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Preface

Stochastic Calculus of Variations (or Malliavin Calculus) consists, in brief,
in constructing and exploiting natural differentiable structures on abstract
probability spaces; in other words, Stochastic Calculus of Variations proceeds
from a merging of differential calculus and probability theory.

As optimization under a random environment is at the heart of mathemat-
ical finance, and as differential calculus is of paramount importance for the
search of extrema, it is not surprising that Stochastic Calculus of Variations
appears in mathematical finance. The computation of price sensitivities (or
Greeks) obviously belongs to the realm of differential calculus.

Nevertheless, Stochastic Calculus of Variations was introduced relatively
late in the mathematical finance literature: first in 1991 with the Ocone-
Karatzas hedging formula, and soon after that, many other applications ap-
peared in various other branches of mathematical finance; in 1999 a new im-
petus came from the works of P. L. Lions and his associates.

Our objective has been to write a book with complete mathematical proofs
together with a relatively light conceptual load of abstract mathematics; this
point of view has the drawback that often theorems are not stated under
minimal hypotheses.

To faciliate applications, we emphasize, whenever possible, an approach
through finite-dimensional approximation which is crucial for any kind of nu-
merical analysis. More could have been done in numerical developments (cal-
ibrations, quantizations, etc.) and perhaps less on the geometrical approach
to finance (local market stability, compartmentation by maturities of interest
rate models); this bias reflects our personal background.

Chapter 1 and, to some extent, parts of Chap. 2, are the only prerequisites
to reading this book; the remaining chapters should be readable independently
of each other. Independence of the chapters was intended to facilitate the
access to the book; sometimes however it results in closely related material
being dispersed over different chapters. We hope that this inconvenience can
be compensated by the extensive Index.

The authors wish to thank A. Sulem and the joint Mathematical Finance
group of INRIA Rocquencourt, the Université de Marne la Vallée and Ecole
Nationale des Ponts et Chaussées for the organization of an International



VIII  Preface

Symposium on the theme of our book in December 2001 (published in Math-
ematical Finance, January 2003). This Symposium was the starting point for
our joint project.

Finally, we are greatly indepted to W. Schachermayer and J. Teichmann
for reading a first draft of this book and for their far-reaching suggestions.
Last not least, we implore the reader to send any comments on the content of
this book, including errors, via email to thalmaier@math.univ-poitiers.fr,
so that we may include them, with proper credit, in a Web page which will
be created for this purpose.

Paris, Paul Malliavin
April, 2005 Anton Thalmaier
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1

Gaussian Stochastic Calculus of Variations

The Stochastic Calculus of Variations [141] has excellent basic reference arti-
cles or reference books, see for instance [40, 44, 96, 101, 144, 156, 159, 166, 169,
172, 190-193, 207]. The presentation given here will emphasize two aspects:
firstly finite-dimensional approximations in view of the finite dimensionality
of any set of financial data; secondly numerical constructiveness of divergence
operators in view of the necessity to realize fast numerical Monte-Carlo simu-
lations. The second point of view will be enforced through the use of effective
vector fields.

1.1 Finite-Dimensional Gaussian Spaces,
Hermite Expansion

The One-Dimensional Case

Consider the canonical Gaussian probability measure ; on the real line R
which associates to any Borel set A the mass

T (A) = \/%TT/AeXp <_§22> d¢ . (1.1)

We denote by L?(v;) the Hilbert space of square-integrable functions on R
with respect to ;. The monomials {£° : s € N} lie in L?(7y;) and generate a
dense subspace (see for instance [144], p. 6).

On dense subsets of L?(v;) there are two basic operators: the derivative
(or annihilation) operator d¢ := ¢’ and the creation operator 9*p, defined
by

(070)(§) = —(90)(§) + &£ (§) - (1.2)

Integration by parts gives the following duality formula:

(OplY)L2(v,) == E[(0p) ¥] = /R(&p)wd% = /ch(a*w) dy1 = (0" Y)L2(+,) -
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Moreover we have the identity
00" =90 =1

which is nothing other than the Heisenberg commutation relation; this fact
explains the terminology creation, resp. annihilation operator, used in the
mathematical physics literature. As the number operator is defined as

N =0%9, (1.3)
we have
(N)(&) = —¢"(§) +&#'(€) -
Consider the sequence of Hermite polynomials given by

Ho(€) = (07)"(1), ie., Ho(§) =1, Hi(§) =¢ Ha(€) =€ 1, etc.

Obviously H,, is a polynomial of degree n with leading term &". From the
Heisenberg commutation relation we deduce that

(0" — (0")"0 = n(0™)" L.
Applying this identity to the constant function 1, we get

H! =nH, 1, NH,=nH,;
moreover

E[H, Hy) = (07)"1Hp) o) = (10" Hy) o, =EO"H,] . (14)

(m
If p < n the r.hus. of (1.4) vanishes; for p = n it equals n!. Therefore

1
—H,, n=0,1,... constitutes an orthonormal basis of L*(v).
Vvn!
Proposition 1.1. Any C>®-function ¢ with all its derivatives 0" € L?(71)
can be represented as

p= Z %E(@”(p) H, . (1.5)

n=0

Proof. Using
E[0"¢] = (0" ¢ [1)L2(1,) = (¢ | (0%)"1)L2(5,) = Elp Hyl,

the proof is completed by the fact that the H,,/ v/n! provide an orthonormal
basis of L?(y1). O

Corollary 1.2. We have

exp <c§ - ;2> =Y S HA©), ceR

n=0

Proof. Apply (1.5) to p(€) :=exp(c& — c?/2). O
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The d-Dimensional Case

In the sequel, the space R? is equipped with the Gaussian product measure
va = (71)®?%. Points ¢ € R? are represented by their coordinates £ in the
standard base e,, o = 1,...,d. The derivations (or annihilation operators)
0., are the partial derivatives in the direction e,; they constitute a commuting
family of operators. The creation operators 0 are now defined as

(020)(&) := —(Datp) (&) + £%p(8);

they constitute a family of commuting operators indexed by .
Let &€ be the set of mappings from {1,...,d} to the non-negative integers;
to q € £ we associate the following operators:

Oq= [ (@), a3= T[ (5.
ac{l,...,d} ae{l,...,d}

Duality is realized through the identities:

E[(Qatp) ¥] = Elp (0,9)];  El(Oq) ¥] = E[e (9q¥)];

and the commutation relationships between annihilation and creation opera-
tors are given by the Heisenberg rules:

1, ifa=p

8505 — 050" =
ot 5% {07 if o #£ B,

The d-dimensional Hermite polynomials are indexed by £, which means that
to each q € £ we associate

Hq(€) := (031)() = [ [ Hate) (€%)-

Let ! =[], a(a)!. Then

{#a/Val}

is an orthonormal basis of L?(v4). Defining operators e on € by

(e5q)(a) = q(a), if a # B;
(e5Q)(8) = {qw) —-1, ifq(8) >0

0 ,  otherwise,

we get
OpHgq = q(f) Heyq- (1.6)

In generalization of the one-dimensional case given in Proposition 1.1 we
now have the analogous d-dimensional result.
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Proposition 1.3. A function ¢ with all its partial derivatives in L%(vq) has
the following representation by a series converging in L?(vyq):

1
Y= Z pri E[0q¢] H - (1.7)
qeé a

Corollary 1.4. For c € R? denote
lel® =D () (el =D ere et =),

Then we have

e ((e19) = 3ll?) = X 5 Ha(©). (1.9

qef

In generalization of the one-dimensional case (1.3) the number operator is

defined by
N= > 90 (1.9)
ae{l,...,d}
thus
W& = > (02 +"0a9)(E), R, (1.10)
ae{l,...,d}

In particular, we get N'(Hq) = |q| Hq where |q| =" q(a).

Denote by Cf (R%) the space of k-times continuously differentiable func-
tions on R? which are bounded together with all their first & derivatives. Fix
p > 1 and define a Banach type norm on Cf(R?¢) by

= [ (e 2 ousy (111)

T I U o |3§1,_4.,akf|”>dw-

ap,az€{l,...,d} a;€{1,...,d}

A classical fact (see for instance [143]) is that the completion of CF(R?) in the
norm ||-||pr is the Banach space of functions for which all derivatives up to

order k, computed in the sense of distributions, belong to L?(v;). We denote
this completion by D¥(R?).

Theorem 1.5. For any f € CZ(RY) such that [ fdys =0 we have
IN( 22 va) < I fllpz < 2N (HllE2(ra) - (1.12)

Proof. We use the expansion of f in Hermite polynomials:

if f = Zchq then Hf||2L2('m) - Zq! leal” -
a a
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By means of (1.9) we have

IN(DIZ2 = D lal* alfeql -
q
The first derivatives 9, f are computed by (1.6) and their L?(y,4) norm is given

by
S [ 10urP = Y kealal o ate) = 3 leqlatlal-
« q « a

The second derivatives 92 . f are computed by applying (1.6) twice and the

Qy,x2
L?(~y4) norm of the second derivatives gives

S [ 1wt P =3 ol Y atan)alon) = 3 lealallal

1,02 q Q1,02 qa

Thus we get

£z =D leal*al (1+ |a] + |al*) -
q

As we supposed that ¢ = 0 we may assume that |gq| > 1. We conclude by
using the inequality 72 < 1+ x + 22 <4z?forx > 1. O

1.2 Wiener Space as Limit of its Dyadic Filtration

Our objective in this section is to approach the financial setting in continuous
time. Strictly speaking, of course, this is a mathematical abstraction; the time
series generated by the price of an asset cannot go beyond the finite amount of
information in a sequence of discrete times. The advantage of continuous-time
models however comes from two aspects: first it ensures stability of computa-
tions when time resolution increases, secondly models in continuous time lead
to simpler and more conceptual computations than those in discrete time (sim-
plification of Hermite expansion through iterated Ito integrals, Ito’s formula,
formulation of probabilistic problems in terms of PDEs).

In order to emphasize the fact that the financial reality stands in discrete
time, we propose in this section a construction of the probability space under-
lying the Brownian motion (or the Wiener space) through a coherent sequence
of discrete time approximations.

We denote by # the space of continuous functions W': [0, 1] — R vanishing
at t = 0. Consider the following increasing sequence (#;)scn of subspaces of #
where #; is constituted by the functions W € % which are linear on each
interval of the dyadic partition

[(k—1)27°k27%], k=1,...,2°.



6 1 Gaussian Stochastic Calculus of Variations

The dimension of #; is obviously 2°, since functions in #; are determined
by their values assigned at k27°, k = 1,...,2°%. For each s € N, define a
pseudo-Euclidean metric on # by means of

28
s s s s k k-1
WIE =2 SR, sty =wop =w (5 ) -w ("5
k=1
(1.13)
For instance, for ¢ € C1([0,1];R), we have
1
tim 2 = [ 0P dr (1.14)
S§—0C0 0
The identity 1 = 2[(3)% + (3)?] induces the compatibility principle:
Wiy = IWlls, We¥Xs, p=s. (1.15)

On #; we take the Euclidean metric defined by ||-||s and denote by ~*
the canonical Gaussian measure on the Euclidean space #;. The injection
Jst Ws — W sends the measure v to a Borel probability measure 7, carried
by # . Thus vs(B) = v:(j; 1(B)) for any Borel set of #'.

Let e; be the evaluation at time t, that is the linear functional on #
defined by

er: Wi W(t),

and denote by % the o-field on # generated by epo—s, k = 1,...,2%. By
linear extrapolation between the points of the dyadic subdivision, the data
era—s, k=1,...,2° determine a unique element of #;. The algebra of Borel
measurable functions which are in addition .%#¢-measurable can be identified
with the Borel measurable functions on #.

Let Foo = 0(UqF,). The compatibility principle (1.15) induces the fol-
lowing compatibility of conditional expectations:

E"[®|.%,] = E"[®|#,], for s> q and for all F,-measurable ®. (1.16)
For any .#,-measurable function ¢, we deduce that

lim E7 ] = EY[y)] . (1.17)
Theorem 1.6 (Wiener). The sequence 7ys of Borel measures on # con-
verges weakly towards a probability measure vy, the Wiener measure, carried
by the Hélder continuous functions of exponent n < 1/2.

Proof. According to (1.17) we have convergence for functions which are mea-
surable with respect to Zo.. As %, generates the Borel g-algebra of # for
the topology of the uniform norm, it remains to prove tightness. For n > 0, a
pseudo-Holder norm on % is given by

[Wl;=2"" sup [0z(W)], WeW.
ke{l,...,25}



1.3 Stroock—Sobolev Spaces of Functionals on Wiener Space 7

As each 67 (W) is a Gaussian variable of variance 27°, we have

W 95 o] 62 J . 25(1—27])
B S>11<2 exp | —— < 2%exp | — .
liwly > 1y sz [0 e (<6 )ae < e (<25

This estimate shows convergence of the series Y v, {[|W]3 > 1} for n <
1/2, which implies uniform tightness of the family of measures ~s, see
Parthasarathy [175]. O

The sequence of o-subfields .%, provides a filtration on #. Given ® €
L?(# ;) the conditional expectations (with respect to )

D, ;= E7[D] (1.18)

define a martingale which converges in L?(#;~) to ®.

1.3 Stroock—Sobolev Spaces
of Functionals on Wiener Space

Differential calculus of functionals on the finite-dimensional Euclidean space
W5 is defined in the usual elementary way. As we want to pass to the limit
on this differential calculus, it is convenient to look upon the differential of
1 € CY(#,) as a function defined on [0, 1] through the formula:

%
oW (63)’

25
th = Z 1[(k71)2*5,k2*5[(t) w € CI(W@) 5 (119)

k=1

where W (8) denotes the k'!' coordinate on #; defined by (1.13). We denote

63 = [(k —1)27%,k27* and write Dy = Zi;l Ls: (1) 31372%;) .

We have to show that (1.19) satisfies a compatibility property analogous
to (1.15). To this end consider the filtered probability space constituted by
the segment [0, 1] together with the Lebesgue measure A, endowed with the
filtration {7} where the sub-o-field 7, is generated by {67 : k=1,...,27}.

We consider the product space ¢4 := # x [0, 1] endowed with the filtration
By = Fy Q Ay.

Lemma 1.7 (Cruzeiro’s Compatibility Lemma [56]). Let ¢4 be a func-
tional on W which is F,-measurable such that ¢, € D}(#y). Define a func-
tional @, on 4 by ®,(W,t) := (Dydq)(W). Consider the martingales having
final values ¢, ®,, respectively:

05 =E7[pg], W =E[D)], s<q.
Then ¢s € D3(#5), and furthermore,

(Dis)(W) = U y(W,t) . (1.20)
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Proof. Tt is sufficient to prove this property for s = ¢— 1. The operation E%a-1
consists in

i) forgetting all subdivision points of the form (25 — 1)279,
ii) averaging on the random variables corresponding to the innovation o-field
Iq = ng.q [S) «?q—1 .

On the 152 these operations are summarized by the formula

7
162_1 =FE q[].ggk + 1531@—1] .
Hence the compatibility principle is reduced to the following problem on R2.
Let ¥(x,7y) be a C'-function on R? where (z,y) denote the standard coordi-
nates of R?, and equip R? with the Gaussian measure such that coordinate
functions z,y become independent random variables of variance 279; this
measure is preserved by the change of variables

T+y r—y

gzﬁa n \@

Defining
o —v (S0 £21)

and denoting by ~; the normal Gaussian law on R, we have

B =iy = [ 0a,2 2N m(@w),
which implies the commutation
0 _ _, 0
—ETtv=e = Ertv=e g
Oda o0&

Definition 1.8. We say that ¢ € D?(¥') if ¢ := E7=[p] € D?(#,) for all s,
together with the condition that the ($s)-martingale

U (W,t) := Dy(os) (1.21)
converges in L2(9;v @ \) .

Remark 1.9. The fact that ¥ (W, t) is a Bs-martingale results from Cruzeiro’s
lemma.

Theorem 1.10. There exists a natural identification between the elements of
D2(#) and

¢ € L*(W) such that sup 9sllp2w) < oo (1.22)
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Furthermore we have:

1. For any ¢ € D3(W) the partial derivative D¢ is defined almost surely
in (W, t).
2. The space D3(#) is complete with respect to the norm

1/2

1
lollozon = (E[lo8 + [ 1ol ) . )
0

3. Given an F € CY(R™;R) with bounded first derivatives, and ¢*, ..., ¢" in
D), then for GIW) := F(¢Y(W),...,¢"(W)) we have

" OF _ .
GeDI(W), DiG=>_ g Dt (1.24)
i=1

Proof. The proof proceeds in several steps:

(a) A martingale converges in L? if and only if its L? norm is bounded.
(b) An L? martingale converges almost surely to its L? limit.
(c) The space of L? martingales is complete.
(d) Let ¢% = EZ+[¢'], G¢ := EZ+[G]. Then G4 = F(¢},...,¢"), and by finite-
dimensional differential calculus,
DG =3 2 D,

ozt
i=1

which implies (1.24) by passing to the limit. O

Higher Derivatives

We consider the space D2(#) of functions defined on the finite-dimensional
space #5, for which all derivatives in the sense of distributions up to order r
belong to L?(7,). The key notation is to replace integer indices of partial
derivatives by continuous indices according to the following formula (written
for simplicity in the case of the second derivative)

25
o Oy
Diytyths = Y L—ty2-s 2 (t1) L(ry—1)2-5 py2—((t2) 555 D50
k1,ko=1 k1 7k

Cruzeiro’s Compatibility Lemma 1.7 holds true also for higher derivatives
which allows to extend (1.21) to (1.24) to higher derivatives. The second
derivative satisfies the symmetry property Dy, ,¢ = Dy, +, ¢. More generally,
derivatives of order r are symmetric functions of the indices t1, ..., t,.

Recall that the norm on D? is defined by (1.23):

1
160500y =B [l + [ D0 ar]
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Definition 1.11. The norm on D3 is defined as
1 1,1
6300y =B 168+ [ 1DoPar+ [ [ Dok arar]. 2s)

Derivatives of Cylindrical Functions

Let to € [0, 1] and let e, be the corresponding evaluation map on % defined
by ey, (W) :==Wi(ty) . If to = ko27% is a dyadic fraction, then for any s > sy,

W=D &

k<ko2°—%0
which by means of (1.19) implies that
Dteto = 1[O,t0](t) . (126)

Since any tg € [0,1] can be approximated by dyadic fractions, the same for-
mula is seen to hold in general. Note that, as first derivatives are constant,
second order derivatives Dy, ¢,e;, vanish.

A cylindrical function ¥ is specified by points ¢y, ...,t, in [0,1] and by a
differentiable function F' defined on R"™; in terms of these data the function
U is defined by

U= F(et,,...,ez,) -

From (1.24) the following formula results:

- OF
Dyl = "1 4,((t) 5T (1.27)
=1

1.4 Divergence of Vector Fields, Integration by Parts

Definition 1.12. A Bs-measurable function Z° on 9 is called a vector field.
The final value Z* of a square-integrable (A,)-martingale (Z°)s>0 on 4 is
called an L? vector field on ¥ .

For W* fixed, the function Z*(W*, -) is defined on [0,1] and constant on
the intervals |(k—1)27°, k27°[. Hence Definition 1.12 coincides with the usual
definition of a vector field on R2"; the {Z(W?,k27°)}g=1,... 2= constituting the
components of the vector field.

The pairing between ¢ € D?(#') and an L? vector field Z* is given by

1 1
Dzmgs::/() Z®(t) Dypdt = lim | Z5(t) Dy¢® dt, ¢° :=E7:(¢); (1.28)

§— 00 0

the Lh.s. being an integrable random variable on #.
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Definition 1.13 (Divergence and integration by parts). Given an L?
vector field Z on W , we say that Z has a divergence in L?, denoted ¥(Z2), if
Z) € LA(W) and if

E[Dz¢] = Elp0(2)] Vo e DY), (1.29)

Using the density of Hermite polynomials in L?(#/;~s), it is easy to see that
if the divergence exists, it is unique.

On a finite-dimensional space the notion of divergence can be approached
by an integration by parts argument within the context of classical differential
calculus. For instance on R, we may use the identity

[ 208 @ ew (-3¢ ) as = [ o6 €20 - @) o (-5 ) ac
0 0
which immediately gives

NZ)(§) =¢£Z(8) — Z'(9).

This formula can be generalized to vector fields on R?, along with the canonical
Gaussian measure, as follows

d

k
(2 =Y (5’“2’%0 - aafk«s)) | (1.30)
k=1

From (1.30) it is clear that computation of divergences on the Wiener space
requires differentiability of vector fields; in order to reduce this differentiability
to differentiability of functions as studied in Sect. 1.3, it is convenient to work
with the Walsh orthonormal system of L?(\) which is tailored to the filtration
(7).

Denote by R the periodic function of period 1, which takes value 1 on
the interval [0,1/2[ and value —1 on [1/2,1]. Recall that every non-negative
integer j has a unique dyadic development

+oo
J= an(j )2
r=0
where the coefficients 7,.(j) take the value 0 or 1. Using these notations we

define
wi(r) = [[ RO () 2'7) .
r>0

The family (w;);>0 constitutes an orthonormal base of L%([0,1]; A). Develop-
ing § € L*([0,1];A) as 0 = 3,5 o w; gives

]EQ{S[H]: Z a;W; .

0<j<2¢
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Now if Z is an L? vector field and W is fixed, we expand Z(W, ) in the
Walsh orthonormal system as Z(W,7) = 3,54 a; (W) w;(7) to get 122 =
ZjZOE[|aj|2]. Finally, we define

DtZ = Z(Dtaj) wy,
§>0

where Z(W, 1) = .5 o;(W)w;(7) and

12130 = 3 llag % (1.31)

720

Theorem 1.14. The divergence 9(Z) of a vector field Z in D? exists and
satisfies the Shigekawa—Nualart—Pardoux energy identity [160, 187):

1 11
IMWQM:EUﬁsz+//XQLMa&mmT. (1.32)

0 o Jo

In particular the following estimate holds:
E[[9(2)]] <1213 . (1.33)

Proof. First we show that estimate (1.33) is a consequence of (1.32):
1 11

E[|9(2)]*] =E {/ |Z, | dr +/ / (DiZ;) (D, Zy) dth]
0 o Jo

1 1ol
<E { |Z d7'+/ D Z-|? dth]
0 o Jo
— 1212
It remains to prove (1.32). We associate to Z the sequence
7° = Z ]Eys [Otj] Wy
0<j<2s

then Z° may be considered as a vector field on the finite-dimensional space #°;
therefore (1.29) can be applied to give

MTPAUW@T@—&T@Mm (1.34)

where W5(7) = 212@:1 W(03) 1y(k—1)2—= k2—=[(7). It should be remarked that
the integral in (1.34) is the integral of an .%;-measurable function which is
constant on the subintervals of the dyadic partition of level s; integrating on
each of these dyadic intervals of length 27°, we see that (1.34) writes as a
finite sum, as it should be for the divergence of a vector field on R?". 0O
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Lemma 1.15. The divergence U(Z*) satisfies the identity (1.32).
Proof. By means of formula (1.29) and formula (1.34) we have
J :=E[(Z°)9(Z°)]

=E _19(28) /0 (W*(r)2°(1) — D, Z%(7)) dr]

=E -Dzs /0 1 (W*(r)2*(t) — D, Z%(7)) dT:|

- el gl
=F / / Z5(t"\D (W*(1)Z%(7) — D-Z°(1)) dr dr’] .
LJo Jo
Computing the derivative of a product as usual we get
D (W*(1)2°(7)) = Z°(7) (D W*(7)) + W*() (D Z°(7)) .

We remark that if 7,7/ do not belong to the same dyadic interval then
D, W*(r) = 0; if they do belong to the same dyadic interval the deriva-
tive is equal to 1. Note that this derivative replaces the double integral by a
simple integral where we integrate on the diagonal 7 = 7/; therefore

J—E[/01|ZS(T)2dT]

— /1/1 zZ3(r') (WS(T)(DT/ZS(T)) _ DT(DT,ZS(T))) dr v,
o Jo

where the last term has been obtained using commutation of the derivatives
D, and D,. Introduce the vector field Y,/ (7) := D, Z*(7) which is considered
as a vector field with respect to the variable 7, depending on the parameter 7’.
Then, by means of (1.34), we have

IYrr) = / 1 (W) (D2 2°(7)) = Do(Dpr2%(7))) dr .

Using this identity along with Fubini’s theorem we get

J-E Uol |Z2 ()2 dT} =FE Uol NY,) Z5(7") dT’] )

Finally, commuting E and the integration with respect to time, we get along
with (1.29),

j—E[ 1|ZS(T)2dT] :/OlE[DyT,(ZS(T’)ﬂ dr’

0

- /01 dr'E U)l(DTZS(T’))YT,(T) dT] .o

Proof (End of the proof of Theorem 1.14). As {Z*} is a martingale with final
value Z, we have
1Z°lp2 < 11Z|p2 -



14 1 Gaussian Stochastic Calculus of Variations

As (1.32) has been established for Z*® we can use its consequence (1.32) to
obtain
E [[9(Z)P] <1213 -

As the defining equation (1.30) is stable under conditional expectation we
deduce that

E7[9(Z29)] = 0(Z°), VYgq>s.
Therefore the sequence {9(Z%)} is a martingale of bounded L? norm, and

hence converges in the L? norm towards a function u. By passing to the limit,
u satisfies

E[Dz¢] = E[ug]
for any ¢ which is .%#,-measurable for some g. As these functions are dense,
u must satisfy the defining relation (1.30); therefore Z has a divergence ¥(Z) =
u; finally by passing to the limit, ¥(Z) satisfies (1.32). O

Proposition 1.16 (Functorial property of the divergence). Let Z be a
vector field and v be a smooth function on W ; then
YwZ) =v¥Z) — Dz(v) . (1.35)

Proof. Given a test function ¢, then

1
Doy = U/ Z(t) Dy dt = vDyo
0
and
E[Dyz¢] = E[vDz¢] = E[Dz(vg)] — E[¢pDz(v)]
= E[p(vd(Z) — Dzv)]
which gives the claim. O

Remark 1.17. The previous statement does not make precise the spaces to
which each of the appearing ingredients belongs; for instance an L? assumption
for Z and v implies a L! result for Dzv and the necessity of L> assumptions
on the test functions ¢.

