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The purpose of this fourth edition is again to provide a simple, basic approach to the
finite element method that can be understood by both undergraduate and graduate
students without the usual prerequisites (such as structural analysis) required by most
available texts in this area. The book is written primarily as a basic learning tool for the
undergraduate student in civil and mechanical engineering whose main interest is in
stress analysis and heat transfer. However, the concepts are presented in sufficiently
simple form so that the book serves as a valuable learning aid for students with other
backgrounds, as well as for practicing engineers. The text is geared toward those who
want to apply the finite element method to solve practical physical problems.

General principles are presented for each topic, followed by traditional applica-
tions of these principles, which are in turn followed by computer applications where
relevant. This approach is taken to illustrate concepts used for computer analysis of
large-scale problems. .

The book proceeds from basic to advanced topics and can be suitably used in a
two-course sequence. Topics include basic treatments of (1) simple springs and bars,
leading to two- and three-dimensional truss analysis; (2) beam bending, leading to
plane frame and grid analysis and space frame analysis; (3) elementary plane stress/strain
elements, leading to more advanced plane stress/strain elements; (4) axisymmetric
stress; (5) isoparametric formulation of the finite element method; (6) three-dimensional
stress; (7) plate bending; (8) heat transfer and fluid mass transport; (9) basic
fluid mechanics; (10) thermal stress; and (11) time-dependent stress and heat transfer.

Additional features include how to handle inclined or skewed supports, bearn
element with nodal hinge, beam element arbitrarily located in space, and the concept
of substructure analysis.
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Preface

The direct approach, the principlc of minimum potential energy, and Galerkin’s
residual method are introduced at various stages, as required, to develop the equations
needed for analysis.

Appendices provide material on the following topics: (A) basic matrix algebra
used thronghout the text, (B) solution methods for simultaneous equations, (C) basic
theory of elasticity, (D) equivalent nodal forces, (E) the principle of virtual work, and
{F) properties of structural steel and aluminum shapes.

More than 90 examples appear throughout the text. These examples are solved
“longhand” to illustrate the concepts. More than 450 end-of-chapter problems are
provided to reinforce concepts. Answers to many problems are included in the back of
the book. Those end-of-chapter problems to be solved using a computer program are
marked with a computer symbol.

New features of this edition include additional information on modeling, inter-
preting results, and comparing finite element soluticns with analytical sofutions. In
addition, general descriptions of and detailed examples to illustrate specific methods
of weighted residuals {collocation, least squares, subdomain, and Galerkin's method)
are included. The Timoshenko beam stiffness matrix has been added to the text, along
with an example comparing the solution of the Timoshenko beam results with the
classic Euler-Benoulli beam stiffness matrix results. Also, the # and p convergence
methods and shear locking are described. Over 150 new problems for solution have
been included, and additional design-type problems have been added to chapters 3, 4,
5, 7, 11, and 12. New real world applications from industry have also been added.
For convenience, tables of common structural steel and aluminum shapes have been
added as an appendix. This edition deliberately leaves out consideration of special-
purpose computer programs and suggests that instructors choose a program they are
familiar with.

Following is an outline of suggested topics for a first course {approximately 44
Jectures, SO minutes each) in which this textbook is used. “

Topic Number of Lectures

Appendix A

Appendix B

Chapter 1

Chapter 2

Chapter 3, Sections 3.1-3.11
Exam 1

Chapter 4, Sections 4.1-4.6
Chapter 5, Sections 5.1-5.3, 5.5
Chapter 6

Chapter 7

Exam 2

Chapter 9

Chapter 10

Chapter 11

Chapter 13, Sections 13.1-13.7
Exam 3

m— A U P RO e Lo B B B e AW R e e



Preface A xiii

This outline can be used in a one-semester course for undergraduate and graduate
students in civil and mechanical engineering. (If a total stress analysis emphasis is
desited, Chapter 13 can be replaced, for instance, with material from Chapters 8§ and
12, or parts of Chapters 15 and 16. The rest of the text can be finished in a second
semester course with additional material provided by the mstructor.

T express my deepest appreciation to the staff at Thomson Publishing Company,
espectally Bill Stenquist and Chris Carson, Publishers; Kamilah Reid Burrell and
Hilda Gowans, Developmental Editors; and to Rose Kernan of RPK Editorial Services,
for their assistance in producing this new edition.

I am grateful to Dr. Ted Belytschko for his excellent teaching of the finite ele-
ment method, which aided me in writing this text. I want to thank Dr. Joseph Rencis
for providing analytical solutions to structural dynamics problems for comparison to
finite element solutions in Chapter 16.1. Also, I want to thank the many students who
used the notes that developed into this text. I am especially grateful to Ron Cenfetelli,
Barry Davignon, Konstantinos Kariotis, Koward Koswara, Hidajat Harintho, Hari
Salemganesan, Joe Keswari, Yanping Lu, and Khailan Zhang for checking and solv-
ing problems in the first two editions of the text and for the suggestions of my students
at the university on ways to make the topics in this book easier to understand.

I thank my present students, Mark Blair and Mark Guard of the University of
Wisconsin-Platteville (UWP) for contributing three-dimensional models from the finite
element course as shown in Figures 11-1a and 11-1b, respectively. Thank you also to
UWP graduate students, Angela Moe, David Walgrave, and Bruce Fig for con-
tributions of Figures 7-19, 7-23, and 7-24, respectively, and to graduate student
Williarn Gobeli for creating the results for Table 11-2 and for Figure 7-21. Also,
special thanks to Andrew Heckman, an alum of UWP and Design Engineer at Sea-
graves Fire Apparatus for permission to use Figure 11-10 and to Mr. Yousif Omer,
Structural Engineer at John Deere Dubuque Works for allowing permission to use
Figure 1-10.

Thank you also to the reviewers of the fourth edition: Raghu B. Agarwal,
San Jose State University; H. N. Hashemi, Northeastem University; Arif Masud,
University of Illinois-Chicago; S. D. Rajan, Arizona State University; Keith E.
Rouch, University of Kentucky; Richard Sayles, University of Maine; Ramin Sedaghati,
Concordia University, who made significant suggestions to make the book even more
complete,

Finally, very special thanks to my wife Diane for her many sacrifices during the
development of this fourth edition. ’
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English Symbols

a4; generalized coordinates (coefficients used to express displacement in
: general form) -
A cross-sectional area
B matrix relating strains to nodal displacements or relating temperature
gradient to nodal temperatures
¢ specific heat of 2 material
c’ matrix relating stresses to nodal displacements
C direction cosine in two dimensions

Cy, Gy, C;  direction cosines in three dimensions

element and structure nodal displacement matrix, both in global
coordinates

local-coordinate element nodal displacement matrix
bending rigidity of a plate

matrix relating stresses to strains

operator matrix given by Eq. (10.3.16)
exponential function

modulus of elasticity

global-coordinate nodal force matrix
local-coordinate element nodal force matrix
body force matrix

heat transfer force matrix

heat flux force matrix

I,

Sim it 8 Ry b b R

=9
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heat source force matrix

surface force matrix

global-coordinate structure force matrix

condensed force matrix

global nodal forces

equivalent force matrix

temperature gradient matrix or hydraulic gradient matrix

shear modulus

heat-transfer (or convection) coefficient

nodes of a triangular element

principal moment of inertia

Jacobian matrix

spring stiffness

global-coordinate element stiffness or conduction matrix

condensed stiffness matrix, and conduction part of the stiffness matrix
in heat-transfer problems

local-coordinate element stiffness matrix

convective part of the stiffness matrix in heat-transfer problems

global-coordinate structure stiffness matrix ‘

thermal conductivities (or permeabilities, for fluid mechanics) in the x
and y directions, respectively

length of a bar or beam element

maximum difference in node numbers in an element

general moment expression

moments in a plate

local mass matrix

local nodal moments

global mass matrix

matrix used to refate displacements to generalized coordinates for a
linear-strain triangle formulation

matrix used to relate strains to generalized coordinates for a linear-
strain triangle formulation

bandwidth of a structure

number of degrees of freedom per node

shape (interpolation or basis) function matrix

shape functions

surface pressure {or nodal heads in fluid mechanics)

radial and axial (longitudinal) pressures, respectively

concentrated Joad

concentrated local force matrix
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q heat flow (flux) per unit area or distributed loading on a plate

g rate of heat flow ‘

q" heat flow per unit area on a boundary surface -

0 heat source generated per unit volume or internal fluid source

o fine or point heat source

0y, 0y transverse shear line loads on a plate

r,6,z radial, circumferential, and axial coordinates, respectively

R residual in Galerkin’s integral-

Ry body force in the radial direction

Rie, Ry hodal reactions in x and y directions, respectively

S, t,z; natural coordinates attached to isoparametric element

Ry surface area

t thickness of a plane elernent or a plate element

tis b tm nodal temperatures of a triangular element

T temperature function '

T free-stream temperature

s displacement, force, and stiffness transformation matrix

T surface traction matrix in the { direction

u, 0w displacement functions in the x, y, and z directions, respectively

U strain energy

AU change in stored energy

v velocity of fluid flow

14 shear force in a beam

w distributed loading on a beam or along an edge of a plane element

w work

Xiy Yis 2 nodal coordinates in the x, y, and z directions, respectively

%7,2 local element coordinate axes

X, 3,2 structure global or reference coordinate axes

X body force matrix

X5, Yy body forces in the x and y directions, respectively

Zy body force in longitudinal direction (axisymmetric case) or in the z
direction (three-dimensionial case)

Greek Symbols

% coefficient of thermal expansion

a;, Bi, 7,0 nsed to express the shape functions defined by Eq. {6.2.10) and Egs.
(11.2.5)1-(11.2.8) :

J . spring or bar deformation
pormal strain
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er thermal strain matrix

Kx,Ky,Kzy  Curvatures in plate bending

v Poisson’s ratio

é; nodal angle of rotation or slope in a beam element
7y functional for heat-transfer problem

p total potential energy

p mass density of 2 material

P weight density of a material

@ angular velocity and natural circular freqﬂency

Q potential energy of forces

fiuid head or potential, or rotation or slope in z beam

normal stress

thermal stress matrix

shear stress and period of vibration

angle between the x axis and the local % axis for two-dimensional
problems

& principal angle

8y,6,,6; angles between the global x, y, and z axes and the local % axis,

respectively, or rotations about the x and y axes in a plate

CICIICECEE N
=

¥ general displacement function matrix

Other Symbols

d—;x—)- derivative of a variable with respect to x

dt time differential ‘

) - the dot over a variable denotes that the variable is being differentiated
with respect to time

[} denotes a rectangular or a square matrix

{1} denotes a column matrix .

(-) the underline of a variable denotes a matrix

) the hat over a variable denotes that the variable is being described in a
local coordinate system

e denotes the inverse of 2 matrix

117 denotes the transpose of a matrix

8

-(—g;) partial derivative with respect to x

0

ET(E)}— partial derivative with respect to each variable in {d}

» denotes the end of the solution of an example problem
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Prologue

The finjte element method is 2 numerical method for solving problems of engineering
and mathematical physics. Typical problem areas of interest in engineering and math-
ematical physics that are solvable by use of the finite element method include struc-
tural analysis, heat transfer, fluid flow, mass transport, and electromagnetic potential.

For problems involving complicated geometries, loadings, and material proper-
ties, it is generally not possible to obtain analytical mathematical solutions. Analytical
solutions are those given by a mathematical expression that yields the values of the
desired unknown quantities at any location in 2 body (here total structure or physical
system of interest) and are thus valid for an infinite number of locations in the body.
These analytical solutions generally require the solution of ordinary or partial differ-
ential equations, which, because of the complicated geometries, loadings, and material
properties, are not usnally obtainable. Hence we need to rely on numerical methods,
such as the finite element method, for acceptable solutions. The finite element formu-
lation of the problem results in a system of simultaneous algebraic equations for solu-
tion, rather than requiring the solution of differential equations. These numerical
methods yield approximate values of the unknowns at discrete numbers of points in
the continuum. Hence this process of modeling a body by dividing it into an equiva-
lent system of smaller bodies or units (finite elements) interconnected at points com-
mon to two or more elements (nodal points or nodes) and/or boundary lines and/or
surfaces is called discretization. In the finite element method, instead of solving the
problem for the entire body in one operation, we formulate the equations for each
finite element and combine them to obtain the solution of the whole body.

Briefly, the solution-for structural problems typically refers te determining the
displacements at each node and the stresses within each element making up the struc-
ture that is subjected to applied loads. In nonstructural problems, the-nodal unknowns
may, for instance, be temperatures or fluid pressures due to thermal or fluid fluxes.
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A

1 Introduction

This chapter first presents a brief history of the development of the finite element
method. You will see from this historical account that the method has become a prac-
tical one for solving engineering problems only in the past 50 years (paralleling the
developments associated with the modern high-speed electronic digital computer).
This historical account is followed by an introduction to matrix notation; then we
describe the need for matrix methods (as made practical by the development of the
modern digital computer) in formulating the equations for solution. This section dis-
cusses both the role of the digital computer in solving the large systems of simulta-
neous algebraic equations associated with complex problems and the development of
numerous computer programs based on the finite element method. Next, a general
description of the steps ivolved in obtaining a solution to a problem is provided.
This description includes discussion of the types of elements available for a finite
element method solution. Various representative applications are then presented to
illustrate the capacity of the method to solve problems, such as those involving com-
plicated geometries, several different materials, and irregular loadings. Chapter 1
also lists some of the advantages of the finite element method in solving problems of
engineering and mathematical physics. Finally, we present numerous features of com-
puter programs based on the finite elemént method.

A 1.1 Brief History A

This section presents a brief history of the finite element method as applied to both
structural and nonstructural areas of engineering and to mathematical physics. Refer-
ences cited here are intended to augment this short introduction to the historical
background.

The modern development of the finite element method began in the 1940s in the
field of structural engineering with the work by Hrennikoff [1] in 1941 and McHenry
[2] in 1943, who used a lattice of line (ope-dimensional) elements (bars and beams)
for the solution of stresses in continuous solids. In 2 paper published in 1943 but not
widely recognized for many years, Courant |3] proposéd setting up the solution of
stresses in 2 variational form. Then he introduced piecewise interpolation (or shape)
functions over triangular subregions making up the whole region as a method to
obtain approximate numerical solutions. In 1947 Levy [4] developed the flexibility or
force method, and in 1953 his work [5] suggested that another method (the stiffness
or displacement method) could be a promising alternative for use in analyzing stati-
cally redundant aircraft structures. However, his equations were cumbersome to
solve by hand, and thus the method became popular only with the advent of the
high-speed digital computer.

In 1954 Argyris and Kelsey |6, 7] developed matrix structural analysis methods
using energy principles. This development illustrated the important role that energy
principles would play in the finite element method. )

The first treatment of two-dimensional elements was by Turner et al. [8] in 1956.
They derived stiffness matrices for truss elements, beam elements, and two-dimensional
triangular and rectangular elements in plane stress and outlined the procedure
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commonly known as the direct stiffness method for obtaining the total structure stiff-
ness matrix. Along with the development of the high-speed digital computer in the
early 1950s, the work of Turner et al. {8} prompted further development of finite ele-
ment stiffness equations expressed in matrix notation. The phrase finite element was
introduced by Clough [9] in 1960 when both triangular and rectangular elcmcnts
were used for plane stress analysis.

A flat, rectangular-plate bending-element stiffness matrix was developed by
Melosh [10] in 1961. This was followed by development of the curved-shell bending-
element stiffness matrix for axisymmetric shells and pressure vessels by Grafton and
Strome [11] in 1963.

Extension of the finite element method to three-dimensional problems with the
development of a tetrahedral stiffness matrix was done by Martin {12] in 1961, by
Gallagher et al. [13] in 1962, and by Melosh [14] in 1963. Additional three-dimensional
elements were studied by Argyris [15) in 1964. The special case of axisymmetric solids
was considered by Clough and Rashid [16] and Wilson [17] in 1965.

Most of the finite element work up to the early 1960s dealt with small strains
and small displacements, elastic material behavior, and static loadings. However,
large deflection and thermal analysis were considered by Turmer et al. [18] in 1960
and material nonlinearities by Gallagher et al. {13] in 1962, whereas buckling prob-
lems were initially treated by Gallagher and Padlog [19] in 1963. Zienkiewicz et al.
[20] extended the method to visco-elasticity problems in 1968.

In 1965 Archer 121] considered dynamic analysis in the development of the
consistent-mass matrix, which is applicable to analysis of distributed-mass systems
such as bars and beams in structural analysis.

With Melosh’s {14] realization in 1963 that the ﬁmte element method could be
set up in terms of a variational formulation, it began to be used to solve nonstructural
applications. Ficld problems, such as determination of the torsion of a shaft,
fluid flow, and heat conduction, were solved by Zienkiewicz and Cheung [22] in
1965, Martin {23} in 1968, and Wilson and Nickel [24] in 1966.

Further extension of the method was made possible by the adaptation of weighted
residual methods, first by Szabo and Lee [25] in 1969 to derive the previously known
elasticity equations used in structural analysis and then by Zienkiewicz and Parekh [26}
in 1970 for transient field problems. It was then recognized that when direct formula-
tions and variational formulations are difficult or not possible to use, the method of
weighted residuals may at times be appropriate. For example, in 1977 Lyness et al. [27]
applied the method of weighted residuals to the determination of magnetic field.

In 1976 Belytschko [28, 29] considered problems associated with large-displacement
- ponlinear dynamic behavior, and improved numerical techniques. for solving the
resulting systems of equations. For more on these topics, consult the text by
Belytschko, Lin, and Moran [58]. .

A relatively new field of application of the finite element method is that of bioen-
gineering {30, 31}, This field is still troubled by such difficulties as nonlinear materials,
geometric nonlinearities, and other complexities still being discovered.

From the early 1950s to the present, enormous advances have been made in the
application of the finite element method to solve complicated engineering problems.
Engineers, applied mathematicians, and other scientists will undoubtedly continue to
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develop new applications. For an extensive bibliography on the finite clement method,
consult the work of Kardestuncer [32], Clough [33], or Noor [57].

£ 1.2 Introduction to Matrix Notation A

Matrix methods are a necessary tool used in the finite element method for purposes of
simplifying the formulation of the element stiffness equations, for purposes of long-
hand solutions of various problems, and, most important, for use in programming
the methods for high-speed electronic digital computers. Hence matrix notation repre-
sents a simple and easy-to-use notation for writing and solving sets of simultaneous
algebraic equations.

Appendix A discusses the significant matrix concepts used throughout the text.
We will present here only a brief summary of the notation used in this text.

A matrix is a rectangular array of quantities arranged in rows ond cohwrms that is
often used as an aid in expressing and solving a system of algebraic equations. As examples
of matrices that will be described in subsequent chapters, the force components {Fiy,
Fyy, Fiz, Fax, Fay, Fas, .., Fox, Foy, Frz) acting at the various nodes or points (1,2,...,n)
on a structure and the corresponding set of nodal displacements (d,,dyy, di;,
dye,dyy,dys, . .. , Gy, duy, dyy) can both be expressed as-matrices:

F 1x ) [ dlx

Py dyy

F iz "dlz

sz dlr

F2 d2

{Fy=F={ sz {dy=d= d; (121

Fu due |

Ezy dﬂ)‘

F: dy

The subscripts to the right of F and d identify the node and the direction of force or
displacement, respectively. For instance, Fi, denotes the force at node 1 applied in
the x direction. The matrices in Egs. (1.2.1) are called column matrices and have a
size of n x 1. The brace notation { } will be used throughout the text to-denote a col-
umn matrix. The whole set of force or displacement values in the column matrix is
simply represented by {F} or {d}. A more compact notation used throughout this
text to represent any rectangular array is the underlining of the variable; that is, F
and d denote general matrices (possibly column matrices or rectangular matrices—
the type will become clear in the context of the discussion associated with the
variable). ' ' .

The more general case of a known rectangular matrix will be indicated by use of
the bracket notation [ ]. For instance, the clement and global structure stiffness
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matrices [k] and [K], respectively, developed throughout the text for various element
types (such as those in Figure 1-1 on page 10), are represented by square matrices

given as
ky kg kin
ky k k
W=k=|"2 "7 ” (1.2.2)
knl an kz'm
Kii Kn Kin
Ky K K
and K=K=| 1 "% - (12.3)
Kni an Knn

where, in structural theory, the elements k; and Kj; are often referred to as stiffness
influence coefficients.

You will learn that the global nodal forces F and the global nodal displacements
d are related through use of the global stiffness matrix X by

F=Kd (1.24)

Equation (1.2.4) is called the global stiffness equation and represents & set of simulta-
neous equations. It is the basic equation formulated in the stiffness or displacement
method of analysis. Using the compact notation of underlining the variables, as in
Eq. (1.2.4), should not cause you any difficulties in determining which matrices are
column or rectangular matrices. :

To obtain a clearer understanding of elements Kj; in Eq. (1.2.3), we use Eq.
(1.2.1) and write out the expanded form of Eq. (1.2.4) as

Fyx Kn Kn ... K| | i
F Ky K»n ... K d

‘ly - ?l 2 n .ly (1.2.5)
‘Fnz Knl KnZ .- Kmx dnz

Now assume a structure to be forced into a displaced configuration defined by
dyy = 1,dyy = dy; = -+ dyy = 0. Then from Eg. (1.2.5), we have

Fipa=Ky  Fy=Kp,...,Fu=Kn (1.2.6)
Equations (1.2.6) contain all elements in the first column of K. In addition, they show
that these elements, Kiy, Ka1,. .., K1, are the values of the full set of nodal forces
required to maintain the imposed displacement state. In a similar manner, the second
column in X represents the values of forces required to maintain the displaced state
dyy, =1 and all other nedal displacement components equal to zero. We should now
have a better understanding of the meaning of stiffness influence coefficients.
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Subsequent chapters will discuss the element stiffness matrices k for vanious ele-
ment types, such as bars, beams, and plane stress. They will also cover the procedure
for obtaining the global stiffness matrices K for various structures and for solving
Eq. (1.2.4) for the unknown displacements in matrix 4.

Using matrix concepts and operations will become routine with practice; they
will be valuable tools for solving small problems longhand. And matrix methods are
crucial to the use of the digital computers necessary for solving complicated problems
with their associated large number of simultaneous equations.

A 1.3 Role of the Computer FN

As we have said, until the early 1950s, matrix methods and the associated finite ele-
ment method were not readily adaptable for solving complicaied problems. Even
though the finite element method was being used to describe complicated structures,
the resulting large number of algebraic equations associated with the finite element
method of structural analysis made the method extremely difficult and impractical to
use. However, with the advent of the computer, the solution of thousands of equations
in a matter of minutes became possible.

The first modern-day commercial computer appears to have been the Univac,
IBM 701 which was developed in the 1950s. This computer was built based on
vacuum-tube technology. Along with the UNIVAC came the punch-card technology
whereby programs and data were created on punch cards. In the 1960s, transistor-
based technology replaced the vacuum-tube technology due to the transistor’s reduced
cost, weight, and power consumption and its higher reliability. From 1969 to the late
1970s, integrated circuit-based technology was being developed, which greatly
enhanced the processing speed of computers, thus making it possible to solve
larger finite clement problems with increased degrees of freedom. From the late
1970s into the 1980s, large-scale integration as well as workstations that introduced a
windows-type graphical interface appeared along with the computer mouse. The first
computer mouse received a patent on November 17, 1970. Personal computers had
now become mass-market desktop computers. These developments came during the
age of networked computing, which brought the Internet and the World Wide Web.
In the 1990s the Windows operating system was released, making IBM and IBM-
compatible PCs more user friendly by integrating a graphical user interface into the
software.

The development of the computer resulted in the writing of computational pro-
grams. Numerous special-purpose and general-purpose programs have been written
to handle various complicated structural (and nonstructural) problems. Programs
such as [46-56] illustrate the elegance of the finite element method and reinforee
understanding of it.

In fact, finite element computer programs now can be solved on single-processor
machines, such as a single desktop or laptop personal computer (PC) or on a cluster of
computer nodes. The powerful memories of the PC and the advances in solver pro-
grams have made it possible to solve problems with over a million unknowns..
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To use the computer, the analyst, having defined the finite element model, inputs
the information into the computer. This information may include the position of the
element nodal coordinates, the manner in which elements are connected, the material
properties of the elements, the applied loads, boundary conditions, or constraints,
and the kind-of analysis to be performed. The computer then uses this information
to generate and solve the equations necessary to carry out the analysis.

£ 1.4 General Steps of the Finite Element Method A

This section presents the general steps included in a finite elerent method formulation
and solution to an engineering problern. We will use these steps as our guide in develop-
ing solutions for structural and nonstructural problems in subsequent chapters.

For simplicity’s sake, for the presentation of the steps to follow, we will consider
only the structural problem. The nonstructural heat-transfer and fluid mechanics
problems and their analogies to the structural problem are considered in Chapters 13
and 14.

Typically, for the structural stress-analysis problem, the engineer ‘seeks to deter-
mine displacements and stresses throughout the structure, which is in éguilibrium
and is subjected to applied loads. For many structures, it is difficult to determine the

‘ distribution of deformation using conventional methods, and thus the finite element
method is necessarily used.

There are two general direct approaches traditionally associated with the finite .
element method as applied to structural mechanics problems. One approach, called
the force, or flexibility, method, uses internal forces as the unknowns of the problem.
To obtain the governing equations, first the equilibrium equations are used. Then nec-
. essary additional equations are found by introducing compatibility equations. The
, result is a set of algebraic equations for determining the redundant or unknown forces.
! The second approach, called the displacement, or stiffness, method, assumes the
’ displacements of the nodes as the unknowns of the problem. For instance, compatibil-

ity conditions requiring that elements connected at a common node, along a common
edge, or on a common surface before loading remain connected at that node, edge, or
surface after deformation takes place are initially satisfied. Then the governing equa-
tions are expressed in terms of nodal displacements using the equations of equilibrinm
and an applicable law relating forces to displacements.

These two direct approaches result in different unknowns (forces or displace-

v ments) in the analysis and different matrices associated with their formulations (flexi-
bilities or stiffnesses). It has been shown {34] that, for computational purposes, the dis-
placement (or stiffness) method is more desirable because its formulation is simpler for
most structural analysis problems. Furthermore, a vast majority of general-purpose

i finite element programs have incorporated the displacement formulation for solving
structural problems. Consequently, only the displacement method will be used
throughout this text. :

Another general method that can be used to develop the governing equations for
both structural and nonstructural problems is the variational method. The variational
method includes a number of principles. One of these principles, used extensively
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throughout this text because it is relatively easy to comprehend and is often intro-
duced in basic mechanics courses, is the theorem of minimum potential energy that
applies to materials behaving in 2 linear-elastic manner. This theorem is explained
and used in various sections of the text, such as Section 2.6 for the spring element,
Section 3.10 for the bar element, Section 4.7 for the beam element, Section 6.2 for
the constani-strain triangle plane stress and plane strain element, Section 9.1 for the
axisymmetric element, Section 11.2 for the three-dimensional solid tetrahedral ele-
ment, and Section 12.2 for the plate bending element. A functional analogous to that
used in the theorem of minimum potential energy is then employed to develop the
finite element equations for the nonstructural problem of heat transfer presented in
Chapter 13. '

- Another variational principle often used to derive the governing equations is the
principle of virtnal work. This principle applies more generally to materials that
behave in a linear-elastic fashion, as well as those that behave in a nonlinear fashion.
The principle of virtual work is described in Appendix E for those choosing to use it
for developing the general governing finite element equations that can be applied spe-
cifically to bars, beams, and two- and three-dimensional solids in either static or
dynamic systems. }

The finite element method involves modeling the structure using small intercon-
nected elements called finite elements. A displacement function is associated with each
finite ¢lement. Every interconnected element is linked, directly or indirectly, to every
other element through common (or shared) interfaces, including nodes and/or bound-
ary lines and/or surfaces. By using known stress/strain properties for the material
making up the structure, one can determine the behavior of a given node in terms of
the properties of every other element in the structure. The total set of equations
describing the behavior of each node results in a series of algebraic equations best
expressed in matrix notation.

We now present the steps, along with explapations necessary at this time, used in
the finite element method formulation and solution of a structural problem. The pur-
pose of setting forth these general steps now is to expose you to the procedure gener-
ally followed im a finite element formulation of a problem. You will easily understand
these steps when we illustrate them specifically for springs, bars, trusses, beams, plane
frames, plane stress, axisymmetric stress, three-dimensional stress, plate bending, heat
transfer, and fluid flow in subsequent chapters. We suggest that you review this section
periodically as we develop the specific element equations.

Keep in mind that the analyst must make decisions regarding dividing the struc-
ture or continuum into finite elements and selecting the element type or types to be
used in the analysis (step 1), the kinds of loads to be applied, and the types of bound-
ary conditions or supports to be applied. The other steps, 27, are carried out auto-
matically by a computer program.

Step 1 Discretize and Select the Element Types

Step 1 involves dividing the body into an equivalent system of finite elements with
associated nodes and choosing the most appropriate element type to model most
closely the actual physical behavior. The total number of elements used and their
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variation in size and type within a given body are primarily matters of enginecring
judgment. The elements must be made small enough to give usable results and yet
large enough to reduce computational effort. Small elements (and possibly higher-
order elements) are generally desirable where the results are changing rapidly, such
as where changes in geometry occur; large elements can be used where results are rel-
atively constant. We will have more to say about discretization guidelines in later
chapters, particularly in Chapter 7, where the concept becomes quite significant. The
discretized body or mesh is often created with mesh-generation programs or prepro-
cessor programs available to the user.

The choice of elements used in a finite element analysts depends on the physical
makeup of the body under actual loading conditions and on how close to the actual
behavior the analyst wants the results to be. Judgment concerning the appropriateness
of one-, two-, or three-dimensional idealizations is necessary. Moreover, the choice
of the most appropriate element for a particular problem is one of the major tasks
that must be carried out by the designer/analyst. Elements that are commonly
employed in practice—most of which are considered in this text—are shown in
Figure 1-1. .

The primary line elements [Figure 1-1{a)] consist of bar {ortruss) and beam ele-
ments. They have a cross-sectional area but are usually represented by line segments.
In general, the cross-sectional area within the element can vary, but throughout this
text it will be considered to be constant. These elements are often used to model
trusses and frame structures (see Figure 1-2 on page 16, for instance). The simplest
line element (called a linear elemenr) has two nodes, one at each end, although
‘higher-order elements having three nodes [Figure 1-1(a)] or more (called quadratic,
cubic, etc. elements) also exist. Chapter 10 includes discussion of higher-order line ele-
ments. The line elements are the simplest of elements to consider and will be discussed
in Chapters 2 through 5 to illustrate many of the basic concepts of the finite element
method.

The basic two-dimensional {or plane) elements {Figure 1-1(b)] are loaded by
forces in their own plane (plane stress or plane strain conditions): They are triangular
or quadrilateral elements. The simplest two-dimensional elements have corner nodes
only (linear elements) with straight sides or boundaries (Chapter 6), although there
are also higher-order elements, typically with midside nodes [Figure 1-1(b}] (called
guadraric elements) and curved sides {Chapters 8 and 10). The elements can have var-
iable thicknesses throughout or be constant. They are often used to model a wide
range of engineering problems (see Figures 1-3 and 1-4 on pages 17 and 18).

The most common three-dimensional elements [Figure 1-1(c)] are tetrahedral

_and hexahedral (or brick) elements; they are used when it becomes necessary to per-
“ form a three-dimensional stress analysis, The basic three-dimensional elements
(Chapter 11) have corner nodes only and straight sides, whereas higher-order elements
with midedge nodes (and possible midface nodes) have curved surfaces for their sides
[Figure 1-1({c)].

The axisymmetric element [Figure 1-1(d)] is developed by rotating a triangle or
quadrilateral about a fixed axis located in the plane of the element through 360°, This
element (described in Chapter 9) can be used when the geometry and loading of the
problem are axisymmetric.
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" (o) Simple three-dimensional elements (typically used to represent three-dimensional stress state)
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(d) Simple axisymmetric triangular and quadrilateral elements used for axisymmetric problems

Figure 1-1 Various types of simple lowest-order finite elements with comer
nodes only and higher-order elements with intermediate nodes
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Step 2 Select a Displacement Function

- Step 2 involves choosing a displacement function within each element. The function is
defined within the element using the nodal values of the element. Linear, quadratic,
and cubic polynomials are frequently used functions because they are simple to work
with in finite element formulation. However, trigonometric series can also be used.
For a two-dimensional element, the displacement function is a function of the coordi-
nates in its plane (say, the x-y plane). The functions are expressed in terms of the
nodal unknowns (in the two-dimensional problem, in terms of an x and a y compo-
nent). The same general displacement function can be used repeatedly for each ele-
ment. Hence the finite element method is one in which a continuous quantity, such
as the displacement throughout the body, is approximated by a discrete model com-
posed of a set of piecewise-continuous functions defined within each finite domain or
finite element.

Step3 Define the Strain/ Displacement and Stress/Strain
Relationships :

Strainvdisplacement and stress/strain.relationships are necessary for deriving the equa-
tions for each finite element. In the case of one-dimensional deformation, say, in the x
direction, we have strain &, related to displacement » by

= % (1.4.1)
for small strains. In addition, the stresses must be related to the strains through the
stress/strain law——generally called the constitutive law. The ability to define the mate-
rial behavior accurately is most important in obtaining acceptable results. The simplest
of stress/strain laws, Hooke’s law, which is often used in stress analysis, is given by

ox = Fey (14.2)

'

where o, = stress in the x direction and E = modulus of elasticity.

Step 4 Derive the Element Stiffness Matrix and Equations

Initially, the development of element stiffness matrices and element equations was
based on the concept of stiffness influence coefficients, which presupposes a back-
ground in structural analysis. We-now present alternative methods used in this text
that do not require this special background.

Direct Equilibrium Method

According to this method, the stiffness matrix and element equations relating nodal
forces to nodal displacements are obtained using force equilibrium conditions for a
basic element, along with force/deformation relationships. Because this method is
most easily adaptable to line or one-dimensional elerments, Chapters 2, 3, and 4 iltus-
trate this method for spring, bar, anfl beam elements, respectively.
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Work or Energy Methods

To develop the stiffness matrix and equations for two- and three-dimensional elements,
it is much easier to apply a work or energy method [35]. The principle of virtual
work (uling virtual displacements), the principle of minimum potential energy, and
Castigliano’s theorem are methods frequently used for the purpose of derivation of
element equations.

The principle of virtual work outlined in Appendix E is applicable for any mate-
rial behavior, whereas the principle of minimum potential energy and Castigliano’s
theorem are applicable only to elastic materials. Furthermore, the principle of virtual
work can be used even when a potential function does not exist. However, all three
principles yield identical elerient equations for linear-elastic materials; thus which
method to use for this kind of material in structural analysis is largely a matter of con-
venience and personal preference. We will present the principle of minimum potential
energy—probably the best known of the three energy methods mentioned here—in
detail in Chapters 2 and 3, where it will be used to derive the spring and bar element
equations. We will further generalize the principle and apply it to the beam element
in Chapter 4 and to the plane stress/strain element in Chapter 6. Thereafter, the prin-
ciple is routinely referred to as the basis for deriving all other stress-analysis stiffness
matrices and element equations given in Chapters 8, 9, 11, and 12.

For the purpose of £xtending the finite element method outside the structural
stress analysis field, a functional® {a function of another function or a function that
takes functions as its argument) analogous to the one to be used with the principle of
minimum potential energy is quite useful in deriving the element stiffress matrix and
equations (see Chapters 13 and 14 on heat transfer and fluid flow, respectively). For
instance, letting 7 denote the functional and f(x, y) denote a function f of two vari-
ables x and y, we then have 7 = z{f(x, y)), where 7 is a function of the function f.
A more general form of a functional depending on two independent variables u(x, y)
and v(x, ), where independent variables are x and y in Cartesian coordinates, is
given by:

= JJF(x,y, U, 0, U, Uy, Uy, Uy, U, - - -, Uyy)dX dy (1.4.3)

Methods of Weighted Residuals

The methods of weighted residuals are useful for developing the element equations;
particularly popular is Galerkin’s method. These methods yield the same results as
the energy methods wherever the energy methods are applicable. They are especially
useful when a functional such as potential energy is not readily available. The
weighted residual methods allow the finite element method to be applied directly to
any differential equation.

! Another definition of a functional is as follows: A functional is an integral expression that implicitly con-

tains differential equations that describe the problem. A typical functional is of the form [(y) =
JF(x,u,u’) dx where u(x),x, and F are real so that /(1) is also a real number.
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Galerkin’s method, along with the collocation, the least squares, and the subdo-~
main weighted residual methods are introduced in Chapter 3. To illustrate each
method, they will all be used to solve a one-dimensional bar problem for which a
known exact solution exists for comparison. As the more easily adapted residual
method, Galerkin’s method will also be used to derive the bar element equations in
Chapter 3 and the beam element equations in Chapter 4 and to solve the combined
heat-conduction/convection/mass transport problem in Chapter 13. For more infor-
mation on the use of the methods of weighted residuals, see Reference [36}; for addi-
tional applications to the finite element method, consult References [37] and [38].

Using any of the methods just outlined will produce the equations to describe
the behavior of an element. These equations are written conveniently in matrix -
form as

N ki ko ks .. kw4
S kn kn ks . kn|| &
Lip=lka kn knoo ko (1.4.4)
j;, ko kM dn

or in compact matrix form as

{f} = lkl{d} (14.5)

where {f} is the vector of element nodal forces, {k] is the element stiffness matrix
(normally square and symmetric), and {d} is the vector of unknown élement nodal
degrees of freedom or generalized displacements, n. Here generalized displacements
may include such quantities as actual displacements, slopes, or even curvatures. The
matrices in Eq. (1.4.5) will be developed and described in detail in subsequent chapters
for specific element types, such as those in Figure 1-1.

Step 5 Assemble the Element Equations to Obtain the Global
or Totdl Equations and Introduce Boundary Conditions

In this step the individual element nodal equilibrium equations generated in step 4 are
assembled into the global nodal equilibrivm equations. Section 2.3 illustrates this con-
cept for a two-spring assemblage. Another more direct method of superposition
(called the direct stiffness method), whose basis is nodal force equilibrium, can be
used to obtain the global equations for the whole structure. This direct method is illus-
trated in Section 2.4 for a spring assemblage. Implicit in the direct stiffness method is
the concept of continuity, or compatibility, which requires that the structure remain
together and that no tears occur anywhere within the structure.
The final assembled or global equation written in matrix form is

{F} = [K){d} (1.4.6)
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where {F} is the vector of global nodal forces, [K] is the structure global or total stiff-
ness matrix, (for most problems, the global stiffness matrix is square and symmetric)
and {d} is now the vector of known and unknown structure nodal degrees of freedom
or generalized displacements. It can be shown that at this stage, the global stiffness
matrix [K] is a singular matrix because its determinant is equal to zero. To remove
this singularity problem, we must invoke certain boundary conditions (or constraints
or supports) so that the structure remains in place instead of moving as a rigid body.
Further details and methods of invoking boundary conditions are given in subsequent
chapters. At this time it is sufficient to note that invoking boundary or support condi-
tions results in a modification of the global Eq. (1.4.6). We also emphasize that the
applied known loads have been accounted for in the global force matrix {F}.

Step 6 Solve for the Unknown Degrees of Freedom
(or Generalized Displacements)

Equation (1.4.6), modified to account for the boundary conditions, is a set of simulta-
neous algebraic equations that can be written in expanded matrix form as

B Ky Ko ... Kip|la
F Ky Kpn ... K a

R 24 (14.7)
Fn Knl an s Knn dn

where now n is the structure total number of unknown nodal degrees of freedom.
These equations can be solved for the ds by using an elimination method (such as
Gauss’s method) or an iterative method (such as the Gauss—Seidel method). These
two methods are discussed in Appendix B. The ds are called the primary unknowns,
because they are the first quantities determined using the stiffness (or displacement)
finite element method.

Step 7 Solve for the Element Strains and Stresses

For the structural stress-analysis problem, important secondary guantities of strain
and stress {or moment and shear force) can be obtained because they can be directly
expressed in terms of the displacements determined in step 6. Typical relationships
between strain and displacement and between stress and strain—such as Egs. (1.4.1)
and (1.4.2) for one-dimensional stress given in step 3—can be used.

Step 8 Interpret the Results

The final goal is to interpret and analyze the results for use in the design/analysis pro-
cess. Determination of locations in the structure where large deformations and farge
stresses occur is generally important in making design/analysis decisions. Postproces-
sor computer programs help the user to interpret the results by displaying them in
graphical form. i
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A 1.5 Applications of the Finite Element Method A

The finite element method can be used to analyze both structural and nonstructural
problems. Typical structural areas include

1. Stress analysis, including truss and frame analysis, and stress
concentration problems typically associated with holes, fillets, or other
changes in geometry in a body

2. Buckling

3. Vibration analysis

Nonstructural problems include

. Heat transfer
. Fluid flow, including seepage through porous media
. Distribution of electric or magnetic potential

W o e

Finally, some biomechanical engineering problems (which may include stress
analysis) typically include analyses of human spine, skull, hip joints, jaw/gum tooth
implants, heart, and eye. ©

We now present some-typical applications of the finite element method. These
applications will illustrate the variety, size, and complexity of problems that can be
solved using the method and the typical discretization process and kinds of elements used.

Figure 1-2 illustrates a control tower for a railroad. The tower is a three-
dimensional frame comprising a series of beam-type elements, The 48 elements are
labeled by the circled numbers, whereas the 28 nodes are indicated by the uncircled
numbets. Each node has three rotation and three displacement components associated
with it. The rotations (6s) and displacements {ds) are called the degrees of freedom.
Because of the loading conditions to which the tower structure is subjected, we have
used a three-dimensional model.

The finite element method used for this frame enables the designer/analyst
quickly to obtain cisplacements and stresses in the tower for typical load cases, as
required by design codes. Before the development of the finite element method and
the computer, even this relatively simple problem took many hours to solve.

The next illustration of the application of the finite element method to problem
solving is the determination of displacements and stresses in an underground box cul-
vert subjected to ground shock loading from a bomb explosion. Figure 1-3 shows the

-discretized model, which included a total of 369 nodes, 40 one-dimensional bar or
truss elements used to model the steel reinforcement in the box culvert, and 333
plane strain two-dimensional triangular and rectangular elements used to model the
surrounding soil and concrete box culvert. With an assumption of symmetry, only
half of the box culvert need be analyzed. This problem requires the solution of nearly
700 unknown nodal displacements. It illustrates that different kinds of elements (here
bar and plane strain) can often be used in one finite element model.

Another problem, that of the hydraulic cylinder rod end shown in Figure 1-4,
was modeled by 120 nodes and 297 plane strain triangular elements. Symmetry was

also applied to the whole rod end so that only half of the rod end had to be analyzed,
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Figure 1-2 Discretized railroad control tower (28 nodes, 48 beam elements) with
typical degrees of freedom shown at node 1, for example (By D. L. Logan)

as shown. The purpose of this analysis was to locate areas of high stress concentration
in the rod end. )

Figure 1-5 shows a chimney stack section that is four form heights high (or a
total of 32 ft high). In this illustration, 584 beam elements were used to model the ver-
tical and horizontal stiffeners making up the formwork, and 252 flat-plate elements
were used to model the inner wooden form and the concrete shell. Because of the
irregular loading pattern on the structure, a three-dimensional model was necessary.

- Displacements and stresses in the concrete were of prime concen in this problem.
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Figure 1-3 Discretized model of an underground box cuivert (369 nodes, 40 bar
elements, and 333 plane strain elements) [39] '

Figure 1-6 shows the finite element discretized model of a proposed steel
die used in a plastic film-making process. The irregular geometry and associated
potential stress concentrations necessitated use of the finite element method to obtain
a reasonable solution. Here 240 axisymmetric elements were used to model the three-
dimensional die.

Figure 1-7 illustrates the use of a three-dimensional solid element to model a
swing casting for a backhoe frame. The three-dimensional hexahedral elements are
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Figure 1-4 Two-dimensional analysis of a hydraulic cylinder rod end (120 nodes,
297 plane strain triangular elements) ’
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Figure 1-5 Finite element model of a chimney stack section (end view rotated 45°)
(584 beam and 252 flat-plate elements) (By D. L. Logan)
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Figure 1-6 Model of a high-strength steel die (240 axisymmetric elements} used in
the plastic film industry [40}

necessary to model the irregularly shaped three-dimensional casting. Two-dimensional
models certainly would not yield accurate engineering solutions to this problem.

Figure 1-8 illustrates a two-dimensional heat-transfer model used to determine
the temperature distribution in earth subjected to a heat source—a buried pipeline
transporting 2 hot gas.

Figure 1-9 shows a three-dimensional finite element model of a pelvis bone with
an implant, used to study stresses in the bone and the cement layer between bone and
implant.

Finally, Figure 1-10 shows a three-dimensional model of a 710G bucket, used
to study stresses throughout the bucket.

These illustrations suggest the kinds of problems that can be solved by the finite
element method. Additional guidelines concerning modeling techniques will be pro-
vided in Chapter 7.

A 1.6 Advantages of the Finite Element Method A

As previously indicated, the finite element method has been applied to numerous
problems, both structural and nonstructural. This method has a number of advan-
tages that have made it very popular. They include the ability to

1. Mode irregularly shaped bodies quite easily
2. Handle general load conditions without difficulty
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Figure 1-7 Three-dimensional solid elernent model of a swing casting for a
backhoe frame

3. Model bodies composed of several different materials because the
element equations are evaluated individually

4. Handle unlimited numbers and kinds of boundary conditions

5. Vary the size of the elements to make it possible to use small elements
where necessary

. Alter the finite element model relatively easily and cheaply

. Include dynamic effects

. Handle nonlinear behavior existing with large deformations and
nonlinear materials '

o0 -3

The finite element method of structural analysis enables the designer to detect
stress, vibration, and thermal problems during the design process and to evaltuate design
changes before the construction of a possible prototype. Thus confidence in the accept-
ability of the prototype is enhanced. Moreover, if used properly, the method can
reduce the number of prototypes that need to be built.

Even though the finite element method was initially used for structura! analysis,
it has since been adapted to many other disciplines in engineering and mathematical
physics, such as fluid flow, heat transfer, electromagnetic potentials, soil mechanics,
and acoustics [22-24, 27, 42-44).
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Figure 1-8 Finite element model for a two-dimensional temperature distribution in
the earth

Figure 1-9 Finite element model of a
pelvis bone with an implant {over 5000
solid elements were used in the model)
{® Thomas Hansen/Courtesy of
Harrington Arthritis Research Center,
Phoenix, Arizona) {41}
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Taper Beams, The Loader Lift Arm

Parabolic Beam, The LoaderGuide Link

Lincar Beams, The Loader Power Link .

/ The Bucket

Linear Beams, The Lift Arm Cylinders

Figure 1-10 Finite:element model of a 710G bucket with 169,595 elements and 185,026 nodes used (including 78,566 thin shell
linear quadrilateral elements for the bucket and coupler, 83,104 solid linear brick elements to model the bosses, and 212 beam
elemnents to model lift arms, lift arm cylinders, and guide links)(Courtesy of Yousif. Omer, Structural Design Engineer, Construction
and Forestry Division, John Deere Dubuque Works)
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A 1.7 Computer Programs for A
the Finite Element Method

There are two general computer methods of approach to the solution of problems by
the finite element method. One is to use large commercial programs, many of which
have been configured to run on personal computers (PCs); these general-purpose pro-
grams are designed to solve many types of problems. The other is to develop many
small, special-purpose programs to solve specific problems. In this section, we will discuss
the advantages and disadvantages of both methods. We wiil then list some of the
available general-purpose programs and discuss some of their standard capabilities.
Some advantages of general-purpose programs:

1. The input is well organized and is developed with user ease in mind.
Users do not need special knowledge of computer software or
hardware. Preprocessors are readily available to help create the finite
element model.

2. The programs are large systems that often can solve many types of
problems of large or small size with the same input format.

3. Many of the programs can be expanded by adding new medules for
new kinds of problems or new technology. Thus they may be kept
current with a minimum of effort.

4. With the increased storage capacity and computational efﬁmency of
PCs, many general-purpose programs can now be run on PCs.

5. Many of the commercially available programs have become very
attractive in price and can solve a wide range of problems {45, 56].

Some disadvantages of general-purpose programs:

1. The initial cost of developing general-purpose programs is high.

2. General-purpose programs are less efficient than special-purpose
programs because the computer must make many checks for each
problem, some of which would not be necessary if a special-purpose
program were used.

3. Many of the programs are proprietary. Hence the user has little access
to the logic of the program. If a revision must be made, it often has to
be done by the developers.

Some advantages of special-purpose programs:

. The programs are usually relatively short, with low development costs.

. Small computers are able to run the programs.

. Additions can be made to the program quickly and at a low cost.

. The programs are efficient in solving the problems they were designed
to solve.

- o=

The major disadvantage of special-purpose programs is their inability to solve
different classes of problems. Thus one must have as many programs as there are dif-
ferent classes of problems to be solved.
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There are numerous vendors supporting finite element programs, and the inter-
ested user should carefully consult the vendor before purchasing any software. How-
ever, to give you an idea about the various commercial personal computer programs
now available for solving problems by the finite element method, we present 2 partial
list of existing programs.

1. Algor [46]

2. Abaqus [47]

3. ANSYS [48]

. COSMOS/M {49]

. GT-STRUDL [50]

. MARC [51)

. MSC/NASTRAN [52]
. NISA (53]

9. Pro/MECHANICA [534]
10. SAP2000 [55]

11. STARDYNE [56]

0 =1 O\ th B

Standard capabilities of many of the listed programs are provided in the preced-
ing references and in Reference [45]. These capabilities include information on

1. Element types available, such as beam, plane stress, and three-
dimensional solid

2. Type of analysis available, such as static and dynamic

3. Material behavior, such as linear-elastic and nonlinear

4, Load types, such as concentrated, distributed, thermal, and displace-
ment (settlement)

5. Data generation, such as automatic generation of nodes, elements, and
restraints (most programs have preprocessors to generate the mesh for
the model)

6. Plotting, such as original and deformed geometry and stress and
temperature contours (most programs have postprocessors to aid in
interpreting results in graphical form)

7.. Displacement behavior, such as small and large displacement ard buckling

Selective output, such as at selected nodes, elements, and maximum or

minimum values

o
¥

All programs include at least the bar, beam, plane stress, plate-bending, and three-
dimensional solid elements, and most now include heat-transfer analysis capabilities.

Complete capabilities of the programs are best obtained through program refer-
ence manuals and websites, such as References [46-56].
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Define the term finite element.

What does gfisc}etization mean in the finite element method?

In what yeér did the modern development of the finite element method begin?
In what year was the direct stiffness rﬁéthod introduced?

Define the term matrix.

What role )did the com;:.tuter play in the use of the finite element method?

List and briefly describe the general steps of the finite element method.

What is the displacement method?

List four common types of finite elements.

Name three commonly used methods for deriving the element stiffness matrix and
element equations. Briefly describe each method,

To what does the term degrees of freedom refer?
List five typical areas of engineering where the finite element method is applied.

List five advantages of the finite element method.



Introduction

This chapter introduces some of the basic concepts-on which the direct stiffness
method is founded. The linear spring is introduced first because it provides a simple
yet generally instructive tool to illustrate the basic concepts. We begin with 2 general ©
definition of the stiffness matrix and then consider the derivation of the stiffness
matrix for a linear-elastic spring element. We next illustrate how to assemble the
total stiffness matrix for a structure comprising an assemblage of spring elements by
using elementary concepts of equilibrium and compatibility. We then show how the
total stiffness matrix for an assemblage can be obtained by superimposing the stiffness
matrices of the individual elements in a direct manner. The term direct stiffness
method evolved in reference to this technique.

After establishing the total structure stiffness matrix, we illustrate how to impose
boundary conditions—both homogeneous and nonhomogeneous. A complete solu-
tion including the nodal displacements and reactions is thus obtained. (The determina-
tion of internal forces is discussed in Chapter 3 in connection with the bar element.)

We then introduce the principle of minimum potential energy, apply it to derive
the spring element equations, and use it to solve a spring assemblage problem. We will
illustrate this principle for the simplest of elements {those with small numbers of degrees
of freedom) so that it will be a more readily understood concept when applied, of neces-
sity, to elements with large numbers of degrees of freedom in subsequent chapters.

& 2.1 Definition of the Stiffness Matrix A

Familiarity with the stiffness matrix is essential to understanding the stiffness method.

We define the stiffness matrix as follows: For an element, a stiffness matrix kisa thatrix
such that f kd, where k relates local-coordinate (%,3,) nodal displacements d dto
local fortes F of a single element. {Throughout this text, the underline notation denotes
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Figure 2-1 Local (%,7,2) and global (x, y,z) coordinate systems

a matnx, and the ~ symbol denotes quantities referred to a local-coordinate system set
up to be convenient for the element as shown in Figure 2~1.)

For a continuous medium or structure comprising a series of elements, a stiff-
ness matrix K relates global-coordinate (x, y,z) nodal displacements d to global
forces F of the whole medium or structure. (Lowercase letters such as x, y, and z with-
out the ~ symbol denote global-coordinate variables.)

A 2.2 Derivation of the Stiffness Matrix A
for a Spring Element -

.
P ———

Using the direct equilibrium approach, we will now derive the stiffness matrix for a
one-dimensional linear spring—that is, a spring that obeys Hooke’s law and resists
forces only in the direction of the spring. Consider the linear spring element shown
in Figure 2--2. Reference points 1 and 2 are located at the ends of the element. These
reference points are called the nodes of the spring element. The local nodal forces are
j', , and f, for the spring element associated with the local axis %. The local axis acts
in the direction of the spring so that we can directly measure displacements and forces
along the spring. The local nodal displacements are dyx and dy, for the spring element.
These nodal displacements are called the degrees of freedom at each node. Positive
directions for the forces and displacements at each node are taken in the positive £
direction as shown from node 1 to node 2 in the figure. The symbol k is called the
spring constant or stiffness of the spring.©

Analogies to actual spring constants arise in numerous engineering problems.
: In Chapter 3, we see that a prismatic uniaxial bar has a spring constant k = 4E/L,
§ where 4 represents the cross-sectional area of the bar, E is the modulus of elasticity,
; and L is the bar length. Similarly, in Chapter 5, we show that a prismatic circular-
cross-section bar in torsion has a spring constant k'= JG/L, where J is the polar
moment of inertia and G is the shear modulus of the material. For one-dimensional
heat conduction (Chapter 13), k = AK,x/L, where K,, is the thermal conductivity of
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Figure 2-2 Linear spring element with positive nodal displacement and force
conventions

the material, and for one-dimensional fluid flow through a porous medium
{Chapter 14), k = AK,/L, where K, is the permeability coefficient of the material.

We will then observe that the stiffness method can- be applied to nonstructural
problems, such as heat transfer, fluid flow, and electrical networks, as well as struc-
tural problems by simply applying the proper constitutive law (such as Hooke’s law
for structural problems, Fourier’s law for heat transfer, Darcy’s law for fluid flow
and Ohm’s law for electrical networks) and a conservation principle such as nodal
equilibrium or conservation of energy. ’

We now want to develop a relationship between nodal forces and nodal dis-
placements for a spring element. This relationship will be the stiffness matrix. There~
fore, we want to relate the nodal force matrix to the nodal displacement matrix as

follows:

{{“} = ["“ k”} {"."*} (221)

Sor kn kn) | dy

where the element stiffness coefficients kj of the k matrix in Eq. (2.2.1) are to be
determined. Recall from Egs. (1.2.5) and (1.2.6) that k; represent the force F; in the
ith degree of freedom due to a unit displacement dj in the jth degree of freedom
while all other displacements are zero. That is, when we let 4; = 1 and di = 0 for
k # j, force F; = ky.

We now use the general steps outlined in Section 1.4 to. derive the stiffness
matrix for the spring element in this section (while keeping in mind that these same
steps will be applicable later in the derivation of stiffness matrices of more general ele-
ments) and then to illustrate a complete solution of a spring assemblage in Section 2.3.
Because our approach throughout this text is to derive various element stiffness matri-
ces and then to.illustrate how to solve engineering problems with the elements, step 1
now involves only selecting the element type.

