several other scholars — doubts the attribution of that law to Gauss and remarks that Gauss
“in spite of his well-known precocity had probably not made his discovery before he was two years
old.” He notes that there are excellent mathematical reasons for the far greater attention that has
been paid to the second law, since it involves the variable x2 (if x is the error) and this is “subject to
all the laws of elementary mathematical analysis,”” while the first law involving the absolute value
of the error x is not an analytic function and presents considerable mathematical difficulty in its
manipulation.

Next, however, E.B. Wilson states that the frequency we actually meet in everyday work
in economics, biometrics, or vital statistics often fails to conform closely to the so-called normal

Iwilson’s name is known to many statisticians in view of the so-called Wilson—Hilferty transformation (see Wilson, E.B.
and Hilferty, M.M., Proc. Nat. Acad. Sci., 17, pp. 684-688) —a device that allows the use of a normal approximation for
chi-square probabilities.
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0

Figure 1.1: On the left, Laplace’s first frequency curve F = £e~**I_ On the right, Laplace’s second
q 3 g
(Gauss’s) frequency curve: F' = 21 e=**/29” Each curve should be reproduced symmetrically on

o
the other side of the central vertical line. The figure is taken from Wilson’s 1923 paper. Reprinted
with permission from the Journal of the American Statistical Association. Copyright 1923 by the
American Statistical Association. All rights reserved.

distribution. He points out that the fact that in extraordinarily precise measurements of astronomy
of position the errors are dispersed about the mean in accordance with the Gauss law and that the
dispersion of shots in artillery and small arms practice are covered very well by the generalization of
this law are ““no justification for attempting to force the (normal) law with its various generalizations
upon the data for which it is not fitted.”” Wilson emphasizes that it is important to examine the actual
data for the purpose of determining the proper statistical treatment, and “it is by no means safe to
rush ahead and apply the second law of Laplace or the various extensions of it developed by the
Scandinavian School on the one hand (Gram, Charlier) or the (British) Biometric School (Pearson,
Yule) on the other.” He analyzes the example provided by Crum (Table 1.1).

He also notes that for the normal distribution if ¢; denotes a deviation? from a mean and S;
denotes the mean deviation, S; denotes the mean square deviation, etc., namely,

nSi =Ze,~, nS%:Zeiz,

3 4 4
nS3y = e?, nS, = e

i

the ratios S; ought to satisfy
S1:8:83:84=1.000:1.253:1.465:1.645.

Commenting on these ratios, Wilson echoes and modifies Bertrand’s famous dictum (“if these
equalities are not satisfied — someone has retouched and altered the immediate results of experi-
ment”’) and asserts that “when confronted with data that do not satisfy this continued proportion — it
is very obvious that the data are not distributed in frequency according to the second law (with some

2Deviation here means absolute deviation.
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Deviation | Frequency || Deviation | Frequency || Deviation | Frequency

*Over —30 2 —11 6 6 13

-30 1 —10 3 7 8

-29 1 -9 S 8 6

—28 1 -8 11 9 5

—24 1 -7 6 10 2

=23 1 -6 23 11 4

—-22 1 -5 10 12 3

-21 2 —4 13 13 1

-20 1 -3 19 14 2

—19 2 -2 9 15 1

—18 2 -1 11 16 1

—17 2 0 28 17 1

—16 2 1 22 18 2

—15 1 2 22 23 1

—14 3 3 13 24 1

—13 6 4 19 28 1

-12 3 5 13 tOver 30 7
*—32, —37. 134,35, 35,41,41, 42, 45.

Table 1.1: Crum’s data: Frequencies of deviations from the medians (N = 324 total frequency).

latitude of departure from the straight proportion must be permitted).”” Now for the data supplied by
Crum, we have approximately

S$1=7.0,8 =103,83 =13.8, 54 = 17.0;

thus the ratios are
1:15:20:24,

a far cry from those to be obeyed based on the normal distribution. The spread is just too wide, and
no reasonable allowance for the behavior of probable errors can produce such great a spread.

On the other hand, applying the first law of Laplace, where the frequency varies as e~* (d
is the numerical value of the deviation), we obtain after some “annoying’ calculations involving
calculus the theoretical values

S$1:82:83:54=1.000:1.414:1.817:2.213.

Wilson justifiably asserts that the distribution in frequency of the data is much nearer Laplace’s first
law than the second, and it is no longer reasonable to maintain that the differences are within the
presumptive errors due partly to the scarcity and irregularity of material.

However there is “a little evidence” that the observations are more dispersed than they would be
even under the first law. To account for possible asymmetry Wilson suggests the classical graphical
method representing the frequency law as

1
= —Nke™,
f 5 Ke
where N = 324, the deviation is x and the number n of deviations beyond a given value x is

o 1
n=/ fdx = —Ne ™ ~.
o 2
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Hence,
1
loggn = log;g <§N) — (k logjg€)x

plots as a straight line on the so-called arith-log paper with x as abscissa and n the ordinate. Since
for the first law of Laplace « = 1/60, where 6 is the mean deviation, it is reasonable to choose
# = S = 7.0. (The values of 9 calculated from the four S’s are 7.0, 7.3, 7.5, and 7.7.) A fair
representation of the distribution of the data is given by f = 23e™*/7 (recall that we are using
the absolute value of x — the numerical value of deviation) and the arith-log chart constructed for
the first Laplacian law like the probability chart for the Gaussian law was also based on the total
integrated frequency outside a certain limit. Figure 1.2 presents a probability plot— a chart in which
the ordinates are the percentage of deviations that are less than (left scale) or greater than (right scale)
a given deviation plotted as an abscissa— under the assumption of the Gaussian law, namely if the
Gaussian law had been followed the line would have been straight.

Evidently the Gaussian fit is inadequate. The straight line fitted to the four central points results
in no deviation in the observations greater than +20 and smaller than —19. For comparison the arith-
log chart constructed for the first Laplacian law is presented in Figure 1.3. On this chart, the points
(7, x) are represented for the number of empirical deviations 7 beyond x and compared to the graph
of logign = log;o(N/2) — (k log;o €)x. Examining the chart, Wilson asserts: “This chart shows on
arith-log paper the number of deviations as ordinates greater than the values given as abscissae. If
Laplace’s first law holds, the points should lie on a straight line. The lowest set of points and the
lowest line are for the negative deviations (left scale), and for them the law holds as well as could be
desired. The top line and set of points are for the positive deviations; the fit to the straight dotted line
is bad (right scale). The middle line and set of points are for positive and negative deviations taken
together (left scale) without regard to sign, and the fit is fair — better than for the (Gaussian) curve”
(in Figure 1.2).

Wilson concludes by stating that these data give internal evidence of following Laplace’s first
law instead of his second law and should be fitted to that law.

In spite of the prestige of the journal in which the paper appeared and the prominence of
the author, Wilson’s plea remained a call in the wilderness for over five decades and only recently
attention has been shifted to Laplace’s first law, known as the Laplace distribution or occasionally
double exponential distribution, as a candidate for fitting data in economics and health sciences.

For many years the Laplace distribution was a popular topic in probability theory due to the
simplicity of its characteristic function and density, the curious phenomenon that a random variable
with only slightly different characteristic function loses the simplicity of the density function and
other numerous attractive probabilistic features enjoyed by this distribution.

Perhaps one of the earliest sources in which the Laplace distribution is discussed as a law of
errors in the English language is the 1911 paper by the famous economist and probabilist J.M. Keynes
in the Journal of the Royal Statistical Society, 74, New Series, pp. 322-331.

With his usual lucidity, Keynes discusses the probability of a measurement x,, assuming the
real (actual) value to be a;, as an algebraic function f (x4, as), the same function for all values of
x4 and a; “within the limits of the problem.” The task is to find the value of a;, namely x, which

maximizes
m
n f(xg, x).
g=1

This is equivalent to solving

Z f (xqsx)
f(xqv x)
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Figure 1.2: Probability plot for Crum’s data discussed in Wilson’s article. Reprinted with permission
from the Journal of the American Statistical Association. Copyright 1923 by the American Statistical
Association. All rights reserved.

or Y. fé /fq = 0 for brevity. Now, the law of errors determines the form of f (x4, x) and the form
of f(x4, x) determines the algebraic relation ) f‘; /fq = 0 between the measurements and the most
probable value. Keynes analyzes several situations.

1. If the most probable value of the quantity is equal to the arithmetic mean of measurements

1 \m
m 4t«gq=1

xg4, then ) fq’ /fq = Ois equivalent to ) (x — x4) = 0. Thus, fé /fq can be written

as ®”(x)(x — x4), where ®”(x) is a nonzero function independent of x,. Integrating, we get

log fq = d)/(x)(x _xq) - d(x) + “I’(xq)v
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Figure 1.3: Arith-log chart for the first Laplace law using Crum’s data. Reprinted with permission
from the Journal of the American Statistical Association. Copyright 1923 by the American Statistical
Association. All rights reserved.

where W (x,) is a function independent of x. Thus,

fa= e P D (x—xg) =P (X)+V (xg)
Setting $(x) = —k2%x? and V(xg) = —/czxg + log A we obtain
fq = Ae™ =5 — pemr]

(where y, is the absolute magnitude of the error in the measurement x,) the so-called normal
law.

Keynes emphasizes that this is only one “amongst a number of possible solutions’ but notes
that with one additional assumption this is the only law of error leading to the arithmetic mean.
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The assumption is that negative and positive errors of the same absolute amount are equally
likely.

Indeed in that case f; will be of the form Bef =5 where 0([x — x4]?) is the value of a
certain real function § evaluated at (x — x4)%. We have

D (x)(x — xq) — D(x) + W (xg) = 0([x — x4]°)

or

D" (x) =2 0([x — x41%)

d(x — xq)?

and
d

d—(xT)f’-e([x — x5 = —«?,
q

where « is a constant since ®”(x) is independent of xg4. Thus,
0([x — x41%) = —«%(x — x4)> + log C

and
fq = Ae_xz(x_x")z,
with A = BC.

2. Next Keynes discusses in detail the case of the law of error if the geometric mean of the
measurements leads to the most probable value of the quantity. This yields

x \** er
fq = A - e .
Xq

Keynes then compares this with the earlier derivation obtained by D. McAlister in the Pro-
ceedings of the Royal Society, 29 (1879), p. 365:

fy = Ae"‘2 10g2(xq/x)’

the well-known log-normal law.

He also notes that J.C. Kapteyn in his monograph Skew Frequency Curves, Astronomical
Laboratory, Groningen (1903), obtained a similar result.

3. Next he discusses the law of errors implied by the harmonic mean leading to
fq= Ae™ Vil
Here positive and negative errors of the same absolute magnitude are not equally likely.

4. Keynes now poses the question:

If the most probable value of the quantity is equal to the median of measurements, what is the
law of error?

For this purpose he defines the median of observations and notes its property originally proved
by G.T. Fechner (1801-1887),3 who first introduced median into use: “If x is the median of a

3In his book Kollektivmasslehre, W. Englemann, Leipzig, 1897.
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number of magnitudes, the sum of the absolute differences (i.e., the difference always reckoned

positive) between x and each of the magnitudes is a minimum.” Now write |x —x4| = y,. Since
X—Xq
Yq

3L ¥q is to be minimum we must have Z;":l = 0. Whence proceeding as before, we

have s
Aol Tt Wdx+ (xg)

Je q =
The simplest case of this is obtained by putting

X — Xgq

d"(x) = —k2, W(x,) = k2xg,

q

whence
fq= AeKl—xql — pe=K¥q,

This satisfies the additional condition that positive and negative errors of equal magnitude are
equally likely. Thus in this important respect the median is as satisfactory as the arithmetic
mean, and the law of error that leads to it is as simple. It also resembles the normal law in that
it is a function of the error only, not of the magnitude of the measurement as well.

Keynes’s (1911) analysis of Laplace’s contribution to the first law of error is worth reproducing
verbatim.

“The median law of error, f; = Ae‘kzyq , Where y, is the absolute amount of the error always
reckoned positive, is of some historical interest, because it was the earliest law of error to be
formulated. The first attempt to bring the doctrine of averages into definite relation with the
theory of probability and with laws of error was published by Laplace in 1774 in a memoir ‘Sur
la probabilité des causes par les événements.” * This memoir was not subsequently incorporated
in his Théorie Analytique and does not represent his more mature view. In the Théorie he drops
altogether the law tentatively adopted in the memoir, and lays down the main lines of the
investigation for the next hundred years by the introduction of the normal law of error. The
popularity of the normal law, with the arithmetic mean and the method of least squares as its
corollaries has been very largely due to its overwhelming advantages, in comparison with all
other laws of error, for the purposes of mathematical development and manipulation. And in
addition to these technical advantages, it is probably applicable as a first approximation to
a larger and more manageable group of phenomena than any other single law.> So powerful
a hold indeed did the normal law obtain on the minds of statisticians that until quite recent
times only a few pioneers have seriously considered the possibility of preferring in certain
circumstances other means to the arithmetic and other laws of error to the normal. Laplace’s
earlier memoir fell, therefore, out of remembrance. But it remains interesting, if only for the
fact that a law of error there makes its appearance for the first time.”

Laplace (1794) sets himself the problem in a somewhat simplified form:

“Déterminer le milieu que I’on doit prendre entre trois observations données d’un méme
phénomeéne.” He begins by assuming a law y = ¢ (x) for an error, where y is the probability
of an error x; and finally by means of a number of somewhat arbitrary assumptions (our
emphasis), arrives at the result ¢(x) = (m/2)e~™*. If this formula is to follow from his
arguments, x must denote the absolute error, always taken positive. It is unlikely that Laplace
was led to this result by considerations other than those by which he attempts to justify it.

4Mémoires présentés a I’Académie des Sciences Paris, Vi, pp. 621-656.
5We would add that the Central Limit Theorem should also be credited for this popularity.
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“Laplace, however did not notice that his law of error led to the median. For instead of finding
the most probable value, which would have led him straight to it, he seeks the “mean of
error’— the value, that is to say, which the true value is as likely to fall short of as to exceed.
This value is, for the median law, laborious to find and awkward in the result. Laplace works
it out correct for the case where the observations are no more than three.”

5. Finally Keynes deals with the case where the law of errors leads to a mode without providing
an explicit solution and concludes with a discussion of the most general form of the law of
errors when it is assumed that positive and negative errors of the same magnitude are equally
probable.

He emphasizes that the most general form leading to the median is

f _Ae¢’(x)%i+\y(xq)
q — ’

where f; is the probability of a measurement x, given that the true value is x.

Stigler (1986a) provides a somewhat different assessment of Laplace’s 1774 memoir. He
presents an English translation of the memoir (whose English title is Probability of the Causes
of Events) and points out that Laplace was just 25 years old when the memoir appeared and that it
was his first substantial work in mathematical statistics.

For readers interested in history, it is worthwhile to reproduce Laplace’s elegant and ingenious
derivation of what is now referred to as the Laplace distribution. We reproduce his illustrative Figure 2
depicting his error distribution (our Figure 1.4). Here V represents the true value of the location
parameter (in modern terminology). Denoting by ¢ (x) the probability density of the deviation x of
an observation from V, in his attempt to determine this function Laplace argues as follows:

R
\M\ M
0 \
K % p P

Figure 1.4: An illustration (Figure 2) from Laplace’s 1774 memoir.

“But of an infinite number of possible functions, which choice is to be preferred? The following
considerations can determine a choice. It is true (Figure 1.4) that if we have no reason to suppose the
point p more probable than the point p’, we should take ¢ (x) to be constant, and the curve O RM’
will be a straight line infinitely near the axis K p. But this supposition must be rejected, because if we
suppose there existed a very large number of observations of the phenomenon, it is presumed that they
become rarer the farther they are spread from the truth. We can also easily see that this diminution
cannot be constant, that it must become less as the observations deviate more from the truth. Thus not
only the ordinates of the curve RM M’, but also the differences of these ordinates must decrease as
they become further from the point V, which in this Figure we always suppose to be the true instant
of the phenomenon. Now, as we have no reason to suppose a different law for the ordinates than for
their differences.S it follows that we must, subject to the rules of probabilities, suppose the ratio of

61t is important to note that Laplace is talking here about the difference of the probability density function, not of the
observations, i.e., this crucial assumption does not impose that the difference of observations should be distributed in the same
way as observations themselves (which is not true for the Laplace distribution).
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two infinitely small consecutive differences to be equal to that of the corresponding ordinates. We
thus will have

dp(x +dx) ¢ + dx)

de(x) ¢

Therefore 4
%) mp),

X

which gives ¢ (x) = Ce™™*. Thus, this is the value that we should choose for ¢ (x). The constant
C should be determined from the supposition that the area of the curve O RM equals unity which
represents certainty, which gives C = m/2. Therefore ¢ (x) = (m/2)e™™*, e being the number
whose hyperbolic logarithm is unity. One can object that this law is repugnant in that if x is supposed
extremely large, ¢ (x) will not be zero, but to this I reply that while e™™* indeed has a real value of
all x, this value is so small for x extremely large that it can be regarded as zero.”

Keynes quite justifiably mentions “a number of somewhat arbitrary assumptions” in Laplace’s
argument. Nevertheless the argument involves several potent ideas. Books by Stigler (1986b) and
Hald (1995), and also an article by Eisenhart (1983) contain more rigorous derivations as well as
valuable revealing comments.

An interesting “applied’ genesis of the Laplace distribution was presented in Mantel and Paster-
nack (1966) [see also Rohatgi (1984), Example 4, p. 482]. We present it together with a representation
of Laplace random variables as the determinant of a random matrix.

Let X; and X, represent the lifetimes of two identical independent components, an original
and its replacement. Suppose that we require the probability that the replacement outlasts the original
component. Thus

P(X,>X1)=PX2— X1 >0)=1/2.

Let us assume that lifetimes are distributed exponentially with common mean A and compute
the density of Z = X, — X. Since Z is a symmetric random variable it is enough to compute the
density for z > 0. For z > 0, the density of the difference of X, and X is given by

o0
fz(@) =/ A Tlem M lem @R Agx = (2a)Tlem A,
0

and thus forz € R
fz(2) = @r)"le A,

We have a verbal proof of this result. Consider two idealized light bulbs in use simultaneously.
We are interested in the distribution of the difference in their failure times. Once one bulb fails, the
remaining bulb, being as good as new, will have a remaining lifetime given by the standard waiting
time distribution (exponential). With probability 1/2, the first failure will correspond either to the
first or the second lifetime distribution (exponentials) so that the difference in failure times will
be positive or negative with equal probabilities and in each case with absolute value following the
standard waiting time distribution, i.e., the exponential.

Since a standard exponential random variable multiplied by two has the chi-square distribution
with two degrees of freedom, the arguments above show that Z is distributed as half of the difference
of two independent chi-square random variables each with two degrees of freedom.

On the other hand, if Z1, Z», Z3, and Z4 are independent standard normal random variables, it is
easy to see that the distribution of Z is the same as that of Z| Z, + Z3Z4. Indeed, U; = (X1 + X2)/2,
Uy = (X1 — X2)/2,Us = (X3 + X4)/2, Us = (X3 — X4)/2 are independent normal variables with
variance 1/2. Thus,

X1X2 + X3X4 = (U} + U) — (U + UD),
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which has the same distribution as a difference of two independent x 2 (chi-square) random variables
each with two degrees of freedom.

In general, sums or differences of n normal products — each of two factors— will be distributed
like 1/2 of the differences of two independent x? each with n degrees of freedom, and if n is even
this is an n/2-fold convolution of the Laplace distribution. These sums of n products correspond to
the sample covariance for bivariate normal samples when the correlation is zero.

To recapitulate, the error distribution, nowadays referred to as the Laplace distribution or the
double exponential distribution, originated in Laplace’s 1774 memoir. Historically, it was the first
continuous distribution of unbounded support. Although since its introduction the distribution has
been occasionally recommended as a better fit to certain data, its popularity is unjustifiably by far
less than that of its four-years-older “sibling” — Laplace’s second law of error — better known in
the English language literature as the Gaussian (normal) law.

This monograph is devoted to collecting and presenting properties, generalizations, and appli-
cations of the Laplace distribution with a tacit aim of demonstrating that it is a natural and sometimes
superior alternative to the normal law. We hope to convince readers that this class of distributions
deserves more attention than it has received until very recently.



2

Classical Symmetric Laplace Distribution

In the course of our study of the Laplace distribution and its generalizations we have noticed that
quite often in the statistical literature this distribution is used not on its own merits but as a source
for counterexamples for other (mainly normal) distributions. It would seem that it has been created
solely to provide examples of curiosity, nonregularity, and pathological behavior. In studies with
probabilistic content, the distribution serves as a tool for limiting theorems and representations with
the emphasis on analyzing its differences from the classical theory based on the “‘sound” foundations
of normality. One gets the impression that the “sharp needle” at the origin of the Laplace distribution
where the bulk of the density is concentrated generates a ripple effect that affects the behavior over
its whole support including the tails.” These observations prompted us to initiate a detailed study of
the Laplace distribution on its own merits without constant intruding comparisons and analogues.

In Table 2.1 and Figure 2.1, reproduced from Chew (1968), we present definitions and graphs of
the six classes of symmetric-about-zero, single-parameter distributions: uniform, triangular, cosine,
logistic, Laplace, and normal. Values of the distribution functions are given in Table 2.2. The graphs
of their densities for cases of the unit variance convincingly demonstrate the basic features and, in
particular, the special position of the Laplace distribution with its towering peak and heavy tails.

Leptokurtic tendencies (see Section 2.1.3.4 for more details) are frequently found among mea-
surements of superior quality and homogeneity. A leptokurtic Laplace curve presents a visible peak:
in the vicinity of the center there is a certain excess of (small) elements. As the area under the curve
is the same as the area under the normal curve, the peak is counterbalanced by a corresponding
diminution of frequencies in the intermediate regions further from the center (tails). Generally, there
is an overcompensation so that the leptokurtic curve crosses the normal curve four times, first near
the peak and then again at the tails, and tends toward the x-axis by staying slightly above the normal
curve.

TTails of a random variable X are the probabilities P(X < —x) and P(X > x), x > 0. The asymptotic behavior of these
functions of x is often referred to as the tail behavior of X, or its distribution.
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NAME DENSsITY FUNCTION DISTRIBUTION FUNCTION VARIANCE
1 e ) 0, x <-—a )
X —a,a
UNIFORM 2a’ ’ —}“ X x€(—a,a g
0, elsewhere 1“ ‘> (a ) Kl
b 0, x < —b
X  xe[-b0 2
2 (=5, 0] b’ e [~b,0] 2
TRIANGULAR —bzl, x €(0,b] )2 T
0, elsewhere -5 *¢ ©.5]
1, x>b
0 x < -7
1+cosx s
, X €[-m ] : 72-6
COSINE 7 T—” Txtsinx €[-m, =
0, elsewhere i ;:_ <[x ]
2 1 2
LOGISTIC ﬂﬂ(‘ﬂ Tre-572 ﬁ’_'l’éL
2cx 2 0
LAPLACE ce—2¢lx| le e—/Zc;x i :0 -2—3.2-
2
_L_—x%2 x L_—u"/24y
NORMAL e oo T 1

Table 2.1: Densities and distribution functions of some symmetrical probability distributions. Re-
produced from Chew (1968). Reprinted with permission from The American Statistician. Copyright
1968 by the American Statistical Association. All rights reserved.

2.1 Definition and basic properties

2.1.1 Density and distribution functions. The classical Laplace distribution (also known as the
first law of Laplace) is a probability distribution on (—00, 00), given by the density function

1
f(x;0,s) = 2—e—"‘—"'/‘, —00 < x < 00, (2.1.1)
A)

where § € (—o0, 00) and s > 0 are location and scale parameters, respectively [see, e.g., Ord (1983)
and Johnson et al. (1995)]. As discussed in some detail in Chapter 1, it was named after Pierre-Simon
Laplace (1749-1827), who in 1774 obtained (2.1.1) as the distribution whose likelihood is maximized
when the location parameter is set to the median. As mentioned in Chapter 1 and discussed further
in Section 2.2, the Laplace distribution is also known as the law of the difference between two
exponential random variables. Consequently, it is also known as double exponential distribution,? as
well as the two-tailed exponential distribution [see, e.g., Greenwood et al. (1962)] and the bilateral
exponential law [see, e.g., Feller (1971)].

8Note that this name is also used for the extreme value distribution with density exp(— exp(—x)),x > 0, as well as
for a distribution from the exponential family studied by Efron (1986). The term double exponential fitness function for the
probabilities p = exp(— exp(ag +a1x1 +- - - +anx,)) is common in biostatistic literature [see, e.g., Manly (1976)]. Johnson
et al. (1995) recommend calling the extreme value distribution doubly exponential law.
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(a) - UNIFORM
(b) - TRIANGULAR

&) -LAPLACE
{d) - LOGISTIC
{e) - COSINE
(t) - NORMAL

-5 PP -3

-2

2

wiffa o

4 s

Figure 2.1: Graphs of density functions of several symmetrical populations. Reproduced from
Chew (1968). Reprinted with permission from The American Statistician. Copyright 1968 by the
American Statistical Association. All rights reserved.

[ x ] Normal | Logistic | Laplace | Cosine | Triangular |

0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
22
2.4
2.6
2.8
3.0
32
34
3.6
3.8
4.0

0.5000
0.5793
0.6554
0.7257
0.7881
0.8413
0.8849
0.9192
0.9452
0.9641
0.9772
0.9861
0.9918
0.9953
0.9974
0.9987
0.9993
0.9997
0.9998
0.9999
1.0000

0.5000
0.5897
0.6738
0.7480
0.8102
0.8598
0.8981
0.9269
0.9480
0.9632
0.9741
0.9818
0.9873
0.9911
0.9938
0.9957
0.9970
0.9979
0.9985
0.9990
0.9993

0.5000
0.6238
0.7160
0.7860
0.8387
0.8784
0.9084
0.9310
0.9480
0.9608
0.9704
0.9777
0.9832
0.9873
0.9906
0.9928
0.9946
0.9959
0.9969
0.9977
0.9983

0.5000
0.5720
0.6422
0.7088
0.7702
0.8252
0.8728
0.9122
0.9436
0.9670
0.9832
0.9931
0.9982
0.9998
1.0000

0.5000
0.5785
0.6501
0.7151
0.7734
0.8250
0.8699
0.9082
0.9399
0.9649
0.9832
0.9948
0.9998
1.0000

Table 2.2: Values of distribution functions of selected distributions. The values of x are in multiples

of standard deviation.
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It is easy to verify that the variance of (2.1.1) is equal to 252, Thus the variance of the standard
classical Laplace distribution, which has the density

1
f(x;0,1) = ie"", —00 < X < 00, (2.12)

is equal to 2. For various derivations it would seem convenient to consider a reparametrization of
Laplace densities

1 —Vax-6

(x;0,0) = ——e VIHOl/lo _o0 < x <o00. 2.1.3)
& V20

In this case the standard Laplace distribution is given by setting & = 0 and o = 1. Here the variance

is equal to 1 and the density is of the form

1 o~
(x;0,1) = —e V2 _00 < x < 00. 2.1.4)
g ) 7 (

To distinguish between these two parametrizations we shall refer to the classical Laplace CL(9, s)
and the standard classical Laplace CL(0, 1) distributions in the cases given by (2.1.1) and (2.1.2), and
to Laplace L£(0, o) and standard (actually standardized) Laplace £(0, 1) distributions in the cases
represented by (2.1.3) and (2.1.4), respectively. We shall also retain the difference in notation for the
scale parameter by reserving s for classical Laplace distributions and o for those given by (2.1.3).
Therefore, reformulating any result from one parametrization to the other is a matter of replacing s
by 0/+/2 or o by +/2s. In Figure 2.2 we present graphs of the standard classical and the standard
Laplace densities.

standard Laplace
o _ \A
o
< -
[}
standard classical Laplace
o
P
Q
<} T T ]

-10 -5 0 5 10

Figure 2.2: Standard classical Laplace [equation (2.1.2)] and standard Laplace [equation (2.1.4)]
density functions.

The cumulative distribution function (c.d.f.) corresponding to density (2.1.1) is

1 ,—|x—6|/s ;
F(x;9,s)=[ se ifx <90,

1= Se P =0l/s ifx > 0. @15
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The distribution is symmetric about 6, i.e., for any real x we have
fO —x;0,s)=fO+x;6,s) and F(@ —x;0,5s) =1—F(@©O + x;0,s). (2.1.6)
Consequently, the mean, median, and mode of this distribution are all equal to 6.

2.1.2 Characteristic and moment generating functions. The characteristic function (ch.f.) cor-
responding to the standard classical Laplace CL(0, 1) random variable (r.v.) X with density (2.1.2) is

o0
. 1
vx (@) = E[¢'X] = / e”xie_lxldx =1+, —oc0o<t<o0. (2.1.7)

-0

For the general classical Laplace r.v. Y with the distribution CL(6, s) we have Y 25X + 6. Thus
it

_ plitX+0) _ it6 _
Yy (t) = E[e" 1=e""yx(st) = T3 522

—00 <t < 0. (2.1.8)

It is well known but nevertheless a curious fact that the pair of Fourier transforms (2.1.2) and (2.1.7)
occur in reverse order for the Cauchy distribution. Namely, the standard Cauchy distribution with
density

fe(x) =

—_— — <X <0
(1 + x2)

has the characteristic function given by
b)) =e" —o00<t<o0.

The moment generating function of standard classical Laplace r.v. X with density (2.1.2) is

o0
1
Mx (1) = E[¢'X] =f e’xze*l"'dx =1-)"1 —1<t<l. (2.1.9)

—00
For the general classical Laplace r.v. Y with density (2.1.1), we have

0 e'f 1 1
My(@)=e"Mx(st) = ———, ——<t<-—. (2.1.10)
1 — 522 s s
Consequently, the cumulant generating functions, log My (¢) and log Mx (), corresponding to (2.1.1)
and (2.1.2), are

160 —log(1 — s%t?) and — log(l — t2), (2.1.11)
respectively.

2.1.3 Moments and related parameters.

2.1.3.1 Cumulants. The nth cumulant of a classical Laplace r.v. X, denoted «,, is defined as the
coefficient of ¢"/n! in the Taylor expansion (about ¢ = 0) of the cumulant generating function
of X. Formulas (2.1.11) for the cumulant generating function generate the cumulants of Laplace
distributions in a straightforward manner. Indeed, using the Taylor expansion of log(l — z) about

z =0, we have
2k

—10g(1——t2)=2%-.

k=1
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Thus, for the standard classical Laplace r.v. X given by (2.1.2), we have
0 if n is odd,

en(X) = [ 2(n —1)! ifniseven. (2.1.12)
Hence, for a general classical Laplace r.v. Y with CL(0, s) distribution,
0 ifn=1,
kn(¥Y)=4 0 if n > 1is odd, (2.1.13)

2s™(n — 1)! if niseven,
since k,(Y) = 6,6 + sX) = 5"k, (X) forn > 2.

2.1.3.2 Moments. By writing the Taylor expansion of the moment generating function (2.1.10)

with 8 =0,
2k

My (1) = Zs”‘(zk)'m

we obtain the nth central moment of general classical Laplace r.v. Y with density (2.1.1):

0 if n is odd,

s"n! if niseven. (2.1.14)

pn(Y)=EXY —6)" = [

One can obtain the central absolute moment of a classical Laplace distribution by observing
that it is equal to the central, raw moment of exponential distribution with parameter A = 1/s, or,
more directly,

o0
va(Y) = E|Y — 9|9 = fo x”%e‘x/sdx =s5T(a+ 1). (2.1.15)

In particular, we have
Mean =6, Variance = 252, (2.1.16)
so that for 6 # 0, the coefficient of variation of Y is
VE(Y —EY)?2  /2s
|EY| o1
Note that the mean and variance involve different parameters (as is the case of the normal distribution,
but unlike the binomial, Poisson and gamma distributions).

The nth moment about zero of the classical Laplace r.v. Y with density (2.1.1) is given by [see,
e.g., Farison (1965), Kacki (1965a)]

(2.1.17)

[[n/2]] —2i
14 (=it . . o" %
— n _ Joh—J — ¢4
a,(Y)=EY n! Z 271 ———0/s"") =n! EO e —2i)!s ) (2.1.18)

where [[x]] denotes the greatest integer less than or equal to x.

2.1.3.3 Mean deviation. By (2.1.15), the mean deviation of a classical Laplace r.v. Y with density
(2.1.1) is equal to

E|Y — E[Y]|=E|Y — 0| =s. (2.1.19)
Furthermore, we have

Mean deviation s 1
= = — =~ 0.707. 2.1.20
Standard deviation /25 /2 ( :

Recall that for all normal distributions, the above ratio is given by +/2/m = 0.798.
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2.1.3.4 Coefficients of skewness and kurtosis. For a distribution of an r.v. X with a finite third
moment and standard deviation greater than zero, the coefficient of skewness is a measure of symmetry
defined by

_ E(XX-EX)}
T (E(X — EX)?)32°

" (2.1.21)
By (2.1.14), the coefficient of skewness of Laplace distribution (2.1.1) is equal to zero (as is the case

for any symmetric distribution with a finite third moment).
For an r.v. X with a finite fourth moment, the excess kurtosis® is defined as

_E(X-EX)*

V2= W - 3. (2.1.22)

It is a measure of peakedness and of heaviness of the tails (properly adjusted, so that y» = O for a
normal distribution) and is independent of the scale. If y» > 0, the distribution is said to be leptokurtic;
it is platykurtic otherwise. In view of (2.1.14),

s44!

= Gap —3=3 (2.1.23)

Y2
Thus the Laplace distribution is a leptokurtic one, indicating a large degree of peakedness compared
to the normal distributions. See Balanda (1987) and Horn (1983) for more details.
2.1.3.5 Entropy. Entropy of a classical Laplace variable Y is easy to compute:

(o]

|x — 6]

H(Y) = E[~log f(V)] = f

-0

1
[log(Zs) + ] Ze_lx-gl/’dx

= log(2s) + vi(Y)/s
= log(2s) + 1.

As will be shown in Section 2.4.5, the Laplace distribution maximizes the entropy within the class
of continuous distributions on R with a given absolute moment [see Kagan et al. (1973)], as well as
within the class of conditionally Gaussian distributions [see Levin and Tchernitser (1999) or Levin
and Albanese (1998)]. These results provide additional arguments for applications of Laplace laws
to various practical problems [see Part III].

2.1.3.6 Quartiles and quantiles. Because of the availability of an explicit form of the cumulative
distribution function, quantiles &, of a classical Laplace distribution can be written explicitly as
follows:

g, = [ 6 + slog(2g); q €(0,1/2], (2.1.24)

0 —slog[2(1 —¢)); ¢q € (1/2,1).

In particular, the first and the third quartiles are given by
Q1=814=0—slog2, Q3=2§834=0+slog2.

Evidently, the second quartile Q> — the median —is equal to 6.

9Without centering by 3, it is simply called kurtosis.
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2.2 Representations and characterizations

In the first part of this section we present various representations of Laplace r.v.’s in terms of other
well-known random variables. These representations are also listed in Table 2.3. We shall focus on
the standard classical Laplace r.v. X with density (2.1.2) and ch.f. (2.1.7). As already mentioned,
for a general Laplace r.v. Y with density (2.1.1) the corresponding representations of Y follow from

the relation ¥ < 6 + sX. When writing equalities in a distribution we shall follow the standard
convention that random variables appearing on the same side of the equation are independent.

Characterizations of distributions is a popular and well-developed topic of modern probability
theory. This provides additional insight into the structure of distributions, especially those that are,
like the Laplace distribution, defined by a simple density and characteristic function. The simplicity
of a formula does not always convey obvious features and masks surprises that may be built into
a particular distribution. In the case of the Laplace distribution its characterizations unveil quite
intriguing properties that one would not suspect from its “modest” density function.

In the second part of this section we describe some characterizations of Laplace distributions,
in particular those connected with the geometric summation

Sp=X1+-+ Xy, (22.1)
where v, is a geometric random variable with mean 1/p and probability function
P,=k)=1-p*'p, k=1,2,3,..., (222

while X;, i > 1, are i.i.d. r.v.’s independent of v),. It turns out that under geometric summation
(2.2.1), the Laplace distribution plays a role analogous to that of Gaussian distribution under ordinary
summation. As discussed in Kalashnikov (1997), geometric sums (2.2.1) arise naturally in diverse
fields in applications such as risk theory, modeling financial asset returns, insurance mathematics and
others, and consequently the Laplace distribution is applicable for stochastic modeling.

2.2.1 Mixture of normal distributions. Any Laplace r.v. can be thought of as a Gaussian r.v. with
mean zero and stochastic variance which has an exponential distribution. More formally, a Laplace
r.v. has the same distribution as the product of a normal and an independent exponentially distributed
random variable, as sketched in

Proposition 2.2.1 A standard classical Laplace r.v. X has the representation

x<.awz, (2.2.3)

where the random variables W and Z have the standard exponential and normal distributions,
respectively.

Proof. Let W be a standard exponential r.v. with density fw(w) = e~%*, w > 0, and the moment
generating function My (t) = E[e!"] = (1—t)~!,¢ < 1.Let Z be a standard normal random variable
with density fz(z) = J_;_?e—ZZ/Z’ —00 < 7 < 00, and the characteristic function ¢z(f) = e~"/2,

—00 < t < 00. The ch.f. of the product +/2W Z coincides with the standard classical Laplace ch.f.
(2.1.7). Indeed, conditioning on W, we obtain

E["YVZ) = E[E['V2VZ|W]] = E[¢z(v2ZW)]
= Ele™™ "] = My(-1®) = 1 + 1))\

The proposition is thus proved. O
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Remark 2.2.1 An alternative proof of Proposition 2.2.1 utilizing the densities of W and Z is outlined
in Exercise 2.7.10. Relation (2.2.3) written in terms of the densities becomes

1 _ o0 x 1 ©1 1 —1(‘2+2w)
e Xl = — il i\ .
2° /0 fz (m) me(w)dw /0 ZWe dw. (2:2.4)

Remark 2.2.2 For a general Laplace r.v. Y with density (2.1.1) we have the representation Y 3

0 +2sW1/27.

Remark 2.2.3 Representation (2.2.3) can be written as
x4 Rz, (2.2.5)

where Z is as before and the random variable R = +/2W has a Rayleigh distribution with density
fr(x) = xe‘xz/z, x > 0.

Remark 2.2.4 Another related representation discussed in Loh (1984) is obtained by denoting T =
1/~/W.Then

x< «/E%. (2.2.6)

Here the r.v. T has a brittle fracture distribution with density fr(x) = 2x3el/ x? [such T is used to
model breaking stress or strength; see, e.g., Black et al. (1989) or Johnson et al. (1994), p. 694]. A
proof of the result is left as an exercise.

2.2.2 Relation to exponential distribution. The ch.f. (2.1.7) of a standard classical Laplace dis-
tribution can be factored as follows:
1 1 1

= . 2.2.7
1462 1—itl+it ( )

w

Note that the first factor is the ch.f. of a standard exponential r.v. W with density fw(w) = e™%,
w > 0, while the second one is the ch.f. of —W. Since for independent random variables the product
of ch.f.’s corresponds to their sum, we arrive at a representation of a standard classical Laplace r.v.
in terms of two independent exponential random variables. The following proposition is thus valid.

Proposition 2.2.2 A classical standard Laplace r.v. X admits the representation
x 4 Wy — Wa, (2.2.8)
where W1 and W, are i.i.d. standard exponential random variables.
Remark 2.2.5 For a general Laplace r.v. Y with density (2.1.1), we have
Y £6 4 s(W — Wa).
Remark 2.2.6 Denoting H; = 2W;,i = 1, 2, we obtain

Yi9+%(H1 — Hy),

where H; and H, are i.i.d. with the x2 distribution with two degrees of freedom (having density
fx) = 3777,
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Remark 2.2.7 Note that the following relation for an X distributed according to the standard classical
Laplace law follows immediately from (2.2.8):

d U,
X =log —,
og 0,

where U; and U are independent random variables distributed uniformly on [0, 1] [see, e.g., Lukacs
and Laha (1964, p. 61)].

The standard classical Laplace ch.f. (2.1.7) can also be decomposed as follows:
1 1 1 1 1
== —+ = —.
1412 21—ir 21+t
The right-hand side of (2.2.9) is the ch.f. of the product I W, where the discrete symmetric variable /
takes on values 41 with probabilities 1/2, while W is an independent of / standard exponential (see

Exercise 2.7.12). Thus the standard classical Laplace distribution is a simple exponential mixture.
This is stated in the following result.

2.2.9)

Proposition 2.2.3 A standard classical Laplace r.v. X admits the representation

x<rw, (2.2.10)
where W is standard exponential while I takes on values +1 with probabilities 1/2.

Remark 2.2.8 For a general Laplace r.v. Y with density (2.1.1), we have

Y L0 4sIW.

Remark 2.2.9 It follows directly from (2.2.10) that if X is a standard classical Laplace r.v., then
|X] is a standard exponential r.v. W. Thus, as already noted by Johnson et al. (1995, p. 190), if
X1, X2, ..., X, are i.i.d. standard Laplace r.v.’s, then any statistics depending only on the absolute
values | X1/, [X2],...,|Xn| can be represented in terms of x2 random variables (since as already
stated, 2W is a x? r.v. with two degrees of freedom).

2.2.3 Relation to the Pareto distribution. A standard exponential r.v. W is related to a Pareto
Type I r.v. P with density f(x) = 1/x2, x > 1, as follows:
W < log P. (2.2.11)

Consequently, representation (2.2.8) can be restated in terms of two independent Pareto random
variables.

Proposition 2.2.4 A standard classical Laplace r.v. X admits the representation
Py
Py’

where Py and P; are i.i.d. Pareto Type I random variables with density 1/x%, x > 1.

X < 10g (2.2.12)

Proof. Note that W; = log P; has standard exponential distribution with density e™*, x > 0. The
result now follows directly from Proposition 2.2.2. O

Remark 2.2.10 For a general classical Laplace r.v. Y with density (2.1.1) we have

R
Yy log l:e‘9 (ﬂ) :| .
P,

Hence the log-Laplace random variable ¢Y =9)/* has the same distribution as the ratio of two inde-
pendent Pareto Type I random variables.
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2.2.4 Relation to 2 x 2 unit normal determinants. The following connection between Laplace
and normal distributions, mentioned in Chapter 1, was established by Nyquist et al. (1954) almost 50
years ago and was the subject of a number of letters to the editor of the American Statistician during
the last decades.

Proposition 2.2.5 A standard classical Laplace r.v. X admits the representation

u, U,

4
T | Us U

X

= U1U4 — UpUs, (2.2.13)

where the U; s are i.i.d. standard normal random variables.

The proof presented below is based on Proposition 2.2.2 and follows a heuristic derivation due
to Mantel and Pasternak (1966). For an alternative formal proof using characteristic functions, see
Exercise 2.7.13. For additional comments on this problem, see Nicholson (1958), Mantel (1973),
Missiakoulis and Darton (1985), Mantel (1987), and Johnson et al. (1995, p. 191), among others.

Proof. Inview of Proposition 2.2.2 and the remark following it, we have X 4 (Hy — H)/2,where H;

and H, are i.i.d. with the x 2 distribution with two degrees of freedom. Recall that H, 4 (W1 + W),
where W) and W, are i.i.d. with the x? distribution with one degree of freedom. (An analogous

representation holds for Hj.) Furthermore, W) 4 Zf, where Z; is a standard normal variable.
Consequently, we have

1
x4 S B+ B -2 -7,

where the Z;’s are i.i.d. standard normal variables. Equivalently,

_d_Z1—Z321+Z3_Z4—Zzz4+Zz
V2 V2 V2o V2

Note that the two normal random variables Z, — Z3 and Z1 + Z3 are independent, and so are Z4 — Z»
_ Z,-Z _ Z4—Z _ Z4+Z _ Z\+Z N

and Z4 + Z. Thus U; = J—lﬁ , Uy = —2-2 ,Us = —lﬁ ,and Uy = —uﬁ are i.i.d. standard

normal and (2.2.13) is indeed valid. O

X

Attempts to generalize this result to determinants of larger size so far have not been successful
(see Exercise 2.7.14). All the cited representations are summarized in Table 2.3.

2.2.5 An orthogonal representation. Younes (2000) shows that a classical Laplace r.v. X admits
an orthogonal representation of the form

o0
X = Zb,,x,,, (2.2.14)
n=1

where {X,,n > 1} is a sequence of uncorrelated random variables (the orthogonality here means
uncorrelation). The convergence in (2.2.14) is in the mean square, i.e.,

2
n
lim E (X - ];bkxk) =0. (2.2.15)
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Representation Variables
Z standard normal r.v.
VoW - Z W standard exponential r.v.

R Rayleigh r.v. (p.d.f. — f(w) = we""’z/2)

R-Z Z standard normal r.v.
2
T “brittle fracture” r.v. (p.d.f. — f(t) = 2t~3el/*")
V2zZ/T Z standard normal r.v.
W, — Wa W1, W standard exponential r.v.’s
(Hy — H)/2 H, H, Chi-square r.v.’s with two d.f.
I random sign taking &+ with equal probabilities
r-w W standard exponential r.v.
Py, P, Pareto Type I r.v.’s (p.d.f. — f(p) = 1/p?,
log(P1/P2) p>1)
log(Uy/Uy) Ui, U; r.v.’s uniformly distributed on [0, 1].

Uy -Us— U, -Us Ui, Uy, Uz, Uy standard normal r.v.’s

Y1i, Y2; gamma distributed r.v.’s
Y=Y", yl(,{') — yz([f') with the density given by (2.4.3); see Proposi-
tion 2.4.1.

Table 2.3: Summary of the representations of the standard classical Laplace distribution presented in
this section. All variables in each representation are mutually independent.

Proposition 2.2.6 A standard classical Laplace CL(0, 1) r.v. X admits the representation (2.2.14)
with

g" '/-oo —x —x/2
bp = —" Jo(&n d 2.2.16
TadoEn Jo xe *Jo(€ne )dx ( )
and
V2
n = Jo(Ene™ X172y, 2.2.17
Edoen 0 ) @217

where Jo and J| are the Bessel functions of the first kind of order 0 and 1, respectively (see the
appendix), and &, is the nth root of J;.

Proof. See Younes (2000) for a derivation. O

Orthogonal representations play an important role in statistics. For example, they appear in
factor analysis, where each of the d observable variables is expressed as the sum of p < d uncorrelated
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common factors and one unique factor. See, e.g., Younes (2000) for further information on orthogonal
representations and their applications in statistics.

2.2.6 Stability with respect to geometric summation. Stability, related to infinite divisibility, is
a well-known property of the normal distribution. A formal definition is: If X, X1, X2, ... arei.i.d.
normal, then for every positive integer n, there exist an a, > 0 and a b,, € R such that

XL a,Xi+-+ Xu) + b (2.2.18)

In fact, the normal law is the only nondegenerate one with finite variance having this property.'? Under
geometric summation (2.2.1), the best-known property analogous to (2.2.18) is perhaps the following
characterization of the exponential distribution: If Y, Y1, Y2, . .. are positive and nondegenerate i.i.d.
random variables with finite variance, then

Vp
apy Yi £ Yy forall pe (1) (2.2.19)

i=1

if and only if Y7 has an exponential distribution [see, e.g., Arnold (1973), Kakosyan et al. (1984),
Milne and Yeo (1989)]. If instead the Y;’s are symmetric, then (2.2.19) characterizes the class of
Laplace distributions. This is not surprising if one notes that — as already mentioned — the Laplace
distribution is simply a symmetric extension of the standard exponential distribution.

We shall start the proof with the following lemma.

Lemma 2.2.1 Let X1, X2, ... be i.i.d. random variables with ch.f. ¥, and let N be a positive and
integer-valued random variable with the generating function defined as G(z) = E(z"). Then the

ch.f. of the r.v. EIN=1 X; is G(y(1)).

Proof. Conditioning on N, we obtain directly

(oo
Ee' T Xi = 3 ym@)P(N = m) = EyN (o). O
n=1
Proposition 2.2.7 Let Y, Y1, Y2, ... be nondegenerate and symmetric i.i.d. random variables with

finite variance 6> > 0, and let vp be a geometric random variable with mean 1/ p, independent of
the Y;’s. Then the following statements are equivalent:

(i) Y is stable with respect to geometric summation, i.e., there exist constants a, > 0 and b, € R,
such that

Vp
apy (Yi+by) LY forall pe(1). (2.2.20)
i=1

(ii) Y possesses the Laplace distribution with mean zero and variance 0.

Moreover, the constants a, and b, must be of the form a, = p'/?, b, =0.
10[f the finite variance assumption is dropped, then the distributions satisfying (2.2.18) are called stable (Paretian stable,

a-stable) laws [see, e.g., Zolotarev (1986), Janicki and Weron (1994), Samorodnitsky and Tagqu (1994), and Nikias and Shao
(1995)], of which normal distribution is a special case.
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Proof. We shall first establish the form of the normalizing constants in (2.2.20). Taking the expected
value of both sides of (2.2.20) and exploiting independence, we arrive at

0= E[Y] = E[vp]E[ap(Y; + bp)].
Since E[vp,] = 1/p # 0 and a, > 0, in view of the symmetry of Y;, we have b, = —E[Y;] = 0.
Next we equate the variances of both sides of (2.2.20). Denoting by S, the left-hand side of (2.2.20),
we can write the following well-known decomposition based on conditional variances:
Var[S,] = Var[E[Sp|vp]] + E[Var[Sp|vp]].
In this expression the first term is zero, since
E[Sp|vp]l = vpap E[Y;]

and, as shown earlier, E[Y;] = 0. Now E[v,] = 1/p, and the second term becomes
2 ap \?
E[Var[S,|v,]] = E[vpaic?®] = (;,1%) o2
However, since the variance on the right-hand side of (2.2.20) is 62, we have

() -
P1/2 ’

soap = pl/2.

We now turn to the equivalence between (i) and (ii) with a, = p'/? and b, = 0. By
Lemma 2.2.1, in terms of ch.f.’s relation (2.2.20) is expressed as
1/24
Py (p D) =y () forallpe (0,1)andall? €R, (2.2.21)

1—(1—p)y(pl/2r)

where ¥ is the ch.f. of Y. [Note that E(z"?) = pz/(1 — (1 — p)z).] Relation (2.2.21) will often be
utilized in what follows. Consequently, we also have for all ¢ € R,

p¥(p'/?t)

== p)v (D) — y¥(), asp—0. (2.2.22)
Since ¥ (p!/2t) — ¥ (0) = 1, we obtain
p
= A= p)vp7D — Y¥(), asp—0, (2.2.23)
or, equivalently,
! —> Y¥(@), asp—>0 (2.2.24)

L= (= py(p!/n)]
for all ¢ € R. Now, since Y possesses the first two moments, its ch.f. can be written as

. (iu)z 2 u? 2
Y(u) = l+luE[Y]+—2——(E[Y 14+96) = 1—7(0 +6), (2.2.25)
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where § = §(u) denotes a bounded function of u such that lim, .0 §(#) = O [see, e.g., Theorem 8.44
in Breiman (1993)]. Utilizing (2.2.25), we can write the denominator in (2.2.24) as

) p? 5
S@ 8+ 1= (@7 +9), (2.2.26)

which converges to 3t%02 + 1 as p — 0. However, u = p!/2t — 0 as p — 0. Consequently,

1
=¥ (t), (2.2.27)
%tza2 +1 42
so Y has Laplace distribution with mean zero and variance o2. We have thus established the impli-
cation (i) = (ii). To verify the reverse implication, all that is needed is to verify that the Laplace ch.f.
(2.2.27) satisfies (2.2.21). O

Proposition 2.2.7 is perhaps the first theorem in this book that requires somewhat delicate
arguments. The result is due to Kakosyan et al. (1984) but the proof presented here differs from the
original one.

Remark 2.2.11 If Y;’s are positive r.v.’s but the assumption of finite variance is dropped, (2.2.19)
characterizes Mittag—Leffler distributions [see, e.g., Gnedenko (1970), Pillai (1990)]. These are dis-

tributions of positive r.v.’s with the Laplace transform
1
Ele™X] = — .
14 o0%s>

where 0 < @ < 1, and are reduced to an exponential r.v. for ¢ = 1.

.Remark 2.2.12 If Y;’s are symmetric, but the assumption of finite variance is dropped, (2.2.19)
characterizes the Linnik distributions [see Lin (1994), Kozubowski (1994b)]. Linnik distributions
possess the ch.f.

v = Troop’

where 0 < a < 2, and are reduced to Laplace distributions for &« = 2. We shall study this class in
Section 4.3 of Chapter 4.

Remark 2.2.13 If no assumptions on the distribution of the Y;’s are imposed, relation (2.2.19)
characterizes the so-called strictly geometric stable distributions [see, e.g., Klebanov et al. (1984),
Jankovi¢ (1992), Kozubowski (1994a)]. Further studies dealing with the stability relation (2.2.19)
and its generalizations include Janji¢ (1984), Gnedenko and Janji¢ (1983), Jankovi¢ (1993ab), Bunge
(1993), Bunge (1996), Baringhaus and Grubel (1997), and Bouzar (1999).

Incidentally, relation (2.2.21) is equivalent to the following relation among random variables:
Y £ p21Y + (1 - D2+ p'2Y3), (2.2.28)
where Y, Y1, Y2, Y3 are i.i.d., while I is an indicator (Bernoulli) random variable, independent of

Y, V,Y2,Y3,with P(I =1)=pand P(/ =0)=1 - p.
Another relation among random variables that is also equivalent to (2.2.21) is

Y £ p12y, + (1 - DYa. (2.2.29)
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The above relation is simply a restatement of representation (2.4.9) for symmetric Laplace r.v.’s with
mean zero to be discussed later.

Consequently, we have yet two more characterizations of the Laplace distribution, which can
be obtained by computing ch.f.’s of the right-hand sides of (2.2.28) and (2.2.29) and comparing them
with the relation (2.2.21).

Proposition 2.2.8 Let Y, Y1, Y2, Y3 be nondegenerate, symmetric i.i.d. random variables with finite
variance 6% > 0. Let I be an indicator random variable with P(I = 1) = pand P(I =0) = 1 —p,
independent of Y1, Y2, Y3. Then the following statements are equivalent:

(i) Y satisfies relation (2.2.28) for all p € [0, 1].

(ii) Y satisfies relation (2.2.29) for all p € [0, 1].

(iii) Y has Laplace distribution with mean zero and variance o'*.

2.2.7 Distributional limits of geometric sums. An exponential distribution is not only stable
with respect to geometric summation, but also appears to be the only possible nondegenerate lim-
iting distribution of normalized geometric sums (2.2.1) with i.i.d. positive terms possessing finite
expectations. If X;’s are i.i.d. nonnegative r.v.’s with u = E[X;] < oo, then pS,, where S), is given
by (2.2.1), converges in distribution (as p — 0) to an exponential r.v. with mean . This result is
due to Rényi (1956) obtained more than 40 years ago. In Kalashnikov’s (1997) opinion, Rényi’s
theorem may explain the popularity of exponential distribution among researchers in reliability, risk
theory, and other fields where geometric sums (2.2.1) frequently arise. The connection between ge-
ometric sums, rarefactions of renewal processes, geometric compounding and damage models was
emphasized some 20 years later by Galambos and Kotz (1978).

Similarly, Laplace distribution arises as a limit of S, when X;’s are symmetric with finite
variance.

Proposition 2.2.9 Let S, be given by (2.2.1), where X1, X2, . .. are nondegenerate and symmetric
i.i.d. rv.’s with a finite variance, with v, being a geometric r.v. with the mean 1/ p, independent of the
Xi's. Thenthe class of Laplace distributions with zero mean coincides with the class of nondegenerate
distributional limits of apSp as p — 0, where ap > 0. Moreover, if Var[X1] = o2 and

Vp
a3 X; 5 Y asp—0, (2.2.30)
i=1
there exists y > O such that ap = p'%y 4+ o(p'/?), and Y has a Laplace distribution with mean

zero and variance o%y?.

Proof. Evidently, if Y has a Laplace distribution, then in view of (2.2.20), the convergence (2.2.30)

holds with X; < ¥ and a, = p!/2 It is therefore sufficient to show that if (2.2.30) holds with
Var[X1] = o2, then for some y > 0 the limit must have the Laplace distribution with mean zero and
variance o2y 2 where ap = pl/zy(l + o(1)).

Assume that (2.2.30) holds; the X;’s are symmetric with Var[X1] = o?and Y is nondegenerate.
In terms of ch.f.’s, by Lemma 2.2.1, we have

pd(apt)
1 -1 —p)p(apyt)

— Y(@), asp — 0, forall¢, (2.2.31)
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where ¢ and  are the ch.f.’s of X; and Y, respectively. First, note that for all # we must have the
convergence

$(apt) > 1, asp— 0. (2.2.32)

Indeed, by continuity of ¥ and the property ¥(0) = 1, we must have {¥(¢) # O for all ¢ in an
interval (—¢, €), where € > 0. Then for such a ¢, the limit in (2.2.31) is nonzero while the limit of the
numerator in (2.2.31) is zero. Consequently, the denominator in (2.2.31) ought to converge to zero
so that (2.2.32) will hold for such a ¢t. Now take any ¢ in an interval (—2¢, 2¢) and use the inequality

0 <1—Re¢(s) <4(1 —Red(s/2)) (2.2.33)

with s = apt to conclude that (2.2.32) holds for such a ¢. Inequality (2.2.33) follows directly from
the trigonometric relation

1 — cos2tx = 2(1 — cos®tx) < 4(1 — costx),

since Re ¢ (s) is the expected value of cos ¢ X . (The last inequality follows directly from 0 < (costx —
1)2.) This implies that (2.2.32) holds for all ¢. Next, utilizing (2.2.32), we rewrite (2.2.31) in the form

1
51— (1= p)g(apn]

for all + € R. Now, since (2.2.32) holds for all # and ¢ is a ch.f. of a nondegenerate distribution, we
must have

—> ¥(@), asp—0, (2.2.34)

ap—~>0, asp—0. (2.2.35)

Indeed, if (2.2.35) is not valid, we would have had a,, — ¢ for some sequence p, — 0, where
0 <c¢ < o00,s0as p — 0, we would have had

#(ap,t) > ¢(ct) =1 (2.2.36)

for all z. But (2.2.36) implies that the distribution of X is degenerate, contradicting our assumption.
Thus (2.2.35) must be valid.
Now we proceed as in the proof of Proposition 2.2.7 and write the denominator of (2.2.34) in
the form
2.2 2.2
ap \" 1 2 Attt 5
where again § = §(u) denotes a bounded function of u such that lim,_,o §(u) = 0. Since as p — 0
the expression (2.2.37) converges to a limit, and moreover, in view of (2.2.35),
2 2.2 242
t t ajt
F@ 48 > —— L@ +8 >0, (2.2.38)

the term f{}; must converge to some limit y > O (if the limit were zero, the expression (2.2.37)

would converge to 1, implying that ¥ (¢) = 1 and that ¥ has a degenerate distribution). Consequently,
we have verified the convergence in (2.2.34), where the limiting ch.f. is of the form

1

0= T (2.2.39)

1/2

and ap/p'/? - y,s0a, = p!/?y(1 + o(1)). This completes the proof. O



32 2. Classical Symmetric Laplace Distribution

Remark 2.2.14 If no assumptions on the distribution of the X;’s are imposed, then, as p — 0, the
weak limits of

ap » (Xi+bp), (2.2.40)

i=1

where a, > 0 and b, € R, result in geometric stable (GS) laws [see, e.g., Mittnik and Rachev
(1991)].

2.2,8 Stability with respect to the ordinary summation. We saw in Section 2.2.6 that symmetric
Laplace distributions are stable with respect to random summation (Proposition 2.2.7). When the
summation is “deterministic,” the Laplace distribution has the stability property (2.2.18) under a
random normalization.

Before stating the main result of this subsection, we shall establish some auxiliary properties
in which we use the following notation for gamma densities with parameters « and 8:

xa—le—x/ﬂ
BeT(a)

Anonrandom sum of the i.i.d. Laplace random variables is no longer a Laplace variable. Instead,
the sum admits the representation given below, which is a generalization of the representation (2.2.3)
for a single Laplace random variable.

fa,ﬂ(x) =

Proposition 2.2.10 Let Y1, Y2, ... be i.id. L(0, 1) random variables. Then

Yi+-+Y, £/G,Z, (2.2.41)

where G, has a gamma distribution with parameters « = n, 8 = 1 and Z is a standard normal r.v.
independent of G,,.

Proof. Let the Y;’s have the Laplace distribution £(0, 1), in which case their ch.f. is

V() = (2.2.42)

14 52

Thus the ch.f. of the sum of # i.i.d. copies of ¥; is

n
1
— . 2.2.43
() e

Note that the ch.f. of the product /G, Z of two independent r.v.’s, where Z is standard normal
and G, has a gamma distribution, is of the form

$(t) = Mg, (12/2),

where Mg, is the moment generating function of G, (this relation is evidently true if G, is replaced
by an arbitrary random variable independent of Z). To conclude the proof recall that the moment
generating function of a gamma r.v. is of the form

1 n
Mg, () = (T—_t> : (2.2.44)

O
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In what follows, let B, denote a beta distribution with parameters 1 and n, given by the density
fx)y=nd-x)""1, 0<x<l. (2.2.45)
The following result will be needed.

Lemma 2.2.2 Let B, and G, be independent r.v.’s having the beta distribution with parameters
1 and n — 1 and the gamma distribution with parameters n and 1, respectively. Let W be a standard
exponential variable. Then the representation

W LGB,
is valid.

Proof. Let G(«) denote the gamma distribution with density

xa—le——x

Ja(x) = —FW'

If Xo; ~ G(a1) and X4, ~ G(a2) are independent, then it is well known that the two random
variables

Xo

X X d ———M——
ay + ay an Xa] T Xa2

are mutually independent, and their distributions are, respectively, G(«; + o) and a standard beta
with parameters «; and oy [see also pp. 349-350 in Johnson et al. (1994)]. The independence of
these two random variables is actually a characterization of the gamma distribution, as established
by Lukacs (1955).

Take now oy = 1 and ap = n — 1 and observe that the standard exponential r.v. X, can be
expressed as the product of two independent variables,

Xa,

Xoy = (X Xoy)o———,
ay ( a1+ az)Xotl’*'Xaz

where the first one is a G(n) variable while the second is a beta variable with parameters 1 and
n—1. O

We now state the main result.
Proposition 2.2.11 Let Y, Y, Y,, ... be i.i.d. random variables with finite variance o> > 0, and

let B, be an r.v. independent of the Y;’s, with density (2.2.45). Then the following statements are
equivalent:

(1) For all integers n greater than 1,

n
d
B> vi=v. (2.2.46)

(i) Y has a symmetric Laplace distribution.



34 2. Classical Symmetric Laplace Distribution

Proof. We shall first deal with the implication (i) = (ii). Taking the expected value on both sides of
(2.2.46), we have

E[Y] = E[B*)(E[Y1] + - -- + E[Y,]) = nE[/B,_1]E[Y]. (2.2.47)

n—1

This implies that E[Y] = 0 as nE[/B,—1] # 1 (for example, E[«/B1] = 2/3 since B is uniformly
distributed on [0, 1]).
Next, write the left-hand side of (2.2.46) in the form /U, V,, where

Yio1Yi

U,=nB,_; and V, = Y-

(2.2.48)

and let n — oo. Then U, converges in distribution to a random variable W with the standard
exponential distribution. Indeed P(U, <u) =1—- (1 —u/ n)"~1, u e (0, n), which converges to
1 — e ™, u > 0. By the Central Limit Theorem, V,, converges to a normal r.v. with mean zero and
variance o 2. Since, by assumption, U, is independent of V,,, the limit of the product /U, V, is the
product of the limits, so

JUV, 5 w2z, (2.2.49)

This is, however, a representation of a Laplace r.v. with mean zero and variance o? [see Proposi-
tion 2.2.1 and the remarks following it]. To complete the proof of the implication (i) = (ii), observe
that Y must have the same distribution as the limit in (2.2.49), since by (i), (2.2.46) holds for all
n>1.

We now turn to the proof of the implication (ii) = (i). Multiply both sides of (2.2.41) by B,ti 21
(which is independent of the other r.v.’s) to obtain

B2(Y) 4+ Y) L (GuBy_1) 0 Z. (2.2.50)

By Lemma 2.2.2, the product G, B,,—; has the same distribution as a standard exponential r.v. W, so
the right-hand side of (2.2.50) has the Laplace distribution (with variance o'?) by the representation
(2.2.41) with n = 1. The proof is thus completed. O

Remark 2.2.15 Relation (2.2.46) characterizes the Laplace distribution even if the assumption of
finite variance of the Y;’s is dropped. The available proof of this result is highly technical; see Pakes
(1992ab).

Remark 2.2.16 Proceeding in the same manner as in the proof of Proposition 2.2.11, one can show
that within the class of positive r.v.’s the stability relation

n
Bi1) YiSY, nx2,
i=1

characterizes the exponential distributions [see, e.g., Kotz and Steutel (1988), Yeo and Milne (1989),
Huang and Chen (1989)]. Similarly, for any 0 < o < 1, the relation

n
B> YiLy, n=2, 2.2.51)
i=1

characterizes Mittag—Leffler distributions, mentioned earlier, which follows from the results of Pakes
(1992ab) and Alamatsaz (1993).
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Remark 2.2.17 If the ¥;’s are symmetric, then for any 0 < & < 2, relation (2.2.51) characterizes
Linnik distributions with index o [see Chapter 3, Section 4.3]. If no assumptions on the distribution
of the Y;’s are imposed, then for any 0 < a < 2, relation (2.2.51) characterizes strictly geometric
stable distributions, which follows from the results of Pakes (1992ab) and Alamatsaz (1993).

2.2.9 Distributional limits of deterministic sums. One of the basic versions of the central limit
theorem (CLT) states that whenever X, X, ... is a sequence of i.i.d. random variables with mean
w and variance 0% < 00, the sequence of the partial sums,

an Y _(Xi — ), (2.2.52)
i=1

where a, = n~1/2, converges in distribution to a normal r.v. with mean zero and variance o2, As
we saw in Section 2.2.7, the limit may not have a normal distribution if the number of terms in the
summation is a random variable. Similarly, we may arrive at a nonnormal limit of (2.2.52) if the
normalizing sequence a, is random. The following result shows that under beta-distributed a,’s we

obtain in the limit a Laplace distribution. We thus have an additional characterization of this class.

Proposition 2.2.12 Let X1, X3, ... be nondegenerate i.i.d. rv.’s with mean p and finite variance,
and for each n > 1, let the r.v. B, be independent of X;’s and have a beta distribution with density

(2.2.45). Thenas n — 00, the class of nondegenerate distributional limits of (2.2.52) witha, = B:/_ 21
coincides with the class of Laplace distributions with zero mean.

Proof. Evidently, if Y has a Laplace distribution, then in view of (2.2.46), Y is the limit of (2.2.52)

with X; 4 Y. Thus it is sufficient to show that the sums (2.2.52) with a,, = B;/_ 21 converge to a
Laplace distribution. To this end, we proceed as in the proof of Proposition 2.2.11, writing (2.2.52)
as U, V,, where

Z?=1(Xi — W)

Up = (nBp-1)'/* and V, = &=00——,

(2.2.53)

and analogously showing that the limit of the product has indeed a Laplace distribution. O

2.3 Functions of Laplace random variables

In this section we discuss distributions of certain standard functions of independent Laplace random
variables, including sum, product, and ratio.

2.3.1 The distribution of the sum of independent Laplace variates. Let us first consider two
independent classical Laplace random variables X; and X, with densities

1
fi(x) = Xe_lxl/", i=1,2 xeR. (2.3.1)
i

Our goal is to find the probability distribution of the sum
Y = X; + X». 2.3.2)

By symmetry, the difference X; — X7 has the same distribution as the sum (2.3.2). Using Proposition
2.2.2 one can write each X; as the difference of exponential random variables so that the sum of two
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independent Laplace r.v.’s is a linear combination of four independent standard exponential variables
denoted below by Z;’s:

Y £ 51(Z1 — Zo) + 52(Z3 — Za). (2.3.3)

(This lack of closure is in contrast with the normal case, where the sum of independent normal
variables is normal.) Rearranging the terms, we have

d 1
Y = (5121 —5224) — (5122 — 5223) = —W(WI - W), (234

where
1 1
Wi=—-2Z1—«Z4 and Wo = —Zr —«Z3 2.3.5)
K K

are independent and identically distributed random variables and
k= _[— (2.3.6)

is a positive constant.
We proceed by first finding the distribution of the W;’s and then the distribution of their differ-
ence. To accomplish the first step, we use the following result.

Lemma 2.3.1 Let G| and G be i.i.d. random variables with standard gamma distribution given by
the density

1
gx) = VO] )x”*‘e"‘, v>0, x>0. (2.3.7)
v

Let k be a positive constant. Then the probability density of the random variable
1
W=-G; —«kG, (2.3.8)
K

is

he) = e ) g L1k + l) £0, (239
* _F(v)ﬁ(K+1/K) ¢ v—l/z(i( /k+)x]), x#0, 3.

where K is the modified Bessel function of the third kind with the index A, given in the appendix.

Remark 2.3.1 The distribution with density (2.3.9) is for obvious reasons known as the Bessel
function distribution [see, e.g., Pearson et al. (1929)]. We shall study this class of distributions in
Section 4.1 of Chapter 4.

Proof. First, note that the densities of X; = %Gl and X, = kG are kg(kx) and %g(%), respectively,
where g is the density of G (and G3) given by (2.3.7). Next, by independence, the joint density of
X1 and X3 is
Fx1, x2) = glkx)g (f) =1 myleeiin s (2.3.10)
’ Kk [C())? ' '
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Consider a one-to-one transformation W = X| — X3, Z = X5. The inverse transformation, X; =
W + Z, X, = Z, has the Jacobian equal to one, so the joint density of W and Z is

pw,2)=f(w+z,2), z,w+2z>0. (2.3.11)

The marginal density of W = X; — X, can be found by integrating the joint density (2.3.11) with
respect to z:

o0
h(w) =/ f(w+z,2)dz. (2.3.12)
—00
Combining (2.3.10) and (2.3.12), for w < 0 we obtain

h(w) =

1 —Kw /oo v—1 v—1,—(k+1)
e "z w) e ¥2dz. (2.3.13)
(T2 —w
Now the application of the integration formula (A.0.14) of Bessel functions (see the appendix) with
w=v,u=—w,and B =« + «~! leads to (2.3.9).
Similarly, for w > 0, we have

h(w) = [r(v)]Ze_Kw /0 > 2z + w)’le~C+24,, (2.3.14)
The change of variable x = w + z results in
h(w) = ! ex¥ /-00 i — w)"_le“(""'%)xdx. (2.3.15)
INOIL w
Another application of (A.0.14), this time with ¥ = w, produces (2.3.9). The result follows. O

To find the density of the W;’s given by (2.3.5), we apply Lemma 2.3.1 with v = 1. Here, the
Bessel function with index 1/2 has a closed form given by (A.0.11) in the appendix, and the density
of W, takes the form

172
h(x) = 1 ( |x] ) e%(l/x-x)xKl/z(%(1/x+x)|x|)

C()/m \k+ 1/
1 |x|'/2 o3 (/k—K)x v o~ 1 (1/k+0)1x|
= ﬁ_(x T I/K)l/z (k + 1/K)1/2|x|1/2
1

— e%(l/x—x)x—%(l//c-#/c)lxI,
K+ 1/k

which can be written as

h(x) = (2.3.16)

1
e« forx <O.

1 e ¥l forx >0,
1/ +k x|

Remark 2.3.2 For k # 1 we obtain an asymmetric Laplace distribution to be studied in detail in
Chapter 3.

Next, we shall derive the distribution of the difference W; — W5, where the W;’s are i.i.d.
variables defined by (2.3.5) with densities given by (2.3.16).
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Proposition 2.3.1 Let W and W, be i.i.d. rv.’s with density (2.3.16). Then the density of V =
Wi — Wais

1 —|x| —
I+ xPe”™ x e R, fork =1,
= 2.3.17
fr@® [ L (e bl - K2e=5¥y x e R, fork € (0, 1) U (1, 00). ( )
Proof. The density of V = W| — W, is related to the common density of W and W, as follows:
o0
fo) = [ b+ k0. (23.8)
-0

Since the probability density of the difference of two i.i.d. random variables is symmetric, it is
sufficient to consider x > 0. Splitting the region of integration according to positivity and negativity
of the functions A(x + y) and k(y), we obtain fy(x) = I} + I + I3, where

x 0
I =/ h(x + y)h()dy, 12=/

o0 —X

o0
h(x + y)h(y)dy, I3 = /0 h(x + y)h(y)dy. (2.3.19)

We evaluate the above integrals utilizing (2.3.16):

1\ [ 1)
n= f ex Gy gy — Ko, (2.3.20)
1/k +« —00 l/k +x) 2
LV [0 twin,]
I = —kx+Y) ¥
? (1/x T x) /_ cee
I\ (e — %), fork # 1
= 1/k—k ’ ’ 2.3.21
(1/K+K) { xe™*, fork =1, ( )
1 2 e k(x+y) y 1 KX
= e —* = —e . 3.22
IZ (1/K+K> /0 e e Vdy 2Ke (2.3.22)
Combining (2.3.20)—(2.3.22) and simplifying, we obtain the density (2.3.17) of V. O

We now return to the representation (2.3.4) of Y. Using Proposition 2.3.1 along with (2.3.6),
we obtain the following density of the sum X; + X> (and the difference X; — X>):

%s(l +s|x|)e'x|"|, for sy =57 = s,

fX1+X2(x)= { 15 1

_ _ (2.3.23)

3R Ty (1€ —speT D), for sy # 5.
Remark 2.3.3 Note that the distribution of the sum of two independent Laplace r.v.’s with the same
scale parameters is of a different type and much simpler than the one when the scale parameters are
different.

Remark 2.3.4 Weida (1935) obtained the distribution of the difference X; — X, by inverting the
relevant characteristic function. His derivation, however, seems to be not quite correct.

Next, we consider the case of more than two identically distributed and independent standard
classical Laplace r.v.’s with a common density given by (2.3.1) with the scale parameter equal to
1. Recall that the sum of n such variables has a representation in terms of gamma and standard
normal random variables (Proposition 2.2.10). Now Lemma 2.3.1 can be used for the derivation of
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the density of the sum T of these i.i.d. random variables (as well as the density of the corresponding
arithmetic mean). Indeed, since foreachi = 1, ..., n we have

Xtz -1z,

where Z; and Z; are i.i.d. standard exponential variables (Proposition 2.2.2), it follows that
n n n
T=nX,=)Y Xi£Y 2~ Z =G -Gy, (2.3.24)
i=l1 i=1 i=1

where G| and G are i.i.d. standard gamma r.v.’s with density (2.3.7) with the shape parameter v = n.
Thus the density of the sum T is given by (2.3.9) with v = n and « = 1. Since the Bessel function
Ky_1,2 admits the closed form (A.0.10) for v = n, we obtain the following formula for the density
of T:

el X (- 14 ) x

= —, R. 2.3.25
T = G Sn—1- 2 x € (2.3.25)

For the arithmetic mean X, = T/n, we have the density
fx,(x) =nfr(nx), xeR. (2.3.26)

In the following result we present a useful representation of T derived in Kou (2000) (see Exer-
cise 2.7.18).

Proposition 2.3.2 Let X1, ..., X, be i.i.d. standard classical Laplace variables. Then
My
T=X+ - +X. £1-Y 2, (2.3.27)
Jj=1

where the Z s are i.i.d. standard exponential variables, I takes on values 1 with probabilities 1/2,
and M, is an integer-valued r.v. given by the probability function

. 27 (2n—j—1 .
P(M,,=])=22n_l( n_’l ) i=12....n (2.3.28)

[The Zj’s, I, and M, are mutually independent, and (g) is defined as 1.]

Table 2.4 below contains the densities of X, for sample sizesn = 1, 2, 3, 4, which were worked
out in Craig (1932)!! [see also Edwards (1948)]. Weida (1935) in one of the early papers devoted
to the Laplace distribution obtained an expression for the density of X, by inverting the relevant
characteristic function. However, his formula is not as simple as ours and involves the derivative of
order n — 1 (with respect to ¢) of the function e "% (1 + it)".

Remark 2.3.5 As noted by Johnson et al. (1995), many authors considered sums or arithmetic
means and related statistics under an underlying Laplace model, including Hausdorff (1901), Craig
(1932), Weida (1935), and Sassa (1968). In particular, Balakrishnan and Kocherlakota (1986) utilized
the density (2.3.26) in studying the effects of nonnormality on X-charts. They showed that the
probabilities o (false alarm) and 1 — B (true alarm) remain almost unchanged when the underlying
normal distribution is replaced by the Laplace distribution, and concluded that no modification to the
control charts was necessary in this case.

3 Craig (1932), the coefficient of |x |2 for n = 4 contains a printing error (98 instead of 96).
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n | Density of X,

1| fx)y=3%e", xeR

2| f@)=30+2lxDe 2, xeR

3| fx)=F+3x|+3x)e3, xeR

4| f(x) = 5;(15+60[x| + 96|x|> + 64|x|})e~], x eR

Table 2.4: Densities of the sample means X, for samples of selected sizes n from a standard classical
Laplace distribution with ch.f. ¥ (¢) = (1 +¢2)~L.

2.3.2 The distribution of the product of two independent Laplace variates. Consider two in-
dependent classical Laplace random variables X and X, with densities (2.3.1). We shall find the
probability distribution of the random variable

Y = X1 Xa. (2.3.29)

Since X; 2 siI; W;, where for i = 1, 2, W; is the standard exponential while I; is independent of W;
and takes on values &1 with probabilities 1/2 (Proposition 2.2.3), we have

Y £ s155(I L)Wy W = s1521 Wi Wa, (2.3.30)

where I = I I, is independent of the W;’s and has the same distribution as each of the I;’s. Con-
sequently, we need to find the distribution of the product of two independent standard exponential
random variables. For x > 0 we have

00 x o0 B
P(W1 W, <x) =/ P (Wl < ——) e %dz =1 _/ e~z +Z)dz,
0 z 0

as P(W;, < u) = 1—e . We now utilize the definition (A.0.4) of Bessel functions (see the appendix)
with A = —1 and u = 2,/x (noting that K = K_,) to obtain

o0
/ e~ O 4D gr — 2 XK1 (2V/5),

0
so the distribution function of W; W, takes the form

Fw,w,(x) = 1 — 2J/XK1(2V/%). (2.3.31)

Next, we take the derivative, using the relations (A.0.8) and (A.0.9) of Bessel functions (see the
appendix) to obtain an expression for the probability density of W) W:

fwywy (x) = 2Ko(2V/x). (2.3.32)
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Thus, in view of (2.3.30), the density of Y is

fwn=iL&(2ii) xeR. (2333)
51852

152

It is interesting to compare (2.3.33) with the density of the product of two independent normal
variables with means equal to zero and the same variances as those of X; and X»,

1
g(x) = Ko ( ol ) (2.3.34)
275187 25152

[see,e.g.,Craig (1936)]. In both cases the density of the product depends on x through the same Bessel
function Ko, and the argument for the Laplace case is essentially the square root of the argument
for the normal case (thus in a sense the product retains the original structure of these distributions).
Graphs of these two densities are presented in Figure 2.3 (top).

2.3.3 The distribution of the ratio of two independent Laplace variates. Let X; and X> be
two independent classical Laplace random variables with densities (2.3.1). We seek the probability
distribution of the random variable

Y=—.
X2

(2.3.35)

Using the representation X; S s; I; W; given in Proposition 2.2.3, we have

ydashW s, Wi (2.3.36)
soh Wy s W,
where I = I /I takes values =1 with equal probabilities and is independent of the standard exponen-
tial r.v.’s W;. We thus must find the distribution of the ratio of two independent standard exponential
random variables.
First, we find the distribution function by conditioning. For x > O we have

Wy oo o
P (—— < x) = / P(Wy <xz)e idz=1 —/ et gz =1 —
W, 0 0

14 x’

Hence the ratio Wi/ W, has a standard Pareto distribution of the second kind [the so-called Lomax
distribution; see, e.g., Johnson et al. (1994), p. 575, or Springer (1979), p. 161] with density

2
Jwywy(x) = (1 +x) , x=0. (2.3.37)
Consequently, the distribution of Y is “‘double” Pareto with density!?
15y 1 2
fr(x) === (——————) , xeR. 2.3.38
= 25 T Gafsole] 2:339)

Note that as in the normal case, where the ratio of two mean zero normal random variables has
Cauchy distribution, the distribution with density (2.3.38) has infinite mean and variance. (However,

12t should be noted that our result does not fully agree with Weida (1935).
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Figure 2.3: Densities of the product (top) and the ratio (bottom) of two i.i.d. standard Laplace random
variables (dashed lines) vs. two i.i.d. standard Gaussian random variables (solid lines).

the fractional moments E|Y|* do exist for 0 < o < 1.) In the i.i.d. case the densities of the ratio of
two mean-zero Laplace and two mean-zero normal variables are

1/ 1 \? 11
(—=) ad ——=, xeR
2(1+|x|) Tt 7

respectively. Graphs of these two densities are shown in Figure 2.3 (bottom).
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Remark 2.3.6 Note that the same distribution arises under an appropriate randomization of the scale
parameter s of the classical Laplace distribution CL(0, s) (see Exercise 2.7.48).

Table 2.5 below summarizes our results on distributions of common functions of independent
Laplace variables.

Function Distribution
_ e n—1 (n=1+4j)! |x|"~'~J
Yi+-+7Y, &) = oo 2j=0 m-1-pyt o *€ R.
X1 + X _ [ #/mm o+ mmlhe VTR, s =,
fx) = __2_ (sie” s20xl _ g0 sllxl) S1 £ s
251 52/51)2 2 ’ 1 2

X1- X2 f(x) = sézKo(z,/%), x eR.

2
1 1
X1/X> f(X)——zg (m) , xeR.

Table 2.5: Densities and distributions of sums and products of independent Laplace random variables.
Here Y;,i = 1,...,n, are i.i.d. CL(0, 1) r.v.’s, while X; and X, are independent CL(0, s1) and
CL(0, sp) .V.’s.

2.3.4 The t-statistic for a double exponential (Laplace) distribution. Let X, ..., X, be i.i.d.
variables with common density f, where f(x) > O for all x. Define

n

X, = %Zx Sp=) _(Xi —Xn)" (2.3.39)

i=1

The independence of X, and S,% is a unique property of the normal distribution and plays an important
role in the derivation of the probability distribution of the ¢-statistic,

JiX, —6)
S2 /02 =
T, a/f/ Siat = = (2.3.40)

where 0 and o2 are the mean and the variance of X . In this section, we shall follow Sansing (1976)
and discuss the distribution of 7,, defined above when the parent population is classical Laplace (with
the mean equal to zero). Let

fx, s2(x,y), —00<x<o00,y>0, (2.3.41)
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be the joint density of X, and Sf based on a sample of size n > 2. Sansing and Owen (1974) derived

a recursive relation for fx s presented below.
n

Lemma 2.3.2 Let X1, X2, ... bei.id. variables with common density f, where f(x) > 0 for all x.

Then for anyn > 2, —00 < x < 00, and 'y > 0, we have

n+1 1
Py sz, ® N =y f_ wwdu,

e Uy _ 2 _ n
w(“"f""'ﬁ(”\/n(n— ¢ “))f(" st

where

Proof. Note that

and
2 2 n < 2
Sn+1 =5+ n+ 1‘(Xn — Xn41)”.
Since X1 is independent of X,, and S2, the joint density of X,, S?, and X1 is

17,52 (% V) £ (@)

[ n 1 —
U= o X _Xn ’

we obtain the relation (2.3.42); see Sansing and Owen (1974) for details.

Using the auxiliary variable

For n = 2, we get directly

frz.sg(x’Y)=‘/gf(x+ %)f(x— %), —00 < Xx <00,y >0,

while for n = 3 the relation (2.3.42) produces

1 3
fxy 5206, 9) = ~/§/ a- w12 £ + yaisw))du,

i=1

where
u 1 —u?
a;3(u) = % >
u 1—u?
az3(u) % - 5

(2.3.42)

(2.3.43)

(2.3.44)

(2.3.45)

(2.3.46)

(2.3.47)

O

(2.3.48)

(2.3.49)
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so that

3 3
Y an@w) =0, Y ahw) =1.
i=1 i=l1

Assume now that f is the density (2.1.1) of the classical Laplace distribution with mean ¢ = 0 and
scale parameter s > 0. Then for the random sample of size n = 2, the joint density of X» and 522 is

1 [2 (e 2 if x| > VY2
c_ = -, - 2.3.50
fXZ's% . ¥) 452\ y { e Vs if x| < /y/2. ( )

[Note that here S% is simply (X; — X»)2/2.] Thus the density of the t-statistic when n = 2 is
(Exercise 2.7.23)

1 .
) 3 if|t] <1
sz(t)—{ 4_12 il > 1. (2.3.51)
For n = 3, we obtain from (2.3.49)
3l _ 3 | x L,
fxy2(.9) = g/—;/ (1 = w12~ F Thai|Fprenol g, (2.3.52)
: = .

with the functions a;3(u) as before. As noted by Sansing (1976), in the region |x/./y| > +/2/3, we
can express (2.3.52) as follows:

V3r x 2
f73,sg(x, y) = We 3|X|/5, ﬁ > § (2353)
Further, a similar relation holds for other sample sizes as well [see Sansing (1976)],
(n—-1)/2 n—3 _
e o y) = Jar =72 /5 enilrs XS n—1 2.3.54)
"o 2nsnr (251 NG n

Using (2.3.54), we follow Sansing (1976) to derive the distribution function of the z-statistic (2.3.40)
fort >n—1:

(n—l)/ZF -1 -1 (n—-1)/2
Fra)y=1-"21 (n 1 ) (" ) il (2.3.55)
— n— n
Jan-1r (25)

Finally, differentiating (2.3.55), we obtain the p.d.f. of T},:

(=172 —1\-Db/2
fr. (1) = = () (" ) e, Jt|>n—1. (2.3.56)
Jazir () Ao

Remark 2.3.7 Note that the tails of the density (2.3.56) are heavier than those of the corresponding
t-distribution with n degrees of freedom (Exercise 2.7.25).

