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Preface

The development of Monte Carlo methods should be regarded as an integral
part of the trend in recent years to supplement experimental and analytic
methods with numerical techniques. Numerical techniques have become
the standard tools for solving practical, complex electromagnetic problems.
There are five popular numerical techniques that are commonly used in
the electromagnetic community: the method of moments, the finite differ-
ence methods, the finite element methods, the transmission-line-modeling
matrix, and the Monte Carlo methods. In the past, new beginners in the
field of numerical computation in electromagnetics had to painstakingly dig
through the literature to discover these techniques. To alleviate this problem,
monographs have been written on each of the methods with the exception of
the Monte Carlo methods (MCMs). This is perhaps due to the fact that there
is no other person in the field besides the present author who has done a lot
of work on the MCMs. To meet the need, I have decided to put my work,
along with that of others, into a monograph.

This book is an attempt to present Monte Carlo techniques in a systematic
way. It is written for researchers and practitioners in the field of simulation in
general and electromagnetic computation in particular. The book is ideal for
electronics and electrical engineers, students, and researchers who want a
clear understanding of the MCMs and their applications to electromagnetic
computation. The background requirements needed to fully understand the
text are satisfied by the knowledge acquired in an introductory course on
numerical analysis that includes finite difference method.

Although the book is a monograph, examples and end-of-chapter problems
are included so that it could be used as a graduate introductory textbook on
the applications of Monte Carlo techniques in electromagnetics. The writing
style of the author makes the concepts so clear and simple that even under-
graduate students can benefit from the book. The book can also be used for a
short course on Monte Carlo techniques.

The book is divided into 11 chapters. The first chapter is on introductory
matters such as the historical background and a review of electromagnetic
theory. Chapter 2 addresses probability and statistics. Chapter 3 provides an
introduction to finite difference method. Chapter 4 deals with fixed random
walk MCM, while Chapter 5 is on floating random walk. Chapter 6 covers
the Exodus method and applies the method to Laplace’s and Poisson’s equa-
tions. Chapter 7 contains Monte Carlo techniques for handling Neumann
problems, while Chapter 8 deals with whole field computation using the
Markov chain. Chapter 9 applies MCM to time-varying diffusion problems,
while Chapter 10 is concerned with wave scattering due to random rough
surfaces. Chapter 11 covers multidimensional integration.

xi



xii Preface

With the exception of a few subroutines in Fortran, all computer programs
are in MATLAB®.

MATLAB is a trademark of the MathWorks, Inc. and is used with permis-
sion. The MathWorks does not warrant the accuracy of the text or exercises
in this book. This book’s use or discussion of MATLAB software or related
products does not constitute endorsement or sponsorship by The MathWorks
of a particular pedagogical approach or particular use of the MATLAB soft-
ware. For product information, please contact:

The MathWorks, Inc.

3 Apple Hill Drive

Natick, MA 01760-2098 USA
Tel: 508 647 7000

Fax: 508-647-7001

E-mail: info@mathworks.com
Web: www.mathworks.com

I am delighted to acknowledge the contributions made to my under-
standing of this subject by a number of colleagues. Specifically, I am
indebted to Dr. Keming Gu, who developed the idea in Chapter 6, and
to Dr. Sudarshan Nelatury of Penn State University for writing part of
Chapter 3. I owe special thanks to Dr. Kendall Harris, our college dean at
Prairie View A&M University, and Dr. John O. Attia, our head of depart-
ment for their support. I thank my daughters, Ann and Joyce, for helping
with the figures. I also wish to thank my wife, Kikelomo, for her support
and prayers.

Matthew N. O. Sadiku
Prairie View, Texas
June 2, 2008



Author Biography

Matthew N. O. Sadiku is presently a professor at Prairie View A&M
University. He is the author of over 180 professional papers and over 30
books including Elements of Electromagnetics (Oxford, fourth edition, 2007),
Fundamentals of Electric Circuits (McGraw-Hill, third edition, 2007, with C.
Alexander), Numerical Techniques in Electromagnetics with MATLAB® (CRC,
third edition, 2009), and Metropolitan Area Networks (CRC Press, 1995). Some
of his books have been translated into Korean, Chinese (and Chinese Long
Form in Taiwan), Italian, Portuguese, and Spanish. He was the recipient
of the 2000 McGraw-Hill/Jacob Millman Award for outstanding contribu-
tions in the field of electrical engineering. His current research interests
are in the areas of numerical modeling of electromagnetic systems and
computer communication networks. He is a registered professional engi-
neer and a senior member of the Institute of Electrical and Electronics
Engineers (IEEE).

xiii






1

Introduction

Computations: No one believes them, except the person who made them.
Experiments: Everyone believes them, except the person who made them.

—B. Munk

Monte Carlo Methods (MCMs) are a modern tool for the numerical analysis
of electromagnetic problems. This chapter provides a justification for, and a
brief historical background of, MCMs. It also presents a brief review of elec-
tromagnetic theory as a background for the remaining chapters.

1.1 Why Monte Carlo?

Until the 1940s, physical problems were classified into two categories: theo-
retical and experimental. With the advent of the modern digital computer,
a third category has emerged: computer simulation. Computer simulation
should not be regarded as replacing the first two traditional approaches
to solving physical problems; rather, it complements both theoretical and
experimental analyses.

Besides the fact that a high degree of ingenuity, skill, and effort are
required for theoretical or analytic solutions, only a narrow range of practi-
cal problems can be investigated, owing to the complex geometries defining
the problems. Also, theoretical analysis often involves some mathematical
approximations that are not justifiable from first principles. On the other
hand, experiments are expensive, time consuming, sometimes hazardous,
and do not often allow much flexibility in parameter variation. Computer
simulation offers the freedom and flexibility to adjust various parameters of
the system. It has the advantage of allowing the actual work to be carried out
by operators without a knowledge of higher mathematics or physics, with a
resulting economy of labor on the part of the highly trained personnel. Of
course, a number of factors dictate which of the three approaches (theoreti-
cal, experimental, or computer simulation) should be used in solving a given
physical problem.
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Computer simulation of physical problems has led to the development
of various numerical techniques. These techniques have become the stan-
dard modern tools for solving practical, complex electromagnetic problems.
Popular numerical techniques that are commonly used in the electromag-
netic community include the method of moments, finite difference methods,
finite element methods, the transmission-line-modeling matrix, and Monte
Carlo methods (MCMs) [1]. Whereas the other numerical techniques are
deterministic, MCMs are nondeterministic, probabilistic or stochastic. What
is nondeterministic about MCMs is the approach, which involves random
numbers, not the system or problem involved. The system modeled in Monte
Carlo simulation may or may not be deterministic.

It is not true that Monte Carlo methods (such as fixed and floating random
walks) generally do not provide accurate solutions. As we shall see later in
this text, some MCMs (such as the Exodus method and the Markov chain
MCM) do provide accurate solutions and are not subject to randomness as
are other MCMs. Although Monte Carlo simulation is a slow and costly tech-
nique, it does have some advantages and is often used when all else fails. The
major advantages of MCMs include the following [2,3]:

1. The methods are easy to understand and apply. They do not rely
heavily on mathematical abstractions that require the assistance
of an expert. Hence, they can be used by many more individuals.

2. Algorithms are simple to develop, allowing one to solve problems
with complicated solution regions.

3. Computer code does not require large memory even for multidi-
mensional problems.

4. It is possible to obtain the solution directly at an arbitrary point
without the whole field computation.

5. It enables one to solve problems with stochastic parameters.
6. Statistical error can be provided simultaneously with the solution.

1.2 Historical Background

Computer simulation emerged as a numerical problem-solving approach
during World War Il when the American mathematicians John von Neumann
and Stanislaw Ulam successfully used MCMs in their work on neutron dif-
fusion problems associated with the development of the atomic bomb at
the Los Alamos scientific laboratory. Although proposals for using MCMs
had been made even earlier by notable scientists such as Einstein, Lord
Rayleigh, Courant, and many others, only a few serious calculations could
be performed because of the tedious, time-consuming process involved in
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generating random variables by hand. However, with computers, MCMs
have been used with great success in solving diverse scientific and engineer-
ing problems.

The term Monte Carlo evolved from the association of random numbers with
gambling at the casinos in the principality of Monte Carlo in Monaco. It was
introduced in 1944 by von Neumann and Ulam as a secret code name for their
work. The publication of the work by Metropolis and Ulam [4] in 1949 sparked
a rapid growth and systematic development of MCMs. The last four decades
have seen an intense effort to develop better Monte Carlo algorithms.

The phrase “Monte Carlo method” has been broadly used. The method
may be regarded as a means of solving problems numerically through sam-
pling experiments. It is based on the numerical realization of a model of
the physical phenomena under consideration. Starting from a description of
the model, it uses random numbers to construct the appropriate probabil-
ity, which is then weighted with the various generated states of the system.
Thus, the Monte Carlo method may be defined as a numerical method of
solving a physical problem by the simulation of random variables [5].

1.3 Applications of MCMs

MCMs have now found numerous applications in many branches of science,
engineering, business, and other disciplines. Much of the application of
MCMs in electromagnetics (EM) has been in the area of potential theory. The
connection between potential theory and Brownian motion was first shown
in 1944 by Kakutani [6]. The resulting so-called probabilistic potential theory
has been applied to problems in many disciplines such as structural analysis
[7], heat transfer [8], electrostatics, and optimization [9]. It should be noted
that the MCMs described in this text are special cases of the more general
Monte Carlo simulation.

MCMs also find fascinating widespread applications in stochastic differ-
ential equations, boundary value problems [3], atmosphere and ocean optics
[10,11], polymer science [12], semiconductor devices [13], statistical physics
[14-16], and quantum field theory [17,18]. These scientific applications are not
the subject of this text, although some ideas from these areas are applicable
to EM problems.

MCMs have some unique, exciting features that are worthy of note. First,
they yield exact information (besides some statistical errors, which can
be minimized, at least in principle) on system models. In general, system
models are more precisely characterized in Monte Carlo simulation than in
theoretical analysis. Thus, Monte Carlo simulations (or computer simula-
tions in general) are often used to check the accuracy and range of validity
of some approximations made in the analytic treatment of a model. Second,
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the Monte Carlo solution of a problem is closer in spirit to physical experi-
ments than to classical numerical techniques. Third, Monte Carlo simula-
tion is interdisciplinary in nature. For example, MCMs developed for the
analysis of heat transfer in mechanical engineering have become useful for
Monte Carlo solution of EM problems. Thus, progress made in one area
may trigger better understanding of a rather different problem in a different
discipline.

1.4 Review of Electromagnetic Theory

A detailed treatment of the physical laws governing electromagnetic phe-
nomena can be found in standard introductory EM texts such as [19,20]. Only
a brief review will be presented here.

1.4.1 Maxwell’s Equations

The whole subject of EM unfolds as a logical deduction from seven postu-
lated equations, namely, Maxwell’s four field equations and three medium-
dependent equations.

The time-varying EM fields are governed by physical laws expressed
mathematically as follows:

VeD=p, 1.1
V [ ] B = 0 (1.2)
oB
VXE=——=
X o (1.3)
oD
VxH=J+—
X J+ o (1.4)

where
E = electric field intensity in volts per meter (V/m)
D = electric flux density in coulombs per square meter (C/m?)
H = magnetic field intensity in amperes per meter (A/m)
B = magnetic flux density in webers per square meter (Wb/m?)
J = electric current density in amperes per square meter (A/m?)
p, = electric charge density in coulombs per cubic meter (C/m?)

Equations 1.1 to 1.4 are referred to as Maxwell’s equations in differential
(point or local) form. They are first-order linear coupled differential equations
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relating the vector field quantities to each other at any given point. Their
equivalent integral (or global) forms are as follows:

SBD .dS= q}pvdv (15)

S v
SfBodSzO (16)
(j}Eodlz—!%? odS 17)
?H-dl:!(na;)-ds (1.9)

where v is an arbitrary volume bounded by a closed surface S in Equations 1.5
and 1.6 and S is an arbitrary surface bounded by a closed path L in Equations
1.7 and 1.8. Note that the terms on the right-hand side of Equations 1.1 to 1.8
represent the sources of the fields.

In addition to these four Maxwell’s equations, there are three medium-
dependent equations:

D=cE=¢¢.E (19)
B=pH=p u H (1.10)
J=oE (111)

where
€, =12 = permittivity of free space in farads per meter (F/m)
g, = dielectric constant (or relative permittivity) of the medium
€ = permittivity of the medium in farads per meter (F/m)
U, =4nx1077 = permeability of free space in henries per meter (H/m)
W, = relative permeability of the medium
1 = permeability of the medium in henries per meter (H/m)
6 = conductivity of the medium in siemens per meter (S/m)

Equations 19 to 1.11 are called constitutive relations for the medium in which
the fields exist. Equations 1.5 to 1.11 form the seven postulated equations
based on which EM theory unfolds.

1.4.2 Scalar and Vector Potentials

To avoid the difficulty of solving directly the vector fields associated with
Maxwell’s equations, it is sometimes useful to employ the electric scalar
potential V' and magnetic vector potential A. The vector potential is used
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-VgeV

-V Ve

FIGURE 1.1
Relationship between V, E, and D.

when the solution region contains current densities, whereas the scalar
potential is used in a domain devoid of currents. We now obtain these poten-
tials from Maxwell’s equations.

Under static conditions, the electric and magnetic fields can exist separately.
For electrostatic fields, the appropriate Maxwell’s equations in Equations 1.1
and 1.3 become

VeD=p, (1.12)
VxE=0 (1.13)

In terms of the electric potential V (in volts), E can be expressed as
E=-VV (1.14)

The relationship between the potential V and vector fields Eand D is portrayed
in Figure 1.1. Combining Equations 1.12 and 1.14 gives Poisson’s equation:

VeeVV =—p (1.15)
or if £ is constant,

% =—p?v (116)

Whenp, =0, Equation 1.15 becomes Laplace’s equation:
VeeVV =0 (117)
or for constant €
ViV =0 (1.18)

Equations 1.15 and 1.17 are, respectively, Poisson’s and Laplace’s equations
for inhomogeneous media, whereas Equations 1.16 and 1.18 are, respectively,
Poisson’s and Laplace’s equations for homogeneous media.
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For magnetostatic fields, Maxwell’s equations (Equations 1.2 and 1.4) become
VeB=0 (119
VxH=] (1.20)
In terms of the magnetic vector potential A (in Wb/m), we may express B as
B=VxA (1.21)

Applying the vector identity
Vx(VxF)=V(VeF)-V2F (1.22)

to Equations 1.19 to 1.21 and assuming that Ve A =0, we get Poisson’s equa-
tion for magnetostatic fields:

VZA =] (1.23)
When J =0, Equation 1.23 becomes Laplace’s equation
VZA=0 (1.24)

Figure 1.2 presents the relationship between the vector potential A and vec-
tor fields H and B.

1.4.3 Boundary Conditions

The material medium in which an EM field exists is usually characterized
by its constitutive parameters o, €, and L. The medium is said to be linear if
o, ¢, and U are independent of E and H, or nonlinear otherwise. It is homoge-
neous if ¢, €, and | are not functions of space variables, and inhomogeneous
otherwise. It is isotropic if o, €, and p are independent of direction (scalars),
and anisotropic otherwise.

inVx

A > J

Y= |~

FIGURE 1.2
Relationship between A, B, and H.
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an12
02,€2,U2

OpELW

///////////////////////

FIGURE 1.3
Interface between two media.

The boundary conditions at the interface separating two different media,
1 and 2, with parameters(c,,€,,1;) and (c,,¢,,1,), as shown in Figure 1.3,
are easily derived from the integral form of Maxwell’s equations. They

are

E,=E, or (E,-E,)xa, =0 (1.25)
H,-H,=K or (H-H,)xa,,=K (1.26)
D,-D, =p, or (D,—-D,)ea,,=p, (1.27)

B,-B,,=0 or (B,—-B,)ea,,=0 (1.28)

wherea,;, is a unit normal vector directed from medium 1 to medium 2;
subscripts 1 and 2 denote fields in regions 1 and 2; and subscripts t and n
denote tangent and normal components of the fields. Equations 1.25 and 1.28
state that the tangential components of E and the normal components of B
are continuous across the boundary. Equation 1.26 states that the tangential
component of H is discontinuous by the surface current density K on the
boundary. Equation 1.27 states that the discontinuity in the normal compo-
nent of D is the same as the surface charge density p, on the boundary.
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Probability and Statistics

A pessimist is a man who looks both ways before crossing a one-way street.

—Laurence J. Peter

Applications of the Monte Carlo Methods (MCMs) to electromagnetic (EM)
problems often require a mechanism for generating random variates—vari-
ables whose values obey a specified probability distribution. The generation
of random variates requires random numbers. Thus, we begin this chapter
by discussing how random numbers are generated by the computer and
how the numbers can be tested for randomness before being applied to the
Monte Carlo modeling of EM phenomena. The chapter also deals with the
process of translating the random numbers into random variates and the
statistical evaluation of error associated with the randomness in Monte Carlo
simulations.

|
2.1 Generation of Random Numbers

Fundamental to Monte Carlo simulations is the need for sequences of num-
bers that appear to be drawn at random from a particular probability law.
The method by which random numbers are generated is often called the
random number generator. Various techniques for generating random numbers
are discussed fully in [1-9]. A simple way of generating random numbers is
by casting a dice with six faces numbered 1 to 6. Another simple way is to use
the roulette wheel (similar to the “wheel of fortune”), shown in Figure 2.1. By
turning the wheel and recording the number where arrow points, we obtain
a sequence of random numbers such as

8,0,19,11,25,5,34,16,0, ... 1)

These simple ways, however, will not generate enough numbers to make
them truly random.

The almost universally used method of generating random numbers is to
select a function G(Z) that maps integers into random numbers. Select some

11
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FIGURE 2.1
The roulette wheel.

guessed value Z,, and generate the next random number asZ ,,=GZ . The
commonest function G(Z) takes the form

G(Z) = (aZ + ¢) mod m 2.2)

where
Z, = a starting value or a seed (Z, = 0)
a = multiplier (7 > 0)
¢ =increment (c = 0)
m = the modulus

The modulus m is usually 2! for t-digit binary integers. For a 32-bit computer
machine, for example, m may be 2%-. Here, Z,, a, and c are integers in the
same range as m >a, m >c, and m > Z,. The desired sequence of random num-
bers Z, is obtained from

Z

n+l

=(Z,+c) mod m (2.3)

This is called a linear congruential sequence. For example, if Z,=a=c=7 and
m =10, the sequence is

7,.6,9,0,7,6,90, ... 2.4

It is evident that congruential sequences always get into a loop; that is, there
is ultimately a cycle of numbers that is repeated endlessly. The sequence in
Equation 2.4 has a period of length 4. A useful sequence will, of course, have
arelatively long period. The terms multiplicative congruential method and mixed
congruential method are used by many authors to denote linear congruential
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methods with ¢ = 0 and ¢ # 0, respectively. Rules for selecting Z,, 4, ¢, and m
can be found in [3,8]. The following three rules should be kept in mind:

1. The modulus m must be given a large value, for example, the word
length of the computer. The increment ¢ must be an odd integer and
relatively prime to m; that is, c and m must have a common divisor.
On a binary t-digit computer, it is recommended to select m = 2! for
an efficient algorithm. For example, CYBER 205 uses m = 2.

2. The multiplier a must be prime relative to the modulus m. It is rec-
ommended that a = 8r + 3, where r is any positive integer, or we
select a close to 2//2, for example, g = 2integer ¢/2) 4 3,

3. If m = 2" with t 2 3 and ¢ = 0, then the maximum cycle length is
p =22 This maximum is reached when a = 4k + 1 with odd integer k.

We have only discussed the linear congruential method of generating ran-
dom numbers. Other methods (such as the midsquare generator, additive,
and quadratic congruential generators) are discussed in Pooch and Wall [10].

In practice, we are usually interested in generating random numbers from
the uniform distribution in the interval (0,1). These numbers will be desig-
nated by the letter U and are obtained from Equation 2.3 as

Zn+ 1
(2.5)
m

u:

Thus, U can only assume values from the set 0, 1/m, 2/m, ..., (m — 1)/m. A set
of uniformly distributed random numbers can be generated using the fol-
lowing procedure:

a. Select an odd number as a seed value Z,,.

b. Select the multiplier a = 8r + 3, where r is any positive integer and a
is close to 2¢/2. If t = 31, a = 2 + 3 is a good choice.

c. Compute Z,,; using either the multiplicative generator

Z,.,=aZ, mod m (2.6)

n

or the mixed generator

Z .,=(aZ,+c) mod m 2.7)
d. Compute U=Z,,,/m.

You only need the preceding procedure if your personal computer or comput-
ing facility does not have a random number generator. Most computer sys-
tems and languages (e.g., Fortran, Basic, C) are equipped with random number
generators. For example, for a 32-bit computer, we may select m = 251 — 1 =
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SUBROUTINE RANDOM (ISEED,RN)
DOUBLE PRECISION ISEED, DEL, A

DATA DEL, A/2147483647.DO, 65539.DO/

IX = DMOD ( A*ISEED, DEL)

RN = IX/DEL
RETURN
END
FIGURE 2.2
Subroutine RANDOM.

2,147483,647 and a =29+ 3 =65,539 . A subroutine to generate random numbers
U according to Equations 2.5 and 2.6 is in Figure 2.2. By supplying a seed (e.g.,
ISEED = 1234), the subroutine provides one random number U per call in the
main program. The seed is selected as any integer between 1 and m.

Random numbers based on mathematical relations in Equations 2.3 and
2.5 and produced by computer are not truly random. In fact, given the seed
of the sequence, all numbers U of the sequence are completely predictable or
deterministic. Some authors emphasize this point by calling such computer-
generated sequences pseudorandom numbers. However, with a good choice of
a, ¢, and m, the sequences of U appear to be sufficiently random in that they
pass a series of statistical tests of randomness. They have the advantage over
truly random numbers of being generated in a fast way and of being repro-
ducible, when desired, especially for program debugging.

Example 2.1

a. Using a linear congruential scheme, generate 10 pseudorandom num-
bers with a =573, ¢ =19, m = 10%, and seed value Z, = 89. Use these num-
bers to generate uniformly distributed random numbers 0 < U < 1.

b. Repeat the generation with ¢ =0.

Solution

a. This is a multiplicative generator. Substituting a = 573, c =19, m =
1000, and Z, = 89 in Equation 2.3 leads to

Z, =573 %89 + 19 (mod 1000) = 16
Z,="573 % 16 + 19 (mod 1000) = 187
Z,=573 x 187 + 19 (mod 1000) = 170
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Z,=573 % 170 + 19 (mod 1000) = 429
Z. =573 x 429 + 19 (mod 1000) = 836
Z. =573 % 836 + 19 (mod 1000) = 47
Z,=573 x 47 + 19 (mod 1,000) = 950
Zs =573 x 950 + 19 (mod 1000) = 369
Z, =573 % 369 + 19 (mod 1000) = 456
Z10 =573 x 456 + 19 (mod 1,000) = 307

Dividing each number by m = 1000 gives U as follows:
0.016, 0.187, 0.170, ..., 0.307
b. For c =0, we have the mixed generator. Thus, we obtain

Z, =573 x 89 (mod 1000) = 997

Z, =573 %997 (mod 1000) = 281
Z,=573 %281 (mod 1000) = 13

Z,=573 %13 (mod 1000) = 449

Z5 =573 x 449 (mod 1000) = 277
Z,=573 %277 (mod 1000) = 721
Z, =573 x721 (mod 1000) = 133

Z¢ =573 x 133 ( mod 1000) = 209
Zy =573 %209 (mod 1000) = 757

Z1o =573 x 757 (mod 1000) = 761

with the corresponding U as 0.997, 0.281, 0.013, ... , 0.761.

2.2 Statistical Tests of Pseudorandom Numbers

Pseudorandom numbers that are adequate for experimental purposes
must satisfy some criteria. The quality of the random number generator
is crucial to the success of the Monte Carlo simulations. A good genera-
tor must be capable of producing random numbers that have any of m
discrete values which are equally likely to occur (i.e., the probability of
a value’s occurrence is 1/m), and each new value is completely indepen-
dent of any previous output of the generator. Statistically, this implies that
the numbers are uniformly distributed, independent, and reproducible.
It is also significant that the random numbers contain enough digits that
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generation of numbers on the interval (1,0) is sufficiently dense. A battery
of statistical tests of uniform random number generators has been devel-
oped to reveal departures from independence and uniformity or to deter-
mine whether a series of numbers meets the criterion of randomness. For
random numbers in the interval (0,1), a quick and simple test of the ran-
domness is that the mean is 0.5. Other tests include moments, frequency,
serial, gap, and poker tests [7,10,11]. Only the moments and frequency tests
will be covered here.

2.2.1 Moments Test

This test provides an indication of the uniformity of the distributed pseu-
dorandom numbers. Supposel,,U,, -, U, to be a sequence of uniformly
distributed random numbers in the unit interval (0,1). The first, second, and
third moments should be 1/2, 1/3, and 1/4, respectively, that is,

1 v 1
= uz== 2.8
v U=y 28)

1 1
SNk 4 ,
Nz ok+1 29)

The closer the calculated value of the moment to the expected value, the
higher the quality of the random number sequence. Note that the simple test
of randomness mentioned earlier corresponds with the first-moment test.

2.2.2 Frequency Test

Let U,,U,,--,U,be a sample drawn from a population of uniformly dis-
tributed random numbers. The unit interval (0,1) is divided into n equal
nonoverlapping divisions or subintervals of length 1/n. The frequency test
criterion uses the chi-squared statistic:

cony(y _NY
% "NZ[N" nJ (2.10)
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where N; is the number of random numbers in the i-th subinterval and
> N, =N.

To avoid distortion of results, we must select n > 5. The random numbers
u,,u,,---,U, are uniformly distributed and independent if

X <Xiona (.11

where o is the confidence level (say, 0.05 or 0.1), and n — 1 denotes the degree
of freedom. In other words, we expect

Prob[ %2 < %3.q,q = 1-0 2.12)

The value of i, ,; can be obtained from the chi-square table in any stan-
dard statistical text or mathematics handbook, for example, [12-14]. When
the criterion in Equation 2.11 is not met, the random number generation is
said to be unsatisfactory and we reject the random numbers at the o-level of
significance, which corresponds to a 100(1 — )% confidence level.

A sample program for testing random number generators is provided in
Bruns et al. [15].

Example 2.2

a. 5000 random numbers between 0 and 1 were produced by a ran-
dom number generator. By dividing the interval into 10 equal sub-
intervals (i.e, 0<U<0.1,01<U<0.2,...,09 <U<1.0), the numbers
located in each subinterval are counted as follows:

496 508 521 489 499 509 492 487 505 494

Use the frequency test to check whether the results are satisfactory
or not.

b. Repeat Part a by dividing the interval into 5 equal subintervals
(ie,0<U<0202<U<02,...,08<U<10).

Solution

a. Using Equation 2.10,
n 2
,_ 10 N[, _5000
5000 & * 10
=2x10-3[(496 — 500)? + (508 — 500)? + - -+ (494 — 500)?]
=2x103[(—4)? +(8)2 + (21)2 + (-11)2 + (1) + (9)? + (-8)> + (-13)2 + (5)> + (-6)?]
=2.036
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From the chi-square table, xj s, = 16.919 for a confidence level of
0.05 with 9 degrees of freedom. Because ? < %5 o, we accept the
random numbers as satisfactory at the 0.05 level of confidence.

b. We first obtain the needed frequency by adding the numbers in two
consecutive subintervals 0< U <0.1,01<U<0.2,...,09<U<10)as

1004 1010 1008 979 999

. Z(N 1000)2

=103[(4)* +(10)2 +(8)? +(-21)* +(-1)2]
=0.622
For a confidence level of 0.05 with 4 degrees of freedom, ¥ ,=

11.070, which is greater than 2 = 0.622, showing that the random
numbers are satisfactorily uniformly distributed.

.|
2.3 Generation of Random Variates

Having discussed how to generate random numbers, we will now discuss var-
ious procedures for converting the random numbers into random variates.
Itis often required in a Monte Carlo simulation to generate a random variable X
from a given probability distribution F(x). This can be accomplished using several
techniques such as the inverse transformation, rejection, rectangular approximation,
composition, convolution, and look-up methods [16-21]. The most commonly used
techniques are the inverse transformation method and the rejection method.

2.3.1 Inverse Transformation Method

The inverse transformation method, otherwise known as the direct method,
is the most straightforward technique for generating random variates from
probability distribution functions. It basically entails inverting the cumula-
tive probability function F(x) = P[X < x] associated with the random variable
X. The fact that 0 < F(x) < 1 intuitively suggests that by generating random
number U uniformly distributed over (0,1), we can produce a random sam-
ple X from the distribution of F(x) by inversion. Thus, to generate a random
variable X with probability distribution F(x), we set U = F(x) and obtain

X =F1(U) 2.13)

where X has the distribution function F(x).



Probability and Statistics 19

This technique for generating random variates assumes that the inverse
transformation F~'(U), required in Equation 2.13, exists. This makes it suit-
able for generating random variates from exponential, gamma, uniform, and
empirical distributions. However, there are several distributions for which
F-1(U) cannot be found analytically, and the inverse transformation method
cannot be used. A typical example is the normal distribution.

2.3.2 Rejection Method

This technique, also known as the rejection—acceptance method, can be
applied to the probability distribution of any bounded variable. To apply
the method, we let the probability density function of the random vari-
able f(x) = 0 for a > x > b, and let f(x) be bounded by M (i.e., f(x) < M) as
shown in Figure 2.3. We generate random variates by taking the follow-
ing steps:

1. Generate two random numbers (U, , U, ) in the interval (0,1).

2. Compute two random numbers with uniform distributions in (g, b)
and (0, M), respectively, that is,

X =a+ (b-a) U, (scale the variable on the x-axis)

Y = U, M (scale the variable on the y-axis)

3. If Y < f(X), accept X as the next random variate, otherwise reject X
and return to Step 1.

Thus, in the rejection technique, all points falling above f(x) are rejected,
whereas those points falling on or below f(x) are utilized to generate X

f(x) a4

FIGURE 2.3
The rejection method of generating a random variate from f(x).
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through X =a + (b — a)ll;. The efficiency of the method is enhanced as the
probability of acceptance in Step 3 increases.

2.4 Generation of Continuous Random Variates

Here, we discuss how the inverse transformation method is used in generat-
ing random variates for specific probability distribution functions. We will
deal with three probability distributions that are important for our purpose.

It may be helpful at this point to define some important terms. A random
variable is defined as a function that assigns a real number to each outcome
in the sample space. The random variable X is characterized by its probability
density function (pdf) f(x) or its cumulative probability function (cdf) F(x), also
known as probability distribution function. Whenever it exists, the derivative of
F(x) is the probability density function f(x), that is,

dF
fo="" (2.14)

or inversely

F(x) = _[ F(t)dt = PIX < x] 2.15)

The mean or expected value of a random variable X is defined as

oo

W= E(X)= '[ f (¥)dx (2.16)

—o0

The variance of a random variable is the weighted average of the values of
(x —W)?. In other words, it is a measure of the spread of the random variable’s
pdf about its mean. It is mathematically defined as follows:

0? =V(X)= EI(X -] = [ (r= 2 f(x)dx (217)

or
62 =V(X)=E[(X -n)*]
= E(X2 - 21X +12) (2.18)
=E(X?)-pn?
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o
|
)

v

FIGURE 2.4
Uniform density function.

With these definitions, we can now discuss the three common probability
distributions.

2.4.1 Uniform Distribution

This distribution, also known as rectangular distribution, is one in which the
density is constant. It models random events in which every value between
a minimum and maximum value is equally likely. Its graph is shown in
Figure 2.4. Its characteristics are as follows:

flx)= bia as<x<b
F(x)=jf(t)dt=;:z, a<x<b (2.19)
V(=" 12“)2

A special uniform distribution for which a2 = 0 and b =1 called the standard
uniform distribution, is very useful in generating random samples from any
probability distribution function.

To generate a random variate X uniformly distributed in the interval
(a,b), we use inverse transformation technique. LetU = F(X) = 2-*,and we
obtain

X=a+0b-a)U (2.20)
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F(x) &

FIGURE 2.5
Exponential density function.

2.4.2 Exponential Distribution

This distribution, also known as the negative exponential distribution, is fre-
quently used because of lack of conditioning of remaining time on past time
expended. This peculiar characteristic is known as having Markov, forgetful-
ness, or lack of memory property. The distribution is portrayed in Figure. 2.5
and has the following characteristics:

fx)=e>=, x>0,0>0

F(x) = J'f(t)dt —l-e=, x>0
1 2.21)
V(x)= %

We use the inverse transform method to generate a random variate X that is
exponentially distributed with mean p. As

Fix)=1-e", 0<x<oo (2.22)

Solving for X in U = F(X) gives
X=-uln(1-U) (2.23)
Because (1 — U) is itself a random number in the interval (0,1), we simply write

X=—uhU (2.24)
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v

FIGURE 2.6
Normal or Gaussian density function.

2.4.3 Normal Distribution

This distribution, also known as the Gaussian distribution, is heavily used
in probability and statistics, for reasons that will soon become obvious. It is
used to describe phenomena with symmetric variations above and below the
mean W. The normal distribution has the form

f(X)=612neXp[—;(x;u] ] —oo< X < o0 (2.25)

where the mean 1 and the variance ¢ are themselves incorporated in the
pdf. Figure 2.6 shows the normal pdf. It is a convention to use the notation
X ~ N(u,0?) to denote a normal random variable X with mean p and vari-
ance 6> When =0, 6 =1, we have the standard normal N(0,1) distribution
function with

f(z)= \/;—n e/2 (2.26)

which is widely tabulated [12-14].
It is important to note the following points above the normal distribution,
which make the distribution the most prominent in probability and statistics:

1. The binomial probability function with parameters m and p is
approximated by a Gaussian pdf with p = mp and 6% = mp(1 - p) for
large m and finite p.

2. The Poisson probability function with parameter y can be approxi-
mated by a normal distribution with u = 62 =y for large .
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3. The normal distribution is useful in characterizing the uncertainty
associated with the estimated values. In other words, it is used in
performing statistical analysis on simulation output, as we shall
see in Section 2.5.

4. The justification for the use of the normal distribution comes from
the central limit theorem, which, as will be discussed in Section
2.5, states that the distribution of the sum of n independent vari-
ables from any distribution approaches a normal distribution as n
becomes large.

Thus, the normal distribution is used to model the cumulative effect of
many small disturbances, each of which contributes to the stochastic vari-
able X. It has the advantage of being mathematically tractable. Consequently,
many statistical analyses such as those of regression and variance have been
derived assuming a normal density function.