Step 1 Select the Element Type

Consider the linear spring elernent (which can be an element in a system of springs)
subjected to resulting nodal tensile forces T° (which may result from the action of
adjacent springs} directed along the spring axial direction * as shown in Figure 2-3,
50 as to be in equilibrium. The Jocal £ axis is directed from node 1 to node 2. We rep-
resent the spring by labeling nodes at each end and by labeling the element number.
The original distance between nodes before deformation is denoted by L. The material
property (spring constant) of the element is k.
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Figure 2-3 Linear spring subjected to tensile forces

Step 2 Select a Displacement Function

We must choose in advance the mathematical function to represent the deformed
shape of the spring element under loading. Because it is difficult, if not impossible at
tirnes, to obtain a closed form or exact solution, we assume a solution shape or distri-
bution of displacement within the element by using an appropriate mathematical func-
ion. The most common functions used are polynomials. '

Because the spring element resists axial loading only with the local degrees of
freedom for the element being displacements d;, and s along the X direction, we
choose 2 displacement function 2 to represent the axial displacement throughout the
element. Here a linear displacement variation along the X axis of the spring is assumed
[Figure 2-4(b)], because a linear function with specified endpoints has a unique path.
Therefore,

= a1+ arx (2.2.2)

In general, the total number of coefficients 4 is equal to the total number of degrees of
freedom associated with the element. Here the total number of degrees of freedom is

%h
1

ay + @k
dix @ 37.: ) .
®) Figure 2-4 (a) Spring element showing plots
3 of (b) displacement function i and shape
P M=1- b functions (¢} Ny and (d) N, over domain of
! element
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two—an axial displacement at each of the two nodes of the clement (we present
further discussion regarding the choice of displacement functions in Section 3.2).
In matrix form, Eq. (2.2.2) becomes

1= 1 f]{ @ } (223)

az

We now want to express # as a function of the nodal displacements diy and dyy. as this
will allow us to apply the physical boundary conditions on nodal displacements
directly as indicated in Step 3 and to then relate the nodal displacements to the
nodal forces in Step 4. We achieve this by evaluating # at each node and solving for
ay and a, from Eq. (2.2.2) as follows:

(0) = dix = oy (2.2.4)
(L= dyx = a1 + diy (2.2.5)
or, solving Eq. (2.2.5) for as, ) X
= diz-‘ﬁ (2.2.6)
Upon substituting Eqgs. (2.2.4) and (2.2.6) into Eq. {2.2.2), we have
i= ("2’ - "") S A (22.7)
L
In matrix form, we express Eq. (2.2.7) as
ot Al .
= [1 . L] {ﬁzx } (2.2.8)
dix
or a=[Ny NJ{ (2.29)
.
X Xx
Here M=1-7 ad Np=7 (2.2.10)

are called the shape funcrions because the N;’s express the shape of the assumed dis-
placement function over the domain (% coordinate) of the element when the ith
element degree of freedom has unit value and all other degrees of freedom are zero.
In this case, Ny and N; are linear functions that have the properties that'N; =1 at
node | and N} = 0 at node 2, whereas N, = 1 at node 2 and N, = 0 at node 1. See
Figure 2-4(c) and (d) for plots of these shape functions over the domain of the spring
element. Also, N} + Ny = 1 for any axial coordinate along the bar. (Section 3.2 fur-
ther explores this important relationship.) In addition, the N;'s are often called inter-
polation functions because we are interpolating to find the value of a function between
given nodal values. The interpolation function may be different from the actual func-
tion except at the endpoints or nodes, where the interpolation function and actual
function must be equal to specified nodal values.
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| Figure 2-5 Deformed spring
I 1 ‘71*_'!

Step 3 Define the Strain/ Displacement and Stress/Strain
Relationships

The tensile forces T produce a total elongation (deformation) & of the spring. The typ-
ical total elongation of the spring is shown in Figure 2-5. Here diy is a negative value
because the direction of displacement is opposite the positive X direction, whereas dyy is
a positive value.

The deformation of the spring is then represented by
S=iu(l) - (0) = —dry (2.211)

From Eq. (2.2.11), we observe that the total deformation i is the difference of the nodal
displacements in the % direction.

For a spring element, we can relate the force in the spring dxrectly to the defor- -

mation. Therefore, the strain/displacement relationship is not necessary here.
The stress/strain relationship can be expressed in terms of the force/deformation
relationship instead as

T=ki (22.12)
" Now, using Eq. (2.2.11) in Eq. (2.2.12), we obtain
T = k(dyy — i) (2.2.13)

Step 4 Derive the Element Stiffness Matrix and Equations

We now derive the spring element stiffness matrix. By the sign convention for nodal
forces and equilibrium, we have -

Ju=-T  fou=T (2.2.14)
Using Eqs. (2.2.13) and (2.2.14), we have
T= "'f!x = k(d}_, - 2!):)

. L (2.2.15)
T=fy, = kldx—dix)
Rewriting Egs. (2.2.15), we obtain
= k(dix — das
e = e = ) (2.2.16)
f?.x = k(dZY - d]x)

Now expressing Eqs. (2.2.16) in 2 single matrix equation yields

flx — k —k al;r
B e
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This relationship holds for the spring along the % axis. From our basic definition of a
stiffness matrix and application of Eq. (2.2.1) to Eq. (2.2.17), we obtain

- k —k

k= 2.2.18

= (218)
as the stiffness matrix for a linear spring element. Here k is called the local stiffness
matrix for the element. We observe from Eq. (2.2.18) that k is a symmetric (that is,
ky = ky) square matrix (the number of rows equals the number of columns in k).
Appendix A gives more description and numerical examples of symmetric and square
matrices.

Step 5 Assemble the Element Equations to Obtain
the Global Equations and introduce Boundary Conditions

The global stiffness matrix and global force matrix are assembled using nodal
force equilibrium equations, force/deformation and compatibility equations from Sec-
tion 2.3, and the direct stiffness method described in Section 2.4. This step applies for
structures composed of more than one element such that

K=[K= XN:I;(‘) and F={F}=) s© (22.19)
e=1

where k and f are now element stiffness and force matrices expressed in a global refer-
ence frame. (Throughout this text, the Y sign used in this context does not imply a
simple summation of element matrices but rather denotes that these element matrices
must be assembled properly according to the direct stiffness method described in
Section 2.4.)

Step 6 Solve for the Nodal Displacements

The displacements are then determined by imposing boundary conditions, such as
support conditions, and solving a system of equations, F = Kd, simultaneously.
Step 7 Solve for the Element Forces

Finally, the clement forces are determined by back-substitution, applied to each ele-
ment, into equations similar to Eqgs. (2.2.16).

A 23 Example of a Spring Assemblage A

Structures such as trusses, building frames, and bridges comprise basic structural com-
ponents connected together to form the overall structures. To analyze these structures,
we must determine the total structure stiffness matrix for an interconnected system of
elements. Before considering the truss and frame, we will determine the total structure
stiffness matrix for a spring assemblage by using the force/displacement matrix relation-
ships derived in Section 2.2 for the spring element, along with fundamental concepts
of nodal equilibrium and compatibility. Step 5 above will then have been illustrated.
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A1 @ . 3 @ 2
k, Fy ky

Figure 2-6 Two-spring assemblage

We will consider the specific example of the two-spring assemblage shown in
Figure 2-6*. This example is general enough to -illustrate the direct equilibrium
approach for obtaining the total stiffness matrix of the spring assemblage. Here we
fix nede 1 and apply axial forces for F;, at node 3 and Fy, at node 2. The stiffnesses
of spring elements 1 and 2 are ky and k;, respectively. The nodes of the assemblage
have been numbered 1, 3, and 2 for further generalization because sequential number-
ing between elements generally does not occur in large problems.

The x axis is the global axis of the assemblage. The local X axis of each element
coincides with the global axis of the assemblage.

For element 1, using Eq. (2.2.17), we have

()= el{E) a3

and for element 2, we have

EE ) e

Furthermore, elements 1 and 2 must remain connected at common node 3 throughout
the displacement. This is called the continuity or compatibility requirement. The corm-
patibility requirement yields

o) = d) = i, (233)

where, throughout this text, the superscript in parentheses above d refers to the ¢le-
ment number to which they are related. Recall that the subscripts to the right identify
the node and the direction of displacement, respectively, and that s, is the node 3 dis-
placement of the total or global spring assemblage. )

. Free-body diagrams of each element and node (using the established sign con-
ventions for element nodal forces in Figure 2-2) are shown in Figure 2-7.

Based on the free-body diagrams of each node shown in Figure 2-7 and the fact

that external forces must equal internal forces at each node, we can write nodal equi<
librium equations at nodes 3, 2, and 1 as

Fo=f0+ 12 (2.34)
Fae=f33 (23.5)
Fiu=fY (236)

* Throughout this text, element numbers in figures are shown with circles around them.
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T’%f VYV (ZT’_'

/(I

Figure 2-7 Nodal forces consistent with element force sign convention

where Fi, results from the external applied reaction at the fixed support.

Here Newton’s third law, of equal but opposite forces, is applied in moving from
a node to an element associated with the hode. Using Egs. (2.3.1)-(2.3.3) in Egs.
(2.3.4)(2.3.6), we obtain

Fyy = (=kydix + kydsy) + (Kadsy = kadiy)

Foy = ~kpdsy + kyday (237)
Fix = kydix — kydsy
In matrix form, Egs. (2.3.7) are expressed by
Fax [ki+ky ~ko —ka | [ s
FPer=| bk 0 |qdx (2.3.8)
Fix L =k 0 Ik)ldx
Rearranging Eq. (2.3.8) in numerically increasing order of the nodal degrees of free-
dom, we have
F[, [ kl . —kl | dlx
Py o= 0 kz —kz dh (239)
Py k1 —ky ki+ky | | dax
Equation (2.3.9) is now written as the single matrix equation
F=Kd @3.10)
F Ix dlx
where F = < F,, > is called the global nodal force matrix, d = < d, » is called the
Fy ) d3x
global nodal displacement matrix, and
kh 0 —k
K=|0 kb -k 2.3.11)
-k —ky kit+h

is called the toral or global or sj:stem stiffness matrix.
In summary, to establish the stiffness equations and stiffness matrix, Egs. (2.3.9)

and (2.3.11), for a spring assemblage, we have used force/deformation relation-
ships Eqs. (2.3.1) and (2.3.2), compatibility relationship Eq. (2.3.3), and nodal force
equilibrium Egs. (2.3.4)-(2.3.6). We will consider the complete solution to this
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example problem after considering a more practical method of assembling the total
stiffness matrix in Section 2.4 and discussing the support boundary conditions in
Section 2.5. '

2.4 Assembling the Total Stiffness Matrix A
by Superposition (Direct Stiffness Method)

" We will now consider a more convenient method for constructing the total stiffness
matrix. This method is based on proper superposition of the individual element stiff-
ness matrices making up a structure {also see References [1] and (2]).

Referring to the two-spring assemblage of Section 2.3, the element stiffness
matrices are given in Egs. (2.3.1) and (2.3.2) as

dy x day de d?.x
o [B hlds o [k k) (24.1)
- -k k; d}x "k2 kz de

Here the d;,’s written above the columns.and next to the rows in the k’s indicate the
degrees of freedom assoctated with each element row and column.

The two element stiffness matrices, Egs. (2.4.1), are not associated with the same
degrees of freedom; that is, element 1 is associated with axial displacements at nodes 1
and 3, whereas element 2 is associated with axial displacements at nodes 2 and 3.
Therefore, the element stiffness matrices cannot be added together (superimposed) in
their present form. To superimpose the element matrices, we must expand them to
the order (size) of the total structure (spring assemblage) stiffness matrix so that each .
element stiffness matrix is associated with all the degrees of freedom of the structure.
To expand each element stiffness matrix to the order of the total stiffness matrix, we
simply add rows and columns of zeros for those displacements not associated with

that particular element. : .
For element 1, we rewrite the stiffness matrix in expanded form so that Eq.
(2.3.1) becomes
dyx d2x i 1 .
oo o-nfd) (A |
k| 0 0 0]¢ghs=A 7D (2.4.2)
- 1 1
I 70

where, from Eq. (2.4.2), we see that é;) and fg) are not associated with (¥, Simi-
larly, for element 2, we have

[ dix dy di ‘
2 2
\‘[ 0 o 0} d? 7@

klo 1 -1|{0®%= R (24.3)
0 -1 1
i) &2
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Now, considering force equilibrium at each node results in

) .
fi( ) (()2) Fix
0 p+< S =4 Py (244
£ I Fi ‘

where Eq. (2.4.4) is really Eqgs. (2.3.4)—(2.3.6) expressed in matrix form. Using Eqs.
(2.4.2) and (2.4.3) in Eq. (2.4.4), we obtain

1o —1q[dy) o o 0[d?] (R

kl[ 00 OJ D S +k]o 1 —1(4 4P ={Fu} (24.5)
- i - 2]
1o g 0 -1 1| @ Fi

where, again, the superscripts on the d’s indicate the element numbers. Simplifying
Eq. (2.4.5) results in

k1 1] "kl d!x le
l 0 kb -k } {dz,} = {Fh} (2.4.6)
~ky -k kithk ] Udy Fyy

Here the superscripts-indicating the element numbers associated with the nodal dis-
placements have been dropped because d‘(l) is really dy,, db‘) is really 4»., and, by
Eq. (2.3.3), d§x d§ = dyy, the node 3 dxsplacemem of the total assemblage. Equa-
tion (2.4.6), obtained through superposition, is identical to Eq. (2.3.9).

The expanded element stiffness matrices in Egs. (2.4.2) and {2.4.3) could have
been added directly to obtain the total stiffness matrix of the structure, given in Eq.
{2.4.6). This reliable method of directly assembling individual element stiffness matri-
ces to form the total structure stiffness matrix and the total set of stiffness equations
is called the direct stiffness method. It is the most important step in the finite element
method.

For this simple example, it is easy to expand the element stiffness matrices and
then superimpose themn to arrive at the total stiffness matrix. However, for problems
involving a large number of degrees of freedom, it will become tedious to expand
eath element stiffness matrix to the order of the total stiffness matrix. To avoid this
expansion of each element stiffness matrix, we suggest a direct, or short-cut, form of
the direct stiffness method to obtain the total stiffness matrix. For the spring assem-
blage example, the rows and columns of each element stiffness matrix are 1abeled
according to the degrees of freedom associated with them as follows:

dlx de dh de
I ky =k ] dix @ = [ ky “kz} day (2.4.7)
- ~ky sy - —ky dyy

X is then constructed simply by directly adding terms associated with- degrees of free-
dom in &V and k@ into their corresponding identical degree-of-freedom locations in
K as follows. The d;, row, d), column term of X is contributed only by element 1, as
only element 1 has degree of freedom di, [Eq. (2.4.7)], that is, &y = ky. The ds, row,
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da, column of X has contributions from both elements 1 and 2, as the d;, degree of
freedom is associated with both elements. Therefore, k33 = k| + k». Similar reasoning
results in X as

diy A dx
ky 0 —~ky 7 dix
2.4.
K= [ 0 kb -k } dyy (24.8)
—ky —ky kit k] di

Here elements in X are located on the basis that degrees of freedom are ordered in
increasing node numerical order for the total structure. Section 2.5 addresses the com-

plete solution to the two-spring assemblage in conjunction with discussion of the sup-

port boundary conditions.

A 2.5 Boundary Conditions A

We must specify boundary {or support) conditions for structure models such as the
spring assemblage of Figure 2-6, or K will be singular; that is, the determinant of K
will be zero, and its inverse will not exist. This means the structural system is unstable.
Without our specifying adequate kinematic constraints or support conditions, the
structure will be free to move as a rigid body and not resist any applied loads. In gen-
eral, the number of boundary conditions necessary to make [K] nonsingular is equal
to the number of possible rigid body modes. '

Boundary conditions are of two general types. Homogeneous boundary
conditions—the more common—occur at locations that are completely prevented
from movement; nonhomogeneous boundary conditions occur where finite nonzero
values of displacement are specified, such as the settlement of a support.

To illustrate the two general types of boundary conditions, let us consider
Eq. (2.4.6), derived for the spring assemblage of Figure 2-6. which has a single rigid

" body mode in the direction of motion along the spring assemblage. We fixst consider

the case of homogeneous boundary conditions. Hence all boundary conditions are
such that the displacements are zero at certain nodes. Here we have dj, = 0 because
node 1 is fixed. Therefore, Eq. (2.4.6) can be written as

k0 ~k J(0) [Fu
0 k -~k dy ¢ = Fox (2.5.1)
~ky -k kitka| \ i Fay

Equation (2.5.1), written in expanded form, becomes
k1 (0) + (0)dax — kndsy = Fi
0(0) + kody — kadsx = For (2.5.2)
—k1(0) — kadax + (ky + ka)dax = Fix

where Fi, is the unknown reaction and F,, and F3, are known applied loads.
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Writing the second and third of Eqs. (2.5.2) in matrix form, we have

k -k dyy Py
= 2.53
[*kz k1+kz]{d3x} {st} @33)

We have now effectively partitioned off the first column and row of X and the first
row of d and F to arrive at Eq. (2.5.3).

For homogeneous boundary conditions, Eq. (2.5.3) could have been obtained
directly by deleting thé row and column of Eq. (2.5.1) corresponding to the zero-
displacernent degrees of freedom. Here row ! and column ! are deleted because one
is really multiplying column 1 of X by 4y, = 0. However, F}, is not necessarily zero
and can be determined once dy,-and d, are solved for.

After solving Eq. (2.5.3) for dy, and dsy, we have

o1

sy N k -k -1 Py, o 7C_2-+E & By 254
{dzx}_[—kz k,+k2] {st}_ 11 {'st} @34)

kR
Now that dyy and ds; are known from Eq. (2.5.4), we substitute them in the first of

Egs. (2.5.2) to obtain the reaction Fyy as
) Fix = —ids 25.5)

We can express the unknown nodal force at node 1 (also called the reacrion) in terms
of the applied nodal forces Fy. and F3, by using Eq. (2.5.4) for 43 substituted into
Eq. (2.5.5). The result is

Fip=~Fy = F; (2.5.6)

Therefore, for all homogeneous boundary conditions, we can delete the rows and col-
umns corresponding to the zero-displacement degrees of freedom from the original set
of equations and then solve for the unknown displacements. This procedure is useful
for hand calculations. (However, Appendix B.4 presents a more practical, computer-
assisted scheme for solving the system of simultaneous equations.)

We now consider the case of nonhomogeneous boundary conditions. Hence
some of the specified displacements are nonzero. For simplicity’s sake, let di; = 4,
where 3 is a known displacement {Figure 2-8), in Eg. (2.4.6). We now have

k 0 -k J Fix
0 kb —k |{du =1 Fx 257)
ki —ky ki+ka | | dx Fix

11 3 2
3l & Fy 3 Fa

Figure 2-8 Two-spring assemblage with known displacement & at node 1
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Equation (2.5.7) written in expanded form becomes
kid +0dyy — kydye = Fyy
00 + kydhy — kadse = Fax (2.58)
—k 8 — kyday + (ky + ko)ds = Fay |

- where F, is now a reaction from the support that has moved an amount J. Consider-

ing the second and third of Egs. (2.5.8) because they have known right-side nodal
forces Fyy and Fiy, we obtain

00 + kydoy — kydyy = Foy

) : (2.59)
—kyd — kada + (ky + ko )dsy = Fiy
Transforming the known § terms to the right side of Egs. (2.5.9) yields
kydy — kydsye = Foy
(2.5.10)

—kodos + (kg + ka)day = +hy 6+ Fsy
Rewriting Egs. (2.5.10} in matrix form, we have

: = 2.5.1
[—kz ky+k | Vdse S = Lkt + Fa (2:5.11)

Therefore, when dealing with nonhomogeneous boundary conditions, we cannot
initially delete row 1 and column 1 of Eq. (2.5.7), corresponding to the nonhomoge-
neous boundary condition, as indicated by the resulting Eq. (2.5.11) because we are
multiplying each element by 2 nonzero number. Had we done so, the k6 term in
Eg. (2.5.11) would have been neglected, resulting in an error in the solution for the
displacements. For nonhomogeneous boundary conditions, we must, in general, trans-
form the terms associated with the known displacements to the right-side force matrix
before solving for the unknown nodal displacements. This was illustrated by traps-
forming the k;J term of the second of Egs. (2.5.9) to the right side of the second of
Egs. (2.5.10).

We could now solve for the displacements in Eq. (2.5.11) in a2 manner similar to
that used to solve Eq. (2.5.3). However, we will not further pursue the solution of
Eq. (2.5.11) because no new information is to be gained.

However; on substituting the displacement back into Eq. (2.5.7), the reaction
now becomes

Fie = k16 - ks (2.5.12)

which is different than Eq. (2.5.5) for Fi,.
At this point, we summarize some properties of the stiffness matrix in Eq. (2.5.7)
that are also applicable to the generalization of the finite element method.

1. K is symmetric, as is each of the element stiffness matrices. If yon are
familiar with structural mechanics, you will not find this symmetry
property surprising. It can be proved by using the reciprocal laws
described in such References as (3] and [4].
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2. K is singular, and thus no inverse exists unti] sufficient boundary
conditions are imposed to remove the singularity and prevent rigid
body motion.

3. The main diagonal terms of X are always positive. Otherwise, a
positive nodal force F; could produce a negative displacement di—
a behavior contrary to the physical behavior of any actual structure.

In general, specified support conditions are treated mathematically by partition-
ing the global equilibrium equations as follows:

Kn | Ku]{él } {fx }
------ CL N 2.5.13
[K’x P Kn]lda F, ( )
where we let d; be the unconstrained or free displacements and-d, be the specified dis-
placements. From Eq. (2.5.13), we have

Kndy = Fi ~ Knd, (2.5.14)
and Fy = Kndi + Knd> {2.5.15)

where Fy are the known nodal forces and F, are the unknown nodal forces at the
specified displacement nodes. F» is found from Eq. (2.5.15) after d) is determined
from Eq. (2.5.14). In Eq. (2.5.14), we assume that K; is no longer smgular thus
allowing for the determination of 4.

To illustrate the stiffness method for the solution of spring assemblages we now
present the following examples.

Example 2.1

For the spring assemblage with arbitrarily numbered nodes shown in Figure 2-9,
obtain {a) the global stiffness matrix, (b} the displacements of nodes 3 and 4, (c) the
reaction forces at nodes 1 and 2, and (d) the forces in each spring. A force of 5000 1b
is applied at node 4 in the x direction. The spring constants are given in the figure.
Nodes 1 and 2 are fixed.

= 1000 Ib/in.  ky = 2000 Ib/in. ky = 3000 Ib/in.
1 3 4 7 2

® @ ™ o ¥

Figure 2-9 Spring assemblage for solution

(a) We begin by making use of Eq. (2.2.18) to express eaéh element stiffness
matrix as follows:
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j
4
i
{
t
<

1 3 3 4
W0y [ 1000 100071 o [ 2000 -2000]3
= ~1000 1000{3 —2000 2000j4
4 ) _ (2.5.16)
4 = [ 3000 —3000)4
=7 ] -30000 3000 2

where the numbers above the columns and next to each row indicate the nodal degrees
of freedom associated with each element. For instance, element 1 is associated with
degrees of freedom d), and ds. Also, the local X axis coincides with the global x axis
for each element.

Using the concept of superposition (the direct stiffness method), we obtain the

global stiffness matrix as
K= k(l) +I_c(2) +1_c(3)
1 2 3 4
1000 0  —1000 0 1
or ke | 0 3000 0 -3000 |2 (2517)
ST <1000 0 100042000 -2000 [3

0 3000 2000 2000 + 3000 | 4

(b) The global stiffness matrix, Eq. (2.5.17), relates gloﬁal forces to globat dis-

placements as follows:
o 1000 0 1000 0 | {di
P | _ 0 3000 0 3000 ] dy '
Fu [~ |-1000 0 3000 —2000|Y duy (2:5.18)
Fuy 0 -3000 —2000 5000 | | dax

Applying the homogencous boundary conditions di, =0 and d, =0 to
Eq. (2.5.18), substituting applied nodal forces, and partitioning the first two equations
of Eq. (2.5.18) (or deleting the first two rows of {F} and {d} and the first two rows
and columns of X corresponding to the zero-displacement boundary conditions), we

obtain
{0 3000 —20007 [ dsy
{sooo} h [—2000 5000}{@} (2.5.19)
Solving Eq. (2.5.19), we obtain the global nodal displacements
10 15 .
dy = T dix = T (2.5.20)

(©) To obtain the global nodal forces (which include the reactions at nodes 1
and 2), we back-substitute Egs. (2.5.20) and the boundary conditions i, = 0 and
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day, = 0 into Eq. (2.5.18). This substitution yields

Fix 1000 0 -1000 0 ][0
Fe| | 0 300 0 -3000]]0 .
Fu [T |=1000 0 3000 —2000] % @5.21
Fu ) 0 -3000 -2000 5000 | ¥

Multiplying matrices in Eq. (2.5.21) and simplifying, we obtain the forces at each
node

—-10,000 b —45,000

Fu=—q T

b B, =0
(2.5.22)
55,000
1§
From these results, we observe that the sum of the reactions Fy, and Fy, is equal in
magnitude but opposite in direction to the applied force Fy,. This result verifies equili-
brium of the whole spring assemblage.
(d) Next we use local element Eg. (2.2.17) to obtain the forces in each element.

For = b

Element 1

fiel [ 1000 -10001f 0

{fzx ~[-1000 1000] 1 (25.23)
Simplifying Eq. (2.5.23), we obtain
Ch IOOOOIb fiu= mooo b (2.5.24)

A free-body diagram of spnng element 1 is shown in Fxgure 2-10(a). The spring is
subjected to tensile forces given by Eqs. (2.5.248). Also, ,, is equal to the reaction
force Fiy given in Eq. (2.5.22). A free-body diagram of node 1 [Figure 2-10(b)]
shows this result.

. , ®
10,000 '_{*J\/\/\N\/\/\/‘g'_’ 10,000 1
1" fl Fiy +—0— fi,
@) ()

Figure 2-10 (a) Free-body diagram of element 1 and (b) free-body diagram
of node 1.

Element 2

£l [ 2000 —20007f1
{fi}‘[—zooo zmH’s} (25.25)

=
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Simplifying Eq. (2.5.24), we obtain

. —10,000 . 10,000
Ju=—— b Jo=—7—

A free-body diagram of spring element 2 is shown in Figure 2-11. The spring is sub-
jected to tensile forces given by Egs. (2.5.26).

b (2.5.26)

10,000 3 4 10,000
it H

Figure 2-11 Free-body diagram of element 2

Element 3

. ' A [ 3000 30007 [ 55
{fk =|-3000 3000\ o @327)
Simplifying Eq. (2.5.27) yields
Fum 2y f 200, (2.5.28)
11 1]
45.000 M Q 2 45,000 R 2
[} —’0—/\/\/\/\/\/\/\/_—0‘——— T SO F,
(a) . ®)

Figure 2-12 _(a) Free-body diagram of element 3 and (b) free-body diagram
of node 2

A free-body diagram of spring element 3 is shown in Figure 2-12(a). The spring is
subjected to compressive forces given by Egs. (2.5.28). Also, f,, is equal to the reac-
tion force Fo given in Eq. (2.5.22). A free-body diagram of node 2 {Figure 2-12b)
shows this result. : B

Example 2.2

For the spring assemblage shown in Figure 2-13, obtain (a) the global stiffuess
matrix, (b) the displacements of nodes 24, (c) the global nodal forces, and (d) the
focal element forces. Node 1 is fixed while node 5 is given a fixed, known displacement
¢ = 20.0 mm. The spring constants are all equal to & = 200 kN/m.
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Figure 2-13  Spring assemblage for solution

(a) We use Eqg. (2.2.18) to express each element stiffness matrix as

200 200
-200 200

Again using superposition, we obtain the global stiffness matrix as

200 -200 0 0 0
~200 400 -200 0 0|
K=| 07 -200 400 -200 0 |— (2.5.30)
0 .0 =200 400 —200
0 0 0 -200 200

(b) The global stiffness matrix, Eq. (2.5.30), relates the global forces to the
global displacements as follows:

KO =@ = = = [ (2.5.29)

Fix 200 <200 0 0 07 (ds
Py 200 400 -200 0 0 || dy
Fup=| 0 =200 400 -200 0 |{ dy (2.5.31)
Fa 0 0 =200 400 —200| | dis
Fsx 0 o0 0 -200 200] |ds

Applying the boundary conditions d, = 0 and ds; = 20 mm (= 0.02 m), substi-
tuting known global forces Fa, = 0, F3, = 0, and Fy, = 0, and partitioning the first
and fifth equations of Eq. (2.5.31) corresponding to these boundary conditions, we
obtain

0
0 -200 400 -200 0 0 dyx
{0} = [ 0 -200 400 -200 0 ] diy (2.5.32)
0 0 0 =200 400 -200 dax
0.02m

We now rewrite Eq. (2.5.32), transposing the product of the appropriate stiffness
coefficient (—200) multiplied by the known displacement (0.02m) to the left side.

0 400 200 07 [y
{ 0 }: [-zoo 400 —200]{«13,} (2.5.33)
4XN 0 -200 400] |y
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Solving Eqg. (2.5.33), we obtain
dy, = 0.005 m dyy =00l m dix = 0.015m (2.5.34)

(¢} The global nodal forces are obtained by back-substituting the boundary con-
dition displacements and Egs. (2.5.34) into Eq. (2.5.31). This substitution yields

Fiy = (=200)(0.005) = —1.0 kN

Fa = (400)(0.005) — (200)(0.01) = 0

Fiy = (~200)(0.005) + (400)(0.01) — (200)(0.015) = 0 (2.5.35)
Fax = (~200)(0.01) + (400)(0.015) ~ (200)(0.02) = 0

Fsy = (=200)(0.015) + (200)(0.02) = 1.0 KN

The results of Eqgs. (2.5.35) vield the reaction Fi, opposite that of the nodal force Fsy
required to displace node 5 by J = 20.0 mm. This result verifies equilibrium of the
whole spring assemblage.

(d) Next, we make use of local element Eq. (2.2.17) to obtain the forces in each
element.

Element 1

flx _ 200 -200 0

{fu ~[-200  200]10.005 (25.36)
Simplifying Eq. (2.5.36) yields

fx==1OKN  fo = LOKN (2.537)
Element 2

Jue| _[ 200 ~20070.005

{f}x =1-200 200]}001 (25.38)
Simplifying Eq. (2.5.38) yields

fre=—1KN /i, =1kN © (2539)
Element 3

AL [ 200 —2007f001

{f; = |-200 200] 10015 (2.5.40)

Simplifying Eq. (2.5.40), we have

fu=—=1KN  f =1KN (2.5.41)
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Element 4 )
S 200 —200)( 6.015
o= 2.542
{fs: —200 2001002 (2:542)
Simplifying Eq. (2.5.42), we obtain
fu=-1KN  fi =1kN (2.5.43)
You should draw free-body diagrams of each node and element and use the results of
Egs. (2.5.35)—(2.5.43) to verify both node and element equilibria. ]
Finally, to review the major concepts presented in this chapter, we solve the fol-
lowing example problem.
Example 2.3

(a) Using the ideas presented in Section 2.3 for the system of linear elastic springs
shown in Figure 2-14, express the boundary conditiens, the compatibility or continu-
ity condition similar to Eq. (2:3.3), and the nodal equilibrium conditions similar to
Egs. (2.3.4)—(2.3.6). Then formulate the global stiffness matrix and equations for solu-
tion of the unknown global displacement and forces. The spring constants for the ele-
ments are ky, k>, and k;; P'is an applied force at node 2.

(b) Using the direct stiffness method, formulate the same global stiffness matrix
and equation as in part (a).

Figure 2-14 Spring assemblage for solution

(a) The boundary conditions are
de=0 dy=0 dip=0 (2.5.44)
The compatibility condition at node 2 is
A= d® = = g, (2.545)
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The nodal equilibrium conditions are

Fl.x = )

1x

P e DD
Fye=fi2
Fax ":fz(:)

where the sign convention for positive element nodal forces given by Figure 2-2 was
used in writing Eqs. (2.5.46). Figure 2-15 shows the element and nodal force free-
body diagrams. .

(2.5.46)

o » D Fy,
Fu J0 A o pl? ® }
Ot e OAAAO—> N
1 1 2 2
@ o F Fy,
. . cz)-.—-— 2"——O—A’V\/\,-—«z)m--o- — et
J @ 1

Figure 2-15 Free-body diagrams of elements and nodes of spring assemblage
of Figure 2-14

Using the local stiffness matrix Eq. (2.2.17) applied to each elefnent, and com-
patibility condition Eq. (2.5.45), we obtain the total or global equilibrium equations as

By =kdyy - kydyx
P = —kydy + kydoy + kodye — kodye + K3dye — kaday

(2.5.47)
Fyy = —kydyy + kpdse
Fyy = —kydoy + kydsx
In matrix form, we express Egs. (2.5.47) as
F, & —k 0 07 (ds
P _ -k kithka+ks ~ka —k; dyy
Al™1 0 ko X 0 e (2.5.48)
Fiy 0 ~ks3 0 k3 dyy

Therefore, the global stiffness matrix is the square, symmetric matrix on the right side
of Eq. (2.5:48). Making use of the boundary conditions, Egs. (2.5.44), and then con-
sidering the second equation of Eqgs. (2.5.47) or (2.5.48), we solve for d,, as

» .

_ 2.5.49
ki +ky + ks ( )

doy=



50 A

2 Introduction to the Stiffness (Displacement) Method

We could have obtained this same result by deleting rows 1, 3, and 4 in the F and 4
matrices and rows and columns 1, 3, and 4 in X, corresponding to zero displacement,
as previously described in Section 2.4, and then solving for ds,.

Using Egs. (2.5.47), we now solve for the global forces as

Fiy=-kdx Fus=—hdyx  Fuu=-kdyx (2.5.50)

The forces given by Egs. (2.5.50) can be interpreted as the global reactions in this
example. The negative signs in front of these forces indicate that they are directed to
the left (opposite the x axis).

(b) Using the direct stiffness method, we formulate the global stiffness matrix.
First, using Eq. (2.2.18), we express each element stiffness matrix as

dyy di dy  dix . dye  day
ki —k [k —kz] ks k3
(M — £ = 3 = 2.5
k [—fq k1] - ’_—kg kyi = —k3 k3 ( SI)

where the particular degrees of freedom associated with each element are listed in the
columns above each matrix. Using the direct stiffness method as outlined in Section
2.4, we add terms from each element stiffness matrix into the appropriate correspond-
ing row and column in the globa! stiffness matrix to obtain

diy dyy dy dix
ky —ky 0 0

K= —ky kit +ks —k ~ks )

= 0 ~k; kb 0.1 (2.5.52)
0 ~ks3 0 I

We observe that each element stiffness matrix k has been added into the location in
the global K corresponding to the identical degree of freedom associated with the
element k. For instance, element 3 is associated with degrees of freedom 4,, and d,;
hence its contributions to X are in the 2-2, 24, 4-2, and 44 locations of X, as indi-
cated in Eq. (2.5.52) by the k3 terms.

Having assembled the global X by the direct stiffness method, we then formulate
the global equations in the usual méanner by making use of the general Eq. (2.3.10),
F = Kd. These equations have been previously obtained by Eq. (2.5.48) and theréfore
are not repeated. - ]

Another method for handling imposed boundary conditions that allows for
either homogeneous (2ero) or nonhomogeneous (nonzero) prescribed degrees of free-
dom js called the penalty method. This method is easy to implement in a computer
program.

Consider the simple spring assemblage in Figure 2-16 subjected to applied
forces Fy, and F;, as shown. Assume the horizontal displacement at node 1 to be
forced to be iy = 6.
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Fiy 1 W B K 3
5} @ ® 2

Figure 2-16 Spring assemblage used to illustrate the penalty method

We add another spring (often called a boundary element) with a large stiffness

" . ks to the assemblage in the direction of the nodal displacement 4y, = J as shown in

Figure 2-17. This spring stiffness should have a magnitude about 10° times that of
the largest ky term. ’

’,

Figure 2-17 Spring assemblage with a boundary spring element added at node 1

Now we add the force k36 in the direction of dy, and solve the problem in the usual
manner as follows.
The element stiffness matrices are

. ki —k ky -k
M= L ! @) = 2 2
k [ bk ] k [ ki ko J (2.5.53)

Assembling the element stiffness matrices using the direct stiffness method, we obtain
the globat stiffness matrix as

ki +ky ~ky 0
K= [ -k kh+hk —kz} (2.5.54)
0 ~ky ka

Assembling the global F = Kd equations and invoking the boundary condition
dyx = 0, we obtain

Fiy+kd k+ky ki 0 dix
Foy = -k kthk -k doy (2.5.55)
F3x 0 —kz k2 d}x = 0

Solving the first and second of Egs. (2.5.55), we obtain

_ Bl + k)

s ki

(2.5.56)

and

b = (k1 + kp)Fox + Ficky + kidky
= kpky + kgky + ks

(2.5.57)
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Now as k;, approaches infinity, Eq. (2.5.57) simplifies to
Py + dk 1
dyy =X~ 2.5.58

= /Cl -+ k2 ( )

and Eg. {2.5.56) simplifies to
dix =0 (2.5.59)

These results match those obtained by setting dy, = J initially.

In using the penalty method, a very large element stiffness should be parallel to a
degree of freedom as is the case in the preceding example. If k, were inclined, or were
placed within a structure, it would contribute to both diagonal and off-diagonal coef-
ficients in the global stiffness matrix X. This condition can lead to numerical difficul-
ties in solving the equations F = Xd. To avoid this condition, we transform the dis-
placements at the inclined support to local ones as described in Section 3.9.

& 2.6 Potential Energy Approach A

to Derive Spring Element Equations

One of the zltemative methods often used to derive the element equations and the
stiffness matrix for an element is based on the principle of minimum potential energy.
(The use of this principle in structural mechanics is fully described in Reference [4].)
This method has the advantage of being more general than the method given in
Section 2.2, which involves nodal and element equilibrium equations along with the
stress/strain law for the element. Thus the principle of minimum potential energy is
more adaptable to the determination of element equations for complicated elements
(those with large numbers of degrees of freedom) such as the plane stress/strain element,
the axisymmetric stress element, the plate bending element, and the three-dimensional
solid stress element.

Again, we state that the principle of virtual work (Appendix E) is applicable for
any material behavior, whereas the principle of minimum potential energy is
applicable only for elastic materials. However, both principles yield the same element
equations for linear-elastic materials, which are the only kind considered in this text.
Moreover, the principle of minimum potential energy, being included in the general
category of variational methods (as is the principle of virtual work), leads to other var-
iationa) functions {or functionals) similar to potential energy that can be formulated
for other classes of problems, primarily of the nonstructural type. These other prob-
fems are generally classified as field problems and include, among others, torsion of a
bar, heat transfer (Chapter 13), fluid flow (Chapter 14), and electric potential.

Still other classes of problems, for which a variational formulation is not clearly
definable, can be formulated by weighted residual methods. We will describe Galerkin’s
method in Section 3.12, along with collocation, least squares, and the subdomain
weighted residual methods in Section 3.13. In Section 3.13, we will also demonstrate
these methods by solving a one-dimensional bar problem using each of the four re-
sidual methods and comparing each result to an exact solution. (For more informa-
tion on weighted residual methods, also consult References [5-7].)
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Here we present the principle of minimum potential energy as used to derive the
spring element equations. We will illustrate this concept by applying it to the simplest
of elements in hopes that the reader will then be more comfortable when applying it to
handle more complicated efement types in subsequent chapters.

The total potential energy =, of a structure is expressed in terms of displace-
ments. In the finite element formulation, these will generally be nodal displacements
such that 7, = n,(dy, 4y, ..., dy). When 7, is minimized with respect to these displace-
ments, equilibrium equations result. For the spring elemént, we will show that the
same nodal equilibrium equations kd f result as previously derived in Section 2.2.

We first state the principle of minimum potential energy as follows:

Of all the geometrically possible shapes that a body can assume, the true
one, corresponding to the satisfaction of stable equilibrium of the body, is
identified by a minimunivalue of the total potential energy.

To explain this principle, we must first explain the concepts of potential energy
and of a stationary value of a function. We will now discuss these two concepts.

Total potential energy is defined as the sum of the internal strain energy U and the
potential energy of the external forces Q; that is,

7,=U+Q (26.1)

Strain energy is the capacxty of internal forces (or stresses) to do work through defor-
mations (strains) in the structure; Q is the capacity of forces such as body forces, sur-
face traction forces, and applied nodal forces to do work through deformation of the
structure.

Recall that a linear spring has force related to deformation by F = kx, where k
is the spring constant and x is the deformation of the spring (Figure 2-18).

The differential internal work (or strain energy) dU in the spring for a small
change in length of the spring is the internal force multiplied by the change in dis-
placement through which the force moves, given by

dU = Fdx (26.2)
Now we express F as F=kx {2.6.3)
Using Eq. (2.6.3) in Eq. (2.6.2), we find that the differential strain energy becomes
dU = kxdx (2.6.4)
Fi
k

AN+
k J-——»x

X

Figure 2-18 Force/deformation curve for linear spring
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The total strain energy is then given by

U= J kxd (26.5)
0
Upon explicit integration of Eq. (2.6.5), we obtain
U=l (2.6.6)
Using Eq. (2.6.3) in Eq. (2.6.6), we have
U=1i(kx)x=1Fx (2.6.7)
Equation {2.6.7) indicates that the strain energy is the area under the force/deformation

curve.

The potential energy of the external force, being opposite in sign from the
external work expression because the potential energy of the external force is lost
when the work is done by the external force, is given by

Q=—Fx (2.6.8)

Therefore, substituting Egs. (2.6.6) and (2.6.8) into (2.6.1), yields the total potential
energy as

n, =4kx? ~ Fx (2.6.9)

The concept of a stationary value of 2 function G (used i the definition of the
principle of minimum potential energy) is shown in Figure 2-19. Here G is expressed
as a function of the variable x. The stationary value can be 2 maximum, a minimum,
“or a neutral point of G(x). To find a value of x yiclding a stationary value of G(x), we
use differential calculus to differentiate G with respect to x and set the expression
equal to zero, as follows:

aGc

=0 (2.6.10)

An analogous process will subsequently be used to replace G with 7, and x with
discrete values (nodal displacements) d;. With an understanding of variational calculus
(see Reference [8]), we could use the first variation of =, (denoted by dn,, where &
denotes arbitrary change or variation) to minimize x,. However, we will avoid the
details of variational calculus and show that we can really vse the familiar differential
calculus to perform the minimization of ,. To apply the principle of minimum

G

Maximum
Neutral

Minimum

Figure 2-19 Stationary values of a function
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Admissible displacement function, 4 + 84

Acmal displacement function, &

. _
FWNNNN —E s

‘ @

g | "
Tnadmissible slope di y
i

% -

Inadmissible—does not satisfy

right end boundary condition

1 y 2
12 e
()

Figure 2-20 (a) Actual and admissible displacement functions and {b) inadmissible
displacement functions

a

potential energy—that is, to minimize n,—we take the variation of 7,, which is a
function of nodal displacements d; defined in general as

b1, = gz," ody + 22 a”*’adz +- +‘;’; od, 2.6.11)
The principle states that equilibrium exists when the d; define a structure state such
that én, =0 {change in potential energy = 0) for arbitrary adm:ssxb}c variations in
displacement d4; from the equilibrium state. An admissible variation is one in which
the displacement field still satisfies the boundary conditions and interelement continu-
ity. Figure 2-20(a) shows the hypothetical actual axial displacement and an admissible
one for a spring with specified boundary displacements 4; and &, Figure 2-20(b)
shows inadmissible functions due to slope discontinuity between endpoints  and 2
and due to failure to satisfy the right end boundary condition of 4(L) = i},. Here dit
represents the variation in 4. In the general finite element formulation, é4 would be
replaced by dd;. This implies that any of the 6d; might be nonzero. Hence, to satisfy
om, = 0, 2ll coefficients associated with the dd; must be zero independently. Thus,

ony , on,
ko = —t = 26.12
o 0 (i=123,...,n) or 5} 0 ( )
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where n equations must be solved for the »n values of d; that define the static equili-
brium state of the structure. Equation (2.6.12) shows that for our purposes throughout
this text, we can interpret the variation of 7, as a compact notation equivalent to dif-
ferentiation of z, with respect to the unknown nodal displacements for which 7, is
expressed. For linear-elastic materials in equilibrium, the fact that 7, is a minimum
is shown, for instance, in Reference [4].

Before discussing the fonnulation of the spring element equations, we now
illustrate the concept of the principle of minimum potential energy by analyzing a
single-degree-of-freedom spring subjected to an applied force, as given in Example 2.4.
In this example, we will show that the equilibrium position of the spring corresponds
to the minimum potential energy.

Example 2.4

For the linear-elastic spring subjected to a force of 1000 Ib shown in Figure 2-21,
evaluate the potential energy for various displacement values and show that the mini-
muim potential energy also corresponds to the equilibrium position of the spring.

1

F = 1000 1b

k = 500 tb/in.

/74

Figure 2-21 Spring subjected to force; load/displacement curve

We evaluate the total potential energy as
=U+Q

where U=i(kx)x and Q=-Fx

We now illustrate the minimization of =, through standard mathematics. Taking
the variation of 7, with respect to x, or, equivalently, taking the derivative of 7, with
respect to x {as =, is a function of only one displacement x), as in Egs. (2.6.11) and
{2.6.12), we have

o
omp = 3 ; ox=10
or, because dx is arbitrary and might not be zero,

omp _
=0
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Using our previous expression for 7,, we obtain
a—f‘—‘3= 500x ~ 1000 = 0
ox

or x=2.00in.
This value for x is then back-substituted into 7, to yield
7, = 250(2)° — 1000(2) = —1000 Ib-in.

which corresponds to the minimum potential energy obtained in Table 2--1 by the fol-
lowing searching technique, Here U = %(kx)x 1s the strain energy or the area under
the load/displacement curve shown in Figure 2-21, and O = —Fx is the potential
energy of load F. For the given values of F and k, we then have

7, = $(500)x? — 1000x = 250x2 - 1000x

We now search for the minimum value of 7, for varicus values of spring deformation
x. The results are shown in Table 2-1. A plot of 7, versus x is shown in Figure 2-22,
where we observe that 7, has a minimum value at x = 2.00 in. This deformed position
also corresponds to the equilibrium position because (dr,/8x) = 500(2) — 1000 = 0.

We now derive the spring element equations and stiffness matrix using the prin-"
ciple of minimum potential energy. Consider the linear spring subjected to nodal
forces shown in Figure 2-23. Using Eq. (2.6.9) reveals that the total potential energy is

p = %k(éh - &'[x)z "flx'd‘Ix —fzx&?.x (26[3)
where dy; — dy is the deformation of the spring in Eq. (2.6.9). The first term on the
right in Eq. (2.6.13) is the strain energy in the spring. Simplifying Eq. (2.6.13), we
obtain X o L o

7y = L k(dF, — 2dpdie + dL) = fiG1x — frxtre (2.6.14)

Table 2-1 Total potential energy for
various spring deformations

Deformation Total Potential Energy

X, in. iy, Ibvin.,
—~4.00 8000
-3.00 5250
-2.00 3000
-1.00 1250
0.00 0
1.00 ~750
2.00 ~1000
3.00 750
4.00 0

5.00 1250
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AN Tbn,

- 8000

I 6000

Figure 2-22 Variation of potential energy with spring deformation

k

LA A A A A 2 -
fi L jz:

Figure 2-23 Linear spring subjected to nodal forces

The minimization of 7z, with respect to each nodal displacement requires tzking
partial derivatives of 7, with respect to each nodal displacement such that

d 1.5 . N N
%, = k(2 + 2d1) ~ fr = 0
adlx 2
(2.6.15)
& Y od - 20y - f, =0
8dy, 2 i
Simplifying Egs. (2.6.15), we have
K~y +dis) = £,
(—dx + dix) =/ (26.16)

k(dae ~ diy) = fax
In matrix form, we express Eq. (2.6.16) as

{_i ";Hj:} = {2’:} (26.17)

Because { 7 1= [ic]{&}, we have the stiffness matrix for the spring element obtained
from Eq. (2.6.17):

- k -k
[k} = [_k k] (2.6.18)
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As expected, Eq. (2.6.18) is identical to the stiffness matrix obtained in Section 2.2,
Eq. (2.2.18).

We considered the equilibrium of a single spring element by minimizing the total.
potential energy with respect to the nodal displacements (see Example 2.4). We also
developed the finite element spring element equations by minimizing the total potential
energy with respect to the nodal displacements. We now show that the total potential
energy of an entire structure (here an assemblage of spring elements) can be minimized
with respect to each nodal degree of freedom and that this minimization esults in the
same finite element equations used for the solution as those obtained by the direct
stiffness method. :

Example 2.5

Obtair: the total potential energy of the spring assemblage (Figure 2-24) for Example
2.1 and find its minimum value. The procedure of assembling element equations can
then be seen to be obtained from the minimization of the total potential energy.

ky = 1000 Ib/in. ky=20001b/in. . ky = 3000 1b/in.

2

@ @ Fayp=50001b @ )

Using Eq. (2.6.10) for each element of the spring assemblage, we find that the
total potential energy is given by

3
er = Z 7z‘e = —kl (d3x - d)x) - f;md)x f;‘;)dgx

e=!

+ zkz( x = dix)’ — [P sy — [Py (26.19)
;S

+§k3(dzx*d4x)2—fg)d4x Dy

Upon minimizing 7, with respect to each nodal displacement, we obtain

omp ‘

aae = ~ladss+ ladis - £ =0

on, .

;ﬁf- = ksdyy ~ sy — 7 = 0

’ (2.6.20)
7,

=2 = kydsy ~ kidix — kaday + kads — fs(x fm

ad3x

onp

T = Fades — Fadss = leado - K ~ P
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In matrix form, Egs. (2.6.20) become
U)

kl 0 —k} 0 dl.x
- (3)
0 & 0 ko [l _ ] S (2.621)
-k 0 kh+k -k day f(l) +f(7-)
k-
0 s ke etk |di D4
Using nodal force equilibrium similar to Egs. (2.3.4)—(2.3.6), we have
fﬁ) = Fix
(3)
% (2.6.22)
(1) f(2)
(2) +f( 3 = F, 4x
Using Egs. (2.6.22) in (2.6.21) and substituting numerical values for k1, k2, and ks, we
obtain
100067 0 -1000 0 | (dn Fix
0 3000 0 —3000| | dx _ Foy (2623)

~1000 0 3000 —2000|)dsy P,
0 —3000 —2000 5000 | | dex Fa

Equation (2.6.23) is identical to Eq. (2.5.18), which was obtained through the direct
stiffness method. The assembled Eqs. (2.6.23) are then seen to be obtained from the
minimization of the total potential energy. When we apply the boundary conditions
and substitute F3, = 0 and Fi, = 5000 Ib into Eq. (2.6.23), the solution is ldentxcal
to that of Example 2.1.
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22

A Problems

a. Obtain the global stiffness matrix X of the assemblage shown in Figure P2-1 by
superimposing the stiffness matrices of the individual springs. Here ki, ky, and k3
are the stiffnesses of the springs as shown.

b. If nodes 1 and 2 are fixed and a force P acts on node 4 in the positive x direction,
find an expression for the displacements of nodes 3 and 4.

¢. Determine the reaction forces at nodes 1 and 2.

{Hint: Do this problem by writing the nodal equilibrium equations and then making

use of the force/displacement relationships for each element as done in the first part of

Section 2.4. Then solve the problem by the direct stiffness method.)

Y 1 k 3 k 4 ks 2

Figure P2-1

For the spring assemblage shown in Figure P2-2, determine the displacement at node
2 and the forces in each spring elemerit, Also determine the force F3.» Given: Node 3
displaces an amount § =1 in. in the positive x direction because of the force F3 and
ky = ky = 500 Ibfin.

N

A

LK 2 k3 p

X
A

Figure P2-2
a. For the spring assemblage shown in Figure P2-3, obtain the global stiffncss matrix

by direct superposition.
b. If nodes 1 and 5 are fixed and a force P is applied at node 3, determine the nodal

displacements. )
¢. Determine the reactions at the fixed nodes 1 and 5.
1 k 2 & 3 k 4 k s

Figuré P2-3
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2.4 Solve Problem 2.3 with P = 0 (no force applied at node 3) and with node 5 given a
fixed, known displacement of & as shown in Figure P2-4.

F,
Ak 2 k 3 k 4 k s /j__s
d P .‘1
5 /4
Figure P2-4
2.5 For the spring assemblage shown in Figure P2-5, obtain the global stiffness matrix
by the direct stiffness methed. Let k) = 1 kip/in., @ = 2 kip/in., #® = 3 kip/in.,
k% = 4 kip/in., and kX = 5 kip/in.

® s W
o ST 19| ©
1 L~ ONAARAANAO— 3——wx
ONAAAAANAL
2= @ 3z
Figure P 2-5

2.6 For the spring assemblage in Figure P2-5, apply a concentrated force of 2 kips at
node 2 in the positive x direction and determine the displacements at nodes 2 and 4.

2.7 Instead of assuming a tension element as in Figure P2-3, now assume a compression
element. That is, apply compressive forces to the spring element and derive the stiff-
ness matrix.

2.8-2.16 For the spring asscmb]ages shown in Figures P2-8—P2-16, determine the nodal dis-

placements, the forces in each element, and the reactions. Use the direct stiffness
method for all problems.

7] k=S5001b/in. k=500 Ib/in. g0
2! VV VT VV V3G :

Figure P 2-8
..+ k=1000 tb/in. k=1000 1b/in. k=1000 lb/in.
1000 b 4000 1b
78 2 3 4
Figure P2-9

dgrage

k=500 1b/in.

-, = in. 3
. k=1000 1b/in 2 b
e ez mum]
% 4

2
Rigid bar — ] oA

T,

£=500 ib/in.

Figure P2-10
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P N
, 2000 N/m 2 2000 N/m 3 7
2 o4

§ = 20mm

Figure P2-11

10.000 N/m 20,000 N/m  10.000 N/m

7,
450 N
b 2 3 4

Figure P2-12

Z] 20 kN/m 20 kN/m SKN 20 kN/m 20 kN/m

%l“““'z“““z “““4""*’5%
Z

Figure P2-13

’/2 WON/m ggN  4ON/m o gy

A 2 R

Figure P2-14

Figure P2-15

k=1001b/in.

Figure P2-16

2.17 Use the principle of minimum potential energy developed in Section 2.6 to solve the
spring problems shown in Figure P2-17. That is, plot the total potential energy for
variations in the displacement of the free end of the spring to determine the minimum
potential energy. Observe that the displacement that yields the minimum potential
energy also yields the stable equilibrium position.
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218

2.19

2.20-2.21

1000 1b

k& = 2000 b/in. k = 500 Ib/in.

1000 tb

(2) (b)

k = 2000 N/mm k = 400 N/mm

400 kg 100 kg

(c) @ )

Figure P2-17

Reverse the direction of the load in Example 2.4 and recalculate the total potential
energy. Then use this value to obtain the equilibrium value of displacement.

The nonlinear spring in Figure P2-19 has the force/deformation relationship f = k&2,
Express the total potential energy of the spring, and use this potential energy to obtain
the equilibrium value of displacement.

%

& = 1000 Ib/in.

500 1b

Figure P2-19

Solve Problems 2,10 and 2.15 by the potential energy approach (se¢ Example 2.5).



Introduction

Having set forth the foundation on which the direct stiffness method is based, we will
now derive the stiffness matrix for a linear-elastic bar (or truss) elément using the gen-
eral steps outlined in Chapter 1. We will include the introduction of both a local coor-
dinate system, chosen with the element in mind, and a global or reference coordinate
system, chosen to be convenient (for numerical purposes) with respect to the overall
structure. We will also discuss the transformation of a vector from the local coordi-
nate system to the global coordinate system, using the concept of transformation ma-
trices to express the stiffness matrix of ap arbitrarily oriented bar element in terms of
the global system. We will solve three example plane truss problems (see Figure 3-1
for a typical railroad trestle plane truss) to illustrate the procedure of establishing the
total stiffness matrix and equations for solution of a structure.

Next we extend the stiffness method to include space trusses. We will develop
the transformation matrix in three-dimensional space and analyze two space trusses.
Then we describe the concept of symmetry and its use to reduce the size of 2 problem
and facilitate its solution. We will use an example truss problem to illustrate the con-
cept and then describe how to handle inclined, or skewed, supports.

We will then use the. principle of minimum potential energy and apply it to
rederive the bar element equations. We then compare a finite element solution to an
exact solution for a bar subjected to a linear varying distributed load. We will intro-
duce Galerkin's residual method and then apply it to derive the bar element equations.
Finally, we will introduce other common residual methods—collocation, subdomain,
and least squares to merely expose you to these other methods. We illustrate these
methods by solving a problem of a bar subjected to a linear varying load.
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Figure 3~1 A typical railroad trestle plane truss. (By Daryl L Logan)

A 3.1 Derivation of the Stiffness Matrix A
for a Bar Element in Local Coordinates

‘We will now consider the derivation of the stiffness matrix for the linear-elastic, constant
cross-sectional area (prismatic) bar element shown in Figure 3-2. The derivation here
will be directly applicable to the solution of pin-counected trusses. The bar is subjected
to tensile forces T directed along the local axis of the bar and applied at nodes 1 and 2.

Y 4 7 = C (forceflength)
5 , T Iy
"
L Ay o
1
T \¢ ;
JI.I' f ix

Figure 3-2 Bar subjected to tensile forces T; positive nodal displacements and forces
are all in the local ¥ direction
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Here we have introduced two coordinate systems: a-local one (%, ) with x directed along
the length of the bar and a global one (x, y) assumed here to be best suited with respect
to the total structure. Proper selection of global coordinate systems is best demonstrated
through solution of two- and three-dimensional truss problems as illustrated in Sections
3.6 and 3.7. Both systems will be used extensively throughout this text.