We shall use the following general result freely in the remaining part of
this book.

Theorem 1.18. For a vector field Z on W define

1Z][ = E l</012(7)2d7>p/2+ (/01/01 |DtZ(T)|2dth>p/2] . (1.36)

Then, for all p > 1, there exists a constant c, such that

E[[9(2)F] < e 121} (1.37)

Py
Dy

the finiteness of the r.h.s. of (1.37) implying the existence of the divergence
of Z in LP.
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Proof. See [150, 178, 212], as well as Malliavin [144], Chap. II, Theorems 6.2
and 6.2.2. O

1.5 It6’s Theory of Stochastic Integrals

The purpose of this section is to summarize without proofs some results of
It0’s theory of stochastic integration. The reader interested in an exposition of
[t6’s theory with proofs oriented towards the Stochastic Calculus of Variations
may consult [144]; see also the basic reference books [102, 149].

To stay within classical terminology, vector fields defined on Wiener space
will also be called stochastic processes. Let (Ny)ie)o,1) be the filtration on %
generated by the evaluations {e, : 7 < t} . A vector field Z(¢) is then said to
be predictable if Z(t) is Np-measurable for any ¢ € |0, 1].

Proposition 1.19. Let Z a predictable vector field in D? then
D:(Z(1)) =0 A® X almost everywhere in the triangle 0 < 7 < t < 1;

E[[9(2)]’] =E [/01 |Z(T)|2d7':| : (1.38)

Proof. The first statement results from the definition of predictability; the
second claim is a consequence of formula (1.32), exploiting the fact that the
integrand of the double integral (D;Z(7))(D,Z(t)) vanishes A® \ everywhere
on [0,1]2. DO

Remark 1.20. A smoothing procedure could be used to relax the D7 hypothesis
to an L? hypothesis. However we are not going to develop this point here; it
will be better covered under Itd’s constructive approach.

Theorem 1.21 (Ité integral). To a given predictable L? vector field Z, we
introduce the Ito sums

st = ¥ wepz ().

1<k<t2s

t
Then lim o} (Z) exists and is denoted/ Z(1)dW (7); moreover this Ito in-
§—00 0
tegral is a martingale:
¢ tho
BN [ | 2 dW(T)} - [ zmawe,
0 0

and we have the energy identity:

2

E /OtZ(T)dW(T) :E{/Ot|Z(T)|2dT}. (1.39)

Proof. For instance [144], Chap. VII, Sect. 3. O
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Theorem 1.22 (It6 calculus). To given predictable L? processes Z(7), a(T)
we associate a semimartingale S via

S(r) = / Z(0) dW () + / a(\)dA (1.40)
0 0
in Ito’s notation of stochastic differentials relation, (1.40) reads as
dS(t) =ZdW +adr .

Given a deterministic C2-function ¢, the image process S = po S, defined by
S(1) = p(S(7)), is a semimartingale represented by the two processes

1

2(r) = ¢/ (8() Z(r), a(r) = ¢ (S(n)al(r) + 5 ¢" (S Z(7);

in 1té’s differential notation this reads as
d(poS)=¢'dS+ %go” |Z|2dr .
Proof. See [144], Chap. VII, Theorem 7.2. O
Theorem 1.23 (Girsanov formula for changing probability measures).

Let Z(m,W) be a bounded predictable process and consider the following semi-
martingale given by its Ité stochastic differential

dS(W, ) =dW + Z(r,W)dr; S(W,0)=0.

Let vy be the Wiener measure and consider an L? functional ¢(W) on # .
Then we have

[ otsony e (= [ zaw = [ izar)s@w) = [ o

Proof. This is immediate by It6 calculus. 0O

Theorem 1.24 (Chaos development by iterated It6 integrals). We
associate to an L? symmetric function F,: [0,1]P — R its iterated It6 integral
of order p defined as

1 t1 tn—1
Ip(Fp)(W):/ dW(tl)/O dW(tQ).../O Fo(ty to, ... ) AW (L) -

0

Then the following orthogonality relations hold:
E[IP(FP) Iq(Fq)} =0, p#g

1
E[|L,(F,)*] = ol 1Fp 112 (0,177 -
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The linear map

@Lgym([oa l]p) - Lz(W;7)7 FP = \/pTIP(FP) )

p>0

is a surjective isometry onto the subspace of L?(# ;~y) which is orthogonal to
the function 1.

Proof. See [144], Chap. VII, Sect. 5, and Chap. VI, Theorem 2.5.3. O

Corollary 1.25 (Martingale representation through stochastic inte-
grals). To any process M on W', which is a martingale with respect to the
filtration (Ny), there exists a unique predictable process B such that

M(t) =E[M(1)] +/O B(T)dW(T) .

Proof. See [144], Chap. VII, Theorem 5.2. O

1.6 Differential and Integral Calculus
in Chaos Expansion

Theorem 1.26. A predictable L? vector field Z has an L? divergence which
1s given by its It6 integral:

1
HNZ) = / Z(T)dW (1) . (1.41)
0
Proof. Consider the semimartingale defined by its stochastic differential
dS:(1) = dW (7)) + eZ(S:(1), 7) dr,

where ¢ is a small parameter. Given a test function ¢ € D?(#') we have by
Theorem 1.23 (Girsanov formula)

1 2 gl
B [o(s.00) exp (=< [ z0vo).nyawn) - 5 [ 1zovie).npar) |
0 0
=E[p(W)] .
Differentiating this expression with respect to € and taking ¢ = 0, we get

E[D;¢] — E {¢/01 Z(+) dW(T)] —0. O

Theorem 1.27 (Clark—Ocone—Karatzas formula [51, 168, 170]). Given
¢ € DI(W), then

o—Blg = [ BV ID.gaw(r). (1.42)
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Commentary. This formula should be seen as an analogue to a basic fact
in elementary differential calculus: a function of one variable can be recon-
structed from the data of its derivative by computing an indefinite Riemann
integral.

Proof (of the Clark—Ocone-Karatzas formula). By Corollary 1.25 there exists
an L? process § such that

6~ Blol = [ Br)aw ().
For any predictable vector field Z we have by means of (1.41)
| [ Do~ Blol) 200 &t] =B | (6~ Blg) [ 2r) aw(n)
_E :/ﬂ(r) aW (7) /01 Z(7) dW(T)]

—E :/ﬂ(r) Z() dr] ,

where the last identity comes from polarization of the energy identity (1.39).
Therefore, we get

0-E [ / (D - B Z(1) dt} ,

and by projecting Dy¢ — 3(t) onto N; we obtain

E [/01 (EN'(Dy) — B(t)) Z(t) dt] =0. (1.43)

Since equality (1.43) holds true for any predictable vector field Z, we conclude
that BN [D;¢] — B(t) =0. O

Theorem 1.28 (Taylor formula with a remainder term). Given ¢ €
D2(#), then
1
6~ Elo - [ EIDig]aw ()
0

= /1 dW (t) /tz EMa (D, ¢l dW (L) . (1.44)
0 0

Proof. Fix 7 and consider the scalar-valued functional v, := D, ¢. First ap-
plying formula (1.42) to v, and then using the fact that Dy(v,) = D?’T(b, we
get
1
Yr —E[D;¢] = / EN(D} 6] dW (1) -

0
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Using

BV [D,0] =BV [0r] =E[Dyo] - [ BV(DE 6w (),
0
we conclude by rewriting (1.42) with EN-(D,¢) as given by this identity. O

Theorem 1.29 (Stroock’s differentiation formula [191, 192]). Given a
predictable vector field Z belonging to D?, then

D, ( /O 1 Z(t) dW(t)) = Z(r) + /O l(DTZ)(t) AW (t) . (1.45)

Proof. We remark that D, Z(t) is Ni-measurable (in fact this expression van-
ishes for 7 > t); we prove firstly the formula for a predictable Z,-measurable
vector field Z of the type Z =5, o Lsp:

D-(9(Z)) = D <Z akW(5Z)> =D arlsy(r) + Y (D) W(S7)-
% %

k

The dyadic interval containing 7 then gives rise to the term Z(7) appearing
in (1.45). The result in the general case is obtained by passage to the limit.
O

Theorem 1.30 (Differential calculus in chaos expansion). Consider a
symmetric function F, : [0,1]7 — R and denote
p—1

Fy(ti,ta, ... t,) dW(t,)

t
0

1 t1
BE)W) = [Cawie) [Cawe)... [
0 0
the Ito iterated integral of order p. Fizing a parameter T, we denote

F;(tl, e ,tp_l) = F},(T,tl7 e ,tp_l);

then
IP(FP) € D%(V//), DT(IP(FP)) = P*l(F};—) : (1.46)

Ezpanding a given ¢ € L? in terms of a normalized series of iterated integrals
¢ —E[g] = Z \/ZT!IP(FP)v
p=1

we have ¢ € D? if and only if the r.h.s. of (1.47) is finite and then

lolHe = > @+ D IFlI720.) - (1.47)

p=>0
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Proof. We establish (1.46) by recursion on the integer p. For p = 1, we apply
(1.45) along with the fact that D, Z = 0. Assuming the formula for all integers
p’ < p, we denote

Z()‘) = 1ip—1 (F;\ H l[O,A[(ts)> B
1<s<p—1
then )
1(F) = [z aw().
We differentiate this expression using (1.45) and the fact that D,.Z = 0 to get
DT(IP(FP)) = p*l(F;‘zr)a
which gives the claim. O
Theorem 1.31 (Gaveau—Trauber—Skorokhod divergence formula [82]).

Given an L? vector field Z, for fived 7, the R-valued functional Z(7) is devel-
opable in a series of iterated integrals as follows:

Z(r) =E[Z(N)] + > L,("Fy) (1.48)

where "F, is a symmetric function on [0,1? depending on the parameter T.
Denote by 3 F, the symmetric function of p + 1 variables defined by sym-
metrization of G(7,t1,...,t,) :="F(t1,...,tp). Then, we have

wm=2mmﬂxEmesZ@HW&%WWW<Mm

p=>0 p=>0

under the hypothesis of finiteness of the series of L? norms appearing in the

r.h.s. of (1.49).

Proof. Note that formula (1.49) is dual to (1.47). From (1.49) there results an
alternative proof of the fact that Z € D? implies existence of ¥(Z) in L% O

Theorem 1.32 (Stroock—Taylor formula [194]). Let ¢ be a function
which lies in Dg(W) for any integer q. Then we have

¢—E[g] =) I, (E[Dy,..1,(8)]) - (1.50)

Proof. We expand ¢ in chaos:
¢ = Z Ip(Fp) .
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The hypothesis ¢ € Dg implies that this series is ¢-times differentiable; the
derivative terms of order p < ¢ vanish, whereas the derivatives of terms of
order p > ¢ have a vanishing expectation. The derivative of order ¢ equals
q! Fy.

Theorem 1.33. Define the number operator (or in another terminology the
Ornstein—Uhlenbeck operator) by

N(¢) =9(D¢) .
Then we have

N(ILp(Fp)) = pIp(Fp); [N (9)ll2 < [[6]l 3,

1.51
and || ¢llpz < V2N ()llz2, if E[¢] =0. (1.51)

Furthermore
1
N(6w) = N(9) + N W) +2 [ Do Dwar. (1.52)

Constider a finite linearly independent system hq, ..., hq in L2([0,1]), to which

we assign the qxq covariance matriz T defined by T'y; = (hs|hj)2(j0,17)- Letting

O(W) =FW(h1),...,W(hy)) be a generalized cylindrical function, then
NO =V, W(W)=GW(h),...,W(h,)), where G=N"IF

QN{h} — ZFU < 02 é_l;zj) , (FZ]) _ (Fij)il . (153)
4,J

oigEs

Proof. Following the lines of (1.12) and replacing the Hermite polynomials
by iterated stochastic integrals, we get (1.51). Next we may assume that
(h1,...,hy) is already an orthonormal system. Define a map ®: # — R¢
by W +— {W(h;)}. Then ®,v is the canonical Gauss measure v on R?. The
inverse image ®*: f — f o ® maps D?(R?) isometrically into D?(#); fur-
thermore we have the intertwining relation ®* o Nga = Ny o ®* . Claim
(1.53) then results immediately from formula (1.10). To prove formula (1.52),
one first considers the case of generalized cylindrical functions (W) =
FW(h1),...,W(hy)) and (W) = G(W(h1),...,W(hy)), and then con-
cludes by means of Cruzeiro’s Compatibility Lemma 1.7. O

1.7 Monte-Carlo Computation of Divergence

Theorem 1.14 (or its counterpart in the chaos expansion, Theorem 1.31) pro-
vides the existence of divergence for L? vector fields with derivative in L2.
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For numerical purposes a pure existence theorem is not satisfactory; the
intention of this section is to furnish for a large class of vector fields, the class
of effective vector fields, a Monte-Carlo implementable procedure to compute
the divergence.

A vector field U on # is said to be effective if it can be written as a finite
sum of products of a smooth function by a predictable vector field:

N
U=> ugZ, (1.54)
q=1

where u, are functions in D} and where Z, are predictable.

Theorem 1.34. Let U be an effective vector field as given by (1.54). Then its
divergence 9(U) ewists and can be written as

Proof. As the divergence is a linear operator it is sufficient to treat the case
N = 1. By Proposition 1.16 we can reduce ourselves to the case u; = 1;
Theorem 1.26 then gives the result.

Remark 1.35. It is possible to implement the computation of an It6 integral
in a Monte-Carlo simulation by using its approximation by finite sum given
in Theorem 1.27.

Computation of Derivatives of Divergences

These computations will be needed later in Chap. 4. We shall first treat the
case where the vector field Z is adapted. In this case the divergence equals
the It6 stochastic integral.

We have the following multi-dimensional analogue of Stroock’s Differenti-
ation Theorem 1.29.

Theorem 1.36. Let Z € DY(#'™) be an adapted vector field; then the corre-
sponding Ito stochastic integral is in DY (#™) and we have

n 1 n 1
D; <Z/ Zt k de(ﬂ) =20+ Z/ (DroZys) dWE(t) . (1.55)
k=170 k=170

Corollary 1.37. Assume that Z is a finite linear combination of adapted vec-
tor fields with smooth functions as coefficients:

q
7 = Zaij, 77 adapted and a;j, 77 € DY .
=1
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Then by (1.35)

9(Z2) = (a; 9(Z?) - Dzsay) (1.56)
j=1
and therefore
Dy(9(2)) =) _(Dya;)9(Z7) + a; (Dy9(Z7)) = DY 55(a5) ,  (1.57)

j=1
which provides a formula in explicit terms when taking Dy9(Z7) from (1.56).

There exists a beautiful general commuting formula, called the Shigekawa
formula, giving an explicit expression for Dy ¥(Z) without any hypothesis of
adaptedness (see Shigekawa [187] or Malliavin [144] p. 58, Theorem 6.7.6).
However, as this formula involves several Skorokhod integrals it is not clear
how it may be used in Monte-Carlo simulations.
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Computation of Greeks
and Integration by Parts Formulae

Typical problems in mathematical finance can be formulated in terms of PDEs
(see [12, 129, 184]). In low dimensions finite element methods then provide ac-
curate and fast numerical resolutions. The first section of this chapter quickly
reviews this PDE approach.

The stochastic process describing the market is the underlying structure of
the PDE approach. Stochastic analysis concepts provide a more precise light
than PDEs on the structure of the problems: for instance, the classical PDE
Greeks become pathwise sensitivities in the stochastic framework.

The stochastic approach to numerical analysis relies on Monte-Carlo simu-
lations. In this context the traditional computation of Greeks appears as
derivation of an empirical function, which is well known to be numerically
a quite unstable procedure. The purpose of this chapter is to present the
methodology of integration by parts for Monte-Carlo computation of Greeks,
which from its initiation in 1999 by P. L. Lions and his associates [79, 80, 1306]
has stimulated the work of many other mathematicians.

2.1 PDE Option Pricing; PDEs Governing
the Evolution of Greeks

In this first section we summarize the classical mathematical finance theory
of complete markets without jumps, stating its fundamental results in the
language of PDEs. In the subsequent sections we shall substitute infinite-
dimensional stochastic analysis for PDE theory.

The observed prices S%(t), i = 1,...,n, of assets are driven by a diffusion
operator. The prices of options are martingales with respect to the unique risk-
free measure, see [65]. Under the risk-free measure the infinitesimal generator
of the price process takes the form

Z _1 i Qi (t x)i82
2 S s X Lro Y A
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where a = (a¥) is a symmetric, positive semi-definite matrix function defined
on Ry x R%. The components a* (¢, z) are known functions of (¢,z) charac-
terizing the choice of the model. For instance, in the case of a Black—Scholes
model with uncorrelated assets, we have o (t,x) = (%), for j = i, and = 0
otherwise.

We shall work on more general PDEs including first order terms of the

type:
D SR LI i
2 e

4,J=1

0
o (2.1)
with coefficients o¥: R, x R? — R and #°: R, x R? — R. Note that this
includes also classical Black—Scholes models where under the risk-free measure
first order term appear if one deals with interest rates.

Denoting by o the (positive semi-definite) square root of the matrix o =
(a7, and fixing n independent real-valued Brownian motions Wiy,..., W,,
we consider the [t6 SDE

dSiy (1) Za (t, Sw (1)) dW;(t) + B(t, Sw(t))dt, i=1,...,n. (2.2)

Given a real-valued function ¢ on R¢, we deal with European options which
give the payoff ¢(Siy (1), ..., S5 (T)) at maturity time 7. Assuming that the
riskless interest rate is constant and equal to 7, the price of this option at a
time ¢ < T is given by

Oy(t,x) = e "TTIE[B(S(T)) | S(t) = 2], (2.3)
if the price of the underlying asset at time ¢ is z, i.e., if S(t) =z

Theorem 2.1. The price function satisfies the following backward heat equa-
tion 5
<8t+$_r>®¢_0 (I)¢(T,)=¢ (24)
Sensitivities (Greeks) are infinitesimal first or second order variations of
the price functional ®4 with respect to corresponding infinitesimal variations
of econometric data. Sensitivities turn out to be key data for evaluating the
trader’s risk. The Delta, denoted by A, is defined as the differential form
corresponding, the time being fixed, to the differential of the option price
with respect to its actual position:

A¢—d¢)¢ ZA¢t$ (25)
83“(1)45(75 x), i=1,...,n,

where the operator d associates to a function f on R™ its differential df.
The Delta plays a key role in the computation of other sensitivities as well.

Al s(t,x) =
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Theorem 2.2 (Prolongation theorem). Assume that the payoff ¢ is C*.
Then the differential form Ay (t, x) satisfies the following backward matric heat
equation:

(;4=f17>A¢0 AT, )=d¢, (2.6)

where

d
. 0
1 _ 7
A —Z—Fi:ElMaxz—F

r

and M, T denote the following matrices:

. 10a Yo
AV j — P
(M )q 2 Oxd’ T oz’

The matriz coefficient operator £ is called the prolongation of £ and deter-
mined by the intertwining relation

d¥ = L. (2.7)

Proof. Applying the differential d to the L.h.s. of (2.4), we get

0
O=d(=+Z—-1),.
(i)
Using the commutation d% = %d and the intertwining relation (2.7), where

£ is defined through this relation, we obtain (2.6). It remains to compute
£ in explicit terms:

0 19 & 0 ;0
% = 201 Z: axlaxﬂ axq ZB ox?
9
ozl

et 0xi0xzI P 8x‘1 Ox?
P i\ 8 0 =[98\ 0
o1 T2 (a)axagﬁE(a)a

which proves the claim. 0O

l\')\»—l

*@

Theorem 2.3 (Hedging theorem). Keeping the hypotheses and the nota-
tion of the previous theorem, the option ¢(St) is replicated by the following
stochastic integral

T g(Sw (T)) — e T E[6(S /Ozww)dwj(t), (2.8)
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where

A () = (073, e T A4, S (1)) = e S 0 AL(t, S (1))

=1

is the function obtained by coupling the vector field o7 with the differential
form Ay, multiplied by the discount factor e="".

Proof. Since all prices are discounted with respect to the final time T, we
may confine ourselves to the case of vanishing interest rate r; formula (2.8) is
then received by multiplying both sides by e™"”. According to Theorem 2.1,
if r =0, the process M(t) = ®4(t, Sw(t)) is a martingale. By Corollary 1.25,
we have M (t) = M(0)+ >, fg 77 dW;. The coefficients 77 are then computed
using It6 calculus:

V) dt = [dPy(t, Sw (1)« dW; = > Al (dS"« dW;) =Y Ao dt. O

Remark 2.4. The importance of the Greek Ay(t, S) comes from the fact that
it appears in the replication formula; this leads to a replication strategy which
allows perfect hedging.

Remark 2.5. By a change of the numeraire the question of the actualized price
may be treated more systematically. This problematic is however outside the
scope of this book and will not be pursued here. For simplicity, we shall mainly
take r = 0 in the sequel.

PDE Weights

A digital European option at maturity T is an option for which the payoff
equals 1 (St) where 1 is an indicator function, for instance, ¢ = 1{x [ Where
K > 0is the strike prize. As di) does not exist in the usual sense, the backward
heat equation (2.6) has no obvious meaning. Let mr.,(zo,dz), to¢ < T, be
the fundamental solution to the backward heat operator % +.%, which means
that

0 .
(8150 + ,,2”) WTHto('adl‘) =0, t(l)linT TT—to (.’Eo, diC) = 69507

where §;, denotes the Dirac mass at the point xg. Then, the value ®4 of the
option ¢ at position (xg,tg) is given by

D, (tg, x0) = e (T—to) o(x) Ty, (z0, dx) . (2.9)
Rd

Fix tg < T and zg € R% A PDE weight (or elliptic weight) associated to
the vector (o is a function w¢,, independent of ¢, such that for any payoff
function ¢,

d

o= D4 (to, xo + €Co) = e "(T—to) o(z) we, () Tr—yy (To,dz) . (2.10)
E le=0 Rd
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Theorem 2.6. Assuming ellipticity (i.e. uniform invertibility of the matriz o)
and o € C?, then for any (o € R?, there exists a unique PDE weight We -
Furthermore the map (o — we¢, s linear.

Proof. We shall sketch an analytic proof; a detailed proof will be provided
later by using probabilistic tools.

The ellipticity hypothesis implies that mp_¢, (20, dz) has a density for
to < T with respect to the Lebesgue measure,

Tty (0, dT) = qr oty (T0, ) dT |
which is strictly positive, i.e., gr—q,(7o,2) > 0, and a C'-function in the

variable xg. Then

log g7+, (xo + €Co, )

we, (1‘) = ?8’6:0

is a PDE weight. Letting wcg,w’CO be two PDE weights, we have for any test
function ¢,

/(b(ac) (wCo (z) — wlgo (x)) qr—to (To,x)dx =0 .

As qrq,(z0,2) > 0 for z € RY, this implies that we,(z) = w(, () almost
everywhere with respect to the Lebesgue measure. Finally, exploiting unique-
ness, as w¢, + we, is a PDE weight for the vector (o + (i, we deduce that
Wey + Wey = Weo4¢y - O

Ezample 2.7. We consider the univariate Black—Scholes model
dSw (t) = Sw (t) dW (t)

and pass to logarithmic coordinates &y (t) := log Sw (¢). By 1t6 calculus, £y is
a solution of the SDE déw (t) = dW — 1 dt, and therefore

W(T) =log Sw(T) —log Sw(0) +T/2 .

The density of Sy (T') is the well-known log-normal distribution:

pa(y) = y\/ﬁ ( : <log(y)+§>2>

where x = Sy (0). We conclude that

Ag(w,T) = = /¢ ey dy—/Cb <logpm(y)> Pa(y) dy,
glogpm(y) =7 <log (y) + Z) ) 68 log pe (Sw (1)) T

and deduce the following expression for the PDE weight w:

w(z) = xio (Tl —+ 2) : (2.11)
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This direct approach of computation of PDE weights by integration by
parts cannot always be applied because an explicit expression of the density
is often lacking. In the next section we shall substitute an infinite-dimensional
integration by parts on the Wiener space for the finite-dimensional integration
by parts. Using effective vector fields, these infinite-dimensional integration by
parts techniques will be numerically accessible by Monte-Carlo simulations.

2.2 Stochastic Flow of Diffeomorphisms;
Ocone-Karatzas Hedging

We write the SDE (2.2) in vector form by introducing on R™ the time-
dependent vector fields Ay = (0%%)1<i<,, and Ag = (B")1<i<n - In vectorial
notation the SDE becomes

dSw (t) ZAk (t, Sw (t)) AW + Ao(t, Sw(t)) dt (2.12)

Flows Associated to an SDE

The flow associated to SDE (2.12) is the map which associates U}, (So) :=
Sw(t) tot > tg and Sy € R™, where Sy () is the solution of (2.12) with initial
condition Sy at t = tg. Since one has existence and uniqueness of solutions to

an SDE with Lipschitz coefficients and given initial value, the map U}Y, is
well-defined.