Because the function f(z) is not invertible, the inverse transformation
method cannot be used to generate random variate Z. However, several indi-
rect methods have been used. For two independent standard normal variates
z, and z, each with N(0,1), the joint probability density function is

f(zl,zz)=21nexp{—;(zlz+z§’)} (2.27)

By letting
z,=rcos® and z,=rsin®

we can generate two standard normal random variates Z; and Z,,, by taking
two steps:

a. Generate two uniformly distributed independent random variates
U; and U, defined over (0,1).

b. Then obtain two independent and standard normally distributed
variates Z; and Z,,, from

Z,=(2InU,)V2 cos2nlU,,,
. 2.28)
Z.,=(2InU,)Y?sin2nU,,,
A random variable X from a normal distribution N(u, 6%) can be obtained
from Z using

X=0Z+u

This method is often recommended because it is easy to program.
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An approximate popular method for generating normally distributed ran-
dom variates is based on the central limit theorem. To generate a Gaussian
variable X with mean | and standard deviation o, we follow these steps:

a. Generate 12 uniformly distributed random numbersU,,U,,---, U
b. ObtainZ=3%!2,U,-6.
c. SetX=0Z+p.

12°

This algorithm is used in most existing subroutines for generating Gaussian
variables.

Other methods of generating random variates from exponential and nor-
mal distributions can be found in [22]. MATLAB® functions for generating
uniform, exponential, and normal variates are shown in Figure 2.7.

function x =uniform (a,b,m)

x= a + (b-a)*rand(m,1)

(a) Uniform variates on interval (a,b).

function X = exponential (lambda, m)

x= - (1/lambda)*log(rand(m,1);

(b) Exponential variates with mean 1/lambda.

function x = gaussian(mu, sigma, m)

X = mu+ (sigma*randn(m,1))

(c) Gaussian variates with mean mu and standard deviation sigma.

FIGURE 2.7
Functions for generating random (a) uniform, (b) exponential, (c) Gaussian variates.
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for k = 1:100
r = rand;
theta(k) = acos( 1 —2*r);

end;

FIGURE 2.8
Random variable generator for Example 2.3.

Example 2.3

Using random number U uniformly distributed between 0 and 1, generate
random variable © with probability distribution given by

T(O)z%(l—cose), 0O<O<m

Solution

We use the inverse transformation method. To generate the random variable
O, set

U=T(©)= %(1 —c0s ©),
then
O=T1U)=cos™(1-2U)

Using this, a sequence of random variates © with the given distribution is
generated in the program of Figure 2.8.

.|
2.5 Evaluation of Error

Monte Carlo methods give solutions that are averages over a number of tests.
For this reason, it is important to realize that the sample statistics obtained
from Monte Carlo experiments will vary from one experiment to another. In
fact, the sample statistics themselves are random variables and, as such, have
associated probability distributions, means, variances, and standard devia-
tion. Thus, the simulation results contain fluctuations about a mean value,
and it is impossible to ascribe a 100% confidence in the results. To evalu-
ate the statistical uncertainty or error in a simulation experiment, we must
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resort to various statistical techniques associated with random variables and
utilize the central limit theorem.

Suppose that X is a random variable. Recall that we define the expected or
mean value of X as

oo

= fo(x)dx (2.29)

—o0

where f(x) is the probability density distribution of X. If we draw random
and independent samples, x,, x,,*+, Xy, from f(x), our estimate of x would
take the form of the mean of N samples, namely,

1
=y Z X, (2.30)

n=1

Although  is the true mean value of X, [1 is the unbiased estimator of y; an
unbiased estimator being one with the correct expectation value. In general,
(i # u. The standard deviation, defined as

o(x) = (E(X?)—p2)v2 (2.31)

provides a measure of the spread in the values of ]1 about ; it yields the
order of magnitude of the error. The confidence we place in the estimate of
the mean is given by the variance of [i. The relationship between the variance
of (land the variance of x is

2y O
( )_\/ﬁ 2.32)

This shows that if we use I constructed from N values of x, according to
Equation 2.30 to estimate , then the spread in our results of [I about p is
proportional to o(x) and falls off as the number of samples N increases.

In order to estimate the spread in [1, we define the sample variance

(x, — 1) (2.33)

n=1

52 = b

N-1
Again, it can be shown that the expected value of S* is equal to c?(x).
Therefore, the sample variance is an unbiased estimator of 6*(x). Multiplying
out the square term in Equation 2.33, it is readily shown that the sample stan-
dard deviation

n=1

1/2 N 1/2
— N 1 2 32
S_(N—l) [Nan—x} (2.34)

For large N, the factor N/(N — 1) is set equal to one.
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As a way of arriving at the central limit theorem, a fundamental result in
probability theory, consider the binomial function

B(M) = pMgNM (2.35)

N!
M!(N - M)!
which is the probability of M successes in N independent trials. In Equation
2.35, p is the probability of success in a trial and g =1 — p is the probability of
failure. If M and N — M are large, we may use Stirling’s formula

n!~n"e "\ 2mn (2.36)
so that Equation 2.35 is approximated as the normal distribution [23]:
. 1 (x—Xx)?
B(M) = f(x)=— ex {— Z }
/ (A2 Pl 202%)

where X = Np and 6(x) = \/Npq. Thus, as N — o5 the central limit theorem states
that the probability density function which describes the distribution of x result-
ing from N simulation experiments is the normal distribution f(X) in Equation
2.37. In other words, the sum of a large number of random variables tends to be
normally distributed. Inserting Equation 2.32 into Equation 2.37 gives

(2.37)

f)=

N1 _NG-xp } (2.38)

o c(x)eXp{ 262(%)

The normal (or Gaussian) distribution is very useful in various problems
in engineering, physics, and statistics. The remarkable versatility of the
Gaussian model stems from the central limit theorem. For this reason, the
Gaussian model often applies to situations in which the quantity of interest
results from the summation of many irregular and fluctuating components.
Because the number of samples N is finite, absolute certainty in simulation
is unattainable. We try to estimate some limit or interval around p such that
we can predict with some confidence that [l falls within that limit. Suppose
we want the probability that [1 lies between p — € and u + €. By definition,

L+e
Probli—¢ < [i < 1L +¢] = j Fdi (2.39)
L-
By letting A = \/Z%gzx) ,
(N/2)(eo)

Problu—e<fi<p+e] = e d\

IS

0

- erf(./N/Z 8) (2.40)

o(x)
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or

Prob{u zu/z\/_Sﬁl a/z\/_} (2.41)

where erf(x) is the error function and z,, , is the upper o./2 x 100 percentile of

the standard normal deviation. The random interval x * ¢ is called a confidence

interval, and erf( \/g ) is the confidence level. Most simulation experiments
X

use error €= G(x)/\/ﬁ , which implies that [1is within one standard devia-
tion of |, the true mean. From Equation 2.41, the probability that the sample
mean [i lies within the interval i + o(x)/\/N is 0.6826 or 68.3%. If higher
confidence levels are desired, two or three standard deviations may be used.
For example,

0.6826, M=1
Prob[u MO GcueM ()]_ 0954, M=2 (2.42)

m \/ﬁ 0997, M=3

where M is the number of standard deviations.

In Equations 2.41 and 2.42, it is assumed that the population standard devi-
ation ¢ is known. Because this is rarely the case, ¢ must be estimated by the
sample standard S calculated from Equation 2.34 so that the normal distri-
bution is replaced by the Student’s f-distribution. It is well known that the
t-distribution approaches the normal distribution as N becomes large, say,
N >30. Thus, Equation 2.41 is equivalent to

St .. N
Prob[u— TN <h<p+

\/ﬁ m =1l-o (243)

where £, is the upper 100 X 0/2 percentage point of Student’s t-dis-
tribution with (N — 1) degrees of freedom and its values are listed in any
standard statistics text. The upper and lower limits of a confidence interval
are given by

upper limit =L +¢ (2.44)
lower limit=p —¢ (2.45)
where
St ..
g= 2o (2.46)
JIN

Thus, if a simulation is performed N times (by using different seed values),
then in (1- o) of cases, the estimate [i lies within the confidence interval,
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wte *

FIGURE 2.9
Confidence of interval.

whereas in o cases the estimate lies outside the interval, as illustrated in
Figure 2.9. Equation 2.46 provides the error estimate for a given number, N,
of simulation experiments or observations.

If, on the other hand, an accuracy criterion € is prescribed and we want to
estimate [ by [i within tolerance of € with at least probability 1- o, we must
ensure that the sample size N satisfies

Prob[|i-ue]l21-o (2.47)

To satisfy this requirement, N must be selected as a small integer satisfying

2
St
N> [‘*/““] (2.48)

Je

For further discussion on error estimates in simulation, one should con-
sult [24,25].

Example 4.4

In a simulation experiment, an analyst obtained the mean values of a
certain parameter as 7.60, 6.60, 6.97, 7.50, and 7.43 for five simulation runs
using different seed values. Calculate the error estimate using 95% confi-
dence interval.

Solution
We first get the sample mean
(7.60+6.60+6.97 +7.50 +7.43)
u =
5
From Equation 2.33, the sample variance is obtained as

_(7.60—7.22 +-..+(7.43-7.22)°
4

=722

s? =0.23793

or S =0.48778.
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Using 95% confidence interval, 1 — o = 95%, that is, oo = 0.05. For five runs
(N =5), the t-distribution table gives ¢ =2.776. Using Equation 2.46, the
error is estimated as

o/2;N-1

. _ 048778 x 2.776
- 5

=0.6056

Thus, the 95% confidence interval for the parameter is

L—e<[l<u+e=6.6144 <1 <7.8265

I
2.6 Summary

This chapter briefly reviews some fundamental concepts in probability and
statistics relating to Monte Carlo simulation of EM problems. Although pro-
cedures for generating pseudorandom numbers are discussed, one need not
generate uniform random numbers in most cases. Random number gen-
erators are usually built into a simulation package or available in a digital
computer. However, if one must develop a random number generator, testing
it before application is essential to ensure a large measure of confidence in
the simulation results. The chapter also discusses how random variates are
generated from probability distributions. Additional information on these
concepts can be obtained from texts on probability and statistics [7,8,10,21].
Using random numbers always provides simulation output that is subject
to random error. Therefore, one would like to know how close is the point
estimate to the mean value it is supposed to estimate. The statistical accu-
racy of point estimates is measured in terms of the confidence interval. By
generating a number of observations or simulation experiments, say N, and
employing a standard statistical method, the error estimate can be obtained.

References

1. G. S. Fishman, Concepts and Methods in Discrete Event Digital Simulation, New
York: John Wiley & Sons, 1973, pp. 167-241.

2. T. E. Hull and A. R. Dobell, Random number generators, SIAM Review, vol. 4,
no. 3, 230-254, July 1982.

3. D. E. Knuth, The Art of Computer Programming. Reading, MA: Addison-Wesley,
vol. 2, 1969, pp. 9,10,78,155.



32

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Monte Carlo Methods for Electromagnetics

. J. Banks and J. Carson, Discrete-Event System Simulation. Englewood Cliffs, NJ:
Prentice-Hall, 1984, pp. 256-329.

P. A. W. Lewis et al., A Pseudo-random Number Generator for the System /360,
IBM System ]., vol. 8, no. 2, 136-146, 1969.

A. M. Law and W. D. Kelton, Simulation Modeling and Analysis, 2nd ed., New
York: McGraw-Hill, 1991, pp. 462-521.

F. Neelamkavil, Computer Simulation and Modelling, Chichester: U.K., John Wiley
& Sons, 1987, pp. 105-134.

R. Y. Rubinstein, Simulation and the Monte Carlo Method, New York: John Wiley
& Sons, 1981, pp. 20-113.

J. P. C. Kleijnen and B. Annink, Pseudorandom number generators for super-
computers and classical computers: A practical introduction, Eur. |. Operational
Res., vol. 63, no. 1, 76-85, 1992.

U. W. Pooch and J. A. Wall, Discrete Event Simulation: A Practical Approach. Boca
Raton: CRC Press, 1993, pp. 145-175, chap. 7.

L. H. Sim and K. N. Nitschke, Testing random number generators for Monte
Carlo applications, Australasian Phys. Eng. Sci. Med., vol. 16, no. 1, 1993, pp.
22-32.

H. D. Larsen, Rinehart Mathematical Tables, Formulas, and Curves, New York:
Rinehart, 1948, pp. 154-155.

R. S. Burington, Handbook of Mathematical Tables and Formulas, New York:
McGraw-Hill, 1972, pp. 424-427.

W. M. Meredith, Basic Mathematical and Statistical Tables for Psychology and
Education, New York: McGraw-Hill, 1969, pp. 186-189.

W. Bruns et al., Monte Carlo Applications in Polymer Science, Berlin/New York:
Springer-Verlag, 1981, pp. 1-22.

J. R. Emshoff and R. L. Sisson, Design and Use of Computer Simulation Models,
New York: Macmillan, 1970, pp. 170-182.

H. Kobayashi, Modeling and Analysis: An Introduction to System Performance
Evaluation Methodology, Reading, MA: Addison-Wesley, 1978, pp. 221-247.

I. M. Sobol, The Monte Carlo Method, Chicago, IL: University of Chicago Press,
1974, pp. 24-30.

Y. A. Shreider, Method of Statistical Testing (Monte Carlo Method), Amsterdam:
Elsevier, 1964, pp. 39-83. Another translation of the same Russian text: Y.
A. Shreider, The Monte Carlo Method (The Method of Statistical Trials). Oxford:
Pergamon, 1966.

H. A. Taha, Simulation Modeling and SIMNET, Englewood Cliffs, NJ: Prentice-
Hall, 1988, pp. 45-52.

T. H. Naylor et al., Computer Simulation Techniques, New York: John Wiley &
Sons, 1966, p. 108.

J. H. Ahrens and U. Deiter, Computer methods for sampling from the expo-
nential and normal distributions, Comm. ACM, vol. 15, no. 10, 873-882, October
1972.

I. S. Sokolinkoff and R. M. Redheffer, Mathematics of Physics and Modern
Engineering, New York: McGraw-Hill, 1958, pp. 644—649.

M. H. Merel and F. J. Mullin, Analytic Monte Carlo error analysis, J. Spacecraft,
vol. 5, no. 11, 1304-1308, November 1968.

A.]. Chorin, Hermite expansions in Monte-Carlo computation, J. Comp. Phys.,
vol. 8, 472-482,1971.



Probability and Statistics

Problems

2.1a.

b.
2.2

2.3a.

24.

2.5a.

2.6a.

2.7

2.8.

Consider the multiplicative congruential generator with a = 7,
m =1, and Z,= 1. Generate the first six numbers.

Repeat Part a for a =11, m =128, and Z,=3.

Beginning with Z, = 34, generate 10 pseudorandom numbers using
a mixed congruential generator with a =12, ¢ =2, and m = 100.

Given Z,, =67, (mod11), Z,=1, determine the period.
Repeat (a) for Z,,, =117, (mod 18), Z, =5.
Use the generator

Z.,=121Z.+567 (mod 1000), Z,=1

to produce 1000 uniformly distributed random numbers in the inter-
val (0,1). Use the moment tests to check whether the generator is
satisfactory.

Write a program to generate 2000 random numbers uniformly dis-
tributed in the interval (0,1).

Using the built-in function in your computing system, generate a
set of 2000 random numbers.

Divide the interval equally into 20 subintervals. Apply the fre-
quency test, and compare the output of the two generators.

Write a program to generate 5000 uniformly distributed random
numbers in the interval (0,1) using the multiplicative congruential
generator

Z..,=101Z.+1 (mod 1000), Z,=98

By dividing the unit interval into 10 equal parts, use the frequency
test to see whether the generator is a good one.

Generate random variates from f(x)=6x2, 0<x <1 by: (a) the
inverse transform and (b) the rejection method.

Uniformly distributed random integers between 11 and 30, inclu-
sive, are to be generated from the random numbers U in the follow-
ing table. How many of the integers are odd numbers?

0.04493 0.88159 0.52494 0.96119

0.75248 0.63896 0.33824 0.54692

0.45862 0.82391 0.51025 0.23287

0.61962 0.29529 0.79335 0.35963

0.65337 0.15307 0.12472 0.26898
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29a.

2.10.

2.11.

Monte Carlo Methods for Electromagnetics

Generate 500 random variates, exponentially distributed with mean 6.

. Compute the sample mean, variance, and standard deviation of the

variate.

A random sample of 50 variables taken from a normal population
has a mean of 20 and standard deviation 8. Calculate the error with
95% confidence limits.

In a simulation model of a potential system, an analyst obtained the
mean potentials for four simulation runs as 42.80, 41.60, 42.48, and
41.80 V. Calculate the 98% confidence interval for the potential.



3

Finite Difference Method

A point of view can be dangerous luxury when substituted for insight
and understanding.

—Marshall McLuhan

To apply Monte Carlo methods (MCMs) to solve the partial differential equa-
tions (PDEs) encountered in electromagnetics, we must first convert the
differential equations into their finite difference equivalents. This requires
familiarity with the finite difference method (FDM) and provides justifica-
tion for including this chapter in this book.

The FDM was first developed by A. Thom in 1920 under the name “the
method of squares” to solve nonlinear hydrodynamic equations. Since then
the method has been used for solving problems occurring in various engi-
neering disciplines, including electromagnetics. Section 3.1 offers the general
approach to converting a PDE to its finite difference equivalent. We apply
the scheme in Sections 3.2, 3.3, and 3.4 for parabolic, hyperbolic, and elliptic
PDEs, respectively. Section 3.5 deals with stability and accuracy. In Section
3.6, we finally apply finite differences to solve Maxwell’s equations.

|
3.1 Finite Differences

The first step in solving an electromagnetic boundary value problem using
finite differences is to obtain difference equations. Given a function f(x)
shown in Figure 3.1, one can approximate the derivative, the slope of the
tangent drawn at P, using the values at A(x, - , f(x,— h), P(x, f(x,)), and B(x,+
h, flx,+ h)) in one of three possible ways [1,2]:

Fioo - & = fle= fi 61
fey = L 0= Sl 62
f,(x) ~ %= f(x"'h/z)zf(x_h/z) (3.3)

35
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A :
Sx) :

h/2| hy2

v
8

x—h x x+h

FIGURE 3.1
Approximating the derivative of f(x) at P using forward, backward, and central differences.

The symbols A, V, and & respectively represent forward, backward (in the
present context), and central difference operators. From Figure 3.1, we
understand that the slope of the tangent at P is approximately equal to that
of the chords PB, AB (approximately), and PA. Taylor’s series expansion of
f(x) around A and B reveals that, the forward, backward, and central differ-
ences are of orders h, h, and h?, respectively. Thus, as the step size i becomes
smaller and smaller, we expect truncation error to reduce, but the round-off
errors occurring in the calculations grow bigger and bigger. This is sug-
gested in Figure 3.2. So, one has to make a trade-off in the choice of step
size.

Using the central difference, the second derivative at P may be expressed as

f(x) = E:f(x"‘h)_zf(zx)"‘f(x—h) (34)

h h

Error Total error

Discretization
error

Round off

error ) )
Optimum step size

v

Step size h

FIGURE 3.2
Trade-off between discretization error and round-off error.
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The approach used here in obtaining finite difference approximations is
rather intuitive. A more general approach is to use Taylor’s series. Consider
the following well-known expansions:

fatl) = f+hf 0+ h77)+ hVW@+ (3.5)
and
fa=m=f)=hf )+ hV“) hVW@+ (3.6)
By adding these expansions, we get
flx+h)+ f(x—h)=2f(x)+h*f"(x)+ O(h*) (3.7)

where O(h*) is the error introduced by truncating the series. It represents
terms that are not greater than h*. Assuming that these terms are negligible,

F7(x) = f(x+h)—2];l(2x)+f(x—h)

which is Equation 3.4. Subtracting Equation 3.6 from Equation 3.5 and
neglecting terms of order /3 yields

_ S+ - flx=h)
f(x)= oy

which is similar to Equation 3.3. This shows that the leading errors in
Equations 3.3 and 3.4 are of the order k2. Similarly, the difference formula in
Equations 3.1 and 3.2 have truncation errors of the order O(h). Higher-order
finite difference approximations can be obtained by taking more terms in
Taylor series expansion. If the infinite Taylor series was retained, an exact
solution would be realized for the problem. However, for practical reasons,
the infinite series is usually truncated after the second-order term. This
imposes an error, which exists in all finite different solutions.

To apply the difference method to the solution of a PDE involving a function
D(x, t), we divide the solution region in the x — f plane into equal rectangles or
meshes of sides Ax and At as shown in Figure 3.3. We let the coordinates (x, t)
of a typical grid point or node be

x=iAx, i=0,1,2,...
t=jAt, j=0,1,2, ... (3.8a)
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A
t
i,j+1
P
jAt . PR (R
i-1,j i, j i+1,j
«— XV
Ax iAx

FIGURE 3.3
Finite difference mesh for two independent variables x and t.

and the value of ® at P be
D, = D(iAx, jAt) = D(i, j) (3.8b)

With this notation, the central difference approximations of the derivatives

of @ at the (i, j)-th node are

D(i+1,j)-D(i-1,))

0.0 ))= ) (39)

®,(i, )= (i, j+ 1)2—A tCD(i,J' ) (3.9b)
(I)xx(i/ ]) = (I)(l * 1, ]) - z(qu_Ez),Z]) g (I)(l - 1, ]) (39C)
&, (i) = @i, j+1)=20(, j) + P(i, j - 1) (39d)

(At)?

Table 3.1 provides some useful finite difference approximations for ®, and ®...

3.2 Finite Differencing of Parabolic PDEs

Consider a simple example of a parabolic (or diffusion) PDE with one spatial
independent variable:
b 920

k?‘ o2

(3.10)



Finite Difference Method 39

TABLE 3.1
Finite Difference Approximations for ®, and ®,,
Derivative Finite Difference Approximation Type Error
Q.- 9,
D, —
h FD O(h)
O - P,
—4 =1 BD o)
h
.. —D,
— L CD o)
h
-®, ,+4D, -3,
i+2 + i+1 i FD O(hz)
2h
3D, - 40, [OF
Bl B g P BD O(h?)
2h
-®, ,+8D,, 8D,  +D,
i+2 i+1 i-1 i CD O(h4)
12h
D, ,-20,  +D,
o, i+2 i TP D o)
fe I
P, 20, ,+D,
i+2 i+1 + i BD O(hz)
hZ
O 20 +P.
e RS ) o)
hZ
-®.,+16®, , -30D, +16@, , - D,
i+2 i+1 i i-1 i-2 CD O(h4)

1212

Note: h = Ax, FD = forward difference, BD = backward difference, and CD = central difference.

where k is constant. The equivalent finite difference approximation is

L O j+ 1) =0, ) _ D(i+1, )= 20(, ) + D(i=1,))
At B (Ax)?

(3.11)

where x =iAx,i1=01,2, ... n,t =jAt,j=0,12, .... In Equation 3.11, we have used
the forward difference formula for the derivative with respect to t and cen-
tral difference formula for that with respect to x. If we let

LA
 k(Ax)?

(312)

Equation 3.11 can be written as

@@, j+1)=r®(i+1,j)+(1-2r)D(, j)+rd(i-1, ) (313)
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N j+l N j+l

[& ) Bl 4 =Jf

i-1 i i+1 i-1 i i+1
(a) (b)

FIGURE 3.4
Computational molecule for parabolic PDE: (a) for 0 < r <, (b) for r=1/2.

This explicit formula can be used to compute ®(x, t + At) explicitly in terms of
D(x, f). Thus, the values of ® along the first time row (see Figure 3.3), t = At,
can be calculated in terms of the boundary and initial conditions, then the
values of ® along the second time row, t = 2At, are calculated in terms of the
first time row, and so on.

A graphical way of describing the difference formula of Equation 3.13 is
through the computational molecule of Figure 3.4a, where the square is used
to represent the grid point where ® is presumed to be known and a circle
where @ is unknown.

To ensure a stable solution or reduce errors, care must be exercised in
selecting the value of r in Equations 3.12 and 3.13. It will be shown in Section
3.5 that Equation 3.13 is valid only if the coefficient (1 — 2r) in Equation 3.13 is
nonnegative or 0 < r < %. If we choose r =%, Equation 3.13 becomes

DG, j+1)= %[CD(H 1L,)+®Gi-1,j)] (3.14)

so that the computational molecule becomes that shown in Figure 3.4b.

The fact that obtaining stable solutions depends on r or the size of the time
step At renders the explicit formula in Equation 3.13 inefficient. Although
the formula is simple to implement, its computation is slow. An implicit for-
mula, proposed by Crank and Nicholson in 1974, is valid for all values of r.
We replace 9*®/dx? in Equation 3.10 by the average of the central difference
formulas on the j-th and (j + 1)-th time rows so that

L Ol j+ )= D, ) _ 1] D(i+1, )= 200, )+ D(i-1, )
At 2

B (Ax)?

+(I)(z'+1,j+1)—2<I)(i,j+1)+<D(i—1/]'+1)}
(Ax)?
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i-1 i i+l i-1 i i+l

FIGURE 3.5
Computational molecule for Crank-Nicholson method: (a) for finite values of 7, (b) for r = 1.

This can be rewritten as

—r®(i—1,j+1)+2(1+ 1)@, j+ 1) = r®(+1, j+1) = rd(i— 1, j) + 2(1 - 1)D(, /)
+rd(i+1, ) (3.15)

where r is given by Equation 3.12. The right-hand side of Equation 3.15
consists of three known values, whereas the left-hand side has the three
unknown values of ®. This is illustrated in the computational molecule of
Figure 3.5a. Thus, if there are n free nodes along each time row, then for j =0,
applying Equation 3.15 to nodes i = 1,2, ..., n results in # simultaneous equa-
tions with n unknown values of ® and known initial and boundary values
of ®. Similarly, for j = 1, we obtain n simultaneous equations for 7 unknown
values of @ in terms of the known values for j = 0, and so on. The combina-
tion of accuracy and unconditional stability allows the use of a much larger
time step with Crank-Nicholson method than is possible with the explicit
formula. Although the method is valid for all finite values of 7, a convenient
choice of r =1 reduces Equation 3.15 to

—O>i-1,j+1)+4P@, j+1)-P(i+1, j+ )=0>( -1, j)+ P>i+1,j) (3.16)

with the computational molecule of Figure 3.5b.

More complex finite difference schemes can be developed by applying the
same principles discussed here. Two such schemes are the leapfrog method
and the Dufort-Frankel method [3,4]. These schemes, as well as those dis-
cussed earlier, are summarized in Table 3.2. Note that the last two methods
are two-step finite difference schemes in finding ® at time j + 1 that require
knowing ® at two previous time steps j and j — 1, whereas the first two methods
are one-step schemes.
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TABLE 3.2
.. . . . . ..o 19%°D
Finite Difference Approximation to the Parabolic Equation: > = P
Method Algorithm Molecule

o) —0] _ @), -20/+0]

1. First order (Euler) At k(Ax)?
explicit, stable for
r=At/k(Ax)>< 0.5

i i j+1 j+1 j+1
d)fﬂ—(b,{ — (D{Il_zq)z]'+ +q>zj'j1
At 2k(Ax)?

O
)
O

2. Crank—Nicholson ‘I’{H _ zq)xj i q’jq
2k(Ax)?

implicit, always stable

o -l ], -20+a],

3. Leapfrog DAt k(Ax)?

explicit, always unstable

af-or ol -0/ -0 ol
4. Dufort-Frankel oA k(Ax)?

explicit, unconditionally stable

Example 3.1
Solve the diffusion equation

o _oo
o2 ot

0<x<1 (317)

subject to the boundary conditions

®0,H=0=d(L,1)=0, t>0 (3.18a)
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and initial condition
®(x, 0) = 100 (3.18b)

Solution

This problem may be regarded as a mathematical model of the temperature
distribution in a rod of length L = 1 m with its ends in contact with ice blocks
(or held at 0°C), the rod being initially at 100°C. With this physical interpreta-
tion, our problem is finding the internal temperature ® as a function of position
and time. We will solve this problem using both explicit and implicit methods.

(a) Explicit Method
For easy hand calculation, let us choose Ax = 0.1, r =% so that

At = kr(Ax)2 = 0.005

as k=1. We need the solution for only 0 <x < 0.5 because the problem is sym-
metric with respect to x = 0.5. First, we calculate the initial and boundary
values using Equation 3.18. These values of ® at the fixed nodes are shown
in Table 3.3 for x =0, x =1, and t = 0. Note that the values of ®(0,0) and ®(1,0)
are taken as the average of 0 and 100. We now calculate @ at the free nodes
using Equation 3.14 or the molecule of Figure 3.4b. The result is shown in
Table 3.3. The analytic solution to Equation 3.17 subject to Equation 3.18 is
400y 1 oo _
O(x,t)= - Z ” sinnmxexp(-n*n?t), n=2m+1

m=0

oo

Comparison of the explicit finite difference solution with the analytic solu-
tion at x = 0.4 is shown in Table 3.4. The table shows that the finite difference
solution is reasonably accurate. Greater accuracy can be achieved by choos-
ing smaller values of Ax and At.

(b) Implicit Method
Let us choose Ax = 0.2, r = 1 so that At = 0.04. The values of ® at the fixed
nodes are calculated as in part (a) of the example (see Table 3.3). For the free

TABLE 3.3

Result of Example 3.1

tx 0 0.1 0.2 0.3 0.4 0.5 0.6 .. 10

0 50 100 100 100 100 100 100 50

0005 O 75.0 100 100 100 100 100 0

0.01 0 50 87.5 100 100 100 100 0

0015 0 4375 75 93.75 100 100 100 0

0.02 0 375 68.75 87.5 96.87 100 96.87 0

0.025 0 2437 625 82.81 9375 96.87 93.75 0
0 3125 58.59 7821 89.84 9375 89.84 0

0.03

0.1 0 1466 2794 3839 45.18 4744 4518 0
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TABLE 3.4

Comparison of Explicit Finite Difference Solution with Analytic
Solution for Example 3.1

Finite Difference = Analytic Solution

t Solution at x = 0.4 atx=04 Percentage Error
0.005 100 99.99 0.01
0.01 100 99.53 0.47
0.015 100 97.85 2.2
0.02 96.87 95.18 1.8
0.025 93.75 91.91 2.0
0.03 89.84 88.32 17
0.035 85.94 84.61 1.6
0.04 82.03 80.88 1.6
0.10 45.18 45.13 0.11

nodes, we apply Equation 3.16 or the molecule of Figure 3.5b. If we denote
@@, j+1) by @, (i=1, 2, 3, 4), the values of ® for the first time step (Figure 3.6)
can be obtained by solving the following simultaneous equations:

—0+4®, - D, =50+100

~®, + 40, + @, =100+100

~®,+4®, - D, =100+100
~®,+4®,-0=100+50

(S]
Il
<)

o, @, )

S
N

7. 50 100 100 100 100 50 /

x=0 0.2 0.4 0.6 0.8

FIGURE 3.6
Figure for Example 3.1, part (b).
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Solving these equations, we get
®, =5813, ®,=8254, P,=72, D,=555

at t = 0.04. Using the values of ®, we apply Equation 3.16 to obtain another set
of simultaneous equations for t = 0.08 as

—0+40, -0, =0+82.5
-0, +40, + P, =58.13+72
-®, +40, - D, =82.54+55.5
-, +4®,-0=72+0
which results in

@, =3444, ®,=5523, ®,=56.33, @,=232.08

This procedure can be programmed and accuracy can be increased by check-
ing more points for each time step.

L]
3.3 Finite Differencing of Hyperbolic PDEs
The simplest hyperbolic partial differential equation is the wave equation of
the form
, 0@ P
u =
ox?  ot?

(3.19)
where u is the speed of the wave. An equivalent finite difference formula is

o @i+, )) =200, )+ Dli=1,j) _ i, j+1)= 20, j) + D, j~1)

(Ax)? (At)?

where x =iAx, t = jAt,and i,j =0, 1, 2, .... This equation can be written as
D, j+1)=2(1-r)P®, )+ r[PGE+1, j)+ P —-1, )] - P, j- 1) (3.20)

where ®(j, j) is an approximation to ®(x, ) and r is the aspect ratio given by

r= (”Aitj (3.21)
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v 7, j+1

j+1
[ 2 Bl [H 4]
j-1 j-1

1 11
L] L]
i-1 i i+1 i-1 i i+1

FIGURE 3.7
Computational molecule for wave equation: (a) for arbitrary » <1, (b) for r = 1.

Equation 3.20 is an explicit formula for the wave equation. The correspond-
ing computational molecule is shown in Figure 3.7a. For the solution in
Equation 3.20 to be stable, the aspect ratio r < 1, as will be shown in Example
3.5.If we choose r = 1, Equation 3.20 becomes

q)(l,]+1)=d)(l+1,])+d)(l—1,])—(1)(1,]—1) (322)

with the computational molecule in Figure 3.7b. Unlike the single-step
schemes of Equations 3.13 and 3.15, the two-step schemes of Equations 3.20
and 3.22 require that the values of ® at times j and j — 1 be known to get ® at
time j + 1. Thus, we must derive a separate algorithm to “start” the solution
of Equation 3.20 or 3.22; that is, we must compute ®(j, 1) and ®(;, 2). To do this,
we utilize the prescribed initial condition. For example, suppose the initial
condition on the PDE in Equation 3.19 is

od

of lt=0"

We use the backward difference formula

dD(x,0) @i, 1)~ D(i,~1)
o 2At -

0

or
D(i,1) = D(i,-1) (3.23)
Substituting Equation 3.23 into Equation 3.20 and taking j = 0 (i.e, at t = 0),
we get
D(i,1) = 2(1—-r)®(i,0) + r[P(i +1,0) + P(i—1,0)] - D(i,-1)

or

D@1, 1)=1-rd(,0)+—[P({E+1,0)+D(i—1,0)] (3.24)

r
2
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Using the starting formula in Equation 3.24 together with the prescribed
boundary and initial conditions, the value of ® at any point (i,j) can be
obtained directly from Equation 3.20.

There are implicit methods for solving hyperbolic PDEs just as we
have implicit methods for parabolic PDEs. However, for hyperbolic PDEs,
implicit methods require an infinite number of simultaneous equations to
be solved and therefore cannot be used without making some simplifying
assumptions.