The bar element is assumed to have constant cross-sectional area 4, modulus of
elasticity E, and initial length L. The nodal degrees of freedom are local axial displace-
ments (longitudinal displacements directed along the length of the bar) represented by
& x and dby. at the ends of the element as shown in Figure 3-2.

From Hooke’s law [Eq. (a)] and the strain/displacement relationship [Eq. (b} or
Eq. (1.4.1)], we write

6y = Eey (a)
dn
&y = 7 {b)
From force equilibrium, we have
Aoy, = T = constant {¢)

for a bar with loads applied only at the ends. (We will consider distributed loading in
Section 3.10.) Using Eq. (b) in Eq. (2} and then Eq. (a) in Eq. (c) and differentiating
with respect to X, we obtain the differential equation governing the linear-elastic bar

behavior as
dit
(AE dx) 0 (d)

where # is the axial displacement function along the element in the % direction and
A and E are written as though they were functions of % in the general form of the dif-
ferential equation, even though 4 and E will be assumed constant over the whole
length of the bar in our derivations to follow.

The following assumptions are used in deriving the bar element stiffness matrix:

1. The bar qannot«suétain shear force or bending moment, that is,
Sy =01y =07 =0and i, =0.

2. Any effect of transverse displacement is ignored.

3. Hooke’s law applies; that is, axial stress oy is related to axial strain &,
by o, = Es,.

4. No intermediate applied Ioads

The steps previously outlined in Chapter 1 are now used to derive the stiff-
ness matrix for the bar element and then to illustrate a complete solution for a bar
assernblage.

Step 1 Select the Element Type

Represent the bar by labeling nodes at each end and in general by labeling the element
number (Figure 3-2).
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Step 2 Select a Displacement Function

Assume a linear displacement variation along the ¥ axis of the bar because a linear
function with specified endpoints has a unique path. These specified endpoints are
the nodal values diy and .. (Further discussion regarding the choice of displacement
functions is provided in Section 3.2 and References [1-3].) Then

7= ay + a3x (311
with the total number of coefficients o; always equal to the total number of degrees of
freedom associated with the element. Here the total number of degrees of freedom is

two—axial displacements at each of the two nodes of the element. Using the same
procedure as in Section 2.2 for the spring element, we express Eq. (3.1.1) as

= (ﬁz";ﬂ) %+ dix } (3.1.2)

The reason we convert the displacement function from the form of Eq. (3.1.1) to Eq.
(3.1.2) is that it allows us to express the strain in terms of the nodal displacements
using the strain/displacement relationship given by Eq. (3.1.5) and to then relate the
nodal forces to the nodal displacements in step 4. .

In matrix form, Eq. (3.1.2) becomes

=N N]{d“} (3.13)
doy
with shape functions given by
x x
M=1-7 MN=7 (3.1.4)

These shape functions are identical to those obtained for the spring element in Section
2.2. The behavior of and some properties of these shape functions were described in
Section 2.2.-The linear displacement function # (Eq. (3.1.2)), plotted over the length
of the bar element, is shown in Figure 3-3. The bar is shown with the same orienta-
tion as in Figure 3-2. .

X

Figure 3~3 Displacement i plotted over the length of the element
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Step 3 Define the Strain/ Displacement and Stress/ Strain
Relationships

The sﬂ*ain/displaccment relationship is
di 32:: - d.)x
e I

where Eqs. (3.1.3) and (3.1.4) have been used to obtain Eq. (3.1.5), and the stress/
strain relationship is

2 (3.1.5)

0y = Etx (3.1.6)

Step 4 Derive the Element Stiffness Matrix and Equations

The element stiffpess matrix is derived as follows. From elementary mechanics, we
have i : ,
T = Aoy B.17)

Now, using Egs. (3.1.5) aind (3.1.6) in Eq. (3.1.7), we obtain

T =A4E (diléi) (3.1.8)
L
Also, by the nodal force sign convention of Figure 3-2,
fa=-T" (3.1.9)
When we substitute Eq. (3.1.8), Eq. (3.1.9) becomes
. AE . s
fix= = (dhx ~ i) (3.1.10)
Similarly, fu=T (3.1:11)

or, by Eq. (3.1.8), Eq. (3.1.11) becomes
n AE - o«
S = (Ao~ di) (3.1.12)

Expressing Egs. (3.1.10) and (3.1.12) together in matrix form, we have
\\
. v -1 (3
Sl _AE [ ] % (.1.13)
Sfor Li-1 1i{d|
Now, because f = kd, we have, from Eq. (3.1.13), -

- AE[ 1 =1 oy
g2 1Y) o



70 A

3 Development of Truss Equations

Equation (3.1.14) represents the stiffness matrix for a bar element in local coordinates.
In Eq. (3.1.14), AE/L for a bar element is analogous to the spring constant k for a
spring element.

Step 5 Assemble Element Equations to Obtain
Global or Total Equations '

Assemble the global stiffness and force matrices-and global equations using the direct
stiffness method described in Chapter 2 (see Section 3.6 for an example truss). This
step applies for structures composed of more than one element such that {again)

g:[mzig@ and f:{F}:‘Zjﬂﬂ (3.1.15)
e=l &=

where now all Jocal element stiffness matrices & must be transformed to global element
stiffness matrices k (unless the local axes coincide with the global axes) before the
direct stiffness method is applied as indicated by Eq. (3.1.15). (This concept of coordi-
nate and stiffness matrix.transformations is described in Sections 3.3 and 3.4.)

Step 6 Solve for the Nodal Displacements

- Deternine the displacements by imposing boundary conditions and simultaneously

solving a system of equations, F = Kd.

Step 7 Solve for the Element Forces

Finally, determine the strains and stresses in each element by back-substitution of the
displacements into equations similar to Egs. (3.1.5) and (3.1.6).
We will now illustrate a solution for a one-dimensional bar problem.

Example 3.1

For the three-bar assemblage shown in Figure 34, determine (a) the global stiffness
matrix, (b} the displacements of nodes 2 and 3, and (c) the reactions at nodes I and
4. A force of 3000 Ib is applied in the x direction at node 2. The length of each element
is 30 in. Let E=30x10° psi and 4 =1 in? for elements ! and 2, and let
E'=15 x 10% psi and 4 = 2 in? for element 3. Nodes 1 and 4 are fixed.

3000 b
1 @O 2 /¢® 3 (3 .
e 30 i, ——efo— 30 i, —ofe— 30 in.—

<90 in.

Y ANNY
L]

ENNNNSNANN

RNARNRNNNNVANNY

Figure 3-4 Three-bar assemblage
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(a) Using Eq. (3.1.14), we find that the element stiffness matrices are

P2
. 2 3
i) =k(2)=(l)(307‘ 106)[ 1 —I} = 106 [ 1 —I] b
= = 30 -1 1 -1 1] in. (3.1.16)

3 4

6
o _@QUSX109T 1 1] _ o[ 1 ~1]hb
K 30 a7

where, again, the numbers above the mau-icms in Egs. (3.1.16) indicate the displace-
ments associated with each matrix. Assembling the element stiffness matrices by the
direct stiffness method, we obtain the global stiffness matrix as

d]_, .de de d4.x
_ 1 -l 0 0
-1 1+1 -1 0| Ib
= 10¢ — 117
=171 -1 1+1 -1|in (3117
0 6 -1 1

(b) Equation (3.1.17) relates global niodal forces to global nodal displacements as
follows: : .

Fix 1 -1 0 0] [dy
Be| .11 2 -1 0|]dy
A= 0 2 e (3.1.18)
Fax 0 0 -1 1 dix
Invoking the boundary conditions, we have
Q=0 dye=0 (3.1.19)

Using the boundary conditions, substituting known applied global forces into Eq.
(3.1.18), and partitioning equations 1 and 4 of Eq. (3.1.18), we solve equations 2 and
3 of Eqg. (3.1.18) to obtain

3000 _ .6 2 -1 d:?.;:
{0} i 2 (%) 5120
Solving Eq. (3.1.20) simmlitaneously for the displacements yields
o dy=0002in.  dy = 0.001 in. (3.1.21)
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(¢) Back-substituting Eqs. (3.1.19) and (3.1.21) into Eq. (3.1.18), we obtain the global
nodal forces, which include the reactions at nodes 1 and 4, as follows:

Fie = 10%(dy ~ da,)) = 105(0 — 0.002) = —2000 1b

P = 105(—dyy + 2o ~ d3) = 103[0 + 2(0.002) — 0.001] = 3000 1b
Fiy = 108(—day + 2d3y — di) = 105[~0.002 + 2(0.001) — 0] = 0

Fap = 10%(—da, + dy) = 10%(~0.001 + 0) = —1000 Ib

(3.1.22)

The results of Egs. (3.1.22) show that the sum of the reactions Fi, and Fj, is equal in
magnitude but opposite in direction to the applied nodal force of 3000 Ib at node 2.
Equilibrium of the bar assemblage is thus verified. Furthermore, Eqgs. (3.1.22) show
that Fy, = 3000 1b and F3, = 0 are merely the applied nodal forces at nodes 2 and 3,
respectively, which further enhances the validity of our solution. ]

A 3.2 Selecting Approximation Functions A
for Displacements

Consider the following guidelines, as they relate to the one-dimensional bar element,
when selecting a displacement function. (Further discussion regarding selection of
displacement functions and other kinds of approximation functions (such as
temperature functions) will bé provided in Chapter 4 for the beam element, in Chapter 6
for the constant-strain triangular element, in Chapter 8 for the linear-strain trian-
gular element, in Chapter 9 for the axisymmetric element, in Chapter 10 for the
three-noded bar element and the rectangular plane element, in Chapter 11 for the
three-dimensional stress element, in Chapter 12 for the plate bending element, and
in Chapter 13 for the heat transfer problem. More information is also provided in
References [1-3).

1. Common approximation functions are usually polynomials such as the
simplest one that gives the linear variation of displacement given by
Eg. (3.1.1) or equivalently by Eq. (3.1.3), where the function is
expressed in terms of the shape functions.

2. The approximation function should be continuous within the bar
element. The simple linear function for i of Eq. (3.1.1) certainly is
continuous within the element. Therefore, the linear function yields
continuous valies of # within the element and prevents openings,
overlaps, and jumps because of the continuous and smooth variation
in-2 (Figure 3-5).

3. The approximating function should provide interelement continnity

- for all degrees of freedom at each.node for discrete line elements and
along common boundary lines and surfaces for two- and three-
dimensional elements. For the bar element, we must ensure that nodes
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dix—d 5
- P 20 S —dn. g
- . u = —————— X + d 3y
,;m;’.z:.[ﬂx_;wu / L
4@
a ©) C .
1 L 2 L 3

Figure 3-5 Interelement continuity of a two-bar structure

common to two or more elements remain common to these elements
upon deformation and thus prevent overlaps or voids between
elements. For example, consider the two-bar structure shown in
Figure 3-5. For the two-bar structure, the linear function for # [Eq.
(3.1.2)] within each element will ensure that elements 1 and 2 remain
connected; the displacernent at node 2 for element 1 will equal
the displacement at the same node 2 for element 2; that is, dg) = dg).
This rule was also illustrated by Eq. (2.3.3). The linear function is then
called a conforming, or compatible, function for the bar element
because it ensures the satisfaction both of continuity between adjacent:
elements and of continuity within the element.

In general, the symbol C™ is used to describe the continuity of a
piecewise field (such as axial displacement), where the superscript m
indicates the degree of derivative that is interelement continuous. A
ficld is then C° continuous if the function itself is interelement
continuous. For instance, for the field variable being the axial
displacement illustrated in Figure 3-5, the displacement is continuous
across the common node 2. Hence the displacement field is said to be
C? continuous. Bar elements, plane elements (see Chapter 7), and
solid elements (Chapter 11) are C° elements in that they enforce
displacement continuity across the common boundaries.

If the function has both its field variable and its first derivative
continuous across the common boundary, then the field variable is
said to be C! continuous. We will later see that the beam and plate
elements are C! continuous. That is, they enforce both displacement
and slope continuity across common boundaries.

4. The approximation function should allow for rigid-body displacement

" and for a state of constant strajn within the element. The one-
dimensional displacement function [Eq. (3.1.1)] satisfies these criteria
because the g; term allows for rigid-body motion (constant motion of
the body without straining) and the 2,% term allows for constant
strain because g, = dii/d% = a is a constant. (This state of constant
strain in the element can, in fact, occur if elements are chosen small
enough.) The simple polynomial Eq. (3.1.1) satisfying this fourth
guideline is then said to be complete for the bar element.
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g Exact solution 1
g Number of elements
(o}
a
2
=)
Convergence to
exact solution

Figure 3-6 Convergence to the exact solution for displacement as the number
of elements of a finite element solution is increased

This idea of completeness also means in general that the lower-
order term cannot be omitted in favor of the higher-order term. For
the simple Jinear function, this means ¢; cannot be omitted while
keeping a,%. Completeness of a function is a necessary condition for
convergence to the exact answer, for instance, for displacements and
stresses (Figure 3-6) (see Reference {3]). Figure 3-6 illustrates

- monotonic convergence toward an exact solution for displacement as
" the number of elements in a finite element solution is increased.
Monotonic convergence is then the process in which successive
approximation solutions (finite element solutions) approach the exact
solution consistently without changing sign or direction.

The idea that the interpolation (approximation) function must allow for a rigid-
body displacement means that the function must be capable of yielding a constant
value (say, a;), because such a value can, in fact, occur. Therefore, we must consider
the case

R

-a ' (32.1)

For i = a; requires nodal displacements dy, = da, to obtain a rigid-body displace-
ment. Therefore

ay = diy = day (3.2.2)
Using Eq. (3.2.2) in Eq. (3.1.3), we have
#t = Nydyx + Nadsy = (N + Ny (3.2.3)
From Egs. (3.2.1) and (3.2.3), we then have
i=a =Ny + M)y (3.2.4)
Therefore, by Eq. (3.2.4), we obtain
Ni+N =1 (3.2.5)

Thus Eq. (3.2.5) shows that the displacement interpolation functions must add to
unity at every point within the element so that £ will yield a constant vahie when a
rigid-body displacement occurs.
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A 3.3 Transformation of Vectors A
in Two Dimensions

In many problems it is convenient to introduce both local and global (or referencejc
coordinates. Local coordinates are always chosen to represent the individual element
conveniently. Global coordinates are chosen to be convenient for the whole structure.

Given the nodal displacement of an element, represented by the vector d in
Figure 3-7, we want to relate the components of this vector in one coordinate system
to components in another. For general purposes, we will assume in this section that d
is not coincident with either the local or the global axis. In this case, we want to re-
late global displacement components to {ocal ones. In so doing, we will develop a
transformation matrix that will subsequently be used to develop the global stiffness
matrix for 2 bar element. We define the angle 6 to be positive when measured coun-
terclockwise from x to X. We can express vector displacement d in both global and
focal coordinates by

d=di+dj=di+dj (33.1)

where i and j are unit vectors in the x and y global directions and i and j are unit vec-
tors in the % and J local directions. We will now relate i and j to i and j through use of
Figure 3-8.

y

e
D

i

Figure 3-7 General displacement vector d

ES

Sy

_EA
AWV > x

Figure 3-8 Relationship between local and global unit vectors
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Using Figure 3-8 and vector addition, we obtain

a+b=i (3.32)
Also, from the law of cosines,
ta] = lijcos @ (333)
and because i is, by definition, a unit vector, its magnitude is given by
i =1 (3.3.4)
Therefore, we obtain lal = 1coséd (3.3.5)
Similarly, ‘ {b| = 1siné (3.3.6)
Now a is in the i direction and b is in the —j direction. Therefore,
a = Jaji = (cosO)i _ (33.7)
and b= [b|(-}) = (sin8)(-}) (338)
Using Egs. (3.3.7) and (3.3.8) in Eq. (3.3.2) yields
i=coséi — sinff (3.3.9)
Similarly, from Figure 3-8, we obtain
2’ + b =j (3.3.10)
a’ =cosfj (33.11)
b =sinb (3.3.12)
Using Egs. (3.3.11) and (3.3.12) in Eq. (3.3.10), we have .
j=sinéi+cosb (3.3.13)
Now, using Egs. (3.3.9) and (3.3.13) in Eq. (3.3.1), we have
de(cos@i —sin6f) + d,(sinfi + cosBi) =di +d,j - (3.3.14)

Combining like coefficients of i and j in Eq. (3.3.14), we obtain

d. cos6 + d, sinf = dy -
. (3-3.15)
and : —d,sin8 +dycosf =4,
In matrix form, Egs. (3.3.15) are written as
il_[C S { a‘xj[ ‘
{2’7} =|_s C} 4, (3.3.16)

where C = cosf and S =sin6. .
Equation (3.3.16) relates the global displacement d 1o the local displacement 4.

The matrix
(S
[ _s C} (33.17
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L3

Figure 3-9 Relationship between local and global displacements

is called the transformation (or rotation) matrix. For an additional description of this
matrix, see Appendix A. It will be used in Section 3.4 to develop the global stiffness
matrix for an arbitrarily oriented bar element and to transform global nodal displace-
ments and forces to local ones. .
Now, for the case of d, = 0, we have, from Eq. (3.3.1),
did + dyj = did (3.3.18)

Figure 3-9 shows d, expressed in terms of global x and y components. Using trigo-
nometry and Figure 3-9, we then obtain the magnitude of d, as

dy = Cd; + Sd, (3.3.19)
Equation (3.3.19) is equivalent to'equation I of Eq. (3.3.16).

Example 3.2

The global nodal displacements at node 2 have been determined to be dyy = 0.1 in.
and dyy = 0.2 in. for the bar element shown in Figure 3-10. Determine the local £ dis-
placement at node 2. '

y £

Figure 3-10 Bar element

Using Eq. (3.3.19), we obtain
dyy = (c0860°)(0.1) + (sin 60°)(0.2) = 0.223 in. n
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A 3.4 Global Stiffness Matrix A

‘We will now use the transformation relationship Eq. (3.3.16) to obtain the global stiff-
ness matrix for a bar element. We need the global stiffiess matrix of each element to
assemble the total global stiffness matrix of the structure. We have shown in Eq.
{3.1.13) that for a bar element in the local coordinate system,

Al _AET 1 -17] &, '
(- o)
or f=kd (3.4.2)

We now want to relate the global element nodal forces f to the global nodal displace-
ments 4 for 2 bar element arbitrarily oriented with respect to the global axes as was
shown in Figure 3-2. This relationship will yield the global stiffness matrix k of the el-
ement. That is, we want to find 2 matrix k such that

f’lx dlx

fI y d} y
=k 343
S S (343)

f2y dZy

or, in simplified matrix form, Eq. (3.4.3) becomes
S =kd (3.44)

We observe from Eq. (3.4.3) that a total of four components of force and four of dis-
placement arise when global coordinates are used. However, a total of two compo-
nents of force and two of displacement appear for the local-coordinate representation
of a spring or a bar, as shown by Eq. (3.4.1). By using relationships between local
and global force components and between local and global displacement components,
we will be able to obtain the global stiffness matrix. We know from transformation re-
lationship Eq. (3.3.15) that

a, = dh, cosd + dyy sin 8

. . (3.4.5)
dyy = dyx c08 0 + dyy 5in 6
In matrix form, Eqs. (3.4.5) can be written as
dlx
dix C S 0 0])dy
" = 4.
{d:,_x} [0 0 C 5] (3:46)
dyy
or as d=1"d (34.7)
cC S 090
where L
T = [0 s S} (3.4.8)
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Similarly, because forces transform in the same manner as displacements, we have

Six
{;;} [g ﬁ g 2] J{Z (3.4.9)
fo
Using Eq. (3.4.8), we can write Eq. (3.4.9) as
=7y (3.4.10)
Now, substituting Eq. (3.4.7) into Eq. (3.4.2), we obtain
f = ka‘é (34.11)

and using Eq. (3.4.10) in Eq. (3.4.11) yi

N
~
{
1=
|"~3
Ty

(34.12)

However, to write the final expression relating global nodal forces to global nodal dis-
placements for an element, we must invert 7™ in Eq. (3.4.12). This is not immediately
possible because T is not a square matrix. Therefore, we must expand 4, f, and k
to the order that is consistent with the use of global coordinates even though f;,, and
f2 are zero. Using Eq. (3.3.16) for each nodal displacement; we thus obtain

iy C 5 0 0](dn
day,| _|-S ¢ 0 0]|]a,
| | 0 0 C S|]dx (3:4.13)
& 0 0 -8 C]ldy
or d=Td (34.19)
cC s 00
- -§ C 0 0
where =
T 60 C s (3.4.15)
0 0 -8 C
Similarly, we can write
f=1 (3.4.16)

because forces are like displacements—both are vectors, Also, _fg must be expanded to
a 4 x 4 matrix. Therefore, Eq. (3.4.1) in expanded form becomes

S T 10 -1 0](d,

Myl _4E| 00 0 0|]a, (34.17)
Hhcl Li-1 0 1 0)]a, o
7 00 00f|a,
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In Eq. (3.4.17), because f, y and fzy are zero, rows of zeros corresponding to the row
numbers £y, and f,, appear in k. Now, using Eqgs. (3.4.14) and (3.4.16) in Eq. (3.4.2),
we obtain

If=kId - (34.18)

Equation (3.4.18) is Eq. (3.4.12) expanded. Premultiplying both sides of Eq. (3.4.18)
by I!, we have

f=T"k1d (3.4.19)

where T is the inverse of T. However, it can be shown (see Problem 3.28) that
7l'=77 (3.4.20)

where T7 is the transpose of T. The property of square matrices such as T given
by Eq. (3.4.20) defines T to be an orthogonal matrix. For more about orthogonal ma-
trices, see Appendix A. The transformation matrix T between rectangular coordinate
frames is orthogonal. This property of T is used throughout this text. Substituting
Eq. (3.4.20) into Eq. (3.4.19), we obtain

f=T"krd (3.4.21)

Equating Egs. (3.4.4) and (3.4.21), we obtain the global stiffness matrix for an element
. as

k=TTkT (3.4.22)

Substituting Eq. (3.4.15) for T and the expanded form of k given in Eq. (3.4.17) into
Eq. (3.4.22), we obtain k given in explicit form by

¢t s -C* -cs

AE §? -CS -S?
k=42 2 os (34.23)
Symmetry 52

Now, because the trial displacement function Eq. (3.1.1) was assumed piecewise-
continuous element by element, the stiffness matrix for each element can be summed
by using the direct stiffness method to obtain

., ‘
S kO=k , (3.4.24)
e=1

where X is the total stiffness matrix and NV is the total number of elements. Similarly,
each element global nodal force matrix can be summed such that

i f(ﬂ =F (3.4.25)
e=1

X now relates the global nodal forces F.to the global nodal displacements 4 for the
whole structure by '

F=kKd (3.4.26)
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Example 3.3

For the bar element shown in Figure 3-11, evaluate the global stiffness matrix with
respect to the x-y coordinate system. Let the bar’s cross-sectional area equal 2 in.2,
length equal 60 in., and modulus of elasticity equal 30 x 10¢ psi. The angle the bar
makes with the x axis is 30°,

Figuré 3-11 Bar element for stiffness matrix
evaluation

To evaluate the global stiffness matrix k for a bar, we use Eq. (3.:1.23) with angle
8 defined to be positive when measured counterclockwise from x to %. Therefore,

f = 30° C=cos30°==i2§- S:sinSO“:%

[3 V3 =3 V3]
2 4 4 T3
1 -v3 -1
& - v -
ACELI) I R | B4
3|
4 4
1
L Symmetry 4 |
Simplifying Eq. (3.4.27), we have
075 0433 -0.75 -0433
k=10 025 —0433 -025 |1b (3.4.28)

= 0.75 0433 ]in.
Symumetry 025 ]
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& 3.5 Computation of Stress for a Bar ' A
in the x-y Plane

We will now consider the determination of the stress in a bar element. For 2 bar, the
local forces are related to the local dnsplacements by Eq. (3 1.13) or Eq. (3.4.17).
This equation is repeated here for convenience.

fl ) e

The usual definition of axial tensile stress is axial force divided by cross-sectional area.
Therefore, axial stress is

e
o= (3.5.2)
where f;, is used because it is the axial force that pulls on the bar as shown in
Figure 3-12. By Eq. (3.5.1),
. AE dix <
=—[-1 1 3.53
N fo I ( ]{ d2x} ( )
Therefore, combining Egs. (3.5.2) and (3.5.3) yields
E .
g=7 [-1 14 (3.54)
Now, using Eq. (3.4.7), we obtain
=21 114 (35.5)
Equation (3.5.5) can be expressed in simpler form as
_ =C'd (3.5.6)
where, when we use Eq. (3.4.8),
,_E cC § 00
C ..L{ 11 00 C S (3.5.7)

A

i
e

Figure 3-12 Basic bar element with positive nodal forces
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After multiplying the matrices in Eq. (3.5.7), we have
, E
C'==-C -8 C S] (3.5.8)

=~L

Example 3.4

For the bar shown in Figure 3-13, determine the axial stress, Let 4 =4 x 104 m?,
E =210 GPa, and L = 2 m, and let the angle between x and X be 60°. Assume the
global displacements have been previously determined to be 4y, = 0.25 mm, dj, =
0.0, do = 0.50 mm, and dj, = 0.75 ram.

2

Figure 3-13 Bar element for stress evaluation

We can use Eq. (3.5.6) to evaluate the axial stress. Therefore, we first calculate
C' from Eq. (3.5.8) as

,_210x 105kN/m* [-1 —v3 1 V3
¢= 2m 2 2 2 2 (359)
where we have used C = cos60° = L and § = sin60° = v/3/2 in Eq. (3,5.9). Nowd is_
given by
dix 025x10%m ‘
dly 0.0
= = .5.10
4 dy 0.50 % 10~*m (3.5.10)
dyy 0.75x 1073 m
Using Eqgs. (3.5.9) and (3.5.10) in Eq. (3.5.6), we obtain the bar axial stress as
0.25
210108 |-1 —v3 1 V3|00 3
=T {T 23 2 |Joso <"

0.75
= 81.32 x 10° kN/m? = 81.32 MPa (3
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2,
&

3.6 Solution of a Plane Truss : A

We will now illustrate the use of equations developed in Sections 3.4 and 3.5, along
with the direct stiffness method of assembling the total stiffness matrix and equations,
to solve the following plane truss example problems. 4 plane truss is a structure com-
posed of bar elements that all lie in a common plane and are connected by frictionless
pins. The plane truss also must have loads acting only in the common plane and all
loads must be applied at the nodes or joints.

Example 3.5

For the plane truss composed of the three elements shown in Figure 3~14 subjected to
a downward force of 10,000 Ib applied at node 1, determine the x and y displacements
at node 1 and the stresses in each element. Let E = 30 x 10® psi and 4 = 2 in.? for all
elements. The lengths of the elements are shown in the figure.

|

10,0015 Y

10 ft
!

. Figure 3-14 Plane truss

First, we determine the global stiffness matrices for each element by uvsing
Eq. (3.4.23). This requires determination of the angle § between the global x axis
and the local % axis for each element. In this example, the direction of the % axis
for each element is taken in the direction from node 1 10 the other node. The node
numbering is arbitrary for each element. However, once the direction is chosen, the
angle @ is then established as positive when measured counterclockwise from positive
x to %. For element I, the local # axis is directed from node 1 to node 2; therefore,
81 = 90°. For clement 2, the local x axis is directed from node 1 to node 3 and
6 = 45°. For element 3, the local % axis is directed from node 1 to node 4 and
6 = 0°. It is convenient to construct Table 3-1 to aid in determining each element
stiffness matrix.

There are a total of eight nodal components of displacement, or degrees of free-
dom, for the truss before boundary constraints are imposed. Thus the order of the
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Table 3-1 Data for the truss of Figure 3-14

Flement I C S c? s? cs
1 90° 0 1 0 1 0
I S S
0° 1 4] 1 0 0

total stiffness matrix must be 8 x 8. We could then expand the % matrix for each ele-
ment to the order 8 x 8 by adding rows and columns of zeros as explained in the first
part of Section 2.4, Alternatively, we could label the rows and columns of each element
stiffness matrix according to the displacement components associated with it as
explained in the latter part of Section 2.4. Using this latter approach, we construct
the total stiffness matrix X simply by adding terms from the individual element stiff-
ness matrices into their corresponding locations in X. This approach will be used here
and thronghout this text. -

For element 1, using Eq. (3.4.23), along with Table 3~1 for the direction cosines,
we obtain

Ay dy d dyy

0 0 0 0
%1092 0 1 0 -l
ay = B0x 109(2) 6.
K 120 0 0 O 0 (3.6.1)
0 -1 0 1y
Similarly, for element 2, we have
dix d)y d3x d3y
05 05 -05 -05
6 -
@ _(30x109(2) | 05 05 -05 05
k 120xv2 |-05 —05 05 05 (3.6.2)
-05 —-05 05 05
and for element 3, we have
dlx dly d4x d4y
1 6 -1 0
30%x105(2)| 0 © 0 0
B - 30X 109(2) 363
k 0 |-1 0 1 0 (363)
0 0 0 o

The common factor of 30 x 106 x 2/120 (= 500,000) can be taken from each of Egs.
(3.6.1)—(3.6.3). After adding terms from the individual element stiffness matrices into
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their corresponding locations in X, we obtain the total stiffness matrix as

K = (500,000)

dix dy de dyy

T 1354 0356 0 0
0354 1354 0 -!
0 0 0 0
o -1 o 1
—0354 -0354 0
0354 —-03% 0 0
-1 0 0 0
) 0 0 0

d3x

-0.354
—-0.354

0
0

0.354
0.354

0
0

d,
~0.354
~0.354
0
0
0.354
0.354
0
0

d4): d4y

-1
0

(= = o R R

07

0

[ o Y e AE e A o B e 4

(3.64)

The global X matrix, Eq. (3.6.4), relates the global forces to the global displacements.
We thus write the total structure stiffness equations, accounting for the applied force
at node 1 and the boundary constraints at nodes 2-4 as follows:

0 [ 1354 0.354
~10,000 0354 1354
Fox 0 0
F2y 0 -1
1 B, [T OO0 535 o354
By, —‘(l).354 —3.354
Fax -
X Fi 4y L 0 0
dlx A
dy
dye =0
dy =0
*Y 4. =0
dy, =0
day =0
\ d4y =0

[~ =R B e « B~ 2N -~ I«

0
-1

OO0 o0 —= O

—0.354
-0.354
0
0
0.354
0.354
0
]

—0.354
—0.354

0
0

0.354
0.354

0
0

(o=~ = I = A - =]

(3.6.5)

‘We could now use the partitioning scheme described in the first part of Section 2.5
to obtain the equations used to determine unknown displacements di, and d;,—that
is, partition the first two equations from the third through the eighth in Eq. (3.6.5).
Alternatively, we could eliminate rows and columns in the total stiffness matrix corre-
sponding to zero displacements as previously described in the latter part of Section
2.5. Here we will use the latter approach; that is, we eliminate rows and column 3-8
in Eq. (3.6.5) because those rows and columns correspond to zero displacements.
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{Remember, this direct approach must be modified for nonhomogeneous boundary
conditions as was indicated in Section 2.5.} We then obtain

0 _ 1354 0.354] [ dis
{40,000}”(500’000)[0.354 L354Hd,y} (3.66)

Equation (3.6.6) can now be solved for the displacements by multiplying both sides of
the matrix equation by the inverse of the 2 x 2 stiffness matrix or by solving the
two equations simultaneously. Using either procedure for solution yields the
displacements T

die=0414 x 1072 in.  dyy=-1.59 x 107% in.

The minus sign in the d;, result indicates that the displacement component in the
y direction at node 1 is in the direction opposite that of the positive y direction
based on the assumed global coordinates, that is, a downward displacement occurs
atnode 1.

Using Eq. (3.5.6) and Table 3-1, we determine the stresses in each clement as
follows:

. di, =0.414 % 10™2
30 x 108 dyy = —1.59 x 102
() — _ 1y
P 5 o -1 0 & =0

= 3965 psi

dix = 0414 x 1072
s 2 30X10° | ~v3 —V3 V2 V2||diy=-159x107
2

1202 | 2 2 2 dy, =0
dy=0
= 1471 psi
dyy = 0.414 x 102
30 x 108 diy = —1.59 x 102 .
6) = — : Y =
P 0 -1 0 1 0 om0 1035 psi
d4y=

We now verify our results by examining force equilibrium at node 1; that is, summing

forces in the globai x and y directions, we obtain

Y F=0 (1471psi)(2 mz)-‘é—i — (1035 psi)(2 in%) = 0

SR =0 (3965 psi)(2 in?) + (1471 psi)(2 inﬁ)-‘;? -10,000=0 ®B
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Example 3.6

For the two-bar truss shown in Figure 3-15, determine the displacement in the y
direction of node 1 and the axial force in each element. A force of P = 1000 kN is ap-
plied at node 1 in the positive y direction while node 1 settles an amount & = 50 mm
in the negative x direction. Let £ = 210 GPa and 4 = 6.00 x 10~* m? for each ele-
ment. The lengths of the elements are shown in the figure.

i 3 P = 1000 kN
é§ t® =50 mm

}

|

* 4m

Figure 3-15 Two-bar truss

We begin by using Eq. (3.4.23) to determine each element stiffness matrix.

Element 1
costW =3—060  sino® =2-080
5 5
036 048 -0.36 -048
~4 02 6 2 _ _
= (60X 1074 m?)(210 x 108KN/m?) 064 —0.48 —0.64 (367)
5m \ 036 048
Symmetry 0.64
Simplifying Eq. (3.6.7), we obtain
d!x dly de - dZy
1036 048 -0.36 -~0.48
D = (25,200) 064 —048 —0.64 (3.68)
036 048
Symmetry 0.64

Element 2
c0s6? =00 sing? =10
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000 0
ka)z(&oxio-‘i(zwxmﬁ) 1 g -(1) (369)
Symmetry 1
di diy dax dy
0 0 0 0
k2 = (25,200) 125 g —3‘25 (3.6.10)

Symmetry 1.25

where, for computational simplicity, Eq. (3.6.10) is written with the same factor
(25,200) in front of the matrix as Eq. (3.6.8). Superimposing the element stiffness ma-
trices, Eqs. (3.6.8) and (3.6.10), we obtain the global X matrix and relate the global
forces to global displacerents by

Fix 0.36 048 —036 —048 0 O iy

Fyy 189 —048 -~084 0 —1.25| |4y,

E 036 048 0 O d

Fz; = (25,200) 0gt 0 o dj" (3.6.11)
- y

FBx 0 0 d’sx

By Symmetry 125 | dy

We can again partition equations with known displacements and then simultaneously
solve those associated with unknown displacements. To do this partitioning, we con-
sider the boundary conditions given by

de=06 dn=0 dy=0 dyu=0 =0 (3.6.12)

Therefore, using Egs. (3.6.12), we partition equation 2 from equations 1, 3,4, 5, and 6
of Eq. (3.6.11) and are left with

P = 25,200(0.485 + 1.89d,) (3.6.13)

where Fi, = P and dy, = & were substituted into Eq. (3.6.13). Expressing Eq. (3.6.13)
in terms of P and § allows these two influences on d), to be clearly separated. Solving
Eq. (3.6.13) for d,,, we have

- dyy, = 0.000021P — 0.2545 (3.6.14)

Now, substituting the numerical va}pés P = 1000 kN and 6 = —~0.05 m into Eq.
(3.6.14), we obtain

dyy =0.0337 m (3.6.15)

where the positive value indicates horizontal displacement to the left.
The local element forces are obtained by using Eq. (3.4.11). We then have the
following.
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Element 1 ,
) ) dyy = —0.05
fist - 1 -17[0.60 080 -0 0 di, = 0.0337
{ e @200 110 0 060 080])di=0 (3616
dyy =0
Performing the matrix triple product in Eq. (3.6.16) yields
fie=-T66kN £, =T66kN (3.6.17)
Element 2
R . dy, = —0.05
A [ 1 -17f0 1 0 0]] 4y, =0.0337
2F = (31,500 y .6.1
{_&x ( ) -1 1][0 0 0 1]]du=0 (3.6.18)
dy =90
Performing the matrix triple product in Eq. (3.6.18), we obtain
fix=106LXN  f;.=—1061 kN .. (3619
Vcnﬁcauon of the computations by checking that equilibrium is satxsﬁed atnode 1 is
left to your discretion. -}
Example 3.7

To illustrate how we can combine spring and bar elements in one structure, we now
solve the two-bar truss supported by a spring shown in Figure 3~16. Both bars have
E =210 GPa and A = 5.0 x 10~*m?. Bar one has a length of 5 m and bar two a
length of 10 m. The spring stiffness is k = 2000 kN/m. :

2 Z5kN

3 ®@ 45°
1
10m

Figure 3-16 Two-bar truss with spring support

We begin by using Eq. (3.4.23) to determine each element stiffness matrix.
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Element 1
o =135°,  costV =-v2/2, sinéV =v2/2
05 -85 -05 035
4102 6 2
Ly _ (30X 107 m?)(210 x 10°kN/m?) | 0.5 05 05 —0.5
k Sm -05 05 05 -035 (3.6.20)
) 05 -05 -05 05
Simplifying Eq. (3.6.20), we obtain
I -1 -1 1
- 1 I |
. 5
K =t0sx10°0 "0 T (3.6.21)
1 -1 - 1
Element 2
89 =180°, cos6@=-10, sinf®=0
1 0 -1 0
. 6 2
k 10m -1 ¢ 1 0 (36.22)
0 0 0 O
Simplifying Eq. (3.6.22), we obtain
1 0 -1 0
0O 0 0 0
() S (3.6,
kP =105x10°) (3.6.23)
0 0 0 O

Element 3 7
0 =270°,  cos6¥ =0, sin6P=10

Using Eq. (3.4.23) but replacing AE/L with the spring constant k, we obtain the stiff-
ness matrix of the spring as

0 0 0 0
0 1 0 -1
3) =
£ =20 x 10° o 0 0 0 (3.6.24)
0 -1 0 1

Applying the bohndary conditions, we have
oy = doy =ty = dyy = day = day = 0 (3.6.25)
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Using the boundary conditions in Eq. (3.6.25), the reduced assembled global equa-
tions are given by:
Fix=0 _ 210 -105|{ dix
{ Fi = ~25kN } =10 [~105 125] { diy } (3.6.26)
Solving Eq. (3.6.26) for the global displacements, we obtain
die=-1724x10"m  d,=-3448x10%m (3.6.27)
We can obtain the stresses in the bar elements by using Eq. (3.5.6) as
, -1.724 x 1073
2 _ -3
ot L HOXNOMN/mE 00y 0207 —o.707 0707y ~3448x10
Sm 0
0
Simplifying, we obtain
o = 51.2MPa(T)
Similarly, we obtain the stress in element two as
5 5 —1.724 x 1073
— -3
el =w[m 0 -1.0 0] 3.448 x 10
10m " 0
0
Simplifying, we obtain
6? = ~36.2MPa (C) ]
A 3.7 Transformation Matrix and Stiffness Matrix A

for a Bar in Three-Dimensional Space

We will now derive the transformation matrix necessary to obtain the general stiffness
matrix of a bar element arbitrarily oriented in three-dimensional space as shown in
Figure 3-17. Let the coordinates of node 1 be taken as x;, y,, and z, and let those
of node 2 be taken as x3, y,, and z;. Also, let 65, 6,, and 8, be the angles measured
from the global x, y, and z axes, respectively, to the local % axis. Here % is directed
along the element from node 1 to node 2. We must now determine T~ such that
d = T"d. We begin the derivation of T by considering the vector d = d expressed
in three dimensions as

di+dj+dik = dii+ dyj + dk (3.7.1)

where i, j, and k are unit vectors associated with the local £, 7,and £ axes, respectively,
and i, j, and k are unit vectors associated with the global x, y, and z axes. Taking the
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z 3

Figure 3-17 Bar in three-dimensicnal space

dot product of Eq. (3.7.1) with i, we have
Ao+ 0+0=2(-)+d-j)+dd-k
and, by definition of the dot product,

s . X2 Xy
jei= 2 =C,
;.':yzz;},]zcy
Spo2Tn
)-k—-—-—--—L C.
where L=[x—x)* + (= 1) + (22 = 1) Y*
and Cy = cos by C, = cosb, C. = ¢c0s 6.

A 93

(3.7.2)

(3.7.3)

(3.74)

Here C,, Cy, and C; are the projections of ion ij, and k, respevctive.ly. Therefore,

using Egs. (3.7.3) in Eg. (3.7.2), we have
di = Cude + Cydy + Ced:

(3.7.5)

For a vector in space directed along the ¥ axis, Eq. (3.7.5) gives the components of
that vector in the global x, p, and z directions. Now, using Eq. (3.7.5), we can write

_é' = T"d in explicit forin as

el _[G & G 0 0 0]])d.
e[ LD 0 0 C C Clld

(3.76)
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where T =

[c,, G G 0 0 oJ 327

0 06 0 G G C

is the transformation matrix, which enables the local displacement matrix d to be
expressed in terms of displacement components in the global coordinate system.

We showed in Section 3.4 that the global stiffness matrix (the stiffness matrix for
a bar element referred to global axes) is given in general by k = 77 k7. This equation
will now be used to express the general form of the stiffness matrix of a bar arbitrarily
oriented in space. In general, we must expand the transformation matrix in a manner
analogous to that done in expanding 7 to T in Section 3.4, However, the same result
will be obtained here by simply using 7, defined by Eq. (3.7.7), in place of T Then k
is obtained by using the equation k = (') TkT* as follows:

0
0 .
0|4ET 1 -11[C G, C. 0 0 ©
cx'—f[-—l 1”0 0 0 C G C
C)
C:

I
]
ceoo NN

Simplifying Eq. (3.7.8), we obtain the explicit form of k as

C2 GGy GC, —C?
¢ ¢ -GC, -C?

P ¢ -GG, -CC, -C?
L 2 GG GG
c? G,C.
Symmetry c?

-GG —CeC,

-G,C;
(3.7.9)

'You should verify Eq. (3.7.9). First, expand T to a 6 x 6 square matrix in 2 manner
similar to that done in Section 3.4 for the two-dimensional case. Then expand & to a
6 x 6 matrix by adding appropriate rows and columns of zeros (for the d, terms) to
Eq. (3.4.17). Finally, perform the matrix triple product k = I’ TkT (see Problem 3.44).

Equation (3.7.9) is the basic form of the stiffness matrix for a bar element arbi-
trarily oriented in three-dimensional space. We will now analyze a simple space truss
to lustrate the concepts developed in this section. We will show that the direct stiff-
ness method provides a simple procedure for solving space truss problems.

Example 3.8 ‘

Analyze the space truss shown in Figure 3-18. The truss is composed of four nodes,
whose coordinates (in inches) are shown in the figure, and three elements, whose cross-
sectional areas are given in the figure. The modulus of elasticity £ = 1.2 x 10% psi for
all elements. A load of 1000 Ib is applied at node 1 in the negative z direction. Nodes
2-4 are supported by ball-and-socket joints and thus constrained from movement in
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A® = 0,302 in?
A® = 0.729 in?
AP = 0.187 in?

Roller preventing
/ y displacement

(72, 0.0

/

©, 0, —48)2:

Figure 3—-18 Space truss

A 95

the x, y, and z directions. Node 1 is constrained from movement in the y direction by

the roller shown in Figure 3-18.

Using Eg. (3.7.9), we will now determine the stiffness matrices of the three ele-
ments in Figure 3-18. To simplify the numerical calculations, we first express k for

each element, given by Eq. (3.7.9), in the form

-
ksAE[‘A_:__%

L[-ii2
where 1 is a 3 x 3 submatrix defined by
- Cr GG GG
i=[GC C GC

C.C: CC (2

Therefore, determining 4 will sufficiently describe k.

Element 3
The direction cosines of element 3 are given, in general, by

=N i~z
G= J26) G= 3

X4 — Xy
JiE)

Cy=

(3.7.10)

(3.7.11)

(3.7.12)
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where the notation x;, y,, and z; is used to denote the coordinates of each node, and
L@ denotes the element length. From the coordinate information given in Figure
3-18, we obtain the length and the direction cosines as

L® = [(~72.0)* +(~48.0)*]"? = 86.5 in.
‘_72.0 “"48-0
c=ges =083 G=0  C=Tr=-0550  (3713)
Using the results of Egs. (3.7.13) in Eq. (3.7.11) yields

069 0 046
i=lo o0 0 (3.7.14)
046 0 030

and, from Eq. (3.7.10),
d!xdlydlz d‘vx&ydlz

po 2 (018N02x 1097 4 4 =d (3.1.15)
= 865 o B

Element 1
Similarly, for element 1, we obtain
LM =80.5 in.
C:=-089 (=045 C,=0

0.79 -040 0
A=|-040 020 0
0 0 0
dizdyydy,  doxdryds,
(0.302)(1.2 x 10%) ) | ‘

and KD = 5y — [_-:1__.5--_-3-_} (3.7.16)
Element 2
Finally, for element 2, we obtain

L@ =108 in.

Ce=-0667 C,=033 C,=0667

045 -0.22 —0.45
A=1-022 011 022
-045 022 045
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d lxdl ydl: d3xd3yd3:

6\ )
and @ O 2x1009 1 2 4 -d
K o S (3.2.17)

Using the zero-displacement boundary conditions dyy = 0,ds, = dyy = dy; = 0,d3; =
dy, = dy, =0, and dyy = dyy = di: = 0, we can cancel the corresponding rows and
columns of each element stiffness matrix. After canceling appropriate rows and col-
umns in Egs. (3.7.15)~(3.7.17) and then superimposing the resulting element stiffness
matrices, we have the total stiffness matrix for the truss as

d, 1x d!:

9000 —2450
[—2450 4450}

The global stiffness equations are then expressed by

0 ) [ 9000 -2450]f i
{-1000}‘[—2450 4450Hd,,} (3.7.19)

Solving Eq. (3.7.19) for the displacements, we obtain

dyy = ~0.072 in.
dy; = —-0.264 in.

(3.7.18)

(3.7.20)

where the minus signs in the displacements indicate these displacements to be in the
negative x and z directions.

We will now determine the stress in each element. The stresses are determined by
using Eq. (3.5.6) expanded to three dimensions. Thus, for an element with nodes 7 and
J, Eq. (3.5.6) expanded to three dimensions becomes

g:%[—cx -G -G ¢ G (¢ jz (3.7.21)

Derive Eg. (3.7.21) in 2 manner similar to that used to derive Eq. (3.5.6) (see Problem
3.45, for instance). For element 3, using Eqs. (3.7.13) for the direction cosines, along
with the proper length and modulus of elasticity, we obtain the stress as

0,072
0
6
g(3)="282 510 [0.83 0 0.55 —0.83 0 —0.55) ’3‘264 (31.22)
0

0
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Simplifying Eq. (3.7.22), we find that the result is
) = —2850 psi

where the negative sign in the answer indicates a compressive stress, The stresses in the
other elements can be determined in 2 manner similar to that used for element 3. For
brevity’s sake, we will not show the calculations but will merely list these stresses:

oV =-945psi o = 1440 psi |

Example 3.9

Analyze the space truss shown in Figure 3-19. The truss is composed of four nodes,
whose coordinates (in meters) are shown in the figure, and three elements, whose
cross-sectional areas are all 10 x 10~ m?2. The modulus of elasticity £ = 210 GPa
for all the elements. A load of 20 kN is applied at node 1 in the global x-direction.
Nodes 2-4 are pin supported and thus constrained from movement in the x, y, and z
directions. ‘

0,0,0)

(14,6,0)

(12, -3, -7)

Figure 3~19 Space truss

First calculate the element lengths using the distance formula and coordinates
given in Figure 3-19 as
IV = [(0- 121+ (0~ (-3)*+ 0~ (-4)")"" = 13m
LO = [(12- 12 + (3432 + (-7+ 4/ =3m

IO = [(14- 12 + (6 +3)2 + (0+ 412 = 10.05m

For convenience, set up a table of direction cosines, where the local X axis is taken
from node 1 to 2, from 1 to 3 and from I to 4 for elements 1, 2, and 3, respectively.
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Element Number Ce =" G =4z C=%
1 -12/13 3 413
2 0 0 -1
3 2/1005 9/10.05 4/10.05

Now set up a table of products of direction cosines as indicated by the definition of 4
defined by Eq. (3.7.11) as

Element Number 2 oNo¥ C:Cs c? GG, c?
1 0852  —0213  -028 0053 0071  0.095
2 0 0 0 0 0 1
3 0.040 0.178 0.079 0.802 0.356 0.158

Using Eq. (3.7.11), we express A for each element as

) . 0852 —0.213 —0.284 000
1”:{-0.213 0.053 0.071} 12 = [_0 0 o} 18 =

-0.284  0.071 .0.095 001

0.128 0802 0356
0.079 0.356 0.158
(3.7.23)

0.040 0.178 0‘071

The boundary conditions are given by
dy=dy=dp. =0, diy=dyy=ds;=0, dip=diy=di;=0 (3.7.24)

Using the stiffness matrix expressed in terms of 4 in the form of Egq. (3.7.10), we ob-
tain each stiffness matrix as

! _m [ RNTe)] 3) 10
(AT e AE| AT AT e AE | AT A7
= 13| ;00 3 = 10.05| 31 )0

(3.7.25)
Applying the boundary conditions and canceling appropriate rows and columns asso-
ciated with each zero displacement boundary condition in Egs. (3.7.25) and then
superimposing the resulting element stiffness matrices, we have the total stiffness ma-
trix for the truss as
69.519 1.327 -13.985
K=210x 10 [ 1.327 83.879 4()‘885] kN/m {(3.7.26)
—13.985 40.885 356.363

The global stiffness equations are then expressed by

20kN 69.519 1327 —13.9857 [ 4,
{ 0 } =210 x 10° { 1.327 83.879 40.885] {d;y } (3.7.27)

0 —~13985 40.885 356.363]) | 41
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Solving for the displacements, we obtain
dye =1.383x 103 m
diy=-5119x 107 m (3.7.28)
d); = 6.015x 10> m

We now determine the element stresses using Eq. (3.7.21) as

1383 x 1073
] -5.119 x 1073
-5
) = -2&1’;1—0-[ 1213 313 ~4/13 ~12/13 313 4p13)q SO0
0
0
(3.7.29)
Simplifying Eq. (3.7.29),- wé obtain upon converting to MPa units
() = 20,51 MPa ’ (3.7.30)
The stress in the other elements can be found in a similar manner as
o =421MPa o = -529MPa (3.7.31)
The negative sign in Eq. (3.7.31) indicates a compressive stress in elemeat 3. ]
A 3.8 Use of Symmetry in Structure A

Different types of symmetry may exist in 2 structure. These include reflective or mir-
ror, skew, axial, and cyclic. Here we introduce the most common type of symmetry,
reflective symmetry. Axial symmetry occurs when a solid of revolution is generated
by rotating a plane shape about an axis in the plane. These axisymmetric bodies are
common, and hence their analysis is considered in Chapter 9.

In many instances, we can use reflective symmetry to facilitate the solution
of a problem. Reflective symmetry means correspondence in size, shape, and position
of loads; material properties; and boundary conditions that are on opposile sides of a

"dividing line or plane. The use of symmetry allows us to consider a reduced problem
instead of the actual problem. Thus, the order of the total stiffness matrix and total
set of stiffness equations can be reduced. Longhand solution time i$ then reduced,
and computer solution time for large-scale problems is substantially decreased.
Example 3.10 will be used to illustrate reflective symmetry. Additional examples
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of the use of symmetry are presented in Chapter 4 for beams and in Chapter 7 for
plane problems.

Example 3.10

Solve the plane truss problem showri in Figure 3-20. The truss is composed of eight
elements and five nodes as shown. A vertical load of 2P is applied at node 4. Nodes
1 and 5 are pin supports. Bar elements 1, 2, 7, and 8 have axial stiffnesses of VZAE,
and bars 3—6 have axial stiffness of AE. Here again, 4 and E represent the cross-
sectional area and modulus of elasticity of 2 bar.

In this problem, we will use a plane of symmetry. The vertical plane perpendic-
ular to the plane truss passing through nodes 2, 4, and 3 is the plane of reflective sym-
metry because identical geometry, material, loading, and boundary conditions occur at
the corresponding locations on.opposite sides of this plane. For loads such as 2P,

" occwrring in the plane of symmetry, balf of the total load must be applied to the
reduced structure. For elements occurring in the plane of symmetry, half of the
cross-sectional area must be used in.the reduced structure. Furthermore, for nodes
in the plane of symmetry, the displacement components normal to the plane of sym-
metry must be set to zero in the reduced structure; that is, we set d, = 0,d5, = 0, and
dyy = 0. Figure 3-21 shows the reduced structure to be used to analyze the plahe truss
of Figure 3-20.

b £ e —f
2

2%-1_

e

NS
R

L
L d ® l
¥
Figure 3-20 Plane truss Figure 3-21 Truss of Figure 3-20
reduced by symmelry

We begin the solution of the problem by determining the angles & for each bar
element. For instance, for element 1, assuming % to be directed from node 1 to node 2,
we obtain 61 = 45°, Table 3-2 is used in determining each element stiffness matrix.

There are a total of eight nodal components of displacement for the truss before
boundary constraints are imposed. Therefore, X must be of order § x 8. For element 1,
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Table 3-2 Data for the truss of Figure 3-21

Element & c S c? s? CcS
1 45° V2/2 V22 1/2 1/2 1/2
2 315° V2/2 -V2/2 1/2 1/2 -1/2
3 0 1 0 1 0 0
4 90° 0 1 0 1 0
5 90° 0 1 0 1 0

using Eq. (3.4.23) along with Table 3-2 for the direction cosines, we obtain
dlx

LS
<
G
14
S

y
bbb
k“):‘vf_?—.A;E % % '% "“% (3.8.1)
O S *
1 1 1 1
I "z 7 12
Similarly, for elements 2-5, we obtain
dix dy din dy
bodbod
k{23=_\/§AE *E‘i % % “% (38.2)
STV AL L
o1 1 1
7 721 71 2
dlx dly a:t.i déy
F'10 -1 07
AE| 00 0 O
}_5(3)=T 10 10 (3.8.3)
L 00 00
d4x ddy d.?.x d2y
o 0 0 0]
AE |0 L o -1 .
=710 60 o (384)
[0 =40 3]
d3x d3y day d4y
Fo 0 0 0]
AE |0 L1 o -1
11,(5)=T 0 é 0 3 (3.8.5)
Lo 10 4
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where, in Egs. (3.8.1)—(3.8.5), the column labels indicate the degrees of freedom associ-
ated with each element. Also, because elements 4 and 5 lie in the plane of symmetry,
half of their original areas have been used in Egs. (3.8.4) and (3.8.5).

We will limit the solution to determining the displacement components. There-
fore, considering the boundary constraints that result in zero-displacement compo-
nents, we can immediately obtain the reduced set of equations by eliminating rows
and columns in each element stiffness matrix corresponding to a zero-displacement
component. That is, because dy, = 0 and dy, = 0 {owing to the pin support at node
1 in Figure 3-21) and dy, = 0,d3, = 0, and di, = 0 (owing to the symmetry condi-
tion), we can cancel rows and columns corresponding to these displacement compo-
nents in each element stiffness matrix before assembling the total stiffness matrix.
The resulting set of stiffness equations is

1 0 =1l [d 0
AE 2 a4
I 0 l] -1 dy 8 = { 0} (3.8.6)
44 la) L
On solving Eq. (3.8.6) for the displacements, we obtain
—-PL —PL .. —2PL
I (387)

The ideas presented regarding the use of symmetry should be used sparingly and
cautiously in problems of vibration and buckling. For instance, a structure such as a
simply supported beam has symmetry about its center but has antisymmetric vibration
modes as well as symmetric vibration modes. This will be shown in Chapter 16. If only
half the beam were modeled using reflective symmetry conditions, the support condi-
tions would permit only the symmetric vibration modes.

A 3.9 Inclined, or Skewed, Supports A

In the preceding sections, the supports were oriented such that the resulting boundary
conditions on the displacements were in the global directions.

x

y
‘\A‘L
2 3

4 Fa \Y

Figure 3422  Plane truss with inclined
boundary conditions at node 3
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However, if a support is inclined, or skewed, at an angle « from the global x axis, as
shown at node 3 in the plane truss of Figure 3-22, the resulting boundary conditions
on the displacements are not in the global x-y directions but are in the local x'-y'
directions. We will now describe two methods used to handle inclined supports.

In the first method, to account for inclined boundary conditions, we must per-
form a transformation of the global displacements at node 3 only into the local
nodal coordinate system x™y’, while keeping all other displacements in the x-y global
system. We can then enforce the zero-displacement boundary condition 4, in the
force/displacement equations and, finally, solve the equations in the usual manner.