Remark 2.3.8 As noted by Sansing (1976), the evaluation of the joint density of X, and S,% in the
region where |x|/,/y < /(n — 1)/n is quite complicated. For this case Sansing (1976) derived
upper and lower bounds for the joint density, leading to the corresponding bounds for the density f,
of the ¢-statistic in the region |t| < n — 1, where the exact formula (2.3.56) is not valid.
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Remark 2.3.9 Gallo (1979) considered an analogue of the z-distribution defined as

- U, —nb
fop= 2" (2.3.57)
Vn
where
n n
Up=Y X;i and Vo =) |Xi —6]. (2.3.58)
i=1 i=1
[and X, ..., X, is a random sample from the CL(0, s) distribution]. The joint distribution of U,
and V,, [derived in Gallo (1979)] consists of a continuous part supported by the region
I ={u,v):v>0,n0 <u < nb + v} (2.3.59)

and a singular part concentrated on the boundary of I. The corresponding statistic T, defined in
(2.3.57) has support in the interval [—1, 1] (see Exercise 2.7.24). The distribution function of T, is

0 forx < —1,
Fay=1{ & {1 +Y 0 e [T (i, {%z) z"-"-le-Zdz} for—l<x<1,  (2.3.60)
1 forx > 1,
where
n 1 1
a=\.)rv~r v
AN ORNESE))
and
[o¢]
I'a,y) = / 19 e~ dt (2.3.61)
y

is the incomplete gamma function. Note that the distribution of 7}, is a mixture of point masses at
=+1 (each with probability 1/2"), and a continuous part (occurring with probability 1 — 2/2") with
density

n

-1

~ 2" T . .

f,,(x) = 2?1___522—I(I'-1-)T E a,‘(l - t)t—l(l +t)n_l—1, —-l<t<l1 (2.362)
i=l

[see Gallo (1979).]13

2.4 Further properties

2.4.1 Infinite divisibility. The notion of infinite divisibility plays a fundamental role in the study
of central limit theorems and Lévy processes. A probability distribution with ch.f. ¥ is infinitely
divisible if, for any integer n > 1, we have ¥ = ¢};, where ¢, is another characteristic function. In
other words, an r.v. Y with ch.f. ¥ has the representation

n
Y £y x; (24.1)
i=1

3Note that the c.d.f. and the p.d.f. of T, derived in Gallo (1979) may contain some typographical errors.
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for some i.i.d. random variables X;. The importance of the class of infinitely divisible distributions
follows from the fact that they are limits of the sums of rows of (X, i)neN,i=1,....n, and the terms in
each row are i.i.d. (Here, N denotes the set of natural numbers.) Thus, roughly speaking, if we have a
large number of independent and similar random effects that add together, the resulting distribution
will be approximately infinitely divisible.

According to (2.2.7), the ch.f. (2.1.8) of a classical Laplace distribution CL(6, s) can be factored

as follows
e 0t 1\ 1 A\
="\ = P1 (D). 242
(1 —ist)(1 +ist) [e (l—ist) (1+m> $n () (242)

For each integer n > 1, the function ¢, is the ch.f. of 8/n + Y1, — Y2,, where Y}, and Y5, are i.i.d.
with the ch.f. (1 — ist)~1/". The latter is the ch.f. of a gamma distribution with density

A/ 1y s

o) x > 0. (2.4.3)

Consequently, Laplace distributions are infinitely divisible,!# and we state the result formally.

Proposition 2.4.1 Let Y have a Laplace distribution with ch.f. (2.1.8). Then the distribution of Y is
infinitely divisible. Furthermore, for every integer n > 1, representation (2.4.1) holds. Each X; is
distributed as 0 /n + Y1, — Ya,, where Y1, and Y», are i.i.d. with gamma density (2.4.3).

The ch.f. of every infinitely divisible distribution admits a unique canonical Lévy—Khinchine
representation. Several variations of this representation using different spectral measures are known.
Here we consider the representation which states that a ch.f. of an infinitely divisible distribution can
be written uniquely in the form

V(1) = exp (iat - %bzﬂ + f (€'"* — 1 — it sin x)dA(x)) , (2.4.4)

where —0o0 < a < 00,b > 0, and A is a Lévy measure on (—00, 00), characterized by the properties:
A({0}) = 0and f fooo min(1, x2)d A(x) < 0o. Below, we present the Lévy—Khinchine representation
of a Laplace distribution. [See Takano (1988) for a detailed treatment of the d-dimensional density
Ce %Il where ||x]|| is the length of the vector x, including the one-dimensional case d = 1.]

Proposition 2.4.2 The ch.f. (2.1.8) of a general classical Laplace distribution CL(0, s) admits the
Lévy—Khinchine representation (2.4.4) with

1
a=0, b=0, dA(Kx)= me"""/sarx. (2.4.5)

Proof. 1t is sufficient to prove the result for the standard classical Laplace distribution. We need to
show that

! = ¢2Jo (cosxn=De~*x"ldx
1+12

14Dugué (1951) has raised a question of existence of a probability law that is not infinitely divisible but still can be written
as a sum of two independent random variables with distributions parametrized by a continuous parameter. Mistakenly, the
Laplace distribution was used as an example. As pointed out by Lukacs (1957), the example is not valid as the Laplace
distribution is infinitely divisible. Lukacs (1957) also constructs another example that answers positively to the question
originally raised by Dugué (1951).



48 2. Classical Symmetric Laplace Distribution

or, equivalently,
o0
—log(l+1%) =2 f (cos(xt) — e *x\dx. (2.4.6)
0

Since both sides of (2.4.6) have well-defined Taylor series representations about zero, it is
enough to demonstrate that the coefficients in these representations coincide.
The left-hand side has the coefficients

.= (=D)™22(n — 1)! if nis even,
"710 if n is odd.

We now compute the coefficients of the right-hand side. Denoting c(t, x) = cos(xt) — 1, we
have for n > 1:
d"c(t,x) [ (=1)"2x"cos(tx) if n is even,
atn | (=)@ D/2xnsin(zx) if nis odd.

Consequently, the nth coefficient of the Taylor representation is zero for odd n while for even n it is
given by

o0
2/ (=1)"2x" e~ *dx = 2(—=1)"?(n — .
0
This completes the proof. O

Remark 2.4.1 For comparison, the Lévy—Khinchine representation of the normal distribution with

mean . and variance o2 is simply
int— 022
Y@ =7,

and the Lévy measure A is zero in this case.

2.4.2 Geometric infinite divisibility. An r.v. Y (and its probability distribution) is said to be
geometric infinitely divisible if for any p € (0, 1) it satisfies the relation

Vp
y & 3 v, (2.4.7)
i=1

where v, is a geometric r.v. with mean 1/ p, the random variables YI(,i) are i.i.d. for each p, and v,

and (Y, ,S')) are independent [see, e.g., Klebanov et al. (1984)]. It can be shown that geometric infinite
divisible laws are the limits of the sums of rows of (Xy,,i)vp,i=1,...,v,» Where terms in eachrowarei.i.d.
conditionally on vp, and their number v, is random, geometrically distributed, and is independent
of the X, ;. Thus if we have a large random geometrically distributed number of independent and
similar random effects (but depending on the number of effects) that add up together, the observed
distribution will be approximately geometric infinitely divisible. This property justifies the interest
in and importance of this class of distributions for probabilistic model construction and analysis.
The following proposition, which is a direct consequence of Proposition 2.2.7, establishes geometric
infinite divisibility of Laplace distributions.

Proposition 2.4.3 Let Y possess a classical Laplace distribution CE(O, s). Then Y is geometric
infinitely divisible and for any p € (0, 1) relation (2.4.7) holds with Y,(,') ~ CL(0, s\/p).
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2.4.3 Self-decomposability. A random variable Y (and its probability distribution) is self-decom-
posable if for each ¢ € (0, 1) it has the representation

Y ey + X, (2.4.8)

where X and Y are independent (the distribution of X may depend on c). In terms of ch.f.’s this means
that the function ¥ (¢) /¥ (ct), where ¥ is the ch.f. of Y, is ach.f. for each ¢ € (0, 1). Evidently, normal
distributions are self-decomposable as the corresponding ratio is the ch.f. of a normal distribution.
Laplace distributions are also self-decomposable, as was shown by Ramachandran (1997). We shall
present explicitly the corresponding representation (2.4.8).

Proposition 2.4.4 Let Y possess a classical Laplace distribution with ch.f. (2.1.8). Then Y is self-
decomposable and for any ¢ € (0, 1) we have

Y LY +0(—c)+ s Wy — 8, W), (2.4.9)
where 81 and 8, are dependent r.v.’s taking on values of either zero or one with the probabilities
P61 =08=0=c%, P@ =148=1)=0,
P61 =1,8,=0)=P0B =0,86=1) = %(1 —c?).
The r.v.’s W1 and W, are standard exponential and Y, W, W», (81, 83) are mutually independent.

Proof. Write Y = 6 + sX, where X is the standard classical Laplace variable. Note that the ch.f. of
X given by (2.1.7) can be factored as follows:

((1+ict)(1—ict)) (C +§(1 ¢ )l—it+2(1 ¢ )1+,~,>’ (2.4.10)

where the first factor is the ch.f. of ¢ X while the second one is the ch.f. of §; W; — 8, W,. Consequently,
we obtain the representation

X2LcX +6,W —8:W,. (2.4.11)
To arrive at (2.4.9), combine (2.4.11) with
Y =0+sX. ad

We summarize stability properties of the Laplace distribution in Table 2.6. In the second part of
Section 2.2 and throughout most of Section 2.4, we have studied various distributional relations in-
volving Laplace distributions. In these relations, unlike those presented in the first part of Section 2.2,
random variables distributed according to Laplace distributions appear on both sides of distributional
equalities. For this reason, we term them stability properties of Laplace distributions. The variables
Y and Y;’s are Laplace CL(0, s). All the variables in (each) representation presented in Table 2.6 are
mutually independent.

2.4.4 Complete monotonicity. A function f defined on an interval I C R is called completely
monotone (respectively, absolutely monotone) if it is infinitely differentiable on I and (— 1) £ &) (x) >
0 (respectively, F®(x) > 0) for any x € [ andany k = 0, 1, 2, .... Since the derivatives of the
Laplace density are straightforward to calculate, it is easy to see that the p.d.f. of the classical
Laplace distribution with mean zero is completely monotone on (0, co) [and absolutely monotone on
(=00, 0)]. As noted by Dreier (1999), every symmetric density on (—00, 00), which is completely
monotone on (0, 00), is a scale mixture of Laplace distributions.
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Stability property Variables

d v I vp, — geometric r.v. with parameter p,
Y=pXLiYi=30LY YP —iid. CLO, /P -s)rv.s

Y 2 VPIYi + (1 = I)(Y2 + /pY3) I—-0-1lrv.withP(I=1)=p

y 4 AN+ =D I—0-1rv.withPU=1)=p

B,,—1 —betar.v. with parameters n — 1
d 1 P
Y =Bpi(Y1+---+ V) ar;ldl

W, W, — standard exponential r.v.’s,

Y LY + 58 Wy — 8, Wa) 81,8, —0-1 r.v.’s given in Proposi-
tion 2.4.4

Table 2.6: Summary of stability properties of the classical Laplace distribution. The variables Y and
Y;’s are CL(0, s). All the variables in each representation are mutually independent.

Proposition 2.4.5 Let f be a symmetric (about zero) probability density on (—00, 00) which is
completely monotone on (0, 00). Then there exists a distribution function G on (0, 00) such that

o0
f(x)=/ %ye_ylx'dG(y), x #0, (2.4.12)
0

while the ch.f. corresponding to f is

©
V(1) =/0 mG(y), —00 <t < 0. (2.4.13)

Proof. The result follows from the fact that every completely monotone density on (0, 00) is a scale
mixture of exponential densities on (0, 00); see Steutel (1970). O

Remark 2.4.2 The converse of Proposition 2.4.5 clearly holds as well: every density of the form
(2.4.12) with some c.d.f. G on (0, 00) is a symmetric density on (—o00, 0c0) which is completely
monotone on (0, 00).

Remark 2.4.3 The central moment
pom = E[X*™] (2.4.14)

of the CL(0, s) random variable X is equal to (2m)!s?™ [cf. (2.1.14)]. Consequently, for every

1 <1 <r wehave
: #
2] o M2 \*
(W) a ((2r)!) ’ @41

since each side in (2.4.15) is equal to s. Actually, the Laplace distribution is the only symmetric
distribution on (—00, 00) with completely monotone density on (0, co) for which the equality in
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(2.4.15) holds; for all other symmetric random variables X on (—00, 0o) with completely monotone
density on (0, c0) and finite 2mth moment (2.4.14), we have an inequality

1 1
(ﬂ)ﬂg(“z’y, l<l<r<m (2.4.16)
! 2r)!

[see Dreier (1999)].

2.4.5 Maximum entropy property. One of the basic concepts of information theory is the notion of
entropy, which is a measure of uncertainty associated with a probability distribution. The maximum
entropy principle states that, of all distributions that satisfy certain constraints, one should select
the one with the largest entropy. A maximum entropy distribution is believed not to incorporate
any extraneous information other than that specified by the relevant constraints. Thus finding the
maximum entropy distribution could be considered as a general inference procedure, and indeed it
was proposed initially by Jaynes (1957) in this manner. It has been successfully applied in a great
variety of fields including statistical mechanics, statistics, stock market analysis, queuing theory,
image analysis, and reliability estimation [see, e.g., Kapur (1993)].

For a one-dimensional r.v. X with density (or probability function) f, the entropy of X is
defined by

H(X) = E[—log f(X)]. 2.4.17)

It is well known that among all continuous r.v.’s with mean zero and given variance, the Gaussian
(normal) distribution provides the largest entropy [see, e.g., Reza (1961)]. Similarly, the Laplace
distribution maximizes the entropy among all continuous distributions with given first absolute mo-
ment, as noted by Kagan et al. (1973). Both results easily follow from the following proposition,
proved in Kagan et al. (1973).

Proposition 2.4.6 (Kagan, Linnik, and Rao) Let X be a r.v. with density

p(x) >0 for x € (a,b) and p(x) =0 otherwise. (2.4.18)
Let hy, hy, ... be integrable functions on (a, b) satisfying for given constants g1, g2, . .. the condi-
tions
b
/ hipx)dx =g;, i=12,.... (2.4.19)
a

Then the maximum entropy is attained for the distributions with density of the form
p(x) = g0+ (2.4.20)

(and only by them) if there exist constants ag, ay, . .. such that the above density satisfies the condi-
tions (2.4.18) and (2.4.19).

How can we deduce the entropy maximization property of the Laplace distribution from the
above proposition? Consider continuous random variables with density p satisfying (2.4.18) with
a = —00, b = 00, and such that

o
/ |x|p(x)dx =c > 0. (2.4.21)

—00
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Then according to Proposition 2.4.6, the maximum entropy is attained by the density
p(x) = e®talxl - x e (—o00, 00) (2.4.22)

for some constants ag and ay. Let us find the constants so that the function (2.4.22) integrates to 1
on (—o0, 00) and satisfies the condition (2.4.21). First, note that a; < O to ensure the integrability
of p. Then write

o0 2 ap
= / el gy = £ 2.4.23)
—00 lay]
so that
e’ = @. (2.4.24)
2
Finally, by (2.4.21), we have
o0 o0
1
c =/ |x|@e—'“1xidx =f xlajle” ¥ dx = —, (2.4.25)
-0 2 0 lai

so a; = —1/c and density (2.4.22) takes the form
1
px) = Z—e""'/c, x € (—00, 00). (2.4.26)
C

The following result summarizes our discussion.

Proposition 2.4.7 Consider the class C of all continuous random variables with nonvanishing den-
sities on (—00, 00) such that

E|X|=c>0 for X €C. (2.4.27)
Then the maximum entropy is attained for the Laplace rv. X with density (2.4.26), and

max H(X) = H(X.) = log(2c) + 1.
XeC

Remark 2.4.4 If mean deviation about some fixed point 6 is prescribed instead of E|X|, then the
entropy is maximized by the density Z%e"x”"'/ ¢, where ¢ = E|X — 0| (Exercise 2.7.30).

Remark 2.4.5 If in addition to (2.4.27) we add the condition that EX = ¢, where |c1| < c, then the
entropy is maximized by the skewed Laplace distribution studied in Chapter 3 (see Proposition 3.4.7).
On the other hand, if the mean along with the absolute deviation about the mean are prescribed
(instead of EX and E|X]|), then the entropy is maximized by the symmetric Laplace distribution
(Exercise 3.6.18).

Recall that the Laplace distribution £(0, o') (with mean zero and variance o 2) can be regarded
as Gaussian with a stochastic variance V = o?W, where W has standard exponential distribution
(see Proposition 2.2.1). As noted recently by Levin and Tchernitser (1999), among all zero-mean
Gaussian r.v.’s with stochastic variance V (independent of the Gaussian term), for any given value
of E'V, the Laplace distribution maximizes the entropy of V. This follows from the fact that among
all distributions with given mean and (0, 0c0) support, the maximum entropy corresponds to the
exponential distribution [see Gokhale (1975)], which can be established via Proposition 2.4.6. Here
is the exact formulation of this result.
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Proposition 2.4.8 Consider the class M of random variables of the form /DZ, where Z and D
are independent, Z is standard normal, while D has a continuous distribution on (0, 00) with mean
o2, Then the maximum entropy,

max H()= log(«/fo) + 1,
Y4J/DzZeM

is attained for the Laplace rv. Y 4 o/ WZ, where W is standard exponential.

2.5 Order statistics

In this section we shall discuss order statistics of random variables having a Laplace distribution.
Let the measurements obtained from a sample of size n be represented by random variables
X1, ..., Xn. The X;’s are mutually independent and each one has the same cumulative distribution
function (and probability density function, if it exists).
'We now introduce n new random variables

X, X2y -+ o5 Xnens
which are the original random variables arranged in ascending order of magnitude so that
Xin = Xon < - = X

The random variables X,.,, where 1 < r < n, are called order statistics (as distinguished from rank
order statistics equal to 1,2,3,...,n for Xy.n, X2.n, X3:n, - .., Xn:n, Which are occasionally also
referred to as order statistics).

In particular, Xi., is the minimum of the X;’s, and X, is the maximum. Another common
order statistic is Xx41:2¢+1, which coincides with the sample median when the sample size is odd
(n = 2k + 1). For the last 50 years, order statistics have been playing an increasingly important role
in statistical inference and have appeared in many areas of statistical theory and practice. We shall
encounter them in later chapters as well.

2.5.1 Distribution of a single order statistic. Given the parent distribution of X (or, equivalently,
anyoneof X;,i = 1, ..., n), itis an elementary exercise in probability theory to find the distribution
of any order statistic. For instance, if F' denotes the c.d.f. of X1, then the c.d.f. of X, is obtained as

follows:
Fpn(x) = P(Xy.n <x) = P(allX; <x)=[F(x)]".

Similarly, for a general order statistic, we have

Frn(x) = P(Xrn SX):P(Z[, _>_r),
i=1

where I;’s are i.i.d. indicator r.v.’s defined as

[ = 1 if X; <x,
Tl 0 if X > x.

The sum Z,’;l I; is a binomial r.v. with probability of success p = P(X; < x) = F(x) so that

n

Frp(x) = Z <7>[F(x)]l[l - F(x)]n—i. 251

i=r
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In the continuous case, the corresponding p.d.f. (obtained by differentiation) is

Srin(x) = r(:)[F(x)]r_l[l — F)I" " f(x), 2.5.2)

where f is the density corresponding to F. We shall now assume that X1, ..., X, are i.i.d. from
the classical Laplace distribution CL(6, s). Denote the c.d.f. and p.d.f. of the rth order statistics by
Frn(;0,5) and fr.n(-; 6, s), respectively. For the standard distribution CL(0, 1), we shall omit the
parameters and simply write F,.,(-) and f;.,(-). Below we shall derive the distributions of order
statistics connected with the standard classical Laplace distribution. To obtain the corresponding
distribution in the case of a general Laplace distribution, use the relations

x—0 1 x—0
Fr:n(x;9:5)=Fr:n< ) and fra(x;60,5) = -fr:n( )
S ) A
The following result is obtained by direct application of formulas (2.5.1)—(2.5.2).

Proposition 2.5.1 Let X,., be the rth order statistic connected with a sample of size n from the
standard classical Laplace distribution CL(0, 1). Then the c.d.f. and p.d.f. of X,.n are

_(L\' s~ (7 [ Fe—ert ifx <0,
Frn(x) = (5) IZ; (l) l e_(,,_,')x(2 _ e_x),' ifx >0 2.5.3)

and
I\" /n er (2 — eX)nr ifx <0,
fr:n(X) =r (5) (r) [ e—(n—r+1))r(2 _ e—X)I'—l ifx Z 0, (254)
respectively.

Remark 2.5.1 For the classical Laplace CL(8, s) distribution, we have the density

r /1I\" /n er(x—G)/s(z _ e(x—e)/s)n—r ifx <0,
Jrin(x;6,5) = ; (E) (r) . I e(n——r+l)(9—x)/3(2 _ e(G—x)/S)r—I ifx >0 (2.5.5)

In particular, we have the following special cases.

2.5.1.1 The minimum. The first order statistic connected with a sample of size n from the CL(6, s)
distribution has the following c.d.f. and p.d.f.:

1—(1—Lex=0/syn ifx <9,
Fin(x;0,s5) = 1 <%)n 1 (0—2)/s ifx>0 (2.5.6)

and

@052 — x=0)/syn=1 if x <9,

n
fin(x;8,5) = EFE{ S 6—)/s ifx >0, (2.5.7)
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2.5.1.2 The maximum. The nth order statistic connected with a sample of size n from the CL(8, )
distribution has the following c.d.f. and p.d.f.:

IN" [ enC=0)/s ifx <6,
Frn(x;6,s) = <§> { @2 —e@=D/syn ifx >0 (2.5.8)
and
n [ en=9/s ifx <6,
Jun(x;0,5) = g I e(B—x)/s(2 _ e(@——x)/.r)n—l ifx > 6. (2.5.9

The symmetry in the expressions for fi., and f,., results from the relation

Xl:n i 26 — Xn:n-
2.5.1.3 The median. Letn =2k + 1,k =0,1,2,..., and let X1., be the sample median X of
X1, X2, ..., Xp. Then the p.d.f. of Xg41:n is

n! 1 2k+1 1
fk—l—l:n(x) — (—k')_z (5) _e—(k+1)lx—6|/s(2 — e—lx—GI/x)k’ (2510)
! A

and the distribution is symmetric about 6. This distribution was derived in Fisher (1934); see also
Karst and Polowy (1963).

2.5.2 Joint distributions of order statistics. Proceeding as in Section 2.5.1, we can find the joint
distributions of two or more order statistics. Consider a random sample X1, ..., X, from a continuous
distribution with the c.d.f. F and p.d.f. f.Let

l1<n <ny<---<ng<n,

where 1 < k < n. Then the joint p.d.f. of X5 .n, Xn,:n, ..., Xny:n is nonzero at x = (xi, ... , X))
only if x; < xp < --- < x4, in which case it is equal to

k k L Nnjai—nj—1
Fpmen@0 = nt | [ £ | [ FCIE T 5 501

i+1 —nj — D!
j=1 i=0 (nj+1 j )

with xg = —00, xg+1 = +00,n9 = 0,and ng; = n+1 [see, e.g., David (1981, p. 10)]. In particular,
the joint distribution of two order statistics, X,., and X,.,, where 1 <r < r’ < n, has density

Frrn(x, ) = C,r, FYF = x) FOF ) — FOOI Ll — FOOI*™ (2.5.12)
forx < y [and f; ,.n(x,y) = O for x > y], where

n!

Conr) = oD == D=y

(2.5.13)

An application of the above to order statistics associated with the Laplace distribution leads imme-
diately to the following result.

Proposition 2.5.2 Let X1, ..., X, be a random sample from standard classical Laplace distribution
CL(0, 1). Then for any 1 <r < r’ < n, the joint distribution of X,., and X, .,, has density

Jrrn(x, y) = (%) C(n,r,ru(x, y), (2.5.14)
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where the constant C(n, r, r’) is given by (2.5.13) and

e — &Y T2 - ifx <y <0,
erx—-(n—r'+1)y[2 —e Y — ex]r’—r—l ifx <0<y,
ulx, y) = e~ Hm—r'+)y)[g—x _ e—y]r’—r—l[z —e*"! fo<x<y, (2.5.15)
0 ifx > y.
Remark 2.5.2 The joint distribution of the minimum and maximum is thus given by
ety (&Y — e¥)n2 ifx <y <0,
_nn=1) ] &2 -V —€5)"? ifx <0<y,
fx,y)= Ton | e V(e F—e )2 if0<x <y, 2.5.16)
0 ifx > y.

Remark 2.5.3 When the sample is drawn from a general CL(6, s) distribution, the joint density of
Xrnand X,y is

1
fr,r’:n(x, y;0,8) = s_z‘fr,r’:n((x —-0)/s,(y —0)/s), (2.5.17)
with f; ,7.,(x, y) given by (2.5.14) and (2.5.15).

The joint distributions of order statistics play an important role in statistical applications. Many
common statistics utilized in statistical inference are functions of order statistics, and we can obtain
their distributions via (2.5.11) coupled with standard transformation methods. Here we present several
examples of such derivations for the Laplace distribution.

2.5.2.1 Range, midrange, sample median. The three commonly used statistics that are functions
of just two order statistics are

R = X,.n — X1.n —the range of X;’s

Xn- X1
MR = L;___.l_” — the midrange of X;’s
-~ X Xk+1:
X = ﬂrlﬂzﬁ —the sample median when n = 2k is even.

In the next proposition, we derive the distribution of R [see, e.g., Edwards (1948)].

Proposition 2.5.3 Let X1, ..., X,, n > 1, be a random sample from the standard classical Laplace
distribution CL(0, 1). Then the range R has the density function

fr(2) =

n—1 n
e [(1 ey 2y 51,,(2)] . 72>0,

where I,(z) = fi)z (2 — e=*7% — ¢*)"=2dx can be computed from the following recurrent relations:
L=z, Ay=1—e"% By=¢€*—1,

In =2l — Ap_1 — € *Byy,

An = 2 [(ﬂ —2)(An-1 — e *hi1) + l(1 - e"')”"l] ,
n—1 2
By = —2 [(n — )(Buet — Ipt) — %(1 e yn2() — ez)],

=-——

where A, = fi)z (2 —e X" — X' 2dx B, = ffz e X2 — e * % — ¢¥)"2x.
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Proof. Let f(x,y) denote the density of (Xi.,, X,.n) given by (2.5.16). The density of R can be
written as the following sum of three integrals:

-z 0 o]
frR@) = f(x,z+x)dx + f(x,x+z)dx+/ f(x,z+x)dx.
0

—o0 —z
The first and the third integral are equal to each other and equal to

n-—1

(L),

while the middle integral is equal to

nin—1) _
—‘—2”—8 Zln (Z)
Thus it remains to prove the recurrent relations.
First, note that I(z) = f_?z ldx =z, A2(2) = f?z e*dx = 1—e%,and B2(z) = ffz e *dx =
e* — 1. Next we have

0
L@ = | @—e* 7 —e")"ldx
-2

= 2In(z) — An(2) — € *Bn(2),

0
Apt1(2) = / QR —e = ex)n-—ldx

-z

0
=2An(2) —e " In(2) - f (2 — e™* 7% — )24,

—Z

0
By11(2) = / eF(2 — e — &y lix

-2
0
=2By(2) — In(2) — e‘Z/ e (2 — e™F 77 — Y2y,
-2

Integration by parts of A,4+1(z) and B,41(2) leads to
A1) =1 —e 8" = (n = e *In(2)

0
+(n-1) e (2 — e ¥t — XY 2dx,
—2Z

Biy1(2) = —(1 = e™)" 11 =) = (n = DIn(2)
0
+(n— l)e_Z/ eF(Q2— e ¥t — *)"2dx,
-2
and after some elementary algebra we arrive at the recurrent relations stated in the theorem. O
It is interesting to see how the distribution of R differs from the case when the sample is from
a Gaussian population. Unfortunately, for the latter case, to the best of our knowledge, the exact

distributions can be computed explicitly only for special cases. McKay and Pearson (1933) studied
the case n = 3, obtaining the density

fr(@) = %6_22/44’(2/«/6), z>0,
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where & is the c.d.f. of the standard normal distribution. Larger values of n would require numerical
computations of certain integrals. [The elaborated computations for n = 2 to 20 of the cumulative
distribution functions in the pre-computer era are given in Pearson and Hartley (1942).] The case of
a Laplace population is thus computationally easier since our recursive formulas allow for explicit
form of the densities for an arbitrary n.

The Laplace variable £(0, 1) = CL(0, +/2/2) has the mean equal to zero and variance equal
to one, so it is appropriate for comparisons. For this random variable the density of the range for
sample size equal to three is given by

fr(z) = eV (32 -2+ «/Ee_‘/iz) , z>0.

The graphs of these two densities are presented in Figure 2.4. The heavier tails of the Laplace
distribution are evident.

0
(=]

04

0.3

0.2
|

0.1

0.0

Figure 2.4: The comparison of the p.d.f. of the range for sample size n = 3: normal (dotted line) vs.
Laplace (solid line) cases.

Consider now another function of the maximal and minimal order statistics — the midrange
MR. Using a similar technique, we obtain the following result.

Proposition 2.5.4 Let X1, ..., Xp, n > 1, be a random sample from the standard classical Laplace
distribution CL(0, 1). Then the midrange M R has the density fyr(2) = 2h(22), where h, the density
of X1.:n + Xnon, is given by

e~ 1zl n—1 e 1 fn+1 B nn—1) _
- _ _p—lalyn—t (BT Izl nn—1) g
h(z)_(1+e—lzl)2 [1 T (1 —e%) (n_1+e Z)]+ e ATa()2)).
(2.5.18)

Here

z/2
In(@) = / (e —e T2y 70,
0
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and it can be computed from the following recurrent relations:

Jr=2z/2, J3=1 —2e%? +e7%,
2
n—2

Jp = (%(1 +e (1 —e )3 - 2(n — 3)e_an_2> : (2.5.19)

Proof. Since the distribution of M R is symmetric around zero it is sufficient to compute the density
Smr(z) for the positive z. As in the previous proof, let f (x, y) given by (2.5.16) be the joint density of
X1:n and X,,., (the minimal and maximal order statistics). Then the density 4 of the sum X 1., + Xy, is

nin—1) _,

0 z/2
x / e (2 — 7t — XY 2dx +/ (€% — e Tt )y1=2gx | .
0

—00

o0
h(z) = [ flx,z—x)dx =

The first integral can be computed directly by substitution and it leads directly to (2.5.18).
The recursive relation (2.5.19) for computing the second integral can be obtained as follows.

First,

z/2 z/2
Jp = / eF(e™* — e Y13y — e—z/ (e — e T34y,
0 0

For the two integrals in the above equation, denoted as I} and I3, respectively, we have
z/2
L= / e (e — e Ny _ 2, 5, (2.5.20)
0
z/2
L= —e_zf e (e — e Y 4dx + J,s. (2.5.21)
0

To compute foz/2 e (e — ety —44x and f0z/2 e (e™* — e~ ¥t¥)"=44x let us apply the
integration by parts technique to the integrals on the left-hand side of (2.5.20) and (2.5.21). We get

z/2
/ R e—-z+x)n—3dx
0

z/2
= (1 - e_z)”"‘3 +/ e—x(n _ 3)(e—x _ e—z+x)n—4(_e—x _ e—z—}—x)dx
0

el

— z/2
=(—emy? =D > |Jn—2 + ez/ e X (e F — e'z+x)"_4dx} ,
0
z/2
/ e¥(e™* — e Y34y
0
/2
= —-(1 _ e“Z)n—3 _ / ex(n _ 3)(e—x _ e—Z+.X)n—4(_e—x _ e_z+x)dx
0
z/2
=-(l—e " +(n-3) {Jn——Z + e_Z/ e (e — e_z+x)"—4dx] )
0

Thus
(1-e "3 n—4
n—2 n—2

z/2
/ e H (e — et YAy = e *J,_»
0
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and
l—e "3 p—4

n—2 n—2
Substituting these integrals into (2.5.20) and (2.5.21) leads to recursive formula (2.5.19). O

z/2 (
e ? / e (e™* — e TNy = Jn_2.
0

It is well known [see, e.g., Gumbel (1944)] that the distribution of the midrange converges
(when appropriately normalized) to the logistic distribution given by the density

el
&= (14 e2h)2"

This limiting density is the first factor in the expression (2.5.18) for the density 4 of the sum of the two
extremal order statistics. Clearly, no normalization (scaling) is required for the sum X1., + X,., to
converge to this logistic variable as n increases to infinity. Consequently, we see that for the Laplace
distribution a simple multiplication of the midrange by 2 is required to achieve the limiting standard
logistic distribution.

The distribution of X for n = 2k + 1 was given in (2.5.10). In our next result, we present the
density of X in case of an even sample size, as derived by Asrabadi (1985), omitting the details of
its technical derivation.

Proposition 2.5.5 The distribution of the sample median X for n = 2k is given by the density

k=2 i (k—1
() — n! =0'(*7)
%@ = G- DE ; 2k —1—1i)

e-—(k+1+i)lZ|(1 _ e—(k—l—i)lzl)

k
_ (z_ki)l lzle=2el 4 ée—ma.

2.5.3 Moments of order statistics. The computation of central moments of order statistics con-
nected with a general classical Laplace distribution is straightforward. Using the explicit density
(2.5.5) of the rth order statistic X,.,, we obtain

E[(Xyn — 6)*] = sk% x (—1)"3—:;‘1,- + i)bj , (2.5.22)
where
aj = (—1)"1.!—(’!("%2—(’““)0 + j)~&+D (2.5.23)
and
bj = (—1)/ %2‘“’"*2“)@ —r 414 j)~¢+D, (2.5.24)

In particular, for odd n, the mean of the sample median X (,,41) /2:n is equal to 8; the variance of the
sample median is

(n—1)/2

21 4s2n! .
E[(X(+1)/2n —0) 1= =D/ 2 Cj (2.5.25)
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where

-1
. -1 1 3
cj= (=1 |:]| (n_z_ - j>|21+(n+1)/2 <n_—;—_ + ]) ] . (2.5.26)

When the sample size n = 2k is even, the mean of the sample median is still equal to 8; the variance
of the sample median was derived in Asrabadi (1985). Its value for the standard classical Laplace
distribution is

| k=2
k=D - i Z(:)dj +27 D ) 25.27)
j=
where
(k - D! (_2)—*j(k —1- J)—l{(k +14+ j)—3 _ (2k)_3} (2.5.28)

I i k—1= )

Govindarajulu (1966) obtained expressions for the means, variances and covariances of order statis-
tics from the standard classical Laplace distribution in terms of those from the standard exponential
distribution. His method applies to a general distribution that is symmetric about the origin [see
also Balakrishnan et al. (1993)]. Let X.,, ..., X,:, denote the order statistics corresponding to a
random sample of size n from a symmetric distribution with c.d.f. Fx, and let Y}, ..., Yu:n be the
order statistics obtained from a similar sample from the corresponding folded distribution with c.d.f.

Fy(y) =2Fx(y)— 1,y >0 (sothatY 4 | X1]). Then we have the relations

r—1
E[X¥,] = 21 [Z( )E[Y ritn—i]

i=0

+(—1)"Z( )E[Y," ,H,]], 1<r<n, (2.5.29)

i=r

andforl <r <s <n,

r—1
1 n
E[Xr:nXs:n] = 2_” [ (i)E[Yr—i:n—i Ys—i:n—i]

i=0
[see Govindarajulu (1963)]. Recalling that if X is a standard classical Laplace variable, then Y = | X|

is a standard exponential variable, Govindarajulu (1966) used well-known explicit expressions of the
means of exponential order statistics in (2.5.29)—(2.5.30) to obtain the following moments of order

1

N

n) E[Yi—r+l:i]E[Ys—i:n—i]

M=a

)E[Yi—s+1:i Yi—r+1:i]} (2.5.30)

i=s
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statistics connected with the CL(0, 1) distribution:

r—1

EXrn] = 5 [Z (7)sic=in =1

(n S](z—r+lt)} 1<r<n,

i=

)
a2
()

+Z "YsiG—r+1, ,)} 1<r<n,

i=

andforl <r <s <n,

—

r—

1
E[XynXen] = — [ (’.’)ssv —is—in—i)
n = i

s—1

’.’)sla —r+1,0)81(s —i,n — i)

=r

+

— >

IVE

’,’)53(i—s+1,i~r+1,i)].

1

Il
)

Here, for1 <r <n,

n n

1 1
Sinmy= 3 = SHem= Y S+56nP

i=n—r+1 i=n—r+1
andforl <r <s <n,

n

1
S3(rs,ny= Y = +Si1(r,n)- Si(s, n).
i=n—r+1 !

(2.5.31)

(2.5.32)

(2.5.33)

(2.5.34)

(2.5.35)

Utilizing the relations (2.5.31)—(2.5.33), Govindarajulu (1966) calculated the means, variances, and
covariances of order statistics connected with the standard classical Laplace distribution for sample

sizes up to 20.

Remark 2.5.4 Balakrishnan (1988) extended the relations (2.5.29) and (2.5.30) to the case of a
single-scale outlier model (when the random sample consists of n — 1 i.i.d. symmetric variables and
one symmetric scale outlier). Balakrishnan and Ambagaspitiya (1988) used this extension in studying
robustness of various linear estimators of the location and scale parameters of the classical Laplace
distribution. The results have also been extended by Balakrishnan (1989) to the case of independent

but not necessarily identically distributed observations from the Laplace distribution.

Remark 2.5.5 Akahira and Takeuchi (1990) studied the loss of information associated with the order

statistics and estimators related to the Laplace distribution.



2.5. Order statistics 63

Remark 2.5.6 Lien et al. (1992) derived moments of order statistics and related best linear unbiased
estimators of the location and scale parameters connected with the standard doubly truncated Laplace
distribution with density

1
=— ¢ P log2Q) < x < —log(2P 2.5.36
fx) A—P-0° 0g(2Q) = x < —log(2P), ( )
where P and Q represent the proportions of truncation on the left and right of the standard classical
Laplace density. Khan and Khan (1987) obtained recurrence relations for the moments of order
statistics connected with the doubly truncated Laplace distribution (2.5.36).

2.5.4 Representation of order statistics via sums of exponentials. In many considerations we
found it useful to represent order statistics in the form of sums of independent exponential random
variables [see, for example, Subsection 2.6.1.1].

It follows from (2.2.10) that a vector (X1, ..., X,) of i.i.d. standard classical Laplace random
variable has a distributional representation of the form

d
X1, Xn) =01 Wy, ..., 8, W), (2.5.37)
where (61, . .., §2) are i.i.d. Rademacher r.v.’s (random signs taking pluses and minuses with equal
probabilities) and (Wy, ..., W,,) are i.i.d. standard exponential variables independent of the §;’s.

Let B, be a Bernoulli random variable counting the number of pluses among the §;’s. The
number of minuses is denoted by B, = n — B,,.

Proposition 2.5.6 Let (X1, ..., X,) be a vector of i.i.d. CL(0, 1) random variables, and let B, be
a Bernoulli random variable with p = 1/2 independent of two independent sequences (W,-)?il,
(Wi)2, of i.i.d. standard exponential random variables.

Then the order statistics of (X1, ..., Xn) have the following distributional representations:

d - -
(Xlzn, cet Xn:n) = (_WB,.ZB,.’ Ty _Wl;éna Wl:B,,v R ] WB,,ZB,,)

o

B,

i Wl n i W,
—(Zn—l+l)_ I’(En—l+l).

I=1

I~

i= i=1

Proof. Itis enough to notice that conditionally on the §;’s, {W;, §; = 1} are independent of {W;, §; =
—1}. Thus we can represent {W;,§; = 1} by {W,-,i =1,..., I§‘,,}, and {W;,§; = 1} by {W;,i
1, ..., Bp}. The first representation then follows by appropriate ordering of these two sequences.

The second representation follows from the well-known representation of the exponential order
statistics:

i W n
(Wi:n),"l=1 4 (Z n——ll-}-—l) . (2.5.38)

=1

[See, e.g., Balakrishnan and Cohen (1991), p. 34.] 0O

Remark 2.5.7 Consider n = 2k + 1. Let K, = max(B,, B,) and 8, = sign(B, — k — 1/2), where
By, is as in the above representation. We then have the following representations for the median:

Kn—k Kn
d W d W,

Xk+1:n = ‘Sn Z - — = (S,, —_—.
=1 Kn—1+1 I=k+1 :

Here K, and §, are dependent but jointly independent of the W;’s.
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2.6 Statistical inference

In this rather lengthy section we discuss basic statistical theory and methodology for the Laplace
distribution. We warn readers that some of the proofs presented herein may be tough going but in our
opinion quite a rewarding experience. When collecting material for this section we were pleasantly
surprised by the abundance of available results scattered in the literature. Before proceeding with
results on estimation and testing, let us make some remarks concerning the classical Laplace location-
scale family of distributions with the density

1 —0
f(x;9,s)=;f(xs ), —0<b<oo, O<s<oo, —00<x<O0, (2.6.1)

where f is the standard classical Laplace density (2.1.2). We start with an observation that our class
is not a member of the exponential family of distributions, i.e., the density (2.6.1) cannot be written as

a@, s)b(x)e2f=1c"(9's)d"(x), —00<fh <o, O<s<oo, —00<x<O00, (2.6.2)

where a(6, s) and c¢; (0, s), 1 < i < k, are some functions of the vector parameter (6, s) and b(x)
and d;(x), 1 <i < k, are some functions of x. Consequently, many standard results that are valid
for exponential families of distributions are not available for the Laplace distribution.

Let X1, ..., X, be i.i.d. each with density (2.6.1). If the density was of the form (2.6.2), then
the data could be reduced to the set of k sufficient statistics (7, ..., Tx), where

Ti = Ti(X1,..., Xa) = )_di(X}). (26.3)
j=1

Since we are not dealing with exponential family, this is not the case. Clearly, the set of all order
statistics

T = X1n,---> Xnin) (2.6.4)

is sufficient, as it is for any i.i.d. observations. Moreover, greater reduction of the data is not possible
here, since the statistic T is also minimal sufficient [see, e.g., Lehmann and Casella (1998)].

Proposition 2.6.1 Let P be the family of densities (2.6.1), and let the variables X1, . .., X, be i.i.d.
each with density f(-;0,s) € P. Then the statistic T given by (2.6.4) is minimal sufficient for P.

The proof of Proposition 2.6.1 hinges on the following lemma, presented in Lehmann and
Casella (1998).

Lemma 2.6.1 IfP is a family of distributions with common support and Py C P, and if T is minimal
sufficient for Py and sufficient for P, it is minimal sufficient for P.

Proof. To establish Proposition 2.6.1, note that the statistic T is sufficient for P by the Factorization
Criterion [see, e.g., Lehmann and Casella (1998), Theorem 6.5]. It remains to show that T is also
minimal sufficient. Let Py be the subset of P of these densities (2.6.1) where s = 1. In view of
Lemma 2.6.1, it is enough to show that T is minimal sufficient for Py. Consider a subset P; of Py
consisting of densities with a rational value of 6. Since the family P, is countable, the set of statistics
of the form

[Tio f(Xi3 6),9)

SiXy, ..., Xn) = M., f(Xi;0,5)°

(2.6.5)
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where 6; is the jth rational number different from zero (since there are countably many rational
numbers, they can be enumerated), is minimal sufficient for P; [see Lehmann and Casella (1998),
Theorem 6.12]. Since for the Laplace distribution

Si(X1,..., Xp) = e~ L=t Ki=0jl+Eizy 1Xil (2.6.6)
it is clear that the set of statistics (2.6.6) is equivalent to the set of order statistics, that is,
SiX1,.... Xn)=85;("n,.... Y, j=12,..., (2.6.7)

if and only if (Xi,...X,) and (Y1, ..., Y,) have the same order statistics. Thus the set of order
statistics T is minimal sufficient for P;, and also for Py via another application of Lemma 2.6.1. [

We now turn to a study of the amount of Fisher information contained in a random sample from
the distribution with density (2.6.1). For the location-scale family with density (2.6.1), the entries of
the Fisher information matrix,

I I
I (0,s)=[ 1; IZ] (2.6.8)
are given by
NSO
I == dy, 2.6.9
1 s2/(f(y)> F(ydy (2.6.9)
L[ ('O )2
Iy = — 1 dy, 2.6.10
2 szf(f(y)+ FO)dy (2.6.10)
and
1 f’(y))2
Ly=1D =— — d 2.6.11
12 =12 s2/)’<f(y) F(y)dy ( )
[see, e.g., Lehmann and Casella (1998)]. After routine calculations (see Exercise 2.7.31), we obtain
2
1(9,s)=[ 1/0s 1/(12 ] (2.6.12)

It is worth noting that [[f'(y)/f( )% f(y)dy is 1 for both Laplace and normal densities but has a
different value for other symmetric distributions such as logistic and Cauchy.

Remark 2.6.1 Note that the Laplace density does not satisfy the standard differentiability assump-
tions required for the computation of the Fisher information matrix, since f is not differentiable at
zero. However, the relations (2.6.9)—(2.6.11) are valid under a weaker assumption that f is absolutely
continuous, which is the case for the Laplace density [see, e.g., Huber (1981), Section 4.4].

2.6.1 Point estimation. We start with the problem of estimating the parameters of the Laplace
distribution. Since the theory of estimation for the classical Laplace distribution is well developed,
we shall stick to the CL(0, s) parametrization. We shall assume that X1, ..., X, are n mutually
independent random variables with probability density function (2.1.1), while xi, ..., x, are their
particular realizations.
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2.6.1.1 Maximum likelihood estimation. The likelihood function based on a sample of size n from
the classical Laplace distribution with scale s and location 6 is

falx1, ..., %n; 0,5) = ]']f(x,-; 0,s) = (%) e~ 3 Tic1 xi—6], (2.6.13)
i=1

Let us consider three cases, two where one of the parameters is known and one where both parameters
are unknown.

Case 1: The value of s is known. Clearly, to find the maximum value of f,, with respect to 6, is
the same as to minimize the expression

1 n
=Y xi— 0] (2.6.14)
n i=1

with respect to 6. Note that (2.6.14) is the expected value E|Y — 6|, where Y is a discrete random
variable taking each of the values xi, ..., x, with probability 1/n. Consequently, the value of 0
that minimizes (2.6.14) is the median of Y, which here coincides with the sample median of the
observations x1, . . . , x, [see Hombas (1986)]. Norton (1984) established this result by using calculus
(see Exercise 2.7.34).

Thus for n odd, the maximum likelihood estimator (MLE) of 6, denoted 6,, is uniquely defined
as the middle observation X ,1)/2.,. For n even, é,, can be chosen as any value between the two
middle observations. For convenience, in this case the canonical median, which is the arithmetic
mean of the two middle values, is usually used in practice.

Proposition 2.6.2 Let X, ..., X, be i.i.d. with the CL(8, s) distribution (2.1.1), where s is known
and 0 € R is unknown. Then the MLE of 6,

Xk+1:n, forn =2k +1,
% {(Xkn + Xk+1:n} , forn= 2k,

b =

(2.6.15)

where X,., denotes the rth order statistic, is
(i) unbiased;
(ii) consistent;

(iil) asymptotically normal; i.e., \/n(8, —0) converges in distribution to a normal distribution with
mean zero and variance s*.

Proof. The result can be established by using the explicit form of the density and moments of sample
median, derived in Section 2.5.

(i) Using the formulas for the moments of order statistics (see Section 2.5), we find that the
mean of the sample median defined by (2.6.15) is equal to 6.

(ii) The consistency of 8, follows from part (i) and the fact the variance of 6, converges to zero
as n — oo (Exercise 2.7.39).

(iii) The standard regularity conditions usually stated in theorems on asymptotic normality of
MLE’s do not hold for Laplace distribution. To establish the asymptotic normality, use Theorem 3.2,
Chapter 5 of Lehman (1983), which asserts that the sequence /n (6, — 6) converges to the normal
distribution with mean zero and variance 1/[4 f2(0)], where f is the p.d.f. of X;. O
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Remark 2.6.2 The median may not be the best estimator to use for the CL(6, s) distribution, since
there are other unbiased estimators of  with smaller variances. For example, Rosenberger and Gasko
(1983) found that the variances of both the midmean'> and the broadened median'® are less than that
of the median. However, the median has a desirable property of robustness (as do most other trimmed
means) as it performs well (in terms of efficiency) if the assumed model departs from the Laplace
distribution; Rosenberger and Gasko (1983) recommend the median as an estimator of location based
on samples of size n < 6 from a symmetric, possibly heavy tailed distribution.

Keynes (1911) conjectured that the property that the sample median is a MLE of the location
parameter is a characterization of the Laplace distribution. This indeed is the case, as shown in
Kagan et al. (1973) for the case of n = 4 and under the assumption that the density function of
the considered distribution is lower semicontinuous. Recall that normal distribution admits a similar
characterization, where the MLE of the shift parameter is the sample mean for sample sizesn = 2, 3
[see, Teicher (1961)]. It is interesting to note that the result for Laplace fails for sample sizesn = 2, 3
[see Rao and Ghosh (1971) and Exercise 2.7.35].

This characterization problem of the Laplace distribution has been thoroughly studied in Find-
eisen (1982), who showed that the following conditions imply that f is a Laplace density (with the
mode at zero), where X1, ..., X, are i.i.d. with density f(x — 6), —o0 < x,6 < o0.

(i) For all n, every median of the random sample of size n is the MLE of 6.

(ii) There is at least one even n, such that every median of the random sample of size n is the MLE
of 6.

(iii) There are infinitely many r’s such that for every random sample of size n at least one median
is the MLE of 6.

(iv) For sufficiently large n, the canonical median given by (2.6.15) is always a MLE of 6.

In addition, Findeisen (1982) demonstrated that conditions (v) and (vi) given below are not sufficient
to conclude that f is a Laplace density (see Exercises 2.7.36 and 2.7.37).

(v) There exists at least one n such that every median of a random sample of size n is the MLE
of 6.

(vi) There exists an even n such that the two particular medians, X, 2., and X, /241.n, are the MLE’s
of 6.

Buczolich and Székely (1989) improved these results by showing that the characterization of the
Laplace distribution of Kagan et al. (1973) holds for an arbitrary even sample size n > 4 and without
any regularity conditions on the density, and by replacing “every median” with “some median’ in
condition (ii) of Findeisen (1982) given above. Thus we have the following characterization of the
Laplace distribution.

Proposition 2.6.3 Let {F(x —0), 6 € R} be a family of absolutely continuous distribution functions
on R depending on a shift parameter 6. If the canonical sample median given by (2.6.15) is the MLE

15The midmean is the average of the central half of the order statistics (the 25% trimmed mean).

16For n odd, the broadened median is the average of the three middle order statistics for 5 < n < 12 and the five middle
order statistics for n > 13. For n even, it is a weighted average of the four middle order statistics for 1 < n < 12 with weights
1/6,1/3,1/3, and 1/6, while for n > 13 it is a weighted average of six middle order statistics with weights 1/10, 1/5, 1/5,
1/5,1/5, and 1/10 [see, e.g., Rosenberger and Gasko (1983)].
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of 0 for some even sample size n > 4, then F must be a Laplace distribution function so that
1
F'(x)= f(x) = —e ¥l x #£0.
2a

We refer the reader to Buczolich and Székely (1989) for a fairly advanced proof of the result.

Remark 2.6.3 More generally, if for some i € {1,2,...,n — 1} a linear combination of two con-
secutive order statistics of the form

W =aiXin+ait1Xit1:n (2.6.16)
is the MLE of 6, where n > 3 and
ai+aiy1 =1, ajai4 >0, 2.6.17)
then F must be a skewed Laplace distribution function corresponding to the density

ce~bilxl ifx <0,
f(x) = { ce_bZle lfx 2 0, (2618)

where b is some positive constant, b, = #bl ,and c is chosen so that the density (2.6.18) integrates
to 1 [Buczolich and Székely (1989)]. In particular, Proposition 2.6.3 still holds if the canonical sample
median is replaced by an arbitrary median [of the form (2.6.16) with i = n/2].

Remark 2.6.4 We see that the MLE of the location parameter when sampling from a Laplace distri-
bution is the sample median (the empirical 0.5-quantile). A question arises as to whether there are any
distributions for which the MLE’s of the location parameters are given by other empirical quantiles.
It turns out that this is generally true for skewed Laplace distributions (2.6.18) (see Section 3.5 of
Chapter 3). One family of skewed Laplace distributions is given by the p.d.f.

—(1—a)|x—6|

@ =at-of Tl

forx <6,

forx > 6. (2.6.19)

where 6 € (—oo, oo) and o € (0, 1) [see Poiraud-Casanova and Thomas-Agnan (2000)]. Here, given
i.i.d. observations from the density (2.6.19) (with a given value of «), the MLE of 6 is the empirical
a-quantile (see Exercise 2.7.38). For « = 1/2, the density (2.6.19) reduces to a symmetric Laplace
density and the MLE of 6 is the empirical 0.5-quantile (the median).

The two-tailed power distribution with the c.d.f.

| xm/em 1 for0<x <6
FOO=1120-xr/a—6y! foro<x<l

and density
nx"~1/n1 for0<x <8
&)= n(l—x)""1/1—-6)""1 for6<x<1

has a similar property: the MLE of the parameter 6 (which is not actually a location parameter as
described in (2.6.1)) is given by an order statistic. (This distribution serves as an alternative to beta
distributions. For n = 2, we have the triangular distribution.)



2.6. Statistical inference 69

Remark 2.6.5 Marshall and Olkin (1993) extended the above maximum likelihood characterization
of Laplace distribution to the multivariate case. They showed that if x1, X3, X3, X4 is a random sample
of size n = 4 from a location family {F(x — 6),0 € R?} of distributions in R¢, where f = F’ is
lower semicontinuous at x = 0, and the vector of sample medians is a MLE of 6, then f must be the
product of univariate Laplace densities.

Case 2: The value of 0 is known. Here the likelihood function is maximized by the sample first
absolute moment.

Proposition 2.6.4 Let X1, ..., X, be i.i.d. with the CL(0, s) distribution (2.1.1), where 0 is known
and s > 0 is unknown. Then the MLE of s,

I
§p = ;;u(,- -9, (2.6.20)
1=

is
(i) unbiased;
(ii) strongly consistent;

(iii) asymptotically normal; i.e., \/n(S, — s) converges in distribution to a normal distribution with
mean zero and variance s*;
(iv) efficient.

Proof. To establish (2.6.20), write the log-likelihood,

1 n
log fu(x1,...,%p;0,5) = —nlog2 —nlogs — — Z |x; — 6], (2.6.21)
s

i=1

and note that its derivative with respect to s,
1{1¢
(=Y ixi—61-n),
s \s 4
i=1

is decreasing for s < §, and increasing for s > §,.
(i) The unbiasedness of s, follows from the representation

IX; — 6] £ 5w, (2.6.22)

where W is standard exponential with mean and variance equal to one.

(ii) The strong consistency of §, follows from the Strong Law of Large Numbers, since the
random variables (2.6.22) are i.i.d. with mean s.

(iii) The asymptotic normality follows from the classical version of the Central Limit Theorem,
as the random variables (2.6.22) are i.i.d. with mean and standard deviation both equal to s.

(iv) The efficiency of 5, follows from the fact that the variance of §, coincides with the Cramér—
Rao lower bound (for the variance of any unbiased estimator of s). Indeed, the Cramér-Rao lower
bound is [n] (s)]~!, where

2
I(s)=—-E (—8—2 log f(x; 6, s)) (2.6.23)
as
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is the Fisher information in one observation from f(x; €, s). The second derivative of log f(x; 6, s)
with respect to s is

a2 1 2|x—6|
so I(s) = 1/s? and the Cramér—Rao lower bound is s2/n. O

Note that since §, is unbiased and efficient, it is a uniformly minimum variance unbiased
estimator (UMVU) of s.

We have shown that for a scale parameter family of Laplace distributions, a MLE of the scale
parameter is the first absolute moment given by (2.6.20). Is the converse true? Recall that for the
corresponding scale parameter family of normal distributions, a MLE of the scale parameter is

% "_1 X2, which actually is a characterization of a normal distribution [see Teicher (1961)]. For

the Laplace distribution, such characterization holds as well.

Proposition 2.6.5 Let {F(x/s),s > 0} be a family of absolutely continuous distributions on R,
depending on a scale parameter s. Suppose that the density f(x) = F'(x) satisfies the following
conditions:

(i) f is continuous on (—00, 00);
(i)

F(y)
im ——= =1 forall A > 0. (2.6.25)
y=0 f(y) !
If for all sample sizes n, a MLE of s is given by % Y i—1|Xil, then F is Laplace and f(x) = %e"x'.

Proof. Suppose that §, = ,1—1 > i1 |1Xil is a MLE of s for all sample sizes n. Then §, maximizes the
likelihood function, so we have the inequality

1\" i 1\" - i
G TGE)=0) TG @629

foralls >0andx; e R,i =1,...,n.Lety; = x;/§, and A = §,/s. Then we can write (2.6.26) as
n n
[Troo=r]roww, (2.6.27)
i=1 i=1
where A > 0 and yj, ..., y, satisfy the condition
n
> lyil=n. (2.6.28)
i=1

Consider the function f for x > 0. With positive y;’s satisfying (2.6.28) and arbitrary A > 0, the
condition (2.6.26) leads to an exponential function,

f(x)=ce™, x>0 (2.6.29)
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[see Teicher (1961, Theorem 2)]. Similarly, for x > 0, denote g(x) = f(—x) and write (2.6.27) as
n n
[Te oo =" ]]e0). (2.6.30)
i=1 i=1

where A > 0, and y; > O satisfy ZLI yi = n. Proceeding as above, we arrive at the conclusion that
f(x) =g(=x) =cze*, x<0O. (2.6.31)

Since f is a probability density on (—o0, 00), we must have ¢ +c¢2 = 1. To conclude the proof, note
that only the choice ¢} = ¢; = % leads to a MLE given by the sample first absolute moment. O

Remark 2.6.6 Cifarelli and Regazzini (1976) considered the problem of characterization of prob-
ability distributions for which the mean absolute deviation (2.6.20) is an unbiased and efficient
estimator of the scale parameter. Suppose that X1, ..., X, are i.i.d. with density
1 x
g =<1(3), (2.632)
s7 \s
where f is positive for all real x and s > 0, continuous at x = 0, and satisfies some technical
conditions. Cifarelli and Regazzini (1976) showed that if the statistic (2.6.20) (with 6 = 0) is
unbiased and efficient for the scale parameter s of (2.6.32), then f is the standard classical Laplace

distribution. Cifarelli and Regazzini (1976) also obtained a generalization, showing that if for some
y > 0 the statistic

) ¢
Sny =~ > oIxil (2.6.33)
i=1

is an unbiased and efficient estimator for the parameter s [under the model (2.6.32)], then g must
be the exponential power density

1—
Y T )l

which we shall (briefly) consider in Section 4.4.2 of Chapter 4.

Case 3: Both s and 6 are unknown. Similarly as above, here the MLE of 6 is the sample median
6, given by (2.6.15), while the MLE of the scale parameter s is equal to the mean absolute deviation

I ,
§p = ;le(j — Bp). (2.6.34)
1:

We shall demonstrate that these estimators are consistent and asymptotically normal. To prove these
results one could use the general theory of maximum likelihood estimation and its asymptotics.
Instead we have decided to give more explicit derivations using the specific structure of maximum
likelihood estimators for Laplace distributions. We restrict ourselves to the case of an odd sample
size, i.e., n = 2k + 1. The case of an even sample size can be derived in an analogous way with some
minor adjustments for the different form of the median. Thus we shall assume that n = 2k + 1.
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Let us start with an interesting representation of the median and the mean absolute deviation
for Laplace distributions. First, note the following general relations for the mean absolute deviation:

1< 1 ¢
=3 X = Xeprnl == Y 1 Xin — Xit 1]
n i=1 n i=1

1 n
== Z(Xk-i-l:n - Xi:n) + Z (Xi:n - Xk+1:n)
n N .
| i=1 i=k+2
= 1 Xin x, m |- (2.6.35)
n.
| i=k+2

Now let us consider X;’s being i.i.d. from the standard classical Laplace distribution. We use
the representation of their order statistics given in Proposition 2.5.6 to obtain the following result.

Proposition 2.6.6 Let (X, ..., X,) be a vector of i.i.d. CL(0, 1) random variables, n = 2k + 1,
and let B, be a Bernoulli random variable with p = 1/2 independent of two independent sequences
(W;):?_il, (W,-)E’i1 of i.i.d. standard exponential random variables. Define B, =n—B, K, =
max(By, By), K» =n — K, and 8, = sign(B, —k — 1/2).

Then we have the following three joint representations of 6 and $p:

d
On = 8, Wk, —k:K,
Kn—k
d Wi
=34
" g K,—1+1
Kn
d W
S DT
l=k+l
1 Kn—k—1
L I T
i=Kp—k+1 i=1
¢ Kn—k—1
d 1 X - Kn k " 2k — K, +1
= - W, W, %% —W,
" Z 1+ Z ’+k+ Kn—k + Z K, —I1+1 1
I=Kn—k+1
K k K
d 1 = - 2k +1
Lo e o g+ 3 (B w

I=1 I=1 I=k+2

Here and below, if the upper limit of summation is smaller than the lower limit, then the sum is
assumed to be zero.

Proof. The representation for the median was explained in Remark 2.5.7. For the mean absolute
deviation, let us consider two cases.
First,let B, > k + 1, i.e.,, K, = B,. We have

n B,
Z Xin :1_- Z Wi:B,.

i=k+2 i=Bp—k+1
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and
Il

k B —k
d -
2 Xin & =2 W, + Wi,
i=1 i=1 i=1
Thus in this case the first representation for §, follows from the relation (2.6.35).
The second case of B, <k, i.e., K, = By, can be treated similarly. We obtain

The first representation of §,, follows from the fact that B, is independent of the W;’s and W;’s, which
allows for the replacement of W;’s by W;’s (and vice versa) in the last equation.

To prove the second representation, we apply the representation of order statistics of exponential
random variables given in (2.5.38). Let us consider only the case of B,, > k + 1, the other case being
symmetric. Since the representation for the median was discussed in Remark 2.5.7, here we consider
the mean absolute deviation.

We have (for B, > k+ 1)

a1 By B, —k—1 Bp
B=a| >, Wi, — Z WiB, +,ZW“’" : (2.6.36)
i=Bp—k+1 i=1 i=1

By representation (2.5.38), the distribution of the first term in the above equation is the same as that of

B, Bn—k

W W,
.—+ —_—
i=B,,Z—k+1 12—; By —l+1 =B~ k+lB —l+1
_kZB”_1+1+l B,.z:kﬂ;ZIB"_l_"l
=k + "%
Z:19,,-1+1 IB,.Z:k+1 o

The second and the third terms in (2.6.36) can be written as follows:

T et

Bn—k—1 Bp—k—1

= Bn—l+1

By—k—1

—

i=l

B,,—k—l
Wi,
= B,,—l+l

B, i -

B, By
Bn_l+1 ;g —l+1
B

i=1 I=1

B

I
g.

=1
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Combining these three distributional relations results in the second representation of the mean abso-
lute deviation.

Finally, the third representation is obtained by replacing the sequence (Wi, ..., Wg,) by
Ws,, ..., W1)and(W1,.. WB)by(WB,.. Wl) O

Now we prove the main theorem about consistency and asymptotic efficiency of 6, and §, as
estimators of 8 and s. The proof is rather involved. We hope that our readers will communicate to us a
simplified proof. Note, however, that consistency, asymptotic normality, and efficiency of MLE’s for
various distributions is a challenging problem, and a number of prominent mathematical statisticians
struggled with it over the last 30 years.

Theorem 2.6.1 Let (X;){2, be a sequence of i.i.d. random variables having CL(6, s) distribution.

Then the pair of maximum likelihood estimators (0,,, Sn) of (0, s) is consistent, asymptotically normal
and efficient. The asymptotic covariance matrix has the form

s2. 0
Z=[0 sz].

(See also Fisher's information matrix at the beginning of this section.)

Proof. 1t is sufficient to assume that 6 = 0 and s = 1 and show that
\/;’_(én - Eén» En - E§n)

converges in distribution to the standard bivariate normal distribution while \/n E (é,,) and /n[E(5,)
—1] converge to zero.

We shall use the representation of the estimators given in Proposition 2.6.6. By the Central
Limit Theorem and Skorohod’s representation theorem we can assume that

(Bn —n/2)//n/4

converges almost surely to a standard normal random variable Z which is independent of the W;’s
and W,- ’s.

Let us first consider the median ,. By Proposition 2.6.6, we need to find the limiting distribution
of the variable A, equal to the middle expression in the following inequalities multiplied by &,:

<vn Z _f Z Wy (2.6.37)

I=k+1 I=k+1 I=k+1

k+1

Consider the right-hand side expression, say R, and take its characteristic function with respect
to the conditional distribution given B,:

Kn
b5, 1B = E | exp [ itvmtn > Wi |B,
"=kl
_ 1
B (1 = itdp/n/K,)Kn—k
1 itdy/n(Kn—k)/Kn
N ((1 - irsnﬁ/Kn)Kn/wnﬁ)) '



2.6. Statistical inference 75

Note that i8,./n/K, converges in the absolute value to zero, and 8,/n(K, — k)/K, converges
by the assumption to Z a.e. Consequently, the considered characteristic function converges (a.e.
with respect to K,,) to €''Z_ Thus the conditional distribution of the right-hand side of (2.6.37), R,
converges to a degenerated distribution at Z. Thus the convergence is in probability. Exactly the same
arguments can be repeated for the left-hand side of (2.6.37). This implies that A,,, conditionally on
B,, converges in probability to Z. To obtain the unconditional limiting distribution of A,, note that

¢, (1) = E(@4,(t|Bn)).

Since ¢4, (t|B,) is bounded and convergent almost everywhere, it follows from the Dominated
Convergence Theorem that ¢4, (t) converges to E (e''%) = e 1’2,

Now we consider the mean absolute deviation. We again consider the distribution of §, condi-
tionally on B,,. Set

Cp = ﬁ(gn - E(§n|Bn))

and note the representation

o L T = EG) | Y, (Wi = EW)
"= 7 NG

K
1 k - 1 1
+ ﬁm(wk+l — E(Wi+1)) + ﬁl=§k+2 (7 - ;) (W, — E(W))).

Note that the four terms in the above representation are mutually independent. Also, the first two
terms are independent of the median. It follows from the Central Limit Theorem that each of the first
two terms is convergent in distribution to the standard normal distribution multiplied by +/2/2 (we
need also to invoke the Law of Large Numbers to show that K,,/n converges almost surely to 1/2).
Thus their sum is convergent to the standard normal distribution. Clearly,

1

ﬁm(WkH — E(Wi41))

converges to zero.
It remains to consider the distributional limit of the last term,

K
- 1 1
iy (7 - —) (Wi — E(W))).

n
I=k+2

Note the following inequalities (E(W;) = 1):

11 Lo
ﬁ(Kn—k—z)(K—n—;)sﬁ > (7—;>E(Wl)

and



76 2. Classical Symmetric Laplace Distribution

Since K,/n converges in probability to 1/2, and (K, — k — 1/2)/./n converges almost surely to
|Z|/2, we conclude that

ﬁ(Kn*k—2)< 1) and «/ﬁ(K,,—k—Z)(;—l>

1
K_,,_; k+2 n

converge in probability to | Z|/2 (conditionally on B,). Observe that

have the same limit (conditionally on B,) since
1/K, — 1/n
1/(k+2)—1/n
converges in probability to one. In addition,
K, K
“ 1 1 k ~ W
FS (oA B
o) k+2 n k+2l=k+2ﬁ

The characteristic function (conditionally on B,) of Z{;"k W/ 4/n is convergent to et1Z1/2 This
shows that, in probability (conditionally on Bp),

K,
. - 1 1 Z Z
llmﬁ E <7——)(W[—E(W[))=|—2-l——|—§-l-=0
l=k+2 n

Consequently, §, converges to the standard normal distribution and asymptotically is independent of
O, (the only terms in the representation of §, that are dependent on 6, are convergent in probability
to zero).

To conclude the proof, we need to show that

lim n[E@G,) — 1] =0.
n—>oo

We have
K

. EKw» k 1 k "1\ EKn)—k-—1

O e DI B

n I=k+2 n
1 1 1k St np2—k-1
== - E -] - .

SR T I 122 p

We see that all but the first two terms converge to zero at the rate o(n~1/ 2) and the first two terms
converge to one at the same rate. This concludes the proof. O

Remark 2.6.7 Harter et al. (1979) discuss adaptive MLE’s of the location and scale parameters (8
and s, respectively) of a symmetric population, where a sample is first classified as having come from
uniform, normal, or Laplace distribution, and then the MLE’s of 6 and s, appropriate for the chosen
population, are computed. See Harter et al. (1979) and references therein for further information,
including the classification criteria.
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2.6.1.2 Maximum likelihood estimation under censoring. Let X1, ..., X, be an i.i.d. sample from
the classical Laplace distribution with density f(-; 6, s) given by (2.1.1) and distribution function
F(-; 0, s) given by (2.1.5). When the smallest r and the largest r observations are censored we obtain
a Type II (symmetrically) censored sample:

Xr+l:n < = Xn—rum- (2.6.38)

If X410 < -+ < Xp—r.p is a particular realization of (2.6.38), then the likelihood function is

n! n—r
L, 5) = — {F Xrs10; 0, )1 = Fnorn; 6, ) [] f(xin3 6, 9). (2.6.39)
(r) .
i=r+1
Utilizing (2.1.1) and (2.1.5) we obtain
n!
L@,s) = 2"(r!)2s2"‘2 (2.6.40)
e—(n—rn—6)/s (2—e‘(“r+1:n —9)/5)
CXP(Z?;:H(Xizn—O)/s} ’ 0 < Xrq1:m,
n—r Xiin—6

X exp —Tr(xn—r:n — Xr4lim) — Zi=r+1
eCr+1mn =05 (3 o(tn—rin—6)/5)
eXP(Z,'-';,'+1 (6—xi:n)/s} ’

We now fix s > 0 and maximize the function L with respect to 8. The likelihood function is mono-
tonically increasing in € on (—00, x,4+1.,) clearly and monotonically decreasing in 6 on (x,—.n, 00),
so that the maximum values of L must occur for some 6 in [x,41:,, Xn—r:n]; see Exercise 2.7.44. But
on the latter interval, the function L is maximized if the sum

S H‘ s 0 € [Xrq1in, Xn—rnl,

0 > Xpn_rin.

n—r

2

i=r+1

Xi:n — 6

s

is minimal, so the MLE of 6 is sample median of the censored sample (which is the same as that of
the original sample). Substituting the sample median 6, given by (2.6.15) into the likelihood function
(2.6.40) results in the following function of s to be maximized,

A n! —cy
g(s) - L(gn,s) = We x, (2641)
where
n—r
C=r(n—rn — Xr41mn) + Z |Xi:n — 6n| > 0. (2.6.42)
i=r+1

Since the function g is maximized ats = C/(n —2r) (Exercise 2.7.44), we obtain the following
MLE of s [see Balakrishnan and Cutler (1994)]:

1 n—r (tn/21
§n = n—2r Z Xi:n — Z Ximm +1rXn—rin — Xr41:n) ¢ - (2.6.43)
i=[[(n+1)/2]]+1 ol

Remark 2.6.8 Balakrishnan and Cutler (1994) derived the bias and efficiencies of the above esti-
mators (compared to the BLUE’s discussed below); see also Childs and Balakrishnan (1997a) for
the derivation of the mean square error of these estimators. Balakrishnan and Cutler (1994) obtained
similar explicit estimators of 6 and s under Type II right-censoring, while Childs and Balakrishnan
(1997b) extended the results to a general Type II censored samples.
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2.6.1.3 Maximum likelihood estimation of monotone location parameters. Let for each i =
1,2,...,k, f(x; 6;) be the density (2.1.1) of the classical Laplace CL(6;, s) distribution with the
location parameter ; and the scale parameter s = 1. Assume that n; items,

Xil’ Xi2, AR | Xin,-, (26.44)
are chosen from the distribution with density f(x; 6;), and that the resulting k samples are indepen-
dent. Our goal is to find estimates 61, 62, ..., 6k of 61, 02, .. ., 6 such that

0,>6,>-..> 0. (2.6.45)

Brunk (1955) considered problems of this type when f(x; 8) is a member of an exponential
family of distributions (that includes the normal distribution with either unknown mean or unknown
standard deviation but does not include the Laplace distribution), while Robertson and Waltman
(1968) developed a procedure for finding restricted estimates (2.6.45) for a class of distributions
containing the classical Laplace law. More information on the early history of such problems is given
in Brunk (1965).

A procedure for obtaining restricted maximum likelihood estimates developed by Robertson
and Waltman (1968) assumes that the family of functions { f (x; 6), 8 € ®}, where ® is a connected
set of real numbers, satisfies the following four conditions:

(Al) f(x; 0) has support S which is the same for all 8 € ®.

(A2) For each x € S the function f(x; ) is continuous in 6.

(A3) If x1, ..., x, € S, then the likelihood function

L©;x1,...,xn) =[] f(xi;0) (2.6.46)

i=1

is unimodal with mode M (not necessary unique).

(A4 If x1,...,x, € Sand y1,...,ym € S, and My , M, are the modes of the likelihood
functions L(6; x1, ..., x,) and L(6; y1, ..., ym), respectively, then M, is between M, and M,,
where M, is the mode of L(6; x1, ..., Xn, Y1, -+, Ym)-

Conditions A3 and A4 do not assume that the mode is unique [similar earlier results by van
Eeden (1957) did assume the uniqueness of the mode], although condition A4 requires the existence
of a certain rule by which the mode is to be selected.

In this setting, let M; be the mode of the likelihood function of the ith sample (2.6.44), and for
1< R<S <k,let M(R, S) denote the mode of the likelihood function

S n;
[T]]fi:0 2.6.47)
i=R j=1

qf the combined observations of the Rth through Sth samples. The objective is to find a point
61, 6,, ..., 6 in the set

Sk={(ct1,...,0) 1 ; €O, 001 >y >+ > o} (2.6.48)
for which the likelihood function

k- n;
L, ..., o) = [[[] £xijs i) (2.6.49)

i=1 j=1
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is maximized. The main result of Robertson and Waltman (1968) asserts that under conditions Al-
A4 there exists a point in S; maximizing the likelihood function (2.6.49) and that it admits the
representation

f0j = min max M(R,S) = max min M(R S). (2.6.50)
1<R<j R<S<k Jj<S<k 1<R<

In addition, if 6; > 6y > --- > 6 and if

k
lim Z |M; —6;] =0, (2.6.51)
then with probability one
k
lim Z 16; — 6;] =0, (2.6.52)
=
where m = min(ny, ..., ng) [see Robertson and Waltman (1968)].

Evidently, the family of Laplace densities with location 6§ € ® = (—o00, 00) and a given scale
parameter s (for convenience assumed to be one) satisfies conditions A1-A3 above. Here the mode
of the likelihood function (the MLE of 0) is the sample median. Further, if in case of an even sample
size the median is chosen as in (2.6.15) to be the average of the two middle values, then condition A4
is satisfied as well (see Exercise 2.7.40). Consequently, we have the following result [see Robertson
and Waltman (1968)].

Proposition 2.6.7 Assume that we have k independent random samples, where the ith sample, given
in (2.6.44), is from the classwal Laplace dtstrtbutton with the location parameter 6; and the scale
parameters = 1. Then 91 > 92 > > 9k, where 01 is given by (2.6.50), is the MLE of 61, 6, . . ., 6k
subject to the condition (2.6.45).

Further, as noted by Robertson and Waltman (1968), the sample median of the ith sample, M;,
converges almost surely to 8; by the Glivenko—Cantelli Theorem, so by (2.6.51) we have the almost
sure convergence (2.6.52) of the restricted MLE’s.

2.6.1.4 The method of moments. Let X1, ..., X, be a random sample from the classical Laplace
distribution with density (2.1.1). As in the case of MLE’s, we shall consider three cases, two when
one of the parameters is known, and one when both are unknown.

Case 1: The value of s is known. Since the mean of the CL(0, s) random variable is equal to 9,
the method of moments estimator (MME) of 6 is the sample mean

P .
== X (2.6.53)
n § ame

Clearly, the estimator (2.6.53) is unbiased for 8. Further, by the Strong Law of Large Numbers and
the Central Limit Theorem, it is consistent and asymptotically normal.

Proposition 2.6.8 Let X1, ..., X, be i.i.d. with the CL(0, s) distribution (2.1.1), where s is known
and 0 € R is unknown. Then the MME of 6 given by (2.6.53) is

(i) unbiased;

(ii) strongly consistent;
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(iii) asymptotically normal, i.e., \/n (6, — ) converges in distribution to a normal distribution with
mean zero and variance 2s>.

Note that the asymptotic variance of the MME of 0 is twice as large as that of the MLE of 6,
so that for the Laplace distribution the asymptotic relative efficiency (ARE) of the sample median 6,
relative to the sample mean 6, is

~ 252
ARE6,) = — = 2.
s

For any finite sample size n, the variance of the MME is

. Var(X 252
Var(6,) = arfl 2. % (2.6.54)

while the variance of the MLE (the canonical median) is given in SectionA 2.5 [see also the relations
(2.7.24)—(2.7.25), Exercise 2.7.39]. Table 2.7 contains the variances of 6, and 6, for sample sizes
n = 1(1)7. We see that

Var(§,) < Var(6,) (2.6.55)

when the sample size n is between 3 and 7, the difference being rather substantial. Chu and Hotelling
(1955) established the relation

1\ Var@Gus) 1)*?
Be[1- < <151Be(1+—~) , k=1, 2.6.56
"( 2k+2) = 1Ck+1) "( +2k) = (2.6.56)

where

Qk+ 1! (1\** 27
_ 2 [T 2.6.
Be= =G (2) 2%k +1° 2.6.57)

and concluded that if n = 2k + 1 > 7, then the relation (2.6.55) holds as well (Exercise 2.7.42).

n 1|2 3 4 5 6 7
Var(6,) | 2 | 1| 0.667 | 0.500 | 0.400 | 0.333 | 0.286
Var(9,) | 2 | 1 | 0.639 | 0.406 | 0.351 | 0.261 | 0.236

Table 2.7: The variances of 8,, (the sample mean) and O, (the sample median) for samples of size n
from the standard classical Laplace distribution.

Case 2: The value of 0 is known. Since the r.v. X; — 6 has the CL(0, s) distribution, without
loss of generality we shall assume that & = 0. By the moment relation (2.1.14), we have EX ?‘ = 252,
so the MME of s is

(2.6.58)

The following result summarizes the asymptotic properties of §,.
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Proposition 2.6.9 Let X1, ..., X, be i.i.d. with the CL(0, s) distribution. Then the MME of s given
by (2.6.58) is
(1) strongly consistent;

(ii) asymptotically normal; i.e., \/n(5, — s) converges in distribution to a normal distribution with
mean zero and variance 1.25s>.

Proof. To establish (i), note that by the Strong Law of Large Numbers,

1 ¢ 5.
=Y x2S E(X?) =257, (2.6.59)
n
i=1
Thus
-~ 1 - 2 as. 2
=g |= ) _X) 5 e0sd) =5, (2.6.60)
n i=1
where
g(x) =+/x/2. (2.6.61)

Similarly, part (ii) can be established via the Central Limit Theorem. Since X ,.2, i=1,2,... arei.i.d.
with

E[X?]=2s% and Var[X?] = E[X;]* — (E[X?])? = 20s*

[see the moment formula (2.1.14)], the sequence

1 n
nl/? (- > X?- 2s2> (2.6.62)
n
i=1

converges in distribution to a normal distribution with mean zero and variance 20s*. Thus by standard
arguments of the large sample theory [see, e.g., Rao (1965)], the sequence

nl/2 l:g (l Z X,Z) _ 8(252)] — nl/z(i,, —5) (2.6.63)
n i=1

converges in distribution to a normal distribution with mean zero and variance
5
[g'(25%)1*(20s%) = 757 (2.6.64)

O

Remark 2.6.9 Note that the asymptotic variance of the §, is larger than that of the MLE §,. The
relation between the variances for a finite sample size n is investigated in Exercise 2.7.43.

Case 3: Both s and 0 are unknown. Let

- 1 & R 1 «
lip =~ > Xi and g, = - > x? (2.6.65)
i=1 i=1
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be the first and second sample moments for the random sample X1, ..., X, from the CL(9, s)
distribution. Since the first two moments of X are

E[X11=6,  E[X?]=6%+2s? (2.6.66)

[see (2.1.18)], solving equations (2.6.66) for 8 and s in terms of the first two moments and substituting
the sample moments (2.6.65), we arrive at the following MME’s of 8 and s:

n

- 1 . oy — M2 1 —
b =M=~ Xi, §n= \/% = |5 X = X2 2.6.67)

i=1 i=1

As before, the consistency and asymptotic normality of the estimators (2.6.67) follow from standard
arguments of the large sample theory [see, e.g., Rao (1965)].

Proposition 2.6.10 Let X1, ..., X, bei.i.d. from the CL(6, s) distribution, where 6 € Rands > 0.
Let

- é,
én = [ s ] (2.6.68)

n

where 6, and 5, are given by (2.6.67), be the MME of the vector parameter
&= [ f ] . (2.6.69)

Then the estimator &, is
(i) strongly consistent;

(ii) asymptotically normal; i.e., the sequence \/n En—8) converges in distribution to a bivariate
normal distribution with the (vector) mean zero and the covariance matrix

252 0
T MME —-[ 0 352 ] (2.6.70)
Proof. Consider an auxiliary sequence of i.i.d. bivariate random vectors
X; ,
Y,-=|:X:2],z=l,2,.... (2.6.71)

The vector mean and the covariance matrix of Y; are as follows:

9 252 4952
m ‘[ 62 + 252 ] Ty —[ 4052 86252 + 20s5% ] (2.6.72)

[We have used the moment formulas (2.1.18).] Clearly, the Strong Law of Large Numbers and Central
Limit Theorem apply to the sequence (Y;), so

n—>00 p 4

1 n
lim =Y Y; = my (2.6.73)
i=1
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and
. 1 o d
lim /7| =Y Y; —my) = N2(0, Zy). (2.6.74)
n—->oo n l=1

(The notation N4z (m, X) denotes the d-dimensional normal distribution with mean vector m and the
covariance matrix X.) Observe that the estimator (2.6.68) can be expressed in terms of the Y;’s as

- 1 <&

S 0, 2.6.

En=g (n ;Y ) (2.6.75)
where

g(x1, x2) = | x1, (2.6.76)

To prove the strong consistency, use (2.6.73) together with the continuity of g to conclude that

1 o -
lim g (— > Yi> = lim & = g(my) = &. (2.6.77)
n—>oo n im1 n—>oo

Similarly, we establish the asymptotic normality of &, by standard result from the large sample
theory [see, e.g., Rao (1965)]. Since the function g has a nonsingular matrix of partial derivatives at

the point my,

3g,' 1 N 0
p=| 38 2 , 2.6.78
[ax,- xzmj s [ —6/s 1/4 ] (2.6.78)
the convergence (2.6.74) produces
1 & d
lim /n I:g (— ZYi) - g(my)} = N,(0,DXyD’), (2.6.79)
or
Jim a6 —£] £ N20, Epme), (2.6.80)
since
n
1 et /
g (—ZYf) =&, gmy)=¢ and DEyD' = Eyue. O
n i=1
Remark 2.6.10 For 0 < p < 1, the function
1 1
f(x) = p——e 0S4 (1 — py—eF 02 _o0 < x < o0, (2.6.81)
251 PAY)

is the density of the mixture of two Laplace distributions CL(0;, s1) and CL(65, s2). Such distribu-
tions may no longer be unimodal [see Exercise 2.7.46]. The method of moments estimation of the
parameters of (2.6.81) is considered in Kacki (1965b), Krysicki (1966ab), and Kacki and Krysicki
(1967).
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2.6.1.5 Linear estimation. In this section we consider the so-called L-estimators of the parameters
6 and s of the classical Laplace distribution, which are linear combinations of order statistics.