Example 3.2
Solve the wave equation

D, =D

" O<x<l1,t=20

subject to the boundary conditions
D0,t)=0=D(L,¢t), t=0
and initial conditions
O(x,0)=sinmx, O<x<1

®,(x,0)=0, O<x<1

Solution
The analytic solution is easily obtained as

@(x,t) = sin x cos Tt (3.25)
Using the explicit finite difference of Equation 3.20 with r = 1, we obtain
O, j+1)=0>(-1, )+ D>i+1,/)-P3,j-1), j=1 (3.26)
For j =0, substituting

_ @i, 1)~ @(i,-1) _

@
t 2At

0

or
@, 1) = O, -1)

into Equation 3.20 gives the following starting formula:
O, 1)= L0(i~1,0)+ @(i+1,0)] 627)

as u =1, and r = 1, At = Ax. Also, because the problem is symmetric with
respect to x = 0.5, we solve for ® using Equations 3.26 and 3.27 within 0 < x < 0.5,
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%
% MATLAB code for Example 3.2 on one-dimensional wave equation solved
% using an explicit finite difference scheme

% 3]

clear all; format compact; tic

% Explicit Method
delx = 0.1; % resolution size
r=1; % 'aspect ratio'
u=1; % Constant of given wave equation

delt = r"2*delx/u; % time step size
Tsteps = round(l/delt); % Number of time steps

% X1 is the potential grid of the simulation, due to symetry only half
% of the field is calculated.
X1 = zeros(Tsteps,1/(2*delx)+2); % Initilize X1

% Initial conditions and reflection line defined

x = 0:delx:.5+delx;

X1(1,:) = sin(pi*x);

X1(2,2:end-1) = .5*(X1(1,1:end-2)+X1(1,3:end));
X1(2,end) = X1(2,end-2); % reflection line

for row = 3:size(X1,1)
for col = 2:size(X1,2)-1
X1(row,col) = X1(row-1,col-1)+X1(row-1,col+1)-X1(row-2,col); % eqn. (3.26)
end
X1(row,end) = X1(row,end-2); % reflected line
end

% Use symetry condition to create entire field
X2 = [X1fliplr(X1(:,1:end-3))];

figure(1),imagesc(0:delx:1,(0:delt: Tsteps*delt),X2),colorbar
ylabel("\leftarrow time (sec)’)
xlabel('x")
title('Hyperbolic PDE')

if (delx==.1)
dispmat = [X1(1:8,1:7)];
disp(sprintf("\nCompare to Table 3.5, Solution of the Wave Equation in Example
3.2)
disp(num2str(dispmat))
end

FIGURE 3.8
MATLAB code for Example 3.2.
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TABLE 3.5

Solution of the Wave Equation in Example 3.2

xt 0 0.1 0.2 0.3 0.4 0.5 0.6

0.0 0 0.3090 0.5879 0.8990 0.9511 1.0 0.5911

0.1 0 0.2939 0.5590 0.7694 0.9045 0.9511 0.9045

0.2 0 0.2500 0.4755 0.6545 0.7694 0.8090 0.7694

0.3 0 0.1816 0.3455 0.4755 0.5590 0.5878 0.5590

0.4 0 0.0955 0.1816 0.2500 0.2939 0.3090 0.2939

0.5 0 0 0 0 0 0 0

0.6 0 -0.0955 -0.1815 -0.2500 -0.2939 -0.3090 -0.2939
0

0.7 -0.1816  -0.3455 -0.4755 -0.5590 -0.4878 -0.5590

t 2 0. We can either calculate the values by hand or write a simple com-
puter program. With the MATLAB® code in Figure 3.8, the result shown in
Table 3.5 is obtained for At = Ax = 0.1. The finite difference solution agrees
with the exact, analytic solution in Equation 3.25 to six decimal places. The
accuracy of the finite difference solution can be increased by choosing a
smaller spatial increment Ax and a smaller time increment At.

3.4 Finite Differencing of Elliptic PDEs

A typical elliptic PDE is Poisson’s equation, which in two dimensions is
given by

P PP
+

a2 oy?

We can use the central difference approximation for the partial derivatives,
of which the simplest forms are

V2P = =g(x,y) (3.28)

PO _ O(i+1, 1)~ 20(, )+ (-1, )

o2 (Ax)? +0(Ax)? (3.29a)

PO _ D(i, j+1)-20(, j)+ (i, j-1)
ay? (Ay)*

+O(Ay)2 (3.29b)
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where x =iAx, y=jAy, and i,j =0, 1, 2, .... If we assume that Ax = Ay = h to sim-
plify calculations, substituting Equation 3.29 into Equation 3.28 gives

[®G+1, )+ D -1,j)+ D3, j+ 1)+ D>, j— 1)] - 4D, j) = h2g(i, )

or
(i, j)= %[(D(i F1, )+ @3- 1, )+ DG, j+ 1)+ @G, j— 1)~ kg, )] (3.30)

This is valid at every point (i, j) in the mesh for Poisson’s equation. The spa-
tial increment  is called the mesh size. A special case of Equation 3.28 is when
the source term vanishes, that is, g(x, y) = 0. This leads to Laplace’s equation.
Thus, for Laplace’s equation, Equation 3.30 becomes

(i, j)= i[d)(i +1, )+ PG -1, )+ D3, j+1)+ P, j-1)] (3.31)

It is worth noting that Equation 3.31 states that the value of @ for each point
is the average of those at the four surrounding points. The five-point compu-
tational molecule for the difference scheme in Equation 3.31 is illustrated in
Figure 3.9a, where values of the coefficients are shown. This is a convenient
way of displaying finite different algorithms for elliptic PDEs. The molecule
in Figure 3.9a is the second-order approximation of Laplace’s equation. This

O O—0—
O

@ O
FIGURE 3.9

Computational molecule for Laplace’s equation based on (a) second-order approximation, (b)
fourth-order approximation.

)
O
)
()
>
()
&)

N
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is obviously not the only way to approximate Laplace’s equation, but it is the
most popular choice. An alternative fourth-order difference is

200(i, j)+ 4D +1, )+ P(i—1, )+ P>, j+ 1)+ D, j - 1)]
+O3+1,j-D+D0-1,j-1)+D>-1,j+1) (3.32)
+®(i+1,j+1)=0

The corresponding computational molecule is shown in Figure 3.9b.

The application of the finite difference method (FDM) to elliptic PDEs often
leads to a system of algebraic equations, and their solution is a major problem
in itself. Two commonly used methods of solving the system of equations are
band matrix and iterative methods.

3.4.1 Band Matrix Method

From Equations 3.30 to 3.32, we note that only the nearest neighbor nodes
affect the value of ® at each node. Hence, application of any of Equations 3.30
to 3.32 to all the free nodes in the solution region results in a set of simultane-
ous equations of the form

[A] [X] = [B] (3.33)

where [A] is a sparse matrix (it has many zero elements), [X] is a column
matrix consisting of the unknown values of @ at the free nodes, and [B] is a
column matrix containing the known values of ® at the fixed nodes. Matrix
[A] is also banded in that its nonzero terms appear clustered near the main
diagonal. Matrix [X], containing the unknown elements, can be obtained
from

[X]=[A]"B] (3.34)

In MATLAB, Equation 3.34 can be written as [X] = inv([A]) [B].

3.4.2 Iterative Method

The iterative methods are generally used to solve a large system of simulta-
neous equations. An iterative method for solving equations is one in which
a first approximation is used to calculate a second approximation, which in
turn is used to calculate the third approximation, and so on. The three com-
mon iterative methods, Jacobi, Gauss—Seidel, and successive over-relaxation
(SOR), are mentioned in [2]. We will discuss only SOR here.
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To apply the method of SOR to Equation 3.30, for example, we first define
the residual R(i, j) at node (i,j) as the amount by which the value of ®(j, ) does
not satisfy Equation 3.30, that is

R, )=P@(+1,))+DP(-1,j)+ D@, j+1)
+ (i, j—1)— 4D(i, j)— h?g(i, j) (3.35)

The value of the residual at the k-th iteration, denoted by R(i,j), may be
regarded as a correction that must be added to ®(;,j) to make it nearer to the
correct value. As convergence to the correct value is approached, R¥(;, j) tends
to zero. Hence, to improve the rate of convergence, we multiply the residual
by a number ® and add that ®(j, j) at the k-th iteration to get ®(, j) at (k + 1)-th
iteration. Thus,

D, f) = D (i, j)+%Rk(i, /)
or

D, )= d>"(i,j)+%[(l)k(i+ 1)+ @ i-1,j)+ Dk, j-1)

+ @i, j+ 1) 12g(i, )] (3.36)

The parameter o is called the relaxation factor, and the technique is known
as the method of successive over-relaxation (SOR). The value of o lies between
1 and 2. (When o = 1, the method is simply called successive relaxation.) Its
optimum value ®,,, must be found by trial and error. In order to start solving
Equation 3.36, an initial guess ®°(j, j) is made at every free node. Typically,
we may choose ®° (i,j) = 0 or the average of @ at the fixed nodes.

Example 3.3
Solve Laplace’s equation
V2V =0, 0<x,y<1
with V(x,1)=45x(1-x), V(x,00=0=V(0,y)=V(1,y)

Solution

Let h = 1/3 so that the solution region is in Figure 3.10. Although the
value of & is high, we choose it to allow easy hand calculation. Applying
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yaA
10 10

0 0
@ @

0 0
@ @

0 0

0 0 0 0 X

FIGURE 3.10
Finite difference grid for the problem in Example 3.3.
Equation 3.31 to each of the four points leads to
4V, -V,-V,-0=10
-V, +4V,-0-V, =10
-V, -0+4V,-V,=0
0-V,-V,+4V, =0

This can be written as

4 1 1 ol[v] [10
-1 4 0 -1(|V,| |10
-1 0 4 1|V, |0
0 -1 -1 4]|v,| [0
or
[AllV]=[B]

where [A] is the banded matrix, [V] is the column matrix containing the
unknown potentials at the free nodes, and [B] is the column matrix of poten-
tials at the fixed nodes. Solving equation using MATLAB

[V]=inv([A]) [B]
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gives

V,=375, V,=375 V,=125 V,=125

Example 3.4
Solve Poisson’s equation

vav=-P o<y y<a
€

p, =x(y—1) nC/m3 and €, =1.0. The solution region in shown in Figure 3.11.

Solution
This problem has an exact analytic solution and is deliberately chosen so
that we can verify the numerical results with exact ones, and we can also
see how a problem with complicated analytic solutions is easily solved
using FDM.

For the exact solution, we use the superposition theorem and let

V=V, +V,

where V| is the solution to Laplace’s equation V2V, =0 with the inhomoge-
neous boundary conditions shown in Figure 3.11 and V,, is the solution of

Vy=20V
yaA
A4
insulating gap
c f i
b e h
V,=-10 V—>] — V,=10V
a d g
A >
X
V,=0V

FIGURE 3.11
Solution region for the problem in Example 3.4.
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Poisson’s equation V2V, = ¢ =-p_ /e subject to the homogeneous boundary
conditions.

Vo=V +V+V+Vy

it

where

_4v i sin(nmx/a) sinh[nr(b — y)/a)
B nsinh(nnb/a)

n=odd

_ 4V, O sin(nmx/b)sinh(nmy/b)
Vi = z nsinh(nma/b)

n=odd

_4v; = sin(nmx/a) sinh(nmy/a)
Vin = 2 nsinh(nnb/a)

n=odd

A i sin[nn(x — a)/b]sinh(nmy/b)
v - nsinh(nma/b)
Vp can be obtained by series expansion:

Vp ZZA sm—sm%

m=1n=

where

mn

g(x,y) sin "™ gin Tny dxdy
a

BN

Il
O S
© e

_[1.0-3[1-(=D)"]] | (S 14dab
 [(mm/a)? + (nn/b)?] mnm

a=b=1 and g(x,y)=-x(y—1)«107/¢,
For the finite difference solution, it can be shown that in a rectangular region

the optimum over-relaxation factor is given by the smaller root of the qua-
dratic equation

t2w? -16w+16=0

where t = cos(nN,,) + cos(nN, ) and N, and N, are the number of intervals along
the x- and y-axes, respectlvely Hence,

_ 8 —/64—16¢2

i’2
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We try three cases of N, = N,=4,12, and 20 so that Ax = Ay =h =%, %5, and
respectively. Also, we set

_ P x(y—1)107°
8 ) == = 0 36

Figure 3.12 presents the MATLAB code for the solution of the problem. The
potentials at the free nodes for different cases of & are shown in Table 3.6.

= 36mx(y —1)

% % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % %
% FINITE DIFFERENCE SOLUTION OF POISSON'S EQUATION:
% Vxx + Vyy =G

% USING THE METHOD OF SUCCESSIVE OVER-RELAXATION
%

% NX : NO.OF INTERVALS ALONG X-AXIS

% NY : NO.OF INTERVALS ALONG Y-AXIS

% A XB : DIMENSION OF THE SOLUTION REGION

% V(L]): POTENTIAL AT GRID POINT (X,Y) = H*(L])

% WHERE I =0,1,...,NX, ] =0,1,....,NY
% H : MESH SIZE
% sl deskdk etk stk e ek e

% SPECIFY BOUNDARY VALUES AND NECESSARY PARAMETERS
A=1;B=1;

V1=0;V2=10;V3=20;V4=-10;

NX=20; %4 12 20

NY = NX;

H = A/NX;

% SET INITIAL GUESS EQUAL TO ZEROS OR TO AVERAGE

% OF FIXED VALUES

for I=1:NX-1
for J=1:NY-1
V({I+1,J+1)=(V1 + V2 + V3 + V4)/4.0;
end
end
% SET POTENTIALS AT FIXED NODES
forI =1:NX-1
V(1+1,1)=V1;
V(I+1,NY +1)=V3;
end
for J=1:NY -1
V(1,]+1)=V4;
V(NX+1,J+1)=V2;
end
V(1,1)=(V1 + V4)/2.0;
V(NX+1,1)=(V1 + V2)/2.0;
V(1,NY +1)=(V3 + V4)/2.0;
V(NX+1,NY +1)=(V2 + V3)/2.0;
% FIND THE OPTIMUM OVER-RELAXATION FACTOR

FIGURE 3.12
MATLAB code for Example 3.4.
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T = cos(pi/NX) + cos(pi/NY);

W = (8 - sqrt(64 - 16*T 2))/(T2);
disp(['SOR Factor Omega = ',num2str(W)])
W4 = W/4

% ITERATION BEGINS

NCOUNT = 0;

loop=1;
while loop == 1;
RMIN = 0;
for I =1:NX-1
X =H*T;
for] = 1:NY-1
Y =HJ;
G =-36.0"pi*X*(Y - 1.0);
R = Wa4*( V(I+2,]J+1) + V(L] +1) + V(I+1,]+2) + V(I+1,])-4.0*V (I+1,] +1) -
G*H*H );
RMIN = RMIN + abs(R);
V({I+1,J+1) = V(I+1,J+1) + R;
end
end
RMIN = RMIN/(NX*NY);
if(RMIN>=0.0001)
NCOUNT = NCOUNT + 1;
if(NCOUNT>100)
loop = 0;
disp('SOLUTION DOES NOT CONVERGE IN 100 ITERATIONS')
end
else
% Then RMIN is less than .0001 and then solution has converged
loop = 0;
disp(['Solution Converges in ', num2stf(NCOUNT),' iterations])
disp(['h =, num2str(H)])
end
end

Vnum=V;

% Grab original points a through i
abc = zeros(1,9);
a_tic=1;
vec = [0:H:1];
for ii = .25:.25:.75
for jj = .25:.25:.75
xind = find(vec==ii);
yind = find(vec==jj);

FIGURE 3.12
(Continued).
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% disp([xind,yind])
abc(a_tic) = Vnum(xind,yind);
a_tic=a_tic+ 1;
end
end

%  OUTPUT THE FINITIE DIFFERENCE APPROX. RESULTS

%
%  CALCULATE THE EXACT SOLUTION

%

%  POISSON'S EQUATION WITH HOMOGENEOUS BOUNDARY CONDITIONS

%  SOLVED BY SERIES EXPANSION
%
forI =1:NX-1
X = H*I;
for] = 1:NY-1
Y = H*J;
SUM = 0;
forM=1:10 % TAKE ONLY 10 TERMS OF THE SERIES
FM=M;
for N =1:10
FN=N;
FACTORI1 = (FM*pi/A)"2 + (FN*pi/B)"2;
FACTOR?2 = ( (-1)"(M+N) )*144*A *B/(pi*F M*F N);
FACTOR3 =1 - (1 - (-1)"N)/B;
FACTOR = FACTOR2*F ACTOR3/FACTOR1;
SUM = SUM + FACTOR*sin(FM*pi*X /A)*sin(FN*pi*Y /B);
end
end
VH = SUM;

%  LAPLACE'S EQUATION WITH INHOMOGENEOUS BOUNDARY
CONDITIONS
%  SOLVED USING THE METHOD OF SEPARATION OF VARIABLES

C1=4*V 1/pi;

C2=4*V 2/pi;

C3=4*V 3/pi;

C4=4*V 4/pi;

SUM=0;

for K =1:10 % TAKE ONLY 10 TERMS OF THE SERIES
N=2*K-1;
AN=N;

FIGURE 3.12
(Continued).
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Al=sin(AN*pi*X/B);
A2=sinh(AN*pi*(A-Y)/B);
A3=AN*sinh(AN*pi*A/B);
TERMI1=C1*A1*A2/A3,
Bl=sinh(AN*pi*X/A);
B2=sin(AN*pi*Y/A);
B3=AN*sinh(AN*pi*B/A);
TERM2=C2*B1*B2/B3;
D1=sin(AN*pi*X/B);
D2=sinh( AN*pi*Y/B);
D3=AN*sinh(AN*pi*A/B);
TERM3=C3*D1*D2/D3;
E1=sinh(AN*pi*(B-X)/A);
E2=sin(AN*pi*Y/A);
E3=AN*sinh(AN*pi*B/A);
TERM4=C4*E1*E2/E3;
TERM = TERM1 + TERM2 + TERM3 + TERM4;
SUM=SUM + TERM,;

end

VI=SUM;

Vexact(I+1,J+1) = VH + VI;

end
end

%G@Grab original points a through i
abc2 = zeros(1,9);
a tic=1;
vec =[0:H:1];
for ii = .25:.25:.75
for jj = .25:.25:.75
xind = find(vec==ii);
yind = find(vec==jj);
%disp([xind,yind])
abc2(a_tic) = Vexact(xind,yind);
a tic=a tic+ 1;
end
end

figure(1),
imagesc(flipud(Vnum')),
colorbar
ylabel('y"), xlabel('x")
title('Example 3.4: Poisson PDE")

format short g

disp(" numerical exact)
disp([abc' abc2')

FIGURE 3.12
(Continued).
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TABLE 3.6
Successive Over-Relaxation Solution of Example 3.4
h=1/4 h=1/2 h=1/20

©,,; =1.1718 @,y =1.729 @, =1.729 Exact
Node Iterations 26 Iterations 43 Iterations Solution
a -3.247 -3.409 -3.424 -3.429
b -1.703 -1.982 -2.012 -2.029
C 4.308 4.279 4.277 -4.277
d -0.0393 -0.0961 -0.1087 -0.1182
e 3.012 2.928 2.921 2913
f 9.368 9.556 9.578 9.593
g 3.068 2.921 2.909 2.902
h 6.111 6.072 6.069 6.065
i 11.04 11.12 11.23 11.13

Note that as the mesh size h reduces, the solution becomes more accurate, but
it takes more iterations for the same tolerance.

3.5 Accuracy and Stability of Finite Difference Solutions

The question of accuracy and stability of numerical methods is extremely
important if our solution is to be reliable and useful. This is especially
important for parabolic and hyperbolic PDEs. Accuracy has to do with the
closeness of the approximate solution to the exact solutions (assuming that
they exist). Stability is the requirement that the scheme does not increase the
magnitude of the solution with increase in time.

There are three sources of errors that are nearly unavoidable in numerical
solution of physical problems:

* Modeling errors
e Truncation (or discretization) errors
e Round-off errors

Each of these error types will affect accuracy and thereby degrade the
solution.

Modeling errors are due to several assumptions made in arriving at the
mathematical model. For example, a nonlinear system may be represented
by a linear PDE. Truncation errors arise from the fact that in numerical anal-
ysis, we can deal only with a finite number of terms from processes that are
usually described by infinite series. For example, in deriving finite differ-
ence schemes, some higher-order terms in the Taylor series expansion were
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neglected, thereby introducing truncation error. Truncation errors may be
reduced by using finer meshes, that is, by reducing the mesh size i and time
increment At. Alternatively, truncation errors may be reduced by using a
large number of terms in the series expansion of derivatives, that is, by using
higher-order approximation. However, care must be exercised in applying
higher-order approximation. Instability may result if we apply a difference
equation of an order higher than the PDE being examined. These higher-
order difference equations may introduce spurious solutions.

Round-off errors reflect the fact that computations can be done only with
a finite precision on a computer. This unavoidable source of errors is due to
the limited size of registers in the arithmetic unit of the computer. Round-off
errors can be minimized by the use of double-precision arithmetic. The only
way to avoid round-off errors completely is to code all operations using inte-
ger arithmetic. This is hardly possible in most practical situations.

Although it has been noted that reducing the mesh size h will increase
accuracy, it is not possible to indefinitely reduce h. Decreasing the trunca-
tion error by using a finer mesh may result in increasing the round-off error
owing to the increased number of arithmetic operations. A point is reached
at which the minimum total error occurs for any particular algorithm using
any given word length. This is illustrated in Figure 3.2. Concerns about
accuracy lead us to question whether the finite difference solution can grow
unbounded, a property termed the instability of the difference scheme. A
numerical algorithm is said to be stable if a small error at any stage pro-
duces a smaller cumulative error. It is unstable otherwise. The consequence
of instability (producing unbounded solution) is disastrous. To determine
whether a finite difference scheme is stable, we define an error, €”, which
occurs at time step 7, assuming that there is one independent variable. We
define the amplification of this error at time step 7+ 1 as

entl = 88" (337)

where g is known as the amplification factor. In a more complex situation, we
have two or more independent variables, and Equation 3.37 becomes

[e]"*! =[G][e]" (3.38)

where [G] is the amplification matrix. For the stability of the difference
scheme, it is required that Equation 3.37 satisfy

| £n+1 | < | en |
or

Igl<1 (3.39a)

For the case in Equation 3.38,
IGll<1 (3.39b)
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One useful and simple method of finding a stability criterion for a differ-
ence scheme is to construct a Fourier analysis of the difference equation and
thereby derive the amplification factor. We illustrate this technique, known as
von Neumann’s method, by considering the explicit scheme of Equation 3.13:

Ot = (12007 + (@7, + D1, ) (3.40)
where r = At/k(Ax)?. We have changed our usual notation so that we can use
j=+-1 in the Fourier series. Let the solution be

;=Y Arper, 0<x<1 (341a)

where k is the wave number. Because the differential equation (Equation 3.10)
approximated by Equation 3.13 is linear, we need consider only a Fourier
mode, that is,

O = An(t)el (341b)
Substituting Equation 3.41b into Equation 3.40 gives
Artlpjkix — (1 — 2r)Anejikx + r(ejkx + ¢ Jkx )Anejkix
or
Aml = An[1-2r —2r cos kx]

Hence, the amplification factor is obtained as

_AT 1-2r+2 kx
g - r+2rcos
=1-4rsin? — (3.43)

In order to satisfy Equation 3.39a

<1

1—4rsir12k—x
2

Because the condition must hold for every wave number k, we take the mini-
mum value of the sine function so that

1-4r>-1 and r=0

or
r=2% and r=0

Of course, r = 0 implies At = 0, which is impractical. Thus

O<r<h
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Example 3.5

For the finite difference scheme of Equation 3.20, use the von Neumann
approach to determine the stability condition.

Solution
We assume a trial solution of the form

D = An(t)elkix
Substituting this into Equation 3.20 results in
Am+lefiv = 2(1— r) Anekiix 4 (e 4 g=jke) Angikix — An-1pjkix
or
Al = Ar[2(1-r)+2r coskx] - A1 (3.45)
In terms of g = A"*1/A" , Equation 3.45 becomes
§>-2pg+1=0 (3.46)
where p=1-2rsin?%. The quadratic equation (Equation 3.46) has solutions
gi=p+p? =102, g =p-[p*-1]"?
For |g;|, where i =1,2, p must lie between 1 and -1, thatis, -1<p<1or

—1S1—21’s1'nzk?xS1

which implies that 7 <1 or uAt < Ax for stability. This can be extended to show
that the stability condition for two-dimensional wave equationis uAt/h <,
where I = Ax = Ay.

I
3.6 Maxwell’s Equations

The most common approach to the finite difference solution of Maxwell’s
equations is the finite difference time domain (FDTD) method. This was first
introduced by Yee in 1966 and later developed by Taflove and others [5-7].
In this method, the Maxwell’s curl equations are rewritten using finite dif-
ference notation. The principal idea in this method is to employ time- and
space-centered approximation for the derivatives occurring in the Maxwell’s
equations with a second-order accuracy. In an isotropic medium, Maxwell’s
equations can be written as
oH

VXE= —l-lj (3.47a)

VxH = 0E+8?¥E (347b)
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Written component-wise, these correspond to six scalar equations. Following
Yee’s notation, we define a grid point in the solution region as

(i,7,k) = (iAx, jAy, kAz) (3.48)
and a function F of space and time at n-th time instant as

Fn(i, j, k) =F(i5, j3, k&, nAt) (3.49)

where 8 = Avx=Ay=Az is the space increment, At is the time increment, and
i,j,k, and n are integers. Using central difference approximations for space
and time derivatives that are second-order accurate,

oF"(i,j,k) _ Fn(i+1/2,],k)~Fr(i—1/2,],k)
ox B S

+ 0(8?) (3.50)

aFn(l" ]‘, k) _ Fn+1/2(i, ]’, k)_Fn—l/Z(i, ]’, k)
ot B At

+ O(At?) (3.51)

In applying Equation 3.50 to all the space derivatives in Equations 3.47, Yee
positions the components of E and H about a unit cell of lattice as shown
in Figure 3.13. To incorporate Equation 3.51, the components of E and H are
evaluated at alternate half-time steps. Thus, we obtain the explicit finite dif-
ference approximations of Equations 3.47a and 3.47b as

At
u(i, j+1/2,k+1/2)d

H™2(i,j+1/2,k+1/2) = H™V2(i,j+1/2,k+1/2) +
><r;z(z',]'Jrl/z,ic+1)—15;(i,j+1/2,k)

+EN(i, j,k+1/2)—Er(i, j+1,k+1/2) ] (3.52a)

At
wi+1/2,j,k+1/2)3

Hr2(i+1/2,j,k+1/2) = HV2(i+1/2,,k+1/2) +

E*(i+1,],k+1/2)—Er(i, j,k+1/2)

X
+EMi+1/2,j,k)-E"(i+1/2,],k+1) } 3.52b)

At

H#2(i+1/2,i+1/2,k) = H™V2(i+1/2,j+1/2
121 +1/2,j+1/2,k) 2(i+1/2,j+1/ ’k)+u(i+1/2,j+1/2,k)8

En(i+1/2,j+1,k)—Er(i+1/2,],k)
X
+E)(i, j+1/2,k)-Ej(i+1,j+1/2,k) | (3520)
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(i, j, k) Ey

v

FIGURE 3.13
Positions of the field components in the Yee cell.

o(i+1/2,j,k)A¢

Eml(i+1/2,7,k)=11
1250 ( e(i+1/2,],k)

JE;’(i+1/2, j k)

At Hr2(i+1/2, j+1/2,k) - H*V2(i+1/2, - 1/2,k)
+ VY
e(i+1/2,7,k)8| 4 HV2(i+1/2, j,k=1/2)= HIV2(i+1/2, j, k +1/2)

(3.52d)

| 0li,j+1/2, k)t

Emi(i, j+1/2,k) = -
yrl 2.k { e(i, j+1/2,k)

jE;(i, i+1/2,k)

o Hw 23, j+1/2,k+1/2) = H™2(, j+1/2,k —1/2)
e, j+1/2, k)5

+H™V2(1-1/2,j+1/2,k)- H"V2(i+1/2, j+ 1/2, k)
(3.52¢)
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_o(i, j,k+1/2)At

Erii,jk+1/2) =| 1
20k 1/2) ( e(i, j k+1/2)

JE;’(I', j k+1/2)

A Hr2(i+1/2, j,k+1/2) = HIV2(i-1/2, j,k+1/2)

+"‘T“T“““““
e, k+ V28| L grn(, j-1/2,k+1/2)— H™12(i, j+1/2,k +1/2)

(3.52f)

Note from Equations 3.52a—f that the components of E and H are interlaced
within the unit cell and are evaluated at alternate half-time steps. All the
field components are present in a quarter of a unit cell. In translating the
system of Equations 3.52a—f into computer code, one must make sure that,
within the same time loop, one type of field component is calculated first and
the results obtained are used in calculating another type.

To ensure accuracy of the computed results, spatial increment § must be
small compared to the wavelength (usually < A/10) or minimum dimen-
sion of the conducting body. This amounts to having 10 or more cells per
wavelength. To ensure the stability of the FDTD scheme, the time increment
must satisfy

-1/2
1 1 1
umaxAt < |:Ax2 + ryz + Azzi| (353)

where u,,,, is the maximum phase velocity within the model. Equation 3.53
is called Courant stability condition. Because we are using a cubic cell with
Ax = Ay = Az =9, Equation 3.53 becomes

u, . At 1

max <

5 ﬁ (3.54)

where 7 is the number of space dimensions. For practical reasons, it is good
to choose the ratio of time increment to spatial increment as large as possible
while satisfying Equation 3.54.

A basic difficulty encountered in applying the FDTD method to problems
involving open or unbounded geometries is that in the domain the field is
infinite. Because no computer can store unlimited data, we should devise a
scheme to confine our solution region to a finite extent. In other words, artifi-
cial boundaries must be simulated that create a numerical illusion. The con-
ditions under which this can happen are called radiation conditions, absorbing
boundary conditions, or lattice truncation conditions.

The FDTD method has several advantages. It is conceptually simple. It can
treat even inhomogeneous conducting or dielectric structures of complex geom-
etries, because the medium parameters can be assigned to each lattice point. It
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also permits computation of the solution in the frequency domain from a single
time domain simulation via Fourier transform techniques. A disadvantage of the
method is that it necessitates modeling of an object as well as its surroundings.

Thus, the program execution time may be excessive. Its accuracy is at least
one order of magnitude worse than that of the moment method. In spite of
these limitations, the FDTD method has been successfully applied to solve
scattering and other problems including aperture penetration, antenna/
radiation problems, microwave circuits, eigenvalue problems, electromag-
netic (EM) absorption in human tissues, etc.

I
3.7 Summary

The finite difference method is a very versatile means of solving PDEs commonly
encountered in electromagnetics. Finite difference has been applied to parabolic,
hyperbolic, and elliptic equations. The problems of stability and convergence of
the finite difference solution have been discussed. For solving Maxwell’s equa-
tion, the components of E and H are evaluated at alternate half-time steps.
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4

Fixed Random Walk

For want of a nail the shoe was lost; for want of a shoe the horse was lost; for
want of a horse the ride was lost.

—Proverb

.|
4.1 Introduction

Armed with random numbers and statistical methods of Monte Carlo simu-
lations, we can now apply Monte Carlo techniques to physical problems. We
begin with potential problems, which are among the most interesting areas
where Monte Carlo methods (MCMs) have found applications.

As mentioned in Chapter 1, the connection between potential theory and
Brownian motion (or random walk) was first shown in 1944 by Kakutani
[1]. Subsequent investigators [2-4] have extended the work of Kakutani. The
first systematic application of MCMs to electromagnetic problems was that
of Royer [5]. A simple introduction to the subject is given in [6].

An underlying concept of the probabilistic or Monte Carlo solution of differ-
ential equations is the random walk. Different types of random walk lead to dif-
ferent MCMs. The most popular types include the fixed random walk, nonreversal
random walk, self-avoiding random walk, floating random walk, and fixed-radius float-
ing random walk. The nonreversal and self-avoiding random walks are different
versions of the fixed random walk [7, 8], whereas the floating random walk is a
completely different type of MCM. The fixed random walk will be discussed in
this chapter, whereas the floating random walk will be treated in Chapter 5.

The application of the fixed random walk to potential problems usually
involves three steps:

1. Obtain the transient probabilities from the finite difference equiva-
lent of the partial differential equation describing the problem.

2. Use random numbers along with the transient probabilities to
direct several random walks in the solution region and record the
potential at the end of each random walk.

3. Find the statistical average of the recorded potentials in step 2.

69
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I
4.2 Solution of Laplace’s Equation

Let us suppose that the fixed random walk is to be applied to solve Laplace’s
equation

V2V =0 inregionR (41a)
or
2 2 2
0= 8 V ?9;2/ J V (4.1b)

subject to the Dirichlet boundary condition
V =V, onboundary B 4.2

We first consider the one-dimensional case.

4.2.1 One-Dimensional Case

We divide R into equal subintervals of length A. The central finite difference
approximations of the first and second derivatives of V with respect to x are [9]

av _ o, V(x+A)-V(x)

I V= I 4.3)
azv._V'(x+A/2)-V'(x—A/2)
dx? A

_ V(x+A)— 2\A/£x) +o(x—A) @4

Substituting Equation 4.4 into Equation 4.1 gives the finite difference approx-
imation of Laplace’s equation, namely,

V(x+A)-2V(x)+ov(x—A)
AZ

0=

or

Vix)=p, V(x+A)+p, V(x-A) @.5)
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FIGURE 4.1
One-dimensional fixed random walk.

where

1
Pu=P= 5 (46)

2
p..and p_ are known as transient probabilities or random walk probabilities. A
probabilistic interpretation may be given to Equation 4.5. A random-walking
particle at point x moves to new location x + A with probability 1/2 or to
x — A with probability 1/2. This suggests that by generating a random num-
ber U uniformly distributed in the interval (0,1), we can instruct the particle
to move as follows:

x—=>x+A if 0<U<0.5
x—=>x-A if 05<U«<]1 @4.7)

An interesting illustration of random walks in one dimension is a random
walk along Madison Avenue [10]. A man walks along a 10-block stretch of
Madison Avenue as shown in Figure 4.1. Starting at node k, he walks one
block to the right or left with probability 1/2. He wanders until he reaches
node 0, which is a bar, or node 10, which is home. When he reaches either the
bar or home, he stays there. The problem is, starting at node k, what is the
probability p(k) that the man will reach home before reaching the bar? The
answers turns out to be p(k) = k/10. The Monte Carlo solution to this problem
consists in sending out N random-walking particles from point k, directing
their movement using Equation 4.7, and counting how many of them reach
node 10 before being absorbed (see Problem 4.1).

4.2.2 Two-Dimensional Case
We first divide the solution region R into mesh and replace V2 by its finite

difference equivalent. From Equation 4.4,

2V V(x+Ax,y)-2V(x,y)+V(x—Ax,y)
o Ax?

(4.8a)

V. V(x,y+Ay)-2V(x,y)+V(x,y - Ay)
W ay?

(4.8b)
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V. (1) (XoYo)

FIGURE 4.2
Two-dimensional fixed random walks.