The transformation used is analogous to that for transforming a vector from
local to global coordinates. For the plane truss, we use Eq. (3.3.16) applied to node

3 as follows:
{d%x}z [ c?sa sina]{d;x} ‘ (39.1)
3y —sina  cosa] | dy

Rewriting Eq. (3.9.1), we have

{43} = [6){as} (3.9.2)
where
cosa sino
(6] = [ dine cow]. (39.3)
‘We now write the transformation for the entire nodal displacement vector as
{d’} = [ni{d} (3:94)
or {d} =[] {<"} (3.9.5)
where the transformation matrix for the entire truss is the 6 x 6 matrix
o [
[I= [0 1] [0 (3.9.6)
o [0 [

Each submatrix in Eq. (3.9.6) (the identity ‘matrix {7}, the null matrix [0], and matrix
[t3] has the same 2 x 2 order, that order in general being equal to the number of
degrees of freedom at each node.

To obtain the desired displacement vector with global displacement components
at nodes 1 and 2 and local displacement components at node 3, we vse Eq. (3.9.5) to
obtain

dlx d!lx
dy dj
ol [mwoe ]y
by [ o 1 o 14 (3.9.7)
diy [0] {0] [’3] dBIx
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In Eq. (3.9.7), we observe that only the node 3 global components are transformed, as
indicated by the placement of the [1;]” matrix. We denote the square matrix in Eq.
(3.9.7) by [T1]7. In general, we place 2 2 x 2 1] matrix in [7}] wherever the transfor-
mation from global to local displacements is needed (where skewed supports exist).

Upon considering Egs. (3.9.5) and (3.9.6), we observe that only node 3 compo-
nents of {d} are really transformed to local (skewed} axes components. This transfor-
mation is indeed necessary whenever the local axes x'-y' fixity directions are known.

Furthermore, the global force vector can also be transformed by using the same
transformation as for {d'}:

= [0S (3.9.8)
In global coordinates, we then have
{/}=[Ki{a} (3.9.9)
Premultiplying Eq. (3.9.9) by [T1], we have
(TiH/} = [R]K){d} (3.9.10)
For the truss in Figure 322, the left side of Eq. (3.9.10) is
f ix flx
m oo o ||
o) [ o[ p=497 (39.11)
o o @ || |
Six Jix
Sy 5y
where the fact that local forces transform similarly to Eq. (3.9.2) as
{} = sl{f} (3.9.12)

has been used in Eq. (3.9.11). From Eq. (3.9.11), we see that only the node 3 compo-
nents of { f} have been transformed to the local axes components, as desired.

Using Eq. (3.9.5) in Eq. (3.9.10), we have

[M{f} = KT 7{d’} (3.9.13)
Using Eq. (3.9.11), we find that the form of Eq. (3.9.13) becomes

Fix dix

Fly dly

F?.x T d)_r
“ L = ki 9.

Fy [M[KIT] dy (3.9.14)
3’.‘! d33x

Fy, d,

as d{x =d|

lodiy = df,, do = d,, and dyy = dj, from Eq. (3.9.7). Equation (3.9.14) is

the desired form that allows all known global and inclined boundary conditions to
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be enforced. The global forces now result in the left side of Eq (3.9.14). To solve Eq.
(3.9.14), first perform the matrix triple product [T3][K}(T:]7. Then invoke the follow-
ing boundary conditions {for the truss in Figure 3-22):

diy=0 diy=0 dj,=0 (3.9.15)

Then substitute the known value of the applied force F», along with Fy, =0 and
F;, = 0into Eq. (3.9.14). Finally, partition the equations with known displacements—
here equations 1, 2, and 6 of Eq. (3.9.14)—and then simultaneously solve those asso-
ciated with the unknown displacements dby, 5y, and 4j...

After solving for the displacements, return to Eq (3 9. 14) to obtain the global
reactions Fy; and Fy, and the inclined roller reaction

Example 3.11

For the plane truss shown in Figure 3-23, detemune the displacements and reacnons
Let E =210 GPa, 4 = 6.00 x 10~* m? foreiements land2,and 4 = 6«/5 x 10" m
for element 3.

We begin by using Eq. (3.4.23) to determme each element stiffness matrix.

Figure 3-23 Plane truss with indlined support -

Element 1
cosf=0 sinf=1
dix diy di dyy
¢ 0 0 0
6.0 x 10~* m?)(210 x 10° N/m* 1 0 -1
= (64 -)1(’m~ /m’) o o (39.16)
Symmetry 1
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Element 2
cosf=1 sinf =0
dy dyy dy dy
1 0 -10
6.0 x 10~% m?)(210 x 10° N/m? 0 00
1@ = o [m) Lol e
Symmetry 0
Element 3
V2 . V2
cosé?-——2~ smﬂ-——i-
dix dly dsx d3y
05 05 -0.5 —0.5
L) _ (62 x 107 m?)(210 x 10° N/m?) 0.5 —05 -05 3918
=TT V2 m 05 05 (39.18)
Symmetry 0.5

Using the direct stiffness method on Eqs. (3.9.16)~(3.9.18), we obtain the global X
matrix as .

65 05 0 0 -05 05
1.5 0 -1 -05 -0S5
1 6 -1 0

K = 1260 x 10° N/m (3.9.19)
1 0 0
15 05
Symmetry 0.5

Next we obtain the transformation matrix 7 using Eq. (3.9.6) to transform the global
displacements at node 3 into local nodal coordinates x-y’. In using Eq. (3.9.6), the .
angle a is 45°.- )

1000 0 0
0100 0 0
0010 0 0
Ty = 3.9.20
Tl=ls 001 o 0 (3:9.20)
0000 V22 V22
000 0 —VZ/2 V22



108 A 3 Development of Truss Equations

Next we use Eq. (3.9.14) (in general, we would use Eq. {3.9.13)} to express the
assembled equations. First define K* = T K _T_'IT and evaluate in steps as follows:

0.5 0.5 0 0 -05 ~0.5
0.5 1.5 0 -1 -0.5 -0.5
T,K = 1260 x 10° g _? (l) (1) ‘é ' g (3.9.21)
-0.707 -0.707 —0.707 0 1414  0.707
0 0 0707 0 -0.707 O
and
dix diy dy  dy dj, dﬁly
0.5 0.5 0 0 -0707 O 7
. 0.5 1.5 0 -1 -0.707 ©
I}KI}T = 1260 x l05 N/_ﬂ‘) 0 0 1 0 —0.707 0.707
- 0 -1 0 1 0 0
1-0.707 -0.707 —0.907 0 1.500 —0.500
0 0 0707 .0 -0.500 0.500
(3.9.22)
Applying the boundary conditions, di, = diy = d3, = dj, =0, to Eq. (3.9.22), we
obtain
{F 2 N } = (126 x 10° kN/m) [-(lmm ‘:237] {Zi} (39.23)

Solving Eq. (3.9.23) for the displacements yields
dhy =1191 % 103 m (3.9.24)
dj, =5613x 10 m

Postrnultiplying the known displacement vector times Eq. (3.9.22) (see Eq. (3.9.14), we
obtain the reactions as

Fy = =500 kN
Fyy = —500 kN
. (3.9.25)
Fy=0
F;, =707 kN
The free-body diagram of the truss with the reactions is shown in Figure 3-24. You
can easily verify that the truss is in equilibrium. "

In the second method used to handle skewed boundary conditions, we use a

boundary element of large stiffness to constrain the desired displacement. This is the
method used in some computer programs [9].
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1R 500 kN

¥ 500 kN

Figure 3-24 Free-body diagram of the truss of Figure 3-23

Boundary elements are used to specify nonzero displacements and rotations to
nodes. They are also used to evaluate reactions at rigid and flexible supports. Bound-
ary elements are two-node elernents. The line defined by the two nodes specifies the
direction along which the force reaction is evaluated or the displacement is specified.
In the case of moment reaction, the line specifies the axis about which the moment is
evaluated and the rotation is specified.

We consider boundary elements that are used to obtain reaction forces (rigid
boundary elements) or specify translational displacements (displacement boundary ele-
ments) as truss elements with only one nonzero translational stiffness. Boundary ele-
ments used to either evaluate reaction moments or specify rotations behave like
beam elements with only one nonzero stiffness corresponding to the rotational
stiffness about the specified axis.

The elastic boundary elements are used to model flexible supports and to calcu-
Jate reactions at skewed or inclined boundaries. Consuit Reference [9] for more details
about using boundary elements.

A 3.10 Potential Energy Approach to Derive A
Bar Element Equations

We now present the principle of minimum potential energy to derive the bar element
equations. Recall from Section 2.6 that the total potential energy 7, was defined as the
sum of the internal strain epergy U and the potential energy of the external forces Q:

T=U+Q (3.10.1)

To evaluate the strain energy for a bar, we consider only the work done by the
internal forces during deformation. Because we are dealing with a one-dimensional
bar, the internal force doing work is given in Figure 3-25 as o4(Ay){(Az), due only
to normal stress o,. The displacement of the x face of the element is Ax{e,); the dis-
placement of the x -+ Ax face is Ax(¢x + dex). The change in displacement is then
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t
]
b

. "
Y y I (e oaynan)

/ Az

4

{ €,
’ / Ax
ﬁ = b—arde,
Figure 3-25 Internal force in 2 one-dimensional bar

Ax de,, where de, is the differential change in strain occurring over length Ax. The dif-
ferential internal work (or strain energy) dU is the internal force multiphied by the dis- .
placement through which the force moves, given by

AU = a,(Ay)(Az)(Ax) dex (3.10.2)

Rearr;mging and letting the volume of the element approach zero, we obtain, from
Eq. (3.102),

dU = 6, de dV (3.10.3)

For the whole bar, we then have

U= J”{L a,dsx} av (3.10.4)

Now, for a linear-elastic (Hooke’s law) material as shown in Figure 3-26, we see that
0y = Eg,. Hence substituting this relationship into Eq. (3.10.4), integrating with re-
spect to &, and then resubstituting o, for Ee,, we have

U= %“j oxexdV . (3.10.5)
; -

as the expression for the strain energy for one-dimensional stress.
The potential energy of the external forces, being opposite in sign from the ex-
ternal work expression because the potential energy of external forces is lost when the

Ul

Figure 3-26 Linear-elastic (Hooke’s law)
material

€
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work is done by the external forces, is given by

M .

0=-[[[tiav - [[Bias - jud (3.106)

i=|
14 $

where the first, second, and third terms on the right side of Eqg. (3.10.6) represent the po-
tential energy of (1) body forces X3, typically from the self-weight of the bar (in units of
foree per unit volume) moving through displacement function #, (2) surface loading or
traction T, typically from distributed loadmg acting along the surface of the element
(in units of force per unit surface area) moving through displacements g, where &, are
the displacements occurring over surface Sy, and (3) nodal concentrated forces f;,
moving through nodal displacements dy. The forces X, Ty, and f '« are considered to
act in the local % direction of the bar as shown in Figure 3-27. In Egs. (3.10.5) and
(3.10.6), V is the volume of the body and S; is the part of the surface S on which sur-
face loading acts. For a bar element with two nodes and one degree of freedom per
node, M = 2.

We are now ready to describe the finite element formulation of the bar element
equations by using the principle of minimum potential energy.

The finite element process seeks a minimum in the potential encrgy within the..
constraint of an assumed displacement pattern within each element. The greater the
number of degrees of freedom associated with the element (usually meaning increasing
the number of nodes), the more closely will the solution approximate the true one
and ensure complete equilibrium (provided the true displacement can, in the limit,
be approximated). An approximate finite element solution found by using the stiffness
method will always provide an approximate valve of potential energy greater than or
equal to the correct one. This method also results in a structure behavior that is pre-
dicted to be physically stiffer than, or at best to have the same stiffness as, the actual
one. This is explained by the fact that the structure model is allowed to displace only
into shapes defined by the terms of the assumed displacement field within each element
of the structure. The correct shape is usually only approximated by the assumed field,
although the correct shape can be the same as the assumed field. The assumed field
effectively constrains the structure from deforming in its natural manner. This con-
straint effect stiffens the predicted behavior of the structure.

' Apply the following steps when using the principle of minimum potential energy
to derive the finite element equations..

1. Formulate an expression for the total potential energy.

2. Assume the displacement pattern to vary with a finite set of
undetermined parameters (here these are the nodal displacements dy),
which are substituted into the expression for total potential energy.

3. Obtain a set of simultaneous equations minimizing the total potential
energy with respect to these nodal parameters. These resulting
equations represent the element equations. -

The resulting equations are the approximate {or possibly exact} equilibrium
equations whose solution for the nodal parameters seeks to minimize the potential
energy when back-substituted into the potential energy expression. The preceding
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lf;x
! L

T, l l X: Figure 3-27 General forces acting on
a one-dimensional bar

Jae
x

three steps will now be followed to derive the bar element equations and stiffness
atrix.

Consider the bar element of length L, with constant cross-sectional area A,
shown in Figure 3-27. Using Eqs. (3.10.5) and (3.10.6), we find that the total potential
energy, Eq. (3.10.1), becomes

L
7, = gL Ot df ~ foudhs — foullox — J J 2,7, dS - ”J a%dv  (3.10.7)
14

because 4 is a constant and variables ¢, and ¢, at most vary with %.
From Egs. (3.1.3) and (3.1.4), we have the axial displacement function expressed
in terms of the shape functions and nodal displacements by

a=N|{d} &= [Nsl{d} (3.10.8)

where N = [1 _x _)':] (3.10.9)

[Ns] is the shape function matrix evaluated over the surface that the distributed sur-
face traction acts and

(dy = {‘i’l*} (3.10.10)
dye
Then, using the strain/displacement relationship &, = diz/dx, we can write the axial
strain as .
e} =|-+ @ (3.10.11)
WEITL L 10

or {&y} = [Bl{d} (3.10.12)
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where we define
(B} = L (3.10.13)
- L L . .
The axial stress/strain relationship is given by
{ox} = [Dl{ee} (3.10.14)
where (D] = [E] (3.10.15)

for the one-dimensional stress/strain relationship and E is the modulus of elasticity.
Now, by Eq. (3.10.12), we can express Eq. (3.10.14) as

{o} = [D][BI{d} (3.10.16)

Using Eq. (3.10.7) expressed in matrix notation form, we have the total potential
energy given by

L .-
=3 ] 1o e ar- @R - [[ay ity as- [ [@ G ar o)
0 ) g
where {P} now represents the concentrated nodal loads and where in general both
gx and g, are column matrices. For proper matrix multiplication, we must place the
transpose on {cy}. Similarly, {u} and {7y} in general are column matrices, so for

proper matrix multiplication, {#} is transposed in Eq. {3.10.17).
Using Egs. (3.10.8), (3.10.12), and (3.10.16) in Eq. (3.10.17), we obtain

A T T TR 75— (T
%= | @BV B a2 - (7 (P)
) ) ) ) (3.10.18)
- [Jaywariyas - || i@y mr ey av
S Vv

In Eq. (3.10.18), 7, is seen to be a function of {d}; that is, 7, = 7,(d, dx). How-
ever, (B} and [D], Egs. (3.10.13) and (3.10.15), and the nodal degrees of freedom dix
and d, are not functions of £. Therefore, integrating Eq. {3.10.18) with respect o £
yields

= 2@ IR0 B} ~ (@Y7 (3.10.19)

where {1=1{P}+ ” [Ns]T{F:} dS + J J I VT {X}av (3.10.20)

From Eq. (3.10.20), we observe three separate types of load contributions from
concentrated nodal forces, surface tractions, and body forces, respectively. We define



114 A 3 .Development of Truss Equations

these surface tractions and body-force matnices as

{f}= J j (Ns|"{T}dS (3.10.20a)
S
(h = jl [Ty av (3.10.20b)

The expression for {f} given by Eq. (3.10.20) then describes how certain loads
can be considered to best advantage.

Loads calculated by Eqgs. (3.10.20a) and (3.10.20b) are called consistent because
they are based on the same shape functions [N] used to calculate the element stiffness
matrix. The loads calculated by Eq. (3.10.20a) and (3.10.20b) are also staticaily equiv-
alent to the original loading; that is, both { f } and { £, } and the original loads yield the
same resultant force and same moment about an arbitrarily chosen point.

The minimization of z, with respect to each nodal displacement requires that

% _6  and =0 @.1021).

a‘?lx -a:y;

Now we explicitly evaluate 7, given by Eq. (3.10. 19) to apply Eq. (3.10.21). We define
the following for convenience:

(U} = {4} (8" (D) T(BI{d} (3.1022)
Using Egs. (3.10.10), (3.10.13), and (3.10.15) in Eq. (3.10.22) yields

{U} = [die 331{”2}@[--}: %H‘;;} (3.10.23)

Simplifying Eq. (3.10.23), we obtain
. __- E 3 T 3 %5
Ut =75 (@], — 2dadie + &) (3.10.24)
Also, the explicit expression for {d}7{f} is
(D7) = diafiy + doxfor (3.10.25)

Therefore, using Egs. (3.10.24) and (3.10.25) in Eq. (3.10.19) and then applying Egs.
{3.10.21), we obtain
ik

ALTE - .- .
P [—_ﬁ (2d)x ~2d2,)] —fie=0 (3.10.26)
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ém, ALTE, .+ 2 1 .»
and 'a';i' =3 [17(—2611,( + Zdzx)] ~for=0

In matrix form, we express Egs. (3.10.26) as

om _AET 1 =11]ad,| _ Sl _ {0
aay L - I]{&u} {f}w{"} G

or, because {f} = [k]{d)}, we have the stiffness matrix for the bar element obtained
from Eq. (3.10.27) as

. AE[ 1 -1
ik}=f[[_1 J (3.10.28)

As expected, Eq. (3.10.28) is identical to the stiffness matrix obtained in Section 3.1.

Finally, instead of the cumbersome process of explicitly evaluating #,, we can
use the matrix differentiation as given by Eq. (2.6.12) and apply it directly to Eq.
(3.10.19) to obtain

671'[, _ T - _fF -
é—{g}—-AL[B] (D)(B{d} - {/} =0 (3.10.29)

where [D)” = [D] has been used in writing Eq. (3.10.29). The result of the evaluation
of AL[B\"[D][B} is then equal to [k} given by Eq. (3.10.28). Throughout this text, we
will use this matrix differentiation concept (also see Appendix A), which greatly sim-
plifies the task of evaluating [k}.

To illustrate the use of Eq. (3.10.20a) to evaluate the equivalent nodal loads for a
bar subjected to axial loading traction T, we now solve Example 3.12.

Example 3.12

A bar of length L is subjected to a linearly distributed axial loading that varies from
zero at node 1 to a maximum at node 2 (Figure 3-28). Determine the energy equiva-
lent nodal loads.

Tz = C% (force/length)

Figure 3-28 Element subjected to linearly varying axial load
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Using Eq. (3.10.20a) and shape functions from Eq. (3.10.9), we solve for the
energy equivalent nodal forces of the distributed loading as follows:

X .
[ SR R4 P
Gy=47= 4o ” N|T{F} dS = J Fliesas (31030)
Sud g i
L
‘o3 _ ffi L
)2 3L
L 3L o
(e
6
= 3.10.31
o2 ( )
3
where the integration was carried out over the length of the bar, because. 7535 in units
of forceflength.
Note that the total load is the area under the load distribution given by
1 cL? -
F=5(L)(CL) =—- (3.1032)

Therefore, comparing Eq. (3.10.31) with (3.10.32), we find that the equivalent nodal
loads for a linearly varying load are

flx = %F = one-third of the total load
2 (3.10.33)
fu = §F = two-thirds of the total load

In summary, for the simple two-noded bar element subjected to 2 linearly varying
load (triangular loading), place one-third of the total load at the node where the dis-
tributed loading begins (zero end of the load) and two-thirds of the total load at the
- node where the peak value of the distributed load ends. . B

We now illustrate (Example 3.13) a complete solution for a bar sﬁbjected toa
surface traction loading.

Example 3.13

For the rod loaded axially as shown in Figure 3-29, determine the axial displacement
and axial stress. Let E = 30 x 10° psi, 4 =2 in.2, and L = 60 ip. Use (a) one and (b)
two elements in the finite element solutions. (In Section 3.11 one-, two-, four-, and
eight-element solutions will be presented from the computer program Algor [9].



3.10 Potential Energy Approach to Derive Bar Element Equations A 117

?

7, = —10x Ib/in.

Figure 3-29 Rod subjected to triangular
load distribution

Figure 3-30 One-element model

From Eq. (3.10.202), the distributed load matrix is evaluated as follows:
: L
{Fo} = I M {T,} dx (3.10.34)
0

where T is a line load in units of pounds per inch and fe = Fp as x = £. Therefore,
using Eq. (3.1.4) for [N] in Eq. (3.10.34), we obtain

AR z
(R} = J RIS (310.35)
O f—
L
~10L2 N 1012 -10L? -10(60)°
o {F,,} 2 3 )76 |_ 6
Fox —10£2 ~10L? ~10(60)?
3 3 ) 3
or Fie=—60001b  Fp =—12,0001b (3.10.36)

Using Eq. (3.10.33), we could have determined the same forces at nodes 1 and 2—that
is, one-third of the total load is at node 1 and two-thirds of the total load is at node 2.
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Using Eq. (3.10.28), we find that the stiffness matrix is given by

1 -1
M = 106
¥ =10 [__1 1}

The element equations are then

1 —-1](di ~6000
6 =
a [4 IH 0 }‘ {Rh—xz,ooo} (1037
Solving Eq. 1 of Eq. (3.10.37), we obtain
dy = ~0.006 in. (3.10.38)

The stress is obtained from Eq. (3.10.14) as

{ox} = [Dl{e:}
= E[Bl{d}

-1 %]

— de”'d!x
‘E( I )

=30 x 106 (&;‘0{;;.06)
= 3000 psi (T) (3.10.39)
() Two-element solution (Figure 3-31).

Figure 3-31 Two-element model

We first obtain the element forces. For efement 2, we divide the load into a uni-
form part and a trianguiar part. For the uniform part, half the total uniform load is
placed at each node associated with the element. Therefore, the total uniform part is

(30 in.)(~300 Ib/in.) = —9000 Ib
and using Eq. (3.10.33) for the triangular part of the load, we have, for element 2,

{ P } ) { —[4(9000) + 1 (4500)] } _ { ~6000 “’} (3.10.40)

J e ~1(5000) + 2 (4500)) ~7500 b
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For element 1, the total force is from the triangle-shaped distributed load only and s
given by
130 inA)(f300 Ib/in.) = —4500 1b
On the basis of Eq. (3.10.33), this load is separated into nodat forces as shown:

{1 1(~4500 -
S | _ 5400 L { 150015 (3.10.41)
£ 2(—4500) ~3000 Ib
The final nodal force matrix is then
Fix ~1500 ‘
{ Fax } = { —6000 — 3000 } (3.10.42)
Fix Ra, — 7500
The element stiffness matrices are now
1 2 1 2
W — g - AE f —? S f _3 (3.10.43)
7 1 B R
The assembled global stiffness matrix is
1o~ 0]
K=(2x10% [—1 2 —1} = (3.10.44)
0o -1 1 '

The assembled global equations are then

U -1 07 (dy —1500
(2x106)[—1 2 -1 {dz,( }:{ ~9000 } (3.10.45)
0 -1 1]{du=0 Ry — 7500

where the boundary condition dix = 0 has been substituted into Eq. (3.10.45). Now,
solving equations 1 and 2 of Eq. (3.10.45), we obtain

dyx = ~0.006 in.
(3.10.46)
dyy = —0.00525 in.
The element stresses are as follows:
Element 1
- —-E[ 1 I]{d;,;=—0.006 }
T 30 30| | dp = —0.00525
= 750 psi (T) (3.1047)
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Element 2

gl 17 dae=—0.00925
I P

= 5250 psi (T) (3.10.48)
-]
A 3.11 Comparison of Finite Element Solution A

to Exact Solution for Bar

We will now conipare the finite element solutions for Example 3.13 using one, two,
four, and eight elements to model the bar element and the exact solution. The exact

solution for displacement is obtained by solving the equation
. 1 [~
. u= :ZE_ Jo P (X) dx
where, using the following free-body diagram,

~— 10x 1b/in.
e
Ef%gg;—*wm

i 4

we have P(x) =1x(10x) = 5x* Ib

Therefore, substituting Eq. (3.11.2) into Eq. {3.1 1.1), we have

I X
u= Ej; 5}(2 dx
5x3

REVTAR

Now, applying the boundary condition at x = L, we obtain
513

UL)=0=rm+C

5L}
” ="

(3.11.1)

(3.11.2)

(3.11.3)

(3.11.4)

Substituting Eq. (3.11.4) into Eq. (3.11.3) makes the final expression-for displacement

5

_—_ " i3 73
=5 ~ L)

u

(3.11.5)
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0

-0.001 I~
3
% -0.002 |
£ 4 One efement
& ° Two elements.
E —0.003 | * Four elements
g a Eight elements
=
S
A —0.004 |-

—0.008 ~ Exact solution

u = 2.778107%)F — 0.006
-0.006 1 3 i i
0 20 -- 40 60

" Axial coordinate in inches

Figure 3-32 Comparison of exact and finite element solutions for axial displacement
(along length of bar)

Substituting 4 = 2 in.2, E = 30 % 10° psi, and L = 60 in. into Eq. (3.11.5), we obtain

u=2778 x 107%x* — 0.006 (3.11.6)
The exact solution for axial stress is obtained by solving the equation
_Px) X,
a(x) = Ry 2.5x psi 3117

Figure 3-32 shows a plot of Eq. (3.11.6) zlong with the finite element solutions
(part of which were obtained in Example 3.13). Some conclusions from these results
follow.

1. The finite element solutions match the exact solution at the node
points. The reason why these nodal values are correct is that the
element nodal forces were calculated on the basis of being energy-
equivalent to the distributed load based on the assurned linear
displacement field within each element. (For uniform cross-sectional
bars and beams, the nodal degrees of freedom are exact. In general,
computed nodal degrees of fieedom are not exact.)’

2. Although the node values for displacement match the éxact solution,
the values at locations between the nodes are poor using few elements
(see one- and two-element solutions) because we used a linear
displacement function within each element, whereas the exact solution,
Eq. (3.11.6), is a cubic function. However, because we use increasing
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© One element

© Two elements
TF 4 Four elements »
« Eight elerments

4
I N4

3 oo o S

z- ] /< Exact solution

. ofx) = 2.5x%

Stress in psi (thousands)
W
T

3 i i L
° 2 20 )

. Axial owrdinate in inches

Figure 3-33 Comparison of exact and finite element solutions for axual stress {along
length of bar)

numbers of elements, the finite element solution converges to the exact
solution (see the four- and eight-element solutions in Figure 3-32).

3. The stress is derived from the slope of the displacement curve as
¢ = Eg¢ = E(du/dx). Therefore, by the finite element solution, becanse
u is a linear function in each element, axial stress is constant in each
element. It then takes even more elerents to model the first derivative
of the displacement function or, equivalently, the axial stress. This is
shown in Figure 3-33, where the best results occur for the eight-
element solution. -

4. The best approximation of the stress ocetrs at the midpoint of the
element, not at the nodes (Figure 3-33). This is because the derivative
of displacement is better predicted between the nodes than at the
nodes.

5. The stress is not continuous across element boundaries. Therefore,
equilibrium is not satisfied across element boundaries. Also, equilib-
rium within each element is, in general, not satisfied. This is shown in
Figure 3-34 for element 1 in the two-element solution and element 1
in the eight-element solution {in the eight-element solution the forces
are obtained from the Algor computer code [9]). As the number of
elements used increases, the discontinuity in the stress decreases across
element boundaries, and the approximation of equilibrium improves.

Finally, in Figure 3-35, we show the convergence of axial stress at the fixed end
(x = L) as the number of elements increases.
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3.11 Comparison of Finite Element Solution A

300 tbfin.
4500 Ib
1500 1 1500 1b 1500 Ib -~ 1500 1b
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30 in.
(2} Two-element solution
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{b) Eight-clement solution

Figure 3-34 Free-body diagram of element 1 in both two- and eight-element
models, showing that equilibrium is not satisfied

Exact solution: 0 = 9 ksi
10 /

= 8
=
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o
2}
e . 1 '
t 2 4 6 8

Number of elements

Figure 3-35 Axial stress at fixed end as number of elements increases
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However, if we formulate the problem in a customary general way, as described
in detail in Chapter 4 for beams subjected to distributed loading, we can obtain the
exact stress distribution with any of the models used. That is, letting f kd fo’
where f is the initial nodal replacement force system of the distributed load on

" each element we subtract the initial replacement force system from the kd result.
This yields the nodal forces in each element. For example, considering element 1 of
the two-element model, we have [see also Eqs. (3.10.33) and (3.10.41)]

Using f = kd - fo, we obtain

~1500 1b
~3000 Ib
7 2030x 105 [ 1 =17 —0.006in. ~1500 Ib
L7 (30in) (-1 1] -0.00525in. ~3000 Ib
~1500 + 1500 0 Y
] 1500+3000f 4500

as the actual nodal forces. Drawing a free-body diagram of element 1, we have

L,-——:&OOlb/in.

g\»

) m—— % 4500 Ib
. 30 in.

S Fe=0: ~1(300 Ib/in.)(30 in.) + 4500 Ib = 0

For other kinds of elements (other than beams), this adjustment is ignored in practice.
The adjustment is less important for plane and solid elements than for beams. Also,
these adjustments are more difficult to formulate for an element of general shape.

A 3.12 Galerkin’s Residual Method and Its Use A
to Derive the One-Dimensional Bar
Element Equations

General Formulation

We developed the bar finite element equations by the direct method in'Section 3.1 and
by the potential energy method (one of a number of variational methods) in Section
3.10. In fields other than structural/solid mechanics, it is quite probable that a varia-
tional principle, analogous to the principle of minimum potential energy, for instance,
may not be known or even exist. In some flow problems ir fluid mechanics and in
mass transport problems (Chapter 13), we often have only the differential equation
and boundary conditions available. However, the finite element method can still be
applied.
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The methods of weighted residuals applied directly to the differential equa-
tion can be used to develop the finite element equations. In this section, we describe
Galerkin’s residual method in general and then apply it to the bar element. This devel-
opment provides the basis for later applications of Galerkin’s method to the beam
element in Chapter 4 and to the nonstructural heat-transfer element (specifically, the
one-dimensional combined conduction, convection, and mass transport element
described in Chapter 13). Because of the mass transport phenomena, the variational
formulation is not known (or certainly is difficult to obtain), so Galerkin’s method
is necessarily applied to develop the finite element equations.

There are a2 number of other residual methods. Among them are collocation,
least squares, and subdomain as described in Section 3.13. (For more on these meth-
ods, see Reference [5].)

In weighted residual methods, a trial or approximate function is chosen to ap-
proximate the independent variable, such as a displacement or a temperature, in 2
problem defined by a differential equation. This trial function will not, in general, sat-
isfy the governing differential equation. Thus substituting the trial function into the dif-
ferential equation results in a residval over the whole region of the problem as follows:

I ”R 4V = minirum (3.12.1)
v

In the residual method, we require that a weighted value of the residual be a min-
imum over the whole region. The weighting functions allow the weighted integral of
residuals to go to zero. If we denote the weighting function by W, the general form
of the weighted residual integral is

JﬂRWW: 0 (3.122)

Using Galerkin’s method, we choose the interpolation function, such as Eq.
{3.1.3), in terms of N; shape functions for the independent variable in the differential
equation. In general, this substitution yields the residual R 5 0. By the Galerkin crite-
rion, the shape functions N, are chosen to play the role of the weighting functions W.
" Thus for each i, we have

”JRN;dV:O (i=1,2,...n) (3.12.3)
v .

Equation (3.12.3) results in a total of n equations. Equation {3.12.3) applies to points
within the region of 2 body without reference to boundary conditions such as specified
applied loads or displacements. To obtain boundary conditions, we apply integration
by parts to Eq. (3.12.3), which yields integrals applicable for the region and its
boundary.

Bar Element Formulation

We now illustrate Galerkin’s method to formulate the bar element stiffness equations.
We begin with the basic differential equation, without distributed load, derived in
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Section 3.1 as
4 (AEE’;) -0 (3.12.4)

where constants 4 and E are now assumed. The residual R is now defined to be Eq.
{3.12.4). Applying Galerkin’s criterion [Eq. (3.12.3)] to Eq. (3.12.4), we have

L
j 4 (g Naz=0 (=12 (3.12.5)
o d% dx
We now apply integration by parts to Eq. (3.12. 5) Integration by parts is given in
general by
Judv:uv—Jvda (3-12.6)

where 2 and v are simply variables in the general equation. Letting
u=n, du=Dgg
dx
d any . du
dv= = (AEd)dx D= AEd‘

in Eq. (3.12.5) and integrating by parts according to Eq. (3.12.6), we find that Eq.
(3.12.5) becomes

(3.12.7)

di\|* [F  _dadN;

(wazgs)), - |45 %

where the integration by parts introduces the boundary conditions.
Recall that, because 2 = [N}{d}, we have .

di=0 (3.12.8)

di dNy, dNj

d—; Lg Rl 2. (3.12.9)
or, when Eqgs. (3.1.4) are used for Ny = 1 — /L and N; = %/L,

di [ 1 i

EE‘[ L J{dh} (3.12.10)

Using Eq. (3.12.10) in Eq. (3.12.8), we then express Eq. (3.12.8) as

av;[ 1 17,.] dis du
AEJ = { 7 z}dx{ézr NAE
Equation (3.12.11) is really two equations (one for N; = Ny and one for N; = Na).
First, using the weighting function N; = Nj, we have

Yanve [ 1 17, ai
], G2 z}""{ )= (naeZ)]

(i=1,2) (31211)
0

(3.12.12)
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Substituting for dN; /dx, we obtain
L N
1 1 1 Jdsl_;
AEL {_L} [ 7 L} d:c{ 32_: = fix (3.12.13)

where f), = AE(d2/d%) because Ny = 1 at x =0 and N, = 0 at x = L. Evaluating
Eq. (3.12.13) yields

AE . ..
(e~ i) =fs (3.12.14)

Similarly, using N; = N, we obtain

Lrr 11 ¢ di
AEJ [- [-— ——Jdi - =(NAE ) 3.12.15
olL]L L L d raz)|, ( )
Simplifying Eq. (3.12.15) yields
AE 4 - N
—z-(du—du) = for . (3.12.16)

where f,, = AE(du/d%) because Ny =1 at x= L and N, = 0 at x = 0. Equations
(3.12.14) and (3.12.16) are then seen to be the same as Eqgs. (3.1.13) and (3.10.27)
derived, respectively, by the direct and the variational méthod.

A 3.13 Other Residual Methods and Their A
Application to a One-Dimensional Bar
Problem

As indicated in Section 3.12 when describing Galerkin’s residual method, weighted re-
sidual methods are based on assaming an approximate solution to the governing dif-
ferential equation for the given problem. The assumed or trial solution is typically a
displacement or a temperature function that must be made to satisfy the initial and
boundary conditions of the problem. This trial solution will not, in general, satisfy
the governing differential equation. Thus, substituting the trial function into the differ-
ential equation will result in some residuals or errors. Each residual method requires
the error to vanish over some chosen intervals or at some chosén points. To demon-
strate this concept, we will solve the problem of a rod subjected to a triangular load
distribution as shown in Figure 3-29 (see Sectioni 3.10) for which we also bave an
exact solution for the axial displacement given by Eq. (3.11.5) in Section 3.11. We
will illustrate four common weighted residual methods: collocation, subdomain, least
squares, and Galerkin’s method.
It is important to note that the primary intent in this section is to mtroduce you

to the general concepts of these other weighted residval methods through a simple
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Figure 3-36 (a) Rod subjected to triangular load distribution and (b) free-body
diagram of section of rod

example. You should note that we will assume a displacement solution that will in gen-
eral yield an approximate solution {in our example the assumed displacement function
yields an exact solution) over the whole domain of the problem (the rod previously
solved in Section 13.10). As you have seen already for the spring and bar elements,
we have assumed a linear function over each spring or bar element, and then combined
the element solutions as was illustrated in Section 3.10 for the same rod solved in this
section. It is common practice to use the simple linear function in each element of
a finite element model, with an increasing number of elements used to model the
rod yielding a closer and closer approximation to the actual displacement as seen in
Figure 3-32. '

For clarity’s sake, Figure 3-36(a) shows the problem we are solving, along with
a free-body diagram of a section of the rod with the internal axial force P(x) shown in
Figure 3-36(b).

The governing differential equation for the axial displacement, w, is given by

(AE%) -P(x)=0 (3.13.1)
where the internal axial force is P(x) = 5x2. The boundary condition is #(x = L) = 0.

The method of weighted residuals requires us to assume an approximation func-
tion for the displacement. This approximate solution must satisfy the boundary con-
dition of the problem. Here we assume the following function:

u(x) = ei(x— L) + eo(x = L + es(x = L)’ (3.13.2)

where ¢, ¢; and ¢; are unknown coefficients. Equation (3.13.2) also satisfies the
boundary condition given by u(x = L) = 0.

Substituting Eq. (3.13.2) for u into the governing dszerentxal equation, Eq.
(3.13.1), results in the following error function, R:

AE[ey 4 26(x — L) + 3e3(x— LY} = 5x* = R (3.13.3)

We now illustrate how to solve the governing differential equation by the four
weighted residual methods.
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Collocation Method

The collocation method requires that the error or residual function, R, be forced to
zero at as many points as there are unknown coefficients. Equation (3.13.2) has three
unknown coefficients. Therefore, we will make the error function equal zero at three
points along the rod. We choose the error function to go to zero at x =0, x = L/3,
and x = 2L/3 as follows:

R{c, x = 0) = 0 = AEfe, + 2c2(~L) + 3¢3(—=L)*] = 0
R(c, x=L/3) =0 = AE[c) + 2c2(~2L/3) + 3c3(—2L/3)") = 5(L/3)* =0 (3.13.4)
R(e, x=2L/3) =0 = AE[c; + 2e2(—L/3) + 3e3(~L/3)*] = 5(2L/3)* = 0
The three linear equations, Eq. (3.13.4), can now be solved for the unknown
coefficients, ¢, ¢; and ¢;. The result is
¢1=SL*/(4E) ¢y =5L/(4E) ¢y =5/(34E) (3.13.5)
Substituting the numerical values, 4 =2, E =30 x 105, and L = 60 into Eq.
(3.13.5), we obtain the ¢’s as: .
e =3x107 &=5x10""c;=2778x 107 (3.13.6)

Substituting the numerical values for the coefficients given in Eq. (3.13.6) into
Eg. (3.13.2), we obtain the final expression for the axial displacement as :

u(x) =3 x 1074 (x = L) + S x 107%(x — L)* +2.778 x 10~8(x — L)*  (3.13.7)

Becanse we have chosen a cubic displacement function, Eq. (3.13.2), and the exact
solution, Eq. (3.11.6), is also cubic, the collocation method yields the identical solution
as the exact solution. The plot of the solution is shown in Figure 3-32 on page 121.

Subdomain Method

The subdomain method requires that the integral of the error or residual function over
some selected subintervals be set to zero. The number of subintervals selected must
equal the number of unknown coefficients. Because we have three unknown coefficients
in the rod example, we must make the number of subintervals equal to three. We choose
the stibintervals from 0 to L/3, from L/3 to 2L/3, and from 2L/3 to L as follows:

L3 L3

J Rdx=0= J {AE[c; + 2¢(x — L) + 3cs(x — L)Y - Sf}dx
o 0

wps a3

J Rdx=0= J {AE[e, + 202(x— L)+ 3es(x — LY} — 53} (3.13.8)
L3 L3

L L

I Rdx=0= J (AE[e1 + 262(x - L) + 3cs(x = L] — 52} dx
uq>n 24f3 ,

where we have used Eq. (3.13.3) for R in Egs. (3.13.8).
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Integration of Eqgs. (3.13.8) results in three simultaneous linear equations that
can be solved for the coefficients ¢;, ¢» and ¢3. Using the numerical values for 4, E,
and L as previously done, the three coefficients are numerically identical to those
given by Eq. (3.13.6). The resulting axial displacement is then identical to Eq. (3.13.7).

Least Squares Method

The least squares method requires the integral over the length of the rod of the error
function squared to be minimized with respect to each of the unknown coefficients in
the assumed solution, based on the following:

P (JR2 dx) i=1,2,...N (for N unknown coefficients)  (3.13.9)

or equivalently to

6R
J Rz dx=0 _ (3.13.10)

Because we have three unknown coefficients in the approximate solution, we will
perform the integration three times according to Eq. (3.13.10) with three resulting
equations as follows:

{AE[cI+2r:o(x L) +3c3(x — L) - 5x*}AEdx = 0

{AE[c; + 2c2(x — L) + 3c3(x — L)Y = SX2}AE2(x - L)dx =0 (3.13.11)

v Lol ahgane 101

{AEley +2ex{x — L) + 3¢3(x = )] — S }AE3(x ~ L dx = 0

=3 Sy

In the first, second, and third of Eqs. (3.13.11), respectively, we have used the
following partial derivatives:

- = —= 13,12
o AE, 7 = AE2(x— L), % AE3(x - Ly (3 )

Integration of Eqgs. (3.13.11) yields three linear equations that are solved for the
three coefficients. The numerical values of the coefficients again are identical to those
of Eq. (3.13.6). Hence, the solution is identical to the exact solution.
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Galerkin’s Method

Galerkin’s method requires the etror to be orthogonal’ to some weighting functions
W; as given previously by Eq. (3.12.2). For the rod example, this integral becomes

L
jRW,-dx:O I1=1,2,...,N (3.13.13)
0

The weighting functions are chosen to be 2 part of the approximate solution. Be-
cause we have three unknown constants in the approximate solution, we need to gen-
erate three equations. Recall that the assumed solution is the cubic given by Eq.
(3.13.2); therefore, we select the weighting functions to be

Wi=x-L Wy=(x~L} Wy=(x-L)y (3.13.18)

Using the weighting functions from Eq. (3.13.14) successively in Eq. (3.13.13),
we generate the following three equations:

{AE[cy + 2e2(x = L) + 3e3(x = L)*] = 5%} (x — L)dx = 0

—_—

{AE{c; + 2e5(x = L) + 3e3(x — L)) ~ 582} (x — L)? dx = 0 (3.645)

{AEe; + 2c2(x — L) + 3e3(x — LY - Saci}(x —LYdx=0

O by Pt D sy I D

Integration of Egs. (3.13.15) results in three linear equations that can be solved
for the unknown coefficients. The numerical values are the same as those given by Eq.
(3.13.6). Hence, the solution is identical to the exact solution.

' In conclusion, because we assumed the approximate solution in the form of a
cubic in x and the exact solution is also a cubic in x, all residual methods have yielded
the exact solution. The purpose of this section has still been met to illustrate the four
common residual methods to obtdin an approximate (or exact in this example) solu-
tion to a known differential equation. The exact solution is shown by Eq. (3.11.6)
and in Figure 3-32 in Section 3.11.

* The use of the word orthogonal in this context is a generalization of its use with respect to vectors. Here
the ordinary scalar product is replaced by an imtegral in Eq. (3.13.13). In Eq. (3.13.13), the functions
u{x) = R and v(x) = W; are said to be orthogonal on thcintcrva!()sxsl.if_[:u(x)v(x)dxcqua!sﬁ.
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A Problems
3.1 a. Compute the total stiffness matrix X of the assemblage shown in Figure P3-1 by

3.2-3.11

superimposing the stiffness matrices of the individual bars. Note that X should be in
terms of Ay, 4, 43, Ey, Ep, E3, Ly, Ly, and L3. Here 4, E, and L are generic sym-
bols used for cross-sectional area, modulus. of elasticity, and length, respectively.

I © 2 @ 3 r® QR

g Ay E Ly Ay By Ly vv:i;.?_\.—lq E

Figure P3-1

b. Nowlet A=Ay =A3 = A, Ei=E;=E;y=E, and Ly = Ly = L3 = L. If nodes
1 and 4 are fixed and a force P acts at node 3 in the positive x direction, find ex-
pressions for the displacement of nodes 2 and 3 in terms of 4, E, L, and P.

c. Nowlet 4 = 1in% E =10 x 10% psi, L = 10 in., and P = 1000 Ib.

i. Determine the numerical values of the displacements of nodes 2 and 3.
ii. Determine the numerical values of the reactions at nodes { and 4.
iii. Determine the stresses in elements 1-3.

For the bar assemblages shown in Figures P3-2-P3-11, determine the nodal dis-
placements, the forces in each element, and the reactions. Use the direct stiffness
method for these problems.
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Problems

I 2 3 S5kN E=210GPa
T O i A=4xi07m?

Figure P3-2

@
’ 20 in.

Figure P3-3

-0~

2 40001 10,0001b 3

Figure P3-4
1 E.A 2 £ A 3 15000b g o= 30 x 10 psi
> Ey =15 x 10°psi
30 in.———-!———— 30 in.——-*l A=Sin?
Figure P3-5

E, = 30 x 10°psi
E; = 10 x 10°psi
A=2in?

Figure P3-8

A
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3.2

3.13
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y/
10 kN 2 3 Fy E = 210 GPa
1 ® D @ > A=4x10"mt
2m 6 = 2

2
m I__ s __.l 5 mm
Figure P3-9
; @
i @ 2 8«
2m 2m
Figure P3-10
20—
RO, 2
3m -
20—
R
Figure P3-11

Solve for the axial displacement and stress in the tapered bar shown in Figure P3-12
using one and then two constant-avea elements. Evaluate the area at the center of
each element length. Use that area for each element. Let 4p =2 in?, L =20 in,
E =10 x 10° psi, and P = 1000 Ib. Compare your finite element solutions with the

exact solution.
N

AR = Aot + ;-f)

i
Figure P3-12

Determine the stiffness matrix for the bar element with end nodes and midlength node
shown in Figure P3-13. Let axial displacement u = a; + apx + a3x?. (This is a higher-
order element in that strain now varies lincarly through the element.)

k_., x

e wo
[ %]

Figure P3-13
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3.14 Consider the following displacement function for the two-noded bar element:

u=a-+bx?

Is this a valid displacement function? Discuss why or why not.

135

3.15 For each of the bar elements shown in Figure P3-15, evaluate the global x-y stiffness

3.16

matrix.
2
y
2
E = 30 X 10°psi
A = 3in?
L=20in
45°
1 x
(a)
y
E = 210GPa
A=4x407*m?
L=3m
- X
1 30°
© 2
Figure P3-~15

y
E =15 x 10° psi
A= 1in?
L= 15in.
120°
x
1
&)
y
E = 70 GPa
A=2%X10""m
L=1m
1L 12
20"

@

For the bar elements shown in Figure P3-16, the global displacements have been de-
ermined to be dyx = 0.5 in., di, = 0.0, dy = 0.25 in., and &y, = 0.75 in. Determine
the local % displacements at each end of the bars. Let E = 12 x 106 psi, 4 = 0.5 in?,
and L = 60 in. for each element.
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Ay ¥

27

30°

(a)

®
2 >

Figure P3-16

3.17 For the bar elements shown in Figure P3-17, the global displacements have been de-
termined to be dyx = 0.0,d;, = 2.5 mim, dyy = 5.0 mm, and dsy, = 3.0 mm. Determine
the local % displacements at the ends of each bar. Let E = 210 GPa, 4 = 10 x 107*
m?, and L = 3 m for each element.

X

\2 y Ay

@)

(b)
2.,

Figure P3-17

3,18 Using the method of Section 3.5, determine the axial stress in each of the bar elements
shown in Figure P3~18.



y
45°
1 ¢
@)
4y
30°
‘ .
" (b)
Figure P3-18

E=

A =2in?

L = 60in.

4, =0 dy, =0

dy, = 001 in.  dy = 0.02 in.
E = 210 GPa
A=3%x10""m?

L=3m

d,, = 0.25 mm d,, = 0.0
d>, = 1.00 mm dy, = 0.0

30 x 10° psi
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319 a. Assemble the stiffness matrix for the assemblage shown in Figure P3-19 by super-
imposing the stiffness matrices of the springs. Here k is the stiffness of each spring.
b. Find the x and y components of deflection of node 1.

Figure P3-19
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3220 For the plane truss structure shown in Figure P3-20, determine the displacement of
node 2 using the stiffness. method. Also determine the stress in element 1. Let A =5
in?, E =1 x 10 psi, and L = 100 in.

Figure P3-20

Figure P3-21

!

3.21 Find the horizontal and vertical displacements of node 1 for the truss shown in Figure
P3-21. Assume AE is the same for each element.

3.22 For the truss shown in Figure P3-22 solve for the horizontal and vertical components
of displacement at node 1 and determine the stress in each element. Also verify force
equilibrium at node 1. All elements have 4 = 1 in.2 and E = 10 x 10% psi. Let L =

100 in.

1000 b

Figure P3-22
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3.28

3.26

3.27
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For the truss shown in Figure P3-23, solve for the horizontal and vertical components
of displacement at node 1. Also determine the stress in element 1. Let 4 =1 in?,
E =10.0 x 10° psi, and L = 100 in. '

l? = 1000 Ib

V/
§ 1 Zj, ‘j
S | P = 1000 b
l'ﬁ ] — 20t |
Figure P3-23 Figure P3-24

Determine the nodal displacements and the element forces for the truss shown in
Figure P3-24. Assume all elements have the same AE.

Now remove the element connecting nodes 2 and 4 in Figure P3-24. Then determine
the nodal displacements and element forces.

Now remove both cross elements in Figure P3-24. Can you determine the nodal dis-
placements? If not, why?

Determine the displacement components at node 3 and the element forces for the
plane truss shown in Figure P3-27. Let 4 = 3 in? and E = 30 x.10% psi for all ele-
ments. Verify force equilibrium at node 3.

Figure P3-27
ft
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328

3.29-330

3.31

332

3.33

3 Development of Truss Equations

Show that for the transformation matrix T of Eq. (3.4.15), I” =T ! and hence

Eq. (3.4.21) is indeed correct, thus also illustrating that k = TTkT is the expression
for the global stiffness matrix for an element.

For the plane trusses shown in Figures P3-29 and P3-30, determine the horizontal
and vertical displacements of node 1 and the stresses in each element. All elements
have E = 210 GPaand 4 = 4.0 x 10~ m?.

4

10 kN -
7

Figure P3-29 Figure P3-30

Remove element 1 from Figure P3-30 and solve the problem. Compare the displace-
ments and stresses to the results for Problem 3.30.

For the plane truss shown in Figure P3--32, determine the nodal displacements, the
element forces and stresses, and the support reactions. All elements have E = 70 GPa
and A4 = 3.0 x 10~* m?. Verify force equilibrium at nodes 2 and 4. Use symmetry in
your model.

Figure P3-32

For the plane trusses supported by the spring at node 1 in Figure P3-33 (a) and (b),
determine the nodal displacements and the stresses in each element. Let E = 210 GPa
and 4 = 5.0 x 10~* m? for both truss elements.
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k = 2000 kN/m

Figure P3-33(a) Figure P3-33(b)

—
8

Figure P3-34

For the plane truss shown in Figure P3-34, node 2 settles an amount 4 = 0.05 in.
Determine the forces and stresses in each element due to this settlement. Let E=
30 x 10% psi and 4 = 2 in? for each element.

For the symmetric plane truss shown in Figure P3-35, determine (a) the deflection of
node ! and (b) the stress in element 1. AE/L for element 3 is twice 4E/L for the other

Figure P3-35
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elements. Let AE/L = 106 Ib/in. Thenlet 4 = 1 in?, L = 10in., and E = 10 x 10 psi

to obtain numerical results.

For the space truss elements shown in Figures P3-36 and P3-37, the global displace-
ments at node 1 have been determined to beé 4y, = 0.1 in,, 4y, = 0.2 in,, and di; =
0.15 in. Determine the displacement along the local X axis at node | of the elements.
The coordinates, in inches, are shown in the figures.

vt /‘f
2./ 20,10, 6

0,0.0

Ve
e e e ] e o e e

z
Figure P3-36

©, 0. 0) x

/
2 (10, —20, 30)

x

Figure P3-37

3.38-3.39 For the space truss elements shown in Figures P3-38 and P3-39, the global dis-
placements at node 2 have been determined to be day = 5 mm, 5, = 10 mm, and

ry £

(1, L5 D

0,0,0)

Vd
Ler o o o e e D

Figure P3-38

z

Figure P3-39
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dp- = 15 mm. Determine the displacement along the local % axis at node 2 of the
elements. The coordinates, in meters, are shown in the figures.

3.40-3.41 For the space trusses shown in Figures P3—40 and P3—41, determine the nodal dis-
placements and the stresses in each element. Let E = 210 GPa and 4 = 10 x 1074 m?
for all elements. Verify force equilibrium at node 1. The coordinates of each node, in
meters, are shown in the figure. All supports are ball-and-socket joints.

8, ~t 1)

N

» N

Figure P3-40

(14,5, 0)

(12, -3, -4 {8
@ 20 kN (in the x direction)
3 (12, 3. -7

Figure P3-41

342 For the space truss subjected to a 1000-Ib load in the x direction, as shown in Figure
P3-42, determine the displacement of node 5. Also determine the stresses in each ele-
ment. Let 4 = 4 in? and E = 30 x 10% psi for all elements. The coordinates of each
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node, in inches, are shown in the figure. Nodes 1-4 are supported by ball-and-socket
joints (fixed supports).

1300 ib

AN
(—172. 36, 0)

! 2
(=72, =36, 00NV AN (©, -36,0)

Figure P3-42

3
(=144, ~72,0) 3

Figure P3-43

343 For the space truss subjected to the 4000-Ib load acting as shown in Figure P3-43,
determine the displacement of node 4. Also determine the stresses in each element. Let
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A =6 in? and E = 30 x 10 psi for all elements. The coordinates of each node, in
inches, are shown in the figure. Nodes 1-3 are supported by ball-and-socket joints
(fixed supports).

344 Verify Eq. (3.7.9) for k by first expanding 7™, given by Eq. (3.7.7), to a 6 x 6 square
matrix in 2 manner similar to that done in Section 3.4 for the two-dimensional
case. Then expand k to a 6 x 6 matrix by adding appropriate rows and columns
of zerofg‘(for the d. terms) to Eq. (3.4.17). Finally, perform the matrix triple product
k=T"kT. :

345 Denve Eq. (3.7.21) for stress in space truss efements by a process similar to that used
to derive Eq. (3.5.6) for stress in a plane truss element.

346 For the truss shown in Figure P3-46, use symmetry to determine the displacements
of the nodes and the stresses in each element. All elements have E = 30 x 108 psi.
Elements 1, 2, 4, and § have 4 = 10 in? and element 3 has 4 = 20 in?.

6 ft

Figure P3-46

3.47 All elements of the structure in Figure P3-47 have the same AE except element 1,
which has an axial stiffness of 24E. Find the displacements of the nodes and the
stresses in elements 2, 3, and 4 by using symmetry. Check equilibrium at node 4. You
might want to use the results obtained from the stiffness matrix of Problem 3.24.

L o L e F

®

! 201 21t !

Figure P3-47
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348 For the roof truss shown in Figure P3-48, use symmetry to determine the displace-

3.49-3.51

3.52°

ments of the nodes and the stresses in each element. All elements have E = 210 GPa
and 4 =10 x 107* m2.

Figure P3-48

For the plane trusses with inclined supports shown in Figures P3-49—P3-51, solve
for the nodal displacements and elemént stresses in the bars. Let A =2 in%
E = 30 x 108 psi, and L = 30 in. for each truss.

2000 Ib
Figure P3-49

45°

Figure P3-50 Figure P3-51

Use the principle of minimum potential energy developed in Section 3.10 to solve
the bar problems shown in Figure P3-52. That is, plot the total potential energy for
variations in the displacement of the free end of the bar to determine the minimum
potential energy. Observe that the displacement that yields the minimum potential
energy also yields the stable equilibrium position. Use displacement increments of



353

3.54

355

336

Ly - L Te = 10x b/in.
e . .
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0.002 in., beginning with x = ~0.004. Let E = 30 x 105 psi and 4 = 2 in? for the
bars. :

l 20,000 1b
Y
30, et 10,000 Ib
50 1.
R\
(a) (b}
Figure P3-52

Derive the stiffness matrix for the nonprismatic bar shown in Figure P3-53 using the
principle of minimum potential energy. Let E be constant.

AW = Ao+ Ao .
\4;:""/_‘]

- : |
Figure P3-53

For the bar subjected to the linear varying axial load shown in Figu‘re'P3—54, deter-
mine the nodal displacements and axial stress distribution using (a). two equal-length

elernents and (b) four equal-length clements. Let A = 2 in.2 and E = 30 x 10 psi.
Compare the finite element solution with an exact solution.

e
e

60 in.

Figure P3-54

For the bar subjected to the uniform line load in the axial direction shown in Figure
P3-55, determine the nodal displacements and axial stress distribution using (a) two
equal-length elements and (b) four equal-length elements. Compare the finite element
results with an exact solution. Let 4 =2 in? and E =30 x 10 psi. '

For the bar fixed at both ends and subjected to the uniformly distributed loading
shown in Figure P3-56, determine the displacement at the middle of the bar and the
stress in the bar. Let 4 = 2 in? and E = 30 x 106 psi.