Best linear unbiased estimation. Let X, ..., X, be a random sample from the CL(, s) distri-
bution, and let

Xi+1n <+ < Xn—mn (2.6.82)
be the corresponding Type II censored sample. Fori =1, ..., n, let
Xin—6 Xin—0 Xin—0 Xjpn—0
wi=E [_'"_] R - Var[ ""s ] 0ij = Cov[ L L ] (2.6.83)
s s s

be the means, variances, and covariances of the order statistics from the standard classical Laplace
distribution, with values given in (2.5.31), (2.5.32), and (2.5.33), respectively. Then the best linear
unbiased estimators (BLUE’s —unbiased estimators of minimum variance in the class of linear
unbiased estimators) of 6 and s based on (2.6.82) are [see, e.g., Sarhan (1954, 1955), Govindarajulu
(1966), David (1981), Balakrishnan and Cohen (1991)]

mE ml'E! —m'E 1im’'E! =

6* = X = a; X;. 2.6.84
" @ Im)@'E') — (m'E )2 i;,h:q o @659
and
'S 1Mm'2 ! -1’2 Im1'E ! =
sk = — - X = ) biXin, (2.6.85)
M " 'mA’'E'1) - mX'1) sl
where
X = (Xk—H:m sy Xn—m:n),
m = (”’k+1 Yy ,U«n—m)/ (2686)
1=(,...,1)
are n — k — m-dimensional vectors and
X= [0ij)i, j=k+1..n—m (2.6.87)

isann — k — m x n — k — m covariance matrix. The variances and covariances of the estimators
(2.6.84) and (2.6.85) are

Var(9?) = s m'Z 'm , (2.6.88)
M ' m@’'T"11) - mx11)2
x11
Var(s}) = s2 - : (2.6.89)
M ' m@’'T"11) — mx11)2
rs—1
Cov(8}, st) = —s° m¥ 1 (2.6.90)

’ M 'm@'ET 1) - m'T 112’

Note that under symmetric censoring (k = m) the covariance (2.6.90) is equal to O (since in this case
m’'X 11 = 0), the coefficients of X;., and Xn—i+1:n in ;) in (2.6.84) are equal and in s} in (2.6.85)
are equal in absolute value and opposite in sign.
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The coefficients a; and b; in (2.6.84) and (2.6.85) were tabulated by Sarhan (1954, 1955) for
sample sizes up to 5 and by Govindarajulu (1966) for sample sizes up to 20 (and all choices of
symmetric censoring). Balakrishnan, Chandramouleeswaran, and Ambagaspitiya (1994) give tables
of a; and b; for the case of Type II right censored samples of sizes up to 20 [with k = O and
m = 0(1)(n — 2)]. In Table 2.8 one can find the coefficients a; and b; of 8 and s;} based on complete
samples for sample sizes n = 2(1)10 [calculated by Govindarajulu (1966)].

” n I l Xnn LXn—I:n [ Xn—2:n LXn—3:n [ Xn—an LVariancesJJ
2 9;: 0.5000 1.000
s,*,‘ 0.6667 0.7778
3 9,’: 0.1481 | 0.7037 0.5895
s;‘ 0.4444 | 0.0000 0.4321
4 0;: 0.0473 | 0.4527 0.4155
S;: 0.3077 | 0.2145 0.2986
5 9: 0.0166 | 0.2213 | 0.5241 0.3169
sy | 0.2331 | 0.2264 | 0.0000 0.2290
6 9;: 0.0063 | 0.1006 | 0.3931 0.2548
S: 0.1876 | 0.1943 | 0.1132 0.1858
7 9;: 0.0025 | 0.0455 | 0.2386 | 0.4267 0.2122
S;: 0.1572 | 0.1631 | 0.1439 | 0.0000 0.1565
8 9;: 0.0010 | 0.0208 | 0.1316 | 0.3465 0.1814
sy | 0.1355 | 0.1391 | 0.1391 | 0.0718 0.1351
9 9: 0.0004 | 0.0097 | 0.0698 | 0.2374 | 0.3654 0.1581
S: 0.1191 | 0.1211 | 0.1251 { 0.1013 | 0.0000 0.1190
10 | 6, | 0.0002 | 0.0046 | 0.0364 | 0.1478 | 0.3110 0.1399
s,’: 0.1063 | 0.1074 | 0.1110 | 0.1061 | 0.0504 0.1062

Table 2.8: Coefficients of the BLUE's of the parameters # and s of the classical Laplace distribution.
The last column gives the values of Var(6;) /s2 and Var(sy)/ s2.

By definition, the variance of the BLUE of 6 is smaller than that of MLE (the sample median)
and MME (the mean) as these are also linear combinations of order statistics and unbiased for 6.
Sarhan (1954) compared the efficiencies!” of the latter two estimators, as well as of the midrange
(X1:n + Xn:n)/2 (which is also unbiased), relative to the BLUE of 6. The efficiencies are presented in
Table 2.9, and also graphically in Figure 2.5 [taken from Sarhan (1954)]. As noted by Sarhan (1954),
the MLE (the median) is more efficient than the MME (the mean) and the midrange (and less efficient
than the BLUE).

Remark 2.6.11 Chan and Chan (1969) derived the BLUE'’s of 6 and s based on k selected order
statistics (k-optimum BLUE'’s) connected with a random sample of size n from the classical Laplace
distribution CL(6, s). In Chan and Chan (1969), the authors provided tables containing the optimum
ranks, the coefficients, biases, variances, and efficiencies (relative to the corresponding BLUE’s
based on all order statistics for complete samples) of the k-optimum BLUE’s for k = 1, 2, 3,4 and
n = k(1)20.

17The efficiency of an estimator él relative to another estimator éz is the ratio Var(éz) /Var(él) expressed as a percentage.
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Sample Size n 2 3 4 5
Estimator

Mean 100.00 | 88.43 | 82.80 | 79.21
Midrange 100.00 | 67.90 | 49.65 | 38.29
Median 100.00 | 92.27 | 98.90 | 90.23

Table 2.9: Efficiencies of various estimators of the location parameter 6 of the classical Laplace
distribution, relative to the BLUE of 6.

RECTANGULAR - e NORMAL
........ TRIANGWL AR o mmme e DOUBLE EXPONENTIAL
NS ceea,
\ -~ \\\ ...... .ee
*, ~
» \. = hd -
] \ o~
g \
: \\
- o0 N\
N
g 20 '\
5 "~
40 ~N
g 20 SAMPLE MEAN MIDRANGE MEDIAN
20
1]
] 3 4 3 L} [ ] 3 3 4 L]
SAMPLE 8128 SAMPLE 9128 SAMPLE 9128

Figure 2.5: Percentage efficiencies of the three estimators of the location parameter 6: the sample
mean, the midrange, and the median, relative to the BLUE of 6, in different populations [Republished
with permission of Institute of Mathematical Statistics, from A.E. Sarhan, Annals of Mathematical
Statistics, 25, copyright 1954.

Remark 2.6.12 Rao et al. (1991) derived an optimum linear (in absolute values of order statistics)
unbiased estimator of the scale parameter s in complete and censored samples. The estimator reduces
to the sample mean absolute deviation (the MLE of s when 8 is known) for complete samples and is
generally more efficient than the BLUE of s.

Remark 2.6.13 Ahsanullah and Rahim (1973) noted some practical situations where a number of
observations somewhere in the middle of an ordered sample may be missing [see, e.g., Sarhan and
Greenberg (1967)]. For a given sample size n, 1 < R; < Ry < n,and k = kj + k3, where k1 < Rj
and k3 < n — (R — 1), Ahsanullah and Rahim (1973) determined the optimum ranks

0 0 0 0 0
l<nj<ny<--<nm <R and Ro <mp 4 <---<ng, <n

and derived the BLUE’s of 6 and s based on the order statistics

ey

Xn‘l):n’ Xng:n’ e Xngl n’ X 0

oy 0o .
P10’ Py kT

observing that the efficiency of their estimates (relative to the BLUE’s based on a complete sample)
was quite high.
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Remark 2.6.14 Let X.,, ..., X,., be the order statistics corresponding to a random sample of size

n = 2k + 1 from the classical Laplace distribution with an unknown € and the scale parameter s = 1.
Akahira (1986) showed that variance of the linear estimator

o 1
Oak = 'Z—(Xk+1—r k:n + Xk+1+r~/E:n) (2.6.91)

with the optimal choice of r = 0.48 is asymptotically smaller than that of the MLE of 6 (the sample
median 6,):

A 1 1.13 1
while
o 1 0.90 1

Generalizing, Sugiura and Naing (1989) showed that an appropriate linear estimator of 6 of the form

m
Osnm =Y ailXiy1_y JEm + Xip1arin) + 0 Xkt 1, (2.6.94)
i=1
where 0 < r,, < --- < rp < ry (and with r;+/k assumed to be an integer), has smaller asymptotic

variance than the estimator 64 defined in (2.6.91), as the constant 0.90 in (2.6.93) is reduced to
/2/7 =~ 0.80 [see also Akahira (1987, 1990) and Akahira and Takeuchi (1993)]. Sugiura and Naing
(1989) observed that the variance of their estimator admits the same asymptotic expansion [given
by (2.6.93) with 0.90 replaced by ./2/7] as Bayes risk with respect to a prior having finite interval
support (and satisfying some technical conditions) derived by Joshi (1984).

Remark 2.6.15 Let
Xin 2 = Xnsn (2695)

be a Type II right-censored sample associated with a random sample of size n from the CL(6, s)
distribution. Balakrishnan and Chandramouleeswaran (1994b) utilized the pivotal variables

X g — X Xnin — Xn—
0, = 2n s+1n "= and Q, = 4L _TrTS (2.6.96)

* *
sn sn

in predicting X,,_s11.,» and X,,., (the percentage points of Q1 and Q> were determined by Monte-
Carlo simulations). The quantity s in (2.6.96) denotes the BLUE of the scale parameter s based
on the censored sample (2.6.95). In addition, these authors derived prediction intervals for extreme
order statistics Y1., and Y,,.,, connected with a future sample of size m from the Laplace distribution.
The prediction intervals utilize the (simulated) percentage points of the pivotal quantities

Yl'm — 6y Ym:m - 9:

Q3 — __s*_" and Q4 = ’ (2697)

Sn
where 6 and s, are the BLUE’s of 6 and s, respectively, based on the censored sample (2.6.95).
Ling (1977) and Ling and Lim (1978) approached these prediction problems from the Bayesian

perspective.
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Simplified linear estimation. Let
W = Xn—i+1:n — Xin (2.6.98)

and
1
Vi= 5 (Xn—i+1:n + Xin) (2.6.99)

be the ith quasi-range and the ith quasi-midrange, respectively, connected with the random sample
X1, ..., X, from the classical Laplace distribution CL(8, s). Raghunandanan and Srinivasan (1971)
considered simplified linear estimators of 6 and s based on V; and linear combinations of W;’s for
complete as well as symmetrically censored samples. Similar estimators for the parameters of a
normal distribution were obtained in Dixon (1957, 1960).

When k largest and k smallest observations are censored, where k > 0, the simplified estimator
of 0 is that V; (withi > k+ 1) that has the smallest variance. Under the same censoring, the simplified
estimator of s, denoted by 5k .., is the estimator with minimum variance among estimators of the form

[[n/21)
C Z Wi, (2.6.100)
i=k+1

where the W;’s are given by (2.6.98), the c;’s take the values of 0 or 1, and C is a normalizing
constant that makes the estimator (2.6.100) unbiased. Table 2.10 contains the values of the index i
corresponding to the simplified estimator of 8, V;, based on complete samples with n = 3(1)20. The
relative efficiency of this estimator relative to the BLUE of 6 is also included in Table 2.10 (note that
when n = 3 and 5 the estimator coincides with the MLE of 6, the sample median).

Table 2.11 contains the values of the simplified estimator §k , of the form (2.6.100), along with
its efficiency relative to the BLUE s, of s, defined as

Eff(Sk,n) = Var(s;y)/Var(Sk,n) x 100%.
More extensive tables can be found in Raghunandanan and Srinivasan (1971).

Remark 2.6.16 Iliescu and Vod# (1973) considered asymptotically unbiased estimators of s of the
form

[(n/2])
a(n) Z Wi, (2.6.101)
i=1

which have the same structure as the simplified estimator (2.6.100) of the scale parameter.

Asymptotic best linear unbiased estimation. Cheng (1978) remarked that for a large sample size
n,the BLUE’s of 6 and s are too tedious to calculate. Consequently, using the theory of asymptotically
best linear unbiased estimates (ABLUE) developed by Ogawa (1951), he derived a method for an
optimal selection of the order statistics from complete as well as singly or doubly censored large
samples to estimate parameters of the Laplace distribution. The method utilizes the sample quantiles

Xina+1:n < -+ < X{lnrgll+1ins (2.6.102)

where the real numbers

0=l <Al < - <A <X41 =1 (2.6.103)
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nli]VarV/s*TEFF(V) |

3 12| 0.638890 92.3
4 12| 0420135 98.9
513| 0351180 90.2
6 3] 0260905 97.7
7 13| 0.225805 94.0
84| 0.187310 96.8
914 | 0.164795 95.9
10 | 5| 0.145225 96.3
11 | 5| 0.129605 96.7
12 1 6 | 0.118125 96.0
131 6 | 0.106670 97.0
14 | 7 | 0.099285 95.9
15 | 7 | 0.090540 97.2
16 | 7 | 0.085190 96.0
17 | 8 | 0.078575 97.2
18 | 8 | 0.074175 96.7
19 | 9 | 0.069350 97.3
20 | 9 | 0.065670 97.0

Table 2.10: Simplified linear estimator of 8, V;, its variance, and its (percent) efficiency relative to
the BLUE of 6, based on a complete random sample of size n from the classical Laplace distribution
CL@®,s).

| nlk| Sn | Var(Sx,n)/s* | EffGi.n) ||
4107 0.280157(W; + W>) 0.300624 99.3
5| 0| 0231325(W; + Wa) 0.229000 100.0
6 | 0| 0.183486(W; + W, + W3) 0.186515 99.6
6 | 1] 0.666667W, 0.304009 98.5
7 | 0| 0.157274(W; + Wa + W3) 0.156500 100.0
7 | 1] 0.390721(W, + W3) 0.234731 97.5
8 | 0| 0.134254(W; + Wy + W3+ Wy) | 0.135438 99.7
8 | 1] 0.324571(W;, + W3) 0.188570 98.4
8 | 2| 0.967133W; 0.303726 99.4
9 [ 0| 0.119337(Wy + W + W3 + Wy) | 0.119000 100.0
9 | 1| 0.282882(W> + W3) 0.158812 98.3
9 ! 2 | 0.790855W; 0.233068 98.5
10 | O | 0.108696(W; + W5 + W3 + Wy) |  0.106392 99.8
10 | 1 | 0.238741(W5 + W3 + Ws) 0.137784 98.0
10 | 2 | 0.681084W; 0.190810 97.3
10 | 3 | 1.267536W;, 0.305295 99.7

Table 2.11: Simplified linear estimator of s, §k », its variance, and its (percent) efficiency relative to
the BLUE of s, based on a random sample of size n from the classical Laplace distribution CL(8, s),
where k observations are censored from each end.
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are called the spacings and the u;’s defined by
ui
A= / f(x)dx = F(u;) (2.6.104)
—00

are the population quantiles of the standard classical Laplace distribution with density f and distri-
bution function F. Under this, the ABLUE of 8 (when s is known) is

k

K3
6 = ;aix[[,,x,.]mm -5 (2.6.105)
the ABLUE of s (when 0 is known) is
k
K3
= Zb; Xitnaill+1:m — =0 (2.6.106)
i=1 K2
and their asymptotic variances are
52 52
Aok $ok
VarAsy(On ) = m, VarASY(Sn ) = ;K—z, (26107)
where
k+1 (fi—fi-)?
Z + (f f 1)
Z/H-l (flul f: 1“: 2 (26108)
K3 — f:ll (ﬁ—ﬁ—l)i.lz;;rlﬁ—lui—l)
and
ai = f (fizfmt - fuc)
! Ki \Mi—xic1 — Xija=h )
o fi fiui—f.'—lui—l _ fi+1ui+1-fiui) (2.6.109)
T K Ai—Ai—1 Ait1—Ai ’

fi=f), i=12....k  fo= fix1 = fouo = frr1ur+1 =0.
The asymptotic efficiencies (ARE) of 6;* and s;;* relative to the Cramér—Rao lower bound are
ARE@}*)=K,, ARE(s*) =K. (2.6.110)

The estimates based on the optimal spacings (2.6.103) are those that maximize the ARE’s (2.6.110)
and are referred to as the {A; }-ABLUE [see Chan (1970)].

As shown in Cheng (1978) the coefficients a; in (2.6.105) for the {A;}-ABLUE of 6 are zero
except for the coefficient of 1 corresponding to a single-point spacing {1/2}.

Proposition 2.6.11 Let X, ..., X, be a random sample of size n from the classical Laplace dis-
tribution CL(6, s) with known value of s. The optimum spacing for the {A;}-ABLUE of 0, 6}*, is
a single-point spacing {1/2}, which is independent of the number of order statistics k. The ARE of
Oy* is 1.

Thus in large samples, we can uniquely estimate the location parameter 6 of the CL(9, s)
distribution (with known value of s) by 6,*, from either a full sample or a censored one, as long as
the middle observation is not missing.
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The estimation of the parameter s is more complicated. Here, maximizing K> (the ARE of s*)
with respect to the spacings (2.6.103) leads to a system of equations [see Cheng (1978)]:

fivruivr — fiui  fiwi — fi—lui—l) d(fiui)
+ ui) — 220D
( Aigl — A Ai —Ai- F (i) du;

0.

Cheng (1978) noted that in this case the optimal spacings may not be unique, and they may be
symmetric about the point 1/2 only when the number k is even. We refer the reader to Cheng (1978)
for further information and an extensive set of tables containing the optimal spacings {A;} and the
corresponding coefficients b; for the {A;}-ABLUE of s given by (2.6.106), as well as the asymptotic
efficiencies of s,* relative to the Cramér—Rao lower bound.

Ali et al. (1981) derived estimators for the £-quantiles, x¢, of the classical Laplace CL(8, s)
distribution. Their estimators are

EE =aiXin +amXmn, 151 <m <n,

where the ranks /, m and the coefficients a;, a,, are chosen so that ¢ is asymptotically best (minimum
variance) linear unbiased estimator (ABLUE) of x¢. The procedure does not involve estimation of
the location and scale parameters and does not require the use of tables, since the estimator admits
the following explicit form:

0.255X([0.30506¢n1]+1:n + 0.745X[(1.50134€n]1+1:n
for 0.0352 < & < 0.3330

Z 4
— 1359353 X110.101591)+ 1:n + (1 + T35563) Xiln/201+1:n

for £ < 0.0352 and 0.3330 < £ < 0.5

3 X{in/2041:n
e = (2.6.111)
for& =0.5

Z Z
(1 = =%5) Xitn/211+1n + 1555 X(10.89841n]1+1:n

for0.5 < £ < 0.6670 and £ > 0.9648

0.745 X[[(1.501346-0.50134)n]}+1:n + 0.255X[[(0.30536£40.69494)n]]+1:n

for 0.6670 < £ < 0.9648,

where z¢ is the £-quantile of the standard classical Laplace distribution. They compared the asymptotic
variance of their estimator with that of the standard quantile estimator X{x¢))+1:n, concluding that xf
performs much better. Table 2.12 contains the asymptotic relative efficiencies (ARE) of xz.‘ relative
to X{(n&1)+1:n, computed by Ali et al. (1981). See Saleh et al. (1983) for further discussion on quantile
estimation for double exponential distribution, and Umbach et al. (1984) for applications of ABLUE’s
based on optimal spacings in testing hypothesis.

2.6.2 Intervalestimation. We shall now discuss confidence intervals for parameters of the classical
Laplace distribution. Let X1, ..., X, be a random sample from the CL(6, s) distribution. If the scale
parameter s is known, then a confidence interval for 8 may be constructed utilizing the distribution
of the sample median given in (2.5.10) and Proposition 2.5.5. If the location parameter 6 is known,
then since the r.v.’s |X; — 6|/s are i.i.d. standard exponential (see Proposition 2.2.3), the MLE of
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& 0.1 | 0.2 ]103339| 04 | 05
ARE | 122 | 128 191 147 | 100

Table 2.12: Asymptotic relative (percent) efficiencies (ARE) for xg relative to X[png1+1:» for the
Laplace distribution.

s given by (2.6.20) is distributed as (2n)~1sV, where V has a x?2 distribution with 2n degrees of
freedom. Consequently, the 100(1 — a)% confidence interval for s is given by

n n
|Xj — 0| IX; —0|
2 z X—z'—,Z E — |» (2.6.112)
j=1A2n1-a/2  j=1 X2n,a/2

where Xzz,,, p denotes the pth quantile of the 2 distribution with 2n degrees of freedom. If both 6 and
s are unknown, confidence intervals for 6 and s can be obtained via the distributions of the pivotal
quantities

~

1 o 6, — 6
Va==) |Xj—6, and Wy = ———,
Sj___l Zj:l |Xj_9n|

where 6, is the MLE of 6 given by (2.6.15), as V,, and W, are distributed independently of the
parameters [see Bain and Engelhardt (1973)]. The distributions of V,, and W,, can be derived exactly
for small values of n, but calculations become quite tedious as the value of n increases [cf. Bain and
Engelhardt (1973)]. For n = 3, we have

(2.6.113)

Y23
Y33 — Y13’
where Y1.3 < Y2.3 < Y3.3 are the order statistics connected with a random sample of size three from

the standard classical Laplace distribution. Since V3 coincides with the range, its p.d.f. follows from
Proposition 2.5.3 in Section 2.5,

Vs Y33 — Y13 and W3 £ (2.6.114)

frx)=e(e*+15x—-1), x>0. (2.6.115)
The p.d.f. of W3 can be derived from the joint p.d.f. of the order statistics given in (2.5.11),
Fn() — [ lx|(1 = 9lx|?)~2 if |x| > 1 26.116)
’ 3 (e — @ ~ <1+31|xr)2) otherwise '

[see Bain and Engelhardt (1973)]. For n > 3 one can use either asymptotic distributions of V,, and
W, [see, e.g., Bain and Engelhardt (1973)] or Monte-Carlo approximations to derive the confidence
intervals. Using the latter approach, one would first approximate the value wq/2 such that

P(W, > wgp2) = % (2.6.117)

from the empirical distribution of W, obtained by Monte-Carlo simulations. Then an approximate
(1 — a)100% confidence interval for 6 is

n n
O —wap2 ) 1X; = 6nl, 00+ wap2 ) IX;—6nl | (2.6.118)
Jj=1 j=1
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Similarly, an approximate (1 — «)100% confidence interval for s would be

"_1X; -6 "X —6
<Z,_1| i = Ol L IX; "'>, (2.6.119)

Vl—a/2 Vo /2

where vg denotes an estimate of the Bth quantile obtained by Monte-Carlo simulations. More details
can be found in Bain and Engelhardt (1973).

Remark 2.6.17 Balakrishnan, Chandramouleeswaran, and Ambagaspitiya (1994) studied the infer-
ence on 6 when s is assumed either known or unknown, and on s when 6 is unknown, for complete
as well as Type II censored samples, through the three pivotal quantities

6y —6 6r—0 sifs—1

) ) ) (2.6.120)
VA% sk WAZ

where 6} and s} are the BLUE’s of 6 and s and s?V; and s2V; are the variances of 8 and s
See Balakrishnan, Chandramouleeswaran, and Ambagaspitiya (1994) for the percentage points of
the pivotal quantities (2.6.120) and also Balakrishnan, Chandramouleeswaran, and Govindarajulu
(1994) for further results on the approximations of the distributions of (2.6.120) and their accuracy.

2.6.2.1 Confidence bands for the Laplace distribution function. Let F(-; 0, s) be the c.d.f. of the
classical Laplace distribution given by (2.1.5). Srinivasan and Wharton (1982) constructed one-sided
and two-sided confidence bands on F(:; 6, s) using the Kolmogorov—Smirnov-type statistics

L,= sup |F(x;8,s)—F(x;6} 5" (2.6.121)
—0<X <0
and
L} =sup{F(x;8,s) — F(x; 6},5"}, (2.6.122)
x>0

where 6, and s} are the BLUE’s of 6 and s. For any 0 < @ < 1, let the ceth quantile of L, be I, (so
that P(L, <ly) = «). Then a two-sided « 100% confidence band for F(-; 8, s) is given by

(max{F(x; 6 —ly, O}, min{F (x; 6, 53) + Lo, 1}) (2.6.123)

’ n ’ n
with a similar one-sided confidence band based on L. Tables 2.13 and 2.14 below present simulated
percentage points of L, and L;' for n up to 20, derived by Srinivasan and Wharton (1982). For larger
values on n, Srinivasan and Wharton (1982) recommended certain large-sample approximations for
the percentage points of L, and L;". For example, the quantiles of L, may be approximated through
the limiting distribution of \/nL,, which is the same as that of the random variable sup | Xo(y)|,
where Xo(y) is a Gaussian process with the representation

Xo(y) = —e_'y'(U +Vy), —o0o<y <oo. (2.6.124)

In (2.6.124), the variables U and V are i.i.d. standard normal. We refer the reader to Srinivasan and
Wharton (1982) for more technical details regarding this problem.
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[n\« [080]0.85]090 ] 09509 |

51031]035]0.39 [ 045 | 0.56
61029 | 032|035 (041|052
71026 | 029 | 0.33 | 0.38 | 0.48
81025 | 027 | 0.31 | 0.36 | 0.46
91023026 |029 | 034 | 044
10 1 0.22 | 0.24 | 0.27 | 0.32 | 0.41
11 | 021 { 0.23 { 0.26 | 0.31 | 0.39
12 1 020 | 0.22 | 0.25 | 0.30 | 0.38
131019 | 0.22 | 0.24 | 0.28 | 0.36
14 | 0.18 | 0.21 | 0.23 | 0.27 | 0.34
15]0.18 | 0.20 | 0.22 | 0.26 | 0.33
16 | 0.17 | 0.19 | 0.22 [ 0.25 | 0.32
17 1 0.16 | 0.18 | 0.21 | 0.24 | 0.31
18 | 0.16 | 0.18 | 0.20 | 0.24 | 0.31
191 0.16 | 0.18 | 0.20 | 0.23 | 0.31
201 0.15] 0.17 | 0.19 | 0.23 | 0.29

Table 2.13: Simulated percentage points /, of the statistic L,,.

[n\ ][ 0.80 [ 0.85 [ 0.90 [ 0.95 [ 0.9 |

51023027031 | 038|051
6021]024|029 | 035|047
71019022 | 026 | 032 | 044
81018 | 0.21 | 0.25 | 0.31 | 0.42
9016 | 0.19 | 023 | 0.38 | 0.39
10 | 0.16 | 0.18 | 0.22 | 0.27 | 0.38
11 | 0.15 | 0.17 | 0.21 | 0.26 | 0.36
12 1 0.14 | 0.17 | 020 | 0.25 | 0.34
13 10.13 | 0.16 | 0.19 | 0.24 | 0.34
14 1 0.13 1 0.15 | 0.18 | 0.23 | 0.32
1510.12 | 0.14 | 0.18 | 0.22 | 0.30
16 | 0.12 | 0.14 | 0.17 | 0.21 | 0.29
17 | 0.12 | 0.14 | 0.17 | 0.21 | 0.28
18 [ 0.12 | 0.14 | 0.17 | 0.21 | 0.28
19 | 0.11 | 0.13 | 0.16 | 0.20 | 0.27
20| 0.11 | 0.13 | 0.15 | 0.19 | 0.26

Table 2.14: Simulated percentage points I/ of the statistic L;.

2.6.22 Conditional inference. The confidence intervals discussed in Section 2.6.2 are based on
the MLE’s 6, and S, of the parameters 6 and s of the classical Laplace distribution CL(9, s). As
noted by Kappenman (1975), these estimators are not sufficient statistics so that inference about 6
and s based on these statistics leads to some loss of information contained in the random sample. It is
generally accepted that the lost information may be recovered (on the average) by conditioning on the
ancillary statistics, which was first suggested by Fisher (1934) [see also remarks by Edwards (1974)].
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Kappenman (1975) followed the conditional approach and obtained conditional confidence intervals
for the Laplace parameters, based on the conditional distributions of the pivotal quantities (2.6.113)
given the ancillary statistics. Here we shall first examine the loss of information associated with the
median and related estimators in the Laplace case, and then discuss the conditional inference.

Loss of information. The loss of information associated with the median when estimating the
location parameter of the classical Laplace distribution was discussed by Fisher (1922, 1925, 1934).
We consider the location family given by the density

1
f(x;0)=f(x—6) = 5e—"‘—é", —00 < x,0 < 00, (2.6.125)

where f is the standard classical Laplace density. Let Xi,..., X, be a random sample of size
n = 2k + 1 from the distribution given by the density (2.6.125). Then by (2.6.12), the Fisher
information supplied by the sample is n = 2k + 1. On the other hand, when we use the MLE for
estimating the location parameter 6, which by Proposition 2.6.2 is the sample median 6n = Xit1ms
we are replacing n = 2k + 1 observations from the distribution (2.6.125) by a single observation
from the distribution with the density fi4+1:,(x) of the median given by (2.5.10). Since the latter
distribution is also a location family,

Jertm(x) =g(x —0), —o0 <x,0 < 00, (2.6.126)
where
2k + 1)1 /1) %!
g(x) = % (5) e~ ®FDIxlg _o=khE 00 < x < 00, (2.6.127)
is an absolutely continuous density function, the Fisher information contained in the median is
[o.¢] I( ) 2
16) = / (ﬂ) 2(»)dy, (2.6.128)
-0 \ 8(¥)

with g given by (2.6.127) [see Huber (1981), Lehmann and Casella (1998), and also Exercise 2.7.31].
After a lengthy calculation we obtain (Exercise 2.7.32)

12[log 2 — 0.5] ifk =1
1(0) =1 +D@k+D e (121 . (2.6.129)
. (7) ifk > 1

[see Fisher (1934)]. As noted by Fisher (1934), although the median is asymptotically efficient (the
ratio of 2k + 1 to 1(6) given by (2.6.129) tends to 1 as k — 00), the amount lost,

2k
R e ) At

increases to infinity. As k — 00, we obtain an asymptotic approximation of the loss,
2k+1—10)~4(/k/m —4), k — oo, (2.6.131)

using Stirling’s Formula (Exercise 2.7.32). Fisher (1934) noted that with the sample sizen = 2k+1 =
629, this loss is about 36.
More generally, we can calculate the loss of information associated with the statistic

T = (Xk—i41ns - - - Xkt +1:n)s (2.6.132)
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which is the set of the central 2/ + 1 order statistics obtained from a sample of size n = 2k + 1 from
the Laplace distribution (2.6.125). It is well known [see, e.g., Fisher (1925), Rao (1961)] that the
loss of information associated with an arbitrary statistic T obtained from a sample of size n from the
population with density f(-; 0) is

Ep [Varg (Z % log f(Xi; 9)|T> } , (2.6.133)

i=1

where Varg (-|T) is the conditional variance given T and Ejy is an unconditional expectation. In case
of the Laplace distribution (2.6.125), we have

)
Y log f(X;; 6) = sign(X; — ), (2.6.134)
and the conditional variance takes the form
2k+1
Var (Z sign(X; — e)m) =k = D(V; + W), (2.6.135)
i=1
where
_Jo for Xk—14+1:n <0
v ‘{ @u = 1)/u? for Xe—t41m > 0, (26136
_ 0 for Xy 41410 > 6
Vo= [ @v—1)/v? for Xisip1m <0, (26.137)
and
u = F(Xk—i+1:n), v=1— F(Xk4i+1:n)» (2.6.138)

with F being the distribution function of the standard classical Laplace distribution [see Akahira and
Takeuchi (1990) for details]. Hence the loss of information associated with 7; is

Ly =k —D(E(V1) + E(V2)

22k + 1! /1 2u — 1

— k-1 k+1
ECETESED T T (2.6.139)

since both V; and V; have supporton [1/2, 1] (F(x) > 1/2 if x > ) and

B . (2k+1)! V2u—1 ., Kt
E(Vl)—E(Vz)—(k_l)!(k+l)!fl/2 L - wt (2.6.140)

Relating the integral in (2.6.139) to an incomplete beta function, Akahira and Takeuchi (1990)
obtained the following result for the loss of information.

Proposition 2.6.12 For each integer 0 <1 < k — 2, the loss of information L, associated with the
statistic Ty given by (2.6.132) is

2L @k +12% 20—+ (k)

22k +1) (N2 k—1-1 o k-1 k =Dk + D

(2.6.141)
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Note that for / = 0, in which case T; is the median X4 1.,, the relation (2.6.141) reduces to
(2.6.130). Asymptotically, for fixed / and large k, the loss of information (2.6.141) is given by

4k 12
=—q y-4l+H+0(— 2.6.142
L ﬁ( +o(l))—4d+ 1D+ (ﬁ) ( )

and coincides with (2.6.131) for I = 0 [see Akahira and Takeuchi (1990)]. We refer interested readers
to Akahira (1987, 1990), Akahira and Takeuchi (1990, 1993), and Takeuchi and Akahira (1976) for
more information on loss of information and second-order asymptotic results for order statistics and
related estimators of the location parameter in the case of the Laplace distribution.

Conditional confidence intervals. Let X1, ..., X, be i.i.d. random variables with the common
classical Laplace distribution with density (2.1.1), and let X1., < --- < Xp., be the corresponding
order statistics. Define the statistic

a=(ay,...,a, (2.6.143)
where

_ Xi:n _en
Sn

i=1,...,n, (2.6.144)

ai

and (3,, and §, are the MLE’s of the location and scale parameters given by (2.6.15) and (2.6.34),
respectively. Note that for n = 2m + 1 we have a1 = 0, while for n = 2m we have a,, = —a;;+1.
In addition,

n
> lail =0, (2.6.145)
i=1

so that only n — 2 of the components of a are independent. Further, since the pivotal quantities

~
A

6, —0
U, =2 and V, =2 (2.6.146)
S

A

Sn

have distributions that do not depend on the parameters 8 and s [see Antle and Bain (1969)], it
follows that a is an ancillary statistic for 8 and s [cf. Kappenman (1975)]. The joint conditional
density function of 6, and §,,, given the value of the ancillary statistics a, is proportional to

1 [(5,\"2 Sn j
= (%) CXP[‘?Z

i=l

; } . (2.6.147)

Note that the Jacobian of (S,, én) as a function of U, and V,, is s2V,, so the conditional joint
density of U, and V,, given the value of the ancillary statistic a, is equal to

PU,. v, (u, v]a) = Ko~ Ximt lutail, (2.6.148)

The normalizing constant in (2.6.148) is equal to

_ 1 A \in—1
K = m [Bn(a)c(6,)]" ", (2.6.149)
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where
n S _jai —nt . fort <a
c)y=) lai—tl={ Q-nt+Y_,aj— Y a; forai<t<a  (26.150)
i=1 nt—3Y7_,a fort > a,

and B,(a) is equal to

" e@y/c@yr-t 1TV
,.2;; (2 —n)(n+2—2i)} (2.6.151)
if n is odd and to
~1/(n—1)
(n = Dl@njps —anp) | 1 Z [c(6n)/c(ap)]""! 06152

2¢(6,) 2 Qi —n)(n+2 —2i)

i=1

i#n/2,n/2+1

if n is even [see Kappenmann (1975) and Uthoff (1973)]. Utilizing (2.6.148), one can now derive
the marginal conditional density of U,,

n -n
pu, (ula) = KT'(n) [Z Ju +ai|] . (2.6.153)
i=1
and use it to produce the conditional 100(1 — )% confidence interval for 6,
6n — u2Sn, 6 — 1), (2.6.154)
where the constants u; and u; satisfy the conditions
P(U, <uila) = P(U, > uz|a) = /2. (2.6.155)

Similarly, we can derive the marginal conditional density of V,, and consequently obtain the expres-
sion

K y(n —1; vac(a1)) — y(n — 15 vic(ar))
n(c(ay))"~!

n-1
y(n— 1 vac(@) — y(n — 1; vic(a)
t2 @ — mye@)™

- ni y(n — 1, v¢(ai41)) — y(n — 15 v1c(@i41))
i=1 2i —n)(c(aig1))*!

+

y(n — 1;v¢(an) —y(n — 1; vlc(“"))] (2.6.156)

n(c(an))"~!

for the probability

P(ui <V, < v2a) = P (f'i <s< S—"|a) , (2.6.157)
v2 V1
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where

X
yn—1;x) = / e't"2dt, 0<x < o0, (2.6.158)
0

is the incomplete gamma function; see Kappenman (1975). Thus the conditional 100(1 — )%
confidence interval for s is

($n/v2, Sn/v1), (2.6.159)

where the constants v; and v, are chosen so that the conditional probability (2.6.157) given by
(2.6.156) isequal to 1 — «.

Grice et al. (1978) compared the conditional confidence intervals for 8 given by (2.6.154)
with the unconditional ones given by (2.6.118) in terms of their expected lengths. Using Monte-
Carlo techniques they concluded that the conditional approach yields slightly narrower intervals on
average, and that the two methods are essentially in agreement for large sample sizes. Table 2.15,

taken from Grice et al. (1978), contains the expected lengths of the conditional and unconditional
confidence intervals for selected sample sizes.

l—a | 090 0.90 0.95 0.95 0.98 0.98
n Cond. | Uncond. | Cond. | Uncond. | Cond. | Uncond.

3 3.352 3.641 4.740 4975 7.495 7.649

5 2.113 2.273 2.575 2912 3.542 3.787

9 1.375 1.498 1.698 1.949 2.119 2.316

15 0.997 1.061 1.214 1.326 1.484 1.525

33 0.631 0.682 0.761 0.830 0917 0.942

Table 2.15: Expected lengths of conditional and unconditional 100(1 — )% confidence intervals for
6 based on random samples with selected size n from the CL(0, 1) distribution.

Remark 2.6.18 Conditional inference for the Laplace distribution under Type II right-censoring is
discussed in Childs and Balakrishnan (1996).

2.6.3 Tolerance intervals. Let X1, ..., X, be arandom sample of size n from a distribution with
density f, and let

U=UX1,...,Xp) and L =L(Xy,...,X»)
be two statistics such that
o0
P (f f(x)dx > ﬂ) =y (2.6.160)
L
and
U
P (/ f(x)dx > ﬁ) =y. (2.6.161)
—00

Then L and U are said to be lower and upper (B, y) tolerance limits, while the intervals (L, 0o)
and (—o0, U) are, respectively, lower and upper y probability tolerance intervals for proportion B
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(B-content tolerance intervals at level y). Similarly, for L < U, the interval (L, U) is a two-sided y
probability tolerance interval for proportion B (B8-content tolerance interval at level y) if

U
P ( f fx)dx > ﬂ) = . (2.6.162)
L

We shall discuss tolerance intervals when the random sample is from the two-parameter classical
Laplace distribution with density (2.1.1). Let us first consider the lower tolerance interval of the form

(L, 00) = (6, — b5y, 00), (2.6.163)

where 6, and §, are the MLE’s of the parameters 6 and s given by (2.6.15) and (2.6.34), respectively.
Thus the problem is to determine the tolerance factor b in (2.6.163). Upon substituting the Laplace
density (2.1.1) and L given by (2.6.163) into (2.6.160) and changing the variable u = (x — 6)/s, we
obtain the following equation for b:

o0 1
p (/  lellgy > 5) =y. (2.6.164)
95:9__bsTn 2

Restricting 8 to 8 > 1/2 (in practice, the proportion B is close to one) we can write equivalently

b, —0 3§
p ( 0 pin < kﬂ> - (2.6.165)
)

where
kg =log[2(1 — B)] < 0. (2.6.166)

Bain and Engelhardt (1973) expressed (2.6.165) as

P (U,, (g) < kﬂ) =y, (2.6.167)

where
Upn(c) = b6 _ cn%n, (2.6.168)
and used the approximation
P (U,, (g) < k,g) ~ ¢ (%@) (2.6.169)

to obtain an approximate value of the tolerance factor:

1
— {—nkﬂ+2y‘/n(1+k§)—zf,}. (2.6.170)
Y

[® and z,, are the standard normal c.d.f. and yth quantile, respectively.] Note that by symmetry, the
interval

b=

(=00, U) = (=00, O, + bsy), (2.6.171)
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with b as in (2.6.170), is an approximate upper y probability tolerance interval.

Kappenman (1977) derived conditional tolerance intervals following the conditional approach
presented in Section 2.6.2.2. Here the interval of the form (2.6.163) is a lower y probability conditional
tolerance interval for proportion g if

oo

P ([ f(x;0,5)dx > B |a) =y, (2.6.172)
Op—bsn

where f(x; 0, s) isthe Laplacep.d.f. (2.1.1) and ais the vector of ancillary statistics given by (2.6.143)

and (2.6.144) in Section 2.6.2.2. (The upper and the two-sided conditional tolerance intervals are

defined similarly.) Using the conditional joint distribution of (6, —6)/s and §, /s, Kappenman (1977)

obtained the following value for the tolerance factor b:

c(ap) 1
n—2h + n—2h

X [ek;;(n—Zh) [(c(ah))l—n +

b= —ay —

(2.6.173)

p(n —2h) ] ]_1/("_1)
KT(n—1) ’

where kg is given by (2.6.166), a is a s before, c(¢) is given by (2.6.150), K is the normalizing
constant (2.6.149), h is the largest integer (A > 2) such that

h-1
1 1
Q) = KT'tn = 1) [n(c(al))"‘l * ; n—2i
1 1
B 1—y, 2.6.174
8 [(c(ai+1))"'1 (C(ai))”_l]] =17 ( )

and p = 1 —y — Q(h). To actually calculate b, one must first find k4, usually by setting h = 2, 3, ...
in (2.6.174).
By symmetry, the upper y probability conditional tolerance interval for proportion 8 is

(=00, 8, — bsy), (2.6.175)

where b is obtained from (2.6.173) and (2.6.174) with kg replaced by —kg and with p equal to
y — Q(h), where h now is the largest integer (h > 2) such that Q(h) < y.

Shyu and Owen (1986a) remarked that the approximate tolerance intervals (2.6.163), which are
based on the approximation (2.6.170), can miss the exact values significantly in some applications,
while the conditional tolerance factors (2.6.173) are not easy to compute even for small sample sizes.
They proposed a method based on Monte-Carlo simulations sketched below, leading to useful tables
for the tolerance factor b. Denoting

(On —0)/s — kg

W, =
" Sn/s

) (2.6.176)

we see that the relation (2.6.165) is equivalent to
P(W, <b)=y. (2.6.177)

Since the distribution of (6, — 6) /s and §, /s is independent of the parameters 6 and s [see Antle and
Bain (1969)], the same property is shared by the statistic W,, defined in (2.6.176). Consequently, the
tolerance factor b can be determined from the relation (2.6.177) for any given values of 8, y, and n.
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For n = 2, the p.d.f. of W, takes the following form for x # O:

2k

%
% Iu(x)ex——éf +[1 —u(x)]ex*T + %ﬂ} forx > 1,

— 2k
8 = %CXP {[1 - u(x)]ex_+£f + ;Ifezkﬁ for—1<x<1, (2.6.178)
?li;l’t'eZkﬂ forx < —1,

where

1 2k
ux)=—+—

x x

(see Exercise 2.7.41).

Thus the exact value of b can be obtained by solving (2.6.177) (numerically, since the relevant
distribution function does not admit a closed form). Shyu and Owen (1986a) provide a table for the
resulting values of b for n = 2 and

B = 0.750, 0.900, 0.950, 0.990, 0.995, 0.999,
y = 0.500, 0.750, 0.900, 0.950, 0.975, 0.990, 0.995.

They also note that when n > 2 the exact distribution of W, is difficult to obtain and hence they
derive approximations based on simulations. The values of the tolerance factor b for sample sizes
n = 3(1)11, 50, 100 and the same values of B and y as those for n = 2 can be found in Shyu and
Owen (1986a).

Similarly, Shyu and Owen (1986b) developed analogous procedures for obtaining the two-sided
tolerance intervals of the form

(L, U) = (6p — bSn, O + bSn), (2.6.179)

where 63,, and §, are as before, and they presented useful tables for the tolerance factor b, for the same
values of n, B, and y as those used in Shyu and Owen (1986a) for the one-sided tolerance limits.

In Shyu and Owen (1987), the authors consider 8-expectation tolerance intervals of the form
(2.6.179) defined by the condition

U
E [/ f(x; 9,s)dx] =B, (2.6.180)
L

where f(-; 0, 5) is the double exponential density (2.1.1). Shyu and Owen (1987) note that (2.6.180)
is equivalent to

P(-b <Y, <b)=8, (2.6.181)
where
Py
Y, = —2, (2.6.182)
Sn

the variable X has a standard classical Laplace distribution, and é,, and §, are as before, and are
independent from X. Subsequently, by simulations, they developed useful tables for the tolerance
factor b, with the same values of n, 8, and y as those used in Shyu and Owen (1986ab).
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Remark 2.6.19 Balakrishnan and Chandramouleeswaran (1994a) developed upper and lower toler-
ance intervals based on Type II censored samples from the Laplace distribution. Their intervals are
of the form

(—00,U) = (=00, 6, +bsy) and (L, 00) = (6 — bsy;, 00),

where 6 and s, are the BLUE’s of 6 and s. They developed tables of the tolerance factor b for
sample size n = 5(1)10, 12, 15, 20, right-censoring level s = 0(1)[[r/2]], and

B = 0.500(0.025)0.975,
y = 0.750, 0.850, 0.900.0.950, 0.980, 0.990, 0.995.

In addition, Balakrishnan and Chandramouleeswaran (1994a) proposed an estimator of the reliability
Rx(t)=P(X>t)=1—-F(;0,s) (2.6.183)
of the CL(0, s) r.v. X at time ¢ of the form

1 — Le=0D/ss  fort < 6*
R (1) — ze ' =0, 2.6.184
X( ) [ %e_(t_on)/sn for t Z 0:’ ( )

and they described how to use their tables of the tolerance factor b to obtain confidence intervals for
the reliability (2.6.183).

2.6.4 Testing hypothesis.

2.6.4.1 Testing the normal versus the Laplace. Let X1, ..., X, be i.i.d. with the common density

Ly (x — 9) , (2.6.185)
g (o2

where the function f is symmetric about zero, and consider the problem of testing

Ho: f=fo against H;: f=fi, (2.6.186)

where fp and f are the standard normal and the standard Laplace densities, respectively. Let us
derive the likelihood ratio test for this problem.
Writing the density (2.6.185) in the form

Cq by x—6 la
f(x;0,0,0)=—e"l° (2.6.187)
o
and choosing the parameter space to be
Q={06,0,):0 R, 0<0,aa=1,2}=QUQ, (2.6.188)

we are testing whether the vector parameter belongs to
Qo ={0,0,0):0 e R,0<0,a =2}
(the normal distribution) or to

Q ={0,0,0):0 e R,0<0,a =1}



104 2. Classical Symmetric Laplace Distribution

(the Laplace distribution). The likelihood ratio criterion rejects Hy if the ratio

SUP 4, 0,a)ey [Tio f(xi;0,0,0)
SUP(@,g.ayeq | limt f(xi3 0, 0,a)

(2.6.189)

is less than some constant c. Clearly, on ¢ the supremum is attained by the MLE’s of the mean and
the standard deviation under the normal model:

=-%Y"x =%, (2.6.190)

(2.6.191)

Similarly, the supremum of the joint density over the set €21 is attained when the parameters are the
MLE’s under the Laplace model:

~

) = Xp (the sample median), (2.6.192)
L V2 3
L — D Ixi = Fal. (2.6.193)
i=1

Thus the likelihood ratio (2.6.189) becomes
[y fxi;: 6V, 6Y,2)

N n . (2.6.194)
max { [Ty £ 0, 68,2, Ty £ (i3 08, 64, D)

The substitution of the density (2.6.187) (where ¢c; = 1/+/2m, by = 1/2 for the normal and ¢; =
1/+/2, by = /2 for the Laplace) and the statistics (2.6.190), (2.6.191), (2.6.192), and (2.6.193) into
(2.6.194) results in the following expression for the likelihood ratio:

— -1
(max { 1, (”—” ———M) ]) . (2.6.195)
2e Y |xi — Xnl

Thus the likelihood ratio test rejects Ho if

I3 |xi — %l

i i — En)?

where C is chosen to produce the required size of the test.

V, =

<C, (2.6.196)

Remark 2.6.20 A similar test when testing for normality, based on the ratio
Z [xi — Xnl
Z(xi - -’;n)z

was proposed by Geary (1935) and investigated by Pearson (1935). Note that here we use the sample
mean when calculating the mean deviation.

(2.6.197)



2.6. Statistical inference 105

The test (2.6.196) is not a uniformly most powerful (UMP) test [unless n = 1; see Rohatgi
(1984)]. However, as shown by Uthoff (1973), there exists a most powerful scale and location
invariant test for (2.6.185), which is asymptotically equivalent to but different from the likelihood
ratio test (2.6.196). This test rejects Hy if

B,V, <k,

where V,, is given in (2.6.196) and B, is a certain function of the order statistics [see Uthoff (1973)
for details]. On the other hand, in case 6 is known (for convenience set to zero) the likelihood ratio
and the most powerful scale and location invariant test are both equivalent to rejecting Hyo when

Ll _ (2.6.198)

NI
[see Hogg (1972)].

The approximate critical region of the test (2.6.196) may be based on the asymptotic distribution
of the test statistic in (2.6.196). It was shown in Uthoff (1973) that if the underlying probability
distribution is symmetric and absolutely continuous with a finite fourth moment and with a density f
continuous in the neighborhood of the median, then the statistic V,, (as well as B, V},) is asymptotically
normal with the mean v; "2— 172 and the variance

1
;[1 — vy 2 + 472 s - 1), (2.6.199)

where v; = E|X — m|’ and m is the median of f. Thus under Hy, where the distribution is normal,
the distribution of V,, is approximately normal with the mean of 0.798 and the variance of 0.045/n
[Uthoff (1973)].

2.6.42 Goodness-of-fit tests. In this section we follow Yen and Moore (1988) and discuss two
nonparametric goodness-of-fit tests for the Laplace distribution. The tests are used to determine
whether for a given random sample X1, . .., X, the underlying probability distribution is a CL(0, s)
distribution (with some unknown values of the parameters).

Anderson—Darling test. The test statistic for the (modified) Anderson-Darling (AD) test is

n
A2 = —n— 1 3"@) ~ Dllog F(Xj0,5) +log FXn_js1003 6, 5], (2.6.200)
j=1

where F(:; 0, s) is the classical Laplace distribution function (2.1.5) and X ., is the jth order statistic
connected with the given random sample [see Yen and Moore (1988)]. The values of the parameters 6
and s are usually not known and must be estimated before the test statistic (2.6.200) can be computed.
Yen and Moore (1988) obtained the critical values for the test by Monte-Carlo simulations. For each
n = 5(5)50, a random sample of size n was generated from Laplace distribution and the MLE’s
(2.6.15) and (2.6.34) of the parameters were substituted into (2.6.200) to obtain a value of the
test statistic. The procedure was repeated 5000 times producing an empirical distribution of the
test statistic (2.6.200), from which sample quantiles approximating the critical values were obtained.
Table 2.16, taken from Yen and Moore (1988), contains the critical values of the test statistic (2.6.200)
for selected sample sizes and significance levels .

The Cramér—von Mises test. The test statistic for the (modified) Cramér—von Mises (CvM) test
is

w2 = +Zn: F(Xin:0,5) 2j =17 (2.6.201)
"7 12n P Jim 2n ’ e
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n\a | 020 | 0.15 | 0.10 0.05 | 0.01
5 0.607 | 0.682 | 0.789 | 0.948 | 1.256
10 | 0.558 | 0.618 | 0.707 | 0.854 | 1.224
15 | 0.611 | 0.686 | 0.801 | 0.989 | 1.409
20 | 0.592 | 0.658 | 0.758 | 0.919 | 1.264
25 | 0.622 | 0.691 | 0.793 | 0.999 | 1.435
30 | 0599 | 0.667 | 0.773 | 0.949 | 1.416
35 | 0.628 | 0.698 | 0.800 | 0.975 | 1.457

40 | 0.639 | 0.706 | 0.817 | 1.012 | 1.461
45 | 0.619 | 0.692 | 0.807 | 0.980 | 1.441
50 | 0.607 | 0.673 | 0.783 | 0.967 | 1.393

Table 2.16: Critical values for the modified Anderson—Darling test for the Laplace distribution, for
selected values of the sample size n and significance level a.

where F(-; 6, s) and X j., are as before [see Yen and Moore (1988)]. As in the former test, the values
of the parameters 6 and s must be estimated before the test statistic (2.6.201) can be computed. Yen
and Moore (1988) obtained the critical values for the test by Monte-Carlo simulations similar to
those for the AD test. Table 2.17, taken from Yen and Moore (1988), contains the critical values of
the test statistic (2.6.201) for selected sample sizes and significance levels «.

n\a | 020 | 0.15 | 0.10 | 0.05 | 0.01
5 0.080 | 0.090 | 0.105 | 0.131 | 0.193
10 | 0.076 | 0.084 | 0.096 | 0.116 | 0.172
15 | 0.085 | 0.096 | 0.112 | 0.142 | 0.205
20 | 0.082 | 0.092 | 0.104 | 0.128 | 0.186
25 | 0.088 | 0.100 | 0.114 | 0.145 | 0.220
30 | 0.084 | 0.095 | 0.109 | 0.137 | 0.207
35 | 0.089 | 0.101 | 0.116 | 0.146 | 0.213

40 | 0.092 | 0.104 | 0.121 | 0.148 | 0.222
45 | 0.088 | 0.099 | 0.116 | 0.145 | 0.215
50 | 0.085 | 0.096 | 0.113 | 0.142 | 0.212

Table 2.17: Critical values for the modified Cramér—von Mises test for the Laplace distribution, for
selected values of the sample size n and significance level .

Yen and Moore (1988) tabulated the power of the two (level @ = 0.01 and o = 0.05) tests
discussed above under six different alternative hypotheses with normal, Weibull, uniform, Cauchy,
gamma, and exponential distributions. The power function of the AD test was higher than that for the
CvM test under the uniform, Cauchy, gamma, and exponential alternatives across all sample sizes
and significance levels considered. Under the normal and Weibull alternatives, the power functions
were comparable.

2.6.4.3 Neyman—Pearson test for location. In this section we shall consider two simple hypotheses
about the location of the Laplace distribution when the scale is known. Namely, let X, ..., X, be
an i.i.d. sample from the Laplace distribution CL(8, s). We want to test

Hy:6 =0, against H;:6 =6,
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g(x)
| 62=61)/s
| |
I 91 l 02 X
—(62—61)/s

Figure 2.6: Function g(x) used in the Neyman—Pearson test.

where 0; and 8, are some known prescribed numbers.
It follows from the Neyman—Pearson Lemma that the optimal test (i.e., the most powerful test)
of the significance level « rejects Hy if

o1 f(Xi; 01, 5) -
M, fXi; 62,8)

where k, satisfies the equation

P( i1 f(Xi;61,5)
]_[?_—_1 f(Xi; 02, 5)

where f(x; 6, s) is the density function of CL(#, s).

We shall consider the case 6, > 6, since otherwise we would rewrite the sample as (— X, .. .,
—X,) replacing 6; and 6, by —6; and —6,, respectively. Substituting the density f(x; 8, s) into
(2.6.202) it is easy to observe that the above testing procedure is equivalent to rejecting Ho provided

< ko

0= 91> =a, (2.6.202)

that
n
> e(Xi) > ta,
i=1
where
—(0 —61)/s for x <6y,
gx) =1 2x/s —(B2+61)/s for 6; <x <6, (2.6.203)
(62 —61)/s for x > 6,.

The graph of the function g is sketched in Figure 2.6.
To determine the value of #,, we are required to solve the equation

P (ig(Xi) > taIG =91) —a.

i=1

n

This requires knowledge of the distribution of the test statistic ) _;_; g(X;) under the Hp hypothesis.
This distribution is given in Marks et al. (1978). We now present this result and its proof.
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Theorem 2.6.2 Let Xy, ..., X, be a random sample from the CL(6, s) distribution. Then under the
null hypothesis 8 = 01, the distribution of

T =) 8(X),

i=1

where g(x) is defined in 2.6.203 and 6, > 6, is given by the following c.d.f.:

©) I [§R§o g~ (r) (= 0y (%) -+ G201/
Fn (x)=§; ZZZk l (_) re

k=1 1=0 r=0
x [1 — O g w0/ |u ()

" Z n e~ mB:2-61)/s, x+@m—-2m)62—061)/s) ¢,
_0 m

where v(x) = x 4+ (n — 21 — 2r)(62 — 61)/s, ex(-) is the incomplete exponential function, i.e.,

ki

ex(2) =Z%

i=0

and
0 for z<0O

u(x)=[ 1 for z>0.

The expected value and the variance of T,, under Hy are
EO(T) =n (1— e~ @0/ _ (g, 61)/s)

and

VarO(T,) = n <3 2= @=61)/s _ ,~20-01)/s _ 402 — 01) e—<ez—el)/s) _
s

If 0 = 0, (H\ hypothesis), the distribution of T,, is given by the c.d.f.
FP(x) =1~ F9(-x),
and in this case the expected value and the variance are given by

EDV[T,]1 = -EO[1,),  varV[7,] = var©Q[T;,].

The statistic T, is asymptotically normal, i.e.,

. Tn - E[Tn] d
1 —————= = N(0, 1).
nl}l’lo‘lo v Var[T,] ( )

Proof. Consider first the distribution of 7,, under Hy. Since g(X;) is a truncated Laplace random
variable, its distribution is given by

0 for x < —(62 —61)/s,
F(x)=1 F(x;(61—62)/5,2) for —(62—61)/s <x <(62—61)/s,
1 for x> (6, —61)/s,
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where F(x; 0, s) is the c.d.f. of the CL(0, s) distribution.
Straightforward calculations yield the following characteristic function for this truncated dis-
tribution

_ inh (l —it)(6; — 491)/5]
=1 [(l . ) ) 91] Sin [ 2
() =e cosh 5~ it . + T2

Consequently, the characteristic function of T}, ¢ (t) becomes

. : 6, —g,] sinh [(% —it)(6s — 91)/s]
e " cosh || = —it + -
[(2 ) s ] 1—2it

Expressing the hyperbolic sine and cosine in terms of complex exponentials, and using the bino-
mial expansion of the nth power of the sum, we obtain (after rather tedious but straightforward

simplifications)
1 n n—k k n n—k k
0O = = {ZZZ (k>( ! )(“)'(r)
k=1 1=0 r=0
)00 e—it(n—2r=21)(6,—61)/s
(1 —=2it)k
n
+ Z (n)e_m(92—91)/-\'e—it(n—2m)(92—91)/-"} .
m=0 n
Note that )
e~ it(n—=2r-21)(6,—61)/s
t) =
\//1( ) (l _ 2it)k
and

Ua(t) = e~ i1=2m)(@2=01)/s

are, respectively, the characteristic functions of the x2 r.v. with 2k degrees of freedom (shifted by
(2r +21 — n)(62 — 61) /s to the right) and the constant random variable equal to (2m —n)(6; —61)/s.
The final formula for the c.d.f. F,fo) follows from the forms of the c.d.f.’s for these two distributions.
The formulas for the expected value and variance can be obtained easily by integration of the truncated
Laplace random variable g(X).

The corresponding formulas under H; follow from the symmetry of Laplace distribution. First,

note the relation
g(x) = —g(—(x — 62) + 61).

Thus

P(T, <x|0=6:) =P (Zg(—(xi — ) +61) > —x|o =92)

i=1

=P (angom > —x|6 =91)

i=1

=1-P(T, <—x|6=6)).



110 2. Classical Symmetric Laplace Distribution

The second-to-last equality above follows from the fact that if X has the CL(6,, s) distribution, then
Y = —(X — 63) + 61 has the CL(6;, s) distribution.
The asymptotic normality is a direct consequence of the Central Limit Theorem. O

The importance of the explicit formula for the test statistic in the above problem is due to the
fact that the asymptotic Gaussian approximation is not usually very accurate for small and moderate
sample sizes. For example, it was shown in Dadi and Marks (1987) that for samples size in the
range from 5 to 50 the Gaussian approximation can be quite conservative, some yielding the #,-value
substantially larger than its exact value (see the Dadi and Marks paper for numerical results).

2.6.4.4 Asymptotic optimality of the Kolmogorov—Smirnov test. The asymptotic optimality of the
Kolmogorov goodness-of-fit test for the location Laplace family was studied in Nikitin (1995), who
derived the following characterization of the Laplace distribution: The Kolmogorov goodness-of-
fit test is locally asymptotic optimal in the Bahadur sense if and only if the underlying family of
distributions are symmetric Laplace laws. To state this result more precisely, let us recall some basic
notions from the theory of asymptotic efficiency for statistical tests.

Let us consider a location family given by the densities fy, 6 € R, and let F(x;8) be
the corresponding cumulative distribution functions. Let K (6, 6p) be the information number, i.e.,
K (9, 60) = Eg,log(fe/fe,)- The Smirnov one-sided statistics are defined as

D = sup £[F,(x) — F(x; 0)],
xeR
and the Kolmogorov statistic is
Dy = sup |Fp(x) — F(x; 0)|.
xeR
The statistics Df (or Dp,) are locally optimal in the Bahadur sense if and only if
1
lim —log Py, = —K(6,0),
n—>oon

where Py , is the observed P-value based on D;,t (or D,) under the assumption that the sample is
obtained from the distribution given by fp.
Let G be the class of absolutely continuous densities on the real line such that for g € G, we

have ) )
0< (}imo {e‘zflog (M) g(x +0)dx} = l [g )] dx < 00

g(x) 2 g(x)
The following theorem was proved in Nikitin (1995, Theorem 6.3.1).

Theorem 2.6.3 Consider a location testing problem with fg = g(x + 0). Then the sequences of
statistics D, and D;} are locally asymptotically optimal in the Bahadur sense within the class G only
for the Laplace distribution, i.e., for g(x) = 1/2e~|. The sequence of statistics D, is never optimal
in the Bahadur sense in the class G.

2.6.4.5 Comparison of nonparametric tests of location. Ramsey (1971) examines eight nonpara-
metric tests of location in a small sample setting and investigates power functions for samples drawn
from Laplace distribution. His main conclusion is that the Mood median test, which is the asymptot-
ically most powerful (AMP) rank test, performs poorly for the alternatives that are not close to the
null hypothesis.

Consider a rank sum statistic. Let X1, X2, ..., X, and let Y1, ..., Y, be independent random
samples from populations F(x) and G(y), respectively. We test Hy : G(x) = F(x) versus the
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location shift alternative H4 : G(x) = F(x — 0) forsome 6 > 0.Leté; (i =1,2,...,N =m+n)
be a zero/one random variable indicating whether the ith smallest value in the combined sample
isaY.

A rank sum statistic is a linear combination

N
Ty = Z ay,idi,
i=1

wheretheay ; (i = 1,..., N) are the so-called ith “scores.”

When F(x) is known to belong to a family (for example normal) that admits a UMP test, the
choice of a test is clear and unique. When nothing is known about F(-) except for the information
provided by the samples, one should select a nonparametric procedure with good efficiency in a wide
class of distributional families.

For an intermediate situation when partial knowledge about F (x) is available, Ramsey (1971)
proposes using the Laplace distribution for the null hypothesis. It is not quite clear why this is an
appropriate assumption — presumably the idea is that the data is long tailed — however, the behavior
of eight standard nonparametric tests of location under the assumption that the null distribution is
Laplace is, of course, of interest on its own.

The eight nonparametric tests for the Laplace distribution investigated in Ramsey (1971) and
in Conover et al. (1978) (a follow-up to the first paper) are as follows:

1. The locally most powerful (LMP) rank test. Under the Laplace distribution the LMP scores are
ay,; =2P(Zy <i—1)—1,
where Zy is binomial variable with the parameters N and p = 1/2.
2. The Mood median test (M), where
an,; =sign(2i =N —1)
and the statistic is an AMP rank test [see, e.g., Hijek (1969)].

3. The normal scores (F) test, where ay ; is the expected value of the ith order statistic in a
random sample of N observations from the standard normal distribution.

4. The Wilcoxon test (W) [see Wilcoxon (1945)], where ay; = i, the rank itself. Note that
indicators of Y-ranks (rather than X-ranks) form the test statistic, so the alternative hypothesis
is favored by the large values of the test statistic.

5. The van der Waerden (V) test [see van der Waerden (1952)] uses quantiles of the standard
normal distribution as scores.

6. The Tukey quick test (T) counts the number of Y’s exceeding the largest X and the number
of X’s that are less than the smallest Y. (If in the combined sample the largest and smallest
observations come from the same sample, then T = 0.)

7. The Neave-Tukey quick test (N) statistic, which maximizes the Tukey statistic over subsamples
in which one observation is omitted.

8. The Kolmogorov—Smirnov test (K): If F,;, and G, are the sample c.d.f’s of X’s and Y’s,

respectively, then
KS = sup |F(x) — Gn(x)|.
X
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Ramsey chooses sample sizes n = m = 5 and calculates the power functions of each test as a function
of the location shift 6. The power functions are of the form

5 i

1 . .

0 =1+—E _‘92 167,
p(@) p € ~_0a1’l

i=1

The results are presented in Figure 2.7. Here the power of the LMP test (prpp) is used as a standard
and thus the LMP test is represented by the zero line. For other tests, the diagrams show the differences

p-(0) — pLmp(9),

where p.(0) is the power function of another test.

It is quite surprising that the Mood median test (which is AMP) performs poorly except for a
small local region in which it is an approximation to the LMP test. Note also that the F, W, and V
tests behave almost as well as the LMP tests.

This example with Laplace distribution shows that sometimes with an unfamiliar distributional
family the cost of deriving the LMP test may not be justified and serves a warning to those who
“purchase a shred of optimality (i.e., the use of asymptotically most powerful test) at the expense of
a large sample assumption” [Ramsey (1971)].

2.7 Exercises

In this section we present some 60 exercises of various degrees of difficulty related to the material
discussed in Chapter 2. We urge our readers to at least skim this section since it contains information
that will enhance their understanding of the properties of the classical symmetric Laplace distribution.

Exercise 2.7.1 Show that the nth moment about zero of the classical Laplace r.v. Y with density
(2.1.1) is given by (2.1.18). Compare with the corresponding result for a normal r.v. with mean 6 and
variance 2.

Exercise 2.7.2 Show that the density function f(x; 6, s) given by (2.1.1) has derivatives of any
order, except at x = 6, where there is a cusp. Demonstrate the following explicit form of these
derivatives:

d (~1)"lLie~x=0ls ifx > 0,
dxn f(x;0,5) = [ l_lrez—slx+—9|/s

2 sht

ifx <6. @.7.1)

Exercise 2.7.3 The Gini mean difference for the distribution of a r.v. X is defined as
y(X) = E|X; — X2|,
where X1, X7 are i.i.d. copies of X. Show thatif X ~ CL(9, s), then y(X) = %

Exercise 2.7.4 Let X be a classical Laplace r.v. with density f(x) = f(x; 6, s) asin (2.1.1).
(a) Show that for & < 0 the geometric mean of X, defined as

[e.]
A =exp [/ logxf(x)dx] ,
0
is

1
A =exp {—E(y - logs)eo/s] ,
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Figure 2.7: Power functions of eight nonparametric tests of location in the Laplace family for various
values of significance level o (0.1 —top left, middle right; 0.05— top right, bottom left; 0.025 —
middle left, bottom right) and sample sizes m = 5 and n = 5 (first three graphs) and n = 4 (last
three graphs). Reproduced from Conover et al. (1978). Reprinted with permission from the Journal
of the American Statistical Association. Copyright 1978 by the American Statistical Association. All

rights reserved.
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where
oo
= ——/ e Vlogydy =~ 0.5772156...
0

is Euler’s constant [Christensen (2000)]. What is the value of A when 6 > 0?
(b) Calculate the harmonic mean of X, defined as

© 1 -1
n= [f_oo;f(x)dx] ,

where the integral is understood in the Cauchy’s principal value sense.

Exercise 2.7.5 Let Y have a classical Laplace CL(0, s) distribution with density f(x) = f(x;0, s)
given by (2.1.1).

(a) Verify that
o0
f log f (’;)dx = — 2.72)
—00 14+x
and
—xf'(x)/f(x) is increasing without bound as x — oo. (2.7.3)

Recall that for areal r.v. Y whose c.d.f. is absolutely continuous with density f the conditions (2.7.2)
(the so-called Krein condition) and (2.7.3) (the so-called Lin condition) are sufficient for the moments

o0

ap, = E[Y"] =/ x" f(x)dx 2.7.4)
-0
to determine the distribution of Y uniquely [see Krein (1944) and Stoyanov (2000)]. Thus the CL(O0, s)
distribution is uniquely determined by the sequence {«,} of its moments.
(b) Another sufficient condition for the moments (2.7.4) to determine the distribution uniquely
is the so-called Carleman condition:

O
D =00 (2.7.5)
n=1

[see, e.g., Harris (1966)]. Does the Laplace distribution CL(0, s) satisfy the Carleman condition?
(c) Is the general classical Laplace distribution CL(6, s) determined uniquely by the sequence
{ap} of its moments?

Exercise 2.7.6 Let X be a random variable with coefficients of skewness and kurtosis y; and y;,
respectively. The quantities

_ EIX-EX) o
PEEX-EPA T
and
_E[(X - EX)9] 2

may be viewed as generalizations of y; and y,. Compute these quantities for the standard Laplace
and the standard normal distributions.
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Exercise 2.7.7 In this exercise you will study the effect of rounding on the mean and the variance
of the Laplace distribution. If the values of a continuous r.v. X are rounded into intervals of width w,
where the center of the interval containing zero is aw, then the values of the resulting discrete r.v. X
are

aw,aw * w,aw 2w, ....

Moreover,

X=aw+nw, n=0=%1,...
whenever
aw+nw—w/2 <x <aw+nw+ w/2.

(a) Let X have the CL(0, s) distribution, so that E[X] = 0 and Var[X] = o2 = 2s%. Show that
the probability function of the r.v. X admits the following explicit form:

1 ew/2s — e—a)/z.\' eaw/:+wﬂ/3 for n =< _15

P(X =aw+nw)={ 1- e~/ (295 +e=%9/5)  forn =0, (2.7.6)
% (ew/Zs _ e—w/2s) e—aw/s—wn/s forn > 1.

(b) Derive closed form expressions for the mean and the variance of the r.v. X given by (2.7.6).
Discuss the effects of rounding on the mean and variance. You may want to follow Tricker (1984),
writing w = ro and considering the behavior of the bias

E[X] - E[X]
w
and the ratio
V= Var[X]
Var[X]

for various values of @ and r.

(c) Repeat the above for the normal distribution with mean zero and variance o2. Does the
probability function of X admit an explicit form in this case? What about E [X] and Var[X]? In
which case is the effect of rounding more severe?

Exercise 2.7.8 Let F and G be the d.f.’s of two continuous distributions symmetric about 65 and
6c, respectively. We say that F' is lighter tailed than G, denoted by

F < G,

if the function G~ 1[F(x)] is convex for x > OF [see van Zwet (1964)].

(a) Show that the s-ordering defined above is location and scale invariant.

(b) Assume that 6 = 6 = 0 and show that if F <5 G, then G(x) < F(x) forx > 0. Thus G
has more probability in the tail than F does [Hettmansperger and Keenan (1975)].

(c) Show that

uniform <; normal <; logistic <; Laplace.

(d)* Further, show that although we have Logistic <; Cauchy, the Laplace and the Cauchy
distributions are not comparable with respect to the <; ordering [see Latta (1979) and Balanda
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(1987)]. In practice, the uniform is usually referred to as light tailed, the normal and logistic as
medium tailed, while the Laplace and the Cauchy as heavy tailed, so in a sense, the s-ordering
corresponds to a common perception of tail heaviness. See, e.g., Hettmansperger and Keenan (1975)
for more information on ordering of distributions by tail heaviness.

Exercise 2.7.9 Let X have the standard classical Laplace distribution with density p(x) = e~
(—00 < x < 00). Show that the ordinate p(X), considered as a random variable [the so-called
vertical density function; see Troutt (1991)] has uniform distribution on (0, 1/2). Note that the same
is true for the ordinate p(X) when X has the standard exponential density p(x) = e™* (x > 0) (in
which case we obtain the standard uniform distribution). Investigate the corresponding case of the
standard normal distribution: derive the density of the ordinate p(X) when X is standard normal with

pdf. p(x) = ﬁe—ﬂ/z (—00 < x < 00), which is not uniform!

Exercise 2.7.10 Let W be a standard exponential r.v. with the density fw(w) = e, w > 0, and
let Z be a standard normal random variable, independent of W, with density

1
fx) = _e_xz/z, —00 < x < 00.

V2r

Show that the density of the product X = +/2W Z is given by the right-hand side of relation (2.2.4).
Hint: Consider the transformation Y; = W, Y2 = +/2WZ and derive the joint density of Y}
and Y,. Then integrate the joint density with respect to y; to obtain the marginal density of Y».

Exercise 2.7.11 Let W have a standard exponential distribution with density fw(w) =e™*,w > 0.
Show that the random variable T = 1/+/W has the density fr(x) = 2x‘3e1/‘2, x > 0.

Exercise 2.7.12 Let W have a standard exponential distribution with density fw(w) =e™*,w > 0.
Let I be r.v. taking on values £1 with probabilities 1/2 and independent of W. Show that the ch.f.
of IW is given by the right-hand side of (2.2.9).

Exercise 2.7.13 Let U;, Uz, U3z, U, be i.i.d. standard normal random variables. By computing rel-
evant characteristic functions, show that the r.v. X = U;U; — U,Us3 has the standard Laplace
distribution.

Hint: First, show that the ch.f. of X is (E[¢/"V1Y4])2 and compute this expectation by condi-
tioning on Uy.

Exercise 2.7.14 Explain why a three-dimensional extension of (2.2.13) given by a 3 x 3 matrix does
not result in a Laplace distribution or its modifications. Investigate an n-dimensional extension.

Exercise 2.7.15 Let §; and §&; be r.v.’s taking values of either zero or one with probabilities given
in Proposition 2.4.4. Let W, W; be i.i.d. standard exponential r.v.’s, independent of (81, §,). Let X
have a standard Laplace distribution with ch.f. (2.1.7).

(a) Show that the ch.f. of cX, where ¢ € (0, 1), is given by the first factor of (2.4.10).

(b) Show that the ch.f. of § W; — §; W5 is given by the second factor of (2.4.10).

(c) Show that the product (2.4.10) is equal to the ch.f. of X.

Exercise 2.7.16 Show that if X; and X5 are i.i.d. CL(0, s) random variables, then Y = |X;/X3| has
F-distribution with vi = 2 and v, = 2 degrees of freedom.
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Exercise 2.7.17 Show thatif Z;,i = 1,2, ..., 6, are i.i.d. standard normal r.v.’s, then

Y =211\ Z3 + 22 — | 241\ 22 + 72

has the standard classical Laplace distribution.

Exercise 2.7.18 Let X1, ..., X, be i.i.d. standard classical Laplace r.v.’s. Show that the sum 7" =
>i=1 X j admits the random sum representation (2.3.27) of Proposition 2.3.2.
Hint: Write the ch.f. ¢ (¢) of the right-hand side of (2.3.27) by conditioning on / and M, to

obtain
1 1\ 1 V] 27 f2n—-j—-1
¢(t)_'2"z[<1—it) +(1+it>}22n—1( n—1 ) 2.7.7)

j=1

Then show that (2.7.7) coincides with [1 4 #2]™", which is the ch.f. of T.

Exercise 2.7.19 Let X; and X, be i.i.d. random variables with density f(x) = px?~1, p > 0,
x € (0, 1) [the standard power function distribution with parameter p; see, e.g., Johnson et al. (1994,
p. 607)]. Show that the r.v.

X
Y=plogX—;

has the standard classical Laplace distribution.
Hint: Relate X1 to the standard Pareto Type I r.v. with p.d.f. 1/x2, x > 1, and use Proposi-
tion 2.2.4.

Exercise 2.7.20 Recall that the standard classical Laplace r.v. X has the same distribution as the
difference of two i.i.d. standard exponential variables (see Proposition 2.2.2). Investigate whether
there are any other i.i.d. r.v.’s V| and V> such that

XLy, —v,. (2.7.8)

Proceed by writing the relation (2.7.8) in terms of ch.f.’s,

1
1412
where ¥y, is the ch.f. of V1, and note that the ch.f.

= Yy, )Yy, (—1), (2.7.9)

Yy () =1 —i)™ (U +in)*!, 0<a<]l,

is a solution of (2.7.9). What is the corresponding r.v. V;? Are there any other solutions to (2.7.9)?
[See Problem 64—13, SIAM Review, 8(1), (1966), pp. 108-110].

Exercise 2.7.21 Let Xy, X», ... bei.i.d. random variables with finite mean x, and let N be a positive
and integer-valued random variable with finite mean E[N]. Show that if N and X;’s are independent,
then the mean of the random sum Z,N=1 X is equal to the product wE[N].

Exercise 2.7.22 Define f,,(t) = [¢(v/1)]'/" fort > 0andn = 1,2, ..., where ¢ is a real-valued
characteristic function. If the function f,, is completely monotone on (0, co) for each n (that is,
(=% f®t) > 0fort > 0,k = 0, 1,...), then the ch.f. ¢ is infinitely divisible [Kelker (1971)].
Apply the above result to the ch.f. of the standard classical Laplace distribution to establish its infinite
divisibility.
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Exercise 2.7.23 Suppose that X; and X are i.i.d. classical Laplace r.v.’s with p.d.f. (2.1.1), where
6 =0ands > 0.Let

— 1 — —
X2 = 5 (X1 + X2) and $2 = (X1 — X2)? + (X2 — X2)2.

Show that the p.d.f. of the ¢-statistic (2.3.40) with n = 2 is given by (2.3.51).

Exercise 2.7.24 Let X, ..., X, bearandom sample from the classical Laplace distributionCL (6, s).
(a) Show that the distribution of the t-type statistic T,, given by (2.3.57) is concentrated on the
interval [—1, 1] and does not depend on the parameters 6 and s.
(b) Show that the distribution function of the statistic 7}, is given by (2.3.60).
(c) Investigate the distribution of another analog of the ¢-distribution, the statistic

> e (Xi —6)
E?:l |Xi - 9n|

where é,, is the sample median of the X;’s.

Exercise 2.7.25 Let

p(n_gl) 2\ ~OH+D/2
gn(t)=_«/;’—_7T(%—)(l+;> , —00<t <00,

be the density of the ¢-distribution with n degrees of freedom, and let f7, be the density (2.3.56) of
the #-statistic (2.3.40) based on a random sample of size n from the classical Laplace distribution
with density (2.1.1) with & = 0. Investigate the behavior of the ratio

() = gn(t)/ f1,,(2)

as t — oo. Specifically, show that y,(¢) is monotonically increasing to infinity for ¢ € (¢p, 00) for
some #9 > 0. Conclude that the tails of density fr, are heavier than those of the student ¢-density g,.
What are the implications when one uses the critical points of the z-distribution when calculating the
Type I error probabilities, the power function, or the confidence levels connected with samples from
the Laplace distribution?

Exercise 2.7.26 Compare products and ratios of two independent Laplace random variables with
products and ratios of two independent normal random variables.

Exercise 2.7.27 Let X, X2, X3, X4 be independent standard classical Laplace random variables.
Find the p.d.f.’s of their following functions:

X3 2Xx32 X3+ X3

’ 2 2’ 2 2°
J&E+x3)/2 Xi+ X3 X3+ X4

Exercise 2.7.28 If X has density

1
_ | —a<x<a,
fi®) [ 0; otherwise,
if X has density
1 1,2,.2
falx2) = e 172/%7 | _00 < xp < 00,
J2no
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and X and X, are independent, then Y = X X» has density

y2

E
2 2raoc 1<261202

h(y) = ), —00 <y < 00,

where
[e.2] e—t
Ei(x) = / —dt, x>0,
x
is the exponential integral. What is the corresponding result when X is replaced by a Laplace r.v.

with mean zero and scale parameter o ?

Exercise 2.7.29 Let B, have beta distribution with parameters 1 and n, with density given by (2.2.45).
Show thatas n — 00, the sequence n B,_1 converges in distribution to a standard exponential random
variable.

Exercise 2.7.30 Show that if in Proposition 2.4.7 the condition (2.4.27) is replaced by
E|IX—-0]=c>0 for X €C,

then the maximum entropy is attained by the classical Laplace distribution with density f(x) =
e~ *0l/¢ [Kapur (1993)].

Exercise 2.7.31 (a) Consider a location family with density

f(x—6), —o0<x,0<o00, (2.7.10)

where f is the standard classical Laplace density f(x) = %e"“'. Show that the Fisher information
1(6), given by

® [f' ()
1(6) = dy, 2.7.11
©) f_oo o (71D

is equal to one. Compare it with the corresponding values of I(0) when f is the standard normal,
standard logistic, and standard Cauchy density.

(b) Now consider a location-scale family with density (2.6.1). Using the relations (2.6.9)—
(2.6.11), show that the Fisher information matrix is given by (2.6.12).

(c) Show that for a location-scale family of £(6, o) distributions given by the density (2.1.3),
the Fisher information matrix is

2/6% 0
[ 0 1/02 ] ’

(d) What is the corresponding Fisher information matrix when f in (2.6.1) is the standard
normal density f(x) = \/%e“xzﬂ?
Exercise 2.7.32 Let Xy, ..., X, be arandom sample of size n = 2k + 1 from the classical Laplace
location family with density (2.6.125), and let é,, = Xi+1.n be the sample median with the density
given by (2.6.126)—(2.6.127).

(a) Following (2.6.128), show that the Fisher information about 6 contained in O, is given by
(2.6.129).

(b) Show that the amount of Fisher information lost when using 6, is given by (2.6.130).

(c) Show that the loss (2.6.130) converges to infinity as k — oo.

(d) Establish the asymptotic relation (2.6.131).
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Exercise 2.7.33 Given arandom sample X1, ..., X, (from a continuous distribution with density f
and distribution function F) and a score function J(#), 0 < u < 1, (corresponding to a one-sample
linear rank test of symmetry), the R-estimator of the location parameter 6 is defined as the solution
of

= o+ R(IX,-—0|)>_
Z;Slgn(x, 6)J (-——n+1 =0, (2.7.12)
where

JYtw) =JQ1/2+u/2)

and R(w) is the rank of w [see, e.g., Hall and Joiner (1983)]. Under some regularity conditions, the
efficient score function, corresponding to the asymptotically most powerful rank test [see, e.g., Hijek
(1969)] is

rep—1
Ty = —LE_ @)
f/(F=T(u))

(a) Show that if the sample is from the CL(0, 1) distribution, then the efficient score function
2.7.13)is

(2.7.13)

J(u) = sign(u — 1/2) (2.7.14)

(so that the corresponding asymptotically most powerful rank test is the sign test).

(b) Show that if the score function is given by (2.7.14), then the R-estimator of location given
by (2.7.12) is the sample median.

(c) What is the most efficient score function (and the corresponding asymptotically most pow-
erful rank test) if the underlying distribution is normal?

(d) What is the most efficient score function (and the corresponding asymptotically most pow-
erful rank test) under the underlying logistic distribution?

Exercise 2.7.34 Let X1, ..., X, be a random sample from the density
1
f(x;6) = Ee""_el, —00 <X <00, —00<6 <o0. (2.7.15)

Use calculus to show that the MLE of 6 is the sample median. Proceed by writing the log-likelihood as

¥(0) = —nlog2 — Y {(xi —6)*}'/2, (2.7.16)

i=1

and then by taking the derivative with respect to 6 to find the intervals where i is increasing and
decreasing.

Exercise 2.7.35 The following example was derived in Rao and Ghosh (1971). Consider the location
family { f(x — 0), 6 € R}, where

ehi—eall - for0 < |y| < ¢,

f»= { -l for e < |y| < oo, (2.7.17)

where, for continuity, we have (a2 — «1)cy + k1 = kp, and

0<a; <ay <2ay. (2.7.18)
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The constants ki, k2, @1, 2, and c; are such that f is a valid probability density on (—00, 00).
(a) Show that if g is convex and symmetric function on R, then for any x1, x € R, the function

h(©®) = g(x1 —0) + g(x2 — 6) (2.7.19)

is minimized for 6* = EDZL-—Z
(b) Let X1, X> be a random sample of size n = 2 from density f(x — ). Apply part (a) to the
function

g(x) = —log f(x) (2.7.20)

to show that the likelihood function is maximized when 6 is set to the sample median.

(c)Let y1 < yo < y» be arandom sample of size n = 3 form f(x — 6). Assuming that yo = 0,
write the negative log-likelihood function and show that it is convex. Further, show that for 6 near
zero the negative of the log-likelihood function is minimized by 6 = 0 (sample median). Argue that
the global minimum exists, and is also attained at & = 0. Thus we have a non-Laplace distribution,
such that the MLE of the location parameter for sample sizes n = 2, 3 is sample median.

Exercise 2.7.36 Let f be the skewed Laplace density given by (2.6.18).
(a) Show that the function f is a probability density on (—oo, 00) if ¢ = (1/by + 1/b3)~ 1.
(b) Let n be odd, and let X, ..., X, be a random sample of size n from the distribution with
density f(x — 6), where f is the density (2.6.18) with the constants b; and b, such that

—1
2 <. (2.7.21)

n—1
b sh and b
Show that every median of X1, ..., X, is the MLE of 6.
(c) Let n be odd and let b1 > 0 and b, = "nizbl. Show that the above b; and b, satisfy the
conditions (2.7.21).
(d) In view of the above results, show that the condition (v) preceding Proposition 2.6.3 (see
Section 2.6.1.1) is not enough to conclude that the population is Laplace [Findeisen (1982)].

Exercise 2.7.37 Consider the function
fx)=c+xD" e, —00 <x < o0. (2.7.22)

(a) Argue that f with an appropriate ¢ > 0 is a probability density function on (—o0, 00).
(b) Show that for every —oco < x, y, 0 < oo we have

log f(x —0) +log f(y —6) <log f(0) + log f(y — x). (2.7.23)

(c) Using part (b), show that if X; and X are i.i.d. with density f(x — 0), where f is given by
(2.7.22), then both X and X, are the MLE’s of 6.

(d) In view of the above results, show that the condition (vi) preceding Proposition 2.6.3 (see
Section 2.6.1.1) is not sufficient to conclude that the population is Laplace [Findeisen (1982)].