The finite difference representation of Equation 4.1 in two-dimensional R is
obtained by substituting Equation 4.8 into Equation 4.1. The result is
0=[Vx+A+V(x-Ay)+V(x,y+A)+V(x,y— A)—4V(x,y)l/A*

where a square grid of mesh size A = Ax = Ay, such as in Figure 4.2, has been
assumed. Solving for V(xy) yields

Vi, y)=p. Vx+Ay+p, Vix-Ay)+p, Vx,y+A)+p, Vix,y—-4) “9)

where

1
Por= PP = Py = 4.10)

Equation 49 may be given a probabilistic interpretation. If a random-
walking particle is instantaneously at the point (x, y), it has transient prob-
abilitiesp_ ., p,_, Pysr and p,_of moving from (x,y) to point (x + A, y),
(x=Ay), (x,y+A),and (x, v - A;, respectively. A means of determining which
way the particle should move is to generate a uniformly distributed random
number U, 0 < U < 1, and instruct the particle to walk as follows:

(x,y) > (x+4,y) if 0<U<025
(x,y)>(x-4A,y) if 025<U<05
(x,y) > (x,y+4A) if 0.5<U<0.75
(x,y) > (x,y—4,) if 0.75<U<1 @11
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If a rectangular grid rather than a square grid is employed, then p,, = p,_=p,
andp, =p, =p, butp #p,.

To calculate the potential at (x , v,), a random-walking particle is instructed
to start at that point. The particle proceeds to wander from node to node in
the grid until it reaches the boundary. When it does, the walk is terminated,
and the prescribed potential V, at that boundary point is recorded. Let the
value of V, at the end of the first walk be denoted by V, (1), as illustrated in
Figure 4.2. Then a second particle is released from(x,,y,)and allowed to
wander until it reaches a boundary point, where the walk is terminated and
the corresponding value of V, is recorded as V), (2). This procedure is repeated
for the third, fourth, ..., and N-th particle released from (x,,y,) and the cor-
responding prescribed potential V, (3), V, 4),..., V, (N) are noted. According
to Kakutani [1], the expected value of V, (1), V, (2), ..., V, (N) is the solution of
the Dirichlet problem at(x,,y,), that is,

Vi, y) = V() @12)

where N, the total number of walks, is large. The rate of convergence varies
as VN so that many random walks are required to ensure accurate results.

Aninteresting analogy to the two-dimensional random walk is the walking
drunk problem [11,12]. We regard the random-walking particle as a “drunk,”
the squares of the mesh as the “blocks in a city,” the nodes as “crossroads,”
the boundary B as the “city limits,” and the terminus on B as the “police-
man.” Though the drunk is trying to walk home, he is so intoxicated that he
wanders randomly throughout the city. The job of the policeman is to seize
the drunk in his first appearance at the city limits and ask him to pay a fine
V,. What is the expected fine the drunk will receive? The answer to this ques-
tion is in Equation 4.12.

On the dielectric boundary, the boundary condition D,, = D, is imposed.
Consider the interface along y = constant plane as shown in Figure 4.3.

y
Vs
£

€

FIGURE 4.3
Interface between media of dielectric permittivities €, and €,.
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V3
Vo v, y
VS
V,
L —
XX
FIGURE 4.4

Satisfying symmetry conditions: (a)

According to [9, 13], the finite difference equivalent of the boundary condi-
tion at the interface is

‘/0 = px+‘/1 + px—V2 + py+V3 + py—vél (413)

where the transient probabilities are given by

&5 &2 @414)
2(e, +¢€,)

1
3 Pz 2e, +¢,)

px+:px—:4

p,- =
An interface along an x = constant plane can be treated in a similar manner.

On a line of symmetry, the condition 2 =0 must be imposed. If the line of
symmetry is along the y-axis as in Figure 4.4a, according to [9]

Va = Px+V1 + py+V3 + Py—V4 (415)
where
1 1
Px+:§’ py+:py—:Z (416)

The line of symmetry along the x-axis, shown in Figure 4.4b, is treated simi-
larly, that is,

‘/o = px+‘/1 + px—VZ + py+V3 (417)

where

1 1
Pu =P =7 P=5 4.18)
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In each of the cases in Equations 4.14, 4.16, and 4.18, the uniformly distrib-
uted random number U is subdivided in proportion to the transient prob-
abilities and the random walker is instructed to move accordingly.

4.2.3 Three-Dimensional Case

For a three-dimensional problem in which cubical cells are used, the tran-
sient probabilities are easily obtained as

1
px+:px—:py+:py—:pz+:pz—:g (419)

In this case, the random number U is subdivided according to these prob-
abilities, and the random-walking particles are directed accordingly.

Example 4.1

Give a probabilistic interpretation using the finite difference form of the
energy equation

U—+v_—=0a

o dy

o, T _ (9T, &T
axz ay2

Assume a square grid of size A.

Solution

If a backward difference is applied to the left-hand side, whereas a forward
difference to the right-hand side, we obtain

(L y)=T(x=Ay)

A
+o T(x,y)-T(x,y—A) _ o T(x+Ay)-2T(x,y)+T(x-A,y)
A - A2
T(x,y+A)=2T(x,y)+T(x,y—A)
+o oy o L 4.20)

Rearranging terms leads to

T, ) =p . Tx+Ay)+p, Tx-A,y)+p, Tlx,y+AM)+p, T(x,y—-4) &2
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where

o 1
px+_ py+_ %+%+ 4 (422a)

(1+)
P = %4_%_’_ 4 (4.22b)

(1+%)
T 4.220)

o o

Equation 4.21 is given a probabilistic interpretation as follows: a walker
at point (x, y) has probabilitiesp,,,p, ,p,,,and p,_of moving from (x,y) to
point (x + A, y), (x = A, y), (x, y + A), and (x, y — A), respectively. With this
interpretation, Equation 4.21 can be used to solve the differential equation
with fixed random MCM.

Example 4.2

Consider a conducting trough of infinite length with the square cross sec-
tion shown in Figure 4.5. The trough wall at y = 1 is connected to 100 V,
whereas the other walls are grounded as shown. We intend to find the poten-
tial within the trough using the fixed random walk MCM.

Solution
The problem is solving Laplace’s equation subject to

VO, y)=V(,y)=V(x,00=0, V(x 1)=100 4.23)

M 100 V

Lo /

oV ov

FIGURE 4.5
Figure for Example 4.2.
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Read prescribed
Potential V,,

)

Set initial point of
random walk

l ,

| Generate a random |
number

)

Move to the next point
in the random walk

Record potential
at the boundary

y

Is number
of trials
completed?

No boundary
reached?
Yes
FIGURE 4.6

Flowchart for random walk of Example 4.2.

The exact solution obtained by the method of separation of variables is given
in [9]

oo

400 ~o sin kmx sinh kmy 3
V(xofyo)—TZW, k=2n+1 4.24)

Applying the fixed random MCM, the flowchart in Figure 4.6 was devel-
oped. Based on the flowchart, the program of Figure 4.7 was developed in
MATLAB®. A built-in standard subroutine rand was used to generate ran-
dom numbers U uniformly distributed between 0 and 1. The step size A
was selected as 0.05. The results of the potential computation are listed in
Table 4.1 for three different locations. The average number of random steps
m taken to reach the boundary is also shown. It is observed from Table 4.1
that it takes a large number of random steps for small step size and that the
error in MCM results can be less than 1%.
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% Using fixed random walk MCM to solve a potential

% problem involving Laplace's equation; for Example 4.2

nrun = 2000; % no. of runs, N
delta = 0.05; % step size
A=1.0; B=1.0;

v1=0; v2=0; v3=100; v4=0;
x0=0.5;

yo=0.5;

io=xo/delta; % location at which U is to be determined
jo=yo/delta;

imax=A/delta;

jmax=B /delta;

sum=0;

ms = 0; % no. of steps before reaching the boundary

ml = 0; % no. of walks terminating at v1
m2 = 0; % no. of walks terminating at v2
m3 = 0; % no. of walks terminating at v3
m4 = 0; % no. of walks terminating at v4

for k=1:nrun
i=io;
j=io;

while i<=imax & j<=jmax

FIGURE 4.7
MATLAB code for Example 4.2.



Fixed Random Walk

FIGURE 4.7
(Continued).

79

ms =ms + 1;
r=rand; % random number between 0 and 1
if (r>=0.0& r<=0.25)
i=i+1;
end
if (r>=0.25& r<=0.5)

i=i-1;

if (r >=0.5 & r<=0.75)
j=j+L

end

if (r>=0.75 & r<=1.0)

joi-L;

% check if (i,j) is on the boundary
if(i == 0)
sum=sum+ v4;
mé = mé4 +1;
break;
end
if(i == imax)
sum=sum+ v2;

m2 =m2 +1;
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break;
end
if(j == 0)
sum=sum+ vl;
ml=ml + 1;
break;
end
if(j == jmax)
sum=sum+ v3;
m3 =m3 + 1;
break;
end
end % while
end
v=sum/nrun
m=ms/nrun

FIGURE 4.7
(Continued).

Rather than using Equation 4.12, an alternative approach to determine
V(x, y) is to calculate the probability of a random walk terminating at a grid
point located on the boundary. The information is easily extracted from the
program used for obtaining the results in Table 4.1. To illustrate the valid-
ity of this approach, the potential at (0.25, 0.75) was calculated. For N = 1000
random walks, the number of walks terminating at x =0, x =1, y =0, and
y=1are 461, 62, 66, and 411, respectively.

Hence,

V(x,,y,)= %Z NV, (k) (4.25)
k=1

where m is the number of boundary sides with differential potential; N, is
the number of random walks terminal at side k of the boundary so that N;,/N
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TABLE 4.1
Results of Example 4.2
_ Monte Carlo Exact
x y N m Solution Solution
0.25 0.75 250 66.20 42.80 44.20
500 69.65 41.80
750 74.19 41.60
1000 74.95 41.10
1250 74.67 42.48
1500 74.39 42.48
1750 74.08 42.67
2000 74.54 44.35
0.5 0.5 250 118.62 21.60 25.0
500 120.0 24.60
750 120.27 25.89
1000 120.92 25.80
1250 120.92 25.92
1500 120.78 25.27
1750 121.5 25.26
2000 121.74 25.10
0.75 0.5 250 64.82 7.60 6.797
500 68.52 6.60
750 68.56 6.93
1000 70.17 7.50
1250 7212 8.00
1500 71.78 7.60
1750 72.40 7.43
2000 72.40 7.30

is the probability that a random walk originating at (x, y) terminates at side k;
and V,(k) is the potential there.
Thus,

461 62 66
Vix,,y,)= 0) + 0
o1 = 2000 O+ 1000 ©

411
+ 0)+ 100)=41.1 4.26
1000( ) 1000( ) (426

The statistical error in the simulation can be found. In this case, the potential
on the boundary takes values 0 or V, =100, so that V(x, y) has a binomial dis-
tribution with mean V(x, y) and variance

o = VeIV, ~ V)
N

4.27)

At point (0.5, 0.5), for example, N = 1000 gives ¢ = 1.384 so that at 68% confi-
dence interval, the error is 6 = G/\/N =0.04375.
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I
4.3 Solution of Poisson’s Equation
The fixed random walk MCM can be used to solve Poisson’s equation. To
solve Poisson’s equation,

V2V = —g(x,y) inregionR (4.28)
subject to

V=V, onboundary B, 4.29)

we first obtain the finite difference representation for a square grid as

=[Vx+A1y)+V(x-Ay)+V(x,y+A)+V(x,y— A) - 4V(x,y)]/A?

or

AZ
V(x,y) = p V(E+A,y)+p, Vx—Ay)+p, V(x,y+A) +p, V(x,y—A)+ =5

(4.30)

where the transient probabilities remain as stated in Equation 4.10. The
probabilistic interpretation of Equation 4.30 is similar to that of Equation 4.9.
However, the term A2g/4 in Equation 4.30 must be recorded at every step of
the random walk. If m; steps are required for the i-th random walk originat-
ing at (x,y) to reach the boundary, then one records

m;—1

V(z)+ Zg(x y] 4.31)

at the end of that walk. Thus, the Monte Carlo estimate for V(x,, y,) after N
walks is

V,y,)= ZV(z)+4NZmZg ,y,} @32)

The Monte Carlo procedure for solving Poisson’s equation may now be
outlined.

To determine the potential at an arbitrary point (x, y,) in the solution
region, a series of random walks is constructed as follows:

1. Start each random walk at (x,, y,).

2. Generate a random number U, 0 < U < 1, and move to a new point
according to Equation 4.11 and record the value of g(x, y) there.
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3. If the new point is not on the boundary B, repeat step 2. If the new
point is on B, terminate the random walk and record the prescribed
potential V(i) at the boundary point for the i-th random walk.

4. Repeat steps 1-3 for N random walks and then calculate

V@, y,)= ZV<z)+ Z’"Zg ,y,} @33)

4.4 Solution of Axisymmetric Problems

In this section, we extend the random walk Monte Carlo procedures to poten-
tial problems with axisymmetric geometries [14].
Suppose the fixed random MCM is to be applied in solving Laplace’s equation

V2V =0 inregion R (4.34)

subject to the Dirichlet boundary condition
V=V, onboundary B (4.35)

We begin by dividing the solution region R into a mesh and derive the finite
difference equivalent of Equation 4.34. For V = V(p, z), the problem is reduced
to a two-dimensional one, and Equation 4.34 becomes

*V 1oV v
P pop oz

=0 4.36)

At any point (p, z) in R, p#0, the finite difference approximation is

Vp+A4p,2)=2V(p,2)+V(p=4p,2) 1 V(p+A4p,2)=V(p—Ap,2)

(Ap)? p 2Ap
L Vip,z+A2)-2V(p,2)+ V(p, 2~ A2) 4.37)
(Az)?

where Ap and Az are the step sizes along p and z coordinates, as shown in
the discretized typical solution of Figure 4.8. If, for ease of computation, we
assume a square grid so that Ap = Az = A, Equation 4.37 becomes

Vp,2)=p, Vip+A,2)+p, Vp-Ay)+p, Vp,z+A)+p, Vip,z—-A) (4.38)
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—
<+—> p
Ap
FIGURE 4.8
Typical axisymmetric solution region.
in which
1
P =P, =7 (439a)
4
1 A
=—+— 4.39b
P pt 4 8p ( )
1 A
=——— 4.39
P [ 4 8p ( C)
Peovr Pos Ppus and p,.are the transient probabilities. Note that
Pop ¥ P P Py =1 (4.40)

A probabilistic interpretation may be given to Equation 4.38. If a random-
walking particle is momentarily at point (p, z), then p,,,p, , Poss and p,. are
the probabilities of stepping to points (p, z+A), (p,z— A), (p + A, z),and (p — A, 2),
respectively. Thus, by generating a random number U uniformly distributed
between 0 and 1, we characterize the movement of the particle as follows:

if 0<U<0.25, (p,z)—>(p,z+A)
if 0.25<U<05, (p,z)—=((p,z—A)

if 0.5<U <0.75+%, (p,2)=>(p+A,2)

if 0.75+ % <U<1, (p,2)=>(P-A4A,2) (4.41)
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Equations 4.36-4.41 do not apply when p = 0. Because V(A,z) = V(-Az),
dV/dp=0 at p =0. Therefore, by LHospital’s rule,

10V 9%V
———=— 442
p—0 P ap apz ( )
Hence, at p =0, Laplace’s equation becomes
0?2V 02V
and the finite difference equivalent is
V(0,z)= pp+V(A, 2)+p, V(O0,z+A)+p,V(0,z-A) (4.44)
where
1 4
=p, =, =, =0 445
pZ+ pZ— 6 pZ+ 6 pZ— ( )

Thus, at p =0, the movement of the particle is decided by drawing a random
number U and checking

if 0<u<%, (0,2) > (0,z+A)
L1 1
if g<u<§, (0,2) > (0,z—A)

if %< U<1, (0,z)>(A,2) 4.46)

To estimate the potential at an arbitrary point (p,,z,) in the solution region,
a series of random walks is constructed as follows:

1. Start each random walk at (p,, z,).

2. Generate a random number U, 0 < U < 1, and move to a new point
according to Equations 4.41 or 4.46.

3. If the new point is not on the boundary B, repeat step 2. If the new
point is on B, terminate the random walk and record the prescribed
potential V(i) at the boundary point for the i-th random walk.

4. Repeat steps 1-3 for N random walks, and then calculate

CRESEES WA 47)
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The rate of convergence of the solution varies as+ N, so that many random
walks are necessary to guarantee accurate results.
To solve Poisson’s equation

V2V = —¢ inregion R (4.48)
subject to

V= Vp on boundary B, (4.49)
we first obtain the finite difference form as

Vip,2)=p, Vip+A2)+p, Vp-A,2)+p, V(p,z+A)

2
+p, Vip,z=A)+ A 4g 4.50)

where the transient probabilities remain as defined in Equation 4.39. Thus,
Equation 4.50 is subject to exactly the same probabilistic interpretation as
Equation 4.38 except that the source term A2g/4must be recorded at each
step of the random walk. If m; steps are required to reach the boundary dur-
ing the i-th random walk and g is assumed constant, instead of Equation 4.47,

we now have
V(p,,z,)= ZV( Tgfzm,. 4.51)

i=1
where m; is the number of random steps taken to reach the boundary during
the i-th walk.

It is also important to consider an extension of the MCM for the solution
of problems with discrete homogeneities, that is, homogeneous media sepa-
rated by interfaces. This requires a simple extension of what was said ear-
lier for rectangular solution regions. For the z = constant interface, shown in
Figure 4.9a, the boundary condition

D, =D,, or €9V ,/k=¢,0V,/0z

leads to random walk probabilities
Pz =

p.- = (4.52)
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Y

(b)

FIGURE 4.9
Interface between media of dielectric permittivities €, and €,: (a) z = constant interface, (b) p =

constant interface.

because p, and p,, remain as in Equation 4.39. For p = constant interface,
shown in Figure 4.9b, the boundary condition %1 aV,/op = %2 dV,/dp leads to

— €1 1+A
Por = ae, +e) | 2p

€, _A
Pp- = 2(e, +¢,) (1 2p) (@.53)

becausep, and p_, remain as in Equation 4.39.

Example 4.3
Find the potential distribution in a cylindrical earthed metal tank partially
filled with charged liquid, assuming a uniform charge density. The problem
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FIGURE 4.10
An earthed cylindrical tank partially filled with charged liquid; for Example 4.4.

is illustrated in Figure 4.10, where
a=b=c=10m
€, =20, p,=10° C/m?

Region z > b is gas, whereas z < b is filled with a charged liquid such as
hydrocarbons.

Solution

The analytic solution is presented in [15]

oo

14 :zpuzclK

n=1 n-n

[cosh(, b)—1] ], (A, p)sinh[A, (b+c—2)], z=b  (4.54)

(7‘ SN2 osh(, ) cosh(l )

Z]o np) z<b

+¢, sinh(A b)sinh(A ¢) - cosh(A, c)]+1—cosh(), z)

where subscripts 1 and 2 denote gas and liquid space, respectively,

C,=¢,a\3],(\,a), (4.56)

K, =sinh(A b)cosh(A c)+ €, cosh(A, b)sinh(A c), 4.57)
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TABLE 4.2
Random Walk Probabilities and Source Term for Example 4.4
Location Pos Po- Py P.- g
>b,p#0 l+A 14
z>0,p PR 4 8 1/4 1/4 0
1 A 1 A p,A?
z< b, #0 —+— PR v
p R 1 % 1/4 1/4 e,
2
z=b,p#0 1+A 1 A € &, p,A
4 8 4 8 2(e, +¢,) 2(g, +&,) 4(e, +e,)
z>b,p=0 2/3 0 1/6 1/6 0
2<b,p=0 2/3 0 1/6 1/6 £,
P= / / / 126,
€ € p. A2
- b, =0 1 2 v
Z=5p 2/3 0 3, +€,) 3, +e,)  12(e, +ey)

and A, are the roots of | (A, a)=0;and J,and J; are Bessel functions of order
zero and one, respectively.

For the numerical solution, the random walk probabilities and the source
terms at the boundary points and at the line of symmetry are derived in [16]
and listed in Table 4.2. The potentials were calculated at four typical points
using Equation 4.43. The computer program is in Figure 4.11. The results are
displayed in Table 4.3, where & is the error estimate. The step size A =0.01 was
used in all calculations. In all Monte Carlo calculations, a built-in standard
function randu in MATLAB was used to generate random numbers U uni-
formly distributed between 0 and 1.

The potential distribution for both the analytic and Monte Carlo results
on the liquid—gas interface z = b is shown in Figure 4.12 and along the z-axis
in Figure 4.13. The solutions are close enough to verify the accuracy of the
Monte Carlo calculations.

Example 4.4

Consider the potential problem shown in Figure 4.14. The problem is intrac-
table by analytic methods, yet presents no real difficulties for a Monte Carlo
treatment. This particular example is actually a prototype of an electro-
static particle focusing system that is employed in a recoil-mass time-of-
flight spectrometer.



90 Monte Carlo Methods for Electromagnetics

% This program solves an axisymmetric problem

% using the fixed randomwalk; for Example 4.4

delta=0.05;

rhov=10/(-5);
€0=10"(-9)/(36*pi);
erl=1.0;
er2=2.0;
g=rhov*(delta)*2/eo;
rhoo=0.5; z0=0.5; % initial point where v is to determined
sum=0.0;
sumg=0.0;
ms=0;
m=0; % no. of steps before reaching the bounday
nrun=1000;
for k=1:nrun
2=20;
rho=rhoo;
while (rho>=0& rho<=a & z>=0& z<=b+c)
m=m+1;

FIGURE 4.11
MATLAB program for Example 4.4.
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% calculate g; generate a randomno. and move to the point
u = rand;
if (z> b & rho ~=0)

sumg = sumg + 0;

if(u>0 & u<=0.25)

z=z+delta;

end

if (u>0.25 & u <=0.50)

z=z-delta;

end

pp=0.25+ delta/(8* rho);

if(u>0.5 & u<=0.5+pp)
rho=rho+delta;

end

if (u>0.5+pp & u<=1)
rho=rho- delta;

end

end % end of segment 1

if (z < b & rho ~=0)
sumg = sumg + 1/(4*er2);
if(u>0 & u<=0.25)

z=z+delta;

FIGURE 4.11
(Continued).
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FIGURE 4.11
(Continued).
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end

if (u>0.25 & u <=0.50)

z=z-delta;

end

pp=0.25+ delta/(8*rho);

if(u>0.5 & u <= 0.5+pp)
rho=rho+delta;

end

if (u>0.5+pp& u<=1)
rho=rho- delta;

end

end % end of segment 2

if (z==b & rho ~=0)

sumg = sumg + 1/(4*(erl + er2));
pzl = erl/(2*(erl + er2));

pz2 = er2/(2*(erl + er2));

if(u>0 & u<= pzl1)

z=z+delta;

end

if (u>pzl & u <= pzl + pz2)
z=z-delta;

end

pp=0.25+ delta/(8*rho);
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if(u> 0.5 & u <= 0.5+pp)
rho=rho+delta;
end
if (u>0.5+pp & u<=1)
rho= rho- delta;
end
end % end of segment 3
if (z > b & rho == 0)
sumg = sumg + 0;
if(u>0 & u<=1/6)
z=z+delta;
end
if (u>1/6 & u<=1/3)
z=z-delta;
end
if(u>1/3 & u <= 1.0)
rho=rho+delta;
end
end % end of segment 4
if (z < b & rho == 0)
sumg = sumg + 1/(12%e r2);
if(u>0 & u<=1/6)
z=z+delta;

FIGURE 4.11
(Continued).

93
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end
if (u>1/6 & u<=1/3)
z=z-delta;
end
if(u>1/3 & u<=1.0)
rho=rho+delta;
end
end % end of segment 5
if (z==b & rho==0)
sumg = sumg + 1/(12*(erl + er2));
pzl = erl/(3*(erl + er2));
pz2 = er2/(3*(erl + er2));
if(u>0 & u<= pzl)
z=z+delta;
end
if (u>pzl & u <= pzl + pz2)
z=z-delta;
end
if(lu>1/3 & u<=1)
rho=rho+delta;
end
end % end of segment 6

% check if the new point is on the boundary

FIGURE 4.11
(Continued).
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FIGURE 4.11
(Continued).

Solution

95

ms = ms +1;
if (z == 0)
sum = sum + 0;
break;
end
if (z == b+c)
sum = sum + 0;
break;
end
if (rho == a)
sum = sum + 0;
break;
end
end % while
end % run
% Calculate the potential

v= sum/nrun + g*s umg/nrun

The finite difference solution to this problem is presented in [17]. The poten-
tials were calculated at five typical points, and the results are compared with
the finite difference results in Table 4.4. The step size A = 0.2 was used in all
Monte calculations. For the finite difference calculations, A =0.25 and A =0.5
gave nearly the same results for 500 iterations. Figures 4.15 and 4.16 show the
potential distribution along p=5cm, 0<z<20 cmandz=8cm, 1<p <20

cm, respectively.
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TABLE 4.3
Results of Example 4.3 (V is in kilovolts)
Monte Carlos Exact Solution
p z N Solution (V' +98) V)

0.25 1.0 500 71.14 £.016 71.12
1000 70.8 £1.22
1500 69.74+1.34
2000 69.45 + 1.505

0.75 1.0 500 34.02 + 1.465 35.02
1000 34.4 +£0.8553
1500 34.68 +£1.113
2000 34.24 £0.793

0.5 15 500 124 +1.946 15.947
1000 11.97 £ 0.6113
1500 11.91 + 0.5207
2000 11.72 £ 0.4474

0.5 0.5 500 60.14 + 1.256 64.882
1000 60.38 £2.226
1500 60.15+ 1.51
2000 60.07 £ 1.662

70 +

60 +

50 T+

V(kV)
Monte Carlo Method

30 T+

20 +

FIGURE 4.12
Potential distribution on liquid—gas interface; for Example 4.4.
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FIGURE 4.13
Potential distribution along the z-axis; for Example 4.4.
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FIGURE 4.14
An electrostatic particle focusing system; for Example 4.4.
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TABLE 4.4
Results of Example 4.4
Monte Carlos Exact Solution
p  z N Solution (V £8) W)
5 18 500 10.52 + 1.863 10.3467

1000 10.80 £1.035
1500 10.83 £0.9135
2000 10.75 £ 0.6345

5 10 500 26.36 =4.206 24.561
1000 26.14 +2.26
1500 26.24 +£1.605
2000 2598 +1.777

5 2 500 11.16 £1.463 10.404
1000 11.48 +0.9908
1500 11.35+1.167
2000 11.44 + 0.8402

10 2 500 2.56+1.143 1.3026
1000 2.66 +0.672
1500 2493 +0.7621
2000 2.48 +£0.5528

15 2 500 0.6 £0.7239 0.1124
1000 0.58 +£0.3866
1500 0.5467 +0.3007
2000 0.49 £0.2648

4.5 Summary

The MCM described in this chapter is called the fixed random walk type
because the step size A is fixed and the steps of the walks are constrained
to lie parallel to the coordinate axes. It provides a relatively straightfor-
ward means of solving potential problems with Dirichlet boundary con-
ditions. The fixed random MCM is easy to program and gives results of
sufficient accuracy for engineering purposes. One major disadvantage of
this MCM is that it computes the potential at only one point at a time. The
method may therefore be used to spot-check potentials obtained by other
methods or for solving problems for which potentials at only a few points
are required.

Another major drawback of the fixed random walk is that it is slow because
a large number of steps per walk are required to reach the boundary due
to the small, fixed step size. This drawback is fully removed by employing
MCM with floating random walk, to be discussed in the next chapter.
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Monte Carlo Method
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FIGURE 4.15
Potential distribution along p =5 cm, 0 <z <20 cm; for Example 4.4.
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FIGURE 4.16
Potential distribution along z=8 cm, 1 < p <10 cm; for Example 4.4.
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Problems

41. InFigure 4.1, use the fixed random walk Monte Carlo method to find

p(k) for k = 2,5, and 9. Compare your result with the exact solution.

4.2. Given the one-dimensional differential equation

y’=0, 0<x<1
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FIGURE 4.17
For Problem 4.4.

4.3.

44.

4.5.

4.6.

4.7

subject to y(0) =0, y(1) = 10, use the fixed random walk Monte Carlo
method to find 1(0.25) assuming

Ax = 0.25 and the following 20 random numbers:

0.1306, 0.422, 0.6597, 0.7905, 0.7695, 0.5106, 0.2961, 0.1428, 0.3666,
0.6543, 0.9975, 0.4866, 0.8239. 0.8722, 0.1330, 0.2296, 0.3582,
0.5872, 0.1134, 0.1404.

Consider N equal resistors connected in series as in Figure 4.17.
By making V(0) = 10 V, find V(k) using the fixed random walk
Monte Carlo method for the following cases:

a. N=5k=2
b. N=10,k=7
c¢. N=30,k=11

Consider the differential equation

*W W kW
+ +———=

-0
on® oy y dy

where k = constant. By finding its finite difference equivalent, give
a probabilistic interpretation to the equation.

Use the fixed random walk Monte Carlo procedure to determine
the potential at points (2, 2), (3, 3), and (4, 4) in the problem shown
in Figure 4.18a. By virtue of double symmetry, it is sufficient to con-
sider a quarter of the solution region as shown in Figure 4.18b.
Use the fixed random walk Monte Carlo method to solve
Laplace’s equation in the triangular region x>0,y 20,x+y <1
with the boundary condition V(x, y) = x + y + 0.5. Determine V at
(0.4,0.2), (0.35,0.2), (0.4, 0.15), (0.45, 0.2), and (0.4, 0.25).

Apply Monte Carlo method to solve Laplace’s equation in the
three-dimensional region

|x|<1, |y|<05, |z]<0.5
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ya 5

V =100

FIGURE 4.18
For Problem 4.5.
subject to the boundary condition
Vix,y,2)=x+y+z+0.5.
Find the solution at (0.5, 0.1, 0.1).

4.8. Consider the potential system shown in Figure 4.19. Determine
the potential at the center of the solution region. Take €, = 2.25.

49. For the potential system shown in Figure 4.20, find the potential
at (0.25, 0.25), (0.5, 0.5), and (0.75, 0.5) assuming that

V, =100, ¢, =¢, ¢€,=3¢,
a=b=05 h=w=1.0
Note that at point (a,b)

€, p —p = (g, +¢&,)
3e,+e,” T TV 2(3g, +e,)

Per =Py =

4.10. In the solution region of Figure 4.21,p = x(y —1) nC/m?3. Find
the potential at the center of the region using the fixed random
walk Monte Carlo method.
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FIGURE 4.19
For Problem 4.8.
YA V=V,
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FIGURE 4.20
For Problem 4.9.
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FIGURE 4.21

For Problem 4.10.
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FIGURE 4.22
For Problem 4.12.

4.11. Derive the transient probabilities and source terms in Table 4.2
for the following cases: (a) p=0, z=Db,(b) p=0, z<b.

4.12. Consider the finite cylindrical conductor held at V' =100 enclosed
in a larger grounded cylinder as shown in Figure 4.22. Using
the fixed random walk Monte Carlo technique, write a program
to determine the potential at points (p, z) = (2, 10), (5, 10), (8, 10),
(5,2), and (5, 18).



5

Floating Random Walk

Inexperience is what makes a young man do what an older man says is impossible.

—Herbert V. Prochnow

|
5.1 Introduction

There are two types of random walks in Monte Carlo methods (MCMs).
The first and the more common method is the fixed random walk, where
the step size is fixed. The second method is the floating random walk,
where the step size changes from point to point. The second method takes
less time because it takes fewer steps to reach the boundary and termi-
nate a random walk. In the floating random walk MCM, neither the step
nor the direction of the walk is fixed in advance. The quantities may be
regarded as “floating” and hence the designation floating random walk. A
floating random walk bypasses many intermediate steps of a fixed ran-
dom walk in favor of a long jump. Fewer steps are needed to reach the
boundary, and so computation is much more rapid than in the fixed ran-
dom walk.

Unlike the deterministic numerical methods such as finite difference,
finite elements, and moment methods, the floating random walk method is
a nondeterministic (probabilistic or stochastic) numerical method employed
in solving mathematical and physical problems. It is a means of treating
mathematical problems by finding a probabilistic analog and then obtain-
ing approximate answers to this analog by an experimental sampling proce-
dure. The solution of a problem by this method is closer in spirit to physical
experiments than to classical numerical techniques.

In this chapter, we will apply the floating random walk method to solve
Laplace’s and Poisson’s equations for problems involving rectangular and
axisymmetric solution regions that may or may not be inhomogeneous. As
expected, using the floating random walk method, we can obtain an accurate
solution in less time than by using the fixed random walk method.

105
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I
5.2 Rectangular Solution Regions

5.2.1 Laplace’s Equation

Suppose that the floating random walk is to be applied in solving Laplace’s
equation
V2V =0 inregion R (5.1a)

subject to Dirichlet boundary condition:
V=V, onboundary B (5.1b)

The mathematical basis of the floating random walk is the mean value theorem
of potential theory in conjunction with Green function [1-3]. If S is a sphere of
radius r centered at (x, y, z), which lies wholly within region R, then

V(x,y,2)= 4—;2 j V(r)dS’ 52

Equation 5.2 can be given a probabilistic interpretation. The potential at the center
of any sphere within R is equal to the average value of the potential taken over its
surface. When the potential varies in two dimensions, V(x, ) is given by

v<x,y>=2}mgﬁv<p'>dl' (5.3)

where the integration is around a circle of radius p centered at (x,y). It can
be shown that Equations 5.2 and 5.3 follow from Laplace’s equation. Also,
Equations 5.2 and 5.3 can be written as

V(x,y,2) =HV(a, 0, 0)dFdT (5.4)
Vy)= [Via,0)F 55)
0
where
p=%, T=%(1—cose) (5.6)

and 0 and ¢ are regular spherical coordinate variables. The functions F and
T may be interpreted as the probability distributions corresponding to ¢ and
6, respectively. While dF/d¢ = constant, dT = 1sin6; that is, all angles ¢ are
equally probable, but the same is not true for 6.

The floating random walk MCM depends on the application of Equations
5.2 and 5.3 in a statistical sense. For a two-dimensional problem, suppose
that a random-walking particle is at some point(x;,y;)after j steps in the
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s X Vi)

v

FIGURE 5.1
Configuration for floating random walk.

i-th walk. Thenext (j + 1)-th step is taken as follows. First, a circle is constructed
with center at(x;,y;)and radius p;, which is equal to the shortest distance
between point(x;,y;)and the boundary. The ¢ coordinate is generated as a
random variable uniformly distributed over (0, 2r), that is, ¢ =2nU, where
0 < U < 1. Thus, the location of the random-walking particle after the (j + 1)-th
step is illustrated in Figure 5.1 and is given as

X =X;+p;cosd, (5.7a)
Y1 =Y +p;sing; (5.7b)

The next random step is made by constructing a circle centered at (x,,,,y,,) and
having a radius p,,,, which is the shortest distance between (x;,,,y;,,) and
the boundary. This procedure is repeated several times, and the walk is termi-
nated when some prescribed small distance t of the boundary is approached.
The potential Vp(i) at the end of this i-th walk is recorded as in fixed random
walk MCM. The potential at (x,,y,) is eventually determined after N walks as

V(0 = D V0 69

assuming that N is large.