'
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3.57

3.58

3.59

3.60
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300 Ib/in.
V/, /

Y 7, = 100 Ibfin.

A

N
et 3 | @
w
A
\@\W

30 in. 30 in. i 30 iR, tm

A Z

Figure P3-55 Figure P3-56

For the bar hanging under its own weight shown in Figure P3-57, determine the
nodal displacements using {a) two equal-length elements and (b} four equal-length
elements. Let 4 =2 in?, E =30 x 10® psi, and weight density p,, = 0.283 Ibfin’.
(Hint: The internal force is a function of x. Use the potential energy approach.}

V)

60in. Figure P3-57
X

i

Determine the energy equivalent nodal forces for the axial distributed loading shown
acting on the bar elements in Figure P3-58.

TJW T, = 5¢ kN/m

P e e e
[ — =~ x 2 tp———x 2

10 in. 4m
(@) @)

Figure P3-58

Solve problem 3.55 for the axial displacement in the bar using collocation, sub-
domain, least squares, and Galerkin’s methods. Choose a quadratic polynomial
u{x) = ¢;x + c3x* in each method. Compare these weighted residual method solutions
to the exact solution.

For the tapered bar shown with cross sectional areas 4 = 2 in? and 4, = 1 in? at
each end, use the collocation, subdomain, least squares, and Galerkin’s methods to
obtain the displacement in the bar. Compare these weighted residual solutions to the
exact solution. Choose a cubic polynomial u(x) = €)x + c2x® + ¢3x°.
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P=10001tb
E=10%10°psi

e L=20in.——‘°i

Figure P3-60

3.61 For the bar shown in Figure P 3-61 subjected to the linear varying axial load, deter-
mine the displacements and stresses using (2) one and then two finite element models
and (b) the collocation, subdomain, least squares, and Galerkin’s methods assuming a
cubic polynomial of the form u(x} = ¢ x + ¢22 + ¢3x°.

Figure P3-61

3.62-3.67 Use a computer program to solve the truss design problems shown in Figures P3.
62--3.67. Determine the single most critical cross-sectional area based on maximum
allowable yield strength or buckling strength (based on either Euler’s or Johnson’s
formula as relevant) using a factor of safety (FS) listed next to each truss. Recommend
a common structural shape and size for each truss. List the largest three nodal dis-
placements and their locations. Alse include a plot of the deflected shape of the truss
and a principal stress plot.

F=20kip
25
40001b 16,000 Ib

, [}

ff_ 15
g

. - —

f 10w te——25' L—XS’ ¥

Figure P3-62 Derrick truss (FS = 4.0) Figure P3-63 Truss bridge (FS = 3.0)
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40 kip
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Figure P3-64 Tower (FS=2.5) Figure P3-65 Boxcar lift {FS = 3.0)

A DR PN

126t 1af | 14

15.5 ft
L
8ft 8ft 8ft 8ft 8fr 8 8ft &f
Figure P3-66 Howe scissors raof truss (FS = 2.0) Figure P3-67 Stadium roof truss

(FS =3.0)



Introduction

We begin this chapter by developing the stiffness matrix for the bending of a beam
element, the most common of all structural elements as evidenced by its prominence
in buildings, bridges, towers, and many other structures, The beam element is con-
sidered to be straight and to have constant cross-sectional area. We will first derive
the beam element stiffness matrix by using the principles developed for simple
beam theory.

We will then present simple examples to illustrate the assemblage of beam
element stiffness matrices and the solution of beam problems by the direct stiffness
method presented in Chapter 2. The solution of a beam problem illustrates that the
degrees of freedom associated with a node are a transverse displacement and a rota-
tion. We will include the nodal shear forces and bending moments and the resulting
shear force and bending moment diagrams as part of the total solution.

Next, we will discuss procedures for handling distributed loading, because
beams and frames are often subjected to distributed loading as well as concentrated
nodal Joading. We will follow the discussion with solutions of beams subjected to dis-
tributed loading and compare a finite element solution to an exact solution for a beam
subjected to a distributed loading.

We will then develop the beam elernent stiffness matrix for a beam element with
a nodal hinge and illustrate the solution of a beam with an internal hinge.

To further acquaint you with the potential energy approach for developing
stiffness matrices and equations, we will again develop the beam bending element
equations using this approach. We hope to increase your confidence in this approach.
It will be used throughout much of this text to develop stiffness matrices z2nd equations
for more complex elements, such as two-dimensional (plane) stress, axisymmetric, and
three-dimensional stress.

Finally, the Galerkin residual method is applied to derive the beam element
equations.
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The concepts presented in this chapter are prerequisite to understanding the
- concepts for frame analysis presented in Chapter 5.

A 4.1 Beam Stiffness A

In this section, we will derive the stiffness matrix for a simple beam ¢lement. A beam is
a long, slender structural member generally subjected to transverse loading that produces
significant bending effects as opposed to twisting or axial effects. This bending deforma-
tion is measured as a transverse displacement and a rotation. Hence, the degrees of
freedom considered per node are a transverse displacement and a rotation (as opposed
to only an axial displacement for the bar element of Chapter 3).

Consider the beam element shown in Figure 4-1. The beam is of length L with
axial local coordinate % and transverse local coordinate y. The local transverse nodal
displacements are given by dj’s and the rotations by ¢;’s. The local nodal forces are
given by f,’s and the bending moments by riz’s as shown. We initially neglect all
axial effects. :

At all nodes, the following sign conventions are used: .~

1. Moments are positive in the counterclockwise direction.
2. Rotations are positive in the counterclockwise direction.
3. Forces are positive in the positive y direction.

4. Displacements are positive in the positive § direction.

Figure 4-2 indicates the sign conventions used in simple beam theory for positive
shear forces ¥ and bending moments 12,

504
IS 2 »
Gu iy ’/- 2} g, by

1t/ 4
L
fiyv 3:; )’2» 327
Figure 4-1 Beam element with positive nodal displacements, rotations, forces, and
moments
L
v v

Figure 4-2 Beam theory sign conventions for shear forces and bending moments
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7 (a) Undeformed beamn under load w(%) (b} Deformed beam due to apphied Joading

w(z}

-

{c) Differential beam element

Figure 4-3 Beam under distributed load

Beam Stiffness Matrix Based on Euler-Bernouli Beam Theory
(Considering Bending Deformations Only)

The differential equation governing elementary linear-elastic beam behavior [1] (called
the Euler-Bernoulli beam as derived by Euler and Bernoulli) is based on plane cross
sections perpendicular to the longitudinal centroidal axis of the beam before bending
occurs remaining plane and perpendicular to the longitudinal axis after bend-
ing occurs. This is illustrated in Figure 4-3, where a pIane through vertical line a—¢
(Figure 4-3(a)) is perpendicular to the longitudinal % axis before bending, and this
same plane through '~ ¢’ (rotating through angle ¢ in Figure 4-3(b)) remains perpen-
dicular to the bent £ axis after bending. This occurs in practice only when a pure cou-
ple or constant moment exists in the beam. However it is a reasonable assumption
that yields equations that quite accurately predict beam behavior for most practical
beams.

The differential equation is derived as follows. Consider the beam shown in
Figure 4-3 subjected to a distributed loading w(x) (force/length). From force and
moment equilibrium of a differential element of the beam, shown in Figure 4-3(c),
we have

TFy=0:V —(V+dV)—w(®)dx=0 (4.1.1a)
Or, simplifying Eq. (4.1.1a), we obtain
—wdi—dV =0 or w:-% . (4.1.15)

zMzzo:-Vd:c+dM+w(x)di(%)=o or V—% 4.1.1c)

The final form of Eq. (4.1.1¢), relating the shear force to the bending moment, is
- obtained by dividing the left equation by d% and then taking the limit of the equation
as dx approaches 0. The w(%) term then disappears.
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w(z)
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]
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()
() Portion of deflected curve of beam’ (b} Radius of deflected curve at #(2)

Figure 4-4 Deflected curve of beam

Also, the curvature x of the beam is related to the moment by
= (4.1.1d)

where p is the radius of the deflected curve shown in Figure 4-4b,  is the transverse
displacement function in the j direction (see Figure 44a), E is the modulus of elastic-
ity, and [ is the principal moment of inertia about the Z axis (where the Z axis is per-
pendicular to the % and j axes). A

The curvature for small slopes ¢ = di/dx is given by

a*
o= E (41.16)
Using Eg. (4.1.1¢) in (4.1.1d), we obtain
&% M ’
E 5 (4.1.1f)
Solving Eq. (4.1.1f) for M and substituting this result into {4.1.1c) and (4.1.1b),
we obtain
d? d* .
.4_7}{-5 (EI d-if—i) = —W(X) (4.1.1g)
For constant EJ and only nodal forces and moments, Eg. (4.1.1g) becomes
: d*s
— 4.1.
El P 0 (4.1.1h)

We will now follow the steps outlined in Chapter 1 to develop the stiffness
matrix and equations for a beam element and then to illustrate complete solutions
for beams.

Step 1 Select the Element Type

Represent the beam by labeling nodes at each end and in general by labeling the ele-
ment number (Figure 4-1).
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Step 2 Select a Displacement Function
Assume the transverse displacement variation through the element length to be
#(E) = + a2 + sk + ag ) (4.1.2)

The complete cubic displacement function Eq. (4.1.2) is appropriate because there are
four total degrees of freedom (a transverse displacement d,y and a small rotation §;
at each node). The cubic function also satisfies the basic beam differential equation—
further justifying its selection. In addition, the cubic function also satisfies the condi-
tions of displacement and slope continuity at nodes shared by two elements.

Using the same procedure as described in Section 2.2, we express § as a function
of the nodal degrees of freedom dly, dzy, 451, and aﬁz as follows:

5(0) = a’ly =a,
an(0 -
=h=a
] (4.13)
(L)y=dy=al’+al’+al+ta,
(L)

T = ¢§2 = 3a1L2+2a1L+a3

where § = d#/d for the assumed small rotation 4. Solving Eqs. (4.1,3) for g, through
as in-terms of the nodal degrees of freedom and substituting into Eq. (4.1.2),
we have

= Bt~ )+ 3+ )]

TP N I
s[5 - ) -1 0h+)|F 4 derd, g
In matrix form, we express Eq. (4.1.4) as
b = [N){d} (4.1.5)
31},
where {d}= ?1 (4.1.6a)-
dy,
4,
and where INI=[Ni1 Ny N3 Ny (4.1.6b)
and N __—(z 338+ 1Y) Nz~z;( BL - 2L + 217
(4.1.7)
N, =% 2% 43220 N —-(i:‘L 212

Ny, N3, N3, and Ny are called the shape functions for a beam element. These cubic
shape (or interpolation) functions are known as Hermite cubic interpolation {or cubic
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spline) functions. For the beam element, N; = 1 when evaluated at node 1 and Ny =0
when evaluated at node 2. Because N, is associated with ¢,, we have, from the second
of Egs. (4.1.7), (dN,/dx) = 1 when evaluated at node 1. Shape functions N3 and Ny
have analogous results for node 2.

Step 3 Define the Strain/Displacement
and Stress/Strain Relationships

Assume the following axial strain/displacement relationship to be valid:

. di
&%, 9) = El; (4.1.8)

where # is the axial displacement function. From the deformed configuration of
the beam shown in Figure 4-5, we relate the axial displacement to the transverse dis-
placement by

. db
Yz
where we should recall from elementary beam theory {1] the basic assumption
that cross sections of the beam (such as cross section ABCD) that are planar before

bending deformation remain planar after deformation and, in general, rotate through
a small angle (dij/d%). Using Eq. (4.1.9) in Eq. (4.1.8), we obtain

u=

(4.19)

.. d%
&ty) =P (4.1.10)
¢
3, b
3
11 A
————————— - 2,6
/);‘l- ———————— - —C
¥
/ B
3 dz

C
|
Bdﬁ

a%

(b}

Figure 4-5 Beam segment (a) before deformation and (b) after deformation;
{c) angle of rotation of cross section ABCD
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From elementary beam theory, the bending moment and shear force are related to the
transverse displacement function. Because we will use these relationships in the deriva-
tion of the beam element stiffness matrix, we now present them as
) da* d*s
%) = Bl — = El— 1.1
m{x) = E. 7iE E. Fre (4.1.11)
Step 4 Derive the Element Stiffness Matrix and Equations

First, derive the element stiffness matrix and equations using a direct equilibrivm
approach. We now relate the nodal and beam theory sign conventions for shear forces
and bending moments {Figures 4-1 and 4-2), along with Eqs. (4.1.4) and (4.1.11),
to obtain

-~ ™ BA ~ ~
f =7 =Er? d’;fo) L (124, + 614, — 124, + 6L3))
2
ml == "‘Elg‘dv_,{?l = _(6Ld;y + 4L2¢l - 6Ldzy + ZL ¢2)
d3x(L) EI (41.12)
fy=-V=-EI ;3 =5 (-12d, - 6L§, + 12d;, - 614y)
a? v(L)

ity = it = EI (6Ld1,. + 2124, — 6Ly, +4L%4,) -

dz
where the minus signs in the second and third of Eqs. (4.1.12) are the result of oppo-
site nodal and beam theory positive bending moment conventions at node 1 and
opposite nodal and beam theory positive shear force conventions at node 2 as seen
by comparing Figures 4--1 and 4-2. Equations (4.1.12) relate the nodal forces to the
nodal displacements. In matrix form, Egs. (4.1.12) become

£ r 12 6 -12 6L17/(4d,
my | _EI| 6L 4L*  —6L 21| ] §
L | -12 -6L 12 6L b, (41.13)
Yty | 6L 2 6L 47| 4,
where the stiffness matrix is then
[ 12 6L -12 6L
. EI| 6L 4L? 6L 217
k=%l -6 12 -6L (4.1.14)
| 6L 2L* 6L  4L2

Equation (4.1.13) indicates that k relates transverse forces and bending moments to
transverse displacements and rotations, whereas axial effects have been neglected.

In the beam element stiffness matrix (Eq. (4.1.14) derived in this section, it is
assumed that the beam is long and slender; that is, the length, L, to depth, A, dimen-
sion ratio of the beam is Jarge. In this case, the deflection due to bending that is pre-
dicted by using the stiffness matrix from Eq. (4.1.14) is quite adequate. However,
for short, deep beams the transverse shear deformation can be significant and can
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bave the same order of magnitude contribution to the total deformation of the beam.
This is seen by the expressions for the bending and shear contributions to the deflec-
tion of a beam, where the bending contribution is of order (L/h)°, whereas the shear
contribution is only of order (L/k). A general rule for rectangular cross-section
beams, is that for a length at Jeast eight times the depth, the transverse shear deflection
is less than five percent of the bending deflection [4]. Castigliano’s method for finding
beamn and frame deflections is a convenient way to include the effects of the transverse
shear term as shown in (4]. The derivation of the stiffness matrix for a beam including
the transverse shear deformation contribution is given in 2 number of references [5-8].
The inclusion of the shear deformation in beam theory with application to vibration
problems was developed by Timoshenko and is known as the Timoshenko beam [9-10].

Beam Stiffness Matrix Based on Timoshenko Beam Theory
{Including Transverse Shear Deformation}

The shear deformation beam theory is derived as follows. Instead of plane sections
remaining plane after bending occurs as shown previously in Figure 4-5, the
shear deformation (deformation due to the shear force V') is now included. Referring
to Figure 4-6, we observe a section of a beam of differential length dx with the cross
section assumed to remain plane but no longer perpendicular to the neutral axis

(a)

Element 2

PO
a5  dp,®
i dr

®)

Figure 4-6  (a) Element of Timoshenko beam showing shear deformation. Cross
sections are no longer perpendicular to the neutral axis line, (b) Two beam elements
meeting at node 2
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(% axis) due to the inclusion of the shear force resulting in a rotation term indicated by
5. The total deflection of the beam at a point X now consists of two parts, one caused
by bending and one by shear foree, so that the slope of the deflected curve at point % is
now given by

i‘?- = §(%) + (%) (4.1.152)

wheré fotation due to bending momem and due to transverse shear {orce are gwen Te-
spectively; by 4 (%) and S(%).
* We assiime a$ usual that the linear deflection and angular deflection (slope) are
small.
The relation between bending moment and bending deformation (curvature)

is now
d
M%) = "’(") (4.1.15b)
and the relation between the shear force and shear deformation (rotation due to shear)
(shear strain) is given by
) V(%) = k. AGB(%) ‘ (4.1.15¢c)

" ‘The difference in Jv/dx and ¢ represents the shear strain 7yz(= B) of the beam as
db .
Te=oz— ¢ (4.1.154)
‘Now consider the differential element in Figure 4-3c and Eqs. (4.1.1b) and {(4.1.1¢)
obtained from summing transverse forces and then summing bending moments.
We now substitute Eq. (4.1.15¢) for V and Eg. (4.1.15b) for M into Eqgs. (4.1.1b)
and (4.1.1c) along with f from Eq. {4.1.15a) to obtain the two governing differential
equations as

%[k,AG(%-—J)} =-w (4.1.15¢)

(EI ¢) +k,AG(g— 5) =0 (4.1.15f)

To derive the stiffness matrix for the beam element including transverse shear
deformation, we assume the transverse displacement to be given by the cubic function
"in Eq. (4.1.2). In 2 manner similar to [8], we choose transverse shear strain y consistent

with the cubic polynomial for §(x}, such that y is a constant given by
y=¢ (4.1.15g)

Using the cubic displacement function for b, the slope relation given by Eq. (4.1.15a),
and the shear strain Eq. (4.1.15g), along with the bending moment-curvature relation,
| Eq. (4.1.15b) and the shear force-shear strain relation Eq. (4.1.15¢), in the bending
| moment-shear force relation Eq. (4.1.1c), we obtain

c=6ag ) (4.1.15b)

where g = EI/k.AG and k.A is the shear area. Shear areas, 4, vary with cross-
i section shapes. For instance, for a rectangular shape 4; is taken as 5/6 times the
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cross section 4, for a solid circular cross section it is taken as 0.9 times the cross
section, for a wide-flange cross section it is taken as the thickness of the web tirnes
the full depth of the wide-flange, and for thin-walled cross sections it is taken as two
times the product of the thickness of the wall times the depth of the cross section.

Using Egs. (4.1.2), (4.1.15a), (4.1.15g), and (4.1.15h) allow ¢ to be expressed as
a polynomial in ¥ as follows:

6= a;+ 2m,% + (32 + 69)a, (4.1.15i)

Using Eqs. (4.1.2) and (4.1.15i), we can now express the coefficients 2, through
a4 in terms of the nodal displacements &ﬁy and 4y, and rotations ¢, and ¢, of the
bearn at the ends % = 0 and £ = L as previously done to obtain Eq. {4.1.4) when shear
deformation was neglected. The expressions for a; through a, are then given as follows:

_ 231;: + Lél - 2‘22)' + L‘[‘z

=TT 129)
gy = D3y = QL + 60, + 3Ldy + (L' + 69)4,
. LL +129) . (4.1.15))
= ~12gd,, + (L’ + 6gL)¢, + 129d,, ~ 69L4, ’
L(L + 12g)
a4)=‘: &Jy

Substituting these a’s into Eq. (4.1.2), we obtain
2, + L4, =2, + 14,

D=

L(L* + 12g)
—3Ldy, — (2L + 69)¢y + 3Ldy, + (-1 + 60)§” ,
L(I* + 12g)
—12gdy, + (L* + 6gL)§, + 1295, — 6gLé, . -
yt( L(infzw oLl PN (4.1.15k)

In a manner similar to step 4 used to derive the stiffness matrix for the beam element
without shear deformation included, we have

iy = 7(0) = 6E1a = =L (12d,, + 6L, — 12d,+ 6L4))

L(I* + 129)
o oo EN6LAd, + (417 + 129)4, — 6Ldy, + (2L — 124)4)]
by < EN=12dy — 614, + 124, — 6L4,) (4.1.151)
fl}"""’ ()“ L(Lz+]2g)
o = (L) = EI{6L31y+ (2L* — 129)§, — 6Ldy, + (4L* + l2g)¢§2}
my = m( ) - L(L2 + 129)

where‘again the minus signs in the second and third of Egs. (4.1.151) are the result of
opposite nodal and beam.theory positive moment conventions at node | and opposite
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nodal and beam theory positive shear force conventions at node 2, as seen by compar-
ing Figures 4-2 and 4-7. In matrix form Eqs (4.1.151) become

£ 12 6L 12 6L d

| EI 6L (4L7+12g) —6L (2L*-12g) |} 4,

jzy TL(L +12g) | -12 —6L 12 —6L 32),

1y 6L (2L*—12g) —-6L (4L + 12g) 4,

(4.1.15m)
where the stiffness matrix including both bending and shear deformation is then
given by
12 6L -12 6L
. EI 6L (4L +12g) —6L (2L%—12g)
k=toTmg |12 -6 12 —6L (41.150)

6L (2L?-12g) —6L (4L*+12g)

_ In Eq. (4.1.15n) remember that g represents the transverse shear term, and if we set
g = 0, we obtain Eg. (4.1.14) for the beam stiffness matrix, neglecting transverse
shear deformation. To more easily see the effect of the shear correction factor, we de-
fine the nondimensional shear correction term as ¢ = 12E1/{(k,AGL?) = 12g/L?* and
rewrite the stiffness matrix as

2 6L -2 6L
. B | 6L (4+@)l —6L (2-g)L*|.
E=Daie|-n -e¢ 1 -6 (41.150)

6L (2-g)l? -6L (4+q)L7

Most commercial computer programs, such as {11}, will include the shear defor-
mation by having you input the shear area, A, = k4.

A 4.2 Example of Assemblage A
of Beam Stiffness Matrices

Step 5 Assembie the Element Equations to Obtain the Global
Equations and Introduce Boundary Conditions

Consider the beam in Figure 4-7 as an example to illustrate the procedure for assern-
blage of beam element stiffness matrices. Assume ET to be constant throughout the
beam. A force of 1000 Ib and a moment of 1000 1b-ft are applied to the beam at mid-
length. The left end is a fixed support and the right end is a pin support.

First, we discretize the beam into two elements with nodes 1-3 as shown, We in-
clude a node at midlength because applied force and moment exist at midlength and,
at this time, loads are assumed to be applied only at nodes. (Another procedure for
handling loads applied on elements will be discussed in Section 4.4.)
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yi
. 1000 ib-ft
I =
?-——-—»x @ 2 T @ 3
4
7 L L
N
1000 ib

Figure 4-7 Fixed hinged beam subjected to a force and a moment

Using Eg. {4.1.14), we find that the global stiffness matrices for the two elements
are now given by
dy ¢ by &

12 6L -12 6L
(o EL| 6L 4L* —6L 2L (4.2.1)
= L3 -2 -6 12 -6L
6L 2127 —6L 412

dy ¢ dy. $
12 6L -12 6L
and wo JEL| 6L 4L 6L 212 (4.2.2)
T LD -12 -6L 12 -6L

| 6L 2L? —6L 4L? .
where the degrees of freedont associated with each beam element are indicated by the
usual labels above the columns in each element stiffness matrix. Here the local coordi-
nate axes for each element coincide with the global x and y axes of the whole beam.
Consequently, the local and global stiffness matrices are identical, so hats (7) are not
needed in Egs. (4.2.1) and (4.2.2). .

The total stiffness matrix can now be assembled for the beam by using the direct
stiffness method. When the total (global) stiffoess matrix bas. been assembled, the
external global nodal forces are related to the global nodal displacements. Through di-

_ rect superposition and Egs. (4.2.1) and (4.2.2), the governing equations for the beam

are thus given by

Fy 2 6L  -I2 6L 0 0 7(dy
M, 6L 4L}  —6L 212 o o ||
Fp | _EI|-12 —6L 12412 -6L+6L -12 6L |}dy|
M [TTD5| 6L 20 -6L+6L 4L*+4L* —6L 2*|) 4, -
By 0 0  -12 ~6L 12 —6L||a,
M, Lo o 6L 22 6L a1 lg,

Now considering the boundary conditions, or constraints, of the fixed support at node
1 and the hinge (pinned) support at node 3, we have

h=0 dy=0 dy=0 (4.2.4)
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On considering the third, fourth, and sixth equations of Egs. (4.2.3) corresponding to
the rows with unknown degrees of freedom and -using Egs. (4.2.4), we obtain

~1000 24 0 6L (dy
1000 3 =210 8L 21*|{ 4, (4.2.5)
0 6L 212 41| | 4,

where Fy, = ~1000 1b, M = 1000 1b-ft, and Ms = 0 have been substituted into the
reduced set of equations. We could now solve Eg. (4.2.5) simultaneously for the un-
known nodal displacement d;, and the unknown nodal rotations ¢, and ¢;. We
leave the final solution for you to obtain. Section 4.3 provides complete solutions to
beam problems.

£ 43 Examples of Beam Analysis &
Using the Direct Stiffness Method

We will now perform complete solutions for beams with various boundary supports
and loads to illustrate further the use of the equations developed in Section 4.1.

Example 4.1

Using the direct stiffess method, solve the problem of the propped cantilever beam
subjected to end load P in Figure 4-8. The beam is assumed to have constant EJ
and length 2. Tt is supported by a roller at midlength and is built in at the right end.
£ |

|
! ] 2& 3

Figure 4-8 Propped cantilever beam

ENANN

We have discretized the beam and established global coordinate axes as shown
in Figure 4-8. We will determine the nodal displacements and rotations, the reactions,
and the complete shear force and bending moment diagrams,

Using Eq. (4.1.14) for each element, along with superposition, we obtain the
structure total stiffness matrix by the same method as described in Section 4.2 for
obtaining the stiffness matrix in Eq. (4.2.3). The K is

dly ¢] dZy ¢2 d3y ¢3
12 6L 12 6L 0 0
41 -6L 2L 0 0
P 12412 —6L+6L —12 6L (43.1)
=L 412 +4L 6L 217
12 -6L

Symmetry 417
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The governing equations for the beam are then given by

Fiy 12 6L -12 6L 0 0 dyy
M 6L 4L -6L 2L* 0O 0 &
Fp| _EI|-12 —6L 24 0 ~12 6L | |dy (432)
My L¥| 6L 202 0 8L* 6L 2L*]] 4 o
By 6 0 -12 -6L 12 —6L ||dy
M 0 0 6L 2L* -6L 4L?|| ¢

On applying the boundary conditions
dy=0 dy=0 4,=0 (4.3.3)

and partitioning the equations associated with unknown displacements [the first,
second, and fourth equations of Egs. (4.3.2)] from those equations associated with
known displacements in the usual manner, we obtain the final set of equations for a
longhand solution as

-P) 12 6L eL](4
- 0 p=73|6L 4L 27| 4, (4.3.4)
0 CleL 2 8Lt || 4

where Fi, = —P, M; =0, and M) = 0 have been used in Eq. (4.3.4). We will now
solve Eq. (4.3.4) for the nodal displacement and nodal slopes. We obtain the trans-
verse displacement at node 1 as

7PL3
dyy = -E (4.3.5)
where the minus sign indicates that the displacement of node 1 is downward.
. The slopes are
3PL? PL?
$=ZEm T mE (4.36)

where the positive signs indicate counterclockwise rotations at nodes 1 and 2.

We will now determine the global nodal forces. To do.this, we substitute
the known global nodal displacements and rotations, Eqs. (4.3.5) and (4.3.6), into
Eq. (4.3.2). The resulting equations are

3 [N

7PL}
Ry 12 6L -2 6L 0 0 12E1
M 6L 412 —6L 22 o o || 3P
By| EI|-12 -6¢ 2 o -1 e || *H
M (D3| 6L a2 o osrr - 2| 0, (43.7)
By 0 0 -12 —6L 12 -6L %
M 0 0 6L 2w —eL 4r]| ‘T
0
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Mutltiplying the matrices on the right-hand side of Eq. (4.3.7), we obtain the global
nodal forces and moments as

Fy=-P M;=0 F =P
M,=0 Fy=~-P My=1PL

2

(4.3.8)

The results of Egs. (4.3.8) can be interpreted as follows: The value of Fy, = —P is the
applied force at node 1, as it must be. The values of Fyy, F3,, and M3 are the reactions
from the supports as felt by the beam. The moments M; and M, are zero because no
applied or reactive moments are present on the beam at node 1 or node 2.

It is generally necessary to determine the local nodal forces associated with
each element of a large structure to perform a stress analysis of the entire structure.
We will thus consider the forces in element 1 of this example to illustrate this concept
{element 2 can be treated similarly). Using Eqgs. (4.3.5) and (4.3.6) in the / = kd equa-
tion for element 1 [also see Eq. (4.1.13)], we have -

1]
7, 2 6L -12 6L ‘32‘,5;’
| _EI| 6L 4zt 6L 12 || EL
A(TT|-12 —6L 12 6L 4’5’ [ (439)
s 2
g oo 2t -eL ar]| O

4E]

where, again, because the Jocal coordinate axes of the element coincide with the global
axes of the whole beam, we have used the relationships 4 = d and k = k (that is, the
local nodal displacements are also the global nodal displacements, and so forth).
Equation {4.3.9) yields '

fy=-P =0 fo,=P sm=-PL (4.3.10)
A free-body diagram of element 1, shown in Figure 4-9(a), should help you to
understand the results of Egs. (4.3.10). The figure shows a nodal transverse
force of negative P at node 1 and of positive P and negative moment PL at node 2.
These values are consistent with the results given by Egs. (4.3.10}. For complete-
ness, the free-body diagram of element 2 is shown in Figure 4-9(b). We can easily
verily the element nodal forces by writing an equation similar ta Eq. (4)3.9).

Py, T%f 3Pl
& L 7
oAy G2,

@ ()

Figure 4-9 Free-body diagrams showing forces and moments on (2) element 1 and
(b) element 2
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Figure 4-10 Nodal forces and moment on the beam
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Figure 4-11 Shear force diagram for the beam of Figure 4-10
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Figure 4-12 Bending moment diagram for the beam of Figure 4-10
From the results of Eqs. (4.3.8), the nodal forces and moments for the whole beam are
shown on the beam in Figure 4~10. Using the beam sign conventions established in
Section 4.1, we obtain the shear force V and bending moment M diagrams show:
in Figures 4-11 and 4-12. o
Int general, for complex beam structures, we will use the element local forces to
determine the shear force and bending moment diagrams for each element. We can
then use these values for design purposes. Chapter 5 will further discuss this concept
as used in computer codes.
Example 4.2

Determine the nodal displacements and rotations, global nodal forces, and element
forces for the beam shown in Figure 4-13. We have discretized the beam as indicated
by the node numbering. The beam is fixed at nodes 1 4nd 5 and has a roller support
at node 3. Vertical loads of 10,000 1b each are applied at nodes 2 and 4. Let £ =
30 x 106 psi and 7 = 500 in* throughout the beam.

We must have consistent units; therefore, the 10-ft lengths in Figure 4-13 will be
converted to 120 in. during the solution. Using Eq. (4.1.10), along with superposition
of the four beam element stiffness matrices, we obtain the global stiffness matrix
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Etastic
cuwc\ 10,000 ib 10,000 1b
I : 3
S P \ —
l"~,__;____,’ \_ ' ’/,” é
10— 10 ft ~f 101 T 10 r:—~i

Figure 4-13 Beam example

and the global equations as given in Eq. (4.3.11). Here the lengths of each element are
the same. Thus, we can factor an L out of the superimposed stiffness matrix.

dy & dyy 4 dy # dyy ¢ ds fs
riz e -12 6L ) 0 0 0 0 0 1 [ 4
6L 4L 6L 21 0 0 0 0 ¢ 0 &
~12 6L 12412 ~6L+6L  -12 6L 0 0 0 0 ||y
6L 2LY —6L+6L 4Lr+4L'  -6L 212 0 0 6 0 &
[ -12 —~6L 12412 -6L+6L -12 6L 0 o |l
[ ) 6L 21% —6L+6L 4L2+4L*  —6L 2L% 0 0 s
0o 0 0 0 -12 6L 12412 ~6L+6L -12 6L || dy
0o 0 0 0 6L 2L} —6L+6L--4L? 4412 ~6L 2L7) ] ¢,
[ 0 0 0 0 -12 -6L 12 -6L]||ds
Lo o i 0 0 0 6L 212 -6L 4L j | ¢

(4.3.11)

For a longhand solution, we reduce Eq. (4.3.11) in the usual manner by apphca-

tion of the boundary conditions

diy = ¢,
The resulting equation is
-10,000 24
0 0
o (-Hlg
~10,000 0
0 0

—d3y—d5y ¢5_’0

2L' 8L —6L 2L |{ ¢,
0 -6 24 o0 |ld,
0 22 0 8L ¢4

(4.3.12)

The rotations (slopes) at nodes 2—4 are equal to zero because of symmetry in loading,
geometry, and material properties about a plane perpendicular to the beam length

and passing through node 3. Therefore, ¢, = ¢, =

Eq. (43.12)to

-10000) _EI[24 0)fd,
—10,000 “Ls{ 0 z‘z_J ds,

Solving for the displacements using L =

Eg. (4.3.13), we obtain

hy = day = —0.048 in.

as expected because of symmetry.

¢, = 0, and we can further reduce

(4.3.13)

120 in., E = 30 x 10° psi, and I = 500 in.* in

(4.3.14)
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As observed from the solution of this problem, the greater the static redundancy
(degrees of static indeterminacy or number of unknown forces and moments that
cannot be determined by equations of statics), the smaller the kinematic redundancy
{(unknown nodal degrees of freedom, such as displacements or slopes)—hence, the
fewer the number of unknown degrees of freedom to be solved for. Moreover,
the use of symmetry, when applicable, reduces the number of unknown degrees of
freedom even further. We can now back-substitute the results from Eq. (4.3.14),
along with the numerical values for E, I, and L, into Eq. (4.3.12) to determine the
global nodal forces as

F,, = 5000 Ib M, = 25,000 Ib-ft

P, =100001b M,;=0

Fy=10000b  M;=0 (4.3.15)
Fy =100001b  M,=0

Fs, = 5000 Ib My = ~25,000 Ib-ft

Once again, the global nodal forces (and moments) at the support nodes (nodes 1, 3,
and 5) can be interpreted as the reaction forces, and the global nodal forces at nodes
2 and 4 are the applied nodal forces.

However, for large structures we must obtain the local element shear force and
bending moment at each node end of the element because these values are used in
the design/analysis process. We will again illustrate this concept for the element con-
necting nodes I and 2 in Figure 4-13. Using the local equations for this element, for
which all nodal displacements have now been determined, we obtain

£ 12 6L -12 6L [d,=0
my | _EI| 6L 4L* —6L 2L*|] 4, =0 (43.16)
AT -12 6L 12 -6L || d,=-0048 [ "
i 6L 2L -6L  al’|| g -o
Simplifying Eq. (4.3.16), we have
f 500016 )
Y 25,000 Ib-ft
Y = . 4.3.
o + —5000 1b (@3.17)
iy 25,000 1b-t |

If you wish, you can draw a free-body diagram to confirm the equilibrium of the
element. ™

Finally, you should note that because of reflective symmetry about a vertical
plane passing through node 3, we could have initially considered one-half of this
beam and used the following model. The fixed support at node 3 is due to the
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slope being zero at node 3 because of the symmetry in the loading and support

conditions.
10,000 1b

G

\ \
1 2 3 &
~~ ] 7N
§ \\\\-_——/ ,/ &
Example 4.3

Determine the nodal displacements and rotations and the global and element forces
for the beam shown in Figure 4-14. We have discretized the beam as shown by the
node numbering. The beam is fixed at node 1, has a roller support at node 2, and
has an elastic spring support at node 3. A downward vertical force of P = 50 kN is
applied at node 3. Let E = 210 GPa and [ = 2 x 10~* m* throughout the beam, and

let k& = 200 kN/m.

‘P = SOKN

7 ® 2 @ 3
2 =
| I @%k=200kN/m
I Im } 3m-—~~z
S

Figure 4-14 Beam example

Using Eq. (4.1.14) for each beam element and Eq. (2.2.18) for the spring element
as well as the direct stiffness method, we obtain the structure stiffness matrix as

4y 4 dy ¢ d3y #3

(12 6 -12 6L 0 0
41> —6L 2L 0 0
2% 0 -12 6L
CH 8L* —6L 212
2T kL3
12+ 77 6L
ar?
| Syrmmetry

kL?

kL?

T |

B

(4.3.18a)
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where the spring stiffness matrix k, given below by Eq. (4.3.18b) has been directly
added into the global stiffness matrix corresponding to its degrees of freedom at
nodes 3 and 4.

dy, 4y

k= u -1;] (4.3.18b)

It is easier to solve the problem using the general vanables, later making numerical
substitations into the final displacement expressions. The govémning equations for the
beam are then given by

Fy 12 6L -12 6L 0 0 0 d,
M, 417 -6L 21> 0 0 o || 4
B, £ 24 0 ~-12 6L 0 dy,
M; 5> = ’f{ 8L —6L 217 O ¢, (4.3.19)
F, 12+4k —-6L -k dy,
M; 412 0 &
Fy, | Symmetry k] Ldy

where k' = kL*/(EI) is used to simplify the notation. We now apply the boundary
conditions

dy=0 =0 dy=0 diyy=0 (4.3.20)
We delete the first three equations and the seventh equation (corresponding to

the boundary conditions given by Eq. (4.3.20)) of Egs. (4.3.19). The remaining three
equations are

0 . 8L 6L 2027 [ 4
~P1=73] 6L 124k —6L | dy (4.3.21)
207 -6L ari| ¢

Solving Egs. (4.3.21) simultaneously for the displacement at node 3 and the rotations
at nodes 2 and 3, we obtain

d__mgs 1. 4= 3pL? 1
YTUTED \R2+H TR \12+4 7

¢_;_9PL2 1
TR \ 12+ Tk

The influence of the spring stiffness on the displacements is easily seen in Eq. (4.3.22).
Solving for the numerical displacements using P = S0 kN, L =3 m, E = 210 GPz
(=210 x 10% kN/m?), I = 2 x 10~* m*, and k¥’ = 0.129 in Eq. (4.3.22), we obtain

—7(50 kN)(3 m)’ ( 1 )
dyy = : =-00174m (4323
¥ 7210 x 10 kKN/m?)(2 x 10~ m*) \12 +7(0.129) m (4329)

Similar substitutions into Eq. (4.3.26) yield
¢, =—0.00249rad- ¢, = —0.00747 rad (4.3.24)

(4322)
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We now back-substitute the results from Eqs. (4.3.23) and (4.3.24), along with numer-
ical values for P, E,I, L, and k', into Eq. (4.3.19) to dbtain the global nodal forces as

Fiy=—69.9kN M;=—-69.7 kN-m
Foy=1164kN  M;=00kN.m (4.3.25)

F3y=-500kN M;=00kN-m

For the beam-spring structure, an additional global force F}, is determined at the base
of the spring as follows:

Fay = —dayk = (0.0174)200 = 3.5 kN (4.3.26)

This force provides the additional global y force for equilibritim of the structure.
69.9 KN 50 kN
‘l \ 2 '1‘3 Figure 4-15 Free-body diagram of
7 3m 3m f beam of Figure 4-14
69.7kN - m 3.5 kN
116.4 kKN

A free-body diagram, including the forces and moments from Egs. (4.3.25) and
{4.3.26} acting on the beam, is shown in Figure 4-15. | ]

Example 4.4

Determine the displacement and rotation under the force and moment located at the
center of the beam shown in Figure 4-16. The beam has been discretized into the
two elements shown in Figure 4-16. The beam is fixed at each end. A downward
force of 10 kN and an applied moment of 20 kN-m act at the center of the beam.
Let E = 210 GPa and I = 4 x 10~* m* throughout the beam length.

IOlkN
4 3m 24 ‘ 3m g

Figure 4-16 Fixed-fixed bearn subjected to applied force and moment

Using Eq. (4.1.14) for each beam element with L = 3 m, we obtain the element
stiffness matrices as follows:

dy & &y 4, dy ¢ dy 3
12 6L -12 6L 12 6L -12 6L
o = E 41> —6L  2L? oo E 417 —6L  2IZ
- L3 12 -6L - L 12 -6L
Symmetry 412 Symmetry 4L*

(4.3.27)
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The boundary conditions are given by
dy=¢, =dy=¢,=0 (4.3.28)

The global forces are F5, = —10,000 N and M> = 20,000 N-m.

Applying the global forces and boundaty conditions, Eq. (4.3.28), and assem-
bling the global stiffness matrix using the direct stiffness method and Egs. (4.3.27),
we obtain the global equations as:

—10,000) _(210x 10°)(4x 10 [24 0 |[d, '
{ 20,000} - 33 [0 8(32)]{ ¢2} (4.3.29)

Solving Eq. (4.3.29) for the displacement and rotation, we obtain

dy, = —1.339 .10 m and ¢, = 8.928 x 10”° rad (4.3.30)

Using the local equations for each element, we obtain the local nodal forces and
moments for element one as follows:

Sy Tz 63) _-12 63) 0

m | 10x 10°)@ x 107%) | 6(3)  4(3) —6(3) 2(3%) 0
ffh - 3 {-12 —6(3) 12 —6(3) |] -1.3339 x 10~*
i) 6(3)  2(¥) -6(3) 4(3}) 8.928 x 10~°
2

(4.3.31)
Simplifying Eq. (4.3.31), we have
£ =10000N, m"=12500 N-m, f=—-10,000N, m =17,500 N-m
(4.3.32)
Similarly, for element two the local nodal forces and moments are

=0, m?=2500 N-m, j'“’ =0, m®=-2500 N-m (4.3.33)

Using the results from Egs. (4.3.32) and {4.3.33), we show the local forces and
moments acting on each element in Figure 4-16 as follows:

Using the results from Eqs. (4.3.32) and (4.3.33), or Figure 4-17, we ob-
tain the shear force and bending moment diagrams for each element as shown in

Figure 4~18.

12,500 N-rn 17,500 N-m 2500 N-m 2500 N-m
) G—~———D
t

)OOOOP\ XUOGON

Figure 4-17 Nodal forces and moments acting on each element of Figure 4-15
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V,N V,N
10,000
(2)
+
0
' 17.500
M, N-m @ M, N-m @
+
. (®)
-1z -2500 _

Figure 4-18 Shear force (a} and bending moment (b) diagrams for each element

Example 4.5

To illustrate the effects of shear deformation along with the usual bending defor-
mation, we now solve the simple beam shown in Figure 4-19. We will use the beam
stiffness matrix given by Eq. {4.1.150) that inctudes both the bending and shear defor-
mation contributions for deformation in the x—y plane. The beam is simply supported
with a concentrated load of 10,000 N applied at mid-span. We let materjal properties
be E = 207 GPa an0d G = 80 GPa. The beam width and height are b = 25 mm and
h = 50 mum, respectively.

IP: 10,000 N

L

[¢——200 mm —"
e 400 mmm

Figure 4-19 Simple beam subjected to concentrated load at center of span

We will use symmetry to simplify the solution. Therefore, only one half of the
beam will be considered with the slope at the center forced to be zero. Also, one half
of the concentrated load is then used. The model with symmetry enforced is shown
in Figure 4-20.

The finite element mode! will consist of only one beam element. Using
Eq. (4.1.150) for-the Timoshenko beam element stiffness matrix, we obtain the global
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L
2
1[ ® 2 Figure 4-20 Beam with symmetry enforced
A ’
e 1
r S
equations as
12 6L -12 6L dy=0 F,
Er 6L (4+)L —6L (2-¢@)? &, _ 0
L(1+¢) | -12 —6L 12 ~6L dy ~P/2
6L (2-p)2 —6L (4+g)L?| | d=0 0

(4.3.34)

Note that the boundary conditions given by di y =0 and ¢, = 0 have been included in
Eq. (4.3.34).

Using the second and third equations of Eq. (4.3.34) whose rows are associated
with the two unknowns, ¢, and d»,, we obtain

~PL(4+ ¢) —PL?
T ——— T m—— 3.35
b=—sm ™ h=Ig (4.3.35)
As the beam is rectangular in cross section, the moment of inertia is
I=0bi/12
Substituting the numerical values for 5 and k, we obtain [ as
I=0.26x%10"m*
The shear correction factor is given by
‘ _ 2Er
= Acr
and k; for a rectangular cross section is given by k; = 5/6.
Substituting numerical values for E, I, G, L, and k,, we obtain
_ 12 x 207 x 10° x 0.26 x 1078
? =576 % 0.025 % 0.05 x 80 x 10° X 0.2%

Substitating for P = 10,000 N, L =02 m, and ¢ = 0.1938 into Eq. (4.3.35), we
obtain the displacement at the mid-span as

&y, =-2.597 x 10 m (4.3.36)

If we let / = the whole length of the beam, then / = 2L and we can substitute L = //2

into Eq. {4.3.35) to obtain the displacement in terms of the whole length of the beam as

i = ~PP(4 + p)
¥ T TI92ET

=0.1938

(4.3.37)
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For long slender beams with / about 10 or more times the beam depth, &, the transverse
shear correction term ¢ is small and can be neglected. Therefore, Eq. (4.3.37) becomes
_ =P
T 48EI
Equation (4.3.38) is the classical beam deflection formula for a simply supported beam

subjected to a concentrated load at mid-span.
Using Eq. (4.3.38), the deflection is obtained as
dy=2474% 10" m (4.3.39)
Comparing the deflections obtained using the shear-correction factor with the deflec-
tion predicted using the beam-bending contribution only, we obtain
2.597 - 2.474

% change = 5w 100 = 4.97% difference =

d, (4.3.38)

A 4.4 Distributed Loading A

Beam members cdn support distributed loading as well as concentrated nodal
loading. Therefore, we must be able to account for distributed loading. Consider the
fixed-fixed beam subjected to 2 uniformly distributed i6ading w shown in Figure 4-21.
The reactions, determined from structural analysis theory [2], are shown in Figare 4-22.
These reactions are called fixed-end reactions. In general, fixed-end reactions are
those reactions at the ends of an element if the ends of the element are assumed to
be fixed—that is, if displacements and rotations are prevented. (Those of you who-
are unfamiliar with the analysis of indeterminate structures should assume these reac-

_tions as given and proceed with the rest of the discussion; we will develop these resuls

in a2 subsequent presentation of the work-equivalence method.) Therefore, guided by
the results from structural analysis for the case of a uniformly distributed load, we re-
place the load by concentrated nodal forces and moments tending to have the same

w{lb/ft)

a4 b b

NNANANRNNANY

ANNUNNANANN

Figure 4-21 Fixed-fixed beam subjected to a uniformly distributed load

whk? _owl?
M= uc\ /3”""1”
L
wl wl
7 2

Figure 4-22 Fixed-end reactions for the beam of Figure 4-20
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wlL wL

2 12 2
A T T T L. % A
F T A o— s

/
7
Y/

Figure 4-23 (a) Beam with & distributed load, (b) the equivalent nodal force system,
and () the enlarged beam (for clarity’s sake} with equivalent nodal force system when
node 5 is added to the midspan ' -

effect on the beam as the actual distributed load. Figure 4-23 tllustrates this idea for a
beam. We have replaced the uniformly distributed load by a statically equivalent force
system consisting of a concentrated nodal force and moment at each end of the mem-
ber carrying the distributed load. That is, both the statically equivalent concentrated
nodal forces and moments and the original distributed load have the same resultant
force and same moment about an arbitrarily chosen point. These statically equivalent
forces are always of opposite sign from the fixed-end reactions. If we want to analyze
the behavior of loaded member 2-3 in better detail, we can place a node at midspan
and use the same procedure just described for each of the two elements representing
the horizontal member. That s, to determine the maximum deflection and maximum
moment in the beam span, a node 5 is needed at midspan of beam segment 2-3, and
work-equivalent forces and moments are applied to each element (from node 2 to
node 5 and from node 35 to node 3) shown in Figure 4-23 (c).

Work-Equivalence Method

We can nse the work-equivalence method to replace a distributed load by a set of
discrete loads. This method is based on the concept that the work of the distributed
load w(%) in going through the displacement field 5(%) is equal to the work done by
nodal loads f;, and »%; in going through nodal displacements 3,-,, and ¢, for arbitrary
nodal displacements. To illustrate the method, we consider the example shown in
Figure 4-24. The work due to the distributed load is given by

Wisibet = LL w(R)5(%) dx (4.4.1)
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59 N R
w(%) fiydiy Sy,
NT/T/’T\f : ‘ ( iy, /_\:ﬁz, é;
i 3 X H ~ g\ 2
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Figure 4-24 (a) Beam element subjected to a general load and (b) the statically
equivalent nodal force system

where §(%) is the transverse displacement given by Eq. (4.1.4). The work due to the
discrete nodal forces is given by

Weisrete = W1y + 12y + fi, s + fry iy (4.4.2)

We can then determine the nodal moments and forces my.m, fl »» and fzy used to
replace the distributed load by using the concept of work equxvalencc—that is, by set-
ting Wiisributed = Waiseree fOT arbitrary displacements ¢, ¢7 a y, and dzy

Example of Load Replacement

To illustrate more clearly the concept of work cq{livalence, we will now consider a
beam subjected to a specified distributed load. Consider the uniformly loaded beam
‘shown in Figure 4-25(2). The support conditions are not shown because they are not
relevant to the replacemem scheme. By letting Wiicrere = Waistributea 20d by assummg
arbitrary ¢,,¢2;d,y, and dzy, we will find equivalent nodal forces rizy, 1y, f, 5> and fz,
Figure 4-25(b) shows the nodal forces and moments directions as positive based on
Figure 4-1.

I I ‘ ﬁy»‘i‘}’ ﬂ fzy, e'iZy
P AN \77'127 &

1 2 [ - 2

—

@ (b}

Figure 4-25. (a) Beam subjected to a uniformly distributed loading and (b} the
equivalent nodal forces to be determined

Using Egs. (4.4.1) and {4.4.2) for Wiisributed = Waiserete, We have

L - - A -
J- w(X)D(X) dX = ring, + i, + f1,d\, + ., (4.4.3)
0

where m1¢, and mzqﬁz are the work due to concentrated nodal moments moving
through their respective nodal rotations and f;,dy, and f5,d, are the work due to the
nodal forces moving through nodal displacements. Evaluating the left-hand side of
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Eq. (4.4.3) by substituting w(x) = —w and &(z) from Eq. (4.1.4), we obtain the work
due to the distributed load as

[[ warscsras = - 5Ed, - ) - L2 + 4) - Lntdy - 4)

L2, +8)-6(52) -a o (444)

Now using Eqgs. (4.4.3) and (4 4.4) for arbitrary nodal displacements, we let ¢1 =1,
$) = 0,d;, =0, and d, = 0 and then obtain

o {Dwo2 L2\ wl?
m,(l)— _(T_EL —2~W) ——*i'i— (445)
Similarly, letting §; = 0,8, = 1,di, = 0, and dy, = 0 yields
. Lw  Lw\ wl?
m:(l) = - (T ol -—3-*) = *Tz—— (4.4.6)

Finally, letting al! nodal displacements equal zero except first 31,, and then 5’2,,, we
obtain

F )= -I‘T“’+Lw Lw= ,—%””-
Lo @47) -
fz,(i)-——Lw———z—

We can conclude that, in general, for any given load function w(%), we can mul-
tiply by 6(%) and then integrate according to Eq. (4.4.3) to obtain the concentrated
nodal forces (and/or moments) used to replace the distributed load. Moreover,
we can obtain the load replacement by using the concept of fixed-end reactions
from structural analysis theory. Tables of fixed-end reactions have been generated
for numerous load cases and can be found in texts on structural analysis such as Ref-
erence {2]. A table of equivalent nodal forces has been generated in Appendix D of
this text, guided by the fact that fixed-end reaction forces are of opposite sign from
those obtained by the work equivalence method.

Hence, if a concentrated load is applied other than at the natural intersection of
two elements, we can use the concept of equivalent nodal forces to replace the concen-

_ trated load by nodal concentrated values acting at the beam ends, instead of creating

a node on the beam at the location where the load is applied. We provide examples
of this procedure for handling concentrated loads on elements in beam Example 4.7
and in plane frame Example 5.3. '

General Formulation

In general, we can account for distributed loads or concentrated loads acting on beam
elements by starting with the following formulation application for a general
structure:

F=Kd-F (4.4.8)
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where F are the concentrated nodal forces and F, are called the equivalent nodal forces,
now expressed in terms of global-coordinate components, which are of such magnitude
that they yield the same displacements at the nodes as would the distributed load. Using
the table in Appendix D of equivalent nodal forces f, expressed in terms of local-
coordinate components, we can express F, in terms of global-coordinate components.
Recall from Section 3.10 the derivation of the element equations by the principle
of minimum potential energy. Starting with Eqs. (3.10.19) and (3.10.20), the minimi-
zation of the total potential energy resulted in the same form of equation as
Eq. (4.4.8) where F, now represents the same work-equivélent force replacement sys-
tem as given by Eq. (3.10.20a) for surface traction replacement. Also, F = P [P from
Eq. (3.10.20)] represents the global nodal concentrated forces. Because we now as-
sume that concentrated nodal forces are not present (F = 0), as we are solving beam
problems with distributed loading only in this section, we can write Eq. (4.4.8) as

F,=Kd (4.4.9)

On solving for d in Eq. (4.4.9) and then substituting the global displacements 4 and
equivalent nodal forces F, into Eq. (4.4.8), we obtain the actual global nodal forces
F. For example, using the definition of f, and Eqs. (4.4.5)~(4.4.7) (or using load case
4 in Appendix D) for 2 uniformly distributed Joad w acting over a one-clement beam,
we have

—wlL ’
2
—wL?
12
E = L (4.4.10)
2
wL?

12

_ This concept can be applied on a local basis to obtain the local nodal forces f in
individual elements of structures by applying Eq. (4.4.8) locally as

f=ki-f, (4.4.11)

where f, are the equivalent local nodal forces.

Examples 4.6-4.8 illustrate the method of equivalent nodal forces for solv-
ing beams subjected to distributed and concentrated loadings. We will use global-
coordinate notation in Examples 4.6-4.8—treating the beam as a general structure
rather than as an element.

Example 4.6

For the cantilever beam subjected to the uniform load w in Figure 4-26, solve for the
right-end vertical displacement and rotation and then for the nodal forces. Assume the
beam to have constant £/ throughout its length.
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Figure 4-26 (a) Cantilever beam subjected to a uniformly distributed load and
{b) the work equivalent nodal force system

We begin by discretizing the beam. Here only one element will be used to repre-
sent the whole beam. Next, the distributed load is replaced by its work-equivalent
nodal forces as shown in Figure 4-26(b). The work-equivalent nodal forces are those
that result from the uniformly distributed load acting over the whole beam given by
Eq. (4.4.10). (Or see appropriate load case 4 in Appendix D.) Using Eq. (4.4.9) and

~ the beam element stiffness matrix, and realizing [ =k as the local £ axis is coincident
with the global x axis, we obtain

4 wL
F‘\y - "i"'
12 6L -12 6L d, M wlL?
T _Rr2 2 U
EI 4Lt —6L* 20|} 4 | _ 12 (44.12)
J&] 12 ~6L |4, -wL
412 4, P
vz
12
where we have applied the work equivalent nodal forces and moments from Figure

4-26(b).

Applying the boundary conditions 4;, = 0 and @, = 0 to Eqgs (4.4.12) and then
partitioning off the third and fourth equations of Eq. (4.4.12), we obtain

wL
EIT 12 —6L 1[4, T2
T | -6 41}]{45:}: wi? (44.13)
v
Solving Eq. (4.4.13) for the displacements, we obtain
—wL
dz; L [21? 3L 2
L ‘ 4.4.14
{¢2} 6EI[3L 6 ] wL? (44.142)
1

Simplifying Eq. (4.4.14a), we obtain the displacement and rotation as

—wL*
{‘;2:} = (4.4.14)

6EI
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The negative signs in the answers indicate that dy, is downward and ¢, is clockwise.
In this case, the method of replacing the distributed load by discrete concentrated
loads gives exact solutions for the displacement and rotation as could be obtained
by classical methods, such as double integration [1]. This is expected, as the work-
equivalence method ensures that the nodal displacement and rotation from the finite
element method match those from an exact solution.