Theorem 2.8. Assume that the maps x +— o' (t,x), v — ('(t,x) are bounded
and twice differentiable with bounded derivatives with respect to x, and suppose
that all derivatives are continuous as functions of (t,x). Then, for any t > to,
almost surely with respect to W, the mapping © — UtVZtO (x) is a C'-diffeo-
morphism of RY.
Proof. See Nualart [159], Kunita [116], Malliavin [144] Chap. VII. O

We associate to each vector field Ay the matrix Ay defined by

; 0AL
(Ak) @7 k:O71,...7n

Define the first order prolongation of SDE (2.12) as the system of two SDEs:
S (t ZAk (t, Sw(t)) AWy, + Ao(t, Sw(t)) dt,

—to

(2.13)
t<~t0 = <ZAk t SW de( )+A0<t’SW(t)) dt) Jﬂmito

where JtH‘/0 is a process taking its values in the real n x n matrices, satisfying
the initial condition J%Vhto = identity. The first order prolongation can be
considered as an SDE defined on the state space R™ @ (R™ @ R™). The second

component J}V i1, is called Jacobian of the flow.
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The second order prolongation of SDE (2.12) is defined as the first order
prolongation of SDE (2.13); it appears as an SDE defined on the state space
R*"® (R"@R™) @ (R" @ R™ @ R™). The second order prolongation is obtained
by adjoining to the system (2.13) the third equation

Ty = (2 At S (0 AW(0) + Aa(t S ) ) T e 12 1
k=1

i oA aZAi
where [.Ak]j,s = axsk - 8xja§1‘s )

In the same way one defines third and higher order prolongations.

Theorem 2.9 (Computation of the derivative of the flow). Fiz (, €
R™, then
d

de le=0

Proof. As the SDE driving the Jacobian is the linearized equation of the SDE
driving the flow, the statement of the theorem appears quite natural. For a
formal proof see [144] Chap. VIII. O

UY, (So+eCo) =TV, (Co), t>to. (2.14)

Economic Meaning of the Jacobian Flow

Consider two evolutions of the same market model,

the “random forces acting on the market” being the same. (2.15)

This sentence is understood in the sense that sample paths of the driving
Brownian motion W are the same for the two evolutions. Therefore the two
evolutions differ only with respect to their starting point at time ty. From a
macro-econometric point of view, it is difficult to observe the effective realiza-
tion of two distinct evolutions satisfying (2.15): history never repeats again;
nevertheless statement (2.15) should be considered as an intellectual experi-
ment.

Consider now a fixed evolution of the model and assume that the state Sy
of the system at time ¢ty suffers an infinitesimal perturbation Sy — Sy + (.

Assuming that the perturbed system satisfies (2.14), its state at time t is
Sw (t) + eCw (t) + oe), where Cw (t) = J¥, (o) - (2.16)

From an econometric point of view this propagation represents the response
of the economic system to the shock (y, appearing during an infinitesimal
interval of time at (tg, Sw (to))-
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Theorem 2.10 (Pathwise sensitivities). To a European option of payoff ¢
at maturity T, we associate its pathwise value V(W) := ¢(Sw (T)). Then the
Malliavin derivative can be written as

Dy k(W) = (Jp_y(A) , do(Sw(T))) - (2.17)

The r.h.s. may be considered as a pathwise sensitivity, i.e., a “pathwise Delta”.
The Greek Afﬁ s given by averaging the pathwise Delta; we have

AZ t .Z‘ Zgzk Et x Dt k(\Il)] (218)

where (01,) denotes the inverse of the matriz (o'%), i.e., e; = Y ok Oik Ag -

Proof. Equation (2.17) results from (2.14). Equality (2.18) is obtained by
applying Ito’s formula to the r.h.s. of (2.18); the infinitesimal generator £
then appears as defined in (2.6). O

The explicit shape of the Clark—-Ocone-Karatzas formula (1.42) for Euro-
pean options can now be determined in the case of a smooth payoff function.

Theorem 2.11 (Ocone—Karatzas formula). Assume that the payoff func-
tion ¢ is C1, and denote

G (t) == TP, Ar(Sw (1), t > to;
Bl () = BN, [(Cw (1), do(Sw (T)))] -

Then the payoff functional is represented by the following Ité integral:

(2.19)

B(Sw (1)) = Btz [0 / S () Wi

to k=1

Proof. To a European option giving the payoff ¢ at maturity 7', we asso-
ciate the corresponding payoff functional ¥ (W) defined on # by the formula
(W) = ¢(Sw(T)); then we apply formula (1.42) to the functional ¥. O

Under a pathwise weight we understand an R™-valued function Qp., (W),
defined on the path space, independent of the payoff function ¢ such that

Eto,wo [QI%HtO (W> ¢(SW(T))] = Etoﬂvo [Dto,k¢(SW(T))] , k=1,...,n.
(2.20)
We remark that the Lh.s. of (2.20) determines only the conditional expec-
tation of Qf._, (W) under the conditioning by Sw (T); there is no uniqueness
of the pathwise weight QT(_t (W). The relation between pathwise and elliptic
weight is given by

> in(Sw(to)) Ergeo [ty (W)ISw (T) = 2] = we, (x) . (2.21)

k=1
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2.3 Principle of Equivalence of Instantaneous Derivatives

Integration by parts formulae have been established for vector fields Z on #;
these are maps from # to L?([tg,T]) which satisfy in addition a smoothness
or an adaptedness condition. The directional derivative along such a vector
field Z is given by

n T
Dztp =Y [ Dt Z*(t)dt
k=1"to

We have to deal with an instantaneous derivation, that is a derivation
operator at a fixed time tg, for which no formula of integration by parts is
available. The strategy will be to replace the derivation at a fixed time ¢y by
pathwise smearing in time where we differentiate on a time interval.

For given values of tg, Sy and (o as above, the function Cw (t) = J¥, (¢o)
is called the pathwise propagation of the instantaneous derivative at time tg
in the direction (y. This definition may be seen as the probabilistic counter-
part to formula (2.6) at the level of PDEs. The main point of this pathwise
propagation is the following principle.

Remark 2.12 (Principle of equivalence under the Jacobian flow). For t € [tg, T
and ¢ € CY(R™), we have

Dto,(w tn)((b(SW( ))) Dt Cw (t <¢<SW( ))) . (2'22)

The meaning of (2.22) is clear from an econometric point of view: the infini-
tesimal perturbation (w (to) applied at time ¢y produces the same final effect
at time T as the infinitesimal perturbation (y (¢) applied at time t.

2.4 Pathwise Smearing for European Options

We have defined the pathwise propagation of an instantaneous derivative.
From an econometric point of view this propagation represents the response
of the economic system to a shock (py, appearing during an infinitesimal in-
terval of time at (to, Sw(to)). Such a shock is called an instantaneous pertur-
bation. Smearing this instantaneous perturbation means “brushing out the
shock effect at maturity by a continuous saving policy”.

A smearing policy of the instantaneous derivative (o will be the data of an
Re-valued process v (t) = (WY (t),...,7V (t)) satisfying the property

/ ‘]T<—t <Z ’Yk‘ Ak SW( ))) dt = J7W<—t0(<0) .

then we have the following result.

<—t’

Let Jt0 be the inverse of the matrix .J}Y.
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Proposition 2.13. The process v constitutes a smearing policy of the instan-
taneous derivative Cy if and only if

/ v <ka ) Ap(Sw (¢ ))) dt =¢o . (2.23)

Proof. Jp_, = J}_,0J¥, . O

t<—t0

Theorem 2.14. A smearing policy v of the instantaneous derivative (y de-
fines a vector field ¥V on W ; denote by 9(v) its divergence; then

d

7o Etosoteco [#(Sw (T))] = Bty s [9(7) &(Sw (T))] - (2.24)

We say that the smearing policy is adapted if the process « is predictable.
In this case, the divergence is expressed by an Ito integral. More precisely, we
get:

Theorem 2.15. [8, 38, 57, 71, 88, 195, 204] Let v be an adapted smearing
policy, then

d
| Erosorecy [9(Sw (T))] = Buys, [¢<sw< DO, (W)
(2.25)
0, 00) = [ 3 0w
to p=1
Canonical Adapted Smearing Policy
Define 8V (t) by the relation
DB () A(Sw () = L4, (Go) or D B () Iy Aw(Sw (£) = Go -
k=1 k=1

Note that this relation is solvable for ﬁL’V (t), since as a consequence of the
ellipticity hypothesis, the A(Sy (t)) constitute a basis of R?. Remark that
the processes ;" (t) are predictable.

We choose an arbitrary predictable scalar-valued function g" (¢) such that

T
/ gV (t)dt=1.
to

Such a function will be called a smearing gauge. Then v = g 8 is an adapted
trading policy. For instance, one may take the constant function equal to
(T —to)~! as a smearing gauge, to get the canonical adapted smearing policy.
We shall introduce in Sect. 2.6 more general choices for smearing gauges.
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2.5 Examples of Computing Pathwise Weights

After circulation of [79, 80] in preprint form, methodologies have been de-
veloped in a huge number of articles related, e.g., [27-30, 32-35, 61, 87, 88,
113, 115]. A full account of these methods would surpass the limits of this
book. In addition, a final judgement on various computational tricks, such as
variance reduction, depends heavily on numerical simulations, a topic which
is not touched on here.

The following section has the limited purpose of illustrating the general
methodology on simple examples.

Weight for the Delta of the Univariate Black—Scholes Model

We short-hand notation by taking for initial time ¢ = 0. The 1-dimensional
Black—Scholes model corresponds to the geometric Brownian motion

dSw(t) = o Sw(t) dW (¢) , (2.26)
where o is a constant.
For a European option of payoff ¢(Sw (7)) the Delta is given by
d
A, T) = LB, [6(Sw(T))]
As (2.26) is linear, it coincides with its linearization; therefore

o= g:vv((é)) 0 = i;vv((g)) BV (t) = % : (2.27)

We compute the weight for the Delta by taking g(¢t) = 1/T as smearing gauge
and get the smeared vector field

1 T
Z=— D, dt .
aTa:/O !

This gives
A2, T) = E[Dz@(W)] = E[9(2) 8(W)], ®(W) := ¢(Sw (T)) .

Since Z is predictable, its divergence can be computed by the following It6
integral:
I w(T

dw = (T)

19(2) = QTH()(W)

T ol 0 oTx
Taking o = 1 gives the formula appearing on the cover of this book

Aol ) = B [o(sw (1) x 0|

Remark 2.16. We keep the choice o = 1 so that &w (t) = log Sy (¢) is a solution
of the SDE d&w (t) = dW — 3 dt . Then

W(T) =log Sw(T) —log Sw(0) + T/2,

and formula (2.28) coincides with formula (2.11).

(2.28)
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Weight for the Vega of the Univariate Black—Scholes Model

By definition, the Vega is the derivative with respect to the constant volatil-
ity o. With the replacement o — o+¢ and denoting by Sy - the corresponding
solution of (2.26), we get

dSw-(t) = o Sy=(t) dW (t) + eSwe dW (t) . (2.29)

Let Uy = d%|5:oSWE' By differentiating (2.29), ¥y is seen to satisfy the
linear SDE
dVw = oVy dW + Sw<t) dw, ‘Ifw(O) =0. (230)

We solve this inhomogeneous linear equation by the Lagrange method of vari-
ation of constants. Writing

we get by It calculus,

AUy (£) = g:VV((é)) du(t) + o g:vVgé)) w(t) dW (1) + o g::((é) du(t) + dW (1)
Sy (t)

= 750y OV @) + Sw(®) AW (1)

which after the Lagrange simplification gives
du(t) + odux dW = zdW(t), z=Sw(0).
A consequence of the last equation is du x dW = z dt; therefore
w(T)=a(W(T)—0T), Yw(T)=Sw(T)W(T)—-0oT).

Thus, the Vega of a European option at maturity 7' with a payoff ¢(Sw (1)),
where ¢ is a C'-function, takes the form

Ve(2,T) :=Ey [(ddsy, (1), Yw (T))] -

Consider the adapted vector field Y (¢t) = Sw (t)/T; then
T d
| @de=swng .
0 T

In terms of the function f(W) = W(T) — oT, we get

Vs(2,T) =B [Dyy ®(W)], @(W):= ¢(Sw(T)),
Sw(T)(W(T) = oT) = zJy_o(f) -
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Consider now the adapted vector field xZ; then
Vo(x,T) =E[Dyyz®) =E[@I(xfZ)] =E[(xfI(Z) — Dyz f)®] .

By Stroock’s Theorem 1.29, we get

D,W(T) = D, /OTdW =1, Duz(W(T)) = g :
As 9(Z) has been computed already in (2.28):
IfxZ) = W(g)2 - é ; (2.31)
we conclude that
Vo, T) = 2o B [9(Sw (7)) (W(T)? = T)] | (2.32)

2.6 Pathwise Smearing for Barrier Option

The notion of a barrier has a strong meaning in everyday economic life: bank-
ruptcy may be thought of as touching a barrier. PDE formulations of barriers
lead to boundary conditions deteriorating both regularity of solutions and
efficiency of Monte-Carlo simulations (see [13, 32, 35, 83, 87, 181]).

In the first part of this section we will get estimation of Greeks by “smear-
ing the pending accounts before bankruptcy”; the rate of smearing accelerates
when bankruptcy approaches. We recover the well-known fact that A has the
tendency to explode near the boundary.

The second part involves a more elaborated smearing by reflection on the
boundary. Its Monte-Carlo implementation, which has not yet been done,
seems to be relatively expensive in computing time.

Let D be a smooth open sub-domain of R%. Denote by T' the maturity time
and by 7 the first exit time of Sy (-) from D. We consider the contingent claim
given by the following functional on Wiener space #:

(W) = o(Sw(T)) Lir<ry (W), (2.33)

where Sy (tg) = So € D for some fixed ty < T and where ¢ is assumed to be
bounded on D.

We shall discuss in this section two different approaches to the computation
of the pathwise weight for European barrier options (2.33). Recall that

d
A= IEL:O Et0750+€C0 [\I]] .

We consider the pathwise propagation of {y as defined by (2.13):

d

Cwit) =T, (Go) =) B(t) Ax(Sw (b)) -

k=1
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Definition 2.17. Let © denote the class of predictable processes 0 such that
0(s) =0 for s > 1 and such that

/tTG(s)ds_l.

The fact that © is not empty is shown later via an explicit construction.

Theorem 2.18. The Greek A can be expressed by the following Ité stochastic
integral: for any 0 € O,

d T
A=E[V1lron Hg] where Hg = Z BF(s) 0(s)dW"(s) . (2.34)

k=1""to
Proof. Consider (P,p)(So) :=E [@(S(t)) 1{1<s}] for t > to. Then
(Prito—t9)(S()), to <t <min(T,7),
is a local martingale, which implies that
N(t) := d(Prie,-19)s@) C(t),  to <t <min(T,7),

is a local martingale as well. (Here we used the fact that the derivative of a
one—parameter family of local martingales is again a local martingale.)
Define h(t ft r)dr for tg <t < T . Since

N(A(E) — N(to)h(to) / N(r) dh(r / h(r) dN(r

we conclude that
d(Prito—t9)s() ¢(t) / d(Prito—r$)s) C(r)dh(r), to<t<T,

is a local martingale as well. By definition, we have dh(r) = h(r)dr = —0(r)dr.
Observe now that
¢

t [ d(Prit,—re)se) C(r)0(r)dr

to
= (Prito—tp) (S Z (r) dW*(r)
k=1 tO
is a local martingale. Using (Prys,_+¢)(S(t)) = EM [o(S(T)) 1ir<ry], we

conclude that

M(t) := d(Prito-19) sty C(t) h(t)

d
+EN [p(S(T) 1greny] Z/ 0(r) B (r) AW* (r)

0

is a local martingale for to < t < T’ := min(7T, 7). The claim now follows by
comparing the expectations E[M (to)] = [ (7). O
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We propose now a construction of § € 0©: we denote by d(m) the Euclidean
distance of a point m € D to dD, then almost surely

JW) = ’ d2(Sw (1)) dr = 400 . (2.35)

In fact, the Green function G of D is equivalent to d at the boundary; therefore
E[J(W)] = / G(So, r) dx ~ / d™Y(z)dx = +oo . (2.36)
D D

The step from (2.36) to (2.35) requires however a delicate argument about
the triviality of the tail o-field of the Brownian motion. A more direct proof
of (2.35), based on Itd’s formula, can be found in Thalmaier-Wang [204],
Prop. 2.3.

T1
Define now 71 such that / d~2(Sw(r))dr = 1; then a.s. 71 < 7 and we
0

may take
0(r) = d=2(Sw(r)) Lio,71(7) - (2.37)

Remark 2.19 (Interior estimates). The fact that the stopping time T comes
from the exit time of the domain D has played a minor role in the previ-
ous computations. The same methodology can be applied to options which
undergo a strong change in their modalities at a stopping time.

Rolling Instantaneous Derivative Pathwise Along
the Barrier for a Markovian Smearing Until Maturity

We present a second methodology for computing pathwise weights for the
barrier option. Unlike the first method, this second method is very specific to
barrier options. It has not yet be used effectively for Monte-Carlo computa-
tions, but it has a deep mathematical significance.

We start from the point of view of intertwining partial differential opera-
tors as in Sect. 2.1.

If f satisfies Dirichlet boundary conditions on 0D, then the tangential
component of the differential df of f, denoted by (df)”, vanishes on dD. Given
the payoff function ¢ on D we define ; as in (2.4) by the backward heat
semigroup

Ot + A1 =0, @ = ¢ with boundary condition ¢;|0D =0. (2.38)
Then w; := dip; satisfies the parabolic system

Owi + ZLw =0, wr=dp, (w)’=0. (2.39)
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The Ocone—Karatzas formula takes the form

T
¥ = Eto,So [(P] = / Wf dW(t) ’
to
where wf = (w;, Ax(S(t))). Equation (2.39) has been solved by H. Airault [3],
adopting the following methodology. Let yw (¢) be reflected Brownian motion
inside D. We take ((t) = J}¥, ((o) if the path does not hit the boundary.
“Each time” the boundary is hit at time ¢ we take

¢(t*) = (orthogonal projection on the tangent hyperplane to dD)(((t7)) .

This definition is carried over rigorously by passing to the limit along the local
time. This transport of pathwise rolling then defines a Markov process which
leads to an expression for the Greek through an It6 stochastic integral:

Theorem 2.20.

1

Agta) = (Wios C(t0)) = mEtoso

T
vy /t g de(s)] (2.40)
L Jto

where C(t) = S°0_, BF(t) Ax(S(t)).
Proof. See H. Airault [3]. O
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Market Equilibrium and Price-Volatility
Feedback Rate

This chapter is based on the article [19]. We start by describing the basic mo-
tivation behind this approach. In view of the well-known difficulty of choosing
between possible models in mathematical finance, it is natural to search for
approaches which are non-parametric and model-free (see for instance [77, 189]
for an approach in this direction by a quite different methodology).

For assets traded at high frequency it is possible to measure the intra-day
variation of historical volatility, see for example Appendix A. For a long time
traders have observed general structural facts. For instance, the volatility of
an asset is generally negatively correlated with the price of the same asset;
this is a first order effect. The feedback volatility rate is a second order effect
which is supposed to describe the facility for the market to absorb small vari-
ations: it appears as a sort of liquidity index. The effective applicability of the
mathematical theorems of this chapter has to be tested in numerical studies
on real ephemerides; to be statistically significant numerical experiments must
show, for a well-chosen time resolution, stability of the sign of the computed
feedback volatility rate.

The multivariate feedback volatility rate can be mathematically devel-
oped in an elliptic multivariate context (see [19]); however as, even at high
frequency, historical cross-volatility between different assets is empirically a
dubious concept, it will not be pursued here.

3.1 Natural Metric Associated to Pathwise Smearing

In Chap. 2 we realized the smearing of the instantaneous derivative in two
successive operations:

(i) Construction of the pathwise transport (y (¢) of the instantaneous deriv-
ative.

(ii) Decomposition of (w (¢) with respect to the driving vector fields; the co-
efficients 3*(W,t) are defined by
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d
Cwit)=>_ BF(W.t) A(Sw (1)) ,
k=1

where Aj, denotes the k™™ column of the matrix ¢ := y/a . Note that
o(B) = ¢w(t). The smearing is realized by the Itd stochastic integral

T d
w(W) ;:/ 0(t)Y BE(W,t) dWi(t), 6 €, (3.1)
to k=1
where
T
O = {0 : 0 previsible such that / 0(s)ds = 1} . (3.2)
to
We have

/292 ) B (6)[2 dt

o p=1
Denoting by (%) the inverse of the matrix (o*), we obtain
Iw ON2-2 =D oni(Sw (£)) ons (Sw () Gy (1) G (1)
igk
= (0 (Cw®) [ o7 (Cw (1))ra
= [lo™! (Cw (1)) l[3e

= [ 8w ()l -
This leads to the identity
T
] = [ low @ ar. (33)
to

The qualitative meaning of (3.3) is clear; for high volatility at time ¢ the
smearing of (y (t) is less expensive than for low volatility. It is thus legitimate
to say that

1w (O llo=1(sw (1))

defines an intrinsic norm.

3.2 Price-Volatility Feedback Rate

We consider the variation of price of a single asset during a short period of
the order of a few days. We use discounted values; thus actualization by the
basic interest rate is not necessary.
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Our basic assumption will be that the price process with respect to the
risk-free measure is given by the following SDE:

dSw (t) = o(Sw (t) dW (t) — pu(Sw (1)) dt , (3.4)

where W is a Brownian motion and where o, ¢ are unknown smooth functions
describing a feedback effect of the price. For subsequent applications the case
w # 0 will be useful, even if for the risk-free measure we have p = 0.

The pathwise sensitivity (w (¢) is a solution of the linearized SDE

dQw (t) = [o" (Sw (1)) dW (t) — p'(Sw (1)) di] Cw (t) - (3.5)
We associate to a pathwise sensitivity ((¢) the rescaled variation defined as
z(t) = ) where o(t) := o(Sw(t)) . (3.6)

a(t)’

Theorem 3.1. The rescaled variation z(t) is a differentiable function of t; its
logarithmic derivative A(t) is called the price-volatility feedback rate function;
in explicit terms we have for every s < t,

¢
z(t) = exp (/ A(Sw (7)) dT) z(s), and (3.7
1 /
A= — (a’o’” + ‘u/ — IU,U) . (38)
2 o
Proof. Using Ito calculus
1
d(o) =o' (o dW — pdt) + 50" o dt;
1 ! 1 1 !
d( =) =-Zaw — ~o"dt + ~(o")2dt — % pdt .
o o 2 o o?

Therefore the rescaled variation has the Ito differential

1 1
dz:Cd<> —l—S (o'dW+u'dt) +d§*d<> ,
o o o

where the * denotes the It6 contraction:

1 2

d¢ xd () = —Cﬂ dt = —z(0’)? dt;
o o
1 ! 1 " N2 U/
Cd|l =) =z2—-0"dW — —oo"dt + (o")*dt + — pdt
o 2 o

d 1 !
?Z = (o' —o')dW + <—200” + ()2 = (o) — i/ + ui) dt .

It is important to note that the coefficient of dW vanishes; therefore z is a
differentiable function of ¢ and

. 1 /
)\::Z:—(UU”+M’—MU). o
z 2 o
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Theorem 3.2 (Meaning of the sign of A for hedging). Consider the risk-
free process (i.e. take u = 0). If the volatility is a convex function of the price,
the pathwise smearing of instantaneous derivatives decreases exponentially in
time.

Proof. The optimal smearing is given by the following minimizing problem:

J(T) := inf Texp <2 /t A(Sw (s)) ds) 02 dt

0€0 J,, ‘o
where O is given by (3.2). If A < A\ < 0, then
J(T) < exp(2Xo(T — 1)), T >1; (3.9)

the hedging cost of the option goes down exponentially as the maturity date
increases. O

Remark 3.3. For the Black—Scholes model we have A = 0.

Computation of the Price-Volatility Feedback Rate
in Logarithmic Coordinates

It results from It6 calculus that the rescaled variation is independent from
the choice of coordinate system; therefore A as well, which can be seen as the
“appreciation rate” of the rescaled variation, is independent of the coordinate
system.

Taking as coordinate the logarithm of the price and making the change of
variables zw (t) = log(Sw (t)), we denote

a(x) = exp(—z) o(exp(x)) .

Then, using Itd calculus, zw (¢) satisfies the following SDE:
1
dzw (t) = a(zw (1)) dW(t) — iaz(xw(t)) dt . (3.10)

Theorem 3.4. The price-volatility feedback rate \ associated to (3.10) is
given by
1
A= fﬁ(a'a +aa") . (3.11)
Denoting by x the Ité contraction, we consider the following cross-volatilities

dr xdx := Adt, dAxdx:= Bdt, dBx*dx:=Cdt.

Then X takes the form

(3.12)
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Proof. We apply formula (3.8) with p = %az. We have the 1t6 differential:
L,
dr =adW — §a dt

where A = a?. The cross-volatility B of A and z satisfies
Bdt = 2ad dz * dv = 2a3d’t .
Therefore
w =B _ 1B
2a2 2A°
The cross-volatility C' of B and z, defined by C dt = dB * dz, is given by

2d(ad’) x dz =2 (aa” + (a')?) a®dt = C dt .

But, on the other hand, we have

1 1
2d(aa’) * dz = - (A(dB * dx) — B (dA  dz)) = E(AC — B?)dt;
C 3B?
20404// = E — 5? O

3.3 Measurement of the Price-Volatility Feedback Rate

The volatility of the historical price process can be measured from its
quadratic variation in a pathwise procedure. On the other hand, the drift
driving this historical process, which is generally called the mean risky return,
is not directly accessible from market data; only estimations using Kalman—
Bucy filtering or Zakai filtering can be obtained. As a result the SDE driving
the historical price process cannot be econometrically deciphered.

Theorem 3.5. The SDE driving the risk-free process can be computed econo-
metrically using a pathwise procedure.