The floating random walk MCM can be applied to a three-dimensional
Laplace problem by proceeding along lines similar to those outlined here.
A random-walking particle at (x Y2 ].) will step to a new location on the
surface of a sphere whose radius r, is equal to the shortest distance between
point(x;,y;,2z;) and the boundary. The ¢ coordinate is selected as a random
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number U between 0 and 1, multiplied by 2r. The coordinate 0 is determined
by selecting another random number U between 0 and 1, and solving for
0=cos™(1-2U), as in Chapter 2, Example 2.3. Thus, the location of the par-
ticle after its (j + 1)-th step in the i-th random walk is

X}, =X;+1,C08 o) j sin® I (5.9a)
Yimn=Y;t1 sin q)/' sin ei (5.9b)
Z;, =2, +1,C08 0 ; (5.90)

Finally, we apply Equation 5.8.

5.2.2 Poisson’s Equation

Suppose that the floating random walk MCM is to be applied in solving
Poisson’s equation

V2V = —g(x,y)= _%v in region R (5.10a)

subject to the Dirichlet boundary condition
V=V, onboundary B (5.10b)

we apply the mean value theorem. If Sis a sphere of radius a, centered at (x, y, z),
which lies wholly within region R, then the solution to Equation 5.10 is

1 ey 1 Do
V(x,y,2)= yr IV(r )dS +411J'|f£*rr),|dv (5.11)
S v

This can be given a probabilistic interpretation. The value V(x,y,z) at the cen-
ter of the sphere is the average of ¢ with respect to Green’s function plus the
uniform average of ¢ with respect to Green’s function plus the uniform aver-
age of the boundary values on the surface of the sphere. When the potential
varies in two dimensions, V(x,y) is given by

]- ’ ’ 1 ’ ’ ’
V(y,2) =5 Vs + o [g@)nlp-pds 6512)
L S

where the integration is around a circle of radius a centered at (x, ).
Alternatives to Equations 5.11 and 5.12 are

V(x,y,z)=| | [V(a,0,0)+a’g/6]dFdT (5.13)

© e
© S

V()= [V(a,0)+ a2g/41dF (5.14)

where F and T remain as defined in Equation 5.6.
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The floating random walk MCM depends on the application of Equations
511 and 5.12 in a statistical sense. For a two-dimensional problem, the loca-
tion of the random-walking particle after the j-th step is given by

Xjq = X;+p;cosd; (5.15a)

Y =Y;+p;sing, (5.15b)

The value of g(x,y)ep? at this new location is recorded. The next random
step is executed by constructing a circle centered at (x,,,,¥,,,) and having a
radius p,,,, which is the shortest distance to the boundary. This procedure
is repeated several times, and the walk is terminated when some prescribed
small distance T from the boundary is approached. The potential V(i) at the
closest boundary point at the end of the i-th random walk is recorded as in
fixed random walk MCM. The potential at point (x,,y,) is eventually deter-
mined after N walks using

N
=1

v ANy, . 1
()= DV

i=1 i

Zg(xj,ypp;] (5.16)
j=1

where m. is the number of random steps required to reach the boundary in
the i-th walk.

The floating random walk MCM can be applied to a three-dimensional prob-
lem involving Poisson’s equation by proceeding along lines similar to those
outlined here. The location of the particle after (j + 1)-th step in the i-th random
walk is determined using Equation 59, and the value of g(x,y,z)er? at this
new location is recorded. Eventually, the potential at (x,,y,,z,) is determined
as

N N m;
1 . 1
Vi(x,,¥,,2,) = ﬁz Vp(z) + 67NZ {Z g(x/., Y zj)r].2] (5.17)
i=1 j=1

The floating random walk described here has a varying step size; that is, the
step size changes from point to point in the random walk [4]. The step size
could be fixed (as in fixed random walk), in which case it is called fixed-radius
floating random walk [5].

Example 5.1

Use the floating random walk MCM to determine the potential at points
(1.5,0.5), (1.0, 1.5), and (1.5, 2.0) in the two-dimensional region of Figure 5.2.

Solution

To apply the floating random walk, we use the flowchart in Figure 5.3 except
that we apply Equation 5.7 instead of Equation 4.11 (Chapter 4) at every step
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FIGURE 5.2
Figure for Example 5.1.

in each random walk. A computer program based on the modified flowchart
was developed, as shown in Figure 5.3. The shortest distance p from (x, y) to
the boundary was found by dividing the solution region in Figure 5.2 into
three regions and checking

if {(, y):1<x<2,0<y<1, p=minimum {x-1,2 - x, y}
if {(, y):0<x<1,1<y <25}, p=minimum {x,y - 1,2.5 - y}
if{ry:1<x<2,1<y<25)p :minimum,{2—x,2.5—y, (x—1)2+(y—1)2}

A prescribed tolerance T = 0.005 was selected so that if the distance between a
new point in the random walk and the boundary is less than 7, it is assumed
that the boundary is reached and the potential at the closest boundary point
is recorded.

Table 5.1 presents the Monte Carlo results with the average number of

random steps 1 . It should be noted that it takes fewer walks to reach the
boundary in floating random walk than in fixed random walk. Because no
analytic solution exists, we compare Monte Carlo results with those obtained
using finite difference method with A = 0.05 and 500 iterations. As evident
from Table 5.1, the Monte Carlo results agree well with the finite difference
results even with 1000 walks.

Unlike the program in Chapter 4, Figure 4.7, where the error estimates are
not provided for the sake of clarity and simplicity, the program in Figure 5.3
incorporates evaluation of error estimates in the Monte Carlo calculations.
Using Equation 2.46, (Chapter 2) the error is calculated as

St

o/2;n-1

Jn

In the program in Figure 5.3, the number of trials n is taken as 5 so that

tymq =2.766. The sample variance S is calculated using Equation 2.33

3
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% Using floating random walk MCM

% to solve Laplace®s equation; for Example 5.1

nrun = 500;

ntrials = 5; % no. of trials

tol=0.005; % tolerance
X0 = 1.5; % location at which potential
yo = 0.5; % is to be determined

for n=l:ntrials
sum = 0.0;
m=0; % no. of steps before reaching the boundary
for k=l:nrun
X=X0;
y=yo;
while x >=0 & x <=2 & y >=0 & y<=2.5
u=rand; % generate a random no. and move to the next point
phi=2.0*pi*u;
% find the shortest distance r;
rc = sqrt( (x-1)"2 + (y-1)"2 );
iIT(XxX>2@2 &x<2&y>8&y<1l)
rx = min(x-1,2-x);
r = min(rx,y);
end
ITX>0 &x<1&y>28&yc<2.5)
rx = min(x,y-1);
r = min(rx,2.5-y);
end
if (x>2@ &x<2&y>18&y<2.5)
rx = min(2-x,2.5-y);

@

FIGURE 5.3
MATLAB code for Example 5.1.
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r = min(rx,rc);
end
x=x+r*cos(phi);
y=y+r*sin(phi);
m=m+1;
% check iIf (x,y) is on the boundary
if ( x < (A+tol) & y < (1+tol) ) % corner
sum=sum +0;
break;
end
if ( x >= (2-tol) )
sum=sum +30;
break;
end
if (y>= (2.5-tol) )
sum=sum +20;
break;
end
if (x<tol &y >1 &y < 2.5)
sum=sum +0;
break;
end
if ( x> tol & x < (1-tol) & y <= (1+tol) )
sum=sum +0;
break;
end
if ( x< @+tol) &y > tol &y <=1)
sum=sum +0;

break;
(b)
FIGURE 5.3
(Continued).
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if ( x > (1+tol) & x <= (2.5-tol) & y < tol )

end

end

sum=sum +0;

break;

end %while

end % nrun

vv(n)=sum/nrun;

steps(n)=m/nrun;

end % ntrials

% Ffind the mean value of V and mean no. of steps

suml = 0.0;

sum2 = 0.0;

for n=1:

suml

sum2

end

n

trials
suml + vv(n);

sum2 + steps(n);

vmean=suml/ntrials

stepm=sum2/ntrials

% calculate error

sum3=0.0;

for n=1l:ntrials

sum3

end

std=sqrt( sum3/(ntrials-1) );

error =

FIGURE 5.3
(Continued).

std*2.776/sqrt(ntrials)

sum3 + ( vv(n) - vmean )"2;

113
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TABLE 5.1
Results of Example 5.1
Monte Carlo Finite
Solution Difference
x y N m (V) Solution (V)
15 0.5 250 6.738 11.52 £ 0.8973 11.44
500 6.668 11.80 + 0.9378
750 6.535 11.83 £ 0.4092
1000 6.476 11.82 + 0.6205
1250 6.483 11.85 + 0.6683
1500 6.465 11.72 £ 0.7973
1750 6.468 11.70 £ 0.6894
2000 6.460 11.55 + 0.5956
1.0 15 250 8.902 10.74 £ 0.8365 10.44
500 8.984 10.82 £0.3709
750 8.937 10.75 £ 0.5032
1000 8.928 10.90 £0.7231
1250 8.836 10.84 £0.7255
1500 8.791 10.93 £0.5983
1750 8.788 10.87 £0.3646
2000 8.811 10.84 £ 0.3646
15 20 250 7242 21.66+0.7509 21.07
500 7278 2157405162
750 7.278  21.53+0.3505
1000 7316  21.53+0.2601
1250 7322 21.53+0.3298
1500 7.348  21.51+0.3083
1750 7372 21.55+0.2592
2000 7371 21.45+0.2521

Note: in = average number of random steps.

(Chapter 2). The values of § are also listed in Table 5.1. Note that unlike in
Chapter 3, Table 3.1, where i and V are the mean values after N walks, m
and V in Table 5.1 are the mean values of n trials, each of which involves
N walks, that is, the “mean of the mean” values. Hence, the results in
Table 5.1 should be regarded as more accurate than those in Table 4.1
(Chapter 4).

Example 5.2
Consider Poisson’s equation

V2V = g(x,y)=-36mx(y—-1), 0<x<1,0<y<1

subject to boundary conditions

V(x,00=0, V(x,1)=20, V(0,y)=-10, V(1,5)=10
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TABLE 5.2
Results of Example 5.2
Exact Solution Fixed Random  Floating Random
x y ) Walk (V £38) Walk (v +38)
0.25 0.25 -3.425 -3.402+0.106  —-3.430 £0.0630
0.75 0.25 2.902 2908+0.1073  2.943+0.0804
0.5 0.5 2913 2.993 £0.1127 2.995+0.3275
0.25 0.75 5.277 5.242 +0.2394 5.241 +0.1285
0.75 0.75 11.131 11.146 £0.1369  11.208 + 0.0714
Solution

The analytic solution to this problem using the series expansion technique is
given in [1, pp. 156-161], in which the finite difference solution is also available.
The potentials were calculated at five typical points using both fixed and float-
ing random walks. For the fixed random walk, A = 0.05 and N = 10,000 walks
were used. The same number of walks was used for the floating random walk.
The tolerance t = 0.005 was used for all floating random walks. The results are
displayed in Table 5.2. In the table, § is the error estimate, which is obtained by
repeating each calculation five times and using Equation 2.46 (Chapter 2).

L]
5.3 Axisymmetric Solution Regions

We now apply what we have covered in Section 5.2 to the case when the solu-
tion region is axisymmetric.

5.3.1 Laplace’s Equation

Suppose that the floating random walk method is to be applied in solving
Laplace’s equation subject to the Dirichlet boundary condition:

V2V(X)=0 XeQ
V(X)=V, X=0Q G.18)

Let a particle, initially positioned within a closed surface S, at X, undergo
Brownian motion until it reaches boundary S,. Kakutani [6] showed that the
expected value of the potential at the position where the particle reaches S,,
(E[V(S)]), was the solution of the Dirichlet problem for potential at X:

V(X,)=E[V(S,)] (5.19)

L V()

E[V(S,)]=lim (5.20)

i=1
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where V(i) is the potential at the position at which the aforementioned par-
ticle reaches S, in the experiment and the step size for each random walk is
“floating.”

5.3.2 Poisson’s Equation
Consider Poisson’s equation with the Dirichlet boundary condition:
V2V(X)=-g(X) XeQ
V(X)=f(X) Xed (5.21)

We assume that the boundary 0Q is sufficiently smooth so as to ensure the
existence of a unique solution V(X) that is twice continuously differentiable in
Q and continuous on Q U dQ. Also, we assume that g is continuous in Q U 0Q
and that the domain Q consists of a finite union of bounded convex regions. In
addition, we suppose that the Green’s function G(X, X,) for the Dirichlet prob-
lem on Q exists and that it is continuously differentiable for X € Q U 0Q. It can
be shown that the solution to Equation 5.21 has integral representation [1, 7]:

1
| S(X) | dsexg)

The probabilistic interpretation of Equation 5.22 is given as follows: the value
V(X,) at the center of the sphere is the average of g(X) with respect to the
Green’s function plus the uniform average of the boundary value on the sur-
face of the ball. When the boundary values on the sphere are known, V(X)
could be interpreted as randomly sampling 4(X) inside the ball (to estimate
the first integral) and uniformly selecting V(X) on the sphere (to estimate
the second integral). Averaging over a large number of trials and summing
would give an estimate of V(X,).

Alternatives to Equation 5.22 in two and three dimensions, respectively,
are given as

Vo=, S0 X)X+ g [ Voode 6

11 ) X
V(X,) =-0[ -O[ [V(a,e,(p) + Me()} dFdT (5.23)
V(Xy)= HV(MP) + azq(x)}dF (5.24)
0 4
where
F:%, T:%(l—cose) (5.25)

and 4, 6, and ¢ are regular spherical coordinate variables. For axisymmetric
problems, we only discuss floating random walk for two-dimensional solu-
tion regions.
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FIGURE 5.4
Obtaining the next point in a floating random walk.

5.3.3 Homogeneous Media

The floating random walk method depends on the statistical application of
Equations 5.23 and 5.24. For a two-dimensional problem, we suppose that a
random walking particle is at some point (p; z) after the j-th step in the i-th
walk (see Figure 5.4). The next (j + 1)-th step is taken as follows. First, a circle
is constructed with center at (p; z) and radius R, which is equal to the shortest
distance between (p; z) and the boundary. The ¢; coordinate is generated as
a random variable uniformly distributed over each subregion 2n/M (M is the
number of subregions). Thus, the location of the random-walking particle

after the (j + 1)-th step is illustrated in Figure 5.4 and given as follows:
Pir1=P;+R;cos0;
z;.1=2;+R;sing, (5.26)

This procedure is repeated until the walk is terminated when some pre-
scribed small distance T from the boundary is approached. That is the end
of one random walk. We conduct N random walks and record the potential
at the end of each random walk. When N is large enough, the potential at
(po- 2) is eventually determined using

N N ;i
1 . 1
V“’o'zo):NZVp(MNZ[ q@wz»Rﬂ (527)
i=1 j=1

where V(i) is the potential at the closest boundary point at the end of the
i-th random walk, and ; is the number of steps taken to reach the boundary
during the i-th random walk.
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FIGURE 5.5
Interface between two media with dielectric permittivities € and €,.

5.3.4 Inhomogeneous Media

For the case of two media of dielectric permittivities €, and ¢, (Figure 5.5), the
boundary condition (D,, = D,, ) and Gauss’s law for the electric field lead to
random walk transient probabilities on the interface [8]:

Pas 2(g, +¢,)
_ €
pz— - 2(81 +82) (528)

Suppose that a random-walking particle is at X; after the j-th step. After the
(j + 1-th step, the particle moves to X;,  and crosses the interface between
two media. Because there are differential transient probabilities to media
€, and €, on the interface, the random-walking particle must move from
X;, v to X, along the line X; X;, ; then we use Equation 5.28 to determine
the transfer from interface to ¢, or €, medium. The interior point contribution

on the interface to the potential is as follows:

1
V=g[ql(Perj)"'%(Pj,Zj)]Rf (529)
where

ql(pjfzj) = lim g4,(p,2)
p%p]‘,Z%Z]‘

7P 2))= pqul,lz. 7,(p,2) (5.30)
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5.3.5 The Computing Procedure

The computing procedure for solving an axisymmetric problem is summa-
rized as follows:

1. Divide 2r region into 8 (/4 each), 16 (n/8 each), 32(r/16 each), or M
subregions. The larger the value of M, the higher the accuracy.

2. Begin a random walk at (p,, z,), where the potential is desired.

3. Determine the shortest distance R; to the boundary and calculate
the following:

Py =P;+R;cos0;

2, =2, +R;sin¢, (56.31)

If point (p;, z) is an interior point, then¢; is0<¢, <2n;if point

(p; z) is on the z-axis (symmetric axis), then 0; is —m/2<0 ;i< /2.
4. If the next step crosses the interface between two media, the new

point should be X, (shown in Figure 5.5). If the new point is on

the interface between two media, we first determine the transient

probabilities using Equation 5.28 and then locate the new position

X;,,,and ¢, is 0<¢, <morm<¢; <2n depending on the transient
probabilities in Equation 5.28.1f p;, ; < 0, it means that new point
falls outside the solution region in Figure 5.5 and we set p;,;=—p;,;
because of the symmetry.

5. When the random walk falls within a t-region from boundary
(where 7 is a preassigned tolerance value), we stop the i-th random
walk and repeat steps 2 to 4 for a very large number N of walks.
Finally, we use Equation 5.27 to calculate the potential V(p,, z).

We shall illustrate the application of the present method by means of two
numerical examples that have analytic solutions so that the accuracy and
validity of the floating random walk method can be checked. The first
example is an axisymmetric problem that involves a homogeneous solution
region, whereas the second example involves an inhomogeneous solution
region.

Example 5.3

Consider the solution of an axisymmetric problem involving Laplace’s
equation

1 a( avj+a2v_
op

vy =-2 ¥ 20 .
oplP = (.32)
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subject to
V(p,0)=V(p,L)=0

V(a,z)=V, (5.33)

Solution
The exact solution is

V(pr Z) =

4V, i I,(nmp/L)

T anO(mta/L) sin(nmz/L) (5:34)

=od

where I, is the modified Bessel function of the first kind and order zero. For
numerical calculation, take L = 2a=1 m and V,= 100 V. Table 5.3 compares
the floating random walk solution with the exact solution. For the floating
random walk,

R=minimum @ -p,z,L -2)

A prescribed tolerance t=0.05 was selected so that if the distance between
anew point in the random walk and the boundary is less than 7, it is assumed

TABLE 5.3

Comparison of the Floating Random Walk Solution with the
Exact Solution

(p,2) Exact Solution Floating Random Walk
(0,0.25) 53.75 50.9 N =1000
52.54 N =5000
52.96 N =10000
52.28 N =15000
(0,0.5) 72.13 68.5 N =1000
69.56 N =5000
69.79 N =10000
69.97 N =15000
(0,0.75) 53.75 52.3 N =1000
53.16 N =5000
52.74 N =10000
52.29 N =15000
(0.125,0.5) 75.33 714 N =1000
72.68 N =5000
72.21 N =10000
72.34 N =15000
(0.25,0.5) 80.65 78.6 N =1000
77.96 N =5000
78.33 N =10000

78.51 N =15000
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b+c T

FIGURE 5.6
Partially filled earthed cylindrical tank.

that the boundary is reached and the potential at the closest boundary point
is recorded.

Example 5.4

Consider an earthed cylindrical tank partially filled with charged liquid
(Figure 5.6), where

a=b=1.0m c=2.0m
e, =20 p,=10°C/m3

Region z > b is vacuum, whereas z < b is filled with a charged liquid.

Solution
The exact solution is [9]
V,=2p i 1 [cosh(A, b)—1]] (A p)sinh[A (b+c—2)], z=b (5.35)
1 v C K n 0 n n

n=1 —non

. sinh(A z)
V2 :&2]00\‘1@) KH

8r Cn
=l +¢, sinh(A, b)sinh(A, c) — cosh(A, c)]+1—cosh(A, z)

[cosh(A,b)cosh(A, c)
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TABLE 5.4
Results of Example 5.5
Floating
Random Walk  Exact Solution
P z N kV) kV)
0.5 0.5 15000 63.30 63.88
10000 65.70
5000 66.59
1000 67.95
0.5 1.5 15000 15.13 15.94
10000 15.07
5000 15.87
1000 15.58
0.75 1.0 15000 37.70 35.02
10000 37.83
5000 37.82
1000 38.56
0.25 1.0 15000 72.97 71.12
10000 72.62
5000 72.52
1000 72.56

where subscripts 1 and 2 denote gas and liquid spaces, respectively,
C, =e,arJ,(\,a) (5.37)

K, = sinh(A b)cosh(A, c)+ €, cosh(A,b)sinh(A c) (5.38)

and A, are the roots of ] (A,a)=0.

The potentials were calculated at four typical points using the floating ran-
dom walk Monte Carlo method. The results are compared with the exact
solution in Table 5.4.

In general, we note two main factors that influence the accuracy of float-
ing random walk. One factor is that the boundary has been replaced by a
t-region and we take the value of the t-region to be the same as the bound-
ary value. The second is that 2n region is divided into a limited number of
subregions. When 7 is decreased, so is the error, but the computational time
is increased. When a large number (M) of subregions is taken, the accuracy
increases. We need to choose a reasonable T and M while keeping the error
as small as possible. In the two examples, we take ©=0.05 and M = 16.

5.4 Summary

The floating random walk Monte Carlo method has been shown to be applicable
for solving the potential problems of Laplace’s and Poisson’s field distribution
with Dirichlet’s condition for rectangular and axisymmetric solution regions.
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It has also been shown that the method can handle inhomogeneous solution
regions. The method provides an accurate solution quickly compared to fixed
random walk. The accuracy of the floating random walk method is dependent
on a preset T-region. The smaller the value of T, the higher the accuracy, but
the longer the computational time. The probabilistic scheme can be very useful
for solving a problem that has a severe gradient near the boundary point. The
major limitation of the method is that it calculates the potential at only one point
at a time. This limitation is common with other classical Monte Carlo methods.
To overcome this limitation, we can use Green’s function in the floating random
walk [10,11] or use Markov chain, which will be discussed in Chapter 8.
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Problems

5.1. Solve Problem 4.8 (see Figure 4.19) using the floating random
walk MCM.
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100 units

FIGURE 5.7
Figure for Problem 5.2.

5.2. Consider the geometry for a parallel-plate capacitor struc-
ture with two dielectrics, as shown in Figure 5.7. Take g, = ¢,
and ¢€,=39¢ . Calculate the potentials at five different points
(x, v) = (50, 2), (50, 4), (50, 6), (50, 8), and (50, 9). Fringing effects
may be neglected.

5.3. Consider the microstrip geometry shown in Figure 58. Take
g =¢,and £, = 3.9¢ . Calculate potential at (x, y) = (50, 15), (55, 15),
(60, 15), (60, 5), and (50, 5).

5.4. Using the floating random walk method, rework Problem 4.12
(Chapter 4).

5.5. Consider the solution region shown Figure 5.9. We want to solve
Poisson’s equation

vov=-Po i region R
€

10 volts
O
NN
\

0units | N\ NN\ &

x=0, y=0

100 units

FIGURE 5.8
Figure for Problem 5.3.
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FIGURE 5.9
Figure for Problem 5.5.
subject to Dirichlet boundary conditions
V =V, on the boundary B

Takea=h=1m, ¢, =25, p,=10°C/m3. Using the floating ran-
dom walk method, calculate V at (0.25,0.25), (0.75,0.25), (0.5,0.5),
(0.25,0.75), (0.75,0.75).






6

The Exodus Method

Kill a man, and you are a murderer. Kill millions of men, and you are a con-
queror. Kill everyone, and you are a god.

—]Jean Rostand

The Exodus method was first suggested in [1] and was applied to heat
problems. It was later developed for electromagnetics [2-3]. Although the
method is probabilistic in approach, it is not subject to randomness as are
other Monte Carlo methods (MCMs) such as fixed random walk and float-
ing random walk. The Exodus method does not need a random generating
routine, and this makes the solution independent of the computing facilities.
The method gives the “exact” solution in the sense that the main source of
error is in the estimation of the transition probabilities, which are calculated
in such a way that randomness is avoided. It has been found that the Exodus
method provides solutions that are more accurate than those provided by
the fixed or floating MCMs.

In this chapter, we first consider applying the Exodus method to Laplace’s
equation. We then extend the applicability of the method to Poisson’s
equation.

6.1 Solution of Laplace’s Equation

Applying the Exodus method in finding the solution of a potential problem
usually involves the following three steps:

1. We first obtain the random walk probabilities from the finite differ-
ence equivalent of the partial differential equation describing the
problem.

2. The Exodus method is used along with the random walk probabili-
ties in calculating the transition probabilities.

3. The potential at the point of interest is finally obtained using the
transition probabilities and the boundaries conditions.

127
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In this section, we apply the Exodus method to Dirichlet problems in rectan-
gular and axisymmetric solution regions.

6.1.1 Rectangular Solution Region
Suppose the Exodus method is to be applied in selecting Laplace’s equation
V2V =0 inregionR 6.1)
subject to the Dirichlet boundary condition
V=V, onboundary B 6.2)

We begin by dividing the rectangular solution region R into a mesh and
derive the finite difference equivalent. Assuming a mesh side Ax = Ay = A, the
finite difference equivalent of Equation 6.1 is

VO, =p Vx+Ay)+p, Vx-Ay)+p, Vi, y+A)+p, V(x,y-4) (6.3)

where

1
px+:px—:py+=py—zz (64)

A probabilistic interpretation of Equation 6.3 is that a random-walking parti-
cle at an arbitrary point (x, y) in R has probabilities p,., p,_, p,,, and p,_ of
moving from (x, y) to the neighboring points (x + A, y), (x — A, y), (x, y + A), and
(x, y — A), respectively. Henceforth, p ., p._, Pyer and Py will be referred
to as the random walk probabilities.

It is also important to consider an extension of the MCM for the solution
of problems with discrete homogeneities, that is, homogeneous media sepa-
rated by interfaces. Consider the interface along the y = constant plane as
shown in Figure 6.1. The finite difference equivalent of the boundary condi-
tion D,, =D, at the interface is obtained by applying $DedS on the inter-
face. The result is

Vo=pVitp Vo +p, Vitp, V, 6.5)
where

€

Py= ooy (6-6)

1
px-%—_px—_Z’ py+_ —2(81+82)

1
2(g, +¢,)’

An interface along the x = constant plane can be treated in a similar manner.
On the line of symmetry, the condition dV/dn=0 must be imposed. If the
line of symmetry is along the y-axis as in Figure 6.2a,

‘/0 = px+‘/1 + py+V3 + py—v4 (67)
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FIGURE 6.1
Interface between media of permittivities € and &,.

where

px+_5/ py+:py—=z

6.8
The line of symmetry along the x-axis is treated similarly. 9
6.1.2 Axisymmetric Solution Region
For V =V(p,z), Equation 6.1 becomes
V. 1dV PV _ 0 69)

P pop o2

For ease of computation, we assume a square grid so that the step sizes
along p and z coordinates are equal, that is, Ap = Az = A. The finite difference
approximation for p #0 is

Vip,z)= pp+V(p +A,z)+ pp_V(p -Az2)+p, VP, z+A)+p, V(p,z—A)  (6.10)

where
1 1A 1 A
pz+_pz—_Z’ pp+_1+$/ pp__Z_g (611)
y
L—— X
Vs vy ,
Vo v 4[
A2 V2 Vo Vi X
(a) (b)
FIGURE 6.2

Satisfying symmetry conditions: (a) (b).
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Note that the random walk probabilities satisfy
Pos TP TP+ P, =1 6.12)

Equations 6.10 and 6.11 do not apply when p = 0. Because dV/dp=0 atp =0,
applying L'Hopital’s rule yields

1V _av

i =— (6.13)
p—0p O Ip
Hence, at p =0, Laplace’s equation becomes
%V 9V
2 o + e = 0 (6.14)
and the finite difference equivalent is
V(0,z)= pp+V(A, 2)+p, V(0,z+A)+p, V(0,z-A) (6.15)
where
1 4
pz+=pz— =g' pp+=g/ pp_=0 (6].6)

For the z = constant interface, the boundary condition D, = D,, or €,dV,/0z =
€,dV,/0z leads to random walk probabilities:

€

_ 81 2
Pes 2(g, +¢,)

C2(e, +8,)’ P ™

6.17)

whereas p,, and p, remain as in Equation 6.11. For p = constant interface,
the boundary condition (g,/p)dV,/dp = (¢,/p)dV,/dp leads to

€ A €, A
=— 1 14—, =2 |1-= i
Pos 2(81+82)( +2Pj Po- 2(81+82)( ZPJ ©19

whereas p,, and p, remain as in Equation 6.11.

6.1.3 Exodus Method

Suppose that for concreteness we are interested in solving the problem
defined in Equations 6.1 and 6.2, and the potential at a specific point (x,y,)
is to be determined. We define the transition probability p, as the probability
that a random walk starting at the point of interest(x,,y,)in R ends at the
boundary point (x,,y,) with prescribed potential V, (k), that is,

p, =Prob(x,, vy, ——x,,Y,) (6.19)
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If there are M boundary or fixed nodes (excluding the corner points because
a random walk never terminates at those points), the potential at the starting
point (x,,y,) of the random walks is

M
Vix, y,)= 2 PV, (k) (6.20)
k=1

If m is the number of different boundary potentials, Equation 6.20 can be
simplified to

CHAEDIWNAL 621)
k=1

where p, in this case is the probability that a random walk terminates on
boundary k. AsV,(k)is specified, our problem is reduced to finding p,. It is
evident from Equation 6.21 that the value of V(x,,y,) would be “exact” only
if the values of the transition probability p, are calculated exactly. The values
of p, can be obtained analytically using an expansion technique described in
[4]. However, this approach is limited to homogeneous rectangular solution
regions. For inhomogeneous or nonrectangular regions, we must resort to a
numerical technique. The Exodus method offers a numerical means of finding p;.

To apply the Exodus method, let P(j,j) be the number of particles at point
(i,j) in R. We begin the application of the Exodus method by setting P(i, j) =0
at all nodes (both fixed and free) except at free node(x,,y,), where P(,j)
assumes a large number N (say, N = 10° or more). In other words, we intro-
duce a large number of particles at (x,,y,) to start with. By scanning the
mesh as is usually done in finite difference analysis, we dispatch the par-
ticles at each free node to its neighboring nodes according to the random
walk probabilities p,., p,_, p,.,andp,  as illustrated in Figure 6.3. Note
that in Figure 6.3b, new P(;,j) = 0 at the node, whereas old P(j,)) is shared
among the neighboring nodes. At the end of each iteration (i.e., scanning
of the free nodes in R as illustrated in Figure 6.3), we record the number of
particles that have reached the boundary (i.e, the fixed nodes), where the
particles are absorbed. We keep scanning the mesh in a manner similar to
the iterative process applied in finite difference solution until a set number
of particles (say, 99.99% of N) have reached the boundary. If N, is the number
of particles that have reached boundary k, we calculate

N 6.22)

Py = N
Hence, Equation 6.21 can be written as

Y1 NV, (k) 6.23)

V(xo’yo)= N
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P (i,j +1)
P(i—l,j)= ® P +l,j)
‘\\\P&ﬂ
P (i,j -1)

P(,j+1)+py+P(ij)

P(i-1,j) +p,—P(@j)) P(i+1,j)+py+ PG, j)

P(G,j)=0

P (i~ 1,j) + p,~ P (i)

(b)

FIGURE 6.3
Random walk probabilities: (a) before the particles at (i, j) are dispatched, (b) after the particles
at (i, j) are dispatched.

Thus, the problem is reduced to just finding N, using the Exodus method,
given N and V,(k). We note that if N——>oA——0,and all the particles
were allowed to reach the boundary points, the values of p,, and consequently
V(x,,y,), would be exact. It is easier to approach this exact solution using the
Exodus method than using other MCMs and perhaps other numerical tech-
niques such as finite difference and finite element methods. This fact will be
illustrated with examples shortly.

For an axisymmetric solution region, we find the transition probability
p, =Prob(p,,z, ——p,, z,) in the same way except that at each node we use
random walk probabilities p,., p,_, p,,, and p,_in dispatching the particles.
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y Vs = 40V
1.0
Ve=0v |
V, = 100V
V, =10V
FIGURE 6.4
Figure for Example 6.1.

We shall illustrate the application of the Exodus method by means of two
examples. The two examples have an analytic solution so that the accuracy
and validity of the Exodus solution can be checked.

Example 6.1

Consider the cross section of an infinitely long trough whose sides are
maintained as shown in Figure 6.4. Write MATLAB® code using the Exodus
method to calculate the potential at (0.5, 0.5), (0.8, 0.8), (1.0, 0.5), and (0.8, 0.2).
Compare your results with exact results [5].

Solution

The MATLAB program is in Figure 6.5, where the step size is selected as
h=A=0.06. The code is self-explanatory. The results from the Exodus method
are compared with the exact solution as shown in Table 6.1.

Example 6.2

Consider the potential problem shown in Figure 6.6. The potentials at x = 0,
x=a, and y = 0 sides are zero, and the potential at y = b side is V.

Solution

The analytic solution to this problem using series expansion technique is

oo

Zsin[}x[u” sinhBy +b, coshPy], 0<y<c

k=1

oo

ch sinfxsinh By, c<y<b

k=1
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% This program uses the Exodus method to solve Laplace's equation

a=1.5; b=1; h=0.05;
x0=0.8; yo=0.2;
imax=a/h;
jmax=b/h;
io=xo/h;
jo=yo/h;
N =1076; % total no. of particles injected
nmax=500;
P=zeros(imax+1,jmax+1);
P(io+1,jo+1)=N;
suml=0; vl=10 % bottom side
sum2=0; v2=100 % right side
sum3=0; v3=40 % top side
sumd=0; v4=0 % leftside
for n=1:nmax
% scan the free nodes
for i=2:imax
for j=2:jmax
P(i+1,j)= P(i+1,j) + 0.25* P(i,j);
P(i-1,j)= P(i-1,j) + 0.25*P (i,j);
P(ij+1)= P(i,j+1) + 0.25* P(i,j);

FIGURE 6.5
MATLAB code.
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FIGURE 6.5
(Continued).