We will now illustrate the procedure for obtaining the global nodal forces.
For convenience, we first define the product Xd to be F(©), where F are called the
effective global nodal forces. On using Eq. (4.4.14) for 4, we then have

(e)
Fy 12 6L -12 6L 0
MO\ EI| 6L 4L —6L 2L*|| —prt

= — —_— 4.
pgf L3(-12 —-6L 12 -6L 8EI (44.15)
M 6L ~ 2L* —6L 417 —wl?
: 6ET
Simplifying Eg. (4.4.15), we obtain
.VE
0] 2
1y | 5wL?
M(ﬂ) =1 (4.4.16)
2% | —wL
Mz(:) 2
‘ wl?
wre

We then use Egs. (4.4.10) and (4.4.16) in Eg. (4.4.8) (F = kd — F,) to obtain the cor-
rect global nodal forces as

r ‘“i‘. : 4 —WL\
2 2
wlL
F, SwlL? -wlL? w2
Mi_pr il gl 15 (4.4.17)
5, ~wlL -wL 0
M, 2 2 0
wL? wlL?
| 17| vl

In Eq. (4.4.17), Fy, is the vertical force reaction and M; is the moment reaction
as applied by the clamped support at node 1. The results for displacement ‘given by
Eg. (4.4.14b) and the global nodal forces given by Eq. (4.4.17) are sufficient to com-
plete the solution of the cantilever beam problem.
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Figure 4-26 (c) Free-body diagram and equations of equilibrium for beam of
Figure 4-(26)a. )

A free-body diagram of the beam using the reactions from Eq. (4.4.17) verifies
both force and moment equilibrium as shown in Figure 4-26(c). u

The nodal force and moment reactions obtained by Eq. (4.4.17) illustrate the
tmportance of using Eq. (4.4.8) to obtain the correct global nodal forces and
moments. By subtracting the work-equivalent force matrix, F , from the product of
K times d, we obtain the correct reactions at node 1 as can be verified by simple
static equilibrium equations. This verification validates the general method as
follows:

1. Replace the distributed load by its work-equivalent as shown in Figure
4-26(b) to identify the nodal force and moment used in the solution.

2. Assemble the global force and stiffness matrices and global equations
illustrated by Eq. (4.4.12).

3. Apply the boundary conditions to reduce the set of equations as done
in previous problems and illustrated by Eq. (4.4.13) where the original
four equations have been reduced to two equations to be solved for
the unknown displacement and rotation.

4. Solve for the unknown displacement and rotation given by
Eq. (4.4.14a) and Eq. (4.4.14b).

5. Use Eqg. (4.4.8) as illustrated by Eq. (4.4.17) to obtain the final correct
global nodal forces and moments. Those forces and moments at
supports, such as the left end of the cantilever in Figure 4-26(a), will
be the reactions.

We will solve the following example to illustrate the procedure for handling con-
centrated loads acting on beam elements at locations other than nodes.

Example 4.7

For the cantilever beam subjected to the concentrated load P in Figure 4-27, solve
for the right-end vertical displacement and rotation and the nodal forces, including
reactions, by replacing the concentrated load with equivalent nodal forces acting at
each end of the beam. Assume ET constant throughout the beam.

We begin by discretizing the beam. Here only one element is used with
nodes at each end of the beam. We then replace the concentrated load as shown in
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P P
, L l? L ‘ _5 -.i
2 2 ™ L
7 — | 1. ﬁ/
n’ e
8 8
() (b)

Figure 4-27 (2) Cantilever beam subjected to a concentrated load and (b) the
equivalent nodal force replacement system _ .

Figure 4-27(b) by using appropriate loading cade 1 in Appendix D. Using Eq.
(4.4.9) and the beam element stiffness matrix Eq. (4.1.14), we obtain

-P

Bl 12 -6L]fa,_ |72

§[~6L ‘”‘2}{4‘2}* P (4.4.18)
]

where we have applied the nodal forces from Figure 4-27(b) and the bound-
ary conditions diy =0 and ¢, =0 to reduce the number of matrix equations
for the wsual longhand solution. Solving Eq. (4.4.18) for the displacements, we
obtain

~P
dy, L [21* 3L]| 2
= 4.4,
{¢2} 6EI[3L 61 PL (4.4.19)
8
Simplifying Eq. (4.4.19), we obtain the displacement and rotation as
-5PL3 l
dy, } 43ET
= 4.4.20
{11 5 (4420
8EI

To obtain the unknown nodal forces, we begin by evaluating the effective nodal forces
F =Kd as

Iy 12 6L -12 6L 0
MO\ Er| 6L 4r* —6L 2L?|) _spp? 1421
Fo [ D3|-12 -6L 12 -6L |\ 48ET (4421)
6L 2L* —6L 4L*|| _pp2

8EI
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Simplifying Eq. (4.4.21), we obtain

P
2
{e)
Ey 3PL
(¢} -
MTL_ )8 (4.4.22)
F =P
2
) M(t)
i PL
g

Then using Eq. (4.4.22) and the equivalent nodal forces from Figure 4-~27(b) in
Eq. (4.4.8), we obtain the correct nodal forces as

4 ~ .

P -P
2 2 P
Byl |3PL | ZPLL | pp
M, 8 5
Fzy = 4 _——f :z = 2 (4.4.23)
M, 2 2 0>
PL PL
3 3

We can see from Eq. (4.4.23) that Fj, is equivalent to the vertical reaction force and
M is the reaction moment as applied by the clamped support at node 1.

Again, the reactions obtained by Eq. (4.4.23) can be verified to be correct by
using static equilibrium equations to validate once more the correctness of the general
formulation and procedures summarized in the steps given after Example 4.6. ]

To illustrate the procedure for handling concentrated nodal forces and distributed
loads acting simultaneously on beam elements, we will solve the following example.

Example 4.8

For the cantilever beam subjected to the concentrated free-end load P and the
uniformly distributed load w acting over the whole beam as shown in Figure 4-28,
determine the free-end displacements and the nodal forces.

/RERERER g AN
9 L _szi L \ﬂ:

(@) . (b)

Figure 4-28 (a) Cantilever beam subjected to a concentrated load and a distributed
load and (b) the equivalent nodal force replacement system
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Once again, the beam is modeled using one element with nodes 1 and 2, and the
distributed load is replaced as shown in Figure 4-28(b) using appropriate loading case
4 in Appendix D. Using the beam element stiffness Eq. (4.1.14), we obtain

—wL P

EIT 12 —6LYfdy) |} 2

1’5[-@ 4L2H¢z}— wl? (4:4.24)
2

where we have applied the nodal forces from Figure 4-28(b) and the boundary condi-
tions dj, = 0 and ¢, = 0 to reduce the number of matrix equations for the usual long-
hand solution. Solving Eq. (4.4.24) for the displacements, we obtain

L _ P

dy\ _ | SET " 3EI !
{ ¢, } ) -wp pPL2 ) (#42)
6EI  2EI
Next, we obtain the effective nodal forces using F© = Kd as
n 0
€)
FQ Y. 2 6L -12 6L o
MP| Er| 6L 4L ~6L 20| | 1+ pI? (44.26)
FO[ D) -12 6L 12 6L || BET 3E &
M(,) 6L 2L2 ~6L 4L2 d —W_L3 P. L2
: 6ET ~ 2EI
Simplifying Eq. (4.4.26), we obtain
P+
PO 2
v SwlL?
MO PL A+ ~——
1 _ 12 .
= (4.4.27)
2 z(;) -P - wL )
X 2
e .
. 1_2

. Finally, subtracting the equivalent nodal force matrix [see Figure 4-27(b)] from the
effective force matrix. of Eq. (4.4.27), we obtain the correct nodal forces as

3

wL -wL
Pt =N
Fy pp 4 I —wl? P+ :iz
M, ) o | PLe2
{ - \ = 2 (4.4.28)
Fy P wL —wh -P
wL? wL?
12 12
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From Eq. (4.4.28), we see that Fy, is equivalent to the vertical reaction force, M is
the reaction moment at node 1, and F, is equal to the applied downward force
P at node 2. [Remember that only the equivalent nodal force matrix is subtracted,
not the original concentrated load matrix. This is based on the general formulation,

Eq. (4.4.8). =

To generalize the work-equivalent method, we apply it to 2 beam with more
than one element as shown in the following Example 4.9.

Example 4.9 (

For the fixed-fixed beam subjected to the linear varying distributed loading acting
over the whole beam shown in Figure 4-29(a) determine the displacement and rota-
tion at the center and the reactions.

The beam is now modeled using two elements with nodes 1, 2, and 3 and the dis-
tributed load is replaced as shown in Figure 4-29 (b} using the appropriate load cases
4 and 5 in Appendix D. Note that load case 5 is used for element one as it has only the
linear varying distributed load acting on it with a high end value of w/2 as shown in
Figure 4-29 (a), while both load cases 4 and 5 are used for element two as the distrib-
uted load is divided into a uniform part with magnitude w/2 and a linear varying part
with magnitude at the high end of the load equal to w/2 also.

3wl —wl? sz “TwL  ~13wL  wl?  -ITwlL

s """h?ﬂ“ oje e ) e
%' ~— 1 1] \ “/—7sz \m
! 3wl | —wl? —_w_L wl2 20 g
i @ Neo TN (jw
= 70 L0Ey

15
®)

Figure 4-29 (a) Fixed-fixed beam subjected to linear varying line load and (b) the
equivalent nodal force replacement system

Using the beam element stiffness Eq. (4.1.14) for each element, we obtain

12 6L -12 6L 12 6L —12 6L
o _E 6L _ 41* 6L - 21?| o _E 6L 4L —6L 2I?
= DFi-12 ~6L 12 6L | < L*|-12 -6L 12 -6L
6L 2L —6L A4L? 6L 2L* —6L 4L?

(4.4.28)

- The boundary conditions are dj, =0, ¢; =0, d3, =0, and ¢; = 0. Using the
direct stiffness method and Egs. (4.4.28) to assemble the global stiffness matrix, and
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applying the boundary conditions, we obtain
F, _2 EIfT24 ¢ dy,
= == = 4.4.2
{ M, } -wl I~ 3 [0 812 é, (4429)
Solving Eq. (4.4.29) for the displacement and slope, we obtain
‘ —wLt —-wL?
B mE % (4.4.30)
Next, we Sbtain the effective nodal forces using F = K d as
' 0
Fy 12 6L -12 6L 0 0 0
MY 6L 4L 6L 2L* 0 0 —wl*
Fy |_EI|-12 —6L 24 0 -12 6L} 4
MO L 6L 2L* 0 812 —6L  2I2|) -wL?
F§;) 0 0 -12  —6L 12 —6L | | 240ET
M@ .o o 6L 2r -6L arz]| O
§ -
(4.4.31)
Solving for the effective forces in Eq. (4.4.31), we obtain
FO = 2}1% 0 _ TWwL?
Y40 ! 60
@ _ —wL o _ —wL?
eV = (4.4.32)
1wl -2wl?
(¢) (e}
=" M; 15

Finally, using Eq. (4.4.8) we subtract the equivalent nodal force matrix based on the,
equivalent load replacement shown in Figure 4-29(b) from the effective force matrix
given by the results in Eq. (4.4.32), to obtain the correct nodal forces and moments as

9wl
)

’ Twl?
By T60
M, —wi
B, - 2 L _
Mz :-WL2
By T30
M 1wl

Ty
~2w[?
\ } 5 ’

[ —3wL
T 12wL
—wi? 40
60 SWLZ“
-wL 60
2 1_J o
—wl? 0
30 28wl
~17wL 40
“© ~3wl?
WL (715
. 15 /s

~

y (4.4.33)
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We used symbol L to represent one-half the length of the beam. If we replace L with
the actual length / = 2L, we obtain the reactions for case 5 in Appendix D, thus veri-
fying the correctness of our result.
In summary, for ary structure in which an equivalent nodal force replacement is
made, the actual nodal forces acting on the structure are determined by first evaluat-
_ing the effective nodal forces F(¢) for the structure and then subtracting the equivalent
nodal forces F, for the structure, as indicated in Eq. (4.4.8). Similarly, for any element
of a structure in which equivalent nodal force replacement is made, the actual local
nodal forces acting on the element are determined by first evaluating the effective
local nodal forces 19 for the element and then subtracting the equivalent local nodal
forces L associated only with the element, as indicated in Eq. (4.4.11). We provide
other examples of this procedure in plane frame Examples 5.2 and 5.3.

A 4.5 Comparison of the Finite Element Solution - A
to the Exact Solution for a Beam Ty

We will now compare the fifiite element solution to the exact classical beam theory so-
lution for the cantilever beam shown in Figure 4-30 subjected to a uniformly distrib-
uted load. Both one- and two-element finite element solutions will be presented and
compared to the exact solution obtained by the direct double-integration method. |
Let E =30 x 10% psi, / = 100 in*, L = 100 in., and uniform load w = 20 Ib/in.

RN

X

L=100in.

A

Figure 4-30 Cantilever beam subjected to uniformly distributed load

To obtain the solution from classical beam theory, we use the double-integration
method [1]. Therefore, we begin with the moment-curvature equation
Vo M (x)

| =g 4.5.1)
where the double prime superscript indicates differentiation with respect to x and M is
expressed as a function of x by using a section of the beam as shown:

e NN .
7/ Tx
wk 14

IR, =0 V(x)=wL—wx
' ' (4.52)

M, =039 =5+ wix— o) 3)
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Using Eg. (4.5.2) in Eq. (4.5.1), we have

s 1 (—wl? wx?
y = 7 (—T +wlx — T) (453)

On integrating Eq. (4.5.3) with respect to x, we obtain an expression for the slope of

the beam as
,} f=wlix wLx® wx®
J’—E(T—+T 6) G (4:54)

Integrating Eq. (4.5.4) with respect to x, we obtain the deflection expression for the
beam as

“E\"+s Y5 T
Applying the boundary conditions y = 0 and y’ = 0 at x = 0, we obtain
YO =0=C y0)=0=0 (45.6)

Usmg Eq. (4.5.6) in Eqgs. (4.5. 4) and (4.5.5), the final beam theory solution expressions
for y’ and y are then

—wlix? 3
! (-——-"’L X whx _wx ) +Cx+GC (4.5.5)

, 1 [—wx? wLx* wlx
”‘7;'1‘( § Tz " 2) (4:57)
I /-wx* wix® wlx?
and y=EI—( 24 + 6 "4 ) (4.5.8)

The one-¢lement finite element solution for slope and displacément is given in variable
form by Egs. (4.4.14b). Using the numerical values of this problem in Egs. {4.4.14b),
we obtain the slope and displacement at the free end (node 2) as

; _—wL¥ __=(201b/in)(100in.)’

_ ~0.00111 rad

%= 57 T 6(30 x 10° psi)(100 i) ; (45.9)
- - 4 - -
4, = VL __—(@01o/in)(100 )’ _ 00833 in.

8ET  8(30 x 10° psi)(100 in.")

The slope and displacement given by Eq. (4.5.9) identically match the beam theory
values, as Eqs. (4.5.7) and (4.5.8) evaluated at x = L are identical to the variable
form of the finite element solution given by Egs. (4.4.14b). The reason why these
nodal values from the finite element solution are correct is that the element
nodal forces were calculated on the basis of being energy or work equivalent to the
distributed load based on the assumed cubic displacement field within each beam
element.

Values of displacement and slope at other locations along the beam for the finite
element solution are obtained by using the assumed cubic displacement function

(Eq. (4.1.4)] a5
() = 2522 + 3P0, + 5 (PL- 2L, (4.5.10)



190 A

4 Development of Beam Equations

where the boundary conditions dy y = ¢:, = 0 have been used in Eq. (4.5.10). Using the
numerical values in Eq. (4.5.10), we obtain the displacement at the midiength of the
beam as

1

#( = 50 in.) = ———={—2(50 in.)* + 3(50 in.)*(100 in.)}(~0.0833 in.)
(100 in.)
1 . 3 . .2 . \2
+ ———[(50 in.)"(100 in.) — (50 in.)" (100 in.
(o0 7 (507100 0) = (0 n. (100 ]
x (—0.00111 rad) = —0.0278 in. (4.5.11)
Using the beam theory {Eq. (4.5.8)], the deflection is
Yix=50in) = 20 Ib/in.

30 x 108 psi(100 in.*)

5 [—(50in.)* L (100in)(50in)* (100 in)’(50 in.)’
| 24 6 4

= —0.0295 in. (4.5.12)

We conclude that the beam theory solution for midlength displacement,
y=-0.0295 in., is greater than the finite element solution for displacement,
? = ~0.0278 in. In general, the displacements evaluated using the cubic function for
# are lower as predicted by the finite element method than by the beam theory except
at the nodes. This is always true for beams subjected to some form of distributed
Joad that are modeled using the cubic displacement function. The exception to this result
is at the nodes, where the beam theory and finite elemenit results are identical because of
the work-equivalence concept used to replace the distributed load by work-equivalent
discrete loads at the nodes.

The beam theory solution predicts a quartic (fourth-order) polynomial expres-
sion for y [Eq. (4.5.5)] for a beam subjected to uniformly distributed loading, while
the finite element solution $(x) assumes a cubic displacement behavior- in each beam
element under all load conditions. The finite element solution predicts a stiffer struc-
ture than the actual one. This is expected, as the finite clement model forces the
beam into specific modes of displacement and effectively yields a stiffer model than
the actual structure. However, as more and more elements are used in the model, the
finite element solution converges to the bearn theory solution.

For the special case of a beam subjected to only nodal concentrated loads, the
beam theory predicts a cubic displacement behavior, as the moment is a linear func-
tion and is integrated twice to obtain the resulting cubic displacement function. A sim-
ple verification of this cubic displacement behavior would be to solve the cantilevered
beam snbjected to an end load. In this special case, the finite element solution for dis-
placement matches the beam theory solution for all locations along the beam length,
as both functions y(x) and #(x) are then cubic functions.

Monotonic convergence of the solution of a particular problem is discussed in
Reference [3], and proof that compatible and complete displacement functions (as
described in Section 3.2) used in the displacement formulation of the finite element
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method yield an upper bound on the true stiffness, hence 2 lower bound on the dis-

placement of the problem, is discussed in Reference [3].

Under uniformly distributed loading, the beam theory solution predicts a qua-
dratic moment and a linear shear force in the beam. However, the finite element
solution using the cubic displacement function predicts a linear bending moment and

a constant shear force within each beam element used in the model.

We will now determine the bending moment and shear force in the present prob-

lem based on the finite element method. The bending moment is given by

&Nd)  _ (dN)
2 dxl

as d is not a function of x. Or in terms of the gradient matrix B we have

M = Eb" = E] = EI

d (4.5.13)

M = EIBd (4.5.14)

where

d*N 6 12x 4 6x\/6 12x 2 6x)
== 3) () e T2 p)] e

The shape functions giveﬁ by Eq. (4.1.7) are used to obtain Eq. (4.5.15) for the B
matrix. For the single-element solution, the bending moment is then evaluated by sub-

stituting Eq. (4.5.15) for B into Eq. (4.5.14) and muitiplying B by 4 to obtain

4 6
w=l(-for i (4o B (B 5o (-1 5)4]

4.5.16)
Evaluating the moment at the wall, x = 0, with di, = ¢, = 0, and d, and §, given by

Eq. (4.4.14) in Eq. (4.5.16), we bave
Mx=0)=- 10wL?
24
Using Eq. (4.5.16) to evaluate the raoment at x = 50 in., we have

= —83,333 Ib-in. (4.5.17)

M{x =50 in) = —33,333 Ib-in. ' (4.5.18)

Evaluating the moment at x = 100 in. by using Eq. (4.5.16) again, we obtain

M(x =100 in.) = 16,667 [b-in. (4.5.19)

The beam theory solution vsing Eg. (4.5.2) predicts
‘ ~wL?

2 .
M(x =50 in.) = —25,000 Ib-in.

and (x—l()()m)-

M(x=0)=

= —100,000 Ib-in. (4.5.20)

Figure 4-—3] {a)—(c) show the plots of the displacement variation, bending moment
variation, and shear force variation t_hrough the beam length for the beam theory
and the one-element finite element solutions. Again, the finite element solution for dis-
placement matches the beam theory solution at the nodes but predicts smaller

displacements (less deflection} at other Jocations along the beam length.
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2000 Beam theory [Eq. (4.5.2))

©

Figure 4-31 Comparison of beam theory and finite element results for a cantilever

beam subjected to a uniformly distributed load: (a) displacement diagrams,
(b) bending moment diagrams, and {c) shear force diagrams

The bending moment is derived by taking two derivatives on the displacement
function. It then takes more elements to model the second derivative of the displace-
ment function. Therefore, the finite element solution does not predict the bending
moment as well as it does the displacement. For the uniformly loaded beam, the finite
element model predicts a linear bending moment variation as shown in Figure
4-31(b). The best approximation for bending moment appears at the midpoint of

the element.
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o (o)
2 2 2 2
l_\ Figure 4-32 Beam discretized into two
(L) ® /4. ® elements and work-equivalent load
~  1=50" S 1=50" replacement for each element
w2 w2 _wi w2 ‘
12 12 1 12

The shear force is derived by taking three derivatives on the displacement function.
For the uniformly loaded beam, the resulting shear force shown in Figure 4-31{c} is a
constant throughout the single-element model. Again, the best approximation for shear
force is at the midpoint of the element.

It should be noted that if we use Eq. (4.4.11), that is, f = kd ~ £, and subtract
off the f, matrix, we also obtain the correct nodal forces and moments in each
element. For instance, from the one-element finite element solution we have for the
bending moment at node 1

EJI wL* wL —-wl?\ wl?
a_ 2 WL\ _wL”
™ LJ SL( 831) ZL(GEI ‘] ( 12 ) 2
and at node 2 m‘;” =0

To improve the finite element-solution we need to use more elements in the model
(refine the mesh) or use 2 higher-order element, such as a ﬁfth-order approxxmanon
for the displacement function, that is, 5(x) = &) + ax + a3x? + agx® + asx* + agx’,
with three nodes (with an extra node at the middle of the element).

We now present the two-element finite element solution for the cantilever beam
subjected to 2 uniformly distributed load. Figure 4--32 shows the beam discretized
into two elements of equal Jength and the work-equivalent load replacement for each
element. Using the beam element snf‘in&cs matnx [Eq. (4.1.13}], we obtain the element
stiffness matrices as follows:

EI) 6 A -6 27 (45.21)

0o O =20 |
K=k Bl-12 -6 12 -6l
6 28 -6l AP
where [ = 50 in. is the length of each element and the numbers above the columns in-
dicate the degrees of fresdom associated with each element.
Applying the boundary conditions dl,, =0 and ¢{ = 0 to reduce the number of
equations for a normal longhand solution, we obtain the global equations for solution as

24 0 -12 67 (dy —wl
EI| 0 8F -6 27|] 4, 0
Bl-12 -6 12 6 ||d, [ | -wi/2 (4322

6 22 -6 4] é, wit/12
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Solving Eq. (4.5.22) for the displacements and slopes, we obtain

. =1Twl s =2wl . =wlP s —dwB

» = T24EI »TTE =gm 4T 5P
Substituting the numerical values w =20 Ib/in., = 50 in., E =30 x 106 psi, and
I =100 in.* into Eq. (4.5.23), we obtain

dy, = —0.02951in. &y, =—00833in. ¢, =-9.722x 10~ rad
6 = =11.11 x 10~ rad

The two-element solution yields nodal displacements that match the beam theory
results exactly [see Eqs. (4.5.9) and (4.5.12)]. A plot of the two-element displacement
throughout the length of the beam would be a cubic displacement within each element.
Within element 1, the plot would start at a displacement of 0 at node I and finish 2t a
displacement of —0.0295 at node 2. A cubic function would connect these values. Sim-
ilarly, within element 2, the plot would start at a displacement of ~0.0295 and finish
at a displacement of —0.0833 in. at node 2 [see Figure 4-31(a)]. A cubic function
would again connect these values.

& 4.6 Beam Element with Nodal Hinge A

In some beams an internal hinge may be present. In general, this internal hinge causes
a discontinuity in the slope of the deflection curve at the hinge.

? #, # 0, in general ¢y # 0, in general
'ﬁh 51 'ﬁz =0 ' Iﬁ1 =0 521'%2
r\ Hinge r\
| 1 b . ]
1// I rz Hinge - V4 L ‘D
j;y- 3,, ‘f?y' 33) jxp ‘}1; flxﬂ 32;

(a) (b)

Figure 4-33 Beam element with (a) hinge at right end and (b} hinge at left end

Also, the bending moment is zero at the hinge. We could construct other types of con-
nections that release other generalized end forces; that is, conuections can be designed
to make the shear force or axial force zero at the connection. These special conditions
can be treated by starting with the generalized unreleased beam stiffness matrix
[Eq (4.1.14)] and eliminating the known zero force or mornent. This yields 2 modified
stiffness matrix with the desired force or moment equal to zero and the corresponding
displacement or slope eliminated.

We now consider the most common cases of a beam element with a nodal hinge
at the right end or left end, as shown in Figure 4-33. For the beam element with 2
hinge at its right end, the moment 1, is zero and we partition the k matrix
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[Eq. (4.1.14)] to eliminate the degree of freedom ¢, (which is not zero, in general) asso-

ciated with m, = 0 as follows:

2 6L -12, 6L

6L 4L* -6Li 2L
i

1A=

EI
-5 (4.6.1)

We condense out the degree of freedom ¢, agsociated with #i1y = 0. Partitioning
allows us to condense out the degree of freédom ¢, associated with #; = 0. That is,
Eq. (4.6.1) is partitioned as shown below:

Ky ! K

i

] .
!;: %2‘_.3.%.3_)5.} (4.6.2)

13 1x1

The condensed stiffness matrix is then found by using the equation [ = kd partitioned
as follows:

;i K K | &
Ix1 3x313x1]]3x1
[T K Ka |} & (463)
Ix1 Ix311xl 1x1
d}, .
where d=14 o &=14} (46.4)
by
Equations (4.6.3) in expanded form are
S = Kud + Knd, {4.6.5)
Jo=Kudy + Knd,
Solving for d; in the second of Egs. (4.6.5), we obtain
dr = K3 (fo — Kndy) (4.6.6)
Substituting Eq. (4.6.6) into the first of Egs. (4.6.5), we obtain
fi = (En — KKz Ka)dy + KoKzt (46.7)
Combining the second term on the right side of Eq. (4.6.7) with f;, we obtain
Je=Kdy (4.6.8)
where the condensed stiffness matrix is
K. = K - KuK5 Kn (4.6.9)

and the condensed force matrix is
fo=h—Knky), (4.6.10)
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Substituting the partitioned parts of k from Eq. (4.6.1) into Eq. (4.6.9),

we obtain the condensed stiffness matrix as
K. = [Ku] — [Kul[Kal ™' [Ka]

1L ar

ar! ~64

(4.6.11)

and the element equations (force/displacement equations) with the hinge at node 2 are

12 6L -12 6L
='—g 6L 4L 6L —%{ 212
-2 -6L 12 —6L
1 L -1
I
-1 =L 1
| sg| L
Pizi . =F L L
A -1 -L

-111(4,
-L f;, (4.6.12)
1 d,

The generalized rotation &2 has been eliminated from the equation and will not be
calculated using this scheme. However, ¢, is not zero in general. We can expand
Eq. (4.6.12) to include §, by adding zeros in the fourth row and column of the k

matrix to maintain i, = 0, as follows:

N

7, 1L
m | 3EI| L I
H[TT -1 -L
o 0 o0

-1
—-L

0 dly

o1/ 4
ool (4.6.13)
o ol{4,

For the beam element with a hinge at its left enq, the morment nyy is zero, and we
partition the k matrix [Eq. (4.1.14)] to eliminate the zero moment 7 and its corre-

sponding rotation ¢; to obtain

By _3E] b

Lo (= |7t !

Py L ~L

The expanded form of Eq. (4.6.14) including ¢, is
£y 1 0 -1

| _3EIL 0 0 0

ALl L= 0o 1
In L 0 -L

Example 4.10

JARER
~L |3 dy, (4.6.14)
Ll 4
L d‘ly
01}
. 4.6.15
- )4, (4.6.15)
i 4,

Determine the displacément and rotation at node 2 and the element forces for the uni-
form beam with ap internal hinge at node 2 shown in Figure 4-34. Let EI be a

constant.
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P

y/
@ 2 K@ Figure 4-34 Beam with intemnal hinge

1 (@) 3
I
{

b

7.

‘We can assume the hinge is part of element 1. Therefore, using Eq. (4.6.13}, the
stiffness matrix of elerent 1 is

dy ¢ dy ¢
1 a -1 0
km_3EI a & -a 0 (4.6.16)
a |-l -—a 1 0
0 0 0 0

The stiffness matrix of element 2 is obtained from Eq. (4.1.14) as
dy ¢ dy b
12 6 -12 6b
£ = El 6b 4 —6b 20 (4.6.17)
= b | ~12 —~6b 12 -6b
6b 26 —6b  4b?
Superimposing Egs. (4.6.16) and (4.6.17) and applying the boundary conditions
diy=01 vél =0) d3y=0: ¢3=0

we obtain the total stiffness matrix and total set of equations as

3. 26
oAl
EI = < 46.18
s 4|lefT 1o e
b? b
Solving Eq. (4.6.18), we obtain
‘ b = -a*b*P
Y7303 + 2 El
\ (4.6.19)
a*b*P

b= T aE
The value ¢, is actually that associated with element 2-—that is, ¢, in Eq. (4.6.19)

is actually ¢§2) The value of ¢, at the right end of element 1 (¢<2 )) is; in general, not
equal to ¢ ) If we had chosen to assume the hingé to be part of element 2, then we
would have used Eq. (4.1.14) for the stiffness matrix of element 1 and Eq. (4.6.15) for
the stiffness matrix of element 2. This would have enabled us to obtain ¢, which is
different from ¢22)
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Using Eq. (4.6.12) for element 1, we obtain the element forces as

]
f,y 1 a -1
S %E;—I a a -a 0 . {4.6.20)
);z y -1 —a 1 -a’h P -
35 +a*)EI
Simplifying Eq. (4.6.20), we obtain the forces as
N b’ P
YEP T a
. ab’pP
o (4621)
s bP
¥T Tpig
Using Eq. (4.6.17) and the results from Eq. {4.6.19), we obtain the element 2 forces as
a2b'P
£y 12 6 -12 6b 35 + @) El
iy | EI| 6b 46> —6b 287 2H*P
N = —_— 4.6.
Sy b |—-12 —6b 12 -6b 2(b* + @3)EI (46.22)
s 6b 26 —6b 4b* .0
. 0
Simplifying Eq. (4.6.22), we obtain the element forces as
- &P
Loy b3 g3
&P (4.6.23)
£ b3 + a®
- bﬂJP 1
s b +al B

It should be noted that another way to solve the nodal hinge of Example 4.10
would be to assume a nodal hinge at the right end of element one and at the left
end of element two. Hence, we would use the three-equation stiffness matrix of
Eq. (4.6.12) for the left clement and the three-equation stiffness matrix of
Eq. (4.6.14) for the right element. This results in the hinge rotation being condensed
out of the global equations. You can verify that we get the same result for the dis-
placement as given by Eq. (4.6.19). However, we must then go back to Eq. (4.6.6)
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using it separately for each element to obtain the rotation at node two for each
element. We leave this verification to your discretion.

A 47 Potential Energy Approach A
to Derive Beam Element Equations

We will now derive the beam element equations using the principle of minimum
potential energy. The procedure is sirilar to that used in Section 3.10 in deniving the
bar element equations. Again, our primary purpose in applying the principle of mini-
mum potential energy is to enhance your understanding of the principle. It will be
used routinely in subsequent chapters to develop element stiffness equations. We use
the same notation here as in Section 3.10. '

The total potential energy for a beam is

7,=U+Q @7.1)

where the general one-dimensional expression for the strain energy U for a beam is
given by -

0= [[[soerav C em

and for a single beam element subjected to both distributed and concentrated nodal
loads, the potential energy of forces is given by

2 2
Q=- j J T,8dS - Pydy— > i, (4.1.3)
=l

i=1
Sy

where body forces are now neglected. The terms on the right-hand side of Eq. (4.7.3)
represent the potential energy of (1) transverse surface loading T, (in units of force

* per unit surface area, acting over surface Sy and moving through displaceinents-over
which f}, act); (2) nodal concentrated force Py, moving through displacements djy;
and (3) moments ;- moving through rotations ¢;. Again, 0 is the transverse displace-
ment function for the beam element of length L shown in Figure 4-35.

)A
M;ITHJLILf;;g

Figure 4-35 Beam element subjected to surface !oaciing and concentrated nodal
forces




200 A 4 Development of Beam Equations

Consider the beam element to have constant cross-sectional area A. The differ-
ential volume for the beam element can then be expressed as

dV =dA dx (4.7.4)
and the differential area over which the surface loading acts is
ds = bd® (4.7.5)
where b is the constant width. Using Egs. (4.7.4) and (4.7.5) in Eqgs. (4.7.1)-(4.7.3), the
total potential energy becomes
2, = ”J-;—ae dAds - LL bi,5ds - i(ﬁ.-y&.-, + i) (47.6)
2 A =

Substituting Eq. {4.1.4) for # into the strain/displacement relationship Eg. (4.1.10),
repeated here for convenience as )
. d*
& = —y;,-é-i 4.1.7)
we express the strain in terms of nodal displacements and rotations as
[12% — 6L 6L —4L* ~12%+ 6L 6%8L —2L%] .

{e}= —y[ T i i yE ]{a’} (4.7.8)
or {ex} = —p|B){d} 4.79)
where we define

(B = [12&; 6L 6;%;.[-; 417 —IZi :- 6L ﬁiLl; 2L2] (4.7.10)
The stress/strain relationship is given by
{02} = [Di{ex} (4.7.11)
where D] =[£] (4.7.12)
and E is the modutus of elasticity. Using Eq. (4.7.9) in Eq. (4.7.11), we obtain
{ox} = —F{DI{B{d} (4.7.13)

Next, the total potential energy Eq. (4.7.6) is expressed in matrix notation as

= J ”% (0.} (e} dA di E VhIATd - (@TE) (47.14)

Using Egs. (4.1.5), (4.7.9), (4.7.12), and (4.7.13), and defining w = b7}, as the line
Joad (load per unit length) in the y direction, we express the total potential energy,
Eq. (4.7.14), in matrix form as

LEr . ao fE T apoa .
n= | @B - | w@ W d- @) e15)
where we have used the definition of the moment of inertia

I= “y’dA (4.7.16)

4
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to obtain the first term on the right-hand side of Eq. (4.7.15). In Eq. (4.7.15), @, is now
expressed as a function of {d}.

Differentiating 7ip in Eq. (4.7.15) with respect to dy I ¢,, dzy, and 452 and egquating
each term to zero to minimize m,, we obtain four element equations, which are written
in matrix form as

EI JL[B}T{B] di{d} - JL[N] Twdz —{P} =0 (4117

The derivation of the four element equations is left as an exercise (sec Problem 4.45).
Representing the nodal force matrix as the sum of those nodal forces resulting from
distributed loading and concentrated loading, we have

{f}= LL[’V] Twd% + {P} (4.7.18)

Using Eq. (4.7.18), the four element equations given by explicitly evaluating
Eq. (4.7.17) are then identical to Eq. (4.1.13). The integral term on the right side of
Eq. (4.7.18) also represents the work-equivalent replacement of a distributed load by
nodal concentrated loads. For instance, letting w(%) = —w (constant), substituting
shape functions from Eq. (4.1.7) into the integral, and then performing the integration
result in the same nodal equivalent loads as given by Eqs. (4.4.5)~ (4 4.7).

Because {f} = {k]{d}, we have, from Eq. (4.7.17),

() = E1 J (B7[Bds (4.7.19)

Using Eq. (4.7.10) in Eq. (4.7.19) and integrating, [k] is evaluated in explicit form as
12 6L ~12 6L

. EI 4L* -6L  2L?
[k} = il 12 —6L {4.7.20)
Symmetry 412

Equation (4.7.20) represents the local stiffness matrix for a beam clemeni. As
expected, Eq. (4.7.20) is identical to Eq. (4.1.14) developed previously.

A 4.8 Galerkin’s Method for Deriving A
Beam Element Equations

We will now illustrate Galerkin’s method to formulate the beam element stiffneés
equations. We begin with the basic differential Eq. (4.1.1h) with transverse loading w

now jncluded; that is,
148

d*p
EIB—;%-W—O (4.8.1)

We now define the residual R to be Eq. (4.8.1). Applying Galerkin’s criterion [Eq.
(3.12.3)] to Eq. (4.8.1), we have

L d% . .
J( dx‘+w)Ndx 0 (=1,2,34) (48.2)

where the shape functions N; are defined by Eqs. (4.1.7)
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We now apply integration by parts twice to the first term in Eq. (4.8.2) to yield
L L

J EI(D,530:)N; dt = J EI(b,55) (Ninze) d% + EIIN (Byzs) ~ (Nog)Brs)ls (483)
0 0

where the notation of the comma followed by the subscript % indicates differentiation
with respect to ¥. Again, integration by parts introduces the boundary conditions.
Because & = [N]{d} as given by Eq. (4.1.5), we have'

. 12% — 6L 63L — 4L2—12% + 6L 63L — 212
Pa = 1T IE % I3

{&) (4.8.4)

or, using Eq. (4.7.10),
b2z = [BH{d} -(48.5)
Substituting Eq. (4.8.5) into Eq. (4.8.3), and then Eq. (4.8.3) into Eq. (4.8.2), we obtain

(s EriBlas(@) + [ Nz + 7 - lE =0 (=123
- (4.8.6)

where Eqs. (4.1.11) have been used in the boundary terms. Equation (4.8.6) is really
four equations (one each for N; = Ny, N», N3, and N,). Instead of directly evaluating
Eq. (4.8.6) for each N;, as was done in Section 3.12, we can express the four equations
of Eq. (4.8.6) in matrix form as

[ Ernm sy = [ -imwas+ 7m-WIIE 48)

where we have used the relationship [N],,. = [B] in Eq. (4.8.7).

Observe that the integral term on the left side of Eq. (4.8.7) is identical to
the stiffness matrix previously given by Eg. (4.7.19) and that the first term on the
right side of Eq. (4.8.7) represents the equivalent nodal forces due to distributed
loading [also given in Eq. (4.7.18)]. The two terms in parentheses on the right
side of Eq. (4.8.7) are the same as the concentrated force matrix {£} of Eq. (4.7.18).
We explain this by evaluating [V],; and [N], where [N] is defined by Eq. (4.1.6), at
the ends of the element as follows:

[N}»zo=[0 1o 0] [N]»_e|1.=[0 00 1

(4.8.8)
Vll,=[1 0 0 0] NMl,=[0 0 1 0
Therefore, when we use Eqs. (4.8.8) in Eq. (4.8.7), the following terms result:
0 (o 0 1
0. 1], 0] 0] ..
0 (D=9 o (PO =1, (Y D+1, VO (4.89)
1 0 0 0

These nodal shear forces and moments are illustrated in Figure 4-36.
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,,,«,,q P b4 e

v(0) : Ly

Figure 4-36 Beam element with shear forces, moments, and a distributed load

a3 )
‘ }:::p m(0)< l::::{
1 ViL) 170}

Figure 4-37 Shear forces and moments acting on adjacent elements meeting
at a node

Note that when element matrices are assembled, two shear forces and two
moments from adjacent elements contribute to the concentrated force and concen-
trated moment at the node common to the adjacent elements as shown in Figure 4-37.
These concentrated shear forces V(0) — V(L) and moments (L) ~ m{0) are often
zero; that is, ¥(0) = V(L) and m(L) = (0} occur except when a concentrated
nodal force or moment exists at the node. In the actval computations, we handle
the expressions given by Eq. (4.8.9) by including them as concentrated nodal values
making up the matrix {P}.
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& Problems

4.1

4.2

43

4.4

4.54.11

Use Eqgs. {4.1.7) to plot the shape functions N; and N3 and the derivatives (dN;/dx)
and (4N, /dx), which represent the shapes (variations) of the slopes 4, and ¢, over the
length of the beam element.

Derive the element stiffness matrix for the beam element in Figure 4-1 if the rota-
tional degrees of freedom are assumed positive clockwise instead of counterclockwise.
Compare the two different nodal sign conventions and discuss. Compare the resulting
stiffness matrix to Eq. (4.1.14).

Solve all problems using the finite element stiffness method.

For the beam shown in Figure P4-3, determine the rotation at pin support 4 and the
rotation and displacement under the load P. Determine the reactions. Draw the shear
force and bending moment diagrams. Let ET be constant throughout the bearn.

L L P L »
| 2 2 4 L
A % 2
\"\& 7 A Z 8
7
Figure P4~3 Figure P4-4

For the cantilever beam subjected to the free-end load P shown in Figure P4-4,
determine the maximum deflection and the reactions. Let ET be constant throughout
the beam.

For the beams shown in Figures P4~5—P4-11, determine the displacements and the

slopes at the nodes, the forces in each element, and the reactions. Also, draw the shear
force and bending moment diagrams.

I kip
[ X un— 2 3 }j 30 x 10° psi

. =100 in*
00 & 0k w

Figure P4-5

RONNNN\N
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Y e
1 3y
E = 30 x 10° psi
. I = 100in*
2 d=—051in. gap (Compare answers with P4-5.)
' 20 ft | 20 ft
| I
Figure P4-6
5 kip
E =30 % 10° psi
I =200imn*
Figure P4-7
10 kN
// 2 2
1 3§ E = 210GPa
7 » J20kN-m I=4x10"*m
5 4
3Im ! 3m 7
Figure P4-8
8 kN
31-2"‘—‘
!l . |5 E = 790?3 4
5 7 I=1x10"'m
& \&[ \l . N ) .
}‘.‘3". 4m 3m
] ]
Figure P4-9
2 kip
” E =29 % 10 psi
7 2 I = 200 in*
201
k = 1000 b/in.
N3

Figure P4-10
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4.12

413

414

4.15

4 Development of Beam Equations

12 kN
4 m 2

4m
bf

= 200 kN/m

L ]
"o
hd

(1]
N‘-l
(=

“4d m'l

43
Figure P4-11

For the fixed-fixed beam subjected to the uniform load w shown in Figure P4-12,
determine the midspan deflection and the reactions. Draw the shear force and bending
moment diagrams. The middle section of the beam has a bending stiffness of 2FI; the
other sections have bending stiffnesses of ET.

ANNNSNRNNN
-3

il
|

ANNNANNN

L L
3‘_‘]*__

Figure P4-12

Determine the midspan deflection and the reactions and draw the shear force and
bending moment diagrams for the fixed-fixed beam subjected to uniformly distributed
load w shown in Figure P4-13. Assume EJ constant throughout the beam. Compate
your answers with the classical solution (that is, with the appropriate equivalent joint
forces given in Appendix D).

7, w hd

7

11T TIT b byl

A: 28 A I 8
L Z 3

Figure P4-13 Figure P4-14

Deétermine the midspan deflection and the reactions and draw the shear force and
bending moment diagrams for the simply supported beam subjected to the uni-

formly distributed load w shown in Figure P4~14. Assume EJ constant throughout
the beam.

For the beam loaded-as shown in Figure P4-15, determine the free-end deflection and
the reactions and draw the shear force and bending moment diagrams. Assume EJ
constant throughout the beam.
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‘ B—I—_I_T_LC A '8
Ag - L } . 4}

N

Figure P4-15 Figure P4-16

Using the concept of work equivalence, determine the nodal forces and moments

{called equivalent nodal forces) used to replace the linearly varying distributed load

shown in Figure P4-16.

For the beam shown in Figure 4-17, determine the displacement and slope at the
center and the reactions. The load is symmetrical with respect to the center of the
beam. Assume EI constant throughout the beam.

w

2 v

For the beam subjected to the linearly varying line load w shown in Figure P4-18,
determine the right-end rotation and the reactions. Assume EJ constant throughout
the beam.

Figure P4-18
8

| L £

For the beams shown in Figures P4-19—P4-24, determine the nodal displacements
and slopes, the forces in each element, and the reactions.

8 kN/m
y E = 70 GPa
?! 2 I=3x10"m
3
r & ‘
L L ’
I 4m — 4m

Figure P4-19



208 A 4 Development of Beam Equations

10 kN/m

1

A\

10 kN/m
E = 210GPa
2 I=4x10"m

N

L—sm——-—ik——sm——-l

Figure P4-20

45

k = J0 kN/m

2000 tb/ft

TITTipry o

NANNNARRRNNN

i2

15 fi |

15 ft ] ]
Figure P4~21
4000 Ib/ft

A

2 E = 29 x 10® psi

7 /= 150in*
1 3

f @ 2

4 10 fi } 10 ft
Figure P4-22

500 to/ft

V, / I E=16x10°psi

AR REEE et
1 23 _

2 7
4 208 2t Z
= 4000 Ibvin.
4
\
Figure P4-23
5000 N/m
1 J l l r E = 210 GPa
| 2 ; 1=12x 107 m
\:Eé: .
L Sm ! 4 m——-—l

Figure P4-24
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For the beams shown in Figures P4-25—P4-30, determine the maximum deflection
and maximum bending stress. Let E = 200 GPa or 30 x 106 psi for all beams as
appropriate for the rest of the units in the problem. Let ¢ be the half-depth of each beam.

" w=10kN/m

EEERRRER
oy e

4m } 4m {

¢=0.25m, 7= 100 105 m*

11
Asks
-

Figure P4-25

5% 2 kip/ft

R EEERE

B ol 25D

A
f’ls fr—fo15 30ft
{

3 1
“e=10in, J=500in*

Figure P4-27

_ 15 kip/ft

I RERERERNEEC
f—01t T 10&————?

c=10in.,1=400in?

Figure P4-29

30 kN/m
EREEEEREEE
A s = B ‘ =% C
L Jom 20m !

[ 7 I Py 1

¢ =0.25m, /= 500(107%) m*

Figure P4~26

25 kN/m
A B c
O
——
fe——i0m re—5m—]
€=0.30m, I=700% 1678 m*
Figure P4-28
100 KN
* 10 kN/m
Trevvidiitis ‘
Aa o ¢
—
I 12m 6m
i~ 7 ! 2] ‘J!

c=0.30m, /=700 % 10"°m*

Figure P2-30

For the beam design problems shown in Figures P4-31 through P4-36, determine the size
of beam to support the loads shown, based on requirements listed next to each beam.

Design a beam of ASTM A36 steel with allowable bending stress of 160 MPa to
support the load shown in Figure P4-31. Assume a standard wide flange beam from
Appendix F or some other source can be used.

w =30 kN/m

777777

Pl
‘ on

l 4m

Figure P4-31

S
8
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432

§ 433

g 435

Select a standard steel pipe from Appendix F to support the load shown. The allow-
able bending stress must not exceed 24 ksi, and the allowable deflection must not
exceed L/360 of any span. ’

500 b 500 b 50016

S

I 6 ft i 6ft I 61t |

Figure P4-32

Select a rectangular structural tube from Appendix F to support the loads shown for
the beam in Figure P4-33. The allowable bending stress should not exceed 24 ksi.

llkip z
B

| )
‘ 6f et 61
Figure Pa-33 ‘

RSN

Select a standard W section from Appendix F or some other source to support the
loads shown for the beam in Figure P4-34. The bending stress must not exceed

160 MPa.
I
AN on N e
}*—— 60m —+}— 60m 60m —]

Figure P4-34

For the beam shown in Figure P4-35, determine a suitable sized W section from
Appendix F or from another suitable source such that the bending stress does not
exceed 150 MPa and the maximum deflection does not exceed L/360 of any span.

T0KN 70KN
17N

AN e B ek
I 10m r mm—-——|

Figure P4-35
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For the stepped shaft shown in Figure P4-36, determine a solid circular cross section
for each section shown such that the bending stress does not exceed 160 MPa and the
maximum deflection does not exceed L/360 of the span.

Figure P4-36

=

C
Le-sm-—»-—am»{-—sme—lo-sm—-»‘

1 1

For the beam shown in Figure P4-37 subjected to the concentrated load P and dis-
tributed load w, determine the midspan displacement and the reactions. Let EJ be
constant throughout the beam.

— —
2 w ) 4 I 4

Y, P L L L

7 L = L ¥,
11wl llE 3 l 3 l 3 ¢
7 - 4 ] 4
A1 3
A L Z 4 L Z
Figure P4-37 fFigure P4-38

For the beam shown in Figure P4-38 subjected to the two concentrated loads P,
determine the deflection at the midspan. Use the equivalent load replacement method.
Let ET be constant throughout the beam.

For the beam shown in Figure P4-39 subjected to the concentrated load P and the
linearly varying line load w, determine the free-end deflection and rotation and the
reactions. Use the equivalent load replacement method. Let EJ be constant through-
out the beam.

L P 4 P=35KkN
3! l
Hinge
2 : —5
,
7 L Y 2m ll—ﬁ 2m 2
Figure P4-39 : Figure P4-40 )

For the beams shown in Figures P4-40—P4-42, with intemal' hinge, determine the
deflection at the hinge. Let E = 210 GPa and I = 2 x 10~ m*.
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P SN 10 kN/m
Hinge 1
= A % ;ﬁ; ;
| 2m 1 2 m—o] }'—— 2m Im *I
Figure P4-41 ) Figure P4-42

4.43 Derive the stiffness matrix for a beam element with a nodal linkage—that is, the shear
is 0 at node i, but the usual shear and moment resistance are present at node j (see

Figure P4-43).
y y
(:,\ Z ) Figure P4-43
- -ﬂy =0 -’;‘7

4.44 Develop the stiffness matrix for a fictitious pure shear panel element (Figure P4-44) in
terms of the shear modulus, G the shear web area, 4y, and the length, L. Notice the
Y and v are the shear force and transverse dxsplaccment at each node, respectively.

—v
Given 1)z=G,, 2)Y =1, HV+1=0 4y= L !
L L

I 1 2 1 Yl IY
| Figure P4-44
Yy Y, 0

Positive rode force Element in equilibrium

. sign convention (neglect moments)

445 Explicitly evaluate 7, of Eq. (4.7.15); then differentiate 7, with respect to diy, ¢, diy,
and ¢, and set each of these equations to zero (that is, minimize 7, to obtain the four
element equations for the beam element. Then express these equations in matrix form.

4.46 Determipe the free-end deflection for the tapered beam shown in Figure P4-46. Here
I{x) = Ip(1 + nx/L) where I is the moment of inertia at x = 0. Compare the exact
beam theory solution with a two-element finite element solution.for n = 2.

w{x)

EErIRE

Tk

Figure P4-46 ’ Figure P4-47
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Derive the equations for the beam element on an elastic foundation (Figure P4-47)
using the principle of minimum potential epergy. Here ks is the subgrade spring
constant per unit length. The potential energy of the beam is

" kv? t
7, J EI(v)dx-i—J ) dx-J wodx
0

Derive the equations for the beam element on an elastic foundation (see Figure
P4-47) using Galerkin’s method. The basic differential equation for the beam on
an elastic foundation is

(ER")" = —w+ksv

Solve problems 4.5-4.11, 4.19-4.36, and 4.40-4.42 using a suitable computer

program.

For the beam shown, use a computer program to determine the deflection at the
mid-span using four beam elements, making the shear area zero and then making
the shear area equal 5/6 times the -cross-sectional area (b times h). Then make the
beam have decreasing spans of 200 mm, 100 mm, and 50 mm with zero shear area
and then 5/6 times the cross-sectional area. Compare the answers. Based on your
program answers, can you conciude whether your program includes the effects of
transverse shear deformation?

50,000 N

I L 7
AN | Jff é "zs"’"““

200 e l
far 400 mm

Figure P4-77

For the beam shown in Figure P4-77, use a longhand solution to solve the problem.
Compare answers using the beam stiffness matrix, Eq. (4.1.14), without transverse
shear deformation effects and then Eq. (4.1.150), which includes the transverse
shear effects.



Introduction

Many structures, such as buildings (Figure 5-1) and bridges, are composed of frames
and/or grids. This chapter develops the equations and methods for solution of plane
frames and grids.

- First, we will develop the stiffness matrix for a beam element arbitrarily oriented
in a plane. We will then include the axial nodal displacement degree of freedom in the
~ local beam element stiffness matrix. Then we will combine these results to develop the
stiffness matrix, including axial deformation effects, for an arbitrarily oriented beam
element, thus making it possible to analyze plane frames. Specific examples of plane
frame analysis follow. We will then consider frames with inclined or skewed supports.

Next, we will develop the grid element stiffness matrix. We will present the
solution of a grid deck system to illustrate the application of the grid equations. We
will then develop the stiffness matrix for a beam element arbitrarily oriented in
space. We will also consider the concept of substructure analysis.

A 5.1 Two-Dimensional Arbitrarily Oriented A
Beam Element

We can derive the stiffness matrix for an arbitrarily oriented beam element, as shown
in Figure 5-2, in a manner similar to that used for the bar element in Chapter 3. The
local axes % and y are located along the beam element and transverse to the beam
elément, respectively, and the global axes x and y are located to be convenient for
-the total structure.

Recall that we can relate local displacements to global displacements by using
Eq. (3.3.16), repeated here for convenience as

> Bo

1L el s




5.1 Two-Dimensional Arbitrarily Oriented Beam Element A" 215

Figure 5-1 The Arizona Cardinal Football Stadium under construction—a rigid
building frame (Courtesy Ed Yack) ’

Figure 5-2 Arbitrarily oriented beam
element

" Using the second equation of Egs. (5.1.1) for the beam element, we relate local nodal
degrees of freedom to global degrees of freedom by

. dlx
diy -§ C 06 0 0 0}]]dy
¢" _ 0 01 0 00 N
("] 000 -s co|la ¢12)
4;2 00 0 0 01 dyy
' 42
where, for a beam element, we define
-S$ C0 0 00
0 0 1 0 0 0
= 5.1
I 0 00 -8 CoOo (5-1.3)
000 001
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as the transformation matrix. The axial effects are not yet included. Equation (5.1.2)
indicates that rotation is invariant with respect to either coordinate system. For
example, ¢, = §;, and moment r1 = m; can be considered to be a vector pointing
normal to the %~y plane or to the x-y plane by the usual right-hand rule. From either
viewpoint, the moment is in the Z = z direction. Therefore, moment is unaffected as
the element changes onentauon in-the x-y plane.

Substituting Eq. (5.1.3) for T and Eq. (4.1.14) for k into Eq. {3.4.22),
k = TTkT, we obtain the global element stiffness matrix as

dy dyy & de | Ay b
1282 -128C -6LS —1287% 128C —6LS
12C? 6LC 128C -12¢C* 6LC

2 — 2
k= 51_: 4L 6L —6LC 2L (5.14)
L 1282 -128C  6LS
: ‘ 12¢* -6LC
Symmetry 4r?

where, again, C = cos8 and S = siné. It is not necessary here to expand 7 given by
Eq. (5.1.3) to make it 2 square matrix to be able to use Eq. (3.4.22). Because
Eq. (3.4.22) is 2 generally applicable equation, the matrices used must merely be of
the correct order for matrix multiplication (see Appendix A for more on matrix multi-
plication). The stiffness matrix Eq. (5.1.4) is the global element stiffness matrix for a
beam element that includes shear and bending resistance.. Local axial effects are not
yet included. The transformation from local to global stiffness by multiplying matrices
TTET, as done in Eq. (5.1.4), is usually done on the computer.
We will now include the axial effects in the element, as shown in Figure 5-3.

The element now has three degrees of freedom per node (dyy, d; vy ;). For axial effects,
we recall from Eg. (3.1.13),

Ax AE 1 -1 éx
{f;}=_f>[—1 1]{3;} ‘ (5.1.5)

y Sy

9 y

Jae

Figure 5~3 Local forces acting on a beam element
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Combining the axial effects of Eq. (5.1.5) with the shear and principal bending
moment effects of Eq. (4.1.13), we have, in local coordinates,

fix G 0 0 -G 0 0 di
fly A 0 12C; 6GL 0 -12G 6C,L dyy
| _| 0 6GL 4GL* 0 -6GL 20GI*|] § (51.6)
fl |-G 0 0 G o 0 rn “
oy 0 -12G -6GL 0 120 -6GL || a,
iy 0 6GL 201 0 —6CL  4CL? b,
where ¢ = ﬁL‘E and G= % (.17
and, therefore, \
G. 0 0. -G o 0
0 128, 6CGL 0 -12G 6L
o] © 6c_2L, 4GLE 0 -6GL  2GL? (5.18)

-G 0 0 G 0 0
0 -12G -6GL 0 126, +6G,L
0 6CL  2GI7 0 -6GL  AGIL?

The % matrix in Eq. (5.1.8) now has threeﬂcgrees of freedom per node and now

" includes axial effects (in the .direction), as well as shear force effects (i the j direc-

tion) and principal bending moment effects (about the 7 = z axis). Using Eqgs. (5.1.1)
and (5.1.2), we now relate the local to the global displacements by

‘{lx C S 0 0 0 0 ,d;x'
dyy -§ Cc 0 0 0 of|a,
hl_to o 1 0 o offg
] 10 0 0 CS o|)du| (5‘1'9,)
d, 6 0 0 -8 C 0f]|dy
| é 0 0. . .0 0 0 1|4
where T has now been expanded to include local'axial deformation effects as
c s o0 o o o]
-s ¢ 0 0 0 of
0o 0 1 0 0 0 ‘
I=l o o0 o ¢ s o (5-1.10) -
0 0 0 -8S. . C o
6 0 o0 o0 o 1

Substituting T from Eq. (5.1.10) and & from Eq. (5.1.8) into Eq. (3.4.22), we obtain
the general transformed global stiffness matrix for a beam element that includes axial
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force, shear force, and bending moment effects as follows:

k=%x
-AC2+1—L22£52 (A—‘%:—)CS ‘ —%’s —(AC’+—lg—Sz) -(A—%’)cs —f’i’-s'
ASM% c? -6L—Ic - (A-%’/ cs - (ASZ—I-% C2> %c
ar Is e o
fatczﬂull,gifs2 (A-%’) cs %"s
ASM%I- c? ’"ﬁLl c
| Symmetry a1

(5,1.11-)

The analysis of a rigid plane frame can be undertaken by applying stiffness matrix
Eq. (5.1.11). 4 rigid plane frame is defined here as a series of beamn elements rigidly con-
nected to each other; that is, the original angles made between elements at their joints
remain unchanged after the deformation due to applied loads or applied displacements.