Exercise 2.7.38 Let X1, ..., X, be a random sample from the density (2.6.19) with a given value
of o and an unknown value of . Show that the MLE of 6 is the empirical «-quantile of the sample
(defined to be a number éo, such that at least o x 100% of the observations are less than or equal to
éa, and at least (1 — o) x 100% of the observations are greater or equal to éa).
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Exercise 2.7.39 Let Xi.,, ..., Xn.n denote order statistics from a standard classical Laplace distri-
bution CL(0, 1). Then the variance of the sample median (2.6.15) is given by

! — k ! —i o —
%521 kz,.zoﬁ(—z) ik+1+i)3 forn=2k+1,

On = ! — k=2 . 3(—1)k141 (2.7.24)
" [(k_n;)g]222 k ( i—o a(i, k) + (—27‘:):574—‘_—) , forn=2k
(in case n = 2 the sum Zi_=10 should be set to zero), where
k— 1! .
ali k) = — =D ()i — 1 -y {4+ 14+ = @07, (2.7.25)
itk —1—i)!

Show that 62 — 0 as n — oo.

Exercise 2.7.40 Let M, and M, be the sample medians (2.6.15) of x1,...,x, and y1,..., Ym,

respectively, and let M, be the sample median of x1, ..., x5, ¥1, .. ., Ym. Show that M, is between
M, and M,,.

Exercise 2.7.41 Let Xy, ..., X, bearandom sample from the standard classical Laplace distribution,
and let

_ bn —logl2(1 — B)]

Sn

Wn

where 0.5 < B < 1 and the statistics é,, and $, are, respectively, the (canonical) sample median
(2.6.15) and the sample mean absolute deviation (2.6.34) (the MLE’s of the Laplace parameters).
Show that if n = 2, then the p.d.f. of W, is given by (2.6.178) with kg = log[2(1 — B)] [Shyu and
Owen (1986a)].

Exercise 2.7.42 Let Xy, ..., X, be i.i.d. from the CL(9, s) distribution, and let 6, and 6, be the
MLE and MME of 6 given by (2.6.15) and (2.6.53), respectively.
(a) Show thatif s = 1 and n = 2k + 1, then for any integer k > 3 the right-hand side of (2.6.56)

satisfies the relation
Qk+ ! (1 [T2x 1\
1.51))—————{ = 14+ — <2. 2.7.26
(1.5h) (k"2 (2) TS T = ( )

Conclude that for n = 2k + 1 > 7 the variance of 8, is less than the variance of 8, (which is 2/n).
(b) Investigate the corresponding case when the sample size is even.

Exercise 2.7.43 Let Xy, ..., X, be i.i.d. from the CL(0, s) distribution, and let 5, and §, be the
MLE and MME of s given by (2.6.20) and (2.6.58), respectively.

(a) We saw in Proposition 2.6.4 that §, is unbiased for s. Investigate whether this property is
shared by s,,.

(b) Asymptotically, the variance of §,, is smaller than that of §,. For n > 1, derive the variances
of §, and 5, and examine which one is larger.

Exercise 2.7.44 Consider a Type II censored sample (2.6.38) from the classical Laplace distribution
and the corresponding likelihood function (2.6.40).

(a) Show that the likelihood function is continuous in 6 for any fixed s > 0.

(b) Show that for any fixed s > 0 the likelihood function is monotonically increasing in 6 for
6 € (—00, xr+1:n) and monotonically decreasing in 6 for 8 € (x,—,.n, 00).
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(c) Show that for 6 € [Xy41:n, Xn—r:n] and for any fixed s > O the likelihood function is
maximized by sample median of x, 41, ..., Xn—r:n.

(d) Show that the MLE of 6 is the sample median.

(e) Show that when we substitute the sample median én into the likelihood function (2.6.40)
we obtain the function g given by (2.6.41)—(2.6.42).

(f) Show that the function g is maximized by s = C/(n — 2r) and deduce that the MLE of s is
given by (2.6.43).

(g) Investigate the case of Type Il right censored samples and general Type II censored samples.

Exercise 2.7.45 Let X1, ..., X, bei.i.d. with the CL(0, s) distribution.

(a) Show that
1 & o2
8 = — ,. (2.7.27)
2n “
i=1
is an unbiased and consistent but not efficient estimator of the parameter s2.
(b) Show that under the loss function of the form
LG, s%) = f(s2)(©6 — s)?, (2.7.28)
where f is an arbitrary positive function, the risk of the estimators of the form
o n
2
b =~ Z X’ (2.7.29)
i=1
is minimized for
o= (2.7.30)
2(5+n)

[Jakuszenkow (1978)]. Is the resulting estimator consistent for 527 Compare the variances of §;
and &q+.

Exercise 2.7.46 Consider the mixture of two Laplace distributions with density (2.6.81). Show the
following.
(a) If 6; = 6, = 6, then for any 0 < p < 1, the distribution is unimodal with the mode at 6.
(b) If 6, < 6 and

2 2
51 51

- <=
2+ s2ertnim ~ P S 2 e/

then the distribution is bimodal with the modes at 6; and 6,.
(©)If6; < 6 and

52
0O<p<——o=>b
s12 -+ 5226(92‘_61)/~Y2 ’

then the distribution is unimodal with the mode at 6,.
(d)If0; < 6 and

2
____Sl—____. < < 1
2+ s2e@-t/m PS5

then the distribution is unimodal with the mode at 6; [Kacki and Krysicki (1967)].



124 2. Classical Symmetric Laplace Distribution
Exercise 2.7.47 Let Y have a classical Laplace distribution with density (2.1.1) so that

Yy £6 45X, (2.7.31)

where X has the CL(0, 1) distribution. Then the mixture on € of the distribution of Y is the type I
compound Laplace distribution with parameters i, o, and s, if 8 in (2.7.31) has the normal distribution
with mean p and variance o2 [see, e.g., Johnson et al. (1995)]. Show that the p.d.f. of this distribu-
tion is

f(x) =C {(D (x 2 _ E) e—(x—/L)/: + (_—X i _ Z) e(x_ﬂ)/s] ,
(o2

s o s
where ® is the c.d.f. of the standard normal distribution,

1 17012
C::—e?(?) ,

2s
and —00 < x < 00, —00 < 4 < 00,0 > 0,and s > 0.

Exercise 2.7.48 Let Y have a classical Laplace distribution with density (2.1.1) and representation
(2.7.31). The mixture on 1/s of the distribution of Y is the type II compound Laplace distribution
with parameters 6, v, and B if 1/s in (2.7.31) has the I' (@, B) distribution with density

xa—le—x/ﬂ

W, a>0,/3>0,x>0,

fa,ﬂ(x) =

[see, e.g., Johnson et al. (1995)].
(a) Show that the p.d.f. and the c.d.f. of this distribution are

1
FO) = Zapll+lx — 61817 @*t) & >0,8>0,—00 <x < 00, (2.7.32)
and
1 —
5[1+|x —0|8]7%, forx <6,
N )
Fx) { 1— 11+ x—6181™, forx >,

respectively. Note that for 8 = 0, @ = 1, and B = s2/s1, the density (2.7.32) coincides with that of
the ratio of two independent, mean zero, classical Laplace r.v.’s with scale parameters s; > 0 and
s2 > 0, respectively (see Section 2.3.3).

(b) Further, show that as « — oo and 8 — 0 with 8 = s > 0, then f(x) in (2.7.32)
converges to the classical Laplace density (2.1.1). The relation between Laplace distributions and
distributions with densities given by (2.7.32) is analogous to that between normal and Pearson
Type VII distributions [see, e.g., Johnson et al. (1995)].

Exercise 2.7.49 Let Y have the type II compound Laplace distribution with density (2.7.32).
(a) Show that for o > 1 the mean of Y is equal to 8, and for & > 2 the variance of Y is

2
o2 = 28

=— oa>2
(@ —1)(x—-2)

Note that the distribution is symmetric about 6, so that (for @ > 1) we have median = mean = mode.
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(b) More generally, show that the moments of order « or greater do not exist, and for0 < r <
we have

@B” Y io(=1) i@+ j — )7, for r even,

E(X —-0) =
( ) { 0, for r odd.

(c) Show that the mean deviation is /(e — 1) (for « > 1). Derive an expression for the
Mean deviation/Standard deviation and compare this with the corresponding value for the Laplace
distribution.

(d) Show that the coefficient of kurtosis, defined in (2.1.22), is given by

_ 6 —1)(x—-2) B

yz_(a—3)(a—4) , o>4.

What is the range of y2? How does y, above compare with the corresponding value for the Laplace
distribution? Is the type II compound Laplace distribution leptokurtic (y» > 0) or platykurtic (y2 <
0)?

Exercise 2.7.50 Let Y1, ..., Y, be i.i.d. normal variables with mean u and variance o2. Assume
that the variance is a constant, and the mean is a random variable with the Laplace £(8, n) prior
distribution (so that 4 has the mean and variance equal to  and n?, respectively). Let Y be the
corresponding sample mean and let f be the marginal density of Y.

(a) Show that

Fo) = %e“’/")z/" (F@) + F(=2)}, (27.33)
where

ﬁ(y—e), F(z) = e 2 (=7 —b*), b*=—/Z,

= —
o nVn

and @ is the c.d.f. of the standard normal distribution.
(b) Determine the posterior p.d.f. of 4 given Y = y. Show that the posterior mean and variance
are

o * _ - _g_ *
E(ulY =y)=w(@)(y+ ﬁb )+ (1 —w(z)) (y ﬁb )

and

Var(ul¥ =) = & = 2 pz)
ar(ulY =y) = — i 2),

respectively, where

F@Q+F(=2’
Heny = F@+F(218() - 2F@F(-2)
(2) = ;

[F(z) + F(-2))?

and

2(z) = e P (—z — b*).
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(The function ¢ above denotes the standard normal p.d.f.)

(c) Investigate the dependence of the posterior mean and variance on y. How do they change
as y varies from —oo to 00? Does the posterior variance attain a minimum value for some y? Is
the posterior distribution symmetric or a skewed one? What happens to the posterior distribution as
y — 00? [Mitchell (1994)].

Exercise 2.7.51 Let X have a normal distribution with variance equal to 1 and with a random mean
w having the Laplace distribution CL(0, ) (the Laplace prior).
(a) Using the previous exercise, show that

E(u|X) = X —h(X)n,

where )
_1—e"Y(x)
T ey Gy
_ S(—x —¢)
[ T

and @ is the standard normal distribution function.

(b) Show that A is a monotonically increasing and odd function from (—o0, 00) onto (—1, 1)
with #(0) = 0.

(c) A prior for u is said to be neutral if the median of u is 0 and the median of 12 is 1. Show
that the above Laplace prior is neutral for n = log 2.

(d) Show that the risk of [i(X), defined as

E[(A(X) — w)?|ul,

is a bounded function of u.
Magnus (2000) refers to 1(X) = X — h(X) log 2 as the neutral Laplace estimator of the mean
. Further properties of [1(X) can be found in the above paper.

Exercise 2.7.52 Let X1, X7, X3 be i.i.d. logistic random variables with the distribution function
Fx)=(1+e™)™, —oo<x<oo, (2.7.34)

and let Y be a standard classical Laplace variable with p.d.f. (2.1.2).
(a) Show that

Xos+Y L Xy, (2.7.35)

where X».3 is the second order statistic (the sample median) of the X;’s. The above result involving
the Laplace distribution is actually a characterization of the logistic distribution [see George and
Mudholkar (1981)]. If Y ~ CL(0, 1) and the relation (2.7.35) holds, then under some technical
conditions on the distribution of X, the c.d.f. of X; is given by (2.7.34). George and Mudholkar
(1981) provide an interesting interpretation of (2.7.35) utilizing the decomposition of the Laplace
r.v. into a difference of two i.i.d. exponential variables W; and W>: if adding and subtracting W;
and W to and from the median X;.3 produces the distribution of X1, then X; must have a logistic
distribution.
(b) Under the above conditions, establish the relation

X;. Xa.
% +rdx,. (2.7.36)
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Deduce from (2.7.35) and (2.7.36) that for a random sample of size n = 3 from the standard logistic
distribution the sample median has the same distribution as the midrange [George and Rousseau
(1987)]. Investigate whether this property is actually a characterization of the logistic distribution.

(c) Generalize part (a) by showing thatif X, X, ... arei.i.d. withc.d.f. (2.7.34)and Y1, Y>, . ..
are i.i.d. Laplace CL(0, 1) random variables, then

k
YA
Xkt1:2k+1 + E 7’- Lx, k>1 2.7.37)
j=1

[George and Rousseau (1987)].
(d) Generalize part (b) by showing that under the conditions of part (c) we have

Ead

X1:2k+1 + X2k41:2k+1

k> 1. 2.7.3
> > (2.7.38)

Further, show that when the midrange is based on an even number of i.i.d. logistic random variables,
then

k—
X12k+X2k2k 1 Y; X1+X2
_— 4 - — k>1 2.7.39

2 2; i 2 - ( )

[George and Rousseau (1987)].

Exercise 2.7.53 Let X; and X; be i.i.d. standard normal random variables, and let W be an expo-
nential random variable with mean two and independent of X and X;. Then by Proposition 2.2.1,
the r.v. Y = +/W X5 has the standard classical Laplace distribution CL(0, 1).

(a) Show that for any positive constants o and 7, the density of the r.v.

oXi1+nY =0Xi+nvWX, (2.7.40)

(which is the sum of zero mean and independent normal and Laplace variables) is given by

2 2
g0) =~/ [—l-e‘xm(D (‘nx = ) + Leme (— nx+o )] :

where & is the distribution function of X [Kou (2000)].
(b) Show that if (2.7.40) is divided by /o2 + n2W, then the resulting r.v.,

o X1+ nvWXz
Vo?+n2w

has the standard normal distribution. Further, show that this result remains valid for an arbitrary
positive r.v. W [Sarabia (1993)].

(c) Generalize by showing that if X, X;, and X3 are i.i.d. standard normal r.v.’s and V is an
arbitrary r.v., then the r.v.

U =

X1+ VXo+ V2X;3
J1+VvZ4va

is standard normal [Sarabia (1993)]. Investigate an extension with more than three normal variables.

Uy =
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Exercise 2.7.54 Extend parts (b) and (c) of Exercise 2.7.53 by showing that if X, X, and X3 are
i.i.d. symmetric stable r.v.’s with ch.f. ¢ (¢) = e """ where 0 < a < 2, then the r.v.’s
X1+VXs

Ul,(x = ————(I n Va)l/ot

and
X1+VX2+ VX3
(14 Ve vedyle’

2, =

where V is an arbitrary nonnegative r.v. independent of the X;’s, have the same distribution as X
[Sarabia (1994)]. Investigate an extension where the number of X;’s is more than three.

Exercise 2.7.55 Let Y}, Y5, ... be an i.i.d. sequence of CL(0, 1) random variables.
(a) Show that the r.v.

= Y;
= Z=: 5
has the standard logistic distribution with c.d.f. (2.7.34) and ch.f.
@x(t) =tncosechmt
[see Pakes (1997) for further discussion and generalizations].

(b) Using the above representation deduce that the logistic distribution is infinitely divisible.
Hint: Note the following infinite product representation of the hyperbolic cosecant function:

s z2
h(z) = - 1+ =—
cosech(z) . ]—[ ( + j2n2)

j=l1

-1

[see, e.g., Abramowitz and Stegun (1965)].
(c) Using parts (a) and (d) of Exercise 2.7.52, deduce the limiting distribution of the logistic
midrange (X.2x + X2k:2k)/2 as k — oo.

Exercise 2.7.56 Let X;., < --- < X,., be the order statistics connected with a random sample from
a uniform distribution on the interval (—1, 1).
(a) Derive the joint distribution of the statistics

X : _X: X : +X
Un= nn2 l:n and Vn= nn2 lnl
(b) Show that the marginal p.d.f. of V,, is
gn(®) =S —1x)", <1, (2.7.41)

and that the variance of V,, is

2 2
oy = ——
(n+1)(n+2)
[see Neyman and Pearson (1928); Carlton (1946)].

(2.7.42)
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(c) Show that as n — 00, the p.d.f. of the standardized variable W,, = V, /o,,, which is given

1. (i) (2.7.43)

Sn

o= = [ DOFD) (2.7.44)
On 2

converges to the standard Laplace density (2.1.4).
(d) Note that in part (c), the limit

by

with

lim = (2.7.45)
n—-oo n
is equal to s = 1/+/2. Generalize part (c) by showing that if for a positive sequence {s,} the limit
(2.7.45)isequal tos, where 0 < s < oo, then the p.d.f.’s (2.7.43) converge to the Laplace distribution
with mean zero and scale parameter s with density (2.1.1) [Dreier (1999)]. What happens if the limit
(2.7.45) is equal to zero? What if it is equal to 0o?

(e) Now let the sample be from the uniform distribution on the interval (0, a) with some a > 0.
By considering an appropriate linear transformation, derive the p.d.f. of V,,, show that V,, is unbiased
for the population mean a /2, and find the variance of V,,. Further, show that the standardized random
variable

_ Va—E(Va)
— SVar(Vy)

still converges in distribution to the standard Laplace distribution with density (2.1.4).
(f) Under the conditions of part (e), show that standardized sample mean,

Wh

Yn - E(Yn)
VVar(X,)

converges in distribution to the standard normal distribution. In view of these results, discuss the use
of W, and X, as estimates of the mean of the uniform distribution on the interval (0, a) with some
a > 0 [Biswas and Sehgal (1991)].

Z, =

Exercise 2.7.57 Let g, be the density (2.7.41). Show that for every x > O there exists an ng € N,
such that

1 _ y xy) 1
_ yx _ 2 _— < —
‘2ye ng"(n ~ 2nx

for all n > ng and all y > 0. Conclude that the convergence to the Laplace density,

X
lim Xg,, (—X> = Xe—ylxl, —00 < X < 00,
n—>oon n 2

is uniform in y for every x # O [Dreier (1999)].
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Exercise 2.7.58 Navarro and Ruiz (2000) define a discrete Laplace distribution by the probability
function

fk) =c(s)e* Vs k=0, +1,%2,..., (2.7.46)

where 6 is an integer, s is a positive real number, and c¢(s) is a norming constant (the authors also
mention a possible extension where 6 is a real number and the support of the distribution is a countable
set of real numbers).

(a) Show that in order for the function (2.7.46) to be a genuine probability function we must
have

1—el/s
c(s) = Tre i (2.7.47)
(b) Show that a r.v. Y with the probability function (2.7.46) admits the representation

Y L6+X, - X, (2.7.48)

where X; and X are i.i.d. geometric variables given by the probability function
PXi=ky=0-pkp, k=0,1,2,... (2.7.49)

with

p=1-—e1/5 (2.7.50)

(c) Show that if a geometric distribution (2.7.49) with p as in (2.7.50) is extended symmetrically
to the set of negative integers, then we obtain the distribution (2.7.46) with 6 = 0. Thus, analogous
to the Laplace case, we might call this distribution a double geometric distribution.

Exercise 2.7.59 If F is a distribution function with the corresponding cumulants «;, then the Edge-
worth expansion of F is given by

F(x) = ®(x) — %xz — Do(x) — ;—3<x3 — 30 (x)

KZ
- 7—3(x5 —10x3 + 15x)p(x) + - - -,

where ® and ¢ are the c.d.f. and the p.d.f. of the standard normal distribution [see, e.g., Kotz and
Johnson (1982)]. »

(a)Let X1, ..., X, bei.i.d. fromthe CL(0, s) distribution, and consider the standardized sample
mean

l n
T, = —— (X; —0).
- AR
Show that the jth cumulant of T, is given by
nl_j/z(ﬁs)_jxj,

where the «; is the jth cumulant of X; — 6.
(b) Using the expression (2.1.13) for the cumulants of the Laplace distribution, derive the
following (Edgeworth) approximation of the c.d.f. of T,:

Fu(x) = ®(x) — 8in¢<x)<x3 —3x)+0(n7?)
[Pace and Salvan (1997)].
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Exercise 2.7.60 Let X, X5, ... be i.i.d. standard Laplace £(0, 1) random variables. Then the se-
quence {X,,n > 1} obeys the law of the iterated logarithm,

n
X
lim sup—é‘# =1 as., (2.7.51)

n—oo +/2nlog(logn)

since (2.7.51) holds for any i.i.d. sequence of standardized random variables [see, e.g., Breiman
(1993), Theorem 13.25]. Generalize (2.7.51) by showing that for any ¢ > 0 the sequence {X,,,n > 1}
satisfies

v k*X 1
lim sup Lic KXk _ a.s (2.7.52)
n—soo n%/2nlog(logn) ~2a+1
[Tomkins (1972)].
Hint: Denote c, = n~'/* and show that for large n the double inequality
e (U=ealt/@n) < ElotXk/VA] < o (Henlt]/2)/(2n) (2.7.53)

holds for each positive integer k < n and any ¢ such that |#| < 1/c,. Then use the fact that the
condition (2.7.53) is sufficient for (2.7.52) [Tomkins (1972)].

Exercise 2.7.61 A random variable X on [0, oo) with the Laplace transform n(s) = Ee™* X is called
a generalized gamma convolution (GGC) if

i 2
n(s) = exp {—as - f log (1 + ;—) dU(w)} , a=>0,Re(s) >0, (2.7.54)
0
where U is a nonnegative measure on (0, 0c0) such that
1 ®© 1
/ |log w|dU (w) < oo and / —dU(w) < o0
0 1 w

[see, e.g., Bondesson (1992)].

(a) Show that the standard exponential distribution belongs to the class of GGC laws and the
measure U is a unit mass at © = 1. Consequently, symmetric Laplace distributions, as well as their
asymmetric and multivariate generalizations studied in this book, are mean-variance mixtures of
normal laws by generalized gamma convolutions.

(b) Similarly, show that every gamma distributions is a GGC. What is the measure U in this
case?
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Asymmetric Laplace Distributions

Chapter 3 is devoted to asymmetric Laplace distributions — a skewed family of distributions that in
our opinion is the most appropriate skewed generalization of the classical Laplace law. In the last
several decades, various forms of skewed Laplace distributions have sporadically appeared in the
literature. One of the earliest is due to McGill (1962), who considers distributions with p.d.f.

L—t1lx—0] . <
= ’ - 3.0.1
F@ I ée—mx-el, x>0, (0.1
while Holla and Bhattacharya (1968) study the distribution with p.d.f.
f(x) = { (1 - p)¢e‘4’|""9l, 6 < x, (3.0.2)

where 0 < p < 1. Lingappaiah (1988) derived some properties of (3.0.1), terming the distribution
two-piece double exponential. Poiraud-Casanova and Thomas-Agnan (2000) exploited a skewed
Laplace distribution with p.d.f.

e—(1—a)lx=6]

fo =al-a { g

forx <6,

forx > 6, (3.0.3)

where 6 € (—o00, 00) and @ € (0, 1), to show the equivalence of certain quantile estimators.
Azzalini (1985) noted that if X and Y are symmetric (about zero) and independent r.v.’s with
densities fx, fy and distribution functions Fx, Fy, respectively, then for any A,

l o0
7= P(X-X1Y <0)= / fr(Y)Fx(Ay)dy. 3.0.4)

Consequently, the function

g(y) =2fr(y)Fx(1y) (3.0.5)
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is a p.d.f. for any A. If we take X and Y to be i.i.d. standard normal variables, then (3.0.5) gives the
density of the skew-normal distribution, extensively studied since its introduction in O’Hagan and
Leonhard (1976) mainly by Azzalini and associates [see Azzalini (1985, 1986), Henze (1986), Liseo
(1990), Azzalini and Dalla Valle (1996), Azzalini and Capitanio (1999)]. Similarly, if X and Y are
i.i.d. standard Laplace r.v.’s, utilizing (3.0.5) with A > 0, we obtain a skewed Laplace distribution
with density

Le(+M)x —o0 < x <0,

gx) = { j_x (3.0.6)

- %e_(1+)‘)x, 0<x < 00,

studied by Balakrishnan and Ambagaspitiya (1994) in an unpublished technical report.

Another manner of introducing skewness into a symmetric distribution has been proposed by
Fernandez and Steel (1998) [see also Fernandez et al. (1995)]. Here the idea is to convert a symmetric
p-d.f. into a skewed one by postulating inverse scale factors in the positive and negative orthants.
Thus a symmetric density f generates the following class of skewed distributions, indexed by « > 0,

2k { flkx), x>0,

T =121 i), x<o.

3.0.7)

When f is the standard classical Laplace density (2.1.2), then (3.0.7), with the addition of a location
and scale parameters, leads to a three-parameter family with density

exp(—£(x —0)), forx>209,

p(x) = lLi [ p( f( - ) (3.0.8)
ol+«k exp(ax(x 9)), forx <6,

introduced by Hinkley and Revankar (1977). These distributions, termed asymmetric Laplace (AL)
laws by Kozubowski and Podgérski (2000), show promise in financial modeling (see Part III of the
monograph devoted to applications and references therein). It is our opinion that members of this
particular class deserve to be called the asymmetric Laplace (AL) distributions. There are at least
three reasons why these laws warrant special treatment.

First, these distributions arise naturally as limiting distributions in a random summation
scheme. Recall that symmetric Laplace laws are the only possible limiting distributions for (nor-
malized) sums of i.i.d. symmetric random variables with a finite variance, when the number of terms
in the summation has a geometric distribution with the mean converging to infinity (see Proposi-
tion 2.2.9). Similarly, if the assumption of symmetry of the summands is omitted, we obtain AL laws
as the limiting distributions (see Proposition 3.4.4).

Second, the AL laws extend naturally all the basic properties of symmetric Laplace distributions.

* Mixtures of normal distributions. A classical symmetric Laplace r.v. may be viewed as a
normal r.v. with mean zero and a stochastic variance (see Proposition 2.2.1). Analogously,
an AL r.v. has a similar interpretation, where the mean of the normal distribution is now
stochastic (see Proposition 3.2.1). This fact is of particular importance for application in finance
where stochastic variance models are being used [see, e.g., Madan, et al. (1998), Levin and
Tchernitser (1999)].

* Stability with respect to geometric summation. A symmetric Laplace r.v. Y has the same dis-
tribution as a (appropriately scaled) sum of a geometric number of i.i.d. copies of ¥ (see
Proposition 2.2.7). More generally, we obtain a similar characterization of an AL r.v., when
the equality of distributions is replaced by the weak convergence (see Proposition 3.4.5).

* Distributions with maximal entropy. As we saw in Proposition 2.4.7, among all continuous
distributions on (—o00, 00) with a given first absolute moment, the one with a maximal entropy
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is provided by a symmetric Laplace distribution. As we shall show in the present chapter, under
an additional restriction on the value of the mean, the entropy is maximized by an AL law.

* Convolution of exponential distributions. A classical Laplace r.v. can be represented as a differ-
ence of two i.i.d. exponential random variables (see Proposition 2.2.2). If the two exponential
r.v.’s are independent but no longer identically distributed, their difference has an AL law (see
Proposition 3.2.2).

Finally, it is the properties and features of AL distributions that are similar in nature to these
features of the normal distribution that make them particularly attractive in applications.

* Infinite divisibility. Variables appearing in many applications in various sciences can often be
represented as sums of a large number of tiny variables, often independent and identically
distributed. This is a practical interpretation of the notion of infinite divisibility Thus, when
dealing with such a phenomenon, a “proper”” model ought to be infinitely divisible. It is well
known that all normal distributions are infinitely divisible, and so are the AL laws.

* Limiting laws. The normal distribution arises as a limit of a deterministic sum of i.i.d. random
variables with a finite variance, where the number of terms in the summation tends to infinity.
Consequently, if a variable of interest can be viewed as a result of a large number of independent
increments (with a finite variance), then its distribution may be approximated by the normal
law. Similarly, a random sum of i.i.d. random variables with finite variance converges to an AL
r.v. when the average number of terms in the summation tends to infinity. Thus in practice we
could use an AL approximation for a variable resulting from a random number (a geometric
variable with a large mean) of independent innovations (with a finite variance).

* Maximum entropy property. The principle of maximum entropy, which states that out of all the
distributions satisfying a given set of constraints one should choose the one with the largest
entropy, is considered as general inference procedure and has been applied successfully in a
wide variety of fields, including statistical mechanics, statistics, economics, queuing theory,
and image analysis [see, e.g., Kapur (1993)]. Thus distributions maximizing the entropy under
suitable constraints provide useful models in applications. It is well known that among all
continuous distributions on (—oo, 00) with a given mean and variance, the Gaussian (normal)
distribution provides the largest entropy. Analogously, the entropy is maximized by the AL
distribution, when the mean and the first absolute moment are specified (Proposition 3.4.7).

Finiteness of moments. It is often argued that most variables appearing in applications should
have finite moments of all orders (or at least the mean and the variance). This holds for the
normal as well as for the AL laws.

e Symmetry. Probability distributions of variables arising in the real-world are often symmetric.
The normal distribution is symmetric, and as such, it is often used as a model in practice.
An AL distribution can also be symmetric (in which case it reduces to the classical Laplace
distribution), but the AL model actually provides more flexibility, allowing for asymmetry.

 Simplicity. The distributions applied in practice ought to be handled easily. It is highly advan-
tageous if their densities, distribution functions, and other characteristics allow for straightfor-
ward calculations, and estimation procedures should also be preferably implemented with ease.
Ideally, the c.d.f. and the p.d.f. should have closed form expressions, which would substantially
facilitate the derivation and implementation of estimation and simulation procedures. This is
indeed the case with the normal distribution, although the distribution function here lacks an
explicit form and requires a numerical approximation. We shall see that the corresponding
formulas and procedures for the AL laws are at least as simple if not simpler than their normal
counterparts.
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* Extensions. An appropriate model should allow for various extensions, particularly to the
multivariate setting. This is the case with both the normal and the AL laws. The multivariate
extensions of a univariate AL law is quite natural (and are discussed in Part II of this text).

3.1 Definition and basic properties

A formal definition of the class of asymmetric Laplace distributions is as follows.

Definition 3.1.1 A random variable Y is said to have an asymmetric Laplace (AL) distribution if
there exist parameters 6 € R, u € R and o > 0 such that the characteristic function of Y has the
form

eth

< G.1.1)
1+ %azt2 —iut

V(@) =

We denote the distribution of Y by AL, i, c) and write Y ~ AL, u, o).

Remark 3.1.1 Asymmetric Laplace laws with& = 0 constitute a subclass of GS distributions defined
in Subsection 4.4.4. Namely,

ALQO, p,0) = GS2(0/v2, B, 1), B =sign(w), (3.12)
where G S, (0, B, 1) denotes the distribution given by ch.f. (4.4.7) (see Exercise 3.6.15).

3.1.1 An alternative parametrization and special cases. While the distribution is properly de-
fined for every 6 € R, u € R, and o > 0, we note specifically the following special cases:

e If0 = pu =0 =0,then y(t) = 1 for every ¢t € R and the distribution is degenerate at 0.

* For@ = 0 = 0and u # 0, we have an exponential r.v. with mean u [concentrated on (0, 00)
for 4 > 0 and on (—o00, 0) for u < 0].

* For u = 0 and o # 0, we have a symmetric Laplace distribution with mean 6 and variance
2
g-.

The ch.f. (3.1.1) with o > 0 can be expressed in the following manner:

V(@) = e ( ! ) ( ! ) = e (3.1.3)
T oK g . ’ o
l+l—ﬁt l_l_ﬁlct l+%02t2—1%(%—x)t

where the additional parameter « > 0 is related to 1 and o is as follows:

V2o 202+ p2—pu
K= = , (3.1.4)
w4202+ pu? V20
while
pm2 (‘ ,c) (3.15)
AV . 1.

Note that for each fixed o > 0, expression (3.1.4), considered as a function of 1« and writtenk = « (),
is decreasing on (—o0, 00) with ¥ (0) = 1 and

lim k(u) = oo, lim k(u) = 0. (3.1.6)
p—>—00 1—>00
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We use the abbreviation AL to denote all distributions with ch.f. given either by (3.1.1) or by (3.1.3),
including those with & = O (symmetric ones) and o = 0.

We find it convenient to express certain properties of the asymmetric Laplace distributions in
the (0, k, o) parametrization, using the notation AL*(8, «, o) for the distribution given by (3.1.3).
The parameter « is scale invariant, so the random variables Y and cY have the same « parameter
whenever Y is AL*(8, o, «) distributed and ¢ > 0. Note also that in the (8, o, k) parametrization, o
is a bona fide scale parameter.

The following relations are often used in what follows:

1 V2

1 2u? 1 2
-t = 4+J%,-7+WZ=ZG%+J). (B.1.7)
K g K o K g

The result below follows easily from the form of the AL characteristic function.
Proposition 3.1.1 Let X ~ AL*(0, «, o) and let ¢ be a nonzero real constant. Then

G c+X~AL*(c+0,k,0).

(i) cX ~ AL*(cO, k¢, |c|o), where ke = KS18ME).
Remark 3.1.2 Note that in particular, if X ~ AL*(0, k, o), then — X ~ AL*(-0, 1/, 0).

3.1.2 Standardization. Since 6 is simply a location parameter, we shall often assume 8 = 0. To
simplify the notation in this case, we write AL(u, ) and AL* (i, o) for the distributions AL(0, w, o)
and AL*(0, «, o), respectively. Further, for 6 = 0 and o = 1 we say that the distribution is standard,
and write AL(u) and AL*(k), respectively [for the distributions AL(0, u, 1) and AL*(0, «, 1)].

Tables 3.1 and 3.2 below contain summary of our notation and the special cases in the two
parametrizations.

3.1.3 Densities and their properties. Using the factorization (3.1.3), we can represent an asym-
metric Laplace r.v. Y as follows:

YL<04Y, -1, (3.1.8)

where the two variables on the right-hand side are independent and exponentially distributed with
means o/(+/2k) and o'« /+/2, respectively. Equivalently, we have

Lot (Lw, —ew (3.1.9)
_ﬁklkz’ 1.

where Wi and W are two i.i.d. standard exponential random variables. This representation leads to
explicit formulas for the corresponding density and distribution function [cf. formula (2.3.16) and
the computations preceding it].

Y

Proposition 3.1.2 Let fy . o and Fy . o denote the p.d.f. and c.d.f. of an AL*(0, k, o) distribution,
respectively. Then

2ok | ew(-Zix-01), i#x=z0

_— (3.1.10)
o 1+«? exp —;/—Z|x—6|), ifx <8,

Jo,e,0(x) =

and
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Case Name Notation Char. funct.
el 6t
>0 Asymm. Laplace AL®O, u,0) m
nweR :
=0
o>0 Asymm. Laplace | AL(0, u, o), AL(i, o) m
nelR : g
6 eR iot
o>0 Symm. Laplace | AL(8,0,0),L(®,0) T pre)
n=0 ’
6=0
o=1 Standard AL AL, u, 1), AL(p) ﬁr,;T;
reR ,u
=0
o=0 Exponential AL(O, p, 0), E(u) 1+,w
n#0
feR .
og=0 Degenerated el
p=0

Table 3.1: Special cases and notation for an asymmetric Laplace distribution in the AL(6, 1, o)
parametrization.

1 V2 ;
Fp0(x) = L exP(_ o =Ol), yx=0 (3.1.11)
KO = 2 . -1
r’:_}Texp(—a—‘/Elx—Ol , ifx<#.

Figure 3.1 shows AL densities for various values of the parameters.

Remark 3.1.3 Note that for « = 1 we obtain the p.d.f. and the c.d.f. of the symmetric Laplace
distribution.

Remark 3.1.4 To obtain expressions of the AL p.d.f. and c.d.f. in the AL(0, i, o) parametrization,
substitute in (3.1.10)—(3.1.11) the expression for « given by (3.1.4).

Remark 3.1.5 If Y is an AL random variable given by (3.1.10)—(3.1.11), then

K2

1+ «2

P(Y <0) = For0(0) = = g« (3.1.12)

and

1

P(Y > 0) = 1= Foo(0) = 1

= Pe. (3.1.13)
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Case Name Notation Char. funct.
6eR )
* o
Z E (()) Asymm. Laplace AL*O, &, ) 1+%0212_i§'2'(xl—x)t
:(()) Asymm. Laplace AL*0,«,0), 1
i ;' 0 Y . P .A,C*(K,o—) 1+50212_i%(%_")’
0 eR
A‘C’*(e, 17 0)9 eiex
oc>0 Symm. Laplace £0.0) S
K = |
oz AL*0, k, 1)
o= Standard AL N y Ky 1), —lz—ll—r—-—
k>0 AL* (k) 143 12—i Jo (L—iex
6 eR |
=0 Degenerated fi01
K =

Table 3.2: Special cases and notation for an asymmetric Laplace distribution in the AL*(9, k, o)
parametrization.
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Figure 3.1: Asymmetric Laplace densities with o = V2 and nw=20,08,15,2,3,4,6,8, 10 that
correspond to ¥ ~ 1.0, 0.68, 0.50, 0.41, 0.30, 0.24, 0.16,0.12, 0.1.
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Consequently, the parameter « controls the probability assigned to each side of 8. Clearly, for k = 1,
the two probabilities are equal and the distribution is symmetric about 6.

Remark 3.1.6 Our skewed Laplace distribution with density (3.1.10), defined by its characteristic
function, may be obtained formally by following a general procedure of obtaining a skewed distri-
bution from a symmetric one, proposed by Ferndndez and Steel (1998). Let f be any p.d.f. which is
unimodal (say about zero) and symmetric. The method of transforming the symmetric distribution
given by f into a skewed one consists of introducing inverse scale factors for the positive and neg-
ative parts of the distribution, leading to density (3.0.7) discussed in the introduction. The Laplace
distribution demonstrates that such distributions may appear quite naturally.

Remark 3.1.7 Every AL density can be written as a mixture of two exponential densities with means
w1 =0/(k+/2) and pp = —ok//2,

1, 1
fowa () = pur—e I el/#lﬂle,oo)(x)‘f'qlcwe(x D2 e, ) (x), (3.1.14)

with g, and p, defined by (3.1.12) and (3.1.13), respectively (I 4(x) is the indicator function equal
to 1 if x belongs to the set A and equal to zero otherwise).

Remark 3.1.8 Since the AL density is increasing on (—00, 8) and decreasing on (6, 00), the distri-
bution is unimodal with the mode equal to 6. The value of the density at the mode is

V2 o«

o 1+«k2

fB,x,a ) =

in the AL*(0, k, o) parametrization and

1
Jou,o(0) = ——=
o Vu? +202
in the AL(O, u, o) parametrization. This value can be located anywhere in the interval (0, 00).

Further, we have

1 1
li 0) = ——, li 0) = —, li 0) = 00. 3.1.15
#1_1')“0 fe,u,a( ) \/50’ ai)rg+ fo,/l.,a( ) M y.,;n—1>0 Jo,u,0(0) =00 ( )

Further properties of AL densities are discussed in the exercises.

3.1.4 Moment and cumulant generating functions. We can obtain the moment generating func-
tion of an AL distribution either by a straightforward integration utilizing the AL density (3.1.10) or
from the representation (3.1.9).

Proposition 3.1.3 IfY ~ AL*(, k, o), then the moment generating function of Y is

ot 2 2
Mg o (t) = E[e'V] = 1 ¢ 1 , —% <t< ﬂ. (3.1.16)
1 22 o (1 o
1 70°t ﬁ(z K)t

Proof. By the representation (3.1.9) we have

o 1 _ o
My o (t) = Ele'Y] = P E[e V3 "IWI]E[e ﬁxthl’
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where W) and W, are i.i.d. standard exponential variables with moment generating function
|

Mw,.(s)=E[e“W‘]= , s<1
-5
Thus we have
Ot
Mg () = — - , (3.1.17)
(1- ﬁ;t)(l + TEKI)
where we must have
to tok
— <land - — < 1. (3.1.18)
2k V2
Now (3.1.17) and (3.1.18) produce (3.1.16), concluding the proof. O
Remark 3.1.9 In the AL(6, u, o) parametrization the moment generating function is
ef" 2 2
Mg o) = , = <t < ——_— (3.1.19)
Ho 1— 022 — pt 202+ u?2—p V202 +p?+p

In case u = 0 we obtain the moment generating function (2.1.10) of the classical Laplace distribution
CL(8, s) with s = a/+/2 (the L(8, o) distribution).

By Proposition 3.1.3 we can now write the cumulant generating function, log Mp . o (t), cor-
responding to the AL* (0, «, o) distribution:

o1 o V2 V2«
IOgMe'K,g(t) =0t — log (1 - E;t) - lOg (1 + 7§Kt) , —; <t < —o_‘—. (3.120)

Note that in the symmetric case (« = 1) we obtain the cumulant generating function (2.1.11) of the
classical Laplace distribution CL(6, s) with s = a/V2.

3.1.5 Moments and related parameters.

3.1.5.1 Cumulants. The cumulants of a general AL*(0, , o) r.v. Y are the coefficients of " /n!
in the Taylor series (about ¢ = 0) of the corresponding cumulant generating function (3.1.20). Thus
the nth cumulant «, is equal to the nth derivative of the cumulant generating function at ¢t = 0. The
calculation of the derivatives is straightforward. For n = 1 we have

d o 1/k K
— log M 1)=0+ — - , 3.1.21
ar 0g Mo 0 (1) + VAT %%t g %Kt ( )

while for n > 1 we obtain
n n
" tog Mooty = m— () A2 ) (= (3.1.22
0 = - DIy — . 1.

dpn 08 V0wt =0 72 - =L I+ St )

Now substituting ¢ = O into (3.1.21) and (3.1.22), we obtain the following expressions for the
cumulants of an AL*(9,k,0)r.v. Y:

9+%(x-1 —nx) ifn=1,
e (¥y =1 (n—1) (%) (™" — k™) ifn > 1isodd, (3.123)

(n—1) (%)" (k™" 4+ k™) ifniseven.
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Note that in the symmetric case (¢ = 1) the cumulants of odd order greater than one vanish, and we
obtain cumulants (2.1.13) of the classical Laplace distribution CL (6, s) with s = o//+/2. Observe also
that the mean and variance of Y, which coincide with the first and second cumulants, respectively,
are

E[Y]=9+%(;—x)=0+u, Var[Y]=7<K——2+K)=/L +o0°. (3.1.24)
3.1.52 Moments. Let Y ~ AL*(, k, o). For any integer n > 0, the nth moment of ¥ about 6,
E(Y —6)*,is

¢ V2« 2 f K NP
_gy Y2 LZy-0)4 / 0y 2 0-) 4.
/_oo(y ) o 142" Y+, O-0 o 1+x2° Y

The substitution of x = 6 — y in the first integral and x = y — 0 in the second integral leads to
n,2
(=% / fe‘ﬁxdx f fx Bex *dx.
1+x2 1+ x2
Thus

| 1" 2(n+1)
d ) + D , (3.1.25)

E(Y - o)n = (‘\/—K 1+K2

since for any # > 0 and a > —1 we have
o0 1 [ r 1
/ xlue ™ dx = — / x%e *dx = M.
0 u? Jo ut
In the symmetric case (x = 1) we obtain the moments (2.1.14) of the classical Laplace distribution
with s = 0/4/2.
3.1.5.3  Absolute moments. To obtain absolute moments of an AL distribution, we follow essentially
the calculation leading to the moment formula (3.1.25), obtaining
1+ K2(a+1)

_i-—}—T’ a>—1. (3126)

E[Y —0)%] = (7_(;7) Fa+1)

3.1.5.4 Mean deviation. Let Y have an AL*(, k, o) distribution with density fp ., given by
(3.1.10). Then by (3.1.24), the mean deviation of Y is

o0
o
EY——E[Y]l:/ -0 — —1/k — k)| foxo(y)dy.
| - ly /2 / koly)ay
After a straightforward but tedious integration, we obtain
20' (Kz—l)
_ y
k(1 +«2)

which equals /+/2 for the symmetric case with 4 = 0; cf. (2.1.19). Further, since the standard
deviation of Y is

E|lY — E[Y]| = (3.1.27)

2 2
VVar(Y) = 02+a—(1_,() =UV1+KZ’
2\« N
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we have R
mean deviation 2ek 1

standard deviation (1 + 121+ 4

For the symmetric Laplace distribution (k = 1), the above ratio is equal to 1/+/2, as previously
derived in (2.1.20).

3.1.5.5 Coefficient of Variation. For an r.v. X with the mean not equal to zero, the coefficient of
variation is defined as

4/ Var(X)
|EX| ~
For Y ~ AL, u,0) with & # —pu, the mean of Y is nonzero and the coefficient of variation is
equal to

/,LL2+O'2.

3.1.28
160+ ul ( )

For 6 = 0 and o # 0, we obtain

o2 1/k2 + k2
—+1= V1K +i? (3.1.29)
u? 1/k —«

Note that in this case the absolute value of the mean is less than or equal to the standard deviation,

and thus the coefficient of variation is always greater than or equal to one.

3.1.5.6 Coefficients of skewness and kurtosis. The coefficient of skewness, defined in (2.1.21), is
a measure of symmetry that is independent of scale. For the symmetric Laplace distribution its value
is zero, as it is for any symmetric distribution with finite third moment and standard deviation greater
than zero. For an AL*(8, «, o) distribution, the coefficient of skewness is nonzero, unless ¥« = 1
(. = 0). In terms of «, its value is

1/k3 — i3
(/K2 + 32
It follows from (3.1.30) that the absolute value of y; is bounded by two, and as « increases within

the interval (0, 00), then the corresponding value of y; decreases monotonically from to 2 to —2.
Let us now study the peakedness of AL distributions. We saw in Section 2.1 that a symmetric

Laplace distribution is leptokurtic, as its coefficient of kurtosis (adjusted), defined in (2.1.22), is equal
to three. For an AL*(, «, o) distribution, we have

6 12
(1/k2 +K2)2°
Thus the distribution is leptokurtic and y, varies from 3 [the least value for the symmetric Laplace

distribution with « = 1, see (2.1.23)] to 6 (the greatest value attained for the limiting exponential
distribution when « — 0).

Y2 = (3.1.31)

3.1.5.7 Quantiles. Since the distribution function of an asymmetric Laplace distribution is given
in closed form, calculation of quantiles, including the median, is quite straightforward. Let &, be the
qth quantile of an AL r.v. with distribution function given by (3.1.11). Then we have

_ 9+9f~"ilog[1—f§ﬁq} forqe(O,%],

; 2 ] (3.1.32)
— & log{(1 +«5)(1 —q)} forq € (5. .
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Note that for k = 1 we obtain the quantiles (2.1.24) of the symmetric Laplace distribution. Setting
q = 1/2, we obtain the median m:

6 + -Zlog fork <1,
I 7 { | (3.1.33)

0 — i’/'iloglw} fork > 1.

By setting ¢ = 1/4 and ¢ = 3/4 we obtain the first and third quartiles, Q1 and Q3, as well as the
interquartile range, equal to

%‘5—3 fOI‘Kfl/«/g,
05 -01={ Flog|ris} - Zog [ L] for1/V3<k <3, (3.1.34)
%5—3 for k > /3.

In particular, we have

3 1
Q1 =6 and =9+a\/ilo3for K= —
1 03 5 log 7

and

O =9—or‘/glog3 and Q3 =6 for K = /3.

Remark 3.1.10 If « = 1 (u = 0), the relation (3.1.33) yields m = 6, which is the median of a
symmetric Laplace distribution. Similarly, for o = 6 = 0, we get m = u log 2, which is the median
of an exponential distribution with mean p (to which the asymmetric Laplace law is simplified in
this case).

Remark 3.1.11 One can show that for k # 1, the mode, median, and mean of an AL distribution
satisfy the following inequalities:

If« <1 then Mode < Median < Mean,

Ifk >1 then Mode > Median > Mean. (3.1.35)

All three measures of location are equal to & when x = 1 (u = 0), in which case we obtain the
symmetric Laplace distribution.

In Table 3.3 below we summarize the moments and related parameters of AL r.v.’s.

3.2 Representations

In this section we present the representations and characterizations of AL distributions that are
generalizations of the corresponding properties of the symmetric Laplace distributions, as presented
in Section 2.2.

3.2.1 Mixture of normal distributions. A symmetric Laplace r.v. can be regarded (informally) as
a normal r.v. with mean zero and variance that is an exponentially distributed random variable (see
Proposition 2.2.1). AL r.v.’s admit a similar interpretation, where the mean is a random variable as
well. We state it more formally in the following result.
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Parameter Definition Value
Absolute B

14x2@+D)
moment ElY|* a> -1 (7‘(!27) I'a + 1)_11':__’(2_
nth moment EY" nl (_a_)” 14(—1)1x2+D

V2 14«

nth cumulant

g,ln log Mg 4,0 (t)‘t-—O

=D (5)" (a+ e

Mean EY S —K) =4
Variance E(Y —EY)? u? +o?
Mean 2
VIoe®?-D
deviation E|Y — EY| x?le-t-xf)
Coefﬁcient of SV e v
Variation [EY] u? +1="1i=
Coeffcient of E(Y—EY)? 13 =3
Skewness V1= E@—Eneyr 2T
Kurtosis _ EQ—EV* _ 3 6— 12
(adjusted) 2 = “Nar)? /2 +x2)?
2
_ —Z log &, k<1
Median m=F;)! (1/2) R
E lOg B Kk >1

Table 3.3: Moments and related parameters of ¥ ~ AL*(0, k, o) with 6§ = 0.

145

Proposition 3.2.1 An AL(6, u, o) random variable Y with ch.f. (3.1.1) admits the representation

YL04uW+ovWZ,

where Z is standard normal and W is standard exponential.

(3.2.1)

Proof. Let W have an exponential distribution with p.d.f. e~*. Conditioning on W, we can express

the ch.f. of the right-hand side of (3.2.1) as follows:

o0
E[eit(9+l—LW+U~/WZ)] — / ei19+it/th[eitU\/EZ]e-—wdw.

Note that

0

E[e"Y72) = ¢z (10/w) = e~

where ¢z (s) = ¢=5°/2 is the ch.f. of a standard normal r.v. Z. Thus

o0
E[eit(9+/.LW+a«/WZ)]=./ eitGe—w(1+%t202—iut)dw,

0
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which produces the ch.f. (3.1.1) and the result follows. O

Note that in the symmetric case (4 = 0) we obtain the representation of the classical Laplace
r.v. discussed in Proposition 2.2.1 and the remarks following it.

3.2.2 Convolution of exponential distributions. We now formally state representation (3.1.9) in
the following result.

Proposition 3.2.2 An AL*(9, «, o) random variable Y with ch.f. (3.1.3) admits representation
(3.1.9), where W1 and W, are i.i.d. standard exponential random variables.

Note that for x = 1 we obtain the representation of the classical Laplace distribution discussed
in Proposition 2.2.2 and the remarks following it.

Remark 3.2.1 Denoting H; = 2W;,i = 1, 2, we have

o 1
Y=64+ —|—-H —-ICH), 322
2«/5( 1 p) ( )

K

where H; and H, are i.i.d. chi-square r.v.’s with two degrees of freedom.

Remark 3.2.2 Since a standard exponential r.v. W has the same distribution as — log(U), where U
is standard uniform variable, we have the following representation of Y in terms of two i.i.d. standard
uniform variables U; and U»:

d o U{‘
Y=9+-———log( I ) (3.2.3)
/
V2 o\yy

It generalizes a similar representation of the classical Laplace distribution with ¥ = 1.

Remark 3.2.3 Similarly, we can express an AL r.v. in terms of two i.i.d. Pareto Type I r.v.’s, P; and
P,, with density f(x) =1 /x2, x > 1. Indeed, as already mentioned in Section 2.2.3, a standard
exponential r.v. W has the same distribution as log(P;), so that by (3.1.9) we have

d

o Pll/x

A similar representation of the classical Laplace distribution was obtained in Proposition 2.2.4.

Remark 3.2.4 The representation of Proposition 3.2.2 may be expressed alternatively as follows:

d o
Y =0+ —IW, (3.2.5)
V2

where the r.v.’s I and W are independent, W is a standard exponential variable, and / takes on the
values —« and 1/« with probabilities k2/(1 + «2) and 1/(1 + «2), respectively. In the symmetric
case with k = 1 (u = 0), the random variable [ takes on the values 1 with probabilities 1/2, and
(3.2.5) reduces to the representation (2.2.10) of the symmetric Laplace r.v. with the scale parameter

s =0//2.
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3.2.3 Self-decomposability. We saw in Section 2.4.3 that all symmetric Laplace random variables
Y are self-decomposable, that is for every ¢ € (0, 1) we have

YLy + X,

where X and Y are independent variables. Ramachandran (1997) shows that all AL distributions are
self-decomposable as well. In fact, we have the following explicit representation.

Proposition 3.2.3 Let Y ~ AL*(0,k,0). Then Y is self-decomposable and for any ¢ € [0, 1] we
have

V2

where 81, 63 are dependent Bernoulli r.v.’s taking on values of either zero or one with the probabilities

YLy +(1—0)f+ (lslwl - K82W2) , (3.2.6)
K

P41 =0,8=0=c* P =1208=1 =0,

l1—-c
P(81=1’82=0)=(1—C)(C+ 1+K2)’

1- c)x2)

P61 =0,8=1)=(1-0) (c+ T

W) and W, are standard exponential variables, and Y, W1, W», and (81, 62) are mutually independent.

Proof. Representation (3.2.6) follows directly from the following equality for ch.f.’s:

a+ i%cm‘)(l - i%cx‘lt)

=c“+{A-¢c)|c+ =

a1+ i%xt)(l - i%x‘lt) 14«2 :/-—i/c—lt
(1 —c)k? 1
+(l—c)<c+ 5 ) —. Od
1+« 1+zﬁxt

Remark 3.2.5 Note that in the symmetric case k = 1, representation (3.2.6) reduces to that of a
symmetric Laplace distribution with s = o/+/2 (see Proposition 2.4.4).

Remark 3.2.6 Note the following version of the representation

YLy +(1 )9+(5‘ 5 ) “ w
=c —c — =&k ) —=W,
K V2
where §;’s are as before, W has the standard exponential distribution, and Y, W, (81, 87) are inde-
pendent.

By taking ¢ = 0 in (3.2.6) we obtain the representation of an AL r.v. Y as a mixture of
exponentially distributed random variables:
d o

1
0+ —|{-61Wy —ké2W> ), 2.
+ﬁ(xl 1 — k&2 2) 3.2.7)

where the zero-one variables §; and &, 8; + 8, = 1, assume one with probabilities 1/(1 + «2) and
k2/(1 + «k2), respectively, and are independent of i.i.d. exponential variables W; and W5. This is
essentially the representation from Proposition 3.2.2.

Y
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3.2.4 Relation to 2 x 2 normal determinants. We have the following extension of Proposi-
tion 2.2.5 to the case of an AL random variable.

Proposition 3.2.4 Let Y ~ AL*(0,k,0) withO =0and o = 1, and let (X1, X2) and (X3, X4) be
i.i.d. bivariate normal r.v.’s with vector mean zero and variance-covariance matrix

L[ 1442 1-«2
- EE[ o e | (3.2.8)
Then
Y £ X, Xo+ X3Xs. (3.2.9)

Note that if Y is symmetric Laplace (¢ = 1), then X is an identity matrix, so all four variables
X1, X2, X3, X4 are i.i.d. standard normal (see Proposition 2.2.5). For this case the representation
(3.2.9) was derived in Mantel and Pasternack (1966) by an appropriate representation in terms of
chi-square random variables [see also Farebrother (1986)], and in Mantel (1973) by calculating the
appropriate characteristic functions [see also comments in Mantel (1987) and Missiakoulis and Darton
(1985)]. Here we prove our generalization for asymmetric Laplace distribution using appropriate
representations in terms of random variables.

Proof. Let Zy, Z,, Z3, Z4 be i.i.d. standard normal r.v.’s. Note that X;’s have the representation

d (Z1—«kZ3 Z +KZ3)
X1, X2) = ( ) , (3.2.10
(X1, X?2) P e )
d (Zr—«kZ4 Zz+KZ4)
X3, X4) = , . 3.2.11
(X3, X4) ( P e )
Indeed, to see (3.2.10), note that the linear combinations of Z;’s are normal with
Z1—KZ3> (21+KZ3) 1 2
Var{ ——— ) =Var{ ——— | = — (1 +« 3.2.12
( P e 2K( ) ( )
and
Z) —«kZ; Zl+KZ3) 1 5
Cov s = —(1 —«°), 3.2.13
< e e 2K( ) ( )

which correspond to the entries of X given by (3.2.8). Similar arguments apply to (3.2.11). Next,
write

d 1
X1 X2+ X3X4 = P {(Z1 — kZ3)(Z1 + k Z3) + (22 — kK Z4)(Z2 + K Z4)}
1 2 2 272 1 2
= -2;(23 — K723+ 73 - k*Z)) = Z(Hl — k*Hy), (3.2.14)
where
H =2Z?+72 and Hy = Z3 + 7} (3.2.15)

are two i.i.d. x2 r.v.’s with two degrees of freedom. Finally, note that H; £ 2W;,i = 1,2, where W;’s
are i.i.d. standard exponential variables, so (3.2.14) reduces to (3.1.9) and the result follows. O

Table 3.4 summarizes the representations studied in this section.
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Representation Variables
Z — standard normal r.v.
wW+vwz W — exponentially distributed r.v.

% AW = kW) W1, W, — standard exponential r.v.’s
2\

.17_(_1.111 — kHy) Hy, Hy — x? r.v.’s with two degrees of freedom
22«

. o P
I takes on values —« and % with probabilities %

+,
1
Iw and o ’
W — standard exponential r.v.

S

’ : _— 2
% 10g(p11/"/pé<) Py, P,—Paretor.v.’s with p.d.f. f(p) =1/p*, p > 1

% log(U* /U21/" ) U;, Uy —r.v.’s uniformly distributed on [0, 1]

(X1, X2) and (X3, X4) are bivariate normal with mean

X1X2 + X3X4 0 and covariance given by (3.2.8)

W), W) — standard exponential r.v.’s
%('1-51W1 — k8 W) | (81, 82) assumes values (1, 0) and (0, 1) with proba-
2K

bilities 7 and %

Table 3.4: Summary of the representations of the standard AL(0, i, 1) [or AL*(0, k, 1)] random
variables. All random variables (or vectors) in each representation are mutually independent.

3.3 Simulation

Random variate generation from an AL distribution is straightforward. Since the AL distribution
function has closed form and so does its inverse, the inversion method can be applied [see, e.g.,
Devroye (1986)]. Alternatively, we can use any of the representations discussed in Section 3.2.
Representation (3.2.3) in terms of two i.i.d. uniform variables seems to be most suitable for simulation,
as these can be obtained directly. Here is an AL generator based on this representation.

AL*@, k, o) generator

¢ Generate a uniform [0, 1] random variate U;.
* Generate a uniform [0, 1] random variate U;, independent of U, .
* SetY « 6 + % log .
U2
« RETURNY.

Remark 3.3.1 To generate an AL(9, , o) variate, first compute the parameter « using relation
(3.1.4), and then apply the above algorithm.
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3.4 Characterizations and further properties

3.4.1 Infinite divisibility. In Section 2.4.1 of Chapter 2 we discussed a fundamental concept of
infinite divisibility and showed that all symmetric Laplace laws are infinitely divisible. Similarly, all
AL distributions are infinitely divisible as well, as their ch.f. ¢ given by (3.1.3) can be factored as

1/n 1/n )"
vy = eiorm <_-1—a_) / (—{,—) | [Wn(OT" (3.4.1)
1 - lﬁt 1 +lﬁt

for each integer n > 1. The ch.f. ¥, corresponds to the random variable

6 o 1
-+ —=(-G,-«G, ), 342
"t (x L 2) (42
where G| and G are i.i.d. gamma I"(1/n, 1) random variables with density
1 1/n—1_—x
. , 0. 343
f(x) F(l/n)x e x > ( )

Generalizations of Laplace distribution such as (3.4.2), whose characteristic functions are powers of
the AL ch.f., are known as Bessel function distributions and are subject of Section 4.1 of Chapter 4.
The following result summarizes our discussion.

Proposition 3.4.1 Let Y ~ AL*(9, k, o). Then Y is infinitely divisible, admitting for each integer
n > 1 the representation

n
y & 3 Xui, (3.4.4)
i=1

where the X ;s are i.i.d. variables given by (3.4.2).

The next result reveals the Lévy—Khinchine representation of an AL characteristic function,
which was derived in Takano (1989, 1990).

Proposition 3.4.2 The ch.f. Y of Y ~ AL*(0, k, 0) r.v. admits the Lévy—Khinchine representation

¥ (1) = exp (ite + / (e — l)k(u)du> , (34.5)
R

where

Au)

V2
1 = lul
{ e , foru>20 (3.4.6)

) L
lul | e¥ou, foru <O.

Proof. Recall that the Lévy measure of exponential distribution with parameter 8 > 0 has density

e‘ﬁ“/u, u>0,i.e.,
——1— = exp foo(ei’“ - l)le_ﬁ“du B>0,teR
1—it/B 0 u ’ ’ ’

Consequently,

1 —=

1 o« 1
1-;a5; = &XP (/ (e’ — 1);e‘§ydy) , teR, (3.4.7)
—i%% o
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and
00 .
l—fl—a—— = exp (/ (e — l)le‘fai“du) , telR. (3.4.8)
—1 'Et 0 u

Replacing in (3.4.7) t with —¢ and substituting y = —u we obtain

T TojaE; = %P (f (e — le ox I"'du) t eR. (3.4.9)
The multiplication of the correspondmg sides of (3.4.8) and (3.4.9), coupled with (3.1.3), produces
(3.4.5)-(3.4.6). O

In Figure 3.2, we see graphs of the Lévy densities for various specifications of the parameter

u (o =2).

e
-

0.8
1

0.6

0.4

0.0

-5 0 5 10 15 20

Figure 3.2: Densities of the Lévy measures for asymmetric Laplace distributions with o = +/2 and
n=0,08,15,2,3,4,6, 8, 10 that correspond to x = 1.0, 0.68, 0.50, 0.41, 0.30, 0.24, 0.16, 0.12,
0.1. (The densities of these distributions are illustrated in Figure 3.1.)

3.4.2 Geometric infinite divisibility. In Section 2.4.2 of Chapter 2 we discussed the class of
geometric infinitely divisible laws, and showed that all symmetric Laplace distributions with mean
zero belong to this group. More generally, all AL laws with mode equal to zero are geometrically
infinitely divisible as well, as shown by the following result.

Proposition 3.4.3 If Y ~ AL(0, u, o), then Y is geometrically infinitely divisible and for all p €
0, 1) we have

Vp
£y r9, (3.4.10)
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where v, is a geometric r.v. withmean 1/ p, the rv.’s Y,(,i) arei.i.d. AL(0, pu, \/po) for each p, and
v, and (Y,g')) are independent.

Proof. Let fp be the ch.f. of Y l(,i) . Conditioning on v,, we find the ch.f. of the right-hand side of
(3.4.10) to be

it vy = o S YO e _ pfp(t)
E[e"Zi=1 Y] =Y "E[" Zi= Y (1 - p)*p O R (3.4.11)

n=1
When we now substitute

1

(t) = ’
T 1+ %paztz —iupt

which is the ch.f. of the AL(0, pu, ./po) distribution, into (3.4.11), we obtain the ch.f. of ¥ given
by (3.1.1) with 8 = 0. O

Remark 3.4.1 If Y ~ AL*(0, , o), then (3.4.10) holds with Y having the AL*(0, k,, /PO)
distribution, where

Kp (3.4.12)

_Vp(/k—1)*+4— /p(1/xk — k)
B 2

(see Exercise 3.6.17).

3.4.3 Distributional limits of geometric sums. We saw in Section 2.2.7 of Chapter 2 that the class
of symmetric Laplace distributions with zero mean coincides with the class of distributional limits
as p — 0 of (appropriately normalized) geometric sums

Xi+-+ Xy,

where X1, X, ... are nondegenerate and symmetric i.i.d. r.v.’s with finite variance and v, is a
geometric r.v. with mean 1/ p, independent of the X;’s. It turns out that if we omit the assumption of
symmetry, then the limiting class coincides with the family of AL distributions.

Proposition 3.4.4 The class of AL distributions with mode equal to zero coincides with the class of
nondegenerate distributional limits of

Vp
Sp=ap Y _(Xi+bp) (3.4.13)
i=1
as p — 0, where X1, X3, ... are nondegenerate i.i.d. r.v.’s with finite variance, and v, is a geometric

rv. with mean 1/p, independent of the X;’s. Moreover, if EX; = j and Var(X;) = o2, then the
normalizing sequences in (3.4.13) may be taken as

ap=p"%  bp=pnp* -1, (3.4.14)

in which case S, converges in distribution to the AL(0, w, o) random variable.
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Proof. First, we shall show that if Y ~ AL(O, w, a) then Y is the distributional limit of S, where
X;’s are i.i.d. r.v.’s with EX; = p and Var(X;) = o2, while the normalizing sequences are given by
(3.4.14). Thus we need to show the convergence

Yp
d
p!/2 Z(Xf —u+puy Sy, (3.4.15)
j=1

where Y is an AL r.v. with ch.f. ¥ given by (3.1.1) with § = 0. Writing (3.4.15) in terms of ch.f.’s,
we obtain

pe’PH ¢(p!/2r)
1 — (1~ p)elPrig(pl/2t)

where ¢ is the ch.f. of X ; — u. Taking reciprocals, we can express (3.4.16) as

— Y1), (3.4.16)

1— (1 — p)e’PHg(p'/2r)
peiPHi(pl/2t)

1
- 1+ 50212 —iput. (3.4.17)
Note that the factor ¢(p!/?t) tends to one as p converges to zero, so we can write equivalently

(splitting the numerator)

e PR ] Ll-a- p)o(p'/%t)
p p

1
=I1+1l > 1+ 5aztz —ipt. (3.4.18)

First, we show that I — —iut. Indeed, we have

e~iPut _ sin(put cos(put) — 1
—_—— = it (Pi) + (Put) put > —iut + 0.
p put put

To establish the convergence

1— (1= p)p(p'/?r)
p

Il =

1
-1+ Eoztz (3.4.19)

use Theorem 8.44 from Breiman (1993). Since W; = X ; — u has finite first two moments, the ch.f.
of W; can be written as

d(u) =1+ iuEW; + (—)—(EXZ + 8(w)),

where § denotes a bounded functlon of u such that lim, 0 8(«) = 0. Since EW; = E[X; —u] =0
and EW2 E(X; — w)? = o2, we apply the above withu = p1/2t to the left- hand side of (3.4.19)
to obtam

2 2 1/2 pt* 2 1/2
5@ +8(p 1)+ 1 - @ +8(p 1)),

which converges to 1 4+ t?a2/2 as p — 0. Thus we have shown the first part of the proposition.
Let us now assume that the variables (3.4.13) converge in distribution to an r.v. Y with ch.f. ¢.

Our goal is to show that the r.v. Y has an AL distribution. First, note that being a limit of geometric

compounds (3.4.13), the r.v. Y is geometrically infinitely divisible, and thus also infinitely divisible
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[see, e.g., Mohan et al. (1993)]. Thus its ch.f. ¥ does not vanish. Expressing the convergence in terms
of ch.f.’s, we have

pfp(t)

m e d 1//([) for t € R, (3420)

where
fpt) = €19brg(apt)

and ¢ is the ch.f. of the X ;’s. Since the fraction in (3.4.20) converges to a nonzero limit while its
numerator converges to zero (since f), is bounded), we must have

fp(@) = 1 for t e R. (3.4.21)

We now rewrite (3.4.20) equivalently as

1

—T Y(t) for t € R, (3.4.22)
1+ ;(m -1)
SO
1 1 1
— —1)—> ———1 for t e R. (3.4.23)
p (fp(t) ) Y()
In view of (3.4.21), we have
1 1
—(fpt)—1)—>1— —— for t € R. (3.4.24)
pr ¥ ()
We now let p = 1/n and denote a, = ajy/n, bp = b1/n, so (3.4.24) takes the form
n(f(apt)e' @b — 1) > 1 — 1 for teR (3.4.25)
¥ (1) '

where the limit is a continuous function. Thus by Feller (1971, XVII, Theorem 1) we conclude that

(f (ant)e'@nbmyr _s exp (1 - -1/%) for t € R. (3.4.26)

But the left-hand side of (3.4.26) is the ch.f. of

an Y _(Xi + bn), (3.427)

i=1

where the X;’s are i.i.d. with finite variance, and consequently the limit in (3.4.26) must be a normal
characteristic function,

(1 L ) e ( -1 2t2) (3.4.28)
ex ——— ) =exp|int — =0 , 4.
PUTvo) =P 2

where 4 € Rand o > 0 are some constants. Solving (3.4.28) for ¥ (¢), we obtain the AL ch.f. (3.1.1)
with 6 = 0. The result has been proved. a

Remark 3.4.2 Ifthe X;’s are AL(u, o), then they have mean u and variance u2+¢72. Consequently,
we have the convergence to the AL(u, /12 + o2) law under the normalization (3.4.14).
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3.4.4 Stability with respect to geometric summation. As we saw in Section 2.2.6 of Chapter 2,
anALr.v. Y with 4 = O (symmetric Laplace) is the only symmetric r.v. with a finite second moment
satisfying the relation

Vp
Y L4, (¥ +by), (3.4.29)

i=1

where v, is geometrically distributed with mean 1/p, Y;’s are i.i.d. copies of Y, and v, and Y;’s are
independent. More generally, all AL r.v.’s satisfy a similar relation when equality in distribution is
replaced by convergence in distribution. The following result, which we include here without proof,
follows from a more general characterization of geometric stable distributions [see Kozubowski
(1994b, Theorem 3.1)].

Proposition 3.4.5 Let Y be a random variable with finite variance, andlet Y1, Y2, . .. bei.i.d. copies
of Y. Then the following statements are equivalent:

(i) Y ~ AL, u, o) with u*> + 02 > 0.
(ii) There exist ap, > 0 and b, € R such that

Vp
ap Y (Yi+bp) 57, (3.4.30)

i=1
where v, is a geometric r.v. with mean 1/ p, independent of the Y; ’s.

Moreover, the normalizing sequences must have the form

a, =Cp'’[14+8(p)l, b, =[pn(p) + (p —ap)ul/ap, (3.4.31)

_ 3.4.32
C= 4.
o2+ u? ( )

and the sequences §(p) and n(p) converge to zero as p — 0.

where

3.4.5 Maximum entropy property. In this section we characterize AL laws in terms of their
entropy, defined in Section 2.4.5. Let us derive the entropy of X having an AL distribution with
density (3.1.10).

Proposition 3.4.6 Let X have an AL*(0, «, o) distribution with density f given by (3.1.10). Then
the entropy of X is given by

H(X) = E[—1log f(X)] =1+logo +log (% + K> — %log2. (3.4.33)

Proof. The calculation is straightforward. Since the value of entropy is not affected by translation,
we can assume that & = 0. By definition, the entropy of X is equal to

2 Jie
f"x)ce—T”dx, (3.4.34)

0 00
2 V2
—f (log C + —{x)CeT:xdx —/ (log C —
KO 0

—00
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where
V2 ok
C=———. 3.4.35
o 14«2 ( )
Recalling that for any a > O we have
[e.9] o0 1
/ ae *dx =1 and f xae Ydx = —, (3.4.36)
0 0 a
we obtain the following expression after integration in (3.4.34)
o o o o
H(X)=-C—«logC+C—«k —C——10ogC + C——. (3.4.37)
B R, i, »
The substitution of (3.4.35) into (3.4.37) produces (3.4.33). O

Remark 3.4.3 Note that for « = 1, for which the AL distribution becomes a symmetric Laplace
distribution, formula (3.4.33) simplifies to

1
H(X)=1+logo + 3 log2, (3.4.38)

which was derived for symmetric Laplace distribution in Section 2.1.3 of Chapter 2.

We saw in Section 2.4.5 that the classical Laplace distribution maximizes the entropy among
all distributions with a given first absolute moment and (—o0, 0o) support. It turns out that under the
additional stipulation that the mean be also given, the distribution that maximizes the entropy is AL,
as shown by Kotz et al. (2000a).

Proposition 3.4.7 Consider the class C of all continuous random variables with nonvanishing den-
sities on (—00, 00) such that

EX=c1€R and E|X|=c2>0 for X eC, (3.4.39)
where
le1] < ca. (3.4.40)

Then the maximum entropy is attained for the AL r.v. X* with density (3.1.10), where 0 = 0,

_ 1/4
K=(C2 C‘) , (3.4.41)
¢+
and
Lo o
o=—(5—c ¢y +c1 + +fcr —cp). 3.4.42)
ﬁ(z D7 W+ 2 —C1) (

Moreover, the maximum entropy is

(3.4.43)

I;lgaé(H(X) = H(X*) =2]oglx/c’2+01 + 2 — I +1.
€

V2
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Proof. Applying Proposition 2.4.6 witha = —00, b = 00, hj(x) = x, and ha(x) = |x|, we find that
the maximum entropy is attained by density

e(a1+a2)x, ifx>0

S@-ax ifx 20 (3.4.44)

p(x) = eaoea1x+a2[x[ = ¢90 {
provided that the function (3.4.44) integrates to one on (—00, 00) and satisfies the constraints (3.4.39).
Thus it is enough to find the constants ag, a; and a; for which the constraints are satisfied. To this
end, first note that the integrability of p implies the following restrictions on a; and a3:

ay+ay; <0 and a; —ay > 0, (3.4.45)
implying that a; < 0. Write
! (1 )GR and a ! (l+ )G( 00, 0) (3.4.46)
ag=——|_—-—« =——-\|—-+« —00, 4.
ﬁo’ K 2 x/iO' K

for some o > 0 and « > 0 so that the density (3.4.44) takes the form

e,
pry=em) €7 ifx >0 (3.4.47)
eV | ifx <O.
Comparing (3.4.47) with (3.1.10), we conclude that p must be an AL density, so that
V2 ok
(o e 3.448
¢ o 14«2 ( )

Next, using the formulas for the mean and the first absolute moment of the AL distribution with

density (3.1.10) with & = 0, we write the conditions (3.4.39) as
o 1—«*

EX=——-——=
V2K 1+ 2 “l

(3.4.49)

and

o 1+«
N PR
Divide the sides of (3.4.50) into the corresponding sides of (3.4.49) to obtain

E|X| = 5. (3.4.50)

1 —«?

Cl
14«4 o

(3.4.51)

Solving the above equation for « produces (3.4.41). Finally, the substitution of k given by (3.4.41)
into (3.4.50) and solving for o produces (3.4.42). We thus conclude that the entropy is maximized
by the AL law with 8 = 0 and « and o as specified by (3.4.41)—(3.4.42). The actual value of the
maximal entropy follows from Proposition 3.4.6. O

Remark 3.4.4 Note that if the mean is zero, then x = 1 and ¢ = +/2c; so that the entropy is
maximized by the classical Laplace r.v. with density z—ize"" I/e2_1In this case the maximal entropy
(3.4.43) reduces to (3.4.38).

Remark 3.4.5 If in Proposition 3.4.7 the absolute deviation about the mean is prescribed instead of
E|X]|, then the entropy is maximized by the symmetric Laplace distribution (Exercise 3.6.18).
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3.5 Estimation

In this section we study the problem of estimating the parameters of an AL distribution. Note that
our distributions are essentially convolutions of exponential random variables of different signs,
and common estimation procedures for mixtures of positive exponential distributions [see, e.g.,
Mendenhall and Hader (1958), Rider (1961)] are not applicable in this case. We shall focus on the
method of maximum likelihood, leaving the discussion of other methods of estimation (i.e., the
method of moments) to exercises.

Let us start with the derivation of the Fisher information matrix, I (6, k, o), corresponding to
an AL*(, «, o) distribution. We have

10,6,0) = [ E| 108 foneX) - 2 log oo 0} |,

i,j=1
where X has an AL*(0, k, o) distribution with the vector-parameter
y=(,k,0)

and density fp . Routine calculations (Exercise 3.6.23) produce the matrix

z a0
10,k 0) = "%iﬁf Elf + (1+12)2 T }4_-5 . (3:5.1)
o -ZEE 2
3.5.1 Maximum likelihood estimation. Let X;,..., X, be an i.i.d. random sample from an

AL*(9, k, o) distribution with the density fp . given by (3.1.10), and let x, . .., x, be their par-
ticular realization. Then the likelihood function takes the form

n/2 - gn V2K < V2 &
- = .9yt — 1= . _—9)"
L@,k 0)="— Ty o . ;(x, 0 — — jz_;(xj o)~ %, (35.2)
where
i — 60 ifx; >0
(i — )t = { 6" :fi{ za (3.5.3)
I =
and
) - _ 6—x; ifx; <6
(xi—0) = { 0 ifx; > 0. (3.5.49)
Thus the log-likelihood function is
2
log L(6. k,0) = log2 — nlogo +nlog 1 f,ﬂ - %D, (35.5)
where
n l n
D=D@,«k) = i—0)T 4+ = i —0)". 3.5.6
©, 1) x?;(x, ) +K];(x, ) (3.5.6)

We follow our approach to the symmetric case and consider several cases.
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3.5.1.1 Case 1: The values of k and o are known. Here the likelihood function will be maximized
by the value of 8 that minimizes the function

n n
1 -
Q) =« le(xi —0)" + - _le(xi —0)". (3.5.7)
= =
Let Xy., < --- < X,., be the order statistics connected with a random sample of size n from the

AL*(9, k, o) distribution, and let x1., < --- < x,., be their particular realization. Consider the set
of n + 1 intervals {/lo, ..., I}, where

Iy = (=00, x1:n], In = [Xn:n, 00), (3.5.8)
and
Ij =[xj:ny-xj+1:n], .] =172yn_1 (3.59)

It can be shown that the function Q is continuous on R and linear on each of the intervals I,

Jj =0,1,...,n (Exercise 3.6.19). Further, the function Q is decreasing on I, increasing on I,
whileonany /; with1 < j <n —1litis

o e i 2

decreasing if i <K%

constant if ﬁ = K2, (3.5.10)

increasing  if n—i7 > k2.

Thus, if the parameter « is such that

K2 = J forsome j =1,2,...,n—1, (3.5.11)

n—j

then the function Q is minimized by any value of 6 within the interval [x;.,, xj4+1.,]. Consequently,
any statistic of the form

pXjn+A—p)Xjrin, pel0,1], (3.5.12)

may be taken as an MLE of the parameter 6 in this case. If the condition (3.5.11) does not hold, the
function Q attains its global minimum value at the unique 6, given by

X1 ifk? <=L

. n=7’ ,
b =1 Xjn ifn—_f(;—ll)<x2<n+j, j=2,3...,n—1, (3.5.13)
Xnn ifk2>n—1.

We see that, as in the case of symmetric Laplace distribution, the problem of estimating the location
parameter 6 of the AL*(0, «, o) distribution admits an explicit solution.
Observe that for large values of n we will have
j— 1
T et
n—@G -1 n—j

forsome j =2,3,...,n—1, (3.5.14)

so that consistently with the relations (3.5.12)—(3.5.13) the statistic X j., may be taken as the MLE
of 6. Solving the inequalities (3.5.14) for j we obtain the relation

K2 —_— P
n < A
1+ k2 I = n1+/<2’

(3.5.15)
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which is satisfied uniquely by
j=Jm) =1/ + D]+ 1 (3.5.16)
(the bracketed [[x]] denotes the integral part of x). The resulting MLE of 9, given by the order statistic
bn = Xjnyn, (3.5.17)
is consistent and asymptotically normal.

Proposition 3.5.1 Let X1, ..., X, be iid. from the AL*(0, «, o) distribution with an unknown
value of 6. Then the MLE of 0 given by (3.5.17) is

(i) consistent;

(ii) asymptotically normal, i.e.,
V@ —0) 5 N, 02/2); (35.18)

(iii) asymptotically efficient.

Proof. It is well known [see, e.g., David (1981)] that for a continuous distribution with density f
the sample quantile

Exn = X[pnl41m, O <A <1,
converges to the corresponding population quantile &, and the asymptotic distribution of

nEn — &)
is normal with mean zero and variance

Al = 1)

274 35.19
(fE)? ( )

In our case the MLE is a sample quantile with A = 1"—17, the corresponding population quantile &)

is equal to € (since the above A coincides with the probability that the relevant asymmetric Laplace
variable is less than 6), and

V2 o«
f@E) = foxo®) = ———>. (3.5.20)
o l+«
Thus the consistency and asymptotic normality (3.5.18) follow. To establish asymptotic efficiency
note that the asymptotic variance coincides with the inverse of the Fisher information I (8) = 2 Jo?

[cf. (3.5.1)]. a

The specific form of the MLE for the location parameter provides a characterization of our
class of asymmetric Laplace laws. Buczolich and Székely (1989), already mentioned in a remark
following Proposition 2.6.3, considered the question of when the statistic Y _;_; a; X.n, wherea; > 0
and }:?:1 a; = 1, can be the MLE of the location parameter 6 for a sample Xy, ..., X, from a
distribution given by a density f(x). A proof of the following result may be found in Buczolich and
Székely (1989).
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Theorem 3.5.1 The weighted sum Z,’-’zl a;Xi.n, wheren > 3, a; > 0, and Z,’-’zl a; = 1, can be the
MLE for the location parameter 0 if and only if one of the following cases holds:

(i) ai=1/nforalli =1,...,n

(i) a1 = pand a, = 1 — p for some p € (0, 1).
(iii) aj = pand ajy1 = 1 — p for some p € (0, 1) and some j = 1,...,n — 1.
(iv) aj = 1forsome j =1,...,n

In the first case the distribution is necessarily Gaussian centered at zero (and the estimator is
a sample mean).

In the second case, the distribution is uniform on the interval [—c(1 — p), cp] for some ¢ > 0
(and the estimator is the midrange).

In the third case, the distribution is necessarily asymmetric Laplace with the skewness param-
eter k2 = j/(n — j).

In the fourth case, there is no parametric class to which the density f belongs for the case
when n is fixed. However, if the hypothesis holds for infinitely many sample sizes n = n, and for
Jj = Jjr such that j,/n, converges to «, then the distribution is necessarily asymmetric Laplace with
the skewness parameter k2=a/(l —a).

3.5.12 Case 2: The values of 6 and « are known. Here the log-likelihood (3.5.5) leads to the
following function of o to be maximized:

Q(c)=C —nlogo — QD, (3.5.21)
o

where the quantities C = 5 log2 + nlog Tf?f and D given by (3.5.6) do not depend of o. By
differentiating, we find that Q attains its maximum value at the unique point

. V2] R -
J= J=

which is the MLE of o. Note that the distribution of ,, coincides with that of the sample mean
1 n
Gn =~ Zl Y;, (3.5.23)
j__—

where the ¥;’s are i.i.d. exponential variables with mean o and variance o 2. This follows from the

fact that if X ~ AL*(0, k, o), then the variable Y = g(X), where
V2k(x —8) ifx>0

= - 3.5.24

8(x) I ——?(x—@) forx <0, ( )

is exponentially distributed with the above mean and variance (Exercise 3.6.20).

The representation (3.5.23) immediately leads to the strong consistency and asymptotic nor-
mality of &, as the variables Y; have finite variance. Since the asymptotic variance coincides with
the reciprocal of the Fisher information I (0') = 1/02 [cf. (3.5.1)], the MLE is also asymptotically
efficient.
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Proposition 3.5.2 Let X, ..., X, bei.id. rv.’s from the AC*(0, k, o) distribution, where the value
of o is unknown. Then the MLE of o is given by (3.5.22) and is

(i) unbiased;
(ii) strongly consistent;

(iii) asymptotically normal, where
(6, —0) 5 N, 0?); (3.5.25)

(iv) asymptotically efficient.

3.5.1.3 Case 3: The values of 0 and o are known. Here, by (3.5.5), we need to maximize the
function

g0y, B) = logy — log(l + y?) — ary — é (3.5.26)

with respect to y € (0, 00), where

21 ¢ 21 <
o =a) = £—Z(x,- —o)t, B=pB0)= ‘—(/;—;Z(x,- -0)". (3.5.27)
Jj=1 j=1

o n“

For any fixed «, B > 0, the derivative of g with respect to y is

d 1 2y B
h ) &, = a7 , Oy =———+ = —a. 3.5.28
O, a,B) ayg(y B) R pr A ( )
To find the MLE of «, we shall study the solutions of the equation
h(y,a, B) =0. (3.5.29)

The relevant properties of the function £ are presented in the following lemma.

Lemma 3.5.1 For any fixed a, B > 0 the function h defined in (3.5.28) is strictly decreasing on
(0, 00) with

lim h(y,a,B) =00 and lim h(y,a,B) = —a <0,
y—>0F y—>00

so that there exists a unique solution yg € (0, 00) of the equation (3.5.29). Moreover, we have

VBl <y9 <1 incasepB <a,

1 <yy<.B/a incasef >« 3.5.30)
Proof. Fix a, B > 0 and write
h(y, a, B) = h1(y) + ha(y), (3.5.31)

where

2
=Y and hy(y) = % —a (3.5.32)

1
h - —
1) y 1+
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Since

1—y2

——y 3.5.33
(14 y?)? ( )

dh() L,
—hi(y)=—— —
dy y?

it is easy to see that the function 41 is decreasing on the interval (0, y*) and increasing on the interval

(y*, 00), where
Y =y2+/5> 1. (3.5.34)

In addition,

lim hi(y) =00, hi(1)=0, hi(y*) <0, lim hi(y)=0. (3.5.35)
y—>0+ y—>00

On the other hand, the function A3 is decreasing on (0, co) and

lirg hy(y) =00, hy(y/B/@) =0, hy(1)=8-«, ylim hy(y) = —a < 0. (3.5.36)
y—0+ —00

Assume first that « = . Then (1) = 0 and

h(y) = h1(y) + h2(y) > 0 (3.5.37)
for y € (0, 1), while

h(y) =h1(y) + h2(y) <0 (3.5.38)

for y € (1, 00). Consequently, yg = 1 is the unique solution of equation (3.5.29) satisfying (3.5.30).
Next, assume that 8 < «. By the above properties of 41 and h;, we deduce that there must
exist a unique

Yo € (vB/a, 1) (3.5.39)

such that relations (3.5.37)—(3.5.38) hold for y € (0, y9) and y € (yp, 00), respectively. This yp must
be a unique solution of the equation (3.5.29) satisfying (3.5.30).
Finally, if 8 > «, then the result follows from the relation

h(y,a, B) =h(l/y, B, @) (3.5.40)
and the application of the previous case. O

Remark 3.5.1 It is easy to see that the conclusions of Lemma 3.5.1 remain valid if either « or 8 is
equal to zero (which occurs when all the observations are located on one side of ). It is interesting
that in this case we still get the MLE’s and the corresponding two-tailed AL distribution. On the other
hand, we shall see in Case 5 (when 6 is known) that under this condition the maximum likelihood
approach would produce an exponential distribution (a one-tailed AL law).