% This program uses the Exodus method to solve Laplace's equation

a=1.5; b=1; h=0.05;
x0=0.8; yo=0.2;
imax=a/h;
jmax=b/h;

io=xo/h;

jo=yo/h;

N =1076; % total no. of particles injected

nmax=500;
P=zeros(imax+1,jmax+1);
P(io+1,jo+1)=N;
suml=0; vl=10 % bottom side
sum2=0; v2=100 % right side
sum3=0; v3=40 % top side
sumd=0; v4=0 % leftside
for n=1:nmax
% scan the free nodes
for i=2:imax
for j=2:jmax
P(i+1,j)= P(i+1,j) + 0.25* P(i,j);
P(i-1,j)= P(i-1,j) + 0.25*P (i,j);

P(i,j+1)= P(i,j+1) + 0.25* P(i,j);

135
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TABLE 6.1

The Exact Solution and the

Exodus Method

(x, v Exact Exodus

(0.5,0.5) 22.44 22.44
(0.8, 0.8) 38.55 38.56
(1.0,0.5) 43.22 4322
(0.8,0.2) 20.97 20.91

where

=", n=2k-1,
a

a, =4V [e, tanhc—¢, coth Bc]/d,

b, =4V, (e, ~¢,/d,

c,=4V [e, tanPc —¢, cothPc + (e, —€,) coth Bcl/d,

d, = nmsinh Bb[e, tanh Bc — ¢, coth Bc + (e, — €,) coth fb]

Typically, values
V =100, €,=¢, €,=225, a=30, b=20, c=1.0

are used in all calculations. The potentials are calculated at five typical points
using the Exodus method, the fixed random walk MCM, and the analytic
solution. The number of particles, N, is taken as 107 for the Exodus method,
and the step size A = 0.05 was used. For the fixed random walk method,
A =0.05 and 2000 walks are used. It was noted that 2000 walks are suffi-
cient for the random walk solutions to converge. The results are displayed in
Table 6.2. In the table, § is the error estimate, which is obtained by repeating

€1

! ZQA € /

FIGURE 6.6
Potential system for Example 6.2.
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TABLE 6.2
Results of Example 6.2
Fixed
Exodus Random Walk Finite Exact
x y Method (V+£9) Difference Solution
0.5 1.0 13.41 13.40£1.113 13.16 13.41
1.0 1.0 21.13 20.85+1.612 20.74 21.13
1.5 1.0 23.43 23.58 +1.2129 22.99 23.43
15 0.5 10.52 10.13 £ 0.8789 10.21 10.51
1.5 1.5 59.36 58.89 +2.1382 59.06 59.34

each calculation five times and using the statistical formula provided in
Chapter 2, Section 2.5. It should be noted in the table that the results of the
Exodus method agree to three significant places with the exact solution.
Thus, the Exodus method is more accurate than the random walk technique.
It should also be noted that the Exodus method does not require the use of
random number routine or error estimate calculation. The Exodus method,
therefore, takes less computation time than the random walk method.

6.2 Solution of Poisson’s Equation

We now apply the Exodus method to Poisson’s equation
VIV =—g(x,y)= Py region R (6.24)
€

subject to the Dirichlet boundary condition
V=V, onboundary B 6.25)
wherep, (in coulombs/cubic meter) is not a function of z. We seek to solve

Poisson’s equation for problems involving rectangular and axisymmetric
solution regions.

6.2.1 Rectangular Solution Region

We begin by dividing the rectangular solution region R into a mesh and
derive the finite difference equivalent of Equation 6.24. Assuming a mesh
with Ax = Ay = A, the finite difference equivalent of Equation 6.24 is

Vi) =p Vx+A,9)+p, Vx-Ay)+p, V(x,y+A)

2
+p, V(x,y—A)+ % (6.26)
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where
1
px+=px—=py+=py—=z (6.27)

The probabilitiesp, ., p,_,p,,, and p,_are the random walk probabilities. These
probabilities can also be obtained for problems with discrete homogeneities
(i.e., homogeneous media separated by interfaces) and problems with lines of
symmetry. They are derived in Section 6.1 for Laplace’s equation and can be
derived for Poisson’s equation by following a similar procedure.

6.2.2 Axisymmetric Solution Region

For V =V(p, z), Equation 6.24 becomes

02V 1V 82V
7+ Py g(p/ ) piv

57 oo o (6.28)

wherep_ is independent of ¢. To ease computation, we let Ap=Az=A. The
finite difference approximation forp # 0 is

Vip,2)=p,Vp+A2)+p, Vip—A2)+p, V(p,z+A)
2
FpV(p,z—A)+ % 6.29)

where

1 1 A 1 A

pz+:pz—:Z’ pp+zz+$’ pp— Z_% (630)

Equations 6.29 and 6.30 do not apply when p = 0. Because dV/dp=0at p =0,
applying L'Hopital’s rule yields

. 1dv _ oV
Ry (6.31)
Hence, at p =0, Laplace’s equation becomes
82V oV

and the finite difference equivalent is

2
V(0,2)= p, V(A 2)+ .. V(0,24 A)+p_ V(0,2— A)+ % 633)
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where

1 4

g/ per = g/ pp7 = 0 (634)

pZ+ = pZ* =
The random walk probabilitiesp,,, p, , p,,, and p, are the probabilities
that a random-walking particle at an arbitrary point (p,z) in R will move to
the neighboring points (p, z+ A), (p, z — A), (p + A, 2), and (p —A, z), respectively.
Again, these probabilities are derived for Laplace’s equations in Section 6.1
for problems with discrete homogeneities and lines of symmetry, and can be
derived in a similar manner for Poisson’s equation.

6.2.3 Transition and Transient Probabilities

To compute the solution of the problem defined in Equation 6.25, for exam-
ple, at a specific point(x,,y,), we need the transition probability p, and the
transient probability q,. The transition probability p, is already defined as the
probability that a random walk starting at the point of interest (x,,y,) in R
ends at a boundary point(x,,y,), where potential V,(k) is prescribed, that
is,

p, =Prob(x,, vy, —x,,v,) (6.35)

The transient probability g, is the probability that a random walk starting at
point (x,,y,) passes through point(x,,y,) on the way to the boundary, that
is,

q, = Prob(x,, y, —— boundary B) (6.36)
If there are m boundary (or fixed) nodes (excluding the corner points because

a random walk never terminates at those points) and M free nodes in the
mesh, the potential at the starting point(x,,y,) of the random walks is

m My
Vix, y,)= z PV, (k) + Z q.G, (6.37)
k=1 (=1
where
AZ
G == 8(x.y,) (6.38)

If M, is the number of different boundary potentials, the first term in the
right-hand side of Equation 6.37 can be simplified so that

M, My
AR WAACED I I (6.39)
k=1 (=1
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where p; in this case is the probability that a random walk terminates on
boundary k. As V, (k) is specified and the source term G, is known, our prob-
lem is reduced to finding the probabilities p, and q,. We note from Equation
6.39 that the value of V(x,,y,) would be exact if the transition probabilities
prand the transient probabilities 4, were known exactly. These probabilities
can be obtained in one of two ways: either analytically or numerically. The
analytic approach involves using an expansion technique described in [4].
However, this approach is limited to homogeneous rectangular solution
regions. For inhomogeneous or nonrectangular regions, we must resort to
some numerical simulation. The Exodus method offers a numerical means
of finding p, and g,. The fixed random walk can also be used to compute the
transient and transition probabilities.

6.2.4 Exodus Method

Suppose it is desired to find V at point(x,,y,). To apply the Exodus method,
let P(i,j) be the number of particles at point (;,j) in R, and Q(,j) the number
of particles passing through the same point. We begin the application of the
Exodus method by setting P(i,j) = 0 = Q(, ) at all nodes (both fixed and free)
except at the free node (x,,y,), where P(;,j) and Q(,j) are set equal to a large
number N, (say, N, =10° or more ). In other words, we inject a large number
of particles at(x,,y,) to start with. By scanning the mesh iteratively as is usu-
ally done in finite difference analysis, we dispatch the particles at each free
node to its neighboring nodes according to the random walk probabilities
Prir Paer Pyir and p,.,as illustrated in Figure 6.3. Note that in Figure 6.3b,
new P(j,j) = 0 at that node, whereas old P(j, j) is shared among the neighbor-
ing nodes. As shown in Figure 6.7, the value of Q(;,j) does not change at that
node, whereas Q at the neighboring nodes is increased by the old P(;, ) that
is shared by those nodes. Although P(, j) keeps records of the number of par-
ticles at point (i, j) during each iteration, Q(, ) tallies the number of particles
passing through that point.

Atthe end of each iteration (i.e., scanning of the free nodes in R as illustrated
in Figures 6.3 and 6.7), we record the number of particles that have reached
the boundary (i.e, the fixed nodes) where the particles are absorbed. We
keep scanning the mesh in a manner similar to the iterative process applied
in finite difference solution until a set number of particles (say, 99.99% of
N,) have reached the boundary. If N, is the number of particles that reached
boundary k, we calculate

N,
= 6.40
pk Np ( )

Also, at each free node, we calculate

l

q,= (6.41)

z\zo

4
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Q,j+1)

Ql-1j) * o QUrL)
\ Q@ j)
QGLj-1)
(a)
Q(i,j+1)+Py+P(i,j)
Q-1,j)+Py=P(j) Q@ j+1)+P+P(,j)

K\\;__Q@D

Qi,j~1)+P,~P i)

(b)

FIGURE 6.7
Number of particles passing through node (i, j) and its neighboring nodes: (a) before the par-
ticles at the node are dispatched, (b) after the particles at the node are dispatched.

whereQ, = Q(,j) is now the total number of particles that have passed
through that node on their way to the boundary. Hence, Equation 6.39 can
be written as

M, My
> NV,(K) T QG,
V(x, y,) =" + L=t (6.42)

NP NF’

Thus, the problem is reduced to just finding N, and Q, using the Exodus
method, given N,, V,(k),and G,. If Np —0o, A——0, and all the particles
were allowed to reach the boundary points, the values of p, and q, and con-
sequently V(x_,y,) would be exact. It is easier to approach this exact solution
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using the Exodus method than using other MCMs and perhaps other numer-
ical techniques such as finite difference and finite element methods.

6.2.5 Fixed Random Walk

The fixed random walk Monte Carlo technique can be used as an alternative
numerical approach for calculating the transient and transition probabilities.
A detailed description of the random walk MCM is given in Chapter 4. To
find the transition probability p, and transient probability g,in Equation 6.39,
the technique essentially involves taking the following steps:

1. Start each random walk at(x,,y,).

2. Generate arandom number U thatis uniformly distributed between
0 and 1, and move to a new point according to:

(x,y)—(x+A,y) if 0<U<0.25
(x,y)—(x—A,y) if 0.25<U<0.5
(x,y)—(x,y+A) if 0.5<U<0.75

(x,y)—(x,y—A) if 0.75<U<1.0

Increase the value of N, by one, the number of random walks pass-
ing through that point.

3. If the new point is not on the boundary B, repeat step 2. If the new
point is on B, terminate the random walk and record the prescribed
potential V, at theboundary point for the i-th random walk. Increase
by one the value of N,, the number of random walks reaching the

boundary.
4. Repeat steps 1-3 for N,, random walks, and finally calculate
N,
=% 6.43
Py 643)
N/
q,= Ni (6.44)

w

The rate of convergence of the solution varies as JN, so that many random
walks are necessary to ensure accurate results. The values of p, and g, in
Equations 6.43 and 6.44 are substituted in Equation 6.39 to obtain

M, M,
2 NVik)  3NG,
Vi, )=+ (6.45)

w w
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The fixed random walk is capable of producing results of the same degree
of accuracy as the Exodus method but requires large value of N,, and, conse-
quently, more computation time.

For an axisymmetric solution region, the transition probability p, = Prob
(p,z——p,,z,) and the transient probability ¢, = Prob(p,z—2=— bound-
ary B) are found in the same way except that at each node we use the
random walk probabilitiesp_,,p,_, p, ,and p, in dispatching the particles
or taking the random walks as the case may be.

The following two examples are used to illustrate the solution of Poisson’s
equation by the Exodus method. The solution region of the first example is
rectangular, whereas that of the second example is axisymmetric. The two
examples have exact analytic solutions so that accuracy and validity of the
numerical technique can be checked.

Example 6.3
Consider Poisson’s equation

V2V =—g(x,y)=-36mx(y-1), 0<x,y<1 (6.46)

The analytic solution to this problem using series expansion technique is
given in [5], where the finite difference solution is also available.

Solution

The potentials were calculated at five typical points using Equation 6.42 for
the Exodus method, using Equation 6.45 for the fixed random walk MCM,
and the analytic solution. The number of particles, N,, was taken as 10° for
the Exodus method, and the step size A = 0.05 was used. The iteration was
terminated when 0.001% of N, particles were yet to reach the boundary. This
took 600 iterations. For the fixed random walk method, A = 0.05 and N, =
10,000 walks were used. It was noted that 10,000 walks were sufficient for
the random walk solution to converge. The results are displayed in Table 6.3.
In this table, § is the error estimate, which is obtained by repeating each
calculation five times and using statistical formulas provided in Chapter 2.
The results in Table 6.3 show that the Exodus method is as accurate as the
finite difference method. Also, the results from the Exodus method are not

TABLE 6.3
Results of Example 6.3
Exodus Fixed Random Finite Exact
x y Method Walk (V£8)  Difference Solution
025 025 -3.431 -3.402 +£0.106 -3.424 -3.425
0.75 0.25 2.880 2.908 £0.1073 2.909 2.902
0.5 0.5 2.9078 2.993 +£0.1127 2.921 2913
0.25 0.75 4274 4.242 +0.2394 4.277 4277

0.75 0.75 11.114 11.146 £ 0.1369 11.23 11.131
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subject to randomness and consequently do not require calculating the error
estimate as do the results from the fixed random walks.

Example 6.4

Consider an earthed metal cylindrical tank partly filled with a charged
liquid, such as hydrocarbons. The problem involves solving

V2V =0 for gas space

v2v =—Po for liquid space 647)
€

Solution

The problem is two dimensional with an axisymmetric solution domain.
Therefore, it is only necessary to investigate the solution region in Figure 6.8
and impose the condition that the z-axis is a flux line, that is, dV//dp = 0.

By using the series expansion technique, the exact solution is obtained as
in Example 4.3. Typically,

a=b=c=10m
g, = 2.0 (hydrocarbons) (6.48)
p,=10° C/m3

were used in all calculations.

FIGURE 6.8
Figure for Example 6.4.
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Vp,z+A)

FIGURE 6.9
A small path at the interface separating two media.

To solve this problem using the Exodus method, it should be noted that
Equations 6.30 and 6.34 do not apply along the line of symmetry forz<b, at
the corner point (p, z) = (0, b), and at the interface z = b. By applying Gauss’s law

1%
Jpvdv =-Ge=-ds (6.49)

S

At the interface, as shown in Figure 6.9, we obtain

A V(p, Z+A) V(p,z)
(oo oo o800

+£1{\/@ A2)-V(p, qu EZ[V(p A,2)-V(p, z)}
A 2 A

+€2[V<p,z—AA>—V<p,z>}A+gz[vmwi)—wp,z)}

N l{V(erAZ) V(p,z)} JpAq} 6.50)

In our particular case,p,, =0, p,, =p,so that Equation 6.50 becomes

Vip,2)=p,Vp+A,2)+p, Vp-A,2)+p, V(p,z+A

A%p,

V(p,z—A)+—— 10—
+p. Vip,z )+4(81+82)

(6.51)
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TABLE 6.4
Random Walk Probabilities and Source Term for Example 6.4
Location Py Py P, p.. G,
z>b,p#0 1.4 1 A 1/4 1/4 0
4 8 8p
2<b,p#0 1.4 1 A 1/4 1/4 p,A?
ey oy Ze,
z=bp#0 1A 1A £, g, p,A?
4 8 8p 2(g, +¢,) 2(g, +¢,) 4e, +¢,)
z>b,p=0 2/3 0 1/6 1/6 0
2<bp=0 2/3 0 1/6 1/6 0. A2
12¢,
z=b,p=0 2/3 0 €, €, P, A2
3(e, +¢,) 3(g, +&,) 12(g, +¢,)
where
Pz, p=o B pp, = 6.52
“T 0% vey) P72, vey) P PTy (6.52)

ande, =€ ,€,=2¢ . By following the same procedure, the random walk

probabilities can be derived for the line of symmetry for z <b and at the cor-
ner point (p, z) = (0, b). These are conveniently listed in Table 6.4.

For the Exodus method, A =0.05 and N,= 106 were used. The iteration was
terminated when 0.001% of N, particles were yet to reach the boundary. For
the fixed random walk method, A = 0.05 and N,, = 10,000 walks were used.
Table 6.5 presents the results of the exact solution, Exodus method, and fixed

random walk for five typical points.

TABLE 6.5

Results of Example 6.4 (V is in kilovolts)

Exodus Fixed Random  Exact Solution
p z Method (V) walk (V +8) (\%)
0.25 1.0 71.366 71.367 £ 0.5464 71.12
0.5 1.0 58.185 58.114 + 0.5567 58.159
0.75 1.0 34.957 34.764 + 0.5858 36.02
0.5 0.75 16.980 16.772 £ 0.4533 16.945
0.5 0.5 63.837 63.682 +0.4485 63.88




The Exodus Method 147

6.3 Summary

The Exodus method provides a relatively straightforward means of solving
potential problems. The method provides a more accurate solution in less
time compared with the fixed random walk.

It is interesting to note that the accuracy of the Exodus method does not
really depend on the number of particles N,. The accuracy depends on the
step size A and the number of iterations or the tolerance, say, 0.001% of N, are
yet to reach the boundary before the iteration is terminated. However, a large
value of N, reduces the truncation error in the computation.

Although the Exodus method is probabilistic in its approach, it is not
subject to randomness as other Monte Carlo techniques because it does not
involve the use of a pseudorandom generation subroutine. However, as with
other MCMs, it still requires calculating the potential at one point at a time.
Concurrent programming techniques have been recently been used to alle-
viate this problem [6]. Using Markov chains is another way to overcome the
problem, as we will see Chapter 8.
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Problems

6.1. Given the one-dimensional differential equation

a:®
Iy =0, 0<x<1
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Y
4 100V
1 2
3 4
T Cx
ov
FIGURE 6.10
Figure for Problem 6.2.

subject to ®(0) = 0, ®(1) = 10, use the Exodus method to find @(0.25)
by injecting 256 particles at x = 0.26. You can solve this problem by
hand calculation.

6.2. Use the Exodus method to find the potential at node 4 in
Figure 6.10. Inject 256 particles at node 4, and scan nodes in the
order 1, 2, 3, 4. You can solve this problem by hand calculation.

6.3. Write a program that will apply the Exodus method to determine
the potential at point (0.2, 0.4) in the system shown in Figure 6.11.

6.4. Consider the potential problem shown in Figure 6.12. The poten-
tials at x =0, x = w, and y = 0 sides are zero, and the potential at

M

A

1.0

100V
oV —

v

FIGURE 6.11
Figure for Problem 6.3.
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FIGURE 6.12
Figure for Problem 6.4.

y =hside is V,. Solve the problem using the Exodus method with
V,=100, ¢, =¢,, €,=3¢, a=b=0.5, h=w=1.0. At the corner
point (x,y) = (a,b), use

3e,+e,” V" TV 23, +¢,)

Per = Pe-

Calculate the potential at points (x, y) = (0.25, 0.5), (0.5, 0.5), (0.75, 0.5),
(0.5,0.75), and (0.5, 0.25).

6.5. Figure 6.13 depicts a prototype of an electrostatic particle-focus-
ing system employed in a recoil-mass time-of-flight spectrometer.

N

20
18 ov
1 /
1
100V
10 !
=
1 /
1
1
1
2 I
1
L > P
0 1 10 20

FIGURE 6.13
Figure for Problem 6.5.
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A 20V

1.0

-10V. — —— 10V

1.0
ov

FIGURE 6.14
Figure for Problem 6.6.

Use the Exodus method to find the potential at (p,z) = (5,18), (5,10),
(5,2), (10, 2), and (15, 2).
6.6. In the solution region of Figure 6.14, p_ = x(y—1) nC/m3. Find

the potential at the center of the region using the Exodus
method.
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Neumann Problems

There are two things to aim at in life: first, to get what you want; and after that
to enjoy it. Only the wisest of mankind achieve the second.

—Logan P. Smith

As alluded to earlier in this book, there are different kinds of Monte Carlo
Methods. Popular ones include the fixed random walk, the floating random
walk, and the Exodus method. Until now, in the fixed random walk, the steps
of the walks are constrained to lie parallel to the coordinate axes and the
meshes are square. The problem with this and other classical Monte Carlo
techniques is that these classical methods cannot handle problems involv-
ing mixed or Neumann boundary conditions. Handling Neumann problems
requires the introduction of another Monte Carlo technique called the equi-
lateral triangular random walk. Although this method can also handle Dirichlet
problems [1], it is its ability to handle Neumann problems [2] that is the focus
of this chapter.

L]
71 Governing Equations

The solution region is divided into many equilateral triangular meshes, as
shown in Figure 71. Each point in the interior solution region has six neigh-
boring nodes, which are equidistant from the central point. When these
points are located in different regions, there are different transient probabili-
ties to direct the random walk issued from the central point.

For a concrete example, consider Poisson’s equation with mixed bound-
ary conditions:

VIV (X)=—g¢(X), XeQ
V(X)=fi(X), Xed

V(X) _
5 = LX), Xeo,
AQ,U0Q, =9Q, 9Q NIQ, =0, (71)

151
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Yy 4

3 2

N/N/INS
NN/

FIGURE 7.1
Triangular meshes.

where % is the directional derivative along 7. When ¢(X) = 0, Equation 7.1
reduces to Laplace’s equation.
At point 0 in Figure 7.1, the transient probability equation is [1]

1
Vozg[V1+V2+V3+V4+V5+V6] (7.2)

The probabilistic meaning of Equation 7.2 can be explained as follows: The
probability of random walk from the central point to any one of the neigh-
boring points is 1/7. A solution for Poisson’s equation on Dirichlet boundary
condition is obtained for two dimensions as

N N M
V(X,)= %Z V,(i)+ ﬁz D 8y (73)

j=11i=1

where d is the size of the equilateral triangular mesh, 1, is the number of
steps in the j-th random walk, and N is the total number of random walks.
For Laplace’s equation, the second term in Equation 7.3 vanishes.

On the dielectric boundary between two media as shown in Figure 7.2, we
apply the boundary condition D,, =D, . This is based on Gauss’s law:

v
0=eZodl
<j3e: 5 (74)

L

When we apply this across the interface in Figure 7.2, we obtain

0=le V,-V ZTcd_H3 V.-V 2nd N V,-V, ZTcd_H3 V.-V 2nd
> d 12 ' a4 12|t d 6 ' 4 6

V,-V 2nd V,-V 2nd V-V 2nd V.-V 2nd
8T T TR 2 e g 4 | 7D
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FIGURE 7.2
Interface between two media.

Rearranging the terms gives

€

1 €
VO :g(vl +V4)+71(V2 +V3)+m
1 2

Vs +V,
3(e, +¢,) (Vs +Ve) (7.6)
Note that the discrete inhomogeneity does not affect the transient probabili-
ties at points 1 and 4 on the boundary but does affect the transient probabili-
ties at points 2, 3, and 4, 5 in proportion to their corresponding permittivities.
Also, note that when €, = €,, Equation 7.6 reduces to Equation 7.2.

7.2 Triangular Mesh Method
7.2.1 One Corner on the Boundary

For the triangular mesh in Figure 7.3, a linear equationV = Ax+ By +Cis
constructed. When one or two corners are on the boundary, there are dif-
ferent equations to determine the coefficients A, B, and C. We suppose that

FIGURE 7.3
One corner of the triangle on the boundary.
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corner 1 of the triangle lies on the boundary and V; =%, the directional
derivative along L, = (m,,l,), touches the triangle at point 1. The values at
points 0 and 2 are V,and V,, respectively. Thus

V,=Ax,+By,+C
Vi'=Am, +Bl,

V,=Ax,+By,+C (7.7)

If L, is not parallel to side 02 of the triangle, then A, B, and C can be deter-
mined. Also, the value of the potential at point 1 is

V,=Ax, +By, +C (7.8)

7.2.2 Two Corners on the Boundary

If corners 1 and 2 are on the boundary (Figure 7.4), the corresponding equa-
tions are

V,=Ax,+By,+C
Vi =Am, + Bl

V), = Am, +BI, (79)
and also

V,=Ax, +By, +C

V,=Ax, +By,+C (710)
FIGURE 7.4

Two corners of the triangle on the boundary.
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where V] is the directional derivative along L,=(m,,1,), and V; is the directional
derivative along L,=(m,,1,). If L, and L, are not parallel, the coefficients A, B, and
C can be determined. An iterative method is used to calculate the potentials.

7.3 Computing Procedure

On the basis of the previous discussion, we can solve Laplace’s or Poisson’s
equation by performing the following steps:

1. The domain is divided into equilateral triangular meshes. Each
boundary point is assigned its boundary value or directional deriv-
ative value. Each free or exterior point (such as 3, 0, 4 in Figure 7.4)
is assigned some initial value.

2. According to the linear function V = Ax + By + C, the boundary
value of the Neumann boundary is calculated. When directional
vectors L |[L,, the linear equation on mesh n, cannot be deter-
mined directly from points 0, 1, 2, because Equation 7.7 has no solu-
tion. The values on points 1 and 2 (in Figure 7.4) are obtained from
meshes n; and n,.

3. Using the random walk method (Equation 7.3), every interior point or
subboundary point value (e.g., point 4 in Figure 7.1) is determined.
a. If all points are located in the same media, the six neighboring

points have the same probability (1/6) of absorbing the random-
walking particle. We generate a random number U between 0
and 1. If a random walk is at X, then the next step is at Xj,;,
where

xi+]:xi+d1 Y=Y 0SUS1/6

3

xi+l:xi+%d’ _‘/i+1:%+7d' 1/6<U<1/3
xi+1:xi_%d’ yi+l:yi+\/2§d’ 1/3sU<1/2
Yo =x,—d, y,, =y, 1/2<U<2/3

3

xi+1:xi_%d’ Yin :yi_7d’ 2/3<U<5/6

3

x},ﬂ:xﬁ%d, Vir =y, =5-d, 5/6SUSI (711)
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b. If the central point is set on the dielectric boundary (see
Figure 7.2), the random walk is according to Equation 7.6; that is,
the random walk probability along the boundary is 1/6; points
2 and 3 and points 5 and 6 have probabilities of absorbing a
random-walking particle as ..~ and __*2_ respectively. The

. . . 3(egtey) 3(eq+ey) 7
boundary point contribution is

Av= %[gl(xi/]/i)"'gz(xi'yi)]dz for 2D
AV = 18,5, Y12+ 8305, ¥, 2)HE for 3D 712)

Comparing the computed values in two consecutive times and correcting
the boundary value (of the Neumann boundary condition) according to lin-
ear equation, the computational procedure is repeated until the difference
between the two computations reaches a prescribed tolerance.

The following two examples illustrate the application of the method pre-
sented in this chapter. The first example involves a Laplace’s equation with
Neumann boundary condition, and the second one deals with Poisson’s
equation with Neumann condition. The first example has an analytic solu-
tion so that the accuracy and validity of the triangular mesh random walk
method can be checked. In the second example, the solution is compared
with that of the finite difference method. The two examples were calculated
on an IBM PC. The computer programs for the two examples (in Fortran) can
be found in [3].

Example 7.1
Consider the following Laplace’s equation with Neumann boundary condition:

VIV =0, O<x<m,O0<y<m
V.(0,y)=0, V.(m,y)=0
V,(x,0) = cosx, V,(x,m)=0 (713)

Solution
The analytic solution of this problem is

Vix,y)= [sinhy - :;)s;ljyt }cos x (7.14)

The problem was solved by using the triangular mesh random walk method.
In the example, the triangular mesh side length d is 0.314 and the number of
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TABLE 7.1
Solution Results for Example 7.1
Triangular Mesh
x y Random Walk  Exact Solution

0471 0272 -0.6987 -0.6838
1.150  0.544 -0.2192 -0.2300
1718  1.360 0.03747 0.03800
2300  1.904 0.10920 0.10820
2980  2.448 0.09812 0.10500

trials N is 5000. In general, when mesh size is small, a small value may be
chosen for the number of trials N. Table 7.1 compares the triangular mesh
random walk with the exact analytic solution in Equation 7.14.

Example 7.2
Consider the following Poisson’s equation with Neumann boundary conditions:

V2V =-100(x-0.5)(y -0.5), O0<x<1,0<y<l
V,(0,y)=0, V.(Ly)=0
V,(x,0)=0, V,(x,1)=0 (715)

Solution

We use the triangular mesh random walk method to determine the potential
distribution at several points. In this example, N = 15000 and the triangular
mesh size d = 0.1. The same problem is solved by finite difference method
with A = 0.1. The results are displayed in Table 7.2.

TABLE 7.2
Solution Results for Example 7.2
Triangular Mesh
x y Random Walk  Finite Difference
02 0174 0.2961 0.2879
02 0.697 —-0.088 -0.086
08 0174 -0.139 -0.137
08  0.697 0.2466 0.2274

04 0.348 0.1332 0.1253
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74 Summary

This chapter presents a triangular mesh fixed random walk method for solv-
ing potential problems in general, especially those with Neumann boundary
conditions. For each triangular mesh, a linear function is constructed and
expressed by a directional derivative and a potential value on the boundary
and exterior points. The two examples considered in this chapter show that
the triangular random walk method provides solutions that always converge
to the exact solution.
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Problems

7.1. Use the Monte Carlo method to solve
u.+u, =0, 0<x<l, O<y<1

U ,y)=0, U .(L,y)=0, U(x,0)=x2, Lly(x,l):O

7.2. Using the Monte Carlo method, solve
u,+u,=0, 0<x<1, 0<y<l

u.o,y)=0, U.(L,y)=0, Uy(x, 0)=0, Uy(x, D=x(1-x)

7.3. Obtain the solution to the following problem using the Monte
Carlo method:
V2U=0, O<x<m, O<y<m

U.0,y)=0, U(r,y)=2cosy, Uy(x,0)=0, Uy(x,n)zo
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74 Apply the Monte Carlo method in solving
V2 =0, 0<x<1, O<y<l1
u,0,y=0, Uly=1 U,/(x,0=x* U/ (x,1)=0

7.5 Solve the following equation using the Monte Carlo method:
Viu=xy, O<x<l1, O<y<l
u@uy=0, U@y=1 Ux0=0 U(x,1)=10
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Whole Field Computation

Nothing can stop the man with the right mental attitude from achieving his goal.
Nothing on earth can help the man with the wrong attitude.

—Thomas Jefferson

8.1 Introduction

There are different kinds of Monte Carlo methods (MCMs). The popular ones
are the fixed random walk, the floating random walk, and the Exodus method.
These techniques are known for their efficiency in calculating the potential
at a single point. However, this major strength is useless when the potential
at all points in the solution grid is desired. To overcome this limitation, sev-
eral techniques have been proposed. These include the shrinking boundary
method [1], inscribed figure method [2], and the surface density method [3].

The shrinking boundary method is similar to the classical fixed random
walk except that, once the potential at an interior point is calculated, that
point is treated as a boundary or absorbing point. This way, the random-
walking particles will have more points to terminate their walks, and the
walking time is reduced.

The inscribed figure method is based on the concept of subregion cal-
culation. It involves dividing the solution region into standard shapes or
inscribing standard shapes into the region. (By “standard shapes” is meant
circles, rectangles, squares, triangles, etc., for which Green’s function can be
obtained analytically or numerically)) Then, an MCM is used for computing
potential along the dividing lines between the shapes and the regions that
have nonstandard shapes. Standard analytic methods are used to compute
the potentials in the subregions.

Both the shrinking boundary method and the inscribed figure method do
not make MCMs efficient for whole field calculation. They still require point-
by-point calculations and a large number of tests, as standard Monte Carlo
techniques do. Also, these techniques are complicated and hard to program.
Therefore, they offer no significant advantage over the standard MCMs.

This chapter proposes a simple technique for whole field calculations. The
technique basically calculates the transition probabilities using absorbing

161
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Markov chains and gives an exact solution unlike other numerical tech-
niques such as finite difference and finite element methods.

We begin with a very brief discussion of the regular MCM. This back-
ground information is needed for the subsequent sections. We then present
the absorbing Markov chains and show how they can be used in calculating
the potential for the entire region.

8.2 Regular Monte Carlo Method

This section provides the necessary background for the next section, where
Markov chain is discussed.

The most popular MCM is the fixed random walk. Suppose that this
method is to be applied in solving Laplace’s equation

V2V =0 inregion R 8.1)
subject to the Dirichlet boundary condition

V =V, onboundary B 8.2

The region R is divided into a mesh (as in finite difference), as typically
shown in Figure 8.1. Equation 8.1 is replaced by its finite difference equiva-
lent as follows:

Vi, =p Vx+A+p, Vx=Ay)+p, Vx,y+A+p, Vix,y-4) @83

(x0:)Yo)

Y

FIGURE 8.1
Fixed random walk from point (x,, y,) where the potential is to be determined.
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where

1
px+=px—=py+=py—=z (84)

A probabilistic interpretation of Equation 8.3 is that if a walking particle is
momentarily at point (x,y), the probability of moving to (x + A, y), (x -A, y),
(x, y+4), or (x,y —=A), is p.,, P+, Py, OF P, TESPECtively.

To find the potential at a free point x,, i, (where the potential is unknown),
a random-walking particle is asked to begin its walk at that point. It wan-
ders through the mesh according to the probabilities in Equation 8.4 until it
reaches the boundary, where it is absorbed and the prescribed potential V(1)
is recorded. By sending out N particles from x,, y, and recording the poten-
tial at the end of each walk, we obtain

N
Vi, 1) = V() ©5)

If there are n, fixed nodes on B with prescribed potential V;, V..., V,,

Equation 8.5 becomes

_N N, N"v
V(xo’yo)_ N V1+ N V2+ + N ‘/np (86)
where N is the number of random walks ending at fixed node k and N, +
N,+---+N,,=N. Thus,

Vix,,y,)= Zkak 8.7)
k=1

where p, = N,/N is the probability that a random walk starting at free node
(x, v,) ends at fixed node k. Calculating p, is the major goal of this chapter.

In the past, p, was calculated directly or indirectly just one point (x,, y,) ata
time using fixed random walk, floating random walk, or the Exodus method.
In the next section, we want to employ Markov chains to calculate p, for all
the free nodes in the entire solution region at once.

8.3 Absorbing Markov Chains

A Markov chain is a sequence of random variables X, X® .. X® where
the probability distribution of X" is determined by the probability distri-
bution X*. A Markov process is a type of random process that is charac-
terized by the memoryless property [4-9]. It is a process evolving in time
that remembers only the most recent past and whose conditional probability
distributions are time invariant. Markov chains are mathematical models
of this kind of process. The Markov chains of interest to us are discrete-state,
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discrete-time Markov chains. In our case, the Markov chain is the random
walk, and the states are the grid nodes. The transition probability P, is the
probability that a random-walking particle at node i moves to node j. Itis
expressed by the Markov property

sz:P(anrl :jlxo’xl""’xn):P(xn+l:jlxn)’ jEX,Tl:O,l,Z,... (88)

The Markov chain is characterized by its transition probability matrix P,
defined by

POO PO] POZ
p|Po P Py 69
PZO PZ] P22

P is a stochastic matrix, meaning that the sum of the elements in each row is
unity, that is,

2512_1 ieX (8.10)
jexX

We may also use the state transition diagram as a way of representing the
evolution of a Markov chain. An example is shown in Figure 8.2 for a three-
state Markov chain.