Furthermore, moments are transmitted from one element to another at the
joints. Hence, moment continuity exists at the rigid joints. In addition, the element
centroids, as well as the applied loads, lie in a common plane (x-y plane). From Eq.
(5.1.11), we observe that the element stiffnesses of a frame are functions of E, A4,
L, 1, and the angle of orientation & of the element with respect to the global-coordinate
axes. It should be noted that computer programs often refer to the frame element as a
beam element, with the understanding that the program is using the stiffness matrix in
Eg. (5.1.11) for plane frame analysis.

4 5.2 Rigid Plane Frame Examples A

To illustrate the use of .the equations developed in Section 5.1, we will now perform
complete solutions for the following rigid plane frames.

Example 5.1

:

As the first example of rigid plane frame analysis, solve the simple “‘bent” shown in
Figure 5-4.

The frame 1s fixed at nodes 1 and 4 and subjected to a pesitive horizontal force
of 10,000 1b applied at node 2 and to a positive moment of 5000 1b-in. applied at
node 3. The global-coordinate axes and the element lengths are shown in Figure 5-4.
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l—e 10 ft — .
10,000 1b X 5000 1b-in,
2 ® AyAR
Vi
y 10 ft
5 ft e
1
4
NS X S

Figure 5-4 Plane frame for analysis, also showing local x axis for each element

Let E = 30 x 10% psi and 4 = 10 in? for all elements, and let J = 200 in* for elements
1and 3, and 7 = 100 in* for element 2.

Using Eq. (5.1.11), we obtain the global stiffness matrices for each element.
Element 1

For element i, the angle between the global x and the local x axes is 90° (counter-
clockwise) because % is assumed to be directed from node 1 to node 2. Therefore,

Xz~ X1 _ —60 —~ (-—60) _

C=cos90° = = 30 =0 -
s=sin90°=%)¥l=3-2—f2~;~q=
Also, %:Z%fo.mm’ | - (52.1)
%:%@%ﬂaom’
| %=%§3§;=250,000 1b/in®

Then, using Eqs. (5.2.1) to help in eva_\lu:ating Eg. (5.1.11) for element 1, we obtain the
element global stiffness matrix as

dlx dly (il

0167 0 -10

0 10 0

£ = 250,000 | 10 0 800
‘ —0.167 0 10

0 -10 o

-10 0 400

" where all diagonal terms are positive.

dye dy ¢y

-0.167 0 —10

0 ~10 Q

10 0 40011 5,9
0.167 0 10| in. :
0 0 0

10 .0 80
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Element 2

For element 2, the angle between x and % is zero because ¥ is directed from node 2 to
node 3. Therefore,

C=1 S§=0
Also, E = .1_2_(}9.0.). = in?
'z 702 0.0835m
61 6(100) _ .3
T30 = 50in (52.3)
E_ 250,000 Ib/in®
L
Using the guantities obtained in Eqs (5.2.3) in evaluating Eq. (5.1.11) for element 2,
we obtam
dh . dly ¢2 dyx dBy ¢3
10 0 0 ~-10 0 0
v 0 0083 5 0 —0.085 5
¥ —2s0000| O 5 400 0 -5 200| b (5:24)
-0 0 0 1 0 0| in
0 -0.0835 -5 0 0085 -5
0 5 200 0 -5 400
Element 3

For element 3, the angle between x and % is 270° (or ~90°) because x is directed from
node 3 to node 4. Therefore,

C=0 = -1

Therefore, evaluating Eg. (5.1.11) for element 3, we obtain

de d3y ¢3 d4x dﬂy ¢4
0.167 0 10 -0167 0 10

0 00 0o -0 0

K = 250,000 | 1© 0 800 —10 0 401 B )
~0.167 0 ~10 0167 0 —10] in.
0 -10 0 0 10 0
10 0 400 -10 0 800

Superposttion of Egs. (5.2.2), (5. 24) and (5.2.5) and application of the boundary con-
ditions d = di, = ¢; = 0 and dy, = dy, = ¢, = 0 at nodes | and 4 yield the reduced -
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set of equations for a longhand solution as

10,000 10.167 © 10 -10 0 0] [ o
0 0 10.0835 5 0 ~0.0835 5| | dy
0 10 5 1200 0 -5 200| | ¢,
0 =1250,000 -10 0 0 10167 0 10| | 452
0 0 -00835 -5 0 10.0835 5| |dy

5000 0 5 200 10 -5 1200{ | ¢,

(5.2.6)

Solving Eq. (5.2.6) for the displacements and rotations, we have

oy 0.211 in.

dyy 0.00148 in.

¢ | _ | —0.00153 rad

& | ] 0.209in. (52.7)
dyy ~0.00148 in.

'R —0.00149 rad

The results indicate that the top of the frame moves to the right with negligible vertical
displacement and small rotations of elements at nodes 2 and 3.

The element forces can now be obtained using f = k7'd for each element, as
was previously done in solving truss and beam problems. We will illustrate this proce-
dure only for element 1. For element 1, on using Eq. (5.1.10) for T’ and Eq. (5.2.7) for
the displacements at node 2, we have

0
-1

Ay =0
dyy =0
$ =0
dyy = 0.211 (528)
dy, = 0.00148
4, = —0.00153

[T o B O —1

[ - e

OO0 -0 O
(== v e R )

[~ T = A e i o

-_o O OO O

On multiplying the matrices in Eq. {5.2.8), we obtain

0

0

0

0.00148
-0.211.
~0.00153

(5.2.9)

IR,
I
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Then using k& from Eq. (5.1.8), we obtain element ! local forces as

0 0 0 -10 0 0717 0
0 0167 10 0 -0167 10]] 0
- "0 10 800 0 =10 400 0
[=kId=2500001 o 0 10 0 0 0.00148
0 —0167 —10 0 0167 —10]]-0211
0 10 400 0 -10  .800) { —0.00153

(5.2.10)
Simplifying Eq. (5.2.10), we obtain the local forces acting on element 1 as

Jix —~3700 Ib
fi v 4990 1b
my | _ ) 376,000 Ib-in. .
Al 3700 Ib (5.2.11)
ny -} —4990 Ib
"y 223,000 Ib-in.

A free-body diagram of each element is shown in Figure 5-5 along with equilibrium
verification. In Figure 5-5, the % axis is directed from node 1 to node 2—consistent
with the order of the nodal degrees of freedom used in developing the stiffness matrix
for the element. Since the x-y plane was initially established as shown in Figure 54,
the z axis is directed outward—consequently, so is the £ axis {recall 7 = z}. The
axis is then established such that % cross y yields the direction of Z. The signs on the
resulting element forces in Eq. (5.2.11) are thus consistently shown in Figure 5-5.
The forces in elements 2 and 3 can be obtained in a manner similar to that used to
obtain Eq. (5.2.11) for the nodal forces in element 1. Here we report only the final
results for the forces in elements 2 and 3 and leave it to your discretion to perform
the detailed calculations. The element forces (shown in Figure 5-5(b) and (c)) are as
follows:

Element 2
fa=5010b  f,,=~37001b  rin = 223,000 Ib-in.
. . (5:2.122)
foe==50101b £, =37001b ~ rity = —221,000 Ib-in.
Element 3
fix=37001b £, =50101b 7ty = 226,000 Ib-in.
X - (5.2.12b)

fae==37001b  f, =-50101b s = 375,000 Ib-in.
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3700 Ib $
223,000 1b-in. ‘
2 4990 1 221,000 i,
H 120, '
. . .
- _ [ te——50101b
o/ 223,000 b+ N
120 in. 00 -
, 37001
376.000 Io-in. N b
y 7 4990 16 37001
’/-Nza,ooonm
5 3700 1b 5
50101 l/
{a) x
s
120 in.
501010 N
\?/375,00015@.
3700 1b

fe}

Figure 5-5 Free-body diagrams of (a) element 1, (b} element 2, and (c) element 3
Considering the free body of element 1, the equilibrium equations are

3" Fe: —4990 +4990 = 0

3 Fy: -3700 + 3700 = 0

3 My: 376,000 + 223,000 — 4990(120 in.) = 0

Considering moment equilibrium at node 2, we see from Eqs. (5.2.12a) and (5.2.12b)
that on element 1, rizp = 223,000 lb-in., and the opposite value, —223,000 Ib-in.,
occurs on element 2. Similarly, moment equilibrium is satisfied at node 3, as rin;
from elements 2 and 3 add to the 5000 lb-in. applied moment. That is, from
Eqs. (5.2.12a) and (5.2.12b) we have

—221,000 + 226,000 = 5000 Ib-in. a
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Example 5.2

To illustrate the procedure for solving frames subjected to distributed loads, solve the
rigid plane frame shown in Figure 5-6. The frame is fixed at nodes 1 and 3 and sub-
jected to a uniformly distributed load of 1000 Ib/ft applied downward over element 2.
The global-coordinate axes have been established at node 1. The element lengths are
shown in the figure. Let E = 30 x 106 psi, 4 = 100 in?, and T = 1000 in* for both ele-
ments of the frame.

We begin by replacing the distributed load acting on element 2 by nodal forces
and moments acting at nodes 2 and 3. Using Egs. (4.4.5)~(4.4.7) (or Appendix D),
the equivalent noda? forces and moments are calculated as

fzy=_32£=..(_12-0§.).4-9=—20,000!b=-—20kip
(5.2.13)
2 2
my= 2= QOO 133,333 1ot = —1600 ki
1000 Ib/ft
ST
y I @ iy
@ / [ 40 fi
I
!
i
45° ]
!
INNNNN x
l‘———son—-——.
@)
~20 kip —20kp
N (¥
-~ N2
—1600 k-in. 1600 k-m.

g ‘ {v)

Figure '5-6 (a) Plane frame for analysis and (b} equivalent nodal forces on frame
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wL (100040 .
fy === == = ~20,000 b= ~20 kip
2 2 .
- __.21{5_30;’01‘2_40_: 133,333 Ib-ft = 1600 k-in.

We then use Eq. {5.1.11), to determine each element stiffness matrix:

Element 1

V=452 €=0707 S$=0707 LN =4241ft=>5090in

E 30x10°

T="% = 58.93

. s002 4998 833]

_k“)=58.93 49.98 5002 -8.33 _m_P (5.2.14)
833 -8.33 4000

Simplifying Eq. (5.2.14), we obtain i
e dyy #
2948 2945 491 kip
KU = 12945 2948  —491|~— (52.15)

491 —491 235,700

where only the parts of the stiffness matrix associated with degrees of freedom at node
2 are included because node 1 is fixed.

Element 2
D=0 C=1 S=0 L®=40ft=48in

E_30x10°

7= = 6250
100 0 0 1
¥ =625] 0 0052 125 -i-nf (5.2.16)
0 125 4000 | '
Simplifying Eq. {5.2.16), we obtain
d?.x d2y
6250 0 0 1y
k=1 o 325 78125 T (5.2.17)

0 781.25 250,000

where, again, only the parts of the stiffness matrix associated with degrees of freedom
at node 2 are included because node 3 is fixed. On superimposing the stiffness matrices
of the elements, using Eqs. (5.2.15) and (5.2.17), and using Eq. (5.2.13) for the nodal
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forces and moments only at node 2 {because the structure is fixed at node 3), we have

Fpu=0 -] 9198 2945 491 | | da
By =-20 = | 2945 2951 290 | ¢ dyy (5.2.18)
Mz —1600 491 290 485,700 | | ¢,

Solving Eq. (5.2.18) for the dlsplaoemems zmd the rotation at node 2, we obtain

dyy 0.0033 in.
dzy = ¢ —0.0097 in. (5219)
6 -0.0033 rad

The results indicate that node 2 moves to the right (da, = 0.0033 in.) and down
{day = —0.0097 in.) and the rotation of the joint is clockwise (¢, = —0.0033 rad).

The local forces in each element can now be determined. The procedure for
elements that are subjected to a distributed load must be applied to element 2. Recall
that the local forces are given by f kTd. For element 1, we then have

0707 0707 0 O O 0 0

-0.707 07067 0 0 0 of| o
|0 0 1 0 0 ol] o
Id=| , 0 0 0707 0707 0|] 0.0033 (32.20)
00 0 —0.707 0.707 0| | —0.0097
0 0 0 0 0 1| -0.0033
Simplifying Eq. (5.2.20) yields
0
0
g=4 ° (5:2.21)
=571 ~0.00452 <
—0.0092
~0.0033
Using Eq. (5.2.21) and Eq. (5.1.8) for £, we obtain
[ fie (5893 . 0 0 583 0 o 7 o
fiy 2730 6948 0 -2730 6948 0
iy ' 117,900 0 —694.8 117,900( | o
L == s 4 3
fin 5893 0 0 —0.00452
iy 2730 —694.8 | | -0.0092
Ny - (Symmetry . 23580] | -0.0033 |

(52.22)
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Simplifying Eq. (5.2.22) yields the Jocal forces in element | as '
fie=2664Kip  f,=-2268kip  rin,=—389.1 k-in.
X . (5.2.23)
fre=-2664kp  fp, = 2268 kip By = —778.2 k-in.
For element 2, the local forces are given by Eq. (4.4.1 1) because a distributed load is
acting on the element. From Egs. (5.1.10) and (5.2.19), we then have
100000 0.0033
0190 00 0f]-00097
0 010 0 0} —-00033 .
Td=io00100[) 0 (5:224)
0060010 0
000001 0
) Simplifying Eq. (5.2.24), we obtain
' 0.0033
-0.0097
~0.0033
003 (5.2.25)
0
0
0
Using Eq. (5.2.25) and Eq. (5.1.8) for k, we have
6250 0 0 ~6250 0 0 0.0033
325 7811 0 =325 7811 —0.0097
P 250,000 0 7811 125000 —0.0033
kg =kId = 6250 0 0 0
325 -7811 0
Symmetry 250,000 0
(5.2.26)
Simplifying Eq. (52.26) yields
20.63
-2.58
s a —832.57
kd = 2.27
kd —20.63 (5:2:27)
2.58
—412.50
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26.64 kip

778.2 kein. 1.00 Wit 2013 kein
w6kp ST\ L} 2.6 kip
T T g
. 16l4kmdf2 @) 3
2.268 kip ot
389.1 kin. v 17.42 kip 22.58 kip

26.64 kip 2.268 kip

Figure 5~-7 Free-body diagrams of elements 1 and 2

To obtain the actual element local nodal forces, we apply Eq. (4.4.11); that is, we must
subtract the equivalent nodal forces [Egs. (5.2.13)] from Eq. (5.2.27) to yield

Soe 20.63 0

Fiy -2.58 -20

- iy | _ ) -83257( | 1600
207 e of (5.2.28)

£ 2.58 -20

Py ~412.50 1600

Simplifying Eq. {5.2.28), we obtain
fu=2063kip  f,=1742kip i = 7674 kiin.

(5.2.29)

fie==2063kip  f,,=2258kip 1t = ~2013 k-in.

Using Eqgs. {5.2.23) and (5.2.29) for the local forces in each element, we can con-
struct the free-body diagram for each element, as shown in Figure 5-7. From the free-
body diagrams, one can confirm the equilibrium of each element, the total frame, and
Jjoint 2 as desired. R

In Example 5.3, we will illustrate the equivalent joint force replacement method
for a frame subjected to a load acting on an element instead of at one of the joints of
the structure. Since no distributed loads are present, the point of application of the
concentrated load could be treated as an extra joint in the analysis, and we could
solve the problem in the same manner as Example 5.1.

This approach has the disadvantage of increasing the total number of joints, as
well as the size of the total structure stiffness matrix XK. For small structures solved
by computer, this does not pose a problem. However, for very large structures, this
might reduce the maximum size of the structure that could be analyzed. Certainly,
this additional node greatly increases the longhand solution time for the structure.
Hence, we will illustrate a standard procedure based on the concept of equivalent
joint forces applied to the case of concentrated loads. We will again use Appendix D.
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Solve the frame shown in Figure 5-8(a). The frame consists of the three elements
shown and is subjected to a 15-kip horizontal load applied at midlength of element 1.
Nodes 1, 2, and 3 are fixed, and the dimensions are shown in the fignre. Let

E =30 x 106 psi, I = 800 in®, and 4 = § in? for all elements.

1. We first express the applied load in the element 1 local coordinate
system (here £ is directed from node 1 to node 4). This is shown in
Figure 5-8(b).

375

(b) Applied load expressed
in ¢kement 1 local-
coordinate system

6.71 kip

(from Appendix D)

_ (13.42){44.7 x 12)
= 8

= 900 k-in.

ool

900 k-in.

900 k-in.

3.36 kip

(c) Equivalent joint forces expressed (3} Final equivalent joint forces

L 4

in local-coordinate system d in global di
. system

Figure 5-8 Rigid frame with a load applied on an element
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2. Next, we determine the equivalent joint forces at each end of element 1,
using the table in Appendix D. (These forces are of opposite sign from
what are traditionally known as fixed-end forces in classical structural
analysis theory [1].) These equivalent forces (and moments) are shown
m Figure 5-8(c).

3. We then transform the equivalent joint forces from the present local-
coordimate-system forces into the global-coordinate-system forces,
using the equation f = TTf where T is defined by Eq. (5.1.10). These
global joint forces are shown in Figure 5-8(d).

4. Then we analyze the structure in Figure 5-8(d), using the equivalent

joint forces (plus actual joint forces, if any) in the usual manner.

We obtain the final internal forces developed at the ends of each

element that has an applied load (here element 1 only) by subtracting

step 2 joint forces from step 4 joint forces; that is, Eq. (4.4.11) is
applied locally to all elements that originally had loads acting on
them.

i
b

The solution of the structure as shown in Figure 5-8(d) now follows. Using
Eq. (5.1.11}, we obtain the globa} stiffness matrix for each element.

Element 1

For clement 1, the angle between the global x and the local X axes is 63.43° because %
is assumed to be directed from node 1 to node 4. Therefore,

_ o Xa—x1 _20-0
C = c0s63.43° = IO 0.447
—sin6343 = VAT X __..E
§ =5in63.43° = = ar 0.895
127 12(800) _6(800)
— = 0.0334 =895
L7 (447 x 12) 0.033 L TmIxi12
E  30x10°
I x>
Using the preceding results in Eq. (5.1.11) for k, we obtain
dy dyy A
9.9 178 448
D =1178 359 -224 } (5.2.30)

448 —224 179,000

where only the parts of the stiffness matrix associated with degrees of freedom at node
4 are included because node 1 is fixed and, hence, not needed in the solution for the
nodal displacements.



5.2 Rigid Plane Frame Examples A 231

Element 3

For element 3, the angle between x and % is zero because X is directed from node 4 to
node 3. Therefore,
127 12(800)

C=1 §=0 —-———:0.()267
LZ ( 12)2

61 _ 6(800) E_30x10°

I 0x2- 0 iTHx- "

Substituting these results into k, we obtain
d4x d4y ¢4

400 0 0
=1 0 13% 400 (5.2.31)
0 400 160,000 ‘
since node 3 is fixed.
Element 2

For element 2, the angle between x and %-s 116.57° because X is directed from node 2
to node 4. Therefore, ’

20 40 40— 0
121 61 E
= = 0.0334 a =895 7= 55.9
since element 2 has the same properties as element 1. Substituting these results into k,
we obtain
d4x d4y ¢4
90.9 -178 448
K= | -178 359 224 (5.2.32)

448 224 179,000

since node 2 is fixed. On superimposing the stiffness matrices given by Egs. {5.2.30),
{5.2.31), and (5.2.32}, and using the nodal forces given in Figure 5-8(d) at node 4
only, we have

—7.50 kip 582 0 896 | { dyy
0 = 0 719 400 | < dyy (5.2.33)
—900 k-in. 896 400 518,000 A
Simultaneously solving the three equations in Eq. (5.2.33), we obtain
dyy = -0.0103 in.

dy, = 0.000956 in. (5.2.34)
¢y = —0.00172 rad :
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Next, we determine the element forces by again using f = kTd. In general, we have

C S 0 0 0 0fféds
-§ C 0 0 0 0f|]dy
e 0 0 1 0 0 0|]é
=710 0o 0 ¢ s 0|]dk
0 0 0-S C 0||dy
0 0 0 0 0 1jl¢
Thus, the preceding matrix multiplication yields
Cdyy + Sd,}
_dex + Cdiy
s
Td= Cdj+ Sd, (5.2.35)
~Sdjx + Cdy
9
Element 1
0 0
] 0
d = 0 =40 (5.2.36)
=27 (0.447)(—0.0103) + (0.895)(0.000956) [ ~ | —0.00374 “
(—0.895)(—0.0103) + (0.447)(0:000956) 0.00963
—0.00172 ~0.00172
Using Eq. (5.1.8) for k and Eq. (5.2.36), we obtain
447 0 0 —447 0 0 0
0 1.868 5005 0 1868 500.5 0
BTd = 0 500.5 179,006 0  -500.5 89,450 « 0
=R l-m47 000 00 47 0 0 —0.00374
0 —1.868 -500.5 0 1.868 —500.5 0.00963
0 500.5 89490 0  -500.5 179,000 —-0.00172
(5.2.37)

These values are now called effective nodal forces. Multiplying the matrices of Eq.
(5.2.37) and using Eq. (4.4.11) to subtract the equivalent nodal forces in local coordi-
nates for the element shown in Figure 5-8(c), we obtain the final nodal forces in
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2.44 ki ¥
168 kip P ez~ /412 kip
\ 14 ® of 3T 7
589 k-in, . 137 kein.
0.877 kip 0.687 kip 0.687 kip
15 kip
2.59 kip » 0.877 kip
1058 k-in. 58 k-in.
2.44 xip
5.03 kip
Figure 5-9 Free-body diagrams of all elements of the frame in Figure 5-8(a)
in element 1-as
- 1.67 -3.36 5.03 kip
—0.88 6.71 —7.59 kip
R -158 900 | —1058 k-in.
(1) — - =
I -1.67 -3.36 | 1.68 kip (52.38)
0.88 6.71 -5.83 kip
-311 —900 589 k-in.

Similarly, we can use Eqs. (5.2.35) and (5.1.8) for elements 3 and 2 to obtain the local
nodal forces in these elements. Since these elemenis do not have any applied loads on
them, the final nodal forces in local coordinates associated with each element are
given by f kcTd. These forces have been determined as follows:

Element 3
foe=—412kip  f,=—0687kip sy = —275 k-in.
i - (5.2.39)
fix=412kip £, =0.687 kip vy = —137 kein.
Efement 2
foe=~244%p  fo,=-087Tkip  rit = —158 kein.
(5.2.40)

fie=244kip  fy,=0877kip sy = -312k-in.

Free-body diagrams of all elements are shown in Figure 5-9. Each element has been
determined to be in equilibrium, as often occurs even if errors are made in the long-
hand calculations. However, equilibrium at node 4 and equilibrium of the whole
frame are also satisfied. For instance, using the results of Egs. (5.2.38)—(5.2.40)
to check equilibrium at node 4, which is implicit in the formulation of the global
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equations, we have
S Mi=589-275-312=2k-in.  (close to zero)
3 F = 1.68(0.447) + 5.83(0.895) — 2.44(0.447)
~0.877(0.895) — 412 = —0.027kip  (close to zero)
Y F, = 1.68(0.895) — 5.83(0.447) + 2.44(0.895)

—0.877(0.447) — 0.687 = 0.004 kip  (close to zero)

Thus, the solution has been verified to be correct within the accuracy associated with a
longhand solution. n

To illustrate the solution of a problem involving both bar and frame elements,
we will solve the following example.

Example 5.4

The bar element 2 is used to stiffen the cantilever beam element 1, as shown in Figure
5-10. Determine the displacements at fiode 1 and the element forces. For the bar, let
A=10x10"% m? For the beam, let 4=2x 10" m?, 7=5x10"° m*, and
L =3 m. For both the bar and the beam elements, let E = 210 GPa. Let the angle
between the beam and the bar be 45°. A downward force of 500 kN is applied at
node 1. '

For brevity’s sake, since nodes 2 and 3 are fixed, we keep only the parts of k for
each element that are needed to obtain the global X matrix necessary for solution of
the nodal degrees of freedom. Using Eq. (3.4.23), we obtain k for the bar as

(- (X 1073)(210.x 108) [0.5 0.5
= (3/cos45°) 0.5 05

or, simplifying this equation, we obtain

d!x dly
0.354 0.354-]»kN
(2 = 3 g
K2 =70%10 [0_354 0354 m (5.2.41)

Figure 5-10 Cantilever beam with a bar element
support

500 kN
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Using Eg. (5.1.11), we obtain k for the beam (including axial effects) as

dy dy, ¢
20 0

KD =70%x10° 10 0.067 0.10 kN (5.2.42)
0 010 020

where (E/L) x 107> has been factored out in evaluating Eq. (5.2.42).
We assemble Eqgs. (5.2.41) and (5.2.42) in the usual manner to obtain the global
stiffness matrix as

2354 0354 0 KN
K=70x10°[0.354 0421 0.10 - {(5.2.43)
0 010 020
The global equations are then written for node 1 as
Fi, 0 2.354 0354 0 dix ,
Fy p =13 ~3500 ) =70x10°[0.354 0421 0.10{< 4, (5.2.44)
M 0 0 010 0.20 &

Solving Eq. (5.2.44), we obtain
de=000338m &, =-0025m ¢ =00113rad  (5245)

In general, the local element forces are obtained using f = £Td. For the bar
element, we then have

A - dx '
Jix AET 1 -—l-! [C S 0 0] diy
N =— 2.4
{f3x L |-1 1j10 0 C S]] dw (5:2.46)
dsy

The matrix triple product of Eq. (5.2.46) yields (as one equation)
- AE
Jix = (Cdix + Sdiy) (5.2.47)

Substituting the numerical values into Eq. (5.2.47), we obtain

. -3 2 6 2
7, =Ux1o m)[t(zzlor: 10 kN/m){l/;(om338—o.ozzs)} (5.2.48)

Simplifying Eq. (5.2.48), we obtain the axial force in the bar (element 2) as

Fie = —6T0 KN (5.2.49)
where the negative sign means f;, is in the direction opposite % for element 2. Simi-
farly, we obtain

fix =670 KN (5.2.50)
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670 kN

y
i \ T83kN-m
rF\O.O kN - m @ o
— W } -
473kN T 12
670 kN
26.53 KN 26.5 kN

Figure 5-11 Free-body diagrams of the bar (element 2) and beam {element 1)
elements of Figure 5-10

which means the bar i is in tension as shown in Figure 5-11. Since the local and global
axes are coincident for the beam element, we have f f and 4 = 4. Therefore, from
Eq. (5.1.6), we have at node 1

Six G 0 0 diy
f0=10 126G 6GL|{ a4, (5.2.51)
"y 0 6GL 4C2L2 ¢,

where only the upper part of the stiffness matrix is needed because the displacements
at node 2 are equal to zero. Substituting numerical values into Eq. (5.2.51), we obtain

fie 20 0 0.00338
fiy p=70x10°]0 0067 0.10|¢ —0.0225
i 0 0.10 020 0.0113

The matrix product then yields
fix=4T3KN  f =-265kN sy =0.0kN-m (5.2.52)

Similarly, using Eq. (5.1.6), we have at node 2,

for -2 0 0 0.00338
fy { =T0% 10°] 0 —0.067 —0.10|<{ —0.0225
iy 0 010 0.10 0.0113

The matrix product then yields
fu=—4T3KN  f,=265KkN  np=-783kN.-m  (52.53)

‘To help interpret the results of Egs. (5.2.49), (5.2.50), {5.2.52), and (5.2.53), free-
body diagrams of the bar and beam elements are shown in Figure 5-11. To further
verify the results, we can show a check on equilibrium of node 1 to be satisfied. You
should also verify that moment equilibrium is satisfied in the beam. | |
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A 5.3 Inclined or Skewed Supports—Frame A
Element

For the frame element with inclined support at node 3 in Figure 5-12, the transforma-
tion matrix T used to transform global to local nodal displacements is given by
Eq. (5.1.10).

In the example shown in Figure 5-12, we use T applied to node 3 as follows:

dj, cosa sina 0] { diy )
dy, 5= | —sina cosa O|<¢ dsy
#; 0 0 RS

The same steps as given in Section 3.9 then follow for the plane frame. The
resuiting equations for the plane frame in Figure 5-12 are (see also Eq. (3.9.13))

[T/} = [TKIT {d}

Fy dix=0
Fl y dly =0
M 6 =0
FZX d2x
or Fy o =[TIKIT)TS  dy
’ M2 . ¢2
F3Ix d;x
Fy, dj, =0
L M5 ) X ¢§ = g5 )
0 o [
where (Ti= {0} ] [0
o o (]
cos¢ sina 0
and [5}= | —sina cosa O

0 0 1

Figure 5-12 Frame with inclined support
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A 5.4 Grid Equations A

A grid is a structure on which loads are applied perpendicular to the plane of the struc-
ture, as opposed 10 a plane frame, where loads are applied in the plane of the structure.
We will now develop the grid element stiffness matrix. The elements of a grid are
assutmed to be rigidly connected, so that the original angles bétween elements con-
nected together at a node remain unchanged. Both torsional and bending moment
continuity then exist at the node point of a grid. Examples of grids inclode floor and
bridge deck systems. A typzcal grid structure subjected to loads Fy, F3, F3, and Fy is
shown in Figure 5-13.

We will now consider the development of the grid element stiffness matrix and
element equations. A representative grid element with the nodal degrees of freedom
and nodal forces is shown in Figure 5-14. The degress of freedom at each node for a
grid are a vertical deflection d (normal to the grid), a torsional rotation . about
the % axis, and a bending rotation &, about the  axis. Any effect of axial dxsplgmc~
ment is ignored; that is, d;, = 0. The nodal forces consist of a transverse force f;,, a i
torsional moment #7;, about the X axis, and a bendlng moment iz, about the £ axis.
Grid elernents do not resist axial Ioadmg, that is f;, =

To develop the local stiffness matrix for a grid element we need to include the
torsional effects in the basic beam element stiffness matrix Eq. (4.1.14). Recall that
Eq. (4.1.14) already accounts for the bending and shear effects.

We can derive the torsional bar element stiffness matrix in a manner analogous
to that used for the axial bar element stiffness matrix in Chapter 3. In the derivation,
we simply replace f,x with iz, dpe With ng,_,,, E with G {the shear modulus), A with J (the
torsional constant, or stiffness factor), o with 7 (shear stress}, and & with y (shear strain).

,&/‘/ )

Figure 5-13 Typical grid structure

9

N P~ ’ﬁx:’ 4;1: ’ﬁz" 32:
mlv é!z § G * G’a 'ﬁz;» &2:

2 f):- a!: fzy» 22’

Figure 5-14 ' Grid element with nodal degrees of freedom and nodal forces
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’ﬁlx ¢l: ’ﬁb' 4‘2:

e ol

Figure 5-15 Nodal and element torque sign conventions

The actual derivation is briefly presented as follows. We assume a circular cross
section with radius R for simplicity but without loss of generalization.

Step 1

Figure 5-15 shows the sign conventions for nodal torque and angle of twist and for
element torgue.

Step 2
We assume a linear angle-of-twist variation along the % axis of the bar such that
¢=ay+ax C (541

Using the usual procedure of expressing 2; and a; in terms of unknown nodal angles
of twist ¢, and ¢,,, we obtain

= (‘ﬁ—”‘%&)x + bia (5.4.2)

) 1) b
#=[Ny N ]{ (5.4.3)
bax
with the shape functions given by

(5.4.4)

Step 3

We obtain the shear strain y/angle of twist # relationship by considering the torsional
deformation of the bar segment shown in Figure 5-16. Assuming that all radial lines,
such as OA, remam straight during twisting or torsional deformation, we observe that
the arc length ABis given by

AB =y, d% = Rd$
Solving for the maximum shear strain yy,,, we obtain

_Rd¢
Ymax = dax
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. R ,
7
3 ¢ 2
4 [] ALo0r
7 Yo D h
e B d¢
T |

dz

g

Figure 5-16 Torsional deformation of a bar segment

Similarly, at any radial position r, we then have, from similar triangles O4B and
OCD, ’

7= rd¢ = (¢2x ‘i;lx) (545)

where we have used Eq. (5.4.2) to derive the final expression in Eq. {5.4.5).
The shear stress 7/shear strain y relationship for linear-elastic isotropic materials
is given by
=Gy (5.4.6)

where G is the shear modulus of the material.

Step 4

We derive the element stiffness matrix in the following manner. From elementary
mechanics, we have the shear stress related to the applied torgue by

. J
where J s called the polar moment of inertia for the circular cross section or, generally,
the torsional constant for noncircular cross sections. Using Egs. (5.4.5) and (5.4.6) in
Eq. (5.4.7), we obtain

=% -4 (548)
'By the nodal torque sign convention of Figure 5-15,
Py = —Wiy (5.4.9)
or, by using Eq. (5.4.8) in Eq. (5.4.9), we obtain
iy = %{ (1 — 42) (54.10)
Similarly, fay = My (5.4.11)

or Frae = —GL—J (s — 1) (54.12)
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Expressing Egs. (5.4.10) and (5.4.12) together in matrix form, we have the resulting
torsion bar stiffness matrix equation:

{Z;}iﬂ-: —”{i} (54.13)

Hence, the stiffness matrix for the torsion bar is

=%[_§ “;]  (54.18)

X

The cross sections of various structures, such as bridge decks, are often not
circular. However, Eqs. (5.4.13) and (5.4.14) are still general; to apply them to other
cross sections, we simply evaluate the torsional constant J for the particular cross sec-
tion. For instance, for cross sections made up of thin rectangular shapes such as chan-
nels, angles, or 1 shapes, we approximate J by

1 .

where b; is the length of any element of the cross section and ¢ is the thickness of any
element of the cross section. In Table 5-1, we list values of J for various common
cross sections. The first four cross sections are called open sections. Equation (5.4.15)
applies only to these open cross sections. (For more information on the J concept,
consult References [2] and {3}, and for an extensive table of torsional constants for var-
ious cross-sectional shapes, consult Reference [4].) We assume the loading to go
through the shear center of these open cross sections in order to prevent twisting of
the cross section. For more on the shear center consult References [2] and [5].

On combining the torsional effects of Eq. (5.4.13) with the shear and bending
effects of Eq. (4.1.13), we obtain the local stiffness matrix equation for a grid element
as

[12E1 6EI —12EI 0 6EI
- ' T o 2
GJ ~GJ -
% o _o 0 -4 0 {,y
e 4E] —6EI 2EI Prx
i L L2 L (51-
Mz Lo 1z 54.16
i 12E1 eer|Vay [ OO
o JE] L7 bay
2 G 0 b
4E1
Symmetry T
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Table 5-1 Torsional constants J and shear centers SC for various cross sections -

Cross Section Torsional Constant
1. Channetl
t {3
l _ A%H
Sc.-—u | f ” &= T .
e H
b
H
2. Angle
f! N J =1t + by13)
B, y
l SC
b, &
3. Z section
5 1
: T 7=t (26 +h)
:S—E Y - h T3
l &. —l—
iy

4. Wide-flanged beam with
unequal flanges

J =it} +batd + hd

5. Solid circular

LT
@ J = 2r
6. Closed hollow rectangular
4
f a2
[} vse b J= 2n{a-H"(b-n)

ool — i at+bt — 2~ 1}
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where, from Eq. (5.4.16), the local stiffness matrix for a grid element is

a 1y ¢ ix &1: 32)‘ &Zv &2:

12E1 6EI —12EI 6EI
3 L iy © =
GJ -GJ
0 - 0 0 - 0
6EI . AEI  —6EI = 2E
; Iz T Iz T
ke = —12EI  -6El 12EI —6EI (3417)
L3 12 - 0 =
-GJ GJ
0 - 0 0 + 0
SEL o 2B SEL 4
| 17 L 12 L |

and the degrees of freedom are in the order (1) vertical deflection, (2) torsional rota-
tion, and (3} bending rotation, as indicated by the notation used above the columns
of Eq. (54.17).

- The transformation matrix relating local to global degrees of freedom for a grid
is given by

(5.4.18)

oo o Lo
oo oo
OO - OO
W Ohoooo
Ao o oo

1
0
0
= 0
0
0

where @ is now positive, taken counterclockwise from x to % in the x-z plane {Figure
5-17) and

' " ,
X; — X; . zZ -z
C=cosf="1_" S=snf="L_"

Figure 5-17 Grid element arbitrarily oriented
in the x-z plane
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Example 5.

where L is the length of the element from node { to node j. As indicated by Eq. (5.4.18)
for a grid, the vertical deflection d, is invariant with respect to a coordinate transfor-
mation (that is, y = y) (Figure 5-17).

The global stiffness matrix for a grid element arbitrarily oriented in the x-z plane
is then given by using Egs. (5.4.17) and {5.4.18) in

ke =TTkeTs (5.4.19)

Now that we have formulated the global stiffness matrik for the grid element,
the procedure for solution then follows in the-same manner as that for the plane
frame.

To illustrate the use of the equations developed in Section 5.4, we will now solve
the following grid structures. '

5

Analyze the grid shown in Figure 5-18. The grid consists of three elements, is fixed at
nodes 2, 3, and 4, and is subjected to a downward vertical foree (perpendicular to the
x-z plane passing through the grid elements) of 100 kip. The global-coordinate axes
have been established at node 3, and the element lengths are shown in the figure. Let
E =30 x 10° ksi, G = 12 x 10° ksi, § = 400 in*, aind J = 110 in* for all elements of
the grid.

Figure 5-18 Grid for analysis showing local % axis for each element

Substituting Eq. (5.4.17) for the local stiffness matrix and Eq. (5.4.18) for the
transformation matrix into Eq. (5.4.19), we can obtain each element global stiffness
matrix. To expedite the longhand solution, the boundary conditions at nodes 2, 3,
and 4, ‘ :

dy =y =9, =0 dy =gy, =¢;, =0 diy = gx = ¢ =0 (54.20)



5.4 Grid Equations A 245

make it possible to use only the upper left-hand 3 x 3 partitioned part of the local
stiffness and transformation matrices associated with the degrees of freedom at
node 1. Therefore, the global stiffness matrices for each element are as follows:

Element 1

For element 1, we assume the local % axis to be directed from node 1 to node 2 for the
formulation of the element stiffness matrix. We need the following expressions to eval-
uate the element stiffness matrix:

X2 'J() ~20-0

C=cosh = —— IO = ma s -0.894
. _ Z2—2) - !0 -0
S=sm6-F)~ 536 = {.447
12ET _ 12(30 x 10%)(400) 745
L3 (22.36 x 12)* (5.421)
6ET _ 6(30 X 10%)(400) — 1000 o
L2 7 (2236 x 12)?
GJ (12 10%)(110)
=T 4900
L~ (2236x12) o
4E]  4(30 x 10%)(400) _ — 179,000

L (2236x12)

Considering the boundary condition Egs. (5.4.20), using the results of Egs. (5.4.21) in
Eq. (5.4.17) for k,; and Egq. (5.4.18) for T, and then applying Eq. (5.4.19), we obtain
the upper left-hand 3 x 3 partitioned part of the global stiffness matrix for element 1
as

1 0 0 745 o 10001 0 0
KV =0 —0894 —0447 0 4920 0lj0o -0894 0447
‘0 0447 -0.894| | 1000 0 179,000 | [0 -0.447 —0.894

Performing the matrix multiplications, we obtain the global element grid stiffness
matrix

dy 4 #2
745 447 -394]
D= | -247 39700 69,600 }‘B (54.22)

—894 69,600 144,000

where the labels next to the columns indicate the degrees of freedom.
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Element 2

For element 2, we assume the local X axis to be directed from node 1 to node 3 for the
formulation of the element stiffness matrix. We need the following expressions to eval-
uate the element stiffness matrix:

C="Tm = 3335 - 08
(5.4.23)
_—a_ -10~-0 _
S="mm = m3s - Y

Other expressions nsed in Eq. {5.4.17) are identical to those in Egs. (5.4.21) for ele-
ment 1 becaunse E,G,I,J, and L arc identical. Evaluating Eq. (5.4.19} for the global
stiffness matrix for element 2, we obtain

1 0 0 745 0 1000][1 o 0
K2 =[0 -0804 0447 0 4920 0]{0 —0.894 —0.447
0 -0447 —0.894| | 1000 0 179,000 {0 0447 -0.894

Simplifying, we obtain

dl.v . b1
145 w7 —e4]
= a7 3970 —69,600 | — (5.4.24)

—894 69,600 144000 ™

Element 3

For element 3, we assume the local x axis to be directed from node 1 to node 4. We
need the following expressions to evaluate the element stiffness matrix:

(5.4.25)
12E1 _ 12(30 x 10°)(400) _ .. .

L¥  (10x12)°
6EI _ 6(30 x 10%)(400)

= 5000
L2 (10 x 12)?
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GJ _(12x 10%)(110)

L~ (0x12) 11,000
4EI _ 4(30 x 10%)(400) _
LT (10x12) 400,000

Using Egs. (5.4.25), we can obtain the upper part of the global stiffness matrix for ele-
ment 3 as

d, 1y ¢lx ¢ 1z
833 5000 0
k3 = | 5000 400,000 0
0 0 11,000

kip
- 4.26
o (5.4.26)
Superimposing the global stiffness matrices from Egs. (5.4.22), (5.4.24), and

(5.4.26), we obtain the total stiffness matrix of the grid (with boundary conditions
applied) as

dly élx ¢1z

982 5000 -1790] .
kip

Ke=| 5000 479,000 0 (5.4.27)
~1790 0 299,000
The grid matrix equation then becomes
Fy =-100 98.2 5000 ~1790| [ a4y
My, =0 = | 5000 479,000 04 d1x (54.28)
My;=0 -1750 0 299,000 | 4.

The force Fy, is negative because the load is applied in the negative y direction.
Solving for the displacement and the rotations in Eq. (5.4.28), we obtain

diy=-283in
#1, = 0.0295 rad (5.4.29)
$1, = —0.0169 rad

The results indicate that the y displacement at node 1 is downward as indicated by the
minus sign, the rotation about the x axis is positive, and the rotation about the z axis
is negative: Based on the downward loading location with respect to the supports,
these results are expected. ' ,

Having solved for the unknown displacement and the rotations, weican obtain
the local element forces on formulating the element equations in a manner similar
to that for the beam and the plane frame. The local forces (which are needed in the
design/analysis stage) are found by applying the equation f = k;T5d for each element
as follows:
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Element 1
Using Egs. (5.4.17) and (5.4.18) for kg and T and Eq. (5.4.29), we obtain

1 0 0 0 0 0 -2383
0 -089% 0447 0 O 0 0.0295
Tod = 0 -0447 —-0894 0 O 0 —0.0169
=710 0 0 10 0 0
0 0 0 0 -0894 0447 0
0 0 0 0 -0447 —08%4]| ©
Multiplying the matrices, we obtain
-2.83
—-0.0339
Ted = 3‘00192 (54.30)
0
0
Then f = ZcGIGg becomes
fly 7.45 .0 1000 —745 0 1000} [—2.83
iy 0 4920 0 0 ~4920 0] |-0.0339
B, | [ 1000 0 179,000 -1000 0 89,500 0.00192
| | 745 0 —1000 7.45 0 -1000|] 0
gy 0 —4920 0 0 4920 0 0
o 1000 0 89,500 —-1000 0 175,000 0
(5.4.31)

Multiplying the matrices in Eq. (5.4.31), we obtain the local element forces as

fiy] [ -192kp
Y ~167 kein.
iz ~2480 kein.

el = 4
Fo 19.2 kip (34.32)
. 167 k-in.
g ~2660 k-n.

The directions of the forces acting on element 1 are shown in the free-body diagram of
element 1 in Figure 5-19.
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88.1 kip

8240 k-in.

92.5 k-in.

2480 k-in.
167 kin,
167 kein. 192 kip

2660 k-in.

19.2 kip

Figure 5-19 Free-body diagrams of the elements of Figure 5-18 showing
local-coordinate systems for each

Element 2

Similarly, using f = 25_7_};4 for element 2, with the direction cosines in Egs. (5.4.23),
we obtain

7y T 745 0 1000 —745 0 1000]
g 0 4920 0 .0  —4920 0
s 1000 0 179,000 —1000 0 89,500
A7) -14s 0 -0 745 0 —1000
itsy 0 ~4920 0 0 4920 0
Fige [1000 0 89,500 —1000 0 179,000 |
) 0 0 0 0 —283
0 —0894 —0447 0 O 0 0.0295
0 0447 —-0894 0 O 0 ~0.0169

1o o o 1 0 0 0

0 0 6 0 -08% -0447[] 0

) o 0 0447 084 0

(5.4.33)
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Multiplying the matrices in Eq. (5.4.33), we obtain the local element forces as

Element 3

fiy =723 kip
e = ~92.5 kein.

iy, = 2240 ke,
(54.34)

fiy=—T.23kip
iz, = 92.5 kedn.

3y = —295 k-in.

. Finally, using the direction cosines in Egs. (5.4.25), we obtain the local element forces

as
Fiy [ 833 0 5000 —83.3 0 50007
Yy 0 11,000 0 0 —11,000 0
s 5000 0 400,000 -5000 0 200,000
A || 83 0 -5000 8333 0 —5000
Pty 0 —11,000 0 0 11,000 0
(s, ) 5000 0 200,000 ~5000 0 400,000 |
10 000 0](-28 )
060 -100 0 0.0295
01 0040 of][-0016
X ¢ (5.4.35)
00 010 of] o
00 000 -1 0
‘ oo o001 ojLo )
Multiplying the matrices in Eq. (5.4.35), we obtain the local element forces as
fiy=~88.1 kip
Py = 186 k-in.
v, = —2340 k-in.
X (5.4.36)
fiy = 88.1 kip
Tigy = —186 k-in.
tig, = —8240 k-in.

Free-body diagrams for all elements are shown in Figure 5-19. Each element is in
equilibrium. For each element, the % axis is shown directed from the first node to the
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1960 k—i/n./i

Figure 5-20 Free-body diagram of node 1 of Figure 5-18

second node, the y axis coincides with the global y axis, and the # axis is perpendicular
to the X-p plane with its direction given by the right-hand rule.

To verify equilibrinm of node 1, we draw a free-body diagram of the node show-
ing all forces and moments transferred from node 1 of each element, as in Figure
5-20. In Figure 5-20, the local forces and moments from each element have been
transformed to global components, and any applied nodal forces have been included.
To perform this transformation, recall that, in general, f = Tf, and therefore f =
T7f because TT = T~!. Since we are transforming forces at node 1 of each element,
only the upper 3 x 3 part of Eq. (5.4.18) for T need be applied. Therefore, by pre-
multiplying the local element forces and moments at node 1 by the transpose of the
transformation matrix for each element, we obtain the global nodal forces and
moments as follows:

Element 1
f,y 1 0 0 -19.2
my = |0 -0.894 —-0.447 —-167
my; 0 0447 -0.894| } ~2480

Simplifying, we obtain the gloisal-coordinate force and moments as
Siy=-192kip  m;=1260kin.  m = 2150 k-in. (5.4.37)
where f,, =f,y because y = y.

Element 2

fiy 1o 0 123
My y=|0 —0894 0447|{ 925
myz 0 0447 0894 | 2240
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Simplifying, we obtain the global-coordinate force and moments as
Jiy =723 kip my, = 1080 k-in. my. = ~1960 k-in. (5.4.38)
Element 3
Jiy 1 00 —-88.1
Mmyy 0= 0 0 1 ) 186
m; 0 ~1 0] |—-2340
Simplifying, we obtain the global-coordinate force and moments as
fiy=~8Tkip  my,=-2340k-in.  my;=~186kin.  (5.4.39)
Then forces and moments from each element that are equal in magpitude but opposite
in sign will be applied to node 1. Hence, the free-body diagram of node 1 is shown in
Figure 5-20. Force and moment equilibrivm are verified as follows:
> Ry =-100-723+192+881=007kip  (close to zero)
) 3 My, = —1260 ~ 1080 + 2340 = 0.0 k-in.
3" My, = 2150 + 1960 + 186 = —4.00 k-in. (close to zero)
Thus, we have verified the solution to be correet within the accuracy associated with a
longhand solution. ) L]
Example 5.6

Analyze the grid shown in Figure 5-21. The grid consists of two elements, is fixed at
nodes 1 and 3, and is subjected to a downward vertical load of 22 kN. The global-
coordinate axes and element lengths are shown in the figure. Let E = 210 GPa, G =
84GPa, I =166x10°m%, and J =46 x 10~ m®.

As in Example 5.5, we use the boundary conditions and express only the part of
the stiffness matrix associated with the degrees of freedom at node 2. The boundary
conditions at nodes 1 and 3 are

dly = ¢1x = ¢lz =0 d3_)’ = ¢3x = ¢3z =0 (5440)

Figure 5-21 Grid example
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The global stiffness matrices for each element are obtained as follows:

Element 1

For element 1, we have the local X axis coincident with the global x axis. Therefore,
we obtain

__x;—x1_3‘ _22—-21_3‘-3_’
C==fy =371 S=Tm =35 =0

Otber expressions needed to evaluate the stiffness matrix are

12E7  12(210 x 108 khl[gljl(lé.é x107° m®)

A2BL 1AlUX UK = 1.55 x 10*
L3 . (3m)’
6 -5
%5 _6(10x 10()3()126.6 x107%) s s 10t
. . (5.4.41)
GJ _ (84 x 10%)(4.6 x 107°) =1.28 x 10°
L 3
& -5
%{ _4(210x 10 )3(16.6 x107%) _ 465 % 10°

Considering theé boundary condition Egs. (5.4.40), using the results of Eqgs.
(54.41) in Eq. (54.17) for k;.and Eq. (5.4.18) for Iy, and then applying Eq.
(5.4.19), we obtain the reduced part of the global stiffness matrix associated only
with the degrees of freedom at node 2 as

1o o]f 155 0  -—232 100
=101 0]] 0 0128 o0 |(0Y0o ! O
00 1]]-232 0 4.65 001

Since the local axes associated with element 1 are parallel to the global axes, we
observe that T is merely the identity matrix; therefore, k¢ = k. Performing the
matrix multiplications, we obtain

1.55 0 -2.32 N
W= 0 o128 0 (10“)—IK (5.4.42)
~232 0 4.65

Element 2

For element 2, we assume the local % axis to be directed from node 2 to node 3 for the
formulation of k. Therefore,

c=B"2_2""_y s=B 2_2"°_ 4 (5.4.43)
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Other expressions used in Eq. (5.4.17) are identical to those obtained in Egs. (5.4.41)
for element 1. Evaluating Eq. (5.4.19) for the global stiffness matrix, we obtain

1 0 0]f155 0 232 10 0
=10 o0 6 0128 0 [(16%]0 0 -1
0 -1 0|(232 0 4.65 01 0

where the reduced part of k is now associated with node 2 for element 2. Again per-
forming the matrix multiplications, we have

1.55 232 0 N
=123 465 0 |(10% - (5.4.44)
0 0 0128

Superimposing the global stiffness matrices from Egs. (5.4.42) and (5.4.44), we obtain
the total global stiffness matrix {with boundary conditions applied) as

310 232 232 N
Ke=1 232 478 0 |(10") — (5.4.45)
232 0 478

The grid matrix equation becomes

Fpy=-22 3.0 232 -232]( dy
My =0 =| 232 478 0 ‘B 2(10%) (5.4.46)
My, =0 ~2.32 0 478 | | ¢,

Solving for the displacement and the rotations in Eq. (5.4.46), we obtain
dyy = -0.259 x 102 m
by, = 0.126 x 107% rad . (5.4.47)
$3, = —0.126 % 1072 rad

_+ We determine the local element forces by applying the local equation f =
kTcd for each element as follows:

Element 1
Using Eq. (5.4.17) for 7_:;6, Eq. (5.4.18) for i, and Eqs. (5.4.47), we obtain

100000 0

01000¢0 0

~lo0o1 000 0
Ted=10 001 0 0]]-0259x 102
00001 0] 0126x10°?
0000 0 1|]-0126x10"?
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Multiplying the matrices, we have

0

0

0
—0.259 x 1072
0.126 x 1072
—0.126 x 102

Ted= (54.48)

Using Eqs. (5.4.17), (5.4.41), and (5.4.48), we obtain the local element forces as

iy 155 0. 232 =135 0 2.32 0

iy 0.128 0 0 -0I128 0 0

iz L (100 465 -232 0 233 .0

foy 155 0 -2.32| | -0.259 x 102
Py 0.128 0 0.126 x 1072
Pz Symmetry 4.65] L~0.126 x 1072

' (5.4.49)

Multiplying the matrices in Eq. (5.4.49), we obtain
fy=10KN  re=-150kN-m 1y, =31.0kN-m
‘ (5.4.50)

Sop=—11.0KN s, =1.50kN-m ;= 1.50 kN -m

Element 2

We can obtain the local element forces for element 2 in a similar manner. Because the
procedure is the same as that used to obtain the element 1 local forces, we will not
show the details but will only list the final results:

foy=-10KN  ro,=150kN-m s =-150kN-m (545)
; ; 4.51
fy=TOKN s =—150kN-m 1z =~31.0kN-m

Free-body diagrams showing the local element forces are shown in Figure 5-22. R

A 5.5 Beam Element Arbitrarily Oriented A
in Space

In this section, we develop the stiffness matrix for the beam element arbitrarily ori-
. ented in space, or three dimensions. This element can then be used to analyze frames
in three-dimensional space.
First we consider bending about two axes, as shown in Figure 5~23.
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12
LSOKN - m | K
31.0kN;y’T 2 @
3 N 1.50kN - m 1N
11 KN

Figure 5-22 Free-body diagram of each element of Figure 5-21

?
'ﬁjy: é.h / ’&2" ¢2’ fzzv ‘alz
- .f 2y 3 x
LT N o B — Y

- 1 L / 32
’;'2:- Jlx jl» 823

4 fxy- 3,,

Figure 5-23 Bending about two axes ¥ and 2

We establish the following sign convention for the axes. Now we choose positive
% from node 1 to 2. Then j is the principal axis for which the moment of inertia is
minimum, /,. By the right-band rule we establish 2, and the maximum moment of
inertia is .

Bending in 2- Plane

First consider bending in the =2 plane due to r71,. Then clockwise rotation ;53, is in the
same sense as before for single bending. The stiffness matrix due to bending in the -2

plane is then
12L —-6L* -12L —6L?
. EI 413 6L 20}
k, ==L 5.5.1
oL 12L 612 (5:51)
Symmetry 4L3

where J, is the moment of inertia of the cross section about the principal axis J, the
weak axis; that is, I, < 1.
Bending in the -y Plane

Now we consider bending in the -7 plane due to #2,. Now positive rotation ¢, is
counterclockwise instead of clockwise. Therefore, some signs change in the stiffness
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matrix for bending in the %-j plane. The resulting stiffness matrix is

12L 6L* -12L 6L

. EL 41>  -6Lr a1}
k=7 2L  —6L? (5:52)
Symmetry 43

Direct superposition of Egs. (5.5.1) and (5.5.2) with the axial stiffness matrix Eq.
(3.1.14) and the torsional stiffness matrix Eq. (5.4.14) yields the element stiffness
matrix for the beam or frame element in three-dimensional space as

dix 5'1;: d: P by b dne dy, d: 4;2,- b2

]
AE | AE
T 0 0 0 0 0 E—T 0 0 0 0 0
12EL 6EL | 12E1, 3/
0 4 0 0 0 Tz—g 0 - 0 0 o
12E], 6EL, 12E], 6E]
LR s+ L L e > e
GJ GJ
— 0 0 -
0 0 0 T 0 0 ‘ 0 T 0 0
6EI, 4EL, ' 6EI, 2£1,
0 0 52 0 52 0G0 0 7 0 T 0
GEL 4E], SEL 2EI,
P e -2 3 R T
b AE AE
- 0 0 0 0 o\ F 0 0 0 0 0
12E1. 6EL 12E1, 6EL.
0 -5 0 00— 0 g0 0 0 -
12£7, 6£1, : 12E1 6],
o 0 -0 00 0 g - °
i
GJ | GJ
N 0. =
0 0 0 T O 0 ! 0 0 T 0 0
)
6El, 2E1, | 6EI, 4EI,
o 0 -3F 0 =0 .; o0 R = 0
6EL 2EL | _GEL 4EL
| ° = ¢ 0t Tyt tE 0 T
(5.5.3)
The transformation from local to global axis system is accomplished as follows:
k=T"kT (55.4)
where k is given by Eq. (5.5.3) and T is given by
-’3:3)(3
Av
T= 23 (5.5.5)
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2,

Figure 5-25 Hlustration showing how

Figure 5-24 Direction cosines e A
-local y axis is determined

associated with the x axis

Ciz Cu Ci

where j._ = Cx}; Cyj Czy (556)
Cso Cu Ci

Here Cy: and C,; are not necessarily equal. The direction cosmes are shown in part m

Figure 5-24.
Remember that direction cosines of the < axis member are

7= 08 Bz + 08 B, [+ cos b3k (5.5.7)

where €08 Oz = % ;x1 =]

=2 ;” Lem (5.5.8)
22— 2

L
The p axis is selected to be perpendicular to the % and z axes in such a way that the
cross product of global z with 2 results in the  axis, as shown in Figure 5-25.