Proof. Tts volatility is equal to the volatility of the historical price process
which can be effectively measured. Its drift vanishes in the price coordinate
system. 0O

Theorem 3.6. The price-volatility feedback rate for the risk-free process can
be pathwise econometrically measured by a three-step sequence of iterative
volatility measurements.

Proof. We may use formula (3.12). First, from the observation of the price
process x, the volatility A is computed; from the processes x and A the cross-
volatility B is computed, and finally the cross-volatility C' is computed via
Cdt=dBx+dx. O
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Remark Theorem 3.6 may be seen as a result in non-parametric Statistics.
The unknown function A is determined from a single observation of the market
evolution.

Proposition 3.7. Keeping notation and assumptions as above, let
D = Vol(log(A)), E = Vol(log(D) .

The price-volatility feedback rate may be expressed as
1 €
A=—71VD (\/Z+§\/E) (3.13)

where 2 = 1 and where n = 1 if x and A are positively correlated, and n = —1
otherwise.

Remark 3.8. As the computation of volatilities is numerically more stable
than the computation of cross-volatilities, formula (3.13) may be preferable
to (3.12) in certain cases.

Proof. A straightforward calculation gives

N 2 "\ 2
log A =2loga, D:4<a) = 4(a")?, E:4<aa/ > - 0
a a

The numerical exploitation of (3.12), resp. (3.13), depends on an appro-
priate numerical algorithm for constructing the volatility process from an
empirical process. The Fourier series method [145], see Appendix A, leads by
its global character to stable results for time resolutions of A in the order of
1/3 of the resolution ¢ of the price process. Iterating this resolution gap we
obtain that B can be calculated up to a time resolution 4/9, and C up to §,/27;
thus the time resolution for A lies in the range of §/27. A highly traded asset
gives a time series for the price process in the range of a new quotation every
10 or 20 seconds; for such an asset the time resolution of the price-volatility
feedback rate will lie in the range of minutes. See Appendix C for some results
on the numerical implementation of the price-volatility feedback rate.

3.4 Market Ergodicity
and Price-Volatility Feedback Rate

To any asset two processes may be associated: the historical price process and
the process corresponding to the risk-free probability measure. Any general
statement on the historical price process S; needs the choice of a model; we
assume that two functions o, p are given such that the price process is driven
by

dSw (t) = o(t, Sw (£) AW (1) — p(t, Sw (1)) di; (3.14)
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the corresponding infinitesimal generator is then

1, d? d
R=-0"— —j1— .
27 452~ "as
Definition 3.9. A complete elliptic market is said to be ergodic if the histor-
ical price process has an invariant probability measure p.

It is clear that under a long-term horizon, in the real economic world,
there are no ergodic markets. On a scale of a few days however ergodicity
may be observed in a market which oscillates around an equilibrium position.
The purpose of this section is to prove that a negative feedback volatility rate
implies ergodicity of the market.

Proposition 3.10. Assume that = 0. Furthermore assume that there exists
& > 0 such that the price-volatility feedback rate associated to (3.14) satisfies
for all t

At) <=4 (3.15)

Then the market has no remote memory (that is zw (t) — 0 as t — +00).
More precisely, we have the estimate

lew ()] < exp (—6(t — 1) [aw(to)l, Vi > fo (3.16)
Proof. The proof results from (3.7). O

Theorem 3.11. We keep the assumptions of Proposition 3.10. Furthermore
assume that o is independant of time and bounded along with its derivatives
up to order 4. Then the market is ergodic.

We start by proving the following lemma.

Lemma 3.12 (Construction of an intertwining operator). There exists
an elliptic operator such that

2 / 72(S0, dS) B(S) = / 7+ (S0.dS) (R.6)(5) ; (3.17)

0 < afS,7) < exp(—=267) [o(S)?, |B(7,5)| < exp(—d7) o (S) . (3.18)
Remark 8.18. If we take R, = R then (3.17) holds, but (3.18) fails.
Proof (of Lemma 3.12). By the semigroup property we have

57 [ 7o(50.5)6(8) = 54013z [ we(50.5) 0(8)

Using (3.16) and taking the conditional expectation with respect to Sy (7)
we get



48 3 Market Equilibrium and Price-Volatility Feedback Rate

1 d
a(So) dSo

/ 7+ (S0, dS) $(S)

_ ESw =5y {exp ( [ s ) (&) (Sw ()
- / 7.(S0,dS) B(S) ¢/(S)  where [3(S)] < cexp(~i7)a(S) .

Iterating this procedure we get an estimate of the second derivative which
proves Lemma 3.12. 0O

Proof (of Theorem 3.11). Consider the following SDE with time-depending
coefficients:

dSw = \/a(r, Sw (7)) dW (1) + B(t, Sw (1)) dr, Sw(0)=Sy. (3.19)

According to (3.17) the law of S(7) is m-(Sp, -). Furthermore by means

of (3.18), for any 7, R > 0,
Sw(T+R)

/ ~d7§ < cexp (—6R> ,
Swiry  o(Sw(§)) 2

which implies first that lim,_ . Sy (1) exists in terms of the distance x on R

defined by
So dé-
X(S1,52) 12/ e
s, o(&)
Since o is bounded, convergence in the x metric implies convergence in the
usual metric of R as well. Therefore, we may conclude that

E

ps, := lim 7, (Sp, ) exists.

T—00

The fact that the market is without remote memory implies that ps, = ps, -
See [57] for more details; [57] treats also the case p # 0. O
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Multivariate Conditioning
and Regularity of Law

Given two random variables f and g on an abstract probability space, the
theorem of Radon—Nikodym ensures existence of the conditional expectation
E[f | g = a], almost everywhere in a. For Borel measures on a topological space,
it is a basic problem to construct a continuous version of the function a —
E[f | g = a]. On the Wiener space, quasi-sure analysis [4, 144, 197] constructs,
for g non-degenerate, continuous versions of conditional expectations.

This theoretical issue has a numerical counterpart in the question of how
to compute a conditional expectation by Monte-Carlo simulation. The crude
way of rejecting simulations giving trajectories which do not satisfy the condi-
tioning turns out to be extremely costly, as far as computing time is concerned.
The papers [78, 79], a preprint of Lions—Régnier, followed by applications to
American options in [14, 42, 113, 181, 182], changed dramatically the Monte-
Carlo computation of conditional expectations.

It is clear that existence of continuous versions for conditional expectations
is very much linked to regularity of laws; such questions have been the first
objective of the Stochastic Calculus of Variations [140, 141]. We emphasize in
this chapter the case where the conditioning g is multivariate; the univariate
case is treated at the end of the chapter as a special case of our multivariate
study. In Sect. 4.5 the Riesz transform is introduced; it seems to be a new
tool in this field.

4.1 Non-Degenerate Maps

We consider maps g: #™ — R? with components g', ..., ¢% such that each
gt € DY(#™) for all p < co. The dimension d of the target space is called
the rank of g. The Malliavin covariance matriz of g is the symmetric positive
matrix defined by

01 (W) = Z/ (Dt kg Y (W) (Dy g7 ) (W) dt . (4.1)
k=170
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Definition 4.1. A map g: #™ — R? is said to be non-degenerate if

E [det(0) "] < o0, Vp<oo. (4.2)

Definition 4.2 (Lifting up functions). Given ¢ € CL(R?), the lift of ¢ to
W is the function ¢ on W™ defined by ¢ = ¢pog. Then

peDV(H™), Vp<oo. (4.3)

The operator ¢ — gg is denoted by g*.

Definition 4.3 (Pushing down functions). Let v be the law of g, that is
v = g«(vy) is the direct image by g of the Wiener measure on #™. Then
conditional expectation gives a map

E9: LP(#™;~) — LP(R%v) .
We call BI[F] the push-down of a function F € LP(#™";7) .

Pushing down is a left inverse of lifting up, i.e., E9(¢) = ¢.

Definition 4.4 (Covering vector fields). Let z be a vector field on R?
with components 2',..., 2. An R%-valued process Z,(t), ..., Z& (t) is called
a covering vector field of z if

noo1
Z/O Zhy (1) (Durg® )W) dt = 25, s=1,....d.  (44)
k=1

Theorem 4.5. Assume that g is non-degenerate. Then any wvector field z
on R has a unique covering vector field °Z of minimal L?>-norm. Further-
more, the hypothesis

zEC’ﬁ(Rd), geDYW™), Vp<oo,

implies that
°ZeDY(#"), Vp<oo. (4.5)

Proof. Denoting by (¢%%) the inverse of the matrix (o), we define

oZk(t) — Z o_sé (Dt,kgs) 2:@7

0<s,0<d

or symbolically,
°’Z=> z'e"Dg". (4.6)
sl



4.2 Divergences 51

Then we have

Doqu:Z/ )(Dykg?) dt
—Jo
= Z 2ost Z/ (D k9°)(Dy kg?) dt

0<4,s<d

= g 0502t = 21
s,

It remains to show that °Z defined by (4.6) provides the minimal norm. Con-
sider another covering vector of the form °Z + Y where Dyg = 0. As °Z is a
linear combination of Dg?®, the vanishing of Dy g' implies that (Y|Dg®) = 0
for all s; thus ||V + °Z||> = |[Y]|? + ||°Z]|* > ||°Z||* as claimed. O

In the sequel we short-hand computations on matrix indices; these com-
putations are resumed in full details in the proof of (4.10) below. We get

D, ;°Z = -0z (D, jo.. )0z (Dg)
Oz i
+(7_7_D7-7j(Dg)+0" afz( .59 ),

D, jog = D, ;j(Dg*|Dg")

_Z/ D2 ;19" Dekg’ + (D419 ) Derg®) dt .

4.2 Divergences

Definition 4.6. We say that a vector field z on R? has a divergence 9, (%)
with respect to a probability measure v, if the following formula of integration
by parts holds:

[ o= [ so,rd. voe i, (4.7)
R4 Ra
where [ |0,(2)| dv < co.

Remark 4.7. Density of C} (R%) in the continuous functions of compact sup-
port implies uniqueness of the divergence.

Theorem 4.8 (Functoriality of the divergence operator). Let g be a
non-degenerate map, v be the law of g, and let v be the Wiener measure. For
any covering vector field Z of z such that 9,(Z) exists, we have

9,(2) = E*[9,(2) . (48)
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Assuming furthermore that g € DS(W™) for each p < oo, then for any coor-
dinate vector field 0/0&,

39, (55) € LP(R%:v), Vp<oo. (4.9)
Denoting by N the number operator defined in Theorem 1.33, then

Za”/\/ )+ > (D*¢")(°Z:,°Z0)

L

+Y o™ (D?¢*)(°Zs, Dg"). (4.10)
I

Proof. We have the intertwining relation
Dz(¢) = where u = (z,d¢) =: ,¢,
which symbolically may be written as
9°(0:¢) = Dz(g7¢) - (4.11)

Note that this intertwining relation gives for the derivative of a composition
of functions:

Dz(pog)(W) = (do, g (W)(Z))gew) = (do, 2) gw)

and therefore

| e do)evtde) = Bile. )y
= E[Dz¢] = E[9,(Z) d]
- [ OB (2)v(de)

We associate to the coordinate vector field 9/9¢! the minimal covering vector
field °Z;; then we have °Z; € DY(#™) by (4.5). Hence by means of (1.36) we
conclude that 9, (°Z;) exists and belongs to LP for any p < co. Formula (4.10)
leads to an alternative proof of (4.9) by means of (1.51).

Thus it remains to prove (4.10). Note that °Z; = Zj o Dg’ implies by

(1.35) that
T ZoijN(gj) - Z Dpgi(a)

where the first term of the r.h.s. comes from the identity N (¢) = 9(Dg) (see
Theorem 1.33). On the other hand, we have

- Z(Dng (Uij)) = Z O—ik(DDgfgkf)o—Ej )

3.kt
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where

Dpgioke = Dpgs (Dg*|Dg")
= (D*¢*)(Dg’, Dg") + (D?g¢")(Dg’, Dg*)
=" o™ [(D*¢")(Dg’, Dg") + (D*¢")(Dg’, Dg")] o7
7,k

=> (D*¢")(°Zi,°Z:) + > o™ (D*¢*)(°Zs, Dyg")
) k.0

which completes the proof. O

Important comment. As the minimal covering vector field has a conceptual de-
finition, one may wonder why we bothered ourselves with the general concept
of covering vector fields. The reason is quite simple: the minimal covering vec-
tor field is in general not adapted to the It6 filtration; therefore a computation
of its divergence requires the difficult task of computing a Skorokhod integral
in an efficient way. In many cases it is however possible to find a predictable
covering vector field with its divergence given by an It6 integral, which is easy
to implement in a Monte-Carlo simulation.

4.3 Regularity of the Law of a Non-Degenerate Map

Let .7 (R?) be the Schwartz space of functions decreasing at infinity, along
with all their derivatives, faster than any negative power of the Euclidean
norm on R%. We further adopt the following notation:

D)= () Dr(#™). (4.12)
(r,p)EN?
Theorem 4.9. Let g be a non-degenerate map, and assume that

g e D™, Yie{l,...,d}. (4.13)

Then the law of g has a density with respect to the Lebesgue measure, which
is infinitely differentiable and belongs to the Schwartz space . (R?).

Proof. Let s be a multi-index of length d of positive integers; denote by |s]
the sum of the components. We associate to s the differential operator with
constant coefficients defined by

d 9 s(i)
w112
5

Before continuing with the proof of Theorem 4.9 we formulate the following
lemma.
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Lemma 4.10. For any multi-indices s, there exists Qs € D™ (#'™) such that
the following formula of integration by parts holds for all ¢ € C]‘Dsl(Rd):

Elg"(0s¢)] = E[Qs 9" (9)] - (4.14)
Proof. We proceed by induction on [s|. For |s| = 1 we may take Q; = U,(°Z;);
it results from (4.10) that @; € D*.

Assume now that the lemma holds true for |s| < r. Given s of length r,
we can write

0
8S:8qa—§i, lgj=r—1.
Defining ¢ := 5‘§1¢’ we get
Elg"(0s ] Elg"(0q¢1)] = E[(9"9)Qq] = E[(Dez,9"¢) Qq]

E[(g"¢) (9(°Z:)Qq — Doz,(Qq))],

and therefore
Qs =9(°Z;)Qq — Doz,(Qq) , (4.15)

which completes the proof. 0O
Proof (of Theorem 4.9). Let u be the characteristic function of the law of g,

u(n) == E[g"Py]  where 1, (§) = exp(i (§|n)ga) -

Then, in terms of the Laplacian A on R?, we have

nlgau(n) = (=1)"E[g"(A™¢y)] -

By means of (4.14), and taking into account that integration by parts of A™
is possible with the weight Qam € D>, we get

Inlgau(n) = (=1)"E[(g"y) Qam]
which gives
E[|Qam]]
In|2m

Estimate (4.16) implies that the law of g has a density p belonging to Cg°(R?).

As the Fourier transform preserves the space .%(R%), it remains to show
that u € .7 (R%); to this end we must dominate all derivatives of u. The case
of the first derivative is typical and may be treated as follows:

o) = (1)ME[g" (A )],

lu(n)| < (4.16)

| |2m

where 1/)}7 (&) = Y exp(i (€|n)). Integration by parts leads to the required dom-
ination:

ou
anl(”)' =

E[lg'1Qar]]

2. O

|£|2m \/E |g | ‘QA’”
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4.4 Multivariate Conditioning

Theorem 4.11 (Pushing down smooth functionals). Let g be an R9-
valued non-degenerate map such that g € D®(#™); let p € Z(R?) be the
density of the law v of g. To any f € D>®(#™), there exists uy € S(RY) such
that the following disintegration formula holds:

Blfa'o)] = | o©us(©ds, voe CURY; (117)
furthermore
Elflgw) =g = &) _wr&) e g (4.18)
p(&)  w(§)’

Remark 4.12. The conditional expectation in the Lh.s. of (4.18) is defined
only almost surely, i.e., for & ¢ A where v(A) = 0. The r.h.s. however is a
continuous function of £ on the open set p(£) # 0; thus (4.18) provides indeed
a continuous version of the conditional expectation.

Proof (of Theorem 4.11). We deal first with the special case
f>e>0, E[f]=1. (4.19)

Let A be the probability measure on #™, absolutely continuous with respect
to the Wiener measure 7y, which has f as its Radon—Nikodym derivative:

dx

it (4.20)

Further denote by p the law of g under the measure A, thus p(4) = E[f14(g)]

for any Borel set A of R%. Given a vector field Z on #™, its divergence 9 (2)
with respect to A is defined by the formula of integration by parts

/wA(Z) i\ = /(quz) dx.
Lemma 4.13. Keeping the notation from above, we have
I\NZ)=9,(Z)—Dzlog f . (4.21)

Proof (of Lemma 4.13). We may calculate as follows:
[wzvyar= [(Dzv) fay
— [ 1D2(49) - D105 1))

- / [9,(2) W — WDy (log f)] fdy. O
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Proof (of Theorem 4.11). Let v be the characteristic function of p,

o) = [ explitnle) pd©) = [ a7 ar:

then
n'(m) = | Dez,(g"g)dA= | I\(Z1)(g"vy) dX.
V4 wn
Using (4.21) we get

n*v(n) = E[f(9,(°Z1) — Doz, log f) (g"¢y)] ,

from which we conclude that |v(n)| < ¢/|n?|. Iterating this procedure of inte-
gration by parts, we see as before that v € .7 (R%).

It remains to remove assumption (4.19). Note that the condition E[f] =
1 is easy to satisfy through multiplying f by a constant. We can find two
functions x1,x2 € C°(R) such that x1 + x2 = 1, supp(x1) C [—1,00[ and
supp(x2) C |—o0, 1]. For f given, we define

hH=Ff-xi(f)+2, fo=—f-xo(f)+2.

Then f1, f2 satisfy the inequalities in (4.19); hence there exist uy, € .7 (R%)
satisfying (4.17). As relation (4.17) is linear, it may be satisfied by taking

Up =Uf —Uf, -

The first equality in (4.18) is a consequence of the smoothing property of
the conditional expectation; the second one results from applying the first
equation to the function f=1. O

The following theorems provide more effective formulae for computing the
relevant conditional expectations. Indeed, by means of (4.18) the computation
of the conditional expectation may be reduced to the computation of us(a).

We shall use the following assumptions:

g: #" — R is a non-degenerate map, g € D> and f € D™. (4.22)

Let H be the Heaviside function defined by H(t) =1 for ¢ > 0 and H(t) =0
otherwise. Finally set “H (t) = H(t — «).

Theorem 4.14. Let R;: D> — D be the first order differential operator
defined by 4
Ry(¥) =9(Z;)¥ — Dz, ¥

where Z; are smooth covering vector fields of the coordinate vector field of R?.
Under assumption (4.22) and assuming that p(a) # 0 we have

us(@) =E [N g (TT"HE)]: Tolh) = (Ryo...oRN(f) . (4.23)
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Remark 4.15. We emphasize the important fact that the weight I'y(f) does
not depend on the values of the conditioning a.

The proof of Theorem 4.14 will be based on an approximation scheme.
Consider the convolution H. := H x 1. where 1. is a mollifier: ¢¥.(¢t) =
e hp(t/e), 1 being a C>°-function supported in [—1,0] with integral equal
to 1. Denote by H! the derivative of H..

Lemma 4.16. The function uy defined by (4.17) has the expression:
d
T . a; 17/ i
us(a) = lim '”eEQOE [fl:[l H_ (g )]

61—)0

g1—0
! i=1

d
= lim ...EEE}OE [f Dy, ...Dz,g* (H abHel(gz)>1 ) (4.24)

Proof. We short-hand the notation by taking a = 0 and drop the indices a;.
Using (4.11) and (4.17), we have

E [fHH;xgl)] — [ T me e .
i=1 RE Gy
and thus

d
. . / i _
Jim - Jim, /R d UH (€)up(€) dE = us(0) .
On the other hand

d
E |:fDZl "'Dng* (H(MH&(&,))}

i=1

9 d
=K lf DZl . 'DZd—lg* (agd HG%H€1(52)>]
=1

o 9 {
=E lfg* (535135‘11:[1%]{5@1))1 - g

Recall that the rank of a non-degenerate map is the dimension d of the
target space. We prove Theorem 4.14 by induction on d. The case d = 1 is
covered by the following theorem.

Theorem 4.17. Ford = 1, under assumption (4.22), denote by Z1 a covering
vector field of the coordinate vector field. Assume that 9(Z1) exists and that
p(0) # 0. Then (4.23) holds true, which means that

ug(a) =E[“H(g9)(f9(Z1) — Dz, f)] . (4.25)
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Remark 4.18. We may take as covering vector field the minimal covering vec-
tor field

_ D¢’
I1Dg*|1*
This will be developed in Sect. 4.6.
Proof (of Theorem 4.17). Starting from (4.23), we have
Elf Dz g"(He)] = E[(f 9(Z1) — Dz, f) 9" (He)] - (4.26)

Thus letting € — 0, we find (4.25). O

(o]

1

Proof (of Theorem 4.14 by induction). The induction is done on the validity
of (4.23),. for a non-degenerate map ¢ of rank < r.

Note that (4.23); holds true as a consequence of (4.25). Assume now that
(4.28), hold true for all » < d. Denote by (g*,...,g?) a non-degenerate map
of rank d, and let h be the R?~!-valued map h = (g2, ..., g%).

Lemma 4.19. The map h is non-degenerate.

Proof (of Lemma 4.19). Denote by o4, op, the corresponding covariance ma-
trices, then

det(on) [ Dg"||* = det(oy) ,
therefore

Idet(on) " lze < [ Dgll2e | det(of) " lz2n. D

Consider g = (¢!, h). By induction hypothesis, there exists a differential
operator I'y, such that identity (4.23); holds true. Let {Z; : i = 1,...,d} be
covering vector fields for the coordinate vector fields of g. We compute I';, by
taking Z;, ¢ = 2,...,d, as covering vector fields. Then by (4.24) we have

,,,,,

d
ug(0) = lim <€2 lm B lf H., (¢ [ ] HL, (gi)D :
=2

Denoting f = fH. (g"), we get

d d
lim_ E fNHHéi(gi)] = lm_E fHHéi(hi)]
ZyenEd =2 E2yeEd ™ i=2
d
=E lrh(f) HH(hi)] ;
=2
and therefore
d
ur(0) = lim E I (f Hél(gl))HH(gi)] : (4.27)
=2

Formula (4.27) will be further evaluated by means of the following lemma.



4.5 Riesz Transform and Multivariate Conditioning 59

Lemma 4.20. For any smooth function ¢ the following formula holds:

Th(e(g") f) = e(g")Th(f) - (4.28)

Proof (of Lemma 4.20). Using the product formula (4.23) it is sufficient to
prove

Ri(e(g") ) = 0(g"Ri(f), s=2,....d.

This commutation is equivalent to Dz (g') = 0 and holds true because the
Z; have been chosen to be a system of covering coordinate vector fields with
respect to g.

Proof (of Theorem 4.14; conclusion). By means of Lemma 4.20, formula (4.27)
can be written as

us(0) = lim E

d
e1—0 HH ‘|
d
=E lel (Fh(f) II H(ff)) H(gl)l

=2

where the last equality comes from an application of (4.23); to g'. As in (4.28)
we have now

R91<Fh(f)ﬁ ) (HH ) ot (Th(f))

i=2
and hence,
d .
up(0) =E lR;(Fh(f)) HH(Q’)] . O
i=1
Ezample 4.21. We compute the differential operator I'y in the bivariate case

of (4.23):

Ty = (9(Z1) — Dz,)(9(Z2) — Dz,) (4.29)
= Dz, Dz, — [0(Z1) Dz, + 9(Z2)Dz,] + [0(Z1)9(Z2) — (Dz,9(Z2))].

For an explicit formula one has to calculate Dz, J(Z3). This has been done in
Sect. 1.7.

4.5 Riesz Transform and Multivariate Conditioning
The drawback of the methodology used in Sect. 4.4 is that one has to com-

pute iterative derivatives and derivatives of divergences. In this section we
shall propose an alternative formula where the divergences no longer need to
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be differentiated. The price to pay is that the bounded Heaviside function H
must be replaced by an unbounded kernel derived from the Newtonian poten-
tial; in a Monte-Carlo simulation thus trajectories ending near the required
conditioning get a preferred weight, a fact which does not seem unreasonable.

Theorem 4.22 (Construction of the Riesz transform). Consider on R?
the kernels ¢
Ci(§) = —ca 7715

“ Ten=

where ||€]|? =X, &7 and cq = 2(d — 2)/a(d) for d > 2, co = 2/a(2); here a(d)
denotes the area of the unit sphere of R? (i.e. a(2) = 2w, a(3) = 4m,...).
Furthermore, denote by x the convolution of functions on R®. Then, for any
h € CY(R?) with compact support, we have

d

h(€) = Z (c * gg) &), €¢eR?. (4.30)

Proof. We give a proof that is valid under the more stringent hypothesis that
f € C? (see for instance [143] for a proof in the general case). Consider the
Newton potential kernel qd(ﬁ) defined as

@& =log— and qq(&) = ||¢I>"%, ford>2.

H§||

We remark that

= > 2.
% qa = a(d)Cr, q=>

The r.h.s of (4.30) can be written as

1 & 1
72 aigk 7 (Z 3§k> Qd Af,
v

where we used the identity linking convolution and derivations 2 65 U = Uk G-

The conclusion follows now from the fact that g4/a(d) is the fundamental
solution of the Laplace equation. O

Keeping the notations of Sect. 4.4, we can state the following theorem on
conditioning.