In our case, the Markov chain is the random walk, and the states are the grid
nodes. If we assume that there are 7, free (or nonabsorbing) nodes and 1, fixed
(prescribed or absorbing) nodes, the size of the transition matrix P is 1, where

n=n;+n, (8.11)

If the absorbing nodes are numbered first and the nonabsorbing states are
numbered last, the n X n transition matrix becomes

P={1 0}
R Q (8.12)

POZ

[
=oUBogo==

P20

FIGURE 8.2
State transition diagram for a three-state Markov chain.
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where the nn, xn, matrix R represents the probabilities of moving from non-
absorbing nodes to absorbing ones; the 1, x 7, matrix Q represents the prob-
abilities of moving from one nonabsorbing node to another; I is the identity
matrix representing transitions between the absorbing nodes (P, =1and
P;=0); and 0 is the null matrix showing that there are no transitions from
absorbing to nonabsorbing nodes. For the solution of Laplace’s equation in
Equation 8.1, we obtain the elements of Q from Equation 8.4 as

1

—, if i is directly connected to j
Q,=14 y ]
0, ifi

= j or i is not directly connected to j (8.13)

The same applies to R, except that j is an absorbing node.
For any absorbing Markov chain, I — Q has an inverse. This is usually
referred to as the fundamental matrix

N=(1-Q)! (8.14)

where N, is the average number of times the random-walking particle start-
ing from node i passes through node j before being absorbed. The absorption
probability matrix B is

B=NR (8.15)

where R is the probability that a random-walking particle originating from
a nonabsorbing node i will end up at the absorbing node j. B is ann, xn
matrix and is stochastic, similar to the transition probability matrix, that is,

p
ZBZ.]:L i=1,2, .., 1 (8.16)
j=1

If Viand V, contain potentials at the free and fixed nodes, respectively, then
V. =BV, 8.17)

In terms of the prescribed potentials V;, V,, ..., . used in Equations 8.6 and
8.7, Equation 8.17 becomes

le

V.:ZB..V‘ i=1,2,...,m, (8.18)

i i’
j=1
where V; is the potential at any free node i. Unlike Equation 8.7, Equations
8.17 or 8.18 provide the solution at all the free nodes at once.
An alternative way to obtain the solution in Equation 8.17 is to exploit a
property of the transition probability matrix P. When P is multiplied by itself
repeatedly a large number of times, we obtain

I 0
Iim P"= 1
o0 {B 0} 819)
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Thus,
Vn D Vp |1 o Vp
v =P v ITls v (8.20)
f f 0 f

Either Equation 8.17 or Equation 8.20 can be used to find V, but it is evident that
Equation 8.17 will be more efficient and accurate. From Equation 8.17 or Equation
8.18, it should be noted that if N is calculated accurately, the solution is “exact.”

Three simple examples will corroborate the claims in Section 8.2. The first
two are taken from [10] and do not require any computer programming,
whereas the last one is taken from [11].

Example 8.1

Consider an infinitely long conducting trough with a square cross section. A
conducting lid is maintained at 100 V while the sides and bottom are grounded
as shown in Figure 8.3. We wish to determine the potential at the center.

Solution
Mathematically, the problem is posed as follows:

V2V =0 (8.21)
subject to
V(0,y)=V(a,y)=V(x,0), V(x,a)=100 (8.22)

and we are to determine V(a/2, a/2). Although one may assume that a=1,
that is not necessary.
The exact solution obtained by the separation of variables is [12]

400 N sin % sinh ™
Vix,y)=— Yy —4+—— 2 pn=2k-1 .
() T ; nsinhnrw (823)
100 V
1 N
oV —» - oV
4 5 2
~
3 oV

FIGURE 8.3
Figure for Example 8.1.
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To apply Markov chain technique, we number the nodes as in Figure 8.3. Node 5

is the only free noden =1, n, = 4. The transition probability matrix is given by

‘12 3 4 5
111 0 0 0 O
200 1 0 0 O
P=310 0 1 0 O
410 0 0 1 0
J1o1o1 11
14 4 4 4 4]
It is evident that
Q=0, N=(1-Q)'=I
and
r=| 1 1 1 1
4 4 4 4
Thus,
B=NR=| 1+ 1 1 1
4 4 4
and
Vi
V.
V,=BV, = 11 1 1 2
P 4 4 4 I7A
Vy
or

V5:%(100+0+0+0):25.0

which agrees with the exact solution in Equation 8.23. Although the method
gives the exact solution in this case, one cannot generalize from this simple
example. If the regular fixed random walk method is used and we dispatch
1000 particles from point 5, we may get the numbers of particles absorbed
by boundary points as N; =252, N, =251, N; = 250, N, = 247 so that
V= £100+O: 25.2
1000

which is less accurate than the solution from Markov chain and is subject
to randomness.
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FIGURE 8.4

Figure for Example 8.2.

Example 8.2

This is the same problem as in Example 8.1, except that we are now to calcu-
late the potential at points (a/3, a/3), (a/3, 2a/3), (2a/3, a/3), and (2a/3, 2a/3).

Solution

In this case, there are four free nodes (n = 4) and eight fixed nodes (np =8), as
shown in Figure 8.4. The transition probability matrix is obtained by inspec-
tion as follows:

O© O NONUlL bk WON -

11

12

=N

0V

S B

Monte Carlo Methods for Electromagnetics

o e

1
4

100 V
<
9 10 3
2 . 2
« 0V
11 12 4
\ 4 L
6 5
ov

6 7
1
1
1
4
1

Other entries in P shown vacant are zeros.

S

= =

10

o

=N

11

o

| =

12

(e TN NG

=

o

[ I N N
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From P, we obtain

1 2 3 4 5 6 7 8
ol 0 0 0o o o0 o 1L
4 4
10| 0 i % 0 0 0 0 O
R= 1 1
1100 0 0 0 0 = = 0
4 4
2o 0o o L 1 o 0o o
i 4 4 ]
9 10 11 12
alo L 1
4 4
ot o o 1
_ |4 4
Q= 1 1
1= 0 0 =
4 4
2l L 1
L 4 4 ]

The fundamental matrix N is obtained as follows:

1 -1 1oy
4 4
—i 1 0 —i
N=0-Q7= 1
= 0 1 =
4 4
o -+ I 4
or
7 2 1 1
oLz 712
6|2 1 7 2
1 2 2 7
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The absorption probability matrix B is obtained as follows:

2| 5 &= &= 5 = = = =
B NR - 12 24 24 12 12 24 24 12
| L r 1 1 1 7 7 1

12 24 24 12 12 24 24 12

n| + + 1 7 7 1 1 1

Note that Equation 8.16 is satisfied. We now use Equation 8.18 to obtain the
potentials at the free nodes. For example,

A =1V1 +iV2+lV3+iV4+lV5+lV6 +lV7+iV8
24 12 12 24 24 12 12 24

BecauseV, =V, =100 andV, =V, =---=V, =0,
Vy= l+i 100=37.5
24 12

By symmetry, V,, =V, =37.5. Similarly,

V,=V,= (214+112)100 =125

Table 8.1 compares these results with the finite difference solution (with 10
iterations) and the exact solution using Equation 8.23. It is evident that the
Markov chain solution compares well.

TABLE 8.1
Results of Example 8.2
Finite Difference = Markov Chain
Node Solution Solution Exact Solution
9 38.499 38.5 38.074
10 38.499 38.5 38.074
11 12.499 12.5 11.926
12 12.499 12.5 11.926
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20
18 ov
| /
1
. 100V
10
1
1
1
1
2 f
1
L > P
0 1 10 20
FIGURE 8.5
Figure for Example 8.3.
TABLE 8.2
Results of Example 8.3
Node Markov Exodus Finite
p z Chain Method Difference
5 18 11.3931 11.438 11.474
5 10 28.4727 28.816 28.869
5 2 12.3099 12.179 12.128
10 2 2.4481 2.3523 2.3421
15 2 0.4684 0.38423 0.3965
Example 8.3

The last example is an axisymmetric problem shown in Figure 8.5. The
problem is a prototype of an electrostatic particle-focusing system used in
a recoil-mass time-of-flight spectrometer. Using a step size of A = 0.01, we
obtain the results in Table 8.2. The problem has no exact solution, and we
compare the results from Markov chain with those from Exodus and finite
difference methods at five typical points in Table 8.2. It is clear from the table
that the results from the three methods are close.

I
8.4 Summary

This chapter has presented a means of using MCM to solve Laplace’s equa-
tion for the entire solution region at once as opposed to a single-point cal-
culation. The approach is using Markov chains to calculate the transition
probabilities. This approach is not subject to randomness because a random



172 Monte Carlo Methods for Electromagnetics

number generator is not required. The approach also provides an exact solu-
tion. The ideas presented in this chapter can be extended to solution regions
that are inhomogeneous or nonrectangular or both [11]. All it takes is cal-
culating the transition probability P. The idea of Markov chain may also be
used to solve Poisson’s equation and the wave equation.
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|
Problems

8.1. Consider the potential problem shown in Figure 8.6. Typically,
use the values

V,=100, ¢ =¢, &=225, a=30, b=20, c=10
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0

Figure for Problem 8.1.

Iculate the potential at points (x,y) = (0.5, 1.0), (1.0, 1.0), (1.5, 1.0),
.5,0.5), (1.5, 1.5) using Markov chain.

8.2. For the potential system shown in Figure 8.7, take
V. =100, ¢,=¢, &,=3¢, a=b=0.5 h=w=1.0

At the corner point (x,y) = (a,b), the random walk probabilities are

_ _ €, +¢€
py+_py—_

Pre = P 2(3¢, +¢,)

81
4
3e, +¢g,

Y V=V,
h I |
€

|

0

Figure for Problem 8.2.
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FIGURE 8.8
Figure for Problem 8.3.

Using Markov chains, determine the potential at points (x,;y) =
(0.25,0.5), (0.5, 0.5), (0.75, 0.5), (0.5, 0.75), and (0.5, 0.25).

8.3. Consider the finite cylindrical conductor held at V =100 enclosed
in a larger grounded cylinder, as portrayed in Figure 8.8. Using

Markov chain, write a program to determine the potential at
points (p, z) = (2, 10), (5, 10), (8, 10), (5, 2), and (5, 18).
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Time-Varying Problems

From birth to eighteen, a girl needs good parents. From eighteen to
thirty-five, she needs good looks. From thirty-five to fifty-five, good personality.
From fifty-five on, she needs good cash.

—Sophie Tucker

9.1 Introduction

Monte Carlo Methods (MCMs) have been applied successfully for solving dif-
ferential and integral equations, finding eigenvalues, inverting matrices, and
evaluating multiple integrals. MCMs are well known for solving static problems
such as Laplace’s or Poisson’s equations. They are hardly applied in solving par-
abolic and hyperbolic partial differential equations. In this chapter, we extend
the applicability of the conventional MCM to the solution of time-dependent
(heat) problems. We deal with cases of rectangular solution regions as well as
axisymmetric solution regions. We present results in one dimension (1-D) and
two dimensions (2-D) that agree with the finite difference (FD) and exact solu-
tions. Most of the information presented in this chapter is taken from [1-4].

I
9.2 Diffusion Equation

Consider the skin effect on a solid cylindrical conductor. The current density
distribution within a good conducting wire (6/® €>> 1) obeys the diffusion
equation

V2= Ho ©.1)

We may derive the diffusion equation directly from Maxwell’s equation. We
recall that

VxH=]+], 9.2)

175
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where J = 6E is the conduction current density and J,= % is the displacement

current density. For 6/m €>> 1, ], is negligibly small compared to J. Hence,

VxH=] ©.3)
Also,
oH
VXE=—-u—
"
VxVxE=VV-E—V2E=—u%V><H 94)

Because V-E = 0, introducing Equation 9.3, we obtain
J
VZE=p— 9.5
e 9.5)
Replacing E with J/c, Equation 9.5 becomes

V21=u0%

which is the diffusion (or heat) equation.

9.3 Rectangular Solution Region

We now consider the Monte Carlo solution of diffusion in 1-D and 2-D forms
in the rectangular coordinate system.

9.3.1 One-Dimensional Case

Consider the 1-D heat equation:

u,=u, 0<x<l1, t>0 9.6)
Boundary conditions:
u@o,)=0=U(Lt), t>0 (9.7a)
Initial condition:
U(x,0)=100, 0<x<1 (9.7b)

In Equation 9.6, U,, indicates the second partial derivative with respect to
x, whereas U, indicates the partial derivative with respect to t. The problem
models temperature distribution in a rod or eddy current in a conducting
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medium [1]. To solve this problem using MCM, we first need to obtain the
FD equivalent of the partial differential equation (Equation 9.6). Using the
central-space and backward-time scheme, we obtain

U(i+1,m) - 2U (i, n)+U(i=1,m) _ U(i,n)-U(i,n-1)

(Av)? AL 9.8)
where x = iAx and f = nAt. If we let
_ (Axy?
o= At 99
Equation 9.8 becomes
ugin=p U@+1,n)+p UG-1,n)+p U(,n-1) (9.10)
where
o
=p =—), = 9.11
px+ px— 2 +0q pt— 2 +aq ( )

Note thatp  +p, _+p, =1. Equation 910 can be given a probabilistic inter-
pretation. If a random-walking particle is instantaneously at the point (x,y), it
has probabilities p, , p_, and p, of moving from (x, ) to (x + Ax, #), (x — Ax, ),
and (x, t — At ), respectively. The particle can only move toward the past,
never toward the future. A means of determining which way the particle
should move is to generate a random number 7, 0 < ¥ < 1, and instruct the
particle to walk as follows:

(x,t)—>(x+Ax,t) if(0<r<0.25)
(x,)—>(x—Ax,t) if(0.25<r<0.5)

(x,t)—(x,t—At) if(05<r<1) 912

where it is assumed thato =2. Most modern software packages such as
MATLAB have a random number generator to obtain r.

To calculate U at point (x,, f,), we follow the following random walk
algorithm:

1. Begin a random walk at (x, t) = (x,, t,).

2. Generate a random number 0 < 7 < 1, and move to the next point
using Equation 9.12.

3a. If the next point is not on the boundary, repeat step 2.
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U(0,t)=0

U(1,t)=0

x=0 U(x,0)=100 x=1

FIGURE 9.1
A typical random walk in the rectangular domain.

3b. If the random walk hits the boundary, terminate the random walk.
Record U, at the boundary and go to step 1 and begin another ran-
dom walk.

4. After N random walks, determine
1 &
U(x,, t,)= ﬁZub(k) 9.13)
k=1

where N, the number of random walks, is assumed to be large.

A typical random walk is illustrated in Figure 9.1.

Example 9.1

As anumerical example, consider the solution of the problem in Equations 9.6
and 9.7. We selectav =2, Ax = 0.1, so that At=0.005and p,, =p, =1, p,_ =%

Solution

We calculate U at x, = 04, t = 0.01, 0.02, 0.03, .... The MATLAB code for the
problem is shown in Figure 9.2. As shown in Table 9.1, we compare the results
with the FD and exact solutions [5]:

oo

U(x,t)= %Z%sin(nnx)exp(—nznzt), n=2k+1 (9.14)

k=0
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% This program solves one-dimensional diffusion (or heat) equation

% using Monte Carlo method

nrun = 1000;
delta = 0.1;

% deltat=2*deltan2;
deltat = 0.005;
A=1.0;

Xx0=0.4;

to=0.1;
io=xo/delta;
jo=to/deltat;
no=to/deltat;
imax=A/delta;
sum=0;

for k=1:nrun

while i<=imax & n<=no
r=rand; %random number between 0 and 1
if (r >> 0.0 & r <= 0.25)
i=i+l;
end
if (r > 0.25 & r <= 0.5)
i=i-1;
end
if(r >0.5&r <=1.0)
n=n-1;
end

@)

FIGURE 9.2
MATLAB program for Example 9.1.
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if (n <0)
break;
end
% check if (i,n) is on the boundary
if(i == 0.0)
sum=sum+ 0.0;
break;
end
if(i == imax)
sum=sum+ 0.0;
break;
end
if(n == 0.0)
sum=sum+ 100;
break;
end

end % whille

end

u=sum/nrun

(b)

FIGURE 9.2
(Continued).

TABLE 9.1

Comparing Monte Carlo (MCM)
Solution with Finite Difference
(FD) and Exact Solutions (x,= 0.4)

t Exact MCM FD

0.01 99.53 99.44 100

0.02 95.18 93.96 96.87
0.03 89.32 87.62 89.84
0.04 80.88 81.54 82.03
0.10 4513 46.36 45.18
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9.3.2 Two-Dimensional Case

Suppose we are interested in the solution of the 2-D heat equation:

LIxx+UW=Ut, 0<x<1, 0<y<1,t>0 9.15)

Boundary conditions:

uo,y,H=0=UN,y ¢t O<y<lt>0 (9.16a)
U(x,0,)=0=U(x, 1,1, O0<x<1,t>0 (9.16b)

Initial condition:
Ux, y,00=10xy, 0<x<1, O<y<l1 (9.16¢)

Using the central-space and backward-time scheme, we obtain the FD equiv-
alent as

Ui+1,j,m)=2UG, j,m)+UGi=1,j,n) UG, j+1,m)=2UG,j,m)+UG, j-1,n)

(Ax)* (Ay)*
U@, j,n-Ug,jn-1)
= AL (9.17)
Let Ax =Ay=A and
AZ
o= oy (9.18)
Equation 9.17 becomes
ug,jm=p Ui+1,jm+p U@G-1,j,n)
+ py+u(i, j+1,n+ py_ll(i, j-1n
+p, Ui, j,n-1) (9.19)
where
1
Per =P =Py =Py = ita (9.20a)
o
= 9.20b
Pe= i1 (9:20b)

Note thatp  +p, +p,, +p, +p,_ =1, so a probabilistic interpretation can be
given to Equation 9.19. A random-walking particle at point (x, y, f) moves to
(c+Ay D, x=Ayb &y+AD & y-AtL, or(xy t — Af) with probabilities
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Pxs Px—sr Pyss Py—s OF p,_ T€SpPectively. By generating a random number 0 <7 <1,
we instruct the particle to move as follows:

(x,y,t)y—>(x+A,y,t) if(0<r<0.2)
(x,y,t)—(x—A,y,t) if(02<r<04)
(x,y,t)—>(x,y+A,t) if(0.4<r<0.6)
(x,y,t)y—>(x,y—A,t) if(0.6<r<0.8)
(x,y,t)—(x,y,t—At) if(0.8<r<1) (9.21)

assuming that oo = 1. Therefore, we take the following steps to calculate U at
point (x,, Yo, t,):

1. Begin a random walk at (x, y, £)= (x,, Y, t,)-

2. Generate a random number 0 < r < 1, and move the next point
according to Equation 9.21.

3a. If the next point is not on the boundary, repeat step 2.

3b. If the random walk hits the boundary, terminate the random walk.
Record U, at the boundary and go to step 1 and begin another ran-
dom walk.

4. After N random walks, determine
N
1
U, Y1) =5 U (h) ©:22)
k=1

The only difference between 1-D and 2-D is that there are three kinds of
displacements in 1-D whereas there are five displacements (four spatial ones
and one temporal one) in 2-D.

Example 9.2

As a numerical example, consider the solution of the problem in Equations
9.15 and 9.16.

Solution

We selectoo=1, A=0.1, so that At =0.01, and we calculate U at x=0.5, y =0.5,
t=0.05,0.1,0.15, 0.2, 0.25, 0.3. As shown in Table 9.2, we compare the results
from the MCM with the FD solution and exact solution [5]:

U(x, y,t) = % ii cos(rm:’i Zos(nn) sin(im)

m=1n=

x sin(nmy)exp (—Kﬁmt) p (9.23)

where A2 = (mm)? + (nm)?.

mn
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TABLE 9.2

Comparing Monte Carlo Solution
with Finite Difference and Exact
Solutions (x,=0.5, y, = 0.5)

t Exact MCM FD
0.05 1.491 1.534 1.518
0.10 0563  0.6627 0.5627
0.15 0216  0.267 0.2063
0.20 0.078  0.106 0.0756
0.25 0.029  0.0419 0.0277
0.30 0.015  0.019 0.0102

Because of the randomness of the Monte Carlo solution, each MCM result
in Tables 9.1 and 9.2 was obtained by running the simulation five times and
taking the average.

I
9.4 Cylindrical Solution Region

We now consider applying the Monte Carlo method to 1-D and 2-D cases of
cylindrical solution regions.

9.4.1 One-Dimensional Case

Consider the 1-D heat equation in cylindrical coordinates:

ou
v =2 9.24
P (9.24a)
Or
1
Upp+5llp=llf, O<p<l, t>0 (9.24b)
Boundary conditions:
Uiy =0, t>0 (9.25a)
Initial condition:
Up,0)=T, (9.25b)

The problem models temperature distribution in a thin circular plate. To
solve this problem using MCM, we first need to obtain the FD equivalent of



184 Monte Carlo Methods for Electromagnetics

the partial differential equation in Equation 9.24. Using the central-space and
backward-time scheme, we obtain

UG+1,n)-2U@,n)+UGE-1,n) N UGi+1,n-U(G-1,n)

(Ap)* p2Ap
_U@n-U@,n-1) 9.26)
At '
wherep =iAp = ihand t = nAt. If we let
hZ
o= A (9.27)
Equation 9.26 becomes
U@,n)=p, U+1,n)+p, U@i-1,n)+p, U@,n-1) (9.28)
where
1+1/2i 1-1/2i o
= ; = y = 9.29
Por = v " P ova PrT 200 629

Note thatp  +p, +p, =1.Equation 928 can be given a probabilistic inter-
pretation. If a random-walking particle is instantaneously at the point (p,t), it
has probabilities PosrPos and p, of moving from (p,t) to (p +h,t), (p — ht), and
(p, t — At), respectively. The particle can only move toward the past, but never
toward the future. A means of determining which way the particle should
move is to generate a random number 7, 0 < 7 <1, and instruct the particle to
walk as follows:

(p,t)——(p+h,t) if (0<r < prho)
(p,t)—(p—h,t) if (prho<r<0.5)

(p,t)—(p,t—At) if(0.5<r<1) (9.30)

where prho = (1+1/(2i))/(2+0) and it is assumed that o =2.Most modern
software packages such as MATLAB® have a random number generator to
obtain r.

Equations 9.26 to 9.30 are applicable for the casep # 0. For p = 0, we need to
apply L'Hopital’s rule to Equation 9.24.

2
i 12U _ U

== - (9.31)
—0p dp  Ip?
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Thus,

u
Vil =S5 - 2, =, 9.32)

Applying the central-space and backward-time scheme to Equation 9.32 and
noting thatU(h, t) = U(-h, t),we obtain

u(,t)= pp+U(h, t)+p, U(0,t—At) (9.33)
where
4 o
= tva’ P v 639

When a random-walking particle is at p = 0, a means of determining which
way the particle should move is to generate a random number 7,0 <r<1,and
instruct the particle to walk as follows:

0,t)—— (h,t) if (0<r < prhop)

0,t)— (0,t—At) if (prhop <r <1) 9.35)

where prhop = 4/(4+ ) and it is assumed thato = 2.
To calculate U at point (p,, f,), we follow the following random walk
algorithm:

1. Begin a random walk at (p, £) = (p,, t,).

2. Generate a random number 0 < r < 1, and move to the next point
using Equation 9.35 if p = 0 or Equation 9.30 if p #0.

3a. If the next point is not on the boundary, repeat step 2.

3b. If the random walk hits the boundary, terminate the random
walk. Record U, at the boundary, go to step 1, and begin another
random walk.

4. After N random walks, determine
1 N
Ulp, )= D Uy(K) 9.36)
k=1

where N, the number of random walks, is assumed to be large.
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U(1,t)=0

O g - E— o —

o
Il

FIGURE 9.3

A typical random walk in cylindrical domain.

(Up,0)=T,

A typical random walk for the problem is illustrated in Figure 9.3. Note that
p =0is not a boundary but a line of symmetry.

Example 9.3

As a numerical example, consider the solution of the problem in Equations

9.24 and 9.25.

Solution

We select T, =10, o0 =2, h = 0.1, so that Af = 0.005. We calculate U at p = 0.5 and
t=01,02, 03, .... As shown in Table 9.3, we compare the results with the

TABLE 9.3

Comparing Monte Carlo
(MCM) Solution with Finite
Difference (FD) and Exact
Solutions (p,=0.5)

t Exact MCM FD
0.1 6.0191 6.0640 6.0573
0.2 3.3752 3.3920 3.3532
0.3 1.8933 19340 1.8770
04 1.0619 1.0880 1.0516
0.5 0.5955 0.5880 0.5893
1.0 0.0330 0.0320 0.0325




Time-Varying Problems 187

finite difference solution and exact solution [6]:

U(p,t)=2T, 2 XI ; (’f (—22t), 9.37)

where J;and ], are Bessel functions of order 0 and 1, respectively, and the
values of A, are the positive roots of J;.

9.4.2 Two-Dimensional Case

Suppose we are interested in the solution of the 2-D heat equation:
u
u,+-—+>+U_=U, 0<p<l, 0<z<1,t>0 (9.38)
p

Boundary conditions:

Up,0,)=0=U(p,1,t), 0<p<1,t>0 (9.39a)
ui,z =0, 0<z<1,t>0 (9.39b)

Initial condition:
Ulp,z,0=T,0<p<1,0<z<1 (9.39¢)

This models the temperature distribution in a solid cylinder of unit height
and unit radius.

Using the central-space and backward-time scheme, we obtain the FD
equivalent as

U@+1,j,n)-2U(, j,n)+U(G-1,j,n) . U@+1,j,n-U@l-1,j,n)

(Ap)? p2Ap
N Uugi,j+1,n-2UG,j,n)+U(, j-1,n) _ ug,jn)-Ug,jn-1) 9:40)
(Az)? At
LetAx=Az=handp=ih,z= jh,t =nAt:
2
o= U (9.47)

At
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Equation 9.40 becomes
ua,jn=p, UG+1,j,n+p, U@i-1,j,n)

+p, UG j+1L,n)+p, UG j-1,n)

+p, UG, j,n-1) (942)
where
1+1/2i 1-1/2
P4k - P atg (©432)
1 1 a
Po " 4va P 470’ P 4ta (:430)

Note thatp,, +p, +p,, +p, +p, =1 s0 a probabilistic interpretation can be
given to Equation 942. A random-walking particle at point (p, z, f) moves to
(p+hzt),(p—hzt),(p z+ht),(p z-ht),or(p z t — At) with probabilities
PosrPp-r P Por OF py_ tespectively. By generating a random number 0 <r <1,
we instruct the particle to move as follows:

(p,z,t)— (p+h,zt) if (0<r<prho)
(p,z,t)— (p—h,z,t) if (prho<r<0.4)
(p,z,t)— (p,z+h,t) if(0.4<r<0.6)
(p,z,t)— (p,z—h,t) if(0.6<r<0.8)

(P,z,t)—> (p,z,t—A) if(0.8<r<1) 9.44)

assuming that a=1and prhio =0.2* (1+1/(2*1)).
Equations 940 to 9.44 only apply forp # 0.Forp =0, we apply L'Hopital’s
rule in Equation 9.38 and obtain

2u, +U,, =U, (9.45)

We now apply central-space and backward-time scheme to Equation 9.45 and
note thatU(h, z,t) =U(-h, z, t). We obtain

u(, j,n)= pml,l(l, j,m+p, U@, j+1,nm)+p, UQO,j-1,n)

+p, U0, j,n-1) (9.46)
where
4 1 o
= =p =—, = 947
P’ P="P="¢ia’ P-"era ©47)
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A random-walking particle that finds itself at p = 0 determines the next loca-
tion by generating a random number 7, 0 <7 < 1, and walking as follows:

0,z,t)——(h,z,t) if(0<r<4*pp)
0,z,t)——(0,z+h,t) if (4*pp <r<5*pp)
0,z,t)—(0,z—=h,t) f(B*pp<r<6*pp)
0,z,t)——(0,z,t—At) if (6*pp<r<]) (9.48)

where pp =1/(6+ o) and it is assumed thato = 1.

Therefore, we take the following steps to calculate U at point(p,,z,,t,):

1. Begin a random walk at(p,z,t)=(p,, z,,t,).
2. Generate a random number 0 < r < 1, and move the next point
according to Equation 9.44 if p # 0 or Equation 948 if p=0.
3a. If the next point is not on the boundary, repeat step 2.

3b. If the random walk hits the boundary, terminate the random
walk. Record U, at the boundary, go to step 1, and begin another
random walk.

4. After N random walks, determine
N
1
Up, 7,1, = D Uslk) (9:49)
k=1

The only difference between 1-D and 2-D is that there are three kinds of dis-
placement in 1-D whereas there are five displacements (four spatial ones and
one temporal one) in 2-D.

Example 9.4

As a numerical example, consider the solution of the problem in Equations
9.38 and 9.39.

Solution

We selecta.=1, T, =10, and / = 0.1, so that At = 0.01 and we calculate U at p =
0.5,z=0.5,t=0.05,0.1,0.15,0.2, 0.25, 0.3. Figure 94 has the MATLAB program
for the problem. As shown in Table 9.4, we compare the results from the
MCM with the FD solution and exact solution [7,8]:

8L v LKp)
Up,z,t) = n; Ls.smsm(mcz)exp (-22,) (9.50)

whereA? = k2 +(nm)?and k,, is the m-th root of the Bessel function J (k).

mn
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% This program solves two-dimensional diffusion (or heat) equation
% in cylindrical, i.e. U_rhorho + U_rho/rho + U_zz = U_t

% using Monte Carlo method

nrun = 1000;

h =0.1;

% deltat=delta"2;

deltat = 0.01;

alpha = 1.0;

To=10;

A=1.0;

B=1.0;

rho=0.5;

z0=0.5;

to=0.1;

io=rho/h;

jo=zo/h;

no=to/deltat;

imax=A/h;

Jjmax=B/h;

sum2=0.0;

for m=1:5
sum=0;

for k=1:nrun

while i<=imax & j<=jmax & n<=no

FIGURE 9.4
MATLAB code for Example 9.4.
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if(i == 0.0) % this is along the line of symmetry

pp = 1/(6 + alpha);

r=rand; %random number between 0 and 1

if (r >= 0.0 & r <= 4*pp)
i=i+l;

end
it (r >= 4*pp & r <= 5*pp)
J=1+1;

end

if (r >= 5*pp & r <= 6*pp)

if (r >=6*pp & r <=1.0)
n=n-1;
end
else
prhoplus = 0.2*(1 + 1/(2*1));
r=rand; %random number between 0 and 1
if (r >= 0.0 & r <= prhoplus)
i=i+l;
end
it (r >= prhoplus & r <= 0.4)
i=i-1;
end
if (r >=0.4&r <=0.6)
J=1+1;
end
if (r>=0.6 &r <=0.8)
J=1-1

FIGURE 9.4
(Continued).
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end

if (r >= 0.8 & r <= 1.0)
n=n-1;

end

end

end

if (1 == imax)
sum=sum+ 0.0;
break;
end
if(j == 0.0)
sum=sum+ 0.0;
break;
end
if(j == jmax)
sum=sum+ 0.0;
break;
end
if(n == 0.0)
sum=sum + To;
break;
end
end while
end
uu=sum/nrun

sum2 = sum2 + uu;

end

u=sum2/5

FIGURE 9.4
(Continued).
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TABLE 9.4

Comparing Monte Carlo Solution
with Finite Difference and Exact
Solutions (p, = 0.5, z, = 0.5)

t Exact MCM FD

0.05 6.2475 6.614 6.3848
0.10 2.8564  3.182 2.9123
0.15  1.3059 1.582 1.2975
020 0.5971 0.7760  0.5913
025 02730 04140 0.270

030 0.1248  0.156 0.1233

Because of the randomness of the Monte Carlo solution, each MCM result
in Tables 9.1 to 9.4 was obtained by running the simulation five times and
taking the average.

9.5 Summary

In this chapter, we have demonstrated how the conventional MCM can be
applied to time-dependent problems such as the heat equation in both rect-
angular and cylindrical coordinates. For 1-D and 2-D cases, we note that the
Monte Carlo solutions agree well with the FD and the exact analytic solu-
tions, and it is easier to understand and program than the FD method. The
method does not require solving large matrices and is trivially easy to pro-
gram. The idea can be extended to other time-dependent problems such as
the wave equation.
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Problems
9.1. Use Monte Carlo method to solve the heat equation described by
kU, =U,, 0<x<1,t>0
uQo,t)=0, t>0,
ua,t=1, t>0
U(x,00=0, 0<x<1

9.2. Using Monte Carlo method, find U(x,t) satisfying
u=u._, 0<x<2, t>0
u,t)=0, U@,t)=0, t>0

2x, 0<x<05
U(x,0)=+< 1, 05<x<15
4-2x, 1b<x<2

9.3. Use Monte Carlo method to solve

Pu_au
o2 o’
U@0,5)=10, t>0

O<x<1, t>0

u@,t)=20, t>0
U(x,00=0, 0<x<1
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94. Find U(x,t) that satisfies the following four conditions using
Monte Carlo method:

U=uU,, O0<x<l, 0<t<oo
U@,t)=0, O0<t<eo
U(1,t)=0, O0<t<eo
U(x,0)=10sinmx, O<x<1

9.5. Solve the following heat equation using Monte Carlo techniques:
u,+u,=u, 0<x<m0<y<m
uQ,y,t)=0, U(my,b=0
U(x,0,t)=0, U(x,m,t)=0
U(x,y,0)=10
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Scattering from Random Rough Surfaces

The man without a purpose is like a ship without a rudder—a waif, a nothing,
a no man.

—Thomas Carlyle

|
10.1 Introduction

Several natural surfaces are rough in varying degrees, and this rough-
ness affects the propagation and scattering of electromagnetic waves [1].
Scattering of EM waves from random rough surfaces has been a subject of
interest for a long time. Monte Carlo simulations of wave scattering by ran-
dom rough surfaces have been performed since the 1970s. The problem has
been studied extensively owing to its many practical applications such as
microwave scattering by ocean or terrain, ultrasound scattering by tissues,
and underwater acoustics. Rough surfaces are also boundaries for active
remote sensing.