In view of Lemma 3.5.1, we conclude that the likelihood function (3.5.26) is maximized at a
unique value of y (the MLE of «), which can be obtained by solving equation (3.5.29). The solution
does not admit a closed form and must be found numerically. The properties of the MLE are presented
in the following result.
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Proposition 3.5.3 Let X1, ..., X, be i.i.d. rv.’s from an AL*(0, k, o) distribution where the values
of 0 and o are known. Then the MLE of k is the unique solution k,, of the equation (3.5.29), where
the function h is defined in (3.5.28) and «, B are given in (3.5.27). The MLE Kk, is

(i) consistent;

(i) asymptotically normal and efficient:

Vi — k) S NQ©, 02), (3.5.41)
where the asymptotic variance
2 232
o} = (1’;(:2);2';)4/(2 (3.5.42)
coincides with the reciprocal of the Fisher information I («).
Moreover, for any integer n > 1 we have
JB/a <ikn <1 incaseB <ua,
1 <ikp < /BJ/a incasef > a. (3.5.43)
Proof. Consider auxiliary random vectors
20 =1z®, Z07, i=1,2,...,n, (3.5.44)
where ZY) =(X; —6)* and Z;i) =(X;—6)",s0
Xi—6=[1,-1Z9. (3.5.45)

The above Z)’s admit the representation

Z(x) i 1,i£1,i :|’
82, E i

where the E ;’s are i.i.d. distributed as % % W, and the E ;’s are i.i.d. distributed as %K W, where
W is a standard exponential variable and the §y;, 87; are the 0-1 random variables that appear in

representation (3.2.7). The random vectors Z¢) are i.i.d. with the mean

miz oK 1/« ]
my = , L — (3.5.46)
? [ maz ] V2(1 + ?) [ ?
and the covariance matrix
o2k? (/2 + 12 =1 -1
Y7 =— . 3.5.47
- 2(1+K2)2[ T e 3240

Clearly, the sequence {Z("} obeys the Law of Large Numbers and the Central Limit Theorem so that

lim Z®™ X myg (3.5.48)

n—0o0
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and

lim /7Z™ —mg) < N, =7), (3.5.49)

n—oo
where
L 1 1d i
Zm=-%"29 = {_ Y zP, =y zg>] : (3.5.50)
n n n
i=1 i=1 i=1

Notice that the quantities o and 8 are related to the Z)’s as follows:

21 NV
_ Y21 z® = £Z§n>, (3.5.51)
o n izl o
21 y V2 -
8= £; z9 = .&‘/: zm. (3.5.52)
g

Since the MLE, k,, is a unique solution of equation (3.5.29), it can be written as
kn = H(a, B), (3.5.53)

where H (-, -) is a continuous and differentiable function satisfying the equation
h(H(a, B),a, B) = 0. (3.5.54)

In view of (3.5.51) and (3.5.52), we have
Ry =H (‘[ zm, ‘/_ "’)) (3.5.55)

To establish the consistency of the MLE given in (3.5.55), note that by (3.5.46), (3.5.47), (3.5.48),
and the continuity of H, we have

2 2
fn S H (i_m],z, £m2,z) . (3.5.56)
g ag
Substituting
V2 1 1 V2 i3
Y — d — = 3.5.57
= M T2 and 5 maz 1+ k2 ( )

into (3.5.29) and solving for y we obtain «, as can be readily verified.
The asymptotic normality (3.5.41) of &, can be establish similarly. In view of (3.5.49), by
the standard large sample theory results [see, e.g., Serfling (1980)] it follows that as n — oo, the

variables
Jﬁ{ <“/_Z(”’ fZ(")) H(?ml,z,gmz‘z)} (3.5.58)
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converge in distribution to a N (0, 2DXzD’/52) variable, where D is the vector of partial derivatives
of H:

dH 9
_ [_H _H] , (3.5.59)
9o~ 3B lia,p1=vimz/o
A straightforward but laborious calculation of the derivatives produces
2 1 22 1 252
Y R .0 M e k. 0 R (3.5.60)
(1 +.2)2 + 462’ (1 + «2)2 + 4k

and we obtain (3.5.41) and (3.5.42). The asymptotic efficiency is obtained by noting that O’KZ given
in (3.5.42) is the reciprocal of the Fisher information 7 (k) given by the middle entry in the Fisher
information matrix (3.5.1). O

3.5.1.4 Case 4: The value of « is known. By (3.5.5), we need to maximize the function

Q@,0) = —nlogo — ?D(G, K), (3.5.61)

where D (0, k) is given by (3.5.6). We have already established in Case 2 that for any fixed value of
D = D6, «) the function (3.5.61) is maximized by the following value of o:

2
®) = LD, 0. (3.5.62)
n
The corresponding maximum value of Q is
0®,0(0)) = —nlog {—?D(G, x)] —n. (3.5.63)

Since the quantity (3.5.63) is decreasing in D(6, ), we need to find the value of 6 that minimizes
the latter. Such value was already obtained in Case 1. Thus the MLE of 6, denoted 6,, is given by
(3.5.12) or (3.5.13), and for large n it can be taken as the order statistic X j(n):,» With j(n) given by

(3.5.16). The MLE of o is then given by (3.5.62) with 0, in place on 6, that is,

. V2
K

Op = —
n

n R 1 n R
xi =0T+ =) (x;—6,)"}. (3.5.64)
; j - 2 j
We observe that both estimators are linear combinations of order statistics, as was the case with the
corresponding MLE’s of the parameters of a symmetric Laplace distribution. Proceeding as in the
classical Laplace case, one can show that the MLE (6, &) is consistent, asymptotically normal, and
efficient, with the asymptotic covariance matrix

_ g2/2 0 .
Y = [ 0 o2 ] ; (3.5.65)

cf. (3.5.1). We omit a highly technical derivation of this result, which can be found in Kotz et
al. (2000c).
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3.5.1.5 Case 5: The value of 0 is known. Here we need to maximize the function
Q(k, o) = logi —log(1 + &%) — log(0) — [k, 1/k1Z" /(a/~/2),

where the vector Z™ was defined previously in (3.5.50). We shall proceed by considering three
cases:

1. 0 < x1:p,
2. 0 = xpp,
3. X1:n <0 < Xpp.
In case 1, all sample values are greater than or equal to 8, so

(xi—0)F =x; —0 and (x; —0)~ =0 foralli =1,2,...,n. (3.5.66)

Thus the two components of the vector Z™ are

_ 1 n ) 1 n
zZ" = - > z® = — > @i-0)t =x,-0, (3.5.67)
n i=1 n i=1
s _ s ,0_ 1y -
ZPW=-%"2=->" -6 =0, (3.5.68)
n n
i=1 i=l1

so the function Q takes the form

2

Q(k,0) = logk — log(l + k%) — log(o) — £;c(;z,, —0). (3.5.69)
g

Fix ¥ > 0 and differentiate (3.5.69) with respect to ¢ to obtain

000, 0) _ 1 . ifx(i,, _o), (3.5.70)
do a o

It is clear that the derivative is positive for ¢ < o («) and negative for o > o (k), where
o (k) = V2K (% — 6). (3.5.71)

Consequently, for any fixed ¥ > 0, the function Q in (3.5.69) is maximized by o («). Thus, for all
o,k > 0, we have

Q(x,0) < Q(k, o (k) = —log(l + %) — logv/2 — log(X, — ) — 1. (3.5.72)
This function of « is strictly decreasing on (0, co) with the least upper bound of

lim O, o) = ~ log V2 —log(Z, — 6) — 1, (3.5.73)

corresponding to the values k = 0 and o = 0. Since these values are not admissible, formally the
MLE’s of k and o do not exist in this case. However, as

k — 0% and o (k) = vV2k (%, — 6) — 0T, (3.5.74)
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then the AL*(8, k, o (k)) distribution converges weakly to the exponential distribution with density

1.-06-0)/un f >0
e ory >
-1 3.5.75
g [ 0 otherwise, ( )

where u = x, — 6 (Exercise 3.6.24). This is actually the AL(9, w, 0) distribution. Intuitively, it is
certainly plausible to conclude that the underlying distribution is exponential if all sample values
happen to be located on one side of the location parameter 6.

Similar considerations lead to the conclusion that in the second case (6 > x,.,), where we have

_ 1 n ' 1 n
zZ" == 3> z¥ == D -0t =0 (3.5.76)
n i=1 n i=1
and
m_lve,0_lx
z = 2N 7z i—0)" =6 — xp, 3.5.77
2 =~ ; 2 =~ ;(x, ) i (3.5.77)
we can choose
(k) = V2716 — %p) (3.5.78)

to ensure that for all o, « > 0 we have

2
0(x,0) < Q(k, o (k)) = log ﬁ —log v/2 — log(8 — %) — 1. (3.5.79)

This function of « is strictly increasing on (0, oc) with the limit at infinity
lim Q(k, o (k)) = —log~/2 —log(f — %,) — 1. (3.5.80)
K—>00

As in the previous case, the maximum likelihood formally does not yield a solution (since the values
k = oo and o = 0 are not admissible). Not surprisingly, these limiting values of the parameters do
correspond to a distribution, as in the previous case, which this time is given by density

0 fory > 6
g(y) = { %e-“’-y’/“ fory <0, (3.5.81)

where u = 0 — X,. This is so since the AL*(8, k, o (k)) density converges to the density (3.5.81) as
k — oo (Exercise 3.6.24). Again, we see that when all sample values happen to be on the left side of
the location parameter 6, then the maximum likelihood approach leads to an exponential distribution.

We now move to the third case, assuming that the value of 6 is strictly between x1., and Xxy.n,
in which case both components of the vector Z™ are nonzero.

Note that the likelihood function converges to zero on the boundary of its domain, so the
existence and uniqueness of the MLE’s is guaranteed if the following equations for the derivatives
of Q have a unique solution within the domain:

V2 7" —
+ET[K, 1/k1Z\" = 0, (3.5.82)

Lo 2y, —1/k?)Z™ = 0.
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These equations are equivalent to

[—«2, 1/k3Z™ =0,
V20K, 1/K1Z7 = o
b / ] b

and lead to the following unique and explicit solution for ¥ and o:

2= JOUZV o | J0NZD JILOZD | 5,
[1,01Z™ [1,01Z™ " ¥ [0, 1]Z™
Remark 3.5.2 The corresponding MLE of the parameter p of the AL(6, u, o) parametrization is
the sample mean

_ 1 <&
B =1[1,-11Z" ==Y "X;.
n
i=1

The above estimators can be written more explicitly as follows:

LAY ei-6)

IS i =)t (3.5.83)

1 — 1 &
G =24 ;E i =0t =) (ki —6)~
n
i=1 i=1

1 n 1 n
x J;ig(x,-—e)++ ;;(x,'—-O)‘ . (3.5.84)

The MLE [k,, 6,]' is consistent, asymptotically normal, and efficient for the vector-parameter [«, o]’
[see, e.g., Hartley and Revankar (1974), Kozubowski and Podgérski (2000)].

Theorem 3.5.2 Let X1, ... X, be i.i.d. with the AL*(0, k, o) distribution where the value of 6 is
known. Then the MLE of [k, o], [Kn, G,), given by (3.5.83) and (3.5.84) is

(i) strongly consistent;
(ii) asymptotically bivariate normal with the asymptotic covariance matrix

1 1 1—«?
a2 ko 1+«2

o
TULE = ?(1 +k2)? N (3.5.85)

o
1-«2 1 14 2 ’
ko 142 k2 a+«2)?

(iii) asymptotically efficient, namely, this asymptotic covariance matrix coincides with the inverse
of the Fisher information matrix.

Proof. The result follows from the large sample theory [see, e.g., Serfling (1980)]. Write

[&n, 2] = G(Z™) = [G1(Z", Z), G227, Z{™)), (3.5.86)
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where
Gi(y1, y2) = (2/y)'* (3.5.87)
and
G2(v1, y2) = V2 y) (31 + V7). (3.5.88)

(i) To establish the consistency of the MLE given in (3.5.86) use the continuity of G together
with (3.5.48) to conclude that

lim [&y, 6,] = G(lim Z™) = G(my), (3.5.89)
n—>00 n—od0
and then verify by substitution that
G(mz) = [k, o]. (3.5.90)

(ii) Similarly, we establish the asymptotic normality of the MLE with the asymptotic variance

of the form DX zD’, where
G 2
D= [a_' ] (3.591)
Vi ly1,y2)=mg i,j=1

is the matrix of partial derivatives of the vector valued function G. We skip laborious calculations
leading to the asymptotic variance (3.5.85).

(iii) To prove asymptotic efficiency we need to demonstrate that X ys; g is equal to the inverse
of the Fisher information matrix I («x, o). By (3.5.1), the Fisher information matrix is

1 o2 (1 + 4 ) _ol/k—k
I(k,0) = — [ G\ L) R ] : (35.92)
Tk TkFx 1
Taking the inverse of this matrix, we obtain (3.5.85). O

3.5.1.6 Case 6: The value of o is known. If the value of o is given, then maximizing the log-
likelihood function (3.5.5) is equivalent to maximizing the function

0, k) = logk — log(1 + k%) — IKa(O) + %ﬁ(o)} , (3.5.93)

where a(6) and B(6) are as defined previously in (3.5.27). We shall proceed by maximizing (3.5.93)
with respect to (0, k) on the sets

RxJi, Rx Jp,...,R x Jy, (3.5.94)
where

Jy = (o, %] . Ja=[n—1,00), (3.5.95)

and

i—1 i
Ji = | = c.o,n—1. 3.5.96
i [n—(i—l),n——i]’ J 2,37 n 1 ( )
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The procedure described below will result in the set of n pairs
(917’(1)1---,(971:’01)» (3597)

where the ith pair maximizes the function (3.5.93) ontheset R x J;,i = 1,2, ..., n. By substituting
(3.5.97) into (3.5.93) and comparing the resulting values we would obtain the required M L E’s of 6
and «.

The process of obtaining each of the pairs in (3.5.97) consists of two steps. First, note that by
the results on estimating 6 (see Case 1), the inequality

0@,k) < O(xi:n, k) =logk —log(1 + K2) - {Ka(x,-;,,) + -i—ﬂ(x,-;,,)] (3.5.98)

holds for all (8, k) € R x J;. We can now maximize the right-hand side of (3.5.98) with respect to
k € J; using the results obtained under Case 3 (where the only unknown parameter is «). Namely,
we conclude that the right-hand side of (3.5.98) is increasing on the interval (0, K? ) and decreasing
on the interval (IC?, 00), where Kio is the unique solution of the equation (3.5.29) [with & = a(x;.,)
and B = B(x;.,)]. Now the value «; that would maximize the right-hand side of (3.5.98) would be
either K? aif K? € J;) or one of the endpoints of J; (the left endpoint if it is greater than Kio , or the
right endpoint if it is less than K?). The algorithm below summarizes the process of obtaining the
MLE’s of 6 and « for this problem.

Computation of the MLE’s of 6 and k when o is known

e Fori =1,2,...,n,set
‘m Z(x,,. —Xin), B=-—-— Z(x, = Xjn)- (3.5.99)
e Fori =1,2,...,n,solve the equation
%_l_%‘_ﬁJr%_a:o, (3.5.100)

obtaining the unique solution x? , which lies between 1 and ./B/c.

e Set
O ifkld>1/(n—-1
=% i =1l/e=1, (3.5.101)
7—7 Otherwise.
i — 0 1
n—’(t—l) lfKi.< n t(l 1)’ )
Fori =2,3,....,.n—1, Kki=1{ «° if =1 <0< L (3.5.102)
i no(t 1), i n—i
1
e if i = 75,
0 .0
L ifk, >n—1,
“m =1 n_1 otherwise. (3.5.103)

» Fori = 1,2,...,n, substitute the two values ; = x;., and «; given by (3.5.101)—(3.5.103)
into (3.5.93) and choose the pair that results in the maximum value.

The method for estimating 6 and « is more complex compared with other cases considered so
far and may be time consuming for large problems. The consistency as well as asymptotic normality
and efficiency of the estimators may be obtained similarly as in the case of estimating all three
parameters.
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3.5.1.7 Case 7: The values of all three parameters are unknown. Let us start by noting that the
maximum likelihood estimators and their asymptotic distributions for this case were derived in
Hartley and Revankar (1974) and Hinkley and Revankar (1977), although these authors worked in
the context of the log-Laplace model and under another parametrization.

We need to maximize the log-likelihood function (3.5.5) with respect to all three parameters,
which is equivalent to maximizing the function

Q®,k,0) =—logo + log Lz — £ ka(@) + lﬁ(@)} y (3.5.104)
1+« o K
where this time
_I ot _IN -
) = ;;(xj 6)* and B(6) = ~ ;(x, 0)". (3.5.105)

We proceed by first fixing the value of 6 and then applying the results obtained under Case 5 (when
the value of 6 is known).
When 6 < x1.,, then by the relation (3.5.72) (see Case 5) we conclude that for any k, 0 > 0

0@0,k,0) < —log(1 + K2) - log«/i — log(x, —6) — 1. (3.5.106)
Similarly, when 6 > xp.,, then by (3.5.79), we have

2
06, «,0) < log —— — log v/2 — log(6 — %») — 1. (3.5.107)
14+«
If x1.n < 6 < xp.n, then both quantities a(0) and B(6) given in (3.5.105) are positive. Thus, using
the results of Case 5, we have

Q©,k,0) < Q(,k,6), (3.5.108)

where the quantities £ and & are the MLE’s of « and o (derived under the case when the value of 9 is
known) given by (3.5.83) and (3.5.84). Substituting these values into the right-hand side of (3.5.108),
we obtain after some algebra

00,k,0) < g(0), (3.5.109)
where
g(®) = —logv/2 — 2log(v/a(8) + v/B(9)) — V(8)V/B(). (3.5.110)
Note that for 6 € (1., X2.n) We have
x(@) = %jZi;(ij —0) and B(0) = %(0 — X1:n), (3.5.111)
SO
lim o(6) = %n — x1:n and lim B(6) =0. (3.5.112)

0—>x, 0—xl,
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Thus

lim g(9) = —log~/2 — log(X, — X1:n)- (3.5.113)

9—>x1m

The limit in (3.5.113) is larger than the value Q(6, k, o) at any 6 < x1.,,0 < k,0 < 0. Indeed, in
view of (3.5.106), for 6 < x;., we have

Q@0 k,0) < —log~/2 —log(x, — x1.) — 1, (3.5.114)

since here the function Q attains its least upper bound for k = 0 = 0 and 8 = x1.,. In view of the
above, we can restrict attention to the values & > x;., when maximizing the function Q(8, k, o)
over e R,0<«k,0<o0.

Similar arguments show that

lim g(0) = —log V2 — log(Xn:n — %n), (3.5.115)

O0—>Xp.pn

which s 1 larger than the supremum of the function Q (6, «, o) over the values 6 > x,.,,0 < k,0 < o
(the supremum is obtained by taking k — oo and 6 = x., in the right-hand side of (3.5.107)).
Consequently, we can rule out the values 8 > x,,., from further consideration.

This leaves us with the problem of maximizing the function Q(6, k, o) given by (3.5.104)
under the conditions

Xin <0 <xXpp, O<k<o0, 0<o <o00, (3.5.116)
or equivalently, maximizing the function g() in (3.5.110) on the set
A={0:x1.p <0 <xpn} (3.5.117)
Clearly, this is equivalent to the minimization of the function
h(®) = 2log(va(8) + VB(8)) + va(6)v/B(©6) (35.118)

with respect to the same values of 6. It turns out that the infimum of the function 4 on the set A is
given by one of the values

h(xjn), j=12,...,n (3.5.119)
This follows from the following lemma (see Exercise 3.6.25).

Lemma 3.5.2 The function h defined in (3.5.118) is continuous on the closed interval [X1.n, Xn:n]
and concave down on each of the subintervals (Xj.n, Xjy1m), j = 1,2,...,n — 1.

Consequently, to find the MLE’s of 0, «, and o we should proceed as follows.
Step 1: Evaluate the n values (3.5.119) and choose a positive integer r < n such that
h(xr:n) Eh(xjn) ] = 172r"-,n- (35120)

Step 2: Set 0 = x,., and find the MLE’s of « and o (derived previously under Case 5).
There are three scenarios in Step 2:

e Ifr = 1 (0 = x1.»), then as in Case 5 the MLE’s do not exist (as the likelihood is maximized
by k = o = 0), but the likelihood approach leads to (positive) exponential distribution with
density (3.5.75) with u = x, — x1:n.
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e If r = n (6 = xp.n), then again formally the MLE’s do not exist, but the likelihood approach
does lead to the (negative) exponential distribution with density (3.5.81) with p = xp., — X,.

e If 1 <r < n,thenthe MLE’s are

én = Xr:nv

Rn =y BO)/Y @), (3.5.121)
Gn = 2@\ B @) (\/a(é,a + /ﬂ(én)) ,

where

n n

A l A ~ _1 ~
a(6n) = ~ Z(xj — 6t and B, = - Z(x,— —6,)". (3.5.122)
j=1 j=1

Thus the problem of estimating all three parameters of the AL*(0, «, o) distribution admits a
solution that can be determined with ease. The resulting MLE’s are consistent, asymptotically normal,
and asymptotically efficient with the asymptotic covariance matrix equal to the inverse of the Fisher
information matrix (3.5.1). We refer the reader to Hartley and Revankar (1974) and Hinkley and
Revankar (1977) for technical details regarding the asymptotic results on the MLE’s.

3.6 Exercises

The readers may find the 26 exercises below somewhat challenging. Again we recommend that
special attention will be paid to these exercises. A number of them deal with the most recent results
on asymmetric Laplace distributions.

Exercise 3.6.1 Let X have an asymmetric Laplace distribution with p.d.f. (3.0.1). Derive the mean,
median, mode, and variance of X.

Exercise 3.6.2 Let X have the skewed Laplace distribution with p.d.f. (3.0.3).
(a) Find the mean and the variance of X.
(b) Show that the mode of X and the «-quantile of X are both equal to 6.
(c) Show that the characteristic function of X is

o) =a(l — a)eiet ( ! + ! ) .

l—a+it  it—«
What is the moment generating function of X?

Exercise 3.6.3 Consider a hyperbolic distribution with density

I~ B2
F) = a*—p o=/ FHG=O+B(x-0)

—00 < X < 00, (3.6.1)
208 K1 (8/a? — B2)
where
a>0, 0<|Bl<a =—-o00<B<oo, 6>0

and K () is the modified Bessel function of the third kind with index 1 (see the appendix).
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(a) Show that as

8
§—> 00, —————>0°>0, B—0,
ol — ﬂz
density (3.6.1) converges (pointwise) to the density of the normal distribution with mean 6 and
variance o 2.
(b) Show thatas § — 0, density (3.6.1) converges (pointwise) to an asymmetric Laplace density

e~ @=Al=0l for x >0,

gx) =C [ e~ @+P=01  for x < 6. (3:62)

What is the normalizing constant C in (3.6.2)?
(c) Show that the density (3.6.2) corresponds to the AL*(8, k, o) distribution, where

2 a—B
o = m, and « = a-{—ﬂ

Thus the latter distribution arises as a limit of hyperbolic distributions [Barndorff-Nielsen (1977)].

Exercise 3.6.4 Fora <0 < b and n € N consider ar.v. X,, with p.d.f.

Sa(x) = (3.6.3)

n
n+1 ('%) fora<x <0
b—a (”%")'l for0 <x <b.
(a) Show that the function f, is a genuine probability density function.

(b) Leta = —nA and b = nB, where A, B > 0. Show that as n — 00, then for every x € R,
the density f,(x) converges to

1 e /A forx <0

f(x) = A3 B | "B forx >0 3.6.4)

(c) Show that the function (3.6.4) is the p.d.f. of the AL* (o, ) distribution with
o =+AB and «k =/A/B
(cf. Exercise 2.7.56).

Exercise 3.6.5 Establish the relations (3.1.4) and (3.1.5). Further, show that for every o > O the
functions of u and «, given by (3.1.4) and (3.1.5), respectively, are strictly decreasing on their
domains, and prove the relations given in (3.1.6).

Exercise 3.6.6 Let fp . - (x) be the density (3.1.10) of an AL distribution.
(a) Show that for any x € R we have

Joc,0(=%) = f-0,1/k,0 (X). (3.6.5)

What is the interpretation of (3.6.5) in terms of random variables?
(b) Show that for 0 < ¥ < 1 and x > O we have

Jo,x,0(0 +x) > fo,,0(0 —x). (3.6.6)

What happens for « > 1? For« = 1?
(c) Clearly, when x — o0, then densities on both sides of (3.6.6) converge to zero. Investigate
whether they converge with the same rate, or one of them converges to zero faster than the other one.
(d) Repeat parts (a)—(c) using the AL(6, u, o) parametrization.



176 3. Asymmetric Laplace Distributions

Exercise 3.6.7 In this problem we investigate the derivatives of an AL density.
(a) Show that the AL densities (3.1.10) have derivatives of any order (except at x = ), which
are expressed by the following formulas:

+1
" (<1 (=) eV, i x >,
So 0 *) = ntl (3.6.7)
(g) eVl ifx <.
(b) Find the limits
lim (—1" £\ (x) and lim £ _(x), (3.6.8)
x—>6+ ” x—0- "

check for what values of n or the parameters, if any, the two limits in (3.6.8) are equal, and give an
interpretation of the equality.
(c) Show thatif 0 < x < land x > on/ /2, where n is a positive integer, then
D" fR (O +x) = £ (6 —x). (3.6.9)

K
What happens if k > 1?If x < on/+/2?

Exercise 3.6.8 Show that the AL density f given by (3.1.10) is completely monotone on (6, co) and
absolutely monotone on (—00, 6) (that is, for any k = 0, 1,2, ..., we have (—1)* f® (x) > 0 for
x >0 and f®(x) > 0 forx < ).

Exercise 3.6.9 Establish formulas (3.1.16) and (3.1.19) for the m.g.f. of an AL distribution.

Exercise 3.6.10 Let Y ~ AL*(0, «, o).

(a) Show that the ath absolute moment of Y — 0 is finite for any a > —1, and is given by
(3.1.26).

(b) Show that the mean absolute deviation of Y is given by (3.1.27).

Exercise 3.6.11 Calculate the nth moment about zero of the AL(8, «, o) distribution.

Exercise 3.6.12 Let Y ~ AL*0, «, o).

(a) Show that the coefficients of skewness and kurtosis of Y, defined by (2.1.21) and (2.1.22),
are given by (3.1.30) and (3.1.31), respectively.

(b) Show that the coefficient of skewness is bounded by 2 in absolute value and decreases
monotonically from 2 to —2 as « increases from zero to infinity.

(c) Show that the coefficient of kurtosis varies from three to six.

Exercise 3.6.13 The «-criterion is a preliminary selection test useful in reducing the number of
plausible models for a given set of data [see, e.g., Elderton (1938), Hirschberg et al. (1989)]. The
k-criterion is defined as

. Bi(B2+3)°
442 — 361) (282 — 381 — 6)’

where B is the square of the coefficient of skewness y; and B is the (un-adjusted) kurtosis 35 + 3 [cf.
(2.1.21)—(2.1.22), Chapter 2] of the underlying probability distribution. It is clear that the «-criterion
is zero for the symmetric Laplace distribution (as it is for any symmetric distribution with a finite
fourth moment since in this case 81 = 0). Derive the «-criterion for the AL(u, o) distribution (not
to be confused with the parameter k of the distribution). What is the range of the «-criterion in
this case?

(3.6.10)
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Exercise 3.6.14 Let Y ~ AL*(6, k, o). Establish the mode-median-mean inequalities (3.1.35).

Exercise 3.6.15 A common measure of skewness of a probability distribution with distribution func-
tion F is given by the limit

. 1 =F@x) - F(—x)

lim .

x—=00 1 — F(x) + F(—x)

This limit is equal to zero if the distribution is symmetric about zero. Show that for an AL distribution
with distribution function (3.1.11), the limit is equal to 1 if k < 1 (4 > 0), is equal to —1 if ¥ > 1
(u < 0) and is equal to

28 _28
e o —e o
¥28 ~20
e o e o

for k = 1. Note that for an .AL(0, i, o) distribution, which is a special case of a geometric stable
distribution G S, (a/«/f, B, n) with ¢ = 2 [see (4.4.7)], the above limit is equal to sign(u). Since for
geometric stable distributions this limit is equal to 8 [see, e.g., Kozubowski (1994a)], for consistency,
we set B = sign(w) for a GS law with o = 2.

Exercise 3.6.16 Show that an AL*(0, k, o) r.v. Y admits the representation (3.2.5).

Exercise 3.6.17 LetY ~ AL*(0, «, 0),let Y,(,i),i > 1,bei.i.d. variables having the AL*(0, k,, \/P0)
distribution, where k, is given by (3.4.12), and let v, be a geometric random variable with P(v, =

n) = (- p)”‘lp, n > 1, which is independent of the Y,(,')’s. Show that for each p € (0, 1),

representation (3.4.10) is valid.

Exercise 3.6.18 Show that if in Proposition 3.4.7 the mean and mean deviation about the mean are
prescribed, that is, if the condition (3.4.39) is replaced by

EX=cieR and E|X —ci|=¢c; >0 for X €C,

then the maximum entropy is attained by the classical symmetric Laplace distribution with density
fx)= %e—lx—cﬂ/cz [Kapur (1993)].

Exercise 3.6.19 LetX., < --- < X,., be the order statistics connected to a random sample of size
n from the Laplace AL*(9, «, o) distribution where « and o are known, while 6 is to be estimated
by the method of maximum likelihood.

(a) Show that the likelihood function is maximized by any 6 that minimizes the function Q
given by (3.5.7).

(b) Show that the function Q is continuous on R and linear on the intervals Iy, Iy, ... I, given
by (3.5.8) and (3.5.9).

(c) Show that the function Q is decreasing on Io, increasing on I, andon I; (1 < j <n—1)
the behavior of Q is given by (3.5.10).

(d) Conclude that if condition (3.5.11) holds, then any statistic of the form (3.5.12) is an MLE
of 6, and if it does not, then the MLE of 6 is given by (3.5.13).

(e) Derive the mean and variance of the MLE. Check whether the estimator is efficient (i.e., its
variance attains the Cramér-Rao lower bound).

Exercise 3.6.20 Show that if X ~ AL*(0, «, o), then Y = g(X), where the function g is given by
(3.5.24), has an exponential distribution with mean o and variance o2. This is a generalization of the
fact that the r.v. | X| is exponential whenever X is a symmetric Laplace variable (with mean 0).
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Exercise 3.6.21 Let X, ..., X, be arandom sample from the AL(#, p, o) distribution. Derive the
method of moments estimators of each of the parameters assuming that the values of the other two
are known. Investigate consistency and asymptotic normality of the estimators. Compare with the
corresponding results for the MLE’s.

Exercise 3.6.22 Let X1, ..., X, be a random sample from the AL(0, u, o) distribution.
(a) Assuming that the value of 0 is known (and for convenience set to zero), show that the
method of moments estimators (MME’s) of x and o are given by

I ) 1 ¢ .
fin = Xn = ~ doXi, = - > X2 -2x2. (3.6.11)
i=1 i=l1

Further, show that the estimator (fi,, 6,)’ is strongly consistent and its asymptotic distribution is
normal with (vector) mean zero and the covariance matrix

(3.6.12)

1 [ 40?2 + 4p2o? 2uo’ ]
EMME = .

402 2uo3 ap* + 8u’o? + 507

[Kozubowski and Podgérski (2000)].
Hint: Consider an auxiliary sequence of bivariate i.i.d. random vectors V; = (X;, X iz)’ . Show
that the vector mean and covariance matrix of V; are

my = 7 Ty = o2+ u? 5uc? + 4u’
2ut+0? |’ 5uo? +4u® 20u* +32u%0% + 504 |

Then use the fact that the Law of Large Numbers and the Central Limit Theorem are valid for the
sequence {V;}.

(b) Derive the MME’s for the remaining pairs of the parameters (assuming that the value of the
remaining parameter is known) and study their consistency and asymptotic normality.

(c) Investigate the method of moments estimation of all three parameters.

Exercise 3.6.23 Show that the Fisher information matrix corresponding to the AL*(0, «, o) distri-
bution is given by (3.5.1).

Exercise 3.6.24 Let X have an AL*(6, k, o) distribution.

(a) Suppose that 0 = o (k) = +/2ku for some u > 0. Show that when k — 0, then the
corresponding AL density (3.1.10) converges to the exponential density (3.5.75).

(b) Suppose that 0 = o (k) = 2k~ for some i > 0. Show that when k — 0, then the
corresponding AL density (3.1.10) converges to the exponential density (3.5.81).

Exercise 3.6.25 Prove Lemma 3.5.2.
Hint: To establish the concavity show that A”(8) < 0 for all @ € (x1.n, Xp:n), j = 1,2, ...1.

Exercise 3.6.26 Letx1.3 < x2:3 < x3:3 be particular realizations of the order statistics corresponding
to a random sample of size n = 3 from the AL*(0, «, o) distribution. Derive the MLE’s of all three
parameters. Under what conditions on x;.3’s the MLE of 8 is 53 = x7.37 When does the maximum
likelihood approach lead to an exponential distribution?



4
Related Distributions

Symmetric Laplace distributions can be extended in various ways. As we discussed in Chapter 3,
skewness may be introduced, leading to asymmetric Laplace laws. Next, one can consider a more
general class of distributions whose ch.f.’s are positive powers of Laplace ch.f.’s. These are marginal
distributions of the Lévy process {Y (¢),t > 0} with independent increments, for which Y (1) has
symmetric or asymmetric Laplace distribution. We term such a process the Laplace motion. Finally,
one obtains a wider class of limiting distributions consisting of geometric stable laws, by allowing
for infinite variance of the components in the geometric compounds (2.2.1). More generally, if the
random number of components in the summation (2.2.1) is distributed according to a discrete law
v on positive integers, a wider class of v-stable laws is obtained as the limiting distributions. This
chapter is devoted to a discussion of all such related distributions and random variables.

Barndorff-Nielsen (1977) introduced a general class of hyperbolic distributions [see also Eber-
lein and Keller (1995) for applications in finance]. The Bessel function distributions discussed in
this chapter could be studied through the theory of this class. However, hyperbolic distributions do
not constitute a direct generalization of Laplace laws. Thus we decided not to present the following
material through this alternative approach as it would take us *“too far’’ from the classical Laplace
distribution.

4.1 Bessel function distribution

If X1, ..., Xn arei.i.d. Laplace r.v.’s with mean zero and variance o2, then their sum S, has the ch.f.
n 1 n

s, (1) = W=———] 2, —o0o<t<oo. 4.1.1

¥ Ellfx() (1+%02z2> 4.1.1)

By infinite divisibility of the Laplace distribution, the function (4.1.1) is a legitimate ch.f. even when
n is not an integer (but is still positive). More generally, taking in (4.1.1) the ch.f. of an asymmetric
Laplace distribution with the mode at zero (which is still infinitely divisible) we conclude that the
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function

T
1
v =|—F55——"—] 56 —0<t<o, 4.1.2)
1 + 70212 - ll,Lt

is a characteristic function for any 4 € R and o, 7 > 0. The function (4.1.2) yields an AL ch.f.
for t = 1 and symmetric Laplace ch.f. for r = 1 and © = 0 (and gamma ch.f. for o = 0). Not
surprisingly, it is known in the literature as a generalized (asymmetric) Laplace distribution [see, e.g.,
Mathai (1993), Kozubowski and Podgérski (1999c)]. Since the corresponding density function can
be written in terms of the Bessel function of the third kind (defined in the appendix), Bessel function
distribution is another name for this class [see, e.g., McKay (1932)]. The formula for the density
appeared in Pearson et al. (1929) in connection with the distribution of sample covariance for arandom
sample drawn from a bivariate normal population [see also Pearson et al. (1932) and Bhattacharyya
(1942)]. This distribution arises as a mixture of normal distributions with stochastic variance having
gamma distribution, so it is also called variance gamma model [see, e.g., Madan and Seneta (1990)].
Such mixtures (with mean zero) were introduced in Teichroew (1957), who commented that in some
practical problems the variable of interest may be normal with variance varying with time. Rowland
and Sichel (1960) applied the generalized Laplace model to logarithms of the ratios of duplicate
check-sampling values (of gold ore) in South African gold mines, reporting an excellent fit. Sichel
(1973) applied this distribution for modeling the size of diamonds mined in southwest Africa. More
recently, the variance gamma model became popular among some financial modelers, due to its
simplicity, flexibility, and an excellent fit to empirical data [see, e.g., Madan and Seneta (1990),
Madan et al. (1998), Levin and Tchernitser (1999), Kozubowski and Podgdrski (1999ac)].

4.1.1 Definition and parametrizations. We start with a definition, terminology, and some nota-
tion. We define a general four-parameter family of distributions, although in what follows we often
consider a three-parameter model with the location parameter fixed at zero.

Definition 4.1.1 A random variable Y is said to have a generalized asymmetric Laplace (GAL)
distribution if its ch.f. is given by

eth

v = 1+ %a2t2 —iut)’

—00 <t < 00, 4.1.3)

where 6, 1 € R and o,t > 0. We denote such distribution by GALO, u, o, t) and write Y ~
GAL®, p,0,1).

Remark 4.1.1 The terminology for this family of distributions is not well-established and various
names can be equally justified. First, in McKay (1932) and Johnson et al. (1994) we have two types
of Bessel function distributions: Bessel I-function distribution (not considered here) and Bessel
K-function distribution (which is an alternative name for generalized Laplace distributions). The
name Bessel K-function distribution is then historically well justified. On the other hand, in various
contexts a more compact name is handier: we prefer Laplace motion instead of Bessel K-function
motion. In this book we use the terms Bessel function distribution and variance-gamma distribution
interchangeably with the name generalized Laplace distribution used in Definition 4.1.1.

While the distribution is well-defined for every 8, 1 € R and o, T > 0, we have the following
special cases. If 0 = u = o = 0, then ¥ (t) = 1 for every ¢t € R, and the distribution is degenerate
at0. For 6 = 0 = 0 and u > 0, we have a gamma r.v. with the scale parameter x and the shape
parameter T (which reduces to an exponential variable for T = 1). For t = 1, we obtain an AL
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distribution, which for 4 = 0 and ¢ > 0 yields a symmetric Laplace distribution with mean 6 and
variance o'2.
The GAL ch.f. (4.1.3) with o > 0 can be factored similarly as an AL ch.f.,

T T
. 1 1
U (t) = e ( , (4.1.4)
1+i‘/T§aKt l—i-i‘/x—icrt
where the additional parameter ¥ > 0 is related to u and o as before,
o (1 V20 V202 +p?—p

(4.1.5)

mw=—\|——«k) and k = =
V2 (K ) w+ 202+ p? V2o

It will be convenient to express certain properties of the GAL distributions in the (6, «, o, T)-
parametrization, using the notation GAL*(0, k, o, T) for the distribution given by (4.1.4). Analo-
gous to the AL case, the parameter « is scale invariant, while o is a genuine scale parameter [in the
0, k, 0, T)-parametrization].

The following result extends an analogous property of AL laws (Proposition 3.1.1).

Proposition 4.1.1 Let X ~ GAL*(9, k, 0, ) and let ¢ be a nonzero real constant. Then
G c+X ~GAL*(c+6,k,0,T);
(i) cX ~ GAL*(ch, ke, |c|o, T), where ke = 1518,
Remark 4.1.2 Note that in particular, if X ~ GAL*(9, «, o, T), then — X ~ GAL* (-0, 1/k, o, T).

Since 6 is a location parameter, we shall often assume that 6 = 0 and denote the corresponding
distribution as either GAL(u, o, T) or GAL*(k, 0, T), depending on the parametrization. For 6 = 0
and o = 1 we shall refer to the GAL distribution as standard and write GAL(u, t) and GAL* (k, 1),
respectively, for the distributions GAL(O, i, 1, ) and GAL*(0, k, 1, 7). Table 4.1 below contains a
summary of the notation and special cases.

4.1.2 Representations. A Bessel function random variable admits certain representations analo-
gous to those corresponding to AL random variables. First, we shall consider a mixture representation
in terms of normal distribution with a stochastic mean and variance. Then we shall discuss a rep-
resentation as a convolution of two gamma distributions, analogous to the previously considered
representations of (symmetric and asymmetric) Laplace r.v.’s in terms of exponential r.v.’s. Finally,
we shall discuss the relation between the Bessel function distribution and a sample covariance for
bivariate normal random samples.

4.1.2.1 Mixture of normal distributions. Let Z be a standard normal random variable. Then for any
u €Rando > 0, ther.v.

u+oZ 4.1.6)
has normal distribution with mean y and variance o2. The ch.f. of the latter r.v. is
Buo(t) = #7170 1R, 4.1.7)

Now suppose that the mean and variance of this normal r.v. are multiplied by an independent and
positive random variable W and let us write the resulting new random variable Y as the following
function of Z and W:

Y =uW +ovWZ. (4.1.8)
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Case | Distribution Notation Density

§=0 _ GALQO, 1,0, 1)

T =1 | Exponential AL(w, 0) Le=x/i (x > 0)

o =0 | (with mean u) GAL(1,0,1) “

p>0 G, ), Ew)

6 =0 | Gamma GALQO, 1,0, 1) L)

o =0 | with parameters GAL(u,0, 1) % (x>0
u>0 la=1,B=n G(z, p)

T = ) L@, o),

o >0 | Symmetric AL, 0, 0) ﬁe—ﬁlx-el/a (x € R)
=1 Y2 (g

o >0 | Asymmetric AL®, 1, 0), VK e’a @9, x>0
u ;é 0 Laplace Q.A[,(G, uw, o, D) o (14+x%) e',,—JE(x—o)’ x <0,
6=0

o =0 | Degenerate

nw=0 | at0

=0

Table 4.1: Special cases and notation for the Bessel function distribution in the GAL(, u, o, T)
parametrization.

Thus conditionally on W = w, the random variable Y has a normal distribution with mean pw
and variance wo 2. To find the marginal distribution of ¥, we may find its density by integrating the
product of the conditional density of Y|W = w and the marginal density f(w) of W. Alternatively,
we may find the ch.f. of Y by conditioning on W. This is exactly how we have found mixture
representations of this type for the classical as well as asymmetric Laplace distributions. We shall
follow this approach to show that Y given by (4.1.8) has the Bessel function distribution when W is
gamma distributed. Indeed, let W have a gamma distribution G (a¢ = 7, 8 = 1) with density

_ 1 T—1_,—x
g(x)—ﬁx e,

x>0, t>0. 4.1.9)
Conditioning on W, we obtain
. . w .
Yy (t) = Ee''Y = E[E("Y|W)] = / Eéi'(wtovw2) o (yydyy.
0
When we put the gamma density (4.1.9) and the normal ch.f. (4.1.7) into this relation, we get

°° 1 1w+ oip)
Yy(t) = A Puw,oywt)g(w)dw = ﬁ./(; w' e 2 dw.
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The latter integral can be related to the standard gamma function to produce

T T
1 1 1
Ne —r@)|——o- ) = (——— ),
vr(® I'(7) ()<1+%02t2—iut> <1+%02t2—i,ut)

which we recognize as the GAL(u, o, T) characteristic function. We summarize our findings in the
following result, where we consider a more general four-parameter model.

Proposition 4.1.2 AGAL(6, u, o, t) random variable Y with ch.f. (4.1.3) admits the representation

Y2604 uW+ovWz, (4.1.10)
where Z is standard normal and W is gamma with density (4.1.9).

Remark 4.1.3 Note that in the case T = 1, where W has the standard exponential distribution, for
pu = 0(and 0 = +/2, 6 = 0) we obtain the representation (2.2.3) of the standard classical Laplace
distribution, while for u # 0, we get the representation (3.2.1) obtained previously for asymmetric
Laplace laws.

This representation produces the following result, showing that as the parameter t converges
to infinity, the corresponding Bessel random variable converges in distribution to a normal variable.

Theorem 4.1.1 Let Y; ~ GAL(ur, 01, T), where

lim w7 =po and lim 0121 = 0.
T—>00 T—>00

Then Y, converges in distribution to the Gaussian r.v. with mean |1 and variance og.

Proof. Let W, be a gamma G(a¢ = 7,8 = 1) random variable. It follows from the form of the
relevant characteristic functions that the random variables p; Wy and atz Wz converge in probability
to (o and 002, respectively. Thus the result follows from the representation given in Proposition 4.1.2
by invoking the independence of W and Z. O

4.1.2.2 Relation to gamma distribution. We now study the relation between the Bessel function and
gamma distributions. Let Y have the Bessel function distribution with the ch.f. ¥ given by (4.1.3).

Note that in the factorization of ¥ given by (4.1.4), the third factor corresponds to the r.v. % %Gl,
while the second factor corresponds to the r.v. —%KGz, where G, G are i.id. G(aa =1, 8 = 1)

random variables. Thus we obtain the following result derived by Press (1967).

Proposition 4.1.3 AGAL*(9, k, 0, ) randomvariable Y with ch.f. (4.1.4) admits the representation

vlo+ 2 (L6, —«c 4.1.11)
= — |-G —« , 1.
7 \x 1 2

where G| and G3 are i.i.d. gamma random variables with density (4.1.9).

As before, for the special case T = 1, the representation (4.1.11) reduces to that of an AL r.v.,
in which case G and G are standard exponential variables (see Proposition 3.2.2).
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Remark 4.1.4 Writing G; = —log(U;), where U;’s have log-gamma distribution on (0, 1) with
p.d.f.
f) = ——1--(~1ogu)’-l ue(,1)
F(T) ’ ’ ’
[see, e.g., Johnson et al. (1994)], we obtain the representation
d o Uy
Y=60+4+—log (T) (4.1.12)
/
V2 u,’

For k = 1 the U;’s are standard uniform and we obtain the representation (3.2.3) of AL random
variables.

Remark 4.1.5 Similarly, writing G; = log P;, we obtain the representation

d o Pl//c
Y=0+—1lo 1 ) 4.1.13)
72 g( Px ) (

Here the i.i.d. variables P; have density
1

ﬁuz (logu)’_l, u € (1,00).

fw) =

For k = 1 the P;’s have Pareto Type I distribution and (4.1.13) reduces to the representation (3.2.4)
of AL r.v.’s.

Remark 4.1.6 Recall that if G has a gamma distribution with density (4.1.9), then the r.v. H =
2G has a chi-square distribution with v = 27 degrees of freedom, denoted by x2. Consequently,

Y ~ GAL*(0, k, 0, T) has the following representation in terms of two i.i.d. xzzr—distributcd r.V.’s
H, and H>:

2% (1
Yii_-9+$(—H1 —tz). (4.1.14)
K

4.1.3 Self-decomposability. As shown in Proposition 3.2.3, every AL*(0,k,0) r.v. Y is self-
decomposable, that is, for every ¢ € (0, 1) it admits the representation

YLy +(1—-c)6+V, (4.1.15)
where the r.v. V can be expressed as
d O 1
V=—|(-6W — KSsz) . (4.1.16)
V2 (K

Here 81, 8; are r.v.’s taking values of either zero or one with probabilities
P(8 =0,8, =0) = c?, P61 =1,86=1)=0,

|
P(51=1,52=0)=(1—C)(C+ )

14«2

1- C)K2)

P(81=0,62=1)=(1—c)(c+ e
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Wi and W, are standard exponential variables, and Y, Wi, W5, and (81, &7) are mutually independent.
Now consider a GAL*(9, k, o, T) r.v. X, where T = n is a positive integer. Then

n
Xia+ZY,-, (4.1.17)
i=l1

where the Y;’s are i.i.d. AL*(0, «, o) random variables. Consequently, since each Y; admits the
representation (4.1.15) with 6 = 0,

Y, Levi+ v, (4.1.18)

where V;’s are i.i.d. copies of V given by (4.1.16), we obtain
d n d n n n n
XS60+) Yi=0+cy Yi+) Vi=cO+) Y)+U-c)f+) Vi (4.1.19)
i=1 i=1 i=1 i=1 i=1

Thus we conclude that X is self-decomposable as well. The following result summarizes our findings.

Proposition 4.1.4 Let X ~ GAL*(0,k, o, n), where n > 1 is a positive integer. Then X is self-
decomposable and for any c € [0, 1] we have

n
Xicx+(1—c)9+2v,-, (4.1.20)

i=1
where the V;'s are i.i.d. variables with the representation (4.1.16).

Remark 4.1.7 The fact that a GAL r.v. with the parameters @ = 0,k = 1,0 > 0and t =n € Nhas
the same distribution as the sum of » i.i.d. symmetric Laplace variables shows that this distribution is
stable with respect to a random summation where the number of terms v, , has the Pascal distribution

k—1
P(pn=k) = (n— 1)p"(l—p)k_", k=nn+1,..., 0<p<l. 4.1.21

More precisely, if X;’s are i.i.d. with the GAL*(0, 1, o, n) distribution and Vp,n is an independent of
the X;’s Pascal r.v., then the relation

Vp.n

P2y X 2 x,, (4.1.22)
i=1

holds for all p € (0, 1). Moreover, under the symmetry and finite variance of the X;’s, the stability
property (4.1.22) characterizes this class of distributions (recall that with the geometric number of
terms, which corresponds to n = 1, we obtain the characterization of symmetric Laplace laws). In
addition, the class of GAL*(0, 1, o, n) distributions consists of all distributional limits as p — 0 of
Pascal compounds

Vp.n

ap Y (Y; = bp) (4.1.23)
i=l1

with b, = 0, where the Y;’s are symmetric and i.i.d. variables with finite variance, independent of
the Pascal number of terms v, ,. If the restrictions on symmetry or finite variance are relaxed, we
obtain a larger class of Pascal-stable distributions, introduced in Jankovi¢ (1993b) as the class of
distributional limits of (4.1.23).
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4.1.3.1 Relation to sample covariance. Pearson et al. (1929) showed analytically, that if (X;, ¥;),
i =1,...n,arei.i.d. from a bivariate normal distribution with means wy and iy, variances 0)2( and
o}%, and correlation coefficient p, then the product-moment coefficient

n
pin = % DX =X =Y) (4.1.24)
i=1

has the Bessel function distribution. We provide an alternative derivation, utilizing appropriate repre-
sentations of random variables along with convolution representation (4.1.11) of the Bessel function
distribution. Without loss of generality we assume that a random sample comes from the standard
normal distribution with mean zero, variances equal to one, and correlation (covariance) p. The
following result shows that the statistic

n n n n

n=nY Xi—X)¥-Y)=n) Xi¥;— (Z Xi) (Zx,) (4.125)
i=1 i=l1 i=1 i=l1

has a Bessel function distribution with appropriate parameters (and consequently so does the statistic

p11 defined above).

Proposition 4.1.5 Let X; and Y;, i = 1, ...n, be i.i.d. bivariate normal with zero mean, unit vari-
ances, and covariance p. Then forany n > 1, the statistic T, given by (4.1.25) has the Bessel function
distribution GAL* (k, o, T) with

1—0p n—1
= /2n/1 = p2 = [—£X = ) 4.1.26
o n , K T 5 T > ( )

Before proving Proposition 4.1.5 we establish the following lemma.

Lemma 4.1.1 Let x1,...,x, and y1, ..., yn be two sets of real numbers, and let x and 'y be their
arithmetic means. Then for any integer n > 1, we have
n
ny (xi— %) = Z (xi —xj)? (4.1.27)
i=1 I<i<j<n
n
nY G=DOi-N= Y &i=x)0i— ¥ (4.1.28)

Proof. Since (4.1.27) follows from (4.1.28), we only prove the latter relation. We have the following
chain of equalities:

n n n n
nY (=X —V)=nY Xiyi— Y %)y
i=1 i=1 i=1 j=1
n n
=nzxz'yu' - in)’i -2 Z Xiyj
i=1 i=1

1<i<j=<n
n
=(—-D)Y xyi— Y, 2xiy;
i=1 I<i<j=<n
= > xi—x)Oi— ) O
1<i<j<n

We now turn to the proof of Proposition 4.1.5.
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Proof. In view of the representation (4.1.11), our goal is to show that

1
T, £ ny/1—p2 [—K—Gl —KGz]. (4.1.29)

By Lemma 4.1.1 we have
Tn = Z ai,jy
I<i<j<n
where a; j = (X; — X;)(Y; — Y;). Write
1 2 -2
ai.j = (67, = 1671,
where
b = (Yi —Yj)) £ (Xi — X)),
so that
1 + 2 -2
=71 X BiF- X b
1<i<j<n 1<i<j<n

Next, note that forall 1 <i < j <nand 1 <k < < n, the variables b;':j and bk—, ; are independent.
Indeed, they are normally distributed and their covariance is equal to zero:

COV(b,Tj,bk—,[) = Cov{(Y; = Y;j) + (Xi — X;), Yx — V1) — (Xx — X1)}
= Cov(Y;, Yx) — Cov(Y;, Y;) — Cov(Y;, Xi) + Cov(Y;, Xi)
— Cov(Y;, Yi) + Cov(Yj, Y1) + Cov(Y;, X¢) — Cov(Y;, X))
+ Cov(X;, Yi) — Cov(X;, Y)) — Cov(X;, Xi) + Cov(X;, X))
— Cov(Xj, Yi) + Cov(X;, Y1) + Cov(X;, Xix) — Cov(X;, X1)
= 8ik — it — pdik + Pdit — 8k + 81 + pdjk — PSji
+ pdix — pdit — dik + it — pSjk + pdj1 + 8k — 81 =0,
since §;; is equal to one if i = j and zero otherwise. Next, write
T, = 1(W+ W)
n — 4 ’
where
W= ) ) and W= 3 (b
I<i<j<n 1<i<j<n
are independent random variables. Further, we have
b = (Yi£ X)) — (Y £ X)) =ZF - Z7,
where

ZE=(i£X), i=1,...n
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Note that the Zi+ ’s are i.i.d. normal with mean zero and variance 2(1 + p), since
Var(Y; + X;) = Var(Y;) + Var(X;) + 2Cov(Y;, X;) = 2(1 + p).

Similarly, the Z;’s are i.i.d. normal with mean zero and variance 2(1 — p). We now express T, in
terms of the Zii’s as

1 2 R )
To=71 > [ZF-zfP- Y 1z7 -z;P,
1<i<j<n 1<i<j<n
and apply Lemma 4.1.1 to conclude that
n n
Wt=n) (2} -Z'P and W =n) (27 -Z P,

where Z* and Z~ denote the arithmetic means of Zf’s and Z;’s, respectively. Since the Z,?" ’s are
i.i.d. normal with mean zero and variance ai = 2(1 + p), we conclude that the statistic
5+
N LA Tt A
no? 2(1+ p)

has a chi-square distribution with n — 1 degrees of freedom. Similarly, the same distribution has the
statistic

g LW YLz -7 7
2T T 2=p

which is independent of W;. Finally, we can write

1
T = ; (2n(1+ p)Hi = 2n(1 - p)Hy) = g {1+ p)Hy — (1 — p)Ha},

which is equivalent to (4.1.29) by the relation between chi-square and gamma distributions. The
result has been proved. o

Remark 4.1.8 For the special case n = 3 we obtain T = 1 so that the statistic 73 has an asymmetric
Laplace distribution AL*(k, o) with parameters as in (4.1.26). Equivalently, an AL*(k, 1) r.v. ¥
admits a representation

d X1 =X -N+ K- -V + X - X)(¥3-7)

VN

where p and « are related as in (4.1.26) and (X;, Y;),i = 1, 2, 3, are i.i.d. bivariate normal variables
with vector mean zero, unit variances, and correlation p.

Y

4.1.4 Densities. To derive the p.d.f. of a GAL random variable we can either apply the inversion
formula to the GAL ch.f. (4.1.2) or exploit the representations (4.1.10) and (4.1.11). Actually, we have
already done the latter (for the case 0 = 1) in Lemma 2.3.1, where we were dealing with functions
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of Laplace random variables. Thus the density of a GAL*(8, k, o, T) r.v. has the following form for

X #0:

V2 -1

2 = (1/k—K)(x—6) 2x — 6 z 3 1

h(x)=‘/_” V2l — 6| Keoi) V2 —4k)x—6]), (@130
JTo T2 (T) K+ 1/k 20 \k

where K, is the modified Bessel function of the third kind with the index A, given in the appendix.
A standard GAL density is obtained for 6 = 0 and o = 1. This density, derived by a variety of
methods and under various parametrizations, has appeared in several papers, including Pearson et
al. (1929), McKay (1932), Madan et al. (1998), Levin and Tchernitser (1999), Kozubowski and
Podgoérski (1999a). In Figure 4.1, we present a variety of standard GAL densities. Note the behavior
of the densities at zero, which is the subject of Theorem 4.1.2.

—T

181 T=Y%
161 =%

141

1.21
Standard Laplace

1+

Asymmetric Laplace
=1

0.8

0.6

041

0.2F

0.6 04 02 0 02 0.4 0.6 -2 -15 -1 05 0

Figure 4.1: Densities of the standard generalized Laplace distributions with = = 1/4, 1/2,3/4, 1,
5/4,3/2,2,5/2, and 3. Left: k = 1 — the symmetric case. Right: k = 2— an asymmetric case.
Let us note several special cases.

4.1.4.1 Asymmetric Laplace laws. Consider a standard density GAL density with T = 1. Here the
Bessel function has index 1/2, so it admits a closed form given by (A.0.11) in the appendix. Thus
the density (4.1.30) takes the form

12
h(x) = v2 ( V2] ) e“I@(l/"_")"Kuz <\—? (£+K) lxl)

F()m \«k+1/k
= ﬁ_ﬂz__e—¥(l//(—x)x v e—-{z(l/K+K)|x|
VT (K + 1/K)1/? (k + 1/K)172|x|1/2
_ V2 L (1 /i —)x— L2 (1 fe+) x|
+1/ € ; (4.1.31)
K K

which we recognize as the density of the standard AL*(0, «, 1) distribution. Further, in the symmetric
case k = 1, (4.1.31) reduces to the density of the standard Laplace distribution.

4.1.42 Symmetric case. When k = 1 and 6 = 0, the distribution is symmetric (about zero) since
the corresponding characteristic function is real. In this case, the density is given by the following
even function of x:
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vz (ﬂ
o-r+1/21"(f)ﬁ ﬁ

This particular distribution arises as a mixture of normal distributions with mean zero and (stochastic)
variance 0 2W, where W has the gamma distribution with density (4.1.9) [see e.g., Teichroev (1957),
Madan and Seneta (1990), McLeish (1982)].

In our next result we summarize some properties of the densities of the symmetric generalized
Laplace distributions. In particular, we show that they are all unimodal for T > 1, and study their
behavior at the mode.

t—1/2
h(x) = ) K:_1p(V2|x|/a), x #0. (4.1.32)

Theorem 4.1.2 Let h(x; t) be thedensity of a symmetric generalized Laplace distribution GAL*(0, 1,
1, 7). Then h(x; t) has the following asymptotic behavior as x — 0%:

7 G2 0P Y for T e (0,1/2),

h(x; T) = —%logx+o(logx) for T=1/2,
2 4 o(1) for T>1/2.

Moreover, for x > 0, we have

1 2
—h( iT) = _Tl§h(x Tt—1), 7>1,
and
[ 2L HOG %2 4 o(x¥2) for 7€(0,1/2),
__% 4o h for t©=1/2,
_sm(”(t_l/12))1,(21_1)):2'_2 +0o(x¥72) for te(1/2,1),
, e for T=1,
2 e ) = 12 -
ax ) — eeaTe T oY) for Te(1,3/2),
%2 x log(v/2x) + o(x log(v/2x)) for ©=3/2,
2 B + o) for Te@m—1/2,n+1/2),
«/_(n;z!)(Zn)' + o(x) for T=n+1/2,

where in the last two relationsn € N+ 1.

Proof. Let H(x; 1) = x*" 12K, _; ,2(x). We have the following relation, which follows from the
form of the density (4.1.32):

gl-t
VaT(x)

The result follows from Properties 6, 9, and 10 of the functions H (x; t) and K, given in the
appendix. The behavior of the density at zero follows from Property 6 (and also Property 10 for
T < 1/2). The recurrent relation follows from Property 9. The behavior of the derivative of h(x; 7)
follows from all three properties. a

h(x; 1) = ——— H(/2x; ), x>0.

A direct consequence of Theorem 4.1.2 is the following.

Corollary 4.1.1 The density of a symmetric GAL*(0, 1, o, t) distribution with T > 1 is unimodal
with the mode at zero.
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Proof. The recurrent relation of Theorem 4.1.2 implies that the derivative of the density is negative
for positive arguments. Thus the density is a decreasing function that does not have any maximum,
except possibly at zero. O

The graphs of the densities in the symmetric case illustrating their behavior at zero, which is
studied in this theorem, are presented in Figure 4.1 (the left-hand side picture). The influence of the
parameters on the shape of the densities is perhaps better illustrated by Figure 4.2.

12
1 J
Standard Laplace
08 t=1
Standard Gaussian
T=oo
0.6 /\
041
0.2
N
=%
0 i s L n n
-3 -2 -1 0 1 2 3

Figure 4.2: Comparison of the standardized generalized Laplace densities and normal standard den-
sity. Both pictures contain densities with t = 1/4, 1/2,3/4,1,5/4, 3/2, 2, 5/2, and 3. Left: The
symmetric case, K = 1. Right: An asymmetric case, k = 2. All densities have the mean equal to zero
and variance equal to one.

4.1.43 Aninteger value of T. We already know that when T = n is a nonnegative integer, then the
corresponding GAL r.v. is a sum of » i.i.d. AL random variables with the same parameters o and
(or «). In this case the Bessel function K,_1/, admits a closed form (see (A.0.10) in the appendix),
and so does the corresponding standard GAL density with the parameter 7 = n > 1:

(4.1.33)

he) 1 'S (n =1+ j) 20=N2 =10 | o=V2Il  for x > 0,
X) =
forx <O

(n =DV = 1= DY e+ 1/ | emV2e,
[see, e.g., Press (1967), Levin and Tchernitser (1999), Kozubowski and Podgdrski (1999a)]. Note that
in the symmetric case (¢ = 1), this density simplifies to (2.3.25) considered previously in connection
with the distribution of the sum of n i.i.d. Laplace r.v.’s [see also Teichroev (1957), McLeish (1982)].
Also observe that (4.1.33) coincides with (4.1.31) if ¢ = 1, which is the AL case. Further, here the
density (4.1.33) is a mixture of n densities on (—00, 00). For j =0, ...,n — 1, the jth density has
the form

Inj(xX) = Pn,j8n—j 1/ X)][0,00)(X) + qn, j8n—j i (—x)(0,00) (—X), (4.1.34)

where g, g stands for the gamma G («, 8) density, and

r"q’ r'q"
Pnj= —F—"T 5, ‘In,j=1“‘Pn,j=m,

= : — (4.1.35)
p"q’ + p’q"
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with p = 1/(1 + «2) and g = k2/(1 + «2). Under this notation, the G.AL*(0, k, 1, n) density is

N o
h(x) = Z Rty ZL L 1),) 20=D2(p"qT + pIg™) f, i (x). (4.1.36)
j=0 7’ )

This result, taken from Kozubowski and Podgérski (1999a), is a generalization of the exponential
mixture representation discussed previously for the AL random variables.

4.1.5 Moments. Exploiting representations of the K-Bessel function random variables it is easy
to find their moments. This is done in the following result.

Proposition 4.1.6 The moments of a GAL(, o, T) random variable Y are given by the relations

((n/2]]
ny _ 1 n\ 2k, n—2knk _
E(Y™) = JRT0) kzzo <2k>a w2 T2+ K (r +n — k).

In particular, if u = 0 (symmetric case), then

m—1

EY*™) =™ [Tl + @i+ D).
i=0

Proof. We exploit representation (4.1.8) and the following formulas for the moments of a gamma
variable W with parameter « = t and a standard normal random variable Z:

k—1

o T+s) 2y _ ok DA/24K)
EW)=—m  E@H=2—Fi7 ]"[(2 +1).

Since odd moments of the standard normal random variable vanish, we obtain

1=0
[[n/211

k=0

and the formula follows from a direct application of the expressions for the moments of W and Z.
In the symmetric case all terms except the last one in this sum vanish and the conclusion follows
from the identity
k—1
Fc+k)=T@[[c+i), keN m]
i=0

Corollary 4.1.2 The mean of a GAL(u, o, T) random variable Y is equal to
E(Y)=1u,

and the variance is
Var(Y) = T([Az + 02).
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4.2 Laplace motion

In this section we study Laplace motion— a stochastic process that plays the same role in the
Laplacian domain as the Brownian motion does among Gaussian processes. The Laplace motions
have several interesting properties that distinguish them from their famous Gaussian counterpart. We
study here only the most fundamental ones, leaving more extensive investigation for future work on
processes generated by the Laplace distribution.

Laplace motions are special cases of Lévy processes. The latter are defined through the class
of infinitely divisible distributions to which Laplace distributions belong. Although Laplace motions
share some common properties with Brownian motions, including the finite second (or any order)
moments, independence and stationarity of increments, their observed features are essentially differ-
ent. First, their trajectories (paths) are discontinuous at any point and, in fact, they are purely jump
functions. In general, they can be asymmetric, including properties of their paths. The space scale
is not exchangeable with the time scale which, even in the symmetric case, requires two different
parameters for these scales.

Laplace motions have several representations that relate them to other processes. First, they
can be written as Brownian motion evaluated at random time, the latter being the gamma process.
In other words they are Brownian motions subordinated to the gamma process. Alternatively, the
Laplace motion can be obtained as a difference of two independent gamma processes. Finally, using
a general representation of Lévy processes, we can write them as compound Poisson processes with
independent and random jumps having a special form of the distribution (given by so-called Lévy
density). The last characterization gives an insight into the structure of the trajectories and sizes of
jumps, the latter completely characterizing trajectories of pure jumps processes.

The finiteness of their moments and their convenient characterizations make Laplace motion
an interesting object for future investigation and for developing the theory of Laplacian processes
more or less in the same spirit as the theory of Gaussian processes is developed based on Brownian
motion.

4.2.1 Symmetric Laplace motion. As we already know, Laplace distributions are infinitely divis-
ible (see, for example, Subsection 2.4.1 in Chapter 2). Thus it is a direct consequence of the general
theory of infinitely divisible distributions and processes that we can define the following subclass of
Lévy processes [cf. Ferguson and Klass (1972)].

Definition 4.2.1 A stochastic process L(t) is called a symmetric Laplace motion with the space scale
parameter o and the time scale parameter v (in short, LM(o, v) process) if

L. it starts at the origin, i.e.,
L) =0;

2. it has independent and stationary (homogeneous) increments;

3. the increments by the time scale unit have a symmetric Laplace distribution with the para-
meter o, ie.,

Lt +v)— L) £ Lo).

The symmetric Laplace motion LM(1, 1) is called the standard Laplace motion or simply the
Laplace motion.
A symmetric Laplace motion Y (¢) with drift m is a LM (o, v) process L(t) shifted by a linear
function mt, i.e.,
Y(t) = mt + L(1).
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Remark 4.2.1 This definition, along with the properties of infinitely divisible distributions, imply
the following characteristic function for the increment L(s + ¢t) — L(s) of LM(o, v):

1
(1 + o2u2/2)t/v’
i.e., the increment has the generalized symmetric Laplace distribution (the symmetric K-Bessel
function distribution) with the parameters o and T = ¢ /v, which is denoted by G.AL(0, 0, o, 7).

¢ (u) =

Remark 4.2.2 Recall that standard Brownian motion {B(t), t > 0} is self-similar with index H =
1/2, that is,

{B(at),t > 0} 4 {aHB(t),t > 0} forall a > 0. “4.2.1)

In contrast with Brownian motion, for Laplace motion, the time scale and the space scale are no
longer exchangeable, and the process is not self-similar. Indeed, for any a > 0 and H > 0, we have

af L) L GAL®©,0,a o, 1/v)

and 4
L(at) = GAL(0,0, o, at/v),
so the self-similarity property (4.2.1) cannot hold for the Laplace motion L(t).

Remark 4.2.3 Asexpected, a general Laplace motion with a drift can be defined through the standard
Laplace motion L by the expression
mt 4+ aL(t/v).

Let us start a more detailed discussion of the properties of Laplace motion with the derivation
of their moments.

Proposition 4.2.1 Let L(t) be a LM(o, v) Laplace motion with drift m. Then
E[L()]=mt, Var[L(t)] = to?/v.
Proof. The result follows from Remark 4.2.1 and Corollary 4.1.2. a

It follows immediately that fixing the variance and the mean is not enough to define a Laplace
motion completely. Therefore, there are infinitely many Laplace motions LM (o, v) each with o2 /v
= 1, having the same covariance structure as standard Brownian motion characterized by unit variance
atthe time equal to one. In Figure 4.3, we present trajectories of the processes with the same covariance
structure. We see that sample properties differ significantly for these processes.

4.2.2 Representations. There are several important representations of Laplace motion. Most of
the results presented here were discussed and partially proved in Madan and Seneta (1990).

The first representation relates Laplace motion to Brownian motion evaluated at an independent
random time distributed according to a gamma process. Recall that a stochastic process I'; is called a
gamma process if it starts at zero, has independent and homogeneous increments, and the distribution
of the increment I';4; — I'; is given by the standard gamma distribution with the shape parameter
s/v.If v = 1, we refer to such a process as the standard gamma process.

Theorem 4.2.1 Let B(t) be a Brownian motion with the scale parameter o and let I'; be a gamma
process with parameter v independent of B;. Then the process

L(t) = B(r[)vt > 0)
is LM(o, v).
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Figure 4.3: Trajectories of Laplace motions and Brownian motion (three paths for each process).
All processes have the same covariance structure characterized by unit variance at time ¢t = 1.
This requirement for the Laplace motion LM(o, v) is satisfied by setting 0 = ,/v. Top: Standard
Brownian motion vs. standard Laplace motion (v = 1). Middle: LM(o = +/2,v = 2)and LM(c =
V2/2,v = 1/2). Bottom: LM(0 = +/5,v =5)and LM(c = 1/2,v = 1/4).

Proof. That the process L(t) starts at the origin is obvious. The distribution of L(¢) can be obtained
from the characteristic function

bLay(E) = Ee'LOF = E(E(e'BT4 1))

— Ee_r'O,ZEZ/Z _ 1
(A + o222y

which corresponds to the G.AL(0, 0, o2, t/v) distribution. The proof then follows from the general
property stating that the composition of two independent processes with independent and homogenous
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increments (in this case Brownian motion and gamma process) is again a process with independent
and homogenous increments [see Bertoin (1996)]. O

Another simple representation of Laplace motion is given in the following theorem.

Theorem 4.2.2 Let I'; and T'; be two independent gamma processes with the same parameter v.
Then the process defined by

L(t) = -—2“/20(1*, -1y, t>0,
is LM(o,v).

Proof. The process obviously starts at zero and has independent and homogeneous increments since
I'; and I'; are such processes. Thus the thesis follows from Proposition 4.1.3 applied to G = I'r and
Gy =T, fork = 1. O

The last representation we want to discuss here follows from an application of the general result
of Ferguson and Klass (1972). It is sometimes described as a Poisson approximation of independent
increments processes.

Recall first the Lévy—Khinchine representation of a symmetric process X (¢) with independent
and homogeneous increments with no Gaussian component (Laplace motions are examples of such
processes):

[e.¢]
®x (1) (u) = exp [ f [cos(uz) — l]dAt(Z)] ,
-0
where A; =t A and A is the Lévy measure of X (1).

Consider the standard Laplace motion L(t),i.e., withv = 1 and o = 1. By the Lévy—Khinchine

representation derived in Proposition 2.4.2, the above representation holds with A defined through

o0
1
A([—u, u]°) = 2E1(V2u) = 2/ —e *dx.
V2u X
Here E; stands for the exponential integral function [see, e.g., Abramowitz and Stegun (1965)]. In
the following series representation we restrict ourselves to a standard Laplace motion and to time
interval [0, 1].

Theorem 4.2.3 Let L(t) be a standard Laplace motion. Assume that (3;) is a Rademacher sequence
(i.i.d. symmetric signs), (U;) is an i.i.d. sequence of random variables distributed uniformly on [0, 1],
(T'i) are arrival times in a standard Poisson process. We assume that all three sequences, (6;), (U;),
and (I';), are independent. Then the following representation holds for L(t):

o0
Lty £ Y 8: il (Ui,

i=1

where the series is absolutely convergent with probability one, J; = %E 1"1 (T3), and Tjo,r)(U;) is
the indicator function of the interval [0, t) evaluated at U;.

Proof. The proof is a direct consequence of the theorem of Ferguson and Klass (1972, p. 1640). The
absolute convergence follows from the fact that fol zd A(z) is finite. Consequently, no centering of

the terms of the series is needed. By adding random signs to the representation, we obtain symmetry
of the process. O



4.2. Laplace motion 197

Remark 4.2.4 From this representation, one can derive properties of trajectories of Laplace motions.
First of all, sample paths are pure jump functions (a function is a jump function if its value is equal
the sum of the jumps, or in other words, if it is increasing only at the jumps). The absolute values of
the jumps are given by J;’s, and are ordered. The largest jump is represented by J; = %E 1_1 T1),

and its distribution is given by
P(J1 <x)= e’El(ﬁx),x > 0.

Since Ej(x) converges to infinity when x approaches zero, the distribution of the first jump is
continuous on [0, 0o) and has density

fr(x)= e_E‘(‘/ix)e_‘/i"/x.

Using the probability structure of the arrivals of a Poisson process one can easily derive the conditional
distribution of the next jump given the previous ones. Namely, the distribution of J, given that
J1 =x1,...,Jp—1 = x,_1 has the c.d.f.

—E{(V2x)+E1 (V2x,-1)

F(x|x1,...,xp—1) =e X > Xp_] >+ > X].

4.2.3 Asymmetric Laplace motion. The definition and properties of Laplace motion extend natu-
rally to the asymmetric case. The fact that the asymmetric Laplace distribution AL(u, o) is infinitely
divisible justifies the following definition.

Definition 4.2.2 A stochastic process L(t) is called an asymmetric Laplace motion with the space
scale parameter o, the time scale parameter v, and centered at . (and denoted by ACM(u, o, v)) if

1. it starts at the origin, i.e.,
L) =0;

2. it has independent and stationary (homogeneous) increments;

3. the increments by the time scale unit have an asymmetric Laplace distribution with the param-
eters wand o, i.e.,

Lt +v) — L(t) £ AL(u, o).

An asymmetric Laplace motion with drift m is an ALM(u, o, v) process L(t) shifted by a linear

Sfunction mt, i.e.,
Y(@) =mt+ L(¢t).

Remark 4.2.5 This definition and the properties of infinitely divisible distributions lead to the fol-
lowing characteristic function of the increment L(s + t) — L(s) of the ALM(u, o, v) process:

1
(I —ipu + o2u?/2)t/v’

i.e., the increment has the generalized asymmetric Laplace distribution (the asymmetric Bessel func-
tion distribution) with the parameters u, o, and t = ¢t /v, denoted GAL(u, o, 7).

dL@y(w) =

Proposition 4.2.2 Let L(t) be an ACM(u, o, v) Laplace motion with a drift m. Then
E[L(t)] = mt + ut/v, Var[L(@#)] = t(u* + c?)/v.
Proof. The result follows from Remark 4.2.5 and Corollary 4.1.2. ad

In Figure 4.4, we present trajectories of asymmetric Laplace motions with the same covariance
structure as the symmetric processes of Figure 4.3.
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Figure 4.4: Trajectories of asymmetric Laplace motions with centering drifts (three paths for each
process). All processes are asymmetric, but have the same covariance structure characterized by unit
variance at time f = 1 and the mean zero, i.e., the same as for the symmetric processes of Figure 4.3.
This requirement for asymmetric Laplace motion AL M (u, o, v) with a drift m is satisfied by setting
m = —p/vand o = /v — u2, where u? < v. Top: Laplace motions with v = 1 and u = 0.4 (left)
n = 0.8 (right). Bottom: Laplace motions with v =4 and u = 1 (left) u = 1.5 (right).

Below we list representations of the ALM (u, o, v) process, which are direct extensions of the
ones obtained for the symmetric Laplace motions.

4.2.3.1 Subordinated Brownian motion. Assume that B(¢) is a Brownian motion with scale o and
with drift u, and that I'; is a gamma process with the parameter v independent of B(¢). Then the
following representation for the AL M (u, o, v) process L(¢) holds:

L)L BTy, t>o0. (422)

4.2.3.2 Difference of gamma processes. Let I'; and I; be two independent gamma processes with

parameter v. Let k = /20 /(i + v/202 + u?2). Then we have the following representation of the
ALM(u, o, v) process L(t):

L) < “/Tia (%r, - xf*,) >0 (4.2.3)

4.2.3.3 Compound Poisson approximation. The series representation of an ALM(u, o, v) process
is a direct generalization of the symmetric case, and involves a series that is absolutely convergent
almost surely. Let us recall that the Lévy measure A of the asymmetric Laplace distribution AL(u, o)
is given by

Au, ) = E1(v2ku/o), A(—00, —u) = E{(v2u/(ocK)), u > 0.
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Let us now define A_(x) = E;(+/2x/(ck)) and A4 (x) = E;(v/2xk/0), x > 0.

Let L(¢) be an asymmetric Laplace motion ALM(u, o, 1). Assume that (§;) is a Rademacher
sequence of i.i.d. symmetric signs, (U;) is ani.i.d. sequence of random variables distributed uniformly
on [0, 1], and (T';) is a sequence of the arrival times in a standard Poisson process. We assume that
all three sequences, (8;), (U;), and (I';), are independent. Then the following representation in
distribution holds for L(t):

o0
Lo £ 80T Uy, 4.2.4)

i=1

where the series is absolutely convergent with probability one and J; = As_il T).

4.3 Linnik distribution

The univariate symmetric Linnik distribution with index « € (0, 2] and scale parameter o > O is
given by the characteristic function

Ya,o(t) = teR, “4.3.1)

1+o2t]’
and is named after Ju.V. Linnik, who showed that the function (4.3.1) is a bona fide ch.f. for any « €
(0, 2] [see Linnik (1953)]. Since for @ = 2 we obtain symmetric Laplace distribution, the distribution
is also known as a-Laplace [see, e.g., Pillai (1985)]. We write Ly » to denote the distribution given
by (4.3.1).

Linnik laws are special cases of strictly geometric stable distributions, introduced in Klebanov
etal. (1984). Arandom variable Y (and its probability distribution) is called strictly geometric stable,
if for any p € (0, 1) there is an a, > 0 such that

Vp
apy Y; Ly, (4.3.2)
i=1

where v, is a geometric r.v. with mean 1/p, while the Y;’s are i.i.d. copies of Y, independent of v,.
Strictly geometric stable laws are a special case of geometric stable laws discussed in Subsection 4.4.4;
they have ch.f. (4.4.7) with either 4 = 0and @ # 1 or 8 = 0 and o = 1. Thus strictly geometric
stable laws form a three-parameter family, and their ch.f. can be written as

1
1 4 o2|t|* exp(—imatsign(t)/2)’

Ya,0,0 () = t eR, (4.3.3)

where o and o are as before, and t is such that |7| < min(l, 2/a — 1). Since for T = 0 we obtain the
symmetric Linnik distribution (4.3.1), some authors refer to (4.3.3) as a nonsymmetric Linnik distri-
bution [see, e.g., Erdogan and Ostrovskii (1997)]. As we shall see in this section, Linnik distributions
share some, but not all the properties of the symmetric Laplace distribution. Like symmetric Laplace
distributions, Linnik laws are stable with respect to geometric summation and appear as limit laws
of geometric compounds when the summands are symmetric and have an infinite variance. We shall
discuss their various characterizations in Section 4.3.1. In Section 4.3.2, while discussing represen-
tations of Linnik laws, we shall show that they are mixtures of stable laws as well as exponential
mixtures and scale mixtures of normal distributions. These representations lead directly to integral
representations of the Linnik densities, which are discussed in Section 4.3.3, devoted to Linnik den-
sities and distribution functions. Although a closed-form expression for the Linnik density seems to
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be unavailable, as it is the case for stable laws, asymptotic results have been investigated by Kotz
et al. (1995). In Section 4.3.4, we shall study moments and the tail behavior of the Linnik laws. We
shall show that their tail probabilities are no longer exponential, and the moments are governed by
the parameter . Unlike Laplace laws, although analogous to stable distributions, the Linnik laws
have an infinite variance, while the mean is finite only for 1 < o < 2. In Section 4.3.5, we shall list
properties of the Linnik laws, which include unimodality, geometric and classical infinite divisibility,
and self-decomposability. Sections 4.3.6 and 4.3.7 are devoted to the problems of simulation and
estimation, respectively. For the Linnik laws, the standard methods (which are based on explicit
forms of the relevant distribution functions and densities) are not practical. We shall show that the
problem of simulation is easily handled by the mixture representations of Linnik laws and discuss
some recent advances in the estimation problem. Section 4.3.8 is devoted to the extension of the
Linnik distribution.

4.3.1 Characterizations. In thissection we present characterizations of Linnik laws related mostly
to geometric summation. Many results are consequences of the fact that Linnik laws are special cases
of strictly geometric stable distributions.

4.3.1.1 Stability with respect to geometric summation. We saw in Section 2.2.6 that within the class
of symmetric r.v.’s with a finite variance, the classical Laplace r.v. is characterized by the stability
property (4.3.2). Anderson (1992) observed that the Linnik distribution is closed under geometric
compounding as well, so that (4.3.2) holds with Ly distributed Y;’s and a, = pl/ ®_ In the case
o = 1 this result is due to Arnold (1973) and it serves as a foundation for the development of
Anderson’s (1992) multivariate Linnik distribution. In the subsequent result we show that stability
property (4.3.2) actually characterizes symmetric Linnik distributions within the class of symmetric
r.v.’s (not necessarily with finite variance).

Proposition 4.3.1 Let Y, Y1, Y, ... be symmetric, i.i.d. random variables and let v, be a geomet-
ric random variable with mean 1/p, independent of the Y;’s. Then the following statements are
equivalent:

(1) Y is stable with respect to geometric summation,

Vp
a, Y (Yi+bp) £ Y forall pe(©,1), (4.3.4)

i=1
wherea = ap, > 0andb = b, € R.
(i) Y has a symmetric Linnik distribution.
Moreover, the constants ap and by, are necessarily of the form: a, = pl/e b, =0.

Proof. First, we show that the Linnik r.v. with ch.f. (4.3.1) satisfies the relation (4.3.4) with a, and
b, given above. Using the typical conditional argument we write the ch.f. of the variable on the
left-hand side of (4.3.4) in the form

p 1
1+ po|t|* 1 — (1 = p)(1 + po<|t]*)~1"

(4.3.5)

and note that it simplifies to (4.3.1), which is the ch.f. of the right-hand side of (4.3.4). To prove
the converse, use the corresponding characterization of strictly geometric stable laws [see, e.g.,
Kozubowski (1994b), Theorem 3.2] and conclude that if an r.v. Y satisfies (4.3.4), it then must be a
strictly geometric stable r.v. with ch.f. (4.3.3) and the normalizing constants must be as specified in
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the statement of the proposition. Since Y is assumed to be symmetric, its ch.f. must be real, implying
that the parameter t in (4.3.3) equals zero, leading to the Linnik ch.f. (4.3.1). This concludes the
proof. O

What happens if relation (4.3.4) holds only for one particular value of p? Then the solution of
(4.3.4) consists of a larger class than the class of strictly geometric stable laws; see Lin (1994) for
details. However, under certain additional tail conditions, relation (4.3.4) with one particular value
of p characterizes symmetric Linnik distributions as well. Specifically, assuming that i satisfies the
condition

lir%(l —¥@)/|t|* =y forsomey >0and0 < a <2, (4.3.6)
t—
we have the following result.

Proposition 4.3.2 Let Y, Y}, Y,, ... be i.id. rv.’s whose ch.f. ¥ satisfies condition (4.3.6). Let p €
(0, 1) and let v, be a geometric r.v. with mean 1/ p, independent of the sequence (Y;). Then

Vp
aY Yty (4.3.7)
i=1

1

for some ap > O ifand only ifap, = p /* and Y has a symmetric Linnik distribution.

See Lin (1994) for a proof and also for a similar characterization of Mittag—Leffler distributions.
The result also appeared in Kakosyan et al. (1984) under the additional assumptions thata, = pl/e
and the distribution of Y is nondegenerate and symmetric.

The following characterization of the Linnik distribution is also proved in Lin (1994) [as well as
in Kakosyan et al. (1984) under the additional assumptions that a, = (p/ q)'/* and the distribution
of Y is nondegenerate and symmetric].