€05 0,5 =

Therefore,
i ijk
XX=j==10 0 1 (5.5.9)
D
I m n
mrt; H (5.5.10)
p= Dl D J 5.
and D= (*+m)'?
The 2 axis will be determined by the orthogonality condition 7 as follows:
) i jk
2=JE><}'=-5 ! mn (5.5.11)
-m 1 0
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n. mn. - -
= —52—"‘5']-{-Dk (5312)

by

or

Combining Egs. (5.5.7), (5.5.10), and (5.5.12), the 3 x 3 transformation matrix
becomes

I m n
m H 0
Aa=|"D B (5.5.13)
In mn
> b ?

This vector A rotates a vector from the local coordinate system into the global one.
This is the 4 used in the T matrix. In summary, we have

cosf),f;=—%
I
cosé’,,;,:l—)
cosfyy =0 (55.14)
cosé b B
®="D
cosby; = —fg
cosly: = D

Two exceptions arise when local and global axes have special orientations with
respect to each other. If the local % axis coincides with the global z axis, then the mem-
ber is parallel to the global z axis and the j axis becomes uncertain, as shown
in Figure 5-26(a). In this case the local j axis is selected as the global y axis. Then, for

N

(a) £ in same direction as z (b) % in opposite direction of z

Figure 5-26 Special cases of transformation matrices
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the positive X axis in the same direction as the global z, 1 becomes

00 1
i=| 010 (5.5.15)
-1 00

For the positive % axis opposite the global z [Figure 5-26(b}], 2 becomes

0
1 0 (5.5.16)
0

Example 5.7

Determine the direction cosines and the rotation matrix of the local %, 9, 2 axes in
reference to the global x,y,z axes for the beam element oriented in space with end
nodal coordinates of 1 (0, 0, 0) and 2 (3, 4, '12), as shown in Figure 5-27.

y

1(0,0,0

Figure 5-27 Beamn element oriented in space

First we determine the length of the element as

324424122 =13
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Now using Eq. (5.5.8), we obtain the direction cosines of the ¥ axis as follows:
X2 - X1 3-0 3

Ie=

L 1313
mn _4-0_4
m=E s == (5.5.17)
_Zz-Zl_IZ—O_E
T L B 1B
By Eq. (5.5.10) or (5.5.14), we obtain the direction cosines of the  axis as follows:
3\3 4\ s
(2 N2 2 — ==
D=(F+m") [(13) +(]3) ] G {5.5.18)
Define the direction cosines of the  axis as [, my, and n,, where
m 4
S
D 5
I 3
my, = D = 3 (5.5.19)
n, =0

For the # axis, define the direction cosines as 7, m,, n; and again use Eq. (5.5.12) or
(5.5.14) as follows:

=-m=1 _2®
- & &
__m_(=#%)@)__#
m=—p= s & (5.5.20)
5
;zzzl):-i-s-
Now check that 2 +nm? + 2 = 1.
Fo L P42
G T
2 N
For j : L.f‘ls...t:f_ 1 (5.5.21)

36\2 7 48\? /25\%
For %: ( & +(~-5~) +(-5-5-)-1

By Eq. (5.5.13), the rotation matrix is

5 B %‘j _
ha=|-§ 10 (5,5.22)
% -8 4 |
Based on the resulting direction cosines from Egs. (5.5.17

7), (5.5.19), and (5.5.20), the
local axes are also shown in Figure 5-27. L
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Example 5.8

Determine the displacements and rotations at the free node (node 1} and the element
local forces and moments for the space frame shown in Figure 5-28. Also verify equi-
librium at node 1. Let £ = 30,000 ksi, G = 10,000 ksi, J = 50 in.%, I, = 100 in.%,
1. =100 in%, A=101in.2, and L = 100 in. for all three beam elements.

. /3
X
Y Fy==50k Ao
&
\///
w b M=-1000k-in.(
i ———— X
Y2z L=100im @ \_’\@)
S
®
L=100in.
i
Joint 1 %%

Plan

Figure 5-28 Space frame for analysis
Use Eq. (5.5.4} to obtain the global stiffness matrix for each element. This requires us
to first use Eq. (5.5.3) to obtain each local stiffness matrix, Eq. (5.5.5) to obtain the

transformation matrix for each element, and Egs. {5.5.6) and (5.5.14) to obtain the
direction cosine matrix for each element.

Element 1

We establish the local & axis to go from node 2 to node 1 as shown in Figure 5-28.
Therefore, using Eq. (5.5.8), we obtain the direction cosines of the * axis as follows:

I=1, m=0, n=0 (5.5.23)
Also, D= +m)=1.

Using Eqgs. (5.5.10) and (5.5.14), we obtain the direction cosines of the j axis as
follows:

=1 =0 (5.5.24)
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Using Egs. (5.5.12) and (5.5.14), we obtain the direction cosines of the  axis as
follows:

Iz=_5:0 mzz——-—:‘O n=D=1 (5525)

Using Egs. (5.5.23) through (5.5.25) in Eq. (5.5.13), we have
1 60
A=10 1 0 (5.5.26)
00 1

Using Eg. (5.5.3), we obtain the local stiffness matrix for element one as

alt ‘?ly &h 4?;2:: @izy 67.- ‘}lx ;i;, 31: ¢§1x 31, '});
[ 390 0 0 0 0 0 -3-10 0 0 0 ) 0]
0 36 i [ 0 1810 0 ~36 0 0 0 18-10

0 0 36 0 ~18-10 0 0 0 -36 o -18-10 0

0 0 0 510 0 0 0 0 0 -5.10 ] 0

0 0 -18-10° 0 12-1¢° 0 0 0 1810 0 6-10* 0
= 0 18-10° 0 0 0 12-16° 0 -i8.10 0 0 0 6-t0¢
~3-10° 0 0 0 0 0 310 0 0 0 0 0
o ~36 0 0 6 ~18-10° 0 36 0 0 0 -18-10

0 0 ~36 ¢ 18.10% 0 0 0 36 0 18108 0

0 0 ¢ -5-10 0 3 0 0 0 5-10 [ 0

] 0 -18-10 0 6-10* 0 [ 0 18108 0 1.2-10° 0
0 1.8-10° 0 0 0 6.10% 0 -18-10° 0 0 0 12-10°)
(5.5.27)

Using Eq. (5.5.26) in Eq. (5.5.5), we obtain the transformation matrix from loca! to
global axis system as

1 0 00000000 0 0
01 000000O0O00O0O
00 1000000GOCOO
00010000000
000010000000
000001000000

I=lo 00000100000 (5.5.28)
000000010000
000000001000
000000000100
00 0000000GO0T O
[0 0 0000000 O O 1]
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Finally, using Eq. (5.5.4), we obtaim the global stiffness matrix for element 1 as

iy dyy o [N by # diy e di; [ by [
[ 3108 [ 0 [} [ 0 -3 0 ) 0 0 o]
[} 3% 0 [ o 18107 [ ~36 o 0 ¢ 1810
] [} 36 0 -1B100 . @ ) 0 -36 0 ~18.10 [
[ 0 0 51 ] 0 [ 0 6 =510 [ [
[} 0 -18-10 o 1210 0 [ 0 18-1® ] 6-10° 0
0 1810 0 0 0 1210 0 -18-10° [} 0 0 610
-3-10° ¢ [ 0 [ 0 310 0 8 [ [} 0
0 -3 [ 0 0 -1-810° 0 36 [} [ 0 ~18.10°
0 il -36 0 1810 [ [ [ 36 o 1810 0
0 0 o -5 0 [ 0 0 0 516 [ 1
0 0 ~18-10° ] 6-10¢ [} [ o 180 0 1200 1]
0 1810 [ o [} 6.10¢ 0 -18.30° [} 0 ¢ 12-10° ]
(5.5.29)
Element 2

We establish the local % axis from node 3 to node 1 as shown in Figure 5-28. We note
that the local % axis coincides with the global z axis. Therefore, by Eq. {5.5.15), we
obtain

0
r=1| 0 (5.5.30)
-1

D - O
o o =

The local stiffness matrix is the same as the one in Eq. (5.5.27) as all properties are the
same as for element one. However, we must remember that the degrees of freedom are
for node 3 and then node 1. .

Using Eq. (5.5.30) in Eq. (5.5.5), we obtain the transformation matrix as
follows: .

001 000 000 000
010 000 000 0200
100 600 000000
© 60 001 000 000
000 010 000 000
000 -100 000 000

I=1000 000 001 000 (5-5:31)
000 000 010 000
000 600100 0200
000 000 0600 001
000 000 000 010
L0060 000 000 1 00
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Finally, using Eq. (5.5.31) in Eq. (5.5.4), we obtain the global stiffness matrix for ele-
ment two as

dy, dy. S 43 [ dix diy a: bie biy #
0 0 0 18.10 0 -3 0 0 0 181 0
3% 0 -18-10° 4 ) [ -36 0 -180 0 0
R 0 0 0 ) 0 -3 “o. o 0
1810 0 12.10% 0 0 o 1810 o 610 0 0
[ 0 6 1210 0 -18-1¢ [ [ [ 6-10° [}
0 0 [ o 510 ] 0 0 0 0 ~5-10°
0 0 0 -18.10° 0 36 4 0 0 ~18.10° [
-36 0 13.10° 0 0 0 3% 0 18 [ 0
0 -3.10° 0 0 0 0 0 3.10° 0 0 [}
18108 0 6-10% 0 0 0 1810 0 1210 0 [
0 [ ¢ 610 0 -18.10° 0 0 6 12-10° [
) o 0 0 5108 0 0 0 ] 0 s-io-‘J'
(5.5.32)'
Element 3

We establish the local % axis from node 4 to node 1 for element 3 as shown in Figure
5~28. The direction cosines are now

_0-0_ 0= (=100) _ _0-0_
== =0 m=—e=l n=—m=0  (5533)

Also D =1.
Using Eq. (5.5.14), we obtain the rest of the direction cosines as

m L
1y=—B=""l my=-5=0 ny=0 ‘(5.534)
and

[/ mn
1.=—§=0 m=-"2=0 mn=D=I (55.35)

Using Eqs. (5.5.33) through (5.5.35), we obtain

10
i=|-10 0 (5.5.36)
0 1
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The transformation matrix for element three is then obtained by using Eg. (5.5.3) as:

"0 10 000 000 00 0
1 00 000 000 000
001 000 000 000
6 00 010 000 000
000 -100 000 000
000 001 000 000

L=1% 00 000 010 000 (5.337)
000 000 -100 0200
000 000 001 000
000 000 000 010
000 000 000 1200
Lo oo 0060 0060 0 0 1

The element three properties are identical to the element one properties; there-
fore, the local stiffness matrix is identical to the one in Eq. (5.5.27). We must remem-
ber that the degrees of freedom are now in the order node 4 and then node 1.

Using Eq. (5.5.37) in Eq. (5.5.4), we obtain the global stiffness matrix for ele-

ment three as

[ dy dy; Pax $uy [ 2% dy dy dye - Sy [®
36 0 0 [ 0 -18-16° -36 ) 4 0 ) —1.3-103T

o 3.0 0 0 0 [ R 0 -30° 0 0 0 T o

0 [ % 18-10° 0 Q [} 0 -3 18-10° 0 0

0 0 18-10°  12.108 [} 0 o 0 183100 610 o 0

0 a 0 0 5100 1] 0 0 0 0 -5-10 0

- |-1810° 0 [ 0 0 L2.10° 18.10° [ 0 [ ] §-10*

~36 [ [ [ 0 18-10° 36 [} [ 0 6 18107

0 -3.10 0 0 0 0 0 30 0 0 [ 0

[ 0 =36 —18-10° ] ] [} [} 3% -18-10° [ [

0 D 18-10°  6-10° [ [ 0 0 -18.10° 1210 0 0

[ ] 0 0 -5.10 (] 0 0 [} o 510 [

~1810° 0 [ [} 0 6-10°  1.8-10° 0 ) [ 0 t2.10
(5.5.38)

Applying the boundary conditions that displacements in the x, y, and z directions are
all zero at nodes two, three, and four, and rotations about the x, y, and z axes are all
zero at nodes two, three, and four, we obtain the reduced global stiffness matrix. Also,
the applied global force is directed in the negative y direction at node one and
so expressed as Fy, = —50 kips, and the global moment about the x axis at node 1 is
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M), = —1000 k-in. With these considerations, the final global equations are

3.072 x 10° 0 0 0 -1.8x10° 1.8x10° 1 (dy,
0 3.072%10° 0 1.8x 10° 0 -18x10°| |4,
0 0 3072x10° ~1.8x10° 18x10° 0 di. (5.5.39)
0 1.8x10° -18x10° 245x 105 0 0 b1 s
-1.8x 10 0 1.8 x 10° 0 2.45 % 108 0 | |éy
1.8x10° -18x10? 0 i} 0 245% 10° | L 1.

Finally, solving simultaneously for the displacements and rotations at node one, we
obtain
7.098 x 103 in.
—0.014in.
—2.352x 107%in.
—3.996 x 103 rad
1.78 x 10~° rad
L-1.033 x 10™*rad

d= (5.5.40)

We now determine the element local forces and moments using the equationf = k T d
for each element as previously done for plane frames and trusses. As we are dealing
with space frame elements, these element local forces and moments are now the nor-
mal force, two shear forces, torsional moment, and two bending moments at each
end of each element. '

Element 1

Using Eq. (5.5.27) for the local stiffness matrix, Eq. (5.5.28) for the transformation
matrix, T, and Eq. (5.5.40) for the displacements, we obtain the local element forces
and moments as

\

—-0.213Kip
0.318Kip
0.053Kip
19.98 Kip - in.

-3.165Kip - in.

72 18.991 Kip - in.

= 0.213Kip

—0.318Kip

—-0.053Kip

—-19.98Kip - in

—2.097Kip-in .
12.79Kip-in

(5.541)

Element 2

Using Eq. (5.5.27) for the local stiffness matrix, Eq. (5.5.28) for the transforma-
tion matrix and Eq. (5.5.40) for the displacements, we obtain the local forces and
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moments as

( 7.056Kip )
7.697 Kip

—0.029Kip
0.517Kip-in
0.94Kip - in
264957Kip - in

-~ 7.056Kip

—7.697Kip
0.029Kip

—0.517Kip-in
2.008 Kip - in
504.722Kip - in

f® = (5.5.42)

Element 3

moments as

( 41.985Kip

— 0.183Kip

- 7.108 Kip

—0.089Kip-in
235.532Kip-in

7o —6.073Kip-in

= — 41.985Kip
0.183Kip
7.108 Kip
0.089 Kip - in
475.297Kip - in

—12.273Kip-in

(5.5.43)

\ 7/

We can verify equilibrium of node 1 by considering the node one forces and moments
from each element that transfer to the node. We use the results from Egs. (5.5.41),
(5.5.42), and (5.5.43) to establish the proper forces and moments transferred to
node 1. (Note that based on Newton’s third law, the opposite forces and moments
from each element are sent to node 1.) For instance, we observe from summing forces
in the global y direction (shown in the diagram that follows)

0.318 kip + 7.697 kip + 41.985 kip ~ 50 kip =0 (5.5.44)

In Eq. (5.5.44), 0.318 kip is from element one focal  force that is coincident with
the global y direction; 7.697 kip is from element two local p force that is co-
incident with the global y direction, while 41.985 kip from element three is from
the local xdirection that is coincident with the global y direction. We-observe

Similarly, using Egs. (54.5.27}, (5.5.37), and {5.5.40), we obtain the local forces and’
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these axes from Figure 5-28. Verification of the other equilibrium equations is left
to your discretion.
50 kip

0.318 kip [7.69? kip

41.985 kip
Global y force equilibrivm ]

Figure 5-29 Finite element model of bus frame subjected to roof load [6]

An example using the frame element in three-dimensional space is shown in
Figure 5-29. Figure 5-29 shows a bus frame subjected to a static roof-crush analysis.
In this model, 599 frame elements and 357 nodes were used. A total downward load of
100 kKN was uniformly spread over the 56 nodes of the roof portion of the frame.
Figure 5-30 shows the rear of the frame and the displaced view of the rear frame.
Other frame models with additional loads simulating rollover and front-end collisions
were studied in Reference [6]. -

A 5.6 Concept of Substructure Analysis - A

The problem of exceeding memory capacity on todays personal computers has
decreased significantly for most applications. However, for those structures that
are too large to be analyzed as a single systemi or treated as a whole; that is, the final
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Cant rail

Waistrail

Figuie 5-30 Displaced view of the frame of Figure 5-29 made of square section
members

stiffness matrix and-equations for solution exceed the memory capacity of the com-
puter, the concept of substructure analysis can be used. The procedure to overcome
this problem is to separate the whole structure into smaller units called substructures.
For example, the space frame of an airplane, as shown in Figure 5-31(a), may require
thousands of nodes and elements to me-Jel and describe completely the response of the
whole structure. If we separate the aircraft into substructures, such as parts of the
fuselage or body, wing sections, and so on, as shown in Figure 5-31(b), then we can
solve the problem more readily and on computers with limited memory.

Figure 5-31 Airplane frame showing substructuring. (a) Boeing 747 aircraft
(shaded area indicates portion of the airframe analyzed by finite element method).
(b) Substructures for finite element analysis of shaded region
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Substructure €
a 5 a
Substructure B | 1
b 3L,
O = substructure interface
Substructure A nodes, i
777 T 77 T ’,Jv 7 77

; ()
I
(a) .

Figure 5-32 (a) Rigid frame for substructure analysis and (b) substructure B

The analysis of the airplane frame is perforined by treating each substructure
separately while ensuring force and displacement compatibility at the intersections
where partitioning occurs.

To describe the procedure of substructuring, consider the rigid frame shown in

Figure 5-32 (even though this frame could be analyzed as a whole). First we define
individual separate substructures. Normally, we make these substructures of similar
size, and to reduce computations, we make as few cuts as possible. We then separate
the frame into three parts, 4, B, and C."
" We now analyze a typical substructure B shown in Figure 5-32(b). This sub-
structure includes the beams at the top (a-a), but the beams at the bottom (b-b) are
included in substructure 4, although the beams at top could be included in substruc-
ture C and the beams at the bottom could be included in substructure B.

The force/displacement equations for substructure B are partitioned with the
interface displacements and forces separated from the interior ones as follows:

‘ .
PANRE A AT (5.6.1)
FE[ |k2ik2])|d® '

==e | ==ee

where the superscript B denotes the substructure B, subscript { denotes the interface
nodal forces and displacements, and subscript e denotes the interior nodal forces and
displacements to be-eliminated by static condensation. Using static condensation,
Eq. (5.6.1) becomes

FP = KEd? + K2d? | (562)
EP = K24P + K24° ~ 563)

We eliminate the interior displacements d. by solving Eq. (5.6.3) for 4%, as follows:
4% = [K2V(FP - k2dP) (5.6.4)
Then we substitute Eq. (5.6.4) for 4 into Eq. (5.6.2) to obtain

FP - KEIKE'F? = (K} - KEK2 ' kB! (5.6.5)

jelsiees Ae i elfreel e
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We define
FP=KEKE'F?  and  Kj=KI-KEIKZ'KZ  (566)
Substituting Eq. (5.6.6) into (5.6.5), we obtain
EP-F'=Kjd" (5.6.7)

Similarly, we can write force/displacement equations for substructures 4 and C. These
equations can be partitioned in a manner similar to Eq. (5.6.1) to obtain

—‘E’l{! Klf ==le -A
EET R

Eliminating 4/, we obtain

Zeo

R

FA-F' =Kl (5.69)
Similarly, for substructure C, we have
FE-F°=Kfdf (5.6.10)

The whole frame is now considered to be made of superelements 4, B, and C
connected at interface nodal points {each superelement being made up of a collection
of individual smaller elements). Using compatibility, we have

di. =dp and  df,, = d5ouom (5.6.11)

Zitop T =Zibottom

That is, the interface displacements at the common locations where cuts were made
must be the same.

The response of the whole structure can now be obtained by direct superposition
of Eqgs. (5.6.7), (5.6.9), and (5.6.10), where now the final equations are expressed
in terms of the interface displacements at the eight interface nodes only [Figure
5-32(b)] as

F;, - F

l”qg
INI

idi (5.6.12)

The solution of Eq. (5.6.12) gives the displacements at the interface nodes. To
obtain the displacemerits within each substructure, we use the force-displacement
Egs. (5.6.4) for 42 with similar equations for substructures 4 and C. Example 5.9
illustrates the concept of substructure analysis. In order to solve by hand, a relatively
simple structure is used.

Example 5.9

Solve for the displacement and rotation at node 3 for the beam in Figure 5-33 by
using substructuring. Let E = 29 x 10° ksi and I = 1000 in*,

To illustrate the substructuring concept, we divide the beam into two substruc-
tures, labeled 1 and 2 in Figure 5-34. The 10-kip force has been assigned to node 3
of substructure 2, although it could have been assigned to either substructure or 2 frac-
tion of it assigned to each substructure.
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7 l { 100 kip-ft %
2 3 4~ 5
1 % ‘ 1
4 | " 7
Jo—r1o0 n-al-—-zo fr 10 ft——arf— 10 ft-—v]

Figure 5-33 Beam analyzed by substructuring

20 kip 10 kip
Z , 100 kip-ft
1 0 O | e
{ - 13 3 s 5
a_/
Substructure 1 Substructure 2

Figure 5-34 Beam of Figure 5-33 separated into substructures

The stiffness matrix for each beam element is given by Eq. (4.1.14) as

1 2
2 3
3 4
4 5

12 61200 -12 6(120)
D = 5@ = k(3>=k(4)=29x10‘ 6(120)  4(120)* -6(120)  2(120)?
T T T T (207 | 12 -6(120) 12 —6(120)
6(1200  2(120)° —6(120)  4(120)

(5.6.13)
12 720 -12 72
720 57,600 —720 28,800
-12 =720 12 =720
720 28,800 —-720 57,600

=16.78 (5.6.14)

For substructure 1, we add the stiffitess matrices of elements 1 and 2 together. The

equations are
12+12 -720+ 720 ! -12 720°) [ oy ~20
1675 | ZTRRHT0_ 516004576001 -720 28800 [ g | _ ] 0
-=12 -720 ! 12 =720 | ds, 0
720 28,800 1 =720 57,600 ] | 4, 0
(5.6.15)

where the boundary conditions di, = @; = 0 were used to reduce the equations.

©
[
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Rewriting Eq. (5.6.15) with the interface displacements first allows us to use
Eq. (5.6.6) to condense out, or eliminate, the interior degrees of freedom, d5, and 4,.
These reordered equations are

16.78(12ds, — 7209, — 125, — 7204,) =0

16.78(~720d3, + 57,6005 + 720dy, + 28,8004,) = 0 (5616
6.1

16.78(—12ds, + 72045 + 24>, + &) =-20

16.78(=720ds, + 28,8004, + Ody, + 115,200¢,) =0

Using Eq. (5.6.6), we obtain equations for the interface degrees of freedom as

eqpf[ 12 -70]_[-12 7207124 017" 12 720}d3y
720 57,600] T [ 720 28,800] | 0 115200] |-720. 28,8001} 4,

0 —12 -7207[24 0771 -20
z{a}'[vzo 28,800“ 0 115,200} { o} (5:617)
. Simplifying Eq. (5.6.17), we obtain
2517 —3020] { ds, ~10
= 6.1
[—3020 483,264]{ ¢3} { 600} (5:618)

For substructure 2, we add the stiffness matrices of elements 3 and 4 together.
The equations are

2. 720 -I2 720 dy -10

gl 720 510 720 28,800 gs|_) o

12 =720 12412 =720+720 |4y 0

720 28,8000 —720+720 57,600 + 57,600 | | ¢, 1200
(5.6.19)

where boundary conditions ds, = ¢5 = 0 were used to reduce the equations.
Using static condensation, Eq. (5.6.6), we obtain equations with only the inter-
face displacements dy, and ¢5. These equations are

el 2 70] [ -2 70)[4 o]" -12 —720]} dgy}
U720 57,600]  [-720 28,800{( 0 115,200] | 720. 28,800)f | 4,

-10 -12 7207124 01! 0
={ '0}'{—"20 28,800“ 0 115,200} {1200} (5.6.20)

Simplifying Eg. (5.6.20}, we obtain

2517 30207 (b, _175 .
- 6.
[3020 483,264] {;:g } { ~300 (5.6.21)
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Adding Eqs. (5.6.18) and (5.6.21), we obtain the final nodal equilibrium eguations at
the interface degrees of freedom as

50.34 1] d3y _ -27.5
{ 0 966,528]{¢3} "{ 200 } (5.6.22)

Solving Eq. (5.6.22) for the displacement and rotation at node 3, we obtain
d3y = —0.5463 in.
#; = 0.0003104 rad

(5.6.23)

We could now return to Eq, (5.6.15) or Eq. (5.6.16) to obtain dy, and ¢, and to
Eq. (5.6.19) to obtain dyy and ¢,. |

We emphasize that this example is used as a simple illustration of substructus-
ing and is not typical of the size of problems where substructuring is normally per-
formed. Generally, substructuring is used when the number of. degrees of freedom is
very large, as might occur,-for instance, for very large structures such as the airframe
in Figure 5-31.
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A  Problems
Solve all problems using the finite element stiffness method.

5.1 For the rigid frame shown in Figure P5-1, detenmine (1) the displacement compo-
nents and the rotation at node 2, (2) the support reactions, and (3) the forces in each
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element. Then check equilibrium at node 2. Let E = 30 x 10° psi, 4 = 10 in?, and
I = 500 in* for both elements.

N N x
F—30 ft —fo—30 fe — 205 —]

Figure P5-1 Figure P5-2

5.2 For the rigid frame shown in Figure P5-2, determine (1) the nodal displacement
components and rotations, (2) the support reactions, and (3} the forces in each ele-
ment. Let E = 30 x 10 psi, A = 10 in?, and J = 200 in* for all elements.

5.3 For the rigid stairway frame shown in Figure P5~3, determine (1) the displacements at
node 2, (2) the support reactions, and (3) the local nodal forces acting on each ele-
ment. Draw the bending moment diagram for the whole frame. Remember that the
angle between elements 1 and 2 is preserved as deformation takes place; similarly for
the angle between elements 2 and 3. Furthermore, owing to symmetry, do, = ~ds,,
dyy = dzy, and @y = —¢;. What size A36 steel channel section would be peeded to
keep the allowable bending stress less than two-thirds of the yield stress? (For A36
steel, the yield stress is 36,000 psi.) '

2000 1b
f—6 n—of
—
g @ 2000 1
45°, 6f!-‘—‘|

Figure P5-3
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54 For the rigid frame shown in Figure P5-4, determine (1) the nodal displacements

55-5.15

and rotation at node 4, (2) the reactions, and (3) the forces in each element. Then
check equilibrium at node 4. Finally, draw the shear force and bending moment di-
agrams for each element. Let E = 30 x 10% ksi, 4 = 8 in?, and J = 800 in* for all
clements.

I-—zoﬂ b 20 1 |, 304t

Figure P5-4

For the rigid frames shown in Figures P5-5—P5-15, determine the displacements
and rotations of the nodes, the element forces, and the reactions. The values of E, 4,
and I to be used are listed next to each figure.

40 kip
2 @l 3p
‘z‘-]
=15 ﬂ—-—l———m«——-’
£ =30 x 10°psi 40 kip
A= 100n?
1 = 200in* @ 30 f
10 ft ~a-
20 kip

) |100~]

Figure P5-5
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Figure P5-6
80 KN
-3 P S— | m-——!
4 b
E =210k l 0] 3?
A=10x10"2m?
I=10x10*m 4m :
40 kN ® O i
|
4m
. |
1 |
<xTT—— 4
Figure PS-7
250 Ib/ft 2 @ 3

E = 30 x 10° psi
A = 15in?
1= 250in* -

—e O ®| 20

>

E—

Figure P5-8
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200kN - m
q ® V,
211 73 E = 210GPa
Sm A=2x10"%m?
I1=2%x10""m
@ 4m
'
ANNN\V
Figure P5-9
10 kN E = 210 GPa
/J A=1x102m
- -4 4
a1 o 2 SEN-m I=2x10*m
3m @
3 10 kN
. S5kN-m
4
3 ® 4
7
Sm—-l
Figure P5-10

h—sn s ]

Figure P5-11
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li._—3m_-|

o |? E = 210 GP:
A=8x10"m? .
- -3
100 KN I=12%x107"m
@ 6m
3

ANNNAN

Figure P5-12
1 20 ft ]

. so001 | |
E =30 x 10° psi -F
A = 10in® 2 @
I = 200 in*
{for elements 1,
2, and 3) @® 20 1t

E =30 x 10*psi /

I'=1in* —

A = 2in?

. =

Figure P5-13

INNNNN

Figure P5-14
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2\30 kN -m @ 3
2k w1
Y .
E = 170 GPa
@ 4m A=4x107%m
f=2%10"m
1
e —
Figure P5-15

5.16-5.18  Solve the structures in\Figures P5~16—P5-18 by using substructuring.

tl 3 5

3:12 4 [

Figure P5-16 (Substructure the truss at nodes 3 and 4)

ki 10kp 10kp

1 : s E =29 x 10° ksi
] 3 3 I = 1000 in*
/4

R

Figure P5-17_ (Substructure the beam at node 3)

Figure P5-18 (Substructure the beam at node 2)
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Solve Problems 5.19-5.39 by using 2 computer program.

For the rigid frame shown in Figure P5-19, determin¢ (1) the nodal displace-
ment components and (2) the support reactions. (3) Draw the shear force and bending
moment diagrams. For all elements, lef E = 30 x 108 psi, 7 = 200 in®, and 4 = 10 in2.

,\15 kft 3000 Ib-ft
" 15 ki 1200 b
61; Q7 - o NG 4
' ‘ @ @ 15 ft
10 kip N
| I = 300in*
T 2400 Ib 2 ® 5
. ® .
o (@ 0 G 15k
& S \‘év (@{v
~ BN N AN
L—— 8 ft —-‘ F———-————— 25 f ————}
Figure P5-19 Figure P5-20

For the rigid frame shown in Figure P5-20, determine (1} the nodal displacement
components and (2) the support reactions. {3} Draw the shear force and bending mo-
ment diagrams. Let £ = 30 x 10° psi, J = 200 in%, and A = 10 in? for all elements,
except as noted in the figure.

For the slant-legged rigid frame shown in Figure P5-21, size the structure for mini-
mum weight based on a maximum bending stress of 20 ksi in the horizontal beam
elements and a maximum compressive stress (due to bending and direct axial load) of
15 kst in the slant-legged elements. Use the same element size for the two slant-legged
elements and the same element size for the two 10-foot sections of the horizontal ele-
ment. Assurne A36 steel is used. ’

4000 1b (60001 16,000 b

!-7I0ﬁ 14§t 14 103_.1

® 43 B 4 s ® s
NS /y\ ' | -
) { 25 1t | N
1
! 9 <
v S0 BNO)
|

4 e

Figure P5-21

{
2

For the rigid building frame shown in Figure P5-22, determine the forces in each
element and calculate the bending stresses. Assume all the vertical elements have
A =10 in? and 7 = 100 in* and all horizontal elements have A = 15 in? and I =
150 in®. Let E = 29 x 10 psi for all elements. Let ¢ = 5 in. for the vertical elements
and ¢ = 6 in. for the horizontal elements, where ¢ denotes the distance from the
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neutral axis to the top or bottom of the beam cross section, as used in the bending
stress formula o = (Mc/T).

1000 Ib 3 2
' 10 ft
- 2000 tb 3 ! i
10 ft
2000 1 2 6 10 %
10 ft
& & &t
! 30 Jr 30 ft !
Figure P5-22

5.23-5.38 For the rigid frames or beams shown in Figures P5-23-—P5-38, determine the dis-
g placements and rotations at the nodes, the element forces, and the reactions.
3000 Ib-ft
1200 Ib \ I = 200in*
’ 5 A = 12in? 6 For cross members:
A = 10in? A I=10in*
I = 150in* 15 ft A= 20in?
(for elements 3 and 4) @ @ =30 x 10° psi
I = 300 in* = 3 X 107 psi
2400 Ib PNTTS 4 (for all members)
A = 10in? 15 ft
I = 150in* ® @
(for elements |
and 2) ! 2
b aa—— ] ‘
Figure P5-23
le |
300 ib/ft | BR ]
5 I3 E =30 x 10°psi
® ! I = 200 in*
6] ®| 158 A= 15in?
3 @ 4 #
(D @) sn

g

Figure P5-24
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4
ol @ ¢
o 13 (32, 11.25)
f (38, 0)
(©, 0) 4 o 1) e
R ® 3 20, 0 [NaVane
(a) Design 1
Case 1 Ay =01 in?
E =30 x 10° psi Ay = Ay = Ay = Ag = 015 in?
Case 2 Ag=A;= A3 =03in?
E =10 x 10° psi 1, =001 in*

L=1I=],=1;=002in*
L=l =l =01in*

Figure P5-25 Two bicycle frame models (coordinates shown in inches)

. - 1000 1b/ft

4

24 4 4 44 4 4 o4 b

37 P 6

a8t —of2 Ik Sle—gt—at
I, A 2 | h.4 E =30 x 10° psi

I, = 300in*
I, = 600 in*
A, = 1S5in?
4, = 0in?

Figure P5-26
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Figure P5-27
i 10m
i sk E=200P
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Figure P5-28
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A=10in? nd 4 4kip
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Figure P5-29
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Figure P5-30
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Figure P5-31
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Figure P5-32




Problems A 287
GOKN-m
20N oA\ I Ay 8
Ji f E = 210 GPa
Tm L=2X107m*
Iy, Ay h Ay A =2 % 107w
5 I 6 L=1X% 107 4m®
0N -t' Ay =1 % 107t m?
5L, =05x 107m
hoAy - LA 3m A =05x 107m
3 LA N
20 kN - e 2 k
L. A hidl 4m
{_\L‘ %}“.l,
B AN
|
I 10m 1
Figure P5-33
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Figure P5-37
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Figure P5-38

Consider the plane structure shown in Figure P5-39. First assume the structure to
be a plane frame with rigid joints, and analyze using a frame element. Then assume
the structure to be pin-jointed and analyze as a plane truss, using a truss element.
If the structure is actually a truss, is it appropriate to model it as a rigid frame? How
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7 4 8
10 kN —e = )
3m
6
20 kN 2
E = 200 GPa
3 A=2X107m?
m 1=4x10"m*
4
20 KN —=>
A X@ @
1 2

d

Figure P5-39

" can you mode] the truss using the frame (or beam) element? In other words, what
idealization could you make in your model to use the beam element to approximate
a truss?

g 5.40 For the two-story, two-bay rigid frame shown, determine (1) the nodal displacement
components and (2) the shear force and bending moments in each member. Let
E =200 GPa,] =2 x 10~*m* for each horizontal member and J = 1.5 x 10~4m*
for each vertical member.

12 kN/m

N 2 O 4
H

T
12 kN/m 3m

B O O O T

D F
E

5m
A B IR ___LC J_

{ | 1
I 10m 1 10m {

Figure P5-40

g 5.41 For the two-story, three-bay rigid frame shown, determine (1) the nodal displacements
and (2) the member end shear forces and bending moments. (3) Draw the shear
force and bending moment diagrams for each member. Let E =200
GPa,/ = 1.29 x 10~*m* for the beams and / = 0.462 x 10~*m* for the columns.
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The properties for I correspond to a W 610 x 155 and a W 410 x 114 wide-flange
section, respectively, in metiic umts

J K L
251;1«:—-—-—1 =

50 kN —+

H

T

Al sl el o]
}c—im—~+—6m-o*<————8m—~l

Figure P5-41

g 5.42 For the rigid frame shown, determine (1) the nodal displacements and rotations and
(2) the member shear forces and bending moments. Let E =200 GPa,
I=0.795 x 10~*m* for the horizontal members and I = 0.316 x 10~*m* for the
vertical members. These I values correspond to a W 460 x 158 and a W 410 x 85
wide-flange section, respectively.

Figure P5-42

g 543 For the rigid frame shown, determine (1} the nodal displacements and rotations and
{2) the shear force and bending moments in each member, Let E =29 x 106psi,
I = 3100 in.* for the horizontal members and I = 1110 in.* for the vertical members.
The I values correspond to a W24 x 104 and 2 W16 x 77.

7.5 K =
-5 kip =
15 kij ! X ‘;‘
P J K
. 15 ft
15 kip +
F G H
15 ft
_ L 1
A "B c D
30 —efe-208 30—

Figure P5-43
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5.44 A structure is fabricated by welding together three lengths of I-shaped members as
shown in Figure PS—44. The yield strength of the members is 36 ksi, E = 296 psi, and
Poisson’s ratio is 0.3. The membcrs ali have cross-section propcmes corresponding to
a W18 by 76. That is, 4 = 22.3in?, depth of section is d = 18.21 in., I, = 1330in?,
Sy = 146in®, I, =152in’, and S =276in’. Determine whether a load of
Q = 10,000 lb downward is safe against general yielding of the material. The factor of
safety against general yielding is to be 2.0. Also, determine the maximum vertical and
horizontal deflections of the structure,

90" -

/7.

Fmﬁ

©

Figure P5-44

For the tapered beam shown in Figure P5-45, determine the maximum deflection
using one, two, four, and eight elements. Calculate the moment of inertia at the mid-
length station for each element. Let £ = 30 x 108 psi, I = 100 in%, and L = 100 in.
Run cases where n=1,3, and 7. Use a beam element. The analytical solution for
. n=TIis given by Reference {7]'

1 pLd

o= 4951 e (/718 2.5 = 1755 Ely
1 PpL?
b = 4931 pe (8- 7)= ~355

I(x) = Io(l +nz)

where n = arbitrary numerical factor and J = moment of inertia of section at x = 0.

P =501
- A - . w i%L e
1] 2 —
x R l[:’_‘_ Y 2
e A 72 AA . h“"‘--\._\.
L 1
_ One-element approximation
Yy

Figure P5-45 Tapered cantilever beam
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5.46

5.47

5.48

549

5.50-5.51

Derive the stiffness matrix for the nonprismatic torsion bar shown in Figure P5-46.
The radius of the shaft is given by

‘r=ry+ (x/L)rp, where ry is the radius at x = 0.

Figure P5-46

Derive the total potential energy for the prismatic circular cross-section torsion bar
shown in Figure P5-47. Also determine the equivalent nodal torques for the bar sub-
jected to uniform torque per unit length (Ib-in./in.). Let G be the shear modulus and J
be the polar moment of inertia of the bar. ’

D

Figure P5-47

For the grid shown in Figure P5-48, determine the nodal displacements and the Jocal
element forces. Let E = 30 x 10° psi, G = 12 x 105 psi, I = 200 in*, and J = 100 in*"
for both elements. :

Figure P5-48

Resolve Problem 5-48 with an additional nodal moment of 1000 k-in. applied about
the x axis at node 2.

For the grids shown in Figures P5-50 and P5-51, determine the nodal displacements
and the local element forces. Let £ =210 GPa, G =84 GPa, ] =2 x 10~* m*,
J=1%x10"*m* and 4 =1 x 10-2 m?.
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Figure P5-50

Figure P5-51

5.52-5.57 Solve the grid structures shown in Figures P5-52—P5-57 using a computer prograrm.
” For grids P5-52—P5-54, let E =30 x 108 psi, G =12 x 10° psi, I =200 in%, and
J = 100 in?, except as noted in the figures. In Figure P5-54, let the cross elements

¥

Figure P5-52
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have I = 50 in* and J = 20 in*, with dimensions and loads as in Figure P5-53. For
grids P5-55—P5-57, let E=210GPa, G=84 GPa, I =2x 107 m*, J = I x 10~¢
m*,and Ad=1x10"%m

y ]klp Ikxp lklp lknp lkxp

//// 7
1xip/ 1xip/ 1xip/ 1xip/ 1kip é”

K
6@6ft-36ﬁ_—————.7/

X

Z

Figure P5-53

{all loads 1 kip each)

z

Figure P5-54

Figure P5-55
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ey

Figure P5-56

5 ““‘*ZT\:(/ )

s 7L
. & Figure P5~57
v
kN

558-559 Determine the displacements and reactions for the space frames shown in Figures
' P5-58 and P5-59. Let Iy = 100 in?, I, =200 1 in*, I = 1000 in*, E = 30,000 ki,
g = 10,000 ksi, and 4 = 100 in? for both frames.

F; =40 kip
-~

20f

Figure P5-58 )
- x . \‘
z

4 7
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N
Iy

Figure P5-59

Use a computer program to assist in the design problems in Problems 5.60-5.72.

g 5.60 Design a jib crane as shown in Figure P5-60 that will support 2 downward load of
6000 Ib. Choose 2 common structural steel shape for all members. Use allowable
stresses of 0.66., (S, is the yield strength of the material) in bending, and 0.60S, in

Figure P5-60
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tension on gross areas. The maximum deflection should not exceed 1/360 of the
length of the horizontal beam. Buckling should be checked using Euler’s or Johnson’s
method as applicable.

Design the support members, 4B and CD, for the platform lift shown in Figure
P5-61. Select a mild steel and choose suitable cross-sectional shapes with no more
than a 4:1 ratio of moments of inertia between the two principal directions of the

- cross section. You may choose two different eross sections to make up each arm to

§ 5.62

reduce weight. The actual structure has four support arms, but the loads shown are for
one side of the platform with the two arms shown. The loads shown are under oper-
ating conditions. Use a factor ofsafety of 2 for human safety. In developing the finite
element model, remove the platform and replace it with statically equivalent loads at
the joints at B and D. Use truss elements or beam elements with low bending stiffness
to model the arms from B to D, the intermediate connection, E to F, and the hydraunlic
actuator. The allowable stresses are 0.66S, in bending and 0.60S, in tension. Check
buckling using either Euler’s method or Johnson’s method as appropriate. Also check
maximum deflections. Any deflection greater than 1/360 of the length of member 4B

is considered too large.

Di jons are in inches

——l—so‘l—so—ol B
a |:J [:l 3
I 30

60011: 801 6001

1N

!
24 E

1B 30
Ls. 1
Figure P5-61

A two-story building frame is to be designed as shown in Figure P5-62. The members
are all to be I-beams with rigid connections. We would like the floor joists beams to
have a 15-in. depth and the columns to have a 10 in. width. The material is to be A36
structural steel. Two horizontal loads and vertical loads are shown. Select members
such that the allowable bending in the beams is 24,000 psi. Check buckling in the
columns using Euler’s or Johnson’s method as appropriate. The allowable deflection -
in the beams should not exceed 1/360 of each beam span. The ovcra]l sway of the
frame should not exceed 0.5 .
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Figure P5-62

Figure P5-63

A pulpwood loader as shown in Figure P5-63 is to be designed to lift 2.5 kip. Select a
steel and determine a suitable tubular cross section for the main upright member BF
that has attachments for the hydraulic cylinder actuators AE and DG. Select a steel

. and determine 2 suitable box section for the horizontal load arm 4C. The horizontal.

load arm may have two different cross sections 4B and BC to reduce weight. The
finite element model should use beam elements for all members except the hydraulic
cylinders, which should be truss elements. The pinned joint at B between the upright
and the horizonta} beam is best modeled with end release of the end node of the top
clement on the-upright member. The allowable bending stress is 0.66S, in members
AB and BC. Member BF should be checked for buckling. The allowable deflection at
C should be less than 1/360 of the Jength of BC. As a bonus, the client would like you
to select the size of the hydraulic cylinders AE and DG.
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5.64 A piston ring (with a split as shown in Figure P5-64) is to be expanded by a tool to
facilitate its installation. The ring is sufficiently thin (0.2 in. depth) to justify using
conventional straight-beam bending formulas. The ring requires a displacement of 0.1
in. at its separation for installation. Determine the force required to produce this sep-
aration. In addition, determine the largest stress in the ring. Let E = 18 x 10 psi,
G =7 x 10% psi, cross-sectional area 4 = 0.06 in.?, and principal moment of inertia
1 =4.5x 10~* in.%. The inner radius is 1.85 in., and the outer radius is 2.15 in. Use
models with 4, 6, 8, 10, and 20 elements in a symmetric model until convergence to the
same results occurs. Plot the displacement versus the number of elements for a con-
stant force F predicted by the conventional beam theory equation of Reference [8].

_3nFR® xFR . 6nFR

5—?+EZ‘-§5I where R =2.0in. and 4 = 0.1 in.

Figure P5-64

0
i
L 5=0.1 in. required due to F

A small hydraulic fioor crane as shown in Figure P5-65 carries a 5000-1b load. De-
termine the size of the beam and column needed. Select cither 2 standard box section
or a wide-flange section. Assume 2 rigid connection between the beam and column.
The column is rigidly connected to the floor. The allowable bending stress in the beam
is 0.60S,. The allowable deflection is 1/360 of the beam length. Check the cotumn for
buckling.

i— “ - 72in : [

o 1

»N
.—.{'
o~
o
@}:9

Figure P5-65
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g 5.66 Determine the size of a solid round shaft such that the maximum angle of twist be-
tween C and B is .26 degrees per meter of length and the deflection of the beam is less
than 0.005 inches under the pulley C for the loads shown. Assume simple supports at
g bearings 4 and B. Assume the shaft is made from cold-rolled AISI 1020 steel. (Rec-
ommended angles of twist in driven shafts can be found in Machinery’s Handbook,

Oberg, E., et. al,, 26th ed., Industrial Press, N.Y., 2000.)

SKN

Figure P5-66

The shaft shown supports a winch Joad of 780 Ib and a torsional moment of 7800 Ib-
in. at F (26 inches from the center of the bearing at 4). In addition, a radial load of
500 Ib and an axial load of 400 Ib act at point E from a worm gearset. Assume the
maximum stress in the shaft cannot be larger than that obtained from the maximum
distortional energy theory with a factor of safety of 2.5. Also make sure the angle of
twist is less than 1.5 deg between A and D. In'your model, assume the bearing at A to
be frozen when calculating the angle of wwist. Bearings at B, C, and D can be assumed
as simple supports. Determine the required shaft diameter.

LA L L

Figure P5~67
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Design the gabled frame subjected to the external wind load shown (comparable to an
80 mph wind speed) for an industrial building. Assume this is one of a typical frame
spaced every 20 feet. Select a wide flange section based on allowable bending stress of
20 ksi and an allowable compressive stress of 10 ksi in any member. Neglect the pos-
sibility of buckling in any members. Use ASTM A36 steel.

b L=40f {
@)

Figure P5-68

Design the gabled frame shown for 2 balanced snow load shown {typical of the Mid-
west) for an apartment building. Select a wide flange section for the frame. Assume
the allowable bending stress not to exceed 140 MPa. Use ASTM A36 steel.

740 MPa

HETRTTR

{4 m spacing of frames)

o

e

f—— 6 m ———i

Figure P5-69

Design a gantry crane that must be able to lift 10 tons as it must lift compressors,
motors, heat exchangers, and controls. This load should be placed at the center of
one of the main 12-foot-long beams as shown in Figure P5-70 by the hoisting de-
vice location. Note that this beam is on one side of the crane. Assume you are using
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AN A

Figure P5-70

ASTM A36 structural steel. The crane must be 12 feet long, 8 feet wide, and 15 feet
high. The beams should all be the same size, the columns all the same size, and the
bracing all the same size. The corner bracing can be wide flange sections or some
other common shape. You must verify that the structure is safe by checking the
beam’s bending strength and allowable deflection, the cohumn’s buckling strength,
and the bracing’s buckling strength. Use a factor of safety against materia! yielding
of the beams of 5. Verify that the beam deflection is less than 1./360, where L is the
span of the beam. Check Euler buckling of the long columns and the bracing. Use a
factor of safety against buckling of 5. Assume the column-to-beam joints to be rigid
while the bracing {a total of eight braces) is pinned to the column and beam at each
of the four corners. Also assume the gantry crane is on rollers with one roller locked
down to behave as a pin support as shown.

Design the rigid highway bridge frame structure shown in Figure P5-71 for a moving
truck Joad (shown below) simulating a truck moving across the bridge. Use the load
shown and place it along the top girder at various locations. Use the allowable stresses
in bending and compression and allowable deflection given in the Standard Specifica-
tions for Highway Bridges, American Association of State Highway and Trans-
portation Officials (AASHTO), Washington, D.C. or use some other reasonable
values.
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Figure P5-71

For the tripod space frame shown in Figure P5-72, determine standard steel pipe
sections such that the maximum bending stress must not exceed 20 ksi, the com-
pressive stress to prevent buckling must not exceed that given by the Euler buckling
formula with a factor of safety of 2 and the maximum deflection will not exceed L/360
in any span, L. Assume the three bottom supports to be fixed. All coordinates shown
in units of inches.

1000 16

(=20, 30, 60)

1000 b

(0, 10, 60) (20. 30, 60)

X

Y
30, 40, 0)

(30, 40,0)

Figure P5-72



Introduction

In Chapters 2-5, we considered only line elements. Two or more line elements are
connected only at common nodes, forming framed or articulated structures such 2s
trusses, frames, and grids. Line elements have geometric properties such as cross-
sectional area and moment of inertia agsociated with their cross sections. However,
only one local coordinate % along the length of the element is required to describe a
position along the element (hencs they are called line elements or one-dimensional ele-
ments). Nodal compatibility is then enforced during the formulation of the nodal
equilibrium equations for a line element.

This chapter considers the two-dimensional finite element. Two-dimensional
(planar) elements are defined by three or more nodes in a two-dimensional plane
(that is, x-p). The elements are connected at common nodes and/or along common
edges to form continuous structures such as those shown in Figures 1-3, 1-4, 1-6,
and 6-6(b). Nodal displacement compatibility is then enforced during the formulation
of the nodal equilibrium equations for two-dimensional elements. If proper displace-
ment functions are chosen, compatibility along common edges is also obtained. The
two-dimensional element is extremely important for (1) plane stress analysis, which
includes problems such as plates with holes, fillets, or other changes in geometry that
are loaded in their plane resulting in local stress concentrations, such as llustrated
in Figure 6-1; and (2) plane strain analysis, which includes problems such as a long
underground box culvert subjected to a uniform load acting constantly over its length,
as illustrated in Figure 1-3, a Jong, cylindrical control rod subjected to a load that re-
mains constant over the rod length (or depth), as illustrated in Figure 14, and dams
and pipes subjected to loads that remain constant over their lengths as shown in
Figure 6-2.

We begin this chapter with the development of the stiffness matrix for a basic
two-dimensional or plane finite element, called the constant-strain triangular element.
We consider the constant-strain triangle (CST) stiffness matrix because its derivation
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is the simplest among the available two-dimensional elements. The element is called a
CST because it has a constant strain thronghout it. -

We will derive the CST stiffness matrix by using the principle of minimum
potential energy because the energy formulation is the most feasible for the develop-
ment of the equations for both two- and three-dimensional finite elements.

We will then present a simple, thin-plate plane stress example problem to illus-
trate the assemblage of the plane element stiffness matrices using the direct stiffness
method as presented in Chapter 2. We will present the total solution, including the
stresses within the plate.

A 6.1 Basic Concepts of Plane Stress and Plane Strain A

In this section, we will describe the concepts of plane stress and plane strain. These
concepts are important because the developments in this chapter are directly appli-
cable only to systers assumed to behave in a plane stress or plane strain manner.
Therefore, we will now describe these concepts in detail.

Plane Stress

Plane stress is defined to be a state of stress in which the normal stress and the shear
stresses directed perpendicular to the plane are assumed 1o be zero. For instance, in
Figures 6-1(a) and 6-1(b), the plates in the x-y plane shown subjected to surface tractions
T (pressure acting on the surface edge ‘or face of a member in units of force/area) in
the plane are under a state of plane stress; that is, the normal stress o, and the shear
SIresses 7, and 7y, are assumed to be zero. Generally, members that are thin (those
with a small z dimension compared to the in-plane x and y dimensions) and whose
loads act only in the x-y plane can be considered to be under plane stress.

Plane Strain

Plane strain is defined to be a state of strain in which the strain normal to the x-y plane
&, and the shear strains y,, and y,, are assumed to be zero. The assumptions of plane
strain are realistic for long bodies (say, in the z direction) with constant cross-sectional
area subjected to loads that act only in the x and/or y directions and do not vary in the

DUUNNINRNNNY

@ :3 x E—{_——"' o

(a) ®)

Figure 6-1 Plane stress problems: (2) plate with hole; (b) plate with fillet
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z

Figure 6-2 Plane strain problems: (a) dam subjected to horizontal loading; (b) pipe
subjected to a vertical load

z direction. Some plane strain examples are shown in Figure 6-2 [and in Figures 1-3
(2 long underground box culvert) and 1-4 (2 hydraulic cylinder rod end)]. In these
examples, only a unit thickness (1 in. or 1 ft) of the structure is considered
because each unit thickness behaves identically (except near the ends). The finite ele-
ment models of the structures in Figure 6-2 consist of appropriately discretized cross
sections in the x-y plane with the loads acting over unit thicknesses in the x and/or y
directions only.

Two-Dimensional State of Stress and Strain

"The concept of a two-dimensional state of stress and strain and the stress/strain rela-
tionships for plane stress and plane strain are necessary to understand fully the develop-
ment and applicability of the stiffness matrix for the plane stress/plane strain triangular
element. Therefore, we briefly outline the essential concepts of two-dimensional stress
and strain (see References {1] and [2] and Appendix C for more details on this subject).

First, we illustrate the two-dimensional state of stress using Figure 6-3. The
infinitesimal element with sides dx and dy has normal stresses o, and g, acting in the
x and y directions (here on the vertical and horizontat faces), respectively. The shear
stress 7., acts on the x edge (vertical face) in the p direction. The shear stress ,, acts
on the y edge (horizontal face) in the x direction. Moment equilibrium of the element
results in 7, being equal in magnitude to 7,,. See Appendix C.1 for proof of this
equality. Hence, three independent stresses exist and are represented by the vector
column matrix

Tx
{g}=< o, (6.1.1)

Txy

The element equiltbrium equations are derived in Appendix C.1.
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¥
Txy
7. dy LA x

Figure 6-3 Two-dimensional state of stress

The stresses given by Eq. (6.1.1) will be expressed in terms of the nodal displace-
ment degrees of freedom. Hence, once the nodal displacements are determined, these
stresses can be evaluated directly.

Recall from strength of materials [2] that the principal stresses, which are the
maximum and minimum normal stresses in the two-dimensional plane, can be
obtained from the following expressions:

P —
PR
Gy +a Oy — O
gy = 32 J’+\/(;’2 J') +1§y=g‘m“

2
Gy + 0, Gy — O,
Oy = 3 Y _ ( > Y +T§y=o’min

(6.12)

Also; the principal angle 9,, which defines the normal whose direction is perpen-
dicular to the plane on which the maximum or minimum principal stress acts, is
defined by ‘

(6.13)

Figure 6—4 shows the principal stresses ¢; and 6 and the angle 8,. Recall (as Figure
6~4 indicates) that the shear stress is zero on the planes having principal (maximum
and minimurm) normal stresses.

In Figure 6-5, we show an infinitesimal element used to represent the gen-
eral two-dimensional state of strain at some point in a structure. The element is
shown to be displaced by amounts # and v in the x and y directions at point 4, and
to displace or extend an additional (incremental) amount (du/dx) dx along line AB,
and (8v/dy) dy along line AC in the x and y directions, respectively. Furthermore,
observing lines AB and AC, we see that point B moves upward an amount
(9v/8x) dx with respect 1o A4, and point C moves to the right an amount (éu/dy) dy
with respect to 4.
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Figure 6-4 Principal stresses and their directions

X,a

Figure 6-5 Displacements and rotations of lines of an element in the x-y plane

From the general definitions of normal and shear strains and the use of Figure
- 6-5, we obtain 7
du 8o du Ov

& == 8”:‘5; 7xy=5;+5; (6.1.4)

Appendix C.2 shows a detailed derivation of Egs. (6.1.4). Hence, recall that the strains
¢x and ¢, are the changes in length per unit length of material fibers originally parallel
. to the x and p axes, respectively, when the element undergoes deformation. These
strains are then called normal (or extensional or longitudinal) strains. The strain y,,
is the change in the original right angle made between dx and dy when the element
undergoes deformation. The strain y,, is then called a shear strain.
The strains giv