Theorem 4.23. Let Rig: D> — D> be the first order differential operator
defined by _
Ry (V) =9(Z;)¥ — Dz, ¥

where Z; are smooth covering vector fields of the coordinate vector field of R?.
Assuming that p(a) # 0 we have

I g _a‘
_chE{R o a2 | - (4.31)
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Proof. 1t is sufficient, as seen before, to prove the theorem for f > 0. Applying
the preceeding theorem with uy for h, we get

5 —qt
— d
=2 ], aa e —aT %

0 ¢
—cd;/ﬂwa&loguj( )Ww(g)dg

Thus, in terms of the image measure v(d§) = uy(§) d§, we get

fi _ (Zi
‘cdz/ (aa) € — a1 V(%)
= CdZ]E {fﬁfu(zi) ||gg_:l||ad2:| )

where the fact that v = ¢, (fx) and the functoriality principle for divergences
have been used for the last equality. The proof is completed by the following
identity, written for an arbitrary test function v:

E[f9u,(Z;)v] = E[fDzv] = E[Dz(fv) —vDzf] = E[vR(f)]. D

4.6 Example of the Univariate Conditioning

We could specialize the theorems obtained in the previous sections to the one-
dimensional case d = 1, except for the results of Sect. 4.5 which are valid only
for d > 2. We prefer instead to give new proofs starting from scratch, hoping
that this more elementary perspective sheds additional light on the results of
the previous sections.

Theorem 4.24. Let ¢ be a real-valued random variable such that ¢ € D5(W).
Denote ||Dé|? = fol |D:o|* dt and assume that there exists € > 0 such that

E [||D¢||—(2q+8> <oo, 1/p+1/qg=1. (4.32)

Then the law P o ¢~' of ¢ has a continuous density u with respect to the
Lebesgue measure.

Proof. Consider the vector field Z on # defined by Z = D¢/||D¢||?>. Then
we have
(Z|D¢)=1. (4.33)

Now assume that the following condition for the divergence ¥9(Z) of Z holds
true:
E[|¢(2)]] < oo . (4.34)
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Considering the sequence of continuous functions

07 for f < 50 - l
§O={1  forexg+
linear, between & — 1 and & + 1,

n

and denoting by v the law of ¢, we have

Sot+1/n
2 /5 v(d€) = E [(u€)(9)] = E [Dz(u§ 0 9)] = E [(u$0 0 6) 9(2)] .

0o—1/n

Letting n — oo, we get that v has a density u and that

w(§o) = E [0(2)1{pw)>eo}] -

The Lebesgue theorem of monotone convergence then implies that

i u@®) =ulbo) I p(8) = ulto) .

It remains to prove (4.34). To this end we note that

B D,¢ 1 )
D 2)(8) = = (2 |D¢|3) D) + gz Drad

1 1
/ / |D,Z(t)|? drdt < 2(A+ B),
0 0

where
2

4 1 ) B 4
‘HD¢H6 (/ 1D-¢l d7> = Do) °
2 IDO(W)
HchH / / D710l drdt = S5y

Using Holder’s inequality
11/
E[VB] < ¢l pg E [IDo] 7],

as € > 0 in the hypothesis, we deduce the existence of n > 0 such that
E[B1+M/2] < cc. Since

1Z|l 10 < E[(A+ B2
we get [[Z]|pjn < 0o Along with (1.37), E [[9(Z2)]*] < oo is obtained. O

Corollary 4.25. The decay of u at infinity is dominated by

19(Z) ]| o ({6 > a})V/*, 1/ +1/¢' = 1. (4.35)
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Theorem 4.26. Let ¥ € D{(#'). The conditional expectation E[¥|¢p = a] is
a continuous function of a; in terms of the notation of the previous theorem

it 1s given by
1
u(a)

Proof. We keep the notation of Theorem 4.24. Then we have

E[\I’|¢ = a] = E [(\11’19(2) - DZ\P)1{¢>a}] .

w(a)E[¥]¢ = a] = lim E[¥ (u$) ()] ,

n—oo

where

E [¥ (u$) (¢)] = E[WD,(uf o ¢)]

=E[¥(uf 09)9(Z)] —E[(u 0 ¢)D¥] .

This proves the claim. O

(4.36)
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Non-Elliptic Markets and Instability
in HJM Models

In this chapter we drop the ellipticity assumption which served as a basic
hypothesis in Chap. 3 and in Chap. 2, except in Sect. 2.2.

We give up ellipticity in order to be able to deal with models with random
interest rates driven by Brownian motion (see [61] and [104]). The empirical
market of interest rates satisfies the following two facts which rule out the
ellipticity paradigm:

1) high dimensionality of the state space constituted by the values of bonds
at a large numbers of distinct maturities;

2) low dimensionality variance which, by empirical variance analysis, within
experimental error of 98/100, leads to not more than 4 independent
scalar-valued Brownian motions, describing the noise driving this high-
dimensional system (see [41]).

Elliptic models are therefore ruled out and hypoelliptic models are then the
most regular models still available. We shall show that these models display
structural instability in smearing instantaneous derivatives which implies an
unstable hedging of digital options.

Practitioners hedging a contingent claim on a single asset try to use all
trading opportunities inside the market. In interest rate models practitioners
will be reluctant to hedge a contingent claim written under bounds having
a maturity less than five years by trading contingent claims written under
bounds of maturity 20 years and more. This quite different behaviour has
been pointed out by R. Cont [52] and R. Carmona [48].

R. Carmona and M. Tehranchi [49] have shown that this empirical fact
can be explained through models driven by an infinite number of Brownian
motions. We shall propose in Sect. 5.6 another explanation based on the pro-
gressive smoothing effect of the heat semigroup associated to a hypoelliptic
operator, an effect which we call compartmentation.

This infinite dimensionality phenomena is at the root of modelling the
interest curve process: indeed it has been shown in [72] that the interest rate
model process has very few finite-dimensional realizations.
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Section 5.7 develops for the interest rate curve a method similar to the
methodology of the price-volatility feedback rate (see Chap. 3). We start by
stating the possibility of measuring in real time, in a highly traded market,
the full historical volatility matrix: indeed cross-volatility between the prices
of bonds at two different maturities has an economic meaning (see [93, 94]).
As the market is highly non-elliptic, the multivariate price-volatility feedback
rate constructed in [19] cannot be used. We substitute a pathwise econometric
computation of the bracket of the driving vector of the diffusion. The question
of efficiency of these mathematical objects to decipher the state of the mar-
ket requires numerical simulation on intra-day ephemerides leading to stable
results at a properly chosen time scale.

5.1 Notation for Diffusions on RY

We start by recalling the notation of Sect. 2.2. On the space RY (NN will usually
be large) the coordinates of points » € RY are denoted 7¢, ¢ = 1,..., N. Given
(n + 1) smooth vector fields Ay, ..., A, on RY (the case n << N being not
excluded), the £*® component of Ay, is denoted Ai.

We shall work on RY, but using infinite-dimensional Hilbert space tech-
niques; in practice N will be finite but large. This implies that mathematically
well-defined objects, as the determinant of an N x N matrix, may become nu-
merically unstable. Having this “infinite-dimensional” point of view in mind,
we resume some computations already done in Chap. 5.

Given n scalar-valued Brownian motions Wi, ..., W, we shall deal with
the following SDE:

d’I"W (t) = i Ak (T‘W (t)) de (t) + Ao(T‘W (t)) dt . (51)
k=1

Resuming in this situation the computations of Sect. 2.2, we associate to a
vector field Ay, the function Ay: RY — My taking values in the space of
real N x N matrices, defined as

DAS
£ . k
(AR =50 .

For t > to, let U}Y, (ro) be the solution of (5.1) with initial value rq at time .
The linearized equation, again denoted

Cw(t) = I/, (Go)
is given by

n

di(Cw (1) =Y Ar(Cw (1) dWi (t) + Ao(Cw (1)) dt . (5.2)
k=1
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Theorem 5.1. The map r — Utho( r) is a flow of diffeomorphisms satisfying
the composition rule

w w w
Ut<—f1 o Utlhto U,u_to,

lo <ty <t
we define U}V, as the inverse map of UY_,.

Proof. See Kunita [116], Malliavin [144], Nualart [159]. O

5.2 The Malliavin Covariance Matrix
of a Hypoelliptic Diffusion

Fix W € #™, the space of continuous paths from [0, 7] to R™ vanishing at 0.
The backward smearing operator is by definition the map Oy, which assigns
to each 6 € L?([to, T]; R™) the vector Qy;(6) in RY defined by

- / SO Al (8) 05 (6) di (5.3)

0 k=1

analogously, the forward smearing operator Qg is defined by

0= [ A A 0t (5.4)

0 k=1

As RY and L?([to, T]; R™) carry natural Hilbert space structures, the adjoint
(Qy)* is a well-defined object.

The forward Malliavin covariance matriz is defined as the symmetric
N x N matrix (o3)%" associated to the hermitian operator oy := Qjp o
(Qw)* on RN

W) = Z e | J7_y A(rw (1)) g (€7 | J7_s A(rw (1)) g dt (5.5)

to =1

where {e} denotes the canonical basis of RY. The associated quadratic form
reads as

(o7(0) / SO CT I Al ()2 dt (5.6)

to g=1

The backward Malliavin covariance matriz is the symmetric N x N matrix
(o7)%" associated to the hermitian operator on R defined by

ow = Qi © (Qw)" - (5.7)

The backward covariance matrix is given by the following formula:
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(o) = Z (ef | Ty Ap(rw (1)) g (€” | Tt A K(rw () vt

to k=1

/ S () () | Axlrw (0)) g (I () [ Ao (1)) gt

to p—1

(5.8)

The relation Jj'_, o J}V_, = Jp_, combined with (5.7), (5.8) implies the
following conjugation between the forward and backward covariance matrices:

(J1ty)" 0 0 © (JTyy)" = o -

(5.9)

As the matrix J}*_, is invertible, invertibility of o}y is equivalent to the

invertibility of oy .

Theorem 5.2. Let the forward covariance matrixz oy, be invertible.

i) For any ¢ € RN, defining 0y = ((Q7)* o (o)1) (), we have
Qw (Ow) = ¢
if Ay denotes the smallest eigenvalue of oy then
10w 1l72 = (o) ™'¢ 1O < () THICIP -
ii) For any ¢ € RN, defining 03, = ((Q7)* o (o3) ™) (¢), we have
Qw (0w ) = ¢
if Ay denotes the smallest eigenvalue of oy, then

1071172 = ((ew) ™ ¢ 1¢) < () M IS -

(5.10a)

(5.10b)

(5.11a)

(5.11b)

Proof. The proof will be given only in the forward case and follows a short and
well-known duality argument in Hilbert space theory. Fixing another element

¢’ € RV, we have

(Qm@c)\c‘):(@! “¢')
= (((e DO (Qw)*¢)
(0 ‘QWO Q )C/)
= (07'¢|a(¢))
= ((6¥ 00 "¢ |¢) = (CI¢),

where the last equality is a consequence of the fact that o* = o; therefore

(Qw (b)) —¢I¢) =0, V{5
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taking ' = Qy () — ¢ we get
Qu(0c) —¢=0.
We proceed now to the proof of (5.10b):
(0c[00)> = ((Quw)* oo Q) [ (Qw) 0o 1 (())
= (07 O Qw o (@w) o0 ™H(Q) = (67¢[¢). O

Proposition 5.3. Assume that the vector fields Ay have bounded derivatives
up to fourth order, then

o, 0" eDi(W"). (5.12)
Proof. We have to show that Q—~ € DY(#™).
1) Fixing 6, we compute the derivatives

n

/ O3 [(Prs 1) Aulrw 0 940) 1 22, (Dt ) 0]

Calculating first the second term, we get

Dr i Ae(rw (t) = Lipcry Ar I (Ag)

which is dominated by the bound on the derivatives of Ay. The computation
of the first term involves the differentiation of the matrix-valued SDE (5.2):

I (Z Ar(Cw (1) dWk () + Ao(Cw (2) d ) T

This derivative is obtained by differentiating again the coefficients Ay which
leads to second derivatives of the vector fields Ay.

2) By means of (5.8) the derivative D, 0" is equal to

/ dtZ(Cg,,,—i—Cmg), where

0 k=1
Cen = (| DralE s Aclrw (), (€7 [ 13y Au(rw (1))

RN
Note that the term DT,k(J

st Ar(rw (t))) has already been computed in the
first step. O

Remark 5.4. The computation of the derivatives of 0~ has been realized by
solving linearized SDEs along the process; in principle, this procedure is im-
plementable by a Monte-Carlo simulation.
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5.3 Malliavin Covariance Matrix
and Hormander Bracket Conditions

Given two vector fields Aq, Ay their Lie bracket is by definition the vector
field C' with the components:

dA dA
ct= Y (A?agj_AgagD’ ¢e{l,...,N}. (5.13)
ne{l,...,N}

The Lie bracket C of the vector fields A; and As is denoted by [A4;, As].

The Lie algebra A generated by n vector fields Aq,..., A, is defined as
the vector space of all fields obtained as linear combinations with constant
coefficients of the

Ag, [Akv AE]? [[Akv Af]v ASL [[[Akv AE]? AS]v Au}a ete.
Given r € RV let A(r) := {¢ € RN | ( = Z(r) for some Z € A}.

Definition 5.5. We say that vector fields A+, ..., A, satisfy the Hormander
criterion for hypoellipticity if Ay, ..., A, are infinitely often differentiable and
if

A(r) =RN  for anyr e RN . (5.14)

Lemma 5.6 (Key lemma). Assume that the vector fields Ay, along with
their derivatives, are uniformly bounded and satisfy the Hormander criterion
for hypoellipticity. Denoting by A\(W) the smallest eigenvalue of the covariance
matriz (5.8), then

E[AW)?] <00, Vp<oo. (5.15)

Proof. See Malliavin [140] and Kusuoka—Stroock [124, 125]. O

Some aspects of the computation will be considered in the last section of
this chapter.

5.4 Regularity by Predictable Smearing

We denote by 7s(rg, dr) the probability transition starting from rg at time 0
to be at time s =T — ty at the volume element dr.

Given p > 1, we say that (p, 1)-forward regularity holds true if the following
formula of integration by parts is satisfied: V¢ € Cf and V¢ € {1,..., N},

%(T) Ts (’I“o, dT) = (b(T) K€ (’I“) Ts (To, d’l“) ’ (516)
RN OT RN

where [ |K¢(r)[P ms(ro, dr) < oo.
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It is obvious that conditions are needed on the driving vector fields Ay in
order that forward regularity can hold true; for instance, let Ay, As be the two
first coordinate vector fields of RN, take Ay = 0, then the generated diffusion
is a Brownian motion on R? and it is impossible to find an integration by
parts formula for other coordinate vector fields.

Given p > 1, we say that (p, 1)-backward regularity holds if for any ¢ € C}
and any £ € {1,...,N},

lim 1 (7‘('5(7“0 + eef, dr) — ms(ro, dr))¢(7“) = o(r) He(r) ms(ro, dr) ,
e—0¢ RN RN
(5.17)

where [ [He(r)[P 7s(ro, dr) < oo.

Theorem 5.7. Let the Hormander hypoellipticity criterion (5.14) be satisfied,
and assume that derivatives of any order of the vector fields Ay are uniformly
bounded. Then backward and forward regularity hold true for every p > 1 and
every ro € RV,

Proof. First we are going to prove backward regularity. Consider the coordi-
nate vector fields (e”)1<,<n, and for n € {1,..., N} define vector fields Y,
on #" by

V(W) = (Qw)"(e”) - (5.18)

It results from the backward structure that each Y, is predictable; therefore
the divergence of Y}, is computable by the following It6 integral:

= Y | k T T
o) =3 | i@ awe). (5.19)

Denote vy := (oy;) " and consider the vector field Z¢ on #™ defined by the
following linear combination of the vector fields Y;,:

Ze =Y (i)l Yo then 9(Ze) = > (i )L9(Yy) = Dy, (v )2) - (5.20)
According to (5.16) and (1.19), the divergence ¥(Z) exists and ¥(Z) € LP.
Using now (5.11a) gives

E[0(Z¢) p(rw (s))] = E [Dz (¢(rw (s)))]

= lim ! (ms(ro + e, dr) — ms(ro, dr)) ¢(r). (5.21)

e—0¢ RN

Finally denote by & the o-field generated by W +— ry(s). Taking conditional
expectation of (5.21) we get

| B 0(Ze)) 640) o,

1
= lim — (ws(ro + eeb, dr) — ws(ro, dr)) o(r) .
e—0 ¢ RN
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To prove forward regularity we consider the conjugated matrix J3V _ =: Sy .
To a given coordinate vector field e¢ on RY, we define a vector field Us on
# " by the following linear combination of the vector fields Z,:

Ue =Y (6w)iZy; then 9(Ug) = > ((5W)g I Z,) — DZn((SW)Z) . (5.22)

n U]
Then
¢

&y Oré

E[9(Ue) ¢(rw (5))] = E [Du, (¢(rw (s)))] = (r)ms(ro,dr). O

Remark 5.8. The experienced reader will see that the same result holds true
if invertibility of o}y is replaced by the condition that ¢ lies in the range of
ow, Where ¢ denotes a tangent vector at the initial point rg.

Remark 5.9. The approach used in this section is implementable in a Monte-
Carlo simulation.

5.5 Forward Regularity
by an Infinite-Dimensional Heat Equation

The idea is to use the Brownian sheets to construct heat processes on #™.
We use the following representation of the Brownian sheet

We(r) = 7Bo(s) + V2 Z % By(s), T€][0,1], (5.23)
q=1
where {Bg},>0 is an infinite sequence of independent R™-valued Brownian
motions satisfying B,(0) = 0.
We fix s and consider the SDE, companion of (5.1), taking now the form

de(rw, (7)) = > _ Ap(rw, (7)) dWE(7) + Ao (rw, (7)) dr, 1w, (0) =7 .
k=1
(5.24)
We consider the functional ® : {B,} — RY defined as ®(B.(s)) = rw. (1).

Theorem 5.10. The process s — ®(B,(s)) is an RN -valued semimartingale
such that

(ow. )5 = lim EEM’ [(e5 | ®(B.(s+¢)) — ®(B.(s)))

x (7| ®(B.(s +¢)) — @(B,(s)))]. (5.25)

There ezists a vector field a(r,s) = (a®(r,s) : 1 < & < N) such that in terms
of the time-dependent elliptic operator
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1 B 0? 0 B et
Z = By ;Uém(r’ 5) e + ;af(n S)ﬁ’ a(r,s) := E®(B.(s)= low. ],
m

the following formula holds:
0

s RN

7s(ro, dr) gi)(r):/ ws(ro, dr) (Zso)(r), Vo. (5.26)

RN
Proof. Use It6 calculus for proving (5.25). O

Remark 5.11. This methodology reduces the study of a hypoelliptic operator
to the study of a non-autonomous elliptic operator .Z5. It is of interest to see
how the elliptic symbol varies. Ito calculus applied to the process s — oy
will give rise to a matrix-valued SDE for d, (o).

5.6 Instability of Hedging Digital Options
in HIM Models

We follow the Musiela parametrization of the Heath—Jarrow—Morton model
(otherwise HIM model). In this parametrization a market state at time ¢ is
described by the instantaneous interest rate ¢, (£) to a maturity £, defined for
& € RT. The price P(ty,T) of a default-free bond traded at tq for a maturity
at tg + 1" then has the value

P(ty,T) = exp (/0 14 (€) d{:) .

Now the following question can be asked: what is the most general model
giving rise to a continuous arbitrage-free evolution? The HJM model answers
this general question. We shall limit the generality of the HJM model to the
case of a finite number of scalar-valued driving Brownian motions Wy, ..., W,,.
Then the HJM model is expressed by the following SDE: V¢ € RY,

n T‘t n f
dry(§) =Y Bi(t,£) dWi(t) + {%5@ +> /0 By (t,€) Br(t,n) dn } dt .
k=1

k=1
(5.27)
As in the case of an elliptic market, the drift of the risk-free process is com-
pletely determined by the volatility matrix B, (¢, -).

The hypothesis of market completeness, in the sense that exogenous factors
of stochasticity are negligible, assumes that the stochasticity matrix A (¢, -)
is NV} measurable where N; denotes the o-field generated by r4(-), s < t. We
shall work under the hypothesis of Markovian completeness which means that
this dependence is factorizable through the final value r;(-). More precisely,
Markovian completeness means that there exists n such that
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dri(&) =Y (Ar(r))(€) dWi(t)
k=1

{8rt Z/ (Ax(r))(€) (Ar(re))(n) dn} dt. (5.28)

An appropriate notion of “smoothness” of vector fields is a necessary hypoth-
esis in order to prove existence and uniqueness of solutions. Banach space
type differential calculus is not suitable because the operator r — Or;/J¢ is
not bounded. To this end, a theory of differential calculus in Fréchet space
is needed (see Filipovi¢-Teichmann [72, 73]). A precise differential calculus
treatment of (5.28) is in itself a whole theory which we shall only touch in
this book.

Our point is to avoid functional analysis and to concentrate on proving
that for reasonable finite-dimensional approximations numerical instabilities
appear in digital option hedging.

Let C = C([0, 00[) be the space of continuous functions on [0, co[. Define
the logarithmic derivative of a measure puy depending on a parameter A as the
function satisfying, for every test function f,

O /C fr) paldr) = /C f(r) (Ox1og(pa))(r) pa(dr) -

Then a Hilbert norm on tangent vectors at rq is given by
2
0 = [ (], entmtr 25 00| w29

Definition of Compartmentation (Hypoelliptic Global Version)

The two norms ||z||s, ||z||ls', s # " are inequivalent. (5.30)

The operator Qy,; has been defined in (5.3). We choose now a Hilbert
metric |- ||¢ on C. Using the canonical Hilbert space structure of L*([0, s]; R™),
the adjoint (Qyy )* gives the operator

ow, = Qw, © (Qw,)"
Theorem 5.12. We have the estimate
Iyl < inf {Jlullc : o, (w) =y} .
Proof. See Theorem 5.7. O
Theorem 5.13 (Pathwise compartmentation principle). Let W be a
fized trajectory of the Brownian motion and denote by oy, (s) the covariance

matriz computed on [0,s]. Then, generically, the range of oy, (s) is strictly
increasing as a function of s.

Proof. See [5]. O
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Corollary 5.14. There exist digital options for which the Ocone—Karatzas
hedging formula becomes unstable.

See Baudoin-Teichmann [24] for related results.

5.7 Econometric Observation of an Interest Rate Market

From our point of view, an econometric computation will be a numerical
computation realized in real time and made from observations of a single time
series of market data, without any quantitative assumption or any choice of
model.

Firstly we can compute historical variance from the market evolution;
for this purpose we can use the methodology of Fourier series described in
Appendix A or other algorithms (e.g., see [92]).

We get a time-dependent N x N covariance matrix dyr(t)d,r(t) =: C(t) dt;
denote by Ay ¢ its eigenvalues and by (;NSk’t the corresponding normalized eigen-
functions. We assume that only a relatively small number Ny of eigenvalues
are not very close to zero. Denoting by ¢r + = 1/ Akt ¢+ the canonical eigen-
vectors, we have

No
C(t) = Z¢k,t ® Pryt -

k=1
The vector-valued function ¢ — ¢+ is the econometric reconstruction of the
vector-valued function ¢ — Ay (rw (t)) under the assumption that model (5.1)
holds true.

We keep the hypotheses used in Chap. 3 for constructing the feedback

volatility rate. We assume that

Prt = Pr(ry (1)) (5.31)

where the & are smooth unknown functions of r varying slowly in time. In a
real market the ®; depend also on external factors; as our purpose is to study
the market on a short period of time, assumption (5.31) appears reasonable.

We use a model-free approach and make no assumption on the actual
expression of the functions ®;. The main fact is that, using the methodology of

iterated volatilities, we are able to compute econometrically pathwise brackets
(D, P;].

Theorem 5.15. Under assumption (5.31) we have

N

> ¢l (did = dir)) (5.32)

s,t =1

1

Do (05)dt = 5
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Proof. From our point of view, it is legitimate to compute cross-covariances of
any processes defined on the econometric time evolution. Under assumption
(5.31), we have

N
A, wdr) = Cy 50, dt .

v=1

We multiply this identity by qbf,t and sum on :

Z (rbs ¢ (dedg s dtrt Z Z ¢ Cyp | O0y05 1 dt = As 10, , (05 ;) dt .

Corollary 5.16. The brackets of the vector fields @y are given by the following
expressions:

[Ds, Pr]* dt =

" qu)st (dedfs xdyr)) — Z¢kt (ded *dyr)) . (5.33)

All previous statements are mathematical statements for a market driven
by the SDE (5.1). It is possible to use these statements as econometric tools
to decipher the market state if, at an appropriated time scale, the vectors ¢y, ¢,
[Pk, Pe,t] show some kind of stability.
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Insider Trading

Anticipative stochastic calculus can be considered as a major progress of Sto-
chastic Analysis in the decade 1980-1990: starting with [82] and [160] and
developed in [46, 75, 97, 98, 103, 157, 159, 206].

Application of anticipative calculus to insider behaviour began with [89,
90], and has been developed to an elaborated theory in [6, 54, 99, 100, 131].
This chapter is mainly devoted to a presentation of work of P. Imkeller and
his co-workers [6, 54, 75, 97-100].

6.1 A Toy Model: the Brownian Bridge

As this chapter deals with abstract concepts, we shall first present in this sec-
tion the relevant concepts in the concrete framework of the Brownian bridge.

Fixing two points a,b € R", let C%4~? denote the affine space of continuous
functions w: [0,7] — R™ such that «(0) = a and u(T) = b. Given a positive
integer s, let & = k27°T for k = 0,1,...,2% be the dyadic partition of the
interval [0,7]. As in Sect. 1.2, we consider the subspace *C% " of C%~? con-
sisting of the maps which are linear on the sub-intervals between consecutive
points of the dyadic partition.