Proposition 4.3.3 Let Y1, Ys, ... be i.i.d. rv.’s whose ch.f. ¥ satisfies condition (4.3.6). Let p,q €
(0, 1), where p # q, and let v, and v, be geometric rv.’s with means 1/p and 1/q, respectively,
independent of (Y;). Then

vp Vg
d
a, Y L3y, (4.3.8)
i=1 i=1

with some ap, # 0 if and only if |ap|* = p/q and Y has a symmetric Linnik distribution.

We conclude this section by noting that relation (4.3.7) remains valid under the randomization of
parameter p. More precisely, letY, Y7, Y, ... bei.i.d. symmetric and nondegenerater.v.’s whose ch.f.
¥ satisfies condition (4.3.6). Let v, be a geometric r.v. with mean 1/p, independent of the sequence
(Y;), where p € (0, 1). Further, assume that the parameter p is itself an r.v. with a probability
distribution on (0, 1). Then relation (4.3.7) holds with a, = p!/% if and only if Y has symmetric
Linnik distribution. In addition, if (4.3.7) holds with nonnegative r.v.’s and a, = p, then Y must
have an exponential distribution; see Kakosyan et al. (1984) for proofs and further details.
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4.3.1.2 Distributional limits of geometric sums. We saw in Section 2.2.7 that the classical Laplace
distribution arises as the only possible limit of a geometric sum with symmetric i.i.d. components
with finite variance. If the condition of finite variance is omitted, we then obtain a characterization
of symmetric Linnik distributions.

Proposition 4.3.4 The class of symmetric Linnik distributions coincides with the class of distribu-
tional limits of

Vp
Sp=cpy_Xi (4.3.9)
i=1

as p — 0, where cp > O, the X;'’s are symmetric i.i.d. random variables, and vy is a geometric
random variable with mean 1/ p, independent of the X ’s.

Proof. First, note that by Proposition 4.3.1, a symmetric Linnik r.v. X is equal in distribution to the
r.v. S, given by (4.3.9), where a, = pl/® and X;’s are i.i.d. copies of X. So it is a distributional
limit of S, as well. Thus it remains to show that if geometric compounds (4.3.9) with i.i.d. and
symmetric X;’s converge in distribution to an r.v. Y, then the latter must have a symmetric Linnik
distribution. Our proof consists of showing that the r.v. Y is symmetric and stable with respect to
geometric summation (i.e., (4.3.2) holds), and thus it must have a symmetric Linnik distribution by
Proposition 4.3.1. First, note that as the r.v.’s X; are symmetric, their ch.f. is real, so the ch.f. of
S, must be real, implying that the ch.f. of the limiting r.v. Y is real as well. Consequently, Y has a
symmetric distribution. If Y is degenerate at zero, it is (a degenerate) Linnik (with 0 = 0) and the
result is valid. Assume now that the distribution of Y is not concentrated at zero. It then follows that
Y cannot have a degenerate distribution (concentrated at some constant not equal to zero), since its
ch.f. would not be real.

Next, fix an arbitrary p’ € (0, 1) and for any p € (0, p’) define p” = p/p’. Then the geometric
r.v. v, admits the representation

Upl
v, = Z ug,?, (4.3.10)

i=1
where v’(:,?’s are i.i.d. geometric r.v.’s with mean 1/p” while v, is a geometric r.v. with mean 1/p’,
OF

independent of the v P

s (Exercise 4.5.15). This allows us to express Sj, in the following manner:

\)p vp/
C .
Sp=cpy Xi 2 c_"”ZW;',,’, (4.3.11)
P i

i=1

] .. . . . . v
where the W;',,) ’s are i.i.d. r.v.’s equal in distribution to S, = ¢, Y, i ; X;.Now as p — 0, we note
that p” = p/p’ also converges to zero (p’ being fixed!), so by assumption we have

v "

W =Sy =cpd Xi SV, i=12..., (4.3.12)
i=1

where the Y;’s are independent copies of Y. Thus we have the convergence

Up/

v,/
Sowh 4 Zp: Yi 4.3.13)

i=1 i=1
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(see Exercise 4.5.16). Since by the assumption S, i Y, where Y is nondegenerate, in view of
(4.3.11) and (4.3.13) we conclude that the sequence cp/c,» must converge to a limit (which may
depend on p’) denoted by a,/, and we must have

14
ayy Y2V (4.3.14)

i=1

Consequently, by Proposition 4.3.1, Y must have symmetric Linnik distribution, as p’ is an arbitrary
real number in (0, 1). The result has been proved. O

4.3.1.3 Stability with respect to deterministic summation. We saw in Section 2.2.8 that within the
class of symmetric distributions with finite variance, the classical Laplace distribution can be charac-
terized by means of the stability property under deterministic summation and random normalization.
Omitting the condition of finite variance leads to a characterization of symmetric Linnik laws.

Proposition 4.3.5 Let the variables B,, where n > 0, have a Beta(l, n) distribution given by
(2.2.45). Let 0 < o < 2, and let {Y;} be a sequence of symmetric i.i.d. random variables. Then
the following statements are equivalent:

(i) Foralln>2,Y, £ B (Y; + -+ Yy).
(ii) Yy has a symmetric Linnik distribution.

Proof. The proof is very similar to that of Proposition 2.2.11 for the symmetric Laplace case. Write
the right-hand side of the representation in (i) in the form U, V,,, where

n
U, = (nB,_1)"/* and V, = ¥ (4.3.15)
nl/a
and let n — oo. Then U, converges in distribution to a random variable W1l/® where the variable
W has a standard exponential distribution. Further, since the product U, V,, as well as the sequence
U, are convergent, while V,, has a symmetric distribution, we conclude that the sequence V,, must be
convergent as well. Moreover, if X is the limit of V,,, then it must have a symmetric stable distribution
with ch.f. (4.3.20). Since by the assumption U, is independent of V,,, the limit of the product U, V,,
is the product of the limits, so

UV, % wiley. (4.3.16)

But this is representation (4.3.19) of Linnik random variables discussed in the next section. The
implication (i) = (ii) follows, since Y7 must have the same distribution as the limit in (4.3.16).

We now turn to the proof of the implication (ii) = (i). Multiply both sides of (4.3.21) from
Proposition 4.3.8 by B; i "; (which is independent of all other r.v.’s) to obtain

B Y\ + -+ Vo) £ (GuBo)'/*X (4.3.17)

(with X as above). By Lemma 2.2.2, the product G, B,—; has the same distribution as a standard
exponential r.v. W, so the right-hand side of (4.3.17) has a Linnik distribution by the representation
(4.3.19). The proof is thus complete. O

We conclude our discussion on stability with another characterization of symmetric Linnik
laws, derived in Pillai (1985) for a larger class of semi-a-Laplace distributions, a class that includes
all strictly geometric stable laws.
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Proposition 4.3.6 Let Y, Y1, Y2, and Y3 be i.i.d. symmetric Linnik variables Ly . Let p € (0, 1),
and let I be an indicator random variable, independent of Y, Y1, Y2, Y3, with P(I = 1) = p and
P(I = 0) = 1 — p. Then the following equality in distribution is valid for any p € (0, 1):

Y L plery, 4+ (1= )Yy + p'/*Y3). 4.3.18)

Proof. The result follows by writing the ch.f. of the right-hand side in (4.3.18) conditioning on the
distribution of the r.v. /. O

4.3.2 Representations. Representations of Linnik random variables were studied by Devroye
(1990), Anderson (1992), Anderson and Arnold (1993), Kotz and Ostrovskii (1996), and Kozubowski
(1998). Devroye (1990) derived the following fundamental representation of a Linnik r.v. in terms
of independent exponential and symmetric stable random variables, which is analogous to the repre-
sentation (2.2.3) of the Laplace distribution.

Proposition 4.3.7 A Linnik r.v. Y with the ch.f. (4.3.1) admits the representation

y Lwley, (4.3.19)
where X is symmetric stable variable with ch.f.
o () = exp(—a®|t]*) (4.3.20)
and W is a standard exponential r.v., independent of X.

This representation is a special case with n = 1 of the next result, which describes the distribu-
tion of the sum of » i.i.d. Linnik random variables. It generalizes similar representation for the case
of symmetric Laplace random variables; see Proposition 2.2.10.

Proposition 4.3.8 Let Y1, Y>, ... bei.id. Linnik rv.’s with ch.f. (4.3.1). Then

Yi+--+ Y, 2GYx, (4.321)

where X is symmetric stable with ch.f. (4.3.20) and G, has gamma G (n, 1) distribution.

Proof. The result follows by computing the ch.f.’s on both sides of (4.3.21). By conditioning on G,

we calculate the ch.f. of G,l,/ %X as follows:

E itGY*x /OO E itzl/e x Zn-.l -zq /OO¢(t 1/(!) zn—l -4
i = e —-—e = Z - <€ 2,
0 I'(n) 0 I'(n)

where ¢ is the symmetric stable ch.f. (4.3.20). Since

¢tz e = e 2@+

a straightforward integration results in the Linnik ch.f. (4.3.1). O

Representation (4.3.19) allows for obtaining properties of Linnik distributions from those of
stable laws. However, its value for certain applications may be limited. For instance, this represen-
tation is not very convenient for simulating Linnik random variates, since stable distributions do not
admit densities or distribution functions in closed form and require mixture representations them-
selves for simulation. Kotz and Ostrovskii (1996) and Kozubowski (1998) have studied alternative
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mixture representations of the Linnik distribution which allow efficient generation of the correspond-
ing random variates. Kotz and Ostrovskii (1996) observe that for any 0 < o < o’ < 2, the ch.f.’s of
the Linnik distributions Ly,; and L) satisfy the equation

o0
Ya,1(2) = /0 Vo, 1(t/5)8(s; o, o' )ds, (4.3.22)
where
o Ta sl
. , — 1
g(s;a,a’) = P sin o 1 5% 1 25% cos 7;_? 4.3.23)

is the density of a nonnegative r.v. Uy . Kozubowski (1998) notes the representation

Vet () = fo Va1 ()8 (s; @, &)ds, 4.3.24)

using this notation. Representations (4.3.22)—(4.3.24) lead to the conclusion that the corresponding
Linnik r.v.’s Yy 1 and Y,/ 1 obey the representations

d d
Ya,l = Ya’,l . Ua,a/ = Ya’/Ua,a" (4325)

Kozubowski (1998) modifies representations (4.3.25) by introducing an r.v. W, = U;",a,, where
p = a/a’ < 1, with a folded Cauchy density g, on (0, cc0) given by

sin(p)
np[x? + 2x cos(mp) + 1]

Note that the definition of W, can be extended to the cases p = 0 and p = 1 as well by taking weak
limits as p — 0% and p — 17, thus arriving at the density go(x) = (1 + x)~2 for Woand W = 1
(see Exercise 4.5.19). The following result is a restatement of (4.3.25) in terms of the r.v. W, [see
Kozubowski (1998)].

(4.3.26)

gp(x) =

Proposition 4.3.9 Let0 < o <o’ <2andp = a/a’ < 1. Let W, be a nonnegative r.v. with density
(4.3.26), and let Yy » be a Linnik Ly  r.v., independent of W,. Then an r.v. Yy o with the Linnik
Ly.o distribution admits the representations

d d
Yoo =Yoo Wp* & Yo o/ W)/%. (4.3.27)

The fact that the representations involve both division and multiplication follows from the
reciprocal property of the r.v. W, (see Exercises 4.5.20 and 4.5.21).

Taking o’ = 2, we arrive at the classical Laplace r.v. and the representation provides a direct
method of simulating Linnik random variates discussed in section 4.3.6. Thus a Linnik L4 o r.v. can
be thought of as a Laplace variable with a stochastic variance and also as a normal variable with
a stochastic variance (since a Laplace distribution is a scale mixture of normal distributions). In
addition, the Laplace r.v. corresponding to &’ = 2 has the representation o / W in accordance with
Proposition 2.2.3. Consequently, we obtain the following exponential mixture representation of the
Linnikr.v. Ly .

Proposition 4.3.10 Let Yy ; be a Linnik Ly o r.v. withany O < a < 2, and let W, be a nonnegative
r.v. with density (4.3.26) for p = «/2 < 1. Then

Yoo Zo-1-W-W/edo. [ . w/wie, (4.3.28)

where I is an indicator r.v. taking values +1 with probabilities 1/2, W is standard exponential
variable, and all the variables are independent.
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Taking o = 2, this representation reduces to representation (2.2.10) of the Laplace distribution,
as W; = 1.

Remark 4.3.1 Choosing @ = 1 and &’ = 2 and noting that in this case the r.v. Wy, has a folded
standard Cauchy distribution, we arrive at the representation

Y11 4 exponential - Cauchy £ |Cauchy| - Laplace, (4.3.29)

which is essentially a restatement of the well-known result that the density of Cauchy variable is of
the same form as the characteristic function of the Laplace while the characteristic function of the
Cauchy variable is of the same functional form as the density of the Laplace.

Remark 4.3.2 Nonsymmetric Linnik distributions with ch.f. (4.3.3) and more general geometric
stable r.v.’s admit similar mixture representations [see Erdogan and Ostrovskii (1998a), Kozubowski
(2000a), and Belinskiy and Kozubowski (2000) for further details].

4.3.3 Densities and distribution functions. Here we study Linnik distribution functions and den-
sities. There are no closed-form expressions for Linnik distribution functions and densities, except
for « = 2, which corresponds to the Laplace distribution. However, the mixture representations of
Section 4.3.2 lead to integral as well as asymptotic and convergent series representations of Linnik
densities and distribution functions, which we present here.

4.3.3.1 Integral representations. Representation (4.3.19) leads to the representations of Linnik
densities and distribution functions through their stable counterparts. Let py » and Fy , denote the
density and distribution function of the Linnik Ly, distribution given by ch.f. (4.3.1). Similarly, let
ga,0 and G4 » denote the density and distribution function of the corresponding stable law specified
in Proposition 4.3.7.

Proposition 4.3.11 Every Linnik distribution with 0 < a < 2 is absolutely continuous and

o0
Foo(x) = / G (%) e %dz, (4.3.30)
0 Z
0 _ x _
Pa,o (x) = fo AT (z17>e 2dz. 4.3.31)

These representations, which are dealt with in Exercise 4.5.22, appeared in Kozubowski (1994a)
and Lin (1994). Note that in case « = 2, equations (4.3.30) and (4.3.31) produce the distribution
function and density of a symmetric Laplace distribution.

Now we express the exponential mixture representation (4.3.28) in terms of the corresponding
densities and distribution functions (see Exercise 4.5.23).

Proposition 4.3.12 The distribution function and density of the Linnik Lo 1 distribution with 0 <
o < 2 admit the following representations for x > 0:

sinZ% [ y*~lexp(—vx)dv
F, =1-—2 4.3.32
w1 () e e i (4.332)

and

sinZF [ ¥ exp(—v|x|)dv
2
P x) = . 4.3.33

1 (%) /4 _A 1+v2"+2v"cos—”2°‘ ( )

Forx <0, use Fy1(x) =1 — Fy 1(—x) and py,1(x) = pa,1(—x).
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This representation appears in Erdogan (1995) and, for the case 1 < @ < 2, in Klebanov et
al. (1996). Note that the density (4.3.33) can be written equivalently in the form

sinZF % y¥exp(—v|x|)dv
2
_ ’ 0, 4.3.34
Pa,1(x) - _/0 Il + v*exp(ima/2)|? *7 ( )

in which it was originally first derived (by the inversion formula and the Cauchy theorem for complex
variables) in Linnik (1953). Indeed, since forreal x we have exp(ix) = cos x+i sin x, the denominator
under the integral in (4.3.34) is equal to

b4 T |2 2 2
1+v°‘c057a+iv°‘sin7a' =(1+v“cosﬂ7a) +(v°’sinn—2a-)

and coincides with that in (4.3.33).

Remark 4.3.3 Hayfavi (1998) derived another representation of the Linnik density p,,1 by a contour
integral: for any § € (0, 1) and & € [8, 2 — 8], we have

1 i ezlogxdz
nz’

— x >0,
x 4o Jp5) I'(2) sin 72 cos %2

Pa,1 (x) =

where L(§) is the boundary of the region
{z :1z| > 8/2, |argz| < m/4}.

Note that

i ) sin”T“"/‘oo v¥dv
oo Pt =0 [ T @ explina /)R

(4.3.35)

The integral is divergent for 0 < o < 1 and it is convergent for 1 < o < 2. In the latter case

Pa,1(0) = lir3+ Pa1(x) = (asin(ra)) L. (4.3.36)

Thus the limit of py 1(x) as x — 0% is finite for | < o < 2 and infinite for 0 < o < 1, in which
case the densities have an infinite peak at x = 0. On the interval (0, 00), the function py 1(x) is
decreasing and its kth derivative satisfies the relations

lim (-1¢p®(x) =00, k=1,2,...
x—0t ’

and
D =0, k=12,....

The latter property implies complete monotonicity of the Linnik density on (0, 00) [see, e.g., Kotz
et al. (1995)]. Since the characteristic function is real for all ¢ € R, the density py 1(x) is an even
function of x. Finally, since the integral on the right-hand side of (4.3.34) is a continuous function
of « for any fixed x, the density pq,1(x) is a continuous function of & € (0, 2). Figure 4.5 presents
graphs of several selected Linnik densities.
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Figure 4.5: Densities of Linnik distributions with o = 1 and a’s equal to 0.5, 0.75, 1.00, 1.25, 1.50,
1.75, 2.00.

4.3.3.2 Series expansions. We briefly discuss asymptotic and convergent series representations of
Linnik distribution functions and densities. We start with the asymptotic expansions at infinity, due
to Kozubowski (1994a), Erdogan (1995), and Kotz et al. (1995). Let p, = pq,; be the density and
let Fy = F,,1 be the distribution function corresponding to the Linnik characteristic function (4.3.1)
with 0 = 1. Consider the densities first. The following asymptotic relation is valid as x — ooc:

o0
Pa(Ex) ~ 1 > (=DMT (ke + 1) sin(kmar/2)x ™ 42 (4.3.37)
T k=1

This asymptotic relation can be written alternatively as follows.

Proposition 4.3.13 The density py of a Linnik Ly ) distribution has the following representation for
x> 0:

n
Vn>0 po(Ex)= l z:ckx"’“”"1 + Ry (x), (4.3.38)
T k=1

where

ek = (=DM (ke + 1) sin(kmar/2),

all@r+1)+1) _ -
R a(n+1) 1‘
R = — el

See Kozubowski (1994a) for the proof of Proposition 4.3.13 and Belinskiy and Kozubowski
(2000) for its extension to geometric stable laws.

The approximation of py(x) with the finite sum (4.3.38) should be used for large values of x,
since for fixed n the remainder | R, (x)| converges to zero as x — oo (with the rate of O(X—(ﬁ%m)).
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In particular, for n = 1, we have the following asymptotic expansion:

1
Pa(E£x) ~ —T'(1 + @) sin(mra/2)x 17, x - oo, (4.3.39)
b4
with the absolute value of the remainder R;(x) bounded by
|N 1
b ey = 2D 2a (4.3.40)

: Ta
7rsm7

As an illustration of asymptotic expansion (4.3.39), in Table 4.2 we present the values of the approx-
imation, along with the corresponding values of the bound (4.3.40) and the percent error (equal to
the ratio of bound (4.3.40) to approximate value (4.3.39) multiplied by 100%).

X o appr. of py(x) bi(x, ) percent error
10 1/2 | 6.307831E-3 2.250791E-3 36%
10 | 3/2 | 9.461747E-4 | 4.051423E-4 42%
20 1/2 | 2.230155E-3 5.626977E-4 25%
20 | 3/2 | 1.672616E-4 | 2.532140E-5 15%
50 1/2 | 5.641896E-4 | 9.003163E-5 16%
50 | 3/2 | 1.692569E-5 6.482277E-7 3.83%
100 | 1/2 | 1.994711E-4 | 2.250791E-5 11%
100 | 3/2 | 2.992067E-6 | 4.051423E-8 1.35%
1000 | 1/2 | 6.307831E-6 | 2.250791E-7 3.57%
1000 | 3/2 | 9.461747E-9 | 4.051423E-12 0.04%

Table 4.2: The values of the one-term asymptotic expansion of p,(x), along with the values of the
error bound b1 (x, @) and the corresponding maximal percent error, for selected values of « and x.

Next, we turn to distribution functions. Their asymptotic expansions are obtained by integration
of the corresponding series for the densities. We have the following asymptotic relation as x — 00:

l o0
1= Fo(x) ~ = Y (=D (ker) sin(kmar/2)x . (4.3.41)
T
k=1
Similarly, we get the behavior of the Linnik c.d.f. at —oo:
1 o0
Fo(—x) ~ = § (=DM (ko) sin(ka/2)x ™, x — oo. (4.3.42)
m

k=1
More precisely, we have the following result:

Proposition 4.3.14 The distribution function F, of a Linnik distribution L, 1 admits the following
representation for x > O:

1 n
Vr>0 1-Fu(x)=— > bR 4 RY(x), (4.3.43)
k=1
where

br = (=¥ (ka) sin(kmar/2),

ol (x(n + l))x—a(n+1)

ROl < T SinGra/2)]
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See Kozubowski (1994a) for the proof of Proposition 4.3.14.

We now turn our attention to series expansions and asymptotics at zero for Linnik densities,
which were theoretically thoroughly studied by Kotz et al. (1995). We add here some numerical
results. The structure of such series representations depends on the arithmetic nature of the parameter
«. Three cases ought to be investigated:

(i) 1/« is an integer.
(ii) 1/« is a noninteger rational number.
(iii) « is an irrational number.

In case (i) we have the following representation.

Proposition 4.3.15 Let p, be the density of a Linnik distribution Ly 1, where 0 < a = % < 2and
n is a positive integer. Then

1 o (_1)k+1xk/n—l
PaEX) =5 ) (4.3.44)
2 k=1 A mEQ\N T'(k/n)cos 3-

(_1)n+1

1 1.
+ cosx-log—— + Esmx

N 1)n+1 i(‘ JLCh+D o
rk+1)"

See Erdogan (1995) and Kotz et al. (1995) for the proofs. The series representation leads to the
asymptotic formula for each n > 2

(- l)k+l k/n—1 (_1)n+1 1 y
+ + log — + (=" =
pa(x) = Z Fa/m o ——log —+ (="
(—1)"+1nx /n 2/
+ 2I'(1/n) sin ;—n +O0(|x|“"), x—>0, (4.3.45)

where y is the Euler constant. Let us note the following two special cases. For « = 1, which
corresponds to ch.f. ¥1,1(¢) =[1+ 1117, we obtain the representation

1 1 1. len, G TCk+1) 5
)41 (:l:x) = ;t- COosx - log ; + E sinx + ; kZ_O( ) mx , x>0, (4346)
and the corresponding asymptotic formula
1 1 1 1
pi(#x) = —log— — — + 5%~ 5% log +0(x%, x—0. (4.3.47)
For o = 1/2, we obtain
1 & (=D Nk cosx 1
pi2(x) = - -log —
/ Z Tk + 1) 7Bk
sm |x| T2k +1) 2%
- - - 4.3.48
Z( T (4.3.48)

corresponding to ¢1,2,1(t) = [1 + |¢|1/2]71.
In case (ii), things are getting a little more complicated, as the expansion includes several series.
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Proposition 4.3.16 Let py be the density of a Linnik distribution Ly,1, where 0 < a« = - < 2 and
m and n are relatively prime integers greater than one. Then

0 — D gin(k
paEr)= Y (rlzz sin( :“/ 2) ka1 (4.3.49)
1 k/neQ\N (k)  sin(kma)
1 ( 1)(m+n)t i1
+ — 7t Z TT sin(trna/2)x

1 el (m+n)t 1
EZ I)“( 5 cos(trna/2)x™ 1

o0

1 (=1)/"'sin(jn/2)
LR D we

o
J"‘l j/meQ\N

+ — Z( l)('""'")’rz(( ))sm(trrna/Z)x””_l, x>0.
t=1

See Erdogan (1995) and Kotz et al. (1995) for proofs. Rather remarkably, under the additional
assumption that the number m is even, the series expansion for py,/, simplifies to
o0 (- 1)k+1 ka—1 0 (—l)kx2k

1 1
Pa(Ex) = Z T(ker) costkna/2) | @ 2% Tkt Dsinr@k 1 Dy~ % @359

where the series on the right-hand side is absolutely convergent. We note here that the expansion
for « = 1/n given in Proposition 4.3.15 follows from the one with « = m/n by setting m = 1 in
(4.3.49) (see Exercise 4.5.24).

To obtain asymptotic formulas for x — 0 describing the behavior up to O (|x IV), itis necessary
to select from the right-hand side of (4.3.49) the terms involving powers of |x| that are less than N
and to add the term containing log(1/|x|), if available. For example, for « = 3/2, we have m = 3,
n =2, and

4 2 1 ’()
dx)= —— — [ Z V2 4 2 x2 7/2 4.3.51
p3/2(£x) 35 \/ﬂ x| +2nx log g + O(|x|7*) (4.351)

as x — 0. Another remarkable result is that under case (iii), where « is irrational, the representation
of p, is similar to (4.3.50) rather than to (4.3.49)! Indeed, if « € (0, 2) is not rational of the form
o = m/n with an odd m, we have the representation

1 ( l)k+1|x|k" (— l)k|x|2k+l
x)=— lim { - _— 4 - , 4.3.52
pa(x) x s—>o00 | 2 Z I"(ka) cos 2% k”"‘ k; ['(2k + 1) sin 22 "(2k+1) ( )

where A; denotes the set of positive integers k satisfying the relation 1 < 2k + 1 < a(s + 1/2). In
addition, the limit on the right-hand side is uniform with respect to x on any compact subset of R.
Moreover, for almost all (but not all) irrational values of «, representation (4.3.50) remains valid and
the series converges absolutely and uniformly on any compact set. More precisely, the “lucky’ set
of irrational «’s is the set (0, 2) \ L, where L is the set of the so-called Liouville numbers — namely,
numbers S such that for any r = 2, 3, 4, ... there exists a pair of integers p, g > 2 such that

=r

0<|B—p/al <q
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It is well known that these numbers are transcendental and the set of all Liouville numbers has
Lebesgue measure zero. We thus have the following proposition [see Kotz et al. (1995)].

Proposition 4.3.17 The density p, of a Linnik distribution Ly 1, where 0 < o < 2 is irrational
and not Liouville, admits representation (4.3.50). Moreover, both series converge absolutely and
uniformly on any compact set.

To construct an o« for which both series in (4.3.50) are divergent, we have to construct a sequence
of very rapidly growing integers by the recurrence relation

gs+1 = (gs"%qs, s=1,2,...,
and set

|
a=3y —.
k=

1 9k
Evidently, since g; > 2° for s > 2 and o € (1/2, 1), it is not difficult to show that these «’s are
Liouville numbers and the terms of the form
(—1)k+] cka—1
I (ak) cos(rak/2)

with index k = g diverge to 0o as s — 0.

4.3.4 Moments and tail behavior. The asymptotic representation (4.3.43) shows that Linnik dis-
tributions have regularly varying tails with index «. More precisely, if the r.v. Y, have the Linnik
distribution L4 1, then we have

' () sin Z*

b/

lim x*P (Y, > x) = (4.3.53)
X—>00

Consequently, as noticed by Lin (1994), the absolute moments of positive order p, e(p) = E|Y4|?,
are finite for p < o and infinite for p > «. The following computational formula for e(p) is
useful for estimating the parameters of Linnik distribution [see Kozubowski and Panorska (1996),
Proposition 5.3].

Proposition 4.3.18 Let Y ~ Ly, with0Q < o < 2. Then for every 0 < p < «, we have

p(1 - p)oPn
7 -

= E|Y|P =
e(p) 7l al'(2 — p)sin ZE cos 72

(4.3.54)

In case p = 1, we need to set (1 — p)/cos ver to its limiting value when p — 1, which is
equal to 2/m. Note that for @ = 2, we obtain a familiar expression for the moments of the symmetric
Laplace distribution, E|Y|? = o”I'(p + 1) (see Exercise 4.5.25). In particular, the first absolute
moment (p = 1) is equal to o for the Laplace distribution, and

20
: T
asin 7

(4.3.55)

for the Linnik L, , distribution. We list a few selected values of E|Y| for the latter distribution with
o = 1 in Table 4.3 (the corresponding value of the standard classical Laplace distribution is equal to
1). We can clearly see the increase in E|Y| as the parameter « approaches 1. In fact, for each given
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o 101 | 1.025 | 1.05 | 1.10 | 1.25 | 1.50 | 1.75 | 2
E|Y| | 63.67 | 2549 | 12.78 | 645 | 2.72 | 1.54 | 1.17 | 1

Table 4.3: Selected values of E|Y|, where Y has the Linnik distribution with ¢ = 1 and various «’s.

o > 0, the function of « given by (4.3.55) is strictly decreasing on (1, 2] and converges to infinity
asa — 1. For o = 1, the first absolute moment of Linnik distribution is infinite, while for o = 2
it coincides with its counterpart of the standard classical Laplace distribution.

Since Linnik distribution L, » has the tails P(Y,,o > x) asymptotically equivalent to the power
function x~¢, it is in the domain of attraction of stable distribution with index «. Indeed, for a given
sequence X1, X2, ... of i.i.d. Linnik L, ; random variables, as n — 00, the sum

n
Sn = n_l/"‘ ZX,
i=1

converges in distribution to the stable law with characteristic function ¢ () = exp(—|#|%):

. itSpy _ 13 a -n __ e
Jim Efe™™] = lim (1 + [t[*/n)™" = exp(=[t]").

We conclude this section with the result on the asymptotic behavior of absolute fractional
moments of Linnik distribution, which follows from the tail behavior of geometric stable distributions
[see Kozubowski and Panorska (1996)].

Proposition 4.3.19 LetY ~ Ly s withO <a < 2. Then

) ,  2al(a)o”sin T
lim (@ — r)E|Y|" = . (4.3.56)

r->a- b4

4.3.5 Properties. In this section, we collect (somewhat fragmented) further results on symmetric
Linnik distributions.

4.3.5.1 Self-decomposability. In Section 2.4.3 we discussed the class L of self-decomposable dis-
tributions and showed that symmetric Laplace distributions belong to this class. It was shown in Lin
(1994) that this property is shared by Linnik distributions as well.

Proposition 4.3.20 All symmetric Linnik distributions are in class L, that is, for all ¢ € (0, 1) the
Linnik characteristic function ¥ o given by (4.3.1) can be written as

Va0 (t) = Ya,0(ct)dc(2), (4.3.57)
where ¢ is a characteristic function.

Proof. Lukacs (1970) has shown that if p > | and g is a ch.f,, then the function (p — 1)/(p — g(¢))
is also a characteristic function. Since

Va,0(t) p—1
i = = ¢C (t),
Ya,0(ct) P — Ya,o(ct)
where p = (1 — ¢*)~! > 1, we conclude that ¢, is a characteristic function. (]

Remark 4.3.4 We note also that strictly geometric stable laws are self-decomposable as well [see,
e.g., Kozubowski (1994a)], while geometric stable r.v.’s with 0 < o < 2 and u # O, in general, are
not [see Ramachandran (1997)].
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As shown by Yamazato (1978), self-decomposability implies unimodality, so Linnik distribu-
tions are unimodal (with the mode at zero). The unimodality of Linnik distributions was also proved
in Laha (1961). In conclusion, we note that although general geometric stable laws may not be-
long to class L, they are all unimodal (with the mode at zero), as recently shown by Belinskiy and
Kozubowski (2000).

4.3.5.2 Infinite divisibility. Wesaw in Section 2.4.1 that symmetric Laplace distribution is infinitely
divisible, and its characteristic function admits a Lévy—Khinchine representation with an explicit
expression for the Lévy measure. Linnik distributions are infinitely divisible as well, although the
Lévy measure can be no longer written explicitly. Their Lévy—Khinchine representation follows from
Lemma 7, V1.2 of Bertoin (1996) and the fact that a Linnik random variable Y, 1 can be written as
Y = S(W), where W is standard exponential variable and S(t) is a stable process with independent
increments, independent of W, and S(1) has the stable law with the characteristic function

o) =e ", (4.3.58)
Proposition 4.3.21 The ch.f. (4.3.1) of the Linnik distribution Ly , admits the representation
V(1) = exp ( f (™ — l)dA(u)) , (4.3.59)
R
where
dA u | 1 [ u eV
E;—(u) - EﬁE p( \O'X ) = ;_[) 8a (awl/"‘) w1+1/"‘dw’

where X has the stable distribution (4.3.58) and gy is the density of X.

Remark 4.3.5 See Kozubowski et al. (1998) for a more detailed discussion on the Linnik and the
more general geometric stable Lévy measure and their asymptotics at zero.

Remark 4.3.6 If @ = 2, the Linnik distribution Lo, reduces to the classical Laplace distribution

. . . . 2
CL(0, o) with mean zero and variance 20 2. In this case the stable random variable X has ch.f. e™*",
which corresponds to the normal distribution with mean zero and variance equal to two. Consequently,
the density of the Lévy measure is

2 u |2 1 [ _« 1 1,2
P w = Eep(-|2]") = __f A7 L o~iegy 4.3.60
” 2lu] p( oX ) W)t " am T Y @360
Noting that the integral in (4.3.60) is an even function of x, we obtain after some algebra
dA 00 1 — u 1
_ 2-1 —(+454)

— )= —— t o2 ¥ dt. 4.3.61
I () = Tl fo e ( )

Relating the integral in (4.3.61) to the modified Bessel function K_1 2, defined in (A.0.4) (see the
appendix), we obtain

dA 11 | ul'2 i)
W =——K_1p|l—) 2. —0c"172 4.3.62
2w = Zemkn (3) 2 ¥ 362
Finally, the application of Properties 5 and 10 of the function K results in
dA 1
—(u) = —e /7, (4.3.63)
du u|

which is the density obtained previously for the classical Laplace distribution (see Proposition 2.4.2).
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4.3.6 Simulation. Devroye’s representation (4.3.19) allows us to generate Linnik distributions
from independent stable and exponential variates. However, the generation of stable distributions
requires nonstandard methods, as their distribution functions are not given explicitly [see, e.g., Weron
(1996)]. An alternative computer simulation of Linnik random variables is obtained through represen-
tation (4.3.27) with o’ = 2. Here the r.v.’s that appear in the representation have explicit distribution
functions and thus can conveniently be generated by the inversion method. Indeed, the Laplace
distribution function is given in Section 2.1.1, while the distribution function of the r.v. W, has
the form

1
Fo(x) = — [arctan ( - u + cot J'rp) — Z:I + 1. (4.3.64)
TP sinmp 2

Since the inverse function of F, has an explicit form,
Fp_l(x) = sin(mwp) cot (mp (1 — x)) — cos(mwp), (4.3.65)

the r.v. W, can be generated by the inversion method. Here is a generator of a symmetric Linnik Ly o
distribution given by the ch.f. (4.3.1).

Linnik Ly s generator

* Generate random variate Z from the L ; distribution (standard Laplace with location 0 and
scale 1).

* Generate uniform [0,1] variate U, independent of Z.
* Set p < «/2.

e Set W « sin(mp) cot (mpU) — cos(mp).

« SetY « ozZW'/e,

RETURN Y.

More details on generation variates from the Linnik laws and the more general geometric stable
laws can be found in Kozubowski (2000b).

4.3.7 Estimation. This section is devoted to the problem of estimating the parameters « and o
of the Linnik distribution L4 . Since densities and distribution functions of Linnik laws cannot in
general be written in closed form, most estimation methods for Linnik laws suggested in the literature
are based on the characteristic function and its empirical counterpart. Recall that if X, X», ..., X,
are i.i.d. random variables with characteristic function v, then the empirical characteristic function
(sample ch.f.) is defined as

Un(t) = % Z e X (4.3.66)
Jj=1

This function is the characteristic function of the empirical distribution of the data, which assigns
probability 1/n to each observation. By definition and the strong LLN, it follows that

E[Yn(1)] = ¥ (@) and ¥,(t) 3> (1) as n — oo. (4.3.67)

Consequently, estimators based on the sample characteristic function are usually strongly consistent.
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Below we present several estimation procedures for Linnik parameters, based on the random
sample X1, X2, ..., X, from the Linnik Ly, distribution given by the ch.f. ¥ = ¥, » as specified
by (4.3.1). Here the characteristic function is real and the distribution is symmetric about zero. Thus
the real part of the empirical characteristic function,

N 1<
in(t) = ~ ;cos(tX,), (4.3.68)

can be used in estimation.

4.3.7.1 Method of moments type estimators. The first method is a special case of the estimation
procedure for geometric stable parameters suggested by Anderson (1992) and Kozubowski (1993).
The method is based on the sample characteristic function (4.3.68) for the symmetric case and
produces computationally simple, consistent, and asymptotically normal estimators. For convenience,
we set A = o'® to be consistent with the notation used in Kozubowski (1993). Since

/y@)=14+a1|t|%,
we have
() =AlGl%, i=1,2, (4.3.69)

where v(t) = |1/¢¥(¢t) — 1] and #; # ¢, are both greater than 0. Solving equations (4.3.69) for « and
A we obtain

_ loglu(m)/v(12)] A= exp {log | t1 | log[u(t2)] —log | 2 | log[u(t1)] 43.70)

log[t1 /2] log[#1 /2]

Substituting the sample ch.f. 7, (¢) for ¥ (¢) into (4.3.70) we get estimators of « and A:

= IOg[ﬁn(tl)/ﬁn(tZ)]
log[t1/12]
R = exp [ log | #1 | log[Un(t2)] — log | 2 | log[Un(#1)]
log[t1/12] ’

where U, (t) = |1/7,(t)—1| is the sample counterpart of v(¢). Since 7, (¢) L3 ¥ (@),alsoT, (1) 55 v(),
and the estimators are consistent.

Remark 4.3.7 See Jacques et al. (1999) for an extension of the method to the case of generalized
Linnik laws given by the ch.f.

1 B
o y=(——) , teR.
Va,0,6(t) (1+a°‘|t|“) €

4.3.72 Least-squares estimators. Another estimation procedure based on the sample ch.f. is the
regression-type estimation of Koutrouvelis (1980) adapted to the Linnik case, which was discussed
in Kozubowski (1993) in the more general setting of geometric stable laws. Again, set A = o%.
Taking the logarithms of both sides in the relation

[1/y@)—1|=xr]t|* 4.3.71)
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results in
log | 1/y (@) —1|=logrh+alog|t]. 4.3.72)

We can now estimate A and « using the regressionof y =log | 1/7,(t) — 1 |onx = log | ¢ | via the
model

yi=8+axi+e, i=1,...,K, (4.3.73)

where {t;},i =1, ..., K, is a suitable sequence of real numbers, § = log A, and ¢; is an error term.
Denote these estimators by & and A.

Like the method of moments procedure, the regression-type estimation presented here produces
consistent estimators and is computationally straightforward. However, optimality properties for
estimators are lacking, and the methods may not be robust with respect to the choice of the required
constants.

4.3.7.3 Minimal distance method. Anderson and Arnold (1993) discuss another estimation method
for Linnik parameters, based on empirical characteristic function (4.3.66). They consider estimation
of the parameter « of the Linnik distribution with o = 1, although the procedure can be generalized
to include the scale parameter as well. The method is based on minimization of the objective function

o0
Iz () =/ 1) — (1 + 21" 2e " ds, (4.3.74)
-0
where 1’/7 is the empirical characteristic function (4.3.66) based on the random sample X, X», Lo Xn
from the Linnik L,,; distribution. Again, since the distribution is symmetric, the real part of ¥ given
by (4.3.68) can be used, in which case the objective function becomes

o0
I (@) =/ 7(6) — (14 2]*) "1 2e" dt. (4.3.75)
-0
The weights e~ ? are incorporated mainly for mathematical convenience, as integrals of the form
[o¢]
/ fye " dt (4.3.76)
—00
can be well approximated by the sum
m
> wif(zi) + Rn (4.3.77)

i=1
(via so-called Hermite integration). Here the weights are

2"~ Im!/m

- ym 4378
(mHp—1(2i))? ( )

wj
and z; is the ith zero of the mth degree Hermite polynomial H,,(z). The values of z;, w;, and w; e
are presented in Abramowitz and Stegun (1965, p. 924). They reproduce tables of zeroes and weight
factors of the first 20 Hermite polynomials from Salzer et al. (1952).
The objective function in the symmetric case can be well approximated by

m
IL(@) =Y wili@) — 1 +zi1*) ™2 (4.3.79)
i=1
The values of @; that minimize TL (@) are strongly consistent estimators of «. Anderson and Arnold
(1993) carried out extensive simulations that indicate that this approach provides reasonable estima-
tors.
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4.3.7.4 Fractional moment estimation. Here we present the approach to estimation based on frac-
tional moments of Section 4.3.4, which was considered in Kozubowski (1999). The basis for the
method is formula (4.3.54), which expresses the fractional moment E|Y |? in terms of the parameters
« and o. We can substitute sample fractional moments and solve the resulting equations for the pa-
rameters. As noted in Kozubowski (1999), the method is computationally simple, requires minimal
implementation effort, and provides accurate estimates even for small sample sizes.

Consider 0 < p < o < 2, and let e(p) = E|Y1|? denote the pth absolute moment of L .
Next, choose two values of p, say p; and p,, replace e(px) in the fractional moment formula (4.3.54)
with its sample counterpart é(py) = % > |Yi|Pk, k = 1,2, and solve the resulting equations for «
ando.

As an illustration, assume 1 < o < 2 and take p; = 1/2 and p; = 1 so that by (4.3.54), we
have

1 o 1
‘12=—§:Y,~1/2= — 4.3.80
e(1/2) . |Y;] 2 asnk ( )
and
1 20
e(l) = =— Y| = . 4.3.81
e(l) nz 1Yil asinE ( )

Next, eliminate o from (4.3.80) and (4.3.81) by squaring both sides of (4.3.80) and dividing the two
sides of the resulting equation into the corresponding sides of equation (4.3.81). This results in the
equation for «,

é1) _dasin®
(e(1/2))2 msin 2

(4.3.82)

Asremarked by Kozubowski (1999), finding a numerical solution of (4.3.82) is straightforward, since
the right-hand side of (4.3.82) is strictly decreasing in . Now we can substitute & into either (4.3.80)
or (4.3.81) and solve the resulting equations for 7 and &, obtaining

2
61 = &2 sin® = [6(1/2)1%, (4.3.83)
b4 2a

1
&, = ~&sin Z&(1). (4.3.84)
2 a

One can compute the average 6 = (61 + 62)/2 to estimate o. As reported in Kozubowski (1999),
these estimators perform well on simulated data. The results are most accurate when « is close to
2, and generally improve as n increases. The procedure provides quite satisfactory results even for
sample sizes as small as 100, and can easily be adapted to the general strictly geometric stable case
as well.

4.3.8 Extensions. We have already seen that symmetric Linnik distributions form a subclass of
strictly geometric stable laws given by ch.f. (4.3.3). Distributions from this three-parameter fam-
ily share many properties of the Linnik laws [see, for example, Kozubowski (1994ab), Erdogan
(1995)]. In turn, strictly geometric stable laws form a subclass of geometric stable laws, defined in
Section 4.4.4. The latter is a four-parameter family of distributions that are limiting laws for (nor-
malized) geometric sums with i.i.d. components. More information on geometric stable laws can be
found in Kozubowski and Rachev (1999ab).

Since the Linnik distribution is infinitely divisible, any positive power of the Linnik ch.f. (4.3.1)
is a well-defined ch.f. corresponding to real-valued (and symmetric) random variable. The resulting
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distributions are called generalized Linnik laws [see, e.g., Devroye (1993), Pakes (1998), Erdogan
and Ostrovskii (1998b), and Jacques et al. (1999) for more details].
Nonnegative r.v.’s with Laplace-Stieltjes transform

fac(s) = s>0,0€(0,1],c>0, (4.3.85)

1+ cs®’

are the Mittag—L effler distributions, introduced by Pillai (1990). Pakes (1995) considered a more
general class of distributions with Laplace—Stieltjes transform

B
fac,p(s) = ( ) , §>0, «ae(0,1], ¢c>0, B>0, (4.3.86)

14 cs®
and referred to them as the positive Linnik laws. Note that the functions (4.3.85) and (4.3.86) ought
to be restricted to the case a € (0, 1], since otherwise they are not completely monotone, and hence
cannot serve as Laplace-Stieltjes transforms.

Replacing s in (4.3.86) by 1 — z, we obtain the function

1 B
)a) , lzl=>1, ¢€(@0,1], ¢>0, B>0, (4.3.87)

8a,c,p(2) = (T—!—dl——z

which is a probability-generating function of a nonnegative integer-valued r.v. with the discrete Linnik
distribution, studied by Devroye (1990) for ¢ = 1 and Pakes (1995) for ¢ > 0. For 8 = 1, we obtain
here the discrete Mittag—Leffler distribution [see Pillai (1990) and Jayakumar and Pillai (1995)].
Letting B — 00, we arrive in the limit at the probability-generating function

hac(z) =e 079" 171 <1, @€ (0,1], ¢>0, (4.3.88)

which represents a discrete stable distributed r.v. [see Steutel and van Horn (1979) and Christoph and
Schreiber (1998a)]. We refer the interested reader to Christoph and Schreiber (1998abc) for more
information on and further references for these discrete distributions.

4.4 Other cases

4.4.1 Log-Laplace distribution. By analogy with the lognormal, Sy, and Sp systems of distribu-
tions [see, e.g., Johnson et al. (1994), Chapters 12 and 14], Johnson (1954) considered the system

0+slogY (S, system),
x=1 6+s sinh~'Y (Sy system), (4.4.1)

0 + slog (%) (S system),
where Y has the standard classical Laplace distribution. The S; system of distributions is known as
the log-Laplace distributions (in analogy with the log-normal distributions) [see Uppuluri (1981),

Chipman (1985), Kotz et al. (1985), and Johnson et al. (1994) for further discussion on log-Laplace
distributions].

4.4.2 Generalized Laplace distribution. The following generalization of the Laplace distribution
was proposed by Subbotin (1923):

Fr(x) = 1270, (1 + 1/p)) L exp(—(pof)~tx — u|P), (4.4.2)
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where u = E(X) is the location parameter, o = [E(|X —u|P )]1/? is the scale parameter, and p > 0
is the shape parameter. The distributions with these densities form a family called exponential power
function distributions, and they are also called generalized Laplace distributions, as for p = 1 they
reduce to the standard Laplace laws. The estimation of the parameters was treated in a number of
papers, for example the MLE'’s and their properties were derived in Agré6 (1995) [see also Zeckhauser
and Thompson (1970)]. The distribution is widely used in Bayesian inference [see, e.g., Box and
Tiao (1962), Tiao and Lund (1970)]. Other related papers include Jakuszenkow (1979), Sharma
(1984), and Taylor (1992).

4.4.3 Sargandistribution. Consider asymmetric Bessel functiondistribution G.AL(0, o, T), where
T = n + 1 is an integer. Here the Bessel function K;_1,2 = K,41/2 admits a closed form (A.0.10)
given in the appendix, and density (4.1.32) becomes

.
f() = e TS yilxl, (4.4.3)
—~
where
(2n — jHr2i-2n
= —— 4.4.4
Yi= Tt — 449

[cf. equation (4.1.33)]. This distribution corresponds to the sum of n + 1 i.i.d. standard Laplace r.v.’s
(for n = 0 we obtain the standard Laplace density (2.1.2)).

More generally, if Y1, ...Y,41 are i.i.d. with general Laplace distribution (2.1.1), then the
sample mean, Y, has density

K " . .
fx) = T“e—“'x-"' 3 yjedlx -6y, (4.4.5)
j=0

where K = 1, y; are as above, and @ = (n + 1) /o [see, e.g., Weida (1935)].
The function (4.4.5) is a special case of Sargan densities of order n, which for § = 0 are given
by (4.4.5) with

-1
n

yi=0, w=1 a>0, K=Y yj'| . (4.4.6)
j=0

Sargan densities have been suggested as an alternative to normal distributions in some econo-
metric models, where it is desirable that the relevant distribution function be similar to normal but
computable in closed form [see, e.g., Goldfeld and Quandt (1981), Missiakoulis (1983) (who ob-
serves that the density of the arithmetic mean of n + 1 independent Laplace variables is an nth order
Sargan density), Kafaei and Schmidt (1985), and Tse (1987)].

4.44 Geometric stable laws. If the random variables in (2.2.1) have infinite variance, then the
geometric compounds no longer converge to an AL law given by (3.1.10) with 6 = 0. Instead, the
limiting distributions form a broader class of geometric stable (GS) laws. It is a four-parameter family
denoted by G S, (0, B, n) and conveniently described in terms of the characteristic function

V() =[1+0%|t|" wap(t) —ipt]™", (4.4.7)
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where

1 — iBsign(x) tan(mra/2), ifa # 1,

1+ip2sign()loglx|, ife=1. (4.4.8)

wa,ﬂ(x) = {

The parameter o € (0, 2] is the index that determines the tail of the distribution P(Y > y) ~
Cy @ (asy — oo0) for 0 < o < 2. For @ = 2 the tail is exponential and the distribution reduces
to an AL law, since wy g = 1. The parameter B € [—1, 1] is the skewness parameter, while © € R
and o > O control, as usual, the location and scale, respectively. We provide a few comments on
basic features of GS laws, referring an interested reader to Kozubowski and Rachev (1999ab) for
up-to-date information and numerous references on GS laws and their particular cases.

Remark 4.4.1 Special cases of GS laws include Linnik distribution [discussed in Chapter 4, Sec-
tion 4.3, where B = 0 and i = 0; see Linnik (1953)], and Mittag—Leffler distributions, which are
GS with 8 = 1 and either « = 1 and o = 0 (exponential distribution) or 0 < @ < 1 and u = 0. The
latter are the only nonnegative GS r.v.’s [see, e.g., Pillai (1990), Fuita (1993), Jayakumar and Pillai
(1993)]. For applications of Mittag—Leffler laws, see, e.g., Weron and Kotulski (1996).

Remark 4.4.2 GS laws share many, but not all, properties of the so-called Paretian stable distribu-
tions. In fact, Paretian stable and GS laws are related via their characteristic functions, ¢ and ¥, as
shown in Mittnik and Rachev (1991):

Y (1) = y(=loge(r)), (44.9)

where y (x) = 1/(1 + x) is the Laplace transform of the standard exponential distribution. Relation
(4.4.9) produces representation (4.4.7), as well as the mixture representation of a GS random variable
Y in terms of independent standardized Pareto stable and exponential r.v.’s X and W:

Yi{uw+wl/“ax, a#l,
Note that this representation reduces to (2.2.3) in the case « = 2 and i = 0, as then X has the normal
distribution with mean zero and variance 2.

Remark 4.4.3 The asymmetric Laplace distribution, which is GS with a = 2, plays, among GS
laws, a role analogous to that of the normal distribution among Paretian stable laws. Namely, AL
are the only laws in this class with a finite variance. Also they are limits in the random summation
scheme with a geometrically distributed number of terms as the normal laws are limits in the ordinary
summation scheme. In contrast to normal distribution, c.d.f.’s of AL laws have explicit expressions,
which makes them far easier to handle in applications.

Remark 4.4.4 Similar to Paretian stable laws, the GS laws lack explicit expressions for densities
and distribution functions, which handicap their practical implementation. Moreover, they are “fat-
tailed,” have stability properties (with respect to random summation), and generalize the central limit
theorem (being the only limiting laws for geometric compounds). However, they are different from
the stable (and normal) laws in that their densities are more “peaked”; consequently, they are similar
to the Laplace type distributions, being heavy-tailed. Unlike Paretian stable densities, GS densities
“blow-up”’ at zero if @ < 1. Since many financial data are “peaked” and “‘fat-tailed,” they are often
consistent with a GS model [see, e.g., Kozubowski and Rachev (1994)].
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4.4.5 v-stable laws. Suppose that the random number of terms in the summation (2.2.1) is any
integer-valued random variable, and, as p converges to zero, v, approaches infinity (in probability)
while pv, converges in distribution to a r.v. v with Laplace transform y. Then the normalized
compounds (2.2.1) converge in distribution to a v-stable r.v., whose characteristic function is (4.4.9)
[see, e.g., Gnedenko and Korolev (1996), Klebanov and Rachev (1996), Kozubowski and Panorska
(1996)]. The class of v-stable laws contains GS and generalized AL laws as special cases: if v, is
geometric with mean 1/ p, then pv,, converges to the standard exponential and (4.4.9) leads to (4.4.7).
The tail behavior of v-stable laws is essentially the same as that of stable and GS laws.

4.5 Exercises

Exercise 4.5.1 For any given 6% > 0, let the r.v. X be log-normal with the p.d.f.

1 ,—00gx)?/(20%)  for x > 0,

2y = 2nox
fxlo?) { B

otherwise,
so that given o2, the r.v. log X is N (0, o). Show that if the quantity o2 is a random variable with
the standard exponential distribution, then X has the log-Laplace distribution with the p.d.f.

g(x)—L xV2-1 for0 <x <1,
V2 x‘l_ﬁ forx > 1,

so that the r.v. log X is standard Laplace £(0, 1).

Exercise 4.5.2 Using the results on symmetric generalized Laplace densities, demonstrate that asym-
metric generalized Laplace densities are unimodal. Is the mode for those distributions always at zero?

Exercise 4.5.3 Recall that if X has the standard symmetric Bessel function distribution GAL*(0, 1,
V2, n) with ch.f. is (1 4+ #2)™", then X has the same distribution as the sum of n i.i.d. standard
classical Laplace random variables. Thus the variable X admits the random sum representation
discussed in Proposition 2.3.2. Investigate whether a skewed Bessel r.v. GAL*(0, «, o, n) admits a
similar representation.

Exercise 4.5.4 Using Theorem4.1.1, show that under the conditions of this theorem, the correspond-
ing generalized Laplace densities converge to a normal density.

Exercise 4.5.5 Derive the coefficient of skewness and kurtosis for the K -Bessel function distribution,
and compare them with the corresponding values for the Laplace and AL laws.

Exercise 4.5.6 Derive estimators of the K -Bessel function distribution parameters by the method of
moments, and study their asymptotic properties. You may want to consider several cases as to which
of the four parameters are unknown.

Exercise 4.5.7 Consider a sequence of stochastic processes {L,(¢)} and a process B(t). We say that
{L ()} has finite dimensional distributions convergent to the finite dimensional distributions of B(t),
if for each N € N and 1y, ..., ty, the sequence of the random vectors (L, (t1), ..., La(tn)) con-
verges in distribution to (B(t1), ..., B(ty)). Let L, (t) be LM(1/./T4, 1/7,), Where T, converges to
infinity, and let B(¢) be a standard Brownian motion. Show that the convergence of finite dimensional
distributions holds in this case.
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Exercise 4.5.8 Let X, ..., X, be i.i.d. with the exponential power function density
g() = M9 oo <x <0, s,k>0 45.1)
2sT"(1/k) ’ ’ ’ ’

where k is assumed to be known (for kK = 1 we obtain the Laplace distribution).
(a) Show that the method of moments estimator of the parameter s2is

C(1/k) x2
81 = TG/ - Z (4.5.2)

[Jakuszenkow (1979)]. Derive the mean and the variance of §;. Show that § is unbiased and consistent
for s2. Is 81 an efficient estimator for s2, i.e., does the variance of 8; coincide with the Cramér—Rao
lower bound?

(b) Show that the MLE of the parameter s* is

n

k
8=~ > IXqlk (4.5.3)
i=l1

[Jakuszenkow (1979)]. Show that &, is unbiased and consistent for s¥. Is &, an efficient estimator
for sk
(c) Show that among all estimators of the form

§=a) X, a>0, (4.5.4)

the one that minimizes the expected value of the loss function
LG, s%) = f(sH)6 ~ 5%, (45.5)
where f is an arbitrary positive function, corresponds to

. rG3/kr/k)
- IG5/ /k)+ (n—1)I2@3/k)

(4.5.6)

[Jakuszenkow (1979)]. Is the resulting estimator unbiased for 522

(d) Note that the estimator considered in part (c) is not a function of the complete and sufficient
statistic T = Y 7_; |X; |¥. To improve the estimator, consider the class of estimators of the form
aT?* o > 0, and show that the best estimator (with respect to the loss function (4.5.5)) is obtained for

, T +2/k)

ECEDD) @37
[Sharma (1984)].

Exercise 4.5.9 Extend Theorem 4.2.3 to an arbitrary symmetric Laplace motion LM(o, v) defined
over the interval [0, T].

Exercise 4.5.10 It is well-known that there exist essentially different stochastic processes having
the same distribution at any fixed time point. Consider the following two processes:

= VT10 B+ Tipp + mt
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and
L= \/—I;;UBt + Trp +mt,

where I'; is a gamma process independent of a Brownian motion B;, while I, is a gamma white
noise, i.e., foreachn € Nand #,...,#, € R the variables l:‘,I, e l:‘,,l are independent gamma
distributed with the shape parameters #; /v, ..., t,/v, respectively.

Let L, be ALM(u, o, v) with a drift m. Show that for each fixed ¢

47 4

b"ll

L =1L,

t-

Are L, and L, Laplace motions? Why?
Hint: Use the representation given in Proposition 4.1.2 to show the first part.

Exercise 4.5.11 Prove the representation 4.2.2 of ACM (u, o, v).
Exercise 4.5.12 Prove the representation 4.2.3 of ACM(u, o0, v).
Exercise 4.5.13 Prove the representation 4.2.4 of ACM(u, o, v).

Exercise 4.5.14 Show that the function (4.3.1) is a genuine characteristic functionforany 0 < o < 1.
Hint: Proceed by showing the following:

(D) Ya,0(t) = Ya,o(—1), 1 >0.
(i) Ya,o(0) =1
(iii) limy— o0 Ya,o () = 0.
(iv) ¥y () > Ofort > 0 so that Y4 ¢ is convex on (0, 00).

Thus ¥4,0 is a Polya-type ch.f. [see, e.g., Lukacs (1970)].

Exercise 4.5.15 For any p € (0, 1), let v, denote a geometric r.v. with mean 1/p and probability
function

Pw,=k)=pl—-p*', k=12....

Let p, g € (0, 1), and consider a sequence (vf,i)) of i.i.d. geometric random variables with mean 1/p
and another geometric r.v. v, independent of the sequence. Show that the geometric sum Z:}il vf,')
has the same probability distribution as v, (a geometric r.v. with mean 1/(pq)).

Hint: Write the ch.f. of the geometric sum conditioning on the v,.

Exercise 4.5.16 For each n > 1, let Z,(,l), Z,(,z), ... be a sequence of i.i.d. r.v.’s. Assume that for

each i we have the convergence zy 4 70 asn — oo, where the Z@’s are independent and
identically distributed variables. Let v be any integer-valued r.v. independent of all the other r.v.’s

involved. Show that, as n — o0, the random sum ) _;_, Z¥ converges in distribution to the random
sum Y!_; Z©.

Exercise 4.5.17 Prove Proposition 4.3.6.
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Exercise 4.5.18 For any 0 < p < 1, let f, be the Cauchy density on (—o00, 00), defined as

sin(mrp)
7[(x 4 cos(mp))? + sin’(7p)]’

fo(x) = x eR. (4.5.8)

Show that f0°° fo(x)dx = p,sothat g,(x) = %fp(x) is a density on (0, 00).

Exercise 4.5.19 For any 0 < p < 1, let W, be a positive r.v. with the density g, defined in
Exercise 4.5.18. Show that as p — 0, the distribution of W, converges weakly to the distribution
given by the density go(x) = (1 + x)~2, while as p — 17, the distribution of W, converges weakly
to a distribution of a unit mass at 1, namely, W; = 1.

Exercise 4.5.20 For any 0 < p < 1, let W, be a positive r.v. with the density g, defined in
Exercise 4.5.18. Show that W, has the reciprocal property W, £ /Wp.

Exercise 4.5.21 Show that if X is the Pareto Type I random variable with the p.d.f.

1

=—-——, 0 b,
xlogbh —loga =a=x=

fx)

then Y = 1/ X has a distribution of the same type.

Exercise 4.5.22 Prove Proposition 4.3.11.

Exercise 4.5.23 Prove Proposition 4.3.12

Exercise 4.5.24 Show that setting m = 1 in (4.3.49) produces (4.3.44).

Exercise 4.5.25 Using the well-known identity for noninteger values of z,

y@QI'l—2) =

sinwz’

show that for @ = 2, the fractional absolute moments of the Linnik distribution given by (4.3.54)
coincide with o*I"(p + 1), which are the moments of the symmetric Laplace distribution.

Exercise 4.5.26 Show that the Sargan density (4.4.5) with restrictions (4.4.6) is a bona fide proba-
bility density function on (—00, 00).
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Introduction

In this part we discuss current results on multivariate Laplace distributions and their generalizations.
The field is relatively unexplored, and the subject matter is quite fresh and somewhat fragmented;
thus our account is intentionally concise. In our opinion, some period of digestion is required to
put these results in a proper perspective. Hopefully, a separate monograph will be available on this
burgeoning area of statistical distributions in the not-too-distant future.

Multivariate generalizations of the Laplace laws have been considered on various occasions
by various authors. The term multivariate Laplace law is still somewhat ambiguous, but at present
it applies most often to the class of symmetric, elliptically contoured distributions for which the
characteristic function is of the form

oty = ——. L1
=15 ULt
Recall that an r.v. in R? has an elliptically contoured distribution if its ch.f. has the form
d(t) = ' MP(t'Tt) (I1.2)

for some function ¢, where m is ad x 1 vector in Rfand Xisad xd nonnegative definite matrix
[see, e.g., Fang et al. (1990)].

Probably the simplest multivariate generalization of Laplace distribution is the distribution of
a vector of independent Laplace random variables [see, e.g., Osiewalski and Steel (1993), Marshall
and Olkin (1993)]. However not many properties of univariate laws can be extended to this class
of distributions. Moreover, it is not invariant on rotations (see, for example, the graph of bivariate
density in Figure 8.7).

Transforming a bivariate normal distribution, Ulrich and Chen (1987) obtained another bivari-
ate distribution with Laplace marginals, noting that there were no “naturally occurring” bivariate
Laplace distributions. Much earlier, McGraw and Wagner (1968) in their seminal paper provided
a number of examples of bivariate elliptically contoured distributions, including the multivariate
Laplace distribution (II.1) and their generalizations [see also Johnson and Kotz (1972), Table 3,
p. 297 and equation (69), p. 301, and Johnson (1987)]. This multivariate Laplace law also appears
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in Anderson (1992) as a special case of the multivariate Linnik distribution [also known as the
semi-a-Laplace distribution; see Pillai (1985)].

Ernst (1998) introduced yet another multivariate extension of symmetric Laplace distributions
again via an elliptic contouring. In the one-dimensional case his class reduces to the univariate
symmetric Laplace laws.

Barndorff-Nielsen (1977) introduced the class of so-called hyperbolic distributions, which was
later extended to the multivariate case in Blaesid (1981). With an appropriate passage to the limit
of their parameters, one can obtain a multivariate and asymmetric extension of the Laplace laws.
This class is studied here on its own, independently of the theory of hyperbolic and inverse Gaussian
distributions.

This part of the monograph is organized so that special cases — bivariate and symmetric
distributions — are discussed (albeit rather briefly) prior to the more general cases of multivari-
ate and asymmetric distributions. We believe that this exposition, despite the fact that formally most
of the properties follow from the results derived for the general case, allows for a faster reference to
the special important cases without the need to absorb the more cumbersome notation and description
of the general multivariate asymmetric Laplace distributions. Thus the symmetric (elliptically con-
toured) multivariate distributions are discussed before the general asymmetric ones and the bivariate
cases precede the general multivariate ones. On the other hand, we present proofs for the general
setting, omitting explicit proofs in particular cases unless they provide a better insight.

While discussing the multivariate Laplace distributions we always consider them to be centered
at zero. One can add the location parameter in a natural manner and thus consider, as we did in
the previous chapters, a more general class of asymmetric Laplace distributions. However, this
complicates the already cumbersome notation in the multivariate case without adding substantially
to deeper understanding.
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Symmetric Multivariate Laplace Distribution

In this chapter we discuss a natural extension of the univariate symmetric Laplace distribution to the
multivariate setting. The material discussed here has not — to the best of our knowledge — appeared
before in book literature. A comparison with the commonly used multivariate normal distribution
would be most instructive.

5.1 Bivariate case

5.1.1 Definition. As in the univariate case, the most direct and simple way to introduce the bi-
variate symmetric Laplace distributions is through their characteristic functions. Thus the bivariate
symmetric Laplace distributions constitute a three-parameter family of two-dimensional distributions
with the characteristic functions given by

o2t? o2\ 7!
Y(t, ) = 1+%-l-10<71021"1t2-+-12z ,

where the three parameters o1, 07, and p satisfy
01 >0,020>0,p€[0,1].

We shall use BSL (o1, 03, p) instead of the lengthy expression to describe membership in this family.

Note that in this definition, as well as in all others in this part of the book, we do not take
into account the location of the distribution, always centering it at zero. The word “symmetric” in
our terminology represents the fact that our distribution is actually obtained from a one-dimensional
distribution spread uniformly along an ellipsoid in the two dimensions. Formally, this means that
the characteristic function depends on its argument t = (#1, #)’ through t'Xt, where X is a certain
nonnegative definite matrix, in this case

2
2=[ 7 m?p]. (5.1.1)

g102p0 02
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In general, for this type of distribution the name elliptically contoured is used, and more appropriately
the distribution under consideration should be called the elliptically contoured Laplace distribution.
The following property follows immediately from the definition.

Proposition 5.1.1 A linear combination a\ Y1+ a, Y5 of the coordinates of a BSL(o1, 02, p) random
vector Y = (Y1, Y2)’ has a one-dimensional symmetric Laplace distribution L(0, o), where

o= \/clzaf + 2pojoraia; + ofal).

In particular, the marginal distributions of a BSL distribution are symmetric Laplace distribu-
tions.

The case wheno; = 02 = 1and p = O will be distinguished, and the corresponding distribution
will be referred to as the standard bivariate Laplace distribution.

5.1.2 Moments. The moments of the Laplace distribution are easily obtained by differentiating
its characteristic function. In particular, we have the following formulas for the mean vector and
variance-covariance matrix of a BSL(o, 02, p) random vector Y:

2
EY = 0; Cov(Y) = E(YY') = [ °r  o192p ] .
a102p0 B
Note that if Y is uncorrelated (o = 0), Y; and Y, are not independent (unlike the situation in

the case of bivariate normal distribution).

Remark 5.1.1 One can consider a vector of two independent Laplace random variables and its
distribution. By the above property, such a vector does not belong to the multivariate Laplace family.
An example of the density for such a random vector can be seen in Figure 8.7.

5.1.3 Densities. The formula for densities is taken from the general case, considered in Section 6.5
of Chapter 6, equation (6.5.3). Namely, assuming that the distribution is nonsingular, we have

gx,y) = —————"
mo1o2y/1 — p? 1—p2

where K is the Bessel function of the third kind given by (A.0.4) or (A.0.5) in the appendix.
In particular, the standard bivariate Laplace distribution is given by

%Ko <\/2(x2 + y2)) . (5.1.2)

To compare the Gaussian and Laplace distributions we present in Figures 5.1 and 5.2 bivariate
AL and Gaussian densities. Figure 5.1 deals with uncorrelated distributions with the two covariance

matrices X given by
1 0 1 0
[ 0 1 ] and [ 0 05 ] (5.1.3)

The graphs present contour lines at the levels in the interval (0, 0.5). The densities were cut off
above the level of 0.5 (the Laplace densities are unbounded around zero). To illustrate the tails and
behavior around zero, the contour levels were chosen differently in two different subintervals. From
the subinterval (0, 0.005) we chose 10 equally spaced levels to show contours representing tails of
a distribution and from the subinterval (0.005, 0.5) we selected 50 equally spaced levels to present
contours of a distribution at its center.

1 X \/2<x2/af — 2pxy/(0102) + y2/a§))
0 9y
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LAPLACE
Y = Cov(Y)

Figure 5.1: Laplace and Gaussian bivariate densities corresponding to the uncorrelated distributions.

The first two drawings represent Gaussian densities of the distributions with the covariance
matrices specified by the values of X. The third and fourth drawings represent densities of the Laplace
random variables — symmetric and having the same covariance matrices. The bivariate parameters
of these two distributions are given by X = Cov(Y). The one on the left-hand side corresponds to
the bivariate standard Laplace random variable with the density (5.1.2) for which X is the identity
matrix.

InFigure 5.2, we present the correlated version of the graphs in Figure 5.1. Namely, we consider
the covariance matrices X given by

1 05 I 05
[ 05 1 ] and [0.5 0.5 ] (5-14
In the the top drawings, the Gaussian distributions are presented with covariance matrices given by
(5.1.4). In the bottom drawings, the corresponding Laplace densities are provided.

5.1.4 Simulation of bivariate Laplace variates. The general algorithm for simulation of asym-
metric multivariate Laplace variables is derived in Section 6.4 of the next chapter. We present here
its version for the bivariate symmetric case.
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Cov(®) =[ 05 1 ] Cov(Y) =[ 05 03 ]

GAUSSIAN

LAPLACE
X = Cov(Y)

Figure 5.2: Laplace and Gaussian bivariate densities corresponding to the correlated distributions.

BSL(o1, 02, p) generator

e Generate a bivariate normal variable X with mean zero and covariance matrix X given
by (5.1.1).

* Generate a standard exponential variable W.
e SetY «— VW .X.
* RETURNYY.

In Figures 5.3 and 5.4 below we have used this method implemented in the S-Plus package
to simulate samples from the distributions that are given by the densities presented on Figures 5.1
and 5.2.

5.2 General symmetric multivariate case

5.2.1 Definition. A multivariate symmetric Laplace distribution is a direct generalization of the
bivariate case. As before, the word “symmetric” refers to elliptically contoured or elliptically sym-
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1 0 1 0
Cov(Y) _[ 0 1 :I Cov(Y) = [ 0 05 ]
GAUSSIAN °7 °7 ’
T4 74
L M L2 o 2 .
LAPLACE ° ° A o
Y = Cov(Y) .
T A T
L L ’ . L L : )

Figure 5.3: Uncorrelated Laplace and Gaussian random samples. Monte-Carlo simulation is based
on the described algorithm. (The sample size equals 2000.)

metric distributions and means that the distributions possess the characteristic function that depends
on its variables only through a quadratic form.

Let X be an d x d nonnegative definite symmetric matrix. We shall say that a d-dimensional
distribution is multivariate symmetric Laplace with the parameter X, denoted S£,4(X) if its charac-
teristic function is of the form

W(t) = (5.2.1)

L+ JtEt
5.2.2 Moments and densities. It follows directly from the definition that the SL,;(X) distribution
is centered at zero (the mean is zero) and its covariance matrix is given by X.

From the representation of the density for the general multivariate asymmetric case, we have
that the SL;4(X) density function (for a nonsingular distribution) is of the form

v/2
2 yZly -
g(y) = e ( 3 K, <\/2y’2 y) , (5.2.2)
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Cov(Y) =[ 0?5 Ois ] Cov(Y) =[ 105 :l
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Figure 5.4: Correlated Laplace and Gaussian random samples. Monte-Carlo simulation is based on
the described algorithm. (The sample size equals 2000.)

where v = (2 —d)/2 and K, (-) is the modified Bessel function of the third kind given by (A.0.4) or
(A.0.5) in the appendix. This density was derived in George and Pillai (1988) for the case £ = 2I4
and in Anderson (1992) as a special case of multivariate Linnik density (note that density (8) of
Anderson (1992) contains an extra factor of 4/2Q). Additional properties of SL;(X) are provided
in the exercises below. They should be viewed as an integral part of this chapter.

5.3 Exercises

Exercise 5.3.1 Let X = (X}, X3)' have a standard bivariate Laplace distribution BSL(1, 1, 0).
Show that the two random variables X; and X3 are uncorrelated but not independent.

Exercise 5.3.2 Let X = (X1, X2)' have a standard bivariate Laplace distribution BSL(1, 1, 0).
Convert to polar coordinates by setting X; = Rcos6, X2 = Rsind (R > 0,0 <8 < 2m).

(a) Derive the marginal density function of R.

(b) Derive the marginal density function of 6.
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(c) Are R and 6 independent?

(d) Repeat parts (a)—(c) under the assumption that X; and X are i.i.d. with the standard Laplace
L(0, 1) distribution.

(e) Repeat parts (a)—(c) under the assumption that X; and X are i.i.d. with the standard normal
distribution.

Exercise 5.3.3 Let X = (X1, X2) ~ BSL(o1, 02, p).
(a) Derive the marginal p.d.f.’s of X; and X>.
(b) Derive the conditional p.d.f. of X; given X; = x;.

Exercise 5.3.4* LetX = (X1, ..., X4)’ have asymmetric multivariate Laplace distribution SL4(X),
and let ¥ be the ch.f. of X.

(a) Verify that the mean vector of X is 0 and the covariance matrix of X is X.

(b) Using the following expression for the kth moment of X,

show that every moment of X of odd order vanishes.
(c)* Using the following expression for the kth cumulant of X,
a(X) = ziké]:‘iioaf’_ﬂ o 5.3.2)
show that c1(X) =0, c2(X) = X, c3(X) = 0 and
caX) =vecTQvec' T + Iz +Kig)(E® X) (5.3.3)

[Kollo (2000)], where vec A is the vec operator of matrix A, A ® B is the Kronecker product of
matrices A and B, and K,y is the vec-permutation matrix [see, e.g., Harville (1997) or Magnus and
Neudecker (1999) for the matrix notation]. What are the corresponding results for the multivariate
normal vector X with vector mean zero and covariance matrix X? [You may wish to consult Kotz et
al. (2000).]

Exercise 5.3.5* Recall that if X is a univariate standard classical Laplace variable with density
p(x) = %e""' (—00 < x < ©0), then the ordinate p(X) has uniform distribution on (0, 1/2), while

the ordinate p(Z) fails to be uniform for standard normal variable Z with density p(x) = ﬁe‘xz/ 2

(=00 < x < 00) (see Exercise 2.7.9). However, show that if the variables X| and X, have bivariate
normal distribution with p.d.f.

1 1,242
P(xlyXZ) = 2_8—2()71'{’/\?2)’ —00 < X1, X2 < OQ,
4

then the ordinate p(X, X») is uniform on (0, 2) [Troutt (1991)]. Investigate the corresponding
case of standard bivariate Laplace distribution with p.d.f.

1
p(x1, x2) = —Ko (\/zm2 +x§>), (x1,x2) # (0,0).

We suggest that you consult Troutt (1991), Kotz and Troutt (1996), or Kotz et al. (1997).
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Exercise 5.3.6 Generalize the results of Exercises 2.7.9 and 5.3.5 by showing that if X is a random
vector in R?, d > 1, with probability density function

f®) = cqe &2,

then the random variable U = f(X) has uniform distribution on (0, c¢z). What is the value of cz?

Exercise 5.3.7 LetY = (Y}, ..., Y4)’ have a multivariate AL4(0, I;) distribution in R4. Show that
the random vector

n Yo

T7ARRRE —-—-—Yd

has a multivariate Cauchy distribution with density

d—1\ —4/2
I'(d/2)n~4/? (1 + Z)

i=l1

and is independent of ||Y|| = (Z?=1 Y,.Z)l/ 2 This result is actually a characterization of spherically
symmetric distributions [see George and Pillai (1988)].
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Asymmetric Multivariate Laplace Distribution

In this chapter we present the theory of a class of multivariate laws that we term asymmetric Laplace
(AL) distributions [see Kozubowski and Podgorski (1999bc), Kotz et al. (2000b)]. The class is an
extension of both the symmetric multivariate Laplace distributions and the univariate AL distribu-
tions that were discussed in previous chapters. This extension retains the natural, asymmetric, and
multivariate features of the properties characterizing these two important subclasses. In particular, the
AL distributions arise as the limiting laws in a random summation scheme with i.i.d. terms having a
finite second moment, where the number of terms in the summation is geometrically distributed inde-
pendently of the terms themselves. This class can be viewed as a subclass of hyperbolic distributions
and some of its properties are inherited from them. However, to demonstrate an elegant theoretical
structure of the multivariate AL laws and also for the sake of simplicity we prefer direct derivations of
the results. Thus we provide explicit formulas for the probability density and the density of the Lévy
measure. The results presented also include characterizations, mixture representations, formulas for
moments, a simulation algorithm, and a brief discussion of linear regression models with AL errors.

The multivariate laws discussed, unlike the laws of Ernst (1998) already mentioned, have
multivariate (and univariate) Laplace marginal distributions, allow for asymmetry, and in general
are not elliptically contoured. Asymmetric Laplace laws can be defined in various equivalent ways,
which we express in the form of their characterizations and representations. Their significance comes
from the fact that they are the only distributional limits for (appropriately normalized) random sums
of i.i.d. random vectors (r.v.’s) with finite second moments

XD 44 X("P)y (6.0.1)
where v, has a geometric distribution with the mean 1/p (independent of X)’s):
Pv,=k =p(l—prl k=12,..., (6.0.2)

and p converges to zero [see, e.g., Mittnik and Rachev (1991)]. Thus these multivariate laws arise
rather naturally. Since the sums such as (6.0.1) frequently appear in many applied problems in biology,
economics, insurance mathematics, reliability, and other fields [see examples in Kalashnikov (1997)
and references therein], AL distributions should have a wide variety of applications. In particular,
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this class seems to be suitable for modeling heavy-tailed asymmetric multivariate data for which one
is reluctant to sacrifice the property of finiteness of moments. (Multivariate stable distributions are
an alternative where this concession has to be made.)

From the standpoint of classical distribution theory, the AL laws form a subclass of the geometric
stable distributions [see, e.g., Rachev and SenGupta (1992)]. The geometric stable laws approximate
geometric compounds (6.0.1) with arbitrary components, including those with infinite means [see
Kozubowski and Rachev (1999b) for references on multivariate geometric stable laws]. The geometric
stable distributions, similar to stable laws, have the tail behavior governed by the index of stability
a € (0, 2]. The AL distributions correspond to the geometric stable subclass with o = 2. Thus they
play an analogous role among geometric stable laws as Gaussian distributions do among stable laws.
Like Gaussian distributions, they have finite moments of all orders, and their theory is equally elegant
and straightforward. However, in spite of finiteness of moments, their tails are substantially longer
than those for Gaussian laws; this coupled with the fact that they allow for asymmetry makes them
more flexible and attractive for modeling heavy-tailed asymmetric data.

Incidentally, the multivariate AL laws can be obtained as a limiting case of the generalized
hyperbolic distributions, introduced by Barndorff-Nielsen (1977). Consequently, certain properties of
AL laws can be deduced from the corresponding properties of the generalized hyperbolic distributions
and passing to the limit. However, direct proofs for AL laws are often simpler than their “hyperbolic”
counterparts and in addition provide better insight into this class, and we have included them in our
work. Moreover, many properties are quite specific to AL laws, such as their convolution properties
in relation to the random summation model. From the latter point of view, which coincides with our
main interest and motivation, the relation to the generalized hyperbolic laws, although an important
one, is not crucial.

6.1 Bivariate case: Definition and basic properties

6.1.1 Definition. The bivariate asymmetric Laplace distributions constitute a five parameter family
of two-dimensional distributions given by the characteristic function

1
¥, h) = 53 55 ,

oyt o5t . .
1+ —12—1 + poroatity + % —imit; —imaty

where the five parameters m, mj, 01, 07, and p satisfy
m ER, m2€R> o] 209 02201 pe[ov 1]

In what follows, the notation BAL(m1, my, o1, 02, p) stands for the asymmetric bivariate Laplace
distribution with the given parameters.

The distribution is no longer elliptically contoured (unless m; = my = 0), which justifies
using the term “asymmetric distributions.” The following property follows immediately from the
definition.

Proposition 6.1.1 A linear combination a1Y)+ayY? of the coordinates ofa BAL(m1, m3, 01, 02, p)
random vector Y = (Y1, Y2)’ has a one-dimensional AL distribution AL(w, o), where

w=mia; +maap and o = ‘/orlzalz + 2poi0za1a; + 02211%).

As in the symmetric case, the marginal distributions of a BAL distribution are univariate
asymmetric Laplace distributions.
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6.1.2 Moments. The moments of the BAL distribution are easily obtained by differentiating their
characteristic function. In particular, we have the following formulas for the means and the elements
of the variance-covariance matrix of a BAL(m1, m;, o1, 02, p) random vector Y = (Y1, ¥2)":

EY, =my, EY, =my; VarY =012+m%, Var Y, =022+m%,
Cov(Yy, V2) = 01020 + mim3.

Note that as in the symmetric case, even if the components of Y are uncorrelated (i.e., 01020 +
mimy = 0), they are not independent. Moreover, the matrix X given by (5.1.1) is no longer the
variance-covariance matrix of Y (unless m = (m1, my) = 0).

6.1.3 Densities. The expression for densities is obtained from the general case considered in the
next section [equation (6.5.3)]. For a nonsingular distribution, we have

oa, y) = ZRLWm02/01 = map) x + (ma01/32 — m1p) y) [@102(1 = p2)]
’ mo102y/ 1 — p?

- Ko (C(ml,mz, 01,02, P)\/xzaz/al —2pxy + y201/02> ;

where

\/20102(1 —p) + mfaz/al —2mimap + m%al/az
C(my, mp, 01,02, p) = : 3 .
o102(1 — p?)

In Figure 6.1, we present four different asymmetric bivariate Laplace densities for which the
covariance matrix is exactly the same as for the symmetric cases of Gaussian and Laplace distributions
presented in Figure 5.1. These densities are still uncorrelated but the matrix X is no longer diagonal.

The four graphs deal with various cases when m; # 0 and my # 0, and thus the distributions
are no longer elliptically contoured (symmetric). The values of the five parameters are as follows.
The two cases in the top row of Figure 6.1 correspond to m; = my = 1/2 and 01 = 07 = V3/2,
p = —1/3 (left graph) and 07 = V3/2,00 = 1/2, p = —~/3/3 (right graph). The two cases in
the bottom row of Figure 6.1 correspond to my = 1/2,my = 1/4 and 01 = \/5/2, oy = «/E/4,
p = —+/5/15 (left graph) and o1 = +/3/2, 05 = /7/4, p = —+/21/21 (right graph). For the
meaning of the presented contour lines, see Section 5.1.

The graphs indicate that even in the uncorrelated case, the Laplace distributions exhibit a large
variety of asymmetric features, this property not shared by Gaussian distributions (compare with
Figure 5.1).

Similar graphs are obtained for the correlated densities corresponding to the covariance matrices
givenin Section 5.1. Figure 6.2 should be compared with the symmetric case provided in Figure 5.2. In
both cases, we have the same correlation structure. These graphs present densities of four asymmetric
Laplace distributions with parameters specified as follows:

z-[ 00 0% ] m-os05
2=[03 93] m-sos

*= 0957755 (85337755 ] m = (0.5,0.25)';
¥ = 0937755 &1337755 ] m = (0.5, 0.25)".

Asymmetry of the distributions is clearly noticeable.
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Cov(Y)=[ (1) (1)]

s}
LAPLACE
m = (0.5,0.5) o
X # Cov(Y)
|
4l
o
2
LAPLACE ‘
m= (0.5,0.25) o
X # Cov(Y)
-1
-2
-3

Figure 6.1: Asymmetric bivariate Laplace densities corresponding to the uncorrelated distributions.
The covariances are the same as in the symmetric case in Figure 5.1.

6.1.4 Simulation of bivariate asymmetric Laplace variates. The general algorithm for simulat-

ing asymmetric multivariate Laplace variables is derived in Section 6.4 of the next chapter. In the
bivariate case it takes the following form:

BAL(@my, m,y, 01,07, p) generator

Generate a bivariate normal variable X with mean zero and covariance matrix X given
by (5.1.1).

* Generate a standard exponential variable W.

SetY « W .X+ mW, where m = (my, my)’.

RETURNYY.

Note that compared with the corresponding algorithm for the symmetric case (see Section 5.1),
here we have an extra variable mW, which combined with +/ WX leads to an AL variable.
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Cov(¥) =[ 0?5 3Z§ ]

2
1
LAPLACE
m = (0.5,0.5)’ °
X # Cov(Y)
LAPLACE
m = (0.5,0.25)’ °
X # Cov(Y)
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b
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Figure 6.2: Laplace asymmetric bivariate densities corresponding to correlated distributions. The
same covariances as in the symmetric case in Figure 5.2 are used.

In Figures 6.3 and 6.4, we present graphs of the same densities (based on Monte-Carlo simu-
lation) as those presented in the graphs of the densities in Figures 6.1 and 6.2.

6.2 General multivariate asymmetric case
6.2.1 Definition. First, we provide a definition of multivariate AL laws.

Definition 6.2.1 A random vector Y in R? is said to have a multivariate asymmetric Laplace distri-
bution (AL) if its characteristic function is given by

1

W(t) = ,
® 1+ 3tZt—im't

(62.1)

where m € R? and X is a d x d nonnegative definite symmetric matrix.

We use the notation AL, (m, X) to denote the distribution of Y, and write Y ~ ALy (m, X). If
the matrix X is positive-definite, the distribution is truly d-dimensional and has a probability density
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1 0 1 0
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Figure 6.3: Uncorrelated asymmetric Laplace random samples. Monte-Carlo simulation based on the
algorithm described in the text. (The sample size equals 2000.)

function. Otherwise, it is degenerate and the probability mass of the distribution is concentrated in a
linear proper subspace of the d-dimensional space.

For m = 0 the distribution AL4(0, X) reduces to the symmetric multivariate Laplace law
L4(X) discussed in Section 5.2 of Chapter 5 (although more appropriately it should perhaps be
called an elliptically contoured Laplace law).