The classical analytic approaches of Kirchhoff approximation and
Rayleigh—Rice small perturbation method [2-5] have been used to solve the
problem of random rough surface scattering. However, both are restricted
in domain validity. With the advent of modern computers, the simulations
of random rough surfaces have been performed. The general procedure
involves forming an integral equation in the space domain. The integral
equation is converted to a matrix equation by the method of moments, and
the resulting equation is then solved with a full matrix inversion. Recently,
finite difference and finite element methods have been used for the Monte
Carlo simulation of random rough surfaces.

Because the treatment of random rough surface in this chapter is meant to
be introductory, we begin with a one-dimensional (1-D) rough surface (two-
dimensional [2-D] scattering problem). We later discuss EM wave scattering
by a 2-D random rough surface.

197
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10.2 Scattering by 1-D Random Rough Surfaces

The first step in constructing a 1-D random rough surface is to generate an
uncorrelated Gaussian distribution of random numbers f(x), where x is the
coordinate along the surface and f is the corresponding random height [6].
This is achieved by considering

f)=Y U,(x)-M/2 (10.1)

where U].(x) is an equally distributed random number in the interval (0,1)
with expectation value and correlation

<U;(x)>=05 (10.2a)
<IU(0)- 051U () -05]>= 8,3, (1020)
so that
< f(x)>=0 (10.3a)
< fOf ) >= 15 M3, (104)

According to the central limit theorem, f(x) is Gaussian distributed for large
M. In practice, it is common to select M = 12. This leads to very small devia-
tions in the tails of the distribution.

We now consider a tapered time-harmonic plane wave ¥¢(x, z) with time
dependence exp(—iwf) impinging on a 1-D rough surface with a random
height profile z = f(x); see Figure 10.1. The incident wave is tapered so that the
illuminated surface can be confined to length L.

pinc (T) — eikor(1+W(r)]e—(x+z'cane,'m)z/g2 (105)

where

mec"x mec "z

k=k(sin®, a_ —cosb. a) (10.6a)

[2(x+ztan®,, )*/g> —1]
(kg cos®,, )

W(r)= (10.6b)

Parameter g controls the tapering of the wave, and its value satisfied 1/(kg
cos 0,,)<0.037 for numerical simulation [7-14]. The boundary condition

mc.

requires that the wave function ¥ = 0 on the rough surface. This constitutes
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FIGURE 10.1
One-dimensional random rough surface.

the Dirichlet problem implying a TE electromagnetic wave impinging on
a perfectly conducting rough surface and is also known as the s-wave case.
We can form the Fredholm integral equation of the first kind. For a point
xa,+ f(x)a, on the rough surface, the integral equation is

0= Wine(r)— de' 1+ (d/;(xx,’)) G(r,r’)% (107)

G(r, 1) = ngU(k lr—7) (10.8)

where

is the free-space Green’s function and H(V is the Hankel function of the first
kind.

By discretizing the space domain in the 1-D rough surface, Equation 10.7
can be cast into a matrix equation,

[Z][X] =[C] (10.9)

where [X] is a column vector of dimension N representing the unknown
values of

U(x) = 1+ (df /dx)? ¥ /on (10.10)

and [C] is a column vector representing the first term on the right-hand side
of Equation 10.7. The matrix element Z  of matrix [Z] denotes the interac-
tion between two points on the rough surface. When Equation 10.9 is solved
directly, it is called the exact matrix inversion (EMI). Other approaches to
solving the matrix equation include conjugate gradient method (CGM) and
banded matrix iterative approach (BMIA). In the application of method of
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EMI
BMIA
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FIGURE 10.2
Comparison of the BMIA and EMI for one realization. (From L. Tsang et al., ]. Electromagnetic
Waves and Applications, vol. 7, no. 9, 1185-1200, 1993. With permission.)

moments to rough surface scattering problem, a common approach is to use
a grid of 10 points per wavelength to discretize the surface.

Once the solution of Equation 10.9 is obtained, we can get the radar cross
section as follows:

é ‘J:dxe—ik(sin95x+cosesf(x))u(x)‘2
1+2tan20;,,.
gk\/% cos ei"C (1 T 2k2¢2 cos? e )

where 8, is the scattering angle and U(x) is defined in Equation 10.10.
Figure 10.2 shows the radar cross section when the surface length L =
1002, rms height i = 0.575), at an angle of incidence 6, = 80°, and with 800
unknowns for one realization [14]. The tapering parameter g is set at L/4.

6(6,) = (10.11)

10.3 Scattering by 2-D Random Rough Surfaces

We now consider the case of three-dimensional (3-D) problems with 2-D
random rough surfaces [15-22]. Using a Monte Carlo simulation, we first
generate many sample surfaces of a stochastic random process representing
the desired random rough surface. A typical rough surface profile is gener-
ated and shown in Figure 10.3. The random surface height is defined by
function z = f(x, y) with rms surface height h and correlation length [ in both
x and y directions.
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rms height = 0.3 cm il
cl=3cm S Mediam 1

Gaussian Spectrum

_5\ /

FIGURE 10.3

Generated 2-D surface profile with rms height of 0.3 cm and correlation length of 3 cm. (From
K. W. Lam et al., IEEE Trans. on Antennas and Propagation, vol. 32, no. 12, 3200-3206, December
2004. With permission.)

Consider a scalar plane wave ¥, (x,y,z) with time dependence exp(—iwt)
impinging on a 2-D perfectly conducting rough surface with a random
height profile z = f(x, y). The incident direction is k; = sin 6; cos¢; a, + sin 6,
sin¢,a, —cos6,a,. The incident wave is tapered so that the illuminated rough
surface can be confined to the surface area L x L. It is given by

¥, (x,y,2) = exp[—ik(cos 8,z — xsin B, cos o, — y sin O, sin ¢, )(1+ ©,)|exp(-d, —d,)

(10.12)
where
(2d,-1) , (2d,-1)
0, = {g os? 9 é 3 (10.13)
_ (cos®, cos d,x +cos O, sin,y +sin6,z)?
d, = 27056, (10.14)
—sind. )
d, = (—sin q)[x+2cos oY) (1015)
8
k=w,ue, =2n/A (10.16)

The parameter g controls the tapering of the incident wave.
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The Dirichlet boundary condition is ¥(x,y, f(x,y))=0on the rough sur-
face z = f(x, y). We can develop a Fredholm integral of the first kind. Let
r=2xa, +ya, +za, represent the source point on the rough surface and
r'=x'a,+y'a, +2'a, represent the field point. The integral equation is

0=",.(r)- _U dxdyG,[x,y, fO, )’y f(, U Y)  (10.17)

where

_exp(ik|r—7'|)

G,(r, 7
o(r7) ant|r—v|

(10.18)

is the free-space Green'’s function. The unknown surface variable U(x,y) is

given as follows:
2 2 1/2
R -

The integration equation (Equation 10.17) can be solved by the moment
method and other approaches. The Monte Carlo simulations require that the
computation be repeated for many rough surface realizations until results
converge. Solving a 3-D scattering problem is expensive even for one surface
realization, so conducting Monte Carlo simulations with hundreds of realiza-
tions without using fast algorithms is prohibitive even with supercomputers.
After the unknown U(xy) is determined numerically either by using
the method of moments or the conjugate gradient method, the normalized
bistatic scattering coefficient 6(k,) in the direction of k, is calculated as

_ d¥(r)

="

|F (k)P

3.2 _ (1+cos?8;+2tan26;)
8mig cosei[l et

o(k,)=

(10.20)
]

where
F(k,)= —J. dxdyU(x,y)exp[—ikxsin O, cos O, — iky sin O, sin ¢, — ikf (x,y) cosO, ]

(10.21)

The normalized bistatic scattering coefficient 6(k,)is defined such that its
integration over the 2r solid angle of the upper-half space equals unity.

Figure 104 depicts the normalized bistatic scattering coefficient for the
angle of incidence of 0, =20° and ¢, =0° and tapering parameter ¢ = L/3.
Four cases are shown, for 155, 225, 275, and 310 realizations. The cases of 275
and 310 realizations overlap each other, indicating that the coefficient con-
verges in approximately 310 realizations [15].
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FIGURE 10.4
Normalized bistatic scattering coefficient versus the scattering angle. (From L. Tsang, C. H. Chan,
and K. Pak, J. Optical Society of America, vol. 11, no. 2, 711-715, February 1994. With permission.)

L]
10.4 Summary

The study of wave scattering by random rough surfaces is a topic of contin-
ued interest because of its broad applications. In this chapter, we have consid-
ered 1-D and 2-D perfectly conducting random rough surfaces. The idea can
be extended to dielectric rough surfaces [23-25]. Although the method used in
this chapter is the tapered wave integral equation formulation and its solution
by the method of moments, the problem has also been solved using a finite-
difference time-domain (FDTD) approach [26] and finite element method
[8, 27-30]. The benefits of using FDTD include the following: (1) matrix inver-
sion is eliminated, (2) time-domain response is readily available, and (3) scatter-
ing intensities can be obtained simultaneously for a range of frequencies. The
attraction of the finite element method is the banded nature of the resulting
matrix equation. All the nonzero elements of the matrix are confined to a band
or profile. For a symmetric matrix, only the storage of the elements in the upper
half of the band is necessary. The method yields a system of linear algebraic
equations that can be solved using a direct sparse symmetric matrix inversion.
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Multidimensional Integration

Experience is not what happens to you. It is what you do with what happens
to you.

—Aldous Huxley

11.1 Introduction

One can use integral calculus to find the area under a curve, provided the
curve has a closed form. When the curve has no closed form, the area cannot
be derived analytically and one can employ Monte Carlo method (MCM) to
calculate the area.

Also, for one-dimensional integration, several quadrature formulas (such
as trapezoidal rule, Simpson’s rule, etc.) are available. The numbers of such
formulas are relatively few for multidimensional integration. It is for such
multidimensional integrals that a Monte Carlo technique becomes valuable,
for at least two reasons. The quadrature formulas become very complex for
multiple integrals, whereas the MCM formula remains almost unchanged.
The convergence of Monte Carlo integration is independent of dimensional-
ity, which is not true of quadrature formulas.

The statistical method of integration has been found to be an efficient way
to evaluate two- or three-dimensional integrals in antenna problems, particu-
larly those involving very large structures [1]. Two types of Monte Carlo inte-
gration procedures, the crude MCM and the MCM with antithetic variates,
will be discussed. For other types, such as hit-or-miss and control variates,
see [2-4]. Application of MCM to improper integrals will be covered briefly.

11.2 Crude Monte Carlo Integration

Let us consider a circle inscribed in a square on a dartboard, as shown in
Figure 11.1. Finding the area of the square is relatively easy, but it is much
harder to find the area of the circle. Suppose we randomly throw a large
number of darts at the board and count the number (1) of darts that land

207
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FIGURE 11.1
Finding the area of a circle. (From G. Yang, A Monte Carlo method of integration, http://
unicast.org/enclosures/text.pdf. With permission.)

within the square and the number (#*) that land inside the circle. If A is the
area of the square, the area of the circle is [5]

1=1A (11.1)

Thus, the circle’s area is approximately equal to the area of the square mul-
tiplied by the fraction of darts that landed inside the circle. We now apply
this simple idea.

Suppose we wish to evaluate the integral

I= J f (11.2)

where R is an n-dimensional space. Let X = (X!, X?, ..., X") be a random vari-
able that is uniformly distributed in R. Then, f(X) is a random variable whose
mean value is given by [6,7]

I

— 1
fX)= R J f= R (11.3)
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And the variance by

L n (1)
Var(F00)= o [ of [lleRfJ 1.9
where
IR| = J (X (11.5)

If we take N independent samples of X, that s, (X;, X,, ---, X, ), all having the
same distribution as X and form the average

FOX)+FX) 4+ F(Xy) 1%
—N;f(x,») (11.6)

N

We might expect this average to be close to the mean of f(X). Thus, from
Equations 11.3 and 11.6,

_IRIN
I—Nz,f(xi) (117)

This Monte Carlo formula applies to any integration over a finite region R.
For the purpose of illustration, we now apply Equation 11.7 to one- and two-
dimensional integrals.

For a one-dimensional integral, suppose

b
1= fodx 1s)
Applying Equation 11.7 yields
b—ax
I= X,
N 2K (119

where X, is a random number in the interval (g, b), that is,
X,=a+(b-a)U, 0<U<1 (11.10)

For a two-dimensional integral

b d
I= ” FXT, X2)dX1dX> (11.11)
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the corresponding Monte Carlo formula is
N
_(b—a)d-c) | va
== ;1 f(X1,x2) (11.12)

where

Xl'=a+0b-aU', 0<U'<1

X2=c+(d-c)U?, 0<U?2<1 (11.13)
The convergence behavior of the unbiased estimator I in Equation 11.7 is
slow because the variance of the estimator is of the order 1/N. Accuracy and
convergence are increased by reducing the variance of the estimator using an

improved method, the method of antithetic variates. This will be discussed
in Section 11.3.

Example 11.1
Evaluate the two-dimensional integral

~
o'—.»—n

1
J(xz +y2)dxdy
0

Solution

Although this is a trivial example that can be solved analytically, a numeri-
cal integral using Monte Carlo method with 5000 samples gives a value of
0.6664, whereas the exact value is 2/3.

11.3 Monte Carlo Integration with Antithetic Variates

The term antithetic variates [8,9] is used to describe any set of estimators that
mutually compensate each other’s variations. For convenience, we assume
that the integral is over the interval (0, 1). Suppose we want an estimator for
the single integral

I= J‘ gHdu (11.14)

We expect the quantity 7[g(U)+ g(1-U)]to have smaller variance than g(U).
If g(U) is too small, then g(1 — U) will have a good chance of being too large,
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and conversely. Therefore, we define the estimator

1% 1
zzsz[gamg(l—ui)] (11.15)

where U, are random numbers between 0 and 1. The variance of the estima-
tors is of the order 7, a tremendous improvement over Equation 11.7. For the
two-dimensional integral,

11
I= ” U, U2)dUdu? (11.16)
00
and the corresponding estimator is

N
1= 2 glsupue)ws(uy1-us)

i=1
+g(1-upuz)+g(1-up,1-u?)] (1117)

Following similar lines, the idea can be extended to higher-order integrals.
For intervals other than (0, 1), transformations such as in Equations 11.9-11.13
should be applied. For example,

_b[f (x)dx =(b- a)j g(UdU

b-axe 1
=T 2l st (1119

where g(U) = f(X) and X =a+(b—a)lU.It is observed from Equations 11.15
and 11.17 that as the number of dimensions increases, the minimum number
of antithetic variates per dimension required to obtain an increase in effi-
ciency over crude Monte Carlo also increases. Thus, the crude Monte Carlo
method becomes preferable in many dimensions.

L]
11.4 Improper Integrals
The integral

I= J' 2(x)dx (11.19)
0
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may be evaluated using Monte Carlo simulations [10]. For a random vari-
able X having probability density function f(x), where f(x) integrates to 1 on
interval (0, =),
J.&dx =J‘ g(x)dx (11.20)
0 f(X) 0
Hence, to compute I in Equation 11.19, we generate N independent random

variables distributed according to a probability density function f(x) inte-
grating to 1 on the interval (0, ). The sample mean

—_ 1% 8(x)
g(X)=N; f(Xi-) (11.21)

gives an estimate for L

Example 11.2
Evaluate the integral

efoposopdndd (11.22)

1
-
0

using the Monte Carlo method.

o ¥

Solution

This integral represents radiation from a circular aperture antenna with a
constant amplitude and phase distribution. It is selected because it forms at
least part of every radiation integral. The solution is available in the closed
form, which can be used to assess the accuracy of the Monte Carlo results.
In closed form,

_ 27, (o)
o

I() (11.23)

where ], (o) is a Bessel function of the first order.

A simple program for evaluating the integral employing Equations 11.12
and 11.17, where =0, b =1, c =0, and d = 2r, is shown in Figure 11.2. The main
program (integral.m) calls the random number generator rand to generate ran-
dom numbersU!and U?2. It also uses a function (fun.m), which is kept in a sep-
arate file and shown in Figure 11.2b. For different values of N, both the crude
and antithetic variate Monte Carlo methods are used for evaluating the radia-
tion integral, and the results are compared with the exact value in Table 11.1 for
o =5. In applying Equation 11.17, the following correspondences are used:

Ul=X!, U2=X?, 1-U'=b-X'=(b-a)1-UY),
1-U? =d-X2=(d—c)(1-U?)
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% I ntegration using crude Monte Carlo

% and antithetic nethods

%

% Only few |ines need be changed to use this

% program for any mul ti-di mensional integration
%

%the function fun.mis to be on a separate file

a =0; b=1.0; ¢ =0; %limts of integration

d=2*pi ;
al pha = 5;
nrun = 10000;
suml = 0; sunR = O;
for i=1:nrun
ul = rand;
u2 = rand;
x1 = a + (b-a)*ul;
x2 = ¢ + (d-c)*u2;
x3 = (b-a)*(1-ul);
x4 = (d-c)*(1-u2);
suml = suml + fun(x1, x2);
sum = sun? + fun(x1,x2) + fun(xl,x4) + fun(x3,x2) + fun(x3,x4);
end
areal (b-a)*(d-c)*sunil/nrun

area2 ; (b-a)*(d-c)*sun®/ (4*nrun)
(a)

function y=fun(rho, phi)
al pha = 5;
y=r ho*exp(j *al pha*r ho*cos(phi));

(b)

FIGURE 11.2
MATLAB program for Monte Carlo evaluation of a two-dimensional integral: (a) main
program, (b) function fun.m kept in a separate file.

TABLE 11.1

Results of Example 11.2 on Monte Carlo
Integration of Radiation Integral

Antithetic
N Crude MCM variates MCM

500  —-0.2892 —0.0742 —0.2887 —j0.0585
1000 -0.5737 +0.0808 -0.4982 —j0.0080
2000  -0.4922 —;0.0040 -0.4682 —j0.0082
4000  —-0.3999 —;0.0345 -0.4216 —j0.0323
6000  -0.3608 —;0.0270 -0.3787 —j0.0440
8000  -0.4327 —;0.0378 -0.4139 —;0.0241

10,000  -0.4229 - ;0.0237 -0.4121 - j0.0240

Exact: —0.4116 + jO
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I
11.5 Summary

Monte Carlo integration is numerical quadrature using random numbers.
In other words, Monte Carlo integration methods are algorithms for the
approximate evaluation of definite integrals. The regular algorithms evaluate
the integrand over a grid, whereas Monte Carlo methods randomly choose
the points at which the integrand is evaluated. Keep in mind that similar to
other numerical techniques, the Monte Carlo evaluation of integrals is only
an approximation. Although Monte Carlo is efficient for multidimensional
integrals, it is slow, requiring many samples for convergence.
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Problems

11.1. Use sample mean Monte Carlo integration to evaluate:

1
a. J.4\/1—x2dx
0
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1
b. J.sin xdx
0

1
c. |e¥dx
0

1
d. Iidx
0

Jx

11.2. Evaluate the following four-dimensional integrals:
111

1
a. J J J. J.exp(xlxzx%c4 — Ddxdx?dx3dx*

0000

sin(x! +x2 + x% + x*)dx'dx2dx3dx*

ISH
© e
© S
© S
© S

11.3. The radiation from a rectangular aperture with constant ampli-
tude and phase distribution may be represented by the integral
1/2 1/2
I(a,B) = J j el dxdy

-1/2-1/2

Evaluate this integral using the Monte Carlo procedure, and com-
pare your result for o = f =7 with the exact solution

sin(ot/2) sin(B/2)

lep= of/4
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Electrostatic fields, 6
Electrostatic particle focusing system, 97
Elliptic partial differential equations finite
differencing, 49-51
band matrix method, 51
finite difference method, 49-51
iterative method, 51
EM. see Electromagnetic (EM) theory
EMLI. see Exact matrix inversion (EMI)
Equilateral triangular meshes, 154, 162
Equilateral triangular random walk, 151
Error evaluation
discretization, 36
probability and statistics, 26-30
round-off, 36
Euler equation, 42
Exact matrix inversion (EMI), 199
Exodus method, 127-147, 163, 171
accuracy, 143
application, 127
axisymmetric solution region, 129, 138
boundary points, 141
example, 133
example of results, 137
exodus method, 130-136
fixed random walk, 142-146, 146
interface separation, 145
Laplace’s equation, 127, 134
Laplace’s equation solution, 127-136,
130-136
MATLAB code, 133
MCM, 151
number of particles, 147
particle application, 140
Poisson’s equation, 127, 137-146
potential systems, 136
problems, 147-150
random walk method, 137
rectangular solution region, 128, 137
satisfying symmetry conditions, 129
solutions, 136, 157
transition and transient probabilities, 139
Experiments, 1
Explicit finite differences, 44
Explicit formula, 40, 46
Exponential density function, 22
Exponential distribution, 22, 23
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F

FD. see Finite difference (FD); Forward
difference
FDM. see Finite difference method (FDM)
FDTD. see Finite difference time domain
(FDTD) method
Finite difference (FD), 35, 175
analytic solutions, 194
approximation, 42, 70
approximations, 39
BD, and CD, 39
central-space and backward-time scheme,
187
equivalent Laplace’s equation, 130
equivalent MCM, 137, 177, 181, 183
forward difference, 39
grid, 53
Laplace’s equation, 70, 138
MATLAB code, 178
MCM, 180, 182, 186, 189, 193
mesh, 38
method, 194
parabolic equation, 42
Poisson’s equation, 56
solution, 55, 56, 95
solutions accuracy and stability, 60-62
Finite difference (FD) equivalent, 137, 181
Laplace’s equation, 130
MCM, 177, 183
Finite difference method (FDM), 2, 35-67, 171
accuracy, 60-62
band matrix method, 51
elliptic PDE finite differencing, 49-51
hyperbolic PDE, 45
hyperparabolic PDE finite differencing,
45-48
iterative method, 51
Maxwell’s equations, 63-66
parabolic PDE finite differencing, 38-44
PDE, 51
solutions and stability, 60-62
Finite difference time domain (FDTD)
method, 63, 66
finite element method, 203
stability, 66
Finite element method
FDTD approach, 203
First order equation
Bessel function, 120, 187, 212
parabolic finite difference, 42
Fixed Monte Carlo Method, 127
Fixed-radius floating random walk, 69, 109
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Fixed random Monte Carlo Method
Laplace’s equation, 83
Fixed random walk, 69-104, 142, 162, 163
axisymmetric problems solution, 83-97
Exodus method, 143, 146
exodus method, 142-146
Laplace’s equation solution, 70-81
MCM, 76, 82,98, 142, 143
one-dimensional, 71
one-dimensional case, 70
Poisson’s equation, 82
Poisson’s equation solution, 82, 142-146
three-dimensional case, 75-81
two-dimensional, 72
two-dimensional case, 71-75
Floating Monte Carlo Method, 127
Floating random walk, 105-122, 163
axisymmetric solution regions, 115-119
comparison chart, 120
computing procedure, 119
configuration, 107
equations, 109
homogeneous media, 117
inhomogeneous media, 118
Laplace’s equation, 106-107, 115
MCM, 98, 106-109, 122, 123-125
method, 115, 123
next point obtaining, 117
Poisson’s equation, 108-114, 116
problems, 123-125
rectangular solution regions, 106-114
solution, 120
three-dimensional Laplacian problem, 107
two-dimensional solution regions, 116
Forward difference, 39, 75
Fourier mode, 62
Fourier transform techniques, 67
Fredholm integral equations, 199, 202
Free node scanning, 140
Free-space Green'’s function, 199, 202
Frequency tests, 16-17
Fundamental matrix, 165, 169

G

Gaussian density function, 23
Gaussian distribution, 23, 26, 198
Gaussian variates, 25

Gauss'’s law, 118, 145, 152
Generated 2-D surface profile, 201
Generating random functions, 25
Green’s function, 108
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H

Heat equation, 173, 183, 187. see also
Diffusion equation
Homogeneous boundary conditions, 55
Hyperparabolic partial differential
equations, 45, 60
finite differencing, 45-48
implicit methods, 47

|

Implicit formula, 40

Implicit method, 43

Improper integrals, 211

Inhomogeneous regions, 131

Instability, 61

Integral equations, 175, 197, 199, 202

Integration. see also Monte Carlo integration
Monte Carlo formula, 209
multidimensional, 207-214

Inverse transformation method, 18

Iterative method, 51

K
Kirchhoff approximation, 197

L

Laplace’s distribution with Dirichlet’s
condition, 122
Laplace’s equation, 6, 50, 70-81, 83, 106, 115,
119, 127-136, 152, 156, 162

axisymmetric problem, 119
axisymmetric solution region, 129
axisymmetric solution regions, 115
computational molecule, 50
Exodus method, 127, 134
exodus method, 130-136
finite difference, 70, 85, 130, 138
fixed random walk, 70-81, 83
floating random walk, 106-107, 115
MQCM, 83,162,171, 175
Neumann boundary condition, 156
one-dimensional case, 70
rectangular solution region, 128
rectangular solution regions, 106-107
three-dimensional case, 75-81
two-dimensional case, 71-75

Lattice truncation conditions, 66

Leapfrog method, 41, 42

L'Hopital’s rule, 138
application, 188
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Linear congruential sequence, 12

number generation, 13, 14
Liquid-gas interface distribution, 96
Lookup methods, 18

M

Magnetic vector potential, 7
Magnetostatic fields, 7
Markov chains, 147, 162, 163
absorbing whole field computation,
163-170
absorption, 162
accurate solution, 167
application technique, 167
discrete-state, 163
discrete-time, 164
finite difference solution, 170
Poisson’s equation, 172
random variables, 163
wave equation, 172
MATLAB
code, 48, 49, 56-59, 78-80, 111-113,
134-135, 190-192
Exodus method, 133
FD, 178
fixed random walk flowchart, 77
functions, 25, 89
Monte Carlo evaluation, 213
program, 90-95, 133, 179-180, 189
random generator, 177, 184
randu, 89
software packages, 184
solving equations, 51, 53
Maxwell’s equations, 4, 5, 63, 175
electromagnetic theory, 4
finite difference method, 63-66
MCM. see Monte Carlo Methods (MCM)
Mean, 20, 208
Mesh size, 50. see also Step size
Mixed congruential method, 12
Modeling errors, 60
Modified Bessel function, 120
Moment method, 202
Monte Carlo, 1
calculations, 110
evaluation MATLAB program, 213
Monte Carlo integration, 208
with antithetic variates, 210
formula, 209
methods, 214
multidimensional integration, 207209,
210
radiation integral, 213



Index

Monte Carlo Methods (MCM), 1, 3, 11, 35, 161
accuracy, 212
advantages, 2
applications, 3
comparison tables, 194
concurrent programming techniques, 147
cylindrical solution regions, 183
definition, 3
differential equations, 175
electromagnetic, 3
EM problems, 11, 31
equations, 109
Exodus method, 127, 143, 151
experiments, 26
FD, 177,180, 182, 183, 186, 189
figure example, 168
fixed, 127
fixed random walk, 76, 82, 83, 98, 143
floating random walk, 98, 106, 108, 109,
123-125, 127
formula, 207
integral equations, 175
interface between two media, 8
Laplace’s equation, 83, 171
Laplacian problem, 107
multidimensional, 211
multidimensional integrals, 214
PDE, 35
physical problems, 1
Poisson’s equation, 82, 108
potential distribution, 99
problems, 33-34, 123-125, 158-159,
194-195
quadrature formulas, 207
random steps, 110
random walk types, 105
scattering problem, 202
simulation, 31, 202
systematic development, 3
techniques, 69, 147, 161, 207
three-dimensional Laplacian problem, 107
three-dimensional scattering problem, 202
time-dependent problems, 194
treatment difficulties, 89
whole field computation, 162
Monte Carlo simulations, 2, 31, 202
number sequences, 11
random number generator, 15
Monte Carlo solution
diffusion, 175
EM problem, 4
FD, 183,193
randomness, 183
rectangular coordinate system, 176
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Multidimensional integration, 207-214
crude Monte Carlo integration, 207-209
improper integrals, 211-213
Monte Carlo integration with antithetic

variates, 210
problems, 214-215
Multiplicative congruential method, 12

N

Negative exponential distribution, 22
Neighboring node particles, 141
Neumann boundary conditions, 155, 156
Laplace’s equation, 156
Poisson’s equation, 157
Neumann problems, 151-158
computing procedure, 155-157
Dirichlet problems, 151
governing equations, 151-152
one corner on boundary, 153
triangular mesh method, 153
two corners on boundary, 154
Nonrectangular regions, 131
Nonreversal random walk, 69
Normal distribution, 23-25. see also Gaussian
distribution
Number generation
linear congruential method, 13
random, 17
Numerical techniques, 2

(0]

One-dimensional case cylindrical solution
region, 183-186
One-dimensional fixed random walk, 71
One-dimensional heat equation, 176, 183
One-dimensional random surface
construction steps, 198
rough, 198-199
scattering, 198-199

P

Parabolic equations, 42
Parabolic partial differential equations,
60
computational molecule, 40
finite differencing, 3844
Partial differential equations (PDE), 35
diffusion, 38
elliptic finite differencing, 49-51
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FDM, 51
hyperparabolic, 47, 60
hyperparabolic finite differencing, 4548,
60
involving function, 37
MCM, 35
parabolic finite differencing, 3844, 60
spurious solutions, 61
pdf. see Probability density function (pdf)
Permittivities
corresponding, 153
dielectric, 73, 87, 118
interface between media, 129
Poisson’s equation, 6, 49, 50, 54, 82, 83, 108,
116, 137, 156, 175
axisymmetric solution region, 116, 138
boundary conditions, 114
Dirichlet boundary condition, 116
Exodus method, 127, 137-146
finite difference solution, 56
fixed random walk, 82, 142-146
floating random walk, 108-114, 116
homogeneous boundary conditions, 55
Markov chain, 172
MCM, 82,108
Neumann conditions, 156, 157
rectangular solution region, 137
solution, 137-146
transition and transient probabilities, 139
Poisson’s field distribution with Dirichlet’s
condition, 122
Poker tests, 16
Probability and statistics, 11-34
continuous random variates generation,
20-25
error evaluation, 26-30
exponential distribution, 22
frequency test, 16-17
inverse transformation method, 18
moments test, 16
normal distribution, 23-25
pseudorandom numbers statistical tests,
15-17
random numbers generation, 11-14
random variates generation, 18-19
rejection method, 19
uniform distribution, 21
Probability density function (pdf), 20, 24, 27
Probability distributions, 21
Pseudorandom numbers, 14, 15
frequency test, 16-17
moments test, 16
probability, 15-17
statistical tests, 15-17
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R

Radar cross section, 200
Radiation conditions, 66
Random number(s), 15, 21
Random number generation, 11, 17
MATLAB, 177
Monte Carlo simulations, 15
probability and statistics, 11-14
rejection-acceptance method, 18
Random rough surfaces, 197-206
1-D random rough surfaces scattering,
198-199
2-D random rough surfaces scattering,
200-202
problem solving, 197
scattering, 197
Random variates generation, 11, 18-19, 20, 26
continuous, 20-25
inverse transformation method, 18
rejection method, 19
Random variates/variables, 27
Random walk, 69. see also Fixed random
walk; Floating random walk
algorithm, 185
cylindrical domain, 186
equation, 181
equilateral triangular, 151
Exodus method, 137
fixed-radius floating, 69, 109
flowchart, 77
MCM, 105
method, 137, 155
nonreversal, 69
particles, 73, 75, 163, 165
probabilities, 71, 89, 128, 130, 132, 138, 139,
146
random number generation, 189
rectangular domain, 178
self-avoiding, 69
terminating probability, 80
transition probability, 164
triangular mesh fixed, 158
two-dimensional fixed, 72
types, 105
Rayleigh-Rice small perturbation method,
197
Rectangular approximation, 18
Rectangular distribution, 21
Rectangular domain, 178
Rectangular solution region, 106-114,
176-182
floating random walk, 106-114
Laplace’s equation, 106-107
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one-dimensional case, 176-180
Poisson’s equation, 108-114
two-dimensional case, 181-183

Rejection-acceptance method, 19
random generation, 18

Rejection method, 19

Relaxation factor, 52

Roulette wheel, 12

Round-off error, 36, 60, 61

S

Sample standard deviation, 27
Sample variance, 27
Scalar and vector potentials, 5-6
Scattering angle vs. bistatic scattering
coefficient, 203
Self-avoiding random walk, 69
Serial tests, 16
Shrinking boundary method, 161
Simpson’s rule, 207
Solid cylindrical conductor, 175
Solution region, 54
SOR. see Successive over-relation (SOR)
Stability, 55
Standard deviation, 25, 26, 27, 29
Statistics, 11-34
continuous random variates generation,
20-25
error evaluation, 26-30
exponential distribution, 22
frequency test, 16-17
inverse transformation method, 18
moments test, 16
normal distribution, 23-25
pseudorandom numbers statistical tests,
15-17
random numbers generation, 11-14
random variates generation, 18-19
rejection method, 19
uniform distribution, 21
Step size, 36, 98
Stirling’s formula, 28
Successive over-relation (SOR), 51, 52
relaxation, 60
Successive relaxation, 52
Symmetry conditions, 74

T

Tapered time-harmonic plane wave, 198
Taylor’s series, 37
expansion, 60
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Three-dimensional Laplacian problem, 107
Three-dimensional problems, 200
Three-dimensional scattering problem, 202
Three-state Markov chain, 164
Time-dependent problems, 194
Time-varying electromagnetic fields, 4
Time-varying problems, 175-194
cylindrical solution region, 183-192
diffusion equation, 175
one-dimensional case, 176-180, 183-186
rectangular solution region, 176-182
two-dimensional case, 181-183, 182-192
Transient probability, 71-75, 82, 84, 130, 139,
140, 142, 143, 153
Transition probability, 130, 132, 139-143, 161
matrix, 168
random-walking particle, 164
Transmission-line-modeling matrix, 2
Trapezoidal rule, 207
Triangular mesh, 152
boundaries, 153
corners, 154
fixed random walk method, 156, 158
Neumann problems, 153
problems, 156
random walk method, 156
validity, 156
Truncation errors, 60
Two-dimensional fixed random walks, 72
Two-dimensional heat equation, 181, 187
Two-dimensional integral, 210
Two-dimensional random rough surfaces, 200

U

Uniform density function, 21
Uniform distribution, 13, 21
continuous random variates generation,
21
random numbers, 16

\"

Variance, 20, 27, 209

Variates
antithetic, 207, 210
continuous random generation, 20-26
definition, 11
Gaussian, 25
MCM, 210-211, 212, 213
mechanism for generating, 11
multidimensional integration, 210
random generation, 11, 18-19
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Vector potential electromagnetic theory, 5-6 Whole field computation, 161-174
Von Neumann’s method, 61-63 absorbing Markov chains, 163-170
figure examples, 171

problems, 172-174

w regular Monte Carlo method, 162

Wave equation
computational molecule, 46 Y

Markov chain, 172
solution, 49 Yee cell field components, 65
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