We define a probability measure *p%~? on *C%~° by the formula

e (,11) T (1, 12) e 3o ) Teae 1,0) Ty
& dns
T (CL, b) =1

where ¢ = T27% and where m; is the heat kernel associated to Brownian
motion on R™:

1 _ )2
Wt(fa§l) = Wexp (—M;') .
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Theorem 6.1. As s — oo, the measures SpaT_)b converge weakly to a Borel
measure p%~° carried by Ca_’b Given 0 < t; < ... <ty < 1, the image of

p%_)b under the evaluations {eti}izl,,,,7q 18

oy (@ M1) Ty, (M1, M2) - - T a—ta— 1(77q 1777q T1—t, 77q,
d 6.1
(@) ® me - (6.1)
The measure p{~" is the conditional law of the Brownian motion W indexed
by [0, 1], under the conditioning W (1) = b, or equivalently:

/C - @dpoéb] . (6.2)

Proof. The first statement is proved following the lines of the proof to The-
orem 1.6; the proof shows at the same time that p%~" is supported by the
space of Holder continuous paths of exponent o where & < 1/2. Formula (6.1)
is first checked in the case where the t; are dyadic fractions; the general case
is obtained by passing to the limit. Note that formula (6.2) is equivalent to
the analogous statement for the image measures under the evaluation map
{et, }i=1,...,q- The image of the Wiener measure « by the evaluation map is

IE[@(W)}:/ n@dwz/nm(ab)db

q
(th(aﬂh) Moty (M5 M2) - Tyt 1 (Mg—1,7g) T1—t, (Mg, b) ®d77k> db .

k=1
This completes the proof of the theorem. O
Theorem 6.2. [68] Consider the SDE

dB(t) = dW (t) + T,(B(t)) dt, Ty(€) := Viogm (-, b)(8) , (6.3)

where W is a Brownian motion on R"™. The measure P70 s the law of the
process B(t), 0 <t < 1, with initial condition B(0) = a.

The time-dependent vector field Z; defined in (6.3) is called the information
drift.

Proof. Let

l\')\»—l

R‘I\D

be the Laplacian on R™ and

0
Z = A+&

the corresponding heat operator. Consider the parabolic operator
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As Lv =0 for v(&,t) := m_+(£,b), we get the Doob intertwining property

()= 2(5). (6.5)

This intertwining of infinitesimal generators extends by exponentiation to the
intertwining of the associated semigroups on measures:

1
Ut‘ﬁtzf;on_,thv, 0<t;<ty<l.

The last relation coincides with (6.1). O

Theorem 6.3. For 0 <t < 1 let .Z; be the filtration generated by B(s), s < t;
denote by v the Wiener measure. Then the Radon—Nikodym derivative is given

by
_exp< /sz )) dWi(s ——/HI Rnd) .
F 0

k=1
(6.6)

dp0—>b
dy

Proof. The proof is performed by a Girsanov transformation on the SDE (6.3),
see Theorem 1.23. O

6.2 Information Drift and Stochastic Calculus
of Variations

In order to simplify the notation we confine ourselves to a market with a single
risky asset whose price S is given by a semimartingale on the Wiener space % .
More formally, .S is assumed to be driven by the stochastic differential equation

Sy (1) = By AW (£) + aq dt (6.7)

where W is a one-dimensional Brownian motion and 3¢, a; are .%#;-measurable;
(%) denotes the Brownian filtration generated by W

The regular trader is operating on the market at time ¢, only with the
knowledge of .%; at hand. The trading operations are done on the interval
[0,T]. We assume existence of a random variable G which is .#p-measurable
for the regular trader. For the insider however the value of G is known from
the beginning of the trading period. We denote by %, the insider filtration
F Vo (G); any 4;-measurable portfolio is an admissible strategy for the insider.
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The information drift is defined as the ¥;-measurable function Z; such
that .
W'(t) :=W(t) — / Tsds is a (%;)-martingale. (6.8)
0
In this section we use Stochastic Analysis on the space # with respect to the

filtration (:#;). The G-conditional law process t — pu w takes its values in the
simplex of probability measures on R and is defined by

BRG] = [ 06w (). (6.9)

At maturity ¢ = T the conditional law process takes its values in the Dirac
measures; the value at time ¢ = 0 is the law of G.

Proposition 6.4. The G-conditional law process is an (F)-martingale.

Remark 6.5. Note that in a simplex it is legitimate to take barycentres of a
collection of points; thus the above statement is meaningful.

Proof. Given t < t' < T, we compute
(6. B7 [y w])y = E7* [(¢, par )]
=E7ET (¢(Q))]
=E7[6(G)] = (¢, mw). O

Every scalar-valued martingale on % can be written as a stochastic in-
tegral; by the next condition we assume that the same holds true for the
conditional law process:

1. There exists an adapted process ay (t) taking values in the signed mea-
sures such that Vh € Cp(R) the following representation holds:

t
(s = 10) = [ {hoaw (s)) W (s) (6.10)
0
2. For any s < 1, aw(s) is absolutely continuous with respect to ps w:
daw (s)
=: 05w - 6.11
d/fbs,W W ( )
3. Finally, assume that
t
Vi <T, E{/ |657st] < 00. (6.12)
0

Theorem 6.6. Suppose that the conditions 1,2 and 3 above hold true. Then
the information drift T exists and equals

Z; = 6t,w(éo) (6.13)

where &y is the value of G known by the insider.
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Proof. Consider a test function A and compute for 7 > ¢

A:=E% [h(G)(W(T) - W(t))}
=57 (W) = W) | 1E) )] (6.14)

Writing
i) = (b o) + / (hyaw) AW (s) |
t

the right-hand-side of (6.14) gives a sum of two terms. The first term is easily
seen to vanish:

B |(07(r) = W(0) [ ) peawae)]
- ( [ e ut,w<de>) EZ W ()~ W(B)] = 0.

For the second term we note that

E* [ / ' ( JXG as,w<d5>> ds} _E% [ / ' ( JEGs Ms,w(df)> ds} .

Letting ¥4 (§) := 05w (§)h(€), we have

/ B(E)ba(€) o (d€) = / V. (€) oy ()
=E7[¥(G)] = E7* [1(G) 6,w (G)] -

Therefore .

A=E" [h(G) Sew (G) ds} ,

t
and we deduce that

T

EZt [h(G) (W(T) -W(t)— | Ssw(Q) dsﬂ =0. O

t

6.3 Integral Representation
of Measure-Valued Martingales

The purpose of this section is to prove that condition (6.10) holds true un-
der a very weak hypothesis of differentiability. The reader interested mainly
in properties of the information drift can skip this section and proceed to
Sect. 6.4.

The main technical tool in this section is the stochastic calculus of variation
for measure-valued functionals. Denote by .# the vector space of signed Borel
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measures on R of finite total variation; hence if || denotes the total variation
norm of yi € A, then |u| < co. Let Cy,(R) be the space of bounded continuous
functions on R which is dual to .# through the pairing (f, u) = [ f dp.

Note that we can find a sequence {f;} in C,(R) such that | fi|lc, &) = 1
and such that sup; |[{f;, u}| = |u| for all u € #. We define a mapping

O: M —RY, D(n) = (fi, ) -
We consider .#-valued functionals ¢ : W +— uy € .4 and define

DY) ={: @ 0w e DY), i=1,...,N, and il < oo} .

[P + (/01 Dl dt)pp} (6.15)

and where |Dy)| := sup, | Dy (®% 0 v))|. Then a.s. in W, there exists ¢(W, -) €
L?([0,1]) such that

where

[ = E

[Dy(@ 09)| < c(W,t) .
This domination implies that:
v w € A such that Dy(® o)) = (fi,vew); (Duh)(W) :=rvew . (6.16)

Theorem 6.7 (Main theorem). Assume that the conditional law process
satisfies
pi—e,. €EDYH M), Ve>0. (6.17)

Then (6.10) holds true. If furthermore (6.11) and (6.12) are satisfied, the
information drift Is is well-defined for s < 1.

Proof. Fix ¢ > 0 and let (W) = ®"(u1_-w); then the Ocone-Karatzas

formula can be applied on [0,1 — €]:

1—¢
Gl = / EZ: (D] dW(s), ' = (f',p) .

The same formula holds for any finite linear combination of the f;. Fixing
h € Ch(R), we find a sequence gy of linear combinations of the f; such that

lim g (&) = h(§), uniformly £ € [-A4, 4], VA< oo, (6.18)
and su < o00.
kp ||gk||cb(R)

Then
(o 1) — (g 1) = / (k7 [Dy]) dW (1)

where © := py1_.w and where D;1) is defined in (6.16); letting ¥ — oo and
using (6.18) we get (6.10). O
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6.4 Insider Additional Utility

Assume that the price of the risky asset is given by the SDE
dSt = St (O’t dW(t) + oy dt)

where the coefficients «y, o; are %;-measurable and where o; > o > 0.

The regular trader portfolio is given by an .#;-measurable function
describing the quantity of the risky asset. Then the value V' (¢) of the portfolio
at time ¢ is given by the SDE

AV (t) = V(t)m dS(t) .

This linear SDE can be explicitly integrated and we get

“;((é)) — exp (/Ot oy dW (s) — /Ot (;ﬁag _ wsas> ds) .

Choosing as utility function U(t) = logV(t), we get

E[U(t)] = E { /0 t (Wsas - ;ﬂgag) ds] +log V(0) . (6.19)

Proposition 6.8. The portfolio maximizing the expectation of the logarithmic
utility of the reqular trader is given by ms = as/0?; the mazimum expected

utility equals
1 t a2
U'=-E —Sds| . 6.20
L o] (620)

Remark 6.9. Negative values of 7y are admissible; negative portfolios are re-
alized on the market by selling call options.

Proof. As a consequence of the hypotheses made on o, and ay, the proposed
extremal portfolio is (:%#;)-measurable. For fixed s it realizes the maximum of

the quadratic form —i7%0% + ma,. O

Insider Portfolio

With respect to the insider filtration (%) the Brownian motion W becomes a
semimartingale with drift; the drift is given by the information drift:

dW = dW' 4 Idt , (6.21)

where W' is a (%;)-Brownian motion. Note that Z; is %;-measurable.



84 6 Insider Trading

Theorem 6.10. The portfolio maximizing the expected utility of the insider

18
ag + 71

s
o3

with U = U™ + U® as the mazimal expected utility and the additional utility
U?® given by
1 t 12
U*:=-E = . 6.22
=[] el (0:22)

Proof. Using (6.21), we resume the computations made for the regular trader.
The situation is reduced to the previous situation with as — as + Z,, and we

get
t 2
Uizl]E|:/ Mds} )
0

2
2 o

Formula (6.22) is equivalent to the following orthogonality relation:

E [/Ot et ds] —E [/Ot % (@aw(s) - dW’(s))}

S S

o[ o] [ ] -

the expectation of each of these two stochastic integrals vanishes, because
as/o? is Fs-measurable and therefore a fortiori %;-measurable. O

6.5 An Example of an Insider Getting Free Lunches

We assume that the price of the risky asset is given by the SDE
dSt = St (O'(St) th + Oé(St) dt) (623)

where the coefficients o and « are differentiable functions of S. The insider
knows the exact value of the random variable

G = sup S:. (6.24)
te0,1]

A practical example of this situation is the exchange rate between two
national currencies where some secret bounds are established by the central
banks; these bounds being enforced by a direct intervention of central banks
on the market. A massive action of central banks on the market could make
it necessary to add to (6.23) a local time describing the boundary effect. This
discussion can be extended to the possible feedback effect on the stochastic
model (6.23) of the insider trading. We shall suppose that the insider trading
is done at such a small scale that the stochastic model (6.23) is not violated.
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Theorem 6.11. The insider model defined by (6.23), (6.24) satisfies (6.17),
(6.11), (6.12). Therefore the information drift T exists and satisfies

E [/01 |Is|ds] <. (6.25)

Each (%s)-semimartingale is a (¥s)-semimartingale; furthermore the infor-
mation drift satisfies

E Uol IS|2ds} =00; (6.26)

hence with positive probability the insider has arbitrage opportunities.

Proof. The reader who wants a full proof, going further than the sketch below,
should consult Imkeller—Pontier—Weisz [100] and Imkeller [99].

Let Gy = sup,¢p ¢ Sr; then (Gi,S;) is a Markov process. Denote by
qt,5(y) dy the law of sup,cp, 1) Ss under the conditioning S; = S. The con-
ditional law process satisfies

(¢, ) = E7*[p(G)]

Gy [e%e)
— 4(Gy) /S ws@dy+ [ oas@d.  (620)

By the hypothesis of differentiability on the coefficients of SDE (6.24) we have
S; € D? and also G € D? (see Nualart—Vives [164] and Nualart [159], p. 88).
The maximum G} is reached at a unique point 7 < ¢t and we have 7; < t with

probability 1; consequently

Differentiating (6.27) and using the equation ¢; s(S) = 0, we get
Gy

(¢, Dipir) = (DySt) (¢(Gt) %(y) dy + /GOO %(y)aﬁ(y) dy) :

Sy

Then condition (6.17) is satisfied; condition (6.11) is satisfied as well where
the Radon—Nikodym derivative is

b ¢ 9
0r = (DySy) (1[71,1] (t) 75 log [/ qt,5(y) dy| + 73 log Qt,s(G)> .
s

From the last expression one can derive (6.25) and (6.26). Condition (6.26)
implies that the Girsanov transformation involved to realize the disappear-
ance of the drift a + Z diverges; therefore by the Delbaen—Schachermayer
theorem [65] the possibility of arbitrage opportunities is open. O
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Asymptotic Expansion and Weak Convergence

In undergraduate calculus courses the Taylor formula provides the key tool
for computing asymptotic expansions. The Stochastic Calculus of Variations
started very quickly to play an analogous role in the probabilistic setting,
and stochastic Taylor formulae appeared in [2, 10, 23, 25, 26, 38, 50, 126,
127, 139, 176]. In all these developments, the result of Watanabe [213], which
provides the methodology of projecting an asymptotic expansion through a
non-degenerated map, plays a key role.

A second stream of papers appeared with the application of these method-
ologies to problems in asymptotic statistics, starting with [214-217] and fol-
lowed by many others. A third stream finally is concerned directly with math-
ematical finance where the following papers can be listed: [15-18, 78, 111, 114,
117-123, 128, 137, 138, 153, 154, 177, 198-200, 202, 203]. A reasonable survey
of the literature in this direction would go far beyond the limits of this book.

Based on the theory of stochastic flows, the first section of this chapter
develops an asymptotic formula for solutions of an SDE depending smoothly
on a parameter. The second section presents the theory of Watanabe distri-
butions on Wiener space and its consequences for asymptotic expansions. In
particular, we shall deduce an asymptotic expansion for European digital op-
tions in a market driven by a uniformly hypoelliptic SDE depending smoothly
on a parameter.

The two last sections deal with specific problems of convergence related to
the Euler scheme. Strong convergence of the Euler scheme in terms of Sobolev
norms on the Wiener space is treated in Sect. 7.3. The fourth section finally is
concerned with weak convergence of the scheme in a new space of distributions
on the Wiener space, the co-called diagonal distributions. The results of the
last two sections have been summarized in [146].
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7.1 Asymptotic Expansion of SDEs Depending
on a Parameter

We consider an R%valued SDE depending upon a parameter. Using the no-
tation of (2.2), we write in Stratonovich notation:

dss, = ZAk S5 (1),€) 0 dWF 4+ Ag(S5,(t),e)dt, S5 (0)=0. (7.1)

Theorem 7.1. Assume that the vector fields Ay have bounded derivatives of
any order in the variables (x,€), then for any q there exist processes v;w(t),
computable by solving Stratonovich SDEs, such that

Sy (1) ZEJ vjw(t =o(e?), Vp,r<oo. (7.2)
DY(#)

Proof. In order to shorten the proof we limit ourselves to the case ¢ = 1. We
extend the SDE to R%*! by adding an additional equation to system (7.1):

de(t) =0, dSy = ZAk Sgy(t),e) o dW" + Ao(S5y (t),€) dt,

e(0)=¢, Sy (0)= 0. (7.3)

We denote U}V, the stochastic flow of diffeomorphisms on RI*! as-
sociated to SDE (7.3) and consider the corresponding tangent flow J}V
which has been defined in Chap. 2, (2.13). We remark that the hyperplanes
{e = const} are preserved by the flow U ,. Denote by eg,eq,...,eq the
canonical basis of R%*!, the vector ey corresponding to the component in ¢.
Then (J}Y (seq))(eo) = (g, uw (s, 1)).

By the elementary integral Taylor formula,

Sep(t) — SO () = e up (0,1) + /Oa(uw(s,t) — uyw (0,4)) ds.

Taking v1,w (¢) := uw (0, ¢), the remainder term p takes the form

1
pi= 5/0 (uw (se,t) — uw (0,1)) ds = £* / /O<T<S<1($VXO(T60))(60, eo) drds

where J; o denotes the flow associated to the second prolongation of SDE
(7.3) defined in Sect. 2.6. Now use the fact that ®: W — JW (7eq) satisfies
bounds of the norms DY (#) uniformly in 7. O

Remark 7.2. Suppose that the market described by SDE (7.1) a digital Eu-
ropean option with payoff f(e) := E[1x(S)] is given. Then it is not clear
whether the results of this section imply the existence of an asymptotic ex-
pansion for f. However the Watanabe theory will permit us to establish such
an expansion.
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7.2 Watanabe Distributions and Descent Principle
We defined in Chap. 4, (4.12), the space

D)= (] Du¥).

p,r<oo

A distance on D> (%) is given by the formula

+oo
5(f1,£2) = Y mpr LANA = fallprowy -

p,r=1

where 7, > 0 such that > 7, < co. This topology on D>*(#) is inde-
pendent of the choice of the sequence {7, .}

With respect to this distance, D (#) becomes a complete metric space.
We call D=°°(#) the space of continuous linear forms on D> (%#). It results
from [66] that, given T' € D~>°(%#'), there exist ¢, p,r such that

[T < cllfllpzewy -

We define a map xy : D>®(#') — D~°(#’) by associating to the function g
the linear form T; given by

<f7 TQ> = E[fg] .

On R we consider the Schwartz space .#(R?) of functions rapidly de-
creasing together with all their derivatives, and denote by .#/(R?) its dual,
the space of tempered distributions. We have a similar identification on
xga: -7 (RY) — .7/ (RY) defined by

(u, Tp,) :== /Rd u(z)v(z) de |

where dz is the Lebesgue measure on RY. Recall that yga(.#) is dense in
S (RY).

Given a non-degenerate map F: # +— R? and a function u € .7 (R?), we
consider the inverse image F*u := u o F' = 4. The fact that F' € D™ (#;R%)
implies that

F* RN c D) .

Let p be the density of the law of F' with respect to the Lebesgue measure.
By the results of Chap. 4 we get p € .(R%) and

/ wopdé = E[ad] . (7.4)
Rd
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Theorem 7.3 (Watanabe’s continuity theorem). Let F be a non-
degenerate map. Given T € .#'(RY), let u, € Z(R?) be such that xra(uy)
converges to T in ' (R?). Then F*(u,) converges to Sy € D™°(¥) in the
topology of D=°°(#), and the following duality formula holds:

where EF denotes the conditional expectation with respect to F.

Proof. Tt’s a well-known fact that .#(R9) is a topological algebra, and there-
fore .7/ (R?) a topological module on . (R?); this implies that yga(pu,,) con-
verges in .’ (R?) to pT'. This convergence lifts up to D~°°(#') by F’* which
proves (7.5). O

Theorem 7.4. Consider a family of maps F¢ € D>¥(#;R?) such that F¢
has an asymptotic expansion in D>¥(#') up to order q:

e—0

q
lim e~ ¢ FE—Zaij =0, Vp,r<oo.
=0 DE(W)

Let oy (e) be the Malliavin forward covariance matriz of F¢, as defined in
(5.6), and denote by AW (¢) its smallest eigenvalue. Assume that

supEAY ()M <00, VN.
€

Then the law of F¢ has a C°°-density p* with respect to the Lebesgue measure.
Furthermore, there exist C>-functions f; on R? such that for any & € R? with

p°(&) # 0, we have:

lim e~ [p*(§) = > &7 f;(§)[ = 0.
j=1

e—0

Proof. See Watanabe [213]. O

7.3 Strong Functional Convergence of the Euler Scheme

Strong convergence of the Euler scheme is a classical fact. We shall refine this
result by expressing the convergence upstairs, i.e., on the probability space
itself. Convergence there is in terms of Sobolev norms on the Wiener space.
This functional convergence could be useful for evaluating the error in Monte-
Carlo simulations for look-back options.

We shall deal with the R%-valued SDE

n

déw (t) =D Ap(Ew (1) dW* + Ag(Sw (1) dt;  Ew(t°) = & (7.6)
k=1
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where W is an n-dimensional Brownian motion on Wiener space #™ and
Ay, are smooth bounded vector fields on R? with bounded derivatives of any
order. Let

&= ZA“A D Dﬁ+2A Do, Dy =0/0¢,

kaﬁ

be the associated differential generator.
Given € > 0, the Euler scheme of mesh ¢ is defined by the following
recursion formula:

éw. (¢g) — &w.((g — 1)e ZAk Ew.((g = 1)e)) [WF(ge) = WH((g — 1)e)]

k=1
+Ao(Ew.((a = e))e,  &w. (") = &o. (7.7)

Using the notation t. = ¢® + [(¢t — %) /e] & where [a] is the largest integer
< a, the Euler scheme for all times is the process defined for t € [t, T as the
solution of the delayed SDE

déw., (¢ ZAk Ew, (t)) AW (1) + Ao(§w. (t)) dt,  Ew.(t°) = &o.

The remainder term 0. (¢) := &{w. () — Ew (t) satisfies the SDE

40, = 3" [ A Ew (6) + 0.(6)) — Ax (6w (1)) AW (1)

k=1
+[Ao (Ew (1) + 0 () — Ao(&w (1))]dt + dx (1),

where 6.(t°) = 0 and

n

dx(t) =Y “Re(t) dWi(t) + “Ro(t) dt
k=1

Ri(t) == Ap(€w. (L)) — Ax(w. (1)) (7.8)

Let Ay be the d x d matrix defined by differentiating the components of
the vector field Ay with respect to the coordinate vector fields. Then, almost
surely, the derivative of the solution &w. (¢) to (7.7) with respect to the initial
data &y defines a random flow of diffeomorphisms; its Jacobian is given by the
matrix-valued delayed SDE

J <—t0 t(—to <Z Ak gW de + AO(&W (te)) dt) ) t 2 t07

where Jt0<—t0 =

identity.
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The derivatives of “Ry(f) may be computed in terms of the Jacobian ma-
trix:

Dt “Ri(t) = Lircy (An(Ew, (1)) I (A0) = Au(we () I (40)) 5
(7.9)
the derivatives u(t) := D, ,60.(t) are computed by differentiating (7.8). We
get

du— Y Ap(&w +0-) udW* — Ag(&w + 0.) udt =: dT

k=1
= Ty dW" + Ty dt, (7.10)
k=1
where I'g,T'y, ..., T, can be computed using (7.9) and standard computations

of derivatives along the stochastic flow to SDE (7.6). By Ito’s formula, a
version of the Lagrange formula (variation of constants) may be established
for u(t). To take care of the It6 contraction, the Lagrange formula for ODEs
needs to be modified by adding the compensation vector field given by

Z = zn:Aka .
k=1

Then, by It6’s formula, we get

w(t) = Jyepo { /t Jio o (dT(7) — Z(r)dr)]| (7.11)

0

where the It stochastic integral inside the brackets has to be computed first.
We introduce a parameter A € [0, 1] and define *§ as the solution of the SDE

n

d*0(t) = [Ax (§w () +20()) — Ax(&w (1))] dW(t) (7.12)

k=1
+ [Ao (Ew (t) +20(1)) — Ao (Ew ()] dt + Adx(t), *6(t°) = 0.

As °9(t) = 0 for all ¢, denoting % = *u, we have 6. = [ *ud\. By

differentiating (7.12) with respect to A, we get the following linear SDE for
A

u:
d M =d®Q - u+dy, (7.13)
where d°Q = 371 _, Ap(Ew +10) dWF + Ao (&w + 20) dt.

Theorem 7.5. For any p € |1,00[ and any integer r > 0, we have

1/p
(Elsup 0416){@]) = 0(Ve); sup]||0s(t>||Dg:O<¢é>- (7.14)

te(t0, T teto, T
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Proof. Denote by =7} _ the solution to the linear equation (7.13) with initial
condition =7

+r = 1id; as its coefficients Ak are bounded, we have uniformly
with respect to e:

EJW

te—T1

E sup

t,7€[t0,T)

|2p] <ep<oo.

For the same reason the compensation vector field Z is bounded in L?; we get

E[|*Rk %’Z] = O(eP). Using (7.11), we have

Au(t) =T 40

t n
/ ST R(r) dWE(r) + TN (FRo(7) — Z(7)) dr
A

Consequently D, 0 satisfies an SDE of the same nature as (7.8); the second
part of (7.14) is verified along the same lines. O

7.4 Weak Convergence of the Euler Scheme

The “weakest” among weak topologies are topologies on spaces of distribu-
tions; we adopt this point of view in this section. Our main concern is to
establish asymptotic expansions “upstairs”, i.e., on the probability space it-
self. The Watanabe principle then makes it possible to pass from upstairs
estimates to estimates of densities.

We recall that the norm of the r** derivatives of f has been defined as

1 1 1/2
(/ coi | Dy Trf|2d71...dTr> .
0 0

The Sobolev spaces D? are defined with respect to this norm.