Remark 6.2.1 The parameter m = (my, ..., mg)’ appearing in (6.2.1) is not a shift parameter: if
Y ~ AL,;(m, X) it does not follow that Y + n ~ ALy (m + n, X). In fact, the distribution of Y + n
is not even AL (unless n = 0). However, the mean of Y exists and equals m.

Remark 6.2.2 The class of AL laws is not closed under summation of independent r.v.’s: if X and
Y are independent AL r.v.’s, then in general X + Y does not possess an AL law.

6.2.2 Special cases. In the following remarks we discuss some special cases of AL laws.
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Figure 6.4: Correlated asymmetric Laplace random samples. Monte-Carlo simulation based on the
algorithm described in the text. (The sample size equals 2000.)

Remark 6.2.3 For d = 1 we obtain a univariate AL(u, o) distribution with mean u and variance

o2 + ,u,z.

Remark 6.2.4 For d = 2 the distribution AL>(m, X) with m = (m, m3)’ and X given by (5.1.1)
reduces to BAL(my, my, o1, 02, p) distribution (and to the BSL(o1, 02, p) distribution for m = 0).

Remark 6.2.5 Here is an example of a degenerate AL law in R?. If Y has a univariate AL(1, 1) law

andm € R?, then the r.v. Y = mY has the ch.f.

Thus Y ~ ALy;(m, X) with ¥ = mm'.

Py(t) = EetY = yy(tm) =

1

1+ 1t(mm)t — im't
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Remark 6.2.6 Consider anr.v. Y ~ AL;(m, 0), with the ch.f.

1
Uy(®) = 0. 6.2.2)

Then Y admits the representation Y 4 mZ, where Z is the standard exponential variable. Indeed,
we have

Yy(®) = Ee*Y = yz(tm) = ——.
This distribution is related to the Marshall-Olkin exponential distribution of the r.v.
W=W,..., Wq),
given by its survival function
P(Wi > xi,..., Wy >xq) = e ™EXd) x>0, i=1,2,...,d.
Since the ch.f. of W is
Ww(t) = (L —i( +--+ 1)~

we have Y 4 D(m) - W, where D(m) is a diagonal matrix with the elements of the vector m on its
main diagonal.

6.3 Representations

6.3.1 Basic representation. The following result follows directly from the representation of geo-
metric stable laws discussed in Kozubowski and Panorska (1999).

Theorem 6.3.1 Let Y ~ ALy (m, X) and let X ~ Ny4(0, X). Let W be an exponentially distributed
r.v. with mean 1, independent of X. Then

Y £ mw + wl/2X. (6.3.1)

Remark 6.3.1 More general mixtures of normal distributions, where W has a generalized inverse
Gaussian distribution, were considered by Barndorff-Nielsen (1977). A generalized inverse Gaussian
distribution with parameters (A, x, ¥), denoted GIG(A, x, ¥), has the p.d.f.

A2
(x) = 2(1;///(X«/_)-—¢)xk—1e_%(X"—l'*"/’x),x >0, (6.32)
AWV X

where K is the modified Bessel function of the third kind (see the appendix). The range of parame-
ters is

X=>0,¢v>01>0 x>0¢v>0A=0, x>0,¥v>0,1<0.
Barndorff-Nielsen (1977) considered mixtures of the form
YLy tmw+ wiizx, (6.3.3)

where X is as before, m = X B8 with some d-dimensional vector 8, and W ~ GIG (), x, ¥). With
the notation x = 82, ¥ = &2, anda? = £2 + B'EB, Y has a d-dimensional generalized hyperbolic
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distribution with index A, denoted by Hy(A, o, B, 8, u, X) [a hyperbolic distribution is obtained for
A = 1; see, e.g., Blaesild (1981)]. Taking the limiting case GIG(1, 0, 2) as a mixing distribution
(which is a standard exponential) and setting £8 = m and g = 0 so that 62> = 0, £2 = 2, and

o = /2 + m’'X~"'m, we obtain the mixture Wm + W1/2X, where X is N4 (0, ¥), independent of
W, which has a multivariate AL distribution.

Remark 6.3.2 By Theorem 6.3.1, each component Y; of an AL r.v. Y admits the representation

Y Lmiw + w6, X, (6.3.4)

where X; is standard normal variable. This is the representation 3.2.1 obtained previously for uni-
variate AL laws.

6.3.2 Polar representation. Note that AL laws with m = 0 are elliptically contoured (EC), as
their ch.f. depends on t only through the quadratic form t'Xt. The class of elliptically symmetric
distributions consists of EC laws with nonsingular ¥ and density

Fx) =ka|Z|72g[(x — m)T~!(x — m)], (6.3.5)

where g is a one-dimensional real-valued function (independent of d) and k; is a proportionality con-
stant [see, e.g., Fang et al. (1990)]. We shall denote the laws with the density (6.3.5) by EC4(m, X, g).
It is well known that every r.v. Y ~ EC4(0, X, g) admits the polar representation

Y £ RHU@, (6.3.6)

where H is a d x d matrix such that HH’ = X, R is a positive r.v. independent of U (having the
distribution of vV'Y’2~1Y), and U is a r.v. uniformly distributed on the sphere S;. Thus HU@ is
uniformly distributed on the surface of the hyperellipsoid

{yeRY:yz-ly=1}.

Our next basic result identifies the distribution of R in the class of AL distributed variables Y
[see Kotz et al. (2000b)].

Proposition 6.3.1 Let Y ~ AL;(0, X), where |X| > 0. Then Y admits the polar representation
(6.3.6), where H is a d x d matrix such that HH' = X, U@ is an r.v. uniformly distributed on the
sphere Sq, and R is a positive r.v. independent of U9 with density
2x42K -1 (v/2x)
(vV2)42-11(d/2) ’
where K, is the modified Bessel function of the third kind defined by (A.0.4) in the appendix.

fr(x) = 0, (6.3.7)

Proof. By Theorem 6.3.1, Y has the representation (6.3.1) with m = 0. Write ¥ = HH', where H is
a d x d nonsingular lower triangular matrix [see, e.g., Devroye (1986), p. 566, for a recipe for such
a matrix for a given nonsingular X]. Then the r.v. X ~ N4(0, X) in (6.3.1) has the representation
X = HN, where N ~ N;(0, I;). Further, the r.v. N, which is EC, has the well-known representation

N 4 RNU(d), where Ry and U9 are independent, U@ is uniformly distributed on S;, while Ry is
positive with density

d-x?-1 exp(—x2/2)

, 0. 6.3.8
22T d/2 1) g (63.8)

fRN(-x) =
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(It is distributed as the square root of a chi-square r.v. with d degrees of freedom.) Therefore, it
is sufficient to show that W1/2Ry has density (6.3.7). To this end, apply standard transformation
theorem to write the density of W1/2 Ry as

o0 ,d/2-2 1,2 2 2
fwlszN(y)—d~yf X exp( T+ 2y/) (6.3.9)

24121 (d/2 + 1)

Let fa,x,v be the GIG density (6.3.2) with ¢y = 1, x = 2y2,and A = d/2 — 1. Then relation (6.3.9)
becomes

_ d - yKy(v/2y) *°
le/ZRN(y) - 2d/2F(d/2+ 1)(X)—)‘/2 'L fA.,X,l/I(x)dx, (6310)
which yields (6.3.7) since the function f3 ,,y integrates to one. O

Remark 6.3.3 Incased = 1, where the AL law has ch.f. ¥ () = (1+o011£2/2)"}, ther.v. UD takes
on values &1 with probabilities 1/2, while the Bessel function simplifies to

K12(V2y) =/ /2exp(—v/2y)/(V2y)!/?

(see formula (A.0.11) in the appendix). Thus R A (1/+/2)W, where W is a standard exponential
variable. Consequently, the right-hand side of (6.3.6) becomes /o11/2 - WU (M, and we obtain the
representation of symmetric Laplace r.v.’s already discussed in Section 2.2 of Chapter 2.

6.3.3 Subordinated Brownian motion. All ALr.v.’s can be interpreted as values of a subordinated
Gaussian process. More precisely, if Y ~ AL4(m, X), then

Y £ X(W),

where X is a d-dimensional Gaussian process with independent increments, X(0) = 0, and X(1) ~
Ng(m, X). This follows immediately from evaluating the characteristic function on the right-hand
side through conditioning on the exponential random variable W. Consequently, AL distributions
may be studied via the theory of (stopped) Lévy processes [see Bertoin (1996)].

6.4 Simulation algorithm

The problem of random number generation for symmetric Laplace laws was posed in Devroye (1986)
and reiterated in Johnson (1987): “Variate generation has not been explicitly worked out for (the
bivariate Laplace and generalized Laplace distributions) in the literature.” However, simulation of
generalized hyperbolic random variables was studied earlier by Atkinson (1982). The algorithms were
based on the normal mixture representations of the distributions under consideration. In this sense,
in principle the problem of simulations for multivariate AL distributions was resolved. However,
the solution cannot be considered to be an explicit one, since the fact that AL distributions can be
obtained as the limiting case of hyperbolic distributions is not commonly known.

To state simulation algorithm for the general multivariate AL distributions, we use represen-
tation (6.3.1). The approach is quite straightforward [see Kozubowski and Podgérski (1999b)], as
both exponential and multivariate normal variates are relatively easy to generate and appropriate
procedures are by now implemented in all standard statistical packages.
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AL4(m, X) generator
* Generate a standard exponential variate W.
¢ Independently of W, generate multivariate normal Ny (0, X) variate N.
*SetY «m-W+/W-N.
* RETURNY.

This algorithm and pseudorandom samples of normal and exponential random variables ob-
tained from the S-Plus package were used to produce the graphs of bivariate Laplace distributions in
Figures 5.3, 5.4, 6.3, and 6.4.

6.5 Moments and densities

6.5.1 Mean vector and covariance matrix. The relation between the mean vector EY, the co-
variance matrix Cov(Y) and the parameters m and ¥ can easily be obtained from the representation
(6.3.4). We have EY; = m;, so

E(Y) =m.

Furthermore, the variance-covariance matrix of Y is
Cov(Y) = X + mm'.
Indeed, since E(X;X ;) = o;; and EW? =2, we have
E(Y:Y;) = E[(m;W + W'2X;)(m; + W2X )] = mim; EW? + E(W)E(X; X))
=2m;mj + oijj.
Thus
Cov(Y;,Y;) = E(Y;Y;) — E(Y}))E(Yj) =2mimj +0ij —mimj = m;mj + 0;j.

6.5.2 Densities in the general case. In this section we study AL densities (assuming that the
distribution is nonsingular). The representation given in Theorem 6.3.1, coupled with conditioning
on the exponential variable W, produces a relation between the distribution functions and the densities
of AL and multivariate normal random vectors. Let G(-) and F (-) be the c.d.f.’s of AL4(m, X) and
N4(0, ) r.v.’s, respectively, and let g(-) and f(-) be the corresponding densities.

Corollary 6.5.1 Let Y ~ AL ;(m, X). The distribution function and the density (if it exists) of Y
can be expressed as follows:

0
G@y) = f F(z %y — z12m)e %dz
0
(o]
g(y) =/ f@ 2y — 7 Pm)z=4%e %z, 6.5.1)
0

We can express an AL density in terms of the modified Bessel function of the third kind (see
the definition in the appendix). By (6.5.1), the density of Y ~ AL4(m, X) becomes

[o8) _ ry—1 _
g(y)=(2rr)“’/2|z|“/"~/0 exp (—(y oo —z) 4z (652)

2z
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Fory = 0, we arrive at
o0 1
0

so the density blows up at zero unless d = 1. For y # 0, we can simplify the exponential part of the
integrand and substitute w = z(1 + m’ ¥~'m/2) in (6.5.2) to obtain

y'E m 1../y—1_1d/2—1 poo 2
2(3) = e (1+;m'X" 'm) / exp (_a_ —z) —@-2/2-14,
47 ’
0

@n)iPIE[7

wherea = \/ (2 + m’E " 'm)(y'X ~ly). Taking into account the integral representation (A.0.4) of the
corresponding Bessel functions (see the appendix), we finally obtain the following basic result.

Theorem 6.5.1 The density of Y ~ AL (m, X) can be expressed as

g(y) = 2¢VE"m ( yZly

v/2
-1 -1
@m)i|z| 72 2+m’2_1m) K (‘/(Hm/z o ”) O

where v = (2 — d)/2 and K, (u) is the modified Bessel function of the third kind given by (A.0.4) or
(A.0.5) in the appendix.

Remark 6.5.1 This density is a limiting case of a generalized hyperbolic density

X exp(B'(x — w)Kajp-—r(@v/82 + (x — p) T (x — p))
Q)42 | (V28 K, (88)[V/82 + (x — )T~ (x — p) /a]/2-2

(6.5.4)

withA = 1,62 =2,682=0,0=0,8=2X"!mand ¢ = V2 +m'E"'m (see the remarks
following Theorem 6.3.1). Note that in case § = 0 we use the asymptotic relation (A.0.12) given in
the appendix.

6.5.3 Densities in the symmetric case. In the symmetric case (m = 0), we obtain the density
(5.2.2) of the SL,(X) distribution

e@) =200 E 2 (ysTy2) " K, (Jzy'z—‘y) .

6.5.4 Densities in the one-dimensional case. If d = 1, we have ¥ = o01; = o and the ch.f.
corresponds to a univariate AL(u, o) distribution with 02 = ¥ and u = m. In this case we have
v = 1/2, and the Bessel function is simplified as in (A.0.11). Consequently, the density becomes

2(y) = Lo~ PHy—psiEn())
14

where y = /12 + 202, and coincides with the density of a univariate AL distribution given by

(3.1.10) with 8 = 0. In the symmetric case (u = 0), we obtain the density of a univariate Laplace

distribution with mean zero and variance o 2.
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6.5.5 Densities in the case of odd dimension. If d is odd, the density can be written in a closed
form. Indeed, suppose d = 2r + 3, wherer = 0,1,2,...,s0v = (2 —d)/2 = —r — 1/2. Since
Ky (u) = K_,(u) and the Bessel function K, with v = r + 1/2 has an explicit form (A.0.10) given
in the appendix, the AL density (6.5.3) becomes

CreYE'm=CYYEly L (r 4 k)
> QCYyE 'y)*, y#0,

gy) =
@,y = ly)r+1 2172 k2o (r —k)'k!
where v = (2 — d)/2 and C = 2+ WE-Tm.

The density has a particularly simple form in three-dimensional space (d = 3), where we have
r =0and

ey’!‘lm—C y'z-ly
gly) = , y#O.
27t y/z—lylzll/Z

6.6 Unimodality

6.6.1 Unimodality. We already know that all univariate AL distributions are unimodal with the
mode at zero. There are many nonequivalent notions of unimodality for probability distributions in
R? [see, e.g., Dharmadhikari and Joag-Dev (1988)]. A natural extension of univariate unimodality
is star unimodality in R?, which for a distribution with continuous density f requires that f be
nonincreasing along rays emanating from zero. Here is an exact criterion for star unimodality due to
Dharmadhikari and Joag-Dev (1988).

Criterion 1 A distribution P with continuous density f on R? is star unimodal about zero if and
only if whenever

O<t<u<oo and x #0,

then

fux) < f(x).

It is clear from its statement that the criterion remains valid for densities discontinuous at zero
as well. We show that all truly d-dimensional AL laws are star unimodal about zero.

Proposition 6.6.1 Let Y ~ ALy (m, X) with |X| > 0. Then the distribution of Y is star unimodal
about (.

Proof. Assume thatd > 1 and let x # 0. For t > O define h(¢) = log g(¢x), where g is the density
of Y given by (6.5.3). Write

h(t) =logCy + Cat +vlogt + log K, (Cat),
where v = 1 — d/2 and the constants Cy, C;, and C3 are given by

2(x' T 1x)v/2
C = >
(27‘[)‘1/2|E|1/2(2+m’E_1m)”/2
C;=m'X 'xeR,

C;=V2+mE 'mVxE x> 0.
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Showing that k is an nonincreasing function of 7 is required. The derivative of & with respect to ¢ is

d v  K!/(Cst)
—h@®)=Cy+ — + 2L—20C;. 6.6.1
’r ® 2+t+K,,(C3t) 3 ( )
Use properties (A.0.8)—(A.0.9) of Bessel function K, (listed in the appendix) to write (6.6.1) as
d Ky-1(C3t)
—h(t) =Cy — ———C3. 6.6.2
o ® 2= k.G O ( )

If C; < 0, then (6.6.2) implies that A'(¢) < O since the Bessel function K, is always positive and
C3 > 0. Otherwise, write £~! = Q’Q and use the Cauchy—Schwarz inequality to conclude that

IC2| = [(Qm)'(Qx)| < [|Qm]| - [|Qx|| = Vm'E~"'mvVx'E~!x < Cs.

Thus the conclusion A’(t) < 0 follows if we show that the ratio 5%5,37')

Since, for any v, K, (x) = K_,(x), this is equivalent to showing that

is greater or equal to one.

K_y(Cst) < K_y+1 (Cs1).

This is indeed true since —v > 0 (as d > 1) and by using Property 3 of Bessel functions listed in the
appendix, we obtain the desired inequality. O

Remark 6.6.1 Any AL r.v. Y is linear unimodal about 0 in the sense that every linear combination
cY is univariate unimodal about zero [see Definition 2.3 of Dharmadhikari and Joag-Dev (1988)].
This follows from part (iii) of Corollary 6.8.1 since all univariate AL laws are unimodal about zero.

6.6.2 A related representation. A univariate r.v. Y is unimodal about zero if and only if it has the
representation Y Lux , where U and X are independent and U is uniformly distributed on (0, 1)
[see, e.g., Shepp (1962)]. Similarly, every star unimodal (about 0) r.v. in R? has the representation

Yy £ yi/ 4X, where U is as before and is independent from X [see Dharmadhikari and Joag-Dev
(1988), Theorem 2.1]. Below we identify the distribution of X in case of a symmetric AL r.v. Y.
Let Y ~ AL4(0, X) with |X| > 0. From the proof of Proposition 6.3.1 we have the representation
Y £ w1/2R\HU@, where H is a matrix satisfying £ = HH’, U® is uniform on the unit sphere
Sa, W is standard exponential, RN has the density (6.3.8), and all variables are independent. Note
that Ry < V4 where V has density

exp(—x2/4/2)
froo) = 22
2421 d /2 + 1)

The density of V is unimodal; hence by Shepp (1962) it has the representation V £ US for some
S (where U is standard uniform and independent of S). It can be shown by routine calculations that
the density of S is

x4 exp(—xz/d/Z)

, 0.
d242T'(d/2+ 1) 7

fs(x) =

Thus we have Y £ U/4(W1/251/4U@). The density of W1/25'/4 is readily obtained also as
2642 K 41 (V/2x)
2Pran+y

The following statement summarizes this discussion.

fwinsya(x) = > 0. (6.6.3)
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Theorem 6.6.1 Let Y ~ AL4(0, X), where |X| > 0and ¥ = HH'. Then Y admits the representa-
tion

y £ ylx,
where U and X are independent, U is uniform on (0, 1) while X is elliptically symmetric with the
representation X S RxHU(d), where U@ s uniform on Sy while Rx has density (6.6.3).

6.7 Conditional distributions

6.7.1 Conditional distributions. We obtain conditional distributions of Y ~ ALy4(m, X) with a
nonsingular X. The derivation is similar to that for the case of multivariate generalized hyperbolic
distribution [see Blaesild (1981)]. It turns out that the conditional laws are not AL, but generalized
hyperbolic ones. However, the conditional distributions can be AL if Y has multivariate K-Bessel
function distribution (6.9.1), discussed in Section 6.9. The conditional distributions of a multivariate
AL laws are given in the following result [Kotz et al. (2000b)].

Theorem 6.7.1 Let Y ~ GAL;(m, X, 5) have ch.f. (6.9.1) (see Section 6.9) with nonsingular X.
Let Y = (Y}, Y2') be a partition of Y into r x 1 and k x 1-dimensional subvectors, respectively.

Let (m, m}) and
T Xp2
Y =
( Xy Xn
be the corresponding partitions of m and X, where X1y is an r X r matrix.

(i) If s = 1 (so that Y is AL), then the conditional distribution of Y, given Y| = Yy, is the
generalized k-dimensional hyperbolic distribution Hy(\, «, B, 8, p, A) having density

£ exp(B'(y2 — w) Kk/2-x (a\/gz + 2 —w)A T (52— u))

p(y2ly1) = 6.7.1)

k/2—A°
(@m)K/2| A[1/264 K, (35) [\/82 + 32— my AT (2 — u)/a]

where A = 1 —r/2, a = JE2+B'AB, B = A"'(my — 2:2121_11“11), 3 = \/y/121_11yb
o= 22121_11)'1: A=X»— 22121—11212, and& = /2 + mllzl_llml—

(i) If m; = O, then the conditional distribution of Y, given Y1 = 0 is GALk(my.1, X2.1, 52.1),
where

s21=5—7r/2, Tp1=3Xn-XnX'Tn, my=m.
Proof. We shall sketch the proof of part (i); the proof for part (ii) is similar. By part (i) of Corol-
lary 6.8.1 with n = r, the r.v. Y; is AL, (mj, X1;1). Write the densities of Y and Y; according

to (6.5.3) and simplify the ratio of the densities utilizing the familiar relations from the classical
multivariate analysis:

YEI ' 'm=YZ'm +@m — 2 m) A (y2 — T 21 v,
YE'Y =Y ZY + (Y2 - Za 2 Y1) A Ny — 2212 y),
mY 'm= m’lzl“llml + (mp — ):2121—1‘m1)’A—’(m2 — 22121_11m1),
IZ| =122 — Zu2 Tl - 1 Zul.
Finally, verify that «® = B'AB + £2. O
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Remark 6.7.1 Note that in view of part (i) of the theorem, the parameter A cannot equal one. Hence,
in case of a multivariate AL distribution no conditional law can be AL. However, in part (ii) we might
have s — r/2 = 1, in which case we do obtain a conditional AL law for a multivariate generalized
AL distribution.

6.7.2 Conditional mean and covariance matrix. Since the conditional distributions of an AL r.v.
are generalized hyperbolic distributions, we can derive expressions for the conditional mean vector
and the covariance matrix via the theory of hyperbolic distributions.

Proposition 6.7.1 LetY havea GALlaw (6.9.1) withanonsingular X. Let Y, m, and X be partitioned
as in Theorem 6.7.1. Then

o®ky1)
C

E(Y2Y1 =y1) = E023'y1 + (m — 25125 my) Ri-r2(CQ(y1))

and

0(y1)

Cov(Y32|Y) = —
ov(Y2|Y; = y1) C

Zxn - 221zl—llzIZ)Rl—r/Z(CQ(YI))

2
+(my — T T my)(my — T Z my) (Q(gl)) G(y1),

where C = \/2 + m{Z1'mi, Q(y1) = \/¥{ Z1'y1, Re(x) = K1 (x)/K;(x), and

G(y1) = (R1—r2(CQA(Y1)R2—r2(CQ(¥1)) — Rlz_,/z(CQ(h)))-

Proof. Our outline of the proof follows Kotz et al. (2000b). Apply Theorem 6.7.1 and utilize
the representation (6.3.3) of the generalized hyperbolic distribution to conclude that E(Y2|Y; =
y1) = p + ABE(W) and Cov(Y2|Y; = y1) = AB(AB) Var(W) + AE(W), where W has the
GIG(s, 82, §'2) distribution (6.3.2) and u, B, A, §, and & are as given in Theorem 6.7.1. Then ap-
ply the well-known formulas for the moments of W, E(W") = (6/&)" K5, (6§)/Ks(6) [see, e.g.,
Barndorff-Nielsen and Blaesild (1981)]. O

Remark 6.7.2 If m’1 X 1_11 ¥ 12 = mq, then by Theorem 6.7.1, the conditional distribution of Y, given
(Y1, ..., Yq—1) is generalized hyperbolic and symmetric about p = X7 El_llyl (since B = 0 in this
case), which must be the mean of the conditional distribution. This provides an alternative way for
proving the result on linear regression to be discussed in the next section.

6.8 Linear transformations

6.8.1 Linear combinations. In this section we discuss the distribution of AL vectors under the lin-
ear transformations. The next proposition shows thatif Y ~ AL;(m, X), then all linear combinations
of components of Y are jointly AL.

Proposition 6.8.1 Let Y = (Y;,...,Yy) ~ ALy(m, X). Let A be anl x d real matrix. Then the
random vector AY is AL;(my, X o), where my = Amand Xp = AXA’

Proof. The assertion follows from the general relation
‘IIAY(t) — Eei(AY)/t — EeiY,A,t — \IJY (Alt)

and the fact that the matrix AX A’ is nonnegative definite whenever X is. O
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Remark 6.8.1 Note that the proof is quite general, and applies to any multivariate distribution whose
ch.f. depends on t only through the quadratic form tXt’ and linear function m’t. Thus it applies to
all elliptically contoured distributions with ch.f. (I1.2) as well as to the v-stable laws with ch.f.’s of
the form g(1 + tXt’ — im’t), where g is a Laplace transform of a positive random variable [see, e.g.,
Kozubowski and Panorska (1998)].

It follows that all univariate and multivariate marginals, as well as linear combinations of the
components of a multivariate AL vector, are AL.

Corollary 6.8.1 Let Y = (Y1, ..., Ya)' ~ AL4(m, X), where T = (0ij)¢ ;_;.

() Foralln <d, (Y1,...,Ys) ~ AL,(i, ¥), where d = (my, ..., my) and £ isan xn
matrix with 6;j = ojj fori, j=1,...,n.

(ii) For any b = (by,...bg) € R, the rv. Yy = ZZ=1 by Yy is univariate AL(u, o) with
o = +/b’YXb and u = m’b. Further, if Y is symmetric AL, then so is Yp.

(iii) Forallk <d, Yy ~ AL(u, o) witho = . /ogx and p = my.

Proof. Hereis an outline of the proof. For part (i), apply Proposition 6.8.1 with n xd matrix A = (a;;)
such thata;; = 1 and a;; = Ofori # j. For part (ii), apply Proposition 6.8.1 with / = 1 and compare
the resulting ch.f. with the characteristic function of the univariate asymmetric Laplace distribution.
For part (iii), apply part (ii) to the standard base vectors in R¥. O

Remark 6.8.2 Corollary 6.8.1 part (ii) implies that the sum ZLI Yy has an AL distribution if all
Yy’s are components of a multivariate AL r.v. (and thus all Yj’s are univariate AL r.v.’s). This is in
contrast with a sum of i.i.d. AL r.v.’s, which generally does not have an AL distribution.

Remark 6.8.3 Note thatif Y has a nonsingular AL law (that is X is positive definite) and the matrix
A is such that AA’ is positive-definite, then the vector AY has a nonsingular AL law as well. In
particular, this holds if A is a nonsingular square matrix.

We have shown in Corollary 6.8.1, part (ii), that if Y is an AL r.v. in R4, then all linear
combinations of its components are univariate AL r.v.’s. A natural question is whether the converse is
true. As of now, we do not have a complete answer to this question. The following result provides a
partial answer for the case where all linear combinations are univariate AL(u, o) with either u = 0
(symmetric Laplace distribution) or ¢ = 0 (exponential distribution).

Theorem 6.8.1 Let Y = (Y1, ..., Yy) be an rv. in Re. If all linear combinations ZZ=1 ck Y have
either symmetric Laplace or exponential distribution, then Y has an AL (m, X) distribution with
either ¥ =0orm = 0.

Proof. The proof follows from the corresponding result for GS laws [see Kozubowski (1997), Theo-
rem 3.3] and the fact that AL;(m, X) distributions with either £ = 0 or m = 0 are strictly geometric
stable. O

6.8.2 Linear regression. Interestingly enough the conditions for linearity of the regression of Yy
onYi,...,Ys_1,where Y = (Y1, ..., Ys) is AL, coincide with those for multivariate normal laws.

Proposition 6.8.2 Let Y = (Y1, ..., Ys) ~ ALy(m, X). Let

my = (my,...,mg—1)
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T Zi2
Y =
( Ty X )
be a partition of X such that X1y isad — 1 x d — 1 matrix. Then
EYa\Y1,.... Y0 1)=at1+---+ag_1Ya—1 (as.) (6.8.1)

and let

if and only if
Yia= X2 and mja = mg. (6.8.2)
Moreover, in case |X| > O, condition (6.8.2) is equivalent to
m’IEI_llElz =mg and a = (ay,...,aq4_1) = 21_11212.
Proof. Itis well known that for an r.v. Y with a finite mean, the condition (6.8.1) holds if and only if

aW(t) av(t) v (t)
= ay + -4 aa-1 )
oty 12=0 oty 13=0 0tg—1 12=0
where WV is the ch.f. of Y [see, e.g., Miller (1978)]. Substitution of the AL ch.f. (6.2.1) into this

equation followed by differentiation results in (6.8.2). In case |X| > 0, the solution of the first
equation in (6.8.2) is a = ):;11):12, which solves the second equation in (6.8.2) if and only if

m'IZ;ll):lz = mygy. O

Remark 6.8.4 The regression is always linear for m = 0.

6.9 Infinite divisibility properties

6.9.1 Infinite divisibility. The following result establishes infinite divisibility of multivariate AL
laws and identifies their Lévy measure.

Theorem 6.9.1 Let Y have a nondegenerate d-dimensional AL;(m, X) law. Then the ch.f. of Y is

of the form
W(t) = itx _ 1) A )
©=exp( [ (e -1) a@w
with 1 d/2
dA = 2exp(m’'¥”x) ox) \~
'd_x(x) it (27T)d/2|2|1/2 (C(E,m)) Kd/Z(Q(x)C(E,m)),
where

0(x) =Vx'E'x and C(T,m) =V2+m'E 'm.

Proof. Apply Proposition 4.1 from Kozubowski and Rachev (1999b), which identifies the density of
geometric stable Lévy measure to obtain

dA *® -1,2 172 —d/2—1 -z
Ix x) = f@Z/*x -z /"m)z e %dz,
0

where f(-) is the density of the multivariate normal N4(0, X) distribution with respect to the d-
dimensional Lebesgue measure. Next, proceed similarly to the computation of AL densities described
in Section 6.5. Alternatively, use the representation of Y through subordinated Brownian motion and
Lemma 7, VI.2 of Bertoin (1996) or use the fact that multivariate AL laws are mixtures of normal
distributions by generalized gamma convolutions (cf. Exercise 2.7.61) and the corresponding results
for the latter laws derived in Takano (1989). O
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Remark 6.9.1 Note that for any d the density of an AL Lévy measure is unbounded at x = 0.

Remark 6.9.2 In the one-dimensional case (d = 1), writing 02 = X, u = m, and k = +/20/( +

V% +202), we have

dA 1 2
—(£x) = —exp —Qxil , x>0,
dx x o

which is the density (3.4.6) of the Lévy measure of univariate AL laws (see Section 3.4 of Chapter 3).

6.9.2 Asymmetric Laplace motion. Since multivariate AL laws are infinitely divisible, similar to
the one-dimensional case, one can define a Lévy process on [0, 0o) with independent increments —
the Laplace motion {Y (s), s > 0} —so that Y(0) = 0, Y(1) is given by (6.2.1), while for s > O the
ch.f. of Y(s) is

1 K
V)= [——=——) ., s>0 6.9.1)
1 + it/zt —im't

[see, e.g., Teichroew (1957)]. Distributions on R4 given by (6.9.1) will be called generalized asym-
metric Laplace (GAL) and denoted as GAL (m, X, s). For d = 1 we obtain the Bessel function
distribution studied in Section 4.1 of Chapter 4. A GAL r.v. admits mixture representation (6.3.1)
where W has a gamma distribution with density

s—1
glx) = o) e ", (6.9.2)
The density corresponding to (6.9.1) can be expressed in terms of Bessel function as follows:
2 exp(m’'X " x) o(x) s—d/2
= K;_ Cc(x, , 6.9.3
PO = G sl \ s m —d2(QX)C(Z, m)) (6.9.3)

where
Qx)=vVx'E !'x and C(T,m) = V2 +m'E 'm.

In the one-dimensional case, Sichel (1973) utilized (6.9.1) for modeling size distributions of diamonds
excavated from marine deposits in southwest Africa. In financial applications, this process is known
as the variance gamma process (see Part III for more details on these and other applications).

Remark 6.9.3 If £ = I; and m = 0 we obtain the symmetric multivariate Bessel density
p(x) = Ca(lIxIl/B)* Ka(lIX11/B), (6.9.4)

where 8 = /2,a = s —d/2 > —d/2 and Cy is a normalizing constant independent of x [see Fang
et al. (1990), p. 92]. In the special casea = 0and 8 = a/«/i, Fang et al. (1990) call the distribution
corresponding to (6.9.4) a multivariate Laplace distribution. Note that this distribution belongs to
our class of Laplace distributions only in the bivariate case (d = 2) (Exercise 6.12.14).

Remark 6.9.4 If £ = I, and s = Z¥L, the density (6.9.3) simplifies to

e~V 2+|Im|[24+m'x

p(x) = ,
@m)[@=D/2r (L) /2 + [|m| 2

(6.9.5)
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which is a direct generalization of the one-dimensional AL density [see Takano (1989, 1990), and
Exercise 6.12.12]. Takano (1989) derived the Lévy measure corresponding to density (6.9.5) and
showed that for d > 2 these distributions are self-decomposable if and only if m = 0 (in contrast
with the case d = 1 since all one-dimensional AL laws are self-decomposable; cf. Proposition 3.2.3).

6.9.3 Geometric infinite divisibility. Like their one-dimensional counterparts, all multivariate AL
laws are geometric infinitely divisible [see, e.g., Kotz et al. (2000b)].

Proposition 6.9.1 Let Y ~ AL (m, X). Then Y is geometric infinitely divisible and the relation
Vp
y 4 3 Y9 (6.9.6)
l.=1

holds for all p € (0, 1), where the Yg) s are i.i.d. with the AC4(mp, pX) distribution, v, is geo-
metrically distributed with mean 1/p, and v, and (Y, ,5')) are independent.

Proof. Write (6.9.6) in terms of ch.f.’s. and follow the proof for the one-dimensional case (see
Proposition 3.4.3). O

6.10 Stability properties

In this section we collect various characterizations of the multivariate AL laws that exhibit their
stability properties under appropriate summation schemes. The results presented here, unlike the ma-
jority of the previous ones, cannot be derived from the theory of generalized hyperbolic distributions
because the latter do not possess any general convolution properties except in some special cases
(such as the normal inverse Gaussian case or the normal variance gamma models).

6.10.1 Limits of random sums. Analogous to the one-dimensional case, the multivariate AL laws
are the only possible limits of geometric sums (6.0.1) of i.i.d. r.v.’s with finite second moments.
Actually, the following result can serve as an alternative definition of this class of distributions.

Proposition 6.10.1 Let v, be a geometrically distributed r.v. with mean 1/p, where p € (0, 1). A
random vector Y has an AL distribution in R? if and only if there exists an independent of v p Sequence
{X(')} of i.i.d. random vectors in R4 with finite covariance matrix, and a, > 0, b, € R4, such that

Vp
a3 X9 +b,) 5 Y as p— 0. (6.10.1)
j=1

Proof. The result follows from the so-called transfer theorem for random summation [see, e.g.,
Rosiriski (1976)] and its converse [see Szasz (1972)], together with the Central Limit Theorem for
i.i.d. r.v.’s with a finite covariance matrix. a

Our next result determines the type of normalization that produces convergence in (6.10.1).

Theorem 6.10.1 Let X be i.i.d. random vectors in R? with mean vector m and covariance matrix
X. For p € (0, 1), let v, be a geometric r.v. with mean 1/ p and independent of the sequence (X,
Thenas p — 0,

Vp
ap Y (XD 4+b,) 5 Y ~ ALy(m, B), (6.10.2)
j=1

where a, = pl/? andb, = m(p'/2 —1).



6.10. Stability properties 259

Proof. By the Cramér—Wald device [see, e.g., Billingsley (1968)], the convergence (6.10.2) is equiv-
alent to
Vn d
dap Yy (XD +by) 5 Y
Jj=1

for all vectors ¢ in RY. Writing W; = ¢’XW, u = ¢/'m, b, = (p!/? — 1)u, and Y = 'Y, we have
gW; p

Vp
ap Y (W;+by) 5 ¥ ~ AL(u,0) as p — 0. (6.10.3)
j=1

2

Here the W;’s are i.i.d. variables with mean p and variance 0“ = ¢’Zc, and Y is a univariate AL

variable with ch.f.

1
= —
B 1+%02t2—i,u,t

The convergence (6.10.3) now follows from Proposition 3.4.4 for the univariate AL case (cf. equa-
tion (3.4.15)). O

Next, we study stability properties of AL random vectors.

6.10.2 Stability under random summation. The following stability property is a well-known
characterization of a-stable random vectors: X is «-stable if and only if for any n > 2 we have the
following equality in distribution:

XO 4. g X Lpllex 4 g, (6.10.4)

where the X®’s are i.i.d. copies of X and d,, is some vector in R4 [see, e.g., Samorodnitsky and
Taqqu (1994)].

We have an analogous characterization of AL random vectors with respect to geometric sum-
mation [see Kotz et al. (2000b)].

Theorem 6.10.2 Let Y, YD, Y® ... beiid. rv.’s in R? with finite second moments, and let v,
be a geometrically distributed random variable independent of the sequence (YW, i > 1}. For each
p € (0, 1), the r.v. Y has the stability property

Vp
ap, Y (YO +b,) Y, (6.10.5)

i=1

witha, > Oandb, € R? ifand only if Y is ALCq(m, T) with either £ = 0 orm = 0. The normalizing
constants are necessarily of the form

ap=p?, b, =0.

This result follows from the characterization of strictly geometric stable laws given in Theo-
rem 3.1 of Kozubowski (1997) and the fact that the only strictly geometric stable laws with finite
second moments are AL (m, X) laws with either X = 0 orm = 0.
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Remark 6.10.1 Since in general multivariate AL r.v.’s do not satisfy relation (6.10.5), as is the case
in the univariate case, the question arises as to whether

Vp
S? =a 3 Y? +b,) 5 Y, as p -0, (6.10.6)
P P

i=1

where Y®) are i.i.d. copies of Y, v, is independent of {Y®, i > 1} geometrically distributed, and
ap > 0and b, € R?. Note that the convergence (6.10.6) holds for all univariate AL laws (see
Proposition 3.4.5), as well as for general geometric stable laws with index « less than two [see
Kozubowski (1997)]. It is quite surprising that for d > 1, as noted by Kozubowski (1997), in general
AL r.v.’s do not satisfy (6.10.6) unless m = 0 or £ = 0. Indeed, if either ¥ = 0 or m = 0, then
(6.10.5) is satisfied and so is (6.10.6). Assume X # 0 and suppose that Y ~ AL;(m, X) satisfies
(6.10.6). Then for any ¢ € R?, we have

Vp
dS?P =a, 3 [cho') 4 c/bp] 4 Ye=cYasp— 0. (6.10.7)

i=1

By Corollary 6.8.1, part (ii), the r.v. Y = ¢'Y is univariate AL with 0 = (¢/Z¢)!/? and u = ¢'m.
After the application of Proposition 3.4.5, we find that (6.10.7) holds with

ap = Cp'*(1+0(1)), where C = [02/(;/.2 + az)]l/z. (6.10.8)

Since the normalizing constant a(p) in (6.10.7) should be independent of ¢, (6.10.8) implies that
p = ¢'m = O for every ¢, and thus m = 0. In the latter case C = 1 and (6.10.7) holds with a), = pl/?
and b, = 0.

6.10.3 Stability of deterministic sums. In the nextresult, taken from Kotz et al. (2000b), we show
that a deterministic sum of i.i.d. AL r.v.’s, scaled by an appropriate random variable, has the same
distribution as each component of the sum. It is a generalization of a similar characterization of the
univariate Laplace distributions; see Proposition 2.2.11 in Chapter 2.

Theorem 6.10.3 Let B,,, where m > 0, have a Beta(1, m) distribution. Let {X¥)} be a sequence of
i.i.d. random vectors with finite second moment. Then the following statements are equivalent:

(i) Foralln>2 XM £ B2 x®) L ... 4 x(m)y,

n—1
(i) XD is ALy (m, X) with either £ =0 orm = 0.
Proof. This result follows from the corresponding result for GS laws [see Kozubowski and Rachev

(1999b)] and the fact that AL (m, X) distributions with either £ = 0 or m = 0 are strictly GS. The
result for GS laws follows from the results of Pakes (1992ab). O

We conclude our discussion with yet another stability property of AL laws, that for the one-
dimensional case was given in (2.2.28) [and noted by Pillai (1985)].

Proposition 6.10.2 Let Y, YV, Y, and Y® be ALy (m, ) rv.’s with either T = 0 orm = 0. Let
p € (0, 1), and let I be an indicator random variable, independent of the Y5, with P(I = 1) = p,
and P(I = 0) =1 — p. Then the following equality in distribution is valid for any p € (0, 1):

Y i pl/ZIY(l) +(1 - 1)(Y(2) +p1/2Y(3))_ (6.10.9)
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Proof. Letc € R?. Since 'Y, 'Y, ¢/'Y®, and ¢'Y® are univariate AL(u, o) with either u =0
or o = 0 (see Corollary 6.8.1), the result in the one-dimensional case [see equation (2.2.28) and
Pillai (1985)] produces

Y L p2IdYD 4+ (1 - )Y + p'2d YD),
or equivalently,
Y L (p2IYD 4+ (1= )Y + pl2Y®y),

The last relation implies (6.10.9). O

6.11 Linear regression with Laplace errors

In this final section we study a regression model with Laplace distributed error term. Consider the
multiple linear regression model

Y = Xb +e, (6.11.1)

where Y is ad x 1 random vector of observations, X is a d x k nonstochastic matrix of rank k, b is
a k x 1 vector of regression parameters with unknown values, and e is a d x 1 random error term.
Assume that e ~ AL4(0, 0%1;), where Iy isad x d identity matrix (so that the mean vector and
covariance matrix of e are, respectively, 0 and o2I;). Although the elements of e are uncorrelated,
they are not independent. According to Theorem 6.3.1, e has the representation

e L wiiN, (6.11.2)

where N ~ N4 (0, 02Id) (multivariate normal with mean 0 and covariance matrix azld), while W is
a standard exponential variable (independent of N).

6.11.1 Least-squares estimation. The least-squares estimator (LSE) b of b satisfies the normal
equations
X'X)b =X'Y.

If X has full rank, the inverse of X'X exists and b can be expressed as
b=XX)"'XY, (6.11.3)

which is the same as in the normal case. R
Next, we consider the joint distribution of b and the vector of residuals € = Y — Xb. In view
of (6.11.1) and (6.11.3), we have

i; — (X,X)—IX/ . i b T (X/X)—lxl
[8 ] - [ I - (X’X)~'X’ }Y_ 0 +[ L — (X'X)"'X’ }e’

where e ~ AL4(0, o21,). Now, since
bl [b]
e | 0 |

is a linear function of e, its distribution is AL according to Proposition 6.8.1.
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Proposition 6.11.1 Under the model (6.11.1), the least-squares estimator b and the vector of resid-
uals'€ =Y — Xb have the following joint distribution:

b b | _ _ o @x)! 0
[€]_[0] ALira(0, ) Z—a[ X Id_x<x'xr1x']' (6.11.4)

Remggk 6.11.1 As in the normal case, it follows that £ (3) = b (so that b ls unbiased), E(€) = 0,
Cov(b) = 62(X’X)"!, and Cov(e) = o2(Iy — X(X’X)~1X’) . However, b and € are uncorrelated
but not independent.

Remark 6.11.2 Note that since Y1, ... Y  are uncorrelated, Var(Y;) = o2, and b is unbiased for b,
the conditions of the Gauss—Markov theorem are fulfilled. Thus for any ¢ € R, the estimator ¢’ bof
c’b has the smallest possible variance among all linear estimators of the form 'Y which are unbiased
for ¢'b. In particular, for j = 1,...d, b ; will have the smallest variance among all linear unbiased
estimators of b;.

6.11.2 Estimation of o2. As in the normal case, the estimator €' €/(d — k) is unbiased for o2,
which follows from the following result.

Proposition 6.11.2 Under the model (6.11.1), the statistic €' € is distributed as
a*WV,

where W and V are independent, W is standard exponential, and V has a chi-square distribution
with d — k degrees of freedom. Moreover, the r.v. €' €/0? has the following density function:

(d—ky/2-1 d—k
p(x) = (\/x/Z) K—iy2-1(¥2x)/ T (——2—) . x>0 (6.11.5)

Proof. First, writt € = (Iz — X(X'X)"!X')(Xb + e), note that the matrix I; — X(X'X)~!X’ is
indepotent, and utilize the representation (6.11.2) to obtain

'€= ZNI; - XX'X)"'X)N,

where N has a multivariate normal distribution with mean zero and covariance matrix o 2I;. Now the
first part of the proposition follows, since N’(I; — X(X’X)~!X’)N/o 2 has a chi-square distribution
with d — k degrees of freedom (a standard fact for the regression model (6.11.1) with normally
distributed error term).

Next, apply the standard transformation theorem for random variables to obtain the density of
WYV in the form

x(@=k)/2—-1

oo
p(x) = )/ yl-(d—k)/z—le—%(x/y+2y)dy_

B () J

Finally, utilize the fact that the generalized inverse Gaussian density (6.3.2) with x = x, ¥ = 2, and
A =1—(d — k)/2 integrates to one on (0, 00) so that

7 l=-bn-1,- by, - HKaoop-1(v20)
0 Q/x)1/Z=d=n7

which produces (6.11.5). a

Remark 6.11.3 This result may be used to obtain confidence intervals for .
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Next, we derive the minimal mean squared error estimator for 2. Consider the class of es-
timators for o2 of the form 8, = c¢e’€. We know from Proposition 6.11.2 that for ¢ = 1/(d — k)
we obtain an unbiased estimator. However, this estimator does not minimize the mean squared error
(MSE) defined as

MSE = E(5; — 0%)* = Vard, + (ES. — 0%)2.

To find ¢ that minimizes the MSE, write
MSE = c*c*Var(€'€/c?) + (co*E@'€/0?) — 0%)?, (6.11.6)

and compute the mean and variance of €' €/0? that appear in (6.11.6) utilizing Proposition 6.11.2.
Namely, we have

E@'€/c?) =E(WV)=EW)E(V)=1-n
and

E@'€/c?)? = E(W?E(V?) =2 (2n +n?),
where n = d — k, so that

Var(@'€/o2) = E(W?V?) — [E(WV)]? = 4n + n?.
Consequently, (6.11.6) produces
MSE = o*[c*(2n® + 4n) — 2cn + 1].

The minimum value is easily found to be ¢* = 1/(2(n + 2)). We summarize our discussion below.

Proposition 6.11.3 Consider the model (6.11.1) and the class of estimators of * of the form ¢e'€,
where ¢ € R. Then the estimator

o~y

e'e
2(d —k+2)

minimizes the MSE.

6.11.3 The distributions of standard ¢ and F statistics. When studying the regression model
(6.11.1) with multivariate student-¢ error term e, Zellner (1976) noticed that tests and intervals based
on the usual ¢ and F statistics remain valid. He also remarked that his argument with condition-
ing holds for models (6.11.1) whenever the error term is a normal mixture (6.11.2) with a proper
distribution of W, establishing the validity of the usual t and F statistics.

Proposition 6.11.4 Consider the regression model (6.11.1), where e ~ AL4(0,0%1,) and X is of
full rank. Let b = (b1, ...by) be the least-squares estimator of b = (by, ...by), and let s> =
e’€/(d — k). Then

(i) the statistic
b; — b;
sJ/ci

where cij is the ith diagonal element in (X'X)™!, has a t-distribution with d — k degrees of
freedom;

T;

(6.11.7)
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(ii) if b = 0, then the statistic

_ XY —dY)/k— 1)

F 6.11.8
e/ d—h) 6.11.8)
has an F-distribution with k — 1 and d — k degrees of freedom;
(iii) the statistic
b —byX'X(b — b)/k
¢ ) ¢ )/ (6.11.9)

e’e/(d —k) ’

which is used in deriving confidence ellipsoids for b, has an F -distribution with k and d — k
degrees of freedom. Moreover, a 100(1 — a)% confidence region for b is given by

o~y

e e

b-b)YX'X(b-b) <k 7 Fen—k(@), (6.11.10)
where Fy k() is the upper (100a)th percentile of an F -distribution with k and d —k degrees

of freedom.
Remark 6.11.4 Improved confidence ellipsoids were derived in Hwang and Chen (1986).

6.11.4 Inference from the estimated regression function. After fitting, a regression model can
be used for predictions. Let xo be a k x 1 vector of predictor variables. Then xg coupled with b can
be used to estimate the regression function x;,b as well as the value of the response Yy at Xo. It turns
out that the confidence intervals for these predictions coincide with those for the normal case.

6.11.4.1 Estimating the regression function at Xo. Note that since xgb is a linear function of b,

the Gauss—Markov theorem implies that x{,ﬁ is BLUE for x,b, with variance of x;(X’ X)Ixgo2.

Moreover, as in the normal case, the statistic

N ’

5,/%5X'X)"Ixo

where s2 =€'€/(d — k), has a t-distribution with d — k degrees of freedom.

(6.11.11)

6.11.4.2 Forecasting a  new observation at X¢. As in the normal model, a new observation Yy has
an unbiased predictor x;b. According to model (6.11.1), we now have

Y X e
Ln]=LE 5]
where [€’ep) ~ ALy41(0, azld+1 ). Note that the forecast error, Yy — xgl;, can be expressed as
b =T v (XY=l e
Yo—-xpb=[ —x;(X’X)7'X" 1 ][ e ]

so that it has a univariate AL distribution with mean zero and variance o 2(1 + xa(X’X)‘lxo) (see
Corollary 6.8.1). It follows that the statistic
Yo — Xz)i)\

sy 1+ xX(X'X)~1xo

has t-distribution with d — k degrees of freedom.
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6.11.5 Maximum likelihood estimation. By (6.5.3) and (6.11.1), the likelihood function for the
regression model has the form

Kap-1(v/2|ly — Xb|| /o)

p(ylb,o) = A2 a2 THTy — Xb[[d/T" (6.11.12)

where K, denotes the modified Bessel function of the third kind. Note that for any fixed value of o,
the functions Kd/g_l(ﬁlly — Xb||/o) and ||y — Xb||'~4/2 are both decreasing in ||y — Xb|| (for
d = 2, which is the smallest value for d, the latter function is constant). Thus the maximum occurs
whenever ||y — Xb|| is minimized. Consequently, the maximum likelihood estimator (MLE) for b
coincides with the least-squares estimator (LSE) for b. To find the MLE for o, we need to maximize

the function
Kap-_1(a/o)
7d2g1+d/25d/2—1

with respect to o € (0, 00), where a = V2lly — XEII and b is the LSE (and MLE) for b. The
logarithmic derivative of L equals

L(o) =

1+d/2 a K:i/z_.l(a/a)
o)== —" — ———~"-
do o 02 Kasa-1(a/o)

Using Property 4 of Bessel functions from the appendix, we have

d la
d—logL(o) = ——[Rajp2-1(a/o) — d/(a/o)], (6.11.13)
g g0

where the function R) is defined by (A.0.15) in the appendix. In view of (6.11.13), Lemma 6.11.1
below implies the existence of a unique number @ € (0, 0o) such that the function log L (o) is strictly
increasing on (0, o) and strictly decreasing on (&, 00). This number, which is the MLE of o, is a
unique solution of the equation

Rap-1(ajfo) =d/(a/o). (6.11.14)
Lemma 6.11.1 Let d be an integer greater than or equal to two.

(1) Ifd = 2, then the function hy(x) = xRg/>_1(x) is strictly increasing for x € (0, 00) with
limy 00 hg(x) = 00 and lim,_, o+ hg(x) = 0.

(ii) Ifd > 2, then the function hq(x) = Rg2—1(x) — d/x is strictly increasing for x € (0, 00)
with limy_, 00 hg(x) = 1 and lim,_, o+ hg(x) = —o0.

Proof. First, consider the case d = 2. By Property 13 of Bessel functions (see the appendix),
we have Edngo(x) = x(Rg(x) — 1). By Property 11 (see the appendix), Ro(x) > 1 so that
%xRo(x) > 0, showing that the function x Ry(x) is strictly increasing. The same property also
produces limy_, 00 hg(x) = 0o. Finally, the limit lim,_, ¢+ hq4(x) = O follows from the asymptotic
behavior of the Bessel function (Property 6 in the appendix).

Next, consider d > 2. Apply Property 12 (see the appendix) with A = d/2 — 1 to obtain the
following expression for the derivative of hy:

d d
Zi;hd(x) = (=2/x + 1/R@-2)/2-1(x)) . (6.11.15)

Note that for d > 3 the function Ry—7),2—1(x) is decreasing (Property 11 in the appendix), while for
d =3 wehave R_1,2(x) = 1 (by Property 4 in the appendix). In either case, the derivative (6.11.15)
is positive (as the expression in parenthesis is a strictly increasing function), so that the function kg4
is strictly increasing. The rest of (ii) follows from Properties 6 and 11 (see the appendix). O
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Note that since R4/2—1(a/o) > 1 (see the appendix, Property 11), we must have d/(a/d) > 1,

so that the MLE of o satisfies the inequality

G >a/d =2|ly — Xb||/d.

Remark 6.11.5 Recall that the MLE for o under normally distributed error term is given by ¢ =
lly — Xb||/+/d. Consequently, in case d = 2, the MLE of o under model (6.11.1) with AL distributed
error term is greater than the one under the model with normally distributed error term.

Remark 6.11.6 The solution to (6.11.14) must be obtained numerically, except for a few special
cases described below.

Special case d = 3. Here the Bessel function has a closed form (see Property 5 in the appendix),
and we have

Rajz-1(x) = Rip2(x) =1+ 1/x.
Consequently, equation (6.11.14) yields the solution
G =a/2=|ly - Xb||/V2,
which is greater than &.

Special case d = 5. Here we use the iterative property (A.0.16) of R, to write equation
(6.11.14) as

1/Rip2(a/o) =2/(a/o).
Since Ry/2(x) = 1+ 1/x, we obtain the following quadratic equation for G
262 +26a —a? =0,

whose positive solution is 0 = @a. Again, we see that ¢ ~ 0.366a is greater than

6 =a/+/10 = 0.316a.

Special case d = 7. Here we use the iterative property (A.0.16) of R, twice to write equation
(6.11.14) as

3o0/a+1/Ryp2(a/o) = a/(20).
Since Ry/2(x) = 1 + 1/x, we obtain the following cubic equation for y =G /a:
¥ +y2+y/6—1/6 =0,

whose real solution is

y= % ((2 + B8R+ 2 /31/8)3 - 1) .

Consequently, the MLE of o is

7 =2(e+VAPP+@ - AP - 1)~ 2

47

Again, we see that 7 is greater than 6 = a/+/14 =~ a/3.74.
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6.11.6 Bayesian estimation. Here we analyze the regression model (6.11.1) with an AL error
term and likelihood function (6.11.12) from the Bayesian point of view. We assume a diffuse prior

distribution for the parameters b and o2,

p(b, 0%) x 1/6%, beRK0<o? < 0.

This standard improper distribution assumes that b and log o2 are uniformly and independently
distributed. Taking mto account the likelihood function (6.11.12), we obtain the posterior joint dis-
tribution of b and o2,

Ka2-1(v/2ly — Xb||/v/02)

2
p(b,o“ly) x (02)5/2+7A| )y — Xp|[d7A—1 " (6.11.16)
To obtain the marginal posterior p.d.f. of b, we integrate (6.11.16) with respect to u = o 2:
_ Kap 1(V2|ly — Xbll/«/_)
p(bly) o« |ly — Xb]|!~4/2 /0 / S (6.11.17)

The change of variable z = ||y — Xb||/+/u in (6.11.17) leads to

2 df2 o0 /244 f 1 d/2
p(bly) (—) / 24K 1(V22)dz o <—) . (6.11.18)
Y¥\y=xoi2) Jo / lly — XbJ2

as the integral in (6.11.18) is a constant independent of b (the finiteness of the integral follows from
relation (A.0.13); see the appendix). Since

lly — Xb||?> = s2(d — k) + (b —bYX'X(b — b), (6.11.19)
where
2 =¢"€/(d — k) = (Y — Xb)(Y — Xb)/(d — k),

we recognize (6.11.18) as a k-dimensional Student-¢ p.d.f. with v = d — k degrees of freedom [see,
e.g., Zellner (1976), Johnson and Kotz (1972)]. The posterior density of b has the form

T'((v +£)/2)(1 + v~ (b — b)R~ (b — b)) +k)/2

()T (v/D IR/ ’ (€129

p(bly) =

where R = (X’X)~!s? is a positive-definite matrix. Note that the same posterior distribution results
under the model (6.11.1) with multivariate normal and Student-¢ error terms [see Zellner (1976) for
the latter]. We also see that whenever v = d — k > 1, the mean of the posterior distribution of b
exists and equals b. Consequently, the Bayesian estimator of b (under the squared error loss function
and diffuse prior distribution) coincides with MLE and LSE for b.

Next, we derive the marginal posterior p.d.f. of o2 by integrating (6.11.16) with respect to b.
Setting u = 02,8% = s2(d —k)/u,, =1 — (d — k)/2, and using (6.11.19), we obtain after some
algebra

p(uly) & V2T Kij2-2(V/2/8% + (b = b)Y (X'X /u)(b — b)) "
wd2+1 Jre (/82 + (b — bY (X'X/u) (b — b) /+/2)k/2=

We now recognize the integrand in (6.11.21) as the main factor of a k-dimensional generallzed
hyperbolic density (6.5.4) with parameters A, 8, £ = a = /2, p = b, B=0and T = (X’X)"!

(6.11.21)




268 6. Asymmetric Multivariate Laplace Distribution

Since the latter density integrates to one over R¥, we evaluate the integral in (6.11.21) and obtain the
following expression after some algebraic manipulations:

1\ @=K)/4+372
pluly) x (;) Ka—ky2-1(/252(d — k) /u). (6.11.22)

Taking into consideration the integration formula (A.0.13), we finally obtain an exact expression for
the posterior density of u = o2

(Vs2(d — k)E4=RIZHK 4o n1(/252(d — k) /u)
(V2)@=072=1( /u)d=b)/243T ((d — k)/2) )

puly) = (6.11.23)

It can be shown that the r.v. with this density has the same distribution as s2(d — k)/ X, where X is
an r.v. with density (6.11.5). The mean of this posterior distribution generally does not exist.

6.12 Exercises

Exercise 6.12.1 Let X ~ AL ;(m, X).

(a) Show that if m = 0 (so that X is actually symmetric Laplace), then any one-dimensional
marginal distribution of X is symmetric Laplace.

(b) Show that if every one-dimensional marginal distribution of X is symmetric Laplace, then
X is symmetric Laplace, X ~ L4(X).

Thus for multivariate AL laws, the symmetry is a componentwise property, which is in contrast
with geometric stable laws with index less than 2.

Exercise 6.12.2* Let X = (Xj,..., X;)’ have a multivariate asymmetric Laplace distribution
AL (m, X), and let ¥ be the ch.f. of X. Using the cumulant formula (5.3.2), show that ¢;(X) = m,
c2(X) = ¥ + mm’, and

a3X)=X®m+m® X + vecTm’' + 2m®*m’ (6.12.1)
[Kollo (2000)].

Exercise 6.12.3 Let X = (X1, X3) ~ BAL(m, my, 01, 02, p).
(a) Assuming that m; = my = m, 01 = 02 = 0, and p = 0, find the p.d.f.’s of X1, X1 + X>,
X1—X>,and X; given X1 = x;. What are the conditional mean and variance of the latter distribution?
(b) Repeat part (a) for a general BAL r.v. X.

Exercise 6.12.4 By considering the appropriate characteristic functions, prove the “if” part of The-
orem 6.10.2. Namely, show that if X¥) are i.i.d. with the £4(X) distribution and v, is an independent
geometric variable with mean 1/p, then the equality in distribution

Vp
p a3 xX® 4 xm (6.12.2)
I1=1

holds with o = 2.

Exercise 6.12.5 Establish the implication (ii) — (i) of Theorem 6.10.3.



6.12. Exercises 269

Exercise 6.12.6 Show thatif X ~ N;(0, ) and W is an independent standard exponential variable,
then the r.v.

Y = mW + VWX,

where m € R4, has the ALy (m, X) distribution.
Hint: Use the characteristic functions.

Exercise 6.12.7 Consider the regression model (6.11.1) from the Bayesian point of view. Assuming
the diffuse prior distribution for the parameters b and o2, derive the posterior density (6.11.16) of
the parameters and show that the posterior marginal densities of b and o2 are given by (6.11.20) and
(6.11.23), respectively.

Exercise 6.12.8 Let X be an r.v. in R? with the ch.f.
d(t) = ENX = u(t) + iv(t) = r(t)e’?V.
Then the function
6(t) = tan™ {u(®)/u®)}, It| < Irol,

where rq is the zero of u(t) closest to the origin, is called the characteristic symmetric function of
X [see Heathcote et al. (1995)]. For an (elliptically) symmetric distribution about the point m, the
above function is linear in t and has been used in testing multivariate symmetry [see Heathcote et
al. (1995)].

Derive the characteristic symmetric function for a r.v. X with the AL;(m, X) distribution.
Under what conditions on m and X is the distribution of X symmetric? What is 8(t) in this case?

Exercise 6.12.9 Let X = (X, ..., X4)' be a random vector in R%. The variables X1, ..., X4 (the
components of X) are said to be associated if the inequality

Cov[f(X),g(X)] =0

holds for all measurable functions f and g that are nondecreasing in each coordinate (whenever the
covariance is finite). It is well known that if X ~ N4(0, X), then the components of X are associated
if and only if they are positively correlated (¥ > 0) [Pitt (1982)]. Let X have an ALyz(m, X)
distribution.

(a) Show that if the components of X are associated, then they must be positively correlated,

that is,
¥ +mm’ > 0. (6.12.3)

(b)** Investigate whether the condition (6.12.3) is also sufficient for the association of the
components of X.

Exercise 6.12.10 Let X have a multivariate normal N;(m, ¥) distribution, where X is a nonnegative
definite covariance matrix of rank r < d.

(a) Using the well-known decomposition ¥ = CC’, where C is ad x r matrix of rank r, show
that the random vector

CZ + m, (6.12.4)
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where
Z=(Z,....,Z,) (6.12.5)

is a random vector with the standard normal and independent components, have the same distribution
as the vector X.

(b) Now let the components of the r.v. (6.12.5) be i.i.d. standard Laplace variables. Show
that the distribution of the r.v. (6.12.4), referred to by Kalashnikov (1997) as multivariate Laplace
distribution, does not belong to the class of AL laws. In particular, show that in general the univariate
marginal distributions of the resulting random vector will not be Laplace. Discuss the similarities
and the differences of the resulting distributions with the AL laws.

Exercise 6.12.11 Letm € R and let X be a d x d positive-definite matrix. Consider an elliptically
symmetric distribution in R? with density (6.3.5), where

gx) =e ", (6.12.6)
This distribution is known as the multivariate exponential power distribution [see, e.g., Fernandez et
al. (1995)] as well as the multivariate generalized Laplace distribution [Ernst (1998)]. Haro-Lopéz
and Smith (1999) refer to the special case with A = 1 as the elliptical Laplace distribution in
their robustness studies and show that it can be obtained as a scale mixture of multivariate normal
distributions. For d = 1 we obtain the generalized Laplace distribution (the exponential power
distribution) with density

x—p
)

fx) =

3 A
— . 6.12.7
25T (1/0) e"p{ (6.12.7)
(a) Determine the proportionality constant k4 [see (6.3.5)] in this case.
(b) Set A = 1 [in which case (6.12.7) produces the classical symmetric Laplace distribution]
and check whether the marginal distributions corresponding to (6.3.5) are Laplace.

Exercise 6.12.12 Let X have a general multivariate Bessel distribution with the ch.f. (6.9.1) and the
density (6.9.3).
(a) Show thatincase X =I;ands = d%l, we obtain the density (6.9.5), which leads to

e—V2lIIxl|
V2@2m)@-rer )

if m = 0. Compare the latter density with that of the multivariate exponential power distributions
discussed in Exercise 6.12.11.

(b) Show that the densities (6.9.5) and (6.12.8) lead to the AL and Laplace densities if d = 1.
What are the parameters in this case?

p(x) = (6.12.8)

Exercise 6.12.13 Generalizing elliptically symmetric distributions, Fernandez et al. (1995) intro-
duced a class of v-spherical distributions given by the density

p(x;m, 1) = tg[v{r(x — m)}], (6.12.9)
where v(-) is a scalar function such that
* v(-) > 0 (with a possible exception on a set of Lebesgue measure zero),

* v(ka) = kv(a) for all k > 0 and a € R,
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g is a nonnegative function, and m € R? and 7! > 0 are the location and scale parameters,
respectively. [The functions v(-) and g(-) must be chosen such that (6.12.9) is a genuine probability
density function.] Note that by choosing

v@@) =a'x " la

we obtain the elliptically symmetric distributions, which with g given by (6.12.6) are the exponential
power distributions [cf. Exercise 6.12.11]. Fernandez et al. (1995) introduced a skewed multivariate
generalization of the Laplace distribution as a special case with ¢ = 1 of the skewed multivariate
exponential power distribution that has density (6.12.9) with

d 1/q
v(ay,...,aq) = [Z {(a,-*'/y)q + (yai_)q}] (6.12.10)

i=1
and
g(x) = cle= ¥, (6.12.11)

[As before, x* = max(x, 0) and x~ = max(0, —x).]
(a) Show that if X = (X1, ..., X4)’, where the X;’s are i.i.d. variables with the skewed expo-
nential power distribution with the density

e~ C/M2 forx >0
f(x) = CI e_(_yx)q/z for x < 0’ (61212)
where y, q > 0 and
=211 + 1/9)(y + 1/y), (6.12.13)

then the r.v. X has v-spherical density (6.12.9) with v given by (6.12.10) and g given by (6.12.11) [Fer-
néndez et al. (1995)]. In particular, we see that the d-dimensional skewed Laplace r.v. of Fernandez
et al. (1995) is generated as an i.i.d. sample of size d from a univariate AL distribution.

(b) Derive the mean, the variance, the moments E X*, and the coefficients of skewness and
kurtosis for a random variable X with density (6.12.12).

Exercise 6.12.14 Let X have a symmetric multivariate Bessel distribution with density given by
(6.9.4). In the special case a = 0, Fang et al. (1990) call it a multivariate Laplace distribution. Here
the density of X is proportional to

JF(x) o< Ko(lIx[1/8), (6.12.14)

where K is the modified Bessel function of the third kind and order O.

(a) Show that the distribution in R? with the density as in (6.12.14) is AL(m, ) only ifd = 2.
What are m and X in this case?

(b) Show that if X £ RU® is the polar representation of a symmetric multivariate Bessel r.v.
in R? with density (6.9.4), then the density of the r.v. R is

gr(r) = c,r® 1K, (r/B), (6.12.15)
where
¢t =20+4=289% D (4 2)T (a 4 d/2). (6.12.16)

What is this representation if X has density (6.12.14)? How does it compare with that of a symmetric
Laplace L(I14) distribution?
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Exercise 6.12.15 A d-dimensional r.v. with the ch.f.
teRY, (6.12.17)

W(t) = W,

where 0 < o < 2 and X is a nonnegative definite matrix, is said to have a multivariate Linnik
distribution [see, e.g., Anderson (1992), Pakes (1992a), Ostrovskii (1995)]. For @ = 2 it reduces to
the symmetric multivariate Laplace distribution.
(a) Show that all components of a multivariate Linnik r.v. have univariate Linnik distributions.
(b) Show that all linear combinations ¢’X, where X has a multivariate Linnik distribution and
¢ € R4, are univariate Linnik.

Exercise 6.12.16 By considering the appropriate characteristic functions, show that if X)’s are i.i.d.
with multivariate Linnik distribution (6.12.17) and v, is an independent geometric variable with mean
1/p, then the relation (6.12.2) holds. Thus multivariate Linnik variables are stable with respect to
geometric summation, as are univariate (symmetric) Linnik and Laplace as well as multivariate
symmetric Laplace variables.
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Introduction

Laplace distributions found and continue to find applications in a variety of disciplines that range
from image and speech recognition (input distributions) and ocean engineering (distributions of
navigation errors) to finance (distributions of log-returns of a commodity). Now they are rapidly
becoming distributions of first choice whenever “something” with heavier than Gaussian tails is
observed in the data. Consequently, a large number of papers in diverse journals and monographs
mention Laplace laws as the “right” distribution, and it is a daunting task to find and report them all.

The asymmetric Laplace distribution as described in this book is quite a recent invention. It was
motivated by similar probabilistic considerations as was the asymmetric (skewed) normal distribution
developed by Azzalini (1985, 1986). It is our belief that natural applications will inevitably arise. In
fact an application in modeling of foreign currency exchange has recently been suggested. Several
other applications are described in subsequent chapters. Similar comments apply to the multivariate
generalizations of Laplace distributions.

In this part of the book, we attempt to present those applications that we consider in our
subjective judgment the most interesting and promising. In our choice we were also restricted by the
fact that our book is addressed to a wide range of potential “clients’” of the Laplace distributions.
Our personal taste may have played an unavoidable but hopefully not a damaging role. To make the
material readable for our intended audience we present some of the more specialized and narrowly
focused applications in essay form. Readers interested in further details are directed to the literature
cited in the references.
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Engineering Sciences

This is the first chapter in the third part of the book that deals with applications of various versions of
Laplace distributions in the sciences, business, and various branches of engineering. We start with an
application in communication theory, in particular signal processing, which seems to have dominated
earlier results in the 1960s and 1970s. Next, we mention applications in fracture problems discovered
in the late 1940s before the appearance of the Weibull distribution which dominated this field in the
second half of the 20th century. Applications in navigation problems conclude the chapter.

7.1 Detection in the presence of Laplace noise

Detection of a known constant signal that is distorted by the presence of a random noise was discussed
in communication theory on various occasions [see Marks et al. (1978), Dadi and Marks (1987), and
the references therein].

Using statistical terms, the goal is to test for the presence or absence of a positive constant
signal s in additive random noise. The hypothesis-testing problem in this context is formulated as

Hy:xi=n;, i=12,...,N;
H :xi=s+n;, s>0,

where based on the observations {x;,i = 1,2, ..., N} we are to decide whether the signal s is absent
or present. The quantity « is the probability of the first type error (incorrectly accepting Hj); it is
also called the significance level. Similarly, 8, the detection probability or the power function of the
test, is the probability of correctly accepting H.

In statistical terminology, we are dealing here with a test for location in the case of a simple
hypothesis Hp vs. a simple alternative H;. However, in communication theory, the problem receives
a different formulation, which uses the notion of a detector. This is best represented by the scheme
presented in Figure 7.1. The detector represented in this figure is defined through the form of g, which
is called in this context a zero-memory nonlinearity. Also the distribution of the noise n; influences
the value of the threshold T for the test statistic ¢t = Z,N=1 g(x;i), since the latter has a distribution
that depends on the distribution of the noise.
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Yes: Hy
Input Nonlinearity Test statistic
—— 20 P t>T?
Xi 8(xi) t= Z'N=1 g(x;i)
No: Hy

Figure 7.1: General scheme of a detector.

Various forms of detectors can be proposed by means of an appropriate definition of g. The well-
known Neyman-Pearson optimal detector is defined if the density of the input is known. Its form (as
well as its name) follows from the classical Neyman—Pearson lemma [Neyman and Pearson (1933)]
which maximizes the power of the test. It is easy to observe that in general optimal nonlinearity
should be of the form

Ja(x —5)

Jn(x) '
where f,, is the distribution of n; (which are assumed to be i.i.d. random variables) [see, e.g., Miller
and Thomas (1972)].

In the analysis of detector performance, the noise is commonly assumed to be Gaussian. The
assumption is often justified (for example for ultra-high-frequency signals — UHF) and results in
a mathematically tractable analysis. However in many instances, as pointed out by Miller and
Thomas (1972), a non-Gaussian noise assumption is necessary (for example for extremely low
frequency — ELH).

One form of frequently encountered non-Gaussian noise is so-called impulsive noise. Such
noise typically possesses much heavier tail behavior than Gaussian noise. Because of this, Laplace
noise has been suggested as a model for some types of impulsive noise.

Indeed, models of noise based on Laplace distributions appear in various engineering studies
in the last 40 years. Bernstein et al. (1974) comment on the non-Gaussian nature of ELF atmospheric
noise, and they give a plot of a typical experimentally determined probability density function asso-
ciated with such a noise which is very similar to a Laplace density. Mertz (1961) proposed a density
for the amplitude of impulsive noise that in the limiting case results in the density of Laplace law.
Kanefsky and Thomas (1965) considered a class of generalized Gaussian noises, obtained by gener-
alizing the Gaussian density to arrive at a variable rate of exponential decay. The Laplace distribution
is within this class of generalized Gaussian distributions. Also, Duttweiler and Messerschmitt (1976)
refer to the Laplace distribution as a model for the distribution of speech.

For the case of Laplace noise given by the density

Zopt(x) = log

fn) = -Z—e—y'"', neR,y >0,

the Neyman—Pearson optimal detector found in Miller and Thomas (1972) is of the form

ys, x>,
gopt(x) =1 2yx—ys, 0<x <y,
—ys, x <0.

See also Figure 7.2.
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8opt x)

Vs

—ys

Figure 7.2: Nonlinearity in optimal detector for Laplace noise.

To solve the detection problem completely, it remains to find the distribution of the statistic

N
t= Z Zopt (Xi).
i=1

This problem was solved in Marks et al. (1978) and results in the c.d.f.

N k N—-k
1 N Ak N —k
po SR ORC)
k=1 r=0 1=0
. |:e—(r+l)y5 — e_igl'ﬁek_l (x + (N =20+ s
2

):| ux—+ (N —=21-2r)ys)

1 LN
+ SN Z (m>e_'"”u(x + (N —2m)ys),
m=0

where e (-) is the incomplete exponential function

ki
@@= =
i=0

and
0 for z<O,

u(x)=[ 1 for z>0.

For the proof of this result and further discussion of testing a hypothesis about the location
parameters for the Laplace laws, see Part I, Chapter 2.6, Subsection 2.6.4.3. Note that in the above
formulation, we use slightly different notation to be consistent with the original paper.

Since we are dealing here with the classical Laplace law which is symmetric, the distribution
of the statistic #(-) under the alternative H; is given by

FP@) = 1-FP ().

The mean and variance of the test statistic are
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Eot = —-Eit =N (l —e Vv — ys) ,
Vargt = Var;z = N (3 — eV — WS _ 4yse—”)

(cf. Theorem 2.6.2 in Part I, Chapter 2.6).

In communication theory other detectors beside the optimal one are also considered. For exam-
ple, the linear detector is given by g;i»(x) = x and the sign detector is given by gsign (x) = signx. We
refer to Dadi and Marks (1987) and Marks et al. (1978) for a detailed discussion of the performance of
these detectors under the Laplace noise and their limiting behavior when the sample size N increases
without bound.

7.2 Encoding and decoding of analog signals

Another standard problem in communication theory is encoding and decoding of analog signals.
The distribution of such signals depends on their nature. Among the most important ones are speech
signals. It has been found that the Laplace distribution accurately models speech signals. Although it
was also discovered that true speech signals are strongly correlated when measured in time, in many
theoretical studies, in order to avoid complications it is often assumed that samples are independent.
Theoretical findings have been compared to corresponding empirical properties observed in real
speech samples. In one such a study, Duttweiler and Messerschmitt (1976) considered a reduced bit-
rate wave form encoding of analog signals. A concise account of their findings is presented here (we
emphasize that portion in which the Laplace distribution has played a prominent role). For additional
details we refer the reader to the original paper.

The method considered in Duttweiler and Messerschmitt (1976) is called nearly instantaneous
companding (NIC). NIC is distinguished among most other bit-rate reduction techniques by a per-
formance that is largely insensitive to the statistic of the input signal. The analysis of this robustness
was carried out in the paper by examining the method for sinusoidal signals, Gaussian independent
samples, Laplace independent samples, and real speech samples (believed to be dependent Laplace
samples). The method involves grouping of some standard encoding, in the study of the so-called
@255 (PCM) encoding (assuming n-bit quantization),!? into groups consisting of N samples. Then
it reencodes the groups, exploiting in a certain manner the information about the samples with the
largest magnitude to reduce the bit size to n — 2. Next, the encoded signal is decoded in a comple-
mentary NIC decoder to obtain back the n-sized bit codes. Finally, in order to reobtain an analog
signal, decoding through an appropriate decoder (1255 PCM) is performed.

To verify the insensitivity of the technique to the initial distribution in the signal, the NIC signal-
to-quantization noise ratio (SNR) with n = 8 and three sets of signal statistics (sinusoidal, Laplace,
Gaussian) were discussed. In Figure 7.3, we present performance for Gaussian and Laplacian inputs
(we should remember that Laplace inputs are believed to approximate better the true distribution of
the speech data). The comparison to SNR is made with respect to the initial encoding (in our case
u255 PCM).

The performance of the decoder depends on the block size N. At N = 8 the degradation is
about 7dB!° with a Laplacian distribution and 6dB with a Gaussian. The Laplacian distribution is

181y a PCM encoding of analog-to-digital converter, each bit represents a fixed voltage level. So if the least significant
bit corresponds to a level V volts, then the nth bit corresponds to a level 2"V volts. To achieve recognizable voice quality
sampling at rates of 8000 samples per second over a 13-bit range must often be used. To reduce the range requirement a
logarithmic 1255 data compander can be used to compress speech into an 8-bit word according to the formula y(x) =
Vlog(1 + ux/V)/log(l + ) with the value u = 255 most often used in telephone applications.

19A decibel is a dimensionless, logarithmic unit equal to one-tenth of the common logarithm of a number expressing a ratio
of two powers. In the usual case for input and output quantities in telecommunications, the decibel is a very convenient unit
to express signal-to-noise ratio.
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Figure 7.3: SNR vs. amplitude with independent Laplace (left) and Gaussian (right) samples. SNR
of Laplacian samples vs. bits/sample (bottom). Graphs are reproduced from Duttweiler and Messer-
schmitt (1976) with permission of the IEEE (©1976 IEEE).

characteristic of speech, but speech samples are strongly correlated. For the simulated NIC with an
actual speech input the degradation for N = 8 was 3.5dB.

Another interesting way of presenting SNR data consists of graphing the SNR vs. the average
number of bits per sample as the block size N varies. Two of these plots appear in Figure 7.3 (right).
One assumes independent Laplacian samples while the other is based on actual speech. The maximum
advantage of NIC is 3dB with independent Laplacian samples and 6dB with actual speech. In both
cases the maximum advantage occurs at about N = 10.

7.3 Optimal quantizer in image and speech compression

The Laplace distribution is commonly encountered in image and speech compression applications.
One of the fundamental problems in this context consists of finding the so-called optimal quantizer
design. Let us first explain the general idea of such a design.

Consider an analog signal that should be converted to a digital one. A quantizer is a method of
analog-to-digital conversion. Specifically, a scalar quantizer maps each input (a continuous random
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variable) to its output approximation. The issue is to optimize the quantizer performance subject to
some criteria. One criterion is to minimize the information rate of the quantizer as measured by its
output entropy. In another approach, the mean square error of quantization is considered as a measure
of performance.

Since Laplace distributions are commonly encountered in practical quantization problems,
considerable attention was given to the problem of finding an optimal quantizer for Laplacian input
sources. Here we shall discuss mostly the results of Sullivan (1996), but the works by Nitadori (1965),
Lanfer (1978), Noll and Zielinski (1979), and Adams and Giesler (1978) are recommended to readers
interested in the history of the problem.

Let an input variable, which will be subject to quantization, be modeled by a random variable X
having a smooth p.d.f. f(x). For convenience and without loss of generality, let us assume that f(x)
is zero for x < 0. An n-level scalar quantizer, where n is the number of possible values { y,-(") Yi_, in
the quantized output, is defined as

n—1
(n) = ()
o™(X) = ; i T o (XD,

where [[(4, 5] is an indicator function of an interval (a, b] and {ti(") }7_, are the n+ 1 decision thresholds

for the quantizer given by
n—1
=Y a;, i=0,...,n—1, 1t =0.
j=i

n—

The quantities {oz,-}i=1 are positive steps (ag = 00) and the output values are defined through a set

of n nonnegative reconstruction offsets {8i=_ol} by

W=t + 6

The distortion measure d(A) is any function of A that increases monotonically and smoothly
(although not necessarily symmetrically) as its argument deviates from zero (for example the mean
squareerrord(A) = |A|? is adistortion measure). The expected quantizer distortion is then defined by

D = E[d(X — Q™ (X))]
n—l t~(")

=2 / w 4G =¥ F 0z,
t

i=0 "Ci+1
and the probability of each output y,.(") is

™
P = [, foodx.

it

The output probabilities determine the output entropy of the quantizer, a lower bound on the
expected bit rate required to encode the output, given by

n—1
H}") =— Z p™ log, p™ [bits per sample].
i=0
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We are interested in a quantizer that minimizes the objective function
(n) _ pm (n)
Jy' =Dy’ + AH

for some A > 0. Such a quantizer is optimal in the sense that no other scalar quantizer can have lower
distortion with equal or lower entropy.

In Sullivan (1996), the optimal quantizer as well a as fast algorithm for its computation for
an exponentially distributed input were presented. In the case of mean squared-error distortion, the
solution has an explicit form expressed by the Lambert function W, i.e., the inverse function to
f(W) = We", which can be approximated by

1.1 43
W(z) = —1 —q*t —q?— —g*+...,
@ TET 3Tt 59 50l

where g = +/2(ez + 1) [see Corless et al. (1996)]. This optimal solution o is given by
afyy =vi+ W(-ve™),

where
-
"l—e’

The results on exponential source are then used to derive the optimal quantizer for a Laplace
distribution. It is interesting to see how the exponential quantizer can be utilized in this case.

First, let us consider the quantizer that has an output value € associated with the input value
of x = 0. The boundaries of the step are defined by two nonnegative thresholds # and ¢,, where
t; +t, > 0, so if the input is between —¢; and ¢,, then the output value is equal to €. The quantizer
has the distortion

v,~=2—a

ty
NGt 1y, €) = f d(x — e~ j2dx

-
and the entropy
T(e™"/2,e7"/2),

where

T(p,q) = B(p)+ (1 —p)B(g/(1 — p)),
B(p) = —plog, p — (1 — p) logy(1 — p).
The number of output levels on the right of ¢, is n, and on the leftof #; isn;. Thusn = n,+n;+1.
Now we define the quantizer as the composition of three subquantizers. First, we have the one defined

above for values around zero. Then for a Laplace random variable X, X — ¢, given that X > ¢, has
exponential distribution and so does —(X — #;) given that X < f,. Consequently, we can write

1 ., 1 _
I =@, ty,€) + AT <5e K 5¢ ”)
1 N
+ 5(e_'l Je(”l) + e_trJe(nr)),

where J IE") stands for the objective function for the Laplace source, Je("’) is the objective function for
the exponential source, and fe("’ ) is the objective function of an n;-level quantizer for an exponential
source with distortion measure d (A) = d(—A). Using the results on the exponential source it is
enough to find the minimizer for n(#, t,, €).
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The method of computing these quantizers presented in Sullivan (1996) is noniterative, which
is an improvement over some previous iterative refinement techniques. In addition, it is extremely
fast and optimal for a general difference-based distortion measure, as well as for a restricted and
unrestricted (asymptotic) number of quantization levels.

7.4 Fracture problems

In Epstein (1947, 1948), a potential application of the Laplace distribution is discussed in relation
to the fracturing of materials under applied forces. The considered statistical models assume that
the difference between the ideal model and observed values is due to randomly distributed flaws in
the body that will weaken it. The simplest theory is based on the weakest link concept. It assumes
that the strength of a given specimen is determined by the weakest point or, in other words, by the
smallest values found in a sample of n, where » is the number of flaws in the considered material. This
relates the problem to extreme value theory. For applications, the term strength can be interpreted
in different ways: mechanical strength, electrical strength, resistance of painted specimens to the
corrosive effects of the atmosphere, ability to stop the passage of light rays, or the life span of a
device that ceases to function when any of a number of vital parts breaks down.

There is a dispute as to which distributions of the strength of a flaw are correct ones. Based
on experimental data the following characteristics of the distribution should be accounted for: some
experimenters have observed that the mode of the strength decreases as a function of the logarithm
of the size of specimen; the distribution of strengths of specimens all of the same size appears to
be negatively skewed; in the breakdown of capacitors the sizes of conducting particles (flaws) are
distributed according to an exponential law. In the last example, it can be easily shown that the most
probable value of the breakdown voltage depends linearly on the logarithm of the area.

Epstein (1947, 1948) considers several common distributions of the strength of a flaw given by
a density f(x) including Laplacian, Gaussian, and Weibull densities. Several issues are of interest
in this context. First, one would like to know the asymptotic distribution of the smallest value in a
sample of size n. Then it is important how specimen size (represented by n) affects the distribution of
strengths. In particular, one would like to know how the mode, the mean, and variance of the smallest
value depend on the size n. Rather standard arguments led Epstein to the results summarized in
Table 7.1.

e Smallest value - .
Distribution distr. (large n) Mode y Mean Variance
Laplace wn ~ A2x?
2—e‘|x /A u — Alog 5 u—Alog(n/2) | y—0.577xr ==

. u—o(/2logn
Gaussmnx_ 2 | _loglogntlogdr | u—o(y/2logn | _ - 22
Il "% 2./2logn __loglog n+log 477) y-= '21 = %lggn
2no _logw 2,/2logn +/2logn
A/2logn
Weibull 1 +1
—1 —axB 1/8 -1\1/B r(%—) r(E+2)_r2( B+l
apxfTlem | () (&%) o | D)

Table 7.1: Summary of the results from Epstein (1948) on the distribution of strength in the weakest
link model depending on the distribution of the strength of a flaw (w stands for a standard exponential
random variable).
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From this summary we see that the assumption on the form of distribution affects in a significant
way properties of the strength of a specimen. Moreover there are physical data available that follow
each of the patterns exhibited by the distributions listed in the table. For example, breakdown voltages
of capacitors have a distribution of the Laplace type. The derived properties when put in a physical
context give information how the size depends on the distribution of strengths in the vicinity of flaws.
Specifically, the specimens become weaker as the size increases. In the case of Laplace distribution
it decreases linearly with log n, for Gaussian distribution the dependence is through /log n, and for
Weibull distributions the dependence is through negative powers of n. The spread of the distribution
remains unchanged in the Laplace case, and in two other cases it decreases with the specimen size.

Epstein’s works carried out over 50 years ago generated vast literature on this subject related
to extreme value distributions. For our purposes it is sufficient to note that the Laplace distribution
appears on an equal footing with the more popular distributions at that period such as Gaussian and
Weibull.

7.5 Wind shear data

Barndorff-Nielsen (1979) proposed the hyperbolic distributions for modeling turbulence?® encoun-
tered by an aircraft. The model is quite complicated and difficult to handle when parameter estimation
is considered. Kanji (1985), noticing that the Laplace and Gaussian distributions are limiting cases
of the hyperbolic distributions, proposed the mixture of these two as a model for wind shear data.?!
Wind shears are encountered by an aircraft during the approach to landing and their distribution is
critical for assessing the effectiveness and safety of aircraft and for training pilots to react correctly
when they encounter a wind shear.

Kanji (1985) had worked with 24 sets of data on wind shear collected during the last two
minutes of landing of a passenger aircraft. The measurement represents the gradient of airspeed
change against its duration. The basic assumption is that a wind shear forms an individual gust that
has a strictly defined form specified by its duration and the magnitude of change of the air velocity.
The 120 seconds in flight before touchdown was split into four bands, the first two of 40 seconds
length and the last two of 20 seconds length. The histograms of the data suggested that for the early
stage (first 40 seconds) of landing the Laplace distribution seems to fit the data well, while for the
last 20 seconds less peaky Gaussian distribution appears to be appropriate. Considering this, Kanji
proposed the mixture model

1 1
p1(x; u,0,a) = aﬁ—e"ﬁ“_’”/“ + (1 - a)—ere_(X_“)z/(zaz), (7.5.1)
o o

a mixture of Laplace and Gaussian distributions having the same mean and variance. The proposed
estimation procedure starts with the estimation of the mean and the variance for both components in
the model and then employs the chi-square goodness-of-fit procedure to fit the mixing constant «.
The inference led to the following approximate values of « in the four time bands: 0.9, 0.6, 0.5, 0.3,
respectively, confirming that wind shear data lose their Laplacian character in the earlier stages to
the Gaussian at the end of landing. The fit was significant in all but nine out of 24 cases.

In Jones and McLachlan (1990), a mixture of Laplace and Gauss distributions was studied in
the same context. This time, however, the authors did not assume equal variance in the components
and demonstrated an appropriately modified estimation procedure leading to even better fits than

20Random changes in wind velocity with insufficient duration to significantly affect an aircraft’s flight path.
2Ip change in wind velocity of sufficient magnitude and duration to significantly affect an aircraft’s flight path and require
corrective action by the pilot or autopilot.
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those obtained by Kanji (1985). Further discussion on justification and parameter estimation of the
mixture model (7.5.1) can be found in Kapoor and Kanji (1990) and Scallan (1992), respectively.

7.6 Error distributions in navigation

In Anderson and Ellis (1971), we find an interesting discussion of error distributions reported in ocean
engineering. The authors analyze 54 distributions and conclude that most of them have exponential
or even heavier tails and only a few seem to follow Gaussian law. In heuristic fashion, they argue
that only for equipment made of identical items do the collected data follow the Gaussian law. For
example, it was observed that the frequency distributions of a single pilot operating the same set of
facilities and under similar navigational environments appear to be well modeled by Gaussian laws.
If the data are collected by instruments that, although nominally the same, are much more diverse and
far from identical, then the data exhibit longer tails. This is due to variability of variance for different
instruments. In the aircraft navigation data it was repeatedly observed that if data are collected from a
fairly complex navigation system, there is a strong tendency to exhibit exponential tail behavior. The
question is then how to rationalize the applicability of two so different distributions. The answer given
in Anderson and Ellis (1971) suggests considering Gaussian distributions with random variances.

As an example, consider two gauges, one new and one older and worn out. The variance of
the second one will lead to data far from their true value, and the distribution can be closer to
a Laplace distribution than to a Gaussian one. The authors suggest the use of distributions with
exponential or even heavier tails for navigation data. They derive such distributions by combining
observations from a number of Gaussian distributions that cover a range of standard deviations.
Of course, various distributions (or patterns, as the authors describe them) of standard deviations
will lead to different distributions of the errors (we know that one such possibility is the Laplace
distribution if the distribution of the standard deviation is Rayleigh; see 2.2.5). They note: “In the
past, navigation statistics have tended to be a conglomeration of single observations from various
origins and there has been no need to examine the range of standard deviations from each origin.
Therefore, we do not know the pattern which these standard deviations are likely to follow.”

Lack of information about the distribution of the standard deviation prevents the authors from
making any strong recommendation on the type of error distribution, except that they strongly favor
in some situations “log-tail” (in our terminology exponential-tail) distributions:

“The navigator will remember that the Gaussian distribution can arise if one observer (without
blunders) operates one equipment (without integrators) under one set of stable conditions! If his
information is based on a number of diverse sources (or even if it is based on one source and the
navigator has a healthy pessimism) the log-tail distribution will be preferable within the limits in
which he is likely to be interested.”

In conclusion, after studying the difference in quantiles between the Gaussian distribution
and an alternative distribution that is Gaussian with random variance (they do not consider Laplace
distribution) they say: “If the Gaussian distribution is assumed for errors, and if the standard deviation
is deduced from observations based on a large number of equipments and operators, there will in fact
be considerably more extreme results than predicted by the assumption.”

The argument they provide in favor of the models based on Gaussian mixtures with stochastic
variance can be easily extended to other areas of applied research. For this reason Laplace distributions
can serve as valuable models in situations heuristically described above.

In Hsu (1979), the model with Laplace distribution was investigated and compared with the
real-life data on navigation errors for aircraft position. The data were collected by the U.S. Federal
Aviation Administration over the Central East Pacific Track System. The position errors in the lateral
direction (along the tracks) were recorded for the traffic heading to Oakland (3435 data points)
and Los Angeles (4147 data points). The following five models were fitted to the data: Gaussian,
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Laplace, ¢-distribution, a mixture of two Laplace, and a mixture of two ¢-distributions. The best
fit, particularly in the tail region, was obtained by a mixture of two Laplace distributions. On the
other hand, the Gaussian distribution performed rather poorly. It is worth emphasizing that a model
adequately describing the tail behavior is of paramount importance in this application. The simplicity
of the models based on Laplace distributions and their empirical adequacy adds much to its practical
applicability, as illustrated by Hsu (1979) in the application of the proposed Laplace model for the
calculation of aircraft midair collision risk. This risk is based on the probability of track overlap by
two aircraft that take adjacent parallel tracks with some nominal lateral separation in nautical miles.
The computation of this distribution (which is the convolution of the navigation error distributions
for the considered two tracks) is possible for all models and it was found that the models other than
the mixture of Laplace distributions tend to underestimate the overlap for most of the range of the
nominal separation considered.



8

Financial Data

An area where the Laplace and related distributions can find most interesting and successful applica-
tions is modeling of financial data. This is due to the fact that traditional models based on Gaussian
distribution are very often not supported by real-life data because of long tails and asymmetry present
in these data. Since Laplace distributions can account for leptokurtic and skewed data they are natural
candidates to replace Gaussian models and processes. In fact, some activity involving the Laplace
distribution can already be observed in this area. Laplace motion and models based on multivariate
Laplace laws have appeared in works on modeling stock market returns, currency exchange rates,
and interest rates. In this chapter, we present several such applications.

It is important to mention that interesting materials exist on applications of hyperbolic and nor-
mal inverse Gaussian distributions to financial data [see, e.g., Eberlein and Keller (1995), Barndorff-
Nielsen (1997)]. Since generalized Laplace distributions can be viewed as special cases of hyperbolic
distributions, the mentioned work also supports their application to stochastic volatility modeling. In
particular, the estimation based on German stock market data in Eberlein and Keller (1995) confirms
most of claims in Section 8.4. We do not report these results as not directly related to the Laplace
laws but we recommend the cited work to those interested in financial modeling.

8.1 Underreported data

Consider a Pareto random variable Y, with p.d.f.

y+1

Y (m

pi) = '"<n) » fory, = m, (8.1.1)
0, for0 < y, < m.

The Pareto distribution has been found useful for modeling a variety of phenomena, including distri-
butions of incomes, property values, firm or city values, word frequencies, migration, etc. However,
as remarked by Hartley and Revankar (1974), in many applications (particularly those dealing with
income or property values) one may reasonably expect that the reported values underestimate the
true values of a given variable of interest. To account for this, Hartley and Revankar (1974) consider
Y, with density (8.1.1) as an unobservable (true) variable, which is related to an observable variable
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Y via the equation
Y=Y,.-U, (8.1.2)

where the variable U (0 < U < Y,) is a positive underreporting error. The goal here is to make
inference about the distribution of Y, (that is, to estimate the parameters y and m) based on a random
sample from Y. To accomplish this, one needs to relate the p.d.f. of Y to the parameters y and m of
Y.. Hartley and Revankar (1974) postulate that the proportion of Y, that is underreported, denoted by

W, = ;,U:, (8.1.3)
is distributed independently of Y, with the p.d.f.
pa(wy) =A(1—w)* !, O0<wy<1, A>0. (8.1.4)
Then the observable r.v. Y given by (8.1.2) has the p.d.f.
+1
gy) = %i—i—y y%):_l , fory=m, (8.1.5)
(), for0<y<m.

We now recognize (8.1.5) as the p.d.f. of a log-Laplace distribution. Indeed, writing X = log Y and

denoting
1
o= ,_)»y’ K = /%, 6 = logm, (8.1.6)

1 [ e Ix=0l/o  forx >0,

we find that the p.d.f. of X is

h(x) = l

_— 1.7
ok 1+« 8.1.7)

1
e 0/ forx <@,

which is a three-parameter AL*(0, k, o) density [see also Hinkley and Revankar (1977)]. Thus AL
laws have found applications in economics in connection with modeling (underreported) income and
similar variables.

8.2 Interest rate data

In this section we present an application of AL distributions in modeling interest rates on 30-year
Treasury bonds. Klein (1993) studied yield rates on average daily 30-year Treasury bonds from 1977
to 1990, finding that the empirical distribution is too “peaky” and “fat-tailed” to have been from
a normal distribution. He rejected the traditional log-normal hypothesis and proposed the Paretian
stable hypothesis, which would “account for the observed peaked middle and fat tails.” The paper
was followed by several discussions, where some researchers objected to the stable hypothesis and
offered alternative models.

Kozubowski and Podgérski (1999a) suggested an AL model for interest rates, arguing that this
relatively simple model is capable of capturing the peakedness, fat-tailedness, skewness, and high
kurtosis observed in the data. These authors considered a data set consisting of interest rates on 30-
year Treasury bonds on the last working day of the month [published in Huber’s discussion of Klein’s
paper, p. 156]. The data cover the period of February 1977 through December 1993. Converting the
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Figure 8.1: Top left: Histogram of interest rates on 30-year Treasury bonds. Top right: Nonparametric
estimator of the density (thin solid line) vs. the theoretical ones (normal — dashed line; AL — thick
solid line). Bottom left: Empirical c.d.f. vs. normal c.d.f. Bottom right: Empirical c.d.f. vs. AL c.d.f.
(From Kozubowski and Podgérski (1999a).)

data to the logarithmic changes, Y; = log(i;/i;—1), where i; is the is the interest rate on 30-year
Treasury bonds on the last working day of the month ¢, the authors assume that the resulting 202
values of the logarithmic changes Y; are i.i.d. observations from an AL distribution.

The histogram of the data set appears in Figure 8.1 (top left). The typical shape of an AL density
is apparent: the distribution has high peak near zero and appears to have tails thicker than that of the
normal distribution. Comparisons of the empirical c.d.f. with the normal c.d.f. (Figure 8.1, bottom
left) and the empirical density with the normal density (Figure 8.1, top right) confirm these findings.
We observe a disparity around the center of the distribution due to a high peak in the data. To fit an
AL model, one needs to estimate the parameters . and o. Kozubowski and Podgérski (1999a) used
the maximum likelihood estimators, obtaining

& = —0.007178218 and & = 0.294043202,

and then calculated the parameter « and other related parameters. The resulting values are presented
in Table 8.1, along with corresponding empirical counterparts:

1. Sample Mean: 1 3" ¥;.

2. Sample Variance: 1 3 (¥; — Y)2.

3. Sample Mean Deviation: 1 3" |¥; — 7.
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[ Parameter | Theoretical value | Empirical value |
Mean —0.001018163 —0.001018163
Variance 0.001733809 001372467
Mean deviation 0.02944785 0.02945773
Mean dev./ Std. dev. 0.7072175 0.7582487
Coefficient of Skewness —0.07334177 —0.2274964
Kurtosis (adjusted) 3.003586 3.599207

Table 8.1: Theoretical vs. empirical moments and related parameters of Y ~ AL(W, 7).

4. Sample Coefficient of Skewness: 7] = % S — 7)3/(;1,- S (Y — Y)?)32,
5. Sample Kurtosis (adjusted): 7> = 1 >°(¥; = V)*/(A (i - 7)»)? - 3.

Except for a slight discrepancy in skewness, the match between empirical and theoretical values
is remarkable. In Figure 8.1 the theoretical AL c.d.f. is compared with the empirical c.d.f. (bottom
right) and the density kernel estimator based on the data is compared with the theoretical densities
of normal and AL distributions with the estimated parameters. We observe a better agreement with
the AL distribution than with the normal one.

8.3 Currency exchange rates

We present an application of AL distributions in modeling foreign currency exchange rates taken
from Kozubowski and Podgérski (2000). Following the ideas of Mittnik and Rachev (1993), we may
view an exchange rate change as a sum of a large number of small changes, where the sum is taken
up to a random time v, (that has a geometric distribution):

Vp
exchange rate change = Z (small changes).

i=l1
The random nature of time reflects the volatility and unpredictability of the factors that contribute
to the establishment of a current exchange rate. Therefore, the AL laws (provided the small changes
have finite variance) are very likely to approximate the distribution of the exchange rate change. We
may think of v, as the moment when the probabilistic structure governing the exchange rates breaks
down. This can be new information, political, economical, or other events that affect the fundamentals
of the exchange market.

Kozubowski and Podgoérski (2000) fitted AL laws to a bivariate data set on two currency
commodities: the German Deutschmark vs. the U.S. Dollar (DMUS) and the Japanese Yen vs. the
U.S. Dollar (YUS). The observations were daily exchange rates from 1/1/80 to 12/7/90 (2853 data
points). (The standard change in the log(rate) from day ¢ to day ¢ 4+ 1 was used.)

The histograms of the data appear in Figure 8.2, where we observe a shape typical of AL density.
The distributions have high peaks near zero and appear to have tails thicker than that of the normal
distribution. The normal quantile plots (QQ plots) in Figure 8.3 (top) confirm these findings. Observe
that the normal plots deviate from a straight line rather substantially. To fit an AL model, we need to
estimate the parameters 1 and o. The maximum likelihood estimators produced

7 = 0.0007558 and o = 0.00521968
for the German Deutschmark data and

Z = 0.0007272 and 0 = 0.0049445
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Figure 8.3: Top: Normal quantile plots of Japanese Yen (left) and German Deutschmark (right)
exchange rate data. Bottom: Quantile plots of Japanese Yen (left) and German Deutschmark (right)
exchange rate data vs. fitted AL distributions.

for the Japanese Yen data. The quantile plots of the two data sets with theoretical AL distributions
are presented in Figure 8.3 (bottom). We see only a slight departures from the straight line. It is
evident even to the naked eye that AL distributions model these data more appropriately than normal
distributions. We refer the reader to Kozubowski and Podgérski (1999c) for a more in-depth study
of modeling the distribution of currency exchange rates with AL laws.
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8.4 Share market return models

8.4.1 Introduction. The application of Laplace motion as defined in Section 4.2, Chapter 4, to
modeling share market returns has been investigated in many recent papers, starting with Clark (1973)
(although indirectly) and during the last decade in Madan and Seneta (1990), Madan and Milne (1991),
Longstaff (1994), Eberlein and Keller (1995), Barndorff-Nielsen (1996, 1997) (through more general
models based on hyperbolic distributions), Madan et al. (1998), and Geman et al. (2000ab).

It is empirically evident that stock price changes do not follow normal distribution. In particular,
sample excess kurtosis for many available financial data is significantly greater than zero (zero
corresponds to normal distribution). This deviation from normality implies that the assumptions
of the Central Limit Theorem may not be valid for individual random effects making up a price
change. One solution, as postulated by Mandelbrot (1963), is to consider individual effects not
having finite variance. The resulting distribution should then belong to the class of stable distributions
(a.k.a. Paretian stable laws). An alternative solution, as suggested in Clark (1973), is to consider a
subordinated Gaussian process. Considering cotton futures, he argues that their prices evolve at
different rates during identical time intervals. This is presumably due to the fact that the number of
individual effects that add together to give the price change during a fixed time unit, say a day, is
random. Thus a version of the Central Limit Theorem with a random number of elements should be
used to obtain an approximate distribution of a daily stock price. Clark (1973) describes the rationale
behind these assumptions: “The different evolution of price series on different days is due to the
fact that information is available to traders at a varying rate. On days when no new information
is available, trading is slow, and the price process evolves slowly. On days when new information
violates old expectations, trading is brisk, and the price process evolves much faster.”

In economic literature, this argument is described through the assumption that the business (or
economic) time runs randomly relative to physical time [see Madan and Seneta (1990), Geman et
al. (2000ab)]. This sort of argument leads to the subordinated model of stock prices S(t) = X (T (¢)),
where X (¢) and 7 (¢) are two independent stochastic processes: X (¢) is the stock price in business
time ¢, and 7 (¢) is business time at real time ¢.

If we assume that B(¢) = log X (¢) is a Brownian motion and that 7 (¢) is a gamma process, then
the process L(¢) = log S(t) is a Laplace motion. In the work of Madan et al. (1998) and some other
works oriented toward applications in finance, this process is named the variance gamma process.
This new model for security prices enjoys several major advantages when compared with other models
discussed in the literature on the subject. In particular, it incorporates asymmetry, heavy-tailedness,
continuous time specification, finite moments of all orders, and an elliptically contoured multivariate
counterpart, and it provides adequate empirical fit. Additional features include approximation by
a compound Poisson process and representation as a Brownian motion evaluated at random time
governed by a gamma process. The last representation is interpreted as a mathematical interpretation
of an economic clock ticking in a random fashion. All these features are direct consequences of the
properties of the Laplace motion studied in Section 4.2, Chapter 4.

The following is a brief description of the model and its basic properties.

8.4.2 Stock market returns. We consider a particular commodity with stock price S; at time ¢.
We assume that {S;};>0 is a random process and the return over the time unit is given by

R = St
S

Then the log-return is defined as

L =1logR. (8.4.1)
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In most models, it is assumed that the distribution of R does not depend on ¢, so the dependence of
R on t is not exhibited in the notation.
More generally, the stochastic process

S(t) = $(0) exp(L:)

usually represents the stock price S(¢) at time ¢, where the process L; has homogeneous increments,

ie, Liys — Ly £ L. Note that (by (8.4.1)) we have L < L.

The literature on market returns includes a number of models for L;: Brownian motion, symmet-
ric stable processes, normally distributed jumps at Poisson jump times, models based on ¢-distribution,
and generalized beta distributions. A model based on the Laplace motion (the variance gamma pro-
cess) can be introduced by assuming that L, has homogeneous and independent increments and that
Ly has a shifted generalized Laplace distribution. Thus

Li £ GALG@, p,0,v), (8.4.2)

where the parameters of the generalized Laplace distribution (a, i, o, and v), and the interest rate r

are related through
1 o?
a=r+—-log{l—p——1).
v 2

The additional shift log(1 — u — 02/2)/v is a result of the drift
Elexp(L))] = 1/(1 — ut —o*t/2)!/

and is added in order to have E exp(S()) = e"".

Asymmetric generalized Laplace distribution (skewed Bessel K-function distribution) was
probably, in this context, first considered in Longstaff (1994). He assumes that L, is a conditional
Brownian motion with the gamma stochastic variance and a shift in the mean proportional to this
stochastic variance (without any substantiation of the gamma distribution for the variance). The
stochastic process is not specified except for one-dimensional distributions, which allows for other
than Laplace motion models for L, (see Exercise 4.5.10 in Chapter 4).

Madan and Seneta (1990) considered the symmetric Laplace motion, showing that in this case
(u = 0) the agreement of the Laplace model with real data is very good. Madan and Seneta (1990)
compared the (symmetric) Laplace motion model with the normal, the stable, and the Press compound
events model (ncp), using a chi-square goodness-of-fit test statistic on the data on 19 stocks quoted
on the Sydney Stock Exchange. For 12 of the studied stocks, the minimum chi-square was attained
by the Laplace motion model. The remaining seven cases were best characterized by the ncp for five
cases and the stable for two cases (and none for the normal distribution). Thus the Laplace motion
appears to be a good contender as a model of daily stock returns. The studies of Madan et al. (1998)
confirm this opinion to an even greater extent for the asymmetric Laplace motion.

Madan et al. (1998) studied the empirical prices for the S&P 500 Index futures traded at the
Chicago Mecantile Exchange (CME) obtained from the Financial Futures Institute in Washington,
DC for the period from January 1992 to September 1994. Using the maximum likelihood approach,
the authors fitted these data with the following models: Brownian motion (the popular Black—Sholes
model), symmetric Laplace motion, and asymmetric Laplace motion. The three models were con-
sidered both for the statistical process of the stock price and for the risk neutral process that was
obtained using the data on the three-month Treasury Bill rate obtained from the Federal Reserve
Board in Washington, DC.
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For the statistical process of the log-price, it was found that the log-normal process is strongly
rejected in favor of the symmetric Laplace motion while the asymmetric Laplace motion makes no
significant improvement in fit over the symmetric one.

The situation is essentially different for the risk neutral process where an enhancement of
skewness is observed as a result of risk aversion in equilibrium. For example, the log-normal model
is rejected in favor of the symmetric Laplace motion in 30.8% of the tests, while the analogous rate
for asymmetric Laplace motion is 91.6%.

8.5 Option pricing

Once the model for the price change of a commodity is decided on, it is important to find an effective
and operational formula for the price of an option. Probably the most important advantage of the
Laplace model given by (8.4.2) is that it allows for a closed form of the price of a European option
on the stock using the Black—Sholes formula for the Brownian motion model of price change. The
results are shown in Longstaff (1994) and Madan et al. (1998).

The price of a European call option C(Sg, K, t) for a strike of K and maturity ¢ with the initial
value of the stock S(0) = S is given by

C(S, K, 1) = e " E[max(S(t) — K, 0], (8.5.1)

where the expectation is taken with respect to the risk-neutral density. Evaluation of the option price
(8.5.1) is based on the representation given in Theorem 4.2.1. Conditionally on the value of the
random time, we have a standard Brownian motion model and the Black—Sholes formula can be
applied. The European option price is then obtained by integrating out the gamma process.

Theorem 8.5.1 The European call option price on a stock, when the stock price is given by the
Laplace motion through the condition (8.4.2), is given by

1 2 1 2
C(S»Kyt):-S\I/ d\/__—._@’s(g_*_l)/‘/_—:_—(m,_
v 2 i s
1 2 2 g
—K-ew d\/——a—,gzs/\[l_“_,_ ’
voo2 v 27w

2 — v(a+s)2]

where

d ! 1 S+ t+t lo
= - — r _—
s| %% v BT a2

and WV is the complementary Bessel function given by the following integral involving the standard
normal distribution function ®:

W(a, b )—/m¢(i+bﬁ)m-du
Y= 0 Ju I'(y) ’

The proof of this theorem can be found in Madan et al. (1998). This formula is similar to
the one based on the Black—Sholes model. The only difference is that the Bessel function is used
instead of the normal distribution. Computationally, the formula is more complex than the traditional
Black—Sholes formula since it involves a double integral of elementary functions. It is nevertheless
practical as used by Madan et al. (1998) in their numerical computations on the data discussed in the
previous section.
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Here for each fit to the three models the option price was computed for 143 weeks. Then the
pricing error was computed. For a correct model the pricing errors should not exhibit any consistent
pattern and they should not be predictable (orthogonality tests were used to determine whether the
prices resulting from a given model were biased or not). From these studies it follows that the
asymmetric Laplace motion provides acceptable pricing that removes the so-called volatility smile
so often reported in the financial literature for the Black—Sholes prices. For a detailed description of
the statistical analysis we refer readers to Madan et al. (1998).

8.6 Stochastic variance Value-at-Risk models

Research very closely related to modeling of stock market returns was presented in Levin and Al-
bansese (1998) and Levin and Tchernitser (1999), where value-at-risk (VaR) models with multifactor
gamma stochastic variance were recommended and supported by theoretical results and real-life data.

Let X be a random risk factor. Assume first that it is modeled by a one-dimensional random
variable. An investment strategy is represented by a portfolio, say IT(X), which depends on this
factor and denotes the return of investment over some fixed period of time (e.g., one day or 10 days).
The VaR at the level p € (0, 1) is then defined as the p-quantile of the distribution of IT(X):

P(II(X) < VaR) = p.

If the portfolio is a linear function of X, the distribution of the risk factor X determines the value
of VaR. Usually, the assumption of a normality of X is not supported by real-life data. Figure 8.4
shows that the data are not well modeled by normal density. Assuming Gaussian distribution may
lead to misleading values of VaR (they would be too small in absolute value when compared to the
actual VaR’s). The real data exhibit more peakedness, heavier tails, and often skewness. None of
these features can be modeled accurately by a Gaussian density. (See also Figures 8.5 and 8.6.) For
example, the returns of three-month FIBOR presented in Figure 8.4 show

 skewness equal to —0.98 and kurtosis equal to 49.0 for daily returns;

 skewness equal to —0.46 and kurtosis equal to 5.6 for 10-day returns.

In Figure 8.5, we see that the symmetric Laplace distribution fits currency exchange data by
far better than does the Gaussian distribution.

It is not uncommon in financial research to consider a modification of the normality assumption
by allowing for random variance in the normal model (see also Section 8.4). In addition, in the work
discussed therein, the maximum entropy principle was evoked to determine the distribution of such
a random variance of the risk factor. More precisely, consider the following assumptions on the
distribution of the risk factor X.

Assumption 8.6.1 Conditionally on V, the distribution of the risk factor X is normal with the mean

6 and variance V, i.e.,
X=+VZ+o,

where Z is a standard normal variable independent of a positive random variable V having the mean
2

Vo = a§.
Assumption 8.6.2 The distribution of the variance V > 0 has to satisfy the maximum entropy

principle under the constraint
EWV)=W.

As we already know (see Section 2.4.5) these assumptions lead to the model with variance V
distributed according to exponential law and thus by representation 2.2.3 the unconditional distribu-
tion of risk factor is given by the Laplace law £(0, ap). Of course, this allows for explicit computation
of the VaR values via the formulas for the quantiles of the Laplace distribution.



298 8. Financial Data

Daily Retums of 3-Month FIBOR

1

#a’ﬁ:--l.lfn o il
4 3 2 - 0 ! 3 4

(x-m)ic

10-Day Retums of 3-Month FIBOR
[

4
an

4

(x-m)i@

Figure 8.4: Comparing histograms of risk factors with Gaussian model: Daily and 10-day returns of
three-month FIBOR. (Courtesy of Alexander Levin.)

Remark 8.6.1 In finance, the notion of volatility is commonly used to describe the square root of

variance (the standard deviation). Note that if V is exponential, then the volatility /V is distributed
according to the Rayleigh distribution.

It may be reasonable to replace Assumption 8.6.1 by the following one.

Assumption 8.6.3 Conditionally on 'V, the distribution of the risk factor X is normal with the mean
6 — yV and variance V , i.e.,

X=VVZ-yV+6,

where Z is a standard normal variable independent of a positive random variable V having the mean

Vo = 002. The parameter y controls the correlation between the risk factor X and the stochastic
variance V.

Then the distribution of the risk factor becomes asymmetric Laplace AL(6, —agy, 00)- Again
the VaR can be explicitly computed as the quantiles of asymmetric Laplace laws are readily available.
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Figure 8.5: Comparison of historical data and their fit by Gaussian and Laplace densities. (Courtesy
of Alexander Levin.)
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Figure 8.6: Comparing histograms of risk factors with Gaussian and Laplace models. Left: Daily
returns of the S&P 500 Index showing that the asymmetric Laplace distribution fits the data quite
well. Right: 10-day returns of the S&P 500 Index are fitted well by a generalized Laplace distribution
(stochastic variance gamma model). (Courtesy of Alexander Levin.)

We see in Figure 8.6 that the data on returns of the S&P 500 Index are clearly skewed to the right.
The fit of asymmetric Laplace on the left graph is far better than the Gaussian providing a sound
empirical justification of the above model for risk factor distributions.

So far we have considered a fixed period within which we are modeling the return of our
portfolio. A natural extension is to consider a stochastic variance model that depends on time. Our



300 8. Financial Data

previous considerations, which lead to exponential distribution for stochastic variance over a fixed
period, should naturally introduce a time factor into the model by considering a gamma process.

Assumption 8.6.4 The total stochastic variance V (t) follows a gamma process.

As a consequence of this assumption, the stochastic variance over an arbitrary time interval is
distributed according to the gamma law and the stochastic volatility is distributed according to the
Nakagami distribution [the distribution of the square root of a gamma distributed variable; see, e.g.,
Nakagami (1964)]. We know from Chapter 4 that this leads to risk factors distributed according to
generalized Laplace distributions (Bessel function distributions). In this case, the VaR is no longer
expressed in terms of elementary functions as the Bessel function distributions involve a modified
Bessel function that needs to be inverted to obtain VaR defined as a quantile for this distribution.
Numerical procedures have to be used for the computational purposes.

The available financial data seem to confirm such a model. From Figure 8.6, we observe that the
distribution over a longer period of time (10-day vs. daily) has a relatively smaller peak in the center,
which agrees with the model having gamma distributed stochastic variance. The same observation
can be made for the data presented in Figure 8.4.

The above model poses a challenging inferential problem how to estimate the parameters of
distributions based on generalized Laplace model by exploiting the time scale. For example, the
question arises as to which period of time would lead to an asymmetric (but not generalized) Laplace
distribution of the risk factor. This problem was partially addressed in Levin and Tchernitser (1999)
where an interesting calibration procedure was proposed allowing for computing the parameters of
the model by matching appropriate moments of the distributions for variance and for the risk factor.
As a first step, the method of moments could be used to estimate the parameters.

The next challenge is to extend these models to the case of a multivariate portfolio. Let X be a
vector of risk factors and let IT1(X) be a portfolio depending on these factors. To compute VaR, one
needs to identify multidimensional distribution of X. Following the successful fit of the univariate
models, we are looking for distributions which in the one-dimensional case are reduced to asym-
metric Laplace or generalized Laplace distributions. For bivariate currency exchange data, studied
in Levin and Tchernitser (1999), three models were examined: the Gaussian, a linear combination of
Laplace variables, and bivariate Laplace (the elliptically contoured Laplace distribution). The two-
dimensional data on exchange rates of German Mark and Japanese Yen vs. U.S. Dollar were used to
verify the proposed models. As seen in Figure 8.7, the most convincing fit is provided by the ellipti-
cally contoured Bessel function distribution, which suggests that multivariate Laplace distributions
can be very useful for multivariate modeling in finance.

8.7 A jump diffusion model for asset pricing with Laplace
distributed jump-sizes

Another model that is an alternative to the Gaussian for the price of an asset (a stock or a stock index)
was proposed in Kou (2000). As opposed to the variance gamma models discussed in Sections 8.5
and 8.6, which are purely jump processes, it contains both a continuous part modeled by a geometric
Brownian motion and a jump part with the logarithm of the jump sizes having a Laplace distribution
and the jump times corresponding to the arrival times of a Poisson process. The asset price S(t) is
given by the stochastic differential equation

N()
=pdt +odWn)+d | Y (Vi— D],

i=1

das(t)
S(t)
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Simulated Bivariate Normal Density
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Figure 8.7: Bivariate distribution based on DEM/USD and JPY/USD data. Top left: Gaussian model.
Top right: Model based on independent Laplace variables. Bottom left: Multivariate Laplace model.
Bottom right: Historical distribution. (Courtesy of Alexander Levin.)

where W (¢) is a standard Wiener process, N (¢) is a Poisson process with rate A, and {V; } is a sequence
of independent identically distributed nonnegative random variables such that X = log V has the
Laplace distribution CL(6, n). All the variables are assumed to be independent. The solution to the

equation has the form

N@®)

S@) = S(O)exp{(# - %Uz)t+0W(t)] 1_[ Vi.

i=1
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It is shown in Kou (2000) that this model has important features observed in the financial data
(and nonexistent in the standard diffusion models), such as high peak and heavy tails, asymmetry, and
volatility smile. Moreover, a closed formula for option pricing is available, although it is somewhat
complicated and involves some special functions (the Hh function). We refer interested readers to
the original work.

8.8 Price changes modeled by Laplace—Weibull mixtures

As we have mentioned, the ability to model heavy-tails as well as the center peak are important
advantages of Laplace modeling in finance. Rachev and SenGupta (1993) propose contaminated
Laplace distribution to accommodate the possibility of outliers. Namely, the following mixture model
is discussed:

px; A, p,y) =nfi(x; A) + (1 — ) falxs iy ¥),

where f) is the CL(0, 1/A) density,
Si(x; A) = (A/2) exp(—2A|x]),

and f, is the density of a symmetric Weibull distribution given by
Y -
fox) = - Ix " exp(—plxl”),

wherey > 1,u >0,0<m <1.

Obtaining maximum likelihood estimators for this multiparameter family of distributions is
troublesome, mostly because of the presence of the Weibull component. However, the general E-M
algorithm can be used for this purpose, and was successfully applied in Rachev and SenGupta (1993).

In the proposed model, the leading term is Laplace density with Weibull density being a possible
contaminant. Therefore, it is of interest to test for the no mixture hypothesis: 7 = 1. Various cases,
depending on which parameters are known, are discussed in Rachev and SenGupta (1993).

The model was then applied to price changes for real estate data from Paris. Mixture distri-
butions are considered for such data because of a possibility of small changes in the corresponding
buyers/investors population due to immigration or emigration. The data consisted of the average
prices for one-bedroom apartments in Paris for 61 consecutive months. The data were transformed
to x; = log(&i+1/&i) and then the E-M algorithm yielded the following estimates: # = 0.852,
$ =5.070, A = 7.97, and /i = 45.39. An initial Monte-Carlo study suggests rather good agreement
of the estimated model with the observed data.
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Inventory Management and Quality Control

Somewhat surprisingly, there are only a few and isolated applications of the Laplace distributions
related to inventory management problems and quality control. The dominance of the gamma and
exponential distributions in this field is still overwhelming. We have collected here a few results
which hopefully will be elaborated by the researchers and practitioners in the not-too-distant future.

9.1 Demand during lead time

Distribution of demand during lead time in inventory control is essential for determining inventory
decision variables such as expected back order, lost sales, protection level, and stock out risk.

Bagchi et al. (1983) show that based on theoretical considerations this distribution ought to be
the Hermite distribution [see Johnson et al. (1992)] given by

P(W=0)=py=e“""
[[w/2]} av—2ipi

P(W=w)=pw=p0 w=1,2,3,...,

i (w —=2))!
where a and b are the parameters of the distribution such that E(W) = a+2b and Var(W) = a +4b.
Indeed, this is the exact distribution of demand during lead time when unit demand is Poisson
and lead time is normally distributed. However, in the applied literature [see, e.g., Peterson and
Silver (1979)], the Laplace distributions are also recommended for this purpose, especially for slow-
moving items or the universal normal approximation. We are thus interested in comparing normal and
Laplace distributions as approximations to the (skewed) Hermite distribution. These approximations
are based on the method of moments and the parameters are chosen by equating the means and
variances. Bagchi et al. (1983) provide a table comparing

o0
Qr=1-Pr= Y pu
w=R+1
— the tails of Hermite distribution with mean 7 and variance 13 (corresponding to Poisson demand
with mean equal to one and the normal lead with mean 7 and variance 6 — the relation being E(W) =
Au and Var(W) = Ap + A202, where A = 1 is the mean of the Poisson demand and p and o2 are
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the parameters of the normal lead time) with their normal and Laplace approximations. The results
are summarized in Table 9.1.

Or = , Percentage  error

Value Z;C;R_*_l Puw Or approx'(QR) 100-(Qg — Q/R)/QR

(rep rder Hermite Laplace Normal || Laplace Normal
points)

7 4163 4110 4449 1.27 —6.87

8 .3098 2776 .3387 10.39 -9.33

9 .2335 1875 .2440 12.70 —4.50

10 .1620 1267 .1660 21.79 —2.47

11 .1140 0856 .1060 2491 7.08

12 .0741 0578 .0636 21.98 14.17

13 .0484 0391 .0358 19.21 26.03

14 .0300 .0264 .0188 12.00 37.33

15 .0186 0178 .0092 4.30 50.54

16 .0108 0120 0043 || —11.11 60.19

17 .0064 .0081 .0018 || —26.56 71.88

Table 9.1: Approximations to the tail of Hermite demand during lead time (mean = 7, variance = 13).
(Source: Bagchi et al. (1983).)

For the normal approximation, the maximum error decreases as the mean increases and increases
as the variance increases. For the Laplace approximation, the maximum error seems to increase as
the mean increases but decreases as the variance increases. The table indicates that the Laplace may
approximate the Hermite well in the high percentage points of the right tail. The normal distribution
yields better approximations in the middle percentage points. The percentage errors seem to move in
opposite directions, with the normal distribution providing a better fit for moderate reorder points,
and the Laplace is substantially dominating at high points. Further and more detailed investigations
may be appropriate.

9.2 Acceptance sampling for Laplace distributed quality
characteristics

In the theory of one-sided acceptance sampling we consider a measured quality characteristic, say X,
which is compared to an upper specification limit, say U, to determine whether an item is classified
as defective. The quality of all the items is then defined as the theoretical proportion p of its defective
items; i.e., p = P(X > U). If we have a sample of items from the lot for which quality is expressed
interms of (X1, ..., X,) and the estimated defective proportion is given by p, then the decision rule
to accept or reject the whole lot is given by

if p < p*, then accept the lot,
if p > p*, then reject the lot,

where p* is a specified acceptance constant.

The theory is well developed if the distribution of X is normal. Sahli et al. (1997) pointed
out that using the procedures based on the normality assumption when it is not valid could be quite
misleading. The authors report that the procedure for which the sample size is n = 45 and under which
the Gaussian assumption ensures an acceptance probability of 0.95 gives an acceptance probability
of only 0.453 if we replace the Gaussian distribution by the Laplace distribution.
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This demonstrates the importance of developing a theory for other than normal cases. Sahli et
al. (1997) present an acceptance procedure for the symmetric Laplace distribution both in the case
when only the center parameter is unknown and in the case when the center and scale parameters are
unknown. The following is a summary of their findings.

In general, we assume that the distribution of X depends on a parameter 6 and we define the
lot acceptance probability based on our decision rule by

P,(6) = P(p < p).

The quality of the lot p is a function of 6. In the cases when all 6 that give the same p also produce the
same value of P,, P, can be treated as a function of p and the graph of P, as a function of p is called
an operating characteristic (OC) curve. The standard acceptance sampling plan design problem is to
give a decision rule with corresponding OC curve passing through two given points (p1, Ps,;) and
(P2, Pay)- The problem is solved under the normal assumption by the following acceptance rules:
X < U —ozp+ if the standard deviation o is known,
X<U- Szp+ if o is unknown and 52 is the sample variance.
Practical ways to choose the sample size n and p* such that the OC curve passes through the two points
(p1, Pay) and (p2, Pg,) are provided by the International Organization for Standardization (1989).

For the Laplace distribution CL(, ¢), we have the following relations between the parameters
and the proportion p of the defective items:

6 =U + ¢log(2p).
The case of ¢ known. Let us take the decision rule using the median 6 (which is the MLE of 8):

ifd < X v, then accept the lot,
if 6 > Xy, then reject the lot.

The issue is to determine the acceptance constant Xy and the sample size n such that the OC curve
passes through two given points. Note that the function P,(p) is equal to the cumulative distribution
function of the median, which in principle can be explicitely computed even though numerical
algorithms have to be used. For example, if ¢ = 1 and U = 3, then to ensure P,(0.0068) = 0.95
and P,(0.0106) = .1, we obtain n = 51 and Xy = —1.0360.

The case of ¢ unknown. A reasonable acceptance rule would be

if p < p*, then accept the lot,
if p > p*, then reject the lot,

where . .
e@=U)/¢

2 b
¢3 is the sample mean absolute deviation (the MLE of ¢), and p* is to be determined. This is
equivalent to

p=

if < U — k¢, then accept the lot,
ifd > U — kq@, then reject the lot,

where k has to be determined. In order to determine the OC curve in this case one can either consider
the exact distribution of the statistics ¢ and 6 or apply some asymptotic results (see also Section 2.6).
The complexity of the problem was partially analyzed in Sahli et al. (1997).
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9.3 Steam generator inspection

The exponential distribution is found in applications in a variety of fields. Easterling (1978) notices
that for heavy-tailed data the model consisting of the sum of an exponential variable and a Laplace-
distributed independent measurement error can be utilized. In this paper the model is applied to
measurements of tube degradation in a steam generator.

The steam generators in pressurized water reactors contain thousands of tubes through which
heated water from the reactor flows to be converted into steam. The tubes can erode over time and,
if the generator is not inspected and maintained properly, it can lead to leaks that require the plant
to be shut down. To develop an appropriate inspection plan, an adequate statistical model for the
degradation of the tubes has to be developed. In Easterling (1978), the actual degradation (extent
of thinning) of a tube, D, expressed as a percentage of the initial tube wall thickness, is a random
variable having an exponential distribution with mean 6:

1
h(d) = 5e-d/9.
The degradation is measured by a device called an eddy current tester and it is clear from the

available experimental data that the measurements are made with heavy-tailed and biased errors E.
A Laplace distribution with density

1
gle) = ﬁe—le—ltl/tﬁ

seems to be well fitted for these data. The measured degradation is then modeled as
M=D+E,

where E and D are independent and distributed according to these densities. Then the cumulative
distribution function of M is given by

¢ — .
P - e, itm < p
M <m)= 1 02 —(m—p)/6 0 __~m-w)/¢  if
— g€ + 25-9)¢ , 1m>p.

From this explicit formula one can derive conditional moments of M and D [see Easterling (1978)].

The goodness-of-fit analysis of the above model was performed on some experimental data. The
model appears to provide an adequate fit. However, as pointed out by Easterling (1978), correctly
estimating the variances represented by 6 and ¢ is a problem. Both represent variability in the
model, and it is hard to discern if the variability comes from variance of the error or the variance of
degradation.

9.4 Adjustment of statistical process control

The majority of applications of the Laplace distributions are due to inadequacy of Gaussian model-
ing. Along these lines, Gonziles et al. (1999) present a rather surprising application of the Laplace
distribution by finding an approximate solution to a Gaussian model (considered accurate) through
exact solutions available for a corresponding Laplace model. Namely, an analytical solution to the
average adjustment interval and the mean squared deviation from the target of the “bounded adjust-
ment”” schemes are found under the assumption that the disturbances are generated from a Laplace
distribution. Then robustness of the solution on the distributional assumptions is demonstrated and
used to derive the approximate results for the Gaussian case.
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Feedback control schemes used in the parts and hybrid industries must often account for the cost
of being off target, and the costs of adjustment and/or the sampling process. In such a case, feedback
adjustment may be implemented by using bounded (dead band) adjustment schemes. In these schemes
the disturbances are represented by an integrated moving average (IMA) time series model

241 — 2 = ary1 — Oay,

where zo = ap = 0, the innovations a, are independent and identically distributed (i.i.d.) normal
random variables with mean zero and standard deviation o,,and0 < A = 1—0 < 1. The adjustments
are given by x;, = X; — X,_ and their effect is realized at time ¢ + 1. The possibility of sampling and
adjusting the process occurs only at times tm, m € N. The corresponding disturbances are given by

Zmt+m — Zmt = Umt4m — OmUms,

where u;,, are i.i.d. normal random variables with mean zero and standard deviation o,,, and 6,,,
Om, and Ay = 1 — 6, satisfy A2,02 = mA2c? and 6,,02 = 602. Optimal bounded adjustment
schemes require that an action X;,, needed to bring the process back to target is taken every time
the minimum mean squared error of forecasted deviation from target exceeds some threshold values
+L. Important parameters for these schemes are the sampling interval m, the action limits L, and
the amount of adjustment required (which depends on the overcompensation s to be produced). Once
these parameters are chosen, the average adjustment interval (AAI) and mean squared deviation
(MSD) may be computed by solving certain integral equations. Under the disturbances described,
the equations have the form

AAI (x) = mhy(x),
MSD(x) = 02 + A%02{(1 — m)/(2m) + g2(x)},

where x = s/(Am0om), g2(x) = ha(x)/ho(x). The functions hy(x) for k = 0 and 2 are the solutions
of the Fredholm integral equation

A
he(x) = x* + o f he(w){om (w — x)}dw, 9.4.1)
—A

where A = L/(A,0;,) and ¢(-) is the density function of the innovations u,,,. See Gonziles et
al. (1999) and the references therein.

When innovations are Gaussian there is no analytic solution to (9.4.1). However, as shown in
Gonziles et al. (1999), analytical solution can be written explicitly if the innovations follow Laplace
distribution. Namely, in the Laplacian case the solutions are

ho(x) = A?+ AV2Z+1 -2 x| S A,
O 1 AV2eV2W=8) x> A,

N ) AY6+ AN2/3 - x4 /6+ X2, x| < A,
2x) = x2 4+ A3‘/T—e“/§(l"|_‘\), x| > A.

These solutions can be used to obtain exact values of the AAI and MSD. The Fredholm equation
can also be solved for the convolutions of Laplace distributions. Then the solutions can be used to
approximate solutions for normal innovations by the Central Limit Theorem. However, as shown
in Gonziles et al. (1999), the limiting distribution can be approximated quite accurately by simply
extrapolating the solution in the cases of the Laplace distribution and the twofold convolution of the
Laplace distribution. For the corresponding results, we refer readers to the original paper.
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9.5 Duplicate check-sampling of the metallic content

An application of generalized Laplace (Bessel function) distributions was obtained some 40 years ago
by Rowland and Sichel (1960) in modeling duplicate measurements of the metallic content in the gold
mines of South Africa (but to the best of our knowledge no more recent results are available at least
in the probabilistic and statistical literature). Because such duplicate check-sampling is a common
practice in industrial analysis this approach could be valuable for quality controllers working in other
areas as well. In our presentation, we restrict ourselves to a description of the model, referring readers
interested in quality control to the original paper.

The check measuring is based on duplicate measurements of a specimen in order to gauge the
accuracy of qualitative determinations. The two measurements, called the original sample and the
check sample, can be used to assess the quality of measurements. In standard applications, it is often
reasonable to assume that the difference of measurements is normally distributed. However, in cases
when the variance of the error is dependent on the level of specimen in a measurement, the use of
the normal distribution is not appropriate.

This seems to be the case in duplicate measurements of the gold content in gold mines. Namely,
the higher the level of the gold content in samples taken in a groove the larger the variance of the
measured content. It was verified in various studies that for the double check sampling in the gold
mines the ratios of two measurements have stabilized standard deviations and thus they should be
used for statistical purposes instead of the differences.

Let X and Y represent the original and check sample. From the data collected from mines in
South Africa, it was inferred that the distributions of X and Y are identical and thus theratio R = X/Y
has a distribution that is asymmetric around one. As it is more convenient to use symmetric distri-
butions in deriving control chart limits, the logarithm of the ratio, L = log R, which is distributed
symmetrically around zero, is a more suitable variable. The log-normal distribution has a prominent
position in mine valuation, and is often used to model the distribution of R if all samples are taken in
a small reef area (so the variance can be assumed constant). If variances of all such small reef areas
were constant, all the ratios obtained in check sampling could be pooled together and would conform
to the log-normal law. Unfortunately, the observed data reject such a model. It was observed that the
logarithms of the observed ratios, which under the log-normal model should be normally distributed,
reveal strongly leptokurtic features. According to Rowland and Sichel (1960) leptokurtosis is due to
the “instability” of the logarithmic variances that is observed even for samples taken in two neigh-
boring reef areas. Since standard statistical densities used for symmetric leptokurtic distributions,
such as Pearson Type VII distribution (a ¢-distribution with not necessarily integer-valued degrees of
freedom), were rejected by the x 2-test, the authors resorted to a model which in the terminology of
this book is represented by generalized symmetric Laplace (symmetric Bessel function) distributions.

The basis for the model follows the same scheme that was presented earlier in this book: the
variable L is normally distributed with a stochastic variance (corresponding to the random choice of
the location). The standard deviation is assumed to have a gamma distribution, and L is a product
of the random standard deviation and a normal random variable, assumed to be independent. As a
result of these assumptions we obtain the following density of L:

Ja/mw v
) = ZiArg 717 V241D K (V2all),

where a and v are some positive parameters. This distribution corresponds to the density given by
equation (4.1.32), if we take a = 1/0% and v = 7 — 1/2. One should notice that the above density
is also well defined for v € (—1/2, 0] although this case was not discussed in the original paper.

The derived model has fitted the data from various gold mines quite well. The formal derivation
of the quality control charts based on this model and a discussion of their implementation in the mining
practice can be found in Rowland and Sichel (1960).
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In this short chapter, miscellaneous applications of Laplace distributions are briefly surveyed. In the
first section we report that Laplace distribution may in certain instances provide a better fit than the
more complicated hyperbolic distribution. The central part of this chapter is devoted to an important
application to the area of dose response curves studied by Uppuluri (1981), which unfortunately has
not been investigated further due to the untimely death of the author.

10.1 Sizes of sand particles, diamonds, and beans

Laplace distributions and, more generally, hyperbolic distributions were considered for modeling
sizes of sand particles, diamonds, and beans.

Barndorff-Nielsen (1977) studied the distribution of the logarithm of particle size of wind-
blown sands. The distribution for which the logarithm of the density function is a hyperbola (or, in
higher dimensions, a hyperboloid) is proposed as a model. It was the first time when the class of
hyperbolic distributions was introduced. It was also noted that the Laplace distribution is a limiting
distribution with an appropriate passage to the limit of the corresponding parameters. For the Laplace
distribution, the log-probability function is not a hyperbola but rather two straight half-lines attached
at a single point.

The standard distribution in size statistics is the log-normal distribution. However, quite often
mixtures of log-normal distribution seem to account better for long tails of observed data. Log-
hyperbolic distributions (and in particular log-Laplace distributions) are mixtures of log-normal
distributions, and both of them have asymptotically linear tails. These two features makes them
particularly suitable for modeling size data.

The class of one-dimensional hyperbolic distributions introduced in Barndorff-Nielsen (1977)
can be described in terms of the density

1
T (¢ + ¥y DSVEY K1 (8/BY)

1 1
exp (—5«» YO = w4 2@ = y)x — u)) :

FCsé,v, 1,6)
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In the limiting case (§ — 0) we obtain an asymmetric Laplace distribution, while a Gaussian
distribution is obtained when § — oo and 8//@y — o2 (cf. Exercise 3.6.3).

Hyperbolic distributions provided an excellent fit to the data on sand particles from the studies
by Bagnold (1954) as well as on samples of sand from the Danish west coast. It was also suggested
that this class of distribution can be applied to other contexts when size data are considered. As an
example, size distribution of diamonds from a large mining area in southwest Africa were discussed
in Sichel (1973). He noticed that “diamond sizes in the marine deposit of southwest Africa are
well represented by a two-parameter log-normal distribution provided the stones originate from a
small compact mining block, on one and the same beach horizon.”” However, for larger mining areas
deviations from the log-normal distributions are observed. Sichel (1973) introduced the mixture of
log-normal distributions that in our terminology would be called generalized asymmetric log-Laplace
distributions.

In Blaesild (1981), the bivariate hyperbolic distributions are proposed to fit W. Johannsen’s
bivariate data on the length and breadth of beans. These now classical sets of two-dimensional data
showing nonnormal variations were fit by a bivariate hyperbolic distribution providing a reasonable
agreement with the data. As the bivariate Laplace distributions constitute a subclass of hyperbolic
distributions, it would be of interest to compare the Laplace fit to the more general but also more
complicated hyperbolic fit. This was actually done in Fieller (1993), who studied the distribution of
sizes of sand particles in relation to archaeological research. Fieller (1993) reported that “attempts to fit
the log-hyperbolic models of Barndorff-Nielsen (1977) proved computationally impossible. Instead,
a simpler version, based on the log skew Laplace distribution, proved computationally tractable and
most satisfyingly answered the questions quite conclusively.”

Similar comments apply to many other investigations of fitting the hyperbolic distribution to
empirical data. Barndorff-Nielsen and Blaesild (1982) apply the hyperbolic model to the following
six data sets:

1. grain sizes, acolian sand deposits;

2. grain sizes, river bed sediment;

3. differences between logarithms of duplicate determinations of content of gold per ore;
4

. differences of streamwise velocity components in a turbulent atmospheric field of large Reynold
numbers;

W

. the lengths of beans whose breadths lie in a fixed interval;
6. personal incomes in Australia 1962-1963.

In four of these cases (data sets 1, 2, 4, and 6) the resulting distribution is close to the Laplace
distribution (in the logarithmic scale we observe almost two straight half-lines instead of a hyperbola),
while in two other cases the data seem to be “more’” Gaussian (parabolic log-probability function).

10.2 Pulses in long bright gamma-ray bursts

A somewhat unusual application of an asymmetric Laplace distribution was found in the modeling
of the shapes of long bright gamma-ray bursts discussed by Norris et al. (1996). The paper examines
the temporal profiles of bursts detected by the burst and transient source experiment at the Compton
Gamma Ray Observatory. The most frequently observed pulses are intermediate between asymmetric
Laplace and asymmetric Gaussian. The general functional form of the pulse intensity is given by

I(t) = Aexp(—(|t — tmax|/0r)") fort < tmax,
= | Aexp(—(|t — tmax|/0a)?) fort > tmay,
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where fax is the time of the pulse’s maximum intensity A, o, and o4 are the rise (! < fmax) and
decay (t > tmax) time constants, respectively, and v is a measure of peakedness. For v = 1 we
obtain an asymmetric Laplace shape, and for v = 2 the corresponding shape can be described by an
asymmetric Gaussian distribution.

The paper focuses on deconvoluting the above shapes from the temporal data of the observed
gamma ray bursts. The interactive numerical routine is used to fit pulses in bursts. The most frequently
occurring peakedness lies approximately halfway between Gaussian and Laplacian distributions.

10.3 Random fluctuations of response rate

In many behavioral systems, one can observe pulse-like responses that recur regularly in time with
a very low variation. The constant beating of the heart and the responses of the optic nerve of the
horseshoe crab, limulus (which is famous for the long trains of action potentials produced when its
visual receptor is subject to a steady light), are just two of many examples observed in nature. These
responses, although random, are quite periodic, and their fluctuations are not modeled well by a
Poisson process.

McGill (1962) proposes a stochastic model for such responses, which accommodates both
periodic and random components. This model involves a mechanism that generates regularly spaced
excitations that can initiate a response after a random delay. The excitations are not observed but
their periodicity is indirectly seen in a regular pattern of responses.

The general model is rather simple. Suppose that excitations occur in equal nonrandom time
intervals of length t. At excitation k7, k = 1,2, ..., we have a positive random variable S that
represents a random delay between an excitation at kT and the response that occurs at kT + Sx. We
assume that the S ’s are i.i.d. random variables having exponential distribution with parameter A.
The goal is to find the distribution of the time between responses. In McGill (1962), this distribution
is shown to have the form

{ l)‘_—”v sinh At < T,
FO=1 15,
She™, 1 =>T,
where v is a constant given by v = e~*?. This distribution is skewed and has the mode at 1 =
7. Moreover, as A7 increases without a bound, v converges to zero and the distribution becomes
asymptotically

A- —A]t—l’l
t — = — s
f—r1) 23

which is the symmetric Laplace distribution. This asymptotic distribution applies to the case when
the random component (“‘noise’’) is small relatively to the periodic component represented by 7.

The fact that the Laplace distribution arises as the limiting distribution is not surprising. By
independence, we see that for large 7, 7 +r = 7 + 52 — S1, where §; = t — S) and the latter
is approximately exponentially distributed for large . Now the limiting distribution follows from
the representation of Laplace distribution as a difference of two exponential random variables. As
noted by McGill (1962): “This simple point (that Laplace is a difference of exponentials) is ignored
in most texts on statistics because, perhaps, no one imagines why anyone else would be interested.
Our argument establishes a very good reason for being interested. The difference, and hence the
Laplace distribution, provides a characterization of the error in a timing device that is under periodic
excitation.”

The model is then tested on two sets of real-life data: responses of a single fiber of the optic
nerve of the horseshoe crab and interresponse times produced by a bar-pressing rat after a long
conditioning period. The data are more leptokurtic than normal distribution and Laplace distribution
fit the data quite well.
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10.4 Modeling low dose responses

If a random variable Y has the Laplace distribution, then e has the log-Laplace distribution. This
distribution was considered in Uppuluri (1981) as amodel in the study of the behavior of dose response
curves at low doses. One of the problems in this context is linearity vs. nonlinearity of dose response
for radiation carcinogenesis. Since animal experiments can only be performed at reasonably high
doses, the problem of extrapolation to low doses becomes viable only under a suitable mathematical
model. The following axiomatic approach leads to the model given by log-Laplace distribution.

Axiom 1 At small doses, the percent increase in the cumulative proportion of deaths is proportional
to the percent increase in the dose.

Axiom 2 At larger doses, the percent increase in the cumulative proportion of survivors is propor-
tional to the percent decrease in the dose.

Axiom 3 At zero dose, no deaths, and when the dose is infinite, no survivors, and the cumulative
proportion of deaths F(x) is a monotonic, nondecreasing function of the dose x.

Under these axioms we obtain that the cumulative distribution function of the dose response
has the form

F(x)=F()x*, 0<x<l, 1-Fx)=(1-FQ)/x*, x>1,

for some positive p and A.

The log-Laplace distribution corresponding to the classical Laplace distribution is obtained if
we additionally assume that A = u and F(1) = 1/2. Of course, the log-Laplace distribution for
asymmetric Laplace distributions is also included in the above model.

10.5 Multivariate elliptically contoured distributions for repeated
measurements

Lindsey (1999) discusses the need for other than normal multivariate distributions in the analysis
of repeated measurements. The main deficiency of normal distributions is their inability to model
heavier tails. As an alternative Lindsey (1999) proposes multivariate exponential power distributions
given by the density

f;nZ,B) = nte/2) em2lo-wEo-wP
/2 JTET (1 + 2%) 21+4n/(2)

also known as the Kotz-type multivariate distribution [cf. Exercise 6.12.11 and Fang et al. (1990)].

For B = 1/2, this represents a certain generalization of the Laplace distribution. However, it
is not a multivariate Laplace distribution as discussed in this book.

As an example, Lindsey (1999) considers blood sugar level for two treatments of rabbits in-
volving two neutral protamine Hagedorn insulin mixtures. The estimate of 8 (around 0.40) strongly
suggests nonnormality. The main reason is heavy tails exhibited by the data.

This example illustrates the ability of multivariate exponential power distribution to fit heavy-
tailed data. However, as pointed out by Lindsey (1999), it has several unpleasant properties:

* The marginal and conditional distributions are more complex elliptically contoured distribu-
tions, not of the exponential power type.

* It seems to be difficult to introduce independence between observations.
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In view of this, it would be interesting to compare the exponential power distributions with
multivariate Laplace distributions as discussed in this book. To quote the author of the discussed
paper: “The fact that the multivariate normal distribution is rejected in favor of a more heavily tailed
distribution for these data does not imply that this (multivariate exponential power) is the most
appropriate distribution for them.”

10.6 ARMA models with Laplace noise in the environmental time
series

An ARMA model with Laplace noise was used to fit the data on sulphate concentration in Damsleth and
El-Shaarawi (1989). The data consisted of 147 weekly measurements of the sulphate concentration
in the Turkey Lakes Watershed in Ontario, Canada, from early March 1982 to the end of 1984.
The data exhibit some extreme values and thus there is a reasonable doubt about normality of the
underlying time series. A standard time series analysis of the data suggests that an AR(1) model may
be appropriate. Thus the model considered is

X =¢Xi1 +a,

where a; is a random noise. In the classical time series theory the model with a; being Gaussian
is typically being considered. The Laplace distribution is an alternative, which is distinct from the
normal distribution. Computationally, the Laplace case is still straightforward, though sometimes
cumbersome. The probability density function of X, is given by

j ; ~
fe&) =5 éaiwr'e—'*'/"""

where ‘
a = (=1 [J6* /(1 = ¢*H)/ [ J(1 — ¢*.
t=1 t=1

The shape of this distribution exhibits “Laplacian features” (peak and heavy tails) for ¢ close to zero,
and “Gaussian features” for ¢ close to unity. It is interesting that this density has all derivatives at
zero, provided ¢ # 0. In Damsleth and El-Shaarawi (1989), bivariate distribution of (X;, X;_1) is
also computed in an explicit form.

Using the maximum likelihood method, the fit of both models (Gaussian and Laplacian) was
made. The Laplace model fits the data better than the Gaussian one, both before and after logarithmic
transformation of the data. Details are presented in the cited paper.
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Bessel Functions

The Bessel function of the first kind of order A is given by the convergent series

N 00 (_l)kZZk
5(2) = . A0.1
o) =2z g X+ k + 1) “0.h

In particular,

(- l)k 2k 1 T
Jo(z) = Z TR = w /0 cos(z cos §)d6 (A.02)

and
ot k ,2k+1 b4
Z (=D%z 1 .
J1(z) = Z m = ;/(; cos(zsinf — 0)do (A.0.3)

[see, e.g., Abramowitz and Stegun (1965)].

We collect some results for the modified Bessel function of the third kind with index A € R,
denoted K (-). We refer the reader to Abramowitz and Stegun (1965), Olver (1974), and Watson
(1962) for definitions and further properties of these and related special functions.

There are many integral representations of K () in the literature. The following representations
are relevant to our work. The first can be found in Watson (1962, p. 183), the second appears in
Abramowitz and Stegun (1965, p. 376), while the third is given in Olver (1974).

_ 1 unA X B _ﬁ
Kk(u)_i(i) /O t cxp( t 4t>dt, u>0, (A.0.4)
@/ /2) [, 2 \A—1/2 _
Ky(u) = —_—_—F(A+1/2) : e "t 1) dt, r>-1/2, (A.0.5)
Kk(u)z/‘ e 4osh! cosh(At)dt, A € R. (A.0.6)
0

Property 1 The Bessel function K, (u) is continuous and positive function of . > 0 and u > 0.
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Figure A.1: Graphs of Bessel functions. Left: Jo (starting at the origin) and J; (starting at one).
Right: Ky (the lowest), K12, and K (the highest).

Property 2 If & > O is fixed, then throughout the u interval (0, 00), the function K; (u) is positive
and decreasing.

Property 3 Ifu > O is fixed, then throughout the X interval (0, 00), the function K, () is positive
and increasing.

Property 4 For any A > 0 and u > 0, the Bessel function K, satisfies the relations

Kn(u) = Kx(—u), (A.0.7)
2
Kyt1(u) = TKA(M) + Ka—1(u), (A.0.8)
Kr—1(u) + Kxy1(u) = =2K; (u). (A.0.9)

Property S For A = r + 1/2, where r is a nonnegative integer, the Bessel function K, has the
closed form

Kt = [ 2™ Z ™, (A0.10)
In particular, for r = 0, we obtain
K1) = \/ze”“. (A.0.11)
2u
Property 6 If A is fixed, then
asx = 0f, Ky(x)~TW)2*1x™* (A >0), Kolx)~ log(l/x). (A.0.12)

Property 7 Foranya > 0 and pu, A such that u + 1 £ A > 0, we have

o0 271 4 l+pu—A
© _
/0 x* Ky (ax)dx = S r ( 5 ) r ( > ) (A.0.13)

[see Gradshteyn and Ryzhik (1980).]
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Property 8 For any u > 0 and Bu > 0, we have

o0 IL—I u
/ A1 (x — uyi=le=Prgy — % (%) et K, (’%”) (A.0.14)

[see Gradshteyn and Ryzhik (1980).]
Property 9 For any v > 0, we have
X Ko@) = =x""1Kyo1(x)
[see Olver (1974), (8.05), p. 251, and (10.05), p. 60.]
Property 10 For any v > 0, we have
Ky(x) = K_,(x)
[see Olver (1974), (8.05), p. 251.]

Consider the function

K

Ri(x) = AR (A.0.15)

The function R, has a number of important properties.

Property 11 For A > O the function R)(x) is strictly decreasing in x with limy_, o Ry (x) = 1 and
limx_,o+ Ry (x) = o0.

Property 12 Property 4 of Bessel functions produces the recursive relation

2x 1
Ri(x) = — + . (A.0.16)
T Y T RO
Property 13 Property 4 of Bessel functions produces the following expression for the derivative
of Ry:
d 2A+1
—Ry(x) = R} (x) — + Ry(x) — 1. (A.0.17)
dx x

See Jorgensen (1982) for these and other properties of the function R, (and Bessel function).
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acceptance sampling, 304, 305, 338
a-Laplace distribution, 199, 203, 230, 324,
337
analogue of the ¢-distribution, 46, 118
Anderson—Darling test, 105
asset pricing, 300
association, 269
asymmetric Laplace distribution, 37,133-174,
179, 188, 197, 198, 221, 230, 331,
332
absolute moments, 134, 135, 142, 156,
157
alternative parametrization, 136
characteristic function of, 136, 137, 140
characterizations of, 134, 144, 160
coefficient of skewness, 143
coefficient of variation, 143
cumulant generating function, 140, 141
cumulants, 141, 142, 145
density, 137, 138
distribution function, 137, 138
entropy, 155, 156
estimation, 158
Fisher information matrix, 158, 160, 161,
164, 166, 169, 170, 174
generalized, see generalized asymmetric
Laplace distribution
geometric infinite divisibility, 151
infinite divisibility, 135, 153

interquartile range, 144

kurtosis, 143

Lévy density of, 151

likelihood function, 158, 159, 163, 168

mean, 135, 142

mean deviation, 142

median, 143, 144

moment generating function, 140

moments, 142, 144

parametrizations, 136—140

quantiles, 143

simulation, 135, 149

standard, 134, 149, 151

variance, 136, 142
asymptotic relative efficiency, 80
asymptotically most powerful, 110-112
average adjustment interval, 306, 307

Bayes risk, 87
Bernoulli random variable, 29, 63, 147
Bessel function, 26, 36, 37, 39-41, 315, 322,
337, 341
Bessel function distribution, 36, 150,179-222,
257,335
characteristic function, 179
definition, 180
density, 180, 189
mean, 192
moments, 192
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multivariate, see multivariate Bessel dis-
tribution
standard, 181
standard density, 189
variance, 192
best linear unbiased estimator, 63, 84
bilateral exponential distribution, 16, 326
bivariate asymmetric Laplace distribution, 240
characteristic function, 240, 241, 243
definition, 240
densities, 241, 242, 249
moments, 241
simulation, 243, 245
variance-covariance matrix, 241, 249
bivariate hyperbolic distribution, 310
bivariate Laplace distributions, 229, 231
bivariate normal distribution, 237
Black—Sholes formula, 296, 297
breakdown voltage, 284, 285
brittle fracture distribution, 23
broadened median, 67
Brownian motion, 193-196, 198, 222, 224,
294-296, 300, 326

canonical median, 66, 67

Carleman condition, 114

Cauchy distribution, 19, 41, 65, 106, 115, 119,
206, 225, 238, 321, 323

censored sample, 77, 84-90, 93,99, 103, 122,
123, 319, 321, 323, 324, 335, 339

chi-square distribution, 13, 23-26, 92, 109,
146, 148, 184, 188, 248, 262, 285,
341

class L, 213,214, 341

code modulation, 280

coefficient of skewness, 21, 143, 176, 222

coefficient of variation, 20, 143

communication theory, 277, 280

complementary Bessel function, 296

completely monotone density, 50

compound Laplace distribution, 124, 125

compound Poisson process, 193, 294

confidence ellipsoid, 264

contaminated Laplace, 302

control chart, 39, 308

convolution of exponential distributions, 135,
146

cosine distribution, 15-17

Cramér—Rao lower bound, 69, 70, 90,91, 177,
223

Cramér—-von Mises test, 105, 106

Cramér—Wald device, 259

currency exchange, 275, 289, 292, 293, 300

decibel, 280

demand during lead time, 303, 304

detector, 277-280

diffuse prior, 267

discrete Laplace distribution, 130

discrete Linnik distribution, 219, 323
discrete Mittag—Leffler distribution, 219, 329
discrete stable distribution, 219, 323
distortion measure, 282, 283

domain of attraction, 213

dose response for radiation carcinogenesis, 312
double exponential distribution, 6, 13, 16
double geometric distribution, 130

double Pareto distribution, 41

doubly exponential law, 16

duplicate check-sampling, 308

E-M algorithm, 302

economic clock, 294

Edgeworth expansion, 130

efficiency of an estimator, 85

efficient score function, 120

elliptically contoured K-Bessel distribution,
300

elliptically contoured distribution, 229, 312,
333

elliptically contoured Laplace distribution, 232,
270, 300

elliptically symmetric distribution, 234, 270,
271,335

empirical characteristic function, 216, 217

empirical distribution, 215, 290

encoding of analog signals, 280

entropy, 21, 51, 119, 134, 135, 155-157, 177,
282, 283, 327, 330, 331

environmental sciences, 309

European option, 296

exponential family, 16, 64, 78

exponential integral, 119, 196

exponential mixture, 192, 199, 205, 206, 322,
332

exponential power distribution, 71, 220, 223,
270,271, 319



multivariate, see multivariate exponen-
tial power distribution

F-distribution, 116, 264

feedback adjustment, 307

financial data, 134, 221, 289, 294, 300, 302,
332, 333, 335

first law of error, 3

first law of Laplace, 5, 6

Fisher information, 65, 70, 95, 119, 158, 160,
161, 164, 166, 169, 170, 174, 178

folded Cauchy density, 205

fractional moments, 42, 213, 218, 332

fracturing of materials, 284

Fredholm integral equation, 307

functions of order statistics, 56

gamma distribution, 20, 32, 33, 47, 124, 131,
180, 183, 184, 188, 190, 194, 257,
295, 308, 334

characterization of, 33

gamma process, 193, 194, 196, 198, 224,294,
296, 300

gamma white noise, 224

gamma-ray bursts, 310

Gauss—Markov theorem, 262, 264

generalized asymmetric Laplace distribution,
180, 222, 257

generalized beta distribution, 295

generalized gamma convolution, 131,256, 322,
340

generalized Gaussian distribution, 278

generalized hyperbolic distribution, 240, 246,
253,254, 258

generalized inverse Gaussian distribution, 246,
320, 329

generalized Laplace distribution, 180, 189, 190,
219, 220, 222, 248, 270, 289, 295,
299, 300, 325, 329, 335, 339

generalized Linnik law, 216, 219, 337

generating function, 27, 219

geometric infinitely divisible, 48, 151, 153,
258

geometric mean, 9, 112, 335

geometric random variable, 22

geometric stable distribution, 32, 177, 179,
199, 200, 206, 208, 213-216, 218,
220, 240, 246, 256, 259, 260, 268,
322, 331-333, 337, 338
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characterization of, 155
geometric summation, 22, 27, 30, 134, 155,
200, 202, 259, 272
Gini mean difference, 112
goodness-of-fit test, 105, 110, 295, 341

harmonic mean, 9, 114

Hermite distribution, 303, 320

Hermite polynomial, 217

homogeneous increments, 295

hyperbolic distribution, 174, 175, 179, 230,
239, 240, 247, 248, 253, 254, 285,
289, 294, 309, 310, 322, 325

generalized, see generalized hyperbolic

distribution

image and speech compression, 281

impulsive noise, 278

incomplete exponential function, 108

incomplete gamma function, 46, 99

indicator function, 140, 196

infinite divisibility, 27, 46, 47, 117, 128, 135,
150, 256, 258, 330, 339

integrated moving average, 307

interest rates, 289-291, 331

inventory control, 303

inverse Gaussian distribution, 230, 246, 289,
321

generalized, see generalized inverse Gaus-

sian distribution

jump diffusion model, 300
jump function, 197

Kk-criterion, 176

Kolmogorov goodness-of-fit test, 110

Kolmogorov statistic, 110

Kolmogorov—Smirnov test, 110, 111

Kotz-type multivariate distribution, 312

Krein condition, 114, 340

Kronecker product, 237

kurtosis, 114, 125, 143, 176, 222, 271, 290,
294,297, 321, 328

Lambert function, 283

Laplace distribution, 15
central absolute moments, 20
central moments, 20, 50
characteristic function, 19
classical, 22-26, 35, 38-41, 43
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coefficient of skewness, 21

coefficient of variation, 20

conditional inference, 95-99

confidence intervals, 91, 92, 99

-cumulant generating function, 19

cumulative distribution function, 18

density, 16, 18

discrete, see discrete Laplace distribution

entropy, 21, 52

Fisher information matrix, 65, 74

generalized, see generalized Laplace dis-
tribution

genesis of, 12

goodness-of-fit tests, 105, 110

joint distribution of order statistics, 55

kurtosis, 21

likelihood function, 66

linear estimation, 88

maximum likelihood estimation, see also
maximum likelihood estimation, 71,
74,77

mean, 19, 20

mean deviation, 20

mean of the sample median, 60, 66

median, 21

midrange, 56, 58

minimal sufficient statistic, 64

moment generating function, 19, 20

moments of order statistics, 60, 61, 63

multivariate, see multivariate Laplace dis-
tribution

orthogonal representation, 25

parameters, 16

quantile estimation, 91

quantiles, 21

sample median, 60

standard, 18

standard classical, 18-20, 22, 26, 47, 49,
54,55, 61-63

test for location, 106

variance, 15, 18

variance of the sample median, 60, 61,
66

Laplace motion, 179, 193-199, 223, 224,257,

289, 294-297

asymmetric, 193, 197-199

compound Poisson approximation, 193

covariance structure, 194, 195, 198

Lévy—Khinchine representation, 196

self-similarity property, 194
series representation, 196, 198
space scale parameter, 193, 197
standard, 194-196
symmetric, 193-197
time scale parameter, 193, 197
trajectories, 193, 194, 197, 198
with drift, 193, 194, 197
Laplace noise, 277-279, 313, 324, 335
Laplace~Weibull mixture, 302, 337
law of the iterated logarithm, 131, 340
least-squares estimator, 216, 261-263, 265
leptokurtic, 15, 21, 125, 143, 289, 308, 311,
332
L-estimator, 84
Lévy measure,47,48,150, 151,196, 198,214,
239, 256-258, 332
Lévy process, 46, 179, 193,248,257, 322,326
Lévy—Khinchine representation, 47, 48, 150,
196, 214, 340
likelihood ratio test, 103—105
limits of geometric sums, 30, 152, 202, 258
linear combinations of order statistics, 166
linear unimodal, 252
Linnik distribution, 35, 199-206, 215, 221,
225, 272, 320, 324, 325, 328, 331,
332,336
absolute moments, 213
characteristic function, 199,207,208,213
densities, 199, 205-208, 210-212
discrete, see discrete Linnik distribution
distribution function, 204, 206, 208, 209
estimation, 215-218
exponential mixture representation, 192,
205, 206
generalized, see generalized Linnik law
infinite divisibility, 200
Lévy—Khinchine representation, 214
mixture representations, 204, 205
multivariate, see multivariate Linnik dis-
tribution
nonsymmetric, 199
positive, see positive Linnik law
scale parameter, 199, 217
series expansions, 210
simulations, 200, 204, 215
tail index, 212
Liouville number, 211, 212
locally most powerful, 111



log-gamma distribution, 184

log-Laplace distribution, 24, 172, 219, 222,
290, 309, 310, 312, 331, 341

log-normal distribution, 9, 222, 290, 308-310

log-return, 294

logistic distribution, 15-17, 60, 65, 115, 116,
119, 120, 126-128, 326

characterization of, 126, 326
Lomax distribution, 41
loss of information, 62, 94-97, 319

Marshall-Olkin exponential distribution, 246
maximum entropy principle, 51, 135, 155,297
maximum likelihood, 66, 69, 71, 74, 78, 121,
123, 158, 163, 168, 172, 177, 178,
265, 291, 292, 295, 302, 313, 319,
322, 323, 328, 331, 335, 336, 339-
341
maximum likelihood estimation, 66-76
of location parameters, 78
under censoring, 77
mean deviation, 4, 6, 20, 52, 71, 72, 142
mean squared deviation, 4, 307
mean squared error, 263
median law of error, 10, 11
median test, 110-112
method of moments, 79, 83, 158, 178, 216,
217, 222,223, 300, 303, 333, 338
midmean, 67
midrange, 56, 58, 60, 85, 86, 88, 127, 128,
161, 326, 327
Mittag—Leffler distribution, 29, 34, 201, 219,
221, 332, 337
discrete, see discrete Mittag—Leffler dis-
tribution
mixture of exponentially distributed random
variables, 147, 338
mixture of Laplace and Gaussian distributions,
285, 339
mixture of log-normal distributions, 309
mixture of normal distributions, 22, 131, 134,
180, 181, 190, 199, 205, 246, 256,
330, 340
mixture of stable laws, 199, 337
mixture of two Laplace distributions, 83, 123,
287, 333
mixture of two Student ¢ distributions, 287
mode-median-mean inequalities, 177
modified Bessel function, 174, 315
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multivariate asymmetric Laplace distribution,
239-268
characteristic function, 241, 248
conditional distributions, 253, 254
covariance, 249, 254
definition, 240, 243, 258
densities, 249, 251
geometric infinite divisibility, 258
infinite divisibility, 256
Lévy measure, 239, 256, 257
linear combination of, 240,252, 254, 255
linear regression, 254, 255
marginals, 255
mean, 249, 254
simulation, 239, 243, 244
unimodality, 251
multivariate Bessel distribution, 257,270,271
multivariate Cauchy distribution, 238
multivariate exponential power distribution,
270,271, 312
multivariate Laplace distribution, 229-268,270—
272,312,331, 332
covariance, 232, 233, 235
density, 229, 232, 233
mean vector, 232
polar representation, 247
simulation, see simulation, multivariate
asymmetric Laplace distribution
symmetric, see multivariate symmetric
Laplace distribution
multivariate Linnik distribution, 230, 236,272,
320, 336
multivariate symmetric Laplace distribution,
231-236

Nakagami distribution, 300
navigation, 275, 277, 286, 287, 320, 328
nearly instantaneous companding, 280
Neave-Tukey quick test, 111
neutral Laplace estimator, 126
Neyman—Pearson lemma, 278
Neyman—Pearson optimal detector, 278
non-Gaussian noise, 278, 335
nonparametric tests of location, 110, 111, 113
normal characteristic function, 154
normal distribution, 3

characterization of, 70
v-stable law, 222, 255, 332

ocean engineering, 275, 286
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operating characteristic curve, 305

optimal quantizer, 281, 283

option pricing, 296, 297, 332, 334

order statistics, 53-63, 122, 159,319-321, 323,
324,327, 331, 333, 338, 339

joint distribution of two, see joint dis-

tribution of order statistics, Laplace
distribution

orthogonal representation, 25

Paretian stable distribution, 27,221, 289, 290,
294

Pareto distribution, 24, 26, 41, 117, 146, 149,
184, 225, 327, 328

Pascal distribution, 185

Pascal-stable distribution, 185

Pearson Type VII distribution, 124, 308

platykurtic, 21, 125

Poisson approximation, 196, 198

Poisson process, 196, 197, 199, 300, 311

Polya-type characteristic function, 224

positive Linnik law, 219, 323

power function distribution, 117

prediction interval, 87

prior, 269

product of two independent Laplace variates,
40

product of two independent normal variables,
41

product-moment coefficient, 186, 337

pure jumps process, 193

quality control, 303, 338

Rademacher sequence, 196, 199

random fluctuations of response rate, 311, 335

random summation, 134, 239, 240, 258, 259,
327

range, 56, 58

rank sum statistic, 110, 111

rank test, 120

ratio of two independent Laplace variates, 41

Rayleigh distribution, 23, 298

real estate data, 302

reciprocal property, 205, 225

regression, 239, 254-256, 261-265, 267, 325,
332, 337, 342

repeated measurements, 312

R-estimator, 120, 327

restricted maximum likelihood, 78
risk neutral process, 295, 296

sample coefficient of skewness, 292

sample kurtosis, 292

sample mean deviation, 291

sample median, 3, 9-11, 53, 55, 56, 60, 61,
118-123, 126, 127, 323, 326

sample quantile, 88

S&P 500 Index, 295, 299

Sargan distribution, 220, 225, 330

scale and location invariant test, 105, 341

second law of error, 3

self-decomposability, 49, 147, 184, 185, 200,
213,214,258, 339

share market returns, 294

sign test, 120

signal-to-quantization noise ratio, 280

simplified linear estimator, 88

size data, 309

skew-normal distribution, 134, 320, 328, 334

skewed exponential power distribution, 271

skewed Laplace distribution, 52, 68, 121, 133,
134, 140, 321

slow-moving item, 303

Smirnov one-sided statistic, 110

s-ordering, 115

spacings, 90, 91

speech recognition, 275

speech signals, 280

spherically symmetric distribution, 238

stability, 27, 134, 155, 185, 200, 203, 221,
258-260, 339

stable distribution, 27, 128, 204, 221, 240,
272,294,295, 341

discrete, see discrete stable distribution

stable process, 295, 329, 338

standard bivariate Laplace distribution, 232,
236, 237

standard exponential distribution, 23

standard gamma distribution, 36

star unimodality, 251

statistical process control, 306

steam generator inspection, 306, 324

stochastic variance, 22,52, 134,180, 181, 190,
205, 286, 297-300, 308, 333

stock price, 294-296



strictly geometric stable distribution, 29, 35,
199-201, 203, 213, 218, 255, 259

subordinated Brownian motion, 198, 248,256

subordinated Gaussian process, 294

subordinated model of stock prices, 294

sufficient statistic, 64, 94, 223

sum of two independent Laplace r.v.’s, 38

tails, 15, 200, 212

t-distribution, 118, 263, 264, 287, 295, 308
testing multivariate symmetry, 269, 328
time series, 307, 313, 324

tolerance factor, 100-103

tolerance interval, 99-103, 330, 339
tolerance limit, 99, 102

transfer theorem, 258

Treasury Bill, 295

Treasury bonds, 290, 291

triangular distribution, 15-17, 68
t-statistic, 43, 45, 118, 339

Tukey quick test, 111

two-piece double exponential, 133, 334
two-tailed exponential distribution, 16
two-tailed power distribution, 68
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underground sampling, 338

underreported data, 289, 327, 328

uniform distribution, 16

uniformly minimum variance unbiased esti-
mator, 70

uniformly most powerful, 105

Value-at-Risk, 297, 333

van der Waerden test, 111

variance gamma distribution, 180

variance gamma process, 180, 257, 258, 294,
295,299, 334

v-distribution, 325

vec operator, 237

vec-permutation matrix, 237

vertical density function, 116, 331

volatility, 289, 292, 298, 300, 321, 334

volatility smile, 297, 302, 332

v-spherical distribution, 270

weakest link, 284

Weibull distribution, 106, 277, 285, 302, 338
Wilcoxon test, 111

wind shear, 285, 329, 330




<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Gray Gamma 2.2)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Error

  /CompatibilityLevel 1.3

  /CompressObjects /Off

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket false

  /DefaultRenderingIntent /Perceptual

  /DetectBlends true

  /DetectCurves 0.1000

  /ColorConversionStrategy /sRGB

  /DoThumbnails true

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams true

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness true

  /PreserveHalftoneInfo false

  /PreserveOPIComments false

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts false

  /TransferFunctionInfo /Apply

  /UCRandBGInfo /Preserve

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages true

  /ColorImageMinResolution 150

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 150

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.40

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.76

    /HSamples [2 1 1 2] /VSamples [2 1 1 2]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 15

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 15

  >>

  /AntiAliasGrayImages false

  /CropGrayImages true

  /GrayImageMinResolution 150

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 150

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.40

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.76

    /HSamples [2 1 1 2] /VSamples [2 1 1 2]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 15

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 15

  >>

  /AntiAliasMonoImages false

  /CropMonoImages true

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 600

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile (None)

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<





    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /CZE <>

    /DAN <>

    /DEU <>

    /ESP <>

    /ETI <>

    /FRA <>







    /HUN <>

    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)

    /JPN <>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /LTH <>

    /LVI <>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)

    /NOR <>

    /POL <>

    /PTB <>





    /SKY <>



    /SUO <>

    /SVE <>

    /TUR <>



    /ENU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200039002000280039002e0033002e00310029002e000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>

  >>

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [595.276 841.890]

>> setpagedevice