Consider the 1-dimensional subspace of R® given by the diagonal {r =
... = Ts} and define a function V* on R® by V*(m,...,7s) = D . f
if 7, € [0,1] and V*® = 0 otherwise. We make an orthonormal change of
coordinates (71, ...,ns) such that the diagonal is given by the equation ¢ =0
where ¢ = (12,...,7ns). Denoting by W#*(n,() the function V* in this new
system of coordinates, we consider the partial functions Weem — We(n1,C).
The function V* is said to be diagonal-continuous if it has a version such
that ¢ — W¢ is a continuous map from R"~"' to L*(R). We denote by 7DP
the subspace of DP such that the second up to the 7" derivative is diagonal-
continuous. A diagonal Sobolev norm is then defined by

1 p/2 r
14 ([ DopPar) 4 X s el |

171y = E
=2 CeRe~
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Definition 7.6. A diagonal distribution (see [146]) is a linear form S on DY,
such that

(S <elflboy -

We localize the method of Sect. 7.3 by using a Taylor expansion at A = 0.
Denoting the second derivatives by *v := (d/d\) *u and using Theorem 7.5,

we have 5

A
’\9:)\°u+7"v+0(£)

with o(¢) being uniform in A. The question of asymptotic expansion of 6 as o()
is therefore reduced to the asymptotic expansion of °u, °v which we abbreviate
as u, v. We compute u from (7.13) for A = 0 which realizes a computation along
the path of the original diffusion. In the same way, if (7.13) is differentiated
with respect to A and if A is set equal to 0, the terms

d

82Ak » -
)= X G Gw ) VO, 210 = 3 (AR ()
(7.15)
appear, and we get
U( ) thO[ Z t0<—‘r de( )
0 =1
+ I (Ro(T) — Zl(T)) dr|. (7.16)

Theorem 7.7 (Rate of weak convergence). There exist R -valued func-
tions age, by, ¢ on R, computable in terms of the coefficients of (7.6) and its
first fourth derivatives, such that for any f € 7Dé"’*o,

t n
lim L E[. (1) f] = / E S anew(r) D2y of
t0 kol

e—0 ¢

+ Zbk(fw(T))DT,kf+C(§W(T))f dr .

Proof. Assume that diagonal distributiorls St ..., 8% are given and consider
the formal expression S7 = 3", (J}V ,0)% S*. As the coefficients of the matrix
JW Yo, belong to "D~ Y and as the space of diagonal distributions is a module

over the algebra D5~ 0 we deduce that S is a diagonal distribution. Defining
a(t) = Jo(u(t)), 0t):= Joi(v(t)),

we are reduced to finding a diagonal distribution S such that

hmlE[a(t)f] = (f,S), lim}E[ﬁ(t)ﬂ =0.

e—0 € e—0¢
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To short-hand the notation, we write W () = J}¥.

0. (+); then a(t) =
U1 (t) + 2 (t) where

/ (7)) dW*(7), () ::/t W(ERo(T) — Z(7)) dr .

0

Using the fact that an It6 integral is a divergence we get

Bl = [ B

Since *Ry(7:) = 0, we get by applying It6’s formula,

n

> (D f) W(ER/@(T))] dr .

k=1

“Ru(r / 3 AulEw () Al (1) AW ()~ / (24) (Ew. (V) A

(7.17)
where

%Ay
(2 A0)(Ew. () = 5 3 AL 6w (7)) A 6w () aga¢, Ew-()

sfp

3 A6 (72) G 6w ()
4

We want to eliminate the stochastic integral in (7.17). For this purpose, we
remark

E[(Drrf) " ((Ro(7))] = E [EN (D7 f) " (R (7))]

E

IENTE 7' 'rf / Z Ak §WE S(st (TE)) dWS(A)] =0.

From the Ocone—Karatzas formula, we get

oD, f] — BN D, f] = Z / EAS (D2, f) dWE ()

=177Te

and with the short-hand notation " (-) analogous as above,

ful

/tO dT/ d)‘< ‘?’,r;)\,kf) W(AT(é-WE ()‘)> : Ak(é‘wa (7—5)))

n

+3° (D) W EL A . (0 )))

which as € — 0 gives rise to the equivalence
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E[fa(t)] ~ = dr | (D200 ) W (A A (Ew (7))
2|,

0
r,k=1

=3 (Deif) OZAksz(T»)].
k=1

ssuor-a[[ 1 050

may be computed as before. Now integrals along the paths of D, ;. f, f appear,
and we get coefficients a, b, ¢ such that

Finally

e—0 ¢

t n
iy 2 Bla(t)f] = | B | S ans(6w (7)) D2 f
0 W)

Z Dy f +e(Ew(r ))f] dr.  (7.18)

k=1

We are left to deal with ©: combining (7.14) and (7.16) gives ¥ = O(e). To
get the sharper estimate o(¢) we use that (7.15) expresses R}, as a bilinear
functional in u. A typical term is

EWa2A, i ¢
P — P
E{f . Detoer uu dW] /tOIE[B(T)u (1)]dr,
WaQAk '

where B := (DT,kf) WU 3

here we used the Clark—Ocone—Karatzas formula for f. Applying formula
(7.18) with f = B, we get

tWa2A
E {f —
o 06LOEP

uluP de}

< cel|Blvp; < cellflpse

U”’YD%s 5

and using (7.14), with 6.(-) replaced by u, we obtain the required order of
convergence. [
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Stochastic Calculus of Variations for Markets
with Jumps

Stochastic Calculus of Variations for jump process can be developed following
three different paradigms.

The paradigm which appeared first in the literature is to make a variation
on the intensity of jumps, the time when the jumps occur being fixed (see
[22, 36, 155]). This methodology gives in particular deep regularity results for
local times. As it has not yet been used in mathematical finance we shall not
discuss it here.

The second paradigm uses an approach of chaos expansion parallel to the
approach presented in Sect. 1.6 for the Wiener space. A beautiful conceptual
theory can then be built upon this approach [31, 161, 162, 179]: this theory is
as complete as the theory on the Wiener space. Nevertheless certain objects
appearing there are difficult to realize effectively by a trader operating on the
market.

The third paradigm is to build the theory on a concept of pathwise in-
stantaneous derivative. This approach, perfectly fitting to the computation
of Greeks, has a simple conceptual meaning and corresponds to operations
which can be easily implemented by a market practitioner; on the other hand
it introduces structural incompleteness to the market.

In Sect. 8.1 we construct the probability spaces for finite type jump
processes. Section 8.2 develops the Stochastic Calculus of Variations for expo-
nential variables, and Sect. 8.3 the Stochastic Calculus of Variations for Pois-
son processes. Section 8.4 finally establishes mean-variance minimal hedging
through a weak version of a Clark—Ocone formula.

We shall not develop the effective computation of Monte-Carlo weights for
the computation of Greeks, as it was done in [70, 180] by using the formula
of integration by parts on Poisson spaces.
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8.1 Probability Spaces of Finite Type Jump Processes

The general theory of scalar-valued, time-homogeneous, Markov jump pro-
cesses considers processes which in any time interval may have an infinite
number of jumps: the Lévy processes.

We call such a process of finite type if almost surely on any finite interval
the number of jumps is finite. This class of processes is qualitatively sufficient
for the needs of mathematical finance; we shall limit our study to this class
in order to avoid technical difficulties inherent to the general theory of Lévy
processes. Finally it is well known that the class of processes of finite type is
dense in the class of all Lévy pro-cesses.

Theorem 8.1 (Structural theorem). Let X(t) be a scalar-valued, time-
homogeneous Markov process of finite type. Then there exists a Poisson process
N(t) of intensity 1, a Brownian motion W, and three constants o,c,p such
that
X(t) - X(0)=ct+oW(t)+ > Vi, (8.1)
1<i<N(pt)

where (Y;)i>1 s a family of independent equi-distributed random variables.
Proof. This is a classical fact. O

Remark 8.2. An alternative point of view is to take formula (8.1) as the defi-
nition of processes of finite type.

We consider jump process defined on the time interval [0, 400[ and denote
by # the probability space of scalar-valued Brownian motion indexed by this
interval. We further denote by u the law of Y7 and introduce the probability
space 2* associated to a countable sequence of independent random variables
equi-distributed according to p. This space can be realized on the infinite
product RY equipped with the infinite product measure &) Mk where pp = p.

Consider the special case where p is the exponential law v, given by the
distribution of an exponential variable T' defined as

P{T > a} = exp(—a), a >0,
and denote N := Q¥ the Poisson probability space.

Theorem 8.3. The probability space Q0 of a finite type jump process is the
direct product
Q=W x QW xN . (8.2)

In the case where the law p of the random variable Y1 is supported by q points,
we have
QoW x N9 (8.3)
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Remark 8.4. As any law 1 can be obtained as weak limit of laws concentrated
on a finite number of points, the case (8.3) seems to be sufficient for the need of
numerical finance. See [132], p. 215 for a precise scheme of the approximation.

Proof. Our Poisson process on R is uniquely given by an independent se-
quence (T, )nen of identically distributed exponential variables:

+oo
P{T, >a} = / exp(—s)ds = exp(—a) .

We define the probability space €2 of the Poisson process as the probability
space corresponding to this sequence {T}} of independent exponential vari-
ables. Denote by %, the o-field generated by the first k coordinates 11, ..., Tk.
The first jump of the Poisson process appears at T7, the second at 17 + T,
and so on. The Poisson counting function is

N(t)=sup{k:Th+...+ T < t}. (8.4)

We are going to prove (8.3). Let

q
n= Zps 655
s=1

where d¢ denotes the Dirac mass at the point &. Taking ¢ independent Poisson
processes Ny, then

q

X(t)=oW(t)+ Y &Ns(pst). DO (8.5)

s=1

It6 Stochastic Integral on Processes of Finite Type

We recall the definition of cadlag functions on R, constituted by the class of
functions ¢ — F(t) which are right-continuous with limits from the left; for
any t € RY, limg<._.o F(t+¢) = F(t) and limg<._.¢ F(t —¢) exists. Note that
the Poisson process as defined by (8.4) has cadlag paths; by consequence the
process X (t) is also cadlag.

We denote by (%) the filtration generated by X (-):

Fy = o-field generated by X(s), s € [0,t].

This filtration is right-continuous. We have two basic definitions:

e aprocess Y is adapted if Y (t) is .F;-measurable;
e a process Z is predictable if Z is left-continuous and adapted.
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In the case where the jump component disappears, the filtration (%)
is also left-continuous and the notions of adaptedness and of predictability
coincide. This is not the case in general; for instance, the process X(-) is
adapted but is not predictable.

The stochastic integral of a predictable process Z is defined as limit of the
Riemann sums:

[ o= T2 (5) [ (51 x (B)] o

=0

From this definition it results that the process defined by the indefinite integral
1
M(t) = / Z(5) 1j0.4(s) dX (s)
0
is cadlag.
Proposition 8.5 (Energy identity). If Z a predictable process, then
1 1
E[/ ZdX] = (c+pE(Y1))IE[/ Zdt} . (8.7)
0 0

Assume that ¢+ pE(Yy) =0, then M(t) := fot Z dX is a (Z)-martingale and
its L2-energy is given by

(/Olzdxﬂ = (o +pE(Y?))E [/01 z? dt} . (8.8)

Proof. This is classical L? martingale theory. O

E

It is clearly not possible for the trader to react on an infinitesimal scale of
time, the most general possible trading strategies are given by a predictable
process. Replicable assets on [0,T] are therefore represented by stochastic
integrals on [0, 7] of a trading strategy.

8.2 Stochastic Calculus of Variations
for Exponential Variables

Denote by €2 the probability space corresponding to a sequence of identically
distributed exponential variables T;,. In logarithmic scale, let 7,, = log T},: we
get P{7, > a} = exp(—exp(a)). For a single exponential variable we have the
following formula of integration by parts:

E[¢' ()] =E [(b(f) § (;)] , 0 (di) ==exp(s) — 1. (8.9)



8.2 Stochastic Calculus of Variations for Exponential Variables 101

In fact, we have

e[0)] - [ " (5) exp(— exp(s)) exp(s) ds

dr oo

+o0
= —/ @(s) exp(—exp(s)) exp(s)(1 —exp(s))ds .

—00

The logarithmic change of coordinates has the drawback that the tradi-
tional scale for exponential variables is left. We transfer the derivation oper-
ator from the logarithmic scale to the usual scale by introducing a slightly
modified derivation:

(v = (50) 9= @)

Lemma 8.6 (Integration by parts for a single exponential variable).
We have

E[y(T)] =E [w(T)a (j;ﬂ , 0 (j;) =1-T; (8.10)

((m)

Proof. See the previous computations. 0O

= b —S2eX —S S = 1. .
b = [ a=sem(-sas =1 (.11)

Derivation Operator on (2

Denote by C}(f2) the functionals ® on € depending on a finite number of

coordinates T1,...,T, such that the dependence is one time differentiable,
the derivatives being uniformly bounded. Let
- 0P

Do :=T,— . 8.12

= T (5.12)

Denote by ¢? the sequence {wy(w)}r>o such that >, E[wi] < co and such
that wy is %._1 measurable. Define

~ ~ 0P
D,® = D® = Th— .
Theorem 8.7 (Cameron—Martin). The series

> wp (1= Ty) =: 6(w) (8.13)
k

converges in L?(2); we have the formula of integration by parts

E[D,,®] = E[® 6(w)] . (8.14)
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Proof. We have E[1 — Tj] = 0; therefore the partial sum of the series (8.13)
constitutes a (% )-martingale which is L%-integrable. O

Remark 8.8. Formula (8.12) implies that the operators Dy ® are closable. De-
note by D?(€) the functions ¥ € L%*(Q) belonging to the intersection of all
domains such that

19]3: = E[9%] + Y E[(Dy¥)?] < oo
k

Then D?(Q) is a Hilbert space.

8.3 Stochastic Calculus of Variations
for Poisson Processes

On the probability space N of the Poisson process, we denote by S; the time
of the first jump, by S5 the time of the second jump, and so on. We realize
an isomorphism N — € by the change of variable between S, and T, :

k
0P 0P
Sk = ;ij which implies oT, = 2 5‘75] for the derivatives.

The counting function of the Poisson process is N(t) = k, if t € [Tk, Trp+1]-
Therefore the Stieltjes integral of the compensated Poisson process N (t) — ¢
satisfies the relation

/I[Sk—lysk[d(N(t) - t) =1-1T.

Note that 15, _, s,[ is predictable. To a predictable weight w; we associate
the predictable process

m(t) = Z wi s,y 54
k
and consider the following stochastic integral

/]R+ m(t)d(N(t) —t) = > wi(l - Ty) .
k

Denote by H' the Hilbert space of functions with derivative in L? and
vanishing at ¢ = 0. Let v: N’ — H' be a map such that E[|[v]|%.] < co. We
define the derivative D,® by

0®

Dy® = " v(Sk) 75 - (8.15)
k
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Theorem 8.9. Let v be a predictable random process such that
E[HvH%{l] <00

Then
+oo
E[D,F] = E[Fé(v)], 6(v) = /0 V() AN () — 1) . (8.16)

Furthermore, we have the energy identity
E[0(0)?] = E[Jvl3] - (8.17)
Proof. Previous computations combined with Sect. 8.3. O

We extend this situation to the simple jump process of the form

q
X() = W(t)+ > &Ne(ot) (8.18)
k=1
where W is a Brownian motion and where N are Poisson processes, all
processes being independent.
Denote by {S*}, the sequence of jumps of the Poisson process Nj. Take
as tangent space [H']9Tt. To v = (vg,v1,...,v,) € [H']9T1 associate the
derivative

q
D,® = Z/Dt,,@ O (t) dt (8.19)
k=0

where D, ¢ is the derivative with respect to #  (see Chap. 1) which vanishes
on the other components; the derivative D, , acts only on the component
N}, and vanishes on the other components, the action on N, being given by

Dt7k70 (S(];O) = pko 1[0)5{7;0[ (pktot) . (820)

Remark that the r.h.s. is a predictable function of ¢. As the jump times deter-
mine the Poisson process Ny, any functional on NV}, can be expressed in terms
of the SF.

The following theorem establishes a remarkable parallelism between the
Stochastic Calculus of Variations on Wiener spaces and on Poisson spaces.

Theorem 8.10 (Carlen—Pardoux [47]). Let v: Q — [H*R')]9*! be a
predictable map such that E[||v||%,.] < oo. Then the following formula of inte-
gration by parts holds:

E[D,®] =E

) ; o dX*| (8.21)
=[]

where dX°(t) == dW(t) and dX* = pp(dNk(t) — dt) is the compensated
Poisson process.

Proof. Apply (8.16). O
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Compare [70, 180] for a computation of Greeks through the formula of
integration by parts.

As consequence of Theorem 8.10, the derivative D, is a closable opera-
tor. We denote by D?(N) the Sobolev space of functionals on A" whose first
derivative is in L2.

Remark 8.11. Fixing to > 0, consider the random variable ¥ = N(tp);
then ¥ ¢ D?(N). In fact, if we express N(ty) in terms of the Sj by
N(to) = > pei Lot (Sk) and if we apply the chain rule, we have to deal
with the difficulty that the indicator function of [0, o] is not differentiable in
L2. This difficulty can be overcome by developing a theory of distributions on
Poisson space [1, 67]. The goal of the next proposition is to give examples of
differentiable averages of N(t).

Proposition 8.12. Let F(t,k,w) be a function such that F(t,k) = F(t,k, ) €
D3(N) and denote (VF)(t,k) = F(t,k +1) — F(t,k). Then

D / dt = — /Ooovt (VF)(t,N_(t)) dN(t)—l—/OOO[DvF](t,N(t))dt )
(8.22)
where N_(t) = lim N(t').

t<t, t'—t

Proof. Express the integral in terms of the sequence of jumping times Sy of
o0

N(t):
/ F(t,N(t))dt = Z/ F(t,k—1)dt.
Sk—1
The derivative with respect to w in the integral gives rise to the second term

of (8.22); it remains to differentiate the Sk. As D, (Si) = v(Sk), and using the
fact that v(0) = 0, we get

> F(Sk, k= 1)v(Sk) = F(Sk-1,k — 1) v(Sk_1)

[ee)

= > 0(Sk) (F(Sk, k— 1) — F(Sk, k)
k=1
== "0(Sk) (VF)(Sk, N_(Sk))
k

_ /Ooov(t) (VF)(t, N_()) dN(t). O

8.4 Mean-Variance Minimal Hedging
and Clark—Ocone Formula

Consider a market for which the underlying probability space takes the form
(8.18). To simplify the notations, let o = 1, & = 1, ¢ = 1. Denote by &
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the predictable processes w = (wp,wy). Given F € D?(# x N') which is ¢;-
measurable such that E[F]| = 0, mean-variance minimal hedging consists in
finding v € & such that

| ]

1
’F—/ o dW +1in d(N — t)
0

1
E ’F—/ b0 dW + by d(N —t)
0

= inf E
we P

2]
Theorem 8.13. The mean-variance minimal hedging problem has a unique
solution given by

bo(t) =E% [DYF]|, 1(t)=E% [D,F], (8.23)
where 9, := o (U, 9) is the predictable filtration.

Proof. Let V be the vector space of random variables representable as sto-
chastic integrals of predictable processes. It results from the energy identity
(8.8) that V forms a closed subspace of L?(# x N); therefore the orthogonal
projection v of F onto V exists. As an orthogonal projection, v is characterized
by the relation

E[(F/Olzbodw+z)1d(]\ft)) (/Olwodwmld(zvt)ﬂ ~0,

for all w € £, and thus
1 1
E [F/ u';OdW—i—u')ld(N—t)} =E [/ (oowo+@1wl)dt]
0 0
1
=E [/ Wo(t) DeoF + wi(t) Dy F dt} ;
0

for the last equality the formula of integration by parts (8.21) has been used.
Taking the difference of the two members we get

0=E| [ ino) (DsF ~ in(0) + ir(0) (DeaF ~ in(0) ] ©
0

In general, mean-variance hedging is not exact hedging and therefore jump
markets are not complete. The important question of completeness of some
specific jump markets is discussed in [31, 64, 67, 69, 132, 161]. In some cases
exact hedging may be realized by adding certain other martingales to the
basic martingales W and N (t) — t.
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Volatility Estimation by Fourier Expansion

Volatility is a key parameter in financial engineering. The classical Black—
Scholes model assumes that volatilities of historical processes driven by the
logarithm of the prices are constant. Empirical evidence has shown that this
hypothesis is too restrictive. Time-varying volatilities are therefore a first step
to adjust the Black—Scholes model to real data.

Estimation of volatility variations in the long range (month scale) is gen-
erally done by assuming an a priori model of stochastic volatility. The choice
of this model is a difficult matter; its calibration is done by fitting the un-
known parameters to data through some kind of Zakai filtering procedure; the
evolution of historical volatilities is fitted by the solution of an SDE driven
by unknown Brownian motions.

Experimental evidence of market evolution at an intra-day scale indicates
that there exists no general model reasonably fitting data: as a consequence,
one has to switch to non-parametric Statistics. In the usual sense statistics
focuses on information extracted from the data of a population of different
market evolutions. It should be emphasized that our method is designed to
obtain results from the observation of a single market evolution. Such an
approach is not out of reach for highly traded assets on which several thousand
quotations can be made in a single day. The “statistical population” then has
to be considered as the mass of information collected in time. As averaging
principles are behind any statistical study, it is clear that volatility can only be
approached on a time scale larger than the average frequency of the quotation
data flow.

A possible procedure could be to split the time into subsequent intervals
I, each containing at least a certain number of quotations. Then one may
compute a volatility function o2 in the following way: o2 will be constant in
each of the I and its value on I; will be the mean quadratic variation of
the observed quotations on Ij. This methodology proceeds by interval split-
ting; the drawback of information splitting procedures is a well-known fact in
statistics.
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The methodology of Fourier series proposed here can be considered as a
refinement of this crude methodology, avoiding any information splitting and
nevertheless being able to decipher abrupt variations in time of the historical
volatility.

Another advantage of the Fourier series approach is the fact that the
volatility is constructed as a function. It is therefore possible to iterate the
procedure and to compute the cross-correlation between price and volatility;
in a stable market this cross-correlation is negative; therefore an observed pos-
itive correlation monitors some market instability. A more advanced indicator
of market stability is the price-volatility feedback rate, introduced in [19] and
discussed in Chap. 3. A triple iteration of the Fourier series algorithm leads
to a pathwise computation of this price-volatility feedback rate.

A common assumption in mathematical finance is that the time evolution
of the price of an asset is a semimartingale of the form

dp = o(t, W) dW + b(t, W) dt

where W is a Brownian motion. This assumption will be the only a priori
assumption on which our non-parametric estimation will be based.
Using It6 calculus the volatility of the price process p is obtained by

o [t e) — p(t)”
Vol(p)(t) = o*(t) = lim E*" ;

However this formula cannot be used for numerical determination of the
volatility; effectively only a single path of the market evolution is observed and
the conditional expectation ENV* cannot be deduced from the observations.

As a consequence, estimation of the volatility is mainly obtained through
the quadratic variation formula. In fact, there is a pathwise formula, essentially
due to Norbert Wiener, which states that

t1
Vi) = [ oeds

where the quadratic variation QV of p is given by

QV(p) =tim S [plto+ (k+1)27") —plte + k27™))° .

n—oo

0<k<(t1—tp)2™

Three bottlenecks appear when implementing this formula:

1. The price data are measured at tick times which are not equally spaced;
2. the computation of the volatility involves a numerical derivation;
3. the limit n — oo cannot be effectively realized.

The Fourier series approach has the advantage of eliminating completely
the second bottleneck and of smoothing the first one. The third bottleneck is
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not substantially changed; indeed the hypothesis that price evolution follows a
semimartingale is only an approximation; the way to overcome this bottleneck
is to approach limits as asymptotic series.

The computation of volatilities through harmonic analysis methods, first
introduced by [145] has been used in [19-21]; see also [7, 60, 91-94, 105, 106].

In Sect. A.1 we shall prove an identity which gives an exact expression for
the Fourier expansion of the volatility o2(W, -) in terms of the Fourier expan-
sion of the price p(-). Section A.2 discusses the numerical implementation of
this method.

A.1 Fourier Transform of the Volatility Functor
To a given function ¢ on the circle S' we associate its Fourier transform
defined on the group of integers Z by the formula
1 27
F(9)(k) = by d(9) exp(—ikd)dd, keZ.
T Jo
Given two functions ®, ¥ on the integers, their Bohr convolution is defined as

, 1
(@ 0)(k) = Hm SN

N
> B(s)T(k—s) . (A1)

s=—N

We denote by (H) the following hypothesis on the process p:

t t
(H) p(t) = p(0) +/ o(s, W) dW(s) +/ b(s,W)ds
0 0

where o is an adapted function, b is not necessarily adapted, both functions
being bounded: [b| 4 |o| < e.
Theorem A.1l. Let p be a process satisfying assumption (H) along with the
condition p(0) = p(2mw). Then the following formula holds:

1 _

Py F(Vol(p)) =@« ¥, where ® = F(dp), Y(—k)=F(dp)(k); (A.2)

s

the equality holds in probability, which means that the limit in (A.1) exists in
probability.
Remark A.2. When p(0) # p(27), we may introduce

p(2m) — p(0)

t.
2

p(t) =p(t) -

Theorem A.1 then allows to compute the volatility of p. Finally we remark
that p and p have the same volatility.
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Proof (of Theorem A.1). We give a sketch of the proof; details can be found
in [145]. Since the drift b does not contribute to the quadratic variation, with-
out loss of generality, we may suppose that b = 0; then p is a semimartingale.

We shall pursue the proof supposing that o (¢, W) does not depend on W;
the price to pay to treat this dependence are iterated It6 integrals realizing
chaos expansion. Note that in the case where o(t) is independent of W, Wiener
stochastic integrals are sufficient for the proof.

We introduce the complex martingales

Fk(t) N 1

= %/0 o(s)exp(—iks)dW(s), keZ.

By It6 calculus
1
Ty(2m)T,(27) = 2—9(02)@ +7)+ R(k,r)
0

where )
R(k,r) := / (T dly + T dTy).
0

Fix an integer N > 1 and define

N

> Topa(2mT_y(27) .

s=—N

1

’Vq(N): ON + 1

By (A.1) we conclude that
lim 5¢(N) = (@ * ¥)(q)

N—o00
where ® = 7 (dp) and ¥(—k) = Z(dp)(k). On the other hand, by the above
product formula,
1
%(N) = 5=F(0°)(q) + Rw,

2w
where
1 , ,
RN = m // DN(tl — tQ) (elqtl + 62qt2) O'(tl)O'(tQ) dW(tl) dW(tQ) y
0<t1<ta<2m
N . 1
1 , 1 sin(N+ 3)t
Dy(t) i= ———— ist — 27
~ () 2N+1S:Z_:Ne 2N +1  sin}

‘We have

27 9 1
Dy|?dt = .
/0 |Dn| 2N +1

Using the energy identity for iterated stochastic integrals, we get

C
E[RY] < 2N +1°
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A disadvantage of the approximation procedure defined by (A.1) and (A.2)
is that positivity of the volatility can be lost in the approximation. We shall
modify slightly the procedure by taking advantage of the classical result:

Lemma A.3. Given a function ®(k), let & (k) = ®(—k). Then the convolution
product ® * ® has a positive Fourier transform.:

F (B x D) = |.F ().

We want to implement Lemma A.3 in real terms. Suppose that the Fourier
coefficients ag(p), br(p) are computed:

27
ak(p) 1/0 sin(kt)p(t) dt .

T o

2
1/0 cos(kt)p(t)dt, br(p)

T or

Then the Fourier coefficients of the derivative of p in the sense of distribution
are given by

ap(dp) =0, ar(dp) = kbi(p), br(dp) = —kar(p), k>0.

We define the prolongation to all integers k by parity for a; and by imparity
for by; more precisely let

o = =0, af = ap(dp) for k>0 and bl — br(dp) for k>0
a_g(dp) for k<0 —b_r(dp) for k <O.

Theorem A.4. Let p be a process satisfying hypothesis (H). For 0 < ¢ < 2N
where N is a positive integer, let

1
ag(N) = ON 11 S__N(GZ-«-SCL: + b;+sb:) )
1 v
ﬁq(N) = ON + 1 QZN(_GZ+Sb: + b;+sa:) .

Then the trigonometric polynomial with o (N),B.(N) as coefficients is posi-
tive. Denote by aq(c?), by(0?) the Fourier coefficients of o2. Then, for any
fixred ¢ > 0, as N — oo, the following convergence in probability holds true:

limag(N) = ~ag(0%), T ,(N) = = by(0?) . (A.3)

Proof. We may again suppose that b = 0. We confine ourselves to the case
where ¢ is a deterministic function of time; then p is a Gaussian process
and the Fourier coefficients of its differentials are Gaussian variables. The
covariances
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E [ (dp)a,(4p)] = 5-(@ns(0%) + ko (0)

B[ (dp)ba(dp)] = 5-(bas1(0%) + by 4(0)

E[be(dp)b(dp)] = o= (<anss(0) + ax-s(0)

give
Elagys(dp)as(dp) + by (dp)bs(dp)] = %%(UQ)
E[by-++(dp)as(dp) — bu(dp)ags s (dp)] = ~b(0%)
Therefore
wElag (V)] = (1= 3557 ) ulo®)
wBl, (V)] = (1 g ) bl
and

. 1 2 . 1 2
hj{an[O‘q(N)] = ﬂ_aq(a )s hj{an[ﬁq(N)] = ﬂ_bq(a ) -
Fix an integer N > 1 and define the random function
oy (k) = 1[—N,N] (K)Tk, Tk :=ak(dp)+ ibk(dp) .
Then, by Lemma A.3, the Fourier transform of the convolution ®p * Py is

positive. Define for ¢ € {—2N,... 2N},

1
2N +1

= (@ BN (@)

Therefore v,(N) = ag(N) + 4(N), and then,

Yq(N) = Z Loqsl s 1—n n(8) 1= n,n) (g + 5)

2 2 3 2
Ellvq(N)IF] = [Efyg(N)]]F < @rPeN +1)° sl,sz%KN |Csy—s5 ()]

1

2
< @oran g 17l = 0

A.2 Numerical Implementation of the Method

Construction of an Interpolating Trigonometric Polynomial

We rescale the day to [0, 27] by putting T = (¢, — t1)/27. Suppose that the
price is known at a series of intermediate times ¢;. Choosing N ~ n, the
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number of data items obtained during the day, we want to interpolate the
series of tick prices by a price function p(t) of the form

t—11
T

t—11
T

N
~ ag + Z(ak cos ki + by sinkd), 9 =
k=1

p(t) —p(t1) —a ; (A4)

where a = p(t,) — p(t1) and where ~ means that we use a truncation of the
Fourier series of the Lh.s. at step N. We take the function p to be constant in
each interval and continuous from the right. We differentiate p once and find

P =Y (p(t;) = p(tj-1)) bs,

Jj>1

where J, denotes the Dirac mass at point x. Then the Fourier coefficients of
p are obtained via integration by parts on the interval [¢,_1,7;] where the
function takes the constant value p(t;_1):

19.
) 1
/ p(9) cos ki di) = < p(t; ) (sin ko — sin ki 1)
9

j—1 k
ak(p) = = 2 (plt;1) — plty)) sin k)
j>1
bi(p) = —% D (p(tj—1) = plt;)) cos kd; .

i>1
Filtering High Modes of Volatility

We get high modes up to the order 2N. A classical trick in Fourier Analysis
is to filter progressively high modes. For this purpose we introduce the two
following kernels, the first being the Fejer kernel, the second a modification
of the Fejer kernel:

.2
sin” A
1) = sup{1 A0}, pa(n) = T2 (4.5)
As an approximation of the volatility we take
2N
Ai(t) = o + Z ©i(0q) (agcosql + Bysingd), i=1,2, (A.6)
q=1

where ¢ is a parameter adapted to the scale which is expected to give an
appropriate resolution of the volatility. The advantage of the kernel ¢, is that
it has a larger smoothing effect whereas, for the same value of d, the kernel ¢
may exhibit sharper instantaneous variations. As far as the numerical value of
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0 is concerned, for both kernels it is advisable to take > 1/(2N); in addition,
numerical tests are necessary to optimize the choice of §.

According to well-known diffraction phenomena of Fourier series near the
limits of a time window, accurate results cannot be obtained immediately
after opening or shortly before closure of the market.
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Strong Monte-Carlo Approximation
of an Elliptic Market

In this appendix we discuss the problem of how to establish a Monte-Carlo
simulation to a given strictly elliptic second order operator with real coef-
ficients which leads to good numerical approximations of the fundamental
solution to the corresponding heat operator. We are searching for a “good”
scheme having the following two properties:

e The scheme does not need any simulation of iterated It6 integrals.
e The scheme has the strong property of approximation of order 1.

The Romberg iteration of the Euler scheme, based on the asymptotic expan-
sion of Talay—Tubaro [201], is classically used to obtain weak approximations
of arbitrary high order. Our approximation of strong order 1 could be tried
in problems related to barrier options where the Talay—Tubaro methodology
is not immediately applicable.

The exposition here follows closely the reference [59]; we shall not enter
into the geometric ideas behind the computations which will be presented as
straightforward tricks. In fact these geometric ideas are from [57].

Experts in Numerical Analysis may be sceptical about the existence of any
“good” scheme. We have to emphasize that our new point of view will be to
think in terms of elliptic operators, instead of the usual point of view to work
on a fired SDE. Many SDEs can be associated to an elliptic operator; each
choice corresponds to a parametrization by the Wiener space of the Stroock—
Varadhan solution of the martingale problem.

For applications to finance all these parametrizations are equivalent. How-
ever there exists a unique parametrization leading to the “good” scheme.

Change of parametrization means to replace the d-dimensional standard
Brownian motion W on the Wiener space # by an orthogonal transform W
whose Ito differential takes the form

AWe =32 (w(®)} aw; (0 (B.1)

where t — Qu(t) is an adapted process with values in the group O(d) of
orthogonal matrices. We denote by O(#') the family of all such orthogonal
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transforms which is isomorphic to the path space P(O(d)) on O(d). Pointwise
multiplication defines a group structure on P(O(d)) ~ O(¥#/).

Given on R? the data of d + 1 smooth vector fields Ag, A1, ..., Aq, we
consider the It6 SDE

déw (t) = Ao(€w (1)) dt + ZAk Ew(t) dWi(t), &w(0)=&, (B.2)

where we assume ellipticity, that is, for any & € R the vectors A;(€),. .., A4(§)
constitute a basis of R?; the components of a vector field U in this basis are
denoted (U, Ay)e which gives the decomposition U(§) = ZZ:1<U, Ar)e Ap(§).
By change of parametrization we mean the substitution of W by W in (B.2);
we then get an [t6 process in w.

The group O(#) operates on the set of elliptic SDEs on R? and the orbits
of this action are classified by the corresponding elliptic operators £ .

B.1 Definition of the Scheme .
Denote by . := ¢ x integer part of t/e; we define our scheme by
Zw.(t) — Zw.(tc) = Ao(Zw. (tc)) (t — te) (B.3)
+ ZAk(ZWE () (Wi (t) — Wi(te))

+ 5 Z 0a, As ZWS )) {(Wk(t> - Wk(ts)) (WS(t) - WS(ts)) - 5772}

t3 Z Ai(Zw.(t)) ([As, Ail, Ak) zyy, (1)
k,s,i

{(Wi(t) — Wi(te)) (Wi(t) — Wi(t)) —enp} (B.4)

where W is standard Brownian motion on R%, and n§ the Kronecker symbol
defined by n; = 1 if k = s and zero otherwise. Denote by P(R?) the path
space on R?, that is the Banach space of continuous maps from [0,7] into
R?, endowed with the sup norm: ||p; — p2lee = SUPieo, 7] [P1(t) — p2(t)|ga-
Fixing & € R?, let Pg, (R?) be the subspace of paths starting from &. Given
Borel measures py, p2 on P(R?), denote by .#(p1,p2) the set of measurable
maps ¥: P(RY) — P(R?) such that W,p; = py; the Monge transport norm
(see [147, 211]) is defined as

1/2
d//z(m,pz)i:[ wt [ ||w<p>zop1<dp>} |

Ve (p1,p2)
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Theorem B.1. Assume ellipticity and assume the vector fields Ay along with
their first three derivatives to be bounded. Fiz & € R? and let py be the mea-
sure on P, (RY) defined by the solution of the Stroock-Varadhan martingale
problem [196] for the elliptic operator:

92”— = Z AZAY D D5+ZA D, where D, = 0/0§"
k,a,3
Further let p» be the measure obtained by the scheme . with initial value

Zw.(0) = &. Then

1
limsupgd/fl(pg,py) =:¢<00. (B.5)

e—0

Remark The proof of Theorem B.1 will provide an explicit transport func-
tional ¥y which puts the statement in a constructive setting; the constant ¢
is effective.

B.2 The Milstein Scheme

The Milstein scheme for SDE (B.2) (cf. for instance [151] formula (0.23)
or [110] p. 345; see also [139]) is based on the following stochastic Taylor
expansion of Ay along the diffusion trajectory: Ax(éw(t)) = Ar(éw(t:)) +
Zj(ﬁAjAk)(ﬁw(ta))(Wj (t) — Wj(te)) + O(g), which leads to

w. (t) — w. (L ZAk Ew. (te)) (Wi(t) — Wi(te)) + (t — te) Ao (w. (t:))

€

=57 (0a, A1) (6w, (1)) / (Wi(s) — Wi(t)) dWi(s);
ik t

the computation of ftts (Wi(s) — Wy(t:))dWi(s) gives the Milstein scheme
§w. (1) ZAk Ew, (te)) (We(t) = Wi(te)) + (t — te) Ao (éw. (t2))

45 D20 A (G (1) (Wile) — Wilee)) (Wilt) — Wi(t2) — enf) + R

ik
where

R= "4 A (éw. (t2) / (Wils) — Wilt.)) dWi(s)

i<k .
— (Wi(s) — Wi(t.)) dWi(s) -
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It is well known that the Milstein scheme has the following strong approx-
imation property:

E| sup ||éw () — &w.()]]*| = O(?) . (B.6)
tE[O,l]

The numerical difficulty related to the Milstein scheme is how to achieve a
fast simulation of R. The purpose of this work is to show that this simulation
can be avoided by a change of parametrization.

B.3 Horizontal Parametrization

Given d independent vector fields Ap,...,Aq on R? we take the vectors
A1(8),..., Ay(&) as basis at the point &; the functions ,6’};’8, called structural
functions, are defined (see [57]) by

Bi o) = ([Ax, Adl, Ai)e;  [Ar, Adl(§ Zﬁk (€

The structural functions are antisymmetric with respect to the two lower in-
dices. Consider the connection functions, defined from the structural functions
by

i 1 7 s
ks = 5 (Br.s — fz +Bik) - (B.7)

Let I'y, = (F§;7s)1§i,sgd be the d x d matrix obtained by fixing the index k in
the three indices functions '}, ;. Then, by means of the antisymmetry of B,i,s
in the two lower indices, I'y, is an antisymmetric matrix:

2T} +T5) =B — B+ B85+ Bhs— Bl + By =

The matrix I'y operates on the coordinate vectors of the basis A4 (€) via
Ti(As) = Y2, T JAi. This gives T(Ay) — Do(Ax) = [Ag, A]; the ith com-

ponent of the Lh.s. is Q(ﬁks — ﬁ + Bk — ﬁ;k + Bri — zS) = ﬁkq Let
M = R? x &y where & is the vector space of d X d matrices. Define on M
vector fields Ay, k=1,...,d, as follows:

<Z%AK ), Ni(€e )>,

N (€ e) = —Zeieﬁ/rze,(o, EERY, e€éy (B.8)
0,0

Denoting for a vector Z on M by Z its projection on R?, we have:

Proposition B.2. The vector fields Ay satisfy the relation [Ay, Ag]? =
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Proof. The horizontal component [0z, flS]H is given by
H_ Z Aﬁc (91/15 + Z (Z(Nk)g (9(;)63) A,
i qa “a,B
i ¢ v q

o
_ Z(Z e;;A;;) (Z efaiAg,> - Z f e Ty A,
i ¢ o a,l,e
using the fact that 8@)6;1 = ndns. We finally get
Zeke aAeAe/ Zré ZIA
00

Therefore the horizontal component of the commutator is

[A A Z eke Ag,Ag/ Z eieg (e —T% 1) Aa
o b,
which vanishes since T'y(Ap) — Ty (Ag) = [Ap, Ar]. O

Denote by e the transpose of the matrix e and let
~ 1 d
Ag(€e) = <A0(§) — 2€J> , J=> NN

k=1

Consider the following It6 SDE on the vector space M:

dmwy = Z flk(mw) AWy, + Ao(mw) dt, mw(0) = (§,1d) . (B.9)
k

Proposition B.3. Denote my (t) = (Ew (1), ew (1)), then ew (t) is an orthog-
onal matriz for t > 0, and for any f € C?(R?),

t

f@w(e) - [ (20w ()ds
0

s a local martingale.

Proof. We compute the stochastic differential of e”e:

d(eTe)ﬁ = Z d(eiei )= — Z <Z eéepmez Ffz,u + Z ef; eb el Ff),v> AW
k v

m,k,p > u

+ Z ef; (4210);;/ + ei (Ao)il + Z eP ei Ffa p,egneq I‘e dt,

m,p,q,p’,q’
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where the last term of the drift comes from the It6 contraction Y, def x
def =" (MINL)Y dt = Jf dt. The first two terms of the drift are computed
by using the definition of Aj: Zk[ei(flo)fg + et (Ao)ﬂ = —%[(eTeJ)ﬁ/ +
(eTeJ)y . Write ee = Id + o, then the drift takes the form —(oJ + Jo)/2.
We compute the coefficient of dW,,:

_ Z (Z elel el ]_"f;’u + Z eﬁ/efne}; 1"?11)
k,p u v
= Z eb, <Z(6Te)g Fﬁl,u + Z(eTe)Z/ ng) .
p u v

Using the antisymmetry Fp = —Fé o We obtain

dob, —ZdWmZeﬁ’n<ZU; +ZJ,,FPU> —%(UJJrJU)ﬁ,dt.
m p u

(B.10)
Equation (B.10), together with (B.9), gives an SDE with local Lipschitz co-
efficients for the triple (£, e, 0); by uniqueness of the solution, as o(0) = 0, we
deduce that o(t) =0 for allt > 0. O

In terms of the new R%valued Brownian motion W defined by de(t) =
2 (ew(t))? dWy, we have

déW Z Ak §W de( ) + Ao(éw(t)) dt . (B.ll)

B.4 Reconstruction of the Scheme .

We want to prove that our scheme . is essentially the projection of the
Milstein scheme (&, , ey, ) for the solution my, = (éw, ew) of the SDE (B.9).
In order to write the first component §W we have to compute the horizontal
part of aAkAj, which has been done in the proof of Proposition B.2; we get

Ew. (t) — Ew. (t-) = Ao (Sw.(t:)) (t — to) + Z ew, (t Az (Ew. () A(Wy)

+ ;;{Z (6W5(te

o0

N (ew (1) (aA,{Aw ZFMA)(ém(ts))}
x (A(Wy)A(W;) — en))

where A(Wk) = Wi(t) — Wk(tg). By (B.G)

E[sup eW(t)—ews(t)||2] <ce?, E[sup ||5W<t>—éws<t>|1 <e?.
te(0,1] te[0,1]
(B.12)
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Consider the new process f?,v defined by

Ehy(8) — € () = Ao (Ek (1)) (t— 1)+ (ew (t2)), Ae(Edy () A(Wi)
k.4
1 i
SR -

< (AWQAW,) - <) -

Lemma B.4. The process f?/{/ has the same law as the process Zy. defined
n (B.4).

Proof. By Proposition B.3, Wy(t) — Wy(t.) := >k (eW( )) (Wi(t) —Wi(te))
are the increments of an R%-valued Brownian motion W; we get

€h (1) — €8, (t) = Ao (€h, (8)) (¢ — to)
+me>ﬂ<)mU)

+ % Z (aAkAS - Z FZ,sAi> (gjii/V(tE))
k,s i
% ((Wilt) = Walt) (W) = Wi(t) — o) -

By (B.7), we have 23, T}, (A = [Ag, A+, (([Ai, Al A) At ([Ai, Ax], As)
Ai)7 where the first term is antisymmetric in k, s and does not contribute; the
remaining sum is symmetric in k, s. Thus we get

ST A AWA) = 3T A([A, A, Ar) AW A(W,)

i,k,s i,k,s

which proves Lemma B.4. 0O
Lemma B.5. We have E [SuPte[o,u ||5rﬁzv(t) — Ewe (t)”%&d} < ce?.

Proof. The following method of introducing a parameter A and differentiating
with respect to A, is steadily used in [146].
For A € [0,1], let e* := Aew + (1 — New. and define the process &), by

& (1) — & (L) = Ao(&y (t2))(t — ) +—§: )i Ae(E (8) A (W)

+§§j§kﬁm%wm @mw—iﬁw ) (6. >ﬁ
kj

Iz
X (AWR)AW;) — (t—t)n) -
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Let ujy, := 0¢/0X; then dj,v(t) — Ewe(t) = fol ufy (t) d\. Denote by A},
(94,A)', (T, Ai) the matrices obtained by differentiating Ay, da,As,
F};)g,Ai with respect to £, and consider the delayed matrix SDE

dJrty = [ AG(E (1t dt+Z )i A&y (t2)) AW

+ = Z { D (e (t))k (e (2))4 ((%AM — Z(Pz,e,A»') G (u))}

k.j £l i
x(A(Wk)de()+A( ) dW(t) — n-,idt)]JHO

with initial condition Jy, ¢, = Id. Then

JTHO/ tetO[ (ew(te) — ew. (t )) A&y (t)) dWi(t)

‘ z{z ABACYRH O SRR ICAE]

0

X (A(W) dW;(t) + A(W;) dWi(t) — n] dt)]

which along with (B.12) proves Lemma B.5. O



C

Numerical Implementation
of the Price-Volatility Feedback Rate

In this Section we present some numerical results illustrating the implemen-
tation in real time of the concepts introduced in Chapter 3.

Starting from a single market observation Sy (t) over a well-defined inter-
val of time, we let zw (t) := log Sw (t). According to Theorem 3.4 the price-
volatility feedback rate A(t) associated to xw () can be calculated in terms
of the volatility function A(t) = vol(zw (¢)) of zw (t) and the cross-volatility
functions B(t), C(t), defined by

drxdr=Adt, dAxdx = Bdt, dBxdx=Cdt.

The functions A(t), B(t), C(t) are estimated using the Fourier series method
of Appendix A.

To illustrate the method, the values of A(t), B(t), C(t) and A(t) have been
calculated on IBM data for two trading days in the year 1999, see Figure C.2
(we acknowledge Olsen & Associates for the provision of the data sets). Since
taking logarithms of the stock prices, mainly affects the scales of A(t), B(t),
C(t), but lets the shapes of the curves more or less invariant, the numer-
ical computation has been done in terms of the stock quotations (without
switching to the logarithmic scale).

For the sake of comparison, a simulation study was performed for geomet-
ric Brownian motion Sy (t) = exp(W (t) — t/2). Since the drift term ¢/2 in
xw (t) = log Sw(t) = W (t) —t/2 does not affect the calculation of the volatil-
ities, it has been ignored in the simulation. The first window in Figure C.1
shows a trajectory of zyw (t) = W (t) simulated on a scale with a resolution
comparable to the IBM market data, where in the average a new quotation is
made every 4 or 5 seconds during a trading day of 6.5 hours. On the basis of
this simulated trajectory the volatilities were computed, adopting the same
algorithm as for the IBM data, see Figure C.1 for the resulting curves.
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Brownian path

0 1 1 1
Nl T T T ]
B(t)
2+ i
o bl N Al SN
2+ i
4+ i
15 T T T
10 + C(t) B

5+

10 - 7

1+ At) B

0 z\w/\,\/\/\'\—-«_ﬁ/“\_/\/\/\\,_ﬂ"‘-/w\‘\ /_/\/\—\/‘:

2 L L L
0 /2 ™ 3m/2 20

Fig. C.1. The price-volatility feedback rate for a simulated trajectory of (geometric)
Brownian motion. As expected, the estimated volatility displays almost constant
values close to 1, whereas the values of B(t) and C(t) oscillate near 0. As result, an
almost vanishing price-volatility feedback rate is found: A(t) =~ 0
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Fig. C.2. Daily values of A(t), B(t),C(t),A(¢t) on IBM data. The time windows
[0,27] correspond to two typical trading days in 1999 (6.5 hours each). Jan 4 (left-
hand side) displays positivity of A with large picks of A (instable market); April 9
(right-hand side) displays small and mainly negative values of A\ along with a pro-
gressive damping of A (stable market). Graphics reproduced from [19] by courtesy
of Blackwell Publishing Inc
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logarithmic derivative 74

Malliavin covariance matrix 49, 67
backward 67
forward 67
map
non-degenerate 50
market
ergodic 47
market completeness 73
Markovian completeness 73
martingale representation 17
mean risky return 45
measure
Wiener 6
Milstein scheme 117
Monge transport norm 116
Monte-Carlo 115
Musiela parametrization 73

non-degeneracy 50
number operator 2,4, 21, 52

Ocone—Karatzas formula 32
operator

annihilation 1

creation 1

intertwining 47

number operator 2,4
Ornstein—Uhlenbeck 21
prolongation 27

option

barrier 37

European 33
Ornstein—Uhlenbeck operator 21
orthogonal transform 115

parametrization

change 116
horizontal 118
Musiela 73
pathwise sensitivities 32
pathwise smearing 33

Index 141

pathwise weights 35
PDE weight 28
Poisson process 98
polynomial

Hermite 2,3

Walsh 11

portfolio

insider 83
predictable 15

price

sensitivity 26
price-volatility feedback rate 43
principle
compartmentation 74
process

adapted 100

Lévy 98

Poisson 98
predictable 100
risk-free 30
volatility 45
prolongation

first order 30

second order 31
prolongation operator 27
prolongation theorem 26
pushing down 50, 55

quasi-sure analysis 49

rank 49
rate of weak convergence 94
regularity
(p, 1)-backward 71
(p, 1)-forward 70
replicable asset 100
replication formula 27
rescaled variation 43
Riesz transform 60
risk-free process 30
risky return 45

saving gauge 34
scheme

Euler 115
Milstein 117
Schwartz space 53, 89
sensitivities

pathwise 25,32



142 Index

sensitivity 26
Shigekawa formula 23
Shigekawa—Nualart—Pardoux
identity 12
smearing 33
smearing operator 67
backward 67
forward 67
smearing policy 33,34
stochastic flow 30
of diffeomorphisms 30
Stroock’s differentiation formula 19
Stroock’s differentiation theorem 22
Stroock—Sobolev space 7
Stroock—Taylor formula 20
structural function 118
structural theorem
for jump processes 98

Taylor formula 18
theorem

Cameron—Martin 101
Carlen—Pardoux 103
Watanabe continuity 90
Wiener 6

trading policy
adapted 34

trading strategy 100

transport norm 116

utility function 83

variance reduction 35
variation

rescaled 43

vector field

covering 50
effective 22
predictable 15
Vega 36

for Black—Scholes 36
volatility 108

cross 44

iterated 75
pathwise formula 108

Watanabe distribution 89
weak convergence 94
weight function 28
Wiener measure 6
Wiener’s theorem 6
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